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The beam energy scan (BES) program at the Relativistic
Heavy Ion Collider (RHIC) in Brookhaven and Super Proton
Synchrotron (SPS) at CERN performs nucleus-nucleus colli-
sions in the energy range of 3-39GeV/nucleon leading to
high baryon density and temperature around the expected
critical point of deconfinement phase transition. In addition,
the Facility for Antiproton and Ion Research (FAIR) in GSI
also performs nucleus-nucleus collisions in the BES energy
region. The features of particle production and system evolu-
tion in these types of collisions attract high interest and are
extensively studied both experimentally and theoretically. It
is believed that above the critical energy of deconfinement
phase transition, e.g., at RHIC and Large Hadron Collider
(LHC), the properties of particle production and system evo-
lution may differ from those at the BES (RHIC-BES, SPS-
BES, and FAIR). These properties are related to those of early
universe considered to go through the stages of high baryon
density and temperature.

Large amount of data obtained by high-energy experi-
ments worldwide is being published to be scrutinized. Differ-
ent signatures such as the chemical and kinetic freeze-out
temperature, effective temperature, speed of sound, tension
of string between valence quarks in colliding nucleons, min-
imum distance between these quarks, chemical potential of

different types of particles and of different quark flavors, time
evolution of collision system, and ratio of viscosity to entropy
density are predicted by different models and can be obtained
from the measured particle spectra allowing us to study the
properties of the system formation and its evolution.

This special issue concerns many topics, for example, (i)
description of particle distributions and correlations, studies
of statistical laws and dynamical properties of particle pro-
duction; (ii) studies of the properties of system evolution in
beam energy scan program; (iii) extraction of different signa-
tures based on the particle spectra, correlations, and yield
ratios in BES-wide energy range; (iv) searches for the softest
point of the equation of state and for the critical point of
deconfinement phase transition; (v) comparison of the prop-
erties of particle production and system evolution at the BES
energies with those at the RHIC and LHC energies; and (vi)
comparison of the properties of particle production and sys-
tem evolution in nucleus-nucleus collisions with those of
small systems formed in particle collisions.

In the article “A Description of Transverse Momentum
Distributions in p + p Collisions at RHIC and LHC Energies”
by J.-Q. Hui and Z.-J. Jiang, the authors assume the existence
of longitudinal collective motion and long-range interactions
in the hot and dense matter created in p + p collisions. The
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relativistic hydrodynamics incorporating with the nonexten-
sive statistics is used to analyze the transverse momentum
distributions of the particles. The investigation of the present
paper shows that the hybrid model can give a good descrip-
tion of the currently available experimental data obtained in
p + p collisions at RHIC and LHC energies, except for p and
�p produced in the range of pT > 3:0GeV/c at

ffiffi

s
p

= 200GeV.
This article confirms that the hydrodynamics is suitable for
the smaller colliding systems such as p + p collisions.

In the article “Out-of-Equilibrium Transverse Momen-
tum Spectra of Pions at LHC Energies” by A. N. Tawfik, the
author investigates the transverse momentum spectra of pos-
itive pions measured in the ALICE experiment by utilizing
two thermal approaches; one is based on degeneracy of non-
perfect Bose-Einstein gas and the other imposes an ad hoc
finite pion-chemical potential. It is shown that the inclusion
of missing hadron states and the out-of-equilibrium contrib-
ute greatly to the characterization of pion production. A
reproduction of these transverse momentum spectra is
achieved at pion-chemical potential of 120MeV, and this
covers the entire range of transverse momentum. This article
confirms a manifestation of not-yet-regarded anomalous
pion production, which is related to “anomalous” proton-
to-pion ratios at top RHIC and LHC energies.

In the article “Contributions of Jets in Net Charge Fluctu-
ations from the Beam Energy Scan at RHIC and LHC” by B.
Ali et al., the authors study the dynamical net charge fluctu-
ations in nucleus-nucleus collisions at RHIC-BES and LHC
energies by a hadronic model. AMonte Carlo generator, HIJ-
ING, is used to generate events in two different modes,
HIJING-default with jet quenching switched off and jet/mi-
nijet production switched off. A popular variable is used to
study the net charge fluctuations in different centrality bins,
and the findings are compared with the available experimen-
tal data. This article shows that nucleus-nucleus collisions
can be treated as the superpositions of multiple nucleon-
nucleon collisions. The findings also reveal that the produc-
tion of jets and minijets plays a dominant role in reducing
the strength of particle correlations and fluctuations.

In the article “Centrality Dependence of Multiplicity
Fluctuations in Ion-Ion Collisions from the Beam Energy
Scan at FAIR” by A. Chandra et al., the authors investigate
the multiplicity distributions and event-by-event fluctuations
in Au-Au collisions at FAIR energies. Events corresponding
to FAIR energies are simulated in the framework of UrQMD
model. It is observed that the mean and the width of multi-
plicity distributions monotonically increase with beam
energy. The trend of variations of dispersion with mean
number of participating nucleons for the centrality-bin width
of 5% is in accord with the Central Limit Theorem. The mul-
tiplicity distributions in various centrality bins are observed
to obey KNO scaling. The trends of variations of scaled var-
iance with beam energy are also found to support the KNO
scaling predictions for larger collision centrality.

The article “Kinetic Freeze-Out Temperature and Trans-
verse Flow Velocity in Au-Au Collisions at RHIC-BES Ener-
gies” by M. Waqas and B.-C. Li studies the midrapidity
transverse momentum spectra of charged hadrons produced
in central and peripheral Au-Au collisions at RHIC-BES

energies. The blast-wave model with the Boltzmann-Gibbs
statistics is adopted to fit available experimental data mea-
sured by the STAR Collaboration at the RHIC-BES energies.
The authors observe that the kinetic freeze-out temperature,
transverse flow velocity, mean transverse momentum, and
initial temperature increase with collision energy in the con-
sidered RHIC-BES energy range and with event centrality
from peripheral to central collisions. This article confirms
the complex correlation between kinetic freeze-out tempera-
ture and transverse flow velocity.

The article “Elliptic Flow of Identified Particles in Pb–Pb
Collisions at

ffiffiffiffiffiffiffiffi

sNN
p = 5:02 TeV” by E.-Q. Wang et al. investi-

gates the elliptic flow coefficients of particles π±, K±, p + �p,
Λ + �Λ, and K0

S produced in Pb-Pb collisions at the center-
of-mass energy of

ffiffiffiffiffiffiffiffi

sNN
p = 5:02 TeV by using a Tsallis-

Pareto-type function and the multisource thermal model.
In the process of system evolution, deformation and transla-
tion occur for the isotropic emission source due to geometric
structure, pressure gradient, and thermal diffusion effects,
which leads to anisotropy in the azimuth distribution of
identified particles. Based on these dynamic factors, the
dependence of elliptic flow on transverse momentum is
described. This article shows that source deformation plays
a main role in the system evolution, and source translation
can be neglected.

The article “Study of Spin–Spin Correlations between
Quark and a Spin-1/2 Composite System” by S. Kaur and
H. Dahiya studies the correlation between the fermion com-
posite system and quark spins by using the light-cone quark-
diquark model. The authors do the calculations for u-quark
and d-quark in the fermion system by considering different
polarization configurations of both. The contribution from
scalar and axial-vector diquarks is taken into account. The
overlap representation of light-front wave-functions is used
for the calculations. The spin-spin correlations for u and d
quarks are presented in transverse impact-parameter plane
and transverse momentum plane as well. This article also
confirms that the spin-spin correlations are related to the
Wigner distributions by integrating which over transverse
momentum the measurable quantities can be extracted.

In the article “Transverse Momentum and Pseudorapid-
ity Dependence of Particle Production in Xe–Xe Collisions
at

ffiffiffiffiffiffiffiffi

sNN
p = 5:44 TeV” by Z.-L. Guo et al., the Tsallis statistics

is combined with a multisource thermal model through the
collision-system configuration. The improved model is used
to investigate the transverse momentum and pseudorapidity
of charged particles produced in Xe-Xe collisions at

ffiffiffiffiffiffiffiffi

sNN
p =

5:44TeV. The authors discuss detailedly the thermodynamic
properties, which are taken from the transverse momentum
distributions of charged particles for events with different
centrality classes. The pseudorapidity spectra of charged par-
ticles for events with different centrality classes are also
described consistently in the model. In addition, the model
results estimate intuitively the longitudinal configuration of
the collision system.

In the article “Investigation of Particle Distributions in
Xe-Xe Collision at

ffiffiffiffiffiffiffiffi

sNN
p = 5:44 TeV with the Tsallis Statis-

tics” by H.-F. Zhao et al., the authors use the Tsallis statistics
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to investigate the transverse momentum distribution of
charged particles produced in Xe-Xe collisions at the LHC.
Meanwhile, the nuclear modification factor of the charged
particles is studied. To obtain the related results, the authors
use a new attempt which is improved by the Tsallis statistics
in relaxation time approximation. Considering relaxation
time approximation of the collision term, the authors
achieve the final-state distribution by solving the Boltzmann
transport equation, where the initial distribution is inserted
consistently. The calculated results are approximately in
agreement with the experimental data measured by the
ALICE Collaboration.

In the article “Centrality Dependence of Multiplicity
Fluctuations from a Hydrodynamical Approach” by H.-H.
Ma et al., the authors investigate the centrality dependence
of the multiplicity fluctuations regarding the recent measure-
ments from STAR Collaboration. By employing a hydrody-
namical approach, this article is dedicated to the noncritical
aspects of the phenomenon. To be specific, in addition to
the thermal fluctuations, finite volume corrections, and reso-
nance decay at the freeze-out surface, this model is focused
on the properties of the hydrodynamic expansion of the
system and the event-by-event initial fluctuations. The real
signal of the critical point can only be obtained after subtract-
ing the background which is investigated in this article. The
results are also compared to those of the hadronic resonance
gas and transport models.

In the article “Study of Di-Muon Production Process in
pp Collision in CMS Data from Symmetry Scaling Perspec-
tive” by S. Bhaduri et al., two methodologies, namely, MF-
DFA and MF-DXA analyses, are used for the study of scaling
analysis of the dynamics of the di-muon production process
using the primary data set of Run-A (2011) and Run-B
(2012) of pp collisions at 7 and 8TeV from CMS collabora-
tion. The authors have analyzed how this scaling pattern
has evolved from one rapidity range to the next one and
how this change evolved from 7TeV to 8TeV. Many interest-
ing findings are obtained by the novel method of data analy-
sis. This new approach has the potential to provide clue to
possible different dynamics behind di-muon production
(including beyond the standard model) in different rapidity
domains which may change with higher and higher energy.

The article “Intermittency Study of Charged Particles
Generated in Pb-Pb Collisions at

ffiffiffiffiffiffiffiffi

sNN
p = 2:76 TeV Using

EPOS3” by R. Gupta and S. K. Malik studies the charged par-
ticle multiplicity fluctuations in Pb-Pb collisions for the
events generated using EPOS3 (hydro and hydro+cascade).
Normalized factorial moments (Fq) have been determined
in the strict sense of intermittency being a power-law behav-
ior of Fq with decreasing bin size. There is no significant scal-
ing behavior in these moments with the decreasing bin size.
The values of scaling exponent deduced for a few transverse
momentum bins are greater than the value for the second-
order phase transition predicted by the Ginzburg-Landau
theory. Fractal dimensions decrease with the order of the
moment, which indicates the existence of a multifractal
nature of the studied events.

This issue brings together a collection of articles. We
hope this will be a useful issue for researchers working in

related areas. Meanwhile, we regret that more manuscripts
submitted for publication in this issue have not been accepted
following the reviewer’s reports.
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Charged particle multiplicity fluctuations in Pb-Pb collisions are studied for the central events generated using EPOS3 (hydro and
hydro+cascade) at

ffiffiffiffiffiffiffiffi
sNN

p = 2:76TeV. Intermittency analysis is performed in the midrapidity region in two-dimensional (η, ϕ) phase
space within the narrow transverse momentum (pT ) bins in the low pT region (pT ≤ 1:0GeV/c). Power-law scaling of the
normalized factorial moments with the number of bins is not observed to be significant in any of the pT bins. Scaling exponent
ν, deduced for a few pT bins, is greater than that of the value 1.304, predicted for the second-order phase transition by the
Ginzburg-Landau theory. The link in the notions of fractality is also studied. Generalized fractal dimensions, Dq, are observed to
decrease with the order of the moment q suggesting the multifractal nature of the particle generation in EPOS3.

1. Introduction

The strongly interacting dense state of matter, believed to
represent QGP (quark-gluon plasma) after its creation in
heavy-ion collision, rapidly cools into a spray of particles.
This array of particles carry signals of QGP and its properties
which can be directly and indirectly measured by detectors
that are encircling the collision point. Of the myriad of anal-
ysis tools to understand the dynamics of this particle produc-
tion [1] and phase changes in the matter while passing into
the QGP phase from the hadronic phase and vice versa, an
important one is the fluctuations study of the observables.
Lattice QCD predicts large fluctuations being associated with
the system undergoing phase transition. Multiplicity distri-
butions characterize the system formed or any phase transi-
tion in the heavy-ion collisions. Studies of multiplicity
fluctuations have prompted considerable advances in this
area of research. Large particle density fluctuations in the
JACEE event [2] and its explanation by normalized factorial
moments triggered investigations of multiplicity fluctuation
patterns in multihadronic events with decreasing domains
of phase space [3]. The presence of power-law behaviour or

scale invariance of normalized factorial moments with
decreasing phase space interval or increasing bins is termed
as intermittency [4, 5]. Observation of intermittency signals
the presence of self-similar and fractal nature of the particle
production. If fluctuations have a dynamical origin, the
underlying probability density will be reflected as intermit-
tency behaviour. The existence of dynamical fluctuations
can thus be studied using normalized factorial moments
(NFMs) [4] in one-, two-, or three-dimensional phase space.

The idea of intermittency has been obtained from the
theory of turbulent flow. There, it signifies as a property of
turbulent fluid: vortices of fluid with different size alternate
in such a way that they form self-similar structures. These
vortices do not necessarily fill in the entire volume, but they
instead create an intermittent pattern in the regions of lam-
inar flow. This property is given by a power-law variation of
the vortex-distribution moments on their size. So, the self-
similar nature of vortices directly creates a relation between
intermittency and fractality. Self-similar objects of noninte-
gral dimensions are called fractals [6]. A fractal dimension
is a generalization of an ordinary topological dimensionality
to nonintegers.
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The proposal to look for intermittency also prompts a
thorough study of phase-transition models. A very straight-
forward model that offers some hint on the nature of a
second-order phase transition is the Ising model in two
dimensions [7]. Intermittency in Ising model has been
studied both analytically and numerically [8, 9], and the
anomalous fractal dimension (dq) is found to be 1/8, inde-
pendent of the order of moment, q. It has been conjectured
on this acount that intermittency may be monofractal in
QCD second-order phase transition [10]. However, all types
of interactions including heavy-ion collisions show multi-
fractal behaviour [3, 11]. Also, Yang-Mills fields have been
applied to QCD within asymptotic approximation where
the fractal dimension is determined as a function of entropic
index, and value obtained for entropic index is in good
agreement with the experimental data [12]. For the first-
order phase transition, all dq are zero, and no intermittency
was observed. Intermittency has also been studied in
Ginzburg-Landau (GL) theory, which has been accustomed
to explain the confinement of magnetic fields into fluxoids
in a type-II superconductor. From the study of normalized
factorial moments with decreasing phase space bins for the
Ginzburg-Landau second-order formalism, the anomalous
fractal dimension is observed not to be constant. It follows

dq/d2 = ðq − 1Þðν−1Þ, where ν is the scaling exponent [13]. ν
is observed to be a universal quantity valid for all systems
describable by the GL theory for the second-order phase
transition, and it is independent of the underlying dimen-
sions or the parameters of the model. This is of particular
importance for a QCD phase transition, since neither the
transition temperature nor the other important parameters
are known there. If a signature of quark-hadron phase tran-
sition depends on the details of the heavy-ion collisions,
e.g., nuclear sizes, collision energy, and transverse energy,
then even after the system has passed the thresholds for
the creation of QGP, such a signature is likely to be sensi-
tive to this theory.

In this work, intermittency analysis is performed for the
charged particles generated in the midrapidity region of the
central events (b ≤ 3:5 fm) from Pb-Pb collisions at

ffiffiffiffiffiffiffiffi
sNN

p =
2:76 TeV using EPOS3 (hydro) and EPOS3 (hydro+cascade).

The plan of the paper is as follows: the EPOS3 model [14]
is introduced in Section 2. The methodology of analysis is
given in Section 3. In Section 4, observations and results are
given followed by a summary in Section 5.

2. A Brief Introduction to EPOS3

EPOS3 [14–16] is a hybrid Monte-Carlo event generator
with a 3+1D hydrodynamical expanding system. This
model is based on flux tube initial conditions which are
generated in the Gribov-Regge multiple scattering frame-
work. The formalism is referred to as “Parton based Gribov
Regge Theory”, which is detailed in [17]. An individual
scattering gives rise to a parton ladder and is called a
Pomeron. Each parton ladder eventually shows up as flux
tubes (or strings) and is identified by a pQCD hard process,
plus initial, and final state linear parton emission. Satura-

tion scale, Qs, is employed to consider nonlinear effects.
This depends upon the energy and the number of partici-
pants attached to the pomeron under consideration.

For a pomeron, after multiple scatterings, the final state
partonic system has two colour flux tubes, mainly longitudi-
nal with transversely moving pieces carrying transverse
momentum of the hard scattered partons. Each pomeron
by virtue of its cylindrical topology has two flux tubes. The
flux tubes also expand with time and gets fragmented into
string segments of quark-antiquark pairs, resulting in more
than two flux tubes. The high string density areas form the
“core” (bulk matter) [16] and the low string density areas
form the “corona.” The corona particles originate from the
string decay by Schwinger mechanism. In EPOS3, only the
core region thermalizes, flows, and hadronizes. The core
undergoes viscous hydrodynamic evolution and as the
hadronisation temperature (TH = 168MeV) is reached,
Cooper-Frye mechanism [18] is applied to convert the fluid
into particles. For hadronic cascade, all the hadrons partici-
pate from both core and corona. When the cascading mech-
anism is included in the modeling, EPOS3 might show
self-similarity and thus intermittency effect [19]. EPOS3
is universal and unique in the sense that it treats pp, pA,
and AA scatterings with the same core-corona procedure.

A sample of 66,350 and 23,502 minimum-biased events
have been generated for Pb-Pb collisions

ffiffiffiffiffiffiffiffi
sNN

p = 2:76 TeV
using the hydro and the hydro+cascade mode of the EPOS3.
The charged particle pseudorapidity density (dNch/dη) distri-
butions of these events are shown in Figure 1, for various
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Figure 1: Charged particle pseudorapidity density distributions of
EPOS3 (hydro) and EPOS3 (hydro+cascade) compared with that
of the ATLAS data [20], for Pb-Pb collisions at

ffiffiffiffiffiffiffiffi
sNN

p = 2:76 TeV.
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centralities and are compared with that of ATLAS data [20]
for the same system and energy. Where for the polar angle
θ of the particle, measured with respect to the beam axis,
the pseudorapidity (η) is defined as η = −In tan ðθ/2Þ. In this
work, analysis is performed for the charged particles gener-
ated in full azimuthal space with ∣η∣ ≤ 0:8∣ in the most central
events. It is observed (Figure 1) that in the midrapidity region
of our interest (∣η∣ ≤ 0:8), charged particle pseudorapidity
density of the EPOS3 generated central (0-10%) events,
slightly overestimates the ATLAS data within errors.

Intermittency studies at low energies had limitation of
statistics because a lesser number of particles were avail-
able per bin for the order of the moment q ≥ 2. In the
present collider experiments, with the availability of high
multiplicity events per pseudorapidity unit both in pp
and AA collisions the studies of local multiplicity fluctua-
tions, dependent on the bin contents can be taken up, to
get a clear and complete picture of the multiparticle pro-
duction. Predictions for intermittency analysis of data at
present collider energies are still not available. Present
work is carried to study scaling behaviours of the charged
particles multiplicity fluctuations and hence the intermit-
tency in the EPOS3 model, which is based on the hydro-
dynamic particle production mechanism.

3. Methodology

Observation of spike events first noticed in the cosmic ray
interaction [2] and later in the laboratory [3, 11] lead to great
spurt of interest in the studies of intermittency in particle
production in high-energy collisions. In [4, 5], groundbreak-
ing work was done theoretically formulating the features of
intermittency in the field of particle physics.

Intermittency is defined as the scale-invariance of NFM,
Fq, with respect to changes in the size of phase space cells
(bins) [4]. For one-dimensional phase space of rapidity Y ,
with cell δy (say), it is defined as

Fq δyð Þ∝ δyð Þ−ϕq δy⟶ 0ð Þ, ð1Þ

where Fqs are the NFM [4], of order q, where q is a positive
integer and takes values ≥2 and ϕq > 0 is called the “intermit-
tency index” or “intermittency slope”. In terms of the num-
ber of bins M in the phase space, where M∝ 1/δ; Equation
(1) can be written as

Fq Mð Þ∝Mϕq : ð2Þ

In [21, 22], it is proposed that NFM using event NFM be
investigated at LHC energies where the charged particle den-
sity is very high. The event NFM, Fe

q, is defined as

Fe
q Mð Þ = f eq Mð Þ

f e1 Mð Þ½ �q , ð3Þ

with f eqðMÞ = hnmðnm − 1Þ⋯⋯ðnm − q + 1Þie, where h⋯ie
is the averaging over all bins in an eth event, called horizontal

averaging, and nm is bin multiplicity of the mth bin. NFM Fq

for a sample of events, Nevt, is then

Fq Mð Þ = 1
Nevt

〠
Nevt

e=1
Fe
q Mð Þ: ð4Þ

FqðMÞ enjoys the property of filtering out statistical fluc-
tuations (or noise) [4, 23]. The scaling of the NFM, Fq, with
number of bins M as in Equation (2) is referred here as M-
scaling. Observation of this scaling would indicate the self-
similarity in the spatial distribution of the particles. It has
been observed that the Ginzburg-Landau formalism [13]
for second-order phase transition, Fq, follows power-law as

Fq ∝ F
βq

2 , ð5Þ

such that βq = ðq − 1Þν with ν = 1:304. Equation (5) is
referred here as F-scaling. Its validity is independent of the
scaling behaviour in Equation (2).

There exist more complicated self-similar objects which
include fractal patterns with different noninteger dimen-
sions, multifractals [3, 11, 24, 25]. Multifractals are charac-
terized by generalized (or R’enyi) dimensions (Dq) which
are decreasing functions of q. The thought of R’enyi
dimensions Dq generalizes the idea of fractal dimension
D0 =DF , information dimension D1, and correlation
dimension D2. Consequently, the R’enyi dimension is often
known as the generalized dimension. The anomalous frac-
tal dimension (dq) is related to the generalized dimension
(Dq) by the relation

dq =D −Dq, ð6Þ

where D is the topological dimension that represents the
number of dimensions. A relation between the exponents
of factorial moments, intermittency index (ϕq), and gener-
alized moments can be devised at low values of q as

ϕq + τ qð Þ = q − 1ð ÞD, ð7Þ

where the exponents are related to R’enyi dimensions and
codimension as

τ qð Þ = q − 1ð ÞDq,

ϕq = q − 1ð Þdq:
ð8Þ

It is needed to stress that the slope τq has no dynami-
cal feature of ϕq and needs to be corrected for the statisti-
cal contribution to be removed [26]. Increasing dq with q
is a signal of the multifractal system.

Here, intermittency and notion of fractality for charged
particle multiplicity distribution is studied in the two-
dimensional phase space (η, ϕ) of the events generated using
EPOS3 for the Pb-Pb collision system at

ffiffiffiffiffiffiffiffi
sNN

p = 2:76 TeV.
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4. Analysis and Observations

A two-dimensional intermittency analysis in (η, φ) phase

space in different pT (pT =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2x + p2y

q
, where px and py are

the momentum components in the transverse momentum
plane) bins of varying widths (0:2 ≤ pT ≤ 0:4GeV/c, 0:4 ≤
pT ≤ 0:6GeV/c, 0:6 ≤ pT ≤ 0:8GeV/c, 0:8 ≤ pT ≤ 1:0GeV/c,
0:2 ≤ pT ≤ 0:6GeV/c, 0:2 ≤ pT ≤ 0:8GeV/c, and 0:2 ≤ pT ≤
1:0GeV/c) are performed for two event samples for Pb-Pb
collisions at

ffiffiffiffiffiffiffiffi
sNN

p = 2:76 TeV generated using two modes
of EPOS3. Central events with impact parameter b ≤ 3:5 fm
have been analyzed. In this work, charged particles (pions,
kaons, and protons) generated in the kinematical region
with ∣η∣ ≤ 0:8, full φ coverage, and pT ≤ 1:0GeV/c have
been studied.

The methodology adopted for analysis is the same as in
[27] for the SM AMPT model. The ðη, ϕÞ phase space in a
pT bin, for an event, is divided into aM ×M matrix such that
there are a total of M2 bins. M is taken from 2 to 32 in an
interval of 2. Number of charged particles in a bin, nm, is
the bin multiplicity in the mth bin. Event factorial moment,
Fe
qðMÞ (Equation (3)), is determined for nm ≥ q, where q = 2,

3, 4, and 5 is the order of the moment. Fq
eðMÞ is obtained

for all the events in the event sample. This gives the event fac-
torial moment distribution and hence the FqðMÞ (Equation
(4)). FqðMÞs are thus studied for their dependence on M and
the second-order normalized factorial moments (F2ðMÞ).

From the study of dependence of Fq on M (M-scaling)
for the various pT bins, it is observed that for the small pT
bins with width ΔpT = 0:2GeV/c (0:2 ≤ pT ≤ 0:4GeV/c, 0:4
≤ pT ≤ 0:6GeV/c, 0:6 ≤ pT ≤ 0:8GeV/c, and 0:8 ≤ pT ≤ 1:0
GeV/c) M-scaling is absent in the case of both hydro and
hydro+cascade events. For two bins, ln Fq vs ln M2 graphs
for q = 2, 3, 4, 5 are given in Figure 2 (EPOS3 hydro) and
Figure 3 (EPOS3 hydro+cascade). For the wider pT bins with
ΔpT ≥ 0:6GeV/c that is for 0:2 ≤ pT ≤ 0:8GeV/c and 0:2 ≤
pT ≤ 1:0GeV/c, scaling of Fq withM is observed in the lower
M region followed by saturation effects at higherM region as
observed in ln Fq vs ln M2 graph in Figure 4 for EPOS3
(hydro). For the same pT bins that is 0:2 ≤ pT ≤ 0:8GeV/c
and 0:2 ≤ pT ≤ 1:0GeV/c. Figure 5 shows the same graphs
from EPOS3 (hydro+cascade) events. M-scaling is observed
to be present in the low M region with saturation and
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Figure 2: Log-Log Fq dependence on number of bins (M2) for EPOS3-hydro events for the pT bins 0:4 ≤ pT ≤ 0:6GeV/c and 0:6 ≤ pT ≤
0:8GeV/c.
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Figure 3: Log-Log Fq dependence on number of bins (M2) for EPOS3-hydro+cascade events for the pT bins 0:4 ≤ pT ≤ 0:6GeV/c and
0:6 ≤ pT ≤ 0:8GeV/c.
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overlapping effects at higherM. Absence of power-law or M-
scaling in narrow pT bins clearly indicates the absence of
local density fluctuations and hence, the intermittency signal.
The presence of weak intermittency in the wider pT bins is
probably due to number effect as average bin content

increases in the given phase space. The error bars are the sta-
tistical uncertainties, calculated using the error propagation
formula as suggested in [28].

Fq is observed to show a linear dependence on F2 even in
the absence of M-scaling [13]. In Figures 6 and 7, ln Fq vs
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Figure 4: Log-Log Fq dependence on number of bins (M2) for EPOS3-hydro events for the pT bins 0:2 ≤ pT ≤ 0:8GeV/c and 0:2 ≤
pT ≤ 1:0GeV/c.
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Figure 5: Log-Log Fq dependence on number of bins (M2) for EPOS3-hydro+cascade events for the pT bins 0:2 ≤ pT ≤ 0:8GeV/c and
0:2 ≤ pT ≤ 1:0GeV/c.
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Figure 6: Log-Log Fq dependence on F2 for EPOS3-hydro events for the pT bins 0:2 ≤ pT ≤ 0:8GeV/c and 0:2 ≤ pT ≤ 1:0GeV/c.
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ln F2 plots are given for the bins with ΔpT ≥ 0:6GeV/c, the
same bins in which for M-scaling is observed for low M
values. Fq is observed to follow power-law in F2, whereas in
the smaller pT bins, F-scaling is also absent.

Scaling index, ν, is determined from the slope for ln βq

against ln ðq − 1Þ. The scaling index, (ν) obtained for the
two cases, is enlisted in Table 1. The NA22 data on particle
production in hadronic collisions gives ν = 1:45 ± 0:04,
heavy-ion experiments ν = 1:55 ± 0:12 [13], and ν = 1:459
± 0:021 [29]. However, the average value of ν obtained here
is 1:795 ± 0:156 EPOS3 (hydro) and 1:824 ± 0:295 EPOS3
(hydro+cascade), which is different from the value of 1.304
as is obtained from the GL formalism for the second-order
phase transition. The values obtained here are significant,
since the lattice QCD predicts continuous crossover type of
phase transition [30].

For the two pT bins in which M-scaling is observed for
the low M-region, the dqs have been calculated from the
intermittency index (ϕq) and thus the fractal dimensions Dq

s are determined and are plotted against q in Figure 8. The
dq grows in a way such that that the fractal (R’enyi) dimen-
sions Dq are close to one. However in the data, the fractal
dimensions are observed to be much smaller than one
[3, 11, 31]. This observation indicates that EPOS3 in
hydro and hydro+cascade mode do not have fractal behav-
iour. The Dq decreases faster with increasing order of the
moment q and has similar behaviour for both the bins
for the two modes of the EPOS3 modes. However, D2 <D3
contradicts the data [31, 32].

5. Summary

An event-by-event intermittency analysis is performed for
the charged particle multiplicity distributions of the events
generated using two different modes of EPOS3 hydrody-
namical model. Central events with b ≤ 3:5 fm generated
from Pb-Pb collisions at

ffiffiffiffiffiffiffiffi
sNN

p = 2:76 TeV have been stud-
ied. The two-dimensional intermittency analysis is per-
formed in (η, ϕ) phase space with ∣η∣ ≤ 0:8 and full
azimuth space in the narrow transverse momentum (pT)
bins in the region with pT ≤ 1:0GeV/c with the objective
to study the scaling behaviour of the charged particle mul-
tiplicity fluctuations as are introduced by the hydro and
hydro+cascade modes of the EPOS3 model. In narrow pT
bins in the (η, ϕ) space, M-scaling is found to be absent
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Figure 7: Log-Log Fq dependence on F2 for EPOS3-hydro+cascade events for the pT bins 0:2 ≤ pT ≤ 0:8GeV/c and 0:2 ≤ pT ≤ 1:0GeV/c.

Table 1: Scaling index values of the event samples.

Event sample pT bins (GeV/c) Value of ν

Hydro
0.2-0.8 1:84 ± 0:19

0.2-1.0 1:75 ± 0:12

Hydro+cascade
0.2-0.8 1:85 ± 0:33

0.2-1.0 1:80 ± 0:26

2 4
q

0.998

0.999

1

D
q

0.2≤pT≤1.0 GeV/c (hydro)
0.2≤pT≤0.8 GeV/c (hydro)
0.2≤pT≤1.0 GeV/c (hydro+cascade)
0.2≤pT≤10.8 GeV/c (hydro+cascade)

Figure 8: q dependence of fractal dimensions, Dq for the EPOS3
(hydro and hydro+cascade) events in the two pT bins in which
weak M-scaling and F-scaling, is observed.
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whereas weak M-scaling in two larger pT bins with ΔpT ≥
0:6GeV/c viz, 0:2 ≤ pT ≤ 0:8GeV/c, and 0:2 ≤ pT ≤ 1:0GeV
/c is observed. Absence of power-law of Fq with M indi-
cates the absence of intermittency and hence self-similar
behaviour in the local multiplicity fluctuations in charged
particle generation in the events and hence the EPOS3
model. For the narrow pT bins ΔpT < 0:6GeV/c, F-scaling
which is independent of the observation of M-scaling is
also absent. However, in the wider pT bins 0:2 ≤ pT ≤ 0:8
GeV/c and 0:2 ≤ pT ≤ 1:0GeV/c, Fq shows power-law with
F2. This is in contrast to what is observed in [27], where
M-scaling as well as F-scaling is observed in the small
pT bins with ΔpT ≤ 0:2GeV/c. The average value of ν,
the scaling exponent for these two bins from the two
modes of EPOS3 is 1.809, a value different from 1.304,
the value as obtained from Ginzburg-Landau theory for
second-order phase transition. This suggests the absence
of spatial fluctuations in the local charged particle genera-
tion that was not the case with the transport String Melt-
ing AMPT model [27]. In the larger phase space bins
corresponding to ΔpT ≥ 0:6GeV/c in the low pTregion,
M-scaling observed for the low M values is reflected in
the value of generalized fractal dimension, Dq. Dq shows
an inverse dependence on q for q > 2, thus the presence
of multifractality in the larger phase space bins. This is
in contrast to the observations at lower energies. Similar
studies of experimental data from RHIC and LHC are
yet not available. It would be interesting to see whether
we get similar observations from the experiment or not.
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An extensive knowledge of the dynamics of the process of pp collision serves as input to exhaustive theoretical models of strong
interaction. This knowledge is also a baseline for a system to decipher the dynamics of AA collisions at relativistic and
ultrarelativistic energies. Recent availability of di-muon data has triggered a spate of interests in revisiting strong interaction
process, the study of which in detail is extremely important for enhancement of our understanding of not only the theory of
strong interaction but also possible physics scenarios beyond the standard model. Apart from conventional approaches to the
study of the dynamics of particle production in high-energy collision the present authors proposed a new approach with
successful application in context of symmetry scaling in AA collision data from (ALICE-Collaboration, 2014) in the work
(Bhaduri, S. et al., 2019) and pp collision data at 8TeV from (CMS-collaboration, 2017) in the work (Bhaduri, S. et al., 2019) and
also in other numerous works with different collision data. This different approach essentially analyses fluctuation pattern from
the perspective of symmetry scaling or degree of self-similarity involved in the process. This was done with the help of
multifractal scaling analysis and also multifractal cross-correlation analysis using the single variable of pseudorapidity values of
di-muon data taken out from the primary dataset of RunA(2011) and RunB(2012) of the pp collision at 7 TeV and 8 TeV,
respectively, from (CMS-collaboration, 2016, 2017). High degree of persistent long-range cross-correlations (MF-DXA) exist
between pseudorapidity-value and its corresponding azimuthal-value for different rapidity ranges. The different values of scaling
exponents (across rapidity ranges and energies) signify that there may be multiple processes other than those conjectured,
involved in the underlying dynamics of the production process of oppositely charged di-muons resulting in different kinds of
scaling. Otherwise, the scaling exponents at different degrees would have remained the same across the rapidity ranges and also
for different energies.

1. Introduction

In the recent past, fluctuation and correlation have been ana-
lyzed widely using novel methods of studying nonstatistical
fluctuation which resulted in the better understanding of
the dynamics of the pionisation process. The methods
including the process of intermittency were introduced by
Bialas and Peschanski [1] who have observed association
between intermittency indices and anomalous fractal dimen-
sion [2, 3]. After that, the parameters of Gq moment and Tq
moment [4–8] were introduced which were deduced from
various methods based on fractal concepts. Then distinctive
approaches of detrended fluctuation analysis (DFA) and

multifractal-DFA (MF-DFA) [9, 10] were applied extensively
for analyzing nonstationary, nonlinear properties of data
series to investigate the long-range correlations inherent in
the process of particle production [11–14]. Among various
other contemporary works, self-similarity has been analyzed
in the areas of particle physics which includes the production
process of Jet and Top-quark in the experiments of Tevatron
and LHC [15], the procedure of strangeness production in
pp collisions at the RHIC [16] experiments, the phenome-
non of proton spin and asymmetry inherent in jet produc-
tion process [17] and the deciphering of the collective
phenomena [18], and the process of establishment of the
notion of self-similar symmetry of dark energy [19]. The
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study of long-range cross-correlation between two nonstation-
ary signals detrended cross-correlation analysis (DXA) had
been presented by Podobnik and Stanley [20]. Wang et al.
[21] introduced multifractal-detrended cross-correlation
analysis (MF-DXA) by combining MF-DFA and DXA
methods to examine higher degree of multifractal parameters
of two cross-correlated series. MF-DXA method has been
applied with substantially higher degree of accuracy in the
analysis of the unrevealed cross-correlation in the various
fields of physics, physiology finance, and power markets
[20, 21] and also in the fields of particle physics [22].

The main aim of high-energy physics is to prove the exis-
tence of the creation of the QGP state, and also the study of
the properties of this exotic state, by examining the final state
of produced-hadrons, produced in huge numbers. Most of
these final state particles may not be produced from the decay
of the plasma directly, but rather they are produced or influ-
enced by the hadronic cascade. Hence, studies of resonance
states are of great importance because there is a variety
of resonances, having very different lifespans, which signifies
that these particles decay with differing probabilities in the
hadronic stage, and therefore provide valuable information
about that stage. We have performed the scaling analysis of
the pseudorapidity space taken out from Pb-Pb VSD master-
class data at 2.76TeV per nucleon pair from ALICE Collabo-
ration [23] using both the method of complex network-based
visibility graph and multifractal-DFA (MF-DFA) [9, 10], to
study the prospective phase transition and the signature of
QGP [24, 25]. We also studied multiplicity fluctuation pro-
cess in nucleus-nucleus and hadron-nucleus interactions by
applying complex network and chaos-based visibility graph
methodology in quite a few recent works [22, 26–33]. These
techniques have also been successfully applied to identify
phase transitions in temperature-driven magnetization prop-
erties [34] and also in temperature-driven phase transition
from liquid to vapour state [35]. In a recent study [36], differ-
ent combinations of topological and kinematic input vari-
ables from the data of RunA(2011) of the pp collision at
7TeV at CMS detector have been used, from which several
ANNs (artificial neural networks) have been constructed,
and then through comparison, the optimally configured
ANN is selected .

The outcomes of the assessment of pp and pA systems
should be used as a reference to validate the understanding
of the processes which are expected to contribute to the
dynamics of the process of di-muon production [37]. More-
over, apart from the analysis of AA collisions, an extensive
knowledge of pp collisions is required both as an input to
comprehensive theoretical models of strong interactions
and also as a baseline to decipher the AA collisions at relativ-
istic and ultrarelativistic energy levels. This has been of great
interest in the area of theoretical and experimental physics.
The process of soft particle generation from ultrarelativistic
pp collisions is affected by the flavor distribution among the
proton, quark hadronization, and baryon number transport.
In the process of AA collisions, the magnitude of the spec-
trum of transverse momentum of charged particles in pp col-
lisions serves as an important reference. A pp reference
spectrum is required for AA collisions to probe for the effects

of probable initial states of the collision. The multiplicity
distribution of particles generated in pp collisions and
the multiplicity dependence of various global event features
serve as rudimentary observables which reflect the features
of the underlying dynamics of the process of particle produc-
tion. Therein lies the importance of analyzing the dynamics
of di-muon production process in pp collisions. In this work,
we have attempted DFA, MF-DFA, and MF-DXA for the
scaling analysis of the rapidity and energy dependence of
the di-muon production process.

The rest of the paper is structured in the following
manner. The objective of the study is elaborated in Section
2. Section 3 describes the methods of analysis. Section 3.1
presents the algorithm of DFA and MF-DFA, and Section
3.2 presents the method of MF-DXA in detail and the impor-
tance of the parameters—the width of multifractal spectrum
and the cross-correlation exponent. Section 4.1 describes the
data in detail. Section 4.2 describes the details of our study
and the deductions from the test results. Section 5 details
the physical importance of the proposed parameters and
their relevance with regards to the dynamics of the di-
muon production process and finally comes the conclusion.

2. Goal of the Study

Using pp collisions at a center-of-mass energy of
ffiffiffi
S

p
= 7TeV,

the analysis of the production process of exclusive γγ⟶
μ+μ− was carried out by the ATLAS and CMS collaborations
[38]. A latest review work has been reported about the com-
plexities involved in resonance production process for differ-
ent high-energy collisions like pp, pA, and AA collisions at
LHC(using data from ALICE collaboration), to analyze the
complexity and eventually explain the inherent dynamics
of the particle production process and the properties of
the generated particles for the different collision system
[39]. We have elaborated in Section 1 how after few success-
ful ventures by the present authors in the field of analyzing
the pionisation process in high-energy interaction using
chaos-based procedures and being motivated by the different
attempts reported to investigate the dynamics of the genera-
tion process of di-muon pairs in [39], we have attempted to
revisit the di-muon production process in hadron-hadron
interactions. We have proposed to implement the chaos-
based methods of DFA, MF-DFA, and MF-DXA to analyze
the energy and rapidity dependence of di-muon production
process by utilizing a single variable of pseudorapidity values
of di-muon data taken out of the primary dataset of
RunA(2011) and RunB(2012) of the pp collision at 7TeV
and 8TeV, respectively, from CMS collaboration [40, 41].
The rapidity and energy dependence of the process are exam-
ined by means of fundamental scaling parameter signifying
the degree of symmetry scaling or scale-freeness in the di-
muon production process, extracted by the proposed method.

(1) All these rigorous methods provide the information
from the deepest level about the particle production
process from the emergent di-muons produced from
the pp collisions at 7TeV and 8TeV from CMS col-
laboration [40, 41].
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(2) The study reveals that pseudorapidity spaces corre-
sponding to different range of pseudorapidity values
are highly scale free and possess multifractal charac-
teristics. They also reveal how the scaling pattern
changes from one rapidity range to another and also
from one range of energy level to another

(3) For different rapidity range and at two different
levels of energy, differences in the values of scaling
exponent signify that there are multiple processes
involved in the production process of oppositely
charged di-muons which give rise to different kinds
of scaling

Traditionally invariant-mass/transverse-momentum
methods were used to probe various resonance states in
high-energy collision. Apart from the J/Ψ peak observed in
their invariant-mass spectrum, there can be existence of
other upsilon states and other processes in principle contrib-
uting to the di-muon continuum due to open charm and
open beauty decays. One may select different ranges of
invariant mass by examining the pattern of invariant-mass
spectrum of the events producing di-muons. For each such
range, the pseudorapidity spaces corresponding to the pro-
duced di-muons would be extracted, and then for each of
the spaces, the proposed scaling analysis may be done for dif-
ferent ranges of rapidity and energy. Any substantial change
in scaling behavior indicated by the width of MF-DFA spec-
trum and the degree of multifractal cross-correlation may be
attributed to the occurrence of different kinds of resonance
states from which di-muons are produced in pp collisions.
This may act as basic input for studying similar resonance
production in pp collisions at higher energy and also for pA
and AA collisions.

3. Method of Analysis

We have elaborated the multifractal-detrended fluctuation
analysis (MF-DFA) method [9, 10, 42] used to calculate the
Hurst exponent and the width of the multifractal spectrum.
We have extracted these parameters for analyzing the fluctu-
ation of data series extracted from the experimental data as
elaborated in Section 4.1.

3.1. MF-DFA Method

(1) Here, we denote the experimental data series as x
ðiÞ for i = 1, 2,⋯,N , where N = number of points.
The average of this series is computed as �x = 1/N
∑N

i=1xðiÞ. Then, the collective deviation series for
xðiÞ is calculated as

X ið Þ ≡ 〠
i

k=1
x kð Þ − �x½ �, i = 1, 2,⋯,N: ð1Þ

This deduction of the average (�x) from the input data
series is a conventional method of eliminating noise
from the input data series. The result of this subtrac-

tion would be removed by the detrending process in
the fourth step.

(2) XðiÞ is then divided into Ns nonoverlapping seg-
ments, with Ns ≡ int ðN/sÞ and s as the length of the
segment. In this experiment, s ranges from 16 (mini-
mum) to 1024 (maximum) value in log scale

(3) For each s, a particular segment is denoted by vðv =
1, 2,⋯,NsÞ. Least-square fitting is performed for
each segment to derive the local trend for that specific
segment [9]. xvðiÞ denotes the least-square fitted
polynomial for the segment v in series XðiÞ. xvðiÞ is
computed according to the equation xvðiÞ =∑m

k=0Ck

ðiÞm−k, with Ck as the kth coefficients of the fitted
polynomial of degree m. Different kinds of fitting—-
linear, quadratic, cubic, or higher m-order polyno-
mial—may be used [10, 42]. In this experiment,
linear least-square fitting is applied with m = 1

(4) Now, to detrend the data series, the least-square fitted
polynomial is subtracted from the data series. There
is existence of slow-varying trends in natural data
series. In order to extract the scale invariant structure
of the dissimilarity around the trend, detrending is
necessary. For each value of s and segment v ∈ 1,
2,⋯,Ns, detrending is executed by deducting the
least-square fit xvðiÞ from the specific portion of the
data series XðiÞ, for the segment v to calculate the
variance which is denoted by F2ðs, vÞ computed as

F2 s, vð Þ ≡ 1
s
〠
s

i=1
X v − 1ð Þs + i½ � − xv ið Þf g2, ð2Þ

with s ∈ 16, 32,⋯, 1024 and v ∈ 1, 2,⋯,Ns.

(5) Next, the qth order function of fluctuation, denoted
by FqðsÞ, is computed by averaging the values of
F2ðs, vÞ over all the segments (v) produced for each
s ∈ 16, 32,⋯, 1024 and for a specific q, as

Fq sð Þ ≡ 1
Ns

〠
Ns

v=1
F2 s, vð Þ� �q/2( )1/q

: ð3Þ

Here, q ≠ 0 as in that case 1/q would blow up. In this
experiment q varies from (−5) to (+5). For q = 2,
computation of FqðsÞ would sum up to conventional
method of detrended fluctuation analysis (DFA) [9].

(6) The above steps are repeated for various values of
s ∈ 16, 32,⋯, 1024, and it is observed that for a par-
ticular q, FqðsÞ rises in value with increasing s. If the
data series is long-range power correlated, then FqðsÞ
vs s for a specific q will display power-law behavior

Fq sð Þ∝ sh qð Þ: ð4Þ
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If this type of scaling exists, then log2½FqðsÞ� depends
on log2 s in a linear fashion, where hðqÞ is the slope
which is dependent on q. hð2Þ is alike to the so-
called Hurst exponent [42]. So hðqÞ is defined as the
generalized Hurst exponent.

(7) The scaling pattern of the variance F2ðs, vÞ is the
same for all segments in case of a monofractal
series. In other words, the averaging of F2ðs, vÞ
would show uniform scaling behavior for various
values of q, and hence, hðqÞ becomes independent
of q for monofractals.

But if large and small fluctuations in the series have
varying scaling pattern, then hðqÞ becomes substan-
tially dependent on q. In these cases, for positive
values of q, hðqÞ delineates the scaling pattern of the
segments with large fluctuations, and for negative
values of q, hðqÞ describes scaling behavior of the seg-
ments with smaller fluctuations. The generalized
Hurst exponent hðqÞ for a multifractal data series is
associated with the classical multifractal scaling
exponent τðqÞ according to

τ qð Þ = qh qð Þ − 1: ð5Þ

(8) As multifractal series have numerous Hurst expo-
nents, so τðqÞ depends nonlinearly upon q [43]. The
singularity spectrum, here denoted by f ðαÞ, is associ-
ated with hðqÞ as

α = h qð Þ + qh′ qð Þ, f αð Þ = q α − h qð Þ½ � + 1: ð6Þ

Here, the singularity strength is denoted by α, and f
ðαÞ describes the dimension of the subset series
denoted by α. Different values of f ðαÞ for different
α results into multifractal spectrum of f ðαÞ which is
an arc, and for this spectrum, the gap between the
maximum and minimum values of α is the width of
the multifractal spectrum or the measurement of the
multifractality of the input data series.

(9) For q = 2, if hðqÞ or hð2Þ = 0:5, no correlation exists in
the data series. There is persistent long-range cross-
correlations in the data series, which means a large
value in the series is presumably to be followed by
another large value in the series, if hð2Þ > 0:5,
whereas for hð2Þ < 0:5, there would be antipersistent
long-range correlations which implies that a large
value would probably be followed by a small value
in the series and vice versa.

3.2. MF-DXA Method.Wang et al. [21] have introducedMF-
DXA method based on the MF-DFA method [10, 42] and
analyzed the cross-correlation between two nonstationary
series quantitatively. The broad steps for the MF-DXA
method are as follows.

(1) Let xðiÞ and yðiÞ be two data series for i = 1, 2,⋯,N ,
of length N . The mean of these series is calculated as
�x = 1/N∑N

i=1xðiÞ and �y = 1/N∑N
i=1yðiÞ, respectively.

Then, accumulated deviation series for xðiÞ and yðiÞ
are calculated as per equation (1) and denoted by X
ðiÞ and YðiÞ, respectively. Both XðiÞ and YðiÞ are
divided into Ns nonoverlapping segments, where
Ns = int ðN/sÞ, s is the length of the segment. In
our experiment, s varies from a minimum of 16 to a
maximum of 512 value in log scale

(2) For each s, we denote a particular segment by vðv =
1, 2,⋯,NsÞ. Here, xvðiÞ and yvðiÞ denote the least-
square fitted polynomials for the segment v in XðiÞ
and YðiÞ, respectively. xvðiÞ and yvðiÞ are calcu-

lated as per the equations xvðiÞ =∑m
k=0CxkðiÞm−k and

yvðiÞ =∑m
k=0CykðiÞm−k, where Cxk and Cyk are the k

th

coefficients of the fit polynomials with degree m.
For this experiment, m is taken as 1 [21].

For each s and segment v, v = 1, 2,⋯,Ns, detrending
is done by subtracting the least-square fits xvðiÞ and
yvðiÞ from the part of the data series XðiÞ and YðiÞ,
respectively, for the segment v. The covariance of
the these residuals, denoted by f 2xyðs, vÞ for a particu-
lar s and v, is then calculated as follows.

f 2xy s, vð Þ = 1
s
〠
s

i=1
X v − 1ð Þs + i½ � − xv ið Þf g

× Y v − 1ð Þs + i½ � − yv ið Þf g,
ð7Þ

for each segment v, v = 1, 2,⋯,Ns.

(3) Then, the qth order detrended covariance, denoted by
Fxyðq, sÞ, is calculated by averaging f 2xy ðs, vÞ over all
the segments (v) generated for a particular s and q,
as per the equation below [10, 21, 42].

Fxy q, sð Þ = 1
Ns

〠
Ns

v=1
f 2xy s, vð Þ

h iq/2( )1/q

: ð8Þ

Here, q ≠ 0 because in that case, 1/q would blow up.

(4) The above process is repeated for different values of
s ∈ 16, 32,⋯, 512, and it can be seen that for a specific
q, Fxyðq, sÞ increases with increasing s. If the series are
long-range power correlated, the relation between
Fxyðq, sÞ versus s for a particular q will show power-
law behavior as below [21].

Fxy q, sð Þ∝ shxy qð Þ: ð9Þ

If this kind of scaling exists, log2½Fxyðq, sÞ� would
depend linearly on log2s, where hxyðqÞ is the slope
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and represents the degree of the cross-correlation
between the data series xðiÞ and yðiÞ.
In general, hxyðqÞ depends on q. q ranges from nega-
tive to positive values. For q = 2, the method is
referred as the so-called method of DXA [21].

(5) As confirmed from several experiments done by
Wang et al. [21], if hxyðqÞ = 0:5, there is no cross-
correlation. Further, if hxyðqÞ > 0:5, there are persis-
tent long-range cross-correlations, where the large
value of one variable, which is in this study the η
values, is likely to be followed by a large value of
another variable, which is the corresponding ϕ
values, in the series, whereas in case of hxyðqÞ < 0:5,
there are antipersistent long-range cross-correla-
tions, where a large value of one variable is most
likely to be followed by a small value and vice versa
in the series

(6) hxyðqÞ for q = 2, i.e., hxyð2Þ, is the DXA exponent. As
per Podobnik and Stanley, the cross-correlation
exponent between two nonstationary series, denoted
by γi, is calculated as per the equation γi = 2 − 2fhxy
ð2Þg [20]. For uncorrelated data series, γi = 1, the
lower the value of γi, the more correlated the data
series are

4. Experimental Details

The datasets for the proposed analysis are taken out from two
publicly available experimental primary datasets from CMS
collaboration. The details of the data is given in Section 4.1,
and the complete method of the experiment is explained in
step by step in Section 4.2.

4.1. Data Description. The primary dataset of the pp collision
at 8TeV in AOD format from RunB of 2012 [40] and another
dataset of pp collision at 7TeV in the same AOD format from
RunA of 2011 [41] of the CMS collaboration are taken as the
source datasets for this experiment. The run numbers which
are selected and qualified by CMS to be processed along
with the appropriate parameters for generation of the colli-
sion datasets are provided in the links—link1 and link2 for
8TeV and 7TeV, respectively. These datasets are made avail-
able for experiment. We have extracted the pseudorapidity-η
space and corresponding azimuthal-ϕ space for the gener-
ated di-muons from these runs qualified by CMS from the
primary datasets in the following formats—text (.txt) and
.root format. In this analysis, we have utilized these pseudor-
apidity space and the corresponding azimuthal space from
the text (.txt) file.

4.2. Data Analysis and Results

(1) The pseudorapidity-η space for each of the datasets
for 8 and 7TeV extracted from the primary datasets
of the CMS collaboration as described in Section 4.1
is divided into the following 5 ranges of η values

(a) −2.5 to −1.5

(b) −1.5 to −0.5

(c) −0.5 to 0.5

(d) 0.5 to 1.5

(e) 1.5 to 2.5

For all the 5 ranges, the η values are extracted from
the full-phase space of the two source datasets and
mapped to data series. The data series is plotted with
the X-axis denoting the sequence number of η
values and the Y corresponds to the η values corre-
sponding to the sequence number as in the X-axis.

For each of these data series, the following values are
calculated.

(i) The width of the multifractal spectrum

(ii) Degree of cross-correlation between the η space
and their corresponding ϕ space

(2) For each of the 10 datasets (5 for 8TeV and 5 for
7TeV datasets) created for the 5 ranges of pseudor-
apidity values, as specified in Step 1, the multifractal
analysis is done and the width of multifractal spec-
trum is calculated as per the method elaborated in
Section 3.1

The qth order detrended variance FqðsÞ is calcu-
lated as per equation (3) in the Step 5 of the
MF-DFA methodology as described in Section
3.1. Figures 1(a) and 1(b) show the log2½FqðsÞ� vs
log2½s�s trend for q = −5, 0, 5, extracted for a partic-
ular range of η values for 8 and 7TeV datasets,
respectively.

Their linear trend confirms the power-law behavior
of FqðsÞ versus s for all the values of q. Similar calcu-
lation is done for all the η ranges for both 8 and
7TeV datasets, and similar trend is observed.

(3) For each of the η-data series corresponding to the
ranges specified in Step 1, a randomized version
of data is produced and widths of the multifractal
spectrum are calculated as per the same methodol-
ogy elaborated in Section 3.1. The calculated values
of the parameters are compared to those for the
experimental data. In Figures 2(a) and 2(b), the
widths of the multifractal spectrum of the original
datasets and their randomized versions calculated
for one of the ranges η values are shown for 8
and 7TeV datasets, respectively. The below points
must be noted for the shape and widths of the mul-
tifractal spectrum of the original datasets and their
randomized versions

(i) The shape of the multifractal spectrum does
not necessarily have to be symmetric. The spec-
trum might have either a right or a left trunca-
tion that arises from the consistent/(almost
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constant) trend of Hurst exponents for positive
or negative values of qs. The consistent trend of
qth order Hurst exponent signifies that the qth

order RMS (calculated as per the equations in
Step 5 and Step 6 of Section 3.1) is not much
sensitive to the extent of the local fluctuations

(ii) The width and trend of multifractal spectrum
between the original and the randomized ver-
sion of the particular η-space for 8TeV dataset
shown in Figure 2(a) shows that the spectrum
for the randomized version has a long right tail

which signifies that the series have a multifrac-
tal structure not much affected by the local fluc-
tuations with large magnitudes

(iii) Whereas the multifractal spectrum calculated
for the original and the randomized version of
the η-space for the same range of η values for
7TeV dataset shown in Figure 2(b) shows that
the spectrum for the randomized version has
a long left tail, which means that the random-
ized series is not much sensitive to the local
fluctuations with small magnitudes.
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Figure 1: Trend of log2½FqðsÞ� vs log2½s�s for q = −5, 0, 5, extracted for a particular range of η (a) for 8 TeV dataset and (b) for 7 TeV dataset.
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(iv) If the source data is long-range correlated, that
is eradicated by the randomization process, and
the data should start to become uncorrelated.
This makes the multifractal spectrum or the
scaling pattern of randomized series insensitive
to the local fluctuations with large or small
magnitudes, which is not the case with the
actual experimental data. Hence, it results in
the different widths of multifractal spectrum
calculated the randomized version from those
for the original version. Moreover, for two

completely different experimental datasets the
randomized data may be different with regards
to peak, shape, and trend. The width of the
multifractal spectrum has normally been less
for the randomized data than the one for the
experimental data

(v) The main conclusion comes from the fact that
the values of the width of the multifractal
spectrum calculated experimental data being
significantly different from shuffled ensembles
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Figure 2: Comparison of the trend of different values of f ðαÞ versus α between the original and the randomized version of the η space for a
particular range of η values for (a) 8 TeV dataset and (b) 7 TeV dataset.
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essentially confirms that the degree of scale-
freeness is indicative of the dynamics inherent
in the di-muon production process, and this
degree of scale-freeness may be indicative of
different processed responsible for di-muon
production even beyond standard model (SM).

(vi) It is evident from the figures that the widths of
the multifractal spectrum of the original data-
sets and their randomized versions differ sub-
stantially for both energies. Similar trend is
observed from the comparison of the original
and the randomized version of the 5 ranges of
η values for both 8 and 7TeV datasets

The comparison of the widths of the multifractal
spectrum generated for the η spaces for all the 5
ranges of η values for 7 and 8TeV datasets with
respect to their rapidity and energy dependence is
shown in Figure 3. It should be noted that:

(i) The comparison of the width of the multifrac-
tal spectrum of f ðαÞ, denoted by the differ-
ence between the maximum and minimum
values of α, between the original and the ran-
domized version of the η space for both energy
ranges confirm the mutifractality of the origi-
nal η spaces

(ii) For the 2nd, 3rd, and 5th range of η values, the
widths of multifractal spectrum is substantially
different between the energy ranges

(iii) For both 7 and 8TeV the 1st and 4th range of
η-space display minimum or no difference with
respect to multifractality

(iv) The degree of multifractality is found to be the
least for 2nd and 3rd range for 8 and 7TeV data,
respectively

Table 1 details the widths of the multifractal spec-
trum of the original datasets and their randomized
versions for all the 10 datasets (5 for 8 and 5 for
7TeV) corresponding to the η values. The values
of the width of MF-DFA spectrum, essentially is
an indicator of inherent symmetry and scale-
freeness (different at different energy and rapidity
ranges) with which the produced di-muons create
the signatures in terms of η values. The values of
these parameters in experimental data being signif-
icantly different from shuffled ensembles confirm
that this inherent symmetry and degree of scale-
freeness is never the outcome of randomization pro-
cess but is indicative of the dynamics involved in the
di-muon production process.

(4) For each of the 10 datasets (5 for 8 and 5 for 7TeV)
of η values extracted for the ranges specified in
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Figure 3: Comparison of the widths of the multifractal spectrum generated η spaces for all the 5 ranges of η values for 7 and 8TeV datasets.

Table 1: Comparison of the widths of the multifractal spectrum
generated η spaces for all the 5 ranges of η values for 7 and 8 TeV
datasets, between the original and the randomized version.

η ranges
MF-DFA spectrum width

8 TeV 7TeV
Original Random Original Random

−2.5 to −1.5 0.09 0.06 0.09 0.04

−1.5 to −0.5 0.02 0.01 0.07 0.02

−0.5 to 0.5 0.09 0.04 0.02 0.04

0.5 to 1.5 0.03 0.02 0.03 0.04

1.5 to 2.5 0.05 0.04 0.07 0.06
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Step 1, the corresponding azimuthal-ϕ space is
also extracted. The 10 corresponding ϕ space is
sorted in the ascending order and then mapped
into data series. They in turn are mapped into a
two-dimensional space with their sequence along
the X-axis and the corresponding values of ϕ along
the Y-axis

(5) For the 10 ϕ spaces (5 for 8 and 5 for 7TeV), the qth

order detrended variance FqðsÞ is analyzed as per
equation (3) in Step 5 of the MF-DFA methodology
as described in Section 3.1. Figures 4(a) and 4(b)

show the log2½FqðsÞ� vs log2½s�s trend for q = −5, 0,
5, extracted for corresponding ϕ values for the same
range of η values for which the same trend is shown
in Figures 1(a) and 1(b) for 8 and 7TeV datasets,
respectively

It is to be noted that the linear trend confirms the
power-law behavior of FqðsÞ versus s for all the
values of q for the ϕ spaces. The same analysis is
done for all the ϕ spaces corresponding to the η
ranges for both 8 and 7TeV datasets, and a similar
trend is observed.
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Figure 4: Trend of log2½FqðsÞ� vs log2½s�s for q = −5, 0, 5, analyzed for the ϕ space corresponding to the η space for (a) 8 TeV dataset, as shown
in Figure 1(a), and (b) 7 TeV dataset, as shown in Figure 1(b).
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(6) Multifractal cross-correlation analysis is done as
per the method described in Section 3.2 between
the 10 pairs of datasets (5 for 8TeV and 5 for
7TeV), one being the sorted ϕ values and the
other being the corresponding η values. The trend
of generalized Hurst exponent ðhðqÞÞ for different
order (q) is analyzed for all the 10 pairs of η and
ϕ datasets as per the process described in Section
3.1. Along with that, for the same pairs of data-

sets the degree of cross-correlationðhx,yðqÞÞ for
different order (q) is analyzed as per the method-
ology described in Section 3.2. The trend of hðqÞ
and hx,yðqÞ versus q for the particular sample pair
of η and ϕ space for which trends of log2½FqðsÞ�
vs log2½s�s are shown in Figure 1(a) (η space)
and Figure 4(a) (ϕ space) for 8TeV dataset and
Figure 1(b) (η space) and Figure 4(b) (ϕ space)
for 7TeV dataset is shown in Figures 5(a) and
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Figure 5: Trend of hðqÞ and hx,yðqÞ versus q for q = −5, −4,⋯, 5, calculated for a particular range of η values and their corresponding ϕ values
for (a) 8 TeV dataset and (b) 7 TeV dataset.
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5(b) for 8 and 7TeV datasets, respectively. The
values are shown in the figures for q = −5, −4,⋯, 5.
It should be noted that:

(i) As shown in Figures 5(a) and 5(b), the trend
of dependence of hðqÞ on q for individual η
and ϕ spaces confirm their multifractality and
the same for hx,yðqÞ on q for the same pair of η
and ϕ spaces confirm their cross-correlation
for both 8 and 7TeV datasets

(ii) Figures 5(a) and 5(b) show that hðqÞ decreases
at a lower rate for the increasing values of nega-
tive qs for both φ and η data ranges in both
energies of 8 and 7TeV. This signifies that for
negative values of q, the qth order RMS (calcu-
lated as per the equations in Step 4 and Step 5
of Section 3.1) is not much sensitive to the local
fluctuations with small magnitudes for the data-
sets (ϕ and η) for both energies

However, for the ϕ data series corresponding to the
particular range of η at 8TeV, hðqÞ decreases at a
higher rate for positive values of q than the corre-
sponding ones calculated for the same range of η
at 7TeV. This means, in this case, hðqÞ is a bit more
affected by the local fluctuations with large magni-
tudes, resulting in higher rate of decrease for hðqÞ
with increasing order of positive q for the ϕ data
series of 8TeV than the corresponding one for
7TeV data. This has happened because there may
exist fluctuations with comparatively large magni-
tude for the φ data series for higher energy—8TeV
than the one for 7TeV.

(i) It is further observed in Figures 5(a) and 5(b)
that hx,yðqÞ (calculated as per the equation in
Step 4 of Section 3.2) for multifractal cross-
correlation changes almost at the same rate
for both 8 and 7TeV energies. It should be
noted that the maximum and minimum values
of hx,yðqÞ for 8 and 7TeV are different; how-
ever, the change of hx,yðqÞ with the increasing
values of q is almost the same. Although for
8TeV, there is higher rate of decrease for hðqÞ
with increasing order of positive qs for the ϕ
data series than the corresponding one for
7TeV data, resulting from possible higher
magnitude of fluctuation for ϕ data series, that
decreasing trend gets nullified while calculat-
ing the covariance of ϕ data series and corre-
sponding η data series at 8TeV energy. Hence,
the trend of hx,yðqÞ with the increasing values
of q is almost the same for both energies. How-
ever, this has resulted in the lower ranges of the
values of degree of cross-correlation hx,yðqÞ for
8TeV, making them less cross-correlated

(ii) For q = 2, both hðqÞ and hx,yðqÞ are >0.5 and for
ϕ space hðqÞ is much higher than that for the
corresponding η space

(iii) Also, hx,yðqÞ is much higher than 0.5 for the
pair of datasets for q = 2. This suggests the pres-
ence of long-range correlation and persistence
in both spaces

(iv) Moreover, there is a drop in the value of hx,yðqÞ
around q = −1. In most of the previous works, it
has been shown that there exists similar trend
of hx,yðqÞ or the degree of cross-correlation
with increasing values of order or q, as seen in
the present analysis

(v) Similar analysis has been done for all the 10
pairs of datasets, and similar trend is observed
for all of them

(7) Figures 6(a) and 6(b) show the comparison of the
trend of different values of f ðαÞ versus α for the
same η, ϕ spaces and the same trend calculated for
their cross-correlation, for 8 and 7TeV datasets,
respectively

(i) For both energy ranges, width of the cross-
correlation curve is the maximum, followed by
the width of the multifractal spectrum of the ϕ
space and then that of the η space

(ii) Again, similar trend is observed for all the pairs
of datasets in this experiment. The more wide
the spectrum is, the more degree of multifractal-
ity is inherent in the data series

(8) The qth order detrended covariance Fxyðq, sÞ is cal-
culated for a particular range of η values and their
corresponding ϕ values as per the Step 4 of the
MF-DXA methodology described in Section 3.2,
and the trend of log2½Fxyðq, sÞ� vs log2½s� for q = −5,
0, 5 is shown in Figures 7(a) and 7(b) for 8 and
7TeV datasets, respectively

(i) Their linear trend (more prominent for the
values of q > 0) confirms the power-law behav-
ior of Fxyðq, sÞ versus s for all the values of q

(ii) Similar calculation is done for all the η ranges
and their corresponding ϕ spaces, for both 8
and 7TeV datasets, and similar trend is observed

As explained in Step 5 of theMF-DXAmethodology
described in section 3.2, here, hxyðqÞ > 0:5 implies
that there are persistent long-range cross-correla-
tions, where a large value in ϕ space is likely to
have an equally large corresponding η value. The
higher the value of hxyðqÞ, the higher the cross-
correlation. Figures 7(a) and 7(b) show how the qth
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order detrended covariance or Fxy(q,s) varies with
increasing values of scale (s) in log scale. The straight
line fitting of Fxyðq, sÞ versus s in log scale is shown
in the figures and the relevant power-law coefficients
or degree of cross-correlations (hxyðqÞ) are also
shown in the fitting equations in the diagram. It
is evident from the figures that for negative values
of q, degree of cross-correlation is higher than that
for positive values of q. Covariance of small mag-
nitudes are reflected more prominently for nega-

tive values of q, which signifies that the average
cross-correlation between φ spaces and their corre-
sponding η spaces fluctuates more for the values of
q < 0 and gives rise higher value of hxyðqÞ. This
fluctuation becomes lesser as q increases from q =
−5, −4,⋯, −1. For positive values of q (q ≥ 0), the
qth order detrended covariance starts to fluctuate
very less and gives rise to lesser values of hxyðqÞ.
Hence, the value of hxyðqÞ also changes more for
q < 0 than for q > 0. This different degree of
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Figure 6: Comparison of the trend of different values of f ðαÞ versus α among the same η, ϕ spaces and the same trend calculated for their
cross-correlation, for the (a) 8 TeV dataset and (b) 7 TeV dataset.
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detrended covariance between φ values and their
corresponding η values for different values of q
gives a range of hx,yðqÞ forming the multifractal
cross-correlation spectrum.

Figures 7(a) and 7(b) show that the qth order
detrended covariance or Fxyðq, sÞ calculated for
large values of a particular η space and its corre-
sponding ϕ space having large values is fluctuat-
ing more with increasing scale (s) for negative

values of q yielding to comparatively higher values
of hxyðqÞ—power-law coefficient. Also, for q > 0,
Fxyðq, sÞ would flatten or change in almost constant
rate with s as evident in the figures and yielding
to comparatively lesser values of hxyðqÞ for both 8
and 7TeV energies. For calculating the degree of
multifractal cross-correlation denoted by γis, the
trend of Fxyðq, sÞ∝ shxyðqÞ for q = 2 is analyzed [20],
as elaborated in Section 3.2. Further, in most of the
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Figure 7: Trend of log2½Fxyðq, sÞ� vs log2½s� for q = −5, 0, 5, calculated for a particular range of η values and their corresponding φ values for (a)
8 TeV dataset and (b) 7 TeV dataset.

13Advances in High Energy Physics



previous works, it had been shown that Fxyðq, sÞ
varies with increasing values of scale or s in log scale
for different order or values of q, in similar manner as
it is varying in this experiment.

(9) Two sets of multifractal cross-correlation coeffi-
cient, denoted by γi for i = 1, 2,⋯, 5 for each of
the 8 and 7TeV datasets, are computed as per the
method described in Section 3.2. This way, the
degree of cross-correlation between ϕ and η spaces
for all the 5 ranges of η values as specified in Step 1
for both 8 and 7TeV datasets are calculated

(10) Then, each of the azimuthal ϕ spaces extracted in
Step 4 is randomized, and the multifractal cross-
correlation coefficients between the randomized ϕ
spaces and the corresponding η spaces are extracted
for both 8 and 7TeV datasets are calculated as per
the method described in Section 3.2

(11) Figure 8 shows the comparison of multifractal
cross-correlation coefficients (γi) between ϕ and η
spaces for all the 5 ranges of η values for 7 and
8TeV datasets with respect to their rapidity as well
as energy dependence. Here, we notice that:

(i) For both 7 and 8TeV data, all the 5 η spaces are
highly cross-correlated with their correspond-
ing ϕ spaces

(ii) It should be noted that γi = 1 for uncorrelated
data series. The more correlated the data series
are, the lower the value of γi. For 8TeV data,
the first range of η values is most cross-
correlated with the corresponding ϕ space, and
the most cross-correlated range for 7TeV data
is the third one

The comparison of γis for all the 5 η ranges for 7 and
8TeV datasets between the original and the ran-
domized version is shown in Table 2. The values
of the parameter, γi, calculated for experimental
data being significantly different from the shuffled
ensembles, confirm that this inherent degree of
multifractal cross-correlation between each η space
and its corresponding ϕ space is never the out-
come of randomization process but is indicative of
the inherent multifractal cross-correlation among
η and corresponding ϕ values in the di-muon pro-
duction process.

(12) Hence, the values of γis calculated for the original
and the randomized version differ substantially,
clearly establishing the statistical significance of
the results obtained from the actual data.
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Figure 8: Comparison of multifractal cross-correlation coefficient (γi) between φ and η spaces for all the 5 ranges of η values for 7 and
8TeV datasets.

Table 2: Comparison of the experimental values of multifractal
cross-correlation coefficients (γi) between ϕ and η spaces for all
the 5 ranges of η values for 7 and 8TeV datasets, between the
original and the randomized version.

η ranges
MFD-XA coefficients (γi)

8 TeV 7TeV
Orig Rand Orig Rand

−2.5 to −1.5 −0.57 1.01 −0.49 0.94

−1.5 to −0.5 −0.48 1.00 −0.53 0.99

−0.5 to 0.5 −0.48 1.02 −0.55 1.00

0.5 to 1.5 −0.54 0.98 −0.50 1.01

1.5 to 2.5 −0.45 0.96 −0.53 0.94
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5. Conclusion

Oppositely charged di-muon production is the outcome of
several hypothetical processes and investigation for such pro-
cesses have been the goal of experiment of pp collision at 7
and 8TeV and also at other energies at the CMS collabora-
tion. However, the present investigation, as we have pointed
out earlier, is based on a deep-rooted dynamics of di-lepton
production process in hadron-hadron interaction from the
basic perspective of symmetry-based scaling in different
pseudorapidity ranges in two different energies. We have
used two rigorous and robust methodologies, namely, MF-
DFA and MF-DXA, for the scaling analysis of the dynamics
of the di-muon production process using di-muon data taken
from the primary dataset of RunA(2011) and RunB(2012) of
the pp collision at 7TeV and 8TeV, respectively, from CMS
collaboration. We have analyzed how this scaling pattern
has evolved from one rapidity range to the next one and
how this change evolved from lower energy range of 7TeV
to the higher one 8TeV, and the findings are listed below.

(1) The linear trend of FqðsÞ vs s for all the values of q for
all the 5 ranges of η values for 8 and 7TeV datasets
confirms the fractality as well as the multifractality
of all the pseudorapidity spaces. Figures 1(a) and
1(b) show similar trend for a particular range of η
values for both energy ranges. Similar linear trend is
observed for the ϕ spaces corresponding to the η
spaces, which again confirm the fractality and the
multifractality of the ϕ spaces as well. Figures 4(a)
and 4(b) show the linear trend calculated for the ϕ
spaces corresponding to the particular η range for
both energy ranges

(2) Table 1 and Figure 3 show how the widths of the
multifractal spectrum differ from one η space to the
other and how they in turn differ from one energy
range to another. It is interesting to note that for
both 7 and 8TeV energies, the η space correspond-
ing to the first range of η has the maximum width
of multifractal spectrum/degree of complexity, or in
other words, they are most multifractal in nature
among the other five ranges. Moreover, they have
exactly the same value for the parameter. As for the
minimum width of multifractal spectrum, the sec-
ond η range for 8TeV data and third η range for
7TeV data is 0.02 which is again the same for both
energy ranges

(3) The linear trend of log2½Fxyðq, sÞ� vs log2 s for q =
−5, 0, 5 which is shown in Figures 7(a) and 7(b)
for 8 and 7TeV datasets, respectively, for the same
specific η range and its corresponding ϕ space
confirms the self-similar cross-correlation between
the spaces which is evident from the goodness-of-
fit for all the values of q. Similar trend is observed
for the rest of the η ranges

(4) Table 2 and the Figure 8 show that for both 7 and
8TeV data, all the 5 η spaces are highly cross-

correlated with their corresponding ϕ spaces and
how the degree of cross-correlation changes from
one η space to the other and from one energy range
to another. It should be noted that the degree of mul-
tifractal cross-correlation, γi, is maximum for the first
η range for 8TeV data, and the same is maximum for
the third range of 7TeV data. γi is minimum for the
fifth η range for 8TeV data and for the first range
of 7TeV data

This analysis manifests different degree of symmetry
scaling or scale-freeness in different pseudorapidity domains
and at the same time different degree of cross-correlation
between pseudorapidity and azimuthal space at both energy.
The differences in the values of scaling and cross-correlation
exponents representing the degree of symmetry scaling and
degree of cross-correlation, respectively, calculated for differ-
ent ranges of rapidity and at two different energy values, indi-
cate the existence of several processes involved in the
production process of oppositely charged di-muons giving
rise to varying degree of scaling. The observed difference of
degree of symmetry scaling in different rapidity domains at
two different energy values may provide a clue for exploring
other processes in regards to di-muon production even from
the perspective beyond the standard model. This novel
method has the prospect for applications in different high-
energy interactions to detect not only different possible reso-
nance states but also for identification of exotic resonance
states proposed by theories.
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As one of the possible signals for the whereabouts of the critical point on the QCD phase diagram, recently, the multiplicity
fluctuations in heavy-ion collisions have aroused much attention. It is a crucial observation of the Beam Energy Scan program
of the Relativistic Heavy Ion Collider. In this work, we investigate the centrality dependence of the multiplicity fluctuations
regarding the recent measurements from STAR Collaboration. By employing a hydrodynamical approach, the present study is
dedicated to the noncritical aspects of the phenomenon. To be specific, in addition to the thermal fluctuations, finite volume
corrections, and resonance decay at the freeze-out surface, the model is focused on the properties of the hydrodynamic
expansion of the system and the event-by-event initial fluctuations. It is understood that the real signal of the critical point can
only be obtained after appropriately subtracting the background; the latter is investigated in the present work. Besides the
experimental data, our results are also compared to those of the hadronic resonance gas, as well as the transport models.

1. Introduction

Described by the quantum field theory, the properties of a
static system located in the vicinity of a fixed point are
governed by its universality class, in terms of the respective
critical exponents. The latter dictates the scaling relations
among different observables, as well as power-law diver-
gences of relevant physical quantities, such as correlation
length and particle fluctuations. In fact, it has been specu-
lated that the chiral phase transition of the QCD matter
is of second order, related to the spontaneous symmetry
breaking of the QCD vacuum. However, the nonperturba-
tive nature of QCD poses tremendous difficulties for the
analytic approach in terms of the theory of the renormaliza-
tion group. Therefore, one has to resort to either numerical
or phenomenological methods. Lattice QCD simulations [1,

2] have found a smooth crossover at vanishing baryon den-
sity and for the limit of large strange quark mass. On the
other hand, at finite chemical potential, one usually turns to
model calculations. A considerable amount of efforts [3–7]
indicates the occurrence of a first-order phase transition
between the hadronic and quark-gluon plasma (QGP).
Therefore, a critical point is expected where the first-order
phase transition line terminates.

The hot and dense matter created in the heavy-ion
nuclear collision, however, is not a static system. It evolves
in time and may pass through the vicinity of the critical
point. Moreover, the freeze-out hypersurface, where the
hadrons become mostly free particles and stream to the
detector, is not necessarily close to the critical point. None-
theless, it is expected that resultant final state hadrons carry
valuable information about the critical phenomenon.
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On the theoretical side, many efforts have been devoted
to the topic [8, 9]. As an exceedingly complicated problem,
it might be governed simultaneously by distinct mechanisms.
Effective field theory at finite temperature has been employed
to evaluate the moments of particle multiplicities. It is specu-
lated by the so-called σ model [10–12] that higher moments
are sensitive to the phase structure of the QCD matter. To be
specific, the normalized fourth-order cumulant of multiplic-
ity distribution might be a nonmonotonic function of colli-
sion energy. Regarding the fact that the system created in
heavy-ion collision evolves rapidly in time, it is essential to
take the dynamical effect of system evolution into account.
Tentatives along this train of thought [13] also lead to a
variety of models. For instance, the chiral fluid dynamics
[14–17] divides the physics into two parts. On the one hand,
the quark degree of freedom is treated to be in an equilibrated
heat bath, which evolves mostly in accordance with a hydro-
dynamical picture. On the other hand, the chiral field is
responsible for carrying the physics of symmetry spontane-
ous breaking, and the transition is triggered by the scalar
density of the quark field. In a more recent version of the
chiral model, a resultant Langevin equation is used to
describe the chiral field. Besides, another vital factor, namely,
the critical slowing down, is implemented by another
approach, the Hydro+ model [18]. Here, the physics in
question is that in the vicinity of the critical point, the time
scale to achieve local equilibrium becomes comparable to
that for global equilibrium. There are other relevant features,
which are essential even in the framework of conventional
hydrodynamics, due to the existence of a critical point. These
include the modification to the equation of state (EoS), ther-
mal [19], nonequilibrium [20], fluctuations on the freeze-out
surface, and experimental uncertainties and cuts, in addition
to other spurious contributions [21, 22].

On the experimental side, the ongoing Beam Energy Scan
(BES) program [23–27] at the Relativistic Heavy Ion Collider
(RHIC) is dedicated to exploring the phase diagram of QCD.

The program is to carry out Au+Au collisions ranging
from 3.0 to 62.4GeV. Therefore, the properties of the
critical point in question, if any, are likely to be captured by
the data. The measurements, in turn, are aiming at the high
baryon density region of the QCD matter. To be specific,
the measured quantities are those sensitive to the underlying
physics while accessible experimentally. The higher cumu-
lants of conserved charges, as well as their combinations,
are promising candidates recalling the above discussions.
As a matter of fact, measurements of multiplicity fluctuations
were carried out in BES-I and have been further scheduled
for BES-II programs, and have drawn much attention
recently in the literature.

For the latter, the conditions for the conservation of net
charges are explicitly considered, and the effect was shown
to be substantial. In addition, resonance decay was shown
to cause nonnegligible deviation from pure statistical distri-
butions [28–30]. For the most part, the obtained results
[30–35] are manifestly consistent with the experimental data
[36, 37].

The present work involves an effort to address the
multiplicity fluctuations from a hydrodynamic viewpoint.

It is a further progress concerning a recent attempt [38]
to evaluate multiplicity fluctuations using a hydrodynami-
cal model. Our approach does not explicitly involve the
physics of critical phenomenon as mentioned above, but
it is aimed at providing an estimation of the background
signal from a mostly thermalized expanding system. In
fact, it is understood, a significant portion of the measured
multiplicity fluctuation comes from the thermal fluctua-
tions. This has been confirmed from the calculations by
using the Hadron Resonance Gas (HRG) models in the con-
text of either grand canonical ensemble (GCE) [30–32] or
canonical ensemble regarding conserved charges [28, 29,
33]. The present model takes into account thermal fluctua-
tions by using the formalism of GCE. Also, volume correc-
tion and resonance decay are implemented in the code
regarding hadron emission. The hydrodynamic evolution is
solved by using the Smoothed Particle Hydrodynamics
(SPH) algorithm. In our approach, every fluid element,
denoted by an SPH particle, corresponds to a quantum
GCE. The information concerning the system expansion is
recorded on the freeze-out surface.

The rest of the paper is organized as follows. In the
following section, we briefly review our hydrodynamical
model, as well as thermodynamical fluctuations and
resonance decay. The results of numerical simulations are
presented and discussed in Section 3. The last section is
dedicated to concluding remarks.

2. A Hydrodynamic Approach for
Multiplicity Fluctuations

In this section, we briefly describe the model employed in the
present study. The temporal expansion of the system is
described by SPheRIO [39], a hydrodynamic code for an
ideal relativistic fluid based on the SPH algorithm. In terms
of discrete Lagrangian coordinates, individual fluid motion
is mimicked, known as SPH particle. For the time being, we
neglect any dissipative effects, and the Cooper-Frye sudden
freeze-out is assumed for a constant temperature. The latter,
as discussed below, provides the baseline to evaluate the
thermal fluctuations in the corresponding local rest frame.
For the present study, the model parameters have been deter-
mined as to reproduce the experimental data regarding the
particle spectra [40–47].

On the freeze-out surface, every SPH particle is treated
as a quantum GCE at a given temperature. Therefore, a
hydrodynamic event can be viewed as a collection of
GCE ensembles represented by SPH particles. As discussed
in Ref. [38], we do not explicitly incorporate global charge
conservation at the freeze-out surface. It is noted that
progress has been made very recently about implementing
canonical or microcanonical systems in a hydrodynamical
approach [48].

In a hydrodynamic approach, each fluid element is
considered to be in local equilibrium. Usually, the volume
in a static homogeneous system should be replaced by a
time-like 3-surface σμ. In the case of the SPH method,
the latter is further expressed in terms of SPH degrees
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of freedom. To be specific,
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where p and E are the momentum and energy of the emitted
hadron, respectively, the subscript i indicates particle species,
the sum in j is carried out for SPH particles, νj and sj repre-
sent the total entropy and entropy density of the j-th SPH
particle, respectively. niðujvp

v, xÞ is defined in the context of
a static statistical ensemble in the comoving frame, as will
be discussed below. Subsequently, the ensemble average of
particle number reads
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It is straightforward to show that the covariance is
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where again v2i ðujvp
v, xÞ is defined in the context of the static

statistical ensemble. The formalism for high-order moments
can be derived in a similar fashion [38].

On an event-by-event basis, the hadrons emitted from an
individual SPH particle, in its comoving frame of reference,
can be treated as a statistical ensemble. For the latter, the
particle number fluctuations have been extensively discussed,
and relevant results can be found in Ref. [49]. To be specific,
the GCE average value and variance of the occupation
density in the momentum space read [28, 29]
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� �

= 1
exp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 +m2
i
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h i
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D E
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D E
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� �

1 + γi np,i
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, ð5Þ

where T is the temperature, mi, μi are the particle mass
and chemical potential of species i, respectively, and γi
corresponds to Bose (+1), Fermi (−1), or Boltzmann (0)
statistics.

In our approach, the fluctuations are independent for
different particle species as well as different momentum
spaces; the covariance reads

Δnp,iΔnk,j
� �

= δijδpkv
2
p,i, ð6Þ

where Δnp,i = np,i − np,i and v2p,i = Δn2p,i, defined in
Equation (5).

By summing up different momentum states, the average
number of particles of species i is found to be

Nih i =〠
p
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= giV
2π2
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0
p2dp np,i

� �
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The variance and covariance can be evaluated as follows:
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p
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Besides, higher statistical moments of multiplicity distri-
butions like skewness S∝ hΔN3i and kurtosis κ∝ hΔN4i are
also of particular importance. These quantities can be evalu-
ated, and the resultant expressions can be found in the
Appendix of Ref. [38].

The resonance decay can be considered by employing the
generating function method introduced in Ref. [28]. In gen-
eral, resonance decay brings about additional fluctuations
on top of the thermodynamical ones.

3. Numerical Results and Discussions

We carried out hydrodynamic simulations of Au+Au colli-
sions at 200GeV by using SPheRIO code for different central-
ity windows. The number of participants of each event is thus
subtracted, and the events are thus reorganized in accordance
with the existing data of the BES program [26, 27].

The IC are generated by using NeXuS [50, 51]. The
results presented below are from simulations carried out for
980 events for the 0-5%, 1039 events for the 6%-15%, 1138
events for the 15%-25%, 1112 events for the 25%-35%, 994
events for the 35%-45%, 966 events for the 45%-55%, and
985 events for the 60%-80% centrality windows, respectively.
The number of participants is extracted from individual
events and then assigned to respective centrality bins. For a
given bin, the average number of participants, as well as the
IC, is calculated. Subsequently, the hydrodynamical calcula-
tions are carried out by employing the averaged IC.

In Figure 1, we show the calculated dynamical fluctua-
tions of particle ratios K/π, K/p, and p/π as functions of the
numbers of participants. By definition, the quantity νdyn,p/π
measures the deviation in the ratios of p/π from those of a
Poissonian distribution. To be specific, it reads

vdyn,p/π =
Np Np − 1

� �� �

Np

� �2 + Nπ Nπ − 1ð Þh i
Nπh i2 − 2

NpNπ

� �

Np

� �
Nπh i :

ð9Þ

The results of hydrodynamic simulations by SPheRIO
and those of UrQMD as well as HRG models are presented
together with the data from the STAR Collaborations [26].

The SPheRIO results show a reasonably consistent trend
observed in the data. A similar agreement was also obtained
by the transport model, UrQMD. These two approaches are
intrinsically different from that for a static system, in terms
of the HRG model with resonance decays. The latter does
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not depend on the volume or overall multiplicity. On the
other hand, it is observed that the results from SPheRIO or
UrQMD do scale with multiplicity. This indicates that the
difference can be attributed to the finite volume of the sys-

tem, associated with the system expansion, as presented in
both models. For more central collisions, the obtained Npart
dependence of dynamical fluctuations from SPheRIO and
UrQMD calculations is less prominent, and the magnitudes
are close to that of the HRG model. As one goes to more
peripheral collisions, the centrality dependence becomes
more pronounced, especially when Npart < 100. For the
hydrodynamical viewpoint, the observed difference from a
pure thermal ensemble is due to the inhomogenous and
anisotropic freeze-out surface elements, which is originated
from the IC. For more peripheral collisions, the IC becomes
more irregular as the hydrodynamical picture starts to fail.
For event-by-event initial conditions, it has been observed
[38] that the multiplicity fluctuations become the dominant
factor. Therefore, from a theoretical viewpoint, the present
framework provides a possibility to separate several different
sources of multiplicity fluctuations, namely, the thermal fluc-
tuations, resonance decay, hydrodynamical expansion, and
initial state event-by-event fluctuations. As anyone of the
above factors can be switched on and off independent of
others, their respective effect can be investigated individually.

In Figure 2, we present various cumulant ratios at differ-
ent centralities obtained by SPheRIO. The corresponding
results obtained by the HRG models are also shown. The
STAR measurements [37] are for Au+Au collisions at
200GeV. The products κσ2 and Sσ are determined in terms
of the ratios of particle number cumulants, which can be
evaluated by using their respective definitions and the infor-
mation of the freeze-out surface. In particular, κσ2 is
expected to be equal to 1 for ideal Poissonian distribution.
Therefore, the calculated quantity measures the deviation
from a static homogeneous classical ensemble. For a hydro-
dynamic approach, such deviations come from the inhomo-
geneity, collective motion, resonance decay, and event-by-
event IC fluctuations. Numerically, the results by the HRG
model indicate that resonance decay does not imply a signif-
icant effect, when comparing against other factors. SPheRIO
results present a similar tendency for the cases of σ2/M and
Sσ, when compared to those of STAR data. This indicates a
significant part of the net charge fluctuations can be under-
stood within the framework of an approach that appropri-
ately considers the system expansion. On the other hand,
the resultant κσ2, although nonvanishing, are found to be rel-
atively insignificant with respect to those of σ2/M and Sσ. It is
particularly evident when one compares those against the dif-
ference between the experimental data and HRG results. By
definition, kurtosis involves contributions up to the fourth
moment of the particle distribution. Compared to the other
two quantities, it measures higher moments of multiplicity
fluctuations and is potentially more sensitive to the critical
phenomenon [10, 11]. While the hydrodynamical model
has mostly captured the characteristics of σ2/M and Sσ, the
same approach is shown to be incapable of reproducing the
main feature of the measured κσ2. The hydrodynamic results
on kurtosis do not show a significant difference from those of
HRG. In fact, the effect of system expansion seems to push
the results towards a “wrong” direction further. Therefore,
it is speculated that the experimentally observed nonmonoto-
nical dependence of kurtosis on the centrality might imply
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Figure 1: The centrality dependence of the calculated dynamical
fluctuations of particle ratio K/π, p/π, and K/p for Au+Au
collisions at 200GeV. The STAR data are from Ref. [26],
presented by filled, open, half-filled red stars. The SPheRIO results
are given by the filled, open, half-filled blue circle. The UrQMD
model calculations are shown in the filled, open, half-filled green
triangle. The dashed black line presents the HRG calculations.
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crucial information, as it might be an interesting observable
regarding the goal to capture crucial information about the
critical point. Unfortunately, it lies out of the scope of the
present approach.

4. Concluding Remarks

To summarize, this work is devoted to studying the centrality
dependence of the multiplicity fluctuations in heavy-ion
nuclear collisions by using the hydrodynamical model
SPheRIO. Our approach is focused on some of the noncritical
aspects of the multiplicity fluctuations. This is because apart
from the critical phenomenon in the vicinity of the critical
point, many other possible sources also affect the multiplicity
fluctuations. To extract relevant pieces of information from
the experimental data, these noncritical fluctuations need to
be carefully subtracted. Previous studies by the HRG model,
the effects of thermal fluctuations, finite volume correction,
and resonance decay have been studied. The present model
continues the ongoing effort to include further additional
features encoded in terms of the freeze-out.

The obtained results are compared to those of the HRG,
UrQMDmodels, and the experimental data. Overall, regard-
ing the existing data, the results obtained by SPheRIO show
that the hydrodynamical expansion plays an essential role
regarding the centrality dependence of multiplicity fluctua-
tions. From the theoretical viewpoint, the calculations of cen-
trality dependence might provide a scheme to separate the
effects of various noncritical aspects concerning multiplicity
fluctuations. It might be meaningful to carry out a further
regarding other aspects, such as the effect of EoS, particularly
regarding the region with finite baryon density. Further study
in this direction is in progress.
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of the system. The hydrodynamical model employed in the study
does not contain any additional free parameters, as the existing
ones have been determined in reproducing the particle spectra in
previous studies.
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The distribution characteristic of final-state particles is one of the significant parts in high-energy nuclear collisions. The transverse
momentum distribution of charged particles carries essential evolution information about the collision system. The Tsallis statistics
is used to investigate the transverse momentum distribution of charged particles produced in Xe-Xe collisions at

ffiffiffiffiffiffiffi
sNN

p = 5:44TeV.
On this basis, we reproduce the nuclear modification factor of the charged particles. The calculated results agree approximately with
the experimental data measured by the ALICE Collaboration.

1. Introduction

One of the major goals of high-energy nucleus-nucleus (AA)
collisions is to study quark-gluon plasma (QGP) at high
energy density and high temperature. The Large Hadron
Collider (LHC) has performed different species of colli-
sions at one or more energies, such as lead-lead, proton-
lead, and proton-proton collisions. The Xe-Xe ion collision
[1, 2] at

ffiffiffiffiffiffiffi
sNN

p = 5:44TeV is a new collision experiment
and is an intermediate-size collision system at the LHC.
Since the mass number value of xenon is between proton
and lead, it helps us to understand the system-scale effect
of the final-state particle properties in ion collisions at
high energy [3–6]. Compared with the sphere of the Pb
nucleus, the deformation of the Xe nucleus is long and
flattened in collisions. The deformed shape of Xe will pro-
vide us with different kinds of collision configurations.
The deformed Xe nucleus will affect the initial condition
of the reaction. How much impact does the deformation
have on particle production and distribution? Many
charged particles are produced and measured in the AA
collisions. The investigation of the particle spectra is of
great interest and is very helpful for comprehending the
collision reaction mechanism and the particle production

process in the different species of collision systems at dif-
ferent center-of-mass energies [7–13].

With respect to the final-state observations, the experi-
mental transverse momentum pT spectrum is of great sig-
nificance in understanding the production process of the
moving particles. In past years, theoretical efforts have been
carried out in statistical models to analyze the particle spec-
tra over a broad range of collision energies [14–18]. At
RHIC and LHC energies, the pT spectra have been investi-
gated intensively in various collision systems like Au+Au,
Pb+Pb, and pp at different energies. A statistical model
can achieve some features in treating the multiparticle sys-
tem in RHIC and LHC. Recently, the ALICE Collaboration
reported the pT spectra and nuclear modification factors of
charged particles produced in Xe-Xe collisions at

ffiffiffiffiffiffiffi
sNN

p =
5:44TeV [1]. The nuclear modification factor RAA is also
an important observation and can provide information
about the dynamics of QGP matter at extreme densities
and temperatures [19–26].

In this paper, we discuss the pT spectra and the nuclear
modification factor RAA in the Tsallis statistics. By the inves-
tigation of the pT spectra, we extract the parameters, which
provide the calculation foundation for the nuclear modifica-
tion factor RAA.
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2. Description of the Particle Distribution in the
Tsallis Statistics

The Tsallis statistics has been widely used to study the prop-
erties of final-state particles produced in nucleus-nucleus and
proton-proton collisions at high energy [27–30]. In The Tsal-
lis statistics, more than one version of the Tsallis distribution
is used to investigate particle distributions. According to the
Tsallis statistics, the number of the particles is

N = gV
ð

d3p

2πð Þ3 1 + q − 1ð ÞE − μ

T

� �− 1/q−1ð Þ
, ð1aÞ

N = gV
ð

d3p

2πð Þ3 1 + q − 1ð Þ E − μ

T

� �− q/q−1ð Þ
, ð1bÞ

where g and μ are the degeneracy factor and the chemical
potential of the multiparticle system, respectively. T and q
are the Tsallis temperature and the degree parameter of
deviation from equilibrium, respectively. The first equation
and second equation are two versions. The second equation
(equation (1b)) can naturally meet the thermodynamic con-
sistency [31–33]. At μ = 0, the transverse momentum distri-
bution is

d2N
dydpT

=
gVpT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2pT +m2

q
cosh y

2πð Þ2

� 1 + q − 1ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2pT +m2

q
cosh y

T

2
4

3
5
− q/q−1ð Þ

:

ð2Þ

The nuclear modification factor RAA acts as a probe to
understand the nuclear medium effect in the AA collision
and is a measure of the particle production modification.
It is typically expressed as a ratio of the particle pT spectra
in AA collisions to that in pp collisions:

RAA pTð Þ = d2NAA/dydpT
TAAh id2σpp/dydpT

, ð3Þ

where NAA is the production yield in AA collisions and σpp

is the production cross-section in pp collisions. The average
nuclear overlap function hTAAi is estimated via a Glauber
model of nuclear collisions. The RAA is also expressed as

RAA =
f fin
f in

, ð4Þ

where f in is the distribution of the initial particles produced
at an early time of the hadronization. Then, these particles
interact with the medium system. The function f fin is the
distribution of the final-state particles, which no longer
interact with each other.

According to the Boltzmann transport equation, the dis-
tribution of the particles f ðx, p, tÞ is

df x, p, tð Þ
dt

=
∂f
∂t

+ v ⋅ ∇x f + F ⋅ ∇p f = C f½ �: ð5Þ

The evolution of the particle distribution is attributed to
its interaction with the medium particles. The terms v and
F are the velocity and the external force, respectively. In
relaxation time approximation, the collision term C½ f � is
given by

C f½ � = −
f − f eq

τ
, ð6Þ

where τ is the relaxation time. The Boltzmann local equilib-
rium distribution f eq is

f eq =
gV

2πð Þ2 pTmTe
− mT /Teqð Þ, ð7Þ

where Teq is the equilibrium temperature of the QCD phase
transition. Considering ∇x f = 0 and F = 0, the distribution
of the particles f ðx, p, tÞ is

df x, p, tð Þ
dt

=
∂f
∂t

=
f − f eq

τ
: ð8Þ

A solution of the equation is

f fin = f eq + f in − f eq
� �

e− tf /τð Þ, ð9Þ

where tf is the freeze-out time. The initial distribution is
taken as the Tsallis distribution, i.e., equation (2). Therefore,
the final-state distribution is

f fin =
gV

2πð Þ2 pTmTe
− mT /Teqð Þ

+
gV

2πð Þ2 pTmT 1 + q − 1ð ÞmT

T

h i− q/q−1ð Þ�

− e− mT /Teqð Þ
�
⋅ e− tf /τð Þ:

ð10Þ

Then, the nuclear modification factor RAA is obtained as

RAA =
f eq
f in

+ 1 −
f eq
f in

	 

e− tf /τð Þ

=
e− mT /Teqð Þ

1 + q − 1ð Þ mT /Tð Þð Þ− q/q−1ð Þ

+ 1 −
e− mT /Teqð Þ

1 + q − 1ð Þ mT /Tð Þð Þ− q/q−1ð Þ

" #
e− tf /τð Þ:

ð11Þ

2 Advances in High Energy Physics



The equation is the calculation basis of the nuclear mod-
ification factor. In the relaxation time approximation, the
RAA is derived in the Tsallis statistics.

3. Discussions and Conclusions

In this section, we discuss the transverse momentum spec-
tra and the nuclear modification factor of the charged par-
ticles produced in Xe-Xe collisions at

ffiffiffiffiffiffiffi
sNN

p = 5:44TeV.
The transverse momentum contributes significantly to
the characterization of the matter formed in high energy
collisions because pT is sensitive to the matter properties
at an early time. The transverse momentum spectra in
the kinematic range 0:15 < pT < 50GeV/c and jηj < 0:8
are presented for nine centrality classes in Figure 1. The
filled circles indicate the experimental data measured by
the ALICE Collaboration [1]. The lines are the results
of equation (2). The value of Teq is 0.24GeV. The model
results are in agreement with the experimental data. The
maximum value of χ2 is 0.942 and the minimum is
0.205. The other parameters used in the calculation are
listed in Table 1. The nonequilibrium degree q is a con-
stant value. The freeze-out time t increases with increasing
collision centrality. The final-state transverse momentum
spectra for different centralities are determined by the
temperature T , at which there are no interactions
between the final-state particles. By the analysis of the
pT spectra, the thermodynamics parameters are extracted.

The dotted lines are the results of the Boltzmann statis-
tics, which can agree with the experimental data in the
low pT range.

The nuclear modification factor is also an important
observation and is a measure of the particle-production
modification. In Figure 1, we compare the pT spectra of
the model results and the experiment data, and can extract
the parameters, which are required in the calculation of
the nuclear modification factor RAA. Figure 2 presents
the nuclear modification factor RAA of charged particles
as a function of pT in Xe-Xe at

ffiffiffiffiffiffiffi
sNN

p = 5:44 TeV collisions.
The filled circles indicate the experimental data measured
by the ALICE Collaboration [1]. The lines are the results
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Figure 1: Transverse momentum distributions of charged particles produced in the Xe-Xe collision at
ffiffiffiffiffiffiffi
sNN

p = 5:44TeV. The filled circles
indicate the experimental data in 0-5%, 5-10%, 10-20%, 20-30%, 30-40%, 40-50%, 50-60%, 60-70%, and 70-80% centrality classes [1]. The
solid lines are the results of equation (2), and the dotted lines are the results of the Boltzmann statistics.

Table 1: Values of q, T , and t taken in Figure 1.

Centrality q T tf /τ
0-5% 1.125 0.196 1.581

5-10% 1.125 0.191 1.381

10-20% 1.125 0.187 1.005

20-30% 1.125 0.185 1.252

30-40% 1.125 0.180 0.788

40-50% 1.125 0.178 0.586

50-60% 1.125 0.175 0.360

60-70% 1.125 0.169 0.226

70-80% 1.125 0.165 0.115
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of equation (11). The parameters used in the calculation
are determined by the model results in Figure 1. The
nuclear modification factor RAA depends strongly on the
collision centrality. The RAA rises linearly at low pT (about
below 2.2GeV). At high pT , the RAA first declines linearly
and then rises slowly. The model can approximately
describe the nuclear modification factor at the high pT
region, as shown in Figure 3. The dotted lines are the
results of the Boltzmann statistics. Same as the above
description of the transverse momentum spectra, they
agree with the experimental data at low pT .

Both experimentally and theoretically, the study of the
particle spectra can contribute to our understanding of
the particle production and the evolution dynamics in
the collision system. The Tsallis statistics has attracted
extensive attention due to the investigation of final-state
particles produced in nuclear collisions at high energies.
Compared with Levy-Tsallis, Boltzmann, and Blast wave,
the Tsallis distribution can describe the transverse
momentum spectra at a large range. It can extract the
temperature and the nonequilibrium degree, which pro-
vide the requirements of the RAA calculation. It is suc-

cessful in explaining the experimental data of the
transverse momentum spectra and can obtain some ther-
modynamics information, such as the temperature and
the chemical potential. In our previous work [34–37],
the statistics model is only used to study the transverse
momentum spectra of particles produced in one or more
collision systems at different energies. The present work
is a new attempt. The model is improved by the Tsallis
statistics in relaxation time approximation. Considering
relaxation time approximation of the collision term, we
achieve the final-state distribution by solving the Boltz-
mann transport equation, where the initial distribution
is inserted consistently. And, the expression of the RAA
calculation in the Tsallis statistics is derived. In our pre-
vious work [31–34], the Tsallis distribution can describe
the pT distributions of particles produced in one or more
collision systems, such as p, Cu, Au, and Pb collisions at
various energies. Compared with these collision systems,
the Xe nucleus has a moderate prolate deformation. But,
pT distributions in Xe-Xe collisions can also be described
well by the Tsallis distribution. The improved model can
not only describe transverse momentum spectra but also
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Figure 2: Nuclear modification factor RAA as a function of pT in the Xe-Xe collision at
ffiffiffiffiffiffiffi
sNN

p = 5:44TeV. The filled circles indicate the
experimental data in 0-5%, 5-10%, 10-20%, 20-30%, 30-40%, 40-50%, 50-60%, 60-70%, and 70-80% centrality classes [1]. The lines are the
results of equation (11) and the dotted lines are the results of the Boltzmann statistics.
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reproduce the nuclear modification factor of particles in
Xe-Xe collisions at

ffiffiffiffiffiffiffi
sNN

p = 5:44TeV in different centrality
classes.

Data Availability

The used data in the model calculation are available and have
been listed in Table 1.
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�rough the collision-system configuration, the Tsallis statistics is combined with a multisource thermal model. �e improved model 
is used to investigate the transverse momentum and pseudorapidity of particles produced in Xe–Xe collisions at √�푠�� = 5.44 TeV. 
We discuss detailedly the thermodynamic properties, which are taken from the transverse momentum �� distributions of �, �, and � for different centralities. �e pseudorapidity � spectra of charged particles for different centralities are described consistently in 
the model. And, the model result can estimate intuitively the longitudinal configuration of the collision system.

1. Introduction

�e important goal of the ultrarelativistic heavy-ion collisions 
is to find and study the Quark–Gluon Plasma (QGP), which 
is a new matter state of strongly interacting quarks and gluons 
at high temperature and density [1–3]. From 2010 to 2019, the 
Large Hadron Collider (LHC) has mainly carried out p-p,  
p-Pb, and Pb–Pb collision experiments at various collision 
energies, which can provide different types of collision-system 
configurations. In 2017, the LHC performed a different kind 
of hadron collision at high energy, i.e. the first Xe129 ion colli-
sions at √�푠�� = 5.44 TeV [4–7]. Since the nucleons of the Xe129 
nucleus is fewer than that of Pb208 nucleus, the investigation 
of Xe-ion collisions can roughly bridge or connect the gap 
between � and Pb ion collisions. As a good intermediate-size 
system, the Xe–Xe colliding system brings a wonderful oppor-
tunity to discuss the colliding-system size dependence of mul-
tiparticle production in high-energy nuclear collisions [8, 9]. 
�e nucleus collisions at high energies offer numerous exper-
imental data about charged particle production, such as pions, 
kaons, and protons. �e particle production in the collision 
contains the interaction effects between hard and so� QCD 
processes. �e feature discussion of the particle distribution 
can be used to infer the evolution and dynamics of different 
collision systems at different center of mass energies.

With respect to the final-state observables in these colli-
sions, the particle transverse momentum and pseudorapidity 

multiplicity are two key measurements to understand the par-
ticle-production process and the matter evolution under the 
extreme conditions. �e transverse momentum spectra are 
very important because they can provide essential information 
about QGP created in the collisions. �e charged-particle 
pseudorapidity multiplicity is related to the early geometry of 
the collision system and is of great interest to investigate the 
properties of the collision-system evolution. Recently, the 
ALICE Collaboration measured charged-particle transverse 
momentum spectra and multiplicity density in Xe–Xe colli-
sions at √�푠�� = 5.44 TeV at the LHC [5, 6]. In this work, the 
transverse momentum spectra are analyzed in an improved 
multisource thermal model, where the Tsallis statistics [10–13] 
is imported. Combined with the collision picture, we also dis-
cuss the charged-particle pseudorapidity density for different 
collision centralities. �e investigation of the particle produc-
tion in different collision systems can help us understand the 
matter evolution in the different collisions.

2. The Particle Spectra in the Improved 
Multisource Thermal Model

In high-energy nucleon or nuclei collisions, the thermody-
namic information of the system evolution is very rich. �ese 
identified particles produced in the collisions may be regarded 
as a multiparticle system. �e identified particles emit from 
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different sources. We can assume that many emission sources 
are formed in the interacting system [14–17]. In the stationary 
reference frame of a considered source, the distribution func-
tion of the particle momentum �� is given by

where �, �, and � is the normalization constant, the temper-
ature and the nonequilibrium degree parameter, respectively. 
�e � value is close to 1. For the chemical potential �휇 = 0, the 
distribution function is

When � tends to 1, the density function is the standard 
Boltzmann distribution. �e particle momentum function ��耠 = �(�1) can be obtained by the Monte Carlo calculation, 
∫�푝�

0 �푓(�푝�耠) �푑�푝�耠 < �푅1 < ∫�푝�+�푑�푝�

0 �푓(�푝�耠) �푑�푝�耠. �e particle rapidity �� 
is

where �� and �푝�
� = �푝�

cos�휃� is the energy and longitudinal 
momentum, respectively. �e pseudorapidity and the trans-
verse momentum are

where �휃�耠 = arctan [2√�푟2(1 − �푟2)/(1 − 2�푟2)] is the particle 
emission angle and is calculated by the Monte Carlo method. 
�e parameter �2 is a random number distributed evenly in 
[0, 1]. Due to ��=��

�, the distribution function of the particle 
transverse-momentum in the laboratory reference system 
frame is

In contrast to the transverse momentum, the particle pseud-
orapidity � in the laboratory reference system frame is not easy 
to calculate. Since �� is a result of the source reference frame, 
one source is only considered in Equation (1). For the calcu-
lation of the pseudorapidity, the space scale of the collision 
system cannot be ignored at the pseudorapidity � space. Along 
the beam, these sources can be grouped into four categories 
as follows: a projectile leading-particle source with a pseudo-
rapidity shi� ����, a projectile cylinder composed of a series of 
sources with pseudorapidity shi�s ��� (�휂min

�� ≤ �휂�� ≤ �휂max

�� ), a 
target cylinder composed of a series of sources with pseudo-
rapidity shi�s �휂min

�� ≤ �휂�� ≤ �휂max

��  and a target leading-particle 

(1)

�푓�푝�(�푝�耠) = 1
�푁

�푑�푁
�푑�푝�耠 = �퐶�푝�耠2[[

[
1 + (�푞 − 1) √�푝�耠2 + �푚2

0 − �휇
�푇 ]]

]

−�푞/(�푞−1)
,

(2)�푓�푝�(�푝�耠) = 1
�푁

�푑�푁
�푑�푝�耠 = �퐶�푝�耠2[1 + (�푞 − 1)�푚�푇

�푇 ]−�푞/(�푞−1).

(3)�� = 1
2 ln

�퐸� + �푝�
�

�퐸� − �푝�
�
,

(4)�휂� = −ln[tan�휃
�

2 ] = 1
2 ln(

�푝� + �푝�
�

�푝� − �푝�
�
),

(5)
�푝�耠
�푇 = √�푝�耠2

�푥 + �푝�耠2
�푦 = �푝�耠

sin�휃�耠,

(6)

�푓�푝�푇
(�푝�푇) =

1
�푁

�푑2�푁
�푑�푝�푇�푑�휂

= �퐶�푇�푝�푇�푚�푇 cosh�휂�耠[1 + (�푞 − 1)�푚�푇 cosh�휂�耠
�푇 ]

−�푞/(�푞−1)

.

source with a pseudorapidity shi� ����. In the laboratory ref-
erence system frame, the Monte Carlo pseudorapidity function 
of particles from the four parts can be written as

By the �� distribution function Equation (1), we can obtain 
the source pseudorapidity �� in the stationary reference frame. 
�en, the pseudorapidity distribution in the laboratory refer-
ence frame can be derived from the � space scale of the colli-
sion system, which is described by the collision Equations (9) 
and (10).

3. Discussions and Conclusions

Figure 1 shows transverse momentum �� distributions of 
pions �, kaons � and protons � produced in Xe–Xe collisions 
at √�푠�� = 5.44 TeV. �e filled circles indicate the experimental 
data [5] for nine centrality bins (from 0% to 5% central colli-
sions to 70–80% peripheral collisions). �e lines are the results 
of the Equation (6). For pions, kaons and protons, the nonequi-
librium degrees are �푞 = 1.141, �푞 = 1.080 and �푞 = 1.022, respec-
tively. For the same particles, the � is a constant value in each 
interval of the centrality. �is reflects nonequivalent excitation 
of the thermal sources of the three particles in the centrality 
classes. �e temperatures for the three kinds of particles are 
shown in Tables 1–3 with �휒2/ndf  and increase with the 
increase of the collision centrality. �e �� differential cross 
sections for different collision centralities are governed by the 
temperature �, where the reaction system freezes out and the 
considered particles will no longer interact. �e particles at 
low �� region are more close to a thermal equilibrium and the 
particles at high �� region are more close to be produced in a 
hard scatterings, which is determined by pQCD [18, 19]. �e 
temperature is used to reflect quantitatively the excitation of 
emission sources of final-state particles.

From pions to protons, these particle masses affect the 
slope of the transverse momentum �� spectra. So, the temper-
ature � and nonequilibrium degree � depend on the final-state 
particle mass. With increasing particle mass, the temperature � increases generally and the nonequilibrium degree � 
decreases. �e mass dependence may originate from the 
deformed nuclei, Xe. With the matter produced in the collision 
moving at a finite velocity, the Lorentz-boost magnitude of the 
momentum distribution occurs obviously and is proportional 
to the particle mass. �erefore, the � values of �, � and � 
systems are different. �is shows how close the three systems 
are to the kinetic equilibrium.

Figure 2 shows pseudorapidity � spectra of charged 
particles produced in Xe–Xe collisions at √�푠�� = 5.44 TeV. �e 
filled circles indicate the experimental data [6] for twelve 
centrality bins (from 0% to 2.5% central collisions to 80–90% 
peripheral collisions). �e lines are the results of the Equations 

(7)�휂1 = �휂�푝�푙�푝 + �휂�耠,
(8)�휂2 = �휂�푝�푐 + �휂�耠, �휂min

�푝�푐 ≤ �휂�푝�푐 ≤ �휂max

�푝�푐 ,
(9)�휂3 = �휂�푡�푐 + �휂�耠, �휂min

�푡�푐 ≤ �휂�푡�푐 ≤ �휂max

�푡�푐 ,
(10)�휂4 = �휂�푡�푙�푝 + �휂�耠.
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(7)–(10). �e heights of the pseudorapidity spectra exhibit 
strong centrality dependences. It is because the number of 
observed particles is approximately proportional to the 
number of collision participant nucleons, which is a function 
of the impact parameter [20–23]. �e configuration parameters 
of the thermalized cylinder are shown in Table 4. �e �max

��
 and 

�min

��  slightly increase with collision centralities. �e 
pseudorapidity distributions of the peripheral collision are 
wider than that of the most central collision. So, the length of 
the thermalized cylinder at � space decreases with the impact 
parameter. It means the number of thermal sources produced 
in Xe–Xe collision increases with centralities. �e source 
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Figure 1: Transverse momentum distributions of �, � and � in Xe–Xe collisions at √�푠�� = 5.44  Tev. �e filled circles indicate the experimental 
data in nine centrality bins [5]. �e lines are the results of Equation (6). 
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dependence are discussed. Based on the result, the pseudorapidity � spectra of charged particles are reproduced. �e model can 
describe both transverse momentum spectra and pseudorapidity 
spectra. �e configuration of the intermediate-size collision sys-
tem is quantized visually by the collision picture, which can 
characterize the primary properties of the collision system.

Data Availability

Our paper is a theoretical investigation. �is paper has explained 
how to calculate the theoretical results in detail.

Conflicts of Interest

�e authors declare that they have no conflicts of interest.

contributions from different categories are seen intuitively and 
the configuration of the collision system is quantized visually. 
It helps us understand the influence of the collision-system 
size and the evolution information of the produced matter in 
the collision [24, 25].

In reference [6], the experimental data of the pseudorapidity 
spectra in Xe–Xe collision at √�푠�� = 5.44 TeV are first presented. 
In this paper, the Tsallis statistics is combined with the colli-
sion-system configuration, i e., the multisource thermal model. 
�e improved model is used to investigate the particle production 
in the intermediate-size collision system, Xe–Xe collision [20, 26]. 
By the study of the transverse momentum �� distributions of �, � and �, the temperature and nonequilibrium degree are 
obtained. �e centrality dependence and the particle mass 

Table 1: Values of parameters used in Figure 1(a). �e unit of � is 
GeV.

Centrality � �휒2/ndf
0–5% 0.101 0.447
5–10% 0.100 0.283
10–20% 0.099 0.124
20–30% 0.098 0.150
30–40% 0.097 0.202
40–50% 0.096 0.261
50–60% 0.095 0.312
60–70% 0.094 0.286
70–90% 0.091 0.472

Table 2: Values of parameters used in Figure 1(b). �e unit of � is 
GeV.

Centrality � �휒2/ndf
0–5% 0.202 0.165
5–10% 0.200 0.160
10–20% 0.199 0.144
20–30% 0.198 0.105
30–40% 0.196 0.275
40–50% 0.195 0.369
50–60% 0.191 0.424
60–70% 0.183 0.571
70–90% 0.166 0.601

Table 3:  Values of parameters used in Figure 1(c). �e unit of 
 � is GeV.

Centrality � �휒2/ndf
0–5% 0.382 0.317
5–10% 0.381 0.295
10–20% 0.379 0.210
20–30% 0.378 0.226
30–40% 0.377 0.305
40–50% 0.374 0.514
50–60% 0.342 0.590
60–70% 0.324 0.646
70–90% 0.278 0.675
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Figure 2: Pseudorapidity density of charged particles produced in 
Xe–Xe collisions at √�푠�� = 5.44  Tev. �e filled circles indicate the 
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In this paper, by using a Tsallis-Pareto-type function and the multisource thermal model, the elliptic flow coefficients of particles  
�±, �±, �푝 + �푝, Λ + Λ, and �0

�푆 produced in Pb–Pb collisions at the center-of-mass energy of √�푠�� = 5.02 TeV are investigated. In 
the process of collisional evolution, because of geometric structure, pressure gradient, and thermal diffusion effects, deformation and 
translation occurred in the isotropic emission source, leading to anisotropy in the azimuth distribution of the final-state particles. 
Based on these dynamic factors, the dependence of elliptic flow on transverse momentum is described as well.

1. Introduction

As collision energy has gradually increased in recent years, 
high-energy physics has developed rapidly. On the one hand, 
the energy range of nucleus-nucleus collisions has been broad-
ened [1–4]. On the other hand, the kinds of final-state particles 
measured by detectors have become more explicit [5–7]. �is 
creates better conditions for obtaining a deep understanding 
of the collision mechanism. �e distribution of high-energy 
final-state particles is important to understand the evolution-
ary mechanism of fluid dynamics, whereas the flow effect of 
final-state particles is meaningful for the new material form, 
quark-gluon plasma (QGP) [8–10]. �e formation of QGP 
requires an extremely high-temperature, high-density envi-
ronment. It is a state of released quarks and gluons that is 
similar to an ideal fluid. From an anisotropic azimuth analysis 
of final-state particles measured at the Relativistic Heavy Ion 
Collider (RHIC) [11] and the Large Hadron Collider (LHC) 
[12], it can be seen that the generated material unaffected by 
gravity is QGP under the condition of strong coupling. �e 
quarks and gluons in the high-temperature, high-density state 
are affected by multiple factors. By means of the pressure gra-
dient, the heterogeneity of energy density and the asymmetry 
of the geometric structure at the early stage of collisions are 
converted to the anisotropy of final-state particle momentum 
and finally manifest as the flow effect [13, 14].

In the evolutionary process of high-energy collisions, there 
are two main stages, chemical freeze-out and dynamic freeze-
out. �e former occurs in the formation stage of different kinds 
of particles, and the decay and generation of particles remain 
in dynamic balance. �is is an inelastic collision process. �e 
second process occurs later, in the diffusion stage. Momentum 
and energy are maintained in a thermal equilibrium state in 
an elastic collision process. A�er the two stages, as the tem-
perature drops, the final-state particles are ejected from the 
action system. Various physical properties of the final-state 
particles are then measured by detectors, such as the longitu-
dinal momentum spectrum [15, 16], the rapidity (pseudora-
pidity) distribution [17, 18], the multiplicity distribution 
[19, 20], and the flow effect [21–30]. By analysis of the final-
state distribution using various theoretical models, the 
dynamic evolutionary mechanism, phase graph information, 
and particle attribution of quantum chromodynamics were 
deduced.

In noncentral nucleus-nucleus collisions, the main coeffi-
cient of the flow effect is the second-order harmonic, which 
is called elliptic flow (�2). �e value is used to represent col-
lective motion in the system. Collective motion is one of the 
characteristics formed in collisions of QGP. �e flow effect 
that is caused by the asymmetry of the initial geometric struc-
ture and the heterogeneous energy of the action system 
includes direct flow, elliptic flow, and triangular flow. All the 
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harmonics are quantified by the coefficient (��) of Fourier 
decomposition [31, 32]:

Similar long-range ridge structures and positive coeffi-
cients �2 have been observed in experiments [21]. In theory, 
it is assumed that these are based on the collective effect caused 
by hydrodynamic evolution of colliding particles.

Previous studies [33–35] have presented a description of 
elliptic flow over a smaller range. Moreover, the isotropic 
hypothesis on the transverse plane and the translation and 
expansion effects of the emission source are used. In this paper, 
based on the multisource thermal model, using the distribu-
tion of the Tsallis-Pareto-type function, and at the center-of-
mass energy of √�푠�� = 5.02 TeV, the dependence of the elliptic 
flow of the identified particles (�±, �±, �푝 + �푝, Λ + Λ, and �0

�푆) 
in different centrality intervals in Pb–Pb collisions on trans-
verse momentum is described [36]. �e multisource thermal 
model is a statistical model that is based on the one-dimen-
sional string model [37] and the fireball model [38] and was 
developed from the thermalized cylinder model [39, 40]. 
According to the multisource thermal model, many local emis-
sion sources are formed along the incident direction in 
high-energy collisions, and the final-state particles and jets 
are generated by these emission sources. In the rest frame of 
an emission source, the source is isotropic, that is, the final 
particles produced by the emission source are assumed to emit 
isotropically. Due to differences in impact parameters, cen-
tralities, position in space, or energy density, the emission 
source’s temperature, excitation degree, and particle yield ratio 
may vary. In comparison with previous work [33–35] by the 
multisource thermal model, not only is the range of transverse 
momentum larger, but also the identification of the final-state 
particles is more accurate.

2. Model and Formulation

In this paper, using the multisource thermal model [41–45] 
and a Tsallis-Pareto-type function [46–49], the elliptic flow of 
identified particles in Pb–Pb collisions is analyzed. For each 
source in the multisource model, the Tsallis-Pareto-type func-
tion shows excellent reproducibility of the spectral measure-
ment of many particles; the form is:

where

where �0 is the rest mass, � is the rapidity, and � is the num-
ber of particles. According to some nonextensive 

(1)
�푑�푁
�푑�휑 ∝ 1 + 2∑�푣�cos[�푛(�휑 − Ψ�)].

(2)
�푑2�푁
�푑�푦�푑�푝�푇

= �푑�푁
�푑�푦 �퐾�푝�푇[1 + �푚�푇 − �푚0

�푛�퐶 ]
−�푛
,

(3)�퐾 = (�푛 − 1)(�푛 − 2)
�푛�퐶[�푛�퐶 + (�푛 − 2)�푚0]

,

(4)�푚�푇 = √�푚2
0 + �푝2

�푇,

thermodynamic particle models, the free parameter �, which 
is related to the average particle energy, represents the mean 
effective temperature in the interacting system, �푑�푁/�푑�푦 is the 
particle output at different rapidity intervals, and � indicate 
the nonextensivity of the process, which is the departure of 
the spectra from the Boltzmann distribution. A�er integrating 
for rapidity, the distribution density function of the transverse 
momentum is:

where �0 denotes the normalization constant, which depends 
on the free parameters � and �. Hence, it is natural that 
∫∞
0 �푓(�푝�푇)�푑�푝�푇 = 1.

Related work [50] has shown that the transverse momen-
tum distribution of the final-state particles formed in nucle-
us-nucleus collisions satisfies the Tsallis-Pareto-type function. 
In accordance with the Monte Carlo method, by Equation (5), 
the transverse momentum �� can be extracted. In this expres-
sion, �0 represents random numbers uniformly distributed on  
[0, 1], and �� can be given as:

Under the assumption of an isotropic emission source, the 
azimuth distribution of final-state particles is even, and the 
distribution function is:

By the Monte Carlo method, the random number of the azi-
muth can be obtained as:

where � represents a random number distributed on [0, 1]. 
Let the beam direction be the �� axis, and let the reaction 
plane be the ��� plane. �erefore, the momentum compo-
nents are

Due to the geometric structure of the participant, the pressure 
gradient, and interaction with the medium, the emission 
source deforms and translates in its rest frame. Hence, an ani-
sotropic emission source is introduced in the multisource 
thermal model. To quantify the deformation and translation 
of the emission source, �� (��) and �� (��) express the defor-
mation and translation of the emission source along the 
�� (��) axis, �푎� > 1 (< 1) represents expansion (compres-
sion), and �푏� > 0  (< 0) represents translation along the positive 
(negative) axis. Generally, for particles with different centrality 
intervals and transverse momentum, different �� (��) or 
�� (��) are obtained. As a first approximation, the empirical 
relationship can be expressed as:

(5)�푓(�푝�푇) = �푑�푁
�푑�푝�푇

= �푁0�퐾�푝�푇[1 + �푚�푇 − �푚0
�푛�퐶 ]

−�푛
,

(6)∫
�푝�

0
�푓(�푝�푇)�푑�푝�푇 < �푅0 < ∫

�푝�+�푑�푝�

0
�푓(�푝�푇)�푑�푝�푇.

(7)�푓�(�휑) = 1
2�휋 .

(8)�휑 = 2�휋�푅,

(9)�푝� = �푝�cos�휑,

(10)�푝� = �푝�sin�휑.

(11)�푎�푥 = 1 + �푘1exp(−�푝�푇
�휆1

) + �푘2�푝�푇,
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where �1, �1, �2 are free parameters. For simplicity, the default 
is �푎� = 1 and �푏�푥,�푦 = 0. Because of deformation, the above �� is 
revised to become:

�en the converted transverse momentum is:

Finally, the elliptic flow of final-state particles can be repre-
sented as:

3. Comparisons with Experimental Data

Using the multisource thermal model, the anisotropic spec-
trum data of various particles generated in Pb–Pb collisions at 
√�푠�� = 5.02 TeV [36] are studied and analyzed. �e particles 
�±, �±, �푝 + �푝, Λ + Λ, and �0

�푆 are located in different centrality 
intervals within 0–70% and depend on �2 of the transverse 
momentum ��. �e rapidity is in the range �����푦���� < 0.5. For par-
ticles �±, �±, and �푝 + �푝, the measurements in hypercenter col-
lisions (0–1%) are also shown.

Figure 1 shows the elliptic flow �2(��푇) of meson �± gen-
erated in a Pb–Pb collision at energy √�푠�� = 5.02 TeV in dif-
ferent centrality intervals. �e data measured by the ALICE 
Collaboration in different centrality intervals are represented 
by different solid symbols, and the statistical and systematic 
errors are both considered in the error bar [36]. �e curves 
are fitted to results generated by the Tsallis-Pareto-type func-
tion in the framework of the multisource thermal model. 
Table 1 shows the fitted free parameters (�, �, �1, �1, and �2), 
�2 and the degrees of freedom (dof). Clearly the model results 
are consistent with the experimental data. In the calculation, 
the data fitting indicates that the effective temperature � 
increases as the centrality percentage decreases, but that the 
value of � remains unchanged and is assumed to be 9. It is 
obvious that �2 increases with �� in the low �� region, and 
then decreases slowly in the high �� region. �e transverse 
momentum corresponding to the maximum value increases 
with increasing particle mass. �is trend is reflected in the 
values of �1, �1, and �2. Moreover, it is not hard to find that the 
parameter �1 first increases rapidly with the centrality per-
centage and then slowly decreases. Finally, the values of 
�휒2/dof  are in a reasonable range, which is not only affected 
by experimental errors, but is also related to the inaccuracy 
of the theoretical calculation results.

Figure 2 shows the �2(��푇) of �± in the given centrality 
interval. Similarly to Figure 1, the solid symbols also represent 
the experimental data recorded by the ALICE Collaboration, 
and the error bar includes the statistical and systematic errors. 
�e curves are the results of fitting using the Tsallis-Pareto-
type function. �e fitting parameters �2 and dof are also listed 
in Table 1. It is apparent that the experimental data are well 
fitted by the model results. In the calculation, the values of 
effective temperature � decrease from the central to peripheral 
collisions and are systematically larger than those for particles 

(12)�푝�
� = �푎��푝� + �푏�.

(13)�푝�耠
�푇 = √�푝�耠2

�푥 + �푝2
�푦.

(14)�푣2 = ⟨�푝�耠2
�푥 − �푝2

�푦

�푝�耠2
�푥 + �푝2

�푦
⟩.

�±. As the centrality percentage increases, the values of �1 first 
increase rapidly, then slowly decrease, as shown in Figure 1.

Figure 3 shows the �2 of �푝 + �푝, which depends on the trans-
verse momentum. Figures 4 and 5 show the relationship 
between the elliptic flow and the transverse momentum spec-
trum of Λ + Λ and �0

�푆, respectively. �e solid symbols are the 
data points, and the curves show the model results. �e fitted 
parameter values, dof and �2, are included in Table 1. It is 
evident that the fits are in good agreement with the experi-
mental data. However, as shown in Figure 4, in the given cen-
trality interval of 60–70%, there is a datum point located at 
�푝� = 9 Gev/c that deviates seriously from the fitted value. �e 
physical mechanism underlying this deviation is not yet under-
stood. Similarly, when moving from central to peripheral col-
lisions, � increases, and �1 increases rapidly, then decreases 
slowly. Overall, the model fits the spectrum �2(��푇) of identified 
particles measured in different centrality intervals by ALICE 
in Pb + Pb collisions at approximately √�푠�� = 5.02 TeV.

Based on the fitted results shown in Figures 1–5, Figure 6 
shows the dependency relationship between the expansion 
factor �� and the transverse momentum �� in the given cen-
trality interval for different particles �±, �±, �푝 + �푝, Λ + Λ, and 
�0

�푆. For a certain particle, ��(��) are different in different cen-
trality intervals. �e curves with maximum and minimum 
dependency relationship were chosen based on Equation (11) 
and are represented by solid and dashed lines, respectively. 
�e variation trends are similar, but the ranges are slightly 
different. Furthermore, as the particle mass increases, the 
range also increases. Figure 7 shows the fitting parameter �, 
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Figure 1: �2(��푇) of �± in a given centrality interval arranged into 
panels of various centrality classes [36]. �e data, which were 
measured by the ALICE collaboration in various centrality classes, 
are represented in the figure by different symbols. Statistical and 
systematic uncertainties are shown as bars. �e curves are the results 
of this study fitted using the Tsallis-Pareto-Type function and the 
multisource ideal gas model.
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Table 1: Values of �, �, �1, �1, �2, �2 number of degrees of freedom (dof) corresponding to the fits in Figures 1–5.

Figure Particles Centrality �퐶(GeV) � �1 �1 �2 �휒2/dof

Figure 1

�± 0–1% 1.00 9 0.17 2.35 0.001 4/17
�± 0–5% 1.10 9 0.27 2.35 0.001 6/17
�± 5–10% 1.10 9 0.49 2.35 0.004 2/17
�± 10–20% 0.80 9 0.60 2.35 0.004 3/17
�± 20–30% 0.60 9 0.65 2.35 0.004 2/17
�± 30–40% 0.50 9 0.64 2.35 0.004 2/17
�± 40–50% 0.40 9 0.59 2.35 0.004 7/17
�± 50–60% 0.40 9 0.54 2.35 0.006 1/17
�± 60–70% 0.40 9 0.48 2.40 0.005 11/17

Figure 2

�± 0–1% 2.60 9 0.28 2.35 0.000 5/12
�± 0–5% 2.20 9 0.40 2.35 0.000 12/12
�± 5–10% 1.70 9 0.66 2.35 0.002 8/12
�± 10–20% 1.25 9 0.86 2.25 0.002 4/12
�± 20–30% 1.00 9 0.98 2.15 0.003 2/12
�± 30–40% 0.72 9 0.83 2.35 0.002 6/12
�± 40–50% 0.68 9 0.84 2.20 0.002 2/12
�± 50–60% 0.55 9 0.64 2.35 0.003 1/12
�± 60–70% 0.40 9 0.44 2.40 0.005 1/12

Figure 3

�푝 + �푝 0–1% 3.50 9 0.40 2.40 0.002 10/15
�푝 + �푝 0–5% 4.40 9 0.70 2.40 0.002 33/15
�푝 + �푝 5–10% 2.80 9 1.05 2.35 0.002 25/15
�푝 + �푝 10–20% 1.70 9 1.25 2.35 0.006 18/15
�푝 + �푝 20–30% 1.30 9 1.25 2.35 0.007 23/15
�푝 + �푝 30–40% 1.10 9 1.25 2.35 0.007 12/15
�푝 + �푝 40–50% 0.95 9 1.10 2.35 0.006 8/15
�푝 + �푝 50–60% 0.75 9 0.97 2.35 0.006 2/15
�푝 + �푝 60–70% 0.75 9 0.77 2.35 0.006 1/15

Figure 4

Λ + Λ 0–5% 4.20 9 0.58 3.00 0.005 12/7

Λ + Λ 5–10% 3.00 9 1.20 2.55 0.007 3/7

Λ + Λ 10–20% 2.10 9 1.57 2.30 0.009 2/7

Λ + Λ 20–30% 1.40 9 1.60 2.30 0.009 1/7

Λ + Λ 30–40% 1.10 9 1.42 2.40 0.009 1/7

Λ + Λ 40–50% 0.90 9 1.26 2.55 0.005 1/7

Λ + Λ 50–60% 0.80 9 1.07 2.50 0.009 1/7

Λ + Λ 60–70% 0.60 9 0.70 2.50 0.005 4/7

Figure 5

�0
�푠 0–5% 2.10 9 0.38 2.20 0.002 3/8

�0
�푠 5–10% 1.70 9 0.65 2.20 0.002 2/8

�0
�푠 10–20% 1.20 9 0.78 2.20 0.006 1/8

�0
�푠 20–30% 0.90 9 0.83 2.20 0.005 1/8

�0
�푠 30–40% 0.70 9 0.79 2.20 0.008 1/8

�0
�푠 40–50% 0.60 9 0.73 2.20 0.006 1/8

�0
�푠 50–60% 0.55 9 0.63 2.40 0.003 1/8

�0
�푠 60–70% 0.40 9 0.44 2.45 0.005 1/8
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(the kinetic freeze-out temperature) of the emission source, 
but the effective temperature. As is well known, the interacting 
system at kinetic freeze-out (the last stage of collision) is influ-
enced not only by thermal motion, but also by the flow effect. 
�e real temperature of the emission source should reflect the 
thermal motion of the particles, and therefore the real tem-
perature of the source is the kinetic freeze-out temperature. 
�e effective temperature extracted from the elliptic flow spec-
trum includes thermal motion and the flow effect of the par-
ticles. By dissecting the effective temperature, it is possible to 

which depends on the variation of centrality. When moving 
from central to peripheral collisions, the effective temperature 
� gradually declines.

4. Discussion and Conclusions

According to the fitted results from the above comparisons, 
the fitted free parameter � is actually not the real temperature 
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transverse momentum ��. However, Figure 7 shows that the 
parameter � declines gradually from central to peripheral 
collisions. As for the dependency relationship, it can be readily 
understood.

From the participant-spectator geometric structure, it can 
be seen that as centrality percentage increases, the extent of 
the overlapping parts decreases, whereas the asymmetry rises. 
�ere is an approximate linear relationship between the elliptic 
flow and the eccentricity ratio of the participant. Hence, with 
increasing centrality percentage, the elliptic flow also grows. 
However, �2 of particles in peripheral collisions is slightly 
smaller than in central collisions. �is may be due to shorter 
system life under peripheral collisions, resulting in small �2. 
Hence, �1 first increases rapidly with the centrality percentage 
and then decreases slowly.

However, as the centrality percentage rises, the effective 
temperature � declines gradually. In accordance with the 
geometric structure of collisions, as the centrality percentage 
decreases, the number of involved nucleons increases, and 
the overlapping parts also increase, leading to higher energy 
density and strength of interaction, which manifests as 
higher temperature. �e effective temperature � obtained in 
this study was higher than the true temperature. �e reason 
for this was that the effective temperature incorporates the 
true temperature and the flow effect. �e value excluding 
the flow effect should be equal to the true temperature. 
Figure 7 shows that for particles with considerable mass, the 
low variation ranges of effective temperature are similar.

In short, based on the multisource model, by introducing 
a Tsallis-Pareto-type function, the elliptic flow of identified 
particles generated in Pb–Pb collisions at √�푠�� = 5.02 TeV 
was correctly analyzed. �erefore, in the collision process, the 
asymmetry, expansion, and translation effects of geometric 
structure affect the dynamics of the final-state particles.
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obtain the real temperature of the interacting system. �e 
relationships between effective temperature, real temperature, 
and flow velocity are not totally clear. �erefore, the value of 
effective temperature obtained in this work is higher than the 
kinetic freeze-out temperature.

Table 1 shows that the parameter �1 first increases rapidly 
with centrality percentage and then decreases slowly. It reaches 
a maximum as the centrality percentage reaches about 30%. 
In addition, Figure 6 shows that �� decreases with increasing 
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We study the correlation between the fermion composite system and quark spins by using the light-cone quark–diquark model. We 
do the calculations for �-quark and �-quark in the fermion system by considering different polarization configurations of both. �e 
contribution from scalar and axial-vector diquarks is taken into account. �e overlap representation of light-front wavefunctions 
is used for the calculations. �e spin–spin correlations for � and � quarks are presented in transverse impact-parameter plane and 
transverse momentum plane as well.

1. Introduction

To get precise information of hadrons in terms of its constituents, 
Wigner distributions of quark and gluon were introduced by Ji 
[1, 2]. Wigner distribution is a quantum phase-space distribution 
concealing the joint position and momentum space distribution 
on the internal structure of the hadron. As these distributions 
are quasi-probabilistic distributions, one cannot measure them 
directly. Applying certain limits on Wigner distributions 
provide the probabilistic three-dimensional distributions 
namely generalized parton distributions (GPDs) [3–6] and 
transverse momentum-dependent distributions (TMDs)  
[7–10]. �e reduction to GPDs is based on the integration of 
five-dimensional Wigner distributions over transverse 
momentum at zero skewness. While at the forward limit, i.e., 
when there is no momentum transfer from initial to final state 
of hadron (Δ⊥ = 0), the TMDs can be obtained by integrating 
Wigner distributions over transverse impact-parameter 
co-ordinates. Further integrating GPDs upon certain limits 
leads to obtaining parton distribution functions (PDFs), charge 
distributions, form factors, etc. [11–18]. Wigner distributions 
are also supportive for evaluating the spin–spin correlations 
between a spin-1/2 composite system and a quark inside the 
fermion system. �eoretical studies on quark and gluon Wigner 
distributions in spin-1/2 and spin-0 composite systems have 
been successfully carried out in Refs. [19–27].

�e spectator model formulated in light-cone framework 
[28–31] is used to evaluate the Wigner distributions as it is 
successful in evaluating T-even and T-odd TMDs of the proton 
[7]. �e model is successful in explaining the standard parton 
distribution functions, quasi-parton distribution functions 
[32]. Further, in Ref. [33], the authors analyse the agreement 
of quasi-GPDs with the standard GPDs. �e concept of qua-
si-PDF is carried out in Refs. [34–39]. Since, the fermion com-
posite system is considered to be a bound state of three quarks, 
i.e., ���, the spectators are assumed to be scalar or axial-vector 
depending upon the spin, i.e., either spin-0 or spin-1. In this 
work, we investigate the correlation between the quark spin 
and spin of fermion system by using the Wigner distributions 
evaluated in Ref. [27]. �e quark Wigner distributions were 
calculated by considering different configuration combina-
tions of quark spin direction and proton spin direction. �e 
overlap representation of light-front wavefunctions is taken 
into account to evaluate the Wigner operators having different 
cases, depending upon the polarization of quark, i.e., either 
unpolarized, longitudinally-polarized or transversely-polar-
ized. �e Wigner operator is associated with the Wigner dis-
tributions by a Fourier transformation of total momentum 
transferred to the final state of the system. Furthermore, we 
include the longitudinal polarization vector into the LFWFs 
along with the transverse polarization vector, and evaluate the 
Wigner distribution using the overlap form of these LFWFs. 
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A�erwards, we take the difference between both respective 
Wigner distributions, i.e., including the longitudinal polari-
zation vector (�(�푎)�푙) and by not including the longitudinal 
polarization vector (�(�푎)). �e aim behind the determination 
of difference between the Wigner distributions is just to get 
the effect of longitudinal polarization vector in LFWFs. 

�e plan of the paper is as follows. In Section 2, we briefly 
discuss about the light-front quark–diquark model used. In 
Section 3, the definitions of Wigner distribution in terms of 
polarization configurations of quark and spin-1/2 composite 
system are given. We also introduce various spin–spin 
correlations between the quark and composite system in this 
section. Further, in Section 4, we evaluate the difference 
between the correlators related to the Wigner distributions in 
terms of overlap form of LFWFs for the cases where 
longitudinal polarization vector is taken into account as well 
as the case without longitudinal polarization vector. Also, the 
results of different spin–spin correlations are discussed. At 
last, the summary and conclusions are presented in Section 5.

2. Light-Front Quark–Diquark Model

In the light-front quark–diquark model, the spin-1/2 compos-
ite system is considered to be a bound state of a quark and a 
diquark. In this model, a valence quark interacts with the 
external photon, and the other two valence quarks bound 
together are treated as a single diquark state. Here, the diquark 
can be scalar (spin-0) or axial-vector (spin-1). �e composite 
spin-1/2 particle state |Ψ; �푆⟩ is defined as

Here, the scalar–isoscalar diquark state, vector–isoscalar 
diquark state, and vector–isovector diquark state are denoted 
by |�푢 �푠⟩0, ������ �0⟩, and ������ �1⟩, respectively.

�e hadronic light-cone Fock state ����Ψ(�푃
+,P⊥, �푆�푧)⟩ expan-

sion in terms of constituent eigenstates is defined as [40]

where �푥�푖 = �푝+
�푖 /�푃+ is light-cone momentum fraction and p⊥�푖 is 

the relative momentum of the �th constituent of the hadron. 
�e helicity of �푖�푡ℎ constituent is denoted by ��. �e Fock states 
of �-particle are normalized as follows

As the system is considered as a two-particle system (a quark 
and a diquark), therefore, by substituting �푛 = 2, the Fock state 
expansion for scalar diquark (������ �0⟩) leads to

(1)|Ψ; ±⟩ = �푐�푠
�����푢 �푠0⟩± + �푐�푎

�����푢 �푎0⟩± + �푐�耠�푎
�����푑 �푎1⟩±.

(2)

�儨�儨�儨�儨Ψ(�푃
+,P⊥, �푆�푧)⟩ =∑

�푛,�휆�

∫
�푛
∏
�푖=1

�푑�푥�푖�푑2p⊥�푖

√�푥�푖16�휋3 16�휋
3�훿(1 −

�푛
∑
�푖=1

�푥�푖)

⋅ �훿(2)(
�푛
∑
�푖=1

p⊥�푖) × �儨�儨�儨�儨�푛; �푥�푖�푃+, �푥�푖P⊥

+p⊥�푖, �휆�푖⟩�휓�푛(�푥�푖, p⊥�푖, �휆�푖),

(3)
⟨�푛; �푝�耠+

�푖 , p�耠
⊥�푖, �휆�耠

�푖
�儨�儨�儨�儨�푛; �푝

+
�푖 , p⊥�푖, �휆�푖⟩

=
�푛
∏
�푖=1

16�휋3�푝+
�푖 �훿(�푝�耠+

�푖 − �푝+
�푖 )�훿(2)(p�耠

⊥�푖 − p⊥�푖)�훿�휆�
��휆�
.

Similarly, the expansion of axial-vector diquark component is 
expressed as

where the respective helicities of quark and diquark are 
denoted by �� and ��. Here, � can be �-quark or �-quark and 
� denotes the axial vector diquark, either isoscalar or 
isovector.

�e wavefunctions related to the scalar diquark are defined 
as [7]

with

Similarly, the wavefunctions related to axial-vector diquark 
are defined as

(4)

�儨�儨�儨�儨�儨�푢 �푠0(�푃+, p⊥)⟩
± = ∑

�휆�

∫ �푑�푥�푑2p⊥
√�푥(1 − �푥)16�휋3�휓

±
�휆�
(�푥, p⊥)

�儨�儨�儨�儨�儨�푥�푃
+, p⊥, �휆�푞⟩.

(5)

�儨�儨�儨�儨�휇 �푉(�푃+, p⊥)⟩
±

= ∑
�휆� ,�휆�

∫ �푑�푥�푑2p⊥
√�푥(1 − �푥)16�휋3�휓

±
�휆��휆�

(�푥, p⊥)
������푥�푃

+, p⊥, �휆�푞, �휆�퐷⟩,

(6)

�휓+
+(�푥, p⊥) =

�푚 + �푥�푀
�푥 �휑(�푥, p⊥),

�휓+
−(�푥, p⊥) = −

�푝�푥 + �푖�푝�푦

�푥 �휑(�푥, p⊥),

�휓−
+(�푥, p⊥) =

�푝�푥 − �푖�푝�푦

�푥 �휑(�푥, p⊥),

�휓−
−(�푥, p⊥) =

�푚 + �푥�푀
�푥 �휑(�푥, p⊥),

(7)

�휑(�푥, p⊥) = − �푔�푠
√1 − �푥

�푥(1 − �푥)
p2
⊥ + [�푥�푀2

�푠 + (1 − �푥)�푚2 − �푥(1 − �푥)�푀2]
.

(8)

�휓+
+(1/2) + 1(�푥, p⊥) =

(�푝�푥 − �푖�푝�푦)
�푥(1 − �푥) �휙(�푥, p⊥),

�휓+
+(1/2) − 1(�푥, p⊥) = −

(�푝�푥 + �푖�푝�푦)
(1 − �푥) �휙(�푥, p⊥),

�휓+
−(1/2) + 1(�푥, p⊥) =

(�푚 + �푥�푀)
�푥 �휙(�푥, p⊥),

�휓+
−(1/2) − 1(�푥, p⊥) = 0,

(9)

�휓−
+(1/2)+1(�푥, p⊥) = 0,

�휓−
+(1/2)−1(�푥, p⊥) = −(�푚 + �푥�푀)

�푥 �휙(�푥, p⊥),

�휓−
−(1/2)+1(�푥, p⊥) = −

(�푝�푥 − �푖�푝�푦)
(1 − �푥) �휙(�푥, p⊥),

�휓−
−(1/2)−1(�푥, p⊥) =

(�푝�푥 + �푖�푝�푦)
�푥(1 − �푥) �휙(�푥, p⊥).

(10)

�휙(�푥, p⊥) = − �푔�푎
√1 − �푥

�푥(1 − �푥)
p2
⊥ + [�푥�푀2

�푎 + (1 − �푥)�푚2 − �푥(1 − �푥)�푀2]
.
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�e above wavefunctions for axial-vector diquark are defined 
corresponding to the light-cone transverse polarization vec-
tors satisfying �휖(±) ⋅ �휖∗(±) = −1, �휖(±) ⋅ �휖∗(∓) = 0 and 
(�푃 − �푝) ⋅ �휖(±) = 0 given below:

In addition to this, the third longitudinal polarization vector 
is also included with the transverse polarization vectors. It 
satisfies �휖(0) ⋅ �휖∗(0) = −1, �휖(0) ⋅ �휖∗(±) = 0, and (�푃 − �푝) ⋅ �휖(0) = 0.

�e light-cone wavefunctions corresponding to above longi-
tudinal polarization vector are defined as

where ��, � and � are axial-vector diquark mass, spin-1/2 
particle mass, and constituent quark mass, respectively.

3. Wigner Distributions and Spin–Spin 
Correlations

�e five-dimensional Wigner distribution of quark, also 
known as quantum phase-space distribution, is defined as [41]

where the correlator �푊[Γ](Δ⊥, k⊥, �푥; �푆) is

Here, Γ defines the Dirac gamma matrices and Γ = �훾+, �훾+�훾5,
���푗+�5. �e states of the composite system are defined in Eqs. 
(4) and (5) based on whether the diquark is scalar or 

(11)�휖(�푃 − �푝,+) = [
�푝�푥 + �푖�푝�푦

√2(1 − �푥)�푃+ , 0,−
1
√2

,− �푖
√2

],

(12)�휖(�푃 − �푝,−) = [−
�푝�푥 − �푖�푝�푦

√2(1 − �푥)�푃+ , 0,
1
√2

,− �푖
√2

].

(13)

�휖(�푃 − �푝, 0) = 1
�푀�푎

[ p2
⊥ −�푀2

�푎
2(1 − �푥)�푃+ , (1 − �푥)�푃+,−�푝�푥,−�푝�푦].

(14)

�휓+
+0(�푥, p⊥) =

p2
⊥ − �푥�푀2

�푎 − �푚�푀(1 − �푥)2
√2�푥(1 − �푥)�푀�푎

�휙(�푥, p⊥),

�휓+
−0(�푥, p⊥) =

(�푚 +�푀)
√2�푀�푎

(�푝�푥 + �푖�푝�푦)�휙(�푥, p⊥),

�휓−
+0(�푥, p⊥) =

(�푚 +�푀)
√2�푀�푎

(�푝�푥 − �푖�푝�푦)�휙(�푥, p⊥),

�휓−
−0(�푥, p⊥) = −p

2
⊥ − �푥�푀2

�푎 − �푚�푀(1 − �푥)2
√2�푥(1 − �푥)�푀�푎

�휙(�푥, p⊥),

(15)

�휌[Γ](b⊥, k⊥, �푥, �푆) ≡ ∫ �푑2Δ⊥

(2�휋)2
�푒−�푖Δ⊥ ⋅b⊥�푊[Γ](Δ⊥, k⊥, �푥, �푆),

(16)

�푊[Γ](Δ⊥, k⊥, �푥; �푆)

= 1
2 ∫ �푑�푧−�푑2�푧⊥

(2�휋)3
�푒�푖�푘⋅�푧⟨�푃�耠�耠; �푆

�儨�儨�儨�儨�儨�儨�儨�̄휓(−
�푧
2)ΓW[−(�푧/2),(�푧/2)]

⋅�휓(�푧2)
�儨�儨�儨�儨�儨�儨�儨�푃

�耠; �푆⟩
�儨�儨�儨�儨�儨�儨�儨�푧+=0

.

axial-vector. By substituting Eqs. (4) and (5) in Eq. (16), one 
can get the overlap form of the Wigner distribution.

�e phase-space distributions based on the configurations 
of various polarizations, i.e., ���, where � defines the polari-
zation of composite system and � stands for the polarization 
of quark, are defined as [24, 25, 27]

and finally the pretzelous Wigner distribution as

Here, in the subscript of Wigner distributions, �, � and � explains 
whether the quark or a fermion composite system is unpolarized, 
longitudinally-polarized or transversely-polarized.

(17)

�휌�푈�푈(b⊥, p⊥, �푥)

= 1
2[�휌

[�훾+](b⊥, p⊥, �푥; +�̂푆�푧) + �휌[�훾
+](b⊥, p⊥, �푥; −�̂푆�푧)],

(18)

�휌�푈�퐿(b⊥, p⊥, �푥)

= 1
2[�휌

[�훾+�훾5](b⊥, p⊥, �푥; +�̂푆�푧) + �휌[�훾
+�훾5](b⊥, p⊥, �푥; −�̂푆�푧)],

(19)

�휌�푗
�푈�푇(b⊥, p⊥, �푥)

= 1
2[�휌

[�푖�휎+�푗�훾5](b⊥, p⊥, �푥; +�̂푆�푧) + �휌[�푖�휎
+�푗�훾5](b⊥, p⊥, �푥; −�̂푆�푧)],

(20)

�휌�퐿�푈(b⊥, p⊥, �푥)

= 1
2[�휌

[�훾+](b⊥, p⊥, �푥; +�̂푆�푧) − �휌[�훾
+](b⊥, p⊥, �푥; −�̂푆�푧)],

(21)

�휌�퐿�퐿(b⊥, p⊥, �푥)

= 1
2[�휌

[�훾+�훾5](b⊥, p⊥, �푥; +�̂푆�푧) − �휌[�훾
+�훾5](b⊥, p⊥, �푥; −�̂푆�푧)],

(22)

�휌�푗
�퐿�푇(b⊥, p⊥, �푥)

= 1
2[�휌

[�푖�휎+�푗�훾5](b⊥, p⊥, �푥; +�̂푆�푧) − �휌[�푖�휎
+�푗�훾5](b⊥, p⊥, �푥; −�̂푆�푧)],

(23)

�휌�푖
�푇�푈(b⊥, p⊥, �푥)

= 1
2[�휌

[�훾+](b⊥, p⊥, �푥; +�̂푆�푖) − �휌[�훾
+](b⊥, p⊥, �푥; −�̂푆�푖)],

(24)

�휌�푖
�푇�퐿(b⊥, p⊥, �푥)

= 1
2[�휌

[�훾+�훾5](b⊥, p⊥, �푥; +�̂푆�푖) − �휌[�훾
+�훾5](b⊥, p⊥, �푥; −�̂푆�푖)],

(25)

�휌�푇�푇(b⊥, p⊥, �푥)

= 1
2�훿�푖�푗[�휌

[�푖�휎+�푗�훾5](b⊥, p⊥, �푥; +�̂푆�푖) − �휌[�푖�휎
+�푗�훾5](b⊥, p⊥, �푥; −�̂푆�푖)],

(26)

�휌⊥
�푇�푇(b⊥, p⊥, �푥)

= 1
2�휖�푖�푗[�휌

[�푖�휎+�푗�훾5](b⊥, p⊥, �푥; +�̂푆�푖) − �휌[�푖�휎
+�푗�훾5](b⊥, p⊥, �푥; −�̂푆�푖)].
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4. Results

Using the overlap form of LFWFs for axial-vector diquark, the 
difference between the Wigner operators for the case where 
longitudinal polarization vector is included and for the case 
where the longitudinal polarization vector is not included 
(from Eqs. (9) and (14)), we have

(33)

�푊(�푎)�푙
�푈�퐿 −�푊(�푎)

�푈�푈

= 1
16�휋3[

(p�耠�耠
⊥
2 − �푥�푀2

�푎 − �푥�푀(1 − �푥)2)(p�耠
⊥
2 − �푥�푀2

�푎 − �푥�푀(1 − �푥)2)
�푥2(1 − �푥)2

+ (�푚 +�푀)
2�푀2

�푎�푥2 (p2
⊥ − (1 − �푥)2

4 Δ2
⊥)]�휙†(�푥, p�耠�耠

⊥)�휙(�푥, p�耠
⊥),

(34)

�푊(�푎)�푙
�푈�퐿 −�푊(�푎)

�푈�퐿 = �푖
16�휋3

(�푚 +�푀)2

2�푀2
�푎�푥2 (1 − �푥)(�푝�푥Δ �푦 − �푝�푦Δ �푥)

⋅ �휙†(�푥, p�耠�耠
⊥)�휙(�푥, p�耠

⊥),

(35)

�푊(�푎)�푙
�푈�푇 −�푊(�푎)

�푈�푇 = �푖
16�휋3

(�푚 +�푀)
2�푀2

�푎�푥2 [(p�耠�耠
⊥
2 − �푥�푀2

�푎 − �푥�푀(1 − �푥)2)

⋅ (�푝�푦 −
(1 − �푥)

2 Δ �푦) + (p�耠
⊥
2 − �푥�푀2

�푎 − �푥�푀(1 − �푥)2)

⋅ (�푝�푦 +
(1 − �푥)

2 Δ �푦)]�휙†(�푥, p�耠�耠
⊥)�휙(�푥, p�耠

⊥),

(36)

�푊(�푎)�푙
�퐿�푈 −�푊(�푎)

�퐿�푈 = − �푖
16�휋3

(�푚 +�푀)2

2�푀2
�푎�푥2 (1 − �푥)(�푝�푥Δ �푦 − �푝�푦Δ �푥)

⋅ �휙†(�푥, p�耠�耠
⊥)�휙(�푥, p�耠

⊥),

(37)

�푊(�푎)�푙
�퐿�퐿 −�푊(�푎)

�퐿�퐿

= 1
16�휋3[

(p�耠�耠
⊥
2 − �푥�푀2

�푎 − �푥�푀(1 − �푥)2)(p�耠
⊥
2 − �푥�푀2

�푎 − �푥�푀(1 − �푥)2)
�푥2(1 − �푥)2

− (�푚 +�푀)
2�푀2

�푎�푥2 (p2
⊥ − (1 − �푥)2

4 Δ2
⊥)]�휙†(�푥, p�耠�耠

⊥)�휙(�푥, p�耠
⊥),

(38)

�푊(�푎)�푙
�퐿�푇 −�푊(�푎)

�퐿�푇 = 1
16�휋3

(�푚 +�푀)
2�푀2

�푎�푥2 [(p�耠�耠
⊥
2 − �푥�푀2

�푎 − �푥�푀(1 − �푥)2)

⋅ (�푝�푥 −
(1 − �푥)

2 Δ �푥) + (p�耠
⊥
2 − �푥�푀2

�푎 − �푥�푀(1 − �푥)2)

⋅ (�푝�푥 +
(1 − �푥)

2 Δ �푥)]�휙†(�푥, p�耠�耠
⊥)�휙(�푥, p�耠

⊥),

(39)

�푊(�푎)�푙
�푇�푈 −�푊(�푎)

�푇�푈 = 1
16�휋3

(�푚 +�푀)
2�푀2

�푎�푥2 [(p�耠�耠
⊥
2 − �푥�푀2

�푎 − �푥�푀(1 − �푥)2)

⋅ (�푝�푥 −
(1 − �푥)

2 Δ �푥) − (p�耠
⊥
2 − �푥�푀2

�푎 − �푥�푀(1 − �푥)2)

⋅ (�푝�푥 +
(1 − �푥)

2 Δ �푥)]�휙†(�푥, p�耠�耠
⊥)�휙(�푥, p�耠

⊥),

To extract information about the correlation between 
quark spin and fermion system spin, the Wigner distributions 
of quarks in the proton having different helicities are evaluated. 
For Γ = �훾+(1 + �휆�훾5)/2 and 

�㨀→�푆 = Λ�̂푆�, the longitudinal Wigner 
distribution of the quark in the fermion system having helic-
ities � and Λ, respectively, is defined as

�e above equation can be expressed in terms of polarization 
configurations of quark and proton as

For the quark Wigner distributions, considering the spin 
directions of quark and composite system to be in the longi-
tudinal direction, the helicities Λ and � take different forms, 
i.e., Λ =↑, ↓ and �휆 =↑, ↓.

Similar to the longitudinal Wigner distributions, the 
Wigner distributions for quark having the transverse polari-
zation �휆⊥ =⇑, ⇓ in the composite system having transverse 
polarization Λ ⊥ =⇑, ⇓, for Γ = (�훾+ + Λ ⊥�푖�휎�푗+�훾5)/2 and �㨀→�푆 = Λ ⊥�̂푆�푖 is given as

In terms of polarization configurations, the above equation 
can be expressed as

Further, for the quark having spin in longitudinal direction 
and fermion system spin in transverse direction and vice-
versa, the respective Wigner distributions ��푖

Λ ⊥�휆 and ��푗
Λ�휆⊥

 are 
defined as

and

(27)

�휌Λ�휆(b⊥, p⊥, �푥)

= 1
2[�휌

[�훾+](b⊥, p⊥, �푥, Λ�̂푆�푧) + �휆�휌[�훾
+�훾5](b⊥, p⊥, �푥, Λ�̂푆�푧)].

(28)

�휌Λ�휆(b⊥, p⊥, �푥) =
1
2[�휌�푈�푈(b⊥, p⊥, �푥) + Λ�휌�퐿�푈(b⊥, p⊥, �푥)

+�휆�휌�푈�퐿(b⊥, p⊥, �푥) + Λ�휆�휌�퐿�퐿(b⊥, p⊥, �푥)].

(29)

�휌Λ ⊥�휆⊥
(b⊥, p⊥, �푥) =

1
2[�휌

[�훾+](b⊥, p⊥, �푥, Λ ⊥�̂푆�푖)

+Λ ⊥�휌[�푖�휎
�푗+�훾+](b⊥, p⊥, �푥, Λ ⊥�̂푆�푖)].

(30)

�휌�푖
Λ ⊥�휆⊥

(b⊥, p⊥, �푥) =
1
2[�휌�푈�푈(b⊥, p⊥, �푥) + Λ ⊥�휌�푖

�푇�푈(b⊥, p⊥, �푥)

+ �휆⊥�휌�푖
�푈�푇(b⊥, p⊥, �푥)+Λ ⊥�휆⊥�휌�푇�푇(b⊥, p⊥, �푥)].

(31)

�휌�푖
Λ ⊥�휆(b⊥, p⊥, �푥) =

1
2[�휌�푈�푈(b⊥, p⊥, �푥) + Λ ⊥�휌�푖

�푇�푈(b⊥, p⊥, �푥)

+�휆�휌�푈�퐿(b⊥, p⊥, �푥) +Λ ⊥�휆�휌�푖
�푇�퐿(b⊥, p⊥, �푥)]

(32)

�휌�푗
Λ�휆⊥

(b⊥, p⊥, �푥) =
1
2[�휌�푈�푈(b⊥, p⊥, �푥) + Λ�휌�퐿�푈(b⊥, p⊥, �푥)

+ �휆⊥�휌
�푗
�푈�푇(b⊥, p⊥, �푥)+Λ�휆⊥�휌

�푗
�퐿�푇(b⊥, p⊥, �푥)].
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where � and � are the composite particle and quark polari-
zations, respectively.

In this work, the DGLAP region for quarks is used to eval-
uate the Wigner distributions, i.e., 0 < �푥 < 1. �e respective 
momenta of initial and final state of struck quark in symmetric 
frame are defined as

�e superposition of scalar and axial-vector diquark results 
into the quark flavors as [7]

(42)�휌�푋�푌(b⊥, p⊥, �푥, �푆) = ∫ �푑2Δ⊥

(2�휋)2
�푒−�푖Δ⊥ ⋅b⊥�푊�푋�푌(Δ⊥, p⊥, �푥, �푆),

(43)

p�耠
⊥ = p⊥ − (1 − �푥)Δ⊥

2 ,

p
�耠�耠
⊥ = p⊥ + (1 − �푥)Δ⊥

2 .

Further, the correlator ��� is related to the Wigner distribution 
as

(40)

�푊(�푎)�푙
�푇�퐿 −�푊(�푎)

�푇�퐿 = − �푖
16�휋3

(�푚 +�푀)
2�푀2

�푎�푥2 [(p�耠�耠
⊥
2 − �푥�푀2

�푎 − �푥�푀(1 − �푥)2)

⋅ (�푝�푦 −
(1 − �푥)

2 Δ �푦) + (p�耠
⊥
2 − �푥�푀2

�푎 − �푥�푀(1 − �푥)2)

⋅ (�푝�푦 +
(1 − �푥)

2 Δ �푦)]�휙†(�푥, p�耠�耠
⊥)�휙(�푥, p�耠

⊥),

(41)

�푊(�푎)�푙
�푇�푇 −�푊(�푎)

�푇�푇

= − 1
16�휋3[

(p�耠�耠
⊥
2 − �푥�푀2

�푎 − �푥�푀(1 − �푥)2)(p�耠
⊥
2 − �푥�푀2

�푎 − �푥�푀(1 − �푥)2)
�푥2(1 − �푥)2

+ (�푚 + �푥�푀)2

2�푀2
�푎�푥2 ((�푝2

�푥 − �푝2
�푦) −

(1 − �푥)2
4 (Δ2

�푥 − Δ2
�푦))]�휙†(�푥, p�耠�耠

⊥)�휙(�푥, p�耠
⊥).
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Figure 1: �e plot of Wigner distribution �휌↑↑(b⊥, p⊥) in transverse impact-parameter plane and transverse momentum plane for �-quark 
(le� panel) and �-quark (right panel).
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plane. �e distribution shows circular behaviour with the peaks 
shi�ing towards �푏� < 0 and �푝� < 0 in impact-parameter plane 
and momentum plane, respectively. In momentum plane, as 
shown in Figures 1(c) and 1(d), we observe the distortion along 
�� at the higher values of impact-parameter co-ordinate. In this 
model, the distributions ��� and ��� are same for axial-vector 
diquark. Based on the different combinations of helicities, we 
get the different cases from Eq. (16) as follows,    

where the superscripts (�푠), (�푎), and (��) denote the scalar–isos-
calar, vector–isoscalar and vector–isovector diquarks, respec-
tively. �e mass values and couplings for diquarks have been 
summarized in Table 1.

We plot the Wigner distributions of the quark in the fer-
mion system having spins in longitudinal direction, i.e., �Λ�휆. 
Here, we take two cases for the discussion on the longitudinal 
Wigner distributions: (i) spin direction of composite system 
and quark to be Λ =↑ and �휆 =↑, i.e., �↑↑, (ii) proton polarization 
Λ =↑ and quark polarization �휆 =↓, i.e., �↑↓. In Figures 1(a) 
and 1(b), we plot the longitudinal distribution �↑↑ for �-quark 
and �-quark, respectively. We see the distribution effects in 
transverse impact-parameter plane and transverse momentum 

(44)
�휌�푢 = �푐2�푠 �휌�푢(�푠) + �푐2�푎�휌�푢(�푎),
�휌�푑 = �푐�耠2�푎 �휌�푑(�푎�),
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Figure 2: �e plot of Wigner distribution �휌↑↓(b⊥, p⊥) in transverse impact-parameter plane and transverse momentum plane for �-quark 
(le� panel) and �-quark (right panel).

Table 1: �e diquark masses �� and couplings �� for the scalar–
isoscalar, vector–isoscalar diquark, and vector–isovector diquark.

Diquark ud (Scalar s) ud  
(Axial-vector a)

uu  
(Axial-vector ��)

�� in GeV 0.822 ± 0.053 1.492 ± 0.173 0.890 ± 0.008
�� 0.847 ± 0.111 1.061 ± 0.085 0.880 ± 0.008
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in case of �-quark as compared to �-quark. In momentum 
plane, the distortion is seen at the center of the �-quark dis-
tribution. �e distribution plots look nearly similar for Λ = �휆 
and Λ ̸= �휆, as Eqs. (45) and (46) contribute the same terms. 
�e polarities are opposite for distribution of Λ = �휆 in p⊥-
plane and b⊥-plane. Since the distribution contributions from 
��� and ��� are circularly symmetric (shown in Ref. [27]), the 
distortion appears in the plots of �↑↑ and �↑↓ due to the addition 
of terms ��� and ���. In other words, the contribution from 
�↑↑ is cirularly symmteric, because the interference of ��� and 
��� is destructive, but when we add the axial vector part along 
with the scalar part to get the distribution of �-quark and �-
quark in proton, the distortion takes place. Similar is the case 
of �↑↓, however here the unpolarized-longitudinal Wigner 
distribution and longitudinal-unplarized Wigner distribution 
interfere destructively in axial-vector diquark case instead in 
scalar-diquark case, constructive interference is there. �ese 

For scalar diquark

For axial-vector diquark

We plot the quark Wigner distribution having respective lon-
gitudinal polarization of quark �휆 =↓ and fermion system Λ =↑ 
in Figure 2. �e distortion is observed in impact-parameter 
plane which gets more noticeable at the increasing values of 
b⊥ for �-quark and �-quark. �e effect of distortion is more 

(45)
�휌↑↑ =

1
2[�휌�푈�푈 + �휌�퐿�퐿],

�휌↑↓ =
1
2[�휌�푈�푈 − 2�휌�푈�퐿 − �휌�퐿�퐿],

(46)
�휌↑↑ =

1
2[�휌�푈�푈 + 2�휌�푈�퐿 + �휌�퐿�퐿],

�휌↑↓ =
1
2[�휌�푈�푈 − �휌�퐿�퐿].
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Figure 3: �e plot of Wigner distribution �휌⇑⇑(b⊥, p⊥) in transverse impact-parameter plane and transverse momentum plane for �-quark 
(le� panel) and �-quark (right panel).
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Ref. [27], we find that in impact-parameter plane, the distor-
tion comes due to �1

�푈�푇 and �1
�푇�푈, as they show dipolar distribu-

tions except the case of ��� and ���. However, in momentum 
plane, the strong correlation between the distributions ���, 
�1
�푈�푇, �1

�푇�푈 and ���, leads to the circular symmetric behaviour of 
distributions �⇑⇑ and �⇑⇓ for both quarks (as shown in lower 
panels of Figures 3 and 4).        

Further, we plot the distribution �↑⇑ in Figure 5, which 
describes the correlation between spin of quark �휆⊥ =⇑ and 
spin of composite system �휆 =↑. In impact-parameter plane, 
the distortion is clearly visible. �is distortion is due to the 
Wigner distributions ��� and ��� as the dipolar distribution 
from these terms along �� and �� (shown in Ref. [27]) adds up 
resulting in �↑⇑ in this model. Similarly, due to these terms, 
distortion is observed in b⊥-plane in case of �↑⇓ as shown in 
Figure 6. Because of the opposite transverse spin direction of 

interferences when added up accordingly, as Eqs. (45) and 
(46), cause the sideway shi�s of distributions as shown in 
Figures 1 and 2.    

�e transverse Wigner distribution has been plotted in 
Figure 3 for the case with the quark having helicity as �휆 =⇑ in 
the fermion composite system with helicity Λ =⇑. �e distor-
tion in the distribution �⇑⇑ shi�s along the positive �� direction 
in impact-parameter plane for both �-quark and �-quark. In 
p⊥-plane, circularly symmteric distribution is observed, which 
is more focused at the center in case of �-quark, while it 
extends more to the higher values of transverse momentum 
of �-quark. For �⇑⇓, the distortion is in opposite direction of 
�� for �-quark and �-quark when compared with �⇑⇑ in 
impact-parameter plane (as shown in upper panels of  
Figures 3 and 4). In this work, we take the polarization direc-
tion of quark and proton along �-axis. From Eq. (29) and 
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Figure 4: �e plot of Wigner distribution �휌⇑⇓(b⊥, p⊥) in transverse impact-parameter plane and transverse momentum plane for �-quark 
(le� panel) and �-quark (right panel).



9Advances in High Energy Physics

–3

–2

–1

0

1

2

3
b y

(G
eV

–1
)

–3 –2 –1 0 1 2 3

bx(GeV–1)

ρu↑⇑(bx, by)

0
0.05
0.10
0.15
0.20

(a)

–3

–2

–1

0

1

2

3

b y
(G

eV
–1

)

–3 –2 –1 0 1 2 3

bx(GeV–1)

ρd↑⇑(bx, by)

0

0.04

0.08

0.12

(b)

ρu↑⇑(px, py)

px(GeV)

–0.5 0.0 0.5

p y
(G

eV
)

–0.5

0.0

0.5

0.19

0.21

0.23

0.25

0.27

(c)

ρd↑⇑(px, py)

px(GeV)
–0.5 0.0 0.5

p y
(G

eV
)

–0.5

0.0

0.5

0.04

0.08

0.12

0.16

(d)

Figure 5: �e plot of Wigner distribution �휌↑⇑(b⊥, p⊥) in transverse impact-parameter plane and transverse momentum plane for �-quark 
(le� panel) and �-quark (right panel).
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Figure 7: �e plot of Wigner distribution �휌⇑↑(b⊥, p⊥) in transverse impact-parameter plane and transverse momentum plane for �-quark 
(le� panel) and �-quark (right panel).
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Figure 6: �e plot of Wigner distribution �휌↑⇓(b⊥, p⊥) in transverse impact-parameter plane and transverse momentum plane for �-quark 
(le� panel) and �-quark (right panel).
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and �⇑,↓. �e resulting plotted distortion is along �푏� < 0(�푝� < 0) 
and �푏� > 0(�푝� > 0) for �⇑↑ and �⇑↓, respectively, for � and � 
quarks in b⊥-plane (p⊥-plane).        

5. Conclusions

We have presented the results of spin–spin correlations 
between the �-quark (or �-quark) and fermion composite 
system spins in light-front quark–diquark model evaluated 
from the Wigner distributions. �e contribution from both 
the scalar and axial-vector diquarks is considered to get the 
distributions of � and � quarks. We consider the axial vector 
diquark to be further distinguished between the isoscalar or 
isovector depending upon the realistic analysis. First, we con-
sider the spins of quark and fermion system in longitudinal 

quark in two cases, �↑⇓ causes the distortion along negative �� 
while for �↑⇑, it is in the direction of positive ��. In momentum 
plane, we observe the distortion along negative �� for �-quark 
and �-quark when quark longitudinal spin direction is positive 
and proton transverse spin direction is positive (or negative). 
�e observed distortion is more along negative �� in case of 
�-quark as compared to �-quark for �↑⇑, while for �↑⇓, it is 
more distorted in case of �-quark.        

In Figure 7, we plot the distribution �Λ⊥,�휆, which explains the 
correlation between the transverse spin of composite system and 
longitudinal spin of quark, both along positive directions. Also 
the distortion comes from the correlation between the transverse 
spin of composite system along positive direction and longitudinal 
spin of quark along negative direction, shown in Figure 8. From 
Eq. (31), the distributions ���, ��

��, ���, and ��
�� are summed up 

according to the spin direction of composite system to get �⇑↑ 
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direction, i.e., � and Λ, respectively. Similarly, the correlation 
between transverse spin directions of quark (�⊥) and com-
posite particle (Λ ⊥) is evaluated. Further, the different com-
binations are taken into account, i.e., when quark spin is in 
longitudinal direction and spin of composite particle is in 
transverse direction and vice-versa, i.e., �Λ⊥�휆 and �Λ�휆⊥. All these 
results are presented in transverse impact-parameter plane  
(b⊥-plane) and transverse momentum plane (p⊥-plane). We 
observe that the distortions in the correlations seen in both 
planes are due to the effect of different Wigner distributions.

�e spin–spin correlations are related to the Wigner dis-
tributions and the quantum mechanical version of quark 
Wigner distributions have not yet been measured experimen-
tally. �e measurable quantities can be extracted from Wigner 
distributions by integrating them over transverse position or 
transverse momentum of quark. �ese quantities can be exper-
imentally measured via DVCS or Drell–Yan processes. Further, 
since the Wigner distributions are related to GTMDs through 
Fourier transformations, they can be accessible through exclu-
sive double Drell–Yan process.
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By using the method of data-driven reanalysis, the midrapidity transverse momentum ðpTÞ spectra of charged hadrons (π+, K+,
and p) produced in central and peripheral gold-gold (Au-Au) collisions from the Beam Energy Scan (BES) program at the
Relativistic Heavy Ion Collider (RHIC) are fitted by using the blast-wave model with the Boltzmann-Gibbs statistics. The
model results are in agreement with the experimental data measured by the STAR Collaboration at the RHIC-BES energies.
We observe that the kinetic freeze-out temperature ðT0Þ, transverse flow velocity ðβTÞ, mean transverse momentum ðhpTiÞ,
and initial temperature ðT iÞ increase with collision energy as well as with event centrality.

1. Introduction

One of the most fundamental questions in high energy and
nuclear physics is to determine the phase structure of the
strongly interacting quantum chromodynamics (QCD)
matter [1–3]. The yield ratios, transverse momentum ðpTÞ
spectra, and other data for various identified particles pro-
duced in proton-proton ðppÞ, proton-nucleus (pA), and
nucleus-nucleus (AA) collisions at high energies are impor-
tant observable quantities for determining the phase struc-
ture. The experimental facilities such as the Relativistic
Heavy Ion Collider (RHIC) and the Large Hadron Collider
(LHC) provide excellent tools to study the properties of
Quark-Gluon Plasma (QGP) [4–6], which are expected to
create collision events with high multiplicities.

The phase diagram of the QCD matter is usually
expressed in terms of the chemical freeze-out temperature
(Tch) and the baryon chemical potential (μB) [7, 8]. Besides,
other quantities such as the kinetic freeze-out temperature
(Tkin or T0) and transverse flow velocity (βT) are useful to
understand the phase diagram [9]. To search for the possible
critical energy in the phase transition from hadronic matter
to QGP in high-energy collisions, the STAR Collaboration

has been performing the Beam Energy Scan (BES) program
[10–13] at the RHIC. Besides, other experiments at similar
or lower energies at other accelerators are scheduled [14, 15].

Generally, the processes of high-energy collisions result
possibly in three main stages [16–18]:

(i) The initial stage: at this stage, the collisions are in the
beginning. The temperature at this stage is called the
initial temperature which is one of the main factors
to affect the particle spectra, which is less studied
in the community comparatively. After the initial
state, the “fireball” leads to a decrease in the temper-
ature and finally to the hadronization

(ii) The chemical freeze-out stage: at this stage, the inner
collisions among various particles are elastic and the
yield ratios of differential types of particles remain
invariant. The chemical freeze-out temperature Tch
can be obtained from the particle ratios, which is
much studied in the community comparatively

(iii) The kinetic freeze-out stage: at this stage, the scatter-
ingprocesses stop, thehadronsdecouple fromthe rest
of the system, and the hadron’s energy/momentum
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spectra freeze in time. The temperature at this stage
is known as the kinetic freeze-out temperature T0
which can be obtained from the pT spectra

When one studies T0 from the pT spectra, the effect of βT
should be eliminated. If the effect of βT is not eliminated in
the temperature, this temperature is called the effective tem-
perature (Teff or T). At the stage of kinetic freeze-out, T0 and
βT are two important parameters which describe the thermal
motion of the produced particles and the collective expan-
sion of the emission source, respectively. The spectra in a
low-pT region (pT = 2 – 3GeV/c) which is mainly contributed
by the soft excitation process essentially separate the contri-
bution of the thermal motion and the collective expansion,
if one only extracts T0 and βT. The spectra in a high-pT
region are contributed by the hard scattering process which
is not needed in extracting T0 and βT.

We are very interested in the extraction of T0 and βT in
collisions at the RHIC-BES energies which are very suitable
to study the spectra in a low-pT region, where the spectra in
a high-pT region are not produced due to not too high ener-
gies. In this work, the double-differential pT spectra of
charged particle dependences on collision energy and event
centrality in gold-gold (Au-Au) collisions are analyzed with
the blast-wave model with the Boltzmann-Gibbs statistics
by means of data-driven analysis. The model results are com-
pared with the data measured by the STAR Collaboration at
the RHIC-BES energies [19, 20].

The remainder of this work consists of The Method and
Formalism, Results and Discussion, and Conclusions. We
shall describe the remanent parts orderly.

2. The Method and Formalism

Various methods can be used for the extraction of T0 and βT,
e.g., the blast-wave model with the Boltzmann-Gibbs statis-
tics [21–23], the blast-wave model with the Tsallis statistics
[24–26], an alternative method by using the Boltzmann-
Gibbs statistics [22, 27–33], and the alternative method by
using the Tsallis distribution [33–39]. In this work, we
choose the blast-wave model with the Boltzmann-Gibbs sta-
tistics due to its similarity with the ideal gas model in thermo-
dynamics and few parameters. However, these methods only
describe the spectra in the low-pT region. For the spectra in
the high-pT region if available, the Hagedorn function which
is known as the inverse power law [40, 41] can be used. We
shall discuss these issues in detail as follows.

In general, there are two main processes responsible for
the contribution of pT spectra. They are (i) the soft excitation
process which contributes the soft component in the low-pT
region and (ii) the hard scattering process which contributes
the hard component in the whole pT region if one uses the
general superposition function or in the high-pT region if
one uses the usual step function.

For the soft component, according to Refs. [21–23],
the probability density function of the pT spectra in
the blast-wave model with the Boltzmann-Gibbs statistics
results in

f1 pTð Þ = 1
N

dN
dpT

= CpTmT

ðR
0
rdr × I0

pT sinh ρð Þ
T0

� �
K1

mT cosh ρð Þ
T0

� �
,

ð1Þ

where N is the number of particles, C is the normaliza-
tion constant, mT =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2T +m2

0
p

is the transverse mass, m0
is the rest mass of the considered particle, r and R are
the radial position and the maximum radial position,
respectively, I0 and K1 are the modified Bessel functions
of the first and second kinds, respectively, ρ = tanh−1½βð
rÞ� is the boost angle, βðrÞ = βSðr/RÞn0 is a self-similar
flow profile, βS is the flow velocity on the surface, and
n0 = 2 is used in the original form [21]. Particularly,
βT = ð2/R2ÞÐ R0 rβðrÞdr = 2βS/ðn0 + 2Þ = 0:5βS. The parame-
ter n0 is used in different works, e.g., n0 = 1 or noninte-
ger in Refs. [22, 24, 42], which corresponds to the
centrality from the center to the periphery.

Equation (1) and similar or related functions are not
enough to describe the whole pT spectra. In particular, the
maximum pT reaches up to 100GeV/c in collisions at the
LHC [43]. Then, one needs other functions such as the Tsal-
lis–Lévy- [44, 45] or Tsallis–Pareto-type function [44, 46]
and the Hagedorn function [40, 41] or inverse power law
[47–49] to the spectra in high- and very high-pT regions. In
this work, the hard component is simply represented by the
inverse power law. That is,

f2 pTð Þ = 1
N

dN
dpT

= ApT 1 +
pT
p0

� �−n

, ð2Þ

where p0 and n are free parameters and A is the normaliza-
tion constant which is related to the free parameters.

However, the structure of pT spectra is very complex. In
fact, several regions have been observed and analyzed in
Ref. [50]. These regions include the first one with pT < 4 – 6
GeV/c, the second one with 4 – 6GeV/c < pT < 17 – 20GeV/
c, and the third one with pT > 17 – 20GeV/c. Different
regions may correspond to different mechanisms. The first
pT region in our discussion is regarded as the region of the
soft excitation process, while the second and third pT regions
are regarded as the regions of the hard and the very hard exci-
tation process, respectively. In particular, a special region
with pT < 0:2 – 0:3GeV/c is considered due to the resonant
production in some cases, and it is regarded as the region
of the very soft excitation process.

Generally, the whole pT region discussed above can be
uniformly superposed by two methods: (i) the general super-
position in which the contribution regions of different com-
ponents overlap each other and (ii) the Hagedorn model
(the usual step function) [40] in which there is no overlap-
ping of different regions of different components.

Considering f1ðpTÞ, f2ðpTÞ, f VSðpTÞ, and f VHðpTÞ which
denote the probability density functions by the soft, hard,
very soft, and very hard components, respectively, where
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f VSðpTÞ and f VHðpTÞ are assumed to be in the form of f1ðpTÞ
and f2ðpTÞ, respectively, the unified superposition according
to the first method is

f0 pTð Þ = 1
N

dN
dpT

= kVS f VS pTð Þ + kf 1 pTð Þ

+ 1 − k − kVS − kVHð Þf2 pTð Þ + kVH f VH pTð Þ,
ð3Þ

where kVS is the contribution fraction of the very soft compo-
nent, while k and kVH denote the contributions of the soft and
very hard components, respectively.

The step function can be used to structure the superposi-
tion according to the Hagedorn model [40]; i.e.,

f0 pTð Þ = 1
N

dN
dpT

= AVSθ pVS − pTð Þf VS pTð Þ

+ A1θ pT − pVSð Þθ p1 − pTð Þf1 pTð Þ
+ A2θ pT − p1ð Þθ pVH − pTð Þf2 pTð Þ
+ AVHθ pT − pVHð Þf VH pTð Þ,

ð4Þ

where AVS,A1,A2, andAVH are the constants which make the
interfacing components link to each other perfectly.

Particularly, if the contributions of the very soft and very
hard components can be neglected, Equations (3) and (4) are,
respectively, simplified to be

f0 pTð Þ = 1
N

dN
dpT

= kf 1 pTð Þ + 1 − kð Þf2 pTð Þ, ð5Þ

f0 pTð Þ = 1
N

dN
dpT

= A1θ p1 − pTð Þf1 pTð Þ + A2θ pT − p1ð Þf2 pTð Þ:

ð6Þ
Further, if the contribution of the hard component at the
RHIC-BES energies can be neglected, Equations (5) and (6)
are simplified to be the same form:

f0 pTð Þ = 1
N

dN
dpT

= f1 pTð Þ: ð7Þ

This work deals with Au-Au collisions at the RHIC-BES
energies, for which Equation (7), i.e., Equation (1), is suitable.
In the following section, we shall use Equation (1) to fit the
experimental data measured by the STAR Collaboration at
the RHIC-BES energies [19, 20].

In particular, the mean pTðhpTiÞ and the root-mean-
square pTð

ffiffiffiffiffiffiffiffiffihp2Ti
p Þ can be expressed, respectively, as

pTh i =
ðpT max

0
pT f0 pTð ÞdpT, ð8Þ

ffiffiffiffiffiffiffiffiffiffi
p2T
� �q

=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðpT max

0
p2T f0 pTð ÞdpT

s
, ð9Þ

due to

ðpTmax

0
f0 pTð ÞdpT = 1, ð10Þ

where pTmax denotes the maximum pT considered by us. In
this work, we take pTmax = 2:5GeV/c.

It should be noted that although only Equation (1) is used
in the analysis, we would like to continue to have the state-
ment and formalism for other functions or distributions such
as the inverse power law and its superposition with thermal
distribution and the discussions on the very soft, hard, and
very hard components. In fact, due to the existence of other
functions or distributions, the mentioned method of data-
driven reanalysis can be used in the spectra in wide pT cover-
age, which is not the case in this work. In addition, it is pos-
sible to use simultaneously the (very) soft and (very) hard
components in other cases which are more universal.

3. Results and Discussion

Figure 1 presents the event centrality-dependent double-
differential pT spectra, ð1/2πpTÞd2N/dpTdy, of π+, K+, and
p produced in the midrapidity interval ∣y∣ < 0:1 in Au-Au
collisions at the center-of-mass energy per nucleon pairffiffiffiffiffiffiffiffiffi

sNN
p

= 7:7GeV at the RHIC-BES, where y denotes the
rapidity. The symbols represent the experimental data mea-
sured by the STAR Collaboration [19], and the curves are
our fitting results by using the blast-wave model with the
Boltzmann-Gibbs statistics, Equation (1) [21–23]. The spec-
tra in centrality classes 0–5%, 5–10%, 10–20%, 20–30%, 30–
40%, 40–50%, 50–60%, 60–70%, and 70–80% are scaled by
1, 1/2, 1/4, 1/6, 1/8, 1/10, 1/12, 1/14, and 1/16, respectively.
In the fit, the least-square method is used to determine the
best values of parameters. The related parameters along with
χ2 and degree of freedom (dof) are listed in Table 1, where
the centrality classes are listed together. One can see that
Equation (1) fits well the data in Au-Au collisions at
7.7GeV at the RHIC.

Figure 2 is the same as Figure 1, but it shows the pT
spectra at

ffiffiffiffiffiffiffiffiffi
sNN

p
= 11:5GeV. One can see that Equation

(1) fits well the data in Au-Au collisions at 11.5GeV at
the RHIC-BES.

Figure 3 is also the same as Figure 1, but it shows the pT
spectra at

ffiffiffiffiffiffiffiffiffi
sNN

p
= 14:5GeV, where the data are cited from

Ref. [20]. Once again, Equation (1) fits well the data in Au-
Au collisions at 14.5GeV at the RHIC-BES.

Figures 4–6 are also the same as Figure 1, but they show
the pT spectra at

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sNN = 19:6

p
, 27, and 39GeV, respectively.

Once more, Equation (1) fits well the data in Au-Au colli-
sions at other RHIC-BES energies.

It is noteworthy to point out that Equation (1) for the
blast-wave model in the system is assumed to be in local ther-
modynamic equilibrium, and therefore, a single T0 and βT
should be obtained by the weight average of different particle
species. To see clearly the trends of weight average parame-
ters, Figures 7(a) and 7(b) show the dependences of weight
averages T0 and βT on

ffiffiffiffiffiffiffiffiffi
sNN

p
for different event centralities.
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The symbols represent the parameter values averaged by
weighting the yields of different particles which are listed
in Table 1. One can see that T0 and βT increase with the
increase in

ffiffiffiffiffiffiffiffiffi
sNN

p
from 7.7 to 39GeV. Meanwhile, T0 and

βT increase with the increase in the event centrality from
the periphery to the center.

In addition, the variation of weight averages T0 on βT for
different collision energies and event centralities is displayed
in Figure 7(c), where the symbols represent the parameter
values averaged by weighting the yields of different particles.
One can see that T0 increases with the increase in βT. At
higher energy and in central collisions, one sees larger T0
and βT. There is a positive correlation between T0 and βT.

The dependences of mean transverse momentum ðhpTiÞ
and initial temperature (T i) on

ffiffiffiffiffiffiffiffiffi
sNN

p
for different event

centralities obtained by weighting the yields of different par-
ticles are shown in Figures 8(a) and 8(b), respectively, where
T i =

ffiffiffiffiffiffiffiffiffiffiffiffiffihp2Ti/2
p

according to the color string percolation model
[51–53]. One can see that hpTi and T i increase with the
increase in

ffiffiffiffiffiffiffiffiffi
sNN

p
from 7.7 to 39GeV. Meanwhile, hpTi and

T i increase with the increase in event centrality from the
periphery to the center.

We notice that T i = 0:28 – 0:38GeV which is quite high
for the considered collision energies. Because we obtain T i
from the spectra of particles with nonzero masses, it is possi-
ble to have a high value. If we obtain T i from the spectra of
photons, the value will be small. High T i renders that the
excitation degree of the emission source at the stage of the
initial state is high. Meanwhile, one of the key issues is
whether the transverse flow should be also considered at
the initial stage. Naturally, after considering the transverse
flow at the initial stage, T i will be small. It is regretful that
we have no clear idea on the extraction of transverse flow
at the initial stage. As an alternative method, if we redefine
T i = k0

ffiffiffiffiffiffiffiffiffiffiffiffiffihp2Ti/2
p

as the initial temperature and βTi = ð1 −
k0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffihp2Ti/2
p

as the initial transverse flow velocity, where
0 < k0 < 1 is to be determined, we may obtain a small T i
and a nonzero βTi.

The reason for the increase in T0 and βT with the increase
in collision energy is due to the fact that more energies are
deposited in collisions at higher energy in the considered
RHIC-BES energy range. Meanwhile, the system size at
higher energy decreases due to a relativistic constriction
effect, which results in a smaller volume and then a larger
energy density and larger T0. Meanwhile, at higher energy,
the squeeze is more violent, which results in a rapider expan-
sion and larger βT.

The reason for the increase in T0 and βT with the increase
in event centrality is due to the fact that the central collisions
contain more nucleons than the peripheral collisions; then,
more energies are deposited in central collisions. Meanwhile,
a rapider expansion appears due to more violent squeeze in
central collisions, compared to peripheral collisions. As a
result, both T0 and βT in central collisions are larger than
those in peripheral collisions.

Because of hpTi and T i being positive correlation with T0
and βT, with increasing collision energy and event centrality,
the increasing trend of T0 and βT results naturally in the
increasing trend of hpTi and T i. This work shows that the
two free parameters T0 and βT and the two derived parame-
ters hpTi and T i appear to be similar law on the dependences
of collision energy and event centrality. In particular, hpTi
and T i are model-independent, though we obtain them from
model-dependent free parameters T0 and βT in this work. In
fact, hpTi and T i can be obtained by the pT data themselves if
the data are across the possible pT range.

It seems that there are nonmonotonous changes at
11.5GeV in the excitation functions of βT, hpTi, and T i in
the most central Au-Au collisions. These nonmonotonous
changes reflect the minimum or maximum point of equation
of state (EoS) of the matter formed in collisions. At a few
GeV to about 10GeV, the matter formed in collisions is
baryon-dominant. At above 10GeV, the matter formed in
collisions is meson-dominant. At around 10GeV, the baryon
number density is the largest [54] due to the competition
between projectile/target penetrating/stopping and longitu-
dinal contraction.
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Figure 1: Transverse momentum spectra of (a–c) π+, K+, and p produced in different centrality bins in Au-Au collisions at
ffiffiffiffiffiffiffiffiffi
sNN

p
= 7:7GeV.

The symbols represent the experimental data measured by the STAR Collaboration in the midrapidity interval ∣y∣ < 0:1 [19]. The curves are
our fitted results by Equation (1).
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Table 1: Values of free parameters (T0 and βT), normalization constant (N0), χ
2, and dof corresponding to the curves in Figures 1–6.

Figure Particle Centrality T0 βT N0 χ2 dof

Figure 1
Au-Au
7.7GeV

π+ 0–5% 0:130 ± 0:004 0:306 ± 0:006 15:00 ± 1:00 17 26

5–10% 0:129 ± 0:005 0:305 ± 0:005 6:02 ± 0:9 14 26

10–20% 0:128 ± 0:004 0:303 ± 0:007 2:35 ± 1:05 20 26

20–30% 0:126 ± 0:005 0:302 ± 0:006 1:09 ± 0:60 18 26

30–40% 0:124 ± 0:004 0:300 ± 0:006 0:54 ± 0:43 19 23

40–50% 0:122 ± 0:003 0:297 ± 0:007 0:28 ± 0:02 13 23

50–60% 0:120 ± 0:004 0:292 ± 0:004 0:14 ± 0:02 20 22

60–70% 0:118 ± 0:004 0:280 ± 0:005 0:067 ± 0:001 16 21

70–80% 0:115 ± 0:005 0:269 ± 0:007 0:030 ± 0:008 11 18

K+ 0–5% 0:133 ± 0:005 0:305 ± 0:005 3:65 ± 0:20 99 20

5–10% 0:131 ± 0:004 0:304 ± 0:005 1:50 ± 0:15 76 22

10–20% 0:130 ± 0:004 0:302 ± 0:007 0:53 ± 0:05 55 22

20–30% 0:128 ± 0:005 0:301 ± 0:007 0:24 ± 0:17 27 22

30–40% 0:127 ± 0:004 0:299 ± 0:009 0:11 ± 0:01 27 21

40–50% 0:125 ± 0:006 0:296 ± 0:008 0:050 ± 0:002 16 20

50–60% 0:123 ± 0:005 0:278 ± 0:007 0:23 ± 0:02 34 19

60–70% 0:118 ± 0:004 0:265 ± 0:008 0:0093 ± 0:0007 34 18

70–80% 0:116 ± 0:004 0:250 ± 0:008 0:0034 ± 0:0003 29 15

p 0–5% 0:134 ± 0:004 0:340 ± 0:005 9:31 ± 0:60 54 29

5–10% 0:133 ± 0:005 0:328 ± 0:006 3:90 ± 0:15 47 29

10–20% 0:132 ± 0:006 0:318 ± 0:008 1:50 ± 0:20 46 29

20–30% 0:130 ± 0:005 0:310 ± 0:008 0:65 ± 0:05 28 29

30–40% 0:128 ± 0:004 0:301 ± 0:006 0:32 ± 0:04 14 25

40–50% 0:126 ± 0:005 0:280 ± 0:007 0:15 ± 0:03 13 25

50–60% 0:124 ± 0:004 0:271 ± 0:006 0:070 ± 0:008 7 24

60–70% 0:122 ± 0:003 0:250 ± 0:005 0:030 ± 0:004 8 25

70–80% 0:120 ± 0:006 0:204 ± 0:009 0:013 ± 0:001 14 18

Figure 2
Au-Au
11.5GeV

π+ 0–5% 0:132 ± 0:004 0:315 ± 0:005 19:11 ± 1:60 5 26

5–10% 0:130 ± 0:005 0:313 ± 0:005 7:60 ± 1:40 16 26

10–20% 0:129 ± 0:004 0:312 ± 0:006 2:90 ± 0:50 14 26

20–30% 0:128 ± 0:003 0:311 ± 0:007 1:36 ± 0:10 34 26

30–40% 0:127 ± 0:003 0:310 ± 0:008 0:38 ± 0:05 15 26

40–50% 0:126 ± 0:006 0:307 ± 0:007 0:34 ± 0:03 16 26

50–60% 0:124 ± 0:004 0:305 ± 0:005 0:16 ± 0:01 7 23

60–70% 0:121 ± 0:004 0:296 ± 0:006 0:080 ± 0:007 6 21

70–80% 0:119 ± 0:005 0:288 ± 0:008 0:040 ± 0:005 10 21

K+ 0–5% 0:135 ± 0:005 0:314 ± 0:009 4:23 ± 0:30 64 22

5–10% 0:133 ± 0:004 0:312 ± 0:008 1:72 ± 0:10 62 23

10–20% 0:132 ± 0:006 0:310 ± 0:010 0:60 ± 0:05 46 23

20–30% 0:130 ± 0:003 0:308 ± 0:004 0:27 ± 0:02 45 23

30–40% 0:129 ± 0:004 0:307 ± 0:006 0:13 ± 0:01 59 23

40–50% 0:128 ± 0:005 0:306 ± 0:007 0:060 ± 0:006 11 23

50–60% 0:126 ± 0:004 0:300 ± 0:006 0:026 ± 0:002 15 22
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Table 1: Continued.

Figure Particle Centrality T0 βT N0 χ2 dof

60–70% 0:124 ± 0:003 0:288 ± 0:005 0:011 ± 0:001 6 20

70–80% 0:122 ± 0:004 0:264 ± 0:011 0:0050 ± 0:0003 26 19

p 0–5% 0:136 ± 0:005 0:323 ± 0:007 7:74 ± 1:00 55 25

5–10% 0:135 ± 0:005 0:321 ± 0:007 2:90 ± 0:25 56 26

10–20% 0:134 ± 0:005 0:318 ± 0:006 1:12 ± 0:15 40 26

20–30% 0:132 ± 0:004 0:311 ± 0:007 0:50 ± 0:03 24 26

30–40% 0:130 ± 0:005 0:308 ± 0:007 0:24 ± 0:01 13 26

40–50% 0:128 ± 0:003 0:285 ± 0:006 0:12 ± 0:01 10 25

50–60% 0:125 ± 0:004 0:274 ± 0:008 0:55 ± 0:01 13 25

60–70% 0:123 ± 0:00414 0:251 ± 0:006 0:024 ± 0:004 7 25

70–80% 0:121 ± 0:004 0:231 ± 0:007 0:010 ± 0:003 23 26

Figure 3
Au-Au
14.5GeV

π+ 0–5% 0:135 ± 0:003 0:320 ± 0:005 22:14 ± 2:00 4 25

5–10% 0:133 ± 0:003 0:318 ± 0:006 8:50 ± 2:00 10 25

10–20% 0:132 ± 0:004 0:317 ± 0:006 3:50 ± 0:25 12 25

20–30% 0:131 ± 0:004 0:315 ± 0:005 1:60 ± 0:13 15 25

30–40% 0:130 ± 0:004 0:314 ± 0:007 0:80 ± 0:06 10 25

40–50% 0:128 ± 0:004 0:311 ± 0:006 0:40 ± 0:03 16 25

50–60% 0:126 ± 0:004 0:307 ± 0:007 0:19 ± 0:02 7 25

60–70% 0:124 ± 0:004 0:299 ± 0:007 0:093 ± 0:014 8 25

70–80% 0:120 ± 0:005 0:291 ± 0:005 0:040 ± 0:006 14 25

K+ 0–5% 0:137 ± 0:005 0:318 ± 0:007 4:36 ± 0:40 16 23

5–10% 0:136 ± 0:004 0:314 ± 0:008 1:86 ± 0:20 8 23

10–20% 0:135 ± 0:005 0:313 ± 0:008 0:70 ± 0:08 21 23

20–30% 0:134 ± 0:004 0:312 ± 0:006 0:31 ± 0:03 15 23

30–40% 0:132 ± 0:004 0:310 ± 0:009 0:14 ± 0:01 9 23

40–50% 0:130 ± 0:003 0:308 ± 0:008 0:067 ± 0:006 7 21

50–60% 0:128 ± 0:006 0:305 ± 0:010 0:025 ± 0:003 9 21

60–70% 0:127 ± 0:004 0:294 ± 0:007 0:012 ± 0:001 3 19

70–80% 0:125 ± 0:005 0:267 ± 0:008 0:0060 ± 0:0006 4 17

p 0–5% 0:139 ± 0:005 0:335 ± 0:009 6:47 ± 0:70 22 23

5–10% 0:137 ± 0:004 0:328 ± 0:008 2:90 ± 0:30 20 23

10–20% 0:135 ± 0:003 0:326 ± 0:008 1:03 ± 0:12 18 23

20–30% 0:134 ± 0:004 0:323 ± 0:007 0:46 ± 0:07 15 23

30–40% 0:132 ± 0:004 0:315 ± 0:008 0:21 ± 0:03 12 23

40–50% 0:130 ± 0:005 0:311 ± 0:007 0:096 ± 0:012 11 23

50–60% 0:128 ± 0:005 0:294 ± 0:005 0:042 ± 0:007 13 23

60–70% 0:126 ± 0:005 0:270 ± 0:008 0:018 ± 0:004 18 23

70–80% 0:123 ± 0:004 0:236 ± 0:007 0:0080 ± 0:0019 26 23

Figure 4
Au-Au
19.6GeV

π+ 0–5% 0:138 ± 0:004 0:322 ± 0:004 24:14 ± 2:00 9 23

5–10% 0:137 ± 0:004 0:321 ± 0:005 9:50 ± 0:80 6 23

10–20% 0:135 ± 0:005 0:319 ± 0:008 3:75 ± 0:25 7 23

20–30% 0:134 ± 0:004 0:317 ± 0:005 1:97 ± 0:16 12 23

30–40% 0:132 ± 0:003 0:315 ± 0:005 0:87 ± 0:06 18 23
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Table 1: Continued.

Figure Particle Centrality T0 βT N0 χ2 dof

40–50% 0:130 ± 0:004 0:312 ± 0:006 0:43 ± 0:04 20 23

50–60% 0:129 ± 0:005 0:311 ± 0:008 0:22 ± 0:02 16 23

60–70% 0:128 ± 0:004 0:308 ± 0:008 0:10 ± 0:01 16 23

70–80% 0:125 ± 0:005 0:303 ± 0:009 0:048 ± 0:004 14 23

K+ 0–5% 0:140 ± 0:003 0:320 ± 0:007 4:98 ± 0:30 24 23

5–10% 0:138 ± 0:005 0:319 ± 0:009 2:00 ± 0:20 33 23

10–20% 0:136 ± 0:005 0:318 ± 0:007 0:75 ± 0:05 33 23

20–30% 0:135 ± 0:005 0:314 ± 0:007 0:34 ± 0:02 21 23

30–40% 0:133 ± 0:004 0:311 ± 0:007 0:16 ± 0:03 12 23

40–50% 0:130 ± 0:005 0:309 ± 0:009 0:075 ± 0:005 15 22

50–60% 0:129 ± 0:004 0:307 ± 0:008 0:036 ± 0:005 8 22

60–70% 0:128 ± 0:006 0:300 ± 0:010 0:016 ± 0:001 23 20

70–80% 0:126 ± 0:004 0:294 ± 0:009 0:0070 ± 0:0003 25 19

p 0–5% 0:142 ± 0:005 0:338 ± 0:006 5:84 ± 0:70 41 26

5–10% 0:140 ± 0:006 0:336 ± 0:008 2:40 ± 0:30 28 22

10–20% 0:138 ± 0:005 0:334 ± 0:005 0:91 ± 0:12 19 20

20–30% 0:136 ± 0:005 0:324 ± 0:007 0:37 ± 0:06 41 20

30–40% 0:133 ± 0:004 0:316 ± 0:005 0:18 ± 0:03 20 20

40–50% 0:131 ± 0:006 0:312 ± 0:008 0:090 ± 0:016 8 20

50–60% 0:129 ± 0:005 0:295 ± 0:009 0:042 ± 0:007 14 20

60–70% 0:128 ± 0:004 0:275 ± 0:008 0:019 ± 0:003 2 20

70–80% 0:125 ± 0:004 0:237 ± 0:007 0:0080 ± 0:0013 11 20

Figure 5
Au-Au
27GeV

π+ 0–5% 0:139 ± 0:004 0:326 ± 0:006 26:14 ± 1:80 5 23

5–10% 0:138 ± 0:004 0:324 ± 0:008 11:07 ± 2:00 8 23

10–20% 0:136 ± 0:005 0:323 ± 0:004 4:25 ± 0:25 10 23

20–30% 0:135 ± 0:004 0:322 ± 0:004 1:90 ± 0:15 14 23

30–40% 0:133 ± 0:003 0:321 ± 0:004 0:98 ± 0:10 23 23

40–50% 0:131 ± 0:004 0:320 ± 0:006 0:50 ± 0:03 26 23

50–60% 0:130 ± 0:005 0:318 ± 0:005 0:23 ± 0:03 19 23

60–70% 0:129 ± 0:005 0:317 ± 0:009 0:11 ± 0:01 21 23

70–80% 0:128 ± 0:004 0:315 ± 0:005 0:048 ± 0:005 19 23

K+ 0–5% 0:142 ± 0:005 0:324 ± 0:008 5:11 ± 0:60 53 23

5–10% 0:140 ± 0:005 0:322 ± 0:007 2:15 ± 0:20 52 23

10–20% 0:139 ± 0:003 0:321 ± 0:008 0:82 ± 0:10 55 23

20–30% 0:137 ± 0:006 0:321 ± 0:005 0:37 ± 0:03 43 23

30–40% 0:136 ± 0:004 0:320 ± 0:007 0:18 ± 0:01 25 23

40–50% 0:134 ± 0:004 0:318 ± 0:008 0:86 ± 0:01 9 23

50–60% 0:132 ± 0:005 0:316 ± 0:005 0:040 ± 0:005 8 23

60–70% 0:130 ± 0:004 0:311 ± 0:006 0:014 ± 0:003 12 23

70–80% 0:128 ± 0:004 0:304 ± 0:007 0:0070 ± 0:0004 27 23

p 0–5% 0:144 ± 0:004 0:343 ± 0:007 5:31 ± 0:40 34 20

5–10% 0:143 ± 0:004 0:341 ± 0:007 2:20 ± 0:22 27 20

10–20% 0:141 ± 0:005 0:336 ± 0:007 0:84 ± 0:09 21 20
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It is hard to say whether the minimum or maximum
point of EoS of the matter formed in the most central Au-
Au collisions at 11.5GeV is related to the search for the
QCD critical end point (CEP) which is the main objective
of the BES program performed by the STAR Collaboration.
Generally, large nonmonotonous changes or saturations or
a slight increase should appear in the excitation functions
of some quantities at the critical energy which is the energy
corresponding to the CEP. The excitation functions consid-
ered in this paper change slightly. Although there is no value
in the energy range of less than 7.7GeV, it is expected that the
excitation function increases quickly in the energy range of a

few GeV while the onset stage of a slight increase appears at
around 10GeV in the excitation functions of hpTi and T i.

It should be noted that there is entanglement in the
extraction of T0 and βT. In fact, if one uses smaller T0 and
larger βT for central collisions, a decreasing trend for T0 from
peripheral to central collisions can be obtained. Meanwhile, a
negative correlation between T0 and βT can also be obtained.
Thus, this situation is in agreement with some current refer-
ences [19, 55, 56]. If one even uses almost invariant or slightly
larger T0 and properly larger βT for central collisions, an
almost invariant or slightly increased trend for T0 from
peripheral to central collisions can be obtained [57]. To show

Table 1: Continued.

Figure Particle Centrality T0 βT N0 χ2 dof

20–30% 0:139 ± 0:005 0:330 ± 0:006 0:37 ± 0:05 15 20

30–40% 0:137 ± 0:005 0:326 ± 0:008 0:18 ± 0:03 9 20

40–50% 0:134 ± 0:005 0:318 ± 0:005 0:090 ± 0:016 8 20

50–60% 0:131 ± 0:004 0:300 ± 0:008 0:042 ± 0:005 3 20

60–70% 0:129 ± 0:004 0:280 ± 0:005 0:019 ± 0:002 6 20

70–80% 0:126 ± 0:004 0:257 ± 0:007 0:0070 ± 0:0003 9 20

Figure 6
Au-Au
39GeV

π+ 0–5% 0:141 ± 0:004 0:330 ± 0:007 27:84 ± 2:30 7 23

5–10% 0:139 ± 0:005 0:328 ± 0:007 11:60 ± 0:70 14 23

10–20% 0:138 ± 0:004 0:326 ± 0:006 4:50 ± 0:30 23 23

20–30% 0:136 ± 0:004 0:325 ± 0:005 2:12 ± 0:10 38 23

30–40% 0:135 ± 0:003 0:324 ± 0:008 1:05 ± 0:08 42 23

40–50% 0:135 ± 0:005 0:322 ± 0:005 0:52 ± 0:02 36 23

50–60% 0:134 ± 0:004 0:321 ± 0:008 0:27 ± 0:02 39 23

60–70% 0:132 ± 0:004 0:320 ± 0:007 0:12 ± 0:01 36 23

70–80% 0:130 ± 0:005 0:319 ± 0:008 0:062 ± 0:005 51 23

K+ 0–5% 0:148 ± 0:004 0:328 ± 0:005 5:29 ± 0:40 35 23

5–10% 0:147 ± 0:004 0:327 ± 0:006 2:30 ± 0:15 15 23

10–20% 0:146 ± 0:005 0:328 ± 0:005 0:90 ± 0:08 29 23

20–30% 0:145 ± 0:006 0:324 ± 0:009 0:40 ± 0:03 19 23

30–40% 0:144 ± 0:005 0:323 ± 0:008 0:19 ± 0:01 12 23

40–50% 0:143 ± 0:005 0:321 ± 0:006 0:090 ± 0:010 10 23

50–60% 0:142 ± 0:003 0:317 ± 0:006 0:0040 ± 0:0004 12 23

60–70% 0:140 ± 0:004 0:316 ± 0:005 0:019 ± 0:001 15 23

70–80% 0:138 ± 0:005 0:313 ± 0:008 0:0083 ± 0:0003 18 23

p 0–5% 0:149 ± 0:005 0:359 ± 0:008 4:38 ± 0:50 34 19

5–10% 0:148 ± 0:004 0:348 ± 0:006 1:94 ± 0:30 36 19

10–20% 0:146 ± 0:005 0:346 ± 0:006 0:80 ± 0:12 22 19

20–30% 0:145 ± 0:004 0:340 ± 0:007 0:33 ± 0:05 16 19

30–40% 0:144 ± 0:004 0:335 ± 0:005 0:16 ± 0:03 8 19

40–50% 0:144 ± 0:004 0:330 ± 0:006 0:078 ± 0:014 13 19

50–60% 0:143 ± 0:004 0:300 ± 0:006 0:040 ± 0:005 1 19

60–70% 0:139 ± 0:004 0:281 ± 0:005 0:017 ± 0:002 4 19

70–80% 0:127 ± 0:004 0:274 ± 0:007 0:0080 ± 0:0006 10 19
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the flexibility in the extraction of T0 and βT, this work has
reported an increasing trend for T0 from peripheral to cen-
tral collisions and a positive correlation between T0 and βT.

In addition, we have taken n0 = 2 in this work, which
closely resembles the hydrodynamic profile as mentioned in
Ref. [21]. Although Ref. [58] shows that n0 = 1 is the closest
approximation to hydrodynamics at freeze-out, Ref. [36]

shows that n0 = 2 or 1 does not affect obviously the fit curve
and free parameters T0 and βT. If we consider that βðrÞ
decays quickly from the surface to the center of the emission
source, we are inclined to use n0 = 2. Anyhow, we are not
inclined to regard n0 as a free parameter which is too mutable
and debatable in our opinion. In current analysis with the
blast-wave model [22], not only is n0 mutable (from 0:0 ±
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Figure 2: The same as Figure 1, but showing the results at
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sNN = 11:5
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Figure 3: The same as Figure 1, but showing the results at
ffiffiffiffiffiffiffiffiffi
sNN

p
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10:1 to 4:3 ± 1:7) but also the pT coverage is narrow and
particle-dependent (pT ≈ 0:20 – 0:70GeV/c for π+, 0:25 –
0:75GeV/c for K+, and 0:35 – 1:15GeV/c for p), which uses
a single kinetic freeze-out scenario and results in different
trends of T0 versus βT from this work. If we also regard n0
as a free parameter and use narrow and particle-dependent
pT coverage, consistent result with current analysis [22] can
be naturally obtained by us.

Indeed, there are too much uncertainties arising from the
choice of fit function and flow profile and from the well-
known ambiguity in the fit results—in a single pT spectrum,
it is always possible to trade βT against T0. That is, T0 and
βT is negatively correlative for a given pT spectrum. It is pos-
sible that we may use suitable T0 and βT for a set of pT spectra
and obtain a positive or negative correlation. In a positive
correlation, decreasing T0 and increasing βT will result in a
negative correlation. Contrarily, in a negative correlation,
increasing T0 and decreasing βT will result in a positive cor-
relation. Indeed, there is an influence if we use a changeable
pT coverage and/or n0 choice on the extraction of the two free
parameters. In our opinion, to reduce the uncertainties, one
should use a fixed flow profile (n0) and wide and fixed pT cov-
erage for different particles. In fact, we have used n0 = 2 and
pT < 2:5GeV/c for different particles in this work and used
a multiple freeze-out scenario such as that used in Ref. [59].

Our result (Table 1) shows that the heavier the particle is,
the higher T0 and the smaller βT correspond. This result is in
agreement with the hydrodynamic-type behavior [4]. The
final T0 and βT are averaged by weighting different particle
yields, which shows a positive correlation between T0 and
βT (Figure 7). Our result is in agreement with the alternative
method [36, 37] in which T0 is regarded as the intercept in
the linear relation of T versus m0 and βT is regarded as the
slope in the linear relation of hpTi versus m0�γ, where �γ is

the mean Lorentz factor in the source rest frame. Our result
is also in agreement with a very recent work [60] which uses
the same method as ours. If the negative correlation can be
explained as the result of a longer lifetime (lower excitation
degree) which corresponds to lower T0 and a quicker expan-
sion (stronger squeeze) which corresponds to larger βT, the
positive correlation can be explained as the result of a high
excitation degree which corresponds to high T0 and quick
expansion (strong squeeze) which corresponds to large βT.

This whole phenomenal analysis results in degrees of
thermal motion and collective expansion that are reflected
by T0 and βT, respectively. With the increasing collision
energy, the system may undergo different evolution pro-
cesses. In the considered RHIC-BES energy range, the violent
degree of collisions increases with increasing collision energy.
The trends of T0 and βT show approximately monotonous
increase in which large fluctuation does not appear, though
there are nonmonotonous changes at 11.5GeV in some
cases. The evolution processes at the considered six energies
show similar behaviors to each other.

4. Conclusions

The main observations and conclusions are summarized
as follows.

(a) By using the method of data-driven reanalysis, the
blast-wavemodel with the Boltzmann-Gibbs statistics
is used to analyze the collision energy-dependent
and event centrality-dependent double-differential
transverse momentum spectra of charged particles
(π+, K+, and p) produced in the midrapidity interval
in Au-Au collisions at the RHIC-BES energies. The
contribution of soft excitation is considered in this
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Figure 8: Dependences of weighted averages (a) hpTi and (b) T i on
ffiffiffiffiffiffiffiffiffi
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p
for different event centralities. The different symbols display

different centrality classes, which are averaged by weighting the yields of different particles which are listed in Table 1.
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work, but the contribution of the hard process is not
excluded if available

(b) As the free parameters, the kinetic freeze-out tem-
perature T0 and transverse flow velocity βT are
extracted with the blast-wave model. Both T0 and
βT increase with the increase in collision energy
due to more violent collisions at higher energy. The
two parameters also increase with the increase in
event centrality, as the central collisions contain
more nucleons which means more energy deposited
and more violent collisions and squeeze, compared
with peripheral collisions

(c) As the derived parameters, the mean transverse
momentum hpTi and initial temperature T i appear
to be similar law to the free parameters T0 and βT
when we study the dependences of parameters on
collision energy and event centrality. Although T0
and βT are model-dependent, hpTi and T i are gener-
ally model-independent. There is no large fluctuation
in the excitation function of the considered parame-
ters at the RHIC-BES, which means a similar colli-
sion mechanism

Data Availability

The data used to support the findings of this study are
included within the article and are cited at relevant places
within the text as references.

Ethical Approval

The authors declare that they are in compliance with ethical
standards regarding the content of this paper.

Disclosure

The funding agencies have no role in the design of the study;
in the collection, analysis, or interpretation of the data; in
the writing of the manuscript; or in the decision to publish
the results.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

Acknowledgments

We thank Dr. Muhammad Usman Ashraf for his kind help.
This work was supported by the National Natural Science
Foundation of China under Grant No. 11575103, the Chinese
Government Scholarship (China Scholarship Council), the
Scientific and Technological Innovation Programs (STIP) of
Higher Education Institutions in Shanxi under Grant No.
201802017, the Shanxi Provincial Natural Science Founda-
tion under Grant No. 201701D121005, and the Fund for
Shanxi “1331 Project” Key Subjects Construction.

References

[1] S. Mukherjee and V. Skokov, “Universality driven analytic
structure of QCD crossover: radius of convergence in baryon
chemical potential,” https://arxiv.org/abs/1909.04639.

[2] W.-J. Fu, J. M. Pawlowski, and F. Rennecke, “The QCD phase
structure at finite temperature and density,” https://arxiv.org/
abs/1909.02991.

[3] G.-Y. Shao, W.-B. He, and X.-Y. Gao, “Deformed QCD phase
structure and entropy oscillation in the presence of a magnetic
background,” Physical Review D, vol. 100, no. 1, article 014020,
2019.

[4] R. Sahoo, “Possible formation of QGP-droplets in proton-
proton collisions at the CERN Large Hadron Collider,” AAPPS
Bulletin, vol. 29, no. 4, 2019.

[5] M. Gyulassy and L. McLerran, “New forms of QCDmatter dis-
covered at RHIC,”Nuclear Physics A, vol. 750, no. 1, pp. 30–63,
2005.

[6] M. T. AlFiky, O. T. ElSherif, and A. M. Hamed, “Quark gluon
plasma formation in proton-proton collisions using PYTHIA,”
https://arxiv.org/abs/1902.05114.

[7] F. Rennecke, W.-J. Fu, and J. M. Pawlowski, “Strangeness neu-
trality and the QCD phase diagram,” https://arxiv.org/abs/
1907.08179.

[8] A. Andronic, P. Braun-Munzinger, and J. Stachel, “Hadron
production in central nucleus–nucleus collisions at chemical
freeze-out,” Nuclear Physics A, vol. 772, no. 3-4, pp. 167–199,
2006.

[9] G. Inghirami, P. Hillmann, B. Tomášik, and M. Bleicher,
“Temperatures and chemical potentials at kinetic freeze-out
in relativistic heavy ion collisions from coarse grained trans-
port simulations,” https://arxiv.org/abs/1909.00643.

[10] C. Yang, “The STAR detector upgrades and physics in beam
energy scan phase II,” EPJ Web of Conferences, vol. 182, article
02130, p. 02130, 2018.

[11] K. C. Meehan, “Fixed target collisions at STAR,” Nuclear Phys-
ics A, vol. 956, pp. 878–881, 2016.

[12] X. Sun and the STAR Collaboration, “Flow in the RHIC Beam
Energy Scan from STAR,” Journal of Physics: Conference
Series, vol. 535, article 012005, 2014.

[13] K. C. Meehan, “The fixed-target experiment at STAR,” Journal
of Physics: Conference Series, vol. 742, article 012022, 2016.

[14] T. Ablyazimov, A. Abuhoza, R. P. Adak et al., “Challenges in
QCD matter physics – the scientific programme of the Com-
pressed Baryonic Matter experiment at FAIR,” The European
Physical Journal A, vol. 53, p. 60, 2017.

[15] J. Chen, D. Keane, Y. G. Ma, A. Tang, and Z. Xu, “Antinuclei in
heavy-ion collisions,” Physics Reports, vol. 760, pp. 1–39, 2018.

[16] N. Xu, “An overview of STAR experimental results,” Nuclear
Physics A, vol. 931, pp. 1–12, 2014.

[17] S. Chatterjee, S. Das, L. Kumar et al., “Freeze-out parameters in
heavy-ion collisions at AGS, SPS, RHIC, and LHC energies,”
Advances in High Energy Physics, vol. 2015, Article ID
349013, 20 pages, 2015.

[18] S. Uddin, I. Bashir, and R. A. Bhat, “Transverse momentum
distributions of hadrons produced in Pb-Pb collisions at
LHC energy

ffiffiffiffiffiffiffiffiffi
sNN

p
= 2:76 TeV,” Advances in High Energy

Physics, vol. 2015, Article ID 154853, 7 pages, 2015.

[19] L. Adamczyk, J. K. Adkins, G. Agakishiev et al., “Bulk proper-
ties of the medium produced in relativistic heavy-ion collisions

12 Advances in High Energy Physics

https://arxiv.org/abs/1909.04639
https://arxiv.org/abs/1909.02991
https://arxiv.org/abs/1909.02991
https://arxiv.org/abs/1902.05114
https://arxiv.org/abs/1907.08179
https://arxiv.org/abs/1907.08179
https://arxiv.org/abs/1909.00643


from the Beam Energy Scan program,” Physical Review C,
vol. 96, no. 4, article 044904, 2017.

[20] V. Bairathi, “Study of the bulk properties of the system formed
in Au + Au collisions at

ffiffiffiffiffiffiffiffiffi
sNN

p
= 14:5 GeV using the STAR

detector at RHIC,” Nuclear Physics A, vol. 956, pp. 292–295,
2016.

[21] E. Schnedermann, J. Sollfrank, and U. Heinz, “Thermal
phenomenology of hadrons from 200A GeV S+S collisions,”
Physical Review C, vol. 48, no. 5, pp. 2462–2475, 1993.

[22] B. I. Abelev, M. M. Aggarwal, Z. Ahammed et al., “Systematic
measurements of identified particle spectra in pp, d + Au, and
Au+Au collisions at the STAR detector,” Physical Review C,
vol. 79, no. 3, article 034909, 2009.

[23] B. I. Abelev, M. M. Aggarwal, Z. Ahammed et al., “Identified
particle production, azimuthal anisotropy, and interferometry
measurements in Au + Au collisions at

ffiffiffiffiffiffiffiffiffi
sNN

p
= 9:2 GeV,”

Physical Review C, vol. 81, no. 2, article 024911, 2010.

[24] Z. Tang, Y. Xu, L. Ruan, G. van Buren, F. Wang, and Z. Xu,
“Spectra and radial flow in relativistic heavy ion collisions with
Tsallis statistics in a blast-wave description,” Physical Review
C, vol. 79, no. 5, article 051901, 2009.

[25] Z.-B. Tang, L. Yi, L. J. Ruan et al., “The statistical origin of
constituent-quark scaling in QGP hadronization,” Chinese
Physics Letters, vol. 30, no. 3, article 031201, 2013.

[26] K. Jiang, Y. Zhu,W. Liu et al., “Onset of radial flow in p + p col-
lisions,” Physical Review C, vol. 91, no. 2, article 024910, 2015.

[27] S. Takeuchi, K. Murase, T. Hirano, P. Huovinen, and Y. Nara,
“Effects of hadronic rescattering on multistrange hadrons in
high-energy nuclear collisions,” Physical Review C, vol. 92,
no. 4, article 044907, 2015.

[28] H. Heiselberg and A.-M. Levy, “Elliptic flow and Hanbury-
Brown–Twiss correlations in noncentral nuclear collisions,”
Physical Review C, vol. 59, no. 5, pp. 2716–2727, 1999.

[29] U. W. Heinz, “Hydrodynamics at RHIC: how well does it
work, where and how does it break down?,” Journal of Physics
G: Nuclear and Particle Physics, vol. 31, no. 6, article S717,
2005.

[30] R. Russo, “Measurement of D+ meson production in pPb col-
lisions with the ALICE detector,” 2015, https://arxiv.org/abs/
1511.04380.

[31] S. Sadhu and P. Ghosh, “Anomalous features of particle pro-
duction in high-multiplicity events of pp collisions at the
LHC energies,” Physical Review D, vol. 99, no. 3, article
034020, 2019.

[32] G. Bíró, G. Barnaföldi, T. Biró, K. Ürmössy, and Á. Takács,
“Systematic analysis of the non-extensive statistical approach
in high energy particle collisions - experiment vs. theory,”
Entropy, vol. 19, no. 3, article e19030088, p. 88, 2017.

[33] H.-R. Wei, F.-H. Liu, and R. A. Lacey, “Disentangling random
thermal motion of particles and collective expansion of source
from transverse momentum spectra in high energy collisions,”
Journal of Physics G: Nuclear and Particle Physics, vol. 43,
no. 12, article 125102, 2016.

[34] H.-R. Wei, F.-H. Liu, and R. A. Lacey, “Kinetic freeze-out tem-
perature and flow velocity extracted from transverse momen-
tum spectra of final-state light flavor particles produced in
collisions at RHIC and LHC,” The European Physical Journal
A, vol. 52, no. 4, p. 102, 2016.

[35] H.-L. Lao, H.-R. Wei, F.-H. Liu, and R. A. Lacey, “An evidence
of mass-dependent differential kinetic freeze-out scenario

observed in Pb-Pb collisions at 2.76 TeV,” The European Phys-
ical Journal A, vol. 52, no. 7, p. 203, 2016.

[36] H.-L. Lao, F.-H. Liu, B.-C. Li, and M.-Y. Duan, “Kinetic freeze-
out temperatures in central and peripheral collisions: which
one is larger?,” Nuclear Science and Techniques, vol. 29,
no. 6, p. 82, 2018.

[37] H.-L. Lao, F.-H. Liu, B.-C. Li, M.-Y. Duan, and R. A. Lacey,
“Examining the model dependence of the determination of
kinetic freeze-out temperature and transverse flow velocity in
small collision system,” Nuclear Science and Techniques,
vol. 29, no. 11, p. 164, 2018.

[38] J. Cleymans and D. Worku, “Relativistic thermodynamics:
transverse momentum distributions in high-energy physics,”
The European Physical Journal A, vol. 48, no. 11, p. 160,
2012.

[39] H. Zheng and L. Zhu, “Comparing the Tsallis distribution with
and without thermodynamical description in p +p collisions,”
Advances in High Energy Physics, vol. 2016, Article ID
9632126, 10 pages, 2016.

[40] R. Hagedorn, “Multiplicities, pT distributions and the expected
hadron→ quark-gluon phase transition,” La Rivista del Nuovo
Cimento, vol. 6, no. 10, pp. 1–50, 1983.

[41] ALICE Collaboration, B. Abelev, J. Adam et al., “Production of
∑ð1385Þ± and Ξð1530Þ0 in proton–proton collisions at

ffiffi
s

p
= 7

TeV,” The European Physical Journal C, vol. 75, no. 1, p. 1,
2015.

[42] R. L. Ray and A. Jentsch, “Phenomenological models of two-
particle correlation distributions on transverse momentum in
relativistic heavy-ion collisions,” Physical Review C, vol. 99,
no. 2, article 024911, 2019.

[43] The CMS Collaboration, S. Chatrchyan, V. Khachatryan et al.,
“Study of high-pT charged particle suppression in PbPb com-
pared to pp collisions at

ffiffiffiffiffiffiffiffiffi
sNN

p
= 2:76 TeV,” The European

Physical Journal C, vol. 72, no. 3, 2012.
[44] C. Tsallis, “Possible generalization of Boltzmann-Gibbs statis-

tics,” Journal of Statistical Physics, vol. 52, no. 1-2, pp. 479–
487, 1988.

[45] B. I. Abelev, J. Adams, M. M. Aggarwal et al., “Strange particle
production in p + p collisions at

ffiffi
s

p
= 200 GeV,” Physical

Review C, vol. 75, no. 6, article 064901, 2007.

[46] T. S. Biró, G. Purcsel, and K. Urmössy, “Non-extensive
approach to quark matter,” The European Physical Journal A,
vol. 40, no. 3, p. 325, 2009.

[47] R. Odorico, “Does a transverse energy trigger actually trigger
on large-PT jets?,” Physics Letters B, vol. 118, no. 1-3,
pp. 151–154, 1982.

[48] G. Arnison, A. Astbury, B. Aubert et al., “Transverse momen-
tum spectra for charged particles at the CERN proton-
antiproton collider,” Physics Letters B, vol. 118, no. 1-3,
pp. 167–172, 1982.

[49] T. Mizoguchi, M. Biyajima, and N. Suzuki, “Analyses of whole
transverse momentum distributions in p�p and pp collisions by
using a modified version of Hagedorn’s formula,” Interna-
tional Journal of Modern Physics A, vol. 32, no. 11, article
1750057, 2017.

[50] M. Suleymanov, “The meaning behind observed pT regions at
the LHC energies,” International Journal of Modern Physics E,
vol. 27, no. 1, article 1850008, 2018.

[51] L. J. Gutay, A. S. Hirsch, R. P. Scharenberg, B. K. Srivastava,
and C. Pajares, “De-confinement in small systems: clustering
of color sources in high multiplicity �pp collisions at

ffiffi
s

p
= 1:8

13Advances in High Energy Physics

https://arxiv.org/abs/1511.04380
https://arxiv.org/abs/1511.04380


TeV,” International Journal of Modern Physics E, vol. 24,
no. 12, article 1550101, 2015.

[52] A. S. Hirsch, C. Pajares, R. P. Scharenberg, and B. K. Srivastava,
“De-confinement in high multiplicity proton-proton collisions
at LHC energies,” 2018, https://arxiv.org/abs/1803.02301.

[53] P. Sahoo, S. De, S. K. Tiwari, and R. Sahoo, “Energy and cen-
trality dependent study of deconfinement phase transition in
a color string percolation approach at RHIC energies,” The
European Physical Journal A, vol. 54, no. 8, p. 136, 2018.

[54] J. Cleymans, “The physics case for the
ffiffiffiffiffiffiffiffiffi
sNN

p
≈ 10 GeV

region,” 2017, http://arxiv.org/abs/1711.02882.

[55] B. Abelev, J. Adam, D. Adamová et al., “Centrality dependence
of π, K, and p production in Pb-Pb collisions at

ffiffiffiffiffiffiffiffiffi
sNN

p
= 2:76

TeV,” Physical Review C, vol. 88, no. 4, article 044910, 2013.

[56] L. Kumar, “Systematics of kinetic freeze-out properties in high
energy collisions from STAR,” Nuclear Physics A, vol. 931,
pp. 1114–1119, 2014.

[57] A. Khuntia, H. Sharma, S. K. Tiwari, R. Sahoo, and
J. Cleymans, “Radial flow and differential freeze-out in proton-
proton collisions at

ffiffi
s

p
= 7 TeV at the LHC,” The European

Physical Journal A, vol. 55, p. 3, 2019.

[58] P. F. Kolb and U. Heinz, “Hydrodynamic description of
ultrarelativistic heavy-ion collisions,” in Quark-Gluon Plasma
3, R. C. Hwa and X.-N. Wang, Eds., p. 788, World Scientific,
Singapore, 2004.

[59] D. Thakur, S. Tripathy, P. Garg, R. Sahoo, and J. Cleymans,
“Indication of a differential freeze-out in proton-proton and
heavy-ion collisions at RHIC and LHC energies,” Advances
in High Energy Physics, vol. 2016, Article ID 4149352, 13 pages,
2016.

[60] P.-P. Yang, M.-Y. Duan, F.-H. Liu, and R. Sahoo, “Multiparti-
cle production and initial quasi-temperature from proton
induced carbon collisions at pLab = 31 GeV/c,” https://arxiv
.org/abs/1903.04008.

14 Advances in High Energy Physics

https://arxiv.org/abs/1803.02301
http://arxiv.org/abs/1711.02882
https://arxiv.org/abs/1903.04008
https://arxiv.org/abs/1903.04008


Research Article
Centrality Dependence of Multiplicity Fluctuations in Ion-Ion 
Collisions from the Beam Energy Scan at FAIR

Anuj Chandra , Bushra Ali, and Shakeel Ahmad 

Department of Physics, Aligarh Muslim University, Aligarh 202002, India

Correspondence should be addressed to Shakeel Ahmad; shakeel.ahmad@cern.ch

Received 12 June 2019; Accepted 30 July 2019; Published 2 December 2019

Academic Editor: Fu-Hu Liu

Copyright © 2019 Anuj Chandra et al. ­is is an open access article distributed under the Creative Commons Attribution License, 
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Multiplicity distributions and event-by-event multiplicity �uctuations in AuAu collisions at energies in future heavy-ion experiment 
at the Facility for Anti-proton and Ion Research (FAIR) are investigated. Events corresponding to FAIR energies are simulated in 
the frame work of Ultra Relativistic Quantum Molecular Dynamics (URQMD) model. It is observed that the mean and the width 
of multiplicity distributions monotonically increase with beam energy. ­e trend of variations of dispersion with mean number of 
participating nucleons for the centrality-bin width of 5% are in accord with the Central Limit ­eorem. ­e multiplicity distributions 
in various centrality bins as well as for full event samples are observed to obey Koba, Nielsen and Olesen (KNO) scaling. ­e trends 
of variations of scaled variance with beam energy are also found to support the KNO scaling predictions for larger collision centrality. 
­e �ndings also reveal that the statistical �uctuations in 5% centrality-bin width appear to be under control.

1. Introduction

Any physical quantity measured in an experiment is subject to 
�uctuations. ­ese �uctuations depend on the property of the 
system and are expected to provide important information about 
the nature of the system under study [1, 2]. As regards relativistic 
heavy-ion (AA) collisions, the system so created is a dense and hot 
�reball consisting of partonic and (or) hadronic matter 
[1, 2]. To investigate the existence of partonic matter in the early 
life of �reball is one of the main goals of AA collisions. Study of 
�uctuations in AA collisions would help to check the idea that 
�uctuations of a thermal system are directly related to various 
susceptibilities and could be an indicator for the possible phase 
transitions [1–3]. Fluctuations in experimental observables, such 
as charged particle multiplicity, particle ratios, mean transverse 
momentum, and other global observables are related to the 
thermodynamic properties of the system, like, entropy, speci�c 
heat, chemical potential, etc. [4–7]. Event-by-event (ebe) 
�uctuations of these quantities are regarded as an important mean 
to understand the particle production dynamics which, in turn, 
would lead to understand the nature of phase transition and the 
critical �uctuations at the QCD phase boundary. A non-monotonic 
behavior of the �uctuations as a function of collision centrality and 

energy of the colliding beam may signal the onset of con�nement 
and may be used to probe the critical point in the QCD phase 
diagram [7]. ­e multiplicity of charged particles produced in 
heavy-ion collisions is the simplest and day-one observable, which 
provides a mean to investigate the dynamics of highly excited 
multi-hadron system. Studies involving multiplicity distributions 
(MDs) of the relativistic charged particles produced would allow 
�nding the deviations from a simple superposition of multiple 
independent nucleon–nucleon (nn) collisions. Such studies, if 
carried out in limited rapidity space are envisaged to provide useful 
information on dynamical �uctuations [8–11]. It has been stressed 
that moments of MDs in full and limited rapidity bins would lead 
to make some interesting remarks about the production 
mechanisms involved. Dependence of MDs and their moments 
on collision centrality is also expected to lead to some interesting 
conclusions because of the fact that in narrow centrality windows 
the geometrical �uctuations may be treated as under control, 
whereas, such windows, if correspond to most central collisions, 
may be of additional importance because of the extreme conditions 
of temperature and excitation energy [7]. An attempt is, therefore, 
made to study the multiplicity �uctuations in the narrow centrality 
windows in AuAu collisions for the Beam Energy Scan (BES) at 
FAIR energies (for �lab = 10, 20, 30 and 40A GeV) in the frame 
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work of URQMD model, using the code, urqmd-v3.4 [12, 13]. ­e 
number of events simulated at these energies are 2.3, 2.3, 2.1, and 
2.2M (� = 106) respectively. ­e analysis is carried out in the 
pseudorapidity (�) and transverse momentum (��) intervals: 
−1.0 < � < 1.0 and 0.2 < �� < 5.0 GeV/c respectively.

2. The URQMD Model

Multiparticle production in relativistic collisions have been 
described earlier within the hydrodynamic approach [14]. At a 
later stage, the Regge theory [15] and multiperipheral models were 
developed [15, 16]. Although the di©culties attributed to the sta-
tistical models were overcome in these models, yet the inconven-
ience of this approach is the large number of free parameters 
which are to be �xed by comparison with the experiments. 
Subsequently various quark-parton models motivated by QCD 
were introduced and as a consequence a large variety of models 
for hadronic and heavy-ion collisions were proposed. ­ese mod-
els may be classi�ed into macroscopic (statistical and thermody-
namic) models [17] and microscopic (string, transport, cascade, 
etc.) models, like URQMD, VENUS, RQMD, etc. ­e microscopic 
models describe the individual hadron-hadron collisions.

URQMD model is based on the covariant propagation of 
constituent quarks and di-quarks but has been accompanied by 
baryonic and mesonic degrees of freedom. At low energies, 
√�NN < 5 GeV, the collisions are described in terms of interactions 
between hadrons and their excited states [17], whereas at higher 
energies (>5 GeV), the quark and gluon degrees of freedom are 
considered and the concept of color string excitation is introduced 
with their subsequent fragmentation into hadrons [13]. In a trans-
port model, AA collisions are considered as the superposition of 
all possible binary nn collisions. Every nn collision corresponding 
to the impact parameter, � ≤ √�tot/� is considered, where �tot
represents the total cross section. ­e two colliding nuclei are 
described by Fermi gas model [17] and hence the initial momen-
tum of each nucleon is taken at random between zero and 
­omas-Fermi momentum. ­e interaction term includes more 

than 50 baryon and 45 meson species. ­e model can treat the 
intermediate �reball both in and out of a local thermal and chem-
ical equilibria. ­e URQMD model, thus, provides an ideal 
framework to study heavy-ion collisions. Although, the phase 
transition from a hadronic to partonic phase are not explicitly 
included in the model, thus a clear suggestion about the location 
of critical point can not be made. ­e study, however, might help 
in the interpretation of the experimental data since it will permit 
subtraction of simple dynamical and geometrical e«ects from the 
expected Quark Gluon Plasma (QGP) signals [18].

3. Results and Discussion

­e URQMD model gives the value of impact parameter, b on 
ebe basis which allows to determine the collision centrality and 
mean number of participating nucleons, ⟨�part⟩ using the 
Glauber model [7, 19]. Values of number of participating nucle-
ons, mean charged particle multiplicities and dispersion of MDs 
(�) for various collision centralities at the four energies are esti-
mated and listed in Tables 1–4. ­e centrality selection is made 
from the MDs of charged particles for the minimum bias events 
in the considered � and �� ranges. ­is is illustrated in Figure 
1, where the multiplicity distribution of minimum bias events 
for �lab = 40A GeV is displayed. ­e shaded regions show 10% 
centrality cross-section bins. Variations of ⟨�ch⟩ and � with 
⟨�part⟩ for the centrality bin width = 2, 5 and 10% are presented 
in Figures 2 and 3. ­e statistical errors associated with these 
parameters are too small to be noticed in the �gures. It may be 
noted from these �gures that ⟨�ch⟩ and � increase smoothly 
with ⟨�part⟩ or collision centrality. ­e lines in Figure 2 are due 
to the best �ts to the data obtained using the equation

whereas, in Figure 3 the lines are due to the least square �ts to 
the data of the form

(1)⟨�ch⟩ = � + �⟨�part⟩ + �⟨�part⟩2,

(2)� = � + �√⟨�part⟩.

Table 1: Values of ⟨�part⟩, ⟨�ch⟩, dispersion (�) and scaled variance (�) in various centrality bins at �lab = 10A GeV/c.

Centrality (%) ⟨�part⟩ ⟨�ch⟩ � �
5 348.00 ± 0.0020 231.03 ± 0.07 25.07 ± 0.05 2.7198 ± 0.0009
10 289.90 ± 0.0020 182.37 ± 0.06 21.63 ± 0.05 2.5650 ± 0.0009
15 238.45 ± 0.0020 144.36 ± 0.05 19.34 ± 0.05 2.5898 ± 0.0010
20 195.27 ± 0.0020 113.62 ± 0.04 17.26 ± 0.05 2.6214 ± 0.0012
25 159.21 ± 0.0020 89.70 ± 0.04 15.19 ± 0.05 2.5727 ± 0.0013
30 127.17 ± 0.0020 70.10 ± 0.04 13.85 ± 0.05 2.7352 ± 0.0016
35 100.08 ± 0.0020 53.49 ± 0.03 12.18 ± 0.05 2.7734 ± 0.0019
40 77.97 ± 0.0010 39.72 ± 0.03 10.76 ± 0.05 2.9171 ± 0.0022
45 58.89 ± 0.0010 28.99 ± 0.02 9.22 ± 0.05 2.9297 ± 0.0027
50 44.44 ± 0.0010 20.62 ± 0.02 7.84 ± 0.05 2.9803 ± 0.0032
55 31.99 ± 0.0010 13.86 ± 0.02 6.46 ± 0.05 3.0073 ± 0.0039
60 22.27 ± 0.0010 9.13 ± 0.01 5.17 ± 0.05 2.9287 ± 0.0049
65 14.83 ± 0.0010 5.95 ± 0.01 4.14 ± 0.05 2.8798 ± 0.0059
70 10.15 ± 0.0010 3.67 ± 0.01 3.21 ± 0.05 2.8056 ± 0.0071
75 7.06 ± 0.0020 2.17 ± 0.01 2.42 ± 0.05 2.6991 ± 0.0089
80 5.53 ± 0.0050 1.20 ± 0.00 1.77 ± 0.05 2.6062 ± 0.0111
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­e values of coe©cients, occurring in equations (1) and 
(2) are listed in Tables 5 and 6 respectively. As described in 
ref. [7], the centrality dependence of the moments may be 
understood by the Central Limit ­eorem (CLT), according 
to which, ⟨�ch⟩ ∝ �part and � ∝ √�part. However, in the 
present study the mean multiplicity is observed to grow with 
⟨�part⟩, as given by equation (1), i.e. a slight deviation from 
linearity is exhibited by the data irrespective of the fact that 
how large or small the centrality bins are chosen. ­e vari-
ations of � with ⟨�part⟩, shown in Figure 3, are seen to be 
nicely �tted by equation (2) for 5% centrality bin width, 
while for the centrality bin widths of 2% and 10% the data 
are seen to be �tted only for centrality >20%, as indicated by 
the lines in this �gure; the lines are drawn for the range of 

centrality for which the �ts of the data have been performed. 
Similar deviations from CLT have also been observed in 
AuAu collisions at RHIC and lower energies [7]. In order to 
extract information regarding dynamical �uctuations arising 
from physical processes, �uctuations in mean number of 
participating nucleons are to be minimized. To achieve the 
same, centrality bins considered should be kept narrow 
because the �uctuations in the particle multiplicities are 
directly related to the �uctuations in the mean number of 
participating nucleons. ­e inherent �uctuations may be 
reduced by choosing narrow centrality bins; the inherent 
�uctuations are the �uctuations which arise due to the dif-
ference in the geometry even within the selected centrality 
bin. A very narrow centrality bin, if considered, would, 

Table 2: Values of the same variables, as in Table 1, but for �lab = 20A GeV/c.

Centrality (%) ⟨�part⟩ ⟨�ch⟩ � �
5 348.00 ± 0.0020 288.81 ± 0.07 27.91 ± 0.05 2.6980 ± 0.0008
10 289.90 ± 0.0020 227.70 ± 0.06 24.58 ± 0.05 2.6535 ± 0.0008
15 238.45 ± 0.0020 179.76 ± 0.06 22.37 ± 0.04 2.7839 ± 0.0010
20 195.27 ± 0.0020 141.24 ± 0.05 20.27 ± 0.04 2.9100 ± 0.0012
25 159.21 ± 0.0020 111.38 ± 0.05 18.10 ± 0.03 2.9414 ± 0.0014
30 127.17 ± 0.0020 86.96 ± 0.04 16.52 ± 0.03 3.1384 ± 0.0017
35 100.08 ± 0.0020 66.34 ± 0.04 14.62 ± 0.03 3.2211 ± 0.0020
40 77.97 ± 0.0010 49.44 ± 0.03 12.90 ± 0.02 3.3637 ± 0.0024
45 58.89 ± 0.0010 36.03 ± 0.03 11.05 ± 0.02 3.3876 ± 0.0030
50 44.44 ± 0.0010 25.75 ± 0.02 9.49 ± 0.02 3.4943 ± 0.0035
55 31.99 ± 0.0010 17.36 ± 0.02 7.80 ± 0.01 3.5043 ± 0.0042
60 22.27 ± 0.0010 11.53 ± 0.02 6.32 ± 0.01 3.4638 ± 0.0055
65 14.83 ± 0.0010 7.55 ± 0.01 5.11 ± 0.01 3.4627 ± 0.0066
70 10.15 ± 0.0010 4.71 ± 0.01 4.00 ± 0.01 3.4008 ± 0.0080
75 7.06 ± 0.0020 2.79 ± 0.01 3.06 ± 0.01 3.3583 ± 0.0100
80 5.53 ± 0.0050 2.25 ± 0.21 2.62 ± 0.15 3.0484 ± 0.3079

Table 3: Values of the same variables, as in Table 1, but for �lab = 30A GeV/c.

Centrality (%) ⟨�part⟩ ⟨�ch⟩ � �
5 348.00 ± 0.0020 327.23 ± 0.09 31.63 ± 0.06 3.0566 ± 0.0009
10 289.90 ± 0.0020 257.60 ± 0.08 27.73 ± 0.05 2.9857 ± 0.0010
15 238.45 ± 0.0020 203.53 ± 0.07 25.22 ± 0.05 3.1245 ± 0.0011
20 195.27 ± 0.0020 159.94 ± 0.06 22.70 ± 0.04 3.2205 ± 0.0013
25 159.21 ± 0.0020 126.11 ± 0.06 20.26 ± 0.04 3.2551 ± 0.0016
30 127.17 ± 0.0020 98.62 ± 0.05 18.56 ± 0.03 3.4930 ± 0.0019
35 100.08 ± 0.0020 75.28 ± 0.04 16.47 ± 0.03 3.6032 ± 0.0023
40 77.97 ± 0.0010 56.15 ± 0.04 14.48 ± 0.03 3.7316 ± 0.0027
45 58.89 ± 0.0010 40.95 ± 0.03 12.40 ± 0.02 3.7530 ± 0.0033
50 44.44 ± 0.0010 29.36 ± 0.03 10.63 ± 0.02 3.8484 ± 0.0040
55 31.99 ± 0.0010 19.87 ± 0.02 8.83 ± 0.02 3.9211 ± 0.0048
60 22.27 ± 0.0010 13.20 ± 0.02 7.19 ± 0.01 3.9103 ± 0.0063
65 14.83 ± 0.0010 8.68 ± 0.02 5.81 ± 0.01 3.8935 ± 0.0076
70 10.15 ± 0.0010 5.44 ± 0.01 4.60 ± 0.01 3.8949 ± 0.0094
75 7.06 ± 0.0020 3.23 ± 0.01 3.51 ± 0.01 3.8103 ± 0.0116
80 5.53 ± 0.0050 3.01 ± 0.25 3.13 ± 0.18 3.2661 ± 0.2933
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Figure 3, tend to suggest that �uctuation e«ects dominate if 
the centrality bin width is somewhat larger or quite small.

Multiplicity distributions of relativistic charged particles for 
minimum bias events for ��������� < 1.0 and �� = 0.2 − 5.0  GeV/c  

therefore, minimize this e«ect but may cause additional 
�uctuations due to statistics. Centrality resolution of the 
detectors also demands that the chosen centrality bins 
should not be too narrow. ­us, our observations from 

Table 5: Values of parameters, a, b, and c, occurring in equation (1) at di«erent energies.

�lab Fit Par. Centrality 10% Centrality 5% Centrality 2%

10A GeV
a × 10−1 −17.425 ± 0.032 −19.211 ± 0.071 −13.718 ± 0.004

b × 10−2 49.595 ± 0.018 49.581 ± 0.020 43.791 ± 0.015

c ×10−4 4.895 ± 0.008 4.452 ± 0.007 5.350 ± 0.005

20A GeV
a × 10−1 −15.317 ± 0.051 −18.215 ± 0.063 −17.031 ± 0.045

b × 10−2 60.103 ± 0.024 60.250 ± 0.021 53.923 ± 0.017

c × 10−4 6.668 ± 0.010 6.670 ± 0.007 6.900 ± 0.006

30A GeV
a × 10−1 −16.633 ± 0.061 −18.670 ± 0.066 −17.852 ± 0.050

b × 10−2 68.297 ± 0.029 68.483 ± 0.024 60.889 ± 0.019

c × 10−4 7.458 ± 0.012 7.428 ± 0.008 7.872 ± 0.007

40A GeV
a × 10−1 −18.499 ± 0.063 −19.733 ± 0.065 −18.947 ± 0.049

b × 10−2 74.059 ± 0.030 73.900 ± 0.026 65.885 ± 0.020

c × 10−4 7.986 ± 0.013 8.080 ± 0.010 8.468 ± 0.007

Table 6: Values of parameters, p and q, occurring in equation (2) at di«erent energies.

�lab Fit Par. Centrality 10% Centrality 5% Centrality 2%

10A GeV
P × 10−1 −21.171 ± 0.061 −10.181 ± 0.087 8.087 ± 0.055

q × 10−1 16.436 ± 0.017 13.244 ± 0.001 11.704 ± 0.011

20A GeV
p ×10−1 −19.790 ± 0.082 −8.694 ± 0.008 −6.706 ± 0.067

q × 10−1 −19.050 ± 0.019 15.308 ± 0.001 13.634 ± 0.013

30A GeV
p × 10−1 −21.280 ± 0.097 −8.795 ± 0.008 −6.936 ± 0.073

q × 10−1 21.334 ± 0.023 17.131 ± 0.002 15.295 ± 0.015

40A GeV p ×10−1 -22.988 ± 0.101 -11.275 ± 0.008 -8.658 ± 0.075

q × 10−1 23.292 ± 0.026 18.901 ± 0.002 16.814 ± 0.016

Table 4: Values of the same variables, as in Table 1, but for �lab = 40A GeV/c.

Centrality (%) ⟨�part⟩ ⟨�ch⟩ � �
5 348.00 ± 0.0020 353.86 ± 0.10 35.23 ± 0.07 3.5065 ± 0.0010
10 289.90 ± 0.0020 278.50 ± 0.08 30.55 ± 0.06 3.3503 ± 0.0011
15 238.45 ± 0.0020 219.93 ± 0.07 27.86 ± 0.05 3.5289 ± 0.0013
20 195.27 ± 0.0020 172.92 ± 0.07 24.98 ± 0.05 3.6082 ± 0.0015
25 159.21 ± 0.0020 136.43 ± 0.06 22.09 ± 0.04 3.5766 ± 0.0017
30 127.17 ± 0.0020 106.50 ± 0.05 20.16 ± 0.04 3.8159 ± 0.0020
35 100.08 ± 0.0020 81.49 ± 0.05 17.75 ± 0.03 3.8673 ± 0.0024
40 77.97 ± 0.0010 60.80 ± 0.04 15.78 ± 0.03 4.0966 ± 0.0029
45 58.89 ± 0.0010 44.31 ± 0.04 13.50 ± 0.03 4.1148 ± 0.0036
50 44.44 ± 0.0010 31.76 ± 0.03 11.55 ± 0.02 4.1974 ± 0.0042
55 31.99 ± 0.0010 21.58 ± 0.02 9.61 ± 0.02 4.2835 ± 0.0051
60 22.27 ± 0.0010 14.31 ± 0.02 7.78 ± 0.01 4.2327 ± 0.0066
65 14.83 ± 0.0010 9.43 ± 0.02 6.28 ± 0.01 4.1880 ± 0.0079
70 10.15 ± 0.0010 5.90 ± 0.01 4.95 ± 0.01 4.1634 ± 0.0097
75 7.06 ± 0.0020 3.50 ± 0.01 3.77 ± 0.01 4.0707 ± 0.0120
80 5.53 ± 0.0050 2.04 ± 0.03 2.97 ± 0.02 4.3207 ± 0.0620
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centrality, but exhibits a perfect scaling behavior. MDs, plotted 
in terms of KNO variable for full event sample in Figure 7, are 
also noticed to show a perfect KNO scaling.

­e scaled variance, � of the MDs de�ned as,

here � is regarded as a quantitative measure of the particle 
number �uctuations [7, 18, 27–29]. ­e scaled variance, � is 
an intensive quantity which does not depend on the volume 
of the system within the grand canonical ensemble (GCE) of 
statistical mechanics or on the number of sources within mod-
els of independent source, like wounded nucleon model. ­e 
value of scaled variance will be zero in the absence of �uctu-
ations in MDs and unity for Poisson MDs. Since the volume 
of the system created in AA collisions �uctuates from event 
to event, and � would depend on volume �uctuations, it 
becomes important to reduce the �uctuation e«ects in 

(3)� = �
2

⟨�
ch
⟩ ,

are displayed in Figure 4. It may be noted from the �gure that 
MDs at the four beam energies considered, acquire nearly 
similar shapes and it is expected that the maximum values of 
�ch become higher with increasing energies. Similar trends in 
MDs have also been reported by Ghosh et al. [17] at the same 
beam energies predicted by URQMD model. MDs of relativ-
istic charged particles for various centrality groups at the four 
beam energies have also been examined. Distributions for 
�lab = 40A GeV are presented in Figure 5 along-with the dis-
tribution of full sample of events (minimum bias). It is evi-
dently clear from the �gure that MD of minimum bias sample 
is a convolution of MDs with di«erent centrality classes.

Yet another way to examine and predict the MDs, is to 
plot MDs in terms of KNO scaling variable � (=�ch/⟨�ch⟩). 
It has been observed that MDs in hadron-hadron collisions 
exhibit a universal behavior in a wide range of incident ener-
gies if plotted as ⟨�ch⟩�(�ch) against the variable � [20–25]. 
It was shown that MDs corresponding to pp collisions in the 
energy range ∼ (50–303) GeV are nicely reproduced by the 
functional form given by Slattery [22]. MDs in pp collisions, 
for non single di«ractive events at ISR energies have also been 
observed to exhibit KNO scaling [26]. Since the width of MDs 
for a given centrality gives the extent of �uctuations, the origin 
of the �uctuations are, thus, inherent in the width of MDs. To 
understand this behavior, MDs should be plotted for di«erent 
centrality bins in terms of KNO scaling variable. MDs for 10, 
30, and 50% centrality are plotted in terms of KNO scaling 
variable in Figure 6. For clarity sake, each next distribution is 
shiµed upwards on y-scale by a factor of 10. It is observed that 
the distributions become wider with increasing collision 
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Figure 8 that increase of � with beam energy is somewhat 
weaker for the central collisions. Similar trends of variations 
of � with energy have also been reported in pp collisions by 
NA61 collaboration [29].

�uctuation studies [28]. As mentioned earlier, one way to 
reduce the �uctuation e«ects is to reduce the number of par-
ticipating nucleons by selecting the narrow centrality bins. 
However, the choices of centrality should be such that it does 
not introduce additional �uctuations due to �nite multiplicity 
and detector resolutions. Once the statistical �uctuation part 
is under control, the �uctuation e«ects present will be mostly 
of dynamical origin, which may contain interesting physics 
associated with the collisions, like hydrodynamic expansion, 
hadronization at freeze-out, etc.

Variation of scaled variance with center of mass (c.m.) 
energy for di«erent centrality bins are plotted in Figure 8. It 
may be noted from the �gure that � increases with beam 
energy as well as in centrality bin widths. It may also be noted 
that increase of � with c.m. energy becomes linear for the 
centrality classes 35% and above. If the data obey the KNO 
scaling [21], it is predicted that � should increase linearly with 
mean charge multiplicity [29]. It may also be noticed in 
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Centrality dependence of scaled variance at the four 
incident energies is exhibited in Figure 9. It is observed that 
for 10% centrality bins � increases with centrality bin widths, 
whereas for 5% and 2% this parameter slowly decreases with 
increasing centrality and thereaµer tends to acquire nearly 
constant values. ­is observation, thus, supports that sta-
tistical �uctuations arising due to �uctuations in �part
becomes visible if the centrality bin width is 10% or more 
and hence considering a bin as wide as 5%, would help to 
arrive at some meaningful conclusions on dynamical �uc-
tuations, if present.

4. Conclusions

MDs and ebe multiplicity �uctuations in AuAu collisions 
from the beam energy scan in future heavy-ion experiment 
at the Facility for Antiproton and Ion Research (FAIR) are 
examined in the frame work of Ultra-Relativistic Quantum 
Molecular Dynamics model, URQMD. ­e mean values of 
MDs are observed to shiµ towards the higher multiplicity and 
the width of the distributions are found to become wider from 
central to peripheral collisions. ­e MDs are also observed 
to obey KNO scaling in various centrality windows as well as 
for full event (minimum bias) samples. Centrality-bin width 
dependence of the 2nd moments and scaled variance gives the 
idea of bin width e«ect and centrality window-width selec-
tion, where the statistical �uctuations may be treated as under 
control.
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Dynamical net charge fluctuations have been studied in ultrarelativistic heavy-ion collisions from the beam energy scan at RHIC
and LHC energies by carrying out the hadronic model simulation. Monte Carlo model, HIJING, is used to generate events in
two different modes, HIJING-default with jet quenching switched off and jet/minijet production switched off. A popular variable,
][+−,𝑑𝑦𝑛], is used to study the net charge fluctuations in different centrality bins and the findings are compared with the available
experimental values reported earlier. Although the broad features of net charge fluctuations are reproduced by the HIJING, the
model predicts the larger magnitude of fluctuations as compared to the one observed in experiments. The role of jets/minijets
production in reducing the net charge fluctuations is, however, distinctly visible from the analysis of the two types of HIJING
events. Furthermore, 𝑑𝑁𝑐ℎ/𝑑𝜂 and 1/𝑁 scaling is partially exhibited, which is due to the fact that, in HIJING, nucleus-nucleus
collisions are treated as multiple independent nucleon-nucleon collisions.

1. Introduction

The interest in the studies involving event-by-event fluctu-
ations in hadronic (hh) and heavy-ion (AA) collisions is
primarily connected to the idea that the correlations and
fluctuations of dynamical origin are associated with the
critical phenomena of phase transitions and leads to the local
and global differences between the events produced under
similar initial conditions [1, 2]. Several different approaches
have beenmade to investigate the event-by-event fluctuations
in hh and AA collisions at widely different energies, for
example, multifractals [3–5], normalized factorial moments
[6], erraticity [4, 7], k-order pseudorapidity spacing [8,
9], and transverse momentum(𝑝𝑇) spectra. Furthermore,
event-by-event fluctuations in the conserved quantities,
like strangeness, baryon number, and electric charge, have
emerged as new tools to estimate the degree of equilibration
and criticality of themeasured system [10]. Experiments such
as RHIC and LHC are well suited for the study of these
observables [10, 11].

Event-by-event fluctuations of net charge of the produced
relativistic charged particles serve as an important tool to

investigate the composition of hot and dense matter prevail-
ing in the “fireball”, created during the intermediate stage of
AA collisions, which, in principle, can be characterized in
the framework of QCD [11]. It has been argued that a phase
transition from QGP to normal hadronic state is an entropy
conserving process [12] and, therefore, the fluctuations in
net electric charge will be significantly reduced in the final
state in comparison to what is envisaged to be observed from
a hadron gas system [13, 14]. This is expected because the
magnitude of charge fluctuations is proportional to the square
of the number of charges present in the systemwhich depends
on the state fromwhich charges originate. In a system passing
through QGP phase, quarks are the charge carriers, whereas
in the case of hadron gas, the charge carriers are hadrons.
This suggests that the charge fluctuations observed in the
case of QGP with fractional charges would be smaller than
those in hadron gas with integral charges [10, 15, 16]. A
reduction in the fluctuations of net charge in Pb-Pb collision
at √𝑠𝑁𝑁 = 2.76 TeV in comparison to that observed at
RHIC has been reported by ALICE collaboration [17]. A
question arises here whether the fluctuations arising from
QGPor fromhadron gas would survive during the evaluation
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of the system [10, 18–21]. The fluctuations observed at the
freeze-out depend crucially on the equation of state of the
system and final effects. It has been shown [22] that large
charge fluctuations survive, if they are accompanied by
large temperature fluctuations at freeze-out in context to the
experiments.Measurement of charge fluctuations depends on
the observationwindow,which is so selected that themajority
of the fluctuations are captured without being affected by the
conservation limits [19–21].

An attempt is, therefore, made to carry out a systematic
study of dynamical net charge fluctuations from beam energy
scan at RHIC and LHC energies using the Monte Carlo
model, HIJING, and the findings are compared with those
obtained with the real data and otherMCmodels.The reason
for using the code HIJING is that it gives an opportunity to
study the effect of jets and jet-quenching. HIJING events are
generated at various beam energies corresponding to RHIC
and LHC which cover an energy range from √𝑠𝑁𝑁 = 62.4
GeV to 5.02 TeV. Two sets of events, (i) HIJING-default
with jets and minijets and (ii) HIJING with no jet/minijet
production, are generated for each of the incident energies
considered.

2. Formalism

The charge fluctuations are usually studied in terms of two
types of measures [23]. The first one is D, which is the
direct measure of the variance of event-by-event net charge⟨𝛿𝑄2⟩ = ⟨𝑄2⟩ − ⟨𝑄⟩2, where 𝑄 = 𝑁+ − 𝑁−; 𝑁+ and𝑁−, respectively, denote the multiplicities of positively and
negatively charged particles produced in an event in the
considered phase space. Since the net charge fluctuations
may get affected by the uncertainties arising out of volume
fluctuations, the fluctuations in the ratio 𝑅 = 𝑁+/𝑁− are
taken as the other suitable parameter. R is related to the net
charge fluctuations via the parameter D as [13, 15–17]

𝐷 = ⟨𝑁𝑐ℎ⟩ 𝛿𝑅2 ≃ 4⟨𝛿𝑄2⟩⟨𝑁𝑐ℎ⟩ (1)

which gives ameasure of charge fluctuations per unit entropy.
It has been shown that D acquires a value ∼4 for an
uncorrelated pion gas which decreases to ∼3 after taking
into account the resonance yields [15]. For QGP, the value
of D has been reduced to ∼ 1 − 1.5, where the uncertainty
arises due to the uncertainties involved in relating the entropy
to the multiplicity of the charged hadrons in the final state
[24]. The parameter D, thus, may be taken as an efficient
probe for distinguishing between the hadron gas and QGP
phases. These fluctuations are, however, envisaged to be
diluted in the rapidly expandingmedium due to the diffusion
of particles in rapidity space [19, 20]. Resonance decays,
collision dynamics, radial flow, and final state interactions
may also affect the amount of fluctuations measured [15, 25–
27]. The first results on net charge fluctuations at RHIC were
presented by PHENIX [28] in terms of reduced variance𝜔𝑑 = ⟨𝛿𝑄2⟩/𝑁𝑐ℎ, while STAR [27] results were based
on a dynamical net charge fluctuations measure, ][+−,𝑑𝑦𝑛],
and were treated as a rather reliable measure of the net

charge fluctuations as ][+−,𝑑𝑦𝑛] was found to be robust against
detection efficiency.

Furthermore, the contributions from statistical fluctua-
tions would also be present if net charge fluctuations are stud-
ied in terms of parameter D and it will be difficult to extract
the contribution due to fluctuations of dynamical origin.The
novel method of estimating the net charge fluctuations takes
into account the correlation strength between + +, - -, and
+ - charge particle pairs [10, 29]. The difference between
the relative multiplicities of positively and negatively charged
particles is given as

]+− = ⟨( 𝑁+⟨𝑁+⟩ − 𝑁−⟨𝑁−⟩)
2⟩ (2)

where the angular brackets represent the mean value over the
entire sample of events. The Poisson limit of this quantity is
expressed as [27]

][+−,𝑠𝑡𝑎𝑡] = 1⟨𝑁+⟩ + 1⟨𝑁−⟩ (3)

The dynamical net charge fluctuations may, therefore, be
written as the difference of these two quantities:

][+−,𝑑𝑦𝑛] = ][+−] − ][+−,𝑠𝑡𝑎𝑡] (4)

][+−,𝑑𝑦𝑛] = ⟨𝑁+ (𝑁+ − 1)⟩
⟨𝑁+⟩2 + ⟨𝑁− (𝑁− − 1)⟩

⟨𝑁−⟩2
− 2 ⟨𝑁+𝑁−⟩⟨𝑁+⟩ ⟨𝑁−⟩

(5)

From the theoretical point of view, ][+−,𝑑𝑦𝑛] can be expressed
in terms of two particle integral correlation functions as

][+−,𝑑𝑦𝑛] = 𝑅++ + 𝑅−− − 2𝑅+− (6)

where the term 𝑅𝛼𝛽 gives the ratio of integrals of two- and
single-particle pseudorapidity density function, defined as

𝑅𝛼𝛽 = ∫𝑑𝑛𝛼𝑑𝑛𝛽 (𝑑𝑁/𝑑𝑛𝛼𝑑𝑛𝛽)
∫ 𝑑𝑛𝛼 (𝑑𝑁/𝑑𝑛𝛼) ∫ 𝑑𝑛𝛽 (𝑑𝑁/𝑑𝑛𝛽) (7)

The variable ][+−,𝑑𝑦𝑛] is, thus, basically a measure of relative
correlation strength of + +, - -, and + - charged hadron
pairs. For independent emission of particles, these correla-
tions should be ideally zero. However, in practice, a partial
correlation is observed due to string and jet-fragmentation,
resonance decays, and so forth.The strengths of𝑅++,𝑅−−, and𝑅+− are expected to vary with system size and beam energy.
Moreover, as the charge conservation, + - pair are expected to
be rather strongly correlated as compared to like sign charge
pairs and hence 2𝑅+− in (6) is envisaged to be larger than
the sum of the other two terms [27] giving ][+−,𝑑𝑦𝑛] values
less than zero, which is evident from the results based on 𝑝𝑝
and 𝑝𝑝 collisions at CERN ISR and FNAL and later on in
heavy-ion collisions at RHIC [27, 29–32] and LHC energies
[17, 27].
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Figure 1: Dependence of net charge fluctuations ][+−,𝑑𝑦𝑛] on the number of participating nucleons, 𝑁𝑝𝑎𝑟𝑡, for the HIJING events with
jets/minijets on and off. Experimental results for Pb-Pb collisions at 2.76 TeV are also shown [data from [17]].

Table 1: Details of events selected for analysis.

Energy (GeV) Type of collision No. of events (×106)
5020 Pb-Pb 0.6
2760 Pb-Pb 0.6
200 Au-Au 0.6
130 Au-Au 0.6
100 Au-Au 0.6
200 Cu-Cu 1.0
62.4 Cu-Cu 1.0

3. Results and Discussion

Several sets ofMC events corresponding to different collision
systems in a wide range of beam energies are generated using
the codeHIJING- 1.37 [33] for the present analysis.Thedetails
of the events simulated are listed in Table 1. Two sets of
events for each beam energy and colliding nuclei, HIJING-
default with jet-quenching off and with jet/minijet produc-
tion switched off, are simulated and analyzed. It has been
argued [34, 35] that the minijets (semihard parton scattering
with few GeV/c momentum transfer) are copiously produced
in the early state of AA collisions at RHIC and higher
energies. In a QGP medium, if present, the jets/minijets will
lose energy through induced gluon radiation [36], a process
referred to as jet-quenching in the case of higher 𝑝𝑇 partons.
The properties of the dissipative medium would determine
the extent of energy loss of jets and minijets. The influence
of the production of jets/minijets in AA collisions in the
produced medium on the net charged fluctuations may be

investigated by comparing the findings due to the two types
of HIJING simulated events. The analysis has been carried
out by considering the particles having their pseudorapidity
values |𝜂| < 1.0 and 𝑝𝑇 values in the range 0.2 GeV/c < 𝑝𝑇 <
5.0 GeV/c.These 𝜂 and 𝑝𝑇 cuts have been applied to facilitate
the comparison of the findings with the experimental result
having similar cuts.

Values of ][+−,𝑑𝑦𝑛] for different collision centralities are
estimated for various data sets and are listed in Tables 2–5
along with the corresponding values of number of partic-
ipating nucleons, 𝑁𝑝𝑎𝑟𝑡. Variations of ][+−,𝑑𝑦𝑛] with mean
number of participating nucleons, 𝑁𝑝𝑎𝑟𝑡, for various data
sets are exhibited in Figure 1. Such dependencies observed in
experiments STAR [27] and ALICE [17, 32] are also displayed
in the same figure. A monotonic dependence of ][+−,𝑑𝑦𝑛] on𝑁𝑝𝑎𝑟𝑡 is seen in the figure. It may be of interest to note that,
for a given 𝑁𝑝𝑎𝑟𝑡, the magnitude of ][+−,𝑑𝑦𝑛] decreases with
increasing beam energy and this difference becomes more
and more pronounced on moving from most central (5%)
to the peripheral (70 − 80%) collisions. It is also interesting
to note in the figure that the HIJING predicted values (for
HIJING-default events) are quite close to the experimental
values. However, the corresponding ][+−,𝑑𝑦𝑛] values for the
events with jets/minijets off are somewhat larger. The jets-
off multiplicities reflect the soft processes, whereas the jets-
on multiplicities include the contributions from the jets and
minijets [32]. This may cause the reduction in the contribu-
tions coming from the third term of (5), which represents
the correlations between + - pairs. This is expected to occur
at these energies, as the events have high multiplicities and
are dominated by multiple minijet productions, which might
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Table 5: Values of𝑁𝑝𝑎𝑟𝑡, ][+−,𝑑𝑦𝑛], and ]𝑐𝑜𝑟𝑟[+−,𝑑𝑦𝑛] for
208𝑃𝑏 −208𝑃𝑏 collisions at 2.76 TeV [data from [17]].

cent.% 𝑁𝑝𝑎𝑟𝑡 ][+−,𝑑𝑦𝑛] ]𝑐𝑜𝑟𝑟[+−,𝑑𝑦𝑛]
5 382.80±3.1 -0.00104±0.00001 -0.00093±0.00001
10 329.70±4.6 -0.00126±0.00001 -0.00113±0.00002
20 260.50±4.4 -0.00165±0.00001 -0.00148±0.00001
30 186.40±3.9 -0.00236±0.00001 -0.00211±0.00002
40 128.90±3.3 -0.00348±0.00008 -0.00311±0.00008
50 85.00±2.6 -0.00541±0.00004 -0.00483±0.00004
60 52.80±2.0 -0.00903±0.00007 -0.00802±0.00007
70 30.00±2.8 -0.01675±0.00017 -0.01482±0.00017
80 15.80±3.8 -0.03547±0.00041 -0.03144±0.00041
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Figure 2: The same plot as Figure 1 but for corrected versions of net charge fluctuations.

cause the reduction in the strengths of correlations and
fluctuations [37].

The parameter D and ][+−,𝑑𝑦𝑛] are related to each other as
per the relation

⟨𝑁𝑐ℎ⟩ ][+−,𝑑𝑦𝑛] = 𝐷 − 4 (8)

The magnitude of net charge fluctuations is limited by the
global charge conservation of the produced particles [29].
Considering the effect of global charge conservation, the
dynamical fluctuations need to be corrected by a factor of−4/⟨𝑁𝑡𝑜𝑡𝑎𝑙⟩, where 𝑁𝑡𝑜𝑡𝑎𝑙 denotes the total charged particle
multiplicity of an event in full phase space. Taking into
account the global charge conservation and finite acceptance,
the corrected value of ][+−,𝑑𝑦𝑛] is given by

]𝑐𝑜𝑟𝑟[+−,𝑑𝑦𝑛] = ][+−,𝑑𝑦𝑛] + 4⟨𝑁𝑡𝑜𝑡𝑎𝑙⟩ (9)

Values of ]𝑐𝑜𝑟𝑟[+−,𝑑𝑦𝑛] for various data sets are presented in the
last column of Tables 2–4, whereas variations of ]𝑐𝑜𝑟𝑟[+−,𝑑𝑦𝑛] with𝑁𝑝𝑎𝑟𝑡 for these data sets are displayed in Figure 2. Although
the trends of variations of ][+−,𝑑𝑦𝑛] and ]

𝑐𝑜𝑟𝑟
[+−,𝑑𝑦𝑛] with𝑁𝑝𝑎𝑟𝑡 for

both types of HIJING events are similar, it might be noticed
that the data points corresponding to various energies lie
rather close to each other in the semicentral and peripheral
collision regions. This weakening of energy dependence is
observed for both types of HIJING samples considered.

The observed dependence of ][+−,𝑑𝑦𝑛] or its corrected
form ]𝑐𝑜𝑟𝑟[+−,𝑑𝑦𝑛] on 𝑁𝑝𝑎𝑟𝑡 or collision centrality indicates the
weakening of correlations among the produced hadrons, as
one moves from central to peripheral collisions, and nearly
matches with the experimental results. These findings, thus,
tend to suggest that ][+−,𝑑𝑦𝑛] should be proportional to the
centrality of collisions or charged particle multiplicity, if AA
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Figure 3: (𝑑𝑁𝑐ℎ/𝑑𝜂)][+−,𝑑𝑦𝑛] plotted against𝑁𝑝𝑎𝑟𝑡 for HIJING default with jet production on (left panel) and jet production off (right panel).
The line represents the Pb-Pb data from [17].

collisions are taken as the superpositions of independent
nucleon-nucleon (nn) collisions with negligible rescattering
effects (which is the basic property of HIJING model).
This may be tested by scaling ][+−,𝑑𝑦𝑛] by charged particle
density 𝑑𝑁𝑐ℎ/𝑑𝜂 and plotting against 𝑁𝑝𝑎𝑟𝑡. These plots are
displayed in Figures 3 and 4. It may be observed from these
figures that the data at different energies show the same
qualitative behavior.The values of product (𝑑𝑁𝑐ℎ/𝑑𝜂)][+−,𝑑𝑦𝑛]
are noticed to be minimum for peripheral collisions and
gradually increase to their maximum for the most central
collisions; the rise from minimum to maximum is about ∼35
- 40 % for various data sets. An increase of 50% has been
observed [36] in STAR Au-Au collisions. Such an increase
in (𝑑𝑁𝑐ℎ/𝑑𝜂)][+−,𝑑𝑦𝑛] values with 𝑁𝑝𝑎𝑟𝑡 may be accounted
to the increase in the particle multiplicity per participant.
Data from UA1 and PHOBOS show that, for pp and Au-Au
collisions at 200 GeV, 𝑑𝑁𝑐ℎ/𝑑𝜂 increases from 2.4 to 3.9 for
most central collisions, thus giving an increase of about 60%
[38]

The scaling of ][+−,𝑑𝑦𝑛] with 𝑁𝑝𝑎𝑟𝑡 has also been checked
and the plots are shown in Figure 5,whereas after applying the
corrections to ][+−,𝑑𝑦𝑛] the values of the products are plotted
against 𝑁𝑝𝑎𝑟𝑡 in Figure 6. It is observed from these figures
that, with increasing 𝑁𝑝𝑎𝑟𝑡, 𝑁𝑝𝑎𝑟𝑡][+−,𝑑𝑦𝑛] values gradually
decrease for all the data sets. Moreover, for a given 𝑁𝑝𝑎𝑟𝑡,
the values of product 𝑁𝑝𝑎𝑟𝑡][+−,𝑑𝑦𝑛] decrease with the beam
energy. It is interesting to note that the difference in the
values observed at RHIC and LHC energies, after applying

the corrections to ][+−,𝑑𝑦𝑛] values, almost vanishes. It is also
interesting to note that the HIJING simulated data points
lie closer to the corresponding ones reported earlier using
the ALICE data [17]. The decreasing trends of 𝑁𝑝𝑎𝑟𝑡][+−,𝑑𝑦𝑛]
(or 𝑁𝑝𝑎𝑟𝑡]𝑐𝑜𝑟𝑟[+−,𝑑𝑦𝑛]) from peripheral to most central collisions
observed in STAR are in contrast to what is observed in
the present study using the HIJING data at RHIC and
higher energies. Furthermore, the lower values of product(𝑑𝑁𝑐ℎ/𝑑𝜂)][+−,𝑑𝑦𝑛] or 𝑁𝑝𝑎𝑟𝑡][+−,𝑑𝑦𝑛], as shown in Figures 4
and 6 predicted by the HIJING with no jets in comparison
to those predicted by HIJING-default, indicate the reduction
in magnitude of ][+−,𝑑𝑦𝑛] due to the productions of jets and
minijets.

The variations of ][+−,𝑑𝑦𝑛] and ]𝑐𝑜𝑟𝑟[+−,𝑑𝑦𝑛] with charged
particle density 𝑑𝑁𝑐ℎ/𝑑𝜂 for the two sets of HIJING events
are shown in Figure 7. Results based on Pb-Pb 2.76 TeV
experimental data [17] for the same 𝜂 and 𝑝𝑇 cuts are also
presented in the same figure. It is worthwhile to note in these
figures that HIJING-default predicted values for 2.76 TeV
data are quite close to the corresponding experimental values.
Although the magnitude of ][+−,𝑑𝑦𝑛] or ]𝑐𝑜𝑟𝑟[+−,𝑑𝑦𝑛] exhibits
an energy dependence, which becomes more pronounced
as the 𝑑𝑁𝑐ℎ/𝑑𝜂 values decrease, that is, from semicentral
to peripheral collisions, the data points for various event
samples tend to fall on a single curve. Data for the events
with no jets exhibit almost similar behavior except for Pb-
Pb data at 2.76 and 5.02 TeV without jet production. This
may lead to the conclusion that as one moves from RHIC
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Figure 4: The same plot as Figure 3 but for corrected net charge fluctuations, ]𝑐𝑜𝑟𝑟[+−,𝑑𝑦𝑛].
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Figure 5: Dependence of product of𝑁𝑝𝑎𝑟𝑡 and ][+−,𝑑𝑦𝑛] on centrality for the two sets of HIJING events at different energies.The line represents
the experimental result reported in [17] for√𝑠𝑁𝑁 = 2.76 TeV Pb-Pb collisions.
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Figure 6: Variations of (𝑁𝑝𝑎𝑟𝑡)]𝑐𝑜𝑟𝑟[+−,𝑑𝑦𝑛] with𝑁𝑝𝑎𝑟𝑡 for the two sets of HIJING events.

to LHC energies, contributions to the particle multiplicity
coming from the jet/minijet production cause the reduction
in the magnitude of charge fluctuations.

As mentioned earlier, if AA collisions are the super-
positions of m number of nn collisions the single particle
density for nn and AA collisions would be written as𝜌𝑛1𝑛(𝜂) = 𝑑𝑁𝑐ℎ/𝑑𝜂 and 𝜌𝐴1 𝐴(𝜂) = 𝑚𝜌𝑛𝑛1 𝜂. In such a scenario,
the invariant cross section is proportional to the number
of nn collisions, m, and the quantity (𝑑𝑁𝑐ℎ/𝑑𝜂)][+−,𝑑𝑦𝑛]
is independent of centrality of collision and the system
size [12]. STAR results, however, give ∼40% increase in(𝑑𝑁𝑐ℎ/𝑑𝜂)][+−,𝑑𝑦𝑛] values for Au-Au and Cu-Cu collisions.
The product (𝑑𝑁𝑐ℎ/𝑑𝜂)][+−,𝑑𝑦𝑛] is plotted against 𝑑𝑁𝑐ℎ/𝑑𝜂
for the two types of event sample in Figure 8. Similar plots
for ]𝑐𝑜𝑟𝑟[+−,𝑑𝑦𝑛] are also shown in Figure 9. The scaled values of
][+−,𝑑𝑦𝑛] and ]

𝑐𝑜𝑟𝑟
[+−,𝑑𝑦𝑛] are observed to increase with increasing𝑑𝑁𝑐ℎ/𝑑𝜂 values in almost similar fashion. Furthermore, for a

given 𝑑𝑁𝑐ℎ/𝑑𝜂 the scaled values of ][+−,𝑑𝑦𝑛] or its corrected
version are noticed to increase with increasing energy. It is
also observed that for a particular set of events (HIJING-
default and jets off) the values of ][+−,𝑑𝑦𝑛] and ]𝑐𝑜𝑟𝑟[+−,𝑑𝑦𝑛] are
somewhat larger when jet/minijet production is switched
off.

It has been suggested [39] that any multiplicity scaling
should be based on the mean multiplicities of charged
particles. In the model-independent sources [40], mean
particlemultiplicity is taken to be proportional to the number

of sources, ⟨𝑁𝑠⟩, which changes from event to event. The
multiplicity of positively and negatively charged particlesmay
be expressed as

⟨𝑁+⟩ = 𝛼1 + 𝛼2 + ⋅ ⋅ ⋅ + 𝛼𝑁
𝑠

(10)

⟨𝑁−⟩ = 𝛽1 + 𝛽2 + ⋅ ⋅ ⋅ + 𝛽𝑁
𝑠

(11)

where 𝛼𝑖 and 𝛽𝑖 represent the contributions from 𝑖𝑡ℎ source.
Thefirst and secondmoments ofmultiplicity distributions are
written as

⟨𝑁𝑎⟩ = ⟨𝛼⟩ ⟨𝑁𝑠⟩ (12)

⟨𝑁𝑏⟩ = ⟨𝛽⟩ ⟨𝑁𝑠⟩ (13)

⟨𝑁2𝑎⟩ = ⟨𝛼2⟩ ⟨𝑁𝑠⟩ + ⟨𝛼⟩2 [⟨𝑁2𝑠 ⟩ − ⟨𝑁𝑠⟩] (14)

⟨𝑁2𝑏⟩ = ⟨𝛽2⟩ ⟨𝑁𝑠⟩ + ⟨𝛽⟩2 [⟨𝑁2𝑠 ⟩ − ⟨𝑁𝑠⟩] (15)

⟨𝑁𝑎𝑁𝑏⟩ = ⟨𝛼𝛽⟩ ⟨𝑁𝑠⟩ + ⟨𝛼⟩ ⟨𝛽⟩ ⟨𝑁2𝑠 ⟩ − ⟨𝑁𝑠⟩] (16)

and here ⟨𝛼⟩ and ⟨𝛽⟩ and ⟨𝛼1⟩, ⟨𝛽1⟩, and ⟨𝛼𝛽⟩ are the first
and second moments of the probability distributions 𝑃(𝛼, 𝛽)
for a single source.



Advances in High Energy Physics 11

0.3−

0.2−

0.1−

0

PbPb-2.76TeV Expt∗
HIJ-default

PbPb-2.76 TeV
PbPb-5.02 TeV
AuAu-100 GeV
AuAu-130 GeV
AuAu-200 GeV
CuCu-200 GeV
CuCu-62.4 GeV

/dchdN
10 210 310

/dchdN
10 210 310

0.3−

0.2−

0.1−

0

HIJ-no jets
PbPb-2.76 TeV
PbPb-5.02 TeV
AuAu-100 GeV
AuAu-130 GeV
AuAu-200 GeV
CuCu-200 GeV
CuCu-62.4 GeV

[±
, d

yn
]

]
[±

, d
yn

]
]co

rr

Figure 7: Variations of net charge fluctuations ][+−,𝑑𝑦𝑛] and their
corrected version, ]𝑐𝑜𝑟𝑟[+−,𝑑𝑦𝑛], with charged particle density, 𝑑𝑁𝑐ℎ/𝑑𝜂,
for the two sets of HIJING events. The lines are due to the 2.76 TeV
Pb-Pb values taken from [17].

Following the details as given in [40] and using the
equation

]𝑑𝑦𝑛 [𝑎, 𝑏] = ⟨𝑁2𝑎⟩
⟨𝑁𝑎⟩2 +

⟨𝑁2𝑏⟩
⟨𝑁𝑏⟩2 − 2 ⟨𝑁𝑎𝑁𝑏⟩⟨𝑁𝑎⟩ ⟨𝑁𝑏⟩

− ( 1⟨𝑁𝑎⟩ + 1⟨𝑁𝑏⟩)
(17)

the following form of ]𝑑𝑦𝑛 may be obtained [41]:

]𝑑𝑦𝑛 [𝑎, 𝑏] = 1⟨𝑁𝑠⟩ [
⟨𝛼2⟩
⟨𝛼⟩2 +

⟨𝛽2⟩
⟨𝛽⟩2 − 2 ⟨𝛼𝛽⟩

⟨𝛼⟩ ⟨𝛽⟩

− ( 1⟨𝛼⟩ + 1⟨𝛽⟩)] ≃ 1⟨𝑁𝑠⟩]
∗ [𝛼, 𝛽]

(18)

where ]∗[𝛼, 𝛽] is the quantity of the multiplicities of types
a and b for each source. This gives ]𝑎,𝑏 to be inversely
proportional to the size of the colliding nuclei. On the
other hand, as the term ⟨𝑁2𝑠 ⟩ − ⟨𝑁𝑠⟩ is canceled out by
construction, ]𝑑𝑦𝑛 is independent of the system size but
requires an additional scaling due to the remaining term,1/⟨𝑁𝑠⟩. If 1/(1/⟨𝑁𝑎⟩ + 1/⟨𝑁𝑏⟩) type of scaling is used, then,
substituting (12) and (13) in (17), the term 1/⟨𝑁𝑠⟩ vanishes
and the following form of the scaling is obtained:

]𝑑𝑦𝑛 [𝑎, 𝑏]1/ ⟨𝑁𝑎⟩ + 1/ ⟨𝑁𝑏⟩ = ]𝑑𝑦𝑛 [𝛼, 𝛽]1/ ⟨𝛼⟩ + 1/ ⟨𝛽⟩ (19)

The scaling of this type has been tested and the results
for the various data sets are shown in Figures 10 and 11.
It may be seen in these figures that the scaled ][+−,𝑑𝑦𝑛]
values for a given energy are nearly independent of charged
particle density. It is further observed that the magnitude of
scaled ][+−,𝑑𝑦𝑛] values increases as one moves from RHIC to
LHC energies. The magnitude of ][+−,𝑑𝑦𝑛] is observed to be
inversely proportional to the number of subcollisions leading
to the particle production. If number of particles produced
in each subcollision is independent of collision centrality,
][+−,𝑑𝑦𝑛] would exhibit 1/𝑁 scaling [42]. It has been reported
[42] that in Au-Au collisions at 130 GeV 1/𝑁 scaling is
clearly noted by the data. HIJING simulated data, however,
supports such scaling. In contrast to this, findings from
URQMD simulations do not support 1/𝑁 scaling, which
maybe because in URQMD rescattering effects are included
which would reduce the magnitude of 𝑁][+−,𝑑𝑦𝑛] for central
collisions [42]. On the basis of various types of scaling of
][+−,𝑑𝑦𝑛] tested in the present study and also the ones by other
workers, it may be concluded here that 1/(1/⟨𝑁𝑎⟩ + 1/⟨𝑁𝑏⟩)
scaling of ][+−,𝑑𝑦𝑛] is relatively a better scaling as compared to
other scalings.

4. Conclusions

A systematic study of various aspects of net charge fluctua-
tions has been looked into by simulating the Monte Carlo
events using the HIJING generator in two different modes,
(i) HIJING-default with jet-quenching turned off and (ii)
production of jets and minijets turned off. Although both
types of events exhibit almost similar dependence of ][+−,𝑑𝑦𝑛]
on collision centrality and charged particle density, the
observed difference in the magnitude of fluctuations clearly
reflects the role of jets andminijets in reduction of net charge
fluctuations. The trend of energy dependence of ]𝑑𝑦𝑛, for
various centrality bins, exhibited by the MC data used in the
present study, matches with STAR and ALICE results. 𝑁𝑝𝑎𝑟𝑡
and 𝑑𝑁𝑐ℎ/𝑑𝜂 scalings of ][+−,𝑑𝑦𝑛] after applying the correction
for global charge conservation are approximately exhibited
by both types of event samples used. This is expected as, in
HIJING case, AA collisions are treated as the superpositions
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Figure 8: Scaling of ][+−,𝑑𝑦𝑛] with 𝑑𝑁𝑐ℎ/𝑑𝜂 for various MC data samples at different energies.
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Figure 9:The same plot as in Figure 8 but after applying corrections
to ][+−,𝑑𝑦𝑛] values.

of multiple nucleon-nucleon collisions. The findings also
reveal that the production of jets andminijets plays dominant
role in reducing the strength of particle correlations and
fluctuations.
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Figure 10: 1/(1/⟨𝑁+⟩ + 1/⟨𝑁−⟩) scaling of net charge fluctuations
at different energies for the two sets of HIJING events.
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In order to characterize the transverse momentum spectra (𝑝𝑇) of positive pions measured in the ALICE experiment, two thermal
approaches are utilized; one is based on degeneracy of nonperfect Bose-Einstein gas and the other imposes an ad hoc finite
pion chemical potential. The inclusion of missing hadron states and the out-of-equilibrium contribute greatly to the excellent
characterization of pion production. An excellent reproduction of these 𝑝𝑇-spectra is achieved at 𝜇𝜋 = 0.12 GeV and this covers
the entire range of 𝑝𝑇. The excellent agreement with the experimental results can be understood as a manifestation of not-yet-
regarded anomalous pion production, which likely contributes to the long-standing debate on “anomalous” proton-to-pion ratios
at top RHIC and LHC energies.

1. Introduction

Thecollective properties of strongly interactingmatter (radial
flow, for instance) and dynamics of colliding hadrons can
be explored from the study of transverse momentum dis-
tributions (𝑝𝑇) of produced particles. RHIC results on well-
identified particles produced at low 𝑝𝑇, especially pions, have
shown that the bulk matter created can be well described by
hydrodynamics [1]. It should be emphasized that the high-𝑝𝑇 spectra, especially for the lowest-lying Nambu-Goldstone
bosons, pions, likely manifest dynamics and interactions
of partons and jets created in the earliest stage of nuclear
collisions [2]. For instance, the collective expansion in form
of radial flow might be caused by internal pressure gradients.
Furthermore, the 𝑝𝑇-distributions are assumed to determine
conditions, such as temperature and flow velocity, gaining
dominance during the late eras of the evolution of the
high-energy collision which is generically well-described as
kinetic freeze-out, where the elastic interactions are ceased,
conclusively.

From the theoretical point of view, the 𝑝𝑇-spectra are
excellent measurements enabling us a better understanding
of the QCD interactions. Soft nonperturbative QCD can

be well applied to low 𝑝𝑇-regime (below a few GeV/c) [3].
Fragmentation of QCD string [4], parton wave functions in
flux tube [5], parton thermodynamics [6], and parton recom-
bination [7] are examples on underlying physics. At high-𝑝𝑇,
hard-scattering cross-section from QCD perturbative calcu-
lations, parton distribution functions, and parton-to-hadron
fragmentation functions have been successfully utilized in
reproducing 𝑝𝑇-spectra of various produced particles [8].

It is worth mentioning that there is no well-defined line
separating nonperturbative from perturbative 𝑝𝑇-regimes
[3]. Even the various theoretical studies are not distinguishing
sharply between both of them. For instance, when con-
structing partition functions, extensive and nonextensive
statistical approaches are frequentlymisconducted [9–11]. For
instance, the claim that high𝑝𝑇-spectra of different produced
particles are to be reproduced by Tsallis statistics seems being
incomplete [11, 12]. This simply inspires a great contradiction
between nonperturbative and perturbative QCD [12]. The
statistical cluster decay could be scaled as power laws very
similar to the ones of Tsallis statistics. The earlier is conjec-
tured to cover a wide range of 𝑝𝑇, while the latter is limited to
a certain 𝑝𝑇-regime. This would lead to an undesired mixing
up that the observed power laws might be stemming from
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the statistical cluster decay and interpreted as a Tsallis-type
of nonextensivity.

In addition to the proposal of utilizing a generic
(non)extensive statistical approach [9–11], we want here to
recall another theoretical framework based on an ad hoc
physically motivated assumption that the pion production
might be interpreted due an out-of-equilibrium process [13].
Such an approach is stemming from the pioneering works of
Bogolubov devoted to an explanation for the phenomenon
of superfluidity on the basis of degeneracy of a non-perfect
Bose-Einstein gas [14] and determining the general form
of the energy spectrum, an ingenious application of the
second quantization [15]. Finite pion chemical potential
recalls Bogolubov dispersion relation for low-lying elemen-
tary excitations of pion fluid. In this case, degenerate state
of statistical equilibrium is removed through inserting a
noninvariant term to the Hamiltonian, e.g., pion chemical
potential.

After a short review of the thermal approach, the Hadron
Resonance Gas (HRG)model in equilibrium is introduced in
Section 2. A discussion on how to drive it towards nonequi-
librium through inclusion of repulsive interactions is added.
In Section 3, we elaborate modifications carried out towards
implementing nonperfect Bose-Einstein gas based on a
proposal of pion superfluidity. Another out-of-equilibrium
thermal approach is outlined in Section 4, where finite pion
chemical potential is ad hoc imposed. The results shall be
discussed in Section 5.The conclusions are given in Section 6.

2. A Short Review on Equilibrium Resonance
Gas with Van der Waals

The hadron resonances treated as a noninteracting gas [16–
22] are conjectured to determine the equilibrium thermo-
dynamic pressure of QCD matter below chiral and decon-
finement critical temperature, i.e., hadron phase. It has been
shown that the thermodynamics of a strongly interacting
system can also be approximated as an ideal gas composed of
hadron resonances with masses ≲ 2 GeV [19, 23]. Interested
readers are kindly advised to consult the most recent review
article [24]. The resonances added in contribution with
the degrees of freedom needed to characterize the hadron
phase.

The grand canonical partition function can be con-
structed as

𝑍 (𝑇, 𝜇, 𝑉) = Tr [exp(𝜇N−H)/T] , (1)

where 𝐻, 𝑇, and 𝜇 are the Hamiltonian, the temperature,
and the chemical potential of the system, respectively. The
Hamiltonian can be given by as summation of the kinetic
energies of relativistic Fermi and Bose particles including the
relevant degrees of freedom and the interactions resulting
in formation of resonances and well describing the particle
production in high-energy collisions. Under these assump-
tions, the sum over the single-particle partition functions 𝑍1ℎ

of existing hadrons and their resonances introduces dynamics
to the partition function,

ln𝑍 (𝑇, 𝜇ℎ, 𝑉)
= 𝑉∑
ℎ

± 𝑔ℎ2𝜋2 ∫
∞

0
𝑘2𝑑𝑘 ln{1 ± exp [𝜇ℎ − 𝜀ℎ𝑇 ]} , (2)

where 𝜀ℎ = (𝑘2 + 𝑚2ℎ)1/2 is the dispersion relation of ℎ-th
particle, 𝑔ℎ is spin-isospin degeneracy factor, and ± stands for
fermions and bosons, respectively.

In the present work, we include hadron resonances with
masses ≤ 2 GeV compiling by the particle data group (PDG)
2018 [25].Thismass cut-off is assumed to define the validity of
the HRG model in characterizing the hadron phase [26, 27].
The inclusion of hadron resonances with heavier masses leads
to divergences in all thermodynamic quantities expected
at temperatures larger than the Hagedorn temperature [16,
17]. In addition to these aspects, there are fundamental
reasons (will be elaborated in forthcoming sections) favoring
the utilization of even ideal HRG model in predicting the
hadron abundances and their thermodynamics. For the sake
of completeness, we highlight that the hadronic resonances
which are not yet measured, including missing ones, can be
parameterized as a spectral function [28].

As given earlier, we assume that the constituents of the
HRG are free (collisionless) particles. Some authors prefer
taking into account the repulsive (electromagnetic) van der
Waals interactions in order to partly compensate strong
interactions in the hadronic medium [29] and/or to drift the
system towards even partial nonequilibrium. Accordingly,
each constituent is allowed to have an eigenvolume and
the hadronic system of interest becomes thermodynamically
partially out-of-equilibrium (how does a statistical thermal
system, like HRG, become out-of-equilibrium? To answer
this question, one might need to recall the main parameters
describing particle production in equilibrium. These are 𝑇,𝜇ℎ, and 𝑉 [30]. In the present work, we first focus on the
third parameter and therefore describe this as a partial out-
of-equilibrium process. The volume 𝑉, the normalization
parameter typically constrained by pions, becomes a subject
ofmodification through van derWaals repulsive interactions,
for instance. Furthermore, it should be also noticed that the
chemical potentials 𝜇ℎ should be modified, as well, at least in
connection with the modification in 𝑉. This would explain
that taking into account van derWaals repulsive interactions,
known as excluded volume corrections, contributes to deriv-
ing the system of interest towards nonequilibrium.). Thus,
the total volume of HRG constituents should be subtracted
from the fireball volume or that of heat bath. Considerable
modifications in thermodynamics of HRG including energy,
entropy, and number densities should be taken into consid-
eration. It should be highlighted that the hard-core radius of
hadron nuclei can be related to the multiplicity fluctuations.

How large can be the modification in 𝑉? The answer to
this question is conditioned, for instance, to the capability
of the HRG model with finite-volumed constituents to
reproduce first-principle lattice QCD simulations. At radius𝑟 > 0.2 fm, it was found that the disagreement with reliable
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lattice QCD calculations becomes more andmore larger [29].
It was concluded that such an excluded volume-correction
becomes practically irrelevant, as it causes negligible effects at
low temperatures [29]. But on the other hand, a remarkable
deviation from the lattice QCD calculations is noticed at high𝑇.

The repulsive interactions between hadrons are consid-
ered as a phenomenological extension of the HRG model.
Exclusively, this is based on van der Waals excluded volume
[31–34]. Intensive theoretical works have been devoted to
the estimation of the excluded volume and its effects on the
particle production and the fluctuations [35], for instance. It
is conjectured that the hard-core radius of the hadrons can
be related to the multiplicity fluctuations of the produced
particles [36]. In the present work, we simply assume that
the hadrons are spheres and all have the same radius. On
the other hand, the assumption that the radii would be
depending on the hadron masses and sizes could come up
with a very small improvement. Various types of interactions
have been assumed, as well [37, 38]. For the sake of possible
comparison with existing literature, we focus on the van der
Waals repulsive interaction. By replacing the system volume𝑉 by the actual one, 𝑉𝑎𝑐𝑡, the van der Waals excluded volume
can be deduced [31]

𝑉𝑎𝑐𝑡 = 𝑉 − ∑
ℎ

Vℎ𝑁ℎ, (3)

where Vℎ = 4 (4𝜋𝑟3ℎ/3) is volume and 𝑁ℎ is the number of
each constituent hadron. 𝑟ℎ is the corresponding hard sphere
radius of ℎ-th particle. The procedure encoded in (3) leads to
modification in the chemical potentials 𝜇ℎ = 𝜇ℎ − Vℎ 𝑝, where
the thermodynamic pressure 𝑝 is self-consistently expressed
as∑ℎ 𝑝𝑖𝑑ℎ (𝑇, 𝜇ℎ) and

𝑛 = ∑ℎ 𝑛𝑖𝑑ℎ (𝑇, 𝜇ℎ)1 + ∑ℎ Vℎ𝑛𝑖𝑑ℎ (𝑇, 𝜇ℎ) , (4)

𝜖 = ∑ℎ 𝜖𝑖𝑑ℎ (𝑇, 𝜇ℎ)1 + ∑ℎ Vℎ𝑛𝑖𝑑ℎ (𝑇, 𝜇ℎ) , (5)

𝑠 = ∑ℎ 𝑠𝑖𝑑ℎ (𝑇, 𝜇ℎ)1 + ∑ℎ Vℎ𝑛𝑖𝑑ℎ (𝑇, 𝜇ℎ) , (6)

where the superscript 𝑖𝑑 refers to thermodynamic quantities
calculated in HRG model with point-like constituents, i.e.,
ideal gas.

In the section that follows, we work out out-of-
equilibrium 𝑝𝑇 spectra of the positive pions, where finite pion
chemical potential shall be ad hoc inserted in.

3. Out-of-Equilibrium 𝑝𝑇-Spectra of Pions
In U(1) global symmetry, where the scalar field 𝜙(𝑥) has
a unitary transformation by the phase factor exp(−𝑖𝛼),

the Bose-Einstein condensation of lowest-lying Nambu-
Goldstone bosons could be studied from the partition func-
tion [39]

ln 𝑧 (𝑇, 𝜇𝜋) = 𝑉𝑇 (𝜇2𝜋 − 𝑚2) 𝜉2 − 𝑉∫ 𝑑3𝑝
(2𝜋)3

⋅ [ 𝜀𝑇 + ln (1 − 𝑒−(𝜀−𝜇𝜋)/𝑇) + ln (1 − 𝑒−(𝜀+𝜇𝜋)/𝑇)] ,
(7)

where 𝜉 is a parameter carrying full infrared characters of
the scalar field. This can be treated as a variational parameter
relating to the charge of condensed boson particle. At |𝜇𝜋| <𝑚, (2) can obviously be recovered. When the volume element𝑑3𝑝 is expressed in 𝑝𝑇, rapidity 𝑦 and azimuthal angle 𝜙 as𝑑3𝑝 = 𝑝𝑇𝑚𝑇 cosh(𝑦)𝑑𝑝𝑇 𝑑𝑦𝑑𝜙 and the energy becomes 𝜀 =𝑚𝑇 cosh(𝑦), then at 𝜇𝜋 󳨀→ 𝑚, where𝑚𝑇 = (𝑝2𝑇+𝑚2)1/2 is the
pion transverse mass, the transverse momentum spectrum of
pions is given as

12𝜋𝑝𝑇
𝑑2𝑁𝜋𝑑𝑝𝑦𝑑𝑦 = 𝑉

⋅ 𝑚(𝜋)𝑇 cosh (𝑦)
(2𝜋)3 {exp[𝑚(𝜋)𝑇 cosh (𝑦) − 𝜇𝜋𝑇 ]

− 1}
−1

+ ∑
reson.󳨀→𝜋

𝑉

⋅ 𝑚(𝑟𝑒𝑠𝑜𝑛.)𝑇 cosh (𝑦)
(2𝜋)3 {exp[𝑚(𝑟𝑒𝑠𝑜𝑛.)𝑇 cosh (𝑦) − 𝜇𝜋𝑇 ]

− 1}
−1

× 𝑏reson.󳨀→𝜋,

(8)

where 𝑏reson.󳨀→𝜋 is the branching ratio of resonances decaying
into pions.

The pion 𝑝𝑇-spectrum is calculated from direct pions
plus all contributions stemming from the heavier hadron
resonances decaying into pions, in which the corresponding
branching ratio should be taken into consideration (8)

12𝜋𝑝𝑇
𝑑2𝑁𝜋𝑑𝑝𝑦𝑑𝑦

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
total

𝜋

= 12𝜋𝑝𝑇
𝑑2𝑁𝜋𝑑𝑝𝑦𝑑𝑦

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝜋
+ ∑

reson.󳨀→𝜋

12𝜋𝑝𝑇
𝑑2𝑁reson.𝑑𝑝𝑦𝑑𝑦

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨reson.󳨀→𝜋
× 𝑏reson.󳨀→𝜋.

(9)

In the results shown in Figure 1, we distinguish between
the hadron resonances with the given mass cut-off and that
without sigma states. In both cases, we also distinguish
between results at chemical equilibrium of pion production,
i.e., 𝜇𝜋 = 0, and that at out-of-equilibrium, i.e., 𝜇𝜋 ̸= 0.
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Figure 1: Number of positive pions per transverse momentum per rapidity is given dependent on the transverse momentum. The symbols
refer to the ALICE measurements in the most central (0 − 5%) Pb+Pb collisions at 2.67 TeV. The left-hand panel shows a comparison with
(10) at vanishing 𝜇𝜋 = 0 and finite 𝜇𝜋 = 0.12 GeV [41]. In middle and right-hand panels, HRG calculations (10), with and without scalar 𝜎
states and excluded volume corrections are confronted to the experimental measurements, as well.

4. Out-of-Equilibrium Thermal Distribution

In this section, we recall another thermal distribution at out-
of-equilibrium [13], inspired by the proposal of Bogolubov to
explaining the phenomenon of superfluidity as degeneracy of
a nonperfect Bose-Einstein gas and determine a general form
of energy spectra, a kind of ingenious application of second
quantization.

In the approach introduced in [13], the 𝑝𝑇-spectra of
negatively charged bosons measured from 200 A GeV O+Au
and S+S collisions by NA35 experiment have been success-
fully reproduced. It was assumed that a cylindrical tube of
matter with radius 𝑅 expands, longitudinally, but without
transverse flow ]𝑧 = 𝑧/𝑡. When replacing 𝜀 in (2), for
instance, by the azimuthal angle 𝜙 and the covariant form𝑝𝜇 𝑢𝜇 (four-momentum and velocity) and then integrating
over the freeze-out time 𝜏𝑓𝑜 = 𝜏, the 𝑝𝑇-distribution could
be determined.

Then, at finite rapidity 𝑦 ̸= 0, the pion 𝑝𝑇-spectrum reads

12𝜋𝑝𝑇
𝑑2𝑁𝜋𝑑𝑝𝑦𝑑𝑦 = (𝜋𝑅2𝜏𝑓𝑜) 𝑚𝑇 cosh (𝑦)

(2𝜋)3
⋅ ∞∑
𝑛=1

(±)𝑛+1 exp (𝑛𝜇𝜋𝑇 )𝐾1 [𝑛𝑚𝑇𝑇 cosh (𝑦)] .
(10)

The contributions likely added by heavy resonances are con-
tributing straightforwardly to (10). In Figure 1, we distinguish
between results at chemical equilibrium of pion production,
i.e., 𝜇𝜋 = 0 and that at out-of-equilibrium, i.e., 𝜇𝜋 ̸= 0.
Accordingly, we can examine the possibility of proposing a
plausible explanation for the long-standing baryon-to-meson
ratios, such as proton-to-pion ratios, especially at top RHIC
and LHC energies [40]. We propose that this would be due to
anomaly in the pion production.

5. Results

Figure 1 shows 𝑝𝑇-spectra of positive pions in dependence on
the transverse momentum. The symbols refer to the ALICE
measurements in the most central (0 − 1%) Pb+Pb collisions
at 2.67TeV [41].The curves represent the present calculations.

The calculations from (10) at vanishing (dash-double-
dotted curve) and finite 𝜇𝜋 = 0.12 GeV (solid curve) are
depicted in the left panel. It is obvious that finite 𝜇𝜋 leads
to excellent agreement with the experimental results. The
middle and right panels show the impacts for the excluded
volume corrections and the scalar sigma states, respectively.

As done in the left panel, the contributions added by
finite 𝜇𝜋 are examined in the middle panel. We find that the
results from ideal HRGmodel at vanishing 𝜇𝜋 underestimate
the experimental results. Finite 𝜇𝜋 and finite 𝑟ℎ improve the
reproduction of the experimental results.

It intends to investigate the importance of these sigma
states in reproducing 𝑝𝑇-spectra of pions at LHC energies,
right panel. Various sigma states are to be in(ex)cluded:𝐼 = 1/2, 𝐾∗0 (800) known as 𝜅, which was excluded from
2014 particle data group and from our calculations as well,
and 𝐾∗0 (1430), 𝐼 = 1, 𝑎0(980) and 𝑎0(1450) and 𝐼 = 0,𝑓0(500) widely known as 𝜎, 𝑓0(980), 𝑓0(1370), 𝑓0(1500), and𝑓0(1710).

The HRG calculations (8) with and without sigma states
are presented in the right panels. Also, here we distinguish
between vanishing (dash-double-dotted curve) and finite𝜇𝜋 = 0.12 GeV (solid curve). As the case with out-of-
equilibrium thermal distributions, almost the same conclu-
sion can be drawn here. Furthermore, the impacts of the
inclusion of scalar sigma states are analyzed. It is obvious
that these states seem to enhance the out-of-equilibrium,
especially at large 𝑝𝑇. The excluded volume corrections are
taken into consideration in the way that all stable hadrons
and resonances with masses < 2 GeV are assumed to equally
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have finite volume, 𝑟ℎ. As discussed earlier, at 𝑟ℎ = 0.2
fm, the corrections seem very small. There is no such a
large variety to increase 𝑟ℎ and simultaneously conserve the
thermodynamics consistency. A systematic analysis has been
discussed in [29]; see Figure 1 and the related text.

The small difference when 𝑟ℎ is increased from 0.2 to0.4 fm can basically be understood from the corresponding
freeze-out temperature, with the inclusion of scalar sigma
states 𝑇𝑐ℎ ≃ 151 MeV, at 𝑟ℎ = 0.2 fm. But at 𝑟ℎ = 0.4 fm,𝑇𝑐ℎ becomes ≃ 167 MeV. These results are confirmed when
scalar sigma states are removed, 𝑇𝑐ℎ ≃ 159 MeV at 𝑟ℎ = 0.2
fm. Here, it was not possible to increase 𝑟ℎ to 0.4 fm due to
divergence in the thermodynamic quantities, at the chemical
freeze-out, for instance, 𝑇𝑐ℎ should jump to ∼ 1 GeV to fulfill
the freeze-out conditions [20–22]!Therefore we have checked𝑟ℎ = 0.3 fm. The corresponding 𝑇𝑐ℎ ≃ 164 MeV. It seems in
order to highlight that these results are limited to the validity
of the approximation that all hadrons are conjectured to have
the same radius, 𝑟ℎ = 0.3 fm.

We find that at vanishing 𝜇𝜋, the results from (8) with
and without scalar sigma states are almost identical. But at
finite 𝜇𝜋, the HRG calculations with and without scalar sigma
states become distinguishable. This can be understood due
to the remarkable characteristics and the great experimental
abundances of the sigma states, which would appear as
two-pion scalar-isoscalar resonances and are regarded as
excitations of the scalar condensates, i.e., playing similar roles
as theHiggs boson does for strong interactions [42].Their 𝑞𝑞-
channel interaction is a maximally attractive one. This could
be so strong that it breaks spontaneously the chiral symmetry
and produces a quark condensate. Instanton-induced ’t Hooft
interaction is also conjectured as a mechanism for that
attraction [42].

In order to elaborate more about the reasons why we
have chosen another alternative and thought of confronting
measured 𝑝𝑇-spectra of pions to Bogolubov superfluidity
of Bose-Einstein gas and/or a thermal approach for out-of-
equilibrium production of pions, i.e., finite 𝜇𝜋, some remarks
are now in order. Interpreting out-of-equilibrium in heavy-
ion collisions at LHC in terms of the nonextensive Tsallis
statistics [43] should be a subject of a fundamental revision.
This has been discussed in great detail in [9–11]. On the one
hand, the basic idea behind the thermal approach such as the
HRG model is apparently additivity. Obviously, the Tsallis-
type approach applies extensive statistics to the additiveHRG,
where both exponential and logarithm functions are merely
replacedwith the corresponding Tsallis counterpart function.
On the other hand, the 𝑝𝑇-spectra of positive pions from
the most central (0 − 5%) Pb+Pb collisions at 2.67 TeV are
not reproducible by (20) in [43] (not drawn in Figure 1).
But an excellent reproduction of these 𝑝𝑇-spectra is achieved
at 𝜇𝜋 = 0.12 GeV, Section 4. The excellent agreement
apparently covers the entire range of 𝑝𝑇, left panel of
Figure 1.

6. Conclusions and Outlook

The standard statistical thermal approach was reported as
not being able to reproduce various baryon-to-boson ratios,

especially at topRHICandLHCenergies [40]. In reproducing
the measured 𝑝𝑇-spectra of positive pions at LHC energies,
we have decided in favor for another alternative thermal
approach assuming an out-of-equilibrium production of
pions, (𝜇𝜋 ̸= 0). In addition to this, we have introduced out-
of-equilibrium production of pions to the well-known HRG
model. In ancillary to the baryon, the strangeness chemical
potential and the electric charge potential, we have imposed𝜇𝜋 ̸= 0, as well.

We have shortly highlighted the incompleteness of
nonextensive Tsallis statistics, especially when confronted to
bulk matter created at relativistic energies. The basic idea
of implementing an additive resonance gas even with Tsallis
algebra, where both exponential and logarithm functions
are properly replaced by Tsallis algebra, seems not at all
modifying the extensivity.The latter obviously contradicts the
intention of taking into account out-of-equilibrium particle
production.

We conclude that 𝑝𝑇-spectra of positive pions produced
in most central (0−5%) Pb+Pb collisions at 2.67 TeV are well
reproduced at 𝜇𝜋 = 0.12GeV.This is the case in two different
thermal approaches. The first one is based on degeneracy of
a nonperfect Bose-Einstein gas or an ingenious application
of second quantization known as Bogolubov superfluidity.
The second one is the well-known HRG model, in which𝜇𝜋 ̸= 0 was ad hoc introduced. The baryon, strangeness,
and electric charge chemical potentials, etc. can also be taken
into consideration. This approach seems being successful in
reproducing 𝑝𝑇-spectra of positive pions, at LHC energies,
when PDG sigma states are taken into account.

Future works shall be devoted to a systematic comparison
with other approaches and to investigating the impacts that
the PDG sigma states in reproducing 𝑝𝑇-spectra of other
hadrons. Furthermore, 𝑝𝑇-spectra of other bosons shall
be extended to understand whether they require out-of-
equilibrium processes, as the positive pions do. The behavior
of the pion production at high energies, where the pro-
duction of kaons, protons, and antiprotons seem requiring
anomalously large contributions from the exponential term
to describe the shape of their transverse momenta, could
be a subject of a similar out-of-equilibrium analysis, as
well.
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It has long been debated whether the hydrodynamics is suitable for the smaller colliding systems such as 𝑝 + 𝑝 collisions. In this
paper, by assuming the existence of longitudinal collective motion and long-range interactions in the hot and dense matter created
in 𝑝 + 𝑝 collisions, the relativistic hydrodynamics incorporating with the nonextensive statistics is used to analyze the transverse
momentum distributions of the particles. The investigations of the present paper show that the hybrid model can give a good
description of the currently available experimental data obtained in 𝑝 + 𝑝 collisions at RHIC and LHC energies, except for 𝑝 and𝑝 produced in the range of 𝑝𝑇 > 3.0 GeV/c at√𝑠 = 200 GeV.

1. Introduction

In the past decade, the experimental results of heavy ion
collisions at both RHIC and LHC energies have been exten-
sively studied. These studies have shown that the strongly
coupled quark-gluon plasma (sQGP) might be created in
these collisions [1–9], which exhibits a clear collective behav-
ior almost like a perfect fluid with very low viscosity [10–
28]. Therefore, the evolution of sQGP can be described in
the scope of relativistic hydrodynamics. However, unlike
heavy ion collisions, 𝑝 + 𝑝 collisions are a relatively smaller
system with lower multiplicity, larger viscosity, and larger
fluctuation [29]. The reasonableness of applying relativistic
hydrodynamics in depicting the evolution of sQGP created
in 𝑝 + 𝑝 collisions has undergone an endless debate.

In this paper, by supposing the existence of collective flow
in 𝑝 + 𝑝 colliding direction, the relativistic hydrodynamics
including phase transition is introduced to describe the
longitudinal expansion of sQGP. Besides the collective flow,
the thermal motion also exists in sQGP. The evolution of
sQGP is therefore the superposition of collective flow and
thermal motion. Known from the investigations of [30, 31],
the long-range interactions andmemory effects might appear
in sQGP.This guarantees the reasonableness of nonextensive

statistics in describing the thermodynamic aspects of sQGP.
Hence, in this paper, we will use the nonextensive statistics
instead of conventional statistics to characterize the thermal
motion of the matter created in 𝑝 + 𝑝 collisions.

The nonextensive statistics, i.e., Tsallis nonextensive
thermostatistics, is the generalization of conventional
Boltzmann-Gibbs statistics, which is proposed by C. Tsallis
in his pioneer work of [32]. This statistical theory overcomes
the inabilities of the conventional statistical mechanics by
assuming the existence of long-range interactions, long-
range microscopic memory, or fractal space-time constraints
in the thermodynamic system. It has a wide range of
applications in cosmology [33], phase shift analyses for the
pion-nucleus scattering [34], dynamical linear response
theory, and variational methods [35]. It has achieved a great
success in solving many physical problems, such as the
solar neutrino problems [36], many-body problems, the
problems in astrophysical self-gravitating systems [37], and
the transverse momentum spectra [38–40].

The article is organized as follows. In Section 2, a brief
description is given about the employed hydrodynamics,
presenting its analytical solutions. The solutions are then
used in Section 3 to formulate the transverse momentum
distributions of the particles produced in 𝑝 + 𝑝 collisions in
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the light of Cooper-Frye prescription. The last Section 4 is
about conclusions.

2. A Brief Introduction to
the Hydrodynamic Model

Themain content of the relativistic hydrodynamic model [15,
41] used in this paper is as follows.

The expansion of fluid obeys the continuity equation

𝜕𝜇𝑇𝜇] = 0, 𝜇, ] = 0, 1, (1)

where

𝑇𝜇] = (𝜀 + 𝑝) 𝑢𝜇𝑢] − 𝑝𝑔𝜇] (2)

is the energy-momentum tensor of fluid and 𝑔𝜇] =
diag(1, −1) is the metric tensor. The four-velocity of fluid𝑢𝜇 = (𝑢0, 𝑢1) = (cosh𝑦𝐹, sinh𝑦𝐹), where 𝑦𝐹 is the rapidity
of fluid. 𝜀 and 𝑝 in Equation (2) are the energy density and
pressure of fluid, respectively, which are related by the sound
speed 𝑐𝑠 of fluid via the equation of state

d𝑝
d𝜀 = 𝑠d𝑇𝑇d𝑠 = 𝑐2𝑠 , (3)

where 𝑇 and 𝑠 are the temperature and entropy density of
fluid, respectively.

The projection of Equation (1) to the direction of 𝑢𝜇 leads
to the continuity equation for entropy conservation

𝜕] (𝑠𝑢]) = 0. (4)

The projection of Equation (1) to the direction perpendicular
to 𝑢𝜇 gives equation

𝜕 (𝑇 sinh𝑦𝐹)𝜕𝑡 + 𝜕 (𝑇 cosh𝑦𝐹)𝜕𝑧 = 0, (5)

which means the existence of a scalar function 𝜙 satisfying

𝜕𝜙𝜕𝑡 = 𝑇 cosh𝑦𝐹,
𝜕𝜙𝜕𝑧 = −𝑇 sinh𝑦𝐹.

(6)

By using 𝜙 and Legendre transformation, Khalatnikov poten-
tial 𝜒 can be introduced via relation

𝜒 = 𝜙 − 𝑡𝑇 cosh𝑦𝐹 + 𝑧𝑇 sinh𝑦𝐹, (7)

which changes the coordinate base of (𝑡, 𝑧) to that of (𝜔, 𝑦𝐹)
𝑡 = 𝑒𝜔𝑇0 (

𝜕𝜒
𝜕𝜔 cosh𝑦𝐹 + 𝜕𝜒

𝜕𝑦𝐹 sinh𝑦𝐹) , (8)

𝑧 = 𝑒𝜔𝑇0 (
𝜕𝜒
𝜕𝜔 sinh𝑦𝐹 + 𝜕𝜒

𝜕𝑦𝐹 cosh𝑦𝐹) , (9)

where 𝑇0 is the initial temperature of sQGP, and 𝜔 = − ln(𝑇 �𝑇0). In terms of 𝜒, Equation (4) can be rewritten as the so-
called equation of telegraphy

𝜕2𝜒
𝜕𝜔2 − 2𝛽

𝜕𝜒
𝜕𝜔 − 1𝑐2𝑠

𝜕2𝜒
𝜕𝑦2𝐹 = 0, 𝛽 = 1 − 𝑐2𝑠2𝑐2𝑠 . (10)

With the expansion of created matter, its temperature
becomes lower and lower. When the temperature drops from
the initial temperature𝑇0 to the critical temperature𝑇𝑐, phase
transition occurs. This will modify the value of sound speed
of fluid. In sQGP, 𝑐𝑠 = 𝑐0 = 1 � √3, which is the sound
speed of a massless perfect fluid, being the maximum of 𝑐𝑠.
In the hadronic state, 0 < 𝑐𝑠 = 𝑐ℎ ≤ 𝑐0. At the point of phase
transition, 𝑐𝑠 is discontinuous.

The solutions of Equation (10) for sQGP and hadronic
state are, respectively [15],

𝜒0 (𝜔, 𝑦𝐹) = 𝑄0𝑐02 𝑒𝛽0𝜔𝐼0 (𝛽0√𝜔2 − 𝑐20𝑦2𝐹) , (11)

𝜒ℎ (𝜔, 𝑦𝐹) = 𝑄0𝑐02 𝑆 (𝜔) 𝐼0 [𝜆 (𝜔, 𝑦𝐹)] , (12)

where 𝐼0 is the 0th order modified Bessel function, and

𝛽0 = (1 − 𝑐20 )2𝑐20 = 1,
𝑆 (𝜔) = 𝑒𝛽ℎ(𝜔−𝜔𝑐)+𝛽0𝜔𝑐 ,

𝜆 (𝜔, 𝑦𝐹) = 𝛽ℎ𝑐ℎ√𝑦2ℎ (𝜔) − 𝑦2𝐹,
(13)

where 𝛽ℎ = (1 − 𝑐2ℎ ) � 2𝑐2ℎ , 𝜔𝑐 = − ln(𝑇𝑐 � 𝑇0), and 𝑦ℎ(𝜔) =[(𝜔 − 𝜔𝑐) � 𝑐ℎ] + (𝜔𝑐 � 𝑐0). The𝑄0 in Equations (11) and (12) is
a free parameter determined by fitting the theoretical results
with experimental data.

3. The Transverse Momentum Distributions of
the Particles Produced in 𝑝+𝑝 Collisions

3.1. The Energy of Quantum of Produced Matter. The nonex-
tensive statistics is based on the following two postulations
[32, 36].

(a) The entropy of a statistical system possesses the form
of

𝑠𝑞 = 1𝑞 − 1 (1 −
Ω∑
𝑖=1

𝑝𝑞𝑖 ) , (14)

where 𝑝𝑖 is the probability of a given microstate among Ω
ones and 𝑞 is a fixed real parameter. The defined entropy
has the usual properties of positivity, equiprobability, and
irreversibility, and, in the limit of 𝑞 󳨀→ 1, it reduces to the
conventional Boltzmann-Gibbs entropy

𝑠 = −∑
𝑖

𝑝𝑖 ln𝑝𝑖. (15)
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(b) The mean value of an observable O is defined as

O𝑞 = Ω∑
𝑖=1

𝑝𝑞𝑖 O𝑖, (16)

where O𝑖 is the value of an observable O in the microstate 𝑖.
From the above two postulations, the average occupa-

tional number of quantum in the state with temperature 𝑇
can be written in a simple analytical form [42]

𝑛𝑞 = 1
[1 + (𝑞 − 1) (𝐸 − 𝜇𝐵) /𝑇]1� (𝑞−1) + 𝛿 . (17)

Here, as usual, 𝐸 is the energy of quantum, and 𝜇𝐵 is its
baryochemical potential. For baryons 𝛿 = 1 and for mesons𝛿 = −1. In the limit of 𝑞 󳨀→ 1, it reduces to the conventional
Fermi-Dirac or Bose-Einstein distributions. Hence, the value
of 𝑞 in the nonextensive statistics represents the degree
of deviation from the conventional statistics. Known from
Equation (17), the average energy of quantum in the state with
temperature 𝑇 reads

𝐸𝑞
= 𝑚𝑇 cosh (𝑦 − 𝑦𝐹)
{1 + [(𝑞 − 1) (𝑚𝑇 cosh (𝑦 − 𝑦𝐹) − 𝜇𝐵)] /𝑇}1/(𝑞−1) + 𝛿 ,

(18)

where 𝑦 is the rapidity of quantum and𝑚𝑇 = √𝑝2𝑇 + 𝑚2 is its
transverse mass with rest mass𝑚 and transverse momentum𝑝𝑇.
3.2. The Transverse Momentum Distributions of the Particles
Produced in 𝑝+𝑝 Collisions. With the expansion of hadronic
matter, its temperature becomes even lower. As the temper-
ature drops to the so-called kinetic freeze-out temperature𝑇𝑓, the inelastic collisions among hadronic matter stop. The
yields of produced particles remain unchanged, becoming the
measured results. According toCooper-Frye scheme [43], the
invariant multiplicity distributions of produced particles take
the form [15, 43]

𝑑2𝑁2𝜋𝑝𝑇𝑑𝑦𝑑𝑝𝑇 =
𝐴

(2𝜋)3
⋅ ∫𝑦ℎ(𝜔𝑓)
−𝑦ℎ(𝜔𝑓)

(cosh𝑦 𝑑𝑧𝑑𝑦𝐹 − sinh𝑦 𝑑𝑡𝑑𝑦𝐹)𝐸𝑞
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝑇=𝑇𝑓 𝑑𝑦𝐹,

(19)

where 𝐴 is the area of overlap region of collisions, 𝜔𝑓 =− ln(𝑇𝑓 � 𝑇0), and the integrand takes values at themoment of𝑇 = 𝑇𝑓. The meaning of Equation (19) is evident. The part of
integrand in the round brackets is proportional to the rapidity
density of fluid [43]. Hence, Equation (19) is the convolution

of rapidity of fluid with the energy of the particles in the state
with temperature 𝑇. From Equations (8) and (9)

cosh𝑦 𝑑𝑧𝑑𝑦𝐹 − sinh𝑦 𝑑𝑡𝑑𝑦𝐹
= 1𝑇𝑐2𝑠 𝜕𝜕𝜔 (𝜒 + 𝜕𝜒

𝜕𝜔) cosh (𝑦 − 𝑦𝐹)
− 1𝑇 𝜕𝜕𝑦𝐹 (𝜒 +

𝜕𝜒
𝜕𝜔) sinh (𝑦 − 𝑦𝐹) .

(20)

Substituting𝜒 in Equation (20) by the 𝜒ℎ of Equation (12) and
taking the values at the moment of 𝑇 = 𝑇𝑓, it becomes

(cosh𝑦 𝑑𝑧𝑑𝑦𝐹 − sinh𝑦 𝑑𝑡𝑑𝑦𝐹)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝑇=𝑇𝑓 =

𝑄0𝑐0𝑇𝑓 (𝛽ℎ𝑐ℎ)2

⋅ 𝑆 (𝜔𝑓) [𝐵 (𝜔𝑓, 𝑦𝐹) sinh (𝑦 − 𝑦𝐹)
+ 𝐶 (𝜔𝑓, 𝑦𝐹) cosh (𝑦 − 𝑦𝐹)] ,

(21)

where

𝐵 (𝜔𝑓, 𝑦𝐹)
= 𝛽ℎ𝑦𝐹𝜆 (𝜔𝑓, 𝑦𝐹) {

𝛽ℎ𝑐ℎ𝑦ℎ (𝜔𝑓)
𝜆 (𝜔𝑓, 𝑦𝐹) 𝐼0 [𝜆 (𝜔𝑓, 𝑦𝐹)]

+ [𝛽ℎ + 1𝛽ℎ − 2𝛽ℎ𝑐ℎ𝑦ℎ (𝜔𝑓)
𝜆2 (𝜔𝑓, 𝑦𝐹) ] 𝐼1 [𝜆 (𝜔𝑓, 𝑦𝐹)]} ,

(22)

𝐶 (𝜔𝑓, 𝑦𝐹) = {{{
𝛽ℎ + 1𝛽ℎ + [𝛽ℎ𝑐ℎ𝑦ℎ (𝜔𝑓)]2

𝜆2 (𝜔𝑓, 𝑦𝐹)
}}}

⋅ 𝐼0 [𝜆 (𝜔𝑓, 𝑦𝐹)] + 1
𝜆 (𝜔𝑓, 𝑦𝐹)

{{{
𝑦ℎ (𝜔𝑓)𝑐ℎ + 1

− 2 [𝛽ℎ𝑐ℎ𝑦ℎ (𝜔𝑓)]2
𝜆2 (𝜔𝑓, 𝑦𝐹)

}}}
𝐼1 [𝜆 (𝜔𝑓, 𝑦𝐹)] ,

(23)

where 𝜆(𝜔𝑓, 𝑦𝐹) = 𝛽ℎ𝑐ℎ√𝑦2ℎ(𝜔𝑓) − 𝑦2𝐹, 𝐼1 is the 1st order
modified Bessel function.

By using Equations (19) and (21)-(23), we can obtain the
transverse momentum distributions of produced particles as
shown in Figures 1, 2, 3, and 4.

Figure 1 shows the transverse momentum spectra of 𝐾0S ,𝐾+,𝐾−,Λ,Λ,Ξ−,Ξ+, andΩ−+Ω+ produced in𝑝+𝑝 collisions
at √𝑠 = 200 GeV. The solid dots, circles, and solid triangles
represent the experimental data of the STAR Collaboration
[44].The solid curves are the results calculated fromEquation
(19). The values of free parameters 𝑞, 𝑄0, and 𝜒2/NDF are
listed in Table 1. It can be seen that the present model can give
a good description of the transversemomentumdistributions
of strange particles. Since strangeness enhancement is origi-
nally proposed as a signature of sQGP produced in nuclear



4 Advances in High Energy Physics

K0
ＭＢＩＬＮ

1/
(2

N

？Ｐ
p
４
)(
＞
2
N
/＞

p
４
＞
y
) Ｓ

=
0

10−1

100

10−1

10−2

10−3

10−4

10−5

10−6

10−7

10−2

10−3

10−4

10−5

10−6

10−7

10−8

10−9

10−2

10−3

10−4

10−5

10−6

10−7

10−8

10−9 10−10

Λ

Λ/10

K+ (kink)

K−/10 (kink)

1 2 3 4 50

p４ [GeV/c]
1 2 3 40 5

p４ [GeV/c]

1 2 3 4 50

p４ [GeV/c]

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

1/
(2

N

？Ｐ
p
４
)(
＞
2
N
/＞

p
４
＞
y
) Ｓ

=
0

1 2 3 4 50

p４ [GeV/c]

Ξ−

Ξ
+
/10

Ω + Ω/50

Figure 1: The transverse momentum distributions of strange particles (|𝑦| < 0.5) produced in 𝑝 + 𝑝 collisions at √𝑠 = 200 GeV. The solid
dots, circles, and solid triangles represent the experimental data of the STAR Collaboration [44]. The solid curves are the results calculated
from Equation (19).

Table 1: The values of 𝑞, 𝑄0, and 𝜒2/NDF obtained from the analyses of STAR data [44] in 𝑝 + 𝑝 collisions at√𝑠 = 200 GeV.

Parameters 𝐾0S 𝐾+/𝐾− Λ/Λ Ξ−/Ξ+ Ω− + Ω+
𝑞 1.083±0.002 1.083±0.005 1.062±0.001 1.075±0.003 1.068±0.007

1.083±0.006 1.062±0.001 1.075±0.003
𝑄0 0.084±0.005 0.087±0.012 0.379±0.026 0.026±0.006 0.016±0.010

0.086±0.012 0.337±0.023 0.026±0.005𝜒2/NDF 0.68 0.32/0.39 0.47/0.90 0.47/0.64 0.02
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Figure 2: The transverse momentum distributions of 𝜋+, 𝜋−,𝐾+,𝐾−, 𝑝, and 𝑝 produced in 𝑝 + 𝑝 collisions at√𝑠 = 200 GeV at midrapidity.
The solid dots, solid triangles, solid squares, circles, triangles, and squares represent the experimental data of the PHENIXCollaboration [45].
The solid curves are the results calculated from Equation (19).
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Figure 3:The transverse momentum distributions of 𝑝 and 𝑝 produced in 𝑝+𝑝 collisions at√𝑠 = 200 GeV in the whole measured 𝑝𝑇 range.
The solid squares and squares represent the experimental data of the PHENIX Collaboration [45]. The solid curves are the results calculated
from Equation (19).

collisions, this proves the reasonableness of hypothesis given
at the beginning of this paper that sQGPmight appear in𝑝+𝑝
collisions.

Figure 2 presents the transverse momentum spectra of𝜋+, 𝜋−, 𝐾+, 𝐾−, 𝑝, and 𝑝 produced in 𝑝 + 𝑝 collisions at√𝑠 = 200 GeV. The solid dots, solid triangles, solid squares,
circles, triangles, and squares represent the experimental data
of the PHENIX Collaboration [45]. The solid curves are
the results calculated from Equation (19). The values of free
parameters 𝑞, 𝑄0, and 𝜒2/NDF are summarized in Table 2.
The theoretical model can give a good description of the
experimental data for 𝜋+, 𝜋−, 𝐾+, 𝐾− in the whole measured
transverse momentum range, and for 𝑝 and 𝑝 in the range of

𝑝𝑇 ≤ 3.0 GeV/c. In the range of 𝑝𝑇 > 3.0 GeV/c, the deviation
appears as shown in Figure 3, which shows the transverse
momentum distributions of 𝑝 and 𝑝 in the whole measured𝑝𝑇 range.

Figure 4 shows the transverse momentum spectra of 𝜋+,𝜋−,𝐾+,𝐾−, 𝑝, and 𝑝 produced in 𝑝+𝑝 collisions at√𝑠 = 0.9,
2.76, and 7 TeV. The solid dots, solid triangles, solid squares,
circles, triangles, and squares represent the experimental
data of the CMS Collaboration [46]. The solid curves are
the results calculated from Equation (19). The values of free
parameters 𝑞, 𝑄0, and 𝜒2/NDF are summarized in Table 3.

In calculations, the sound speed in hadronic state takes
the value of 𝑐ℎ = 0.35 [47, 48]. The critical temperature takes
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Figure 4: The transverse momentum distributions of the identified charged particles (|𝑦| < 1) produced in 𝑝 + 𝑝 collisions at√𝑠 = 0.9, 2.76,
and 7 TeV (from top to bottom). The solid dots, solid triangles, solid squares, circles, triangles, and squares represent the experimental data
of the CMS Collaboration [46]. The solid curves are the results calculated from Equation (19).

Table 2: The values of 𝑞, 𝑄0, and 𝜒2/NDF obtained from the analyses of PHENIX data [45] in 𝑝 + 𝑝 collisions at√𝑠 = 200 GeV.

Parameters 𝜋+/𝜋− 𝐾+/𝐾− 𝑝/𝑝
𝑞 1.075±0.003 1.080±0.003 1.060±0.002

1.075±0.003 1.080±0.003 1.060±0.001
𝑄0 10.439±0.015 3.699±0.005 13.099±1.551

10.342±0.015 3.602±0.006 10.479±1.221𝜒2/NDF 5.25/3.28 1.57/1.01 0.47/0.17
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Table 3: The values of 𝑞, 𝑄0, and 𝜒2/NDF obtained from the analyses of CMS data [46] in 𝑝 + 𝑝 collisions at LHC energies.

√𝑠 Parameters 𝜋+/𝜋− 𝐾+/𝐾− 𝑝/𝑝

0.9 TeV

𝑞 1.064±0.002 1.090±0.002 1.071±0.001
1.064±0.003 1.090±0.002 1.071±0.001

𝑄0 0.161±0.004 0.045±0.001 0.152±0.005
0.159±0.004 0.044±0.002 0.145±0.003𝜒2/NDF 8.50/10.85 0.37/0.47 1.10/1.84

2.76 TeV

𝑞 1.078±0.002 1.100±0.002 1.088±0.001
1.078±0.002 1.100±0.002 1.088±0.001

𝑄0 0.051±0.001 0.015±0.0004 0.037±0.001
0.050±0.001 0.014±0.0004 0.036±0.001𝜒2/NDF 8.90/8.25 0.30/0.62 1.75/1.35

7 TeV

𝑞 1.084±0.002 1.120±0.003 1.105±0.001
1.084±0.003 1.120±0.002 1.105±0.001

𝑄0 0.004±0.00004 0.001±0.00002 0.002±0.00004
0.004±0.00008 0.001±0.00002 0.002±0.00002𝜒2/NDF 7.28/7.69 0.23/0.35 1.13/1.43

the value of 𝑇𝑐 = 0.16 GeV [49]. For √𝑠 = 200 GeV, the
initial temperature takes the value of 𝑇0 = 0.35 GeV [50],
the kinetic freeze-out temperature takes the values of 𝑇𝑓 =
0.12 GeV for strange particles and pions, and, for protons,𝑇𝑓 =0.13 GeV from the investigation of [51], which also shows
that the baryochemical potential takes the value of 𝜇𝐵 =0.01
GeV. For √𝑠 = 0.9, 2.76, and 7 TeV, referring to [50], the
initial temperatures are estimated to be 𝑇0 = 0.4, 0.6, and
1.5GeV, respectively.The kinetic freeze-out temperature takes
the values of 𝑇𝑓 =0.12 GeV for pions and kaons, and, for
protons,𝑇𝑓 =0.13 GeV.The baryochemical potential takes the
value of 𝜇𝐵 = 0 [51].

The parameters 𝑄0 and 𝑇0 have the same effects. They
all affect the amplitudes of the theoretical curves. They are
different from parameter 𝑞 which affects the slopes of the
theoretical curves. From the above analysis we can see that
the value of the parameter 𝑞 increases with the increase of
the CMS beam energy. However, the values of 𝑞 do not seem
completely consistent with the CMS and the RHIC beam
energies.

4. Conclusions

By assuming the existence of longitudinal collective motion
and long-range interactions in sQGP produced in 𝑝 + 𝑝
collisions, the relativistic hydrodynamics including phase
transition together with the nonextensive statistics is used
to discuss the transverse momentum distributions of the
particles produced in 𝑝 + 𝑝 collisions at √𝑠 = 0.2, 0.9, 2.76,
and 7 TeV.

The theoretical model used in this paper contains rich
information about the transport coefficients of fluid, such as
the sound speed 𝑐0 in sQGP, the sound speed 𝑐ℎ in hadronic
state, the initial temperature 𝑇0, the critical temperature 𝑇𝑐,
the kinetic freeze-out temperature𝑇𝑓, and the baryochemical
potential 𝜇𝐵. Except for 𝑇0, the other five parameters take
the values either from the widely accepted theoretical results
or from experimental measurements. As for 𝑇0, there are no

acknowledged values so far. In this paper, 𝑇0 takes the values
from other studies. The investigations of the present paper
show the conclusions as follows.

(a) The theoretical model can give a good description of
the currently available experimental data collected in 𝑝 + 𝑝
collisions at RHIC and LHC energies with the only exception
of 𝑝 and 𝑝 measured in the range of 𝑝𝑇 > 3.0 GeV/c at√𝑠 = 200 GeV, which might be caused by the hard scattering
process [52]. To improve the fitting conditions, the results of
perturbative QCD should be taken into account.

(b)The fitted values of 𝑞 are close to 1.Thismeans that the
deviation between nonextensive statistics and conventional
statistics is small, while it is this small difference that plays
an essential role in fitting the experimental data.
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