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Diftusion plays an essential role in the distribution of predator and prey. We mainly research the diffusion network’s effect on the
predator-prey model through bifurcation. First, it is found that the link probability and diffusion parameter can cause Turing
instability in the network-organized predator-prey model. Then, the Turing stability region is obtained according to the sufficient
condition of Turing instability and the eigenvalues’ distribution. Finally, the biological mechanism is explained through our
theoretical results, which are also illustrated by numerical simulation.

1. Introduction

Turing instability was first investigated in the reaction-dif-
fusion system [1], and it is constantly being promoted to
explain the dynamical mechanism [2, 3]. Asllani et al.
pointed out that the directed network could induce Turing
instability when an indirect network does not work [4, 5].
Meanwhile, tuning the topology structure of the system can
create or destroy patterns in a reaction-diffusion system [6].
Mimar et al. proved that the pattern formation’s topological
properties are determined by complex interaction [7]. Al-
though spontaneous patterns [8] are associated with the
dominance of eigenvectors and eigenvalues [9-11], the
dynamical mechanism of the random network in pattern
formation remains to be uncovered.

Since the Lotka—Volterra model was proposed in the
early twentieth century, some biological mechanisms were
explained in the predator-prey system [12-18]. Chang et al.
researched the dynamics in the predator-prey system on
complex networks and found that Turing instability caused
by delay can generate spiral waves [19]. Liu et al. showed the
effect of network and diffusion on the ecological balance of
the predator-prey system [20]. Upadhyay and Bhattacharya
studied the differences between the aqueous and terrestrial
environments in predator-prey networks and tried to

explain their biological mechanism [21]. Astarloa et al. tried
to use the joint species distribution modeling to reveal the
coexistence problem of prey and predator in the Bay of
Biscay [22]. Although previous work shows that diffusion
and randomness influence the Turing pattern significantly,
the random network’s effect on the distribution of predator
and prey should be carefully evaluated.

To reveal the natural mechanism of biological invasion,
we intend to investigate the random diffusion network’s
effect on the network-organized predator-prey model’s
stability. First, we obtain the conditions under which Turing
bifurcation arises. Second, we find an estimated region of all
the eigenvalues of the Laplacian matrix, the sufficient sta-
bility conditions in the network-organized predator-prey
model. Third, we explain the network-organized Turing
instability by the mean-field approximation and comparison
principle. Also, we estimate the Turing instability range
about link probability and diffusion and try to explain the
mechanism of biological invasion. Last, we illustrate our
theoretical results through numerical simulation.

2. A Network-Organized Predator-Prey Model

For the convenience of subsequent research, we first give
some necessary symbolic rules. The network Laplacian
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matrix L = {Llu can be treated as L;; = A;; — k;J;;, and all
the eigenvalues of L are A = {A;}. The eigenvectors ¢; € R" of
A, satisty Lo, = A;¢;,i = 1,. .., n. Lisreal symmetric, and we
choose an orthonormal basis for ¢;¢; = §;;, where the degree
of node i is k;, and §;; is the Kronecker delta function.

We consider the following predator-prey system:

dx
ar = x[”l _allx_alzy]’
(1)

d
d_)t} = y[r, +ayx—ayyl,

where x and y are prey and predator, respectively. r, rep-
resents the intrinsic growth rate, a,, is the proportionality
coeflicient of predator and prey, and a,, is the growth rate of
the predator; the predator increases exponentially with ratio
r, (actually r, < 0 means the number of predators decreases
exponentially). According to Samuelson’s assumptions [23],
a,; and a,, represent increasing returns or decreasing
returns, respectively. Among them, a;>0(<0), (i =1,2)
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correspond to increasing returns (decreasing returns).
System (1) correspond to the mixed-income when a,,a,, <0.

System (1) always  has  three  equilibria
E;£(0,0),E, £ (r,/a,;,0), and E, = (0,r,/a,,). System (1)
also have fourth equilibrium point E; = (x*, y*) = (r,a,, —
12015/0118y) + Q128515 718y + 1501, /a1,0y + a1ydy)  When
18y = 1815/411Gy) + a1y85, > 0,7,
Ay, +1,0,,/G,,0,5; + a1,a,; >0. On the basis of Hopf bifur-
cation’s definition, we need to satisty
tr(J Es) =0,det(J Es) > 0. The critical value for bifurcation is a
positive root of fr (/i) = 0 and the bifurcation parameter is
a,, = ay, which satisfies det(Jz ) >0,

_ (ry +1y)ayay + 14,0y 2,4

a =
12 12
ran

(2)
r,(ria, + 150
5 (ray +1, 11)<0_
a; tayn

Then, we give the condition of Hopf bifurcation. Firstly,
we verify the transversality condition [24].

d tr( 7 ay (@ +ay) (riay + "2’111)|
—d r (x*’y*) . P | .
412 12702 (a1105 +apay) H2=0
(3
2
_ (rya11)
= #0.
Ay (A1) + ay) (riay +1yay)
_ X = a;pX + 0y, Y + ap X’ + a, XY,
Then, we compute the first Lyapunov coeficient [25]. Let ) " (5)
ap, = ajy, then (x*, y*) = (= (ry/ay; +ay), Y = BioX + B Y + B XY + B Y,
(ryay,/a,, (ay; + ay;))). Making the following shift e e
e where &) = —a;, X, 6, = —a,x", a0 = —ayy, @y = —ag,
— _ * *
X=x-x", (4) Bro = a1 y™ Bor = —any™ Pi1 = ag15 Py = —aa,.
Y=y-y* The first Lyapunov coefficient at a,, =aj, can be

(1) becomes

-3

ST}
20(01A3/

_ —371/

L

+ag1 810 (B11Bos — t11¢)

2 \ ry(riay +1ryay)) a;; +an

where A =a,08y — %1 B10>0 g+ Poy =0, and  if
I, <0(>0), the Hopf bifurcation is supercritical (resp.
subcritical).

When r,a,, — 1,a,,/a,,05; + a1,0,5, > 0,7, ay + 154,/
a,,0,, + a,a;; >0, E; changes its stability, and Hopf bi-
furcation occurs if a,, = aj,.

Typically, the distribution of individuals is spatially
heterogeneous. So, we research (1) with a reaction-diffusion
and network as follows:

32 2
ay; t+ay ) (riay + 10y, +150,,)a;,
bl

computed by the formula

2 2 2 2
“10“01(ﬁ11 = 200y + ayoPyy + “11502) + “mﬂlo(“u =2 + “11/302)

2 2
= 2011 oz + 20001 0

(6)
% = x;[r) —anx; —apy] + dlvzxi’

(7)
dy;

- Yilry + ayx; —any] + dzvz}’i’

where d|,d, are the diffusion constants.

Generally, we can regard diffusion as an interplay be-
tween network nodes. In this article, we consider a dis-
tinctive interaction between nodes. So the network-
organized system (7) is
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dx;
by [r1 —ayx; —apy] +4d, ZLiJ'x"’
i
) (8)
d);i =yilra+anx; —apny] +d, ZLifyi'
J

The linearized network-organized system of the system
(8) is

dx;
d—tl = ayX; + ag ¥; + d ZLijxi>
j

(9)

dy;
& Bioxi + Poryi +d, Z Lijy;.
j

The general solution of the linear network-organized
system can be expressed as [3].
N

At ok
X = chﬁkek¢i’

k=1
&tk
t
i = Z ke ;s
k=1

where ZjLij(/)? = Ai‘pf‘c‘
Substituting the general solution into system (9), the
Jacobian matrix B;(i = 1,...,n) is

0+ di A\ o
B, :( 10t 01 )) (11)
Bio Bor + do A\

where all the eigenvalues of matrix L can be represented as
A (0=A;>A,> -+ >Ay). Then, system (8) has the fol-
lowing characteristic function:

(10)

N+ prd+g, =0, (12)

where ) Pa, = —(ay + Bor) — (dy +dy)A;,
qn, = didy A + (ayody + Bord DA + ayofor + g1 o Turing
instability occurs when there is a A; with ReA > 0. From (12),

4d,d, (10801 + a1 Bro) + (@10d; + /301‘711)2 =0. (13)

We can get the Turing instability’s critical value about A
(Skim d,; = 0.1562d,) in the reaction-diffusion system Fig-
ure 1. Note ki, k3 (ki.<k%) as two solutions of
Rel (k*) = 0, ReA (k*) >0 holds if k* € B = {A|k}, <A <k3 }
Figure 2 (d, = 2). Turing instability of the reaction-diffusion
system is the Turing instability’s prerequisite in the network-
organized system. Based on the Gershgorin circle theorem
[9, 10], we have.

(i) Result 1: k,,, = max{k;}, ky;, = min{k;} and A; is
the eigenvalue of the Laplacian matrix L, then,
A; € C = {A,| -2k, <A, <0}

(ii) Result 2: in a network-organized system, a system
remains stable when no eigenvalue of L stays at the
instability range A N B = @, Turing instability occurs
when ANB+®, and BNC+ ® (C is the set of the

4.5 T T T T T T T T T

35 ¢ 1

0 02 04 06 038 1 1.2 14 16 1.8 2
t x10%

— X

— Y
FiGure 1: The stability of the system (1) without diffusion when
r,=1,r,=-1,a,, =-1.158,a,, = 1,45, = 2,a,, = 1.

— X

—

FIGure 2: The stability of the system (1) without diffusion when
r,=1,r,=-1,a,, =-1.158,a,, = 1.7271,a,, = 2,a,, = 1.

eigenvalues of Laplacian matrix) induces the oc-
curring of instability.

To study the mechanism of the network-organized
system’s stability, we research (8) through the comparison
principle: let x; =x*+eX; and y,=y* +¢€y;,, where
0 < & < 1. Substituting x;, y; in (9), expanding in &, we can get
the linearized system:

dz;
dr

dy, N R R
(T); = B1oX; + Poryi + ALY,

= a0X; + ag y; +diLX;,
(14)

We resolve the first-order perturbations into ¢,’s
eigenfunction expansions, to consider the system’s stability.
Let

% =X¢,Y,=Y,¢,foreach i=1,...,n (15)



Substituting (15) into (20) and noting the properties of
¢;, we obtain

dX, - _ -
d—tl = a0 X; + g Y; +di A X,
(16)
— = B X; + B Y+ LAY,
Using the comparison principle from [26], we note
d2
e P(t)—+Q(t)Y 0, (17)
where Q (t) < 0. We eliminate one of Xi or Y’i from (16), then
X, dX; R =0
a2 tPA dt A% =0
(18)
&y,  dy, 0
P +PA i ‘JA >

where p, ,q, are as in (12). Then, we obtain the generalized
condition:

a0Bor + %1 B0 + (d1 oy + dyip)A; + dldzAi2 <0. (19)

Assume that the instability condition (19) holds. Then,
the homogeneous state (x, y,) = (x*, y*) is unstable under
the ith Turing mode (15).

We also consider the system (8) through the mean-field
theory:

dx;

dt (xz’y1)+d (H )’
. (20)
d);i =g(xpy;) +dy (H = k;iyy)s

wher)e H*=3%", Ayx, H =37 Ayjy; and k; is j[}.le net-
work’s degree. We let other nodes stay at equilibrium
(x*, y*), and rewrite the single-node system,

dx;

dt = x;[ry —anx; —apy;] +d; (X7 - kixy),

) (21)
d);i = yilry +anx; —apy] +d, (y" - ky)

Therefore, it is easy to obtain the characteristic equation:
N+ ped+g =0, (22)

where p = —(ay + Bo)) + dik; + dyki, g = ayPo+ (ay9d,

+ Bord; )k +d,d,k?. Assume )L and 1, are two eigenvalues of
system (22). Then system (21) is stable when d, =d, =
namely p; >0, 50 A; +1, = —p; <0. If g > 0(qy, <0). Then,
the system (21) is stable(unstable). To sum up, we can use the
comparison principle(the mean-field theory) to conclude that
the system (8) is unstable when g, <0(gy <0).

3. Numerical Simulation

We give some numerical analysis based on the earlier
theoretical analysis. From Figure 3, if we choose

Complexity

0.4 Turing instability

0 2 4 6 8 10
d,

FIGURE 3: Turing bifurcation about d, and d, in the continuous
system.

ry=L1r,=-1,a,, =-1.158,a,, = 1,a,, =2,a,, =1, the
equilibrium point (x*, y*) is asymptotically stable, namely,
ecological balance persists as long as there is no biological
invasion. That means the predator and the prey can coexist.
The equilibrium (x*¢, y*¢) = (1.1326,1.2651) is unstable,
and Hopf bifurcation occurs Figure 4, when a,, passes
through the critical value aj, =1.7271. Because
I, = 8.2123 > 0, the Hopf bifurcation is subcritical, the prey-
predator system shows periodic changes; thus, this state is
easy to destroy. The equilibrium point (x*, y*) becomes
unstable, when a;, = 1.8271 > aj,.

As diffusion is a vital factor in the distribution of
predator and prey, we should not ignore migration. So we
construct the random network and transform it into the
Laplacian matrix L;;. And we consider how the random
network affects the equilibrium point’s stability when (7) is
stable.

Based on the above theoretical analysis, the Turing in-
stability in the reaction-diffusion equation is a precondition
for Turing instability in a network-organized system. Turing
instability occurs in a reaction-diffusion equation when
Turing bifurcation parameters d, and d, are in a certain
range Figure 1. Namely, diffusion behavior is universal and
allowed, but the relative diffusion rate needs to be within a
specific range; otherwise, the ecosystem will be out of bal-
ance and destroyed.

To observe Turing instability in the network-organized, we
should guarantee d, < 0.1562d, while changing p. However,
the Laplacian matrix eigenvalues are A}, A,,..., Ay, N is the
number of nodes, and k? is continuous in a reaction-diffusion
system. In other words, the distribution of —A; determines the
system stability. The critical point is d,, = 0.3124 when d, = 2
The range of eigenvalues A; could be obtained by result 1. The
eigenvalues of L are discrete and included in the continuous
region Figure 2.

The red region shows the estimated range of Turing
instability about (p,d;) in Figure 5. Besides, we obtain the
estimated range of p, (d,In N/d,.N)> p> (1/N?), which
determines the system dynamical behavior and network
characteristics. Moreover, p =In N/N is the critical value
between the connected network and sparse network [27].
Anyway, the invasive rate of species and p in the predator-
prey network play a vital role in balancing the native bio-
logical system.

Let the value of (p,d,) lie in the blue region shown in
Figure 5 (here, we set p =0.00006,d, = 0.1124), then,
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10
0 73::; T,
10l - \‘\
~ -20 t+
)
(=7
-30 - ~
'\...
-40 °
-50
0 5 10 15 20 25
K (-A)
—— d;=0.3124 —— d;=0.1124 d,=1.1124
® _A0.3124 hd -A0.1124 ® -Al.1124

—— Re =0

FIGURE 4: Linear stability analysis. The relationship between Re) about —A; (k*) whenr; = 1,7, = —=1,a;; =-1.158,a,, = L, ay; = 2,45, = 1,
and p = 0.1,d, = 2. The critical values are A, = -3.35,d,. = 0.3124.

0.5 1

0.45 0.9

0.4 08

0.35 0.6

d; 03 0.5
0.25 0.4

02 83

0.15 0.1

0

0.1
0 01 02 03 04 05 06 07 08 09 1

P
FIGURE 5: The region of instability about d; and p.

12 (-A)

2.3752969122
2.37529691218
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0.1 02 03 04 05 06 07 08 09 1
d

()

FIGURE 6: (a) Instability region (left) of random network and pattern formation (right) in random network when p = 0.00006, d, = 0.1124.
(b) The bifurcation about d; when p = 0.00006.
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FiGure 7: (a) The relationship between Red about —A

(®)

0.5 0.9 1

d;

06 07 08

:(K*) (left) and the pattern formation of system (3) (right). Top: when

p=0.08,d, =0.1124, almost all points A;(k?) lie in the instability region and the Turing instability occurs. Bottom: when
p =0.08,d, = 1.1124, no point A, (k?) lies in the instability region and the system is stable. (b) The bifurcation occurs about d, when

p = 0.08.

there is no point A; (k*) in the instability region
AN (1.7,21.1) = @ (result 2) (Figure 6(a)) and the equi-
librium is stable (Figure 6(a)). We verified the correctness
of the previous analysis with bifurcation diagrams
(Figure 6(b)). We can conclude that with a fixed predator
invasion rate and a fixed prey invasion rate, the link
probability between two different systems will negatively
impact the entire predator-prey network stability. Even
the predator-prey network’s diffusion induces the species
extinction.

Figure 7 shows an example of p that belongs to the red
region in Figure 5, such as p=0.08,d; =
0.1124 < d;. = 0.3124, almost all of A;(k?) in instability re-
gion Figure 7(a) left(up) and 7(a) right(up) shows that Turing
instability occurs. If p = 0.08 and d; = 1.1124>d,, = 0.3124
(i.e., (p,d,) in the blue region in Figure 5), there is no point
A; (K?) in the instability region (Figure 7(a), left(down)), the
system is stable (Figure 7(a), right(down)). We also verified
the correctness of the previous analysis with a bifurcation
diagram (Figure 7(b)).
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The ecological interpretation is that the system is less
stable when the invasion rate of the prey is lower when the
link probability of predator-prey systems is fixed. Con-
versely, if we want to keep the predator-prey system stable,
the invasion rate of the prey needs to be decreased.

4. Conclusion

This paper theoretically derives Turing instability conditions
[28-31] in a predator-prey network and carries out a detailed
numerical study. We study the effects of diffusion and link
probability on pattern formation in a random system. The
smaller the invasion rate d; of the prey undergoes, the easier
the predator-prey network Turing instability. Meanwhile,
Turing instability occurs when the link probability p falls in
the approximate region (d, In N/d,.N) > p> (N?/1), which
depends on the system characteristics.

Regarding an explanatory biological mechanism, the link
probability and the invasion rate significantly influence the
entire predator-prey network stability. The lower the inva-
sion rate of the prey is, the less stable it is. Conversely, the
prey invasion rate can be increased if we want to keep the
predator-prey system stable. That means we can find an
equilibrium point between native and invasive species by
adjusting the diffusion probability and species’ invasion rate.
Finally, we obtain the estimated region of p,
(dyIn N/d,.N) > p> (1/N?). Thus, invasion rate of species
and the link probability in the predator-prey network play a
key role in balancing the native biological system.

Data Availability
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Based on the Lotka-Volterra system, a pest-natural enemy model with nonlinear feedback control as well as nonlinear action
threshold is introduced. The model characterizes the implementation of comprehensive prevention and control measures when
the pest density reaches the nonlinear action threshold level depending on the pest density and its change rate. The mortality rate
of the pest is a saturation function that strictly depends on their density while the release of natural enemies is also a nonlinear
pulse term depending on the density of real-time natural enemies. The exact impulsive and phase sets are given. The definition and
properties of the Poincaré map corresponding to the pulse points on the phase set are provided. We investigate the existence and
stability of boundary and interior order-1 periodic solution. The theoretical analysis developed in the present paper combined
with nonlinear controlling measures as well as nonlinear action threshold methods and techniques laid the foundation for the

establishment and analysis of other state-dependent feedback control models.

1. Introduction

Pest control [1-6] is not only an ancient problem but also a
new challenge faced by the modern world. Various scientific
and effective methods [7-13] are needed to comprehensively
prevent and control pest outbreaks and reinfestation. The
most common early method was chemical control [14, 15],
that is, the method of controlling pest by spraying pesticides
during pest outbreaks. The main advantages of chemical
control are quick effect and convenient use. It can eradicate
or maintain the number of pests at a lower level within a
short period of time. Therefore, chemical control is still one

of the important means to control pest population. Bio-
logical control [16-18] is another important control method,
which has the advantages of strong effect and long duration,
and is also an environmental friendly control method. Maiti
et al. [19] used a valuable technique known as sterile insect
release method (SIRM) to manage the pest population. The
authors discussed the effect of uncertain ecological varia-
tions on sterile and fertile insects. Other main methods are
physical control and agricultural control. For example, the
agricultural control method is a method to reduce or control
pests through measures such as crop rotation, intercropping,
and reasonable adjustment of cultivation procedures.
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Each pest control method has its advantages and dis-
advantages. Due to long-term and high-dose use, pests can
easily develop resistance to specific pesticides, resulting in
pest control failure and pest reemergance. However, other
control strategies cannot effectively reduce the number of
pests in a short time because of their slow effectiveness.
Therefore, how to effectively and reasonably use multiple
methods is the best choice for pest control. Based on this, the
Food and Agriculture Organization of the United Nations
(FAO) proposed the concept of integrated pest management
(IPM) [1, 20, 21] and defined it as follows: “IPM is a pest
control system that comprehensively considers the pop-
ulation dynamics of the pest and its related environment and
uses all appropriate control techniques and methods that
work as closely as possible to maintain levels at which pest
populations do not cause economic harm.” Both experi-
mentally [22, 23] and theoretically [24, 25], it has been
proved that IPM is more practical than the classic approach.
This is one of the most useful methods which minimizes
damage to individuals and the environment in addressing
pest control.

In this perspective, researchers have studied the math-
ematical problems based on impulsive differential equations
in order investigate the dynamics of IPM and compass biped
robotic systems. In numerous realistic problems, impulses
often occur at state-dependent. Therefore, it is more feasible
to apply the procedure of state-dependent feedback control
to model real-world issues. Znegui et al. [26] used an im-
pulsive hybrid nonlinear system to construct a passive biped
robot model that demonstrates complicated behaviors. In
[27], the authors constructed a Poincaré map which was
further utilized to examine the existence and stability of
order-1 periodic type solution of the problem under con-
sideration. Many new systems on the design of specific
analytical expression of the hybrid state-dependent Poincaré
were studied in [28, 29]. The authors in [26-29] portrayed an
expression of the controlled Poincaré map to discuss the
stabilization of passive dynamic walking of the compass-gait
biped robot. The compass-gait biped robot is a two-DoF
legged mechanical system which is identified by its passive
dynamic walking. The one-DoF mechanical systems are also
of great importance. Some articles related to one-DoF state-
feedback control with respect to different perspectives can be
found in [30, 31].

The impulsive differential equations are also used pro-
ficiently in epidemic dynamics [32] and population dy-
namics [33-35]. A basic assumption of the above series of
studies is that regardless of how huge the number of pests or
the growth rate is, as long as the number of pest populations
touches economic threshold (ET) [33-35], the IPM strategy
can be implemented. However, there are two basic situations
of actual pest growth that require high attention: first, the
number of pests is comparatively large, and the rate of
change is small; second, the population is small, but the rate
of change is high. A fundamental problem illustrated by
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these two situations is that when the pest population is large
(such as exceeding ET), the growth rate is small or even
negative at this time. In this case, even if the IPM strategy is
not implemented, the number of pests may not exceed
economic injury level (EIL) [36]. Another situation is that
the number of pests is not large, and the rate at which the
pest population is growing is very large. In this case, if the
control strategy is not implemented in time, it may lead to a
large outbreak of pests. Next, in order to establish appro-
priate and effective integrated controlling strategies, the IPM
process needs precise inspection of the pest quantity. The
mortality rate should be fluctuated according to the satu-
rating function which relies upon the density of pest, and the
releasing quantity of natural enemies should be a function of
their density. Therefore, keeping in mind the above factors, a
feasible new state-feedback control pest-natural enemy
ecosystem with nonlinear controlling measures as well as
nonlinear action threshold system is proposed. The corre-
sponding analytical techniques and numerical methods are
developed to examine the dynamical aspects of the system
under consideration.

The main research contents are reflected in the fol-
lowing aspects. We construct a Lotka-Volterra prey-
predator model involving both nonlinear feedback and
action threshold depending on the density of pest and its
change rate. In the model, we use the action threshold
instead of the economic threshold to characterize the
implementation of control measures, that is, when the
number of pests reaches the action threshold depending
on the density of pest and its change rate, a comprehensive
pest control tactic is applied so that the number of pests
does not exceed the nonlinear ratio-dependent AT. On the
other hand, the use of nonlinear controlling factors in the
feedback control makes the model closer to reality.
Properties of the nonlinear ratio-dependent AT are given.
Then, the classification is performed according to the
positional relationship between the action threshold level
and the stable equilibrium point of the corresponding
ordinary differential system. By using the definition and
properties of Lambert W function, the analytical ex-
pression of the Poincaré map is given. Furthermore, by
using the analytical properties of Poincaré map, the ex-
istence, uniqueness, and stability of the pest-free and
interior-order one periodic solution of the pest-natural
enemy system are given, and corresponding sufficient
conditions are obtained. The main results are confirmed
by numerical simulations.

2. Model Construction and Main Properties of
Action Threshold

2.1. Construction of Model. In view of the above objective
factors, we propose the following nonlinear state-dependent
feedback control model combined with nonlinear ratio-
dependent AT:
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' d’;it) = ax(t) - bx(£)y (1),
dy(t
VO~ vy -ayo,

Ox (1)

+y [
| y(t)_y(t)+1+[3y(t)’

It can be seen that without pulse control measures,
the model is simply based on the classical Lotka-Volterra
type problem which is extensively used to describe the
relation between the populations of pest and natural
enemy shown by x(t) and y(t), respectively. Weighted
parameters 0,, 0,, and AT are positive constants, which
satisfy 0, + 0, = 1. The discontinuous mapping shown in
the third and fourth equations in system (1) represents
that the implementation of comprehensive control
measures depends on the action level, that is, once the
pest density reaches action threshold, the densities of
pests as well as the natural enemies are immediately
updated to (1 — &x (¢)/x () + a«)x (t) and y (t) + v/1+ By (1),
respectively. a>0 represents the semisaturation con-
stant, § >0 is defined as the maximum instantaneous
killing rate after the use of pesticides, and v >0 is the
maximum natural enemy when executing the control
strategy. The amount >0 is the natural enemy density
adjustment parameter. The nonlinear term v/1 + By (¢)
shows a function of y (t) which decreases monotonically,
and the maximum amount of natural enemy release does
not exceed. The symbols x(0*) with y(0*), respectively,
represent the initial populations of pests and natural
enemies and satisfy x(0%) + y(0") <AT. In model (1),
there always exist a stable centre E, = (d/c,a/b) and a
saddle point (0,0) which is unstable.

The special cases of the above model for different pa-
rameters were considered in [37-39]. The biological sig-
nificance and main properties of the corresponding ODE
model can be seen in [37]. In [38], Tian et al. extended the
classic pest-natural enemy model with linear state-depen-
dent control measures to a model with nonlinear state-
dependent impulsive control tactics. In [39], the authors for
the first time introduced and provided the concept of action
threshold depending on the density of pest and its rate of
change. They used the definition and properties of the
Lambert W function to construct the analytical expression of
the Poincaré map. Furthermore, by using the analytical
properties of Poincaré map, the existence, uniqueness, and
stability of the natural enemy free periodic solution and
internal periodic solution were discussed in detail. The re-
sults explain the significance of nonlinear ratio-dependent
AT in integrated pest control and the important guiding role
in IPM strategy.

x(t+) = (1 - O+ ‘x)x(t),

3
0,x(1) + ezd’;f) <AT,
(D
0,x(¢) + ezd’fiit) _ AT,

2.2. Properties of Action Threshold. The quantities 6, and 0,
are dependent weighted parameters. If 8, = 0, then the ratio-
dependent AT converts into ET. Therefore, we can say that
ET is a special case of ratio-dependent AT for 6, = 0.
Combining the first equation of ODE model (1) with ratio-
dependent AT, we get

(0, +ab,)x— AT 0, +ab,

bo,x bo, @

lim
X—>+00
If we put 6, =0, then the ratio-dependent AT converts
into y = ax — AT/bx. In this case, if x — + co, then y is
bounded and reaches its highest value a/b. Further, with the
utilization of the control actions on y = (8, +af,)x—
AT/bO,x, we get another curve y*= (0, +abl,)x -
AT (1 -90x(t)/x(t) + ®)/bO,x* + v/1 + By. For 0, =0, the
curve changes into x* = (1 — dx/x + a)AT showing a ver-
tical straight line. Let P, = dx/x + a; then, for convenience,
we denote the two curves y = (8, +af,)x — AT/b0,x and
yt= (0, +a0)x" — AT (1 — Ppp)/bO,x* + v/1+ By by I
and T, respectively, as shown in Figure 1.

3. Impulsive and Phase Sets

This section is devoted to present the dynamical aspects of
the system (1), and we can use the Poincaré map on the
sequence of pulse points which will be formulated later. Let
AT/, be the abscissa of the curves I'yg at y = a/b.

Then, we take the following cases based on the equi-
librium E; and curve I'.
AT d , _d

24 il
Glsc’( )c<91

AT

(A) R (3)

The necessary and primary component is to examine the
section that is not used during the pulse effect process, which
means that the trajectory initiating from I'pg cannot touch
the curve I';g in the case of maximum impulsive set. In the

following part of the paper, we address the definition of
impulsive sets.

3.1. Impulsive Set. In Case (A), the solution I'; is tangent to
the curve T'pg at point T' = (xp, yr). If we denote the im-
pulsive set by ., then it can be written as
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y (1)

1 1.05 1.1

FIGURE 1: Detailed diagrams describing the impulsive along with phase sets where (a) AT/6, <d/c and AT/0, > d/c. In sub-plot (a), I'; shows
the tangent trajectory to the curve I'yg and touches the curve I';g at (xg,, ¥g,)- In sub-plot (b), I', touches the curve T'pg at two points
(xk,» ¥k,) and (xg, yg,), and tangent to the curve I'g at point (xg, ys).

/%1={(x,y)elRi sxSsz,OSySyGZ}. (4)

AT
0, + a0,
Now based on the corresponding horizontal coordinate,
we search the exact value of y in the following lemma. The

point yg is actually the maximum value of the impulsive set
M, for Case (A).

Lemma 1. For Case (A), the maximum impulsive set is
defined as M, with

a b _ ) .
Y6, =~ W(—;yTe blayr+Ag,/a )prowded that A(l;2 <0. (5)

Proof. Let I'; be a trajectory tangent at T = (xp, yy), and it
touches the curve I';g at point G, = (xg,, yg,). Then, T and
G, must satisfy the following equation:

alnyg —byg +dInxg — cxg, = aln yr —byy +dInxy — cxq.
(6)

Solving this equation for y , we get
(_Zsz)e b/uyc2 - _ZyTe— b/ayTJrAGz/u’ (7)

where Ag, = d(lnx; —In xQz) + c(xG2 —xr). The above
equation obviously gives two solutions when we solve it by
using Lambert W function. The minimum solution can be
written as follows:

a b —vola a
Ve, = _EW<_E)/T€ Hlayrt e ) (8)

which is well defined because Ag <0.

For Case (B), it is clear from Figure 1(b) that at point
S = (xg, y5), T, is tangent to the curve I'g where yg<a/b.
Then, taking into account the locations of equilibrium E,
and the curve I';g, we can write the maximum impulsive set
for Case (B) as

AT
M, ={(x,y)€R2|msxst,0SySys}. 9)
1 2

The above information shows that for this case, the
tangent point with I'yg varies due to small changes in 6, and
;.
If the weighted parameter 8, decreases, then the quantity
ys approaches its maximum value a/b. O

3.2. Phase Set. To determine the exact phase set of system (1)
under different conditions, we need to know whether the
solution from initial point (xj,y§) reaches the corre-
sponding impulsive set and whether the pulse action occurs
or not. To provide the exact domain of phase sets, we first
discuss the interval which is free of impulsive effect.

Lemma 2. For Case (B), any solution starting from the phase
set with initial point (x{, y;) (where y§ € (sz’ yKl)) will not
reach the impulsive set M ,, where
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a b —blays— Ay la a b —blays— A, la
Vi, = g W( ~Li—yse "M Jand y, = W ygen oA ), (10)

My ={(x"y") e Rix" e X}, " e v}, (17)

provided that Ay , Ag >0. " {( ) " v 1}
with

Proof. Assume that the closed trajectory I'; starts from K, = . [AT(1-P,y)

(xk,» ¥k,) and touches the curve Tjg at point S = (xg, ys). X, = 0 a0 (1= Par)xg, |»

Then, K, and S must satisfy the following relationship: 1 2 (18)

alnyg —byg +dlnxg —cxg =aln yg - byg

(11)
+dInxg — cxg.
Rearranging this equation for yy , we get
b - b by
<_Eyl<1>e blayg, - _;yse blays AK]/a, (12)

where Ay =d(Inxg —Inxg)+c(xg—xg ). The above
equation can be easily solved utilizing the Lambert W
function approach which clearly will result in two solutions
of the problem. The maximum solution can be written as

a b —blays— Ag la
I, =_EW<_1’_;)’53 175 Ao ) (13)

The value of yg can be found in the similar way as above,
ie.,

a b —blay.—
m:—gW(—;yse s AKZ’“>, (14)

with Ag =d(Inxg —Inxg) +c (x5 — xg ).

As a result, any solution curve initiating from (x§, y{)
with yg € (yk, yk,) will be free from the effect of impulsive
set.

For the case when 0, = 0, the trajectory shown by T,
becomes tangent at y = a/b. So, yx, and yg become

Yk, = —gW(—l,—e’ 1—AK1/a),and i, = —%W(—e’ 17A,<2/u).
(15)

The impulsive function described by y(t*)=
y(t) + v/l + By(t) satisfies some properties which are very
important.

To do this, we indicate

Fu)=u+ v ue[Oa]
- 1 +ﬂu, > b > (16)
and then we get F(u) =1-vp/(1 +[§u)2 and F(u) =0 at
u=vp-1/B.

(A)AT/0, <d/c. From Lemma 1, we can describe the
impulsive set #, as J,={(x,y) € R2|AT/O, +ab, <
x<xg,0<y<yg} Further, we can take three subclasses as
follows.

(i) uB - 1/p<0.
For this subcase, F (1) >0 for all u € [0, yGZ], which
shows that v<F(u)<yg +v/1+Byg . Then, the
corresponding phase set to ., can be expressed as

v
Yi = |:v,ycz+41 +ﬁ)/G ]

(i) \uB - 1/B= yg,.
For this subcase, F(u) <0 for u € [0, yg, ], which
denotes that y +v/1 + fyg <F(u) <v. Then, the
corresponding phase set to .#, is expressed as
follows:

N ={(x"y") eR xR, |x" € X5,y e Y,},  (19)

with

AT(l—PAT)],

X =|1-P ,
2 [( AT)'sz 91 +6192

(20)

v
Yl = — 0.
2 [sz+1+ﬁyG2 U:|

(iii) 0< \uB~1/B< yg,.
For the present subcase, the impulsive set .#, becomes
My =My UM, where

My, ={(x,y) € Ri|x € X3,y € Y3}, (21)
with
- AT ATB
> 16, +ab, (6, +ab,)B — (\/up - 1)bb, ,
(22)
Yl = [0, \/U_/;_ 1],
My, ={(x,y) € R <x € X,y € Y, 1, (23)
with
Xl = ATS
$ 7\ + a0,)8 - (Vo - ko, |
(29)

Hence, the corresponding phase set to the impulsive set
My = MO Myis N3 UNy,, where

Ny ={(x",y") e Rilx" e X3, y" €Yy}, (25)
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with
X! = AT(1-Pur)B AT(1-P4y)
5 (6, +ab,)B - (@ - 1)b6, 6, +ab, -
Vs ={(x"y") eRIx" e Xy Yo (27)
with
6= AT(1 - Pur)B ~
. _((91 +ab,)B - (\/up - 1)bb,’ (1 PAT)xG2]>
(28)

(2]

, +
g 7% Ta By,

(B)d/c < AT/6,. For this case, we express the impulsive
set as follows.

My ={(x,y) € R, xR,|AT/0, + ab, <x
<xg,0< y < yg). In order to give the exact domain of phase
sets for Case (B), based on Lemma 2, we describe the fol-
lowing sets:

AT(1-Py)
XL = at) o),
D [(91+a92+vb62) sz]U[xKl )

6, + ab,) b6,v
Yl — 0, ’( 1 2 2 .
b= sz]U[yKl 06, +b02+ﬁ(61+a92))

(29)

The following three subcases can be taken based on the
definition of the phase set.

(i) VvB-1/6<0.
For this subcase, F (u) >0 for all values of u belongs
to [0, ys]. This shows that v < F (u) < yg + v/1 + Bys.
The corresponding phase set to ./, can be expressed
as

Ny :{(xﬂy*) eR, xR, |x" e X3, y" € YT}, (30)

with
AT(1-P,r)
21=[—7ﬁ:;éﬂﬂ(1—Pyﬁx4>
(31)
X2 =xnx),
Y, = + v
21 — v’yS 1+ﬁ)/s > (32)

Complexity

(i) VOB - 1/B= ys.
For this subcase, F(u)<0 for u € [0, y5], which
denotes that yg + v/1 + fys < F(u)<v. Hence, the
phase set corresponding to ./, is given as

Ny = {(x*,y*) eR, xR,|x" € X3,y" € Y;} (33)

with
AT(1-P
ng = [(1 - PAT)XS>ﬁ:|’
1 2 (34)
X2 =xLnxy,
v
Y :[y + ,v],
22 S 1+ﬂys (35)

2=yl nyY,

(iil) 0< \uf - 1/B< ys.
If O0<u<+vB-1/8  then F(u)<0. and
2+/oB-1/B<F(u)<v. If VO -1/B<u<y;, then F(u)>0

and 2/uB - 1/B<F(u) < yg+ v/1 + fys.
The impulsive set ., is now can be explained in the
form M, = M, U M,,, where

My, ={(x, y) € Ri|x € X3,y € Y3}, (36)
with
, [ AT ATS
"6, + a6, (6, +aby)p— (\uB - 1)bb, |’
(37)
y2o [0@]
B
and
My, ={(x,y) € Ri|x € X3,y € Y3}, (38)
with
. ATB
. ( (0, +ab,)B ~ (\u - 1)b92’xs]’
(39)

Hence, the phase set corresponding to the impulsive set
My = My UMy, can be expressed as N 53 U N ,,, where

Ny ={(x",y") e Rilx" € X3, y" e Yz}, (40)

with
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0 ( AT(1-Py1)B
2\ (6, +ab,)B - (\JuB - 1)bB,

24/vp -1
Yy, =[\/_+,v], Yi=YLNYS

AT(1-P,y)
0, + a0,

2 1 0
, Xz = XpNX,,,

(41)

23>

Ny ={(x",y") e Rilx" € X5, y" e Y}, (42)
with
AT(1-P,r)B
X0 = AT ,(1-P ,
24 ((91 +a0,)p — (\/up - 1)bb, ( AT)xS] (43)
X =xbnxd,

o (24 -1 v
Y24‘( g ’y5+1+ﬁys]’

2 1 0
YZ=YLNnYY,

(44)

For Case (A), if AT/0, <d/c, then the solution from the
phase set does not reach the interval (yg,a/b]. It is also
important to note that if y; =a/b and Ag =0, then
Yg, = a/b. For Case (B), it can be seen from the vector field
of system (1) that if the closed orbit is tangent or does not
touch the curve I'pg, then there must be a trajectory that is
tangent to the curve I'yg at a point (xr, yr), and the tra-
jectory intersects the curve I';g at lower point G,. This proves
that the impulsive set in this case is defined by .#, as shown
in Figure 1(b).

If the closed trajectory is tangent to I'jg at point S =
(xs, y5) and intersects the curve I'pg at two points, then it can
be seen that for any solution from the phase set, it is im-
possible to reach the interval (yg,a/b]. The above theory
shows that nonlinear terms of the controlling measure
combined with nonlinear action threshold make impulse

prominently the asymptotic stability of periodic or almost
periodic orbits. Based on the impulse and phase sets dis-
cussed above, the following related theorem for Poincaré
map can be obtained.

Theorem 1. For the impulsive points of model (1), the
Poincaré map for Cases (A)and (B) has the following form.

(A) AT/6, <d/c:
Vop -1

vOD i eV, if =<0,

VB -1
B

Via =1 v yf € Yyif > ¥,

VuB -1

; <Y,

v(yl), y e YUY, if0<
(45)
(B) d/c < AT/6,:

VB -1,

v(¥). i e Yhif = —<0,
B

Via =1 v yf € Yo, if >y,

NS
; (46)

VB -1

+ + 2 2 .
system (1) quite complicated, and it is very difficult to an- v ) yi €Y5UYGif0< B Vs
alyze each situation in detail. O
where

4. Poincaré Map
Poincaré map [40-42] plays a very helpful role in examining
the qualitative behavior of a dynamical system, most

+ a b . b, A v

N=—W|—y —yr = : 47

v(i) b [ et exp( ORI | — Ba/bW [-blay; exp(-blay; + Aj/a)] (47)

Proof. Suppose that a trajectory initiating from (x§, yg)
repeats k (finite or infinite) times pulse action. Let the points
of the impulse set be represented by p; = (x;, y;), and after
the pulse action, the corresponding points of phase set are

represented by pf = (xf,yf). If p§ = (x},y]) € Tpg and
P1 = (X415 Vis1) € T'ig are on the same trajectory above, then
the coordinates of the two points satisfy the following tra-

jectory equation:



y1+1

dinx; —dInx;,, +cx;,; —cx; =aln —b(yis1 = ¥7)-
(48)
Solving the above equation for y; ;, we get
a b b A
Vi = —<b>W[_(1)’1‘+‘3)(F’<—(1)’1‘+ + al)] (49)
where
=dlnx; —dlnx;,, +cx;,; —cx;, (50)

and therefore

0= ] st A 8] Ly
y\i)= b a)’i Xp a)’i P b a)’i Xp a}’i

From above equation, we can see that the Poincaré map
given in (47) depends on both the Lambert W function and
the sign of A;.

Case. (A). If A;<0, then for y{ >0, the above expressions
defined in (9) and (10) are well defined. Further, if we define
g(y) = —blay exp (-b/ay), then it is easy to prove that g (y)
achieved its minimum value —e™! at y = a/b. Therefore,
—blay exp (—blay)exp (A,/a) € [-e',0) for all A;<0 and
y > 0. This denotes that the Poincaré map defined relative to
Case (A) is (7).

b par
Yk, = —SW<—;yse s AKZ’“)andyKl

Hence, in the same way, the Poincaré map domain for all
remaining cases provided in Section 3 and Table 1 can be
found. This finalized the proof. O

5. Characteristics of Poincaré Map

To discuss the existence as well as the stability for the order-1
periodic solution of problem (1), we first analyze the dif-
ferent characteristics of Poincaré map for the above existing
cases. For this, we define an important point G = (xg, yg) =
(ATBI (0, +ab,)B - (\Jup — 1)bb,, \/uB —1/B) which will
be used in the following discussion. If G € T'jg, then after one
time pulse, the corresponding impulse point can be pre-
sented as G*: (xg:, ¥gr) = (AT(1 = Pyp) B/(0, +ab,)p-

(\/vB = 1)bb,, 2~/ — 1/P).

Theorem 2. The Poincaré map y (y;) for Cases (A) and (B)
provided in Table 2 satisfies different properties as follows:

(A) AT/0,<d/c and A;<0.

Complexity

TaBLE 1: The exact impulsive and phase sets for system (1) under
Cases (A) and (B).

Cases Condition Impulsive set Phase set
(7) ‘?f <4 Ny
(A) (i) M Nz
(iii) Ni3UN iy
(1) %IT <4 N
(B) (1) M, Ny
(iii) Ny UN gy
Al
+a>:| :y;r+1' (51)

For Case (B), if A;>0, then -bl/ayexp(-blay)
exp (A;/a) > — exp(—1). From this, we obtain the following:

Bpmlot)emf o)) e

This solution further simplifies as y € (0, yg,JU
[y, 01+ a0,)/b0,+ bO,v/b0, + (0, +ab,)), and from
Lemma 2 we know that

a b —blay.—
= (e o), (53)

(i) It shows increasing behavior on [0, y;] and
decreasing behavior on [yr,0, +a0,/b0,+
b6,v/b0, + B(6, + ab,)) for \Jvp - 1/B<0.

(ii) It is increasing on [yr, 0, + a6,/b6,+ b0,v/b0, +
B0, +ab,)) and decreasing on [0, y;] for
Vop-1/B2yg,

(iii) It is decreasing on [0, yn] and [yT,yn] and
increasing on [y, , yrl and (Y, 01 + a92/b9 +
bo,v/b0, + (6, +a9 ) for 0 < \/—— 1/B<yg,
where y, =min{y*: y(y*) = yg. }, y, = max
v =yt

(B) d/c <AT/8, and A;>0.

(i) It shows increasing behavior over the closed
interval [0, yi ] and decreasing behavior on
[yk.» 0, +a0,/b0 + b0,v/b0, + B(0, + ab,) for

v -1/B<0.

(i) It is increasing on [y ,0, +ab,/b0, + b,v/
b0, + (6, + ab,)) and decreasing on [0, Ykl for
Vop-1/B2ys.



Complexity

TaBLE 2: The domain of the Poincaré map for Cases (A) and (B).

Cases Condition A vy
(1) yieY]

(A) (i) AT/, <dlc A<0 yieY)
(iii) yrevluyl!
(i) yiev;

(B) (ii) AT/6, <dlc A;>0 yrey?

(iii) yi €eYIuY?

(iii) It is decreasing on [0, yy | and [y, yy ] and
increasing  on  [yn,yk,] and [yy,0;+
a0,/b0, + b,v/b6, + (6, +ab,)) for 0<
VuB—1/B< ys, where yy = min{y*: y(y*) =
Yeb yn, = max{y”: y(y°) = yg-}.

Proof. Assuming that gf = (x],y]) € I'ps, the solution
initiating from g/ intersects the curve T3 at
Giv1 = (X115 ¥i)- If g and g;,, lie in one trajectory, then
¥i1 Is established by y/ and can be expressed as
¥ir1 = F(y]). The corresponding vector field relative of the
system given in (1) confirms that the domain of consider-
ation of Poincaré map v (y;) for Case (A) (i) is defined by
[0, yr]1U [yr, 0, + aB,/b0, + bO,v/b0, + (0, + ab,)). Fur-
thermore, for this case, the corresponding impulsive func-
tion F has increasing behavior over the closed interval
[0, yr]. Therefore, based on the definition of y(y;), it is
increasing  on [0, yr] and  decreasing  on
[yr, 0, +ab,/b0, + bO,v/b0, + (0, + ab,)). The function F
is decreasing upon [0, yr] in Case (A) (ii), which shows that
v (y7) is decreasing over the interval [0, y;] and increasing
over the closed interval [yg,0, +a0,/b0, + bo,v/
b0, + (0, + ab,)). For Case (A)(iii), F is decreasing over
[0, ys] and increasing upon [yg, yr]. Therefore, y(y;) is
decreasing on [0, yy ] and [yg,yy, ] and increasing on
[yn, ¥k,] and [yy , 0, +ab,/b6, + b0,v/b0, + B(0, + ab,)).

By using the same methods as above, we can prove that
the monotonicities of the Poincaré map for Cases
(B) (i), (ii), (iii) in Theorem 2 are true. O

« _a b\ . b . A
w7
For v = 0, we get the following equation from above:

. (a)w b ., . b, N A
=—|- —y" exp| — — 1|
y b P o W s
If A; =0, the fixed point shown by y* of the respective
Poincaré map y (y;) becomes

()

(59)

(60)

Lemma 3. If A;>0 and v >0, then the inequality

y(yi)>y/ forally; € (0, y,), (54)

is fulfilled for the corresponding Poincaré map shown by
v (i)

Proof. Let a solution originate from p§ = (x}, y/), and it
touches the curve I'g at point p; = (x;,,, ¥i1)- We assume

that y/, y;,, <a/b; then,

alny;, —by,, +dlnx;,, - cx;,y =alny] —by;

55
+dlnx; —cx]. 59
From (55), we get
_éy”le(—b/aym) _ _éy;—e(—b/ay;wAl/a)_ (56)
a a
If A;>0, then we get the inequality
b (—b/ay» ) b + (—b/ay?’)
—y; i) ¢ — Zy] 0, 57
ine ie (57)

Let f(y) =-yexp(-y); then, f'(y)>0 if y>1 and
f'(y)<0ify € (0,1). The inequality y,,, > y; is satisfied for
all blay},blay;,, € (0,1). We also know that ¥}, = y,,, +v
and v (y]) = y},,. Hence, we deduce that v (y;) > y} for all
yi € (0, y).

In light of the above explained properties of Poincaré
map, the existence of the fixed point of Poincaré map y(y;)
for v>0 is discussed in following section. O

6. Characteristics of Boundary
Periodic Solution

In Section 4, the formula for Poincaré map y (y{) has been
attained. We will use this formula to study the existence of
fixed point, where the fixed point is indicated as y*, satis-

fying w(y*) = y*, such as

0 (58)

—

— albW [-blay” exp (-blay™ + A/a)]

This shows that if v = 0, A; = 0, then every point is the
fixed point of y(yf). If v = 0, A; #0, then y* (a fix point) of
the y(y) fulfils

X a b, b, A
=G e T))
In this case, y(y*) = y* holds & y* = 0. Thus, we de-
duced that y* = 0 is a unique fixed point for system (1).

(61)
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In the following result, we present the conditions of
global stability for boundary order-1 periodic solution. To
demonstrate it, we first discuss an important lemma [43, 44].

Lemma 4. The T-periodic solution (x,y) = ({(¢),&(t)) of
system

d d
& C(x,y),d—)t/ =D(x, y),if 0(x, y) #0,

dt (62)

x"=x+e(xy),y =y+elxy),if0(x,y) =0,

A= C, (0e/0y00/0x — 0e/0x00/0y + 00/0x) + D, (0e/0x00/0y — 0e/0yd6/0x + 00/0y)

Complexity

is orbitally asymptotically stable if the Floquet multiplier u,
satisfies |u,| <1, where

. gre oD
w=]]s, exp(jo [a CO.L0+5) (((t),f(t))]dt),
(63)

with

i C00/dx + Bob/dy

and 0 is continuously differentiable corresponding to both
x, ¥. C, D, 0¢/0x, 0€/0y, 0e/0x, 0¢/0y, 06/0x and 06/0y are
evaluated at (((t]-),f(tj)), C, = C(((t}r),f(t;f)) and
D, = D(((t}'),E(t}')), and t; (j.k € N, N is the set of non-
negative integers) is the time of the j-th jump.

Theorem 3. If A; =0 and v = 0, then the fixed point y* of
Poincaré map y(y;) is stable in the phase set. If A;<0 and
v=0, then (x'(t),0) is globally asymptotically stable. If
A;>0 and v =0, then it is unstable.

(64)

Proof. If v=0, A; =0, then y* in the phase set is a fixed
point of the Poincaré map v (y;). This case confirms the
stable solution of the problem but is not asymptotically
stable. We first show that when y (¢) = 0 ifand only if v = 0,
and then boundary order-1 periodic solution exists for
system (1). For y(t) =0, system (1) is converted into the
subsystem given below:

d
zgt) =axx(t), x(t) <9[j-ﬁ’
1 2
(65)
o Sx (t) AT
x(t) = X(t)<l Cx(t)+ oc)’ x() = 0, +ab,’

The first equation of the subsystem (14), combining with
the respective initial condition shown as x(0%) = (1-
P,1)AT/0, + af,, where P, = 8x (t)/x(t) + a, gives us the
solution

x(t) = (1 - Pyr)

exp (at). (66)

AT
0, + a0,
Taking the equation AT/0, +ab, = (1 - P,p)AT/ 0, +
af,exp(aT) and evaluating it for T, we get

T = -1/aln(1 - P ). This shows that T-periodic boundary
order-1 solution exists for system (1) as
T AT
(x" (1),0) :((1 —pAT)mexp(at),o . (67)
Next, we show that (x!(£),0) is asymptotically stable.

For this, we apply Lemma 4 and present the following.
Method 1.

C(x,y) =(a-by)x,D(x,y) = y(cx—d),

v
e(x,y) = —Pyrx,e(x, y) = 118y

0(x, y) = (6, + ab,)x — bb,xy — AT,

+By’ (68)

T T _ AT T (et T (\) _ _ AT
(x" (1), y (T))_<m,o>,(x (T*), y' (T ))_<(1 PAT)791+a92’0>'
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From the above, we get

oC oD de  —0x” +20ax Oe B
s-=a-by,o—=cx-d--= 7 a0 >
0x oy 0x (x+a)" 0x (1+pfy)

(69)

26 26 de 0e

= —b ,—:—b ,— =
Ix 6, +ab, - bb,y 3y 0,x 3y " 3y

_ C, (0¢/0y0d6/0x — 0e/0x00/dy + 00/0x) + D, (0e/0x06/dy — 0e/0yd6/0x + 06/0y)
Co6/0x + Dob/oy
_ C+(xT ('), 5" (T+)) (0, +ab, - bb,y) + D+(xT ('), 5" (T+)) (Parb0,x — bb,x) (70)
- C(x" (1), y" (1)) (8, + af, - bb,y) - D(x" (T), y" (T)) (b6,x)
= (1= Pyr)-

Ay

Based on the above information, the Floquet multiplier
denoted by y, is defined as

0

=0 exp(jT[gf(me y (1) + aa]j(xT (0, yT(t))]dt)

=(1 —PAT)exp(ln L +ﬁ> (71)

1-Pyr a
%)
=exp| — ).
a

If A;<0 and v =0, then we get |u,| < 1. This indicates Metho d 2. The asymptotic stability of boundary order-1
that for the problem described in (1), the boundary order-1 ~ periodic solution can also be discussed directly from
periodic solution (x7 (¢), 0) is orbitally stable asymptotically. Poincaré map portrayed in (47). Let v = 0; then,

If A; >0, the sequence y; of pulse points is increasing strictly

and additionally will be free from more pulse action only V/( y:r) - _aw[_by;<exp<_by: + Al))] (72)
after limited time pulse effects. b a a a

Taking the derivative of (72), we get

dy (y7)

oyt = d _EW _é+e _9++ﬁ
dy:— i y = dy:r ey b ayi Xp ayi a
‘ (73)
_ —a/bW[—b/ay* (exp (—b/ay* + Ajla))] (Uy" —bla) = h(y").
1+ W([-blay” (exp(-blay™ + Aj/a))]
lim h(y")=e""
The boundary order-1 periodic solution is stable y*lﬂo (r)=e (74)

olh(y*)| < 1. By utilizing the limit of h(y*), we get
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This denotes that if y* — 0, then |h(y*)| <1 for A, <0,
and hence (x7T (¢),0) is asymptotically stable.

In the following, we show the global attractivity of the
boundary order-1 periodic solution (x(),0). Let
Py = (AT(1 = Ppp)/0, +ab,, y}) € Ly and p, = (AT/0, +
ab,, y,) € L, be the points of the same trajectory; then,

AT
_b()/z ;)

Al =dln(1 _PAT) +Cm
(75)

PAT—aln
P

Let A;#0; then, from (75), it is clear that y, # y]. If
f(y)=alny-by, then f(y) = a/y — b. This indicates that
if y <a/b, then f(y) is monotonically increasing.

If A/ <0, then alny,/y} -b(y, - y7)<0. Since v =0,
the inequality becomes alny,/y, —b(y, - y,) <0. This
shows that y, < y,. Therefore, if A;<0, then the impulsive
sequence {y;};2, is monotonically decreasing and

lim y; = y*. These kinds of information affirm that the
f)ﬁoﬁ)dary order-1 periodic solution is globally attractive. In
the same way as above, we can prove that if A;>0, then
¥, > ;. Therefore, the sequence y; will be free from im-
pulsive effect after finite time pulse actions, as shown in
Figure 2(b). Hence, from all the above outcomes, it can be
concluded that if A; <0, then the boundary order-1 periodic
solution, i.e., (xT (¢),0), is globally asymptotically stable.

The numerical calculation in Figure 2(a) shows that if
A; <0, then the boundary order-1 periodic solution is stable
while Figure 2(b) confirms that if A;>0, then it is
unstable. O

7. Existence of Order-1 Periodic Solution

In this section, we will discuss and analyze the order-1
periodic solution for system (1) when v> 0.

Theorem 4. For Case (A)(i)(or(ii)), the fixed point of
Poincaré map y (y}) exists, and therefore an order-1 periodic
solution exists for system (1).

Proof. For Case (A) (i), the trajectory I'; is tangent to the
curve I'pg at point (xp, yr) and intersects the curve I';g at
lower point G,. If ¥ (yr) = yg: = y1» then the curve TG,
forms an order-1 periodic solution for system (1).

For Case (A) (i), if yg: > yr or yg: < yr, then the so-
lution originating from the pomt G} touches the curve [pg at
a point G; = (xg,, ¥g,) with yg < yg . The pulse action is
applied and the pomt G5 maps to a point GJ = (xG+, yG+)
and Ya: =F(yg,). For Case (A)(i), F is increasing on
[0, yg,]- Therefore, Ya; = ¥ (yg;) satisfies the inequality

W()’G;) <Y (76)

The point v, (AT (1 — P,7)/0, + ab,, v) being the lowest
impulsive point satisfies

v (v) >v. (77)

Complexity

Inequalities (17) and (18) confirm that a fixed point of the
Poincaré map exists, and therefore an order-1 periodic
solution exists for system (1).

For Case (A) (ii), F is decreasing on [0, yg,|. If yg: > yr
or yg: < Yr> We get

W(J’G;) > YG;- (78)
Moreover, the highest impulsive point is

v, (AT (1 - Py1)/0, + ab,,v), and we get
y(v) <v. (79)

Inequalities (19) and (20) confirm that there exists a fixed
point for the Poincaré map, and therefore an order-1 pe-
riodic solution exists for system (1). This completes the
proof. O

Theorem 5. For Case (A)(iii), the fixed point of Poincaré
map v (y7) exists, and therefore an order-1 periodic solution
exists for system (1).

Proof. If yg = yr» then the curve TG, forms an order-1
periodic solution for the problem given in system (1). If
Yg: # yr» then the following two cases are taken into
consideration.

(1)yG; >, (2) Yer <V (80)

For Case (1), if yg; > yr, then we can write

v(yr)> yr- (81)

As Gj is the lowest impulsive point, it satisfies

V’()’G;) <Yy (82)

Thus, inequalities (21) and (22) confirm that we can find
a fixed point of Poincaré map v (y}).
If yg: < yr, then we can write

v(yr)<yr. (83)

Moreover, if G* is the least impulsive point, then it leads
to the following:

v(ye) 2 yo- (84)

Thus, the above two inequalities (83) and (84) confirm
that there exists a fixed point of Poincare map v (y;).

For Case (2), if yg; > yr, then y(yr) > yr. On the other
hand, if the highest 1mpuls1ve point is y, (AT (1 — P,p)/0,+
af,, v), then ¥ (v) < v. The above two inequalities affirm that
there exists a fixed point of the Poincaré map y(y;).

If yG; < yr> then y (yr) < yr. Moreover, as G is the least
1mpu151ve point, we get ¥ (y;+) = y¢.. It confirms that there
exists a fixed point for the map shown by v (y;), and hence
an order-1 periodic solution exists for system (1). O
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FIGURE 2: (a) The stable boundary order-1 periodic solution where L, = 1.4 and A; = —0.050, ¢ = 0.50,d = 1.20. (b) The unstable boundary
order-1 periodic solution with L, =1.20 and A; =0.0030,d = 0.20,c = 0.20. The rest of the parameter values are fixed with

a=10=03,b=01la=4=1v=0.

Theorem 6. For Case (B) (i) (or (ii)), if yg. > Yk, then the
fixed point of Poincaré map v (y;) exists, and therefore an
order-1 periodic solution exists for system (1).

Proof. For Case (B) (i), we know that there exists a curve I',,
which is tangent to I';g at point S = (xg, y5) and intersects
the curve I'pg at two points K, and K,. If y5- = y , then the
curve K;S forms an order-1 periodic solution for the
problem stated in (1).

Further, for Case (B)(i), if yg > Yk, then the point
demoted by S* lies above the point K;, and we get

‘/’()’Kl) > Yk, (85)

In addition, the solution initiating from the point S§*
meets the curve I';g at a point S; which lies below the point S,
e, yg <ys. As F is increasing on [0, ys], we have
F(ys) <F(ys) ie, yg < ys. All the above results affirm that
the Poincaré map for Case (B) (i) satisfies

v(ys) < yse (86)

Inequalities (25) and (26) confirm that a fixed point in
(¥k,» yr+) will exist. Hence, an order-1 periodic solution
exists for problem (1).

If yg < yk,» then after a one time impulsive effect, the
solution will directly map to the interval [v, y¢.]. Thus, if
Yk, >, then according to inequality (1), any trajectory
originating from y* with v < y* <y will intersect the curve
I'\g and experience a limited time of pulse actions and at last
enter into Int I', and will be free from more pulse action. If
Yk, <U<Yg:, then each solution curve of problem (1) will
map to the Int I, after a one time impulsive effect. Hence, if
Ys+ < Yk,» then a fixed point does not exist.

For Case (B) (ii), if g > yi» then y (g, ) > y . Wealso
know that the function F is decreasing on [0, ys]. So, the

solution y* initiating from [0, yx JU [y, 0, + ab,/b0,+
bo,v/b0, + (0, + ab,)) will map to the interval [yq., v] after
a one time impulsive effect. Therefore, the trajectory orig-
inating from the point y, (AT (1 — P,1)/6; + ab,,v) will
satisfy ¥ (v) < v. From the above inequalities, it follows that
the fixed point exists in the interval (yg,v). O

Theorem 7. For Case (B)(iii), if ys. > yx , then the fixed
point of Poincaré map v (y!) exists, and therefore an order-1
periodic solution exists for system (1).

Proof. If yg. = y, then for system (1), the curve K,S forms
an order-1 periodic solution. If yg. # yy , then we consider
the following two cases.

(1) yg 20, (2) yg <v. (87)

For Case (1), if yr > yg , then y (yg ) > yg, . Moreover,
according to the exact domain of the Poincaré map y (y;),
the impulsive point S of S* lies below the point S*, i.e,
S] <S* for yg. = v. Therefore, inequality v (yg+) < yg+ is true,
which shows that the fixed point exists in the interval
[y, sl

If ys+ < yk,» then applying the same techniques as those
given in Theorem 6, it can easily be shown there must exist a
finite number of pulse effects for any solution of system (1).
Furthermore, the solution enters into Int I, and becomes
free from more pulse actions.

For Case (2), if yg: > yk , then y(yg ) > yk, holds true.
We also know that the highest impulsive point is y, (AT (1 -
P,1)/0, + af,, v) because yg. <v. Therefore, we get y (v) <v,
and hence the theorem is true.

If ys: < yk,» then any trajectory of system (1) tends into
Int T, only after finite pulse effects. This completes the
proof. O
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8. Stability of Order-1 Periodic Solution

The monotonicities of Poincaré map v (y;) and existence of
its fixed point were discussed in previous sections. Now,
based on these, we will discuss the stability of fixed point of
Poincaré map y(y;) for system (1).

Theorem 8. For Case (A) (i), if the fixed point of Poincaré
map y (y}) is unique and one of the following two conditions
is satisfied, then the corresponding fixed point denoted by y* is
stable globally.

(@) If y(yr) <yr.

) If w(yr) > yr and v* (y7) > yf for yi € [yr. y*).

Proof. From Theorem 4, we know that for Case (A) (i), the
fixed point of Poincaré map y (y;) exists. Let the fixed point
y* be unique; then, the global stability can be discussed as
follows:

@ If y(yr)<yp then yf<y(y/)<y* for all
y+ € [0, y*). This means that as j increases, ¥/ (y})
increases monotonically and satisfies lim; .,
v (y)) = y*. If yF € (y*, 6, +ab,/bb, + bb,v/bh,+
ﬁ(@l + a@z)], then we take two «cases. (1) If
yl € (y*,yr], then according to the relation
y* < 1//( )<yl y( yl ¥) decreases monotonically,
ie., y* <1//1(y+) <1//1 (yf) for all j>1 and we get
lim, W OH=y" @ I yielmp
0, +ab,/bo, + 199211/b€2 + (6, + ab,)), then
y(y) e Oyr) and  lim;_ oy (yf) =y
Therefore, the conclusion in (a) is true.

(b) If w(yr)>yr, then we take three intervals: (1)
yi €y @) yi € [0, yp) (3) yi € (y".0,+
af,/bo, + b@zv/b@2 + (0, + ab,)). For interval (1),
since yr<y/<y* and Poincaré map w(y/) is
monotonically decreasmg in this interval, it is easy to
get (yr) =y (yf)>y*. At the same time, by using the
second condition  y*(y})>yf, we  get
yl <y?(y})<y*. This means that for all j>1,

2(-1) (y*) <y* (y7) < y*. This shows that y*/ (y")
1ncreases monotomcally, and lim

OH=y

For intervals (2) and (3), using the same method as those
in (1), we can prove that there must exist n>1 such that
v"(y7) € [yr> y*], and hence the fixed point of Poincaré
map y(y;) is globally stable under conditions (2) and (3).
This completes the proof. O

]*}1’001//

Theorem 9. For Case (A)(ii), if the fixed point y* of
Poincaré map y(y!) is unique and one of the following two
conditions is true, then y* is globally stable.

(@) If v(yr) > yr-
) If w(yr) < yr and v* (y7) < yf for yi € (y*, yrl.

Proof. Theorem 4 shows that for Case (A) (ii), there exists a
fixed point of the map y (y). Assuming that the fixed point
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is unique, we have the following conclusions regarding its
stability:

(a) From Theorem 2, it is clear that the Poincaré map is
monotonically increasing in the interval [yr, 0, +
a0,/b6, + b6,v/bb, + (0, +ab,)) and monotoni-
cally decreasing in the interval [0, y]. If y (yr) > v,
then the fixed point satisfies y* >y, for any
yi € [y, y*) and v/ (y}) increases with the in-
creasing value of j, such thatlim; ., v/ (y{) =y
for all  yf e (y* 0, +ab,/bh, + bO,v/bb, + 3
(0, +abhy)). v (yi) decreases as j, increases, and
lirnj—>+oowjZ ()’f) =y
For all y/ € (0, yy), there is w(y]) € (¥4, 0, + ab,/
b0, + bb,v/bb, + (6, + ab,)); therefore, lim;
yri ) =yt oor limp oy () = y7. In
summary, the only fixed point y* is globally stable.

(b) The Poincaré map w(y;) is monotonically de-
creasmg in the interval [0,y;], and for
yi € (y*, yrl, the COIldlthIll// (yH) < yl is satisfied.
So, it is easy to get y* <y*(y)<y?(y}). By in-
duction, there is a relation
y* <y (y1) <y?U=V(yF) for all j>1. This shows
that % (yf) monotonically decreases with in-
creasing value of j, and hmjﬁmow (yH)=y*. In
addition, for all yf € (0,y")U (¥, 6, +6102
/b0, + b0,v/b0, + (0, + ab,)), there must exist [>1
such  that  y/( yi)e (¥, yrl, and  hence
liInj~>+00 V/Mj (y:r) = y* O

Theorem 10. For Case (A)(iii), if the fixed point y* is
unique and one of the following conditions is true, then it is
globally stable.

(a) If‘l’()’n,.)>)’n,.i =12

®) If y(y,)<y, i=12 and y*(y/)<yf for all
yi € %yl

QDI vy >ye ¥(¥u)>y,, and y(y,)<y,, for
yi € (y*, y,] when y* <y? (y1) <y}

@) U yvyr)<yr Y () > Y, and y(y,) <y,

Proof. Theorem 5 shows that there exists a fixed point of
Poincaré map v (y;) for Case (A)/(iii). Moreover, if y* is
unique, then its global stability can be described as follows:

(@) If y(y,)>y, fori=1,2, then we take three inter-
vals: (1) [ynl,y*); (2) (y*, 0, + ab,/b0, + b,v/b0,+
B(6, +ab,)); (3) (0, Vn,)- For all yf € [y,,y"), we
get y7 <y (yf)<y*. The Poincaré map y(y;) is
monotonically  increasing in the interval
[yn ,0, + a@ /b8, + b@zv/be + (0, + ab,)), and
‘V(% )<v?(yf)<y*. By induction, we get

v (y)) <yl (yf) < y* for all j=1, which means
that v (y]) monotonically increases as j increases,
and lim;__, o/ (y7) = y*, yi € [yn» ¥7)-

For all yf e (y*, 0, +ab,/b0, +b0,v/b0, + (0,
+af,)), we get y*<y(y{)<y;. From the
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monotonicity of v (yi), we have
y* <y*(y}) <y (y}), which means that y/ (y}) de-
creases with increasing value of j and
lim]-_,+001//j H =y for all
yi e (y*,0, +ab,/bl, + bO,v/bo, + B(0, + ab,)).
For all y»f€(0,y,), it is easy to get
v(y) € (9,06, +ab, /b@ + b0,

v/bB, + (6, + ab,)), and accordlng to the previous
conclusion, we get lim;_, +oo¥H (y7) = y*. There-
fore, the result in Case (a) is true.

(b) It y(y,)) <y, fori = 1,2, then we take two cases: (1)
yi € hy,ls Q) yi € (0,y")U(y,,, 0, +ab,/b
6, + b0,v/b0, + B(0, + ab,)). For all y! € (y*,y,]
and according to the m0n0t0n1c1ty of the Poincaré
map, ¥ ( Ji )satlsﬁes v? ( y§) < yf.From this, it is easy
to get y* < 1// (y7) <y*(y}). By induction, the in-
equality y* <y (yf)< wz(f‘l)(y;f) for all j>1
holds, which means that as j increases, the mapping
v (y)) monotonically decreases, and
lim]HJroot//Zj (y7) = y* forall y; € (y*,y,]. Forall
yl € (0, y")U (y,,,+00), there exists k > 1, such that
vE(yi) € [y yn) From this, we  get
llmjg,+ool//k+2] (y*) = y* for all yf € (0,y*)U (y,,
0, +ab,/b 0, +b620/b9 + (6, +ab,)). All the
above conclusions indicate that Case (b) is true.

(c) We again take two conditions: (1) y/ € (y*,y, I; (2)
yi € (0,y")U (y,,0, +ab,/bb,+ bb,v/bb, +ﬁ(0 +
at,)). Forall y} € (y*,yn ], the Poincaré map y (y;)
is monotonically decreasmg, and the inequality
yr<yr(yh) < )’; is satisfied. We can easily get the
relatlonshlp y* <yt (y}) <y?(y}), and by induc-
tion, y* <y¥ (y)<y?U D (y?) for all j>1. This
means that as j increases, the mapping y*/(y;)
monotonically  decreases, and  lim; . v i
(yf)=y*. For all y/ € (0, y*)U (yn,+00) there
must exist [>1, such that y!( y*) € y > V1
Therefore, we get lim; | ro W () = y* for all
yi € (0,y")U (y,,0, + a6,/b0,+ b@zv/b62+
B (0, + ab,)), which means that Case (c) is true.

(d) If the conditions given in statement are satisfied, we
consider two intervals: (1) y/ €[ Y yrl; (2)
v €(0,y,)U (yT,9 +a 0,/b8, + b0,v/bY, + B
(0,+ ab,)). If y; € [y,, yrls then according to the
monotonicity of the Poincaré map v (y), v/ (y})
monotonically increases as j, increases, and
lim; ,v"(y)=y" If yfe(y,yr], then
y/2 (y7) monotonically decreases as j, increases, and
hm]_,+001// (y{)=y*. For all y! € (0,y,)U (yr,
6, + ab,/ bo, + bo,v/ bl, + (6, + ab,)), it is easy to
know that there must exist a positive integer k, such

that y*(y/) € [yn,yT], and at the same time,

llm]_,wol//k*fl (y+) =y* or llm]_>+001pk+12

(y) = y*. Hence, the Case (d) is true.

Theorem 11. For Case (B) (i), if y (yKl) > Yk, then the fixed
point y* of Poincaré map y(y/) is globally asymptotically
stable provided that v* (y}) >y} for all y € k¥
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Proof. From Theorem 6, we know that for Case (B)(i), a
fixed point of Poincaré map v (y;) exists.

According to the inequality given in Lemma 3,
v(y;)>y/ for all y/ € (0, yx ). At the same time, the in-
equality ¢ (0) = v> 0 is satisfied. So, the fixed point y* does
not lie in the interval [0, y ]. This shows that the unique
fixed point belongs to the interval
[yk,» 01 +ab,/bb, + bb,v/b0, + B (0, + ab,)).

If yx <y/<y", then from the monotonicity of the
mapping y (y}), we get v (k) 2y (7)>y". By applying
the 1nequal1ty 1// H) >yt for all Vi€ lykpy™), we get
yl <y?(y}) < y*. By induction, there exists a relationship

2G=D(yF) < y?i (y7) < y* for all j> 1. This means that as j
1ncreases, v ( y*) increases monotonically, and hence
hm]—w—oow (yl ) = o

Theorem 12. For Case (B)(ii), if y(yk ) > yk,, then the
fixed point of Poincaré map y(y;) is globally stable.

Proof. From Theorem 6, there exists a fixed point of
Poincaré map w(y;) for Case (B)(ii). Using the same
method as in Theorem 11, there is no fixed point on the
interval [0,y ], and y* is located in the interval
(yk,» 01 + ab,/b0, + bb,v/b0, + B(6; + ab,)). Moreover,
under the uniqueness of y*, the global stability can be
described as follows.

For Case (B)(ii), the Poincaré map y(y;) is mono-
tonically decreasing in the interval [0, yx ] and monoton-
ically increasing in the interval [yK,G +ab,/b0,+
bo,v/b0, + (0, +ab,)).If yI € [yK Y5 then according to
the relationship y; <y (y/) < y*, it is obvious that y/ (y*)
increases monotonically towards y* as j increases, ie.,
lim; v/ (y/)=y". For all y/e (y",0,+ab,/bb,+
b@zv/bﬁ +ﬁ(9 +a9 ,)), according to the relationship
y* <y(y7)<y! and properties of Poincaré map y (y;), we
know that y/(y;) monotonically decreases with the in-
creasing value of j, and lim; . v/ (y{) = y

If y{ € [0, yg |, then there must exist some [>1 such
that y(yf) € [yK ,0, +ab,/bo, +b92v/b0 + B(6, + ab,)),
and therefore llm]_>+oot//1+1 (y1) = y*. Hence, the result in
Theorem 12 is correct. O

Theorem 13. For Case (B)(iii), if y(yx )> yk, then the
unique fixed point y* of Poincaré map v (y}) exists. If one of
the conditions (a) and (b) given below is true, then y* is
globally stable.

(@) Ify(yn)>yn, i=12

®) If yx, <y (yn,) = w(yn,)) < yn, and v* (y}) > yi for
all yi € [y, y")-

Proof. For Case (B) (iii), if ¥ (yk ) > yk,» then from Lemma
3 and Theorem 7, we know that Poincaré mapping ¥ (y;) has
at least one fixed point y* belonging to the interval
[y, 01 +ab,/bb, + b0,v/b0, + B(0, +ab,)). Under the
uniqueness of y*, the global stability can be demonstrated as
follows:
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(a) If 1//(yN) >yn, =12, then only y* exists in the
interval [yy, ,6 +ab,/bb, + bl,v/b, + (6,+ ab,)).
From Theorem 2, we can see that Poincaré map
vy (y!) is monotonically increasing in the interval
[yn,» 6, +ab,/bb, + bb,v/bb, +ﬁ(0 +ab,)). For
any y; € [yy,y"), we get yf <y (y])<y", which
shows that y/ ( y7) for j>1 increases monotomcally,
and lim;_, v’ '(y7) = y*. For any y! € (y*,0,+
af,/bo, +b92v/b9 +ﬁ(9 +ab,)], we get the rela—
tion y* <y (y!) <yi. Therefore from the monoto-
nicity of y(y}), v/ (y}) monotonically decreases
with increasing value of ], and we get
lim]HmOl// (y7) = y*. For all y/ € [0, yx ]V [yk,»
¥n,)> it is obvious that there exists an integer />0,
such that v (yF) € [yn,» 01 +ab,/ b0, + bb,v/b0,+
B0, +ab,)). Hence, for all yl e [0, YK, ]u
[yKl le) we get hm]*ﬂroowlﬂ (y:r) =
All these results show that if ‘V(J’N )>yN, i=12,
then the unique fixed point y* of the mapping y ()
is globally stable.

(b) If yx, <y (yn,) = ¥(yn,) < yn,> then combined with
the inequality y (yx ) > yk, given in the statement, it
is clear that there exists only one y* in the interval
(¥k,» ¥n,]- The mapping y(y;) monotonically de-
creases in the interval [yg,y"), ie, for all
v € Iy, y) we have y(y, )2y(y/)>y". In
addition, by applying the condition v ( y+) > yf, we
get yI <y?(y!) < y*. Hence, we get y?U~1(yf)<
v¥ (yf)<y* for j>1. This shows that y% (y})
monotonically increases with the increasing value of
j and hm]_>+OO v (yf) = y* forall yj € vk, ¥")-

If yf e (0,yg)U (¥, 0, +ab,/bb, + bd,v/b0, + B(6, +
at,)) and yg < 1//(yN ) = 1//(yN) ¥n,» then there must
exist 1>1 such that v (y*) € [yK , ¥*]. By using the same
way as above, we get lim; ., Y2 (yf) = y* for all
¥ €0,y 1V (y*, 0, +ab,/b8, + bb,v/bb, + B (0, + ab,)).

Therefore, if  yy < 1//(yN2) =y(yy)<yny, and
V2 (y}) > yf forall yj € [yK , ¥*), then the fixed point y* is
globally stable. o

9. Conclusions

The IPM strategy is a dynamic management system. From a
mathematical perspective, this is actually an optimal control
problem under multiple objectives. The IPM approach’s
purpose is to monitor the number of pest populations in real
time and decide whether to implement a control strategy
based on the size of the population. The state-dependent
impulsive differential equation [20, 45-47] is needed to truly
characterize the IPM strategy and the dynamic evolution of
pest-natural system. Moreover, in recent years, researchers
have proposed a variety of state-dependent pest-natural
enemy feedback control systems.

The change rate of pest population plays an important
role in state-dependent prey-predator ecological system.
There are two fundamental circumstances in the previous
studies which require high attention. First, the pest pop-
ulation is comparatively high and the change rate is little;
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second, the population of pest is small, but the change rate is
high. A crucial issue illustrated by these two situations is that
when the pest population is large, the growth rate is small or
even negative at this time. In this case, even if the IPM
strategy is not implemented, the number of pests may not
exceed EIL. Another situation is that although the number of
pests is not large, the growth rate of the pest population is
very large. If the control strategy is not implemented in time,
it may lead to a large outbreak of pests. Next, the IPM
process needs precise checking of the pest populations, and
consequently suitable integrated control strategies can be
prepared. The pest killing rate should be a function of their
density, whereas the releasing quantity of natural enemies
should be a function of their density. Based on this, a feasible
new nonlinear state-feedback system with nonlinear ratio-
dependent AT is proposed.

The use of nonlinear pulse as state-dependent feedback
control with nonlinear ratio-dependent AT is more reasonable
and closer to reality in a biological sense, but the impulsive
model becomes very difficult because of the existence of two
population quantities in the control actions. By including the
densities of pest and its natural enemy in controlling measures,
we can develop the pest control model based on the practical
importance according to the growth direction of agriculture
and forestry. Corresponding analytical techniques and nu-
merical methods were developed, the dynamic behavior of the
system was examined, and the important role of the main
conclusions in integrated pest control was given.

To avoid the complexity, in this paper, we proposed the
simple Lotka-Volterra impulsive mathematical model. Our
aim is to reveal how nonlinear pulse control with nonlinear
ratio-dependent AT affects the whole dynamics and con-
centrate on the biological implications. The definition and
properties of Poincaré map for phase-concentrated pulse
points in varjous cases are discussed and studied. The ex-
istence, uniqueness, and global stability of boundary and
interior periodic solutions of order 1 for model (1) are
analyzed by using the definition of Poincaré map. In the
present paper, some basic techniques were used for the
qualitative analysis of nonlinear pulsed model with non-
linear ratio-depended AT, which can be widely used in the
study of feedback control systems with critical conditions,
such as the blood glucose-insulin regulation system.
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With the help of Banach’s fixed-point approach and the Leray-Schauder alternative theorem, we produced existence results for a
general class of fractional differential equations in this paper. The proposed problem is more comprehensive and applicable to
real-life situations. As an example of how our problem might be used, we have created a fractional-order COVID-19 model whose
solution is guaranteed by our results. We employed a numerical approach to solve the COVID-19 model, and the results were
compared for different fractional orders. Our numerical results for fractional orders follow the same pattern as the classical

example of order 1, indicating that our numerical scheme is accurate.

1. Introduction

In science and engineering, fractional-order operators have
lately been investigated for the modeling of dynamical
systems. There are operators based on singular kernels and
nonsingular kernels. It is tough to determine which op-
erator is the best at the moment, but researchers are
constantly analyzing various operators for new features and
uses. We have seen that in the vast majority of cases, re-
searchers must compare their findings to the traditional
results in terms of accuracy, stability, and simulations.
Atangana and Araz focused on the modeling and existence
results of the COVID-19 model [1, 2]. The area of fractional
calculus is still open for the researchers to investigate
nonlinear models for their theoretical and computational
studies with the help of [6-9].

In order to highlight the literature for the existence
results and numerical simulations and their applications, we
present some examples. Recently, Ahmad et al. [3] discussed
a fractional-order COVID-19 model for the existence,
uniqueness, and comparative analysis with the existing

integer-order model. Babakhani and Daftardar-Gejji [4]
studied a boundary value problem of fractional order for the
existence of results and presented some applications of their
results. Tuan et al. [5] gave some theoretical and compu-
tational studies of a fractional-order COVID-19 model for
the existence and numerical simulations by the help of Haar
wavelets approach. Zhang et al. [10] investigated an im-
pulsive integrodifferential equation for the existence of re-
sults and applications.

Boundary value problems (BVPs) with lower-order
fractional derivatives and either constant or linear boundary
conditions are considered in the majority of these papers.
However, there are many cases where nonlinear circum-
stances at the boundary and differential equations are
possible. For example, in case of head flow problems, there
are possibilities to have some source or sink on both sides of
the boundary (at x = 0 and x = 1) which may be nonlinear
functions and a controller at x = {;, (0 < {, <1). Okuonghae
and Omame [11] studied a nonlinear system of hybrid
fractional differential equations (FDEs) for the existence and
applications of solutions. The purpose of this paper is to
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investigate existence results for BVPs involving nonlinear
boundary conditions at both ends; that is, we study the
following class of two-point BVPs:

m
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‘P [ng“’f”uj ) =Y hi(tuf ()| =—fi(tu (D), tel=[0,1],u; (0)=0,u (1) =0, (1)

1

where the fractional orders 0<9;,<land0<w;* <1, the
functions u}: I — R, are fractional-order differentiable
functions for i=1,2,...,m, and f;:IxR, —
R,—{0tand h;: IXxR, — R, (i=1,2,...,m) satisty the
Caratheodory conditions. The fractional-order derivatives
<@%9“" are in Caputo’s sense. To the best of our
knowledge, existence, uniqueness, and stability results had
never been studied for BVP (1). Such situation may have
importance in application point of view and also in theo-
retical development and can be studied in the work of Dhage
in [12-14] and the reference therein.

K“-’i’si (S> t) =

fori=1,2,...,m.
Proof. Applying integral (I%) to problem (1), we obtain

* m
D0 = Y1 (b () = -1V (6 (0) + €y,

1

(4)

fori=1,2,...,m. By the help of u (0) = 0, we have C, =0
and hence, we obtain

DUl (0) = Y (b (8)) - I fi (6] (1), (5)
1

ul () =10 fo(tul (O)ley = 177 fi(tuf (1)

B 1
CT(9+w

= Jl Ky 9 (t:9) fi (s u; (s))ds.
0

Koo (s,t) are Green’s functions defined in (3), for

i=1,2,...,m. |

1 { (1= t<s,

(- S)wi**+9,-—1 —(t-

2. Existence Criteria

Lemma 1. For integrable functions f; and h; on I, problem
(1) has integral representation given by

1
' (f) = JOKwi)si(s, B, (s,u’ ())ds, 2)

where K, (s,t) is Green’s function given by

. (3)
S)wi +91_1, SSt,

Now, applying I%, for i = 1,2,...,m on (5), we have

W (0= Y 7 by (4l () - 17 £ (6] () + K,
1

(6)

By the wuse of initial condition u}(1)=0, for
i=1,2,...,mand (6), we have K, = o’ fitur ().
Ultimately, we have the following solution:

! +w - * 1 ! it — *
] Jo (1-s)%r Yi(sul (S))ds—m Jo (t — s)%re Yo (s ul (s))ds )

Here, we introduce a Banach’s space & ={f;(t):
fi(#) € €([0,1],R), fort € [0,1]}, with a norm
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I £l = max;c (o1, f; (), for i = 1,2,...,m. Let us a define an
operator 7 ;: €([0,1],R) — € ([0,1],R), for i=
1,2,...,m, such that
T uf (6) = 17 (6] ()l = 177 (1047 (1)
=——J—W—f(Lwﬁ”f”f@mwgmvu——iTrj%rwﬁ”f*fuﬂnma
I(%+w ™) Jo e I(9+w ™) Jo e (8)

= Jl K, o (t,8)fi(s,u; (s))ds,
o @)

where K, o (s,t) are Green’s functions defined in (3), for
i=1,2,...,m. Then, the solutions of fractional-order sys-
tem (1) are the fixed points of the operator 7; defined in (8).
Also, with the help of (3), Green’s functions K, (s t) >

for the followmg cases. For t<s, we have K (s t)

(1-s)“" *91 which s 0bV10usly positive. And for £>s, we
have K, (s,t)= (1-s)“ 71 (- "1 Since
(I1-s5)> (t—s) for all t,s € [0,1], and as per our as-
sumption o +9;>1, we have (1- §)%r Tl
(t— )@ 91 Ultlmately, Green’s functions are positive.

for all i=1,2,...,m and B;= A, (1 +Kk%<" )Ny, +p)/
IO, +w ™ +1)<1, fori=1,2,...,m. Then, the system of
fractional order (1) has a unique solution.

Proof. Let us consider sup,oxlf;(t,0)| =g <oco and
S, = {u e €([0,k], R,): lull <n;}, where max,oyA;, for
i=1,2,...,mand k>1.

For u? € oS’,,i, fori=1,2,...,m and t € [0,k], we have

|fi (87 )] =|fi (8] (©) = £:(£,0) + £;(2,0)]
<|fi(tu; ) = f: (&, 0] +|f;(t,0)]

Lemma 2. Let f; € € = €([0,1] X %, R,) be continuous Af,6.0)] (10)
functions for all i = 1,2,...,m and there exist some positive '
constants A; € R,, for uj,u; € € and t € [0,k], such that <A + g
'fi(t,ul*) —fi(t,uj)|g,1i|ul* - ; , (9) With the help of (8) and (10), for i =1,2,...,m, we
obtain
|T i ()| = b J-1 1- s)s"m"“*lf-(s u; (s))ds — b J-t (t - s)sf*wi”*lf-(s u (s))ds
o T +w ") Jo s F®+w ") Jo S
! 1- 9+w * d 1 ! 9+w d
F(9+w Jo( il )] S+F(91+w,~**)jo(t_ (s (9)]ds
A”] T Jl 9+w -1 A’1+ J4 Y+w -1
: - ds+ —"—0~ t—s)" T d
F(S I +w ) Jo S+1"(9i+a)-**) o( 9 ) (1
Aitli +

=m(l+tf i )

(1 + ke ) (Ain; + )
IO +w ™ +1)
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This implies 7,8, ¢ &,. Furthermore, we assume
u;‘,u;f € 6([0,k], R#,); tor all t € [0, k], we have

1 * %
|7 i (1) = T ()] = F(9+w) JO (1= Y f (514 (9)) - fi(s,1 (5))|ds

+ W J; (t- 5)9i+w,»** —1|f,~ (S, ul* (S)) - f(s, u; (s))|d5
| U £ (12)
<M jl (1- S)Sim"**_lds N M J~t ‘- S)9i+wi"*—1ds

TG+ ) Jo I(%+w ™) Jo

A1+ S )

s—|u*—u”7's -|u*—uf'
(9 +w ™ +1)" 7 Bilur = uj

fori=1,2,...,m. Ultimately, the operator is a contraction = Proof. However, in Lemma 2, we have studied that the

and by Banach’s fixed-point theorem, the system of frac-  operator 7, is a bounded operatorand 7§, ¢ &,.Now, in

tional order (1) has a unique solution. O order to prove the existence of solution of proble}n (1), we
move towards the equicontinuity of the ;. For this, let us

Theorem 1. Assume that the f; € €([0,k] x R,, R,), for  assume t,t, € [0,k] with ¢, >¢,, and consider

i=1,2,...,m. Then, fractional-order system (1) has a so-

lution provided that the assumptions of Lemma 2 are satisfied.

* * 1 2 9w ~ * 1 h 9w~ *
| T () = T ] (1)) =Im jo (2= )" 7 fi(s.u] ())ds BCET ) jo (1= )" fi(s u (5))ds
A~7’]- g £ Ytw ™ —1 Jtl 9w —1 )L"'I' + g 9+w** 9+w**
S’li** t, — iTW; ds — to— it w; d — ll** (t’ i _tlt>.
I'(9; +w, +1)<Jo (t:=9) ) (t1-3) : (9 +w ™ +1)\? !
(13)

This implies |7 u; (t,) — T u} (t;)] — 0 as t, — t,. we show that o ={u* € €([0,k],&,): u* =h1T,;(u*),
This implies that the operator 7; is equicontinuous. Next, for# € [0, 1]} is bounded. For this, consider

* G, 1 ! ot — * 1 t AW — *
'] = |h (t)|=hlr(‘9i+—wi**) JO(I—S)S' T f (s (s))ds—mjo (t =% 1 f (s, 0l ())ds

h ! Ao — *
<o) JO (1= " £ (s (9) = fi(5,0) + £(s 0)|ds

(14)
h ! AW — *
T ) Jo (£ =" fi(5,6 (9)) = £1(5,0) + fi(s,0)]ds

n(1+ k)] + )
L9 +w ™ +1) )

Bl +0) (1 sy P ) (g
T Jo(l—s) R J (t—s) ds<
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By the help of (14), we have

|| < AL+ )p

TS+ 1) -n(1+ S A,
fori=1,2,...,m. Hence, by (15), we have that the set &/ is
bounded. Therefore, by Leray-Schauder alternative theo-
rem, operator J; has at least one fixed point which is the
solution of fractional-order system (1). O

*

) (15)

3. Hyers—Ulam Stability

In this section, we are presenting the Hyers-Ulam stability
analysis for hybrid fractional differential equation (8).

Definition 1. Fractional integral system (8) is said to be
Hyers-Ulam stable, if there exists a constant { >0, such that
for a given ¢ >0 and for each solution u; of the inequality

* —%

U —u;

*

|

=|

1 17

for i =1,2,...,m. This further implies that
l %

1-A/
with {; = 1/1 — A, fori = 1,2,..., m. Therefore, system (8) is

Hyers-Ulam stable which implies the stability of fractional-
order system (1). O

<

up — 4 (20)

4. Application

In this section, we give a specific example of fractional-order
system (1) which is a fractional-order extension of the
COVID-19 model given in [15]:

8T, PSS,

Dy = A" - . L5,
1+mJ] 1+kJ,
9 a*§J1 " «
D,sE, = - + 07 )E,,
o &1 1+m]§ n )E;
9 /‘;*CS)JZ * *
DR, = - +067)E,, (21)
0 2 1+kf§ (1 )E,

94 * * *
Dy I =B~ (4 +87)F
95 % % *
Dy Iy = 1B~ (4 +87) T,

DER = T+ 1T, -8 R.

w =T + T - | < - T

5
li; - 7l <o 16
there exists a solution u_i*(t) of integral system (8),
() = T3 (), (17)
such that
i -] < 9. (18)

Theorem 2. Assume that f; € €([[0,k] x R,, R,), for
i=1,2,...,m. Then, fractional-order system (1) s
Hyers-Ulam stable provided that the assumptions of Lemma
2 are satisfied.

Proof. Letu; € € satisfy the inequality (16) and u € € bea
solution of BVP (1) satisfying integral system (8). By the help
of (16) and (17), consider the following norm:

+||F]iulfk - 9‘@;‘” <@+ )Lillu: -u;

; (19)

Here, 9; € (0,1], for i=1,2,...,6, (uj,u3,...,ug) =
(8,885 I, IpR), f1=N-a*STI/[1+mI>-p*
SI,N+kIE-8S, f, =" ST /1 +mI? - (y: +8)&,,
Fr= B ST kT = () 4698, fa=yi€ - () +
00T, fs=v38,— (3 +87)T,, and  fo=pl T +u;
I, -0"R.

Fractional-order model (21) has six compartments.
& (t) represents the susceptible class, &, (¢) and &, (¢)
are latent individuals, 7, () and .7, (f) are infected
individuals, and % (t) is the recovered class. The pa-
rameters include the following: A is the recruitment
rate, 1/ is the average life of the population, « is the
infection rate of strain 1, f is the infection rate of strain
2, 1/u, is the average infection period for strain I,
1/u, is the average infection period for strain 2, 1/y,
is the average latency rate for strain 1, 1/y, is the av-
erage latency rate for strain 2, m is the psychological
effect of strain 1, and k is the psychological effect of
strain 2.

The existence of solution of (21) is ensured by Theorem
1. The stability of (21) is also ensured by Theorem 2. Now, we
give the numerical scheme for the simulation of (21) as
follows. By applying the fractional-order Riemann-Liouville
integral operator for the equispace intervals of [0, k], we get
the following form:
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FiGure 3: Joint solution of (21) for order 0.98.
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FIGURE 2: Joint solution of (21) for order 0.99.

FiGure 4: Comparison of S(t) for orders 1.0,0.99, and 0.98.
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FiGgure 5: Comparison of E, (t) for orders 1.0,0.99, and 0.98.
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Figure 6: Comparison of I, (t) for orders 1.0,0.99, and 0.98.
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Figure 8: Comparison of R(t) for orders 1.0,0.99, and 0.98.
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Ficure 9: Comparison of I, (t) for orders 1.0,0.99, and 0.98.
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5. Computational Results

Here, we test the numerical scheme given in (22) for the
numerical results of fractional-order COVID-19 model
(21), considering the parametric values, and 9, =
1.0,0.99, and 0.98, for i =1,2,...,6, and the initial values
§(0)=10,%,(0)=5,8,(0)=4,7,(0)=1,7,(0) =1, and
R (0)=0.

In Figure 1, we have given the numerical solution of
COVID-19 model (21) for the order 1.0. Also, Figures 2 and
3 are the solutions for the fractional orders 0.99 and 0.98,
respectively. These graphs show that the fractional-order
solutions of model (21) are similar in behavior as to the

« S, I ST,
1+mJi 1+kJ§n

™)

<A*
(x* Os’njl ( * 8* )E
- n + R
1+ mfi & b
ﬁ* CsjnJZ,,
1+ kfi

") (yiEy — () +67)7,),

M>

(v + 8*)E2n >’

(22)

B )(v2Bs, ~ (43 +8°).75,),
k)sﬁ)(ﬂffln + ‘“;*]2” - 5*@;1)-

solution of the classical model of the order 1.0. This shows
the accuracy of our scheme given in (22).

In Figure 4, we have given a comparative study of the
susceptible class which has a decrease in the early 5 days
and later on a slight increase and then a stability is ob-
served for the orders 1.0,0.99, and 0.98. In Figure 5, we
have given a comparative study of the E, (t) for the orders
1.0,0.99, and 0.98. We have observed that the behavior of
the fractional-order results are similar to the classical
integer order and in this class, there is a slight increase
and then there is a rapid decrease up to 10 days.
This decrease is converted into the infected class, and
we observe a rapid increase in the I, (t) class and then



Complexity

there is a gradual decrease of up to 14 days as given in
Figure 6.

In Figure 7, we have given a comparative study of the
E, (t) for the orders 1.0,0.99, and 0.98. We have observed
that the behavior of the fractional-order results are similar to
the classical integer order and in this class, there is a rapid
decrease of up to 10 days. This decrease is converted into the
infected class, and we observed a rapid increase in the R(¢)
class and then there is a gradual decrease of up to 20 days as
given in Figure 8. In Figure 9, we have presented a com-
putational analysis of .7, class.

All the numerical computations are for the comparative
study of COVID-19 model (21) and we have noticed the be-
havior of the joint solution as well as the individual comparison
of the compartments for the orders 1.0,0.99, and 0.98.

6. Conclusion

In this article, we have considered a very important class of
fractional-order system of sequential differential equations
(1), for the existence and stability results based on the
classical fixed-point approach, and have observed that under
certain necessary assumptions, suggested problem (1) has a
unique solution as well as Hyers-Ulam stability. Such
problems are widely applicable in the real-world situations.
In the example section, we have given a COVID-19 model as
a particular case of system (1). The existence of solution of
(21) is ensured by Theorem 1. The Hyers-Ulam stability of
(21) is guaranteed by Theorem 2. For the numerical solution
of example (21), we obtained numerical scheme (22) and the
scheme was tested with the real data given in the literature
[15]. All the computational results ensured that the nu-
merical simulations for fractional-order system (21) are of
the same behavior as to the classical case for the order 1.
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In this work, our aim is to investigate the impact of a non-Kolmogorov predator-prey-subsidy model incorporating nonlinear prey
refuge and the effect of fear with Holling type II functional response. The model arises from the study of a biological system
involving arctic foxes (predator), lemmings (prey), and seal carcasses (subsidy). The positivity and asymptotically uniform
boundedness of the solutions of the system have been derived. Analytically, we have studied the criteria for the feasibility and
stability of different equilibrium points. In addition, we have derived sufficient conditions for the existence of local bifurcations of
codimension 1 (transcritical and Hopf bifurcation). It is also observed that there is some time lag between the time of perceiving
predator signals through vocal cues and the reduction of prey’s birth rate. So, we have analyzed the dynamical behaviour of the
delayed predator-prey-subsidy model. Numerical computations have been performed using MATLAB to validate all the analytical
findings. Numerically, it has been observed that the predator, prey, and subsidy can always exist at a nonzero subsidy input rate.
But, at a high subsidy input rate, the prey population cannot persist and the predator population has a huge growth due to the

availability of food sources.

1. Introduction

In the ecological system, the predator-prey interaction is one
of the most significant tools which is comparatively easy to
observe in the field. But fear of the predator felt by the prey
(indirect effect) also plays a vital role since its effect is
stronger than direct predation [1, 2]. The cost of fear can
reduce the reproduction rate of prey because it affects the
physiological condition of prey population. As a result, the
prey species may get a long-term loss. In support of this, it is
mentioned that, in the Greater Yellowstone Ecosystem,
wolves (Canis lupus) affect the reproductive physiology of
elk (Cervus elaphus) [3]. When the prey species recognize the
predator signal (chemical/vocal), they spend more time to
become keenly watchful to detect danger rather than in
foraging. So, the birth rate of the scared prey reduces and

adopts some survival mechanisms like starvation [1, 2]. For
examples, some birds react to the sound of predator with
antipredator defenses [1, 2] and they flee from their nests at
the first sign of danger [2]. This antipredator behaviour may
affect survival and reproduction of the birds [2]. It has been
experimentally investigated that, in the absence of direct
killing, the reproduction of the offspring of song sparrows
(Melospiza melodia) could be reduced by 40% as a result of
impact of feeling fear created by the predator [4]. So, this
reduction caused by the antipredator behaviour affects the
birth rate and survival of offspring. Thus, the cost of fear
(apart from direct predation) should be introduced in a
predator-prey interaction. Mathematical formulation of the
impact of fear on the two species prey-predator system has
been initiated by Wang et al. [5] in 2016 introducing fear
factor: f(k,y) = (1/(1 +ky)). It involves a parameter k
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denoting the level of fear to represent the antipredator
behaviour of the prey. Some research works have already
been done on the ecological system under the influence of
predation fear felt by prey species [6-17]. Moreover, the
impact of fear in a two-species predator-prey model with
prey refuge was analyzed by many researchers [11, 18, 19].

In evolutionary biology, prey refuge is a concept which
helps an organism to protect themselves from predation by
hiding in an area inaccessible to the predator, for example, in
a wolf-ungulate system, ungulates may seek refuge by mi-
grating to areas outside the core territories of wolves. Also, it
has many significant roles on the dynamics of predator-prey
interactions: prey refuge may decrease the chance of ex-
tinction of prey. Researchers have mainly used the dynamic
nature of predator-prey model with linear prey refuge (that
is, mx amounts of prey are unavailable to the predator,
where m € (0,1) is the coefficient of refuge and x is the
biomass of prey species) with Volterra response [20-22].
Recently, Mondal and Samanta have studied the dynamics of
the predator-prey system with prey refuge dependent on
both species (that is, mxy amounts of prey are free from the
predator risk, where 0 <1 —my <1, m is prey refuge coef-
ficient, x is the biomass of prey population, and y is the
biomass of predator population) in the presence of addi-
tional food (for details, see [23]). In 2020, Mondal and
Samanta [11] have also analyzed the dynamics of predator-
prey interaction having nonlinear prey refuge function
®(x,y) = (mxyl/(a+ y)) which is the amount of prey that
are free from predation, where a is half saturation constant
and y is the biomass of predator population.

Many experimental studies suspect that the introduction
of resource subsidies may disrupt otherwise stable food web
linkages [24-26]. Such concept is significant for resource
management purposes. It is learnt that reintroduced wolves
in Yellowstone Park switch to bison when their preferred
ungulate prey, namely, elk, are rare in the concerned eco-
system [27]. Mathematically, the influence of resource
subsidy on the predator-prey model has been initiated in the
work of Nevai and Van Gorder [28]. They have discussed
how different subsidy input rate may affect the prey and
predator population to persist in the ecosystem.

Generalist predator can consume more than one food
source: either multiple prey population or a combination of
prey population and resource subsidy. There are many rich
theoretical research on ecological systems involving gen-
eralist predator [29-31]. Also, there are a variety of real-life
applications for such systems [32-34]. From literature

dx

a,(1-(myl(a+y))xy
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surveys, it has been shown that generalist predator can
persist in an ecosystem even if one particular prey species is
going towards extinction [29-31].

In 2012, Nevai and Van Gorder [28] first extended the
Kolmogorov model to a non-Kolmogorov predator-prey-
subsidy model. It has been observed that the predator-prey-
subsidy model occurs in the arctic foxes (predator), lemmings
(prey), and seal carcasses (subsidy). Motivated by the works of
Das and Samanta [35], Nevai and Van Gorder [28], and Xu
et al. [36], we have analyzed the dynamical behaviour of a
mathematical model of non-Kolmogorov form that includes
the three components (predator, prey, and subsidy) with the
impacts of nonlinear prey refuge function and the fear effect felt
by the prey in the presence of the predator. To the best of our
knowledge, there does not exist any mathematical model to
explore the impact of fear effect incorporating nonlinear prey
refuge function in predator-prey-subsidy interaction.

The organization of this work is structured as follows: in
Section 2, a mathematical model has been formulated with
the influences of nonlinear prey refuge and fear effect.
Section 3 shows that the proposed model is well-behaved. In
Section 4, feasibility criteria and stability of all the equilibria
of the proposed system (in absence of delay) have been
studied. The equilibria can change their stability nature
through transcritical and Hopf bifurcation which are also
analyzed in this section. Generally, the reduction of prey’s
birth rate due to the effect of fear will not be an instanta-
neous biological process but deviated through some time lag,
so the study of time-delay 7 is very meaningful to obtain the
more realistic dynamics. So, Section 5 deals with the dy-
namic behaviour of the delayed system for two equilibrium
points E; (subsidy free) and E* (interior), respectively.
Section 6 provides the numerical computations which
support the analytical calculations. Section 7 provides a brief
conclusion about the system dynamics.

2. Model Formulation

In 2020, Mondal and Samanta [11] analyzed the dynamics of
a delayed predator-prey interaction incorporating nonlinear
prey refuge function under the influence of fear effect and
additional food. Motivated by the work of Mondal and
Samanta [11], we have first considered a predator-prey-
subsidy model with nonlinear prey refuge function where
the prey and subsidy occur in the same habitat and they are
both consumed by a single generalist predator according to
the following differential equations:

— =rx—-dx-ax - . x(0)>0,

ar T e U=yl . 0

d_w_A_d _ a;wy (0)>0 (1)
at T T v wr -yl @y T

dy  ca,(1-(myl(a+y))xy c,aswy

dt by +w+(1-(myl(a+y))x b1+w+(1—(my/(a+y)))x_

dyy, y(0)>0,
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where x is prey population, w denotes the population of the
subsidy, and y is the generalist predator which exploits both
the prey and subsidy. For example, wolves (predator)
consume both deer (prey) and salmon carcasses (subsidy)
[37].

The term (1 — (my/(a + y)))x represents the quantity of
prey available to the predator, i.e., (mxy/(a + y)) amounts
of prey are free from predation risk where (mxy/(a + y)) is
designated as nonlinear prey refuge function. Also, we have
modeled the dynamics of a generalist predator with Holling
type II [38-41] response function in the presence of non-
linear prey refuge function.

All parameters are positive (except A>0) and biologi-
cally meaningful. Parameters are described in Table 1.

Apart from direct consumption, feeling of fear among
the individuals of the prey species in presence of predator is
very common in predator-prey interaction which changes
life-history, behavioural responses, and reproduction ca-
pability of prey species. In ecology, effect of fear is a common
factor, but there does not exist any considerable attention to
introduce the impact of fear in the mathematical modeling.

Experimental studies indicate that the feeling of fear among
the individuals of the prey species in presence of predator
reduces the prey’s birth rate. So, birth rate of prey species r is
multiplied by a monotone decreasing function
fk,y) = (1/(1 +ky)), where k(>0) is a level of fear [5].
The fear function f (k, y) satisfies the following conditions:

(1) £(0, y) = 1: when there is no fear effect on the prey
species, the birth rate of the prey is not reduced

(2) f (k,0) = 1: when there is no predator, the birth rate
of the prey species is not reduced in the presence of
fear effect

(3) (0f (k, y)/0k) <0: when fear effect increases, the
birth rate of the prey reduces

(4) (0f (k, y)/0y) <0: when predator species increases,
prey population reduces

Our main focus is to analyze the dynamic nature of the
predator-prey-subsidy model with the influence of nonlinear
prey refuge and fear effect. So, system (1) can be modified in
the following aspects:

a,(1—(myl(a+y)xy

by +w+(1-(myl(a+ y)))x’

(2)

p— — —_— 2_
it Txky DX
dw aswy
T A- — ,
dt = v (L= (myl (@t )

dy  cia,(1-(myl(a+y))xy

Gazwy

with initial conditions:
x(0)>0,
w(0)>0, (3)
y(0)>0.

Throughout the analysis of this work, we have taken
¢, > ¢, which is biologically meaningful.

t

d, —a;x(0) -

dt by +w+(1-(my/(a+y))x b +w+(1-(my/(a+y))x

dsy,

3. Positivity and Uniform Boundedness

Theorem 1. Every solution of system (2) with (3) uniquely
exists and is positive for all t>0.

Proof. Solution (x (t), w(t), y (t)) of (2) with (3) exists and is
unique on [0, £), where (0<&< +00) [42].
From (2) with (3),

a, (1 - (my(6)/(a +y(0))))y(6)

x(t) = x(O)eXP[JO{#y(O) B

c,a, (1 - (my(6)/(a + y(6))))x(6)

do ,
by +w () +(1—-(my(0)(a +y(9))))x(0)} ] >0

c,a;w(0)

y(®) = y(o)e"p“o{bl T w(8) + (1= (my (@) (a+ y(@))x@) b, +w® + 1= (my @) (a+y@))x©® d3}d9] >0

(4)
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4
TaBLE 1: Description of biologically meaningful parameters.

Parameters Descriptions

r Birth rate of the prey

d, Natural death rate of the prey

d, The subsidy decay rate

a, Mortality rate due to intraspecific competition among the individuals of the prey population
a, Consumption rate of the predator

as Maximum rate at which the predator consumes the subsidy

b, Handling time assumed to be uniform over all food sources

I Conversion rate of the energy that the predator obtains from the target prey
) Conversion rate of the energy that the predator obtains from the subsidy
A Subsidy input rate

m Coeflicient of prey refuge (m € (0, 1))

d, Mortality rate of the predator

a Half saturation constant for refuge function

Now, we claim that w(¢) >0 for all £ € [0, ). If it does

not hold then there exists ¢, € [0,§) such that w(t,) =0,
w(t) <0, and w(t) >0 on [0,t;). From the second equation

of (2),
” oI o)
w(t;) = w(0)ex —I d, + 3 d(e
() =w(® P[ ; ( h rw®+ (- my @@+ @) "
(5)
t, u a y(e) )
o Alex J d, + > d(6) ) |du>o,
Jo [ P( ( 2 b ¥ w(0) + (1= (my(0)/ (a+ y(0))x ()
a contradiction with w(t;) = 0. So, w(t) > 0,Vt € [0, &). Theorem 2. All solutions of system (2) which start in Ri are
Hence, solutions of (2) stay positive for all £>0. O  asymptotically uniformly bounded.
Proof. Case 1: if r >d,, from the first equation of (2),
dx rx 5
Eﬁm - dlx —a1x
<rx—d;x—ax’ [since =< rx]
1+ky
(6)

. r—d .
S limsup x () < L sincer> d,.
t—+00 a;

Let us take P = x + w + (y/c,).
Differentiating both sides with respect to ¢, we obtain
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dP dx dw 1 dy

a drdr e dt

rx 2 a;wy(a+y)
= —d,x - A-d,w-
1+ky X o ax 2w by+w)(a+y)+(a+(1-m)y)x
. (caler)aswy(a+y) _dyy
(by+w)(a+y)+(@a+(1-my)x ¢
—dx—a X+ A-dyw—dy? — aswy(aty) 1-2
STET X ax 2w e, (by+w)(a+y) +(a+(1-m)y)x o8
y (7)
<2(r-d)x-ax*+A—(r-d)x - dw - d3c— [sincec, > ¢, ]
1
r—d;\ (r—d )2
:—al(x— 1) + ! +A—{(r—d1)x+d2w+d3l}
a; a, S
—d.)?
Su+A—<|(r—d1)x+d2w+d3l},
a ¢
dP (r-d,)
ES% +A- {(T’ - dl)x + dzw + d3%}
dp (r-d,)’
il A VA 9
Let 3 H1Ps . + A 9)
n=min{r -d,,d,,d;}, whenr>d,. (8)
Using the Gronwall inequality, we obtain
Then,
r—d,)/a,) + A
0<P<x<t>,w(t),y(t)>s(( ) fa) (1-€)+e P (x(0),w(0), y(0)),
(10)
((r - dl)z/al) +A
SO0<P(x(H),w(t),y(t) < . , ast — oo.
Thus, all solutions of system (2) enter into the region:
- r—d,)/a,) + A
Q= {(x,w,y) eR’:0<x(t)<” d1;0<P(x(t),w(t),y(t))s(( ) } (11)
a, n
Case 2:if r < d,, from the first equation of (2) we obtain Now, from the second and third equations of (2), we
lim, , x(t)=0. have
d£+l dy CA-duw+ (ci/ey)a, (1 = (myl(a+y))xy d31. (12)
dt ¢, dt

by+w+(1-(myl(a+y))x c,

For large t,



dw

1
dw Tdy_,_ dyw - dl ~lim x()=0[.  (13)
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4.1.2. Axial Equilibrium Points

dt ¢, dt (i) Subsidy only: E, (0, (A/d,),0)
Let (ii) Prey only: E, ((r —d;)/a;,0,0) exists if r>d, and
A=0
n' = min{d,, d,}. (14)
Then, 4.1.3. Planer Equilibrium Points
d ¥ , ¥ (i) Subsidy free: E;(x,0,y) exists if A =0, ¥>0, and
a\wr ) tn|lwt o <A (15) ¥ >0 where X and ¥ can be obtained by solving the
equations:
Using Gronwall inequality, we obtain - 4 a,(1-(myl(a+y)y _
0 _ N 7(0) T+ky YTy Q= (myla+y)x
cw(+ 22 ( e we ( (0) + ) 1
€ ’7 )
aa(L-(mylla+y)x
by +(1- T
.'.0<w(t)+y()sé, ast — 00. 1+ (L= (my/(a+y))x
G 7 (17)
(16)
and we get
Hence, the theorem. | _
_ al{dsb, - X(c,a, — d;)}
— , m#l, (18)
e . . . . (1 -m)(c,a, —d;)x — dsb,
4. Equilibrium Points and Stability Analysis
o where X is a positive root of the equation:
4.1. Equilibria
Byx* + B,x” + B,x* + B;x + B, = 0. (19)
4.1.1. Trivial Equilibrium Point. Extinction: E; (0,0, 0).
Here,
By =a, (1-m)(1 -m—ak)(c,a, - d;)’,
B, = a;b,d; (1 —m)(ak — 1)(c,a, — d;) — ayb,d; (1 — m — ak) (c,a, — d3) +d, (1 = m) (1 - m — ak) (c,a, — d;)°
—r(1-m)*(c,a, — d5)’,
B, = byd,d; (1 —m) (ak — 1) (c,a, — d3) — a,b>d (ak — 1) = byd,d5 (1 = m — ak) (c,a, — ds)
p (20)

-2 (1-m-ak)(c,a, -
G

By = -bidar + b d3 (1-m—ak)(c,a, - bidy
a
3
B, b bid; (ak - 1),

S

and ¥ = (a{dsb, =X (c1a, - d3)}/ (1 —m) (¢,
—dy)X—d;d)) exists if (1-m)(cia,—
d;)x <dsb, < (¢ya, — d;)X and ¢ a, > d,.
(ii) Prey free: E,(0,w = (d;b,/(c,a; —d3)), ¥y = ((A-
d,w) (b, + W)/ay)) exists if c,a; >d, and y>0.

dy)’ + 2b,dyr (1 -m) (c,a, —

)_—3( k—1)(c,a, —ds)

ds),

~bld,d; (ak 1),

(iii) Predator free: E;((r —
r>d,.

dy)la,, (Ald,),0) exists if

4.1.4. Interior (Coexistence) Equilibrium Point. Solving the
following system of equations,
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,
1+ky

A-dw-

cia,(1 - (myl(a+ y))x

-d, —ax

b1+w+(l—(my/(a+y)))x+b1+w+(1—(my/(a+y)))x_

we can obtain E* (x*,w*, y*) using the software MATH-
EMATICA with the following existence conditions:

(1) dy <min{c,a,,c,a;}

(2) 0<w* <min{(A/d,),d;b,/ (c,a;5 — d3)}

(3) r>d; +ax* + ({b,d; - (c,a5 — dy)w*} (A -
d,w*)lasx*w* (c,a, — d;)) (otherwise, predator pop-
ulation goes into extinction)

4.2. Stability Analysis. Now, we will study the stability
conditions of all equilibria for the proposed system (2).
The Jacobian matrix J(0,0,0) at E; (0,0, 0) is given by

r—-d;, 0 0
J,(0,0,00=| 0 -d, o | (22)
0 0 -d,

The eigenvalues of J;(0,0,0) are r — d;, —d, (<0), and
—d; (< 0). Then. we have stated the following theorem.

Theorem 3. Trivial equilibrium point E,(0,0,0) is locally
asymptotically stable (LAS) if r <d, and unstable if r>d,.

The Jacobian matrix J, (0, (A/d,),0) at E, (0, (A/d,),0)
is as follows:

rr—d, 0 0 ]
A 0 - __a3(Ald,)
]1<o,d—,o>= 2 b+ (Ad) | (23)
2
_ c205 (Ald,)
|00 b, +(Ald,) ]

-r+d;, 0

r—d,
]2< a ,0,0)— 0 —d,
0 0

;ldl (_rk_my

7
__a(-(mylla+y)y _
by +w+(1-(myl(a+y))x ’
aswy
= 0)
b+ w+(1-(myl(a+))x (21)
CrA3W
293 d3 — 0’
We see that
r—d,
_d2( <0)) (24)
—d.+ c,a5 (Ald,)

> b+ (Aldy)

are the eigenvalues of the matrix J, (0, (A/d,),0). Thus, we
have the following theorem.

Theorem 4. Axial equilibrium point (subsidy only)
E, (0, (A/d,),0) is locally asymptotically stable if r <d, and
(ca5(A/d,)/by + (A/d,)) <d; and unstable if either
{r>d,, (c,a3(A/d,)/by + (A/dy)) <ds}  or {r<d, (c,a4
(A/dy)/by + (A/dy))>dsy  or  {r>d,, (ca5(A/d,)/b,+
(A/d,)) > d,}.

The  Jacobian  matrix
E,((r-d,)/a,,0,0) is given by

J,((r—d))/a;,0,0) at

0 ) (25)

B +c1a2((r—d1)/a1)
By ((r-dyiay)




The eigenvalues of J, ((r — d,)/a;,0,0) are —r + d, ( < 0),
-d, (<0) or —d;+ (cia,((r—dy)la)lby + ((r —dy)lay)).
Thus. we have stated the following theorem.

c1a, ((r —dy)lay)
by +((r—dy)/a,)

If r>d,+a,(bds/(c,a,—d3)) with cia,>d;, then
E,((r-d,)/a,,0,0) is unstable.

The Jacobian matrix J;(x,0,%) at E;(x,0,%) is as
follows:

ay(a+(1- m)?)2

<d3:>0<r<d1+a1(

b“:}{—a1+ — —
{by(a+7) +[a+ (- m)y|x}

_ axyla+(1-m)yl(a+7y)
(b, (a+7) +la+(1-mylx}”

12

ayla+2(1-m)y]

Complexity

Theorem 5. Axial equilibrium point (prey only) E,((r —

d,)/a,,0,0) is locally asymptotically stable if

€14, —aj

bid, ) with¢,a, > d;. (26)

b, b, b
J3(%,0,7) =| by by by | (27)
by, by, b

where

|

(1+k9)° bi(a+P) +la+(1-m7ylx

b, = E{ rk

by =0,

asy
b,, = -d, — 3 )
2 2 b+ (1-(myl(a+9)x
bza =0,

cayla+(1-m)y]

a,yla+(1-m)y] [bl +(1 —m)}] }
(b(a+7) +[a+(1 - mylx}

(28)

ca,la+(1- m)?]zf

b =7 - ,
. y{bl(a+7)+[a+(l—m)7]% {bl(a+7)+[a+(1—m)7]x}2}

be = a3y (a+7y)

?bi(a+y) Hla+ (1-m)yIE

b = 7 ca, (1 -m)x _claz[a+(1—m)7]i[bl+(1—m)f]
3= by (a+y) +la+(1-m)ylx b, (a+7y) +[a+(1 - mylx}

The characteristic equation corresponding to J5 (X,0,)
is expressed as

1>+ B\ + B+ B, =0, (29)
where B, =—(b; + by, + b33), B, = by,bs5 + b,1bs3 —
bisbs; +by1byy, and By = —by, (bybs; — by3by).

Theorem 6. Subsidy-free equilibrium point E;(X,0,) is
locally asymptotically stable if by, <0, by; <0, and b5 <0.

The Jacobian matrix J,(0,@,y) corresponding to
E,(0,@,y) is given by

€11 €12 €3
]4(0,{1};5/) =€ € Co3 s (30)

C31 €33 C33

where



Complexity

S ro _az[a+(1—m))7])7
"Tirky Y (b r@)@+ )]
=0,
3 =0,

_as(1-m)(a+ )0y
b )@ )

g WY@ty

2 > (b +w)(a+y)

oo a;w(a+2y) a;yw(a +y) (b, + @)
23 —

(b +w)(@a+y) (b, +D)(@+7)]

_ayla+ (1 -m)y]

The characteristic equation corresponding to J, (0, w, )
is expressed as

VM +C A +CA+Cy=0, (32)
where
C, = (e +en),
C, = —Cy3C3 + €11Cans (33)

C3 = +¢4165363,

Theorem 7. Prey-free equilibrium point E, (0, W, y) is locally
asymptotically stable if c;; <0 and c,; <0.

The Jacobian matrix J;((r —d;)/a,, (A/d,),0) corre-

T b ) (aty) sponding to Es ((r —d,)/a,, (Ald,),0) is given by
L aep@rd) | cabp@rs)  cagb o hu dhz diy
32— ~ -~ Y — - — — > —
(br+@)(@a+3) (b +@)(@a+P]" [(by+D)(@+P)] ]5<r 1)d)0) —|dy dy dys |, (34)
a, 2
B c,a; Wy a0y (a+7y) (b + D) _ de de d
= (b1 + 17)) (a+7) [(b1 + ﬁ;) (a+ j;)]z 31 @32 U3z
(31) where
dy, =-r+d,,
dy, =0,
r—d
dy = Ll —rk - ,
BT " b, + (A/dy) + ((r—d,)la;)
dy =0,
35
dy = —d,, (35)
g = a; (Ald,)
2 b+ (Aldy) + ((r—dy)lay)
dy =ds =0,
dor = 10, ((r —dy)/a,) N c,a5 (Ald,) _d
¥ b+ (Aldy) + ((r—dy)/ay) by +(Aldy) +((r—dy)lay)
The characteristic equation corresponding to
Js((r —d,)la,, (Ald,),0) is expressed as Dy = —(dy; +dy, +dy3),
MV +DA + DA+ D, =0, (36) D, = dyydy; +dy dss +dyydps (37)

where

D; = —d, dyds;.
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Theorem 8. Predator free equilibrium point Es((r —d,)/
a,, (A/d,),0) is locally asymptotically stable if

cia,((r—dy)la,) . c,a5 (Ald,)
by +(Aldy) + ((r—dy)lay) by +(Aldy) +((r —d,)/a;)

—(cyas —dy) (A
<d3$0<r<dl+al<[bld3 (c2; = d3)( /dZ)}, (38)

ca, —d;

ided  d, <min| b and  0< (A/dy) < (byd e e
rovide <min{c,a,,c,a an < < e s
I/)(C2a3_d3))3 pee ’ o ] (x W )y )= a21 a22 a23 > (39)
as; Gz As;
The Jacobian matrix J*(x*,w", y*) corresponding to

E* (x*,w*, y*) is as follows: where

a,(a+(1- m)y*)zy*
[(by +w")(a+y") +(a+(1- my )x' "]

®
a =X [—al +

ay(a+(1-m)y")(a+y")x"y"

M2 by w Y (a+ y )+ (@t (- my x|

_[ rkx" a,(a+2(1-m)y")x" +a2(a+(1—m)y*)x*y*(b1+w*+(l—m)x*):|
Pl (akyty prw)(aty) (@t (L-my ) (b +w')(aty) +(a+ (1- m)y )]
b as(a+y)(a+(1-m)y"  w'y"
Lo rw) (atyT) +(a+ (1 - m)y" )]
G = —d. — a(a+y’)y + a3(a+y*)2w*y*
2 P rw)(aty) (ar(1-myT)x” (b, +w*)(a+y")+(a+(1-m)y)x"]”
= as(a+2y" w' s as(a+y")(by +w" + (1 -m)x")
2 (btw)(aty) +(a+(1-my)x (b, +w)(a+y")+(a+(1-m)y)x"]”
C cm@rOomy)y  qm@r(-my )y
Tl rw) @y (arQ-my)xT (b w') (@t ')+ (a+ (1= m)y)x'T

B Gasw'y" (a+y")(a+(1-m)y")

(b, +w™)(a+y") +(a+(1 - my )x]”

g o am(@at(A-my)x"y (aty’) ¢ (a+y")y"
- [(b1+w*)(a+y*)+(a+(1_m)y*)x*]2 by+w)(a+y )+(@a+(1-m)y )x"

B c2a3w*y*(a+y*)2

(b, +w™)(a+y")+(a+(1 - my )x]”
e = ca, (1 =m)x"y" + c,a;w" y* e (@+ (A -my")x"y" +azw’y” (a+y7)] (b +w’ + (1 -m)x")
P +w)(a+y ) +(a+(1-m)y)x® [(by +w*)(a+y*) +(a+(1-my)x"] '
(40)
V+AN +AL+A, =0, (41)

The characteristic —equation corresponding to
J* (x*,w*, y*) is expressed as where
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Ay = —~(ay, +ay +as),

Ay = 05033 — 05303, + A11033 — Ay303; + Ay Ay, — Ay,

11

(42)

As = _[‘111 (%2“33 - 0235‘32) tap (“23“31 - a21a33) tag (a21a32 - a22a31)].

Theorem 9. The coexistence equilibrium E* (x*,w*, y*) is
locally asymptotically stable if A, >0, A; >0, and A A, > A;,
where A,, A,, and A, are stated in (41).

4.3. Local Bifurcations of Codimension 1

4.3.1. Transcritical Bifurcation

Theorem 10. System (2) undergoes a transcritical bifurca-
tion around E, (0, (A/d,),0) if d'=r  and

Proof. We apply Sotomayor’s theorem [43] to prove the
occurrence of a transcritical bifurcation around E, with d, as
bifurcation parameter. For applicability of Sotomayor’s
theorem, exactly one of the eigenvalues of the Jacobian
matrix at E; must be zero and other eigenvalues must have
negative real parts. So, we need to fulfill the condition
(cya5 (Ald,)! (b, + (Ald,))) < d;.

The eigenvectors of J(E,) = [vij] and (](El))T corre-
sponding to the zero eigenvalue of E, (0, (A/d,),0) are
obtained as V = (vl,vz,v3)T and W = (1,0,0)7, respec-
tively, where v; =1, v, =v3=0, v;;, =0, v, =0, v;3 =0,

(Cz.a? (A/o.iz)/(bll+ (A/d,))) <dsy (ITC] stands for tran- v, =0, vy, = —d,, vys =0, vy =0, vy, =0,
scritical bifurcation). vy = —ds + (a5 (Ald,y)/ (by + (Ald,))).
Compute A, A,, and A; as follows:
or,
od,
-x
A oF
A=W Fy0,550:d ) =(1,0,0)- | =2 | =(1,0,0)-| 0 | =0, (43)
N\ d, od,
0 /g
OF,
od, /g,
where F = (F,F,,F;)" and F,, F,, and F, are given by
1-
F - rx Cdx—a - a,(1—(myl(a+y))xy )
1+ky by +w+(1-(myl/(a+y)))x
aswy
Fy=A-dw- > ,
2 2% by +w+(1-(myl(a+y))x
_ c1a, (1 =(myl/(a+y))xy . C,a;wy 4
3 by+w+(1-(myl(a+y)x b +w+(1-(my/(a+y))x 30>
[ 0°F, 0°F, 0°F, ]
0x 0d, ow od, dy dd,
1
A 2 2 2
A, =W .| DF,(0,=0;d"™ v | =(1,0,0)- OF, OF OJF 0
"\ d, 0x 0d, ow od, 0y dd,
0
*F, O0’F, O°F,
L0x 9d, ow od, dy od, I
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-100 1
=(1,0,00-] 0 00 0 |=-1+#0,
0 00, \0
OF, = OF,  OF,
—_—V —-—V —-—V
ox ' ow > 9y’
Y1
A OF, OF, OF
A=W [D2F<o,d—,0;d{TC])(V,V)] =(1,0,0)-D| =2v, + =2, +a—y2v3 v,
2
V3
OF; = OF; = OF,
e —-—V -V
ox ' ow’ oy’ E, (44)
o*F, , 0*F, , 0°F, , _ 0°F, ’F, 0*F,
PP R TP M WAL M HEACIEF WIF MELC
’F, , 0°F, , 0°F, , _ O°F, °F, °F,
=(1,0,0)- 321 T g2 3y Vi + Zax 3012 +Zax 3,173 +Zaw ayv2v3
*F, , 0°F, , 0°F,, _ 0°F, ’F, °F,
+2 +2 +2
ax2 1 qur 2 0y? BT ow T T ox ayvl > Tow 8yv2v3 E,
=—2a,#0.

Therefore, by Sotomayor’s theorem [43], szstem (2)
under itical bifurcati dy =d"™

goes a transcritical bifurcation at d, =d; ' around
the axial equilibrium point E,. |

Theorem 11. System (2) exhibits a transcritical bifurcation
around E, ((r —d,)/a;,0,0) if

TC] _ ¢1a, ((r —dy)lay)

i’ = .
’ by +((r—dy)la,)

(45)

bifurcation parameter. For applicability of Sotomayor’s
theorem, exactly one of the eigenvalues of the Jacobian
matrix at E, must be zero and other eigenvalues must have
negative real parts.

The eigenvectors of J(E,) = [tij] and (](Ez))T corre-
sponding to the zero eigenvalue of E, ((r —d,)/a;,0,0) are
obtained as V = (v|,v,,v;)7 and W = (0,0,1)7, respec-
tively, where vy = (Vay))[-rk - (a,/ (b, + ((r—

d)la)N1<0, v,=0, wvy=1, t,;=-r+d,, t,=0,
ty3 = ((r- dl)/a1) [-rk - (az/ (b1 + ((r- d1)/a1)))]: ty =
Proof. Let us apply Sotomayor’s theorem [43] to prove the 0>tz = =dy, £33 =0, 15, = 0, £3, = 0, £33 = 0.
occurrence of a transcritical bifurcation around E, with d; as Compute A, A,, and A; as follows:
OF,
0d;
0
-d OF
A =W F (52 0,00d ) = 0,0,1)- | 22 | =0,01)-] 0 | =0, (46)
N\ a od,
—V /E,
OF,
ods /g,

where F = (F,,F,,F;)" and F,, F,, and F, are given by
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13
F, - rx Cdx—a - a,(1—(myl(a+ y)))xy )
1+ky by +w+(1-(myl(a+y))x
aswy
F,=A-dw- 2 ,
? T v w (1= (myl(a + y)x
_ ca, (1 —(myl(a+ y))xy . C,a;wy 4
T rw+(1-(myl(a+y)x b +w+(1-(myl(a+y))x 3D
[ O’F, 0°F, O°F, ]
0x 0d; Ow 0d; 0y 0d,
V1
- 2 2 2
A, =W |DE, r dl)o,o;dgTC] vi]=0,01)- 0°F, 0°F, O°F, A,
N\ a 0x 0d; ow od; 0y od
3 3 0y 0d;
V3
o’F, 0O°F, O°F,
L0x 0d; Ow 9d; ow 0d; Ip,
00 0 v
=(0,0,1)-{0 0 O | vy | =-v3=-1%£0,
00 -1l V3 (47)
aFlv +8F1V +8F1
ox ' ow * dy "3
V1
r—d OF OF OF
A =WT. [DZF( . l,o,o;dgTC]>(V,V)] =(0,0,1)-D a_xzvl +a—w2v2 +a—y2v3 | v
€]
ox ' ow * 9y’ E,
aZFlvz +82Flv2 +82Flv2 +2 O, ViV, +2 aZFl Vivs +2 o VoV
ox2 ' owr? 09y? * Toxow'? “oxady '’ Towoay
0°F, , 0°F, , O°F O°F 0°F 0°F
=(0,0,1)- axzzvf + awzzvg + ay;vg Zax aiuvlvz + zﬁﬁ% + ZWVZ%
o*F, , 0*F,, 0°F,, _ 0°F, o’F, o’F,
o w2 o o Pax ay 1 P aw 0y
2a,b,¢c, (v; — (mla))
= 2 5&0
(by +((r - dy)/a,))

.Tl?erefore, bx .Soton.qayor’s. theorem [4[?T>]C,] system (2) g T @ [a+(1-m)y]y
exh1b1ts a 'tra%lscrmc?il bifurcation at d; = d3 ~ around the 1 1+ky (b +3)@+9)
axial equilibrium point E,. O (48)

c,a;Wy c,a;wy(a+ ) (b + )

Theorem 12. System (2) undergoes a transcritical bifurca- bt (ats — —
tion around E,(0,, y) if (by+w)(a+y)  [(b, +©)(a+7P)]
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Theorem 13. System (2) undergoes a transcritical bifurca-
tion around E; ((r —d,)/a,, (A/d,),0) if

€43 (A/dZ) (49)

14
Proof. Proof is the same as in Theorem 10. O
40 _ 14, ((r—d,)/a,)
;o=
Proof. Proof is the same as in Theorem 11. O

4.3.2. Hopf Bifurcation around E*(x*,w*,y*). Let us
consider k as a bifurcation parameter of system (2) where the
characteristic equation at E* is

A+ A (A + Ay (k)L + A, (k) = 0. (50)

Then, Hopf bifurcation theorem is stated as follows.

Theorem 14 (Hopf bifurcation theorem [44]). If A, (k),
A, (k), and A, (k) are the smooth functions of k in N, (k1)
(e>0), kMl e R for which the characteristic equation (50)
has the following:

(i) A pair of imaginary eigenvalues A = q, (k) + iq, (k)
with q, (k) and q, (k) € R so that they become purely
complex at k = k" and (dq,/dk)|_xm #0

(ii) The other eigenvalue is negative at k = k'"'); then, a
Hopf bifurcation appears around E* at k = k!t

by + (Aldy) + ((r —dy)lay) by + (Aldy) + ((r —dy)la,)

Theorem 15. If E*(x*,w", y*) is locally asymptotically
stable, then a Hopf bifurcation is exhibited around
E* (x*,w*, y*) when k passes through its critical value k'™
provided A, (K >0, Ay (kM1 > 0, and
Ay (KENA, (KH)y = Ay (KHEY (kM) is a positive root of
equation A, (k)A, (k) — A5 (k) =0).

Proof. Atk = k!, we can write equation (50) as
(P +A)(A+A)=0. (51)

The roots of equation (51) are A, = i+/A,, A, = =i /A,,
and A, = —A,. Also A, A,, and A; are the smooth functions
of k. So, the roots of equation (59) have the form
A = py (k) +ip, (k), A, = py(k)—ip,(k), and A3 = p;(k)
where p; (k) are real functions of k in an open neighborhood
of k!l for i=1,2,3. Next, we verify the transversality
condition:

d
3 (Redi (K))lcyomn #0, i =1,2. (52)

Putting A (k) = p, (k) +ip, (k) in (59), we get

p1 (k) +ip, (k) + A, (k)p, (k) +ip, (k)* + A, (k) (p, (k) +ip, (k) + A, (k) = 0. (53)

Differentiating both sides with respect to k, we have

3(py (k) +ipy (k) (P (k) +ip, (K)) + 2A, (k) (py (k) +ipy (K)) (P (K) +ip, (K))
+ A (k) (p, (k) +ip, () + Ay (p, (k) +ip, (K)) + A, (k) (p, (k) +ip, (K)) + A, (k) = 0.

Comparing real and imaginary parts from both sides, we
obtain

X, = 3(1’% - Pg) +2A,p) + Ay,
X, =6ppy +2A,p,,

X3 = AI(P% - P;) +A,p, + A, ?EAI(P% - P%) + A, py+ A Ay + AA,,

(54)
Xipy - Xopr + X5 =0, (55)
Xop+ Xypy + X, =0, (56)
where
(57)

[since A, #+ A A, inadeleted neighbour hood of K ],
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and X, = 2A,p,p, + A, p,.
Multiplying (55) by X, and (56) by X, and then adding,
we get
. . X, X5+ X, X
(XT+X5)p) + X, X3 + X, X, = 0= p, = {W}
(58)
At k = kA,

Case 1: p, =0, p,=+A, Then, X;=-24,),
X, =2A\/A,, X;#AA,, and X, =A,\/A,.
S X X+ XX, #0,
Case 2: p; =0, p,=-+/A,. Then, X, =-24A,,
X, = 2A,\A, Xi#AA, and X, =-A,/A,
2 X Xy + X, X, #0.

Also, Ay = —A, (kP <0.

Hence, this theorem is proved by virtue of Theorem
14. O

4.3.3. Hopf Bifurcation around E; (X,0,¥). Let us consider k
as a bifurcation parameter of system (2) where the char-
acteristic equation of E; is

1>+ B, (k)A* + B, (k)A + B, (k) = 0, (59)

and then Hopf bifurcation theorem is stated as follows.

Theorem 16 (Hopf bifurcation theorem [44]). If B, (k),
B, (k), and B, (k) are the smooth functions of k in N, (k*),
(¢>0), k* € R for which the characteristic equation (59) has
the following:

15

(i) A pair of imaginary eigenvalues A = p; (k) + ip, (k)
with p, (k) and p, (k) € R so that they become purely
imaginary at k = k* and (dp,/dk)|_s- #0

(ii) The other eigenvalue is negative at k = k*; then a Hopf
bifurcation occurs around E; (X,0,) at k = k*

Theorem 17. If E;(X,0,%) is locally asymptotically stable,
then a Hopf bifurcation appears around subsidy-free equi-
librium E5 (X, 0,y) when k passes through its critical value k*
provided B, (k*) >0, B;(k*)>0, and
B, (k*)B, (k*) = By (k*) (k* is a positive root of equation
B, (k)B, (k) — B, (k) = 0).

Proof. Proof is the same as in Theorem 15. O

5. Delayed Dynamical System

In biological point of view, many processes, both natural and
man-made, include time-delay. The study of delay factor
makes our system much more realistic than non-delayed
system. Also, a delay differential equation reveals much
more complicated dynamics than an ordinary differential
equation (for details, see [10-13, 23, 45-49]).

In reality, after sensing the vocal cue, individuals of prey
species take some time for assessing the predation risk. So,
the effect of fear (felt by prey) of predator does not respond
spontaneously on the birth rate of prey population; some
time lag must be needed. In view of this fact, the predator-
prey-subsidy interactions (2) can be modified as follows:

dx o o a1 -(mylaty))xy
dt 1+ky(t-1) ' ! by +w+(1-(myl(a+y)x
W - as0) (60)
dt b +w+ (1 - (myl(a+ y)x
d_y _ a9 (1-(myl(a+y))xy . Ca;wy 4
dt b+w+(1-(myl(a+y))x b, +w+(1—-(my/l(a+y)))x 4
The initial conditions are assumed as (i = 1,2, 3)
v (¢)>0,¢ € [-7,0], wherex(¢) =y, (¢), w(¢) =v,(), y($) = v;(¢), (602)
For biological feasibility: y, (0) >0, v, (0) >0, y5 (0) > 0.
Let us linearize (60) using the following transformations: It leads to
X=x-% C;—U =BU(t)+BU(t 1), (62)
W=w-0, (61) t
Y=y-73 where U = [X,W,Y]%,
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a,yla+(1-m)y] [bl +(1 - m)f]

b, (a+7)+[a+(1- mylx) } (63)

ca,fa+(1- m)?]zi

_aapla+(1- m)y|x[b; + (1 - m)X]

bi(a+y) +la+1-m7yx (b (a+7)+[a+(1- m7ylx} }

2

(b (a+7)+[a+(1 - m7Fx}

If T#0, E; of system (60) is LAS provided equation (64)
has no purely imaginary roots and it is also LAS for 7 = 0.
Further, it has been shown that stability nature of E,
switches at 7 = 7' Already, it has been derived that E; is
LAS provided B, >0, B; >0, and B,B, > B; for 7 = 0 (non-
delayed system). Let us discuss if the real part of the roots of
equation (64) gradually increases to reach zero and even-
tually turns to a positive value when 7 increases.

16
(b)) by, by
Bll =| by b22 b23 >
Lbyy by, bss
[0 0 by,
B,=l0o0 0 |
LO O O
_ _\2
b“:x{—a1+ az{(a"'(l m)y) __2})
{by(a+7p) +[a+(1- m)y]x}
_ayxyla+(1-m)yl(a+y)
2= — —
(by(a+7)+[a+(1 - myx}
T ayla+2(1-m)y]
P bi@ty) +la+ (1 -myylx
b21 = 0,
asy
b,, =-d, - 3 ,
2 b+ (1-(myl(a+9)x
by; =0,
L= )%
by, :7{ cayla+(1-m)y] B
be = ca3y(a+7y)
27 b(a+y)+la+(1-mylx
e = €0, (1 —m)x
=Y b(a+7) +la+(1-my|x
n o rkx
BT+ k)Y
The characteristic equation corresponding to (62) is
N+ L A%+ LA+ Ly + (M A+ M,)e " =0, (64)
where
Ly = ~(by, + by, +b33),
Ly = byybss + by by; — bysbsy +by1byy,
Ly = _[bubzzbss - bi3b22b31]: (65)

M, = _b;’3b31’
M, = bil3b31b22-

Substituting A = g, +iq, in equation (64), we have
i . 1\3 i . 2 ! .
(a1 +igy)” + Ly (q1 +iqy)" + Ly (q1 +iqs) + Ly

+ (M, (g +igs) + M,)e ™ (cos (gy7) i sin (g37)) = .
(66)
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Equating respective real and complex parts from both
sides, we obtain
‘11 3‘11‘12 +L (‘1 ‘b ) + Loy + Ly + M qre” U cos (q7) + Mye o cos (a:7) + M g5e” o sin (9:7) =0, (67)
3474} - 45 +2L,q(a) + La; + Myqse” ™ cos(qj7) - Myqle” ™ sin (qj7) - Mye T sin(gjr) =0.  (68)

Now, let us examine whether equation (64) has purely
imaginary roots or not. For this purpose, let us take g, = 0.
Then, equations (67) and (68) become

M, q}sin(q37) + M, cos (q37) = Lyq, — Ls, (69)

M,g;c0(qy7) = My sin(q37) = q; Loy (70)

L(B) = B> +(L} - 2L,)p* +(L3 - 2L, L, -

This is a cubic equation of . It is noticed that
L(00) = 00. So, equation (72) has exactly one positive real
root if L(0) <0, i.e., if L2 < M3.

PAM=P(A1,1y..
+ [pl(m)ln—l

T )5/1"+p1(0)/\"71

4 p A+ p e

where 1;,>0(i=1,2,...,m) and pj(-i)(i =0,1,...,m;j=
1,2,...,n) are constants. As (T}, T,, ..., T,,) vary, the sum of
the orders of zero of P(A) in the open half plane can change
only if a zero appears on or crosses the imaginary axis.

Now, let us discuss the existence of Hopf bifurcation
around E; with 7 as a bifurcation parameter.

)+M1(ﬁi -

A+ pl H [pUAT 4

Lyp.))/(M; + MiB.))  2mj

Eliminating 7 from (69) and (70) (squaring and adding),
we get

4’ +q, (L} —2Ly) + g7 (L3 - 2L, Ly - M) +(L3 - M3) = 0.
(71)
Putting g, = f8, we have
M)B+(Ls - M3) =0. (72)

Let 8 = B, be a positive root of (77); then, g, = /B,

Lemma 1 (see [50]). Consider the exponential polynomial:

el e

Theorem 18. Suppose E; exists and is locally asymptotically
stable for system (2) when T = 0. If L3 < M3, then there exists a

such that E; of system (60) is LAS when
7€ [0,77) and unstable when > 1", where

.. 1%
critical value

S0 _ cos_l((M2 (LB, - Ly
' VB

and 7" = =1, 'O (minimum value). Also, system (60) exhibits
Hopf bzfurcatzon around E; at t=1"  provided
K'M' —L'N' #0, where

j=0,1,2,3,..., (74)

"B
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K' = «[ 36, + L, + M, cos<\/ﬁir'*) - M,7" cos<\/ﬁir’*) - Ml\/ﬁir'* sin<\/ﬁir'*)},
L’:{ 2L ﬁ+ +M Sln<\/ET,*> M,7’ sm<\/ﬁr'*> 1\/57’%%(\/57'*)},
(75)
M':{M [3+sm< B, )—M1ﬁ+cos< >}
N'= {M B. cos( T'*>+M1[3+sin< >}
Proof. 1f L3 < M3, then (72) has exactly one positive root 3,
i.e., from (69) and (70), T+ ,] 0,1,2,..., are obtained as
functions of f,:
L0 Cosil((Mz (LB, —Ls) + Ml(ﬁi - L2/5+))/(M§ + M?[ﬂ)) N 27j i=0,1,2,3 (76)
+ - ,\/ﬁ_+ ’\/K) - > > > yroeee
! d ! d !
If E; is locally asymptotically stable, the stability be- K ar [RefA(1)}] , L ar (Im{A(7)}] LT M,
haviour of E, will remain unaltered for 7 < 7" (using Butler’s = =t
Lemma [51]). (77)

To check the transversality condition,
[(d/dT)ReA(T)] B +#0, let us dlfferentlate (67) and (68) —L’[i [Re{/\(r)}]] +K’|:i [Im{A(T)}]] =N/,
with respect to 7 and set g; = 0 and 7 = 7" . The following dr =" dr -
equations are obtained: (78)
where
K' = { 3, +L, + M, cos<\/ﬁr’*> - M,7" COS(\/ET’*> - Ml\/ET’* sin( B. T'*>},
L’:{ -2L [3+ +M sm(@r”) M,t’ Sln(\/z‘[,*>+M1\/ET,*COS<\/ET,*>},
(79)
M :{ 2\Bs Sln( /3+ ) —M1ﬁ+COS< >}
N':{ ) ﬁ+cos( B, >+M1[3+sm< >}

Solving (77) and (78),

d[RefA (1)}] [K'M'-L'N’
[ dr ]T—T* _|: K,Z +L,2 ] (80)

Now, we have d[Re{A (7)}]/dT 70, if

K'M' —L'N'#0. Hence, the transversallty condition is

satisfied and a Hopf bifurcation occurs around E* when 7
passes through its critical value 7' . O

Now, linearize system (60) using the transformations
X=x-x* W=w-w*and Y =y - y*
dUu

e AU(t)+ AU (t - 1), (81)
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where U = [X,W,Y]%,

ay ayp 4z
Al =
1= |42 Gy 4y |

Lds) 4z 433

[0 0 a);
Ay ={00 0
(00 0O

*\2 ok

a(a+(1-m)y* )y
(b, +w ) (a+y")+(a+(1-my)x]]

®
an =X |:—a1 +

ay(a+(1-m)y*)(a+y )x"y"

T o rw ) (@t y) +(ar (- my )]
. ,_[ ay(a+2(1-m)y")x" +a2(a+(1—m)y*)x*y*(b1+w*+(1—m)x*)

Pl i rw)(atyT) +(at(1-m)yT)x [(by +w*)(a+y*)+(a+(1-my)x"]
o= as(a+y")(a+(1-my ) w'y"

Pl rw ) (@ y) + (a+ (1 - my )x']
g as(a+y")y' N a;(a+y") w'y’

“ P rw)(aty) +(at (1-myt)x” [(by+w)(a+y")+(a+(1-my)x"]”
o o as(a+2y" w' . as(a+y")(by +w" + (1 -m)x")

2w (aty ) H(ar(1-my )x (b, +w)(a+y") +(a+(1-m)y)x"]”
o = aa(a+(l-m)y*)y" - claz(a+(1—m)y*)2x*y*

T rw)(a+y ) +(@+(L-my)x" [(by+w')(a+y")+(a+1-m)y)x']

_ aaw'y (a+y)(a+(1-m)y")
(b, +w")(a+y")+(a+(1-m)y)x]

L am@r0-my )y ay) cyas (a4 ")y’

by rw)(aty) @+ (- my)x'] (brrw)(a+y)+(a+(1-m)y )x"

B Gazw y" (a+ y*)z
[(by+w")(a+y )+ (a+(1- m)y*)x*]z’

b ca,(1-m)x"y" + c,a;w" y" C[eay(@+ (A -m)y")x"y" + azwy" (a+y7)] (b +w” + (1 -m)x")

BTy rw)(a+y) +(a+(1-m)y)xt (b, +w*)(a+y") +(a+(1- m)y)x"]
K rkx”

13 = (1+ky )

(82)
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The characteristic equation corresponding to (81) is where
N+ RA +RA+ R, +(SA+8,)e ' =0, (83)
R, = —~(ay +ay +as),
!
Ry = aya33 — ayas, + aq1as; — a3as; + aqay — aay,
!
Ry = —[ay; (85853 — a5305,) + ay, (%3“31 —ay833) + a3 (“21“32 — ayas)]; (84)

n
Sy = —aj3as;,

n
S, = —ay; (ay a3, — asay).

If 7#0, E* of system (60) is LAS provided equation (83)
has no purely imaginary roots and it is LAS for 7 =0.
Furthermore, it has to be noted that changes of stability
occur at 7 = 7*. Already, it has been discussed that E* is LAS
when 7 =0 provided A; >0, A;>0, and A, A, > A;. Here,
equation (83) is a transcendental equation, so it contains

infinitely many eigenvalues. In this situation, we cannot
apply the Routh-Hurwitz criteria to determine the stability
of system (60). To understand the stability behaviour, our
necessity is to check the sign of the real parts of the ei-
genvalues of equation (83).

Now, putting A = g, +ig, in equation (83), we have

(@ +i42)" + Ry (4 +iq,)" + Ry (qu + ids) + Ry + (S, (q; +i4y) +S,)e” 7 (cos (q,7) i sin(q,7)) = 0. (85)

Equating respective real and complex parts from both
sides, we get

4, = 30145 + Ri(47 — 43) + Rody + Ry + Syq16” 7 cos (q,7) + Spe™ 11" cos (q,7) + Sy 7 sin (,7) = 0, (86)

3‘1%92 - q; +2Rq,q; + Ryqy + S1q,¢” 7 cos (q,7) = S1g,¢” 1 sin(q,7) — Sye” 1 sin (g, 7) = 0. (87)

To check whether (83) has purely imaginary roots or not,
set q; = 0; then, (86) and (87) become

814, sin (q,7) + S, cos (q,7) = Riq; - Rs, (88)

814, c0s(q,7) — S, sin(g,7) = fﬁ - R,q,. (89)

Eliminating 7 from (88) and (89) (squaring and adding),
we get

s + a5 (R} = 2R, ) + g5(R5 — 2R, R; = §) +(R5 = S3) = 0.
(90)

Putting q5 = 0, we have

T =

G cosfl((Sz(R10+—R3)+Sl( i—R20+))/(S§+Sfa+))+2Lj

R'(0) = 0® +(R] - 2R, )0’ +(R; — 2R, Ry - S )o +(R; - ;) = 0.
(91)

This is a cubic equation of ¢. It is noted that R’ (c0) = co.
So, equation (91) has exactly one positive root if R' (0) <0,
ie., if RZ < S2.

Let 0 = 0, be a positive root of (91); then, g, = /7.

Let us study the existence of Hopf bifurcation around E*
with 7 as bifurcation parameter.

Theorem 19. Suppose E* exists and is locally asymptotically
stable for system (2) when T = 0. If R% < S3, then there exists a
critical value t* such that E* of system (60) is LAS when
7 € [0,7*) and unstable when > 1*, where

+ r—o_+

and v = 79 (minimum value). Also, a supercritical Hopf
bifurcation is exhibited around E* at 1 =1* provided
K'M" —=L"N" #0, where

N j=0,1,2,3,..., (92)
+
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F1GURE 1: Stable behaviour of E, (0, 0, 0) with respect to time ¢ corresponding to the data set {r = 5.5,d, = 6.5,d, =4,k =0.2,d; =5,a, =2,
a,=03,a;=0250b, =15¢=07,¢,=05 A=0,a=12m=001}
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Time t

FIGURE 2: Stable behaviour of E, (0, 0.5, 0) with respect to time ¢ taking the parameters as {r = 5.5, d, = 6.5,d, =4,k =0.2,d; =5,a, =2,
a,=0.3,a;=0250b =15¢=07¢,=05 A=2,a=12 m=0.01}.

Population

Time t

FIGURE 3: Stable nature of E, (8, 0, 0) with respect to time ¢ regarding the parameters as {r = 5.5,d, = 1.5,d, = 0.52,k = 1.9,d; = 2,a, = 0.5,
a,=03,a,=0250b =151¢=07¢=05 A=0,a=12,m=0.01}.
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Population
y-axis

4.5

0 . . . . 3.5

Time ¢t Xx-axis
(a) (b)
FIGURE 4: (a) Stable nature of E;(1.20053,0,6.49267) with ¢ and (b) stable phase portrait of E;(1.20053,0,6.49267) when k = 0.2 > k*

(threshold value) = 0.019 and other are taken as {r = 5.5, d, =0.4, d, = 0.3, d; =0.2, a; = 0.6, a, = 0.98, a; = 0.8, b, = 2.5, ¢; = 0.85,
¢, =07, A=0,a=11,m=04}.
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FIGURE 5: (a) Oscillatory behaviour of E; with time ¢ and (b) phase diagram (isolated closed orbit) when k = 0.01 <k* = 0.019 and all other
parameters are fixed as in Figure 4.
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F1GURE 6: Bifurcation diagrams for the Hopf bifurcation around E; (1.20053, 0, 6.49267) regarding k as bifurcation parameter and others are
the same as in Figure 4. (a) Bifurcation diagram of x. (b) Bifurcation diagram of y.
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Time ¢

FIGURE 7: Stability nature of E, (0, 1.3889, 5.5417) with time ¢ regarding the parameters as {r = 5.5, d, = 6.5, d, = 0.3, k = 0.2, d; = 0.2,
a,=0.6,a,=098, a,=08, b, =2.5¢,=085c,=07 A=2a=11,m=001}
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FIGURE 8: Stability nature of E;(8.3333,6.6667,0) with time ¢ regarding the parameters as {r = 5.5, d, = 0.5, d, = 0.3, k = 0.2, d; = 2.2,
a,=0.6,a,=098,a,=08, b, =25c, =085c,=07 A=2a=11,m=001}.
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FIGURE 9: (a) Stable nature of E* (0.385717, 0.950363, 8.34509) with time t and (b) stable phase diagram of E* (0.385717, 0.950363, 8.34509)
when k = 0.2 > kM = 0.025 and others are chosen as {r = 5.5, d, =04,d,=03,d;=0.2,a, =0.6,a, =0.98,a; = 0.8, b; =2.5,¢, =0.85,
=07, A=2,a=11 m=04}
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FiGure 10: Nature of steady state E* when subsidy input rate A varies from 1 to 10 and other parameters are fixed as in Figure 9.
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FIGURE 11: (a), (b) Oscillatory behaviour of E* with time and (c) isolated closed orbit around E* when k = 0.02 < k™1 = 0.025 and all others

are fixed as in Figure 9.

K" ={-30, + R, + S, cos(~1/o,1")—8,7" cos(+/a, ") — S;+/7; 7" sin(+/7; 77)},

L" ={-2R,+/o; +S;sin(y/o, 17) = S,7" sin(/7, 17) + S, /0, 7" cos (+/o, T)}, (93)
M = {5, sin (v 1) — §,0,c05 (v ),

N" ={S,+/0; cos(+/a, ) + S,0,sin(~/o, T°)}.

Proof. Proof is similar to that in Theorem 18. O
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FiGure 12: Bifurcation diagrams for the Hopf bifurcation around E* (0.385717, 0.950363, 8.34509) regarding k as bifurcation parameter and
others are the same as in Figure 9. (a) Bifurcation diagram of x. (b) Bifurcation diagram of w. (c) Bifurcation diagram of y.

(c)

FiGure 13: Bifurcation diagram with respect to subsidy input rate A when k = 0 and the remaining parameters are fixed as in Figure 9.
(a) Bifurcation diagram of x. (b) Bifurcation diagram of w. (c) Bifurcation diagram of y.
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FIGURE 14: Impact of m on the nature of steady states E; and E* when other parameters are fixed as in Figure 9. (a) Nature of steady state E;
(A=0). (b) Nature of steady state E* (A # 0).
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FIGURE 15: Impact of m on the predator’s growth for different values of k when others are fixed as in Figure 9. ((i) red color: k = 0.2, (ii) blue
color: k = 0.5, and (iii) green color: k = 0.8). (a) Nature at E; (A=0). (b) Nature at E* (A # 0).

Theorem 20. Suppose interior (coexistence) equilibrium  roots 0,i=1,2(0,>0,) when R:>S3 and
point E* exists and is locally asymptotically stable for system ~ R% — 2R Ry — S} <0 irrespective of sign of R? — 2R,. More-
(2) when T = 0. Let equation (91) have exactly two positive  over, let

b cos‘l((S2 (R10i - R3) + Sl(ai2 - Rzai))/(Sg + Sfoi)) +21j, S 1220123,

! Vi Vi (94)

1 =min{r:i=1,2}, 7 =max{r:i=1,2}, k=01,23..,

+ -+ -+ - +
; e 1€ [0,79), (70, 70)> (T1>73)s -+ (Theps i) (96)
then there is a positive integer k such that
P .
0<tt<r <t < <tt < e <1, <7 (95) then E* is locally asymptotically stable and when
T e (T (Tt (Tt (B T )75 T
and there are k switches from stability to instability to sta- ' ' 97
bility; that is, when 97)
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FIGURE 16: Bifurcation diagram around E; with respect to coefficient of refuge parameter m when k = 0 and the remaining parameters are
fixed as in Figure 4. (a) Bifurcation diagram of x. (b) Bifurcation diagram of y.
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FIGURE 17: Bifurcation diagram around E* when k = 0 and the remaining parameters are fixed as in Figure 9. (a) Bifurcation diagram of x.
(b) Bifurcation diagram of w. (c) Bifurcation diagram of y.
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005 0.1 0.5 02 025 03 035 04 045
ds

FIGURE 18: Transcritical bifurcation diagram around E, (8.0,0,0) considering d; as bifurcation parameter and others parameters are the
same as in Figure 3. Here dgTC] =0.1768.
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F1GuRre 19: Bifurcation diagram for the transcritical bifurcation around E, (0, 1.9889, 5.5417) considering d, as the independent variable and
others parameters are the same as in Figure 7. Here, d\"“ = 1.2238.

then E* is unstable. Further, att = 17,k = 0,1,2,..., system  where
(60) experiences Hopf bifurcation provided

PiR; - QS; #0, fork=0,1,2,...,

S (98)
P R, — Q.S #0, fork=0,1,2,...,

Py ={=30,+ R, + S, cos(a, 7¢) = Sy75c08 (VO 7) = S0, Tisin (V0 7)o,
Py ={=30, + R, + 5, cos (v, 7¢) = $,7,.c08 (/0 T ) = $1 v/, Tysin (V0 ) bic 1,0
Qi ={-2R, @y + S, sin (/o 7¢) = ;7 sin (V0 T ) + S1v/07 708 (01 7)o,
Qi ={=2R, T, + S, sin (/0,7 ) = S,7sin (0, 7y ) + S11/05 7,08 (V03 Ty ) rmg12,.0
Ry ={S,/o1 sin (/o 1) = 8101 cos (Vo1 ) bio 1.

Ry ={8,+/0; sin(1/0; 7;) = §,0; cos (v, T )i 1.0

Sk ={82/01 cos (o 1) + Sy04 sin (Vo 7)bp ..o

Sk =185/, cos(; 7)) + $10, sin (V05 ) kg 10, -

(99)

Proof. Proof is similar to that in Theorem 18. O
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F1GURE 20: Transcritical bifurcation diagram around E; (8.3333, 6.6667, 0) considering d; as independent variable and others are the same as
in Figure 8. Here, d3[TC] =0.61.
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FIGURE 21: (a) Stable nature with time and (b) stable spiral of E; (1.20053, 0, 6.49267) when 7 = 2 < " =2.9272 corresponding to the data
set of Figure 4.
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FIGURE 22: (a, b) Oscillatory nature of x, y, respectively, and (c) stable limit cycle around E;(1.20053, 0, 6.49267) when 7 = 3.5> 7" =
2.9272 corresponding to the data set of Figure 4. (a) Time series of prey. (b) Time series of predator. (c) Phase diagram.
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FIGURE 23: Supercritical Hopf bifurcation diagram around E;(1.20053,0,6.49267) considering 7 as bifurcation parameter and other
parameters are chosen from the data set of Figure 4. (a) Bifurcation diagram of prey. (b) Bifurcation diagram of predator.

6. Numerical Computations

Here, we have illustrated numerical simulations to verify the
analytical findings of the proposed system (2). We select a
parameter set: {r =55, d, =65, d, =4, k=0.2, dy =5,
a, =2,a,=03,a; =0.25b, =1.5,¢, =0.7,¢, = 0.5,A = 0,
a = 1.2, m = 0.01}. Under this set of parametric values, the
stable nature of E (0,0,0) is shown in Figure 1. If we take
subsidy input rate A =2 and other parametric values are
chosen from the data set of Figure 1, then the subsidy only

equilibrium E, (0, (A/d,),0) = E, (0,0.5,0) exists and stable
nature of E, (0,0.5,0) with time ¢ is depicted in Figure 2.
Now, we choose another parameter set: {r = 5.5, d, = 1.5,
dy=052, k=19, dy=2, a, =05, a, =03, a, =0.25,
b, =15,¢,=07,¢,=0.5A=0,a=12,m=0.01}. Under
this set of parametric values, the prey only equilibrium
E,((r-d;)/a;,0,0) = E, (8,0, 0) exists and stable behaviour
of E,(8,0,0) is presented in Figure 3. Let us choose the
parameters as follows:

{r=55.d, =04,d, =03,k =02,d, =0.2,a, =0.6,a, = 0.98,a; = 0.8,b, = 2.5,¢, = 0.85,c, = 0.7,a = 1.1,m = 0.4}.

If we take subsidy input rate A = 0 and other parameters
are taken from set (100), then subsidy-free equilibrium point
E; (%,0,y) = E5(1.20053,0,6.49267) exists and is locally
asymptotically stable. Stable time series and stable phase
diagram are represented in Figure 4. In the same manner, if
we change the value of the parameter k(= 0.01) and others
are the same as in the data set of Figure 4, then it is observed
that E; (1.20053, 0, 6.49267) is unstable accompanied with a
limit cycle (see Figure 5). From Figures 4 and 5, it can be
easily noted that there must exist a threshold value of k, say
k* =0.019 for which unstable behaviour of E; changes to
stable spiral. Since the vector fields for k < k* and k > k* are
qualitatively different, a Hopf bifurcation is created around
E; taking k as bifurcation parameter (see Figure 6). For the
set of parameter values {r = 5.5, d, =6.5,d, =0.3, k=0.2,
dy =02, a, =0.6, a, =098, a; = 0.8, b, =2.5, ¢, = 0.85,
¢, =07, A=2, a=11, m=0.01}, prey free equilibrium
point E, (0, @, y) = E, (0, 1.3889, 5.5417) exists and is stable
(see Figure 7). Next, let us take a different set of parameters
of system (2): {r =5.5,d, =0.5,d, =03, k=02, d; = 2.2,

(100)

a, =06, a, =098, a; =08, b, =2.5, ¢, =0.85, ¢, =0.7,
A=2,a=11, m=0.01}. Then, predator free equilibrium
point E; ((r —d,)/a,, (Ald,),0) = E;(8.3333,6.6667,0) is
locally asymptotically stable. The stable behaviour with time
t is shown in Figure 8.

If we take subsidy input rate A = 2 and others are fixed as
in the data set of  Figure 4,  then
E* (x*,w*, y*) = E*(0.385717,0.950363, 8.34509) exists
and is locally asymptotically stable. Figure 9 depicts the
stable behaviour of E*. Comparing Figures 4 and 9, it is
observed that subsidy input rate A enhances the value of y
component of E* and decreases the value of x component of
E*. Also, from Figure 10, it is noticed that the prey pop-
ulation is leading towards extinction and the predator
population has enormous growth (due to huge supply of
food source) at high subsidy input rate (when A € (2, 10]) in
the presence of fear felt by prey population. So, it can be
concluded that it is not possible to control prey population
from extinction in presence of nonlinear prey refuge because
they cannot get enough time to protect themselves from
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FIGURE 24: (a) Stable behaviour with time and (b) stable trajectory of E*(0.385717,0.950363,8.34509) when 7 = 2.5 € [0, 7§ = 4.0652)
corresponding to the data set of Figure 9.
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FIGURE 25: (a) Stable nature with time and (b) stable phase portrait of E* (0.385717, 0.950363, 8.34509) when 7 = 14.5 € (17 = 10.3836, 1] =
22.7845) corresponding to the data set of Figure 9.
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FIGURE 26: (a) Stable behaviour with time and (b) stable trajectory of E* (0.385717,0.950363, 8.34509) when 7 = 39 € (1] = 37.7710,7; =
41.5037) corresponding to the data set of Figure 9.
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predation risk. After extinction of prey species, predator can
easily survive with the help of resource subsidy. Thus, the
parameter A has great importance in the proposed pop-
ulation dynamics.

Moreover, Figure 11 represents the unstable nature of E*
when k = 0.02 and other parametric values are the same as in
Figure 9. So, the parameter k has an interesting nature
because there exists a threshold value k!#! = 0.025 of k for
which unstable nature (limit cycle) of E* switches to stable
behaviour (stable spiral) when k passes through its critical
value kHl; i.e., the vector fields for k > k!H! and k < k"] are
topologically different. Hence, a Hopf bifurcation occurs
around E* and Figure 12 depicts the corresponding bifur-
cation diagram taking k as bifurcation parameter. Also, it has
to be noted from Figure 13 that, in the absence of fear effect,
the oscillatory behaviour of E* changes to stable nature
when subsidy input rate A crosses its critical value A* = 7.9
(approximately) and since predator population has huge
growth rate at very large value of subsidy input rate A, the
prey population cannot persist in ecosystem in presence
nonlinear prey refuge. This phenomenon is very interesting
because the prey refuge cannot control the prey population

from extinction due to enormous growth of predator when
subsidy input rate is very high. In this manner, system (2) is
not persistent.

Further, Figure 14 depicts that the nature of steady states
E; and E* when m € (0,1). Here, the predator population
cannot go extinct for large value of coeflicient of prey refuge
parameter. Also, Figure 15 shows the changes of predator’s
growth at the steady states E; and E* for three different fear
levels k when m varies from 0 to 1. Here, also the predator
can persist for large m. From here, it may be concluded that
system (2) is always persistent for small subsidy input rate in
the presence of nonlinear prey refuge function. Again,
Figures 16 and 17, respectively, show that, in the absence of
fear effect (k = 0), the equilibria E; and E* are approaching
towards stable state by excluding the existence of oscillatory
behaviour taking m as the bifurcating parameter. In this
manner, predator population also survives in ecosystem for
large coefficient of prey refuge parameter .

A “transcritical bifurcation” (BP) occurs at dl[TC] =55
around E,. At this point, exactly one eigenvalue of the Ja-
cobian matrix is zero and others have negative real parts.
Bifurcation diagram 32 depicts that when d, <d {TC], then E,
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is unstable, and when d, >d{TC], then E, is stable. Also,  6.1. Effect of Time-Delay on Population Dynamics. Now, let
Figure 18 exhibits that when d; < dgTC] =0.1768, then E, is  us perform the numerical computations to validate the
unstable, and when d; > d!' = 0.1768, then E, is stable. So,  analytical results of the delayed model (60). For the pa-
a transcritical bifurcation is exhibited at d}™“) =0.1768  rameter set {r = 5.5, d, = 0.4, d, = 0.3, d; = 0.2, a, = 0.6,
around E,. Similarly, Figures 19 and 20 depict the tran-  a, =0.98, a; =0.8, b, =2.5, ¢, =0.85, ¢, =07, A=0,
scritical bifurcation diagrams around equilibrium E, and E;  a = 1.1, m = 0.4}, equation (72) has exactly one positive root
taking d, (d{TC] = 1.2238) and d, (d;TC] = 0.61) as bifurca- 0.2246 (correct up to four decimal places). So, from Theorem

tion parameter, respectively. 18, the planer equilibrium point E;(1.20053, 0, 6.49267) is
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stable when 7€ [0,7 =2.9272) and unstable when
7>7"" =2.9272. Stable time series and stable phase trajec-
tory of E; (1.20053, 0, 6.49267) are shown in Figure 21 when
T=2<7 =29272. Also, Figure 22 depicts the corre-
sponding  unstable  behaviour = of E;  when
T=35>7" =29272. Moreover, Figure 23 presents the
supercritical Hopf bifurcation diagram around E; taking 7 as
bifurcation parameter.

For the parameter set {r=5.5, d, =04, d,=0.3,
dy, =02, a, =0.6, a, =098, a; = 0.8, b, = 2.5, ¢, = 0.85,
¢, =0.7,A=2,a =11, m=0.4}, equation (91) has exactly
two positive roots, 0.1127 and 0.0526 (correct up to four
decimal places). Then from Theorem 20, we have calculated
75 = 4.0652, T, = 10.3836, 7| = 22.7845, 7| = 37.7710, and
73 =41.5037. 'The interior equilibrium E*(0.385717,
0.950363,8.34509) is locally asymptotically stable when
7 € [0,4.0652), (10.3836,22.7845), (37.7710, 41.5037) and
unstable when 7 € (4.0652, 10.3836), (22.7845,37.7710) and
7>41.5037. At 7 =1,k =0,1 and 7}, Hopf bifurcation

appears around E*. Figures 24-26 depict the stable nature of
E* for 7€ [0,4.0652), (10.3836,22.7845), (37.7710,41.50
37) respectively. Also, unstable behaviour of E* is presented
in Figures 27-29 for 7 € (4.0652,10.3836), (22.7845,37.77
10) and 7> 13 = 41.5037, respectively. The corresponding
bifurcation diagrams are depicted in Figures 30 and 31 .

7. Conclusion

We have analyzed a system for generalist predator which utilizes
more than one food source: predator-prey-subsidy model of
non-Kolmogorov form introducing nonlinear prey refuge
function and the effect of fear felt by prey population. Our main
interest is to find the situations such that dynamical stability and
instability appear so as to make out more fully how subsidy may
influence the predator and their prey. It has been shown that the
solutions of system (2) remain positively invariant always and
they are asymptotically uniformly bounded. These, in turn,
imply that system (2) is biologically well-behaved. Existence
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criteria and stable behaviour of all the biologically meaningful
equilibria have been discussed. It has to be noted that Hopf
bifurcations are exhibited around E; (subsidy free) and E*
(interior) of system (2) considering k as a bifurcating parameter
(see Figures 4-6, 9, 11, and 12). Also, observing Figures 6 and
12, it can be concluded that high levels of fear can stabilize
system (2) by excluding the existence of periodic solutions.
These phenomena are biologically significant because prey
species are aware after a certain level of fear; i.e., after a certain
level of fear, they are not affected as they are aware and show
signs of habituation.

Moreover, this work derives transcritical bifurcations
(local bifurcation of codimension 1) at the various equi-
librium points E,, E,, E,, and Es, respectively (see
Figures 18-20 and 32).

Also, we have discussed numerically the influences of
coeflicient of prey refuge parameter 1 on the nature of the
equilibrium points E; (zero subsidy input rate) and E* (fixed
small subsidy input rate) irrespective of fear level k. Noting
Figures 14-17, it is observed that both the prey and predator
species always persist in ecosystem due to continuous incre-
ment of coefficient of prey refuge. But Figures 10 and 13 depict
that, irrespective of fear level, a highly subsidized predator
should indeed drive the prey population towards extinction
regardless of whether the prey and subsidy arise in the same
habitat. This phenomenon is ecologically meaningful because
the prey population cannot get enough time to protect
themselves from predation risk for enormous growth of
predator at high subsidy input rate. So, the prey population is
leading towards extinction, but the predator species can easily
survive in ecosystem with the help of resource subsidy. Thus,
the study of system (2) is ecologically very significant.

In reality, fear effect does not instantaneously reduce the
birth of a prey population, but some time lag should be
needed to create an impact on the birth rate of the prey
population. We have considered that there is a time-delay on
the impact of fear to the birth rate of prey, from the instance it
perceives the fear of predator through any means. So, the
incorporation of time-delay makes system (60) more realistic.
It is noted that delay parameter 7 has a significant role because
there exists a threshold value 7’* such that stable behaviour of
planer equilibrium point E; (in the absence of subsidy input
rate) switches to oscillatory nature when 7 passes through its
threshold value 7'~ i.e., the vector fields for r< 7'~ and 7> 7'~
are qualitatively different. So, system (60) exhibits a super-
critical Hopf bifurcation around E; considering 7 as bifur-
cation parameter (see Figures 21-23). Also, a rigorous study
of the stability and bifurcation of interior equilibrium point
E* has been performed. Our analysis describes that the delay
within a certain specified range could maintain the stable
behaviour of E*. On the other hand, the delay could drive the
system into an unstable state. Hence, the study of the time-
delay parameter has a regulatory impact on the whole system.
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The aim of this work is to propose and analyze a new mathematical model formulated by fractional differential equations (FDEs)
that describes the dynamics of oncolytic M1 virotherapy. The well-posedness of the proposed model is proved through existence,
uniqueness, nonnegativity, and boundedness of solutions. Furthermore, we study all equilibrium points and conditions needed for
their existence. We also analyze the global stability of these equilibrium points and investigate their instability conditions. Finally,
we state some numerical simulations in order to exemplify our theoretical results.

1. Introduction

Cancer is a collection of related diseases where some of the
body’s cells divide continuously and spread into surrounding
tissues. Cancer is caused by certain changes to genes. It can
start almost anywhere in the human body. Old or damaged
cells survive when they should die; new cells form when the
body does not need them. These extra cells can divide con-
tinuously and may form tumors. A tumor becomes dangerous
when it begins to form extensions to neighboring areas
(metastasis) [1]. This is why it is important to detect cancer as
early as possible in order to avoid this migration. Cancer
treatment is adapted according to each situation. There are
different cancer treatments used alone or in combination,
such as surgery, radiotherapy, chemotherapy, hormone
therapy, immunotherapy, and virotherapy. Virotherapy is one
of the new therapies; it consists in using a virus after having
reprogrammed it. This virus is called oncolytic virus.
Oncolytic viruses infect and destroy cancer cells; they use the
cell’s genetic machinery to make copies of themselves and
subsequently spread to surrounding uninfected cells [2].
According to a medical experiment, in vitro, in vivo, and
ex vivo studies showed potent oncolytic efficacy and high

tumor tropism of alphavirus M1, which is a naturally oc-
curring and a selective oncolytic virus targeting zinc-finger
antiviral protein (ZAP) deficient cancer cells [3]. To model
the role of the M1 virus in oncolytic virotherapy, Wang et al.
[4] proposed a nonlinear system governed by ordinary
differential equations (ODEs) that describe the growth of
normal cells, tumor cells, and the M1 virus with limited
nutrients. Elaiw et al. [5] extended the model presented in
[4] by including spatial effects and anti-tumor immune
response mediated by cytotoxic T lymphocyte (CTL) cells.
The results in [5] indicated that the immune response has a
negative impact on oncolytic M1 virotherapy, and it reduced
its efficiency.

On the other hand, all the above mathematical models
neglected the memory effect by considering only integer-
order derivatives. However, fractional-order derivative
provides an excellent tool for describing memory and he-
reditary properties which exist in most biological systems.
For instance, Cole [6] proved that the membranes of cells of
the biological organism have fractional-order electrical
conductance since the memory means that the system’s
response is dependent not only on the current state but on its
complete history. Therefore, the classical integer-order
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derivative does not reflect this memory effect because it is a
local operator, unlike the fractional derivative.

The main purpose of this study is to develop a mathe-
matical model governed by fractional-order differential
equations (FDEs) to study the effect of memory on the
dynamics of oncolytic M1 virotherapy. So, the rest of the
paper is outlined as follows: the next section is devoted to the
formulation of the model, including the well-posedness and
the existence of equilibria. Section 3 focuses on stability
analysis. Section 4 deals with numerical simulations in order
to illustrate our main analytical results. Finally, a brief
conclusion is given in Section 5.

2. Model Formulation and Preliminaries

In this section, we propose the following FDE model:
DS(t) = A—dS(t) - B;S(H)N (t) = B,S(1)T (1),
DN (t) = r|BiS(t)N (t) — (d + & )N (1),
DT (t) = 1,8 (DT (t) — (d + &)T (£) = BT (1)V (1),
DV () = B+ 1T (1)V (1) — (d + &)V (1),
(1)

where S(t), N (t), T (t), and V (t) are the concentrations of
nutrient, normal cells, tumor cells, and M, virus at time ¢,
respectively. The parameters A and B are the recruitment
rates of nutrient and M, virus, respectively. Also, B rep-
resents the minimum effective dosage of medication. The
normal and tumor cells consume the nutrient at rates ;SN
and S,ST, respectively. The growth rate of normal cells as a
result of consuming the nutrient is given by r,3,SN, while
the growth rate of tumor cells is given by r,8,ST. The virus
infects and kills tumor cells at rate 8,7V, and it replicates at
rate 133, TV. The parameter d is the washout constant rate of
nutrient and bacteria. The parameters ¢, ¢,, and ¢; are the
natural death rates of normal cells, tumor cells, and M,
virus, respectively. The operator D* denotes the Caputo
fractional derivative with « € (0,1] that describes the
memory effect.

It is important to note that the ODE mathematical model
verifying potent oncolytic efficacy of M1 virus [4] is a special
case of our model presented by system (1), and it suffices to
take a = 1. Furthermore, to prove that our model is bio-
logically well-posed, we assume that the initial conditions of

(1) satisfy:
S(0) = ¢,(0)=0,N(0) = ¢,(0)>0,7(0) = ¢5(0)

(2)
>0,V (0) = ¢,(0)=0.

Theorem 1. If the initial conditions (2) are given, then there
exists a unique solution of system (1) defined on [0, +00).
Moreover, this solution remains nonnegative and bounded for
all t>0.

Proof. It is not hard to show that the vector function of
system (1) satisfies the first condition of Lemma 4 in [7]. It
remains to prove the second condition. Let
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S(t)
N(t)
T (t)
V()

X(t) =

(3)

D © o

Then
DX(t) =Y + A, X(t) + A,S()X(t) + A;T ()X (1), (4)

where

—d 0 0 0
0 —(d+e 0 0

ao| @ )
0 0 —(d+g) 0
0 0 0 —(d+e)
0 By =B, 0
0rp 0 0

A, = , (5)
0 0 rzﬁz 0
0 0 0 0
000 O
000 O

A, =
000 —B,
000 r3ﬂ3

Thus,

IDEX O <1V + (A +| AT+ [ AsiTDIX (6)

This implies that the second condition of Lemma 4 in [7]
is satisfied. Then system (1) has a unique solution on
[0, +00).

On the other hand and according to (1), we have

D*S(t)]s.g = A>0,
D*N ()| = 0>0,
DT (£)|7_y = 0>0,
D"V ()ly_o = B>0.

(7)

By Lemmas 5 and 6 in [7], we deduce that the solution of
(1) is nonnegative.

It remains to prove the boundedness of solutions. Then
we consider the following function:

F(t) = riryrsS(t) + s N (8) + rirsT(t) + V(). (8)

Hence,
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DYF(t) = riryrsA+ 1B —1,1,73dS(t) = ryr3 (d + &, )N (£)
—rirs(d+&)T(t) —r (d+ &)V (1)
<r,(ryr3A+ B) —dF(t).
9)
Then

F(£) <F(0)E, (-dt*) + % (ryrsA + B) (1 — E, (~dt%)).

(10)
Since 0< E, (—dt*) <1, we have
F(t)<F(0) +%1 (ryrsA + B), (11)

which implies that S, N, T, and V are bounded. This
completes the proof.

Now, we establish the equilibrium points of our model. It
is obvious that any equilibrium point of system (1) satisfies
the following algebraic equations:

A-dS—-p,SN - B,ST =0, (12)
rB,SN = (d +¢,)N =0, (13)
7,B,ST — (d +&,)T - BTV =0, (14)
B+1r3BTV —(d+¢&)V =0. (15)

From (13),wehave N = 0or S = (d + ¢;)/r3,. Similarly,
equation (14) leads to T =0 or 1,5,S =d + ¢, + 55V:

(i) For N=0 and T =0, we have S= (A/d) and
V' = B/(d + &). Then system (1) has an equilibrium
point of the form E, (S,, 0,0, V), where S, = (A/d)
and V, = B/ ((d + &3)).

(ii) For N#0and T = 0, we have S = (d + ¢))/r,3,,V =
B/(d + &) and N = (d/f;) (&, — 1), where

_ Aryf;
D= ddre) (16)

This number reflects the ability of absorbing nu-
trients by normal cells. It is called absorbing number
[4]. When &, > 1, system (1) has another equilib-
rium E, (§;,N;,0,V,), where S, = (d+¢)/r S,
N, =(d/B)(d,-1),and V| = B/(d + &3).

(iii) For N=0 and T#0, we have S= (B;V +d+

&)1, By, T = (=dIf,) + (Ary/B5V +d + ¢,), and
a,V:+a,V +a; =0, (17)

where

a; = By[rBsd + B, (d +&5)],

a, = 73_1 (d+&) = ByB5 (B +1,r3A), (18)
a; = —Bp,(d +¢,).

Since a, >0 and a; <0, we have 8§ = a3 — 4a,a, > 0.
Thus equation (17) has two roots given by

_azi\/g

2a, (19)

V=

Clearly, V.>0 and V_<0. As V>0, we have
V=V,
It is obvious that S > 0. However, T > 0 implies that
oy >1+ (BBs/(d +¢&,)(d +¢;)), where

Ar,f,

5272 = W (20)

This number reflects the ability of absorbing nu-
trients by tumor cells. It can be called the absorbing
number of nutrients by tumor cells. Hence, system
(1) has another equilibrium point when
dy>1+ (Bfs/(d+¢,)(d +¢5)). This equilibrium
point is denoted by E, (S,,0,T,,V,), where

V,=V,,
S - BV, +d+e,

2o 7,5, ’ (21)
T, - —_d Ar,

=
By BVy+d+e

(iv) For N+0 and T #0, we have S = (d + ¢,)/r,f5, and

V = (d+¢&/B;5)(,/9,) — 1) as V >0 implies that
od,>9,. From (15), we get T = (-B+
(d+e)V)IrsV.  Similarly, T>0 leads to
od,>9 | + (ABr B,B5/d(d + &) (d + &) (d + ¢)).
Substituting S and T in (12), we obtain
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(d+&) (ylsty) = 1)[Aryr3fi By — r3Bsd (d + &) = By (d + &) (d + &5)]

r3BiBs(d +e)(d +e)(oy/l) - 1)

BB,Ps

BB (d+ &) (Aofsty) - 1)

Furthermore, N >0 implies that

B
B, 1

B, (d + 53)
D d@r ) (-1 |

r3B5d

Thus, system (1) has another equilibrium point when
oA, >

(23)

(22)
B,B B (d + &)
it rsd(d +&)((A/A) - 1) s rfsd 20
ABr,f,;
Dt e [dre)dre)

This equilibrium point is denoted by E; (S5, N5, T4, V5),
where

(25)

d+e¢
5 = B '
e CATAR!
N. = (d+&) (alsty) = 1)[Aryr3fi By — r3Bsd (d + &) = By (d + &) (d + &5)]

’ 3Pifs(d + &) (d + &) (/) - 1)
) B5,
r3Bifs(d + &) (o, 1) — 1)
_—B+(d+&)V,

= r3B5V; '

All the above cases are summerized in the following
result. O

Theorem 2. Let o/, and o/, be defined by (16) and (20). Then

(i) System (1) always has a competition-free equilibrium
E;(S4,0,0,V).

(ii) System (1) has a tumor-free
E,(S1,N{,0,V,) when o/, > 1.

(iii) System (1) has a treatment failure equilibrium
E, (S,,0,T,,V,) when
d,>1+ (BBs/(d +¢,) (d + &5)).

(iv) System (1) has a partial success equilibrium
E; (S5, N5, T5,V5) when

equilibrium

ABr 3,
Dt e [+ e)dre)
) (26)
B,B Ba(d + &
ﬂl+73d(d+52)((d2/=9[1)_1)>1+ r3fsd

3. Stability Analysis

In this section, we focus on the stability analysis of the
equilibria E, E,, E,, and E;.

Theorem 3. The competition-free equilibrium E, is globally
asymptotically stable for of, <1+ (Bf;/(d+¢,)(d +¢3))
and of | <1, and it is unstable if o/, > 1 + (Bf;/(d + &) (d +
&) or o> 1.

Proof. In order to show the first part of this theorem, we
consider the following Lyapunov functional:

L[S 1 1 1 (V@)
LO (t) = SO¢<S—O> + ZN(t) + aT(t) + EVO(/)(V—O),

(27)
where ¢(x) = x —In(x) — 1 for x>0.

Based on the property of fractional derivatives given in
[8], we get
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DLy < (1 - &>Das s ipoN s tpor e L (1 - &>D"‘V
S ry Ty r,r3 VvV
=(1-2) (A~ ds - 5N - pusT)
1
+r—(r1ﬁISN—(d+£1)N) (28)
1
1
+ = (R PoST = (d + )T = B,TV)
2
e (10 v - (@ ey
7,75
By Sy = (A/d) and V, = B/(d + ¢;), we obtain
DocLO Sds()<1 _E)(l _&) +ﬁISON+ﬁZSOT— d+51 N _d+£2T
So : r
+d + 83V0<1 - l)(l _&> —&TVO
r,r3 Vo Vv 7y
_ 2 d+e d+e PV
=7 (S=S) +</3180 ; >N +</3250 " v T
(29)

Cd+e (V-V)

o3 \%
-d d
= (S-S + = (o - 1N
1
Ld+e - BB, r_dres (V—VO)Z.
r, S (d+g)(d+e) ,7s %
Then D*Ly<0 when &;<1 and &,<1+  where

(BB5/(d + &) (d + ¢&5)). Clearly, DL, =0 if and only if A = —d,
§=85N=0,T=0,and V = V. Then the largest invariant
set contained in {(S,N, T, V)|D*L, (t) = 0} is the singleton A, =—d-
{E,}. By LaSalle’s invariance principale [9], we deduce that
E, is globally asymptotically stable for o/, <1 and M=(dse),—1- Bp, (31)
dy <1+ (BBs/(d+¢,)(d+¢3)). 3 2 2 (d+e)(d+e))

It remains to investigate the dynamical property of E; in
case when &/, >1 or &, >1+ (BB;/(d +¢,)(d +¢3)). For
this purpose, we compute the characteristic equation at E,
that is given by

(A=2)A-A)A-A;)(A -1y =0, (30)

Ay=(d+e) () -1).

We have A,<0, 1,<0, A;>0 if o,>1+ (BB;/
(d+¢&,)(d+¢;)), and 1, >0 if o/, > 1. Consequently, E, is
unstable if &/, >1 or o, >1+ (BB;/(d+¢,)(d+e3). O



Theorem 4. Suppose that ¢f,>1. Then the tumor-free
equilibrium E, is globally asymptotically stable if

ABr,B1B;
dd+e)(d+e)(d+e)

A, < + (32)

and it is unstable if

L0 =58 52) ¢ o

S, r
Then
DL, < (1 -S—Sl> (A-dS—B,SN — B,ST)
1 N
+E<1 ‘ﬁ) (r\B,SN - (d + & )N)

(35)
N % (r)B,ST = (d + &)T = B,TV)

1

Complexity

ABr B,
o o 17153 )
I @) dre)dra) )
Proof. Consider the following Lyapunov functional:
1 1
)+—T(t)+—V1</><V(t)). (34)
&) T3 Vi

By V, =B/(d +¢;) and S, = (d + ¢)/r,5;, we obtain

v
+ - <1 - 71> (B+73B,TV —(d +&,)V).

RN AN »
ryt3 vV v,
s-8) B (V-V,)
Z—(d+ﬁ1N1)( 8 1) ( 1)
ryrs VV,
+d(d+51)(d+52) oA —of — ABr B\ B; T
Aryrpy ’ Doddte)(dte)(dte))
ABr\,B;
Then D*L, <0 when dzgdl+d(d+el)(d+sz)(d+s3)' (38)
A, <o+ ABr\\Bs : (37) On the contrary, the characteristic equation at E, is given
Yd(d+e)(dre)(dtes) !

Obviously, D*L, = 0ifand onlyifS=S,,N = N,,T =0,
and V =V,. Then the largest invariant set contained in
{(§,N,T,V)|D*L, (t) = 0} is the singleton E,. By LaSalle’s
invariance principle, we deduce that E; is globally asymp-
totically stable for

by

(d+e +A) (8,8, —d—e -V, -A)f(M) =0, (39)

where
fA) = (d+A+B,N)(d+e +A—71B,S)+7rBN,S,.
One of the eigenvalues of (39) is
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A =18 —d—g =BV, B, (d +&5) BB,
1+———= , 43
" r3fsd 252[1+r3d(d+52)(('%2/5?[1)_1) @
:d(d+€1)(d+€2) oA —of — ABr B, Bs
Ar,B, > 7l d(d+e)(d+e)(d+e))  and becomes unstable if
40 B
(40) 1+ﬂ42(d+€3)<.szil+ Fy . (44)
We observe that A, >0 if r3Byd rsd(d + ) ((y/ o) - 1)
AB
o> o + riBifs : (41)
d(d+e)(d+e)(d+e) Proof. Consider the following Lyapunov functional:
Thus, E, i table wh
us, E, is unstable when L) = Sz(p(&) . iN(t) +lT2¢<T(t)>
A >t ABr B, 55 (42) S, r &) T,
22T G d v e)(d +e) (d +e3) 45)
0 1 (VO
[P1E 2 vy )
Theorem 5. Suppose that of,>1+ (BB;5/(d +¢&,)(d +¢&3))
and (d,/9l,) > 1. Then the treatment failure equilibrium E, Then
is globally asymptotically stable if
5 S S S, S
DL, sd82<1 - EZ)(1 —S—2> +/3282T2<2 - ?2_5_2)
+<ﬁ1sz _d+sl)N
8}
+ (ﬂzsz AL &V2>T (46)
&) §)
B ( v, V )
+— (22—
ryts v Vv,
i pry S s sgn- B V)
- 202 S I ryry  VV,
By computation, we find
yeomp o, + BB, a1 Bdrs) g
A, rid(d + &) (/) - 1) r3B5d
S, =83 = Arpirfs(d +¢,) A 1) +BB,ps(d +¢)
1 Clearly, DL, =0 if and only if S=S,, N =0, T =T,,

“pre)d)@re)(5i1)

s (d+e)(d+ m(%- 1).

(47)
Thus, S, — S; <0 implies that
BB, B (d + &)
o, + <1+ . (48)
' rid(d +&) (/o) - 1) r3B5d

Consequently, D*L, <0 when

and V =V,. Then the largest invariant set contained in
{(S§,N,T,V)|D*L, (t) = 0} is the singleton {E,}. By LaSalle’s
invariance principle, we deduce that E, is globally asymp-
totically stable for

1+ B (d +e5) >
r3B5d

On the other side, the characteristic equation at E, is
given by

BB,

rid(d + &) (/o) 1) 50

1

(rifS,—d—-¢ -1)g(A) =0, (51)

where



g) = (d+B,T, +1) [(d &+ A+ BV, —1358,) (rsBsTy —d —e5 = A) - "3/3§T2V2]

+ rzﬁgssz (r3BsT, —d—e5—A).

One of the eigenvalues of (51) is

h=rpS-d-e =rp(S-S) (53)

We can observe from the proof of part (a) that A, >0 if
B, (d + &) BB,
1+ 75 g . (54)
r3B5d Vond(d+ ) (Ao e) - 1)
Thus, E, is unstable when
B

1+/32 (d+¢) o B, (55)

r3f5d = +r3d(d +&) (/o)1)

Theorem 6. The partial success equilibrium E; is globally
asymptotically stable if

AB”1/31ﬁ3
D> At e ) (d+ o)) ([ v er)
(56)
o+ Bp, 1+ﬁ2(d+53).

rid(d + &) (/) - 1)> r3p5d

Proof. Consider the following Lyapunov functional

S 1 N 1 T
b =sol ) e ima(57) 2ol

+ LV3¢(V(t)>.

rrs Vs,

(57)
Then

DL, < (1 - %) (A—dS— B,SN — B,ST)

2

i (1 ‘ﬁ) (riBiSN ~(d +¢;)N)

I

(58)
1

e (1= 1) afaST - @+ )T - 1Y)

1 |4
o (1-32) B+ TV = (@ + V).
By A =dS; + 3,515 + B1S5N5, (B3/ry)T5V5 = (d + ¢/
1,73)V 3 — (B/ryrs), f1S3N5 = (d + €/r)N5, and B,5;T; =
(d + &,/1,))T5 + (B3/1,)T5V 5, we get

Complexity

(52)

S N S, S
DL, st3<1 —83)(1 _33) +ﬁ253T3(2 _83_83)

d+e d+e
+(/3133— ; 1>N+([3283— ; 2—%V3)T
1

2
S; S B vV, V

+B SN[ 2-2 - |+ —(2-2-—
S S;) ryry Vo V,

(S-S)* B (V-V,)
= — T —— .
(d+B,T5+BN3) S rrs VV,

(59)

Therefore D“L; <0, with equality if and only if S =S,
and V = V. By a simple computation, we show that D*L, =
Oifand onlyif S = S5, N = N5, T =T and V = V5. It follows
from LaSalle’s invariance principale that E; is globally as-
ymptotically stable under the conditions that this point
exists. W O

4. Numerical Simulations

In this section, we give some numerical simulations to il-
lustrate and validate our theoretical results, and we present
some biological interpretations. We choose the time interval
from t =0 to t =400 with a step size At =0.1. We take
A=0.02, d=0.02, B=0.01, r, =0.8, and r; =0.5. The
parameters f3,, 3,, B3 €> & &, and 1, of model (1) are taken
as free parameters.

First, we take f3, = 0.03, 3, = 0.03, ;5 = 0.1, & = 0.04,
g, =0.01, & =0.008, and r, =0.8. These values give
o, =04, ,=08 and 1+ (BBs/(d+e)(d+e3))=
2.1905. Thus, o/, <1 and o/, <1+ (Bf;/(d + &) (d + &3)).
According to Theorem 1, the equilibrium E, (1,0,0,0.3571)
is globally asymptotically stable which consists with our
numerical simulation in Figure 1. This may reflect an ex-
treme competition between normal and tumor cells, leading
to the extinction of normal cells and eradicating tumor cells
by the M1 virus, giving rise to patient death.

Next, we take 3, = 0.1, , =0.03, ; = 0.1, & = 0.008,
g, =0.01, &5 = 0.006, and r, = 0.8. For this case, we obtain

o, = 2.8571,

o, = 0.8, ()
AB

o ribiPs — 6.5201.

1T dd v e)(d +ey)(d+ &)

Thus we get
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Complexity

o >1,

ABr B1; (61)
d(d+e)(d+e)(d+e)

A, < +

In agreement with Theorem 4, the tumor-free equilib-
rium E, (0.35,0.3714,0,0.3846) is globally asymptotically
stable as exhibited in Figure 2. In this situation, we notice
that the M1 virotherapy successfully eliminates tumor cells,
and then normal cells have been restored. Consequently, the
patient’s health will be improved.

In Figure 3, we assume that 3, = 0.03, 3, = 0.1, 5; = 0.1,
& =0.04, &, = 0.008, & = 0.008, and r, = 0.8. Thus,

B
o, =2.8571>2.2755 =1+ ¢,
(d+&)(d+eg)

‘QYZ
—2=71429>1,
1

d
G NPT
r3Psd

BB,
Trd(d+ &) (dofsty) - 1)

(62)

11

We can see that the equilibrium E,(0.8313,
0,0.0406, 0.385) is globally asymptotically stable that agrees
with our result in Theorem 5. Biologically, our treatment
fails in eliminating the tumor cells as that normal cells are
lost. Hence, the patient’s health is in danger.

Finally, we choose B, =0.15, f,=0.35 p;=0.1,
& =0.008, &, = 0.008, &; = 0.008, and r, = 0.9. We get

o, =11.25>4.2857 = of |,

A,>9.7522 =d | +

ABr

B, (d +&5)
1+ r3fsd

In agreement with Theorem 6, the -equilibrium
E;(0.2333,0.1571,0.1204, 0.455) is globally asymptotically
stable as shown in Figure 4. Here, our treatment partially
reduces tumor cells and increases normal cells’ levels.
However, the treatment cannot wholly eliminate tumor cells,
but it can prolong the patient’s life.

5. Conclusion

In this paper, we have studied the dynamics of an oncolytic
M1 virotherapy model, considering the memory effect
denoted by the Caputo fractional derivative. The well-pos-
edness of the proposed model was proved through non-
negativity and boundedness of solutions. We found that the
model has four possible equilibrium points, namely, the
competition-free equilibrium E;, the tumor-free equilib-
rium E,, the treatment failure equilibrium E,, and the partial

=10.8<11.978 =, +

d(d+e)(d+e)(d+e) (63)

BB,
rid(d + &) (/o) - 1)

success equilibrium E;. By constructing suitable Lyapunov
functionals, the global stability of E, is determined by two
threshold parameters that are the absorbing number of
nutrients by normal cells &/, and the absorbing number of
nutrients by tumor cells &,, when & ;<1 and
o, <1+ (BB;/(d+¢,)(d+es)), E, is globally asymptoti-
cally stable, and these conditions determine when normal
and tumor cells are lost, which may not be useful to test the
viability of treatment. The tumor-free equilibrium E, exists
and is globally asymptotically stable if &/, > 1 and

ABr, B, B;
dd+e)(d+e)(d+e)

o, <+ (64)
and these conditions show that the M1 virus succeeds to
eliminate the tumor, which is helpful in improving viro-
therapy. The treatment failure equilibrium E, exists and is
globally asymptotically stable if
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oAy>d,

BB,
(d+&)(d+e) (65)

1+ﬁ2 (d+e5) BB,
r3f5d rid(d + &) (/) - 1)

and these conditions refer to the failure of the treatment, as
indicated by his name. The partial success equilibrium E,
exists and is globally asymptotically stable if

ABr B,
(d+e)(d+e)(d+e)

By(d+e) B,
PR T (e (i) - 1)

These results indicate the partial success of M1 virus in
decreasing tumor cells and increasing normal cells, which
can reduce the tumor’s size and stabilize the disease
progression.

From the above analytical results, we remark that the
Caputo fractional derivative’s memory does not affect the
stability analysis of equilibria. Based on the numerical
simulations, we observe that the fractional order affects the
speed of convergence and the time for arriving to equilibria
(Figures 1-4).

The results obtained in this study are based on the
fractional derivative in sense of Caputo with singular kernel.
It will be more interesting to model the dynamics of
oncolytic M1 virotherapy by using the new generalized
fractional derivative with nonsingular kernel [10]. Moreover,
we will extend our model presented in (1) by taking into
account other biological factors such as diffusion [11, 12]
and immunity [13, 14].

oAy>1+

>9 +

o, > + p
(66)
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