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Since the 1980s, the rapid development of computer and
information engineering technology represented by the Internet makes the human society stride into the “network era.”
From the Internet to the World Wide Web, from the power
grid to the transportation network, from the organism’s brain
neural networks to the metabolic network, and from research
cooperation network to a variety of political, economic,
and social networks, people have actually lived in a world
filled with a wide variety of complex networks. Hence, in
recent years, complex networks have become the research
focus in different disciplines including mechanical, physics,
biology, system control, communication technology, social,
economic, and military disciplines. Previous studies have
mainly focused on the following: (1) static statistical analysis of complex network topology, such as the matching
pattern based on a given degree distribution, a variety of
correlation, and the description of weighted networks; (2)
the evolution and mechanisms model of complex networks,
such as network evolution statistical regularity and geometric
properties of network; (3) kinetics of complex networks,
including network fault tolerance and attack robustness,
and the dynamic processes of spread, synchronization, and
resonance on the network.
The overall aim of this special issue is to bring together
the latest/innovative knowledge and advances in theoretical
and technological developments and their applications to
complex networks, which may depend largely on methods

from artificial intelligence, statistics, operational research,
management science, and engineering.
This special issue contains twenty-eight papers, the contents of which are summarized as follows.
“Extraction of multilayered social networks from activity
data” by K. Musial et al. proposes a new method for creation
of multilayered social network based on the data about users
activities towards different types of objects between which
the hierarchy exists. Due to the flattening, preprocessing procedure new layers and new relationships in the multilayered
social network can be identified and analysed.
“A social diffusion model with an application on election
simulation” by J.-K. Lou et al. designs a diffusion model
which is capable of managing the aforementioned scenario.
To demonstrate the usefulness of our model, the authors
simulate the diffusion on the network built based on a
publicly available bibliography dataset.
“An energy efficient simultaneous-node repositioning algorithm for mobile sensor networks” by M. A. Khan et al.
addresses the concerns of both connectivity and coverage in
an integrated way so that this gap can be filled. A novel algorithm for simultaneous-node repositioning is introduced. In
this approach, each neighbor of the failed node, one by one,
moves in for a certain amount of time to take the place of the
failed node, after which it returns to its original location in the
network. The effectiveness of this algorithm has been verified
by the simulation results.
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“Joint estimation of 2D-DOA and frequency based on
space-time matrix and conformal array” by L.-T. Wan et al.
studies a joint frequency and two-dimension DOA (2DDOA) estimation algorithm for conformal array. The delay
correlation function is used to suppress noise. Both spatial
and time samplings are utilized to construct the spatialtime matrix. The frequency and 2D-DOA estimation are
accomplished based on parallel factor (PARAFAC) analysis
without spectral peak searching and parameter pairing.
The proposed algorithm needs only four guiding elements
with precise positions to estimate frequency and 2D-DOA.
Other instrumental elements can be arranged flexibly on the
surface of the carrier. Simulation results demonstrate the
effectiveness of the proposed algorithm.
“Beamforming of joint polarization-space matched filtering
for conformal array” by L. Liu et al. investigates a novel joint
polarization-space matched filtering algorithm for cylindrical
conformal array. First, the snapshot data model of the
conformal polarization sensitive array is analyzed. Second,
the analytical expression of polarization sensitive array beamforming is derived. Linearly constrained minimum variance
(LCMV) beamforming technique is facilitated for the cylindrical conformal array. Third, the idea of joint polarizationspace matched filtering is presented, and the principle of joint
polarization-space matched filtering is discussed in detail.
“The robustness analysis of wireless sensor networks under
uncertain interference” by C. Deng presents robustness analysis of condition monitoring wireless sensor network under
uncertain interference based on the complex network theory.
In the evolution of the topology of sensor networks, the
density weighted algebraic connectivity is taken into account,
and the phenomenon of removing and repairing the link and
node in the network is discussed. Numerical simulation is
conducted to explore algebraic connectivity characteristics
and network robustness performance. It is found that nodes
density has an effect on algebraic connectivity distribution
in the random graph model; high density nodes carry
more connections, use more throughputs, and may be more
unreliable.
“Reconfiguration and search of social networks” by L.
Zhang et al. presents a new network model which suits
to portray the structure of social networks based on the
topological characteristics of the real social networks, and
the characteristic parameters of the model were calculated.
To find out the relationship between two people in the
social network, and using the local information of the social
network and the parallel mechanism, a hybrid search strategy
based on walker random and a high degree was proposed.
Simulation results show that the strategy can significantly
reduce the average number of search steps, so as to effectively
improve the search speed and efficiency.
“A new cooperative MIMO scheme based on SM for
energy-efficiency improvement in wireless sensor network” by
Y. Peng and J. Choi studies a new cooperative multipleinput multiple-output (CMIMO) scheme based on the spatial
modulation (SM) technique named CMIMO-SM for energyefficiency improvement. They first establish the system model
of CMIMO-SM. Based on this model; the transmission
approach is introduced graphically. In order to evaluate

The Scientific World Journal
the performance of the proposed scheme, a detailed analysis
in terms of energy consumption per bit of the proposed
scheme compared with the conventional CMIMO is presented. Later, under the guide of this new scheme they extend
their proposed CMIMO-SM to a multihop clustered WSN for
further achieving energy efficiency by finding an optimal hop
length.
“Augmented Lagrange based on modified covariance
matching criterion method for DOA estimation in compressed
sensing” by W. Si et al. addresses a novel direction of arrival
(DOA) estimation method in compressed sensing (CS), in
which DOA estimation is considered as the joint sparse
recovery from multiple measurement vectors (MMV). The
proposed method is obtained by minimizing the modifiedbased covariance matching criterion, which is acquired by
adding penalties according to the regularization method.
This minimization problem is shown to be a semidefinite
program (SDP) and transformed into a constrained quadratic
programming problem for reducing computational complexity which can be solved by the augmented Lagrange
method. The proposed method can significantly improve the
performance especially in the scenarios with low signal to
noise ratio (SNR), small number of snapshots, and closely
spaced correlated sources.
“Channel selection based on trust and multiarmed bandit
in multiuser, multichannel cognitive radio networks” by F.
Zeng and X. Shen presents a channel selection scheme for
the multiuser, multichannel cognitive radio networks. This
scheme formulates the channel selection as the multiarmed
bandit problem, where cognitive radio users are compared
to the players and channels to the arms. By simulation
negotiation we can achieve the potential reward on each
channel after it is selected for transmission; then the channel
with the maximum accumulated rewards is formally chosen.
“Energy-efficient routing control algorithm in large-scale
WSN for water environment monitoring with application to
Three Gorges Reservoir area” by Y. Zhong et al. studies a
new energy-saving routing algorithm to maximally prolong
lifetime of large-scale WSN, using the method of maximum
energy-welfare optimization clustering. Firstly, temporary
clusters are formed based on two main parameters, the
remaining energy of nodes and the distance between a
node and the base station. Secondly, the algorithm adjusts
cluster heads and optimizes the clustering according to the
maximum energy welfare of the cluster by the cluster head
shifting mechanism. Finally, in order to save node energy
efficiently, cluster heads transmit data to the base station in
single-hop and multihop way.
“Distributed leader-following finite-time consensus control
for linear multiagent systems under switching topology” by X.
Xu et al. investigates the finite-time consensus problem of
leader-following multiagent systems. The authors propose a
sufficient condition to design the observer-based consensus
protocol, which makes the multiagent systems achieve finitetime consensus under switching topologies.
“Content patterns in topic-based overlapping communities” by S. A. Rı́os and R. Muñoz studies the problem of
understanding the underlying community structure for social
network analysis. The authors present a hybrid algorithm
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which combines two different overlapping subcommunity
detection approaches and a method to analyze and compare
the content generated.
“In-band asymmetry compensation for accurate time/
phase transport over optical transport network” by S. Siu et
al. studies the issues that are relevant to distributing accurate
time/phase over optical transport network (OTN). With the
proposed scheme in this paper, the fiber link delay asymmetry
can be compensated relying on the estimated mean fiber
link delay by the Telecom-Boundary clock, while the OTN
control plane is responsible for processing the fiber link delay
asymmetry to determine the asymmetry compensation in the
timing chain.
“Modeling of information diffusion in Twitter-like social
networks under information overload” by P. Li et al. takes
Twitter-like social networks into account and proposes
models to characterize the process of information diffusion
under information overload. The results are of importance to
understand the diffusion dynamics in social networks, and
this analysis framework can be extended to consider more
realistic situations.
“Secure and fair cluster head selection protocol for enhancing security in mobile ad hoc networks” by B. Paramasivan
and M. Kaliappan studies the problem of secure and fair
cluster head selection for mobile ad hoc networks (MANETs).
The authors present a secure and fair cluster head selection
protocol (SFCP) which integrates security factors into the
clustering approach for achieving attacker identification and
classification.
“SVM-based spectrum mobility prediction scheme in
mobile cognitive radio networks” by Y. Wang et al. studies
the problem of spectrum mobility which has not been fully
investigated in mobile cognitive radio networks (CRNs). The
authors propose a novel support vector machine based spectrum mobility prediction (SVM-SMP) scheme by considering time-varying and space-varying characteristics simultaneously in mobile CRNs.
“A fast overlapping community detection algorithm with
self-correcting ability” by L. Cui et al. defines a weighted
modularity based on the density and cohesion as the new
evaluation measurement due to the defects of all kinds of
modularity. The authors propose three test conditions for
overlapping nodes and present a fast overlapping community
detection algorithm with self-correcting ability, which is
decomposed into two processes. And they also give a new
understanding on membership vector.
“Motion adaptive vertical handoff in cellular/WLAN heterogeneous wireless network” by L. Li et al. studies the problem
of vertical handoff for guaranteeing quality of service and
overall performance of network. The authors propose a
vertical handoff algorithm based on Q-learning. Meanwhile,
neural fuzzy inference system (NFIS) is embedded to retain a
continuous perception of the state space.
“An improved proportionate normalized least-meansquare algorithm for broadband multipath channel estimation”
by Y. Li and M. Hamamura makes use of the sparsity property
of broadband multipath wireless communication channels.
The authors mathematically propose an lp-norm-constrained
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proportionate normalized least-mean-square (LP-PNLMS)
sparse channel estimation algorithm which can effectively
improve the estimation performance of the PNLMS-based
algorithm for sparse channel estimation applications.
“A novel complex networks clustering algorithm based on
the core influence of nodes” by C. Tong et al. investigates
the network clustering problem which is significant for the
study of complex networks. The authors propose a clustering
algorithm by calculating the core influence of nodes. The
clustering accuracy of this algorithm is superior to the
classical clustering algorithm (fast Newman algorithm). It
clusters faster and plays a positive role in revealing the real
cluster structure of complex networks precisely.
“Robust 𝐻∞ filtering for a class of complex networks with
stochastic packet dropouts and time delays” by J. Zhang et
al. studies the problem of robust 𝐻∞ filtering for a class
of complex network systems which has stochastic packet
dropouts and time delays, combined with disturbance inputs.
The authors aim to design a filter such that the estimation
error converges to zero exponentially in the mean square,
while the disturbance rejection attenuation is constrained to
a given level by means of the performance index.
“Discovering the influences of complex network effects on
recovering large scale multiagent systems” by Y. Xu et al.
presents an initial effort to find how a standard network
recovery policy, MPLS algorithm, may change the network
topology of the multiagent system in terms of network
congestion. The authors have established that when the
multiagent system is organized as different network topologies according to different complex network attributes, the
network shifts in different ways.
“WDM network and multicasting protocol atrategies” by
P. Kirci and A. H. Zaim studies a new multicasting protocol
with optical burst switching (OBS). The authors examine the
performance of the protocol with just enough time (JET)
and just in time (JIT) reservation protocols. Also, the paper
involves most of the recent advances about wavelength division multiplexing (WDM) multicasting in optical networks.
“Assessment on knowledge network sharing capability of
industrial cluster Based on Dempster-Shafer theory of evidence” by S. Dai and H. Zhang presents a concept model
of knowledge sharing network based on theory of evidence.
Next, the authors create a set of assessment index systems.
The research result shows relatively high knowledge network
sharing capacity among the certain industrial cluster firms.
“A novel joint problem of routing, scheduling, and variablewidth channel allocation in WMNs” by C.-C. Lin et al.
studies a novel joint problem of routing, scheduling, and
channel allocation for single-radio multichannel wireless
mesh networks. As a result, this paper first constructs a
linear programming model with more practical concerns and
then proposes a simulated annealing approach with a novel
encoding mechanism.
“Modeling and simulation of complex network attributes
on coordinating large multiagent system” by Y. Xu et al.
presents simulation testbed CoordSim built to model the
coordination of network centric multiagent systems. The
authors have theoretically analyzed that the characters of
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complex network make a significant difference with both
random and intelligent coordination strategies.
“Towards an optimal energy consumption for unattended
mobile sensor networks through autonomous sensor redeployment” by J. Chen et al. studies an autonomous sensor
redeployment algorithm to balance energy consumption and
mitigate energy hole for unattended mobile sensor networks.
Of course, the selected topics and papers are not a
comprehensive representation of the area of this special
issue. Nonetheless, they represent the rich and many-faceted
knowledge that we have the pleasure of sharing with the
readers.

Acknowledgments
We would like to express appreciation to the authors for their
excellent contributions and patience in assisting us. The hard
work of all reviewers on these papers is also very greatly
acknowledged.
Hamid Reza Karimi
Wei Zhang
Xuebo Yang
Zhandong Yu

Hindawi Publishing Corporation
e Scientiﬁc World Journal
Volume 2014, Article ID 785305, 14 pages
http://dx.doi.org/10.1155/2014/785305

Research Article
An Energy Efficient Simultaneous-Node Repositioning
Algorithm for Mobile Sensor Networks
Muhammad Amir Khan,1,2 Halabi Hasbullah,1 Babar Nazir,3 and Imran Ali Khan3
1

Department of Computer and Information Sciences, Universiti Teknologi Petronas, 31750 Tronoh, Perak, Malaysia
Department of Electrical Engineering, COMSATS Institute of Information Technology, University Road, Tobe Campus,
Abbottabad 22060, Pakistan
3
Computer Science Department, COMSATS Institute of Information Technology, University Road, Tobe Campus,
Abbottabad 22060, Pakistan
2

Correspondence should be addressed to Muhammad Amir Khan; amirkhancomsats@gmail.com
Received 27 December 2013; Accepted 19 February 2014; Published 23 July 2014
Academic Editors: H. R. Karimi, X. Yang, Z. Yu, and W. Zhang
Copyright © 2014 Muhammad Amir Khan et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Recently, wireless sensor network (WSN) applications have seen an increase in interest. In search and rescue, battlefield
reconnaissance, and some other such applications, so that a survey of the area of interest can be made collectively, a set of mobile
nodes is deployed. Keeping the network nodes connected is vital for WSNs to be effective. The provision of connectivity can be made
at the time of startup and can be maintained by carefully coordinating the nodes when they move. However, if a node suddenly fails,
the network could be partitioned to cause communication problems. Recently, several methods that use the relocation of nodes
for connectivity restoration have been proposed. However, these methods have the tendency to not consider the potential coverage
loss in some locations. This paper addresses the concerns of both connectivity and coverage in an integrated way so that this gap
can be filled. A novel algorithm for simultaneous-node repositioning is introduced. In this approach, each neighbour of the failed
node, one by one, moves in for a certain amount of time to take the place of the failed node, after which it returns to its original
location in the network. The effectiveness of this algorithm has been verified by the simulation results.

1. Introduction
Wireless sensor networks (WSNs) are one of the most
significant technologies today as they have become widely
utilized and have come to be a research field that is welldeveloped. Typically, WSNs are made up of a large set of
compactly installed small sensor nodes that are mobile. These
nodes are inexpensive and use little power. They are most
often effectively applied to monitor various environments,
process information and for communicates each other by
radio [1–5]. WSNs can lower delay and cost during the
time of development. Moreover, they are applicable for use
in many types of environment. They are used in situations
where deployment of normal wired sensor networks would
be impossible. These environments are such as those found
in outer space, deep oceans, or battle fields [6, 7]. For the
most part, sensor nodes are utilized for monitoring in areas
of home, health, and military. Because they act promptly, are

self-organised, and have fault tolerance individuality, sensor
networks used in military applications, for example, can be
extremely applicable to many systems in the armed forces.
Such military uses are control, command, surveillance, communication, and targeting. However, when used in the health
industry, they are implemented to help disabled patients as
well as in monitoring patients. In addition, the management
of inventory and monitoring of disaster areas and product
quality are examples of other commercial matters that can
also use these sensor nodes [8–10].
When these nodes are deployed in unattended environments that are very harsh, the depletion of the onboard
energy or some type of physical damage can result in the
network being separated into multidisjoint blocks. This can
cause it to stop working resulting in the loss of the node. Such
areas are commonly known as sensing holes. So that these
holes can be filled, extra sensors or sensors that were deployed
earlier have to be moved so that these failures can be resolved,
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or as a response to an event that necessitates moving a sensor
to a certain area [11–14]. The internode connectivity is vital for
the effectiveness of an application; moreover, there are nodes
that have a role to play in keeping the flow of the data from
the sensors, which are in place, and from remote users [15].
When a substitution for the dead node needs to be made,
it could use up a lot of time and often may not be possible
in dangerous environments such as on the battle field. There
have been studies that have proposed node repositioning as
an efficient tool in the restoration of partitioned networks
[16]. During the time that the network is operational, dynamical node repositioning is needed to increase the network’s
performance. An example of such a situation would be when
several sensors surrounding a base-station cease to work
because their batteries have been used up; some extra sensors
from different areas of the region being monitored can be
identified and moved to the affected area for replacement of
the nonfunctioning sensors. This will increase the lifetime
of the network [17–19]. Moreover, this type of dynamic
relocation is quite advantageous in an application that is used
to track a mobile target. Some of the sensors, for example, may
be moved to a position that is near the target to improve the
accuracy of the sensor’s data. Furthermore, for safety, some
applications could require keeping the base-station a suitable
distance away from targets that are dangerous, for example,
an enemy tank. This is accomplished by moving it to a less
dangerous location so that its availability is guaranteed [20–
22].
It is quite difficult to relocate nodes whilst the network
is under its normal operating condition. This movement to
a new location is made as a reaction to an environment- or
network-based event. This is unlike the initial deployment.
Further, because the relocation is based on an occurring
event, continual monitoring of the state and performance of
the network is needed. It also requires an analysis of events
taking place in the area of the node [23–25]. Furthermore,
this process of relocating the node must be handled with care
because of the potential disruption to the delivery of the data.
These earlier studies were more focused on restoring broken
connectivity with no consideration taken in regard to the
unconstructive impact that relocating the nodes could have
on the coverage, such as an extra node being relocated in place
of the failed node.
Suggesting that the QoS of the sensor network can
be measured by coverage with good connectivity [26, 27],
therefore, it would appear that connectivity and coverage
must both be taken into consideration. It has been shown
in an earlier study that failure of an individual node with
no redundant node available in the network is similar to
baseline methods. This paper proposes an energy efficient
simultaneous node repositioning algorithm; moreover, it
contributes to filling this hole in the research. Not like
other methods that reposition nodes in order to readjust
the topology of the network, the algorithm that has been
proposed makes an attempt to maintain the network topology
as it is and localize the recovery’s scope. In general, a node’s
failure is handled by the replacement of the node, temporarily,
with one of its neighbours. These neighbours move to the
failed node’s location one after another. When a failed node is
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detected, its neighbours work together to create a schedule so
that each of the neighbours knows when to move itself to the
location of the failed node. A substitute node will return to its
starting position after serving for a certain amount of time.
This lets other substitutes for the failed node take its place.
This is repeated again and again. As this proposed algorithm
is distributed, it creates quite a limited amount of messaging
overhead during the process of the recovery.
The main contributions of this paper can be summarized
as follows.
(i) Firstly, a method is proposed to dynamically reposition the nodes when simultaneous nodes failure
occurred in the network to improve the performance
of the network.
(ii) Secondly, an energy efficient simultaneous nodes
relocation algorithm for mobile sensor network is
introduced to address the simultaneous nodes failure
problem. The proposed algorithm strives to keep most
of the network topology intact and localize the scope
of recovery. The failure of a node is tolerated by
temporarily replacing it with one of its neighbours.
These neighbours take turns in moving to the position
of the failed node.
(iii) Thirdly and lastly, extensive simulations are carried
out to evaluate the performance of the proposed
protocol, by comparing its performance with baseline
approaches. The results demonstrated that our algorithm has successfully minimized the total distance
travelled and has improved the other QoS parameters
like number of exchanged messages, average number
of nodes moved, and percentage of reduction in field
coverage.
The following sections of this paper are organised as follows. In Section 2, related work is summarized. In Section 3,
simultaneous node relocation algorithm for mobile sensor
networks is proposed. Simulation results are presented in
Section 4, and conclusions and future work are offered in
Section 5.

2. Related Work
Related to this category are three algorithms: the VECtorbased algorithm (VEC), VORonoi-based algorithm (VOR),
and Minimax algorithm. They were suggestions from Wang
et al. [28]. There is a close relationship to each of these three
algorithms with the Voronoi polygon of the sensor node or
point. This is where a node or point is located closer than
another node or point to the sensory boundary. In a situation
such as this, the VECtor-based algorithm is prepared following Coulomb’s law as a process of equating that displays the
prevention amongst the electrostatic particles. Consequently,
the node that is used for the dispossession of an element
of a node’s Voronoi polygon is moved away from the other
nodes that are close with a force that is comparative to the
distance it is from the angular points of the polygon or
from the nodes themselves. Heo and Varshney [29] proposed
a corresponding procedure as an indication of Coulomb’s
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law but in this case no consideration is made to the node’s
Voronoi polygon. Each node functions, in turn, as a substitute
that is going to move far away, proportionally, to the nodes’
compactness in its locale usually nearby. It is able to cause
the nodes to relocate to the closest neighbouring point of its
Voronoi polygon, at the same time, putting forth a polygon
that is more regular. In fact, the VORonoi-based algorithm,
the nodes in a number of locations to fluctuate. Meanwhile,
in the Minimax algorithm, a rather small and common
movement can be found. This is true even when there is
not as much fluctuation. However, all in all, these algorithms
could, in fact, bring forth movements, intermittently, which
afterward cause wastage of both time and energy.
In order to reduce how long the course is, a method that
is based on a proxy without any sensor node movement.
The exception would be in the case that their destination
is calculated beforehand [30]. In their work, they focused
more on a system that corroborates with both immobile
and mobile sensors. In this situation, the mobile nodes are
responsible for loading the extent of the positions from which
the nodes are absent. This is accomplished in manner that is
distributive and can be predicted by immobile nodes. This
implies that the movement of the mobile nodes is logical
and that the immobile nodes as the agents are in a logical
position. Using this method will result in the distance being
reduced by quite a bit. The reduction could be from its mean
or from the totality in which the mobile nodes are directed
along in order to maintain an equal rate of coverage [31].
On the other hand, the result might only be an increase
in the message density. In general, the assumption can be
made here that methods such as these have a tendency to
avoid holes in the coverage rather than actually concentrating
on the connectivity. Another solution was proposed by Wu
and Yang. Their proposal known as SMART made use of
2D scrutinisation of the selected networks. The aim was to
cut down on the overall deployment time [32]. A method
adopted from a well-accepted design for a balance of the
load amongst nodes in a number of conformations on the
parallel processing was used. The process is divided into
separate components, implemented on various processors.
Subsequently, this design is utilized in multicluster WSNs. In
these networks, each single cluster is constituted by a 2D mesh
that is formed by square cells. Moreover, several sensors will
be added to a single cell to represent the load on a cluster.
The location in an interconnection in vertical or horizontal
indices as well as the number of sensors in its cluster indicates
that a cluster-head’s only communication can be with sensors
in similar locations in other cells close at hand. In due course,
the corresponding coverage that is achieved is related to the
issue of balancing the amount of the energy needed to level
the distribution of the sensors amongst the clusters. All in
all, these methods are more focused on avoiding gaps in the
coverage than they are in sustaining connectivity.
Situating nodes into a structure that is very efficient
is the aim of the algorithm mentioned above. When the
network application begins, a node failing could cause the
efficiency to be reduced quite a bit. Moreover, alterations in
the needs of the application could also have an influence on
the meaning of efficiency itself. In both situations, the nodes
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have to reposition themselves to maintain a network layout’s
efficiency. Wang et al. [28] proposed the cascaded movement
to replace failed sensor nodes. It achieves this using nearby
redundant nodes to repeatedly take the place of the failed
node. Some other studies have also taken connectivity into
consideration. This is explained in [28] where, for example,
one method makes the decision to maintain connectivity
of two degrees. It does this, even if a link or node fails,
by relocating a subset of the nodes. Whilst the movement
of the nodes is comparable to our approach, if the need
for 2-connectivity is stressed upon, the application-level
functionality might be constrained. However, in large-scale
networks, where the nodes’ resources are constrained, this
may not be practical. In our study, the approach with the
closest relation to RIM (recovery through inward motion)
found in the literature is DARA (distributed actor recovery
algorithm) [33]. In the approach, each of the nodes is required
to keep a list of their 2-hop neighbours. They must choose
one of the failed node’s neighbours to move on the basis
of how many communication links there are. However, a
set of rules for a scattered actor improvement for fixing the
actor networks that have been partitioned was suggested by
Akkaya et al. [34]. Real-time restoration is raised by DARA
with no hypothesis being made as to how the network is
interconnected before an actor malfunctions. Moreover, there
is no interrelation to each other. Instead of relocating a block
[35], DARA may track a flown reposition of several actors.
In this way, a small number of movements are assumed
rather than a whole block movement. This leads to the entire
movement of the actors being required in the movement or
flown reposition. Moreover, the block movement involves
being aware of all of the actors in each separated network
moving towards the location and how far the movement goes.
This introduces extra messaging overhead. In this situation,
it is performed so that the two-hop neighbour lists can be
created and easily maintained.
Meanwhile, postdeployment connectivity and coverage
were considered by Akkaya and Younis [36, 37]. Coverage
is increased without breaking any existing internode links
when C2 AP (coverage-aware connectivity-constrained actor)
spreads out the connected nodes whilst with COCOLA
(connected coverage and latency aware actor placement),
a network architecture that is hierarchical is considered.
In this approach, nodes on a higher tier are repositioned,
incrementally, so that the coverage can be maximised but with
no extension to the data route to the node on the first tier.
This is so that a desired bound on data latency is maintained.
However, the impact that a failed node has is not handled by
either C2 AP or COCOLA.
The idea of assigning a mobility readiness index (MRI)
to each actor according to the presently performed task’s
impact was proposed by Abbasi et al. [38]. It is at this time
the value of the MRI that allows an actor to be relocated or
not. The network topology is such that if noncritical actors
fail, the interactor connectivity providing alternate routes will
not be damaged. However, three disadvantages have been
noted with their proposed method. The first disadvantage
is that C2AM (interactor connectivity with application level
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constraints on actors’ mobility) is a reactive method and,
therefore, it might not be suitable for applications that are
mission-critical and time-sensitive. The second disadvantage
is that C2AM does not take into consideration the actor’s
ability when relocating the actor during the process of
recovering a malfunction. Here, performing the relocation
of a noneffective actor might cause the opposite of the effect
wanted in the application. The third disadvantage is that
C2AM needs 2-hop information to be maintained and does
not care about the coverage of the actor.
The NN (nearest neighbour) and RIM (recovery through
inward motion) algorithms were in turn proposed by Younis
et al. [39]. RIM is a distributed approach for the restoration of
connectivity by way of an inward motion. The main concept
behind the approach is that upon the failure of node F,
its nearest neighbouring nodes will reposition themselves
inwards to the location of the failure so that they will
have the ability to link with each other. This is a result of
the neighbouring nodes referring to the nodes that have
been directly impacted on by the failure of node F. Thus,
when they can reach each other again, the connectivity of
the network is restored to its level before the failure took
place. The relocation process is performed in a repeated
manner for any node that has failed in order to move one
of its neighbour nodes, for example, one of the nodes that
has already relocated to the failed node’s position. The NN
approach, like RIM, follows voracious heuristics. Upon the
failure of a node, the NN will travel to its nearest neighbour,
FNN, where F is located. It takes this action in order to repair
the disrupted connectivity around node F. In response to the
relocation of FNN, its closest neighbour from among those
nodes near its location will travel to the original position of
FNN and settle there. This process will be repeated. When
no neighbour can be found for a relocated node as far
as the edge of the network or all of the network nodes
have already been repositioned, the NN will stop. Unlike
RIM which uses a 1-hop neighbour list, NN requires each
node to have knowledge of its 2-hop neighbours. Because
of this, the closest neighbouring node will be determined
ahead of the F node failing. This is where, neither RIM
nor NN are concerned with the impact that the restoration
of the connectivity has on the coverage of the network.
Repositioning permanently like this is avoided by using
the algorithm known as coverage conscious connectivity
restoration (C3 R) [22]. Whilst exchanging another node for
the neighbour node restores the connectivity, the fact of the
matter is that it only changes the gap in coverage to another
area of the field. This could be in the inner area of the network
or at its outer edge. This could be handled with the temporary
replacement of the node that has failed with one or more of
its neighbouring nodes. Table 1 shows comparative summary
of discussed state of the art protocols, in terms of some basic
parameter.

3. Proposed Protocol
3.1. Problem Description. Not only could the coverage of the
network be affected by losing a node as a result of node failure
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but also it could have an effect on the connectivity of the
network. The proposed method’s procedure for restoration
of connectivity starts off in the same manner as C3 R. The
focus of this work is on keeping the network connected
while maintaining the prefailure coverage level when there
is a failure of simultaneous nodes. The proposed method
can be referred to in Figure 1. Figure 1(a) shows the topology
of a network that has well connected nodes. As shown in
Figure 1(b) nodes 7 and 10 failed simultaneously and all the
neighbouring nodes relocate towards nodes n7 and n10 in
order to start recovery process. It is possible that relocating
other nodes to replace nodes that have failed can restore
connectivity. However, it does not solve the problem as it only
moves the gap in the coverage area to another position of the
field. This could be in the inner area or at the outer edge of
the network. If the failed node is replaced temporarily by one
or more of its neighbours, this issue could be dealt with. In
other words, when there is a failure of the participating nodes’
neighbour, each participating node will make a decision
related to some particular criteria as to which neighbour node
it will join. The nodes involved will take turns moving back
and forth which will result in the topology of the network
as well as its coverage being nearly the same as they were
before the failure. An energy efficient simultaneous node
repositioning method for network connectivity and coverage
recovery has been proposed in this paper.
3.2. Proposed Solution. As discussed earlier, the network
could be partitioned into disjoint segments and/or there
could be a gap in the network coverage if node F failed.
If the node, A, is repositioned to the failed node’s location
to facilitate connectivity restoration and node A is not an
extra node, then the gap in the coverage is simply moved
to another location. As a result, connectivity is still lost
because of the relocation of node A. However, if node A
could return to its home position after spending only a
certain amount of time at node F’s spot, a major change in
the topology of the network could be avoided. This to and
from movement of A restores the network connectivity and
coverage from being lost permanently but does not result
in a cascading motion. Other close neighbours of node F
could do likewise. In this way, the process of recovering
connectivity could then be rotated amongst the other nearest
neighbours of the failed node. This would continue until
there is no further introduction of any new, permanent loss
of connectivity and/or coverage. Furthermore, the process
used for the recovery of the network should be not only
fast but also lightweight. As stated previously, the failure
of a node which causes a network to be partitioned is the
most challenging problem and it is very serious. In such
a situation, when trying to restore connectivity, the main
problem is that some nodes could be unreachable by others.
As such, it becomes difficult to achieve a well-coordinated
noncentralised process of recovery. Further, the sensor nodes,
which are resource-constrained, require that the overhead be
minimised. A solution would be for all of node F’s neighbours
to simultaneously begin moving towards the site of node F.
Eventually, the nodes would arrive at a position where they
would be in range to communicate with each other. At that
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Figure 1: A connected network of mobile node. Individual node denoted the communication range.

time, they would synchronise their clocks and decide on a
schedule for the recovery plan. A time slot could be assigned
to each neighbour as to when each would move to the failed
node’s area during the recovery process. The schedule would
be agreed upon and each node would return to its home
location to begin to follow the new schedule and initiate the
actual process of recovery.
3.3. Explanation of Proposed Protocol. It is obvious that when
a network has extra nodes, replacing the failed node F with
one of the extra nodes is the best, most effective way to solve
the failure problem in terms of the coverage and connectivity
of a network. On the other hand, without extra nodes it
is impossible to keep degradation from taking place. The
philosophy behind the design of the proposed method, as
indicated above, is to keep from having to permanently
replace a node that has failed. To achieve this end, the role
that used to be played by F for sensing and for routing data in
the network is carried out by its nearest neighbours instead.
However, the neighbours involved in the recovery must still
take care of their own tasks. As a result, the jobs that are
performed for failure tolerance are functions which add load
to these neighbouring nodes.
3.3.1. Process before Node Failure. In our approach, a prefailure list of 1-hop neighbours is the only knowledge required of

each node. This list is created before deployment and each
node broadcasts a HELLO message as an introduction to
its neighbours. Moreover, the nodes must each determine
the ID and position of each of its neighbouring nodes.
With the proposed approach, only approximate GPS-based
coordinates are needed for the nodes’ locations. This data
is needed for use only in the case of a failing neighbouring
node. Moreover, in order to verify that they are available,
nodes will transmit heartbeat messages to their neighbours
from time to time. Thus, if a node, A, has not received its
predetermined count of heartbeat messages from a neighbouring node, F, it will take it to mean that the node, F, has
failed. Upon beginning to relocate, a node will transmit a
message of its move to each of its neighbours. In this way,
it will not be mistakenly believed to have failed. Moreover,
this means that the list of the neighbouring nodes could
be updated every time the location of one of them is
altered.
Node A initiates the process of the recovery as soon
as it detects that a neighbour node, F, has failed. It is
noteworthy that there are two general strategies available. The
first strategy involves determining if the failure of node F will
cause the network to be partitioned, and a response will be
made only if F is a cut-vertex. This solution, as adopted by
DARA, prevents an overreaction from being caused when a
failure not preventing the other nodes from communicating
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with each other takes place. Although, this option requires
that there be a procedure for nontrivial cut-vertex detection.
This necessitates that 2-hop information be available which
causes increased messaging overhead. Furthermore, there is
no consideration of the effect that it will have on coverage. The
second strategy only implements a process for the recovery
when coverage is lost irregardless of node F being a cut-vertex
or not. This proposed approach uses this strategy as it does
not cause major alterations in the topology of the network
when restoring connectivity. Moreover, it deals with the gap
caused in the coverage of the network.
3.3.2. Neighbours’ Node Management. Node A starts the
process of recovery as soon as it detects that its neighbour
node F has failed. The first thing that node A must determine
is whether or not F has neighbouring nodes which could
take part in the recovery process. From here on, node F’s
neighbours will be known as concerned nodes. Node A
will not be aware of all of the concerned nodes since the
individual nodes keep a list of only their 1-hop neighbours.
These other concerned nodes could also be making plans
at the same time for their part in recovering from node F
failing. The only way that all of the concerned nodes can
coordinate with each other is if each of them were to travel
towards the location of node F until they could be positive
that they were in the communication range of all of the
others. It must be understood that the failure of node F
could cause all of the routes of communication among these
concerned nodes to be disrupted. However, a node needs only
to travel for a distance of rc/2 from node F, where a node’s
communication range is rc, to be able to connect with each
and every one of the concerned nodes. As the concerned
nodes might not detect and react simultaneously to node
F’s failure, some synchronisation is needed for this scenario.
In lieu of that, the concerned nodes could all travel to the
position of the failed node. Then, the first to get there, say
node J, would communicate with the other nodes. At that
time, they would synchronise with each other. This would
negate the requirement for the synchronisation of all of the
nodes with each other to be distributed. However, it could
cause the travelling distance to be increased which would lead
to an increase in the overhead. Even so, our approach favours
this method because of the high degree of coordination
involved in the proposed approach. Another reason for this
choice is that it is difficult, in practice, to come up with a
waiting time that is suitable in order to ensure a meeting time
for all of the concerned nodes. From now on, the recovery
coordinator or the coordinator of the recovery will refer to
node J.
3.3.3. Input Parameter Calculation Values. The recovery coordinator performs the role of synchronising the participating
nodes, developing a plan for the recovery and distributing
the plan to the nodes involved. Later it will be seen that
the nodes that are involved in the recovery process are
selected based on the coverage overlap of the nodes, how
close they are to the failed node, and how much residual
energy they possess. The nodes must each calculate these
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Figure 2: Illustration of the calculation of the overlapped coverage
of nodes C1 and C2.

parameter values as they apply to themselves. Then they
share the values with the node coordinating the recovery. The
coverage overlap of a particular node is the ratio of the entire
area that the node covers and which is situated inside the
sensing range of one or several of its neighbours. Determining
the overlapped coverage is made simple because the nodes
know their location in relation to their neighbours. This is
accomplished by basing it on the sensing range, 𝑟𝑠 , of a node.
When a disk coverage model is assumed, the area of the
overlap can be calculated by taking into consideration the
relationship between the node’s closeness to its neighbours
and the 𝑟𝑠 . When the neighbour is closer, there is a larger
intersection between the two circles of the radii 𝑟𝑠 around the
nodes. In addition, the overlapped coverage of a node will be
greater when there are more neighbours within the distance
𝑟𝑠 . Two neighbouring nodes have overlapped coverage if the
distance, 𝑑, between them satisfies
𝑑 ≤ 2 × 𝑟𝑠 .

(1)

Figure 2 shows that the coverage of the overlap from two
nodes is able to be estimated if the area of the chord (𝜃),
hereafter referred to as area (𝜃), is found. The distance, 𝑑,
between two nodes, if they are neighbours, can be calculated.
When the law of cosines in fundamental Euclidean geometry
is used, a node can compute
∠𝛼 = 2sin−1

𝑑
.
2𝑟𝑠

(2)

Then, a triangle with the value of 𝑦 can be calculated by
making use of the property of the sum of angles. In Figure 2,
the area (𝜃) was the difference between the area of sector AB
and triangle ACB. It was calculated as presented as follows:
area (𝜃) =

𝜃
𝜃 2 𝑑
𝑟𝑠 − × 𝑟𝑠 sin ( ) .
𝜋
2
2

(3)

The formula for the area of a chord, presented below, was
utilized to find the overlapping ratio:
Overlap =

2 × area (𝜃)
.
𝜋𝑟𝑠2

(4)

3.3.4. Recovery Plan Implementation. The basic main factors
for designing and implementing the plan for the recovery
process are given as follows.
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(i) Participating node A is able to calculate its coverage
overlap, distance to F, and energy reserve before it
begins to relocate to location F.

Table 2: Parameters for the communication energy model.
Term

Description
Energy dissipated in transmitter and
receiver electronics per bit (take to be
25 nj/bit).
Energy dissipated in transmitter
amplifier (take to be 50 pJ/bit/m2 ).
Number of bits in the message.
Distance that the message traverses.

(ii) Node A verifies with its neighbouring nodes for
temporary relocation in avoiding to declare faulty that
neighbour find other route or buffer the data until
node A returns to its original position.

𝛽11 , 𝛽12

(iii) If two nodes claim to be the recovery coordinator, the
node closest to F with the lowest ID will be given the
task. That node will then broadcast the message to all
of the participating nodes.

𝑠
𝑑

(iv) This recovery coordinator keeps the list of the ranking
which is determined by taking into consideration the
coverage overlap, distance travelled, and the amount
of energy in reserve. It then uses the round robin
manner to set the priority of the relocation.

4. Simulations and Results

(v) During its return trip, A informs its neighbouring
nodes and begins the transmission of the buffered
data packets again. The same node will repeat a like
preset process after that.
(vi) Once it gets below the threshold, the node will
transmit a request. The node presently situated in the
location of F will receive the request. This node will
take the place as the new recovery coordinator and
produce a new schedule.
The main factors for designing and implementing the
plan for the recovery of connectivity in the case of simultaneous nodes failing at various times are as described below.
(i) As shown in the Figure 3(a) node 7 and node 9
simultaneously failed and in order to start recovery
process the neighbour of the failed nodes will start the
recovery process they move towards the failed nodes.
(ii) Node 6 and node 8 both are in the range of failed
nodes n7 and n10. Node 6 and node 8 first calculate
their overlap coverage and distance with the failed
nodes, as shown in the Figure 3(b). Due to high
overlapping with the failed node n7, the node n6 and
n8 will move towards the n7 to participate in the
recovery process.
(iii) If the overlapped distance is equal then neighbour
node will relocate to that neighbour failed node
having less node ID.
(iv) According to Figure 3(c) Node 6 and node 11 is the
first node in the recovery schedule they will relocate
to the failed nodes.
(v) Figure 3(d) shows that after relocation node 6 and
node 11 are back to their initial position. Node 2 and
node 14 will relocate to the failed nodes.
(vi) In Figures 3(e)–3(g) after relocating back to their
initial positions according to recovery schedule the
rest of the nodes will relocate in round robin fashion.
Algorithm 1, explains the recovery process when simultaneous node failure occurs.

𝛽2

The simulations were carried out based on the developed
system model using OMNet++ [40] for evaluation of how
the proposed approach performed. A comparison is made
against two contemporary protocols: RIM and NN [39]. The
details of the setup of the simulation, the energy model,
and the discussion of the results are presented in this
section.
4.1. Simulation Setup. The experimentation involved in the
simulation process consisted of WSN topologies that were
randomly produced with nodes in different numbers as
well as different ranges of communication. The number of
nodes was set to 25, 50, 75, 100, and 125 in a field of
1000 × 1000 m2 . RIM and NN make no accommodation for
varying communication and sensing ranges so the values of
𝑟𝑠 and 𝑟𝑐 were maintained as equal throughout all of the
experimentation. On the other hand, the experimentation
for the proposed approach was carried out by using different
sensing and communication ranges as well as by measuring
the alterations in the coverage field. These ranges were set
to 25, 50, 75, 100, 125, and 150 m. Each node started with an
energy level of 100 J. The energy used for communicating,
sensing, and moving was calculated on the basis of the
specified model.
4.2. Sensor’s Energy Model. For the simulation, the models for
energy consumption for different activities of a sensor node
are summarised below.
Communication Energy Dissipation. In this model, the main
energy parameters for communication were the energy/bit
used by the transmitter electronics (𝛽11 ), energy used up
in the transmit op-amp (𝛽2 ), and energy/bit used by the
receiver electronics (𝛽12 ). If a 1/dn path loss was assumed, the
consumed energy was
𝐸𝑡𝑥 = ⟨𝛽11 + 𝛽2 𝑑𝑛 ⟩ × 𝑠,
𝐸𝑟𝑥 = 𝛽12 × 𝑠,

(5)

where 𝐸𝑡𝑥 was the energy used to send 𝑠 bits and 𝐸𝑟𝑥 was
the energy used to receive 𝑠 bits. Table 2 specifies the energy
parameters.
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Input: Identify simultaneous node failure
Output: Simultaneous node failure recovery
Begin
(1) if (nodes, detects a simultaneous neighbour node, F 1 ,F 2 , has failed)
(2) update routing table
(3) Check level of onboard energy supply
(4) if (sufficient energy)
(5)
calculate the degree of overlapped coverage of both the failed nodes
(6) if (failed F1 node distance is short)
(7)
send “Temporary Relocation” message to neighbours
(8)
send relocation message to current recovery coordinator
(9)
RelocateTemporarilyTo(F 1 failed node)
(10)
end if
(11) else if (distance is equal then relocate to less node id)
(12) else if (Continue the running recovery process)
(13) else if (node, A, receives “Temporary Relocation”)
(14) Find new route
(15) if (new route not found)
(16)
Buffer data
(17) end if
(18)
else if (node, A, receives “Relocated Back”)
(19)
if (buffering data)
(20)
transmit data through A
(21)
end if
(22)
end if
(23) end if
(24) end if
END
Algorithm 1: Recovery process when simultaneous node failure occurs. During recovery process simultaneous-node failure occurs.

Sensing Energy Dissipation. The energy required to sense one
bit was assumed to be a constant (𝛽3 ) where the total energy
used up to sense 𝑠 bits was
𝐸sensing = 𝛽3 × 𝑠.

(6)

In the simulation, 𝛽3 was equal to 25 nJ/bits. Motion was
related to the energy: We made the assumption that a light
weight mobile sensor of 0.65 lb could travel at a constant
speed of 2.5 cm/s.
4.3. Results and Discussion. A comparison has been made
of the performance of the RIM and NN protocols and the
proposed algorithm. For the experimentation, the distance
travelled, number of exchanged messages, number of nodes
moved, and percentage of the field coverage reduction were
some of the parameters employed for measuring how well the
proposed algorithm performed.
4.3.1. Distance Moved. The total distance moved is measure
of total distance moved by all nodes involved in the recovery
which gauges the efficiency in terms of energy efficiency
and overhead involved in the recovery. In Figure 4 the total
distance moved is plotted on 𝑦-axis, with varying communication range (from 25 to 125 m) on 𝑥-axis. Figure 4 shows the
total distance that nodes collectively had to travel during the
recovery as a function of the communication range. Again,
the sensing and communication ranges are equal in these sets

of experiments. The distance a node would travel depends on
the internode proximity, which is at most the communication
range 𝑟𝑐 . This was easy in the cases of RIM and NN as
the distance travelled grew at a high rate. Unlike RIM and
NN, with our proposed algorithm, the node involvement was
limited in the process of the recovery to only the neighbours
of the node that failed. It did not make use of the cascaded
relocation found in RIM and NN. It is worthy to mention that
when rc was large, the proposed algorithm dealt with the rise
in the connectivity of the network very well.
4.3.2. Number of Exchanged Messages. Number of exchanged
messages is measured by the number of messages exchanged
among nodes. This is a measure of the recovery process
overhead. In Figure 5, total packet exchanged is plotted on 𝑦axis, with varying communication range (from 25 to 125 m)
on 𝑥-axis. Figure 5 shows the total number of packets that
were exchanged while restoring connectivity under all three
methods. Each broadcast is counted as one message. The
messaging overhead with proposed algorithm is minimal,
while NN exchanges the most number of packets. This was
because, in the proposed algorithm, only the failed node’s
neighbours were involved. On the other hand, with RIM
and NN, the exchange of messages had to synchronise their
action with all of the nodes that were repositioned. It is
worth mentioning that the number of messages remained
almost the same, in our proposed approach, even though
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Figure 4: Total distance travelled by all nodes (meters) versus communication range (meters).

there was an increase in the connectivity of the network for
a large 𝑟𝑐 . This was because interaction rarely took place
between the other concerned nodes and the coordinator.
Again, Figure 5 presents results based on one round only
although it would increase with time. On the other hand,
the proposed algorithm can be scaled for several rounds.
It would also provide connectivity and coverage restoration
at a reasonable cost. This is quite a substantial advantage
in performance over solutions that are permanent topology
adjustment-based. All in all, our algorithm has been proven
to impose only a little bit of messaging overhead as is seen in
Figure 5. Moreover, it is suitable to be used with sensor nodes
that are bandwidth constrained.
4.3.3. Number of Moved Nodes. During the failure recovery
the total number of moved nodes in all three baseline algorithm shown in Figure 6. Similar performance of proposed
technique and RIM encountered as in manipulating of the
total distance travelled by all nodes. For the reason that
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Figure 5: Total number of packets exchanged versus communication range (meters) for 25 to 125 nodes in the network.

more the travelling of number of nodes, the total distance
travelled will be higher. At this result the node movement of
RIM is higher than NN. In any situation the less number of
nodes movements is involved in proposed technique, because
it limits the opportunity of recovery to only neighbouring
nodes of the failed node.
4.3.4. Percentage of Reduction in Field Coverage. Percentage
of reduction in the field coverage is referred to as connectivity
centric restoration impacts coverage, measured in terms of
the percentage of reduction in field coverage relative to a prefailure level. In Figures 7–9, average percentage of reduction
in the field coverage is plotted on 𝑦-axis, with varying number
of sensor nodes (from 25 to 125) on 𝑥-axis. Figures 7 and
8 show how overall proposed algorithm could significantly
limit the loss in coverage. For sparse networks where nodes
are evenly distributed with minimal coverage overlap, the
field coverage under proposed algorithm decreases by a

Average % reduction in

600

500
400
300
200
100
0

25

field coverage

Average % reduction in

Our approach
RIM
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Figure 7: Reduction in field coverage versus sensing range (m) for
25 to 125 nodes.

similar amount to that in RIM. The field coverage level before
the failure was sustained after our algorithm was applied. This
was accomplished by the fact that, because of the increase in
the coverage overlap, the replacement nodes needed only to
move a short distance or not at all. Moreover, most of the
home locations of the replacement nodes were still covered
by other neighbour nodes when each node moved for its
turn. Furthermore, there were several nodes available for
the relocation process. However, networks with sparse node
deployment did not have a lot of nodes that could be used
to replace the node that failed. Further, a larger area was left
unmonitored when the nodes were relocated. The result was a
gap in the coverage of the network. The percentage of the field
coverage reduction for various sensing and communication
ranges is shown in Figure 9. Quite a bit of coverage reduction
was noticed when 𝑟𝑐 dominated 𝑟𝑠 . This was because longer
distances needed to be travelled by the nodes between their
home area and the position of the node they were replacing.
Even so, the reduction was limited to 10% with the proposed
algorithm even for 𝑟𝑐 = 6 𝑟𝑠 .
4.3.5. Proposed Technique Summary of Results. This section
discussed the simulations carried out in OMNeT++ to evaluate the performance of the proposed protocol and the results
are compared against the contemporary baseline approaches.
Simulation results demonstrate that proposed technique
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Figure 8: Reduction in field coverage versus sensing range (m) for
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Figure 6: Total number of nodes moved versus communication
range (meters) for 25 to 125 nodes in the network.
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Figure 9: Reduction in field coverage for proposed technique versus
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has achieved significant energy savings and enhanced the
network lifetime. The results demonstrate that our approach
is effective in improving QoS parameters, such as number of
exchanged messages, average number of nodes moved, and
percentage of reduction in field coverage, when compared
with baseline approaches. Table 3 summarizes the findings
from this research work.

5. Conclusion
In mobile sensor networks, it is vital that the topology of
the connected internodes is maintained. The network can be
partitioned because of node failure and this in turn causes
the operation of the application to be disrupted. Unlike most
previous works that take advantage of the relocation of the
nodes so that connectivity can be restored, the proposed
algorithm deals with not only the connectivity loss issue but
also the issue in the loss of the field coverage. In general,
when there is no awareness of the coverage in the process
of the resorting connectivity, there is a potential to cause
some locations not monitored by any sensor. To solve this, the
proposed algorithm does not relocate the nodes permanently.
The recovery failure is the responsibility of the neighbouring
nodes. The failed node’s neighbours coordinate amongst
themselves to decide on each of their roles in the process of
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Table 3: Results summary.

Protocol compared
(125 nodes)
Proposed
technique
RIM
NN

Average travelled
distance (m)

Average number of
exchanged
messages

Average number of
moved nodes

Average reduction
in field coverage
(%)

2200

200

30

3

12000
18000

1900
3500

150
500

11
17

the recovery. To restore connectivity, all of the neighbouring
nodes taking part in the recovery process relocate themselves
to the area of the failed node, one at a time, to provide
coverage in that location. After spending an allotted amount
of time replacing the failed node, each node returns to
the location from which it started off. These neighbouring
nodes take turns in this process. For a better application
fit, for which the lifetime of the network is most valued, a
balance between coverage and connectivity is provided by the
proposed algorithm. It provides a balance of the load amongst
the failed node’s neighbours. The proposed method is a
combination of algorithms that are localized and distributed.
Messaging overhead is slight and the approach can be scaled
for networks that are not small. Validation of the proposed
method is achieved by simulation which has also proven the
proposed method’s effectiveness.
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The data gathered in all kinds of web-based systems, which enable users to interact with each other, provides an opportunity to
extract social networks that consist of people and relationships between them. The emerging structures are very complex due to the
number and type of discovered connections. In web-based systems, the characteristic element of each interaction between users is
that there is always an object that serves as a communication medium. This can be, for example, an e-mail sent from one user to
another or post at the forum authored by one user and commented on by others. Based on these objects and activities that users
perform towards them, different kinds of relationships can be identified and extracted. Additional challenge arises from the fact
that hierarchies can exist between objects; for example, a forum consists of one or more groups of topics, and each of them contains
topics that finally include posts. In this paper, we propose a new method for creation of multilayered social network based on the
data about users activities towards different types of objects between which the hierarchy exists. Due to the flattening, preprocessing
procedure of new layers and new relationships in the multilayered social network can be identified and analysed.

1. Introduction
Nowadays, for the first time, we have possibility to process
big data about interactions and activities of millions of
individuals gathered in all sorts of web-based systems. Communication technologies allow us to form large networks,
which in turn shape and catalyse our activities. Due to
their scale, complexity, and dynamics, these networks are
extremely difficult (or impossible) to analyse in terms of
traditional social network analysis methods. The analysis of
the network data is at the very early stages and requires a lot
of efforts in both developing tools and approaches to tackle
it as well as understanding the nature and functioning of
networks extracted from this data. The process of network
creation is not as straightforward as it seems to be. In the webbased systems, users can interact with each other via different
communication channels and utilize various services. This
implies that the relationships between users can be extracted
based on both direct and indirect communications. The
former one is, for example, sending emails or video calls

where information is passed directly from one person (group
of people) to other(s), whereas to the latter we can count in,
for example, commenting objects in the multimedia sharing
systems or using the same tags to describe the objects. In
both situations there are objects (e.g., email, photo, and tag)
that serve as medium in communication between users. The
types of these objects differ depending on the web system;
for example, at the Internet forum the objects are groups of
topics, topics, and posts while in the email service it will be
a single message. Additionally, within a single system, the
hierarchies of objects can exist.
Extraction of a social network in the environment where
users interact with each other using different objects, which
create hierarchies, is the main contribution of this paper.
In order to perform this task first the hierarchical presocial
network (HPSN), where relation between users and objects
and between objects exists (Section 5), must be created.
After that, the flattening process, in which the hierarchy of
objects is removed, is performed (Section 6). As a result, the
flat presocial network (FPSN) is obtained where the only

2
connections that exist are between users and one type of the
previously chosen objects. Based on FPSN, social network,
where only the connections between users exist, is created
(Section 7). The whole idea is presented using simple case
study of the Internet forum (Section 8). Finally, the realworld experiments were performed and their outcomes are
presented in Section 9.

2. Related Work
There are many types of complex network systems. One
of the classifications distinguishes between infrastructures
and natural complex systems [1]. The former are physical
systems (energy and transportation networks) and virtual
systems (Internet, WWW, and telecommunication), whereas
the latter are biological networks, social networks, food webs,
and ecosystems.
The type of complex systems that is investigated in this
paper is a social network formed by people who interact with
each other or take part in common activities. The concept
of social network has been described by different researchers
[2–6] and the definition that is commonly and widely used
is that a social network is a finite set of individuals, who
are the nodes of the network and activities or relations
between them, which are represented by edges of the network.
A social network (SN) commonly represents the mutual
communication and/or activity occurring between users as
well as their direction, intensity, and profile [7].
It should be noted that, during analysis of social networks,
researchers usually take into account only one activity type
while in most cases many different types of relationships exist
between users. The special type of social networks that allows
the representation of many different activities is called a
multilayered social network [5, 8–15], a.k.a. multidimensional
network [16–18], or multiplex networks [7, 19–22]. Even the
same authors use different names for this kind of complex
networks; compare, for example, [12, 21]. Overall, due to high
complexity, such networks are more difficult to be extracted
and analysed than simple one-layered networks.
Sociologists and psychologist typically create questionnaires and perform interviews in order to collect data
which allow them to create and analyse social networks.
However, nowadays, the rapid development of the Internet
and telecommunication together with the ease of gathering
vast amount of data have created the possibility for IT systems
to provide vast amount of information about users activities.
As a result, researchers have now easy access to big datasets
about people’s activities ready to analyse. Social networks can
be extracted from, for example, bibliographic data [23], blogs
[24], photos sharing systems like Flickr [25], e-mail systems
[26], telecommunication data [27, 28], social services like
Twitter [29] or Facebook [30, 31], video sharing systems like
YouTube [32], Wikipedia [33], and much more. Moreover, the
whole separate systems were created only for the extraction,
aggregation, and visualization of social networks [34, 35].
Nevertheless, as mentioned before, only few scientists
have focused their research interests on multilayer social network extraction from activity data [14, 16, 18, 20, 22, 36–39].

The Scientific World Journal

User x

Object

User y

Figure 1: The object-based relationship in the social network on the
Internet.

Moreover, no one has studied the hierarchy and relationships between objects in this data. The only hierarchical
dependencies in the social networks that were analysed
were associated with the hierarchy between users such as
employee-employer and the employee-manager [40]. Thus,
the analysis of hierarchy between objects presented in this
paper is a new approach to extract multilayer social networks
from the activity data.

3. Object-Based Relationships
In web-based social systems, there is always an object that
plays a role of “a middleman” in a relationship between two
users (Figure 1) [41]. In the case of direct communication,
people send e-mails to each other or make videoconferences or phone calls via VoIP services. In those cases all
participants are aware of the existing relationship. However,
sometimes two users can be in a relationship but they do
not maintain it actively and consciously, for example, people
who comment on the same blog or participate in the same
conference. These types of common activities can result in
indirect relationships. The roles of both users in an indirect
relationship towards the object can be either the same or
different (Figure 2).
𝑎𝑎
means that users
Object-based relation with equal roles 𝑟𝑥𝑦
𝑥 and 𝑦 meet each other through the object and their role
in relation to this object is the same. In other words, they
participate in common activity related to the certain object
with the same role 𝑎; for example, two users take part in the
videoconference, two users comment on the same picture, or
both of them add the same object to their favourites [25],
𝑎𝑏 𝑏𝑎
, 𝑟𝑦𝑥
Figure 2(a). Object-based relation with different roles 𝑟𝑥𝑦
is the relation between two users 𝑥 and 𝑦 that are connected
through the object but their roles 𝑎 and 𝑏 towards the object
are different; for example, user 𝑥 comments on a photo (role
𝑎, commentator) that was published by 𝑦 (role 𝑏, author)
𝑎𝑏
entails the nonzero
[25], Figure 2(b). The nonzero relation 𝑟𝑥𝑦
𝑏𝑎
relation 𝑟𝑦𝑥
.
The examples of object-based relations with equal roles
are as follows.

(i) Commentator-commentator. This relation is created
between user 𝑥 and user 𝑦 when both of them have
added the opinions about at least one common object;
for example, they have commented on the same
picture at the photo sharing system or on the same
post at the forum.
(ii) Favourite-favourite. Such a relation from user 𝑥 to 𝑦
exists if both users have marked at least one common object as their favourite; for example, they have
added the same film to their lists of favourites at the
multimedia sharing system.
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Figure 2: The object-based relation with equal roles: commentator (a) and different roles: commentator and author (b).

(iii) Author-author. Such a relation from user 𝑥 to 𝑦 exists
when they are coauthors of at least one object; for
example, they have written a scientific article together.
(iv) Membership in the group/forum. This relation from
user 𝑥 to 𝑦 exists when both of them belong to at
least one group together; for example, they belong to
a group that gathers people who like dogs at the photo
sharing system.
(v) Utilization of keywords to describe objects (tags). Such
a relation exists between two users if they use at
least one common tag to describe their objects; for
example, two users are in relation with each other at
the photo sharing system when they use a word “cat”
to describe some of their photos.

Level 1 (F)

Forum

Group
topic 2

Group
topic 1

Topic 2

Topic 1

Post 1

Post 2

Level 2 (GT)

Topic 2

Level 3 (T)

Post 3

Level 4 (P)

Figure 3: Hierarchies between objects in the Internet forum.

On the other hand, the examples of object-based relations
with different roles can be as follows.
(i) Opinion-author and author-opinion. These relations
between user 𝑥 and 𝑦 exist when user 𝑥 commented
on at least one object that is authored by user 𝑦.
(ii) Favourite-author and author-favourite. These relations between users 𝑥 and 𝑦 exist when user 𝑥 added
to its favourite list at least one object authored by user
𝑦.
(iii) Citation-author and author-citation. These relations
between users 𝑥 and 𝑦 exist when user 𝑥 quoted at
least one object authored by user 𝑦.

4. Hierarchies between Objects
In all web-based social networks analysed in the literature,
the relationships between users were extracted mainly based
on a given type of communication or common activity.
For example, if two users send e-mails to each other, then
the relationship between them in the social network may
be established. However, both user communication and
common activities are always related somehow to the objects
which serve as a medium in interactions between users and
their common activities; see Section 3. This object may be “a
message” in the case of e-mail exchange, “a video” in YouTube,
or “a topic” in the Internet forums. These objects connect
either a pair of users (an e-mail sent to a single recipient)

or many users simultaneously (an e-mail passed to multiple
recipients, a video commented on by many users, and a forum
with many members). Besides, the IT system may provide
many different functions, which can result in various user
activities towards objects of different types. For example, an
Internet forum may consist of topics aggregated into groups.
Topics, in turn, contain a list of posts. Thus, the objects
that enable interactions between users are in hierarchical
relationships, Figure 3. Depending on the functionalities of
the system, users can moderate a topic group, can subscribe to
a topic (be a member of the topic), or provide their opinions
about posts (play the role of commentator), Figure 10. Hence,
users “meet” each other by performing activities towards
objects that belong (i) to one specific level in the object
hierarchy (many users can comment on a post authored by
another user) or (ii) to two different levels of this hierarchy;
for example, a moderator of the group topic is in the indirect
relation with authors of the posts.

5. Hierarchical Presocial Network
In order to create the hierarchical presocial network (HPSN)
based on gathered activity data, first such elements as users,
objects, and hierarchy between objects and relations between
users and objects need to be extracted. HPSN contains information about relations between users and objects towards
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which users performed some activities. The main characteristic of HPSN is that there exist hierarchies between different
objects. The whole process of HPSN extraction consists of the
following four steps.
(1) User extraction. Users are network nodes both in the
presocial network and in the final social network.
Users perform different activities towards various
types of objects; for example, they send e-mails to
each other or comment on the photos uploaded by
others. These activities are the basis to create the role
of a user in relation to a specific object, for example,
author, commentator, and so forth.
(2) Object extraction. Objects are the nodes in both hierarchical and in flat presocial network, that is, elements
through which users communicate with each other
(e.g., email and phone call) or items towards which
users perform some activities (e.g., photo, video, and
tag).
(3) Extraction of the hierarchy between the objects. Some
objects can be in hierarchical relation with other
objects; for example, an object “group of topics” contains one or more “topics” which may include many
“posts” (Figure 3). The consequence of the existence
of the hierarchy between different objects types is that
the objects on the lower level cannot exist without
objects on the higher level. These hierarchies exist
within HPSN and are removed during the prenetwork
flattening process (see Section 6).
(4) Extraction of the relations between users and objects.
Relation between a given user 𝑎 and object 𝑋 exists
if user 𝑎 performed some activities towards object 𝑋;
for example, user 𝑎 commented on photo 𝑋. The type
of activity that user performed towards an object is
assigned to each relationship.
The concept of HPSN is presented in Figure 4 where the
hierarchy between objects has three levels (𝑍, 𝑉, and 𝑌); at
each level some objects exist (e.g., at the level 𝑌 objects OB
𝑌1 and OB 𝑌2) with which users (𝑎, 𝑏, and 𝑐) are in different
types of relations (𝑍, 𝑉, and 𝑌 roles); that is, users performed
some activities towards these objects.

6. Flat Presocial Network
The flattening process aims at removing relationships
between objects (hierarchies). A consequence of this process
is based on the knowledge about existing hierarchies; both
new user roles and relationships between users are created.
The transformation from the presocial network where the
hierarchies between objects exist (HPSN) into the flat presocial network (FPSN) without hierarchies will be performed in
the following steps.
(a) The operator chooses the level in the hierarchy to
which the flattening process will be performed—the
end level. Note that, after each flattening process, the
only object type in FPSN will be the one that is on the

OB Y1

OB Y2

OB V1

OB Z1

OB Z2

Z role
User a

V role
User b

Level 1 (Y)

OB V2

OB V3

Level 2 (V)

OB Z3

OB Z4 Level 3 (Z)

Y role
User c

Figure 4: The concept of HPSN.

end level selected by the operator and all users will be
in relation only towards these objects.
(b) If there exist levels that are lower in the hierarchy
than the end level (Figure 5), then for those levels
the bottom-top approach is used; that is, we get the
following.
(i) Relationships between people and objects existing on the hierarchy levels that are below the end
level (relation user 𝑎, OB 𝑍1, and user 𝑏, OB 𝑉2,
in Figure 5) are changed. The relation between a
user and an object from the lower lever is moved
to the upper level by
(1) identification of an object on the upper
level that is “a father” of the object from the
lower level (“child”);
(2) creation of a new relation between the user
and “the father” object;
(3) name of the relation between user and
“father” object which is created by adding
to the name of the relation user “child”
the word that denotes the movement from
the lower level. For example, in Figure 5,
the relation user 𝑎, OB 𝑍1 (“child”), has
a name, 𝑍 role, and the name of the new
relation user 𝑎, OB 𝑉1 (“father”), is 𝑍𝑉 role;
(4) deletion of the relation between the user
and the “child” object from the lower level.
NOTE. This process is repeated for other upper
levels until the end level is reached (Figure 5).
(ii) Relationships between people and objects existing at the end level remain unchanged (relation
user 𝑐, OB 𝑌2).
The final FPSN presented in Figure 6 is an outcome
of the bottom-up approach where the HPSN from
Figure 5 is flattened to level 1 (𝑌).
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Figure 6: Relations between users and objects in the final FPSN after
the bottom-top flattening process.
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Level 1 (Y)

OB Y2

Level 1 (Y)

User c

Figure 5: Relations between users and objects in the hierarchical
presocial network HPSN.

(c) If there exist levels that are upper in the hierarchy
than in the end level (Figure 7), then the top-bottom
approach is applied for these levels; that is, we get the
following.
(i) Relationships between people and objects existing on the hierarchy levels that are above the end
level (relation user 𝑏, OB 𝑉2, and user 𝑐, OB 𝑌2,
in Figure 7) are changed. The relation between
user and object from the upper lever is moved
to the lower level by
(1) identification of all objects on the lower
level that are “children” of an object from
the upper level (“father”);
(2) creation of the relation between the user
and all “child objects;”
(3) name of the relation between the user and
“child object” which is created by adding
to the origin name information about the
“child object.” For the example, in Figure 7,
in the relation user 𝑏, OB 𝑉2 (“father”),
the relation name was 𝑉 role and the new
relation user 𝑏, OB 𝑍3 (“child”), will have
the name 𝑉𝑍 role;
(4) deletion of the relation between the user
and “father object” on the upper level.
NOTE. This process is repeated until the end
level is reached (Figure 8).
(ii) Relationships between people and objects existing on the end level remain unchanged.
An example of top-bottom approach is presented below
where the HPSN from Figure 7 is flattened to level 3 (𝑍), that
is, to FPSN in Figure 8.
The goal of the flattening process is to facilitate the
extraction of the unified structure that represents the social
connections between pairs of users from user activity data
and relations between objects. New types of user roles can

OB V2

OB V1

OB Z1

OB Z3

OB Z2
V role

Z role
User a

User b

OB V3

OB Z4

Level 2 (V)

End level
Level 3 (Z)

Y role
User c

Figure 7: Relations between users and objects in the hierarchical
presocial network HPSN.

be identified during the flattening process, for example, 𝑉𝑍
or 𝑌𝑉𝑍 role in Figure 8. The newly obtained knowledge
about these roles gives an opportunity to investigate the
complex profile of user relationships in more detail and in
consequence enables their more comprehensive analysis.

7. Social Network
The flat presocial network structure (FPSN) is used to extract
the social network (SN) where the relations user-object from
FPSN no longer exist. These connections are converted into
direct relations between users in SN. The process consists of
the following steps.
(a) Extraction of SN layers is based on the type of
the users’ roles towards objects. Each network layer
consists of users and their connections. In a single
layer network, there exist object-based relationships
of only one type either with equal or different roles
(see Section 3).
(b) The operator chooses which social network layers
need to be created.
(c) The operator chooses the SN model,
𝑛-graph, each layer in the multilayered social
network SN is represented by separate social
network;
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Figure 8: Relations between users and objects in the final FPSN after
the top-bottom flattening process.

multigraph, all layers are represented by a single
social network and different layers are distinguished by different colours of edges (or another
labelling mechanism is used).
(d) Extraction of relations user from-user to is by calculation of the relationship strengths and colours
(labels) between SN nodes (users) using activity data
stored in FPSN. There are many possible formulas for
calculating the relationship strength. Most of them
are based on the normalized quantity of shared user
activities towards objects in FPSN (for some of the
examples please see [25, 42]).
Social network SN created from FPSN in Figure 8 according to the process described above is presented in Figure 9.
Depending on the goal of analysis, the strength of a
relationship can be a static measure calculated based on all
available data and taking into consideration the number of
activities of a given type. On the other hand, we can take
into account time factor and split the data according to the
time when activities occurred. In the latter case, the whole
period from which the data comes from is divided into time
frames and the relationship strength is calculated for each
slot separately. The time frame can be created using two
approaches as follows.
(i) Sliding window. A user defines the length of the time
window (e.g., 𝑡𝑙 ) and the time interval that is used to
move the window (e.g., 𝑡𝑖 ). In order to extract time
frames the whole period of the length 𝑡𝑙 is moved
by 𝑡𝑖 . In consequence the entire dataset is divided
into partly overlapping frames. Note that both time
window and time interval need to be specified in a
way that the period from the start date to end date
should be completely covered.
(ii) Equal, separate periods. A user sets the number of
periods, for example, 𝑘, and then the data is divided
into 𝑘 separate, equal periods according to the dates
of activity. This is equivalent to the situation (i) where
𝑡𝑙 equals 𝑡𝑖 .
After the time windows are created, the weight is assigned to
each of them. Usually, the recent periods are more important
than the previous ones and because of that greater weight is
assigned to those recent time windows.
In this paper we present how to calculate the static version
of relationship strength for two different types of relations: (i)

User c

Figure 9: Social network created from FPSN presented in Figure 8.

object-based relations with equal roles and (ii) object-based
relations with different roles (see Figure 2).
(a) Object-Based Relationships with Equal Roles. The objectbased relationship with equal roles denotes a connection in
which two users are related to each other through the object
and their roles towards this object are the same; see Section 3.
Note that the same formula is used in order to calculate
the connection strength between user 𝑥 and user 𝑦 who (i)
have commented on at least one common object, (ii) have
marked at least one common object as their favourite, (iii) are
coauthors of an object, (iv) are in the same group or forum,
and (v) have used the same keywords to describe objects. In
all of these relations, there is an object on which both users
perform specific activity. To calculate the static strength of the
relationship, the following formula may be applied:
𝑎
=
𝑠𝑥𝑦

𝑎
𝑛𝑥𝑦

𝑛𝑥𝑎

,

𝑥 ≠𝑦,

(1)

where 𝑎 is the type of activity that is performed by users
towards an object, for example, membership to a group/
forum, utilization of a tag to describe objects, coauthorship of
𝑎
is the
an object, commenting on an object, and so forth. 𝑛𝑥𝑦
number of common 𝑎 activities for users 𝑥 and 𝑦 performed
together, for example, number of groups/forums to which
both users 𝑥 and 𝑦 belong, the number of tags that both
users 𝑥 and 𝑦 use commonly or the number of objects that
were coauthored by both users 𝑥 and 𝑦, and so forth. 𝑛𝑥𝑎
is the number of a given 𝑎 activity for user 𝑥, for example,
the number of groups/forums to which user 𝑥 belongs, the
number of tags used by user 𝑥 or the number of objects
authored by user 𝑥, and so forth.
Let us consider the situation in which users of multimedia
sharing system utilise tags to describe different multimedia
content. In this case an object is a tag and relationship
between two users is created when they utilise some common
tags. Let us assume that the data obtained from the system
contains the following information: user 𝑥 utilised 20 identical tags as user 𝑦 and user 𝑥 used 60 tags in total. Then relation
strength from user 𝑥 to 𝑦 is calculated as follows:
𝑦

𝑦
𝑠𝑖𝑗

=

𝑛𝑖𝑗
𝑦
𝑛𝑖

=

20 1
= .
60 3

(2)

(b) Object-Based Relationships with Different Roles. The
object-based relation with different roles denotes a connection in which two users are related to each other through the
object and their roles towards this object are different (see
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Section 3). For example, one user can comment in a forum
in which another user is a moderator and the relationship
between users is moderator-commentator. Thus, in the case of
calculating the relations strength, we will refer to the relations
activity type a-activity type b.
Considering the relation activity type a-activity type b
its strength will be calculated as follows:
𝑎𝑏
=
𝑠𝑥𝑦

𝑎𝑏
𝑛𝑥𝑦

𝑛𝑥𝑎𝑏

Forum
Roles:
∙ Forum creator
Activities:
∙ Forum creation

Topic group

,

𝑥 ≠𝑦, 𝑎 ≠𝑏,

(3)

where 𝑎 denotes the 1st activity type; 𝑏 denotes the 2nd
𝑎𝑏
activity type (different that 𝑎); 𝑛𝑥𝑦
is the number of activities
𝑎 performed by user 𝑥 towards objects for which user 𝑦
performed activity 𝑏; 𝑛𝑥𝑎𝑏 is the total number of activities of
type 𝑎 performed by user 𝑥 towards objects for which any
other users performed activity 𝑏.
As an example, let us consider the case where a user adds
to the list of favourites an object authored by another user.
A relationship between two users is created when one user
adds to its favourites an object authored by another person.
Assume that the following data is available in the system: user
𝑥 added to favourites 20 objects authored by user 𝑦. User 𝑥
added to favourites 60 objects in total. The objects of user 𝑦
were added to favourites by other 30 times in total. Moreover,
𝑎 means the activity “authored by” and 𝑏 means the activity
“added to favourite by.”
The relation strengths are calculated as follows:
𝑏𝑎
𝑏𝑎 𝑏𝑎
= 𝑛𝑥𝑦
/𝑛𝑥 = 20/60 = 1/3;
from user 𝑥 to 𝑦: 𝑠𝑥𝑦
𝑎𝑏
𝑎𝑏
from user 𝑦 to 𝑥: 𝑠𝑦𝑥
= 𝑛𝑦𝑥
/𝑛𝑦𝑎𝑏 = 20/30 = 2/3.

8. Example of Flattening Process

Roles:
∙ Group creator
∙ Group moderator
Activities:
∙ Group addition
∙ Group moderation

Topic
Roles:
∙ Topic moderator (ID, name, and login)
∙ Topic creator (ID, name, and login)
∙ Topic member (ID, name, and login)
Activities:
∙ Topic addition (date)
∙ Topic moderation (date, moderator ID, and
topic ID)
∙ Topic addition (date)
∙ Member subscribing (date, and member ID)
∙ Member unsubscribing (date, and member ID)

Post
Roles:
∙ Post author
∙ Post reader
∙ Post commentator
Activities:
∙ Commenting (date, post ID, comment ID,
comentator ID)
∙ Reading (reader ID, post ID, and reader ID)
∙ Posting (date, post ID, and post ID)

One of the examples where hierarchies between objects exist
is the Internet forum where people can create their own
topics that contain posts added by users. The hierarchy
between objects within a forum and the activities that can be
performed towards these objects are presented in Figure 10.
The hierarchy that will be used for our case study is
forum-topic-post. Both relationships between objects and
between users and objects in the exemplary hierarchical
prenetwork are presented in Figure 11. In order to create the
flat presocial network (Figure 12) we perform the flattening
process after which the relationships between objects will
be removed but at the same time on other levels new
relationships between users and objects will be created.
Two types of flattening process can be considered:
bottom-top and top-bottom (see Section 6). We present here
the bottom-top flattening process in which the relationships
will be moved to the highest forum level; that is, the forum
will be the final level.
The bottom-top approach applied to HPSN from Figure 11
results in several new relationships and roles (Figure 12).
Some examples are enumerated as follows.

(ii) User 𝐵 is a commentator of post 2.1.1. A new relation
between user 𝐵 and the forum is created: PTF Is Commentator. The same is done for user 𝐷, a commentator
of posts 1.2.1, 2.1.1, and 2.2.2. In this way, the role 𝑃 Is
Commentator is moved to the forum level.

(i) User 𝐴 is an author of post 1.2.1 in the topic 1.2 at
the forum 1 and also of post 2.1.1 in the topic 2.1 at

(iii) User 𝐴 is a moderator of topic 1.1 at the forum; then a
new relation between user 𝐴 and the forum is created:

Figure 10: The hierarchy of objects in the forum.

forum 2. Then a new relation between user 𝐴 and
forum is created: PTF Is Author (PT, PostTopicForum,
a new name of relation; see Section 6); that is, user
𝐴 authored at least one post in a topic that is in a
given forum. A similar approach is applied to user
𝐵, who is an author of post 1.1.1 in the topic 1.1 and
to user 𝐶, an author of post 2.2.2 in the topic 2.2.
Moreover, user 𝐷 is an author of posts 1.1.2 and 2.2.1.
This is flattening (movement) of authorship activities
on posts (role 𝑃 Is Author) to the top level forum.
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Figure 11: Relations between users and objects together with users’ roles towards the objects.
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Figure 12: Flat presocial network (FPSN): the result of flattening process applied to HPSN from Figure 11.

TF Is Moderator (TF, TopicForum, a new name of
relation; see Section 6). The similar method is utilized
for user 𝐶, the moderator of topic 1.2, and user 𝐸, the
moderator of topics 2.1 and 2.2. This is flattening of
roles from the topic level to the final forum level.
(iv) User 𝐴 is a creator of the forum 1 and user 𝐶 is a
creator of forum 2; then the existing relationship stays
unchanged: 𝐹 Is Creator.
Two different layers of the final multilayered SN derived
from the flat presocial network FPSN (Figure 12) are presented in Figures 13 and 14. For instance, the relation between
two users exists if one user was the moderator of the post that
was commented on by another user, Figure 13; for example,
user 𝐴 moderates the post commented on by user 𝐷 so
there is a relation moderator-commentator from 𝐴 to 𝐷 in
the final social network SN. This relation is an object-based

relationship with different roles. In Figure 14, another layer
PTF Is Author, PTF Is Author, is presented. This is a layer in
which the extracted relationships are object-based with equal
roles. The relationships’ strengths presented on both figures
are calculated using formulas from Section 7.
Note that user 𝐷 and user 𝐸 are connected only because
of flattening process (Figure 13). The same is with user 𝐸 and
user 𝐵 (Figure 13) and user 𝐴 and user 𝐶 (Figure 14). Any of
these relationships would be revealed if the flattening process
did not take place.

9. Experiments
The real-world dataset used for experiments was obtained
from the social web site extradom.pl. The analysed dataset
covers the period from August 21, 2008, to January 8, 2010.
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Figure 13: Example of the PTF Is Commentator and MF Is Moderator layer of the final SN extracted from the flat presocial network FPSN
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Figure 14: Example the PTF Author PTF Author layer of the final SN extracted from the flat presocial network FPSN (Figure 12).

Before the hierarchical presocial network HPSN was created,
the dataset was cleansed and validated. Several rules were
applied in the cleansing phase. Two most important ones were
as follows:
(i) each object must have creation date;
(ii) each object must be assigned to its creator.
There were 104,625 users registered in the portal, but only
4.25% (4,404) of them were active on forum. The number of
different types of objects in the forum is shown in Table 1. One
or more activity types were identified for each object type.
Objects with activities that were performed towards them are
shown in Table 2.
As we can see in Table 2, there are two activity types (topic
group moderation and post reading) that are not present in
the dataset used for experiments and thus are not included in
the further analyses. Additional assumptions that have been
made and which helped to detect some of activities are as
follows:
(i) a user who creates the first post in the topic will be
treated as a topic creator;
(ii) creation of the first topic in the group is simultaneously treated as the creation of the entire group;
(iii) users who create their first post in the topic will be
automatically subscribed to this topic.
Table 3 summarizes the profile of the hierarchical presocial network (HPSN) that was created from the extradom.pl
dataset.
Three distinct flattening processes (see Section 6) with
three separate final object levels, topics group, topic, and

Table 1: Objects quantity in the experimental dataset.
Object type
Forum
Topic group
Topic
Post
Comment

Number of objects
1
692
2,336
13,272
49

Table 2: Activities assigned to object types.
Object type
Forum

Activity type
Forum creation activity
Topic group addition
Topics group
Topic group moderation
Topic addition
Topic
Topic member subscribing
Post reading
Post
Post authoring
Comment
Post commenting

Number of activities
1
692
0
2,336
5,788
0
13,272
49

post, have been applied to the hierarchical presocial network
HPSN. Some of the activities were multiplied after the flattening process (for detailed statistics please see Table 4). Such
situation takes place when the hierarchical presocial network
is flattened to the object type, which is not the highest level
in the hierarchy. For example, when HPSN was flattened to
the topic groups (level 2 in the hierarchy, see Figure 3), the
forum creation activity was multiplied by 692 because there
were distinct 692 groups in the dataset.
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Table 3: Activities in the hierarchical presocial network.

Activity type
Forum creation activity
Topic group addition
Topic addition
Topic member subscribing
Post posting
Post commenting

Number of activities

Number of users with the activity

Percentage of total users with a
given activity

1
692
2,336
5,788
13,272
49

1
266
1,464
4,359
4,359
39

0.02%
6.04%
33.24%
98.98%
98.98%
0.89%

Table 4: Number of activities before and after flattening; “+” denotes activates which were created during a given flattening process.
Number of activities
before flattening
(in HPSN)

Activity type

Forum creation activity
Topic group addition
Topic addition
Topic member subscribing
Post authoring
Post commenting

1
692
2,336
5,788
13,272
49

New
+

Number of activities after flattening (in FPSN)
Final objects:
Final objects:
Final objects: posts
New
New
topic groups
topics
1,3272
692
+
2336
+
13,272
692
+
2336
+
13,272
2,336
2336
+
793,245
5,788
5788
13,272
13,272
13,272
49
49
49

100,000,000
Number of relationships

10,000,000
1,000,000
100,000
10,000
1,000
100

1

Forum creation activitymember subscribing
Forum creation activitypost authoring
Forum creation activitycommenting
Group additiontopic addition
Group additionmember subscribing
Group additionpost authoring
Group additioncommenting
Topic additionmember subscribing
Topic additionpost authoring
Topic additioncommenting
Member subscribingmember subscribing
Member subscribingpost authoring
Member subscribingcommenting
Post authoringpost authoring
Post authoringcommenting

10

Layer
Flattened to topic groups
Flattened to topics
Flattened to posts

Figure 15: Number of activities (relationships) within created layers for three different flattening processes.

Once the flattening process has been accomplished, the
separate layers in the multilayered social network were
identified and relationships between users within these layers
were extracted (see Section 7). Both layers and number of
distinct relationships existing within each layer are presented
in Table 5.
As a result of the flattening process 14 new layers in
the multilayered social network were created. Additionally,

percentages of new user relationships in SN are 90% in
the case of topic groups as the final object, 10% for topics,
and 3% for posts (see Table 5 and Figure 15). Note that
these new relationships would not be visible without the
flattening process. It means that the method of preprocessing
with flattening of object relations reveals completely new
knowledge about the complexity of connections between
people.
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Table 5: Layers in SN and their profile for three different flattening processes.

Layer

New

Forum creation activity—group addition
Forum creation activity—topic addition
Forum creation activity—member subscribing
Forum creation activity—post authoring
Forum creation activity—commenting
Group addition—topic addition
Group addition—member subscribing
Group addition—post authoring
Group addition—commenting
Topic addition—member subscribing
Topic addition—post authoring
Topic addition—commenting
Member subscribing—member subscribing
Member subscribing—post authoring
Member subscribing—commenting
Post authoring—post authoring
Post authoring—commenting

Sum:

Number of pairs of users (relationships) with common activities on the layer of SN
Topics/
Topic
Posts/
Moved
Moved
Topics
Moved
Posts
topic
groups
topics
groups

+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+
+

671
2,313
5,760
13,233
49
1,614
5,116
12,206
49
109,376
302,961
1,060
289,740
779,973
2,903
2,449,226
9,340
3,985,590
New:
90%
Moved:
10%

10. Conclusions
The wide variety and availability of Web 2.0 systems, where
users can interact with each other and perform different types
of activities, give us an opportunity, by analysing the largescale data gathered in these systems, to better understand
human social behaviour. A very interesting research problem
is to investigate social connections that emerge between people based on their shared activities. However, the extraction
of these relations is not a trivial task. The main reason is
that user behaviour in such systems is often very complex
due to the variety of available services and functionalities.
As presented in the paper, people can perform different
activities towards different objects. Additional challenge is
that the relationships existing between these objects can form
a hierarchical structure. In this paper, we propose the process
to extract the multilayered social network from the data about
both user behaviours and relations between objects. The
whole method consists of three main phases: (i) extraction
of the hierarchical presocial network HPSN, (ii) creation of
the flat presocial network PFSN, and finally (iii) creation of
the multilayered social network SN. We believe that such
systematic approach to the problems is necessary to be able
to cope with the massive volume of data being generated
by social-based systems every day. Moreover, the proposed
process is generic and robust in a way that it is able to accommodate new ways of interactions between users.

+

+

2,252
2,313
111,544
13,233
49
1,614
109,377
12,206
49
109,376
9,849
44
12,342,690
779,973
2,903
376,978
1,703

3.36
1.00
19.37
1.00
1.00
1.00
21.38
1.00
1.00
1.00
0.03
0.04
42.60
1,00
1.00
0.15
0.18

13,876,153

3.48

+

+

12,922
13,157
792,732
13,233
49
8,821
780,312
12,206
49
780,445
9,849
44
83,495,278
779,973
2,903
0
44

5.74
5.69
7.11
1.00
1.00
5.47
7.13
1.00
1.00
7.14
1.00
1.00
6.76
1.00
1.00
0
0.03

86,702,017

6.25

New: 10%

New: 3%

Moved:
90%

Moved:
97%

The new flattening concept enables discovering in the
multilayered social network new layers with new types of
relationships which otherwise would not be available for
analysis. It is possible due to the presented above process
in which the object hierarchy is removed. Thus, the new
method of preprocessing enables revealing new information,
which is invisible in the regular analysis of user activities
and this in turn opens new possibilities for network analysis.
The experiments confirmed that some new types of relations
between users can be extracted in the flattening process. This
enables a deeper insight into analysis of multilayered social
networks as more information is included in the final network
structure.
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Issues about opinion diffusion have been studied for decades. It has so far no empirical approach to model the interflow and
formation of crowd’s opinion in elections due to two reasons. First, unlike the spread of information or flu, individuals have
their intrinsic attitudes to election candidates in advance. Second, opinions are generally simply assumed as single values in most
diffusion models. However, in this case, an opinion should represent preference toward multiple candidates. Previously done
models thus may not intuitively interpret such scenario. This work is to design a diffusion model which is capable of managing
the aforementioned scenario. To demonstrate the usefulness of our model, we simulate the diffusion on the network built based
on a publicly available bibliography dataset. We compare the proposed model with other well-known models such as independent
cascade. It turns out that our model consistently outperforms other models. We additionally investigate electoral issues with our
model simulator.

1. Introduction
Huge success of viral marketing nowadays clearly shows that
acquaintances indeed greatly influence people adopting a
new or different opinion. This implicates that people, in a way,
attempt to plant their intrinsic ideas, opinions, or preferences
in others’ minds through exchanging opinions over and
over in different circumstances. One interesting and longdiscussed scenario is election. Elections in the modern world
are an essential mechanism to aggregate the opinions of the
masses and to make joint decisions for a variety of purposes.
People share thoughts and even attempt to convince others to
adopt their attitudes during the election season.
As social media such as Facebook are widely utilized, it
becomes quite convenient for people to manifest themselves.
Social media exposure grants people a hitherto wide range
to deliver their views. Social media extremely accelerates
and facilitates such opinion-exchange interactions among

individuals. As opinions interflow, the intrinsic opinions of
an irresolute person could eventually be assimilated to those
of the determined ones. Then a consensus or a public opinion
appears.
From a research aspect, understanding the progress of
human negotiation benefits the real world applications. For
instance, social scientists would wonder to what extent the
opinions’ exchange among friends can affect each other’s
viewpoints. Campaign companies would inquire how to
promote a candidate with limited budgets. Such questions
are not easy to answer via a user study, particularly when the
number of participants becomes huge.
Opinion diffusion on social networks has been studied
for decades. Unfortunately, many previous models, such as
the Independent Cascade Model, Linear Threshold Model,
SIR/SIS model, and heat diffusion model, cannot manage the
election scenario intuitively due to the following two reasons.
First, people have their intrinsic opinions more or less, which
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is absent in the aforementioned models. In such a manner,
people may not serve as neutral relays. People amplify the
opinions they stand for and deamplify opinions they stand
against. Second, opinions could be multidimensional, for
example, a viewpoint for multiple electoral candidates. Most
diffusion models adopt single values to represent the opinions
for simplicity. A single value clearly cannot directly represent
the views about multiple candidates. Our goal is to design a
suitable diffusion model which is capable of managing the
propagation of viewpoints. Up to date we have not yet seen
too many computational approaches with systematic and
quantifiable studies on this issue.
Inspired by the real world phenomena, we have realized
several preferable properties to manage the information
diffusion like opinion polling. The properties are highdimensional media, input dependence, deterministic convergence, and consensus. A summary of the properties is as
follows. First, we prefer the media (which represents preference toward candidates) propagated throughout the process
being a unit vector because, democratically, individuals
(or nodes) have equal rights in casting votes. Second, the
preference distribution should be significantly affected by the
initial intrinsic preference as well as the neighbors through
social network. Finally, we hope the propagation converges
eventually, and a common trend appears after numerous
interactions [1]. In this paper, we show that our model is the
only one satisfying all properties among the existing models.
The novelty and contributions of this paper can be viewed
from several different angles.
(1) This work strategically demonstrates a plausible process to answer a set of real world problems.
(a) We start by designing a preference negotiation
model (with theoretical guarantees) to manage
high-dimensional information. We assess the
quality of this model by proving its convergence
and several other important properties.
(b) We conduct an experiment to demonstrate the
validity of our model in predicting the change
of citation preference among authors through
collaboration networks.
(c) To build the diffusion simulation framework, we
further devise suite of satellite algorithms for
preference profile sampling, deployment, and
seed-voter selection.
(2) Our case studies, in practice, have provided the concrete solutions to the real world problems of concern.
(a) The simulation shows that election outcomes
can be significantly affected by the social factor.
We find that each individual preference profile
extremely changes after a preference diffusion.
Using Kendal 𝜏 coefficient to measure the similarity before and after the diffusion, it usually
results in a coefficient below 0.5.
(b) With the simulation, we additionally examine
several well-known voting schemas to verify

their vulnerability to vote-buying. Among them,
Borda Count voting schema performs best to
resist vote-buying. Plurality voting is the most
vulnerable to manipulation.

2. Preliminary
We review the previously done works related to the information diffusion and electoral issues.
2.1. Diffusion Model. To develop models for diffusion simulation or prediction, researchers unearth the underlying
mechanisms or the inherent patterns of information diffusion
from real word phenomena and utilize these findings.
The Linear Threshold Model (LT model for short) [2, 3]
and Independent Cascade Model (IC model for short) [3, 4]
are the most well-known and fundamental ones to describe
how the information propagates step by step in a network.
Inspired by the ideas of the two models, various models have
been proposed later for more specific scenarios.
The LT model at first intends to describe the process of
shutdowns due to chain effect of energy overload in a power
grid. The concept is then adopted for simulating the information diffusion. In the LT model, nodes in a network are the
containers of energy (information) and the amounts carried
are represented as real values. Each node has a predesignated
carrying capacity and initially carries no energy. Once the
simulation proceeds, some nodes are assigned as the early
adopters, the first groups gaining energy (information), to
carry energy, and the carried amount increases progressively.
Once the amount of carried energy exceeds their capacity,
the nodes become active (overload) and pass excessive energy
to other linked nodes. This leads to a propagation of power
overload.
With an operation similar to the LT model, the IC model
further simplifies the carried information as a binary value.
Nodes become active once they receive the information
passed from the linked neighbors. There is no predetermined
capacity for nodes in IC model. Instead, each edge is associated with a real number representing the probability of
successful information pass along it. During the diffusion, the
active nodes continually attempt to send out the information
through edges until all linked neighbors become active.
Kempe et al. (2003) [3] generalized the IC model by
introducing a General Cascade Model. Gruhl et al. (2004)
[5] and Leskovec et al. (2006) [6] proposed generative model
to simulate blog essay generation based on the IC Model.
These models assume nodes can turn from inactive to active
given a certain probability for cascading. Based on the LT
model and the IC model, Saito et al. (2010) [7] proposed the
Asynchronous Linear Threshold Model and Asynchronous
Independent Cascade Model.
Another influential line of research, following the success
of the PageRank algorithm, puts the propagation process in
an explicit recursive mathematical form. Heat diffusion [8, 9]
is a physics phenomenon describing heat flows from high
temperature positions to low temperature positions. Inspired
by the heat diffusion, Ma et al. (2008) [8] proposed a model to
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analyze candidate selection strategies for market promotion.
The process is formulated as
𝑓𝑖 (𝑡 + Δ𝑡) − 𝑓𝑖 (𝑡)
= 𝛼 ∑ (𝑓𝑗 (𝑡) − 𝑓𝑖 (𝑡)) ,
Δ𝑡
𝑗:(V ,V )∈𝐸
𝑗

(1)

3. The Proposed Model
We here propose the diffusion model to unearth how the
communications affect the individual decisions. Abbreviations section lists the notations used in the rest of the paper.

𝑖

where 𝑓𝑖 (𝑡) is the heat of node 𝑖 at time 𝑡 and 𝛼 is the thermal
conductivity, namely, the heat diffusion coefficient.
In heat diffusion process, each vertex receives heat from
its neighbors, which is similar to our model. The major
difference, which will be discussed in detail in the following
section, is that heat diffusion model lacks a normalization
phase (since it considers only the propagation of one value)
and a fusion phase (because the heat itself can disappear after
diffusion, so there is no need to fuse on heat diffusion model).
Inspired by these previous works, our model takes the
strong points of these approaches, namely, their focus on
mimicking social interaction traits such as forming consensus
as well as their incorporation of structural information
into the propagation process, and blends them into a more
coherent framework that could be used to answer real world
problems mentioned in the introduction.
2.2. Electoral Issues. In 1992, Bartholdi III et al. [10] first
studied the complexity of the process to determine needed
actions by organizer to add or remove candidates to manipulate election results (where it is recognized as the classical
social choice theory). However, they did not propose any
model for the interactions between voters. Gibbard [11] and
Satterthwaite [12] showed that every election scheme with at
least three possible outcomes is subject to individual manipulation. This means the minority has a chance to manipulate
the group decision to secure a preferred outcome. Gibbard
and Satterthwaite also addressed the computational difficulty
in minority manipulation. However, their model assumes the
independence of voters, which does not consider nor discuss
the effect from other voters on voter’s preference. Existing
studies in this direction mainly focus on the complexity and
feasibility issues, which is very different from our goal.
Liu (2009) [13] attempted to check whether the preference
distribution changes if the number of political experts in a
communication network increases. They use an agent-based
model for simulation. Each agent in the model maintains a
binary value toward a candidate (instead of a real value or
ranking) and simply disseminates the values to other agents
in the nearby 3 by 3 matrix.
Yoo et al. (2009) [14] proposed semisupervised importance propagation model. Their idea is, to some extent,
similar to our “fusion phase” by adding the original score
into the accumulated score obtained from the neighbor. The
difference between their model and ours is that theirs deals
with a single value instead of a vector, and therefore they do
not perform the normalization over candidate scores like we
do.
The election manipulation is a long-discussed issue.
Nevertheless, the social factor is absent in these works. Here
we bring a marriage between the social network analysis and
the electoral issues.

3.1. Preference Propagation Model. We first define a preference profile 𝑝V of an individual V, which is a 𝑘-dimensional
vector that represents V’s preference toward 𝑘 different
candidates. The 𝑗th element in 𝑝V is an integer in [1, 𝑘]
indicating this individual’s preference for candidate 𝑗 (smaller
numbers denote higher ranks). To facilitate the operation of
the preference profiles, we translate 𝑝V into a score vector 𝑠V ,
for all V, using the following equation:
𝑠V [𝑖] =

(𝑘 − 𝑝V [𝑖] + 1)
,
𝑇

∀𝑖 ∈ 1, 2, . . . , 𝑘,

(2)

where 𝑇 = 𝑘(𝑘 + 1)/2. This transformation can be regarded as
a normalization process as in 𝑠V not only does the preferred
candidate receive higher score but also the sum of all elements
equals 1. Using the score vector of each individual, we can
create an 𝑛 by 𝑘 matrix 𝑆 = (𝑠V1 , 𝑠V1 , . . . , 𝑠V𝑛 )𝑡 denoted by the
preference matrix. We denote the preference matrix of a given
time stamp 𝑡 since the propagation process starts as 𝑆(𝑡).
The information propagates one iteration after the other
in our model, and each iteration consists of three phases:
propagation, normalization, and fusion.
In the propagation phase, each node V synchronically
propagates the preference score vector 𝑠V to the neighboring
nodes. To describe such operation mathematically, we define
an 𝑛 × 𝑛 forward transition matrix 𝐹 such that the multiplication of 𝐹 and 𝑆(𝑡) represents the score of each node obtained
from all neighbors after this phase. We denoted it by 𝑆𝑝 (𝑡).
We assume the edge directions in a network 𝐺 reveal the
direction of influence. Therefore, 𝐹 = (𝐾𝐴)𝑡 , where 𝐾 is a
diagonal matrix with the inverse of degree of each node in
the diagonal and 𝐴 is the adjacency matrix of 𝐺. Note that
𝐹 is identical to the forwarding matrix of a random walk
algorithm. The only difference is that 𝐹 in a random walk
algorithm is multiplied by a vector instead of by a matrix 𝑆.
In 𝑆𝑝 , each row represents the neighbors’ accumulated
preference scores toward each candidate. Unlike 𝑆, the elements in each row of 𝑆𝑝 do not add up to one. To ensure
that every individual has equal influence while casting votes,
we normalize each row of 𝑆𝑝 so that its elements add up to
one. Therefore, in the second phase, 𝑆𝑝 is multiplied by an
𝑛 × 𝑛 diagonal normalization matrix 𝑁, where each element
in the diagonal of 𝑁 is equal to the sum of all elements in
the corresponding row of 𝑆𝑝 . After the second phase, we will
obtain a new scoring matrix 𝑆𝑛 (𝑡) = 𝑁𝐹𝑆(𝑡).
The major difference between our propagation model and
the diffusion models for electricity/heat (see Section 2 for
more details) lies in the intrinsic difference of the media that
are propagated. Electricity or heat flows from one place to
another (that is, a flow from node 𝐴 to node 𝐵 implies the
material does not exist in 𝐴 anymore). Opinions, by contrast,
do not vanish after propagation (that is, 𝐴’s inclination
towards a candidate does not disappear even after bringing
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his or her opinions to 𝐵). Therefore we add a third phase
to include a fusion model that integrates an individual’s
own opinions 𝑆(𝑡) with the opinion 𝑆𝑛 (𝑡) gathered from its
neighbors.
In the fusion phase, we introduce a parameter for each
individual: the susceptible ratio, a real number 𝜖 ∈ [0, 1] that
represents how easily an individual can be affected by others.
Given a susceptibility parameter for each individual, we can
then create a susceptible matrix 𝐸, an 𝑛 × 𝑛 diagonal matrix
with the 𝜖 value of each individual in the diagonal. If 𝐸 is equal
to the identity matrix 𝐼, which would imply all individuals are
equally and highly susceptible to one another, then 𝑆(𝑡 + 1)
should be equivalent to its neighbors’ opinion 𝑆𝑛 (𝑡). On the
opposite side, if 𝐸 is equal to the zero matrix, implying all
individuals are impervious to one another, then 𝑆(𝑡+1) should
be identical to 𝑆(𝑡). Thus, after one iteration of propagation,
the preference score matrix can be represented as
𝑆 (𝑡 + 1) = (𝐼 − 𝐸) 𝑆 (𝑡) + 𝐸𝑁𝐹𝑆 (𝑡) = ((𝐼 − 𝐸) + 𝐸𝑁𝐹) 𝑆 (𝑡) .
(3)
Note that we assume that 𝐸 does not change over time,
and neither does 𝐹 (which is only dependent upon topology).
Interestingly, at first glance one might assume that 𝑁 changes
iteratively; it actually does not. Because the sum of each
column in 𝐹 equals 1 and the scores are always normalized
for all candidates, it is not hard to prove that
𝑛
{
{
{( ∑𝐹𝑖,𝑗 )
𝑁𝑖𝑗 = { 𝑗=1
{
{
{0

−1

when 𝑖 = 𝑗

(4)

otherwise,

which depends only on 𝐹. Therefore, we can rewrite 𝑆(𝑡 +
1) as X𝑆(𝑡), where X is a time-independent matrix, which
becomes an important feature for the proof of convergence
in the next section.
The above concludes one iteration of propagation. In the
next iteration, 𝑆(𝑡 + 1) becomes the initial preference score
for the individuals and the same process can be executed
to obtain another round of propagation results 𝑆(𝑡 + 2).
Algorithm 1 is the algorithm for our model.
3.2. Proof of Convergence and Consensus. In this section, we
show the convergent property of our proposed scheme. The
score matrix becomes invariant after a sufficient number of
propagations. Moreover, we show that given certain conditions all rows in the converged score matrix are identical. In
other words, a consensus within a community will eventually
be reached through information propagations in our model.
Let X denote the overall preference propagation operation of all three phases explicitly laid down in the previous
section,
𝑆 (𝑡 + 1) = X𝑆 (𝑡) = [(𝐼 − 𝐸) + 𝐸𝑁𝐹] 𝑆 (𝑡) .

(5)

To provide intuition for the forthcoming deductions and to
borrow results of the properties of X from Section 3.1, we
start by pointing out the similarities as well as the differences
between X and the PageRank matrix G. First, the entity X
acting on 𝑆(𝑡) is actually a matrix consisting of the vectors of

probabilities instead of a simple vector of probabilities. As a
result, the columns of X do not add up to 1 (only the rows
do) and therefore it is not a stochastic matrix. Furthermore,
a social personal relationship network is intrinsically more
localized compared to the World Wide Web, and, as such,
the favorable positive definite property enjoyed by G does
not necessarily hold for S. That said, these complexities,
while no doubt complicating the theoretical treatment of our
algorithm, are in fact a natural manifestation of the increased
richness of our target of research in hand—social networks.
We start our deduction of the convergence of X by
enlisting the Perron-Frobenius theorem [15] which states that
an irreducible, acyclic matrix has a single eigenvalue that is
strictly larger than the others. Under the assumption that the
graph being induced by X, 𝐺X , is strongly connected and
that the weights matrix 𝐸 has entries smaller than one but
not all zeros, X is irreducible and acyclic and thus applies to
the Perron-Frobenius theorem. We denote the dominant real
positive eigenvalue of X by 𝑟. Armed with this fact, we are
able to transform X into its Jordan canonical form
−1

X = 𝑃 𝐽X 𝑃,

𝐽X1 0 . . .
𝐽X = ( 0 𝐽X2 . . .) ,
..
..
.
. d

(6)

by which the leading block 𝐽X1 is a 1 × 1 matrix [𝑟], and other
𝐽X𝑖 ’s correspond to their strictly smaller eigenvalues 𝜆 X𝑖 .
Since, by the rules of matrix multiplication, the effects of X on
𝑆(𝑡) can be analyzed one by one with respect to 𝑆(𝑡)’s column
vectors without loss of generality, we will proceed with our
proof of 𝑆(𝑡)’s convergence by concentrating on 𝑆(𝑡)’s column
vectors which we denote by lower case 𝑠(𝑡). Decomposing 𝑠(0)
into the sum of X’s eigenvectors, 𝑐1 V1 + 𝑐2 V2 + ⋅ ⋅ ⋅ , we obtain
the general form of the time evolution of 𝑠(𝑡),
𝑡
(𝑐1 V1 + 𝑐2 V2 + ⋅ ⋅ ⋅ ) = 𝑟𝑡 (𝑐1 V1 + 𝑏𝑡 ) ,
𝑠 (𝑡) = 𝐽X

(7)

where

  1  𝑡
𝑏𝑡  = 𝑡 𝐽X2 𝑐2 V2 + ⋅ ⋅ ⋅ 
𝑟
 𝑡
|𝑉| 
𝜆𝑥   
≤ ∑(  𝑖  ) 𝑐𝑖 V𝑖  → 0,
𝑟
𝑖=2

(8)
as 𝑡 → ∞.

The above shows that ‖𝑏𝑡 ‖ converges to zero when 𝑡 is large,
and therefore 𝑆(𝑡) converges to 𝑟𝑡 (𝑐1 V1 ). To get an intuition
for the speed of this convergence, we turn to a special case
where the susceptible ratios are identical; that is, 𝐸 is a scalar
𝜖. In this case, we apply the Perron-Frobenius theorem again
on 𝑁𝐹 and we again obtain 𝑁𝐹’s Jordan form
−1

𝑁𝐹 = 𝑃 𝐽𝑁𝐹 𝑃,

𝐽𝑁𝐹

𝐽𝑁𝐹1 0 . . .
= ( 0 𝐽𝑁𝐹2 . . .) .
..
..
.
. d

(9)

However, note that since it needs not to be acyclic, it is strictly
larger than the other. Now, using this basis we find that X is
equal to
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𝑅: iteration number; 𝑃: initial preference profiles
𝐸: susceptible matrix; 𝐹: forwarding matrix
𝑁: normalization matrix
𝑆(0) = 𝑃𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒𝑇𝑜𝑆𝑐𝑜𝑟𝑒(𝑃)
for 𝑡 = 0 to 𝑅 do
𝑆𝑝 (𝑡) = 𝐹𝑆(𝑡)
𝑆𝑛 (𝑡) = 𝑁𝑆𝑝 (𝑡)
𝑆(𝑡 + 1) = 𝐸𝑆(𝑡) + (𝐼 − 𝐸)𝑆𝑛 (𝑡)
end for
return 𝑆(𝑅)
Algorithm 1: Preference propagation model.

d
(
(
(
𝜖(
(
(

0

d
(1 − 𝜖 + 𝜖𝜆 𝑁𝐹𝑖 )
𝜖

1
(1 − 𝜖 + 𝜖𝜆 𝑁𝐹𝑖 )

1

𝜖

(1 − 𝜖 + 𝜖𝜆 𝑁𝐹𝑖 )
𝜖

(0

Since a Jordan canonical form is unique, we obtain 𝜆 X𝑖 =
(1 − 𝜖 + 𝜖𝜆 𝑁𝐹𝑖 )/𝜖. From this result, we confirm that when
𝜖 = 0, X degenerates to the trivial diagonal case and that
as 𝜖 approaches 1, the rate of convergence is geometrically
proportional to 𝜖/𝑟.
We are now one step away from the final proof of 𝑆’s
convergence. Recalling that 𝑠(𝑡) → 𝑟𝑡 𝑐1 V1 , once 𝑟 ≤
1 is established, 𝑆(𝑡) converges. To prove this, we take
advantage of the Collatz-Wielandt theorem which gives the
following formula for 𝑟: 𝑟 = max𝑥∈𝑁𝑓(𝑥), where 𝑓(𝑥) =
min1≤𝑖≤𝑛;𝑥𝑖 ≠0 [X𝑥]/𝑥𝑖 and 𝑁 = {𝑥 | 𝑥 ≥ 0 with 𝑥 ≠0}.
We begin by asserting that the upper bound of 𝑓(𝑥) is 1. To
prove this, we suppose the opposite holds, that means there
exists 𝑥 such that 𝑓(𝑥) = min1≤𝑖≤𝑛;𝑥𝑖 ≠0 [X𝑥]/𝑥𝑖 = 𝛼 > 1. This
implies the following list of equations:
1<𝛼≤

1
(X11 𝑥1 + X12 𝑥2 + ⋅ ⋅ ⋅ + X1𝑛 𝑥𝑛 )
𝑥1

..
.
1<𝛼≤

(11)
1
(X𝑛1 𝑥1 + X𝑛2 𝑥2 + ⋅ ⋅ ⋅ + X𝑛𝑛 𝑥𝑛 ) .
𝑥𝑛

Note that ∑𝑛𝑗=1 X𝑖𝑗 = 1, ∀𝑖. Thus, the above list of equations
can be arranged into
X12 (

𝑥
𝑥
𝑥2
− 1) + X13 ( 3 − 1) + ⋅ ⋅ ⋅ + X1𝑛 ( 𝑛 − 1)
𝑥1
𝑥1
𝑥1

>0

)
)
)
).
)
)

(10)

d
d)

..
.
X𝑛1 (

𝑥
𝑥1
𝑥
− 1) + X𝑛2 ( 2 − 1) + ⋅ ⋅ ⋅ + X𝑛(𝑛−1) ( 𝑛−1 − 1)
𝑥𝑛
𝑥𝑛
𝑥𝑛

> 0.
(12)
However, by denoting 𝑖 by the subscript that has 𝑥𝑖 =
max1≤𝑗≤𝑛 𝑥𝑗 and remembering that X is a nonnegative matrix,
one of the above equations would not hold:
X𝑖1 (

𝑥
𝑥1
𝑥
− 1) + X𝑖1 ( 2 − 1) + ⋅ ⋅ ⋅ + X𝑖𝑛 ( 𝑛 − 1) > 0.
𝑥𝑖
𝑥𝑖
𝑥𝑖
(13)

This justifies the assertion that 𝑓(𝑥) ≤ 1. Combining this
result with the observation that the trivial vector (1, 1, . . .)
yields 𝑓(𝑥) = 1, we conclude that max𝑥∈𝑁𝑓(𝑥) = 1.
Therefore, 𝑟 = 1, and 𝑆(𝑡) converges to 𝑐1 V1 .
For networks that are not strongly connected we can
always find the SCCs in linear time, and the problem reduces
to the smaller “source SCCs” of the network since the matrices
of all the other SCCs have a Perron root smaller than 1 and
their elements eventually vanish. For the remaining source
SCCs, since no vertices have susceptibility ratios equal to 1,
according to the above results they all converge. The net effect
is exemplified by the stark difference between the individuals
belonging to the various source SCCs and the rest. Whereas
source SCC vertices will converge to their own respective
common values, the others may converge to different values
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and act as followers in terms of aligning their own preferences
to the weighted average of those belonging to the sources.
Figure 1 gives an example of such phenomenon. Let the initial
preference matrix of all the nodes in Figure 1 be

A

𝑠A 𝑠B 𝑠C 𝑠D 𝑠E
(

𝑠A

𝑠B

𝑠C


𝑠D

𝑠A

𝑠B

𝑠C


𝑠D

candidate1
) candidate2
candidate3,
𝑠E
𝑠E

C

(14)

where each row in the preference matrix denotes each node’s
preference for candidates 1, 2, and 3, respectively. Then after
infinite number of propagations, the preference matrix will
become
𝑠(∞)AB 𝑠(∞)AB 𝑠(∞)C 𝑠(∞)D 𝑠(∞)E
(𝑠(∞)AB 𝑠(∞)AB 𝑠(∞)C 𝑠(∞)D 𝑠(∞)E ) ,
𝑠(∞)AB 𝑠(∞)AB 𝑠(∞)C 𝑠(∞)D 𝑠(∞)E

(15)

in which the preferences of nodes A and B in Figure 1
for candidate 1 converge to the common value 𝑠(∞)AB , for
candidate 2 converge to the common value 𝑠(∞)AB , and for
candidate 3 converge to the common value 𝑠(∞)AB . However,
for nodes D and E, given that the SCC composed by them
{D, E} is under the influences of both opinion leaders SCC
{A, B} and {C}, their eventual preferences instead of aligning
themselves to a common value become a linear combination
of the preferences of {A, B} and {C}. The exact details of this
combination depend on the structure of the network.
The preference propagation model simulates this unique
behavior of people by projecting the preferences’ vector
onto the leading uniform eigenvector denoting equilibrium.
In addition, it also attempts to mimic the real world by
distinguishing the opinion leaders from the followers. As with
its real world counterpart, this process is solely determined by
the initial preferences of every individual and the structure of
the embedding social network.
Another example is shown in Figure 2, time evolution of
preferences held by nodes in a social network demonstrating
the effects of opinion leaders, creating their own consensus,
and passing it down to opinion followers in a cascading
manner. We see that the opinion follower SCC composed
by nodes 15 to 20 is colored with various shades of gray
depending on its distance to the two opinion leader SCCs
composed by nodes 1 to 3 and 4 to 7. We observe that the
preference of the opinion leader SCCs 1 to 3 is first passed to
the opinion follower SCCs 8 to 11 (in 10th propagation round)
and then subsequently passed to the opinion follower SCCs 12
to 14 through the efforts of SCCs 8 to 11 in a cascaded manner.
This simple example demonstrates that the strongly connected source components form the opinion leader groups,
while each follower node is affected by (i.e., linear combination) the opinions of its surrounding opinion leader groups.
Our framework models the real world observation about how
less-convinced personnel are affected by the mass opinions
they encountered.
3.3. Comparison with Other Models. We here discuss what the
most salient characteristics of a successful social model are

D

E

B

Figure 1: Nodes A, B form an opinion leader SCC, while node C by
itself is another opinion leader SCC. Nodes E and D form an opinion
follower SCC.

based on common observations and beliefs, in an attempt to
contrast the most distinguishing features of our model with
the other previously proposed frameworks.
High Dimension Media. Since a personal preference describes
the order of preference of all possible candidates, the media in
an ideal model should be represented as ordered lists instead
of as a single value. Most of the propagation models such
as Linear Threshold Model, Cascade Independent Model, or
DiffusionRank model, unfortunately, only handle binary or
real value in propagation.
Topology Dependence and Input Dependence. The word of
mouth is the main strategy for a person to affect others. The
real world process of guiding friends toward the adoption
of self-preference goes mutually and simultaneously. To state
such phenomenon, the outgoing persuasions of a person
should ideally become a combination of self-preference and
the incoming preferences. An ideal model should take into
account both network structure and initial personal preference. Moreover, we would like a model’s way of incorporating
these two factors to be as natural as possible, instead of relying
on ad hoc stopping designs or simply restricting the number
of time nodes or individuals’ interactions.
Deterministic Convergence. Of course an ideal model should
converge or end eventually, or else it would be difficult for the
modeler to interpret the results. As far as we know, there are
currently two kinds of designs to achieve such a convergence.
The first one, such as LT model and IC model, attaches a
binary status to each node in a network to determine whether
it is visited. The inactive status means the node is not yet
visited while the active status means the node is visited. With
such design, preference propagation to inactive nodes can
be easily monitored. Moreover, the propagation converges in
such model when none of the existing nodes can change the
status anymore.
Following the success of the PageRank algorithm, the
second popular approach is building the convergence mechanism into a model inherently, so that after sufficient iterations
the model converges and produces a definite result.
To make results easily analyzable, convergent models that
can generate identical results, given both the same initial
preferences of nodes and network structure, are preferred.
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Figure 2: Time evolution of preferences held by nodes in a social network, demonstrating the effects of opinion leaders creating their own
consensus and passing it down to opinion followers in a cascading manner.

Consensus. The problem of reaching a consensus among
agents has been studied since around 1970 [16, 17] with
simulation models such as the voter model [1]. Mossel et al.
gave a theoretical proof that the consensus could be reached
with the voter model [18]. Thus an ideal model should be able
to reflect specific common traits. In particular, we observe
that one such universal trait is people in the same community
(i.e., SCC) having the tendency to align their preference after
sufficient exchanges. This translates into the fact that an ideal
model should contain some kind of homogeneity inside a
group.
To see how our model and other proposed frameworks
capture the above characteristics of real world social interactions, we conducted several experiments and recorded their
results in Table 1 for ease of comparison. We particularly
chose models that are most representative in their own stance,
namely, the Linear Threshold Model, Independent Cascade
Model, PageRank model, and DiffusionRank model, for
comparison. Note that since the propagating media in these
models are not a vector of preference, we made the following
enhancements for each of them to handle such cases. For the
LT and IC models, we assume that each vertex initially held
approval for its top 𝑘 preferred candidates (nonapproval for

the others), and thus, for every candidate, we can obtain a
list of seeds as inputs into the LT and IC models. We then
execute the model separately on each candidate, gather their
results, and normalize them to form the final preference of
each vertex. For the PageRank and DiffusionRank models,
given that they can take real values as inputs, we simply
executed these models separately for each candidate in the
preference list and then integrated the results to be a vector
of real numbers.
As shown in Table 1, we see that our model is the only
model that operates directly on a list of preferences, whereas
other models work restrictively on single boolean or real
values and have to be executed separately to obtain a joint
preference, which fail to consider the correlation of the
preference score among candidates. We note that all models
provide convergent results. Besides, since the IC model
carries a random component, it does not deliver repeatable
final preference results.
To examine whether these models can give a kind of
consensus to nodes that belong to a strongly connected
network, we execute all models on a strongly connected graph
until they naturally stop or converge. It turns out that, except
for our model, none showed signs of reaching consensus
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Table 1: Comparison of models on the abilities to capture characteristics of real world social networks interactions.

Proposed model
LT model
IC model
PageRank
DiffusionRank

Convergence
✓
✓
✓
✓
✓

Repeatability of final state
✓
✓
✓
✓
✓

among the final output preferences. Note that our model does
not produce consensus given non-SCC components.
To see whether these models take into account the initial
preferences held by nodes, we fed all models with six different
initial preferences and see whether they give six different
results. It is not surprising that the PageRank model returns
identical results regardless of the input, indicating that it takes
into account only the structure of the network but ignores
the initial preferences held by each node or individual. In
conclusion, our model is the only framework that supports
all five criteria set by observations from real world social
networks.

4. Experiment
In this section, we compare our model with well-known
diffusion models to evaluate the performance. We examine
whether all the aforementioned algorithms, including ours,
can capture the preference transition in social networks to
a certain extent. To conduct such validation, we require the
information such as the network structure and the node
preferences over time.
4.1. Preference Data. The citations of scientific research
papers implicitly reveal the research interests of the authors.
In other words, we believe that the acts such as citing
or submitting to the journals or the conferences would
be an indicator of the authors’ interests. By utilizing this
fact, we can infer the researchers’ preference from their
corresponding top frequently cited conferences and journals.
We have further realized that one author’s preference could be
influenced by the other coauthors. It is particularly correct for
advisor-student relationship since the advisors and students
usually affect each other’s research interests. We therefore
have designed an experiment to model how researchers’
preferences can be affected by the collaborators.
We use KDD Cup 2003 ArXiv HEP-TH (High Energy
Physics Theory) citation network [19] with the corresponding
paper meta information as our evaluation dataset. This
dataset contains the citations from 1992 to 2003. We select
the top 16 journals that possess most papers as the candidates
to construct the preference lists and construct the yearly
preference lists for all authors. A preference list consists of
the citation count of the corresponding journals within one
year. Thus, for each author, we have 12 lists representing their
preferences.
The reason we use the citations rather than the publications of authors is that the publications imply not only

Consensus
✓ (if SCC)

Input dependence
✓
✓
✓
✓

Media space
𝑅𝑘
Boolean
Boolean
𝑅
𝑅

preference but also capability. To fairly present the interests,
we use the citations. In addition, we construct a collaborative network from this dataset as the underlying social
preference diffusion backbone. To easily perceive the changes
in interests, we remove the authors who had fewer than 5
publications in the dataset, which results in a network with
2683 nodes.
4.2. Model Comparison. Since we already have all the
required information including network structure and preference transition, the next step is to study which diffusion
model predicts the preference transition better. We assume
a good diffusion model could capture the progression of the
authors’ research interests through collaborations. To do so,
we initially set up the node preference according to the actual
data in year 𝑥 and then compare the predicting results with
the actual preference in year 𝑥 + 𝑘. The following issues are
noted in the experiment.
High Dimension Media. To represent the order in preference
toward all candidates, the media in an ideal model ought
to be an ordered list instead of a single value. Nonetheless,
most well-known diffusion models, such as LT, IC, and DiffusionRank, only treat the media as boolean or real number.
For comparison, we exploit these models in our problem
by executing them independently for each candidate. We
evaluate the candidate rank based on each independent
diffusion result.
Determinism of the Final State. Except for the IC model,
outcome of all the models mentioned above is deterministic.
Because the parameter (i.e., diffusion probability) in IC
model is a nondeterministic factor, we execute the experiment 20 times and average the results.
Initialization. Because the media in LT and IC models are not
native for high dimension, we singly process the propagation
for each candidate. That means, in our experiment, the active
mode of top 1% authors to a specific publisher is initially set
active in LT and IC models, while the rest of publishers are
set inactive. We further set the diffusion probability of each
edge as 1/𝑁, where 𝑁 is the degree of its source node in IC
model. In LT model, we assign links with identical weight and
nodes with the same threshold. The parameters in LT and IC
are then tuned to find the optimal outcome. The propagation
process is executed multiple times with different thresholds
and the performance is averaged. For DiffusionRank model,
we use the parameter settings suggested by the authors of [9].
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Table 2: Compare the result after one round for each model with the ground truth of years 1997, 1998, and 1999.

Year
Independent Cascade
Linear Threshold
DiffusionRank
Proposed(0.00)
Proposed(0.25)
Proposed(0.50)
Proposed(0.75)
Proposed(1.00)

1997
0.007
0.172
0.221
0.240
0.243
0.243
0.243
0.230

Kendall’s tau
1998
0.012
0.167
0.181
0.204
0.206
0.206
0.206
0.190

1999
0.015
0.167
0.160
0.178
0.180
0.180
0.180
0.163

1997
0.011
0.171
0.216
0.242
0.248
0.247
0.246
0.204

Top 3 Jaccard coefficients
1998
0.014
0.195
0.222
0.243
0.244
0.243
0.243
0.179

1999
0.015
0.212
0.213
0.225
0.226
0.227
0.226
0.156

Table 3: Consider the result after 𝑘 × 𝑅 rounds for each model, and compare it with the ground truth of year 1996 + 𝑘. The table shows the
average of the similarity scores for 1997, 1998, and 1999.

Round
Independent Cascade
Linear Threshold
DiffusionRank
Proposed(0.00)
Proposed(0.25)
Proposed(0.50)
Proposed(0.75)
Proposed(1.00)

1
0.011
0.168
0.186
0.208
0.210
0.209
0.209
0.194

2
0.011
0.168
0.186
0.209
0.209
0.210
0.209
0.194

Kendall’s tau
3
0.011
0.168
0.186
0.207
0.208
0.209
0.209
0.194

4
0.011
0.168
0.186
0.206
0.207
0.209
0.209
0.194

4.3. Experiment Result. Diffusion models are evaluated by
comparing their predictions about preference in 1997, 1998,
and 1999, while using the real preference during the period
from 1993 to 1996 as initial status. To measure the similarity
between predicting and real results, we adopt Kendall’s tau
coefficient [20] and the Jaccard coefficient. We individually
measure the similarity for each author, each node in the
network, and then average them as a performance indicator.
Because Kendall’s tau coefficient is not well defined with tie
scores, we manually set Kendall’s tau score as 0 when there is a
tie on all 16 publishers. Furthermore, we calculate the Jaccard
coefficient performing on the top 3 highest scored publishers.
Firstly, for the sake of knowing the correspondence
between the extent of changes in iterations and in years, we
execute one-iteration propagation in each model and then
compare the results with the ground truth in 1997, 1998,
and 1999, respectively. We also try different susceptible ratio
𝜖 in our model, as 𝜖 = 1.0 implies the authors stick to
their own preferences without considering the effect from
the neighbors. Table 2 shows the results, which we find quite
suitable to take one iteration as a period of a year. The results
demonstrate that our model consistently outperforms the 2nd
best model DiffusionRank, regardless of which susceptible
ratio is used as long as it is not 1.0.
Secondly, we execute the diffusion algorithms for multiple
rounds and compare them with the ground truth of years
1997–1999. Table 3 shows the average of the scores for 1997,
1998, and 1999. Note that LT and IC models stop when there is
no possible activation (regarded as one round), which implies

5
0.011
0.168
0.186
0.205
0.207
0.208
0.209
0.194

1
0.013
0.192
0.217
0.238
0.241
0.240
0.239
0.179

Top3 Jaccard coefficients
2
3
4
0.013
0.013
0.013
0.192
0.192
0.192
0.217
0.217
0.217
0.240
0.237
0.236
0.241
0.240
0.239
0.242
0.242
0.241
0.241
0.242
0.242
0.179
0.179
0.179

5
0.013
0.192
0.217
0.234
0.238
0.240
0.241
0.179

that authors are not affected by their neighbors after the first
round is completed. Tables 2 and 3 additionally show that the
impervious preferences (𝜖 = 0) reach a performance similar
to the best result, which might reveal the slowly changing
nature. Nevertheless, the results show that our model can
faithfully capture the trait of the social influence even if the
authors’ interests change slowly.

5. A Social-Based Simulation Framework for
Election Behavior
Based on the preference negotiation model, we implement
a simulation framework, shown in Figure 4, granting us to
analyze the social impact to elections.
5.1. System Architecture. Voters possess their own preference
profiles to each candidate in the early stage of an election. A
faithful simulation ought to produce preference profiles that
are similar to the practical cases. Thus, we produce profiles
satisfying certain distributions according to the data collected
from a historical election.
Although we have the voter’s preference data, unfortunately, there is no information telling us the relationship
between the voters. To deal with this, we propose several
plausible scenarios to deploy the profile on a given social
network. Because people generally become friends due to
similar tastes and thoughts, the profiles should not be
distributed randomly. We design several plausible ways to
distribute preference profiles on a social network.
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Social network layer

12

ArXiv general relativity
ArXiv high energy physics
ArXiv high energy physics theory

9

Deployment method
Greedy deployment
Segregation deployment
Community-based deployment

6

Voting scheme (s)

3

0

Borda
Segregation deployment
Community-based deployment
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40

Submit

Borda
k-Approval
Plurality

Figure 3: Our user-interface for the convenience of doing experiments.

Once the preference profiles are assigned to each node,
the system starts executing the preference negotiation model.
Nodes in the network start to persuade others and be
persuaded. It is not necessary for a simulation to run until
convergence, because in the real world there exist some
elections which leave insufficient time for people to negotiate,
debate, or exchange opinions before having to cast their
votes.
Finally, since in each stage there are several parameters
we can adjust, we have designed a user-interface that allows
the easy execution for experiments (see Figure 3).

Preference profile
generator
Generated preference
matrix

History
preference lists
Social relationship

Preference deployment
Preference negotiation

Final
preference matrix

5.2. Preference Profile Generation. In the Preference Profile
Generation stage, we create preference profiles based on historical election data obtained from OpenSTV, an online voting record database. We choose to use the “Melbourne City
Council Victoria Australia 2008—Lord Mayor Leadership
team” data set because it is by far the most complete dataset
we have found. This dataset was recorded in November 29,
2008, and has the ballot size of 57,961 and 11 candidates. It
consists of the preference lists for all voters. A preference list
is a sorted list of candidates revealing the preference order of
this particular ballot.
We propose a ranking-preserved sampling method to
produce the preference profiles based on the historical data,
with the aim of preserving the rank of each candidate. Given
our historical data, we first learn a 𝑘 × 𝑘 matrix 𝑀𝑟 , where 𝑘 is
equal to the total number of candidates. The (𝑖, 𝑗)th elements
of 𝑀𝑟 encode the probability that the 𝑗th position in ranking
belongs to candidate 𝑖 according to the historical dataset,
Prob(C𝑖 | Rank = 𝑗). Each column of 𝑀𝑟 yields a probability
distribution for each candidate of a given rank. Given 𝑀𝑟 , we
can iteratively sample candidates in each rank (from higher to
lower) based on the distribution (with the natural restriction
of prohibiting the same candidate in different positions in a
single ballot).

Figure 4: The flow chart of the proposed framework.

5.3. Preference Deployment. As the old saying goes “birds of a
feather flock together,” we presume that the people of similar
preference profiles have a higher likelihood of being close
to each other in the network. Below are three algorithms to
realize such idea.
Greedy Deployment. It can be realized by first randomly
picking a profile and assigning it to a node in the social
network; then we assign the most similar unassigned profiles
to their neighbors. Then iteratively for each unassigned node,
the algorithm allocates it a profile that is the most similar
to its neighbors. To measure the similarity, we exploit the
commonly used Kendall 𝜏 coefficient:

 

concordant pairs − discordant pairs
.
𝜏= 
(1/2) 𝑛 (𝑛 − 1)

(16)

Community-Based Deployment. Our underlying idea is to
match social network communities with clusters of preference profiles. We first conduct a community detection
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algorithm to identify communities in a social network (in
the experiment, we apply [21]), which groups the community
and determines the number of communities 𝑚 automatically
based on the maximization of the modularity. Next, we apply
a clustering algorithm (in this experiment, we used 𝑘-means)
to group preference profiles into 𝑚 clusters based on Kendall
𝜏 similarity.
In the final step, we assign profiles to each node. The
main idea is to assign each profile in the 𝑖th largest cluster
to each node in the 𝑖th largest community. This, however, is
not a straightforward task because the 𝑖th community and the
corresponding cluster are likely to have different sizes. Here
we propose a method to adjust the cluster sizes to match those
of the communities. To accomplish this, we first sort both
the sets of communities and their clusters by their respective
sizes. Then from the largest community to the smallest, we
compare the size of the 𝑖th community with that of the 𝑖th
cluster. When the 𝑖th community is of the same size as the
𝑖th cluster, we randomly assign the profile in the cluster to a
node in the community. When the cluster size is smaller, we
add the unassigned points outside this cluster but closest to
the cluster center into the cluster until its size matches the size
of the community. When the cluster is larger, by contrast, we
remove the points from the cluster that are farthest away from
the center and join them to the closest unassigned neighbor
cluster. Doing this iteratively will gradually assign profiles to
nodes and guarantee that nodes in the same community have
similar profiles. An example is illustrated in Figure 5, and
pseudo code is listed in Algorithm 2.
Segregation Deployment. The idea is from the setting of
Schelling’s segregation model [22]: blacks and whites may not
mind, even prefer, each other’s presence, but people will move
if they are the minority. At the beginning, we deploy profiles
randomly. Then, in each iteration, the nodes which have fewer
than 30% neighbors with positive Kendall 𝜏 similarity values
will be selected, and their preference profiles will be shuffled.
In this experiment, 1000 iterations are performed.
5.4. Preference Negotiation. Once profiles and communities
have been assigned, the framework executes the core preference negotiation model to the network. There are two
parameters that can have some impact on the process: the
iterations of negotiations 𝑅 and the susceptible ratio matrix 𝐸.
𝑅 controls the negotiation iterations taken before the voters
have to cast the votes. In the experiments below, we set 𝑅 =
20.
We set 𝜖 as 0.5 for all voters by default for our case studies.
As suggested in our proof, if 𝐸 is a constant matrix 𝑐, then
the resulting converged preference matrix 𝑆 is indifferent no
matter what 𝑐 is (𝑐 only controls the speed of convergence).

6. Case Studies
In this section, we answer two questions based on the
proposed simulation framework.
(1) To what extent does the negotiation process in a social
network affect election results?

11

1st iteration
2nd iteration
3rd iteration

Size adjustment
Random adjustment

Figure 5: A diagram to demonstrate our deployment algorithm.

(2) Among the widely known voting schemas, Borda
Count, 𝑘-approval, and plurality, which is the most
vulnerable to vote-buying (i.e., easiest to be manipulated)?
In order to construct simulations, we use three collaboration networks (ca-GrQc containing 5,242 nodes and 2,890
edges, ca-HepPh containing 12,008 nodes and 237,010 edges,
and ca-HepTh containing 9,877 nodes and 51,971 edges) as
the underlying social network dataset. Once the negotiation
process ends, the preference scoring vectors will be examined
to determine the final rank of the candidates using different
voting schemas: Borda Count, 𝑘-approval, and plurality [23].
We conduct experiments on all three plausible deployments
proposed in Section 5.3. Ideally, we hope the simulation on all
three deployment methods can produce similar conclusions,
which would consequently offer users higher confidence
about the results.
The Borda Count determines the final rank of the candidates by giving each candidate a certain number of points
corresponding to the position in which it is ranked by each
voter. Once all votes have been counted the candidate can be
ranked by their total points. For each ballot, the top-ranked
candidate will receive 𝑘 points, the second 𝑘 − 1 points, and
so on.
The ranking in 𝑘-approval and plurality schemas is determined similar to Borda Count. The only difference among the
three voting schemas is the definition of points to be given
to each candidate. In the 𝑘-approval voting schema, the top 𝑘
candidates in each ballot will each receive one point, while the
rest will not receive any points. In the plurality voting schema,
only the top candidate receives one point.
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𝑆: social-networks; 𝑃: preference-matrix
𝐾: community-number
𝑀[𝑖]: the 𝑖th largest community
𝐶[𝑖]: the 𝑖th largest cluster
(𝑀[], 𝐾) = 𝐶𝑜𝑚𝑚𝑢𝑛𝑖𝑡𝑦𝐷𝑒𝑡𝑒𝑐𝑡𝑖𝑜𝑛(𝑆)
𝐶[] = 𝐾𝑚𝑒𝑎𝑛𝑠𝐹𝑜𝑟𝑃𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒(𝑃, 𝐾)
for 𝑖 = 1 to 𝐾 do
if 𝑠𝑖𝑧𝑒(𝐶[𝑖]) = 𝑠𝑖𝑧𝑒(𝑀[𝑖]) then
next
else if 𝑠𝑖𝑧𝑒(𝐶[𝑖]) < 𝑠𝑖𝑧𝑒(𝑀[𝑖]) then
add the unassigned preferences which is outside
𝐶[𝑖] but closest to 𝑐𝑒𝑛𝑡𝑒𝑟(𝐶([𝑖]) into 𝐶[𝑖] to
match 𝑠𝑖𝑧𝑒(𝑀[𝑖])
else
remove the preferences most away from
𝑐𝑒𝑛𝑡𝑒𝑟(𝐶[𝑖]) to the closest unassigned neighbor
cluster
end if
randomly assign the preferences in 𝐶[𝑖] to nodes in
𝑀[𝑖]
end for
return the pairs of (node, preference)
Algorithm 2: Preference deployment method.

1
0.9
0.8
0.7
Similarity

6.1. Effectiveness of Negotiation. The first question is whether
the social-network-based negotiation process can significantly affect the election results. To quantify changes in a
voters’ preference profile through negotiations, we compute
the average Kendall 𝜏 coefficient between the preference
orders before and after each negotiation.
As shown in Figure 6, no matter which deployment
method is used, the average Kendall 𝑡𝑎𝑢 coefficient generally
decreases as we enter deeper rounds of negotiation. The slope
is steepest in the beginning, revealing the fact that the effect of
negotiation reaches the peak in the beginning and gradually
declines, which matches the real world experience. Eventually
the Kendall 𝑡𝑎𝑢 value decreases to below 0.5, implying that
negotiation through social networks can significantly change
the election results.

0.6
0.5
0.4
0.3
0.2
0.1
0
0

6.2. Vulnerability to Vote-Buying. This section discusses a key
question about elections: if an organization can boost the
vote count of a candidate through manipulating certain seed
nodes’ preference profiles (pejoratively, we can call this “votebuying”). We define one successful vote-buying to a voter
as “raising the target candidate’s preference score to slightly
higher than the score required to obtain a vote from the voter.”
For example, if each voter is allowed to cast 3 votes, then the
buyers would attempt raising its score to slightly above the
3rd place candidate. To quantify such manipulation cost, we
defined it as the difference between the scores before and after
manipulating. The scoring vector after vote-buying must be
renormalized before further computation can proceed.
Discarding the effect of negotiation, it is intuitive to
assume that the best promotion strategy is aiming at the
voters whose costs are the smallest. Under such attack, which
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Figure 6: The similarity (average Kendall 𝜏 coefficient) between the
initial preference matrix and the preference matrix after negotiations.

voting schema is the most vulnerable to vote-buying? This
answer can be deduced from Figure 7, where the 𝑥-axis stands
for the budget spent while the 𝑦-axis stands for the rank
of a given candidate for promotion. Note that the higher
value of 𝑦 stands for the less favorable, and a candidate
has to move to lower position in order to be elected. The
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Figure 7: The figure shows the rank of promoted candidate in three voting schemas, where the 𝑥-axis stands for the budget spent while the
𝑦-axis stands for the rank of a given candidate for promotion. The figures in each row show the 3rd-round results with different deployments
in networks ca-GrQc. The results in networks ca-HepTh and ca-HepPh are consistent. They are excluded due to the space.

results show that, regardless of the deployment, Borda Count
schema consistently requires more budget to advance a target
candidate, while the plurality schema is the most vulnerable
to vote-buying since it generally requires less budget to
advance a candidate to higher rank.

7. Conclusion
Analyzing the effect of social networks upon group decisions
outcomes is a difficult problem because it is both costly and
time consuming to perform user studies to collect people’s
private preferences. Indeed, it is the change of preferences
through social propagation in particular that we care most
about, and to our knowledge this is the first ever study

that provides not only theoretical analysis but also the
empirical justification of this problem. This study provides an
example of how to perform such research with limited data
through exploiting algorithm and model design, theoretical
justification, and computer simulation.
Our other significant contribution is that we provide an
alternative evaluation plan and data to verify a preference
propagation model. Acknowledging the lack of real world
data to evaluate how the voter’s preference can change
through social diffusion, we have come up with a novel
idea to identify a publicly available bibliography dataset to
evaluate how researchers gradually change their research
fields according to the influence of their collaborators.
Our evaluation plan opens a new possibility that allows
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researchers working on preference diffusion problems to be
able to evaluate their models without having to identify a
highly private voter preference dataset.
[10]

Abbreviations
𝑉:
𝐶:
𝑛:
𝑘:
𝑝V :
𝑠V :
𝑆:
𝐺:

Individuals
Candidates
Number of individuals
Number of candidates
Preference profile vector of individual V ∈ 𝑉
Preference score vector for individual V ∈ 𝑉
Preference scoring matrix with size |𝑉| × |𝐶|
Social network layer.
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This paper investigates the finite-time consensus problem of leader-following multiagent systems. The dynamical models for all
following agents and the leader are assumed the same general form of linear system, and the interconnection topology among the
agents is assumed to be switching and undirected. We mostly consider the continuous-time case. By assuming that the states of
neighbouring agents are known to each agent, a sufficient condition is established for finite-time consensus via a neighbor-based
state feedback protocol. While the states of neighbouring agents cannot be available and only the outputs of neighbouring agents
can be accessed, the distributed observer-based consensus protocol is proposed for each following agent. A sufficient condition
is provided in terms of linear matrix inequalities to design the observer-based consensus protocol, which makes the multiagent
systems achieve finite-time consensus under switching topologies. Then, we discuss the counterparts for discrete-time case. Finally,
we provide an illustrative example to show the effectiveness of the design approach.

1. Introduction
Cooperative control of multiagent systems (MAS) has
received increasing attention over the last ten years with
rather diverse background such as biology, physics, mathematics, information science, computer science, and control
science. Many topics such as swarm, aggregation, formation,
schooling, and synchronization are involved in a critical
problem known as the consensus problem [1–5]. The objective of consensus for multiagent systems is to design the distributed protocols based on the local relative information so
that the states of a team of agents can reach an agreement [1].
The consensus problems have a long history in the field
of computer science. In [1], Jadbabaie et al. studied the
consensus protocols motivated by biological group behaviors,
which stirred the excitement of the research on distributed
cooperative control in the control community. In most existing works on consensus, the agent dynamics are restricted
to first-, second- and, sometimes, high-order integrators
[1, 3, 6–12]. In [7], Ren and Atkins showed that in sharp

contrast to the first-order consensus problem, consensus for
a group of agents with second-order dynamics many fail
to be achieved even if the network topology has a directed
spanning tree. Recently, the consensus problem with a general
linear dynamical agent has been probed by [13–19]. The
interacting topology of multiagent systems is a key factor
to achieve consensus. For fixed topology, the eigenvalue
decomposition method can be used to solve the multiagent
consensus problem [10, 14, 16]. For multiagent systems with
high-order dynamics under switching interacting topology,
the common Lyapunov function method is involved to
analyze consensus problem of multiagent systems [6, 9, 17,
18].
Since some state variables cannot be obtained directly
in many practical systems, the state observer is involved
in proposed control law to achieve control aim. Till now,
the observer-based design technique became an important
control approach. Much of the attention has been devoted to
achieving state consensus for a network of identical agents,
where each agent has access to a linear combination of
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its own states relative to those of neighboring agents [1, 7,
10, 13]. In many practical systems, the agent cannot obtain
full state information but only obtain output information of
its neighbors. Usually, observer-based approach is proposed
for agent to solve the state consensus problem. Distributed
estimation via observers design for multiagent coordination
is an important topic with wide applications especially in
sensor networks and robot networks. To track the active
leader, the tracking protocols based on state observers were
proposed for the first-order and second-order agents [6,
9]. The observer-based protocols were provided to solve
multiagent consensus problem with general linear dynamics
in [14–19]. The leader-following configuration is very useful
to design the multiagent systems, which has been discussed
in [1, 6, 9, 13, 16–19].
Most of the existing control techniques related to the stability focus on Lyapunov asymptotic stability, which is defined
over an infinite-time interval. However, in some practical
applications, we mainly concern the behaviors of the system
over a fixed finite-time interval, such as convergence to an
equilibrium state in finite time. For these cases, the finitetime stability (FTS) is involved. Finite-time convergence to a
Lyapunov stable equilibrium was investigated in [20]. Finitetime stabilization for a chain of power-integrator systems was
considered in [21, 22]. A general framework for finite-time
stability analysis based on vector Lyapunov functions was
developed in [23]. The concept of FTS has been revisited by
[24–28], which provided operative test conditions in light of
linear matrix inequality (LMI). More recently, the concept
of FTS was generalized to the finite-time consensus. In [29],
Sun et al. studied the finite-time consensus problems of the
leader-following multiagent systems with jointly reachable
leader and switching jointly reachable leader. The finitetime synchronization between two complex networks with
nondelayed and delayed was proposed by using the impulsive
control and the periodically intermittent control in [30]. The
consensus problems of second-order multiagent systems in
the presence of one and multiple leaders under a direction
graph were investigated in [31].
Motivated by the concept of finite-time stability (FTS)
which was first introduced in the control literature by Dorato
in [32] and correspondingly previous works (see [24–28]), we
extend the concept of FTS to finite-time consensus (FTC),
which is different from the concept involved in [29–31]. Compared with classical Lyapunov consensus problem, finite-time
consensus here is an independent concept, which concerns
the consensus of multiagent systems over a finite-time interval and may play an important part in the study of the transient behavior of system. First, we discuss the continuoustime FTC problem. Then, the discrete-time counterpart
is probed. The dynamical model of agents is assumed as
a general form of linear system, and the interconnection
topology among the agents is assumed to be switching. While
the full state information cannot be available, observer-based
consensus protocols are provided to solve FTC problem. In
light of LMI, we present some computationally appealing
conditions to construct the gain matrices involved in the
proposed protocols. Because the proposed consensus protocols are distributed, the computational complexity of design

The Scientific World Journal
technique is only dependent on the dimension of agent’s state
and independent on the number of agents. LMI conditions
can be solved effectively by interior-point method, and a
number of software packages such as MATLAB LMI Toolbox
can be available to solve LMI problems [33].
The subsequent sections are organized as follows. In
Section 2, the formulation of finite-time consensus is given.
Sufficient condition for finite-time consensus via state feedback and for existence of an output feedback controller
guaranteeing finite-time consensus is provided, respectively,
in Sections 3 and 4. This condition requires solution of
an LMI problem. And discrete-time multiagent systems are
investigated in Section 5. An illustrative example to verify the
effectiveness of the theoretical results is provided in Section 6.
Conclusion remarks are drawn in Section 7.

2. Preliminaries and Problem Formulation
2.1. Notations and Graph Theory. We first introduce the
notations used in this paper. R (or C) is the real (or complex)
number set. 𝐼 denotes an appropriate dimensioned identity
matrix and 1 denotes a column vector with all components
equal to one. For a given matrix 𝐴, 𝐴𝑇 denotes its transpose
and 𝐴−1 denotes its inverse. 𝜆 max (𝐴) and 𝜆 min (𝐴) represent
the maximum and minimum eigenvalues of matrix 𝐴 with
real spectrum, respectively. For a symmetric matrix 𝑃, by
𝑃 > 0 (≥0, <0, or ≤0), we mean that 𝑃 is positive definite
(positive semidefinite, negative, or negative semidefinite). ‖⋅‖
denotes Euclidean norm. The condition number of matrix
𝐴 is denoted by cond(𝐴) = ‖𝐴‖ ⋅ ‖𝐴−1 ‖. Furthermore,
cond(𝑄) = 𝜆 max (𝑄)/𝜆 min (𝑄) for positive definite 𝑄. ⊗
denotes the Kronecker product, which satisfies the following:
(1) (𝐴 ⊗ 𝐵)(𝐶 ⊗ 𝐷) = (𝐴𝐶) ⊗ (𝐵𝐷) and (2) if 𝐴 ≥ 0 and 𝐵 ≥ 0,
then 𝐴 ⊗ 𝐵 ≥ 0.
We use an undirected graph to describe the involved
information interaction topology, which is modeled by G =
(V, E), where V = {V1 , V2 , . . . , V𝑁} is the set of vertices
representing 𝑁 agents and E ⊆ V × V is the edges set. V𝑗 is
called a neighbor of V𝑖 if (V𝑖 , V𝑗 ) ∈ E, and the neighbor set of
vertex V𝑖 is denoted as N𝑖 = {𝑗 | (V𝑖 , V𝑗 ) ∈ E}. 𝑊 = [𝑤𝑖𝑗 ]𝑁×𝑁
represents weighted adjacency matrix associated with graph
G, where 𝑤𝑖𝑗 > 0 if (V𝑖 , V𝑗 ) ∈ E and 𝑤𝑖𝑗 = 0 otherwise.
Correspondingly, the Laplacian matrix 𝐿 is defined as 𝑙𝑖𝑖 =
∑𝑁
𝑗=1,𝑗 ≠𝑖 𝑤𝑖𝑗 and 𝑙𝑖𝑗 = −𝑤𝑖𝑗 .
We use G of order 𝑁+1 to model the interaction topology
of the leader-following multiagent system, where the leader
is represented by vertex V0 . G contains a subgraph G and V0
with the directed edges from some agents to the leader, where
G described the interaction topology of 𝑁 following agents.
Note that the graph describing the interaction topology can
vary with time. Suppose that the interconnection topology
is switched among finite possible interconnection graphs,
which is denoted as S = {G1 , G2 , . . . , G𝑀0 } with index set
P = {1, 2, . . . , 𝑀0 }. The switching signal 𝜎(𝑡) → P is used to
express the index of topology graph. Certainly, it is assumed
that the chatter does not occur; that is, 𝜎 switches finite times
in any bounded time interval.
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Next, we introduce following well-known result, which
will be used in the sequel.
Lemma 1 (see [34]). Let 𝑆 be a symmetric matrix with the
partitioned form 𝑆 = [𝑆𝑖𝑗 ], where 𝑆11 ∈ R𝑟×𝑟 , 𝑆12 ∈ R𝑟×(𝑛−𝑟) ,
and 𝑆22 ∈ R(𝑛−𝑟)×(𝑛−𝑟) . Then 𝑆 < 0 if and only if
𝑆11 < 0,

−1
𝑆22 − 𝑆21 𝑆11
𝑆12 < 0

(1)

𝑆22 < 0,

−1
𝑆11 − 𝑆12 𝑆22
𝑆21 < 0.

(2)

or equivalently

2.2. Problem Formulation. Consider an MAS consisting of 𝑁
following agents and a leader agent. The dynamics of agent 𝑖
is
𝑥𝑖̇(𝑡) = 𝐴𝑥𝑖 (𝑡) + 𝐵𝑢𝑖 (𝑡) ,
𝑦𝑖 (𝑡) = 𝐶𝑥𝑖 (𝑡) ,

where 𝑥𝑖 ∈ R𝑛 is the agent 𝑖’s state, 𝑢𝑖 ∈ R𝑚 is agent 𝑖’s control
input, and 𝑦𝑖 ∈ R𝑝 is the agent 𝑖’s measured output. 𝐴, 𝐵, 𝐶 are
constant matrices with appropriate dimensions. We always
assume that the system satisfies following property.
Assumption 2. For system (3), (𝐴, 𝐵) is stabilizable and (𝐴, 𝐶)
is observable.
The leader is an isolated agent and labeled as V0 , which is
described by

𝑦0 (𝑡) = 𝐶𝑥0 (𝑡) ,

(4)

𝑛

where 𝑥0 ∈ R is the leader’s state and 𝑦0 ∈ R𝑝 is the
leader’s measured output. The input 𝑢0 (𝑡) can be regarded as
the common policy which is known by all following agents.
Without loss of generality, we can assume that 𝑢0 (𝑡) = 0. The
leader-following multiagent system modeled by (3) and (4)
has been investigated in many references such as [13, 16–18].
The goal of this paper is to find some sufficient conditions
which guarantee the existence of a dynamic feedback controller for leader-following multiagent systems such that the
consensus can be achieved over the finite interval [0, 𝑇]. Let
𝑇 𝑇
) . Based on the tracking error 𝑥 − 1𝑥0 ,
𝑥 = (𝑥1𝑇 , 𝑥2𝑇 , . . . , 𝑥𝑁
the concept of leader-following finite-time consensus can
be formalized through the following definition, which is an
extension to multiagent systems of the one give in [32].
Definition 3 (leader-following finite-time consensus). Given
three positive scalars 𝑐1 , 𝑐2 , 𝑇, with 𝑐1 < 𝑐2 , and a positive
definite matrix 𝑅, the system (3)-(4) is said to be FTC with
respect to (𝑐1 , 𝑐2 , 𝑇, 𝑅), if
𝑇

(𝑥 (0) − 1𝑥0 (0)) (𝐼 ⊗ 𝑅) (𝑥 (0) − 1𝑥0 (0))
𝑇

≤ 𝑐1 ⇒ (𝑥 (𝑡) − 1𝑥0 (𝑡)) (𝐼 ⊗ 𝑅) (𝑥 (𝑡) − 1𝑥0 (𝑡))
≤ 𝑐2 ,

∀𝑡 ∈ [0, 𝑇] .

𝑥0𝑇 𝑅𝑥0 ≤ 𝑐1 ⇒ 𝑥𝑇 (𝑡) 𝑅𝑥 (𝑡) < 𝑐2 ,

∀𝑡 ∈ [0, 𝑇] .

(6)

Lyapunov asymptotic stability and FTS are independent
concepts: a system which is FTS may not be Lyapunov
asymptotically stable; conversely a Lyapunov asymptotically
stable system could not be FTS if, during the transients, its
state exceeds the prescribed bounds [32].

3. Finite-Time Consensus with State Feedback
In this section, we investigate the finite-time consensus
problem via distributed state feedback control protocol. The
proposed protocol for the following agent 𝑖, which is based
on the relative state error of agent 𝑖 with its neighbor agents,
is given as follows:

(3)

𝑖 = 1, 2, . . . , 𝑁,

𝑥0̇ (𝑡) = 𝐴𝑥0 (𝑡) + 𝐵𝑢0 (𝑡) ,

̇ = 𝐴𝑥(𝑡), 𝑥(0) = 𝑥0 , is said
Remark 4. The linear system 𝑥(𝑡)
to be FTS with respect to (𝑐1 , 𝑐2 , 𝑇, 𝑅), if

(5)

𝑢𝑖 (𝑡) = − 𝑐𝐾 [ ∑ 𝑎𝑖𝑗 (𝑡) (𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡))
[𝑗∈N𝑖 (𝑡)

(7)

+ 𝑑𝑖 (𝑡) (𝑥𝑖 (𝑡) − 𝑥0 (𝑡)) ] ,
]
where 𝑐 is the positive coupling strength, 𝑎𝑖𝑗 (𝑡), (𝑖, 𝑗 = 1, 2,
. . . , 𝑁) and 𝑑𝑖 (𝑡), (𝑖 = 1, 2, . . . , 𝑁) are connection weights,
which are chosen as follows:
𝑎𝑖𝑗 (𝑡) = {

𝛼𝑖𝑗
0

𝛽
𝑑𝑖 (𝑡) = { 𝑖
0

if agent 𝑖 is connected to agent 𝑗,
otherwise,
if agent 𝑖 is connected to the leader,
otherwise,

(8)

where 𝛼𝑖𝑗 is connection weight constant between agent 𝑖 and
agent 𝑗, and 𝛽𝑖 > 0 (𝑖 = 1, . . . , 𝑁) is connection weight
constant between agent 𝑖 and leader.
𝑇
(𝑡))𝑇 ∈ R𝑁𝑛 . Then, the
Let 𝑥(𝑡) = (𝑥1𝑇 (𝑡), 𝑥2𝑇 (𝑡), . . . , 𝑥𝑁
overall system dynamics is
𝑥̇(𝑡) = [𝐼𝑁 ⊗ 𝐴 − 𝐿 𝜎(𝑡) ⊗ (𝑐𝐵𝐾)] 𝑥 (𝑡)
− [𝐷𝜎(𝑡) ⊗ (𝑐𝐵𝐾)] (𝑥 (𝑡) − 1 ⊗ 𝑥0 (𝑡)) ,

(9)

where 𝐿 𝜎(𝑡) is the Laplacian matrix of the interaction graph
𝐺𝜎(𝑡) and 𝐷𝜎(𝑡) is an 𝑁×𝑁 diagonal matrix whose 𝑖th diagonal
element is 𝑑𝑖 (𝑡). For convenience, let 𝐻𝜎(𝑡) = 𝐿 𝜎(𝑡) + 𝐷𝜎(𝑡) .
Lemma 5 (see [6]). If graph G is connected and undirected,
then the symmetric matrix 𝐻 is positive definite.
Since we assume that the graphs G𝜎(𝑡) are always
connected, then 𝐻𝜎(𝑡) are positive definite. According to
Lemma 5 and the fact that S is a finite set, define 𝜆 :=
̂ := max{𝜆 (𝐻 ) : 𝑝 ∈ S},
min{𝜆 min (𝐻𝑝 ) : 𝑝 ∈ S}, 𝜆
max
𝑝
which are well defined and positive.
The parameter matrix 𝐾 and the coupling gain 𝑐 can be
constructed as follows.
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where 𝑃 = 𝑃−1 . Let 𝜎(𝑡) = 𝑝. The derivative of (17) along the
trajectories of (16) yields

Algorithm 6. (1) Let 𝑃 be a solution of the inequality
𝑃𝐴𝑇 + 𝐴𝑃 − 𝐵𝐵𝑇 − 𝛼𝑃 < 0,

(10)

where 𝛼 is a nonnegative scalar. Choose the feedback gain
matrix 𝐾 as
1
𝐾 = 𝐵𝑇 𝑃−1 .
2

(11)

(2) Select the coupling gain 𝑐 satisfied as
𝑐≥

1

𝑉̇(𝑡) = 𝜀𝑇 (𝑡) [𝐼𝑁 ⊗ (𝐴𝑇 𝑃 + 𝑃𝐴)
− 𝑐 (𝐻𝑝𝑇 + 𝐻𝑝 ) ⊗ 𝑃𝐵𝐾] 𝜀 (𝑡)
= 𝜀𝑇 (𝑡) [𝐼𝑁 ⊗ (𝐴𝑇 𝑃 + 𝑃𝐴)
1
− 𝑐 (𝐻𝑝𝑇 + 𝐻𝑝 ) ⊗ 𝑃𝐵𝐵𝑇 𝑃] 𝜀 (𝑡)
2

.

(12)

≤ 𝜀𝑇 (𝑡) [𝐼𝑁 ⊗ (𝐴𝑇 𝑃 + 𝑃𝐴 − 𝑃𝐵𝐵𝑇 𝑃)] 𝜀 (𝑡)

Remark 7. If (𝐴, 𝐵) is stabilizable and 𝑄 is a symmetric
positive definite matrix, then the following Riccati equation

= 𝜀𝑇 (𝑡) [𝐼𝑁 ⊗ 𝑃 (𝑃𝐴𝑇 + 𝐴𝑃 − 𝐵𝐵𝑇 ) 𝑃] 𝜀 (𝑡)

𝜆

𝑇

𝑇

𝐴 𝑃 + 𝑃𝐴 − 𝑃𝐵𝐵 𝑃 + 𝑄 = 0

(13)

has a unique positive definite matrix 𝑃 [35]. Since (𝐴, 𝐵)
is stabilizable, we know that (𝐴 − (1/2)𝛼𝐼, 𝐵) is stabilizable
too. Thus, for any positive definite 𝑄, the following Riccati
equation
𝑇
1
1
(𝐴 − 𝛼𝐼) 𝑃 + 𝑃 (𝐴 − 𝛼𝐼) − 𝑃𝐵𝐵𝑇 𝑃 + 𝑄 = 0
2
2

(14)

−1

has a unique positive definite matrix 𝑃. Let 𝑃 = 𝑃 > 0,
which satisfies (10). Therefore, the LMI (10) is solvable.
Now we can obtain the following result.
Theorem 8. Consider the multiagent system (3)-(4) whose
topology graph G𝜎(𝑡) that is associated with any interval
[𝑡𝑗 , 𝑡𝑗+1 ) is undirected and connected. The feedback gain matrix
𝐾 and the coupling strength 𝑐 are able to be constructed by
Algorithm 6. If the positive definite matrix 𝑄 = 𝑅1/2 𝑃−1 𝑅1/2
satisfies the following condition:
cond(𝑄) <

𝑐2 −𝛼𝑇
𝑒 ,
𝑐1

(15)

then under the state feedback controller (7), the leaderfollowing multiagent system (3) and (4) is finite-time consensus
with respect to (𝑐1 , 𝑐2 , 𝑇, 𝑅).
Proof. Denote 𝜀(𝑡) = 𝑥(𝑡) − 1 ⊗ 𝑥0 (𝑡), which represents the
tracking error vector. In view of (4), (9) and 𝐿 𝜎(𝑡) 1 = 0, the
dynamics of tracking error is expressed as
𝜀 ̇(𝑡) = (𝐼𝑁 ⊗ 𝐴 − 𝑐𝐻𝜎(𝑡) ⊗ 𝐵𝐾) 𝜀 (𝑡) .

(16)

Then, the leader-following finite-time consensus problem is
converted into finite-time stability problem.
Let 𝑃 be a solution of (10) such that the condition
(15) is satisfied. Consider the following common Lyapunov
function:
𝑉 (𝑡) = 𝜀𝑇 (𝑡) (𝐼𝑁 ⊗ 𝑃) 𝜀 (𝑡) ,

(17)

(18)

< 𝜀𝑇 (𝑡) (𝐼𝑁 ⊗ 𝛼𝑃) 𝜀 (𝑡)
= 𝛼𝑉 (𝑡) .
By integrating inequality (18) between 0 and 𝑡 it follows that
𝑉 (𝜀 (𝑡)) < 𝑉 (𝜀 (0)) 𝑒𝛼𝑡 .

(19)

By the fact 𝑃 = 𝑅1/2 𝑄𝑅1/2 , we can get the following chain of
inequalities:
𝑉 (𝜀 (𝑡)) ≥ 𝜆 min (𝑄) 𝜀𝑇 (𝑡) (𝐼𝑁 ⊗ 𝑅) 𝜀 (𝑡) ,
𝑉 (𝜀 (0)) 𝑒𝛼𝑡 ≤ 𝜆 max (𝑄) 𝜀𝑇 (0) (𝐼𝑁 ⊗ 𝑅) 𝜀 (0) 𝑒𝛼𝑡

(20)

≤ 𝜆 max (𝑄) 𝑐1 𝑒𝛼𝑡 .
Putting together (19) and (20), we have
𝜀𝑇 (𝑡) (𝐼𝑁 ⊗ 𝑅) 𝜀 (𝑡) <

𝜆 max (𝑄) 𝛼𝑡 𝑐2 −𝛼𝑇 𝛼𝑡
𝑐 𝑒 < 𝑒 𝑐1 𝑒 < 𝑐2 .
𝜆 min (𝑄) 1
𝑐1
(21)

From (21), the proof is complete.
Remark 9. LMI (10) must be solvable for any 𝛼 ≥ 0. Let Γ(𝛼)
be the positive definite solution set of (10) with parameter 𝛼 ≥
0. It is easy to see that while 0 ≤ 𝛼1 < 𝛼2 , Γ(𝛼1 ) ⊂ Γ(𝛼2 ).
Additionally, if 𝑐2 /𝑐1 is big enough, then condition (15) must
hold. By (15), consider the optimization problem:
min cond(𝑅1/2 𝑃−1 𝑅1/2 ) 𝑒𝛼𝑇 .

𝛼>0,𝑃∈Γ(𝛼)

(22)

Obviously, we can construct 𝑃 and 𝛼 satisfying (15) based our
design approach, while 𝑐2 /𝑐1 is greater than the optimal value
of (22). Then, the finite-time consensus problem with respect
to (𝑐1 , 𝑐2 , 𝑇, 𝑅) can be solved by the proposed protocol in this
case. Furthermore, if there exists 𝑃 such that (10) and (15)
̇ <0
with 𝛼 = 0 are satisfied, it is not difficult to obtain 𝑉(𝑥)
from (18), which means that the leader-following multiagent
system (3) and (4) is not only finite-time consensus but
also asymptotically consensus. Obviously, condition (15) is
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satisfied if there exists a positive definite solution 𝑃 of (10)
such that the following LMI holds:
𝜆 0 𝑒𝛼𝑇 𝑅−1 < 𝑃 < 𝜆 0

𝑐2 −1
𝑅 ,
𝑐1

(23)

with positive constant 𝜆 0 . Once a value for 𝛼 is fixed, the
design of a state feedback controller to make multiagent
system achieve finite-time consensus is to solve LMIs (10)
and (23). The LMI problems can be solved by a number
of software packages such as the LMI Control Toolbox of
MATLAB [33].

4. Finite-Time Consensus with State Observer
This section investigates the finite-time consensus problem
with state observer-based protocol. In some practical systems,
the full state is unavailable. At time 𝑡, agent 𝑖 At time 𝑡, the
relative output error with its neighbor agents can be available
for agent 𝑖, which is denoted by, which is denoted by
𝜉𝑖 (𝑡) = ∑ 𝑎𝑖𝑗 (𝑡) (𝑦𝑖 (𝑡) − 𝑦𝑗 (𝑡)) + 𝑑𝑖 (𝑡) (𝑦𝑖 (𝑡) − 𝑦0 (𝑡)) .
𝑗∈N𝑖 (𝑡)

(24)

Therefore the system state evolution is determined by the
closed loop 𝐼𝑁⊗(𝐴−𝐵𝐾) and by the behavior of the exogenous
input 𝑒(𝑡). The goal of this section is to design an observer
gain 𝐺 in (25) such that the leader-following FTC property of
the system is not lost in the presence of the estimation error.
If such a control gain 𝐺 exists, the corresponding observer is
also a dynamic output feedback controller which can solve
the following problem. Certainly, the existence of such a
controller implies finite-time consensus via state feedback.
Therefore, without loss of generality, we present the following
assumption.
Assumption 10. A state feedback matrix 𝐾 which guarantees
the leader-following multiagent finite-time consensus via
state feedback exists and has been designed using the results
of Theorem 8.
In the sequel, we try to solve the following observer-based
finite-time consensus problem.
Problem 11 (FTC via observer-based output feedback). Given
a gain matrix 𝐾 such that the multiagent system (3)-(4) is FTC
wrt (𝑐1 , 𝑐2 , 𝑇, 𝑅) via state feedback, find an observer gain 𝐺
such that system (27) is FTC wrt (𝑐1 , 𝑐2 , 𝑊𝐺, 𝑇, 𝑅), where 𝑊𝐺
is the set

To solve the leader-following multiagent finite-time consensus problem, consider the Luenberger observer for agent 𝑖
with form

𝑊𝐺 := {𝑒 (𝑡) | 𝑒 ̇(𝑡) = (𝐼𝑁 ⊗ 𝐴 − 𝑐𝐻𝜎(𝑡) ⊗ 𝐺𝐶) 𝑒 (𝑡) ,
𝑒 (0) = 𝜀 (0) , 𝜀𝑇 (0) (𝐼𝑁 ⊗ 𝑅) 𝜀 (0) ≤ 𝑐1 } .

V̇𝑖 (𝑡) = 𝐴V𝑖 (𝑡) + 𝐵𝑢𝑖 (𝑡)

From (27) and (28), the tracking error dynamical system
can be expressed as

− 𝑐𝐺 [ ∑ 𝑎𝑖𝑗 (𝑡) 𝐶 (V𝑖 (𝑡) − V𝑗 (𝑡))
[𝑗∈N𝑖 (𝑡)
+ 𝑑𝑖 (𝑡) 𝐶V𝑖 (𝑡) − 𝜉𝑖 (𝑡) ] ,
]

(25)

𝑢𝑖 (𝑡) = −𝐾V𝑖 (𝑡) ,

(26)

where 𝐾 is a given feedback gain matrix. It is assumed that
conditions (10) and (15) are solvable and 𝐾 is designed by (11).
Let 𝜀𝑖 (𝑡) = 𝑥𝑖 (𝑡) − 𝑥0 (𝑡), 𝑒𝑖 (𝑡) = 𝜀𝑖 (𝑡) − V𝑖 (𝑡), 𝜀(𝑡) =
𝑇
𝑇
(𝑡)]𝑇 , and 𝑒(𝑡) = [𝑒1𝑇 (𝑡), . . . , 𝑒𝑁
(𝑡)]𝑇 . Then, we
[𝜀1𝑇 (𝑡), . . . , 𝜀𝑁
can get
𝜀 ̇(𝑡) = 𝐼𝑁 ⊗ (𝐴 − 𝐵𝐾) 𝜀 (𝑡) + (𝐼𝑁 ⊗ 𝐵𝐾) 𝑒 (𝑡) ,
𝑒 ̇(𝑡) = (𝐼𝑁 ⊗ 𝐴 − 𝑐𝐻𝜎(𝑡) ⊗ 𝐺𝐶) 𝑒 (𝑡) ,

𝜂̇(𝑡) = 𝐹𝜎(𝑡) 𝜂 (𝑡) ,

(27)
(28)

with 𝜀(0) = 𝑥(0) − 1 ⊗ 𝑥0 (0) and 𝑒(0) = 𝑥(0) − 1 ⊗ 𝑥0 (0).

𝐼 ⊗ (𝐴 − 𝐵𝐾)
𝐼𝑁 ⊗ (𝐵𝐾)
𝐹𝜎(𝑡) = ( 𝑁
).
0
𝐼𝑁 ⊗ 𝐴 − 𝑐𝐻𝜎(𝑡) ⊗ (𝐺𝐶)

(𝑃1 𝐵𝐾)

(31)

Obviously, the finite-time stability of system (30) implies that
the finite-time consensus of leader-following system (3)-(4).
Thus, the leader-following finite-time consensus problem of
multiagent system is transformed into the finite-time stability
problem of error dynamic system (30).
Now, we can present our main result as follows.
Theorem 12. Consider the multiagent system (3)-(4) whose
topology graph G𝜎(𝑡) that is associated with any interval
[𝑡𝑗 , 𝑡𝑗+1 ) is undirected and connected. Problem 11 is solvable if,
letting 𝑐 ≥ 1/𝜆, 𝑃1 = 𝑅1/2 𝑄1 𝑅1/2 , and 𝑃2 = 𝑅1/2 𝑄2 𝑅1/2 , there
exist a nonnegative scalar 𝛼, two symmetric positive definite
matrices 𝑄1 and 𝑄2 , and positive scalars 𝜆 𝑘 , 𝑘 = 1, 2, 3, such
that

𝐴𝑇 𝑃1 + 𝑃1 𝐴 − 𝑃1 𝐵𝐾 − 𝐾𝑇 𝐵𝑇 𝑃1 − 𝛼𝑃1
𝑇

(30)

where 𝜂 = (𝜀𝑇 , 𝑒𝑇 )𝑇 and

V𝑖 (0) = 0,

where V𝑖 ∈ R𝑛 is the protocol state, 𝑐 is the coupling strength,
and 𝐺 ∈ R𝑛×𝑝 is a given gain matrix.
The feedback controller is

(

(29)

𝑃1 𝐵𝐾
𝑇

𝐴 𝑃2 + 𝑃2 𝐴 − 𝐶𝑇 𝐶 − 𝛼𝑃2

) < 0,

(32)
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𝜆 3 𝐼 < 𝑄1 < 𝜆 1 𝐼,

(33a)

0 < 𝑄2 < 𝜆 2 𝐼,

(33b)

𝑐1 (𝜆 1 + 𝜆 2 ) ≤ 𝑐2 𝑒−𝛼𝑇 𝜆 3 .

(33c)

Noting that 𝑃2 𝐺𝐶 = (1/2)𝐶𝑇 𝐶, we have
𝑇

(𝐼𝑁 ⊗ 𝐴 − 𝑐𝐻𝑝 ⊗ (𝐺𝐶)) (𝐼𝑁 ⊗ 𝑃2 )
+ (𝐼 ⊗ 𝑃2 ) (𝐼 ⊗ 𝐴 − 𝑐𝐻𝑝 ⊗ (𝐺𝐶))
1
= 𝐼𝑁 ⊗ (𝐴𝑇 𝑃2 + 𝑃2 𝐴) − 𝑐 (𝐻𝑝𝑇 + 𝐻𝑝 ) ⊗ 𝐶𝑇 𝐶
2

In this case the consensus protocols (25) and (26) with gain
matrix 𝐺 = (1/2)𝑃2−1 𝐶𝑇 can make the multiagent system (3)(4) FTC with respect to (𝑐1 , 𝑐2 , 𝑊𝐺, 𝑇, 𝑅).
Proof. Set 𝜎(𝑡) = 𝑝, 𝑝 ∈ {1, 2, . . . , 𝑀0 }. Since 𝐻𝑝 is
symmetric, there exists an orthogonal matrix 𝑇𝑝 such that
𝑇𝑝 𝐻𝑝 𝑇𝑝𝑇 = Λ 𝑝 = diag (𝜆 1 𝑝, 𝜆 2 𝑝, . . . , 𝜆 𝑁𝑝) ,

< 𝐼𝑁 ⊗ (𝐴𝑇 𝑃2 + 𝑃2 𝐴 − 𝐶𝑇 𝐶) .
Then derivative of (39) along the trajectories of (30) yields
̃ 𝑝 ) 𝜂 (𝑡)
𝑉̇(𝜂 (𝑡)) = 𝜂𝑇 (𝑡) (𝐹𝑝𝑇 𝑃̃ + 𝑃𝐹

(34)

= 𝜂̃𝑇 (𝑡) (𝐹̃𝑝𝑇 𝑃̃ + 𝑃̃𝐹̃𝑝 ) 𝜂̃ (𝑡)

where 𝜆 𝑖 𝑝 is the 𝑖th eigenvalue of 𝐻𝑝 . By using the following
orthogonal transformation to system (30):
𝜂̃ = (

𝐼𝑁 ⊗ 𝐼𝑛

0

0

𝑇𝑝 ⊗ 𝐼𝑛

) 𝜂,

(43)

≤ 𝜂̃𝑇 (𝑡) 𝑄𝑝 𝜂̃ (𝑡)
𝑁

= ∑ 𝜂̃𝑖𝑇 (𝑡) 𝑄𝑖𝑝 𝜂̃𝑖 (𝑡) ,

(35)

𝑖=1

we can get the equivalent system of system (30) as
𝜂̃̇(𝑡) = 𝐹̃𝑝 𝜂̃ (𝑡) ,

where
(36)

where 𝜂̃ = (̃𝜀𝑇 , 𝑒̃𝑇 )𝑇 and

𝑄𝑖𝑝
=(

𝐼𝑁 ⊗ 𝐵𝐾
𝐼𝑁 ⊗ (𝐴 − 𝐵𝐾)
𝐹̃𝑝 = (
).
0
𝐼𝑁 ⊗ 𝐴 − 𝑐Λ 𝑝 ⊗ 𝐺𝐶

𝐴𝑇 𝑃1 + 𝑃1 𝐴 − 𝑃1 𝐵𝐾 − 𝐾𝑇 𝐵𝑇 𝑃1
(𝑃1 𝐵𝐾)

𝑇

𝐵𝐾

0

𝐴 − 𝑐𝜆 𝑖𝑝 𝐺𝐶

) 𝜂̃𝑖 (𝑡) ,

From (32), we obtain

(38)

𝑇

𝛼𝑃1

0

0

𝛼𝑃2

),

𝑉̇(𝑡) < 𝛼𝑉 (𝑡) .

(45)
(46)

By integrating inequality (46) between 0 and 𝑡 it follows
that

where 𝜂̃𝑖 = (̃𝜀𝑖𝑇 , 𝑒̃𝑖𝑇 ) .
Consider the following Lyapunov function:
̃ (𝑡) ,
𝑉 (𝜂 (𝑡)) = 𝜂𝑇 (𝑡) 𝑃𝜂

).
𝐴𝑇 𝑃2 + 𝑃2 𝐴 − 𝐶𝑇 𝐶
(44)

𝑄𝑖𝑝 < (

𝐴 − 𝐵𝐾

𝑃1 𝐵𝐾

(37)

That is
𝜂̃̇𝑖 (𝑡) = (

(42)

(39)

𝑉 (𝜂 (𝑡)) < 𝑉 (𝜂 (0)) 𝑒𝛼𝑡 .

(47)

We have the following chain of inequalities:

where
𝑃̃ = (

𝐼𝑁 ⊗ 𝑃1

0

0

𝐼𝑁 ⊗ 𝑃2

),

𝑉 (𝜂 (𝑡)) ≥ 𝜆 min (𝑄1 ) 𝜀𝑇 (𝑡) (𝐼𝑁 ⊗ 𝑅) 𝜀 (𝑡)
(40)

𝑉(𝜂(𝑡)) is continuously differentiable at any time except for
switching instants.
Consider

= 𝐼𝑁 ⊗ (𝐴𝑇 𝑃1 + 𝑃1 𝐴 − 𝑃1 𝐵𝐾 − 𝐾𝑇 𝐵𝑇 𝑃1 ) .

(48)

≥ 𝜆 min (𝑄1 ) 𝜀𝑇 (𝑡) (𝐼𝑁 ⊗ 𝑅) 𝜀 (𝑡) .
In additionally, one has
𝑉 (𝜂 (0)) 𝑒𝛼𝑡 ≤ (𝜆 max (𝑄1 ) 𝜀𝑇 (0) (𝐼𝑁 ⊗ 𝑅) 𝜀 (0)

𝑇

[𝐼𝑁 ⊗ (𝐴 − 𝐵𝐾)] (𝐼𝑁 ⊗ 𝑃1 )
+ (𝐼𝑁 ⊗ 𝑃1 ) [𝐼𝑁 ⊗ (𝐴 − 𝐵𝐾)]

+ 𝜆 min (𝑄2 ) 𝑒𝑇 (𝑡) (𝐼𝑁 ⊗ 𝑅) 𝑒 (𝑡)

(41)

+ 𝜆 max (𝑄2 ) 𝑒𝑇 (0) (𝐼𝑁 ⊗ 𝑅) 𝑒 (0)) 𝑒𝛼𝑡 (49)
≤ (𝜆 max (𝑄1 ) + 𝜆 max (𝑄2 )) 𝑐1 𝑒𝛼𝑇 .
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Let 𝜀(𝑘) = 𝑥(𝑘) − 1 ⊗ 𝑥0 (𝑘). Similarly, we can get

Putting together (47), (48), and (49), we have
𝜀𝑇 (𝑡) (𝐼𝑁 ⊗ 𝑅) 𝜀 (𝑡) <

(𝜆 max (𝑄1 ) + 𝜆 max (𝑄2 )) 𝛼𝑇
𝑐1 𝑒 . (50)
𝜆 min (𝑄1 )

Since
𝜆 3 < 𝜆 min (𝑄1 ) ,

𝜆 max (𝑄1 ) < 𝜆 1 ,

0 < 𝜆 min (𝑄2 ) ,

𝜆 max (𝑄2 ) < 𝜆 2 ,

(51)

𝜆 1 𝑐1 + 𝜆 2 𝑐1 ≤ 𝑐2 𝑒−𝛼𝑇 𝜆 3 ,
which in turn guarantees that
(𝜆 max (𝑄1 ) + 𝜆 max (𝑄2 )) 𝑐1 < 𝑐2 𝑒−𝛼𝑇 𝜆 min (𝑄1 ) ,

𝜀 (𝑘 + 1) = (𝐼𝑁 ⊗ 𝐴 − 𝑐𝐻𝜎(𝑘) ⊗ 𝐵𝐾) 𝜀 (𝑘) .

Here we present our result about discrete-time finite-time
consensus with state feedback.
Theorem 14. Consider the multiagent system (54)-(55) whose
topology graph G𝜎(𝑘) that is associated with any interval
[𝑡𝑗 , 𝑡𝑗+1 ) is undirected and connected. If there exists a positive
definite matrix 𝑄 ∈ R𝑛×𝑛 , a matrix 𝑆 ∈ R𝑚×𝑛 and a scalar
𝛾 ≥ 1 such that

(52)

−𝛾𝑄

(
(𝐴𝑄 − 𝑐𝜆𝐵𝑆)

then we can get
𝜀𝑇 (𝐼𝑁 ⊗ 𝑅) 𝜀 <

1
𝑐 𝑒−𝛼𝑇 𝜆 min (𝑄1 ) 𝑒𝛼𝑇 = 𝑐2 ,
𝜆 min (𝑄1 ) 2

(53)
−𝛾𝑄

for all 𝑡 ∈ [0, 𝑇].

(
̂
(𝐴𝑄 − 𝑐𝜆𝐵𝑆)

5. Discrete-Time Multiagent Systems
This section focuses on the discrete-time counterpart of the
last section. Consider a network of 𝑁 identical discrete-time
linear agents and one leader, with the dynamics of the 𝑖th
agent described by
𝑥𝑖 (𝑘 + 1) = 𝐴𝑥𝑖 (𝑘) + 𝐵𝑢𝑖 (𝑘) ,
𝑦𝑖 (𝑘) = 𝐶𝑥𝑖 (𝑘) ,

(54)

𝑖 = 1, 2, . . . , 𝑁
and the dynamics of the leader is described by
𝑥0 (𝑘 + 1) = 𝐴𝑥0 (𝑘) ,
𝑦0 (𝑘) = 𝐶𝑥0 (𝑘) .

(𝐴𝑄 − 𝑐𝜆𝐵𝑆)

𝑇

−𝑄
𝑇
̂
(𝐴𝑄 − 𝑐𝜆𝐵𝑆)

−𝑄

̃
𝜆 max (𝑄)

<

̃
𝜆 min (𝑄)

) < 0,

(59)

) < 0,

(60)

1 𝑐2
,
𝛾𝑀 𝑐1

(61)

̃ = 𝑅1/2 𝑄𝑅1/2 , and the feedback gain matrix 𝐾 is taken
where 𝑄
by 𝐾 = 𝑆𝑄−1 . Then the multiagent system (54)-(55) is finitetime consensus with respect to (𝑐1 , 𝑐2 , 𝑅, 𝑀).
̂
Proof. Let 𝜎(𝑘) = 𝑝, 𝑝 ∈ {1, 2, . . . , 𝑀0 }. Due to 𝜆 𝑖𝑝 ∈ [𝜆, 𝜆],
̂
there exist 𝛼𝑖𝑝 ≥ 0 and 𝛽𝑖𝑝 ≥ 0 satisfying 𝜆 𝑖𝑝 = 𝛼𝑖𝑝 𝜆 + 𝛽𝑖𝑝 𝜆
and 𝛼𝑖𝑝 + 𝛽𝑖𝑝 = 1.
From (59), (60), we get

(55)

Definition 13 (leader-following finite-time consensus). Given
three positive scalars 𝑐1 , 𝑐2 , 𝑀 with 𝑐1 < 𝑐2 , and a positive
definite matrix 𝑅, the discrete-time multiagent system (54)(55) is said to be finite-time consensus with respect to
(𝑐1 , 𝑐2 , 𝑀, 𝑅), if

(58)

(

−𝛾𝑄

(𝐴𝑄 − 𝑐𝜆 𝑖𝑝 𝐵𝑆)

(𝐴𝑄 − 𝑐𝜆 𝑖𝑝 𝐵𝑆)

−𝑄

= 𝛼𝑖𝑝 (

𝑇

)

−𝛾𝑄

(𝐴𝑄 − 𝑐𝜆𝐵𝑆)

(𝐴𝑄 − 𝑐𝜆𝐵𝑆)

−𝑄

𝑇

)

(62)

𝑇

(𝑥 (0) − 1 ⊗ 𝑥0 (0)) (𝐼𝑁 ⊗ 𝑅) (𝑥 (0) − 1 ⊗ 𝑥0 (0)) ≤ 𝑐1
𝑇

⇒ (𝑥 (𝑘) − 1 ⊗ 𝑥0 (𝑘))

(56)

× (𝐼𝑁 ⊗ 𝑅) (𝑥 (𝑘) − 1 ⊗ 𝑥0 (𝑘)) ≤ 𝑐2 ,
𝑘 = 1, 2, . . . , 𝑀.

𝑢𝑖 (𝑘) = − 𝑐𝐾 ∑ 𝑎𝑖𝑗 (𝑘) (𝑥𝑖 (𝑘) − 𝑥𝑗 (𝑘))
+ 𝑑𝑖 (𝑘) (𝑥𝑖 (𝑘) − 𝑥0 (𝑘)) .

̂
(𝐴𝑄 − 𝑐𝜆𝐵𝑆)

̂
(𝐴𝑄 − 𝑐𝜆𝐵𝑆)

−𝑄

𝑇

) < 0.

Pre- and postmultiplying (62) by the symmetric matrix
−1
( 𝑄0 0𝐼 ), the following equivalent condition is obtained:

5.1. Discrete-Time Finite-Time Consensus with State Feedback. First, we investigate finite-time consensus problem via
distributed state feedback control protocol. The proposed
protocol for the following agent 𝑖 is constructed as follows:
𝑗∈N𝑖 (𝑘)

+ 𝛽𝑖𝑝 (

−𝛾𝑄

(57)

−𝛾𝑄−1

(
(𝐴 − 𝑐𝜆 𝑖𝑝 𝐵𝐾)

(𝐴 − 𝑐𝜆 𝑖𝑝 𝐵𝐾)
−𝑄

𝑇

) < 0.

(63)

Consider the following common Lyapunov function:
𝑉 (𝜀 (𝑘)) = 𝜀𝑇 (𝑘) (𝐼𝑁 ⊗ 𝑃) 𝜀 (𝑘) ,

(64)
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where 𝑃 = 𝑄−1 ; then we get
𝑉 (𝜀 (𝑘 + 1)) = 𝜀𝑇 (𝑘 + 1) (𝐼𝑁 ⊗ 𝑃) 𝜀 (𝑘 + 1)
𝑁

= ∑ 𝜀𝑖𝑇 (𝑘) (𝐴 − 𝑐𝜆 𝑖𝑝 𝐵𝐾)

𝑇

(65)

5.2. Discrete-Time Finite-Time Consensus with State Observer.
Now we consider that the full state of agent 𝑖 is unknown, and
we only know the output of agent 𝑖. At time 𝑘, agent 𝑖 can be
available to the relative output error with its neighbor agents,
which is denoted by

𝑖=1

𝜉𝑖 (𝑘) =

× 𝑃 (𝐴 − 𝑐𝜆 𝑖𝑝 𝐵𝐾) 𝜀𝑖 (𝑘) ,

𝑉 (𝜀 (𝑘 + 1)) < 𝛾𝑉 (𝜀 (𝑘)) .

(66)

Applying iteratively (66), we obtain
𝑉 (𝜀 (𝑘)) < 𝛾𝑘 𝑉 (𝜀 (0)) ,

𝑘 = 1, 2, . . . , 𝑀.

To solve the leader-following multiagent finite-time consensus problem, consider the discrete-time Luenberger observer
for agent 𝑖 with form
V𝑖 (𝑘 + 1) = 𝐴V𝑖 (𝑘) + 𝐵𝑢𝑖 (𝑘)

(67)
− 𝑐𝐺 [ ∑ 𝑎𝑖𝑗 (𝑘) 𝐶 (V𝑖 (𝑘) − V𝑗 (𝑘))
[𝑗∈N𝑖 (𝑘)

Now letting 𝑃̃ = 𝑅−1/2 𝑃𝑅−1/2 , it is obvious to see that
̃ = 1/𝜆 max (𝑄)
̃ and 𝜆 max (𝑃)
̃ = 1/𝜆 min (𝑄).
̃ And using
𝜆 min (𝑃)
the fact that 𝛾 ≥ 1, we have
𝑘

+ 𝑑𝑖 (𝑘) 𝐶V𝑖 (𝑘) − 𝜉𝑖 (𝑘) ] ,
]

𝑇

𝛾 𝑉 (𝜀 (0)) = 𝛾 [𝜀 (0) (𝐼𝑁 ⊗ 𝑃) 𝜀 (0)]
̃ 𝜀𝑇 (0) (𝐼𝑁 ⊗ 𝑅) 𝜀 (0)]
≤ 𝛾𝑘 [𝜆 max (𝑃)
̃ 𝑐1 ,
≤ 𝛾 𝜆 max (𝑃)
𝑀

(68)

𝑉 (𝜀 (𝑘)) = [𝜀𝑇 (𝑘) (𝐼𝑁 ⊗ 𝑃) 𝜀 (𝑘)]

̃
𝜆 min (𝑃)

𝛾𝑀𝑐1 =

̃
𝜆 max (𝑄)
̃
𝜆 min (𝑄)

𝛾𝑀𝑐1 < 𝑐2 .
(69)

Then, system (54)-(55) is finite-time consensus with respect
to (𝑐1 , 𝑐2 , 𝑅, 𝑀).
Remark 15. Once we have fixed a value for 𝛾, the feasibility
of the conditions stated in the Theorem 14 can be turned into
LMI-based feasibility problem. To this aim, it is easy to check
that condition (61) is guaranteed by imposing the conditions:
−1

𝜇1 𝑅

−1

<𝑄<𝑅 ,

𝑐
𝑐1
< 2 ,
𝜇1 𝛾𝑀

(70)
(71)

for positive number 𝜇1 . Letting 𝛿 = √𝑐1 , inequality (71) is
equivalent to the following LMI by using Schur Complement
Lemma:
𝑐2
𝛿
𝑀
𝑟
) > 0.
(
𝛿 𝜇1

(74)

where V𝑖 (𝑘) ∈ R𝑛 is the protocol state, 𝑐 is the coupling
strength, 𝐺 ∈ R𝑛×𝑝 is a gain matrix. The feedback controller
is taken by
(75)

where 𝐾 is a given feedback gain matrix.
Taking the similar step as the continuous-time case, we
can get

Putting together (67) and (68), we obtain
̃
𝜆 max (𝑃)

V𝑖 (0) = 0,

𝑢𝑖 (𝑘) = −𝐾V𝑖 (𝑘) ,

̃ 𝜀𝑇 (𝑘) (𝐼𝑁 ⊗ 𝑅) 𝜀 (𝑘) .
≥ 𝜆 min (𝑃)

𝜀𝑇 (𝑘) (𝐼𝑁 ⊗ 𝑅) 𝜀 (𝑘) <

(73)

+ 𝑑𝑖 (𝑘) (𝑦𝑖 (𝑘) − 𝑦0 (𝑘)) .

where equation (63) implies

𝑘

∑ 𝑎𝑖𝑗 (𝑘) (𝑦𝑖 (𝑘) − 𝑦𝑗 (𝑘))

𝑗∈N𝑖 (𝑘)

𝜀 (𝑘 + 1) = [𝐼𝑁 ⊗ (𝐴 − 𝐵𝐾)] 𝜀 (𝑘) + (𝐼𝑁 ⊗ 𝐵𝐾) 𝑒 (𝑘) , (76)
with
𝑒 (𝑘 + 1) = (𝐼𝑁 ⊗ 𝐴 − 𝑐𝐻𝜎(𝑘) ⊗ 𝐺𝐶) 𝑒 (𝑘) .

(77)

The goal of this section is to design an observer gain 𝐺 in (77)
such that the leader-following FTC property of the system is
not lost under given controller 𝐾 in present of the estimation
error. Here, we also assume that 𝐾 has been designed by result
of Theorem 14. Similarly, we consider the following problem.
Problem 16 (FTC via observer-based output feedback). Given
a gain matrix 𝐾 such that the multiagent system (54)-(55) is
FTC with respect to (𝑐1 , 𝑐2 , 𝑀, 𝑅) via state feedback, find an
observer gain 𝐺 such that system (76) is FTC with respect to
(𝑐1 , 𝑐2 , 𝑊𝐺, 𝑀, 𝑅), where 𝑊𝐺 is the set
𝑊𝐺 := {𝑒 (𝑘) | 𝑒 (𝑘 + 1) = (𝐼𝑁 ⊗ 𝐴 − 𝑐𝐻𝜎(𝑘) ⊗ 𝐺𝐶) 𝑒 (𝑘) ,
𝑒 (0) = 𝜀 (0) , 𝜀𝑇 (0) (𝐼𝑁 ⊗ 𝑅) 𝜀 (0) ≤ 𝑐1 } .
(78)

(72)

Here we give our result for the discrete-time multiagent
systems.
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Theorem 17. Consider the multiagent system (54) and (55)
whose topology graph G𝜎(𝑘) that is associated with any interval
[𝑡𝑗 , 𝑡𝑗+1 ) is undirected and connected. The problem is solvable
(𝐴 − 𝐵𝐾)𝑇 𝑄1 (𝐴 − 𝐵𝐾) − 𝛾𝑄1

(𝐴 − 𝐵𝐾)𝑇 𝑄1 (𝐵𝐾)

0
𝑇

(𝐵𝐾)𝑇 𝑄1 (𝐴 − 𝐵𝐾)

(

if there exist positive-definite matrices 𝑄1 , 𝑄2 , a matrix 𝑇, and
a scalar 𝛾 ≥ 1 such that

(𝐵𝐾)𝑇 𝑄1 (𝐵𝐾) − 𝛾𝑄2 (𝑄2 𝐴 − 𝑐𝜆𝑇𝐶) ) < 0,

0

(𝑄2 𝐴 − 𝑐𝜆𝑇𝐶)

−𝑄2

(𝐴 − 𝐵𝐾)𝑇 𝑄1 (𝐴 − 𝐵𝐾) − 𝛾𝑄1

(𝐴 − 𝐵𝐾)𝑇 𝑄1 (𝐵𝐾)

0

𝑇
̂
(𝐵𝐾)𝑇 𝑄1 (𝐵𝐾) − 𝛾𝑄2 (𝑄2 𝐴 − 𝑐𝜆𝑇𝐶)
) < 0,

(𝐵𝐾)𝑇 𝑄1 (𝐴 − 𝐵𝐾)

(

̂
(𝑄2 𝐴 − 𝑐𝜆𝑇𝐶)

0

̃1 ) + 𝜆 max (𝑄
̃2 )
𝜆 max (𝑄
̃1 )
𝜆 min (𝑄

̃1 = 𝑅−1/2 𝑄1 𝑅−1/2 and 𝑄
̃2 = 𝑅−1/2 𝑄2 𝑅−1/2 . In this
where 𝑄
case the consensus protocols (74) and (75) with gain matrix
𝐺 = 𝑄2−1 𝑇 can make the multiagent system (54)-(55) FTC with
respect to (𝑐1 , 𝑐2 , 𝑊𝐺, 𝑀, 𝑅).
(𝐴 − 𝐵𝐾)𝑇 𝑄1 (𝐴 − 𝐵𝐾) − 𝛾𝑄1
(𝐵𝐾)𝑇 𝑄1 (𝐴 − 𝐵𝐾)

(

(79)

0

<

(80)

−𝑄2

1 𝑐2
,
𝛾𝑀 𝑐1

(81)

Proof. Let 𝜎(𝑘) = 𝑝, 𝑝 ∈ {1, 2, . . . , 𝑀0 }. From (79) and (80),
we get

(𝐴 − 𝐵𝐾)𝑇 𝑄1 (𝐵𝐾)

0
𝑇

(𝐵𝐾)𝑇 𝑄1 (𝐵𝐾) − 𝛾𝑄2 (𝑄2 𝐴 − 𝑐𝜆 𝑖𝑝 𝑇𝐶) ) < 0.
(𝑄2 𝐴 − 𝑐𝜆 𝑖𝑝 𝑇𝐶)

(82)

−𝑄2

Obviously, (82) is equivalent to the following inequality:
(𝐴 − 𝐵𝐾)𝑇 𝑄1 (𝐵𝐾)

(𝐵𝐾)𝑇 𝑄1 (𝐴 − 𝐵𝐾)

(𝐵𝐾)𝑇 𝑄1 (𝐵𝐾) + (𝐴 − 𝑐𝜆 𝑖𝑝 𝐺𝐶) 𝑄2 (𝐴 − 𝑐𝜆 𝑖𝑝 𝐺𝐶) − 𝛾𝑄2

(

(𝐴 − 𝐵𝐾)𝑇 𝑄1 (𝐴 − 𝐵𝐾) − 𝛾𝑄1

𝑇

𝑇

+ 𝑒 (𝑘) (𝐼𝑁 ⊗ 𝑄2 ) 𝑒 (𝑘) ,

(84)

(85)

̃1 ) 𝜀𝑇 (0) (𝐼𝑁 ⊗ 𝑅) 𝜀 (0)
≤ 𝛾𝑘 [𝜆 max (𝑄
̃2 ) 𝑒𝑇 (0) (𝐼𝑁 ⊗ 𝑅) 𝑒 (0)]
+ 𝜆 max (𝑄

Applying iteratively (85), we obtain
𝑉 (𝜀 (𝑘) , 𝑒 (𝑘)) < 𝛾𝑘 𝑉 (𝜀 (0) , 𝑒 (0)) ,

𝛾𝑘 𝑉 (𝜀 (0) , 𝑒 (0)) = 𝛾𝑘 [𝜀𝑇 (0) (𝐼𝑁 ⊗ 𝑄1 ) 𝜀 (0)
+ 𝑒𝑇 (0) (𝐼𝑁 ⊗ 𝑄2 ) 𝑒 (0)]

where equation (83) implies
𝑉 (𝜀 (𝑘 + 1) , 𝑒 (𝑘 + 1)) < 𝛾𝑉 (𝜀 (𝑘) , 𝑒 (𝑘)) .

(83)

̃2 = 𝑅−1/2 𝑄2 𝑅−1/2 and the fact
̃1 = 𝑅−1/2 𝑄1 𝑅−1/2 , 𝑄
Since 𝑄
that 𝛾 ≥ 1, we have

Consider the following common Lyapunov function:
𝑉 (𝜀 (𝑘) , 𝑒 (𝑘)) = 𝜀𝑇 (𝑘) (𝐼𝑁 ⊗ 𝑄1 ) 𝜀 (𝑘)

) < 0.

̃1 ) + 𝜆 max (𝑄
̃2 )) 𝑐1 ,
≤ 𝛾𝑘 (𝜆 max (𝑄

𝑘 = 1, 2, . . . , 𝑀.
(86)

(87)
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𝑉 (𝜀 (𝑘) , 𝑒 (𝑘)) = 𝜀𝑇 (𝑘) (𝐼𝑁 ⊗ 𝑄1 ) 𝜀 (𝑘)

0

𝑇

+ 𝑒 (𝑘) (𝐼𝑁 ⊗ 𝑄2 ) 𝑒 (𝑘)

1

2

1

3

4

3

Putting together (86)–(88) we obtain
̃1 ) + 𝜆 max (𝑄
̃2 )
𝜆 max (𝑄
̃1 )
𝜆 min (𝑄

are
So the multiagent system (54)-(55) is finite-time consensus
with respect to (𝑐1 , 𝑐2 , 𝑀, 𝑅).
Remark 18. Once we have fixed a value for 𝛾, the feasibility of
the conditions stated in Theorem 17 can be turned into LMIbased feasibility problem. To this aim, it is easy to check that
condition (81) is guaranteed by imposing the conditions
𝜇1 𝑅 < 𝑄1 < 𝑅,

(90a)

0 < 𝑄2 < 𝜇2 𝑅,

(90b)

1 + 𝜇2
𝑐
< 𝑀2 ,
𝜇1
𝛾 𝑐1

(91)

for positive numbers 𝜇1 and 𝜇2 . Similar, letting 𝛿 = √1 + 𝜇2 ,
inequality (91) is equivalent to the following LMI:
𝑐2
𝛿
𝑀
) > 0.
( 𝑐1 𝛾
𝛿 𝜇1

4

1

2

3

4

The Laplacian matrices 𝐿 𝑖 (𝑖 = 1, 2, 3) for subgraphs G𝑖
2
−1
𝐿1 = (
−1
0

−1
2
0
−1

−1
0
2
−1

0
−1
),
−1
2

2
−1
𝐿2 = (
−1
0

−1
2
−1
0

−1
−1
3
−1

0
0
),
−1
1

2
−1
𝐿3 = (
−1
0

−1
2
0
−1

−1
0
1
0

0
−1
).
0
1

(94)

The diagonal matrices for the relationship between the leader
and the followers are
𝐷1 = diag (1 0 0 0) ,

(92)

𝐷2 = diag (0 1 0 0) ,

(95)

𝐷3 = diag (0 0 1 0) .

6. Simulation Example
In this section, we discuss the numerical implementation of
Theorem 8 with static feedback and Theorem 12 regarding
the output feedback design. The group of agents consists of
four following agents and one leader; that is 𝑁 = 4. The
leader agent and following agents are modeled by the linear
dynamics (4) and (3), respectively, with the following system
matrices:
1 0
𝐵 = (0 0 ) ,
0 1

2

Figure 1: Three interconnection topology graphs.

𝛾𝑘 𝑐1 < 𝑐2 .
(89)

−0.7 −0.49 0.3
0
0.4 ) ,
𝐴=( 1
0.5
0 −1.19

0

(88)

̃1 ) 𝜀𝑇 (𝑘) (𝐼𝑁 ⊗ 𝑅) 𝜀 (𝑘) .
≥ 𝜆 min (𝑄

𝜀𝑇 (𝑘) (𝐼𝑁 ⊗ 𝑅) 𝜀 (𝑘) ≤

0

̂ = 4.3429 and 𝜆 =
By simple calculations, we can obtain 𝜆
0.1206.
Take 𝑐1 = 1, 𝑐2 = 3, and 𝑅 = 𝐼. Our goal is to find
a dynamical feedback controller by which the multiagent
system (3)-(4) is FTC with respect to (𝑐1 , 𝑐2 , 𝑇, 𝑅).
(1) Choosing 𝛼 = 0 and 𝑇 = 3, with the aid of the LMI
Control Toolbox, we can obtain control gain matrix
3.9835 5.2242 1.0326
𝐾=(
)
1.0326 1.9331 1.4431

(96)

and the gain matrix
(93)

1 0.49 1.19
𝐶=(
).
0 0.49 1
The interconnection topologies are assumed to be arbitrarily
switched among three graphs G𝑖 (𝑖 = 1, 2, 3), which is shown
in Figure 1.

0.0008 −0.0002
𝐺 = (−0.0002 0.0010 ) .
0.0004 0.0000

(97)

Figure 2 shows that the leader-following multiagent system is asymptotic consensus, but not finite-time consensus
with respect to (𝑐1 , 𝑐2 , 𝑇, 𝑅).
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Figure 2: The error trajectories between the leader and each agent.
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Figure 4: The error trajectories between the leader and each agent.
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4.5

Figure 4 shows that the leader-following multiagent
system is not only finite-time consensus with respect to
(𝑐1 , 𝑐2 , 𝑇, 𝑅) but also asymptotic consensus. From the above
example, we know that when 𝑎 = 0, the multiagent system
can achieve asymptotic consensus, but maybe not finitetime consensus. Only when conditions (10) and (15) are both
satisfied for 𝑎 = 0, the multiagent system is both asymptotic
consensus and finite-time consensus.

4
3.5
3
2.5
2
1.5

7. Conclusion

1
0.5

0

5

10

15

20

25

30

35

Time

Figure 3: The error trajectories between the leader and each agent.

(2) Take 𝛼 = 0.3 and 𝑇 = 3. With the control gain
2.5797 1.7563 −0.2964
matrix 𝐾 = (
) and the gain matrix
−0.2964 0.1658 1.6599
0.0018 −0.0014

𝐺 = ( −0.0005
0.0025

0.0031

), the trajectories of tracking

0.0018

errors are depicted in Figure 3, which show that the
multiagent system is finite-time consensus but not
asymptotic consensus.
(3) Choose 𝛼 = 0 and with the control gain matrix
0.3341 0.1807 0.0365
)
𝐾=(
0.0365 0.0591 0.2353

(98)

and the gain matrix
0.2652 −0.2133
𝐺 = (−0.0446 0.5563 ) .
0.4584 0.3170

In this paper, we have discussed the finite-time consensus problem for leader-following multiagent systems with
variable topology. Motivated by the concept of finite-time
stability, the concept of finite-time consensus is proposed.
The graph-theoretic notion is used to represent dynamical
undirected interaction topologies. Two distributed consensus
protocols based on its state and its output, respectively, are
proposed to solve finite-time consensus. In light of linear
matrix inequalities, some sufficient conditions are established
to ensure that the multiagent system achieves finite-time
consensus. Furthermore, we discuss the discrete-time counterpart along the similar lines. The simulation example also
shows the effectiveness of the obtained theoretical results.
There are some other observer/controller architectures that
have been proposed to solve multiagent consensus problem.
Our proposed design method can be also applied to solve
the finite-time consensus problem under those architectures.
Future extensions will focus on switching directed interaction
topology, disturbance rejection, and robustness properties of
the proposed consensus protocols.
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Energy hole is an inherent problem caused by heavier traffic loads of sensor nodes nearer the sink because of more frequent
data transmission, which is strongly dependent on the topology induced by the sensor deployment. In this paper, we propose an
autonomous sensor redeployment algorithm to balance energy consumption and mitigate energy hole for unattended mobile sensor
networks. First, with the target area divided into several equal width coronas, we present a mathematical problem modeling sensor
node layout as well as transmission pattern to maximize network coverage and reduce communication cost. And then, by calculating
the optimal node density for each corona to avoid energy hole, a fully distributed movement algorithm is proposed, which can
achieve an optimal distribution quickly only by pushing or pulling its one-hop neighbors. The simulation results demonstrate that
our algorithm achieves a much smaller average moving distance and a much longer network lifetime than existing algorithms and
can eliminate the energy hole problem effectively.

1. Introduction
A typical wireless sensor network (WSN) is composed of
hundreds of sensor nodes reporting their data to the information collector, referred to as the sink node. Sensor nodes
are usually of low cost and low power, having limited sensing, computing, and communication capabilities. In recent
years, with the rapid progress in advanced VLSI and radio
frequency (RF) technologies, WSNs have attracted lots of
interest due to their potential use in various applications
such as military surveillance, target tracking, emergency
navigation, and large scale systems [1, 2].
Sensor deployment is an important issue in designing
a WSN since it affects the communication cost, detection
capability, coverage, and connectivity [3]. In general, the
resource-limited sensor nodes are dropped from airborne
vehicles for remote surveying of unattended environment
without a preconfigured infrastructure. Those sensor nodes
are typically left unattended and remain static after initial
deployment. Sometimes, establishing such a fixed sensor

network over a hostile or dangerous area to provide complete
coverage could be a daunting task. Thus, there exists an urgent
need for exploiting sensor mobility in WSNs to improve
network performance.
As sensor nodes are usually battery driven, they can survive for only a limited lifetime with nonrenewable batteries.
Taking it one step further, the limited constraints of the sensor
nodes restrict the use of high complexity algorithms and
protocols. How to balance energy consumption is one of the
fundamental issues arising in WSN. To address this issue,
much work has been done during recent years. Among them,
taking advantage of sensor mobility to enhance network
lifetime has attracted extensive attention [4–11]. Typically,
most of these traditional approaches aimed at having uniform deployment to achieve full coverage using a minimum
number of sensor nodes. However, these approaches do
not consider the issue of unbalanced energy depletion with
distance to a predetermined sink. As the source nodes sent
their sensing messages to the sink via a multihop relay tree in
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WSN, this many-to-one communication pattern could lead to
traffic imbalance among sensor nodes. It has been observed
that the closer a sensor is to the sink, the faster its battery
exhausts, as time evolves, which will cause an energy hole in
the region near the sink [12]. If this happens, no more data
could be transmitted to the sink and the network is inactive
soon leaving much energy unused, regardless of how many
sensor nodes are deployed. Experimental results in [13] show
that when the network lifetime ends, nearly 90% of the total
initial energy is unused with uniform distribution. Therefore,
managing sensor mobility to achieve both optimal energy
consumption and full coverage is important to prolong the
network lifetime for WSN.
In this paper, we try to solve the energy hole problem
by proposing an autonomous coverage-driven sensor redeployment scheme. We first develop the energy hole problem
with nonuniform node distribution in WSN theoretically.
By importing the energy-aware transmission mechanism
and the accessibility condition of energy-balanced depletion
in our pervious approach [14], we further propose a fully
distributed density control scheme in different coronas to
balance energy depletion for the entire network. The rest
of the paper is organized as follows. Section 2 reviews the
related literature. Section 3 describes the network model,
assumptions, and energy-aware transmission mechanism. A
novel sensor redeployment strategy is proposed in Section 4.
Section 5 presents simulation results for our algorithms, and
Section 6 concludes our paper.

2. Related Work
More recently, there has been growing interest in optimizing
the sensor movement to maintain full coverage and prolong
the network lifetime for mobile sensor networks. In [6],
the authors proposed a potential field-based deployment
algorithm, in which all the nodes explore from a compact
region and fill the maximum working area in a way similar
to the particles in the microworld [15]. In [7], the authors
assumed that there were virtually attractive and repulsive
forces among sensors. Using these virtual forces, mobile
sensor nodes spread throughout the target area with a
uniform distribution such that the network coverage rate is
maximized. In [8], the authors proposed a Voronoi diagrambased distribution model, in which each sensor iteratively
calculates its Voronoi polygon to detect the coverage holes
and moves to a better position to improve the coverage rate.
In [9], the authors proposed three independent algorithms
(VEC, VOR, and MiniMax), by pushing or pulling nodes to
cover the gaps based on virtual forces. These three algorithms
have comparable performance in a bounded area, whereas
only VEC algorithm can be used in both unbounded and
bounded areas. In [10], the authors investigate how to move
sensors to some locations while still preserving the degree
of coverage under partially controlled placement. In [11], the
sensing field was split into grids, and the sensors moved
from high-density grids to low-density ones such that the
densities remain constant. Overall, most of these traditional
algorithms intended to redistribute sensor nodes uniformly
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and thus to maximize coverage rate, minimize coverage overlap or gap, and reduce the network cost for WSN. However,
as the uniform distribution has unbalanced communication
traffic, these approaches will cause the network lifetime to end
prematurely with a great amount of energy unused.
In [12], the authors investigated the problem of uneven
energy consumption in many-to-one WSNs for the first time.
Further, they proposed several approaches to mitigate this
problem and inferred that simply increasing the number
of nodes under a uniform distribution could not prolong
the network lifetime [16]. In [17], the authors focused on
the nonuniform energy distribution among sensors. It was
concluded that the higher the workload was, the higher
the initial level of energy would be set. Although such a
strategy seems to be promising, its application may be so
difficult that it is inconvenient in producing and deploying
sensor nodes. Sink mobility was also introduced to tackle the
energy hole problem [18–20]. The authors in [18] proposed an
autonomous sink movement strategy in which mobile sinks
move toward half-quadrant zones with abundant energy.
Similarly, the authors in [19] drew a conclusion that utilizing
mobile sink could prolong network lifetime 3.48 times at
most compared to the case with static sinks (when the mobile
sink moves around a hexagonal network perimeter and stops
at the six corners). They also proposed a sink movement
algorithm to keep network connectivity so as to prolong network lifetime. The authors in [20] tried to incorporate both
static and mobile sinks to improve the network performance
of WSN, in which the static sinks are located at the center
of the target area and the mobile sink moves around the
network perimeter. Each time when the mobile sink stops at a
new location, it only needs to broadcast the location updates
messages to a subset of sensor nodes. Despite the fact that
mobile sinks would bring some advantages to WSN, some
new issues appeared such as the movement control policy,
the energy-aware routing protocols, and the efficient path
planning. Unfortunately, these issues are very complicated
and not readily solvable [21, 22].
Energy-aware sensor redistribution was also proposed to
mitigate or avoid the energy hole problem in WSNs. In [23],
the authors proposed an efficient node placement, topology
control, and a scheduling protocol of the MAC layer to
prolong the network lifetime for a grid-based WSN. In [24],
the authors developed a mixed-integer linear programming
model for determining the locations of sensors and sinks,
schedules, and sensor-to-sink data flow routes. Further, they
proposed a heuristic algorithm to maximize the network
lifetime. In [25], the authors tried to solve the energy provisioning and relay node placement problems simultaneously
in a two-tiered WSN. At first, the low-cost sensors sense
the surrounding area and forward the sensing data to their
cluster head, and then the cluster head forwards the data to
the sink. Further, they proposed a heuristic approach to solve
the mixed-integer nonlinear programming problem. In [26],
the authors investigated sensor self-deployment problem, by
constructing focused coverage around a point of interest.
The authors in [27] explored variable node distribution
density to mitigate the effects of the uneven energy depletion.
The authors in [28] proposed a nonuniform distribution
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algorithm to solve the energy hole problem in a coronabased WSN. With their theoretical analysis, when all the
sensors have a constant data acquisition rate, the balanced
energy depletion among the whole network is impossible.
However, their traffic pattern may not be true for highly dense
WSN and the uneven energy depletion still exists between
the outermost corona and the inner coronas. In fact, we can
prove that balanced energy depletion is achievable with the
extra help of energy-aware transmission mechanism in this
paper. In [29], the authors investigated the sink-hole problem
in duty-cycled connected 𝑘-covered WSNs, where each point
is covered by at least 𝑘 sensor. In [30], the ring-based relays
are also used to eliminate energy hole of a WSN; however,
how to form such a relay is not discussed in their approach. In
our pervious approach [14], we have proposed the centralized
algorithm to form an energy-balanced distribution for WSN;
however, the exchange of global location information during
dynamic sensor movement would put a heavy traffic burden
on the network. In [31], the authors proposed a transmission
range adjustment approach to tackle the unbalanced energy
depletion. However, searching for the optimal transmission
ranges among all the coronas is a NP-complete problem.
Overall, though most of the algorithms discussed above
intended to maximize coverage rate, minimize deployment
density, and eliminate the energy hole, they did not answer a
fundamental question in sensor redeployment: what type of
node layout and communication pattern that could provide
the maximum coverage with the smallest overlap and gap
and guarantee that all the working sensors die simultaneously
with nearly zero residual energy? We will deal with this issue
in the next section.

3. Network Model and Assumptions
In this section, we will present our network model and basic
assumptions. Assume that a set of 𝑁 homogeneous sensors
with the same initial energy 𝜀 is deployed in a circular area
with radius 𝑑 to monitor some physical phenomena and an
unlimited amount of energy is set for the sink node. We refer
to the set of deployed sensors as 𝑆 = {𝑠1 , 𝑠2 , . . . , 𝑠𝑁}, each
of which has an ID, a fixed transmission range 𝑅𝑐 , a fixed
sensing range 𝑅𝑠 , and is aware of its location. The only sink
node is placed at the center of the circle. We divide the area
into 𝑛 adjacent coronas with the equivalent width of 𝑅𝑐 , and
the 𝑖th corona is denoted by 𝐶𝑖 . Obviously, the corona 𝐶𝑖
is composed of nodes whose distances to the sink node are
between (𝑖 − 1) ∗ 𝑅𝑐 and 𝑖 ∗ 𝑅𝑐 .
In this paper, periodic data gathering monitoring is considered, where the network is working in rounds. Each round
is further divided into two phases: the node redistribution
phase and stability monitoring phase. We will provide a
detailed description of the first stage issues in the next section.
During the second phase, each working node should send
their sensing messages to the sink node per unit time via
multihop communication. For the theoretical analysis, we
use a simplified power consumption model and an ideal
MAC layer with no collisions and retransmissions. The initial
energy of each sensor is set as 𝜀 > 0, and the sink has
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no energy limitation. We further assume that each sensor
consumes 𝑒1 units of energy when sending one bit, while
it depletes 𝑒2 units of energy when receiving one bit, where
𝑒1 > 𝑒2 > 0.
When using traditional transmission mechanism, the
redundant sensing messages for the same area will be retransmitted by more than one sensor, consuming a considerable
amount of energy [26]. In order to save energy, an energy
aware data transmission mechanism proposed in our pervious approach [14] is imported. In this mechanism, we
first need to build Voronoi graph for each sensor node to
determine its own sensing range. After the establishment of
the Voronoi graph, the sensing message for each pixel is sent
only once. Based on the network model, we can conclude that
sensors belonging to corona {𝐶𝑖 | 𝑖 ≠𝑛} will forward both
the data generated by themselves and the data produced by
coronas {𝐶𝑗 | (𝑖 + 1) ≤ 𝑗 ≤ 𝑛}. Obviously, the sensors located
in the outermost corona 𝐶𝑛 do not need to forward any
data. Assume that the sensors in each corona are distributed
uniformly and there is no data aggregation at any forwarding
nodes. Define the number of sensors deployed in corona
𝐶𝑖 as 𝑁𝑖 and the number of pixels in 𝐶𝑖 as 𝐴 𝑖 . When the
energy-aware data transmission mechanism is applied, the
number of messages for corona 𝐶𝑖 to receive and forward
is (𝐴 𝑖+1 + 𝐴 𝑖+2 + ⋅ ⋅ ⋅ + 𝐴 𝑛 ) and (𝐴 𝑖 + 𝐴 𝑖+1 + ⋅ ⋅ ⋅ + 𝐴 𝑛 ).
As sensing messages are transmitted per working round, the
average energy consumption per working round of sensors in
corona 𝐶𝑖 is
𝐸𝑖 =

𝑒1 𝐴 𝑖+1 + 𝐴 𝑖+2 + ⋅ ⋅ ⋅ + 𝐴 𝑛
+
(𝑒1 + 𝑒2 ) ,
𝜌𝑖
𝐴 𝑖 ⋅ 𝜌𝑖

1 ≤ 𝑖 ≤ 𝑛 − 1,
(1)

where 𝜌𝑖 is the node density of corona 𝐶𝑖 .
As the sensors in corona 𝐶𝑛 only need to send their own
sensing messages, the energy depletion of sensors in corona
𝐶𝑛 can be calculated as follows:
𝐸𝑛 =

𝐴 𝑛 ⋅ 𝑒1 𝑒1
= .
𝑁𝑛
𝜌𝑛

(2)

Definition 1. The optimal energy consumption state means
that all the sensors in the network deplete their energy in the
constant ratio; namely, all the sensor nodes have the same
lifetime which is identical with the corresponding network
lifetime. In particular, if the optimal energy depletion is
achieved, there is no energy wasted and the network lifetime
can be given by
𝜀
𝜀
𝜀
𝜀
=
= ⋅⋅⋅ =
= ⋅⋅⋅ =
.
𝐸1 𝐸2
𝐸𝑖
𝐸𝑛

(3)

Theorem 2. Optimal energy depletion is possible, if all the
working nodes take the energy-aware transmission mechanism,
and the node density 𝜌𝑖 in corona 𝐶𝑖 satisfies [14]
𝜌𝑖 = 𝜌𝑛 ⋅ [1 +

(𝑛2 − 𝑖2 ) ⋅ (𝑒1 + 𝑒2 )
(2𝑖 − 1) ⋅ 𝑒1

],

𝜌1 ≥ 𝜌2 ≥ ⋅ ⋅ ⋅ ≥ 𝜌𝑛 .
(4)
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Proof. Without loss of generality, suppose that (4) is true: so
(1) can be described as follows:
𝐴 ⋅ 𝑒 + ∑𝑛𝑘=𝑖+1 𝐴 𝑘 ⋅ (𝑒1 + 𝑒2 )
𝐸𝑖 = 𝑖 1
𝐴 𝑖 ⋅ 𝜌𝑖
[𝐴 𝑖 ⋅ 𝑒1 + ∑𝑛𝑘=𝑖+1 𝐴 𝑘 ⋅ (𝑒1 + 𝑒2 )] ⋅ (2𝑖 − 1) ⋅ 𝑒1
=
.
𝐴 𝑖 ⋅ 𝜌𝑛 ⋅ [(2𝑖 − 1) ⋅ 𝑒1 + (𝑛2 − 𝑖2 ) ⋅ (𝑒1 + 𝑒2 )]

(5)

𝑒1
= 𝐸𝑛 .
𝜌𝑛

(6)

Since 𝑑𝜌𝑖 /𝑑𝑖 = (−2𝑖/(2𝑖 − 1)) − (2(𝑛2 − 𝑖2 )/(2𝑖 − 1)2 ) < 0
is a permanent establishment, we can draw a conclusion that
𝜌1 ≥ 𝜌2 ≥ ⋅ ⋅ ⋅ ≥ 𝜌𝑛 . This completes the proof of Theorem 2.
Theorem 2 shows that, in a circular monitored area,
based on the energy-aware transmission mechanism, if the
sensors in each corona obey a uniform distribution and the
node density meets a certain condition, the optimal energy
depletion of the whole network can be achieved. Besides, the
node density 𝜌𝑖 of corona 𝐶𝑖 only depends on 𝜌𝑛 and the
corona number 𝑖.
Theorem 3. The lifetime comparison of energy–balanced redeployment with traditional uniform approaches is 𝜌1 /𝜌𝑁.
Proof. Suppose that these two schemes run with the same
initial conditions. The node density of each corona obeys (4)
in our proposed scheme, while, in the uniform distribution,
the density 𝜌𝑖 is equal to 𝜌𝑛 . As the innermost corona 𝐶1 needs
to forward all the sensing messages in the whole network, it
consumes the most energy. Therefore, the maximum network
lifetime under uniform distribution is determined by the
survival time 𝐶1 . The network lifetime can be calculated as
𝜀


𝐸1

=

𝜌𝑛 ⋅ 𝜀
,
𝑒1 + (𝑛2 − 1) ⋅ (𝑒1 + 𝑒2 )

(7)



where 𝐸1 is the average energy depletion of 𝐶1 per unit time
under uniform distribution. Further, we can get the average
energy depletion in 𝐶1 under optimal energy consumption
conditions as
𝐸1 = ⋅ ⋅ ⋅ 𝐸𝑖 = ⋅ ⋅ ⋅ = 𝐸𝑛 =

𝑒1
.
𝜌𝑛

(8)

Thus the lifetime enhancement is
𝜀/𝐸1


𝜀/𝐸1

=

(𝑒1 + (𝑛2 − 1) ⋅ (𝑒1 + 𝑒2 )) /𝜌𝑛
𝑒1 /𝜌𝑛

=

𝜌1
> 1.
𝜌𝑛

In this section, we first introduce equivalent sensing radius.
Then we develop the uniform sensor distribution for coronashaped area. Further, we propose a novel autonomous sensor
redeployment approach to balance energy depletion.
4.1. Redistribution under Equivalent Sensing Radius

As 𝐴 𝑖 = 𝜋𝑅𝑐 2 ⋅ (2𝑖 − 1), we have
𝐸𝑖 =

4. Optimization of Sensor Redeployment

(9)

This completes the proof of Theorem 3.
Therefore, compared with traditional uniform distribution strategy, the network lifetime can raise as much as 𝜌1 /𝜌𝑛
times by using optimal energy depletion distribution.

Definition 4. Equivalent sensing radius is defined as the
sensing radius when the given distribution density 𝜌𝑖 is the
lowest one to maintain the full coverage for the target area
with size 𝑆.
According to [9], the equivalent sensing radius and the
distribution density 𝜌𝑖 satisfy the following:
𝑅𝑖 = √

2
.
√27 ⋅ 𝜌𝑖

(10)

Theorem 5. Optimal energy depletion can be achieved, where
𝑅𝑖 satisfies the following:
𝑅𝑖 = 𝑅𝑠 √

(2𝑖 − 1) ⋅ 𝑒1
,
(2𝑖 − 1) ⋅ 𝑒1 + (𝑛2 − 𝑖2 ) ⋅ (𝑒1 + 𝑒2 )

(11)

𝑅1 ≤ 𝑅2 ≤ ⋅ ⋅ ⋅ ≤ 𝑅𝑛 .
Proof. According to the definition of equivalent sensing
radius, we can combine it with the energy balance condition.
Thus we have
(𝑛2 − 𝑖2 ) ⋅ (𝑒1 + 𝑒2 )
2
⋅ [1 +
].
𝜌𝑖 =
√27 ⋅ 𝑅𝑠 2
(2𝑖 − 1) ⋅ 𝑒1

(12)

After simple transformation, we can get
𝑅𝑖 = 𝑅𝑠 ⋅ √

(2𝑖 − 1) ⋅ 𝑒1
.
(2𝑖 − 1) ⋅ 𝑒1 + (𝑛2 − 𝑖2 ) ⋅ (𝑒1 + 𝑒2 )

(13)

This concludes the proof of Theorem 5.
Since the equivalent sensing radius is only determined
by corona number 𝑖, the redeployment of sensors in corona
𝐶𝑖 is similar to the traditional uniform distribution problem.
Define the equivalent sensing radius of corona 𝐶𝑖 as 𝑅𝑖 and
the desired number of deployed sensor for 𝐶𝑖 as 𝜌𝑖 ⋅ 𝑆𝑖 . Note
that the boundary effects cannot be ignored simply. In order
to cover corona 𝐶𝑖 uniformly, the optimal sensor distribution
should satisfy the following conditions.
(1) If 𝑅𝑖 ≥ 𝑅𝑐 /2, the optimal deployment can be achieved
if all the sensors are uniformly lying on the middle
line of corona 𝐶𝑖 , and the angle between any two
adjacent nodes is 𝛼𝐶𝑖 = 2𝜋/(𝜌𝑖 ⋅ 𝑆𝑖 ).
(2) If 𝑅𝑖 < 𝑅𝑐 /2, as the single ring distribution will
cause coverage gaps, the optimal sensor redeployment
is equivalent to a multiring distribution. Define the
number of rings for 𝐶𝑖 as 𝑁𝑖 , calculated as 𝑁𝑖 =
⌈𝑅𝑐 /2𝑅𝑖 ⌉. When multiring uniform distribution is

The Scientific World Journal

5

achieved for corona 𝐶𝑖 , the number of sensors distributed in 𝑘th ring 𝐶𝑖𝑘 is 𝜌𝑖 ⋅𝑆𝐶𝑖𝑘 , and the angle between

any two neighbours in 𝐶𝑖𝑘 is 𝛼𝐶𝑖𝑘 = 2𝜋/(𝜌𝑖 ⋅ 𝑆𝐶𝑖𝑘 ), where

𝑆𝐶𝑖𝑘 is the area of ring 𝐶𝑖𝑘 . Assuming that all the rings
have the same width, 𝑑 = 𝑅𝑐 /𝑁𝑖 , such that 𝑆𝐶𝑖𝑘 can be
calculated as
𝑆𝐶𝑖𝑘 = 𝜋[(𝑖 − 1) ⋅ 𝑅𝑐 + 𝑘 ⋅ 𝑑]

2
2

(14)

− 𝜋[(𝑖 − 1) ⋅ 𝑅𝑐 + (𝑘 − 1) ⋅ 𝑑] .
Figure 1 shows the optimal sensor redeployment with
different equivalent sensing radii 𝑅𝑖 . When 𝑅𝑖 = 𝑅𝑐 /2, the
sensor nodes in 𝐶𝑖 obey a single-ring uniform distribution,
and the angle between any two neighbours is 𝛼 = 2𝜋/(𝜌𝑖 ⋅ 𝑆𝑖 ),
as shown in Figure 1(a). When ⌈𝑅𝑐 /2𝑅𝑖 ⌉ = 2, the sensor
nodes in corona 𝐶𝑖 obey a two-ring uniform distribution; the
adjacent angles of ring 𝐶𝑖1 and 𝐶𝑖2 are 𝛼𝐶𝑖1 = 2𝜋/(𝜌𝑖 ⋅ 𝑆𝐶𝑖1 ) and
𝛼𝐶𝑖2 = 2𝜋/(𝜌𝑖 ⋅ 𝑆𝐶𝑖2 ), respectively.
Therefore, the optimal sensor redeployment to balance
energy depletion can be transformed into a uniform distribution problem with given deployment density and equivalent
sensing radius. The novel sensor redeployment algorithm
mainly contains two parts: (1) sensor redeployment control
among the coronas to regulate the number of nodes for each
corona and (2) sensor redeployment control inside coronas to
guarantee that each corona achieves the given node density.
4.2. Distributed Sensor Redeployment among Coronas. As
sensors are randomly deployed in the target area, the deployment uncertainty may cause the number of deployed nodes
to be more or fewer than the corona really needs. Movement
control of sensor nodes will satisfy the desired deployment
density for each corona and its rings. To avoid consuming
much energy during the moving process, the nodes are only
allowed to move to the adjacent coronas. After the needed
number of sensors is achieved in each corona, a certain
number of sensors should move between different rings to
achieve uniform distribution. Define the number of sensors
deployed in corona 𝐶𝑖 as 𝐷𝑖 and the desired number of
sensors in 𝐶𝑖 as 𝐸𝐷𝑖 . Sensor redeployment control among
coronas can be conducted in Algorithm 1.
4.3. Distributed Sensor Redeployment inside Coronas. Sensor
redeployment inside coronas mainly focuses on how to
redistribute the nodes locating on the median line of these
rings in each corona to a perfect layout. Here, it is executed
simply with its neighbour nodes. The straightforward idea
is to adjust the angle between any two neighbours to 𝛼.
However, as each node may have numerous neighbours, the
nearest neighbour is taken in the current working round.
Taking Figure 2 as an example, assume that node 𝑚 is the
nearest neighbour of node 𝑘, to form an optimal layout and
node 𝑘 should move to 𝑚opt1 or 𝑚opt2 , both of which are the
best locations of node 𝑚. In our algorithm, node 𝑘 moves
straight to the nearer location 𝑚opt1 , thus saving energy. If
some other sensors 𝑞 existed in this best location, to minimize

the total movement among all the sensors, 𝑞 should move
with a small deviation 𝜀 along the same orientation to node
𝑚. The whole process of sensor redeployment inside coronas
is shown in Algorithm 2.
Theorem 6. The sensor redeployment algorithm ends in finite
rounds and can achieve uniform layout in the ring.
Proof. As long as the angle between any two nearest neighbours is not equal to 𝛼, the total covered area with uniform
distribution will keep on growing. It suffices to prove that,
once the algorithm has reached the stable state when the angle
between any two neighbours is equal to 𝛼, the sensors locating
on the ring will be fixed.
Let 𝑆 = (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ) denote the set of sensors
distributed in the ring, whereas 𝜃𝑖 ∈ (0, 2𝜋] is azimuth
between the lines 𝑜𝑥𝑖 and 𝑜𝑥. After reordering these sensors
according to 𝜃𝑖 , we rename 𝑆 as (𝜃1 , 𝜃2 , . . . , 𝜃𝑛 ). Define 𝛽𝑖 as
the angle of two adjacent nodes in 𝑆. To ensure that 𝛽𝑖 does
not exceed 𝛼, it needs to satisfy the following:
𝜃 − 𝜃𝑖
𝛽𝑖 = { 𝑖+1
0

if (𝜃𝑖+1 − 𝜃𝑖 ) ≤ 𝛼
(𝜃𝑖+1 − 𝜃𝑖 ) > 𝛼.

(15)

Thus the total covered angle of 𝑆 can be calculated as
𝑛−1

𝑓 (𝑆) = ∑ 𝛽𝑖 .

(16)

𝑖=1

If all the sensor nodes are distributed in an optimal layout,
we can get the upper bound for 𝑓(𝑆) as 2𝜋 − 𝛼.
Denote the angle between 𝜃𝑖 and 𝜃𝑖+1 as 𝛽𝑖 . We now
consider the changes of 𝛽𝑖 in one working round. If 𝛽𝑖 < 𝛼,
the following three cases may occur.
(1) If 𝛽𝑖 increases to 𝛼 with no sensors coinciding, the
new achieved distribution can be expressed as 𝑆 =

, . . . , 𝜃𝑛 ), as shown in Figure 3(a).
(𝜃1 , 𝜃2 , . . . , 𝜃𝑖 , 𝜃𝑖+1

Since 𝛽𝑖 > 𝛽𝑖 , we have 𝑓(𝑆 ) > 𝑓(𝑆).
(2) If 𝛽𝑖 increases to 𝛼 with some sensors coinciding, the
coincided sensors would move with a small deviation
𝜀 in our algorithm. Assume that the new achieved


, 𝜃𝑖+2
, . . . , 𝜃𝑛 ),
distribution is 𝑆 = (𝜃1 , 𝜃2 , . . . , 𝜃𝑖 , 𝜃𝑖+1
as shown in Figure 3(b). Therefore, 𝑓(𝑆 ) can be
calculated as
𝑖−1




− 𝜃𝑖 ) + (𝜃𝑖+2
− 𝜃𝑖+1
)
𝑓 (𝑆 ) = ∑𝛽𝑗 + (𝜃𝑖+1
𝑗=1

𝑛

𝑖−1

𝑛

𝑗=𝑖+2

𝑗=1

𝑗=𝑖+2

(17)

+ ∑ 𝛽𝑗 = ∑𝛽𝑗 + 𝛼 + 𝜀 + ∑ 𝛽𝑗 ,
while
𝑖−1

𝑓 (𝑆) = ∑𝛽𝑗 + (𝜃𝑖+1 − 𝜃𝑖 ) + (𝜃𝑖+2 − 𝜃𝑖+1 )
𝑗=1

𝑛

𝑖−1

𝑛

𝑗=𝑖+2

𝑗=1

𝑗=𝑖+2

+ ∑ 𝛽𝑗 = ∑𝛽𝑗 + 𝛼 + ∑ 𝛽𝑗 .
Thus we have 𝑓(𝑆 ) > 𝑓(𝑆).

(18)
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Figure 1: Optimal sensor redeployment with different equivalent sensing radii 𝑅𝑖 . (a) 𝑅𝑖 = 𝑅𝑐 /2: uniform distribution in single ring; (b)
⌈𝑅𝑐 /2𝑅𝑖 ⌉ = 2: uniform sensor distribution in two rings.

For each corona 𝐶𝑖 , 𝑖 ∈ (𝑛, 𝑛 − 1, . . . , 1)
If 𝐷𝑖 > 𝐸𝐷𝑖
Select 𝐷𝑖 − 𝐸𝐷𝑖 nodes close to 𝐶𝑖−1 from 𝐶𝑖 ;
Move these nodes straight to 𝐶𝑖−1 and update 𝐷𝑖−1 = 𝐷𝑖−1 + (𝐷𝑖 − 𝐸𝐷𝑖 );
For each ring 𝐶𝑖𝑘 , 𝑘 ∈ (1, 2, . . . , 𝑁𝑖 )
Move 𝜌𝑖 ⋅ 𝑆𝐶𝑘 nodes straight to the middle line of 𝐶𝑖𝑘
𝑖
Elseif 𝐷𝑖 ≤ 𝐸𝐷𝑖
Select 𝐸𝐷𝑖 − 𝐷𝑖 nodes close to 𝐶𝑖 from 𝐶𝑖−1 ;
Move these nodes straight to 𝐶𝑖 and update 𝐷𝑖−1 = 𝐷𝑖−1 − (𝐸𝐷𝑖 − 𝐷𝑖 );
For each ring 𝐶𝑖𝑘 , 𝑘 ∈ (1, 2, . . . , 𝑁𝑖 )
Move 𝜌𝑖 ⋅ 𝑆𝐶𝑘 nodes straight to the middle line of 𝐶𝑖𝑘 .
𝑖

Algorithm 1

qnew

mopt1
k
q

m

𝜀𝛼 𝛼
···

mopt2

x

𝜃−𝛼

O
···

n
2
1

Figure 2: Sensor redeployment in the ring.

(3) If 𝛽𝑖 increases to 𝛼 with some sensors crossing,
the new achieved distribution can be denoted as


, 𝜃𝑖 , 𝜃𝑖+1
, . . . , 𝜃𝑛 ), as shown in
𝑆 = (𝜃1 , 𝜃2 , . . . , 𝜃𝑖−1
Figure 3(c). Since this new generated distribution is

For each round
𝑗
For each node 𝑘 in ring 𝐶𝑖 of corona 𝐶𝑖
Find its nearest neighbor 𝑚;
Calculate the angle 𝜃 between the line 𝑜𝑚 and 𝑜𝑥;
Calculate node m’s best location 𝑚opt1 and 𝑚opt2
Let 𝜃1 = 𝜃 + 𝛼; 𝜃2 = 𝜃 − 𝛼;
𝑥𝑚opt1 = cos 𝜃1 ⋅ 𝑑; 𝑦𝑚opt1 = sin 𝜃1 ⋅ 𝑑
𝑥𝑚opt2 = cos 𝜃2 ⋅ 𝑑; 𝑦𝑚opt2 = sin 𝜃2 ⋅ 𝑑
If distance (𝑚opt1 , 𝑘) < distance (𝑚opt2 , 𝑘)
Move node k to location (𝑥𝑚opt1 , 𝑦𝑚opt1 );
While there exists node 𝑞 with coordinate (𝑥𝑚opt1 , 𝑦𝑚opt1 )
𝑥new = cos(𝜃1 − 𝜀) ⋅ 𝑑
𝑦new = sin(𝜃1 − 𝜀) ⋅ 𝑑
Move node 𝑞 to location 𝑞new (𝑥new , 𝑦new );
Else move node 𝑘 to location (𝑥𝑚opt2 , 𝑦𝑚opt2 );
While there exists node 𝑞 with coordinate (𝑥𝑚opt2 , 𝑦𝑚opt2 )
𝑥new = cos(𝜃2 + 𝜀) ⋅ 𝑑
𝑦new = sin(𝜃2 + 𝜀) ⋅ 𝑑
Move node 𝑞 to location 𝑞new (𝑥new , 𝑦new );
Algorithm 2
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Figure 3: Illustration of sensor redeployment in one working round.

similar to case (2), we can draw the same conclusion
of 𝑓(𝑆 ) > 𝑓(𝑆), when 𝜃𝑖 becomes the next operating
node.
Clearly, in all the cases, 𝑓(𝑆) is an increasing function on
rounds (1, . . . , 𝑛). After a finite number of rounds, 𝑓(𝑆) would
achieve its upper bound. As a result, all the sensors will be
redeployed uniformly on the middle line of the ring with the
given density. This completes the proof of Theorem 6.

5. Performance Evaluation
In this section, we will present the simulation results of
our algorithm for both random and Gaussian deployment
models. Three metrics, including coverage rate, the average
moving distance, and the network survival lifetime, are
imported to evaluate the performance of the algorithm.
First, a random deployment is considered in the circular
area of radius 100 with 627 potential sensors. We assume that
all the sensors are homogeneous, that is, having the same
initial energy reserve 𝜀 of 10000 J, the same transmission
radius 𝑅𝑐 of 25 m, and the same sensing radius 𝑅𝑠 of 9 m,
respectively. The values of 𝑒1 and 𝑒2 are given as follows:
𝑒1 = 0.5/103 J/bit and 𝑒2 = 0.25/103 J/bit. The total number
of working rounds for sensor node 𝑖 is determined by 𝜀/(𝐿 ⋅
𝑀𝑖 ⋅𝑒1 +𝐿⋅𝑁𝑖 ⋅(𝑒1 +𝑒2 )), where 𝑀𝑖 is the total number of pixels
covered by 𝑖, 𝑁𝑖 is the total number of messages forwarded by
𝑖, and 𝐿 is the length of each sensing pixel, 𝐿 = 1000 bits.
The sensing data forwarding strategy is similar to [27]. As
the nodes obey an approximate uniform distribution in the
corona after sensor redeployment, any node in corona 𝐶𝑖 can
directly communicate with almost 𝜌𝑖−1 ⋅ 𝐴 𝑖−1 /𝜌𝑖 ⋅ 𝐴 𝑖 nodes in
𝐶𝑖−1 . Among these 𝜌𝑖−1 ⋅𝐴 𝑖−1 /𝜌𝑖 ⋅𝐴 𝑖 candidate nodes, the node
with most residual energy will be selected as the forwarding
one.
Figure 4 depicts the sensor distribution gained in different rounds using random deployment model. The target
area is divided into four coronas marked from 𝐶1 to 𝐶4 ,
and the equivalent sensing radius from 𝐶1 to 𝐶4 can be
calculated as 1.86, 3.4, 5.11, and 9, respectively, as shown
in Figure 4(a). From the simulation results, we can make
the observation that our proposed algorithm can converge
to the global optimal distribution effectively. What is more,
the layout shown in Figure 4(d) is the optimal uniform

sensor distribution with the given density, which achieves
the coverage rate of 97.6%. And the number of sensors
redeployed from corona 𝐶1 to 𝐶4 is 220, 196, 145, and 66,
which approaches to the accessibility condition of optimal
energy depletion.
The second assumption examined is the Gaussian distribution, and the simulation environment is the same as the
first experiment. In this distribution, each sensor’s coordinate
(𝑥, 𝑦) obeys a two-dimensional normal Gaussian function:
𝑓 (𝑥, 𝑦) =

1 −[𝑥2 +𝑦2 ]/2𝜎2
𝑒
,
2𝜋𝜎2

(19)

where 𝜎 represents the standard deviation of Gaussian distribution. We set 𝜎 equal to the communication radius 𝑅𝑐 to
ensure that all the sensors will be deployed in the target area.
Figure 5(a) shows the sensor distribution obtained in
different rounds using Gaussian deployment model. From
the simulation results, we can draw a conclusion that the
total coverage enlarges round by round, as observed from
Figure 5(b) to Figure 5(d). At the 28th round, the nodes
are uniformly distributed with no sensors moving anymore,
which indicates that the algorithm can converge to the
optimal solution quickly.
Further, we compare the performance of our algorithm
with VEC in terms of coverage rate and average moving.
Figure 6 shows the average moving distance and coverage
rate for VEC [10] and our approach in different numbers
of rounds. From the simulation results in Figure 6, we can
conclude that (1) the average moving distance under Gaussian
deployment model is shorter than under random model,
which is mainly due to having more sensors deployed in
the central region under Gaussian deployment model; (2)
to achieve the desired coverage rate, many more sensors
are needed in VEC than in our proposed algorithm, which
shows our algorithm has a shorter average moving distance
than VEC under the same condition; (3) our algorithm can
get a higher coverage rate than VEC, which means that our
algorithm is free of the boundary influence and can achieve
the optimal sensor distribution effectively.
We further compare the performance of our algorithm
with traditional uniform and nonuniform sensor deployment in terms of network lifetime and energy efficiency. In
addition, the performance of our energy-aware transmission
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Figure 4: Illustration of network distribution in different rounds using random deployment model.

mechanism (𝐸𝑡 ) and traditional transmission mechanism
(𝑇𝑡 ) combined these algorithms is also tested.
Since the node densities for all the coronas are the same in
uniform deployment, the number of sensors distributed from
𝐶4 to 𝐶1 is 274, 196, 118, and 39. While fewer nodes are used
to cover the outmost corona in the nonuniform deployment,
the ratio 𝑞 is set to 2.12. Therefore, the number of sensors
uniformly distributed from corona 𝐶4 to 𝐶1 is 66, 73, 156,
and 332, respectively. For our algorithm, to ensure the optimal
energy consumption, the number of sensors distributed from
corona 𝐶4 to 𝐶1 is 66, 145, 196, and 220.
Figure 7 shows the comparisons of average energy depletion per working round. From the simulation results in
Figure 7, we can draw the conclusions that (1) the average
energy consumed in a round in 𝐸𝑡 is much smaller than
in 𝑇𝑡 . Because the energy-aware transmission can avoid
retransmitting the same sensing data, the total messages
transferred in each round are much smaller; (2) since the
uniform deployment ignores the traffic imbalance, the innermost corona has the largest traffic load and most energy
consumption, as shown in Figure 7(a); (3) the nonuniform
deployment combined with 𝑃𝑡 scheme can achieve a suboptimal distribution; (4) the energy consumption of the whole
working set is almost equal in our approach. Although the

nodes in inner coronas do not behave as source but router,
their sensing pixels are much smaller than those of the outer
coronas.
Figure 8 compares the energy unused ratio of each node
when the network terminates. Here, the energy unused ratio
refers to the ratio of the residual energy to the initial energy
at the end of the network lifetime. From Figure 8, clearly, the
uniform scheme leaves an abundant amount of nodal energy
in both transmission mechanisms as expected, especially for
the sensor nodes in the outermost corona. Although the
nonuniform deployment combined with 𝑇𝑡 scheme achieves
much better energy efficiency, it leaves a considerable amount
of unused energy in the outermost corona (almost 50% or so
of the initial nodal energy). For the nonuniform deployment
combined with 𝑃𝑡 , as corona 𝐶3 has the most transmission
load and corona 𝐶1 has the largest node density, no doubt, 𝐶1
has the largest energy unused ratio. For our algorithm, as the
energy consumption of the whole working set is almost equal,
all the sensors exhaust their energy simultaneously when the
network terminates, as shown in Figure 7. In fact, the energy
unused ratio for most sensors is lower than 1%.
Table 1 compares these algorithms in network lifetime.
We can see that the algorithm combined with energy-aware
transmission mechanism has a longer network lifetime as
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Figure 5: Illustration of network distribution in different rounds using Gaussian deployment model.
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Table 1: Comparison of the number of working rounds.
Algorithm
The number of working rounds
Uniform deployment with 𝑇𝑡
3
17
Uniform deployment with 𝐸𝑡
33
Nonuniform deployment with 𝑇𝑡
61
Nonuniform deployment with 𝐸𝑡
Our proposed algorithm
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Figure 8: Comparison of energy unused ratio for each node.

expected. Because of the imbalance consumption of energy
near the sink, the uniform distribution has the shortest
network lifetime. The nonuniform distribution combined
with 𝑇𝑡 achieved a shorter network lifetime than with 𝐸𝑡 ,
because its average energy consumption is larger than in
𝐸𝑡 scheme. Our algorithm can achieve the optimal energy
consumption among the whole working nodes, thus having
the longest network lifetime.

In this paper, we have investigated the problem of sensor redeployment to achieve optimal energy depletion and
minimize sensor movement. We have given a theoretical
analysis on energy consumption using nonuniform distribution strategy. Formally, we have proved that, the optimal
energy consumption can be achieved through calculating the
node densities for different regions of the target area. As a
contribution, we have proposed an autonomous coveragedriven sensor redeployment algorithm to produce an optimal
solution, which can maximize the network lifetime and
minimize total movement of sensors. In addition, extensive
simulation results have been presented to demonstrate the
effectiveness of our proposed techniques.It also should be
noted that we only consider the two dimensional (2D) case
in this paper. As part of our future work, we will design new
algorithms for the sensor redeployment problem in 3D space.
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The demands of precise time/phase synchronization have been increasing recently due to the next generation of telecommunication
synchronization. This paper studies the issues that are relevant to distributing accurate time/phase over optical transport network
(OTN). Each node and link can introduce asymmetry, which affects the adequate time/phase accuracy over the networks. In order
to achieve better accuracy, protocol level full timing support is used (e.g., Telecom-Boundary clock). Due to chromatic dispersion,
the use of different wavelengths consequently causes fiber link delay asymmetry. The analytical result indicates that it introduces
significant time error (i.e., phase offset) within 0.3397 ns/km in C-band or 0.3943 ns/km in L-band depending on the wavelength
spacing. With the proposed scheme in this paper, the fiber link delay asymmetry can be compensated relying on the estimated
mean fiber link delay by the Telecom-Boundary clock, while the OTN control plane is responsible for processing the fiber link
delay asymmetry to determine the asymmetry compensation in the timing chain.

1. Introduction
Precise synchronization of clocks has become an important
technique not only for the scientific researches but also for
the modern daily life. For many industrial infrastructures, the
demands for precise time/phase synchronization have greatly
increased recently, for example, communication networks,
the smart grid of electric power distribution systems [1],
and the practice of providing time stamps for financial
networks [2]. Traditional communication network synchronization has relied on the accurate distribution of frequency
[3]; evolving wireless networks require the distribution of
accurate time/phase based on IEEE1588v2 for long term evolution (LTE) and accurate quality-of-service/service-levelagreement (QoS/SLA) measurements to determine the network health [4, 5].
The primary reference time clocks (PRTCs) location
depends on the network that IEEE1588v2 support. Currently,
the PRTCs are closer to the end application than than the
primary reference clocks (PRCs) for traditional frequency

distribution, in order to limit and control time/phase degradation [6]. The core networks will incorporate the accurate time/phase distribution capability into optical transport
network (OTN), as addressed in ITU-T Recommendation
G.709 [7]. The OTN provides new packet based time/phase
distribution service; thus the PRTCs can colocate with the
PRCs as shown in Figure 1. This architecture is compatible
with PRTC redundancy (e.g., in order to secure the global
navigation satellite system (GNSS) failures) and also requires
a small number of GNSS receivers. The integrity of transferring accurate time/phase synchronization distribution over
OTN in the core network and packet transport network with
synchronous ethernet (PTN with Sync-E) in the backhaul
networks [8, 9] can simplify network architecture, reduce
operational expenditure (OPEX), and make the network easy
to maintain.
For accurate time/phase transport over OTN, two options
are considered: (1) the use of OTN optical channel data unitk (ODUk) reserved overhead bytes to transport IEEE1588v2
Sync packets as shown in Figure 2 and (2) the use of optical
supervisory channel (OSC) to transport IEEE1588v2 Sync
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packets [10]. The former belongs to In-band and the latter
belongs to Out-of-band [7].
Nevertheless, each node and link can introduce asymmetry, which affects the adequate time/phase accuracy over
the networks. Removal of packet delay variation (PDV) and
asymmetry in the OTN nodes by means of IEEE1588v2

support (e.g., T-BC in every node [11, 12]) is analogue to backhaul network (ITU-T G.8275.1). In OTN, the forward and
backward paths may not be the same wavelength depending
on network configuration or wavelength switching; this will
result in fiber link delay asymmetry and should be taken into
account.
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3
the delay may not be symmetric. Fortunately, if a T-BC is
implemented in every node in OTN, the mean fiber link delay
𝐷 can be estimated by the T-BC mode, which would know the
difference (𝑑𝑓 (𝜆) − 𝑑𝑟 (𝜆)) to compensate the phase offset (𝜃)
as shown in (4). The compensation scheme is proposed as
follows.

L

df (𝜆)

OTN
node 1

Tx
Rx

Fiber 1-forward direction

Rx

Fiber 2-backward direction

Tx

OTN
node 2

dr (𝜆)

Figure 3: Packet signal transmission over optical fiber links.

In this paper, we focus on the use of OTN overhead to
transport Sync packets (In-band). The link delay asymmetry
formation is given in Section 2, removal link and node
asymmetry based on T-BC mode is given in Section 3, and
the link delay asymmetry analysis is given in Section 4.

2. Use of Different Wavelengths
In wavelength division multiplexing (WDM), multiple channels of information carried over the same fiber each using an
individual wavelength to increase the transmission capacity
as shown in Figure 3. Due to chromatic dispersion, the use
of different wavelengths consequently causes fiber link delay
asymmetry [13]. Group velocity is given by V = 𝑐/𝜂, where 𝑐
is speed of light and 𝜂 is group refractive index depending on
wavelength (𝜆). The fiber link delay asymmetry is given by
𝐴 (𝜆) = 𝑑𝑓 (𝜆) − 𝑑𝑟 (𝜆) = 𝐿 × (

𝜂𝑓 (𝜆)
𝑐

𝜂 (𝜆)
− 𝑟
),
𝑐

(1)

where 𝐿 denotes the transmission distance (fiber link length),
𝑑𝑓 , 𝑑𝑟 are forward and backward propagation delays, and 𝜂𝑓 ,
𝜂𝑟 are the related refractive indexes. The mean fiber link delay
(𝐷) can be represented as
𝐷=

𝜂𝑓 (𝜆) 𝜂𝑟 (𝜆)
𝐿
×(
+
).
2
𝑐
𝑐

(2)

Then,
2𝐷
.
𝐿=
𝜂𝑓 (𝜆) /𝑐 + 𝜂𝑟 (𝜆) /𝑐

(3)

Substituting 𝐿 in (3) into (1) and simplifying, one obtains the
fiber link delay asymmetry in terms of network mean fiber
link delay as follows:
𝐴 (𝜆) = 𝑑𝑓 (𝜆) − 𝑑𝑟 (𝜆) = 2𝐷 × (

𝜂𝑓 (𝜆) − 𝜂𝑟 (𝜆)
𝜂𝑓 (𝜆) + 𝜂𝑟 (𝜆)

).

(4)

Half of the delay asymmetry (i.e., 𝐴(𝜆)/2) will contribute
to the time error, where 𝐴(𝜆) depends on the wavelength
spacing.

3. Scheme to Remove Asymmetry Error of
Node and Link
In IEEE1588v2 distribution, assume that the fiber link delay
in each direction is symmetric, whereas in WDM systems

3.1. Telecom-Boundary Clock Mode. Each node and link in
a network can introduce asymmetry. In Telecom-Boundary
clock (T-BC) mode [14], ingress/egress buffers are bypassed,
and nodes asymmetry is avoided as shown in Figure 4. The
time transfer model as shown in Figure 5 can be written as
𝑇2 = 𝑇1 + 𝜃 + 𝛿link,𝑀 → 𝑆 ,

(5)

𝑇4 = 𝑇3 − 𝜃 + 𝛿link,𝑆 → 𝑀,

where 𝛿node , 𝛿link denote node and link delay, respectively,
and assume 𝛿node,𝑀 → 𝑆 = 𝛿node,𝑆 → 𝑀.
Based on the time transfer model in (5), the estimated
̂ and estimated phase offset 𝜃̂ can be
mean fiber link delay 𝐷
derived as
̂=
𝐷

𝛿link,𝑀 → 𝑆 + 𝛿link,𝑆 → 𝑀 (𝑇2 − 𝑇1 ) + (𝑇4 − 𝑇3 )
=
,
2
2

(6)

(𝑇 − 𝑇1 ) − (𝑇4 − 𝑇3 ) (𝛿link,𝑀 → 𝑆 − 𝛿link,𝑆 → 𝑀)
𝜃̂ = 2
−
. (7)
2
2
Equation (7) shows that any asymmetry will contribute with
half of that to the error in the phase offset calculation. The
second term in (7) is the link asymmetry compensation.
The link asymmetry consists of mainly fiber link length
asymmetry and fiber link delay asymmetry for use of different
̂ in (6) into (4), assume that the
wavelengths. Substituting 𝐷
fiber link length is symmetric; one obtains the fiber link delay
asymmetry as
𝐴 (𝜆) = ((𝑇2 − 𝑇1 ) + (𝑇4 − 𝑇3 )) × (

𝜂𝑓 (𝜆) − 𝜂𝑟 (𝜆)
𝜂𝑓 (𝜆) + 𝜂𝑟 (𝜆)

) . (8)

Substituting (8) into (7), one obtains the estimated phase
offset 𝜃̂ as
(𝑇 − 𝑇1 ) − (𝑇4 − 𝑇3 )
1
𝜃̂ = ( 2
) − ((𝑇2 − 𝑇1 ) + (𝑇4 − 𝑇3 ))
2
2
×(

𝜂𝑓 (𝜆) − 𝜂𝑟 (𝜆)
𝜂𝑓 (𝜆) + 𝜂𝑟 (𝜆)

).
(9)

The second term in (9) represents the fiber link delay
asymmetry compensation. If the same wavelength is used
both on forward and backward paths (i.e., 𝜂𝑓 (𝜆) = 𝜂𝑟 (𝜆)),
then (9) becomes
(𝑇 − 𝑇1 ) − (𝑇4 − 𝑇3 )
𝜃̂ = ( 2
).
2

(10)

If there is a fiber length difference 𝛽 between forward
and backward paths, this will cause 𝛽 ⋅ 𝜂(𝜆)/2𝑐 error in
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̂ For example, when 𝜂 is 1.4682
the estimation of phase offset 𝜃.
at 𝜆 = 1550 nm, the estimated phase offset will have about
2.449 ns of error per meter of length asymmetry, which is
related to the group delay (about 4.897 ns per meter).
3.2. Reducing Link Length Asymmetry. In a practical communication network, the link length asymmetry could be
diminished to a tolerable extent if the fiber links are well
designed at the beginning. An illustration of bidirectional and
unidirectional protection switches in existent network fault
management is shown in Figure 6. Bidirectional protection
switch can minimize link length asymmetry (𝛽) because twoway time transfer (TWTT) takes place within one cable. The
cable asymmetry 𝛽 should be within two meters (𝛽 < 2 m);
this requires good cabling control. However, unidirectional
protection switch TWTT takes place in separate cables, where
the working and protection cables may not be in equal link
length (i.e., 𝐿 𝑤 ≠𝐿 𝑝 ). In the current field trials, some budget
is allocated for link length asymmetry unless the accurate link
length asymmetry is manually measured and compensated.

4. In-Band Link Delay Asymmetry Analysis
The dispersion of single-mode optical fiber (e.g., SMF-28 that
meets the requirements of ITU-T Recommendation G. 652)
is
𝜆4
𝜆𝑆
𝐷̄(𝜆) = 𝑜 (1 − 4𝑜 ) ,
8
𝜆

(11)

where 𝑆𝑜 (≤ 0.092 ps/(nm2 ⋅km)) is the zero dispersion
slope, 𝜆 𝑜 (1302 nm ≤ 𝜆 𝑜 ≤ 1322 nm) is the zero dispersion wavelength (𝜆 0 = 1310 nm in the following calculation), and 𝜆 (1200 nm ≤ 𝜆 ≤ 1600 nm) is the operating
̄ are
wavelength [15]. The index of refraction 𝜂 and 𝐷(𝜆)
̄
related by (1/𝑐)(𝜕𝜂/𝜕𝜆) = 𝐷(𝜆),
which is then written
as
𝜆
𝜂 (𝜆) 𝜂 (𝜆 𝑜 )
=
+ ∫ 𝐷̄(𝜆) 𝑑𝜆.
𝑐
𝑐
𝜆𝑜

(12)
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After integrating, we find that
100
2

𝜆2
𝜂 (𝜆) 𝜂 (𝜆 𝑜 ) 𝑆𝑜 2
−
= 𝜆 (1 − 2𝑜 ) .
𝑐
𝑐
8
𝜆

𝐴
=
𝐿

𝑐

−

𝜂𝑟 (𝜆 𝑟 )
𝑐

A (ns)

Substituting (13) into (1), the fiber link delay asymmetry per
km (𝐴/𝐿) is
𝜂𝑓 (𝜆 𝑓 )

80

(13)

60
40
20

2

2

𝜆2
𝜆2 }
𝑆 {
= 𝑜 {𝜆2𝑓 (1 − 2𝑜 ) − 𝜆2𝑟 (1 − 2𝑜 ) } ,
8
𝜆𝑟
𝜆𝑓
{
}

(14)

where 𝜆 𝑓 and 𝜆 𝑟 are the wavelengths in the forward and
backward directions and are defined based on ITU wavelength grid specification. The fiber link delay asymmetry 𝐴(𝜆)
depends on the wavelength spacing {𝜆 𝑓 , 𝜆 𝑟 } and also fiber
link length (𝐿) as shown in (14). The calculated values of
𝐴(𝜆) versus 𝐿(km) for {𝜆 𝑓 = 1569 nm, 𝜆 𝑟 = 1530 nm} in
C-band and {𝜆 𝑓 = 1610 nm, 𝜆 𝑟 = 1570 nm} in L-band are
depicted in Figure 7.
Based on (14), the maximum fiber link delay asymmetry for the two extreme wavelengths is about 𝐴/𝐿 =
0.6795 ns/km in C-band (i.e., 1530 nm ≤ 𝜆 ≤ 1569 nm)
and 𝐴/𝐿 = 0.78854 ns/km in L-band (i.e., 1570 nm ≤ 𝜆 ≤
1610 nm). This link delay asymmetry introduces significant

0
0

20

40

60
80
L (km)

100

120

L-band
C-band

Figure 7: Fiber link delay asymmetry 𝐴(𝜆) versus transmission
distance 𝐿(km), where {𝜆 𝑓 = 1569 nm, 𝜆 𝑟 = 1530 nm} in C-band
and {𝜆 𝑓 = 1610 nm, 𝜆 𝑟 = 1570 nm} in L-band.

time error (i.e., phase offset) within 0.3397 ns/km in C-band
(e.g., 𝐿 = 100 km, phase offset ≤ 33.97 ns) or 0.3943 ns/km
in L-band (e.g., 𝐿 = 100 km, phase offset ≤ 39.43 ns). The
above results are summarized in Table 1.
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Table 1: Maximum fiber link delay asymmetry for the two extreme
wavelengths.
Link delay
asymmetry
𝐴(𝜆)
𝐿

C-band
1530 nm ≤ 𝜆 ≤ 1569 nm

L-band
1570 nm ≤ 𝜆 ≤ 1610 nm

≤0.6795 ns/km

≤0.78854 ns/km

For accurate time/phase transport, we have to take care of
the fiber link delay asymmetry 𝐴(𝜆), especially for long haul
transmission. Nevertheless, this error may be canceled out to
̂ by T-BC (6). The OTN
some extent relying on the estimate 𝐷
control plane contains global route information, which may
play an important role in the asymmetry calibration process
[10]. The network management system (NMS) is responsible
for configuring the network including the wavelength (𝜆)
̂ by the Tassignment, collecting the mean fiber link delay (𝐷)
BC, and processing the fiber link delay asymmetry (𝐴(𝜆)) in
(8) to determine the asymmetry compensation in the timing
chain. The sum of 𝐴(𝜆) in the timing chain can be written as
𝐴 𝑇 (𝜆 𝑓 , 𝜆 𝑟 ) = 𝐴 1 (𝜆 𝑓1 , 𝜆 𝑟1 ) + 𝐴 2 (𝜆 𝑓2 , 𝜆 𝑟2 )
+ ⋅ ⋅ ⋅ + 𝐴 𝑁 (𝜆 𝑓𝑁, 𝜆 𝑟𝑁) ,

(15)

where 𝐴 𝑖 (𝜆 𝑓𝑖 , 𝜆 𝑟𝑖 ) = 0 for 𝜆 𝑓𝑖 = 𝜆 𝑟𝑖 . An illustration of
asymmetry compensation support from OTN control plane
is shown in Figure 8.
The integrity of transferring accurate time/phase synchronization over OTN and PTN with Sync-E networks
is shown in Figure 9. Figure 9 is based on the full timing support (e.g., T-BC) from the network architecture as
described in ITU-T G.8275.1, with the addition of frequency
support (e.g., syntonized T-BC) being considered to improve
time/phase recovery accuracy [16, 17]. The timing chain
normally would be 11 hops (e.g., 10 T-BCs) and can extend
to 15 hops (e.g., 14 T-BCs); this requires tight time error
components control [18]. T-BC corrects the time/phase in
the various network nodes and also provides a set of performance metrics including mean path delay and current
offset from master [14]. As the PRTC cooperate with PRC
(shown in Figure 9), the coherence between the frequency
and time/phase planes can be realized, and this allows extending the time/phase holdover period during GNSS failures.
Furthermore, a unified IEEE1588v2 management approach
offers a compelling set of operational advantages including
the ability to perform end-to-end performance analysis and
troubleshooting.

5. Conclusion
The In-band fiber link delay asymmetry due to the use
of different wavelengths in the two directions should be
taken into account, especially for long haul transmission.
This introduces significant time error (i.e., phase offset)
within 0.3397 ns/km in C-band or 0.3943 ns/km in L-band
depending on the wavelength spacing.

With the proposed scheme in this paper, the fiber link
delay asymmetry can be compensated relying on the estimated mean fiber link delay by the T-BC mode and the
NMS to compute the delay asymmetry in the timing chain.
To deploy IEEE1588v2, bidirectional protection switch can
minimize link length asymmetry in contrast to unidirectional
protection switch.
It is an essential prerequisite to shorten the number of a
T-BC chain, which can limit the impact of asymmetries. Furthermore, the integrity of transferring accurate time/phase
synchronization over OTN and PTN with Sync-E networks
can simplify network architecture, reduce OPEX, and make
the network easy to maintain.
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Understanding the underlying community structure is an important challenge in social network analysis. Most state-of-the-art
algorithms only consider structural properties to detect disjoint subcommunities and do not include the fact that people can belong
to more than one community and also ignore the information contained in posts that users have made. To tackle this problem, we
developed a novel methodology to detect overlapping subcommunities in online social networks and a method to analyze the
content patterns for each subcommunities using topic models. This paper presents our main contribution, a hybrid algorithm
which combines two different overlapping sub-community detection approaches: the first one considers the graph structure of the
network (topology-based subcommunities detection approach) and the second one takes the textual information of the network
nodes into consideration (topic-based subcommunities detection approach). Additionally we provide a method to analyze and
compare the content generated. Tests on real-world virtual communities show that our algorithm outperforms other methods.

1. Introduction
The community finding problem [1] is key to understanding
several different problems in social networks and other
areas, for example, how these evolve through time [2], how
information spreads in (online) human networks, and spam
detection [3], among others.
Most community finding algorithms perform hard clustering on human networks based only on structural criteria,
such as finding clique structures. Therefore, every member of
a social network is assigned to only one community. However,
we know that people can belong to more than one community
(or subset of people with the same interests). Another shortcoming of these algorithms is that they ignore the content
generated by the members of the community, where every
post can let us improve the detection of the communities
to which a member belongs. Methodologies showing that
topics can be used to understand the dynamics of community
structures are presented in Ding [4] and Yan et al. [5].
However, these methodologies are not comparable with our
work. Thus, we decided to develop an algorithm to detect
such communities allowing a member to participate in more
than one community including semantic information. This
is known as the overlapping community discovery problem.

We benchmarked several algorithms, and we selected the
best two algorithms for evaluating our algorithm, which
are COPRA [6] and speaker-listener propagation algorithm
(SLPA) [7]. We also used the speaker-listener topic propagation algorithm (SLTA), created by our group, which also
performs well, as reported in [8].
Since 2009 we have stated the need for adding the semantic information of written comments by community members
in order to perform online social network analysis (SNA)
in a better (closer to reality) manner. This means extracting
meaningful information leaving aside interactions which do
not contribute to the main topics of human communication
that are called online social network noise. We have proposed
semantic filters to tackle this problem, reducing noise and
showing good results in identifying key-members (central
nodes) [9, 10], detecting preferences [11], and detecting a
community (without overlapping) [12], among others.
This time, our main contribution is a new community
finding algorithm (TPA) which allows members to belong
to more than one community. Our algorithm (TPA) considers both structural properties of posted messages and the
semantic information of posted content. We compared TPA
to the best state-of-the-art algorithms, discovering that TPA
outperforms them. In addition, we incorporate a method
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to interpret the content generated in each of the identified
subcommunities, which is very useful when the activity in a
social network is described.
This paper is structured as follows. In Section 2, previous
work on detecting context-dependent communities in social
networks is introduced. In Section 3, the proposed methodology and TPA algorithm are presented. In Sections 4 and 5
we present an experimental setup for an online community,
and its results are discussed. Finally in Section 6, we establish
the main conclusions of this work and indicate directions for
future research.

2. Related Work
A great number of algorithms have been developed using a
variety of methods [1, 13–15]; these vary in their effectiveness and time performance for different types of networks.
This section summarizes three algorithms for overlapping
community detection. Then, algorithms are benchmarked in
unsupervised manner; therefore, we used link-based modularity [16] as a clustering quality measure for these algorithms.
2.1. Algorithms
2.1.1. Community Overlap PRopagation Algorithm (COPRA).
COPRA
(http://www.cs.bris.ac.uk/∼steve/networks/software/copra.html) [6] is an algorithm based on the label
propagation technique of Raghavan, Albert, and Kumara,
but it is able to detect communities that overlap. Like
the original algorithm, vertices have labels that propagate
between neighboring vertices so that community members
reach a consensus on their community membership, each
node updating the coefficients that belong to it by averaging
the coefficients from all its neighbors at each time step in a
synchronous fashion.
2.1.2. Speaker-Listener Propagation Algorithm (SLPA). SLPA
(https://sites.google.com/site/communitydetectionslpa/) [7]
is a general speaker-listener based information propagation
process. It spreads labels between nodes according to pairwise
interaction rules. Unlike other algorithms, where a node forgets information gained in previous iterations, SLPA provides
each node with a memory for storing received information
(i.e., labels). The membership strength is interpreted as the
probability of observing a label in a node’s memory. In
SLPA we need to determine the following: (1) how to spread
node information to other nodes and (2) how to process
the information received from other nodes. The critical issue
related to both questions is how information should be
maintained.
2.1.3. Speaker-Listener Topic Propagation Algorithm (SLTA).
SLTA [8, 17] is a modification of the speaker-listener propagation algorithm (SLPA) [7]. In SLPA, the memory of each
node is initialized with the node’s id. SLTA follows this idea
but applies a different initialization process. SLTA mimics
human pairwise communication behavior. At each communication step, each node serves as both a speaker (information
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provider) and a listener (information consumer). Specifically,
each node broadcasts a topic of interest to neighbors and at
the same time receives an indication of interest from each
neighbor.
2.2. Evaluation Criteria: Link-Based Modularity. To measure
the quality of a cover (a cover of network is defined as a set
of clusters such that each node is assigned to one or more
clusters and no cluster is a proper subset of any other cluster)
produced by overlapping detection algorithms on real-world
social networks, where the ground truth is usually unknown,
most measures extend the framework of modularity 𝑄 for a
disjoint partition [18], which is given as
𝑄=

𝑘𝑖 𝑘𝑗
1
],
∑ ∑ [𝐴 𝑖𝑗 −
2𝑚 𝑐 𝑖,𝑗∈𝑐
2𝑚

(1)

where 𝑐 is a community, 𝐴 𝑖𝑗 is the element of the adjacency
matrix for nodes 𝑖 and 𝑗, 𝑚 = (1/2) ∑𝑖𝑗 𝐴 𝑖𝑗 is the total number
of edges, and 𝑘𝑖 is the degree of node 𝑖 (each network node
corresponds to an individual in the community).
In this paper we will use an extension of modularity based
on the belonging coefficients of links proposed by Nicosia
et al. [16]; this extension of modularity is used to evaluate
the goodness of overlapped community decomposition. The
Nicosia modularity is defined as
𝑁𝑖
=
𝑄𝑜V

𝑘𝑖out 𝑘𝑗in
1
out
in
𝛽𝑙(𝑖,𝑗),𝑐
],
∑ ∑ [𝛽𝑙(𝑖,𝑗),𝑐 𝐴 𝑖𝑗 − 𝛽𝑙(𝑖,𝑗),𝑐
𝑚 𝑐 𝑖,𝑗∈𝑉
𝑚

(2)

where 𝛽𝑙(𝑖,𝑗),𝑐 is the community belonging coefficient 𝑐 of an
edge 𝑙 = (𝑖, 𝑗) which starts at node 𝑖 and ends at node 𝑗.
out
is the expected belonging coefficient of any possible
𝛽𝑙(𝑖,𝑗),𝑐
in
link 𝑙(𝑖, 𝑗) from node 𝑖 to node 𝑗 in community 𝑐 and 𝛽𝑙(𝑖,𝑗),𝑐
is
the expected belonging coefficient of any link 𝑙(𝑖, 𝑗) pointing
to node 𝑗 in community 𝑐. 𝑘𝑖out and 𝑘𝑖in are the out-degree
and the in-degree of node 𝑖, respectively, and 𝑉 is the set
of nodes. Note that if the modularity of an algorithm in a
community equals zero, it implies that the algorithm did not
find a community structure on this community and its output
is a cluster containing all the community members.

3. Proposed Model
This section is organized as follows: first, basic notation and
representation of documents are introduced; then, probabilistic models, network configuration, topic-based network
filtering, and a modified community detection algorithm are
presented.
3.1. Basic Notation and Concepts. Let us introduce some
concepts. In the following, let V be a vector of words that
defines the vocabulary to be used. We will refer to a word 𝑤, as
a basic unit of discrete data, indexed by {1, . . . , |V|}. A posted
message is a sequence of 𝑆 words defined by w = (𝑤1 , . . . , 𝑤𝑆 ),
where 𝑤𝑠 represents the 𝑠th word in the message. Finally,
a corpus is defined by a collection of P posted messages
denoted by C = (w1 , ..., w|P| ).
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Social networks and communities have been studied
by sociologists for many decades. They have proposed the
following types of communities: communities of interest,
communities of purpose, and communities of practice. In our
previous work, we showed that our methodology enhances
community detection in communities of practice (CoP).
Thus, to determine whether these results can be replicated
with other communities we focused on communities of interest (CoI) which have been studied by many researchers such
as Kosonen [19] and Porter [20]. The dark web corresponds
to virtual communities of interests (VCoI) [19, 20]. It gathers
together groups of members whose interests are shared on
different levels by the community users [10].
3.2. Topic Modeling. A topic model, for example, latent
Dirichlet allocation (LDA) [21], can be considered to be
a probabilistic model that relates documents and words
through variables which represent the main topics inferred
from the text itself. In this context, a document can be
considered as a mixture of topics, represented by probability
distributions which can generate the words in a document
given these topics. The inferring process of the latent variables, or topics, is the key component of this model, whose
main objective is to learn from text data the distribution of
the underlying topics in a given corpus of text documents.
With LDA, given the smoothing parameters 𝛽 and 𝛼
and a joint distribution of a topic mixture 𝜃, the idea is to
determine the probability distribution to generate—from a
set of topics T—a message composed by a set of 𝑆 words 𝑤
(w = (𝑤1 , . . . , 𝑤𝑆 )),
𝑆

𝑝 (𝜃, 𝑧, w | 𝛼, 𝛽) = 𝑝 (𝜃 | 𝛼) ∏𝑝 (𝑧𝑠 | 𝜃) 𝑝 (𝑤𝑠 | 𝑧𝑠 , 𝛽) , (3)
𝑠=1

where 𝑝(𝑧𝑠 | 𝜃) can be represented by the random variable
𝜃𝑖 ; this topic 𝑧𝑠 is present in document 𝑖 (𝑧𝑠𝑖 = 1). A final
expression can be deduced by integrating (3) over the random
variable 𝜃 and summing topics 𝑧 ∈ T.
3.3. Network Configuration. To build the social network
graph, the members’ interaction must be taken into consideration. In general, member activity is followed according to
participation in the forum. Likewise, participation appears
when a member posts a comment in the community. The
network will be configured according to the following:
nodes will represent VCoI members and arcs will represent
interactions among them. How to link the members and how
to measure their interactions to complete the network is our
main concern.
In this work we used an all-previous-reply network [9,
10, 22] to represent the VCoI network. This means when a
member creates a post in a thread, every reply following it will
be relayed to all the people who replied before on the thread.
In other words, we assume that the last reply is a broadcast
to all members who posted a comment before in that specific
thread. This type of network representation is the densest and
with the greatest number of interactions, and also the one
with the most noisy arcs. It is therefore the hardest on which

to apply data mining or social network analysis (SNA), and
from which to extract useful information.
3.4. Topic-Based Network Filtering. The main idea of semantic filters is to compare semantic information of two members’ posts with Euclidean distance. The semantic is extracted
or represented by topics, which are not keywords. If the
similarity is over a certain threshold 𝜃, an interaction will
be considered between them. We support the idea that this
will help avoid irrelevant interactions. For example, in a VCoI
with 𝑘 topics, let TB𝑗 be a post of user 𝑗 that is a reply to post
of user 𝑖 (TB𝑖 ). The cosine similarity between them will be
calculated with
𝑑𝑚 (TB𝑖 , TB𝑗 ) =

∑𝑘 𝑔𝑖𝑘 𝑔𝑗𝑘
2 ∑ 𝑔2
√∑𝑘 𝑔𝑖𝑘
𝑘 𝑗𝑘

,

(4)

where 𝑔𝑖𝑘 is the score of topic 𝑘 in the post of user 𝑖 (the
topic-post distribution obtained with LDA). It is clear that
the similarity exists only if TB𝑗 is a reply to TB𝑖 . After that,
the weight of arc 𝑎𝑖,𝑗 is calculated according to
𝑎𝑖,𝑗 =

∑
𝑖,𝑗
𝑑𝑚 (TB𝑖 ,TB𝑗 )≥𝜃

𝑑 (TB𝑖 , TB𝑗 ) .

(5)

Considering all posts P, the network is built following the
structure described in Section 3.3. In other words, for each
post of user 𝑖 in a thread, the arc 𝑎𝑖,𝑗 is added for each user 𝑗
who posted a comment on that thread. But we only consider
the arcs if the similarity of their messages is greater than or
equal to the threshold 𝜃 in (5). This way, we are able to filter
arcs by topic similarity to a specific thread’s topics.
3.5. Community Detection in Topic-Based Networks, Topic
Propagation Algorithm (TPA). This algorithm extends the
idea presented by Rı́os and Muñoz [8] where the topic used
most for a node is propagated in the network. In this algorithm, nodes interact among themselves following a certain
interaction rule, which updates the membership vector of
each node in an asynchronous process. The membership
vector for each node is initialized with its topic score’s vector
(see (6)). In summary, the proposed algorithm consists of the
following three stages.
(1) The membership vector of each node is initialized
with its topic score’s vector. The topic score’s vector is
computed using text mining techniques, specifically
LDA, which was applied in the topic modeling step
(see Section 3.2).
(2) Then, the following steps are repeated until the stop
criterion is satisfied.
(a) One node is selected as a candidate.
(b) The average membership vector of all neighbors
of the selected node is calculated.
(c) The candidate updates its membership vector
following a certain interaction rule between its
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membership vector and the average membership vector of its neighbors. Then, the candidate’s membership vector is normalized.
(3) Finally, the postprocessing based on the belonging
vectors of nodes is applied to output the communities.

In the initialization process, the membership vector of a
node 𝑖 is initialized with its topic score’s vector Ψ𝑖 ; Ψ𝑖 is a
vector where every component is the average score over all
post messages from user 𝑖. Mathematically,
Ψ𝑘𝑖

1
=
∑𝑞
|TB| 𝑙∈TB 𝑖𝑘𝑙

1
Ψ𝑖 =  𝑖  Ψ𝑖 ,
Ψ 

(6)
(7)

Ψ𝑖,𝑡 = Ψ𝑖,𝑡−1 + 𝜑 (Ψ𝑖,𝑡−1 , Ψ𝑛𝑖,𝑡−1 ) [Ψ𝑛𝑖,𝑡−1 − Ψ𝑖,𝑡−1 ]
(8)

After a modularity optimization process, we estimated the
function 𝜑(Ψ𝑖 , Ψ𝑛𝑖 ) as
𝜑 (Ψ𝑖 , Ψ𝑛𝑖 ) = exp (−

𝑡
).
4 log (𝑘)

𝐶𝑉𝑗𝑘

 𝑘 
𝑐V𝑗 
=     ,
∑𝑗∈𝐶 𝑐V𝑗𝑘 

(10)

where 𝑐V𝑗𝑘 = {𝑃𝑖𝑙 ∈ TB | 𝑞𝑖𝑘𝑙 ≥ 𝜅 and 𝑖 ∈ 𝐶𝑗 } and 𝑐V𝑗𝑘 is the set
of posts written by members of community 𝑗 who has a topic
score 𝑞𝑖𝑘𝑙 for topic 𝑘 greater than a threshold 𝜅 ∈ [0, 1].

4. Experimental Setup and Results

where TB is the set of users’ posted messages; 𝑞𝑖𝑘𝑙 is the score
of topic 𝑘 in post 𝑙 of user 𝑖.
Let Ψ𝑛𝑖 be the normalized average membership vector of
node 𝑖’s neighborhood. Then, the interaction rule between Ψ𝑖
and Ψ𝑛𝑖 at iteration 𝑡 updates the belonging vector of node 𝑖 as
follows:

1
Ψ𝑖,𝑡 =  𝑖,𝑡  Ψ𝑖,𝑡 .
Ψ 

a vector of length 𝐾, where 𝐾 is number of topics extracted for
corpus C. The component 𝐶𝑉𝑗𝑘 can be expressed as follows:

(9)

(𝑎) Stopping Criterion. We can stop at any time as long as
we collect sufficient information for postprocessing. In the
current implementation we simply stop when the predefined
maximum number of iterations 𝑇 is reached. Although TPA
is nondeterministic due to the random selection, it performs
well on average as shown in later sections. This algorithm
produces relatively stable outputs, independent of network
size or structure, when 𝑇 is greater than 20.
(𝑏) Postprocessing and Community Detection. Given the
membership vector of a node/member, a simple thresholding
procedure is performed to produce an overlapped assignment
of members to different communities. If the topic score of
certain component is greater than a given threshold 𝑟 ∈ [0, 1],
this node belongs to those communities. Thus, that node is
called an overlapping node.
3.6. Community Characterization. The aim of community
characterization is to find out what the community is talking
about. For this purpose, we propose the following methodology. Let 𝑇 = VC(𝑉, 𝐸) ∈ TVC be a virtual community and
𝐶1 , 𝐶2 , . . . , 𝐶|𝐶| a set of cover for virtual community 𝑇. For
each cover 𝐶𝑗 we define the content community pattern 𝐶𝑉𝑗 ,

The method presented in Section 3.5 was evaluated over a
dark web portal dataset. The dark web forum portal [23]
is a web-based knowledge portal which was created based
on a general framework for web forum data integration.
The portal incorporates the data collected from different
international Jihadist forums. These online discussion sites
are dedicated to topics relating primarily to Islamic ideology and theology. The dark web can be considered to be
a virtual community of interests (VCoI) whose members
are extremists who share and comment on their feelings
and interests with others who support their cause. Our
proposed methodology for overlapping community detection was applied to the IslamicAwakening English language based forum, available on ISI-KDD 2012 Website
(http://www.ischool.drexel.edu/isi-kdd2012/challenge.html).
Next, an analysis of topics extracted using LDA
(described in Section 3.2) is presented. Then, the network
topology construction is described by using all-previous-reply
oriented structures for the whole period. Finally, overlapping
community detection algorithms were applied, and their
results were compared with different LDA-filtered networks.
In order to validate the proposed method (described in
Section 3.5), we applied this method using five different LDAfiltered networks. To better understand the performance
of the proposed algorithm, we compared TPA with two
well-known algorithms, COPRA [6] and SLPA [7]. We also
compared TPA with SLTA [8, 17], a modified version of SLPA
which includes semantic information.
We used default parameter settings for most algorithms
where applicable. For TPA the maximum number of iterations 𝑇 was set to 30, and for SLPA and SLTA, this parameter
was set to 100. The threshold 𝑟 for SLPA and SLTA takes values in set {0.01, 0.05, 0.1, 0.2, 0.3, 0.4} and for TPA, parameter
𝑟 varies from 1/𝑘 to 5/𝑘 with an interval 1/2 𝑘, where 𝑘 is the
number of extracted topics. For the extracted communities
we measured and reported the maximum performance over
ten repetitions for TPA, SLPA, SLTA, and COPRA.
𝑁𝑖
in (2)
We selected overlapping link-based modularity 𝑄𝑜V
as a quality measure. Although modularity is a function of a
cover and a network, we sometimes refer to the modularity of
algorithm A on network N, referring to the modularity of the
cover produced by algorithm A when run on network N.
4.1. Topic Extraction. There are 7 years (2004–2010) of data
available. Posts were created by 2,792 members and extracted
topics were realized over 127,216 posts P and 244, 200 words
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Table 1: Ten most relevant words with their respective conditional probabilities for the five most relevant topics for all data from the
IslamicAwakening Forum.
Topic 19
“War”
Government (0.0140)
War (0.0113)
Military (0.0104)
Country (0.0091)
United (0.0089)
Security (0.0083)
Force (0.0079)
International (0.0059)
Official (0.0059)
American (0.0056)

Topic 15
“Terrorist attacks (general)”
Kill (0.0255)
Police (0.0180)
Soldier (0.0168)
Attack (0.0139)
Force (0.0137)
Military (0.0109)
Official (0.0105)
Security (0.0089)
Report (0.0086)
Army (0.0075)

Topic 33
“Political/terrorist trials”
Court (0.0149)
Guantanamo (0.0099)
Trail (0.0080)
Prison (0.0073)
Judge (0.0066)
Torture (0.0065)
Rights (0.0061)
Charges (0.0057)
Government (0.0056)
Arrested (0.0056)

in the vocabulary V by using a Java Gibbs sampling-based
implementation of LDA (http://jgibblda.sourceforge.net/)
previously described in Section 3.2.
The application of LDA over text content resulted
in {10, 50, 100} topics with 20 words and their respective probabilities. The most popular topics extracted from
the IslamicAwakening forum are presented in Table 1.
These topics represent the most popular ideas posted in the
forum when 100 topics are extracted.
4.2. Topic-Based Social Network Visualization. The graph has
many variables which modify its configuration [22].
(1) Time. One dimension that was not mentioned before
is time. The time period to be analyzed could be a
month, annually, or whole history of posts of the
network.
(2) Graph Filtering. Including the traditional nonfiltered
graph, the other four configurations correspond to
graphs filtered by topics, as presented in Section 3.4.
(3) Interaction Topology. According to the assumption
of who is replying, the all-previous-reply network
is considered. In this configuration every reply of a
thread will be a response to all posts which are already
in a specific thread.
To configure the network and have the graph representation, all of these three variables have to be decided. In this
work, three temporal virtual communities (TVC) of interest
are used. They are extracted from the same forum data, but
they have different time frames. We used 20 four-month time
frames for the period between January 2004 and August 2010.
Networks were built from 2004 to 2010 using three
different topic sets, and for comparisons, the threshold 𝜃 takes
values in set {0.0, 0.1, 0.2, 0.3, 0.4} for LDA-Filter, as explained
in Section 3.4. Then, for each interaction representation, the
result is a graph with the members who posted in a specific
period of time and has an interaction greater than or equal
to the filter threshold. We chose the LDA threshold to eliminate a large number of irrelevant interactions but without
excluding many members from the network. For example,
after applying the highest threshold over the one-year TVC,

Topic 54
“Religion (Allah)”
Allah (0.0141)
Prophet (0.0163)
Messenger (0.0141)
Peace (0.0118)
People (0.0113)
Lord (0.0107)
Day (0.0099)
Believer (0.0096)
Bless (0.0084)
Quran (0.0077)

Topic 51
“Islamic religion”
Islamic (0.0254)
Muslim (0.0176)
Islam (0.0159)
World (0.0126)
Religious (0.0107)
Society (0.0104)
People (0.0086)
Law (0.0083)
Political (0.0078)
Western (0.0070)

the networks have, on average, 25% fewer interactions but we
excluded only 5% of the members.

5. Overlapping Community Detection
Our results are shown in Figure 1. Figure 1 shows results
obtained after applying the methodology described in
Section 3 for all four-month TVCs available. This figure
𝑁𝑖
, see
shows the maximum link-based modularity (𝑄𝑜V
Section 2.2) over ten repetitions for algorithms considered
in this work. Despite using three different topic sets to detect
overlapping communities, we only present those results with
the highest average modularity which were obtained using
50 topics.
Results show that TPA achieves, on average, a modularity
measure of 0.33 while the best state-of-the-art algorithm
achieves only 0.043 when it is applied over a VCoI. Nonetheless, there are no different results when the semantic filter
applied over the networks is increased. We excluded results
with a modularity measure that equals zero from this analysis
because of the distortion that occurs when the average is
calculated.
According to sociological theory, it is expected that
VCoI’s members are related to one another because they share
the same interests. Therefore, all users should belong to the
same community. Most algorithms capture this; they find
only a cover which contains all members. Nonetheless, TPA is
able to detect several subcommunity structures. We will see
below that detected community structures define groups of
members that share almost all the content generated within
them, and they differ only in a few topics while most state-ofthe-art algorithms cannot detect these groups because they
do not include semantic information as TPA.
In Figure 1 we do not observe a clear advantage of one
algorithm over the other in the period between 2004 and
2006 (see abscissa points from 1 to 9). However, TPA achieves
a clear advantage for the period between 2007 and 2010
(see abscissa points from 10 to 20), because during this
period the VCs become denser, making it more difficult for
traditional algorithms to find a community structure using
only structural properties, and discovered subcommunities
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Figure 1: Algorithm modularity comparison for four-month TVC. (Figures include the period from Jan. 2004 to Aug. 2010.)

are only explained due to subtle changes in the content
spoken in each one of them, which is captured by TPA. We
obtained similar TPA behavior regardless of the semantic
filter (𝜃) applied. Remember that if the modularity of some
algorithm on a VC equals zero, it implies that the algorithm
did not find a community structure on this VC and its output

is a cluster containing all the VC’s nodes. This means that our
algorithm systematically discovers overlapping communities,
while other algorithms do not discover any community
structures.
After analyzing the effect of different semantic filters on
the quality of overlapping community detection on VCoI, it
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Figure 2: Effects of different semantic LDA-Filter on algorithms using one-month TVC (we include 2009).

is possible to see that there are no significant differences. In
Figure 2 we illustrate the effect of LDA-Filters on overlapped
community detection performance using one-month TVC
for the year 2009.
Findings. The former is very important since in a previous
work using virtual communities of practice (VCoP) [17] we
discovered that semantic filters do affect overlapping community detection performance. In other words, the modularity
of SLTA and SLPA is higher when the semantic threshold is
higher; that is, irrelevant interactions are deleted. Therefore,
less noise is processed and more communities are found. This
means that the type of virtual community being processed
affects the outcome of the algorithms.
We can state that we have changed the actual idea of
community, requiring that at least two nodes have an edge
connecting each other to belong to the same community. In
our case, we extended that notion since—in addition to a
connected subgraph—we also used the members’ interaction
semantic information, which means that two nodes belong

to the same community if they are also interested in the
same topics. This allows us to identify better groups and
find much better communities, where every community is
characterized according to the methodology developed in
this work (see Section 3). In Figure 3, we show communities
detected through TPA for a 2005 data network (LDA-Filter
0.1). Multicolor nodes indicate overlap nodes/members. This
figure illustrates the new concept of community where two
nodes do not need to be connected to belong to the same
community, while they share the same interest. Our object
is that this new definition of community will allow obtaining
results that are closer to reality while gathering better information for analysts. This new information can be used from
recommender systems to community management or even
community moderation.
5.1. Community Characterization. In this section, detected
overlapping communities are characterized according to the
methodology proposed in Section 3.6.
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Table 2: Three largest communities for 2005-VC (0.1).
Topic

Top 10 words

Largest community
members = 50

Topic 12 (0.043)
Topic 11 (0.043)
Topic 27 (0.043)
Topic 47 (0.043)
Topic 40 (0.041)

Ibn, hadith, imam, abu, book, narration, ahmad, al, weak, Muhammad
People, time, feel, talk, person, bad, life, understand, live, start
Allah, people, lord, heart, love, believer, day, person, life, prophet
Quote, posted, originally, bro, akhi, abumuwahid, ahmed, brothermujahid, waziri, wild
Sheikh, al, ibn, Muhammad, scholar, bin, Abdullah, book, lecture, anwar

Second community
members = 21

Topic 47 (0.055)
Topic 11 (0.045)
Topic 27 (0.045)
Topic 10 (0.038)
Topic 12 (0.033)

Quote, posted, originally, bro, akhi, abumuwahid, ahmed, brothermujahid, Waziri, wild
People, time, feel, talk, person, bad, life, understand, live, start
Allah, people, lord, heart, love, believer, day, person, life, prophet
Salafi, people, call, sunnah, dawah, issue, aqeedah, scholar, qutb, manhaj
Ibn, hadith, imam, abu, book, narration, ahmad, al, weak, Muhammad

Third community
members = 17

Topic 27 (0.067)
Topic 47 (0.054)
Topic 11 (0.054)
Topic 34 (0.047)
Topic 29 (0.040)

Allah, people, lord, heart, love, believer, day, person, life, prophet
Quote, posted, originally, bro, akhi, Abumuwahid, ahmed, brothermujahid, waziri, wild
People, time, feel, talk, person, bad, life, understand, live, start
Sufi, music, sheikh, tasawwuf, love, listen, people, sound, call, singing
Alaykum, assalam, wa, salam, inshallah, assalamu, rahmatullah, hope, forum, false

Community

Com1

Com2

Com3

Figure 3: Dark web portal 2005 LDA-filtered network, with LDAFilter 0.1.

Figure 4 shows the content pattern for the three largest
communities detected in filtered 2005-VC with LDA-Filter
𝜃 = 0.1 and 𝜃 = 0.2. Each content pattern shows the topic
distribution over each community. In this case, it is possible
to see how different content patterns are when communities
for the same filtered VC are analyzed; this is likely to happen
because the communities were formed towards different
interest topics. On the contrary, when communities of similar
size are analyzed across different filtered 2005-VC it is possible to see that the content for each does not change when we
apply different semantic filters. These properties are expected
of any semantic-based community description. First, it is
expected that detected communities in the same VC are
described by different topic distributions. Finally, the content,
that is, topic distribution within a community, is independent

of irrelevant interactions. Therefore, topic distribution for a
community does not change when a semantic filter is applied,
since its topics are always its topics.
After applying TPA algorithm for each LDA-filtered
network, the content community pattern for the largest
community detected remains the same (see Figure 5). Despite
the fact we applied different semantic filters, it is possible to
see that there is no change in community content pattern.
This example corroborates the idea explained above; the
community content pattern is constant even if a semantic
filter is applied. This can be explained for the methodology
used to characterize a community, where we only included
components over a threshold in our analysis. This lets us
avoid the inclusion of irrelevant topics within a community,
leaving only the core meaning of every post.
As an example we applied the methodology described in
Section 3.6 to 2005-VC with a semantic filter 𝜃 = 0.1. We
characterized the TPA’s output which obtained the highest
modularity after ten iterations.
Table 2 shows the three largest communities detected
based on the 2005-VC with LDA-Filter 0.1 by the TPA
community detection approach. For each community, the five
topics with the highest score are shown. In this example, we
can see that, within the five most relevant topics for each
community, three of them are shared by all communities ((1)
live life quotes, (2) profiles (forum), and (3) Islam in general)
and just two of them let us characterize the content generated
by community members.

6. Conclusions
Community discovery on social networks is a hot topic which
affects many different areas from recommender systems to
community management or even community moderation.
However, most algorithms detect hard communities, which
means that every member belongs to only one discovered
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Figure 4: Content community pattern of the three largest communities detected through TPA on 2005-VC.
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Figure 5: Content community patterns of the largest communities detected through TPA on 2005-VC with several semantic filters.
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community. This is far from reality since most people have
more than one interest; therefore, they usually belong to
more than one community. This is called the overlapping
community detection problem and only a few algorithms
exist.
In this paper, we report our work in which we developed a
new overlapping community discovery algorithm called the
topic propagation algorithm (TPA) to tackle the problem of
overlapping community detection. Our algorithm incorporates the sociological point of view that people have multiple
interests and that communities reflect those interests. Thus,
our algorithm takes advantage of a topic model, semantic
filters, and social network representation.
We benchmarked our algorithm with COPRA, SLPA,
and SLTA, which are state-of-the-art overlapping community
detection algorithms. We tested all algorithms using a realworld dataset corresponding to a virtual community of
interest (VCoI).
Experiments show that modularity results for TPA
discovering overlapping communities outperform those of
SLPA, SLTA, and COPRA. We also systematically obtained
better results when modifying the time frame analyzed or the
semantic filter threshold.
When our methodology is applied in order to detect
overlapping communities over a VCoI, the expectation is
that it will not detect subcommunity structure because all
VCoI’s members only share ideas and thoughts on a common
interest or passion but they do not share their knowledge and
expertise to learn more about a specific topic. After applying
our methodology we validated the underlying theory, finding
that our algorithms do not detect a better subcommunity
structure when the semantic filter is increased over a VCoI.
Moreover, only TPA is capable of finding a subcommunity
structure on a VCoI because TPA includes semantic information to detect overlapping communities and it is able to
capture groups which differ only in a few topics.
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With the expansion of distributed multiagent systems, traditional coordination strategy becomes a severe bottleneck when the
system scales up to hundreds of agents. The key challenge is that in typical large multiagent systems, sparsely distributed agents
can only communicate directly with very few others and the network is typically modeled as an adaptive complex network. In
this paper, we present simulation testbed CoordSim built to model the coordination of network centric multiagent systems. Based
on the token-based strategy, the coordination can be built as a communication decision problem that agents make decisions to
target communications and pass them over to the capable agents who will potentially benefit the team most. We have theoretically
analyzed that the characters of complex network make a significant difference with both random and intelligent coordination
strategies, which may contribute to future multiagent algorithm design.

1. Introduction
Multiagent system as a paradigm of distributed artificial intelligence has been popular in domains such as military, aeronautics, and disaster rescue. For example, large heterogeneous
multirobot teams respond to large-scale natural disasters [1],
performing future constructions and managing large civic
infrastructures [2], deploying large groups of unmannered
aerial vehicles and ground vehicles in military operations [3].
In those systems, the key is to build practical coordination
algorithms to be able to control the heterogeneous agents
toward their common objective. Although there have been
many popular research works towards this issue [4], when
state of the art applications require more and more agents,
existing coordination approaches are not capable of addressing the new challenges of controlling hundreds of agents.
First of all, network structure has been a key attribute to
the success of coordination algorithm design. For example,
when a large team of robots are deployed, they are always
sparsely distributed. With the restrictions of wireless communication coverage, agents may only be able to communicate
directly with very a few of the others. Therefore, similar to
human society dynamic infrastructure, each time, agents only
closely coordinate with few teammates via communication

networks either logically or physically, while they communicate with all the others with multihops of retransmission.
Secondly, multiagent systems are required to react to
dynamic and partially observable environment with agents’
independent decisions. Because of the nature of the multiagent application domains, agents are always in a complex,
dynamically changing, and, in some cases, hostile environment. To react to the critical domain events, they have to
intellectually adapt to the dynamic changes and coordinate
themselves with their own observation and knowledge. In
this process, network is critical to either make agreement
on agents’ joint activities or receive information to support
agents’ decisions when it cannot be completely observed.
Thirdly, coordination is a complex process since several
distributed algorithms are required to interact to produce
agile, cohesive, and efficient coordinated behavior. Typical
coordination requires different aspects of subtasks interacted
between networked agents, such as sharing information on
external environmental events [5], allocating individual tasks
for joint actions [6], and sharing exclusive resources [7].
The communication network is a major bottleneck to an
efficient and scalable coordination. Existing algorithms for
small team coordination, that is, blackboard [8] or specific
centralized agents [9], relying on excessive communication
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protocols are either infeasible, undesirable, or too expensive
in large-scale teams. To reduce communication and make the
decentralized coordination possible, agents should attempt to
target their communications. However, it is a chicken-andthe-egg puzzle where communication is required for sharing
knowledge while rich localized knowledge is indispensable to
target communications.
In summary, with the expansion of the multiagent system,
network has been a key factor to model team coordination.
It is indicated, in related works [11], that different topologies may significantly change the performances over the
same controlling protocol. The key of simulating multiagent
coordination is to solve the problem of how decentralized
agents are interacting over communication network, so that
different aspects of coordination tasks can be realized to reach
their common goal. Although popular network simulation
tools such as NS2 [12] and OPNET [13] are able to simulate
the performances of typical distributed system applications,
they are not able to simulate the multiagent coordination in
large-scale systems. We summarize the reasons as follows.
(1) Agents use proactive decision model to interact with
others and dynamically choose who to communicate with,
instead of traditional predefined reactive communication
protocol.
(2) Agents are required to build local knowledge base and
dynamic reasoning model to make decentralized coordination decision, which are not possible to be encoded in those
network simulation tools.
(3) Agents are required to communicate many complex
semantic data such as domain information, tasks, and sharable resource with others. But these data cannot be uniformly
abstracted as communication packages as most network
simulators do.
Although there have been existing multiagent team coordination simulators, most of them cannot simulate the
large-scale networked multiagent system well. For example,
Machinetta [14] that simulated the multiagent coordination
in real domain, ignored the complexity of network structure
and only modelled agents in a small team with a complete network. Framework for task analysis, environment modeling,
and simulation (TAEMS) [15] uses a partial global planning
(PGP) framework [16] for domain-independent decision
making in handling uncertainty in the environment. It is built
based on a hierarchical network architecture. Other decentralized coordination simulators, such as LA-DCOP [17], are
only capable of partial coordination subtasks. In this paper,
we will analyze the characters of complex networks which will
make a significant difference in the multiagent coordination,
and based on these observations, we put forward a novel
approach to model and simulate coordination in networked
multiagent systems. The simulator is capable of simulating
the major aspects of coordination including information
sharing, task assignment, and resource allocation. The key
is to simulate how agents interact over the network so that
agents can carry out their joint activity toward their common
objective. The most prominent advantage of the simulator
is that it allows a large number of parameters critical to the
coordination to be adjusted and also allows statistics to be
recorded; especially, it is able to initiate the agents in different
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network topologies by taking the complex network effects
into consideration. These variations and records are helpful
to verify the efficiency of coordinating large-scale networked
multiagent systems.

2. Coordination for Multiagent System
The coordination for a multiagent system 𝐴 = {𝑎1 , 𝑎2 , . . . , 𝑎𝑛 }
can be described as follows. Networked agents share a top
level common goal Goal (as in [18]), and achieving Goal
requires achieving a number of subgoals {𝑔1 , 𝑔2 , . . . , 𝑔𝑖 , . . .}.
When subgoal 𝑔𝑖 is satisfied, the team will receive a reward
reward𝑖 . For example, subgoals of a high level goal to respond
to a disaster might be to extinguish fires and provide medical
attention to injured civilians. To satisfy subgoals, the team follows a set of Plan = {plan1 , plan2 , . . . , plan𝑖 , . . .} represented
in a library [19]. Each plan 𝑖 includes four parts and is written
as plan𝑖 = ⟨𝑔𝑖 , conditions𝑖 , tasks𝑖 , reward𝑖 ⟩. The first element
is the subgoal 𝑔𝑖 ; the second is the conditions under which it is
applicable, conditions𝑖 = event1 ∩event2 ∩⋅ ⋅ ⋅∩event𝑙 ; the third
element is the individual tasks tasks𝑖 = {𝑟1 , 𝑟2 , . . . , 𝑟𝑘 } which
are required to achieve 𝑔𝑖 and the last part, the reward𝑖 , is to
be received by the team on successful satisfaction of 𝑔𝑖 . Each
task 𝑟𝑖 = ⟨𝑔𝑖 , capability𝑖 , res𝑖 ⟩ is represented by its subgoal 𝑔𝑖
carried out by a single agent with the required certain kind
of capability𝑖 and res𝑖 (which would be introduced below),
that is, a description of the actual things for the agent to do to
realize the subgoal 𝑔𝑖 .
For example, a fire fighting plan can be
modeled as follows: planfire = ⟨(Fight fire at location 𝑋),
(Fire alarm at 𝑋 ∩ Smoke at 𝑋), {𝑟1 , 𝑟2 , 𝑟3 }, (100)⟩. This
plan requires two conditions before it is initiated: a fire alarm
and smoke. After this plan is initiated, three tasks, {𝑟1 , 𝑟2 , 𝑟3 }
need to be assigned and a reward 100 will be credited to
the team. The three tasks in the plan are driving the fire
truck, fighting the fire, and searching for victims; that is,
𝑟1 = ⟨(driving the fire truck), (skillful in driving truck),
(fire truck)⟩, 𝑟2 = ⟨(fighting the fire), (have training in fire
fighting), (hose, water)⟩, and 𝑟3 = ⟨(searching for victims),
(none), (breathing equipment)⟩. To perform 𝑟1 , an agent is
required to be able to drive and have access to a fire truck
which is an exclusive resource.
In a heterogeneous multiagent system, each agent may
have different capabilities to perform different tasks. For
example, in the fire rescuing, the capable agents may be
able to drive the fire truck, fight fire, or search for the
wounded. However, when performing the same task, agents
with different capabilities make different performances; for
example, a fireman is more capable than an inexperienced
citizen in a fire fighting. Therefore, we define a function
capability(𝑎𝑖 , 𝑟) to denote the capability of agent 𝑎𝑖 to perform
task 𝑟. If the agent’s capability is more than 𝑟’s threshold, it
is able to perform the task. A reward will be received by the
system when an agent finishes a task. It is a function of an
agent’ capability and task, as well as the resources the agent
has. Specifically,
reward (𝑎𝑖 , 𝑟, Holds (𝑎𝑖 )) → R.

(1)
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The function Assigned(𝑎𝑖 , 𝑟) = 1 if agent 𝑎 is assigned to task
𝑟; otherwise it is equal to 0. At any time, a task could only be
assigned to at most one agent; that is, ∑𝑎𝑖 ∈𝐴 Assigned(𝑎𝑖 , 𝑟) ≤
1.
Networked agents always require sharable resources to
perform tasks. These resources, 𝑅 = {res1 , . . . , res𝑚 }, are
discrete and nonconsumable. Agent 𝑎𝑖 has exclusive access
to resources Holds(𝑎𝑖 ) ⊆ 𝑅. Only one agent may hold
a resource at any point of time; that is, for all 𝑎𝑖 , 𝑎𝑗 ∈
𝐴, 𝑎𝑖 ≠𝑎𝑗 , Holds(𝑎𝑖 ) ∩ Holds(𝑎𝑗 ) = 0.
The coordination problem is to maximize the rewards to
the team, while minimizing the costs of coordination. The
overall reward is simply
∑ ∑ Assigned (𝑎𝑖 , 𝑟𝑖 ) Reward (𝑎𝑖 , 𝑟𝑖 , Holds (𝑎𝑖 )) .

𝑎𝑖 ∈𝐴𝑟𝑖 ∈task𝑖

(2)

The costs of coordination can be very general and in some
cases difficult to define. Here we are specifically concerned
with only the volume of communication.

3. Networked Agents
According to the characters of networked agents that they
can only directly interact or communicate with very few of
others over the network, the organization of the multiagent
system can be abstracted as an undirected network 𝐺 = (𝐴, 𝐸)
as shown in Figure 1 [20]. In this model, 𝐴 is the agent set,
and 𝐸 is the set of edges where if 𝑒𝑘 = ⟨𝑎𝑖 , 𝑎𝑗 ⟩, 𝑎𝑖 and 𝑎𝑗
can communicate with each other directly. Moreover, 𝑛(𝑎𝑖 )
is defined as the set of 𝑎𝑖 ’s neighbors that it can directly
communicate with.
𝐺 could be organized as different network topologies
based on the different properties of social networks. In our
simulation, we are mainly interested in four of them: random
network, grid network, small world network, and scale-free
network. Preliminary studies [21] found that each topology
encodes the following different fundamental properties.
(1) Average degree: 𝑑 = (1/𝑁) ∑𝑎𝑖 ∈𝐴 |𝑛(𝑎𝑖 )|.

(2) Degree distribution: 𝑝(𝑘) = Pr [𝑑 = 𝑘].

(3) Average distance: 𝑑ave = (1/𝑁(𝑁 − 1)) ∑∀𝑎𝑖 ,𝑎𝑗 ∈𝐴
distance (𝑎𝑖 , 𝑎𝑗 ). distance(𝑎𝑖 , 𝑎𝑗 ) defines the least number of hops to communicate between 𝑎𝑖 and 𝑎𝑗 .
Different network topologies can be described according
to the properties above. In our approach, we mainly take
consideration of the effects of small world and scale-free
network and use degree distribution to express the scale-free
effect and their average distance to express the small world
effect.

Figure 1: An example of large-scale multiagent network.

of all possible domain events, TASK = {task11,1 , task21,1 ,
. . . , task𝑘𝑖,𝑗 , . . .} is the set of potential available joint activities,
and RESOURCE = {res1 , res2 , . . . , res𝑘 , . . .} is all available
exclusive resources in team 𝐴. Multiagent coordination is
defined as Ξ = INF ∪ TASK ∪ RESOURCE. At each time,
the coordination element interacted between a pair of agents
over the network can be defined as 𝑡𝑐 ∈ Ξ, which is either
a domain event, a joint activity, or an exclusive resource.
By encapsulating tc, we can define the data structure of the
interaction between agents in the network as Token.
If we assume that agents will handle their own jobs well,
the objective of communicating token through networked
agents is to find capable agents who can perform the desired
task, use resource, or obtain the information, so that a subgoal
𝑔𝑖 will be achieved. The structure of any token Δ 𝑗 is written as
Δ 𝑗 = ⟨ID, 𝑡𝑐, path, threshold⟩. We assume that token cannot
be duplicated. When an agent is holding Δ 𝑗 , it takes over
control Δ 𝑗 .tc and will release Δ 𝑗 .tc if it is passed. Δ 𝑗 .path
records the sequence of agents where Δ 𝑗 has been passed.
Δ 𝑗 .path is also used as stop condition for information and
task tokens if |Δ 𝑗 .path| > Length. Length is predefined that
Δ 𝑗 is allowed to be passed to others before being stopped.
Threshold generalizes a threshold for resource and task
tokens that can be accepted by any agent. Only when the
capability or calculated desire of an agent is higher than
Δ 𝑗 .threshold, it can be accepted. Threshold can be dynamically adjusted to balance the needs of the whole system and
produce improved allocation performance. For example, if a
resource is highly competitive, it will enhance the threshold
to travel across the network to find a “better” accepter.
Otherwise, if it has traveled a long way over the network, the
threshold should be decreased to help to find anyone who can
make use of it, even if it may not be the best.

4. Networked Coordination Model
As the coordination problem modeled in Section 2, agents’
interactions over network are to carry out different aspects of
coordination subtasks to reach their common goal including
information sharing, task allocation, and resource sharing. INF = {event11,1 , event21,1 , . . . , event𝑘𝑖,𝑗 , . . .} is the set

5. Multiagent Communication Decision
As explained in Section 4, the objective of communicating
token is to find capable agents who can perform the desired
task, use resource, or obtain the information if themselves are
not capable of making use of it. Similar to human society,
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(1) ApplicableTasks = [], OwnTasks = [], Holds = [], Tokens = [];
(2) while (true) do
(3) for (𝛼 ∈ agent 𝑎𝑖 , 𝛼 ∉ ApplicableTasks) do
(4)
if (Applicable(𝛼)) then
(5)
ApplicableTasks.append(𝛼);
(6)
Tokens.append(CreateTokens(𝛼));
(7)
end if
(8)
Tokens.append(recvTokens());
(9) end for
(10) for (Δ ∈ Tokens) do
(11)
if (Δ is TaskTokens(𝛼)) then
(12)
if (GetCap(𝛼) > Δ.threshold) then
(13)
if (𝛼 ∉ OwnTasks) then
(14)
OwnTasks.append(𝛼);
(15)
end if
(16)
else
(17)
SendToNeighbour(Δ);
(18)
end if
(19)
else if (Δ is ResourceTokens(𝑟)) then
(20)
Δ.threshold += 𝛿;
(21)
if (GetNeed(𝑟) > Δ.threshold) then
(22)
if (𝑟 ∉ Holds) then
(23)
Holds.append(𝑟);
(24)
end if
(25)
else
(26)
Δ.threshold −= 𝛿;
(27)
SendToNeighbour(Tokens);
(28)
end if
(29)
end if
(30)
CheckExecution(OwnTasks, Holds);
(31) end for
(32) for (𝛼 ∈ OwnTasks) do
(33)
if (𝛼 is complete) then
(34)
OwnTask.remove(𝛼);
(35)
for (𝑟 ∈ ChkUnneed(OwnTask, Holds)) do
(36)
Hold.remove(𝑟);
(37)
SendToNeighbour(CreateTokens(𝑟));
(38)
end for
(39)
end if
(40) end for
(41) end while
Algorithm 1: General process of agents’ communication decision.

agents always forward the incapable tasks and resources
across the network to find the best accepters. The key of the
coordination is to optimize their interactions, so that the best
capable agents could be reached as fast as possible with the
least communication cost as well as assignment delay.
Algorithm 1 [22] describes the general decision process
for decentralized networked agents. In this algorithm, agents
first check whether new tasks have become applicable. If so,
the agent will embed the task to a token and add it into its
token list Tokens, which contains the tokens to be processed
(lines 3–7). Next, the agent will receive all the tokens passed
from other agents (line 8). It then processes all the tokens
in the Tokens. If a token represents a task, the agent will
accept the task if its capability to perform that task is higher
than token’s threshold (lines 11–14); otherwise, the agent will

choose a neighbor to pass that token to (line 17). If the token
is a resource token and the agent’s need for that resource
to perform his waiting tasks is higher than token’s current
threshold, this resource will be held; otherwise, it is passed
to a neighbor (lines 19–27). Note that when a token is sent,
it will be removed from that agent’s list. Finally, the agent
will check whether any task which is appended can now be
executed (lines 30) and release any resources from completed
tasks (lines 32–37).
The key of the decision process is the function of
SendToNeighbour( ), which is to pass a token to a neighbor
who either needs it or knows who does. In our simulation
model, we primarily use two algorithms in which tokens
are routed either intelligently or randomly. By building a
local decision matrix of an agent 𝑎 for a token Δ as 𝑃𝑎 [Δ].
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Figure 2: Markov chains model on tokens’ movement between
agents.

𝑃𝑎 [Δ, 𝑏] → [0, 1], 𝑏 ∈ 𝑛(𝑎) represents 𝑎’s decision of the
probability of passing token Δ to neighbor 𝑏. In random
routing algorithm, for each 𝑏 ∈ 𝑛(𝑎), 𝑃𝑎 [Δ, 𝑏] is uniform.
However, when agent 𝑎 has built a knowledge base for its
received tokens, agent 𝑎 can route Δ in a smart way. By
taking the advantage of tokens that may be related in domain
knowledge, previous received tokens can be used to update
local probability model that receiving a token predicts that the
sender may request a related token. For example, the sender
of the information token “I am hungry” denotes that it may
be interested in a resource token “pizza” to feed a hungry
agent. Therefore, each token is used to improve the routing
of other tokens which will lead to a dramatic performance
improvement. The key algorithm has been detailed and
described in [23] and has been encoded in our simulator.

6. Complex Network Effects in
Coordination Efficiency
In this section, we briefly analyze how complex network
effects will change the team coordination performance. We
modeled the token’s random walk as a finite Markov chain
and it is time reversible [24]. For a specific token movement,
we can define different states.
As it is shown in Figure 2, state 𝑠𝑖 defined the state that
the token moves to an agent with the shortest distance of
𝑖 from the sink agent. Specifically, probability 𝑃𝑖,𝑗 defined
the probability of the token being passed from states 𝑖 to 𝑗.
Because the token can only move one step for each horizon,
𝑃𝑖,𝑗 = 0 except for 𝑗 ∈ {𝑖 − 1, 𝑖, 𝑖 + 1}. Therefore, for a state
𝑠𝑖 ≠𝑠0 , the token may move closer to the destination (𝑃𝑖,𝑖−1 ),
stay on the same level (𝑃𝑖,𝑖 ), or move far away (𝑃𝑖,𝑖+1 ). When
the token reaches state 𝑆0 , it will be stopped at the destination
and the probability 𝑃0,0 = 1. For example, suppose that 𝑢 is
the initial probability distribution of the token being in state
𝑆. According to the theory of Markov chains, we can calculate
the probability that the token reaches the sink agent after 𝑛
steps as 𝑃𝑆𝑛 = 𝑢 × 𝑃𝑛 .
As the agents transmit the tokens randomly to anyone
of their neighbors, there will be different distances between
the source and destination. Figure 3 shows the relative rates
of 𝑃(𝑠𝑖 , 𝑠𝑖−1 ) (marked “Close”), 𝑃(𝑠𝑖 , 𝑠𝑖 ) (marked “Same”),
and 𝑃(𝑠𝑖 , 𝑠𝑖+1 ) (marked “Further”) for scale-free and random
networks. Notice that we average 𝑃(𝑠𝑖 , 𝑠𝑗 ) over each node
at distance 𝑖, though this will vary from node to node. The
𝑥-axis shows the distance from a node to the target node,
that is, the target agent 𝑖. The 𝑦-axis shows the proportion of
the states of “Further,” “Same,” and “Closer,” different colors
represent the corresponding proportions, and the sum of

them is 1. Note that the closer the token is to the target,
the more likely it will be randomly passed further from the
target. Correspondingly, the further the token is from the
target, the more likely it will be passed closer to the target
in random movement. Moreover, since the figures show
different distributions, their token movement characteristics
are likely to be different.
Figure 3(a) shows a typical scale-free network. The state
probability transition matrix 𝑃 in this network topology is
1
0
0
0
0
0
0
0
0.1 0.01 0.89 0
0
0
0
0
0 0.15 0.1 0.75 0
0
0
0
(
)
0 0.25 0.25 0.5 0
0
0 )
(0
.
(0
0
0 0.45 0.35 0.2 0
0 )
(
)
0
0
0
0 0.7 0.25 0.05 0
0
0
0
0
0 0.89 0.01 0.1
0
0
0
0
0 0.98 0.02)
(0

(3)

Figure 3(b) shows a typical random network. The state
transition probability matrix 𝑃 is
1
0
0
0
0
0
0
0
0.1 0.02 0.88 0
0
0
0
0
0 0.15 0.05 0.8 0
0
0
0
(
)
0 0.15 0.25 0.6 0
0
0 )
(0
.
(0
0
0 0.45 0.4 0.15 0
0 )
(
)
0
0
0
0 0.75 0.24 0.01 0
0
0
0
0
0 0.96 0.03 0.01
0
0
0
0
0 0.99 0.01)
(0

(4)

Suppose that the same token’s initial distribution is 𝑢 =
[0.25 0.25 0.15 0.15 0.1 0.05 0.04 0.01] and after a token
random movement for 1000 steps, the state probability
distribution for a scale-free network is [0.8287 0.0030 0.0198
0.0605 0.0675 0.0194 0.0011 0.0000], where, in 83% of cases,
this token has reached the destination agent. On the other
hand, the state probability distribution for a random network
is [0.0171 0.0084 0.0575 0.3337 0.4904 0.0920 0.0009 0.0000],
where, in only about 1.7% cases, this token has reached the
destination agent. It proves what we observe in figures. The
efficiency of information transmission in scale-free network
is higher than in random network.
On the other hand, in teams, tokens do not simply move
randomly from agent to agent when agents can build a better
decision model [23]. Therefore, tokens are able to move faster
to get accepted based on agents’ local knowledge. To model
that such movement is not completely random but is biased
towards the target, we use a parameter 𝛽 to make 𝑃(𝑠𝑖 , 𝑠𝑖−1 )
larger and 𝑃(𝑠𝑖 , 𝑠𝑖+1 ) smaller. However, this bias should be
stronger as the token moves nearer to the target location
because agents such as their neighbors are more likely to
know the target. We model this by using 𝛽(𝑖) = 1/𝑒𝛼𝑖 .
Informally, one can think of 𝛽 as the total learning of the team
about the team state and 𝛼 as how much more agents “near”
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Figure 3: The relative proportions of links that lead closer to, keep the same distance, or move further from the target agent, as the distance
to it is varied [10].

an agent know about it than agents “far” from it do. Using 𝛼
and 𝛽, the Markov Chain state transitions can be rewritten as
𝑃̆(𝑠𝑖 , 𝑠𝑖−1 ) = 𝑃 (𝑠𝑖 , 𝑠𝑖−1 ) + (1 − 𝛽 (𝑖)) 𝑃 (𝑠𝑖 , 𝑠𝑖 )
+ (1 − 2𝛽 (𝑖)) 𝑃 (𝑠𝑖 , 𝑠𝑖+1 ) ,
𝑃̆(𝑠𝑖 , 𝑠𝑖 ) = 𝑃 (𝑠𝑖 , 𝑠𝑖 ) − (1 − 𝛽 (𝑖)) 𝑃 (𝑠𝑖 , 𝑠𝑖 ) ,

(5)

𝑃̆(𝑠𝑖 , 𝑠𝑖+1 ) = 𝑃 (𝑠𝑖 , 𝑠𝑖+1 ) − (1 − 2𝛽 (𝑖)) 𝑃 (𝑠𝑖 , 𝑠𝑖+1 ) .

Figure 4: CoordSim allows a large number of parameters to be
varied and also allows statistics to be recorded.

In addition, an 𝛼 value of 0.97 is used to bias the links towards
moving towards the target agent. Figures 3(c) and 3(d)
show the effects on the scale-free and random distribution
respectively. When tokens are especially close to the target,
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they are much more easier to get closer to the target and the
agents will be the more efficient to deliver tokens.
Compared with the scale-free and random networks in
random walk, if a token’s initial distribution is the same as in
the last section (i.e., 𝑢 = [0.25 0.25 0.15 0.15 0.1 0.05 0.04 0.01],
after 1000 movements), we will find that the state probability
distribution is [1.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000] and that the token will surely reach the
destination. Moreover, after 100 moves, the state probability
distribution is [0.9290 0.0029 0.0094 0.0242 0.0262 0.0078
0.0005 0.0000]. This means that, in 93% of cases, the token
has reached the destination, which is better than token’s
random moves over 1000 steps in the same network topology.
The theoretical analysis above verifies that the multiagent
coordination will have a significant difference in different
network topologies with both random and intelligent coordination strategies, so it will be an important factor we will
consider in Simulator Design.

knowledge unless they sense it themselves or are “told” by a
teammate over network. The physical resources required for
tasks are simulated and allow only one agent to access them
at any given time. There is no cost for transferring resources,
and resources cannot be consumed or lost. The tasks are
distributed randomly in an open environment. All agents are
allowed to “think” and “act” at each time step, although the
effects of their “actions” are abstractly simulated and they only
take one time step.
Reward is simulated as being received by the team when a
task is allocated to one agent. The most prominent advantage
of CoordSim is that it allows a large number of parameters
to be adjusted and also allows statistics to be recorded, such
as the number of rewards and token movements. There are
more than 20 parameters that can be varied, covering the
major aspects of large heterogeneous coordination, and these
configurations and records help to verify the validation of our
approach.

7. Simulator Design

7.1. System Architecture. The system architecture of CoordSim is illustrated as in Figure 5. It mainly consists of five
modules: the environment, agents, communication decision
models, as well as the monitor, and statistic model with
user interface, which have been described in dark boxes. In
environment module, it initiates the agents deployed in the
environment, plan templates that could be activated to model
agents’ joint activities, the network that agents are originally

In this section, we describe the design of our simulator called
CoordSim, shown as Figure 4. This simulator is capable of
simulating the major aspects of coordination, including information sharing, task assignment, and resource allocation.
CoordSim abstracts the environment by simulating only its
effects on the system. Agents cannot receive any domain
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will not be stopped, and the agents will forward the tokens to
the neighbor with communication costs.

(b)

(a)

(c)

(d)

(1) ER random network

(a)

(b)
(2) WS small world network

(b)

(a)

(e)

(c)

(f)
(3) BA scale-free network

(c)

(d)

(g)

Figure 6: Process of building random network, small world network, and scale-free network.

connected, and the available resource for agents. According to
the analysis of complex network effects in multiagent coordination, in our simulation, different topologies are taken
into consideration, to allow users to simulate and analyze the
influences of the network structures. The networked agents
are organized as four typical network structures: random,
grid, small world, and scale-free network. Please note that
although we take the agents’ mobility into consideration, the
moving speed is far less than communication speed.
In the agent module, based on the knowledge of initial
environment, the coordination processes include sensing
environment, network interactions, and carrying out its own
tasks. Especially, by encapsulating coordination into tokens,
the network communication decision model is built with two
algorithms: random routing and intelligent routing. Creating
agents also includes the initialization of their heterogeneity.
The key of the simulation is that agents initiate plans if they
have gained enough information, either sensed or shared, and
they may take different tasks and acquire required resources
to achieve the system’s common goal. Therefore, if the tokens
encapsulated resources, tasks, or information are accepted by
agents, they can perform the tasks with required resources
and will credit the system with rewards. Otherwise, the token

7.2. Simulation of the Network. In CoodSim, the network
design is the most important part to network centric agents.
Similar to human group where members typically maintain
a small number of associates, when the system scales up, the
network shows the attributes of the complex network. In this
paper, we are mainly interested in the performances when
networked agents are organized as four popular complex
network structures: ER random network [25], grid network,
WS small network [26], and BA scale-free network [21]. The
network construction processes of setting up the organizations of 𝑁 network agents with an average of 𝐾 neighbors
(for the algorithm design, 𝐾 is always an even number) is
shown in Figure 6. The total number of links in the network
is 𝐾 × 𝑁/2.
(i) ER random network: the network starts from nodes
with empty links. For each time step, two nodes are
picked up randomly and connected with a predefined
probability 𝐾/(𝑁 − 1).
(ii) Grid network: each node only connects with 𝐾/2
adjacent neighbors. The process of construction of
grid network is straight forward as the one in [27].
(iii) WS small world network: based on a regular grid
network above, WS small world network is built with
a relink process. In this process, every link in the
network is selected with a probability 𝑃. If selected,
one node of the link is kept but the other node will be
replaced with a randomly picked node in the network.
(iv) BA scale-free network: the network starts with a fully
connected 𝐾/2 + 1 nodes. If the degree of each
existing node 𝑖 is 𝑑𝑖 , for each pending added node,
the probability of linking it to the existing node 𝑖 is
𝑘𝑖 / ∑𝑚
𝑖=1 (𝑘𝑖 ).
In general, grid networks have the feature of clustering
but do not present the small world effect [28]. The ER
random network has small average path length, but it is not
clustered relatively. The small world network is the transition
from grid network to the ER random network, which has a
small average distance and a high degree of clustering [29].
Because of the major hubs, the scale-free network exhibits
strong robustness to failure, but sometimes it may weaken the
performance of scale-free networks [30].
In addition to the network design, we display the interaction between networked agents with a straightforward way
which is shown in Figure 7.
7.3. Performance Evaluation and Statistics. Because of the
complexity of the scalable-team coordination problem, there
are many parameters that can be adjusted and tested. In our
simulation, by varying more than 20 parameters and covering
the major aspects of scalable coordination, we evaluate the
system performance with both rewards and communication
cost. Specifically, in this paper, we mainly interested in the
parameters that contribute most to networked centric agents.
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(a)

(b)

Figure 7: The interface for displaying interaction between networked agents.
Table 1: Characters and settings of different application domains.
Scene
WASM
USAR
RoboCup
Large agent team

Team size
100
50
50
500

Plans
30
20
20
100

(i) If the communication cost is high, the team will
receive a much lower reward when reach the same
team goal.
(ii) The communication processing rate is the number of
tokens that an agent can pass per second. If there are
more tokens, they have to be sent in the next second.
(iii) Real-time control means that a task or a plan has to
be carried out in a short period of time.
(iv) Task importance describes how the reward is calculated. For example, the goal of a UAV team is
to destroy as many enemy vehicles as possible, and
the missing one is not a major concern. For USAR,
however, missing one victim means that the team has
failed, so every task and plan must be allocated.
(v) The team size is the number of agents in the team.
(vi) A heterogeneous team describes the number of capability types among team members.
(vii) The exclusive resource requirement describes the
number of required resource types.
(viii) Plan complexity defines the number of preconditions
to activate each plan.

8. Simulation and Results
In this section, based on our simulator design, we briefly
introduce the simulation of the networked multiagent system.
The objective is to verify that our model is able to simulate the
coordination of a few hundred networked agents.

Task\plan
2
5
2
2

Res
50
100
100
150

Cap types
1
5
2
2

Info type
60
40
40
200

8.1. Multiagent System Coordination. Because of the complexity of large-scale multiagent coordination, we typically
choose four typical application domains: urban search and
rescue (USAR), controlling wide area search munitions
(WASMs) [31], RoboCup [32], and large agent team in
strategy game and scheduling [33]. For example, in USAR,
coordination is mainly focused on heterogeneous teams and
there are only one or two tasks for each of plan templates.
These domains are summarized according to the features
listed in Table 1.
The experiment is to testify whether different complex
network properties may influence the performance of multiagent systems with intelligent token routing algorithm
in different application domains. Four complex network
topologies have been tested and we have presented them in
two groups of experiments. In the first group, we range the
multiagent system size in each domain from 50 to 500 with
on average 4 neighbors for each agent. In the second one, we
fix the system size at 100 and the average number of associates
for each agent varies from 2 to 10.
The first experiment’s results are shown in Figure 8. In
most domains, because of the property of the small world
effect, the random network and the basic small world network outperform the grid-based network. In some domains,
because of the property of the scale-free effect, the scale-free
network may outperform the other three network topologies.
The reason is that a few agents can act as hub nodes and obtain
more knowledge of how to intelligently pass a given token in
the right direction. On the other hand, in some domains such
as RoboCup, the scale-free network produces more tokens
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Figure 8: Continued.
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Figure 8: Effects of complex networks on different scale multiagent systems.

and receives fewer rewards. The reason is that the hub nodes
maintain many neighbors but the average tokens from each
neighbor may be decreased. Therefore, the hub nodes cannot
build a better model based on the previous tokens that they
have received.
The results of the second experiment are shown in
Figure 9. On average, all of the network topologies increase
their performance when agents keep an average of four neighbors instead of the average of two. But when the average number of neighbors increases except the grid network, the other
network topologies’ performances become worse. Therefore,
when the number of neighbors per agent increases, the
average number of tokens from each neighbor is decreased
and the agents cannot maintain better decision models based
on previously received tokens. This is most prominent in
the hub nodes in a scale-free network that the scale-free
network’s performance decreased so quickly. Conversely, the
grid-based network enhances its performance in two ways.
First, the number of neighbors is a constant number for each
agent. No agents will have a large number of neighbors. With
the increasing number of neighbors, the average distance in
the grid-based network is drastically decreased. In this way,
it is much easier to intelligently pass tokens quickly to their
destinations. Therefore, the small world effect is important on
system efficiency.
8.2. Communication Transmission over Network. In the second simulation, we analyzed and simulated the communication transmission mechanism based on our designed
probability decision model. In these experiments, we used a
system with 400 agents and on average, each agent has four
neighbors. One agent is randomly chosen as the source of a
token 𝑖 and another is randomly picked as the sink. The sink
agent will firstly send out 20 related tokens 𝑗 with rel(𝑖, 𝑗)
and each will move MAX STEPS = 50. Next, the source

agent sends out token 𝑖 and we measure how many tokens
(communication costs) it takes to send 𝑖 to the sink agent.
In Figure 10(a), we first varied the rel(𝑖, 𝑗) from 0.5 to 1.
The efficiency of token transmission is improved in all networks with intelligent routing model rather than randomly
passing (with rel(𝑖, 𝑗) = 0.5) with scale-free network having
the best performance.
In Figure 10(b), we varied the number of related token 𝑗
from the sink agent from 5 to 45. rel(𝑖, 𝑗) is set to 0.9. It shows
that communications will become stable after the number of
related token 𝑗 is more than 15. This result also shows us that
a few tokens are enough for agents to build local decision
model. Scale-free network needs less communications as well.
In Figure 10(c), we run experiments with rel(𝑖, 𝑗) = 0.8
and each agent has on average 2 to 8 neighbors. It shows
that more neighbors may not be helpful to improve network
transportation with the same conclusion in Section 7.1.
In the last experiment shown in Figure 10(d), we ran
experiments with different system sizes. The network transmission efficiency is measured as the percentage of agents
involved for token passing:
percentage =

agents involved in token delivery
.
Total # of agent team

(6)

The experiment’s results show that with different sizes of systems, the efficiency keeps steady. The percentage of random
network changes slightly and its communication keeps high
while scale-free network keeps least communication.

9. Summary and Future Work
In this paper, we presented a novel approach to model and
simulate complex network attributes in a networked multiagent system with hundreds of agents. The key is that in typical
large multiagent systems, sparsely distributed agents can only
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communicate directly with very few of the others and the
network can be modeled as an adaptive complex network.
By abstracting coordination and encapsulating it into tokens,
we can model the interactions between networked agents
and simulate them over the network. By building a simple
local decision model on how to retransmit the coordination
encapsulated in tokens, we can implement an integrated algorithm for decentralized agents to carry out the major aspects
of coordination including sharing information, allocating
tasks, and sharing resources; furthermore, we have taken
a full account of the complex network effects and provide
different topologies. All the designs have been encoded into
our simulator CoordSim to test how the network structure
affects the coordination performance. We discovered that
in a typical networked system, small world effect uniformly
helps the networked coordination, while scale-free effect by
introducing high degree nodes may cut down the average
distance of the network to help improve the performance but
it may also result in the network congestion in the hub nodes
to exacerbate the coordination efficiency.
While this work represents an important step towards
simulating large decentralized networked multiagent system
coordination, much work remains to be done. Critically in
the simulation, we used the simplest instantiations of the
algorithms, ignoring many performance enhancing techniques proposed in the literature which may be important
to simulate real application domains. We intend to extend
CoordSim to implement some of these extensions, for example, individual failures and agents’ different mobility, which
may impact performance in a large complex networked
multiagent system.
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Building efficient distributed coordination algorithms is critical for the large scale multiagent system design, and the communication network has been shown as a key factor to influence system performance even under the same coordination protocol. Although
many distributed algorithm designs have been proved to be feasible to build their functions in the large scale multiagent systems as
claimed, the performances may not be stable if the multiagent networks were organized with different complex network topologies.
For example, if the network was recovered from the broken links or disfunction nodes, the network topology might have been
shifted. Therefore, their influences on the overall multiagent system performance are unknown. In this paper, we have made an
initial effort to find how a standard network recovery policy, MPLS algorithm, may change the network topology of the multiagent
system in terms of network congestion. We have established that when the multiagent system is organized as different network
topologies according to different complex network attributes, the network shifts in different ways. Those interesting discoveries
are helpful to predict how complex network attributes influence on system performance and in turn are useful for new algorithm
designs that make a good use of those attributes.

1. Introduction
In state of the art of artificial intelligence research, scalable
multiagent system applications in complex environments
have been popular in domains of military [1], crisis management [2], and business [3]. In those systems, to efficiently
coordinate and share information, agents are required to
communicate via flexible wireless media, such as mobile
ad hoc networks. In those networks, agents may only be
able to directly connect with a few of the others and the
network topologies may dynamically change according to
agents’ movements or joint intentions. Moreover, when the
system gets bigger, Musolesi et al. have found that the system
presents the characteristics of complex networks [4], for
example, small world effect discovered by Travers and Milgram [5] and scale free phenomenon discovered by Barabási
and Albert [6]. Predicting team performances according to
different communication network topologies is interesting
and challenging. From our previous research we learned that
the same coordination algorithm may lead to huge different

performances when the complex network topologies vary [7].
Other researches support our discovery as well. For example,
Scerri and Sycara mathematically analyzed how different
complex networks may affect the system in information
sharing, sensor fusion, and task allocation [8]. Gaston and
DesJardins took a bottom-up research on network formation
and found that the incomplete complex network structure
varies in decentralized adaptation strategies on team performances [9].
Although the effects of complex networks are popular in
large multiagent systems, not all distributed algorithms are
tested under different complex network topologies in order
to estimate how complex network effects change the system
performance. As the network recovery is one of the most
important network operations to maintain a desired system
performance, in this paper, we made an initial effort on finding how the network topology of a multiagent system shifts
when agents recover from their communication failures. For
example, a UAV may be shot by a hostile missile or robots’
connections broken by physical obstacles in a mobile ad

2
hoc network. Although the popular restoration of rerouting
mechanism, for example, MPLS recovery algorithm, has been
proven to be feasible on network recoveries, the potential
shifts on the multiagent network topology may significantly
change the system performance in an unpredictable way.
In our simulation, we simulated a series of large scale
multiagent systems with different complex network topologies. A popular restoration of rerouting mechanism-MPLS
algorithm is implemented to recover link and node failures.
The network is evaluated by its diameter, average distance,
and cluster [10]. To simulate the physical network, in those
experiments, the communication capabilities of each link or
node are limited. The experiment results are presented in two
major sections: system robustness and influence of network
topologies.
In the first section of the experiments, data that flows
through the failure agents or links has to be rerouted and
may cause congestions on existing links or agents. Based
on our discussion about the efficiency of network recovery,
the number of newly congested links or nodes (agents) that
hurt system performance is investigated. More importantly,
the network is in danger of being disconnected from those
congestions. By comparing the influence on different network
topologies, while there are some differences in different cases,
our major discoveries are that a random network is more
likely to be congested if more links are broken, while a
small world network is the least likely. On the other hand,
a scale free network appears to be more vulnerable to node
congestions, while a grid network is the most robust.
In the second section, we test how the network topology
may be shifted from the network recovery. We have found
that most of network topologies are immune to the network
recovery when the congestions are not so serious. However,
when the number of congested links and nodes is highly
increased, the network topologies may have been changed.
It is especially the case when the network is organized as a
scale free network or a small world network. However, since
scale free and small world networks are the most important
attributes in a large multiagent system, from our previous
research experience, their changes may significantly affect the
system performances.

2. Related Work
The structure and behavior of complex networks have been
attractive in various studies [11]. Inspired by the discoveries
on how the rich network structure facilitates effective organizational behavior [12], Gaston and DesJardins illustrated
the importance of network topologies in multiagents networks [9]. Y. C. Jiang and J. C. Jiang analyzed the complex
network in actor-oriented and actor-structure views to find
the relationship between complex networks and multiagent
systems [13]. Taylor et al. examined joint actions in the
multiagent optimization problem, and the results are surprising because a high number of connections in a complex
networked multiagent team can hurt system performance;
even communication and computation costs are ignored [14].
Liu et al. proposed an integrated model based on small
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Figure 1: Different complex network topologies: random network,
grid network, small world network, and scale free network.

world network and multiagent system to simulate epidemic
spatiotemporal transmission. They found that the small world
effect brings better performance than the traditional model,
and his discovery has been applied in real geographical
multiagent applications [15].
On the other hand, a set of researches show that network operations could influence the performance of the
large scale multiagent systems as well. For example, when
facing the same network attack, the network vulnerabilities are different if the multiagent systems are organized
as various types of complex networks [16]. D’Angelo and
Ferretti explained that gossip protocols would change the
communication of the complex network and have some
impacts on routing efficiency [17]. Gong and Xu analyzed and
tested that different parameters on a scale free network can
make significant different efficiencies of information delay
in multiagent systems [18]. Peschlow et al. [19] described a
flexible dynamic partitioning algorithm that rapidly recovers
information routing and optimizes the performance with
different complex network topologies.

3. Modeling the Complex Networks
The network topology of a multiagent system is defined as
an undirected graph 𝐺 = (𝑉, 𝐸), where 𝑉 = {1, 2, . . . , 𝑁},
𝑁 = |𝑉|, defines the agent set. 𝐸 denotes the set of links
between agents; that is, link (𝑖, 𝑗) ∈ 𝐸 and 𝑖 and 𝑗 are
neighbors. 𝑛 : 𝑉 → 𝐸 defines the set of all neighbors of an
agent. That is, 𝑛(𝑖) = {𝑏, 𝑗, . . . , 𝑙} is the neighbor of agent 𝑖. 𝐺
could be organized as different network topologies based on
the different properties of complex networks. In this paper,
we are mainly interested in four of them shown in Figure 1:
random network, grid network, small world network, and
scale free network. Preliminary studies [20] have found that
each topology encodes different fundamental properties, that
is, network diameter, average distance between nodes, cluster,
and degree distributions.
(i) Degree: the degree of agent 𝑖 is 𝑑(𝑖) = |𝑛(𝑖)|.
(ii) Average degree: 𝑑 = (1/𝑁) ∑𝑖∈𝑉 |𝑛(𝑖)| is the average
number of neighbors of all agents, for any complex
network 𝑑 ≪ |V|.
(iii) Degree distribution: 𝑝(𝑘) = 𝑃𝑟[𝑑 = 𝑘] defined as a
fraction of agents (the number of such agents is 𝑑)
with the degree 𝑘.
(iv) Distance: distance(𝑖, 𝑗) is defined as the least number
of hops to communicate between the agents 𝑖 and 𝑗.
Specifically, distance(𝑖, 𝑗) = 1, if (𝑖, 𝑗) ∈ 𝐸.
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(v) Average distance:
1
𝑙=
∑ distance (𝑖, 𝑗)
𝑁 (𝑁 + 1) ∀𝑖,𝑗∈𝑉

(1)

is the average distance between any pairs of agents.
(vi) Network diameter: the diameter of the graph 𝐺 is
defined as argmax(𝐷), where 𝐷 = {distance(𝑖, 𝑗) |
𝑖, 𝑗 ∈ 𝑉}, which is the longest distance between pairs
of agents.
(vii) Clustering coefficient: 𝐶𝑖 for an agent 𝑖 is given by
the proportion of links between the agents within
the set of 𝑛(𝑖) that is divided by the number of links
between them. The set 𝑒(𝑖) is to record the existing
links between these agents in 𝑛(𝑖); then
𝐶𝑖 =

2 |𝑒 (𝑖)|
.
|𝑛 (𝑖)| ∗ (|𝑛 (𝑖)| − 1)

(2)

The clustering coefficient for the network is given by
𝐶 = (1/𝑁) ∑𝑁
𝑖=1 𝐶𝑖 .
Different complex network topologies can be described
according to the properties mentioned above. Erdös and
Rényi put forward a classical random network ER model [21].
In this model, a random network follows a Poisson degree
distribution. Most nodes in a grid network keep the same
degree, which is also called a regular network. Watts and
Strogatz put forward the concept of small world network
and the WS model [22]. This model presents much shorter
average distance than that in a grid network. Moreover, some
typical large scale networks such as mobile agents on internet
[23] and hyperlinks on web [24] possess certain dynamics—
Matthew effect [25], a power law distribution: 𝑝(𝑘) ∝ 𝑘−𝑟
(2 < 𝑟 < 3). Some researchers found an interesting formula:
argmax(𝐷) ∝ lnln𝑁 [26], that the average distance may
decrease as the network grows [27]. This formula precisely
reflects the small world effect as well. Then, Barabási and
Albert put forward a scale free network and the BA model [6].
Our simulations are based on those complex network models.
To simulate a physical network, we define the flow of the
communication for a link (𝑖, 𝑗) ∈ 𝐸 as 𝑓(𝑖, 𝑗) and its allowed
bandwidth is set as a constant, written as 𝐹max . Therefore,
𝑓(𝑖, 𝑗) should not overflow to its bandwidth; otherwise, the
link will be congested. Please note, if 𝑓(𝑖, 𝑗) = 0, there
is no communication in a physically connected link (𝑖, 𝑗)
and it is called a backup link that may be used for future
communications. In addition, we define 𝑟(𝑖) as the amount
of communication through agent 𝑖. 𝑟(𝑖) cannot be more than
𝐶max (𝑖), the max allowed bandwidth capability through agent
𝑖; otherwise the agent is congested as well. Moreover, the
following properties are defined in our simulations.
(i) Network connection: 𝐺 is disconnected if ∃𝑖, 𝑗 ∈ 𝑉,
distance(𝑖, 𝑗) = ∞, or no value can be assigned.
Otherwise, we say the network 𝐺 is connected.
(ii) Subgraph of a pair of agents ⟨𝑖, 𝑗⟩: let 𝐺 (𝑖, 𝑗) be the
subgraph of 𝐺, 𝐺 (𝑖, 𝑗) = (𝑉 , 𝐸 ), where 𝑉 is the set
of agents on all the shortest paths between the pairs

(1) find all transition agents 𝑆(𝑖);
(2) for each agent 𝑤 ∈ 𝑠(𝑖) do
𝑓 (𝑖, 𝑗)
(3) 𝑆𝑒𝑛𝑑𝐷𝑎𝑡𝑎 (𝑤,
);
|𝑠 (𝑖)|
(4) end for
Algorithm 1: 𝐿𝑖𝑛𝑘 𝑅𝑒𝑐𝑜V𝑒𝑟𝑦((𝑖, 𝑗), 𝑓(𝑖, 𝑗)).

(1) 𝑝𝑎𝑡ℎ(𝑖) ← 𝐸𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑒𝑆𝑡𝑟𝑒𝑎𝑚(𝑖);
(2) for each path 𝑝 ∈ 𝑝𝑎𝑡ℎ(𝑖) do
(3) (𝑢, V) ← 𝐹𝑖𝑛𝑑𝑁𝑒𝑖𝑔𝑏𝑜𝑟𝑠(𝑝, 𝑖);
(4) 𝐿𝑖𝑛𝑘 𝑅𝑒𝑐𝑜V𝑒𝑟𝑦((𝑢, V), 𝑓(𝑝));
(5) end for
Algorithm 2: 𝐴𝑔𝑒𝑛𝑡 𝑅𝑒𝑐𝑜V𝑒𝑟𝑦(𝑖).

of agents ⟨𝑖, 𝑗⟩, and 𝐸 ⊂ 𝐸 consists of all the links in
those shortest paths.
(iii) Transition agents of agent 𝑖 to 𝑗: let 𝑠(𝑖) be the set to
record all the neighbors that can transfer data from
agent 𝑖 to 𝑗, and 𝑠(𝑖) ⊂ (𝑛(𝑖) ∩ 𝐺 ).
(iv) Transition paths of agent 𝑖: let path(𝑖)
=
{. . . , ⟨𝑠, 𝑡⟩, . . . | . . . , 𝑠, 𝑡, . . . ∈ 𝑛(𝑖)} be the set
that records all the pairs of agents that communicate
data via agent 𝑖.

4. MPLS-Based Recovery Mechanisms
When agents come to link failures or node failures, the
restoration of rerouting mechanisms is usually exploited to
maintain the communication between agents. In this paper,
we implement a typical network recovery policy, MPLS
[28], to restore communication between agents by rerouting
mechanisms.
Algorithm 1 briefly describes how a failed link (𝑖, 𝑗) whose
data flow is 𝑓(𝑖, 𝑗) is recovered. We suppose there is a
predefined sequence according to agent ID that 𝑖 ≺ 𝑗.
Assume that each agent is able to get the global state of the
network, agent 𝑖 can easily find all the alternative shortest
paths to 𝑗, and 𝑤 is one of the transition agents 𝑠(𝑖) (line
1). In line 3, the data flow will be divided evenly into pieces
according to the number of shortest paths detected. Each of
them will be sent to one of the transition agents and passed
through predefined paths (line 3).
Algorithm 2 briefly shows how a failed agent 𝑖 is recovered. The communication through an agent 𝑖 may be composed of several streams from different links. Each stream
𝑝 going through the agent 𝑖 is written as a unique path
{. . . , 𝑢, 𝑖, V, . . .}, where 𝑢 ≺ V. The value of data flow going
through 𝑝 is written as 𝑓(𝑝). Therefore, to recover node
failure, Algorithm 2 first enumerates all the stream path(𝑖)
(line 1). For each stream 𝑝, we will find the pair of neighbors
of 𝑖 : ⟨𝑢, V⟩ in 𝑝’s path (line 3). Then, if we suppose there has
been a link of (𝑢, V) whose communication amount is 𝑓(𝑝),
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(1) 𝜇 ← 𝑤;
(2) for each agent 𝑖 ∈ 𝑠(𝑖) do
(3) if agent 𝑖 was not been visited then
(4)
𝑥 ← 𝐹max − (𝜇 + 𝑓(𝑖, 𝑗));
(5)
if 𝑥 < 0 then
(6)
𝜀 ← 𝐹max − 𝑓(𝑖, 𝑗);
(7)
return the link (𝑖, 𝑗) is congested;
(8)
end if
(9)
if 𝜇 ≠0 then
(10)
𝑡 ← 𝐶max − (𝜀 + 𝑟(𝑗));
(11)
end if
(12)
if 𝑡 ≤ 0 then
(13)
return the agent 𝑗 is congested;
(14)
else
(15)
if 𝑡 ≤ 𝜀 then
(16)
𝜇 ← 𝑡;
(17)
return the agent 𝑗 is congested;
(18)
else
(19)
𝜇 ← 𝜀;
(20)
end if
(21)
end if
(22) end if
(23) end for
Algorithm 3: 𝐶𝑜𝑛𝑔𝑒𝑠𝑡𝑖𝑜𝑛(𝑖, 𝑗).

the stream 𝑝 can be rerouted in a way similar to link failure
algorithm (Algorithm 1) (line 4).

5. Network Robustness after MPLS Recovery
Although MPLS recovery mechanism can effectively enhance
recovery efficiency, network congestion cannot be avoided
due to the limited physical communication capacities of
the links and agents. In order to detect network congestion including link congestions and node congestions, we
designed Algorithm 3 to check existed network congestions
around the multiagent system by rerouting data from a link
failure (𝑖, 𝑗) or a node failure 𝑗.
According to Algorithm 3, we can first summarize the
link congestion by link (𝑖, 𝑗). It is supposed that the amount
of messages conveyed to the link (𝑖, 𝑗) is set as 𝜇 (line 1). The
available capacity 𝑥 for an existing link is calculated as 𝑥 =
𝐹max −(𝜇+𝑓(𝑖, 𝑗)) (line 4). If there is no available capacity, link
(𝑖, 𝑗) is congested (lines 5–7). To judge the agents’ congestion,
we calculate the available capacity 𝑡 for an existing agent 𝑗
as 𝜀 ← 𝐹max − 𝑓(𝑖, 𝑗) and 𝑡 ← 𝐶max − (𝜀 + 𝑟(𝑖)) (lines 6–
10). If there is no available capacity, the agent 𝑗 is congested
(lines 12–21). The rerouting mechanisms modify the LSP in a
failed spot and the length of the shortest path is often more
than one agent; therefore, the amount of messages 𝜇 may be
modified (lines 16–19), and the algorithm may be recursively
judged many times in terms of Depth First Search (DFS).
In this section, we investigate how network recovering
operation may create node or link congestions when 𝐺 is
organized as four different network topologies. The system
size is 𝑁 = 1000, average degree is 𝑑 = 6, and maximum

allowed link overload is 𝐹max = 10. The agent having a
higher degree usually plays an important role in the network;
therefore the communication through the agent is larger.
Based on this observation, the capacity of agent 𝑖 follows
𝐶max (𝑖) = 𝜆 × 𝑑(𝑖) × 𝐹max , where 0 < 𝜆 < 1 is a constant so
that its capability is proportional to the degree of the agent.
The results are evaluated according to newly congested links,
congested agents, probability of network connectivity, and the
average distance of the network by varying the ratio of failed
links (Ratio link), the ratio of failed nodes (Ratio agent),
and the ratio of average communication of each link 𝑓(𝑖, 𝑗)
(Ratio flow). Moreover, when 𝑚 = 0, we assume there are no
backup links and all the links are used for communication
and, for each (𝑖, 𝑗), 𝑓(𝑖, 𝑗) > 0. If 𝑚 > 0, additional 15%
backup links are presented. The amount of communication
for each link is randomly set. The experiment results are based
on 100 runs.
5.1. Robustness on Link Failure Recovery. In this section, we
examine the number of congested links and congested nodes
when the MPLS algorithm recovered link failures. We fix
the average communication of each link 𝑓(𝑖, 𝑗) as 50% of
the 𝐹max (𝑅𝑎𝑡𝑖𝑜 𝑓𝑙𝑜𝑤 = 0.5). In Figures 2(a) and 2(b),
we varied the number of link failures from 0.5% to 5%
of all the links. In Figure 2(a), network recovery operation
leads to congested links and congested nodes, and their
number rapidly increases with the slow increase of Ratio link.
By comparing the number of congested links in the same
Ratio link, we have found that random network appears to
have the largest number of congested links while the small
world network appears to have the least number of congested
links.
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Figure 2: Congestions from link failure recovery by varying Ratio link and Ratio flow.

The experimental results in Figure 2(b) show that, except
for the grid network, network recovery operation on failed
links will lead to node congestions. Apparently, scale free
network appears to have the largest number of congested
agents in any settings, because of the stability of hub nodes
which have large bandwidth (proportion to its degree). The
other agents with limited bandwidth are prone to be jammed.
Moreover, cluster may contribute to the node congestions
as well. For example, the agent 𝑖 whose degree is larger
than others’ in a scale free network has a larger clustering
coefficient 𝐶𝑖 , and the number of agents retransmitting data
would be high. In addition, the cluster of a grid network is the

smallest in the four networks, and the node congestions are
less likely to be present.
In the next experiment, we fix the failed link as 2%
(𝑅𝑎𝑡𝑖𝑜 𝑙𝑖𝑛𝑘 = 0.02). Figures 2(c) and 2(d) show that when
the average communication Ratio flow of each link 𝑓(𝑖, 𝑗)
increases from 10% to 90% of the 𝐹max , both the congested
nodes and links increase no matter what the complex network
topologies are. Consistent with the conclusion from Figures
2(a) and 2(b), a random network performs the worst while
a small world network performs the best according to
congested links. A scale free network appears to have the
largest number of congested nodes and random network
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Figure 3: Connectivity and average distance by varying Ratio link and Ratio flow.

performs worse as well. The grid network appears to have the
least number of congested nodes. It can be explained the same
as Figure 2(b).
Figure 4 summarizes how link failure recovery may
influence the network performance in two sets of values:
the probabilities that the network is broken and the average
distance of the network. If network breaks, the system may
not work. If the average distance increases, the system’s
performance decreases because communication flows have
to take more hops to the destination. In Figures 3(a) and
3(b), the result shows that when there are more failed links
to be fixed (𝑅𝑎𝑡𝑖𝑜 𝑓𝑙𝑜𝑤 = 0.5), the system is in a higher

danger to be disconnected. However, a scale free network
performs the worst and a grid network performs the best.
The reason is that if a hub agent is congested, the network
is more likely to be disconnected. On the other hand, agents
in a grid network only connect to each other locally; the
network is less likely to break down even when more and
more links or agents are congested. Figures 3(a) and 3(b)
also show that the average distance slowly increases in all
network topologies, and, before the network is broken down,
the scale free network keeps the shortest distance and reserves
the small world effect best. Figures 3(c) and 3(d) illustrate
that when the average flow increases (𝑅𝑎𝑡𝑖𝑜 𝑙𝑖𝑛𝑘 = 0.02),
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Figure 4: Congestions from node failure recovery by varying Ratio node and Ratio flow.

a similar conclusion can be reached as in Figures 3(a) and
3(b).
5.2. Robustness on Node Failure Recovery. In this section,
we investigate the network performances after the network
recovery policy recovered node failures. In Figures 2(b)
and 4(b), we varied the failed agents in the network from
0.5% to 5%, and we set 𝑅𝑎𝑡𝑖𝑜 𝑓𝑙𝑜𝑤 = 0.5. We found
that the congested links increased quickly while congested
agents slowly increased. As we expected, scale free networks
made heavy congested nodes. Unlike Figures 2(a) and 4(a),
although random and scale free networks have more number
of congested links when the failed nodes are sparse, small

world and grid networks create about 40% more congested
links when failed nodes are more than 3.5% of all the agents.
Figures 4(c) and 4(d) show the results that when we
set the failed agents to be fixed as 2% (𝑅𝑎𝑡𝑖𝑜 𝑛𝑜𝑑𝑒 =
0.02) and varied the average flow of each link from 10%
to 90% of the 𝐹max , both congested agents and congested
links are increasing in different complex network topologies.
Consistent with the results of link failure recovery, a random
network performs the worst according to congested links
while a small world network works the best. On the other
hand, as we expected, a scale free network always creates more
congested nodes while a grid network creates the least.
Figure 5 shows when either the rate of failed nodes
increases or the average flow rate increases, the probability

8

The Scientific World Journal

90
0.8

80
Average distance

Probability of disconnected networks

100
1.0

0.6
0.4

70

10

0.2
5
0.0
0.005

0.010

0.015
Ratio node

0.020

0
0.000

0.025

Random network
Scale-free network
Grid network
Small-world network

0.005

0.010
0.015
Ratio node

0.020

0.025

Random network
Scale-free network
Grid network
Small-world network

(a) Connectivity (vary percentage of failed node)

(b) Average distance (vary percentage of failed node)

1.0
90
0.8

80
Average distance

Probability of disconnected networks

100

0.6
0.4

70

10

0.2
5
0.0
0.1

0.2

0.3
Ratio flow

0.4

0.5

Random network
Scale-free network
Grid network
Small-world network
(c) Connectivity (vary average flow)

0
0.0

0.1

0.2
0.3
Ratio flow

0.4

0.5

Random network
Scale-free network
Grid network
Small-world network
(d) Average distance (vary average flow)

Figure 5: Connectivity and average distance by varying Ratio node and Ratio flow.

that the network is broken increases. In Figures 5(a) and
5(b), when there are more failed nodes to be recovered
(𝑅𝑎𝑡𝑖𝑜 𝑓𝑙𝑜𝑤 = 0.5), the system is in a higher danger to
be disconnected; however, a scale free network performs the
worst and a grid network performs the best. The reason is that
if any hub agents are congested, the network is much easier
to be disconnected. Figures 5(a) and 5(b) also show that the
average distance slowly increases in all network topologies,
and the scale free network still keeps the shortest average
distance as we expected. Figures 5(c) and 5(d) represent that
when the average flow increases (𝑅𝑎𝑡𝑖𝑜 𝑛𝑜𝑑𝑒 = 0.02), we can
make the similar conclusions as Figures 5(a) and 5(b). All the

experiments in this section are based on the setting of 𝑚 > 0
(there are 15% backup links), but we could reach the same
conclusion when we set 𝑚 = 0.
5.3. Data Loss in Network Recovery. As explained, when the
multiagent system comes to network failures, although MPLS
helps to reroute the data to maintain the system performance,
network congestions in the nodes or the links between them
will still bring communication loss. In this subsection, we
investigate the percentages of data loss when the multiagent
system is organized as different complex networks.
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Figure 6: Data loss from network recovery in different network topologies.

In the first experiment, we briefly use the basic setting
of Section 5.1 that, in the multiagent system, there are 2%
links that are broken and the original average data volume
in each link is 50% of 𝐹max . When the system was organized
as four different complex network topologies, we measured
the percentages of the data loss in different scales. The results
are illustrated as in Figure 6(a). We can see that no matter
the system size is, the grid network and small world network
maintain good performances in link failure recoveries and the
data loss rates keep the lowest. Consistent with our analysis
in Section 5.1, the scale free network keeps a higher data loss
rate and random network performs the worst in link failure
recovery where its data loss rate closes to 60%.
In the second experiment, we briefly use the basic setting
of Section 5.2, and there are 2% agents that are lost. When
the system was organized as four different complex network
topologies, Figure 6(b) briefly shows that no matter the
system size is, scale free network occupies the stability of
hub nodes and always performs the best, and it is especially
the case when the network scales up. Consistent with our
conclusion in Section 5.2, small world network and random
network bring out close performances, while grid network
made the worst data loss in node failure recovery. In some
cases, the data loss rates are more than 70%.

6. Network Shifts on Recovery from
Different Topologies
In this section, we verify if network recovery operation would
lead to the changes of complex network topologies. Similar
experiment settings are kept as Section 5, and both 𝑚 >
0 (consists of 15% backup links) and 𝑚 = 0 are tested.
During the experiments, we found that network recovery

usually does not lead to distinct shifts of network topologies.
However, when the number of congested links and nodes
rapidly increases, network connectivity may be destroyed. We
set 𝐶max (𝑖) = 𝜆×𝐹max , where 𝜆 > 1 is a constant so that agents’
communication volumes are fixed. Our experiments are
conducted by varying the parameters Ratio link, Ratio node,
and Ratio flow but we always maintain that the network connectivity is not broken (very few results with disconnected
networks are excluded). The experiment’s results are shown
as degree distribution. Each graph represents one type of
complex network and consists of three curves with three
settings: the original network topology before any failures
(Normal), the network topology after network recovery (𝑚 >
0), and the network topology after network recovery without
any backup links (𝑚 = 0).
6.1. Link Failure Recovery. In this experiment, we tested how
the different network topologies will be changed after link
failure recovery. Each network topology will be presented in
two different settings with different rate of link failure to be
recovered (Ratio link) and different average flow (Ratio flow)
which are very likely to break network connectivity.
Figures 7(a) and 7(b) show how a random network topology shifts on two different settings. Although the random
network topology is kept and its distribution still follows a
Poisson distribution, the distribution clearly shifts left after
the link failure recovered (it is more distinct when 𝑚 = 0).
Therefore, its average degree is decreased with link failure
recovery.
Figures 7(c) and 7(d) show that the scale free network
significantly shifted. In both graphs, the scale free networks
are losing their power law distribution and are more and more
close to a Poisson distribution as random networks. In the
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Figure 7: Network shifts from link failure recovery in different network topologies.

settings of 𝑚 = 0, almost all the high degree agents are lost.
The reason is that hub agents are easily congested when much
more communication flow transmitted through hub agents.
Therefore, the small world effect is gradually disappeared.

In Figures 7(e) and 7(f), the original small world network
before link recovery presents a generalized binomial distribution [29]. However, the network cannot keep this topology
in both graphs. All the agents with higher degrees in a small
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Figure 8: Network shifts from node failure recovery in different network topologies.

world network are more likely to be congested, especially in
the settings of 𝑚 ≥ 0. Moreover, when the average degree
of the networks decreases, the average distance between
nodes rapidly increases, and its degree distribution closes to
a Poisson distribution after link failure recovery.

6.2. Node Failure Recovery. Similar to the experiments of
link failure recovery in Section 6.1, we vary two parameters
of the node failure recoveries: Ratio node and Ratio flow.
Similar to link failure recovery schema, networks are very
prone to be broken. Figures 8(a) and 8(b) show the changes

12
on the random network. Although the degree distributions
slightly change and the average degree decreases, its Poisson
distribution remains.
Similar to the conclusion from Figures 7(c) and 7(d),
Figures 8(c) and 8(d) show that the scale free networks
cannot keep their topologies in both settings and are
more and more close to a random network. However, in
Figure 8(c), the scale free network has a significant mutation
with the setting of 𝑚 > 0. Its degree distribution has
been a combination of a Poisson distribution and a power
law distribution. We found that the agent 𝑖 whose degree
is higher would present higher clustering coefficient 𝐶𝑖 .
Otherwise, low degree agents are loosely connected with
each other [30]. Therefore, the scale free network works
distinctly between high clustering coefficient region and low
clustering coefficient region after node failures are recovered.
Figures 8(e) and 8(f) illustrate that small world networks
cannot keep their topologies in node failure recovery. It is
similar to the phenomenon in Figures 7(e) and 7(f). In both
settings, degree distribution does not follow a generalized
binomial distribution any more. Therefore, the average distance between agents may be significantly increased.
In conclusion, the power law distribution in scale free
network and the binomial distribution in small network are
unstable and can be easily destroyed by network congestions.
On the other hand, a random network with Poisson
distribution is stable. Moreover, network recovery operation
by creating link or node congestions can significantly
decrease the average degree of the network. In this section,
we excluded the results from the grid network because it
only has local connections and the congestions have little
influences on its network topology.

7. Conclusions and Future Work
Network recovery plays an important role in maintaining
the stability of the multiagent system in any application
domain. However, its impacts on different complex network
organizations are still undiscovered. In this paper, we made
our initial efforts on studying those effects. We have found
that although the MPLS recovery mechanism can efficiently
recover link or node failures by rerouting communication
flows via alternative paths, it may bring node or link congestions on those alternative paths. The congestions can significantly change the network topology and system performance.
In addition, their effects are different on different complex
networks. By conducting extensive experiments, we found
that the small world effect and power law phenomenon in
a scale free network are not stable in many cases. Based
on our interesting discoveries, we may be able to make
lots of progresses in near future. The first is to predict the
system performance variances according to the changes of
the network topology in multiagent coordination domains
such as resource allocation, information sharing, and task
assignments. Second, we could optimize the recovery algorithm efficiency based on the utilizations of complex network
attributes.
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This paper investigates a novel joint problem of routing, scheduling, and channel allocation for single-radio multichannel wireless
mesh networks in which multiple channel widths can be adjusted dynamically through a new software technology so that more
concurrent transmissions and suppressed overlapping channel interference can be achieved. Although the previous works have
studied this joint problem, their linear programming models for the problem were not incorporated with some delicate constraints.
As a result, this paper first constructs a linear programming model with more practical concerns and then proposes a simulated
annealing approach with a novel encoding mechanism, in which the configurations of multiple time slots are devised to characterize
the dynamic transmission process. Experimental results show that our approach can find the same or similar solutions as the optimal
solutions for smaller-scale problems and can efficiently find good-quality solutions for a variety of larger-scale problems.

1. Introduction
Wireless mesh networks (WMNs) are able to achieve a
higher network coverage rate and a larger transmission range
through massive deployment of nodes and data exchange
between nodes. Aside from the conventional functions of
wireless networks, mesh routers in WMNs can dynamically
access, set up, and debug one another; that is, even if one
of the mesh routers shuts down, the network itself can
perform self-recovery and discovery. In general, the practical
problems for routing, scheduling, and channel allocation in
WMNs are computationally intractable, and, hence, a lot of
heuristic and metaheuristic algorithms for efficiently solving
the related problems have been proposed, for example, the
ant simulated annealing algorithm for the routing problem
[1], the approximate dynamic programming approach for link
scheduling [2], the local search based algorithm for energy
efficient spatial scheduling [3], and the genetic algorithm for
the channel assignment problem with partially overlapping
channels [4], among others.

In addition to the individual problems for routing,
scheduling, and channel allocation in WMNs, the metaheuristic algorithms for the joint problems for WMNs have
been investigated; for example, the joint routing and scheduling problem was solved by a genetic algorithm in [5]; the
joint routing and channel allocation problem was solved by
a simulated annealing algorithm [6] and a genetic algorithm
in [7], among others. However, most of the previous joint
problems for WMNs were associated with only two of the
three concerns, and hence this paper further investigates the
joint problem of routing, scheduling, and channel allocation
(RSC for short) to address the network scenario more realistically. Another important issue on WMNs is the influence
of signal interference on network performance, which can be
lessened by using multiple radios and multiple orthogonal
channels; for example, see [8, 9]. A recent work in [10] has
proposed a software technique with very little overhead that
can dynamically adapt the widths of multiple channels at
different times so as to attain more concurrent transmissions
and reduce signal interference under limited resource of
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Figure 1: Illustration of a wireless mesh network.

wireless spectrum. Note that although the previous works for
the joint RSC problem in [11, 12] have proposed to apply such
a variable-width channel allocation scheme to control signal
interference, some delicate constraints are not concerned in
their linear programming models.
In light of the above, this paper first constructs a linear programming model that better reflects the joint RSC
problem in WMNs and then designs the simulated annealing
(SA) algorithm with a novel encoding mechanism to solve the
problem. Our approach attempts to more realistically address
how WMN operates and to rapidly identify feasible paths
and schedule, as well as variable-width channel allocation
of data transmission in large-scale network topologies. In
addition, we further take the influence of signal interference
on the channel capacity into consideration to better reflect
real network situations. Our experimental results are first
compared with the optimal solutions for the small-scale problems that do not consider the influence of signal interference
on channel capacity, and then a comprehensive experimental
analysis on more complex problems is conducted. Note that
the work in [11] has proposed an SA approach for a joint
routing, link scheduling, and spectrum allocation, but its
linear programming model and our SA approach are different
from ours.
The main contributions of this paper are stated as follows:
(i) the SA algorithm with a novel encoding mechanism
is designed and implemented to solve a novel joint
RSC problem with variable-width channel allocation
scheme;
(ii) we establish a linear programming model for the
novel joint RSC problem, in which in order to be
more realistic than the previous works in [11, 12], we
consider that the channel capacity is influenced by
the allocated channel width, transmission range, and
signal interference;
(iii) we propose an innovative solution encoding design
in which the configurations of multiple time slots are

devised to characterize the dynamic data transmission process in WMNs.
The rest of this paper is organized as follows. Section 2
covers the literature review and channel allocation schemes.
Section 3 gives the solution encoding design of our SA
algorithm for the concerned problem and then describes the
details of the algorithm. Section 4 briefs the designs of all
experimental scenarios and their results. Section 5 concludes
this paper with future work.

2. Preliminaries
This section first provides reviews on related literatures, then
describes the variable-width channel allocation scheme, and
finally introduces the formulas on signal interference.
2.1. Related Work. The WMN is a wireless multihop technology that uses all the network devices within the transmission
range as relay nodes. Based on a routing mechanism of
WMN, data can be transmitted from the source node, along
relay nodes on the routing path, and finally to the destination
node. As shown in Figure 1, all the devices in the WMN are
classified as either a mesh router (or MR) or mesh client
(or MC). Besides its basic routing function, the MR in the
network also serves as a gateway and bridge to transmit
data to the Internet. Sessions are transmitted between MCs
and MRs by utilizing the P2P mechanism as specified in
the ad hoc mode. To an MC, the support for its hardware
and software is far easier than an MR, because the MC does
not function as a gateway and bridge. Thus, it only needs a
wireless adaptor and the traffic load processed by its protocol
is lighter than that of an MR. In terms of mobility, an MR is
more stationary than an MC. To an MC, MRs are the mesh
backbone of the network.
Most of the previous works related to this paper are dedicated to improving overall network throughput and developing new methods to address the issues on routing, scheduling,
and channel allocation. The routing problem is concerned
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with identifying the optimal path for data transmission; for
example, Li et al. [13] proposed an adaptive routing algorithm
for multiple subscribers in WMNs; Draves et al. [8] applied
the cumulative weighted expected transmission duration
method to evaluate whether the multichannel allocation
approach can effectively improve network throughput. The
scheduling problem is mainly about the priority and sequence
of data transmission; for example, Tang et al. [14] constructed
a model that can schedule appropriately, maximize output
efficiency, and control power and applied an algorithm based
upon the time series theory to solve all related issues.
The channel allocation problem is concerned with signal
interference and concurrent transmission, and an appropriate
allocation of limited spectrum resources can maximize the
transmission efficiency; for example, Ko et al. [15] developed
a modularized distributed channel allocation approach and
made channel selection decisions based on the information
acquired from the data forwarding mechanism.
As more and more studies are committed for those three
problems individually, some works started discussing how
the joint problems consisting of two or three individual
problems can be improved at once. For instance, for joint
routing and scheduling problem, Badia et al. [5] established
an integer linear programming model and proposed a genetic
algorithm approach for the joint routing and scheduling
problem. Li et al. [16] proposed an optimization architecture
for joint multipath routing and scheduling in WMNs, while
Luo et al. [17] incorporated the greedy algorithm and column
generation algorithm to effectively raise the overall network
throughput. For the joint routing and channel allocation
problem, Raniwala et al. [18, 19] used local traffic information, incorporated with distributed and centralized algorithms, to handle dynamic channel allocation and routing
searches. Cheng and Yang [6] proposed a simulated annealing
algorithm based upon the encoding of the path oriented
mechanism and used the tree data structure to express
each candidate solution for multiple paths. Valarmathi and
Malmurugan [20] designed a traffic-aware and forecasting
mechanism to control routing congestion and used the
distributed channel allocation to avoid signal interference
within the same channel.
With more complicated concerns, some works focused
on the joint problem of routing, scheduling, and channel
allocation problem (RSC for short). For instance, Tang and
Brandt-Pearce [21] used the free space optics communication, a wireless spectrum technology, to offset insufficient
spectrum resources and used a mixed-integer programming
approach to solve the joint RSC problem of the two wireless

technologies. Uddin et al. [11, 12] adopted the variable-width
channel allocation scheme to construct a joint RSC model
and solved it with the column generation algorithm and some
heuristics.
2.2. Variable-Width Channel Allocation. Channel allocation
is an important topic in the study of IEEE 802.11 MAC
protocols. A good channel allocation approach can drastically
reduce interference for concurrent transmission, increase
throughput, and reduce transmission delay [15]. The use of
multiple channels may increase the complexity of channel
allocation but can further lessen the influence of signal interference on network performance. The difference between
single-channel and multichannel allocations [22] is illustrated in Figure 2 in which nodes 1 and 2 transmit their
sessions to nodes 3 and 4, respectively. Under single-channel
allocation, both of the two links are allocated with channel
1, so that nodes 1 and 2 could interfere with each other
during the transmission process. In this case, it is required
to set transmission priority for the two sessions. On the other
hand, under multichannel allocation, the link between nodes
2 and 4 can be allocated to another channel so that the
sessions with different destination nodes can be transmitted
concurrently, so the channel capacity is only affected by the
signal interference within a channel.
Through settings of software, MRs, as well as MCs, the
variable-width channel allocation scheme can be adopted
[10]. Besides the standard 20 MHz channel width allocation,
different channel widths (including 5 MHz, 10 MHz, 20 MHz,
and 40 MHz) for multiple channels can be set according to
the transmission range as well as the number of sessions to be
transmitted. Thus, the work in [10] quantified the influences
of channel width on the transmission range and the number
of transmitted sessions, as well as power consumption, and
discovered that a smaller channel width is more appropriate
for a link with less traffic load, because if a small channel
width is allocated, the remaining spectrum band width can
be utilized to create more orthogonal channels for other
concurrent transmissions.
The work in [23] already proposed a model for the
variable-width channel allocation problem and indicated that
the variable-width channel allocation scheme can make a
fairer and more effective use of limited spectrum resource
and clearly perform superior to the conventional fixed-width
channel allocation schemes. The work in [24] proposed an
algorithm to suppress interference in concurrent transmission and used the variable-width channel allocation scheme
to increase the number of orthogonal channels. According
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to the work in [24], the variable-width channel allocation
scheme can improve the overall network throughput.
R1

2.3. Signal Interference. Consider the transmission between
two neighboring nodes 𝑖 and 𝑗 in which the Euclidean
distance between them is 𝑑𝑖,𝑗 . Assuming absence of interference and a simple 2-ray propagation model, the signal-tonoise ratio (SNR) at the intended receiver and the derived
transmission range 𝐷𝑤 are given as follows, respectively:
SNR𝑖,𝑗 =

−𝛼
𝑃𝑜 𝑑𝑖,𝑗

𝑁0 𝑊

,

where 𝑃𝑜 is the transmission power; 𝛼 is the path loss
exponent; 𝑁0 is the power spectral density of thermal noise;
𝑊 is the allocated channel width; and 𝛽 is the required
threshold that the SNR must be no less than to achieve
a particular data rate. From the above equations, a larger
transmission range 𝐷𝑤 can be accomplished with a smaller
channel width 𝑊. That is, if the traffic load on a link is heavier,
a larger channel width should be allocated for that link.
Considering the presence of interference from other
transmissions, the signal-to-interference-plus-noise ratio
(SINR) at receiver 𝑗 and the Shannon capacity of link (𝑖, 𝑗)
are, respectively, given as follows:
SINR𝑖,𝑗 =

−𝛼
𝑁0 𝑊 + ∑𝛼 ≠ 𝑖 𝑃𝑜 𝑑𝑎,𝑗

𝐶𝑖,𝑗 = 𝑊 ⋅ log2 (1 + 𝛽) ,

M=2

R2

s2

Figure 3: Illustration of transmitting two sessions in a 9-node
network topology. The sizes of the two sessions are 𝑅1 an 𝑅2 ,
respectively, and the pairs of their source and destination nodes are
(𝑠1 , 𝑑1 ) and (𝑠2 , 𝑑2 ), respectively.

(1)

𝑃𝑜
𝛼
𝐷𝑤 = √
,
𝑁0 𝑊𝛽

−𝛼
𝑃𝑜 𝑑𝑖,𝑗

d2

s1

,

(2)

if SINR𝑖,𝑗 ≥ 𝛽,

where 𝛽 is the required threshold that the SINR must be no
less than to achieve a particular data rate. From the above
equations, a larger channel capacity can be achieved if a larger
channel width 𝑊 is allocated.

3. Our SA Approach to the RSC Problem
This section first describes our concerned RSC problem for
WMNs, establishes a linear programming model for the
problem, and covers the design of the SA algorithm, including
the solution encoding mechanism, generation of the initial
solution, and search of the neighboring solution.
3.1. Problem Description and Modelling. Consider to transmit
𝑀 concurrent sessions in an 𝑛-node multihop WMN with
𝐾 orthogonal channels, where each session 𝑚 is transmitted
from node 𝑠𝑚 to node 𝑑𝑚 and its traffic load is 𝑅𝑚 bits for
1 ≤ 𝑚 ≤ 𝑀; each channel is allocated with a spectrum
band of 5, 10, 20, or 40 MHz at different times; that is, it is a
variable-width channel allocation scheme. The transmission
is involved with the joint problem of routing, scheduling, and
channel allocation as each session may be separated into subsessions that go along different paths to its destination, and
those routing paths are chosen according to the underlying

schedule of different concurrent transmissions. The objective
of our problem is to minimize the total system activation
time for transmitting the 𝑀 concurrent sessions while the
minimum SINR requirement for transmissions is satisfied.
Since different channel widths may influence the transmission range, only the two neighboring nodes within the
transmission range (determined by the allocated channel
width) and without violating the minimum SINR requirement can communicate with each other. The link in which
the two adjacent nodes can communicate with each other is
called an active link. Note that the active links at different
times are different. Let 𝐸 denote the set of all possible
active links. For example, in Figure 3, two sessions with
sizes 𝑅1 and 𝑅2 are transmitted in a 9-node network
topology; all the active links are represented by dotted
lines; nodes 𝑠1 and 𝑑1 (both in black) are the source and
destination nodes for session 1, while nodes 𝑠2 and 𝑑2 (both
in gray) are the source and destination nodes for session
2.
For the variable-width channel allocation scheme, this
paper continues using the setting of the total spectrum width
in [11, 12]: 𝐵 = 80 MHz. Different from the conventional fixedwidth channel allocation scheme that allocates 20 MHz to
all links for transmission, this paper adopts four possible
channel widths: 5, 10, 20, and 40 MHz, as illustrated in
Figure 4. If the allocated channel width for a link is smaller,
then the transmission range is larger, and there are more
orthogonal channels available to be used, but the channel
capacity is smaller. On the contrary, if the allocated channel
width for a link is larger, then the transmission range is
smaller, and there are less remaining spectrum resources that
are available to be allocated, but the channel capacity is larger.
In what follows, the linear programming model for our
concerned problem is described in detail. We assume a timedivision multiple access WMN, in which time is divided into
𝑇 times slots. Note that each link is active and needs to be
allocated with a channel width only when the transmission
range constraint is not violated and the SINR requirement is
satisfied. Hence, the multihop transmissions via active links
at each time slot may take different time; that is, the durations
of any two time slots may not be equal. For 1 ≤ 𝑡 ≤ 𝑇, let 𝜆 𝑡
denote the duration of the 𝑡th time slot, which is called the
𝑡th system activation time. The objective of our concerned
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i

Since the total sum of all the 𝐾 orthogonal channels at time
slot 𝑡 cannot exceed the total spectrum width 𝐵, the constraint
for 𝑏𝑘,𝑡 is characterized as follows:

j
20 MHz

(a) Fixed-width channel allocation

i

𝐾

∑ 𝑏𝑘,𝑡 ≤ 𝐵,

j
5 MHz

20 MHz
40 MHz

𝑘,𝑡
≤ 𝑏𝑘,𝑡 ,
𝑥𝑖,𝑗

(b) Variable-width channel allocation

Figure 4: Illustration of the difference between fixed-width and
variable-width channel allocation schemes.

problem is to minimize the total system activation time as
follows:
𝑇

Minimize ∑𝜆 𝑡 .

(3)

𝑡=1

Assume that there are 𝐾 orthogonal channels that can
be allocated within a time slot. By using the variablewidth channel allocation scheme, the total spectrum width
(80 MHz) can be sliced into at least 2 channels of width
40 MHz and up to 16 channels of width 5 MHz, and, hence,
2 ≤ 𝐾 ≤ 16. Let 𝑘 denote a particular channel. The link
𝑘,𝑡
is defined as follows:
variable 𝑥𝑖,𝑗

𝑡
𝐺𝑖,𝑗

if link (𝑖, 𝑗) on channel 𝑘 is active at time slot 𝑡;
otherwise.
(4)

𝐾

𝑘=1

∑

𝑘,𝑡
𝑥𝑖,V
+

𝑖∈𝑉:(𝑖,V)∈𝐸

∑

𝑘,𝑡
𝑥V,𝑗
) ≤ 1,

𝑗∈𝑉:(V,𝑗)∈𝐸

∀V ∈ 𝑉,

(5)

∀𝑡 = 1, . . . , 𝑇,

where 𝑉 denotes the set of nodes in the network topology.
The spectrum band width 𝑏𝑘,𝑡 allocated for channel 𝑘 at
time slot 𝑡 is given as follows:
0,
{
{
{
{
{
5,
{
{
= {10,
{
{
{
20,
{
{
{
{40,

if
if
if
if
if

channel
channel
channel
channel
channel

𝑘
𝑘
𝑘
𝑘
𝑘

is
is
is
is
is

allocated
allocated
allocated
allocated
allocated

with
with
with
with
with

0 MHz;
5 MHz;
10 MHz; (6)
20 MHz;
40 MHz.

(8)

𝑘,𝑡
= 1) ;
𝑏𝑘,𝑡 , if link (𝑖, 𝑗) is active (i.e., 𝑥𝑖,𝑗
{
{
𝐾
={
𝑘,𝑡
{0,
= 0) .
if link (𝑖, 𝑗) is inactive (i.e., ∑ 𝑥𝑖,𝑗
{
𝑘=1
(9)

𝑡
To linearize the definition of 𝐺𝑖,𝑗
for alleviation of computing
the mathematical model, three large positive constants, 𝑀1 ,
𝑀2 , and 𝑀3 , are used to construct this model:
𝑡
𝑘,𝑡
≤ 𝑏𝑘,𝑡 + 𝑀1 (1 − 𝑥𝑖,𝑗
),
𝐺𝑖,𝑗

∀ (𝑖, 𝑗) ∈ 𝐸,

∀𝑘 = 1, 2, . . . , 𝐾,
𝐾

Suppose that each node is allocated with a single-radio
channel; that is, each link within a time slot does not
allow any traffic flow from both directions of this link
simultaneously and is allocated with only one channel. Hence,
the transmission constraint at each time slot is characterized
as follows:

𝑏𝑘,𝑡

∀ (𝑖, 𝑗) ∈ 𝐸, ∀𝑘 = 1, 2, . . . , 𝐾.

𝑘,𝑡
For link variable 𝑥𝑖,𝑗
and channel width variable 𝑏𝑘,𝑡 , the
allocated channel width and the active status for link (𝑖, 𝑗) at
𝑡
time slot 𝑡 are represented by 𝐺𝑖,𝑗
as follows:

𝑘,𝑡
𝑥𝑖,𝑗

∑(

(7)

If 𝑏𝑘,𝑡 = 0, then there is no spectrum band width allocated for
𝑘,𝑡
must be equal to 0. Hence,
channel 𝑘 at time slot 𝑡; that is, 𝑥𝑖,𝑗
we have the following constraint:

10 MHz

1,
={
0,

∀𝑡 = 1, . . . , 𝑇.

𝑘=1

𝑡
𝑘,𝑡
𝐺𝑖,𝑗
≤ 𝑀2 ∑ 𝑥𝑖,𝑗
,

∀ (𝑖, 𝑗) ∈ 𝐸,

(10)

(11)

𝑘=1

𝑡
𝑘,𝑡
𝐺𝑖,𝑗
≥ 𝑏𝑘,𝑡 − 𝑀3 (1 − 𝑥𝑖,𝑗
),

∀ (𝑖, 𝑗) ∈ 𝐸,

∀𝑘 = 1, 2, . . . , 𝐾.

(12)

From the SNR equation in (1), since the allocated channel
width 𝑊 determines the maximal transmission range 𝐷𝑊,
we require the constraint: if the distance between two nodes
exceeds this range, sessions cannot be successfully transmitted. From the above derivation, link (𝑖, 𝑗) is allocated with
𝑡
, so the transmission range is 𝐷𝐺𝑖,𝑗𝑡 by (1),
channel width 𝐺𝑖,𝑗
and, hence, we have the following constraint:
𝑑𝑖,𝑗 ≤ 𝐷𝐺𝑖,𝑗𝑡 ,

𝑘,𝑡
if link (𝑖, 𝑗) is active at 𝑡 (i.e., 𝑥𝑖,𝑗
= 1) ,

∀ (𝑖, 𝑗) ∈ 𝐸,

∀𝑘 = 1, 2, . . . , 𝐾.
(13)

To linearize the above inequality, we have the following:
𝑘,𝑡
𝑑𝑖,𝑗 ≤ 𝐷𝐺𝑖,𝑗𝑡 + 𝑀4 (1 − 𝑥𝑖,𝑗
),

∀ (𝑖, 𝑗) ∈ 𝐸, ∀𝑘 = 1, 2, . . . , 𝐾,
(14)

where 𝑀4 is a large positive constant.
For each active link (𝑖, 𝑗) at each time slot 𝑡, if the SINR
(i.e., SINR𝑡𝑖,𝑗 ) is greater than the threshold 𝛽, the channel
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capacity is not affected; otherwise, the channel capacity drops.
The linearized SINR equation is
SINR𝑡𝑖,𝑗

≤

−𝛼 𝑘,𝑡
𝑘,𝑡
𝑥𝑖,𝑗 + 𝑀5 (1 − 𝑥𝑖,𝑗
)
𝑃𝑜 𝑑𝑖,𝑗
𝑡
𝑁0 𝐺𝑖,𝑗

+

,
𝑘,𝑡

−𝛼
∑(𝑎,𝑏)∈𝐸;𝑎 ≠ 𝑖 𝑃𝑜 𝑑𝑎,𝑗
𝑥𝑎,𝑏

∀ (𝑖, 𝑗) ∈ 𝐸,

∀𝑘 = 1, 2, . . . , 𝐾,
(15)
𝑡
where 𝑀5 is a large positive constant. Let 𝐶𝑖,𝑗
denote the
Shannon capacity at time slot 𝑡, which can be determined by
the following constraint:
𝑡
𝑡
≤ 𝐺𝑖,𝑗
⋅ log2 (1 + min (SINR𝑡𝑖,𝑗 , 𝛽)) .
𝐶𝑖,𝑗

(16)

Note that the above inequality can be linearized easily.
𝑚
is the amount of session 𝑚 flowing
Assuming that 𝑓𝑖,𝑗
through link (𝑖, 𝑗), the flow constraints are characterized as
follows:
𝑚
𝑓𝑖,𝑗
−

∑

𝑗∈𝑉:(𝑖,𝑗)∈𝐸

𝑚
= 0,
∑ 𝑓𝑗,𝑖
𝑗∈𝑉:(𝑗,𝑖)∈𝐸

∀𝑖 ∈ 𝑉 − {𝑠𝑚 , 𝑑𝑚 } ,
∀𝑚 = 1, . . . , 𝑀,
(17)

𝑓𝑠𝑚𝑚 ,𝑗 −

∑

𝑗∈𝑉:(𝑠𝑚 ,𝑗)∈𝐸

∑

𝑚
𝑓𝑗,𝑠
= 𝑅𝑚 ,
𝑚

𝑗∈𝑉:(𝑗,𝑠𝑚 )∈𝐸

(18)

∀𝑚 = 1, . . . , 𝑀,
𝑓𝑑𝑚𝑚 ,𝑗 −

∑

𝑗∈𝑉:(𝑑𝑚 ,𝑗)∈𝐸

𝑚
𝑓𝑗,𝑑
= −𝑅𝑚 ,
∑
𝑚
𝑗∈𝑉:(𝑗,𝑑𝑚 )∈𝐸

(19)

∀𝑚 = 1, . . . , 𝑀.
Equation (17) enforces that if the concerned node 𝑖 is neither
the source node nor the destination node, each session 𝑚
flowing into node 𝑖 must come out eventually. Equations (18)
and (19) enforce that both the total outflows of the source
node and the total inflows of the destination node for session
𝑚 must be 𝑅𝑚 .
𝑚,𝑡
be the amount of session 𝑚 flowing through link
Let 𝑓𝑖,𝑗
(𝑖, 𝑗) during time slot 𝑡. That is,
𝑇

𝑚,𝑡
𝑚
= 𝑓𝑖,𝑗
,
∑𝑓𝑖,𝑗

∀ (𝑖, 𝑗) ∈ 𝐸, ∀𝑚 = 1, . . . , 𝑀.

(20)

𝑡=1

Hence, the 𝑡th system activation time can be calculated as
follows:
𝜆 𝑡 = max (
(𝑖,𝑗)∈𝐸

𝑚,𝑡
∑𝑀
𝑚=1 𝑓𝑖,𝑗
𝑡
𝐶𝑖,𝑗

),

∀𝑡 = 1, . . . , 𝑇.

(21)

The following constraint enforces that the total traffic load
flowing through link (𝑖, 𝑗) must not exceed the maximum
capacity that this link can sustain:
𝑇

𝑀

𝑡=0

𝑚=1

𝑡
𝑚
⋅ log2 (1 + 𝛽) − ∑ 𝑓𝑖,𝑗
≥ 0,
∑𝜆 𝑡 ⋅ 𝐺𝑖,𝑗

∀ (𝑖, 𝑗) ∈ 𝐸.

(22)

The following constraints enforce that some variables are
nonnegative:
𝑚
≥ 0,
𝑓𝑖,𝑗

𝜆 𝑡 ≥ 0.

(23)

To summarize, the objective of our linear programming
model is to minimize the total system activation time in
(3), under the one-time-slot transmission constraint (5), the
channel width constraints (7)–(12), the transmission range
constraint (14), the SINR constraint (15), the Shannon capacity constraint (16), the one-session traffic flow constraints
(17)–(19), the system activation time constraints (20)-(21), the
one-link traffic flow constraint (22), and the nonzero variable
constraints (23).
It is worth mentioning that the differences between our
model and the previous model for the RSC problem proposed
in [11, 12] are the introduction to (14)–(16) and (20)-(21). The
detailed explanations are stated as follows:
(i) unlike the previous work, inequality (14) takes into
consideration the influence of the allocated channel
width on the transmission range. It enforces that the
transmission range between two nodes due to the
allocated channel width is no less than their Euclidean
distance;
(ii) the previous work did not consider SINR in its linear
programming model. In this paper, (15) considers that
different active links and their different transmission
ranges result in different SINRs;
(iii) previous work only considered the total channel
capacity constraint for transmission. In this paper,
the influence of signal interference on the channel
capacity for each link is considered in (14)–(16), and,
thus, the channel capacities for each link at each time
slot may be different;
(iv) based on the above, different capacities lead to different system activation time for each time slot. Hence,
this paper introduces (20)-(21) for calculating the
system activation time for each time slot.
3.2. Our SA Algorithm. The SA algorithm [23, 25] is an
iterative improvement process inspired from simulating the
annealing process and has frequently been used to solve a
variety of combinatorial optimization problems, for example,
periodic routing problem of a retail distribution system [26]
and dynamic facility layout problem [27], among others. The
basic idea of the SA is to simulate the annealing process of
metal crystals to iteratively refine the solution quality and
search for nearly optimal solutions. First, the encoding of
any solution for the concerned problem into a system state
of the metal is defined, and the relationship between the
objective function of the concerned problem and the energy
function of the state is specified. Next, the SA algorithm
initializes the initial system state as well as some parameters
on temperatures. In each iteration of the SA algorithm, the
system temperature is decreased to a fixed level according
an annealing schedule and a neighboring state of the current
system state at the current system temperature is generated.
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Initialize temperatures

Generate initial state i

Evaluate ℰi of state i

Yes

𝜏 > 𝜏𝓁 ?
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𝜏 ←− 𝛾 × 𝜏
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Δℰ > 0?
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p ∼ U(0, 1)

No

Yes
State i ← state j

Yes

−Δℰ
)?
p < exp(
KB 𝜏

No
k← k+1

Figure 5: Flow chart of our SA algorithm.

If the energy level of this neighboring state is lower (better)
than that of the current state, the neighboring state replaces
the current state; otherwise, there is an acceptance probability
that allows the neighboring state with a higher (worse)
energy level to replace the current state. Once the current
state stabilizes at the current temperature, we repeat the
same annealing process until the current temperature drops
below the lowest temperature. By the acceptance probability
mechanism, the system can be released from the trap to
constantly seek for a better local optimal solution and could
therefore find a global optimal solution for the concerned
problem.
The flow chart of the SA algorithm is given in Figure 5.
The main steps of the SA algorithm are stated as follows:
(i) set the highest temperature 𝜏ℎ , the lowest temperature
𝜏ℓ , and the current temperature 𝜏 = 𝜏ℎ ;

(ii) generate the initial state 𝑖 and evaluate its energy level
E𝑖 ;
(iii) change the current state via perturbation to generate
a new state 𝑗, and evaluate its energy level 𝐸𝑗 . State 𝑗
is also known as the neighboring state of state 𝑖;
(iv) calculate the energy difference ΔE = E𝑖 − E𝑗 between
states 𝑖 and 𝑗. If ΔE > 0, that is, the neighboring state
𝑗 has a lower energy level, then state 𝑗 replaces the
current state 𝑖. Otherwise, generate a random number
𝑝 ∼ 𝑈(0, 1) and calculate the acceptance probability
𝑃(ΔE, 𝜏) = exp(−ΔE/(𝐾𝐵 ⋅ 𝜏)), where 𝐾𝐵 is the
Boltzmann constant and is usually set to 1 and 𝜏 is the
current system temperature. If 𝑝 < 𝑃(ΔE, 𝜏), then the
neighboring state 𝑗 is accepted to replace the current
system state 𝑖; otherwise, it is rejected;
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(v) if the maximal number 𝜂 of iterations is not reached
under the current temperature 𝜏, we go back to Step
(iii);
(vi) if 𝜏 > 𝜏ℓ , the current temperature 𝜏 is decreased
according to the annealing schedule 𝜏 ← 𝛾 × 𝜏, where
𝛾 ∈ (0, 1), and then we go back to Step (iii); that is, the
algorithm stops when 𝜏 ≤ 𝜏ℓ .

In light of the above, we need to design the energy
function for a system state and some main components of
the algorithm specifically for our concerned problem. Since
this paper is concerned with a minimization problem and the
SA also solves for the minimal energy level, we can directly
use (3) as the energy function for the system state. Hence,
the remaining components that we have to design include
the state encoding mechanism, the method of generating the
initial state, and our neighborhood search method, which are
detailed in the rest of this section.
3.2.1. State Encoding. To solve our problem with the SA
algorithm, we need to design a mechanism to encode the
solution of the concerned problem into a system state. For our
problem, the information of a system state needs the number
of nodes of the network topology, the size of each session, the
next hop of session transmission, and the destination node, as
well as the allocated channel width. Since time is divided into
multiple time slots, we first encode the configuration of a time
slot as illustrated in Figure 6(a), which include the following
five attributes:
(i) node: this records the ID of a node in the network
topology;
(ii) Queues 1–3: since we allow at most three sessions to
stay at the same node at a time point, we assume that
each node has a queue with three entries labeled by
“Queue 1”–“Queue 3.” Each entry of the queue can
store a session staying at the current node, and its
value records its size. If the value is 0, it means that
the queue entry is empty;
(iii) Destinations 1–3: for 𝑖 = 1, 2, 3, the “Destination 𝑖”
entry records the ID of the destination node of the
session at “Queue 𝑖” of the current node;
(iv) next hop: this records the ID of the next hop node
to which the session at “Queue 1” is going to be
transmitted. If the ID of the next hop node coincides
with that of “Destination 1,” then the transmission of
the session at “Queue 1” will be finished after this time
slot;
(v) channel width: this records the allocated channel
width for the link from the current node to the next
hop; for example, a 20 MHz channel width is allocated
to link (1, 6) in Figure 6(a).
To guarantee the solution feasibility, the configuration of
a single time slot needs to satisfy the following constraints:
(i) the queue at each node is first-in-first-out, and, hence,
for 𝑖 = 1, 2, if the “Queue 𝑖” entry is 0, then the “Queue
𝑖 + 1” entry must be 0;

(ii) if all the queue entries of a node are 0 (meaning that
there is no session at the node), then the “Next hop,”
“Destination,” and “Channel width” entries must be 0
for this node;
(iii) if the “Next hop” entry of a node is 0 (meaning that
there is no session transmitted from this node), then
“Channel width” must be;
(iv) because of limited channel width and signal interference, some sessions may be stranded at the current
time slot. For example, in Figure 6(a), the “Next hop”
and “Channel width” entries at Node 3 are both 0 for
the 1.72 Mbits session, and, hence, this session stays
at Node 3 at the current time slot and will only be
transmitted at later time slots;
(v) within the same time slot, the total sum of the
allocated channel widths for “Channel width” cannot exceed the total spectrum band width, that is,
80 MHz, in this paper.
Take Figure 6(a) as an example for a 6-node network
topology for transmission of six sessions: two sessions at
Node 1 and one session at each of Nodes 2–5. Figure 6(b) is
the encoding for the configuration after finishing the time slot
of Figure 6(a), which is explained as follows:
(i) assume that all the allocated channel widths in
Figure 6(a) are large enough to allow transmission of
each session;
(ii) the session of size 3.58 Mbits at Node 1 in Figure 6(a)
disappears in Figure 6(b) because its destination ID is
the same as the ID of the next hop in Figure 6(a); that
is, it arrives at its destination after this time slot;
(iii) the session of size 4.71 Mbits in “Queue 2” of Node 1
moves to “Queue 1” and their corresponding destinations are adjusted accordingly;
(iv) there is no action for the session of size 1.72 Mbits at
Node 3 because no channel width is allocated to the
link adjacent to Node 3;
(v) three sessions (of sizes 1.13, 6.55, and 0.71 Mbits, resp.)
in Figure 6(a) have the same next hop node (Node
3). However, Node 3 has only two empty queue
entries (i.e., “Queue 2” and “Queue 3”). In this case,
we arbitrarily select two of the three sessions to be
transmitted. In this example (see Figure 6(b)), the
sessions of sizes 6.55 and 0.71 Mbits arrive at Node 3,
while the session of size 1.13 Mbits stays at the original
Node 2.
A complete encoding for a solution of our concerned
problem contains configurations of 𝑇 + 1 time slots, as shown
in Figure 7. As time slots take turns, the configuration of each
time slot determines its own queue and destination entries
based on the results from the configuration of the previous
time slot and randomly determines its “Next hop” and
“Channel width” entries. The same process is repeated until all
sessions are transmitted to their final destinations. In choosing the “Next hop” and “Channel width” entries, we need to
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Node
1
2
3
4
5
Queue 1
3.58 1.13 1.72 6.55 0.71
Queue 2
4.71 0
0
0
0
Queue 3
0
0
0
0
0
Destination 1 6
3
2
5
6
Destination 2 4
0
0
0
0
Destination 3 0
0
0
0
0
Next hop
6
3
0
3
3
Channel width 20 10
0
40 10

6
0
0
0
0
0
0
0
0

(a) Encoding the current time slot

⇒

Node
1
2
Queue 1
4.71 1.13
Queue 2
0
0
Queue 3
0
0
Destination 1 4
3
Destination 2 0
0
Destination 3 0
0
Next hop
5
3
Channel width 40 20

3
1.72
0.71
6.55
2
6
5
2
20

4
0
0
0
0
0
0
0
0

5
0
0
0
0
0
0
0
0

6
0
0
0
0
0
0
0
0

(b) Encoding the next time slot

Figure 6: Encoding the configuration for a single time slot.

Time slot T

Node
1
2
3
Queue 1
0
0
0
Queue 2
0
0
0
Queue 3
0
0
0
Destination 1
0
0
0
Destination 2
0
0
0
Time slot 1
Node
1
2
3
4
Queue 1
0
0
3.47 2.56
Time slot 0
Node
1
2
3
4
5
Queue 1
0
0
3.47
2.56 3.89
Queue 2
0
0
0
0
0
Queue 3
0
0
0
0
0
Destination 1
6
0
0
4
5
Destination 2
0
0
0
0
0
Destination 3
0
0
0
0
0
Next hop
0
0
0
2
5
Channel width 40
0
0
0
20

4
0
0
0
0
0
5
0
6
0
0
0
0
0
0
0
0

5
2.56
0
0
6
0
6
0
0
0
0
0
0
0
0

6
0
0
0
0
0
0
0
0

Figure 7: The encoding for a solution of our concerned problem includes the configurations of 𝑇 + 1 time slots.

consider the influences caused by the transmission range to
the next hop, the transmission interference constraint, and
the variable-width channel allocation. For example, if the
transmission distance between nodes is too long, or 40 MHz
cannot be used as the maximal channel width, then the
40 MHz option is removed, and one from the remaining
options (5, 10, or 20 MHz) is chosen to allocate the channel
width. Within each time slot, the allocated channel width
and SINR are adopted for the Shannon capacity equation
to acquire the system activation time 𝜆 𝑡 for each time slot
𝑡, and finally all the times are summed up to calculate the
total system activation time, which is the energy value of the
encoded system state.
3.2.2. Generation of the Initial State. In the beginning of the
SA algorithm, an initial system state needs to be decided,
and this state should match the initial solution and meet all
the constraints described in the previous subsection; that is,
this system state must permanently maintain the feasibility
of the represented solution. Consider to transmit a number
of sessions in a network topology, in which the number of
nodes, the distance between nodes of the topology, and the
size, the source node, and the destination node of each session
are known. The steps of generating the initial state are given
as follows:

(i) generate all the queue and destination entries in the
configuration of the initial time slot;
(ii) under Constraint (5), one of the nodes to which the
session at “Queue 1” can be transmitted is chosen
randomly and is assigned to the “Next hop” entry of
the session. If the distance 𝑑𝑖,𝑗 between two nodes
is greater than 𝐷5 MHz (the maximal possible transmission range), then the “Next hop” entry should be
chosen again for the session;
(iii) by (1) and Constraint (7), a channel width option is
chosen randomly to determine the “Channel width”
entry for the session to be transmitted, that is, the one
at “Queue 1.” If there are no suitable channel width
options, both the “Next hop” and “Channel width”
entries for the session are set to 0; that is, the session
will be transmitted at later time slots;
(iv) go back to Step (ii) until all the “Channel width” and
“Next hop” entries are determined;
(v) if there are still sessions that have not yet reached
their destinations at this time slot, keep their queue
and destination entries, and go back to Step (ii) at
the next time slot. If all the sessions within this
time slot have reached their destination nodes, the
transmission process is finished;
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Current state

Slot T

Node
Queue 1
Queue 2
Queue 3
Destination 1
Slot k
Node
1
Queue 1
2.56
Queue 2
0
Queue 3
0
Destination 1 6
Destination 2 0
Destination 3 0
Next hop
5
Channel width 10

Slot 1

Node
1
Queue 1
0
Slot 0
Node
1
Queue 1
3.47
Queue 2
0
Queue 3
0
Destination 1
4
Destination 2
0
Destination 3
0
Next hop
2
Channel width 40

1
0
0
0
0

2
0
0
0
0
2
0
0
0
0
0
0
0
0

3
0
0
0
0
3
0
0
0
0
0
0
0
0

2
3
4
3.47 2.56 0
2
3
4
0 2.56 3.89
0
0
0
0
0
0
0
6
5
0
0
0
0
0
0
0
0
5
0
0
20

4
0
0
0
0
4
0
0
0
0
0
0
0
0

5
0
0
0
0
0
0
0
0

Neighboring state
Slot T
1
2
3
Node
6
Queue 1
0
0
0
0
0
0
0
Queue 2
0
0
0
0
Queue 3
0
Destination 1
0
0
0
0
Slot k
0
Node
1
2
3 4
0
Queue 1
2.56 0
0
0
Queue 2
0
0
0
0
0
Queue 3
0
0
0
0
0Change since
slot k
Destination 1
6
0
0
0
Destination 2
0
0
0
0
Destination 3
0
0
0
0
Next hop
3
0
0
0
Channel width 40 0
0
0

6
0

5
0
5
0
0
0
0
0
0
0
0

5
2.56
0
0
6
6
0
0
0
0
0
0
0
0

6
0
0
0
0
0
0
0
0

Slot 1

Node
1
2
3
4
Queue 1
0 3.47 2.56 0
Slot 0
Node
1
2
3
4
Queue 1
3.47 0 2.56 3.89
Queue 2
0
0
0
0
Queue 3
0
0
0
0
Destination 1
0
6
5
4
Destination 2
0
0
0
0
Destination 3
0
0
0
0
Next hop
2
0
0
5
Channel width 40
0
0
20

5
0
0
0
0
0
0
0
0

4
0
0
0
6

5
2.56
0
0
0
5
6
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

5
0

6
0

6
0
0
0
0
0
0
0
0

6
0
0
0
0
0
0
0
0

Figure 8: Illustration of neighborhood selection.

(vi) calculate and sum up the system activation time of
each time slot to obtain the total system activation
time, which is the energy value of the initial state.
3.2.3. Neighborhood Selection. This section describes how to
search the neighboring state to achieve iterative improvement
via the SA algorithm. Consider the current system state that
contains configurations of 𝑇 + 1 time slots. We randomly
choose a time slot 𝑘. In the neighboring state as illustrated
in Figure 8, the configurations from time slot 0 to time slot
(𝑘 − 1) are the same as those of the current state, while the
configurations from time slot 𝑘 to time slot 𝑇 are changed
using the the same procedure of generating the initial state in
the previous subsection.
Consider the example in Figure 8, in which 𝑘 is chosen
as the cut-off point to generate the new neighboring state.
In the new neighboring state, the configurations from time
slot 0 to time slot (𝑘 − 1) are kept unchanged as the current
state, and the sessions that have not been transmitted to their
destination nodes at time slot (𝑘 − 1) will be transmitted at
later time slots. As shown in Figure 8, for the new neighboring
configuration, there is a session (of size 2.56 Mbits) at Node
1 at time slot 𝑘 and its destination node is still Node 6. The
“Next hop” and “Channel width” entries are then randomly
chosen. Form Figure 8, it can be seen that for the new entity,
“Next hop” = 3 and “Channel width” = 40 MHz at time slot
𝑘, unlike the current state, in which “Next hop” = 5 and
“Channel width” = 10 MHz at time slot 𝑘. Following the same
procedure, a new neighboring state will be generated after all
sessions are transmitted successfully.

Note that the new neighboring state is not necessarily
better than the current state and may even have a worse
energy value. Thus, an iterative improvement process must
be carried out with the SA algorithm to accept an inferior
solution and skip the local optimal solution before a superior
feasible solution or a nearly optimal solution can be found.

4. Experimental Results and Analysis
In order to evaluate the performance of our proposed
approach, we implement the proposed algorithm and conduct a variety of experiments. Since our joint RSC problem
is new, we first compare our experimental results for a smallscale problem (in which the SINR is not considered) with
the optimal solutions generated by the column generation
algorithm. Note that column generation is an exact algorithm,
which is only suitable for small-scale problems. Then, we
evaluate the performance of our SA algorithm for largerscale problems with the concern on the SINR caused by
the transmission range between nodes. Our algorithm is
implemented in C++ programming language and runs on
an Intel Core i5-3210 M @ 2.50 GHz CPU PC with 8 GB
memory to analyze the performance. The parameters settings
for our SA algorithm in the experiments are listed as follows:
Kotzman parameter 𝐾𝐵 = 1; highest temperature 𝑇ℎ = 1000;
lowest temperature 𝑇ℓ = 10; cooling constant 𝛾 = 0.95; and
maximum number of iterations 𝜂 = 10000.
4.1. Experimental Results for Small-Scale Problems. We continue using the problem instance (where SINR interference is
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Figure 9: The network topology of adopting the channel width of (a) 5 MHz, (b) 10 MHz, (c) 20 MHz, and (d) 40 MHz.

not considered) and parameter settings in [11] as follows: 𝑃𝑜 =
1 m Watt, 𝛼 = 2, 𝑁0 = 10−6 Watt/MHz, and 𝛽 = 1.3.
Recall that the variable-width channel allocation scheme
is applied. The network topology considered in [11] using
5 MHz, 10 MHz, 20 MHz, and 40 MHz channel widths is
shown in Figures 9(a)–9(d), respectively. As compared with
Figure 9(a), the topology in Figure 9(b) does not have link
(1, 3), implying that the adoption of 5 MHz channel width
can transmit farther. Similarly, for Figures 9(c) and 9(d), the
greater the allocated channel width is, the shorter the sessions
can be transmitted. Our experiment in this subsection is to
transmit the three sessions in Table 1 in this topology.
The problem in the network scenario is solved by our
SA algorithm with 5 MHz fixed-width, 40 MHz fixed-width,
and variable-width channel allocation schemes, respectively,
and the experimental results compared with the optimal
solutions generated by the column generation algorithm are
given in Tables 2–4. From the result of adopting 5 MHz
fixed-width channel allocation scheme in Table 2, our SA
algorithm can find a solution with the same solution as
the optimal solution generated by the column generation
algorithm, though the orders of active links are different. As
for the running time, our SA algorithm with the 5 MHz fixedwidth channel allocation scheme only takes 3.739 seconds to
obtain the solution.
From the result of adopting 40 MHz fixed-width channel
allocation scheme in Table 3, the total system activation time
found by our SA algorithm is 2.25908 seconds, which is
slightly slower than 2.11524 seconds by the column generation
algorithm. In this case of using 40 MHz fixed-width channel
allocation scheme, the allocated channel width increases and
the transmission range decreases, and, hence, more hops are
needed so that the SA algorithm is harder to acquire the
optimal solution. However, our algorithm can still acquire
the nearly optimal solution in 21.949 seconds, showing the
computational efficiency of our algorithm. Note that we
only compare the minimal and the maximal fixed-width
channel allocation schemes with the variable-width channel
allocation scheme, because the results of 10 MHz and 20 MHz
are between those of 5 MHz and 40 MHz.
From the result of adopting the variable-width channel
width scheme in Table 4, the total system activation time
found by the SA algorithm is 1.51011 seconds, which is
slightly slower than 1.33181 seconds by the column generation
algorithm. Compared with the result of adopting the 5 MHz
fixed-width channel allocation scheme in Table 2, the total
system activation time is 4.66991 seconds faster or shows
76% improvement; compared with the result of adopting the

Table 1: The size, source, and destination nodes of three sessions.
Session number
1
2
3

Session size
27.4085 Mbits
6.914 Mbits
9.72211 Mbits

Source
Node 3
Node 0
Node 1

Destination
Node 1
Node 3
Node 2

40 MHz fixed-width channel allocation scheme in Table 3,
the total system activation time is 0.74897 seconds faster
or shows 33% improvement. Thus, it can be concluded
that although our SA algorithm with variable-width channel
width allocation scheme may not find the optimal solution
as compared to the column generation algorithm, it can still
find good-quality feasible solutions, and it is more efficient
than the column generation algorithm.
4.2. Experimental Results for Larger-Scale Problems. This subsection focuses on the changes of the number of session transmissions in the topologies of different sizes to evaluate the
performance difference between variable-width and fixedwidth channel allocation schemes. Different from the results
in previous subsection, the influences of node locations and
transmission ranges between nodes are considered to reflect
the impacts of SINR on the channel capacity.
4.2.1. Scenario Test of Transmitting 5 Sessions in a 10-Node
Network. The network topology considered in this experiment contains 10 nodes on a 100 m × 100 m area, which are
nodes #1—#10 in Figure 10. In this topology, we restrict that
the 𝑦-coordinates of all the 10 nodes are no greater than 50,
because as the space used for the topology is reduced to half,
the probability of session strain can greatly decrease. Note that
the session strain refers to the fact that the initial position of
a session happens to be on an outlier node and even though
a 5 MHz channel width (the channel width with the ability to
transmit sessions to the longest range) is allocated, the session
still cannot be transmitted even to the next node, causing the
session to strain at the initial node permanently. The problem
in this experiment is to transmit the five sessions of different
traffic loads in Table 5 in the 10-node network topology.
The results of executing 30 runs of our SA algorithm
with variable-width, 5 MHz fixed-width, and 40 MHz fixedwidth channel allocation schemes are plotted in Figure 11,
from which it is obvious to see that the performance of both
variable-width and 40 MHz fixed-width channel allocation
schemes is better than the 5 MHz fixed-width scheme. The
averages of their total system activation times of executing 30
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Table 2: Result of 5 MHz fixed-width channel allocation.

5 MHz fixed-width
Time slot 𝑡
1
2
3
Total activation time

Active links
(1, 2)
(3, 1)
(0, 3), (1, 2)

Column generation
Activation time (sec)
0.467333
4.56187
1.15082
6.18002

Active links
(0, 3), (1, 2)
(3, 1)
—

Our approach
Activation time (sec)
1.61815
4.56187
—
6.18002

Table 3: Result of 40 MHz fixed-width channel allocation.
40 MHz fixed-width
Time slot 𝑡
1
2
3
4
5
6
Total activation time

Active links
(0, 3), (1, 4)
(4, 0)
(0, 3), (1, 4)
(3, 0), (4, 1)
(0, 4), (3, 2)
(4, 1)

Column generation
Activation time (sec)
0.367965
0.202269
0.202269
0.570234
0.202269
0.570234
2.11524

runs of our SA algorithm with the three channel allocation
schemes are 4.6255, 16.1476, and 5.3161 seconds, respectively.
In average, compared to the 5 MHz fixed-width channel
allocation scheme, the variable-width scheme takes about
11.5 seconds less time, or 249% improvement, which is
truly remarkable. As for the 40 MHz fixed-width channel
allocation scheme, the variable-width scheme takes 0.6906
seconds less time, or 15% improvement.
Although the variable-width channel allocation scheme
performs better than the 40 MHz fixed-width channel allocation scheme in average, they still cross with each other in
Figure 11 and their performance difference is not immediately
discernable. Thus, the 𝑡-test was conducted to check if the
variable-width channel allocation scheme performs statistically better than the 40 MHz fixed-width scheme. The 𝑡test result shows that the significance level of Levene’s test
for equality is 0.964 and greater than 0.05, implying that
variance has to be set the same. In the 𝑡-test with the same
means, the significance level is 0.012, which is lower than 0.05.
Thus, we can conclude that at the 95% confidence level, the
performances of the variable-width and 40 MHz fixed-width
channel allocation schemes are significantly different, and the
total system activation time of the variable-width channel
allocation scheme is clearly shorter than that of the 40 MHz
fixed-width scheme.

4.2.2. Scenario Test of Transmitting 7 Sessions in a 10-Node
Network. In addition to the five sessions in Table 5, two more
sessions in Table 6 are considered in the same network topology in the previous subsection, to evaluate the performance
with heavier traffic loads.
The results of executing 30 runs of our SA algorithm
for the same problem of the previous subsection with
the addition of transmitting 2 more sessions are plotted
in Figure 12, in which the averages of their total system

Active links
(0, 3)
(1, 4)
(3, 0), (4, 0)
(0, 4)
(0, 3), (4, 1)
(3, 2)

Our approach
Activation time (sec)
0.143846
0.202269
0.570234
0.570234
0.570234
0.202269
2.25908

activation times of adopting variable-width, 5 MHz fixedwidth, and 40 MHz fixed-width channel allocation schemes
are 6.2013, 20.465, and 7.7593 seconds, respectively; that is,
all of them are increased as compared with the case of
transmitting 5 sessions, and the increasing rates are 34.07%,
26.74%, and 45.96%, respectively. This implies that, in the
same topology, the heavier the traffic load is, the more the
orthogonal channels are required to transmit more sessions
concurrently and reduce the required total system activation
time. As shown in Figure 12, the results of the variable-width
and 40 MHz fixed-width channel allocation schemes do not
significantly cross with each other, and our conducted 𝑡-test
also shows that the significance level is higher, indicating that,
as traffic load grows, the performance of the variable-width
channel allocation scheme gets better.
4.3. Scalability Test of Simulated Annealing Algorithm. The
experiment of increasing both the numbers of nodes and
sessions is conducted to evaluate performance of our SA
algorithm in more complex network topologies with 20 nodes
and 30 nodes, respectively (which contains nodes #1—#20
and nodes #1—#30 in Figure 10, resp.). Besides the seven
sessions specified in Tables 5 and 6, three additional sessions
are added in this experiment to increase the transmission
traffic, and their information is shown in Table 7.
The results of executing 30 runs of our SA algorithm
to transmit 10 sessions in 10-node, 20-node, and 30-node
networks are shown in Figure 13, in which the averages
of their total system activation times are 14.8829, 18.6813,
and 21.0589 seconds, respectively. In the average, when the
number of nodes as well as the level of problem complexity
increases, the result is worse, and a better solution cannot be
attained as expected with the increase in number of available
paths. From Figure 13, the results are different for different
number of nodes, indicating that, under the condition that
the numbers of sessions to be transmitted are the same,
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Table 4: Result of variable-width channel allocation.

Variable channel width
Time slot 𝑡

Column generation
Active links
Activation time (sec)
(1, 4), 40 MHz
0.158315
(3, 0), 40 MHz

1

(3, 2), 40 MHz
(4, 1), 40 MHz
(3, 0), 40 MHz
(4, 1), 40 MHz
(1, 2), 10 MHz
(4, 0), 40 MHz
(0, 3), 40 MHz
(1, 2), 10 MHz
(0, 4), 40 MHz
(1, 2), 10 MHz

2
3
4
5
6

0.158315

0.50337

0.030858

—

—

0.159686

—

—

0.570234

—

—

Session number
1
2
3
4
5

17

70
30

27

14

50

10

40

13

1

21

2
29

18
3

20

16
6

10

15
4
9

19
10

20

30

40

50

5
60

70

Source
Node 6
Node 1
Node 3
Node 2
Node 8

Destination
Node 8
Node 7
Node 2
Node 9
Node 10

Sessions
19.713 Mbits
8.428 Mbits

Source
Node 7
Node 10

Destination
Node 3
Node 1

28

25

0
0

Session number
6
7

22

26
12

Session size
15.433 Mbits
6.841 Mbits
9.72211 Mbits
4.567 Mbits
17.524 Mbits

Table 6: Besides the five sessions listed in Table 5, two more sessions
are added in this experiment.

8

7

30

1.51011

Table 5: Size, source, and destination nodes of five sessions.

24

23

60

0.50337

(4, 1), 40 MHz

20

11

0.50337

1.33181

100

80

Our approach
Activation time (sec)

0.254402

Total activation time

90

Active links
(1, 2), 10 MHz
(3, 1), 5 MHz
(3, 0), 40 MHz
(0, 3), 40 MHz
(0, 4), 40 MHz

80

90

100

(x, y)-coordinates of 30 nodes:
#1: (43, 46) #11: ( 1, 79) #21: ( 1, 44)
#2: (63, 42) #12: (51, 12) #22: (84, 29)
#3: (28, 26) #13: (80, 41) #23: (22, 83)
#4: (73, 22) #14: (64, 60) #24: (58, 91)
#5: (73, 11) #15: (55, 31) #25: (63, 9)
#6: (28, 12) #16: (16, 19) #26: (41, 25)
#7: (39, 30) #17: (24, 82) #27: ( 8, 64)
#8: (83, 41) #18: (14, 30) #28: (74, 12)
#9: (53, 12) #19: (44, 7) #29: (44, 32)
#10: (22, 49) #20: (72, 98) #30: (46, 65)

Figure 10: The locations of the 30 nodes in a network.

the topology with a higher number of nodes can attain
a better result than the topology with a smaller number
nodes. Although our SA algorithm may not always obtain the

Table 7: Besides the seven sessions in Tables 5 and 6, three
additional sessions are added in this experiment.
Session number
8
9
10

Sessions
4.51 Mbits
16.244 Mbits
8.577 Mbits

Source
Node 4
Node 5
Node 9

Destination
Node 5
Node 6
Node 4

optimal solutions, it can still acquire good-quality solutions
within a short time.

5. Conclusion and Future Work
This paper has proposed a simulated annealing (SA) algorithm for the joint routing, scheduling, and channel allocation problem in WMNs, in which the variable-width
channel allocation scheme is considered to find a delicate
balance between mutually conflicting goals, such as concurrent session transmissions and signal interference. A novel
encoding design of the SA algorithm is utilized in this
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Figure 11: Line chart of the experiment result of transmitting 5 sessions in a 10-node network.

30
Total system activation time (s)

Total system activation time (s)

35
30
25
20
15
10
5
0

25
20
15
10
5
0

0

5

10

15
20
Run number

25

30

Variable
5 MHz
40 MHz

Figure 12: Line chart of the experiment result of transmitting 7
sessions in a 10-node network.

paper to illustrate the dynamic transmission process. Our
experimental results show that, in comparison to the column
generation algorithm for a small-scale problem, in which the
SINR is not considered, our SA algorithm can acquire the
same or similar solutions as the optimal solutions generated
by the column generation algorithm. As compared to fixedwidth channel allocation schemes, the variable-width scheme
preforms better than the fixed-width scheme. As for the
scalability test of our SA algorithm, when the number of
nodes grows, the total system activation time also increases.
While this result is attributable to the increase in problem
complexity and difficulty for identification of the optimal
path, causing drop in efficiency, the SA algorithm can still
find a good-quality feasible solution. Also, different from the
column generation algorithm for exact optimal solutions, our
SA algorithm is more efficient to solve the joint problem.

0

5

10

15

20

25

30

Run number
30 nodes
20 nodes
10 nodes

Figure 13: Line chart of the experiment result of transmitting 10
sessions in networks with different numbers of nodes.

A line of future work is to design the solution encoding
mechanism, or integrate our SA algorithm with other artificial intelligent approaches to solve the problem. It would also
be of interest to extend the joint problem with mobile nodes
or investigate the multiradio multichannel version of the joint
problem.
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Spectrum mobility as an essential issue has not been fully investigated in mobile cognitive radio networks (CRNs). In this paper, a
novel support vector machine based spectrum mobility prediction (SVM-SMP) scheme is presented considering time-varying and
space-varying characteristics simultaneously in mobile CRNs. The mobility of cognitive users (CUs) and the working activities of
primary users (PUs) are analyzed in theory. And a joint feature vector extraction (JFVE) method is proposed based on the theoretical
analysis. Then spectrum mobility prediction is executed through the classification of SVM with a fast convergence speed. Numerical
results validate that SVM-SMP gains better short-time prediction accuracy rate and miss prediction rate performance than the
two algorithms just depending on the location and speed information. Additionally, a rational parameter design can remedy the
prediction performance degradation caused by high speed SUs with strong randomness movements.

1. Introduction
Cognitive radio (CR) as a solution for the next generation
wireless networks brings new hope to address the wireless
spectrum inefficiency problem which has attracted a great
deal of attention in recent years [1–4]. In general, CR
paradigms are classified in three types: interweave, underlay,
and overlay. In interweave or opportunistic spectrum access
(OSA) model [5, 6], CUs can use the licensed spectrums
opportunistically when the spectrums are detected idle by
spectrum sensing. It is very sensitive to PU traffic pattern and
it relies on the detection error for the models [6, 7]. Thus, it
is essential to investigate the spectrum mobility which is the
foundation of resource allocation and network construction.
In a CRN, the spectrum mobility for CUs includes two
aspects: spectrum mobility in the time domain and spectrum
mobility in the space domain [8]. The time-varying and
space-varying characteristics of the spectrum mobility lead to
the problem that it is hard to access the licensed spectrums for
CUs in a real network. Time-varying characteristic is because

of the random variations of PUs’ arrivals and departures.
Thus, some related literatures have focused on the impact of
PUs’ activity on CRNs [9–11]. In [12], a selective opportunistic
spectrum access scheme is proposed with the aid of PUs’
traffic prediction techniques. The scheme can estimate the
probability of a channel being idle and choose the best
order of spectrum sensing to maximize spectrum efficiency.
The definition of channel availability vector is introduced to
characterize the state information of licensed channels [13].
And a prediction-based sensing approach is presented to
maximize system throughput which reduces the sensing time.
In [14], a forecast scheme of call arrival rate and call holding
time for PUs is proposed. CUs can reduce the frequency
hopping rate through the traffic pattern prediction of PUs.
In the space domain, the movement of CUs directly
results in the changing of the spectrum availability. Nevertheless, the movement of CUs, as one of the most important
factors in wireless communication systems, is not adequately
discussed for CRNs in existing works. A mobility model
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describing airborne nodes is proposed in [15]. And a stabilitycapacity-adaptive routing scheme is proposed to achieve
high throughput and small transmission time based on the
model. In [16], an optimal power control algorithm in mobile
CR ad hoc networks is proposed. Without causing harmful interference to PUs, the network achieves maximized
throughput based on the algorithm in the legacy network.
In [17], a cluster-based routing protocol which can increase
throughput and reduce data delivery latency is presented to
mend the route in mobile CRNs. In [18], a general scheduling
framework with the mobility information is conducted to
solve maximum throughput channel scheduling problem for
mobile CRNs. And two polynomial time optimal algorithms
are proposed and evaluated by using the mobility trace
obtained from a real public transportation system.
However, few of existing works investigate the following
two issues: (1) considering time domain and space domain
characteristics of spectrum mobility together and (2) considering the prediction of spectrum mobility. In practice, a
CRN should be forward looking rather than reactive [19].
And a prediction-based CRN can not only improve system
performance but also minimize interference to PUs [20–22],
because spectrum detecting may take a long time or delay. In
[23], a neural network based channel status predictor using
multilayer perceptron is proposed. The system spectrum
utilization is improved and the sensing energy is saved greatly
by predicting the idle channels. In [24], a channel handoff
scheme based on SVM is presented to reduce the handoff
time. The channel handoff caused by the random movement
of PUs and CUs is considered in the prediction design. In [25],
a binary time series approach is used to predict the future
occupancy of neighboring channels. This approach performs
very well for deterministic occupancy even without updating
data.
The key contributions of this paper are as follows: (1) we
first take the two issues discussed above into account at the
same time. And an effective joint feature vector extraction
scheme is originally designed through the theoretical analysis
on joint information of CUs’ mobility and PUs’ working
activities. (2) Based on the extracted joint feature vector,
a novel SVM-based spectrum mobility prediction scheme
considering the time-space domain of spectrum mobility
together is proposed for mobile CRNs in order to ameliorate
the traditional prediction methods only utilizing the location
and speed information directly. (3) Finally, simulations are
conducted to confirm the effectiveness of the proposed prediction mechanism. The new prediction mechanism achieves
higher short-time prediction performance than the conventional algorithms with little training nodes, which is vital in
CRNs.
The rest of the paper is organized as follows. The system
model is described in Section 2 and the spectrum availability
of SUs is discussed in Section 3. In Section 4, a spectrum
mobility prediction scheme is proposed based on SVM. The
simulation results are shown along with a discussion in
Section 5. At last, Section 6 concludes the paper.
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2. System Model
2.1. Mobile CRN System Model. In this paper, we consider a
mobile CRN scenario where 𝑁𝑐 CUs coexist with 𝑁𝑝 PUs
illustrated in Figure 1. Assume that each PU𝑝 (𝑝 = 1 : 𝑁𝑝 )
has a licensed access to a spectrum 𝑐𝑝 with a coverage radius
𝑅𝑝 . Thus, the number of PUs is equal to the number of
spectrums in the network. Each CU𝑐 (𝑐 = 1 : 𝑁𝑐 ), with
an interference radius 𝑟, can exploit locally unused licensed
spectrum opportunistically without causing any interference
to the corresponding PU𝑝 . Suppose that the CRN assigns
spectrums periodically with an allocation interval time 𝑇𝑐
which is the interval time between two times of spectrum
allocation. We also assume spectrum sensing is ideal in this
paper.
Figure 1 gives out an instantaneous snapshot of a mobile
CRN deployment with 20 mobile CUs. Two PUs are located
in the area. The activity of each PU𝑝 (𝑝 = 2 in Figure 1)
is characterized as an on/off (busy/idle) model. The busy
time and idle time of PU𝑝 can be modeled by the exponential
distribution with means 𝛼𝑝 and 𝛽𝑝 , respectively [26–28].
The probability density function (PDF) can be written,
respectively, as
𝑓ON (𝑡, 𝛼𝑝 ) =

1 −𝑡/𝛼𝑝
𝑒
,
𝛼𝑝

𝑡 ≥ 0,

𝑓OFF (𝑡, 𝛽𝑝 ) =

1 −𝑡/𝛽𝑝
𝑒
,
𝛽𝑝

𝑡 ≥ 0.

(1)

In this paper, a random mobility model which characterizes the movement of CUs in a two-dimensional space
is considered [29]. The movement of each CU𝑐 consists
of a sequence of random length intervals called mobility
epochs during which CU𝑐 moves at a constant speed in a
constant direction. And the mobility epoch lengths 𝑇𝑒 are
independently exponentially distributed with mean 1/𝜆𝑒 . The
probability distribution function can be expressed as
𝑀𝑒 (𝑥) = 𝑃 (𝑇𝑒 ≤ 𝑥) = 1 − 𝑒−𝜆 𝑒 𝑥 .

(2)

During each epoch, the mobile direction of CU𝑐 is
uniformly distributed over [0, 2𝜋) and the speed of CU𝑐 is
uniformly distributed over [0, Vmax ]. We assume mobility is
uncorrelated among all the CUs in a network. And it is
reasonable to assume that epoch length, speed, and direction
are uncorrelated in the model. Figure 2 shows a mobility
trajectory of one given CU𝑐 as an example.
Definition 1. Given a licensed spectrum 𝑐𝑝 and an instantaneous time 𝑡, the instantaneous spectrum availability ISA𝑐𝑝 (𝑡)
for one CU𝑐 can be defined as
ISA𝑐𝑝

−1 𝐷𝑝, 𝑐 (𝑡) < 𝑅𝑝 + 𝑟𝑐 ∩ (𝛼𝑝 (𝑡) = −1)
{
{
𝐷𝑝, 𝑐 (𝑡) < 𝑅𝑝 + 𝑟𝑐 ∩ (𝛼𝑝 (𝑡) = 1)
(𝑡) = {1
{
𝐷𝑝, 𝑐 (𝑡) ≥ 𝑅𝑝 + 𝑟𝑐 .
{1

(3)

ISA𝑐𝑝 (𝑡) = 1 means that licensed spectrum 𝑐𝑝 is instantaneously available at 𝑡 for CU𝑐 and ISA𝑐𝑝 (𝑡) = −1 means
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any time between 𝑡0 and 𝑡0 + 𝑇. CSA𝑐𝑝 (𝑇) = 1 means that
spectrum 𝑐𝑝 is not available to CU𝑐 at some time between
𝑡0 and 𝑡0 + 𝑇. In practice, 𝑇 could be a slot or some slots,
during which CU𝑐 can achieve activation and access to the
network. Apparently, we focus more on CSA𝑐𝑝 (𝑇) because
a continuous time period (or a short-time duration) rather
than an instantaneous time is more meaningful for OSA or
resource allocation in CRN.

Rp

Our objective is to give out the spectrum mobility
prediction for all the CUs based on the joint theoretical
analysis of CUs’ mobility and PUs’ working activities under
the mobile model. Obviously, it is a complicated nonlinear
problem which cannot be solved by normal algorithm. In
this paper, a new prediction scheme is presented to solve this
problem by SVM.

Rp

PU base station
PU receiver
CU

2.2. Support Vector Machine. As a highly competitive learning method, SVM is gaining popularity in many fields
based on the statistical learning theory [30–32]. SVM adopts
structural risk minimization principle which has been shown
superior to empirical risk minimization principle used by traditional neural networks [24]. Moreover, the generalization
ability of SVM is strong [33]. SVM is initially used to solve
the classification problem. Assume there is 𝑙 training sample
data denoted as

Figure 1: System model of a mobile CRN.
1350
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y-axis
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𝑙

𝐷 = {(x𝑖 , 𝑦𝑖 ) | x𝑖 ∈ 𝑅𝑑 }𝑖=1 ,

1200

(6)

where x𝑖 is an input vector containing multiple features. 𝑦𝑖 ∈
{−1, +1} is a class indicator. 𝑑 is the dimension of sample data.
Optimal hyper plane is constructed as

1150
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w ⋅ x𝑖 + 𝑏 = 0,

1050

where w are weights and 𝑏 is offset argument. The samples
on 𝐻1 and 𝐻2 are support vectors. The according equations
are w ⋅ x𝑖 + 𝑏 = +1 and w ⋅ x𝑖 + 𝑏 = −1, respectively. So, the
classification margin is 2/‖𝜔‖. For our nonlinear problem, the
representation of the sample data has to be changed from the
original input space to a higher dimensional space which is
referred to as the feature space. This quadratic programming
(QP) problem can be expressed as
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Figure 2: A mobility trajectory example for one given CU𝑐 .

that licensed spectrum 𝑐𝑝 is not instantaneous available at
𝑡 for CU𝑐 , where 𝐷𝑝, 𝑐 (𝑡) represents the Euclidean distance
between PU𝑝 and CU𝑐 at 𝑡. 𝛼𝑝 (𝑡) represents the time-varying
working activity of PU𝑝 , denoted as
1
PU𝑝 is idle at 𝑡
𝛼𝑝 (𝑡) = {
−1 PU𝑝 is busy at 𝑡.

(4)

Definition 2. Given a licensed spectrum 𝑐𝑝 and a continuous
period 𝑇, the continuous spectrum availability CSA𝑐𝑝 (𝑇) for
one CU𝑐 can be defined as
CSA𝑐𝑝 (𝑇) = {(𝑐, 𝑝) | ISA𝑐𝑝 (𝑡) = 1 from 𝑡0 to 𝑡0 + 𝑇} , (5)
where 𝑡0 is a given reference time. CSA𝑐𝑝 (𝑇) = 1 means that
spectrum 𝑐𝑝 is available to CU𝑐 not only at 𝑡0 but also at

(7)

𝑙
1
Φ (w, 𝜉) = ‖w‖2 + 𝐶∑𝜉𝑖 ,
2
𝑖=1

min

𝑦𝑖 [(w ⋅ x𝑖 ) + 𝑏] ≥ 1 − 𝜉𝑖 ,

s.t.

(8)
𝑖 = 1 : 𝑙.

𝜉𝑖 is relaxation factor and 𝐶 is cost parameter which is a given
value. A Lagrange function is constructed to solve the above
constrained optimization problem (8) as follows:
𝑄 (w, 𝑏, 𝛼, 𝛽, 𝜉)
𝑙
1
= ‖w‖2 + 𝐶∑𝜉𝑖
2
𝑖=1

(9)

𝑙

𝑙

𝑖=1

𝑖=1

− ∑𝛼𝑖 [𝑐𝑖 (x𝑖 ⋅ w + 𝑏) − 1 + 𝜉𝑖 ] − ∑𝛽𝑖 𝜉𝑖 ,

4
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where 𝛼𝑖 and 𝛽𝑖 are Lagrange multipliers. In order to get
the solution of the original problem, we calculate the partial
derivative for different variables as
𝑙
𝜕𝑄 (w, 𝑏, 𝛼, 𝛽, 𝜉)
= w − ∑𝛼𝑖 𝑐𝑖 x𝑖 = 0,
𝜕w
𝑖=1
𝑙
𝜕𝑄 (w, 𝑏, 𝛼, 𝛽, 𝜉)
= ∑𝛼𝑖 𝑐𝑖 = 0,
𝜕𝑏
𝑖=1

(10)

𝜕𝑄 (w, 𝑏, 𝛼, 𝛽, 𝜉)
= 𝐶 − 𝛼𝑖 − 𝛽𝑖 = 0.
𝜕𝜉
Based on (10), the original optimization problem shown
in (9) is transformed to a dual optimization problem as
𝑙

max

𝐽 (𝛼) = ∑𝛼𝑖 −
𝑖=1

s.t.

1 𝑙
∑ 𝛼 𝛼 𝑐 𝑐 𝐾 (x𝑖 , x𝑗 ) ,
2 𝑖=1,𝑗=1 𝑖 𝑗 𝑖 𝑗

0 ≤ 𝛼𝑖 ≤ 𝐶,
𝑙

∑𝛼𝑖 𝑐𝑖
𝑖=1

= 0,

coverage area of PU𝑝 at 𝑡0 and (2) CU𝑐 is not in the coverage
area of PU𝑝 at 𝑡0 , respectively.
For the first situation, let CU𝑐 predict a period 𝑇𝑝 during
which CU𝑐 can use 𝑐𝑝 continuously. And our idea is to derive
CSA𝑐𝑝 (𝑇𝑐 ) through computing CSA𝑐𝑝 (𝑇𝑝 ). In fact, CSA𝑐𝑝 (𝑇𝑝 )
includes two main situations: (1) 𝐶1 (𝑇𝑝 ) representing the
situation that CU𝑐 does not move into PU𝑝 coverage scope
between 𝑡0 and 𝑡0 + 𝑇𝑝 and (2) 𝐶2 (𝑇𝑝 ) representing the
situation that CU𝑐 moves into PU𝑝 coverage scope at 𝑡0 +
𝑇𝑠 (0 ≤ 𝑇𝑠 ≤ 𝑇𝑝 ) while the activity of PU𝑝 is inactive between
𝑡0 + 𝑇𝑠 and 𝑡0 + 𝑇𝑝 . We believe 𝐶1 (𝑇𝑝 ) and 𝐶2 (𝑇𝑝 ) dominate
the main situations although other complicated situations as
small probability events also exist.
𝐶1 (𝑇𝑝 ) also contains two parts: (1) 𝑃out1 representing the
situation that the velocity of CU𝑐 does not change from 𝑡0
to 𝑡0 + 𝑇𝑝 and (2) 𝑃out2 representing the other situations.
Consider
𝐶1 (𝑇𝑝 ) = 𝑃out1 + 𝑃out2 .

(11)

(15)

From (2), 𝑃out1 can be easily obtained as
𝑖 = 1, 2, . . . , 𝑙.

𝑃out1 = 1 − 𝑀𝑒 (𝑇𝑝 ) = 𝑒−𝜆 𝑒 𝑇𝑝 .

𝐾(x𝑖 , x𝑗 ) is a chosen kernel function which will be discussed
later in the prediction scheme section. Thus, we can obtain
the optimization w∗
𝑙

w∗ = ∑𝛼𝑖∗ 𝑐𝑖 x𝑖 ,

(12)

𝑖=1

where 𝛼𝑖∗ can be solved by (11). And 𝑏 which does not appear
in the dual problem can be calculated through the original
constraint. Consider

It is difficult to get the accurate value of 𝑃out2 because we
cannot know the velocity change information (the change in
time, speed, and direction) at any time for CU𝑐 . However, the
approximate value 𝐸(𝑃out2 ) by estimating 𝑃out2 can be derived
[34]. When 𝑇𝑝 < 𝑇𝑐 , CU𝑐 has to change its movement speed
and direction (or any of them) before 𝑡0 + 𝑇𝑝 , which makes
CU𝑐 away from PU𝑝 . Therefore, CSA𝑐𝑝 (𝑇𝑐 ) can be obtained as
CSA𝑐𝑝 (𝑇𝑐 ) ≈ 𝐸 (𝑃out2 )
=

1
𝑏∗ = [max𝑐𝑖 =−1 (⟨w∗ ⋅ x𝑖 ⟩) + min𝑐𝑖 =+1 (⟨w∗ ⋅ x𝑖 ⟩)] . (13)
2

𝑙

(14)

𝑖=1

3. Joint Feature Vector Extraction
The common idea is utilizing SVM via domain information
such as location and speed directly. However, it does not
make good use of the CUs’ mobility characteristic and PUs’
working activities information. The traditional methods,
thus, result in low prediction accuracy performance, which
will be discussed in the simulation part.
In this section, CSA𝑐𝑝 (𝑇) as joint feature vector is
extracted for SVM through theoretical deduction. Obviously,
CSA𝑐𝑝 (𝑇) is related to a period 𝑇. In this paper, we focus
mainly on spectrum allocation interval time 𝑇𝑐 which is
meaningful for a real CRN. Two situations need to be
investigated in order to derive CSA𝑐𝑝 (𝑇𝑐 ): (1) CU𝑐 is in the

1
+ 𝜀𝑎
𝜆 𝑒 𝑇𝑝
1
1
+ 𝑒−𝜆 𝑒 𝑇𝑝 ( 𝑝away 𝜆 𝑒 𝑇𝑝 −
− 𝜀𝑎 − 1) ,
2
𝜆 𝑒 𝑇𝑝
(17)

Therefore, the final prediction output expression can be
written as
𝐷 (𝑙 ) = sign (∑𝛼𝑖 𝑐𝑖 𝐾 (x𝑖 , x𝑗 ) + 𝑏) .

(16)

where 𝑝away denotes the probability that CU𝑐 moves away
from PU𝑝 after the first velocity (speed and direction) change.
In practice, 𝜀𝑎 ≥ 0 represents other situations (small
probability events except the situations discussed above). For
example, CU𝑐 changes its speed three times while CU𝑐 still
does not move into PU𝑝 ’s coverage scope from 𝑡0 to 𝑡0 + 𝑇𝑐 .
𝜀𝑎 is used to balance the equation and we will discuss it later.
When 𝑇𝑝 ≥ 𝑇𝑐 , CSA𝑐𝑝 (𝑇𝑐 ) for CU𝑐 can be obtained as
CSA𝑐𝑝 (𝑇𝑐 ) ≈ 𝐶1 (𝑇𝑐 ) + 𝐸 (𝑃out2 )
=

1
1
1
+ 𝜀𝑎 + 𝑒−𝜆 𝑒 𝑇𝑐 ( 𝑝away 𝜆 𝑒 𝑇𝑐 −
− 𝜀𝑎 ) .
𝜆 𝑒 𝑇𝑐
2
𝜆 𝑒 𝑇𝑐
(18)

For the second situation, the movement of CU𝑐 and the
working state of PU𝑝 should be investigated simultaneously.
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Different from the first situation, we believe that the prediction of the idle state for PU𝑝 is more essential due to the
original position of CU𝑐 . Similar to the first situation, let CU𝑐
predict a continuous period 𝑇𝑝out that CU𝑐 will not move out
of PU𝑝 ’s coverage boundary from 𝑡0 to 𝑡0 + 𝑇𝑝out . It is noted
that 𝑇𝑝out is different from the 𝑇𝑝 mentioned above.
When 𝑇𝑝out < 𝑇𝑐 , CSA𝑐𝑝 (𝑇𝑐 ) for CU𝑐 can be obtained as
CSA𝑐𝑝

(𝑇𝑐 ) = 𝑝in ⋅ ∫

𝑡0 +𝑇𝑝out

𝑡0

𝑓OFF (𝑡, 𝛽𝑝 ) 𝑑𝑡 + 𝜀in .

(19)

Similar to 𝜀𝑎 above, 𝜀in is used to denote all the other
𝑡 +𝑇𝑝out

small probability events. ∫𝑡 0
0

𝑓OFF (𝑡)𝑑𝑡 represents the idle

probability of 𝑐𝑝 between 𝑡0 and 𝑡0 + 𝑇𝑝out . 𝑝in represents the
probability that CU𝑐 moves out of PU𝑝 coverage boundary
before 𝑡0 + 𝑇𝑝 . 𝑝in consists of two parts. 𝑃in1 denotes the
situation that the velocity of CU𝑐 remains unchanged from
𝑡0 to 𝑡0 + 𝑇𝑝 . And 𝑃in2 denotes the other situations. 𝑃in can be
easily obtained as
𝑃in =

1
1
1
+ 𝜀𝑏 + 𝑒−𝜆 𝑒 𝑇𝑝 ( 𝑝𝑏 𝜆 𝑒 𝑇𝑝out −
− 𝜀𝑏 ) ,
out
𝜆 𝑒 𝑇𝑝
2
𝜆 𝑒 𝑇𝑝out
(20)

where 𝜀𝑏 ≥ 0 tries to represent all the other situations. 𝑝𝑏
represents the probability that CU𝑐 moves away from PU𝑝
after the first change in velocity. According to (1), (19), and
(20), CSA𝑐𝑝 (𝑇𝑐 ) for CU𝑐 can be obtained as
CSA𝑐𝑝 (𝑇𝑐 )
=(

out
1
1
1
+ 𝜀𝑏 + 𝑒−𝜆 𝑒 𝑇𝑝 ( 𝑝𝑏 𝜆 𝑒 𝑇𝑝out −
− 𝜀𝑏 ))
out
𝜆 𝑒 𝑇𝑝
2
𝜆 𝑒 𝑇𝑝out
out

× (𝑒−𝜇𝑝 𝑡0 − 𝑒−1/𝛽𝑝 ⋅(𝑡0 +𝑇𝑝 ) ) + 𝜀in .
(21)
When 𝑇𝑝out ≥ 𝑇𝑐 , CSA𝑐𝑝 (𝑇𝑐 ) is mainly determined by PU𝑝 ’s
working activity. Thus, CSA𝑐𝑝 (𝑇𝑐 ) for CU𝑐 can be obtained as
CSA𝑐𝑝 (𝑇𝑐 ) = ∫

𝑡0 +𝑇𝑐

𝑡0

𝑓OFF (𝑡, 𝛽𝑝 ) 𝑑𝑡 + 𝜀𝑐

−1/𝛽𝑝 ⋅𝑡0

=𝑒

−1/𝛽𝑝 ⋅(𝑡0 +𝑇𝑐 )

−𝑒

(22)

+ 𝜀𝑐 .

𝜀𝑐 denotes all the other spectrum availability situations. Thus,
𝑙
we obtain joint feature vector sets S𝑐𝑖 = {CSA𝑐𝑝 (𝑇𝑐 )𝑖 }
𝑖=1
according to different situations based on (17), (18), (21), and
(22). Moreover, we can get the ultimate prediction expression
according to (14)
𝑚

𝐷 (𝑙 ) = sign (∑𝛼𝑖 𝑐𝑖 𝐾 (S𝑐𝑖 , x𝑗 ) + 𝑏) ,
𝑖=1

s.t.

S𝑐𝑖 = {CSA𝑐𝑝 (𝑇𝑐 )𝑖 }

(23)
𝑙
𝑖=1

.

4. Spectrum Mobility Prediction Scheme
In this section, a new SVM-based spectrum mobility prediction scheme is proposed based on the analysis and deduction
above. The main steps of the proposed prediction scheme are
as follows.
Step 1 (CRN initialization). Initialize the original locations of
PUs and CUs randomly in the two-dimensional deployment
area. The coordinates of PUs are not changed once generated.
And PUs’ initial working states are stochastic. Initialize the
original speed, direction, and epoch lengths for each CU𝑐 .
Assume the maximum velocity for CUs is Vmax . The beginning
time of the system is set to 𝑡0 . The parameters C, 𝜉𝑖 of SVM
are initialized. Simulations are based on many times to make
sure of the accuracy of the result. In addition, set 𝑇𝑐 , 𝛼𝑝 , 𝛽𝑝 ,
𝜀away , 𝜀𝑎 , 𝜀𝑏 , 𝜀𝑐 , 𝑝away , 𝑝𝑏 𝜆 𝑒 , 𝑅𝑝 , and 𝑟𝑐 .
Step 2 (operate the mobile CRN model). PUs’ working states
obey an exponential on/off model. The PDF satisfies (1). And
the mobility of CUs follows the mobile model mentioned in
Section 2.1. The mobility epoch lengths are independently
exponentially distributed with mean 1/𝜆e . It is noted that
wrap-around technique is adopted during simulation in order
to make the total number of SUs unchanged in the simulation
area.
Step 3 (calculate the joint feature vectors S𝑐𝑖 for SVM).
Here, there are three situations to be investigated. Firstly, CU𝑐
does not move into the coverage of PU𝑝 at 𝑡0 granted that CU𝑐
moves with Vmax towards PU𝑝 . Secondly, CU𝑐 is out of the
coverage of PU𝑝 at 𝑡0 , but CU𝑐 may move into the coverage
of PU𝑝 between 𝑡0 and 𝑡0 + 𝑇𝑐 . Finally, CU𝑐 is in the coverage
of PU𝑝 at 𝑡0 . The detail calculation steps for S𝑐𝑖 are described
in Algorithm 1.
Step 4 (execute prediction by SVM). Firstly, a SVM prediction model is generated according to the history input vectors
S𝑐𝑖 from Step 3. Secondly, put the data to be predicted into the
generated SVM model. Then, compute the prediction results
and record the results. Here, we adopt the RBF kernel as
mapping function for SVM in simulation. Because the RBF
kernel function tends to obtain more robust results than other
kernels and can reduce numerical difficulties, the RBF kernel
function can be defined as
2

(24)
𝐾 (x, y) = exp (−𝛾x − y ) , 𝛾 > 0.
Step 5 (the system resets). Execute Steps 1 to 4 until simulation numbers are satisfied for testing. Then, the operation
stops. Compute the prediction performance: the prediction
accuracy rate 𝑝accuracy and the miss detection probability
𝑝miss . 𝑝accuracy is defined as


{𝑖 | 𝑦𝑖 ⋅ 𝑓 (x𝑖 ) > 0}
 × 100%,
𝑝accuracy = 
𝑙
𝑙

(25)

where {x𝑖 }1 are testing data which are to be predicted.
And 𝑦𝑖 ∈ {−1, +1} are true labels for testing data. 𝑙 is
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Calculation steps of Sci
if 𝐷𝑝, 𝑐 (𝑡0 ) ≥ 𝑅𝑝 + 𝑟𝑐 + Vmax ⋅ 𝑇𝑐
Spectrum 𝑐𝑝 is available for CU𝑐 .
else if 𝑅𝑝 + 𝑟𝑐 ≤ 𝐷𝑝, 𝑐 (𝑡0 ) < 𝑅𝑝 + 𝑟𝑐 + Vmax ⋅ 𝑇𝑐
if 𝑇𝑝 < 𝑇𝑐
Calculate CSA𝑐𝑝 (𝑇𝑐 ) by (17).
else
Calculate CSA𝑐𝑝 (𝑇𝑐 ) by (18).
end
else if 0 < 𝐷𝑝, 𝑐 (𝑡0 ) < 𝑅𝑝 + 𝑟𝑐
if 𝑇𝑝out < 𝑇𝑐
Calculate CSA𝑐𝑝 (𝑇𝑐 ) by (21).
else
Calculate CSA𝑐𝑝 (𝑇𝑐 ) by (22).
end
end
The vectors Sci are constructed for SVM.
Algorithm 1: Joint feature vectors extraction for CU𝑐 .

the total number of testing data. 𝑓(x𝑖 ) ∈ {−1, +1} are
the predicted decision values. Here, {−1, +1} represents the
busy/idle working activity for a given PU. | ⋅ | represents the
element numbers for a given set. Actually, 𝑝accuracy reflects
the accuracy degree of spectrum prediction mechanism. The
higher the 𝑝accuracy is, the better the prediction effect is.
In addition, the miss prediction rate 𝑝miss (the rate that
the spectrum is predicted to be idle while it is actually busy) is
investigated for the proposed prediction mechanism. Because
𝑝miss can reflect the actual interference to the PUs to some
extent. The smaller the 𝑝miss is, the better the prediction
mechanism is. 𝑝miss can be defined as
𝑝miss



{𝑖 | 𝑦𝑖 ⋅ 𝑓 (x𝑖 ) < 0, 𝑓 (x𝑖 ) = 1}

 × 100%.
=
𝑙

(26)

Note that 𝑝accuracy + 𝑝miss ≤ 100%.

5. Simulation Results and Analysis
In this section, experimental results of the prediction performances for our proposed scheme are investigated. Simulation
parameters are shown in Table 1. We compare the proposed prediction mechanism with the traditional prediction
schemes (SVM with initial location coordinates of CUs and
SVM with initial location coordinates and speed of CUs)
to evaluate the prediction performances under different
parameters.
Note that we assume 𝜀𝑎 = 𝜀𝑏 = 𝜀𝑐 = 𝜀in = 𝜀away during
simulation for simplicity, because they are very small positive
values that are set to balance the according equations. In
addition, the total testing number is set to 1000 in order to
avoid randomness during simulation.
Figure 3 shows 𝑝accuracy among different algorithms versus
training node number. The proposed SVM-SMP converges at
about 40 training data faster than SVM-location algorithm

Table 1: Simulation parameters.
Parameter
Total simulation number for testing
Simulation area
𝑅𝑝
𝑟𝑐
Kernel function
𝐶
𝜉𝑖
𝑇𝑐
𝛼𝑝
𝛽𝑝
𝑝𝑎 = 𝑝𝑏 = 𝑝away
𝜀𝑎 = 𝜀𝑏 = 𝜀𝑐 = 𝜀in = 𝜀away
1/𝜆 𝑒
CUs’ maximum velocity Vmax
Total number of PUs
Total number of training CUs
Total number of testing CUs

Value
1000
5000 m × 5000 m
1000 m
500 m
RBF kernel
10
0.01
1 s∼15 s
1/3 s
1/3 s
0.5
0∼0.2
3s
0 m/s∼50 m/s
2
20∼240
1000

(SVM-LA) with a convergent result at about 100 training
data. 𝑝accuracy of SVM-location-speed algorithm (SVM-LSA)
is much worse than the other comparison algorithms which
shows that the initial speed parameters have a bad effect on
the prediction performance. It is caused by the time-varying
characteristic of CUs’ velocity (speed or direction).
As shown in Figure 4, 𝑝accuracy decreases with the increasing of 𝑇𝑐 for the three different algorithms. 𝑝accuracy of the
proposed SVM-SMP is better than SVM-LA when 𝑇𝑐 is
relatively small (1 ≤ 𝑇𝑐 ≤ 4.5). However, 𝑝accuracy of SVMSMP is worse than SVM-LA when 𝑇𝑐 is big enough (T c > 4.5).
It is because the proposed prediction scheme is based on the
short-time prediction idea according to the feature vector
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Figure 3: Prediction accuracy rate 𝑝accuracy for CUs versus training
node number.
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Figure 4: Prediction accuracy rate 𝑝accuracy for CUs versus 𝑇𝑐 .

extraction analysis in (17), (18), (21), and (22). Moreover,
wrap-around technique makes CUs stay at their original
positions with big probability at the simulation boundary.
Thus, SVM-LA decreases not that fast with the increasing of
𝑇𝑐 . And the SVM-SMP works well when the prediction time
is not long and vice versa. Note that the short-time prediction
performance is mainly focused on in this paper because CR
itself should achieve communication in a very short time.
As illustrated in Figure 5, 𝑝miss is studied versus 𝑇𝑐 for
different algorithms. 𝑝miss of SVM-SMP is nearly equal to 0
when 𝑇𝑐 is small (1 ≤ 𝑇𝑐 ≤ 5), which is better than SVMLA. However, 𝑝miss of SVM-SMP increases very fast when

Figure 5: Miss prediction rate 𝑝miss for CUs versus 𝑇𝑐 .

𝑇𝑐 is big enough. Figure 5 shows the good short-time miss
prediction rate characteristics of the new algorithm which is
very essential to CR.
In Figures 6 and 7, 𝑝accuracy and 𝑝miss versus Vmax are investigated between SVM-SMP and SVM-LA. From Figure 6,
𝑝accuracy of SVM-SMP is better than that of SVM-LA when 1 ≤
𝑇𝑐 ≤ 4 s. However, 𝑝accuracy of SVM-SMP is worse than that of
SVM-LA when 𝑇𝑐 = 5 s and Vmax > 42 m/s. It shows that the
proposed SVM-SMP lose the advantages when the prediction
time and speed are too big simultaneously. As shown in
Figure 7, 𝑝miss of SVM-SMP is less than 0.1%. Comparatively,
𝑝miss of SVM-LA is approximately 1%. Thus, SVM-SMP
shows good 𝑝miss performance with Vmax changing.
In Figures 8 and 9, we investigate 𝑝accuracy and 𝑝miss versus
𝜆 between SVM-SMP and SVM-LA. From Figure 8, 𝑝accuracy
of SVM-SMP decreases obviously with the increasing of 𝜆
when Vmax is big (such as 50 m/s). However, 𝑝accuracy of SVMSMP does not change very obviously with the increasing of
𝜆 when Vmax is small (such as 10 m/s). It is due to the fact
that the bigger the 𝜆 is, the stronger the irregular movements
of CUs are. Thus, it is difficult for the prediction when CUs
are moving with high speed and strong irregular movements.
As shown in Figure 9, 𝑝miss of SVM-SMP is much better
than that of SVM-LA when Vmax is small (such as 10 m/s,
30 m/s). However, 𝑝miss of SVM-SMP is worse than that
of SVM-LA when Vmax = 50 m/s and 𝜆 > 13, which
validates the performance degradation of the prediction
performance again when Vmax is relatively big with strong
irregular movements. It is because SVM-SMP is based on the
assumption of weak irregular movements for CUs.
In Figures 10 and 11, 𝑝accuracy and 𝑝miss versus 𝛽𝑝 are
investigated for SVM-SMP and SVM-LA. In Figure 10,
𝑝accuracy of SVM-SMP is obviously better than 𝑝accuracy of
SVM-LA when the prediction time is short such as 1 s and
3 s. However, 𝑝accuracy of SVM-SMP is worse than 𝑝accuracy of
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Figure 8: Prediction accuracy rate 𝑝accuracy for CUs versus 𝜆.
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Figure 7: Miss prediction rate 𝑝miss for CUs versus Vmax .

SVM-LA when the prediction duration time is 𝑇𝑐 = 5 s and
the mean idle time is 𝛽𝑝 < 4. In Figure 11, 𝑝miss of SVMSMP is nearly equal to 0, which is much better than SVM-LA.
In addition, the prediction performance (𝑝accuracy and 𝑝miss )
does not improve significantly for the two algorithms with the
increasing of 𝛽𝑝 when 𝛽𝑝 is big enough according to Figures
10 and 11.
Figure 12 shows the impact of 𝜀 on the prediction accuracy
rate 𝑝accuracy for SVM-SMP. When 𝜆 = 1, the maximum

SVM-SMP max = 10 m/s
SVM-SMP max = 30 m/s
SVM-SMP max = 50 m/s

SVM-LA max = 10 m/s
SVM-LA max = 30 m/s
SVM-LA max = 50 m/s

Figure 9: Miss prediction rate 𝑝miss for CUs versus 𝜆.

of 𝑝accuracy occurs at about 𝜀 = 0 which is relatively small.
With the increasing of 𝜆, the maximum value position of
𝑝accuracy moves to the right. When 𝜆 = 10, the maximum
of 𝑝accuracy occurs at about 𝜀 = 0.1. It is because the small
probability events happen more times when SUs’ randomness
movements are strong (𝜆 is big). The bigger the 𝜆 is, the
bigger the maximum value position of 𝑝accuracy occurs for 𝜀.
Therefore, we can obtain better prediction performance by
adjusting 𝜀 for randomness movements of different strength.
As shown in Figure 13, miss prediction rate 𝑝miss is studied
versus 𝜀 for SVM-SMP. When 𝜆 = 5 and 𝜆 = 10, the
minimum of 𝑝miss occurs at about 𝜀 = 0.07 and 𝜀 = 0.1,
respectively. It shows that different optimal 𝜀 corresponds to
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Figure 12: Prediction accuracy rate 𝑝accuracy for CUs versus 𝜀.
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SUs’ randomness movements of different strength for 𝑝miss .
The simulation results further confirm the impact of 𝜀 on the
prediction accuracy rate in Figure 12.

6. Conclusions
In this paper, a new spectrum mobility prediction algorithm
is proposed in mobile CRNs. SVM theory is adopted to
improve the spectrum mobility prediction performance,
which takes into account time- and space-varying characteristics together. Moreover, new extracted feature vectors based
on the theoretical analysis are input into SVM. Simulation
results confirm that the convergence speed of our SVM-SMP

is faster than SVM-LA and SVM-LSA. Meanwhile, SVMSMP shows better short-time prediction performance than
SVM-LA and SVM-LSA, which is essential to real mobile
CRNs. In addition, the prediction performance degradation
caused by SUs’ high speed and strong randomness movements can be made up by choosing the proper parameters.
As known to us, how to choose the best parameters (𝐶 and
𝜉𝑖 ) quickly is still an open problem in SVM. We will further
analyze the impact of 𝜀 on prediction performance. It leaves
us to investigate in the future.
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The robust 𝐻∞ filtering problem is investigated for a class of complex network systems which has stochastic packet dropouts and
time delays, combined with disturbance inputs. The packet dropout phenomenon occurs in a random way and the occurrence
probability for each measurement output node is governed by an individual random variable. Besides, the time delay phenomenon
is assumed to occur in a nonlinear vector-valued function. We aim to design a filter such that the estimation error converges to
zero exponentially in the mean square, while the disturbance rejection attenuation is constrained to a given level by means of the
𝐻∞ performance index. By constructing the proper Lyapunov-Krasovskii functional, we acquire sufficient conditions to guarantee
the stability of the state detection observer for the discrete systems, and the observer gain is also derived by solving linear matrix
inequalities. Finally, an illustrative example is provided to show the usefulness and effectiveness of the proposed design method.

1. Introduction
Over the past decades, the 𝐻∞ filtering problem has drawn
particular attention, since 𝐻∞ filters are insensitive to the
exact knowledge of the statistics of the noise signals. Up to
now, a great deal of effort has been devoted to the design
issues of various kinds of filters, for example, the Kalman
filters [1–3] and 𝐻∞ filters [4–9].
In real-world applications, the measurements may contain missing measurements (or incomplete observations) due
to various reasons such as high maneuverability of the tracked
targets, sensor temporal failures or network congestion.
In the past few years, the filtering problem with missing
measurements has received much attention [10–17]. In [10], a
model of multiple missing measurements has been presented
by using a diagonal matrix to account for the different missing
probabilities for individual sensors. The finite-horizon robust
filtering problem has been considered in [11] for discrete-time
stochastic systems with probabilistic missing measurements
subject to norm-bounded parameter uncertainties. A Markovian jumping process has been employed in [12] to reflect

the measurement missing problem. Moreover, the optimal
filter design problem has been tackled in [13] for systems with
multiple packet dropouts by solving a recursive difference
equation (RDE).
On the other hand, the complex networks have been gaining increasing research attention from all fields of the basic
science and the technological practice. They have applications
in many real-world systems such as the Internet, World
Wide Web, food webs, electric power grids, cellular and
metabolic networks, scientific citation networks, and social
networks [18–25]. Due to randomly occurring incomplete
phenomenon which occurs in the signal transfer within
complex networks, there may be time delays and packet
dropouts [26–33]. For instance, over a finite horizon, the
synchronization and state estimation problems for an array of
coupled discrete time-varying stochastic complex networks
have been studied based on the recursive linear matrix
inequalities (RLMIs) approach [26]. In [29], one of the first
few attempts has been made to address the synchronization
problem for stochastic discrete-time complex networks with
time delays. Furthermore, in [31], a new array of coupled
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delayed complex networks with stochastic nonlinearities,
multiple stochastic disturbances, and mixed time delays
in the discrete-time domain has been investigated, and
the synchronization stability criteria have been derived by
utilizing a novel matrix functional, the properties of the
Kronecker product, the free-weighting matrix method, and
the stochastic techniques.
Summarizing the above discussion, it should be pointed
out that, up to now, the general filter results for complex
networks with randomly occurring incomplete information
have been very few, especially when the networks exhibit both
stochastic natures and disturbance inputs. In this paper, we
make an attempt to investigate the problems of the robust
𝐻∞ filtering for a class of complex systems with stochastic
packet dropouts, time delays, and disturbance inputs. By
constructing the proper Lyapunov-Krasovskii functional, we
can get sufficient conditions, such that the filter error is
exponentially stable in mean-square sense, and acquire gain
of the designed observer.
The rest of the paper is organized as follows. In Section 2,
the problem of complex networks is formulated and some
useful lemmas are introduced. In Section 3, some sufficient
conditions are established to make sure the robustly exponential stability of the filtering error dynamics. Besides, the
gain of observer is also designed by LMI. An illustrated
example is given in Section 4 to demonstrate the effectiveness
of the proposed method. Finally, we give our conclusions in
Section 5.
Notation. The notation used here is fairly standard except
where otherwise stated. R𝑛 and R𝑛×𝑚 denote, respectively,
the 𝑛 dimensional Euclidean space and the set of all 𝑛 × 𝑚
real matrices. 𝐼 denotes the identity matrix of compatible
dimension. The notation 𝑋 ≥ 𝑌 (resp., 𝑋 > 𝑌), where 𝑋
and 𝑌 are symmetric matrices, means that 𝑋 − 𝑌 is positive
semidefinite (resp., positive definite). 𝐴𝑇 represents the transpose of 𝐴. 𝜆 max (𝐴) and 𝜆 min (𝐴) denote the maximum and
minimum eigenvalue of 𝐴, respectively. Sym{𝐴} denotes the
symmetric matrix 𝐴 + 𝐴𝑇 . E{𝑥} stands for the expectation of
the stochastic variable 𝑥. ‖𝑥‖ describes the Euclidean norm of
a vector 𝑥. diag{𝐹1 , 𝐹2 , . . .} stands for a block-diagonal matrix
whose diagonal blocks are given by 𝐹1 , 𝐹2 , . . .. The symbol ∗ in
a matrix means that the corresponding term of the matrix can
be obtained by symmetric property. The symbol ⊗ denotes the
Kronecker product. In symmetric block matrices, the symbol
∗ is used as an ellipsis for terms induced by symmetry.

2. Problem Formulation
Consider the following discrete-time complex system with
time delays and disturbance:
𝑥𝑖 (𝑘 + 1) = 𝑓 (𝑥𝑖 (𝑘)) + 𝑔 (𝑥𝑖 (𝑘 − 𝑑 (𝑘)))
𝑁

+ ∑ 𝑤𝑖𝑗 Γ𝑥𝑗 (𝑘) + 𝐷1𝑖 V1 (𝑘) + ℎ (𝑥𝑖 (𝑘)) 𝜔 (𝑘) ,
𝑗=1

𝑧𝑖 (𝑘) = 𝑀𝑥𝑖 (𝑘) ,

𝑥𝑖 (𝑗) = 𝜑𝑖 (𝑗) ,

𝑗 = −𝑑𝑀, − 𝑑𝑀 + 1, . . . , 0;
𝑖 = 1, 2, . . . , 𝑁,
(1)

where 𝑥𝑖 (𝑘) ∈ R𝑛 is the state vector of the 𝑖th node, 𝑧𝑖 (𝑘) ∈ R𝑟
is the output of the 𝑖th node, 𝑑(𝑘) denotes time-varying delay,
𝑓(⋅) and 𝑔(⋅) are nonlinear vector-valued functions satisfying
certain conditions given later, V1 (𝑘) is the disturbance input
belonging to 𝑙2 ([0, ∞); R𝑞 ), 𝜔(𝑘) is a zero mean Gaussian
white noise sequence, and ℎ(⋅) is the continuous function
quantifying the noise intensity. Γ = diag{𝑟1 , 𝑟2 , . . . , 𝑟𝑛 } is
the matrix linking the 𝑗th state variable if 𝑟𝑗 ≠0, and 𝑊 =
(𝑤𝑖𝑗 )𝑁×𝑁 is the coupled configuration matrix of the network
with 𝑤𝑖𝑗 > 0 (𝑖 ≠𝑗) but not all zero. As usual, the coupling
configuration matrix 𝑊 is symmetric (i.e., 𝑊 = 𝑊𝑇 ) and
satisfies
𝑁

𝑁

𝑗=1

𝑗=1

∑𝑤𝑖𝑗 = ∑ 𝑤𝑗𝑖 = 0,

𝑖 = 1, 2, . . . , 𝑁.

(2)

𝐷1𝑖 , 𝐹𝑖 , and 𝑀 are constant matrices with appropriate dimensions, and 𝜑𝑖 (𝑗) is a given initial condition sequence.
For the system shown in (2), we make the following
assumptions throughout the paper.
Assumption 1. The variable 𝜔(𝑘) is a scalar Wiener process
(Brownian motion) satisfying
E {𝜔2 (𝑘)} = 1,

E {𝜔 (𝑘)} = 0,

E {𝜔 (𝑘) 𝜔 (𝑗)} = 0

(𝑘 ≠𝑗) .

(3)

Assumption 2. The variable 𝑑(𝑘) denotes the time-varying
delay satisfying
0 < 𝑑𝑚 ≤ 𝑑 (𝑘) ≤ 𝑑𝑀,

(4)

where 𝑑𝑚 and 𝑑𝑀 are constant positive integers representing
the lower and upper bounds on the communication delay,
respectively.
Assumption 3. 𝑓(⋅) and 𝑔(⋅) are the nonlinear disturbance
which satisfies the following sector-bounded conditions:
𝑓

[𝑓 (𝑥) − 𝑓 (𝑦) − 𝜙1 (𝑥 − 𝑦)]

𝑇

𝑓

× [𝑓 (𝑥) − 𝑓 (𝑦) − 𝜙2 (𝑥 − 𝑦)] ≤ 0,
[𝑔 (𝑥) − 𝑔 (𝑦) −

𝑔
𝜙1

(𝑥 − 𝑦)]

(5)

𝑇

𝑔

× [𝑔 (𝑥) − 𝑔 (𝑦) − 𝜙2 (𝑥 − 𝑦)] ≤ 0,
𝑓

𝑓

𝑔

𝑔

for all 𝑥, 𝑦 ∈ R𝑛 , where 𝜙1 , 𝜙2 , 𝜙1 , and 𝜙2 are real matrices
of appropriate dimensions and 𝑓(0) = 0, 𝑔(0) = 0.
Assumption 4. The continuous function ℎ(𝑥𝑖 (𝑘)) satisfies
ℎ𝑇 (𝑥𝑖 (𝑘)) ℎ (𝑥𝑖 (𝑘)) ≤ 𝑥𝑖𝑇 (𝑘) 𝑥𝑖 (𝑘) ,
where  > 0 is known constant scalars.

(6)
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In this paper, we assume that an unreliable network
medium is present between the physical plant and the state
detection filter, and this means that the output data is subject
to randomly missing phenomenon. The signal received by the
state detection filter can be described by
𝑦𝑖 (𝑘) = 𝛼𝑖 (𝑘) 𝐶𝑥𝑖 (𝑘) + 𝐷2𝑖 V2 (𝑘) ,

(7)

where 𝑦𝑖 (𝑘) ∈ R𝑚 is the measurement output of the
𝑖th node and V2 (𝑘) is the disturbance input which belongs
to 𝑙2 ([0, ∞); R𝑝 ). 𝐶 and 𝐷2𝑖 are constant matrices with
appropriate dimensions. 𝛼𝑖 (𝑘) is the Bernoulli distributed
white sequences governed by
Prob {𝛼𝑖 (𝑘) = 1} = E {𝛼𝑖 (𝑘)} = 𝛼𝑖 ,

𝑇

𝑇
𝑧̂𝑘 = [̂𝑧1𝑇 (𝑘) 𝑧̂2𝑇 (𝑘) ⋅ ⋅ ⋅ 𝑧̂𝑁
(𝑘)] ,
𝑇

V𝑘 = [V1𝑇 (𝑘) V2𝑇 (𝑘)] ,

𝑇

𝑇

𝑔 (𝑥𝑘 ) = [𝑔𝑇 (𝑥1 (𝑘)) 𝑔𝑇 (𝑥2 (𝑘)) ⋅ ⋅ ⋅ 𝑔𝑇 (𝑥𝑁 (𝑘))] ,
𝑇

ℎ (𝑥𝑘 ) = [ℎ𝑇 (𝑥1 (𝑘)) ℎ𝑇 (𝑥2 (𝑘)) ⋅ ⋅ ⋅ ℎ𝑇 (𝑥𝑁 (𝑘))] ,
𝑓̃𝑘 = 𝑓 (𝑥𝑘 ) − 𝑓 (𝑥̂𝑘 ) ,

̃ = 𝐼 ⊗ 𝑀,
𝑀

𝐸𝑖 = diag {0,
. . . , 0, 𝐼, ⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
0, . . . , 0} .
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑖−1

𝑁−𝑖

(11)
𝑇

Setting 𝜂𝑘 = [𝑥𝑘𝑇 𝑒𝑘𝑇 ] , we subsequently obtain an augmented system as follows:
⃗𝑘
𝜂𝑘+1 = W𝜂𝑘 + 𝑓𝑘⃗
+ 𝑔𝑘−𝑑
𝑁

+ 𝐾𝑖 (𝑦𝑖 (𝑘) − 𝐶𝑥̂𝑖 (𝑘)) ,

̃ 𝑘 + DV𝑘 + H𝜔𝑘 ,
+ ∑ (𝛼𝑘𝑖 − 𝛼𝑖 ) G𝑖 𝐶S𝜂

𝑧̂𝑖 (𝑘) = 𝑀𝑥̂𝑖 (𝑘) ,

𝑧̃𝑘 = M𝜂𝑘 ,
where

𝑖 = 1, 2, . . . , 𝑁,
where 𝑥̂𝑖 (𝑘) ∈ R𝑛 is the estimate of the state 𝑥𝑖 (𝑘), 𝑧̂𝑖 (𝑘) ∈
R𝑟 is the estimate of the output 𝑧𝑖 (𝑘), and 𝐾𝑖 ∈ R𝑛×𝑚 is the
estimator gain matrix to be designed.
̂
Let the estimation error be 𝑒(𝑘) = 𝑥(𝑘)−𝑥(𝑘).
By using the
Kronecker product, the filtering error system can be obtained
from (2), (7), and (9) as follows:

𝑇
𝑓𝑘⃗
= [𝑓𝑇 (𝑥𝑘 ) 𝑓̃𝑘𝑇] ,

𝛼𝑘𝑖 = 𝛼𝑖 (𝑘) ,

̃ 𝑘,
𝑧̃𝑘 = 𝑀𝑒
where
𝑇

𝑇
𝑥𝑘 = [𝑥1𝑇 (𝑘) 𝑥2𝑇 (𝑘) ⋅ ⋅ ⋅ 𝑥𝑁
(𝑘)] ,
𝑇

𝑇
𝑥̂𝑘 = [𝑥̂1𝑇 (𝑘) 𝑥̂2𝑇 (𝑘) ⋅ ⋅ ⋅ 𝑥̂𝑁
(𝑘)] ,
𝑇
𝑇
𝑧𝑁
(𝑘)] ,

𝛼̃Λ = diag {𝛼1 𝐼, 𝛼2 𝐼, . . . , 𝛼𝑁𝐼} ,
𝑇

G𝑖 = [0 −𝐸𝑖𝑇 𝐾𝑇 ] ,
̃ ,
M = [0 𝑀]

S = [𝐼 0] ,

(13)

W=[

𝑁

𝑖=1

𝑇

𝑔𝑘⃗
= [𝑔𝑇 (𝑥𝑘 ) 𝑔̃𝑘𝑇 ] ,

𝑊⊗Γ
0
̃ −𝐾𝐶
̃] ,
𝑊 ⊗ Γ + 𝐾 (𝐼 − 𝛼̃Λ ) 𝐶

̃ 𝑘 + (𝑊 ⊗ Γ + 𝐾𝐶)
̃ 𝑥𝑘
𝑒𝑘+1 = 𝑓̃𝑘 + 𝑔̃𝑘−𝑑𝑘 − 𝐾𝐶𝑒
̃ 𝑘) ,
̃ 𝑘 + ℎ𝑘 𝜔𝑘 − 𝐾 (∑𝛼𝑖 (𝑘) 𝐸𝑖 𝐶𝑥
+ 𝐿V

(12)

𝑖=1

(9)

𝑗 = −𝑑𝑀, −𝑑𝑀 + 1, . . . , 0;

⋅⋅⋅

̃ = [𝐷1 −𝐾𝐷2 ] ,
𝐷
𝑇

𝑥̂𝑖 (𝑘 + 1) = 𝑓 (𝑥̂𝑖 (𝑘)) + 𝑔 (𝑥̂𝑖 (𝑘 − 𝑑 (𝑘)))

𝑧𝑘 =

̃ = 𝐼 ⊗ 𝐶,
𝐶

𝑇
𝑇
𝑇
𝐷2 = [𝐷21
] ,
𝐷22
⋅ ⋅ ⋅ 𝐷2𝑁

(8)

where 𝛼𝑖 ∈ [0, 1] is known constant.
In this paper, we are interested in obtaining 𝑧̂𝑖 (𝑘), the
estimate of the signal 𝑧𝑖 (𝑘), from the actual measured output
𝑦𝑖 (𝑘). We adopt the following filter to be considered for node
𝑖:

𝑧2𝑇 (𝑘)

𝑔̃𝑘 = 𝑔 (𝑥𝑘 ) − 𝑔 (𝑥̂𝑘 ) ,

𝐾 = diag {𝐾1 , 𝐾2 , . . . , 𝐾𝑁} ,

when data missing,

[𝑧1𝑇 (𝑘)

𝑤𝑘 = 𝑤 (𝑘) ,

𝑓 (𝑥𝑘 ) = [𝑓𝑇 (𝑥1 (𝑘)) 𝑓𝑇 (𝑥2 (𝑘)) ⋅ ⋅ ⋅ 𝑓𝑇 (𝑥𝑁 (𝑘))] ,

𝑇

Prob {𝛼𝑖 (𝑘) = 0} = 1 − E {𝛼𝑖 (𝑘)} = 1 − 𝛼𝑖 ,

𝑥̂𝑖 (𝑗) = 0,

𝑑𝑘 = 𝑑 (𝑘) ,

𝑇
𝑇
𝑇
𝐷1 = [𝐷11
] ,
𝐷12
⋅ ⋅ ⋅ 𝐷1𝑁

when data received;

𝑧̃𝑘 = 𝑧𝑘 − 𝑧̂𝑘 ,

(10)

D=[

0
𝐷1
],
𝐷1 −𝐾𝐷2

H=[

ℎ (𝑥𝑘 )
].
ℎ (𝑥𝑘 )

Definition 5 (see [34]). The filtering error system (12) is said
to be exponentially stable in the mean square if, in case of
V𝑘 = 0, for any initial conditions, there exist constants 𝜀 > 0
and 0 < 𝜅 < 1 such that
 2
 2
E {𝜂𝑘  } ≤ 𝜀𝜅𝑘 max E {𝜂𝑖  } , 𝑘 ∈ N,
(14)
𝑖∈[−𝑑𝑀 , 0]

𝑇
𝑇
(𝑖), 𝜑1𝑇 (𝑖), 𝜑2𝑇 (𝑖), . . . , 𝜑𝑁
(𝑖)]𝑇 ,
where 𝜂𝑖 := [𝜑1𝑇 (𝑖), 𝜑2𝑇 (𝑖), . . . , 𝜑𝑁
for all 𝑖 ∈ [−𝑑𝑀, 0].
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1 𝑔𝑇 𝑔
𝑔
Φ1 = 𝐼 ⊗ Sym { 𝜙1 𝜙2 } ,
2

Our aim in this paper is to develop techniques to deal
with the robust 𝐻∞ filtering problem for a class of complex
systems with stochastic packet dropouts, time delays, and disturbance inputs. The augmented observer system (12) satisfies
the following requirements (Q1) and (Q2), simultaneously:
(Q1) the filter error system (12) with V𝑘 = 0 is exponentially
stable in the mean square;
(Q2) under the zero initial condition, the filtering error 𝑧̃𝑘
satisfies
∞
1 ∞  2
 2
∑ E {𝑧̃𝑘  } ≤ 𝛾2 ∑ V𝑘 
𝑁 𝑘=0
𝑘=0

−𝑆 𝑆
[ 𝑇2 3 ] < 0.
𝑆3 𝑆1

or

Ξ33 = 𝑃1 − 𝜆 1 𝐼,

Ξ11 = W𝑇 𝑃1 W − 𝑃1 + (𝑑𝑀 − 𝑑𝑚 + 1) 𝑃2 + 𝜆 3 𝐴 
𝑁

𝑓
̃𝑇 G𝑇 𝑃1 G𝑖 𝐶S,
̃
− 𝜆 1 Φ1 + ∑𝛼̃𝑖∗ S𝑇 𝐶
𝑖
𝑖=1

(16)

𝑓𝑇

Ξ13 = W𝑇 𝑃1 + 𝜆 1 Φ2 ,

Ξ44 = 𝑃1 − 𝜆 2 𝐼.
(18)

Proof. Choose the following Lyapunov functional for system
(12):
𝑉 (𝑘) = 𝑉1 (𝑘) + 𝑉2 (𝑘) + 𝑉3 (𝑘) ,

(19)

where
𝑉1 (𝑘) = 𝜂𝑘𝑇 𝑃1 𝜂𝑘 ,

3. Main Results
In this part, we will construct the Lyapunov-Krasovskii
functional and the use of linear matrix inequality to propose
sufficient conditions such that the system error model in (12)
could be exponentially stable in mean square. Let us first
consider the robust exponential stability analysis problem for
the filter error system (12) with V𝑘 = 0.
Theorem 7. Consider the system (2) and suppose that the
estimator parameters 𝐾𝑖 (𝑖 = 1, 2, . . . , 𝑁) are given. The
system augmented error model (12) with V𝑘 = 0 is said to
be exponentially stable in mean square, if there exist positive
definite matrices 𝑄𝑖 (𝑖 = 1, 2, 3, 4) and positive scalars 𝜆 𝑗 (𝑗 =
1, 2, 3) satisfying the following inequality:
Ξ11 0 Ξ13 W𝑇 𝑃1
]
[
]
[
[ ∗ Ξ22 0 𝜆 2 Φ𝑔𝑇]
2 ]
[
]
[
Π1 = [
] < 0,
[ ∗ ∗ Ξ33
𝑃1 ]
]
[
]
[
[∗ ∗ ∗
Ξ44 ]
]
[
𝑃1 ≤ 𝜆 3 𝐼,
𝐼 0
𝐴 = [
],
0 0

= 𝛼𝑖 (1 − 𝛼𝑖 ) ,

1 𝑓𝑇 𝑓
𝑓
Φ1 = 𝐼 ⊗ Sym { 𝜙1 𝜙2 } ,
2
𝑓

Φ2 = 𝐼 ⊗

𝑓

𝑓

(𝜙1 + 𝜙2 )
2

𝑘−1

𝑉2 (𝑘) = ∑ 𝜂𝑖𝑇 𝑃2 𝜂𝑖 ,
𝑖=𝑘−𝑑𝑘

𝑉3 (𝑘) =

𝑘−𝑑𝑚

∑

,

(20)

𝑘−1

∑ 𝜂𝑖𝑇 𝑃2 𝜂𝑖 .

𝑗=𝑘−𝑑𝑀 +1 𝑖=𝑗

Then, along the trajectory of system (12) with V𝑘 = 0, we
have
E {Δ𝑉1 (𝑘)} = E {𝑉1 (𝑘 + 1) − 𝑉1 (𝑘)}
𝑇
𝑃1 𝜂𝑘+1 − 𝜂𝑘𝑇 𝑃1 𝜂𝑘 }
= E {𝜂𝑘+1

= E {𝜂𝑘𝑇W𝑇 𝑃1 W𝜂𝑘 + 𝑓𝑘𝑇⃗
𝑃1 𝑓𝑘⃗
𝑇
⃗𝑘 𝑃1 𝑔𝑘−𝑑
⃗𝑘 + H𝑇 𝑃1 H
+ 𝑔𝑘−𝑑
𝑁

(17)

̃𝑇 G𝑇 𝑃1 G𝑖 𝐶S𝜂
̃ 𝑘
+ ∑ 𝛼̃𝑖∗ 𝜂𝑘𝑇 S𝑇 𝐶
𝑖
𝑖=1

⃗𝑘
+ 2𝜂𝑘𝑇 W𝑇 𝑃1 𝑓𝑘⃗
+ 2𝜂𝑘𝑇 W𝑇 𝑃1 𝑔𝑘−𝑑
⃗𝑘 − 𝜂𝑘𝑇 𝑃1 𝜂𝑘 } ,
+2𝑓𝑘𝑇⃗
𝑃1 𝑔𝑘−𝑑

where
𝛼̃𝑖∗

𝑔

Ξ22 = −𝑃2 − 𝜆 2 Φ1 ,

𝑃2 = diag {𝐼 ⊗ 𝑄3 , 𝐼 ⊗ 𝑄4 } ,

(15)

Lemma 6 (the Schur complement). Given constant matrices
𝑆1 , 𝑆2 , and 𝑆3 , where 𝑆1 = 𝑆1𝑇 and 0 < 𝑆2 = 𝑆2𝑇 , then 𝑆1 +
𝑆3𝑇 𝑆2−1 𝑆3 < 0 if and only if
𝑆1 𝑆3𝑇
]<0
𝑆3 −𝑆2

𝑔

(𝜙1 + 𝜙2 )
,
2

𝑃1 = diag {𝐼 ⊗ 𝑄1 , 𝐼 ⊗ 𝑄2 } ,

for all nonzero V𝑘 , where 𝛾 > 0 is a given disturbance
attenuation level.

[

𝑔

𝑔

Φ2 = 𝐼 ⊗

E {H𝑇 𝑃1 H} ≤ 𝜆 3 𝜂𝑘𝑇 𝐴  𝜂𝑘 .
Next, it can be derived that
E {Δ𝑉2 (𝑘)} = E {𝑉2 (𝑘 + 1) − 𝑉2 (𝑘)}
𝑘
𝑘−1
{
}
= E { ∑ 𝜂𝑖𝑇 𝑃2 𝜂𝑖 − ∑ 𝜂𝑖𝑇 𝑃2 𝜂𝑖 }
𝑖=𝑘−𝑑𝑘
{𝑖=𝑘−𝑑𝑘+1 +1
}

(21)
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{
𝑇
= E {𝜂𝑘𝑇 𝑃2 𝜂𝑘 − 𝜂𝑘−𝑑
𝑃𝜂
𝑘 2 𝑘−𝑑𝑘
{
𝑘−1

+

∑

𝑖=𝑘−𝑑𝑘+1 +1

𝜂𝑖𝑇 𝑃2 𝜂𝑖 −

where
̃ 11 0 W𝑇 𝑃1 W𝑇 𝑃1
Ξ
[
0
0 ]
],
̃ 1 = [ ∗ −𝑃2
Π
[∗ ∗
𝑃1 ]
𝑃1
∗
𝑃1 ]
[∗ ∗

𝑘−1

}
∑ 𝜂𝑖𝑇 𝑃2 𝜂𝑖 }
𝑖=𝑘−𝑑𝑘 +1
}

𝑘−1
{
𝑇
= E {𝜂𝑘𝑇 𝑃2 𝜂𝑘 − 𝜂𝑘−𝑑
𝑃
𝜂
+
∑ 𝜂𝑖𝑇 𝑃2 𝜂𝑖
2
𝑘−𝑑
𝑘
𝑘
𝑖=𝑘−𝑑𝑚 +1
{

+

𝑘−𝑑𝑚

𝑘−1

}
𝜂𝑖𝑇 𝑃2 𝜂𝑖 − ∑ 𝜂𝑖𝑇 𝑃2 𝜂𝑖 }
𝑖=𝑘−𝑑𝑘+1 +1
𝑖=𝑘−𝑑𝑘 +1
}
∑

(25)

𝑁

̃𝑇 G𝑇 𝑃1 G𝑖 𝐶S,
̃
+ 𝜆 3 𝐴  + ∑𝛼̃𝑖∗ S𝑇 𝐶
𝑖
𝑖=1

Notice that (5) implies
𝑇

𝑓
𝑓
[𝑓𝑘⃗
− (𝐼 ⊗ 𝜙1 ) 𝜂𝑘 ] [𝑓𝑘⃗
− (𝐼 ⊗ 𝜙2 ) 𝜂𝑘 ] ≤ 0.

{
𝑇
≤ E {𝜂𝑘𝑇 𝑃2 𝜂𝑘 − 𝜂𝑘−𝑑
𝑃𝜂
𝑘 2 𝑘−𝑑𝑘
{
+

̃ 11 = W𝑇 𝑃1 W − 𝑃1 + (𝑑𝑀 − 𝑑𝑚 + 1) 𝑃2
Ξ

𝑔

𝑇

𝑔

(26)

[𝑔𝑘⃗
− (𝐼 ⊗ 𝜙1 ) 𝜂𝑘 ] [𝑔𝑘⃗
− (𝐼 ⊗ 𝜙2 ) 𝜂𝑘 ] ≤ 0.
From (26), it follows that

𝑘−𝑑𝑚

}
𝜂𝑖𝑇 𝑃2 𝜂𝑖 } ,
𝑖=𝑘−𝑑𝑀 +1
}

E {Δ𝑉 (𝜂𝑘 )}

∑

𝑓
̃ 1 𝜉𝑘 − 𝜆 1 [𝑓𝑘⃗
≤ E {𝜉𝑘𝑇 Π
− (𝐼 ⊗ 𝜙1 ) 𝜂𝑘 ]

E {Δ𝑉3 (𝑘)}

𝑇

𝑓
× [𝑓𝑘⃗
− (𝐼 ⊗ 𝜙2 ) 𝜂𝑘 ]

= E {𝑉3 (𝑘 + 1) − 𝑉3 (𝑘)}

𝑔

⃗𝑘 − (𝐼 ⊗ 𝜙1 ) 𝜂𝑘−𝑑𝑘 ]
− 𝜆 2 [𝑔𝑘−𝑑

𝑘−𝑑𝑚 𝑘−1
}
{ 𝑘−𝑑𝑚 +1 𝑘
= E{ ∑ ∑𝜂𝑖𝑇 𝑃2 𝜂𝑖 − ∑ ∑ 𝜂𝑖𝑇 𝑃2 𝜂𝑖}
𝑗=𝑘−𝑑𝑀 +1 𝑖=𝑗
}
{𝑗=𝑘−𝑑𝑀 +2 𝑖=𝑗
𝑘−𝑑𝑚 𝑘−1
𝑘
}
{ 𝑘−𝑑𝑚
= E{ ∑
∑ 𝜂𝑖𝑇 𝑃2 𝜂𝑖 − ∑ ∑ 𝜂𝑖𝑇 𝑃2 𝜂𝑖}
𝑗=𝑘−𝑑𝑀 +1 𝑖=𝑗
}
{𝑗=𝑘−𝑑𝑀 +1 𝑖=𝑗+1

{ 𝑘−𝑑𝑚
}
= E{ ∑ (𝜂𝑘𝑇 𝑃2 𝜂𝑘 −𝜂𝑗𝑇𝑃2 𝜂𝑗 )}
{𝑗=𝑘−𝑑𝑀 +1
}

𝑇

𝑔

⃗𝑘 − (𝐼 ⊗ 𝜙2 ) 𝜂𝑘−𝑑𝑘 ] }
× [𝑔𝑘−𝑑
≤ E {𝜉𝑘𝑇 Π1 𝜉𝑘 } .
According to Theorem 7, we have Π1 < 0; there must exist
a sufficiently small scalar 𝜀0 > 0 such that
Π1 + 𝜀0 diag {𝐼, 0} < 0.

𝑘−𝑑𝑚

}
{
= E{(𝑑𝑀 − 𝑑𝑚 ) 𝜂𝑘𝑇 𝑃2 𝜂𝑘 − ∑ 𝜂𝑖𝑇 𝑃2 𝜂𝑖 } .
𝑖=𝑘−𝑑𝑀 +1
}
{
(22)

(27)

(28)

Then, it is easy to see from (27) and (28) that the following
inequality holds:
 2
E {Δ𝑉 (𝜂𝑘 )} ≤ −𝜀0 E {𝜂𝑘  } .

(29)

According to the definition of 𝑉(𝑘), we can derive that
𝑘−1

 2
 2
E {𝑉 (𝑘)} ≤ 𝜌1 E {𝜂𝑘  } + 𝜌2 ∑ E {𝜂𝑖  } ,

Letting

(30)

𝑖=𝑘−𝑑𝑀

𝑇

𝑇
𝑇
⃗𝑘 ] ,
𝜉𝑘 = [𝜂𝑘𝑇 𝜂𝑘−𝑑
𝑓𝑘𝑇⃗𝑔𝑘−𝑑
𝑘

(23)

the combination of (21) and (22) results in

𝜇𝑘+1 E {𝑉 (𝑘 + 1)} − 𝜇𝑘 E {𝑉 (𝑘)}
= 𝜇𝑘+1 E {Δ𝑉 (𝑘)} + 𝜇𝑘 (𝜇 − 1) E {𝑉 (𝑘)}

E {Δ𝑉 (𝜂𝑘 )} = E {𝑉 (𝑘 + 1) − 𝑉 (𝑘)}
3

= ∑E {Δ𝑉𝑖 (𝑘)}
𝑖=1

≤

̃ 1 𝜉𝑘 } ,
E {𝜉𝑘𝑇 Π

where 𝜌1 = 𝜆 max (𝑃1 ) and 𝜌2 = (𝑑𝑀 − 𝑑𝑚 + 1)𝜆 max (𝑃2 ).
For any scalar 𝜇 > 1, together with (19), the above
inequality implies that

(24)

𝑘−1

 2
 2
≤ 𝜖1 (𝜇) 𝜇 E {𝜂𝑘  } + 𝜖2 (𝜇) ∑ 𝜇𝑘 E {𝜂𝑖  }
𝑘

𝑖=𝑘−𝑑𝑀

with 𝜖1 (𝜇) = (𝜇 − 1)𝜌1 − 𝜇𝜀0 and 𝜖2 (𝜇) = (𝜇 − 1)𝜌2 .

(31)
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In addition, for any integer 𝑚 ≥ 𝑑𝑀 +1, summing up both
sides of (31) from 0 to 𝑚 − 1 with respect to 𝑘, we have

It can be verified that there exists a scalar 𝜇0 > 1 such that
𝜖1 (𝜇0 ) + 𝜖2 (𝜇0 ) = 0.

𝜇𝑚 E {𝑉 (𝑘 + 1)} − E {𝑉 (0)}
𝑚−1

Therefore, from (34)–(37), it is clear to see that

 2
≤ 𝜖1 (𝜇) ∑ 𝜇𝑘 E {𝜂𝑘  }

(32)

𝑘=0

𝑚−1

𝑘−1

 2
E {𝜂𝑘  }

 2
∑ 𝜇𝑘 E {𝜂𝑖  } .

+ 𝜖2 (𝜇) ∑

≤(

𝑘=0 𝑖=𝑘−𝑑𝑀

Due to 𝑑𝑀 ≥ 1,
𝑚−1

∑

𝑘−1

𝑘=0 𝑖=𝑘−𝑑𝑀

𝑖+𝑑𝑀

𝑚−1−𝑑𝑀 𝑖+𝑑𝑀

≤( ∑ ∑ +
𝑖=−𝑑𝑀 𝑘=0
𝑚−1

+

∑

∑

∑

𝑖=0

𝑘=𝑖+1

Next, we will analyze the performance of the filtering
error system (12).

𝑚−1

 2
∑ ) 𝜇𝑘 E {𝜂𝑖  }

𝑖=𝑚−1−𝑑𝑀 𝑘=𝑖+1
−1

 2
≤ 𝑑𝑀 ∑ 𝜇𝑖+𝑑𝑀 E {𝜂𝑖  }

(33)

𝑖=−𝑑𝑀

𝑚−1−𝑑𝑀

 2
+ 𝑑𝑀 ∑ 𝜇𝑖+𝑑𝑀 E {𝜂𝑖  }
𝑚−1

∑

𝜇

𝑖=𝑚−1−𝑑𝑀
𝑑𝑀

≤ 𝑑𝑀𝜇

𝑖+𝑑𝑀

Theorem 8. Consider the system (2) and suppose that the
estimator parameters 𝐾𝑖 (𝑖 = 1, 2, . . . , 𝑁) are given. The
system augmented error model (12) is said to be exponentially
stable in mean square and satisfies the 𝐻∞ performance
constraint (15) for all nonzero V𝑘 and 𝜔𝑘 under the zero initial
condition, if there exist positive definite matrices 𝑄𝑖 (𝑖 =
1, 2, 3, 4) and positive scalars 𝜆 𝑗 (𝑗 = 1, 2, 3) satisfying the
following inequality:
Ξ∗11
[
[
[∗
[
[
[
[
Π2 = [ ∗
[
[∗
[
[
[
[∗
[

𝑖=0

+ 𝑑𝑀

1 𝑘 𝜌 (2𝑑𝑀 + 1) + 𝑑𝑀𝜖2 (𝜇0 )
 2
)
max E {𝜂𝑖  } .
𝜇0
𝜌0
−𝑑𝑀 ≤𝑖≤0
(38)

The augmented system (12) with V𝑘 = 0 is exponentially
mean-square stable according to Definition 5. The proof is
complete.

 2
∑ 𝜇𝑘 E {𝜂𝑖  }
−1

 2
E {𝜂𝑖  }

 2
max E {𝜂𝑖  }

−𝑑𝑀 ≤𝑖≤0
𝑚−1

 2
+ 𝑑𝑀𝜇𝑑𝑀 ∑ 𝜇𝑖 E {𝜂𝑖  } .
𝑖=0

Ξ13 W𝑇 𝑃1

0
Ξ22

0

𝑔𝑇
𝜆 2 Φ2

∗

Ξ33

𝑃1

∗

∗

Ξ44

∗

∗

∗

𝑘−1

 2
𝜇𝑘 E {𝑉 (𝑘)} ≤ E {𝑉 (0)} + (𝜖1 (𝜇) + 𝜖2 (𝜇)) ∑ 𝜇𝑖 E {𝜂𝑖  }
𝑖=0

 2
∑ E {𝜂𝑖  } ,

1

(39)

]

where
Ξ∗11 = W𝑇 𝑃1 W − 𝑃1 + (𝑑𝑀 − 𝑑𝑚 + 1) 𝑃2
𝑓

(34)
𝑑𝑀

with 𝜖2 (𝜇) = 𝑑𝑀𝜇 (𝜇 − 1)𝜌2 .
Let 𝜌0 = 𝜆 min (𝑃1 ) and 𝜌 = max{𝜌1 , 𝜌2 }. It is obvious from
(19) that
 2
(35)
E {𝑉 (𝑘)} ≥ 𝜌0 E {𝜂𝑘  } .
Meanwhile, we can find easily from (30) that
−𝑑𝑀 ≤𝑖≤0

]
]
]
0
]
]
]
]
𝑃1 D
] < 0,
]
]
𝑃1 D
]
]
]
𝑇
2 ]
D 𝑃D−𝛾 𝐼

− 𝜆 1 Φ1 + 𝜆 3 𝐴 

−𝑑𝑀 ≤𝑖≤0

 2
E {𝑉 (0)} ≤ 𝜌 (2𝑑𝑀 + 1) max E {𝜂𝑖  } .

W𝑇 𝑃1 D

𝑃1 ≤ 𝜆 3 𝐼,

So, we can obtain from (32) and (33) the following:

+ 𝜖2 (𝜇)

(37)

(36)

+

(40)

𝑁

1 𝑇
̃𝑇 G𝑇 𝑃1 G𝑖 𝐶S,
̃
M M + ∑𝛼̃𝑖∗ S𝑇 𝐶
𝑖
𝑁
𝑖=1

and other parameters are defined as in Theorem 7.
Proof. It is clear that (39) implies (17). According to
Theorem 7, the filtering error system (12) with V𝑘 = 0 is
robustly exponentially stable in the mean square.
Let us now deal with the performance of the system (15).
Construct the same Lyapunov-Krasovskii functional as in
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Theorem 7. A similar calculation as in the proof of Theorem 7
leads to
E {Δ𝑉 (𝑘)} ≤ E {𝜉𝑘𝑇 Π1 𝜉𝑘 + 2V𝑘𝑇 D𝑇𝑃1 W𝜂𝑘
⃗𝑘
+ 2V𝑘𝑇 D𝑇 𝑃1 𝑓𝑘⃗
+ 2V𝑘𝑇 D𝑇𝑃1 𝑔𝑘−𝑑

(41)

+V𝑘𝑇 D𝑇 𝑃1 DV𝑘 } ,
where 𝜉𝑘 and Π1 are defined previously.
𝑇
Setting 𝜉̃ = [𝜉𝑇 V𝑇 ] , inequality (41) can be rewritten as
𝑘

𝑘

𝑘

̃𝑇
D
Π1
] 𝜉̃ } ,
𝑇
∗ D 𝑃1 D 𝑘

E {Δ𝑉 (𝑘)} ≤ E {𝜉̃𝑘𝑇 [

J (𝑠) = E ∑ {
𝑘=0

1  2
2  2
𝑧̃  − 𝛾 V𝑘  } ,
𝑁  𝑘

(43)

(46)
where
𝑌⃗
= diag {𝑌1 , 𝑌2 , . . . , 𝑌𝑁} ,

Q2 = 𝐼 ⊗ 𝑄2 ,

(47)
𝑇

Π19 = (𝐼 ⊗ 𝐶)𝑇 𝑍𝑇 ,

𝑇
,
Π28 = −(𝐼 ⊗ 𝐶)𝑇 𝑌⃗
𝑇
,
Π68 = −𝐷2𝑇 𝑌⃗

− E {𝑉 (𝑠 + 1)}

Π11 = (𝑊𝑇 𝑊) ⊗ (Γ (𝑄1 + 𝑄2 ) Γ)

1  2
2  2
𝑧̃  − 𝛾 V𝑘  + Δ𝑉 (𝑘)}
𝑁  𝑘

(44)

(𝐼 − 𝛼̃Λ ) (𝐼 ⊗ 𝐶)}
+ Sym {(𝑊 ⊗ Γ)𝑇 𝑌⃗
− 𝐼 ⊗ (𝑄1 − (𝑑𝑀 − 𝑑𝑚 + 1) 𝑄4 )

𝑠

≤ E ∑ {𝜉̃𝑘𝑇 Π2 𝜉̃𝑘 } < 0.

𝑓

− 𝜆 1 Φ1 + 𝜆 3 𝐴  ,

𝑘=0

According to Theorem 8, we have J(𝑠) ≤ 0. Letting 𝑠 →
∞, we obtain
∞

Π18 Π19
Π28 0 ]
]
0
0 ]
]
0
0 ]
< 0,
0
0 ]
]
]
Π68 0 ]
−Q2 0 ]
∗ −Q2 ]

𝑇 𝑇
Π18 = (𝐼 ⊗ 𝐶)𝑇 (𝐼 − 𝛼̃Λ ) 𝑌⃗
,

1  2
 2
J (𝑠) = E ∑ { 𝑧̃𝑘  − 𝛾2 V𝑘  + Δ𝑉 (𝑘)}
𝑁
𝑘=0

𝑘=0

Π16
Π26
0
Π46
Π56
Π66
∗
∗

𝑇
𝑇
𝑇
∗ 𝐸 𝑌⃗
] ,
𝑍 = [√𝛼̃1∗ 𝐸1 𝑌⃗
√𝛼̃2∗ 𝐸2 𝑌⃗
⋅ ⋅ ⋅ √𝛼̃𝑁
𝑁

𝑠

𝑠

Π15
Π25
Π35
Π45
Π55
∗
∗
∗

𝑃1 ≤ 𝜆 3 𝐼,

where 𝑠 is nonnegative integer.
Under the zero initial condition, one has

≤ E∑ {

Π11 Π12 0 Π14
[ ∗ Π22 0 Π24
[
[ ∗ ∗ Π33 0
[
[ ∗ ∗ ∗ Π44
Π3 = [
[∗ ∗ ∗ ∗
[∗ ∗ ∗ ∗
[
[∗ ∗ ∗ ∗
[∗ ∗ ∗ ∗

(42)

̃ = [D𝑇 𝑃 W 0 D𝑇 𝑃 D𝑇𝑃 ].
where D
1
1
1
In order to deal with the 𝐻∞ performance of the filtering
system (12), we introduce the following index:
𝑠

𝑌𝑖 (𝑖 = 1, 2, . . . , 𝑁), and positive scalars 𝜆 𝑗 (𝑗 = 1, 2, 3)
satisfying the following inequality:

∞

1
 2
 2
∑ E {𝑧̃  } ≤ 𝛾2 ∑ V𝑘  ,
𝑁 𝑘=0  𝑘 
𝑘=0

(45)

and the proof is now complete.
We aim at solving the filter design problem for complex
network (2). Therefore, we are in a position to consider
the 𝐻∞ filter design problem for the complex network (2).
The following theorem provides sufficient conditions for the
existence of such filters for system (12). The following result
can be easily accessible from Theorem 8, and the proof is
therefore omitted.
Theorem 9. Consider the system (2) and suppose that the
disturbance attenuation level 𝛾 > 0 is given. The system
augmented error model (12) is said to be exponentially stable in
mean square and satisfies the 𝐻∞ performance constraint (15)
for all nonzero V𝑘 and 𝜔𝑘 under the zero initial condition, if
there exist positive definite matrices 𝑄𝑖 (𝑖 = 1, 2, 3, 4), matrices

Π12 = −(𝑊 ⊗ Γ)𝑇 𝑌⃗
(𝐼 ⊗ 𝐶) ,
𝑓𝑇

Π14 = [𝑊𝑇 ⊗ (Γ𝑄1 ) + 𝜆 1 Φ2 𝑊𝑇 ⊗ (Γ𝑄2 )
𝑇
],
+(𝐼 ⊗ 𝐶)𝑇 (𝐼 − 𝛼̃Λ ) 𝑌⃗

Π15 = [𝑊𝑇 ⊗ (Γ𝑄1 ) 𝑊𝑇 ⊗ (Γ𝑄2 )
𝑇
],
+(𝐼 ⊗ 𝐶)𝑇 (𝐼 − 𝛼̃Λ ) 𝑌⃗
𝑇
𝐷2
Π16 = [𝑊𝑇 ⊗ (Γ (𝑄1 + 𝑄2 )) 𝐷1 + (𝐼 ⊗ 𝐶)𝑇 (𝐼 − 𝛼̃Λ ) 𝑌⃗

⃗
−(𝑊 ⊗ Γ)𝑇 𝑌𝐷
2] ,
Π22 = −𝐼 ⊗ (𝑄2 − (𝑑𝑀 − 𝑑𝑚 + 1) 𝑄4 )
𝑓

− 𝜆 1 Φ1 +

1
(𝐼 ⊗ (𝑀𝑇 𝑀)) ,
𝑁

𝑓𝑇
𝑇
Π24 = [0 (𝐼 ⊗ 𝐶)𝑇 𝑌⃗
+ 𝜆 1 Φ2 ] ,
𝑇
],
Π25 = [0 (𝐼 ⊗ 𝐶)𝑇 𝑌⃗
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𝑇
Π26 = [−(𝐼 ⊗ 𝐶)𝑇 𝑌⃗
𝐷1 0] ,

ℎ (𝑥𝑖 (𝑘)) = 0.15𝑥𝑖 (𝑘) ,

𝑑 (𝑘) = 2 + sin (

𝑔

Π33 = − diag {𝐼 ⊗ 𝑄3 , 𝐼 ⊗ 𝑄4 } − 𝜆 2 Φ1 ,
Π35 =

𝜋𝑘
),
2

V1 (𝑘) = 3 exp (−0.3𝑘) cos (0.2𝑘) ,

𝑔𝑇
𝜆 2 Φ2 ,

V2 (𝑘) = 2 exp (−0.2𝑘) sin (0.1𝑘) .

Π44 = diag {𝐼 ⊗ 𝑄1 , 𝐼 ⊗ 𝑄2 } − 𝜆 1 𝐼,

(50)
Then, it is easy to see that the constraint (26) can be met
with
−0.6 0.3
−0.3 0.3
𝑓
𝑓
],
𝜙2 = [
],
𝜙1 = [
0 0.4
0 0.6
(51)
0.02 0.06
0.02 0.06
𝑔
𝑔
],
𝜙2 = [
].
𝜙1 = [
−0.03 0.02
−0.02 0.02

Π45 = diag {𝐼 ⊗ 𝑄1 , 𝐼 ⊗ 𝑄2 } ,
Π55 = diag {𝐼 ⊗ 𝑄1 , 𝐼 ⊗ 𝑄2 } − 𝜆 2 𝐼,
Π46 = Π56 = [
Π66 = [

(𝐼 ⊗ 𝑄2 ) 𝐷1
0
],
⃗
(𝐼 ⊗ 𝑄2 ) 𝐷1 −𝑌𝐷
2

⃗
𝐷1𝑇 (𝐼 ⊗ (𝑄1 + 𝑄2 )) 𝐷1 − 𝛾2 𝐼 −𝐷1𝑇 𝑌𝐷
2] ,
2
∗
−𝛾 𝐼
(48)

and other parameters are defined as in Theorem 7. Moreover, if
the above inequality is feasible, the desired state estimator gains
can be determined by
𝐾𝑖 = 𝑄2−1 𝑌𝑖 .

(49)

In this section, we present an illustrative example to demonstrate the effectiveness of the proposed theorems. Considering the system model (2) with three sensors, the system data
are given as follows:

𝐷13 = [

𝐷12 = [

0.1
],
−0.05

𝑀 = [0.5 0.7] ,

𝐷21 = [
𝐷23 = [

Γ = diag {0.1, 0.1} ,

0.14
],
−0.15

𝐷11 = [

0.1
],
−0.1

0.2
],
−0.15

𝐷22 = [
𝐶=[

0.1
],
0.12

−0.1
],
0.2

0.8 0.5
],
0.9 −0.3

𝑓 (𝑥𝑖 (𝑘))
−0.6𝑥𝑖1 (𝑘) + 0.3𝑥𝑖2 (𝑘) + tanh (0.3𝑥𝑖1 (𝑘))
],
=[
0.6𝑥𝑖2 (𝑘) − tanh (0.2𝑥𝑖2 (𝑘))
𝑔 (𝑥𝑖 (𝑘))
=[

𝜆 1 = 23.9040,

𝜆 2 = 50.2256,

𝜆 3 = 14.0023,

9.1446 3.8908
𝑄1 = [
],
3.8908 3.5213
9.0768 3.7262
𝑄2 = [
],
3.7262 6.7169

4. Numerical Simulations

−0.4 0.4
0
𝑊 = [ 0.4 −0.6 0.2 ] ,
0.2 −0.2]
[ 0

Let the disturbance attenuation level be 𝛾 = 0.96. Assume
that the initial values 𝜑𝑖 (𝑘) (𝑖 = 1, 2, 3; 𝑘 = −3, −2, −1, 0)
are generated that obey uniform distribution over [−1.5, 1.5],
𝛼1 = 0.88, 𝛼2 = 0.85, and 𝛼3 = 0.87, and the delay
parameters are chosen as 𝑑𝑚 = 1 and 𝑑𝑀 = 3.
By applying Theorem 9 with help from MATLAB, we can
obtain the desired filter parameters as follows:

0.02𝑥𝑖1 (𝑘) + 0.06𝑥𝑖2 (𝑘)
],
−0.03𝑥𝑖1 (𝑘) + 0.02𝑥𝑖2 (𝑘) + tanh (0.01𝑥𝑖1 (𝑘))

𝑄3 = [

0.7093 −0.1693
],
−0.1693 0.2576

𝑄4 = [

0.8390 −0.3283
],
−0.3283 0.8284

(52)

0.5154 −0.9270
𝑌1 = [
],
0.9371 −0.6966
0.6617 −1.1042
],
𝑌2 = [
1.0172 −0.8178
𝑌3 = [

0.2943 −0.7441
].
0.8713 −0.6346

(53)

Then, according to (49), the desired estimator parameters
can be designed as
−0.0006 −0.0771
],
𝐾1 = [
0.1399 −0.0609
𝐾2 = [

0.0139 −0.0928
],
0.1437 −0.0703

(54)

−0.0270 −0.0559
𝐾3 = [
].
0.1447 −0.0635
Simulation results are shown in Figures 1, 2, 3, and 4,
where Figures 1–3 plot the missing measurements and ideal
measurements for sensors 1–3, respectively, and Figure 4
depicts the output errors. From those figures, we can confirm
the superiority of the designed 𝐻∞ filter.
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Figure 1: The ideal measurements and the missing measurements
of 𝑦1 (𝑘).

Figure 3: The ideal measurements and the missing measurements
of 𝑦3 (𝑘).
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1

0.5

0.5
Filtering errors

Sensor 2

1

0

−0.5

−1

0

−0.5

−1
0

5

10
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20
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Time (k)

30

35
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−1.5
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Ideal measurements y21
Missing measurements y22
Ideal measurements y22

Figure 2: The ideal measurements and the missing measurements
of 𝑦2 (𝑘).
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Filtering error z̃2 of filter 2
Filtering error z̃3 of filter 3

Figure 4: The estimator errors 𝑧̂𝑖 (𝑘) (𝑖 = 1, 2, 3).

5. Conclusions
In this paper, we have studied the robust 𝐻∞ filtering
problem for a class of complex systems with stochastic packet
dropouts, time delays, and disturbance inputs. The discretetime system under study involves multiplicative noises, timevarying delays, sector-bounded nonlinearities, and stochastic
packet dropouts. By means of LMIs, sufficient conditions
for the robustly exponential stability of the filtering error

dynamics have been obtained and, at the same time, the
prescribed disturbance rejection attenuation level has been
guaranteed. Then, the explicit expression of the desired filter
parameters has been derived. A numerical example has been
provided to show the usefulness and effectiveness of the
proposed design method.
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Mobile ad hoc networks (MANETs) are wireless networks consisting of number of autonomous mobile devices temporarily
interconnected into a network by wireless media. MANETs become one of the most prevalent areas of research in the recent years.
Resource limitations, energy efficiency, scalability, and security are the great challenging issues in MANETs. Due to its deployment
nature, MANETs are more vulnerable to malicious attack. The secure routing protocols perform very basic security related functions
which are not sufficient to protect the network. In this paper, a secure and fair cluster head selection protocol (SFCP) is proposed
which integrates security factors into the clustering approach for achieving attacker identification and classification. Byzantine
agreement based cooperative technique is used for attacker identification and classification to make the network more attack
resistant. SFCP used to solve this issue by making the nodes that are totally surrounded by malicious neighbors adjust dynamically
their belief and disbelief thresholds. The proposed protocol selects the secure and energy efficient cluster head which acts as a local
detector without imposing overhead to the clustering performance. SFCP is simulated in network simulator 2 and compared with
two protocols including AODV and CBRP.

1. Introduction
MANETs are formed arbitrarily by a set of mobile devices
falling within the transmission range of each other [1].
Routing protocols act as binding force in MANETs and
facilitate communication beyond the physical wireless range
of the nodes. In MANETs, every node cooperates with other
nodes for forwarding packets to their destination by acting
as a router. These protocols could operate in either flat or
hierarchical network architecture. In the flat architecture, all
nodes participate in the routing process. In the hierarchical
architecture nodes are divided into a number of clusters
each of which is managed by a cluster head that makes
control decisions for cluster members. In this architecture,
only cluster heads and gateway nodes are participating in
the routing. Traditional MANETs routing protocols have
no predefined trust exists between communication partners. This may render the network vulnerable to malicious

attacks. Selfish nodes do not propagate packets from other
nodes, while malicious nodes may perform modification and
impersonation attacks against the network traffic. Clustering
schemes [2] organized the network into one hop disjoint
clusters then elect the most qualified and trustworthy nodes
which played the role of cluster heads. Cluster heads are
responsible for monitoring all the routing activities within the
cluster itself.
Yu and Chong [3] and Bechler et al. [4] have proposed
the survey about various clustering schemes for mobile ad
hoc networks. In their paper, typical clustering schemes of
MANETs are classified into six categories. In Ds based clustering, a set of dominating nodes act as cluster heads to relay
routing information and data packets, such a set of nodes
are called a dominating set (DS). A DS is called a connected
DS (CDS) if all the dominating nodes are directly connected with each other. Low maintenance clustering protocol
aimed for providing stable cluster architecture by reducing

2
the reaffiliation rate and minimizing the reclustering situations which improve the network life time. It causes more
communication overhead. The mobility aware clustering
provides the cluster architecture based on mobility behavior of nodes. The idea is by grouping mobile nodes with
similar speed into the same cluster; the intracluster links
become tightly connected. In this approach, the reaffiliation
and reclustering rate could be naturally decreased. MOBIC
proposed an aggregate local mobility metric for cluster
formation in which mobile nodes with low speed relative
to their neighbors have more chance to become cluster
heads. The energy efficient clustering approach has achieved
the less energy consumption among mobile nodes that is
also avoiding the node failure. In load balancing clustering
approach, an optimum number of nodes are used to form the
clusters. It set upper and lower limits on the number of mobile
nodes that a cluster can deal with. Reclustering procedures
are invoked for cluster maintenance that adjusts the number
of nodes in that cluster. The combined metrics based clustering considered number of metrics to cluster configuration
including node degree, residual energy capacity, and speed.
This category aimed to elect most suitable cluster head in a
local area and does not give preference to mobile nodes with
certain attributes such as lowest ID or highest node degree.
Advantage of this clustering scheme is flexibly adjusting the
weighting factors for each metric for different scenarios. In
this survey, it is not guaranteed that any one of them is the
best for all situations.
Several trust models [5–8] have been proposed for selforganizing networks in distributed paradigm. Jiang and Baras
[9] examined the efficiency of trust based reactive routing
protocols in the presence of attacks in the networks. This
method is considered first-hand information to evaluate
other node’s trust values to make trustworthiness. Yan et al.
[10] proposed a secure AODV based routing protocol for
an ad hoc network which is established a secure end-to-end
route. The trust values are calculated based on direct observation which is transitive. Pirzada and McDonald [11] enhanced
the trust management by considering the confidence level
of trust of each node. They have used confidence level as a
weight to compute trust value. Ghosh et al. [12] developed
a trust model to strengthen the security of MANETs and
they dealt with the issues associated with recommendations.
Their model was utilized only trusted routes for making
effective communication and isolates the malicious nodes
based on the evidence obtained from direct interactions and
recommendations. Ghosh et al. [13] proposed a mechanism
for distinguishing selfish peers from cooperative nodes that
is based on local monitoring. In order to distinguish between
selfish and cooperative peers, a series of well-known statistical tests are applied for obtaining features from the observed
AODV actions.
Noman Mohammed et al [9] proposed a Mechanism
design based secure leader election model for encouraging
mobile nodes to honestly participate in the election process
in order to avoid activities of selfish nodes and balance
the energy consumption among all nodes for increasing
lifetime of MANETs. The objective of mechanism design [4]
is to address problem of designing incentives for nodes to
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provide truthful information and computing optimal system
wide solution for finding the optimal cost efficient leaders.
Vickrey, Clarke, and Groves (VCG) model is applied for
node incentives to ensure truth telling to be the dominant
strategy for any node. They have proposed local election
algorithms, namely, cluster-dependent leader election and
cluster independent leader election which provided globally
optimal election solutions with a low cost. The Nodes with
the most remaining energy are elected as the cluster head.
This approach makes storage overhead because the cluster
head kept an extra service table and each node maintains a
reputation table and neighboring nodes list.
Milan et al. proposed a scheme [14], where a game
theoretic model is applied to study the impact of collisions
on a hop-by-hop reputation based mechanism for regular networks with uniform random traffic. The nodes in
MANETs are equipped with different resources and provide
discrete services. It did not deal with irregular topologies
and nonuniform routing. It also discussed the perception
and interaction asymmetries that could impair cooperation
between nodes.
Safa et al. presented a cluster based trust aware routing
protocol (CBTRP) [15] to ensure secure routing path and
established the trust based environment. This mechanism is
used to distinguish the trusted nodes from malicious nodes.
CBTRP makes use of the weighted clustering algorithm
(WCA) [16] to elect cluster heads. The weighted degrees
are taken into consideration such as battery power, number of neighbors, transmission power, and mobility of the
nodes to form optimal cluster head. CBTRP has also taken
security into account to form trusted clusters. It organized
the network into 1-hop clusters in which every node is able
to elect the most qualified and trustworthy node to be its
cluster head. Cluster members forward the packets through
the trusted cluster heads. Malicious nodes do not forward
the packets to them. In CBTRP model, the trust value is
computed based on the information that one node can gather
about the other node’s vital information including analyzing
the received, forwarded, and overheard packets. Analyzing
the node’s behavior shows that the node is selfish, acting like a
black hole, and carrying out a modification attack, fabrication
attack and latency delays. This approach provides improved
connectivity in MANETs in the presence of malicious nodes
and also it ensured the passage of packets through trusted
routes only by behavior of each node. Once a malicious node
is discovered, it is isolated from the network such that no
packet is forwarded from it.
Chatterjee et al. [17] proposed a secure trusted auction
oriented clustering based routing protocol (STACRP) to
provide trusted structured framework for MANETs. Two
auction mechanisms, namely, procurement and Dutch, are
used to determine the forwarding cost of one hop. STACRP
organized the network into 1-hop clusters and elects the
trustworthy nodes as cluster head (CH) by using a secret
voting scheme. Each node maintains information of itself
and its neighboring nodes for cluster maintenance. The trust
model is analyzed using Markov chain which guarantees to
selfish node to revoke its status from warned status to normal
status by proper forwarding of others packets. This achieved
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Figure 1: Byzantine agreement classification system.

a secure reliable routing solution. STACRP detected selfish
nodes and enforces cooperation between nodes to achieve
better throughput and packet delivery ratio with less routing
overhead.

2. Materials and Methods
SFCP makes use of the weighted clustering (WCA) [18]
to form 1-hop cluster in the networks. In addition to that,
SFCP takes security component to form trusted CHs and
also considers each node’s remaining energy level to elect
the cluster head (CH) in all clusters. The network has
been partitioned into 1-hop disjoint clusters. It ensures the
secure routing. The proposed SFCP elects the trusted CH
by the mechanism called fair cluster head selection which
distinguishes trusted nodes from malicious nodes. Each node
elects most trustworthy node of its 1-hop neighbors to be its
CH which should not be a faulty degree claim for election
process. In SFCP, each node 𝑖 takes into account its degree
deg𝑖 , an energy fairness factor 𝐹𝑖 , and a security component.
Equation (1) presents the clustering score of each node V𝑖
V𝑖 = 𝑎 ×

𝑁𝑓
deg𝑖
𝐹
2
+ 𝑏 × 𝑖 + 𝑐𝑡 × (
− ) + 𝑑 × 𝐸, (1)
𝑑max
𝐹max
deg𝑖 3

where the coefficients 𝑎, 𝑏, 𝑐𝑡 , and 𝑑 satisfy the following:
𝑎 + 𝑏 + 𝑐𝑡 + 𝑑 = 1.

(2)

deg𝑖 is the number of nodes whose Euclidean distance
from 𝑖 is less than the radio range of 𝑖 that is, the degree of
a node in a network is the number of edges the node has
to other nodes. 𝑁𝑓 is the ratio of the number of neighbors
in their neighbors list. 𝐹𝑖 defines how many times 𝑖 has
previously served as CH, 𝐸 is the Remaining energy level of
each node 𝑖 is calculated as follows
𝐸 = 𝐸𝑖 − 𝐸𝑐 ,

(3)

where 𝐸𝑖 is initial energy and 𝐸𝑐 is consumed energy.
The secure cluster head selection algorithm describes the
procedure for selecting cluster head (see Algorithm 1).

2.1. Byzantine Agreement. Byzantine agreement mechanism
is used to solve the problem of multiple nodes reaching agreement in the presence of malicious node and message failures.
This model demands global agreement to be reached for
cluster formation and malicious identification. The routing
paths are selected after a mutual exchange of control message
amongst the neighbouring nodes (Figure 1). The consensus
problem is assumed as a set of nodes 𝑛. A node is deemed
correct if it does not fail and it correctly follows the protocol
specification. Otherwise, the node is considered to be faulty.
A consensus execution is initiated when every correct node
𝑛𝑖 proposes an input value V𝑖 and terminates after every
correct node decided on a common value V. Consensus is
defined by three properties such as validity, agreement, and
termination. In validity, if every correct node proposed the
same value V, then any nodes can decide V, In agreement,
no two correct nodes decide differently and termination
follows after the correct node decides. Agreement ensures
the consistency in which some nodes decide a value V, and
then no other node can decide a different value. Termination
ensures that nodes must decide. These properties can be
broken down into two different categories which include
safety and liveness. Safety restricts the bad things that can
happen in the system. Liveness ensures that good things
eventually happen. Both the validity and agreement are safety
properties while termination belongs to liveness property.
A fault occurs in a network when a node or link deviates
from its correct behaviour. Within this context, faults are
classified in two main classes: omissive faults and Byzantine
faults. A fault is of omissive class if there is crash of a node
and a message loss in a communication link. A fault is of
Byzantine faults class if there is a compromised node that
acts as malicious which sends incorrect values purposely and
it influence other nodes to deviate from its properties of the
protocol. More precisely, the nodes must reach an agreement
that is admissible in the following sense:
(i) all normal nodes must agree on the same value V;
(ii) in case all the normal nodes have the same initial
value, then V must be equal to this value.
It considered the following assumption that there are 𝑛
nodes in the network in which 30% of nodes are considered
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Initiate node state
Cluster formation
// assumption one hop clusters
NL = {𝑛1 , 𝑛2 , 𝑛3 ,. . ., 𝑛𝑛 } // node’s Neighbour Lists
𝑉𝑖 = {V1 , V2 , V3 ,. . ., V𝑛 } // Clustering variable Score
If (NL.size > max-cluster-size) then
Truncate NL to max-cluster-size
Sort NL based on 𝑉𝑖 ;
For each node 𝑖 in NL:
if (𝑁𝑓 /deg𝑖 ≤ 2/3) then
Neighbour is suspect node
Calculate 𝑉𝑖 with 𝑐𝑡 < 0 from (1)
Classify whether normal or attacker by reputation system
Else if (𝑁𝑓 /deg𝑖 > 2/3) then
Node is normal node
Calculate 𝑉𝑖 with 𝑐𝑡 > 0 from (1)
Else if (deg𝑖 > network-size) then
Node is attacker node
exclude node from decision
CH = neighbour node with maximum V𝑖
Algorithm 1: Secure cluster head selection algorithm.

Input: NL = {𝑛1 , 𝑛2 , 𝑛3 ,. . ., 𝑛𝑛 } // node’s Neighbour Lists
Output: Classification of the Node
foreach Member Node in NL do
if CH checks the 𝑁𝑓 over deg𝑖 is less than or equal to the threshold
Suspect = node 𝑖
if become good then
Classified suspect node as normal
else
Penalized the suspect node by reducing its score V𝑖
if advertised degree deg𝑖 is equal to network size and the threshold is exceeded
Classified node as attacker
Node Excluded from network
if advertised ratio of degree deg𝑖 greater than threshold
Node is classified as normal
Algorithm 2: Byzantine agreement node classification algorithm.

as malicious. They make communication through messages.
The malicious node can forge messages, send conflicting
messages, and masquerade as other nodes. If a message from
a normal node is lost or damaged, then the normal node is
treated as attacker.
It classifies each node as normal, suspect, or attacker and
allocates a different value of 𝑐𝑡 for each type of node according
to the byzantine agreement requirement to (4) as shown
below
𝑁𝑓
2
{
> , 0.4 for dense, 0.2 for sparse
> 0 if
{
{
deg
3
{
𝑖
{
{
𝑐𝑡 = {< 0 if 𝑁𝑓 ≤ 2
{
{
deg𝑖 3
{
{
{
{= 0 if deg𝑖 > network size, (𝑎, 𝑏, 𝑑 = 0) .

When the ratio of the search result 𝑁𝑓 over deg𝑖 is less
than or equal to the threshold, the node 𝑖 is classified as
suspect. A suspect node is not immediately excluded from
the network, but it is penalized by reducing its score V𝑖 and
also this node is motivated not to claim faulty degree. The
node 𝑖 is marked as attacker; if the advertised degree deg𝑖 is
equal to the network size and the threshold is exceeded, then
it is immediately excluded from both the clustering and the
routing procedures. The node is classified as normal if the
advertised ratio of degree deg𝑖 is greater than the threshold
value (see Algorithm 2).

3. Result and Discussion

(4)

In this section, the performances of proposed SFCP are
evaluated in network simulator (NS-2) [19]. The result of
SFCP provides an effective malicious free routing in the
presence of attacker nodes. In this implementation models,
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Table 1: Simulation parameters.
Value
900 m × 900 m
800 Sec
50, 100, and 150
200 m
Random waypoint model
100 joules
512 bytes
200 Sec

90
Routing overhead (pkts/s) (%)

Parameter
Simulation area
Simulation time
Number of nodes
Transmission range
Movement model
Initial energy
Packet size
Pause time

Routing overhead versus malicious nodes

100

80
70
60
50
40
30
20
10

Packet delivery ratio versus malicious nodes

100

5

10

15

Packet delivery ratio (%)

90
80

20
25
30
35
Malicious nodes (%)

40

45

50

SFCP
CBRP
AODV

70
60

Figure 3: Routing overhead versus malicious nodes.
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Byzantine Agreement node classification mechanism.
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Figure 2: Packet delivery ratio versus malicious nodes.

we used the energy model and initially assigned 60 to 100
joules to each node. Besides, different numbers of nodes that
vary from 50 to 150 are deployed in an area of 900 × 900 m.
Table 1 summarizes the simulation parameters. The attacker
nodes were made to drop the messages during routing phase.
The following sections discussed the results and observations of the proposed SFCP along with AODV and CBRP in
terms of packet delivery ratio, routing and cluster overhead,
and routing latency.
3.1. Packet Delivery Ratio (PDR) in the Presence of Malicious
Nodes. In this simulation, the impacts of malicious nodes
are evaluated by measuring the PDR. The numbers of nodes
used in this simulation are 50 and malicious nodes are varied
from 0 to 40%. In Figure 2, notice that SFCP maintained
much higher PDR about 80% of the data packets when 40%
of nodes are misbehaving and other protocols decreased
the PDR. This is due to the fact that CBRP and AODV
do not have a mechanism to detect misbehaving nodes.
When numbers of malicious nodes are increased, it becomes
harder to find malicious free routes from the source to the
destination. SFCP could detect misbehaving or faulty claim
nodes continuously changing with network mobility and also

3.2. Routing and Clustering Overhead. In simulation, clustering and routing overhead are analysed for SFCP, AODV,
and CBRP while varying the malicious nodes. The numbers
of nodes are set to 50. Figure 3 shows that minimal routing
overhead is caused by SFCP and CBRP than AODV. SFCP and
CBRP are greatly reducing network traffic because of their
cluster based architecture and limited exchange of routing
control message. On the other hand, route request of AODV
is originated from the source; then, it is flooded throughout the network until destination is reached which cause
more routing overhead. In addition to that, the number of
malicious node increases, and the overhead is also increased
because malicious nodes drop packets. The result shows that
SFCP caused minimal routing overhead when there are 40%
of malicious nodes present in the network.
3.3. Routing Latency. Figure 4 shows that SFCP achieved
higher routing latency than the other two protocols. SFCP
is considered the Byzantineagreement mechanism to classify
whether the node is normal or attacker. The normal nodes
only allow participating in routing and cluster head selection
and minimum number of nodes participated in the routing
phase. Figure 4 shows that the numbers of malicious nodes
are increased; routing latency is decreased for AODV and
CBRP because malicious nodes drop the packets.

4. Conclusion
In this paper, the proposed SFCP avoided the impact of
compromising nodes by selecting the secure and energy
efficient node as a cluster head. SFCP can effectively classify
the malicious nodes and prevent these nodes from faulty
degree claim in cluster head selection. The SFCP used
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Figure 4: Routing latency versus malicious nodes.

the Byzantineagreement mechanism to mitigate selfishness
which made the network more attack resistant. SFCP could
detect malicious nodes that get isolated from the networks.
Simulation results show that SFCP achieved better packet
delivery ratio and routing latency with less routing and cluster
overhead than AODV and CBRP.
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Based on Theory of Evidence and reviewing research papers concerned, a concept model of knowledge sharing network among
industrial cluster firms, which can be applied to assess knowledge sharing capacity, has been built. Next, the authors create a set
of assessment index systems including twelve subindexes under four principle indexes. In this study, ten experts in the same field
were invited to score all the indexes of knowledge sharing capacity concerning one certain industrial cluster. The research result
shows relatively high knowledge network sharing capacity among the certain industrial cluster firms. Another conclusion is that
the assessment method with Theory of Evidence is feasible to conduct such a research.

1. Introduction
In recent years, it has become increasingly apparent that
cluster economy, accompanied by industrial cluster boom, is
one important form of the world economy development and
presents a state that develops quickly. In the study field of
industrial cluster, operation of knowledge network is focused
on by some researchers.
The relationship of cooperation between enterprises and
knowledge exchange attracts more and more attention.
In the study of process of knowledge transfer, emphasis
is widely put on knowledge characteristic (e.g., recessive,
tacit-codified, individual-social, appropriable-exclusive, and
divisible-indivisible) [1]. There is also much research, which
contributes to knowledge network of industrial cluster. The
Framework of Knowledge Networks comprises the following
components: actors individuals, groups, and organizations;
relationships between actors, which can be categorized by
form, content, and intensity; resources which may be used by
actors within their relationships, and institutional properties,
including structural and cultural dimensions such as control
mechanisms, standard operating procedures, norms and

rules, and communication patterns [2]. Regional clusters
depend on the networks that arise from reciprocal linkages
among colocated organizations, while physical proximity
among firms can alter the nature of information and resource
flows through networks [3]. In all industries, knowledge can
flow through the linkage border and the effect of knowledge
flow is enhanced by spatial proximity between the actors
taking part in the exchange [4]. The focal firms and their
organized networks within industrial districts, being the
driving force of cluster innovation, play a crucial role in the
process of knowledge creation and transfer [5]. Knowledge
alliance, one kind of strategic alliance similar to knowledge
network, means a group of firms entering into voluntary
arrangements that involve knowledge creation, transfer and
exchange [6]. Alliances may serve different purposes from
knowledge alliance formation. However, rather than using
alliances to acquire capabilities, scholars suggest that firms
use interfirm collaboration to gain access to other firms’
capabilities, supporting more focused, intensive exploitation
of existing capabilities [7]. Based on heterogeneity of knowledge acquired from accumulative research, different firms can
develop various capabilities [8]. Some researches concerning

2
knowledge transfer and sharing have been done. The study
of Ahuja and Giuliani shows the existing relation between
structural properties of social networks and learning and
innovation output [9, 10]. Ahuja’s study shows that direct and
indirect ties between a firm’s partners both have a positive
impact on innovation but that the impact of indirect ties
is moderated by the number of a firm’s direct ties. More
brokerage opportunities in network firms relate to better
innovative performance, because actors in a network rich in
structural holes will be able to access novel information from
remote parts of the network and exploit that information
to their advantage. Hansen’s research argues that indirect
ties in network firms are conducive to knowledge transfer
and focal firms usually are the bridge of the connections
[11]. In the study of the Boston Biotechnology Community
innovative activities, Owen-Smith and Powell emphasize that
focal firms are the organizer of the network knowledge
and fundamentally alter the flow of information through a
network [12, 13].
Though there are many insights on explaining the process
of knowledge transfer and innovation, more emphasis was
put on structural character of knowledge network. Because
of much uncertainty, many methods have been applied to
evaluate the capacity of knowledge networks sharing, for
example, Analytic Hierarchy Process, Fuzzy Theory, Grey
Theory, Neutral Network Analysis, Data Envelop Analyze,
Factor Analysis, and Bayesian Network. In our view, the
existing researches on assessing the capacity of knowledge
networks sharing have a number of important weaknesses
and constraints, especially on assessment methodologies and
unclear attribute of the evaluation objects. In this research,
to begin with, one new evaluation index system concerning
the evaluation object will be established. We attempt to assess
the capacity of knowledge networks sharing among cluster
industries based on another powerful method—DempsterShafer Theory of Evidence.
There are quite a few models concerning knowledge networks sharing among cluster industries. Szulanski argues that
knowledge transfer process includes four stages—initiation,
implementation, ramp-up, and integration [14]. In Xiao’s
opinion, there are several categories of Knowledge Flows in
Knowledge Networks: technical corporation, talent flow, new
technology transfer, transfer of patent right, market research,
and informal exchange [15]. Zhang constructs a cluster model
of enterprise knowledge networks based on social network
tools and argues that knowledge base, recessive knowledge
center, knowledge transfer center, knowledge innovation
center, and knowledge expansion center exist among cluster
enterprises [16]. Above, researches present a reasonable
analysis on operation mechanism of knowledge network
sharing among cluster industries and draw some valuable
conclusions. In authors’ view, much efficient discussion on
the knowledge sharing process is required. In the knowledge sharing process among cluster industries, knowledge
from knowledge source, combined with knowledge transfer
carrier, finally transfers to knowledge accepter via certain
transfer path. The knowledge source includes universities,
institutions, financial institutions, administration consulting
company, administration and industry association, upstream

The Scientific World Journal
firms, downstream firms, and competitive firms as shown in
Figure 1.

2. Computational Methods for
Evidence Theory
Dempster-Shafer theory of evidence was put forward on early
1976 by Dempster and developed by Shafer [17]. Generally,
evidences are conclusions of one specific research and observation, which is one part of experience and knowledge. Based
on evidences, initial allocations are created, which means
to calculate the degrees of support on each proposition. In
actual study, evidences available can be used to calculate
collective contribution to every proposition and this method
can effectively solve the problem of uncertainty in knowledge
network sharing assessment.
Generally, suppose that one sampling space is called a
frame of discernment 𝜃, one proposition 𝐻𝑞 (𝑞 = 1, 2, . . . , 𝑧)
is subset of set 𝜃, and 𝐻𝑞 is individually independent. In the
study, some definitions of belief allocation, belief function,
and focal elements are brought forward. Evidence combination rules are introduced and knowledge network sharing
capability of cluster industries is assessed.
Given a question of interest, let 𝜃 be a finite set of possible
answers to the question, called a frame of discernment, and
let 2𝜃 be the set of all subsets of 𝜃:
2𝜃 = {𝐴 | 𝐴 ⊆ 𝜃} .

(1)

The subset 𝐴 includes as special cases the empty set 𝜑 and
the full set 𝜃. It represents a statement or proposition that the
truth lies in 𝐴. A real function over the subsets Bel: 2𝜃 →
[0, 1] is called a belief function if and only if it satisfies the
following three axioms:
(a) 𝑚 (𝑓) = 0
(b) ∑ 𝑚 (𝐴) = 1,

∀𝐴 ⊆ 𝜃,

𝐴⊂𝜃

(2)
where 𝑚 is defined as basic probability on frame of
discernment 𝜃 and 𝑚(𝐴) is called Proposition A’s basic probability number. The vacuous belief function is a simple support
function with focus 𝜃. If Bel is a simple support function with
focus 𝐹 = 𝜃, then 𝑚(𝐹) = 𝑠, 𝑚(𝜃) = 1−𝑠, and 𝑚 is 0 elsewhere.
Thus, a simple support function invests all of our committed
belief on the disjunction represented by its focus, 𝐹, and all
our uncommitted belief on 𝜃. Consider
Bel (𝐴) = ∑ 𝑚 (𝐵)
𝐵⊂𝐴

(∀𝐴 ⊂ 𝜃) .

(3)

The subsets 𝐴 of 𝜃 such that 𝑚(𝐴) > 0 are called the focal
elements of the belief function, and their union is called its
core.
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basic probability over set 𝐻𝑞 is expressed as 𝑚(𝐻𝑞 |
𝑖
𝑖
) = (𝑤𝑗𝑘 /𝑤𝑗𝑚 )𝛼𝑗𝑘 𝛽𝐻𝑞 (𝑒𝑗𝑘
), where 𝑤𝑗𝑚 is the weight
𝑒𝑗𝑘

𝑖
of core element and 𝛼𝑗𝑘 (𝑤𝑗𝑘 /𝑤𝑗𝑚 ) is the element 𝑒𝑗𝑘
’s
normalized weight. And the basic probability of the
𝑖
under completely uncertain is expressed
element 𝑒𝑗𝑘
𝑖
𝑖
as 𝑚(𝐻𝑞 | 𝑒𝑗𝑘
) = 1 − ∑𝑧𝑞=1 𝑚(𝐻𝑞 | 𝑒𝑗𝑘
).

(c) Suppose that there is an element set 𝐼(𝑛) = {𝑒𝑖1 ,
𝑒𝑖2 , . . . , 𝑒𝑖𝑛 } within subsystem 𝐼(𝑛) = {𝑒𝑖1 , 𝑒𝑖2 , . . ., 𝑒𝑖𝑛 }.
Based on the combination rules, complex set function
𝑞
is generated as 𝑚𝐼(𝑛) = 𝑚(𝐻𝑞 | 𝐼(𝑛) ) and 𝑚𝐼𝜃(𝑛) = 𝑚(𝐻𝑞 |
𝑞
𝐼(𝑛) ), where 𝑚𝐼(𝑛) represents the basic probability of all

Knowledge
source

Figure 1: Flowchart of knowledge network sharing among cluster
industries.

elements in the set 𝐼(𝑛) over set 𝐻𝑞 and 𝑚𝐼𝜃(𝑛) represents
the basic probability of the elements in the set 𝐼(𝑛)
under completely uncertainty. When 𝑛 = 2, 𝐼(2) =
{𝑒𝑖1 , 𝑒𝑖2 }, equations will be induced by (4) as

𝑞

𝑞

𝑞

𝑞

𝑞 = 1, 2, . . . , 𝑧

𝑚𝐼𝜃(2) = 𝑘𝐼(2) 𝑚1𝜃 𝑚2𝜃

Based on the definitions above, evidence combination
rules can be derived. Let 𝑚1 and 𝑚2 be basic probability
assignments on the same frame 𝜃. The function is defined as

𝑧

(5)
𝑞

−1

𝑘𝐼(2) = (1 − ∑ ∑ 𝑚1𝑡 𝑚2 ) .
𝑡
𝑡=1𝑞 ≠

𝑚12 (𝑓) = 0,
1
𝑚12 (𝐴) =
∑ 𝑚 (𝑋) 𝑚2 (𝑌) ,
1 − 𝑘 𝑋∩𝑌=𝐴 1

𝑞

𝑚𝐼(2) = 𝑘𝐼(2) [𝑚1 𝑚2 + 𝑚1 𝑚2𝜃 + 𝑚1𝜃 𝑚2 ] ,

𝐴 ≠𝑓,

𝑞

where 𝑚12 is a set function over the frame of discernment 𝜃
and 𝐾 = (1/(1 − 𝑘)) ∑𝑋∩𝑌=𝑓 𝑚1 (𝑋)𝑚2 (𝑌) is conflict factor.
This formulation (4), called Dempster’s rule of combination, namely, 𝑚12 = 𝑚1 ⋅ 𝑚2 , represents the degrees of support
by two independent evidences.
In the assessment process, firstly, hierarchy factors’ values
of model are scored by experts and decision makers and
basic probabilities are obtained. Secondly, the assessment is
completed based on the combination rules of evidence. There
are five steps to assess knowledge network sharing capability
among cluster industries via Evidence Theory. Consider the
following.
(a) Based on analytic hierarchy process (AHP), the
numerical weight is derived for each element of any
hierarchy. Corresponding basic probability (𝛽𝐻𝑞 (𝑒𝑗𝑘𝑖 ) )
𝑖
of the lowest hierarchy elements (𝑒𝑗𝑘
) over set 𝐻𝑞 (𝑞 =
1, 2, . . . , 𝑧) is acquired by experts and decision makers.

(b) Basic probability of each element of each hierarchy
is computed. The elements with greatest weight is
called core element and their probability over set 𝐻𝑞
𝑖
𝑖
is 𝑚(𝐻𝑞 | 𝑒𝑗𝑘
) = 𝛼𝑗𝑘 𝛽𝐻𝑞 (𝑒𝑗𝑘
), while probability of
the lowest elements over set 𝐻𝑞 is 𝛽𝐻𝑞 (𝑒𝑗𝑘𝑖 ) , where 𝛼𝑗𝑘
is preference coefficient reflecting experts’ attitude to
core elements. 𝛼𝑗𝑘 ’s value ranges over 0.9 ≤ 𝛼𝑗𝑘 ≤ 1.
The greater is the 𝛼𝑗𝑘 ’s value, the more important
is the core element. As to noncore elements, their

𝑞

Since 𝑚𝐼(1) = 𝑚1 (𝑞 = 1, 2, . . . , 𝑧) and 𝑚𝐼𝜃(1) = 𝑚1𝜃 ,
general term formula of recurrent sequence of 𝐼(𝑝+1) =
{𝑒𝑖1 , 𝑒𝑖2 , . . . , 𝑒𝑖𝑝 , 𝑒𝑖(𝑝+1) } (𝑝 = 1, 2, . . . , 𝑧−1) is obtained
through comprehensive induction as formulation (5)
as

(4)

𝑞

𝑞

𝑞

𝑞

𝑞

𝜃
+ 𝑚𝐼𝜃(𝑝) 𝑚𝑝+1 ] ,
𝑚𝐼(𝑝+1) = 𝑘𝐼(𝑝+1) [𝑚𝐼(𝑝) 𝑚𝑝+1 + 𝑚𝐼(𝑝) 𝑚𝑝+1

𝑞 = 1, 2, . . . , 𝑧, (6)
𝜃
,
𝑚𝐼𝜃(𝑝+1) = 𝑘𝐼(𝑝+1) 𝑚𝐼𝜃(𝑝) 𝑚𝑝+1

𝑘𝐼(𝑝+1) = (1 −

−1
𝑞
𝑡
∑ ∑ 𝑚𝐼(𝑝) 𝑚𝑝+1 ) .
𝑡
𝑡=1𝑞 ≠
𝑧

(7)

In the formulation (7), when 𝑝 = 𝑛−1, the set function
of all the lowest hierarchy elements in subsystem 𝑒𝑖 is
obtained
𝑞

𝑚 ({𝐻𝑞 }) = 𝑚𝐼(𝑛) ,

𝑞 = 1, 2, . . . , 𝑧,

𝑚 (𝐻) = 𝑚𝐼𝜃(𝑛)

(8)

And 𝑚(𝐴) = 0, for all 𝐴 ≠{𝐻𝑞 }, 𝑞 = 1, 2, . . . , 𝑧,
𝐴 ≠𝐻.
(d) In the same way, the whole assessment system’s
set function can be obtained from formulations
(6), (7), and (8); namely, the belief assignment of
the whole system over set assessment set 𝐻 =
{𝐻1 , 𝐻2 , . . . , 𝐻𝑧 } (𝑞 = 1, 2, . . . , 𝑧) is 𝑚𝑞 (𝑞 =
1, 2, . . . , 𝑧).
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(e) Finally, formulation 𝑆 = ∑𝑧𝑞=1 𝑚𝑞 𝑝(𝐻𝑞 ) is used
to compute knowledge network sharing capability
among cluster industries. The output is the result of
evidential reasoning [18].

3. Construction of Assessment Indicator
In authors’ view, there are several direct factors that affect
the capability of knowledge network sharing among cluster
industries. According to the model in the flowchart above,
knowledge source, the pathway of knowledge transfer, carrier
of knowledge transfer, and knowledge recipient are four
prominent factors upon the capability of knowledge network
sharing among cluster industries. Generally, the knowledge
sharing capability of knowledge source is affected by vigor
of knowledge, knowledge quantity, interest motive of knowledge sharing, and knowledge compatibility. The pathway
of knowledge transfer is affected by remunerative transfer
of new technology, talent flow, and technical corporation.
Carrier of knowledge transfer is affected by competency of
staff and knowledge sharing technology. Knowledge recipient
is affected by knowledge deficiency, knowledge absorptive
capacity, and willingness of receiving knowledge. Based on
the factors above, the assessment index system is built. 𝑉𝑖
represents the indicator and 𝑤𝑖 represents the corresponding
indicator’s weight. Ten experts are invited to score each
indicator and scores are listed in Table 1.

4. Weight of Assessment Indicator
In the aspect of weight, fuzzy clustering analysis is applied to
avoid experts’ subjective factors. Essentially, fuzzy clustering
analysis is one classification method, which divides data
elements into classes or clusters so that items in the same class
are as similar as possible, and items in different classes are as
dissimilar as possible. Under different supposed thresholds 𝜆,
different weights can be calculated as below.
4.1. Data Normalization. Given a universe 𝑈 = {𝑢1 , 𝑢2 , . . .,
𝑢𝑚 }, any index 𝑢𝑖 is expressed by membership degree of 𝑛
samples; namely, 𝑢𝑖 = {𝑋𝑖1 = 𝜇1 (𝑢𝑖 ), 𝑋𝑖2 = 𝜇2 (𝑢𝑖 ), . . . 𝑋𝑖𝑗 =
𝜇𝑗 (𝑢𝑖 ), . . . 𝑋𝑖𝑛 = 𝜇𝑛 (𝑢𝑖 )}. Then, the initial assessment matrix
can be obtained,
𝑋 = {𝑋𝑖𝑗 = 𝜇𝑗 (𝑢𝑖 )}

(𝑖 = 1, 2, . . . 𝑚; 𝑗 = 1, 2, . . . 𝑛) .

(9)

And the matrix of normalized data (𝑌) is derived, 𝑌 =
{𝑌𝑖𝑗 }𝑚×𝑛 , where 𝑌𝑖𝑗 = 𝑋𝑖𝑗 / ∑𝑛𝑗=1 𝑋𝑖𝑗 is normalization data of
𝑥𝑖𝑗 and 𝑥𝑖𝑗 is the simple value of the variable 𝑖 measured in
the level 𝑗.
4.2. Computation of Fuzzy Similar Matrix. Angle cosine
method is applied to obtain fuzzy similar matrix 𝑅 = (𝑟𝑖𝑗 ),
where 𝑟𝑖𝑗 represents relation coefficient between any two
observed variables,
𝑟𝑖𝑗 =

∑𝑚
𝑘=1 𝑋𝑖𝑘 𝑋𝑗𝑘
2

2
√ ∑𝑚
𝑘=1 (𝑋𝑖𝑘 ) (𝑋𝑗𝑘 )

,

(10)

where 𝑋𝑖𝑘 and 𝑋𝑗𝑘 , respectively, represent the average scores
assessed by ten experts, which range over 0 ≤ 𝑋𝑗𝑘 ≤ 1.
4.3. Construction of Fuzzy Equivalence Matrix. Convolution
computation on fuzzy similar matrix is conducted after
iterations until 𝑅𝑛 𝑅 = 𝑅𝑛 and 𝑅𝑘 = 𝑅2𝑘 appear, and then
fuzzy classification matrix is obtained.
4.4. Clustering. Given different threshold 𝜆 values, Boolean
matrixes, which relate to the significance of the indictor,
are obtained by computation of fuzzy classification matrix.
Generally, the classification categories rise with the increase
of 𝜆 value. In order to distinguish the significance of the
assessment indicators, greater 𝜆 value should be chosen so
that sequence and classification can be well done. Based on
the different grades of 𝜆 values, weights of the assessment
indicators are determined after data normalization.

5. Empirical Study
As described above, ten experts anticipate to score each
assessment indicator and scores are listed in Table 1. Fuzzy
clustering analysis is applied to determine the weight
of each assessment indicator as 𝑊 = (𝑊1 , 𝑊2 , 𝑊3 ,
𝑊4 , 𝑊5 ) = (0.4, 0.2, 0.1, 0.3, 0), 𝑊1 = (𝑊11 , 𝑊12 , 𝑊13 , 𝑊14 ) =
(0.35, 0.25, 0.2, 0.2), 𝑊2 = (𝑊21 , 𝑊22 , 𝑊23 ) = (0.4, 0.3, 0.3),
𝑊3 = (𝑊31 , 𝑊32 ) = (0.6, 0.4), and 𝑊4 = (𝑊41 , 𝑊42 , 𝑊43 ) =
(0.3, 0.5, 0.2). Let preference coefficient be 𝛼 = 0.9; then
mass function about the indicator 𝑉11 over the fuzzy set 𝐻
is computed. Vigor of knowledge is the core indicator of
knowledge source and outputs are 𝑚(𝐻1 /𝑉11 ) = 0.9 × 0.2 =
0.18, 𝑚(𝐻2 /𝑉11 ) = 0.9 × 0.4 = 0.36, 𝑚(𝐻3 /𝑉11 ) = 0.9 × 0.1 =
0.09, 𝑚(𝐻4 /𝑉11 ) = 0.9 × 0.3 = 0.27, and 𝑚(𝐻5 /𝑉11 ) = 0.9 × 0 =
0, while the nonassigned confidence is 𝑚(𝐻/𝑉11 ) = 0.1. In the
same way, mass function values about noncore indicator 𝑉12
over the fuzzy set 𝐻 are 𝑚(𝐻1 /𝑉12 ) = 0.9 × 0.25/0.35 × 0.3 =
0.1929, 𝑚(𝐻2 /𝑉12 ) = 0.9 × 0.25/0.35 × 0.2 = 0.1286, 𝑚(𝐻3 /𝑉12 )
= 0.9 × 0.25/0.35 × 0.3 = 0.1929, 𝑚(𝐻4 /𝑉12 ) = 0.9 × 0.25/0.35 ×
0.1 = 0.0643, 𝑚(𝐻5 /𝑉12 ) = 0.9 × 0.25/0.35 × 0.1 = 0.0643, and
𝑚(𝐻/𝑉12 ) = 0.357. Mass function about other indicators over
the fuzzy set 𝐻 can be calculated as well. Finally, mass matrix
about the indicator over the fuzzy set 𝐻 is expressed as
0.1800
[ 0.1929
[
[ 0.2057
[ 0.0514

0.3600 0.0900
0.1286 0.1929
0.1029 0.0514
0.1543 0.2057

0.2700
0.0643
0.1543
0.1029

0
0.0643
0
0

0.1000
0.3570 ]
].
0.4857 ]
0.4857 ]
(11)

Complex mass matrix about knowledge source 𝑉1 is
derived from evidence combination computation by following computational steps (c) and (d). In the same way, mass
matrix about 𝑉2 , 𝑉3 , and 𝑉4 over the fuzzy set can create a
new mass matrix as
0.25
[0.27
[
[0.45
[0.23

0.27
0.26
0.25
0.37

0.23
0.20
0.20
0.23

0.23 0.02
0.13 0.07 ]
].
0.10 0 ]
0.10 0.06]

(12)

3
1
4
5
4
3
3
1

Remunerative transfer of new technology (𝑉21 , 𝑊21 )
Talent flow (𝑉22 , 𝑊22 )
Technical corporation (𝑉23 , 𝑊23 )
Competency of staff (𝑉31 , 𝑊31 )
Knowledge sharing technology (𝑉32 , 𝑊32 )
Knowledge deficiency (𝑉41 , 𝑊41 )
Knowledge absorptive capacity (𝑉42 , 𝑊42 )
Willingness of receiving knowledge (𝑉43 , 𝑊43 )

Carrier of knowledge transfer (𝑉3 , 𝑊3 )

Knowledge recipient (𝑉4 , 𝑊4 )

Knowledge Source (𝑉1 , 𝑊1 )

Path of knowledge transfer (𝑉2 , 𝑊2 )

High

2
3
4
1

Subprinciple tier

Vigor of knowledge (𝑉12 , 𝑊12 )
Knowledge quantity (𝑉12 , 𝑊12 )
Interest motive of knowledge sharing (𝑉12 , 𝑊12 )
Knowledge compatibility (𝑉12 , 𝑊12 )

Assessment index system of knowledge sharing
capability in knowledge network (𝑉)

Principle tier

3
2
6

2
3

2
4
2

4
2
2
3

Relatively high

Table 1: Assessment indicator system of knowledge sharing capability in knowledge network.

3
4
0

3
1

3
2
1

1
3
1
4

Assessment class
Moderate

1
0
2

0
2

2
2
2

3
1
3
2

Relatively low

0
1
1

0
0

0
1
1

0
1
0
0

Low
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Mass matrix about 𝑉 is also obtained by the following computational steps (c) and (d): 𝑚𝑤 (𝐻1 /𝑉) = 0.27, 𝑚𝑤 (𝐻2 /𝑉) =
0.30, 𝑚𝑤 (𝐻3 /𝑉) = 0.20, 𝑚𝑤 (𝐻4 /𝑉) = 0.16, 𝑚𝑤 (𝐻5 /𝑉) =
0.04, and 𝑚𝑤 (𝐻5 /𝑉) = 0.03.
Studies’ results show that experts’ high support degree
on knowledge network sharing capability among cluster
industries is 27%, and relatively high support degree, moderate support degree, relatively low support degree, and low
support degree are, respectively, 30%, 20%, 16%, and 4%.
The nonassigned confidence is 3%. Based on the maximum
membership degree principle, knowledge network sharing
capability belongs to relatively high degree.

6. Conclusion
Due to asymmetric information, less objective data, and
cognitive biases of experts, systematic assessment methods
have not dealt with uncertain matters. Evidence Theory is an
effective mathematical tool to solve inaccurate and uncertain
problems while distinguishing uncertain and unknown facts.
Under Dempster’s evidence combination rules, experts’ opinions with different probability distribution can be operatively
synthesized, which bring a new insight to carry out specific
assessment.
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Due to the existence of information overload in social networks, it becomes increasingly difficult for users to find useful information
according to their interests. This paper takes Twitter-like social networks into account and proposes models to characterize the
process of information diffusion under information overload. Users are classified into different types according to their in-degrees
and out-degrees, and user behaviors are generalized into two categories: generating and forwarding. View scope is introduced
to model the user information-processing capability under information overload, and the average number of times a message
appears in view scopes after it is generated by a given type user is adopted to characterize the information diffusion efficiency,
which is calculated theoretically. To verify the accuracy of theoretical analysis results, we conduct simulations and provide the
simulation results, which are consistent with the theoretical analysis results perfectly. These results are of importance to understand
the diffusion dynamics in social networks, and this analysis framework can be extended to consider more realistic situations.

1. Introduction
Research on social networks has received remarkable attention in the past decade, since social networks provide numerous features to encourage information sharing among users.
Among the existing social networks, microblogging services
(e.g., Twitter and Facebook) have impressively become more
and more popular, which provide new communication methods for people to stay connected with their friends. The use
of microblogging for lightweight communication makes it
important candidate media for informal communication.
Twitter is arguably one of the most well-known microblogging platforms currently available, which is used by
hundreds of millions of people all over the world. Twitter
users update their daily life activities by computers or mobile
phones, so as to broadcast things that happen in their daily
lives, such as what they are reading, thinking, and experiencing. Users declare the persons they are interested in by the
action following. For the case when user 𝐴 follows user 𝐵, we
say user 𝐴 is one of user 𝐵’s followers, and user 𝐵 is one of user
𝐴’s followees. Twitter users are allowed to post short messages
(up to 140 characters) which are so-called tweets and also
forward messages which are so-called retweets. Each user has

a web form, where all his/her followees’ new messages (both
tweets and retweets) are arranged in a reverse-chronological
order. So after logging in, a user will get noticed if his/her
followees have posted new messages.
Essentially, relationships in Twitter are asymmetric, since
a user who is followed by another user does not necessarily
have to reciprocate by following him/her back. Some social
networks adopt symmetric relationships. For example, in
Facebook, a relationship is established when a request for
friendship is accepted by a user, which adds both on each
other’s contact lists. If one user removes the other, the
relationship is broken. Therefore, an important difference
between these two social networks is that the network of
Twitter is directed, while that of Facebook is undirected.
Having noticed the increasing popularity of Twitter, we take
Twitter-like social networks into account in this paper.
Compared with traditional media such as newspapers
and television, social networks allow creation and exchange
of user-generated contents, while every user can produce and
distribute messages. This results in an explosively growing
amount of information and makes many social networks
become increasingly information saturated. Besides, due to
the potential for marketing and advertising, Twitter and
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some other social networks are considered to be efficient
approaches to stimulate the awareness and adoption of
products or services. One important benefit of these social
networks is that the costs of generating and transmitting
information are almost negligible, so advertising messages
can reach wide audiences within a short period of time [1].
This also leads to a large volume of advertising information.
However, due to the limitation of information-processing
capability, if the messages arrive in numbers larger than
what users can process, some messages will be lost without
catching users’ attention, where information overload occurs
[2]. Under information overload, users will find it difficult
to find useful messages according to their personal interests,
which actually has a serious negative impact on the user
experience. Therefore, to understand and then address the
information overload issue arising in social networks, it is of
importance to model and analyze the process of information
diffusion under information overload, which is the focus of
this paper.
Most research on diffusion dynamics in social networks
has focused on the spread of one phenomenon at a time,
for example, diffusion models for disease [3], influence
[4], knowledge [5], and cooperation [6]. Recently, some
researchers have begun to study competitive diffusion, which
models the process that multiple competitive epidemics [7],
influences [8], or phenomena [9] diffuse through a complex
or social network. These problems are somewhat similar to
the one considered in this paper, but they fail to characterize
the information overload phenomenon in social networks,
where every user can generate new messages. In our previous work [10, 11], we study the process of information
diffusion under information overload in Facebook-like social
networks. We know that the network structure of Twitter is
very different from that of Facebook. Besides, considerable
effort has been devoted to alleviate the information overload syndrome, where filter-based or cost-based approaches
are usually adopted [12–14]. However, to the best of our
knowledge, there is no prior work which seeks to model
and analyze the process of information diffusion under
information overload for Twitter-like social networks.
The remainder of this paper is organized as follows.
We describe the models in Section 2 and analyze the process of information diffusion under information overload
in Section 3. To verify the accuracy of theoretical analysis
results, we conduct simulations and provide the simulation
results in Section 4. Finally, we conclude this paper in
Section 5.

2. Model Descriptions
In this section, we propose models to capture the characters
of Twitter-like social networks, such as network, user behaviors, and information diffusion under information overload.
Based on these models, we can analyze the process of information diffusion under information overload theoretically.
2.1. Network. We consider Twitter-like social network as a
directed network, where nodes represent typical users and
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Figure 1: Network for Twitter-like social networks.

links represent the relationships between pairs of users.
Note that a user who is followed by another user does not
necessarily have to reciprocate by following him/her back.
We let the direction of a link be the same as the direction
of information diffusion. For example, in Figure 1, user 𝐴 is
followed by users 𝐵, 𝐶, 𝐷, and 𝐸, where the update messages
of user 𝐴 can be received by users 𝐵, 𝐶, 𝐷, and 𝐸, and user 𝐴
can only receive the update messages of user 𝐶.
Since isolated users never get involved in the process of
information diffusion, we neglect all the isolated users and
classify the rest of users into different types according to their
in-degrees and out-degrees; that is, a user with in-degree 𝑖
and out-degree 𝑗 is of type (𝑖, 𝑗), where 𝑖 + 𝑗 ≥ 1. For type
𝑖,𝑗
(𝑖, 𝑗) users, we define 𝑒𝑘,𝑙 to be the probability that a randomly
chosen follower is of type (𝑘, 𝑙). Then, we have 𝑗 ≥ 1, 𝑘 ≥ 1,
and
𝑖,𝑗

∑𝑒𝑘,𝑙 = 1.
𝑘,𝑙

(1)

We further define 𝑞𝑖,𝑗 to be the fraction of type (𝑖, 𝑗) users in
the network, and we get
∑𝑞𝑖,𝑗 = 1.
𝑖,𝑗

(2)

Consider the ensemble of networks in which the distri𝑖,𝑗
butions {𝑒𝑘,𝑙 } and {𝑞𝑖,𝑗 } take specified values. This defines a
random graph model similar to the random graphs defined
in [15, 16]. That is to say, the network is drawn uniformly
at random from the ensemble of all possible networks with
𝑖,𝑗
the distributions {𝑒𝑘,𝑙 } and {𝑞𝑖,𝑗 }. For users, we denote by
𝑀 the maximum number of in-degrees and by 𝑁 the
maximum number of out-degrees. Then, this network can be
𝑖,𝑗
characterized by the (𝑀 + 1) × 𝑁 × 𝑀 × (𝑁 + 1) tensor {𝑒𝑘,𝑙 }
and the (𝑀 + 1) × (𝑁 + 1) matrix {𝑞𝑖,𝑗 }. Note that in a Twitterlike social network, users usually have moderate numbers
of followees due to attention limitation. So, we usually have
𝑀 ≪ 𝑁.

The Scientific World Journal
2.2. User Behaviors. In Twitter-like social networks, different
functions are adopted to diffuse information. After logging
in, users can post tweets to broadcast things which happen in
their daily lives. There are also other functions such as reply
and retweet which allow users to interact with their friends. In
this paper, we generalize these behaviors into two categories:
generating and forwarding; that is, users can generate new
messages or forward messages generated by other users. Note
that forwarded messages can still be forwarded.
To model the user ability of message processing under
information overload, we introduce the term view scope,
which indicates the messages a user can process at a time.
Note that for users in Twitter-like social networks, messages
are listed in a reverse-chronological order. So for a user with
view scope number 𝑆, if information overload occurs, he/she
can process (i.e., browse) the latest 𝑆 messages after logging
in, while the former ones are lost. In this paper, we assume
homogeneous view scope number, which is 𝑆, for all users.
To model user behaviors, we make the same assumptions
as [10].
(i) The process of user login follows a Poisson process
with rate 𝜆.
(ii) After logging in and browsing the messages, a user
may choose to log off or react to these messages (i.e.,
generate or forward a message), while the reacting
probability is 𝑝1 .
(iii) Among the reacting actions, users may choose to
forward a randomly chosen browsed message with
probability 𝑝2 or generate a new message with probability 1 − 𝑝2 .
Actually, user online activities may be bursty, and users
may generate or forward multiple messages at a time. However, we make these assumptions to simplify the analysis here
and plan to extend this analysis framework to more realistic
situations in our future work.
2.3. Information Diffusion under Information Overload.
Under information overload, messages are arriving in numbers larger than what users can process, and some messages
are lost without catching users’ attention. We use Figure 2 to
illustrate the evolvement of view scopes under information
overload. Suppose user 𝐴 is followed by other users, such
as users 𝐵, 𝐶, and 𝐷. The view scopes of these users are
depicted in Figure 2(a). After user 𝐴 processes the messages
in his/her view scope (i.e., 𝑀𝐴,1 , 𝑀𝐴,2 ,. . ., and 𝑀𝐴,𝑆 ), he/she
may generate a new message or just forward a message in
his/her view scope. No matter which action is chosen, this
message (say 𝑀𝐴,0 ) will be placed at the top of all his/her
followers’ view scopes, and the messages at the bottom of
his/her followers’ view scopes (i.e., 𝑀𝐵,𝑆 , 𝑀𝐶,𝑆 , and 𝑀𝐷,𝑆 ) will
be discarded due to the information overload effect, which are
depicted in Figure 2(b).
One may argue that the view scope of user 𝐴 should be
cleared after he/she has processed all the messages. However,
for simplicity we assume memoryless users here. That is to
say, processed messages can still be processed as long as they
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are in the view scope. We will model the behaviors of users
with memories in our future work.

3. Performance Analysis
In this section, we analyze the process of information diffusion under information overload based on the proposed
models. Specifically, we are interested in the information
diffusion efficiency, which is characterized by the average
number of times a message appears in view scopes after it is
generated by a type (𝑖, 𝑗) user (say 𝑢𝑖,𝑗 ). To achieve this goal,
we first calculate the average number of times a message is
forwarded by a type (𝑘, 𝑙) user after it arrives in this user’s view
scope (say V𝑘,𝑙 ).
3.1. Calculation of V𝑘,𝑙 . Since users log in following a Poisson
process with rate 𝜆, we know that the probability that a user
logs in and then generates or forwards a message within a
time slot, which is of length Δ, is 𝜆Δ𝑝1 . Consider a type
(𝑘, 𝑙) user (say user 𝐵). Note that he/she is memoryless and
he/she may choose to forward a randomly chosen message in
his/her view scope with probability 𝑝2 after he/she decides to
react to the browsed messages. So if a message (say 𝑀0 ) is in
his/her view scope, the average number of times that he/she
will forward this message in 𝑡 time slots is
1
𝑓 (𝑡) = 𝑡𝜆Δ𝑝1 𝑝2 .
𝑆

(3)

The followees of user 𝐵 will generate or forward messages,
which will be placed at the top of his/her view scope. Let Δ →
0, and then, for user 𝐵, the probability that multiple followees
generate or forward messages in the same time slot can be
neglected. So the probability that a new message arrives in
user 𝐵’s view scope in a time slot is 𝑘𝜆Δ𝑝1 . Note that message
𝑀0 will be discarded after 𝑆 new messages arrive. Then the
probability that message 𝑀0 will stay in user 𝐵’s view scope
for 𝑡 time slots is
𝑡−1
𝑡−𝑆
𝑆
) (1 − 𝑘𝜆Δ𝑝1 ) (𝑘𝜆Δ𝑝1 ) .
𝑆−1

𝑔 (𝑡) = (

(4)

Therefore, the average number of times that user 𝐵 will
forward message 𝑀0 is
V𝑘,𝑙 = ∑𝑓 (𝑡) 𝑔 (𝑡)
𝑡≥0

𝑡𝜆Δ𝑝1 𝑝2 𝑡 − 1
𝑡−𝑆
𝑆
(
) (1 − 𝑘𝜆Δ𝑝1 ) (𝑘𝜆Δ𝑝1 )
𝑆−1
𝑆
𝑡≥0

=∑

𝑡
𝑡−𝑆
= 𝜆Δ𝑝1 𝑝2 (𝑘𝜆Δ𝑝1 ) ∑ ( ) (1 − 𝑘𝜆Δ𝑝1 )
𝑆
𝑡≥0
𝑆

(5)

𝑡+𝑆
𝑆
𝑡
= 𝜆Δ𝑝1 𝑝2 (𝑘𝜆Δ𝑝1 ) ∑ (
) (1 − 𝑘𝜆Δ𝑝1 ) .
𝑆
𝑡≥0
From (5.56) at [17, page 199], we get
1
𝑡+𝑆
𝑡
.
) (1 − 𝑘𝜆Δ𝑝1 ) =
∑(
𝑆+1
𝑆
(𝑘𝜆Δ𝑝1 )
𝑡≥0

(6)
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Figure 2: Evolvement of view scopes under information overload.

where 𝛿 is the Kronecker delta function, and

So, we have
1

𝑆

V𝑘,𝑙 = 𝜆Δ𝑝1 𝑝2 (𝑘𝜆Δ𝑝1 )

𝑆+1

(𝑘𝜆Δ𝑝1 )

=

𝑝2
.
𝑘

(7)

Remark 1. Intuitively, the larger the view scope number 𝑆 is,
the longer a message stays in the view scope and the more
this message is forwarded. However, from (7) we find that
V𝑘,𝑙 is unrelated to 𝑆. This is because larger 𝑆 will lead to
more messages stored in the view scope, which reduces the
probability that a given message is chosen to be forwarded in
a time slot.
3.2. Calculation of 𝑢𝑖,𝑗 . Consider a type (𝑖, 𝑗) user (say user 𝐴)
and suppose his/her followers are divided into some partition
{𝑟1,0 , 𝑟1,1 , . . . , 𝑟𝑀,𝑁}, where 𝑟𝑘,𝑙 is the number of type (𝑘, 𝑙)
followers and

1, if 𝑗 = ∑𝑟𝑘,𝑙 ,
{
{
𝑘,𝑙
𝛿 (𝑗, ∑𝑟𝑘,𝑙 ) = {
{
𝑟𝑘,𝑙 .
0,
if
𝑗
=
̸
∑
𝑘,𝑙
𝑘,𝑙
{
By submitting (11) into (10), we get
𝐺𝑖,𝑗 (𝑧) = 𝑧𝑗 ∑ 𝛿 (𝑗, ∑𝑟𝑘,𝑙 )
𝑘,𝑙
{𝑟𝑘,𝑙 }

× 𝑃 (𝑗, {𝑟𝑘,𝑙 }) 𝐺1,0 (𝑧)𝑝2 𝑟1,0 ⋅ ⋅ ⋅ 𝐺𝑀,𝑁(𝑧)𝑝2 𝑟𝑀,𝑁 /𝑀.
(13)
Then, by submitting (9) into (13) and performing the sum
over {𝑟𝑘,𝑙 }, we have
𝑗

∑𝑟𝑘,𝑙 = 𝑗.
𝑘,𝑙

𝐺𝑖,𝑗 (𝑧) = 𝑧
(8)

The probability that the partition takes a particular value {𝑟𝑘,𝑙 }
is given by the multinomial distribution [16]
𝑃 (𝑗, {𝑟𝑘,𝑙 }) = 𝑗!∏
𝑘,𝑙

1 𝑖,𝑗 𝑟𝑘,𝑙
(𝑒 ) .
𝑟𝑘,𝑙 ! 𝑘,𝑙

(9)

𝑖,𝑗
(∑𝑒𝑘,𝑙 𝐺𝑘,𝑙 (𝑧)𝑝2 /𝑘 )
𝑘,𝑙

𝐺𝑖,𝑗 (𝑧) = ∑ 𝛿 (𝑗, ∑𝑟𝑘,𝑙 )
{𝑟𝑘,𝑙 }

𝑘,𝑙

.

(14)

𝑖,𝑗


𝑢𝑖,𝑗 = 𝐺𝑖,𝑗
(1) = 𝑗 + 𝑗𝑝2 ∑

𝑒𝑘,𝑙
𝑘


𝐺𝑘,𝑙
(1) .

(15)

We know that users with out-degree 0 can generate or
forward messages, but no one can receive them. So, 𝐺𝑖,0 (𝑧) =

(1) = 0. We further know that users with in1 and 𝐺𝑖,0

(1) never
degree 0 never forward messages. That is to say, 𝐺0,𝑗

(1)
contributes to the right of (15). So we can first calculate 𝐺𝑖,𝑗

where 𝑖, 𝑗 ≥ 1 and then get 𝐺0,𝑗 (1) from (15).
𝑖,𝑗

(10)

× 𝑃 (𝑗, {𝑟𝑘,𝑙 }) 𝐻1,0 (𝑧)𝑟1,0 ⋅ ⋅ ⋅ 𝐻𝑀,𝑁(𝑧)𝑟𝑀,𝑁 ,
𝐻𝑘,𝑙 (𝑧) = 𝑧𝐺𝑘,𝑙 (𝑧)𝑝2 /𝑘 ,

𝑗

By solving this equation, we can derive the distribution of the
number of times a message appears in view scopes after it is
generated by a type (𝑖, 𝑗) user. However, here we just calculate
the average number of times, which is

𝑘,𝑙

We define the generating function 𝐺𝑖,𝑗 (𝑧) as the distribution of the number of times a message appears in view scopes
after it is generated by a type (𝑖, 𝑗) user and the generating
function 𝐻𝑘,𝑙 (𝑧) as the distribution of the number of times
a message appears in view scopes after it arrives in the view
scope of a type (𝑘, 𝑙) user. Then

(12)

(11)

We know that {𝑒𝑘,𝑙 } becomes an 𝑀 × 𝑁 × 𝑀 × 𝑁 tensor
for 𝑖, 𝑗, 𝑘, 𝑙 ≥ 1, which is still hard to handle. We rearrange the
elements of this tensor so that they form a matrix, which is
called matricizing [18]. Specifically, we let
𝑥 = (𝑖 − 1) 𝑁 + 𝑗,

𝑦 = (𝑘 − 1) 𝑁 + 𝑙.

(16)
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Figure 3: Results for 𝑢𝑖,𝑗 from (a) simulations and (b) theoretical analysis.

Then 1 ≤ 𝑥, 𝑦 ≤ 𝑀𝑁 and

Remark 2. From (20), we observe that 𝑢𝑖,𝑗 is determined by

𝐺𝑥 (1) = 𝑗 + 𝑗𝑝2 ∑
𝑦

𝑒𝑥,𝑦
𝑘

𝑖,𝑗

𝐺𝑦 (1) .

(17)

We can write (17) in matrix form and get


−1

G (1) = X1 + 𝑝2 XEY

4. Simulations



G (1) ,

(18)

where
1 = (1, 1, . . . , 1)𝑇 ,
0 ⋅⋅⋅ 0
X0 ⋅ ⋅ ⋅ 0
,
..
. )
. d ..
0 ⋅ ⋅ ⋅ X0 𝑀×𝑀

X0
0
X = ( ..
.
0

1
0
X0 = ( ..
.

0 ⋅⋅⋅
2 ⋅⋅⋅
..
. d
0 0 ⋅⋅⋅

0
0
.. ) ,
.

𝑁

(19)

Y1
0
Y = ( ..
.

0 ⋅⋅⋅ 0
Y2 ⋅ ⋅ ⋅ 0
..
. ),
. d ..
0 ⋅ ⋅ ⋅ YM

𝑚
0
Ym = ( ..
.

0
0
.. )
.

0

0 ⋅⋅⋅
𝑚 ⋅⋅⋅
..
. d
0 0 ⋅⋅⋅

𝑚

.
𝑁×𝑁

So we get
G (1) = (I − 𝑝2 XEY

−1 −1

𝑝2 and {𝑒𝑘,𝑙 } and is unrelated to other factors such as 𝑆, 𝑝1 ,
and {𝑞𝑖,𝑗 }.

) X1 .

(20)

To verify the accuracy of theoretical analysis results, we
conduct simulations and provide the simulation results in this
section. We first take into account a directed ER network and
then a growing network model, which generates directed and
degree-correlated networks.
The simulations are conducted in a discrete fashion.
Specifically, time is slotted, and in each time slot a random
user is selected to generate or forward a message. Denoting
by 𝐾 the user number, each simulation is run 𝐾𝑇 time slots,
where 𝑇 = 10000. That is to say, each user will be selected 𝑇
times on average to generate or forward messages. We further
set 𝑆 = 10 and 𝑝2 = 0.5.
4.1. Directed ER Network. In the directed ER network, we let
the user number 𝐾 = 2001 and the average user in-degree (or
out-degree) 𝛼 = 10. That is to say, each link is included in the
network with probability 𝑝 = 𝛼/(𝐾 − 1) = 0.005.
The results for 𝑢𝑖,𝑗 from simulations and theoretical
analysis (i.e., (20)) are depicted in Figure 3. To quantify the
gap between these results, we plot the differences in Figure 4,
from which we know that the theoretical analysis results
coincide very well with the simulation results.
4.2. Growing Network Model. Degree correlations among
nodes in a network essentially characterize the network
structure, while many real-world networks show degree
correlations [19–21]. In particular, social networks show
assortative mixing, that is, a preference of high-degree nodes
to be connected to other high-degree nodes [15, 16].
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To generate directed and degree-correlated networks, we
adopt the growing network model proposed in [22], where in
each step the probability of adding a new node and creating
a link from one of the earlier nodes (say 𝐴) is
𝑞

out
+𝛽
𝑑𝐴
,
out
∑𝐶∈𝑉 (𝑑𝐶 + 𝛽)

(21)

and the probability of adding a new link and connecting two
old nonlinked nodes (say from 𝐴 to 𝐵) is
(1 − 𝑞)

out
𝑑𝐴
+𝛽
𝑑𝐵in + 𝛾
,
out
∑𝐶∈𝑉 (𝑑𝐶 + 𝛽) ∑𝐶∈𝑉 (𝑑𝐶in + 𝛾)

(22)

where 𝑉 is the node set, 𝑑∗out (𝑑∗in ) is the out-degree (indegree) of node ∗, and parameters 𝛽, 𝛾 must obey the
constraints 𝛽 > 0 and 𝛾 > −1 to ensure that each node will be
chosen with positive probability.

Here, we set 𝐾 = 2000, 𝑞 = 0.6, and 𝛽 = 𝛾 = 5
to generate a degree-correlated network. The distributions
of in-degrees and out-degrees are depicted in Figure 5, from
which we know that in-degrees and out-degrees follow power
law distributions. The degree correlations are depicted in
Figure 6, from which we know that degree correlations at
users are evident, while high in-degree users usually have
high out-degrees. However, the degree correlations at links
are not so obvious.
Simulation results for 𝑢𝑖,𝑗 are depicted in Figure 7(a),
while the theoretical analysis results are depicted in
Figure 7(b). We also plot the differences in Figure 8, from
which we know that the theoretical analysis results are quite
consistent with the simulation results, especially for users
with low in-degrees and out-degrees. However, even for the
only user who is of type (5, 39), the value of difference is
about 6, which is very small compared to the value of 𝑢5,39 .
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5. Conclusion
Having noticed the increasing popularity of Twitter and
negative influence of information overload, we take Twitterlike social networks into account and propose models to
capture the characters such as network, user behaviors, and
information diffusion under information overload. Based
on these models, we analyze the process of information
diffusion under information overload theoretically, and the
accuracy of theoretical analysis results is verified by simulations. These results are of importance to understand
the diffusion dynamics in social networks and of use for
advertisers in viral marketing. However, to simplify the
analysis, we make some assumptions such as Poisson arrival
and memoryless users, which seem to be unrealistic. We

seek to extend these models to characterize more realistic
situations and validate the theoretical analysis results by
empirical evidence in our future work. Besides, the impact
of degree correlations on spreading dynamics appears to be
nontrivial [23], and it is demonstrated that degree correlations strongly influence information diffusion [24]. Another
future work of this paper is to analyze the impact of degree
correlations on the information diffusion under information
overload.
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To make use of the sparsity property of broadband multipath wireless communication channels, we mathematically propose an 𝑙𝑝 norm-constrained proportionate normalized least-mean-square (LP-PNLMS) sparse channel estimation algorithm. A general 𝑙𝑝 norm is weighted by the gain matrix and is incorporated into the cost function of the proportionate normalized least-mean-square
(PNLMS) algorithm. This integration is equivalent to adding a zero attractor to the iterations, by which the convergence speed and
steady-state performance of the inactive taps are significantly improved. Our simulation results demonstrate that the proposed
algorithm can effectively improve the estimation performance of the PNLMS-based algorithm for sparse channel estimation
applications.

1. Introduction
Broadband signal transmission is becoming a commonly
used high-data-rate technique for next-generation wireless
communication systems, such as 3 GPP long-term evolution (LTE) and worldwide interoperability for microwave
access (WiMAX) [1]. The transmission performance of coherent detection for such broadband communication systems
strongly depends on the quality of channel estimation [2–5].
Fortunately, broadband multipath channels can be accurately
estimated using adaptive filter techniques [6–10] such as
the normalized least-mean-square (NLMS) algorithm, which
has low complexity and can be easily implemented at the
receiver. On the other hand, channel measurements have
shown that broadband wireless multipath channels can often
be described by only a small number of propagation paths
with long delays [4, 11, 12]. Thus, a broadband multipath
channel can be regarded as a sparse channel with only
a few active dominant taps, while the other inactive taps
are zero or close to zero. This inherent sparsity of the
channel impulse response (CIR) can be exploited to improve
the quality of channel estimation. However, such classical

NLMS algorithms with a uniform step size across all filter
coefficients have slow convergence when estimating sparse
impulse response signals such as those in broadband sparse
wireless multipath channels [11]. Consequently, corresponding algorithms have recently received significant attention in
the context of compressed sensing (CS) [5, 12–14] and were
already considered for channel estimation prior to the CS era
[5, 12]. However, these CS channel estimation algorithms are
sensitive to the noise in wireless multipath channels.
Inspired by the CS theory [12–14], several zero-attracting
(ZA) algorithms have been proposed and investigated by
combining the CS theory and the standard least-meansquare (LMS) algorithm for echo cancellation and system
identification, which are known as the zero-attracting LMS
(ZA-LMS) and reweighted ZA-LMS (RZA-LMS) algorithms,
respectively [15]. Recently, this technique has been expanded
to the NLMS algorithm and other adaptive filter algorithms
to improve their convergence speed in a sparse environment
[9, 16–18]. However, these approaches are mainly designed for
nonproportionate adaptive algorithms. On the other hand,
to utilize the advantages of the NLMS algorithm, such as
stable performance and low complexity, the proportionate
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normalized least-mean-square (PNLMS) algorithm has been
proposed and studied to exploit the sparsity in nature [19] and
has been applied to echo cancellation in telephone networks.
Although the PNLMS algorithm can utilize the sparsity characteristics of a sparse signal and obtain faster convergence at
the initial stage by assigning independent magnitudes to the
active taps, the convergence speed is reduced by even more
than that of the NLMS algorithm for the inactive taps after
the active taps converge. Consequently, several algorithms
have been proposed to improve the convergence speed of
the PNLMS algorithm [20–27], which include the use of
the 𝑙1 -norm technique and a variable step size. Although
these algorithms have significantly improved the convergence
speed of the PNLMS algorithm, they still converge slowly
after the active taps converge. In addition, some of them are
inferior to the NLMS and PNLMS algorithms in terms of the
steady-state error when the sparsity decreases. From these
previously proposed sparse signal estimation algorithms, we
know that the ZA algorithms mainly exert a penalty on
the inactive channel taps through the integration of the 𝑙1 norm constraint into the cost function of the standard LMS
algorithms to achieve better estimation performance, while
the PNLMS algorithm updates each filter coefficient with an
independent step size, which improves the convergence of the
active taps.
Motivated by the CS theory [13, 14] and ZA technique
[15–18], we propose an 𝑙𝑝 -norm-constrained PNLMS (LPPNLMS) algorithm that incorporates the 𝑙𝑝 -norm into the
cost function of the PNLMS algorithm, resulting in an
improved proportionate adaptive algorithm. The difference
between the proposed LP-PNLMS algorithm and the ZA
algorithms is that the gain-matrix-weighted 𝑙𝑝 -norm is used
in our proposed LP-PNLMS algorithm instead of the general
𝑙1 -norm to expand the application of ZA algorithms [15].
Also, this integration is equivalent to adding a zero attractor
in the iterations of the PNLMS algorithm to obtain the
benefits of both the PNLMS and ZA algorithms. Thus, our
proposed LP-PNLMS algorithm can achieve fast convergence
at the initial stage for the active taps. After the convergence
of these active taps, the ZA technique in the LP-PNLMS
algorithm acts as another force to attract the inactive taps to
zero to arrest the slow convergence of the PNLMS algorithm.
Furthermore, our proposed LP-PNLMS algorithm achieves a
lower mean square error than the PNLMS algorithm and its
related improved algorithms, such as the improved PNLMS
(IPNLMS) [20] and 𝜇-law PNLMS (MPNLMS) [21] algorithms. In this study, our proposed LP-PNLMS algorithm is
verified over a sparse multipath channel by comparison with
the NLMS, PNLMS, IPNLMS, and MPNLMS algorithms.
The simulation results demonstrate that the LP-PNLMS
algorithm achieves better channel estimation performance in
terms of both convergence speed and steady-state behavior
for sparse channel estimation.
The remainder of this paper is organized as follows.
Section 2 briefly reviews the standard NLMS, PNLMS,
and improved PNLMS algorithms, including the IPNLMS
and MPNLMS algorithms. In Section 3, we describe in
detail the proposed LP-PNLMS algorithm, which employs
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the Lagrange multiplier method. In Section 4, the estimation performance of the proposed LP-PNLMS algorithm
is verified over sparse channels and compared with other
commonly used algorithms. Finally, this paper is concluded
in Section 5.

2. Related Channel Estimation Algorithms
2.1. Normalized Least-Mean-Square Algorithm. In this section, we first consider the sparse multipath communication
system shown in Figure 1 to discuss the channel estimation
algorithms. The input signal x(𝑛) = [𝑥(𝑛), 𝑥(𝑛 − 1), . . . , 𝑥(𝑛 −
𝑁 + 1)]𝑇 containing the 𝑁 most recent samples is transmitted
over a finite impulse response (FIR) channel with channel
impulse response (CIR) h = [ℎ0 , ℎ1 , . . . , ℎ𝑁−1 ]𝑇 , where (⋅)𝑇
denotes the transposition operation. Then the output signal
of the channel is written as follows:
𝑦 (𝑛) = h𝑇 x (𝑛) ,

(1)

where h is a sparse channel vector with 𝐾 dominant active
taps whose magnitudes are larger than zero and (𝑁 − 𝐾)
inactive taps whose magnitudes are zero or close to zero with
𝐾 ≪ 𝑁. To estimate the unknown sparse channel h, an NLMS
algorithm uses the input signal x(𝑛), the output signal 𝑦(𝑛),
and the instantaneous estimation error 𝑒(𝑛), which is given
by
̂ 𝑇 (𝑛) x (𝑛) ,
𝑒 (𝑛) = 𝑑 (𝑛) − h

(2)

̂ is the NLMS adaptive channel estimator at instant
where h(𝑛)
𝑛, 𝑑(𝑛) = 𝑦(𝑛) + V(𝑛), and V(𝑛) is an additive noise at the receiver. The update function of the NLMS channel estimation
algorithm is expressed as
̂ (𝑛 + 1) = h
̂ (𝑛) + 𝜇
h
NLMS

𝑒 (𝑛) x (𝑛)
,
+ 𝛿NLMS

x𝑇 (𝑛) x (𝑛)

(3)

where 𝜇NLMS is the step size with 0 < 𝜇NLMS < 2 and 𝛿NLMS is
a small positive constant used to avoid division by zero.
2.2. Proportionate Normalized Least-Mean-Square Algorithm.
The PNLMS algorithm, which is an NLMS algorithm improved by the use of a proportionate technique, has been proposed for sparse system identification and echo cancellation.
In this algorithm, each tap is assigned an individual step
size, which is obtained from the previous estimation of the
filter coefficient. According to the gain allocation rule in this
algorithm, the greater the magnitude of the tap, the larger the
step size assigned to it, and hence the active taps converge
quickly. The update function of the PNLMS algorithm [19]
is described by the following equation with reference to
Figure 1:
̂ (𝑛 + 1) = h
̂ (𝑛) + 𝜇
h
PNLMS

𝑒 (𝑛) G (𝑛) x (𝑛)
.
x𝑇 (𝑛) G (𝑛) x (𝑛) + 𝛿PNLMS
(4)

Here, G(𝑛), which denotes as the gain matrix, is a diagonal
matrix that modifies the step size of each tap, 𝜇PNLMS is the
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Input signal
x(n)

3
where K(𝑛) = diag(𝑘0 (𝑛), 𝑘1 (𝑛), . . . , 𝑘𝑁−1 (𝑛)) is a diagonal
matrix used to adjust the step size of the IPNLMS algorithm,
where

Additive noise
Output signal + (n)
y(n)
∑
+

Unknown FIR
channel
h


̂
ℎ𝑗 (𝑛)
1−𝛼
 ,

𝑘𝑗 (𝑛) =
+ (1 + 𝛼) 
̂ (𝑛) + 𝜀
2𝑁
2h
1

d(n)
+

Estimated FIR
channel
̂ (n)
h

̂ (n)
y
−

Adaptive
algorithms

(9)

0≤𝑗≤𝑁−1

∑

for a small positive constant 𝜀 and −1 ≤ 𝛼 ≤ 1. At the initial
stage, the step size is multiplied by (1 − 𝛼)/2𝑁, since all the
filter coefficients are initialized to zero. Thus, in the IPNLMS
algorithm, a regularization parameter 𝛿IPNLMS is introduced,
which is given by

e(n)

Adaptive channel estimation

𝛿IPNLMS =

Figure 1: Typical sparse multipath communication system.

global step size of the PNLMS algorithm, and 𝛿PNLMS = 𝛿𝑥2 /𝑁
is a regularization parameter to prevent division by zero at the
initialization stage, where 𝛿𝑥2 is the power of the input signal
x(𝑛). In the PNLMS algorithm, the gain matrix G(𝑛) is given
by
G (𝑛) = diag (𝑔0 (𝑛) , 𝑔1 (𝑛) , . . . , 𝑔𝑁−1 (𝑛)) ,

(5)

where the individual gain 𝑔𝑖 (𝑛) is defined as
𝑔𝑖 (𝑛) =

𝛾𝑖 (𝑛)

∑𝑁−1
𝑖=0 𝛾𝑖 (𝑛)

,

0≤𝑖≤𝑁−1

(6)

with
 


𝛾𝑖 (𝑛) = max [𝜌𝑔 max [𝛿𝑝 , ̂ℎ0 (𝑛) , ̂ℎ1 (𝑛) , . . . ,
̂
 

ℎ𝑁−1 (𝑛)] , ̂ℎ𝑖 (𝑛)] ,

(10)

We can see that the IPNLMS is identical to the NLMS
algorithm for 𝛼 = −1, while the IPNLMS behaves identically
to the PNLMS algorithm when 𝛼 = 1. In practical engineering applications, a suitable value for 𝛼 is 0 or −0.5.
2.3.2. MPNLMS Algorithm. The 𝜇-law PNLMS algorithm
(MPNLMS) is another enhancement of the PNLMS algorithm that utilizes the logarithm of the magnitudes of the
filter coefficients instead of using the magnitudes directly in
the PNLMS algorithm [21]. The update equation is the same
as that in the PNLMS algorithm given by (4). In the MPNLMS
algorithm,




𝛾𝑖 (𝑛) = max [𝜌𝑔 max [𝛿𝑝 𝐹 (̂ℎ0 (𝑛)) , 𝐹 (̂ℎ1 (𝑛)) , . . . ,

(7)

where the parameters 𝛿𝑝 and 𝜌𝑔 are positive constants with
typical values of 𝛿𝑝 = 0.01 and 𝜌𝑔 = 5/𝑁. 𝛿𝑝 is used to
regularize the updating at the initial stage when all the taps
are initialized to zero, and 𝜌𝑔 is used to prevent ̂ℎ𝑖 (𝑛) from
stalling when it is much smaller than the largest coefficient.





𝐹 (̂ℎ𝑁−1 (𝑛))] , 𝐹 (̂ℎ𝑖 (𝑛))] ,

(11)

where




𝐹 (̂ℎ𝑖 (𝑛)) = log (1 + 𝜗 ̂ℎ𝑖 (𝑛)) ,

(12)

where 𝜗 is a large positive constant related to the estimation
accuracy requirement, typically 𝜗 = 1000.

2.3. Improved Proportionate Normalized
Least-Mean-Square Algorithms
2.3.1. IPNLMS Algorithm. The IPNLMS algorithm is a type
of PNLMS algorithm used to improve the convergence speed
of the PNLMS algorithm. It is a combination of the PNLMS
and NLMS algorithms with the relative significance of each
coefficient controlled by a factor 𝛼. The IPNLMS algorithm
[20] adopts the 𝑙1 -norm to enable the smooth selection of
(7), and the update equation of the IPNLMS algorithm is
expressed as
̂ (𝑛 + 1) = h
̂ (𝑛) − 𝜇
h
IPNLMS

1−𝛼
.
𝛿
2𝑁 NLMS

𝑒 (𝑛) K (𝑛) x (𝑛)
,
x𝑇 (𝑛) K (𝑛) x (𝑛) + 𝛿IPNLMS
(8)

3. Proposed LP-PNLMS Algorithm
In this section, we propose an LP-PNLMS algorithm by
incorporating the 𝑙𝑝 -norm into the cost function of the
PNLMS algorithm to create a zero attractor, making it a
type of ZA algorithm. The difference between the LP-PNLMS
algorithm and general ZA algorithms is that the gain-matrixweighted 𝑙𝑝 -norm is taken into account in designing the
zero attractor. On the other hand, the proposed LP-PNLMS
algorithm is based on the commonly used PNLMS algorithm,
which is also a sparse channel estimation algorithm and
can improve the convergence for the active taps. Regarding

4
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channel estimation, the purpose of the LP-PNLMS algorithm
is to minimize
𝑇

̂ (𝑛 + 1) − h
̂ (𝑛)) G−1 (𝑛)
(h

where 𝜀𝑝 is a small value to prevent division by zero. By
multiplying both sides of (17) by x𝑇 (𝑛), we obtain
̂ (𝑛 + 1) = x𝑇 (𝑛) h
̂ (𝑛) + 𝜆x𝑇 (𝑛) G (𝑛) x (𝑛)
x𝑇 (𝑛) h

̂ (𝑛 + 1) − h
̂ (𝑛)) + 𝛾 G−1 (𝑛)h(𝑛
̂ + 1)
× (h
LP 
𝑝

(13)
−𝛾LP

subject to

 ̂ 1−𝑝
̂ (𝑛))
 sgn (h
x𝑇 (𝑛) h(𝑛)
𝑝
 ̂ 1−𝑝
h(𝑛) + 𝜀𝑝



̂ 𝑇 (𝑛 + 1) x (𝑛) = 0,
𝑑 (𝑛) − h
where G−1 (𝑛) is the inverse of the gain matrix G(𝑛) in the
PNLMS algorithm, 𝛾LP > 0 is a very small constant used to
balance the estimation error and the sparse 𝑙𝑝 -norm penalty
̂ + 1), ‖ ⋅ ‖ is the 𝑝-norm defined as ‖h‖
̂ = (∑ ̂ℎ𝑝 )1/𝑝 ,
of h(𝑛
𝑝
𝑝
𝑖 𝑖
and 0 ≤ 𝑝 ≤ 1. Note that in (13), we introduce an 𝑙𝑝 -norm
̂ + 1) after scaling the gain matrix by G−1 (𝑛),
penalty to h(𝑛
which is different from the previously proposed ZA LMS
algorithms.
To minimize (13), the Lagrange multiplier method is
adopted, and the cost function 𝐽LP (𝑛 + 1) of the proposed LPPNLMS algorithm is expressed as
𝑇

̂ (𝑛 + 1) − h
̂ (𝑛)) G (𝑛)
𝐽LP (𝑛 + 1) = (h
−1

̂ 𝑇 (𝑛 + 1) x (𝑛)) ,
+𝜆 (𝑑 (𝑛) − h

where 𝜆 is the Lagrange multiplier.
By calculating the gradient of the cost function 𝐽LP (𝑛 + 1)
̂ + 1) = h(𝑛)
̂ in
of the LP-PNLMS algorithm and assuming h(𝑛
the steady stage, we have
𝜕𝐽LP (𝑛 + 1)
= 0,
𝜕𝜆

 ̂ 1−𝑝
̂ (𝑛))
 sgn (h
x𝑇 (𝑛) h(𝑛)
𝑝
𝑒 (𝑛) = −𝛾LP
 ̂ 1−𝑝
h(𝑛) + 𝜀𝑝



(19)

+𝜆x𝑇 (𝑛) G (𝑛) x (𝑛) .
Then, the Lagrange multiplier 𝜆 is given as follows by
solving (19):
 ̂ 1−𝑝
̂ (𝑛))
 sgn (h
x𝑇 (𝑛) h(𝑛)
𝑝
 ̂ 1−𝑝
h(𝑛) + 𝜀𝑝



)
(20)

−1

× (x𝑇 (𝑛) G (𝑛) x (𝑛)) .
Substituting (20) into (17), we have

(14)

𝜕𝐽LP (𝑛 + 1)
= 0,
̂ (𝑛 + 1)
𝜕h

(18)

From (2), (15), and (17), we obtain

𝜆 = (𝑒 (𝑛) + 𝛾LP

̂ (𝑛 + 1) − h
̂ (𝑛)) + 𝛾 G−1 h(𝑛
̂ + 1)
× (h
LP 
𝑝

.

(15)

 ̂ 1−𝑝
̂ (𝑛))
h(𝑛) sgn (h
𝑝

̂
̂
.
h (𝑛 + 1) = h (𝑛) + 𝜆G (𝑛) x (𝑛) − 𝛾LP
 ̂ 1−𝑝
h(𝑛)


(16)
In practice, we need to introduce a small positive constant
into the final term in (16) to cope with the situation that an
̂
entry of h(𝑛)
approaches zero, which is the case for a sparse
CIR at initialization. Then the update equation (16) of the LPPNLMS algorithm is modified to
 ̂ 1−𝑝
̂ (𝑛))
h(𝑛) sgn (h
𝑝

̂
̂
,
h (𝑛 + 1) = h (𝑛) + 𝜆G (𝑛) x (𝑛) − 𝛾LP
 ̂ 1−𝑝
h(𝑛) + 𝜀𝑝


(17)

 ̂ 1−𝑝
̂ (𝑛))
h(𝑛) sgn (h
𝑝
̂ (𝑛 + 1) = h
̂ (𝑛) − 𝛾 
h
LP
 ̂ 1−𝑝
h(𝑛) + 𝜀𝑝
 ̂ 1−𝑝
̂ (𝑛))
 sgn (h
x𝑇 (𝑛) h(𝑛)
𝑝
+ ((𝑒 (𝑛) + 𝛾LP
)
 ̂ 1−𝑝
h(𝑛) + 𝜀𝑝
−1

× (x𝑇 (𝑛)G(𝑛)x(𝑛)) ) G (𝑛) x (𝑛)
̂ (𝑛) +
=h

𝑒 (𝑛) G (𝑛) x (𝑛)
x𝑇 (𝑛) G (𝑛) x (𝑛)

− 𝛾LP {I −

G (𝑛) x (𝑛) x𝑇 (𝑛)
}
x𝑇 (𝑛) G (𝑛) x (𝑛)

 ̂ 1−𝑝
̂ (𝑛))
h (𝑛) sgn (h
𝑝

×
.
 ̂ 1−𝑝
h (𝑛) + 𝜀𝑝



(21)

It was found that the magnitudes of the elements in the
matrix G(𝑛)x(𝑛)x𝑇(𝑛){x𝑇 (𝑛)G(𝑛)x(𝑛)}−1 are much smaller
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than 1 for broadband multipath channel estimation. Therefore, the update equation (21) of the proposed LP-PNLMS
algorithm is rewritten as

0.7
0.6

̂ (𝑛 + 1) = h
̂ (𝑛) + 𝑒 (𝑛) G (𝑛) x (𝑛)
h
x𝑇 (𝑛) G (𝑛) x (𝑛)
(22)

Here, we neglect the effects of the matrix G(𝑛)x(𝑛)x𝑇(𝑛)
{x𝑇 (𝑛)G(𝑛)x(𝑛)}−1 and assume that the filter order is large.
Similarly to the PNLMS algorithm, a step size 𝜇LP is introduced to balance the convergence speed and the steady-state
error of the proposed LP-PNLMS algorithm, and a small
positive constant 𝜀LP = 𝛿𝑥2 /𝑁 is employed to prevent division
by zero. Thus, the update function (22) can be modified to
̂ (𝑛 + 1) = h
̂ (𝑛) + 𝜇
h
LP

𝑒 (𝑛) G (𝑛) x (𝑛)
x𝑇 (𝑛) G (𝑛) x (𝑛) + 𝜀LP

 ̂ 1−𝑝
̂ (𝑛))
h(𝑛) sgn (h
𝑝

− 𝜌LP
 ̂ 1−𝑝
h(𝑛) + 𝜀𝑝


̂ (𝑛) + 𝜇
=h
LP

𝑒 (𝑛) G (𝑛) x (𝑛)
− 𝜌LP T (𝑛) ,
+ 𝜀LP
(23)

x𝑇 (𝑛) G (𝑛) x (𝑛)

1−𝑝
̂
̂
̂ 1−𝑝 +
where 𝜌LP = 𝜇LP 𝛾LP and T(𝑛) = ‖h(𝑛)‖
𝑝 sgn(h(𝑛)){|h(𝑛)|
𝜀𝑝 }−1 . Comparing the update function (23) of the proposed
LP-PNLMS algorithm with the update function (4) of the
PNLMS algorithm, we see that our proposed LP-PNLMS
algorithm has the additional term 𝛾LP T(𝑛), also defined as the
zero attractor, which attracts the small channel taps to zero
with high probability. Moreover, the ZA strength of this zero
attractor is controlled by 𝜌LP . In other words, in our proposed
LP-PNLMS algorithm, the gain matrix G(𝑛) assigns a large
step size to the active channel taps of the sparse channel, while
the zero attractor mainly exerts the 𝑙𝑝 -penalty on the inactive
taps whose taps are zero or close to zero. Thus, our proposed
LP-PNLMS algorithm can further improve the convergence
speed of the PNLMS algorithm after the convergence of the
large active taps.

Magnitude

 ̂ 1−𝑝
̂ (𝑛))
h(𝑛) sgn (h
𝑝

−𝛾LP
.
 ̂ 1−𝑝
h(𝑛) + 𝜀𝑝
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Figure 2: Typical sparse multipath channel.

distribution with ‖h‖22 = 1, and the positions of the dominant
channel taps are randomly spaced along the length of the
channel. The input signal x(𝑛) of the channel is a Gaussian
random signal while the output of the channel is corrupted
by an independent white Gaussian noise V(𝑛). An example
of a typical sparse multipath channel with a channel length
of 𝑁 = 64 and a sparsity level of 𝐾 = 3 is shown in
Figure 2. In the simulations, the power of the received signal
is 𝐸𝑏 = 1, while the noise power is given by 𝛿V2 and the signal
-to-noise ratio is defined as SNR = 10 log(𝐸𝑏 /𝛿V2 ). In all the
simulations, the difference between the actual and estimated
channels based on the sparsity-aware algorithms and the
sparse channel mentioned above is evaluated by the MSE
defined as follows:

̂ 2 } (dB) .
(24)
MSE (𝑛) = 10 log10 E {h − h(𝑛)
2
In these simulations, the simulation parameters are chosen to be 𝜇NLMS = 𝜇PNLMS = 𝜇IPNLMS = 𝜇LP = 0.5, 𝛿NLMS =
0.01, 𝜀 = 0.001, 𝛼 = 0, 𝜀𝑝 = 0.05, 𝜌LP = 1 × 10−5 , 𝛿𝑝 = 0.01,
𝜌𝑔 = 5/𝑁, 𝜗 = 1000, 𝑝 = 0.5, and SNR = 30 dB. When we
change one of these parameters, the other parameters remain
constant.

4. Results and Discussions

4.1. Estimation Performance of the Proposed
LP-PNLMS Algorithm

In this section, we present the results of computer simulations
carried out to illustrate the channel estimation performance
of the proposed LP-PNLMS algorithm over a sparse multipath communication channel and compare it with those of
the previously proposed IPNLMS, MPNLMS, PNLMS, and
NLMS algorithms. Here, we consider a sparse channel h
whose length 𝑁 is 64 or 128 and whose number of dominant
active taps 𝐾 is set to three different sparsity levels, namely,
𝐾 = 2, 4 and 8, similar to previous studies [6, 22, 25, 26]. The
dominant active channel taps are obtained from a Gaussian

4.1.1. Effects of Parameters on the Proposed LP-PNLMS Algorithm. In the proposed LP-PNLMS algorithm, there are two
extra parameters, 𝑝 and 𝜌LP , compared with the PNLMS
algorithm, which are introduced to design the zero attractor.
Next, we show how these two parameters affect the proposed
LP-PNLMS algorithm over a sparse channel with 𝑁 = 64 or
128 and 𝐾 = 4. The simulation results for different values
of 𝜌LP and 𝑝 are shown in Figures 3 and 4, respectively.
From Figure 3(a), we can see that the steady-state error of the
LP-PNLMS algorithm decreases with decreasing 𝜌LP when
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Figure 3: Effects of 𝜌LP on the proposed LP-PNLMS algorithm.

𝜌LP ≥ 2 × 10−6 , while it increases again when 𝜌LP is less
than 2 × 10−6 . Furthermore, the convergence speed of the
LP-PNLMS algorithm rapidly decreases when 𝜌LP is less than
1 × 10−5 . This is because a small 𝜌LP results in a low ZA
strength, which consequently reduces the convergence speed.
In the case of 𝑁 = 128 shown in Figure 3(b), we observe that
both the convergence speed and the steady-state performance
are improved with decreasing 𝜌LP for 𝜌LP ≥ 1 × 10−5 . When
𝜌LP < 1 × 10−5 , the convergence speed of the LP-PNLMS
algorithm decreases while the steady-state error remains
constant.
Figure 4 demonstrates the effects of the parameter 𝑝.
We can see from Figure 4(a) that the convergence speed of
the proposed LP-PNLMS algorithm rapidly decreases with
increasing 𝑝 for 𝑁 = 64. Moreover, the steady-state error
is reduced with 𝑝 ranging from 0.45 to 0.5, while it remains
constant for 𝑝 = 0.6, 0.7, and 0.8. However, the steadystate performance for 𝑝 = 1 is inferior to that for 𝑝 = 0.8.
This is because the proposed LP-PNLMS algorithm is an
𝑙1 -norm-penalized PNLMS algorithm, which cannot distinguish between active taps and inactive taps, reducing its
convergence speed and steady-state performance. When 𝑁 =
128, as shown in Figure 4(b), the steady-state performance is
improved as 𝑝 increases from 0.45 to 0.6. Thus, we should
carefully select the parameters 𝜌LP and 𝑝 to balance the
convergence speed and steady-state performance for the
proposed LP-PNLMS algorithm.
4.1.2. Effects of Sparsity Level on the Proposed LP-PNLMS Algorithm. On the basis of the results discussed in Section 4.1.1
for our proposed LP-PNLMS algorithm, we choose 𝑝 = 0.5

and 𝜌LP = 1 × 10−5 to evaluate the channel estimation
performance of the LP-PNLMS algorithm over a sparse
channel with different channel lengths of 𝑁 = 64 and 128,
for which the obtained simulation results are given in
Figures 5 and 6, respectively. From Figure 5, we see that our
proposed LP-PNLMS algorithm has the same convergence
speed as the PNLMS algorithm at the initial stage. The
proposed LP-PNLMS algorithm converges faster than the
PNLMS algorithm as well as the IPNLMS and NLMS algorithms for all sparsity levels 𝐾, while its convergence is
slightly slower than that of the MPNLMS algorithm before
it reaches a steady stage. However, the proposed LP-PNLMS
algorithm has the smallest steady-state error for 𝑁 = 64.
When 𝑁 = 128, we see from Figure 6 that our proposed
LP-PNLMS algorithm not only has the highest convergence
speed but also possesses the best steady-state performance.
This is because with increasing sparsity, our proposed LPPNLMS algorithm attracts the inactive taps to zero quickly
and hence the convergence speed is significantly improved,
while the previously proposed PNLMS algorithms mainly
adjust the step size of the active taps and thus they only
impact on the convergence speed at the early iteration
stage. Additionally, we see from Figures 5 and 6 that both
the convergence speed and the steady-state performance of
all the PNLMS algorithms deteriorate when the sparsity
level 𝐾 increases for both 𝑁 = 64 and 128. In particular,
when 𝐾 = 8, the convergence speeds of the PNLMS and
IPNLMS algorithms are greater than that of the NLMS
algorithm at the early iteration stage, while after this fast
initial convergence, their convergence speeds decrease to less
than that of the NLMS algorithm before reaching a steady
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Figure 4: Effects of 𝑝 on the proposed LP-PNLMS algorithm.

stage. Furthermore, we observe that the MPNLMS algorithm
is sensitive to the length 𝑁 of the channel, and its convergence
speed for 𝑁 = 128 is less than that for 𝑁 = 64 at the same
sparsity level 𝐾 and less than that of the proposed LP-PNLMS
algorithm. Thus, we conclude that our proposed LP-PNLMS
algorithm is superior to the previously proposed PNLMS
algorithms in terms of both the convergence speed and the
steady-state performance with the appropriate selection of
the related parameters 𝑝 and 𝜌LP . From the above discussion,
we believe that the gain-matrix-weighted 𝑙𝑝 -norm method
in the LP-PNLMS algorithm can be used to further improve
the channel estimation performance of the IPNLMS and
MPNLMS algorithms.
4.2. Computational Complexity. Finally, we discuss the computational complexity of the proposed LP-PNLMS algorithm
and compare it with those of the NLMS, PNLMS, IPNLMS,
and MPNLMS algorithms. Here, the computational complexity is the arithmetic complexity, which includes additions,
multiplications, and divisions. The computational complexities of the proposed LP-PNLMS algorithm and the related
PNLMS and NLMS algorithms are shown in Table 1.
From Table 1, we see that the computational complexity
of our proposed LP-PNLMS algorithm is slightly higher
than those of the MPNLMS and PNLMS algorithms, which
is due to the calculation of the gradient of the 𝑙𝑝 -norm.
Furthermore, the MPNLMS algorithm has an additional
logarithm operation, which increases its complexity but is
not included in Table 1. However, the LP-PNLMS algorithm
noticeably increases the convergence speed and significantly

Table 1: Computational complexity.
Algorithms
NLMS
PNLMS
IPNLMS
MPNLMS
LP-PNLMS

Additions
3𝑁
4𝑁 + 3
4𝑁 + 7
5𝑁 + 3
4𝑁 + 4

Multiplications
3𝑁 + 1
6𝑁 + 3
5𝑁 + 5
7𝑁 + 3
9𝑁 + 4

Divisions
1
𝑁+2
𝑁+2
𝑁+3
2𝑁 + 2

improves the steady-state performance of the PNLMS algorithm. In addition, it also has a higher convergence speed
and lower steady-state error than the IPNLMS and MPNLMS
algorithms when the channel length is large.

5. Conclusion
In this paper, we have proposed an LP-PNLMS algorithm to
exploit the sparsity of broadband multipath channels and to
improve both the convergence speed and steady-state performance of the PNLMS algorithm. This algorithm was mainly
developed by incorporating the gain-matrix-weighted 𝑙𝑝 norm into the cost function of the PNLMS algorithm, which
significantly improves its convergence speed and steady-state
performance. The simulation results demonstrated that our
proposed LP-PNLMS algorithm, which has an acceptable
increase in computational complexity, increases the convergence speed and reduces the steady-state error compared with
the previously proposed PNLMS algorithms.
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Due to the defects of all kinds of modularity, this paper defines a weighted modularity based on the density and cohesion as the new
evaluation measurement. Since the proportion of the overlapping nodes in network is very low, the number of the nodes’ repeat visits
can be reduced by signing the vertices with the overlapping attributes. In this paper, we propose three test conditions for overlapping
nodes and present a fast overlapping community detection algorithm with self-correcting ability, which is decomposed into two
processes. Under the control of overlapping properties, the complexity of the algorithm tends to be approximate linear. And we
also give a new understanding on membership vector. Moreover, we improve the bridgeness function which evaluates the extent of
overlapping nodes. Finally, we conduct the experiments on three networks with well known community structures and the results
verify the feasibility and effectiveness of our algorithm.

1. Introduction
Community structure is an important field in complex
networks research. In the traditional social network,
Newman et al. discover the community structure [1–4],
which is a group of nodes with dense internal links and
sparse connections between groups [3–6]. Later, from the
metabolic networks [7] to the large-scale WWW webpage
links [8], they are all community structures.
In the exploration of community structure, the crisp
division [9, 10] is put forth first by scholars; that is, a node
belongs to only one community. In reality, networks are
built in different relations, and nodes can be shared by
many communities. For example, in human relationship,
the relationship of two people may be family, friend, and
colleague. When Palla et al. point out the overlap feature
of the community [3], a number of soft division algorithms
are designed to detect the overlapping community structure,
and two main effective means are clique [3, 11–14] and
optimization theory [14–16]. The methods based on clique
have the high accuracy, but the process is complex. While
the optimization algorithms choose the appropriate object

function and get a lower complexity. But when and how to
finish are ambiguous. Meanwhile, whether a vertex is the
overlapping node is not a clear understanding in academic.
In this paper, we propose a fast overlapping community
detection algorithm with self-correcting ability through the
following contributions. First, we introduce new features of
modularity as a new evaluation measurement and explore
the advantage of the new weighted modularity in structure
through combining the cohesive and density synthetically.
Second, we propose three test conditions for overlapping
nodes and present a fast overlapping community detection
algorithm with self-correcting ability, which consists of two
processes. Under the control of overlapping properties, the
complexity of our algorithm tends to be approximate linear.
Third, we give a new understanding on membership vector
to improve the bridgeness function which evaluates the
extent of overlapping nodes. To evaluate the feasibility and
effectiveness, we implement our approach on three existing
networks with the well-known community structures.
The rest of the paper is organized as follows. In Section 2,
we describe the details of our new weighted modularity.
In Section 3, we propose our fast overlapping community
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Figure 1: The community structure of Protein reaction network.
Figure 2: The common overlap.

detection algorithm. In Section 4, we explore the estimation
to the effect of overlapping node. The experimental results are
discussed in Section 5. Finally, Section 6 concludes our work.
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2. Modularity
2.1. The Standard of Overlap. The overlapping node is the
vertex that belongs to more than one community. After
the analysis on the well-known networks whose structures
are also known, we propose three conditions to judge the
overlapping node in this paper. In particular, all those are not
disrelated. The priority is from the top down, and some nodes
will be in accord with several conditions. If a node meets one
of the conditions, it shall be an overlapping node.
2.1.1. Addition in Modularity. This is the most common case.
Referring to the view of Lázár et al. [17], the node contribution
is positive to their communities. The overlapping nodes link
many adjacent vertex and belong to less communities (two is
general), just as vertex Zds2 shown in Figure 1. In addition, if
the adjacent nodes of overlap contain overlapping nodes, they
can expand to overlapping region [17] as shown in Figure 2.
With the help of this region, all nodes in the sharing area
make positive contribution to the belonging communities.
The criterion is used in the variation caused by the nodes
joining.
2.1.2. Strengthen the Internal Connection. The analysis on
the known networks reveals that some core nodes in community may reduce the holistic modularity. Though they
have many adjacent nodes, the gain in inner connection
is less than the outer connection, which results in the
decrease of modularity. However, the internal connection
of community is strengthened. In the sparse network, it
performs as the addition in density besides the stationarity
in modularity whose threshold value is 0.015 in Karate club
network as shown in Figure 3. And in the dense network,
the proportion of adjacent nodes in community is more
than 1/3, according to the research on the Protein reaction
network.
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Figure 3: The community structure in Karate club network.

2.1.3. The Average Distribution of Belonging Factor. In the
networks, the belonging factors of some nodes belong to their
communities impartially, which means the adjacent nodes
are distributed to the communities averagely. If the degree of
node is high, it can be in accord with the previous two cases,
just as the Zds2 in Figure 1. Here, the average distribution is
not absolute. To be in accord with the membership number,
this paper sets a dynamic threshold. Calculating the absolute
value of deviation with average distribution, if the sum is less
than the dynamic threshold, it is all right.
Definition 1. The average distribution of belonging factor
should meet the condition in (1), in which 𝑎𝑖𝐶𝑐 is the
belonging factor of node 𝑖 in community 𝐶𝑐 and 𝑛 is the
membership number:
𝑛 
1
1 

∑ 𝑎𝑖𝐶𝑐 −  ≤ .
𝑛
2𝑛

𝑐=1 

(1)

In (1), 1/𝑛 is the value of average distribution. With the
consideration of the distribution in real network and the

e average distribution of belonging factor
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Figure 5: The complete graph 𝑆1 and ring structure 𝑆2 .
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accepted empirical value, the dynamic threshold is set as
1/2𝑛. With the increasement in membership number, the
threshold decreases gradually, and the average feature is more
and more obvious in Figure 4.
2.2. The New Weighted Modularity. Modularity is the measurement of evaluation and is the preferred object function.
Considering various definitions of the past types [18], it
summarizes three features after comparing the advantages
and disadvantages of each type, which are the fairness,
rationality, and independence.
There is the defect in the actual modularity [19], and it
disobeys the fairness and rationality. As for the other cases,
such as modularity based on node contribution [17] and
the overlapping modularity, the weaknesses are discussed
[18]. The fitness function [15] handles the inner and outer
nodes of community, respectively, defined as (2). For a given
community 𝐶𝑖 , the inner connection is 𝑘𝐶in𝑖 , the outer is 𝑘𝐶out𝑖 ,
and 𝛼 is the regulatory factor to control the size with the
default value 1.0:
𝑓𝐶𝑖 =

2𝑘𝐶in𝑖

𝛼.

(2𝑘𝐶in𝑖 + 𝑘𝐶out𝑖 )

(2)

The fitness function is unfit for modularity, too. That
is because it weakens the inner connection which leads to
recognize some structures unsuccessfully. For example, the
complete graph and the ring structure are shown as Figure 5.
They get the same value 1.0, but the structure is quite a bit
different. In some subjects like biology or macromolecule,
some special structure determines the function.
From the above discussion, in view of network density,
we propose a new weighted modularity, which is composed
of the density and cohesion.

Definition 2. The new weighted modularity is defined as (3),
in which the allocation parameter 𝛽 meets 0 < 𝛽 ≤ 0.5 and,
for the community 𝐶𝑖 , 𝑛𝐶𝑖 is the number of inner nodes:
𝑄𝐶𝑖 = 𝛽

2𝑘𝐶in𝑖
𝑛𝐶𝑖 (𝑛𝐶𝑖 − 1)

+ (1 − 𝛽)

2𝑘𝐶in𝑖
2𝑘𝐶in𝑖 + 𝑘𝐶out𝑖

.

(3)

The modularity of whole network is the average of each
community. The research on several typical networks shows
that the density of whole network is in a low level which
is varying between 0.10 and 0.30. For example, Karate club
network [1, 2] is 0.139, Protein reaction network [3] is 0.290,
and Dolphins interaction network [2] is 0.084. And here,
the rule of parameter allocation 𝛽 obeys Pareto law that is
twenty-eighty law. The cohesion gets the 80% weight, and
the density gets the 20% weight. With the expansion on the
size of networks, the links between nodes are weaker and
weaker, and therefore the contribution of density is reduced
in modularity.
Test on the parameter allocation reveals that when 𝛽
is getting 0.20, the minimum modularity of communities
approaches 0.750 in the known networks. However, there is
no regular pattern on the other allocation plan and the value
is very discrete. As shown in Figure 6, the communities 1–
3 are the Protein reaction network, and the communities 4
and 5 are the Karate club network. The detailed communities
information of each cluster is shown in Table 1.
Set the allocation parameter 𝛽 as 0.20, and the modularity
of communities are as follows.
Through analyzing the test in the known networks, it
gets the minimum value of the community structure. In
particular, the threshold is for the rough judgment which is
not the only condition. In addition, after the node joining, the
impacts on the original network, namely the smoothness of
the modularity, need to be considered, namely the smoothness of the modularity. The modularity threshold is the last
condition in judging, and the detailed introduction is given
in next section.

3. Fast Overlapping Community Detection
Algorithm with Self-Correcting Ability
The traditional community detection methods [3, 11–13, 20]
are visiting the nodes repeatedly. But after studying on many
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Table 1: The detailed communities information in networks.

Network

Community
Community 1
Community 2
Community 3
Community 4
Community 5

Protein reaction network

Karate club network

Node
9
7
8
18
16

Outer link
11
11
7
10
10

Modularity
0.751
0.748
0.870
0.746
0.750

the node has belonged to the community, it is unnecessary to
be visited again. On the basis of this thought, we set each node
with two attributes, which are isVisited and isLocated with
default value false. They indicate whether a node is visited and
located to the community and control the beginning root of
the cluster and the range in the next access layer, respectively.
Regulating the attributes of nodes, the algorithm proposed in
this paper greatly reduces the amount of the adjacent nodes
and cuts down the time complexity.
Raw community detection algorithm is composed of the
following steps.
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Figure 6: The allocation parameter test graph.

overlapping communities structure in some different types,
we find out that the vast majority of nodes belong to only
one community and the proportion of overlapping nodes
is very small. For example, the proportion of overlapping
nodes is 3/34 in Karate club network, 2/21 in Protein reaction
network, 3/62 in Dolphins interaction network. Visiting the
irrelevant nodes again and again results in the reduction of
the algorithm efficiency. If we can distinguish the probable
overlap nodes or the nonoverlapping nodes, the complexity
can be cut down. The algorithm proposed in this paper is
based on this idea. It labels the nodes by different property
and removes the unrelated nodes to reduce the unnecessary
visiting. The fast overlapping community detection algorithm
with self-correcting ability is adopted in two stages. The first
stage is the initial community discovery, and the second stage
is the error detection and correction for specific nodes.
3.1. Initial Community Detection Algorithm
3.1.1. Raw Community Detection Algorithm. Referring to the
process of local modularity [18, 21], our algorithm selects
the root vertex firstly and visits the adjacent nodes in next
layer. Then, our algorithm let the eligible nodes join the
community and repeats those two steps until there are no
qualified nodes. Some studies have verified that a majority of
nodes belong to only one cluster in the networks. So, once

(1) Pick a node randomly whose isVisited attribute is false
as the root of the community, and get the core of the
original community.
(2) If the count of nodes in the community is greater than
3, install the community model and set the isVisited
attribute to be true for all original nodes. Otherwise,
set the isVisited of root vertex to be true; then return
step 1.
(3) Get the adjacent nodes set whose isLocated attributes
are false on the basis of parameter nodes which
are going to access. And if the count is 0, go next;
otherwise, turn to step 5.
(4) If the count of nodes in the community is not less than
5, check whether the isLocated attributes are true, and
output the original community, and then return to
step 1. Otherwise, return to step 1 directly.
(5) Access each node in the adjacent nodes set in turn,
and set its isVisited attribute value is true.
(6) If a node meet the conditions, add it to the current
community, and update the community model, and
then put it to the next layer to access. Otherwise,
return to step 5.
(7) If all the nodes are calculated, return to step 3 with the
next layer nodes set.
Here, the conditions for a node joining the community
are described as follows. Assume that the node joins the
community, it meets one of the following conditions: (1) it
brings gain in new modularity; (2) it gets addition in density
and stable; (3) the rate linked with vertex in community
is not less than threshold value (1/3); (4) the modularity is
greater than threshold and stable. Theoretical research proves
that random selection in nodes has nothing to do with the
community structure of network. In other words, every node
must belong to a certain community [3]. If root vertex cannot
form the community, sign the isVisited attribute to be true,
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and go on to seek another available root vertex until the core
is found.
In this progress, it builds the corresponding community
model, which records the detailed information, such as the
inner nodes and edges, and the outer edges. If a new node
joins the community, it needs to update the community
model immediately, which avoids the repetitive computation
and lessens the complexity in time.
Moreover, the amount of expansion is not unlimited.
From steps 3 to 7, even if there are coincident nodes every
time, due to the six-degree theory [8], the diameter of the
community is less than 6 and the cycle index is limited, too.
After discovering the community, the algorithm needs to
confirm the isLocated attribute. The studies show that the
threshold of most nodes’ belonging factor in community is
2/3. But in this paper, the threshold of belonging factor is 3/4,
and the rate of overlapping edges in all the adjacent edges is
less than 1/4. Our algorithm takes a strict criterion to prevent
missing the possible overlapping nodes, which is convenient
for the error correction algorithm in the next step, just as the
number 31 node in Karate club network.
3.1.2. Redistribution Algorithm for Unallocated Nodes. Some
studies on the known networks reveal that some nodes have
accessed (isVisited = true) in the raw detection stage but failed
to be assigned to any detected communities. The reasons
are listed as follows: (1) high threshold modularity; (2) close
connections among some nodes which form the structure like
analogous triangle and any individual vertex cannot meet the
requirements. For example, the number 25, number 26, and
number 32 nodes are unable to form an independent cluster
and need to join the community in union. So, it is necessary
to execute the redistribution algorithm for unallocated nodes,
which ensures every node belongs to cover.
The way to acquire the unallocated nodes set is calculating
the subtraction between the beginning nodes and allocated
nodes. For each unallocated node, the flow of the process is
described as Algorithm 1.
Owing to the complexity of networks, there may be chain
effect. For example, the adjacent nodes connected in sequence
just form a chain. To deal with this case, the first node
is allocated to the community, and the others are isolated
nodes, which will not be participated in the next community
detection.
3.2. Error Detection and Correction Algorithm for Specific
Nodes. The error detection and correction algorithm aims
to recognize and check the overlapping nodes, which ensure
the accuracy of the result. Here, the specific nodes are
those whose isLocated attribute is false. In the process of
initial community detection, the timing of nodes joining
the community is different, and some core nodes are put in
the cluster first. The other will not be identified completely
because of missing the information of adjacent nodes. In
the following redistribution process, the unallocated nodes
decrease the membership value to the community, which
may lead to wrongly label to other community. However, the
isLocated attribute of wrong classified nodes is false, too. It is

5
the minimum range to execute error correction algorithm on
those nodes whose isLocated attribute is false. The researches
on some known network show that the more evident the
community structure is, the less the specific nodes are. In
Karate club network, it is 11/34, in Protein reaction network it
is 5/21, and in Dolphins interaction network it is 8/62.
In our algorithm, for every node, the procedure is
described as follows.
(1) Get the adjacent communities list. If they exist, go
next. Otherwise, go to step 5.
(2) Select an adjacent community, and verify whether the
node meets the conditions to join the community
(referring to distribution algorithm), and then decide
to join or continue.
(3) If all the adjacent communities are tested, then check
whether it is equal distribution. If it is, join each
adjacent cluster. Otherwise, go next.
(4) If the type of joining community is equal distribution,
return. Otherwise, continue to go.
(5) Get the belonging community set of the node. If the
count is 1, return. Otherwise, go next.
(6) Choose an unverified community; recalculate the
belonging factor which is linked with the community.
If it is bigger than the threshold, return.
(7) Calculate the modularity variation when removing
the node from the cluster. If it is positive, remove the
node, return. Otherwise, directly return.
After the initial community detection, the information
of nodes membership is completed mostly. The experiments
reveal that some overlapping nodes interplay, which would
change the node property. That is to say, a new joining
node will bring its unallocated adjacent nodes to the same
community, and the allocated nodes may be overlapping
nodes and expand the overlap region, such as the number 10
and number 3. Therefore, the mutual linking nodes should be
extracted, and the error detection and correction algorithm
should be executed once again. It could clear up the possible
wrong division, which makes the partition reasonable and
steady.
Moreover, since the error detection and correction algorithm aims to the specific nodes, when expanding the nodes
to the whole network, it is able to detect the validity of other
community detection algorithms. If there is no change in
node membership, they are just steady and accurate.

4. Estimation to the Effect of
Overlapping Node
4.1. Original Bridgeness. Community modularity is independent with the partition pattern, whether it is hard or crisp.
But for the overlapping and nonoverlapping nodes, the roles
are different in the network. It needs bridgeness [9] function
to evaluate the position and importance of the overlap in the
network, and the membership distribution is a major factor.
The previous studies suggested that the sum of membership
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(1) communities = getCommunities(); /∗ get the communities of adjacent nodes ∗ /
(2) if (communities. Number == 0 then
(3)
/∗ if the number is 1 ∗ /
(4)
Add(community); /∗ join the community ∗ /
(5)
Return;
(6) else
(7)
for communities do
(8)
/∗ for each community ∗ /
(9)
if matchConditions then
(10)
/∗ judge whether node match the conditions ∗ /
(11)
Add(community); /∗ join community ∗ /
(12)
end if
(13)
end for
(14)
if averageDistribution() then
(15)
/∗ if it is equal istribution ∗ /
(16)
AddToAll(communities); /∗ join each community ∗ /
(17)
Return;
(18)
end if
(19)
if noAdd then
(20)
/∗ if it doesn’t match the above ∗ /
(21)
addMaxMembership(); /∗ join the community getting maximum belonging factor ∗ /
(22)
end if
(23) end if
Algorithm 1: The redistribution algorithm for unallocated nodes.

factor is 1.0 [17, 22]. However, there are limitations with this
suggestion. In the overlapping communities, the connections
among overlaps form the overlapping edges and are the
member of multiple communities. So it is calculated more
than once and the sum of node membership can be greater
than 1.0. For example, the membership vector of Zds1 in
Protein reaction network is [0.3, 0.4, 0.4] and the sum of them
is 1.1.
Definition 3. The sum of node membership vertex meets the
condition in (4), in which we assume that the number of
belonging communities is 𝑐:
𝐶𝑐

∑𝑎𝑖𝐶𝑐 ≥ 1.0.

For each node, bridgeness means the degree of sharing
in different communities. Nepusz et al. define that it is 0
when the node belongs to only one cluster. And it is 1.0 when
sharing equally by the belonging communities. On the basis
of membership vertex [𝑎𝑖1 , 𝑎𝑖2 , . . . , 𝑎𝑖𝑐 ] of overlapping node
𝑖, after setting the uniform distribution [1/𝑐, 1/𝑐, . . . , 1/𝑐] as
reference vertex, they define the bridgeness [9] as
𝑐 𝑐
1 2
∑(𝑎𝑖𝐶𝑟 − ) .
𝑐 − 1 𝑟=1
𝑐

Definition 4. Improved bridgeness is defined as follows, in
which 𝑘𝑖 is the degree of node 𝑖, and 𝑎𝑖 is the value of the
actual uniform distribution:

(4)

𝑖=1

𝑏𝑖 = 1 − √

an ignorable element. Obviously, Nepusz et al. overlook its
own factors. If two nodes all conform to uniform distribution,
the bridgeness is 1.0. So it cannot indicate the importance.
Moreover, the node contribution of overlap can be positive
in more than one community, and 1/𝑐 fails to express the
actual average value of the uniform distribution. So, we set
the average value as all the belonging factors. Considering
the membership number is lesser than the degree of node, we
introduce the improved bridgeness as follows synthetically.

𝑏𝑖 = 1 − √

𝑐 𝑐
1
1
∑ (𝑎𝑖𝐶𝑟 − 𝑎2𝑖 + 2 + ).
𝑐 − 1 𝑟=1
𝑐
𝑘𝑖

(6)

As shown in (6), the greater the membership number is,
the higher the degree is, and the more similar to uniform
distribution the membership vertex is. The sum of variance
is less, and then the value of bridgeness is greater, which
signifies the important standing in network. The detailed
results of comparison and analysis are demonstrated in the
next experiments.

(5)

4.2. Improved Bridgeness. The distribution of belonging factors determines the status in network. The more approximate
to the uniform distribution it is, the greater the effect is.
However, the membership number is a positive and significant element. In addition, the degree of node itself is not

5. Experiment Results and Analysis
In this section, we evaluate our algorithm with the community structures of three well-known networks, which,
respectively, are Karate club network, Protein reaction network, and Dolphins interaction network. Karate club network
[1, 15] is the community structure network initially found
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by Newman, which represents the traditional social research
network. Protein reaction network [3] is a network composed
of protein metabolism, on behalf of the emerging biology
research network, and Palla et al. find the overlapping characteristics of the community through it. Dolphins interaction
network [15] is a network built according to interaction
information of waters bottlenose dolphin living in New
Zealand, which belongs to natural science research field, and
many scholars take it as a research subject.

7
25
26

Com1: “1” → “11”, “14”, “22”, “20”, “13”, “18”, “8”, “9”, “2”,
“3”, “4”, “5”, “6”, “7” → “12”, “17”, “31”.
Com2: “15” → “33”, “34” → “16”, “19”, “21”, “23”, “24”,
“28”, “30”, “31”, “9” → “27”.
After forced distribution, the set of the unallocated nodes
is {“32”, “25”, “26”, “29”, “10”} and none of overlapping
nodes is classified by mistake. After the initial community
distribution, 29 nodes determine the belonging community.
In the error detection and correction algorithm, the set
of the detected nodes is {“34”, “3”, “32”, “9”, “31”, “28”, “29”,
“26”, “26”, “25”, “20”, “10”}. Since the adjacency node has not
been fully allocated in the process of the initial distribution,
most of the nodes lack of adjacency information reference
and are unable to determine isLocated = true. In view of the
connected closely node {“3”, “9”, “10”}, the theoretical analysis
has pointed out this problem that wrong classification may
result in the change of the node properties. So, the error
detection and correction algorithm should be performed
again for such a node, which can eliminate the unreasonable
factors and make the classification tend to be stable.
Figure 7 is the final community structure found by our
algorithm, which is in accordance with the standard distribution and includes the red solid nodes {“3”, “9”, “31”}, namely,
the overlapping nodes. More information of overlapping
nodes is shown in Table 2. Compared with number 9 and
number 31, both of them belong to two communities. The
variance of the former is less than number 31, and the degree
is also greater. However, the original bridgeness of number 9

15

34
20

12

16
1

14
18

5.1. Karate Club Network. Karate club network is the classic
interpersonal relationship network, in which 34 members
constitute 78 connections. Since the disagreements between
members lead to divide into two pies, the network is divided
into two distinct communities. In traditional hard classification model, the node can only belong to one community.
However, after utilizing our algorithm on this network, we
found that three nodes meet the criteria of overlapping node.
Since overlap is an important characteristic of complex networks, through analyzing the network structure, the overlap
model is more in accord with the actual situation.
During our algorithm implementation process, firstly,
it chooses the root node of the community, which is “1,”
after three extensions, no subsequent nodes can join in, the
original community is found; then it selects the root node,
which is the “15”; it ends after three times external extension
and completes the found of another community; the obvious
overlap nodes {“9”, “31”} are identified. Original community
discovery process is described as follows:

28
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9
31 10
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13

6

7
17

11

5

Figure 7: The community structure found by our algorithm in
Protein reaction network.

is smaller, which is irrational. And the improved bridgeness
displays the difference in nodes, in accord with their own
status in the network.
As seen from the membership value, in Karate club
network, the sum of overlap node membership degree is
greater than 1.0, and each node can increase modularity for
belonging community. In addition, the cumulative difference
of the absolute value of the node 3 and node 31 membership
vertex value and average distribution is less than or equal
to a quarter, which are also in accord with the condition of
average distribution. Therefore, it also verifies the principle
and sequence of overlapping node determination conditions.
5.2. Protein Reaction Network. Protein network is built
according to metabolism response relationship between the
biological protein, containing 21 nodes and 61 sides. It is a typical overlapping community network, the community structure of which is obvious. Through running our algorithm
for finding original community, all of the communities are
identified, and the nodes are all classified correctly, including
high overlapping nodes. The redistribution algorithm needs
not to run; thus our algorithm quickly found the overlapping
community, which validates the efficiency of our algorithm.
Let us focus on the implementation process of our algorithm. The root node of each community and its subsequent
extension process are described as follows:
Com1: “cdc12” → “gic2”, “cla4”, “gic1” → “cdc42”,
“rga1”, “rrp14”, “zds2” → “zds1”.
Com2: “cph1” → “snt1”, “sif2”, “hst1”, “hos2”, “hos4”
→ “set3”, “zds1”.
Com3: “pph21” → “pph22”, “tpd3”, “rts3”, “cdc55” →
“zds1”, “zds2”.
Figure 8 illustrates the three communities found by our
algorithm, which is labeled by different shapes and colors.
The structure is the same as the standard classification, and
the solid red nodes {“zds1”, “zds2”} are the overlapping nodes.
The detailed information is shown in Table 3. In particular,
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Table 2: The detailed information of overlapping nodes in Karate club network.

Overlapping node

Degree

Membership number

3

10

2

9

5

2

31

4

2

Belonging factor
0.60
0.50
0.60
0.80
0.50
0.75

Original bridgeness

Improved bridgeness

0.86

0.40

0.55

0.30

0.65

0.25

Table 3: The detailed information of overlapping nodes in Protein reaction network.
Overlapping node

Degree

Membership number

Zds2

9

2

Zds1

10

2

cdc42

cdc12
gic2

rrp14

sif 2

cla4
zds2

rts3

zds1
hos2

cdc55

cph1
hos4

set3

hst1

Original bridgeness

Improved bridgeness

0.89

0.39

0.88

0.53

link more closely in the network. If there are no adjacent
nodes to join in, the adjacent information is missing and
nodes are delayed to join the community, which cause that
they are repeatedly visited. This is not in conflict with the
six degrees theory in network, because it does not mean
extending the network to the seventh layer from the root
node. The detailed extension process of raw community is
described as follows:

gic1

rga1

pph22

Belonging factor
0.56
0.44
0.30
0.40
0.40

snt1

pph21
tpd3

Figure 8: The community structure found by our algorithm in
Protein reaction network.

they are in accord with the three conditions of overlap, which
verifies the effectiveness of our proposed conditions again.
Protein reaction network also demonstrates the irrationality of the original bridgeness. Zds1 node degree and
community membership number are all greater than Zds2.
But the original bridgeness is still lower than Zds2, and
the difference of numerical value is very small, while our
improved bridgeness avoids this defect, which is more in line
with the node’s position in the network community.
5.3. Dolphins Interaction Network. Dolphins interaction network is established according to the dolphin interaction
information. Its community structure found by our algorithm
is shown as Figure 9, in accord with the actual situation. The
difference in number of nodes in communities is big, which
is 44 and 21, respectively. Through running the algorithm, we
found that from the start of the root node “0,” the network
cycle needs to extend 7 times to find the large community,
and it seems not to be in accord with the small world network
model. Through deep analysis, the reason is that some nodes

Com1: 0 → “14”, “47”, “42”, “15”, “10”, “40” → “2”, “24”,
“30”, “52”, “55”, “7” → “19”, “28”, “29” → “18”, “20”, “35”,
“45”, “51”, “8” → “11”, “21”, “23”, “3”, “36”, “37”, “4”, “44”,
“50”, “59” → “16”, “33”, “34”, “38”, “39”, “43”, “61” →
“12”, “46”, “49”, “53”, “58”.
Com2: 13 → “5”, “6”, “41”, “32”, “17”, “57”, “9”, “54” →
“1”, “56”, “60” → “19”.
Between the starting node 0 in the community Com1 and
the last joined node 58 in the community Com1, the shortest
distance among them is only 3, in line with the feature of
the small world network. Unallocated node set {“27”, “25”,
“26”, “22”, “31”, “48”} is allocated correctly, and the specific
nodes {“17”, “1”, “27”, “7”, “19”, “25”, “26”, “39”} are achieved
stability after completing the error detection and correction
algorithm.
The detailed information of overlapping nodes is shown
in Table 4. The set of found overlap nodes is {“19”, “39”, “7”},
in which {“19”, “7”} are in accord with multiple overlap conditions. In addition, node 39 conforms to standard uniform distribution, fairly connecting the two communities. Through
the comparison of the original and improved bridgeness,
since the original bridgeness only considers the membership
values, it is unreasonable distinctly, which is illustrated by
node 39.
5.4. Results Analysis and Discussion
5.4.1. Multiple Constraints of the Algorithm. The other community found that optimization algorithms take the maximize objective function value as the end condition. The
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Table 4: The detailed information of overlapping nodes in Dolphins interaction network.
Overlapping node

Degree

Membership number

19

4

2

39

2

2

7

5

2

Belonging factor
0.50
0.75
0.50
0.50
0.60
0.60

Original bridgeness

Improved bridgeness

0.65

0.25

1.00

0.14

0.80

0.33

Table 5: The proportion of overlapping nodes and nodes of each stage in the networks.
Community structure
Karate
Protein
Dolphins

Overlapping proportion

Raw community
detection proportion

Redistribution proportion

Error detection
and correction proportion

0.09
0.10
0.05

0.85
1.00
0.9

0.15
0.00
0.10

0.32
0.24
0.13

initial community detection algorithm proposed in this paper
is different and based on extracting the overlapping node
features. Multiple conditions and multiple thresholds are
constrained to find natural communities, which contains
situations as follows: (1) the basic modularity increases; (2)
density increases with stability; (3) the connection is greater
than the community size threshold; (4) the modularity is
greater than the specified threshold with stability; (5) the
belonging factors are in accord with uniform distribution.
These conditions form an access priority according to the
judgement order, and high computational complexity would
inspect in the final. Through the reasonable arrangement of
the condition priority, it avoids the unnecessary calculation
and reduces the complexity.

5.4.2. Operating Efficiency of the Algorithm. In the process
of our algorithm running, through controlling the attribute
of isLocated, it gradually shrinks the expansion space of the
adjacent available nodes and cuts down the repeated access
of the nodes, which improve the operation efficiency of our
algorithm. For nonoverlapping nodes, theoretical visit is only
one time. For the possible overlapping nodes, it only needs
to visit and verify the relevant adjacent communities. The
attributes are to classify nodes, and it can avoid the repeated
visit and compute for the irrespective node effectively.

5.4.3. Strategy of the Algorithm. In the process of discovering
natural communities, by establishing community model and
updating community information in real time, it avoids the
repeated compute community information when the nodes
join the community. Most of the time is spent in the process of
finding natural community. The subsequent error detection
and correction algorithm is a supplement. Since the involved
node is less, the complexity of the calculation is lower than
community discovery process. So the overall complexity is
approximate linear. It shows the node proportion information
in each stage during our algorithm running in Table 5.

In each period of our whole algorithm, the core is
the raw community detection algorithm, which detects the
main areas of communities. It determines the number of
network partition, and affects the efficiency of the algorithm.
Compared with the data in the network, the vast majority
of nodes in the community are nonoverlap. The overlap
nodes and nonoverlap nodes can be identified by the attribute
of isLocated, which greatly reduces the repeated visit and
calculation to the irrelevant nodes, and the algorithm enables
to detect communities rapidly. In Figure 10, more than 80%
nodes have been confirmed in the stage of raw community
detection. In addition, the more obvious the community
structure in the network is, the smaller the proportion of
nodes need to redistribute is. Since the number of nodes
in error detection and correction stage is limited and the
community structure has been clear, it only needs to verify
the specific nodes, which do not access large-scale adjacent
nodes. So the error detection and correction algorithm has
less effect on the increase with overall complexity.

6. Conclusions
In this paper, we first put forward the new features of
modularity and also show the advantage of the new weighted
modularity in structure, which is based on cohesive and
density synthetically. The experiments are conducted on the
classical networks with well-known community structure,
which explore the distribution of the parameter factor.
In addition, according to the proportion of overlap in
the community, we present a fast overlapping community
algorithm with self-correction by setting the nodes with
the attributes of isVisited and isLocated, which consists of
two stages: (1) the initial community detection algorithm
and (2) the error detection and correction algorithm. We
also propose an improved bridgeness function to evaluate
the extent of overlapping nodes. The experimental results
demonstrate that our algorithm is good for the expansion
of discovery algorithm when extracting the overlap features.
Although our algorithm is already effective, but the later
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Figure 9: The community structure found by our algorithm in Dolphins interaction network.

step. Through the experiments on the existing network, our
algorithm can be applied to large-scale networks in the future.

1.00
0.90
0.80
0.70
0.60
0.50
0.40
0.30
0.20
0.10
0.00

Conflict of Interests
The authors declare that there is no conflict of interests
regarding the publication of this paper.

Error detection
and correction. . .

Redistribution
proportion

Raw community
detection. . .

Overlap
proportion

Acknowledgment

Karate
Protein
Dolphins

Figure 10: The proportion of the various types of nodes in networks.

work can be expanded in more different types of networks,
to test out appropriate parameter and conclude parameter
distribution principle. In addition, the threshold setting in
the overlapping node conditions, such as in the modularity,
stationarity, and the close connection, is strict in algorithm,
which expands the scope of nodes in error detection and
correction slightly. However, finding and extracting the new
features of overlapping node are the directions in the next

This work was supported in part by Guangdong Natural
Science Foundation (Grant no. S2013040012895), the Major
Fundamental Research Project in the Science and Technology
Plan of Shenzhen (Grant no. JCYJ20120613104215889,
Grant no. JCYJ20130329102017840, and Grant no.
JCYJ20130329102032059), and Natural Science Foundation
of SZU (Grant no. 00035697). The authors wish to express
their appreciation to the four anonymous reviewers and the
journal editor for their valuable suggestions and comments
that helped to greatly improve the paper.

References
[1] M. Girvan and M. E. J. Newman, “Community structure in
social and biological networks,” Proceedings of the National
Academy of Sciences of the United States of America, vol. 99, no.
12, pp. 7821–7826, 2002.
[2] M. E. J. Newman and M. Girvan, “Finding and evaluating
community structure in networks,” Physical Review E, vol. 69,
no. 2, Article ID 026113, 15 pages, 2004.

The Scientific World Journal
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Optical technology gains extensive attention and ever increasing improvement because of the huge amount of network traffic caused
by the growing number of internet users and their rising demands. However, with wavelength division multiplexing (WDM), it is
easier to take the advantage of optical networks and optical burst switching (OBS) and to construct WDM networks with low delay
rates and better data transparency these technologies are the best choices. Furthermore, multicasting in WDM is an urgent solution
for bandwidth-intensive applications. In the paper, a new multicasting protocol with OBS is proposed. The protocol depends on a
leaf initiated structure. The network is composed of source, ingress switches, intermediate switches, edge switches, and client nodes.
The performance of the protocol is examined with Just Enough Time (JET) and Just In Time (JIT) reservation protocols. Also, the
paper involves most of the recent advances about WDM multicasting in optical networks. WDM multicasting in optical networks
is given as three common subtitles: Broadcast and-select networks, wavelength-routed networks, and OBS networks. Also, in the
paper, multicast routing protocols are briefly summarized and optical burst switched WDM networks are investigated with the
proposed multicast schemes.

1. Introduction
In our century, internet is an indispensable technology and
the main reason of the increasing internet traffic is the ever
growing demands of the users. Thus, new technologies are
needed for high-bandwidth intensive applications to provide
enough bandwidth. WDM optical network is proposed to
deal with this problem. Optical network occupies local to
wide area, connects millions of users, and offers high data
rates and capacities exceeding those of familiar networks.
WDM technology well utilizes the high-bandwidth characteristic of the fiber-optic links. In the concept of WDM over
fiber-optic link, the laser beams travel over a single fiber
where each laser beam travels over a different optical wavelength [1]. Hence, on these days, WDM networks become
the most preferred architecture for backbone networks with
the many advantages they own. The first one is the ability of
building robust multicast trees with the optical layer topology
instead of electronic layer. The other one is the ability of
light-splitting which is more efficient than copying IP packets.
The last one is the bit-rate transparency in optical multicast.

Furthermore, multicast services’ needed applications are also
gaining great concern. Multicasting is a way of sending
information from a single or multiple sources to many
destinations. Recently, multicasting in optical domain gains
much more attention than multicasting in electronic domain
because of the light-splitting capability of optical switches
and because these optical switches present excellent solutions
instead of duplicating data in electronic domain [2–4].
The paper is organised as follows. In Section 2, WDM
networks’ general structure is presented. Optical WDM
networks and main topics about multicasting are briefly summarized in Section 3. In the last section, a new multicasting
protocol for OBS is proposed.

2. General Properties of WDM Networks
As the bandwidth intensive application usage increases,
the bandwidth demand increases too. Therefore, WDM
is presented to meet this increasing need for very-highbandwidth transport networks. With the WDM technology, it
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is easy to build very large wide-area networks. Thus, internet,
video-on-demand, distributed interactive simulation, graphics and visualization, worldwide web browsing, e-commerce,
medical image access and distribution, shared whiteboards,
teleconferencing, and many more bandwidth intensive applications demand multicast services. On the other hand, these
multicast applications belong to the category of multipoint
applications.
The first service is one-to-many which includes most
of the applications such as on-demand video distribution,
network news distribution, file distribution, and document
distribution. The second service, many to one, includes
resource discovery, data collection at a central location, auctions, group polling, and accounting. The last service many
to many applications are multimedia conferencing, distance
learning, and distributed simulations. The transmission rates
of these applications are on the order of subwavelength rates.
This means that some of the applications do not need the
whole transmission rates of a lightpath. Therefore, for this
kind of applications, traffic grooming is required. In the traffic
grooming technique, different traffic streams are switched
into higher-speed streams. There are many traffic grooming
models in the literature but most of them are designed for
unicast traffic. It is obvious that the network design and
traffic structures of unicast traffic and a multicast traffic are
different from each other. For example, in order to support
a multicast traffic, the packets need to be duplicated but in
a unicast traffic there is no need for packet duplication. In
unicast connections, a path should be routed from source to
destination. Similarly, in multicast connections, the optical
signal should be routed from the source of a tree and span
all destinations. Also, wavelength assignment should be done
for these connections. The problem of assigning wavelengths
and routes for a group of connections is known as routing
and wavelength assignment (RWA) [1, 3, 4]. Multicast routing
and wavelength assignment (MC-RWA) problem is studied
according to many aspects. Some of these aspects are proposed in [5] with the RWA problem investigation.
The main structure of an optical WDM is composed
of many routing nodes that support a definite number
of wavelengths. Also, these nodes are connected to each
other by point-to-point fiber links. In a WDM network, a
connection is named as light path. In general, there is a packet
transmission from one source to multiple destinations in a
multicast network. For this type of transmissions there should
be a connection established from one source node to many
destination nodes.
For an efficient multicasting, it is better for the nodes
to have the capability of splitting and/or broadcasting from
input to output. In some situations, an incoming channel
is needed to be connected to a group of outgoing channels
each of which is on a different fiber. There are three multicast
models. In multicast with same wavelength (MSW) model,
the same wavelength is assigned to the source and the whole
destinations in the multicast connection; that is, there is
no wavelength conversion taking place in the transmission.
In the multicast with same destination wavelength (MSDW)
model, the same wavelength is assigned to the whole output
signals but this wavelength may be different from the input
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wavelength. The last model is multicast with any wavelength
(MAW). In this model, the source and destinations use
different wavelengths [6].
These types of network services require optical crossconnects (OXC) to be able to switch data carrying connections. In general, opaque (optical-electronic-optical) and
transparent (all-optical) switching architectures are studied
with the fractional capacity sessions and sparse splitting
constraints [7].
Clearly, optical switches are essential for WDM networks.
The switches may have much different architecture and two
of them are shown in Figure 1. They have two important
facilities; these are routing of optical paths and termination
or addition of optical paths. Light-splitting capability is so
important for optical switches in bandwidth intensive applications. In all-optical networks, power is such an important
measurement. For this reason, in optical multicasting, power
splitters need to be used. These devices are distributing the
input signal to all outputs so there is no need for buffering in
multicast connections [8].
The basic architectures of WDM networks in literature are
summarized with three sub titles. The general structure of a
broadcast-and-select WDM network consists of 𝑁 nodes, a
passive star coupler (PSC), and optical fibers. The nodes and
passive star couplers are connected to each other with a pair of
optical fibers. Also, the nodes have a number of transmitters
and receivers. The transceivers may be fixed to a wavelength
or not. If they are not fixed, then they are tunable over a
number of wavelengths. In literature, there are four types of
node transceivers explained. These are fixed transmitter and
fixed receiver (FT-FR), fixed transmitter and tunable receiver
(FT-TR), tunable transmitter and fixed receiver (TT-FR), and
tunable transmitter and tunable receiver (TT-TR).
Broadcast-and-select in WDM networks can be examined in two categories. These are single hop and multihop.
In a single hop network, in order to support a packet transmission, the source node’s transmitter and the destination
node’s receiver should be tuned to the same wavelength.
When a source node sends a data, it passes through the PSC,
but not an intermediate node, and reaches the destination
node. In general, broadcast-and-select networks utilize PSCs.
Here, every node is connected to a passive star with two-way
fibers. In this system, the data is transmitted from 𝑁 different
nodes to passive star via 𝑁 wavelengths. Furthermore, the
nodes have only one receiver which is tuned to only one
of the 𝑁 channels and also these nodes may listen to
only one of the 𝑁 information streams. In other words,
a PSC is used for dividing the incoming light from any
port equally to all other ports. Hence, the arriving packet is
broadcasted to all of the other ports by a PSC. When a node
receives a packet, it checks if this packet belongs to itself or
not. Thus, single hop WDM network is a kind of sharedchannel network. Here, the system utilizes wavelength-agile
transmitters or receivers, which can tune quickly to different
wavelengths but, as mentioned before, this function costs
higher than multihop communication. Compared with the
multihop networks, single hop networks need expensive
wavelength tunable transceivers. The observations imply that
these kinds of networks may have contentions during the
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packet transmissions. Collision is a type of contention, it
occurs when two or more transmitters try to transmit to the
same destination node with tunable receivers over different
channels simultaneously. To avoid this type of contentions,
the most important fact is the coordination of transmissions
which is adjusted by a media access protocol or a multicast
scheduling algorithm (MSA).
There are three types of well-known multicast scheduling
algorithms. The first one is reservation-based MSA. Here, a
shared control channel is utilized for sending nodes’ transmission requests. The arriving packets are placed in an arrival
queue and a control packet is sent over a control channel to
all of the nodes. The control channel has a slotted structure
and the access of the nodes are arranged by round-robin time
division multiple access (TDMA). In fact, the control channel
is divided into control frames and each of these frames is also
subdivided into 𝑁 control slots. If node 𝑖 wants to transmit its
control packet, it can only transmit the packet in the 𝑖th slot
of each control frame. When the transmission issue is over,
then the data packet is sent to the nodes’ waiting queue, till
it is transmitted to all of its own destination nodes. By the
way, the control packet will arrive to the nodes in the network
after a propagation delay. These nodes will run the same MSA
for reserving data channels and time slots and scheduling the
transmission of the corresponding packet. Then each node
updates its record after the reservation and gets ready for
a new scheduling. The second one is random-access-based
MSA; Here in order to support the system, a centralized
scheduler is used, and the nodes send their requests to the
control channel with an unslotted random access protocol
but the central scheduling works with a slotted manner.
The transmission requests arrive to the centralized scheduler
via a control wavelength. After receiving the requests, the
centralized scheduler runs the MSA and informs the nodes
via a separated control wavelength. In this system, there is
a request query for each node which is checked consistently
and scheduled to the best slot. This type of MSA is presented
to reduce the complexity of reservation-based MSA because
the nodes try to access the data channels in a random
manner. The third one is preallocation-based MSA which

has a static structure. In this system, the transmissions are
arranged by predetermined schedules, such as, for each slot,
the active transmitters, the corresponding wavelengths, the
active receivers are predetermined. Thus, the overhead of the
control messages can be decreased.
Besides, multihop WDM network works with cheaper
fixed-wavelength transceivers. In other words, it functions
with fixed-tuned transmitters and receivers. Furthermore, the
network owns a fixed logical topology because of the fixed
connectivity of nodes. The main reason of this fact is the FTFR node structure of the network. The multihop networks’
logical topology may be irregular or regular. The irregular
topology design has a high routing complexity. Consequently,
it may not have gained too much attention. But many of
the regular topologies are well studied such as shuffle-net,
Manhattan Street (MSN), and Hypercube. Furthermore, the
main problem of MC-RWA is finding a multicast routing tree
and then allocating necessary wavelengths on every link of
the tree. To deal with this problem, it is examined as two
subtitles: routing and wavelength assignment. In other words,
when a multicast request is received, the first thing is finding a
tree-structured route which is rooted at the source and spans
all of the destinations. To find such a multicast tree, there are
many schemes presented in the literature but the simplest way
is utilizing the IP multicast routing protocols at the IP layer.
After constructing a tree, the next step is allocating available
wavelengths for each link of the tree. Routing and wavelength
assignment problems are the main problems of wavelengthrouted networks. In the wavelength-routed system, the access
nodes have transmitters and receivers. In addition to this,
the incoming light is routed to the intended outgoing link
by the wavelength routing switches. These switches should be
multicast capable of providing multicasting in wavelengthrouted networks. In other words, these switches should
be able to replicate and forward each incoming optical
signal to all outgoing links all optically. In order to support
multicasting, it is important for a wavelength-routed switch
to have a light-splitting capability. In general, this is achieved
by an optical splitter. If a wavelength-routed switch does not
have a light-splitting capability, then they are called sparse
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splitting capable switches. Multicast routing and wavelength
assignment (MC-RWA) are basically divided into two categories: single multicast request case and multiple multicast
request case. The first case is also categorized as multicast
tree optimization and light-forest construction in the case of
sparse splitting. In fact, the main aim of single multicast request
case is to find routes from source to all other destinations. In
multicast tree optimization, all of the nodes in the network are
multicast capable; so there are many multicast trees to choose
from. In this situation, the best one is chosen but, in lightforest construction in the case of sparse splitting, the network
has sparse splitting nodes so alternative routes must be found
to support multicasting. In order to support MC-RWA, new
algorithms are presented for static and dynamic structures.
In static structure, the multicast trees are predetermined and
cannot be changed till the end of the wavelength assignment,
in other words a multicast group’s membership does not
change during its life time. Also, in the dynamic structure,
new multicast trees can be constructed for unserved groups;
this means that the nodes may join/leave whenever they
want. Multiple multicast request case structure is composed of
dynamic traffic and static traffic. In dynamic traffic MC-RWA,
many multicast requests arrive and leave nodes dynamically.
For each arriving request, a route and wavelength should be
allocated to decrease the blocking rates. In static traffic MCRWA, multiple multicast requests arrive statistically and they
may be supported simultaneously at a meantime or a long
term multicast traffic matrix [7–14].
IP multicast routing protocols are examined in two subtitles which are dense/sparse mode and source-based/corebased modes. The first one depends on the expected distribution of multicast group members throughout the network. The second one depends on the construction method
of multicast tree and the root of the multicast tree constructed. The Distance Vector Multicast Routing (DVMRP),
the Protocol-Independent Multicasting Dense Mode (PIMDM), and Multicast Extensions to OSPF (MOSPF) multicast
routing protocols are dense mode and also use source-based
tree but the well-known multicast routing protocols are the
Protocol-Independent Multicasting Sparse Mode (PIM-SM)
and the core-based tree (CBT) which are both sparse mode
and use shared trees rooted at a core router or rendezvous
point (RV) which is a meeting point between sources and
destinations of a definite group. Furthermore, PIM-SM may
also use source-based tree. DVMRP is the first and most
famous routing protocol which is used to support IP multicast
on MBone. DVMRP and PIM-DM protocols benefit from
a flood and prune algorithm, to form a shorter path tree
between the sources and receivers and to discover the exact
positions of the receivers.
In DVMRP, a neighbour probe message is sent to the
whole network on definite time intervals. The messages
include neighbour routers’ list that sent their own neighbour
probe messages before. So the routers discover their neighbours in the network. DVMRP utilizes a reverse shortest path
tree and owns its own integrated unicast counting protocol.
Also, tunneling is used to span the nodes which are not
multicast capable. In other words, packets are broadcasted
to the destinations by Reverse Path Forwarding (RPF). If
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there is not a downstream member then branches are pruned.
Also, if new members on pruned branches want to join
the multicast group, then they should send explicit GRAFT
messages upstream.
In MOSPF, routers change link state information with
each other so they gain the exact and last information about
actual state of the network. Hence, periodically multicast
group membership is flooded to the routers. As soon as a
packet arrives at a router, a shortest path tree is computed
and the results are stored for the forwarding of next multicast traffic. MOSPF protocol forwarding model and routing
mechanisms are summarized in [15, 16].
The next routing protocol is Protocol-Independent Multicasting (PIM). PIM defines the networks as PIM domains
and non-PIM enabled domains. Inside the PIM domains,
the routers utilize PIM for multicasting and there are bootstrap routers that distribute the information about rendezvous points. Moreover, on the boundaries of these PIM
domains the multicast boundary routers are placed to provide
the interaction with the non-PIM enabled domains. PIM
includes two different protocols; these are PIM-sparse and
PIM-dense.
In PIM-sparse mode, the places of the members are
supposed to be a long way off each other and the convenient
bandwidth tends to be small. Also, the convenient members should belong to a subnetwork. This routing protocol
includes tree structure with rendezvous points. Therefore,
it is more suitable for groups which are geographically
distributed in the network. Here, to join a group for group
membership, explicit join operations are needed. By the way,
the data is transmitted to only rendezvous point not to
the entire network. PIM-sparse mode structure is suitable
for construction of multicast trees with rendezvous points.
Rendezvous points are utilized for group awareness and
explicit join functions. Additionally, the concept of PIMdense mode is slightly different from PIM-sparse mode.
First of all, the members in the PIM-dense mode are closer
to each other and the convenient members might be in
every subnetwork. Also, the density of group members is
high. Furthermore, it has minimal complexity which is a
great advantage for a protocol. According to the PIM-dense
mode, the group members of all subnetworks want to receive
the data at startup. Thus, flooding and pruning are used.
Immediate integrations of new members to the multicast tree
are performed by sending graft data units. There are specific
differences between PIM-sparse and PIM-dense modes. In
PIM-dense mode, periodically transmitted join data units
and rendezvous points are not used. Also, PIM-dense mode
is preferred to be used in domains but PIM-sparse mode is
better for larger networks.
The core-based tree (CBT) includes shared bidirectional
multicast trees with rendezvous points. When these trees are
constructed, they include current group membership. The
concept of CBT structure is to reduce the status information
amount and the overhead of control data units. To deal with
the status information amount, shared multicast trees are
used [17, 18]. Here, the decision about the location of the
rendezvous point in the network is important. In literature,
many methods are presented for deciding the optimum
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location. The method in [19] depends on distance vector
information to obtain the optimum RP location with the
lowest total cost.

3. Optical WDM Networks
The main function of WDM structure may be explained as
follows. It offers the needed capacity and the connections
of the optical devices which are important for performing
the transmission in the optical level. At the beginning,
WDM technology is presented for increasing the capacity of
point-to-point fiber links in opaque networks. For multiple
accesses, before the WDM technology, time division multiplexing (TDM) and some hybrid architectures [20] were used.
But the great increase about the employment of OXCs in
networks inspired the transparent optical network designs.
In transparent optical networks, there is no need for signal
regeneration or OEO conversions. The main role of an OXC
in an optical network is to switch an input fiber’s arriving
signal to the same wavelength on an output fiber. In literature,
the IP traffic in optical WDM networks is transmitted by
three main switching technologies. These are optical circuit
switching (OCS), optical packet switching (OPS), and optical
burst switching (OBS).
In OCS, before starting a transmission, a station-tostation lightpath establishment should be arranged as in
telephony technology. After the establishment, the data is
transmitted over the lightpath and then the connection is
closed so the OCS structure may be defined as three phases:
establishment, data transfer, and termination. There is no data
loss in OCS but if the traffic load increases, then the packets
should wait at the incoming or outgoing queues. OCS switching is also used in high performance computing systems to
perform cheaper and power-efficient interconnections but,
in OCS, reserving a channel for a connection causes great
inefficiency [21–23].
OPS is proposed as a new option for wavelength routing.
An OPS node includes an optical switch fabric. The switch
fabric is used for the reconfiguration according to the packet
headers. The packet headers are either transmitted in-band
with the packet or out of band on a separate control channel
and processed electronically. It is obvious that processing
a header and reconfiguration of a switch takes some time;
by the way, the packet needs to be delayed by optical delay
lines. Thus, fast switching times are important for optical
packet switching. Most of the studies about OPS are about
throughput improvement. A study about the throughput
analysis with big optical packet switches is presented in [24].
Most of the studies in literature are based on flow control
algorithms or the packet size and window size explorations
for the improvement of the network throughput. The most
important concepts in OPS are routing, traffic control, and
error control. In OPS, the packets should be routed from one
node to the other one because the source and the destination
are not connected directly; also for gaining efficient network
performance, the whole network traffic is regulated. Besides,
in OPS, the error control is an important feature for preventing the packet loss at the stations.
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OBS includes some of the main characteristics of wavelength routing and OPS. In both wavelength routing and
OBS, the data is not processed or buffered at the intermediate
nodes. Also, in both of the OPS and OBS, the data and
the header are processed separately. In OBS, the burst is
composed of two parts which are control data and user
data. The information carried by the control data are routing
information, address information, wavelength channel information and the offset time information. An OBS network is
composed of edge routers, core routers, and fiber links. The
nodes are connected to each other by fiber links. Moreover,
by the help of the WDM technology, these fiber links carry
multiple wavelength channels. In ingress edge nodes, first
of all, the arriving IP packets are assembled into a burst
(called burstification) according to the destination multicast
group address and QoS requirements and then scheduled for
transmission on outgoing wavelengths. In the core nodes,
the bursts are switched from input ports to output ports
according to the information in the headers. Furthermore,
these core nodes handle burst contentions [25–27]. In an OBS
network, multiple IP networks construct bursts and these
bursts are switched all-optically. To configure the switches
along the bursts’ route, a control packet is sent ahead of the
burst as presented in Figure 2. During a definite offset time,
the control packet is processed. According to the information
in the control packet, the switches of intermediate nodes are
configured for the coming bursts. In addition to this, the
assembled bursts are transmitted over OBS core routers alloptically. First, the bursts arrive at the egress edge node; then
the egress edge node disassembles the bursts into packets and
then forwards them to the destinations [28–35].

4. The Proposed Structure for Optical Burst
Switched WDM Networks
In the paper, an optical WDM network is constituted. The
network model is composed of multicast capable source,
ingress switch, intermediate switches, edge switches, and
clients. The nodes of the network are connected to each other
by fiber links that carry different numbers of wavelengths.
The beginning of a session depends on the determined
video programs. If a source has a video program to send, it
will broadcast the video context to the clients. If the clients
want to view the program, they will request the program with
sending a join-request message. Consequently, the source
multicasts the video bursts to the considered clients. The
optimum paths between clients and source are calculated by
intermediate switches. Also, the join-request traffic monitoring and controlling is managed by intermediate switches. The
request-refused message is sent by the intermediate switch to
the related edge switch after receiving a join-request message
from the edge switch, to inform the edge switch that it will
not be convenient for the video transmission. After receiving
the request-refused message, edge switch sends a rejoinrequest message to another close intermediate switch for
the same video transmission. Also, keepalive messages are
sent by clients during the long data transmission periods
to inform that the multicasting session connection is still
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continuing. Figure 3 demonstrates these basic message flows
of the protocol. On the proposed NSFNET topology, all of the
switches assumed to have full-splitting capability.
In Figures 4 and 5, the simulation is constructed over a
network that transmits both multicast and unicast traffic with
(Just Enough Time) JET and (Just In Time) JIT reservation
protocols on Poisson arrival rates.
In Figures 6 and 7, both multicast and unicast traffics
are sent over the network with (Just Enough Time) JET and
(Just In Time) JIT reservation protocols on self-similar arrival
rates.
According to the simulation results, the proposed protocol structure with JET reservation protocol produces less
burst drop rates and better performance. By the way, the effect
of different arrival rates is also examined in the simulations.

5. Conclusion
Today, the network technologies are in a revolution period.
The development of these technologies shapes according
to the users’ demands and QoS parameters. This paper

includes the main and mostly studied topics about WDM
networks in literature. In this paper, multicast communications are investigated and core topics are summarized
under subtitles. General structure of WDM multicasting is
presented with the basic properties of optical switches at
the beginning. Broadcast-and-select and wavelength-routed
WDM networks are also examined. By the way, IP multicast
routing protocols are presented because of their convenient
and suitable structures for WDM multicasting. In the following, OBS WDM network structure is given with the other
related switching technologies such as OCS and OPS. As we
mentioned before, fast optical switches are needed in OPS
but, in OBS, the data is transmitted in large bursts; so there
is no need for fast optical switches. Also, during the burstification process an OBS core router’s switching granularity
will be coarser than OPS. Thus, the control and processing
overhead decrease. Similarly, OBS provides coarse switching
granularity and statistical multiplexing. In other words, OBS
combines the advantages of OCS and OPS. As we mentioned
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before, WDM is a developing technology. Hence, it includes
many open research problems. In this paper, we present
a general description of WDM networks and multicasting,
because we work on a new multicasting protocol on WDM
OBS networks and analyze the new structure with different
traffic scenarios. Here, a new protocol structure is proposed
over OBS network together with performing multicast and
considering QoS for real time applications and the structure
is supported by simulations. A new multicasting protocol
structure is introduced for OBS networks together with the
state diagrams and state transmissions of the protocol from
source to clients. Over the basic topology, a switch is designed
as the traffic source and the clients are the traffic receivers. The
burst drop rates are investigated according to their arrivals
to the network. Our protocol performance is examined on
JET and JIT with multicasting. Our performance results show
that the presented protocol structure with JET provides better
drop rates than JIT.
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In heterogeneous wireless network, vertical handoff plays an important role for guaranteeing quality of service and overall
performance of network. Conventional vertical handoff trigger schemes are mostly developed from horizontal handoff in
homogeneous cellular network. Basically, they can be summarized as hysteresis-based and dwelling-timer-based algorithms, which
are reliable on avoiding unnecessary handoff caused by the terminals dwelling at the edge of WLAN coverage. However, the coverage
of WLAN is much smaller compared with cellular network, while the motion types of terminals can be various in a typical outdoor
scenario. As a result, traditional algorithms are less effective in avoiding unnecessary handoff triggered by vehicle-borne terminals
with various speeds. Besides that, hysteresis and dwelling-timer thresholds usually need to be modified to satisfy different channel
environments. For solving this problem, a vertical handoff algorithm based on Q-learning is proposed in this paper. Q-learning can
provide the decider with self-adaptive ability for handling the terminals’ handoff requests with different motion types and channel
conditions. Meanwhile, Neural Fuzzy Inference System (NFIS) is embedded to retain a continuous perception of the state space.
Simulation results verify that the proposed algorithm can achieve lower unnecessary handoff probability compared with the other
two conventional algorithms.

1. Introduction
The fourth generation wireless communication system is
expected to integrate several types of different wireless technologies. Future wireless network may consist of multiple layers such as cellular, WLAN, WiMAX, and satellite. It means
that subscribers may always have more than one suitable
network to select according to the preference and different
characteristics of each type of wireless technologies. Common trends show that WLAN is an important supplement
to cellular network, because the coexisting of cellular and
WLAN can bring better quality of service to subscribers. In
general, cellular system performs better in the services of high
mobility and low latency, while it provides lower data rate
than WLAN. Therefore the interworking and cooperation of
these two different types of wireless network will become an
important issue in the next generation cellular system.
Common trends show that vertical handoff can help the
network satisfy the diverse Quality of Service (QoS) demands
from different users. It is evident that the interworking of

different types of wireless network is an important issue in the
heterogeneous wireless network. Unnecessary handoff, which
can degenerate the overall performance of network, is one of
the most detrimental issues that need to be addressed with
respect to handoff mechanism. It usually occurs when mobile
dwells between two base stations, and then the base stations
bounce the link with the mobile back and forth. In order
to solve this problem, hysteresis-based [1, 2] and dwellingtimer-based [3] handoff trigger algorithms are generally used
in sole cellular network.
In recent years, many kinds of vertical handoff algorithms
are proposed for reducing the effect of unnecessary handoff
in heterogeneous wireless network. In 2001, Ylianttila et al.
analyzed the handoff delay in GPRS/WLAN network and
proposed a dwell timer based handoff algorithm to optimize
the handoff decisions [4]. Afterward, McNair and Zhu proposed a handoff algorithm by comprehensively considering
service type, monetary cost, network conditions, et al. [5].
In 2007, W. Lee et al. presented a movement aware vertical
handoff trigger scheme for WLAN/WiMAX heterogeneous

2
network. In this paper, an adaptive dwell timer was used
to allow MS a better connection [6]. In the same year, A
SINR based vertical handoff algorithm is provided by K. Yang.
This algorithm converts the SINR value from one network
to an equivalent value for the target network and then
provides the handoff decision [7]. In addition to the above
achievements, Chang proposed an adaptive vertical handoff
algorithm with predictive RSS in 2008. Simulation results that
validated this algorithm can reduce unnecessary handoff and
improve dropping rate [8]. More recent studies were given by
Haider et al. in 2011. They used intelligent fusion of adaptive
threshold, signal trend, and dwell timer as the inputs of
vertical handoff trigger algorithm and obtained a better result
than many of traditional algorithms [9]. In [10], the authors
proposed a distributed vertical handoff strategy for vehicle
to vehicle and vehicle to infrastructure communication. The
communication cost and transmitting time is discussed.
However these previous researches are mainly developed from the hysteresis-based and dwelling-timer-based
algorithms, which are widely used in horizontal handoff of
cellular network. In vertical handoff, the velocity factor has
more imperative effect in handoff decision than in horizontal
handoffs. The coverage of WLAN is much smaller than cellular network. Therefore, switching to WLAN when traveling at
high speeds is likely to face the problem that a handoff back
to the original network would occur very shortly afterwards.
Since the procedure of a handoff behavior involves a set of
signaling functions and consequently imposes both processing loads and signaling overhead to the network, unnecessary
handoffs should be discouraged [10, 11]. Definitely, traditional
algorithms are reliable on avoiding ping-pong handoff caused
by the terminals dwelling at the edge of WLAN coverage,
but they cannot essentially solve the unnecessary handoff
triggered by vehicle-borne terminals. Moreover, hysteresis
and dwelling-timer thresholds usually need to be modified
to satisfy different channel environments.
Q-learning [12] is an online learning algorithm with
outstanding adaptive ability. It has been widely explored in
the field of automatic control. To overcome the limitations
of classical Q-learning algorithm, for example, discrete state
perception and discrete actions, Jouffe proposed the method
that using NFIS to retain continuous perception of the state
space [13]. It infers the global policy, which is relative to state,
from local policies associated with each rule of the learner.
NFIS is embedded to introduce generalization in the state
space and generate continuous actions. On the other hand,
Q-learning is used to tune a fuzzy controller. Note that, there
were also some other approaches of extending fuzzy logic into
Q-learning before [13] was proposed, such as those shown
in [14]. In order to avoid confusion, we term the algorithm
Q-learning Neural Fuzzy Inference System (Q-NFIS) in this
paper instead of Fuzzy Q-learning (FQL) in [13], although it
is developed from that.
The key contribution of this paper is stated as follows.
Firstly, we present a Q-NFIS based vertical handoff trigger
algorithm. Multiple RSS values from different AP and their
rates of change were used as the input of handoff decider.
It is certain that RSS values are related to the position of
terminals, whereas their rates of change reflect the motion
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states. Consequently, the position and motion information
are used as hidden function to trigger handoff decision. Then
we propose an outdoor AP deployment scheme. Afterwards
we analyze the unnecessary handoff triggered by vehicleborne terminals with various speeds. Aiming at this issue, we
provide the mathematical analysis for our results. Simulation
results verify that the proposed algorithm can provide the
decider with self-adaptive ability for handling the terminals’
handoff requests with different motion types and channel
conditions and achieve lower unnecessary handoff probability compared with the other two conventional algorithms.
Note that many researches have proved that unnecessary
handoff results in degradation of network performance [4–6,
8] with respect to throughput, delay et al. Therefore we mainly
focus on how to reduce unnecessary handoff in this paper.
The scheme of this paper is organized as follows: we
begin in Section 2 by discussing the mathematical model
of Q-NFIS. Then we propose an AP deployment scheme
for outdoor scenario in Section 3. Additionally, we derive
the mathematical probability of unnecessary handoff triggered by vehicle-borne terminals with low dwelling time. In
Section 4, we present the related numerical results. Meanwhile, two basic types of hysteresis-based and dwellingtimer-based handoff trigger methods are provided for comparison. Finally, Section 5 provides the conclusions of this
paper.

2. Mathematical Model of Q-Learning Neural
Fuzzy Inference System
The topology of Q-NFIS is shown in Figure 1. Essentially,
Q-NFIS is a feed forward network with multiple layers. The
neurons in different layers achieve different functions and are
shown as follows in detail. The only information available for
learning is the system feedback, which is the reinforcement
signal according to the last action it has performed in the
previous state. We use 𝑢𝑖𝑘 and 𝑂𝑖𝑘 to represent the input and
output of the 𝑖th node in 𝑘th layer, respectively.
Layer 1. This layer consists of 𝑁 neurons, which transmit the
input value directly by
𝑂𝑖1 = 𝑢𝑖1 ,

∀𝑖 ∈ {1, 2, . . . , 𝑁} .

(1)

In this work, we take a 4-dimensional vector as input
variables, including two RSS values from different AP and
their rates of change (RoC). Here we use the mean value
of the RSS between the interval of current handoff request
and the last one. This can reduce the deviation caused by
shadow fading according to maximum likelihood estimation
principle. Therefore the input can be represented by
U1 (𝑡) = [𝑢11 (𝑡) , 𝑢21 (𝑡) , 𝑢31 (𝑡) , 𝑢41 (𝑡)]
= [RSS1 (𝑡) , RSS2 (𝑡) , RoC1 (𝑡) , RoC2 (𝑡)] .

(2)

Layer 2. The function of the 𝑇 neurons in this layer is
fuzzification of input value. As shown in (3) and (4), M(⋅)
is the linguistic variable related to input value; namely, 𝑂𝑖2 is
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Figure 1: Topology of Q-learning neural fuzzy inference system.

the fuzzy membership value with respect to input. It reflects
the degree that input value corresponds with M(⋅). Gaussian
Function is used as the parameterized membership function
and the relationship between input and output is shown
in (4). Each row in matrix M𝑁×𝑇 is a linguistic variable
set related to one dimension of the input state vector. The
linguistic variable set should cover the entire area with respect
to the possible distribution of the input and then each possible
input case can be described precisely.
Consider the following:
𝑂𝑖2

=M

𝑁×𝑇

M1,1 (𝑢12 )

M1,𝑇 (𝑢12 )

⋅⋅⋅
]
[
.
..
],
..
=[
d
.
]
[
2
2
M
(𝑢
)
⋅
⋅
⋅
M
(𝑢
)
𝑁,𝑇
𝑁 ]
[ 𝑁,1 𝑁

(3)

2

M𝑖,𝑗 (𝑢𝑖2 )

2
1 𝑢𝑖 − 𝑚𝑖,𝑗
= exp (− (
) ),
2
𝜎𝑖,𝑗

(4)

∀𝑖 ∈ {1, 2, . . . , 𝑁} ; ∀𝑗 ∈ {1, 2 . . . , 𝑇} .
Layer 3. Achieve the fusion of fuzzy rules, which equal to
3
fuzzy multiplication operation by each input value. Define 𝑢𝑖,𝑗

as the input from 𝑗th membership of 𝑂𝑖1 , and then we can
obtain the strength of each rule by
3
= ∏ ({M𝑖,𝑗𝑖 (𝑢𝑖2 ) | ∀M𝑖,𝑗𝑖 (𝑢𝑖2 ) ∈ M𝑖 })
𝑂𝑘3 = ∏𝑢𝑖,𝑗
𝑖

𝑖

∀𝑖 ∈ {1, 2, . . . , 𝑁} , ∀𝑗 ∈ {1, 2, . . . , 𝑇} , ∀𝑘 ∈ {1, 2, . . . , 𝑇𝑁} .
(5)
Layer 4. Every neuron in this layer includes a local actionreward pair which is represented as (𝑎𝑖 , 𝑞𝑖 ). Global action
and global Q value are obtained by the fusion of local action
and local 𝑞 value, respectively. Local action is a finite set of
output space predefined by system. With regard to a vertical
handoff decider, the local action set can be defined as A =
{Reject(𝑅), Access(𝐴)}.
The local action 𝑎𝑖 ∈ A is guided by the related local
reward 𝑞(𝜑𝑖 , 𝑎𝑖 ). Assume that the optimal local action is 𝑎𝑖∗ ,
which satisfies
𝑎𝑖∗ = argmax {𝑞 (𝜑𝑖 , 𝑎𝑖 )} ,
𝑎𝑖

∀𝑎𝑖 ∈ A, ∀𝑖 ∈ {1, 2, . . . , 𝑇𝑁} .
(6)

4
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As shown in (7), the output of Layer 4 is the normalized
local action and 𝑞 value, respectively. 𝛼𝑖 (𝑥) is the rule set and
𝑞(𝜑𝑖 , 𝑎𝑖 ) is the 𝑞 value of state-action pair (𝜑𝑖 , 𝑎𝑖 ).
Consider the following:
𝑂𝑖4
̂4
𝑂
𝑖

=

=

𝛼𝑖 (𝑥) ⋅ 𝑎𝑖∗
𝑁

∑𝑇𝑖=1 𝛼𝑖 (𝑥)

,

𝛼𝑖 (𝑥) ⋅ 𝑞 (𝜑𝑖 , 𝑎𝑖∗ )
𝑁

∑𝑇𝑖=1 𝛼𝑖 (𝑥)

(7)

Table 1: Reward scheme of Q-NFIS.
Case
1
2
3
4

Whether permit Whether trigger Reward value: positive
handoff request unnecessary handoff
(P), negative (N)
Y
Y
N
N

Y
N
Y
N

N
P
P
N

.

Layer 5. Achieve the function of defuzzy by linear summation
of local action and local 𝑞 value, respectively.
Consider the following:
𝑂𝑖5

∗

1

= A (U (𝑡)) =

(0, √3a)

𝑇𝑁

∑ 𝑢𝑖5 ,
𝑖=1

(8)

𝑇𝑁

(−a, 0)

̂5 = Q (U1 (𝑡) , A∗ (U1 (𝑡))) = ∑ 𝑢̂5 .
𝑂
𝑖
𝑖

(a, 0)

𝑖=1

Consider that the state transition is (U1 (𝑡), A∗ (U1 (𝑡)))
handoff

→ U1 (𝑡 + 𝜏𝑙 ). According to the update principle from
classical Q-learning [12], the global Q value is updated by (9),
where 𝛼 is learning rate, 𝛽 is discount factor, r is reward value,
and 𝜏𝑙 is the handoff latency.
Consider the following:
Q (U1 (𝑡) , A∗ (U1 (𝑡)))
= (1 − 𝛼) Q (U1 (𝑡) , A∗ (U1 (𝑡)))

(9)

+ 𝛼 (r + 𝛽Q (U1 (𝑡 + 𝜏𝑙 ) , A∗ (U1 (𝑡 + 𝜏𝑙 )))) .

AP
Terminal
Estimated position
Ambiguity position

Localization circle
Buffer area
Radial velocity
Motion trajectory

Figure 2: An outdoor AP deployment scheme.

Then we can get the difference of Q value by
ΔQ = Q (U1 (𝑡) , A∗ (U1 (𝑡))) − Q (U1 (𝑡) , A∗ (U1 (𝑡)))
= 𝛼 (𝑟 − Q (U1 (𝑡) , A∗ (U1 (𝑡)))
1

∗

1

+𝛽Q (U (𝑡 + 𝜏𝑙 ) , A (U (𝑡 + 𝜏𝑙 )))) .
(10)
Afterward, local 𝑞 value can be updated according to the
global Q value by
𝑞 (𝜑𝑖 , 𝑎𝑖∗ ) = 𝑞 (𝜑𝑖 , 𝑎𝑖∗ ) + Δ𝑞 = 𝑞 (𝜑𝑖 , 𝑎𝑖∗ ) +

ΔQ ⋅ 𝛼𝑖 (𝑥)
𝑁

∑𝑇𝑖=1 𝛼𝑖 (𝑥)

.
(11)

After terminal logging out, reward value in the form of
positive or negative is evaluated according to the validity of
the handoff decision and applied to tune local 𝑞 value. Considering reward value reflects the evaluation to the handoff
decision, it should be set as the normalized values which
reflect the system performance as expected. For example, if
low unnecessary handoff is required, the absolute value of
reward in case 1 should be set bigger than that of the other
three cases referring to Table 1. As a result, access policy
becomes stricter and wrong reject rate in case 3 will grow as
tradeoff.

3. Mathematical Analysis of Motion Model and
Simulation Scenarion
3.1. Simulation Scenario. Inspired by the structure of cellular
network, we propose an outdoor AP deployment scheme in
this work. As shown in Figure 2, each three APs constitute a
cluster. The advantage is that terminals are covered by more
than one AP at most of the area. Therefore, they can receive
more than one dimension of beacon signal, which can be used
as the reference of handoff decision. Moreover, this structure
can enhance the communication capacity for hotspot area.
Referring to Figure 2, shadow region covered by single AP is
regarded as buffer area, which is similar to hysteresis-based
methods. It can reduce the unnecessary handoff triggered by
terminals dwelling at the edge of WLAN coverage. We take
a 4-dimensional vector as input variables, including two RSS
values from different AP and their rates of change. For getting
the changing rate of RSS, the handoff controller starts to work
after collecting at least 2 sets of RSS at different time points.
A typical log-normal propagation model of WLAN signal as
(12) is adopted in this simulation.
Consider the following:
𝑃 (𝑑) = 𝑃𝑡 − 𝑃0 − 10𝛾log10 (𝑑) + 𝜀 (𝜇, 𝜎) .

(12)

The Scientific World Journal

5
Table 2: Simulation parameters.

y

Parameters
𝑃𝑡
𝑃0
𝑃𝑡ℎ
𝛾
𝜀 (𝜇, 𝜎)
𝑎

Motion trajectory
x

AP

𝜑1

Value
20 mW
37.3 dB
−85 dBm
3.3
𝜇 = 0, 𝜎 = 5
20 m
𝑟

Description
Transmit power of AP
Path loss in the first meter
Sensitivity of terminal
Path loss exponent
Gaussian random noise
Parameter of AP location
1/2

The integration term ∫0 (𝑟2 − 𝜑2 )

𝜑2

𝑟

Cross point

1/2

∫ (𝑟2 − 𝑥2 )
0

dmin =  · tmin

𝑑𝜑 is given by

𝑟
1/2
𝑥 
𝑥
𝑟2
𝑑𝑥 = ( (𝑟2 − 𝑥2 ) + sin−1 )
2
2
𝑟 0
1
= 𝜋𝑟2 .
4

Figure 3: Schematic diagram of terminal moving through WLAN
coverage.

(14)

Substitution of (14) into (13) leads to
3.2. Motion Model. The substantial idea of this paper is
using Q-NFIS to estimate the terminal’s motion information
and then giving the handoff decision by predicting whether
unnecessary handoff will be triggered. However, prediction
is not always reasonable in real condition because terminal
will not keep a same motion state all the time. The confidence
of the handoff decision given by Q-NFIS relates to not
only the performance of the algorithm itself but also the
probability that terminals keep the stable motion state during
the duration dwelling in WLAN coverage. Therefore this issue
is analyzed based on a conditional random walk model for
supporting the reasonability of our algorithm in this section.
In addition, we derive an approximate estimation about the
proportion of unnecessary handoff that can be predicted
theoretically. Assuming the terminal’s motion in accordance
with random walk model, the probability of different angles
that terminal moves into the coverage is the same. Therefore
we only need to consider the case that terminal moves into
the coverage of WLAN as horizontal direction, as shown in
Figure 3.
Since the terminal cannot change velocity frequently
in a real case, we may as well assume that terminals will
keep a fixed velocity for 𝑡min seconds at least. Based on the
prerequisite, the trajectory will be 𝑑min = V𝑡min with fixed
velocity. Assuming that 𝑟 is the radius of WLAN coverage,
𝑝𝑓𝑥 and 𝑝𝑢𝑓𝑥 are the probability that terminals pass through
the coverage of WLAN with fixed and unfixed velocity,
respectively. According to the different conditions of 𝑑min ≥
2𝑟 and 𝑑min ≤ 2𝑟, 𝑝𝑓𝑥 and 𝑝𝑢𝑓𝑥 can be obtained as follows.
(i) Case 1, 𝑑min ≥ 2𝑟:
𝑝𝑢𝑓𝑥
𝑝𝑓𝑥

1/2

𝑟

=

𝑟

∫0 2(𝑟2 − 𝜑2 )

∫0 (𝑑min /2 −
𝑟

=

2

(𝑟2

2 1/2

2 ∫0 (𝑟 − 𝜑 )
𝑟

−

𝑑𝜑

1/2
𝜑2 ) ) 𝑑𝜑

(13)
𝑑𝜑
1/2

𝑟𝑑/2 − ∫0 (𝑟2 − 𝜑2 )

𝑑𝜑

.

𝑝𝑢𝑓𝑥
𝑝𝑓𝑥

=

2𝜋𝑟
.
2𝑑min − 𝜋𝑟

(15)

Considering that 𝑝𝑓𝑥 + 𝑝𝑢𝑓𝑥 = 1, we can obtain
𝑝𝑓𝑥 =

2𝑑min − 𝜋𝑟
.
2𝑑min + 𝜋𝑟

(16)

(ii) Case 2, 𝑑min < 2𝑟.
Similar to Case 1, we can derive the result in (17), where
Δ = √𝑟2 − (𝑑min /2)2 .
Consider the following:
𝑝𝑢𝑓𝑥
𝑝𝑓𝑥
𝑝𝑓𝑥

=

3Δ𝑑min + 2𝑟2 tan−1 (𝑑min /2Δ)
,
2𝑟𝑑min − Δ𝑑min − 2𝑟2 tan−1 (𝑑min /2Δ)

2𝑟𝑑min − Δ𝑑min − 2𝑟2 tan−1 (𝑑min /2Δ)
.
=
2𝑑min (𝑟 + Δ)

(17)

According to the equations above, we can obtain 𝑝𝑓𝑥 ,
which is the probability of that terminals passing through
the coverage of WLAN with fixed velocity. In other words,
the motion information is reliable for handoff decision by
probability of 𝑝𝑓𝑥 . Monte Carlo simulations were done to
confirm the validity of the results.

4. Simulation Results and Analysis
Simulation scenario is shown in Figure 2. Relative parameters
can be found in Table 2. As shown in Figure 2, two localization solutions will be obtained according to the propagation
model when terminal is covered by two APs. Note that the
ambiguity solution is always covered by three APs from the
structure of WLAN coverage. Therefore, from the theoretical
point of view, 2-dimensional RSS can reflect the location
information to a certain degree when terminal implements
a continuous motion state.
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The motion of terminals is defined in accordance with
conditional random walk model which is analyzed in
Section 2, and 𝑡min is set for 1 minute. In addition, we consider three typical motion types, which are pedestrian-borne
terminal, bicycle-borne terminal, and vehicle-borne terminal
with the velocity of 1 m/s, 3 m/s, and 15 m/s, respectively.
They are all generated outside the coverage of WLAN at a
random initial position. The trigger threshold of unnecessary
handoff is set for 10 seconds. For referring to the performance
of Q-NFIS based handoff trigger algorithm, two basic types
of hysteresis-based and dwelling-timer-based handoff trigger
methods are provided for comparison in the same scenario.
In the hysteresis-based handoff scheme, handoff is triggered
when any dimension of RSS is greater than (𝑃𝑡ℎ + 5) dBm.
In the dwelling-timer-based handoff scheme, handoff is
triggered after receiving 5 consecutive signals greater than
𝑃𝑡ℎ dBm.
Hysteresis and dwelling-timer based algorithms are both
achieved at the cost of coverage essentially, which will reduce
the average service time of users acquired. Similarly, the
proposed algorithm also needs a buffer period to estimate the
motion state. Based on the consideration above, besides the
trigger rate of unnecessary handoff, we take users’ average
duration of accessing WLAN into account as well. In order
to present the detailed tuning trends, the simulation results
of first 100 loops are shown in Figures 4 and 5, which are
separated from the overall performance in Figures 6 and 7,
respectively.
None priori knowledge is added into Q-NFIS; therefore
the trigger rate of unnecessary handoff is high at the beginning of simulation referring to Figure 4, while terminals’
average duration is low referring to Figure 5. With the
growing of simulation loops, Q-learning system is tuned
by collecting more and more knowledge of state space
state/action pair, and the improving of the performance from
Figure 7 validates the online learning ability of the proposed
algorithm. As we know, unnecessary handoff is mainly triggered by vehicle-borne terminals with low dwelling time in
WLAN. According to the discussion in the previous section,
we can obtain that the trigger rate of unnecessary handoff by
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Figure 4: Comparison of unnecessary handoff rate for 3 algorithms
in first 100 simulation loops.
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Figure 7: Comparison of average duration for 3 algorithms in 2000
simulation loops.

optimal handoff control is 𝑝𝑢𝑓𝑥 approximately. From Figure 7,
we can find that the simulation result by Q-NFIS is close to the
optimal solution theoretically. From the simulation results
shown in Figures 6 and 7, an acceptable rate of unnecessary
handoff rate can be achieved by hysteresis based algorithm;
however the average duration is much lower compared with
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the other two algorithms. It is because hysteresis costs much
WLAN coverage for the characteristic of its transmission
model. By dwelling-timer based algorithms we can achieve a
high average duration, because it will permit handoff requests
as soon as the dwelling-timer is reached. This scheme is
especially good for pedestrian type terminals; however, it
will be less effective for vehicle-borne terminals. This is the
reason why its rate of unnecessary handoff is much higher
than the other two algorithms, and meanwhile it validates the
discussion we present in Section 1.
As a result, we can find that unnecessary handoff rate
of Q-NFIS reduced evidently with the growing of simulation loops and nearly converged at about 0.07 after 1500
simulation loops from Figure 6. Figure 7 shows that Q-NFIS
achieves terminals’ average duration higher than hysteresis
based scheme while a little lower than dwelling-timer based
scheme. This indicates that the proposed algorithm can
provide reasonable motion predictions for handoff decision
by sacrificing a little degree of duration.
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[4]

[5]

[6]

[7]

[8]

5. Conclusions
In this paper, in order to solve the problem of unnecessary
handoff caused by vehicle terminals with low dwelling time,
a motion adaptive vertical handoff algorithm based on QNFIS is proposed. For supporting the reasonability of our
algorithm, we provide the mathematical analysis about the
unnecessary handoff that can be predicted theoretically.
Simulation results validate the proposed that algorithm can
reduce unnecessary handoff effectively by providing reasonable motion predictions for handoff decision. In addition,
its performance outperforms two typical traditional handoff
trigger algorithms in the same simulation scenario. Therefore
we can draw the conclusion that it is a reasonable vertical
handoff algorithm for cellular/WLAN heterogeneous wireless network.
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In complex networks, cluster structure, identified by the heterogeneity of nodes, has become a common and important topological
property. Network clustering methods are thus significant for the study of complex networks. Currently, many typical clustering
algorithms have some weakness like inaccuracy and slow convergence. In this paper, we propose a clustering algorithm by
calculating the core influence of nodes. The clustering process is a simulation of the process of cluster formation in sociology.
The algorithm detects the nodes with core influence through their betweenness centrality, and builds the cluster’s core structure by
discriminant functions. Next, the algorithm gets the final cluster structure after clustering the rest of the nodes in the network by
optimizing method. Experiments on different datasets show that the clustering accuracy of this algorithm is superior to the classical
clustering algorithm (Fast-Newman algorithm). It clusters faster and plays a positive role in revealing the real cluster structure of
complex networks precisely.

1. Introduction
With the population of information networks and the discovery of the small world effect and the scale-free characteristic, research on complex networks has become a trend.
Complex network study involves graph theory, statistical
physics, computers, ecology, sociology, and economics [1].
Complex networks cover a variety of biology networks,
the Internet/WWW networks, technology networks, social
networks (such as the disease spreading networks and human
relationships), and so on.
One of the most important features in complex networks
is the cluster structure. Many studies have shown that some
networks have cluster structures other than a large number of
nodes only randomly linked. Heterogeneity has been found
in many real-world networks. The heterogeneity of complex
networks is embodied in more connections in similar types of
nodes, while different types of nodes have fewer connections.
These subgraphs with similar types of nodes and their
connections are called “clusters.”
Clustering algorithm plays a basic role in studying the
cluster structure of complex networks. It has not only

important theoretical significance in researching complex
network topology, understanding the network function,
revealing hidden laws, and predicting the network behavior
but also broad application prospects. Clustering algorithm
has been applied to the social network analysis, biological
network analysis, search engine, spatial data clustering and
image segmentation, and many other areas [2].
According to the analysis strategy, complex network
clustering methods are divided into optimization methods
and heuristic methods. The earlier clustering algorithms like
spectral method [3–6] and the Kernighan-Lin algorithm (KL
algorithm) [7] are optimization methods. Spectral method,
derived from the early resolution of the graph partition
problem, uses the quadratic optimization techniques to minimize a predefined “cut” function. A partition with minimum
“cut” is considered to be an optimal network partition. With
rigorous mathematical theories, the spectral method is widely
used in graph partitioning and spatial points clustering.
However, high reliance on the prior knowledge and adoption
of bipartite recursion strategy makes it inadequate in complex
multiple clusters networks.

2

The Scientific World Journal

KL algorithm is also based on the idea of graph partition,
which aims at minimizing the difference between the number
of intercluster connections and internal connections. By
continuously adjusting clusters, the algorithm chooses and
accepts the candidate solutions that can get the minimization
of the objective function. KL algorithm, very sensitive to the
initial solution and highly dependent on the prior knowledge,
often gets local optimal results.
Girvan and Newman proposed GN algorithm [8], which
uses heuristic strategy by repeatedly identifying and removing the connections between clusters. GN is a big timeconsuming and space-consuming algorithm, resulting from
the complexity of the edge betweenness calculation (𝑂(𝑚 ×
𝑛)). Thus, it is difficult to perform well in a large network.
Based on the Maximum Flow-Minimum Cut Theorem,
Flake et al. proposed a heuristic clustering algorithm, the
Maximum Flow Community [9] (MFC algorithm). By calculating the minimum cut sets, MFC algorithm identifies
intercluster connections that give rise to the network “bottleneck” and gradually split the network into cluster units
by removing the connections between clusters. However, the
MFC algorithm performs clustering based on connections
and cannot be applied to the network with heterogeneous
nodes.
Newman proposed a fast clustering algorithm based on
local search [10], the Fast-Newman. The algorithm is an
optimizing algorithm aiming at maximizing the network
modular evaluation function (𝑄 function) that Newman
put forward in the same year. The 𝑄 function, denoted by
the difference between the number of connections within a
cluster and the expected number of connections in a random
state, is used to show the pros and cons of the cluster
structure. Larger 𝑄 value means a better clustering structure.
Based on the FN algorithm, Guimera and Amaral similarly adopted the 𝑄 function as the optimization objective
function and proposed a complex networks clustering algorithm based on simulated annealing (SA), the GA algorithm
[11]. The algorithm evaluates candidate solutions by calculating the corresponding 𝑄 function value and calculates the
probability of accepting a candidate solution through the SA
model. GA algorithm has the ability to find the global optimal
solution and thus has good clustering performance.
Although optimization algorithms based on the 𝑄 function perform well in the community clustering, a number
of issues remain unresolved due to the unpredictability
of complex networks and the biased characteristic of 𝑄
function. Consider the following.
(1) Since the community detection results through the
clustering algorithms based on optimization depend
on the objective function to be optimized, “biased”
objective function will inevitably lead to “biased”
solution. The 𝑄 function currently widely used is a
biased objective function [12], by which the results
cannot completely and accurately reflect the real
network structure. When the 𝑄 function reaches the
global maximum, the clustering result is not optimal.
(2) With larger scale of complex networks, the calculation
of the objective function and the iterative process

become more complex, resulting in more and more
time and resources consumed.
(3) Though the clustering algorithm based on heuristics
method is able to handle the large-scale data in
complex networks, compared to the optimization
algorithm, it has lower clustering accuracy and cannot
give high-precision clustering results.
To solve the above problems, we proposed a novel
clustering algorithm based on the core influence of nodes.
The algorithm combines heuristics method with optimization
method. Its clustering process is designed to simulate the
driven process of the cluster formation in sociology, to reflect
the clustering process of nodes in the real network more
accurately, and to achieve “no biased” precise clustering as far
as possible.
The rest of this paper is organized as follows. In the next
section, we introduce the clustering algorithm based on the
core influence of nodes, then the experimental results and
analysis are illustrated in Section 3, and, finally, a conclusion
is drawn in Section 4.

2. Clustering Algorithm Based on
the Core Influence of Nodes
The basic idea of the clustering algorithm based on the core
influence of nodes is to identify the nodes with core influence
based on the betweenness centrality theory, build the core
structure of clusters with these nodes in the complex network
through the evaluation function, and, finally, cluster the
remaining nodes in the network using optimizing methods.
Thus, clusters of the whole network can be obtained.
2.1. The Definition of the Core Influence of Nodes. The core
influence of nodes in complex networks is denoted by the
centrality of nodes. Centrality refers to the use of metric
methods to evaluate the center position of a node in the
network. It describes whether there are cores, how many cores
there are, and how these cores are in the network.
Centrality has many definitions in complex networks,
such as the degree centrality, the compactness centrality, the
betweenness centrality, and the flow betweenness centrality.
In order to reveal the role the nodes play in the transferring
process of information, material, and energy in the complex
network, this paper uses the betweenness [13] (the number of
geodesics through the node) to define the centrality and the
core influence of nodes.
Geodesic is defined as the path with least edges between
two nodes. Thus, betweenness centrality of node 𝑥 [14] is
defined as
𝐶𝐵 (𝑥) =

2 ∑𝑖<𝑗 𝑔𝑖𝑗 (𝑥)
(𝑛 − 1) (𝑛 − 2) 𝑔𝑖𝑗

,

(1)

where 𝑔𝑖𝑗 is the total number of geodesics between node 𝑖
and 𝑗, 𝑔𝑖𝑗 (𝑥) is the number of geodesics through the node
𝑥 between node 𝑖 and 𝑗 (the betweenness of node 𝑥), and
(𝑛 − 1)(𝑛 − 2)/2 is the maximum value of the betweenness
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of the node 𝑥 (any geodesic between other two nodes goes
through the node 𝑥).
Betweenness centrality partially describes the core influence of nodes in complex networks. However, betweenness
centrality itself is a global evaluation parameter, which cannot
accurately describe the relative influence of nodes in the local
environment, especially in large-scale complex networks.
Therefore, combining the betweenness centrality and local
clustering features of nodes, the core influence of nodes is
denoted as
𝐶𝐴 (𝑥) =

𝐶𝐵 (𝑥)
,
2𝐸𝑥 / (𝑘𝑥 (𝑘𝑥 − 1))

(2)

where 𝐶𝐵 (𝑥) is the betweenness centrality of the node 𝑥, 𝑘𝑥
represents the number of neighbor nodes of the node 𝑥, 𝐸𝑥
denotes the total edges between the neighbors.
The definition of the core influence above accurately
describes how important a node is in its clustering environment. Higher core influence of a node indicates higher contribution and heavier load in the information dissemination
process in a complex network. Meanwhile, different from
the simple degree centrality, a node with the highest core
influence is not probably the node with the maximum degree
or a topological center in the network structure.
2.2. The Determination of Cluster’s Core Structure. In complex
networks, the core structure of clusters is usually not only a
simple single node with high core influence but possibly also a
certain structure composed of several active nodes with high
influence [15]. In order to determine the core structure of a
cluster by the core influence of nodes, the 𝐾 function is used
here as the evaluation function to determine the nodes that
compose the core structure of clusters.
The goal of the 𝐾 function is to determine whether
the node can become the core of an independent cluster. It
compares the actual connections and expected connections
between a node with high core influence and the cluster it
belongs to. The function is defined as
𝐾 (𝑖) =

𝑚𝑖
(𝑑𝑖 /𝑑) × ((𝑑𝑞 − 𝑑𝑖 ) / (𝑑 − 𝑑𝑖 )) × 𝑚

,

(3)

where 𝑚𝑖 is the number of edges between node 𝑖 and other
nodes in the cluster that node 𝑖 belongs to, 𝑚 denotes the
total number of edges in the whole network, 𝑑𝑖 represents
the degree of node 𝑖, 𝑑𝑞 is the sum of degrees of nodes in
the cluster, and d denotes the sum of degrees of nodes in
the whole network. According to the definition of 𝐾(𝑖), there
is a higher probability that a node becomes the core of an
independent cluster when its 𝐾(𝑖) is smaller; while a node
attached to a rather larger 𝐾(𝑖) plays a more influential role
in its current cluster.
According to Fortunato and Barthélemy’s study of the 𝑄
function’s value range on a large number of real datasets [12],
it can be estimated that the value range of 𝐾 function is [1.96,
2.71] when a node is thought to be the core of an independent
cluster. Besides, according to the Pareto rule, 20% of the nodes
in the network with the highest core influence determine the

main cluster structure framework. Plenty of datasets reveal
that 20% of the nodes in the network with the highest core
influence can determine the core cluster structure framework
after being evaluated by 𝐾 function, which is consistent with
the Pareto rule.
2.3. Clustering Algorithm. After determining the core cluster
structure, the algorithm clusters the remaining nodes by
optimizing method. The remaining nodes are centralized
by rearranging all nodes regarding their core influence. A
“centralized” network can thus be obtained, where nodes are
arranged from inside to outside. The objective “centralization
function” that reflects the level of centralization is then
defined as
𝑔

𝐶𝐴 =

∗
− 𝐶𝐴 (𝑥))
∑𝑥∈𝑊 (𝐶𝐴
,
∗ −𝐶
(𝑛 − 1) max (𝐶𝐴
𝐴 (𝑥))

(4)

∗
where 𝑊 represents a complex network and 𝐶𝐴
=
max𝑥∈𝑊𝐶𝐴 (𝑥) represents betweenness centrality of the node
that has the maximum core influence.
The objective function shows that if all nodes have the
same core influence, which indicates that the network is
𝑔
noncore, then 𝐶𝐴 = 0; if the core influence of a node is 1,
𝑔
while other nodes remain 0, 𝐶𝐴 = 1. Therefore, the higher
the level of centralization of the network is, the greater the
value of the objective function is.
The strategy to search and accept the candidate solution is
as follows. Firstly, arrange all nodes descendingly according
to their core influence. Then, change the structure of the cluster a node belongs to and then calculate the corresponding
“centralization function.” And accept the candidate solution
that maximizes the sum of the value of the whole network’s
“centralization function.” The process ends when all nodes are
classified into their own respective cluster structure.

2.4. Algorithm Implementation. According to the algorithm,
the actual steps of the clustering algorithm based on the core
influence are as follows.
(1) Sort all nodes by betweenness centrality in descending order {𝑛𝑖 }, satisfying the requirement that when
𝑖 < 𝑗, 𝐶𝑖 > 𝐶𝑗 .
(2) Set up three groups of nodes; 𝑃[𝑖] represents that the
node has been clustered, 𝑄[𝑖] represents that the node
has not been clustered, and 𝑅[𝑖] represents that the
node is in cluster-controversy. Initially, all nodes are
in 𝑄.
(3) Select the node 𝑛1 with the highest degree and all the
nodes connected to 𝑛1 are defined as a cluster, while 𝑛1
is the core of Cluster 1 and all the nodes are classified
into the node group 𝑃.
(4) Judge whether 𝑛2 is the core. If 𝑛2 is not in the node
group 𝑃, 𝑛2 is the core of Cluster 2.
(5) If 𝑛2 is within the node group 𝑃, use the criteria
function 𝐾. If 𝐾 ∈ [1.96, 2.71], 𝑛2 is the core of Cluster
2; otherwise, classify the adjacent nodes of 𝑛2 into
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Table 1: Neural Network dataset properties.
Values
297
0.2924
2359
5
3241
2.4553

Influence versus FN

Conductance

Properties
Number of nodes
Average clustering coefficient
Number of edges
Diameter
Number of triangles
Average shortest path length

100

the cluster where 𝑛2 is. Repeat step (4) and judge node
𝑛3 , 𝑛4 . . ..

10−1
100

(6) For all nodes connected to Cluster 2’s core, classify
those in 𝑄 into Custer 2 and transfer them into 𝑃,
while transferring those originally of the 𝑃 to 𝑅.

101

102

103

k (cluster size)

Influence (Neural Network)
FN (Neural Network)

(7) Traverse the nodes in 𝑅 through the optimization
function “centric level,” redetermine their respective
cluster, and transfer the nodes from 𝑅 to 𝑃 after they
have entered the selected cluster.

(a)
102

Influence versus FN

3. Experimental Results and Analysis
For more objective and comprehensive evaluation, the algorithm is tested on three datasets (Neural Network [16],
Political Blogs [17], and Email [18]) of different sizes and
properties. The results are analysed and evaluated using
the Conductance and Expansion results evaluation function
in network, the Community Profile [19] (NCP). The two
functions are defined as
Conductance : 𝑓 (𝑆) =

𝑐𝑆
,
2𝑚𝑆 + 𝑐𝑆

𝑐
Expansion : 𝑓 (𝑆) = 𝑆 ,
𝑛𝑆

Expansion

(8) Return to step (4) and iterate and traverse all the
nodes.
101

100
100

101

102

103

k (cluster size)

Influence (Neural Network)
FN (Neural Network)

(5)

where 𝑐𝑆 represents the number of edges on the boundary of
𝑆, 𝑚𝑆 denotes the total number of edges within the Cluster 𝑆
and 𝑛𝑆 is the total number of nodes in Cluster 𝑆. Lower value
of the two evaluation functions signifies better clustering
effect.
3.1. Neural Network Dataset Experiment. In this section, the
algorithm is tested on the dataset “Neural Network.” The
dataset is a complex network of neurons in a living system,
where each node represents a complete and independent neuron and the edge denotes the connection between neurons.
The properties of the network are shown in Table 1.
The number of nodes and edges and the diameter describe
the overall size of the network. The average clustering coefficient, the number of triangles, and the average shortest path
length describe the relative tightness of the network and how
obvious the clustering feature is.
The evaluating values of the clustering effect of two
algorithms are shown in Figure 1. It can be calculated through

(b)

Figure 1: Evaluating values of the clustering effect of the Neural
Network dataset.

the data shown in Figure 1(a) that the average Conductance
of the influence algorithm is 0.540144, while the average of
FN algorithm is 0.736532. The figure also shows that when
the cluster size grows, the clustering effect of the influential
algorithm improves, better than the FN algorithm. From
Figure 1(b), it is calculated that the average value of the
Expansion of the influence algorithm is 6.700091 and the
average of FN algorithm is 8.205680. And, with the increase of
the cluster size, the influence algorithm performs better than
the FN algorithm in accuracy by 22.5%.
In this dataset, neurons have explicit functions and
every neuron does not get global information. As a result,
the FN algorithm cannot cluster precisely. The influence
algorithm, proposed by us, however, digs out neurons with
similar functional properties more precisely by considering
the role every neuron plays in the process of information
dissemination and gives the structural relationship among
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Table 2: Political Blogs dataset properties.
Values
1222
0.3203
16717
8
101043
2.7375

Influence versus FN

Conductance

Properties
Number of nodes
Average clustering coefficient
Number of edges
Diameter
Number of triangles
Average shortest path length

100

10−1
100

neurons of similar functions and among neurons clusters
of different functions. The clustering results help medical
researchers understand the mechanism of nervous system
better so that they can analyze causes of neurological diseases
and provide theoretical support for cures [20].

101

102

103

k (cluster size)

Influence (Political Blogs)
FN (Political Blogs)
(a)
102

Expansion

3.2. Political Blogs Dataset Experiment. In this section, the
algorithm is tested on the dataset “Political Blogs.” The dataset
is a political blog network in complex social networks, where
each node represents a politician and the edge denotes
the real social relations between them. Compared with the
Neural Network dataset, Political Blogs dataset has a larger
scale, where the number of nodes increases by 3.1 times and
the number of edges increases by 7 times. So, the connections
between nodes are closer, and the clustering coefficient and
the number of short circuits (triangle closure) increase in
the network. On the other hand, the average shortest path
between nodes becomes longer, indicating that the increase
of the tightness of relationships between nodes is limited,
though the network is larger. The properties of the network
are shown in Table 2.
The evaluating values of the clustering effect of two
algorithms are shown in Figure 2. It can be calculated through
the data shown in Figure 2(a) that the average Conductance
of the influence algorithm is 0.540144, while the average of
FN algorithm is 0.736532. The value of Conductance of the
influence algorithm is lower than the FN algorithm in 82.57%
of all the cases. From Figure 2(b), it is calculated that the
average value of the Expansion of the influence algorithm is
9.466124 and the average of FN algorithm is 16.379612. The
clustering accuracy of the influence algorithm is better than
the FN algorithm in 85.61% of all the cases.
In the comparison with Figure 1, the influence algorithm
also keeps a high clustering accuracy, but the fluctuation
range of the accuracy is wider. This indicates that as the
complex network size increases, the local differences of the
core influence and clustering feature of nodes increase. The
influence algorithm reflects the local differences of nodes
and reveals the significance of core influence nodes in the
clustering process. It digs out the faction relationships among
politicians more precisely.
The cluster analysis of the Political Blogs dataset by the
influence algorithm is the theoretical basis of information
diffusion and behavior spread in politics. For politicians, the
clustering results help individuals to predict the support and
resistance in the dissemination of their political opinion.

Influence versus FN
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101
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FN (Political Blogs)
(b)

Figure 2: Evaluating values of the clustering effect of the Political
Blogs dataset.

The results also help predict the probability of the pass of a
political proposal and even the election result.
3.3. Email Dataset Experiment. In this section, the algorithm
is tested on the dataset “Email” in the social system, which
is established by receiving and sending emails. Each node
represents an email address and two nodes are connected
when they have email exchanges in history.
Compared with the first two datasets, the “Email” dataset
contains fewer nodes and sparser connections. Thus, it
has lower clustering coefficient and larger average value of
shortest paths. In this case, the locality of nodes is stronger
and the probability for nodes to grasp global information is
smaller. The properties of the network are shown in Table 3.
The evaluating values of the clustering effect of two
algorithms are shown in Figure 3. It can be calculated through
the data shown in Figure 3(a) that the average Conductance
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100
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Table 3: Email dataset properties.

Conductance

Properties
Number of nodes
Average clustering coefficient
Number of edges
Diameter
Number of triangles
Average shortest path length

10−1
100

101

102

103

k (cluster size)

Influence (Email)
FN (Email)
(a)
102

Values
1133
0.2202
5452
8
5453
3.6060

networks or networks with high heterogeneity. Studies have
shown that when the size of a cluster is in the range of 50 to
100, the structure is relatively stable and real, and the effect of
the clustering algorithm based on the core influence of nodes
is much better than the FN algorithm in this interval.

Influence versus FN

Expansion

4. Conclusion
101

100

10−1
100

101

102

103

k (cluster size)

Influence (Email)
FN (Email)
(b)

Figure 3: Evaluating values of the clustering effect of the Email
dataset.

of the influence algorithm is 0.653043, while the average of
FN algorithm is 0.664280. From Figure 3(b), it is calculated
that the average value of the Expansion of the influence
algorithm is 5.263551, while the average of FN algorithm is
4.619496. The clustering accuracy of the influence algorithm
only has slight improvement compared to the FN algorithm.
This is because the cluster coefficient becomes smaller with
the expansion of clusters, leading to less and even the loss of
difference of core influence among nodes. And less difference
of core influence weakens the identity of the core cluster
structure of the algorithm, indicating that the algorithm
has limitations when processing sparse network with high
homogeneity.
The experimental results on three datasets show that the
clustering accuracy of the influence algorithm on large-scale
complex networks increases variously compared to the FN
algorithms. The effect is especially prominent for large-scale

In this paper, to solve the biasness in traditional clustering
methods, we proposed an algorithm based on the core
influence of nodes. On the basis of the core influence of
nodes, the algorithm simulates the driven process of cluster
formation in sociology. It absorbs the advantages of both
heuristic and optimizing algorithms and reflects the real
clustering process in a more accurate way. The clustering
experiments on different datasets conclude that the clustering
accuracy of this algorithm is superior to the classic clustering
algorithm (FN algorithm) in complex networks. Meanwhile,
this algorithm runs faster and plays a positive role in revealing
the real cluster structure of complex networks.
Future studies can be conducted in two directions. Firstly,
improve the algorithm based on the core influence of nodes
to achieve higher accuracy and prove the “unbiased” nature of
its clustering results. Secondly, optimize the iterative strategy
of the algorithm to further improve the clustering efficiency
when handling large-scale networks.
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The typical application backgrounds of large-scale WSN (wireless sensor networks) for the water environment monitoring in
the Three Gorges Reservoir are large coverage area and wide distribution. To maximally prolong lifetime of large-scale WSN, a
new energy-saving routing algorithm has been proposed, using the method of maximum energy-welfare optimization clustering.
Firstly, temporary clusters are formed based on two main parameters, the remaining energy of nodes and the distance between a
node and the base station. Secondly, the algorithm adjusts cluster heads and optimizes the clustering according to the maximum
energy-welfare of the cluster by the cluster head shifting mechanism. Finally, in order to save node energy efficiently, cluster heads
transmit data to the base station in single-hop and multihop way. Theoretical analysis and simulation results show that the proposed
algorithm is feasible and advanced. It can efficiently save the node energy, balance the energy dissipation of all nodes, and prolong
the network lifetime.

1. Introduction
In recent years, the WSN technology has attracted extensive
attention of the academia, industry and, government. It
became one of the most competitive technologies among a lot
of fields, such as, national defense and military, environment
monitoring and forecasting, healthcare, smart home, building structure monitoring, complex mechanical control, urban
transportation, space exploration, management of large
workshop and warehouse, and safe monitoring of airport and
large industrial parks [1, 2]. However, these sensor nodes in
WSN are usually powered by batteries; the energy of nodes is
limited and it is difficult to replace or recharge the batteries
because of the wild environment and the huge number
of nodes. The limited energy of nodes seriously affects
the lifetime of WSN, which has constrained the large-scale
application of WSN. Hence, it is important to improve the
energy efficiency and prolong the network lifetime under

the premise of limited energy, which is the key technical
problems of WSN needing to be solved [3].
Designing an energy-efficient routing algorithm is the
best way to prolong network lifetime of WSN and improve the
quality of information transmission [4, 5]. Currently, a variety
of routing protocols have been proposed to save energy.
Existing routing protocols are generally divided into two categories: flat routing and hierarchical routing [6]. Flat routing
is easy to implement, no additional cost of topology maintenance and packet routing, but it is not proper to wireless sensor networks. Hierarchical routing, also known as clustering
routing, such as low-power Adaptive Clustering Hierarchy
Protocol LEACH [7] and PEGASIS [8] protocols, has proposed the methods using cluster heads to form the clusters.
Researches show that the hierarchical routing protocol is
better than the planar routing protocol in the aspects of
adaptability and energy efficiency. Thus hierarchical routing
protocol received extensive attention [9, 10].

2
The application of wireless sensor networks for water
environment monitoring in the Three Gorges Reservoir area
is a typical case of large-scale wireless sensor networks
research. And it has the typical characteristics of zonal distribution and large coverage area. Our research is based on the
achievements we already obtained and deeply study on the
existing routing algorithms, such as, LEACH and PARPEW
[11] algorithm, and the focus is on the energy saving routing
algorithm for large-scale WSN. So an improved energysaving routing algorithm based on maximum energy-welfare
optimization clustering has been proposed. In the simulation
experiment, a rectangular area with greater aspect ratio is
used to approach the actual banding distribution. Simulation
results show that the performance of the proposed algorithm
is superior to the other two algorithms’.

2. The Network Model of Large-Scale Wireless
Sensor Networks
The Three Gorges Project is the world-famous water conservancy project, which brings the enormous economic and
social benefits, while also triggering ecological environmental
safety issues. Because that the self-purification capacity of
static water is much lower than flowing water, the Three
Gorges Reservoir water environment was gradually deteriorating and the water environment security became the focus
of attention at home and abroad [12]. Currently, the environmental monitoring stations have been established in the
Three Gorges Reservoir area to undertake a very important
water environment monitoring tasks. However, the existing
monitoring equipment, monitoring methods and means
cannot meet the requirements, so it is urgent to strengthen
the reservoir water environment monitoring capacity and
improve the level of monitoring. According to this situation,
the solution of building the Three Gorges Reservoir water
environment monitoring system with WSN has been proposed [13].
Due to the large area and wide distribution of the Three
Gorges Reservoir, which involves 26 counties (of which 22
are in Chongqing Municipality’s jurisdiction) and some less
accessible places, it shows a meandering tree structure [14].
Therefore, the distribution and networking method should be
based on its unique serpentine tree structure. The distribution
of the Three Gorges Reservoir and the structure model of the
WSN water quality supervision system are shown in Figure 1.
Figure 1 shows that in such a large-scale wireless sensor
network, nodes are far away from each other, and energy
consumption by sending messages among nodes is very large,
especially in some remote and inaccessible areas. So it is unrealistic to replenish their nodes energy frequently. Therefore,
it is particularly important to improve energy efficiency and
balance energy consumption of nodes in the wireless sensor
networks. For these characteristics of the network, a new
energy-saving routing algorithm has been proposed to solve
this problem.
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3. Related Researches
LEACH is the first to be proposed as a hierarchical routing
algorithm, which combines the MAC protocol and the
cluster-based energy efficient routing algorithm and performs well in extending the lifetime of the network. Dividing
the network running into many rounds is its main idea, and
in each round there are two steps: clusters establishment
and stable transmission of data. During the establishment of
clusters, each node generates a random value between 0 and
1. And if it is less than the threshold value 𝑇(𝑛), expressed as
(1), it will be elected as the cluster head:
𝑝
, 𝑛∈𝐺
{
1
−
𝑝
(𝑟
mod
(1/𝑝))
(1)
𝑇 (𝑛) = {
𝑛 ∉ 𝐺,
{0
where, 𝑝 is the percentage of the cluster heads occupied in the
total nodes, 𝑟 is the current round number, and 𝐺 is the set of
the nodes which have not been selected as cluster heads in the
last 1/𝑝 rounds.
In the LEACH algorithm, the random rotation mechanism of cluster heads was used to balance the energy load to
each node, so that the network lifetime has been prolonged.
Compared with the normal planar multihop routing algorithm and static hierarchical algorithm, LEACH algorithm
is outstanding, and the network lifetime can be prolonged
by 15%. However, there are also some shortcomings, such as:
(1) the remaining energy of nodes was not considered into
the cluster heads selection; (2) uneven distribution of cluster
heads and cluster sizes resulted from the random cluster
heads selection mechanism, which causes the decline in the
balance of network load; (3) when the network size is large,
single-hop data transmission will lead to those cluster heads
death, which are far away from the base station, so that the
lifetime of the whole network will be affected.
Therefore, a lot of improved algorithms based on LEACH
have been proposed to improve the network performance
recently. In the LEACH-C algorithm [15], which was proposed by Heinzelman and so forth, the centralized control
method was used and the base station obtained the cluster
head by running a simulated annealing, so that the problem
of uneven distribution of cluster heads in LEACH was
solved. But it is not completely self-directed and is not good
in expansibility with the centralized control method. To
improve the quality of clustering, the distribution density,
remaining energy of nodes, and other factors were taken into
consideration in [16, 17]. But collecting information about
neighbor nodes in the whole network increased the communication overhead and latency. In [18], the time interval was
used to cluster instead of random number and threshold. But
the distribution of the cluster head nodes has been ignored.
A clustering algorithm based on energy optimization has
been proposed in [19], which protected low energy nodes
and reduced overhead of clustering by the competition
parameters of cluster head, so that the network lifetime
was prolonged. In [20], firstly, clusters were formed according
to the optimization of the number of clusters, and then the
data routing among clusters were completed by searching the
shortest path based on the Kruskual algorithm, so that the
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Figure 1: Distribution of the Three Gorges Reservoir and structure model of WSN water quality monitoring system.

energy efficiency of nodes has been improved. But the balance
of the energy consumption of network was not mentioned.
In the social economics, the welfare reflects the equilibrium relationship between fairness and efficiency of the
social crowd income [21]. In [21], a new metric for WSN
is proposed, which combines energy balancing and energy
efficiency, that is, EW (energy-welfare). The main idea of the
PARPEW algorithm is to optimize clustering according to the
predicted energy consumption of nodes and energy-welfare
of clustering. So, good results such as extending network lifetime and balancing energy consumption have been achieved.
Besides, it is simple to compute the energy welfare only
through the local routing information. However, the shortcoming is that in the cluster heads adjustment, only the
energy welfare was taken into consideration, while the effect
of the remaining energy of nodes was ignored. Therefore, the
situation that those nodes with low remaining energy were
elected as the cluster head also existed. In addition, communication using single-hop will decrease the energy efficiency
and is not conducive to network expansion.

4. The Improved Algorithm
4.1. The Network Model. Assume that the wireless network
has the following properties.

k bit
Data packet

kEelec

Signal
transmission
circuit
k bit
Data packet

ETx (d)

kEamp d𝛽
Signal
amplification
circuit

kEelec
Signal receiving
circuit

d
ERx (d)

Figure 2: The first-order energy model.

(4) The transmit power can be adjusted according to the
distance.
(5) All nodes can sense their remaining energy and compute the distance to the emission source according to
the received signal strength.
4.2. The Energy Model. The energy model which is the same
with it in [7] was used in this paper, as shown in Figure 2.
Figure 2 shows the data packet transmission between two
nodes, in which the distance is 𝑑 and the size of the packet is
𝑘 bit. So the transmitter energy consumption is expressed as:
𝑘𝐸 + 𝑘𝜀𝑓𝑠 𝑑2 ,
𝐸Tx (𝑘, 𝑑) = { elec
𝑘𝐸elec + 𝑘𝜀amp 𝑑4 ,

𝑑 < 𝑑0
𝑑 > 𝑑0 .

(2)

(1) The position of the nodes will not be changed once
deployed. The base station is located outside the area
and full of energy.

The energy consumption of the receiving terminal is shown
in as:

(2) All nodes are energy limited and of the same structure
and initial energy.

(3)

(3) All nodes have a unique ID.

𝐸Rx (𝑘) = 𝑘𝐸elec .

In (2) and (3), the energy consumption of transmitting and
receiving 1 bit data is denoted as 𝐸elec . 𝜀𝑓𝑠 , 𝜀amp are the energy
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consumption coefficients of different channel propagation
model. 𝑑0 is the threshold value denoted as 𝑑0 = √𝜀𝑓𝑠 /𝜀amp ,
which is used to distinguish the free-space path loss model
from the multipath fading model.
The energy consumption for integration of 𝑙 data packets
of 𝑘 bit is expressed as:
𝐸DA (𝑘) = 𝑙 × 𝑘 × 𝐸DA ,

(4)

where, 𝐸DA is the energy consumption for integration of a
data of 1 bit.
4.3. Algorithm Description. In the initial stages of networking, the TDMA time slot of the whole nodes was broadcasted
by the base station at a time. Each node broadcasted its
message to the whole nodes according to the TDMA time
slot and then calculated the distance from the emission source
according to the received signal strength, where the distance
is denoted as 𝑑(𝑖, 𝑗), 𝑖, 𝑗 = 1, 2, . . . , 𝑛, and 𝑛 is the number
of the nodes in the network. And to provide convenience for
next clustering optimization and routing, the distance was
stored in the memory of the node. This step only runs once
at the initial stage of networking, and the following operation
model was the same with the LEACH algorithm.
4.3.1. Temporary Clustering. To reduce the energy consumption of nodes, it is better to select the nodes with more
remaining energy near the base station. So, in this paper, the
two factors were all taken into consideration when selecting
the cluster heads. The improved threshold 𝑇(𝑛) is expressed
as:
𝑝
[𝐸 (𝑛) + 𝐷 (𝑛)] , 𝑛 ∈ 𝐺
{
1
−
𝑝
(𝑟
mod
(1/𝑝))
𝑇 (𝑛) = {
𝑛 ∉ 𝐺,
{0
(5)
where 𝐸(𝑛) is the energy factor, denoted as 𝐸(𝑛) = 𝐸res (𝑛)/
𝐸init ; 𝐸res (𝑛), 𝐸init are the remaining energy and initial energy
of the node 𝑛, respectively. 𝐷(𝑛) is the distance factor,
expressed as 𝐷(𝑛) = 1 − [𝑑(𝑛, BS)/𝑑max ], 𝑑(𝑛, BS) is the
distance between node 𝑛 and base station, and 𝑑max is the
maximum of the distance from nodes to base station.
After the election of the temporary cluster head, the
normal nodes sent application (including their own ID and
the remaining energy of node) to those cluster heads, which
costed their least communication energy. Thus, the temporary clustering was completed.
4.3.2. Cluster Heads Adjustment Based on Energy Welfare
Maximization and Clustering Optimization
(1) Energy Welfare. Assume that the 𝑟th round of the cluster
𝐶 has 𝑁 nodes, and the remaining energy of the 𝑖th node
𝑟
(𝑖). According to the network model, the
is denoted as 𝐸res

remaining energy after transmission of the node 𝑖 can be
𝑟
predicted, which is expressed as 𝐸AT , shown as follows:
𝑟

𝐸AT =

1
∑ 𝐸𝑟 (𝑖) .
𝑁 𝑖∈𝑁 AT

(6)

Thus, the energy welfare of cluster 𝐶 can be obtained [21], as
expressed in the following equations:
𝑟

𝐸𝑊𝐶𝑟 (𝜀) = 𝐸AT × 𝐸𝐸𝐶𝑟 (𝜀) ,
𝐸𝐸𝐶𝑟 (𝜀) = 1 − 𝐼𝐶𝑟 (𝜀) ,
𝐼𝐶𝑟 (𝜀) = 1 −

1−𝜀 1/(1−𝜀)
𝑟
𝐸
(𝑖)
1
AT
[ ∑( 𝑟 ) ]
,
𝑁 𝑖∈𝑁
𝐸AT
]
[

(7)

where, 𝐸𝐸𝐶𝑟 (𝜀) is the balance index of the energy consumption of node, and the greater the value, the more balanced
the energy consumption. 𝜀 is the parameter representing the
degree of hating inequality, and the greater the value of 𝜀, the
more disagreeable of inequality. So, the energy consumption
of nodes with low power attracts more attention, and the
typical value for 𝜀 is 1.5 [22].
The energy efficiency and the property of energy balance
were both considered into the energy welfare. Therefore,
increasing energy welfare can save node energy and balance
the energy consumption of the network. The energy welfare
instance is shown in Figure 3.
As is shown in Figure 3(a), there are three nodes in the
cluster, and the energy required by the data transmission
among nodes is given, and 𝐸res (𝑖) is the remaining energy of
the node 𝑖. To simplify the calculation, the energy consumed
by cluster head for receiving data was set to be 1. The comparison between remaining energy after transmission and energy
welfare of clustering of the three kinds of network models is
shown in Figure 3(b). As can be seen in the figure, when the
node 1 was selected as cluster head (CH), the energy efficiency
is maximal, and the mean of remaining energy is 30.33 J.
Considering the energy consumption balance index, when
the node 3 was selected as cluster head, the energy welfare
of clustering reached the maximum, and the energy efficiency and the property of energy consumption are the best.
Therefore, to elect node 3 as cluster head is the most
reasonable.
(2) Cluster Head Adjustment and Process of Clustering Optimization. Before cluster head adjustment, the candidate
nodes for cluster head should be limited firstly. Assuming that
the set of the candidate nodes for cluster head of the cluster
𝐶 is 𝑄, so
𝑟

𝑟
𝑄 = {𝑖 | 𝑖 ∈ 𝐶, 𝐸res
(𝑖) > 𝐸 } ,

(8)

𝑟
(𝑖) is the remaining energy of node 𝑖 in the 𝑟th
where, 𝐸res
𝑟
round, and 𝐸 is the mean value of the energy remaining of
the nodes as follows:
𝑟

𝐸 =

1
∑ 𝐸𝑟 (𝑖) .
𝑁 𝑖∈𝑁 res

(9)
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Figure 3: The instance of the energy welfare. (a) Energy consumption relationship between nodes. (b) Comparison between remaining energy
of node and clustering welfare.

The processes of clustering optimization are shown as the
following.
(1) Calculate the energy array according to the network
model and the distance array 𝑑(𝑖, 𝑗), and then determine the set 𝑄 of candidate nodes for cluster head of
cluster 𝐶.
(2) If the set 𝑄 is empty, the temporary cluster head
will be selected as the real cluster head (RCH)
directly. Otherwise, the energy welfare of cluster 𝐶
is 𝐸𝑊𝐶𝑟 |(RCH=𝑖) , 𝑖 ∈ 𝑄 according to equations (6)-(7)
using each node in the set 𝑄 when the node 𝑖 (𝑖 ∈ 𝑄)
is selected as RCH.
(3) Determine RCH according to the max energy-welfare
of cluster 𝐶, that is max𝑘∈𝑄𝐸𝑊𝑟𝐶, and the node 𝑘 is
RCH.
(4) After RCH is determined, the temporary cluster head
broadcasts the TDMA time slot and control packets
(including the ID of the temporary cluster head
and RCH, and the remaining energy) of the cluster
member nodes. Other nodes in the cluster become
the normal nodes according to the control packets
and send data to RCH according to the distributed
TDMA time slot. At last the cluster head adjustment
and clustering optimization are finished.
4.3.3. The Data Routing among Clusters. The transmission
of data routing among nodes combines single-hop with
multihop. If the distance from cluster head to base station is
less than 𝑑0 , the cluster head communicates with base station
directly. Otherwise, a relay will be chosen from the neighbor
cluster heads to transmit data until the data reach the base
station.

Firstly, the set of neighbor cluster heads of cluster 𝐶𝑖 (𝑖 =
1, 2 . . . 𝐾, 𝐾 is the number of the cluster heads) is denoted as
𝑆 which should meet the following condition:

𝑆 = {𝐶𝑗 | 𝛼 <

𝑑 (𝐶𝑗 , BS)
𝑑 (𝐶𝑖 , BS)

< 1, 𝑑 (𝐶𝑖 , 𝐶𝑗 ) < 𝑑 (𝐶𝑗 , BS)} ,
(10)

where 𝑑(𝐶𝑖 , 𝐶𝑗 ) is the distance from cluster head 𝐶𝑖 to cluster
head 𝐶𝑗 , and 𝑑(𝐶𝑖 , BS) is the distance from cluster head 𝐶𝑖 to
base station. 𝛼 is the forward cost factor, and 0.8 < 𝛼 < 1.
Choosing a proper 𝛼 can avoid the problem that those cluster
heads of the same distance away from base station consume
too much energy for transmitting data.
Then, using the greedy algorithm the cluster head 𝐶𝑖
selects a relay which has the maximal weight function from
the set 𝑆 to transmit data. Considering the factors, such as,
remaining energy of the node, the path costs, and the angle
deviation between node and base station [23], the weight
function is defined as follow:
2

𝑊=𝑢

𝑑(𝐶𝑖 , BS)
𝐸res (𝑗)
+ V cos 𝜃 + 𝑤
,
2
2
𝐸res (𝑖)
𝑑(𝐶𝑖 , 𝐶𝑗 ) + 𝑑(𝐶𝑗 , BS)
2

cos 𝜃 =

2

2

𝑑(𝐶𝑖 , BS) + 𝑑(𝐶𝑖 , 𝐶𝑗 ) − 𝑑(𝐶𝑖 , BS)
2𝑑 (𝐶𝑖 , BS) × 𝑑 (𝐶𝑖 , 𝐶𝑗 )

(11)

,

where 𝐸res (𝑗) is the remaining energy of the cluster head 𝐶𝑗 ,
𝜃 is the angle deviation between node and base station, 𝜇, ],
𝜔 are the weighting coefficient, and 𝜇 + ] + 𝜔 = 1. If the set
𝑆 is empty, the cluster head 𝐶𝑖 sends data to the base station
directly. Otherwise, the cluster head 𝐶𝑖 sends data to the relay.
When all of the cluster heads find the relays, the data routing
among clusters is completed.
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Figure 4: 100-node random network.

Initial energy of nodes 𝐸init
Amplification coefficient of the free space
model 𝐸fs
Amplification coefficient of the multipath
transmission model 𝐸amp
Data fusion rate 𝐸DA
Circuit loss 𝐸elec
Clustering probability of nodes 𝑝
Data packet length
Control packet length

Values
0.5 J
10 pJ⋅m2 /b
0.0013 pJ⋅m2 /b
5 nJ/b
50 nJ/b
0.05
4000 b
80 b

5. Simulation and Analysis
The performance evaluation of our proposed algorithm has
been carried by using MATLAB simulation. We also compared the proposed algorithm with the LEACH algorithm
and PARPEW algorithm. Taking into account the typical
characteristics of zonal distribution of the Three Gorges
Reservoir for water environment monitoring, in the simulation experiment, we used a rectangular area to approach the
banding distribution, which has greater aspect ratio. Network
simulation scenario is shown in Figure 4.
100 sensor nodes were deployed in a 200 m × 50 m rectangular area, and the base station was just above the area with
the coordinates (100 m, 175 m). In the simulation, the forward
price factor 𝛼 = 0.9, the weighting coefficients 𝜇 = 1/2, ] =
1/6, 𝜔 = 1/3. Other simulation parameters of the network
are shown in Table 1.
First, we compared the network performance among
three algorithms, including the number of surviving nodes,
nodes’ energy consumption, and energy balance of network.
Then, we analyzed the performance of our proposed algorithm in large-scale wireless sensor networks.
5.1. The Simulation of Lifecycle and Energy Consumption.
Network lifetime is one of the most important criteria for
evaluating the quality of routing protocol. Figure 5 shows the

400

600
800 1000
Time (round)

1200

1400

1600

LEACH
PARPEW
Improved algorithm

Table 1: The parameters of the network in simulations.
Parameters

200

Figure 5: The relationship between the number of the survival
nodes and the rounds.
Table 2: The statistical average of lifetime and energy consumption
of network.
Algorithms
FND
Total energy consumption
at 500th round (J)

LEACH

PARPEW

The
proposed

542

713

1049

35.95

32.66

22.32

corresponding changes of the survival nodes’ number during
simulation. As can be seen from the figure, the network
lifetime (defined as the number of rounds when the first node
died) was obviously improved by the proposed algorithm in
this paper with respect to LEACH and PARPEW algorithms.
Since the proposed algorithm in this paper is based on the
improved max energy-welfare method to adjust cluster head
and optimize the clustering, the distribution of the cluster
heads is more uniform and reasonable, and the energy consumption is efficiently balanced. Besides, cluster heads transmit data to the base station in single-hop and multi-hop way.
It improves the energy efficiency of cluster heads and balances
the energy consumption of cluster heads in different place.
The comparison curve of the total energy consumption
of the network and the simulation time among the three
algorithms is shown in Figure 6. The smaller slope of the
curve indicates that the network has a slower rate of energy
consumption and longer lifetime. In Figure 6, the slope of the
curve of the proposed algorithm in this paper is minimal,
and the total energy consumption of the network in any time
is lower than that of the LEACH and PARPEW algorithms.
So the energy consumption of the network has been reduced
successfully.
To eliminate the effect of the chance factor, a number
of simulations have been done to obtain the statistical
average. The statistical average of lifetime and the total energy
consumption at 500th round using different algorithms are
shown in Table 2.
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Figure 6: The changing curves of the energy consumption of
network.
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Figure 8: Comparison of the remaining energy variance.

paper has been greater than the mean energy of the other
two algorithms, and the variance of the residual energy is
much lower than the other two algorithms. There is no much
change. Therefore, the proposed algorithm in this paper is
effective in saving nodes’ energy and balancing the network
energy consumption. Its performance of energy balance is
optimal.
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Figure 7: Comparison of the remaining energy average.

As can be seen from Table 2, compared with other two
algorithms, the proposed algorithms can efficiently extend
the lifetime of the network and reduce network energy
consumption. The detailed comparative results are shown in
Table 3.
5.2. The Simulation of Energy Balance. In this paper, the
remaining energy mean and variance of nodes at a certain
time were used to measure and further analyze the energy
balance of the proposed algorithm. At time 𝑡, the greater the
mean and the less the variance, the better the energy balance
of the network. The comparison of the energy balance among
the different algorithms is shown in Figures 7 and 8.
Figures 7 and 8 show that the average remaining energy
of nodes in the network of the proposed algorithm in this

5.3. The Simulation of Adaptability in Large-Scale WSN.
Another important feature of the Three Gorges Reservoir
water environment monitoring network is large coverage area
and wide distribution. To further illustrate our proposed
algorithm’s good performance in large-scale wireless sensor
network applications, we assumed three-network simulation
environments as shown in Table 4. And we compared the network lifetime of three algorithms under the same conditions
of the other parameters.
Figure 9 shows the comparison of the network lifetime
of three algorithms under different environment conditions.
As can be seen from the figure, in the three simulation
environments, network lifetime of the proposed algorithm is
superior to the other two algorithms’. And with the increasing
of network size, the advantages of the proposed algorithm are
more obvious in performance. This is mainly because that
the algorithm uses the cluster heads optimization strategies
and improved data transmission scheme to fully save and
balance the energy consumption of nodes. Therefore, for the
feature of large-scale water environment monitoring network
application in Three Gorges Reservoir, our proposed algorithm has obvious advantages.

6. Conclusions
An improved energy saving routing algorithm based on
maximum energy-welfare optimization clustering has been
proposed. There are three aspects of the major improvements:

8

The Scientific World Journal
Table 3: The percentage of comparison of lifetime and energy consumption of network.

Comparison parameters
FND (increased percentage)
Total energy consumption at 500th round (reduced percentage)

Comparison with LEACH
93.5
37.9

Comparison with PARPEW
47.1
31.7

Table 4: Three kinds of simulation environments.
Area (m2 )
100 × 100
200 × 200
400 × 400

First node dead

Simulation environment
1
2
3

Base station Location (m)
(100, 175)
(100, 175)
(100, 175)

Number of nodes
100
400
800

1200

Acknowledgments

1000
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800
600

References

400
200
0

1

2
Simulation environment

3

LEACH
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Improved algorithm

Figure 9: Impact of the simulation environment on the FND of the
compared algorithms.

firstly, remaining energy and the distance from base station of
nodes were both considered when selecting cluster heads. So
it is more reasonable. Secondly, the cluster heads adjustment
and clustering optimization based on improved maximum
energy-welfare made the distribution of cluster heads more
uniform, and the energy consumption of network has been
balanced efficiently. Thirdly, the factors such as path costs,
remaining energy, and angle deviation between node and
base station were taken into consideration in the clustering
routing construction, so that the energy efficiency of nodes
has been increased. Simulation results show that compared
with LEACH and PARPEW algorithms, the proposed algorithm in this paper can efficiently save energy of each node,
balance the energy consumption, and prolong the lifetime
of the network. It is suitable to the Three Gorges Reservoir
water environment monitoring network with zonal structure.
With the increasing size of network, this effect will be more
obvious.
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This paper proposes a channel selection scheme for the multiuser, multichannel cognitive radio networks. This scheme formulates
the channel selection as the multiarmed bandit problem, where cognitive radio users are compared to the players and channels to
the arms. By simulation negotiation we can achieve the potential reward on each channel after it is selected for transmission; then
the channel with the maximum accumulated rewards is formally chosen. To further improve the performance, the trust model is
proposed and combined with multi-armed bandit to address the channel selection problem. Simulation results validate the proposed
scheme.

1. Introduction
Radio spectrum is known to be a kind of valuable and
limited resource. With the explosive growth in wireless
applications, radio spectrum resources are almost exhausted.
However, reliably experiments show that current spectrum
is underutilized and that there exists spectrum opportunity
over the space and time. To improve the utilization efficiency
of spectrum, dynamic spectrum access (DSA) model based
on cognitive radios [1] has been proposed, which allows secondary users (SUs) to exploit the spectrum opportunistically
without interfering with primary users (PUs). In this paper,
we focus on the critical issue of DSA in cognitive radio
networks (CRNs): efficient channel selection strategy.
There exit many pieces of work on DSA strategy, most of
which deal with spectrum sensing and channel sharing. In [1–
3], the DSA strategies maximize the throughput of a single
secondary user in a multichannel slotted primary network.
But, there are always multiple secondary users seeking spectrum hole under licensed primary users in CRNs. So, it is very
necessary and natural to address the problem of multiuser
spectrum sharing in multichannel CRNs. For multi-channel
CRNs, every secondary user should decide which channel
must be selected to achieve highest throughput. Meanwhile,
when multiple secondary users are contending for spectrum

opportunities, they should take the best channel without
colliding with other users. Effective channel selection for
centralized and distributed system has been addressed extensively in the last decade. It is worth mentioning that for a
centralized scheme, the communications between the fusion
center and secondary users will raise the system reliability,
but it also results in increasing the burden of the overall
system, while the distributed scheme with lower complexity
but no information exchange about the channel selection may
lead to collisions among secondary users for some of them
choosing the same channel.
In [4, 5], the authors analyzed the CRNs throughput
using random sensing with negotiation, but it required an
extra control channel for coordination among SUs. Hoang
et al. [6] considered centralized power control and channel
allocation in order to maximize the total throughput in CRNs,
where each user requires the knowledge of all channel gains
between PUs and SUs; in that way, it means a great deal
of cooperation between PUs and SUs. The same problem
has been introduced while jointly considering the result of
spectrum sensing in [7]. Some papers have accrued interest
in spectrum optimization for frequency selective channels
(see [8, 9] and the reference therein). However, all of those
pieces of work rely on central fusion controlling channel state
information and statistics. In contrast, Li et al. [10] applied
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analytical results for throughput for a novel slotted ALOHAbased distributed access CR system in a proposed channel
selection scheme by considering the relationship between the
system throughput and the number of the sensing channels.
In [11], Leshem et al. suggested Gale-Shapley stable marriage
theorem from game theory into channel allocation, where
the user and the channel achieve the stable allocation in
the cost of high complexaity. A channel-and-sensing-aware
channel access (CSCA) policy is proposed for multichannel
interweaves cognitive radio systems in [12], in which a
minimum channel gain threshold is set on each channel to
limit the probability that the channel is accessed by SUs.
Therefore, we can draw a conclusion that if the SU chooses
one or a subset of possible channels to access, it is crucial for
DSA to design an efficient channel selection strategy to find
the best channel. This problem can be formulated as a multiarmed bandit (MAB) problem (has been applied in [13, 14]).
The paper [15] used the PAC-MAB formulation with optimal
active sensing, which enables the SU to optimally balance
energy between sensing and probing and data transmission.
This motivates our present work where we transfer the
channel selection problem into a MAB problem. Considering
that cognitive radio systems are inherently distributed, in this
paper, we consider a distributed solution to maximize the
total throughput in the multiuser, multichannel CRNs.
The remainder of the paper is organized as follows. The
system model and some basic definitions and assumptions
used in this paper are presented in Section 2. In Section 3,
we solve the problem of determining the optimal access
cardinalities based on trust and MAB formulation. Section 4
is the numerical results of our algorithm. Finally, in Section 5,
we conclude this paper and provide future work.

2. Problem Formulations
Suppose that there exist 𝑀 secondary users (SUs), 𝑁 available channels. Let ∑𝐵 {𝑏1 , 𝑏2 , . . . 𝑏𝑀} denote the SU set and
let ∑𝑆 {𝑠1 , 𝑠2 , . . . 𝑠𝑁} denote the channels set. The channel
selection problem is that SU chooses the suitable channel
from the available channel list to transmit to maximize the
total channel utility. It is assumed that each SU can select
only one channel and access to different channel can obtain
different gain. If ∑𝐵 is compared to the players and ∑𝑆 to the
arms, the channel selection problem falls into the multi-arm
bandit problem framework.
For the classical multi-armed bandit problems, the player
repeatly selects an arm among a number of alternative arms
and observes its associated reward to find an arm that
maximizes the average cumulative reward, as close as possible
to the ideal reward obtained if we were to try the “best” arm
at all times.
Let 𝑒𝑖,𝑗 denote channel transmission efficiency that 𝑖th SU
selects 𝑗th channel to transmit,
𝑒𝑖,𝑗 = 𝑡𝑖,𝑗 ⋅ 𝑝𝑖,𝑗 ⋅ 𝑤𝑗 ⋅ log2 (1 +

𝜌𝑖,𝑗 ⋅ ℎ𝑖,𝑗
𝑁0

),

(1)

where 𝑡𝑖,𝑗 is the transmission duration of 𝑖th SU on 𝑗th
channel before collision occurs; 𝑝𝑖,𝑗 is the probability of

the 𝑖th SU to access the channel 𝑗; 𝑤𝑗 is the bandwidth of
channel 𝑗; 𝜌𝑖,𝑗 = 𝜌 ⋅ 𝑁i ⋅ 𝑑i is the transmission power
of the 𝑖th SU on channel 𝑗, 𝜌 is the transmission power,
𝑁𝑖 is the data packet size that 𝑖th SU wants to transmit, 𝑑𝑖
represents the distance between 𝑖th SU and its receiver; ℎ𝑖,𝑗
is the transmission coefficient of channel 𝑗 chosen by ith SU
and 𝑁0 is the power spectral density of noise.
Suppose each SU maintains a list it contains the channel transmission efficiency of all channels that have been
𝑠 𝑠
selected. For ∀𝑠𝑖 ∈ Σ𝑠 , let 𝐻𝑠𝑖 = (𝑒1𝑖 , 𝑒2𝑖 , . . . 𝑒𝑛𝑠𝑖𝑖 ) denote
the channel decision history, transmission efficiency of the
simulated selection channel when simulated negotiation can
𝑠 𝑠
̂𝑠𝑖 = (̂
be expressed as 𝐻
𝑒1𝑖 , 𝑒̂2𝑖 , . . . 𝑒̂𝑛𝑠𝑖𝑖 ), where 𝑛𝑖 is the number
𝑠
of times channel 𝑠𝑖 selected, where 𝑒𝑗𝑖 is the transmission
𝑠
efficiency gain after transmission, while 𝑒̂𝑗𝑖 is transmission
efficiency gain achieved by simulated negotiation.

3. Channel Selection Based on Multiarmed
Bandit Problem
In above section, we formulate channel selection problem
as MAB, where SU is compared to players and channels to
arms. The player’s purpose in MAB system is to maximize
his total reward over a sequence of trials. Since each arm is
assumed to have a different distribution of reward, the goal
is to find the arm with the best expected return. The ultimate
objective is to find the reward on each arm; this problem can
be solved by simulated negotiation. Therefore, we can apply
the algorithm of simulated negotiation into CRNs to obtain
channel’s reward distribution. In the condition of unknown
channel’s characteristics, the CR user tries to choose the best
channel based on its data characteristic and decision history.
CR user chooses the negotiation target according to the
probability 𝑝𝑖,𝑗 of the 𝑖th SU to access the channel 𝑗, and let the
channel transmission efficiency gain between the simulation
negotiation and the precedent efficiency record denote the
interaction reward; that is,
𝑠
𝑠
𝑠
Δ 𝑗𝑖 = 𝑒̂𝑗𝑖 − 𝑒𝑗𝑖 ;

(2)

then, the reward of selecting channel 𝑠𝑖 at slot 𝑛 is
𝑛𝑖

𝑠

𝑟𝑠𝑖 (𝑛) = ∑Δ 𝑗𝑖 .

(3)

𝑗=1

Let 𝑅𝑠𝑖 (𝑛) denote the total simulation negotiation reward
of selecting channel 𝑠𝑖 at slot 𝑛, which can be updated as
follows:
𝑅𝑠𝑖 (𝑛) = 𝑅𝑠𝑖 (𝑛 − 1) + 𝑟𝑠𝑖 (𝑛) .

(4)

Typically, to solve the MAB problem, the reward on
each arm is generated by some statistical assumptions for
some circumstance, the distribution of each arm’s reward
is assumed to be a Gauss and time-invariant. But in fact,
it is difficult or even impossible to determine the right
statistical assumptions. In this paper, we use the nonstatistical
assumptions technique to solve this classic MAB problem.
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In order to achieve each arm’s reward distribution, based on
algorithm of Hedge(𝛽) discussed in the literature [16] with the
simulation of negotiation, apply the MAB technique into the
channel selection algorithm to acquire each channel’s reward
distribution.
Let 𝛼 > 0 be the parameter to determine the probability
of selecting the channel 𝑠𝑖 .
The algorithm is as follows.
Initialization. for 𝑖 = 1, 2 . . . 𝑁, 𝑅𝑠𝑖 (1) = 0
Then for 𝑖 = 1, 2 . . . 𝑁 do the following:
(1) According to the total simulation negotiation reward
to calculate the probability of selecting channel 𝑠𝑖 is
𝑝𝑖 (𝑛):
𝑝𝑖 (𝑛) =

(1 + 𝛼)
∑𝑁
𝑗=1

𝑅𝑠𝑖 (𝑛)
𝑠𝑗
(𝑛)

(1 + 𝛼)𝑅

.

(5)

(2) Opt the channel with the maximum 𝑝𝑖 (𝑛) as the next
negotiation object; then, through simulation calculate
the reward 𝑟𝑠𝑖 (𝑛) of selecting channel 𝑠𝑖 at slot 𝑛.
(3) Update the accumulated reward of channel 𝑠𝑖 :
𝑠𝑖

𝑠𝑖

𝑠𝑖

𝑅 (𝑛) = 𝑅 (𝑛 − 1) + 𝑟 (𝑛) .

(a) before slot 𝑛, some channel may not be selected by
SU which causes the negotiation history of these channels
empty. Thus we cannot use (2) to calculate the interaction
reward; (b) the negotiation history is too obsolete to present
the current channel characteristic. Thus, in order to further
improve efficiency and practicability of channel selection, in
this paper, we introduce the trust model into multi-armed
bandit problem to propose a channel selection algorithm.
Let 𝑢𝑖,𝑗 denote channel utilization efficiency that 𝑗th SU
transmit on 𝑖th channel, and 𝑢𝑖,𝑗 = 𝑁𝑖,𝑗 /𝑈𝑖,𝑗 , where 𝑁𝑖,𝑗 is
the number of transmitted packets and 𝑈𝑖,𝑗 is the channel
utilization of the 𝑗th SU transmit on 𝑖th channel, which has
been solved in [18].
Definition 1 (belief 𝐵𝑏 → 𝑠 ). Before the slot 𝑡, if the sensor 𝑏
has finished 𝑘 (𝑘 ≥ 1) times transmission on channel 𝑠 and
the channel utilization efficiencies are 𝑢1 , 𝑢2 , . . . , 𝑢𝑘 , where
the maximum utilization are 𝑢1∗ , 𝑢2∗ , . . . , 𝑢𝑘∗ , then the belief of
the user on channel 𝑠 is
𝐵𝑏 → 𝑠 =

𝑅𝑏 → 𝑠 = ∑ 𝑟𝑖𝑏 𝐵𝑏𝑖 → 𝑠 ,

𝐿

(10)

𝑖=1,𝑏𝑖

However, this algorithm is defective; there may be a
channel with a larger reward but its probability of being
selected is relatively low. Therefore, we combine the probability distribution 𝑝𝑖 (𝑛) generated by the above algorithm with a
uniform distribution to form the new probability distribution
̂𝑖 (𝑛). At the same time, reevaluate each channel’s interactive
𝑝
reward to ensure the channel that owns greater rewards and
has greater probability to be opted.
Consider the following:
𝛾
,
𝑁

𝛾
𝑟𝑠𝑖 (𝑛)
.
𝑟̂ (𝑛) = ( ) ×
̂𝑖 (𝑛)
𝑁
𝑝
𝑠𝑖

(9)

(7)

𝑗=1

𝑝̂𝑖 (𝑛) = (1 − 𝛾) 𝑝𝑖 (𝑛) +

.

(6)

𝑁

1≤𝑖≤𝑁

∑𝑘𝑖=1 𝑢𝑖∗

Definition 2 (reputation 𝑅𝑏 → 𝑠 ). Before the slot 𝑡, if sensor 𝑏
hasnot transmitted on channel 𝑠, we can achieve belief from
other users, named sensor’s reputation. It is the average of the
whole sensor’s belief on channel 𝑠 except sensor 𝑏, which can
be expressed as

Then choose the channel 𝑆∗ :
𝑆∗ = arg max ( ∑ 𝑝𝑖 (𝑗) 𝑟𝑠𝑖 (𝑗)) .

∑𝑘𝑖=1 𝑢 𝑖

(8)

We can see that accumulated reward 𝑟̂𝑠𝑖 (𝑛) is proportional
to 𝑟 (𝑛)/𝑝̂𝑖 (𝑛), and the expected reward is also proportional
to the actual reward; that is, 𝐸[̂𝑟𝑠𝑖 (𝑛)] = (𝛾/𝑁) × 𝑟𝑠𝑖 (𝑛); the
expression of 𝛾/𝑁 can guarantee 𝑟̂𝑠𝑖 (𝑛) ∈ [0, 1]. According
to Lemma 4.2 introduced in the reference [17] can determine
the parameters 𝛼, 𝛾.
𝑠𝑖

3.1. Channel Selection Based on Trust and Multiarmed Bandit.
Through the simulated negotiation and updating the cumulative interaction reward, eventually, the user finds the best
transmission channels. However, the following conditions
will affect the accuracy and validity of the above algorithm:

where 𝐿 is the total number of sensors ever transmitted on
channel 𝑠, 𝑟𝑖𝑏 is the degree of trust of the sensor 𝑏 on other
sensor 𝑏𝑖 , and ∑𝐿𝑖=1 𝑟𝑖𝑏 = 1. In this paper, we assume that 𝑟1𝑏 =
𝑟2𝑏 = ⋅ ⋅ ⋅ 𝑟𝐿𝑏 = 1/𝐿.
So, the trust on channel 𝑠 is 𝑇𝑏 → 𝑠 = 𝐵𝑏 → 𝑠 + 𝑅𝑏 → 𝑠 .
Therefore, we’ll combine trust-reputation model with reward
distribution to solve best channel selection problem. Firstly,
combine trust model with the interactive reward distribution
to achieve the probability distribution of each channel; then,
apply the average distribution into the channel’s probability
distribution; next, calculate the trust with the interactive
reward and update the channel interactive reward; finally,
select the appropriate negotiation target.
The outline of the algorithm is as follows.
𝑠𝑖
Initialization. for 𝑖 = 1, 2 . . . 𝑁, ∑𝑁
𝑗=1 𝑝𝑖 (𝑗)𝑟 (𝑗) = 0
Then for 𝑗 = 1, 2 . . . 𝑁 do the following:

(1) Combine trust model with the interactive reward
distribution to achieve the probability distribution of
each channel.
For 𝑗 = 1, 2 ⋅ ⋅ ⋅ 𝑁 do the following:
𝑝𝑗 (𝑛) =

𝑠𝑗
(𝑛)

(1 + 𝛼)𝑅

𝑠𝑖 (𝑛)

𝑅
∑𝑁
𝑖=1 (1 + 𝛼)

𝑝̂𝑗 (𝑛) = 𝑝̂𝑗 (𝑛) 𝐵𝑏𝑖 → 𝑠𝑗 .

,
(11)
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Figure 1: System throughput under different access strategy.

(2) Apply the average distribution into the channel’s
probability distribution as follows:

𝑟̂𝑠𝑖 (𝑛) = (

0

Number of users

Proposed strategy + RTS-CTS handshaking access
Proposed strategy + bank-off access
Proposed strategy + random access

𝑝̂𝑗 (𝑛) = (1 − 𝛾) 𝑝𝑗 (𝑛) +

5

𝛾
,
𝑁

𝛾
𝑟𝑠𝑖 (𝑛)
.
)×
𝑝̂𝑗 (𝑛)
𝑁

(12)

(3) Calculate the trust vector with the interactive reward
as follows:
𝑟̂𝑠𝑗 (𝑛) = 𝑟̂𝑠𝑗 (𝑛) ⋅ 𝑇𝑏 → 𝑠 .

(13)

(4) Update accumulative interactive reward of channel 𝑠𝑗
as follows:
𝑅𝑠𝑗 (𝑛) = 𝑅𝑠𝑗 (𝑛 − 1) + 𝑟𝑠𝑗 (𝑛) .

Figure 2: System throughput under different SNR condition.

(1) When two or more than two users select a channel
at the same time, it will lead to conflict. There are
two methods to solve this problem: the back-off
access method (all of the users quit the channel
and find a new one) and random access method. In
this paper, we apply RTS-CTS handshaking access;
each user sends the preaccess signal before access
in. The throughput curves of different access policies
are shown in Figure 1. The RTS-CTS handshaking
access achieves better throughput than the backoff access and the random access because it can
avoid collisions by sending preaccess signal when
the two users choose the same channel. Therefore,
we jointly consider the proposed strategy and RTSCTS handshaking access so as to improve the system
throughput.

(14)

𝑗=1

(2) We now turn to test the gain of the proposed strategy
under different SNR conditions, as it is depicted in
Figure 2. Note that for higher values of SNR the
gain of the users is higher. The reason is that the
good channel that is selected can be fully used for
transmission.

In this section, we study the performance of the channel
selection policy through simulation. 30 SUs associated with
40 channels are located within a circular ring area with radii
between 200 m and 1 km, and the transmission coefficient
ℎ𝑖,𝑗 is randomly selected in 0∼1, but unchanged in the whole
process of simulation. We run the simulation for 1000 times
under the same conditions and each time our algorithm runs
for 10000-time slots.

(3) Here we compare the performance of three strategies in Figure 3: the strategy in [10], named ESSbased strategy, our proposed strategy, and the GaleShapley based strategy proposed in [11]. The results
in the figure show the superiority of the proposed
algorithm. It is noted that the system throughput first
increases with the number of users, however, comes
to saturation after a limited number of users. This
occurs because the limited channel resource cannot
bring more access opportunities; on the contrary,

(5) Select the best channel:
𝑁

𝑆∗ = arg max ( ∑ 𝑝̂𝑖 (𝑗) 𝑟̂𝑠𝑖 (𝑗)) .
1≤𝑖≤𝑁

(15)

4. Simulation Results
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Figure 3: System throughput under different channel selection
strategies.

spectrum access; note that we did not consider this problem,
which will be one of our future pieces of work.
sometimes it may bring more collisions results in
decreasing throughput.
(4) In Figure 4, we compare the channel utilization
between ESS-based strategy and our proposed strategy with fixed 𝑀. We observe that the channel
utilization degrades as the number of users increase.
One potential cause is that along with the increase
of the number of users, the conflict will increase and
cause the waste of idle channel. We can also observe
that our proposed scheme is more efficient than ESSbased strategy.
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Improving the energy efficiency in wireless sensor networks (WSN) has attracted considerable attention nowadays. The multipleinput multiple-output (MIMO) technique has been proved as a good candidate for improving the energy efficiency, but it may not
be feasible in WSN which is due to the size limitation of the sensor node. As a solution, the cooperative multiple-input multipleoutput (CMIMO) technique overcomes this constraint and shows a dramatically good performance. In this paper, a new CMIMO
scheme based on the spatial modulation (SM) technique named CMIMO-SM is proposed for energy-efficiency improvement. We
first establish the system model of CMIMO-SM. Based on this model, the transmission approach is introduced graphically. In order
to evaluate the performance of the proposed scheme, a detailed analysis in terms of energy consumption per bit of the proposed
scheme compared with the conventional CMIMO is presented. Later, under the guide of this new scheme we extend our proposed
CMIMO-SM to a multihop clustered WSN for further achieving energy efficiency by finding an optimal hop-length. Equidistant
hop as the traditional scheme will be compared in this paper. Results from the simulations and numerical experiments indicate
that by the use of the proposed scheme, significant savings in terms of total energy consumption can be achieved. Combining the
proposed scheme with monitoring sensor node will provide a good performance in arbitrary deployed WSN such as forest fire
detection system.

1. Introduction
Wireless sensor network (WSN) has been considered as one
of the key techniques in many applications such as environment monitoring, industrial control, and so forth [1]. In a
typical WSN, the power supply of each sensor node is from
its battery which is energy limited and difficult to charge.
Under this situation, minimizing the energy consumption to
improve the energy efficiency becomes an alternative way to
solve the energy constraint problem. Multiple-input multipleoutput (MIMO) has been proved as a core technique to
reduce the energy consumption of a wireless network [2].
However, in WSN, wireless sensor node is usually designed
by using single transceiver antenna to realize a singleinput single-output (SISO) transmission mechanism since
the sensor node may not be able to equip using multiple
antennas due to the small physical size. Consequently, it is
difficult to directly apply MIMO scheme in WSN. Fortunately,

the emergence of cooperative MIMO (CMIMO) [3, 4] brings
the solution to solve this transmission problem. CMIMO,
sometimes referred to as virtual MIMO, can achieve MIMO
gains by use of collaboration among the single antennas
embedded in each single node. Whereas, in order to realize
collaboration, additional circuit and the local data exchange
are required which result in the extra energy consumption.
Therefore, in order to evaluate the energy consumption
performance of CMIMO system, such extra energy also needs
to be considered as well as the transmission energy.
Recently, a technique motivated by improving the spectral
efficiency named spatial modulation (SM) [5] is proposed.
As a working principle, it conveys the incoming information
via the spatial antenna index and the MQAM/M-ray phase
shift keying symbol in the signal constellation diagram and
transmits the modulated symbol through a wireless channel
by using a corresponding antenna specified by the antenna
index. During the transmission, only one antenna is active

2
while others are sleeping which can effectively avoid the
interchannel interference (ICI).
In this paper, in order to take full advantage of these
approaches, a new scheme named CMIMO-SM is proposed which involves the joint utilization of cooperative
MIMO and SM techniques in WSN for energy-efficiency
improvement. We first model the energy consumption of
the CMIMO-SM communication and compare the results
with the conventional CMIMO. The energy consumption is
compared over different transmission distances under the
requirement of the same throughput and bit error rate (BER).
Three system configurations are considered in both CMIMOSM and CMIMO system for validating the performance
of the proposed scheme, and then the proposed CMIMOSM scheme is extended to a multihop clustered scenario in
which the optimal hop length is derived mathematically by
considering the transmitted load. Results from numerical
experiments indicate that by use of the proposed scheme,
significant performance in terms of energy consumption
can be achieved. Also it is demonstrated that the total
energy balancing performance of the proposed scheme can
be improved.
The remainder of the paper is organized as follows. In
Section 2, the related works will be introduced in terms of
performance of different CMIMO. In Section 3, the necessary
background information including CMIMO and SM are
introduced. In Section 4, the proposed scheme and energy
model are given. The performance of the proposed scheme
and extended one is presented using simulations and numerical experiments in Section 5. Finally, in Section 6 the paper
is concluded with a brief summary.

2. Related Work
In [3], for the first time, a CMIMO concept was proposed
by Cui et al. for single hop transmission in WSN. It was
shown that CMIMO can achieve real MIMO advantages in
terms of energy efficient performance if the transmission
distance is longer than the critical distance. A vertical Bell
labs layered space-time (V-BLAST) based virtual MIMO
is proposed in [4], which considers the training overhead
requirement. The authors of [6] discussed the efficiency
of cooperative transmission under space-time block codeencode (STBC) and the synchronization requirements. In [7],
the authors have shown that the number of cooperative nodes
at transmission and reception sides is supposed to be selected
in order to reduce the energy consumption. The effect of
cooperative transmitting area inside the cluster was discussed
in [8]. CMIMO in a clustered WSN for energy efficiency was
presented in [9]. The routing design to gain the advantages
of CMIMO in energy saving is proposed in [10, 11]. In [12],
the authors optimized energy consumption per unit transmit
distance by selecting the number of cooperative nodes and
the transmit energy consumption. The optimization of the
cooperative transmission by using single parameter selection
of cooperative nodes is introduced in [13, 14]. In [15, 16], the
CMIMO with data aggregation technique for energy efficient
WSN was presented. In WSN, information collected by the
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sensors needs to be transmitted to the sink or destination.
If the destination is far away, the transmission requires
multihop based technique. Finding the optimal hop to benefit
CMIMO for achieving energy efficiency was investigated in
[17, 18] and multihop hybrid virtual MIMO scheme for WSN
was designed in [19]. However, none of these techniques take
into account SM which is able to avoid ICI and improve
spectral efficiency. To the best of our knowledge, we make
the first attempt at changing the transmission way of CMIMO
with SM based technique for WSN.

3. Background
3.1. Cooperative MIMO. The basic idea of CMIMO started
with a so called virtual antenna array (VAA) [20], a cooperative scheme wherein one or more antennas were embedded
in one sensor node and several sensor nodes cooperate to
emulate VAA system to achieve MIMO gains. Compared
with real MIMO, CMIMO is more applicable in WSN. It
allows small sensor nodes to achieve MIMO function without
increasing their physical size. STBC as another important
technique in MIMO field makes CMIMO perform well using
the diversity approach. Consequently, CMIMO becomes a
good candidate to figure out the energy problem in WSN,
especially the WSN with energy constraint.
3.2. Spatial Modulation. Spatial modulation is a practical way
for transmitting information by using amplitude/phase modulation and antenna index techniques. This 3 dimensional
signal expression approach is able to make SM achieve high
spectral efficiency. Furthermore, due to the fact that only one
antenna is active during the transmission, the ICI is effectively
avoided. The basic working principle is explained using
Figure 1. A sequence of bits a gets into the SM system which
consists of 𝑀𝑡 transmitters and 𝑀𝑟 receivers. The number
of bits that can be transmitted using SM is log2 (MM t ),
where M = 2b and 𝑏 is constellation size. We can write this
incoming bits a using a vector x = [𝑥1 𝑥2 . . . 𝑥𝑀𝑡 ]𝑇 , where
a power constraint of unity is assumed. According to the
working principle of SM, only one antenna is active during
the transmission which results in a single nonzero element in
x. The signal is transmitted from the corresponding antenna
over the 𝑀𝑟 × 𝑀𝑡 MIMO channel H whose elements are
assumed to be independent identically distributed (i.i.d.)
complex Gaussian random variables with zero mean and unit
variance, and 𝑀𝑟 dimensional noise vector n are assumed
to be i.i.d. complex Gaussian random variables with zero
mean and variance of 𝑁0 . Then the received signal can
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be written as y = Ηx + n and the estimated symbol
can be extracted by using optimal maximum likelihood
(ML) detector. Mathematically, the estimated symbol can be
expressed by x̂ = arg min𝑋∈Λ ‖y − Hx‖2𝐹 , where x̂ indicates
the estimated symbol vector, Λ is the set of all possible
transmit symbols, and ‖ ⋅ ‖𝐹 denotes the Frobenius norm of
the vector.

4. System Modeling
4.1. System Model. Let us consider a wireless sensor network
in which each sensor node is equipped with a single antenna
for data transmission. Typically, local sensor nodes inside the
cluster collect the information and transmit it to the next
relay cluster if the destination is far away. As we discussed in
the last section, CMIMO can make single node with single
antenna achieve MIMO performance and SM can provide
high spectral efficiency and avoid ICI. Thus, if we allow
CMIMO and SM techniques to be used among multiple
nodes, the joint performance will be obtained. Such scenario
is shown in Figure 2.
In our proposed model, each sensor node inside the
cluster has a preassigned index using binary numbers to
represent. In order to realize the MIMO function for saving
energy, the local data exchange is necessary. The data flow
inside the cluster is defined as local transmission while the
data delivering between two clusters is defined as long-haul
transmission. Suppose that 𝑀𝑡 nodes on the transmitting side
while 𝑀𝑟 nodes on the receiving side. On the transmitting
side, each sensor node broadcasts its information to all the
other nodes inside the cluster using different time slots as the
first stage. Once each node receives all the other information
bits, the data sequence is ready to be transmitted through
the MIMO channel. For each time instant, the data sequence
is composed by the MQAM/MPSK modulated symbol part
and antenna represented part. Only the MQAM/MPSK modulated symbols are transmitted and the symbol represented
by corresponding antenna as the hidden information will be
detected at receiver. On the receiver side, one destination
node and 𝑀𝑟 − 1 nodes join the cooperative reception. The
whole process of CMIMO-SM can be explained by using
Figure 3.
Example: consider a CMIMO-SM based WSN with 4
sensor nodes on the transmitter and each sensor node has
an index which is similar to the instance in Figure 2. It
is assumed that 1110 is the data sequence to transmit after

Figure 3: The communication process of CMIMO-SM.

local data flow and modulation is 4QAM. According to our
proposed approach, only bits 11 will be modulated using
4QAM and transmitted via the corresponding antenna 10
while the bits 10 as the antenna index will be detected at the
receiver.
4.2. Energy Consumption Model. In order to evaluate the
energy performance of the proposed scheme, the energy
model is first discussed. From [3] it is known that the total
average power consumption of a normal communication
system can be categorized into two main components: the
power consumption of all the power amplifiers 𝑃PA and the
power consumption of all the circuit blocks 𝑃𝑐 . 𝑃PA depends
on the output transmission power 𝑃out and has a linear
relation:
𝑃PA = (1 + 𝛼) 𝑃out ,

(1)

where 𝛼 equals to 𝜉/𝜂 − 1 with 𝜉 being the peak to average
ratio (PAR) and 𝜂 being the drain efficiency of the RF power
amplifiers. For MQAM, 𝜉 = 3(𝑀1/2 −1)/(𝑀1/2 +1). 𝑃out can be
calculated as below if the channel is a square-law path loss
[21]:
𝑃out = 𝐸𝑏 𝑅𝑏 ×

(4𝜋𝑑)2
𝑀𝑁 ,
𝐺𝑡 𝐺𝑟 𝜆2 𝑙 𝑓

(2)

where 𝐸𝑏 is the average energy per bit required for a given bit
error rate (BER) at receiver, d is the transmission distance,
𝐺𝑡 and 𝐺𝑟 are the transmitter and receiver antenna gains,
respectively, 𝜆 is the carrier wavelength, 𝑀𝑙 is the link margin
compensating the hardware process variations and other
additive interference or background noise, and 𝑁𝑓 is the
receiver noise figure. It should be noted that 𝑁𝑓 is given by
𝑁𝑓 = 𝑁𝑟 /𝑁0 , where 𝑁𝑟 is the power spectral density (PSD)
of the total effective noise at the receiver input and 𝑁0 is the
single-sided thermal noise PSD at room temperature with a
value 𝑁0 = −171 dBm/Hz. In (2), depending on the number
of transmit and receive antennas, 𝐸𝑏 can be calculated using
the SNR value and the PSD of the thermal noise 𝑁0 for the
BER requirement.
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The total circuit power consumption for an 𝑀𝑡 transmit
and 𝑀𝑟 receive antennas system is given by
𝑝𝑐 ≈ 𝑀𝑡 (𝑃DAC + 𝑃mix + 𝑃filt ) + 2𝑃syn
+ 𝑀𝑟 (𝑃LNA + 𝑃mix + 𝑃IFA + 𝑃filr + 𝑃ADC ) ,

(3)

where 𝑃DAC , 𝑃mix , 𝑃LNA , 𝑃IFA , 𝑃filt , 𝑃filr , 𝑃ADC , and 𝑃syn are the
power consumption values for the DAC, the mixer, the low
noise amplifier (LNA), the intermediate frequency amplifier
(IFA), the active filters at the transmitter side, the active filters
at receiver side, the ADC, and the frequency synthesizer,
respectively. The values of 𝑃DAC , 𝑃ADC , and 𝑃IFA can be
calculated using the mode introduced in [22].
The total energy consumption per bit can be expressed as
𝐸bt =

𝑃PA + 𝑃𝑐
.
𝑅𝑏

(4)

According to (1) and (2), the total energy consumption per bit
can be rewritten as
𝐸bt = (1 + 𝛼) 𝐸𝑏 ×

𝑃
(4𝜋𝑑)2
𝑀𝑁 + 𝑐.
𝐺𝑡 𝐺𝑟 𝜆2 𝑙 𝑓 𝑅𝑏

(6)

For the local energy consumption, there are two communication phases: (1) energy consumption of data exchange inside
cluster in transmitter side 𝐸𝑖𝑡 ; (2) energy consumption of data
collection for joint detection inside cluster in receiver side
𝐸𝑗𝑟 . Note that for the local phase communication, cooperative
transmission is not used and 𝑀𝑡 = 𝑀𝑟 = 1, namely SISO
communication. For the long-haul energy consumption,
CMIMO-SM is utilized and note that the transmit antenna
number 𝑀𝑡 is always equal to one in the circuit power
consumption, since only one antenna is active during each
time instant. Assume that each sensor node has 𝑁𝑖 bits to
transmit; and then the energy consumption per bit for 𝐸𝑙 is
given by
𝑀

𝐸𝑙 =

𝑀 −1

𝑀

∑𝑖=1𝑡 𝑁𝑖 𝐸𝑖𝑡 + ∑𝑗=1𝑟 𝐸𝑗𝑟 ∑𝑖=1𝑡 𝑁𝑖
𝑀

∑𝑖=1𝑡 𝑁𝑖

.

(7)

After adding 𝐸lh to 𝐸𝑙 , the energy consumption per bit can be
expressed as
𝑀

𝐸bt,csm =

𝑀

𝑀 −1

𝑀

∑𝑖=1𝑡 𝑁𝑖 𝐸𝑖𝑡 + 𝐸lh ∑𝑖=1𝑡 𝑁𝑖 + ∑𝑗=1𝑟 𝐸𝑗𝑟 ∑𝑖=1𝑡 𝑁𝑖
𝑀

∑𝑖=1𝑡 𝑁𝑖

𝐸𝑑 =

𝐸𝐽 × {8 [2𝑀𝑡 𝑀𝑟 + (𝑀𝑡 + 1) 𝑀] + 4 [𝑀𝑡 (𝑀𝑟 − 1)]}
log2 (𝑀𝑡 𝑀)

, (8)

where 𝐸𝑖𝑡 , 𝐸𝑗𝑟 , and 𝐸lh can be calculated according to (5).
In this paper, for a realistic case we take into account the
detection energy as well. The detection energy can be calculated by using operation complexity in terms of complex

.

(9)

And then the energy consumption per bit for CMIMO-SM
approach is given by
𝑀

𝐸bt,csm =

𝑀

𝑀 −1

𝑀

∑𝑖=1𝑡 𝑁𝑖 𝐸𝑖𝑡 + 𝐸lh ∑𝑖=1𝑡 𝑁𝑖 + ∑𝑗=1𝑟 𝐸𝑗𝑟 ∑𝑖=1𝑡 𝑁𝑖
𝑀

∑𝑖=1𝑡 𝑁𝑖

+ 𝐸𝑑 .
(10)

(5)

According to the transmission process described in
Section 4.1, the energy consumption per bit of the proposed
scheme 𝐸bt,csm consists of two components: energy consumption in the local phase 𝐸𝑙 and energy consumption in the longhaul phase 𝐸lh , that is,
𝐸bt,csm = 𝐸𝑙 + 𝐸lh .

multiplication and addition. Processing ability of the multiplications and additions depends on the CPU speed and can
be different for different devices. We refer to the TelosB mote
[23] as an instance. It requires 8 cycles and 4 cycles for dealing
with multiplication and addition, respectively, and 𝐸𝐽 Joule
per cycle [24]. When SM applies ML at the receiver, 2𝑀𝑡 𝑀𝑟 +
(𝑀𝑡 + 1)𝑀 complex multiplications and 𝑀𝑡 (𝑀𝑟 − 1) complex
additions are needed for one symbol detection [25]. So the
energy consumption per bit for detection can be calculated
as

For energy consumption evaluation and comparison, the
reference CMIMO introduced in [3] is used in this paper.
For the case of CMIMO, energy consumption per bit in the
local phase is the same as that in the proposed scheme. For
the long-haul phase, Alamouti approach [26] is utilized and
when Alamouti applies ML at the receiver, 0.5𝑀𝑟 complex
multiplications and 2𝑀𝑟 − 1 complex additions are needed
for one symbol detection [5]. The same calculating way as
CMIMO-SM, the energy consumption per bit for detection
is given as
𝐸dc =

𝐸𝐽 × [8 (0.5𝑀𝑟 ) + 4 (2𝑀𝑟 − 1)]
.
log2 𝑀

(11)

The total energy consumption per bit for CMIMO is given as
𝑀

𝐸bt,c =

𝑀

𝑀 −1

𝑀

∑𝑖=1𝑡 𝑁𝑖 𝐸𝑖tc + 𝐸lhc ∑𝑖=1𝑡 𝑁𝑖 + ∑𝑗=1𝑟 𝐸𝑗rc ∑𝑖=1𝑡 𝑁𝑖
𝑀

∑𝑖=1𝑡 𝑁𝑖

+ 𝐸dc ,
(12)

where 𝐸𝑖tc and 𝐸𝑗rc represent the local transmission energy
cost per bit for cooperation on the transmitter side and
joint detection on the receiver side, respectively. The energy
consumption per bit in long-haul transmission by using the
Alamouti approach is denoted as 𝐸lhc . 𝐸𝑖tc , 𝐸𝑗rc , and 𝐸lhc can
be calculated according to (5).

5. Simulations and Numerical Experiments
5.1. For Long-Haul Communication. In our simulation, Monte Carlo simulations are carried out to find 𝐸𝑏 . Specifically,
ten thousand randomly generated channel samples are taken
and averaged to find the desired BER and then invert to get
the required value of 𝐸𝑏 . Assume that the rate of 2 bits/s/Hz,
3 bits/s/Hz, and 4 bits/s/Hz can be supported. Figures 4 and 5
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Table 1: Modulation configurations for 2 bits/s/Hz, 3 bits/s/Hz, and
4 bits/s/Hz transmissions using CMIMO-SM and CMIMO.
2 bits/s/Hz
BPSK
4QAM

3 bits/s/Hz
4QAM
8QAM

4 bits/s/Hz
8QAM
16QAM

Table 2: 𝛼 configurations for 2 bits/s/Hz, 3 bits/s/Hz, and 4 bits/s/Hz
transmissions using CMIMO-SM and CMIMO.

CMIMO-SM
CMIMO

2 bits/s/Hz
0.4706
1.8571

3 bits/s/Hz
1.8571
3.0937

10−1

10−2
BER

CMIMO-SM
CMIMO

100

10−3

4 bits/s/Hz
3.0937
4.1429

10−4

0

2 bits/s/Hz

3 bits/s/Hz
0.2732 W
0.3214 W

𝛼
0.4706

15

20

25

SM 2 bits BPSK 2 × 2
SM 3 bits 4QAM 2 × 2
SM 4 bits 8QAM 2 × 2

4 bits/s/Hz

Figure 4: The received SNR versus BER in SM with 3 different
modulations.

Table 4: 𝛼, and 𝑃𝑐 values for local communication using CMIMOSM and CMIMO.
CMIMO-SM/CMIMO

10
SNR (dB)

Table 3: Circuit power consumption 𝑃𝑐 for 2 bits/s/Hz, 3 bits/s/Hz,
and 4 bits/s/Hz transmissions using CMIMO-SM and CMIMO.

CMIMO-SM
CMIMO

5

100

𝑃𝑐
0.2107 W

10−1

represent the BER performance under different SNR values of
SM and Alamouti, respectively.
𝐸𝑏 is calculated using the SNR value plotted in Figures
4 and 5 and the PSD of the thermal noise 𝑁0 for the BER
requirement 10−3 . The configurations of modulation and 𝛼 of
CMIMO-SM and CMIMO in long-haul stage are tabulated in
Tables 1 and 2, respectively. Total circuit power consumption
𝑃𝑐 is calculated using (3) and listed in Table 3.

BER

10−2

10−3

10−4

0

5

10

15

20

25

SNR (dB)

5.2. For Local Communication. In the local phase, both
CMIMO-SM and CMIMO utilize BPSK as the modulation scheme and SISO as transmission approach. The same
approach introduced in Section 5.1 is used to simulate and
calculate the parameters which are listed in Table 4.
In this simulation, the following values have been used:
B = 10 kHz, 𝑓𝑐 = 2.5 GHz, 𝑃mix = 30.3 mW, 𝑃filt = 2.5 mW, 𝑃filr
= 2.5 mW, 𝑃LNA = 20 mW, 𝑃synth = 50 mW, 𝑀𝑙 = 40 dB, 𝑁𝑓 =
10 dB, 𝐺𝑡 𝐺𝑟 = 5 dBi, and 𝜂 = 0.35, 𝐸𝐽 = 1.215 nJ, 𝑁𝑖 = 20 kb. For
the fair comparison, we give the same setup 𝑀𝑡 = 𝑀𝑟 = 2 as
in [3].
5.3. Energy Consumption Comparison. Since the analytical
and simulation results are too complicated to offer obvious
information, it is expected that some comparisons can be
given from our results. It is assumed that the average distance
between two adjacent nodes inside the cluster is about 2
meters. The energy consumption per bit comparisons for

Alamouti 2 bits 4QAM 2 × 2
Alamouti 3 bits 8QAM 2 × 2
Alamouti 4 bits 16QAM 2 × 2

Figure 5: The received SNR versus BER in Alamouti with 3 different
modulations.

2 bits, 3 bits, and 4 bits systems between CMIMO-SM and
CMIMO are presented in Figures 6, 7, and 8, respectively.
From above plots, we see that the proposed CMIMOSM beats CMIMO due to the advanced transmission scheme.
Also, for both systems, as the transmission distance increases,
energy consumption per bit increases. Moreover, for both
systems, the energy consumption per bit decreases as the
transmission rate increases from 2 bits/s/Hz to 4 bits/s/Hz.
This can be explained by the reason that circuit power
working in a shorter time will bring lower energy.

6

The Scientific World Journal
×10−5
3

4.1

Total energy consumption per bit (J)

Total energy consumption per bit (J)

×10−5
4.2

4
3.9
3.8
3.7
3.6
3.5
3.4

0

10

20

30

40

50

60

70

80

90

2.8
2.6
2.4
2.2
2
1.8
1.6

100

0

10

20

30

Transmission distance (m)
CMIMO-SM 2 × 2
CMIMO 2 × 2

50

60

70

80

90

100

CMIMO-SM 2 × 2
CMIMO 2 × 2

Figure 6: Total energy consumption per bit over d, 2 bits transmission.

Figure 8: Total energy consumption per bit over d, 4 bits transmission.
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Figure 9: The structure of multihop CMIMO-SM.
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5.4. Energy Consumption in Multihop Scenario. Now a multihop WSN composed of 𝑛 clusters and a destination is
considered and shown in Figure 9. The proposed CMIMOSM scheme is applied to this multihop WSN for saving
energy. Inside the cluster, the longest distance amongst the
nodes is defined as 𝑑local . The long-haul distance between
the nearest nodes of different clusters is defined as 𝑑𝑖 (𝑖 =
1, 2, . . . 𝑛) which is assumed to be much larger than 𝑑local . Let
𝑑𝑖 represent the optimal transmission distance and then, for

Optimal distance (m)

Figure 7: Total energy consumption per bit over d, 3 bits transmission.

300
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Figure 10: Optimal distances versus hop-length numbers.
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7
transmitting scenario, the total energy consumption can be
expressed as

Total energy consumption per bit (J)

×10−5
6.5
6

𝑛

𝑀𝑡

𝑀𝑟 −1

𝑀𝑡

𝑀𝑡

𝑖=1

𝑖=1

𝑗=1

𝑖=1

𝑖=1

𝐸total = ∑ (∑𝑁𝑖 𝐸𝑖𝑡 + ∑ 𝐸𝑗𝑟 ∑𝑁𝑖 + ∑𝑁𝑖 𝐸𝑑 )

5.5

𝑛

+ 2∑ (𝑛 + 1 − 𝑖)

5

𝑖=1

4.5

2

×[(1 + 𝛼) 𝐸𝑏 ×

4
3.5
3

1

2

3

4
5
6
7
Hop-length number (i)

8

9

10

Proposed
Equidistant

Figure 11: Total energy consumption per bit for each cluster, 2 bits
transmission.

In order to minimize the total energy consumption, the
optimal transmission distance 𝑑𝑖 from the source to the
destination needs to be derived. First, through observation
of the transmission distance in the proposed model, the
constraint ∑𝑛𝑖=1 𝑑𝑖 = 𝑑 − 𝑛𝑑local is obtained; and then the
optimization problem can be formulated as
𝑛

min

𝑑𝑖 , 𝑖=1,2,...𝑛

2∑ (𝑛 + 1 − 𝑖)
𝑖=1
2

15
14
Total energy consumption (J)

(4𝜋)2 × (𝑑𝑖 + 𝑑local )
𝑃
𝑀𝑙 𝑁𝑓 + 𝑐 ] 𝑁𝑖 .
2
𝐺𝑡 𝐺𝑟 𝜆
𝑅𝑏
(14)

× [(1 + 𝛼) 𝐸𝑏 ×

12

+

10

(4𝜋)2 × (𝑑𝑖 + 𝑑local )
𝑀𝑙 𝑁𝑓
𝐺𝑡 𝐺𝑟 𝜆2

𝑃𝑐
] 𝑁𝑖
𝑅𝑏

𝑛

8

s.t

∑𝑑𝑖 + 𝑛𝑑local = 𝑑

6

𝑖=1

4

𝑑𝑖 > 0, 𝑖 = 1, 2, . . . , 𝑛

2

𝑛 is a positive integer.

0

(15)
1

2

3

4
5
6
7
Hop-length number (i)

8

9

10

Proposed
Equidistant

Figure 12: Total energy consumption for each cluster, 2 bits transmission.

a transmission distance 𝑑𝑖 , energy consumption per bit of
long-haul is given by
(𝑖)
𝐸bt
= (1 + 𝛼) 𝐸𝑏 ×

2

(4𝜋𝑑𝑖 )
𝑃
𝑀𝑙 𝑁𝑓 + 𝑐 .
2
𝐺𝑡 𝐺𝑟 𝜆
𝑅𝑏

(13)

It will be assumed that two sensor nodes in one cluster
are used in order to reduce the complexity of the calculation.
However, it is important to note that the calculation can
in principle be extended to any cluster size. For all nodes

Proposition 1. Under the all nodes transmission case, given
the total distance between source and destination d, the optimal
transmission distance 𝑑𝑖 is dependent on 𝑑 and decreases as the
cluster approaches to the destination.
Proof. See the appendix.
Therefore, setting hop distances using (A.4) for all hoplengths is sufficient for achieving the minimum energy
consumption.
The numerical results of the optimization and multihop
based CMIMO-SM are presented in Figure 10. As an example
of numerical results, suppose that the source and destination
are 𝑑 meters apart and 𝑛 − 1 clusters act as relays to forward
the information. Assume that 𝑛 is chosen to be 10, d and
𝑑local are set to be 1000 meters and 2 meters, respectively. The
optimal transmission distances are obtained using (A.4) and
plotted in Figure 10. It can be observed that for each hoplength, we can find a best transmission value and also it can be
seen that as the distance to the destination increases, the hoplength also increases. The reduction of energy consumption

8
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Figure 13: Total energy consumption per bit for each cluster, 3 bits
transmission.
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Figure 15: Total energy consumption per bit for each cluster, 4 bits
transmission.
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Figure 14: Total energy consumption for each cluster, 3 bits transmission.

Figure 16: Total energy consumption for each cluster, 4 bits transmission.

can be further obtained using this approach instead of the
equidistant approach.
In order to evaluate the performance of the proposed
scheme, an equidistant scheme as a reference is compared
with the proposed scheme in terms of energy consumption.
In Figures 11, 13, and 15, the total energy consumption per
bit versus hop-length number is plotted as a calculation aim
for the proposed scheme and reference scheme in terms of
three different system configurations. It can be seen that
the majority of clusters in the proposed scheme have less

total energy consumption per bit when compared with the
equidistant scheme because transmission distances within
these hops are relatively short for the proposed scheme,
while the opposite reason can be explained to the minority
of the clusters. By using this approach, the total energy
consumption is effectively reduced and balanced. After calculating total energy consumption of each cluster, the results
in Figures 12, 14, and 16 show that the proposed scheme offers
a good energy balance property compared to the equidistant
scheme for a given transmission distance.
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Since ∑𝑛𝑖=1 𝑑𝑖 = 𝑑 − 𝑛𝑑local , (A.3) can be derived as

6. Conclusions
A new cooperative transmission scheme CMIMO-SM has
been proposed in this paper. The system model was designed
and the energy consumption was analyzed in a cluster to
cluster communication environment under three different
system configuration cases. The superiority of using this
scheme for minimization of total energy consumption is
validated by simulations and numerical experiments. Results
demonstrated that the proposed scheme always provides
energy saving compared with when using the conventional
one. Later, we integrated the CMIMO-SM into a multihop
scenario to further optimize the total energy consumption.
The results indicated that optimal hop scheme can reduce
and balance energy consumption significantly, and thus the
feasibility of using CMIMO-SM in optimal multihop scheme
to boost the joint performance was proved. Therefore, it is
concluded that the proposed scheme can be used as a guideline to design energy efficient communications in arbitrary
deployed WSN for the reduction of energy consumption and
extension of the lifetime.

Appendix
Proof of Proposition
To solve the problem in (15) under the constraint ∑𝑛𝑖=1 𝑑𝑖 =
𝑑 − 𝑛𝑑local , we set
𝑛

𝐿 = 2∑ (𝑛 + 1 − 𝑖)
𝑖=1
2

× [(1 + 𝛼) 𝐸𝑏 ×

(4𝜋)2 × (𝑑𝑖 + 𝑑local )
𝑃
𝑀𝑙 𝑁𝑓 + 𝑐 ] 𝑁𝑖
2
𝐺𝑡 𝐺𝑟 𝜆
𝑅𝑏
𝑛

+ 𝑤 (𝑑 − 𝑛𝑑local − ∑𝑑𝑖 ) ,
𝑖=1

(A.1)
where 𝑤 is a Langrage multiplier. According to the method of
Langrage multiplier, we have
𝜕𝐿
= 0,
𝜕𝑑𝑖
𝑛

(A.2)

∑𝑑𝑖 = 𝑑 − 𝑛𝑑local
𝑖=1

by taking partial derivatives on (A.1) with respect to 𝑑𝑖 and
equating to 0. Solving (A.2) and each distance 𝑑𝑖 can be
determined as follows:
𝑑𝑖 = (

𝑤
2

4 (1 + 𝑎) 𝐸𝑏 ((4𝜋) /𝐺𝑡 𝐺𝑟 𝜆2 ) 𝑀𝑙 𝑁𝑓 (𝑛 + 1 − 𝑖)

)

− 𝑑local .
(A.3)

𝑑𝑖 =

∑𝑛𝑓=1

𝑑 + 𝑛𝑑local
− 𝑑local .
(1/ (𝑛 + 1 − 𝑓)) (𝑛 + 1 − 𝑖)

(A.4)

Conflict of Interests
The authors declare no conflict of interests.

Acknowledgment
This research was supported partly by BK21 and CBNU
Research Fund 2013.

References
[1] I. F. Akyildiz, W. Su, Y. Sankarasubramaniam, and E. Cayirci, “A
survey on sensor networks,” IEEE Communications Magazine,
vol. 40, no. 8, pp. 102–114, 2002.
[2] D. N. Nguyen and M. Krunz, “Cooperative MIMO in wireless
networks: recent developments and challenges,” IEEE Network,
vol. 27, no. 4, pp. 48–54, 2013.
[3] S. Cui, A. J. Goldsmith, and A. Bahai, “Energy-efficiency of
MIMO and cooperative MIMO techniques in sensor networks,”
IEEE Journal on Selected Areas in Communications, vol. 22, no.
6, pp. 1089–1098, 2004.
[4] S. K. Jayaweera, “Virtual MIMO-based cooperative communication for energy-constrained wireless sensor networks,” IEEE
Transactions on Wireless Communications, vol. 5, no. 5, pp. 984–
989, 2006.
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A novel direction of arrival (DOA) estimation method in compressed sensing (CS) is presented, in which DOA estimation is
considered as the joint sparse recovery from multiple measurement vectors (MMV). The proposed method is obtained by minimizing the modified-based covariance matching criterion, which is acquired by adding penalties according to the regularization
method. This minimization problem is shown to be a semidefinite program (SDP) and transformed into a constrained quadratic
programming problem for reducing computational complexity which can be solved by the augmented Lagrange method. The
proposed method can significantly improve the performance especially in the scenarios with low signal to noise ratio (SNR), small
number of snapshots, and closely spaced correlated sources. In addition, the Cramér-Rao bound (CRB) of the proposed method is
developed and the performance guarantee is given according to a version of the restricted isometry property (RIP). The effectiveness
and satisfactory performance of the proposed method are illustrated by simulation results.

1. Introduction
Direction of arrival (DOA) estimation of multiple narrowband sources has been an interesting research topic in array
signal processing. Its applications span many fields including
radar, communication systems, and medical imaging [1, 2].
Many effective algorithms are proposed for DOA estimation,
which are mainly classified into three categories. The beamforming algorithms such as MVDR [3] and MEM [4] obtain
a nonparametric spatial spectrum by optimizing the filter
weights. The subspace algorithms such as MUSIC [5] and
ESPRIT [6] and their derivatives [7, 8] exploit the orthogonality of signal subspace and noise subspace for DOA estimation.
The subspace fitting algorithms including Maximum Likelihood (ML) [9] and Weighted Subspace Fitting (WSF) [10]
solve a multidimensional nonlinear optimization problem
to obtain a precise estimation, but a good initialization is
required to ensure global convergence and computational
complexity is very high. All these algorithms focus on two
important issues: resolution (i.e., the ability to correctly
resolve two closely spaced sources) and precision (i.e., the
deviation from true DOA) which are considered to be the

theoretical bases of evaluating certain algorithms. Many
high resolution methods suffer from serious performance
degradation in the scenarios with low SNR, small number
of snapshots, and closely spaced corrected sources. More
recently, many research applications involving compressed
sensing (CS) [11], especially DOA estimation [12, 13], have
become more and more popular in the signal processing.
Moreover, the restricted isometry property (RIP) based on
the perfect theoretical framework given with modern probability theory by Donoho [11] and Candés et al. [14] provides
the performance guarantee in CS. Hence, in this paper, DOA
estimation is posed as a joint sparse recovery problem where
we recover jointly sparse sources from multiple measurement
vectors (MMV) under CS framework.
CS is an emerging area which can break through the limit
of Nyquist sampling theorem. On one hand, CS can simultaneously capture and store compressed or sparse source at a
rate much lower than that of Nyquist sampling. On the other
hand, it can recover the original source using nonadaptive
linear projection measurements onto a suitable measurement
matrix which satisfies the RIP. In CS, the joint sparse recovery
aims to find a common support shared by unknown sparse

2
vectors from MMV, which is obtained by the measurement
matrix. Support denotes the indices of the nonzero elements
in the unknown sparse vectors. A sparse solution can be
obtained as long as the support is determined.
CS theory has been widely applied to DOA estimation
according to the source sparsity, which results from the fact
that there are much fewer source directions than all potential directions in the spatial domain. The DOA estimation
methods in CS are attractive since they have much better estimation performance than conventional estimation methods.
In [15], Gürbüz et al. firstly formulate the DOA estimation
problem under CS framework in the time domain. Wang
et al. [16] propose a new architecture to estimate DOA by
exploiting compressive sampling in the spatial domain. Stoica
et al. [17] make full use of covariance matching criterion
and present a semiparametric/sparse estimation method and
its derivative called LIKES [18] for the separable model.
Malioutov et al. [19] present the 𝑙1 -SVD algorithm for DOA
estimation which combines the SVD of the data matrix with
a sparse recovery method based on 𝑙1 -norm minimization. A
new class of subspace-base algorithms such as compressive
MUSIC (CS-MUSIC) [20] and subspace-augmented MUSIC
(SA-MUSIC) [21] is proposed in recent years.
The RIP and various modified versions of it have been
used as a foundation of performance guarantee [21–24] for
the joint sparse recovery. The performance guarantee of
MUSIC based on joint sparse recovery is given for identifying
the unique support in a favorable case [25]. However, in the
unfavorable case where the number of measurement vectors
is smaller than the sparsity or the covariance matrix tends to
lose rank due to correlated sources, performance guarantee
fails. Lee et al. [21] propose a new performance guarantee
in terms of a version of the RIP under such unfavorable
conditions. The performance guarantees of other methods
such as greedy algorithms and convex relaxation have been
developed to find the sparse solution in [23, 24]. However, the
guarantees of these methods cannot be simply extended to the
MMV case to obtain a better bound for the sparse solution.
In this paper, we propose a novel augmented Lagrange
based on modified covariance matching criterion method
called AULMC for DOA estimation in CS. This method utilizes the minimization of the modified covariance matching
criterion which is acquired by using regularization method to
add penalties in order to obtain the stable sparse parameter
estimation, especially in the low sparsity case. This minimization problem is shown to be a semidefinite program
(SDP) and transformed into the constrained quadratic programming problem for the sake of reducing computational
complexity. The augmented Lagrange function is formed
to solve this problem by the use of augmented Lagrange
method. AULMC has a number of advantages over the other
methods. For example, it provides more precise estimation
and higher resolution in the scenarios with low SNR, small
number of snapshots, and closely spaced correlated sources,
and it does not need priori knowledge about the number
of sources or to choose the regularization parameter of the
𝑙1 -optimization framework which is very difficult to select
in the DOA estimation. In addition, we give a detailed
derivation process of the closed-form expression for the
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Cramér-Rao bound (CRB) of the new method and discuss
an explicit condition that guarantees performance of the new
method. This performance guarantee is given in terms of
weaker version of the RIP which is referred to as weak-1 RIP.
Simulation results illustrate the performance of the proposed
method.
It is worth noting that covariance matching criterion
has been used for DOA estimation [26]. In [26], a sparse
iterative covariance-base estimation method, abbreviated as
SPICE, is proposed. Our approach is different from SPICE
because it utilizes modified covariance matching criterion
which can guarantee the stability of solution even if the source
sparsity is rather low. In the future work, we will focus on the
application of our approach to data-driven design [27–30].
Now we briefly summarize the contributions of this work as
follows.
(i) A modified covariance matching criterion is proposed by adding penalties according to the regularization method.
(ii) The original SDP problem is transformed into the
constrained quadratic programming problem. The
motivation to transform the problem is that it can
reduce computational complexity.
(iii) Augmented Lagrange based on modified covariance
matching criterion method is devised to solve the
resulting programming problem.
(iv) The CRB and performance guarantee of the new
method are given in detail.
The rest of this paper is organized as follows. In
Section 2, we formulate the DOA estimation problem.
Section 3 presents a modified covariance matching criterion.
A novel augmented Lagrange based on modified covariance
matching criterion method for DOA estimation is described
in detail in Section 4; the performance of which is analyzed
in Section 5. The performance of the proposed method
is evaluated by simulations in Section 6. Conclusions are
provided in Section 7.

2. Problem Formulation
Consider 𝐿 narrow-band sources 𝑠̂1 , 𝑠̂2 , . . . , 𝑠̂𝐿 impinging on a
sensor array that consisted of 𝑃 omnidirectional sensors from
far field. At time instant 𝑡, the array received source can be
given by
𝐿

x (𝑡) = ∑ a (𝜃𝑘 ) 𝑠̂𝑘 (𝑡) + n (𝑡) ,

(1)

𝑘=1

where n(𝑡) ∈ C𝑃×1 denotes a noise term, 𝜃𝑘 ∈ Ω is the
unknown direction, of the 𝑘th source where Ω denotes the
entire spatial range and a(𝜃𝑘 ) is the 𝑃 × 1 steering vector.
Although the DOA estimation of the single snapshot, which
is a typical single measurement vector (SMV) model, has
its value, the number of snapshots is larger than one in the
most practical applications. Correspondingly, the multiple
snapshots model is a MMV model.
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𝐾

Let {𝜃̃𝑘 }𝑘=1 denote a fine grid which covers Ω where
there exist 𝐾 (𝐾 ≫ 𝐿) potential directions of the sources
𝑠1 , 𝑠2 , . . . , 𝑠𝐾 so that the true directions {𝜃𝑘 }𝐿𝑘=1 are aligned or
are close to the grids. This means that if 𝜃̃𝑘1 , 𝜃̃𝑘2 , . . . , 𝜃̃𝑘𝐿 are
equal to 𝜃1 , 𝜃2 , . . . , 𝜃𝐿 , respectively, we have
𝑠̂ ,
𝑠𝑘 = { 𝑙
0,

𝑘 = 𝑘𝑙 (𝑙 = 1, 2, . . . , 𝐿) ,
elsewhere.

(2)

Hence, the multiple snapshots model can be written as the
following sparse form:
𝐾

x (𝑡) = ∑ a (𝜃̃𝑘 ) 𝑠𝑘 (𝑡) + n (𝑡) = As (𝑡) + n (𝑡) ,
𝑘=1

(3)

𝑡 = 𝑡1 , 𝑡2 . . . 𝑡𝑀,
where A = [a(𝜃̃1 ) a(𝜃̃2 ) ⋅ ⋅ ⋅ a(𝜃̃𝐾 )] is the 𝑃 × 𝐾 manifold
matrix corresponding to all the potential directions which is
also referred to as an overcomplete dictionary in CS. s(𝑡) =
𝑇
[𝑠1 (𝑡) 𝑠2 (𝑡) ⋅ ⋅ ⋅ 𝑠𝐾 (𝑡)] is a 𝐿-sparse vector since it has at
most 𝐿 nonzero elements in 𝐾 elements, and 𝐿 is defined as
sparsity where the operator [⋅]𝑇 denotes transport. {s(𝑡𝑖 )}𝑀
𝑖=1
are jointly 𝐿-sparse if they share a common support. Hence,
the matrix S = [s(𝑡1 ) s(𝑡2 ) ⋅ ⋅ ⋅ s(𝑡𝑀)] ∈ C𝐾×𝑀 has no more
than 𝐿 nonzero rows in order to be called row 𝐿-sparse. The
MMV problem is that of identifying the row support of the
unknown matrix S from the matrix Y ∈ C𝑁×𝑀 that consisted
of MMV which is given by
Y = [y (𝑡1 )

y (𝑡2 ) ⋅ ⋅ ⋅ y (𝑡𝑀)] = ΦAS + ΦN

(4)

with a common measurement matrix Φ of the size 𝑁 × 𝑃
with 𝑁 < 𝑃 where 𝑁 is the number of nonadaptive linear
projection measurements, such as random Gaussian matrix
or random partial Fourier matrix, and noise matrix N.

3. Modified Covariance Matching Criterion
In this section, the modified covariance matching criterion
is developed in the CS scenario. A conventional covariance
matrix of the compressed measurement source with the size
𝑁 × 𝑁 is given by
R𝑦 = 𝐸 [y (𝑡) y∗ (𝑡)] = ΦAR𝑠 A∗ Φ∗ + ΦR𝑛 Φ∗ ,

(5)

where R𝑠 = 𝐸[s(𝑡)s∗ (𝑡)] is a 𝐾 × 𝐾 covariance matrix of
the sparse source whose off-diagonal elements denote the
source correlation and diagonal elements denote the source
powers. Since the powers are one-to-one corresponding to
all the potential directions and our focus is on the source
angle parameter estimation, R𝑠 can be reduced to a diagonal
̃ = diag (𝜃̃ 𝜃̃ ⋅ ⋅ ⋅ 𝜃̃ ). According to (5), the
matrix R𝑠 (𝜃)
1
2
𝐾
measurement matrix can change the covariance matrix of the
noise to render the noise colored even if the noise is white.
Therefore, this adverse factor must be considered before
recovering jointly sparse sources. In addition, the operators
(⋅)∗ and 𝐸[⋅] denote conjugate transpose and expectation,
respectively.

Since ΦR𝑛 Φ∗ is a positive definite Hermitian matrix, a
prewhitened method is given by the Cholesky decomposition.
Let B be the Cholesky factor that satisfies
−1

(ΦR𝑛 Φ∗ )

= B∗ B,

(6)

where B ∈ C𝑁×𝑁 is an upper triangular matrix of positive
line. Hence, a prewhitened process is implemented by multiplying y(𝑡) by B in order to obtain a pure source whose
covariance matrix is written as
̃𝑦 = BΦAR𝑠 A∗ Φ∗ B∗ + I𝑁 = CR𝑠 C∗ + I𝑁,
R

(7)

where C = [c1 , c2 , . . . , c𝐾 ] and I𝑁 is an identity matrix of
the size 𝑁 × 𝑁. It is important to note that the unknown
covariance matrix of the noise is transformed into the known
identity matrix after the prewhitened process. Therefore, the
prewhitened method improves the robustness to the noise.
Then, the covariance matrix of the compressed measurement
source denoising is realized by
̃𝑦 − I𝑁 = CR𝑠 C∗ .
R=R

(8)

The parameter 𝜃̃ can be estimated by a class of the
covariance matching estimation techniques (COMET) based
on covariance matching criterion [31]. This parameter estimation method is well known to be a large-sample approximation of ML method and provide a more attractive solution
than ML estimator.
The principle of COMET is that of using the right data to
minimize its data model by the weighted least-squares (WLS)
method. However, the lower the source sparsity is, the more
likely it is to be ill-posed for the covariance matrix estimation
error meaning that the optimal solution obtained directly by
minimizing the conventional covariance matching criterion
is instable. Hence, we employ regularization method to add
penalties in order to sufficiently exploit prior knowledge to
reduce the solution space for determining the stable optimal
solution. The modified covariance matching criterion is
proposed as the following form:
̃
̃ ∗ Γ∗ P−1 Γ [vec (R)
̂ − vec (R (𝜃))]
̂ − vec (R (𝜃))]
[vec (R)
̃ −R
̂−1 ] + 𝛽 Tr [
+ 𝛼 Tr [R−1 (𝜃)

̃ R
̂−1
R−1 (𝜃)
4

],
(9)

where parameter 𝛼 ≥ 0 controls the solution smoothness
(guarantee precision), parameter 𝛽 ≥ 0 controls the solution
scale (guarantee sparsity), the inverses of the matrix Γ, the
̃ are assumed to exist,
̂ and R(𝜃)
sample covariance matrix R,
−1
and the matrix P is the inverse of the covariance matrix
̃ Since R
̂ − R(𝜃)).
̂ is equal to
of the residuals, ̃𝜀 = Γ vec(R
̃
̃
̂ − R(𝜃))
R(𝜃) as 𝑀 → ∞, it follows from [32] that vec(R
satisfies the asymptotic normal distribution with mean zero
̃ ⊗ R.
̂ In addition, the operators Tr[⋅],
and variance 𝑁−1 R𝑇 (𝜃)
vec(⋅), and ⊗ denote matrix trace, column stacking operation,

4
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and Kronecker product, respectively. Then, the matrix P can
be given by

Due to
𝐾

̂−1 c𝑘 ) 𝜃̃𝑘
̂−1 R] = ∑ (c∗ R
Tr [R
𝑘

̃ ̃𝜀∗ (𝜃)]
̃
P = 𝐸 [̃𝜀 (𝜃)
̃ vec∗ (R
̃ Γ∗
̂ − R (𝜃))
̂ − R (𝜃))]
= Γ𝐸 [vec (R

(10)

̃ ⊗ RΓ
̂ ∗ = Γ𝑁−1 DΓ∗ .
= Γ𝑁−1 R𝑇 (𝜃)
We consider the normalized data model in (9) and choose
the regularization parameters 𝛼 = 𝛽 = 𝑁 based on perceptual
criterion [33]. By substituting (10) into (9), we have

we can deduce that the minimization of 𝑓 is equal to the
minimization of ℎ:
̂1/2 + 1 R
̂1/2 + 1 R
̂−1/2 ) R−1/2 (R
̂−1/2 ) R−1/2 ]
ℎ = Tr [(R
2
2
𝐾

̂−1 c𝑘 ) 𝜃̃𝑘 .
+ ∑ (c∗𝑘 R
𝑘=1

̃ D−1 vec (R
̃
̂ − R (𝜃))
̂ − R (𝜃))
vec∗ (R
̃ −R
̂−1 ] +
+ Tr [R−1 (𝜃)

(15)

𝑘=1

(16)

̃ R
̂−1 ]
Tr [R−1 (𝜃)
4

(11)
.

By the properties of vec, ⊗, and Tr, the data model can be
further simplified to
̃ D−1 vec (R
̃
̂ − R (𝜃))
̂ − R (𝜃))
vec (R

Then, we will demonstrate that the minimization of ℎ in
𝐾
(16) with respect to {𝜃̃𝑘 }𝑘=1 is an SDP. To prove this fact, One
assumes
̂−1/2 = [r1 r2 ⋅ ⋅ ⋅ r𝑁] .
̂1/2 + 1 R
R
2

∗

̃ (R
̃ R
̂ − R (𝜃))
̂−1 ] +
+ Tr [R−1 (𝜃)

̃ R
̂−1 ]
Tr [R−1 (𝜃)

The ℎ in (16) can be rewritten as

(12)

where ‖ ⋅ ‖ denotes the Frobenius norm for matrices or
the Euclidean norm for vectors. The data model in (12) is
considered to be the modified covariance matching criterion.
It can be seen from (12) that a positive definite Hermitian
matrix is added to the covariance matrix estimation error
by applying penalties according to regularization method in
order to guarantee the stability of solution.

be the optimal solution of 𝜃̃ in the structure model of (8). Our
goal is to utilize the modified covariance matching criterion
for an estimate that is asymptotically equal to 𝜃̃𝑠 . By the
properties of the trace and the Hermitian matrix, a derivation
process is shown as follows, where we omit the dependence
on 𝜃̃ for notational convenience:
̂ − R + I ) R−1 (R
̂ − R + I )]
̂−1 (R
𝑓 = Tr [R
2
2
̂−1 + (R
̂1/2 + 1 R
̂−1 R − R
̂−1/2 )
= Tr [R
2
̂1/2 + 1 R
̂−1/2 ) R−1/2 ] .
⋅R−1/2 (R
2

(14)

𝐾

𝑘=1

𝑘=1

(18)

By the Schur complement, let {𝑥𝑘 }𝑁
𝑘=1 be auxiliary variables satisfying
[

𝑥𝑘 r∗𝑘
] ≥ 0.
r𝑘 R

(19)

The equivalent form of this minimization problem is
expressed as
𝑁

𝐾

𝑥𝑘 , 𝜃̃𝑘

𝑘=1

𝑘=1

s.t.

𝜃̃𝑘 ≥ 0,

min

4. DOA Estimation
In this section, we will utilize the minimization of the mod̃
ified covariance matching criterion to estimate parameter 𝜃.
Let
2
̂−1/2 ̂
̃ + I ) R−1/2 (𝜃)
̃ 
(13)
(R − R (𝜃)
𝜃̃𝑠 = arg minR

̃ 
2
𝜃

𝑁

̂−1 c𝑘 ) 𝜃̃𝑘 .
ℎ = ∑ r∗𝑘 R−1 r𝑘 + ∑ (c∗𝑘 R

4

2

̂−1/2 ̂
̃ + I𝑁 ) R−1/2 (𝜃)
̃  ,
(R − R (𝜃)
= R


2


(17)

̂−1 c𝑘 ) 𝜃̃𝑘
∑ 𝑥𝑘 + ∑ (c∗𝑘 R

[

𝑘 = 1, 2, . . . , 𝐾,

𝑥𝑘 r∗𝑘
] ≥ 0,
r𝑘 R

(20)

𝑘 = 1, 2, . . . , 𝑁.

It is easy to see that (20) is an SDP [34]. Many software
packages can solve an SDP, but solving (16) as an SDP is
not a good choice because SDP solvers have generally rather
high computational complexity for the values of 𝑁, 𝑀, and 𝐾
in the DOA estimation. To solve it effectively, we transform
it into the constrained quadratic programming problem for
reducing computational complexity, as described next.
Since a consistent estimation of 𝜃̃ is given by (15), we can
reformulate the minimization of ℎ in (16) as the following
constrained minimization by the Schur inequality of the
trace:
̂1/2 + 1 R
̂1/2 +
̂−1/2 ) R−1/2 (R
min Tr [(R
𝜃𝑖 ≥0
2
s.t.

1 ̂−1/2 −1/2
R )R ]
2

Wz = 1𝐾 ,
(21)
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̂−1 C]−1/2 and z =
where W is a 𝐾 × 𝐾 diagonal matrix of [C∗ R
𝑇
[𝑧1 𝑧2 ⋅ ⋅ ⋅ 𝑧𝐾 ] is a 𝐾-dimensional vector with 𝑧𝑖 = 𝜃𝑖−1/2 ,
𝑖 = 1, 2, . . . , 𝐾. By substituting (8) into (21), the objective
function in (21) can be rewritten as
̂1/2

Tr [(R

1 ̂−1/2
−1/2
+ R
) (C∗ ) R𝑠−1/2 C−1/2
2

̂1/2 + 1 R
̂−1/2 ) (C∗ )−1/2 R−1/2 C−1/2 ]
⋅ (R
𝑠
2
−1/2

= Tr [C

̂1/2 + 1 R
̂−1/2 ) (C∗ )−1/2 R−1/2
(R
𝑠
2

Applying the Newton method, we obtain
2
p𝜎𝑘 (z𝑘 , 𝜇𝑘 ) (z𝑘+1 − z𝑘 ) = −∇z p𝜎𝑘 (z𝑘 , 𝜇𝑘 ) .
∇zz

For notational convenience, we assume that q𝑘 = q(z𝑘 ),
∇𝑓𝑘 = ∇𝑓(z𝑘 ), Π𝑘 = Π(z𝑘 ), b𝑘 = b(z𝑘 , 𝜇𝑘 ), d𝑘 = z𝑘+1 − z𝑘 and
we get the following equation by (29):
b𝑘 d𝑘 + 𝜎𝑘 q𝑘 q∗𝑘 d𝑘 + ∇z 𝑙 (z𝑘 , 𝜇𝑘 ) + 𝜎𝑘 q𝑘 Π𝑘 = 0.

(22)

(

Based on the following equation:

] = z∗ Vz,
QR−1/2
Tr [QR−1/2
𝑠
𝑠

(24)

̂1/2 + (1/2)R
̂−1/2 )(C∗ )−1/2 and V = Q𝑇 ⊙ Q.
where Q = C−1/2 (R
Hence, the minimization problem in (21) is transformed into
the following form:
𝑓 (z) = z∗ Vz
min
𝑧
s.t.

(25)

Π (z) = Wz − 1𝐾 = 0𝐾

which is a typical constrained quadratic programming problem.
It is well known that an important class of methods for
solving the constrained quadratic programming problem is
to form the auxiliary function. To solve (25), we form the
following augmented Lagrange function with respect to (25):
1
p𝜎 (z, 𝜇) = 𝑓 (z) + 𝜇∗ Π (z) + 𝜎‖Π (z)‖2 ,
2

(26)

where 𝜇 is the asymptotical solution of the Lagrange multiplier of (25) and 𝜎 is a penalty factor.
By setting the gradient and the Hessian matrix of (26)
with respect to z to zero, we have
∇z p𝜎 (z, 𝜇) = ∇z 𝑙 (z, 𝜇) + 𝜎q (z) Π (z) ,
2
∇zz
p𝜎

(z, 𝜇) =

2
∇zz
𝑙 (z, 𝜇)

𝐾

2

+ 𝜎∑Π𝑖 (z) ∇ Π (z)

(27)

𝑖=1

+ 𝜎q (z) q∗ (z) ,
where 𝑙(z, 𝜇) = 𝑓(z) + 𝜇∗ Π(z) and q(z) = ∇Π∗ (z) =
[∇Π1 (z) ∇Π2 (z) ⋅ ⋅ ⋅ ∇Π𝐾 (z)]. One assumes that
𝐾

2
b (z, 𝜇) = ∇zz
𝑙 (z, 𝜇) + 𝜎∑Π𝑖 (z) ∇2 Π (z) .
𝑖=1

(28)

I𝐾
∗
+ q∗𝑘 b−1
𝑘 q𝑘 ) q𝑘 d𝑘
𝜎𝑘
=

(23)

where ⊙ denotes the Schur-Hadamard product, M and N are
both 𝐾×𝐾 matrices, T(d) = diag(𝑑1 𝑑2 ⋅ ⋅ ⋅ 𝑑𝐾 ), and d =
𝑇
[𝑑1 𝑑2 ⋅ ⋅ ⋅ 𝑑𝐾 ] , the objective function (22) can be written
as

(30)

Assuming that the inverse of b𝑘 exists, by left-multiplying
(30) by (1/𝜎𝑘 )q∗𝑘 b−1
𝑘 , we have

̂1/2 + 1 R
̂−1/2 ) (C∗ )−1/2 R−1/2 ] .
⋅C−1/2 (R
𝑠
2
Tr [MT (d) NT (d)] = d∗ (M𝑇 ⊙ N) d,

(29)

−q∗𝑘 b−1
𝑘 q𝑘 Π𝑘

1
− q∗𝑘 b−1
𝑘 ∇z 𝑙 (z𝑘 , 𝜇𝑘 ) .
𝜎𝑘

(31)

It follows from (31) that
q∗𝑘 b𝑘 = −Π𝑘 +

𝛼𝑘
,
𝜎𝑘

(32)

where 𝛼𝑘 satisfies
(

I𝐾
∗ −1
+ q∗𝑘 b−1
𝑘 q𝑘 ) 𝛼𝑘 = −q𝑘 b𝑘 ∇z 𝑙 (z𝑘 , 𝜇𝑘 ) + Π𝑘 .
𝜎𝑘

(33)

By substituting (32) into (30), we have
d𝑘 = −b−1
𝑘 (q𝑘 𝛼𝑘 + ∇z 𝑙 (z𝑘 , 𝜇𝑘 )) .

(34)

Both the multiplier factor and the penalty factor are determined with difficulty for utilizing the augmented Lagrange
function to solve the constrained quadratic programming
problem. Hence, an updated sequence for the multiplier
factor is given in terms of Proposition 1.
Proposition 1. One assumes that 𝜇(z) is the optimal solution
of the problem min𝜇∈C𝐾 ‖q(z)𝜇 + ∇𝑓(z)‖2 . Then, the following
equation holds:
𝜇 (z𝑘 ) = 𝜇𝑘 + 𝛼𝑘 + 𝛽𝑘 d𝑘 ,

(35)

−1

where 𝛽𝑘 = (q∗𝑘 q𝑘 ) q∗𝑘 b𝑘 .
Proof. See Appendix A.
It can be deduced from Proposition 1 that 𝜇𝑘 + 𝛼𝑘 is
referred to as the next iteration of 𝜇𝑘 . We apply a heuristic
update sequence for the penalty factor to achieve a stable
solution. If the 𝑘th iterative solution z𝑘 is closer to the feasible
region than the previous solution z𝑘−1 , the penalty factor is
decreased. Inversely, we increase the penalty factor when z𝑘
is not closer to the feasible region.
The specific steps of solving by the augmented Lagrange
method are given as follows.
Initialization: set 𝑘 = 1, z1 ∈ C𝐾 , 𝜎1 > 0, 𝜏 ∈ (0, 1), and
𝜇1 = −(q∗1 q1 )−1 q∗1 ∇𝑓1 .
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(1) Calculate 𝛼𝑘 and d𝑘 in terms of (33) and (34). If ‖d𝑘 ‖ ≃
0, z𝑘 is the KKT point of the problem (25); then stop
iteration.

̃
Then, the partial derivatives of (39) with respect to 𝜃,
s𝑟 (𝑡𝑗 ) = Re{s(𝑡𝑗 )} and s𝑖 (𝑡𝑗 ) = Im{s(𝑡𝑗 )} are given by

(2) We use Armijo search method to find the maximum
of 𝑡𝑘 satisfying

𝑀
𝜕 ln 𝐿
= 2 ∑ Re {S∗𝑗 U∗ Φ∗ B∗ n (𝑡𝑗 )} ,
𝜕𝜃̃
𝑗=1

p𝜎𝑘 (z𝑘 + 𝑡𝑘 d𝑘 , 𝜇𝑘 ) ≤ p𝜎𝑘 (z𝑘 , 𝜇𝑘 ) + 𝜏𝑡𝑘 ∇p∗𝜎𝑘 (z𝑘 , 𝜇𝑘 ) d𝑘 .
(36)

𝜕 ln 𝐿
𝜕s𝑟 (𝑡𝑗 )
𝜕 ln 𝐿

(3) Set z𝑘+1 = z𝑘 + 𝑡𝑘 d𝑘 and update the multiplier factor
and penalty factor, respectively:
𝜇𝑘+1 = 𝜇𝑘 + 𝛼𝑘 ,
𝜎𝑘+1

{
{2𝜎𝑘
= {1
{ 𝜎
𝑘
{2


 

if Π (𝑧𝑘+1 ) > Π (𝑧𝑘 ) ,

 

if Π (𝑧𝑘+1 ) ≤ Π (𝑧𝑘 ) .

(37)

𝜕s𝑖 (𝑡𝑗 )

̃ =
, 𝜃)

[
[ G𝑖
[
⋅[
[0
[ ..
[ .
[0
where

𝐸{

𝜕 ln 𝐿 𝜕 ln 𝐿 𝑇
(
) }=Λ
𝜕𝜃̃
𝜕𝜃̃
𝑀

= 2 ∑ Re {S∗𝑗 U∗ Φ∗ B∗ BΦUS𝑗 } ,
𝑇

= −Im {2A∗ Φ∗ B∗ BΦA} 𝛿𝑘𝑝 ,

(38)
𝑇

𝑀

𝑇

{ 𝜕 ln 𝐿
}
{ 𝜕 ln 𝐿
}
𝜕 ln 𝐿
𝜕 ln 𝐿
) } = 𝐸{
) }
𝐸{
(
(
𝜕s (𝑡 ) 𝜕s𝑟 (𝑡𝑝 )
𝜕s (𝑡 ) 𝜕s𝑖 (𝑡𝑝 )
{ 𝑟 𝑘
}
{ 𝑖 𝑘
}
−1
= G−1
𝑟 = Re {G }

= Re {2A∗ Φ∗ B∗ BΦA} 𝛿𝑘𝑝 ,

Thus, the log-likelihood function is

s (𝑡𝑗 )

(41)

}
{ 𝜕 ln 𝐿
𝜕 ln 𝐿
−1
) } = −G−1
𝐸{
(
𝑖 = −Im {G }
𝜕s𝑟 (𝑡𝑘 ) 𝜕s𝑖 (𝑡𝑝 )
}
{

(2𝜋)𝑀𝑁(1/2)𝑀𝑁

}
× (y (𝑡𝑗 ) − BΦAs (𝑡𝑗 )) } .
}

y

Δ1𝑟
0
[
. ] [ Δ1𝑖 ]
]
G𝑟
d .. ]
Δ2𝑟 ]
] [
]
[
d
0 ]
.. ] ,
]⋅[
[
] [ . ]
]
d
G𝑟 −G𝑖 ] [Δ𝑀𝑟 ]
⋅ ⋅ ⋅ 0 G𝑖 G𝑟 ] Δ𝑀𝑖
]
[

𝑗=1

1

{ 𝑀
∗
⋅ exp {− ∑(y (𝑡𝑗 ) − BΦAs (𝑡𝑗 ))
{ 𝑗=1

ln 𝐿 (

⋅ ⋅ ⋅ Δ𝑀𝑖 Δ𝑀𝑟 ]

G𝑟 −G𝑖 0 ⋅ ⋅ ⋅

5.1. Cramér-Rao Bound. In this subsection, the closed-form
expression for the CRB of the proposed method with complex white Gaussian noise after the prewhitened process is
illustrated. The bound of the noise variance estimation can
be computed separately as CRB𝑛 = 1/𝑁𝑀 (see [35]). The
remaining parameters consist of an unknown vector 𝜑 =
𝑇
𝑇
[𝜃̃ s𝑇 ] . It is not an easy task to get the CRB of the unknown
parameters. However, fortunately, [36, 37] have provided a
critical inspiration for the derivation in this paper.
First, the likelihood function is given by

s (𝑡𝑗 )

= 2 Im {A∗ Φ∗ B∗ n (𝑡𝑗 )} ,

FIM = Λ − [Δ1𝑟 Δ1𝑖 Δ2𝑟

5. Performance Analysis

𝐿(

(40)

where S𝑗 = diag(s(𝑡𝑗 )) and U = [𝑑a(𝜃̃1 )/𝑑𝜃̃1 𝑑a(𝜃̃2 )/
𝑑𝜃̃2 ⋅ ⋅ ⋅ 𝑑a(𝜃̃𝐾 )/𝑑𝜃̃𝐾 ]. Following [35, 37], we can obtain
the Fisher information matrix (FIM) as follows:

(4) Set 𝑘 = 𝑘 + 1 and return to step (1).

y

= 2 Re {A∗ Φ∗ B∗ n (𝑡𝑗 )} ,

∗

̃ = const − ∑ (y (𝑡 ) − BΦAs (𝑡 ))
, 𝜃)
𝑗
𝑗
𝑗=1

× (y (𝑡𝑗 ) − BΦAs (𝑡𝑗 )) .
(39)

𝐸{

𝜕 ln 𝐿 𝑇
) } = Re {Δ𝑗 } = Δ𝑗𝑟
𝜕s𝑟 (𝑡𝑗 ) 𝜕𝜃̃
𝜕 ln 𝐿

(

= Re {2A∗ Φ∗ B∗ BΦUS𝑗 } ,
𝑗 = 1, 2, . . . , 𝑀,
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𝜕 ln 𝐿 𝑇
) } = Im {Δ𝑗 } = Δ𝑗𝑖
𝜕s𝑖 (𝑡𝑗 ) 𝜕𝜃̃
𝜕 ln 𝐿

In this paper, when the estimation quality is imperfect,
especially in the unfavorable case, the support is no longer
identified by the algebraic property of R. Hence, a new
performance guarantee is given in terms of the weak-1 RIP
in the following proposition.

(

= Im {2A∗ Φ∗ B∗ BΦUS𝑗 } ,
𝑗 = 1, 2, . . . , 𝑀.
(42)
It is well known that
[Δ𝑇𝑟 Δ𝑇𝑖 ] [

G𝑟 −G𝑖 Δ𝑟
] [ ] = Re {Δ∗ GΔ} .
G𝑖 G𝑟
Δ𝑖

(43)

It can be deduced from (41) and (43) that

̂−1/2
̂1/2 + (1/2)R
Proposition 2. One assumes that F = R
−1
−1 ̃
∗
and R
= ΨR𝑠 (𝜃)Ψ where Ψ = [𝜓1 𝜓2 . . . 𝜓𝐾 ]. 𝜃̂
is an estimation that is asymptotically equal to 𝜃̃𝑠 such that
̂ − tr(R−1 (𝜃̃ ))| ≤ 𝜂 for 𝜂 ∈ (0, 1/2‖F‖2 ). Let 𝐽
| tr(R−1 (𝜃))
𝑠
0
2
and 𝐽1 = {𝑗𝑖 }𝐿𝑖=1 be the L-dimensional supports that consisted
̂ respectively. If
of the indexes of 𝐿 largest elements in 𝜃̃𝑠 and 𝜃,
the matrix R satisfies
𝑤
(R; 𝐽0 ) > 𝜅
𝛼𝐿+1

̃ = FIM−1
CRB (𝜃)
−1

}
1{ 𝑀
= {∑ Re {S∗𝑗 U∗ H∗ (I − HA(HA)+ ) HUS𝑗 }} ,
2 𝑗=1
{
}
(44)
where H = BΦ is a 𝑁 × 𝑃 matrix and (⋅)+ denotes
pseudoinverse. Note that the CRB in CS is affected not only
by the conventional factors, for example, SNR, array structure
and signal relative location, but also by the measurement
matrix.
5.2. Performance Guarantee. In CS, the RIP has been deeply
studied for the joint sparse recovery by minimizing the 𝑙1
norm. We say that the matrix C ∈ C𝑁×𝐾 obeys the RIP of
the order 𝐿 if there exists a constant 𝛿 ∈ (0, 1) satisfying
(1 −

𝛿) ‖s‖22

≪

‖Cs‖22

≪ (1 +

𝛿) ‖s‖22 .

(45)

Therefore, all submatrices of C with L columns are
uniformly well conditioned. The restricted isometry constant
(RIC) of the order L, described as 𝛿𝐿 (C), is the smallest 𝛿 that
satisfies (45) and 𝛿𝐿 (C) satisfies


𝛿𝐿 (C) = max C∗𝐽 C𝐽 − I𝐿  ,
|𝐽 |=𝐿

(46)

where 𝐽 is a 𝐿-dimensional subsupport of 𝐽 = [1, 2, . . . , 𝐾]
and C𝐽 denotes the submatrix of C with columns indexed by
𝐽 . Note that the condition satisfying the RIP is so demanding
that its applications are limited. Therefore, we should make
use of a new version of the RIP, which is called the weak-1
RIP [38], to control the size of the recovery error. The weak-1
RIP is given in the following form:
(1 − 𝛼) ‖k‖22 ≪ ‖Ck‖22 ≪ (1 + 𝛼) ‖k‖22

(47)

for all k supported on 𝑈, where the cardinality of the set 𝑈 is
𝐿+1. If the matrix C satisfies the weak-1 RIP, it can be deduced
that 0 ≤ 𝛼 ≤ 𝜙𝐿+1 (C𝑈), where 𝜙𝑘 (C𝑈) denotes the 𝑘th largest
eigenvalue of C𝑈. The corresponding weak-1 RIC is given by
𝑤
𝛼𝐿+1
(C; 𝑈) = min 𝜙𝐿+1 (C𝑈) .

(48)

(49)

for
𝜅≥

𝐿‖F‖22 ∑𝑗∈𝐽0 𝜓∗𝑗 𝜓𝑗

(50)

1 − 2𝜂‖F‖22

the support can be identified.
Proof. See Appendix B.
It follows from Proposition 2 that the performance guarantee of the proposed method requires a mild condition
in the unfavorable case. However, in the favorable case,
the performance guarantee only requires a much milder
𝑤
(R; 𝐽0 ) > 0, which is an algebraic condition.
condition, 𝛼𝐿+1

6. Simulation Results
In this section, the performance of the proposed method is
illustrated by several simulation results and compared with
that of CS-MUISC, SPICE, and CRB under the condition that
the number of sources is unknown. We consider the spatial
signal impinging on the uniform linear array (ULA) with
interspacing 𝜆/2 where 𝜆 denotes the wavelength of source. In
the ULA case, the steering vector corresponding to the DOA
equal to 𝜃𝑘 is given by
𝑇

a (𝜃𝑘 ) = [1 𝑒−𝑗𝜋 sin(𝜃𝑘 ) ⋅ ⋅ ⋅ 𝑒−𝑗(𝑃−1)𝜋 sin(𝜃𝑘 ) ] ,

(51)

where the number of the array elements is set to be 𝑃 = 8.
In the simulation, the average root mean square error
(RMSE) of the DOA estimation with 50 Monte Carlo runs
is defined as the significant performance index:
50

𝐿

RMSE = [ ∑ ∑
[𝑚=1 𝑙=1

1/2

2

(𝜃𝑙𝑚 − 𝜃𝑙 )
50𝐿

]

,

(52)

]

where 𝜃𝑙𝑚 is the estimate of 𝜃𝑙 in the 𝑚th run.
The resolution of the grid is closely related to the precision
of the DOA estimation. A coarse grid can lead to poor precision, but a too fine grid increases computational complexity.
Therefore, an adaptive grid refinement method is used to
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Figure 3: RMSE of the DOA estimation versus number of snapshots
for 5 dB SNR.
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Figure 2: RMSE of the DOA estimation versus SNR for 50
snapshots.

RMSE (deg)

Amplitude

(a)

3

DOA (deg)
(c)

Figure 1: Superimposed spatial spectra of CS-MUSIC, SPICE, and
AULMC in 10 Monte Carlo runs, where the red vertical dashed lines
denote the true DOAs. (a) CS-MUSIC, (b) SPICE and (c) AULMC.

balance the tradeoff between precision and computational
complexity. In the simulation, we make a coarse grid with 1∘
step in the range of −90∘ to 90∘ and perform a local fine grid
in the vicinity of locations obtained by using the coarse grid.
In the first simulation, we display the superimposed spatial spectra of three algorithms in 10 Monte Carlo runs in the
scenario with low SNR, small number of snapshots, and five
sources impinging from [−40.3∘ −25∘ 5.2∘ 15.2∘ 38.1∘ ],
respectively where two most closely spaced sources are
correlated and the remaining sources are uncorrelated. The
spatial spectra are shown in Figure 1 with 3 dB SNR and 50
snapshots. The following facts can be acquired from Figure 1

as follows: the spatial spectrum obtained by CS-MUSIC suffers from severe interference at the true directions, especially
at two most closely spaced correlated sources whose bias
is clearly seen from the insert. Two most closely spaced
correlated sources can be resolved by SPICE (note that peaks
in the spatial spectrum are much larger than 2, but they are
cut off at 2 to use the same scale as the other figures in
Figure 1), but SPICE can yield false peaks and slight bias in the
vicinity of the correlated sources and uncorrelated sources,
respectively. The proposed method AULMC yields a nearly
ideal spatial spectrum and provides a precise estimation
for all the sources. In summary, AULMC outperforms CSMUSIC and SPICE in terms of the spatial spectrum in the
scenario with low SNR, small number of snapshots, and
closely spaced correlated sources.
We analyze the RMSE of three algorithms under different
conditions in the second simulation. The source model is the
same as the first simulation. Figure 2 shows the RMSE as a
function of SNR of all the algorithms and CRB in 50 Monte
Carlo runs for the fixed number of snapshots 50, whereas the
RMSE versus number of snapshots is shown in Figure 3 for
the fixed SNR 5 dB in 50 Monte Carlo runs. Based on Figures 2
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performance of AULMC is much better than that of CSMUSIC or SPICE.
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Figure 4: RMSE of the DOA estimation versus angle separation,
where the SNR is 13 dB and the number of snapshots is 100.

Table 1: Comparison of computation time.
Time (sec)
Number of snapshots
AULMC CS-MUSIC SPICE SDP solver
50
0.0651
0.0569
0.0601
0.7526
75
0.0776
0.0604
0.0714
0.8871
100
0.0860
0.0640
0.0819
1.0268
125
0.0974
0.0691
0.0923
1.3018

A novel augmented Lagrange based on modified covariance
matching criterion method for DOA estimation is proposed
in CS. It is proved that the problem of minimizing the
modified covariance matching criterion is an SDP, which can
be transformed into the constrained quadratic programming
problem solved by the augmented Lagrange method. A
detailed derivation for the CRB and a theoretical performance guarantee for identifying the support are provided.
Simulation results show that AULMC outperforms CSMUSIC and SPICE in terms of the spatial spectrum and
has more precise estimation as well as higher resolution,
especially in the scenarios with low SNR, small number of
snapshots, and closely spaced correlated sources.

Appendices
A. Proof of Proposition 1
Due to 𝜇(z𝑘 ) = −(q∗𝑘 q𝑘 )−1 q∗𝑘 ∇𝑓𝑘 , we have
q∗𝑘 q𝑘 𝜇 (z𝑘 ) = −q∗𝑘 ∇𝑓𝑘 .

(A.1)

With (34) and (A.1), we get
and 3, we can draw the conclusions that the RMSE of AULMC
is smaller than those of other two algorithms and AULMC has
the more significant performance advantages than the other
two algorithms, especially in the scenarios with low SNR or
small number of snapshots. One possible explanation is that
AULMC can give the stable estimation in every Monte Carlo
run. It can be also seen that the RMSE is close to the CRB with
the increase of SNR and the number of snapshots.
In Figure 4, we display the relation between the RMSE
and angel separation of correlated sources which can illustrate the resolving ability. Let two correlated sources at angles
20∘ and 20∘ +Δ𝜃, where the step of Δ𝜃 is 1∘ , be impinged on the
ULA. The SNR is 13 dB and the number of snapshots is 100.
It can be seen from Figure 4 that when angle separation is 2∘ ,
AULMC fails; however, AULMC can still provide a precise
estimation as long as the angle separation is no less than 3∘
and has higher resolution than the other two algorithms.
Finally, the computation time of different algorithms
versus number of snapshots is shown in Table 1 for comparing
the efficiency of these algorithms and SDP solver. Two
correlated sources impinge on the ULA at 20∘ and 25∘ . The
SNR is fixed at 13 dB. The computation time is obtained by the
MATLAB 7.8 (R2009a) on a 2.8 GHz 4 GB PC. For AULMC,
the computation time is mainly spent on the iterations of
augmented Lagrange.
It can be seen from Table 1 that the computation time
of SDP solver is the longest, and although the computation
time of AULMC is longer than that of other two algorithms,
it is comparable. Moreover, it is worth noting that the

q∗𝑘 q𝑘 [𝜇 (z𝑘 ) − 𝜇𝑘 − 𝛼𝑘 ] = q∗𝑘 b𝑘 d𝑘 .

(A.2)

Therefore, it is implied by (A.2) that (35) holds and the
proof of Proposition 1 is completed.

B. Proof of Proposition 2
The support 𝐽0 can be identified if

max
𝑗∈𝐽0

̂ FR−1/2 (𝜃)]
̂
Tr [FR−1/2 (𝜃)
Tr [F2 ]
< min

𝑗∈𝐽\𝐽0

̂ FR−1/2 (𝜃)]
̂
Tr [FR−1/2 (𝜃)
Tr [F2 ]

(B.1)
.

By the Cauchy-Schwarz inequality of the trace, we have

̂ 2 ] − Tr [(FR−1/2 (𝜃̃ ))2 ] 
 Tr [(FR−1/2 (𝜃))
𝑠




2]


Tr
[F






2
−1
−1
̂
Tr [F ] ⋅ Tr [R (𝜃)] − Tr [R (𝜃̃𝑠 )]
≤
Tr [F2 ]

̂ − Tr [R−1 (𝜃̃ )] ≤ 𝜂.
= Tr [R−1 (𝜃)]
𝑠 

(B.2)
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Then, for all 𝑗 ∈ 𝐽0 we have
2

References
2

̂ ]
Tr [(FR−1/2 (𝜃))

Tr [(FR−1/2 (𝜃̃𝑠 )) ]

≤𝜂+

Tr [F2 ]

Tr [F2 ]
Tr [F2 ] Tr [R−1 (𝜃̃𝑠 )]

≤𝜂+

Tr [F2 ]

(B.3)

∑𝑗∈𝐽0 𝜓∗𝑗 𝜓𝑗

=𝜂+

𝜃̃𝑗

𝐿 ∑𝑗∈𝐽0 𝜓∗𝑗 𝜓𝑗

≤𝜂+

𝑤
𝛼𝐿+1
(R; 𝐽0 )

.

Thus, an upper bound on the left-band side of (B.1) is
given by
max
𝑗∈𝐽0

̂ 2]
Tr [(FR−1/2 (𝜃))
Tr [F2 ]

≤𝜂+

𝐿 ∑𝑗∈𝐽0 𝜓∗𝑗 𝜓𝑗

.

(B.4)

−𝜂

(B.5)

𝑤
𝛼𝐿+1
(R; 𝐽0 )

Similarly, we can obtain
2

̂ ]
Tr [(FR−1/2 (𝜃))
Tr [F2 ]

≥
=
≥

Tr [F2 R−1 (𝜃̃𝑠 )]
Tr [F2 ]

−𝜂

∑𝑗∈𝐽\𝐽0 𝜓∗𝑗 F2 𝜓𝑗 /𝜃̃𝑗
Tr [F2 ]
1
−𝜂
‖F‖22

for all 𝑗 ∈ 𝐽 \ 𝐽0 and hence describe a lower bound on the
right-hand side of (B.1) as
2

min

̂ ]
Tr [(FR−1/2 (𝜃))
Tr [F2 ]

𝑗∈𝐽\𝐽0

≥

1
− 𝜂.
‖F‖22

(B.6)

Combining (B.4) with (B.6), the support 𝐽0 can be
identified if R satisfies
𝑤
(R; 𝐽0 ) > 𝜅
𝛼𝐿+1

(B.7)

for
𝜅≥

𝐿‖F‖22 ∑𝑗∈𝐽0 𝜓∗𝑗 𝜓𝑗
1 − 2𝜂‖F‖22

.

(B.8)
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Due to the polarization mismatch of the antenna, the received signal suffers from energy loss. The conventional beamforming
algorithms could not be applied to the conformal array because of the varying curvature. In order to overcome the energy loss of
the received signal, a novel joint polarization-space matched filtering algorithm for cylindrical conformal array is proposed. First,
the snapshot data model of the conformal polarization sensitive array is analyzed. Second, the analytical expression of polarization
sensitive array beamforming is derived. Linearly constrained minimum variance (LCMV) beamforming technique is facilitated
for the cylindrical conformal array. Third, the idea of joint polarization-space matched filtering is presented, and the principle of
joint polarization-space matched filtering is discussed in detail. Theoretical analysis and computer simulation results verify that the
conformal polarization sensitive array is more robust than the ordinary conformal array. The proposed algorithm can improve the
performance when signal and interference are too close. It can enhance the signal-to-noise ratio (SNR) by adjusting the polarization
of the elements of the conformal array, which matches the polarization of the incident signal.

1. Introduction
Conformal array is defined as a set of sensors or elements
mounted on the curved surface [1]. Comparing with the
ordinary array, it has obvious advantages, for example, a large
coverage of angle with good radiation pattern characteristics,
reduction of aerodynamic drag, space savings, potential increase in available aperture, and reduction or elimination of
random included preset errors [2]. It can be used in a variety of areas such as radar, sonar, biomedical imaging, and
wireless communications [3].
The analysis of conformal array is difficult because the
structure of the array is too complicated. Generally, the
element pattern is defined in the local coordinate. Unlike the
ordinary arrays containing elements of the same pattern, a
conformal array can have elements of different patterns. The
Euler rotation transformation [4–6] is adopted to transform
the parameter from the global coordinate to local coordinate,
which is very effective for the pattern transformation.
The multiple parameter estimation technique for array
antenna has been widely applied in many fields. The estimation of signal parameters via rotational invariance techniques

(ESPRIT) was used for two-dimensional angle and polarization estimation [7]. A novel algorithm to estimate the direction of arrival (DOA) and the polarization of a completely
polarized polynomial-phase signal of an arbitrary degree
with a single polarized vector-sensor was proposed in [8].
The algorithm can estimate DOA and polarization parameter
without a priori knowledge of the polynomial-phase signal’s coefficients and the signal’s frequency spectrum. An
algorithm for joint high-resolution DOA and polarization
estimation using real-world arrays was proposed, which was
suitable for correlated and coherent signals [9]. Cramer-Rao
lower bound (CRB) for DOA and polarization estimation
with arbitrary multiport antennas was derived in [10]. It can
be used to compare different algorithms. The maximum likelihood (ML) and minimum-variance distortionless response
(MVDR) estimators for DOA and polarization parameters
were derived in a multipath environment [11]. The polarization sensitive array usually consists of multicomponent
polarization sensitive antenna, which is arranged in the
space under certain order. The advantage of the polarization
sensitive array is that when the multiple polarization signals
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cannot be distinguished in the space domain, they can be
distinguished in the polarization domain by adjusting the
polarization information of the different signals.
At present, there are not many parameter estimation algorithms for conformal array. The multiple signal classification
(MUSIC) algorithm and subarray technique were adopted
in [12, 13], but the interpolation error always exists and the
computational complexity is tremendous. A blind parameter
estimation algorithm using ESPRIT was proposed for DOA
estimation of conformal array [14]. The ESPRIT algorithm
based on polarization sensitive array to estimate DOA
and polarization parameter was proposed for conformal
array [15]. The MVDR beamforming for cylindrical conformal array was investigated in [2]. A general and systematic
method for pattern analysis of conformal arrays was presented using geometric algebra [16]. A beamforming approach
for conformal array based on geometric algebra was proposed
in [17]. However, the algorithms in [2, 16, 17] are only limited
to space filtering. The joint polarization-space matched filtering for conformal array has not been researched extensively
thus far.
The tradition matched filtering algorithm is based on spatial filtering, but the polarization information is not utilized.
The matched filtering performance could be improved by
exploiting the polarization information. The contribution of
this paper is that a novel joint polarization-space matched
filtering for cylindrical conformal array is proposed. The
principle of the adaptive filtering is illustrated. The LCMV
beamforming for conformal polarization sensitive array is
analyzed. The signal-to-noise ratio (SNR) would increase by
adjusting the polarization of the elements of the conformal
array, which matches the polarization of the incident signal.
In the future work, we will focus on the application of the
proposed algorithm [18–21].
The organization of this paper is structured as follows.
Section 2 introduces the mathematical data model of the
conformal array. Section 3 contains the core contribution of
this paper, which is the principle of joint polarization-space
matched filtering based on LCMV beamforming. The analytical expression of polarization sensitive array beamforming
is derived. Section 4 presents the simulation result. Section 5
summarizes our conclusions.

Z

2. Mathematical Data Model
2.1. The Array Configuration. Unlike ordinary circular arrays,
conformal array has the shadow effect attribute to the metal
cylinder, which means that for an incident signal from a
special angle, not all of the antenna elements can receive
this signal. The sub-array divided technique proposed in
[13] is adopted in this paper. Four subarrays are divided
evenly, and each sub-array is in charge of azimuth coverage
of 90∘ . The parameters estimation results of four sub-arrays
are synthesized in order to estimate the incident signals
parameters for the scope of the entire space.
Consider a simple 𝐷 × 𝐸 cylindrical conformal array
which is shown in Figure 1. There are 𝐸 uniformly spaced
rings on the surface of the cylinder perpendicular to the axis
of symmetry. On each ring we have 𝐷 orthogonal electric
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Figure 1: 𝐷 × 𝐸 cylindrical conformal array.

dipole pairs uniformly spaced. The radius of the cylinder is
𝑅. The distance between rings is 𝐿 and the global coordinate
is placed at the axis of the midpoint of the first ring. The angle
between two consecutive antennas on a given ring is 𝛼. Where
P𝑚𝑛 is the position vector of the (𝑚, 𝑛)th element.
As shown in Figure 2, the (𝑚, 𝑛)th element pattern is
designed in element local Cartesian coordinate (𝑋𝑚𝑛 , 𝑌𝑚𝑛 ,
𝑍𝑚𝑛 ), and (𝑋, 𝑌, 𝑍) represents the global Cartesian coordinate. The 𝑋𝑚𝑛 -axis of element local Cartesian coordinate and
the 𝑋-axis of the global Cartesian coordinate are parallel. 𝜇
is the angle between the 𝑍𝑚𝑛 -axis and 𝑌-axis. The Cartesian
coordinate of the unit vector with elevation 𝜃 and azimuth 𝜑
in the global coordinate can be expressed as
x = sin 𝜃 cos 𝜑,

y = sin 𝜃 sin 𝜑,

z = cos 𝜃.

(1)

With the array configuration and the coordinate design,
the element pattern from the global coordinate to the local
coordinate can be transformed as
x𝑚𝑛 = x,
y𝑚𝑛 = y sin (𝜇) − z cos (𝜇) ,
z𝑚𝑛 = y cos (𝜇) − z sin (𝜇) .

(2)
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However, for the conformal antenna array, the pattern of
each element has different directions because of the varying
curvature of conformal carrier. The modeling approach of
steering vector based on plane array can no longer be
used in this case. The new modeling approach of steering
vector based on conformal antenna array is introduced as
follows.
In global coordinate as shown in Figure 1, the steering
vector of the cylindrical conformal array can be represented
as
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u𝜃 = cos (𝜃) cos (𝜑) x + cos (𝜃) sin (𝜑) y − sin (𝜃) z,

𝜑

The Cartesian coordinate of the unit vector with elevation
𝜃 and azimuth 𝜑 in the local coordinates can be expressed
as

𝜑𝑚𝑛

(6)

u𝜑 = − sin (𝜑) x + cos (𝜑) y,

Figure 3: The direction vector u of the incident signal.

y
{
x𝑚𝑛 > 0,
arctan ( 𝑚𝑛 ) ,
{
{
{
x𝑚𝑛
={
{
y
{
{𝜋 + arctan ( 𝑚𝑛 ) , x𝑚𝑛 < 0,
x𝑚𝑛
{

(5)

where 0 ≤ 𝛾 < 𝜋/2 and −𝜋 ≤ 𝜂 < 𝜋 represent the auxiliary
polarization angle and the polarization phase difference,
respectively. r𝑚𝑛 is the response of the (𝑚, 𝑛)th dipole to the
unit strength incident signal. P𝑚𝑛 is the distance vector of
the (𝑚, 𝑛)th dipole which is in the global coordinate. 𝜆 is the
wavelength of the incident signal.
The electric field vector in the global coordinates can be
expressed as

u𝜑

O

u 𝑇
)] ,
𝜆

u = sin (𝜃) cos (𝜑) x + sin (𝜃) sin (𝜑) y + cos (𝜃) z,

Figure 2: The local coordinate systems on the 𝑛th ring.

(4)

where u𝜃 and u𝜑 are the orthogonal unit component direction
vectors of electric field. 𝐸𝜃 = sin 𝛾 exp(𝑗𝜂) and 𝐸𝜑 = cos 𝛾 are
the component vectors by which the electric field vector is
projected onto the u𝜃 and u𝜑 , respectively.
In the local coordinate system as shown in Figure 2, the
direction vector of the incident signal u and the electric field
vector are given by




) cos (𝜑𝑚𝑛
) x + sin (𝜃𝑚𝑛
) sin (𝜑𝑚𝑛
)y
u = sin (𝜃𝑚𝑛

(3)

𝜃𝑚𝑛 = arccos (z𝑚𝑛 ) .
In order to avoid the condition shown in (3), the global
coordinate is placed at the axis of the midpoint of the first
ring. The transformation is simplified because x𝑚𝑛 = x > 0.
2.2. The Data Model Based on Polarization Sensitive Array.
As shown in Figure 3, a completely polarized wave u is a
narrowband far field source impinging on the array with
elevation 𝜃 and azimuth 𝜑. The definition and design of
the element pattern are always in local coordinate; thus
the patterns of each element in plane array are identical.


) z,
+ cos (𝜃𝑚𝑛
 u𝜃
 u𝜑 ,
E𝑚𝑛 = 𝐸𝜃𝑚𝑛
+ 𝐸𝜑𝑚𝑛
𝑚𝑛
𝑚𝑛

(7)
(8)





) cos (𝜑𝑚𝑛
) x + cos (𝜃𝑚𝑛
) sin (𝜑𝑚𝑛
)y
u𝜃 = cos (𝜃𝑚𝑛

) z,
− sin (𝜃𝑚𝑛

(9)



) x + cos (𝜑𝑚𝑛
) y,
u𝜑 = − sin (𝜑𝑚𝑛


where u𝜃𝑚𝑛
and u𝜑𝑚𝑛
are the orthogonal unit component

and
direction vectors of electric field in local coordinate. 𝐸𝜃𝑚𝑛

are the component vectors by which the electric field
𝐸𝜑𝑚𝑛


 , respectively. 𝜃
and u𝜑𝑚𝑛
vector is projected onto u𝜃𝑚𝑛
𝑚𝑛 and
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𝜑𝑚𝑛
are the signal’s elevation and azimuth in the (𝑚, 𝑛)th
dipole’s local coordinate, respectively.


and 𝐸𝜑𝑚𝑛
are projected onto
Taking (2) into (9), then 𝐸𝜃𝑚𝑛
u𝜃 and u𝜑 , respectively:



and 𝐸𝜑𝑚𝑛
in the
Two orthogonal electric field vectors 𝐸𝜃𝑚𝑛
local coordinate can be expressed as follows using 𝐸𝜃 and 𝐸𝜑
which are defined in the global coordinate:


 ,
= 𝐸𝜃 𝑢𝜃𝜃𝑚𝑛
+ 𝐸𝜑 𝑢𝜑𝜃𝑚𝑛
𝐸𝜃𝑚𝑛


 .
= 𝐸𝜃 𝑢𝜃𝜑𝑚𝑛
+ 𝐸𝜑 𝑢𝜑𝜑𝑚𝑛
𝐸𝜑𝑚𝑛


 ,
u𝜃𝜃𝑚𝑛
= u𝜃 ⋅ u𝜃𝑚𝑛

 ,
= u𝜑 ⋅ u𝜃𝑚𝑛
u𝜑𝜃𝑚𝑛

(10)


 ,
u𝜃𝜑𝑚𝑛
= u𝜃 ⋅ u𝜑𝑚𝑛

 .
u𝜑𝜑𝑚𝑛
= u𝜑 ⋅ u𝜑𝑚𝑛

(12)

Assume the direction pattern of the (𝑚, 𝑛)th dipole






is g𝑚𝑛 (𝜃𝑚𝑛
, 𝜑𝑚𝑛
). g𝜃𝑚𝑛 (𝜃𝑚𝑛
, 𝜑𝑚𝑛
) and g𝜑𝑚𝑛 (𝜃𝑚𝑛
, 𝜑𝑚𝑛
) are two


component vectors by which g𝑚𝑛 (𝜃𝑚𝑛 , 𝜑𝑚𝑛 ) is projected onto
 and u𝜑 , respectively. Then the dipole’s response p𝑚𝑛
the u𝜃𝑚𝑛
𝑚𝑛
to unit electric vector is represented as


, 𝜑𝑚𝑛
) E𝑚𝑛
p𝑚𝑛 = g𝑚𝑛 (𝜃𝑚𝑛

In local coordinate system, the electric field E𝑚𝑛 vector is
represented as




= [g𝜃𝑚𝑛 (𝜃𝑚𝑛
, 𝜑𝑚𝑛
) u𝜃𝑚𝑛


 ]
+ g𝜑𝑚𝑛 (𝜃𝑚𝑛
, 𝜑𝑚𝑛
) u𝜑𝑚𝑛

 u𝜃
 u𝜑
+ 𝐸𝜑𝑚𝑛
E𝑚𝑛 = 𝐸𝜃𝑚𝑛
𝑚𝑛
𝑚𝑛

 u𝜃
 u𝜑 )
+ 𝐸𝜑𝑚𝑛
× (𝐸𝜃𝑚𝑛
𝑚𝑛
𝑚𝑛


 ) u𝜃

 ) u𝜑
= (𝐸𝜃𝜃𝑚𝑛
+ 𝐸𝜑𝜃𝑚𝑛
+ (𝐸𝜃𝜑𝑚𝑛
+ 𝐸𝜑𝜑𝑚𝑛
𝑚𝑛
𝑚𝑛

(11)


 ) u𝜃
= (𝐸𝜃 u𝜃𝜃𝑚𝑛
+ 𝐸𝜑 u𝜑𝜃𝑚𝑛
𝑚𝑛

(13)



 u𝜃
= g𝜃𝑚𝑛 (𝜃𝑚𝑛
, 𝜑𝑚𝑛
) 𝐸𝜃𝑚𝑛
𝑚𝑛


 u𝜑 .
+ g𝜑𝑚𝑛 (𝜃𝑚𝑛
, 𝜑𝑚𝑛
) 𝐸𝜑𝑚𝑛
𝑚𝑛


 ) u𝜑 .
+ (𝐸𝜃 u𝜃𝜑𝑚𝑛
+ 𝐸𝜑 u𝜑𝜑𝑚𝑛
𝑚𝑛

The polarized vector received by the dipole is represented as

u𝑥
r𝑚𝑛 = [u 𝑚𝑛
]

𝑦𝑚𝑛










g𝜃 (𝜃𝑚𝑛
, 𝜑𝑚𝑛
) cos (𝜃𝑚𝑛
) cos (𝜑𝑚𝑛
) 𝐸𝜃𝑚𝑛
− g𝜑𝑚𝑛 (𝜃𝑚𝑛
, 𝜑𝑚𝑛
) sin (𝜑𝑚𝑛
) 𝐸𝜑𝑚𝑛
= [ 𝑚𝑛 
]








g𝜃𝑚𝑛 (𝜃𝑚𝑛 , 𝜑𝑚𝑛 ) cos (𝜃𝑚𝑛 ) sin (𝜑𝑚𝑛 ) 𝐸𝜃𝑚𝑛
+ g𝜑𝑚𝑛 (𝜃𝑚𝑛 , 𝜑𝑚𝑛 ) cos (𝜑𝑚𝑛 ) 𝐸𝜑𝑚𝑛

(14)






g𝜃𝑚𝑛 (𝜃𝑚𝑛
cos (𝜃𝑚𝑛
) cos (𝜑𝑚𝑛
) − sin (𝜑𝑚𝑛
)
, 𝜑𝑚𝑛
)
𝐸𝜃
]
×
([
] ⊗ [ 𝑚𝑛 ]) ,
=[






𝐸
𝜑𝑚𝑛
cos (𝜃𝑚𝑛 ) sin (𝜑𝑚𝑛 ) cos (𝜑𝑚𝑛 )
g𝜃𝑚𝑛 (𝜃𝑚𝑛 , 𝜑𝑚𝑛 )

E𝑚𝑛 = [


𝐸𝜃𝑚𝑛
𝑢  𝑢 
𝐸
sin 𝛾 exp (𝑗𝜂)
] = [ 𝜃𝜃𝑚𝑛 𝜑𝜃𝑚𝑛 ] [ 𝜃 ] = U𝑚𝑛 [
],
𝐸𝜑


𝑢𝜃𝜑𝑚𝑛
𝑢𝜑𝜑𝑚𝑛
cos 𝛾

𝐸𝜑𝑚𝑛

where ⊗ represents the Kronecker product.
Definition 1. For two matrices B ∈ C𝐵×𝐿 and D ∈ C𝐷×𝐿 ,
which possess the identical number of columns, the KR
product of the two matrices is given by

B ⊙ D = [𝑏1 ⊗ 𝑑1 , 𝑏2 ⊗ 𝑑2 , . . . , 𝑏𝐿 ⊗ 𝑑𝐿 ] ∈ C𝐵𝐷×𝐿 ,
(16)

where ⊗ stands for the Kronecker product.

(15)

Definition 2. For two vectors b ∈ C𝐵 and d ∈ C𝐷, the Kronecker product of these two matrices is given by
𝑏1 d
[ 𝑏2 d ]
[ ]
b ⊗ d = [ .. ] = vec (db𝑇 ) .
[ . ]
[𝑏𝐵 d]

(17)

Under the condition of 𝑄 signals impinging on the array,
the manifold matrix is expressed as
A = [a1 (𝜃1 , 𝜑1 , 𝛾1 , 𝜂1 ) a2 (𝜃2 , 𝜑2 , 𝛾2 , 𝜂2 ) ⋅ ⋅ ⋅ a𝑄 (𝜃𝑄, 𝜑𝑄, 𝛾𝑄, 𝜂𝑄)] .
(18)
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3. The Principle of Joint Beamforming

The data model is established as
X (𝑡) = AS (𝑡) + N (𝑡) ,

(19)
𝑇

S (𝑡) = [𝑠1 (𝑡) 𝑠2 (𝑡) ⋅ ⋅ ⋅ 𝑠𝑄 (𝑡)] ,

(20)

where N(𝑡) is the noise matrix which is assumed to be a
Gaussian process with zero mean and 𝜎2 variance and S(𝑡)
is the 𝑄 × 1 signal matrix.
The covariance matrix of X(𝑡) is represented as
RX = 𝐸 [X (𝑡) X𝐻 (𝑡)] = A𝐸 [S (𝑡) S(𝑡)𝐻] A𝐻 + 𝜎𝑛2 I,

(21)

where 𝜎2 denotes the noise power and 𝐸[S(𝑡)S(𝑡)𝐻] is the
signal power.
In order to illuminate the pattern transformation, the
cylinder is adopted as an example. The corresponding Euler
rotation angles are
𝐷 = −Θ,

𝜋
𝐸=− ,
2

𝐹 = 0,

(22)

respectively. 𝐷 represents the rotation angle based on the
right-hand rule in the first rotation and the 𝑍-axis is the
rotation axis; 𝐸 represents the rotation angle in the second
rotation and the 𝑌-axis is the rotation axis; 𝐹 represents the
rotation angle in the third rotation and the 𝑋-axis is the
rotation axis. Θ represents the angle between the position
vector of the element and the positive direction of 𝑋-axis.
The unit vector of the 𝑞th incident signal (𝜃𝑞 , 𝜑𝑞 ) in the
global coordinate can be expressed as
𝑥 = sin (𝜃𝑞 ) cos (𝜑𝑞 ) ,

𝑦 = sin (𝜃𝑞 ) sin (𝜑𝑞 ) ,

𝑧 = cos (𝜃𝑞 ) .

(23)

Based on the Euler rotation matrix, the unit vector in
global coordinate can be transformed into the local coordinate of the 𝑚th element:
𝑇

𝑇

[𝑥𝑚 𝑦𝑚 𝑧𝑚 ] = 𝑅 (𝐷𝑚 , 𝐸𝑚 , 𝐹𝑚 ) [𝑥 𝑦 𝑧] ,

(24)

wPSB = a (𝜃, 𝜑, 𝛾, 𝜂) = r exp (−𝑗2𝜋P ⋅

u
)
𝜆

= a𝑝 (𝜃, 𝜑, 𝛾, 𝜂) ⊗ a𝑠 (𝜃, 𝜑)

(27)

= a𝑝𝑠 (𝜃, 𝜑) a𝑝𝑝 (𝛾, 𝜂) ⊗ a𝑠 (𝜃, 𝜑) .
It can be seen from (20) that the polarization weight
vector includes the polarization vector and spaced vector.
However, the ordinary weight vector merely contains the
spaced vector. Consider the condition that the polarization
of the received signal is orthogonal to the polarization of
the antenna; the polarization array has much advantage
over ordinary array, because the polarization statue of the
ordinary array is stationary, but the polarization statue of
the polarization array can be changed flexibly. When the
polarization of the polarization array and the received signal
are identical, the polarization array can still possess a good
performance. Based on the analysis above, it can be known
that the polarization array has more robustness than the
ordinary array.
In order to simplify the analysis, (17) is written in another
form which contains desired signal, interference, and noise
components, respectively:
𝐽

X (𝑡) = a0 𝑠0 (𝑡) + ∑a𝑖 𝑠𝑖 (𝑡) + N (𝑡)
𝑖=1

(28)

= a0 𝑠0 (𝑡) + a𝐽 S𝐽 (𝑡) + N (𝑡) ,

where
cos 𝐹 sin 𝐹 0
cos 𝐸 0 − sin 𝐸
0 ]
𝑅 (𝐷𝑚 , 𝐸𝑚 , 𝐹𝑚 ) = [− sin 𝐹 cos 𝐹 0] [ 0 1
0
0
1
sin
𝐸
0
cos
𝐸]
[
][
cos 𝐷 sin 𝐷 0
× [− sin 𝐷 cos 𝐷 0] .
0 1]
[ 0

(25)

Then the elevation 𝜃 and azimuth 𝜑 of the 𝑘th incident
signal in the local coordinate of the 𝑚th element could be
represented as
𝜑𝑚𝑞

The polarized and spaced information of the target is assumed
to be known. In order to maximize the power of the received
signal, the weight vector should match the received signal
on both polarized domain and spaced domain. By adjusting
the weight vector value, it could match the received signal
completely on both polarized domain and spaced domain,
and the power of the received signal is maximized, which is
called polarization-space beamforming (PSB).
Substituting (14) into (4), the steering vector is represented as

𝑦
= arctan ( 𝑚 ) ,
𝑥𝑚

𝜃𝑚𝑞 = arccos (𝑧𝑚 ) .

(26)

The element pattern transformation from the global coordinate to the local coordinate is completed at this time.

where 𝑠0 (𝑡) is the desired signal and 𝑠1 (𝑡), 𝑠2 (𝑡) . . . , 𝑠𝐽 (𝑡) are
interferences which are independent of both desired signal
and noise.
Taking (21) into (19), the covariance matrix RX can be
written in another form:
RX = 𝐸 [X (𝑡) X𝐻 (𝑡)]
𝐽

𝐻
2
= 𝑃𝑆 a0 a𝐻
0 + ∑𝑃𝑖 a𝑖 a𝑖 + 𝜎𝑛 I,

(29)

𝑖=1

where 𝑃𝑆 is the signal power and 𝑃𝑖 is the ith interference
2
noise. Let P𝑖𝑛 = ∑𝐽𝑖=1 𝑃𝑖 a𝑖 a𝐻
𝑖 + 𝜎𝑛 I; (23) can be obtained as:
𝐻
𝐸 [𝑦 (𝑡) 𝑦𝐻 (𝑡)] = wPSB
RX w
𝐻
𝐻
= 𝑃𝑆 wPSB
a0 a𝐻
0 w + wPSB P𝑖𝑛 w.

(30)
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The signal-to-interference-plus-noise ratio (SINR) can be
expressed as (24) using (23):
SINRPSB =

𝐻
a0 a𝐻
𝑃𝑆 wPSB
0 w
.
𝐻
wPSB P𝑖𝑛 w

(31)

−1

3.1. No Interferences. The output of the polarization-spaced
matched filtering under no interferences is expressed as
𝐻
𝐻
X (𝑡) = a𝐻
𝑦 (𝑡) = wPSB
0 a0 𝑠0 (𝑡) + a0 N (𝑡) .

𝜎𝑠2 ,

is adopted, and a𝑒 is the explored signal vector. Under ideal
condition, a𝑒 = a0 . The polarization information and spaced
information of the desired signal is already known, in which
the unit gain constraint is to be formed. Then (29) can be
transformed as
−1
w𝑐 = RX−1 a𝑒 (a𝐻
𝑒 RX a𝑒 ) f.
−1

−1
Let 𝜂 = a𝑒 (a𝐻
𝑒 R𝑋 a𝑒 ) ; (31) is written as

w𝑐 = 𝜂RX−1 a𝑒 .

(32)

The signal power that the antenna received is denoted by
so the desired signal power based on the array output is

Based on (16),
rsion theorem:

RX−1

−1

𝐻

= (𝐷𝐸)2 𝜎𝑠2 (a𝑝𝑠 (𝜃, 𝜑) a𝑝𝑝 (𝛾, 𝜂)) a𝑝𝑠 (𝜃, 𝜑) a𝑝𝑝 (𝛾, 𝜂) .
(33)

𝐻

(𝜃, 𝜑) a𝑝𝑝 (𝛾, 𝜂)) a𝑝𝑠 (𝜃, 𝜑) a𝑝𝑝 (𝛾, 𝜂)

= 𝐷𝐸 ⋅ SNRdiple ,
(35)
where SNRdiple is the single dipole’s SNR, which is determined
by two parts: one is its own SNR of the signal 𝜎𝑠2 /𝜎𝑛2 and the
other is the polarization vector a𝑝 (𝜃, 𝜑, 𝛾, 𝜂).
3.2. One Interference. Under the condition that one interference exists, linear constraints have been widely used in the
adaptive beamforming. The weight vector of the LCMV beamforming is solved by minimizing the output power under
a series of linear constraints C𝐻w = f, where C is a 𝑁 × 𝑚
constraint matrix, f is 𝑚 × 1 constraint value vector, and N is
the number of elements. The optimization problem of LCMV
beamforming is expressed as follows:
w𝐻RX w
min
w

(36)

s.t. C𝐻w = f.

This optimization problem can be solved by the Lagrange
multiplier method. The optimal weight vector is represented
as follows:
−1

w𝑐 = RX−1 C(C𝐻RX−1 C) f,

w𝑐 =

(34)

The signal-to-noise ratio (SNR) after the joint matched filtering is
SNRPSB =

𝐻 −1
𝑃𝑆 P−1
𝑖𝑛 a0 a0 P𝑖𝑛
.
−1
1 + 𝑃𝑆 a𝐻
0 P𝑖𝑛 a0

(40)

𝜂P−1
𝑖𝑛 a0
.
−1
1 + 𝑃𝑆 a𝐻
0 P𝑖𝑛 a0

(41)

The SINR of the polarization-spaced LCMV beamforming is expressed as follows using (34):

The noise power based on the array output is

𝜎2
𝐷𝐸 𝑠2 (a𝑝𝑠
𝜎𝑛

= P−1
𝑖𝑛 −

Taking (33) into (32), then let a𝑒 = a0 ; w𝑐 is represented
in another simple form as

= (𝐷𝐸)2 𝜎𝑠2 a𝐻
𝑝 (𝜃, 𝜑, 𝛾, 𝜂) a𝑝 (𝜃, 𝜑, 𝛾, 𝜂)

𝐻
2
P𝑛 = a𝐻
0 N (𝑡) N (𝑡) a0 = 𝐷𝐸𝜎𝑛 .

(39)

can be obtained by using matrix inve-

RX−1 = (P𝑖𝑛 + 𝑃𝑆 a0 a𝐻
0 )


2
P𝑆 = 𝐸 [a𝐻
0 a0 𝑠0 (𝑡) ]

(38)

(37)

where C and f are the constraint matrix and response vector,
respectively. In this paper, the unit gain constraint a𝐻
𝑒 w𝑐 = 1

SINR =

𝑃𝑆 w𝑐𝐻a0 a𝐻
−1
0 w𝑐
= 𝑃𝑆 a𝐻
0 P𝑖𝑛 a0 .
𝐻
w𝑐 P𝑖𝑛 w𝑐

(42)

2
When one interference merely exists, P𝑖𝑛 = 𝑃1 a1 a𝐻
1 + 𝜎𝑛 I,

P−1
𝑖𝑛 =

𝑃1 a1 a𝐻
1
1
(I
−
 2 ) .
2
𝜎𝑛2
𝜎𝑛 + 𝑃1 a1 

(43)

Taking (36) into (35), SINR of one interference is acquired.
 2
 2  2
𝑃𝑆 a0 
𝑃𝑆 𝑃1 a0  a1 
2
SINRone =
 2 + 2 2
 2 (1 − |𝜏| ) ,
2


𝜎𝑛 + 𝑃1 a1 
𝜎𝑛 (𝜎𝑛 + 𝑃1 a1  )
(44)
a𝐻 a1 a𝐻 a0
|𝜏|2 =  0 2  1 2 .
(45)
a0  a1 
  
The correlation between desired signal and interference is
reflected by |𝜏|:
𝐻

𝐻
𝐻
a𝐻
0 a1 = (a𝑝0 ⊗ a𝑠0 ) (a𝑝1 ⊗ a𝑠1 ) = (a𝑝0 a𝑝1 ) (a𝑠0 a𝑠1 ) ,
𝐻

𝐻
𝐻
a𝐻
1 a0 = (a𝑝1 ⊗ a𝑠1 ) (a𝑝0 ⊗ a𝑠0 ) = (a𝑝1 a𝑝0 ) (a𝑠1 a𝑠0 ) ,

 2  2  2
a0  = a𝑝0  ⋅ a𝑠0  ,
 2  2  2
a1  = a𝑝1  ⋅ a𝑠1  .
|𝜏| could be written in another form as

(46)

𝐻
𝐻
𝐻
(a𝐻
𝑝0 a𝑝1 ) (a𝑝1 a𝑝0 ) (a𝑠0 a𝑠1 ) (a𝑠1 a𝑠0 )
|𝜏| =  2  2
 2  2 = 𝑀𝑝 𝑀𝑠 , (47)
a  a 
a𝑠0  a𝑠1 
 𝑝0   𝑝1 
where 𝑀𝑝 is polarization match coefficient and 𝑀𝑠 is spaced
match coefficient. Obviously, 0 < 𝑀𝑝 < 1, 0 < 𝑀𝑠 < 1.
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Figure 4: The array pattern. (a) The pattern of polarization array. (b) The pattern of ordinary array.

3.3. Multiinterferences. Consider multiinterferences impinging on the array; it is too complicated to calculate the inversion of the covariance matrix P𝑖𝑛 . Instead, an iterative
method is used here:
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According to the recursive relation of P𝑖𝑛 as shown in (43),
the recursive relation of SINR is represented as
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where 𝐽0 and 𝐽2 are the zeroth- and second-order Bessel functions of the first kind. The element pattern transformation is
completed with the method proposed above.
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or multiinterferences exist, respectively. The element pattern
used in simulation is the lowest order circular patch model:
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It can be seen from (44) that SINR decreases as the number of interferences increases. When multiinterferences exist,
SINR not only depends on the correlation between desired
signal and interference, but also depends on the correlation
among the interferences.

4. Simulation Results
Three simulation texts were performed corresponding to the
conditions that no interferences exist, one interference exists,

Simulation 1. To demonstrate the effectiveness of the proposed joint polarization-space matched filtering algorithm, a
5×5 cylindrical conformal array is used in the simulation. The
normalized patterns of polarization array and ordinary array
mounted on conformal carrier are depicted in Figures 4(a)
and 4(b), respectively. The frequency of the incident signal is
f = 2 GHz, 𝜆 = 𝑐/𝑓, c = 3 × 108 m/s is light velocity; 𝛼 = 5∘ ,
and the distance between rings is 𝐿 = 𝜆/2. The radius of the
cylinder is 𝑅 = 𝐿/𝛼. The polarization parameter and DOA are
(𝛾0 , 𝜂0 ) = (45∘ , 270∘ ) and (𝜃0 , 𝜑0 ) = (30∘ , 45∘ ), respectively.
Figure 4(a) shows the pattern of the polarization array; the
maximum gain happens at the direction of the incident
signal. Figure 4(b) shows the pattern of ordinary array when
the polarization parameter is (𝛾0 , 𝜂0 ) = (45∘ , 315∘ ). The
polarization weights could not be adjusted in ordinary array.
The polarization mismatch exists between the element and
incident signal, and the pattern gain is lower than that of the
polarization array. However, the shapes of the polarization
array and ordinary array are similar, which is consistent with
the theoretical analysis.
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Simulation 2. Only the uniform linear array (ULA) which is
perpendicular to the “ring” is considered for array matched
filtering. The elevation and azimuth of the desired signal
is (𝜃1 , 𝜑1 ) = (60∘ , 0∘ ), and the polarization parameter is
(𝛾1 , 𝜂1 ) = (90∘ , 60∘ ), SNR = 0 dB, and INR = 20 dB. The
azimuth range of interference signal is zero. The elevation
range of interference signal is 30∘ –90∘ . Other simulation
conditions are the same as those in Simulation 1. As shown
in Figure 5(a), the polarization phase angle (it is short for
PPA in Figure 5(a)) of the interference signal is 𝜂2 = 60∘ ,
and the elevation of the interference signal is 𝛾2 ∈ (0∘ , 90∘ );

the step-length is 30∘ . As shown in Figure 5(b), the auxiliary
polarization angle (it is short for APA in Figure 5(b)) of the
interference signal is 𝛾2 = 90∘ , and the elevation of the
interference signal is 𝜂2 ∈ (0∘ , 180∘ ); the step-length is 45∘ .
In Figure 5, we can see that when the desired signal and
interference signal are close (|𝜃2 − 𝜃1 | < 10∘ ), the polarization information plays an important role in improving the
performance of filtering. The larger the difference between
desired signal and interference signal, the better performance
of filtering. When the desired signal and interference signal
are relatively far apart (|𝜃2 − 𝜃1 | > 15∘ ), the space information
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plays an important role in improving the performance of
filtering; the function of polarization information is not
obvious.
Simulation 3. The following LCMV beamforming experiment demonstrates that the joint polarization-space matched
filtering technique can be applied to beamforming for conformal array effectively. The whole space is all included. The
noise variance is assumed to be 𝜎2 = 1. The SNR = −10 dB,
and INR = 20 dB. There are six incident signals impinging on
the conformal array:
(1) the desired signal from (𝜑𝑠 , 𝜃𝑠 ) = (180∘ , 85∘ ),
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[4]

[5]
[6]

[7]

(2) the first interference signal from (𝜑𝑖1 , 𝜃𝑖1 ) = (80∘ , 15∘ ),
(3) the second interference signal from (𝜑𝑖2 , 𝜃𝑖2 ) = (100∘ ,
45∘ ),

[8]

(4) the third interference signal from (𝜑𝑖3 , 𝜃𝑖3 ) = (130∘ ,
60∘ ),
(5) the fourth interference signal from (𝜑𝑖4 , 𝜃𝑖4 ) =
(200∘ , 50∘ ),
(6) the fifth interference signal from (𝜑𝑖5 , 𝜃𝑖5 ) = (250∘ ,
70∘ ).
Other simulation conditions are the same as the ones in
Simulation 1. As shown in Figure 6, the LCMV beamforming
approach sets five null points on the five interferences. The
main beam is pointed at the desired signal. The proposed
algorithm is very effective for beamforming of conformal
array.

[9]

[10]

[11]

[12]

5. Conclusion
In this paper, a novel joint polarization-space matched filtering approach for conformal array is proposed. The analytical
expression of polarization sensitive array beamforming is
derived, which is equivalent to the matched coefficient multiplying the beamforming of the ordinary array. The polarization sensitive array has a higher gain by adjusting the polarization of the elements. Simulation results demonstrate that
the joint polarization-space matched filtering can improve
the filtering performance of the conformal array effectively.
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Social networks tend to exhibit some topological characteristics different from regular networks and random networks, such
as shorter average path length and higher clustering coefficient, and the node degree of the majority of social networks obeys
exponential distribution. Based on the topological characteristics of the real social networks, a new network model which suits to
portray the structure of social networks was proposed, and the characteristic parameters of the model were calculated. To find out
the relationship between two people in the social network, and using the local information of the social network and the parallel
mechanism, a hybrid search strategy based on k-walker random and a high degree was proposed. Simulation results show that the
strategy can significantly reduce the average number of search steps, so as to effectively improve the search speed and efficiency.

1. Introduction
The social network is a system which consists of the interpersonal or intergroup relationships. In the system, an individual
is abstracted as a node, interpersonal or intergroup social relationships act as the edge between nodes, and they get together to form a social network. Social relations can be many
and varied, such as friend relationships between individuals,
working relationships between colleagues, marriage relationships between families, and business relationships between
companies. The sociologists wish the structural properties of
the network can provide a systematic explanation for social
phenomena; for example, the average distance of the social
network can reflect the speed of information transmission in
society. The clustering coefficient reflects the transitivity of
social relations, that is, the occurrence possibility of social ties
between an individual and his friends’ friends. The node
degree reflects the frequent interaction among social structures. The node degree distribution reflects the social stratification. Milgram arrived at some inferences as follows through
the survey of social relations [1]: The average distance between any two people on the earth is 6, which to some extent

reflects the small-world characteristic of interpersonal relationships, but the completion rate of Milgram’s experiment
is too low. Subsequently, Bacon game about the collaboration
network of film actors and Erdös number about the collaboration network of mathematicians confirmed the small-world
phenomenon, but they are still too small in size and the statistical properties of the relationship network have low credibility. However, for a fairly long time thereafter, random graph
remains the basic theory and the analysis method for the
complex structure of the network. But by the end of the 20th
century, Watts and Strogatz revealed the small-world characteristic of the complex network [2], that is, large clustering
coefficient and short average path length, and Barabási and
Albert revealed the scale-free nature of the complex network
[3] to establish appropriate models to illustrate the mechanism of these characteristics. Meanwhile, the research team of
Watts has done some online experiments on the small-world
property of social networks [4]. From then on, people began
to consider the overall characteristics of real networks which
have large number of nodes and complex structure, such as
social networks, information networks, technological networks, and biological networks.
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Clearly, to understand the correlation between network
structure and network behavior, and to improve the behavior
of the network, we need to have a good understanding of
the structural features of the real network and on this basis
to establish the appropriate network model. Milgram’s smallworld experiment not only reveals the small-world property
of social networks, but also the searchability of social networks. Keinberg first had shown that in theory [5], a quick
search can achieve in the complex networks with small-world
characteristic. Since then, Watts et al. made a further study of
this problem for social networks [6]. Adamic and Adar had
verified some conclusions of the Watts model of social networks based on the small-world experiment of the e-mail network [7]. WS small-world network model explains the smallworld property of social networks to a certain extent. However, the small-world property of the network does not necessarily mean that the network can quickly search. Whether a
node in the network can find a shorter, or the shortest path
between any of other nodes, depends on the network structure information of the node and the search strategy used by
the node and the actual structure of the entire network.
Therefore, the establishment of the network model and the
implementation of efficient search strategy are in favor of
finding the shortest chain between two people in the social
network, and it has become an important topic in social network analysis.
In this paper, we formulate a deterministic small-world
social network model and then put forward a hybrid search
strategy based on 𝑘-walker random and a high degree
(KRDS).

2. Related Works
2.1. Network Model. Nearest-neighbor coupled network
(NNCN) model is a sparse regular network model in which
each node only connects with its neighbor nodes. Suppose
that a NNCN consists of 𝑁 nodes and these 𝑁 nodes are connected into a ring in turn, each node is connected with 𝐾
neighbor nodes and these 𝐾 neighbors are symmetrical to the
node as the center. The average path length of the NNCN is
𝐿 ≈ 𝑁/(2𝐾), and the clustering coefficient is 𝐶 = 3(𝐾 − 2)/
(4(𝐾 − 1)) ≈ 3/4. Obviously, the clustering property of the
NNCN is too high, and the average path length is too long, so
it does not have the small-world characteristic.
Contrary to the regular network, ER random graph
(ERRG) model is a typical representative of random networks
[8]. Assume that the total number of the nodes of the random
network is 𝑁, any node connects to other nodes with the same
probability 𝑝. The average path length of the ERRG is 𝐿 ∝
ln(𝑁)/ ln(⟨𝑘⟩), where ⟨𝑘⟩ = 𝑝(𝑁 − 1) ≈ 𝑝𝑁, and clustering
coefficient of the ERRG is 𝐶 = 𝑝 = ⟨𝑘⟩/𝑁 ≪ 1. Obviously, the ERRG has a smaller average path length, and the
clustering coefficient is very small, so it is not a small-world
network.
The NNCN and the ERRG cannot reproduce some
important features of real networks. After all, most of the real
networks are neither completely regular nor completely random. As transition from a completely regular network to a

The Scientific World Journal
completely random graph, Watts and Strogatz introduced
a small-world network (WSSWN) model in 1998 [2]. The
WSSWN sets the NNCN as the original model. To an identified edge in the original model, one of its endpoints is fixed,
and another endpoint randomly selects a node to reconnect
in addition to itself. When the reconnection probability is
𝑝 = 0, the WSSWN is a NNCN. When 𝑝 = 1, the WSSWN is a
completely random network. Therefore, the transition from a
completely regular network to a completely random network
can be controlled by regulating the value of 𝑝. The average
path length of the WSSWN is 𝐿(𝑝) = 2𝑁/𝐾𝑓(𝑁𝐾𝑝/2) [9],
where 𝑓(𝑢) is a universal scaling function, and if 𝑢 ≪ 1,
𝑓(𝑢) = constant and if 𝑢 ≫ 1, 𝑓(𝑢) = ln(𝑢)/𝑢. The clustering
coefficient is 𝐶(𝑝) = 3(𝐾−2)(1 − 𝑝)3 /(4(𝐾−1)) [10]. When 𝑝
is small (e.g., 0 < 𝑝 ≪ 1), the local properties of the reconnected network and the original regular network are not very
different; thus the clustering coefficient of the network will
not change much (𝐶(𝑝) ∝ 𝐶(0)), but its average path length
has declined rapidly (𝐿(𝑝) ≪ 𝐿(0)). The network that has a
shorter average path length and a higher clustering coefficient
is a small-world network.
A common feature of the ERRG and the WSSWN is able
to represent the network’s connectivity distribution using the
Poisson distribution. The distribution has a peak at the average degree ⟨𝑘⟩, and it exponentially decays. This means that
when 𝑘 ≫ ⟨𝑘⟩, the 𝑘-degree nodes are almost nonexistent.
Therefore, these networks are also called uniform networks or
exponential networks. Barabási and Albert proposed a scalefree network (BASFN) model in 1999 [3]. The node degree of
the BASFN has no obvious characteristics, and it is used to
analyze the real networks with power-law distribution. The
BASFN starts from a network which has 𝑛0 original nodes and
then adds a new node each time, where the probability that
the new node connects to an old node is ∏𝑖 , and the degree of
the node 𝑖 is 𝑘𝑖 and the degree of the node 𝑗 is 𝑘𝑗 . We have the
following expression: ∏𝑖 = 𝑘𝑖 / ∑𝑗 𝑘𝑗 . After 𝑡 steps, the number of the nodes of the result graph is 𝑁 = 𝑡 + 𝑛0 . The average path length of the BASFN is 𝐿 ∝ log 𝑁/loglog𝑁 [11], and
the clustering coefficient is 𝐶 ∝ (ln(𝑁))2 /𝑁 [12]. Clearly, the
BASFN has small average path length, but when 𝑁 is relatively large, the BASFN does not have the clustering
characteristic.
In the past 10 years, many varieties of WSSWN and
BASFN have been put forward. There are some common
models, such as NW small-world model [9], deterministic
small-world model [13], multidimensional growth of deterministic small-world network (DMG) model [14], localworld evolving network model [15], and hierarchical network
model [16].
2.2. Search Strategies. When the source node 𝑠 applies
breadth first search (BFS) strategy to search for the target
node 𝑡, 𝑠 first judges whether 𝑡 exists in the neighbor nodes; if
any, it is returned to the source node, otherwise, the neighbor
nodes pass information to their respective neighbor nodes.
Repeat this process until it finds any neighbor node connected with 𝑡.
When the source node 𝑠 applies depth first search (DFS)
strategy to search the target node 𝑡, 𝑠 first inquires whether 𝑡

The Scientific World Journal
exists along a possible branch path, if any, the search is complete, otherwise, it explores as far as possible along each
branch before backtracking, and each node can only visit
once. Repeat this process until it finds the target node 𝑡.
When the source node 𝑠 applies random walk search
(RWS) strategy to search for the target node 𝑡, 𝑠 first judges
whether its own neighbor nodes have 𝑡. If any, it stops searching, otherwise, it inspects all the neighboring nodes. Repeat
this process until the target node is found [17]. The RWS can
be further divided into unrestricted random walk (URW),
no-retracing random walk search (NRRW), and self-avoiding
random walk search (SARW).
When the source node 𝑠 applies 𝑘-walker random walk
search (𝑘-RWS) strategy to search for the target node 𝑡, 𝑠 will
pass 𝑘 copies of queried information to 𝑘 randomly selected
neighbors; thus there are 𝑘 visitors to find 𝑡 forward. Each
queried information takes its own random walk. Each walker
periodically talks with the querying node to decide whether
that walker should terminate [18].
When the source node 𝑠 uses high degree search (DS)
strategy to search for the target node 𝑡, 𝑠 searches for the
nodes with a maximum degree in its neighbors, if any, it stops
searching, otherwise, it keeps searching for the maximum
degree one in its all the neighboring nodes [19].
Overall, the BFS strategy can find the shortest path between any two nodes. The shortest path length of the smallworld networks is 𝐿 ∝ log 𝑁, so the BFS strategy in finding
the path between the nodes is very effective, and the query is
parallel, so the search range will increase exponentially; usually just the inquiries of a few steps will be throughout the
network and the search speed is quite fast. However, with the
expansion of network size, this approach will produce a large
number of querying message flows in the network, resulting
in a sharp increase in network traffic and network congestion.
The DFS strategy may make the search process along the futile
path, resulting in a too long path. It is resolved using the
boundary of the depth, and then the path may be the shortest.
The number of search steps of the RWS strategy is larger than
that of the BFS strategy, and the traffic reduces, but the same
time, search speed is greatly reduced. The 𝑘-RWS strategy
makes the search time greatly reduced, and the message traffic
generated is much lower than that of the BFS strategy and
search performance is better than that of the DFS strategy.
The average path length obtained from the DS strategy gets on
the same order of magnitude with the average path length
obtained from the BFS strategy, and the search speed is fast,
but the success rate of search is less than 100%.

3. Reconfiguration Method
Real social networks have small-world characteristic, that is,
large clustering coefficient and short average path length.
Regular network models and random graph models cannot
depict the small-world characteristic, and scale-free network
models do not have obvious clustering effect. Therefore, the
main use of small-world models is to study the structural
properties of social networks and to illustrate the generation
mechanism of these features. According to the construction

3
methods of the models, small-world networks can be divided
into two categories: statistical small-world network models
and the deterministic small-world network models. Connection between two nodes in the statistical models is random,
and they are not suitable to describe the deterministic relations between the two nodes in social networks. The typical
clustering coefficient of the existing deterministic smallworld models is about 0.693 [20], and it is less than that of the
real social networks, such as the clustering coefficient of the
network of film actors which is about 0.78 and that of the
networks of company directors which is about 0.88. In this
paper, we propose a new social network reconfiguration
method and the specific process is as follows.
(1) Construct a sphere.
(2) For 𝑡 = 0, construct a triangular pyramid, denoted by
CUB(0), whose four vertexes are placed in the spherical surface, and each vertex is connected with one of
the other three vertexes.
(3) For 𝑡 = 1, add a new node on the corresponding
sphere of each outside of the triangular pyramid, and
add three new edges between the new node and each
of three vertexes constructing a corresponding side of
the triangular pyramid. It is denoted by CUB(1).
(4) After 𝑡 times, create a new graph, denoted by CUB(𝑡)
in turn.
Through analysis and calculation, we find that, as 𝑡 → ∞,
the node degree distribution function of the model is an
𝑘−1
𝑘
exponential distribution, that is, 𝑝 ∝ 3−log2 − 3−log2 , and the
clustering coefficient of the model is 𝐶 ≈ 0.828 and the average path length of the model is 𝐿 ≈ ln(𝑛). This shows that the
model has small-world property.
When 𝑡 = 8, the network size 𝑁 has reached 13124. Obviously, the construction algorithm of the model has fast convergence and easily constructs large-scale social networks.

4. KRDS
In this section, we propose a hybrid search strategy based on
𝑘-walker random and a high degree (KRDS). The basic ideas
of the strategy are as follows: assume that each node in the
network knows the information of its neighbor nodes, the
source node 𝑠 randomly selects 𝑘 neighbor nodes to transmit
information. If there is the target node 𝑡 in these 𝑘 nodes, it
will return information. Otherwise, the 𝑘 nodes will, respectively, choose their neighbors with the high degree to pass the
information, if the next step still does not find the target node,
then use the 𝑘-walker random to inquire again. Repeat this
process until it finds the target node. The pseudocode of the
KRDS algorithm as in Algorithm 1.
In Algorithm 1, 𝑘 has a constraint that it will less than or
equal to the degree of the current node.

5. Simulation and Analysis Results
5.1. Search Efficiency. The efficiency of search strategies can
be described by the query message traffic in the network and
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KRDS(𝑖, 𝑗, 𝑘)
if (𝑖 ≠𝑗)
//Random walk search
then go random(𝑖, 𝑗, 𝑘)
else return routes
if (𝑖 ≠𝑗)
go max(𝑖, 𝑗) //high degree search
until 𝑖 = 𝑗
return routes
Algorithm 1

the average number of search steps. The latter reflects the
search speed of the strategies, and the former can be measured by the number of traverse nodes from the search process, mainly affecting the network congestion. In this paper,
we mainly use the latter to measure the efficiency of the search
strategies; that is, the smaller the average number of search
steps, the higher the search efficiency. When we put some
kind of search strategies for a network with 𝑁 nodes, repeat
randomly to select 𝑛 different source nodes. For each selected
source node 𝑖, the sum of the number of the search steps from
the source node to all other 𝑁 − 1 nodes based on this search
strategy is written by 𝑇𝑖 = ∑𝑁
𝑗=1,𝑗 ≠𝑖 𝑡𝑖𝑗 . Consequently, the average number of search steps between any two nodes is expressed as 𝑇 = ∑𝑁
𝑖 𝑇𝑖 /[𝑁(𝑁 − 1)].
5.2. Simulation Results. In this section, the simulation process is as follows. First, we generate the six network models
with different types and sizes: NNCN, ERRG, WSSWN,
BASFN, DMG and CUB. Then we assume that each node of
the network models only knows its own neighbors and when
the source node in the networks finds the target node, and for
each model, we apply seven kinds of search strategies: BFS,
DFS, DS, URW, NRRW, SARW, and KRDS. Finally, we calculate the average number of search steps of each strategy for
each network model.
5.2.1. NNCN. In the simulation, we generate seven NNCN
models with 𝐾 = 4; that is, each node is connected with
𝐾/2 = 2 neighbors from right and left. The degree of each
node is 4. The network size 𝑁 is 20, 40, 50, 60, 80, 100, and 150,
respectively. The BFS, the DFS, the DS, the URW, the NRRW,
the SARW, and the KRDS (𝑘 = 2 and 𝑘 = 4) were applied to
each network. Figure 1 shows the impact of the network size
𝑁 on the average number of search steps between any two
nodes of the NNCN in the log-log scale.
The average number of search steps from the BFS, the
DFS, and the DS strategies is less than that of the NRRW and
the SARW strategies, that from the SARW is less than that of
the above five strategies, and that from the KRDS strategy is
relatively the smallest. For the KRDS strategy, when 𝑘 = 4,
the average number of search steps is less than that when
𝑘 = 2. Thus, selecting an appropriate value of 𝑘, we can
greatly reduce the average number of search steps. Pandit and
Amritkar derived the theoretical value of the average number
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Figure 1: Plot of the average number 𝑇 of the steps versus the
network size 𝑁 of the NNCN in the log-log scale.

of search steps in the application of the URW strategy
for searching the NNCN model; that is, 𝑇TV ≈ (0.17 +
0.14 ln(𝐾))(𝑁/𝐾)2 [17]. It can be seen that the simulation curves of the average number of search steps of the URW and the
NRRW strategies is approximately paralleled with the theoretical curve of the average number of search steps of the
URW strategy (see the URW (TV) curve in Figure 1); that is,
they approximately obey a power-law relationship: 𝑇 ∝ 𝑁2 .
The simulation curves of the average number of search steps
from the BFS, the DFS, the DS, the SARW, and the KRDS
strategies are almost parallel, but their slope is slightly less
than the theoretical value of the URW strategy. Therefore,
they approximately obey power-law relationship: 𝑇 ∝ 𝑁𝛽 ,
where 1 < 𝛽 < 2.
5.2.2. ERRG. In the simulation, we generate seven ERRG
models with node connection probability 𝑝 = 0.15 and 0.03.
The network size 𝑁 of the ERRG is 20, 40, 50, 60, 80, 100, and
150, respectively. The simulation process is similar to the
NNCN model. Figures 2 and 3 show the impact of the network size 𝑁 on the average number 𝑇 of search steps of the
ERRG with connection probability 𝑝 = 0.15 and 𝑝 = 0.03 in
the log-log scale.
Figure 2 shows that the average number of search steps
from the URW and the NRRW strategies is the biggest, that of
the BFS, the DFS, the DS, and the SARW is less than above,
and that of the KRDS is relatively the smallest. The theoretical
value of the average number of search steps from the ERRG
model based on the NRRW strategy is 𝑇TV ≈ 𝑁/(𝑝(𝑁−1)). It
can be seen when the network size is big, the simulation curves of the average number of search steps obtained by the BFS,
the DFS, the URW, the NRRW, and the SARW strategies are
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Figure 2: Plot of the average number 𝑇 of the search steps versus the
network size 𝑁 of the ERRG with connection probability 𝑝 = 0.15
in the log-log scale.
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Figure 3: Plot of the average number 𝑇 of the search steps versus the
network size 𝑁 of the ERRG with connection probability 𝑝 = 0.03
in the log-log scale.

approximate equal to the theoretical curve of the average
number of search steps from the NRRW strategy (see NRRW
(TV) curve in Figure 2). When the network size is small, the
average number of search steps obtained by the BFS, the DFS,
the URW, the NRRW, and the SARW strategies will be so very
different depending on the network size. When the network

size reaches a certain value, the average number of search
steps has nothing to do with the network size, and that from
the DS strategy will appear with the process of the increase,
the stability, and the decline with the increase of network size
and that from the KRDS (𝑘 = 2) strategy will appear as fluctuated phenomenon with the increase in the network size.
When we select the most appropriate value of 𝑘 (e.g., 𝑘 = 4),
the average number of search steps from the KRDS strategy
has nothing to do with the network size; it is in good agreement with the theoretical value of the NRRW strategy.
Figure 3 shows that the average number of search steps
from the BFS, the DFS, the DS, the NRRW, and the SARW
strategies increases with the increase of network size and that
from the URW and the KRDS strategies increases first with
the increase of network size and then decreases. When the
network size reaches a certain value, the simulation value of
the average number of search steps from the BFS, the DFS,
and the NRRW strategies and the theoretical value of that
from the NRRW strategy are in good agreement. When the
network size is large, the average number of search steps from
the URW strategy is the biggest and that from the KRDS strategy is relatively the smallest. Overall, for different ERRG
models for the connection probability 𝑝 = 0.15, the average
number of search steps obtained from various strategies is
about 5, far from the average number (e.g., 20) of search steps
for the connection probability 𝑝 = 0.03. We can know from
the critical value of the ERRG model which is 𝑝𝑐 ∝ ln(𝑁)/𝑁,
and the seven critical values of different networks above is
0.1498, 0.0922, 0.0782, 0.0682, 0.0548, 0.0461 and 0.0034,
respectively. Obviously, the connection probability 𝑝 = 0.15
is greater than the maximum critical value, so the random
graph is connected graph, the connection probability 𝑝 =
0.03 is less than the minimum critical value, the random
graph is nonconnected graph, and the simulation results are
far away from the theoretical values.
In the following section, we consider the average number
of search steps for a different node connection probability.
In the simulation, we generate twelve ERRG models with the
node connection probability 𝑝 = 0.001, 0.005, 0.01, 0.02, 0.04,
0.06, 0.1, 0.2, 0.4, 0.6, 0.8, and 1, respectively, and the network
size is all 𝑁 = 100. For each connection probability, using a
similar simulation process, the impact of the node connection
probability 𝑝 on the average number 𝑇 of search steps of the
ERRG models is shown in the log-log scale in Figure 4.
The curves of the average number of search steps from different search strategies have a peak value, and the average
number of search steps from the BFS, the DFS, the DS, the
URW, and the KRDS strategies to reach the peak corresponding to the connection probability 𝑝 = 0.04 is in good agreement with the theoretical threshold of the ERRG connectivity
𝑝𝑐 ∝ ln(𝑁)/𝑁 = 0.0461, while the connection probability of
the NRRW and SARW strategies reaching the peak is about
0.06 and there are some deviations with the theoretical value.
Obviously, when the ERRG model is the nonconnected
graph, that is, the connection probability is less than the critical value, the average number of search steps from each search
strategy will increase with the increase of the connection
probability. When the ERRG shows the connected graph,
the connection probability is greater than the critical value,
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Figure 4: Plot of the average number 𝑇 of search steps versus the
connection probability 𝑝 of ERRG in the log-log scale.

the average number of search steps from each search strategy
will increase with the decrease of connection probability and
obey approximate power-law relationship: 𝑇 ∝ 𝑝−𝛼 , where
𝛼 > 0. Simulation results of the average number of search
steps from the BFS, the DFS, the NRRW, and the SARW strategies and the theoretical value of the NRRW strategy are in
good agreement. Overall, the average number of search steps
from the URW strategy is the biggest and that from the KRDS
(𝑘 = 4) strategy is relatively the smallest.
5.2.3. WSSWN. We generate seven WSSWNs in the simulation, and the network size is 𝑁 = 20, 40, 50, 60, 80, 100, and
150, respectively; the coefficients of all the NNCNs are 𝐾 = 4
and the reconnection probability of the NNCNs is 𝑝 = 0.3 and
1, respectively. The simulation process is similar to the NNCN
and the ERRG. Figures 5 and 6 show the impact of the network size 𝑁 on the average number 𝑇 of search steps of the
WSSWN in the log-log scale.
Overall, the relationship between the average number of
search steps from a variety of search strategies and the network size of the WSSWN is similar to that between the average number of search steps and the network size of the
NNCN. The average number of search steps obtained by each
search strategy increases with the increase of network size,
and it is similar to the NNCN and approximately obeys the
power-law relationship: 𝑇 ∝ 𝑁𝛽 . Those obtained by the
URW and the NRRW strategies is the biggest and those
obtained by the KRDS strategy is relatively the smallest. A
WSSWN is the ERRG when the reconnection probability is
𝑝 = 1, so we can apply the NRRW strategy to get the theoretical value of the average number of search steps. Figure 6
shows that the simulation results of the average number of
search steps based on the BFS, the DFS, the URW, the NRRW,
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Figure 5: Plot of the average number 𝑇 of search steps versus the
network size 𝑁 of the WSSWN with connection probability 𝑝 = 0.3
in the log-log scale.
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Figure 6: Plot of the average number 𝑇 of search steps versus the
network size 𝑁 of the WSSWN with connection probability 𝑝 = 1
in the log-log scale.

and the SARW strategies is closed with the theoretical value
of the NRRW strategy.
In the following section, we would consider the average
number of search steps obtained by a variety of search strategies from different connection probabilities.
We generate eight WSSWN models with the reconnection
probability 𝑝 = 0.001, 0.002, 0.005, 0.01, 0.06, 0.2, 0.5, and 1,
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Figure 7: Plot of the average number 𝑇 of search steps versus the
connection probability 𝑝 of the WSSWN in the log-log scale.

respectively. The network size is 𝑁 = 100, and the coefficients
of the all NNCNs are 𝐾 = 4. Figure 7 shows the impact of the
reconnection probability 𝑝 on the average number 𝑇 of search
steps of the WSSWN in the log-log scale.
The average number of search steps obtained from various strategies decreases with the increase of 𝑝, and those from
the URW and the NRRW strategies decline the fastest, those
from the DS and the KRDS strategies are behind the former,
and those from the BFS, the DFS, and the SARW strategies are
relatively the smallest. Those from the URW and the NRRW
strategies are the biggest, but those from the KRDS strategy
are the smallest. When the reconnection probability satisfies
0.01 < 𝑝 < 0.5, the average number 𝑇 of search steps obtained
from the URW, the NRRW, and the KRDS strategies and the
reconnection probability 𝑝 approximately obey the powerlaw relationship: 𝑇 ∝ 𝑝−𝛼 , where 𝑎 > 0. For the WSSWN
model, if 𝑝 = 0, it is a NNCN and if 𝑝 = 1, it is an ERRG.
Therefore, if the reconnection probability 𝑝 changes from 0 to
1, the WS small-world network model transfers from a NNCN
to an ERRG. The simulation results also reflect such a process.
The network is the NNCN with reconnection probability
𝑝 → 0, and the gap between the simulation results of the
average number of search steps obtained from the URW, the
NRRW, and the SARW strategies and the theoretical value
(i.e., 228) of the average number of search steps obtained from
the URW strategy is relative small; The network is an ERRG
with reconnection probability 𝑝 = 1, and the simulation results of the average number of search steps obtained from the
BFS, the DFS, the NRRW and the SARW strategies are closed
with the theoretical value (this is 12) of the average number
of search steps obtained from the NRRW strategy.
5.2.4. BASFN. We generate seven BASFN models in which
the number of the original nodes is 𝑚0 = 4, and one new

100 1
10

102
N
BFS
DFS
DS
URW

103

NRRW
SARW
KRDS, k = 2
KRDS, k = 4

Figure 8: Plot of the average number 𝑇 of search steps versus the
network size 𝑁 of the BASFN in the log-log scale.

node is introduced and connected to the five nodes each time,
and the network size is 𝑁 = 20, 40, 50, 60, 80, 100, and 150,
respectively. The simulation process is similar to the former
network model. Figure 8 shows the impact of the network size
𝑁 on the average number 𝑇 of search steps of the BASFN in
the log-log scale.
The average number of search steps from three random
walk strategies and the KRDS strategy would increase with
the increase of network size, but those from the BFS, the DFS,
and the DS strategies would increase, reduce and then increase with the increase of network size in the BASFN. When
network size is large, the curves obtained from three random
walk strategies and the BFS strategy are more or less parallel.
The curves from the KRDS strategy using different parameter
𝑘 are roughly parallel for any network size. Thus, they approximately obey power-law relationship: 𝑇 ∝ 𝑁𝛽 . Overall, the
average number of search steps from three random walk strategies rises the fastest, and the increase rate of the KRDS strategy is relatively the slowest. The average number of search
steps from the random walk strategy is the largest and that
from the KRDS strategy is relatively the smallest.
5.2.5. DMG. We generate five DMG models, and the network
size is 𝑁 = 10, 22, 46, 94, and 190, respectively. Because the
relationship of network size and the number of iterations
satisfies 𝑁 = 6×2𝑡 −2, we have 𝑡 = 1, 2, 3, 4, and 5, respectively.
Simulation process is similar to the previous four network
models. Figure 9 shows the impact of the network size 𝑁 on
the average number 𝑇 of search steps in the DMG model, and
Figure 10 shows the impact of the number 𝑡 of iterations on
the average number 𝑇 of search steps in the DMG model in
the semilogarithmic scale.
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Figure 11: Plot of the average number 𝑇 of search steps versus the
network size 𝑁 of the CUB in the log-log scale.

obey power-law relationship: 𝑇 ∝ 𝑁𝛽 . In addition, that from
the KRDS strategy would decrease with the increase of the
parameter 𝑘, and we can adjust the parameter 𝑘 values to get
a smaller average search steps.
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Figure 10: Plot of the average number 𝑇 of search steps versus the
number 𝑡 of iterations of the DMG in the semilog scale.

The average number of search steps obtained from various strategies would increase with the increase of the number
of iterations and the network size and that obtained from the
URW strategy is the largest. When the network size is smaller,
that obtained from the KRDS (𝐾 = 4) strategy is relatively the
smallest. When the network size is larger, that obtained from
the SARW strategy is relatively the smallest. Those obtained
from the DFS strategy and the DS strategy are equal. When
the network is large, the curves obtained from the DFS, URW,
DS, and KRDS strategies are parallel, and they approximately

5.2.6. CUB. We generate five deterministic small-world network models with spatial structure (CUB), and the network
size is 𝑁 = 8, 20, 56, 164, and 488, respectively, and the corresponding number of iterations 𝑡 = 1, 2, 3, 4, and 5. The network
size 𝑁 and the number 𝑡 of iterations satisfy the following relationship: 𝑁 = 2 × 3𝑡 + 2. Simulation process is similar to the
previous five network models. Figure 11 shows the impact of
the network size 𝑁 on the average number 𝑇 of search steps in
the CUB in the log-log scale, and Figure 12 shows the impact
of the number 𝑡 of iterations on the average number 𝑇 of
search steps in the CUB in the semilogarithmic scale.
The curve of the average number of search steps obtained
from the CUB model is similar to that obtained from the
DMG model based on various strategies. However, the former
is far less than the latter. When the network size is smaller, the
average number of search steps from the URW and NRRW
strategies is the largest, but when the network size is large, that
from the DS strategy is the largest. That from the KRDS (𝐾 =
4) strategy is relatively the smallest. When the network size is
large, the curves of those from the BFS, the URW, the NRRW,
and the KRDS strategies are approximately parallel, and they
approximately obey the power-law relationship: 𝑇 ∝ 𝑁𝛽 .
5.3. Discussion. We have known that the values of the average
number of search steps obtained from the same kind of search
strategies to different network models are different. Those
obtained from different search strategies to the network models with the same type and size are not the same too. In order
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Table 1: The number of search steps.

NNCN (𝐾 = 4)
ERRG (𝑝 = 0.04)
WSSWN (𝐾 = 4, 𝑝 = 0.3)
BASFN
DMG
CUB

𝑁
164
488
164
488
164
488
164
488
164
488
164
488

BFS
74
236
23
24
25
78
12
32
21
91
8
27

DFS
56
177
23
25
30
100
8
20
69
425
19
132

DS
56
177
19
17
18
54
6
16
69
425
19
132

URW
537
5075
35
27
40
121
19
56
119
815
23
71

103

102
T
101

100

1

1.5
BFS
DFS
DS
URW

2

2.5

3
t

3.5

4

4.5

5

NRRW
SARW
KRDS, k = 2
KRDS, k = 4

Figure 12: Plot of the average number 𝑇 of search steps versus the
number 𝑡 of iterations of the CUB in the semilog scale.

to understand search capabilities of the different types of networks, such as the social network, and to find the best search
strategy of various networks, we have adopted a similar simulation process.
First, we generate the NNCN models, the ERRG models,
the WSSWN models, the BASFN models, the DMG models,
and the CUB models in succession, and the network size of
them is 𝑁 = 164 and 488. The parameters in those models are
set as follows: the parameter of the NNCN model is 𝐾 = 4; the
connection probability of the ERRG model is 𝑝 = 0.04; the
parameters of the WSSWN model are 𝐾 = 4, and 𝑝 = 0.3. The
number of the original nodes in the BASFN model is 𝑚0 = 4,
and the degree of a new node is 𝑚 = 5. When the network size
is 164, the number of iteration steps of the DMG model is set
to 𝑡 = 4 and 5 and that of the CUB model is 𝑡 = 4. When the
network size is 488, the number of iteration steps of the DMG
model is set to 𝑡 = 6 and 7 and that of the CUB model is 𝑡 = 5.

NRRW
410
3838
29
25
32
100
17
50
93
646
18
55

SARW
32
86
21
25
25
71
12
35
9
15
8
11

KRDS (𝑘 = 2)
31
62
11
12
12
35
6
14
23
40
6
17

KRDS (𝑘 = 4)
21
64
6
6
6
18
3
7
13
41
4
9

Then, we apply the BFS, DFS, DS, URW, NRRW, SARW,
and KRDS (𝑘 = 2 and 4) strategies to six kinds of the network
models to get the average number of search steps. Among
them, for the DMG model, we first use iteration steps 𝑡 = 4
and 5 to get the corresponding network size 𝑁 = 94 and 190,
respectively. And then, we apply a variety of search strategies
to the two networks and can obtain two sets of the average
number of search steps. Finally, we estimate the average number of search steps 𝑇𝑁=164 . The estimation method is as follows: the logarithms of the average number 𝑇 of search steps
from various strategies and the network size 𝑁 are
approximately linear relationship; that is, log(𝑇𝑁=164 ) ≈
(log(𝑇𝑁=190 ) + log(𝑇𝑁=94 ))/2, so the value of 𝑇𝑁=164 can be
calculated. We can calculate the value of 𝑇𝑁=488 in the same
way. Table 1 shows that the average number 𝑇 of search steps
obtained from a variety of search strategies used in different
types of network in which the network size 𝑁 = 164 and 488,
respectively.
If the topology structure of the network is different, the
average number of search steps is very different; namely,
whether the network has the nature of quick search is relative
with the network structure. In the above network, the search
capability of the NNCN model is the worst, that of the BASFN
model is the strongest, and that of the ERRG model is slightly
weaker than that of the BASFN model, the search capabilities
of small-world networks are stronger than that of the ERRG,
but far less than that of the NNCN. In comparison, the
BASFN has a bit of high degree nodes, and then there is a bit of
long-range connections in the WSSWN, including the ERRG
with reconnection probability of 1, but there is a bit of high
degree nodes and long-range connections in the CUB, but
high degree nodes and long-range connections lead directly
to fast search capabilities of the networks. Of course, the proportion of high degree nodes and long-range connections in
the network is also very critical, even all are small-world networks and search capabilities are very different. In three
small-world networks, the search probability of the CUB is
the strongest, that of the DMG is the worst, and that of the
WSSWN is between these two. Thus, the small-world characteristic of the network not necessarily means that the network
can quickly search.
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In addition, for various search strategies, the values of the
average number of search steps from the same network are
different. That from the URW strategy is the largest, that from
the NRRW strategy is a little smaller than that from the URW
strategy, and that in the SARW strategy greatly reduces. The
values of the average number of search steps from the BFS,
DFS, and DS strategies are all a little larger than that of the
SARW strategy but are far less than that of the NRRW strategy. In three strategies, that from the DFS strategy is the largest, that from the BFS strategy is the smallest, and that of the
DS strategy is between these two. The average number of
search steps from the KRDS strategy is the smallest in all strategies. Thus, the search strategy has a significant impact on
search efficiency. In comparison, the NRRW strategy avoids
the cycle query information between two neighbors in the
URW strategy; therefore, the average number of search step
has declined; the SARW strategy avoids repeatedly querying
each node, and the average number of search steps is relatively
small. The BFS strategy is parallel, and the average number of
search steps is relatively small, the DFS and the DS strategies
need to query individual nodes, so the average number of
search steps is slightly larger than that of the BFS strategy. The
KRDS strategy is more flexible, and it can get the minimum
average number of search steps through adjusting parameter
𝑘 according to the actual network. The KRDS strategy applies
the method of 𝑘-degree parallel query, in every step of search
process, and you can obtain 𝑘 times of the node information.
At the same time, it avoids querying each node repeatedly. In
addition, the average number of search steps of the DMG
model from the SARW strategy is the smallest, and that of
other various networks from the KRDS strategy is relatively
the smallest and the search efficient is the highest.

6. Conclusion
In this paper, we proposed a deterministic small-world network model of spatial structure (CUB). The node degree of
the network has small-world properties and follows the
power-law distribution. Its main characteristics are the ability
to portray the social network with a strong clustering coefficient. We proposed the KRDS strategy to find the shortest
chain between two people in the social network. The following discoveries were obtained from various search strategies
in various network models. (1) The simulation results of the
average number of search steps based on the URW strategy
of the NNCN model and that based on the NRRW strategy
of the ERRG and the WSSWN models are in good agreement
with existing theoretical values. (2) The average number 𝑇 of
search steps and the network size 𝑁 obtained from various
search strategies based on various models obey approximate
power-law relationship: 𝑇 ∝ 𝑁𝛽 . (3) The average number 𝑇
of search steps and the connection probability 𝑝 obtained
from various search strategies based on the ERRG and the
WSSWN models obey approximate power-law relationship:
𝑇 ∝ 𝑝−𝛼 . (4) The search capability of various networks is different and for small-word network models, the quick search
capability of the CUB model proposed in this paper is relatively strongest. (5) The search efficiency of various search
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strategies is also different, the KRDS strategy proposed in this
paper is suitable for most types of network models, and the
average number of search steps is the smallest, and in addition, the KRDS strategy only needs to use the local information and would not produce a large amount of network traffic
which can quickly get access to a remote connection and
effectively improve the efficiency of network search.
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Each element in the conformal array has a different pattern, which leads to the performance deterioration of the conventional high
resolution direction-of-arrival (DOA) algorithms. In this paper, a joint frequency and two-dimension DOA (2D-DOA) estimation
algorithm for conformal array are proposed. The delay correlation function is used to suppress noise. Both spatial and time sampling
are utilized to construct the spatial-time matrix. The frequency and 2D-DOA estimation are accomplished based on parallel factor
(PARAFAC) analysis without spectral peak searching and parameter pairing. The proposed algorithm needs only four guiding
elements with precise positions to estimate frequency and 2D-DOA. Other instrumental elements can be arranged flexibly on the
surface of the carrier. Simulation results demonstrate the effectiveness of the proposed algorithm.

1. Introduction
Conformal array is the array mounted on the surface of
the conformal carrier [1]. The advantage of the conformal
array includes the alleviation of array weight, reduction of
aerodynamic drag, reduction of radar cross-section (RCS),
and the cover of the whole range of azimuth [2]. Thus
the conformal array is of great interest in a variety of
applications such as radar, sonar, wireless communication,
and seismology.
Conventional algorithms for direction-of-arrival (DOA)
estimation, such as multiple signal classification (MUSIC) [3]
and estimation of signal parameters via rotational invariance
techniques (ESPRIT) [4], are not suitable for conformal
array because of the varying curvature of the conformal
carrier. Based on array interpolation [5, 6], the manifold
separation technique was applied to arbitrary array structure
[7]. The above algorithm possesses good performance when
the pattern of element is isotropic directional. However, due
to the effect of the curvature of conformal carrier, each
element of the conformal array has different patterns [8].
Thus, the algorithm proposed in [7] could not be used for
conformal array. Not all elements can receive signals because
of the “shadow effect” caused by metallic carrier. The subarray

divided technique and interpolation transformation were
adopted for DOA estimation of conformal array. But the
interpolation accuracy of virtual manifold transformation is
not high [9, 10]. Recently, DOA estimation algorithms for
conformal array have been proposed. Based on ESPRIT and
specially designed array structure, a blind DOA estimation
algorithm was presented [11]. The iterative ESPRIT algorithm
was proposed for joint DOA and polarization parameter estimation [12]. Nevertheless, the two algorithms need parameter
pairing and special array design.
By combining the techniques of temporal filtering and
spatial beam forming, the joint DOA and delay were estimated [13]. Similarly, the proposed approach in [14] was a
novel twist of parameter estimation and filtering processes,
in which two 1D frequencies and one 1D spatial MUSIC were
employed to estimate the DOAs and frequencies, respectively.
Two approximate maximum likelihood (ML) algorithms
were proposed in the spatially correlated noise scenario
for joint frequency and DOA estimation. However, MUSIC
and ML algorithms used in [13–15] suffer from tremendous
computational complexity and are only suitable for linear
array or planar array, which could not be used for conformal
array. The research of joint frequency and DOA estimation is
rare for the conformal array.
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As a useful analysis tool of data arrays, parallel factor
(PARAFAC) analysis model [16, 17] is a generalization of
low-rank matrix decomposition to three-way arrays (TWAs)
or multiway arrays (MWAs), which was introduced in array
signal processing to estimate DOA [18]. PARAFAC has been
first introduced as a data analysis tool in psychometrics,
where it has been used in arithmetic complexity, exploratory
data analysis, and other fields. The PARAFAC model was
developed by Sidiropoulos et al. [19]. Most parameter estimation algorithms for conformal array focus on DOA estimation. The frequency estimation is not researched as far
as we known. For 2D-DOA estimation of conformal array,
the algorithms based on ESPRIT suffer from parameter
pairing problem. The algorithms based on MUSIC suffer
from tremendous computational complexity. In this paper, a
novel joint frequency and 2D-DOA estimation algorithm for
conformal array is proposed. The spatial domain sampling
and time domain sampling are utilized to construct the
spatial-time matrix. The delay correlation function is used
to suppress noise. Based on PARAFAC, the joint frequency
and 2D-DOA estimation are accomplished without parameter pairing. Unlike the special array design in [9–12], the
proposed algorithm needs only four guiding elements, other
instrumental elements of the array can be arranged flexibly.
The organization of this paper is structured as follows.
Section 2 introduces the structure of the conformal array and
describes the snapshot data model. Section 3 contains the
core contributions of this paper, including the construction
of spatial-time matrix and the PARAFAC model used for
high accuracy frequency and 2D-DOA estimation. Section 4
presents the simulation result. Section 5 summarizes our
conclusions.

(1)

Consider 𝐾 narrow far field incident signals impinging on
the conformal array, which is shown in Figure 1. The elevation
and azimuth of 𝑘th incident signal are denoted as (𝜃𝑘 , 𝜑𝑘 ),
𝑘 = 1, 2, . . . , 𝐾. Thus, the general form of the array output
is represented as
𝐾

𝑘=1

2𝜋𝑓𝑘
p ∙ u ),
𝑐 𝑚 𝑘

p2 (x2 , y2 , z2 )

𝜃

Z

p1 (x1 , y1 , z1 ) O

𝜑
p3 (x3 , y3 , z3 )

X

(xm , ym , zm )pm O
p4 (x4 , y4 , z4 )
𝜑m
X

Y

𝜃m

Y

Figure 1: The structure of the conformal array.

𝑓𝑘 is the frequency of the 𝑘th incident signal, 𝑢𝑘 is the
direction vector of the incident signal 𝑠𝑘 (𝑡).
Consider
u𝑘 = sin (𝜃𝑘 ) cos (𝜑𝑘 ) e⃗
𝑥 +sin (𝜃𝑘 ) sin (𝜑𝑘 ) e⃗
𝑦 +cos (𝜃𝑘 ) e⃗
𝑧.
(3)
The time domain sampling is done for the signal of the
array output. The number of the tapped delay line is 𝐿. Then
the 𝑙th tapped delay of the signal output of the 𝑚th element
can be represented as
𝐾

𝑥𝑚 (𝑡 − 𝑙𝜏) = ∑ 𝑠𝑘 (𝑡) 𝑔𝑚 exp [−𝑗𝜔𝑘 (𝜏𝑚𝑘 + 𝑙𝜏)]
+ 𝑛𝑚 (𝑡 − 𝑙𝜏) ,

A curve array antenna mounted on an arbitrary shape carrier
is shown in Figure 1. Assuming that there are 𝑀 elements on
the surface of the carrier, the coordinate of each element can
be represented as (𝑥𝑚 , 𝑦𝑚 , 𝑧𝑚 ), 𝑚 = 1, 2, . . . , 𝑀. Four guiding
elements p1 , p2 , p3 , and p4 with precise positions are chosen,
and p1 is assumed to be the reference element. p𝑚 represents
the position vector of the 𝑚th element on the surface of the
carrier. e⃗
𝑥 , e⃗
𝑦 , and e⃗
𝑧 represent the unit vector of 𝑋-axis, 𝑌axis, and 𝑍-axis, respectively. p𝑚 can be expressed as

𝑥𝑚 (𝑡) = ∑ 𝑠𝑘 (𝑡) 𝑔𝑚 exp (−𝑗

pM (xM , yM , zM )

𝑘=1

2. The Structure of the Conformal Array and
the Snapshot Data Model

p𝑚 = 𝑥𝑚 e⃗
𝑥 + 𝑦𝑚 e⃗
𝑦 + 𝑧𝑚 e⃗
𝑧.

Z

(2)

where 𝑠𝑘 (𝑡) stands for the 𝑘th incident signal and 𝑔𝑚 is the
element pattern which is defined in the 𝑚th local coordinate.

(4)

0 ≤ 𝑙 ≤ 𝐿 − 1,

where 𝜏𝑚𝑘 represents the time delay between the 𝑚th element
p𝑚 and reference element p1 when the mth element receives
the 𝑘th incident signal, 𝜏 is the time interval of sampling, 𝑛𝑚 is
the additional white Gaussian noise (AWGN) with zero mean
and variance 𝜎2 , 𝜔𝑘 = 2𝜋𝑓𝑘 , and 𝜏𝑚𝑘 = (p𝑚 ∙ u𝑘 )/𝑐.
The condition that the same incident signal impinges on
the global coordinate and local coordinate is also shown in
Figure 1. The coordinate which is constructed by the original
point p1 is the global coordinate. The coordinate which is
constructed by the original point p𝑚 is the local coordinate.
As shown in Figure 1, the elevation and azimuth of the
incident signal in global coordinate and local coordinate are
distinct. The pattern function 𝑔𝑚 (𝜃𝑚 , 𝜑𝑚 ) is defined in the
local coordinate of each element. Thus, the pattern in the local
coordinate of each element is different. Here the parameter
component transformation from the global coordinate to
the 𝑚th local coordinate can be accomplished by using the
general Euler rotate method [8]. More details can be found in
[20].
Due to the “shadow effect” caused by the metal, not all
elements in the conformal array can receive the signal. Thus,
the subarray divided technique [9, 10] is adopted and the
whole array can be divided into several parts. The same
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parameter estimation mechanism is used for each part. For
the sake of simplicity, it is assumed that all the elements can
receive the signal.

3. Joint Frequency and 2D-DOA Estimation

Consider
R𝑥𝑚 𝑥2 (𝜏) = 𝐸 [𝑥𝑚 (𝑡) 𝑥2∗ (𝑡 − 𝜏)]
𝐾

3.1. The Construction of Spatial-Time Matrix. The delay correlation function between the 𝑚th element and 𝑛th element
of the conformal array is constructed as follows:
𝑅𝑥𝑚 𝑥𝑛 = 𝐸 [𝑥𝑚 (𝑡) 𝑥𝑛∗ (𝑡 − 𝜏)]

= ∑ R𝑠𝑘 𝑠𝑘 (𝜏) 𝑔𝑚 𝑔1 exp [−𝑗𝜔𝑘 (𝜏𝑚𝑘 − 𝜏2𝑘 )]
𝑘=1

×

= ∑ 𝐸 [𝑠𝑘 (𝑡) 𝑠𝑘∗ (𝑡 − 𝜏)]

𝐾

𝑘=1

× exp [−𝑗𝜔𝑘 (𝜏𝑚𝑘 − 𝜏𝑛𝑘 − 𝜏)]
+ 𝐸 [𝑛𝑚 (𝑡) 𝑛𝑛∗ (𝑡 − 𝜏)]

= ∑ R𝑠𝑘 𝑠𝑘 (𝜏) 𝑔𝑚 𝑔1 exp [−𝑗𝜔𝑘 (𝜏𝑚𝑘 − 𝜏3𝑘 )]
𝑘=1

(5)

×

𝐾

= ∑ 𝑅𝑠𝑘 𝑠𝑘 (𝜏) 𝑔𝑚 𝑔𝑛 exp [−𝑗𝜔𝑘 (𝜏𝑚𝑘 − 𝜏𝑛𝑘 )]

R𝑥𝑚 𝑥4 (𝜏) =

𝑘=1

R𝑛𝑚 𝑛𝑛 (𝜏) = 𝐸 [𝑛𝑚 (𝑡) 𝑛𝑛∗ (𝑡 − 𝜏)]
2

= 𝜎 𝛿 (𝜏) 𝛿 (𝑚 − 𝑛) = 0,

(𝑡 − 𝜏)]

𝑘=1

×

𝑔4
exp (𝑗𝜔𝑘 𝜏) ,
𝑔1

1 ≤ 𝑚 ≤ 𝑀,

R𝑥𝑚 𝑥1 (0) = 𝐸 [𝑥𝑚 (𝑡) 𝑥1∗ (𝑡)]
𝐾

= ∑ R𝑠𝑘 𝑠𝑘 (0) 𝑔𝑚 𝑔1 exp [−𝑗𝜔𝑘 (𝜏𝑚𝑘 − 𝜏1𝑘 )]
𝑘=1

+ 𝜎2 I,

1 ≤ 𝑚 ≤ 𝑀.

The spatial-time matrix is constructed as follows:
R𝑆 (𝜏) = [R𝑠1 𝑠1 (𝜏) , R𝑠2 𝑠2 (𝜏) , . . . , R𝑠𝐾 𝑠𝐾 (𝜏)] ,
𝑇

R𝑓 (𝜏) = [R𝑥1 𝑥1 (𝜏) , R𝑥2 𝑥1 (𝜏) , . . . , R𝑥𝑚 𝑥1 (𝜏)] ,
𝑇

R1 (𝜏) = [R𝑥1 𝑥2 (𝜏) , R𝑥2 𝑥2 (𝜏) , . . . , R𝑥𝑚 𝑥2 (𝜏)] ,
𝑇

R2 (𝜏) = [R𝑥1 𝑥3 (𝜏) , R𝑥2 𝑥3 (𝜏) , . . . , R𝑥𝑚 𝑥3 (𝜏)] ,
𝑇

R3 (𝜏) = [R𝑥1 𝑥4 (𝜏) , R𝑥2 𝑥4 (𝜏) , . . . , R𝑥𝑚 𝑥4 (𝜏)] ,

𝐾

(7)

𝑘=1

× exp (𝑗𝜔𝑘 𝜏) ,

(8)

𝑇

(6)

(𝑡 − 𝜏)]

= ∑ 𝑅𝑠𝑘 𝑠𝑘 (𝜏) 𝑔𝑚 𝑔1 exp [−𝑗𝜔𝑘 (𝜏𝑚𝑘 − 𝜏1𝑘 )]

𝐸 [𝑥𝑚 (𝑡) 𝑥4∗

1 ≤ 𝑚 ≤ 𝑀,

= ∑ R𝑠𝑘 𝑠𝑘 (𝜏) 𝑔𝑚 𝑔1 exp [−𝑗𝜔𝑘 (𝜏𝑚𝑘 − 𝜏4𝑘 )]

where the delay correlation function is constructed between
𝑥1 (𝑡 − 𝜏) and the data that each element receives. Based on
(5), we can obtain
R𝑥𝑚 𝑥1 (𝜏) =

𝑔3
exp (𝑗𝜔𝑘 𝜏) ,
𝑔1

𝐾

𝜏 > 0,

where R𝑠𝑘 𝑠𝑘 (𝜏) = 𝐸[𝑠𝑚 (𝑡)𝑠𝑛∗ (𝑡 − 𝜏)] represents the delay
correlation function of 𝑠𝑘 (𝑡), and R𝑛𝑚 𝑛𝑛 (𝜏) = 𝐸[𝑛𝑚 (𝑡)𝑛𝑛∗ (𝑡−𝜏)]
represents the noise cross-correlation function between the
𝑚th element and 𝑛th element.
On condition that the incident signal is coming from
narrow far field and the bandwidth of the incident signal
is B, the delay correlation processing of the data that the
elements receive takes a long period of time. Hence, R𝑠𝑘 𝑠𝑘 (𝜏) =
𝐸[𝑠𝑚 (𝑡)𝑠𝑛∗ (𝑡−𝜏)] ≠0. In the more general case, when 𝜏 ≪ 1/𝐵,
the Gaussian white noise is not correlated during the time
interval 𝜏. At the same time, the variety of the signal envelope
can be neglected. Then we can suppress the noise without
destroying the signal.
Consider

𝐸 [𝑥𝑚 (𝑡) 𝑥1∗

1 ≤ 𝑚 ≤ 𝑀,

R𝑥𝑚 𝑥3 (𝜏) = 𝐸 [𝑥𝑚 (𝑡) 𝑥3∗ (𝑡 − 𝜏)]

𝐾

× exp (𝑗𝜔𝑘 𝜏) + 𝑅𝑛𝑚 𝑛𝑛 (𝜏) ,

𝑔2
exp (𝑗𝜔𝑘 𝜏) ,
𝑔1

1 ≤ 𝑚 ≤ 𝑀.

Similarly, the delay correlation functions are constructed
between 𝑥2 (𝑡 − 𝜏), 𝑥3 (𝑡 − 𝜏), 𝑥4 (𝑡 − 𝜏), and 𝑥1 (𝑡) and the data
that each element receives, respectively.

𝑇

(9)
(10)
(11)
(12)
(13)

R (0) = [R𝑥1 𝑥1 (0) , R𝑥2 𝑥1 (0) , . . . , R𝑥𝑚 𝑥1 (0)] ,

(14)

A = [a1 (𝜔1 ) , a2 (𝜔2 ) , . . . , a𝐾 (𝜔𝐾 )] ,

(15)

a𝑘 (𝜔𝑘 ) = [𝑔1 e(−𝑗(𝜔𝑘 /𝑐)p1 ∙u𝑘 ) , 𝑔2 e(−𝑗(𝜔𝑘 /𝑐)p2 ∙u𝑘 )
(−𝑗(𝜔𝑘 /𝑐)p𝑀 ∙u𝑘 ) 𝑇

, . . . , 𝑔𝑀e

] .

(16)
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The matrix A is the manifold matrix and a is the steering
matrix. Then (9)–(14) can be written as
R𝑓 (𝜏) = AΦ𝑓 R𝑆 (𝜏) ,

(17)

R1 (𝜏) = AΦ1 Φ𝑓 R𝑆 (𝜏) ,

(18)

R2 (𝜏) = AΦ2 Φ𝑓 R𝑆 (𝜏) ,

(19)

R3 (𝜏) = AΦ3 Φ𝑓 R𝑆 (𝜏) ,

(20)

R (0) = AR𝑆 (0) ,

(21)

happen. The pseudosnapshot data matrix can be constructed
by using (17)–(21) as follows:
R𝑓 = [R (𝑇𝑠 ) , R (2𝑇𝑠 ) , . . . , R (𝑁𝑇𝑠 )] ,
R1 = [R1 (𝑇𝑠 ) , R1 (2𝑇𝑠 ) , . . . , R1 (𝑁𝑇𝑠 )] ,
R2 = [R2 (𝑇𝑠 ) , R2 (2𝑇𝑠 ) , . . . , R2 (𝑁𝑇𝑠 )] ,

(31)

R3 = [R3 (𝑇𝑠 ) , R3 (2𝑇𝑠 ) , . . . , R3 (𝑁𝑇𝑠 )] ,
R = [R𝑓 (𝑇𝑠 ) , R𝑓 (2𝑇𝑠 ) , . . . , R𝑓 (𝑁𝑇𝑠 )] .
Equation (31) can be written as

where

R𝑓 = AΦ𝑓 R𝑆 ,
𝑇

Φ𝑓 = diag [e(𝑗𝜔1 𝜏) , e(𝑗𝜔2 𝜏) , . . . , e(𝑗𝜔𝐾 𝜏) ] ,
Φ1 = diag [

𝑔2 (𝑗(𝜔1 /𝑐)(p2 −p1 )∙u1 ) 𝑔2 (𝑗(𝜔2 /𝑐)(p2 −p1 )∙u2 )
e
, e
𝑔1
𝑔1
,...,

Φ2 = diag [

𝑔2 (𝑗(𝜔𝐾 /𝑐)(p2 −p1 )∙u𝐾 ) 𝑇
e
] ,
𝑔1

𝑔3 (𝑗(𝜔1 /𝑐)(p3 −p1 )∙u1 ) 𝑔3 (𝑗(𝜔2 /𝑐)(p3 −p1 )∙u2 )
e
, e
𝑔1
𝑔1
𝑇
𝑔
, . . . , 3 e(𝑗(𝜔𝐾 /𝑐)(p3 −p1 )∙u𝐾 ) ] ,
𝑔1

Φ3 = diag [

𝑔4 (𝑗(𝜔1 /𝑐)(p4 −p1 )∙u1 ) 𝑔4 (𝑗(𝜔2 /𝑐)(p4 −p1 )∙u2 )
e
, e
𝑔1
𝑔1
,...,

𝑇

𝑔4 (𝑗(𝜔𝐾 /𝑐)(p4 −p1 )∙u𝐾 )
e
] ,
𝑔1

𝜂𝑓𝑘 = 𝜔𝑘 𝜏 = 2𝜋𝑓𝑘 𝜏,
𝜔𝑘
(p2 − p1 ) ∙ 𝑢𝑖 ,
𝑐
𝜔
= 𝑘 (p3 − p1 ) ∙ 𝑢𝑖 ,
𝑐
𝜔
= 𝑘 (p4 − p1 ) ∙ 𝑢𝑖 .
𝑐

R2 = AΦ2 Φ𝑓 R𝑆 ,

R = AR𝑆 ,
where
(24)

R𝑆 = [R𝑆 (𝑇𝑠 ) , R𝑆 (2𝑇𝑠 ) , . . . , R𝑆 (𝑁𝑇𝑠 )] .

(33)

3.2. PARAFAC. The element of a tensor X ∈ C𝐶×𝐷×𝐸 is 𝑥𝑖,𝑗,𝑘
and its 𝑃-component PARAFAC decomposition is given by
(25)

𝑀

𝑥𝑐,𝑑,𝑒 = ∑ 𝑠𝑐,𝑝 𝑡𝑑,𝑝 𝑢𝑒,𝑝 ,

(34)

𝑝=1

(26)
(27)

𝜂2𝑘

(28)
(29)

The incident signal is narrowband; thus, R𝑠𝑘 𝑠𝑘 (𝑛𝜏) = R𝑠𝑘 𝑠𝑘 ((𝑛−
1)𝜏). Equation (21) can be written in another form as
R (𝜏) = AR𝑆 (𝜏) .

(32)

R3 = AΦ3 Φ𝑓 R𝑆 ,

(23)

𝜂1𝑘 =

𝜂3𝑘

R1 = AΦ1 Φ𝑓 R𝑆 ,

(22)

(30)

Equations (17)–(21) possess the analogous form. R𝑓 (𝜏),
R1 (𝜏), R2 (𝜏), R3 (𝜏), and R(0) are sampled at a time delay 𝜏𝑠
for 𝑁 (𝑁 ≥ 𝐾) times, 𝜏𝑠 = 𝑇𝑠 , 2𝑇𝑠 , . . . , 𝑁𝑇𝑠 , and 𝑇𝑠 is the time
interval of sampling which should be less than the reciprocal
of the highest frequency. Thus, the aliasing effect would not

where 𝑐 = 1, . . . , 𝐶, 𝑑 = 1, . . . , 𝐷, and 𝑒 = 1, . . . , 𝐸. 𝑠𝑐,𝑝 , 𝑡𝑑,𝑝 ,
and 𝑢𝑒,𝑝 stand for the elements of S ∈ C𝐶×𝑃 , T ∈ C𝐷×𝑃 ,
and U ∈ C𝐸×𝑃 , respectively. The typical elements of the
X𝑐 ∈ C𝐷×𝐸 , X𝑑 ∈ C𝐸×𝐶, and X𝑒 ∈ C𝐶×𝐷are 𝑋𝑐 (𝑑, 𝑒) :=
𝑋𝑑 (𝑐, 𝑒) := 𝑋𝑒 (𝑐, 𝑑) := 𝑥𝑐,𝑑,𝑒 , respectively. The three way array
(TWA) X is “sliced” in three different directions:
𝑇

X𝑐 = TΛ 𝑐 (S) U ,
𝑇

X𝑑 = UΛ 𝑑 (T) S ,
𝑇

X𝑒 = SΛ 𝑒 (U) T ,

𝑐 = 1, . . . , 𝐶,
𝑑 = 1, . . . , 𝐷,

(35)

𝑒 = 1, . . . , 𝐸.

For a given matrix S, Λ 𝑐 (S) means a diagonal matrix with
the diagonals given by the 𝑐th row of the matrix. The symbol
“⊙” is used to denote the Khatri-Rao (KR) product. As an
example, the KR product of two matrices S ∈ C𝐶×𝑃 and
T ∈ C𝐷×𝑃 of an identical number of columns is given by
S ⊙ T = [s1 ⊗ t1 , . . . , s𝑃 ⊗ t𝑃 ] ∈ C𝐶𝐷×𝑃 ,

(36)
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where “⊗” represents the Kronecker product. Then the
definition of Kronecker product of two vectors s ∈ C𝐶 and
t ∈ C𝐷 is given by

̂ represents the observed noise in practice. In order
where Q
to make the decomposition of the PARAFAC unique, the
following assumption must be satisfied:

𝑠1 t
[ 𝑠2 t ]
[ ]
s ⊗ t = [ . ].
[ .. ]
[𝑠𝐶t]

a𝑖 (𝜔𝑖 ) ≠a𝑗 (𝜔𝑗 ) .
(37)

Based on the definition of KR product, X
expressed as

X𝐶𝐷×𝐸

 X   TΛ1 (S) 
 𝑐=1  
 X   TΛ (S) 
 𝑐=2   2
𝑇
 𝑇
 U = (S ⊙ T) U .
=  ..  = 
..

 .  

.



X  
 𝑐=𝐶 TΛ 𝐶 (S)

Similarly, the matrix X

𝐷𝐸×𝐶

and X

𝐸𝐶×𝐷

In other words, for two incident signals 𝑠𝑖 (𝑡) and 𝑠𝑗 (𝑡) with
different DOAs, the following condition must be satisfied
𝑔𝑜𝑒 e−𝑗2𝜋𝑓𝑖 ((p𝑜𝑒 ∙u𝑖 )/𝑐) ≠𝑔𝑜𝑒 e−𝑗2𝜋𝑓𝑗 ((p𝑜𝑒 ∙u𝑗 )/𝑐) .

𝐶𝐷×𝐸

can be

(38)

𝑇

X𝐷𝐸×𝐶 = (T ⊙ U) S ,
𝑇

(39)

Definition 1 (Kruskal rank [18]). The Kruskal rank, or k-rank
of a given matrix S ∈ C𝐶×𝑃 denoted by krank (S) is said
to be equal to 𝑟 when every collection of 𝑟 columns of (S)
is linearly independent but there exists a collection of 𝑟 + 1
linearly dependent columns. However, the rank of S is said to
be the maximal number of linearly independent columns. The
definition of rank(S) is more relaxed than that of krank(S);
that is, krank(S) ≤ rank(S).
Theorem 2 (Kruskal theorem [19]). Given a PARAFAC model
X ∈ C𝐶×𝐷×𝐸 ; then the decomposition of this PARAFAC model
is unique to permutation and scaling when
𝑘S + 𝑘T + 𝑘U ≥ 2𝑃 + 2.

(40)

̂ = TΠΔ2 ,
T

̂ = UΠΔ3 ,
U

(41)

where Π stands for the permutation matrix. Δ1 , Δ2 , and Δ3 are
diagonal scaling matrices satisfying
Δ1 Δ2 Δ3 = I,

(42)

where I is a unit matrix.
The 𝑀×𝑀×5 TWA of the conformal array is constructed
based on PARAFAC model.
R (:, :, 1) R𝑓   AΦ𝑓 R𝑆 


R (:, :, 2)  R  AΦ1 Φ𝑓 R𝑆 
  1 


̂
̂ = R (:, :, 3) =  R2  = AΦ2 Φ𝑓 R𝑆  + Q,
R

   

R (:, :, 4)  R3  AΦ3 Φ𝑓 R𝑆 

R (:, :, 5)  R  
    AR𝑆 


̂
R = (D ⊙ A) R𝑆 + Q,

(46)

̂ 𝑋,
R𝑋 = (R𝑆𝑇 ⊙ D) A𝑇 + Q

(47)

̂ 𝑌,
R𝑌 = (A ⊙ R𝑆𝑇 ) D𝑇 + Q

(48)

 Λ−1 (Φ ) 


𝑓
 −1

Λ (Φ1 Φ𝑓 )


D = Λ−1 (Φ2 Φ𝑓 ) ,
 −1

Λ (Φ3 Φ𝑓 )


 Λ−1 (1) 



(49)

where

where Λ−1 (Φ𝑓 ) means the row vector constructed by the
diagonal elements of the diagonal matrix Φ𝑓 .
The matrices D, A, and R𝑆 can be solved by the trilinear
alternating least squares (TALS) regression algorithm. Due
to the existence of the observed noise, (46) could be transformed as a least square problem as follows:
̂
2
− (D ⊙ A) R𝑆 𝐹 .
min R

D,A,R𝑆 

(50)

Then the least square estimator of R𝑆 can be expressed as

̂ T,
̂ and U
̂ as
The matrix X is constructed by S,
Ŝ = SΠΔ1 ,

(45)

The k-rank of matrix D, A, and R𝑆 are 𝑘𝐷 = min(5, 𝐾), 𝑘𝐴 =
𝐾, and 𝑘𝑅𝑆 = 𝐾, respectively. Thus, when 𝐾 ≥ 2, the k-rank
decomposition of the PARAFAC is unique.
Based on the definition of KR product, (43) can be written
in three forms as follows:

can be expressed as

X𝐸𝐶×𝐷 = (U ⊙ S) T .

(44)

(43)

̂
2
− (D ⊙ A) R𝑆 𝐹 .
R𝑆 = arg minR
R𝑆

(51)

Similarly, the solutions of D and A can be expressed as
†

A𝑇 = (R𝑆𝑇 ⊙ D) R𝑋
𝑇

D = (A ⊙

†
R𝑆𝑇 ) R𝑌 .

(52)

We can update the matrices D, A, and R𝑆 alternately until
the algorithm converges; the estimators of the three matrices
can be acquired. In the following experiments, the COMFAC
algorithm (the TALS regression algorithm is realized in
practice) is used to fit the 𝑚 × 𝑚 × 5 TWA. The initialization
and fitting of the COMFAC is done in compressed space. The
Tucker 3 three-way model is used in data compression [21].
Now the ALS algorithm steps can be summarized as
follows.
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(1) Initialize A(0) ∈ C𝑀×𝐾 and D(0) ∈ C5×𝐾 .

The solution of the equation is represented as

(2) Initialize 𝜀 > 0 and 𝑘 = 0.
(3) If ‖𝜌(𝑘+1) −𝜌(𝑘) ‖/𝜌(𝑘) > 𝜀, calculate matrices A, R𝑆 , and
D by (51)-(52). Update just one matrix at each time;
then 𝑘 → 𝑘 + 1.

𝜔1𝑘
[
−1 [ 𝑑1 ]
]
𝑥2 − 𝑥1 𝑦2 − 𝑦1 𝑧2 − 𝑧1
𝛾1𝑘
[𝜔 ]
[𝛾2𝑘 ] = 𝑐 [𝑥3 − 𝑥1 𝑦3 − 𝑦1 𝑧3 − 𝑧1 ] [ 2𝑘 ] . (59)
[ 𝑑2 ]
2𝜋𝑓𝑖 𝑥 − 𝑥 𝑦 − 𝑦 𝑦 − 𝑦
[
]
1
4
1
4
1] [ 𝜔 ]
[ 4
[𝛾3𝑘 ]
3𝑘
[ 𝑑3 ]

(4) Else ‖𝜌(𝑘+1) −𝜌(𝑘) ‖/𝜌(𝑘) < 𝜀; the iteration is terminated.

There are two approaches to solve 𝜃𝑘 and 𝜑𝑘 . The first
approach is

In this paper, 𝜌 stands for A, R𝑆 , and D, respectively.
3.3. The Joint Parameter Estimation. The matrix D can be
estimated by TALS regression algorithm; then the estimator
of 𝜔𝑓𝑘 is given by
 D 


𝜔𝑘𝑖 = angle  1𝑘  .
 D5𝑘 

(53)

Because 𝑟1 and 𝑟2 are real numbers, D2𝑘 /D1𝑘 is squared
to avoid the ambiguity caused by the positive and negative
values of 𝑟1 and 𝑟2 . Then
2

𝑔 (𝜃 , 𝜑 )
1
𝜔1𝑘 = − angle ([ 2 𝑘 𝑘 exp (−𝑗𝜔1𝑘 )] )
2
𝑔1 (𝜃𝑘 , 𝜑𝑘 )
1
= − angle (exp (−𝑗2𝜔1𝑘 ))
2

𝜑𝑘 = arcsin (

(60)
𝛾1𝑘
𝛾
) or 𝜑𝑘 = arcsin ( 2𝑘 ) .
cos (𝜃𝑘 )
sin (𝜃𝑘 )

The second approach is
𝜑𝑘 = arctan (

𝛾2𝑘
),
𝛾1𝑘

𝛾1𝑘
𝛾2𝑘
𝜃𝑘 = arccos (
) or 𝜃𝑘 = arcsin (
).
cos (𝜑𝑘 )
sin (𝜑𝑘 )

(61)

In this paper the first approach is employed.
In order to ensure the uniqueness of the estimated
parameters, the following condition must be satisfied:
(54)

D 2
1
= − angle ([ 2𝑘 ] ) .
2
D1𝑘

min (𝜆 𝑘 )
𝑐


=
,
p2 − p1  ≤
2
(2 max (𝑓𝑖 ))
min (𝜆 𝑘 )
𝑐


=
,
p3 − p1  ≤
2
(2 max (𝑓𝑖 ))

Similarly
D 2
1
𝜔2𝑘 = − angle ([ 3𝑘 ] )
2
D1𝑘

(55)

D 2
1
𝜔3𝑘 = − angle ([ 4𝑘 ] ) .
2
D1𝑘

(56)

Taking (26) into (53), the frequency 𝑓𝑘 of the 𝑘th incident
signal is expressed as
 D 
1


𝑓𝑘 =
angle  1𝑘  .
 D5𝑘 
2𝜋𝜏

𝜃𝑘 = arccos𝛾3𝑘 ,

(57)

Assuming that 𝛾1𝑘 = sin(𝜃𝑘 ) cos(𝜑𝑘 ), 𝛾2𝑘 = sin(𝜃𝑘 ) sin(𝜑𝑘 ),
and 𝛾3𝑘 = cos(𝜃𝑘 ), and solving (27), (28), (29), (55), (56), and
(57) simultaneously, we can obtain the equation as follows:
𝜔1𝑘
[ 𝑑1 ]
[
]
𝛾1𝑘
𝑥2 − 𝑥1 𝑦2 − 𝑦1 𝑧2 − 𝑧1
𝜔 ]
𝑐 [
[ 2𝑘 ] = [𝑥3 − 𝑥1 𝑦3 − 𝑦1 𝑧3 − 𝑧1 ] [𝛾2𝑘 ] . (58)
[
]
2𝜋𝑓𝑘 [ 𝑑2 ]
[ 𝜔3𝑘 ] [𝑥4 − 𝑥1 𝑦4 − 𝑦1 𝑦4 − 𝑦1 ] [𝛾3𝑘 ]
[ 𝑑3 ]

(62)

min (𝜆 𝑘 )
𝑐


=
.
p4 − p1  ≤
2
(2 max (𝑓𝑖 ))
According to Theorem 2, the matrices D, A, and R𝑆 have the
same permutation matrix, that is, the 𝑘th column of matrix
D corresponds to the 𝑘th column of the manifold matrix A.
Based on the PARAFAC model and TALS regression
algorithm, the joint frequency and 2D-DOA estimation can
be accomplished. The algorithm steps are summarized as
follows:
(1) choose four guiding elements and obtain the accurate
positions of the elements;
(2) calculate the delay correlation function between the
four elements mentioned above and the whole elements of the conformal array;
(3) calculate the matrices R𝑓 (𝜏), R1 (𝜏), R2 (𝜏), R3 (𝜏), and
R(0), respectively according to (5);
(4) calculate the pseudosnapshot data matrix based on
(17)–(21). R𝑓 (𝜏), R1 (𝜏), R2 (𝜏), R3 (𝜏), and R(0) are
sampled at time delay 𝜏𝑠 , respectively;
(5) construct the PARAFAC model based on (43);
(6) estimate the matrix D using TALS regression algorithm;
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(7) obtain 𝜔𝑓𝑘 , 𝜔1𝑘 , 𝜔2𝑘 , and 𝜔3𝑘 by using the estimator of
the matrix D and calculating (53)–(56);

Z

(8) obtain the joint frequency and 2D-DOA estimation
by calculate (57)–(59) or (57), (60), and (61).

4. Simulation Results
pm

This section focuses on several sets of simulation results to
demonstrate the performance of the proposed algorithm.
In all simulation examples, 200 Monte Carlo trials are
considered, and the root mean square error (RMSE) is used
as our performance measure, which is defined as
RMSE = √

2
2
1 200 ̂
∑ [(𝜃𝑘,𝜂 − 𝜃) + (𝜑̂𝑘,𝜂 − 𝜑) ],
200 𝜂=1

where 𝜃̂𝑖,𝑡 and 𝜑̂𝑖,𝑡 are the elevation and azimuth estimators of
the 𝑘th incident signal in the 𝜂th trial.
The successful rate is defined as the proportion of the
number of the successful experiments to the total number
of the experiments. For frequency estimation, a successful
experiment is defined as the experiment with estimation
error of less than 2 MHz; for DOA estimation, a successful
experiment is defined as the experiment with estimation error
of less than 2 degree.
In order to simplify the transformation from the global
coordinate to the local coordinate, only the cylinder with
single curvature is considered in the simulations. The array
structure is shown in Figure 2 is only a subarray, which only
covers 120∘ . Then three subarrays can estimate the whole
space. The highest frequency of the incident signal is 𝑓max =
2 GHz, 𝜆 min = 𝑐/𝑓max . The radius of the cylinder is 5𝜆 min , the
adjacent element spacing in the same intersecting surface of
the cylinder is 𝜆 min /4, and the adjacent intersecting surface
spacing is 𝜆 min /4, 𝜆 min stands for the shortest wavelength of
the incident signal. The position of the reference element is
𝑝1 = (0, 5𝜆, 0).
The element pattern is defined in the local coordinate
of each element; thus, the transformation from the global
coordinate to the local coordinate of elevation 𝜃𝑘 and azimuth
𝜑𝑘 of the incident signal must be accomplished. For the
cylindrical conformal array, the corresponding Euler rotation
angles are
𝐷 = −Θ,

𝐸 = −𝜋/2,

𝐹 = 0,

(64)

respectively. 𝐷 represents the rotation angle based on the
right-hand rule in the first rotation and the 𝑍-axis is the
rotation axis; 𝐸 represents the rotation angle in the second
rotation and the 𝑌-axis is the rotation axis; and 𝐹 represents
the rotation angle in the third rotation and the 𝑋-axis is the
rotation axis. Θ represents the angle between the position
vector of the element and the positive direction of 𝑋-axis.
The unit vector of the 𝑘th incident signal (𝜃𝑘 , 𝜑𝑘 ) in the
global coordinate can be expressed as
𝑥 = sin (𝜃𝑘 ) cos (𝜑𝑘 ) ,

𝑦 = sin (𝜃𝑘 ) sin (𝜑𝑘 ) ,

𝑧 = cos (𝜃𝑘 ) .

(65)

p4

O

(63)

p3

X

p2

p1

Y

Figure 2: The structure of the cylindrical conformal array.

Based on the Euler rotation matrix, the unit vector in
global coordinate can be transformed into the local coordinate of the 𝑚th element.
Consider
𝑇

𝑇

[𝑥𝑚 𝑦𝑚 𝑧𝑚 ] = 𝑅 (𝐷𝑚 , 𝐸𝑚 , 𝐹𝑚 ) [𝑥 𝑦 𝑧] ,

(66)

where
cos 𝐹 sin 𝐹 0
𝑅 (𝐷𝑚 , 𝐸𝑚 , 𝐹𝑚 ) = [− sin 𝐹 cos 𝐹 0]
0 1]
[ 0
cos 𝐸 0 − sin 𝐸
0 ]
×[ 0 1
sin
𝐸
0
cos
𝐸]
[

(67)

cos 𝐷 sin 𝐷 0
× [− sin 𝐷 cos 𝐷 0] .
0 1]
[ 0
Then the elevation 𝜃 and azimuth 𝜑 of the 𝑘th incident signal
in the local coordinate of the 𝑚th element can be represented
as
𝜑𝑚𝑘 = arctan (𝑦𝑚 /𝑥𝑚 ) ,

𝜃𝑚𝑘 = arccos (𝑧𝑚 ) .

(68)

Thus, the element pattern transformation from the global
coordinate to the local coordinate is completed.
First, the curves of RMSE of frequency and angle and the
successful probability of angle in different SNR are plotted
in Figure 3 using the proposed algorithm. The number of
snapshots is 200, the number of pseudosnapshots is 100.
SNR ∈ [5, 30], and the noise is AWGN which is independent
of incident signals. The sampling frequency is 𝑓𝑠 = 1/𝑇𝑠 =
5 GHz. The elevation 𝜃, azimuth 𝜑, and frequency of these two
narrow incident signals are (100∘ , 60∘ , 1 GHz) and (95∘ , 50∘ ,
2 GHz), respectively, which are independent of each other.
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Figure 3: The RMSE and successful probability with different SNR. (a) The successful probability of frequencies, (b) the RMSE of frequency,
(c) the successful probability of angles, and (d) the RMSE of angles.

The number of elements are 10, including 4 guiding elements
and other 6 instrumental elements. The element pattern used
in simulation is the lowest order circular patch model [8, 22]
𝜋𝑑
𝜋𝑑
sin 𝜃) − 𝐽0 (
sin 𝜃)}
𝜆
𝜆
𝜋
× (cos 𝜑 − 𝑗 sin 𝜑) , 0 ≤ 𝜃 ≤ ,
2
𝜋𝑑
𝜋𝑑
𝑔𝜑 (𝜃, 𝜑) = {𝐽2 (
sin 𝜃) + 𝐽0 (
sin 𝜃)}
𝜆
𝜆
𝑔𝜃 (𝜃, 𝜑) = {𝐽2 (

× cos 𝜃 (sin 𝜑 − 𝑗 cos 𝜑) ,
𝑔𝜃 (𝜃, 𝜑) = 𝑔𝜑 (𝜃, 𝜑) = 0,

0≤𝜃≤

otherwise,

(69)
𝜋
,
2

where 𝐽0 and 𝐽2 are the zeroth- and second-order Bessel functions of the first kind. The element pattern transformation is
achieved with the method proposed above.
Figure 3 shows that the RMSE of frequency and angle
decreases while the SNR increases; meanwhile, the success
probability of frequency and angle increase as the SNR
increases. The estimated performance of the two frequencies
are very close which can be seen in Figures 3(a) and 3(b).
As shown in Figure 3(a), the successful probability is larger
than 80%, when the SNR is larger than 15 dB. The RMSE
of frequency is less than 2 MHz, when SNR is larger than
10 dB as shown in Figure 3(b). In Figure 3(c) the successful
probability of azimuths is slightly lower than that of the
elevations. The success probability of the angle is almost
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Figure 4: The RMSE and successful probability with different snapshot number. (a) The successful probability of frequencies, (b) the RMSE
of frequency, (c) the successful probability of angles, and (d) the RMSE of angles.

100% when the SNR reaches 15 dB. Figure 3(d) shows that
the RMSE is smaller than 0.16∘ when SNR is larger than
5 dB. The RMSE of azimuth is larger than that of elevation.
The estimation results of frequency and elevation are applied
to estimate azimuth. The phenomenon in Figure 3(d) can
be interpreted as the existence of the estimated error of
frequency and elevation. Next, the RMSE of frequency and
angle as well as the success probability of angle in different
snapshot number are depicted in Figure 4. SNR = 10 dB;
other simulation conditions are identical with the previous
experiment. In Figure 4, the RMSE of frequency and angle
decreases as the snapshot number increases, and the success
probability of frequency and angle rises as the snapshot
number increases. As shown in Figure 4(a), the successful
probability is larger than 80%, when the number of snapshot

is larger than 500. Figure 4(b) shows that the RMSE of
frequency 1 is slightly larger than that of frequency 2. When
the snapshot number is larger than 500, the RMSE drops
below 1 MHz, meaning that the proposed algorithm achieved
three orders of magnitude reduction. Figures 4(c) and 4(d)
show that the success probability of azimuth is lower than
that of the elevation, and the RMSE of azimuth are larger
than that of elevation. The reason why this happens is because
the estimation error of frequency and elevation affects the
estimation performance of azimuth.

5. Conclusion
Due to the varying curvature of the surface of the conformal
carrier, the pattern of each element of the conformal array
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is different. Thus, the conventional algorithms could not
be used for conformal array. In this paper, a novel joint
frequency and 2D-DOA estimation algorithm with high
accuracy are proposed. Both spatial and time sampling
are utilized to construct the spatial-time matrix. The delay
correlation function is used to suppress noise. The PARAFAC
model is used for parameter estimation without parameter
pairing. Only four elements are needed, and the positions
of these elements should be known accurately. Other instrumental elements can be flexibly arranged on the surface of
the conformal carrier. The algorithm proposed in this paper
can be extended to estimate 2D-DOA straightly with little
modification. The simulation results verify the effectiveness
of the proposed algorithm. It can be expected that the
proposed algorithm would have an application prospect in
the parameter estimation of conformal array. In the future
work, we will focus on the application of the proposed
algorithm [23–26].

Acknowledgments
This work was supported in part by the National Science
Foundation of China under Grant 61201410 and in part by
Fundamental Research Focused on Special Fund Project of
the Central Universities (Program no. HEUCF130804).

References
[1] L. Josefsson and P. Persson, Conformal Array Antenna Theory
and Design, IEEE Press, Piscataway, NJ, USA, 2006.
[2] W. T. Li, X. W. Shi, Y. Q. Hei, S. F. Liu, and J. Zhu, “A
hybrid optimization algorithm and its application for conformal
array pattern synthesis,” IEEE Transactions on Antennas and
Propagation, vol. 58, no. 10, pp. 3401–3406, 2010.
[3] R. O. Schmidt, “Multiple emitter location and signal parameter
estimation,” IEEE Transactions on Antennas and Propagation,
vol. 34, no. 3, pp. 276–280, 1986.
[4] R. Roy and T. Kailath, “ESPRIT-estimation of signal parameters
via rotational invariance techniques,” IEEE Transactions on
Acoustics, Speech, and Signal Processing, vol. 37, no. 7, pp. 984–
995, 1989.
[5] P. Hyber, M. Jansson, and B. Ottersten, “Array interpolation and
bias reduction,” IEEE Transaction on Signal Processing, vol. 52,
no. 10, pp. 2711–2720, 2004.
[6] P. Hyberg, M. Jansson, and B. Ottersten, “Array interpolation
and DOA MSE reduction,” IEEE Transactions on Signal Processing, vol. 53, no. 12, pp. 4464–4471, 2005.
[7] F. Belloni, A. Richter, and V. Koivunen, “DOA estimation
via manifold separation for arbitrary array structures,” IEEE
Transactions on Signal Processing, vol. 55, no. 10, pp. 4800–4810,
2007.
[8] B.-H. Wang, Y. Guo, Y.-L. Wang, and Y.-Z. Lin, “Frequencyinvariant pattern synthesis of conformal array antenna with low
cross-polarisation,” IET Microwaves, Antennas and Propagation,
vol. 2, no. 5, pp. 442–450, 2008.
[9] P. Yang, F. Yang, and Z. Nie, “DOA estimation using MUSIC
algorithm on a cylinderical conformal array,” in Proceedings
of the IEEE Antennas and Propagation Society International
Symposium, pp. 5299–5302, June 2007.

The Scientific World Journal
[10] P. Yang, F. Yang, and Z. P. Nie, “DOA estimation with sub-array
divided technique and interporlated esprit algorithm on a cylindrical conformal array antenna,” Progress in Electromagnetics
Research, vol. 103, pp. 201–216, 2010.
[11] Z.-S. Qi, Y. Guo, and B.-H. Wang, “Blind direction-of-arrival
estimation algorithm for conformal array antenna with respect
to polarisation diversity,” IET Microwaves, Antennas and Propagation, vol. 5, no. 4, pp. 433–442, 2011.
[12] L. Zou, J. Lasenby, and Z. He, “Direction and polarization
estimation using polarized cylindrical conformal arrays,” IET
Signal Processing, vol. 6, no. 5, pp. 395–403, 2012.
[13] Y.-Y. Wang, J.-T. Chen, and W.-H. Fang, “TST-MUSIC for joint
DOA-delay estimation,” IEEE Transactions on Signal Processing,
vol. 49, no. 4, pp. 721–729, 2001.
[14] J.-D. Lin, W.-H. Fang, Y.-Y. Wang, and J.-T. Chen, “FSF MUSIC
for joint DOA and frequency estimation and its performance
analysis,” IEEE Transactions on Signal Processing, vol. 54, no. 12,
pp. 4529–4542, 2006.
[15] M. Djeddou, A. Belouchrani, and S. Aouada, “Maximum likelihood angle-frequency estimation in partially known correlated
noise for low-elevation targets,” IEEE Transactions on Signal
Processing, vol. 53, no. 8, pp. 3057–3064, 2005.
[16] R. B. Cattell, “‘Parallel proportional profiles’ and other principles for determining the choice of factors by rotation,” Psychometrika, vol. 9, no. 4, pp. 267–283, 1944.
[17] J. D. Carroll and J.-J. Chang, “Analysis of individual differences
in multidimensional scaling via an n-way generalization of
“Eckart-Young” decomposition,” Psychometrika, vol. 35, no. 3,
pp. 283–319, 1970.
[18] N. D. Sidiropoulos, G. B. Giannakis, and R. Bro, “Blind
PARAFAC receivers for DS-CDMA systems,” IEEE Transactions
on Signal Processing, vol. 48, no. 3, pp. 810–823, 2000.
[19] N. D. Sidiropoulos, R. Bro, and G. B. Giannakis, “Parallel factor
analysis in sensor array processing,” IEEE Transactions on Signal
Processing, vol. 48, no. 8, pp. 2377–2388, 2000.
[20] T. Milligan, “More applications of euler rotation,” IEEE Antennas and Propagation Magazine, vol. 41, no. 4, pp. 77–83, 1999.
[21] N. D. Sidiropoulos, “COMFAC: Matlab Code for LS Fitting
of the Complex PARAFAC Model in 3-D,” 1998, http://www.
telecom.tuc.gr/∼nikos/.
[22] J. R. James, P. S. Hall, and C. Wood, Microstrip Antenna Theory
and Design, Peter Peregrinus, New York, NY, USA, 1981.
[23] S. Yin, S. Ding, and H. Luo, “Real-time implementation of fault
tolerant control system with performance optimization,” IEEE
Transactions on Industrial Electronics, vol. 61, no. 5, pp. 2402–
2411, 2014.
[24] S. Yin, S. Ding, A. Haghani, H. Hao, and P. Zhang, “A comparison study of basic data-driven fault diagnosis and process
monitoring methods on the benchmark Tennessee Eastman
process,” Journal of Process Control, vol. 22, no. 9, pp. 1567–1581,
2012.
[25] S. Yin, S. Ding, A. Haghani, and H. Hao, “Data-driven monitoring for stochastic systems and its application on batch process,”
International Journal of Systems Science, vol. 44, no. 7, pp. 1366–
1376, 2013.
[26] S. Yin, X. Yang, and H. Karimi, “Data-driven adaptive observer
for fault diagnosis,” Mathematical Problems in Engineering, vol.
2012, Article ID 832836, 21 pages, 2012.

Hindawi Publishing Corporation
The Scientific World Journal
Volume 2013, Article ID 185970, 8 pages
http://dx.doi.org/10.1155/2013/185970

Research Article
The Robustness Analysis of Wireless Sensor Networks under
Uncertain Interference
Changjian Deng1,2
1
2

School of Automation Engineering, University of Electronic Science and Technology of China, Chengdu 611731, China
Department of Control Engineering, Chengdu University of Information Technology, Chengdu 610225, China

Correspondence should be addressed to Changjian Deng; chengli dcj@163.com
Received 9 October 2013; Accepted 17 November 2013
Academic Editors: H. R. Karimi and W. Zhang
Copyright © 2013 Changjian Deng. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Based on the complex network theory, robustness analysis of condition monitoring wireless sensor network under uncertain
interference is present. In the evolution of the topology of sensor networks, the density weighted algebraic connectivity is taken
into account, and the phenomenon of removing and repairing the link and node in the network is discussed. Numerical simulation
is conducted to explore algebraic connectivity characteristics and network robustness performance. It is found that nodes density
has the effect on algebraic connectivity distribution in the random graph model; high density nodes carry more connections, use
more throughputs, and may be more unreliable. Moreover, the results show that, when network should be more error tolerant or
robust by repairing nodes or adding new nodes, the network should be better clustered in median and high scale wireless sensor
networks and be meshing topology in small scale networks.

1. Introduction
Currently, wireless sensor networks have been deployed for
condition monitoring application. In industrial harsh environment, there are many kinds of uncertain interference, for
example, energy dependence, dynamic topological update,
and varying large number of nodes, and these make WSN a
type of complex system.
Under uncertain industrial environment, robustness is an
important property. Robustness is often defined as invariance degree of state, behavior, and function or the adaptation/flexibility degree under interference of perturbations.
Robust analysis of wireless sensor networks is intractable and
challenging.
There are three models of complex network [1–3]. The
first model is the Erdős-Rényi model of random graphs, the
second model is small-world model, and the third model is
scale-free model of the power-law degree distribution.
Papers [4–12] proved that many complex systems display
a surprising degree of tolerance for errors. Robustness of
wireless complex networks can be enhanced by optimization
of networks topology or by repair of its faults.

Papers [13–18] discuss that second smallest eigenvalue of
the Laplacian matrix (algebraic connectivity) plays a special
role for the robustness of networks using the Erdős-Rényi
random graph, as an example for the model of condition
monitoring wireless sensor networks.
Papers [19–27] study the ability to control networks.
Recent work has extended the concept of pinning control and
structural controllability to complex networks and so on.
With the fundamentals of these, the paper focuses on the
research of topology choice and repairing control based on
density weighted algebraic connectivity; when the vertex and
links are not always constant, they can change with time.
The contributions of the paper are (1) weighted and
changeable algebraic connectivity analysis in random network and (2) presenting a method to do topology choice and
repairing control of different topology of wireless sensors,
for example, the star topology, the tree-cluster topology, the
mash topology, and so on.
The paper is arranged as follows: in Section 2, the related
works are introduced; in Section 3, the research method of
the paper is described; in Section 4, the simulation and its
discussion are presented; in Section 5, the conclusion is given.
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p ∼ N−1

p ∼ N−2/3

2.2. Algebraic Connectivity of Erdős and Rényi Model. The
Laplacian matrix of a graph 𝐺 with 𝑁 nodes is an 𝑁 × 𝑁
matrix 𝑄 = Δ − 𝐴, where Δ = diag (𝐷𝑖 ). 𝐷𝑖 denotes the
nodal degree of the node 𝑖 ∈ 𝑁 and 𝐴 is the adjacency matrix
of 𝐺.
The asymptotic behavior of the algebraic connectivity in
the Erdős-Rényi random graph 𝐺𝑝 (𝑁) is as follows: for any
𝜀 > 0,

p ∼ N−1/2

Figure 1: Threshold probabilities at which different subgraphs
appear in a random graph.

2. Related Work
2.1. Statistics Results of Erdős and Rényi Model. A network is
represented as an undirected graph 𝐺 = (𝑁, 𝐿) consisting of
𝑁 = |𝑁| nodes and 𝐿 = |𝐿| links.
Erdős and Rényi define a random graph as 𝑁 labeled
nodes connected by 𝑛 edges, which are chosen randomly
from the 𝑁(𝑁 − 1)/2 possible edges. In total there are
𝐶𝑛 [𝑁(𝑁−1)/2] graphs with 𝑁 nodes and 𝑛 edges. An alternative
and equivalent definition of a random graph is the binomial
model, and following properties of the random graph can be
determined asymptotically [1].
(i) In ER model, there is a critical probability 𝑝𝑐 (𝑁). If
𝑝(𝑁) grows more slowly than 𝑝𝑐 (𝑁) as 𝑁 → ∞,
then almost every graph with connection probability
𝑝(𝑁) fails to have property 𝑄. If 𝑝(𝑁) grows somewhat faster than 𝑝𝑐 (𝑁), then almost every graph has
the property 𝑄.
(ii) The critical probability at which almost every graph
contains a subgraph with 𝑘 nodes and edges is
𝑝𝑐 (𝑁) = 𝑐𝑁−𝑘/𝑙 . (a) The critical probability of having
a tree of order 𝑘 is 𝑝𝑐 (𝑁) = 𝑐𝑁−𝑘(𝑘−1) ; (b) the critical
probability of having a cycle of order 𝑘 is 𝑝𝑐 (𝑁) =
𝑐𝑁−1 ; (c) the critical probability of having a complete
subgraph of order 𝑘 is 𝑝𝑐 (𝑁) = 𝑐𝑁−2/(𝑘−1) .
(iii) The useful threshold probabilities for WSN at which
different subgraphs appear in a random graph are
shown in Figure 1. At 𝑝 ∼ 𝑁−1 trees of all orders
are present, and at the same time cycles of all orders
appear. The probability 𝑝 ∼ 𝑁−2/3 marks the appearance of complete subgraphs of order 4; 𝑝 ∼ 𝑁−1/2
corresponds to complete subgraphs of order 5. As 𝑧
approaches 0, the graph contains complete subgraphs
of increasing order.
(iv) The expectation value of the number of nodes with
degree 𝑘 has a passion distribution.
(v) A general conclusion is that, for most values of
𝑝, almost all graphs with the same 𝑁 and 𝑝 have
precisely the same diameter.
(vi) The clustering coefficient of a random graph is formula
𝐶rand = 𝑝 =

⟨𝑘⟩
.
𝑁

(1)

𝜆 𝑁−1 = 𝑝𝑁 + 𝑜 (𝑁1/2+𝜀 ) ,

(2)

where the algebraic connectivity converges in probability as
𝑁 → ∞.
Paper [18] defined that the correlation coefficient of the
degrees 𝐷𝑖 and 𝐷𝑗 of two random nodes 𝑖 and 𝑗 in 𝐺𝑝 (𝑁) for
0 < 𝑝 < 1 is
𝜌 (𝐷𝑖 , 𝐷𝑗 ) =

Cov [𝐷𝑖 , 𝐷𝑗 ]
√Var [𝐷𝑖 ]√Var [𝐷𝑗 ]

=

1
.
𝑁−1

(3)

At large graph size 𝑁, the distribution of the algebraic
connectivity will rapidly approach the mean value. And the
distribution of the algebraic connectivity grows linearly with
the minimum nodal degree, 𝜆 𝑁−1 ≈ 𝐷min .
And the larger the algebraic connectivity is, the better the
graph’s robustness of node and link failures is.

3. Weighted and Changeable Algebraic
Connectivity of WSN
3.1. Weighted Algebraic Connectivity. Figure 2 shows the simplest topology of normal equipment condition monitoring
WSN.
In Figure 2, the vertex number of graph is seven. There is
a very interesting phenomenon that if we omitted the vertex
of sink node, the network should be almost connected with
equal probability 𝑝 (𝑘 of 𝑁 nodes).
In time domain, this omitted network graph can be
looked as a random graph. (For the data transmit, the
connected link is at probability 𝑝.)
Here the average degree of a vertex in this network is
𝑧𝑘
𝑁−1 𝑘
𝑁−1−𝑘
≅ 𝑒−𝑧 .
) 𝑝 (1 − 𝑝)
𝑝𝑘 = (
𝑘
𝑘!

(4)

If 𝑁 were large, this distribution should be looked to as
the Poisson distribution.
(1) Medium Complexity Topology of Normal Condition Monitoring WSN. As shown in Figure 3, the vertex number of
graph is almost 21. In the left and right of Figure 3, the density
of a network (number of nodes in an area) is the same, but
possibility of links is different. There is also a phenomenon
that if the vertex of route node was omitted, the network
should be almost connected with equal probability 𝑝 if they
had the same density. And, if the density is large, the vertex
degree of graph is large.
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Sink node

End node

Sink node

End node

(a) Star topology of WSN

(b) Single hop mesh topology of WSN

Figure 2: Simplest topology of normal condition monitoring WSN.

End node

Full function node

Route node

can define this every area as a cell of network. Then if the cell
of network has the same topology as Figure 2, then it has the
similar results as (1).
The eigenvalues of 𝑄 are called the Laplacian eigenvalues.
The Laplacian eigenvalues 𝜆 𝑁 = 0 ⩽ 𝜆 𝑁−1 ⩽ ⋅ ⋅ ⋅ ⩽ 𝜆 1
are all real and nonnegative. The second smallest Laplacian
eigenvalue 𝜆 𝑁−1 is also known as the algebraic connectivity.
Lemma 1. Algebraic connectivity of wireless star, cluster-tree,
or mesh network has below properties:
For an ideal full-function mesh network, algebraic
connectivity is proportional with density of network.
For an ideal star or cluster-tree network, the end
nodes have similar algebraic connectivity; algebraic
connectivity of the route nodes and AP (or coordinator)
is proportional with density of network.
For complex WSN, algebraic connectivity has a weight;
the simplest example of the weight is density of network.

The omitted network graph can also be looked to as a
random graph. And the network made from route nodes and
sink nodes has similar property with mesh network.

3.2. The Influence Function of Weighted Algebraic Connectivity.
To discuss the robustness of WSN, here two connectivity
metrics of 𝐺 are introduced: (1) the link (edge) connectivity
𝜅𝐿 is the minimal number of links whose removal would
disconnect 𝐺; (2) the node (vertex) connectivity 𝜅𝑁 is
defined analogously (nodes together with adjacent links are
removed).
The robustness of network graph has a relationship with
algebraic connectivity; the algebraic connectivity of a graph is
increased with the node and the link connectivity. In another
way, robustness has a relationship with error tolerance of
network. Two types of node removal were considered. The
first type was that all the nodes were randomly removed. The
second type was that the most highly connected nodes were
of more reliability nodes; other was the same as type 1.

(2) Large Complexity Topology of Condition Monitoring WSN.
When there are hundreds of nodes in a wireless condition
monitoring network and the network consists of many
similar areas that have independent functions, and then we

Definition 2 (influence function set of network). In graph 𝑅
of network, if the subgraph 𝑅1 is not connected with Sink (or
network access point node) node, then subgraph is 𝑅1 graph,
and connected graph is 𝑅-𝑅1 graph.

Sink node

Sink node

Figure 3: Modern complexity topology of normal condition monitoring WSN.
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If 𝑅1 occurred from removal of node 𝑘, then ratio of
𝐸𝑘 = 𝑅1 /𝑅 means the destroy effect of node 𝑘, called influence
function of node 𝑘.
The sum of 𝐸𝑖 is called one-dimension influence function
of network
𝑛

∑ 𝐸𝑖 = IFnet ,

𝑖 ∈ 𝑅.

(5)

𝑖=1

If 𝑘1 , 𝑘2 were removed, 𝐸1,2 were called influence function
of nodes 𝑘1 , 𝑘2 . If the removed nodes were sets, for example,
the removed nodes sets are ℘𝐾 = {𝐾1 , 𝐾2 , . . .}, 𝐾1 = {𝑘1 , 𝑘2 },
𝐾2 = {𝑘3 , 𝑘4 }, then the ℘𝐸 = {𝐸𝐾1 , 𝐸𝐾2 , . . .} is the influence
function set of network.
Definition 3 (influence function set of weighted algebraic
connectivity). Propose the density (weighted) stands for
more easy to produce congest, and to be more unreliability.
Here density weighted influence function set of network is
defined. It has a relationship with throughput, energy cost,
and so on.
Lemma 4. An ideal random network means that there are no
determining factors that can infect network communication, for
example, (nodes) density, (effective) communication distances.
Then the mean or least square mean of connectivity is optimum estimation value, and meanwhile the network may be
microstable (less intermoving) or reliable.

When considering formula (6), the connectivity matrix
𝐴 is changed after time 𝑡𝑐 . And meanwhile the algebraic
connectivity of graph is changed.
Then the algebraic connectivity 𝜆 𝑁−1 is random variable;
its distribution with the losing effective nodes is important to
improve the robustness of complex networks, by optimization
of complex networks topology or by repairing the damage
nodes of complex networks.

4. Simulation and Test Results
The state of the network can be simplified as linear system:
𝑥̇(𝑡) = −L𝑥 (𝑡) ,

where 𝑥(𝑡) = [𝑥1 (𝑡), 𝑥2 (𝑡), . . . , 𝑥𝑁(𝑡)]𝑇 is the vector of all
states at time 𝑡 and L ∈ R𝑁×𝑁 is the Laplacian matrix
associated with the graph.
A discrete implementation of the expression of (7) is
𝑥𝑖 (𝑘 + 1) =

∑ 𝑤𝑖𝑗 𝑥𝑗 (𝑘) ,

𝑗∈𝑁𝑖 ∪{𝑖}

3.3. Changeable Algebraic Connectivity. There are some different kinds of model of time-varying topologies: (1) the
switching topology which refers to a deterministically timevarying model where, at each time instant, the network
adopts a topology from a known set; (2) random topologies,
in the presence of random failures caused by working under
uncertain interference, for instance, changes in the environment, mobility of the nodes, asynchronous sleeping periods,
or randomized communication protocols; the topology of a
WSN varies randomly with time; (3) E-R model.
When wireless sensor networks are working under uncertain interference, nodes and links may lose effect momentarily or permanently. And the topology may be different with
random topologies.
When the links are added or removed unpredictably
from the set at any time, the graph can be looked to as the
realization of a random process. WSN are normally exposed
to random communication failures caused by uncertain
interference, and these communication impairments cause
abrupt changes in the connectivity of the network, which are
described by means of a random graph,
𝐴 𝑘 = 𝐴 𝑘−1 ⋅ 𝐵𝑡 ,
𝐵𝑡 = 𝐼,
𝐵𝑡 = 𝐼 + Δ𝐵,

𝑡 < 𝑡𝑐 ,
𝑡 > 𝑡𝑐 .

(6)

𝑘 ≥ 0.

(8)

Different from weighted algebraic connectivity, 𝑤𝑖𝑗 is
nonzero weight assigned by node 𝑖 to the information
received from node 𝑗, satisfying
∑ 𝑤𝑖𝑗 = 1.

Note. In ZigBee, there are phenomena of near neighbor
ring, hidden nodes, and so on. In WirelessHart, there are
phenomena of limited connective number, loss of noisy node,
and so on. They have not been studied in detail in the paper.

(7)

𝑗∈𝑁𝑖 ∪{𝑖}

(9)

More generally, the linear control systems are described
by the following state equation:
𝑥̇(𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑢 (𝑡) ,

(10)

where 𝑥(𝑡) = {𝑥1 (𝑡), 𝑥2 (𝑡), . . . 𝑥𝑁(𝑡)}𝑇 , which is the state of
a system of 𝑁 nodes at time 𝑡. 𝐴 is the 𝑁 × 𝑁 adjacency
matrix of the network representing the system. 𝐵 is the
𝑁 × 𝑀 input matrix, which identifies the nodes where the
input signals are imposed. The input signal vector 𝑢(𝑡) =
{𝑢1 (𝑡), 𝑢2 (𝑡), . . . 𝑢𝑁(𝑡)}𝑇 is a time-dependent input signal
vector. The state of each node at each time step is controlled
by the linear combination of the elements of the input vector.
4.1. Weighted Algebraic Connectivity and Not Weighted Algebraic Connectivity. In wireless condition monitoring network, supposing whether nodes can be connected or not only
relies on its effective communication distance. As shown in
Figure 4, the density of nodes and the topology of networks
are two important factors to research communication links.
(1) The Relationship between Density and Connectivity. Simulate method: in certain area, using different numbers of nodes
circulate its connectivity.
The connectivity is defined as the successful connection
possibility when random deploy nodes in this area 100 times.
When numbers of nodes are above than or equal to 10,
the networks have a reliability of connectivity (as shown in
Figure 5). So the theory of effective distance is less than 0.47.
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Figure 4: Different topology and its communication links in a certain area (left is random mesh; right is star).
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This means, in wireless condition monitoring network, an
effective distance of random network should be larger than
half of monitoring area. Considering its physical communication ability, the edge of monitoring cell is defined as twice
times of its effective distance.
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Figure 7: The relationship between throughput of network and
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(2) The Relationship between Algebraic Connectivity and
Density When the Effective Distance Is about 0.5. As shown
in Figure 6, discrete algebraic connectivity is varied with the
density (or number of nodes in certain area); the useful value
of algebraic connectivity is a flat plain of certain density
(10–20 nodes in a cell). The reason is too large the density
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form another different subgraphs and outlier of algebraic
connectivity.
(3) The Relationship between Network Throughput and Density. In simulation, throughput is only comprised of the
transmitting sense data; the network management steam

is not considered. As shown in Figure 7, when density of
network is large, the throughput of network became very
large, such that the value is almost 10 k byte per second. So
the density of network should not be large.
As discussed in (2) and (3), this gives the property of
density weighted algebraic connectivity.
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4.2. Robustness Analysis of Random Complex Network

(2) The Robustness Analysis of Random Complex Network.
Consider a new graph that includes the plant’s sensors and
actuator, where the plant is controlled using a multihop
wireless network. In applied layer application, condition
monitoring parameters are measured by sensors and transmitted in networks; the networks construction changed with
uncertain interference; this output is different with ordinary
output with its random delay, packets loss rate, and so on.
There are two kinds of data; one kind is distributed data.
It combined lots of nodes to get a useful data, as shown in
formula

𝑦 [𝑘] = (𝐶 + Δ𝐶) 𝑥 [𝑘] .

(12)

An example delay of wireless HART network is
𝑇 𝑑 = −0.0011 × 𝑛2 + 0.24 × 𝑛 − 1.3333,
𝑇 𝑑 = 0.1029 × 𝑛 + 2,

𝑛 < 50.

𝑛 > 50,
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Figure 10: The time and space domain losing packet rate at lower
space density.

(11)

The another kind is standalone data, when can be
described as a function, like
𝑦𝑖 (𝑡) = 𝑓 (𝑥𝑖 (𝑡)) + Δ𝑓 (𝑥𝑖 (𝑡)) .

0.08
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0.2
Probability mass

𝑥 [𝑘 + 1] = (𝐴 + Δ𝐴) 𝑥 [𝑘] + (𝐵 + Δ𝐵) 𝑢 [𝑘] ,

0.1
Probability mass

(1) The Relationship between Random Destruction Number
of Node and Connectivity. As shown in Figure 8, when
random destruction of node is larger than its degree, then the
connection of network can be destroyed.

0.15
0.1
0.05
0

(13)

0
1
x

Suppose that loss of effective nodes is relay nodes, and
then delay time value is changed in normality distribution
way; its means is zero. Its standard deviation has a relationship with connectivity.
As a result, if delay time is shorter than sample time,
delays will do less interference with LTI system. And if the
packet loss rate was less than 15% (use true time simulate
using CSMA/CA, TDMA), spring damper system should
work normally with little performance degrade (as shown in
Figure 9).
If the system is not connected, should repair it. This robust
control problem is to find control scheme to obtain system
robustness. That includes two factors: the first is topology
selection; the second is repairing scheme.
Assumption 5. If the connected degree distribution was
Poisson distribution, the Packet loss rate under uncertain
interface should follow the Poisson distribution.
Then this becomes a time-space transmitting processing
problem.
In every time slot different density (data transmitting
rate), the most possibility of losing packet is shown in Figures
10 and 11.
Conclusion. It is obvious that the cluster-tree, star-mesh
topologies are easier than only mesh network to repair the

2
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2

2
3

1
0

x1

Figure 11: The time and space domain losing packet rate at higher
space density.

network for its small algebraic connectivity and communication links. And it uses self-repairing or deploying new nodes
to repair network.
But center nodes are more important and fragile than
other nodes in these topologies. If they are to be novel
stronger than other nodes, in median and large networks, this
topology may have large possibility to be more robust than
mesh topology in median and large scale networks. And, in
small scale network, mesh topology may have large possibility
to be more robust than other topology.

5. Conclusions
The cluster-tree, star-mesh topologies are easier than only
mesh network to repair the network and may have large
possibility to be more robust than mesh topology in median
and large scale networks. In small scale network, mesh
topology may have large possibility to be more robust than
other topology.

8
If random destruction of node was larger than its algebraic connectivity, the connection of network should be
broken out.
The properties of density weighted algebraic connectivity
are two factors: one is that the useful value of algebraic
connectivity is in certain density; the other is an effective
network in which the density of network should not be large.
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