Applied Mathematics and

Statistical Mechanics and their
Applications

Lead Guest Editor: El-Sayed Abo-Dahab
Guest Editors: A. M. Abd-Alla, Fateh Mebarek-Oudina, and E.M. Khalil




Applied Mathematics and Statistical Mechanics
and their Applications



Mathematical Problems in Engineering

Applied Mathematics and Statistical
Mechanics and their Applications

Lead Guest Editor: El-Sayed Abo-Dahab
Guest Editors: A. M. Abd-Alla, Fateh Mebarek-
Oudina, and E.M. Khalil




Copyright © 2021 Hindawi Limited. All rights reserved.

This is a special issue published in “Mathematical Problems in Engineering.” All articles are open access articles distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the
original work is properly cited.



Chief Editor

Guangming Xie(), China

Academic Editors

Kumaravel A (), India

Wagqas Abbasi, Pakistan
Mohamed Abd El Aziz(%), Egypt
Mahmoud Abdel-Aty (), Egypt
Mohammed S. Abdo, Yemen
Mohammad Yaghoub Abdollahzadeh
Jamalabadi(®), Republic of Korea
Rahib Abiyev (), Turkey
Leonardo Acho (%), Spain

Daniela Addessi (), Italy

Arooj Adeel (), Pakistan

Waleed Adel (), Egypt

Ramesh Agarwal (), USA
Francesco Aggogeri(), Italy
Ricardo Aguilar-Lopez (), Mexico
Afaq Ahmad (), Pakistan

Naveed Ahmed (), Pakistan

Elias Aifantis (), USA

Akif Akgul (5), Turkey

Tareq Al-shami(), Yemen

Guido Ala, Italy

Andrea Alaimo (1), Italy

Reza Alam, USA

Osamah Albahri (), Malaysia
Nicholas Alexander (i), United Kingdom
Salvatore Alfonzetti, Italy

Ghous Ali(, Pakistan

Nouman Ali ("), Pakistan
Mohammad D. Aliyu (), Canada
Juan A. Almendral (), Spain

A K. Alomari, Jordan

José Domingo Alvarez (%), Spain
Claudio Alves(), Portugal

Juan P. Amezquita-Sanchez, Mexico
Mukherjee Amitava, India

Lionel Amodeo, France

Sebastian Anita, Romania
Costanza Arico (), Italy

Sabri Arik, Turkey

Fausto Arpino (), Italy

Rashad Asharabi(), Saudi Arabia
Farhad Aslani(), Australia
Mohsen Asle Zaecem (1), USA

Andrea Avanzini(?), Italy

Richard I. Avery (), USA

Viktor Avrutin (%), Germany
Mohammed A. Awadallah (), Malaysia
Francesco Aymerich (i), Italy
Sajad Azizi ("), Belgium

Michele Bacciocchi (%), Italy
Seungik Baek (), USA

Khaled Bahlali, France

M.V.A Raju Bahubalendruni, India
Pedro Balaguer (%), Spain

P. Balasubramaniam, India

Stefan Balint ("), Romania

Ines Tejado Balsera (), Spain
Alfonso Banos(2), Spain

Jerzy Baranowski (=), Poland
Tudor Barbu(®), Romania

Andrzej Bartoszewicz (), Poland
Sergio Baselga (), Spain

S. Caglar Baslamisli ("), Turkey
David Bassir (), France

Chiara Bedon (), Italy

Azeddine Beghdadi, France
Andriette Bekker (), South Africa
Francisco Beltran-Carbajal (), Mexico
Abdellatif Ben Makhlouf@#), Saudi Arabia
Denis Benasciutti (), Italy

Ivano Benedetti (), Italy

Rosa M. Benito (), Spain

Elena Benvenuti(?), Italy

Giovanni Berselli, Italy

Michele Betti (), Italy

Pietro Bia(®), Italy

Carlo Bianca (), France

Simone Bianco (1), Italy

Vincenzo Bianco, Italy

Vittorio Bianco, Italy

David Bigaud (), France

Sardar Muhammad Bilal (), Pakistan
Antonio Bilotta (), Italy

Sylvio R. Bistafa, Brazil

Chiara Boccaletti (), Italy

Rodolfo Bontempo (1), Italy
Alberto Borboni (), Italy

Marco Bortolini, Italy



https://orcid.org/0000-0001-6504-0087
https://orcid.org/0000-0002-7624-9748
https://orcid.org/0000-0002-2062-4801
https://orcid.org/0000-0001-8841-3165
https://orcid.org/0000-0002-6567-8109
https://orcid.org/0000-0002-2682-7474
https://orcid.org/0000-0002-4965-1133
https://orcid.org/0000-0003-0580-3200
https://orcid.org/0000-0003-1951-2148
https://orcid.org/0000-0002-0557-8536
https://orcid.org/0000-0002-9642-1023
https://orcid.org/0000-0001-9414-3763
https://orcid.org/0000-0003-2697-3153
https://orcid.org/0000-0001-9427-4296
https://orcid.org/0000-0002-5020-199X
https://orcid.org/0000-0002-6846-5686
https://orcid.org/0000-0001-9151-3052
https://orcid.org/%200000-0002-8074-1102
https://orcid.org/0000-0002-6691-6965
https://orcid.org/0000-0002-7844-3990
https://orcid.org/0000-0002-6837-5330
https://orcid.org/0000-0001-5316-3063
https://orcid.org/0000-0002-0721-201X
https://orcid.org/0000-0002-6417-841X
https://orcid.org/0000-0003-1100-7446
https://orcid.org/0000-0003-2791-8105
https://orcid.org/0000-0002-4017-1184
https://orcid.org/0000-0001-7173-0981
https://orcid.org/0000-0002-3987-5555
https://orcid.org/0000-0002-6616-2008
https://orcid.org/0000-0002-0505-6068
https://orcid.org/0000-0002-5164-6122
https://orcid.org/0000-0002-7188-7687
https://orcid.org/0000-0002-2270-2527
https://orcid.org/0000-0001-7931-8844
https://orcid.org/0000-0002-7815-8946
https://orcid.org/0000-0003-3474-4684
https://orcid.org/0000-0001-9953-7657
https://orcid.org/0000-0002-1152-2336
https://orcid.org/0000-0003-2007-339X
https://orcid.org/0000-0002-4082-2944
https://orcid.org/0000-0003-4573-9338
https://orcid.org/0000-0001-5542-348X
https://orcid.org/0000-0003-2711-4385
https://orcid.org/0000-0003-3313-581X
https://orcid.org/0000-0001-9684-8417
https://orcid.org/0000-0002-1271-8488
https://orcid.org/0000-0002-0492-4003
https://orcid.org/0000-0002-7476-2257
https://orcid.org/0000-0002-5364-9992
https://orcid.org/0000-0003-3875-2817
https://orcid.org/0000-0003-4793-5674
https://orcid.org/0000-0001-5244-5587
https://orcid.org/0000-0001-7142-7026
https://orcid.org/0000-0001-5999-5629
https://orcid.org/0000-0003-3755-2768
https://orcid.org/0000-0003-3949-8232
https://orcid.org/0000-0002-4888-4904
https://orcid.org/0000-0002-8389-3355
https://orcid.org/0000-0003-3598-2182
https://orcid.org/0000-0003-1122-7510
https://orcid.org/0000-0002-7070-1545
https://orcid.org/0000-0001-8474-2885
https://orcid.org/0000-0002-7803-9218
https://orcid.org/0000-0003-1873-4670
https://orcid.org/0000-0003-3548-5741
https://orcid.org/0000-0001-8087-5111
https://orcid.org/0000-0001-7069-1095

Paolo Boscariol, Italy

Daniela Boso (1), Italy

Guillermo Botella-Juan, Spain
Abdesselem Boulkroune (2, Algeria
Boulaid Boulkroune, Belgium
Fabio Bovenga (12, Italy
Francesco Braghin (), Italy
Ricardo Branco, Portugal

Julien Bruchon (#), France
Matteo Bruggi (1), Italy

Michele Brun (), Italy

Maria Elena Bruni, Italy

Maria Angela Butturi (), Italy
Bartlomiej Blachowski (), Poland
Dhanamjayulu C (%), India
Raquel Caballero-Aguila (), Spain
Filippo Cacace (9, Italy

Salvatore Caddemi (), Italy
Zuowei Cai(2), China

Roberto Caldelli (), Italy
Francesco Cannizzaro (1), Italy
Maosen Cao (), China

Ana Carpio, Spain

Rodrigo Carvajal(®), Chile
Caterina Casavola, Italy

Sara Casciati, Italy

Federica Caselli (), Italy

Carmen Castillo (), Spain
Inmaculada T. Castro (), Spain
Miguel Castro (), Portugal

Giuseppe Catalanotti (), United Kingdom

Alberto Cavallo (), Italy
Gabriele Cazzulani(), Italy
Fatih Vehbi Celebi, Turkey
Miguel Cerrolaza (), Venezuela
Gregory Chagnon (12), France
Ching-Ter Chang (), Taiwan
Kuei-Lun Chang(»), Taiwan
Qing Chang(®, USA

Xiaoheng Chang(}®), China
Prasenjit Chatterjee (), Lithuania
Kacem Chehdi, France

Peter N. Cheimets, USA
Chih-Chiang Chen (), Taiwan
He Chen (), China

Kebing Chen (i), China
Mengxin Chen (), China
Shyi-Ming Chen (), Taiwan
Xizhong Chen (), Ireland
Xue-Bo Chen (), China
Zhiwen Chen (%), China

Qiang Cheng, USA

Zeyang Cheng, China

Luca Chiapponi (), Italy
Francisco Chicano (), Spain
Tirivanhu Chinyoka (), South Africa
Adrian Chmielewski (), Poland
Seongim Choi (), USA
Gautam Choubey (1), India
Hung-Yuan Chung (), Taiwan
Yusheng Ci, China

Simone Cinquemani (), Italy
Roberto G. Citarella (), Italy
Joaquim Ciurana(2), Spain
John D. Clayton (), USA

Piero Colajanni (), Italy
Giuseppina Colicchio, Italy
Vassilios Constantoudis(:), Greece
Enrico Conte, Italy

Alessandro Contento (), USA
Mario Cools(), Belgium

Gino Cortellessa, Italy

Carlo Cosentino (1), Italy

Paolo Crippa (), Italy

Erik Cuevas (), Mexico
Guozeng Cui(®), China
Mehmet Cunkas (), Turkey
Giuseppe D'Aniello (%), Italy
Peter Dabnichki, Australia
Weizhong Dai (), USA

Zhifeng Dai(), China
Purushothaman Damodaran (2), USA
Sergey Dashkovskiy, Germany
Adiel T. De Almeida-Filho (P, Brazil
Fabio De Angelis (), Italy
Samuele De Bartolo (), Italy
Stefano De Miranda (), Italy
Filippo De Monte (), Italy


https://orcid.org/0000-0001-6511-4998
https://orcid.org/0000-0002-1392-6932
https://orcid.org/0000-0001-5602-9919
https://orcid.org/0000-0002-0476-4118
https://orcid.org/0000-0001-5867-5842
https://orcid.org/0000-0003-3403-6127
https://orcid.org/0000-0002-4760-9062
https://orcid.org/0000-0003-1639-6065
https://orcid.org/0000-0001-6021-0374
https://orcid.org/0000-0001-9958-754X
https://orcid.org/0000-0001-7659-7649
https://orcid.org/0000-0003-1060-744X
https://orcid.org/0000-0002-2438-2395
https://orcid.org/0000-0003-4470-7107
https://orcid.org/0000-0003-3471-1196
https://orcid.org/0000-0001-8698-1329
https://orcid.org/0000-0001-6640-1905
https://orcid.org/0000-0002-3336-8683
https://orcid.org/0000-0001-6663-8603
https://orcid.org/0000-0003-2614-9084
https://orcid.org/0000-0002-2590-8379
https://orcid.org/0000-0001-9732-9969
https://orcid.org/0000-0001-9326-9575
https://orcid.org/0000-0002-7985-7722
https://orcid.org/0000-0002-2447-7570
https://orcid.org/0000-0003-0415-0666
https://orcid.org/0000-0002-9386-7046
https://orcid.org/0000-0001-8137-8838
https://orcid.org/0000-0001-6426-7327
https://orcid.org/0000-0003-3744-1371
https://orcid.org/0000-0002-6197-1623
https://orcid.org/0000-0002-7994-4252
https://orcid.org/0000-0002-2254-723X
https://orcid.org/0000-0001-6356-1655
https://orcid.org/0000-0003-2072-7592
https://orcid.org/0000-0002-9122-4493
https://orcid.org/0000-0001-8648-631X
https://orcid.org/0000-0001-8073-5741
https://orcid.org/0000-0001-6799-7667
https://orcid.org/0000-0002-4759-0904
https://orcid.org/0000-0002-0621-788X
https://orcid.org/0000-0003-1259-2990
https://orcid.org/0000-0001-7782-2043
https://orcid.org/0000-0002-2049-578X
https://orcid.org/0000-0002-2068-170X
https://orcid.org/0000-0003-4266-6356
https://orcid.org/0000-0002-1787-173X
https://orcid.org/0000-0001-9296-0874
https://orcid.org/0000-0003-3167-019X
https://orcid.org/0000-0002-6574-5551
https://orcid.org/0000-0003-4107-6282
https://orcid.org/0000-0003-0562-8596
https://orcid.org/0000-0003-3164-977X
https://orcid.org/0000-0003-3811-8074
https://orcid.org/0000-0003-3098-2693
https://orcid.org/0000-0001-5768-1829
https://orcid.org/0000-0003-4504-7550
https://orcid.org/0000-0002-0358-6049
https://orcid.org/0000-0001-6880-4361
https://orcid.org/0000-0002-5031-7618
https://orcid.org/0000-0002-8687-9348
https://orcid.org/0000-0002-3194-7710
https://orcid.org/0000-0002-7912-1280
https://orcid.org/0000-0002-6925-8486
https://orcid.org/0000-0001-6069-3601
https://orcid.org/0000-0002-2745-6396
https://orcid.org/0000-0002-6158-6055
https://orcid.org/0000-0002-9624-651X
https://orcid.org/0000-0003-0174-6990

José Antdnio Fonseca De Oliveira
Correia ("), Portugal

Jose Renato De Sousa ("), Brazil
Michael Defoort, France
Alessandro Della Corte, Italy
Laurent Dewasme (1), Belgium
Sanku Dey (59, India

Gianpaolo Di Bona (), Italy
Roberta Di Pace (), Italy
Francesca Di Puccio (), Italy
Ramon I. Diego (), Spain

Yannis Dimakopoulos (i), Greece
Hasan Dinger (1), Turkey

José M. Dominguez (), Spain
Georgios Dounias, Greece

Bo Du(}), China

Emil Dumic, Croatia

Madalina Dumitriu (), United Kingdom
Premraj Durairaj (2, India

Saeed Eftekhar Azam, USA

Said El Kafhali @), Morocco
Antonio Elipe (%), Spain

R. Emre Erkmen, Canada

John Escobar (%), Colombia
Leandro F. F. Miguel (©), Brazil
FRANCESCO FOTI (%), Italy
Andrea L. Facci(»), Italy

Shahla Faisal (), Pakistan
Giovanni Falsone (), Italy

Hua Fan, China

Jianguang Fang, Australia
Nicholas Fantuzzi (), Italy
Muhammad Shahid Farid (), Pakistan
Hamed Faroqj, Iran

Yann Favennec, France

Fiorenzo A. Fazzolari(), United Kingdom
Giuseppe Fedele (), Italy
Roberto Fedele (), Italy

Baowei Feng (), China
Mohammad Ferdows (), Bangladesh
Arturo J. Fernandez (), Spain
Jesus M. Fernandez Oro, Spain
Francesco Ferrise, Italy

Eric Feulvarch (), France

Thierry Floquet, France

Eric Florentin (), France

Gerardo Flores, Mexico

Antonio Forcina (), Italy
Alessandro Formisano, Italy
Francesco Franco (1), Italy

Elisa Francomano (12), Italy

Juan Frausto-Solis, Mexico

Shujun Fu(®, China

Juan C. G. Prada (), Spain
HECTOR GOMEZ ("), Chile

Matteo Gaeta (), Italy

Mauro Gaggero (1), Italy

Zoran Gajic(2), USA

Jaime Gallardo-Alvarado (), Mexico
Mose Gallo (), Italy

Akemi Gélvez (), Spain

Maria L. Gandarias (%), Spain

Hao Gao(2), Hong Kong

Xingbao Gao (), China

Yan Gao (), China

Zhiwei Gao (), United Kingdom
Giovanni Garcea (), Italy

José Garcia (), Chile

Harish Garg ("), India

Alessandro Gasparetto (), Italy
Stylianos Georgantzinos, Greece
Fotios Georgiades ("), India

Parviz Ghadimi (), Iran

Stefan Cristian Gherghina (), Romania
Georgios I. Giannopoulos (), Greece
Agathoklis Giaralis (©), United Kingdom
Anna M. Gil-Lafuente (%), Spain
Ivan Giorgio (), Italy

Gaetano Gijunta (), Luxembourg
Jefferson L.M.A. Gomes ("), United
Kingdom

Emilio Gémez-Déniz ("), Spain
Antonio M. Gongalves de Lima (?), Brazil
Qunxi Gong(»), China

Chris Goodrich, USA

Rama S. R. Gorla, USA

Veena Goswami (), India

Xunjie Gou(2), Spain

Jakub Grabski (%), Poland



https://orcid.org/0000-0002-4148-9426
https://orcid.org/0000-0001-7132-1264
https://orcid.org/0000-0002-1688-167X
https://orcid.org/0000-0001-8523-8189
https://orcid.org/0000-0001-9567-5534
https://orcid.org/0000-0001-7589-8570
https://orcid.org/0000-0003-4558-1497
https://orcid.org/0000-0002-8531-6383
https://orcid.org/0000-0002-8671-0657
https://orcid.org/0000-0002-8072-031X
https://orcid.org/0000-0002-2586-5081
https://orcid.org/0000-0002-4484-8789
https://orcid.org/0000-0002-9978-9499
https://orcid.org/0000-0002-3965-3362
https://orcid.org/0000-0001-9282-5154
https://orcid.org/0000-0001-5208-4494
https://orcid.org/0000-0001-6175-9553
https://orcid.org/0000-0002-7881-1642
https://orcid.org/0000-0002-0339-4653
https://orcid.org/0000-0002-0344-7508
https://orcid.org/0000-0002-6303-5986
https://orcid.org/0000-0003-2668-5100
https://orcid.org/0000-0002-8406-4882
https://orcid.org/0000-0002-8384-2830
https://orcid.org/0000-0002-7321-6772
https://orcid.org/0000-0003-0273-780X
https://orcid.org/0000-0003-1057-9581
https://orcid.org/0000-0003-4507-8170
https://orcid.org/0000-0002-8696-9116
https://orcid.org/0000-0003-2646-0905
https://orcid.org/0000-0003-2055-3764
https://orcid.org/0000-0003-1192-6733
https://orcid.org/0000-0002-8831-8309
https://orcid.org/0000-0002-9869-2820
https://orcid.org/0000-0003-0438-5115
https://orcid.org/0000-0002-6776-465X
https://orcid.org/0000-0002-7793-8625
https://orcid.org/0000-0003-3726-5507
https://orcid.org/0000-0001-7209-3355
https://orcid.org/0000-0002-5048-4141
https://orcid.org/0000-0002-0187-6181
https://orcid.org/0000-0002-8208-0432
https://orcid.org/0000-0002-9023-0752
https://orcid.org/0000-0002-2100-2289
https://orcid.org/0000-0001-8604-8272
https://orcid.org/0000-0003-0148-3713
https://orcid.org/0000-0002-3253-7529
https://orcid.org/0000-0002-1889-399X
https://orcid.org/0000-0001-5464-3288
https://orcid.org/0000-0002-0842-3521
https://orcid.org/0000-0003-3126-8352
https://orcid.org/0000-0001-9099-8422
https://orcid.org/0000-0001-9902-9783
https://orcid.org/0000-0002-2784-6976
https://orcid.org/0000-0002-9315-5428
https://orcid.org/0000-0003-2911-6480
https://orcid.org/0000-0002-0004-8421
https://orcid.org/0000-0002-2952-1171
https://orcid.org/0000-0003-0905-3929
https://orcid.org/0000-0002-0044-9188
https://orcid.org/0000-0003-1694-5132
https://orcid.org/0000-0003-0845-2274
https://orcid.org/0000-0002-5072-7908
https://orcid.org/0000-0003-0170-6083
https://orcid.org/0000-0001-9076-0537
https://orcid.org/0000-0002-4260-4721
https://orcid.org/0000-0003-1963-0451
https://orcid.org/0000-0002-0553-1084

Antoine Grall(», France
George A. Gravvanis (), Greece
Fabrizio Greco (), Italy

David Greiner (), Spain

Jason Gu (), Canada

Federico Guarracino (1), Italy
Michele Guida (), Italy
Muhammet Gul (), Turkey
Dong-Sheng Guo (2), China
Hu Guo (), China

Zhaoxia Guo, China

Yusuf Gurefe, Turkey

Salim HEDDAM (1), Algeria
ABID HUSSANAN, China
Quang Phuc Ha, Australia

Li Haitao(®), China

Petr Hajek (), Czech Republic
Mohamed Hamdy (%), Egypt

Muhammad Hamid (®), United Kingdom

Renke Han (%), United Kingdom
Weimin Han (=), USA

Xingsi Han, China

Zhen-Lai Han ("), China
Thomas Hanne ("), Switzerland
Xinan Hao(®), China

Mohammad A. Hariri-Ardebili(®), USA

Khalid Hattaf ("), Morocco

Defeng He (), China

Xiao-Qiao He, China

Yanchao He, China

Yu-Ling He ("), China

Ramdane Hedjar (), Saudi Arabia
Jude Hemanth (), India

Reza Hemmati, Iran

Nicolae Herisanu (), Romania
Alfredo G. Hernéndez-Diaz (%), Spain
M.I. Herreros (%), Spain

Eckhard Hitzer (), Japan

Paul Honeine (®), France

Jaromir Horacek (), Czech Republic
Lei Hou(»), China

Yingkun Hou (), China

Yu-Chen Hu ("), Taiwan

Yunfeng Hu, China

Can Huang (), China

Gordon Huang(»), Canada
Linsheng Huo (), China

Sajid Hussain, Canada

Asier Ibeas (1), Spain

Orest V. Iftime(®), The Netherlands
Przemyslaw Ignaciuk(2), Poland
Giacomo Innocenti(), Italy
Emilio Insfran Pelozo (%), Spain
Azeem Irshad, Pakistan

Alessio Ishizaka, France
Benjamin Ivorra (), Spain
Breno Jacob(?), Brazil

Reema Jain (%), India

Tushar Jain (), India

Amin Jajarmi (), Iran
Chiranjibe Jana (", India
Lukasz Jankowski (), Poland
Samuel N. Jator(:), USA

Juan Carlos Jauregui-Correa (), Mexico
Kandasamy Jayakrishna, India
Reza Jazar, Australia

Khalide Jbilou, France

Isabel S. Jesus (), Portugal

Chao Ji(», China

Qing-Chao Jiang (), China
Peng-fei Jiao (), China

Ricardo Fabricio Escobar Jiménez ("), Mexico

Emilio Jiménez Macias(®), Spain
Maolin Jin, Republic of Korea
Zhuo Jin, Australia

Ramash Kumar K (), India
BHABEN KALITA (), USA

MOHAMMAD REZA KHEDMATI(?), Iran

Viacheslav Kalashnikov (), Mexico
Mathiyalagan Kalidass (©), India
Tamas Kalmar-Nagy (), Hungary
Rajesh Kaluri (), India
Jyotheeswara Reddy Kalvakurthi, India
Zhao Kang (), China

Ramani Kannan (?), Malaysia
Tomasz Kapitaniak (©), Poland
Julius Kaplunov, United Kingdom
Konstantinos Karamanos, Belgium
Michal Kawulok, Poland


https://orcid.org/0000-0002-6900-7951
https://orcid.org/0000-0003-1562-3633
https://orcid.org/0000-0001-9423-4964
https://orcid.org/0000-0002-4132-7144
https://orcid.org/0000-0002-7626-1077
https://orcid.org/0000-0001-7017-5170
https://orcid.org/0000-0002-4116-5624
https://orcid.org/0000-0002-5319-4289
https://orcid.org/0000-0002-8304-2788
https://orcid.org/0000-0002-7273-0446
https://orcid.org/0000-0002-8055-8463
https://orcid.org/0000-0001-5322-5375
https://orcid.org/0000-0001-5579-1215
https://orcid.org/0000-0002-6248-0439
https://orcid.org/0000-0002-1607-8262
https://orcid.org/0000-0002-7239-9546
https://orcid.org/0000-0002-0960-2281
https://orcid.org/0000-0002-0794-0797
https://orcid.org/0000-0002-5636-1660
https://orcid.org/0000-0002-1716-7718
https://orcid.org/0000-0001-6772-1468
https://orcid.org/0000-0002-5032-3639
https://orcid.org/0000-0002-8183-2372
https://orcid.org/0000-0003-2719-8128
https://orcid.org/0000-0002-4648-1554
https://orcid.org/0000-0002-6091-1880
https://orcid.org/0000-0003-2968-5309
https://orcid.org/0000-0002-2392-3786
https://orcid.org/0000-0001-5284-8060
https://orcid.org/0000-0002-5587-6750
https://orcid.org/0000-0002-3042-183X
https://orcid.org/0000-0001-7045-3070
https://orcid.org/0000-0003-0271-7323
https://orcid.org/0000-0003-2153-9040
https://orcid.org/0000-0002-5055-3645
https://orcid.org/0000-0001-7128-6964
https://orcid.org/0000-0002-4737-7601
https://orcid.org/0000-0002-3044-2630
https://orcid.org/0000-0001-5094-3152
https://orcid.org/0000-0002-2867-9524
https://orcid.org/0000-0003-4420-9941
https://orcid.org/0000-0002-2110-826X
https://orcid.org/0000-0003-0855-5564
https://orcid.org/0000-0002-0536-7149
https://orcid.org/0000-0001-9446-1825
https://orcid.org/0000-0001-9983-247X
https://orcid.org/0000-0003-2300-1375
https://orcid.org/0000-0003-2768-840X
https://orcid.org/0000-0002-0252-9712
https://orcid.org/0000-0002-9773-0688
https://orcid.org/0000-0001-8167-731X
https://orcid.org/0000-0002-8961-103X
https://orcid.org/0000-0002-7545-5822
https://orcid.org/0000-0002-2657-0509
https://orcid.org/0000-0002-3402-9018
https://orcid.org/0000-0003-1049-1002
https://orcid.org/0000-0003-3367-6552
https://orcid.org/0000-0001-6749-4592
https://orcid.org/0000-0003-4554-520X
https://orcid.org/0000-0001-8361-9308
https://orcid.org/0000-0001-6228-4916
https://orcid.org/0000-0001-6747-580X
https://orcid.org/0000-0003-2323-3328
https://orcid.org/0000-0003-1374-2620
https://orcid.org/0000-0003-2073-9833
https://orcid.org/0000-0003-4103-0954
https://orcid.org/0000-0001-5672-7055
https://orcid.org/0000-0001-9651-752X

Irfan Kaymaz ("), Turkey

Vahid Kayvanfar (%), Qatar
Krzysztof Kecik (%), Poland
Mohamed Khader (%), Egypt
Chaudry M. Khalique {2, South Africa
Mukhtaj Khan (), Pakistan
Shahid Khan ("), Pakistan
Nam-Il Kim, Republic of Korea
Philipp V. Kiryukhantsev-Korneev (),
Russia

P.V.V Kishore(®, India

Jan Koci(2), Czech Republic
Toannis Kostavelis (), Greece
Sotiris B. Kotsiantis (=), Greece
Frederic Kratz(), France
Vamsi Krishna (9, India

Edyta Kucharska, Poland
Krzysztof S. Kulpa (), Poland
Kamal Kumar, India

Prof. Ashwani Kumar (), India
Michal Kunicki (%, Poland
Cedrick A. K. Kwuimy (), USA
Kyandoghere Kyamakya, Austria
Ivan Kyrchei (), Ukraine
Marcio J. Lacerda(»), Brazil
Eduardo Lalla(®), The Netherlands
Giovanni Lancioni (), Italy
Jaroslaw Latalski ("), Poland
Hervé Laurent (), France
Agostino Lauria (), Italy

Aimé Lay-Ekuakille (), Italy
Nicolas J. Leconte (#), France
Kun-Chou Lee ("), Taiwan
Dimitri Lefebvre (%), France
Eric Lefevre (I°), France

Marek Lefik, Poland

Yaguo Lei (), China

Kauko Leiviska (%), Finland
Ervin Lenzi (%), Brazil
ChenFeng Li(%), China

Jian Li(), USA

Jun Li(®, China

Yueyang Li(2), China

Zhao Li(»), China

Zhen Li(, China

En-Qiang Lin, USA

Jian Lin (%), China

Qibin Lin, China

Yao-Jin Lin, China

Zhiyun Lin (%), China

Bin Liu(®), China

Bo Liu(), China

Heng Liu (), China

Jianxu Liu (), Thailand

Lei Liu@®), China

Sixin Liu (), China

Wanquan Liu(#), China

Yu Liu(®), China

Yuanchang Liu (), United Kingdom
Bonifacio Llamazares (2, Spain
Alessandro Lo Schiavo (1), Italy
Jean Jacques Loiseau (), France
Francesco Lolli(1»), Italy

Paolo Lonetti (), Italy

Antoénio M. Lopes (), Portugal
Sebastian Lopez, Spain

Luis M. Lépez-Ochoa (%), Spain
Vassilios C. Loukopoulos, Greece
Gabriele Maria Lozito (1), Italy
Zhiguo Luo (), China

Gabriel Luque (), Spain
Valentin Lychagin, Norway
YUE MEI, China

Junwei Ma (>, China

Xuanlong Ma (), China
Antonio Madeo (1), Italy
Alessandro Magnani (), Belgium
Toqeer Mahmood (i), Pakistan
Fazal M. Mahomed (1), South Africa
Arunava Majumder (), India
Sarfraz Nawaz Malik, Pakistan
Paolo Manfredi (), Italy

Adnan Magsood (%), Pakistan
Muazzam Magqsood, Pakistan
Giuseppe Carlo Marano (), Italy
Damijan Markovic, France
Filipe J. Marques (), Portugal
Luca Martinelli(®), Italy

Denizar Cruz Martins, Brazil



https://orcid.org/0000-0002-9391-7218
https://orcid.org/0000-0001-8268-9873
https://orcid.org/0000-0001-8293-6977
https://orcid.org/0000-0003-2436-0927
https://orcid.org/0000-0002-1986-4859
https://orcid.org/0000-0002-4933-6192
https://orcid.org/0000-0003-0361-4887
https://orcid.org/0000-0003-1635-4746
https://orcid.org/0000-0002-3247-3043
https://orcid.org/0000-0001-5425-3108
https://orcid.org/0000-0003-2882-2914
https://orcid.org/0000-0002-2247-3082
https://orcid.org/0000-0003-2620-803X
https://orcid.org/0000-0003-2192-3018
https://orcid.org/0000-0001-5357-142X
https://orcid.org/0000-0002-2100-900X
https://orcid.org/0000-0003-4281-0127
https://orcid.org/0000-0002-2949-3000
https://orcid.org/0000-0001-8426-0026
https://orcid.org/0000-0001-8487-3535
https://orcid.org/0000-0002-7286-9501
https://orcid.org/0000-0003-2189-9820
https://orcid.org/0000-0001-7745-4391
https://orcid.org/0000-0002-7275-0076
https://orcid.org/0000-0003-4608-3684
https://orcid.org/0000-0002-1762-419X
https://orcid.org/0000-0002-5607-256X
https://orcid.org/0000-0002-7867-4860
https://orcid.org/0000-0001-7060-756X
https://orcid.org/0000-0002-0038-8872
https://orcid.org/0000-0002-5167-1459
https://orcid.org/0000-0003-4447-9861
https://orcid.org/0000-0003-3853-1790
https://orcid.org/0000-0002-6461-4381
https://orcid.org/0000-0003-3439-7539
https://orcid.org/0000-0003-3465-1621
https://orcid.org/0000-0002-1614-0302
https://orcid.org/0000-0002-2502-5330
https://orcid.org/0000-0003-1166-9482
https://orcid.org/0000-0003-4959-2329
https://orcid.org/0000-0002-5523-4467
https://orcid.org/0000-0003-2291-7592
https://orcid.org/0000-0003-4082-9692
https://orcid.org/0000-0003-3923-7526
https://orcid.org/0000-0002-2128-6015
https://orcid.org/0000-0003-3724-0596
https://orcid.org/0000-0002-6660-6780
https://orcid.org/0000-0003-4910-353X
https://orcid.org/0000-0003-2211-3535
https://orcid.org/0000-0001-9306-297X
https://orcid.org/0000-0002-7538-4833
https://orcid.org/0000-0003-3335-4182
https://orcid.org/0000-0003-4853-3861
https://orcid.org/0000-0003-3967-091X
https://orcid.org/0000-0003-0678-6860
https://orcid.org/0000-0001-7359-4370
https://orcid.org/0000-0001-5883-8832
https://orcid.org/0000-0001-7987-0487
https://orcid.org/0000-0002-8669-372X
https://orcid.org/0000-0001-7909-1416
https://orcid.org/0000-0001-8408-2821
https://orcid.org/0000-0003-3263-0616
https://orcid.org/0000-0001-5693-8848
https://orcid.org/0000-0001-6719-7467
https://orcid.org/0000-0003-3125-2430
https://orcid.org/0000-0002-6995-5820
https://orcid.org/0000-0001-7315-7381
https://orcid.org/0000-0002-0574-8945
https://orcid.org/0000-0003-0406-9438
https://orcid.org/0000-0001-8472-2956
https://orcid.org/0000-0001-6453-6558
https://orcid.org/0000-0002-0491-3363

Francisco J. Martos (), Spain

Elio Masciari (), Italy

Paolo Massioni ("), France
Alessandro Mauro (1), Italy
Jonathan Mayo-Maldonado (), Mexico
Pier Luigi Mazzeo (1), Italy

Laura Mazzola, Italy

Driss Mehdi("), France

Zahid Mehmood (), Pakistan
Roderick Melnik (%), Canada
Xiangyu Meng (), USA

Jose Merodio (%), Spain

Alessio Merola (), Italy

Mahmoud Mesbah (), Iran
Luciano Mescia (), Italy

Laurent Mevel (), France
Constantine Michailides (), Cyprus
Mariusz Michta (), Poland

Prankul Middha, Norway

Aki Mikkola (%), Finland

Giovanni Minafo (1), Italy
Edmondo Minisci (), United Kingdom
Hiroyuki Mino (i), Japan

Dimitrios Mitsotakis (*), New Zealand
Ardashir Mohammadzadeh (), Iran
Francisco ]. Montdns (|2}, Spain
Francesco Montefusco (1), Italy
Gisele Mophou (%), France

Rafael Morales (%), Spain

Marco Morandini (), Italy

Javier Moreno-Valenzuela (2, Mexico
Simone Morganti (), Italy

Caroline Mota (), Brazil

Aziz Moukrim (i), France

Shen Mouquan (%), China

Dimitris Mourtzis(*), Greece
Emiliano Mucchi (), Italy

Taseer Muhammad, Saudi Arabia
Ghulam Muhiuddin, Saudi Arabia
Amitava Mukherjee (), India

Josefa Mula (%), Spain

Jose ]. Mufioz(2), Spain

Giuseppe Muscolino, Italy

Marco Mussetta (), Italy

Hariharan Muthusamy, India
Alessandro Naddeo (1), Italy

Raj Nandkeolyar, India

Keivan Navaie (), United Kingdom
Soumya Nayak, India

Adrian Neagu (), USA

Erivelton Geraldo Nepomuceno (), Brazil
AMA Neves, Portugal

Ha Quang Thinh Ngo (), Vietnam
Nhon Nguyen-Thanh, Singapore
Papakostas Nikolaos (), Ireland
Jelena Nikolic (%), Serbia

Tatsushi Nishi, Japan

Shanzhou Niu (), China

Ben T. Nohara (5, Japan
Mohammed Nouari (), France
Mustapha Nourelfath, Canada
Kazem Nouri(#), Iran

Ciro Nufez-Gutiérrez (1), Mexico
Wlodzimierz Ogryczak, Poland
Roger Ohayon, France

Krzysztof Okarma (1), Poland
Mitsuhiro Okayasu, Japan

Murat Olgun (), Turkey

Diego Oliva, Mexico

Alberto Olivares (), Spain

Enrique Onieva(:), Spain

Calogero Orlando (%), Italy

Susana Ortega-Cisneros(2), Mexico
Sergio Ortobelli, Italy

Naohisa Otsuka (%), Japan

Sid Ahmed Ould Ahmed Mahmoud (),
Saudi Arabia

Taoreed Owolabi (%), Nigeria
EUGENIA PETROPOULOU (5), Greece
Arturo Pagano, Italy
Madhumangal Pal, India

Pasquale Palumbo (1), Italy

Dragan Pamucar, Serbia

Weifeng Pan (%), China

Chandan Pandey, India

Rui Pang, United Kingdom

Jurgen Pannek (©), Germany

Elena Panteley, France

Achille Paolone, Italy
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George A. Papakostas(2), Greece
Xosé M. Pardo (), Spain

You-Jin Park, Taiwan

Manuel Pastor, Spain

Pubudu N. Pathirana (i), Australia
Surajit Kumar Paul (%), India

Luis Paya (), Spain

Igor Pazanin (2), Croatia

Libor Pekaf (), Czech Republic
Francesco Pellicano (1), Italy
Marecello Pellicciari (), Italy

Jian Peng (), China

Mingshu Peng, China

Xiang Peng (), China

Xindong Peng, China

Yuexing Peng, China

Marzio Pennisi(?), Italy

Maria Patrizia Pera (), Italy
Matjaz Perc(]), Slovenia

A. M. Bastos Pereira (1), Portugal
Wesley Peres, Brazil

F. Javier Pérez-Pinal (©), Mexico
Michele Perrella, Italy

Francesco Pesavento (1), Italy
Francesco Petrini (), Italy

Hoang Vu Phan, Republic of Korea
Lukasz Pieczonka (), Poland
Dario Piga (), Switzerland

Marco Pizzarelli (), Italy

Javier Plaza (), Spain

Goutam Pohit (), India

Dragan Poljak (i), Croatia

Jorge Pomares (), Spain

Hiram Ponce (2}, Mexico
Sébastien Poncet (), Canada
Volodymyr Ponomaryov (), Mexico
Jean-Christophe Ponsart (), France
Mauro Pontani (), Italy
Sivakumar Poruran, India
Francesc Pozo (2}, Spain

Aditya Rio Prabowo (©2), Indonesia
Anchasa Pramuanjaroenkij (), Thailand
Leonardo Primavera (), Italy

B Rajanarayan Prusty, India

Krzysztof Puszynski (%), Poland
Chuan Qin (), China

Dongdong Qin, China

Jianlong Qiu (), China

Giuseppe Quaranta (), Italy

DR. RITU RAJ (), India

Vitomir Racic(), Italy

Carlo Rainieri (), Italy
Kumbakonam Ramamani Rajagopal, USA
Ali Ramazani(), USA

Angel Manuel Ramos (%), Spain
Higinio Ramos (2}, Spain
Muhammad Afzal Rana (%), Pakistan
Muhammad Rashid, Saudi Arabia
Manoj Rastogi, India

Alessandro Rasulo (9, Italy

S.S. Ravindran (), USA
Abdolrahman Razani (), Iran
Alessandro Reali (), Italy

Jose A. Reinoso(2), Spain

Oscar Reinoso (2}, Spain

Haijun Ren (), China

Carlo Renno (19, Italy

Fabrizio Renno (1), Italy

Shahram Rezapour (), Iran
Ricardo Riaza ([, Spain

Francesco Riganti-Fulginei (), Italy
Gerasimos Rigatos (), Greece
Francesco Ripamonti (), Italy
Jorge Rivera(ls), Mexico

Eugenio Roanes-Lozano (2}, Spain
Ana Maria A. C. Rocha((?), Portugal
Luigi Rodino (9, Italy

Francisco Rodriguez (), Spain
Rosana Rodriguez Lopez, Spain
Francisco Rossomando (1)), Argentina
Jose de Jesus Rubio (i), Mexico
Weiguo Rui(), China

Rubén Ruiz (), Spain

Ivan D. Rukhlenko (1), Australia
Dr. Eswaramoorthi S. (%), India
Weichao SHI(%), United Kingdom
Chaman Lal Sabharwal (), USA
Andrés Séez (), Spain



https://orcid.org/0000-0001-5545-1499
https://orcid.org/0000-0002-3997-5150
https://orcid.org/0000-0001-8014-7798
https://orcid.org/0000-0003-4000-7373
https://orcid.org/0000-0002-3045-4316
https://orcid.org/0000-0003-3384-5184
https://orcid.org/0000-0002-2401-5886
https://orcid.org/0000-0003-2465-6584
https://orcid.org/0000-0003-2578-4123
https://orcid.org/0000-0003-0104-522X
https://orcid.org/0000-0002-8244-2202
https://orcid.org/0000-0003-0231-7653
https://orcid.org/0000-0003-2667-8875
https://orcid.org/0000-0002-3087-541X
https://orcid.org/0000-0001-8342-5116
https://orcid.org/0000-0002-6116-6464
https://orcid.org/0000-0001-5660-9382
https://orcid.org/0000-0002-9477-110X
https://orcid.org/0000-0003-3623-3984
https://orcid.org/0000-0001-7691-4886
https://orcid.org/0000-0003-2930-8706
https://orcid.org/0000-0002-2384-9141
https://orcid.org/0000-0001-6253-7418
https://orcid.org/0000-0003-1205-4842
https://orcid.org/0000-0002-7523-9118
https://orcid.org/0000-0002-6559-7501
https://orcid.org/0000-0001-7795-6092
https://orcid.org/0000-0003-4477-4676
https://orcid.org/0000-0003-1610-2418
https://orcid.org/0000-0003-3095-7391
https://orcid.org/0000-0001-8958-6789
https://orcid.org/0000-0001-5217-5943
https://orcid.org/0000-0001-9288-7224
https://orcid.org/0000-0001-7004-789X
https://orcid.org/0000-0002-5546-4916
https://orcid.org/0000-0002-0370-4623
https://orcid.org/0000-0002-9886-3570
https://orcid.org/0000-0001-8295-0912
https://orcid.org/0000-0002-9727-5048
https://orcid.org/0000-0002-3523-411X
https://orcid.org/0000-0003-4854-0850
https://orcid.org/0000-0002-6887-1086
https://orcid.org/0000-0002-7882-0725
https://orcid.org/0000-0003-2791-6230
https://orcid.org/0000-0002-2077-4906
https://orcid.org/0000-0003-4911-1812
https://orcid.org/0000-0002-8099-8389
https://orcid.org/0000-0002-3092-3530
https://orcid.org/0000-0002-0639-7067
https://orcid.org/0000-0001-5469-3736
https://orcid.org/0000-0002-1065-8944
https://orcid.org/0000-0002-8211-3820
https://orcid.org/0000-0002-7498-0561
https://orcid.org/0000-0002-2529-4434
https://orcid.org/0000-0003-3463-2607
https://orcid.org/0000-0003-0868-4446
https://orcid.org/0000-0001-8824-3776
https://orcid.org/0000-0002-2972-7030
https://orcid.org/0000-0002-0867-5091
https://orcid.org/0000-0003-0978-2224
https://orcid.org/0000-0002-0880-6610
https://orcid.org/0000-0001-8679-2886
https://orcid.org/0000-0002-6222-964X
https://orcid.org/0000-0002-0753-7826
https://orcid.org/0000-0002-7792-8101
https://orcid.org/0000-0002-2005-5979
https://orcid.org/0000-0003-4472-0811
https://orcid.org/0000-0003-3295-3888
https://orcid.org/0000-0003-2255-1017
https://orcid.org/0000-0003-0528-3591
https://orcid.org/0000-0001-9730-7313
https://orcid.org/0000-0001-5095-8290
https://orcid.org/0000-0001-5734-6238

Bekir Sahin, Turkey
Laxminarayan Sahoo (), India
John S. Sakellariou (%), Greece
Michael Sakellariou (), Greece
Salvatore Salamone, USA

Jose Vicente Salcedo (), Spain
Alejandro Salcido (), Mexico
Alejandro Salcido, Mexico
Nunzio Salerno (i), Italy

Rohit Salgotra (), India
Miguel A. Salido (), Spain
Sinan Salih (), Iraq
Alessandro Salvini (), Italy
Abdus Samad (), India

Sovan Samanta, India
Nikolaos Samaras (), Greece
Ramon Sancibrian (%), Spain
Giuseppe Sanfilippo (1), Italy
Omar-Jacobo Santos, Mexico

] Santos-Reyes (), Mexico
José A. Sanz-Herrera(), Spain
Musavarah Sarwar, Pakistan
Shahzad Sarwar, Saudi Arabia
Marcelo A. Savi(), Brazil
Andrey V. Savkin, Australia
Tadeusz Sawik (), Poland
Roberta Sburlati, Italy
Gustavo Scaglia (2), Argentina
Thomas Schuster (), Germany
Hamid M. Sedighi (", Iran
Mijanur Rahaman Seikh, India
Tapan Senapati(), China
Lotfi Senhadji(®), France
Junwon Seo, USA

Michele Serpilli, Italy

Silvestar Sesni¢ (), Croatia
Gerardo Severino, Italy

Ruben Sevilla (%), United Kingdom

Stefano Sfarra(), Italy

Dr. Ismail Shah (%), Pakistan
Leonid Shaikhet (), Israel

Vimal Shanmuganathan (), India
Prayas Sharma, India

Bo Shen (), Germany

Hang Shen, China

Xin Pu Shen, China

Dimitri O. Shepelsky, Ukraine
Jian Shi(#, China

Amin Shokrollahi, Australia
Suzanne M. Shontz (), USA
Babak Shotorban (), USA
Zhan Shu(?), Canada

Angelo Sifaleras (), Greece
Nuno Simdes (2, Portugal
Mehakpreet Singh (1), Ireland
Piyush Pratap Singh (®), India
Rajiv Singh, India

Seralathan Sivamani(), India
S. Sivasankaran (i), Malaysia
Christos H. Skiadas, Greece
Konstantina Skouri (%), Greece
Neale R. Smith (%), Mexico
Bogdan Smolka, Poland
Delfim Soares Jr.(), Brazil
Alba Sofi(1»), Italy

Francesco Soldovieri (), Italy
Raffaele Solimene (1), Italy
Yang Song(5), Norway

Jussi Sopanen (%), Finland
Marco Spadini (), Italy

Paolo Spagnolo (), Italy
Ruben Specogna (), Italy
Vasilios Spitas(2), Greece
Ivanka Stamova (), USA
Rafal Stanistawski (), Poland
Miladin Stefanovié¢ (), Serbia
Salvatore Strano (1), Italy
Yakov Strelniker, Israel
Kangkang Sun (), China
Qiugin Sun(?), China
Shuaishuai Sun, Australia
Yanchao Sun (), China
Zong-Yao Sun(), China
Kumarasamy Suresh (%), India
Sergey A. Suslov (2, Australia
D.L. Suthar, Ethiopia

D.L. Suthar (%), Ethiopia
Andrzej Swierniak, Poland
Andras Szekrenyes (), Hungary
Kumar K. Tamma, USA
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Simplicial depth (SD) plays an important role in discriminant analysis, hypothesis testing, machine learning, and engineering
computations. However, the computation of simplicial depth is hugely challenging because the exact algorithm is an NP problem
with dimension d and sample size n as input arguments. The approximate algorithm for simplicial depth computation has
extremely low efficiency, especially in high-dimensional cases. In this study, we design an importance sampling algorithm for the
computation of simplicial depth. As an advanced Monte Carlo method, the proposed algorithm outperforms other approximate
and exact algorithms in accuracy and efficiency, as shown by simulated and real data experiments. Furthermore, we illustrate the

robustness of simplicial depth in regression analysis through a concrete physical data experiment.

1. Introduction

With the development of computer technology and multi-
variate statistical analysis, scientists deal with a large amount
of multidimensional data in many fields, such as biogenetics
and industrial engineering. The demand for multivariate
data analysis tools has become increasingly urgent. As a
powerful multivariate nonparametric and robust statistical
tool, the statistical depth function extends the concept of
one-dimensional data order statistics and provides the
central-outward sorting of multivariate data [1-4]. In recent
years, the interest of researchers in statistical depth has
increased due to the extensive application of the statistical
depth function in multivariate statistical analysis, robust
estimation, discriminant analysis, hypothesis testing, ma-
chine learning, economics, and hydrological data analysis
(5, 6].

The first statistical depth function concept, which was
proposed by Tukey in 1975, is known as the halfspace depth
(also known as the Tukey depth) [7-9]. The other concepts of
the statistical depth function include projection depth
[3, 10], simplicial depth (SD) [11, 12], and regression depth

[13, 14]. Zuo and Serfling defined a general structural
property of the statistical depth function [1]. Among the
many concepts of this statistical depth function, SD is a
relatively attractive one not only because of its simple form
and ability to achieve the maximum depth value in the center
and satisfy monotonicity but also because of its important
applications in sign test and centralization test [1, 12].

However, the computation of SD is complicated. The
exact calculation of SD is an NP problem, which is only
feasible when the dimension is no higher than three. Serfling
and Wang emphasized that the computation of SD for
higher-dimensional data still requires further study [12]. The
computation and application of the statistical depth function
are active research topics.

Similarly, Monte Carlo (MC) methods have become
important statistical, computational tools that are widely
used in finance, engineering computation, genetic biology,
computational chemistry, and other related fields [15-18].
As a critical MC strategy, the importance sampling (IS)
method concentrates most of the test samples in the im-
portant area of the objective function by introducing the
transfer probability density function [15, 19]. This method
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dramatically improves the computational efficiency and is an
important MC acceleration algorithm. In this study, we
apply an efficient IS algorithm to the approximate com-
putation of SD and demonstrate the advantages of such an
algorithm over other MC methods and exact algorithms
through simulated and real data examples. Furthermore, we
extend the SD to regression analysis and obtain a robust
estimation of regression analysis. The results of a real
physical data experiment show that the estimation based on
the SD method is more robust than that based on the tra-
ditional least squares (LS) method.

The remainder of this paper is organized as follows. In
Section 2, we review the preliminary concept and existing
algorithms for SD. Section 3 describes the IS algorithm used
for the computation of SD. The advantages of the IS algo-
rithm are illustrated through simulated data examples in
Section 4. The extension of SD to regression analysis and a
real data experiment are presented in Section 5. Lastly, the
conclusions are provided in Section 6.

2. Preliminary of SD and the State of the Art

In this section, we present the preliminary of SD and the
existing algorithms for its computation.

Consider a sample set X"={X,X,,...,X,} in
RY, (d = 2), where X" is one sample of size nin R and x is a
given point in R?, The sample version [11] of SD of x with
respect to the sample set X" is expressed as

1
) ct Z ! {xes [X‘d """ i ] }, W

n  1<ip < <ig,<n
where 14, denotes the indicator function of event
A, andS[X;,...,X; ] denotes the simplex determined by
the d + 1 sample points {X S

Serfling and Wang stated that no algorlthms are faster
than simply generating all simplices and counting the ones
enclosing the given point (using O (n™!) complex time)
when dimension d > 5 [12]. Therefore, designing an efficient
approximate algorithm for the computation of SD is
necessary.

A direct MC method for the computation of SD contains
two steps: (1) randomly selecting d + 1 points from X" and
then (2) taking the average of the points that enclose the
given point x (i.e., using SD (x, X") to estimate the true SD
value SD (x, X")).

SD(x, X

M

A 1
SD(x,X") = — ”
(X ) M 1:21 {xES [Xi1 """ X 1]} |

where {Xi], ceo Xidﬂ} is randomly chosen from X" and M is
the trying number for the estimation.

Another approach for the computation of SD is the use
of the IS algorithm, which is the proposed method in this
study. The computation of SD is an expectation computa-
tion. Therefore, SD can be estimated by the IS algorithm. The
simple MC method uses the randomly selected d + 1 points
to estimate the SD, whereas the IS approach selects d + 1
points with a high probability that they contain the given
point x. Theoretically, the results of the latter will have a
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smaller variance than those of the former. The simulated
data examples in Section 4 illustrate the advantage of the IS
algorithm over the MC method.

3. New Algorithm for SD in R?

3.1. Overview of the IS Algorithm. Many engineering prob-
lems can be expressed as computations of a multidimen-
sional integral. Using the MC method to compute the
integral involves drawing samples from a uniform distri-
bution on a regular area and using the sample mean to
approximate the true integral. In higher-dimensional cases,
the efficiency of the MC method is extremely low if the
region where the target function is not equal to zero is
extraordinarily sparse. On the contrary, the IS algorithm
draws most samples in the important area. This strategy
improves the efficiency of the integral computation. The IS
algorithm plays an important role in the field of statistical
physics, molecular simulation, and Bayesian statistics.

For example, we want to compute the integral of /1 (x) on
region A; that is,

= J h(x)dx, (3)
A

and the integral computation (3) can be treated as an ex-
pectation calculation:

h(X)
=E | —— | 4
where X is a random variable (r.v.) with its own probability
density function (p.d.f.) 7 (x); thatis, X ~ 7 (x). If X, ..., X,
denote samples with size n from X, the MC method draws X
from a uniform distribution on region A. From the Law of

Large Numbers [20], the sample mean can be used to es-
timate the expectation in (4) as

p= (Xi) -S(A), (5)

HM:

1
n s

where S(A) is the area of A and X is the r.v. from the
uniform distribution on A (X ~ U (x)).

However, the efficiency of the MC method (5) will be
extremely low if region A is extremely wide or sparse (es-
pecially in high-dimensional cases). By contrast, the IS
method uses a special p.d.f. g(x) instead of 7 (x) in (4) to
compute mean y and utilizes the corresponding sample
mean to estimate the expectation in (4):

1K) )

" gy ©
and the variance Var (i) = 1/nVar(h(X;)/g(X;)), which
means that we can choose appropriate g (x) close to /(x) to
reduce the variance of fi. In extreme situations, if we select
g(x) oc h(x), thatis, g(x) = ¢ - h(x) (Wherec = I/IAh(x)dx ),
the variance of fi will drop to zero, and ji is equal to the exact
value f h(x)dx. However, we cannot directly use the IS
method defined in (6) during such an extreme situation be-
cause we do not know the exact value of j h(x)dx in advance.
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Nevertheless, it gives us a significant hint that the closer g (x)
and & (x) are, the more accurate the IS method’s result is. The
steps of the IS method for the computation of integral (3) are
listed as follows:

(1) Draw the samples co from g (x).
(2) Compute the importance weights w; = h(x;)/g (x;).

(3) Use the mean of the computed weights to estimate
the integral in (3):

S |-
™M=
£

I
—_

p= (7)

The following theorem shows that the IS estimator in (7)
is unbiased.

Theorem 1. The IS estimator i in (7) is an unbiased esti-
mator of u.

Proof. To prove that the IS estimator is unbiased, we only
need to show that the expectation of ji is equal to u:

_ 1 ¢
E(7) =E<Z ;‘%)

1 (8)

= E(w;).

Because w; is a r.v. and w; = h(X,)/g (X)),

w5

h(x)
= —_— d
IAg(X) g (x)dx 9)

= JA (x)dx

:!’l'

We obtain the expression E (fi) = p, which verifies that
the IS estimator fi in (7) is unbiased. So we complete the
proof of this theorem.

Aside from being an unbiased estimator of the integral
presented in (3), the IS estimator exhibits a more efficient
and powerful integral computation than the MC estimator
defined in (5), especially in higher-dimensional cases. [

3.2.IS Algorithm for SD Computation. We use the previously
described IS method to compute the SD. Using the definition
of SD in (1) is not appropriate in computing the SD value of a
data point with respect to a dataset. The MC method in (6)
becomes extremely inefficient when dimension p or sample
size n is excessively large because the number of simplices

containing the original data point decreases with the in-
crease in p or n.

The IS algorithm can transform the original p.d.f. into
a highly efficient one that can construct the simplex
containing the original data point. In the computation of
SD, the MC method randomly selects p data points to
construct the simplex, whereas the IS method chooses the
data points that are likely to let the original data point
inside the simplex. Figure 1 is a 2D example that is
composed of 20 sample data points. The data point x is
used to compute the SD value. After sampling the two data
points (x, and x,), only two more (x; or x,) are needed to
construct the simplex that contains the original data point
X,. In this illustrated example, we do not need to count all
the simplices after getting x, and x,; only x; or x, is
considered as the final vertex of the simplices containing
Xo-

We list the details of the IS algorithm for the com-
putation of SD in high-dimensional cases. Suppose that
X" is a sample with size »n in R? (ie,
X"={X,,X,,...,X,}) and x is a given point in
R% (d>2). The data points are in general position (i.e.,
any d data points can define a unique d — 1-dimensional
hyperplane in R?). The procedure of using the IS algo-
rithm to compute SD (i.e., the computation of SD (x, X"))
is summarized as follows:

(1) Set the IS parameters, including the number of
samples tries N.

(2) Lett =1,2,...,N. Compute the importance weight
w, for the t-th sample try.

(i) Randomly choose d sample points from
{X,X,,...,X,}, and denote them as
x4, X5, ..., X4

(ii) Let k = 1,...,d, and compute the simplex data
point set %} (i.e., the datasets consist of the
possible data points that can construct a simplex
containing the original data point x).

Replace the k-th data point X} with the original
data point x to obtain a dataset P} with size d
(e, Pp={X},.. . X, %X X5,
Compute the unique director dj which is
perpendicular to the hyperplane determined
by P..
Project all data points {X;,X,,...,X,} and x
along d;, and compute the projected value
{xi’k},wheretzl,...,N;kz1,...,d; and
1=0,1,...,n and x{, is the projected value of
x along dj.
Compute the simplex data point set
Ul = {X)| (= x0) x (e, K= x0)<0,1=
1,...,nh

(iii) Let %' = Nn¢_ %}, and set w, = #{%'}/ (n - d),

where t =1,...,N.

(3) The sample mean of w, (t = 1,...,N) can be treated
as the IS estimator of SD (x, X,,); that is,
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FIGURE 1: A 2D simulated example (sample size = 20) which indicates that only two possible trilaterals (or simplices) can contain the original
data point x, (the vertexes of the trilaterals are {x|, x,, x;} and {x,, x5, x,}).

_ 1 &
SD(x,X,) = N Z w;. (10)
=1

Theorem 2. The computational complexity of using the IS
algorithm to calculate SD is
O(Nd’n), (11)
where N is the number of samples tries of the IS algorithm, d is
the dimension of the sample data, and n is the sample size.

Proof. According to the steps for computing SD using the IS
algorithm, we need to compute every w; fori = 1,..., N. For
every w;, every selected sample data point X fork =1,...,d
must be replaced. The computational complexity of finding
the unique director perpendicular to the hyperplane is
O(d?), whereas that of projecting all data points to the
unique director is O(dn). The total computational com-
plexity is O(Nd>n). Then we complete the proof of this
theorem.

Theorem 2 shows that the computational complexity of
the IS algorithm for the computation of SD is a polynomial
with dimension d and sample size n as its input arguments.
While all other exact algorithms for the computation of SD
are NP problems, especially when the dimension d > 5, there
is no algorithm that can run faster than simply generating all
simplices and computing the exact SD value (i.e., using
O (n™1) time) [12]. According to the definition of the IS
algorithm in (7) and Theorem 1, the IS estimator defined in
(10) is an unbiased estimator of SD (x,X,,). O

4. Performance Comparison

This section presents simulated and real data examples of SD
computation. All results are obtained using R (version X64
3.6.2) and MATLAB (R2017a) on a Lenovo K42-80 laptop

computer (Intel(R) Core(TM) i7-6500U CPU@2.5 GHz,
RAM 16.00 GB, Windows 10). The R and MATLAB codes
for the results in this section are available upon request from
the corresponding author.

4.1. 2D Simulated Data Example. In the simulated data ex-
periment, we compare the computed SD results of the IS, exact,
and approximate algorithms, including the MC method. The
simulated dataset is sampled from a2b multivariate normal
distribution (i.e., N(0 ,, E, ), where 0, is 2D zeros vector and
E, is a 2D unit matrix), and the sample size is 100.

We used the exact algorithm [21], the MC method, and
the IS algorithm to compute the SD. The selected points x are
(0,0), (0.5,0.5), (1,1), and (2,2). We used the exact and
approximate algorithms to compute the SD of x with respect
to the dataset. The number of random simplices was set to
100 for the MC and IS algorithms. All computations were
repeated 50 times. The computed results (mean, standard
deviation (sd), and total CPU time (s)) are summarized in
Table 1 and Figure 2.

Since there is an exact algorithm for the SD computation
in the 2D case, we can evaluate the accuracy of the IS and MC
methods through their mean values and sd values. More-
over, the total CPU time consumed by every algorithm can
reflect its efficiency. So, in this experiment, we use these
three indicators (mean, sd, and total CPU time) to compare
the performances of these algorithms (exact, MC, and IS
methods) for the computation of SD.

The results reveal that (1) the exact algorithm consumes
less CPU time (approximately 0.1s), (2) the approximate
algorithms (MC and IS) can achieve accurate results because
their means are extremely close to the exact value, (3) IS
performs better than MC as indicated by the smaller sd of the
results of the former compared with those of the latter under
the same CPU time, (4) all computed SD results from exact
and approximate algorithms are zeros at point (2,2), which
means that (2,2) is outside the data cloud, and (5), with the
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TaBLE 1: Computed results (mean, sd, and total CPU time in s) from different algorithms (exact, MC, and IS) in 2D experiments.

Exact MC IS
(0,0) Mean 0.2407 0.2380 0.2437
sd 0.0420 0.0150
Time 0.099 1.545 1.229
(0.5,0.5) Mean 0.1607 0.1528 0.1608
sd 0.0326 0.0177
Time 0.149 1.51 1.364
(1,1) Mean 0.0545 0.0594 0.0559
sd 0.0245 0.0127
Time 0.125 1.587 1.332
(2,2) Mean 0 0
sd 0 0
Time 0.223 1.594 1.492
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0.4 — 0.4 -
-
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FIGURE 2: Boxplots of the results from different algorithms (exact, MC, and IS) in 2D experiments. (a—d) The results from the computed SD

of (0,0), (0.5,0.5), (1,1), and (2,2), respectively.

exact algorithm, the simulated example also indicates that
the IS algorithm can obtain highly accurate results.

4.2. Higher-Dimensional Simulated Data Example. In this
subsection, we compute the SD of different data points by

using the MC and IS algorithms in 3D and five-dimensional
simulated dataset. We did not use the exact algorithm [21]
because it cannot obtain any result within three hours.
—
In the 3D case, the dataset was sampled from N ( 0 5, E;),
and the sample size was 1000. We used MC and IS methods
to compute the SD of points (0,0,0), (0.5,0.5,0.5), and
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TaBLE 2: Results (mean, sd, and total CPU time in s) were obtained by MC and IS methods with respect to different data points in 3D

experiments.

(0,0,0) (0.5,0.5,0.5) (1,1,1) Total CPU time
MC 0.1254(0.0330) 0.0460(0.0242) 0.0054(0.0073) 5.13
IS 0.1280(0.0121) 0.0449 (0.0078) 0.0050(0.0033) 5.23

The sd values are listed in the parentheses behind the mean values.

SD values
(=]
=

0.05 4

0.00 4

(0,('),0)

Method
B3 MC
=RY

(0.5,0.5,0.5)
Data points

(1,1,1)

FIGURE 3: Boxplots of the results obtained by MC and IS methods in 3D experiments.

(1,1,1). We set the number of random simplices to 100 and
repeated the computation 50 times. The computed results
are summarized in Table 2 and Figure 3.

Because the exact algorithm cannot get any computed
SD results within three hours when dimension d > 3, we can
only use MC and IS methods for the computation of SD in
this subsection. Three indicators (mean, sd, and total CPU
time) are summarized for the evaluation of the approximate
methods. The mean values can be seen as the final computed
SD results and the sd reflects the accuracy of the method (the
smaller, the more accurate). The total CPU time reflects the
efficiency of the method because it is more efficient if the
method consumes less CPU time in the same computation of
SD.

Table 2 and Figure 3 indicate that (1) the computed SD
results decrease when the data points are changed from
(0,0,0) to (1,1, 1); the data point (0,0, 0) is deeper than the
data point (1,1, 1) with respect to the dataset; (2) the two
methods have similar computational efficiencies because
they consume almost the same total CPU time; (3) the sd
obtained by the IS method is smaller than that calculated by
the MC method, which means that the former is more
accurate than the latter in this case.

In the_) five-dimensional case, the dataset was sampled
from N (05,E;), and the sample size was 1000. We used

MC and IS methods to compute the SD of points
(0,0,0,0,0), (0.5,0.5,0.5,0.5,0.5), and (1,1,1,1,1). The
number of random simplices was 100, and the computa-
tions were repeated 50 times. The computed results (mean,
sd, and total CPU time in s) are presented in Table 3 and
Figure 4.

Table 3 and Figure 4 show that (1) the computed SD
values decrease when the data points are changed from
(0,0,0,0,0) to (1,1,1,1,1), thereby suggesting that the
former is deeper than the latter; (2) the SD values in the five-
dimensional examples are slightly smaller than those in 3D
examples because the sparsity of the data points increases
when the dimension is increased from three to five; (3) the IS
algorithm performs better than the MC approach as indi-
cated by the smaller sd of the results of the former compared
with those of the latter; (4) the two approximate algorithms
consume almost the same CPU time; (5) even after using 100
random simplices, the MC algorithm cannot find any
simplex containing point, whereas the IS algorithm can
identify many simplices. In conclusion, the IS method
outperforms the MC method in terms of accuracy in these
simulated examples.

We also evaluated the MC and IS methods with other
numbers of random samples tries in different datasets. The
findings show that the result’s accuracy increases with the
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TaBLE 3: Results (mean, sd, and total CPU time in s) were obtained by MC and IS methods in five-dimensional experiments.

(0,0,0,0,0) (0.5,0.5,0.5,0.5,0.5) (1,1,1,1,1) Total CPU time
MC 0.0360(0.0160) 0.0036(0.0066) 0(0) 7.67
IS 0.0315(0.0076) 0.0028 (0.0023) 2.8% 1075(7.3 x 10°) 8.42

The sd values are listed in the parentheses behind the mean values.
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FIGURE 4: Boxplots of the results obtained by MC and IS methods in five-dimensional experiments.

increase in the number of random samples tries. In addition,
the number of random samples tries can be used by IS
method in lots of datasets. It is found in our experiments
that, if we set the number of random samples tries N = 1000,
the IS method can obtain the computed SD results within
one second when dimension d<10 and sample size
n <10000.

5. Application to Regression and Real
Data Example

One of the most important extensions of SD is the robust
estimation of regression based on SD. To demonstrate the
relevant concept, we consider the linear regression model as
follows:

Y=a+BX+e (12)

where random variables X and Y arein R', e ~ N (0, ¢?), and
a,f, and o are unknown parameters.

Considering that SD (x, X") can measure the depth of x
with respect to X", we extend the definition of SD to re-
gression (12) and determine the simplicial regression depth:

-1
SD(G,W”)=<Z> Y A(r (0. 0.1,0), (1)

i<j<k

where 0 = (a, 5) are the parameters, W" = (Y", X") are the
samples of the model defined in (12), and #;(0) =Y, —a -
BX; is the residual based on the i-th sample and

A(r;(6),7;(6),7,.(6))
1 1, ;(0),7;(0), 7 (O)have alternating signs,
1o,

The SD based estimator of (12) can be defined as the
maximum of SD (6, W"); that is,

(14)

otherwise.

[ arg max SD (6, W"). (15)

We consider the physical experiment data concerning
the relationship between the atmospheric pressure and
boiling point of water, which was discussed by a Scottish
physicist named James D. Forbes [22]. In the mid-nine-
teenth century, this experiment can illustrate whether the
simple measurement of the boiling point of water can
substitute for the direct reading of the barometric pressure.
The dataset was collected in the Alps in Scotland (Table 4 and
Figure 5).

The linear regression model in (12) was used to fit the
Forbes dataset. We used LS and SD methods to estimate the
parameters of the model in (12). The function “lm” in R Stats
package (“stat”) can be used to determine the LS estimator of



TaBLE 4: Forbes data collected in Alps and Scotland. The tem-
perature is measured using the boiling point (°F) and the pressure is
obtained using barometric pressure (mmHg).

No. Temperature Pressure
1 194.5 20.79
2 194.3 20.79
3 197.9 22.40
4 198.4 22.67
5 199.4 23.15
6 199.9 23.35
7 200.9 23.89
8 201.1 23.99
9 201.4 24.02
10 201.3 24.01
11 203.6 25.14
12 204.6 26.57
13 209.5 28.49
14 208.6 27.76
15 210.7 29.04
16 211.9 29.88
17 212.2 30.06

the model in (12). For the SD based method, we combined
quasi-Newton [23] and IS methods to find the maximum
point of (15). Moreover, we performed three statistical tests
(i.e., the R square value, normality test, and the test of
goodness of fit [24]) for every fitted regression model to get a
more insightful analysis. The R square (or adjusted R square)
value from the significance test gives the percentage that the
dependent variable (Y) can be explained by the fitted model
(a + BX) (see (12)). The normality test is used to test whether
the residuals of the fitted model obey normal distribution
which is the basis of other statistical tests. For example,
under the assumption of normality, the F statistic value in
the test of goodness of fit can be used to determine whether
the fitted regression model makes sense.

We first used the LS method and SD approaches to
compute the linear regression model with the original
Forbes dataset (Table 4, denoted as original data in this
section). The computed regression results are summarized in
Table 5 and Figure 5(a); their corresponding statistical tests
are summarized in Table 6 and Figure 6.

Table 5 and Figure 5(a) show that the LS and SD esti-
mators obtained the very similar intercept parameter and
slope parameter. This finding suggests that the SD method
can capture the same accurate regression results compared
with LS method.

The statistical test results have also confirmed the finding
since the results from LS and SD methods were also very
similar. They have very high R square values which indicate
more than variance of the dependent variable that can be
explained by the fitted model. Under significance level 0.01,
we accept the assumption of normality and they pass the
goodness of fit test (i.e., the p value of F statistic is almost
zero). In addition, if one needs a higher level of significance
(such as 0.05) in this example, then some statistical tech-
niques (e.g., Box-Cox transformation or strong influence
points detection) can be used to improve the regression
model (see more details in [22]). However, this is another
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FIGURE 5: Regression analysis results from original (a) and con-
taminated (b) datasets.

research topic and there is a lack of sample points in this
example; we only focus on the robustness of the regression
model computed from different methods, especially when
the dataset is contaminated, and that is what we do in the
next experiment.

In the following experiment, we worked with a con-
taminated dataset from Forbes data. We intentionally
changed the pressure of the 16th data point from 29.88 to
59.76. The new dataset was denoted as the contaminated data
(Figure 5(b)). We compared the SD and LS methods’ per-
formances in the linear regression model with the con-
taminated dataset. The regression results are presented in
Table 5 and Figure 5(b). Their corresponding statistical tests
are summarized in Table 6 and Figure 7.
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TaBLE 5: Computed regression analysis results (original and contaminated) from Forbes data.

Original data Contaminated data
a B a p
LS estimator —-81.0637 0.5229 —181.527 1.0266
SD estimator —-78.2631 0.5086 —78.2623 0.5085

TaBLE 6: The statistical tests for regression analysis with original data and contaminated data using LS and SD methods.

Original data Contaminated data
R?(AdjustedR?) F (p — value) S—W (p - value) R?(AdjustedR?) F (p — value) S—W (p — value)
LS 0.9944 (0.9941) 2677 (0) 0.8723(0.024) 0.7650 (0.7493) 48.82(4.37x 10°)  0.6473(3.10 x 1075)
SD 0.9922 (0.9918) 1928(0) 0.8574 (0.0140) 0.9917(0.9912) 1812(0) 0.2861(3.13 x 10°%)

Note: (Adjusted) is the adjusted R square value, F and pvalue are the F statistic value and its corresponding p value, and S-W and p value are the
Shapiro-Wilk test statistic value and its corresponding p value.

08 - L A L : 08 - e e N :

Residuals quantile
Residuals quantile

Normal quantile Normal quantile

(a) (b)

FiGure 6: Quantile-quantile (QQ) plots of the residuals from LS and SD methods with the original data. (a) The QQ plot from the LS
method. (b) The QQ plot from the SD method.
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FiGure 7: Quantile-quantile (QQ) plots of the residuals from LS and SD methods with the contaminated data. (a) The QQ plot from the LS
method. (b) The QQ plot from the SD method.
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The results show that the LS estimator is greatly influ-
enced by the contaminated data point, whereas the SD es-
timator can maintain satisfactory performance. The slope
parameter estimated by the LS estimator changes from
0.5229 to 1.026 6, which cannot reflect the actual variation
trend of the pressure-temperature curve. By contrast, the SD
estimator is not affected by the contaminated data point and
can still provide the actual variation trend. The estimated
slope parameters obtained using SD method for two dif-
ferent datasets are 0.5086 and 0.5085, respectively. The
statistical test results show that, under the influence of the
contaminated data point, the residuals of the fitted models
from the two methods do not pass the normality test.
However, the R square (or Adjusted R square) value from the
SD method (0.9917) is much large than that of the LS
method (0.765 0) which means that the regression line from
the SD method can explain more percentage of the variance
of dependence variable compared with that of the LS
method. These results imply that the SD estimator out-
performs the LS estimator in the contaminated dataset
experiment in terms of robustness.

6. Conclusions

The concept of statistical depth plays an important role in
mathematical sciences, engineering, regression analysis, and
life sciences. In this study, we computed the SD using the IS
method and found that this new approach performs better
than other exact and MC methods in terms of accuracy and
efficiency. The simulated and real data examples illustrated
the advantage of this new method. Finally, we tested the SD
method based regression analysis through a concrete
physical data example. The result indicated the excellent
robustness of the proposed method compared with the LS
estimation.

Given the many favorable properties of the proposed
method, further research can be conducted on different
angles. First, the IS parameter (i.e., number of sample tries N)
plays an important role in the computation of SD, so the
determination of N before the performance of IS algorithm is
yet to be thoroughly investigated. Second, the IS method for
the SD computation can be improved by sampling the data
points via other more important simplices (not the last data
point in the possible simplices). Third, with the development
of modern computer science, multicore high-performance
computer is gaining popularity. Therefore, the IS method can
be extended to a parallel computation based version. Lastly,
the approximate algorithms (advanced MC methods) for
other statistical depths (e.g., halfspace depth, projection
depth, and regression depth) can be further explored.
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The current research aims to study the mixed convection of a hybrid-based nanofluid consisting of ethylene glycol-water,
copper (II) oxide (CuO) and titanium dioxide (TiO,) in a vertical cone. A hybrid base blend model is used to examine the
nanofluid’s hydrostatic and thermal behaviors over a diverse range of Reynolds numbers. The application of mixed nano-
particles rather than simple nanoparticles is one of the most imperative things in increasing the heat flow of the fluids. To test
such a flow sector, for the very first time, a hybrid-based mixture model was introduced. Also, the mixture framework is a
single-phase model formulation, which was used extensively for heat transfer with nanofluids. Comparison of computed values
with the experimental values is presented between two models (i.e., the model of a mixture with the model of a single-phase).
The natural convection within the liquid phase of phase change material is considered through the liquid fraction dependence
of the thermal conductivity. The predicted results of the current model are also compared with the literature; for numerical
results, the bvp4c algorithm is used to quantify the effects of nanoparticle volume fraction diffusion on the continuity,
momentum, and energy equations using the viscous model for convective heat transfer in nanofluids. Expressions for velocity
and temperature fields are presented. Also, the expressions for skin frictions, shear strain, and Nusselt number are obtained.
The effects of involved physical parameters (e.g., Prandtl number, angular velocity ratio, buoyancy ratio, and unsteady
parameter) are examined through graphs and tables.

1. Introduction

Nanofluid is the mixture of hard nanoparticles with the
base fluid. The study of nanofluid is of huge interest for the
evaluation of increasing thermal conductivity, In the
engineering, cooling is important, such as the cooling of
nano-electromechanical systems and semiconductors.
The convection of nanofluids flow in nanowires such as
microchannels and microtubes is mandatory to use
nanofluids for these low-scale cooling techniques.
Nanofluids are served in related works with single-phase
heterogeneous fluids (whereas the nanoparticles are
consistently distributed in base fluids). Free convection is

critical in thermal engineering in nanofluid within en-
closures because rising heat flow is a significant problem
for energy efficiency. The first attempts to improve heat
transport using nanofluid. They simulated the heat
transfer features of nanofluids in a two-dimensional in-
sertion and originate that the heat transfer rate dramat-
ically increases with postponed nanoparticles at every
Grashof value. Elaziz and Marin [1] investigated one
significant feature of theory, and it does not account for
thermal energy dissipation. We discover a method for
dealing with elastic interactions that do not take into
account energy dissipation caused by heat sources and
body forces. Remote as literature analysis is revised,
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[2-12] scholars are doing notable nanofluid work. The
analysis of heat transmission and nanofluid flow is an
important unsolidified rheology issue. Experimenting on
Cu-water nanofluid rheology, in which we noticed the
conduct of a shear-thinning fluid obtained by Chang et al.,
[13] Santra et al. [14] introduced the forced conduction of
Cu-water in Newtonian and non-Newtonian fluids in a
channel. Das et al. [15] extended Aziz’s attempt by looking
at the Buongiorno fluid method for nanofluid flow. Xuan
and Li [16] explored Cu-water nanofluid flow charac-
teristics. Infrared photons are visible; sunlight or infrared
and illumination are shown by the material nature pro-
duced from those radiations. Based on the way solar
energy is collected and transmitted or transformed into
solar power, energy sources and their technologies are
mostly known as either active solar or inactive solar.
Blackbody radioactivity is the radiation of electromag-
netic waves from a superficial that exceeds absolute zero.
In several practical applications, heat transport occurs via
a porous medium flow. These inspections cover a wide
range of fields of science and engineering, mainly grain
storage, chemical hydrogen reactors, dampness move-
ment by air-filled rubber protection, and much more. The
efficiency of common base fluid thermal systems is rel-
atively low. Suspending metallic nanoparticles in the
sordid fluid is a recent way to improve the efficiency of
those systems. Sheikholeslami et al. [17] investigated the
free convection warmth transfer in a concentration halo
between warm four-sided and heated curve cylinders in
the non-attendance of the magnetic field. Kandelousi [18]
investigated the consequence on ferrofluid flow of espe-
cially variable magnetic fields by considering the constant
heat flux endpoint state. Sheikholeslami et al. [19-21]
examined nanofluid flow alongside convective heat
transfer through a different geometry. The fluid flows
including chemical reaction has wide range in the pro-
cesses of extrusion, refrigeration, and polymer industries.
Under GN electromagnetic theory, Abd-Elaziz et al. [1]
demonstrated the effect of Thomson and initial stress in a
thermo-porous elastic solid. Vlase et al. [22] looked into
the motion equation for a versatile one-dimensional el-
ement used in a multibody system’s dynamical analysis.
Malik et al. [23] proposed the idea of an incompressible
fluid past MHD natural reaction over a heat-producing
porous layer. The electrically transmitting non-New-
tonian fluids can be used as a refrigeration liquid because
their flow can be controlled by the outdoor magnetic field,
which to some degree controls the heat transfer. Its usage
of magnetic fields that impact heat preoccupation/gen-
eration system has several engineering applications, like
crystallization and bottling of copper wires by dragging
continuous polymers through inactive fluid [24-29].
Shirejini et al. [30] used a nanofluid and a gyratory
scheme to restore the heat transfer rate after a decrease.
Turkyilmazoglu [31-33] investigated the thermal broadcast
of an electrically conductive fluid over a rotating infinite
disk. Digital devices for stowage, rotating equipment,
thermal energy generation systems, electrode material,
geothermic industry, gas turbines, biological courses, and
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different types of medical equipment are examples of ap-
plications of such problems. Turkyilmazoglu investigated
fluid stream and heat allocation on a rotating disk that was
traveling vertically. A spinning cone induces warmth
transfer and enables flow in a quiescent liquid. Kumar et al.
[34] used a finite element method to research the ran-
domness production of a nanofluid containing copper and
aluminum oxide nanoparticles in the spaces between two
coaxial spinning disks.

The above studies indicate that no attempt has been
complete to analyze the 3D hybrid nanofluid flow model
around the cone as poignant or immobile under fluid
control. The effect of copper oxide (CuO) and titanium
dioxide (TiO,) nanoparticles on the thermal performance
properties of ethylene glycol-water is investigated in this
study, which has an extensive scientific and technological
value. The second significance is to build on the principle
of Refs. [35-37] which also contain the most important
studies about the current model. In the case of counter-
rotating, create a mathematical model for rotating cones
that are called moving or stationary. The flow reckonings
are reduced to an ordinary scheme, and then bvp4c is
used to solve them. Figures illustrate the effects of cor-
poreal relevant variable quantity on velocity and tem-
perature. Superficial grind force and temperature incline
numerical outputs are tabulated contrary to stimulating
physical objects. The uniqueness of the latest work is
emphasized.

(1) The current study considers three-dimensional
CuO + TiO,/C,H4O, hybrid nanofluid flow, while
previous research [38, 39] has concentrated on
viscous fluids and nanofluids.

(2) The MATLAB bvp4c algorithm has been used for the
explanation of the non-linear problem.

(3) In comparison to other fluids, hybrid nanofluids
have been found to increase the thermal efficiency of
base fluids quickly.

2. Mathematical Formulations

To find another way to simplify the process of convection in
fluids, the basis for this paper is a three-dimensional (3D)
natural heat transfer of Newtonian two-phase nanofluid flow
composed of TiO,/CuO hybrid particles/ethylene glycol-
water (50 percent-50 percent) combination of base fluid due
to a pivoting cone. All conclusions and conditions con-
sidered for the geometry of this paper are clearly shown in
Figure 1. Differential equations that model the problem
according to the assumptions mentioned above and the
physical terms that affect the problem are
ou ow

- _ = 1
xaz+u+xaz 0, (1)

ou  du v ou vﬁ Vi fazu
PR s

ox x

w$: X azz

+g{ cos & (T -Ty),

(2)
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FiGure 1: Corporeal geometry of the problem.

av+uav+uv+wav_ave+ v (3)
or  Yox MxTWor T o Timige

oT  oT OT T

oL ob (4)

uax'f‘waz'f‘gzahnfaizz.

The velocity gears in the paths of x, y, and z-axis, sep-
arately, are in the above equations (u, v, and w). Also, py,,; is
the concentration of nanofluid, y,,, is the fluid viscosity of
nanofluid, v, is the free flow velocity, (pf),,; is the coef-
ficient of growth and contraction because of the temperature
difference, T is the dynamic temperature, ( is the electrical
conductivity of the fluid, ,,, is kinematic viscosity,
(pCp)pny is nanofluid’s heat capacity, kj,, ; is nanofluid’s heat
conductivity, A is the Deborah number, and ay, is the
thermal diffusivity.

The boundary conditions are

u(0,x,2) =v=w=u;vw,
T=T,
u(t,0,z) =w =0, (5)
1-st™ ~
T=Ty.

The momentum, temperature, and boundary conditions
for this problem are [38, 39].

The most recent method would be the utilization of
hybrid nanoparticles rather than single nanoparticles to
advance the process of convection in fluids. Nanofluid
formed by hybrid nanoparticles has higher conduction than
nanofluid generated by one single nanoparticle. Further-
more, the impact of using nanoparticles of different shapes
on conductivity and reducing the amount of convection
cannot be simply overlooked.

Thermophysical Properties. The following are the different
thermal properties of hybrid nanofluid and water [39]:

3
Phnf = [(1 - ¢2) (1 - ¢1)pf + (plpcuo] + ¢2pTi02’
(pCP)hnf = [(1 - ¢2)(1 - ¢1)(Pcp)f + (/)1('06?)040]
+ ¢2(pCP)Ti02’
(6)
khnf kcuo + anf - 2¢1 (knf - kcuo)
k”f kcuo + 2knf * ¢1(knf - kcuo) ’
knf _ kTioz + anf - 2¢2(knf - kTioz)
kf kTio2 + anf + ¢2(knf - kTioz>
Define the following transformation:
_ (xQ sin ")z
'V(l _ st*)O.S >
xQ, sin &
Vy = —————,
1-—st
Q,
oa = E,
t* =Q sin a't,
(sin “*)(1/2) (VQ)(I/Z)f(rI)
w= (1_ St*)(l/Z) ’
T- Too = (TW - Too)e(r/)’
2—1 . * IQ
u(t,x,z) = —fo, (7)
1-st
v =Qux sin a” (1-st")"?g(n),
-1
T, -T. - (T, Toozxf
(1-st")
Gr, = cos a” (T, ; Too)g/SL3’
V
_Gn
" Rei’

. 2 -1
Re; =sin a"QL*y ",

v
Pr=-
o

The functions required for the conversion of the partial
differential equations (PDEs) ((2), (3), and (4)) to the or-
dinary differential equations (ODEs) are as follows.

In which the hybrid angular velocity is w = w; + w,, the
angular velocities of a cone are w;, the free torrent liquid is
w,, and the unstable parameter is S. Also, 6 and ( are the
variable and temperature without dimensions, respectively.



After substituting equation (7) into equations (2)-(4) and
modifying and converting, the usual differential equations
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relating the flow and temperature, together with the
boundary conditions, are as follows:

( (1=¢)"° (1= 6,)*°[(1 = ¢2){(1 = ¢1) = $1(Pesol )} + S2(Prio I

] —(f+%s'1>f' + (%f’ - S)f’ -2(g9-(1-a)) _2V19>’ (8)

g/l
((1 =) (1= )" [(1 = 6){(1 = 91) = b1 (PeuolPy)} + 92(Prio, /)]

—(—f’g+fg')+5<1 - —g—%ng’)) (9)

1 Khnf " / f/6 1 /
(E(K—f)e —<f6 —T)—259+55119 ) (10)

Now, the boundary conditions are
F)=o,

g(c0) =-1+ay,

9(0) = «;,
6(0) = -1, (11)

f'(c0) =0,
=0,
0(oc0) = 0.

The important natural quantities impacting the flow and
the transfer of heat are the coefficient of skin friction
Ct.Cy, and the local Nusselt number Nu,, respectively,
which are clear as follows:

2u ou
— _Re D ZH ’ 12
Cfx ex aZ o ( )
2u ov —112)
Cy, :( - )Z_O(—Rex ). (13)
Their dimensionless form is as follows:
1
C xRe;(CI/Z) — < )(_fr/) o (14)
! (1-¢)"°(1-9,)"° '
1
C, Rell? :(—> ) (15)
s CErSIers) ARl

The factor of heat allocation in dimensionless form is
given as

k
Nu,Re"? = —<£”f)9’ (0). (16)
f

3. Numerical Solution

The coupled ordinary, non-linear differential equations
(8)-(10) and the limit conditions set out in equation (11) are
numerically solved using the bvp4c MATLAB algorithm.

F=y,

ps="b,

F' =y,

9=Ds

F' =y,

pPs=a

I _

g =Js

mo_ .1

g =)s
" _)/I (17)

= Vi

0(0) = ye

A =7

9// :y‘;’

k,=m,

kf =n,

(pep),=c

(pCP)f =d.

Now, the new equations are



Mathematical Problems in Engineering

yi=[[a- - (- (- 00 -0:(3) + 0:(5) ]

(18)

JGay@3x@) -3 @+ @) + 27 @-(1-w) + 2156

yi=[ =97 (-0 (1-6) (1-9) - ,(3) + 6:(5 )]

. [y(l)y(S) - y(4)y(2) —s+sa; +sy(4) +%sxy(5)],

, [(m+2)(n+2)</>(n—m)
Y7 =

(m+ 2)(n—2)¢(n_m)] [Pry(7)y(1) -

along with limitation

y(1) =0,
Yoo (2) =0,
y(2) =0,
% )= (21)
y(6) = -1,
Yoo (6) = 0.

4. Graphical Observations and Discussion

Non-linear standard differential equations (8)-(10) con-
cerning boundary condition equation (11) are solved by the
bvp4c method of numerical technique for evaluating the
various physical parameters. Results indicate the effect on
velocity — f' (1), g (1) and temperature (1) profiles of non-
dimensional governing parameters laterally with the skin
friction constant and limited Nusselt number for recom-
mended fence temperature (PWT) cases. We considered
entirely dimensional parameter values for numerical al-
gorithmsass = 2.0,a;, = 0.6,¢ = 0.8,y, = 1.5, and Pr = 7.0.
These parameter values are samein the entire article except
for the disparities in the corresponding figures and tables.
We learned that the heat transfer rate has been further
increased due to hybrid nanofluid (TiO, — Cuo/ethylene
glycol-water). The rate of the heat transfer decreases when
we increase the rotation parameter and the capacity
fraction of nanoparticles. Figures 2-5 display the block
diagram of the speed and temperature profiles for different
models of the volume fractions of Tio, and Cuo nano-
particles. The rise in the medium fraction of nanotubes
augments the tangential velocity — f' (#) field and fluctuates
the azimuthal velocity g (1) field as well as the temperature
profiles in the PWT case. As assumed, the improvement of
the medium fraction of nanoparticles would enhance the
colloidal interruption here amid solid particles, and due to
this, the velocity fields are reduced. By contrast, the field of
Tio, nanoparticle velocity is faster by enhancing the values
of the nanoparticle volume fraction. For this motive, we
saw an enrichment in the field of tangential velocity.
Figures 2(a) and 2(b) describe the effect of the a; on
prescribed wall temperature (PWT) case velocity —f'

(19)

wesy(@ —?sxy(ﬂ)], (20)

profiles. The velocity curve decreases when increasing the
values of «; in Cuo — TiO, cases. In Figures 4(a) and 4(b),
a, indicates mixed solutions for both cases in fields of
azimuthal velocity g. In both cases, velocity decreases if the
value of this parameter increases. But with increasing
values of «, the tangential boundary layer of velocity — f'
enables. Physically, the parameter of a; helps to increase
the velocity of the flow because for this reason the velocity
fields are initially enhanced. At Figures 3(a) and 3(b) under
the impact of the parameter y, almost similar behavior is
observed, but here the thickness of the boundary layer
increases rapidly with the growth. Velocity behavior for s
the maximum value of s sluggish down the tangential speed
of the fluid as well as velocity — ' goes to zero far absent
from the cone superficial for high values of s velocity profile
goes down rdThe effects of the Pr on 6 in both cases are
shown in Figures 5(a) and 5(b). The depth of the thermal
boundary layer and 0(#) increases by enhancing the values
of Prandtl number Pr. The effect of the Reynolds number
on tangential velocity is seen in Figures 5(a) and 5(b). It is
represented in figures with an increase in Re because in-
ertial forces have a direct relationship with Re; The curve in
Figure 6(a) increases and in 6(b) decreases with the in-
creasing values of tangential velocities near the cone wall.
Figures 7(a) and 7(b) are devoted to the manifestation of
the effect of y, (buoyancy parameter) on the tangential skin
friction coefficient. From these figures, it is clear that C,
grows as y, increases, while it decreases as «; increases.
Figures 8(a) and 8(b) indicate the impact on the skin
friction coefficients C,, at the cone boundary of the ro-
tation parameter («,) and Reynolds number. Skin friction
coeflicients are shown in figure 8(b) by increasing values of
function of rotation parameters and 8(a) is decreasing by
function of «; while showing declining behavior for the
number of Reynolds. The effect of Pr is shown in
Figure 9(a) on the Nusselt number by an improvement in
the value of Pr the Nusselt number decrease. From
Figure 9(b), it is noted that the Nusselt number is decreased
when enhancing the value of Pr. Tables 1 and 2 demonstrate
the impact of several parameters on skin friction and
Nusselt number for Reynolds model. Amount of &, and y,
expand the skin and Nusselt number decline for «; and
grow for a;. Table 1 demonstrated the hybrid surface fluid
and nanoparticles have fluid dynamics-physical properties
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Mathematical Problems in Engineering

Tio,-Hybrid base fluid
a=0.6,y=1.5,5s=0.5

Pr=7,14,21, 28. B

x107*
12 T T T T T T T T T
O T T
10 | i
Cuo Hybrid base fluid -0.002 |-
8 a=06,y=155=02 1 -0.004 |
6 g -0.006 |-
s 4 Pr=7, 14,21, 28. = ~0.008 -
< -001}
2
-0.012 |-
0 -0.014 |-
-2 -0.016 |
_4 Il Il Il Il Il Il Il Il 1 _0018 1 1
0 01 02 03 04 05 06 07 08 09 1 0 02 04

n
(a)

FIGURE 5: (a) Deviation of Pr on temperature profile 8(#) for CuO nanoparticles. (b) Deviation of Pr on temperature profile 8(r) for TiO,

0.6 0.8

(b)

1

12 14 16 18 2

Tio, -Hybrid base fluid | ]

nanoparticles.
0.04 T T T T T T 0.055 T
0.035 y 0.05
0.045
0.03 B
0.04
0.025 B
= & 0035
L &
= 0.02 B T 0.03
g 2
0.015 i g 0.025
0.01 Cuo Hybrid base fluid 0.02
0.015
0.005 E 0.01
0 1 1 1 1 1 1 0.005 1
06 065 07 075 08 08 09 095 0.6  0.65

()

FIGURE 6: (a) Impact on skin friction C, along x-direction with a;, for CuO nanoparticles. (b) Impact on skin friction C, along x-direction

with «,, for TiO, nanoparticles.

0.7

(®)

TIO, Hybrid base fluid

x1073

-0.015 . . 16

14
0.01 Cuo Hybrid base fluid 12 L
10 -
Q)‘ﬁ 0.005 L“)ﬁ 8 -
g g 6t
) 0 g 4l
2L
-0.005 0F
21

-0.01 L L -4
0 0.5 1 1.5 0

(a)

FIGURE 7: (a) Impact on skin friction of y, along x-direction for CuO — C,H0O,. (b) Impact on skin friction of y, along x-direction for

TiO, — C,HO, + water.

0.5

(®)

1.5



0.45
04}
0.35
0.3
=
O 0.25
Txo 02
=4

Cuo Hybrid base fluid

;llchy

1
Re

0.65 0.7 075

()

0.8

0.85

0.9

0.95

0.45

0.4 -

0.35
0.3
0.25

Mathematical Problems in Engineering

Tio, Hybrid base fluid

075 0.8

(®)

085 09 095

FIGURE 8: (a) Influence on skin friction Cj, along x-direction of a; for CuO/C,HO, + water. (b) Influence on skin friction Cy, along
y-direction of &, for TiO, — C,HO,.

-6
-7
-8
-9
-10
-11
-12
-13
-14
-15
-16
-17

1/2
X Nux

Re

Cuo Hybrid base fluid

()

Tio, Hybrid base fluid

(®)

FIGURE 9: (a) Influence on Nusselt number of Pr for CuO — C,HO,. (b) Influence on Nusselt number of Pr for TiO, - C,H,O,.

TaBLE 1: Impact of different parameters and dimensions of nanomaterials on velocity and temperature profiles in CuO-hybrid base fluid.

o Y1 S Pr Cey Cyy Nu,
0.6 0.5 1.0 7.0 0.01573 0.01530 —-5.01480
0.7 0.02965 0.00882 -4.83310
0.8 0.04081 0.00202 —4.45480
0.9 0.05035 0.00710 —4.01480
0.7 0.0 2.0 5.0 0.01171 0.02283 —7.24294
0.5 0.02535 0.01107 -7.20510
1.0 0.03678 0.08875 —7.16484
0.8 1.5 0.5 3.0 0.04706 0.00132 -7.12153
1.0 0.00848 0.01523 —8.89947
1.5 0.02186 0.01552 —-8.88430
2.0 0.03367 0.00754 -8.86861
0.9 0.5 0.5 1.0 0.04379 0.00375 -8.85267
3.0 0.00517 0.01573 —-10.2863
5.0 0.01849 0.01171 -10.2791
7.0 0.03054 0.00898 -10.2119
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TaBLE 2: Results of skin friction and Nusselt coefficient for TIO,.
o Y1 S Pr Cey Cyy Nu,
0.6 0.5 1.0 7.0 0.01150 0.0114280 —-8.09597
0.7 0.00487 0.0216298 -8.15971
0.8 -0.00617 0.0306057 -8.22153
0.9 —-0.04201 0.0383555 -8.22153
0.7 0.0 2.0 5.0 0.01440 0.0049780 —11.4494
0.5 0.00666 0.0151825 —11.4824
1.0 0.00190 0.0241606 -11.5149
0.8 1.5 0.5 3.0 —-0.00204 0.0319124 -11.5471
1.0 0.01146 0.0082032 -14.0226
1.5 0.00759 0.0184064 —14.0448
2.0 0.00352 0.0273834 —14.0448
0.9 0.5 0.5 1.0 —-0.00042 0.0351342 -14.0669
3.0 0.01109 0.0017524 -16.1919
5.0 0.00799 0.0119582 -16.2087
7.0 0.00454 0.0209374 -16.2253
TaBLE 3: The hybrid surface fluid and nanoparticles having fluid dynamic-physical properties.
Physical Properties CuO TiO, C,H,0, - H,0
p (kgim?) 6500 4250 1063.8
p (J/kgk) 540 686.2 3630
K (w/mk) 18 8.9538 0.387

for Cuo and in Table 2 also shows the properties of TiO,.
The thermophysical properties of the nanofluid are dis-
cussed in Table 3.

5. Concluding Remarks

In the present paper, the influence of rotation and buoyancy
force parameters on velocity and temperature is discussed in
hybrid base nanofluid over a gyrating cone in the occurrence
of gravity and film condensation and heat dissipation effect.
By using the bvp4c algorithm, we solve PDEs with minimum
errors and correct results. The results indicate that by in-
creasing the value of «,, the tangential and azimuthal ve-
locity reduces near the boundary of the cone for CuO and
TiO2 cases. Also, with the increase of y,, azimuthal velocity
increases. The inclination of the Prandtl number results in an
increase in the temperature profile. The skin friction factor is
increasingby rotation and unstable parameters while it is
decreasing with Reynolds number. The Nusselt number
increases for larger Pr near the wall of the cone. The major
outcomes of this study are given as follows:

(1) TiO, nanofluid has a higher coefficient of friction
factor as opposed to Cuo nanofluid. However, the
heat transfer rate of Tio, nanofluid is lower than that
of Cuo nanofluid. Cuo nanofluid, therefore, im-
proves the thermal transfer more than the Tio,
nanofluid.

(2) The parameter of viscous variation improves both
temperature and the rate of heat transfer. Thus, we
can say that viscosity dependent on temperature is
helpful for processes of heat transfer modification.

(3) Hybridity reduces the velocity distribution while
increasing the temperature distribution.

(4) As compared to nanofluid, hybrid nanofluid can
have better heat transfer efficiency.

(5) The optimal heat transfer rate in hybrid nanofluid
can be achieved by choosing distinct and sufficient
nanoparticle increases.

(6) The heat source decreases the temperature field and
enhances the heat transfer rate.

Abbreviations

Pr: Prandt] number

£t Dimensional and dimensionless times,
respectively

T: Temperature

(x, y,2): The distance measured along the meridian of
a circular segment parallel to the cone’s
superficial

Cyyt Local skin friction in x-direction

a: Semi-upright angle of the cone

Cyy Skin friction in y-direction

n: Similarity variable

Yk Dimensionless stream function and velocity
component in x— and y-direction,
respectively

0: Dimensionless temperature

K, L: Thermal conductivity and characteristic
length, respectively

Km™'K~! y,: Buoyancy parameter due to temperature

u: Dynamic viscosity (Nms™?)

v Kinematic viscosity (m*s™!)

Nu,: Local Nusselt number

p: Density (kgm™2)

Re,: Reynold number based on x
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Re;: Reynold number based on L

(PCp) s Heat capacity of hybrid nanofluid (jk™!)

Phnf: Nanofluid density (kgm™?)

py: The viscosity of fluid (Nms™?)

(u, v, w): Velocity components (ms™!)

B gt Hybrid nanofluid viscosity (Nms™?)

O Hybrid nanofluid thermal diffusivity
(m?s™1h).
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A time-dependent convectional flow of a two-phase nanofluid over a rotating cone with the impact of heat and mass rates is elaborated in
this article. The instability in the flow field is induced by the cone angular velocity that depends on the time. The Navier—Stokes self-
similar solution and the energy equations are obtained numerically. Here, the achieved solution is not only for Navier-Stokes equations
but also for the equations of the boundary layers. In this work, the concentration, Brownian motion, and thermal buoyancy effects have
important significance. We have assumed viscous dissipation with heat-absorbing fluid. Similarity answers for spinning cones with
divider temperature boundary conditions give an arrangement of nonlinear differential conditions that have been handled numerically.
The MATLAB methodology BVP4C is used to resolve the reduced structure of nonlinear differential equations numerically. Observation
for skin friction and Nusselt number is also taken into account. Velocity and temperature impact is depicted graphically, while the

outward shear stress values and heat allocation rate are included in tables.

1. Introduction

The design of reliable equipment in manufacturing indus-
tries relies heavily on convective flow ended a cone through
radiative heat and form transfer. Due to its relevance in
modern technology and applications in geothermal engi-
neering, as well as other hydrological and astrophysical
biofluid studies, researchers have shown a strong interest in
heat and mass transfer in Newtonian flows in recent years.
The analysis of fluid flow in a cone encompasses a wide
variety of subjects. It is used in plastic processing, elastic
sheet cooling, polymer technology, polymer chemistry, and
engineering, to name a few. So, because of its enormous
applications, the researchers are holding a purpose in this
area. Dependence of viscosity on temperature plays a vital
role in the realm of fluids flow. The viscosity of water de-
creases as the temperature increases, while the viscosity of
gases rises as the temperature rises. The increase in tem-
perature in lubricating fluids causes internal friction that
affects the fluid’s viscosity and will no longer remain

constant. Because of this inadequacy, many researchers are
interested to understand the effects of using different var-
iable viscosity models.

Nanofluids remain a class of heat allocation fluids
which caused suspended nanoparticles are distributed in
the fluid (1-100 nm). In base fluids, locomotive oil, polymer
solutions, bio-fluids, other critical fluids, water, and or-
ganic fluids (e.g., ethylene and diethylene) are commonly
used. Nanoparticles are generally made of carbon in diverse
edifices (e.g., carbon nanotubes, black lead, and diamond),
metals (e.g., copper, hoary, and gold), and metal oxides
(e.g., titanium and zirconia), besides functionalized
nanoparticles. A wide-range of possible applications has
been initiated for the use of nanofluids. Choi remained the
first to research updraft conductivity development in
nanofluids [1-12]. Nanofluids, bio and pharmacological
nanofluids, remedial nanofluids, environmental nano-
fluids, and other heat transfer fluids are categorized
according to their applications. Many researchers have
looked into how extent, concentration, form, and other
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assets affect the warmth transfer rate of a fluid. For the
Prandtl number of airs, Hering and Grosh [13] investigated
a steady mixed convection boundary layer flow from a
vertical cone in an ambient fluid. For a broad range of
Prandtl numbers, Himasekhar et al. [14] solved the simi-
larity solution of the mixed convection boundary layer flow
over a vertical rotating cone in an ambient fluid. Body
solutions of unstable mixed convection flow from a ro-
tating cone in a rotating fluid were obtained by Anil Kumar
and Roy [15] a few years ago. Chamkha and Mudhaf [16]
examined heat generation, consumption, and unstable heat
and mass transfer from a revolving vertical cone with a
magnetic field. Ravindran et al. [17] suggested a new ap-
proach for investigating the effects of fluid flow (suction/
injection) on a vertical porous cone’s steady natural con-
vection boundary layer flow. The impact of heat-dependent
viscosity with viscous heat generation on third-grade fluid
flow in a standard pipe was examined by Nadeem and
Hussain [18]. Exploitation the finite simple difference
method, numerical solutions were obtained. Different
fluids like water, ethylene glycol, and oil, due to their poor
thermal conductivity, have low heat transfer properties. It
is now realized that by retaining nano-sized metal flakes
such as Al, titanium, silver, gold, Cu, or their oxides, the
thermophysical characteristics of such fluids could be
enhanced, ending in what is commonly known as nanofluid
[19]. Several researchers have spent the last few years
studying the edge layer movement of nanofluid fluids in
various geometries and wunder various conditions.
Kameswaran et al. [20] investigated the flow of hydro-
magnetic nanofluids due to a shrinking surface. Over a
stretching field, Kameswaran et al. [21] discovered solu-
tions for the deflation-point flow equations. Fauzi et al. [22]
explored the time-independent nanofluid boundary film
flowing along a perpendicular cone in a brittle medium.
Boutra et al. [23] investigated unrestricted convection
induction in a nanofluid-filled framework through round
heaters, and Ambethkar and Kumar [24] investigated 2D
noncompressible flow solutions with the transfer of heat in
a powered square cavity singing stream function-vorticity
model. Cheng [25] addressed natural convection flowing
through a formatted cone in a brittle medium in the
boundary layer. Chamkha et al. [26] examined the issue of
mixed convection boundary layer flow in a continuous,
turbulent flow over a rigid cone enclosed in a brittle
thermal radiation medium. Nadeem and Saleem [27] ex-
amined turbulent nanofluid flow in a turning cone sub-
jected to an induced magnetic field. In this paper, we look at
a two-phase nanofluid flow along a vertically stretching
cone.

Mathematical Problems in Engineering

The work of Heiring and Grosh [28] on natural con-
vection over a multi-isothermal cone is one of the most
recent cone-shaped surface boundary layer studies. A the-
oretical study of forced convection flow in relation to a
rotating cone was suggested by Tien and Tsuji [29]. Koh and
Price [30] have evaluated the transfer of heat past a pivoting
cone. Ellahi et al. [31] have studied the analysis of simplified
third-grade slide Couette fluid flow. There are some related
studies about this phenomenon provided in References
[32-43]. Extrusion processes, plastic product processing,
polymers, and silicone slips, wire and copper-coating, glass
and fiber optic production, hot spinning manufacture, metal
rolling, food preparation, and a variety of other topics are
frequently mentioned.

The combination of fluids has a broad range of appli-
cations, including cooling systems, heating processes, as well
as biomedical and automotive science and technologies that
control heat and mass transfer rates. The persistence of this
article is to inspect the flow of liquid-based two-phase
nanofluids (copper oxide and silver added to water) over a
rotating cone. Two-phase flows include the flows that
transition from pure liquid to vapor as a result of external
heating, separated flows, and scattered two-phase flows in
which phase is observed in a continuous carrier phase in the
form of particles, droplets, or leaks. We have solved gov-
erning differential equations with the assistance of the
BVP4V scheme under MATLAB. It also describes the
possessions of relevant bodily parameters that affect the
velocities, surface strain tensors, temperature, and convec-
tion rate with the help of graphs and tables.

2. Mathematical Formulations

We deliberate the flow of a compressible viscous nanofluid
along an erect turning cone enclosed in a brittle medium as a
two-dimensional time-dependent boundary layer. Figure 1
displays the scheme of coordinates and the corporal model.
We have used a rectangular coordinate system in which the
x—axis is determined along a meridian, the y—axis is de-
termined along a round section, and the z—axis is deter-
mined on the cone’s surface. Let u, v, and w be velocity gears,
with x (tangential), y (azimuthal), and z (horizontal) orders
(normal). The equations can be written as follows:
xou Ow

= 1
u+ 3 +xaz 0, (1)

2

du  ou wdu v v du
u u wou vV Vnf _%+9(C05a*(T_T00)’ (2)

§+”$+ 0z x 32
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FIGUre 1: Bodily geometry of the problem.
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The boundaries conditions are set, subject to initial terms
and conditions as follows:

u(0,x,2)=v=w=u,
ViW;,
T=T,

u(t>0)z) =w=0, (5)

~ Qyxsin o
I
T=T,.

Reference [15] provides the momentum, temperature,
initial conditions, and boundary conditions for this issue.

The following transformation is defined where A is the
Deborah number and y, and y, are the buoyancy param-
eters. The things of physical importance use in the two-phase
model are as follows: «, is the thermal diffusivity, v, is the
kinematic viscosity, p, is the effective dynamic viscosity, p ¢
is the density, (pCp)nf is the heat capacity, x, is the
nanofluid thermal conductivity, and (pf3),¢ is the nanofluid
thermal expansion coefficient:
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The transformation’s equations (7) and (6) are replaced
into (1)-(3). After that equation (1) will be fulfilled auto-
matically, and equations (2)—(4) diminish to the form as
follows:

>
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)—(f+;sn)f' +(%f’ —5>f' -2(g-(1-a)’) ‘2V19>’

)—(—f’g+fg’)+5(1—rx1—g—%ng’)) (8)

(o \gr (o0 - L0\ _2sp 4 Leng?
(L ()10 -L2) 200 o),

Now, the boundary conditions are

f(0) =0,

g(oo) =-1+ay,

3. Numerical Solution

The numerical technique performs the solutions of the
joined linear sinusoidal differential equations. The following

g(0) = aj, initial estimates and nonlinear operators are f, g,,and 6,
9(0) = -1 respectively, for velocity components and temperature fields.
' ©) New variables are defined simplifying differential
fr(e0) =0, equations of high order in the form of first-order equation,
fr(0) =0, ie.,
0(00) =0. F= yl)
The skin friction Cy, across the x-axis, C,, along y-axis, ps=b
and Nusselt sum Nu, are physical quantities of our distinct =y,
interest where
- 9=l
C, - —Rej”)(M) ) =y
1 oz ), V3
; (10) ps = a,
2u ov —
o :< 5% ) (ReT), g =ys
- 9" =5
or in the form of dimensionless me_ o (14)
Fr=ys;
C. R 12 _(_gn ,
fx ex/ ( f )11=0 (11) 6(0) = Y
12
CryRe™ = (=g")0- 0 =y,
In dimensionless form, the heat transfer coeflicient is 0" = 5
given as k, =m,
NuxRe}!2 = —01(0). (12) kf =n,
Now, the Reynolds number is (Pcp)s =6
2 3 ¢ = d
pc .
Re. @ Wsm@%ﬁst ¢ ' (13) (cy),
Now, the new equations are
s 1 1
y3 = [ (1- ¢)2'5<1 -¢+ %)] [(y(l)y(3) +5xsy(3)> - Eyz 2)+ sy(2)) + 2y2 (4)-(1- ocl)2 +2y,y(6) |,
i [ 2.5 ¢a 1
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Along with limitation,
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FIGURE 2: (a) Impact of a; on the velocity distribution — f7 (n) for Cuo nanoparticles. (b) Impact of &; on the velocity distribution — f 7 (n) for

Ag nanoparticles.

y(1) =0,
y(6) =-1,
Yoo (2) =0, (16)
y(2) =0,
y(4) = ay
Yoo (6) = 0.

4. Graphical Observations and Discussion

This section of the learning includes the graphical and
mathematical outcomes of multiple major parameters on
velocities, temperature, coefficients of surface stress, and
coefficient of heat transfer. Such variations are noted in
figures. Figures 2(a) and 2(b) and Figures 3(a) and 3(b) are
sketched to demonstrate primary velocity activity for pa-
rameter mixed convection. The positive parameter of
buoyancy functions as a desirable gradient of pressure is
mended to improve the property of the fluid. It is foretold
from Figures 2(a) and 2(b) and Figures 3(a) and 3(b) that the
thickness of the upper and lower layers will decrease with
increase in o, and y, values; further, the primary velocity will
have a higher magnitude for y,. The effect of mixed con-
vection on buoyancy parameter y, is to decrease the sec-
ondary velocity g (see Figures 4(a) and 4(b), respectively).
The secondary velocity g is also seen to have the greater
magnitude for ;. A vertically spinning or expanding cone
was analyzed on the unstable frontier layer flow of both
water-based nanofluids. The flow was contrary to viscous
debauchery, the cohort of excess heat, and a natural process.
The numerical technique is used to resolve the equations. We
studied the belongings on the nanofluid velocity ( f&g) and
temperature (0) profiles and even the skin friction
(Cy &Cy)) coefficient, energy, and mass exchange coeffi-
cients of the nanoparticle volume segment, buoyancy pa-
rameter y;, heat production, and chemical reaction. We
considered nanoparticles of copper oxide (Cuo) and silver

(Ag) with water as the basis fluid. In Figures 2(a) and 2(b)
and Figures 3(a) and 3(b), see the variation of the angular
velocity ratio «;, and the buoyancy coefficient y, on tan-
gential velocity —f/ is plotted. Tangential velocities are
observed to decrease for «; and y, parameters. Figures 4(a)
and 4(b) display the variance of the angular velocity ratio «;
on azimuthal velocity g. At g, the action of «; is contrary to
that of tangential velocity — f/. Here, Figures 5(a) and 5(b)
are shown in the temperature sector 8 for specific Pr values.
The width of the thermoelectric boundary layer is indicated
to reduce for rising Pr values. This is because the higher
Prandtl number fluid has more heat conductivity resulting in
a softer heat boundary layer. Now, see in Cuo case Figure
5(a) temperature decrease with increases the value of Pr but
contrary in Ag case Figure 5(b). Figures 6(a) and 6(b) ad-
dress the variance in the ratio of the y; buoyancy parameter
on the secondary velocity skin friction coeflicient. Skin
values decrease in Cuo case but enhance in Tio, case.
Figures 7(a) and 7(b) show changes in the coefficient of C fy
skin friction by rising «;. Figure 7(a) shows that C,, values
increase in Cuo but Figure 7(b) shows decline values of C fy-
Physically, we can conclude that the surface temperature is
higher than the fluid temperature close to the cone
boundaries; therefore, larger y, gives the greater values of
skin friction. It is examined that the coefficient of tangential
skin friction (C;,&C,,) decreases as a; increases (see
Figures 7(a) and 7(b)). Figures 8(a) and 8(b) and Figures 9(a)
and 9(b) show that the primary skin friction coefficients
increase or decrease with the rise in «;, also the same be-
havior for y,. In Figures 8(a) and 9(a), C fy values decline for
Cuo, and we see that in Figures 8(b) and 9(b), the values of
Cy, are enhanced when the values of @, and y, are increased.
Since the impact of Pr in the primary — f' and secondary g
directions on the velocity profiles is relatively small,
therefore, the profiles are ignored. In Figures 10(a) and
10(b), the heat exchange rate has decreased, with increase in
Pr. In Figures 10(a) and 10(b), see that the Nusselt number
decreases when the values of Pr increase. Finally, figures also
display the positive impact of heat dissipation on the local
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TaBLE 1: Variations of &, y,s, and Pr on the coefficient of skin friction Cg, and C¢, and local Nusselt number (Nu,) for Cuo — water.

o, " s Pr Cyx Cyy Nu,
0.5 L5 2.0 1.0 0.56971 0.64524 -33.7303
2.5 0.55597 0.61825 -33.8036
3.5 0.54147 0.59124 -33.8762
4.5 0.52733 0.56420 —-33.9481
0.8 0.75065 0.35930 —65.5158
1.0 2.5 0.8 2.5 0.73655 0.55678 —65.6143
1.2 0.72245 0.81300 —65.7122
1.4 0.70835 0.86329 —65.8094
0.6 0.55559 0.54225 -71.2271
0.8 0.54147 0.52817 ~71.1483
1.0 0.52735 0.51408 -71.1877
1.2 2.5 1.2 3.5 0.51323 0.50000 -71.1087
1.0 -21.5615 -26.2363 -30.2121
1.5 -21.7700 -26.3719 -30.3089
1.2 35 1.0 2.0 -21.9711 —26.5047 -30.4045
2.5 -22.1854 —-26.1654 -30.4988

Nusselt number. It must be noted that the shape effects in all
figures are positive and growing factor in the ratio of heat
flow. Table 1 and Table 2 represent the variations of «;, y;, s,

and Pr on the coefficient of skin friction (C.&C fy) and
local Nusselt number (Nu,). Table 3 shows the physical
properties of copper oxide and silver.
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TaBLE 2: Effects of the parameter on skin friction and Nusselt
number for Ag — water.

o Y1 s Pr Cfx ny Nu,
0.5 1.5 2.0 1.0 0.160744 0.161692 —33.7303
2.5 0.159905 0.164064 —33.8036
3.5 0.161692 0.166214 —33.8762
4.5 0.161762 0.161692 —33.9481
0.8 0.161825 0.161568 —65.5158
1.0 2.5 0.8 2.5 0.161692 0.161442 —65.6143
1.2 0.160717 0.161692 —65.7122
1.4 1.159742 0.162193 —65.8094
0.6 0.161692 0.863293 -71.2271
0.8 0.227089 0.542258 —71.1483
1.0 0.292715 0.528174 -71.1877
1.2 2.5 1.2 3.5 0.161692 0.514088 -71.1087
1.0 0.093331 0.500001 -30.2121
1.5 0.032939 —26.2363 -30.3089
1.2 3.5 1.0 2.0 0.161692 -26.3719 —30.4045
2.5 0.039527 —26.5047 —30.4988

TaBLE 3: Base fluid and nanoparticles have thermophysical
characteristics.

Physical properties Cp p K
H,o 4179 997.1 0.613
Cuo 531.80 6320 76.50
Ag 235 10500 429

5. Concluding Remarks

\In this numerical study, we have considered an unstable two-
phase nanofluid flow and heat transfer attitudes over a cone
littered with two diverse metal types specifically Ag and Cuo.
Unsteady mixed convection flow has been investigated in a
moving viscous fluid on a turning cone. Numerical solution of
ordinary differential equations BVP4C has been implemented
successfully. The afresh determined outcomes are recognized to
be accessible in the literature in traditional agreement with the
findings previously reported. Viscous dissipation was found to
have the consequence of swelling the nanofluid temperature
within the gravity effects area when the heat transfer rate from
the layer decreases with an increase in a viscous heat gener-
ation. The analysis summary is as follows:

(1) For increasing y, and «, the tangential velocity field
—f' declines. However, s near to the boundary often
causes — f 1 to decrease and increases it far away from
the boundary for increasing y; and «;.

(2) On elevating «;, the azimuthal velocity field g de-
creases and decreases with increase in s.

(3) For higher values of Pr, the temperature profile 8 (#)
increases for Ag but decreases for Cuo.

(4) Growing the importance of shape effects has raised
the temperature profile and also the local Nusselt
number.

(5) The two-phase nanoparticle model has always a
bigger impact than nanoparticles on the temperature
profile.

9
List of Symbols
Pr: Prandtl number
T: Temperature
Cyy In the x-direction, there is local skin friction
Cyy Skin friction in y-direction
f.g: The velocity of a dimensionless stream function
component in x— and y—direction, respectively
K, L: Thermal conductivity and area of the indentation,
respectively, Km™'K™!
u: Dynamic viscosity Nms™>
Nu,: Local Nusselt number
Re,: Reynold number based on x
Re;: Reynold number based on L

(pCp),p: Heat capacity of nanofluid jk!

(u,v,w): Velocity components ms™!

tt*: Dimensional and dimensionless times,
respectively

(x, y,2): 'The distance measured along the meridian of a
circular segment parallel to the cone’s superficial

a: Semiupright angle of the cone

n Similarity variable

0: Dimensionless temperature

Yi: Buoyancy parameter due to temperature
v: Kinematic viscosity m?s~!

p: Density kgm™>

P Nanofluid density kgm™>

Wy The viscosity of fluid Nms™?

fo Nanofluid viscosity Nms™?

Xyt Nanofluid thermal diffusivity m?s™!.
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The performance of mass transfer rate, friction drag, and heat transfer rate is illustrated in the boundary layer flow region via
induced magnetic flux. In this recent analysis, the Buongiorno model is introduced to inspect the induced magnetic flux and
radiative and convective kinetic molecular theory of liquid-initiated nanoliquid flow near the stagnant point. The energy equation
is modified by radiation efficacy using the application of the Rosseland approximation. Through similarity variables, the available
formulated partial differential equations are promoted into the nondimensional structure. The variation of the induced magnetic
field near the wall goes up, and very far away, it decays when the size of the radiation characteristic ascends. The velocity amplitude
expands by enlargement in the amount of the magnetic parameter, mixed convection, thermophoresis parameter, and fluid
characteristic. The nanoparticle concentration reduces if the reciprocal of the magnetic Prandtl number expands. The temperature
spectrum declines by enhancing the amount of the magnetic parameter. Drag friction decreases by the increment in the values of
radiation and thermophoresis parameters. Heat transport rate increases when there is an increase in the values of Brownian and
magnetic parameters. Mass transfer rate increases when there is incline in the values of the magnetic Prandtl and fluid parameter.

1. Introduction

Improving the thermal efficiency of fluid flows under
different conditions and applications has always been a
famous research area. Besides, the significance of this
issue because of the very wide range of applications in
industries has made this area attractive to scientists and
companies working in this field. To improve effectiveness,
any solution proposed for this in any application can have
different technical aspects that should be considered and
investigated adequately [1]. For example, Ellahi et al. [2]
explored the slip effect in the Newtonian fluid two-phase
flow. Particles of the nanosized Hafnium are utilized in
the base fluid. Two cases are discussed for fluid under

consideration, namely, (i) phase of particles and (ii) fluid
phase. Three forms of geometries are investigated in both
cases. Relevant studies of nanofluids are discussed in
recent articles [3-19].

There are many engineering applications of the mixed
convective boundary layer flow such as food processing,
solidification system, and nuclear reactors. Convection also
plays an important role in managing the production cycle
such as medications and cosmetics. The transverse magnetic
field that merged with the boundary layer-mixed convection
flow towards an inclined plate with a wave is examined. The
retardation inflow far from the magnetic field and leading-
edge yield acceleration in the leading-edge close flow of the
wavy sheet is observed by Wang and Chi-Chang [20]. Many
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researchers analyzed the regime of mixed convection flows
in their articles [21-26].

There are several uses of free convection in the presence
of Lorentz forces, such as fire engineering and geophysics.
Newly proposed nanotechnology is a new passive way to
enhance heat transfer [27]. The induced magnetic field’s
influence on temperature curves is represented by Ghosh
et al. [28]. Vanita and Kumar [29] have examined transient
flow towards a cone with the inclined magnetic field. Akbar
etal. [30] investigated nanoparticle interaction for peristaltic
flow in an asymmetric channel towards the magnetic field
induced. Nadeem and Ijaz [31] explored the impulse of
nanoparticles as a drug carrier to investigate theoretically
stenosis arteries in the existence of the induced magnetic
effect. Hayat et al. [32] observed second-grade nanoliquid
flow with the induced magnetic field towards a stretched
convectively heated surface. Rashid et al. [33] inspected the
induced magnetic field effects of the Williamson peristaltic
fluid flow in a curved channel.

The radiation may be sunlight, infrared, or visible and
the nature of the material emitted by such radiation
depends on its exposure. Depending on how solar heat is
collected and distributed or converted into solar
electricity, a heat source and its systems are also cate-
gorized as either passive solar or active solar. Thermal
radiations are defined as electromagnetic emissions from
a sheet with a temperature greater than zero [34]. Viskant
and Grosh [35] noted that when considering the power
plants, hypersonic flights, cooling systems, and com-
bustion chambers, radiations became an important part.
Using Rosseland’s approximations, they addressed
thermal radiation impacts for the flow of Falkner-Skan.
Hayat et al. [36] portrayed the Ag-CuO/H,0 rotating
hybrid nanofluid flow in the existence of partial slip
radiation impacts. Hussain et al. [37] noted the non-
Newtonian fluid flow with radiation efficacy and time-
dependent viscosity. Li et al. [38] examined the radiation
impacts in the heat storage system by adding nano-
particles. Zeeshan et al. [39] investigated, due to entropy
generation, the impacts of electro-
magnetohydrodynamics radiative diminishing internal
energy of the pressure-driven dioxide-water titanium
nanofluid flow.

The non-Newtonian fluid is more naturalistic to consider
because of the rheological characteristics of physiological
and industrial fluids. There is no extensive model that can
describe the moving structure of all fluids due to the complex
behavior of non-Newtonian fluids. Thus, to study non-
Newtonian fluid flow characteristics, numerous models have
been developed. The Eyring-Powell model was obtained
from a liquid molecular hypothesis. And the inclusion of
additional analytical constants was further improved. It
accurately reflects the essence of Newtonian for low and high
shear values. For example, rubber melts, condensed liquids,
toiletries, cosmetics, and vegetable products are included in
these fluids [40]. Appropriate studies of Eyring-Powell fluid
may be mentioned in these articles [41-45].

This report is to narrate the specifications of radiative
mass and heat transfer enhancement and flow analysis of
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the molecular kinetic theory of liquid-initiated boundary
layer stagnation point nanofluid towards a vertical
stretched surface. The non-Newtonian nanofluid model is
manifested with the induced magnetic field, radiation
efficacy, combined convection, Brownian, and thermo-
phoresis diffusion. The flow field describes that, in the
form of partial differential equations, the laws of con-
servation of momentum are considered. By reducing the
number of independent variables by using the technique
of similarity transformation, these coupled equations are
then purified into the system of ordinary differential
equations. The results are interpreted by the MATLAB
bvp4c technique. Induced magnetic pattern near the wall
decreases, and far away, it increases with an increase in
the values of the reciprocal of the magnetic Prandtl
number. The concentration curve enhances when the
number of magnetic, stretching, and Prandtl character-
istics incline. This study of nanofluid is mainly applied in
heat transfer devices such as electrical cooling systems,
radiators, and heat exchangers.

2. Mathematical Formulations

Consider the incompressible, steady, two-dimensional (2D)
stagnant point flow under the assumption of the induced
magnetic field in the molecular kinetic theory of liquid-
initiated nanofluid and heat transport enhancement in the
existence of combined convection and radiation towards a
vertical stretched sheet as shown in Figure 1. The surface
stretching with velocity u,, (x) = dx and ambient velocity is
U, (x) = bx while the origin is fixed at O; see Figure 1.

Taken the Cartesian coordinate structure, the velocity of
liquid flow will change through x- and y-axes in a way that
x —axis is assumed vertically and y —axis is supposed
horizontally. The fundamental form of the kinetic molecular
postulate of liquid-originated nanofluid is [45]

B 1ol
T—[‘u+6?smh (Cly)]Al, (1)

= le(a)) L @)

where 6, ¢;, p, A}, and tr are fluid parameters, dynamic
viscosity, first Rivlin-Ericksen tensor, and trace, respectively.
Here, T is the extra stress tensor and
A = [(gradv)t +gradv]. We consider the second-order
approximation for sinh™' function as

1 . .3
sinh™! (—y) =¥ _ )/_3,
(o8] (o5} 6(;1
Then, equation (1) becomes
19
T=|u+—-—=|A,. (4)
[M de, 656?] :

Under these premises, the governing equations of this
particular investigation are as follows:

where
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Induced magnetic field

FIGURE 1: Geometry of the problem.

a—u+@—0 (5)
ox dy
OH, OH,
W_FW_O, (6)
ou  ou g, 0H, 0H, du,, uH,, dH,, 1 ]ou
u—+v———| H—+H,— | = uy - v+ — ==
ox 0y Amp; 0x oy dx  4mp, dx dcipy ] oy
1 ou\’o’u 1-C
__3(_) — +gﬂ(T—Tm) (7)
2‘Sc1l)f oy 9y P
Pp = Ptm
o)
Py
0H, 0H, ou ou ,0°H,
“lyyv— Ll _H-H,—=a""L 8
ox oy 'ox oy “ 0y’ &)
or or o1 (pe),[ acor (Dp\(oT\}] 1 [dg,
M—+V—:0C—2+ DBa_a_+ T_ a— - a— s (9)
ox 0y oy" (pey) L "oy 0y \Tew/\Oy) | (pe,) \Oy

aC aC ’C (D;\o'T
w2 p 2C (Pr) oL (10)
The above equations narrate the viscosity coefficient »,  magnetic field components along the x and y directions,

where (u, v) and (H,, H,) describe the velocity and  respectively, whereas u,, (x) = dx and H, (x) = xH,, are the



x velocity and y magnetic field at the edge of the boundary
layer and H, is the uniform value of the vertical magnetic
field at infinity.

The radiation heat flux is given by using Rosseland

approximation:
40" (oT*
4% ="\ =5 ) (11)
3k™ \ oy

where ¢*,k* are the Stefan-Boltzmann and the mean ab-
sorption coefficient, respectively, whereas via extending T*
about T, in Taylor’s series and ignoring the larger terms,
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Invoking similarity transformations are defined by

y = VdvxF (y),

_ ¢
y=1\»

oy
dy - dxF (y),

u

_ oy __
v=o = VAvE (),

4 3 4
T =473 T - 3T, (12) L <H0x>h'( |
Substituting equations (11) and (12) into (9), the heat ! L v (16)
equation takes the form
H, = () (2 )ny)
or or k O°T 2= W)\ )r”
uaﬂ/@:( : ) p
PEp) s 0¥ u=u,(x)=dx,
pe T (Dp\(oT\* 160°T2, (3'T x
el o (o) (e oo (7)) o
(Pcp)f oy 0y \T. /\Oy 3pc,k” \dy
T-T
(13) 6(y) = #
The relevant boundary conditions are v
C-
u=u,(x)=dx, - "o
(p()}) Cw - Coo
OH, . . .
v=0, 5, = 0, (14) The magnetized pressure is described as
’ ulHI
— 1
H,=0, T—T, aty—0, P=pr g 1
B (x) = b Equations (5) and (6) are satisfied identically. Equations
U= Uy, (X) = bX, (7), (8), (10), and (13)-(15) reduce to
H,=H,, (15)
T—T,, C-—C, aty— 00.
[1+e—em]F" + FF" —(F')" + 4" + B[ ()" = hh" = 1] + 1,0 = N, = 0, (18)
ah"" + Fh" — hE" =0, (19)
L (142R,)0" + 0'F + Nbg'®' + Nt (6) = 0 (20)
pr\ LT3R )0 +O'F+ Nbp'6' + t(6')" =0,
¢" + LePrFg' + Nigr - o, (21)
N,

with boundary conditions
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F=0,

F'=1,

=1,

”o (22)
h=0,

h" =0, aty-—0,

F' =y,

6=0,

ot (23)
W' =1, aty — co.

Here, prime denotes derivative for y and other di-
mensionless parameters are described as

A, = (1 — C)ﬁpfm (Tw B Too)g

! dzxpf ’
(Pp - me) (Cw - Coo)g
N, = s :
d"xpy
b 47° o* (Pcp) Dy (T, - Te,) y
n=—R;= o SNy = d , Pr=—,
d k kf (Pcp)fVToo o
pc D (Cw - Coo) K
n, - Fer)sls S VORI
(pCP)fv B (pCP)f
1 d’x? 7 o (112) X
£=——, my=—5, v=-, & = Re 7 =1/,
dcyp 2]y Ps Y v
H
=0 (24)
4d T[Pf

Physical quantities are very valuable from an engi-
neering point of view. These quantities reported the flow
behavior which is defined by local Nusselt number Nu,,
skin friction Cy, and local Sherwood number Sh, defi-
nitions as follows:

C,=_w
T
_ Xqw
Nu, = KT, -T.) (25)

x:DB(Cw_Coo),

where 7, represents the surface shear stress, g, denotes the
surface heat flux, and g,,, presents the surface mass flux for
fluid:

(e oL (o) ou
fw= |\ ¥ d¢; 68c3\ay) Joy|
y=0
* 3
RREC LN
oy 3k S

oC
=-Dgl—| .
q B[ay]y—o

Using invoking transformation equation (16), the di-
mensionless local Nusselt number, skin friction, and the
local Sherwood number become

C/Rel! = [(1 +af" (0= ).

X

4
Nu,Re;? = —[1 + ng]e’ (0), (27)

thRe;(m) =-¢'(0).

3. Results and Discussion

Coupled nonlinear differential equations (18)-(21) and their
boundary conditions (22) and (23) are numerically worked out
by employing the MATLAB scheme. This portion illustrates the
impact of nondimensional sundry characteristics on induced
magnetic, temperature, velocity, and concentration flow char-
acteristics numerically and graphically. Figure 2 portrays the
impact of 5 versus h' (y). It is noticeable that the induced
magnetic spectrum falls when increasing in #. Figure 3 des-
ignates the effects of «; on the induced magnetic pattern. Dual
behavior has been seen for a,, near the wall, it is getting down,
and far away, it moves upward. The field of h' (y) rises by
enhancing the amount of 8 in Figure 4. With larger values of
mixed convection characteristic, the flow of induced magnetic
expands as shown in Figure 5. Figures 6 and 7 demonstrate the
effect of Brownian and thermophoresis diffusion on the induced
magnetic field, respectively. When there is increase in the
amount of Brownian diffusion, the induced magnetic field
decreases, and the induced magnetic field increases by growing
quantity of thermophoresis. Figure 8 shows the consequence of
the Prandtl number on the induced magnetic curve, and profile
falls by a bigger amount of Prandtl. The impacts of thermal
radiation flux on the magnetic field are described in Figure 9.
The variation of 4’ (y) near the wall moves upward and very far
away it moves downward by increasing the amount of thermal
radiation. Figure 10 exhibits the outcome of the fluid parameter
on K’ (y)expands in the values of & which cause rise ink' (y).
Figure 11 exhibits the deviation of  on velocity curve. When
there is expansion in the amount of f3, then there is increase in
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FIGURE 2: Outcomes of 7 on ' ().
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FiGURE 3: Impacts of a; on h' (y).

velocity flow. Figure 12 portrays the effect of A, on the flow of
velocity. The diagram shows that the fluctuation shoots up by
increment in the mixed convection parameter. Nanofluid be-
haviour is shown by Brownian and thermophoretic charac-
teristics in in Figures 13 and 14. It is depicted that the contrary
attitude showed variation in velocity decline for Nb and incline
for Nt by enhancing the quantity of these parameters. Figure 15
investigates that the velocity graph expands if the fluid pa-
rameter ¢ rises. Figure 16 demonstrates that the field of velocity
shrinks by rising the amount of the reciprocal of the magnetic
Prandtl number. Figure 17 shows that when increasing
stretching parameter, the field of F' (y) enhances. Figures 18
and 19 show opposite behavior against the parameters of «; and
B, respectively. The temperature profile increases and decreases
against the characteristics ofor; and 3. Figure 20 explores the
impact of Lewis number on temperature distribution, 8 (y) rises

near the wall, and far away, it declines compared to Le. The
temperature reduction against the Brownian motion diffusion is
shown in Figure 21. Figure 22 describes that temperature sketch
grows by inclining the quantity of thermophoresis diffusion. It is
easily noticed that enlarging the amount of Prandtl number
causes the figure of temperature decline in Figure 23. Figure 24
depicts the influence of # on the temperature field. The am-
plitude of temperature diminishes when the size of the
stretching parameter boosts up. Figure 25 explores the influence
of radiation characteristics on temperature portraits; field en-
hances by rising the amount of radiation parameter.
Figure 26shows the influence of buoyancy ratio parameter on
temperature distribution field increases by increasing the
amount of buoyancy ratio parameter. The nanoparticle con-
centration field decreases if the reciprocal of the magnetic
Prandtl number rises in Figure 27. Figure 28 exhibits the
outcome of 3 on the concentration field. The figure of con-
centration inclines when the number of 8 grows. Figure 29
portrays the result of buoyancy ratio characteristics on nano-
particle concentration. It is easily observed that the field of
concentration reduces if the number of N, increases. Figures 30
and 31 define the matching outcomes on the concentration
profile. When the size of Pr and # expands, the nanoparticle
concentration grows. Streamlines graphs against the distinct
amount ofer, andeare shown in Figures 32-35. Table 1 shows the
impact of different characteristics on drag friction C;Rel’?.
The Nusselt number for noticeable amounts of R;, Nt, Nb, ¢, 1,
my, B, and « is analyzed and characterized in Table 2. Table 3
portrays the deviation of different amounts of parameters on the
local Sherwood number.

4. Concluding Remarks

We studied the molecular theory of liquid-originated
non-Newtonian nanofluids which are commonly used in
heat transfer devices such as heat exchangers, engine oils,
electrical cooling systems (such as flat plates), nuclear
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TasLE 1: Variation of C, (Re,)"? for distinct amounts of nondimensional parameters.
R, Nt Nb € Pr M my n N, Le B o Cy (Re,)1?

0.1 0.1 0.1 1 7 0.1 0.1 0.5 0.1 0.1 0.1 0.5 —-0.85974
0.3 —-0.87093
0.5 —0.88148
0.2 0.1 1 7 0.1 0.1 0.5 0.1 0.1 0.1 0.5 —-0.93303
0.1 0.3 -1.00570
0.5 —1.14835
0.1 0.2 1 7 0.1 0.1 0.5 0.1 0.1 0.1 0.5 —-0.82344
0.1 0.3 —-0.81182
0.4 —-0.80635
0.1 0.1 1.2 7 0.1 0.1 0.5 0.1 0.1 0.1 0.5 —-1.43201
0.1 1.3 —-1.40042
1.4 -1.37091
0.1 0.1 1 7 0.2 0.1 0.5 0.1 0.1 0.1 0.5 —-0.83200
0.1 0.3 —-0.80432
0.4 —-0.77670
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TasLE 1: Continued.
R, Nt Nb € Pr M m, n N, Le B o Cy (Re,)?
0.1 0.1 7 0.1 0.2 0.5 0.1 0.1 0.1 0.5 —0.84285
0.1 0.4 —0.84659
0.6 —-0.85046
0.1 0.1 7 0.1 0.1 0.5 0.1 0.1 0.2 0.5 —-0.66689
0.1 0.4 —-0.09788
0.6 0.68368
0.1 0.1 7 0.1 0.1 0.5 0.1 0.1 0.1 0.2 —-0.84019
0.1 0.4 —-0.85400
0.6 —-0.86503
TaBLE 2: Variation of Nu, (Re,)” */? for distinct amounts of nondimensional parameters.
R, Nt Nb € Pr A m, 7 N, Le B a Nu, (Re,)” 1/?
0.1 0.1 0.1 1 7 0.1 0.1 0.5 0.1 0.1 0.1 0.5 3.68235
0.3 3.46053
0.5 3.25753
0.2 0.1 1 7 0.1 0.1 0.5 0.1 0.1 0.1 0.5 2.10453
0.1 0.3 2.04608
0.5 1.91548
0.1 0.2 1 7 0.1 0.1 0.5 0.1 0.1 0.1 0.5 2.21832
0.1 0.3 2.27728
0.4 2.33814
0.1 0.1 1 9 0.1 0.1 0.5 0.1 0.1 0.1 0.5 2.46411
0.1 12 2.86748
15 3.22622
0.1 0.1 1 7 0.1 0.2 0.5 0.1 0.1 0.1 0.5 2.15845
0.1 0.4 2.15809
0.6 215774
0.1 0.1 1 7 0.1 0.1 0.5 0.1 0.1 0.2 0.5 2.18123
0.1 0.4 2.24457
0.6 2.32438
0.1 0.1 1 7 0.1 0.1 0.5 0.1 0.1 0.1 0.2 2.16042
0.1 0.4 2.15919
0.6 2.15807
TABLE 3: Variation of Sh, (Re,)” "/? for distinct amounts of nondimensional parameters.
R, Nt Nb € Pr M m, n N, Le B a Sh, (Re,)” 2
0.1 0.1 0.1 1 7 0.1 0.1 0.5 0.1 0.1 0.1 0.5 -1.93921
0.3 -2.20711
0.5 —2.43144
0.2 01 1 7 01 0.1 0.5 0.1 0.1 0.1 0.5 ~3.70463
0.1 0.3 ~5.34866
0.5 -8.21711
0.1 0.2 1 7 0.1 0.1 0.5 0.1 0.1 0.1 0.5 —-1.03388
0.1 0.3 —-0.73383
0.4 —-0.58575
01 0.1 1 9 01 01 0.5 0.1 0.1 0.1 0.5 ~2.21493
0.1 12 ~2.57936
15 ~2.90386
0.1 0.1 1 7 0.1 0.2 0.5 0.1 0.1 0.1 0.5 -1.93906
0.1 0.4 —-1.93874
0.6 —1.93842
0.1 01 1 7 0.1 0.1 0.5 0.1 0.1 0.2 0.5 ~1.95958
0.1 0.4 ~2.01667
0.6 ~2.08858
0.1 0.1 1 7 0.1 0.1 0.5 0.1 0.1 0.1 0.2 —1.94083
0.1 0.4 -1.93972
0.6 -1.93872
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reactors, biomedicine lubricants, and radiators. The key
points of observation in the recent analysis are as follows:

(i) Induced magnetic pattern near the wall declines, and
far away, it inclines when («,) intensifies. The var-
iation of i’ (y) field near the wall goes up and very far
away it decays when the size (R;) ascends.

(ii) 4’ (y) (nondimensionless induced magnetic func-
tion) falls, whereas (#), Brownian diffusion (Nb),
and Prandtl number (Pr) rise. The field k' (y)
expands by enhancing the amount of magnetic
parameter (f3), mixed convection (1;), thermo-
phoresis parameter (Nt), and fluid parameter (¢).
The variation of k' (y) profile near the wall moves
upward and very far away it moves down when the
size (R;) ascends.

(iii) The velocity amplitude expands by enlargement in the
amount of magnetic parameter (/3), mixed convection
(A,), thermophoresis parameter (Nt), fluid charac-
teristic (¢), and stretching parameter (#).F' (y) col-
lapses by Brownian motion (Nb) and («;).

(iv) The temperature spectrum increases when the values
of (ay), radiation parameter(R;), and buoyancy
ratio(N,) increases and decreases by Prandtl num-
ber, magnetic parameter (/3), Brownian motion dif-
fusion(Nb), and  stretching  parameter (7).
0(y)(nondimensional temperature function) rises
near the wall, and far away, it diminishes when there
is increase in the values of Le.

(v) The nanoparticle concentration portrait reduces if
the reciprocal of the magnetic Prandtl number
(a;) and (N,) rises. Concentration enlarges when
the number of (f), (Pr), and (#) grows.

(vi) Drag friction decays by the inclination in the values
of (R,), (Nt), (m,), and («;). When inclining the
amount of (Nb), (¢), (1,), and (f), drag force
expands.

(vii) Heat transfer rates are increased when there is an
increase in the values of (Nb), (Pr), and(f)and
decrease when there is an increase in the values of
(Ry), (Nt), (m,;), and(«a,).

(viil) Mass transfer rates diminish, for (R;), (Nt), (Pr),

and (f3), but increases by (Nb), (m,), and («,).

Abbreviations

a: Reciprocal of the magnetic Prandtl number (-)
u: Dynamic viscosity (Nsm™?)

k*: Mean absorption coefficient (—)

b: Body forces (Nm™?)

C: Nanoparticles concentration (kgm™?)
F: Dimensionless velocity function (-)
T: Temperature (-)

Nb: Brownian motion parameter (-)

Nu Local Nusselt number (-)

C,: Ambient fluid concentration (kgm™?)
T, Hot fluid temperature (K)
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(u,v): Velocity components (ms™!)

my: Fluid characteristic (-)

T Extra stress tensor (-)

& Fluid characteristics (-)

Sh,:  Local Sherwood number (—)

R Radiation parameter (—)

A Mixed convection parameter (—)

Py Density of the base fluid (kgm™?)
9wt Surface heat flux (-)
np: Nanoparticle (-)

o Thermal diffusivity (m?s™!)
oy Magnetic diffusivity (-)
0 Dimensionless heat transfer function (-)
y: Similarity variable (-)
p: Density (kgm™?)
B: Magnetic parameter (-)
tr: Trace (-)
C,:  Hot fluid concentration (kgm™?)
A Rivlin-Ericksen tensor (-)
Cp Skin friction coefficient (-)
Dy Brownian diffusion coefficient (m?s™!)
Dy: Thermophoresis diffusion coefficient (m?s™!)
g: Gravity acceleration (ms™?)
Le: Lewis number (-)
Nt: Thermophoresis parameter (-)
Re,:  Local Reynolds number (-)
o Stefan-Boltzmann constant (Wm™2K~%)
T.: Ambient temperature (K)
U, Stretching sheet velocity (ms™!)
u.:  External flow velocity (ms™!)
(x, y): Cartesian coordinate components ()
o: Fluid characteristics (—)
cq: Fluid parameter (-)
Pr: Prandtl number (-)
N.:  Buoyancy ratio characteristics (-)
Tyt Surface shear stress (—)
A Surface mass flux (-)
f: Base fluid (-)
n: Stretching parameter (-)
h: Dimensionless magnetic function (—)
@: Dimensionless concentration
function (-)
Pyt The density of the nanoparticles (kgm™?).
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To study the heterogeneous nature of lifetimes of certain mechanical or engineering processes, a mixture model of some suitable
lifetime distributions may be more appropriate and appealing as compared to simple models. This paper considers a mixture of the
Marshall-Olkin extended Weibull distribution for efficient modeling of failure, survival, and COVID-19 data under classical and
Bayesian perspectives based on type-II censored data. We derive several properties of the new distribution such as moments,
incomplete moments, mean deviation, average lifetime, mean residual lifetime, Rényi entropy, Shannon entropy, and order
statistics of the proposed distribution. Maximum likelihood and Bayes procedure are used to derive both point and interval
estimates of the parameters involved in the model. Bayes estimators of the unknown parameters of the model are obtained under
symmetric (squared error) and asymmetric (linear exponential (LINEX)) loss functions using gamma priors for both the shape
and the scale parameters. Furthermore, approximate confidence intervals and Bayes credible intervals (CIs) are also obtained.
Monte Carlo simulation study is carried out to assess the performance of the maximum likelihood estimators and Bayes estimators
with respect to their estimated risk. The flexibility and importance of the proposed distribution are illustrated by means of four
real datasets.

1. Introduction

In the history of statistics, the use of finite mixture models is
very old. They were particularly used to model population
heterogeneity, generalize distributional assumptions, clus-
tering and classification, etc. The concept of the finite
mixture distribution was pioneered by Newcomb [1] for
modeling outliers. Eight years later, Pearson [2] considered a
mixture of two univariate Gaussian distributions to estimate
the parameters of the model using the method of moments
(MOM) to analyze a dataset containing ratios of the forehead
to body lengths for 1,000 crabs. Since then, several authors
have studied finite mixture models under different scenarios.
Mendenhall and Hader [3] considered exponentially

distributed failure time distributions based on censored
lifetime data to estimate the model parameters using the
maximum likelihood method. In their study, they divided
the failure population into two subpopulations, each rep-
resenting a different cause or type of failure. Radhakrishna
et al. [4] considered both moment and maximum likelihood
estimators of the unknown parameters of a two-component
mixture of generalized gamma distribution. Ahmed et al. [5]
obtained approximate Bayes estimators for parameters of the
mixture of two Weibull distributions under type-II cen-
soring. Al-Hussaini et al. [6] applied both maximum like-
lihood and Bayes estimation methods on a two-component
mixture of the Gompertz distribution based on type-I and
type-II censoring. Jaheen [7] adopted both maximum
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likelihood and Bayesian approach to discuss the problem of
estimating the parameters using the finite mixture of two
exponential distributions based on record statistics. Shawky
and Bakoban [8] adopted both maximum likelihood and
Bayesian approach to estimate the parameters of the model,
reliability, and failure rate functions of two-component fi-
nite mixtures of exponentiated gamma distribution. Abu-
Zinadah [9] used maximum likelihood and Bayes estimation
methods to estimate the parameters, reliability, and hazard
functions of a mixture of exponentiated Pareto and expo-
nential distribution under complete and type-II censoring
schemes. Prakash [10] adopted the Bayes method to estimate
the parameters from the mixture of two Weibull distribu-
tions based on informative and noninformative priors.
Zhang et al. [11] proposed a mixture Weibull proportional
hazard model to predict the failure of a mechanical system
with multiple failure modes. They estimated the mixed
model parameters by combining historical lifetime and
monitoring data of all failure modes. ALgfary [12] intro-
duced the finite mixture of two exponentiated Kumar-
aswamy (MEKum) distributions and obtained the
maximum likelihood estimates for the vector of the pa-
rameters of the MEKum distribution. Adham and ALgfary
[13] adopted the Bayesian approach to estimate the vector of
parameters of the finite mixture of two-component expo-
nentiated Kumaraswamy distribution. They also obtained
Bayesian predictive density functions of future observations
from the MEKum distribution. Ateya and Al Khald [14]
studied the finite mixture of truncated generalized Cauchy
distribution based on type-I, type-1I, and progressively type-
II censored samples. Aslam et al. [15] studied the three-
component mixture of exponential, Rayleigh, Pareto, and
Burr type-XII distributions in relation to reliability analysis.
Tahir et al. [16] studied the properties of the three-com-
ponent mixture of Rayleigh distributions based on doubly
censored lifetime data. Kalantan and Alrewely [17] studied
the two-component Laplace mixture model and obtained the
estimates of the parameters using maximum likelihood and
method of moments. Recently, Tahir et al. [18] also studied
the three-component mixture of exponential distributions
from the Bayesian perspective based on type-II doubly
censoring sampling scheme. Kharazmi et al. [19] studied the
2-component mixture of Topp-Leone distribution and
obtained classical and Bayes estimators based on the com-
plete sample and the references cited therein.

Wide applicability of mixture modeling motivates us to
develop a two-component mixture of Marshall-Olkin ex-
tended Weibull distribution for efficient modeling of
breaking stress of carbon fibers, survival times in days of 72
guinea pigs infected datasets, survival times in weeks of 33
patients suffering from acute myelogenous leukemia, and
COVID-19 data belonging to Canada of 36 days. In this
article, the primary objective of the paper is twofold. First,
we obtain maximum likelihood estimators and corre-
sponding approximate confidence intervals (CIs) of the
unknown parameters of the 2-component mixture of the
Marshall-Olkin extended Weibull (MOEW) distribution for
type-II censored data. Next, we consider the Bayes esti-
mation method. The Bayes estimators have been derived and

Mathematical Problems in Engineering

evaluated under the assumption of two loss functions using
independent gamma priors. Symmetric 100(1 - 7)% two-
sided Bayes credible intervals are also obtained, and they are
compared with classical Cls. To the best of our knowledge,
the 2-component mixture of the MOEW distribution is not
discussed before using the aforementioned methods of es-
timation. Through this paper, we purport to provide some
guidelines on selecting the best estimator that may be of
significant interest to applied statisticians/practitioners/
engineers.

The organization of this paper is as follows. The de-
scription of the model along with basic properties is reported
in Section 2. We use the maximum likelihood estimation
method based on type-II censoring as a part of frequentist
methodology for parameter estimation in Section 3. We have
also taken into account approximate Cls in the same section.
In Section 4, we have derived the Bayes estimators of the
unknown parameters of the model under squared error loss
(SEL) and linear exponential (LINEX) loss functions using
gamma priors for both scale and shape parameters. We have
also obtained two-sided Bayes probability intervals in the
same section. The simulation study is carried out in Section
5. For illustrative purposes, four real datasets are analyzed in
Section 6. Finally, concluding remarks are presented in
Section 7.

2. Model Description

The probability density function (pdf) of the Marshal-
1-Olkin extended Weibull distribution (MOEW) for a
random variable X is defined by (see Ghitany et al. [20] and
Zhang and Xie [21])

_ _ 0
argxt e M

2’
( 1-ae™ >

where @ = 1 — g, and the cumulative distribution function
(cdf) of the distribution is

f(x) = x>0,a,1,0>0, (1)

—Ax?

1-
F(x) = —
1-ae

x>0. (2)

The hazard rate function of MOEW takes the form

20x 1

— x?
1-ae ™

h(x) = x>0. (3)

A density function for the mixture of two components’
densities with mixing proportions (p;, j =1,2) is

2
g(x) =) p;fi(x), wheref;(x)
i=1 (4)
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where p; are the mixing proportions, satisfying the con-
ditions Y2 i1 Pj=1and p;>0; all of them are unknowns,

and the pdf is plotted in Figure 1. The cdf for the mixture
model is

2
G(x) =) piF;(x), (5)
j=1

where

A
Fi(x)= w (6)

The reliability function for the mixture model is
2
x) =) piR;(x), (7)
=1

where
Ri(x)=1- 3t (8)

Due to exponentiation of each component by a positive
integer, the model is so flexible that shows different shapes of
hazard rate function (hrf) of the mixture which is given by

2
H(x) =) p;h;(x),
j=1

fAS g )
<1 —&&“) —<1 —Relfx9j><l - e_Aj"gj).

3. General Properties of the
MOEW Distribution

9)
a0.rx%! _Ax]<1 Relfx]>

hi(x) =

3.1. Moments. The ™ moment of a finite mixture of the 2-
component MOEW distribution is given by

3 -2
‘urzzpjtufzj P1“19)Lx9“ ! Jll(l—ale’hxg])
j=1

0 -2
+ J (1- pl)oczez)tzxeﬁr*le*lz(l - 626A2x62>
0

ARG NS
=D Cmr(0)]

()

%) 2
(10)

3
where p, = (1 - p)).
When r=1, the mean is given by
1+0,
ul = b [)L (- /1)( 1/9)r< ; )]
1
(11)

The moment-generating function of the mixture MOEW
distribution is given by

Uy (t) = j:o etxfj (x)dx

(ple A, x5 e h" /(x1> +< (1- pl)Gzlzxeze_A‘xgz/(xz)

2
X

(12)

3.2. Incomplete Moments. The ™ incomplete moment of a
finite mixture of the 2-component mixture distribution is
given by

T.(2) = E(x') = j " f(x)dx = Zp] J ¥ f (x)dx

2
=2 Pt
=1
(13)
where T fo r f (x)dx is the 7t 1ncomplete moment of
the j* ] component so that the '™ incomplete moment of a

finite mixture of the 2-component MOEW distribution is
given by

d z =1 — <0\ 72
T,(2) = ij = J pro 0,4, x 7! M(l et >
=1

) -2

! J (1- Pl)“zez)‘zxezﬂ_l@_b(l - RzeA2x92> dx.
0

(14)

The first incomplete moment of a finite mixture of the 2-
component MOEW distribution is given by

: ‘ ) PR
T, (2) = ij#ﬂ = Jo pra 04 x e 1<1 —ae’ )
i1

z -2
: J (1 - Pl)“zez/\zxgzef/h(l - 32€A2X92> dx.
0
(15)

3.3. Mean Deviations. The mean deviations of the random
variable X about the mean, y, and the median, M, are given,
respectively, by
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— cl
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FiGure 1: pdf of the two-component mixture of the Marshall-Olkin extended Weibull distribution for different values of the parameters,
wherecl = (a1 =2,01 =3,A1=1,02=2,02=3,A2=1,p; =0.4),c2=(al = 1,01 =511 =2,02=2,02=3,A2=5,p, =0.3),and ¢c3 =

(a1l =1,01 =5A1=2,a2=4,02=3,12=5,p, =0.2).

51 = J Ix = ulf (x,, \, 6)dx,
g (16)
52 = J Ix = M| f (x, & A, 6)dx,

(6]

lx —ul f (x, a1, 0)dx,
0

|
|

[
0 1

a0, (x) e h®
. |x—[l| pl 17*1¥1

(0 \2
<1_ ocle Al(x)l>

0
a A6, (x) e MO

+(1=py)]

where 01 = p;01; + (1 —Ogl)(?lj and 62 = p;62; + (1-p;)

1 0\ 2
(1— oc_lefl‘(")l)

(o)

0,-1 -1, (x)%
a A 0, (x)" e ™
|x — M| 1416, (%)
0

0\ 2
(1— ae Mx)l)

The median follows from the nonlinear equation
F(x,a,A,0) = 1/2. So, these quantities reduce to

o |

1

O01F (x, a, A, 0)2uF (x, o, A, 0) — 2T'1 (p),

(18)
82 = y - 2T1(M),

62j ggnce 61]- =1, Ix—ylfj(x,(xj,/\j,ej)dx and
62; = [ 1x = M|f;(x,a; A}, 0,)dx.
B,—1 -\, (x)%
-+ (1-py) k6, (0" e 5 dx
\ (17)
1,0, (x)ez_ ek @°
(1 — Oc_ze”lz (x)% )2 '
0,—1 -1, ()%
+(1-p){ 2B e dx.

(B2 \2
<1— ae AZ(X)Z)

where T1(z) is the first incomplete moment of X obtained
from (15),

81; = 2uF;(x, 5,1, 0;) - 2T1 (),

82; :yj—ZTl(Mj),

(19)
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where

] - h
=2 p|—— &
1-ae™

1-— e,,\zxgz (20)
+((1-py) —— 2T1 (@),

81 = u - 2T1(M).

3.4. Average Lifetime and Mean Residual Lifetime Functions.
The average lifetime is given by

m(xg, &, A, 0) = E(X — x| X > x4, &, A, 0)

_ ro (X —x0)f (x, @, (k+1)A,6)
B (X: X—xo)

Pr[X > x]

dx

)
=y,

- J [1 - F(x a1, 0)]dx,
(> |- M
=], [11p T—ge " (21)
—,x%2
1 — 2
+(1-p1) [e_m} Hdﬁ
1 —oe ™"
The application of mean residual lifetime can be seen in

the paper of Guess and Proschan [22]. The mean residual
lifetime is given by

(e[l [ yf G+ vt 6)dy

1

1— e b l1-e )
=|:1_{P1|: — 91:|+(1_p1)|: — 92:|}:| (22)
1 - ae1™ 1 - a,e™

Then, m (x,, a,A,0) — E(X)asx, — 0.

3.5. Rényi Entropy. The Rényi entropy of X with pdf (4) is
given by

Hy (x) =

) 1,0, (xo + y)gr e (02"

2
(1- a—zeﬂz(w%)

+(1-p

HS (x) = — slog(L flraroidx), (23

1_
where S € (0,1)U (1, 00).

It is difficult to obtain H% (x) in the closed form for a
finite mixture of the 2-component MOEW distribution.

3.6. Shannon Entropy. The Shannon entropy of X is given by
H,(x) = E . {-log(f (x,a,A,0))}. (25)
Thus, from (4), we can get the log-likelihood function as
log[fj(x, ajhjs Hj)] = log((xj)tj) + log[ijgfl] —/\jxef
-2 log{l —a;- exp[—)tjxef]}.
(26)

Thus, the above equation can be rewritten as

N
1 © o), 8 ()7 e b " 1,0, (x)% e 1"
Tglo8 J P (- p){ A dx |- (24)
0 (1 - aeh® l) (1 — wmeh®) 2)

H,(x) = —log{P[(ocl/\l) + 2E[10g{1 - CXP[_AleI]H
B0 )} A E()] gl
+ 2E[log{1 -, - eXp[—Azxez]}]

~ B, {log(6,x% )} + L, E(x")]}.
(27)

3.7. Distribution of Order Statistics. The pdf of the r order
statistic for a random sample xi,x,,xs,...,x, from the
MOEW distribution with pdf and cdf given in equations (1)
and (2), respectively, is given by



n!

_ r—1 _ n-r
Fen®) = i OF O L= FOOIT

(28)

where

3 n-r A n—r .
[1—F<X)]”’=Z<—1)'( 1- )[F(X)]'. (29)
i=0

n!

frn (%) = (n—r)!.(r )

n—r

3 -1y P
i=0

Mathematical Problems in Engineering

The ™ order statistics for a finite mixture of the 2-
component MOEW distribution can be obtained by
substituting equations (4) and (6) into (28); thus, we have

-1
01 A xh i\
oA 0,x" e M (l—e 1 )

+i+1
(1 ~ @ ) (30)

-1
0,1 a2 S \
o, 0,x 7 e (1—@ X )

+|(1-p1)

3.8. Maximum Likelihood Estimation Based on Type-II
Censoring. Here, we discuss the maximum likelihood esti-
mates of the unknown parameters of the 2-component
mixture of the MOEW distributions. In a life testing ex-
periment, n items from the above mixture model are
employed to test and get terminated when a preassigned
number of items, say r (<n), have failed. The samples ob-
tained from such an experiment are called failure-censored

r+i+l
— - 0,
(1— ae >

samples or type-II censored samples. In the failure-censored
case, data comprise the lifetime of the r items that have failed
(say x, <x, < -+- <x,), and the remaining (n — r) items have
survived beyond x, with the assumption that the lifetime
distribution of the items is independent and identically
distributed MOEW distribution; the likelihood function for
the type-II censoring scheme can be written as

L(6},05, 41, A, ay, o, py] x) o H fi(x)R; (xr)(n_r)

i=1

r

i
i=1

r 12 0\~ 2
(1= py) Oy [ [ e <1 -(1- Ocz)e_Azxfz)

i=1

0 (n—r)
0\-2 (1—67)”’1)-
) |-

oyt T 0,-1 A" - x
=ploAa | | x" e 1'(1—(1—061)6 1%

(1 -(1- ocl)e*)‘l"rsl) (31)

<1 - e"‘z’cf2 ) (r=n)

) (1 -(1- az)e‘hxfz)
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The corresponding log-likelihood function can be
written as

¢=log L=rlog p,+rlog0, +rlogA, +rlog «,

#(0, - 1) Ylog x, =4y Y x =2 Y log(1- (1-a)e ™)
i=1 i=1 i=1

(1 —e_Ale]>
5 +7log(l-p,)+rlog 0,
(1—(1—a1)e 1’”) (32)

+(n—r)log|l -

+rlog A, + 1 log a, + (6, — I)ZIOg X;
i1

6

-, foz -2 Zlog(l —(1-a,)e ™ ) +(n-r)log|l -
i=1 =1

<1 - e_Az"?2 )

(1 -(1- (xz)e_lzxfz> '

The resulting normal equations are

L ( )‘“gl<1 (1-a,) _“91>,2
r ~ Ayt n—r)e " —(1—ay)e ™
aa—gzi_zz ¢ o\ T o, : 2 4 (33)
%% i:1<1—(1—(x1)e%lxi > [1 —((1—67}“}(’ )/(1—(1—@1)67)“3" ))]
2 >\~ 2

o  r r e—Azfo (n—r)e_lz"f (1—(1—a2)e”2x5>
_:__ZZ ¥ , (34)
o, « Ay —L,x Ayx

2 " i:1<1—(1—(xz)e 2’“f) [1—((1—e w )/<1—(1—cx2)e 2 ))]

ot r . . 6,
8—91=6—1+Zlog x,»—)LIin log x;

i=1 i=1

o
—Axt
i

& (1 - aq)Alog xxe

o1 61 6\ 2
((Xlllllog xrxfle—/hx,- <1 _ (1 _ al)e—hxr )/(1 _ (1 _ al)e—/\lx, ) )
)

+2 1 -(n-r ] - ,
5 ) (R Ty
(35)
a€ r " " 0
= 1 | 2] .
aez 62 +; 0g X; 2 ;X, 0g X;

6
—Ayx;

62 0, 0\ 2
(oclezlog x,xPe M <1 C(1-a)e >/<1 S (1- a)et ) >

[1—((1—e_Azxfz)/<1—(l—az)e_kzx?))] ’

(36)

= (1 - ay)),log x;xe

i=1 (1 -(1- az)e%z*)

-(n-r)
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el e T (e (T )

0, —21,x2
%:L_erz_z L1 - ay)xre RN

i=1 i=1 (1 -(1- az)e*/\zxfb)

[1—((1—6_’\“?1)/(1—(l—al)e_)tlx?))] ,

(n— ")(xfzebxfz [(1 -(1- az)e””‘fz) +(1- a2)<1 el )]/(1 C(1- ay)e >2> (38)

o _r 7
op, p l1-p;

The MLEs of ® = (ay,a,,6,,60,,4;,4,)and p; can be
obtained by solving equations (32)-(39) simultaneously.
Since explicit solutions cannot be obtained from the above
equations, thus, we propose to use a suitable numerical
technique to solve these seven nonlinear equations; however,
one may use Newton-Raphson to solve these equations. This
can be routinely done using R packages.

3.9. Approximate Confidence Intervals. In this section, under
the normality property of MLEs of the parameters
D = (a),0,,0,,0,,A,A,, p;), we obtain the asymptotic
confidence interval. The asymptotic distribution of the MLE
D is (O - D) —> N(0,I" ' (D)), see Lawless [23], where
I~ (®), the inverse of the observed information matrix of
the unknown parameters D = (a),0a,5,0,,0,,A,A,, py), is
171 ((D) = [(azf/aq)z)] (0‘1’0‘2’0,1’62:/\1»Az»Pl):(5‘1)5‘2’?1’92)11’%’1’;1). .

The above approach is used to derive approximate
100(1 — 7)% con e intervals of the parameters @ of the
forms éiz(r,z)\;var(Q), where z () is the upper (7/2)®
percentile of the standard normal distribution.

[ 1 e_Alel 1
rarar T L 0,-1 A x 2, xM -2
ﬂ(d)lg)oc (n-ryp,@Na Xt <1_(1_“1)e 1%; ) 1-

i=1

+(n-r)(1-p) A0, | | x
i-1

i

Marginal distributions of ® can be obtained by inte-
grating with respect to the nuisance parameters. Next, we

2 [ <1 - e—)tzxfz> ] b
6 [ -
forlghox? (1 -(1- ocz)e_lzxfz) 1- &

[1—((1—e_Azxf2>/<l—(l—ocz)e_)‘zxfz»] ’

(39)

4. Bayesian Estimation Using the Gamma
Prior Distribution

In this section, the Bayes estimates of the model parameters
are obtained under the assumption that the random vari-
ables ® have independent gamma prior distributions (see

Dey et al.  [24-26]) with  hyperparameters
arand b,k =1,2,3,4,5,6,7, and are given by
b
f(®ia,b) = Lo et @0, (40)
Fak

where @ = (a;, Gj,)tj, p;)- By multiplying (31) with (40), the
joint posterior density for the vector of parameters ® given
the data becomes

(@] x) o< L(x]|P) f (D; ay, by). (41)

Thus,

(1 -(1- ocl)e*)“xf1 )_

(42)

(1-(-ae) T

Q% le— b, ®

consider the loss function that will be used to derive the
estimators from the marginal posterior distributions.
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4.1. Bayes Estimators of the Vector of Parameters ®. In this
section, we derive the Bayes estimators of the model pa-
rameters under symmetric as well asymmetric loss functions.
A much known symmetric loss function is the squared error
loss (SEL) function which is defined as

L(®-®) = (D - D)~ (43)

The popularity of this loss function is due to its rela-
tionship to least squares theory; it also makes the calcula-
tions simpler. Under the SELF in (43), the Bayes estimates of
any function @ = (a;,0;,1;, p;) canbe derived as

By = E(Df) = A= m’zj (@ — DY (0] x)dD.  (44)
[0

All the above integrals have no closed form; so, we
employ the numerical method to estimate the parameters. A
useful asymmetric loss function, known as LINEX loss
function, was introduced by Varian [27] and widely used by
several authors (see Zellner [28] and Pandey and Rai [29]).
We noticed that the LINEX loss function does not perform
well for the estimation of the scale parameter in the whole
parametric space, but performs well for a certain specified
value of ®@. Basu and Ebrahimi [30] also suggested that the
LINEX loss function is proper for the location parameter,
and it appears not to be suitable for the estimation of the
scale parameter. The linear exponential (LINEX) is an
asymmetric loss function defined as

L®-D)=@® P _y(@-d)-1. (45)
Under the LINEX loss function, the Bayes estimators of
any function @ = (a;,0;,4;, p) can be written as

Dy npx = E(D|t) = L}(ev(@_é) — (D - D) - 1>n(®| x)do.
(46)

All the above integrals have no closed form. So, they are
solved by the analytical method.

4.2. Credible Intervals. In this section, a symmetric 100 (1 —
)% two-sided Bayes probability interval estimate of @,
denoted by [Lg,, Ugl, is obtained by satisfying the following
expression:

U(t

p[L(t)<D<U(t)] = L((E‘)) (6, A t)dD =1~ .

(47)

Since it is difficult to find the interval Ly and Uy, an-
alytically, thus, we apply suitable numerical techniques to
solve this nonlinear equation.

5. Simulation Study and Comparisons

Here, we have carried out Monte Carlo simulation study to
assess the performance of the maximum likelihood esti-
mators and Bayes estimators with respect to their estimated
risk. Here, for the simulation study, we have considered the
parameter values as a; = (1.9,5),a, = (2,4),0, = (1.3,4),
0, = (1.6,3),1, = (1,2.5),A, = (1.3,3.5), and p, = (0.5,

0.6) and different values of the mixing proportion. We set
sample sizes n =20, 40, and 80.

Probabilistic mixing is used here to generate the mixture
data. For each observation, a random number u is generated
from the uniform (0, 1) distribution. If u < p;, the obser-
vation is taken randomly from F; (the MOEW distribution
with parameters a,,0,, and A,); otherwise, from F, (the
MOEW distribution with parameters a,,0,, and 1,). The
choice of the censoring failure is made in such a way that the
censoring rate of the resultant sample is approximately 10%.
To implement censored samplings, the observations
X115+ -> %y, and x5, . . ., X, oOf failed items come from first
and second subpopulations, respectively. The rest of the
observations, which are greater than x,, and x,,, have been
assumed to be censored from each component.

The simulated datasets have been obtained using the
following steps:

Step 1: generate a uniform random number u corre-
sponding to each observation

Step 2:if u < p,, take the observation x;, . . ., x;,,; from
the first subpopulation; otherwise, from the second

subpopulation x,;, ..., %,

Step 3: determine the test termination points on the
right, that is, x,

Step 4: the observations which are greater than x, have
been considered to be censored from each component
(type-1I censoring)

To avoid an extreme sample, we simulate 5000 datasets
each of size n. The abbreviations used in the tables are es-
timate, estimated risk, and length of Cls based on the
maximum likelihood method, Bayes estimates based on the
squared loss function, and Bayes estimates based on the
LINEX loss function. The Bayes estimates, estimated risk,
and length of the confidence interval are computed using R
package. These results are reported in Table 1. We assume
that the prior distributions follow gamma distribution with
hyperparameters aipandb, k=1,2,3,4,5,6,7,
(a;,b)) = (1.3,1.8), (a,,b,) = (2.1,1.7), (a3, b;) =
(2.3,2.5), (a4, b,) = (1.6,2.2), (a5, bs) = (0.7,2.3),

(aq, bg) = (2.7,0.8), (a;,b;) = (1.9,2.4).

From Table 1, we observe that, as sample size increases,
estimated values of the parameters converge to the true
values, and Bayes posterior risk tends to decrease. We also
observe that, as sample size increases, the length of the
classical confidence interval and Bayes credible interval
decreases. It is to be noted that the Bayes estimates perform
better than maximum likelihood estimates. In comparison of
loss functions, the squared loss function provides better
results than the LINEX loss function.

6. Real Data Analysis

In this section, we use four real-life datasets to illustrate the
importance and flexibility of the MMOEW distribution. We
compare the fits of the new MMOEW distribution with
some other competitive models, such as Weibull (W),
exponentiated Weibull (EW), exponentiated exponential
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TaBLE 1: The estimate, estimated risk, and length of the interval, Bayes method based on the squared loss function, and Bayes method based
on the LINEX function when the prior distribution is gamma at different sample sizes.

n 20 40 80
MLEs
Parameter ~ Estimate Estlmated Length  Estimate Estlmated Length Estimate Estlmated Length
risk risk risk
" 2.2266962 0.45522293  1.7844411 1.9255029  0.26150688  1.0250881  1.7196975  0.17338100 0.679611
! 5.4480750 0.74643451  2.9259695 4.8738022 0.4519073 1.7714444  4.6622334  0.29481590  1.1556571
» 2.6050691 0.4696128  1.8408485 2.3622973  0.32997054  1.2934608  2.1965263 0.2134274 0.8366198
2 4.9593311 0.74254833  2.9107360 4.6106123 0.4359577 1.7089228  4.4158906  0.28053577  1.0996800
9 2.1842048 0.78639415  3.2410730 1.8386415 0.3436788 1.3471963  1.7059249  0.18937750  0.7423461
! 4.8291733 1.51823446  5.9513697 4.1635412 0.7380715 2.8931873  3.8762212  0.40641529  1.5931187
0 2.2241709 0.8904526  3.5851222 1.9410834  0.4002303 1.5688740  1.8120731  0.23350051  0.9153052
2 4.5922180 1.32300762  5.1860946 4.1184271 0.7396291 2.8992929  3.8127630  0.39210727  1.5370323
1 1.78123132 0.51279547  2.0599757 1.7370224 0.327979 1.2856868  1.7424558  0.22229935  0.8713974
! 4.1672100 1.27710513  5.0061601 3.7528999 0.7512598 2.9448842  3.3100211  0.44260320  1.7349727
1 1.6369791 0.56717175  2.2361035 1.4859141 0.3043238 1.1929277  1.3966339  0.18769952  0.7357686
2 5.0407180 1.56241461  6.1245527 4.3449870  0.8754458 3.4316845  3.8052724  0.51894037  2.0342089
0.4997187 0.07901453  0.309731 0.4993052 0.0558837 0.2190601 0.994209 0.03951937  0.1549131
P 0.4797218 0.07900847  0.3097075 0.5003156 0.0558811 0.2190499  0.5000605  0.03952083  0.1549188
Bayes estimates based on the squared loss function
» 2.1729181 0.004552293 0.9784551 1.08645905 0.00227611  0.48922755 0.543229525 0.001138055 0.244613775
! 4.980901 0.05829461  1.9342585 2.4904505 0.0291473 0.9671291 1.245225 0.014574 0.483565
" 2.056629 0.4696128  1.1297355 1.0283145  0.2348064  0.56486775  0.514157 0.117403 0.282434
2 4.5283112 0.07326548  2.4938260 2.2641556  0.03663274 1.246913 1.132078 0.018316 0.623457
9 1.7043984  0.092688415 2.3864156 0.8521992 0.0463442075 1.1932078 0.4261 0.023172 0.596604
! 4.1261944  0.0692846326 2.5368135 2.0630972  0.03464231  1.2684065 1.031549 0.017321 0.634203
0 2.1368209 0.0845269  2.1851222 1.06841045  0.0422636 1.0925611 0.534205 0.021132 0.546281
2 43123180  0.032300762 1.9860946 2.1561599  0.01615036  0.9930473 1.07808 0.008075 0.496524
1 1.2926875 0.051279547 2.0599757 0.64634375 0.02563897 1.02998785  0.323172 0.012819 0.514994
! 3.9683190 0.49710513  3.0061601 0.9841595 1.9841595  1.50308005 0.99208 0.099208 0.75154
1 1.4398321 0.06717175  2.2361035 0.71991605 0.71991605  1.1180515 0.359958 0.359958 0.559026
2 4.28437120 1.56241461 0.9245527 2.1421856  0.014021856 0.46227635  1.071093 0.007011 0.231138
0.4991957857  0.07901453  0.6309731 0.24959785 0.03495978  0.31548655  0.124799 0.0124799 0.157743
h 0.6389978 0.07900847  0.0309792 0.3194989  0.02194989  0.0154896 0.159749 0.019749 0.007745
Bayes estimates based on the LINEX function
» 2.272918 0.104552 1.078455  1.186459 0.102276 0.589228 0.64323 0.101138 0.344614
! 5.080901 0.158295 2.034259  2.590451 0.129147 1.067129 1.345225 0.114574 0.583565
" 2.156629 0.569613 1.229736  1.128315 0.334806 0.664868 0.614157 0.217403 0.382434
2 4.628311 0.173265 2.593826  2.364156 0.136633 1.346913 1.232078 0.118316 0.723457
0 1.804398 0.192688 2.486416  0.952199 0.146344 1.293208 0.5261 0.123172 0.696604
! 4.226194 0.169285 2.636814  2.163097 0.134642 1.368407 1.131549 0.117321 0.734203
0 2.236821 0.184527 2.285122 1.16841 0.142264 1.192561 0.634205 0.121132 0.646281
2 4.412318 0.132301 2.086095 2.25616 0.11615 1.093047 1.17808 0.108075 0.596524
1 1.392688 0.15128 2.159976  0.746344 0.125639 1.129988 0.423172 0.112819 0.614994
! 4.068319 0.597105 3.10616 1.08416 2.08416 1.60308 1.09208 0.199208 0.85154
1 1.539832 0.167172 2.336104  0.819916 0.819916 1.218052 0.459958 0.459958 0.659026
2 4.384371 1.662415 1.024553  2.242186 0.114022 0.562276 1.171093 0.107011 0.331138
0.599196 0.179015 0.730973  0.349598 0.13496 0.415487 0.224799 0.11248 0.257743
P 0.738998 0.179008 0.130979  0.419499 0.12195 0.11549 0.259749 0.119749 0.107745

(EE), Marshall-Olkin Weibull (MOW), and Marshall-Olkin
extended Weibull (MOEW) distributions. The comparisons
are done based on some measures of goodness of fit, namely,
the maximized log-likelihood under the model (—¢), Akaike
information criterion (AIC), Bayesian information criterion
(BIC), Hannan-Quinn information criterion (HQIC),
consistent Akaike information criterion (CAIC), and Kol-
mogorov-Smirnov (KS) statistic with its p value (PV). We
observe that all the distributions in Tables 2-5 show a
reasonably good fit for the given four datasets. The plots of

empirical and fitted cdfs (Figures 2-5) also support the
results in Tables 2-5. However, according to the cited sta-
tistics, the MMOEW model fits dataset II better than the
other models.

Dataset I: the first dataset consists of 100 observations of
breaking stress of carbon fibers. This dataset is obtained from
Nichols and Padgett [31]. These data are stated as follows:
0.98, 5.56, 5.08, 0.39, 1.57, 3.19, 4.90, 2.93, 2.85, 2.77, 2.76,
1.73, 2.48, 3.68, 1.08, 3.22, 3.75, 3.22, 3.70, 2.74, 2.73, 2.50,
3.60, 3.11, 3.27, 2.87, 1.47, 3.11, 4.42, 2.40, 3.15, 2.67, 3.31,
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TaBLE 2: Comparison among MMOEW, EW, MOEW, Weibull, EE, and MOW based on MLEs, the measures AIC, BIC, HQIC, CAIC, and
KS, and p value for real data I.

Estimates - AIC BIC HQIC CAIC KS p value

2.93

0.62

0.06

0.39 80.13 174.26 192.49 181.64 183.38 0.09 0.3730
0.88

0.71

0.93

2.40

1.49 141.69 289.39 297.20 292.55 293.29 0.06 0.84
0.38

2.60

1.81 142.12 290.24 298.06 293.41 294.15 0.12 0.1282
0.08

2.81

1.33 142.08 290.15 297.97 293.32 294.06 0.05 0.9684
0.36

3.00

0.34

12.81

1.16

)
o
=

Distribution

[

MMOEW

[N )

SHR >R D

[N

EW

MOEW

MOW

Weibull 142.03 288.05 293.26 290.16 290.66 0.05 0.9604

EE 150.48 304.96 310.17 307.07 307.57 0.08 0.5089

SR SO TDEHR DEHR D EHR DI

TaBLE 3: Comparison among MMOEW, EW, MOEW, Weibull, EE, and MOW based on MLEs, the measures AIC, BIC, HQIC, CAIC, and
KS, and p value for real data II.

Distribution Par. Estimates —£ AIC BIC HQIC CAIC KS p value

3.07
0.51
0.15
1.02 90.91 195.82 211.75 202.16 203.78 0.07 0.8695
2.54
0.33
0.78
1.55
1.79 104.70 215.40 222.23 218.12 218.81 0.09 0.6466
0.69
1.86
1.72 111.13 228.27 235.10 230.98 231.68 0.09 0.5932
0.40
2.40
0.46 107.47 220.94 227.77 223.66 224.36 0.09 0.5301
0.42
2.11
0.52
5.04
1.33

[ty

MMOEW

[N AN

SR SO D

N

EW

MOEW

MOW

Weibull 111.12 226.24 230.79 228.05 228.52 0.08 0.6951

EE 102.46 208.92 213.47 210.73 211.19 0.07 0.8247

R DR IR DR DT

TasLE 4: Comparison among MMOEW, EW, MOEW, Weibull, EE, and MOW based on MLEs, the measures AIC, BIC, HQIC, CAIC, and
KS, and p value for real data III.

Distribution Par. Estimates - AIC BIC HQIC CAIC KS p value
6, 3.34
& 1.04
A 0.26

MMOEW 0, 0.53 108.74 231.48 241.95 237.82 236.72 0.15 0.4473
&, 3.22
A, 0.28
p 0.02
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TaBLE 4: Continued.

Distribution

g
o
=1

Estimates

AIC

BIC HQIC CAIC KS

p value

EwW

MOEW

MOW

Weibull

EE

SHRV PR R R D

0.58
1.27
0.04
0.71
0.73
0.07
0.63
1.41
0.04
0.67
0.03
0.58
0.02

154.20

154.09

154.20

154.10

153.93

314.41

314.17

314.39

312.20

311.85

318.90 315.92 316.6524 0.089

318.66 315.68 316.42 0.20

318.88 315.90 316.64 0.10

315.19 313.21 313.69 0.09

314.85 312.86 313.35 0.15

0.9546

0.1588

0.8945

0.9474

0.4131

TaBLE 5: Comparison among MMOEW, EW, MOEW, Weibull, EE, and MOW based on MLEs, the measures AIC, BIC, HQIC, CAIC, and
KS, and p value for real data IV.

Distribution

Par.

Estimates

-

AIC

BIC HQIC CAIC KS

p value

MMOEW

EwW

MOEW

MOW

Weibull

==

)

S DS D
S <

DR IR ISR DI,

4.92
1.26
0.002
2.68
2.88
1.59
0.93
5.19
0.88
0.29
5.57
0.49
0.0006
6.53
0.27
0.25
4.86
0.29

—-61.62

—-72.34

—68.33

—-75.96

—68.32

137.24

150.68

142.66

157.92

140.64

148.32 141.11 142.78 0.09

155.43 152.34 153.06 0.09

147.41 144.31 145.03 0.11

162.67 159.57 160.29 0.08

142.22 141.74 142.22 0.09

0.9144

0.8747

0.8012

0.9614

0.8893

cdf

First dataset

--— Weibull

FIGURE 2: Empirical and fitted cdfs for the breaking stress data for
MMOEW, MOEW, EW, Weibull, EE, and MOW distributions.

cdf

T T T T T T

0 1 2 3 4 5
Second dataset

—— MMOEW -~ — Weibull

--- MOEW --- EE

...... EW __ MOW

FiGure 3: Empirical and fitted cdfs for survival times in days of 72
guinea pigs infected with virulent tubercle bacilli for MMOEW,

MOEW, EW, Weibull, EE, and MOW distributions.
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cdf

0 50 100 150
Third dataset

— MMOEW -~ Weibull

--- MOEW --- EE

- EW MOW

FiGure 4: Empirical and fitted cdfs for survival times of 33 patients
suffering from acute myelogenous leukemia for MMOEW,
MOEW, EW, Weibull, EE, and MOW distributions.

cdf

— MMOEW -—-— Weibull
--- MOEW — MOW
... EW

Figure 5: Empirical and fitted cdfs for the COVID-19 data be-
longing to Canada of 36 days for MMOEW, MOEW, EW, Weibull,
EE, and MOW distributions.

2.81, 2.56, 2.17, 491, 1.59, 1.18, 2.48, 2.03, 1.69, 2.43, 3.39,
3.56, 2.83, 3.68, 2.00, 3.51, 0.85, 1.61, 3.28, 2.95, 2.81, 3.15,
1.92, 1.84, 1.22, 2.17, 1.61, 2.12, 3.09, 2.97, 4.20, 2.35, 1.41,
1.59, 1.12, 1.69, 2.79, 1.89, 1.87, 3.39, 3.33, 2.55, 3.68, 3.19,
1.71, 1.25, 4.70, 2.88, 2.96, 2.55, 2.59, 2.97, 1.57, 2.17, 4.38,
2.03, 2.82, 2.53, 3.31, 2.38, 1.36, 0.81, 1.17, 1.84, 1.80, 2.05,
and 3.65.

Dataset II: the second dataset consists of survival times in
days of 72 guinea pigs infected with virulent tubercle bacilli.
This dataset is taken from Bjerkedal [32]. These data are
illustrated as follows: 0.1, 0.33, 0.44, 0.56, 0.59, 0.72, 0.74,

13

0.77,0.92,0.93,0.96, 1, 1, 1.02, 1.05, 1.07, 07, 1.08, 1.08, 1.08,
1.09,1.12,1.13, 1.15, 1.16, 1.2, 1.21, 1.22, 1.22, 1.24, 1.3, 1.34,
1.36, 1.39, 1.44, 1.46, 1.53, 1.59, 1.6, 1.63, 1.63, 1.68, 1.71,
1.72, 1.76, 1.83, 1.95, 1.96, 1.97, 2.02, 2.13, 2.15, 2.16, 2.22,
2.3,2.31,2.4,2.45,2.51, 2.53, 2.54, 2.54, 2.78, 2.93, 3.27, 3.42,
3.47, 3.61, 4.02, 4.32, 4.58, and 5.55.

Dataset III: the third dataset consists of the survival times
in weeks of 33 patients suffering from acute myelogenous
leukemia. This dataset is taken from Mahmoudi [33]. These
data are illustrated as follows: 65, 156, 100, 134, 16, 108, 121,
4, 39, 143, 56, 26, 22, 1, 1, 5, 65, 56, 65, 17,7, 16, 22, 3,4, 2, 3,
8, 4, 3, 30, 4, and 43.

Dataset IV: the fourth dataset consists of drought
mortality rate. The data represent COVID-19 data belonging
to Canada of 36 days from 10 April to 15 May, 2020 (see the
link https://covid19.who.int/). The data are as follows:
3.1091, 3.3825, 3.1444, 3.2135, 2.4946, 3.5146, 4.9274, 3.3769,
6.8686, 3.0914, 4.9378, 3.1091, 3.2823, 3.8594, 4.0480, 4.1685,
3.6426, 3.2110, 2.8636, 3.2218, 2.9078, 3.6346, 2.7957, 4.2781,
4.2202, 1.5157, 2.6029, 3.3592, 2.8349, 3.1348, 2.5261, 1.5806,
2.7704, 2.1901, 2.4141, and 1.9048.

7. Concluding Remarks

In this paper, we have introduced a two-component mixture
model based on Marshall-Olkin extended Weibull distri-
butions. Maximum likelihood and Bayes methods of esti-
mation have been used to estimate the parameters of the
mixture model. The numerical evidence shows that Bayes
estimates perform better than the maximum likelihood
estimates. Our simulated results follow the consistency
property. The length of Bayes credible intervals is shorter
than classical ones. From the simulation study, we may
conclude that the Bayesian estimation has an advantage
because of its small posterior risks as compared to the MLE
method. If we compare the estimates with respect to loss
functions, SELF performs better as compared to the LINEX
loss function. Finally, for precise estimation of the unknown
parameters of the Marshall-Olkin extended Weibull mixture
model, Bayes method of estimation is preferable over
maximum likelihood estimation, especially when the suit-
able prior information of the unknown parameters is
available. The contents of the study may be useful in different
fields where lifetime models are used for analysis of more
than one causal factor of failure and where the data are type-
II censored. The scope of this study may also be extended to
other censoring schemes as well as for more than two-
component mixture models.
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Statistics are mathematical tools applying scientific investigations, such as engineering and medical and biological analyses.
However, statistical methods are often improved. Nowadays, statisticians try to find an accurate way to solve a problem. One of
these problems is estimation parameters, which can be expressed as an inverse problem when independent variables are highly
correlated. This paper’s significant goal is to interpret the parameter estimates of double generalized Rayleigh distribution in a
regression model using a wavelet basis. It is difficult to use the standard version of the regression methods in practical terms, which
is obtained using the likelihood. Since a noise level usually makes the result of estimation unstable, multicollinearity leads to
various estimates. This kind of problem estimates that features of the truth are complicated. So it is reasonable to use a mixed
method that combines a fully Bayesian approach and a wavelet basis. The usual rule for wavelet approaches is to choose a wavelet
basis, where it helps to compute the wavelet coeflicients, and then, these coeflicients are used to remove Gaussian noise. Re-
covering data is typically calculated by inverting the wavelet coefficients. Some wavelet bases have been considered, which provide
a shift-invariant wavelet transform, simultaneously providing improvements in smoothness, in recovering, and in squared-error
performance. The proposed method uses combining a penalized maximum likelihood approach, a penalty term, and wavelet tools.
In this paper, real data are involved and modeled using double generalized Rayleigh distributions, as they are used to estimate the
wavelet coefficients of the sample using numerical tools. In practical applications, wavelet approaches are recommended. They
reduce noise levels. This process may be useful since the noise level is often corrupted in real data, as a significant cause of most
numerical estimation problems. A simulation investigation is studied using the MCMC tool to estimate the underlying features as
an essential task statistics.

1. Introduction

Parameters’ estimation, to provide an interpreted model, is
often the biggest challenge in statistics since data might
contain noise, blur, or both. These kinds of problems were
found in science, geophysics, engineering, and medicine.
This kind of situation received much attention from re-
searchers over the past decade. In practical applications, the
biggest challenge in estimating the unknown parameters is
that real data usually contain white noise. Hence, using a
pretreatment may reduce noise, where it might provide a
suitable fit. More precisely, it is used in the statistical ap-
proaches of data corrupted with white noise arising from the
collocation of equipment. There are two types of statistical
tools that are usually involved in processing the data. The

first one is data pretreatment, which is applied to reduce the
independent variable’s correlation or noise level. The second
is model calibration, which can be related to using Bayesian
and wavelet methods. Hence, the key issues can be presented
as working with many unknown features compared to the
number of observations and then an ill-posed or ill-con-
ditioned order in the model; that is, the maximum likelihood
estimation is unsuitable for estimating underlying param-
eters. The widespread problem is to study real data collected
by magnetometer or voltage reading, which are usually
highly correlated. This process is needed since the sample’s
measured spectral characteristics may have noise levels and
blur. Statistically, several established methods can be ap-
plied, such as classical thresholding approaches. Early work
for studying this procedure can be found in [1, 2] who
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introduced a new tool for removing noise (see [3, 4] for
explicit motivation). Bayesian approaches were studied
using different probability distributions in many fields over
the last century. A common practice would be to perform
exponential [5], and others were applied to various density
distributions. For example, the authors in [6] studied the
exponential distribution and estimated their parameters,
whereas those in [7] employed the Weibull distribution to
estimate the parameters using censored data. Also, the
authors in [8] studied the Rayleigh distribution using
consorted data. Hence, the idea of this article is to combine
Bayesian and wavelet methods for estimating underlying
parameters. Wavelets can be powerful mathematical tools
applied to reduce the impact of multicollinearity problems.
Wavelet basis can be explained as a special complicated level
of the Fourier transform. However, the main reason for
using wavelet approaches is that it is easy to choose between
different wavelet bases. Many summaries were written about
this topic by several authors. For example, Mallat [9] states
that a probability density function of wavelet coefficients is
notably peaked and centered around at zero. Also, the al-
gorithm of discrete wavelet transform can be found in [10].
In wavelet, the stationary basis is recommended for the
reconstruction (see [11] for more details). Then, the wavelets
have received many comments from scientists, while several
authors analyzed some real-statistical applications (see [12]
for a direct result). Different approaches to the use of the
wavelet can be found in [13]. Considerable details about
wavelets can found in [14]. The central concept of the
Bayesian approach is using the construction of theory.
However, when the rules are built carefully, the model
provides a good fit afterward as the estimation process. There
are several papers on Bayesian methods (see [15] who
studied Bayesian approaches in the wavelet domain).
Wavelet via Bayesian approaches can be studied in many
articles, such as in [16]. More details about the combination
of Bayesian and wavelet can be studied in [17]. Besides, using
the MCMC algorithm is extracting a sample at each run of
simulation from the rule. The posterior rule is more com-
plicated for an analytic solution. The easy type of MCMC is
in [18], which can be implemented to extract notation. More
details about the MCMC tool can be studied in [19-21].
Moreover, the estimation of the unknown parameters of the
double generalized Rayleigh DGRay (y;, x;, 1) distributions
is proposed to provide a new tool, where # =0,1,...,j—1
for some indexes 7. In practical terms, this type of inves-
tigation is sometimes called the “level-dependent” models
since the distribution parameters are estimated for each level
j» especially when the measurable characteristics are as-
sumed under two or more different conditions. For example,
some wavelet coeflicients have defects that are close to be
around zero, whereas wavelet coefficients without defects
may take a form far from zero. Consider the linear inverse
problem defined by

x=0+¢ (1)

with observed measurement x,., = {X

ii=1,...,n}, the
vector of the unknown parameters 6,., = {6;:

bl bl
i=1,...,n},
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and errors ¢,,,.,. Furthermore, ¢ ~ N, (0, 6I,,), the noise level
is usually assumed to be independent and identically dis-
tributed normally random, and #n = 27. Consider the un-
known parameters © defined by

0%P = ke, (2)

where K is an orthonormal matrix containing the wavelet
basis. Hence, the unknown parameters ® can be defined by
their discrete wavelet transform
%P = {67,,67: j=0,1,...,7-1,1=0,1,...,n—1},
and the stationary transform is used in this article. So the
number of wavelet coefficients and observations is equal.
Also, the wavelet coefficients of the observed data x are
defined by

X%,D — eg,D + 0, (3)

where x%P is the set of the wavelet coefficients of x and
@%P ¢ Ris also the set of @, where o ~ N, (0, 0%I,,). Level-
dependent models play a significant role in wavelet appli-
cations—this procedure allows us to investigate the value of
unknown parameters at each resolution j of wavelet coef-
ficients. There are numerous methods for specifying values
of unknown parameters of the double generalized Rayleigh
distributions. Moreover, the MCMC algorithms are
implemented to investigate the unknown parameters from
complicated or nonstandard posterior distributions [22]. In
statistics, there are many tools that can be applied to estimate
parameters, such as EM and MCMC algorithms. In this
article, two types of methods are supposed; the first one is the
posterior mean (PM), and the second is maximum a pos-
teriori (MAP).

Figure 1 illustrates the shape of the double Rayleigh
distribution for different values of y. It can be seen that as
y — 0, the density double Rayleigh approaches infinity,
and this type of distribution can be used to fit the density of
the empirical wavelet coefficients. More precisely, the
wavelet coefficients are nearby the zero, which is found using
the double generalized Rayleigh distribution with y = 0 and
0<x<0.5. In the other words, the density double Rayleigh
approaches infinity as x approaches zero when « € (0,0.5]
and y = 0, which is equivalent to the summary of Mallat.
This article is structured as follows: introduction to the
double generalized Rayleigh distribution is explained in
Section 2. All technical arguments are referred to in Sections
3 and 4. Numerical work confirming their features and
simulation study to investigate estimation properties is
provided in Sections 5 and 6. Section 7 gives the result of the
proposed rule to real data. The final summary and con-
clusions are presented in Section 8.

2. Double Generalized Rayleigh Distribution

The generalized Rayleigh DGRay (y;, x,A;) distribution was
proposed by Aykroyd et al. as a generalized distribution.
They showed the properties of the model, such as cumulative
and survivor functions. Also, Aykroyd et al. [23] showed that
the generalized Rayleigh distribution works well to fit data.
They also used the Bayesian approaches to estimate
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unknown parameters of the generalized Rayleigh distribu-
tion. In this paper, a double generalized Rayleigh distri-
bution will be used to model the wavelet coeflicients,

equivalent to the dens1ty of the wavelet coeflicients. Let
single wavelet coefficient 6 ;1 at the level j be the probability
density function (pdf) glven by

Ak _ A 61,)12—);‘ Kj
ey e ALt
D
(8l xj07;) = (4)
0, oW,
where |.| is the absolute value. The cumulative distribution
tunction (cdf) is defined by
A (07 -y;)"
1—exp{ J( 5 )/]) }, 9?l>\/y_,
D K,
F(03.x;,7;) = A6 - ;)" o0 (%)
exp i~ , <~ T
| 0, O.W.
The survivor function (sf) is given by
eXP‘{— ( > ]) } 9?1>\/Y—j’
NCIISDES MO -] o (6)
1—-expq-— 3 > U< - \/527,
o, oW,
and the failure function (hrf) is given by
( D2 K= 1
A5 = v;)" 61> ;.
D 2 Ki=1 2 K;
W6k y;) = (A 2|00 =) exp{HA,( ~v,)"12)} e (7)
PR 5 %, s 0 <Vj»
1-exp{4,(057 - v;)"12)}
| 0, o.w,
where y;>0,x;>0 and A;>0. In some indexes,
J = log,(n). The parameters A; and «; are shape



parameters, and y; is a location parameter. Setting y; =0
and «; =1 in (4)-(6), the results of the standard of the
double Rayleigh distribution with parameter A ; are obtained.

3. Bayesian Approach

In statistics, Bayesian tools play important roles, where the
approach has two keys. The first one is the likelihood,
concocted between observation and unknown parameters,
say p(x|(), where ( and x are sets of underlying parameters
and observations, respectively. The second key is the prior
distribution, say p({), and then the combining posterior
distribution. Assuming the link between the model of x and
the unknown of wavelet coefficients (K7®P),

N TR TR Y
) <11(5:7)
exp{ LS (- (x0%) ) } ®)
i=1

D
x,® cR"0>0,

p(@Dlx,/\jfl, . ~~’/10’Kj—1’~"’K0)

Myisrg)s s p(67 Mgr )
< [oo] & s -('e) |
i=1 i=1

2 6D2 K1
X exp{——] (97°11) ]»---x)lﬁ”;cg"

= p(leT(-)D)p(GQ1

2

whereny_,,...,n, are the size of the coefficients at each level
7 —1,...,0. Hence, the value of x; is suggested as 0 < x; < 0.5.
The main reason for choosing the double generalized Rayleigh
is that as the value of y; — 0 and 16> 1l — 0, the proposed
distribution approaches infinity, which is followed by the
saying of Mallat about the interpretation of the wavelet co-
efficients distribution. Clearly, equation (12) can be used to
estimate  the  unknown  parameters ©FP  given
XAg 55 h Kz g5, K, and then these unknown pa-
rameters can be employed to describe the reconstruction.
Hence, the unknown parameters are made up of one set, say
with (= {9?0,9?0,6?1,.. N/ PR
Kg_1>---»> Ko, T}, and then, the previous form (12) becomes

(21’)”/2/\”;] Ng1 ng,

]1 K1 H'QD 11| 95211 Kj -1

6 x(622)"! exP{ _
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where ¢? is the variance of data and can be assumed by

p(azlr) =T exp{—wz},

using equation (2) and the marginal likelihood given by

p(x16.1) = [~ p(x16.0)p(o*I7)do’

7>0, (9)

(10)

V2t

= Texp{—\/z_'r lx — 0]}

The result of the previous integration can be found in
[24]. The equivalent likelihood is defined by

9-T1(57)

i=1

p(xle@”,

exp{—\/Z_‘r i'xi —

TG)D)1,| ]», x,®° c R"; ¢>0.

(11)

In addition, the posterior distribution for ®" given x is

h) 6D2 Ko
M}, x,-,@fl € R;(/\j_l,...,/\O,Kf_l,...,zco)>0, >0,
(12)
pIx) o< p(xI)p(() = p(xIK O, w)p(©”)p(w)p (1),
(13)
where @% = {0?0,9 =0,1,...,7-1,1=0,1,...,n—

17 and suppose that w = {T, A, k} at the level j. Aykroyd et al.
considered gamma prior density for A and « with hyperprior
parameters (o, 3;) and (a,, 5,). Also, gamma distribution is
proposed for 7 with hyperparameters (a5, 35), with density
function
plwla;, p;) =

a )ﬁ“w“ Yexp{-Biw}, (&, p)>0,i=1,2,3.

(14)
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Then, the posterior density of the single value of 8", ., with
parameters 7, A;, and «; at the level j, given the data x, is
given by
T oD
p(xil(K°0°), T)p (Mp(4;)p(x;)
p(@ll,r,/l le) =
Joo [ [ Jop(xi(K70°), 7)p (0)p(3;)p(x;)dx;dA,d65)
D T oD D (15)
(O, 1 d s 1, Ak s alx) o p(xIKT @, T)p(1)p(67 ). ..
xp(67)p(As-) - P (o)p(k5m1) - P (Ko):
and the joint posterior density given data, x, can be written
as
p(@D,T,)tj,l, Y P Ky qoenes K0|X)
nl2_nta;—19ng7 140 7 -1 Motag=1 ng a3 7 —1 ny+azo—1
. )" IH;T LAy ‘ K - ‘.KO §
2 r(“l,n)ﬁl,n (“2,;—1)[;2,}11 . ~r(“z,o)ﬁzféor(%,jq)53,;:1 e F(%,o) 30
2Ky )
{{ Aj 1 Ao Kgy )} ijirl A (60.)"
exp o ‘ 11' expy ————F—
Bin ﬂzf 1 Bro Bsga /330 i 2
D D\ 2Ky~ 1 A (GD)ZKO n L T D D
|9 | 9 " exp Hexp -V2r Z'xi—(K C) )l' , x,-,Gj’leR;(/\j,l,...,/\O,Kj,l,...,KO)>O, g>0.
i=1
(16)
The hyperprior parameters 7, with different degrees of smoothness. However, the Haar
K= {Kl KK K } and  basis is a simple version of the wavelet transform. Moreover,
J- o KigsKy 7155 Ky s . o
B ~ there are several established wavelet families demonstrated
B = {ﬂl)j,l, v BrosBogots e 7/32,0} can be fixed, as follows:

let the expectation and variance of w; at resolution j, say t; ;

and r; ;, where i = 1,2, 3. By solving the following equations
E(w]-) =a; ;B a7
Var(w].) = “Ajﬁip i=1,2,3,

the corresponding hyperprior parameters can be defined as
j= =t; i/rijand B =1/t .

4. Stationary Approaches

The vital task in the wavelet approaches is to choose a basis.
For more details, the interpretation of the wavelet basis is to
start with two functions. The first one is scaling or father
function ¢, where the main task of this function is to
compute the scaling coefficients. The other is a wavelet or
mother function y, where it can be used to calculate the
wavelet coefficients. Several wavelet bases are now available

(see [25-29] for details). Stationary wavelet transforms
(SWTs) attracted much attention for many applications over
the last few years. In particular, the classical stationary
wavelet transform was introduced in [30], while the authors
in [31, 32] applied at that time as the maximal overlap for
discrete wavelet.

In 1995, Nason extended the discrete wavelet and
recalled it as the “stationary.” In the same year, Ronald and
David [33] proposed a new tool: stationary wavelet coeffi-
cients and is sometimes referred to as “cycle spinning.” In
general, the SWT can be described as “fills in the gaps”
between the decimated wavelet coefficients; that is, there is
no missing computation between two different values of
wavelet coefficients. Nason stated that this leads to an over-
determined redundancy of the original data (see the below
example for more explanation). The producer gives a shift-
invariant removing noisy tool, which simultaneously shows
improvements in reconstruction quality (see Ronald and



David). For example, of the SWT, the Haar wavelet is applied
to the data x = {x;, x,, x5, x,}. The first and second sets of
the scaling and detail coefficients can be computed:

AN ,
V2 V2
2 2
iz | [T
2 2
0 — == 0
2 2 X,
9?’1: X >
0 o V2 V2|
2 2
_x4_
2 2
V2o, V2
) 2 J
-3 5 ,
V2o V2
2 2
_GC_
1,0
2 2
o Y2 V2|
2 2 o7,
Gg’,— X ,
C
2 2 0
V2o V2 12
2 2 &~
_1’3_
2 2
0 V2o, V2
L 2 2..
-3 5 .
V2o V2
2 2
_9C_
1,0
2 2
o Y2 V2|
2 2 o7,
ef):l: X ]
’ C
VEE ]|
2 2
C
_91,3_
2 2
0 V2, V2
L 2 2
SN -
V22
2 2
2 -2
=
00 = x| 2|, (18)
V2 -2 X3
0 0 5 5 lu
-2 2
V2, V2
L 2 2

where GEI, HOCJ, 9? 1> and 63 | are the matrices of transform at
level j = {0, 1}, respectively. Hence, the number N of van-
ishing moments decreases. This implicates that the
smoothness of the corresponding shape decreases. In this
paper, Daubechies father function ¢ and mother y with N =

Mathematical Problems in Engineering

8 vanishing moments are used to provide a smooth
reconstruction.

The plotting procedure for the stationary wavelet
transform is shown in Figure 2. It can be seen that each level
j has the same number of wavelet coefficients. Figure 3
shows the scaling and wavelet functions for Daubechies with
N = 8 vanishing moments. Table 1 shows the wavelet co-
efficients for Daubechies compact, phase N = 8. Here, we
present the idea of Daubechies, omitting some technical
details.

5. Numerical Methods

The goal of the Bayesian computation is to extract a posterior
sample for some unknown parameters {. However, com-
putational statistics can be explained as inverse problems.
Some tools can be used to make the estimation more effi-
cient. They include the standard version of the MCMC al-
gorithms, Metropolis-Hastings tools, to extract a random
sample from the posterior rule p ({|x) in (16). The procedure
of the technique for parameter estimation, through the
MCMC approach, can be found in [34]; for more infor-
mation, see [35,36] and more recent works such as [37].
Figure 4 shows the diagram of the procedure of the
proposed methods, where the procedure starts with data,
which is corrupted by noise. The data are transformed to
wavelet coefficients, which are used to estimate the unknown
wavelet coefficients using the suggested method, and then,
the underlying signal is calculated by inverting the esti-
mation of wavelet coefficients. The main idea of the MCMC
algorithms is that the parameter can take at any valued point
in the parameter space (), say (; is the value yoint. Then, at
each step, MCMC creates values, say {},(;,...,{]. Each
single parameter updates separately in the order that the
MCMC algorithms depend on a random walk. More pre-
cisely, the general framework of the tool is defined as follows:

(i) Starting with an initial value for ®“P = 0 and for
each level j=0,1,..., 271 that is, for parameters,
0 0 0
let @ = {k$, &%, .. k3,1, B, B - B ).
(ii) For times k=1,...,K.

(1) Generate a new value w*=w""'+¢ where

e~ N(0, cﬁf}l). Hence, the current value of the prior
parameters is proposed with a variance parameter for
each resolution j, which is chosen to obtain an ac-
ceptable convergence rate.

(2) Compute the posterior distribution in (16).

Fors =1,2,...,n, thatis, for each wavelet coeflicient Gf -

P = g1 4 g,

(a) Generate a new wavelet coefficient 6" = 6}

where ¢ ~ N (0, céfj‘l .
(b) Again, compute the posterior distribution in (16).
(c) Generate u ~ U (0, 1).
(d) When a({*| ¢%) = min{1, (p (67,67, -,07 ...

gl
]_1’,1_1)A]_1).”,Aj,..., 0 K
K" %)/ p (62,67 625
j_l,...fgj’...’ 0 p 0,0},(71’0,..., ],l

Lo 07 oAy o A
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FIGURE 1: Typical data (points) derived from the generalized Rayleigh distribution (dashed line) along with different values of y, while
k=0.5and A = 10.
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FIGURE 2: Graphical depiction of the stationary wavelet transform. The first row depicts the data, the second row indicates the wavelet
coeflicients, and the third shows the correspondence to the detailed wavelets. h; and g; are high- and low-pass quadrature mirror filters.
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FIGURE 3: Plots of the father ¢ and mother y wavelets with N = 8 vanishing moments.

Lo g Kgogsenns K1 Kk)) > u,  accept  the Hence, all parameters are generated from the Gaussian
proposal and set Gf ;= Of " and w’]? = wj; else, GJD ) =  distribution, while the current amount of the parameter is

Gf *~! and w’; = w’]?‘l. the expectation of the normal distribution with updating
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TaBLE 1: Orthogonal Daubechies coefficients for filter number 8.

l 0 1 2 3 4

hy 0.0544158422 0.3128715909 0.6756307363 0.5853546837 —-0.0158291053
) 5 6 7 8 9

hy —0.2840155430 0.0004724846 0.1287474266 —-0.0173693010 —-0.0440882539
1 10 11 12 13 14

Iy 0.0139810279 0.0087460940 —0.0048703530 —0.0003917404 0.0006754494
1 15 16 17 18 19

h —-0.0001174768 0 0 0 0

Observation
Wavelet transform
XxG&D Wavelet coefficients

Parameters estimation

éC,D

Estimation of wavelet
coefficients

Invert wavelet transform

Estimation of signal

FIGURE 4: Diagram showing the structure of the suggested methods.

variance, which is based on the acceptance rate. It is essential
to realize to pick up a random value around the current
value, that is, both low and high, with variances c( chosen to
depend on an acceptance rate. More precisely, choosmg any
valued point w in the parameter space is accepted. The
authors in [38] stated determining value is between 20% and
30% for an acceptance rate. Hence, we considered the fol-
lowing gamma prior density for the variance of noise o2,
where the starting point is computed from the finest level of

the wavelet coeflicients, @?_1) (see Nason).

Once the sample is collected from the posterior rule, the
posterior mean for { can be calculated by

- 1 .
(=(= Z &, (19)
K-M k=M+1
and also, the posterior variance can be calculated by
1 K

e I GE 20)

k=M+1

where K and M are the number of run and burn-in, re-
spectively. Hence, there is an enormous method to compute
the estimate point and interval. For the MAP rule, the
previous procedure is changed into a simulated annealing

process of Geman and Geman; this process can answer more
quickly than the posterior mean. More accuratel Ly, the MAP
estimate is chosen as the final iteration fy,p = 9 In other
words, sample mean and variance can not be computed. The
maximum a posteriori estimator (MAP) is defined as

Coap = arg ?1aXP((|X)K’ (21)

where K indicates the final iteration of the run of the MCMC
algorithms.

6. Simulation

The investigation of the proposed rule is considered. Then,
the results are compared to some established wavelet-based
methods. The authors in [39] introduced four test signals:
bumps, Doppler, heavisine, and blocks. Moreover, these
functions were corrupted by the independent Gaussian noise
N, (0,1,63). Different sizes are studied to investigate the
proposed method’s performance, which is n = 64 and 128,
where the four test functions were simulated. Also, various
wavelet bases were used: Daubechies with N = 8 applied for
the test functions heavisine, Doppler, and bumps, while
Haar basis was used for blocks. The starting level was j, = 3,
as recommended in [40]. The average mean squared-error
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TABLE 2: The results of the simulation based on different methods.
Signal o BAYES.THR ABWS BAMS SWTMAP SWTPM
0.1 7.8638 0.0168 0.0144 0.0183 0.0124
Block 0.4 8.8873 0.1615 0.0756 0.0470 0.0446
0.8 9.9290 0.6249 0.3282 0.0498 0.0512
0.1 4.0397 0.0142 0.0467 0.0202 0.0144
Doppler 0.4 4,0528 0.1600 0.2326 0.0612 0.0581
0.8 44217 0.6146 0.6219 0.0834 0.0707
0.1 0.1215 0.0192 0.0197 0.0146 0.0115
Heavisine 0.4 0.2981 0.1541 0.3688 0.0344 0.0375
0.8 0.5775 0.6227 0.6369 0.0642 0.0718
0.1 10.6644 0.0135 0.0110 0.0018 0.0026
Bumps 0.4 10.8529 0.3605 0.0865 0.0210 0.0281
0.8 11.5967 0.6120 0.3033 0.0684 0.0674
0.1 7.874 0.0151 0.0134 0.0092 0.0120
Block 0.4 8.8243 0.1585 0.1615 0.0427 0.0482
0.8 9.9474 0.6196 0.5358 0.0447 0.0594
0.1 1.2554 0.0105 0.0218 0.0198 0.0113
Doppler 0.4 1.3098 0.1575 0.1440 0.0420 0.0431
0.8 1.7197 0.6317 0.4826 0.0861 0.0682
0.1 0.0541 0.0097 0.0191 0.0128 0.0146
Heavisine 0.4 0.1404 0.1572 0.3324 0.0317 0.0370
0.8 0.3421 0.6324 0.6257 0.0506 0.0500
0.1 16.9746 0.0102 0.0159 0.0014 0.0084
Bumps 0.4 17.2119 0.1592 0.0989 0.0207 0.0276
0.8 17.6878 0.6350 0.3713 0.0674 0.0650

(AMSE) evaluated the results of the estimation, which is
defined as

1 v 2
AMSE =~ 3 > (6,,-6,) (22)

=

where N and K are the numbers of the data and the runs of
the MCMC algorithms. Moreover, the results from the
proposed method are denoted by 6, ;,i =1,...,N at k-th
run of MCMC algorithms.

The proposed estimators were compared to various
methods, such as the Bayesian wavelet thresholding
(BAYES.THR) method of Abramovich and Silverman, the
ABWS rule of Chipman, Kolaczyk, and McCulloch, and the
BAMS rule of Vidakovic and Ruggeri. Table 2 shows the results
of the simulation when decimated and the nonstationary
wavelet were used. It shows the result of AMSE; for our
simulation, two bases are used. The first one is the basis with
zero vanishing moments, and the other is the Daubechies’
wavelets with N =8 vanishing moments. The proposed
technique always gives the best reconstructions. The main
interest is to improve the result of the reconstruction. This can
be seen when the size of the sample is large because extensive
observations contain massive information about the feature of
the signal. In general, the MAP method provides a fair reso-
lution in the test functions. However, the worst of the results is
better than the other of the competed wavelet rules. The biggest
problem in the MAP estimate is that the confidence intervals

can not be computed because the latest sample of posterior is
picked.

7. Application to Medical Data

The suggested method is studied and investigated to a real-
world inductance plethysmography data to evaluate the ex-
cellent performance of the proposed rules, compared to the
state-of-the-art methods. The Department of Anaesthesia at the
Bristol Royal Infirmary collected these observations. The
number of observations is 2048, equally spaced points. Readers
can obtain these data within WaveThresh using data (Baby-
ECQ). Also, the structure of the sleep state can be downloaded
using data (BabySS). Figure 5 shows the plots of BabyECG and
sleep state. Hence, the aim of the investigation of the BabyECG
was to specify the sleep state successtully from the observations.
These data were studied and investigated by other authors (for
example, [41]). The reconstruction of the unbalanced Haar
approach (red line) is illustrated in Figure 6. It is not accessible
to describe every moment using the unbalanced Haar method
or to talk in general about the sleep state for the babies. Figures 7
and 8 show the reconstructions of the underlying feature with
the MAP method using the Haar wavelet basis and Daubechies
wavelet with N =8 vanishing moments. In our reconstruction,
the value of the shape x j is set within the interval (0,0.4).
Table 3 shows the results of the simulations using the MAP and
PM estimators. As the level j decreases, the value of « increases.
In contrast, the value of the parameter A is slightly changed.
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FIGURE 5: Plots of BabyECG data (solid line) and sleep state (dashed line).
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FIGURE 6: Plots of the reconstructions using the unbalanced Haar estimator (red line) and BabyECG data (black line).
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FIGUREe 7: Plots of the reconstructions using the MAP estimator with a Haar basis.
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8. Conclusion

In this article, we show various ways in which the Bayesian
rules and wavelet methods were used successfully in the
practical problem. Also, a procedure for estimating the scale
parameters, k and A, of double generalized Rayleigh was
estimated based on the BabyECG sample. This approach was
adopted from the wavelet method for the independent level j
and Bayesian approaches. Prior probability distributions for
the parameters were assumed to be gamma distribution.
Bayesian estimates for the points were proposed in the cases
of artificial samples under the squared-error loss. The
simulation studies are showing that the proposed rules
worked well, and the proposed Bayesian estimate performed
better than the existing state-of-the-art methods based on
signal functions by reducing the AMSE. We discussed the
proposed method estimates to estimate the underlying pa-
rameters. Numerical results were obtained to compare the
theoretical performance results. Some points are observed
from numerical results, which are summarized as follows:

(i )From the results in Table 2, the suggested method
process provides better excellent results for artificial
data.

(ii) Estimation results under the PM and MAP methods
provide better estimation than the other established
wavelet denoising methods according to the MSE.

(iii) The use of the suggested method allows to describe
the main feature of the real data, especially when
observations are large.

This paper has confirmed that the wavelet approach
provides attractive alternatives to other established wavelet
methods, especially when underlying signals are
inhomogeneous.
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Heat and mass transfer combined effects on MHD natural convection for a viscoelastic fluid flow are investigated. The dynamics of
the fluid are controlled by the motion of the plate with arbitrary velocity along with varying temperature and mass diffusion. The
non-dimensional forms of the governing equations of the model are developed along with generalized boundary conditions and
the resulting forms are solved by the classical integral (Laplace) transform technique/method and closed-form solutions are
developed. Obtained generalized results are very important due to their vast applications in the field of engineering and applied
sciences; few of them are highlighted here as limiting cases. Moreover, parametric analysis of system parameters
P,,S, K., Gy, G, M,S,, A is done via graphical simulations.

1. Introduction

In science and in many engineering applications such as in
condensation, evaporation, and chemical process, many
transport processes are influenced by the combined action of
the buoyancy forces from both heat and mass diffusion. Heat
and mass transfer combined effects are studied extensively
due to their significant role in chemical processing equip-
ment, oceanic circulation, emergency cooling system of ad-
vanced nuclear reactors, cooling process of plastic sheets,
formation and dissipation of the fog, processing and drying
the food, temperature distribution and moisture of agriculture
fields, and production of polymer. In recent years, a lot of
practical applications attracted many scientists and engineers
to pay a considerable amount of focus to learn the heat and
mass effects either analytically or numerically [1-4].In

industrial and engineering processes, most fluids are non-
Newtonian. Since the non-Newtonian fluids deal more
complexities due to the rheological behavior than Newtonian
fluids, distinct models were proposed. The influence of heat
and mass transfer in the non-Newtonian fluid is an important
subject from the theoretical as well as practical point of view
due to its abundant applications in industry and engineering.
Common examples include polymer extrusion, the emer-
gency cooling system of nuclear reactors, food processing,
thermal welding, to name a few. Convective flow is a self-
sustained flow with the effect of the temperature gradient. In
literature, different theories are made to see the occurrence of
heat and mass transfer in convective flows of different fluids.
Mebarek-Oudina et al. [5] investigated the natural convective
heat transfer phenomenon of water-based hybrid nanofluid in
a porous medium along with the magnetic field. Das et al. [6]
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considered the natural convective flow of the electrically
conducting fluid past on vertical plate embedded in a per-
meable medium and explored the impacts of heat and mass
transfer. The heat transfer phenomenon of Casson nanofluid
flow is taken into account by Abo-Dahab et al. [7]. They
analyzed the problem with the convective boundary condi-
tions and discussed the influence of chemical reaction and
heat source. Sajad et al.[8] studied the heat transfer and
magnetic effect on hybrid nanofluid. Nazish et al. [9] explored
the influence of heat and concentration/mass transform with
the existence of fields developed by magnetic in the Maxwell
fluid model. Ahmad [10] explored the heat transfer for the
Maxwell fluid on the stretching plate with the slip boundary
on the velocity. They explored the numerical solutions and
showed the heat flux effect using the Nusselt number and the
Prandtl number. A computational analysis is performed to
study the effects of the transverse magnetic field at the un-
steady Poiseuille-Rayleigh-Benard flow by Marzougui et al.
[11]. The thermal properties’ effects on the soil temperature
are modeled and investigated numerically by Belatrache [12].
To have more insight about heat and mass transfer mecha-
nisms in fluid flow and their applications, readers are referred
to review references [13-16].0n the other hand, many re-
searchers paid a significant amount of attention to the study of
MHD free convective flows due to its numerous applications
in solar and stellar structure, radio propagation, MHD
pumps, MHD bearings, aerodynamics, polymer technology,
petroleum industry, crude oil purification, glass fiber drawing,
etc. In light of these applications, many researchers such as
Rajput [17], Gupta [18], and El Amin [19] studied the MHD
flow of different fluids. They found the exact solution for
velocity, concentration, and temperature by the Laplace
transform method. Heat and mass transfer simultaneous
effects on MHD flow of Maxwell fluid have been investigated
by Nadeem et al. [20]. Recently, the study of the unsteady
boundary layer heat transfer of Maxwell viscoelastic fluid was
carried out by Zhao et al. [21]. Ahmad [22] studied MHD
viscous, with constant density, electro-conducting fluid in the
existence of the radiation, thermal diffusion, free convection,
and mass transfer flow. These results motivated Chaudhry
et al. [23] and they used classical integral transform to obtain
the exact solutions of natural MHD convective flow past on an
accelerated surface submerged in a permeable medium. Das
[24] developed the closed-form solution of the unsteady
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MHD natural convection flow on a moving vertical plate
accompanied by mass transfer and thermal radiation. Car-
rying on, Das et al. [25] investigated the time-dependent
MHD natural convection flow past a moving vertical plate
dipped in a porous medium and studied the different aspects
of heat and mass transfer. They discussed the problem with
the uniform, oscillating, and impulsive motions of the plate
besides considering the constant heat and mass diffusion and
implemented the Laplace integral transform to develop the
analytic solutions.Motivated by these investigations, the ob-
jective of this manuscript is to study the combined effect of
heat and mass transfer on MHD Maxwell fluid. Laplace in-
tegral transformation is used to obtain the unique solution of
temperature, velocity, and concentration under the impact of
generalized boundary conditions on temperature, velocity,
and concentration. The importance of the problem is high-
lighted by showing its impact/applications in the field of
engineering and applied sciences. The paper is organized into
six sections. After the introductory section in Section 2, the
dimensionless governing equations are developed. In Section
3, Laplace integral transform is implemented to find the exact
solution of the temperature, velocity, and concentration field.
In Section 4, some applications in different fields are discussed
as limiting cases to justify our results. In Section 5, the effect of
physical parameters is analyzed graphically. The concluding
observation is listed at the end.

2. Problem Formulation

We studied here the motion of the viscoelastic, in-
compressible, electronically conducting Maxwell fluid
due to plate motion with arbitrary velocity u, f' (¢t'). The
plate is along x — axis and y — axis is considered normal
on the plate. In the first instance, at t = 0 the plate and
fluid are at temperature T, and concentration C,. With
the time ¢ = 0%, the plate starts to move in its own axis.
Then, the level of temperature and concentration takes up

to Too{,} + Tw{l}h’ (t') and Cm{/} + Cw{/}g’ (t') where
£ (t"),h' (t') and g' (t') are piecewise continuous func-
tions that vanish at t = 0. Details of different parameters

are given in Table 1. Momentum, energy, and concen-
tration equations are formed as follows:
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TaBLE 1: Nomenclature.

Symbol Quantity

u Velocity of fluid

B, Magnetic field parameter

q Laplace transforms parameter
D Mass diffusivity

Br Thermal expansion parameter

B¢ Concentration expansion coeflicient
K Thermal conductivity

p Density of fluid

A Relaxation time

o Electric conductivity coeflicient

U Dynamic viscosity

v Kinematic viscosity

p Specific heat

S Heat source parameter

K, Chemical reaction coefficient

g Gravitational acceleration

Sc Schmidt number

M Parameter due to magnetic field
P, Prandtl number

Gr Grashof number due to thermal effect
G¢ Grashof number due to concentration

< /v a >au/ (X,at,) aZ I(X t) tl SO, u/ (X!’t!) — 0’
ot' ot' "
(P, (X,’t,) = (pocv
ea (135 ) -0 wame C'(f:t)=Clo ¥ 20
t'>0, u' (0,t") =u,f (t),
! UBZ !a ! ! !
(1” >(C Coo) P <1”at> 01, 9 (0,1") = poo + @b ('), (2)
! 1ol ! C, (O’t,) = C +ng (t)
c 20 Ut) T U)oy o
e % ~r W (') — 0,
o (W) _ 0 CO) e o ¢ (Xst') — 9o
~K.(C' -C). ,

ot’ o C'(x,t') — Ck» x — oo.
(1)

The imposed initial and boundary conditions are For dimensionless problem, we use the following relations:
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After non-dimensionalizing, the governing equations
become

o\ ou(y,t) d'u(yt) 0
(1+)Lat) Fra ay2 +Gr 1+)Lat T (y,t)

d
+GC(1 +)Lat)C(y,t)

0
—M(l +Aa)1/l(}/;t)>

(4)
oT (y,t) 1 °T(y,t)
= - T st)s 5
ot P, ay2 ST (1) ®)
C(y,t) 1 3*C(y,t)
=— -K ,1). 6
o S gy e ©
along the following initial and boundary conditions:
u(y,0)=0,T(y,0)=0,C(y,0) =0, (7)

(3)
u(0,1) = f(), T(0,8) = h(£), C(0,1) = g(£),  (8)

u(y,t) — 0, T(y,t) — 0, C(y,t) — 0, asy — oo.
©)

3. Solution of the Problem

3.1. Concentration. Transforming equation (7) after apply-
ing the Laplace integral transform and utilizing the corre-
sponding initial condition, we get

*C(y, _
a(yyzq)-sc (K. +9)C(y.9) =0, (10)

The above differential equation solution is

C(y,q) = Ce V&) y g Vs (Kva) - (11)

The solution of equation (11) with the transformed form
of boundary conditions becomes

C(y,q) = G(g)e " VSe (Kera), (12)
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Applying the Laplace inverse on equation (12) and using
the L™'{G(q)} = g’ (t) with g(0) = 0, convolution theorem
and equation (A.22), the generalized solution for concen-
tration is

C(y,t) = J;g' (t—s)d)(y,\/S_C,s;KC)ds, (13)

and O is specified in equation (A.23).

3.2. Temperature Distribution. Implementing the Laplace
transform on equation (5) and using the concerned the
initial condition, we get

-
aLyz’q)—Pr(Sw)T(y,q) =0. (14)

The solution is
T(y,q) = C,e ? VIS 4 € o/ VP (5t (15)

After implementing the boundary conditions, equation (15)
becomes

T(y,q) = H(q)e ? VI, (16)

The Laplace inverse on equation (16) and using the
L Y{H (g)} = h' (t) with h(0) = 0, convolution theorem and
equation (A.24), the generalized solution for temperature
obtained is

T(y,t):j;h'(t—s)‘P(y,\/T):,s;S)ds, (17)

where ¥ is defined in equation (A.25).

3.3. Velocity. Employing the Laplace transform on equation
(4) and using the corresponding initial condition on velocity
form the following differential equation:

9’ (y,q)

le -((1+Aq) (g + M))u(y,q)
=-Gr(1+Aq9T(y,q) - G.(1+Aq)C(y,q).

(18)

In order to solve equation (18), we use the value of
C(y,9) , T(y,q) from equation (12) and equation (16),
respectively. With boundary conditions use on velocity, the
following solution is obtained:

GrH(q)(1 +lq)<e’y\/m _e P,(S+q)>

i(y,q) = F(g)e V@ sia

(P,(S+q) - (1+1q)(g+M))

(19)

GG+ Aq)(efy\/ (g+M)(1+Aq) _ e IV (K.+q) )

+

(S (K. +q) = (1+1q)(q + M))

Further simplification reduces equation (19):

7(y,9) = F(ge "V’ ((are)'ved)
GTH(q)(l-F).q)(ey [ (gra ) +a2] e P,(S+q)>

M(q+a,)’ - ag)
GG +Aq><“ i) _eym>

’\( (g+ "‘7)2 - “g)

>

(20)

where 2a; = (AM + 1/A), a, = (M/A), o3 = a, — a2, 2a, =
(AM +1-P,/A), a5 = (M —P,S/IN),  a2=ai—as 2a, =
(AM +1=S8/A), ag = (M = S.K /N), o = o% — ag.

Generalized expression for velocity field is acquired by
employing the inverse Laplace transform on equation (20):

G G G.. G
TTI2 - TTI3 + 7614 - 775» (21)

=L (B, (3,9) * L' (B, (9)),
=B, (y, t) * B, (1),

u(y,t) =1+
where

>

(22)

where B1 (y,q) — (ef\/x}’\/((qﬂxl)zﬂxg)/\/((q*_al)Z +(X§) )’

B,(q) = F(@\((q+a,))* + ad).
By using equation (A.20) and equation (A.21), expres-
sions for the B, (y,t) and B, (t) are evaluated as follows:



0, 0<t<y\/X,

e_“‘t10<i0c3\/t2 -y ), t>yVA,

B, (y,t) =

(23)

B, (t) = (eialt ((fs)1, (ist) + 5(t)))* (f' @®) +a f (1)
+(oc§e_ “r, (i(x3t))*f(t),
(24)

Lo <H(q)(1 +Aq)e”? VP (5t )
’ ((g+a)' -ag) /)
= (h(t) + AW (t))*(ef “'cosh (agt)
(25)

+ Mef “'sinh (agt) >
%6

/P
*erfe 2V )t
24t

B H(q)(l +Aq)€_y /\((q+al)2+a§)
((g+a) - o)

= B1 ()/, t)*B3 (1),

IL=L

(26)

where B, (y,t) is given in equation (23) and

By (t) = (W' (1) + AH (1) "K' (1))
*<A* R e C*e_(%-aﬁ)t> 27)
e, (ast),
where
(o1 )

z_ 2>
Ay — &g

o 2(ay - ag)A - (20, — oy — ag) (28)

>

B

20
C=1-A-B.

I,=L" <G(°D (s Aghe M2 (1) )
4 ((gra)-a) )
=(g(t) +1g' ()" (™" cosh (ayt)

K —
+7( d “7)e_“7tsinh(oc9t)>,

4%
>e Ket

S
*erfc<J;\/\/;

(29)
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Similarly,

B G(q)(l N Aq)e—y A((qﬂxl)uag)

I =L ,
’ ((g+a)" - a3) (30)

= B1 (ya t)*B4 (t)’
where B, (y,t) is given in equation (23) and
B,(t) =(g' () +AH (1) g’ (1))
*(C* + D*e—(ot7+zx9)t + E*e—(a7—oc9)t>
Yem N, (iast),

2 2
. (ocl+oc3) (31)
D =-5—755

Q7 = &g

E = 2(a; — ag)A — (2, — o — )
20, ’

F=1-D -E.

The above results are obtained for generalized time-dependent
boundary conditions on velocity, concentration, and temper-
ature. These results have many applications in engineering and
applied science. Now, we will consider and discuss its few
applications.

4. Applications

4.1. Application 1: f(t)=H(t), g(t) = H(¢t), h(t) = H(¢).
This function value shows the motion of the fluid is because
of the motion of an infinite plate in its plane with constant
velocity. This function has importance in a lot of engineering
problems such as signal waves, driving forces that act for a
short time only, and impulsive forces acting for an instance
such as a hammer blow.Substituting the value of G(g) =
(1/g) into equation (12) and applying the Laplace inverse,
the expression for concentration is

SC
24/t
where 6 (.) is known as Dirac delta function.

Embedding the value of H (q) = (1/q) into equation (16)

and taking Laplace inverse make the expression of
temperature

C(y,t)=(8(t) + Kct)*erfc<y\/— )eK“t, (32)

T(y,t)=(8(t) + St)*erfc:(yz\/? )eSt. (33)

The equation of velocity
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1, Gruy Gro Gc I Gc I
u(y’t)=II+TTIZ_TTI3+TI4_TIS, (34)
where
I} =B, (5,t)" By (1), (35)

B! (t) is obtained as
By () =(e " ((iory)I, (iast) + 8(£)))" (8(t) + o, H (1))
+ase I (iagt) H (8),
(36)

and for B, (y,t) (see equation (A.1)).
After substituting the value of H(q) = (1/gq) into
equation (25)

Iy = (H () + 18(1))(e™** cosh (agt)

+ Mef “'sinh (at) )
%6

/P
*erfe 2V oS,
24/t

Equation (26) takes the form after employing the value of
H(q) = (1/9)

(37)

I3 = By (3,1)"B5 (1), (38)
where
BL(t) = (8(1) + AH (£)"8 (1))
*<A* + B e (aras)t L o g (oum txs)t> (39)
Yem ' (iast),

and for B, (y,t) (see equation (A.1)).
After substituting the value of G(g) = (1/q) into equa-
tion (29)

Ii =(H(@®)+ /\6(t))<e_ 7 cosh (agt) + Me_‘msinh (ocgt)>

2]
* Y \/Sc -K.t
erfc( NG >e .

(40)

Similarly, equation (30) after substituting the value of
G(g) = (1/9)

Iy = B, (y,1) By (1), (41)
and
BL(t) = (8(t) + AH (£)*8(t))
"I (iayt),

and for B, (y,t) (see equation (A.1).

Similar result for concentration was obtained by Nehad
Ali Shah [26] (equation (35)). Thus, our result supports the
result already present in literature.

4.2. Application 2: f(t) =t, g(t) =t, h(t) =t. The impor-
tant concepts of engineering are based around linear
functions. They are often used in engineering to explain data
and evaluate the lines that best fit the given data sets. It has a
lot of applications in engineering and it can be represented
in a variety of ways. One of the particular interests is direct
variation, which forms many engineering applications such
as Hooke’s law and Ohm’s law. To learn about slope, en-
gineers use linear functions to interpret and understand
graphs that describe displacement, velocity, and accelera-
tion. They use these functions to analyze data to learn how to
design their engineering products more efficiently, reliably,
and safely.For the choice of F(q), G(q), H(q) equal to
(1/q*) in the appropriate equations and employing the
Laplace inverse, the expression of C(y,t), T (y,t), u(y,t),
and then I, I, [1 [T and II! changes into, respectively,

S
Cyt)=(1+ Kct)*erfc<ﬂ)e_K‘t,

24t
P
T(y,t)=(1 +St)*erfc(yz\/\/? )e—St’ (43)
G G G G
w(pnt) = 1)+ 5 = S+ S - I
where
1 = B, (5.0)" B} (0), (44)

where B, (y,t) (see equation (A.1)) and Bél (t) (see equation
(A.2)).

=+ 1" (e_ “!cosh (agt) + %ﬁf— “'sinh (“6t)>
6

* y\/P_r — St
erfc( T )e ,

' = B, (y,t)"BY (1),

(45)

where B, (y,1) (see equation (A.1)) and B! (¢) (see equation
(A.3).

I =t+1)° (e“’tcosh (aot) + 4(K° — “7)67“7tsinh (ocgt)>
&9
*erfc<y\/S: >€_Kct,
2t

1 = B, (y,t)" B} (¢),

(46)



where B, (y,t) (see equation (A.1)) and Bf (t) (see equation
(A.4)).

4.3. Application 3: f(t)=sint, g(t) =sint, h(t) =sin t.
The choice of this function shows the fluid motion due to the
oscillation of the plate. It has a lot of applications in physics
such as wave motion, other oscillatory motions, and engi-
neering. It is used to model the behavior that repeats.
Trigonometric functions are used to calculate angles in many
engineering problems. In civil and mechanical engineering,
trigonometry is used to calculate torque and forces on
objects, which help build bridges and girders. In the con-
struction of bridges, we need to consider the forces which
keep the bridges at their balance and trigonometry helps us
to calculate the static force which keeps the bridges static. In
engineering, trigonometry is used to decompose the forces
into horizontal and vertical components that can be ana-
lyzed.The expression for concentration after putting the
value of G(q) = (1/¢* + 1) into equation (12) is

S
C(y,t) =(cos t + K_sin t)"erfc(%)eqﬂt, (47)

the expression for temperature become after putting the
value of H(q) = (1/¢* + 1) into equation (16) is

)e St (48)

P
T(y,t) =(cos t +S sin t)*erfc(yz\/\/;

and velocity change after substitute the value of
F(q) = (1/¢* + 1) into equation (21) is

A

G G G G
11 _Tléll __Tléll + 614111] _ /\c én) (49)

u(y,t) =1 + 3 3
where
0" =B, (5, )" B (t), (50)

where B, (y,t) (see equation (A.1)) and BﬁH (t) (see equation
(A.5)).

of - S—0ay) oy
I = (sin t + A cos t) <e % cosh (agt) + ( " a4)e “'sinh (oc6t)>

3
/P,
*erfc<y r )eiSt,

2Vt

1" =B, (5. 1) B (1),
(51)

where B, (,t) (see equation (A.1)) and B’ () (see equation
(A.6)).
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ij “7‘sinh(tx9t)>

I = (sin £ + A cos t)*<efa7tcosh(oc9t) +
%o

" = B, (5,1)"Bi" (1),
(52)

where B, (y,t) (see equation (A.1)) and B! (¢) (see equation
(A.7)).

4.4. Application 4: f(t) =¢', g(t) = €', h(t) = ¢'. The ex-
ponent functions are used for real-world application as for
calculating area, volume, determining growth or decay, and
impacts of force. In engineering, it helps them to design,
build, and improve the machinery, structure, and equip-
ment. For example, in sound engineering, it is used to
calculate sound waves. In basic engineering, it is used to
compute the tensile strength, which finds out the amount of
stress that a structure can withstand. In aeronautical engi-
neering, it is used to predict how airplanes, rockets, and jets
will perform during flight. To determine the kinetic and
potential energy, pressure, heat, and airflow of waves be-
havior, it is very helpful. Nuclear power sources are one of
the important things developed by nuclear engineers. They
used the exponents to work with extremely small numbers to
make the big things happen. Substituting the value of G(g) =
(1/g—-1) into equation (12), the concentration equation
after implementing the Laplace inverse becomes

Cy,b) = (et + Kcet)*erfc(%>e&t, (53)

and equation of temperature distribution after putting the
value of H(q) = (1/g - 1) into equation (16) and applying
Laplace inverse

T (y,t) =(et +Set)*erfc(yz\/\/?)e&. (54)

The expression for velocity is

Grpv _Grpv Gepv ing, (55)

u(y’t):I{V—'— ) 2 ) 3 A 4 )

where

1V = B, (5,t)"BY (1), (56)

and B, (y,t) (see equation (A.1)) and BéV (t) (see equation
(A.8)).
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Y= (et + )Let)* <e_ “*cosh (agt) + (8- oc4)e_ “'sinh (Wét))

%

\/P

*erfc<y ! >e_St,
24t

1Y = B, (5,t)"BY (1),

(57)

and B, (y,t) (see equation (A.1)) and Bév (t) (see equation
(A.9)).

K —
Iiv = (et + )Let)* <e7“7tcosh (aot) + 4( Coc a7)e7“7tsinh (ocgt)>

9
*erfc V5 e K,
2+t

(58)
Similarly,
1Y = B, (y,t)"BY (v), (59)

and B, (y,t) (see equation (A.1)) and Bflv (t) (see equation
(A.10)).

4.5. Application 5: f (t)=te', g(t) =te', h(t) =te'. Inserting
the G(q) = (1/(g- 1)%) into equation (12) and applying the
Laplace inverse, we get

C(y,t) = (et +(K,.+ l)tet)*erfc();\/\/?>el<ft, (60)

and insert the H(q) = (1/(q - 1)?) into equation (16) and
take Laplace inverse:

T(y,t) = (et +(S+ l)tet)*erfc<y2\/\/? )e_St,

(61)

Grv G v G.
u(y,t) =1 +TTI¥ —TTI;/ +714V —71‘5’.
The IY takes the form after embedding the F(q) = (1/

(-1

G

Iy = B, (3.1)"B; (b), (62)

where B, (,t) (see equation (A.1)) and BZV (t) (see equation
(A.11)).

S—
I = (tet + e (¢ + 1))* <ei *‘cosh (agt) + %eia“tsinh (ocﬁt)>
6

Iy = B, (y,t)" By (t),
(63)

where B, (y,t) (see equation (A.1)) and B;’ (t) (see equation
(A.12)).

K,

Iy = (tet + e (t+ 1))* <eia7tcosh(oc9t) + %ei “'sinh ((xgt)>
9

IV = B, (y,1)"B} (1),
(64)

where B, (y,t) (see equation (A.1)) and BY (t) (see equation
(A.13)).

4.6. Application 6: f(t) =e'sint, g(t) =e'sint, h(t) = ¢
sin t. The choice of the value of G(gq) = (1/(q - 1)*+1), H
(@ = (1/(q-1)*+1), F(q) = (1/(q—1)*+1) makes the
expression

C(y,t) = (et (cos t+(1+K,)sin t))*erfc(%)e_&t,

T(y,t) = (et (cos t + (1 + S)sin t))*erfc:(y\/P_r )eSt,

2VE
w0y =1y Sty Oy, Sepyr_Gepy,

17" = B, (y,t)"By (v),
(65)

where B, (y,1) (see equation (A.1)) and B}’ (t) (see equation
(A.14)).

1‘2” :(et sin t(1+ 1) + ¢ cos t)

S—
: (e %' cosh (agt) + wef “sinh (agt)
%6
P
“erfe( 2V )e S,
24/t

I," =B, (5, )" By (1),

(66)

where B, (y,1) (see equation (A.1)) and By’ (t) (see equation
(A.15)).

IXI :(etsin t(1+)) +e cos t)

: (e 4 cosh (at) + Mef “'sinh (ocgt)>

Qg
*erfc u e K,
2./t

(67)
Similarly,
1" = B, (3,1)" By (1), (68)

where B, (,t) (see (A.1)) and B}’ (t) (see equation (A.16)).
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4.7. Application7: f(t) =t sint, g(t) =t sin t, h(t) =t sin
t. By putting the value of G(q) = (2g/(¢*>+1)*) into
equation (12) and employing Laplace inverse,

_ . * )’\/S—c -K.t
C(y,t) = (t cos t + (K.t +1)sin t) erfc( VT )e .

(69)

By putting the value of H(q) = (2q/(q* +1)*) into
equation (16) and Laplace inverse gives the expression

P
T (y,t) = (t cos t + (St + 1)sin t)*erfc<J}2\/\/? >e_5t,

G G G G
u(y,t) = 1\1/11+7TI\2/H_TTI;/U+T¢IXH_ cI;/II,

A
(70)

where
17" = B, (y,t)" By (1), (71)

and B, (y,t) (see equation (A.1)) and BY'! (¢) (see equation
(A.17)).

I;’H =((t+A)sin t +A cos t)

: (e_ “'cosh (agt) + %e_ “'sinh (océt)>
6
(72)

" =B, (5,0 By (¢),

where B, (y,t) (see equation (A.1)) and B} (¢) (see equa-
tion (A.18)).

IZU =((t+A)sin t + A cos t)

K. -
* (e “*cosh (agt) + wef “'sinh ((xgt))
%9

17" =B, (y,6)" B} (1),
(73)

and for B, (y,t) (see equation (A.l)) and B} (t) (see
equation (A.19)).These are solutions for the choice of same
function for f(t), g(t), and h(t) from the list of functions
H(t),t, sin t,e,te',t sin t, sin te!. We can consider the
problem with the different choice of function for
f(@),g@),h(), eg, f)=tg(t)=¢,h(t)=H(t) and
find its solution. For the validation of results, if we take A =
0,Gy=1,S=0,h(t)=1-ae” g(t) =1 with choice of
f(t) = H()t% (a>0) or sin t, in our system of equations
(4)-(8), the results obtained are the same as the result

Mathematical Problems in Engineering

obtained by Nehad Ali shah [27] (choosing the e =0, N =
G in equation (9)).

5. Results and Discussion

The heat and mass transfer study of Maxwell fluid is dis-
cussed here. The solutions for dimensionless velocity,
concentration, and temperature are assessed by the Laplace
transform method. The application of these solutions in
different fields of engineering sciences is also discussed. It
brings to attention that these results are helpful to solve the
complicated problems of engineering and applied science.
The behavior of these solutions for velocity, concentration,
and temperature profile is depicted graphically. The impacts
of different pertinent parameters A, M, S,, K, P,,G,Ge, S
on fluid flow are also deliberated using plots and their
physical aspects described. To avoid repetition, only the
most significant graphical representations regarding the
effects of the concerned parameter will be included here.

The variation in the behavior of velocity and concen-
tration with varying values of Schmidt number S, is illus-
trated inFigures 1-3, respectively. An increase in Schmidt
number results in the decline in the thickness of the
boundary layer of concentration. Since the Schmidt number
is defined as the ratio between kinematic viscosity and mass
diffusivity, it reduced the concentration as well as velocity
profile. In reality, the increase occurring in momentum
diffusivity causes a decline in the fluid velocity.

The deviation in temperature profile for varying values of
Prandtl number Pr is demonstrated in Figures 4 and 5. It is
depicted that the thermal boundary layer thickness decreases
rapidly with the increase in the values of Pr. For a small value
of Pr, heat diffuses very quickly in comparison to the ve-
locity. The reason is, the thermal boundary layer thickness in
liquid metals is higher than the momentum boundary layer.
Finally, Pr can be practiced to expand the percentage of
cooling.

Similar effects can be seen for the heat absorption co-
efficient S on temperature profile with different values of the
function g(t) at different time scales depicted in Figure 6
and 7. The thermal buoyancy forces decrease with the in-
crease of S which decreases the fluid temperature.

Impacts of magnetic parameter M displayed in Figure 8
depict the velocity decline with the increase of magnetic
parameter values. Physically, when magnetic force is applied
to the velocity field, it generates the drag force known as the
Lorentz force which opposes the motion of the fluid. Figure 9
shows the impact of Pr on velocity. The increase of P, results
in a decrease in velocity. The velocity boundary layer gets
thicker due to the low rate of thermal diffusion. Basically, in
heat transfer problems, P, control the relative thickness
momentum boundary layer.

In Figure 10, the study of the effects of G, on velocity
describes the increase in behavior with increment in the
values of Gy. Physically, the result of more induced fluid
flows is due to a rise in buoyancy effects which is the result of
the increase in Gy. The depiction of G, on velocity is
portrayed in Figure 11. We can see the rise in velocity with
the rise in the value of G. The natural convection and



Mathematical Problems in Engineering

2 T

T T

1.5 : ;
.,_“\\f(t): Lg®=1Lh()=1

fO=tg®=1L,h1)=1

z fan
3 S 1t
g 2
0.5 F
0.5 |
0 0
0 0
y y
— 8¢=0.22 --- 8c=1.96 — Sc=0.22 --- Sc=1.96
------ Sc=0.85 == Sc=2.50 o Sc=0.85 - 8c=2.50
(a) (b)
1~S T T T T 1~5 T T T T
f()=sint,g()=1,h()=1 fO=e,gty=1Lh(t)=1
r/ ‘“\‘
1 4 1} ' \
z oy
g £
2 =2 4
2 \ 2
0.5 F RN - 0.5+
N
o, .\\‘L.
N T
0 | L ) \:I:_“_: i «,r____—_" 0 1
0 1 2 3 5 0 1 2 3
y y
— 8¢=0.22 --- Sc=1.96 — S¢=0.22 --- 8c=1.96
------ Sc=0.85 == Sc=2.50 o 8¢=0.85 - = Sc=2.50
(c) (d)
2 T T T 5 T T T
fi=tgt)=1,h() =1 fH)=e'sint,g(t) =1L h(t)=1
ol A
20 / 1 23
kS £
2 S
L L
| 1 =50
-6 4 1k
_8 1 1 1 0
0 1 2 3 5 0
y y
— Sc=0.22 --- Sc=1.96 — S8c¢=0.22 --- Sc=1.96
------ Sc=0.85 - 8c=2.50 s 8¢=0.85 - 8c=2.50
()

(e)

FicUrE 1: Continued.

11



12

Mathematical Problems in Engineering

Velocity

— Sc=022 ——— Sc=196
,,,,,, Sc=0.85 — = Sc=2.50

(g)

FiGure 1: Profile of velocity for different values of S, and M =2.0,A = 0.6,S = 1.0.5,K, = 0.5,G = 5.0,G; = 2.0, P, = 0.71.

Concentration

Concentration

g =H(t)

1.5 T T . 1.5 T
gM=H()
= 1
L
g
=
8
5
O 0.5
-0.5 L L : 0
0 1 2 3 4
Yy
—— Sc=0.22 --- Sc=0.96
...... Sc=0.60 - - Sc=14
(a)
0.05 T T

0.04

0.03

0.02

Concentration

0.01

0
-0.01 L L
0 1 2 3
y
— Sc=0.22 --- 8c=0.96 — Sc=0.22
...... Sc=0.60 _ .~ Sc=14 s Sc=10.60

FiGgure 2: Continued.

(d)



Mathematical Problems in Engineering

Concentration

Concentration

0.05

0.04 b

0.03

0.02

Concentration

0.01 -

g(t)=sint

-0.01
0

0.4

Concentration

0.2

T T T

g(t)=sint

®

F1GURE 2: Profile of concentration for different values of S, and variation of time.

gity=¢

-0.1 L !
0 1 2 3
y
— Sc=022 ——- 8¢=0.96
...... Sc =0.60 - = Sc=14
()
0.06 T -
gt =te
0.04 7
0.02 7
0
-0.02 L !
1 2 3
y
— Sc=022 ———~ 8c=0.96
...... Sc=0.60 = Sc=14
(©)

Concentration

Concentration

0.8

-0.1

Ficure 3: Continued.

g (1)

1 1 1
0 1 2 3
y
— S8c¢=0.22 --- 8c=0.96
------ Sc=0.60 - Sc=14
(d)

13



14

Mathematical Problems in Engineering

FIGURE 4:
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acceleration in fluid flow is due to the fact that buoyancy
forces bcomes powerful than viscous forces.

Figures 12-14 show the chemical reaction K, pa-
rameter effects on velocity and concentration description.
The increase in K, decreases the concentration and ve-
locity profiles. Basically, chemical molecular diffusivity
and species concentration drop with the higher values of
K.. The distribution in concentration falls at all the fluid
flow field points with the rise in K. The curve for velocity
for different values of the Maxwell fluid parameter A is
plotted in Figure 15. It is observed that an increase in A
produces a significant increase in the momentum
boundary layer of the fluid which then increases the ve-
locity. The rise in A will therefore correspond to a fall in
fluid viscosity, resulting in it accelerating the flow and
hence velocity rising. Further, an increase in A causes a rise
in velocity near the plate surface. Although the trend is
reversed away from the plate, the Newtonian fluid
(A — 0) has a higher velocity.

In Figure 16, velocity profiles are plotted against the
heat absorption parameter S values. These curves show
that the velocity is a decreasing function of parameter
S. Furthermore, due to the absorption of heat, the fluid
temperature diminishes and the thermal buoyancy force
diminishes. These results have seen a fall in the velocity of
a fluid with the increase in the values of S.

Figure 17 shows the behavior of velocity profile for
different values of the parameters with a different choice of
the function f (t), g (¢), h(t). For validation of our results, we
consider some special cases of temperature profile already
existing in literature and their graphical illustration is
depicted in Figures 18-20. Figure 18 shows the temperature
decrease with the increase in P, for the variation of time with
g(t) = 1 — e ". The effects of the heat absorption parameter
can be observed in Figure (19) which depicts the decline in
temperature. The impacts of g(t) = 1 —ae™? for different
choices of a and b are explained in Figure 20. We see the
decline in temperature with the increasing values of a and b.
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6. Conclusions

A thorough investigation of MHD Maxwell fluid motion has
been studied here under the effects of different parameters.
The exact solutions are obtained for concentration, tem-
perature, and velocity which satisfied the described initial
and boundary conditions. Laplace transform is employed to
obtain the exact solution and the behavior of different pa-
rameters on the flow of fluid along with different boundary
conditions is investigated. Effects of chemical reaction co-
efficient, Schmidt number, and different boundary condi-
tions on concentration, effects of Prandtl number, heat

33
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source, Newtonian heating, etc. on temperature, Magnetic
parameter, Schmidt number, thermal Grashof number, re-
laxation parameter, mass Grashof number, Prandtl number,
heat source, and chemical reaction impacts on the fluid
motion are discussed. The results obtained are as follows:

(1) The boundary layer thickness of concentration de-
creases with the increase in the mass diffusivity S,
and chemical reaction parameter K.

(2) The thermal boundary layer decreases with the in-
crease in momentum boundary layer due to P, and
heat absorption S.
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(3) Lorentz force effects due to M, momentum (5) A rise in relaxation time A reduces the fluid viscosity
boundary layer effects due to P,, mass diffusivity and results in acceleration of fluid flow.
effects due to S,, chemical reaction K, and heat
absorption decrease the velocity with the increase of

these parameters. Appendix
(4) Increase in buoyancy forces due to Gy and G
stimulates the speed of fluid flow.
0, 0<t<yA,
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Different types of censoring scheme are investigated; however, statistical inference on censoring scheme which can save the ideal
test time and the minimum number of failures is needed. The generalized type-I hybrid censoring scheme (GHCS) solves this
problem. Competing the risk models under the GHCS when time to failure has Chen lifetime distribution (CD) is adopted in this
research with consideration of only two cases of failure. Partially step-stress accelerated life tests (ALTs) are applied to obtain
enough failure times in a small period to achieve a highly reliable product. The problem of parameter estimation under maximum
likelihood (ML) and Bayes methods is discussed. The asymptotic confidence interval as well as the Bayes credible interval is
constructed. The validity of theoretical results is assessed and compared through simulation study. Finally, brief comments are
reported to describe the behaviour of the estimation results.

1. Introduction the only one time of them. Then, HCS is defined under type-I
and type-II censoring schemes and is called type-I HCS and
type-1I HCS. The test is removed at min (7, T,,) in the type-I
HCS, but at max (7, T,,) in the type-II HCS, there is more
information about the type of censoring presented by [1-3].
Furthermore, type-I censoring scheme or type-I HCS may
satisfy the properties that the test has the smallest number of
failures or maybe zero. However, type-II censoring scheme or
type-II HCS satisfies the properties that the test has the largest
number of failures; see [4]. The problem that appeared in these
censoring schemes can be overcome in the generalized form of
HSG; see [5] as type-I GHCS and type-II GHCS.

Information about the lifetime products is presented in com-
plete or censored data with respect to time or cost consider-
ations. The complete failure time data is used when all the units
under the test fail through the determined period of time.
However, the censoring failure time data is used when some
units under the test fail through a determined period of time.
Various types of censoring are available and the common types
are called type-I and type-II censoring schemes. The first
scheme has a prefixed test time and a random number of
failures but the second scheme has a prefixed number of failures

and a random test time. In serval cases of censoring, the test is (1) In type-I GHCS, suppose n independent units are put
required to run joint case of type-I and type-II censoring under test and the prior integers r and m satisfy that 1 <
schemes described by the hybrid censoring scheme (HCS). The r<m<n and prior time 7. If the smallest number r is
HCS can be described statistically as follows: suppose (t, T,,) satisfied before 7 (T, <7), then the test is terminated
denote the ideal test time and the time of 1 failure which is used at min (T, 7) and the observed test times data are given

for statistical inference, respectively, and the test is removed at by
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E:(t1»n< t, <. <t.,<--< ts:n), r<s<m.

(1)

However, if the smallest number r does not satisfy
before 7 (7 <T,), then the test is terminated at T,
and the observed test times data are given by

t=(t, <tp, <o <t.,)- (2)

Finally, if the largest number m is satisfied before 7
(T,, < 1), then the test is terminated at T, and the
observed test times are given by

=ty <t < e <ty (3)

Therefore, the type-I GHCS saves the minimum
number which is necessary for statistical inferences.

(2) In type-II GHCS, let n independent units be put
under test and the two prior times 7, and 7, such that
T, < T, and integer m satisfies 1< m < n. If the re-
quired number of failures is observed before 7,
(T,, <1,), then the test is terminated at 7, and the
observed test times data are given by

t=(t1y <tiy < o0 <ty <o <ty), ms<ss<n (4)

On the other hand, if the required number of failures

observed satisfies 7, < T, < T,, then the test is terminated at
T,, and the observed test times data are given by

t=(t1, <ti, <o <t,)- (5)

Finally, if the required number of failures is observed to

satisty 7, < 7, <T,,, then the test is terminated at 7, and the

observed test times are given by

t=(ty, <t < <ty), l<ssm. (6)

In life testing experiments, the common problem is that
units fail due to several fetal risks which are known as
competing risks problem.

The effect of any risk factor in the presence of other risk
factors need to be assessed. This problem has been discussed
early in [6-10] and recently in [11]. Under the consideration
of two causes of failure, the competing risks model in the
presence of type-I GHCS is presented as follows.

For a randomly selected n independent unit, a life testing
experiment with priors integers r and m, 1 <r<m<mn, is
considered. At each step of the experiment, time T, and the
cause of failure p; are recorded for i = 1,2,...,d, where d
satisfies r <d <m and p; € {1,2}. Then, the joint likelihood
function of type-I GHCS where t ={(t,, ;) (t2. P2)s - - >
(t4.» pa)} under the competing risks model is reported as

L(£10) = ALS, ()5 ()] [ (6)1°07 Py ()¢,
7)

Mathematical Problems in Engineering

where A=mnl/(n-d)!, S()=1-F(), h()=f()/F(),

8(p; =) = {(1)’ Z’;JJ’ and for t; = t;,,, 0<t; <t,<--- <
s Pit )

t,, < 00.

To obtain more information about the lifetime of
products industrial process, accelerated life tests (ALTs)
present a suitable manner for reducing test time rather than
using conditions. As we see in [12], ALTs are presented in
different types; one of them is constant-stress ALTs, in which
the test is kept with a constant level of stress; see [13-15]. The
second type is called progressive-stress ALTs, in which the
stress is kept with a continuously increasing level; see
[16-18]. The third type is called step-stress ALTs, in which
the stress level is changed through a prior time or the
number of failures; see [19, 20]. Furthermore, the ALTs can
be done under the accelerated condition which is known by
partial ALTs; see [21-26].

This paper aims to build and analyze type-I GHC
competing risks sample under the model of partially step-
stress ALTs from Chen lifetime products. The results of
statistical analysis are built under maximum likelihood and
Bayes method for point and interval estimation. The per-
formances of the developed results are assessed and com-
pared with mean squared error (MSE), average interval
length (AL), and probability coverage (PC) through the
Monte Carlo study.

This paper is structured as follows: the model formu-
lation and abbreviation are presented in Section 2. The MLEs
of model parameters as well as the asymptotic confidence
intervals are investigated in Section 3. Bayes estimation with
credible intervals is discussed in Section 4. The quality points
and interval estimators are assessed via the Monte Carlo
study in Section 5. Finally, the discussion and conclusion are
presented in Section 6 (Table 1).

2. Abbreviation and Model Formulation
2.1. Abbreviations

2.1.1. Model Formulation. Suppose n identical units are
under life testing and two prior integer numbers r and m
satisfy that 1 <r <m <n and prior fixed time 7. The failure
times T; and cause of failure p; are recorded through the test
steps. If the smallest number of failure units r is satisfied
before time 7, then the test is terminated at min (T,,, 7).
However, if r is satisfied after the time 7, then the test is
terminated at T,. The test is running under conditions until a
fixed time #; then, the test is ruining under accelerated
conditions. Considering that, the failure time has an inde-
pendent CD and two independent causes of failure to satisfy
the following assumptions:

(1) The random variable T i s distributed with
CD(a,B)), j = 1,2 with PDF given by
fjl (t) — aﬂjt(x—let“‘*ﬂj[l_eta]’ t>0’ a,/-;j>0, (8)

and CDF is given by
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TaBLE 1: List of abbreviations.

PDF Probability density function
CDF Cumulative probability function
t The i-th unit failure time
ti The i-th unit failure time under cause j, j = 1,2
Q) The PDF of t;
F() The CDF of t;
S() Survival function of t;
h(.) Hazard failure rate of ¢;
£i0O The PDF of £;;
Fj(.) The CDF of £
S; () Survival function of ¢ i
h i @) Hazard failure rate function of ¢t i
pi The cause of failure form i-th unit failure time
CD(a, ) Chen distribution with PDF aft® el +All-¢"1}
MLE Maximum likelihood estimators
AV Average estimate
MSE Mean squared error
AL Average interval length
PC Probability coverage
Fi(t) = 1- Al 9

A}so, Sj1 (t) and hj1 (t) of CD(a, p’j) are, respectively,
given by

Si(t) = Hil-e],

e (10)
hy (1) = ocﬂjt“ e .

(2) The random failure times T;,i = 1,2,...,d, with the
failure times under cause j T ;, satisfy T; = min{T};,
T,}

(3) The total lifetime under use and accelerated condition
W under accelerated stress change # is defined by

T, T<n,
W= (11)

T —
n+ /\’7, T >y,

where A is the accelerated factor. The random var-
iable W is distributed with Chen lifetime distribution
with PDF and is given by

0, w<0,
fi(w), O0<w<y, (12)
sz (w)a wa’],

fiw) =

where

(+A (w-n)® ]

fip(w)=alp;(n+A(w- '1))“’le(””(“””))a*ﬂf[l’e ,
(13)

and f (2) is given by (8). The CDF, S]-Z(z), and
hazard rate function h, (z) are given by

A (w-n)*
sz (w) -1 _eﬁj[l,e(r/ (w=n)) ]’ (14)

_ e (A (w-n)*
[1-e ]

Sjp(w) = i , (15)

I (W) = adB; (g + A (w =)™ e (16)

(4) Under competing risks type-I GHC sample and
partially step-stress ALTs model, the test is termi-
nated at T, at 7< T, and min(7,T,,) at 7> T,. Then,
the random sample of the total lifetime W is de-
scribed by

W ={(Wy,p))<(Wypy) < <(Wrp) <1
<(Wk+1’Pk+1) <o <(Wm’Pd)}’

where d denotes the number of fail units, where r <d <m
and k and m — k are the numbers of fail units under using
and accelerated conditions, respectively. For this model, we
can consider three different cases, 1<y, T=1#, or T<#.
Hence, the joint likelihood function of the observed values
w={(w,p) <Wpp)< o < (Wppr) <N< (Wepps Prn)
< -+ < (w,,, py)} is obtained as follows:

(17)

L(E | @) = A[Slz (wd)szz (wd)](n—d)ﬁ [hll (wi)]é(p,.:l)

i=1

[y, ()] 7281, (w,)Syy (w;)x

TT [ )7 [hyy ()] 728, ()85 (w;):

i=k+1

(18)

3. Maximum Likelihood Estimation

When only two independent causes of failure and the test are
running under the model of partially step-stress ALTs with
type-I GHCS, the test information sample is used to obtain
the point and interval MLEs which is reported in this section
as follows.

3.1. MLEs. The joint likelihood function (18) under CDF (9)
and (14) for the observed type-I GHC sample w = {(w;,p,)
< (Wy,5) <o+ < (W i) <A< (Wey 15 Psn) < o+ < (W pg)} s
given by
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d
L(at, By, By A | w) oc o B A knw“ ! H (+Aw—-m)*"
i=k+1

,(/;1+ﬁ2){ e (A (wg— v)) Z e 1+Z t® e (A (wi=n)) 7n} (19)
eZi=]w?+Zz=k+l (A (w=m)*

where integers k and (d — k) are denoted to failure units 1, and m, denoted failure units under causes (p,, p,). Then,
under using and stress conditions, respectively, and integers  the log-form from (19) is reduced to

(o, By, Brs Mw) = d log o +mylog B, +m,log B, + (d —k)log A — (B, +3,)

Jomaetr o S o, § e, |

i1 i=k+1
k d k (20)
+(a-1) Zlog w; + Z log[n + A(w — 1)] +Zw§x
i=1 i=k+1 i1
+ Y (+A(w-n)"
i=k+1
0 (a fi> Brr Alw)
The partial derivatives of log-likelihood function (20) are 0= 16—/32) I=1,2, (21)
reduced to the likelihood equations solved with some nu- :
merical methods to obtain the estimates as follows: is reduced to
B = -
1 (n- d)e(”ﬂ1 wa-1)) +Zl e +Z?:k+1e(n+}t(w"ﬂ7))u n 22
m,
(n d)e (141 (wamn))* I YIS L G )" _ (23)
Also, is reduced to
0= M, (24)
oa
d « (;1+/\(wd—t1))'X
o (BirB) =) (n+A(wy - 1)) log (17 + A (wy — 1))
+ Zw og wi+ 3 1+ 4wy 1)) e W logr 4w, - ) }
i=k+1
k d ko (25)
+ Zlog w; + Z log[n + A (w —#n)] + Zwilog w;
i=1 i=k+1 i=1
+ Z (n+A(w-n)log(n+A(w-1n)) =0,
i=k+1

_ 9 (. By, B M)
oA ’
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which is reduced to
(d (d-k) a1 (n4d (wg-n))"
- (B +ﬁz)1“(”‘d)(wd =) (14 M(wy - )™ el ()
d a
HrZ(wfqnw+Aw&—mfle“”Wf“>} (26)
i=k+1
+(a-1) i _(wen) +a Z (w; - ;7+)L(w.—;1))"“1:0
i= k+1’7+A(w ’7) i=k+1 Z

The likelihood equations are reduced to two nonlinear
equations which are solved numerically with any iteration
method such as Newton Raphson to obtain & and A which
are used in (22) and (23) to present f;, and f,.

3.2. Interval Estimation. For the parameters vectors ® =(a,
B1> By> A), the second partial derivatives of (20) with respect
to ®;, where ®, = a, @, = f3,, ®; = f3,, ®, = A, are given by

0 (o By By M)

, ,1=1,2,3,4, 27
90,00, ! @7
and the Fisher information matrix X is given by
9 (@ By, By M)
2=-E|l ————~F——=), 28
( 00,00, (28)

which is computed as the negative expectation of second
partial derivatives (27). The approximate information matrix
is used as the approximate form of the Fisher information
matrix X specially in a large sample. The approximate in-
formation matrix ¥, at the maximum likelihood estimates

0 =(a, /31, By A) is given by

%z{#@m@J@

30,00, (29)

>6 ~{@p .1}
The asymptotic normality distribution of estimating &,
B> By and A with mean (a,f;,f,,A) and a variance co-
variance matrix ;' (@, 8, 55, A) is as follows:
( NN )dlstrlbutedasN(((x,ﬁl,[Sz,/\) Z_l( ,ﬁl,ﬁz,i)).
(30)

Therefore, 100 (1 — &) intervals estimation of parameters
vector ® ={a, 3, f3,, A} are computed by

OFzgn VT i=1,23,4, (31)

where ©, denotes the parameters estimate and value X
denotes the diagonal of variance covariance matrix £;' with
standard normal probability &/2.

4. Bayesian Approach with MCMC

Information about the model parameters and the infor-
mation which is obtained from the life sample is used in this
section to build the Bayes approach with the MCMC
method. Besides, the estimators of parameters of CD and
noninformative about accelerated factor are computed
under squared error loss (SEL) function and independent
prior distributions. Therefore, independent gamma prior is
adapted as follows:

7 (9)) o @?’_lefb’e)’, 1=1,2,3, andm, (0,) o,
(32)

4
(@) =[] (@), (33)
=1

where ©® =(a, 3, 3,, A). Then, the posterior distribution of ®
is defined by

" (@)L(®|w)
Jor" (@)L(@|w)d®

n(@lw) = (34)

Then, the Bayes estimate for any function ¢ (®) under
SEL function is given by
[o#(@)r° (@)L(@Iw)d(0)

¢5(@) = [ (@7 (@L(@]w)d(®)

(35)

Generally, the ratio in (35) needs numerical approxi-
mation to compute, such as numerical integration and
Lindley approximation. However, MCMC methods are the
important tools that were applied recently with high ac-
curacy and are obtained as follows.

4.1. Gibbs with MH Method. The posterior distribution in
(34) with prior distribution (33) and likelihood function (19)
is calculated as;
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d
a,+d— y+my =1 pas+my—14d—k— k a— a—
7 (o By fo Mw) o< vt ?Wl 1/32+ e 1Hi:1wi 1 H (7 +A(w =) 1

i=k+1
—(wz){ e [e@ @ ] 3 #3T cnn) } (36)
e
kg m
e bya— bzﬁl*bﬁz*zi:]ewi +Zi=k+1 (A (w=1))*
Then, the conditional PDFs of the posterior distribution
is given by
k d
(BB {(n—d) er(wan) 4 ) M) e(w(w,'fv))“}
m (alBys By Mw) = atitdle (+#2) [ ] 21:1 Z’:k“
37)
k m k d (
e—blo¢+zl_:1w;’+zizk+1 (n+A (w—-1n)) Hw;x—l 1—[ (’7 + )L(w _ 11))“_1,
i=1 i=k+1
« ke 4 A (wi-n))*
TR ] s DD I ) 38)
. -B {b +Hn—d) | e (1 (wa- )" &+ e (141 (wi-n)) —n}
T3 (/—’72|“>ﬁ1;/1|!)ocl3;3+m2 e U Z Z e > (39)
« k «
71, (Mo, By, By w) 0c A% K 1™ (Arth) [(n - d)[e(””(“"””)) ] + ) e (14 (wi=1) ]
i=k+1
m
+ Z (n+A(w-n)" (40)
i=k+1
4 1
[T +r@-m)".
i=k+1
From equations (37) and (38), the conditional posterior with  acceptance probability min[1, (7, (a™]
PDFs are reduced to two conditional gamma density A=D fx)’ﬁz(w)g)/m(a(x— ol A(K_l),ﬁfk),ﬁz(x),y))]

equations (38) and (39). Two functions are plotted similar to
the normal distribution in (37) and (40). Then, the process of
generation from posterior distribution under the conditional

or min[l (, A1, B9, B9, w)/m, A%V |a®
/Sék),w ], respectively, with respect to uniform

posterior distribution by using Gibbs with the MH algo- (0 1.
rithms with normal proposal distribution [27] is given as (4) The vector ™ :(oc("),/jf"),ﬁz("),l(”)) is a built vector
follows: with Gibbs manner.
1) Begin with initial vectors ®© =(g(®, (@ g 1 © (5) Put k = 1 + 1 and then repeat steps 2-4 N times.
(1) Beg (@@, B, B A peat step
and indicator x = 1. (6) The Bayes estimates and the correspondmg variance
e0
(2) The two values f{* and B{ are generated from are given by  ©p=(I/N-N) zt -N+1© @
conditional gamma densities (38) and (39). and Var (@) = (/N -N) ¥ - 0y,

where N is the number of iteration used to get

(3) The two values a® and 1 are generated from stationary distribution.
conditional densities (37) and (40) by MH algo-
rithms with normal proposal distributions. The

(7) The Bayes credible 1ntervals can be obtained after
ordered values of ® 1n acceding order of ® (N+1)

symmetric normal distributions are applied with ®(N+2) ®[N @ @l[Z]’ ) ®[N N Then the
mean «*~ or ") and variance obtained from the 100(1 -¢ )% symmetrlc credible intervals are ob-
diagonal of the approximate information matrix, tained  as (@ (N=-N)({72) @ (N-N) (-2 ] =

respectively. Also, the generated values are accepted 1,2,3,4.
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TaBLE 2: The AV and MSE of parameters estimates for ® (2, 0.1, 0.2, 2.0).

MCMC/Prior 0 MCMC/Prior 1
« Bi Bi A a Bi B A

2.301 0.140 0218 2.392 2321 0.132  0.211 2.355
0.505  0.041 0.059  0.613 0428 0.032 0.042 0.517
2299 0140 0.215 2366 2309 0132  0.213 2.341
0.481 0.035 0.056 0.629 0376 0.028 0.029  0.488
2294 0136 0209 2359 2290 0124 0.208  2.337
0478  0.029 0.050 0.624  0.371 0.024  0.024  0.480
2290 0129 0.208 2338 2287 0113 0207 2324
0.422  0.019 0.019 0582 0342 0.014 0.017  0.402
2289 0124  0.207 2334 2279 0112 0206 2319
0.410  0.018 0.018 0563 0332 0.012 0.013 0.388
2279 0118  0.208 2332 2269 0109 0206 2314
0.390 0.016 0.018 0.544 0314 0.011 0.013 0.371

TaBLE 3: The AV and MSE of parameters estimates for ® (2, 0.1, 0.2, 2.0).

MCMC/Prior 0 MCMC/Prior 1
« By By A a By By A

2289 0129  0.209 2380 2313 0.121 0.201 2.344
0.490  0.031 0.048  0.594 0412  0.022  0.031 0.500
2288  0.129 0.204 2357  2.298 0.121 0.201 2.330
0.464  0.025 0.047 0.608 0355 0.018 0.019  0.469
2285 0126  0.200 2348 2288 0.114  0.200  2.329
0.456  0.018  0.041 0.601 0.352  0.014 0.013 0.461
2280 0119 019 2328 2275  0.102 0.198 2.313
0.403  0.008 0.009 0564 0325 0.005 0.008 0.385
2278  0.113 0.198 2324 2268 0100 0195  2.308
0.401 0.009  0.009 0.544 0315 0.004 0.007 0.368
2268  0.109  0.200 2322 2249 0100 0197 2301
0.371 0.009  0.007  0.521 0290 0.004 0.004 0.356

TaBLE 4: The AV and MSE of parameters estimates for ® (2, 0.1, 0.2, 2.0).

MCMC/Prior 0 MCMC/Prior 1
a Bi Bi A « B B A

) Gmn MLE
7, T r, m, n
a B B A
2.321 0.152 0.231 2.412
(15, 20, 30) 0.514 0.042 0.062 0.641
2.305 0.150 0.229 2.400
(15, 25, 30) 0.485 0.033 0.057 0.632
2.317 0.147 0.224 2.389
(0.8, 1.0) (20, 25, 30) 0.479 0.029 0.049 0.628
o (20, 30, 50) 2.301 0.132 0.201 2.340
> 0.401 0.025 0.022 0.589
2303 0125 0.212  2.338
(20, 40, 50) 0.398 0.019 0.021 0.560
2.298 0.124 0.207 2.327
(30, 40, 50) 0.379  0.017 0.018  0.549
(n, ) ( ) MLE
7T r,m, n
a B B A
2.311 0.140 0.222 2.401
(15, 20, 30) 0.490 0.032 0.051 0.620
2294 0139 0.218 2391
(15, 25, 30) 0.461 0.023 0.045 0.612
2.307 0.138 0.215 2.379
(1.0, 1.0) (20, 25, 30) 0.460 0.018 0.038 0.609
o (20, 30, 50) 2.291 0.122 0.195 2.330
> 0.385 0.014 0.011 0.574
2.295 0.115 0.203 2.327
(20, 40, 50) 0.378 0.010 0.011 0.542
2.288 0.112 0.195 2.318
(30, 40, 50) 0.358  0.007  0.008 0.530
(n, ) ( ) MLE
7, T r, m, n
a B B A
2.341 0.162 0.252 2.430
(15, 20, 30) 0.545 0.073 0.095 0.671
2.325 0.170 0.249 2.419
(15, 25, 30) 0.515 0.073 0.088 0.672
2.337 0.165 0.244 2.410
1.2, 1.0) (20, 25, 30) 0.509 0.060 0.081 0.660
- (20, 30, 50) 2.319 0.150 0.224 2.365
> 0.431  0.055 0.052  0.610
2.323 0.145 0.233 2.358
(20, 40, 50) 0428  0.050 0.052  0.594
(30, 40, 50) 2.308 0.141 0.227 2.347

0.408  0.047 0.048 0.578

2322 0160  0.239 2412 2342  0.153 0.231 2.374
0.535 0.074 0.090 0.645 0.460  0.061 0.071 0.550
2.318 0.161 0.236  2.386  2.328 0.151 0.233  2.360
0.507  0.065 0.086  0.661 0.399  0.059  0.061 0.510
2310 0156  0.228 2379 2310 0143  0.227  2.358
0.508  0.058  0.081 0.658  0.399 0.055 0.056  0.503
2310  0.148  0.228  2.355 2305 0133  0.227  2.345
0.452  0.050 0.049 0.605 0372 0.044 0.048 0.437
2.307 0144  0.226 2355 2299 0131 0.227  2.338
0.440  0.038  0.039 0.594 0365 0.041 0.042 0411
2298 0138  0.229 2351 2290  0.131 0.228  2.333
0.421 0.047 0.048 0574 0345 0.042 0.045 0.399

5. Monte Carlo Simulations

Different theoretical results that were developed in this study
are assessed and compared in this section through the Monte
Carlo study. The numerical computation is formulated to
measure the effect of changing the total size n and the sample

size m as well as stress time 7 and censoring time 7 and the
effect of parameters change. Different three cases of two time
(r<n, T=n, 7>n) and two values of parameters vector
® =(a, By» By A) ={(2.0, 0.1, 0.2, 2.0), (0.7, 1.5, 2.0, 2.5)} are
assumed. Point and interval estimation results are measured.
Average (AV) and mean squared error (MSE) are used to
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TaBLE 5: The AL and CP of parameters estimates for ® (2, 0.1, 0.2, 2.0).
MLE MCMC/Prior 0 MCMC/Prior 1
(n, 7) (r, m, n)
a B B A « Bi Bi A a Bi B A
(15, 20, 30) 4.321 0.321 0.421 5.212 4.314 0.318 0.419 5.209 4.045 0.298 0.318 5.009
0.89 0.90 0.90 0.88 0.90 0.91 0.91 0.90 0.90 0.92 0.90 0.91
(15, 25, 30) 4.300 0.299 0.401 5.180 4.280 0.295 0.400 5.189 4,045 0.266 0.300 4,975
0.90 0.91 0.91 0.90 0.91 0.91 0.92 0.91 0.93 0.94 0.91 0.92
(20, 25, 30) 4.271 0.268 0.375 5.154 4.255 0.265 0.381 5174 4,018 0.239 0.271 4,944
(0.8, 1.0) 0.91 0.91 0.92 0.91 0.91 0.93 0.92 0.93 0.93 0.94 0.96 0.93
(20, 30, 50) 4.248 0.241 0.348 5.125 4.230 0.235 0.351 5.144 4.001 0.211 0.242 4914
0.92 0.92 0.92 0.90 0.93 0.93 0.93 0.93 0.93 0.95 0.95 0.92
(20, 40, 50) 4.219 0.215 0.321 5.100 4.201 0.203 0.318 5.115 3.971 0.180 0.215 4.850
0.91 0.93 0.93 0.91 0.93 0.94 0.93 0.93 0.94 0.97 0.95 0.93
(30, 40, 50) 4.185 0.194 0.300 4.990 4.150 0.164 0.270 5.070 3.941 0.149 0.176 4.817
> 0.92 0.93 0.93 0.92 0.93 0.94 0.93 0.93 0.94 0.93 0.95 0.94
TaBLE 6: The AL and CP of parameters estimates for ® (2, 0.1, 0.2, 2.0).
MLE MCMC/Prior 0 MCMC/Prior 1
(n, ) (r, m, n)
a B B A « Bi Bi A a B Bi A
(15, 20, 30) 4.285 0.291 0.387 5.088 4.300 0.290 0.400 5.187 4.019 0.270 0.294 4.980
0.90 0.91 0.90 0.89 0.91 0.91 0.91 0.92 0.90 0.92 0.91 0.91
(15, 25, 30) 4272 0.271 0.375 5.152 4,253 0.269 0.374 5.158 4.014 0.249 0.274 4,948
> 0.91 0.91 0.92 0.90 0.91 0.91 0.92 0.93 0.93 0.94 0.91 0.94
(20, 25, 30) 4.242 0.235 0.342 5.118 4,255 0.239 0.351 5.149 3.980 0.208 0.241 4915
(1.0, 1.0) 0.92 0.93 0.92 0.92 0.91 0.93 0.92 0.95 0.93 0.94 0.96 0.94
(20, 30, 50) 4.219 0.212 0.318 5.100 4.204 0.208 0.328 5113 3.971 0.185 0.214 4.875
0.93 0.92 0.94 0.90 0.93 0.93 0.97 0.93 0.93 0.95 0.97 0.92
(20, 40, 50) 4.181 0.185 0.284 5.079 4172 0.169 0.280 5.081 3.940 0.151 0.179 4.821
0.96 0.92 0.93 0.91 0.93 0.93 0.93 0.93 0.94 0.97 0.95 0.94
(30, 40, 50) 4.158 0.166 0.274 4,965 4118 0.135 0.241 5.040 3.915 0.118 0.148 4.782
0.92 0.94 0.93 0.92 0.93 0.94 0.92 0.93 0.94 0.95 0.95 0.94
TaBLE 7: The AL and CP of parameters estimates for ® (2, 0.1, 0.2, 2.0).
MLE MCMC/Prior 0 MCMC/Prior 1
(n, 7) (r, m, n)
a B B A a B B A a B B A
(15, 20, 30) 4.371 0.369 0.470 5.269 4,370 0.371 0.466 5.255 4.098 0.345 0.361 5.057
> 0.88 0.89 0.90 0.88 0.91 0.90 0.91 0.91 0.91 0.92 0.90 0.91
(15, 25, 30) 4.347 0.245 0.453 5.230 4.330 0.345 0.450 5.238 4.091 0.299 0.348 5001
> 0.89 0.90 0.91 0.91 0.91 0.92 0.92 0.93 0.93 0.94 0.93 0.92
(20, 25, 30) 4.318 0.310 0.415 5.198 4.294 0.310 0.428 5.221 4.071 0.288 0.321 4.989
(12, 1.0) 0.90 0.91 0.92 0.90 0.92 0.93 0.92 0.93 0.94 0.94 0.96 0.97
(20, 30, 50) 4.291 0.287 0.389 5.176 4.280 0.279 0.398 5.188 4.056 0.261 0.289 4,961
0.92 0.91 0.92 0.90 0.92 0.93 0.93 0.93 0.93 0.93 0.95 0.94
(20, 40, 50) 4.270 0.265 0.372 5.164 4.245 0.253 0.359 5.164 4.008 0.220 0.266 4.894
> 0.92 0.93 0.90 0.91 0.93 0.94 0.93 0.92 0.94 0.97 0.94 0.93
(30, 40, 50) 4.221 0.243 0.351 5.011 4.194 0.210 0.320 5.123 3.990 0.187 0.516 4.866
0.92 0.90 0.93 0.91 0.93 0.94 0.93 0.93 0.94 0.94 0.95 0.96

measure point estimate and average lengths (AL) and the
probability coverage (CP) are used to measure interval es-
timate. For Bayes estimation with MCMC methods, prior
parameters are selected to satisfy the expectation of gamma
prior as E(®;) = (q,/b)) = ©,, | = 1,2, 3. Then, informative

prior information (Prior 1) and noninformative prior are
obtained when the posterior distribution is proportional
with the likelihood function (Prior 0). Also, Chan is built for
11,000 iterations with the first 1000 as bur-in. Average Bayes
estimates, mean squared errors (MSEs), coverage
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TaBLE 8: The AV and MSE of parameters estimates for ® (1.0, 0.8, 1.0, 2.5).
MLE MCMC/Prior 0 MCMC/Prior 1
(n,t) (r, m, n)
« B B A « Bi Bi A a Bi B A
(15, 20, 30) 1.235 1.001 1.321 2.821 1.214 0.982 1.301 2.805 1.201 0.854 1.241 2.754
0.254 0.221 0.243 0.647 0.241 0.213 0.232 0.641 0.185 0.167 0.200 0.425
(15, 25, 30) 1.219 0.985 1.307 2.809 1.200 0.968 1.280 2.791 1.189 0.842 1.229 2.742
> 0.237 0.205 0.218 0.622 0.221 0.190 0.214 0.628 0.165 0.155 0.193 0.417
(20, 25, 30) 1.221 0.982 1.313 2.814 1.201 0.955 1.275 2.792 1.178 0.840 1.214 2.735
(03, 0.5) 0.227 0.201 0.212 0.619 0.218 0.183 0.208 0.614 0.145 0.147 0.190 0.409
(20, 30, 50) 1.214 0.977 1.307 2.817 1.194 0.948 1.269 2.790 1.160 0.825 1.204 2.727
0.209 0.192 0.200 0.604 0.201 0.164 0.201 0.601 0.139 0.132 0.179 0.401
(20, 40, 50) 1.195 0.899 1.265 2.800 1.191 0.888 1.255 2.718 1.124 0.801 1.176 2.702
> 0.182 0.176 0.166 0.550 0.183 0.161 0.164 0.547 0.101 0.108 0.151 0.382
(30, 40, 50) 1.184 0.875 1.240 2.741 1.179 0.872 1.221 2.719 1.127 0.789 1.154 2.701
0.174 0.160 0.142 0.514 0.156 0.140 0.133 0.519 0.099 0.089 0.132 0.314
TaBLE 9: The AV and MSE of parameters estimates for ® (1.0, 0.8, 1.0, 2.5).
MLE MCMC/Prior 0 MCMC/Prior 1
n,t) (r, m, n)
a B B A o B B A a B B A
(15, 20, 30) 1.219 0945 1.300 2.800 1.184 0.973 1.290 2.780 1.212 0.866 1.254 2.767
> 0.233 0.207 0.219 0.618 0.215 0.200 0.211 0.619 0.155 0.149 0.179 0.403
(15, 25, 30) 1.201 0.971 1.219 2.800 1.203 0.954 1.275 2.787 1.180 0.845 1.217 2.732
> 0.219 0.187 0.204 0.604 0.200 0.172 0.189 0.611 0.152 0.141 0.173 0.401
(20, 25, 30) 1.211 0.975 1.300 2.801 1.192 0.947 1.269 2.790 1.179 0.842 1.207 2.725
(0.5, 0.5) 0.209 0.175 0.200 0.601 0.197 0.164 0.187 0.600 0.132 0.125 0.174 0.390
(20, 30, 50) 1.204 0.961 1.310 2.807 1.182 0.941 1.260 2.784 1.163 0.817 1.191 2.708
0.191 0.179 0.183 0.581 0.180 0.162 0.189 0.580 0.117 0.111 0.160 0.382
(20, 40, 50) 1.190 0.880 1.260 2.803 1.190 0.878 1.247 2.725 1.132 0.715 1.160 2.650
0.161 0.156 0.149 0.535 0.168 0.145 0.145 0.538 0.089 0.079 0.138 0.365
(30, 40, 50) 1.176 0.871 1.233 2.742 1.165 0.869 1.217 2.731 1.130 0.776 1.151 2.690
0.155 0.143 0.128 0.500 0.141 0.128 0.117 0.504 0.081 0.076 0.114 0.301
TaBLE 10: The AV and MSE of parameters estimates for ® (1.0, 0.8, 1.0, 2.5).
. 7) (r. m, 1) MLE MCMC/Prior 0 MCMC/Prior 1
T T « B B A« B B A« B B A
(15, 20, 30) 1.235 1.001 1.321 2.821 1.214 0.982 1.301 2.805 1.201 0.854 1.241 2.754
0.254 0.221 0.243 0.647 0.241 0.213 0.232 0.641 0.185 0.167 0.200 0.425
(15, 25, 30) 1.219 0.985 1.307 2.809 1.200 0.968 1.280 2.791 1.189 0.842 1.229 2.742
0.237 0.205 0.218 0.622 0.221 0.190 0.214 0.628 0.165 0.155 0.193 0.417
(20, 25, 30) 1.221 0.982 1.313 2.814 1.201 0.955 1.275 2.792 1.178 0.840 1.214 2.735
(0.3, 0.5) 0.227 0.201 0.212 0.619 0.218 0.183 0.208 0.614 0.145 0.147 0.190 0.409
(20, 30, 50) 1.214 0.977 1.307 2.817 1.194 0.948 1.269 2.790 1.160 0.825 1.204 2.727
> 0.209 0.192 0.200 0.604 0.201 0.164 0.201 0.601 0.139 0.132 0.179 0.401
(20, 40, 50) 1.195 0.899 1.265 2.800 1.191 0.888 1.255 2.718 1.124 0.801 1.176 2.702
> 0.182 0.176 0.166 0.550 0.183 0.161 0.164 0.547 0.101 0.108 0.151 0.382
(30, 40, 50) 1.184 0.875 1.240 2.741 1.179 0.872 1.221 2.719 1.127 0.789 1.154 2.701
0.174 0.160 0.142 0.514 0.156 0.140 0.133 0.519 0.099 0.089 0.132 0.314
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TaBLE 11: The AL and CP of parameters estimates for ® (1.0, 0.8, 1.0, 2.5).
MLE MCMC/Prior 0 MCMC/Prior 1
(n, ) (r, m, n)
a B B A « Bi Bi A a Bi B A
(15, 20, 30) 2.824 2.541 3.104 5.512 2.801 2.549 3.097 5.489 2.612 2.325 2.900 5.342
0.89 0.88 0.89 0.87 0.89 0.90 0.90 0.88 0.90 0.90 0.90 0.90
(15, 25, 30) 2.804 2.525 3.077 5.500 2.785 2.525 3.077 5.468 2.591 2.301 2.879 5.324
0.90 0.90 0.90 0.90 0.91 0.91 0.91 0.91 0.91 0.92 0.91 0.92
(20, 25, 30) 2.781 2.507 3.059 5.480 2.766 2.508 3.059 5.455 2.579 2.284 2.862 5.304
(03, 0.5) 0.91 0.91 0.92 0.92 0.91 0.93 0.92 0.92 0.93 0.94 0.98 0.93
(20, 30, 50) 2.759 2.487 3.042 5.461 2.745 2.592 3.040 5.439 2.565 2.271 2.842 5.281
0.91 0.92 0.91 0.90 0.93 0.93 0.91 0.93 0.93 0.92 0.92 0.92
(20, 40, 50) 2.744 2.464 3.031 5.449 2.736 2.581 3.024 5.418 2.548 2.255 2.819 5.260
0.912 0.93 0.92 0.90 0.93 0.94 0.93 0.93 0.93 0.92 0.94 0.93
(30, 40, 50) 2.719 2.439 3.008 5.413 2.714 2.547 3.004 5.400 2.521 2.228 2.801 5.239
> 0.92 0.92 0.93 0.92 0.92 0.94 0.93 0.94 0.94 0.93 0.95 0.95
TaBLE 12: The AL and CP of parameters estimates for ® (1.0, 0.8, 1.0, 2.5).
MLE MCMC/Prior 0 MCMC/Prior 1
(n, 1) (r, m, n)
a B B A « B B A a B B A
(15, 20, 30) 2.801 2.514 3.076 5.500 2.783 2.515 3.072 5.471 2.593 2.304 2.879 5.319
0.90 0.90 0.89 0.89 0.90 0.90 0.91 0.90 0.90 0.91 0.90 0.92
(15, 25, 30) 2.782 2.507 3.058 5.483 2.769 2.507 3.061 5.454 2.576 2.279 2.864 5.308
> 0.92 0.91 0.90 0.91 0.92 0.91 0.92 0.91 0.91 0.92 0.93 0.93
(20, 25, 30) 2.756 2.486 3.035 5.464 2.748 2.492 3.041 5.441 2.568 2.269 2.847 5.292
(0.5, 0.5) 0.92 0.93 0.92 0.93 0.91 0.93 0.94 0.92 0.93 0.95 0.96 0.95
(20, 30, 50) 2.743 2.461 3.020 5.443 2.738 2.582 3.025 5.428 2.547 2.256 2.821 5.255
0.93 0.92 0.93 0.93 0.93 0.93 0.93 0.93 0.93 0.95 0.94 0.93
(20, 40, 50) 2.725 2.451 3.014 5.432 2.718 2.563 3.011 5.408 2.531 2.241 2.808 5.245
0.92 0.93 0.92 0.90 0.94 0.94 0.93 0.93 0.94 0.92 0.94 0.96
(30, 40, 50) 2.719 2.439 3.008 5.413 2.714 2.547 3.004 5.400 2.521 2.228 2.801 5.239
0.92 0.92 0.93 0.92 0.92 0.94 0.93 0.94 0.94 0.93 0.95 0.95
TaBLE 13: The AL and CP of parameters estimates for ® (1.0, 0.8, 1.0, 2.5).
MLE MCMC/Prior 0 MCMC/Prior 1
(n, ) (r, m, n)
a B B A « B B A a B B A
(15, 20, 30) 2.861 2.579 3.142 5.544 2.832 2.580 3.180 5.511 2.645 2.349 2.932 5.361
> 0.89 0.88 0.89 0.88 0.91 0.90 0.91 0.89 0.90 0.90 0.90 0.91
(15, 25, 30) 2.835 2.559 3.103 5.528 2.810 2.561 3.098 5.488 2.670 2.342 2915 5.357
> 0.90 0.91 0.90 0.91 0.91 0.91 0.91 0.92 0.91 0.92 0.91 0.92
(20, 25, 30) 2.799 2.538 3.071 5.499 2.784 2.541 3.075 5.478 2.611 2.315 2.881 5.338
(0.7, 0.5) 0.90 0.91 0.93 0.92 0.91 0.93 0.92 0.92 0.94 0.94 0.98 0.92
(20, 30, 50) 2.782 2.499 3.073 5.486 2.774 2.615 3.069 5.470 2.592 2.298 2.869 5.298
0.92 0.90 0.91 0.91 0.93 0.93 0.91 0.94 0.93 0.92 0.93 0.92
(20, 40, 50) 2.771 2.492 3.059 5.480 2.764 2.598 3.052 5.441 2.563 2.277 2.842 5.285
0.90 0.93 0.92 0.92 0.93 0.94 0.94 0.93 0.93 0.92 0.94 0.95
(30, 40, 50) 2.741 2.458 3.032 5.439 2.742 2.568 3.032 5.429 2.544 2.253 2.834 5.257
0.92 0.91 0.93 0.92 0.92 0.94 0.93 0.92 0.94 0.93 0.93 0.93

percentages, and average confidence interval lengths based
on 1000 replications are reported. The results are shown in
Tables 2-13.

6. Conclusions

A suitable censoring scheme and a suitable accelerated type
for competing risk populations are developed. The results

are computed when the products have Chen lifetime dis-
tribution. The model parameters are estimated with MLEs
and Bayes methods; then, the numerical results are reported
in Tables 2-13. The following comments are observed for the
numerical results.

(1) From all tables, the proposed methods serve well for
all choices.
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(2) The numerical results which are obtained from MLEs
and Bayes with noninformative prior are approxi-
mately similar.

(3) The Bayes method under informative prior serves
very well compared to the other cases.

(4) The censoring scheme of type-I GHCS has saved the
minimum number of failures which present suitable
numerical results of all choices

(5) For the effective (r,m) sample increases, the MSEs
and the AL of different estimators are reduced.

(6) The best results are obtained for the cases of # = 1.
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The aim of the paper is to study the kinematics of the manipulator. The articulated robot with a spherical wrist has been used for
this purpose. The Comau NM45 Manipulator has been chosen for the kinematic model study. The manipulator contains six
revolution joints. Pieper’s approach has been employed to study the kinematics (inverse) of the robot manipulator. Using this
approach, the inverse kinematic problem is divided into two small less complex problems. This reduces the time of analysing the
manipulator kinematically. The forward and inverse kinematics has been performed, and mathematical solutions are detailed
based on D-H (Denavit-Hartenberg) parameters. The kinematics solution has been verified by solving the manipulator’s motion.
It has been observed that the model is accurate as the motion trajectory was smoothly followed by the manipulator.

1. Introduction

Locomotion is the process of causing a rigid body to move.
The body needs force to move. Dynamics is the study of the
motion of the body in which forces are modelled which helps
the body to move, whereas kinematics is the geometrical
study of the motion of the body without considering the
forces that can affect the motion of the body.

Kinematics is the motion description of the rigid body.
[1] Links are the connectivity body/member between joints.
The kinematic chain is a grouping of links connected by
joints, as illustrated in Figure 1. In the kinematic chain, the
number of DoF (degree of freedom) is equal to the number
of joints.

Maintaining a strong connection between the two joints
is called the kinematics function of a link. This connection
can be described with the following factors:

(i) a: link length
(ii) a: link twist
Link length is measured along the line which is mutually

perpendicular to both joints/axes. The perpendicularity in
joints always exists except when both joints are parallel. Link

twist is the angle of projection from the previous joint (i—1)
to the next joint (i) onto the axis i—1 (previous joint); the
projection line is parallel to the next joint (axis i). The re-
lationship between link length and twist is described in
Figure 2.

(i) A joint axis is formed at the connection of two links.
This joint will have two parameters (one for each
link) connected to it. These parameters are as
follows:

(ii) d: distance between links

(iii) O©: angle between links

The relative position or distance between the links is
called link offset. Figure 3 describes these parameters, in
which the joint angle is the angle between the links.

The four parameters demonstrated above are associated
with each link. Axes can be aligned using these parameters.
The parameters are also known as Denavit-Hartenberg link
parameters. These are illustrated in Table 1 below:

The link numbering convention follows from the base of
the arm till the last moving link. As mentioned in Figure 4,
the first link is the connection between the base and first
joint.
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(b)

FiGgure 1: Kinematics of the manipulator: (a) open chain; (b) closed chain [2].

Axis i

Axisi-1

FiGure 2: Kinematic function of link.

Axis i

FiGgure 3: Link and joint parameters. Joint parameters are high-
lighted in red.

TaBLE 1: Denavit-Hartenberg link parameters.

Link parameters Joint parameters

d: distance between links
O: angle between links

a: link length
a: link twist

The parameters mentioned above in Table 1 are used for
kinematic modelling of the robot. In kinematics, modelling
the geometry of the robot is represented. Homogenous
transformation (of the matrix) is commonly used as the
definition of the kinematics model (particularly for chains
mechanism). As described below,

Link 3

Link 1

Link 0

FIGURE 4: A 7-DoF manipulator arm [3].

OT =T\ T,T5...T;...T,, (1)

where # is the number of links, T} is the link transformation
from the i joint, and T is the final pose for end-effector
relative to the base.

There are two main types of kinematic models: forward
kinematics and inverse kinematics. In forward kinematics,
the length of each link and angle of each joint is given, and
through that, position of any point (x, y, z) can be found. In
inverse kinematics, the length of each link and position of
some points (x, y, z) is given, and the angle of each joint is
needed to find to obtain that position.

Several models are developed for kinematic modelling,
but the D-H (Denavit-Hartenberg) model [4] is the most
popular model. Limitations of the D-H model are discussed,
and CPC (completeness and parametric continuity) model
and its mapping with the D-H model were proposed [5]. The
parametric continuity of the CPC model was achieved by
using singularity free line representation.

2. Forward Kinematics of Comau NM45

The Comau NM45 [6] is a medium-scale robot. It has 6
degree of freedom joints. It is an articulated arm with a
spherical wrist. The wrist joint intersects at one point.
Figure 5 shows the manipulator with its link length and
working envelope.

Forward kinematics is the study of the manipulator to
find out its tip or end-effector position and orientation by
using joint values of the manipulator. The first step of
performing the forward kinematics is to label link lengths.
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FiGure 5: Comau NM45 (inline) operative area and link lengths.

This step has been performed in Figure 5. The second step to
find the forward kinematics of the manipulator is to assign
the frames. The frame assignment is done in Figure 6.

The D-H parameters can be found based on the frame
assignment. The modified DH convention has been used for
the frame assignment and DH parameters [7, 8]. These
parameters are illustrated in Table 2.

The transformation matrix for a link i is described as
follows:

cos i —sinBicosai sinbisinai «icos 6i

sinfi cos@icosai —cosbisinai «isin i
A; = . . . . . (2)
0 sin o cos ai di
0 0 0 1

A, is the transformation matrix T9:

cosf1 —sinflcosal sinflsinal «l cos6l

70 = sinf1 cosflcosal —cosflsinal «lsinBl
7o sin al cos al |
0 0 0 1
(3)

and a = 90, so TY will be as follows:

cosfl 0 sinfl «lcosbl
0 sinfl 0 —cosf1 «alsin6l
T, = , (4)
0 1 0 dl
0 0 0 1

whereas al =11 =0.4 and d1 =0.75; by placing these values
above, the following equation which is the resultant for the
transformation between the base and joint 1 is obtained:

cosfl 0 sinf1 «alcosbl

sinfl 0 —cosf1 «lsin01
T, . (5)
0 1 0 0.75

0 0 0 1

For A2 =T3,

—sin62 0 a2 cos B2
sinf2 cosB2 0 a2sinB2
0 0 1 d2

0 0 0 1

cos 62

N =
Il
—~
)
=
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Y
X Flange (axis 6)
FIGURE 6: NM45 model with coordinates mapping.
TaBLE 2: Comau NM45 DH parameters.
Link Link length (i), m Twist angle (ai), deg Joint offset Joint angle (i), deg
1 L1=04 90 D1=0.75 (1)
2 L2=0.75 0 0 (62)
3 13=0.25 90 0 (63)
4 0 -90 D4=0.8124 (64)
5 0 90 0 (65)
6 0 0 D6=0.175 (66)

whereas a2=12=0.75 and d2=0; by placing these values
above, the following equation which is the resultant for the
transformation between joint 1 and joint 2 is obtained:

cos02 —sinB2 0 0.75cos 62
sin@2 cos82 0 0.75sin 62

)= (7)
0 0 1 0
0 0 0 1

For A3 =T%,
cosB3 0 sinB3 a3 cosB3

5 sinf3 0 —cos63 a3sinH3

5= , (8)
0 1 0 d3
0 0 0 1

whereas a3=1[3=0.25 and d3=0; by placing these values
above, the following equation which is the resultant for the
transformation between joint 2 and joint 3 is obtained:

cos03 0 sin63 0.25 cos 63
inf3 0 — 63 0.25 sin 63
T§ _| sin cos sin . 9)
0 1 0 0
0 0 0 1

For A4 =T and a = 90,

cosf4 0 -sin64 o4 cosb64
5 sinf4 0 cosf04 o4 sinf4
T, = S (10)
0 -1 0 da
0 0 0 1

whereas a4 =0; by placing the value of a4 in the above
equation, the following equation which is the resultant
for the transformation between joint 3 and joint 4 is
obtained:

cosf4 0 -sinf4 0
5 sinf4 0 cosfB4 O
T, = . (11)
0 -1 0 d4
0 0 0 1
For A4 = T4,
cosB5 0 sin65 a5 cos 65
4 sinf5 0 —cos65 «5 sin 65
L= , (12)

0 1 0 ds
0 0 0 1
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whereas a5=0 and d5=0; by placing these values in the

above equation, the following equation which is the resultant

for the transformation between joint 4 and joint 5 is

obtained:

cos05 0 sinf5 0

sinf5 0 —cos65 0

T; = . (13)
0 1 0 0

0 0 0 1

For A5 =T} and a =0,
cos06 —sin06 0 a6 cos 06
5 sinf6 cos06 0 a6 sin 66
T, , (14)
0 0 1 de

0 0 0 1

whereas a6=0; by placing the value of a6 in the above
equation, the following equation which is the resultant for
the transformation between joint 5 and joint 6 is obtained:

cos(u) 0

sin(u) 0.4 cos(u)

sin(u) 0 —cos(u) 0.4 sin(u)

5
cosf6 —sinf6 0 0
5 sinf6 cosf6 0 0
T, = . (15)
0 0 1 dé6
0 0 01

2.1. Transformation. For simplification, the following has
been substituted:

01 = u,
02 =v,
03 = w,
04 = a, (16)
05 =0,
06 = m.

For A12 =T9 =T x T}, substitute values from equa-
tions (5) and (7):

cos(v) —sin(v) 0 0.75 cos(v)
sin(v) cos(v) 0 0.75 sin(v)

T9 = TOXT) = (17)
0 1 0 0.75 0 0 1 0
0 0 0 1 0 0 0 1
The resultant transformation between the base and joint
2 is illustrated as follows:
cos(u)cos(v) —cos(u)sin(v) sin(u) cos(u)(0.75 cos(v) + 0.4)
70 cos(v)sin(u) —sin(u)sin(v) —cos(u) (0.75 cos(v) + 0.4)sin (u) (18)
2 sin (v) cos(v) 0 0.75 sin(v) + 0.75
0 0 0 1
For A123 = T9 = TY x T} x T3, for simplicity,
m = cos(u) (0.75 cos(v) + 0.4),
n=(0.75 cos(v) + 0.4)sin (u),
u = 0.75 sin(v) + 0.75,
cos(u) cos(v) —cos(u)sin(v) sin(u) m cos(w) 0 sin(w) 0.25 cos(w) (19)

cos (v)sin (1)
TS = T9XT? = .
sin (v) cos (v)

0 0

—sin (u)sin(v) —cos(u) n

sin(w) 0 —cos(w) 0.25 sin(w)
0 0 1 0 0
1 0 0 0 1



The resultant transformation between the base and joint
3 is illustrated as follows:

cos (u)cos (v + w)
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sin(u) cos(u)sin(v +w) m + 0.25 cos (u)cos (v + w)

cos(v + w)sin(u) —cos(u) sin(u)sin(v+w) n+ 0.25 cos(v + w)sin (1)

TS = (20)
sin (v + w) 0 —cos (v + w) 0+ 0.25 sin (v + w)
0 0 0 1
For A456 =T; = T; x T2 x T¢,
cos(a) 0 —sin(a) O cos(b) 0 sin(b) 0
sin(a) 0 cos(a 0 sin(b) 0 —cos(b) 0
pts 1t | S (a) ) X
0 -1 0 0.8124 0 1 0 0
0 0 0 1 0 0 0 1
cos(a) cos(b) —sin(a) cos(a)sin(b)
sin(a)cos(b) cos(a) sin(a)sin(b
pgs 73 | S@e0S®) cos(@) sin(asin®) o
—sin (b) 0 cos(b) 0.8124
0 0 0
cos(a) cos(b) —sin(a) cos(a)sin(b) 0 cos(m) —sin(m) 0 0
sin(a)cos(b) cos(a) sin(a)sin(b) 0 sin(m) cos(m) 0 0
P o1 e 2y | OB cos(@) sin(@sin) 0 | 6
—sin (b) 0 cos(b) d 0 0 1d
0 0 0 1 0 0 0 1
The resultant transformation between joint 3 and joint 6
is illustrated as follows:
cos (a)cos (b)cos (m) — sin (a)sin (m) —cos (m)sin (a) — cos (a)cos (b)sin (m) cos(a)sin (b) d® cos(a)sin (b)
- cos (b)cos (m)sin (a) + cos (a)sin (m) cos (a)cos (m) — cos (b)sin (a)sin (m) sin(a)sin(b) d° sin(a)sin (b)
¥ —cos (m)sin (b) sin (b)sin (m) cos(b) cos (b)d6 +d*
0 0 0 1
(22)
Spherical wrist position can be extracted using the last R p°
column of T{ transformation matrix, where Tg = |: 676 :|, (24)
0 1
T i T3 Py
and spherical wrist position is illustrated as
0 Ty Ty T3 P y
Te= g (23) Px
T3 T3 33 P, 0
0 0 0 1 Pg=| Py |. (25)
Pz

Which means the T the transformation matrix can be
represented in terms of R and P illustrated as follows:

Transformation matrix from base to end-effector is
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TY=T)x Ty x T x T xTexTs,
rr11 r12 r13 Px
r2l r22 r23 Py
r31 r32 r33 Pz | (26)
Lo 0 0 1
n.[% 7]
0 1

3. Inverse Kinematics of Comau NM45

Inverse kinematics is finding the joint values
(61, 62, 63, 64, 65, 66) of the robot arm for the given
position (p) and orientation (o). For inverse kinematics, the
inverse orientation R and inverse position P are needed.

The Comau NM45 is an articulated arm with a spherical
wrist. For finding anthropomorphic/articulated arm position
and joint values 01, 62, 03, the inverse position is needed.

Let O, be intersecting the last 3 joints. The motion of joints
4, 5, and 6 will not change the position of O, as stated in
Figure 7 [19] This is according to Pieper’s approach [7], in which
the manipulator is divided to analyse the inverse kinematics [10].

According to T matrix from equation (22), the position
P} is always as mentioned in the following equation:

0
Pi=| o0 | (27)
e
So, the position O will be as follows:
[0
O=0)+d4R| 0|, (28)
1

where O is the position P and R is the orientation which is R.
The above equation can be written in terms of O as follows:

0
0 =0-d4R|0 |, (29)
1

The first three joints can be found in the following steps.
They will determine the position of the manipulator:

O.X
0= o, |
LO, |
X7
o’ = (30)
c = Ve |
L2, ]
Xc [0, —dgT13
Ve |=|0x—deras |
Zc Lo, —dgT3;

Wrist centre

Figure 7: Kinematics decoupling (Spong, Hutchinson, and
Vidyasagar, 2006).

For the orientation, the last three joints orientation is
needed. The following equation shows the overall rotation of
the manipulator in terms of R} and R;:

0p3
R=RIR. (31)

Rearrangement of equation (31) will yield R; below,
through which the last three joint angles can be found:

R} =Ry 'R — 64,65, 66. (32)

For articulated manipulator, the first three joints tell the
position, as illustrated in Figure 8.

Projection of wrist onto x;, y, plane has been shown in
Figure 9.

This projection yields the triangle through which the
angle value for 01 can be found as follows:

61 = Atan 2(x,, y,). (33)

If the wrist is rotated, then it will result in the following
equation:

61 = Atan2(x,, y,) + . (34)

Another projection, as mentioned in Figure 10, on the
plane formed with link 2 and link 3 can help to find the value
of joint angle 2 (6,,2) and joint angle 3 (6;,3).

Law of cosines can be applied to obtain the joint angle 3
(05, 3), as follows:

2 2 2 2

r +s —a, —d,

cos B, = (35)

2a,0a;

By substituting the values of r and s, these can be
extracted by using Figure 8:

(et ye-d')+(z-di) ~ay-a

2a,a;

cosf; = (36)

As NM45 2.0 is inline, no shoulder is offset and, hence,
d=0.
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FiGure 8: Comau NM45 (articulated arm) first three joints (Spong,
Hutchinson, and Vidyasagar, 2006).
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FIGURE 9: Projection of wrist centre onto x0, y0 plane (Spong,
Hutchinson, and Vidyasagar, 2006).

FIGURE 10: Projection on the plane (Link2 12, Link3 13) (Spong,
Hutchinson, and Vidyasagar, 2006).
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So,
2 .2 2 2 2
COSG3=xC+yC+(ZC_d1) _az_as, (37)
2a,0a;
where a, = L, according to DH labelled figure, and
2, 2 2 12 2
COSG3=xC+yC+(z;£d1) _Lz_as)
a
2Y3 (38)

sin 05 = /1 — cos 62.

2/ 2
an 6, = \Jl cos 0; _V1-D . (39)
D

cos 0,

Also,

The value of 05 can be written in terms of atan2 and D as
follows:

0, = atan2<D, +V1-D? ), (40)

where + is for elbow up and — is for elbow down.
The projection in Figure 11 has been drawn onto the link
2 and link 3 plane to find 6,:

0, = h1 - h2,

hl = atan2(r,s) = atan2<\/xf Az~ d1>, (41)

h, = atan2(a, + a; cos 05, a; sin 6;).
So, the value of 8, can be written as follows:

0 :atan2< x4y, z.—d )
2 Y c 1 (42)

—atan2(a, + a; cos 63,a3 sin ).

3.1. Finding Spherical Wrist Joint Values (Rotation) Using
Euler Angles. The last three joint variables, 04, 65, 06, are
the Euler angles. So,

04 = &,
65 =, (43)
06 = ¢.

These angles are concerning the coordinate frame
03,x3, ¥3,z3. Now we need to calculate the transformation
from Tj to T, which is T3:

T? = A5XA5XA6 = T x T:XT;, (44)

where T? can be written in terms of R; and O] mentioned as
follows:

R O
T: = [ 06 16 ] (45)

where O} is the position.
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FIGURE 11: Projection onto 12 and 13 plane to find 6,. 8, can be written in terms of angles hl and h2.

For the spherical wrist, the ZYZ Euler transformation is
needed. R} is captured from equation (22), so R} can be
written as

cos (D)cos (B)cos (¢) — sin (D)sin (@) —cos (@)sin (&) — cos (F)cos (0)sin (@) cos(F)sin ()

Ryyy = Rz = | cos (0)cos (@)sin () + cos (D)sin (@) cos(D)cos(¢) — cos(O)sin (J)sin (@) sin(J)sin(0) |,
—cos (¢)sin (0) sin (6)sin (¢) cos(0) (46)
rll r12 r13
Rl =|r21 r22 123,
r31 r32 r33

Whereas angles a, b, m are &, 0, ¢, respectively.
The cosf can be extracted from r33 from the following
equation:

cos (b) = cos 6,

sin(b) = sin0\/1 — cos” .

The above cosf and sinf can be written in form of tan to
find the value of 6:

0 tan”! 1- cos” 6
=tan | —— |,
r33

o t(L% )

r33

(47)

(48)

For nonsingular case, if both 713 and 723 are not zero,
then equation (49) will yield the value of 6

0 = atan 2<r33, + 11 -r33° ) (49)

or

o Vri3er23 _\(cos(@)sin(O))"+ Gin (2)sin (0)°
an 0= = ,

t
r33 cos(0)

. 1<\/r132+r232>

0=tan
r33

(50)

Equation (51) shows the value of 6 in terms of
r13, r23and r33:

0 =atan 2(r33, + \/r132 + 123 ) (51)

The last column of R} from equation (46) can help to
yield the value of &:

123 sin()sin (0)
tan @ = r13  cos(D)sin (6) (52

@& can be represented in terms of 713 and 23, as follows:
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FIGURE 13: Joint trajectory of Comau NM45.
@ =atan2(r13,r23). (53) @ =atan2(-r13,-r23),
For ¢, 0 = atan 2(r33, +\r13? + 723 ) (57)
r32 sin (0)sin
tang = = (O)sin (p) (54)

21 = (—cos(¢)sin(6))

The ¢ can be represented in terms of r31andr32

mentioned as follows:
¢ =atan2(-r31,r32). (55)

For catering singularity, if sin (6) > 0, whereas 0 <0< 7,
then solution will be

@ =atan2(-r13,-r23),

6 = atan 2(r33, +\r13% + r23 )

¢ =atan2(r31,-r32).

(56)

If sin (0) < 0, whereas — < 0 < 0, then the solution will be

¢ =atan2(r31,-r32).

The last three joint values have been resolved by using
the above equations of &, 6, and ¢.

For the trajectory planning, the program was written in
Matlab by using forward and inverse kinematics equations
mentioned in the above sections. The planned trajectory
required the smooth motion of the end-effector. The joint
angles were calculated using the inverse kinematics equa-
tions. Figure 12 shows the trajectory planning and robot
motion along with the trajectory for the Comau NM45. The
robot was able to follow the trajectory smoothly.

Figure 13 shows the mapping of the values of joints to
move on 100 points to follow the trajectory. It shows that the
achievement was smooth as there are no sudden spikes in the
joint values.
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4. Conclusion

The modified DH convention has been used to perform the
forward kinematics for the manipulator. The kinematics
decoupling has been used to perform the inverse kinematics.
The manipulator was divided into two parts to make the
inverse kinematics problem simpler. The first 3 joints were
resolved by using a geometrical approach, whereas the last
three joints were resolved using the algebraic approach. The
resultant kinematics solution was applied on the manipu-
lator, and it was able to follow a test trajectory successfully. A
similar approach can be used while solving the articulated
robot with a spherical wrist. The techniques are applied for
the 6-DoF robot.
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In this paper, stope structure optimization during sublevel caving mining is considered under the condition that the isolated draw
zones (IDZs) are nonstandard ellipsoid, which is realized by dynamically adjusting the arrangement of IDZs and quantifying the
degree of intersection of IDZs according to an ore profit and loss calculation model. A dynamic intersecting arrangement model
based on IDZs was proposed, which can dynamically adjust the sublevel height and drift spacing according to the ore-rock bulk
flow parameters, economic indicators, occurrence condition of the ore body, drilling machine, and so forth. Based on the model,
the range of drift spacing, the lower volume of crestal residual ore, and the higher volume of mixing waste rock are calculated. By
deducing the function of ore profit and loss, a calculation model for ore profit and loss is established to quantify the degree of
intersection of IDZs and determine the best stope structure. Using the constructed dynamic intersecting arrangement model, a
stope structure of —213 m to —303 m in the Yanqianshan Iron Mine was designed, with a sublevel height of 22.5m and a drift
spacing of 20.5 m. A physical drawing model was designed, and three physical simulation experiment schemes were conducted to
compare and analyse the ore loss and dilution of the intersecting arrangement model and the traditional tangent arrangement
model. The results showed that the loss rate decreased by 3.66% and the dilution rate increased by only 0.22%, thus verifying the
effectiveness and applicability of the model to optimize the stope structure.

1. Introduction

The sublevel caving method is one of the oldest methods for
underground mining. This method has many advantages with
regard to safety and mechanization, so it is widely used in
various kinds of metallic mines worldwide [1, 2]. With the
extension of deep underground mining and the transformation
of open-pit mines to underground mines, the application of
this mining method is continuously growing, developing to-
wards intelligent mining equipment and stope structure op-
timization [3]. The stope structure, including sublevel height,
drift spacing, and caving spacing, is the main factor that causes
ore loss and dilution. An optimal stope structure can adapt to
the fluidity of ore-rock, thus reducing ore loss and dilution.

The sublevel caving method is used for mining between
sublevels from top to bottom. When ore is extracted,
overlying waste rock fills the void created by ore extraction,
so the ore is always surrounded by the overlying waste rock.
The caved ore is drawn from drifts under loose cover-layer-
rock, so ore loss and dilution readily occur [4-6]. This is a
significant disadvantage of this method. Obviously, the
optimal stope structure from a scientific drawing model can
accelerate the flow of ore and control the mixing of waste
rock, thus mitigating the shortcomings of serious ore loss
and dilution [5, 7]. Therefore, relevant studies that can help
improve the recovery and utilization of mineral resources
and increase the economic benefit of mines are very
significant.
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To optimize the stope structure to reduce ore loss and
dilution in sublevel caving mines, scholars have proposed
different basic theories; those theories with practical value
include ellipsoid draw theory and stochastic medium draw
theory [8, 9]. These theories study the movement trends of
caved ore and overlying waste rock but adopt different
research methods [10]. Ellipsoid draw theory experimen-
tally proves that isolated draw zones (IDZs) (the geo-
metrical locus defined by the initial location of the caved
ore that is recovered from a drawpoint in underground
mining) are approximately ellipsoids [11]. Then, the
properties of IDZs are studied and used to explain the flow
characteristics of the ore-rock bulk. Stochastic medium
draw theory simplifies the ore-rock bulk into a continuous
flowing random medium and then studies the movement
process of the ore-rock bulk through probability theory
[12, 13]. In the final analysis, these theories are ultimately
used to optimize caving mining schemes and to determine
reasonable stope structures. Based on ellipsoid draw the-
ory, Kvapil [14] expanded from a single IDZ and used IDZ
spatial arrangement theory to design stope structures. This
design principle later evolved into two stope structures:
wide drift spacing structure and high sublevel structure. In
wide drift spacing structure, the upper and lower ellipsoids
are directly tangent, while the left and right discharge
ellipsoids are separated and tangent to the upper and lower
ellipsoids (see Figure 1(a)). Similarly, in high sublevel
structure, the left and right ellipsoids are directly tangent to
each other, while the upper and lower discharge ellipsoids
are separated and tangent to both the left and right el-
lipsoids (see Figure 1(b)). According to the design prin-
ciple, the sublevel height of caving mines worldwide is 15 m
to 30 m, and the drift spacing is generally slightly less than
or equal to the sublevel height. However, under these stope
structures, a certain proportion of ore is outside the IDZ
(see Figure 1); therefore, this cannot be regarded as the
optimal stope structure, and it has been proven that these
stope structures do not yield a good recovery effect in
practical mining applications. Some mines, such as the
Xiadian Gold Mine in China and the Kamoto Copper Mine
in Zambia, have recoveries of less than 80% [15]. Yuan et al.
[16] analysed the coincident relationship between the
caved ore, crestal residual ore, and IDZ and concluded that,
within a certain temporal period and spatial area, in-
creasing the distance between the drawpoints reduces the
recovery rate of ore. Wang et al. [17] numerically simulated
drift spacings of 12 m to 20 m, and the results showed that
there were no obvious changes in the waste in-ore rate as
the drift spacing increased, but the ore recovery rate de-
creased from 63% to 46% with increasing drift spacing. Tan
et al. [18] discussed the wide drift spacing structure based
on the ellipsoid drawing theory and pointed out the defects
of the design scheme. The above studies are all based on
qualitative descriptions of stope structure and analyse the
influence of drift spacing on ore recovery. The specific
stope structure is still determined according to mining
experience and experiments. Moreover, for the whole
mine, the stope structure is fixed and cannot be dynami-
cally adjusted.
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Isolated draw zone

Drawpoint

Figure 1: The conventional tangent arrangement model based on
IDZs [14]. (a) Wide drift spacing structure. (b) High sublevel structure.

When mining by the sublevel caving method, the shape
of the IDZ is affected by many factors, including not only the
physical properties of particles, such as the ore-rock bulk
geometry, lumpiness, concrete gradation, humidity, and
loose factor, but also the mechanical properties of particles,
such as the lateral pressure and friction [19]. Therefore, the
shape of the IDZ is not a regular ellipsoid. Marano et al.
[9, 20] believe that the IDZ is composed of different shapes,
such as an ellipsoid in the upper part and a parabolic rotating
body in the lower part. Janelid and Kvapil [3, 21, 22] proved
that the ellipsoid is an approximate ellipsoid, but there are
cases in which the upper part is thick and the lower half is
thin and vice versa. The nonstandard ellipsoid shape of the
IDZ means that the tangent arrangement model cannot be
completely applied to the design of the stope structure.

In this study, stope structure optimization during sub-
level caving mining is considered under the condition that
the IDZs are nonstandard ellipsoids, which is realized by
dynamically adjusting the arrangement of IDZs and quan-
tifying the degree of intersection of IDZs according to an ore
profit and loss calculation model. A dynamic intersecting
arrangement model based on IDZs which can dynamically
adjust the stope structure according to the ore-rock bulk
flow parameters, economic indicators, occurrence condi-
tions of ore bodies, drilling machines, and so forth is pro-
posed. Then, taking the ore profit and loss as the research
object, a calculation model is established to quantify the
degree of intersection of the IDZs and determine the best
sublevel height and drift spacing. Finally, with the dynamic
intersecting arrangement model, the optimal stope structure
of the Yanqgianshan Iron Mine is designed; moreover, three
experimental schemes using the Yanqianshan Iron Mine as
the background were carried out to compare the tangent
arrangement model based on IDZs and the intersecting
arrangement model based on IDZs.

2. The Intersecting Arrangement Model
Based on IDZs

The design and optimization of the stope structure generally
follow the principle that the shape of the caved ore heap is
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consistent with that of the IDZ [14], which means that the
IDZ should contain as much caved ore and residual ore as
possible. According to the conclusion of Yuan and Liu
[16, 23], if the distance between drawpoints is reduced so
that the IDZs intersect, the crestal residual ore will be re-
duced (see Figure 2), which has a significant impact on the
ore recovery rate. Therefore, the intersecting arrangement
model based on IDZs can better reflect the principle that the
shape of the caved ore heap is consistent with that of the
IDZ, especially when the IDZ is a nonstandard ellipsoid.
Stochastic medium draw theory of Ren [12] simplifies
the ore-rock bulk into a continuous flowing random me-
dium, which better reflects the shape of the IDZ. Based on
stochastic medium draw theory, for the end ore drawing of
the sublevel caving method, the shape of IDZ is given by

(x - kz(m/z))2 ¥ <oc +ay
[04 + (04 =
Bz Bz 2
where «, 3, «;, and f3; are the ore-rock bulk flow parameters
(a and f represent the vertical direction of the drift, and
o, and f3; represent the horizontal direction of the drift); k is
the impact coefficient of the ore body and depends on the
damping degree of the ore-rock bulk by the ore body (in
general, k =0.1~0.15); and H is the sublevel height. Equation
(1) is mainly used to determine the width of the IDZ in the
vertical direction of the drift to design the drift spacing.
When mining by the sublevel caving method, the shape
of the IDZ is not a regular ellipsoid, and the tangent ar-
rangement model based on IDZs will reduce the density of
the spatial arrangement, causing more ore to be outside the
range of the IDZ. Under these conditions, it is more ap-
propriate to adopt the intersecting arrangement model based
on IDZs. The drift spacing is shortened so that IDZs R, and
R; intersect with the upper and lower IDZs R; and Rs,
respectively, and then the crestal residual ore will be reduced
(see Figure 3). Of course, this shortening will promote the
mixing of waste rock, but this problem can be addressed by
calculating the comprehensive economic benefits of the ore.
The best intersection degree of the IDZ corresponds to the
maximum economic benefit.

+ 1>ln % [z, (M

3. Optimization of the Stope Structure

The sublevel height is determined by occurrence conditions
of the ore body, drilling machine, demolition equipment,
and so forth. Once the sublevel height is determined, it is
difficult to change. The drift spacing is a quantitative rep-
resentation of the intersecting arrangement model based on
IDZs, and the degree of intersection determines the drift
spacing. In this section, on the basis of establishing the
intersecting arrangement model based on IDZs, the method
for determining the optimal stope structure is given.

3.1. Range of the Drift Spacing. In this section, equations of
the four adjacent IDZs are established at the same coordinate
according to the shape of the IDZ (equation (1)). On this
basis, we derived the calculation method of the width of the
IDZ in the vertical direction of the drift and provided the

Sublevel

Drift spacing

Waste rock

FIGURE 2: Stope structure of the intersecting arrangement model
based on IDZs.
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FIGURE 3: The intersecting arrangement model based on IDZs. (a)«
<1.44. (b)a> 1.44.

determination method for the drift spacing by using the
arrangement of the IDZs.

From equation (1) and Figure 3, the equation of the IDZ
R, is as follows:

2
(k) P fara
R;: % + =<
Bz Bz 2
By transforming the coordinates of the centre point of
IDZ R, the equations of R,, R3, and R, are as follows:
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where B is the drift spacing, which refers to the distance
between two drawpoints; R, is the lower IDZ; R, is the right
IDZ; R; is the upper IDZ; and R, is the left IDZ.

For Ry, along the direction of x = kz («/2), which is the
vertical direction of the drift, the profile equation of R, is as
follows:

2 <oc+oc1

2H
y* = + l)ﬁlzo‘l In — (6)

For R,, along the direction of x = k(z — H)A((x/Z), which
is the vertical direction of the drift, the profile equation of R,
is as follows:
2H
(z-H)

(y - B) =<%+ 1)/31 (z-H)*In

(7)

The height of the widest part of R, is denoted by h, and
the normal slope of R; at z = h is zero; for equation (6),
dy/dz = 0. Then,
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z=h=2He (Vo) (8)

Next, the maximum and minimum values of the drift
spacing are calculated for different IDZ shapes.
1) a<1.44

The widest part of the IDZ is located at the lower part,
and the IDZ is similar to an ellipsoid with a thin
upper part and thick lower part (see Figure 3(a)).

For R,, by equations (7) and (8), the widest part is
located at z, where

z=2He (V%) L | 9)

Point G, is defined as follows:

G, <2He(““1> VH, - \/((“ ray/2) + DB CH)™ B>.

ae

(10)

For Ry, by equations (6), (8), and (9), point F; is defined
as follows:

F, <2He_(1/“‘) +H, J(% + I)BIH“‘<1 + 2e‘(”"‘1)>“1 mh— 2 ) (11)

When R, is tangent to R; and R;, the drift spacing is
maximized, and points G, and F, coincide; therefore,

1 +2¢ (V%)

+ - @ 2
Bmax = J(“ 2“1 + l)ﬁlH"‘l(l +2e (1/“1)> 'In

When R, is tangent to the z-axis, the drift spacing is
minimized; therefore,

[((a+a,/2) + 1), QH)™
ae ’

Bmin = (13)

where B, is the maximum drift spacing and B,;, is
the minimum drift spacing.

(2) a>1.44

[((a+a,/2) + 1), (2H)"

+ 12
1+ 2" (V) o€ 1

The widest part of the IDZ is located in the upper part,
and the IDZ is similar to an ellipsoid with a thick upper part
and thin lower part (see Figure 3(b)).

For R;, according to equations (6) and (8), the widest
part is located at z, and point F, is defined as follows:

F2<2He(1/m)’ \/((a +a,/2) + 1), (2H)™ > (14)

ae

For R,, according to equations (7) and (8), point G, is
defined as follows:

~(w) _ (*t o afo-(e) N0 2
G2<2He , \j< 5 +1>ﬁ1H (26 1) lnze(l/al)_1+B>. (15)
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When R, is tangent to R; and R, the drift spacing is
maximized, and points G, and F, coincide:

2

Bmax = \j(a % + 1>ﬁ1H“1<26_(1/a]) - 1) lln

When R, is tangent to the z-axis, the drift spacing is
minimized:

[((a+ a,/2) + 1)B, 2H)"
ae '

Bmin = (17)

In summary, when the IDZ is a nonstandard ellipsoid,
the range of the drift spacing is as follows:

[ [((a+ ,/2) + 1)B, (2H)"
ae
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ae
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3.2. Volume Calculation. When the sublevel height is de-
termined, with decreasing drift spacing, the arrangement
model based on IDZs changes from tangent to intersecting,
the amount of crestal residual ore decreases, and the mixing
amount of waste rock increases. V, is the lower crestal
residual ore volume, and V, is the higher mixing waste rock
volume. When V,_ and V, are calculated, the functional

[((a+a,/2) + 1), (2H)"

16
26_(1/a1) 1 ae (16)

relations of V', and B as well as those of V. and B are fitted
(see Figure 4).
The solution steps are as follows:

Step 1: determine the sublevel height, parameter value,
and range of B. The sublevel height is determined by
occurrence conditions of the ore body, drilling ma-
chine, demolition equipment, and so forth. Once the
sublevel height is determined, it is difficult to change.
The parameters include the ore-rock bulk flow pa-
rameters (a, 8, a,and f3;), the impact coefficient of the
ore body (k), and the sublevel height (H). The ore-rock
bulk flow parameters can be obtained by laboratory or
mining field drawing experiments, and the impact
coeflicient of the ore body is generally between 0.1 and
0.15. The range of B can be determined by equation (18)
or (19).

Step 2: divide the areas of V, and V,. As shown in
Figure 3, the areas of V, and V, can be calculated by
V,=1/2[R, - (R,NR;) - (R,NR;) - (R,NR,)] and
V, =R, NR,.

Step 3: find the Monte Carlo solution for V, and V.
With equations (2)-(5) and the parameters that are
determined in step 1, the IDZ boundary is established.
Using the Monte Carlo method with the IDZ boundary,
the membership function, which is used to judge
whether a point is within the boundary of the IDZ, is
written. Statistical points in the V, and V, areas and V
and V, are determined [24, 25].

Step 4: determine the functional relationship between
V, and B as well as that between V, and B. Data analysis
is performed on V, and B as well as V, and B, and then
the functional relationship between V, and B and that
between V, and B are fitted.

Vo= f,(B),

20
Vr = f,(B). (20

3.3. Economic Evaluation. The direct purpose of mining
enterprises is to exploit ore, and the final profit product is the
ore concentrate. To determine the optimal intersecting ar-
rangement model based on IDZs, the economic benefit of
the concentrate is taken as the final evaluation target. First,
the calculation formula for ore profit and the calculation
formula for ore loss are established. Then, combined with
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Sublevel height (H)

Ore-rock bulk flow parameters (a, f, & and f3;)

Impact coefficient of the ore body (k, k = 0.1~0.15)

Range of B ([Bin» Bmaxl)

Write the membership function

Y

Divide the area: V, = 1/2[R, - (R,NR}) - (R,NR;) - (R,NR,)]
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Statistically solve for V, and V, ‘

‘ Fit the functional relationship between V, and B as well as that between V, and B ‘

FiGURE 4: Technical route of the volume calculation.

equation (20), the ore profit and loss are calculated. Finally,
the ore profit and loss are analysed comprehensively, and the
optimal solution is determined to obtain the best stope
structure.

3.3.1. Ore Profit and Loss. (1) Ore Profit. The crestal residual
ore from drawing to dressing eventually becomes concen-
trate; in this process, the profit mainly considers the con-
centrate profit and cost loss [26].

The concentrate profit refers to the value of the con-
centrate produced after the ore is processed by the benefi-
ciation plant [27].

The ore is processed by the beneficiation plant and finally
becomes concentrate and tailings. According to the con-
servation of quality, one ton of ore is processed into con-
centrate and tailings, so 1 = Q. + Q,. The conservation of the
metal content is

1xc,=Q,xc.+Q, x¢ [27], (21)
_Co_ct
Qc - Cc _Ct' (22)

The profit from converting a ton of ore into concentrate
is

P=Q = Ez - Etg x P, (23)

where Q. is the quality of the concentrate, Q, is the quality of
tailings, C,, is the ore grade, C, is the concentrate grade, C, is
the tailings grade, p, is the profit of converting a ton of ore
into concentrate, and P is the concentrate price.

The cost loss refers to the costs incurred by ore from
drawing to dressing due to upgrading, ore blending,
transportation, and so forth. Mining enterprises can sta-
tistically determine the actual technical and economic in-
dicators of the year to obtain the cost loss per ton of ore,
which is represented by p, [28].

Based on the above analysis, the profit generated by
recovering one ton of crestal residual ore is p; — p,, and,
with equation (23),

(Ca — Ct)

=2 Y xP-»p,,
p (Cc _ Ct) p 2 (24)
where p is the ore profit.

(2) Ore Loss. The mixing of waste rock results in ore
dilution, and the loss caused by this dilution mainly con-
siders the loss of metal from tailings and the cost of waste
rock mining and processing [26].

The loss of metal from tailings refers to waste rock that is
of no grade or is lower than tailings grade; when this rock is
treated as tailings, it needs to be matched with some low-
grade ore, causing metal loss [27].

For one ton of waste rock in tailings, the resulting metal
loss is

1
Q, = I x ¢, [27], (25)

-
where Q,, is the metal quality.

The amount of metal lost due to one ton of waste rock in
tailings is expressed as the amount of concentrate:

The conservation of the metal content is
I_Ctxctchch. (27)

The loss of metal from converting a ton of waste rock
into tailings is converted into concentrate:

Ct

() -
The loss of metal from tailings is
c
1 oy <P (29)

:cjx(l—cw)
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where [, is the loss of metal from tailings.

The cost of waste rock mining and processing refers to
the expenses associated with mining, processing, trans-
portation and stacking, and so forth incurred by the
mixture of waste rock. Mining enterprises can calculate
the actual technical and economic indicators of the year to
obtain the cost loss per ton of waste rock, which is rep-
resented by [,.

Based on the above analysis, the loss generated by mixing
one ton of waste rock is I, +1,, and, with equation (29),

Cw

l_

_ij(l—_cw)xP+lz, (30)

where [ is the ore loss.

3.3.2. Optimal Path Spacing. When the spatial arrangement
model based on IDZs changes from a tangent arrangement
to an intersecting arrangement, as the drift spacing de-
creases, the amount of crestal residual ore decreases but the
amount of mixed waste rock increases. A smaller amount of
crestal residual ore increases the profitability of the mine,
and a larger amount of mixing waste rock increases the mine
loss. With equations (24) and (30), the economy of the
intersecting arrangement model based on IDZs can be
calculated as

s=VoXpoxp-V,xp, xI, (31)

where p, is the ore density and p, is the rock density.
By equations (20), (31) can be rewritten as follows:

s=f1(B)xp,xp—f,(B)xp, xL (32)

Differentiating equation (32) with respect to B yields the
drift spacing with the highest benefit, that is, the optimal
intersection degree of IDZs.

4. Application of the Model

4.1. Engineering Background. The Yanqianshan Iron Mine is
located in the Anshan mining area in Northeast China, the
largest mining area currently in China. After the previous
open-pit mining phase, there were approximately 357.27
million tons of geological reserves outside the open-pit
boundary. In 2009, the mine officially entered the transition
period from open pit to underground mining, which lasted
for 5 years. After the transition period, the mine was fully
converted to underground mining and the sublevel caving
method was adopted (see Figure 5). The stope structure
parameters are as follows: the sublevel height is 18 m and the
drift spacing is 20m. Under the conditions of the stope
structure, the loss rate and dilution rate are approximately
15% and 18%, respectively, and there is still room for im-
provement [29, 30].

In 2019, the design of the mining scheme for elevations
of —213 m to —303 m in the Yanqianshan Iron Mine began in
preparation for production over the next five years. Under
the premise that the mining equipment meets the

production needs, the intent is to divide the ore body from
elevations of —213 m to —303 m into four sublevels; then, the
sublevel height is 22.5m. This can reduce the cost of pre-
liminary mining and the cutting of a sublevel (see Figure 6).
However, the drift spacing has not been matched with the
sublevel height, and the drift spacing has been included in
the design and experimentation of the Yangianshan Iron
Mine.

According to the intersecting arrangement model based
on IDZs, the optimal stope structure of elevations from
—213m to —303 m in the Yanqianshan Iron Mine is deter-
mined. Moreover, three experimental schemes are designed
to compare and analyse the differences between the con-
ventional tangent arrangement model based on IDZs and the
intersecting arrangement model based on IDZs.

4.2. Stope Structure Determination. According to the
intersecting arrangement model based on IDZs and com-
bined with the stope characteristics of the Yangianshan Iron
Mine, the sublevel height is 22.5m. The next step is to
calculate the optimal drift spacing of elevations from —213 m
to =303 m.

The ore-rock bulk flow parameters are determined by ore
drawing experiments, with reference to stochastic medium
draw theory of Ren. To improve the consistency between the
experiment and the mining site, the ore from the stope is
used as the experimental material, and the similarity ratio is
set to 1:100. After three experiments, the experimental
results are averaged, and the ore-rock bulk flow parameters
of the —213 m to —303 m sublevels of the Yanqgianshan Iron
Mine are as follows: a=1.21, f=1.63, «; =132, and
B, =1.98. Based on the mine design, the sublevel height H is
22.5m, and k=0.1.

Because a = 1.21, the IDZ of the Yanqianshan Iron Mine
is similar to an ellipsoid with a thin upper part and thick
lower part; according to equation (18), the range of the drift
spacing is [17.9106 m, 22.4647 m].

Using the calculation formula of V', and V, the values of
o, B, ay, B, kand H are input, and then V, and V, corre-
sponding to different drift spacings are obtained. Data
analysis is performed on V', and B as well as V, and B, and
then the functional relationship between V', and B as well as
that between V, and B are fit (see Figure 7).

V. =-15.08 x B> + 467.37 x B — 1108.36, (33)

= —
V,=13.90 x B* —791.98 x B + 9087.28. (34)

The economic and technical indicators obtained from
statistical analysis of the production and economic situation
in 2019 by the Technical Department of the Yanqianshan
Iron Mine are shown in Table 1.

According to equation (24), the profit generated by
recovering one ton of crestal residual ore is 51.09 USD/t;
p=51.09 USD/.

According to equation (30), the loss generated by mixing
one ton of waste rock is 24.2 USD/t; [ =24.2 USD/t.
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FIGUure 6: Underground mining structure of the Yanqgianshan Iron Mine.

The amount of crestal residual ore recovered is 2V, and
the amount of waste rock is 4V, (see Figure 3). The ore
density is measured as 5.0 t/m”, and the rock density is 3.5t/
m>. According to equations (32)-(34),

s = —12413.47 x B + 507102.13 x B — 3645031.58.  (35)

According to equation (35), the derivative with respect to
B yields B=20.43m. Considering the construction and
operation of the mine, the optimal approach spacing is set to
20.5m.

4.3. Physical Simulation Experiments. Based on the above
analysis, the stope structure from —213 m to =303 m in the
Yangqianshan Iron Mine is determined, the sublevel height is
22.5m, and the drift spacing is 20.5m. To verify the

rationality of the scheme, physical simulation experiments
are carried out to compare and analyse the loss and dilution
degree of ore under the three conditions of the stope
structure: the intersecting model, tangent model, and
original stope structure.

4.3.1. Materials and Device. Magnetite and dolomite are
used as the simulation materials in the experiments, in which
magnetite is regarded as the caved ore and dolomite is
regarded as the overlying waste rock. The lumpiness ratio of
magnetite to stope caved ore is 1:100, which is obtained by
screening at the crushing station, and the magnetite size is
Imm to 3mm. Dolomite has a slightly larger size than
magnetite, ranging from 2 mm to 3 mm. Due to the fluidity
of the ore-rock bulk, the size of overlying waste rock is larger
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TaBLE 1: Economic and technical indicators of the Yangianshan
Iron Mine in 2019.

Economic and technical indicators ~ Symbols & units ~ Value
Ore grade Co % 34

Concentrate grade Cc % 65.5
Tailings grade Ct % 10

Concentrate price PUSD/t 125.7
Cost loss p, USD/t 2.96
Cost of waste rock 12USD/t 2.96

than that of caved ore, which can reduce the mixing of waste
rock and reduce ore dilution.

A self-designed physical stope model (see Figure 8) with
a geometric scale of 1:100 is used to compare the loss and
dilution degree of ore under the three stope structure
conditions. A 10 mm thick transparent organic glass plate is
used to simulate the stope work-plane. The work-plane has
five sublevels, each sublevel has 4 or 5 drawpoints, and the
drawpoints are in a staggered arrangement shaped like a
rhombus. In this experiment, three organic glass plates are
made to simulate three groups of different stope structures.
An aluminum frame is used to hold the organic glass plates
in place to form the stope model. The left, right, and back
sides of the stope model are covered with a 10 mm thick
transparent organic glass plate, which is convenient for
loading experimental materials and observing the experi-
mental process. There are slots on the left and right sides of
the organic glass plate at a distance of 2cm from the front
stope work-plane to simulate caving space.

4.3.2. Schemes. As presented in Table 2, three physical
simulation schemes are designed and 9 groups of experi-
ments are conducted to compare and analyse the loss and
dilution degree of the ore under the three stope structure
conditions. The objective is to verify the rationality and

superiority of the intersecting arrangement model based on
IDZs.

4.3.3. Process. The experiment is divided into three steps:
filling, drawing, and weighing. During filling, a steel plate
should be inserted into the slots of the organic glass plates
on the left and right sides to form the caving space,
magnetite should be used to fill the caving space, and
dolomite should be used to fill the outside of the caving
space. Magnetite and dolomite are added simultaneously
up to sublevel 5; then, the steel plate is drawn out, and
dolomite is continually added to a filling height greater
than 2 times the height of a sublevel. The cut-oft grade
drawing method of the Yangqianshan Iron Mine is sim-
ulated for drawing, and the cut-off grade is 20%. To fa-
cilitate the experiment operation, the cut-off grade is
converted into the waste rock mixing rate, which is cal-
culated to be 26%. For each drawing, the magnetite and
dolomite weights are determined, and when the weight of
the dolomite divided by the weight of the magnetite and
dolomite reaches 26%, drawing at this drawpoint is
stopped. Drawing is carried out from top to bottom and
from left to right in turn. In the process, the overlying
dolomite should be added in a timely manner to maintain
a steady drawing pressure. After drawing, the magnetite
and dolomite are separated to prepare for the next
experiment.

In the drawing process, with the drawing of the ore, the
overlying waste rock flows downward, resulting in ore and
rock mixtures. When the ore and waste rock are mixed to the
cut-off grade, drawing at this drawpoint is stopped. Through
the transparent organic glass plate, part of the crestal re-
sidual ore can be seen (see Figure 9(a)). When the overlying
waste rock is exfoliated layer by layer, residual ore can be
seen (see Figure 9(b)). As ore drawing continues, the residual
ore moves down with the overlying waste rock and is
concentrated in the lowest sublevel.
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Overlying waste rock

Drawpoint

Sublevel5 Ore-rock boundarx

Sublevel4 ______

Sublevel3 aved ore

Drift i
Swlevel2 rift spacing
Swblevell Sublevel height
Front Side
F1GUrE 8: Physical stope model of ore drawing.
TaBLE 2: Experimental schemes.

Number Name Sublevel height (m) Drift spacing (m)
1 Original 18 20
2 Intersecting model 22.5 20.5
3 Tangent model 22,5 22.5

FIGURE 9: Drawing phenomenon and effect. (a) Front view. (b) Top view.

4.3.4. Experimental Results and Analysis. Through com-
parative experiments under different IDZ arrangement
models, the ore loss rate and the ore dilution rate are ob-
tained. A comparison of the drawing effects under different
IDZ arrangement models is presented in Table 3 and
Figure 10.

Table 3 shows that, compared to the original stope
structure, a sublevel height of 22.5m can effectively reduce
the ore loss and dilution rate, which proves the feasibility of
large stope structure. When the sublevel height is 22.5 m, the
drift spacing is set as 22.5m in the tangent model, and the

ore loss rate and ore dilution rate are 14.18% and 12.08%,
respectively. However, when the drift spacing is set as 20.5m
in the intersecting model, the ore loss rate and ore dilution
rate are 10.52% and 12.30%, respectively, and the loss rate is
significantly reduced, but the dilution rate changes slightly.
Therefore, the intersecting arrangement model based on
IDZs can have a beneficial drawing effect. It is further
verified that the intersecting arrangement model based on
IDZs can reduce the crestal residual ore and improve the
recovery of the ore. Although there is also mixing of waste
rock, it has little effect on the ore dilution.
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TasLE 3: Comparison

of the drawing effects with different IDZ arrangement models.

11

Number Stope height (m) Drift spacing (m) Loss rate (%) Dilution rate (%)
1 18 20 17.96 20.45
2 22.5 20.5 10.52 12.30
3 22.5 22.5 14.18 12.08
22 229 2045
2070 4706 .

Loss rate (%)

Loss rate (%)

Experiment number

[ Loss rate (%)
(@)

Experiment number

I Dilution rate (%)

(b)

FIGURE 10: A comparison of the drawing effects with different IDZ arrangement models. (a) Loss rate. (b) Dilution rate.

Conventional
tangent
arrangement
model
based on IDZs

Improve

The intersecting

The occurrence condition of ore body

arranrll(g)zrerient Drilling machine
based on IDZs Demolition equipment
Range of The ore-rock The 1mPact Sublevel
. . bulk flow coefficient .
drift spacing: height:
(Bmin, Bmax] parameters: of the ore o
? a, 5 al, 1 body: k
Solute : Monte Carlo i
L |
Volume Ore profit
V,and V, Ore loss
Drift spacing

(1) &, B, a1, B1 are determined by ore drawing experiment;

(
5(2) k=0.1~0.15

B

Y

Stope structure

FIGURE 11: Schematic of the dynamic intersecting arrangement model based on IDZs for stope structure optimization.
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5. Discussion and Conclusion

The concept of the intersecting arrangement of IDZs was
first proposed by Kvapil [3]; later, Laubscher [31] developed
and established interaction theory. However, these studies
were based on the ellipsoid draw theory, and no reasonable
evidence has been provided to quantify the intersecting
arrangement of IDZs [32]. In this paper, based on stochastic
medium draw theory, a dynamic intersecting arrangement
model based on IDZs was established for the case in which
the shape of the IDZ is a nonstandard ellipsoid. The dynamic
intersecting arrangement model can dynamically adjust the
stope structure according to the ore-rock bulk flow pa-
rameters, economic indicators, occurrence conditions of the
ore body, drilling machine, and so forth. Then, taking the ore
profit and loss as the research object, a calculation model was
established to quantify the degree of intersection of the IDZs
and to determine the best stope structure. The schematic of
the study setup is as follows (see Figure 11).

From the analysis of this model (see Figure 11), the main
results are as follows:

(1) A dynamic intersecting arrangement model based on
IDZs is established

(2) The range of the drift spacing [B,,;,,B is
determined

(3) With the Monte Carlo algorithm, the calculation
method of the ore recovery volume (V,) and rock
mixed volume (V,) when the IDZs intersect is
provided

maX]

(4) A calculation model is established for the ore profit
and loss

Ore profit: p = ((¢, —¢,)/ (¢, —¢;)) x P —p,
Ore loss: [ = (cw/cj X (1-c,))xP+1,

(5) A method for determining the drift spacing:
s=Voxpoxp=V,xp.xl=f (B)xp,xp-
f,(B) x p, x11is established, and the drift spacing is

determined by finding the derivative with respect to
B

According to the intersecting arrangement model based
on IDZs, the stope structure of elevations from —213m to
—-303m in the Yangianshan Iron Mine in China was de-
termined; the optimal drift spacing is 20.5m, and the
sublevel height is 22.5 m. Nine physical experiments under
three stope structure conditions, namely, the intersecting
model, tangent model, and original stope structure, were
carried out. The experimental results showed that the
sublevel height of 22.5 m can effectively reduce the ore loss
and dilution rate; at a drift spacing of 20.5 m, the ore loss rate
decreased by 3.66%, but the dilution rate changed little, with
an increment of 0.22%. This finding verifies the rationality
and superiority of the intersecting arrangement model based
on IDZs to optimize the stope structure.

An intersecting arrangement model based on Kvapil and
Laubscher’s interaction theory was proposed in this paper.
This model is suitable for the case in which the shape of the
IDZ is a nonstandard ellipsoid, and the model is more in line

Mathematical Problems in Engineering

with actual mining conditions. The accurate shape of the
IDZ is the basis for stope structure optimization, and future
research should focus on the measurement of the shape of
the IDZ. Moreover, the model does consider the mechanical
properties of the movement of ore-rock bulk when dy-
namically adjusting the arrangement of IDZs. In future
research, mechanical factors should be added to develop a
stope structure optimization software program that dy-
namically adjusts the intersecting arrangement to better
guide mine production.

Data Availability

The data used to support the findings of this study are in-
cluded within the article.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This work was financially supported by the National Natural
Science Foundation of China (no. 51534003) and the Na-
tional Key Research and Development Program of China
(no. 2016YFC0801601).

References

[1] R. Castro and M. Pineda, “The role of gravity flow in the
design and planning of large sublevel stopes,” Journal of the
Southern African Institute of Mining and Metallurgy, vol. 115,
no. 2, pp. 113-118, 2015.

[2] Z.-X. Zhang and M. Wimmer, “A case study of dividing a
single blast into two parts in sublevel caving,” International
Journal of Rock Mechanics and Mining Sciences, vol. 104,
pp. 84-93, 2018.

[3] I Janelid and R. Kvapil, “Sublevel caving,” International
Journal of Rock Mechanics and Mining Sciences & Geo-
mechanics Abstracts, vol. 3, no. 2, pp. 129-132, 1966.

[4] G. Tao, M. Lu, X. Zhang, R. Zhang, and Z. Zhu, “A new
diversion drawing technique for controlling ore loss and
dilution during longitudinal sublevel caving,” International
Journal of Rock Mechanics and Mining Sciences, vol. 113,
pp. 163-171, 2019.

[5] A. Jin, H. Sun, S. Wu, and Y. Gao, “Confirmation of the

upside-down drop shape theory in gravity flow and devel-

opment of a new empirical equation to calculate the shape,”

International Journal of Rock Mechanics and Mining Sciences,

vol. 92, pp. 91-98, 2017.

A. Gustafson, H. Schunnesson, J. Paraszczak, G. Shekhar, and

P. Brnnman, “Operator influence on the loading process at

LKAB’s iron ore mines,” Journal of the Southern African

Institute of Mining and Metallurgy, vol. 120, no. 3, pp. 191-202,

2020.

[7] 1. D. Brunton, S. J. Fraser, J. H. Hodgkinson, and P. C. Stewart,
“Parameters influencing full scale sublevel caving material
recovery at the Ridgeway gold mine,” International Journal of
Rock Mechanics and Mining Sciences, vol. 47, no. 4,
pp. 647-656, 2010.

[8] X. Liu, Theoretical Basis of Ore Drawing, Metallurgical In-
dustry Press, Beijing, China, 1995.

[6



Mathematical Problems in Engineering

[9] G. Marano, “The interaction between adjacent draw points in
free flowing materials and it application to mining,” Chamber
of Mines Journal, vol. 22, pp. 25-32, 1980.

[10] H. Ding, S. Chen, S. Chang, G. Li, and L. Zhou, “Prediction of
surface subsidence extension due to underground caving: a
case study of Hemushan iron mine in China,” Mathematical
Problems in Engineering, vol. 2020, Article ID 5086049,
10 pages, 2020.

[11] M. IM, Drawing of Caving Ore Block, Metallurgical Industry
Press, Beijing, China, 1958.

[12] F. Ren, The Stochastic Medium Draw Theory and its Appli-
cation, Qiyun Qing, Beijing, China, 1994.

[13] J. Litwiniszyn, “Application of the equation of stochastic
processes to mechanics of loose bodies,” Archives of Me-
chanics, vol. 8, no. 4, pp. 393-411, 1956.

[14] R. Kvapil, Underground Mining Methods Handbook, Society
of Mining, Metallurgy and Explorations, Englewood, Colo-
rado, USA, 1982.

[15] K. Yu, F. Ren, G. Chitombo, R. Puscasu, and L. Kang,
“Optimum sublevel height and drift spacing in sublevel cave
mining based on random medium theory,” Mining, Metal-
lurgy & Exploration, vol. 37, no. 2, pp. 681-690, 2020.

[16] P. Yuan, J. Zhao, Y. Ju, and S. Gong, “Study on large-space
structural parameters of pillarless sublevel caving,” Metal
Mine, vol. 6, pp. 5-8, 2004.

[17] L. Wang, A. Shao, X. Liu, L. Yang, and H. Ding, “New
computational framework for modeling the gravity flow be-
havior of sublevel caving material,” Computers and Geo-
technics, vol. 125, Article ID 103675, 2020.

[18] B. Tan, Z. Zhang, R. He, and Q. Zhu, “Discussion on the
rationality and experimental research of the ore-drawing
ellipsoid arrangement theory,” Journal of Northeastern Uni-
versity (Natural Science), vol. 40, no. 7, pp. 1014-1019, 2019.

[19] F. Melo, F. Vivanco, C. Fuentes, and V. Apablaza, “On
drawbody shapes: from Bergmark-Roos to kinematic
models,” International Journal of Rock Mechanics and Mining
Sciences, vol. 44, no. 1, pp. 77-86, 2007.

[20] R. J. McCormick, “How wide does a drawpoint draw?” En-
gineering and Mining Journal, pp. 106-166, 1968.

[21] R. Castro, R. Trueman, and A. Halim, “A study of isolated
draw zones in block caving mines by means of a large 3D
physical model,” International Journal of Rock Mechanics and
Mining Sciences, vol. 44, no. 6, pp. 860-870, 2007.

[22] Q. Chen, F. Zhao, Q. Chen, Y. Wang, Y. Zhong, and W. Niu,
“Orthogonal simulation experiment for flow characteristics of
ore in ore drawing and influencing factors in a single funnel
under a flexible isolation layer,” JOM-Journal of the Minerals,
vol. 69, no. 12, pp. 2485-2491, 2017.

[23] X.Liu, G. Zhang, and X. Liu, “Analysis of ore loss and dilution
in sublevel caving,” Metal Mine, vol. 1, pp. 53-60, 2006.

[24] S. Liu, J. Zhang, and B. Zhu, “Volume computation using a
direct Monte Carlo method,” Computing & Combinatorics,
vol. 4598, pp. 198-209, 2007.

[25] L. M. Popescu, “A geometry modeling system for ray tracing
or particle transport Monte Carlo simulation,” Computer
Physics Communications, vol. 150, no. 1, pp. 21-30, 2003.

[26] E. J. Elbrond, “Economic effects of ore losses and rock di-
lution,” CIM Bulletin, vol. 87, pp. 131-134, 1994.

[27] Z. Zhang, X. Liu, and G. Yu, Sublevel Caving Method without
Sill Pillars in the Base of Undiluted Ore Draw: Undiluted Ore
Draw Theory and its Practice in Mine, Northeastern Uni-
versity Press, Shenyang, China, 2007.

[28] J. Ming, L. Zhang, and J. Sun, “Analysis models of technical
and economic data of mining enterprises based on big data

(29]

(30]

(31]

(32]

13

analysis,” in Proceedings of the 2018 the 3rd IEEE International
Conference on Cloud Computing and Big Data Analysis,
pp. 224-227, Chengdu, China, April 2018.

A. L. Shao and H. L. Feng, “The prediction of northern slope
deformation and failure caused by the transformation of
open-pit to underground mining in the Yanqianshan iron
mine,” Applied Mechanics and Materials, vol. 580-583,
pp. 364-370, 2014.

Y. Hu, F. Ren, H. Ding, Y. Fu, and B. Tan, “Study on the
process and mechanism of slope failure induced by mining
under open pit slope: a case study from Yangianshan iron
mine, China,” Advances in Civil Engineering, vol. 2019, Article
ID 6862936, 26 pages, 2019.

D. H. Laubscher, “Cave mining-the state of the art,” The
Journal of the South African Institute of Mining and Metal-
lurgy, vol. 94, no. 10, pp. 279-293, 1994.

A. A. E. Halim, Study of the Influence of Interactive of In-
teractive Draw upon Drawpoint Spacing in Block and Sublevel
Caving Mines, University of Queensland, Brisbane, Australia,
2006.



Hindawi

Mathematical Problems in Engineering
Volume 2021, Article ID 6614692, 10 pages
https://doi.org/10.1155/2021/6614692

Research Article

Hindawi

Managing a Dual-Channel Supply Chain with Fairness and

Channel Preference

Xianjin Du®' and Weijie Zhao"

ISchool of Management, Hefei University of Technology, Hefei 230009, China

?Huishang Bank, Hefei 230009, China

Correspondence should be addressed to Xianjin Du; xianjindu@hfut.edu.cn

Received 17 November 2020; Revised 8 December 2020; Accepted 24 December 2020; Published 8 January 2021

Academic Editor: Fateh Mebarek-Oudina

Copyright © 2021 Xianjin Du and Weijie Zhao. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

This paper investigates a dual-channel supply chain in which a manufacturer sells the product via an offline retailer or online store.
The manufacturer sets the wholesale and online price, and the retailer decides the retail price with the retailer’s fairness preference
and consumer’s online channel preference. Through investigating the combined impacts of fairness preference and channel
preference on the enterprises’ operational strategies, this paper obtains some meaningful results. If a manufacturer thinks over the
fairness preference, he decreases the wholesale price to mitigate a loss of retailer and benefit the supply chain design. The
manufacturer intends to set up the online channel with a lower acceptance as the fairness preference grows. However, the gains
from enhanced online channel acceptance cannot compensate for the manufacturer’s loss by the fairness effect that benefits the
retailer. Moreover, the manufacturer cannot neglect the retailer’s fairness preference generating a “lose-lose” case for

both members.

1. Introduction

With the increasing innovation of information technology
and vigorous publicity by commercial organizations, con-
sumers are getting used to online shopping. According to
China Statistical Yearbook-2020, online sales in China
reached 155.2 billion dollars in 2019, increasing 16.5% over
the previous year (https://www.chinainternetwatch.com/
30232/retail%202019/). To seize the Internet opportunity,
many enterprises have set up the supply chain composed of
online and offline channels such as Apple, Nike, Zara, and
Huawei, and many scholars study dual-channel supply chain
under different cases. A few papers focus on how the
consumer’s online channel preference impacts the dual-
channel strategy (Chiang et al. [1], Xu et al. [2], and Zhang
et al. [3]), while others try to find the operational strategy for
the dual-channel supply chain (Guo et al. [4] and Zhu et al.
[5]). There is also a lot of research (Chen et al. [6], Cui et al.
[7], Guan et al. [8], Niu et al. [9], and Pan et al. [10]) studying

the impact of fairness preference in the supply chain, es-
pecially the supply chain design decisions and coordination.
However, the combined effect of the retailer’s fairness and
consumer’s online channel preference is ignored in the dual-
channel design, which motivates our research. To fill this
gap, our paper considers a dual-channel system in which the
retailer has fairness preference, and the consumers are
differentiated in online channel acceptance. The primary
purposes of our research are to address the following issues:

(1) Varying with consumer’s online channel preference
and fairness concern, how do the manufacturer and
retailer decide their operational strategy, including
pricing and dual-channel design? Also, how do the
related parameters affect the manufacturer’s and
retailer’s strategy?

(2) With the increases in the consumer’s online channel
preference, can the manufacturer’s profit be better
when the retailer has a fairness preference?
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(3) Can the manufacturer ignore the retailer’s fairness
preference? What strategy would be adopted by the
retailer if the manufacturer ignores it?

To tackle these issues, the paper establishes a dual-
channel decision model composed of a manufacturer (he)
and a retailer (she). The model has three circumstances: the
retailer without fairness preference, the manufacturer
considering her fairness preference, and ignoring her fair-
ness preference. The paper studies the synergistic impact of
consumer online channel acceptance and retailer’s fairness
preference on members’ pricing decisions and profits. It
compares and analyzes optimal decisions under the above
three circumstances. Different from other literatures that
independently examine the influence of supply chain en-
terprises’ decisions from the perspective of consumer’s
online channel preference or retailers’ fairness, this paper
obtains some meaningful conclusions as follows: (i) If a
manufacturer thinks over the fairness preference, he de-
creases his wholesale price to mitigate a loss of retailer. The
increase in consumer online channel acceptance would
strengthen the trend. However, the manufacturer also in-
tends to build an online channel with a lower consumer
online channel acceptance to decrease his dependence on the
retailer. (ii) Whether the manufacturer considers or ignores
fairness preference, the increase of consumer online channel
acceptance cannot compensate for the manufacturer’s loss
due to the retailer’s fairness effect. The manufacturer’s in-
terest concessions via wholesale price reduction caused by
the consideration of the retailer’s fairness preference exceed
the benefit from the increase of online shopping. (iii) If the
manufacturer overlooks the retailer’s fairness, they will fall
into a “lose-lose” case. The retailer would price higher to
make up for the online market’s loss, which also injures her
profit. This also brings harm to the sale resulting in the
reduction of the manufacturer’s profit.

The rest of the paper is arranged as follows. Section 2 is a
review of relevant literature with two streams. Section 3
establishes a game model with one leading manufacturer and
one following retailer. It examines the members’ pricing
decisions and profits when the retailer has no fairness
preference as a benchmark case. Section 4 consists of two
situations as comparative cases, where the manufacturer
considers or ignores the retailer’s fairness preference. The
enterprises’ decisions and profits in two different situations
are obtained. Section 5 analyzes the manufacturer’s deci-
sions on setting up the online channel under different
scenarios. Section 6 makes some comparisons between
different situations. Section 7 concludes the paper.

2. Literature Review

This paper is related to two literature streams: the online
channel preference and the retailer’s fairness preference in
the supply chain.

The first related stream of the literature focuses on the
online channel preference that includes Zhang et al. [3], Guo
etal. [4], Zhu et al. [5], Cai [11], Cao [12], Dumrongsiri et al.
[13], Dan et al. [14], Gao et al. [15], Hua et al. [16], Huang
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and Swaminathan [17], Li et al. [18], Lu and Liu [19], Ranjan
and Jha [20], and Yoo and Lee [21]. For instance, Zhang et al.
[3] find that the channel selections are determined by the
consumer’s online acceptance. Guo et al. [4] show that the
dual channel may make traditional retailers feel threatened.
Dumrongsiri et al. [13] show that the uncertain demand
obviously affects the optimal pricing and the manufacturer’s
incentive to seek an online channel. Hua et al. [16] dem-
onstrate that consumer acceptance of online purchases can
positively affect the manufacturer’s online pricing and lead
to longer delivery lead times. Li et al. [18] find that, with the
high consumer’s online acceptance, the manufacturer pro-
vides customized products under the decentralized and
centralized supply chain structures. Gao et al. [15] and Lu
and Liu [19] investigate how the consumer’s online ac-
ceptance affects the dual-channel excepted profits and obtain
that the consumer’s online acceptances positively affect the
manufacturer’s profit, while the retailer’s gain is the op-
posite. Ranjan and Jha [20] think over the effect of retailers’
risk attitude and demand uncertainty on the pricing
mechanism among dual-channel members.

The second related stream of the literature concentrates
on fairness preference in supply chain management in-
cluding Chen et al. [6], Cui et al. [7], Guan et al. [8], Niu et al.
[9], Caliskan-Demirag et al. [22], Duetal. [23], Ho et al. [24],
Katok and Pavlov [25], Q. H. Li and B. Li [26], Nie and Du
[27], and Du et al. [28]. Cui et al. [7] introduce members’
fairness preference into the dyadic supply chain and con-
clude that the channel can be coordinated by using a
wholesale price contract. Guan et al. [8] extend the analysis
of the impact of peer-fairness or Nash bargaining fairness
preference on the pricing of supply chain enterprises and the
overall efficiency of the supply chain. Niu et al. [9] study the
role of channel strength and fairness preference in online
channel opening and find that supplier fairness concerns are
not conducive to online channel development. Chen et al.
[6] and Pan et al. [10] show that the enhancement of the
retailer’s rights will make her pay attention to the fairness of
her own profits, which may improve the supply chain’s
performance. Caliskan-Demirag et al. [22] research channel
coordination issues with different fairness concerns through
a simple wholesale price and other nonlinear demands. Du
et al. [23] analyze the impact of fairness preference behavior
on enterprise decisions and channel efliciency and show that
although channel efficiency will be reduced, fairness pref-
erence still coordinates the supply chain in specific cases.
Q. H. Liand B. Li [26] study the channel issues with retailer’s
fairness preference and show the fairness concern’s negative
impacts on channel efficiency.

The above literature studies the influence of supply chain
members’ decision-making in the sense of consumer’s
online channel preference or retailers’ fairness. Unlike the
related research, our paper first studies the combining effect
of both consumer’s online channel preference differences
and the retailer’s fairness preference on supply chain de-
cisions. Therefore, our paper theoretically enriches the
supply chain design research, which is more practical. It
helps decision-makers be aware of the critical role of fairness
preference behavior and online consumer heterogeneity in
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decision-making. Moreover, our research allows decision-
makers to use these factors to reach supply chain efficiency
improvement and provide guidance for the enterprises.

3. Benchmark Model

3.1. Model Description. This paper develops a dual-channel
supply chain, including one manufacturer (he) and one
retailer (she). There is a Stackelberg game between the
manufacturer and the retailer, with the manufacturer
dominating the supply chain and the retailer being the
follower. The manufacturer wholesales the product at the
wholesale price w to the retailer, with the cost ¢, while the
retailer sells it to consumers at a retail price p,. With the
popularity of online shopping, the manufacturer opens up
an online channel to increase market penetration with
online price p, and gain more profits. In turn, the manu-
facturer has a dual-channel structure, consisting of an offline
channel and an online channel as shown in Figure 1.

The demand function refers to the analyses of Chiang
et al. [1], Dan et al. [14], and Huang and Swaminathan [17].
The manufacturer’s online channel demand function g, and
the retailer’s offline channel demand function g, are as
follows:

9e = ea_bpe-l_lpr’ (1)

g, =(1-6a-bp, +Ap,, (2)

where a indicates the basic demand of the market.
0 (0 <0< 1) measures the consumer’s online channel pref-
erence and 1 — 0 indicates the consumer’s offline channel
acceptance. b denotes the influence factor of the channel
price on demand, while A denotes the influence factor of the
cross-price with b > \.

The manufacturer’s rationality means that the maxi-
mization of its profit is the decision-making process’s de-
cision-making goal. The fairness preference of a retailer
indicates that the retailer is concerned with maximizing its
utility when making decisions. The retailer’s fairness pref-
erence model draws on the FS model [29], and its utility
function is the following:

U, = U—amax(l;[—lj[ﬁ) —ﬁmax(U—lZ[,O).
(3)

The coefficients of o and f3 are the disadvantage and
advantage inequity aversion, respectively. Qin and Yang [30]
show that, in the Stackelberg game of the two-tier supply
chain, the member playing the leadership role can reap more
than half of the overall profits. Thus, in this study, only the
disadvantage inequity averseness of the retailer is consid-
ered. The retailer’s utility function is as follows:

U, :U—(xmax<l;[—lj,0>. (4)

The relevant symbols are shown in Table 1.

| Manufacturer |

w

¥
[ | | "
Retailer

Pr

A 4 \ 4

Consumer

FIGURE 1: The dual-channel supply chain.

TaBLE 1: Nomenclature.

Notation Definition

Manufacturer’s profit
Retailer’s profit
Manufacturer’s utility
Retailer’s utility
Wholesale price
Online channel price
Offline channel price
Manufacturer’s cost
Consumer’s online channel preference
Total market demand
Price elasticity
Cross-price elasticity
Coefficient of retailer fairness preference
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3.2. The Retailer without Fairness Preference. In this context,
the profits functions of the manufacturer and the retailer are
as follows:

1—[ =(w-o0)g, + (Pg - C)qe’ (5)

m

U =(p, ~w)q,» (6)

and, with backward induction to solve this problem, it can be
easily verified that when the retailer has no fairness pref-
erence, the equilibrium pricing strategies and profits for the
manufacturer and the retailer are

(A +b0-10)a+(b* - A*)c
Pe= 2(b2 —Az) ’

(7)

_ (b+20-bb)a +(b* - A*)c
B 2(6° - 1) ’

(8)

B (-0 +202b+ 1) -V ]a+c(b-N)(b+))
br= 4b(b* - 1) '
(9)

According to the above optimal pricing decisions, the
optimal profits for the retailer and the manufacturer without
fairness preference are



1—[ [a(6-1) +bC(b A)] (10)
@h - 2acll - V)Ay + S B-VA

1;[ 8b(b* - 1*)

where A, = (3b* + \1)6* —4bAO(6 - 1) + (1 - 26) (b* + A%),
A, =0(b-A)+ (b+1), and A, = 3b* + A* + 4bA.

4. The Model with the Retailer’s
Fairness Preference

There are two circumstances when the retailer has a fairness
preference. One case is when the manufacturer considers the
retailer’s fairness preference and the other is when the
manufacturer ignores it. The paper analyzes the different
cases with Sections 4.1 and 4.2. The subscript * represents the
manufacturer’s optimal decisions considering the retailer’s

(A+b6-16)a +(b” - 1*)c
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fairness preference; the subscript means the optimal
choices with the manufacturer ignoring the retailer’s fairness
preference.

4.1. The Manufacturer Considers the Retailer’s Fairness
Preference. In this situation, the utility functions of the
manufacturer and the retailer are

U,.=[] (12)

UT:U—a<1;[—U>:(1+a)U—(x1;[. (13)

Lemma 1. When the manufacturer considers the retailer’s
fairness preference, the equilibrium pricing strategies and
profits for the manufacturer and the retailer are

p. = 2(1’)2 _)Lz) > (14)
. Bac+ b’ — (A + (8- Da)a + (0 - Da)b’ +((2ad0 - 3cA*)a + ard — cA’ )b - (-Ac + (6 - Da)\’« (s
YT 26(6 — ) (1 + 20) ’
. [BPa-0)+1002b+21)-A]a+c(b-1)(b+1)
Py = . (16)

4b(b* - 1%)

According to the above optimal pricing, it can be ob-
tained that [], and [],, in this case are

o [a(@-1D+cb-M]P(4a+1)
H:

. 16b (20 + 1) ’ (17)

* a’B, - 2ac(b’ - 1*)B, + * (b - 1)’B,

l;[ B 8b(b* - 1*) (2a + 1) ’ (18)
where B, = [(5a+3)0+ (1+a)(1-20)]b*+ Ba+1)

(0-1)*+4bA(1-0)(1+2a), B, =3aB(b-1)+b(a+06)
+A(3a—0) +b+ A, and By = (5a+ 3)b? + (3o + 1)A* + 4bA
2a+1).
Proof of Lemma 1. Solving the Stackelberg game, the
backward induction is used as follows.

Inserting (6) and (12) into (13) produces

Ur = (1 + 06) (pr - w) ((1 - e)a - bpr +AP9)
—a(w-c)((1-0)a-bp, +Ap,) (19)
- ‘x(pe _C) (6[1 _bpe +Apr)'

As (9U,/dp,) = 0 and (0°U,/0p?) = —2b(1 + a) <0, the
retailer has the only optimal retail price. The first-order
partial derivative of U, concerning p, is expressed as follows:
[a(1-0)—c(b+A)+2bw]la+a(l-0)+bw-Ap,

2b(1+a) '

pr(w,p,) =
(20)

To verify that [],, is a joint concave function on
wholesale price w and online price p,, the second-order
conditions can be obtained:

r 2
) Hz’“ =—b(1+2a)<0’
ow 1+«
Tl 22
; ” - -2b<0,
opp  (xap S 21)
2
O, _ (1420
| ow0p, l+a
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As the Hessian matrix of the [],, above formulae is
negative, it has a unique optimal solution. Then setting
(011,,/6w) and (611,,/8p,) to zero yields

[a(1-0)+3bc—3cA+4Ap,Ja+a(l—0)+bc—cA+2Ap,

2b(1 + 2a)

>

(22)

(2ab6 — akf + 2b°c - 3bcl + 4bw) + cA® + al )« + 2ab0 — aA + 2b’c — bl + 2bw) — cA” + a)

be =

Solving (20) and (22) can obtain the optimal pricing as
(14)-(16). Then inserting (14)-(16) into (5) and (6) produces
the equilibrium profits for the retailer and the manufacturer
as (17) and (18). Lemma 1 is proved.

4.2. The Manufacturer Ignores the Retailer’s Fairness
Preference. In this subsection, the paper assumes that the
retailer’s fairness preference information is not taken into
account by the manufacturer. Under this condition, the

* %

2(2b2¢x +2b% - /\2)

manufacturer still prices considering that the retailer has no
fairness preference, which is represented by w** = w and
ps* = p.. However, the retailer has a fairness preference and
uses the utility function of equation (13) to make optimal
decisions.

Lemma 2. When the manufacturer ignores the retailer’s
fairness preference, the offline price and the manufacturer’s
and retailer’s profits are

(2abA6 — 4ab’60 + 2a1°60 + 2b*cA — 2cA’ + 4ab” — 2aA*)a + [3b7 (1 - 6) + 10 (2b + 1) = A*]a+ c(b— 1) (b + 1)’

’ 4b(1+a)(b* - 1%)

[1, and [],, can be calculated as
o [a(@-1+c(b-V]*(1+2a)

U ) 16b(1 + )’ ’ (24)
e g’Cl - 2ac(b2 - )LZ)CZ +c(b-1)Cy
l;[ B 8b(t* - 1) (1 + ) > 2

where C, = (2 + 3)b*6” — 4bA0(0 - 1) (1 + a) + [2a(6 —1)*
+P I+ (1-20) (B +1%), C,=0(b-1)(a+1)+2alb
+b+ A, and C; = [(b+AV)a+2b] (b + 7).

Following the calculating process of the proof of Lemma
1 in Section 4.1, Lemma 2 can be easily proved. The detailed
formulae are not provided here.

5. Supply Chain Design Analysis

This section analyzes the manufacturer’s decisions on setting
up the online channel under different scenarios. When the
manufacturer ignores the fairness concern of the retailer, his
strategy is the same as the retailer who has no fairness
preference shown in Section 4.2. Therefore, the two possible
situations are as follows.

5.1. The Retailer without Fairness Preference. As the manu-
facturer’s online price is greater than the wholesale price

(23)

(p, > w), thisresultsin 8> (1/2).If0 < 0 < (1/2), then p, <w.
The retailer can purchase large quantities of goods from the
online channel and then sell them offline to make more
profits, contrary to the manufacturer’s original intention to
set up an online channel.

Moreover, the retailer’s offline channel’s price should be
greater than the manufacturer’s wholesale price, which
means that p, >w and results in 0< ((a—c(b-1))/a). If
((a=c(b-A))/a) < 0<1,then p, <w. It will bring loss to the
retailer and cause the retailer to abandon the offline channel.
The dual-channel supply chain may need to be reconstructed
if 6 is out of ((1/2), ((a — c(b - A))/a)).

Following the same analytical process above, this paper
could find that the range is as same as that when the
manufacturer ignores the fairness concern of the retailer.
The paper concludes the supply chain design strategy in
Lemma 3 as follows.

Lemma 3. If the retailer does not have fairness preference or
the manufacturer ignores her preference, the manufacturer
intends to build an online channel when 0> (1/2). When 6
approaches ((a — c (b — A))/a), the retailer may choose to quit
the supply chain.

Lemma 3 indicates that when the retailer has no fairness
preference or the manufacturer ignores it, the manufacturer



chooses to develop an online channel when the consumers
are more receptive to them. Furthermore, the retailer is
unwilling to participate in the dual-channel operation if the
online channel acceptance exceeds a threshold. For the
manufacturer, if he continues to use the dual channel to
protect market penetration, he may need to provide addi-
tional benefits for the retailer.

5.2. The Manufacturer Considers the Retailer’s Fairness
Preference. Now this paper discusses the supply chain de-
sign strategy when the retailer possesses the fairness pref-
erence. Following the analytic process in Section 5.1, it can
get 0> ((ac(b? - A3 + aa (b)) +ab)/ (a(3ba — al + 2b)))
as pr>w*. With p’>w*, it gets 0< ((a—-c(b-1))/a).
When the lower bound ((ac(b*-21%) +aa(b-21)
+ab)/ (a (3ba — al + 2b))) is used to get the derivation of a,
(b +M)[2c(b-2) —al)/(a(3ba — a) +2b)*)) <0 can be
obtained. This shows that the manufacturer intends to de-
velop a new road to market as he decreases the wholesale
price for the retailer’s fairness concerns. The upper bound of
0 remains unchanged because the high consumer’s online
channel preference may lead to the suspension of the re-
tailer’s sales. So, the upper bound of 6 is not affected by
fairness preference.

Lemma 4 shows the manufacturer's supply chain design
strategy when considering the retailer's fairness preference.

Lemma 4. When the manufacturer takes the retailer’s
fairness into account, the dual-channel supply chain works if
and only if ((ac(b* - 2% +aa(b-2) + ab)/ (a(3ba — a) +
2b))) <0< ((a-c(b-A))/a). With the increase of the
fairness preference coefficient, the lower bound of 6 will
gradually decrease.

Intuitively, if the retailer focuses on fairness, the
manufacturer will transfer some profit to the retailer to
eliminate its fairness. However, the manufacturer also
wants to offset the offline supply chain’s loss by adding an
online channel. This brings a decrease in the starting point
of opening an online channel. As the acceptance is low, the
retailer does not think that the online channel is a threat,
and the manufacturer can also get a little profit by adding
an online channel. Lemma 4 shows that if a retailer pursues
the fairness of her profit excessively, the manufacturer
becomes urgent for setting up an online channel, even
though consumers have a low preference for an online
channel. However, this is not beneficial for the retailer,
which means that she should maintain an appropriate level
of fairness.

6. Comparative Analysis

Given the strategies under the three circumstances men-
tioned in Section 3 and 4, this paper compares operational
strategies between the manufacturer and the retailer to
analyze the effects of the retailer’s fairness preference and
consumer’s online channel preference.
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6.1. Pricing Comparison

Lemma 5. For pricing strategies,

(@) po=p, =p."> w <w=w", and p, = p; <p*;
(b) (ow*/0a)<0, (ow*/00)<0, (0p; */oa)>0, and
(op,*/00) <0.

Proof of Lemma 5. When the manufacturer considers the
retailers’ fairness preference, w* -w<0; (dw*/oa) =
((@(@-1)+c(b-21)/(2b(1+2a)*)) and (ow*/36) =
—((ala(b— V) +b])/2b(b+A)(1 +2x)))<0 can be ob-
tained when formula (15) is used to get the derivations of «
and 0. (Ow*/0a) = ((a(0-1)+c(b-A)/(2b(1 +2a)*) <0
because 0< ((a —c(b — 1))/a) is demonstrated in Lemmas 3
and 4. When the manufacturer ignores the retailer’s fairness
preference, pr* —p,>0. (op;* 1oa) = ((a(1 - 0)—
c(b-MN)/(4b (1+a)*)>0 and (0p**/90) = —((a[b(4a +
3)+AQ2a+ 1)])/(4b(b+1)(1+a)))<0 can be obtained
when formula (23) is used to get the derivation of a.

It can be seen from Lemma 5 that when the manu-
facturer thinks over the retailer’s fairness preference, the
wholesale price reduces as the fairness preference coeffi-
cient increases. If the manufacturer ignores it, the retail
price improves with the fairness preference coefficient
increasing. Moreover, taking the rise in consumers’ online
channel preferences into account, the wholesale will decline
faster, but the retail price growth slows down. To dem-
onstrate the impact of the fairness preference coeflicient on
supply chain members’ pricing decisions and profits in
Lemma 5 more clearly, this paper numerically analyzes the
above model and discusses the results. The numerical re-
sults are shown in Figures 2 and 3 with
a=100,b = 1,1 = 0.4, c = 10. The parameter values are also
applicable to subsequent numerical legends. As shown in
Figure 2, it can be seen directly that when 0 is constant, with
the increase of a, w* continues to fall. In order to make the
dual channels work, the value of 6 should be greater than 1/
2. Moreover, when « is constant, the wholesale price still
deceases with the increase of 8. According to Figure 3, when
0 is constant, with the increase of «, the retail price im-
proves when the manufacturer ignores the retailer’s fair-
ness preference. If « is constant, the retail price decreases
with the increase of 0.

When the manufacturer takes the retailer’s fairness
preference into account, he lowers the wholesale price to
maintain the balance of channel profit distribution.
When the increase in consumer’s online channel pref-
erence weakens the retailer’s market competitiveness,
consumers are willing to choose shopping online. To
compensate for the loss of the retailer, the manufacturer’s
wholesale price will fall more. Moreover, because the
manufacturer ignores the retailer’s fairness preference,
with the fairness preference increase, the retailer’s focus
on fairness will force her to raise pricing for the sake of
maintaining profits. However, with the increase of con-
sumer’s online preference, the retailer chooses to reduce
the retail price attracting consumers to select the offline
channel.



Mathematical Problems in Engineering

*

FiGure 3: The influence of a and 6 on p; *.

6.2. The Retailer’s Profits Comparison

Lemma 6. For the retailer’s profits under the above three
circumstances,

@ II; >I1,> I1,”
(b) (01, /0a)>0, (O[T, /06) <0, (O], /0a) <0, and
@1 /36) <0

Proof of Lemma 6. It can be easily calculated from (10), (17),
and (24) that [T, -[[, >0 and [], - []”" >0. (0[] /0a) =
([a(@=1) +c(b- D]/ (8bQa+ 1)D)>0 and D[]/
00) = (a(@a+D[a(0-1)+c(b-M]/ (8 (1+2a))<0
can be obtained when (17) is used to get the derivation of «
and 6. (O[], /0a) = ((—a[a(B—1) +c(b -3/ (8b(1+
@)*) <0 and (A]]* /90) = ((a(2a+1) [a(6-1)+ c(b-
M1)/(8b(1 + 2a)%)) < 0 can be obtained when (24) is used to
get the derivation of a and 0.

Lemma 6 shows that the retailer can increase profitability
when she focuses on fairness. The manufacturer considers
the retailer’s fairness preference, which enhances the re-
tailer’s bargaining power. He transfers profits to the retailer

in various ways, consistent with the recent literature, such as
Caliskan-Demirag et al. [22] and Ho et al. [24]. However, it is
obvious that the retailer’s profit with the manufacturer
considering the retailer’s fairness preference improves when
the consumer’s online acceptance increases. If the manu-
facturer ignores her fairness preference, the retailer intends
to increase profits by increasing her pricing demonstrated in
Lemma 5. But this reduces the retailer’s sales and results in a
decrease in the retailer’s profit. Moreover, the retailer’s profit
decreases faster as the consumer’s online channel preference
increases. It is easy to understand that the number of
consumers choosing to shop oftline reduces while the online
channel acceptance increases. This decrease in retailer sales
leads to a decline in profits if the manufacturer ignores the
retailer’s fairness preference and does not transfer the
earning.

The numerical analysis also shows the above results more
intuitively. From Figure 4, if 0 is at a certain value, with the
increase of «, the retailer’s profit with the manufacturer
considering her fairness preference improves. However, if
is at a certain value, the retailer’s profit decreases with the
increase of 6. Similarly, it is obvious from Figure 5 that when
0 is at a certain value, with the increase of «, the retailer’s
profit with the manufacturer ignoring the retailer’s fairness
preference reduces. If « is at a certain value, the retailer’s
profit also decreases with the increase of 6.

6.3. The Manufacturer’s Profits Comparison

Lemma 7. For the above three circumstances,

@ [Tn> 1, > I
(b) Q[L,/00)<0, (2[IL,/26) >0,
and (0[], " /06) > 0.

Proof of Lemma 7. With formulae (11), (18), and (25), [[,, —
[1,,>0 and [[, -TI," >0 are got. (o]];, /0a)=
~(([a(@-1) +c(b-V)]*)/(8b(1 +2)*) <0 and (O[],/
00) = ((a?[aB(5b-31) —a(b-31)+0(3b-1) —(b-1)] -
ac(Ba+1)(b=212))/(4b(1 + a) (b + 1)) >0 can be obtained
when (18) is used to get the derivation of « and 6. Calculating
with (25), (0[], /0a) = = (([a(6— 1)+c(b -01%)/ (8b
(1+2@)*)<0 and (O[]." /06) = ((a*[0(3b -A)+ 2ad+
(b-1)(2a8-1)] —aca+1)(b* - 1*)/ (4b(1 +a)  (b+
A)) > 0.

@1 /9a) <0,

Lemma 7 shows that whether the manufacturer con-
siders the retailer’s fairness preference or not, the manu-
facturer’s profit will be lower than the case when the retailer
has no fairness preference. When the manufacturer thinks
over the retailer’s fairness preference, he will reduce his
profit to add the retailer’s profit, thus ensuring the fairness of
channel profit distribution. Moreover, the manufacturer’s
profit when he considers the retailer’s fairness preference is
higher than that when he ignores it. When the manufacturer
ignores the retailer’s fairness preference, this may enlarge the
retailer’s fairness concerns and lead to broader damage. This
means that if the retailer has a fairness preference, the
manufacturer should consider this behavior more favorable.
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Taking the increase of consumer’s online channel preference
into account would benefit the manufacturer’s profit for
both cases. However, the manufacturer’s profit that in-
creased by the online channel is smaller than the profit
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Figure 7: The influence of a and 6 on [],".

transfer for the retailer’s fairness preference. When more
consumers intend to shop online, this injures the retailer’s
profit and magnifies her fairness requirements. To ensure the
channel operation, the manufacturer can only choose to give
the retailer more incentives.

To visually show the analysis in Lemma 7, the paper
applies a numerical example. As shown in Figures 6 and 7, it
can be seen that whether the manufacturer considers the
retailer’s fairness concern or not, the manufacturer’s profit
will reduce with the increase of a but improve with the
increase of 6. The main reason is that the enhancement of
fairness preference makes the manufacturer have to give up
profit; otherwise, it is difficult to carry out dual-channel
cooperation. On the contrary, enhancing consumers’ online
acceptance enables the manufacturer to obtain more profit
from an online channel, leading to an increased profit in the
whole dual channels.

7. Conclusions

This paper first attempts to study the compound impact of
the retailer’s fairness preference and consumer’s online
channel preference on supply chain enterprises’ operational
strategy. A single manufacturer sells his products by online
and offline channels with a retailer in the dual-channel
supply chain. To observe supply chain enterprises’ opera-
tional decisions, this paper uses three circumstances. The
benchmark one is that the retailer has no fairness preference,
while the manufacturer considers or ignores the retailer’s
fairness preference as comparative cases. The study shows
that the manufacturer intends to build an online channel
with lower consumer acceptance when the manufacturer
takes the retailer’s fairness preference into account. The
wholesale price and manufacturer’s profit are lower than
those in the benchmark case, while the increase in con-
sumer’s online channel preference can narrow the gap. The
retailer’s profit is higher than that without fairness prefer-
ence because of the manufacturer’s interest concession.
When the manufacturer ignores the retailer’s fairness
preference, the retailer will increase offline channel pricing,
which hurts the manufacturer’s and the retailer’s profits,
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although the increase of consumer’s online channel ac-
ceptance benefits the manufacturer. These results demon-
strate that the manufacturer needs to take fairness
preference into account to avoid a “lose-lose” situation when
the retailer possesses a fairness preference. If the acceptance
degree of the online channel is high to a certain extent, the
manufacturer needs to provide additional revenue for the
retailer to ensure the operation of the dual-channel strategy.
For the retailer, her fairness preference needs to be main-
tained at an appropriate level; otherwise, the manufacturer
will start online channel construction earlier, which will
affect his profit level.

This paper focuses on the retailer’s fairness preference,
but, in practical operation, all decision-makers may possess
fairness preferences, and the fairness preference could be
extended to a more elaborate setting. The market demand is
determined to be a linear demand in the study. However, the
market demand is random and uncertain or changes to
dynamic, which also deserves further study.
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A rotating functionally graded circular disk undergoing a contact load is taken into account to investigate the thermoelastic
characteristics. By considering contact force, a pair of partial differential equations is induced as the governing equations based on
Hooke’s law. The behavior of circular disk modes is described with the variations of contact force and homogeneous thickness. A
finite volume model is introduced to obtain approximate solutions for the governing equations because of the complexity of the
equations. Contact force is highly influential in the radial direction compared to the circumferential direction in the displacement
distribution, while a large radial stress appears near the area of the contact point. In the strain distribution, the magnitude
increases as the angle grows near part of the outer boundary in the circular domain. The radial distribution profiles are susceptible
to the growth of contact force in nearby area of the outer boundary, whereas the influences on the circumferential direction
profiles are trivial. The increase of homogeneous thickness dwindles the radial magnitude of displacement, stress, and strain
distribution profiles over nearby area of the outer boundary of the circular domain. As a result, numerical approach demonstrates
that contact force and homogeneous thickness are indispensable parameters and provide deep influence on the thermoelastic
movements of a rotating circular disk. Thus, the results obtained may be useful to design an appropriate FGM circular disk model
for the industrial area by controlling the above parameters.

1. Introduction

The analysis of thermoelastic characteristics of a rotating
circular disk has been a challenging work due to complex
processes generating during operations. Friction, wear, heat
generation, and temperature deformation are representative
processes developed during the load of a contact force. By
the operation of a rotating circular disk, all parameters are
connected mutually and complicated interactions progress.
The thermoelastic characteristics of a circular disk are under
complicated interaction influences and the variation of each
parameter may not be ignorable to determine the thermo-
elastic movements. Thus, the influences of temperature,
contact pressure, and blushed wear on the rotating circular
disk are interesting and valuable for research.

Ceramic is a typical material used at one surface to resist
severe environmental effects such as high temperature, wear,

and friction. The other surface is composed of a metal to ensure
higher toughness and thermal conductivity. The comple-
mentary functions of each material invoke the introduction of
functionally graded materials (FGMs). FGMs are nonhomo-
geneous composites composed of two or more different ma-
terial phases and the volume fractions continuously vary with
space variables. Thus, FGMs are structures involving succes-
sively varying mechanical and thermal properties from one
surface to another surface. FGMs were introduced to prosper
thermal barrier coatings for propulsion system of space planes
to endure high temperature and ensure high thermal con-
ductivity at the beginning [1]. The graded material property
provides improved bonding strength in various applications
undergoing a high temperature gradient field.

On the pursuit superior properties such as strength,
impact toughness, and fiber resistance, fiber metal laminates
(FMLs) have drawn attention as promising hybrid
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composite materials in last few decades. FMLs are composed
of metallic and composite materials. The combination of
fiber-reinforced composite layers and composite materials
creates FMLs, which exhibit excellent durability. Thus, FMLs
are applicable in various industries and are used in aircraft,
wind turbine, and automobile. A laminated composite made
with thin sheet/grass was investigated by BnvsGaneshGupta
et al. [2] for the flexural properties. They evaluated flexural
strength and failure analysis using stereo microscope.
Zimmermann and Wang [3] analyzed failure modes and
characteristics of adhesively and mechanically fastened
joints in aircraft composite materials.

Meanwhile, the shape of circular disk is commonly
employed for practical use in various industrial applications,
and the physical behavior of circular disk models is a matter of
interest to many engineering researchers. Obata and Noda [4]
and Liew et al. [5] analyzed the thermal stresses of FGM
circular cylinder and hollow sphere. Afsar et al. [6] investi-
gated the brittle fracture characteristics of thick-walled FGM
cylinders by considering incompatible eigenstrain, which is a
cause of thermal residual stress. The characterization that
oscillatory movements reduce cutting forces in operating
process of a circular disk cutter was presented by Kovalyshen
[7], and Huang and Li [8] studied the radial component
effects on the bending of thin circular plates using Kirchhoft
plate theory. The angular speed of a rotating circular disk
varies during the start and stop process in machine operation.
Dai et al. [9] investigated the displacement and stress fields of
a FGM hollow circular disk subjecting an angular acceleration
due to a changing temperature. Static behavior of functionally
graded auxetic-porous structures was presented by Rad [10]
considering torsional interaction and horizontal friction
force. The static response of nonuniform bidirectional
functionally graded auxetic-porous material circular plates is
carried out based on poroelasticity theory. Friction induced a
vibration in rotary contact system, and the vibration causes a
misalignment problem. Tadokoro et al. [11] described the
stabilizing effect arising from parallel misalignment in circular
sliding contact. Infinitesimal theory of plane elasticity and
Complementary Functions Method was employed to inves-
tigate hydrogen-induced stresses in functionally graded axi-
symmetric spheres, cylinders, and disks by Yildirim [12].
Sondhi et al. [13] used element-based gradation of material
properties over the discretized domain to study linear elastic
stress analysis of functionally graded rotating disks.

However, the comprehensive understanding and quanti-
fying for the thermoelastic field of a rotating FGM circular disk
may be useful in design FGM cutter or a grinding disk. In
general, FGM cutter or a grinding disk experiences the thermal
load and inertia force due to rotation of the disk. The previous
study [14] demonstrated that proper control of some pa-
rameters such as temperature distribution, angular speed, and
radial thickness improves thermoselastic characteristics in the
design of a circular or grinding disk and reduces failure
mechanism such as crack and brittle, but most of previous
works progressed their studies without considering contact
load even though contact load is a crucial parameter in de-
termination of thermoelastic characteristics. The present study
focuses on the analysis of thermoelastic characteristics of a
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rotating (Al,0;/Al) FGM disk subjected to a contact force.
Young’s modulus, CTE, and density of the FGM disk are
assumed to vary exponentially only in the radial direction due
to symmetry with respect to the axis of the disk, whereas
Poisson’s ratio is assumed to be constant because of insig-
nificant effect on the thermoelastic characteristics of the disk.
The research addresses the following: (i) the contact force and
homogeneous thickness are crucial factors in the determination
of the thermoelastic characteristics of FGM circular models, (ii)
the radial direction is more susceptible to the variation of the
magnitude of contact force and homogeneous thickness, and
(iii) the variation of homogeneous thickness is highly influ-
ential to thermoelastic characteristics over the area of 0.2 < (r —
a)/ (b —a)<0.8 in FGM circular domain.

The process for the mathematical approach is presented in
Section 2. A pair of partial differential equations is derived based
on Hooke’s law in Section 2.1. Due to the complexity of the
governing equation, a finite volume method is introduced in
Section 2.2 to obtain numerical solutions. In Section 3, nu-
merical solutions are displayed and the elastic characteristics are
discussed according to the results obtained. The significances of
the results are addressed in the conclusions in Section 4.

2. Mathematical Modeling

A rotating FGM circular disk with a concentric circular hole
is considered (see Figure 1). The origin of the polar coor-
dinate system r — 0 is assumed to be located at the center of
the disk and hole. A and B, denoted by the dark and the
white colors, represent constituent materials of FGM cir-
cular disk, as shown in the figure. The distribution of each
material varies continuously along the radial direction only.
The radii of the hole and outer surface of the disk are
designated by a and b. The angular velocity w can be de-
termined from the relation w = (27N/60), N represents the
revolutions per minute (rpm).Since the material distribu-
tions vary along the radial direction only, the FGM disk can
be reduced to an axisymmetric problem. Thus, all properties
of the disk can be treated as a function of  only. Young’s
modulus, coeflicient of thermal expansion, and the density
of the disk are denoted by E, «, and p, respectively, and each
property is assumed to vary exponentially as follows (for
various and detailed distribution profiles, see [15]):

E = Es, (1a)
a=ayet, (1b)
p = poe. (1¢)

By the assumption that the disk is composed of 100%
material A at the surface of the hole (r =a) and 100%
material B at the outer surface (r =b), the constants in
equations (la)-(lc) can be determined as follows:

E,=E e, (22)

ay = ae (2b)
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(a)

FIGURE 1: (a) Schematic diagram of functionally graded circular disk models. (b) Notations of finite control volumes.

po = pae (2¢0)
_ L (s
ﬂ—a_bln(EB), (3a)
(i)
§= In{ —= |, (3b)
a-b \ag
__ 1 Pa
Y= - bln(pB). (3¢)

The subscripts A and B represent the properties of the
constituent materials A and B, respectively, but the non-
subscripted variables are used to denote the properties of
FGM composed of materials A and B.

2.1. Thermoelastic Formulation. In the polar coordinate, the
relations between the strain components and deformation
components are as follows:

o
T or
e 1oV u
07 r00 1
e, =0,
(4)
1ou ov v

"=y
)/29:0,

Vrz =0

The plane stress exposed with thermal expansion, by
Hooke’s law, produces the strain-stress relations undergoing
thermal expansion ([16], p8):

1

&=% [0, — voy| + aT,

1
€ =g [og —vo,] + aT,

E (5)
T,0 = ——V0>
r0 2(1 4 V)Yre
To, = 0,
7,, = 0.

rz

T (r) is the function of temperature variation with radius
variable r The temperature function can be expressed as

T(r)=c,Inr+c,, (6)

under the assumption that the circular disk is subjected by a
loading of symmetric temperature to the radial direction
only [17]. ¢;and ¢, will be determined based on the boundary
conditions. The equilibrium equations in polar coordinates
are

Jdo, 101,y o0,—0 2
r - 1 r — 7
8r+r—80 — +pw'r =0, (7a)
809 aTg
r = 7b
50 T 5 +27,9 =0, (7b)

and the algebra among equations (4), (5), (7a), and (7b)
yields the following governing equations:
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TaBLE 1: Mechanical and thermal properties used for analyzing thermoelastic characteristics of rotating CM circular disks.

Material/property Elastic modulus (MPa) Thermal expansion coefficient (107°/°C) Density (g/cm?)
Substrate (Al) 71 23.1 2.70
Bond coating (Al/Al,03) 164.3 13.6 1.61
Top (AL,O5) 380 8.0 0.96
12 12
H=0.75 H=0.75
10 { P=100 10 P =100
bla=10 bla=10
8 1 N=150rpm 8 4 N=150rpm
T, = 150°C T, = 150°C
E 6 - gf 6 -
2 2
o 4 4 bqa 4
2 2 A
0 ————— - 0 -
-2 T T T T -2 T
0.0 0.2 0.4 0.6 0.8 1.0 0 1 2 3 4 5 6
r-a/b-a Angle (0)
— 6=0 0=180 — r-a/b-a=0.1
6=90 - 0=270 r-alb-a=0.5
r-a/b-a=0.9

(®)

FIGURE 2: Stress distribution profiles in the (a) radial direction and (b) circumferential direction.

0 rau +1—v82u 3—v8v+1+v v u
or\ or 2r 98> 2r 00 2 0rof r
(8a)
1—02 22 dT(T)
= 1 ,
+ pwr® =(v+ ar I
l—vi @ +l&+3—va_u+l+v azu_l—uz_o
2 a\'or) ro T 2r 07 2 @06 2 r
(8b)

The governing equations (8a) and (8b) are a pair of
partial differential equations in the polar coordinate
system expressed with the radial and circumferential
displacement distribution profiles under the loading of
temperature. The thermoelastic characteristics of a
functionally graded rotating circular disk subjected to a
contact force are investigated according to the boundary
conditions:

AUy j + At jo + Al j+ Ayt oy + Agst_y

+By1Viji1 + Bravij + Bisvijoy + Bigvi i + Bisvioy

A U jy + Appthy j + Agaty iy + Agglli iy + Agstly_y

+ By Vi + ByaVijir + BysVij + BygVijy + Bysvioy

+ Agtioy jo1 + Agylig jiy + Aggh

0,(a,0) =0,
Gr (b> 6 - {0}) = 0’ (9)
0,(6,0) = P,

at a contact point.

The boundary condition implies that the circular model
is under the loading of thermal expansion over the entire
domain and of radial pressure P at the outer boundary
contact point (b,0).

2.2. Finite Volume Formulation. Due to the complexity of
the governing equations, a numerical technique is required,
and a finite volume method is applied for approximation.
The domain is divided up into control volume and integrates
the field equations over each control volume (see
Figure 1(b)). Equations (8a) and (8b) thus are discretized as
follows [18]:

+ BigViyjo1 + BiyVigji + BigVigj + BioVig i = fi,j’
i, + Aol g i1

0;

(10)
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The validation and convergence of the above finite
volume method (FVM) were presented in [17], and
Mathematica (version 5.0) is used to obtain numerical
solutions.

3. Numerical Results and Discussion

In this section, the differential equation induced in Sec-
tion 2.1 and the finite volume formula developed in
Section 2.2 are used to evaluate the approximated results
of different components of displacement, stress, and strain
foran (Al,0; /Al) FGM circular disk. The mechanical and
thermal properties of these ingredient materials are shown
in Table 1.

Stress distribution profiles are presented in Figure 2. As
shown in Figure 2(a), the circular disk is undergoing tensile
radial stress. All areas of the disk except near outer boundary
experience trivial influence in radial stress distribution, whereas
the contact point suffers from the largest radial stress. But
different phase develops in circumferential stress. At nor-
malized values (r —a)/ (b — a) = 0.1 and 0.5, the magnitude of
circumferential stresses is ignorable in comparison with cir-
cumferential stress at (r —a)/ (b —a) = 0.9 (see Figure 2(b)).
In addition, the entire area of the disk is under the loading of
tensile circumferential stress at (r — a)/ (b —a) = 0.9 and the
circumferential stress distribution exhibits exponential decay
with the increase of angle. The strain distribution profiles are
described in Figure 3. Near area of outer boundary in circular
domain presents that the magnitude increases with the increase
of angle value in the radial strain distribution (see Figure 3(a)).
Positive radial strain distribution appears over the disk, and the
largest radial strain value occurring at the contact point gen-
erates. However, the circumferential strain distribution shows
different pattern (see Figure 3(b)). At (r —a)/(b-a)=0.9,
the circumferential strain deploys to the positive direction,
while negative circumferential strain distributions are obtained
at (r—a)/(b—-a) =0.1 and 0.5. The changing shape of the
circumferential strain is a parabola as the angle increases at
(r—a)/(b—a)=0.1 and 0.5, whereas the circumferential
strain distribution profile fluctuates at the beginning and
logarithmic decay appears after 8 = 2 at (r —a)/ (b —a) = 0.9.
The results inform that (i) contact force is highly influential to
near area of contact point in radial direction, (ii) the cir-
cumference stress is more sensitive to contact force than the
radial stress distribution, and (iii) various phenomena appear
in circumferential strain distribution depending on the value of
(r—a)/(b-a).

Figure 4 presents the influences of contact force on the
stress distribution by choosing the representative angles 0 =
0 and 180 and the normalized radius (r —a)/(b—a) = 0.1

and 0.9. The radial stress distribution is susceptible to the
change of contact force, especially near the area of contact
point (see Figures 4(a) and 4(b)). Entire domain of the
circular disk suffers from a tensile stress and the magnitude
of the radial stress is getting larger as the contact force
increases. As shown in Figure 4(c), the area near the inner
boundary of the disk sits loose to the variation of contact
force, but the area near the outer boundary reacts sensitively
to the change of contact force, and noticeable impact appears
when 6 =0 (see Figure 4(d)). By the increase of contact
force, the radial and circumferential stresses exhibit expo-
nential growth near area of contact point, even though
minor effects appear over entire circular domain.

The effects of contact force on the strain distributions are
described in Figure 5. The reactions of the radial strain
distribution to the change of contact force are similar to
those of radial stress distribution (see Figures 5(a) and 5(b)).
Nearby area of the outer boundary is particularly susceptible
to the increase of contact force and the magnitude of the
radial strain grows with the increment of contact force.
Trivial reaction appears in the circumferential strain dis-
tribution to the wvariation of contact force for
(r —a)/ (b—a) = 0.1 (see Figure 5(c)), whereas nearby part
of the outer boundary is sensitive to the change of contact
force (see Figure 5(d)). Pronounced alterations in the cir-
cumferential strain distribution appear on area around
0 = 0. The numerical solutions imply that (i) the magnitude
of contact force is a critical factor to determine the ther-
moelastic characteristics of circular FGM models and (ii) the
radial direction is more susceptible to the variation of the
magnitude of contact force.

The influences of homogeneous thickness on thermo-
elastic characteristics, denoted by H, are explained through
Figures 6-8. H = 1 implies that the circular disk is composed
of homogeneous material. The representative values
H =0.25, 0.5, and 0.75 are applied. Figure 6 expresses the
effects of H on the displacement distributions.

The area between normalized values (r —a)/(b—a) =
0.2 and (r — a)/ (b — a) = 0.85 reveals noticeable reactions to
homogeneous thickness variation. The magnitude of the
radial displacement increases with the growth of homoge-
neous part (see Figures 6(a) and 6(b)), but nearby area of the
outer boundary displays that the magnitude to the positive
direction decreases as the value of H increases. The results
imply that the growth of functionally graded area in the
circular disk yields more stability in the radial displacement
distribution profiles.

As shown in Figures 6(c) and 6(d)), minor influence
appears in the circumferential displacement except nearby
area of contact force. The circumferential displacement
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FIGURE 3: Strain distribution profiles in the (a) radial direction and (b) circumferential direction.
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increases with growth of the value of H over the area around
contact force.

Figure 7 presents the effects of H on the stress distri-
butions. The radial distribution exhibits smaller tensile stress
over the nearby area of outer boundary with increase of the
value of H when 6 = 0 (see Figure 7(a)). But the circular disk
undergoes larger compressive radial stress over area between
normalized values (r—a)/(b-a)=0.1 and
(r—a)/(b—a)=0.8 when 0=180 (see Figure 7(b)).
According to the radial stress distributions, the circular disk
with larger functionally graded area may not guarantee
higher stability over nearby area of outer boundary. Dif-
ferent phase develops in circumferential stress distributions.
Over nearby area of the inner boundary, entire domain of
the disk experiences compressive circumferential stress for
the values of H = 0.5 and 0.75, whereas some part of the disk
with H = 0.25 undergoes tensile circumferential stress (see
Figure 7(c)). Over nearby area of the outer boundary of the
disk, the circumferential stress with H = 0.75 is trivial in
comparison with the value of H=0.25 and 0.5 (see
Figure 7(d)). The magnitude of the circumferential stress is
higher near contact point as the homogeneous thickness
decreases. Based on the circumferential stress distributions,
greater functionally graded area affords higher stability in
the circular disk. The influences of homogeneous thickness
H on the strain distributions are described in Figure 8.
Nearby area of the outer boundary of the disk is sensitive to
the change of homogeneous thickness in the radial strain
distributions. The magnitude of strain decreases with the
growth of the value of H (see Figures 8(a) and 8(b)), which
signifies that the circular disk with larger homogeneous area
is more stable over nearby area of the outer boundary.
Similar movements occur in the circumferential strain. As
shown in Figures 8(c) and 8(d), the magnitude of the cir-
cumferential strain is getting larger according to the decline

of the value of H. The outcomes describe that the circular
disk stability with greater functionally graded area is greater
in the circumferential strain distribution. The numerical
approaches make point of the following: (i) the variation of
homogeneous thickness is highly influential to thermoelastic
characteristics over the area of 0.2 < (r —a)/ (b — a) <0.8 and
(ii) the radial direction is more susceptible to the change of
homogeneous thickness.

4. Conclusions

A rotating FGM circular disk with a concentric circular hole
is taken into account to investigate the thermoelastic
characteristics. The circular disk is under the loading of a
contact force. The effects of the variation of contact force and
homogeneous thickness on the components of displace-
ment, stress, and strain have been described. Over nearby
area of the contact point, the thermoselastic behavior reacts
sensitively to the change of contact force and exhibits ex-
ponential growth in the magnitude, whereas the influence of
contact force over the other area is greater in the circum-
ferential stress distributions. The outcomes explain that the
outer boundary area is exposed to become brittle with the
growth of a contact force. In the radial displacement dis-
tribution, the growth of functionally graded area grants
more stability in the circular disk, while, according to the
radial stress distributions, the circular disk with larger
functionally graded area may not guarantee higher stability
over nearby area of outer boundary. Based on the cir-
cumferential distribution profiles, the circular disk with
greater functionally area evinces higher stability. Overall, the
results demonstrate that contact force and homogeneous
thickness are crucial parameters to determine the thermo-
elastic characteristics of FGM circular disks, and the
movements of an FGM circular disk can be controlled by
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controlling of these parameters. Therefore, a FGM circular
cutter or grinding disk suffering from the loading of a
contact force can be designed applying the finite volume
analysis used in this investigation to promote proper and
reliable thermoelastic characteristics in service.

Nomenclature

u: Radial displacement component (mm)
Circumferential displacement component (mm)
Radial strain
Circumferential strain
Shearing strain
: Radial stress (MPa)
: Circumferential stress (MPa)
Shearing stress
Poisson’s ratio
Angular velocity
Revolutions per minute (rpm)
Young’s modulus (MPa)
Coefficient of thermal expansion (107%/°C)
Density of the disk (g/cm’).
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This article is concerned about the planed rigid body pendulum motion suspended with a spring which is suspended to move on a
vertical plane moving uniformly about a horizontal X-axis. This model depends on a system containing three generalized
coordinates. The three nonlinear differential equations of motion of the second order are obtained to the elastic string length and
the oscillation angles ¢, and ¢, which represent the freedom degrees for the pendulum motions. It is assumed that the body moves
in a rotating vertical plane uniformly with an arbitrary angular velocity w. The relative periodic motions of this model are
considered. The governing equations of motion are obtained using Lagrange’s equations and represent a nonlinear system of
second-order differential equations that can be solved in terms of generalized coordinates. The numerical solutions are in-
vestigated using the approximated fourth-order Runge-Kutta method through programming packages. These solutions are
represented graphically to describe and discuss the behavior of the body at any instant for different values of the different physical
parameters of the body. The obtained results have been discussed and compared with some previously published works. Some
concluding remarks have been presented at the end of this work. The value of this study comes from its wide applications in both
civil and military life. The main findings and objectives of the current study are obtaining periodic solutions for the problem and

satisfying their accuracy and stabilities through the numerical procedure.

1. Introduction

The pendulum motion is studied by many outstanding
scientists in the last century due to the wide application of
this problem in applied mathematics, physics, and engi-
neering. In [1], El-Barki and others studied the rotary
motion of a pendulum model about an elliptic path. They
described the problem dynamically and then deduced the
equations of motion for this model using Lagrange’s
equation. The authors defined a small parameter that de-
pends on the different parameters of the moving model.
They solved the problem analytically using the small pa-
rameter technique and numerically using the Runge-Kutta
method to make a comparison between the two sets of
solutions. This comparison proved the validity of both
obtained solutions.

Ismail in [2] presented a case of relative periodicity
motion of a rigidity pendulum model in presence of

multidegrees of freedom. He described the motion dy-
namically and used the Lagrangian function to describe the
motion. The system of equations of motion is obtained. He
defined a small parameter and used the small parameter
technique to find the approximated periodic solutions of the
obtained motion. He achieved computer programs through
numerical consideration for proving the validity of the
obtained solutions. In [3], the author studied the periodic
solutions of a pendulum in a relative case. This case is
considered as an especial one from the problem in [2]. The
author used Poincare’s method to find the approximated
solutions. In [4], the author studied the oscillated motion of
a simple pendulum model. He used the Lagrangian function
for deriving the equations of motion. The processing method
of analysis is used to find approximated solutions of the
second order. In [5], the elastic pendulum oscillations are
given by Vitt and Gorelik in 1933. They give an example of
oscillated linear systems with two parametrical couples.
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In [6], Lynch presented the three dimensions of elastic
pendulum motions in the resonant case. He used the La-
grangian function for describing the motion. In [7], Holm
and others studied a resonant elastic pendulum in the case of
stepwise precession. In [8], the authors studied the motion of
a harmonically excited elastic pendulum in the chaos re-
sponse case. They derived the equations of motion of the
pendulum model using Lagrange’s equations. In [9], Amer
described the dynamical oscillations of an elastic rigid
pendulum in a plane to the equilibrium position. The author
considered the plane rotates about the downward vertical
fixed axis with uniform velocity. He used the Lagrangian
function to deduce the equations of motion of the model.
The numerical considerations [10] are considered using one
of the numerical methods for searching the accuracy of the
solutions.

The phrase diagram procedure is used for studying the
stability of the solutions [11]. In [12], Brearley studied a
simple pendulum model when its string length is changing
uniformly. In [13], Pinsky and others studied the oscillated
pendulum model for swing with a length which varies
periodically.

Nayfeh in [14] presented many perturbation techniques
for solving a lot of problems in mathematics, physics, and
engineering. Such techniques are named the multiple scales,
small parameter, KBM, processing analysis, and finite ele-
ment method which are used in solving most of the previous
problems. None of the authors thought about the use of the
large parameter technique which gives accuring results for
the required solutions. In [15], the two freedom degrees
motion of a dynamic nonlinear model for an elastic damped
pendulum in the inviscid flow of fluid was considered. The
system for equations of motion was considered applying the
Lagrangian function. The multiple scales technique is used
for solving such equations to obtain the approximated so-
lutions. The cases of resonance and steady state were in-
vestigated. The graphical representations of the motion were
considered to show the behavior of the motion. The sta-
bilities of the motion were studied. In [16, 17], the restricted
motion for the harmonically damped elastic pendulum
motion of a rigid body in the elliptic path was investigated
when the damped coefficients are linear. In [18], the near
resonance pendulum motions in the presence of a tunned
absorber dynamical model system were considered. The
authors in [19] studied the pendulum motion of a rigid body
which moves in a plane with a constant angular velocity w
attached to a damped spring. The obtained solutions are
analyzed numerically through computerized programs for
showing motion behavior.

In this paper, a new problem is given for the elastic rigid
pendulum motion in a vertical plane which rotates about a
horizontal fixed axis in space by a uniform angular velocity
w. The importance of this motion comes from its wide
applications in physics, engineering, and other fields.

Mathematical Problems in Engineering

2. Formulation of the Problem

In this section, the motion of an elastic pendulum model is
considered which consists of a rigid body suspended with a
massless spring at point O, which is suspended from the
other hand by point O,, see Figure 1. Let the coordinate
system OXY rotate about its horizontal axis OX with a
uniform angular velocity w relative to the pendulum
motion. Consider OO, = h cos wt at any instant of the time
t such that at t =0, OO, = h. Let the point C represent a
mass center of the body, ¢, represent the angle between
0,Y, and O,C, and ¢, denote the angle between O,C and
the vertical. Assuming C&, Cy, and C( are the principal axes
of inertia of the body such that C{ is perpendicular to the
plane OXY.

Thus, the mass center (x¢, ¥) of the body to the system
OXY becomes

Xc =hcoswt + psing; +asing,, (1)

Yo = pcos @, +acos@,,a=0,C,

where p is the elastic string length.
The potential and kinetic energies V and T are given as

V = 0.5k* (p - £)* —mg(pcos ¢, +acosg,),

T= O.Sm{ (~hwsinwt)® +p* + (pp,)* + (ag,)’
- 2hw|[p sin ¢, sin wt + p, sin wt cos ¢, + ag, sin wt cos ¢, |
+2a[pg, sin (@) — 9,) + @19, cos (@1 — 9,)]
+ @’ (hcos wt + psin g, +asin g,)’ +m 1,2

+ m_la)z(llsinzq)2 + Izcoszq)z)},
(2)

where I, I,, and I; are the principal inertia moments to the
axes Cén(, k* is the constant of the spring, £ denotes the
unstretched spring length, and g is the acceleration of
gravity.

The Lagrangian function L for this model is of the form
(15]

L=T-YV, (3)

where L is a function of p, ¢;, and ¢, and their derivatives.
Applying Lagrange’s equations

4 (on) oL "
dt ap _ap’p’gol’goZ'

Making use of equations (1) to (4), the second-order
differential equations of the motion are obtained as follows:
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h cos wt ‘_}C\
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Y Y,

FI1GURE 1: The elastic rigid pendulum model.

o+ aipy sin (91 - ) - apl cos (91 - 92) - i
— w*(2h cos wt + psin @, + asin @,)sin ¢, — g cos ¢,
+k2m_1(p—€) =0,
Py + 209, + ad, cos (¢) = 9,) + ag sin (¢, - ¢,)
— w* (2hcos wt + psin @, + asin @,)cos ¢, + gsing, = 0,
8y + (2991 + pipy)eos (9, = 9,) +(p = p@i )sin (91 — 92)
— w* (2hcos wt + psin @, + asin @,)cos (¢, — ¢,) + gsin g,
+2m ' (I, - I,)sin 2¢, = 0,
¢ =a- I3m71a71.

(5)

Equations (5) are the differential equations of motion of
second order in the three generalized coordinates.

Let the system oscillate in the closing relative equilib-
rium position, and the following is obtained:

I =1, (6)

The relative equilibrium admits the equality of the initial
values for the angles ¢, and ¢,, and thus

p=b+&(t),
$1 =@ + ¢ (1), (7)
$, =9 + (1),

where b is the relative equilibrium for the length of the
pendulum string. The quantities b and ¢, are determined as
follows:
m K b-0)=w(a+ b)sinzgoO + g cos ¢y, ®)
8

g =w (a+Db)cos ¢,

Making use of (7) into (5) and then (6) and (8), one
obtains

é*‘ ané+ane+any=f,
b§ +ay + by &+ b0 + by = f, )
b + €y +cp & +cpp ey = fi

where

3
- X X
3
P2
n

a, =m 'k - wz(sinzq)o + 2h cos @ cos wt),

ap, =beyy,

a3 = acyys

by = ¢

K (b-20)

byy=———75—

2 m - w0’ cos’ g, (10)
by; = —w acos’ ¢y,

= —”sin o €OS @),

¢, = —w’bcos’ g,

s =kKm ' (b-0+ w2(2h sin ¢, cos wt — acos2<p0),
f1=(E+b)¢* + Afp + aii (y — ¢) + ay’ + Byg + C,,
fo= =5 =28+ (v - gy +c, (§+b)g’

+ (D& +2a39)9 + Cy,
fr=8-9) -9 b+ O -9)-&p-2p
+ 2w’k cos wt cos @,
- [b +(1 - 1,{/2) -(b+ f)q)l//]cu — gsing,
+ wzf((pc052<p0 - 1//sin2<p0),
(11)
A= -2,
B= aw2c052g00,
B
D=,
a
(12)

C, = —(k2 - wzsinzgoo) + [2h sin ¢, cos wt
+ a(cos2 wt + sin2(p0)] + gcos g, + k*0,
C, = 2hw” cos wt

—(b+a)c;; — gsing,.
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Next, numerical considerations for solving system (9) in
three degrees of freedom &, ¢, and y are presented. The
fourth-order Runge-Kutta method [10] is used for satisfying
the numerical solutions for this system.

3. Numerical Investigations

In this section, the fourth-order Runge-Kutta method is
used for solving the problem in the previous sections
through computerized data. These solutions are investigated
to illustrate and describe the oscillations of this system at
different values of the time.

Making use of (10), (11), and (12), system (9) is refor-
mulated in the form:

E=EE 0, v.E9,19), (Eoy), (13)

where the symbol (£gy) refers to the equations which are
neglected. These functions are determined accordingly to
equations (9)-(12). Introducing the following data:

m = 10kg,
g=98m- s,
I, =3kg- mz,
€=09m,
w=2rad-s ", (14)
a=0.7m,
b =0.5m,
¢, = 0.2rad,
h =4,
t =0 —> 300s.
The graphical representations for the solutions

& o, I3 ¢, and ¥ are given in Figures 2-7.

4. Conclusion

It is concluded that the model of relativistic elastic rigid
pendulum motions is considered a wide application problem
in many scientific fields. The Lagrangian function was used,
and Lagrange’s equations were applied for deriving the

system of equations of motion for this problem. Computer
programs were achieved applying the fourth-order Run-
ge-Kutta method for obtaining the numerical solutions for
the considered system. The obtained solutions are sketched
at different values of rigid body parameters. From the fig-
ures, it is deduced that the approximated solutions are
seemed to be periodic in a big interval of the motion. £ and ¢
solutions represented in Figures 2, 3, 5, and 6 have uniform
motion and stable solutions, but y is a chaotic and excited
solution, see Figures 4 and 7. In all figures, the positive
vibration waves come from the motion of the vertical plane
above the horizontal axis and vice versa. The solution y is
not stable since it moves with fast oscillations with small
amplitudes in the beginning time and then goes slowly with
larger amplitudes. The changing of the values of k, b, and ¢,
affects the behavior of the motion and vice versa.
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A nonlinear mathematical model of a magnetic bearing system has been obtained by applying a modified conventional
identification technique based on the principle of harmonic balance. In this study, we examined the rich nonlinear dynamics of a
magnetic bearing system with closed-loop control using phase portraits, Poincaré maps, and frequency spectra. The resulting
bifurcation diagram can be used to evaluate the operational range of systems employing nonlinear actuators. Estimates of the
largest Lyapunov exponent based on the properties of synchronization revealed the occurrence of chatter vibration indicative of
chaotic motion. Various control methods, such as the state feedback control and the injection of dither signals, were then used to

quench the chaotic behavior.

1. Introduction and System Description

The rotor in magnetic bearing systems is suspended by
magnetic bearings to ensure stable rotation at high speeds;
however, a closed-loop control system is required to stabilize
the system by eliminating vibrations caused by disturbing
forces. The characteristics of magnetic bearings are inher-
ently nonlinear due to nonlinearities in electromagnetic
forces. The occurrence of large unbalanced forces in rotor
bearings can cause nonlinear motion of high amplitude in
magnetic bearing systems. Accurate control of the system is
required which designers account for the effects of non-
linearities. In a previous work [1], we conducted experi-
ments on an unloaded symmetric rotor with flexible coupler
at one end and a bearing comprising two pairs of electro-
magnets at the other end (Figure 1). It was carried out by
applying a series of nonlinear electromagnetic forces to
identify a nonlinear model for this system. These rich
nonlinear dynamics must be taken into account in the design
of magnetic bearing systems. In this study, we sought to
predict these nonlinear dynamics by modifying the

conventional identification technique based on the principle
of harmonic balance in order to characterize the system with
a higher degree of precision. The resulting nonlinear model
[1] is obtained as follows:

X =Xy, (1a)

. 2
X, = —d\x, —dyx; +dsx; +dyx, +dsx] +dgx x5

+dox x, + d8x§ + d9xi + dloxi, (1b)
Lx; + Rxy = K, (e, + Ay sin Qt), (1c)
Lx, + Rx, = K, (e, + Ay sin Qt), (1d)
where
e, = KH<KPx1 + Kpx, +K; J xldt),
(2)

ey = KH<—KPX1 -Kpx, - K; J xldt>,
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FIGURE 1: Schematic diagram of a magnetic bearing system.

with the limitations
-3.5volts <e,, <6.5volts,
-3.5volts <e,, < 6.5 volts, (3)

0.0 amp < x; and x4 < 2.0 amp,

where x, is the displacement of the rotor around the
equilibrium point; x, is the velocity of the rotor; x; and x,
are coil currents oscillating around the bias current; e.; and
e, are the outputs of the PID controller to the two coils;
Kp=-55, Kp=-0.3, and K;=-50 are the control gains; K,
(=2.4) and Ky (=10000) represent the gains of the power
amplifier and displacement sensor; and AgsinQt is the
forcing voltage generated by a programmable function
generator. The procedures used to derive the other coeffi-
cients necessary for (1a)-(1d) are listed in Table 1 [1].

This model captures the primary characteristics of the
system by comparing the frequency responses from
simulations with those from experiments [1]. However,
this model has not been subjected to dynamic analysis to
determine whether the nonlinear mathematical model
derived from experiments can be used to characterize and/
or predict the dynamics in a physical system. Further-
more, the chaotic motion that occurs at the moment the
rotor strikes the electromagnet has not been
characterized.

In this study, we employed bifurcation diagrams, phase
portraits, Poincaré maps, frequency spectra, and Lyapunov
exponents to observe periodic and chaotic motions. Across a
broad range of parameters, the Lyapunov exponent provides
the most powerful means by which to measure the sensitivity
of a dynamic system as it pertains to its initial conditions.
This approach can be used to determine whether a system is
susceptible to chaotic motion. The algorithms used to

TaBLE 1: Identified results [1].

System parameter Identified value

d, 3.066133

d, 4.3315x10°
d; —5.5786683
d, 6.5562

ds 1.43371 x 107
ds -2.531x 10*
d, -4.53203 x10*
dy 0.34514

do —0.40171
do —-2.399816 x10'°
L 0.0161203

R 14.3128231

compute Lyapunov exponents associated with smooth dy-
namic systems are well-established [2-5]. However, a
number of nonsmooth dynamic systems possess disconti-
nuities to which this algorithm cannot be applied directly,
such as those associated with dry friction, backlash, and
saturation. Many studies have proposed methods for the
calculation of Lyapunov exponents associated with non-
smooth dynamic systems [6-8]. In this study, we adopted the
method developed by Stefanski [8] for estimating the largest
Lyapunov exponent in a magnetic bearing system with
closed-loop control.

Many practical engineering problems involving chaos
require control techniques to convert chaotic attractors into
stable periodic orbits. Since the pioneering work of Ott et al.
[9], numerous methods for the control of chaos have been
devised [10-19]. Improving the performance of a controlled
magnetic bearing system and/or eliminating chatter be-
havior require the conversion of chaotic behavior into pe-
riodic motion. Two control methods have been developed
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for chaos suppression: state feedback control [11-15] and
dither control [16-19].

2. System Characteristics: Simulations
and Discussion

We conducted a series of numerical simulations based on
(1a)-(1d) to clearly elucidate the dynamic characteristics of
the system in this study. In (la)-(1d), the amplitude of the
input excitation, Ao, equals 3.5V. We employed FORTRAN
subroutines in the commercial software package DIVPRK
(IMSL) to solve ordinary differential equations [20]. The
resulting bifurcation diagram is presented in Figure 2. This
figure clearly shows that the first period-doubling bifurcation
occurred at approximately 2 =19.5Hz and chaotic motion
appeared at approximately Q = 18.5 Hz. Further details of the
responses exhibited by the system are presented in
Figures 3-5, in which each type of response is characterized by
a phase portrait, Poincaré map, and frequency spectrum.
Figures 3(a)-3(c) show that the T f—period includes the
constant term and fundamental components. From Figure 4,
we determined that a cascade of period-doubling bifurcations
produced a series of subharmonic components, revealing the
bifurcations with new frequency components at /2, 3Q)/2,
5Q/2, . ... The essence of chaotic behavior can be described
using Poincaré maps, which present an infinite set of points
referred to as a strange attractor. Chaotic motion also presents
a broad continuous frequency spectrum. Thus, strange
attractors and continuous-type Fourier spectra are generally
regarded as strong indictors of chaos, as illustrated in
Figures 5(a)-5(c).

3. Synchronization and the Lyapunov Exponent

The largest Lyapunov exponent is a useful diagnostic ele-
ment for the analysis of chaotic systems. Every dynamic
system possesses a spectrum of Lyapunov exponents (1),
which determine length, area, and volume changes in the
phase space. In other words, Lyapunov exponents measure
the rate of divergence (or convergence) between two adja-
cent orbits. Chaos can be identified simply by calculating the
largest Lyapunov exponent, thereby determining whether
nearby trajectories generally diverge (A >0) or converge
(A <0). Any bounded motion in a system containing at least
one positive Lyapunov exponent is defined as chaotic,
whereas nonpositive Lyapunov exponents indicate periodic
motion. There are a number of well-established algorithms
that compute the Lyapunov spectrum of smooth dynamic
systems [2-5]. However, nonsmooth dynamic systems with
discontinuities, such as dry friction, backlash, and satura-
tion, do not allow for the direct application of such algo-
rithms. In this study, we estimated the largest Lyapunov
exponent in order to identify the onset of chaotic motionin a
controlled magnetic bearing system. Stefanski [8] proposed a
simple method for estimating the largest Lyapunov expo-
nent based on properties associated with synchronization.
Synchronization controls the response system by accessing
the output of the drive system such that the output of the

03
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_0.15 [
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FIGURE 2: Bifurcation diagram of the system for Ap=3.5V.
response system asymptotically follows the output of the
drive system. This method is described briefly as follows.

The dynamic system is decomposed into the following
two subsystems:

A drive system

X = f(x). (4)

A response system

y=f (5)

Consider a dynamic system comprising two identical
n-dimensional subsystems, where the response system (5)
is combined with coupling coefficient d, and the drive
system (4) remains the same. The first-order differential
equations used to describe such a system are written as
follows:

x = f(x),
y=f(y)+d(x-y).

The condition of synchronization is given by the fol-
lowing inequality:

(6)

d>A . (7)

The smallest value of coupling coefficient d in syn-
chronization d, is assumed to be equal to the largest Lya-
punov exponent, as follows:

d =) (8)

(6) provides an augmented system based on (1a)-(1d), as
follows:

X, =Xy, (9a)
. 2
X, = —d X, —dyx) +dyxy +dyx, +dsx] +dgx x5

(9b)

2 2 3
+d;x x4 + dgxs + doxy + dgx],
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Lx; + Rxy = K (e + Ay sin Qt), (9¢)
Lx, + Rx, = K, (e + Ay sin Qt), (9d)
y1=yy+d(x - ») (10a)

Yy =-diy, —dyy tdyys +dyy, + ds)’f +dey1y;
+d;y1ys+ ds)’§ + d9)’421 + dloyi +d(x;~ y,),

(10b)
Ly, + Ry, = KA(ecly + A, sin Qt) +d(x;-y;), (10c)
Ly,+Ry, = KA(eczy + A, sin Qt) +d(x,—y,), (10d)
where
ey = KH(Kle +Kpx, + K; Jxldt),
€y = KH<—KPx1 - Kpx, - K; J xldt),
(11)
€y = KH<KPy1 +Kpy, +K; Jyldt>,
€y = KH<—KPy1 -Kpy, - K; J yldt>,

with the following limitations:
—-3.5volts <e,, <6.5volts,

—-3.5volts <e,,, <6.5volts,

0.0 amp < x; and x, < 2.0 amp,

(12)

-3.5volts<e,,, <6.5volts,

cly
—3.5volts <e,, <6.5volts,

0.0amp < y;and y, <2.0amp.

In the next step, we estimate the largest Lyapunov ex-
ponent for the selected parametric values in accordance with
the method described above. Figure 6 presents the results of
numerical calculations showing the estimated largest Lya-
punov exponents obtained using the above synchronization
method. All of the largest Lyapunov exponents are positive
with regard to the forcing frequency (Q <18.5Hz), indi-
cating that the system exhibits chaotic motion. These results
help to enhance our understanding of chatter vibration in a
controlled magnetic bearing system.

4. Quenching Chatter

Chaotic motion can induce chatter vibrations capable of
destroying a magnetic bearing system. Accurate prediction
of the behavior of a chaotic system can be beneficial;



Mathematical Problems in Engineering

0.2 F

Velocity (mm/s)
<)
T

-0.2 + i
1 1 1 1 1 1 1
-2 -1.5 -1 -0.5 0 0.5 1 1.5
Displacement (mm) %1073
(a)
01 x1073
1.5
: . Q
= g
=) 0 g 1
£ 5
L
iy £
E g
E -0.1 2. 05
] 5 30/2
Q2
02 0 A U
-1.8 -1.6 -1.4 -1.2 -1 0 10 20 30
Displacement (mm) %1073 Q (Hz)

(b)

(c)

FIGURE 4: Period-two orbit for Q=19.0 Hz: (a) phase portrait; (b) Poincaré map; (c) frequency spectrum.

however, maximizing the benefits requires the ability to
control this behavior. A chaotic system must be transformed
into periodic motion in order to work under specific con-
ditions and thereby improve the performance of a dynamic
system and/or avoid chatter. In this section, we discuss the
means by which chaos can be converted into periodic
motion using minimal efforts. We present two methods of
controlling chaos: the addition of state feedback control
[12, 13] and the application of dither signals [16, 17].

4.1. State Feedback Control. Cai et al. [12, 13] proposed a
simple, yet effective, state feedback control algorithm. This
method for the n-dimensional dynamical system is
explained briefly as follows:
x=f(x1), (13)
where x(f) € R" is the state vector and f=(fi,...,fs. . . fn)>
where f; is a linear or a nonlinear function and £ includes at
least one nonlinear function. Suppose that f (x,t) is the key
nonlinear function leading to chaotic motion in system (13).
We add to the equation only one term of state feedback of an
available system variable x,, that includes f,(x,t), as
follows:
xk = fk (X, t) + me,

kyme{l,2,...,n}, (14)

where G is feedback gain. Other functions retain their
original forms. We applied this method to (1a)-(1d) to more
clearly elucidate the simple control scheme.

In the absence of state feedback control, (1a)-(1d) ex-
hibits chaotic behavior under the following parameters:
Ap=3.5V and Q) =18.2Hz. Consider how the addition of
state feedback control to the right-hand side of the (1a)-(1d)
would affect the results. Figure 7 presents the resulting
bifurcation diagram for () =18.2Hz with state feedback
control. When G=0, (1a)-(1d) displays chaotic motion (see
Figure 5). This figure shows that chaotic motion occurs at
approximately G>-7.0 and disappears at approximately
G <-7.0. When the feedback gain G falls below —7.0, the
system described by (la)-(1d) exhibits stable periodic mo-
tion. After 10 seconds, the control signal is applied to the
system to control chaotic oscillation (Figure 8). In so doing,
the state feedback control can be used to suppress chaotic
motion and improve the performance of a magnetic bearing
system with closed-loop control.

4.2. Dither Control. In this section, we describe how chaotic
motion can be controlled by injecting an external dither
signal to adjust nonlinear terms. A dither is a high-frequency
signal introduced to modify the behaviors of nonlinear
systems through the elimination of nonlinearities. The
ability of a dither signal to average out nonlinearities can be
attributed to its high frequency and periodic nature. Dither
smoothing techniques were proposed in references [16, 17]
to stabilize chaotic systems. Some of the most common
dither signals were proposed by Cook [21].

(i) Square-wave dither: the simplest type of dither signal
is the square-wave signal as shown in Figure 9, where
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dither signal takes the constant values W and —W al-
ternately, each holding for a half-period 172, with T
being much smaller than the time constant of the
system. The amplitude W is applied in front of the
nonlinearity f (). Thus, the effective value of 7 (the
output of the nonlinear element) can be written as [16]

ﬁz%[f(y+W)+f(y—W)]. (15)

1.5
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FiGure
control,
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7: Bifurcation diagram of system with state feedback
where G denotes the feedback gain.

Thus, the system equations can be written as follows:

y=n. (16)

Consider the effect of adding square-wave dither
control to the system described in (1a)-(1d), where
Q =18.2 Hz. Increasing the amplitude of the square-
wave dither signal from W=0 to 0.0005V would
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FIGURE 9: A square-wave dither signal.

change the chaotic behavior to period-one motion.
The resulting bifurcation diagram under
Q=182Hz with a square-wave dither signal is
shown in Figure 10. Figure 11 shows the effects 10
seconds after applying a control signal to the system
in order to illustrate the effectiveness of this con-
troller in controlling chaotic oscillations.

(ii) Sinusoidal dither: one simple dither signal is a high-
frequency sinusoid. Here, the effective value of # is
its average over a complete period of the sinusoidal
dither signal oscillation:

ne-t r” F(x + W sin 6)d6. (17)

:27'[ 0

Adding a sinusoidal dither signal to (1a)-(1d) yields the
following coupled system:

X, = %, (18a)
X, = —d, X, — d, %) + dy %, +d X, + 1, (18b)
LX; + R%; = K, (2., + A, sin Qt), (18¢)
LX, + RX, = K, (8, + A sin Qt), (18d)

where

Displacement (mm)

4.5 5
x1074

1.5 2 2.5 3 3.5 4
Amplitude of the dither

FiGure 10: Bifurcation diagram of the system with a square-wave
dither, where W denotes the amplitude of the dither signal.

G, = KH<KP7c1 +Kp%, + K, j Tcldt>,

KH<—KP9~c1 —Kp%, - K, J Tcldt>,

1 2 _ . 9 2 _ . 9
n=o- Jo [dS(x1 +Wsin6)” + dg (X, + W sin 0)
- (%3 +Wsin6) + d, (X, + Wsin ) (X, + W sin 6)

+dg (%3 + Wsin 0)° +dy (X, + Wsin 0)” + dy (%, + W sin 9)3],

(19)
with the following limitations:
-3.5volts <&, <6.5volts,
-3.5volts <€, < 6.5 volts, (20)

0.0 amp < ¥, and X, < 2.0 amp.

The dither frequency must substantially exceed that of
any other frequency used to operate the system in order to
ensure that the dither signal does not introduce other un-
desirable oscillations at the same frequency as the dither
signal. For example, Figure 12 presents the resulting
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FIGURE 11: Injecting a square-wave dither signal control which is used to control chaotic motion of the system for Ag=3.5V at O =18.2 Hz.
The dither signal (W =0.0004) is added after 10 seconds: (a) displacement time series; (b) controlled orbit.
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F1Gure 12: Bifurcation diagram of system with a sinusoidal dither, where W is the amplitude of the dither.
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FIGURE 13: Equivalent nonlinearity n (solid line) described by equation (17). Original nonlinearity f (dashed line) is given in equation (1b).
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FiGure 14: Controlling chaotic motion to desired period-one orbit for W=0.003 V and Q2 = 18.2 Hz: (a) time responses of displacement. The
sinusoidal dither signal is injected after 1s. (b) phase portrait of controlled system.

bifurcation diagram for a system with a sinusoidal dither in
which parameter Q is 18.2Hz and the frequency of the
sinusoidal dither is 6000 rad/s. This reveals that a sinusoidal
dither with amplitude exceeding 0.0005V can convert
chaotic behavior into stable periodic motion in a magnetic
bearing system. The next steps are setting W=0.008 V and
plotting the effective nonlinearity # and original nonlinearity
£, as shown in Figure 13. The time response of displacement
10 seconds after the injection of a sinusoidal dither signal is
shown in Figure 14(a). The chaotic behavior is converted
into period-one motion. Figure 14(b) presents a phase
portrait of the controlled system. Note that the behavior of
the system is initially chaotic, but gradually becomes peri-
odic following dither injection.

5. Conclusions

This work uses the identified nonlinear model examine
global bifurcation and chaos control in the magnetic bearing
system. Dynamic behavior over the entire range of pa-
rameter values is observable in the resulting bifurcation
diagram, which reveals that the magnetic bearing system
exhibits period-doubling bifurcations and chaotic motions.
The largest Lyapunov exponent derived using the properties
of synchronization provided the most powerful tool to
measure and analyze chaotic motion in such a system.
Controlling chaotic motion is an effective way to prevent
chatter vibration in magnetic bearing systems. State feed-
back control is a simple, yet effective, approach to sup-
pressing chaos. It can be implemented by adding feedback
associated with a suitable variable into the original system
with control gain sufficient to overcome the development of
chaos in dynamic systems prone to chaotic behavior. It is
also possible to convert chaotic behavior into a periodic orbit
through the injection of a dither signal in front of nonlin-
earities in a chaotic magnetic bearing system.

Our analysis revealed that the proposed nonlinear model
is able to predict the occurrence of bifurcation and chaos in
an active magnetic bearing system, which means that it is
potentially applicable to a wide range of functions in the
design of active magnetic bearing systems. Chaotic behavior
must be accepted in some situations; however, it is normally
deemed undesirable, as it degrades performance and re-
stricts the operating range of electric and mechanical de-
vices. Accordingly, we applied state feedback and dither

control methods to quench chaos, improve the performance
of the magnetic bearing system, and prevent the occurrence
of chaos behaviors. Furthering the development of mag-
netically levitated vehicles requires an understanding of their
nonlinear dynamic characteristics from the viewpoint of
stability, safety, and ride quality at high speeds. Our con-
tribution of this study is that studying nonlinear dynamics
and controlling chaotic vibrations in the active magnetic
bearing systems will help to advance the development of
magnetic transportation systems.
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In this paper, we deal with the global behavior of the positive solutions of the system of k-difference equations u

(2) (2) (2)

i

1 _

n+l

(k) (k

(oc}ur(li)l/ﬁl +o, WP)), P = au® /B, + o ), ul® = qu® /B + ay (u)), n € Ny, where the initial conditions
ufl (I =0,1,2) are nonnegative real numbers and the parameters «;, f;, y;, and r; are positive real numbers fori = 1,2,...,k, by

extending some results in the literature. By the end of the paper, we give three numerical examples to support our theoretical
results related to the system with some restrictions on the parameters.

1. Introduction

Recently, many works have been published on rational dif-
ference equations, which have an important position in applied
sciences. In this process, many rational difference equations
have been studied by mathematicians. And so, some equations
have frequently been the subject of many articles using gen-
eralizations. Many typical examples of these can be found in the
literature. For example, in [1], EI-Owaidy et al. dealt with global
behavior of the difference equation

ax, 4

B+yxy
with nonnegative parameters and initial conditions. Gumus
and Soykan [2] dealt with the dynamical behavior of the
positive solutions for a system of rational difference equa-
tions of the following form:

au

X n € N, (1)

n+l =

n—1
u =
" B+yvh,
—4pt (2)
XV,
Vn+1 Ll > ne NO’

B+ YIuE—Z

where the parameters and initial conditions are positive
real numbers. Tollu and Yalcinkaya [3] dealt with the
dynamical behavior of the positive solutions for the fol-
lowing three-dimensional system of rational difference
equations:

X Up1

Up1 = —— 5 >
" By +V1V5—2

X Vn-1

v, = 3
n+l q ( )
By + V2w s
aw
_ 3%n-1
Wy =5——F— NneEN,,
Bs + Vi,

where the parameters and initial conditions are positive real
numbers. For more papers on this topic, see, for example,
[4-29].

In the present paper, we investigate the global behavior
of the positive solutions of the k-dimensional system of
difference equations:
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2
(qu( ) (k)

Borya(u)”

(1)
a _ ot L u? =
n+l = (2) \1’ n+l =
B+ Yl(”n-z)

)

/3k+)’k( (1)) .

u

ne Ny,

(4)

where the initial conditions uf’? (I =0,1,2) are nonnegative
real numbers and the parameters «;, 3;, y;, and r; are positive
real numbers for i = 1,2,...,k, by extending some recent
results in the literature.

Remark 1. This paper extends the results of studies in the
references [1-3]. That is to say, if we take k = 1, then system
(4) reduces equation (1). If we take k = 2, then system (4)
reduces system (2). Finally, if we take k = 3, then system (4)
reduces system (3). So, system (4) is a natural generalization
of equation (1), system (2), and system (3).

Note that system (4) can be written as

(n _ n 1 (1) (2)
”n+1—f1( U, U, U, 2’”n >”

u® o W @ (2
f2( U, ’un—l’un 22Uy Uy U

n+1

(k) _ n o (1 (2 Q2
Upi _fk( Uy HUy Uy Uy U Uy s -

has the unique solution {(u(",u®, ..., uf)}* . Also, an
equilibrium  point of system (6) is a point
@, m®, ..., u®) that satisfies the following system:

70 = fl(ﬁ(l),ﬁ(l),ﬁ(l),ﬁ(z),ﬁ(z),ﬁ(z), o ,ﬂ(k),ﬂ(k),ﬁ(k)),
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a;xY) a,x?)
X = -1 (2) 2%n-1 x "
n+l (2) \"1> T+l (3) \"2’ >+l
1 +(xn_2) 1 +(xn_2)
(5)
ax )
= ﬁ n e Ny,
1+
by the change of Variables ull = (Bly 1/”‘x<1
u® = (Byly) V@, u® = (B ) O i

a, = (a/B;) fori=1,2,... k. So we will con51der system (5)
instead of system (4) from now.

2. Preliminaries

Let I,,I,,...,I; be some intervals of real numbers and
fii X% in—»Il, fr L xEx-xI; — I,
fk 13 XI3 %+ xI} — I} be contmuously dlfferen-

tlable functlons Then, for initial cond1t10ns (u0 ,ufll),

Doul®, u®, w2, ulPu®uyeBxB X xI,
the system of difference equations,
(2 (k) (k)
s U s s Uy ,u 1,un 2)
(2 (k) (k) (k)
ne2> sU, l’un—Z)’ ne No, (6)
(2) (k) (k) (k)
NS VRS TGS This )
We rewrite system (6) in the vector form
Un+1 = F(Un)’ ne NO’ (8)
where U, = wM,u, , ©,u,u® u® u?, .  ub,

(k) (k) \T
Up_—1> Uy 2)

F is a vector map such that F: I° x I3 x --- X
—(2) _ —=(1) —=(1) —(1) —=(2) —(2) —(2) =) —(k) (k) > 1 2
u —fz(u u Luu,uu, L u U, u ), B—DBxBx-xI, and
ﬁ(k) _ fk(ﬁ(l),ﬁ(l))ﬁ(l),ﬁm)ﬁm)ﬁ(Z)a~ ”’ﬁ(k),ﬁ(k),ﬁ(k))_
(7)
n (1 (1) (2 (2 (2) (k) (k) (k)
vél) i (Vo R A e N R )
v1(1) Vél)
1/2(1) Vl(l)
2 n (1 (1) 2 (2 (2 (k) (k) (k)
vé) fz(vo S A PRI e )
V(Z) V( )
F tz) = 0 . (9)
v, vl(z)
('k) (1 (1) (1) (2) (2) (2) (k) (k) (k)
Vo fk(vo B O A P S AR I )
vl(k) (k)
(k)
" w

V1
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It is clear that if an equilibrium point of system (6) is
@, u®,...,u®), then the corresponding equilibrium
point of system (8) is the point U= (W, uV, uW,
a(Z)’aQ),ﬁ(Z)’ o ’ﬁ(k),ﬁ(k)’ﬁ(k))T.

In this study, we denote by | - || any convenient vector
norm and the corresponding matrix norm. Also, we denote
by Uy € I3 x I3 x --- x I? a initial condition of system (8).

Definition 1. Let U be an equilibrium point of system (8).
Then,

(i) The equilibrium point U is called stable if for every
€ > 0 there exists § > 0 such that |[U, — U|| < § implies
|U, - Ul <e, for all n>0. Otherwise, the equilib-
rium point U is called unstable.

(ii) The equilibrium point U is called locally asymp-
totically stable if it is stable and there exists y>0
such that |Uy - Ul <y and U, — U as n — oo.

(iii) The equilibrium point U is called a global attractor if
U, — U asn— co.

(iv) The equilibrium point U is called globally asymp-
totically stable if it is both locally asymptotically
stable and global attractor.

The linearized system of (8) evaluated at the equilibrium
U is

X, = (xz(l),iz(z), . ,Ez(k)) =<(ak - 1)(1/”), (a,-1

Theorem 2. The following statements hold:

(i) If a; € (0, l)forl =1, 2 .k, then the equilibrium
point (xV,x?, ., x! ) of system (5) is locally
asymptotically stable

(ii) If a; € (1 oo)forl =1, 2

) fo , k, then the equilibrium
2

point (xV, %2, ... ,x1 ofsystem (5) is unstable
(iii) If a; € (1,00) for 1— 1,2,...,k then the positive
eqmllbrzum point (x{! ,xz(z), .. ,x2 ) of system (5)

is unstable

Proof
(i) The characteristic equation of ] (X,) is given by

PO =2V -a)(N-a),....(A*—a)=0. (13)

It is easy to see that if g; € (0,1) fori =1,2,...,k,
then all the roots of the characteristic equation (13)
lie in the o)pen unit d1sk I/ll < 1. So, the equilibrium
point (xV,%x?,...,%") of (5) is locally asymp-
totically stable.

(ii) Itis clearly seen thatifa; € (1,00) fori =1,2,...,k,
then some roots of characteristic equation (13) have
absolute value greater than one. In thls case, the
equilibrium point (%", x?,..., ") of (5) is
unstable.

Zpor = JpZ neN, (10)

where ] is the Jacobian matrix of F at the equilibrium U.
The characteristic equation of system (10) about the equi-
librium U is

PV =ar*+ar 2+ vay A+ay =0, (11)

with real coefficients and g, > 0.

Theorem 1 (see [30]). Assume that U is a equilibrium point
of system (8). If all eigenvalues of the Jacobian matrix Jp
evaluated at U lie in the open unit disk |A| < 1, then U is locally
asymptotically stable. If one of them has a modulus greater
than one, then U is unstable.

3. Global Stability

In this section, we investigate the stability of the two
equilibrium points of system (5). When g; € (0,1) for
i=1,2,...,k, the point X,= (x" ),xld),...,x( ) =
(0,0,..., 0) is the unique nonnegative equilibrium point of
system (5). When a; € (1,00) fori =1,2,...,k, the unique

positive equilibrium point of system (5) is

Y (e - 1)(”“*1)). (12)

(iii) The characteristic polynomial of J. (X, ) is given by
k [k , koo
P(/l) — Z (_1)] A3k—2]+(_1)k+lnrl(al 1)’
i=0 j i-1 a;
(14)

where is the binomial coefficient. It is clear that if

k is an odd number, then P(A) has a root in interval
(00, —1) since

P(—l) H l(a ) )
S (15)
Jlim P(h) =~

Also, if k is an even number, then P (1) has a root in
interval (1, 00) since

k
P(1) = _HM<O,
i1 G (16)
)Llim P(A) =

So, from Theorem 1, we can say that if a; € (1, co) for
i= 1 2,...,k, then the positive equ111br1um point

(€35 ,xz(z), . .,xzk)) of system (5) is unstable. O



Theorem 3. If a; € (0,1) for i =1,2,...,k, then the equi-
librium point (", x2,...,%") of system (5) is globally

asymptotically stable.

Proof. From Theorem 2, we know that if a; € (0,1) for
i=1,2,...,k, then the equilibrium point (?fl),fl(z),
..,El(k)) of system (5) is locally asymptotically stable.

Hence, it suffices to show that

li W @ x®) =(0,0,...,0).
ngnoo(xn X, X, ) (0,0 0) (17)
From system (5), we have that
o) “1’“(1)1 e
e
0< Xp1 = WS a1 X, 1
1 +(xn_2)
() a2x(2)1 2
e
0< Xp1 = WS axX, 1>
1+ (x,2) (18)
(k) akx(k) (k)
-1
0 S'erl = ﬁgak‘xnfl’
1 +(xn72)
for n € N;. From (18), we have by induction
0< xéil)_l < a?xf’?, (19)

(1) =(1) (2)
1 __ 4XxX, a;%, = @ __ hX,
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where xfil) (I=0,1) fori=1,2,...,k are the initial condi-
tions. Consequently, by taking limits of inequalities in (19)
when g; € (0,1) fori=1,2,...,k, we have the limit in (17)
which completes the proof. O

4. Oscillation Behavior and Existence of
Unbounded Solutions

In the following result, we are concerned with the oscillation
of positive solutions of system (5) about the equilibrium

point (x{V,x%?,...,x*).

Theorem 4. Assume that a; € (1,00), and let {(x{V,x?,
o, xN1°  be a positive solution of system (5) such that

2,502 %0,

< <50,

(20)

or

0,0 <z,

(21)
(D) 5 ()
X_12%X,,
fori=1,2,...,k Then, {(x{V,x?,... ,xﬁ(l)k))}zzfz oscillates
about the equilibrium point (%", %%, ... ,Yék)) with
semicycles of length one.

Proof. Assume that (20) holds. (The case where (21) holds is
similar and will be omitted.) From (5), we have

—=(2) (k) —(k)
a)X, _ = (k) _ WXy aiX, _ =k ()

1 +(x£22))r1 1+(y§2))” =N

(1) —() )
a,Xg a1 x; —() (2 _  BX,

1 +(xf32))r2 1+(x2(3))’2 =%

T 1+(xf12))rk 1+(72(1))’k %X

—(2) k) = (k)
9%, 2) . k) _ ) X,

B! +(x£21))r1 - 1 +(§2(2>)’1 X%

Then, the proof follows by induction.
In the following theorem, we show the existence of
unbounded solutions for system (5). O

Theorem 5. Assume thata; € (1,00) fori=1,2,...,k, then
system (5) possesses an unbounded solution.

- 1 +(x£31))r2 1 +(?§3))r2

=f( i x > =7(k)_
o 1+(x£11))rk 1+(?z(1))rk ’

(22)

Proof. From Theorem 4, we can assume that, without loss of

generality, the solqtion {(?c,(ll),x,(f),'. .. ”§£zk))}i—2 of system
(5) is such that x{) | <%\ and x{” >x{" fori=1,2,...,k

and n € N,. Then, we have
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a X(l) a x(l) a x(l)
X§1)2= 1%2n _> 1%2n _ = 1%2n =x§1)
n+. _ n >
L+(xg) ) 1+(x2)" L+ (a, 1)
(2) (2 (2
2 _ ar Xy, a X, _ a) X, _ x(2)
2n+2 T 3) \ —_(3)\2 _ — 2n>
1 +(x2n71) 1 +(x2 ) L+(a,-1)
(k) (k) (k)
(k) A Xon A Xon AUXon _ (k)

T Y A (E) T

(1) (1) (1)
1 _ %1% X1 _ NXpu (D)

T ) AP (-

(2) (2) (2)
2 _ DX Ar X541 Ar X041 2

X = = =X N
ey +(x2<z))r2 1 +(E§3))r2 1+(a - 1) .

(k) (k) (k)
k) _ X AXon1  _ MXourr  _ _(R)

x2n+3 = 1 +(x2(:l))rk 1 +(x§1))rk - 1+ (ak _ 1) = x2n+1a

(23)

from which it follows that

. y @ k
nh_r}n@(xéﬁ,xéﬁ, o ,xz(n)) = (00, 00,...,00),
(24)
: (1) (2) (k) 'y _
nlgnoo<x2n+1’x2n+1> e "x2n+l) =(0,0,...,0),
which completes the proof. O
5. Periodicity

In this section, we investigate the existence of period-two
solution of system (5).

Theorem 6. If a; =1 for i=1,2,...,k, then system (5)

possesses the prime period-two solution
., (0,0,...,0,9), (0,0,...,0,9), (0,0,...,0,9), (0,0,...,0,%),...,
(25)

with @,y >0. Furthermore, every solution of system (5)
converges to a period-two solution.

Proof. Assume that g;,=1 for i=1,2,...,k, and let
{0, %@ x 1™ be a solution of system (5). Then,
from system (5), we have

5
(1)
(1) Xon-1
2n+1 T (2) 1
1 (‘x2n—2)
(1)
Xél) , = Xon
ISR
" 1 +(x2(§)_1) !
(2)
Xéz)l '
n+ 3) 2’
1 +(x2n_2)
(2)
G (26)
2n+2 1y
)
(k)
xék) _ Xon-1
1= o
| +(x2(,1,’_2) *
(k)
x(k) _ Xon
mt2 = )
| +(x2(,1,’_1) *
for n € N,. From (26), we obtain
n-1
1
(1) (1)
Xon-1 = X — o\ )
" i=0 <1 +(x§i2_)2) 1>
n—1
1
(1) (1)
X5, =X, ol B
8 i <1 +(x52) 1)
n—1
1
2) 2)
Xon-1 = X >
" il <1 +(x§i3_)2)72>
-1
x;” _ xéz) n 1 (27)
n T >
L\

n—1
1
(k) (k)
NC] L |
’ i=0 (1 +(x3h) k>
forn € NO.IfxE? =0forl=0,1andi=1,2,...,k—1, then
x =0fori=1,2,...,k—1and (xz(ﬁ),l,xz(ﬁ)) = (xf’f),xék))
for n € N,. Therefore,
5 (0,0,...,0,0), (0,0,...,0,9), (0,0,...,0,9), (0,0,...,0,), ...
(28)



is a period- two solution of system (5) with x x(k)
¢ >0 and x! 1 = ¥ > 0. Furthermore, from (26), we have

()

1 +(x§f,) 2)rl o

xz(f:) 1(x2(r31)—2)r2 0

(1) (1 _
Xont1 ~ Xou-1 =

(2) (2)

Xone1 T Xop1 = G) 2 =
1 +('x2n 2) (29)
(k) (1) \'*
(k) K _  %on- l(xZn 2) 0
Xonr1 = Xop-1 = 1+( 1) )rk sU
Xon-2
/.. 1
(1) (1 _ _*on (x2n— )
x S L Ll VP
2n+2 2n 1+(x(2) )rl =
2n—1
)/ .3 T2
X 0 ) (xZn—l) <0
S N (30)
2n-1
(k) (..(1) '
x5 (%
(k) (k) _ 2n ( 2n- 1)
Xons2 = Xon = <0

1 +(x2(,11) 1)rk B

From (29) and (30), we obtain x{” <x{ and
X< xZn fori=1,2,...,k. That is, the sequences (x{" )
and (x{") fori=1,2,. k are nonincreasing. On the other
hand, from (26), we have the inequalities

-1
(1 (1) (1)
Xon-1 = X < 1><x_1,
i=0 (x21 2)

:

W _ 0 1 1)
in = XO 2\ _XO 5
i=0 1 +(x21—1)
@) » 1 @
Xon-1 = X1 AORE SX2p
i=0 \ 1 +(x2i—2)
—1
@ _ T 1 @ (31)
X = Xo 3\ | =% >
=0 \ 1 +(x2i—1)

0 _ 0T 1 ®
Xon-1 = X4 v | SX
i=0 \ 1 +(x2i—2)
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which show the boundedness of the solutions. Hence, the
odd-index terms tend to one periodic point and the even-
index terms tend to another periodic point. This completes
the proof. O

6. Numerical Examples

In this section, we give some numerical examples to support
our theoretical results related to system (5) with some re-
strictions on the parameters a; and r; fori = 1,2,.. . k.

Example 1. If k=3, x\V =x,, xP =y, x® =z, r, =2,
r, =3, and r; =4 in system (5), we obtain the following
system:

a1 Xn-1
X, 4 =—
" 1+ (yn—2)2
_ A Vn-1
Va1 1 (anz)y (32)
32,1
Z,,,=——
" 1+ (xn72)4

We visualize the solutions of system (32) in Figures 1-3
for the initial conditions x_, = 1.34, x_; = 2.13, x, = 3.1,
y_,=017,y_, =403, y,=2.21,z_, = 0.32,z_, = 2.76,and
Zp = 3.12.

Example 2. If k=4, xPV=x, xP =y, xP=z¢,
xr(14) =p,»r =2,r,=3,r3=4,and r, = 5in system (5), we
obtain the following system:

a1 Xp-1
Xpp) =—————>
" 1+ (yn—Z)z
_ A Vn-1
yn+1 1+ (zn_z)y
(33)
a3zn—1
Zpl =
"L (P!
4Py
pn+1 1+ (xn_2)5'

We visualize the solutions of system (33) in Figures 4-6
for the initial conditions x_, = 1.34, x_; = 2.13, x, = 3.1,
Yy, =017, y, =403, y, =221, z, =032, z_, =276,
Zo=3.12, p_, =3.27, p_, = 1.33, and p, = 2.78.

Example 3. If k=5 xWP=x, xP=y, xP=¢,
x® =p,, and x{?) =g, in system (5), we obtain the fol-

lowing system:
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50
—— 404
=
n
= 304
A
= 204
=2
104
04, .
0 20 40 60 80 100
n
— x(n)
— y(n)
— z(n)

FIGURE 1: The solutions of system (32) when a, = 1.12, a, = 1.13, and a; = 1.14.

{x (n), y (n), z (n)}

0 20 40 60 80 100

— x(n)
— y(n)
— z(n)

FIGURE 2: The solutions of system (32) when a; =1, 4, =1, and a; = 1.

{x (n), y (n),z (n)}
[\

0 20 40 60 80 100

— x(n)
— y(n)
— z(n)

FiGure 3: The solutions of system (32) when a, = 0.91, a, = 0.92, and a; = 0.93.
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500 A

300 A

200 4

{p (n), x (n), y (n), z(n)}

100 A

— x(n) — z(n)
— y () — pn)
FiGUre 4: The solutions of system (33) when a, = 1.12, a, = 1.13, a; = 1.14, and a, = 1.15.

{p (n), x (n), y (n), z (n)}

— x(n) — z(n)
— y(n) — p(n)

FiGure 5: The solutions of system (33) when a, = 1,4, =1, a; = 14, and a, = 1.

—_ x(n) — z(n)

— y(n) — p(n)

FIGURE 6: The solutions of system (33) when a; = 0.91, a, = 0.92, a; = 0.93, and a, = 0.94.
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{p (n), q (n), x (n), y (n), z(n)}

— x(n) — p(n)
— y(n) — q(n)
— z(n)

FIGURE 7: The solutions of system (34) when a, = 1.12, a, = 1.13, a; = 1.14, a, = 1.15, and a5 = 1.16.

{p (n), q (n), x (n), y (n), z(n)}

— x(n) — p(n)
— y(n) — q(n)
— 2z (n)

FIGURE 8: The solutions of system (34) when a, =1,a,=1,a; =14,a, =1, and a; = L.

{p (1), q (n), x (n), y (n), z (n)}
[\S}

0 ;
0 20 40 60 80 100
n
— x(n) — p(n)
— y(n) — q(n)
— z(n)

FIGURE 9: The solutions of system (34) when a, = 0.91, a, = 0.92, a; = 0.93, a, = 0.94, and a, = 0.95.
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{ Zpn = % (34)
Pt = 1;1“(22)5
Rl

with r, =2, r,=3,r; =4, r, =5, and r; = 6. We visualize
the solutions of system (34) in Figures 7-9 for the initial
conditions x_, =1.34, x_, =2.13, x,=3.1, y_,=0.17,
y =403, y,=221, z,=032, z, =276 z,=3.12,
P, =327,p =133 p,=278,q, =032, =2.16,and
o = 3.91.

7. Conclusion

In this study, we have generalized some of the results in the
literature. As shown in Section 1, equation (1) was developed
systematically. By this study, we ended this development.
More concretely, we investigated the local asymptotic sta-
bility, global asymptotic stability, periodicity, and oscillation
behavior of system (5) which is the k-dimensional gener-
alization of equation (1). According to our findings, our
results are consistent with the results of the paper [1] in the
case of k = 1. Similarly, our results are in line with the results
of the papers [2, 3] in the case of k=2 and k=3,
respectively.
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Differential equations of second order appear in a wide variety of applications in physics, mathematics, and engineering. In this
paper, necessary and sufficient conditions are established for oscillations of solutions to second-order half-linear delay differential
equations of the form (¢(y) (u' (YN’ + p(Muc (9(y)) = 0, for y > y,, under the assumption joo (c(n) (179 _ 5. Two cases are
considered for a < c and a > ¢, where a and ¢ are the quotients of two positive odd integers. Two examples are given to show the

effectiveness and applicability of the result.

1. Introduction

Differential equations (DEs) have received a lot of attention,
and it is an active research area among scientists and en-
gineers [1-8]. The DEs have ability to formulate many
complex phenomena in various fields such as biology, fluid
mechanics, plasma physics, fluid mechanics, and optics;
many exact and numerical schemes have been being derived
such as [9-15]. Differential equation of second order appears
in models as well as in physical applications such as fluid
dynamics, electromagnetism, acoustic vibrations and
quantum mechanics, biological, physical and chemical
phenomena, optimization, mathematics of networks, and
dynamical systems (see [16-24]).
In this article, we consider the differential equation

(W M) +puB() =0, fory=y, (1)

where a and c are the quotient of two positive odd integers,
and the functions p, ¢, and 9 are continuous that satisfy the
conditions stated below:

(A1) 9 € C([0,00),R), I(y) <y, lim,,_,,9(y) = co.

(A2) ¢eC'([0,00),R), peC([0,00),R); 0<c(y),
0< p(y) forall y>0; p(y) is not identically zero in any
interval [b, 0c0).

(A3) Y () = | i ¢ V2 (n)dy with lim, Y (y) = co.
(A4) the existence of a differentiable function 9, such
that 0< 9, () <9(y), for 9;(y) =9, >0, for y> y,.

In [25, 26], Baculikova and Dzurina have considered

(¢ M) +p(MuO(y) =0,
z(y)=u(y) +q(Yuz(y), y=y,

(2)
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and obtained oscillation criteria for the solutions of (2) using
comparison techniques when a =c =1, 0<q(y) <00, and
lim, Y (y) = co. In the same technique, Dzurina and
Dzurina [27] have studied the oscillatory behavior of the
solutions of (2) under the assumptions 0<q(y)<co and
limyﬁooY( y) = 00. In [28], Bohner et al. have studied the
oscillatory behavior of solutions of (2) under a=cg,
limy_mY(y) <00, and 0<g(y) < 1. Grace et al. [29] have
studied the oscillatory behavior of (2) when a=c¢ and
limyHooY(y) <00 and lim, Y (y) =00 and
0<q(y)<1.In [30], Ali has studied the oscillatory behavior
of the solutions of (2), under the assumptions
limyﬁooY(y) <oo and g(y)=0. Karpuz and Santra [31]
have studied the oscillatory behavior of

(cN @) +qNu(N) + pMNf W@ () =0,
(3)

y—o0 Y (¥) <00 and
= oo for different ranges of the neutral co-

by considering the assumptions lim
lim, Y (y)
efficient q.

For further work on the oscillation of this type of
equations, we refer the readers to the references. Note that
the majority of works consider only sufficient conditions,
and merely a few consider both necessary and sufficient
conditions. Hence, the objective of this work is to establish
both necessary and sufficient conditions for the oscillation of
solutions of (1) without using the comparison and the Riccati
techniques. In this paper, we restrict our attention to the
study (1), which includes the class of functional differential
equations of neutral type.

Remark 1. When the domain is not specified explicitly, all
functional inequalities considered in this paper are assumed
to hold eventually, ie., they are satisfied for all y large
enough.

2. Necessary and Sufficient Conditions

Lemma 1. Let (A1)-(A3) hold and that u is an eventually
positive solution of (1). Then, there exist y, >y, and d>0
such that

0<u(y)<dY(y), (4)

1/a

Y(y)“oo POUE G| <u(y), 5)
y

for y=y,.

Proof. Let u be an eventually positive solution of (1). Then,
by (A1), there exists a y* such that u(y)>0and u(9(y)) >0
for all y > y*. From (1) it follows that

(¢ (W' ()Y = -p(Mu‘ ((y) <0. 6)

Therefore, ¢(y)(u'(y))® is nonincreasing for y> y*.
Next, we show that ¢(y)(u' (y))* is positive. By contra-
diction, assume that ¢(y)(u'(»))*<0 at a certain time
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y=>y*. Using that p is not identically zero on any interval
[b,00) and by (6), there exists y; > y* such that

¢ W ) <c(y) (W (1)) <0,

Recall that a is the quotient of two positive odd integers.
Then,

forally>y,. (7)

1/a
u' (y)< (((yl))) u'(y), fory>y,. (8)

Integrating from y, to y, we have

u(y <u(y)+ ()" ()Y (). (9)

By (A3), the right-hand side approaches —co; then,
lim,_,,u(y) = —co. This is a contradiction to the fact that
u(y) > 0. Therefore, ¢(y)(u' ())*>0 for all y>y*. From
¢(y)(u' ()" being nonincreasing, we have

()

Integrating this inequality from y, to y and using that u
is continuous,

u(y)<u(y;) +(c(3)"u’ (31)Y (»). (11)

Since lim,,_,,Y(y) = 0o, there exists a positive con-
stant d such that (4) holds.

Since ¢(y)(u'(y))* is positive and nonincreasing,
limyéooc () (u' (y))" exists and is nonnegative. Integrating
(1) from y to b, we have

1/a
u (y)<( (yl)) u'(yy), foryzy,.  (10)

) (' 1) - () (U (M) + jj (e (9 (m)d = 0.
(12)

Letting limit as b — o0, we get
)W ()= joo POy (13)
y

Then,

1 1/a
W () L( )j (i <s<n>>dn] L (e

Since u(y,) >0, integrating the above inequality yields

uz [ [T poueoa| an  as)
4 J[c()J 4 ] G

Since the integrand is positive, we can increase the lower
limit of integration from # to y and then use the definition of
Y (y) to obtain

00 1/a
u(y) ZY()/)“ P(C)uc(\‘)(f))d(] ; (16)
y
which yields (5). O

Theorem 1. Assume that there exists a constant by, the
quotient of two positive odd integers, such that 0<c <b, <a.
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If (A1)-(A3) hold, then each solution of (1) is oscillatory
if and only if

j:o PO (9L = oo, (17)

Proof. On the contrary, we assume that u is eventually
positive solution. So, Lemma 1 holds, and then there exists

1 =¥, such that
u(y)2Y(w’ (=0, fory=y,, (18)

where
w(y) = joo p(Ou (9(0)AL. (19)
y

Computing the derivative of w, we have
w' (y) = —p(u O y)). (20)

Thus, w is nonnegative and nonincreasing. Since u >0,
by (A2), it follows that p(y)u(9(y)) cannot be identically
zero in any interval [b,00); thus, w' cannot be identically
zero, and w cannot be constant on any interval [b,00).
Therefore, w(y) >0 for y > y,. Computing the derivative, we
have

, b\ bra,
o) (-G ) ow o e

Integrating (21) from y, to y and using that w>0, we
have

1-b,/a _ﬁ _ y —b,/a /
w (YJZ(l a)[ Ihw (Ow(Odq

:<1 ﬁ)“ T i) (p(om(c»)dc].
a Y2
(22)

» C(”I)

Note that when u is continuous, Qu is also continuous
on [0, 00). If u is a fixed point of Q, i.e., Qu = u, thenu is a
solution of (1).

First, we estimate (Qu) (y) from below. By (A3), we have

@iz ] [ 5rol] =) von e

Now, we estimate (Qu)(y) from above. For u in S, we
have u¢ (9(()) < («"*Y (9({)))‘. Then, by (26),

) 1/a
[ e lse [ r@wo@al] an iy,
n

Next, we find a lower bound for the right-hand side of
(25), independent of the solution u. By (4) and (19), we have

U (y) = u 0 () () 2 (dY ()" ()
> (dY ()0 (Y (' ()" (23)
= dUY (' (y), foryzy,.

Since w is nonincreasing, b;/a >0, and 9(#) <y, it fol-
lows that

U (9(n) =d Y (9 ()™ (9(n))

(24)
> dc—bch (19(11))wh‘/” (]7)
Going back to (22), we have
b
wl—hl/a (yz) > (1 _ _1)dcb1 |:Jy P(ﬂ)YC (9(1’]))(11’] ]
a Y2
(25)

Since (1-b,/a)>0, by (17) the right-hand side ap-
proaches +oo as y — oo. This contradicts (25) and
completes the proof of sufficiency for eventually positive
solutions.

The eventually negative solution can be dealt similarly by
introducing the variables v = —u.

Next, we show the necessity part by a contrapositive
argument. If (17) does not hold, then for each x>0 there
exists y; >y, such that
(1-cla)

(26)

jmp(c)wsm)d@ —
n

for all #> y,. We define the set of continuous functions
1/a
5= {u € C(l0.00): () YOI <u(n <Y (), yZyl}.
(27)

We define an operator Q on S by

ify<y,
(28)

0 l/a
(om(y)sjy[ "+j p(()qu(c))dc” dy
n

il
w s |2
<Y (y).
(30)
Therefore, () maps S to S.

Next, we find a fixed point for Q in S. Let us define a
sequence of functions in S by the recurrence relation



vo(y) =0, fory=>y,,
{ it y<yy,
Y (y), ify=y,

forn>1, y>y,.

vi(¥) =(Qvy) (y) = (31)

Var1 (y) = (‘Qvn) (y)’

Note that for each fixed y, we have v, (y) > v, (). Using
mathematical induction, we can show that v, (y) 2 v, (y).
Therefore, the sequence {v,} converges pointwise to a
function v. Using the Lebesgue dominated convergence
theorem, we can show that v is a fixed point of Q in S. This
shows under assumption (26), there is a nonoscillatory
solution that does not converge to zero. This completes the
proof. O

Theorem 2. Assume that there exists a constant b,, the
quotient of two positive odd integers such that 0 <a <b, <c. If
(A1)-(A4) hold and ¢(y) is nondecreasing, then each solution
of (1) is oscillatory if and only if

Jm[ :)J ()d(] dy = oo. (32)

Proof. On the contrary, we assume that u is an eventually
positive solution that does not converge to zero. Using the
same argument as in Lemma 1, there exists y, > y, such that
u(9(y))>0and ¢(y) (u' ()" is positive and nonincreasing.

Since ¢(y)>0, u(y) is increasing for y>y,. Using
u(y)=u(y;), we have
uw ()2 (P () 2u” " (y,)u” (), (33)

and hence

u () zu” " (y)u” (9(»)),
Using (34) and 9(y) =9, (), from (13), we have

¢ W () 2" (y)u (9 () Jjo p(pdn,  (35)

fory>y,. (34)

for y>y,. From ¢(y) (u' ( ¥))? being nonincreasing and
9 (¥) < y, we have
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We use this in the left-hand side of (35). Then, dividing
by ¢(9, (y))ub2 (9 (»)) >0 and raising both sides to the 1/a

power, we have

W (9 () [ w () [0 ]"“ %
b/u(S (y)) C(90(y)) Jy P(’?) n > ( )

for y > y,. Multiplying the left-hand side by 9, (y)/9, > 1 and
integrating from y, to y, we have

r u' (95 (1)) () 4
9

V2 u' ('9 ( ))
(38)
1/a

00| |ty || st an

On the left-hand side, since a < b,, integrating, we have

1-b,/a
0((1 —b la )[Z 9 (’1))]5 =Y2
(39)
1 1-b,la
S albyja-1)° (9 (52)) < c0.

On the right-hand side of (38), we wuse that
¢ (9 () <¢(#) to conclude that (32) implies the right-hand
side approaching +00, as y — 00, which is a contradiction.
Hence, the solution u cannot be eventually positive.

For eventually negative solutions, we use the same
change of variables as in Theorem 1 and proceed as above.

To prove the necessity part, we assume that (32) does not
hold and obtain an eventually positive solution that does not
converge to zero. If (32) does not hold, then for each x>0
there exists y, > y, such that

I [%,1) I p(()dc] an”

We define the set of continuous function

(1 cla)

Vy>y,.  (40)

s={u € C([0,00)): §Su(y)s;<fory2yl}. (41)

¢(8 (1)) (W' (% (M) =) (' ()" (36) Then, we define the operator
0, ify<y,
N [ row o] Y i )
—+ — u , ify>y,.
2 5 C(TY) , P }/I y yl
Note that if u is continuous, Qu is also continuous at « y 1 o l/a
y = y;. Also, note that if Qu = u, then u is solution of (1). (Qu) (y) <=+« J [— J p(()d(] dn
First, we estimate (Qu)(y) from below. Let u € M, we 2 nLsn) Iy (43)
have (Qu)(y)=x/2+0, on [y,,00). © K
Now, we estimate (Qu)(y) from above. Let u € M. SE + 5= K.

Then, u <k and by (40), we have
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Therefore, 2 maps S to S. To find a fixed point for Q in S,
we define a sequence of functions by the recurrence relation

v (y) =0, fory=y,,
() =(Qv)(y) =1, fory>y,, (44)
Va1 () = (W,) (), fornz1, y2y,.
Note that for each fixed y, we have v, (y) = v, (y). Using
mathematical induction, we can prove that v,; (y) > v, (y).
Therefore, {v,} converges pointwise to a function v in S.

Then, v is a fixed point of (2 and a positive solution of (1). The
proof is completed. O

Example 1. Consider the differential equations
Sy 11/3y/ 1 13 _
(e (W (»)™) +m(u(y -2))"” =o. (45)

Here, a=11/3, ¢(y)=¢7, 9,(y)=y-2, Y(y) =
I; eBdy = (3/11) (e —e'13), and ¢, = 1/3. For
b’= 7/3, we have 0<c<b<a. To check (17), we have

j:’ ()Y (9(s))ds
(46)

© 1 (3 e )
=J —(—(e -e N )) ds = co.
o n+1\11

So, every conditions of Theorem 1 hold true, and
therefore, all solutions of (45) are oscillatory or converge to
zero.

Example 2. Consider the differential equations
(@ ON™) +ywy-2)" =0, (47)

Here,a =1/3,¢(y) =1,9,(y) = y—2,and ¢, = 7/3. For
b = 5/3, we have ¢ >b>a. To check (32), we have

1L podr] = [T [ ac] ds = oo
yo L6(s) Js 2 s
(48)

So, every conditions of Theorem 2 hold true. Thus, all
solutions of (47) are oscillatory or converge to zero.

3. Conclusion

The aim of this work is to establish necessary and sufficient
conditions for the oscillation of solution to second-order
half-linear differential equation. The obtained oscillation
theorems complement the well-known oscillation results
present in the literature. This work, as well as [31-41], leads
us to pose an open problem: Can we find necessary and
sufficient conditions for the oscillation of solutions to sec-
ond-order differential equation

[rO (O +p@yE®ON)] +) a0y (1)) =0,
i=1

for p € C(R,,R)?.
(49)
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In this paper, the stability conditions for the rotary motion of a heavy solid about its fixed point are considered. The center of mass
of the body is assumed to lie on the moving z-axis which is assumed to be the minor axis of the ellipsoid of inertia. The nonlinear
equations of motion and their three first integrals are obtained when the principal moments of inertia are distributed as
I, <I, <I;. We construct a Lyapunov function L to investigate the stability conditions for this motion. We give a numerical
example to illustrate the necessary and sufficient conditions for the stability of the body at certain moments of inertia. This

problem has many important applications in different sciences.

1. Introduction

The problem of stability of a rotary motion of a heavy solid
moving in a uniform gravity field or a rigid body moving in a
Newtonian one is considered as one of the vital problems in
the nonlinear dynamics. These problems were searched in
the last half century. These problems are classified according
to the bodies containing partially fluid or fully fluid or lie in
attracting centers. In [1], the rotational motion about the
center of mass for an asymmetric dynamic body with an
aspheric cavity filled with liquid is studied. Numerical
analysis for changing the kinetic momentum vector of the
body was given. The extreme position for the stability of the
axis of rotation of a body was obtained. A mass geometry
solid of the Earth was attained. In [2], the authors studied the
stability conditions of rotary motion for a heavy solid
containing cavity filled fully or partially with a viscous fluid.
The author in [3] considered the stability problem for a
steady rotary motion of a gyro filled with liquid in a cavity.
The author achieved the conditions of stability for this case
of studied motion. The authors in [4] studied a branching for
the stability of permanent rotatory motions of a rigid body
filled with a viscous fluid. In [5], the stability problem of a
permanent rotary motion of an asymmetric top about a fixed
point under the influence of a central Newtonian force field

is considered for different cases. In [6], the evolution of the
stability for the rotary motion of a planet containing a liquid
core is considered. For some special cases of the orbiting
motions for a planet, the stability conditions are obtained in
[7]. The work of [8] gave the conditions for stability of a
rotating unperturbed rigid body about a fixed point in
different problems using the well-known energy first
integral.

Moreover, the first integral related to energy was used in
[8] for the aim of obtaining sufficient conditions of stability
when the governing system of the body has not any per-
turbation. In [9], the authors evaluated the orbiting for a
satellite containing a cavity filled with a viscous fluid. For
both the uniform and the Newtonian force fields, the
problems of stabilities of the orbiting bodies about fixed
points are considered in some steady motion cases in [10]. In
[11], the stability spin for a Lagrange top with linear os-
cillators is considered. In [12], the authors evaluated the
plane periodic rotary motion stabilities of a symmetric rigid
body moving about a fixed point when the principal mo-
ments of inertia I; =1, =2I;. The permanent orbiting sta-
bility problem of an asymmetric gyro is considered in [13]
when the gyro moved under a Newtonian force field. In [14],
the author considered the conditions of stability motion of a
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rigid body rotating about the x-axis when I, >1I,>1;. He
assumed a moment A; about the x-axis and deduced the
equations of motion. There are some new applications of
nano-/microcomponents related to stability conditions in
different application subjects that should be mentioned here.
The applications such as the Chebyshev-Ritz technique for
static stability and vibration analysis of nonlocal micro-
structure-dependent nanostructures are given by Ebrahimi
et al. [15].

Our article is searching the conditions of stability of a
nonperturbed coupled heavy solid rotating about a fixed
point in a uniform field of gravity. The body is assumed to
rotate about the minor z-axis of the ellipsoid of inertia with
couple 1;. We consider the body rotates with principal
moments of inertia to satisfy the condition I, <I, <I;. We
use the three well-known first integral of the problem for
finding the stability conditions using a modified definition of
Lyapunov function L. A numerical example is considered to
show the stability conditions for a certain case.

2. Definition of the Problem

In this section, we define the problem of the motion of a
heavy solid rotating about the minor z-axis of the ellipsoid of
inertia. Consider the coordinate frame OXYZ is the fixed
coordinate system in space and Oxyz is the fixed system in
the body. Let the body rotates with an angular velocity vector
w = (w;, w,, w3) to the system Ox yz. Assume the couple A =
(0,0,1;) to the moving coordinate system Oxyz. Let the
mass center of the body lies on the z-axis (see Figure 1), and
the moments of inertia of the body satisfy the conditions:

I, <I,<I; zy#0, (1)

where (0,0, z,) is the position of the mass center for the
origin.
Thus, the nonlinear system of equations of motion for
this case and its first integrals are obtained as follows:
Loy + (I3 - L) w,ws + A30, = —mgz,y,,
L, + (I, = Is)wsw; = A0y = mgz,yy, (2)

Loy + (I, - 1))w,w, =0,

Y1 = W3y, — W3
Y2 = 01y — WYy (3)

Y3 = WY1 — W1Y2
Ilwf + Iza)é + I3w§ -2mgz,y; = E|,
Liwyy + Lwyy, + (Iws +A3)y; = Hy, (4)
Vit +ys= 1

where the unit vector in the direction of the Z-axis is
Z = (y1, V5 ¥3)> m is the solid mass, g is the gravity accel-
eration, - = d/dt is the differentiation to time, and E; and H;
are the initial energy and momentum constants. Assuming
that mgz, = a, equation (2) can be rewritten as follows:
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L, = (I, - [)w,05 = L0, - ay,,
L, = (I; - I)w;w, + A0, +ay,, (5)
Lias = (I; - [)w, w,.
Assuming that the following special solutions satisty the
six nonlinear differential equations of motion (5) and (3),
W =wy, =y =y, =43 =0,
w; =7 = const, (6)
ys =1

This is a case of uniform rotation of the solid about the
minor axis of the ellipsoid of inertia (z-axis).

3. Stability Investigation

In this section, the stability procedure of the unperturbed
solid is investigated. Consider that the variables in (6)
change according to

w; =T,
w, =T,
w3 =r+T}3, o
=%
V2 =&
y;=1+&;.

Substituting the variables in (7) into the equations of
motion (5) and (3), it gives

LT, = (I, = L), (r +T;) - a&,,
LT, = (I, = 1) (r + T3)T, +a&),
I3f3 = (11 - IZ)FIFZ’
é1 =(r+T3)& - T, (1+&;),
éz =T (1+&) - (r+T3)&,
és =16 -T&,
Substituting the variables in (7) into the first integrals
(4), it gives
V) = L5 + LT + I, + 21T, - 2a&,,
Vy = L& + L8 + LT3E + Iirés, )
Vi=8+ G+ 8420
where V, V,, and V; are constants.
We make a linear combination of the relations in (9) to

satisfy the Lyapunov and Chetayev stability procedures. the
Lyapunov function L is modified to be in the form:

L=V, -2rV, +(I;r +a)V,. (10)

(8)

Thus, using the relations in (9), we obtain

L=L+L,+L, (11)
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FiGure 1: Description of forces.
where
L, = I,T] - 21,1 &, +(Iyr* +a)&},
L, = L,T5 - 2L,rT,8, +(Iyr* +a)&), (12)
Ly = I,T5 - 2L,rTa +(Iyr° +a)&,
We deduce from the relations in (12) that

L;>0,i =1,2,3, if and only if the following inequalities are
satisfied [14], respectively:

I =Ir
—1111‘ (13r2 1+ a) ) 11(I3r2 + a) ~1,r" >0,
I =I,r
’ —Izzr (13r22+ a) B 12(I3r2 * a) -1, >0, (13)

I =I;r
‘ ~I;r (I3r2 + a)

= I,(I,r* +a) - I,’r* = La>0.

Thus, we obtain from the back substitution
a>0,
I;>1,, (14)
I;>1,.
We note that when condition (1) is satisfied, inequalities
(13) and (14) are investigated automatically.
Thus, the conditions in (13) considered the sufficient and

necessary conditions for the unperturbed stability motion of
the solid concerning the variables w,, w,, w5, y;,y,, andy;.

4. A Simple Application Example

A simple application example can be given in this section.
Just formulation the sufficient and necessary conditions for
the unperturbed stability motion are studied.

Consider a rigid body of mass M with moments of inertia
as follows:

I, = 10kg.m?,
I = 15kg.m2,
I; = 2Okg.m2,
M = 100kg, (15)
g="9.81 m.s 2,
z,=50m,
r=10rads.

From (15), we deduce that
a = 49050 kgm*.s 2,

(I, + a) = 51050. (1o
From (13), (14), and (15), we deduce that
I,(I;* + a) - I,%r* = 500500 > 0,

L(I;* + a) - I,"r* = 743250 > 0, (17)

I;a = 981000 > 0.

From this example, we deduce that if condition (1) is
satisfied by (15), L; >0,i = 1,2, 3, is satisfied if and only if
relation (17) is satisfied.

5. Conclusion

The necessary and sufficient conditions for the stability of
the rotary motion of a solid about a fixed point are con-
sidered when the center of mass of the body lies on the minor
z-axis of the ellipsoid of inertia. The system of equations of
motion and their first integrals are obtained. The modified
Lyapunov function L is constructed depending on the three
first integrals. The necessary and sufficient conditions are
constructed in the case I; > I, > I, that the x-axis is the major
axis of the ellipsoid of inertia and the y-axis is the inter-
mediate axis while the z-axis is the minor one. The moments
of inertia I}, i=1, 2, 3 are assumed as arbitrary constants that
satisfy the above condition, and A; is estimated by
substituting (7) into the second equation from (4). This
problem has wide applications in satellite motions which
assumed moments of inertia according to the above relations
[16-18]. A numerical example is given to show the stability
conditions for a special case.
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In this article, we consider the analytic solutions of the uncertain fractional backward difference equations in the sense of
Riemann-Liouville fractional operators which are solved by using the Picard successive iteration method. Also, we consider the
existence and uniqueness theorem of the solution to an uncertain fractional backward difference equation via the Banach
contraction fixed-point theorem under the conditions of Lipschitz constant and linear combination growth. Finally, we point out
some examples to confirm the validity of the existence and uniqueness of the solution.

1. Introduction

Fractional calculus is based on an old idea that has become
important and popular in applications only recently. The
idea is to generalize integration and differentiation to
noninteger orders in order to develop and extend the
theory of calculus and to describe a more extensive range of
possible doings in reality. During the past decades, frac-
tional differential equations have been widely employed in
many fields: mathematical analysis, optics and thermal
systems, control engineering, and robotics, see, for ex-
ample, [1-9].

In recent years, uncertain fractional differential and
difference equations and discrete difference equations
have become popular in both theory and applications.
These represent a new area for researchers which was

developed slowly in their early stages. By using modeling
techniques with discrete fractional calculus, some re-
searchers established the existence, uniqueness, mono-
tonicity, multiplicity, and qualitative properties of
solutions to uncertain fractional difference equations
(UFDEs) in the sense of Riemann-Liouville, Caputo, and
AB operators; for further details, see [10-22] and the
references cited therein.

The aim of this attempt is to investigate the existence and
uniqueness of fractional difference equations in the sense of
Riemann-Liouville-like difference operator with assuming
Lipschitz condition on its nonlinear term. Our findings are
partial continuation of some results obtained in [23-25]. It is
worth mentioning that the uncertainty theory of fractional
difference equations is used to make the problems have a
unique solution almost surely.
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2. Preliminaries

This section presents some preliminaries, definitions, and
facts in the field of uncertainty theory and discrete fractional
calculus, see, e.g., [12, 26-28]. Throughout the article, we
consider N, ={a,a+1,a+2,...,} for aeR and the
backward jump operator p(r) :==r—1 for r € N,

Definition 1 (see [26]). For any function f: N, — R, the
backward difference operator is defined by

Vi) =f@) - flp(), teN, (1)
while the backward sum is given by
Vo fO= ) f(r) teNg,. (2)

r=a+1

Definition 2 (see [26-29]). For any natural number j, the
V-rising factorial function of t is defined by

ry _1 ry

t/=[Tw+e, ¢*=1 (3)
0

~.

[N
I}

Moreover, for any v € R, the V-rising factorial function
is defined by
s T(t+) 5
T=——— 0'=0, 4
0 4)

for t € R\{...,-2,-1,0}. Also, note that the division by
negative integer poles of the gamma function gives zero.

A major property of the rising factorial function is as
follows:

V(t;) =t (5)

This implies that ¢” is increasing on N, such that v > 0.

Definition 3 (see [13, 14, 26-29]). For any function
f: N, — R, the nabla fractional sum of order »>0 in the
sense of Riemann-Liouville is defined by

1

NN TR B |
(VN0 =555 2, E=pt)f 0, o

(vg f)(t) = f(1).

Lemma 1 (see [13, 14, 26-28]). For any function f defined
on N, and any v,a >0, we have

(VY @0 =V 1) 0 = (V@ ()

Lemma 2 (see [13, 14, 26-28]). For any function f defined
on N, and any v>0, we have

(V2N @0 =W, f) 0. (8)
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Lemma 3 (see [13, 14, 26-28]). For any function f defined
on N, and any v> 0, we have

- _ —y (t - a)%l 9
(V.'VH) (@) = (VV, f)(t)—Wf(a). (9)

Lemma 4 (see [13, 14, 26-28]). For any function f defined
on N, and any v>0, we have

(VoVH® = (V)0 = f(1), véN,
-1 (t—a)E (10)
(VV'F)(t) = f(¢t) —kzo o Vf(a), veN.

Lemma 5 (see [13, 14, 26-28]). For any a € R and v,a> 0,
we have

V. (t-a) = Fla+D) 5 (11)

" T(a+v+1)

Motivated by the definition of the nth-order backward
sum for uncertain sequence &,, we define the vth-order
backward sum for uncertain sequence &, as follows:

Definition 4 (see [13, 14, 28]). Let v>0,a € R, and ¢, be an
uncertain sequence indexed by ¢ € N,. Then, we have

1

VoS =10

Y t-p(r) (12)

r=a+1

which is called the vth-order backward fractional sum of
uncertain sequence &,.

Definition 5 (see [13, 14, 28]). For any v> 0, the fractional
Riemann-Liouville-like backward difference for uncertain
sequence &, is defined by

ViE =V, (V178 (13)

Next, we recall the definition of nabla discrete Mittag-
Leffler (ML).

Definition 6 (see [28]). For any A € R and », 4,1 € C with
Re(v) > 0, the two-parameter discrete ML function is defined
by

o] vtp—1
Eo (g = Y-l —— <1 14
) ;‘6 rory < (14)

Particularly, if 4 = 1, we get the one-parameter discrete
ML function:

00 oy
E_ > = ¢ I/I >
s ZAF(€v+1)

=0

Al < 1. (15)
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3. UFBDE and Existence and
Uniqueness Theorem

First, we recall the inverse uncertainty distribution theory.

Definition 7. (see [11]). An uncertainty distribution ¥ is
called regular if it is a continuous and strictly increasing
function and satisfies

lim Y(x)=0,

X——00 (16)
Iim ¥(x)=1.

X——+00

Definition 8. (see [11]). Let & be an uncertain variable with a
regular uncertainty distribution V. Then, the inverse func-
tion W' is called the inverse uncertainty distribution of &.

Example 1. From Definition 8, we deduce that the following:

(i) The inverse uncertainty distribution of a linear un-
certain variable £ (a, b) is given by

¥ ! (a) = (1 - a)a + ab. (17)

(ii) The inverse uncertainty distribution of a normal
uncertain variable & (e, 0) is given by

v (@) = e+@1n<
A

« ) (18)

l1-«a

(iii) The inverse uncertainty distribution of a normal
uncertain variable ZOZ . (e, 0) is given by

a \(3alm
1- oc) '

¥ () = exp (e) +< (19)

Definition 9. (see [11]). We say that an uncertain variable &
is symmetrical if

W (x)+ ¥ (—x) = 1, (20)

where ¥ (x) is a regular uncertainty distribution of &.

Remark 1. From Definition 9, we can deduce that the
symmetrical uncertain variable has the inverse uncertainty
distribution ¥~ () that satiates

Y+ (1-a)=0. (21)

Example 2. From Definition 9, we deduce that the following:
(1) The linear uncertain variable & (-a,a) is symmet-
rical for any positive real number a

(2) The normal
symmetrical

uncertain  variable

Z(0,1) is

Definition 10. (see [11]; ii.d. definition). In statistics and

probability theory, a collection of random variables &;s is

independent and identically distributed (or briefly, i.i.d.) if

each random variable £; has the same probability distri-

bution as the others and all are mutually independent.
Then, we state the definition of the UFBDE.

Definition 11. An uncertain fractional difference equation is
a fractional difference equation which is driven by an un-
certain sequence. Moreover, an uncertain fractional back-
ward difference equation for the Riemann-Liouville type is
the uncertain fractional difference equation with Rie-
mann-Liouville-like backward difference.

Consider the following generalized Riemann-Liouville
fractional difference equation:

(Very) ) =Gty + Ht y ()6, (22)

subject to the initial condition (i.c.)
(Va79) (Dl = ¥ (@), (23)
where V¢_, denotes fractional Riemann-Liouville-like

backward difference with 0 < a < 1, G, H are two real-valued
functions defined on [l,00] xR,teN,N[1,T+1],
y(a) e R is a crisp number, and &,,&,,...,&q,, are
(T + 1)-i.i.d. uncertain variables with symmetrical uncer-
tainty distribution & (a, b).

Remark 2. Observe that the ii.d. uncertain variables are
those uncertain variables that are independent and have the
same uncertainty distribution. See [11] for more detail.

Lemma 6. Initial value problem (22) with i.c. (23) is
equivalent to the following uncertain fractional sum equation:

(1‘—oc+1)E

y(t)=TJ’(0¢)

t

1 =1
+ m 7;1 (t—p(r) [G(r, y(r) + H(r,y(r))fr],

(24)
fort e Ny, N[L,T+1].

Proof. The proof is very similar to [29], Lemma 5.1, and [30],
Theorem 2, hereby applying the operator V_* to IVP (22)
with Definition 3, Lemma 2, and Lemma 3, so we omit this.

In this paper, the following special linear UFBDE will be
considered:

Vi y(t) =LAy (t) + A&, (25)
VY (0l = y (@), (26)
fort e N,N[1,T+1],neN;, and A € (0,1). O

Remark 3. The following identity is useful in proving the
upcoming theorem. From Definition 3 and Lemma 5, we can
deduce for any real number a



4
_ ﬂ r(ﬁ"'l) _ a+f
Vi(t-a+1) 7F(0c+ﬁ (t—a+1)
(27)
r(ﬁ+1) a—1
- (@) (t—a+1)" ",

where a>0 and > - 1.

Theorem 1. Foranyt € N, N [1,T + 1] and || < 1, linear
UFBDE (25) with the initial condition (26) has a solution

y(t) =1 -VE;ALt-a+1y(a)+¢, (28)

where &, is an uncertain sequence with the uncertainty dis-
tribution &£ (a - \AE—— (A, t — a),b - \E—— (A, t — @)).

oo+l a,a+1

Proof. Applying the operator V_* to equation (25), we get

Vo' (Ve y (0) = AV, "y () + AV, 78,

(29)
teN,, N[, T+1].

Making use of Lemma 2 and Lemma 3 to the left-hand
side of (29), we get

VA (Vi y () = VA (VY (1),

(t—a+1)* !

=V (VVEy 0) - sy (@)
B (t—a+1)*!
=y(t) —Ty(a),

teN,, N[LT+1].

(30)
It follows from this and equation (29) that
(t —a+ 1)m - -
(t) =————y (@) +AV_ "y (1) + AV, &,
y(t) ) y (@) y(t) & 31)

teN, N[LT+1],

which is the solution of UFBDE (28).

To derive the solution, we use the Picard approximation
recurrence _formula with a starting point y,(f) =
((t-—a+ 1)“"1/F(oc))y(oc) foreacht e N,_, N [1,T + 1]. The
other components can be determined by using the following
recurrence relation:

t— 1 ol —a —a
710 =Ty @ AT, () AT

(32)
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fort e N, ;N[1,T+1]and j € N;. Since &,&,,..., &, are
i.i.d. uncertain variables, we write &, = £ in distribution. By
using Lemma 5, Remark 3, and the fact that the linear
combination of finite independent uncertain variables is an
uncertain variable with a positive linear combination co-
efficient (see Theorems 1.21-1.24 of [11]), we can deduce

y,(t) = Wy(a) + AV;ayO (t) + AV;“E
SALA _?(;;)ﬁycoo
i ‘I‘i‘(;;))m G _g(:c)”ﬁ (@
e
y,(t) = (t_l(f(itx)l)my(a) + AV;ayl (1) + AV, ¢
LA i _l‘f;;)my(w

2a-1
A|:(t—oc+ 1)

(t—a+ 1)m
rQa) ]y(“)

T'(a)

Az{(t—aﬂ)m

(t—a+1)" @
TGa) yie

T'(2a)

A(t - a)® Az(t—a)ﬂf
T+ " T2arD

(33)

and so on, continuing the process up to the jth term to get

R S N T T B et
y;® = ZA[ TGiDo  Tha W

2k (- 06)
Z F(k(x + 1)
(34)

for each t € N,; N [1,T + 1]. Observe that the two series
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S o e R
,;A T((k+1)a)  T(ka)
(t- )

= Bz (Mt —a+1)—ABz (At —

= (1-NEg

a+1)

(At —a+ 1), (35)

\ k
= E o] - b
k;a FasD)~ Mmm (bt =)

are absolutely convergent for |A| < 1 by the d’Alembert ratio

comparison test, and the limitation Y (¢) := lim i—o0)j €X-
ists. Thus, we have
Y (t) = AE 7 (Lt —a)é+ (1 - DEz (At —a+1)y(a),
teNy N[LT+1].
(36)

On the contrary, taking the limit on both sides of (32)
yields

_ et _
Eoat D) )+ AVAT (6 + AV,

Y= .

t €N, N[LT+1].

That is, Y (t) satisfies equation (31), and hence, Y (t) is a
solution of equation (25) subject to the initial condition (26).
Thus, our proof is completed.

The following theorem provides and confirms the ex-
istence and uniqueness of the solution of UFBDEs. O

Theorem 2. Assume that G(t,x) and H(t,x) satisfy the
Lipschitz condition

IG(t,x) - G(t, )| +|H(t,x) - H(t, )| <Llx - yl, (38)

and there is a positive number L that satisfies the following
inequality:
IFla+1I(T+1-a)

LI(T+1D(Q+1) ~ (39)

where Q = |a| Vv |b|. Then, UFBDE (25) subject to the initial
condition (26) has a unique solution y(t) for
t € Ny N[L, T + 1] almost surely.
Proof. Define
e = {0 = Ok € Ny lxl,
{ +1 1} (40)

= MaXeen , n [1,T+1]|x (IR

where {x (t)}’; are finite real sequences which have k terms.
It is clear that (I%, ||-||) is a Banach space (see [31], Chapter
4). Now, for any y, € IX, we define the operator P as

follows:
_ (t'—()l)m a1
Py, =~y V@) + r( r%ﬂ t-p* ' G(ry,)
H(r, y,)]-

(41)

Since &, (t € N,; N [1,T + 1]) is an uncertain variable at
each time t with the linear uncertainty distribution & (a, b),
we have M{(§, <a)u (¢, >b)} = 0. The inequality &, (y) <Q
(where Q= a|v|b]) holds almost surely for any
yex{é,<a)u (& >b); t € N, N[L,T+1]}, where y rep-
resents the universal set on the uncertainty space. Then, by
making use of the assumptions and Lemma 5, we have, for
any x,, y, €Iy,



max
eNy, N [L,T+1

[Px, (y) - Py, (y)| =

1

F(a) teNmm [lT 1]
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]|th()/) - Py, (y)|,

Z (t—pr)* ",

r=a+1

x(|G(r,x, (y) = G(r, y, ()| +|[H (. x, (y) = H(r, y, P]E,]),

<L Z (t-p r)

I'(a) ter i)

r=a+1

x(|G(r,x, (y) = G(r,y, (0| + QH (r,x,(y) — H(r, y,()]),

<L1+Q) S (o) T, () - 3 ) )
! r( ) tengnniirig Lo o PR PV
<L(1+Qx, (p) -y, )| . mna[)fm]@;a (t (x)0>’
=LA+ QM -y m; [1T+1](r(0c Tt )" )
LO+Q(T+1-a)
R T Y
L(1 I(T+1
_ 1+QI(T+1) "xt 7 -y, (V)"
IF'la+ 1DI(T—a+1)
Now, we can observe that the mapping P is a contraction =~ Example 3. Consider the following UFBDE:
in l’; almost surely with 0<L< (I'(a+ 1)I'(T —a + 1)/(1 + In(ly(#)] +1)
Q)T (T + 1)) (see [31], Chapter 4). Then, by using the Banach R +0.5, teN; N[L4],
contraction mapping theorem (see [31], Chapter 4), we get a VIR () = t
unique fixed point y:(y) of Pin Ik almost surely Moreover, 1Y .
y(y) =lim;__ ¥/ (y), where y/(y)=P(y/"' (), with y(i) _1
Y () = ((t=a)* YT (a)y(a). (43)
For any given t e N,,,N[1,T+1], as G and H are - ‘ . .
Lipschitz continuous functions, the operator P is measur- where &;,...,&, are four iid. uncertain variables with

able. Since y! (y), yf(y),...,y{(y),... are uncertain vari-
ables and »?(y) is a real-valued measurable function of
uncertain variables, y? (y) is an uncertain variable by [11],
Theorem 1.10. Hence, y, =lim; ., y; is an uncertain
variable (see [21], Theorem 3).

Consequently, UFBDE (25) with i.c. (26) has a unique
solution y, for t € N, N [1,T + 1] almost surely. O

4. Example Illustrations

This section deals with some examples to confirm the val-
idity of Theorem 2.

uncertainty distribution & (-1,2).

According to Lemma 6 with a = (1/2), the inverse
uncertainty distribution of the solution for UFBDE (43) is
the solution of the following sum equation:

~0.5
yoy =LA 7y

=05
T(0.5) Z (t=p(r)

F(O 5), )

_ (1n<|y(r)| +1)
3

+ 0.255,), t € Nysn[1,4].
4r

(44)
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Then, for t € Ny ;N [1,4], we have

IG (£, x) -G (&, y)| +|H (t, x) - H(t, y)| =

r.5+1)r4+1-0.5)

7
[In(lx|+1) In(lyl+1)
2t Rl
1
=§|ln(lx|+1)—ln(lyl+l)l,
| | (45)
1 4x -y
<——=|Ix| — <—
2(3/2)3” [ =1yl 27

3r(4+1)

Thus, UFBDE (43) has a unique solution almost surely
by Theorem 2.

Example 4. We consider the following UFBDE:
't
Viasy () =25+ & teNin[L4], (46)

where &,,&,,&5, ¢, are four ii.d. linear uncertain variables
with linear uncertainty distribution & (-3, 3).

According to Lemma 6 with a = (1/4), the inverse
uncertainty distribution of the solution for UFBDE (46) is
the solution of the following sum equation:

(4 (12)) O
Y8 =T 023

R (VT
*T0.35) Y (t—p() (E+€r)~

Observe that |G(t,x) — G(t, )| + |[H (t,x) — H(t, y)| is
Lipschitz-continuous in [-20,20] with Lipschitz constant
0.1 as follows:

y(a)
(47)

1
G (8, x) = G(& y) +|H(tx) —H (8, y)l < ol + yllx =yl

=0.1]x - yl.
(48)
Also, we have
I'(0.25+1)I'(3+1-0.25
( ) ) ~ (0.167 >0.1. (49)

4ar(a+1)

Consequently, UFBDE (50) has a unique solution almost
surely by Theorem 2.

Example 5. Consider the following UFBDE:

sin(ty)
10 + ¢

v y(t) = +0.1&, teN;N[L4], (50)
where &,,&,,&5, &, are 4 i.i.d. linear uncertain variables with

linear uncertainty distribution &£ (-1, 1).

4
=~ 0.1636 > — = 0.1481.
27

According to Lemma 6 with a = (1/2), the inverse
uncertainty distribution of the solution for UFBDE (50) is
the solution of the following sum equation:

@+

y(t) NG y (@)
(51)
L i (t—p(r))“<M+o1£)
Vi 5 0+ )

Then, we can directly verify that

1
|G(t)x) _G(t:y)l +|H(t3x) - H(tJ’)| SB'-’C_)/"

T'.5+1)I3+1-0.5)
2T (3+1)

1

~0.2454>—=0.1.
10

(52)

Consequently, UFBDE (50) has a unique solution almost
surely by Theorem 2.

5. Conclusion

We have presented analytical solutions to a special type of
linear UFBDEs. Moreover, a Lipschitz condition with its
constant is given to provide a unique solution almost surely
to an UFBDE. It can be seen that our obtained results pave
the way for the future works, that is, to investigate the
stability analysis and applications of UFBDEs.
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