Mathematical Problems in Engineering

Artificial Intelligence and
Its Applications
Guest Editors: Yudong Zhang, Saeed Balochian, Praveen Agarwal,
Vishal Bhatnagar, and Orwa Jaber Housheya

Artificial Intelligence and Its Applications

Mathematical Problems in Engineering

Artificial Intelligence and Its Applications
Guest Editors: Yudong Zhang, Saeed Balochian,
Praveen Agarwal, Vishal Bhatnagar, and Orwa Jaber Housheya

Copyright © 2014 Hindawi Publishing Corporation. All rights reserved.
This is a special issue published in “Mathematical Problems in Engineering.” All articles are open access articles distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the
original work is properly cited.

Editorial Board
Mohamed Abd El Aziz, Egypt
Eihab M. Abdel-Rahman, Canada
Rashid K. Abu Al-Rub, USA
Sarp Adali, South Africa
Salvatore Alfonzetti, Italy
Igor Andrianov, Germany
Sebastian Anita, Romania
W. Assawinchaichote, Thailand
Er-wei Bai, USA
Ezzat G. Bakhoum, USA
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Artificial intelligence (AI) has revolutionized information
technology. The new economy of information technology
has shaped the way we are living. Recently, AI algorithms
have attracted close attention of researchers and have also
been applied successfully to solve problems in engineering.
Nevertheless, for large and complex problems, AI algorithms
consume considerable computation time due to stochastic
feature of the search approaches. Therefore, there is a potential requirement to develop efficient algorithm to find solutions under the limited resources, time, and money in realworld applications. This special issue aims to report the latest
advances in every aspect of artificial intelligence technology,
including machine learning, data mining, computer vision,
multiagent systems, evolutionary computation, and fuzzy
logic.
The special issue received 142 high quality submissions
from different countries all over the world. All submitted
papers followed the same standard (peer-reviewed by at
least three independent reviewers) as applied to regular
submissions to Mathematical Problems in Engineering. Due
to the limited space, 57 papers were finally included. The
primary guideline was to demonstrate the most significant
developments on the topics of AI and to apply AI algorithms
in real-life scenarios.
In the paper entitled “Solving two-dimensional HP model
by firefly algorithm and simplified energy function,” Y. Zhang
et al. investigate traditional energy function and point out

that its discrete property cannot give direction of the next step
to the searching point, causing a challenge to optimization
algorithms. Therefore, they introduce the simplified energy
function to turn traditional discrete energy function to a
continuous one. The simplified energy function totals the
distance between all pairs of hydrophobic amino acids. To
optimize the simplified energy function, they introduce the
latest swarm intelligence algorithm, the firefly algorithm
(FA). The experiments take 14 sequences of different chain
lengths from 18 to 100 as the dataset and compare the
FA with standard genetic algorithm and immune genetic
algorithm. Each algorithm runs 20 times. The averaged
energy convergence results show that FA achieves the lowest
values. It concludes that it is effective to solve 2D HP model
by the FA and the simplified energy function.
In the paper entitled “Fault diagnosis for wireless sensor
by twin support vector machine,” M. Ding et al. propose a
novel fault diagnosis method for wireless sensor technology
by twin support vector machine (TSVM) in order to improve
the diagnosis accuracy of wireless sensor. Twin SVM is a
binary classifier that performs classification by using two
nonparallel hyperplanes instead of the single hyperplane
used in the classical SVM. However, the parameter setting
in the TSVM training procedure significantly influences
the classification accuracy. Their study introduces PSO as
an optimization technique to simultaneously optimize the
TSVM training parameter. The experimental results indicate
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that the diagnosis results for wireless sensor of twin support
vector machine are better than those of SVM, ANN.
In the paper “Design of special impacting filter for multicarrier ABPSK system,” Z. Chen and L. Wu propose an
iterative scheme to derive the parameters of the cascade notch
filter. The cost function is determined by the cascading notch
filter’s influence on impacting filters, converting the cost
function’s least square problem to a filter parameters’ standard
quadratic programming problem. Finally, a cascading notch
SIF (CNSIF) designed to demodulate the ABPSK signals is
realized.
In the paper “Weight-selected attribute bagging for credit
scoring,” J. Li et al. propose an improved attribute bagging
method, weight-selected attribute bagging (WSAB), to evaluate credit risk. Weights of attributes are first computed
using attribute evaluation method such as linear support
vector machine (LSVM) and principal component analysis
(PCA). Subsets of attributes are then constructed according
to weights of attributes. For each of attribute subsets, the
larger the weights of the attributes, the larger the probabilities by which they are selected into the attribute subset.
Next, training samples and test samples are projected onto
each attribute subset, respectively. A scoring model is then
constructed based on each set of newly produced training
samples. Finally, all scoring models are used to vote for
test instances. An individual model that only uses selected
attributes will be more accurate because of elimination of
some of redundant and uninformative attributes. Besides, the
way of selecting attributes by probability can also guarantee
the diversity of scoring models. Experimental results based
on two credit benchmark databases show that the proposed
method, WSAB, is outstanding in both prediction accuracy
and stability, as compared to analogous methods.
In the paper entitled “A novel method for surface defect
detection of photovoltaic module based on independent component analysis,” the research of X. Zhang et al. proposes
a new method for surface defect detection of photovoltaic
module based on independent component analysis (ICA)
reconstruction algorithm. Firstly, a faultless image is used as
the training image. The demixing matrix and corresponding
ICs are obtained by applying the ICA in the training image.
Then they reorder the ICs according to the range values and
reform the demixing matrix. The reformed demixing matrix
is used to reconstruct the defect image. The resulting image
can remove the background structures and enhance the
local anomalies. Experimental results show that the proposed
method can effectively detect the presence of defects in
periodically patterned surfaces.
In the paper entitled “Neural model with particle swarm
optimization Kalman learning for forecasting in smart grids,”
A. Y. Alanis et al. discuss a novel training algorithm for a neural network architecture applied to time series prediction with
smart grids applications. The proposed training algorithm is
based on an extended Kalman filter (EKF) improved using
particle swarm optimization (PSO) to compute the design
parameters. The EKF-PSO-based algorithm is employed to
update the synaptic weights of the neural network. The size
of the regression vector is determined by means of the
Cao methodology. The proposed structure captures more
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efficiently the complex nature of the wind speed, energy
generation, and electrical load demand time series that
are constantly monitored in a smart grid benchmark. The
proposed model is trained and tested using real data values
in order to show the applicability of the proposed scheme.
In the paper entitled “A wavelet-based robust relevance
vector machine based on sensor data scheduling control for
modeling mine gas gushing forecasting on virtual environment,”
W. Ting et al. present a wavelet-based robust relevance vector
machine based on sensor data scheduling control for modeling mine gas gushing forecasting. Morlet wavelet function
can be used as the kernel function of robust relevance vector
machine. Mean percentage error has been used to measure
the performance of the proposed method in this study. As the
mean prediction error of mine gas gushing of the WRRVM
model is less than 1.5% and the mean prediction error of mine
gas gushing of the RVM model is more than 2.5%, it can be
seen that the prediction accuracy for mine gas gushing of the
WRRVM model is better than that of the RVM model.
In the paper entitled “Practical speech emotion recognition
based on online learning: from acted data to elicited data,” C.
Huang et al. study the cross-database speech emotion recognition based on online learning. How to apply a classifier
trained on acted data to naturalistic data, such as elicited
data, remains a major challenge in today’s speech emotion
recognition system. They introduce three types of different
data sources: first, a basic speech emotion dataset collected
from acted speech by professional actors and actresses;
second, a speaker-independent data set which contains a
large number of speakers; third, an elicited speech data
set collected from a cognitive task. Acoustic features are
extracted from emotional utterances and evaluated by using
maximal information coefficient (MIC). A baseline valence
and arousal classifier is designed based on Gaussian mixture
models. Online training module is implemented by using
AdaBoost. While the offline recognizer is trained on the
acted data, the online testing data includes the speakerindependent data and the elicited data. Experimental results
show that by introducing the online learning module their
speech emotion recognition system can be better adapted
to new data, which is an important character in real world
applications.
In the paper entitled “Visual object tracking based on
2DPCA and ML,” M.-X. Jiang et al. present a novel visual
object tracking algorithm based on two-dimensional principal component analysis (2DPCA) and maximum likelihood
estimation (MLE). Firstly, they introduce regularization into
the 2DPCA reconstruction and develop an iterative algorithm
to represent an object by 2DPCA bases. Secondly, the model
of sparsity constrained MLE is established. Abnormal pixels
in the samples will be assigned with low weights to reduce the
effects on the tracking algorithm. The object tracking results
are obtained by using Bayesian maximum a posteriori (MAP)
probability estimation. Finally, to further reduce tracking
drift, they employ a template update strategy that combines
incremental subspace learning and the error matrix. Their
strategy adapts the template to the appearance change of the
target and reduces the influence of the occluded target template as well. Compared with other popular methods, their
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method reduces the computational complexity and is very
robust to abnormal changes. Both qualitative and quantitative
evaluations on challenging image sequences demonstrate that
the proposed tracking algorithm achieves more favorable
performance than several state-of-the-art methods.
In the paper entitled “Artificial bee colony algorithm
merged with pheromone communication mechanism for the 01 multidimensional knapsack problem,” J. Ji et al. propose a
new artificial bee colony (ABC) algorithm for the 0-1 multidimensional knapsack problem (MKP 01). The new ABC
algorithm introduces a novel communication mechanism
among bees, which bases on the updating and diffusion of
inductive pheromone produced by bees. In a number of
experiments and comparisons, their approach obtains better
quality solutions in shorter time than the ABC algorithm
without the mechanism. They also compare the solution performance of the proposed approach against some stochastic
approaches recently reported in the literature. Computational
results demonstrate the superiority of the new ABC approach
over all the other approaches.
In another paper, Q. Zhu and L.-N. Wu present
“Weighted-bit-flipping-based sequential scheduling decoding
algorithms for LDPC codes.” Their paper proposes a sequential
scheduling algorithm based on weighted bit-flipping (WBF)
algorithm for the sake of improving the convergence speed.
Notoriously, WBF is a low-complexity and simple algorithm.
They combine it with belief propagation (BP) to obtain
advantages of these two algorithms. Flipping function used
in WBF is borrowed to determine the priority of scheduling.
Simulation results show that it can provide a good tradeoff
between FER performance and computation complexity for
short-length low-density parity-check (LDPC) codes.
In another paper, the research of A. Laudani et al.
entitled “CFSO3 : a new supervised swarm-based optimization
algorithm,” presents CFSO3 , an optimization heuristic within
the class of the swarm intelligence, based on a synergy
among three different features of the Continuous flock-ofstarlings optimization. One of the main novelties is that this
optimizer is no more a classical numerical algorithm since
it now can be seen as a continuous dynamic system, which
can be treated by using all the mathematical instruments
available for managing state equations. In addition, CFSO3
allows passing from stochastic approaches to supervised
deterministic ones since the random updating of parameters,
a typical feature for numerical swarm-based optimization
algorithms, is now fully substituted by a supervised strategy:
in CFSO3 the tuning of parameters is a priori designed
for obtaining both exploration and exploitation. Indeed the
exploration, that is, the escaping from a local minimum, as
well as the convergence and the refinement to a solution can
be designed simply by managing the eigenvalues of the CFSO
state equations. Virtually in CFSO3 , just the initial values of
positions and velocities of the swarm members have to be
randomly assigned. Both standard and parallel versions of
CFSO3 together with validations on classical benchmarks are
presented.
In the paper “UCAV path planning by fitness-scaling
adaptive chaotic particle swarm optimization,” Y. Zhang et
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al. propose a fitness-scaling adaptive chaotic particle swarm
optimization (FAC-PSO) approach as a fast and robust
approach for the task of path planning of UCAVs. The
FAC-PSO employed the fitness-scaling method, the adaptive
parameter mechanism, and the chaotic theory. Experiments
show that the FAC-PSO is more robust and costs less
time than elite genetic algorithm with migration, simulated
annealing, and chaotic artificial bee colony. Moreover, the
FAC-PSO performs well on the application of dynamic path
planning when the threats cruise randomly and on the
application of 3D path planning.
In the paper entitled “Semisupervised clustering for
networks based on fast affinity propagation,” M. Zhu et al.
propose a semisupervised clustering algorithm for networks
based on fast affinity propagation (SCAN-FAP), which is
essentially a kind of similarity metric learning method.
Firstly, they define a new constraint similarity measure
integrating the structural information and the pairwise
constraints, which reflects the effective similarities between
nodes in networks. Then, taking the constraint similarities
as input, they propose a fast affinity propagation algorithm
that keeps the advantages of the original affinity propagation
algorithm while increasing the time efficiency by passing only
the messages between certain nodes. Finally, by extensive
experimental studies, they demonstrate that the proposed
algorithm can take full advantage of the prior knowledge and
improve the clustering quality significantly. Furthermore, the
proposed algorithm has a superior performance to some of
the state-of-the-art approaches.
In the paper entitled “Research on the production scheduling optimization for virtual enterprises,” M. Huang et al.
establish a partner selection model based on an improved
ant colony algorithm, then present a production scheduling
framework with two layers as global scheduling and local
scheduling for virtual enterprise, and give a global scheduling
mathematical model with the smallest total production time
based on it. An improved genetic algorithm is proposed in
the model to solve the time complexity of virtual enterprise
production scheduling. The experimental results validate the
optimization of the model and the efficiency of the algorithm.
In the paper entitled “Surface defect target identification
on copper strip based on adaptive genetic algorithm and feature
saliency,” X. Zhang et al. propose a new surface defect target
identification method for copper strip based on adaptive
genetic algorithm (AGA) and feature saliency. First, the
study uses gray level cooccurrence matrix (GLCM) and HU
invariant moments for feature extraction. Then, adaptive
genetic algorithm, which is used for feature selection, is
evaluated and discussed. In AGA, total error rates and false
alarm rates are integrated to calculate the fitness value,
and the probability of crossover and mutation is adjusted
dynamically according to the fitness value. At last, the selected
features are optimized in accordance with feature saliency
and are inputted into a support vector machine (SVM).
Furthermore, for comparison, they conduct experiments
using the selected optimal feature subsequence (OFS) and
the total feature sequence (TFS) separately. The experimental
results demonstrate that the proposed method can guarantee
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the correct rates of classification and can lower the false alarm
rates.
In the paper entitled “Interesting activities discovery for
moving objects based on collaborative filtering,” G. Yuan et al.
propose a method of interesting activities discovery based
on collaborative filtering. First, the interesting degree of
the objects’ activities is calculated comprehensively. Then,
combined with the newly proposed hybrid collaborative
filtering, similar objects can be computed and all kinds of
interesting activities can be discovered. Finally, potential
activities are recommended according to their similar objects.
The experimental results show that the method is effective
and efficient in finding objects’ interesting activities.
In the paper entitled “Optimal design of signal controlled
road networks using differential evolution optimization algorithm,” H. Ceylan proposes a traffic congestion minimization
model in which the traffic signal setting optimization is performed through a combined simulation-optimization model.
In this model, the TRANSYT traffic simulation software
is combined with differential evolution (DE) optimization
algorithm, which is based on the natural selection paradigm.
In this context, the equilibrium network design (EQND)
problem is formulated as a bilevel programming problem
in which the upper level is the minimization of the total
network performance index. In the lower level, the traffic assignment problem, which represents the route choice
behavior of the road users, is solved using the path flow
estimator (PFE) as a stochastic user equilibrium assessment.
The solution of the bilevel EQND problem is carried out by
the proposed differential evolution and TRANSYT with PFE,
the so-called DETRANSPFE model, on a well-known signal
controlled test network. Performance of the proposed model
is compared to that of two previous works where the EQND
problem has been solved by genetic-algorithms- (GAs-) and
harmony-search- (HS-) based models. Results show that the
DETRANSPFE model outperforms the GA- and HS-based
models in terms of the network performance index and the
computational time required.
In the paper entitled “A wavelet kernel-based primal twin
support vector machine for economic development prediction,”
F. Su and H. Shang propose an economic development
prediction method based on the wavelet kernel-based primal
twin support vector machine algorithm. As gross domestic product (GDP) is an important indicator to measure
economic development, economic development prediction
means GDP prediction in this study. The wavelet kernelbased primal twin support vector machine algorithm can
solve two smaller sized quadratic programming problems
instead of solving a large one as in the traditional support
vector machine algorithm. Economic development data of
Anhui province from 1992 to 2009 are used to study the
prediction performance of the wavelet kernel-based primal
twin support vector machine algorithm. The comparison of
mean error of economic development prediction between
wavelet kernel-based primal twin support vector machine
and traditional support vector machine models trained by
the training samples with the 3–5-dimensional input vectors,
respectively, is given in this paper. The testing results show
that the economic development prediction accuracy of the
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wavelet kernel-based primal twin support vector machine
model is better than that of traditional support vector
machine.
In the paper entitled “Multiagent reinforcement learning
with regret matching for robot soccer,” Q. Liu et al. propose a novel multiagent reinforcement learning (MARL)
algorithm Nash-Q learning with regret matching, in which
regret matching is used to speed up the well-known MARL
algorithm Nash-Q learning. It is of importance to choose the
suitable strategy of action selection to balance exploration
and exploitation, with the aim of enhancing the ability of
online learning of Nash-Q learning. In Markov game the
joint action of agents adopting regret matching algorithm
can converge to a group of points of no-regret that can
be viewed as coarse correlated equilibrium which includes
Nash equilibrium in essence. It is can be inferred that regret
matching can guide exploration of the state-action space so
that the rate of convergence of Nash-Q learning algorithm
can be increased. Simulation results on robot soccer validate
that compared to original Nash-Q learning algorithm, the
use of regret matching during the learning phase of Nash-Q
learning has excellent ability of online learning and results in
significant performance in terms of scores, average reward,
and policy convergence.
In another paper, X. Hu et al. present “Emotion expression
of robot with personality.” They build a robot emotional
expression model based on hidden Markov model (HMM) to
enable robots that have different personalities to respond in a
more satisfactory emotional level. Gross emotion regulation
theory and five factors model (FFM) that are the theoretical
basis are firstly described. The importance of the personality
effect on the emotion expression process is proposed, and
how to make the effect quantization is discussed. After that,
the algorithm of HMM is used to describe the process of emotional state transition and expression, and the performance
transferring probability affected by personality is calculated.
At last, the algorithm model is simulated and applied in
a robot platform. The results prove that the emotional
expression model can acquire human-like expressions and
improve the human-computer interaction.
In another paper, the research of Y.-H. Kim and Y. Yoon
entitled “Context prediction of mobile users based on timeinferred pattern networks: a probabilistic approach” presents
a probabilistic method of predicting context of mobile users
based on their historic context data. The presented method
predicts general context based on probability theory through
a novel graphical data structure, which is a kind of weighted
directed multigraphs. User context data are transformed into
the new graphical structure, in which each node represents
a context or a combined context and each directed edge
indicates a context transfer with the time weight inferred
from corresponding time data. They also consider the periodic property of context data and devise a good solution to
context data with such property. Test shows the merits of the
presented method.
In the paper “Tundish cover flux thickness measurement
method and instrumentation based on computer vision in
continuous casting tundish,” M. Lu et al. specifically design
and build instrumentation and present a novel method to
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measure the tundish cover flux (TCF) thickness. The instrumentation is composed of a measurement bar, a mechanical
device, a high-definition industrial camera, a Siemens S7200 programmable logic controller (PLC), and a computer.
Their measurement method is based on the computer vision
algorithms, including image denoising method, monocular
range measurement method, scale invariant feature transform (SIFT), and image gray gradient detection method.
Using the present instrumentation and method, images in
the continuous casting (CC) tundish can be collected by
camera and transferred to computer to do image processing.
Experiments show that the proposed instrumentation and
method worked well at scene of steel plants, can accurately
measure the thickness of TCF, and overcome the disadvantages of traditional measurement methods, or even replace
the traditional ones.
In the paper entitled “Ripple-spreading network model
optimization by genetic algorithm,” X.-B. Hu et al. attempt to
apply genetic algorithm (GA) to tune the values of ripplespreading related parameters (RSRPs), so that the ripplespreading network model (RSNM) may generate these two
most important network topologies. The study demonstrates
that, once RSRPs are properly tuned by GA, the RSNM is
capable of generating both network topologies and therefore
has a great flexibility to study many real-world complex
network systems.
In the paper entitled “A hybrid bat algorithm with path
relinking for capacitated vehicle routing problem,” Y. Zhou
et al. propose a hybrid bat algorithm with path relinking
(HBA-PR) to solve capacitated vehicle routing problem
(CVRP). The HBA-PR is constructed based on the framework
of continuous bat algorithm; the greedy randomized adaptive
search procedure (GRASP) and path relinking are effectively
integrated into bat algorithm. Moreover, in order to further
improve the performance, the random subsequences and
single-point local search are operated with certain loudness
(probability). In order to verity the validity of their method,
several classical CVRP instances from three classes of benchmarks are selected to test its efficiency compared with other
existing methods. Experimental results and comparisons
show that the HBA-PR is effective for CVRP.
In the paper entitled “Study on semi-parametric statistical
model of safety monitoring of cracks in concrete dams,” C.
Gu et al. consider that cracks are one of the hidden dangers
in concrete dams. The study on safety monitoring models
of concrete dam cracks has always been difficult. Using the
parametric statistical model of safety monitoring of cracks
in concrete dams, with the help of the semiparametric
statistical theory, and considering the abnormal behaviors of
these cracks, the semiparametric statistical model of safety
monitoring of concrete dam cracks is established to overcome
the limitation of the parametric model in expressing the
objective model. Previous projects show that the semiparametric statistical model has a stronger fitting effect and has a
better explanation for cracks in concrete dams than the parametric statistical model. However, when used for forecast,
the forecast capability of the semiparametric statistical model
is equivalent to that of the parametric statistical model. The
modeling of the semiparametric statistical model is simple,
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has a reasonable principle, and has a strong practicality, with
a good application prospect in the actual project.
In the paper entitled “Efficient secure multiparty computation protocol for sequencing problem over insecure channel,”
Y. Sun et al. believe that secure multiparty computation is
more and more popular in electronic bidding, anonymous
voting, and online auction, as a powerful tool in solving
privacy preserving cooperative problems. Privacy preserving
sequencing problem that is an essential link is regarded
as the core issue in these applications. However, due to
the difficulties of solving multiparty privacy preserving
sequencing problem, related secure protocol is extremely
rare. In order to break this deadlock, their paper presents
an efficient secure multiparty computation protocol for the
general privacy-preserving sequencing problem based on
symmetric homomorphic encryption. The result is of value
not only in theory, but also in practice.
In the paper entitled “Nighttime fire/smoke detection
system based on a support vector machine,” C.-C. Ho states
that a laser light can be projected into the monitored field of
view and the returning projected light section image can be
analyzed to detect fire and/or smoke, in order to overcome
the nighttime limitations of video smoke detection methods.
If smoke appears within the monitoring zone created from
the diffusion or scattering of light in the projected path, the
camera sensor receives a corresponding signal. The successive
processing steps of the proposed real-time algorithm use
the spectral, diffusing, and scattering characteristics of the
smoke-filled regions in the image sequences to register the
position of possible smoke in a video. Characterization of
smoke is carried out by a nonlinear classification method
using a support vector machine, and this is applied to identify the potential fire/smoke location. Experimental results
in a variety of nighttime conditions demonstrate that the
proposed fire/smoke detection method can successfully and
reliably detect fires by identifying the location of smoke.
In the paper entitled “Improved SpikeProp for using
particle swarm optimization,” F. Y. H. Ahmed et al. derive
a novel supervised learning rule for SpikeProp to overcome
the discontinuities introduced by the spiking thresholding.
Their algorithm is based on an error-backpropagation learning rule suited for supervised learning of spiking neurons
that use exact spike time coding. The SpikeProp is able to
demonstrate the spiking neurons that can perform complex
nonlinear classification in fast temporal coding. Their study
proposes enhancements of SpikeProp learning algorithm for
supervised training of spiking networks which can deal with
complex patterns. The proposed methods include the SpikeProp particle swarm optimization (PSO) and angle driven
dependency learning rate. These methods are presented to
SpikeProp network for multilayer learning enhancement and
weights optimization. Input and output patterns are encoded
as spike trains of precisely timed spikes, and the network
learns to transform the input trains into target output trains.
With these enhancements, the proposed methods outperformed other conventional neural network architectures.
In the paper entitled “LGMS-FOA: an improved fruit
fly optimization algorithm for solving optimization problems,”
D. Shan et al. empirically study the performance of fruit
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fly optimization algorithm (FOA). Six different nonlinear
functions are selected as testing functions. The experimental
results illustrate that FOA cannot solve complex optimization
problems effectively. In order to enhance the performance of
FOA, an improved FOA (named LGMS-FOA) is proposed.
Simulation results and comparisons of LGMS-FOA with FOA
and other metaheuristics show that LGMS-FOA can greatly
enhance the searching efficiency and greatly improve the
searching quality.
In another paper, Y. Wang et al. present “Robust quadratic
regression and its application to energy-growth consumption
problem.” The paper proposes a robust quadratic regression
model to handle the statistics inaccuracy. Unlike the traditional robust statistic approaches that mainly focus on
eliminating the effect of outliers, the proposed model employs
the recently developed robust optimization methodology and
tries to minimize the worst-case residual errors. First, they
give a solvable equivalent semidefinite programming for the
robust least square model with ball uncertainty set. Then
the result is generalized to robust models under 𝑙1 - and
𝑙∞ -norm criteria with general ellipsoid uncertainty sets. In
addition, they establish a robust regression model for per
capita GDP and energy consumption in the energy-growth
problem under the conservation hypothesis. Finally, numerical experiments are carried out to verify the effectiveness
of the proposed models and demonstrate the effect of the
uncertainty perturbation on the robust models.
In another paper, the research of L. Wang entitled “Extraction of belief knowledge from a relational database for quantitative Bayesian network inference,” proposes the integration
of a Bayesian network (BN) with the functional dependency
(FD) discovery technique based on a three-phase learning
framework. Association rule analysis is employed to discover
FDs and expert knowledge encoded within a BN; that is, key
relationships between attributes are emphasized. Moreover,
the BN can be updated by using an expert-driven annotation
process wherein redundant nodes and edges are removed.
Experimental results show the effectiveness and efficiency of
the proposed approach.
In the paper “Identification of code-switched sentences and
words using language modeling approaches,” L.-C. Yu et al.
propose a language modeling approach to the problem of
code-switching language processing, dividing the problem
into two subtasks: the detection of code-switched sentences
and the identification of code-switched words in sentences.
A code-switched sentence is detected on the basis of whether
it contains words or phrases from another language. Once
the code-switched sentences are identified, the positions of
the code-switched words in the sentences are then identified. Experimental results show that the language modeling
approach achieved an F-measure of 80.43% and an accuracy
of 79.01% for detecting Mandarin-Taiwanese code-switched
sentences. For the identification of code-switched words, the
word-based and POS-based models achieved F-measures of
41.09% and 53.08%, respectively.
In the paper entitled “Knowledge mining based on environmental simulation applied to wind farm power forecasting,”
D. Niu et al. propose a self-organizing map (SOM) combined
with rough set theory clustering technique (RST) to extract
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the relative knowledge and to choose the most similar history
situation and efficient data for wind power forecasting with
numerical weather prediction (NWP). Through integrating
the SOM and RST methods to cluster the historical data
into several classes, the approach could find the similar
days and excavate the hidden rules. According to the data
reprocessing, the selected samples will improve the forecast
accuracy echo state network (ESN) trained by the class of the
forecasting day that is adopted to forecast the wind power
output accordingly. The developed methods are applied to a
case of power forecasting in a wind farm located in northwest
of China with wind power data from April 1, 2008, to May 6,
2009. In order to verify its effectiveness, the performance of
the proposed method is compared with the traditional backpropagation neural network (BP). The results demonstrated
that knowledge mining led to a promising improvement in
the performance for wind farm power forecasting.
In the paper entitled “Matching cost filtering for dense
stereo correspondence,” Y. Lin et al. propose a new costaggregation module to compute the matching responses for
all the image pixels at a set of sampling points generated
by a hierarchical clustering algorithm. The complexity of
this implementation is linear both in the number of image
pixels and in the number of clusters. Experimental results
demonstrate that the proposed algorithm outperforms stateof-the-art local methods in terms of both accuracy and speed.
Moreover, performance tests indicate that parameters such as
the height of the hierarchical binary tree and the spatial and
range standard deviations have a significant influence on time
consumption and the accuracy of disparity maps.
In the paper entitled “A multilayer hidden Markov modelsbased method for human-robot interaction,” C. Tao and G.
Liu propose a continuous gesture recognition approach
based on multilayer hidden Markov models (MHMMs) to
achieve human-robot interaction (HRI) by using gestures.
The method consists of two parts. One part is gesture
spotting and segment module, the other part is continuous
gesture recognition module. Firstly, a Kinect sensor is used
to capture 3D acceleration and 3D angular velocity data of
hand gestures. Then, feed-forward neural networks (FNNs)
and a threshold criterion are used for gesture spotting and
segment, respectively. Afterwards, the segmented gesture
signals are, respectively, preprocessed and vector symbolized
by a sliding window and a K-means clustering method.
Finally, symbolized data are sent into lower hidden Markov
models (LHMMs) to identify individual gestures, and, then,
a Bayesian filter with sequential constraints among gestures
in upper hidden Markov models (UHMMs) is used to
correct recognition errors created in LHMMs. Five predefined gestures are used to interact with a Kinect mobile
robot in experiments. The experimental results show that
the proposed method not only has good effectiveness and
accuracy, but also has favorable real-time performance.
In the paper entitled “Nonlinear predictive control of
mass moment aerospace vehicles based on ant colony genetic
algorithm optimization,” X. Zhang et al. propose a novel kind
of NPC parameters optimization strategy based on ant colony
genetic algorithm (ACGA), aiming at the parameters of NPC
that is generally used the trial-and-error method to optimize

Mathematical Problems in Engineering
and design. The method for setting NPC parameters with
ACA in which the routes of ants are optimized by the genetic
algorithm (GA) is derived. And then, a detailed realized
process of this method is also presented. Furthermore, this
optimization algorithm of the NPC parameters is applied to
the flight control system of MMAV. The simulation results
show that the system not only meets the demands of timeresponse specifications but also has excellent robustness.
In the paper entitled “Modeling and analysis of the weld
bead geometry in submerged arc welding by using adaptive
neurofuzzy inference system,” N. Akkas et al. aim at obtaining
a relationship between the values defining bead geometry and
the welding parameters and also to select optimum welding
parameters. For this reason, an experimental study has been
realized. The welding parameters such as the arc current,
arc voltage, and welding speed that have the most effect
on bead geometry are considered, and the other parameters
are held as constant. Four, three, and five different values
for the arc current, the arc voltage, and welding speed are
used, respectively. Therefore, sixty samples made of St 52-3
material are prepared. The bead geometries of the samples
are analyzed, and the thickness and penetration values of
the weld bead are measured. Then, the relationship between
the welding parameters is modeled by using artificial neural
network (ANN) and neurofuzzy system approach. Each
model is checked for its adequacy by using test data that
are selected from experimental results. Then, the models
developed are compared with regard to accuracy. In addition,
the appropriate welding parameters values can be easily
selected when the models improve.
In the paper entitled “Genetic pattern search and its application to brain image classification,” Y. Zhang et al. propose a
novel global optimization method based on the combination
of genetic algorithm (GA) and generalized pattern search
(PS) algorithm, to find global minimal points more effectively
and rapidly. The idea lies in the facts that GA tends to be
quite good at finding generally good global solutions but
quite inefficient in finding the last few mutations for the
absolute optimum and that PS is quite efficient in finding
absolute optimum in a limited region. The novel algorithm,
named as genetic pattern search (GPS), employs the GA as
the search method at every step of PS. Experiments on five
different classical benchmark functions (consisting of Hump,
Powell, Rosenbrock, Schaffer, and Woods) demonstrate that
the proposed GPS is superior to improved GA and improved
PS with respect to success rate. They apply the GPS to the
classification of normal and abnormal structural brain MRI
images. The results indicate that GPS exceeds BP, MBP, IGA,
and IPS in terms of classification accuracy. This suggests that
GPS is an effective and viable global optimization method and
can be applied to brain MRI classification.
In the paper entitled “Solving a novel inventory location
model with stochastic constraints and (R, s, S) inventory
control policy,” G. Cabrera et al. solve a novel inventorylocation model with a stochastic capacity constraint based on
a periodic inventory control (ILM-PR) policy. The ILM-PR
policy implies several changes with regard to other previous
models proposed in the literature, which consider continuous
review as their inventory policy. One of these changes is
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the inclusion of the undershoot concept, which has not
been considered in previous ILM models in the literature.
Based on the model, they design a distribution network
for a two-level supply chain, addressing both warehouse
location and customer assignment decisions, whilst taking
into consideration several aspects of inventory planning, in
particular, evaluating the impact of the inventory control
review period on the network configuration and system
costs. Because the model is a very hard-to solve combinatorial nonlinear optimization problem, they implemented
two heuristics to solve it, namely, Tabu Search and Particle
Swarm Optimization. These approaches are tested over small
instances in which they are able to find the optimal solution
in just a few seconds. Because the model is a new one, a set
of medium-size instances is provided that can be useful as
a benchmark in future research. The heuristics show a good
convergence rate when applied to those instances. The results
confirm that decision making over the inventory control
policy has effects on the distribution network design.
In another paper, S. Dinç et al. present “Hyperspectral
image classification using kernel Fukunaga-Koontz transform.”
The paper presents a novel approach for the hyperspectral imagery (HSI) classification problem, using Kernel
Fukunaga-Koontz transform (K-FKT). The Kernel based
Fukunaga-Koontz transform offers higher performance for
classification problems due to its ability to solve nonlinear
data distributions. K-FKT is realized in two stages: training
and testing. In the training stage, unlike classical FKT,
samples are relocated to the higher dimensional kernel space
to obtain a transformation from nonlinear distributed data
to linear form. This provides a more efficient solution to
hyperspectral data classification. The second stage, testing,
is accomplished by employing the Fukunaga-Koontz transformation operator to find out the classes of the real world
hyperspectral images. In experiment section, the improved
performance of HSI classification technique, K-FKT, has been
tested comparing other methods such as the classical FKT
and three types of support vector machines (SVMs).
In another paper, the research of A. El Mobacher et al.
entitled “Entropy-based and weighted selective SIFT clustering
as an energy aware framework for supervised visual recognition of man-made structures,” presents uSee, a supervised
learning framework which exploits the symmetrical and
repetitive structural patterns in buildings to identify subsets
of relevant clusters formed by these keypoints. Once a
smart phone captures an image, uSee preprocesses it using
variations in gradient angle- and entropy-based measures
before extracting the building signature and comparing its
representative SIFT keypoints against a repository of building
images. Experimental results on 2 different databases confirm
the effectiveness of uSee in delivering, at a greatly reduced
computational cost, the high matching scores for building
recognition that local descriptors can achieve. With only
14.3% of image SIFT keypoints, uSee exceeded prior literature
results by achieving an accuracy of 99.1% on the Zurich
Building Database with no manual rotation, thus saving
significantly on the computational requirements of the task
at hand.
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In the paper “Application of adaptive extended Kalman
smoothing on INS/WSN integration system for mobile robot
indoors,” X. Chen et al. propose the inertial navigation
systems (INS)/wireless sensor network (WSN) integration
system of mobile robot for navigation information indoors
accurately and continuously. The Kalman filter (KF) is widely
used for real-time applications with the aim of gaining
optimal data fusion. In order to improve the accuracy of the
navigation information, they propose an adaptive extended
Kalman smoothing (AEKS) which utilizes inertial measuring
units (IMUs) and ultrasonic positioning system. The adaptive
extended Kalman filter (AEKF) is used to improve the
accuracy of forward Kalman filtering (FKF) and backward
Kalman filtering (BKF), and then the AEKS and the average
filter are used between two output timings for the online
smoothing. Several real indoor tests are done to assess the
performance of the proposed method. The results show that
the proposed method can reduce the error compared with the
INS-only, least squares (LS) solution, and AEKF.
In the paper entitled “The study of reinforcement learning
for traffic self-adaptive control under multiagent Markov game
environment,” L.-H. Xu et al. cast traffic self-adaptive control
as a multiagent Markov game problem. The design employs
traffic signal control agent (TSCA) for each signalized
intersection that coordinates with neighboring TSCAs. A
mathematical model for TSCAs’ interaction is built based
on nonzero-sum Markov game that has been applied to let
TSCAs learn how to cooperate. A multiagent Markov game
reinforcement learning approach is constructed on the basis
of single-agent Q-learning. Their method lets each TSCA
learn to update its Q-values under the joint actions and
imperfect information. The convergence of the proposed
algorithm is analyzed theoretically. The simulation results
show that the proposed method is convergent and effective
in realistic traffic self-adaptive control setting.
In the paper entitled “Research on ISFLA-based optimal
control strategy for the coordinated charging of EV battery
swap station,” X. Huang et al. maintain that electric vehicles
(EVs) could be a good measure against energy shortages and
environmental pollution as an important component of the
smart grid. A main way of energy supply to EVs is to swap
battery from the swap station. Based on the characteristics
of EV battery swap station, the coordinated charging optimal
control strategy is investigated to smooth the load fluctuation.
Shuffled frog leaping algorithm (SFLA) is an optimization
method inspired by the memetic evolution of a group of
frogs when seeking food. An improved shuffled frog leaping
algorithm (ISFLA) with the reflecting method to deal with
the boundary constraint is proposed to obtain the solution of
the optimal control strategy for coordinated charging. Based
on the daily load of a certain area, the numerical simulations
including the comparison of PSO and ISFLA are carried out
and the results show that the presented ISFLA can effectively
lower the peak-valley difference and smooth the load profile
with the faster convergence rate and higher convergence
precision.
In the paper entitled “Composite broadcasting and ranging
via a satellite dual-frequency MPPSK system,” Y. Yao et al. propose the design of dual frequency M-ray position phase shift
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keying (MPPSK) system that is suitable for performing both
data transmission and range measurement. The approach is
based on MPPSK modulation waveforms utilized in digital
video broadcasting. In particular, requirements that allow
for employing such signals for range measurements with
high accuracy and high range are investigated. In addition,
the relationship between the frequency difference of dual
frequency MPPSK system and range accuracy is discussed.
Moreover, the selection of MPPSK modulation parameter for
data rate and ranging is considered. In addition to theoretical
considerations, the paper presents system simulations and
measurement results of new systems, demonstrating the high
spectral utilization of integrated broadcasting and ranging
applications.
In the paper entitled “A genetic-algorithms-based
approach for programming linear and quadratic optimization
problems with uncertainty,” W. Jin et al. propose a geneticalgorithms-based approach as an all-purpose problemsolving method for operation programming problems
under uncertainty. The proposed method is applied for
management of a municipal solid waste treatment system.
Compared to the traditional interactive binary analysis,
this approach has fewer limitations and is able to reduce
the complexity in solving the inexact linear programming
problems and inexact quadratic programming problems.
The implementation of this approach is performed using
the genetic algorithm solver of MATLAB (trademark of
MathWorks). The paper explains the genetic-algorithmsbased method and presents details on the computation
procedures for each type of inexact operation programming
problems. A comparison of the results generated by the
proposed method based on genetic algorithms with those
produced by the traditional interactive binary analysis
method is also presented.
In the paper entitled “Solving the balanced academic
curriculum problem using the ACO metaheuristic,” J.-M. Rubio
et al. consider that the balanced academic curriculum problem consists in the assignation of courses to academic periods
satisfying all the load limits and prerequisite constraints. They
present the design of a solution to the balanced academic
curriculum problem based on the ACO metaheuristic, in
particular via the best-worst ant system. They provide an
experimental evaluation that illustrates the effectiveness of
the proposed approach on a set of classic benchmarks as well
as on real instances.
In the paper entitled “Hybrid functional-neural approach
for surface reconstruction,” A. Iglesias and A. Gálvez introduce a new hybrid functional-neural approach for surface
reconstruction. The approach is based on the combination
of two powerful artificial intelligence paradigms: on one
hand, they apply the popular Kohonen neural network to
address the data parameterization problem. On the other
hand, they introduce a new functional network, called
NURBS functional network, whose topology is aimed at
reproducing faithfully the functional structure of the NURBS
surfaces. These neural and functional networks are applied
in an iterative fashion for further surface refinement. The
hybridization of these two networks provides a powerful
computational approach to obtain a NURBS fitting surface
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to a set of irregularly sampled noisy data points within a
prescribed error threshold. The method has been applied to
two illustrative examples. The experimental results confirm
the good performance of their approach.
In the paper entitled “An algorithm for mining of association rules for the information communication network alarms
based on swarm intelligence,” Y. Wang et al. analyze the
data characteristics and association logic of the network
alarms. Besides, the alarm data are preprocessed and the
main standardization information fields are screened. The
APPSO algorithm is proposed on the basis of combining
the evaluation method for support and confidence coefficient
in the Apriori (AP) algorithm as well as the particle swarm
optimization (PSO) algorithm. By establishing a sparse linked
list, the algorithm is able to calculate the particle support thus
further improving the performance of the APPSO algorithm.
Based on the test for the network alarm data, it is discovered
that rational setting of the particle swarm scale and number
of iterations of the APPSO algorithm can be used to mine
the vast majority and even all of the association rules and the
mining efficiency are significantly improved, compared with
Apriori algorithm.
In another paper, S.-F. Jiang et al. present “Structural
reliability assessment by integrating sensitivity analysis and
support vector machine.” This paper proposes a structural
reliability assessment method by the use of sensitivity analysis
(SA) and support vector machine (SVM). The sensitivity
analysis is firstly applied to assess the effect of random variables on the values of performance function, while the smallinfluence variables are rejected as input vectors of SVM.
Then, the trained SVM is used to classify the input vectors,
which are produced by sampling the residual variables based
on their distributions. Finally, the reliability assessment is
implemented with the aid of reliability theory. A 10-bar
planar truss is used to validate the feasibility and efficiency
of the proposed method, and a performance comparison is
made with other existing methods. The results show that
the proposed method can largely save the runtime with less
reduction of the accuracy; furthermore, the accuracy using
the proposed method is the highest among the methods
employed.
In a paper, the research of C. Liu et al. entitled “Incremental tensor principal component analysis for handwritten
digit recognition” proposes incremental tensor principal component analysis (ITPCA) based on updated-SVD technique
algorithm. This paper proves the relationship between PCA,
2DPCA, MPCA, and the graph embedding framework theoretically and derives the incremental learning procedure to
add single sample and multiple samples in detail. The experiments on handwritten digit recognition have demonstrated
that ITPCA has achieved better recognition performance
than that of vector-based principal component analysis
(PCA), incremental principal component analysis (IPCA),
and multilinear principal component analysis (MPCA) algorithms. At the same time, ITPCA also has lower time and
space complexity.
In the paper “Optimum performance-based seismic design
using a hybrid optimization algorithm,” S. Talatahari et al.
present a hybrid optimization method to optimum seismic
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design of steel frames considering four performance levels.
These performance levels are considered to determine the
optimum design of structures to reduce the structural cost.
A pushover analysis of steel building frameworks subject to
equivalent-static earthquake loading is utilized. The algorithm is based on the concepts of the charged system search in
which each agent is affected by local and global best positions
stored in the charged memory considering the governing laws
of electrical physics. Comparison of the results of the hybrid
algorithm with those of other metaheuristic algorithms
shows the efficiency of the hybrid algorithm.
In the paper entitled “Research on cooperative combat for
integrated reconnaissance-attack-BDA of group LAVs,” L. Bing
et al. analyze a group system by the theory of Itô stochastic
differential. The uniqueness and continuity of the solution of
the system are discussed. Afterwards the model of the system
based on the state transition is established with the finite state
machine automatically. At last, a search algorithm is proposed
for obtaining good feasible solutions for problems. Moreover,
simulation results show that model and method are effective
for dealing with cooperative combat of group LAVs (loitering
air vehicles).
In the paper entitled “Wolf pack algorithm for unconstrained global optimization,” H.-S. Wu and F.-M. Zhang
abstract three intelligent behaviors, scouting, calling, and
besieging, and two intelligent rules, winner-take-all generation rule of lead wolf and stronger-survive renewing rule
of wolf pack. Then they propose a new heuristic swarm
intelligent method, named wolf pack algorithm (WPA).
Experiments are conducted on a suit of benchmark functions with different characteristics, unimodal/multimodal,
separable/nonseparable, and the impact of several distance
measurements and parameters on WPA are discussed. What
is more, the compared simulation experiments with other
five typical intelligent algorithms, genetic algorithm, particle
swarm optimization algorithm, artificial fish swarm algorithm, artificial bee colony algorithm, and firefly algorithm,
show that WPA has better convergence and robustness,
especially for high-dimensional functions.
In the paper entitled “Towards a unified sentiment lexicon
based on graphics processing units,” L. I. Barbosa-Santillán
et al. present an approach to create what they have called
a unified sentiment lexicon (USL). This approach aims
at aligning, unifying, and expanding the set of sentiment
lexicons that are available on the web in order to increase
their robustness of coverage. One problem related to the task
of the automatic unification of different scores of sentiment
lexicons is that there are multiple lexical entries for which
the classification of positive, negative, or neutral (P, N, Z)
depends on the unit of measurement used in the annotation
methodology of the source sentiment lexicon. Their USL
approach computes the unified strength of polarity of each
lexical entry based on the Pearson correlation coefficient
that measures how correlated lexical entries are with a value
between 1 and −1, where 1 indicates that the lexical entries are
perfectly correlated, 0 indicates no correlation, and −1 means
they are perfectly inversely correlated and so is the unified
metrics procedure for CPU and GPU, respectively. Another
problem is the high processing time required for computing
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all the lexical entries in the unification task. Thus, the USL
approach computes a subset of lexical entries in each of the
1344 GPU cores and uses parallel processing in order to unify
155802 lexical entries. The results of the analysis conducted
using the USL approach show that the USL has 95.430 lexical
entries, out of which there are 35.201 considered positive,
22.029 negative, and 38.200 neutral. Finally, the runtime is 10
minutes for 95.430 lexical entries; this allows a reduction of
the time computing for the unified metrics by 3 times.
In the paper entitled “The application of FastICA combined
with related function in blind signal separation,” D. Li et
al. propose a new method which is the combination of
related function relevance to estimated signal and negative
entropy in fast independent component analysis (FastICA) as
objective function, and the iterative formula is derived without any assumptions, then the independent components are
found by maximizing the objective function. The improved
algorithm shorthand for R-FastICA is applied to extract
random mixed signals and ventricular late potential (VLP)
signal from normal ECG signal; simultaneously the performance of R-FastICA algorithm is compared with traditional
FastICA through simulation. Experimental results show that
R-FastICA algorithm outperforms traditional FastICA with
higher similarity coefficient and separation precision.
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Blind source separation (BSS) has applications in the fields of data compression, feature recognition, speech, audio, and biosignal
processing. Identification of ECG signal is one of the challenges in the biosignal processing. Proposed in this paper is a new method,
which is the combination of related function relevance to estimated signal and negative entropy in fast independent component
analysis (FastICA) as objective function, and the iterative formula is derived without any assumptions; then the independent
components are found by maximizing the objective function. The improved algorithm shorthand for R-FastICA is applied to extract
random mixed signals and ventricular late potential (VLP) signal from normal ECG signal; simultaneously the performance of RFastICA algorithm is compared with traditional FastICA through simulation. Experimental results show that R-FastICA algorithm
outperforms traditional FastICA with higher similarity coefficient and separation precision.

1. Introduction
Blind source separation (BSS) [1] has been applied successfully to extract mixed signals in different fields of data
compression [2], feature recognition [3], speech, audio, and
biosignal processing [4, 5] as a statistical signal method.
Literature [2] showed that the compression ratio was higher
through the ICA method than principal component analysis
(PCA). The accuracy ratio of feature recognition was 92.1%
based on the complex valued Independent Component Analysis in literature [3]. Literature [4, 5] showed that FastICA
was an efficient method in the extraction of speech, audio,
and biosignal. Neither the source signals nor the structure of
mixed matrix is known [6].
The detection and analysis of VLP generally appearing
in the end of QRS wave and extending to ST segment with
a series of high frequency and low-rising weak irregular
electrical signal are a kind of effective means to predict unexplained asphyxia, sudden cardiac deaths, and so forth [7]. At
present, the analysis methods of VLP commonly have had a
time domain method, frequency domain method, spectrum
scale measurement analysis method, and so forth [8]. Time
domain method is not easy to improve detection rate of VLP;

frequency domain analysis is limited by frequency resolution;
spectrum scale measurement analysis can overcome some
limitations in time domain and frequency domain analysis,
but it is easily influenced by the selection of analysis time and
positioning of QRS wave terminal in extracting judgmental
standard parameters of VLP [9].
To overcome the abovementioned limitation and improve
the detection accuracy, it is necessary to put forward a
new detection technology. Independent component analysis
(ICA) as a branch of BSS is widely applied to this problem
in recent years [10–12]. Traditional FastICA algorithm has
obtained several effects in extracting electromyographic and
atrial fibrillation signal. VLP compared with normal ECG
signal waveform has a relative independence, and ICA
algorithm can accurately distinguish relatively independent
component from the ECG; it can be used to identify VLP.
In addition, many authors have conducted specific research
to ICA algorithm. Literature [13] proposed an adaptive
ICA algorithm based on artificial neural network, which
reduced the complexity of obtaining the learning matrix and
independent component; literature [14] designed a fast search
algorithm directly based on kurtosis as a measure of nonGauss; literature [15] analyzed the principle and method of
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Figure 1: FastICA principle diagram.

random mixed signals and ECG signal with VLP. Experimental results show that R-FastICA algorithm outperforms
traditional FastICA with higher similarity coefficient and
separation precision.
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ICA firstly proposed by Pierre Comon in 1994 is a method
for finding the statistical independent components from multidimensional statistical data [17]. The mathematical model
without noises can be expressed as follows:
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Figure 2: The source signals.
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where 𝑆(𝑡) = [𝑠1 (𝑡), 𝑠2 (𝑡), . . . , 𝑠𝑁(𝑡)]𝑇 is a 𝑁 column vector
of source signals and 𝑋(𝑡) = [𝑥1 (𝑡), 𝑥2 (𝑡), . . . , 𝑥M (𝑡)]𝑇 is 𝑀
column vector of observed signals. 𝐴 is a 𝑀×𝑁 mixed matrix
required that 𝑀 ≥ 𝑁.
The goal is to extract independent source signals from
mixed signals by finding separation matrix 𝑊 through some
assumptions and constraints under the premise of unknown
source signal 𝑆(𝑡) and mixed matrix 𝐴, which makes output
𝑌(𝑡) an estimation to source signal 𝑆(𝑡). That is to say,
𝑌 (𝑡) = 𝑊𝑋 (𝑡) = 𝑊𝐴𝑆 (𝑡) ≈ 𝑆 (𝑡) ,

(2)

where 𝑌(𝑡) = [𝑦1 (𝑡), 𝑦2 (𝑡), . . . , 𝑦𝑁(𝑡)]𝑇 is the estimation of
source signals.
Generally, the normal ECG and VLP signal can be
thought of as statistical independence with each other; thus
VLP signal will be extracted through FastICA algorithm [11].
The basic model is shown in Figure 1.
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Figure 3: The mixed signals.

independent component in serial estimation ICA model; the
concept of kernel ICA was proposed in literature [16], where
data was analyzed through related analysis combined with
mutual information theory; it had obtained better separation
effect.
R-FastICA is proposed in this paper, which is the combination of related function and negative entropy as objective
function, and the iterative formula is derived; then the independent components are found by maximizing the objective
function. The extracted performance of R-FastICA algorithm
is compared with traditional FastICA through simulation of

3. Methodology
3.1. R-FastICA Algorithm. Traditional FastICA method is to
estimate source signals based on negative entropy.
In order to improve separation precisely, negative entropy
combined with related function as objective function is
proposed in this paper. The updating formula of R-FastICA
algorithm is vector gradient derived by the negative entropy
combined with related function. The basic idea of R-FastICA
algorithm requires that extracted signals are not only independent but also have high precision. Related function 𝛿 is
introduced and defined by following formula:
𝛿 = lg

𝑇
∑𝑁
𝑖=1 𝑦𝑖 ⋅ 𝑦𝑖
,
MSE

(3)

Extracted signal y2 (t)

Extracted signal y1 (t)
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Table 1: The comparison of similarity coefficient matrix.
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Figure 4: Extracted signals with R-FastICA.
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Figure 5: Extracted signals with traditional FastICA.

where MSE represents the mean square error between source
signal and estimated signal, defined as [18]
(𝑠 − 𝑦𝑖 ) (𝑠𝑖 − 𝑦𝑖 )
MSE = ∑ 𝑖
.
𝑁
𝑖=1

(4)

The MSE in type (3) is substituted by type (4), simplified
as
𝛿 = 𝑁lg

(𝑠 − 𝑦) (𝑠 − 𝑦)

.
𝑇

𝑦 ⋅ 𝑦𝑇
𝑇

(𝑦∗ − 𝑦) (𝑦∗ − 𝑦)

(5)

.

(6)

BSS model is 𝑌(𝑡) = 𝑊𝑋(𝑡) and 𝑋 is the average of 𝑋. It
can be known that
𝑇

= ∑ ∑𝑤𝑖 𝑤𝑗 𝑥𝑖𝑇 𝑥𝑗 .
𝑖=1 𝑗=1

Similarly,
𝑉 = 𝑤𝑇 (𝑋∗ − 𝑋) (𝑋∗ − 𝑋) 𝑤
𝑀 𝑀

∗

∗

2 𝑇
𝑥𝑀𝑥𝑀
= 𝑤12 𝑥1𝑇 𝑥1 + 𝑤2 𝑤1 𝑥2𝑇 𝑥1 + ⋅ ⋅ ⋅ + 𝑤𝑀

𝑇

𝑦 ⋅ 𝑦𝑇

Source signal is replaced by the average of estimated
𝑝
signal. It is defined by 𝑠 = 𝑦∗ = (1/𝑝) ∑𝑗=1 𝑦(𝑡 − 𝑗), where
𝑝 is an arbitrary integer less than 100 [19]. The type (5) can be
simplified as
𝛿 = 𝑁lg

(9)

𝑀 𝑀

𝑇

𝑁

𝑥1
𝑤1
[ 𝑥2 ]
[ 𝑤2 ]
[ ]
[ ]
= [𝑤1 𝑤2 ⋅ ⋅ ⋅ 𝑤𝑀] [ .. ] [𝑥1 𝑥2 ⋅ ⋅ ⋅ 𝑥𝑀] [ .. ]
[ . ]
[ . ]
[𝑥𝑀]
[𝑤𝑀]

∗

𝑦 =𝑤 𝑋 ,
where 𝑤 is a column vector and 𝑤𝑇 is a row vector.

(7)

𝑇

= ∑∑ 𝑤𝑖 𝑤𝑗 (𝑥𝑖∗ − 𝑥𝑖 ) (𝑥𝑗∗ − 𝑥𝑗 ) .

(10)

𝑖=1 𝑗=1

From the above, 𝛿 is a function based on 𝑤 and 𝑋; the
vector gradient can be obtained by the bottom of related
function:
1 𝜕𝑈 1 𝜕𝑉
𝜕F (𝑤, 𝑋) 𝜕 (𝛿)
=
=
−
.
𝜕𝑤
𝜕𝑤
𝑈 𝜕𝑤 𝑉 𝜕𝑤

(11)

Vector gradient is defined as
𝜕𝑔 𝑇
𝜕𝑔 𝜕𝑔
𝜕𝑔
,
,...,
=[
] .
𝜕𝑤
𝜕𝑤1 𝜕𝑤2
𝜕𝑤𝑀

(12)
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Figure 6: The composite scattering plot with R-FastICA algorithm.

The gradient of 𝑈 can be calculated according to type (12):

𝑇

𝑇
∗
∗
𝜕V 𝜕𝑤 (𝑋 − 𝑋) (𝑋 − 𝑋) 𝑤
=
𝜕𝑤
𝜕𝑤

𝑀
𝑀
𝑇
𝜕𝑈 𝜕 (∑𝑖=1 ∑𝑗=1 𝑤𝑖 𝑤𝑗 𝑥𝑖 𝑥𝑗 )
=
𝜕𝑤
𝜕𝑤

=

∗

𝑀
𝑀
𝑇
𝑥𝑗 ]
2 [ ∑ 𝑤𝑗 𝑥1𝑇 𝑥𝑗 , ∑ 𝑤𝑗 𝑥2𝑇 𝑥𝑗 , . . . , ∑ 𝑤𝑗 𝑥𝑁
𝑗=1
𝑗=1
𝑗=1

𝑥1𝑇 𝑥1 𝑥1𝑇 𝑥2 ⋅ ⋅ ⋅ 𝑥1𝑇 𝑥𝑀

𝑥1𝑇
𝑤1
[ 𝑇]
[ 𝑤2 ]
[𝑥 ]
[ ]
[ 2]
= 2 [ ] [𝑥1 𝑥2 ⋅ ⋅ ⋅ 𝑥𝑀] [ .. ]
[ . ]
[ .. ]
[ . ]
𝑇
[𝑤𝑀]
[𝑥𝑀]
= 2𝑋𝑋𝑇 𝑤.

(14)

𝑇

Type (15) is a gradient of related function to 𝑤, which can
be calculated combining type (13) with type (14):

]

[ 𝑇
] 𝑤1
[ 𝑥 𝑥1 𝑥𝑇 𝑥2 ⋅ ⋅ ⋅ 𝑥𝑇 𝑥𝑀] [ 𝑤2 ]
2
2
1
[
][ ]
=[
][ . ]
[ ..
..
.. ] [ .. ]
[ .
.
d
. ]
𝑇
𝑇
𝑇
[𝑤𝑀]
[𝑥𝑀 𝑥1 𝑥𝑀 𝑥2 ⋅ ⋅ ⋅ 𝑥𝑀 𝑥𝑀]

∗

= 2 (𝑋 − 𝑋) (𝑋 − 𝑋) 𝑤.

𝑀

[

Similarly,

𝑇

(13)

(𝑋∗ − 𝑋) (𝑋∗ − 𝑋) 𝑤
𝑋𝑋𝑇 𝑤
𝜕𝐹 (𝑤, 𝑋)
−
}.
= 2{ 𝑇
𝑇
𝜕𝑤
𝑤 𝑋𝑋
𝑤𝑇 (𝑋∗ − 𝑋) (𝑋∗ − 𝑋)𝑇 𝑤
(15)
In literature [10], the approximate calculation formula of
negative entropy is
2

𝐽 (𝑦) ∝ {𝐸 [𝐺 (𝑦)] − 𝐸 [𝐺 (V)]} .

(16)

The objective function is composed by negative entropy
and related function including the information between
source signal and estimated signal in R-FastICA:
2

𝜑 (𝑦) = {𝐸 [𝐺 (𝑦)] − [𝐺 (V)]} ⋅ 𝛿,

(17)
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Figure 7: The composite scattering plot with FastICA algorithm.

where V and 𝑦 are Gauss random variables with the same
covariance (zero mean and unit variance) and 𝐺 is a nonlinear
function selected by distribution form of source signals.
The vector gradient of objective function 𝜑(𝑦) to 𝑤 is as
follows:

3.2. Assessment Method. A familiar measure of separation
performance is the similarity coefficient defined as [20]

2

𝜕𝜑 (𝑦) 𝜕{𝐸 [𝐺 (𝑦)] − 𝐸 [𝐺 (V)]} 𝐹 (𝑤, 𝑋)
=
𝜕𝑤
𝜕𝑤
=2

𝜀𝑖𝑗 = 𝜀 (𝑦𝑖 , 𝑠𝑗 ) =

𝜕 {𝐸 [𝐺 (𝑦)] − 𝐸 [𝐺 (V)]}
𝜕𝑤
2

⋅ 𝐹 (𝑤, 𝑋) + {𝐸 [𝐺 (𝑦)] − 𝐸 [𝐺 (V)]} ⋅

𝜕𝐹 (𝑤, 𝑋)
𝜕𝑤

= 2 {𝐸 [𝑋𝑔 (𝑤𝑇 𝑋)] − 𝐸 [𝐺 (V)]}
⋅ lg

Type (18) is a new updating formula. The improved algorithm can ensure that the estimated signals are independent
and the precision is higher due to the fact that related function
𝛿 is relevant to estimated signal.

𝑤𝑇 𝑋𝑋𝑇 𝑤
𝑤𝑇 (𝑋∗ − 𝑋) (𝑋∗ − 𝑋)T 𝑤


 𝑁
∑𝑖,𝑗=1 𝑦𝑖 (𝑡) 𝑠𝑗 (𝑡)


𝑁 2
2
√∑𝑁
𝑖=1 𝑦𝑖 (𝑡) ∑𝑗=1 𝑠𝑗 (𝑡)

.

(19)

When 𝑦𝑖 = 𝑐𝑠𝑗 , separation effect is ideal; when 𝑦𝑖 and
𝑠𝑗 are mutual independent, 𝜀𝑖𝑗 = 0; generally, similarity
coefficient matrix is used to measure extracted performance.
The composite scattering plot [21] is a measure to describe
corresponding relationship between the source signal and the
extracted signal, where we can see that not only an extracted
signal is the recovery of a source signal, but also the phase of
source signal and extracted signal is the same or opposite.

2

+ 2{𝐸 [𝐺 (𝑦)] − 𝐸 [𝐺 (V)]}
⋅ 𝐸[

𝑇

∗

4. Simulation
∗

𝑇

(𝑋 − 𝑋) (𝑋 − 𝑋) 𝑤
𝑋𝑋 𝑤
−
].
𝑤𝑇 𝑋𝑋𝑇 𝑤 𝑤𝑇 (𝑋∗ − 𝑋) (𝑋∗ − 𝑋)𝑇 𝑤
(18)

In order to indicate the performance of R-FastICA compared
with traditional FastICA, the following simulations were
conducted.
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Figure 10: Extracted signals with R-FastICA.
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Figure 11: Extracted signals with FastICA.

Taking random signals as an example in the first simulation, R-FastICA method was proved to be effective. In
the second simulation, taking ECG signal with VLP as an
example, the original ECG signal without noises was from
MIT/BIH database and VLP signal was generated through
stacking sine waves with different frequency and amplitude
[22].
4.1. Source Separation of the Random Signals. In this simulation, the source signal 𝑠1 (𝑡) was sinusoidal signal and 𝑠2 (𝑡) was
random noises, whose sampling number was 2000. Signals
𝑠1 (𝑡) and 𝑠2 (𝑡) were shown in Figure 2, as well as mixed signals
𝑥1 (𝑡) and 𝑥2 (𝑡) that were shown in Figure 3.
The mixed signals were extracted through R-FastICA and
traditional FastICA in Figures 4 and 5, respectively.
In the experiment of extracting random signals, the comparison of similarity coefficient matrix between RFastICA
and FastICA algorithm was shown in Table 1.

Extracted signal 𝑦1 (𝑡) was the estimation of source signal
𝑠1 (𝑡) and the phase was opposite in Figure 6 and the same in
Figure 7. Extracted signal 𝑦2 (𝑡) was the estimation of source
signal 𝑠2 (𝑡) and the phase was opposite in Figure 6 and the
same in Figure 7.
From the above experiments, we could see that R-FastICA
algorithm outperforms traditional FastICA with higher similarity coefficient and separation precision.
4.2. Source Separation of the VLP Signal. In this simulation,
the source signal 𝑠1 (𝑡) was VLP signal generated by program
and 𝑠2 (𝑡) was ECG signal from MIT/BIH database, whose
sampling number was 1600. The source signals 𝑠1 (𝑡) and 𝑠2 (𝑡),
as well as mixed signals 𝑥1 (𝑡) and 𝑥2 (𝑡), were shown in Figures
8 and 9, respectively.
The mixed signals were extracted through R-FastICA and
traditional FastICA in Figures 10 and 11, respectively.
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In the experiment of extracting VLP signal, the comparison of similarity coefficient matrix between RFastICA and
FastICA algorithm was shown in Table 2.
Extracted signal 𝑦1 (𝑡) was the estimation of source signal
𝑠1 (𝑡) and the phase was the same in Figure 12 and the opposite
in Figure 13. Extracted signal 𝑦2 (𝑡) was the estimation of
source signal 𝑠2 (𝑡) and the phase was the same in Figures 12
and 13.
From the above experiments, the performance of RFastICA is superior to the FastICA obviously with higher
similarity coefficient and high separation precision.

5. Conclusion
In this paper, R-FastICA algorithm and FastICA algorithm
were adapted to extract random signals and to separate
VLP signal from ECG signal. We believed that our study
produced two important results. Firstly, we proposed a new
method through the combination of related function and
negative entropy and separated independent components
by maximizing new objective function in the experiments.
On the other hand, the experiments showed that R-FastICA
method outperformed traditional FastICA method with
higher similarity coefficient and high separation precision.
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This paper presents an approach to create what we have called a Unified Sentiment Lexicon (USL). This approach aims at aligning,
unifying, and expanding the set of sentiment lexicons which are available on the web in order to increase their robustness of
coverage. One problem related to the task of the automatic unification of different scores of sentiment lexicons is that there are
multiple lexical entries for which the classification of positive, negative, or neutral {𝑃, 𝑁, 𝑍} depends on the unit of measurement
used in the annotation methodology of the source sentiment lexicon. Our USL approach computes the unified strength of polarity
of each lexical entry based on the Pearson correlation coefficient which measures how correlated lexical entries are with a value
between 1 and −1, where 1 indicates that the lexical entries are perfectly correlated, 0 indicates no correlation, and −1 means they are
perfectly inversely correlated and so is the UnifiedMetrics procedure for CPU and GPU, respectively. Another problem is the high
processing time required for computing all the lexical entries in the unification task. Thus, the USL approach computes a subset of
lexical entries in each of the 1344 GPU cores and uses parallel processing in order to unify 155802 lexical entries. The results of the
analysis conducted using the USL approach show that the USL has 95.430 lexical entries, out of which there are 35.201 considered to
be positive, 22.029 negative, and 38.200 neutral. Finally, the runtime was 10 minutes for 95.430 lexical entries; this allows a reduction
of the time computing for the UnifiedMetrics by 3 times.

1. Introduction
Written language has been the preferred medium of communication in order to express facts, assumptions, and opinions.
The web has facilitated the connection of speakers overcoming the barriers imposed by location, language used, customs,
context, culture, and so forth through electronic devices.
Content producers are increasing their activity in blogs, web
pages, portals, social networks, e-mails, chats, and so forth.
Surprisingly, the speaker boundaries of nationality are no
longer distinguished, even using the Global Positioning System, due to the growth of a global migration and the merging
of languages by multilingual professional communities.
In many countries, multilingual features occur in many
families where parents have several mother tongues. They use

a common language at home as they live in a country where
another language is spoken. The children swap between an
average of four languages simultaneously excluding the extra
languages that they learn in school. For instance, according to
the United States Census in 2007 [1], the percentage of individuals around five years and older who speak only English
at home is 80.3% and who use a language other than English
at home is 19.7%, among them Spanish accounts for 62.3%
followed by Asian and Pacific Island languages with 15.0%.
On the other hand, the global economy is based on the
digital applications such as e-commerce and online entertainment, social media including social enterprise, digital media
advertising, the Internet, and cloud computing. For that
reason, knowing the opinion of citizens becomes essential
because they are increasingly active in the content production

2
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which enterprises, researchers, government, and intelligence
services consider that can be monitored.
To analyse the web to discover sentiment is a daunting
task due to the difficulty of getting accurate results. Nevertheless, machine learning algorithms have obtained good results
classifying sentiment within specialized domains and using
controlled corpora.
Most existing studies have been conducted using cluster
or statistic analysis in order to classify sentences, paragraphs,
and documents. Furthermore, several rates and user profiles
have been used in the collaborative assessment of services.
In summary, a collective interest is to understand the
thought of a global society. In this context, structured linguistic resources are vital and they should be supported by a group
of linguists working on a global level.
Lexicons are atomic linguistic resources necessary for
processing information automatically. The web and the information explosion is making the available lexicons insufficient
because the web is heterogeneous, multilingual, and dynamic.
Even though there are approximations for automatically creating sentiment lexicons, they definitely should be improved
in the areas of verification task and expert assessment.
Our research focuses on the four languages with the
greatest number of first-language speakers including Chinese
with 1,197 million, Spanish with 406 million, English with 335
million, and Portuguese with 202 million (based on Lewis,
et al. [2]). Each family contains 15,000,000, 350,000, 88,000,
and X words, respectively, according to the Cambridge,
RAE, Oxford, and Grande Dicionário Houaiss da Lı́ngua
Portuguesa dictionaries in 2013. Expecting to produce a 100%
robust sentiment lexicon in our research is a titanic task.
However, to automatically increase their robustness with
improved quality is possible.
Another important challenge is the representation of lexically encoded knowledge and the researchers are suggesting
new ways to do this. Moreover, their structures are different
from each other, making it difficult to reuse, so their resources
become a problem of interoperability.
In addition, the same lexical entry can be found in
many sources having distinct assessments. In this case, the
unification task is key since one of our goals is to compare
the strength of polarity between sources of information and
their symbols in several languages. However, the problem of
unifying the strength of polarity is primarily a problem of
processing power due to the size of the sentiment lexicon,
which makes a hand-by-hand analysis simply not feasible.
If we want to know the correlation of a lexical entry to
the rest of the Unified Sentiment Lexicon, then the number
of possibilities is 9.08E + 009. So computing is a problem of
time as the calculation involved is huge.
Lexical resources, especially those semantically annotated, are time consuming and require a lot of effort; thus, we
tried to use as much already existing work as possible in our
effort to build a Unified Sentiment Lexicon.
Sentiment Lexicons that our research used are
SL1 SentiWordNet developed by Istituto di Scienza e
Tecnologie dell’Informazione,

SL2 Bing Liu Sentiment Lexicon developed by Illinois
University,
SL3 MPQA lexicon developed by Pittsburgh University,
SL4 NTU Sentiment Dictionary (NTUSD) developed
by the Institute of Information Science of Taiwan,
SL5 PanAmerican sentiment lexicon developed by the
Polytechnic University of Madrid,
SL6 Spanish Travel Subjective Lexicon (STSL) developed by the Polytechnic University of Madrid.
Our research questions are
Q1 is it possible to unify the sentiment lexicons
available on the web and align and expand them
automatically?
Q2 Is it possible to transform a Unified Sentiment
Lexicon into a generative lexicon based on a core
ontology?
The following set of hypotheses covers the main features
of the proposed solutions:
H1 the unification of sentiment lexicons allows for a
robust linguistic resource,
H2 given different strengths of polarity of the same
lexical entry, it is possible to compute a unified value,
H3 unification calculus of each one of the lexical
entries with GPUs’ local and global memory allow the
reduction of hard disk access and increase processing
speed.
Compared with previous work, the major contributions
of this paper are as follows:
C1 a cluster of sentiment lexicons has been unified
automatically and validated by experts,
C2 the Unified Sentiment Lexicon has been expanded
with two more sentiment lexicons that were developed by our research group Communication in Specialized Domains,
C3 the task of unification uses parallel processing for
computing each lexical entry with GPUs,
C4 USL compute was accelerated by 3 times in data
processing,
C5 robustness of coverage of the Unified Sentiment
Lexicon,
C6 a uniform representation of lexically encoded
knowledge.
In summary, this paper describes the Unified Sentiment
Lexicon (USL) approach for aligning, unifying, and expanding the sentiment lexicons available in an automatic way in
order to increase their robustness of coverage obtaining as
a result a large-scale Unified Sentiment Lexicon based on
GPUs.
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The remainder of the paper is structured as follows.
Section 2 briefly presents the background of our work.
Section 3 describes the USL approach. Section 4 describes
how our USL approach was implemented and the different
subtasks of the algorithm in detail. Section 5 presents details
of our data sets, evaluation metrics, and the result. Finally,
Section 6 presents our conclusions and future research.

2. Related Work
The related work considers the following: Section 2.1 data
structures such as lexicons, specialized lexicons, and ontologies; Section 2.2 the methodologies available for building
lexicons; and Section 2.3 the techniques of data processing
focused on parallel processing and the kind of memory
used for the TESLA architecture. Finally, we will present
a summary table with the main features of the sentiment
lexicons that are part of our study.
2.1. Data Structures. The lexical representation is founded in
several data structures that form the basis of the linguistic
resource, which is atomic. First, we will examine the lexicons;
second, the generative lexicons; and finally, the ontologies.
2.1.1. Lexicons. According to Greame et al., a lexicon “is a
list of words in a language along with some knowledge of
how each word is used.” A lexicon can have monolingual or
multilingual properties. Lexicons are either created manually
[3–5], semiautomatic [6, 7], or automatically [8–11]. When the
lexicon is built manually a group of experts can annotate all
the words in a specific corpus; the assessment is performed
by consensus and each lexical entry is checked in order to
achieve excellence.
On the other hand, automatic lexicons can be produced,
based on a specific corpus, where the lexical entries included
far exceed the total number that can be compiled manually.
However, to assess their quality is not an easy task.
In state of the art research [3, 4, 8–10], each group
examines a collection of documents and produces their own
lexicon. As a result, we have a number of lexicons—some of
them are available on the web and others are not—we describe
those in Section 2.1.3. In fact, we believe that all work carried
out by universities and research groups should be used in
a homogeneous way. Furthermore, these lexicons available
should be reused using algorithms that facilitate data processing.
The generative lexicon was introduced by Pustejovsky [12,
13] in 1995 with the aim of encoding selectional knowledge in
language. Differently to a generative lexicon, an enumerative
lexicon only includes the different senses for each lexical
entry. In Pustejovsky’s approach, there are four elements to
encoding: lexical typing structure, argument structure, event
structure, and qualia structure. For that reason Pustejovsky’s
model deals with (a) the knowledge representation of the lexicon and the relation between an object and its constituents,
(b) the formal role that distinguishes the object within a
larger domain, (c) the purpose and function of the object, and
(d) the factors involved in the origin of an object; all these
constitute the qualia structure.
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Bergler [14] said that there are significant efforts involved
in building and sharing a big generative lexicon that will be a
standard in the scientific community.
2.1.2. Ontology. According to Gruber [15] “an ontology is an
explicit specification of a conceptualization.” In this sense,
Graeme Hirst [16] said that “an ontology, as a nonlinguistic
object that more directly represents the world, may provide
an interpretation or grounding of word senses.”
The following supported sentiment ontologies are available: Ontology-Supported Polarity Mining [17] introduced in
2005, it was based on an ontology for movie reviews, with the
positive or negative polarity determined from a collection of
texts and the Chinese Emotion Ontology based on HowNet
[18] which contains just under 5,500 verb concepts covering
113 different emotion categories.
2.1.3. Sentiment Lexicons. Our research has focused on four
sentiment lexicons that are available on the web: the National
Taiwan University Sentiment Dictionary (NTUSD), SentiWordNet, Bing Liu Sentiment Lexicon, and the Subjectivity
Lexicon of Theresa Wilson et al. (MPQA). These are explained
below.
The National Taiwan University Sentiment Dictionary
(NTUSD) [19] was developed by Lun-Wei Ku et al. It is based
on the Chinese Network Sentiment Dictionary and the web.
There are 11,088 terms that qualify for the simplified version,
of which 2,812 are positive and 8,276 are negative. The reason
for having the NTUSD was to identify positive and negative
sentiment words and their weights in a corpus of blogs and
news on the basis of Chinese word structures. Lun-Wei Ku
et al. suggested a method for annotating 192 documents in
order to tag them as positive, negative, or neutral on three
levels: words, sentences, and documents. The results were that
the F-measure was 73.18% and 63.75% for verbs and nouns,
respectively. When the sentiment words were mined together
with topical words, they achieved an F-measure of 62.16% at
the sentence level and 74.37% at the document level.
SentiWordNet [20] is a lexical resource produced by
Istituto di Scienza e Tecnologie dell’Informazione, Italy. The
main objective is to automatically estimate the value of all
entries of WordNet [21] as positive, negative, or neutral
assigning to each a weight between zero and one according
of the value. The reason to create the SentiWordNet automatically was that the WordNet has more than 155,287 entries and
annotating them manually would be a time consuming task.
The result is a sentiment lexicon with 117,659 terms classified
into the same four lexical categories as WordNet: adjectives,
nouns, verbs, and adverbs.
Bing Liu Sentiment Lexicon [22, 23] is a lexicon where a
small list of adjectives was manually created and tagged with
positive or negative labels. It is domain-independent and he
proposed a technique to grow this list using WordNet. He
used a web-mining method to obtain a set of adjectives in the
same way that the speaker wrote them. Thus, their lexicon
has entries that are not in the English dictionary. The results
obtained are 2,006 positive words and 4,764 negative words.
The Subjectivity Lexicon of Theresa Wilson et al. [3] is a
lexical resource where the words that are subjective in most
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contexts are marked as being strongly subjective and those
that may only have subjective usages in certain contexts are
marked as weakly subjective. The process of building it was
manual. The words were also classified according to their
categories as nouns, verbs, adjectives, and adverbs. The results
are 8,221 clues (as she call them) where 4,913 are negative,
2,721 are positive, and 571 are neutral.
The Spanish Travel Subjective Lexicon (STSL) [4] was
built ad hoc based on a web-based corpus of blogs that
were analysed within the framework of appraisal theory [24].
The blogs were analysed to create a subcorpus of sentences
annotated according to appraisal and these sentences were
classified as positive or negative considering some contextual
rules that could influence the strength of the polarity. These
sentences were used to build the lexicon. The words were classified according to their categories as nouns, verbs, adjectives,
and adverbs; multiword units were also included. The result
was 1,610 terms of which 857 are positive and 753 are negative.
The PanAmerican Sentiment Lexicon approach aims to
classify according to polarity a set of internet resources
focused on an event. The approach is based on four components: a crawler, a filter, a synthesizer, and a polarity analyzer.
The main function of the crawler component is to search
and find data from internet resources related to the event
of interest. After locating the data, the filter component
processes the data in order to remove noise. The filter component only debugs internet resources that are associated with
the event. At this point, the corpus consists of large posts
containing large amounts of data from many countries and
in many languages. The synthesizer component represents
the amount of data into clusters with similar expressions
using unsupervised learning. Finally, the polarity analyzer
component classifies each lexical entry as positive, neutral,
or negative. The lexical categories are noun, adjective, verb,
adverb. Finally, the result arrived at of 6083 positive, 5300
negative, and 5000 neutral.
2.2. Methodology. We have identified several kinds of methodology for building sentiment lexicons and have classified
them as follows: automatic, semiautomatic, and manual.
(1) Automatic Methodology. First, the crawler is used to
obtain a set of lexical terms in a controlled domain. Next,
data preprocessing is performed and terms are assessed and
classified as positive, negative, or neutral. The evaluation task
involves using a subset of annotated lexical entries created
manually by experts in order to measure the accuracy of the
results. However, one of the limitations is the quality of the
results because undertaking the evaluation task manually is
not feasible. One of the advantages of this methodology is the
higher number of terms produced compared to the results of
the manual methodology.
(2) Semiautomatic Methodology. When linguistic resources
use this methodology both manual and automatic annotations are used. An initial lexicon is annotated manually and
this subset is used for training the algorithm, which will
predict the level of matching for automatically classifying
each new lexical category in the lexicon.
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(3) Manual Methodology. Experts manually annotate each
lexical entry in the appropriate lexical category. The lexicon
quality is high, but the depth of the lexicon is less than that
obtained with other methodologies.
2.3. Parallel Processing. Parallel processing [25] allows the
running of several jobs at the same time and to accelerate
the process by producing answers concurrently. Graphics
Processing Units (GPUs) [26] allow the implementation of
several algorithms [27].
These algorithms have been proved to provide acceleration from 2x to nx for specific problems [28].
Previous research has focused on image systems, simulations of fluids and molecular simulations with GPUS.
Image systems [29] such as TechniScan uses ultrasonic waves
to image the patient’s chest in 20 minutes. Some other
examples of the use of this technology are the following. The
University of Cambridge was able to accelerate computational
simulations of fluid dynamics [30] in order to perform rapid
experimentation. Temple University performs molecular
simulations [31] in order to reduce the environmental impact
of detergents and cleaning agents. The time these simulation
lasted was reduced from several weeks to a few hours.
We explored the use of GPU technology [32] in order to
accelerate our data preprocessing.
TESLA [33] is a GPU architecture produced in 2003 by
NVIDIA. It consists of a shared memory, constant cache,
register file, double precision, Special Function Unit (SFU),
Streaming Processor (SP), and a Warp Scheduler.
Memory is an essential component of high-performance
computing. CUDA uses several types of memory [34]
depending on the problem. The host memory is in the GPU
system. CUDA provides APIs that enable faster access to
the host memory by using the pager block and mapping the
address direction on the GPU.
The memory device is in the GPU. It can be accessed
by the dedicated memory controller. Data must be explicitly
copied between the host memory and device memory. This
memory can be organized and accessed in different ways [35].
Global memory can be static or dynamic. Access is by
CUDA core pointers. Its main function is to translate
the addresses.
Constant memory is read only. Its access is through
a hierarchical cache optimized for transmission to
several threads.
Local memory is stored in the stack: local variables
which cannot be stored in records, parameters, and
the return addresses of subroutines.
Texture memory is accessed by instructions for loading and storing. As well as constant memory, an
independent cache is used in order to execute read
only operations.
The GPU CUDA device is a multicore coprocessor. It is
possible to log in through all the device memory without
constraints. However, there will be variations in runtime
according to the type of target memory.
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Table 1: Sentiment lexicons that are available on the web and supported by universities.
Name
Bing Liu
MPQA
NTUSD

University
Illinois
Pittsburg
SINICA

Positive
2006
2721
2812

Negative
4783
4913
8276

Neutral
0
571
0

Methodology
Automatic
Manual
Semiautomatic

Category
No
N, V, Ad, Adv
No

Order
Alphabetic
Alphabetic
Phonetic

Manual

N, V, Ad, Ad

Alphabetic

0

Language
English
English
Chinese
English
Spanish
Portuguese
English

Pan American

UPM

6083

5300

5000

SentiWordNet

ISTI

857

753

Automatic

No

89135

Spanish

Manual

N, V, Ad, Ad
N, V, Ad, Ad
Interjections
diminutives
phrases

STSL

UPM

19619

29792

2.4. Summary Table. Table 1 summarizes the sentiment lexicons of our study according to several features such as name
of the university where it was developed; depth of the lexical
entries, which is the sum of all the positive, negative, or
neutral entries; coverage of language; type of elaboration
methodology; lexical categories; and ordering procedure.

3. The Approach Proposed
Our approach aims at aligning, unifying, and expanding the
set of sentiment lexicons which are available on the web in
order to increase their robustness of coverage. It is composed
of ten components: FocusCrawlerEngine, SelectorLanguages,
MetricSearcher, MetricTransformer, SentimentLexiconIntersection, LexicalEntries Substracter, LexicalEntriesDivisor,
UnifiedMetrics, UnionSentimentLexiconEngine, and Lexicon2OntologyConverter.
The USL approach has as an input of sentiment lexicons
which are supported by universities and which are available on the web. First, the SelectorLanguages component
creates a group of sentiment lexicons according to their
language and stores them in different knowledge bases. The
MetricSearcher component performs an inspection of each
one of the elements of the sentiment lexicons in order to
identify if they have associated metrics. Then it saves the
results in two knowledge bases: (a) MetricsLexicon and (b)
NoMetricsLexicon. Next, the MetricTransformer component
verifies if the metrics are not numerical in order to transform
them with real values based on the original assessment.
Consequently, our USL approach performs the intersection
between all the sentiment lexicons. The common lexical
entries are extracted with word, the strength of polarity, and
sentiment lexicon values. Two knowledge bases are obtained
as partial result: IntersectionLexicalEntries and NoIntersectionLexicalEntries.
The MetricsLexicon Knowledge base is the input for the
LexicalEntries Substracter whose main function is to exclude
all the IntersectionLexicalEntries. The USL approach is able
to calculate a unified strength of polarity between all of the
lexical entries of several sentiment lexicons. Thus, calculating
the unified strength of polarity demands a high processing
time because of the number of lexical entries. The LexicalEntriesDivisor split jobs in order to calculate the unification
strength of polarity into balanced loads. The coprocessors

Alphabetic

compute the degree of unified subjective for each lexical
entry. Its calculation is based on a previous assessment of the
sentiment’s lexical sources and the incomplete information.
Each coprocessor produces a lexical knowledge base with
the score of the unified metric. The UnionSentimentLexiconEngine unifies all the knowledge bases into one. As a
result we have the Unified Sentiment Lexicon (USL). Finally,
the Lexicon2OntologyConverter performs a transformation
from data to Ontology Web Language (OWL).
The ten components of USL approach will be described
in detail.
3.1. FocusCrawlerEngine. Their main function is to find the
sentiment lexicons available on the web that would be
supported by universities. Then we can define the following:
(1) MPQA Lexicon, (2) Bing Liu Sentiment Lexicon, (3) SentiWordNet, (4) NTU Sentiment Dictionary, (5) Spanish Travel
Subjective Lexicon, and (6) PanAmerican Games Sentiment
Lexicon.
Consider
𝑀𝑃𝑄𝐴𝐿𝑒𝑥𝑖𝑐𝑜𝑛 : =̇{𝑇𝑦𝑝𝑒, 𝐿𝑒𝑛𝑔𝑡ℎ, 𝑊𝑜𝑟𝑑, 𝑃𝑜𝑠𝑖𝑡𝑖𝑜𝑛,
𝑆𝑡𝑒𝑚𝑒𝑑, 𝑃𝑟𝑖𝑜𝑟𝑃𝑜𝑙𝑎𝑟𝑖𝑡𝑦} ,

(1)

where
Type = {𝑡 | 𝑡 is a string which measures the subjectivity
degree of each clue},
Length = {𝑙 | 𝑙 is a integer number that indicate the
length of the clues},
Word = {𝑤 | 𝑤 is a string with the token or stem of
the clue},
Position = {𝑝 | 𝑝 is a natural number than identify a
lexical},
Stemed = {𝑠 | 𝑠 is a boolean than should match all
unstemmed variants},
PriorPolarity = {𝑝𝑝 | 𝑝𝑝 is a string with the prior
polarity of clue}.
Consider
𝐵𝑖𝑛𝑔𝐿𝑖𝑢𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛 : =̇{𝑊𝑜𝑟𝑑𝑠} ,

(2)

where Words = {𝑤 | 𝑤 is a string with a word that is positive
or negative}.
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Word = {𝑤 | 𝑤 is a string with the word},

Consider
𝑇𝑟𝑎V𝑒𝑙 : =̇{𝑁𝑃, 𝑁𝑁, 𝐴𝑃, 𝐴𝑁, 𝑉𝑃, 𝑉𝑁, 𝑎𝑑𝑃, 𝐴𝑑𝑁} ,

(3)

where

Positive = {𝑝 | 𝑝 is a boolean with 1 if it is positive},
Negative = {𝑛 | 𝑛 is a boolean with 1 if it is negative},
Neutral = {𝑛𝑡 | 𝑛𝑡 is a boolean with 1 if it is neutral},

𝑁𝑃 = {𝑛𝑝 | 𝑛𝑝 is a string with a word that is noun
and positive},
𝑁𝑁 = {𝑛𝑛 | 𝑛𝑛 is a string with a word that is noun
and negative},
𝐴𝑃 = {𝑎𝑝 | 𝑎𝑝 is a string with a word that is adjective
and positive},
𝐴𝑁 = {𝑎𝑛 | 𝑎𝑛 is a string with a word that is adjective
and positive},
𝑉𝑃 = {V𝑝 | V𝑝 is a string with a word that is verb and
positive},
𝑉𝑁 = {V𝑛 | V𝑛 is a string with a word that is verb and
positive},
𝐴𝑑𝑃 = {𝑎𝑑𝑝 | 𝑎𝑑𝑝 is a string with a word that is
adverb and positive},
𝐴𝑑𝑁 = {𝑎𝑛𝑑 | 𝑎𝑑𝑛 is a string with a word that is
adverb and positive}.

Noun = {noun | noun is a boolean with 1 if it is noun},
Adjective = {𝑎𝑑 | 𝑎𝑑 is a boolean with 1 if it is
adjective},
Verb = {V | V is a boolean with 1 if it is verb},
Adverb = {𝑎𝑑 | 𝑎𝑑 is a boolean with 1 if it is adverb},
Language = {𝑙 | 𝑙 is a string with the name of the
language}.
3.2. SelectorLanguages. This identifies the language in a
subset of lexical entries in order to search for specific words
in four languages: Chinese, Spanish, English, and Portuguese.
The result is the cluster of sentiment lexicons arranged by
language, as shown in (1).
Consider
𝐿𝑎𝑛𝑔𝑢𝑎𝑔𝑒𝑊𝑜𝑟𝑑𝑠
⊆ 𝐿𝑒x𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑖𝑒𝑠 ←→ (∀𝑥) (𝑥 ∈ 𝐿𝑎𝑛𝑔𝑢𝑎𝑔𝑒𝑊𝑜𝑟𝑑𝑠

Consider
𝑁𝑇𝑈𝑆𝐷 : =̇{𝑊𝑜𝑟𝑑𝑠} ,

(4)

where Words = {𝑤 | 𝑤 is a string with a word that is positive
or negative}.
Consider
𝑆𝑒𝑛𝑡𝑖𝑊𝑜𝑟𝑑𝑁𝑒𝑡 : =̇{𝑃𝑂𝑆, 𝐼𝐷, 𝑃𝑜𝑠𝑆𝑐𝑜𝑟𝑒, 𝑁𝑒𝑔𝑆𝑐𝑜𝑟𝑒,
𝑆𝑦𝑛𝑠𝑒𝑡𝑇𝑒𝑟𝑚𝑠} ,

(5)

where
𝑃𝑂𝑆 = {𝑝 | 𝑝 is a character of WordNet},
𝐼𝐷 = {𝑖𝑑 | 𝑖𝑑 is a character of WordNet},
PosScore = {𝑝𝑠 | 𝑝𝑠 is a real number with the positive
score assigned by SentiWordNet},
NegScore = {𝑛𝑠 | 𝑖𝑑 𝑛𝑠 a real number with the negative
score assigned by SentiWordNet},
SynsetTerms = {𝑠𝑡 | 𝑠𝑡 is a string number with the
terms}.
Consider
𝐼𝐷, 𝑇𝑖𝑚𝑒𝑠𝑡𝑎𝑚𝑝, 𝑊𝑜𝑟𝑑, P𝑜𝑠𝑡𝑖V𝑒,
{
{
{
{𝑁𝑒𝑔𝑎𝑡𝑖V𝑒, 𝑁𝑒𝑢𝑡𝑟𝑎𝑙,
𝑃𝑎𝑛𝐴𝑚𝑒𝑟𝑖𝑐𝑎𝑛𝑆𝐿 : =̇{
{
𝑁𝑜𝑢𝑛, 𝐴𝑑𝑗𝑒𝑐𝑡𝑖V𝑒, 𝑉𝑒𝑟𝑏,
{
{
{𝐴𝑑V𝑒𝑟𝑏, 𝐿𝑎𝑛𝑔𝑢𝑎𝑔𝑒,

(6)

where
ID = {𝑖𝑑 | 𝑖𝑑 is an integer number to identify a word},
TimeStamp = {𝑡𝑠 | 𝑡𝑠 is a date of assessment},

→ 𝑥 ∈ 𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑖𝑒𝑠) .

(7)
3.3. MetricSearcher. It is responsible for selecting the strength
of polarity label of each of the sentiment lexicons clusters.
For example, “PriorPolarity,” “PosScore,” “NegScore,” and
“ScoreSubjectivity,” among others. Besides, it searches for
strength of polarity and indicates whether the values are
numerical or nominal. It splits its result in two knowledge
bases: MetricsLexicon and NoMetricsLexicon.
Consider
𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐿𝑒𝑥𝑖𝑐𝑜𝑛 = {𝑥 | (𝑥 ∈ 𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑖𝑒𝑠)
∧ (𝑥 ∉ 𝑁𝑜𝑀𝑒𝑡𝑟𝑖𝑐𝑠)} ,
𝑁𝑜𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐿𝑒𝑥𝑖𝑐𝑜𝑛 = {𝑦 | (𝑦 ∈ 𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑖𝑒𝑠)

(8)

∧ (𝑦 ∉ 𝑀𝑒𝑡𝑟𝑖𝑐𝑠)} .
3.4. MetricTransformer. The MetricTransformer works by
transforming the strength of polarity nominal value into the
real value of each sentiment lexicon. It has two variables:
type and pos. Type can take two values: 𝑠𝑡𝑟𝑜𝑛𝑔𝑠𝑢𝑏 = .9 and
𝑤e𝑎𝑘𝑠𝑢𝑏𝑗 = .5. Pos can take four values: 𝑎𝑑𝑗 = .9, V𝑒𝑟𝑏 = 1,
𝑎𝑑V𝑒𝑟𝑏 = .8, and 𝑛𝑜𝑢𝑛 = .7. The new strength of polarity is
the multiplication between the two variables.
Consider
𝑁𝑒𝑤𝑆𝑡𝑟𝑒𝑛𝑔𝑡ℎ𝑃𝑜𝑙𝑎𝑟𝑖𝑡𝑦 = 𝑡𝑦𝑝𝑒 ∗ 𝑝𝑜𝑠.

(9)

3.5. SentimentLexiconIntersection. This component compiles
with the intersection for all the lexical entries of each sentiment lexicon cluster. It aims to identify which lexical entries
appear more than once in order to select them for processing.
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Therefore, the two knowledge bases are IntersectionLexicalEntries and NoIntersectionalLexicalEntries. For example,
the cluster of sentiment lexicons grouped by English language has four elements EnglishCluster = {PanAmericanSentimentLexicon, BingLiuSentimentLexicon, SentiWordNet, and
MPQALexicon}. These intersections are shown in (10).
Consider
𝑆𝑒𝑛𝑡𝑖𝑊𝑜𝑟𝑑𝑁𝑒𝑡 ∩ 𝐵𝑖𝑛𝑔𝐿𝑖𝑢 = {𝑥 | (𝑥 ∈ 𝑆𝑒𝑛𝑡𝑖𝑊𝑜𝑟𝑑𝑁𝑒𝑡)
∧ (𝑥 ∈ 𝐵𝑖𝑛𝑔𝐿𝑖𝑢)} ,
𝑆𝑒𝑛𝑡𝑖𝑊𝑜𝑟𝑑𝑁𝑒𝑡 ∩ 𝑀𝑃𝑄𝐴 = {𝑥 | (𝑥 ∈ 𝑆𝑒𝑛𝑡𝑖𝑊𝑜𝑟𝑑𝑁𝑒𝑡)
∧ (𝑥 ∈ 𝑀𝑃𝑄𝐴)} ,
𝑀𝑃𝑄𝐴 ∩ 𝐵𝑖𝑛𝑔𝐿𝑖𝑢

𝑟=

= {𝑥 | (𝑥 ∈ 𝑀𝑃𝑄𝐴) ∧ (𝑥 ∈ 𝐵𝑖𝑛𝑔𝐿𝑖𝑢)} ,
𝑆𝑒𝑛𝑡𝑖𝑊𝑜𝑟𝑑𝑁𝑒𝑡 ∩ 𝐵𝑖𝑛𝑔𝐿𝑖𝑢 ∩ 𝑀𝑃𝑄𝐴
= {𝑥 | (𝑥 ∈ 𝑆𝑒𝑛𝑡𝑖𝑊𝑜𝑟𝑑𝑁e𝑡) ∧ (𝑥 ∈ 𝐵𝑖𝑛𝑔𝐿𝑖𝑢)
∧ (𝑥 ∈ 𝑀𝑃𝑄𝐴)} ,
𝑃𝑎𝑛𝐴𝑚𝑒𝑟𝑖𝑐𝑎𝑛 ∩ 𝑆𝑒𝑛𝑡𝑖𝑊𝑜𝑟𝑑𝑁𝑒𝑡
= {𝑥 | (𝑥 ∈ 𝑃𝑎𝑛𝐴𝑚𝑒𝑟𝑖𝑐𝑎𝑛) ∧ (𝑥 ∈ 𝑆𝑒𝑛𝑡𝑖𝑊𝑜𝑟𝑑𝑁𝑒𝑡)} ,
𝐵𝑖𝑛𝑔𝐿𝑖𝑢 ∩ 𝑃𝑎𝑛𝐴𝑚𝑒𝑟𝑖𝑐𝑎𝑛
= {𝑥 | (𝑥 ∈ 𝐵𝑖𝑛𝑔𝐿𝑖𝑢) ∧ (𝑥 ∈ 𝑃𝑎𝑛𝐴𝑚𝑒𝑟𝑖𝑐𝑎𝑛)} ,
𝑃𝑎𝑛𝐴𝑚𝑒𝑟𝑖c𝑎𝑛 ∩ 𝑆𝑒𝑛𝑡𝑖𝑊𝑜𝑟𝑑𝑁𝑒𝑡 ∩ 𝐵𝑖𝑛𝑔𝐿𝑖𝑢
= {𝑥 | (𝑥 ∈ 𝑃𝑎𝑛𝐴𝑚𝑒𝑟𝑖𝑐𝑎𝑛)
∧ (𝑥 ∈ 𝑆𝑒𝑛𝑡𝑖𝑊𝑜𝑟𝑑𝑁𝑒𝑡) ∧ (𝑥 ∈ 𝐵𝑖𝑛𝑔𝐿𝑖𝑢)} ,
𝑃𝑎𝑛𝐴𝑚𝑒𝑟𝑖𝑐𝑎𝑛 ∩ 𝑀𝑃𝑄𝐴
= {𝑥 | (𝑥 ∈ 𝑃𝑎𝑛𝐴𝑚𝑒𝑟𝑖𝑐𝑎𝑛) ∧ (𝑥 ∈ 𝑀𝑃𝑄𝐴)} ,
𝑆𝑒𝑛𝑡𝑖𝑊𝑜𝑟𝑑𝑁𝑒𝑡 ∩ 𝑃𝑎𝑛𝐴𝑚𝑒𝑟𝑖𝑐𝑎𝑛 ∩ 𝑀𝑃𝑄𝐴
= {𝑥 | (𝑥 ∈ 𝑆𝑒𝑛𝑡𝑖𝑊𝑜𝑟𝑑𝑁𝑒𝑡) ∧ (𝑥 ∈ 𝑃𝑎𝑛𝐴𝑚𝑒𝑟𝑖𝑐𝑎𝑛)
∧ (𝑥 ∈ 𝑀𝑃𝑄𝐴)} ,
𝑃𝑎𝑛𝐴𝑚𝑒𝑟𝑖𝑐𝑎𝑛 ∩ 𝐵𝑖𝑛𝑔𝐿𝑖𝑢 ∩ 𝑆𝑒𝑛𝑡𝑖𝑊𝑜𝑟𝑑𝑁𝑒𝑡 ∩ 𝑀𝑃𝑄𝐴
= {𝑥 | (𝑥 ∈ 𝑃𝑎𝑛𝐴𝑚𝑒𝑟𝑖𝑐𝑎𝑛) ∧ (𝑥 ∈ 𝐵𝑖𝑛𝑔𝐿𝑖𝑢)
∧ (𝑥 ∈ 𝑆𝑒𝑛𝑡𝑖𝑊𝑜𝑟𝑑𝑁𝑒𝑡) ∧ (𝑥 ∈ 𝑀𝑃𝑄𝐴)} .
(10)
3.6. LexicalEntriesSubstracter. This gets the rest of all the elements that have been assessed by each university. It subtracts
MetricsLexicon from IntersectionLexicalEntries.
Consider
𝑁𝑜𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝐿𝑒𝑥𝑖𝑐𝑜𝑛
= 𝐼𝑛𝑖𝑡𝑖𝑎𝑙𝐿𝑒𝑥𝑖𝑐𝑜𝑛 (𝑥) − 𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝐿𝑒𝑥𝑖𝑐𝑜𝑛,
𝑁𝑜𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝑎𝑙𝐿𝑒𝑥𝑖𝑐𝑜𝑛
= 𝑑𝑒𝑓 {𝑠 | 𝑠 ∈ 𝐼𝑛𝑖𝑡𝑖𝑎𝑙𝐿𝑒𝑥𝑖𝑐𝑜𝑛,
𝑠 ∉ 𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝐿𝑒𝑥𝑖𝑐𝑜𝑛} .

(11)

𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑖𝑒𝑠𝑇𝑜𝑡𝑎𝑙
.
𝑁𝑢𝑚𝑏𝑒𝑟𝐶𝑜𝑟𝑒𝑠

∑ 𝑋𝑌 − ∑ 𝑋 ∑ 𝑌/𝑁
√(∑ 𝑥2 − (∑ 𝑥2 ) /𝑁) (∑ 𝑦2 − (∑ 𝑦2 ) /𝑁)

.

(13)

3.9. UnionSentimentLexiconEngine. Its function is to join all
the result knowledge bases of the coprocessors together and
as output the Unified Sentiment Lexicon is obtained.
Consider
(∀𝑥) (∃𝑦) (∀𝑧) [𝑧 ∈ 𝑦 ←→ (∃𝑡) (𝑡 ∈ 𝑥 ∧ 𝑧 ∈ 𝑡)] ,

(14)

where UnifiedSentimentLexicon1 ⋃ . . . . ⋃ . . .. UnifiedSentimentLexiconn ← 𝑥 ∈ 𝑡ℎ𝑖𝑠 ⇔ 𝑥 ∈ UnifiedSentimentLexicon1 𝑜𝑟 𝑥 ∈ UnifiedSentimentLexiconn .
3.10. Lexicon2OntologyConverter. Their main function is to
transform the Unified Sentiment Lexicon into a Domain
Ontology: OntoLexicon as defined as follows.
3.10.1. OntoLexicon. The OntoLexicon Ontology is a conceptual description based on a lexicon of the subjective words in
Natural Language as shown in (15). The OntoLexicon Ontology consists of four disjoint sets 𝐶, 𝑅, 𝐴, and 𝜏, where 𝐶 means
concept identifiers (16), 𝑅 means relation identifiers (17) and
(18), 𝐴 means attribute identifiers (19), and 𝜏 means data types
(20).
Consider
𝑂𝑛𝑡𝑜𝐿𝑒𝑥𝑖𝑐𝑜𝑛 := (𝐶, ≤ 𝑐, 𝑅, 𝛾𝑅 , ≤𝑅 , 𝐴, 𝛾𝐴, 𝜏) .

(15)

The set 𝐶 of concepts is
𝐴𝑑𝑗𝑒𝑐𝑡𝑖V𝑒𝑠, 𝑁𝑒𝑔𝑎𝑡𝑖V𝑒𝐴𝑑𝑗𝑒𝑐𝑡𝑖V𝑒𝑠,
{
{
{
{
{
𝑃𝑜𝑠𝑖𝑡𝑖V𝑒𝐴𝑑𝑗𝑒𝑐𝑡𝑖V𝑒𝑠, 𝐴𝑑V𝑒𝑟𝑏𝑠, 𝑁𝑒𝑔𝑎𝑡𝑖V𝑒𝐴𝑑V𝑒𝑟𝑏𝑠,
{
{
𝐶 : =̇{𝑃𝑜𝑠𝑖𝑡𝑖V𝑒𝐴𝑑V𝑒𝑟𝑏𝑠, 𝑉𝑒𝑟𝑏𝑠, 𝑁𝑒𝑔𝑎𝑡𝑖V𝑒𝑉𝑒𝑟𝑏𝑠,
{
{
{
𝑃𝑜𝑠𝑖𝑡𝑖V𝑒𝑉𝑒𝑟𝑏𝑠, 𝑁𝑜𝑢𝑛𝑠, 𝑁𝑒𝑔𝑎𝑡𝑖V𝑒𝑁𝑜𝑢𝑛𝑠,
{
{
{
{𝑃𝑜𝑠𝑖𝑡𝑖V𝑒𝑁𝑜𝑢𝑛𝑠.
(16)
The set 𝑅 of relations is

3.7. LexicalEntriesDivisor. It has as its input the intersection
of all the lexical entries. It divides the knowledge base into
equal parts for processing.
Consider
𝑁=

3.8. UnifiedMetrics. This performs an estimate of each lexical
entry of the IntersectionLexicon in order to predict its value.
There are two procedures: (1) 𝑈𝑛𝑖𝑓𝑖𝑒𝑑𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐶𝑃𝑈 and (2)
𝑈𝑛𝑖𝑓𝑖𝑒𝑑𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐺𝑃𝑈.
𝑈𝑛𝑖𝑓𝑖𝑒𝑑𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐶𝑃𝑈 uses a Pearson correlation formula as
shown in (13) applied between the Unified Sentiment Lexicon
and each of the sentiment Lexicons by cluster.
𝑈𝑛𝑖𝑓𝑖𝑒𝑑𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐺𝑃𝑈 algorithm in detail is explained in
Section 4.
Consider

(12)

𝑒𝑛𝑡𝑟𝑦 𝑜𝑓, 𝑑𝑜𝑐𝑢𝑚𝑒𝑛𝑡 𝑜𝑓, 𝑝𝑎𝑟𝑎𝑔𝑟𝑎𝑝ℎ 𝑜𝑓,
{
{
{
{
{
𝑠𝑒𝑛𝑡𝑒𝑛𝑐𝑒
𝑜𝑓, 𝑎𝑑V𝑒𝑟𝑏 𝑖𝑛, 𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠 𝑖𝑛,
{
{
𝑅 : =̇{𝑝𝑟𝑒𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛𝑠 𝑖𝑛, 𝑛𝑜𝑢𝑛𝑠 𝑖𝑛, 𝑎𝑑𝑗𝑒𝑐𝑡𝑖V𝑒𝑠 𝑖𝑛,
{
{
{
V𝑒𝑟𝑏𝑠 𝑖𝑛, 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑜𝑓,
{
{
{
{𝑝𝑟𝑒𝑑𝑖𝑐𝑎𝑡𝑒 𝑜𝑓,

(17)
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where the relation hierarchy defines that Lexical has the relation entry of that belongs to SentimentLexicon. Corpora
has the relation document of that belongs to documents,
following the same logic where the rest of the relations are
defined as
𝛾𝑅 (𝑒𝑛𝑡𝑟𝑦 𝑜𝑓) = (𝐿𝑒𝑥𝑖𝑐𝑎𝑙, 𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛) ,
𝛾𝑅 (𝑑𝑜𝑐𝑢𝑚𝑒𝑛𝑡 𝑜𝑓) = (𝐷𝑜𝑐𝑢𝑚𝑒𝑛𝑡𝑠, 𝐶𝑜𝑟𝑝𝑜𝑟𝑎) ,
𝛾𝑅 (𝑝𝑎𝑟𝑎𝑔𝑟𝑎𝑝ℎ 𝑜𝑓) = (𝑃𝑎𝑟𝑎𝑔𝑟𝑎𝑝ℎ𝑠, 𝐷𝑜𝑐𝑢𝑚𝑒𝑛𝑡𝑠) ,
𝛾𝑅 (𝑠𝑒𝑛𝑡𝑒𝑛𝑐𝑒 𝑜𝑓) = (𝑆𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠, 𝑃𝑎𝑟𝑎𝑔𝑟𝑎𝑝ℎ𝑠) ,
𝛾𝑅 (𝑎𝑑V𝑒𝑟𝑏𝑠 𝑖𝑛) = (𝐴𝑑V𝑒𝑟𝑏𝑠, 𝑆𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠) ,
𝛾𝑅 (𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠 𝑖𝑛) = (𝐴𝑟𝑡𝑖𝑐𝑙𝑒𝑠, 𝑆𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠) ,
𝛾𝑅 (𝑝𝑟𝑒𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛𝑠 𝑖𝑛) = (𝑃𝑟𝑒𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛𝑠, 𝑆𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠) ,
𝛾𝑅 (𝑛𝑜𝑢𝑛𝑠 𝑖𝑛) = (𝑁𝑜𝑢𝑛𝑠, 𝑆𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠) ,
𝛾𝑅 (𝑎𝑑𝑗𝑒𝑐𝑡𝑖V𝑒𝑠 𝑖𝑛) = (𝐴𝑑𝑗𝑒𝑐𝑡𝑖V𝑒𝑠, 𝑆𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠) ,
𝛾𝑅 (V𝑒𝑟𝑏𝑠 𝑖𝑛) = (𝑉𝑒𝑟𝑏𝑠, 𝑆𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠) ,
𝛾𝑅 (𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑖𝑛) = (𝑆𝑢𝑏𝑗𝑒𝑐𝑡𝑠, 𝑆𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠) ,
𝛾𝑅 (𝑝𝑟𝑒𝑑𝑖𝑐𝑎𝑡𝑒 𝑖𝑛) = (𝑃𝑟𝑒𝑑𝑖𝑐𝑎𝑡𝑒𝑠, 𝑆𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠) .

∀𝑥 (𝑃𝑜𝑠𝑖𝑡𝑖V𝑒𝑉𝑒𝑟𝑏𝑠 (𝑥) ←→ ∃𝑦 ∧ V𝑒𝑟𝑏 𝑖𝑛 (𝑥, 𝑦)
∧ 𝑆𝑒n𝑡𝑒𝑛𝑐𝑒𝑠 (𝑦)) .
(21)

4. Algorithm in Detail
The input of a Unified Sentiment Lexicon (USL) approach
consists of the sentiment lexicons that are available on the
web and supported by universities. The USL approach then
processes all of them. The result is the Unified Sentiment
Lexicon (USL). Here, we will describe the algorithm in detail.
The first step is to group the sentiment lexicons into
clusters by language as following:
𝑥 = {𝐶ℎ𝑖𝑛𝑒𝑠𝑒𝐿𝑎𝑛𝑔𝑢𝑎𝑔𝑒, 𝑆𝑝𝑎𝑛𝑖𝑠ℎ𝐿𝑎𝑛𝑔𝑢𝑎𝑔𝑒,
𝐸𝑛𝑔𝑙𝑖𝑠ℎ𝐿𝑎𝑛𝑔𝑢𝑎𝑔𝑒, 𝑃𝑜𝑟𝑡𝑢𝑔𝑢𝑒𝑠𝑒𝐿𝑎𝑛𝑔𝑢𝑎𝑔𝑒} ,

(18)
The set 𝐴 of attribute identifiers is

𝐶𝑙𝑢𝑠𝑡𝑒𝑟𝑥1 = {𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛1 , . . . ,
𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛𝑛 } .
(22)

𝑠𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝑙𝑒𝑥𝑖𝑐𝑜𝑛, 𝑎𝑢𝑡ℎ𝑜𝑟, 𝑠𝑡𝑟𝑒𝑛𝑔𝑡ℎ𝑜𝑓𝑝𝑜𝑙𝑎𝑟𝑖𝑡𝑦,
{
{
{
{
𝑝𝑎𝑟𝑎𝑔𝑟𝑎𝑝ℎ, 𝑠𝑒𝑛𝑡𝑒𝑛𝑐𝑒, 𝑠𝑢𝑏𝑗𝑒𝑐𝑡,
{
{
{
{
{𝑝𝑟𝑒𝑑𝑖𝑐𝑎𝑡𝑒, 𝑎𝑟𝑡𝑖𝑐𝑙𝑒, 𝑛𝑜𝑢𝑛, 𝑛𝑜𝑢𝑛𝑁,
𝐴 : =̇{
{
𝑛𝑜𝑢𝑛𝑃, V𝑒𝑟𝑏, V𝑒𝑟𝑏𝑁, V𝑒𝑟𝑏𝑃,
{
{
{
{
𝑎𝑑V𝑒𝑟𝑏, 𝑎𝑑V𝑒𝑟𝑏𝑁, 𝑎𝑑V𝑒𝑟𝑏𝑃, 𝑎𝑑𝑗𝑒𝑐𝑡𝑖V𝑒,
{
{
{
{𝑎𝑑𝑗𝑒𝑐𝑡𝑖V𝑒𝑁, 𝑎𝑑𝑗𝑒𝑐𝑡𝑖V𝑒𝑃.

(19)

The set 𝜏 of datatypes contains only one element, a string,
is shown
𝜏 := (𝑠𝑡𝑟𝑖𝑛𝑔) .

(20)

The first axiom defines the concept NegativeAdverbs as
equivalent to saying that there is a negative adverb which
stands in a 𝑎𝑑V𝑒𝑟𝑏 𝑖𝑛 relation with the corresponding sentence, following the same logic where the rest of the axioms
are defined as
∀𝑥 (𝑁𝑒𝑔𝑎𝑡𝑖V𝑒𝑁𝑜𝑢𝑛𝑠 (𝑥) ←→ ∃𝑦 ∧ 𝑛𝑜𝑢𝑛 𝑖𝑛 (𝑥, 𝑦)
∧ 𝑆𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠 (𝑦)) ,
∀𝑥 (𝑃𝑜𝑠𝑖𝑡𝑖V𝑒𝑁𝑜𝑢𝑛𝑠 (𝑥) ←→ ∃𝑦 ∧ 𝑛𝑜𝑢𝑛 𝑖𝑛 (𝑥, 𝑦)
∧ 𝑆𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠 (𝑦)) ,
∀𝑥 (𝑁𝑒𝑔𝑎𝑡𝑖V𝑒𝐴𝑑𝑗𝑒𝑐𝑡𝑖V𝑒 (𝑥) ←→ ∃𝑦 ∧ 𝑎𝑑𝑗𝑒𝑐𝑡𝑖V𝑒 𝑖𝑛 (𝑥, 𝑦)
∧𝑆𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠 (𝑦)) ,
∀𝑥 (𝑃𝑜𝑠𝑖𝑡𝑖V𝑒𝐴𝑑𝑗𝑒𝑐𝑡𝑖V𝑒 (𝑥) ←→ ∃𝑦 ∧ 𝑎𝑑𝑗𝑒𝑐𝑡𝑖V𝑒 𝑖𝑛 (𝑥, 𝑦)
∧ 𝑆𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠 (𝑦)) ,
∀𝑥 (𝑁𝑒𝑔𝑎𝑡𝑖V𝑒𝐴𝑑V𝑒𝑟𝑏𝑠 (𝑥) ←→ ∃𝑦 ∧ 𝑎𝑑V𝑒𝑟𝑏 𝑖𝑛 (𝑥, 𝑦)
∧𝑆𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠 (𝑦)) ,
∀𝑥 (𝑃𝑜𝑠𝑖𝑡𝑖V𝑒𝐴𝑑V𝑒𝑟𝑏𝑠 (𝑥) ←→ ∃𝑦 ∧ 𝑎𝑑V𝑒𝑟𝑏 𝑖𝑛 (𝑥, 𝑦)
∧𝑆𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠 (𝑦)) ,
∀𝑥 (𝑁𝑒𝑔𝑎𝑡𝑖V𝑒𝑉𝑒𝑟𝑏𝑠 (𝑥) ←→ ∃𝑦 ∧ V𝑒𝑟𝑏 𝑖𝑛 (𝑥, 𝑦)
∧𝑆𝑒𝑛𝑡𝑒𝑛𝑐𝑒𝑠 (𝑦)) ,

The second step is to search lexical entries that have been
assessed by each sentiment lexicon. In the assessment task,
some authors and their methods have used nominal values,
while others have used real values. If they are linguistic values,
then the USL approach transforms them into real values.
There must then be an intersection of lexical entries in at
least two sentiment lexicons in order to unify the strength of
polarity of several sentiment lexicons into one.
Following this, our approach calculates the Pearson correlation score between each sentiment lexicon and the USL by
obtaining as many constants as there are sentiment lexicons
in the cluster. For example, if the cluster belongs to the English
language, then there are four constants that fall into each
sentiment lexicon, as shown in the Pearson correlation set
𝑃𝑒𝑎𝑟𝑠𝑜𝑛𝐶𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 = {𝑝1 , 𝑝2 , 𝑝3 , 𝑝4 }. This calculation is
performed only once and executed by the CPU.
Since the number of lexical entries is high, the computation of the USL score should be divided into several
coprocessors (cores) in order to accelerate the process. In fact,
each coprocessor of the GPU has as an input: (a) the strength
of polarity of n lexical entries and (b) the vector with Pearson
values. Each coprocessor computes the strength of polarity
of every lexical entry until there are no lexical entries left.
The score for each lexical entry is multiplied by the Pearson
correlation between all the sentiment lexicons, as shown in
(23) and Table 2.
Consider
𝛼𝑖 = 𝑝1 ∗ V𝑖 ,
𝛽𝑖 = 𝑝2 ∗ 𝑤𝑖 ,
𝛾𝑖 = 𝑝3 ∗ 𝑦𝑖 ,
𝛿𝑖 = 𝑝4 ∗ 𝑧𝑖 .

(23)

In addition, USL performs a total of subjectivity sums, as
shown in (24) and Table 2.
Consider
𝜀𝑖 = 𝛼𝑖 + 𝛽𝑖 + 𝛾𝑖 + 𝛿𝑖 .

(24)
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Table 2: The process to calculate the USL strength of polarity.
Words
Word1
Word2
Word3
Word4
Word. . .
Word𝑛

Sentiment
Lexicon1
V1
𝑋
𝑋
V4
V. . .
V𝑛

Sentiment
Lexicon2
𝑥1
𝑥2
𝑥3
𝑥4
𝑥. . .
𝑋

Sentiment
Lexicon3
𝑦1
𝑦2
𝑦3
𝑦4
𝑋. . .
𝑦𝑛

Sentiment
Lexicon𝑛
𝑋
𝑧2
𝑧3
𝑧4
𝑧. . .
𝑧𝑛

𝛼

𝛽

𝛾

𝛿

𝜖

𝜁

USL

𝛼1
𝛼2
𝛼3
𝛼4
𝛼. . .
𝛼𝑛

𝛽1
𝛽2
𝛽3
𝛽4
𝛽. . .
𝛽𝑛

𝛾1
𝛾2
𝛾3
𝛾4
𝛾. . .
𝛾𝑛

𝛿1
𝛿2
𝛿3
𝛿4
𝛿. . .
𝛿𝑛

𝜖1
𝜖2
𝜖3
𝜖4
𝜖. . .
𝜖𝑛

𝜁1
𝜁2
𝜁3
𝜁4
𝜁. . .
𝜁𝑛

usl1 = 𝜖1 /𝜁1
usl2 = 𝜖2 /𝜁2
usl3 = 𝜖3 /𝜁3
usl4 = 𝜖4 /𝜁4
usl. . . = 𝜖. . . /𝜁. . .
usl𝑛 = 𝜖𝑛 /𝜁𝑛

(1) procedure UnifiedSentimentLexicon(𝑠𝑒𝑒𝑑𝑠)
(2) 𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛𝑠 ← 𝐹𝑜𝑐𝑢𝑠𝐶𝑟𝑎𝑤𝑙𝑒𝑟𝐸𝑛𝑔𝑖𝑛𝑒(𝑠𝑒𝑒𝑑𝑠);
(3) 𝐶𝑙𝑢𝑠𝑡𝑒𝑟𝑠 ← 𝑆𝑒𝑙𝑒𝑐𝑡𝑜𝑟𝐿𝑎𝑛𝑔𝑢𝑎𝑔𝑒𝑠(𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛𝑠);
(4) for 𝑖 ← 1, 𝑁𝑢𝑚𝑏𝑒𝑟𝑜𝑓𝐶𝑙𝑢𝑠𝑡𝑒𝑟𝑠 do
(5)
for 𝑗 ← 1, 𝑁𝑢𝑚𝑏𝑒𝑟𝑜𝑓𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛𝑠 do
(6)
for 𝑘 ← 1, 𝑁𝑢𝑚𝑏𝑒𝑟𝑜𝑓𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑖𝑒𝑠 do
(7)
if 𝑀𝑒𝑡𝑟𝑖𝑐𝑆𝑒𝑎𝑟𝑐ℎ𝑒𝑟(𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑦(𝑘)) = 1 then
(8)
𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐿𝑒𝑥𝑖𝑐𝑜𝑛 (𝑗) (𝑘) ← 𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑦(𝑘);
(9)
else
(10)
𝑁𝑜𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐿𝑒𝑥𝑖𝑐𝑜𝑛(𝑗)(𝑘) ← 𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑦(𝑘);
(11)
end if
(12)
if 𝑀𝑒𝑡𝑟𝑖𝑐𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑒𝑟(𝑁𝑜𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐿𝑒𝑥𝑖𝑐𝑜𝑛(𝑗)(𝑘))≥0 then
(13)
𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐿𝑒𝑥𝑖𝑐𝑜𝑛(𝑗)(𝑘) ← 𝑁𝑜𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐿𝑒𝑥𝑖𝑐𝑜𝑛(𝑗)(𝑘);
(14)
end if
(15)
end for
(16)
end for
(17) end for
(18) if 𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛(𝐶𝑙𝑢𝑠𝑡𝑒𝑟𝑠(𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐿𝑒𝑥𝑖𝑐𝑜𝑛)) = 1 then
(19)
𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑖𝑒𝑠(𝑗)(𝑘) ← 𝐶𝑙𝑢𝑠𝑡𝑒𝑟𝑠(𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐿𝑒𝑥𝑖𝑐𝑜𝑛);
(20) else
(21)
𝑁𝑜𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑖𝑒𝑠(𝑗)(𝑘) ← 𝐶𝑙𝑢𝑠𝑡𝑒𝑟𝑠(𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐿𝑒𝑥𝑖𝑐𝑜𝑛);
(22) end if
(23) 𝑁𝑜𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑖𝑒𝑠(𝑗)(𝑘) ← 𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑖𝑒𝑠𝑆𝑢𝑏𝑠𝑡𝑟𝑎𝑐𝑡𝑒𝑟
(24) (𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛, 𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑖𝑒𝑠);
(25) 𝑛 ← 𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑖𝑒𝑠𝐷𝑖V𝑖𝑠𝑜𝑟(𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑖𝑒𝑠, 𝑁𝑢𝑚𝑏𝑒𝑟𝑜𝑓𝐶𝑜𝑟𝑒𝑠𝐺𝑃𝑈);
(26) for 𝑖 ← 1, 𝑁𝑢𝑚𝑏𝑒𝑟𝑜𝑓𝐶𝑙𝑢𝑠𝑡𝑒𝑟𝑠 do
(27)
for 𝑗 ← 1, 𝑛 do
(28)
𝑟 ← 𝑈𝑛𝑖𝑓𝑖𝑒𝑑𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐶𝑃𝑈 (𝐶𝑙𝑢𝑠𝑡𝑒𝑟(𝑖)(𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛𝑠));
(29)
𝑈𝑆𝐿(𝑖) ← 𝑈𝑛𝑖𝑓𝑖𝑒𝑑𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐺𝑃𝑈 (𝑛, 𝑟, 𝐶𝑙𝑢𝑠𝑡𝑒𝑟(𝑖)(𝐼𝑛𝑠𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑖𝑒𝑠));
(30)
𝑈𝑛𝑖𝑓𝑖𝑒𝑑𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛 ← 𝑈𝑛𝑖𝑜𝑛𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛𝐸𝑛𝑔𝑖𝑛𝑒(𝑗);
(31)
end for
(32) end for
(33) 𝑂𝑛𝑡𝑜𝐿𝑒𝑥𝑖𝑐𝑜𝑛 ← 𝐿𝑒𝑥𝑖𝑐𝑜𝑛2𝑂𝑛𝑡𝑜𝑙𝑜𝑔𝑦𝐶𝑜𝑛V𝑒𝑟𝑡𝑒𝑟(UnifiedSentimentLexicon);
(34) end procedure
Algorithm 1: The main USL approach.

The USL score is normalized by dividing the total number
of subjectivity for each lexical entry by the Pearson correlation sum of the lexical entries that were assessed 𝜁1 = 𝑝1 +
𝑝2 + 𝑝3 + 𝑝4 , as follows:
𝑈𝑆𝐿 1 =

𝜀1
.
𝜁1

(25)

The GPU results are the lexical entries combined with the
USL score (these are input by the CPU). Their main function
is to join all the partial results in the USL.

Finally, the CPU transforms the USL into an ontology
called OntoLexicon in OWL language.
The pseudocode of the main USL approach is shown in
Algorithm 1, and some of the procedures of the USL approach
are shown in Algorithm 2.

5. Experimental Details and
Performance Results
The following section includes a detailed description of how
the experiment was conducted. The first part describes the
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(1) procedure FocusCrawlerEngine(𝑆𝑒𝑒𝑑𝑠)
(2) for 𝑖 ← 1, 𝑆𝑖𝑧𝑒𝑆𝑒𝑒𝑑𝑠 do
(3)
𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛𝑠(𝑖) ← 𝐷𝑜𝑤𝑛𝑙𝑜𝑎𝑑(𝐿𝑒𝑥𝑖𝑐𝑜𝑛(𝑖));
(4) end for
(5) end prcedure
(6) procedure SelectorLanguages(𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛𝑠)
(7) for 𝑖 ← 1, 𝑁𝑢𝑚𝑏𝑒𝑟𝑜𝑓𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛𝑠 do
(8)
switch 𝐿𝑎𝑛𝑔𝑢𝑎𝑔𝑒(𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛(𝑖)) do
(9)
case 𝐸𝑛𝑔𝑙𝑖𝑠ℎ
(10)
assert(𝐶𝑙𝑢𝑠𝑡𝑒𝑟1 ← 𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛(𝑖))
(11)
case 𝑆𝑝𝑎𝑛𝑖𝑠ℎ
(12)
assert(𝐶𝑙𝑢𝑠𝑡𝑒𝑟2 ← 𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛(𝑖));
(13)
case 𝐶ℎ𝑖𝑛𝑒𝑠𝑒
(14)
assert(𝐶𝑙𝑢𝑠𝑡𝑒𝑟3 ← 𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛 (𝑖));
(15)
case 𝑃𝑜𝑟𝑡𝑢𝑔𝑢𝑒𝑠𝑒
(16)
assert(𝐶𝑙𝑢𝑠𝑡𝑒𝑟4 ← 𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛(𝑖));
(17) end for
(18) end procedure
(19) procedure MetricSearcher(𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑦)
(20) if 𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑦 ≥ 0 then
(21)
𝑥 ← 1;
(22) else
(23)
𝑥 ← 0;
(24) end if
(25) end procedure
(26) procedure MetricTransformer(𝑁𝑜𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐿𝑒𝑥𝑖𝑐𝑜𝑛)
(27) 𝑁𝑜𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐿𝑒𝑥𝑖𝑐𝑜𝑛(𝑛𝑒𝑤𝑀𝑒𝑡𝑟𝑖𝑐) ← 𝑁𝑜𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐿𝑒𝑥𝑖𝑐𝑜𝑛(𝑡𝑦𝑝𝑒)∗
𝑁𝑜𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐿𝑒𝑥𝑖𝑐𝑜𝑛(𝑝𝑜𝑠);
(28) end procedure
(29) procedure SentimentLexiconIntersection(Clusters(MetricLexicon))
(30) for 𝑖 ← 1, 𝑁𝑢𝑚𝑏𝑒𝑟𝑜𝑓𝐶𝑙𝑢𝑠𝑡𝑒𝑟 do
(31)
for 𝑗 ← 1, 𝑁𝑢𝑚𝑏𝑒𝑟𝑜𝑓𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑖𝑒𝑠 do
(32)
if 𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐿𝑒𝑥𝑖𝑐𝑜𝑛(𝐶𝑙𝑢𝑠𝑡𝑒𝑟(𝑖)(𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑦(𝑗)))
(33) = 𝑀𝑒𝑡𝑟𝑖𝑐𝑠𝐿𝑒𝑥𝑖𝑐𝑜𝑛(𝐶𝑙𝑢𝑠𝑡𝑒𝑟(𝑖 + 1)(𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑦(𝑗))) then
(34)
𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 ← 1;
(35)
else
(36)
𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 ← 0;
(37)
end if
(38)
end for
(39) end for
(40) end procedure
(41) prcedure LexicalEntriesSubstracter(𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛, 𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝐿𝑒𝑥𝑖𝑐𝑜𝑛)
(42) 𝐿𝑒𝑥𝑖𝑐𝑜𝑛𝑆𝑢𝑏𝑠𝑡𝑟𝑎𝑐𝑡𝑒𝑟 ← 𝑆𝑒𝑛𝑡𝑖𝑚𝑒𝑛𝑡𝐿𝑒𝑥𝑖𝑐𝑜𝑛 − 𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝐿𝑒𝑥𝑖𝑐𝑜𝑛;
(43) end procedure
(44) prcedure LexicalEntriesDivisor(𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑖𝑒𝑠𝑇𝑜𝑡𝑎𝑙, 𝑁𝑢𝑚𝑏𝑒𝑟𝑜𝑓𝐶𝑜𝑟𝑒𝑠)
(45) for 𝑖 ← 1, 𝑁𝑢𝑚𝑏𝑒𝑟𝑜𝑓𝐶𝑙𝑢𝑠𝑡𝑒𝑟 do
(46)
𝑛 ← 𝐿𝑒𝑥𝑖𝑐𝑎𝑙𝐸𝑛𝑡𝑟𝑖𝑒𝑠𝑇𝑜𝑡𝑎𝑙/𝑁𝑢𝑚𝑏𝑒𝑟𝑜𝑓𝐶𝑜𝑟𝑒𝑠;
(47) end for
(48) end procedure
Algorithm 2: Some of the procedures of USL approach.

objectives of the experiment, and the second part focuses on
the results obtained after the experiment was conducted.
The experimental setup had two objectives: to unify the
sentiment lexicons and to carry out an analysis of our results
by expert linguists.
The analysis was carried out in two ways: (1) where the
USL approach ran automatically and (2) a linguistic evaluation of the quality of a subpart of the results obtained. The first

task was to obtain sentiment lexicons available on the web
validated by universities using the FocusedCrawlerEngine
and two sentiment lexicons developed by our research group
Communication in Specialized Domains were added.
The knowledge base of sentiment lexicons has been
described in Section 3.1.
Figure 1 shows a partial view of the content of each of
them: the Bing Liu sentiment lexicon appears in two files,
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Figure 1: Input of USL approach.
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Figure 2: Architecture of USL approach.

as shown in Figure 1(a) and Figure 1(b); the Pan American sentiment lexicon is in Figure 1(c); SentiWordNet is in
Figure 1(d); NTU Sentiment Dictionary separates into positive and negative, as shown in Figures 1(e) and 1(f); MPQA
lexicon is in Figure 1(g); and Spanish Travel Subjective Lexicon is in Figure 1(h).
The second task was to filter those lexical entries that
do not appear at least in two of the sentiment lexicons. The
process has been described in Section 4, and an architectural
view of the USL is displayed in Figure 2.
As a result, we obtained a total number of lexical entries
for each sentiment lexicon: Bing Liu sentiment lexicon
has 6789; MPQA lexicon contains 8221; NTU Sentiment
Dictionary has 11088; Pan American has 16383; SentiWordNet
has 111,711; and Spanish Travel Subjective Lexicon has 1610.
The rate of each of them is displayed in Figure 3.
SentiWordNet is the lexicon with the highest number of
lexical entries marked with positive polarity (12080 lexical
entries); Spanish Travel Subjective Lexicon has the lowest
(857 lexical entries), as shown in Figure 4(a). Bing Liu
sentiment lexicon has 2006; MPQA lexicon has 2721; NTU
Sentiment Dictionary has 2812; and Pan American sentiment
lexicon has 6083.
In the case of neutral polarity, SentiWordNet stands out
in the figure because an important subset of lexical entries
(88564) has 0.0 as a strength of polarity. However, not all
the sentiment lexicons assessed have neutral polarity, for
example, Bing Liu sentiment lexicon, Spanish Travel Subjective Lexicon, and NTU Sentiment Dictionary; MPQA has 571

1.03%

4.36%
5.28%
7.12%

10.46%

71.75%

BingLiu
MPQA
NTUSD

PanAmerican
SentiWordNet
Travel

Figure 3: Rate of lexical entries total by sentiment lexicon.

and PanAmerican sentiment lexicon has 5000, as shown in
Figure 4(b).
Figure 4(c) shows that, for negative polarity, SentiWordNet again has the highest number with 11067 lexical entries
and again Spanish Travel Subjective Lexicon has the lowest
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Figure 4: Number of lexical entries by polarity category for all the sentiment lexicons.

with 753. Bing Liu sentiment lexicon has 4783; MPQA lexicon
has 4913; NTU Sentiment Dictionary has 8276; and PanAmerican has 5300.
A partial result is shown in Tables 3, 4, and 5, where each
table corresponds to a cluster for each language.
For the first cluster—English—a subset of lexical entries
is shown in Table 3 and Figure 5.
Table 3 presents the lexical entry in each of the sentiment
lexicons, the processing, and in the final column the strength
of polarity of the USL.
The results are quite satisfactory although some minor
problems have been detected. These problems are mainly due
to the existence of expressions that can have both a positive
and a negative value, and only one of the values is signalled. In
the subset analysed, for instance, that is the case of the word
basic, which can sometimes have a negative value when it is
used to refer to the attributes or properties of an object or
to the quality or level as in “the hotel room was too basic.”
Another problem is the influence of the results of considering
all the lexicons for the final result. That is what happens in the
case of the word achievement. The word is correctly classified
as positive, but the degree of positiveness is too low due to
the fact that in SentiWordNet evaluates it with zero, thus
diminishing the final score.

Table 4 shows two sentiment lexicons, STSL and PanAmerican. These two lexicons have lexical entries in common, however, STSL has not assessed the strength of polarity
since it has classified them simply as positive or negative. For
that reason, after processing the data, the USL score obtains
the strength of polarity corresponding to the only sentiment
lexicon that has been assessed.
For the Chinese cluster in the first attempt of alignment
with the English language a problem arose because there
is not direct correspondence as different English words are
represented by the same Chinese symbols.
In addition only one Chinese sentiment lexicon has been
found and USL approach tries to align it with SentiWordNet
but this is only for purposes of exemplification because the
meanings and terms in each language are different as shown
in Table 5. For example, the English word courageous and the
Chinese word do not have exactly the same meaning. Its Chinese translation is an idiom which means “fuly satisfaction.”
Another case is the word severe which in Chinese can only be
express by using the word meaning “strict.”
Another result of USL approach is OntoLexicon that was
implemented in OWL language, a portion of which is shown
in Algorithm 3.
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Figure 5: Strength of polarity for each lexical entry in Table 3 for the Unified Sentiment Lexicon, the SentyWordNet, PanAmerican, and
MPQA sentiment lexicons.

The tests were performed on a CPU processor Intel XEON
Hexa Core 2.50 Ghz, with 64 GiB of Ram and four GPUs: one
Quadro 600 card with 96 CUDA Cores and three Tesla C2075
cards with 448 CUDA cores.
The experiment was conducted with 10, 50, 100, 500,
1,000, 5,000, and 95,430 lexical entries, respectively. As a
result, the time was reducted to 3 times for the first set of data
as show in Figure 6.

6. Discussion
It is clear that there must be progress in the task of assessing
the quality of the linguistic resources. The above mentioned
task takes working time (hours) on the part of expert linguists, but this work is needed if quality improvement is
desired. Establishing priority criteria and stages for evaluating existing resources could help to implement this work
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Table 3: A partial view of the USL strength of polarity for the English cluster.

Id Lexical Intersection BingLiu MPQA SentiWordNet PanAmerican 𝛼
𝛽
𝛾
𝛿
𝜖
𝜁
USL
1
Able
𝑋
+0.45
+0.125
+0.85
𝑋 +0.4122 +0.0825 +0.7505 +1.2452 +2.459 +0.5064
2
Absolute
𝑋
+0.81
+0.5
+0.5
𝑋 +0.7419 +0.33 +0.4415 +1.5134 +2.459 +0.6154
3
Achievement
𝑋
+0.45
0
𝑋
𝑋 +0.4122
0
𝑋
+0.4122 +1.576 +0.2615
4
Basic
𝑋
+0.45
+0.25
+0.5
𝑋 +0.4122 +0.165 +0.4415 +1.0187 +2.459 +0.4142
5
Business
𝑋
𝑋
+0.8
+0.85
𝑋
𝑋
𝑋
+0.7064 +0.7064 +0.883
+0.8
6
Competition
𝑋
𝑋
0
+0.9
𝑋
𝑋
0
+0.7947 +0.7947 +1.543
+0.515
7
Danger
𝑋
−0.45
−0.625
−0.9
𝑋 −0.4122 −0.4125 −0.7947 −1.6194 −2.459 −0.6585
8
Delay
𝑋
𝑋
0
−0.8
𝑋
𝑋
0
−0.7064 −0.7064 −1.543 −0.4578
9
Demand
𝑋
−0.45
−0.25
−0.8
𝑋 −0.4122 −0.165 −0.7064 −1.2836 −2.459 −0.5220
10
Developer
𝑋
𝑋
0
+0.8
𝑋
𝑋
0
+0.7064 +0.7064 +1.543 +0.4578
𝑋
𝑋
0
∗0.7064 ∗0.7064 ∗1.543 ∗0.4578
11
Direction
𝑋
𝑋
0
∗0.8
12
Discover
𝑋
𝑋
0
+0.8
𝑋
𝑋
0
+0.7064 +0.7064 +1.543
+0.457
13
Donate
𝑋
𝑋
+0.625
+0.8
𝑋
𝑋
+0.4125 +0.7064 +1.1189 +1.543
+0.725
14
Efficiently
𝑋
𝑋
+0.25
+0.9
𝑋
𝑋
+0.165 +0.7947 +0.9597 +1.543 +0.6219
15
Energy
𝑋
𝑋
+0.625
+0.8
𝑋
𝑋
+0.4125 +0.7064 +1.1189 +1.543
+0.7251
16
Performance
𝑋
𝑋
+0.25
+0.9
𝑋
𝑋
+0.165 +0.7947 +0.9597 +1.543 +0.6219
17
Winner
𝑋
𝑋
+0.25
+1
𝑋
𝑋
+0.165 +0.883 +1.048 +1.543
+0.679
18
Opponent
𝑋
−0.63
−0.5
𝑋
𝑋 −0.5770 −0.33
𝑋
−0.9070 −1.576
−0.575
19
Radical
𝑋
−0.81
0
𝑋
𝑋 −0.7419
0
𝑋
−0.7419 −1.576 −0.4707
20
Restrict
𝑋
−0.35
0
𝑋
𝑋 −0.3206
0
𝑋
−0.3206 −1.576 −0.2034
21
Unimportant
𝑋
−0.81
−0.25
𝑋
𝑋 −0.7419 −0.165
𝑋
−0.906 −1.576 −0.5754
−0.5
𝑋
𝑋 −0.7419 −0.33
𝑋
−1.071 −1.576 −0.6801
22
Worry
𝑋
−0.81
V𝑛
𝑥𝑛
𝑦𝑛
𝑧𝑛
𝛼𝑛
𝛽𝑛
𝛾𝑛
𝛿𝑛
𝜖𝑛
𝜁𝑛
usl𝑛 = 𝜖𝑛 /𝜁𝑛
𝑛
word𝑛

Table 4: A partial view of the USL strength of polarity for the Spanish cluster.
Id Lexical
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
𝑛

Intersection
Agresividad
Amigo
Absurdo
Acariciar
Cansado
Caminata
Active
Celebrar
Emocionar
Descanso
Equivocarse
Admirado
Aprovechar
Ayudar
Vencer
Sudar
Merecer
Deleite
Eficaz
Empeorar
Desilusion
Desgracia
Dudar
Dolor
Erroneo
Economico
Atacar
word𝑛

STSL
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑥𝑛

PanAmerican
+0.85
+0.9
−0.9
+0.9
−0.8
+0.9
+0.9
+0.9
+0.9
+0.8
+0.9
+0.9
+0.9
+0.9
+0.9
+0.9
+1
+0.9
+0.9
−0.9
−0.9
−0.9
−0.9
+0.9
−0.9
+0.9
−0.9
𝑦𝑛

𝛼
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝛼𝑛

𝛽
+0.7505
+0.7947
−0.9
+0.7947
−0.7064
+0.7947
+0.7947
+0.7947
+0.7947
+0.7064
+0.7947
+0.7947
+0.7947
+0.7947
+0.7947
+0.7947
+0.883
+0.7947
+0.7947
−0.7947
−0.7947
−0.7947
−0.7947
+0.7947
−0.7947
+0.7947
−0.7947
𝛽𝑛

𝜖
+0.7505
+0.7947
−0.9
+0.7947
−0.7064
+0.7947
+0.7947
+0.7947
+0.7947
+0.7064
+0.7947
+0.7947
+0.7947
+0.7947
+0.7947
+0.7947
+0.883
+0.7947
+0.7947
−0.7947
−0.7947
−0.7947
−0.7947
+0.7947
−0.7947
+0.7947
−0.7947
𝜖𝑛

𝜁
+0.883
+0.883
−0.883
+0.883
−0.883
+0.883
+0.883
+0.883
+0.883
+0.883
+0.883
+0.883
+0.883
+0.883
+0.883
+0.883
+0.883
+0.883
+0.883
−0.883
−0.883
−0.883
−0.883
+0.883
−0.883
+0.883
−0.883
𝜁𝑛

USL
+0.85
+0.9
−1.01
+0.9
−0.8
+0.9
+0.9
+0.9
+0.9
+0.8
+0.9
+0.9
+0.9
+0.9
+0.9
+0.9
+1
+0.9
+0.9
−0.9
−0.9
−0.9
−0.9
+0.9
−0.9
+0.9
−0.9
usl𝑛 = 𝜖𝑛 /𝜁𝑛
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<owl:NamedIndividual rdf:ID="variedad">
<rdf:type rdf:resource="#PositiveNouns"/>
</owl:NamedIndividual>
<owl:NamedIndividual rdf:ID="corrupcion">
<rdf:type rdf:resource="#NegativeNouns"/>
</owl:NamedIndividual>
<owl:NamedIndividual rdf:ID="generoso">
<rdf:type rdf:resource="#PositiveAdjectives"/>
</owl:NamedIndividual>
<owl:NamedIndividual rdf:ID="obeso">
<rdf:type rdf:resource="#NegativeAdjectives"/>
</owl:NamedIndividual>
<owl:NamedIndividual rdf:ID="tranquilizar">
<rdf:type rdf:resource="#PositiveVerbs"/>
</owl:NamedIndividual>
<owl:NamedIndividual rdf:ID="increpar">
<rdf:type rdf:resource="#NegativeVerbs"/>
</owl:NamedIndividual>
<owl:NamedIndividual rdf:ID="a faltar">
<rdf:type rdf:resource="#NegativeAdverbs"/>
</owl:NamedIndividual>
<owl:NamedIndividual rdf:ID="por fortuna">
<rdf:type rdf:resource="#PositiveAdverbs"/>
</owl:NamedIndividual>
Algorithm 3
Table 5: A partial view of the USL strength of polarity for the Chinese Cluster.
Id Lexical
1
2
3
4
5
6
7
8
9
10
11
12
13
𝑛

Intersection
(courageous)
(content)
(agreement)
(perfection)
(philosopher)
(difficulty)
(sublime)
(fabulous)
(endeavour)
(good)
(welcome)
(praise)
(severe)
word𝑛

NTUSD
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑋
𝑥𝑛

SentiWordNet
+0.375
+0.45
0
−0.5
0
−0.5
+0.625
+0.875
0
+0.625
+0.5
0
−0.625
𝑦𝑛

910
UCL = 610.03
CTR = 264.29
LCL = −81.46

710
510

10000.0

5000.0

1000.0

500.0

100.0

50.0

110
−90

𝛽
+0.3311
+0.85
+0.9
−0.4415
0
−0.4415
+0.5518
+0.772
0
+0.5518
+0.4415
0
−0.5528
𝛽𝑛

𝜖
+0.3311
X
+0.9
−0.4415
0
−0.4415
+0.5518
+0.772
0
+0.5518
+0.4415
0
−0.5518
𝜖𝑛

𝜁
+0.883
+0.4122
+0.883
−0.883
0.883
−0.883
+0.883
+0.883
0.883
+0.883
+0.883
0.883
0.883
𝜁𝑛

USL
0.375
+0.5064
+1.019
−0.5
0.0
−0.5
+0.625
+0.875
0
+0.625
+0.5
0
−0.625
usl𝑛 = 𝜖𝑛 /𝜁𝑛

realistically. If multilinguality is an aim then lexical resources
in more languages need to be developed.

7. Conclusion and Future Work
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Figure 6: Number of gain at different scales of lexical entries.

We show that it is possible to unify the sentiment lexicons
available on the web and align and expand them automatically. Our USL approach reuses the research work carried
out by universities such as Illinois, Pittsburg, The Institute of
Information Science, Taiwan, Istituto di Scienza e Tecnologie
dellÍnformazione, and Universidad Politécnica de Madrid.
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These sentiment lexicons have been essential for the implementation of the Unified Sentiment Lexicon. Our aim is to
establish the USL as a standard that could be enriched and
used by the whole community in the future.
The results of the USL approach are (a) the Unified Sentiment Lexicon and (b) OntoLexicon. Using parallel processing
for the calculation of strength of polarity for each lexical
entry, the USL approach accelerated the runtime by 300%.
USL approach avoids hard disk operations and distributes
the calculation of the USL metric over 1536 processors doing
operations directly in GPU memory. The unification was
carried out by means of providing a single strength of polarity
for each lexical entry; this value must be present at least
in one intersection in two or more sentiment lexicons in
the same cluster. Compared with previous work, the major
contributions of this paper are the following.
(i) A knowledge base of four sentiment lexicons (Bing
Liu sentiment lexicon; MPQA; NTU Sentiment Dictionary; and SentiWordNet) has been unified automatically, grouped into three clusters—English, Spanish, and Chinese. In the final version Portuguese was
not included because there are not enough sentiment
lexicons available.
(ii) The USL approach computes a unified strength of
polarity which was validated by experts.
(iii) The USL were expanded, with two additional sentiment lexicons that were developed by our research
group, Communication in Specialized Domains: PanAmerican sentiment lexicon and Spanish Travel Subjective Lexicon.
(iv) The task of strength of polarity unification uses parallel processing to compute each lexical entry with
GPUs.
(v) USL computing time was accelerated 300% in data
processing.
(vi) The robustness of the Unified Sentiment Lexicon was
proven with 35201 positive, 38200 neutral, and 22029
negative lexical entries.
(vii) A uniform knowledge representation of the sentiment
lexicon was made with OntoLexicon in OWL language.
Future work will involve proving the second research
question: is it possible to transform a Unified Sentiment Lexicon into a generative lexicon based on a core ontology? We
already have the core ontology; however, we need to transform this into a more generative lexicon. In addition, we need
to extend the USL to other languages and domains, with the
aim of having a unified linguistic resource to facilitate the task
of subjective annotation both on the web and out of it.
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para el reconocimiento de la valoración de la información,” in
Proyecto Fin De Carrera. E. U. I. T. De Telecomunicación, Universidad Politécnica de Madrid, 2009, (Spanish).
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The wolf pack unites and cooperates closely to hunt for the prey in the Tibetan Plateau, which shows wonderful skills and amazing
strategies. Inspired by their prey hunting behaviors and distribution mode, we abstracted three intelligent behaviors, scouting,
calling, and besieging, and two intelligent rules, winner-take-all generation rule of lead wolf and stronger-survive renewing rule
of wolf pack. Then we proposed a new heuristic swarm intelligent method, named wolf pack algorithm (WPA). Experiments
are conducted on a suit of benchmark functions with different characteristics, unimodal/multimodal, separable/nonseparable,
and the impact of several distance measurements and parameters on WPA is discussed. What is more, the compared simulation
experiments with other five typical intelligent algorithms, genetic algorithm, particle swarm optimization algorithm, artificial fish
swarm algorithm, artificial bee colony algorithm, and firefly algorithm, show that WPA has better convergence and robustness,
especially for high-dimensional functions.

1. Introduction
Global optimization is a hot topic with applications in many
areas, such as science, economy, and engineering. Generally;
unconstrained global optimization problems can be formulated as follows:
min or max 𝑓 (𝑋) ,
𝑛

𝑋 = (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ) ,

(1)

where 𝑓 : 𝑅 → 𝑅 is a real-valued objective function, 𝑋 ∈
𝑅𝑛 , and 𝑛 is the number of parameters to be optimized.
As many real-world problems are becoming increasingly
complex; global optimization, especially using traditional
methods, is becoming a challenging task [1]. Because of
its great search space, high-dimensional global optimization
problems are more difficult [2]. Fortunately, many algorithms
inspired by nature have become powerful tools for these
problems [3–5]. Since, with long time of biological evolution
and natural selection, there are many marvelous swarm
intelligence phenomenons in nature, which are wonderful
and can give us endless inspiration. The remarkable swarm
behavior of animals such as swarming ants, schooling fish,
and flocking birds has for long captivated the attention of
naturalists and scientists [6]. People have developed many

intelligent optimization methods to solve complex global
problems in recent decades. In 1995, inspired by social behavior and movement dynamics of birds, Kennedy proposed
the particle swarm optimization algorithm (PSO) [7]. In
1996, inspired by social division and foraging behavior of
ant colonies, Dorigo proposed the ant colony optimization
algorithm (ACO) [8]. In 2002, inspired by foraging behavior
of fish schools, Li proposed the artificial fish swarm algorithm
(AFSA) [9]. In 2005, motivated by the intelligent foraging
behavior of honeybee swarms, Karaboga proposed the artificial bee colony (ABC) algorithm [10]. In 2008, based on
the flashing behavior of fireflies, Doctor Yang proposed firefly
algorithm (FA) [11]. Researchers even give some conceptions
of swarm intelligent algorithms such as rats herds algorithm,
mosquito swarms algorithm, and dolphins herds algorithm
[12]. Birds, fishes, ants, and bees do not have any human
complex intelligence such as logical reasoning and synthetic
judgment, but under the same aim, food, they stand out
powerful swarm intelligence through constantly adapting
environment and mutual cooperation, which give us many
new ideas for solving complex problems.
The wolf pack is marvelous. Harsh living environment
and constant evolution for centuries have created their
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rigorous organization system and subtle hunting behavior.
Wolves tactics of Mongolia cavalry in Genghis Khan period,
submarine tactics of Nazi Admiral Doenitz in World War
II and U.S. military wolves attack system for electronic
countermeasures all highlight great charm of their swarm
intelligence. [13] proposes a wolf colony algorithm (WCA)
to solve the optimization problem. But the accuracy and
efficiency of WCA are not good enough and easily fall into
local optima, especially for high-dimensional functions. So,
in this paper, we reanalyzed collaborative predation behavior
and prey distribution mode of wolves and proposed a new
swarm intelligence algorithm, called wolf pack algorithm
(WPA); Moreover, the efficiency and robustness of the new
algorithm were tested by compared experiments.
The remainder of this paper is structured as follows.
In Section 2, the predation behaviors and prey distribution
of wolves are analyzed. In Section 3, WPA is described.
Section 4 describes the experimental setup, followed by
experimental results and analysis. Finally, conclusion and
future work are presented in Section 5.

2. System Analyzing of Wolf Pack
Wolves are gregarious animals and have clearly social work
division. There is a lead wolf; some elite wolves act as scouts
and some ferocious wolves in a wolf pack. They cooperate well
with each other and take their respective responsibility for the
survival and thriving of wolf pack.
Firstly, the lead wolf, as a leader under the law of the
jungle, is always the smartest and most ferocious one. It
is responsible for commanding the wolves and constantly
making decision by evaluating surrounding situation and
perceiving information from other wolves. These can avoid
the wolves in danger and command the wolves to smoothly
capture prey as soon as possible.
Secondly, the lead wolf sends some elite wolves to hunt
around and look for prey in the probable scope. Those elite
wolves are scouts. They walk around and independently make
decision according to the concentration of smell left by prey;
and higher concentration means the prey is closer to the
wolves. So they always move towards the direction of getting
stronger smell.
Thirdly, once a scout wolf finds the trace of prey, it
will howl and report that to lead wolf. Then the lead wolf
will evaluate this situation and make a decision whether to
summon the ferocious wolves to round up the prey or not.
If they are summoned, the ferocious wolves will move fast
towards the direction of the scout wolf.
Fourthly, after capturing the prey, the prey is not distributed equitably, but in an order from the strong to the
weak. That is to say that, the stronger the wolf is, the more the
food it will get is. Although this distribution rule will make
some weak wolf dead for lack of food, it makes sure that the
wolves that have the ability to capture prey get more food so as
to keep being strong and can capture more prey successfully
in the next time. The rule avoids that the whole pack starves to
death and ensures its continuance and proliferating. In what
follows, the author made detailed description and realization
for the above intelligent behaviors and rules.
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3. Wolf Pack Algorithm
3.1. Some Definitions. If the predatory space of the artificial
wolves is a 𝑁×𝐷 Euclidean space, 𝑁 is the number of wolves,
𝐷 is the number of variables. The position of one wolf 𝑖 is
a vector X𝑖 = (𝑥𝑖1 , 𝑥𝑖2 , . . . , 𝑥𝑖𝐷), and 𝑥𝑖𝑑 is the 𝑑th variable
value of the 𝑖th artificial wolf. 𝑌 = 𝑓(X) represents the
concentration of prey’s smell perceived by artificial wolves,
which is also the objective function value.
The distance between two wolves 𝑝 and 𝑞 is described
as 𝐿(𝑝, 𝑞). Several distance measurements can be selected
according to specific problems. For example, hamming distance can be used in WPA for 0-1 discrete optimization,
while Manhattan distance (MD) and Euclidean distance (ED)
can be used in WPA for continuous numerical function
optimization. In this paper, we mainly discuss the latter
problem, and the selection of distance measurements will be
discussed in Section 4.2.1. Moreover, because the problems
of maximum value and minimal value can convert to each
other, only the maximum value problem is discussed in what
follows.
3.2. The Description of Intelligent Behaviors and Rules. The
cooperation between lead wolf, scout wolves, and ferocious
wolves makes nearly perfect predation, while prey distribution from the strong to the weak makes the wolf pack thrives
towards the direction of the prey that it most probably can be
able to capture. The whole predation behavior of wolf pack is
abstracted three intelligent behaviors, scouting, calling, and
besieging behavior, and two intelligent rules, winner-takeall generating rule for the lead wolf and the stronger-survive
renewing rule for the wolf pack.
(1) The winner-take-all generating rule for the lead wolf:
the artificial wolf with the best objective function value is lead
wolf. During each iteration, compare the function value of the
lead wolf with the best one of other wolves; if the value of
lead wolf is not better, it will be replaced. Then the best wolf
becomes lead wolf. Rather than acting the three intelligent
behaviors, the lead wolf directly goes into the next iteration
until it is replaced by other better wolf.
(2) Scouting behavior: S num elite wolves except the lead
wolf are considered as the scout wolves; they search the
solution in predatory space. 𝑌𝑖 is the concentration of prey
smell perceived by the scout wolf 𝑖. 𝑌lead is the concentration
of prey smell perceived by the lead wolf.
If 𝑌𝑖 > 𝑌lead , that means the scout wolf is nearer to the
prey and probably captures prey, so the scout wolf 𝑖 becomes
lead wolf and 𝑌lead = 𝑌𝑖 .
If 𝑌𝑖 < 𝑌lead , the scout wolf 𝑖, respectively, takes astep
towards ℎ different directions; the step length is 𝑠𝑡𝑒𝑝𝑎 . After
taking a step towards the 𝑝th direction, the state of the scout
wolf 𝑖 is formulated below:
𝑝

𝑥𝑖𝑑 = 𝑥𝑖𝑑 + sin (2𝜋 ×

𝑝
) × step𝑑𝑎 ,
ℎ

𝑝 = {1, 2, . . . , ℎ} . (2)

It should be noted that ℎ is different for each wolf because
of their different seeking ways. So ℎ is randomly selected in
[ℎmin , ℎmax ] and it must be an integer. 𝑌𝑖0 is the concentration
of prey smell perceived by the scout wolf 𝑖 and 𝑌𝑖𝑝 represents
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the one after it took a step towards the 𝑝th direction. If
max{𝑌𝑖1 , 𝑌𝑖2 , . . . , 𝑌𝑖ℎ } > 𝑌𝑖0 , the wolf 𝑖 steps forward and its
position 𝑋𝑖 is updated. Then repeat the above until 𝑌𝑖 > 𝑌lead
or the maximum number of repetitions 𝑇max is reached.
(3) Calling behavior: the lead wolf will howl and summon
𝑀 𝑛𝑢𝑚 ferocious wolves to gather around the prey. Here, the
position of the lead wolf is considered as the one of the prey
so that the ferocious wolves aggregate towards the position of
lead wolf. 𝑠𝑡𝑒𝑝𝑏 is the step length; 𝑔𝑑𝑘 is the position of artificial
lead wolf in the 𝑑th variable space at the 𝑘th iteration. The
position of the ferocious wolf 𝑖 in the 𝑘th iterative calculation
is updated according to the following equation:
𝑘+1
𝑥𝑖𝑑

=

𝑘
𝑥𝑖𝑑

+

step𝑑𝑏

𝑘
(𝑔𝑑𝑘 − 𝑥𝑖𝑑
)
.
⋅  𝑘
𝑔 − 𝑥𝑘 
 𝑑
𝑖𝑑 

(3)

This formula consists of two parts; the former is the
current position of wolf 𝑖, which represents the foundation
for prey hunting; the latter represents the aggregate tendency
of other wolves towards the lead wolf, which shows the lead
wolf ’s leadership to the wolf pack.
If 𝑌𝑖 > 𝑌lead , the ferocious wolf 𝑖 becomes lead wolf
and 𝑌lead = 𝑌𝑖 ; then the wolf 𝑖 takes the calling behavior; If
𝑌𝑖 < 𝑌lead , the ferocious wolf 𝑖 keeps on aggregating towards
the lead wolf with a fast speed until 𝐿(𝑖, 𝑙) < 𝐿 near ; the wolf
takes besieging behavior. 𝐿(𝑖, 𝑙) is the distance between the
wolf 𝑖 and the lead wolf 𝑙; 𝐿 near is the distance determinant
coefficient as a judging condition, which determine whether
wolf 𝑖 changes state from aggregating towards the lead wolf
to besieging behavior. The different value of 𝐿 near will affect
algorithmic convergence rate. There will be a discussion in
Section 4.2.2.
Calling behavior shows information transferring and
sharing mechanism in wolf pack and blends the idea of social
cognition.
(4) Besieging behavior: after large-steps running towards
the lead wolf, the wolves are close to the prey, then all wolves
except the lead wolf will take besieging behavior for capturing
prey. Now, the position of lead wolf is considered as the
position of prey. In particular, 𝐺𝑑𝑘 reprensents the position of
prey in the 𝑑th variable space at the 𝑘th iteration. The position
of wolf 𝑖 is updated according to the following equation:

𝑘+1
𝑘
𝑘 
 .
(4)
= 𝑥𝑖𝑑
+ 𝜆 ⋅ step𝑑𝑐 ⋅ 𝐺𝑑𝑘 − 𝑥𝑖𝑑
𝑥𝑖𝑑

𝜆 is a random number uniformly distributed at the
interval [−1, 1]; 𝑠𝑡𝑒𝑝𝑐 is the step length of wolf 𝑖 when it
takes besieging behavior. 𝑌𝑖0 is the concentration of prey smell
perceived by the wolf 𝑖 and 𝑌𝑖𝑘 represents the one after it
took this behavior. If 𝑌𝑖0 < 𝑌𝑖𝑘 , the position X𝑖 is updated;
otherwise it not changed.
There are 𝑠𝑡𝑒𝑝𝑎 , 𝑠𝑡𝑒𝑝𝑏 , and 𝑠𝑡𝑒𝑝𝑐 in the three intelligent
behaviors, and the three-step length in 𝑑th variable space
should have the following relationship:
step𝑑𝑎 =

step𝑑𝑏
= 2 ⋅ step𝑑𝑐 = 𝑆.
2

(5)

𝑆 is step coefficient and represents the fineness degree of
artificial wolf searching for prey in resolution space.

(5) The stronger-survive renewing rule for the wolf pack:
the prey is distributed from the strong to the weak, which will
result in some weak wolves dead. The algorithm will generate
𝑅 wolves while deleting 𝑅 wolves with bad objective function
values. Specifically, with the help of the lead wolf ’s hunting
experience, in the 𝑑th variable space, position of the 𝑖th one
of 𝑅 wolves is defined as follows:
𝑥𝑖𝑑 = 𝑔𝑑 ⋅ rand,

𝑖 = {1, 2, . . . , 𝑅} .

(6)

𝑔𝑑 is the position of artificial lead wolf in the 𝑑th variable
space, rand is a random number uniformly distributed at the
interval [−0.1, 0.1].
When the value of 𝑅 is larger, it is better for sustaining
wolf ’s diversity and making the algorithm have the ability
to open up new resolution space. But if 𝑅 is too large, the
algorithm will nearly be a random search approach. Because
the number and scale of prey captured by wolves are different
in natural word, which will lead to different number of
weak wolf dead. 𝑅 is an integer and randomly selected at
the interval [𝑛/(2 ∗ 𝛽), 𝑛/𝛽]. 𝛽 is the population renewing
proportional coefficient.
3.3. Algorithm Description. As described in the previous
section, WPA has three artificial intelligent behaviors and
two intelligent rules. There are scouting behavior, calling
behavior, and besieging behavior and winner-take-all rule for
generating lead wolf and the stronger-survive renewing rule
for wolf pack.
Firstly, the scouting behavior accelerates the possibility
that WPA can fully traverse the solution space; Secondly, the
winner-take-all rule for generating lead wolf and the calling
behavior make the wolves move towards the lead wolf whose
position is the nearest to the prey and most likely capturing
prey. The winner-take-all rule and calling behavior also make
wolves arrive at the neighborhood of the global optimum
only after a few iterations elapsed, since the step of wolves
in calling behavior is the largest one. Thirdly, with a small
step, step𝑐 , besieging behavior makes WPA algorithm have
the ability to open up new solution space and carefully search
the global optima in good solution area. Fourthly, with the
help of stronger-survive renewing rule for the wolf pack, the
algorithm can get several new wolves whose positions are
near the best wolf, lead wolf, which allows for more latitude
of search space to anchor the global optimum while keeping
population diversity in each iteration.
All the above make WPA possesses superior performance
in accuracy and robustness, which will be seen in Section 4.
Having discussed all the components of WPA, the important computation steps are detailed below.
Step 1 (initialization). Initialize the following parameters,
the initial position of artificial wolf 𝑖 (X𝑖 ), the number of
the wolves (𝑁), the maximum number of iterations (𝑘max ),
the step coefficient (𝑆), the distance determinant coefficient
(𝐿 near ), the maximum number of repetitions in scouting
behavior (𝑇max ), and the population renewing proportional
coefficient (𝛽).
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Table 1: Benchmark functions in experiments.
Global extremum

𝐷

C

Range

𝑓(𝑥)⃗
= 100(𝑥2 −
+ (1 − 𝑥1 )
2
2
2
𝑓(𝑥)⃗
= 100(𝑥12 − 𝑥2 ) + (𝑥1 − 1) + (𝑥3 − 1) + 90(𝑥32 − 𝑥4 )
2
2
+ 10.1(𝑥2 − 1) + (𝑥4 − 1) + 19.8(𝑥2 − 1)(𝑥4 − 1)

𝑓min (𝑥)⃗
=0

2

UN

(−2.048, 2.048)

=0
𝑓min (𝑥)⃗

4

UN

(−10, 10)

𝑓 (𝑥)⃗
= ∑𝑥𝑖2

𝑓min (𝑥)⃗
=0

200 US

𝑓 (𝑥)⃗
= ∑𝑖𝑥𝑖2

𝑓min (𝑥)⃗
=0

150

US

(−10, 10)

𝑓(𝑥)⃗
= (𝑥1 + 2𝑥2 − 7) + (2𝑥1 + 𝑥2 − 5)2
sin √𝑥12 + 𝑥22
cos 2𝜋𝑥1 + cos 2𝜋𝑥2
+ exp (
𝑓 (𝑥)⃗
=
) − 0.7129
2
√𝑥12 + 𝑥22

𝑓min (𝑥)⃗
=0

2

MS

(−10, 10)

= 3.0054
𝑓max (𝑥)⃗

2

MN

(−1.5, 1.5)

𝑓min (𝑥)⃗
=0

50

MN

(−32, 32)

𝑓min (𝑥)⃗
=0

100 MN

No. Functions
1

Rosenbrock

2

Colville

Formulation
𝑥12 )2
2

2

𝐷

3

Sphere

𝑖=1
𝐷

4

Sumsquares

5

Booth

6

Bridge

7

Ackley

8

Griewank

𝑖=1
2

𝑓(𝑥)⃗
= −20 exp (−0.2√
𝑓(𝑥)⃗
=

1 𝐷 2
1 𝐷
∑𝑥𝑖 ) − exp ( ∑ cos 2𝜋𝑥𝑖 ) + 20 + 𝑒
𝐷 𝑖=1
𝐷 𝑖=1

𝑥
1 𝐷 2 𝐷
∑𝑥 − ∏ cos ( 𝑖 ) + 1
√𝑖
4000 𝑖=1 𝑖 𝑖=1

(−100, 100)

(−600, 600)

𝐷: dimension; C: characteristic; U: unimodal; M: multimodal; S: separable; N: nonseparable.

Step 2. The wolf with best function value is considered as
lead wolf. In practical computation, 𝑆 num = 𝑀 num =
𝑛 − 1, which means that wolves except for lead wolf act
with different behavior as different status. So, here, except
for lead wolf, according to formula (2), the rest of the 𝑛 − 1
wolves firstly act as the artificial scout wolves to take scouting
behavior until 𝑌𝑖 > 𝑌lead or the maximum number of
repetition 𝑇max is reached and then go to Step 3.
Step 3. Except for the lead wolf, the rest of the 𝑛 − 1 wolves
secondly act as the artificial ferocious wolves and gather
towards the lead wolf according to (3); 𝑌𝑖 is the smell
concentration of prey perceived by wolf 𝑖; if 𝑌𝑖 ≥ 𝑌lead , go to
Step 2; otherwise the wolf 𝑖 continues running until 𝐿(𝑖, 𝑙) ≤
𝐿 near ; then go to Step 4.
Step 4. The position of artificial wolves who take besieging
behavior is updated according to (4).
Step 5. Update the position of lead wolf under the winnertake-all generating rule and update the wolf pack under the
population renewing rule according to (6).
Step 6. If the program reaches the precision requirement or
the maximum number of iterations, the position and function
value of lead wolf, the problem optimal solution, will be
outputted; otherwise go to Step 2.
So the flow chart of WPA can be shown as Figure 1.

4. Experimental Results
The ingredients of the WPA method have been described
in Section 3. In this section, the design of experiments
is explained, sensitivity analysis of parameters on WPA
is explored, and the empirical results are reported, which

Initialization

Besieging behavior

Scouting behavior

No

Yi > Ylead
or
T > Tmax

Renew the position of lead wolf

Yes

Renew wolf pack

Calling behavior
Yes

Yi > Ylead

No

No

Terminate?
Yes

L(i, l) > L near

Yes

Output results

No

Figure 1: The flow chart of WPA.

compare the WPA approach with those of GA, PSO, ASFA,
ABC, and FA.
4.1. Design of the Experiments
4.1.1. Benchmark Functions. In order to evaluate the performance of these algorithms, eight classical benchmark functions are presented in Table 1. Though only eight functions are
used in this test, they are enough to include some different
kinds of problems such as unimodal, multimodal, regular,
irregular, separable, nonseparable and multidimensional.
If a function has more than one local optimum, this
function is called multimodal. Multimodal functions are used
to test the ability of algorithms to get rid of local minima.
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Table 2: The list of various methods used in the paper.
Method

Authors and references

Goldberg [14]
Genetic algorithm (GA)
Particle swarm optimization algorithm Kennedy and Eberhart [7]
(PSO)
Li et al. [9]
Artificial fish school algorithm (ASFA)
Karaboga [10]
Artificial bee colony algorithm (ABC)
Yang [11]
Firefly algorithm (FA)

Another group of test problems is separable or nonseparable
functions. A 𝑝-variable separable function can be expressed
as the sum of 𝑝 functions of one variable, such as Sumsquares
and Rastrigin. Nonseparable functions cannot be written in
this form, such as Bridge, Rosenbrock, Ackley, and Griewank.
Because nonseparable functions have interrelation among
their variable, these functions are more difficult than the
separable functions.
In Table 1, characteristics of each function are given under
the column titled 𝐶. In this column, 𝑀 means that the
function is multimodal, while 𝑈 means that the function
is unimodal. If the function is separable, abbreviation 𝑆 is
used to indicate this specification. Letter 𝑁 refers to that the
function is nonseparable. As seen from Table 1, 4 functions
are multimodal, 4 functions are unimodal, 3 functions are
separable, and 5 functions are nonseparable.
The variety of functions forms and dimensions make
it possible to fairly assess the robustness of the proposed
algorithms within limit iteration. Many of these functions
allow a choice of dimension, and an input dimension ranging
from 2 to 200 for test functions is given. Dimensions of the
problems that we used can be found under the column titled
𝐷. Besides, initial ranges, formulas, and global optimum
values of these functions are also given in Table 1.
4.1.2. Experimental Settings. In this subsection, experimental
settings are given. Firstly, in order to fully compare the performance of different algorithms, we take the simulation under
the same situation. So the values of the common parameters
used in each algorithm such as population size and evaluation
number were chosen to be the same. Population size was
100 and the maximum evaluation number was 2000 for
all algorithms on all functions. Additionally, we follow the
parameter settings in the original paper of GA, PSO, AFSA,
ABC, and FA; see Table 2.
For each experiment, 50 independent runs were conducted with different initial random seeds. To evaluate the
performance of these algorithms, six criteria are given in
Table 3.
Accelerating convergence speed and avoiding the local
optima have become two important and appealing goals in
swarm intelligent search algorithms. So, as seen in Table 3,
we adopted criteria best, mean, and standard deviation to
evaluate efficiency and accuracy of algorithms and adopted
criteria Art, Worst, and SR to evaluate convergence speed,
effectiveness, and robustness of six algorithms.

5
Table 3: Six criteria and their abbreviations.
Criteria
The best value of optima found in 50 runs
The worst value of optima found in 50 runs
The average value of optima found in 50 runs
The standard deviations
The success rate of the results
The average reaching time

Abbreviation
Best
Worst
Mean
StdDev
SR
Art

Specifically speaking, SR provides very useful information about how stable an algorithm is. Success is claimed if
an algorithm successfully gets a solution below a prespecified
threshold value with the maximum number of function
evaluations [15]. So, to calculate the success rate, an error
accuracy level 𝜀 = 10−6 must be set (𝜀 = 10−6 also used
in [16]). Thus, we compared the result 𝐹 with the known
analytical optima 𝐹∗ and consider 𝐹 to be “successful” if the
following inequality holds:


𝐹 − 𝐹∗ 
< 𝜀, 𝐹∗ ≠
0,
𝐹∗

∗
∗
𝐹 − 𝐹  < 𝜀, 𝐹 = 0.

(7)

The SR is a percentage value that is calculated as
SR =

#successful runs
.
#runs

(8)

Art is the average value of time once an algorithm gets a
solution satisfying the formula (7) in 50-run computations.
Art also provides very useful information about how fast
an algorithm converges to certain accuracy or under the
same termination criterion, which has important practical
significance.
All algorithms have been tested in Matlab 2008a over the
same Lenovo A4600R computer with a Dual-Core 2.60 GHz
processor, running Windows XP operating system over
1.99 Gb of memory.
4.2. Experiments 1: Effect of Distance Measurements and Four
Parameters on WPA. In order to study the effect of two
distance measures and four parameters on WPA, different
measures and values of parameters were tested on typical
functions listed in Table 1. Each experiment, WPA algorithm
that runs 50 times on each function, and several criteria
described in Section 4.1.2 are used. The experiment is conducted with the original coefficients shown in Table 9.
4.2.1. Effect of Distance Measurements on the Performance of
WPA. This subsection will investigate the performance of
different distance measurements using functions with different characteristics. As is known to all, Euclidean distance
(ED) and Manhattan distance (MD) are the two most common distance metrics in practical continuous optimization.
In the proposed WPA, MD or ED can be adopted to measure
the distance between two wolves in the candidate solution
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Table 4: Sensitivity analysis of distance measurements.
Global extremum

𝐷

Rosenbrock

𝑓min (𝑥)⃗
=0

2

Colville

𝑓min (𝑥)⃗
=0

4

Sphere

𝑓min (𝑥)⃗
=0

200

Sumsquares

𝑓min (𝑥)⃗
=0

150

Booth

𝑓min (𝑥)⃗
=0

2

Bridge

𝑓max (𝑥)⃗
= 3.0054

2

Ackley

𝑓min (𝑥)⃗
=0

50

Griewank

𝑓min (𝑥)⃗
=0

100

Function

Distance
MD
ED
MD
ED
MD
ED
MD
ED
MD
ED
MD
ED
MD
ED
MD
ED

Best
9.21𝑒 − 11
4.26𝑒 − 9
5.62𝑒 − 8
1.74𝑒 − 7
3.20𝑒 − 161
1.76𝑒 − 160
1.56𝑒 − 161
3.97𝑒 − 160
5.63𝑒 − 12
1.08𝑒 − 9
3.0054
3.0054
8.88𝑒 − 16
8.88𝑒 − 16
0
0

space. Therefore, a discussion about their impacts on the
performance of WPA is needed.
There are two wolves: X𝑝 = (𝑥𝑝1 , 𝑥𝑝2 , . . . , 𝑥𝑝𝐷) is the
position of wolf 𝑝, X𝑞 = (𝑥𝑞1 , 𝑥𝑞2 , . . . , 𝑥𝑞𝐷) is the position
of wolf 𝑞, and the ED and MD between them can be,
respectively, calculated as formula (9). 𝐷 is the dimension
number of solution space
𝐷

2

𝐿 ED (𝑝, 𝑞) = ∑ (𝑥𝑝𝑑 − 𝑥𝑞𝑑 ) ,
𝑑=1
𝐷

(9)



𝐿 MD (𝑝, 𝑞) = ∑ 𝑥𝑝𝑑 − 𝑥𝑞𝑑  .
𝑑=1

The statistical results obtained by WPA after 50-run
computation are shown in Table 4. Firstly, we note that WPA
with Euclidean distance (WPA ED) does not get 100% success
rate on Colville (𝐷 = 4) and Griewank functions (𝐷 = 100),
while WPA with Manhattan distance (WPA MD) does not
get 100% success rate on Griewank functions (𝐷 = 100),
which means that WPA ED and WPA MD with original
coefficients still have the risk of premature convergence to
local optima.
As seen from Table 4, WPA is not very sensitive to two
distance measurements on most functions (Rosenbrock,
Sphere, Sumsquares, Booth, and Ackley), and no matter
which metric is used, WPA can always get a good result
with SR = 100%. But, for these functions, comparing the
results between WPA MD and WPA ED in detail, we can
find that WPA MD has shorter average reaching time (ARt),
which means faster convergence speed to a certain accuracy.
The reason may be that ED has the higher computational
complexity. Meanwhile, WPA MD has better performance on
other four criteria (best, worst, mean, and StdDev), which
means better solution accuracy and robustness.

Worst
3.24𝑒 − 8
2.71𝑒 − 7
5.28𝑒 − 7
1.70𝑒 − 6
3.29𝑒 − 144
3.36𝑒 − 143
3.09𝑒 − 144
2.24𝑒 − 144
1.15𝑒 − 10
2.64𝑒 − 8
3.0054
3.0054
8.88𝑒 − 16
8.88𝑒 − 16
0.1507
0.8350

Mean
1.12𝑒 − 8
1.27𝑒 − 7
2.49𝑒 − 7
5.74𝑒 − 7
2.07𝑒 − 145
1.68𝑒 − 144
1.79𝑒 − 145
1.13𝑒 − 145
4.19𝑒 − 11
1.16𝑒 − 8
3.0054
3.0054
8.88𝑒 − 16
8.88𝑒 − 16
3.01𝑒 − 3
0.0167

StdDev
1.18𝑒 − 8
6.81𝑒 − 8
2.23𝑒 − 7
3.70𝑒 − 7
7.49𝑒 − 145
7.51𝑒 − 144
6.95𝑒 − 145
5.00𝑒 − 145
3.32𝑒 − 11
6.93𝑒 − 9
4.56𝑒 − 16
4.56𝑒 − 16
0
0
0.0213
0.1181

SR/%
100
100
100
90
100
100
100
100
100
100
100
100
100
100
98
92

Art/s
10.5165
37.1053
46.8619
68.3220
11.5494
11.6825
8.5565
8.7109
11.1074
40.5546
1.1093
1.9541
19.3648
43.6884
>8.77𝑒3
>1.35𝑒 + 4

Naturally, because of its better efficiency, precision, and
robustness, WD is more suitable for WPA. So the WPA
algorithm used in what follows is WPA MD.
4.2.2. Effect of Four Parameters on the Performance of WPA.
In this subsection, we investigate the impact of the parameters
𝑆, 𝐿 near , 𝑇max , and 𝛽 on the new algorithm. 𝑆 is the step
coefficient, 𝐿 near is the distance determinant coefficient, 𝑇max
is the maximum number of repetitions in scouting behavior,
and 𝛽 is the population renewing proportional coefficient.
The parameters selection procedure is performed in a onefactor-at-a-time manner. For each sensitivity analysis in this
section, only one parameter is varied each time, and the
remaining parameters are kept at the values suggested by the
original estimate listed in Table 9. The interaction relation
between parameters is assumed unimportant.
Each time one of the WPA parameters is varied in a certain interval to see which value within this internal will result
in the best performance. Specifically, the WPA algorithm also
runs 50 times on each case.
Table 5 shows the sensitivity analysis of the step coefficient 𝑆. All results are shown in the form of Mean ±
Std (SR/%). The choice of interval [0.04, 0.16] used in this
analysis was motivated by the original Nelder-Mead simplex
search procedure, where a step coefficient greater than 0.04
was suggested for general usage.
Meanwhile, based on detailed comparison of the results,
on Rosenbrock, Sphere, and Bridge functions, step coefficient
is not sensitive to WPA, and for Booth function there is a
tendency of better results with larger 𝑆. From Table 5, it is
found that a step coefficient setting at 0.12 returns the best
result which has better Mean, small Std, and SR = 100% for
all functions.
Tables 6–8 analyze sensitivity of 𝐿 near , 𝑇max , and 𝛽. Generally speaking, 𝐿 near , 𝑇max , and 𝛽 are not sensitive to most
functions except Griewank function, since Griewank not only

Functions

Mean ± Std (SR/%) (the default of SR is 100%)
0.04
0.06
0.08
0.10
0.12
0.14
0.16
Rosenbrock 6.9𝑒 − 8 ± 4.3𝑒 − 8
2.7𝑒 − 8 ± 3.5𝑒 − 8
1.1𝑒 − 8 ± 9.1𝑒 − 9
3.2𝑒 − 9 ± 2.7𝑒 − 9
5.0𝑒 − 9 ± 5.7𝑒 − 9
3.2𝑒 − 9 ± 3.7𝑒 − 9
1.2𝑒 − 9 ± 1.6𝑒 − 9
Colville
1.3𝑒 − 7 ± 7.1𝑒 − 8
3.3𝑒 − 7 ± 2.8𝑒 − 7 (90)
2.6𝑒 − 7 ± 1.9𝑒 − 7
2.3𝑒 − 7 ± 1.4𝑒 − 7
3.5𝑒 − 7 ± 2.5𝑒 − 7
9.5𝑒 − 7 ± 1.0𝑒 − 6 (80) 1.4𝑒 − 6 ± 1.5𝑒 − 6 (50)
Sphere
2.3𝑒 − 145 ± 7.1𝑒 − 145 6.6𝑒 − 152 ± 2.1𝑒 − 151 2.1𝑒 − 146 ± 4.5𝑒 − 146 3.9𝑒 − 146 ± 1.2𝑒 − 145 1.2𝑒 − 145 ± 3.4𝑒 − 145 1.7𝑒 − 146 ± 5.3𝑒 − 146 2.2𝑒 − 149 ± 6.8𝑒 − 149
Sumsquares 9.8𝑒 − 145 ± 3.1𝑒 − 144 3.1𝑒 − 146 ± 8.4𝑒 − 146 8.1𝑒 − 147 ± 2.6𝑒 − 146 4.8𝑒 − 146 ± 1.0𝑒 − 145 3.8𝑒 − 152 ± 7.9𝑒 − 152 3.4𝑒 − 147 ± 1.1𝑒 − 146 1.2𝑒 − 147 ± 3.9𝑒 − 147
Booth
5.4𝑒 − 7 ± 3.3𝑒 − 7
1.6𝑒 − 9 ± 1.1𝑒 − 9
3.2𝑒 − 11 ± 1.6𝑒 − 11
1.3𝑒 − 12 ± 9.1𝑒 − 13
1.3𝑒 − 13 ± 1.2𝑒 − 13
3.9𝑒 − 15 ± 1.8𝑒 − 15
1.2𝑒 − 16 ± 5.8𝑒 − 17
Bridge
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
Ackley
8.9𝑒 − 16 ± 0
0.25 ± 0.53 (80)
1.2𝑒 − 15 ± 1.1𝑒 − 15
8.9𝑒 − 16 ± 0
1.2𝑒 − 15 ± 1.1𝑒 − 15
8.9𝑒 − 16 ± 0
8.9𝑒 − 16 ± 0
Griewank
0±0
0±0
0±0
0±0
0±0
0.06 ± 0.19 (92)
0.20 ± 0.42 (86)

Table 5: Sensitivity analysis of step coefficient (𝑆).
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Functions

Mean ± Std (SR/%) (the default of SR is 100%)
0.04
0.06
0.08
0.10
0.12
0.14
0.16
Rosenbrock 4.4𝑒 − 8 ± 6.5𝑒 − 8
2.3𝑒 − 8 ± 3.7𝑒 − 8
3.4𝑒 − 9 ± 4.8𝑒 − 9
3.0𝑒 − 8 ± 2.9𝑒 − 8
1.9𝑒 − 8 ± 2.4𝑒 − 8
2.4𝑒 − 8 ± 4.7𝑒 − 8
2.9𝑒 − 8 ± 5.3𝑒 − 8
Colville
2.0𝑒 − 7 ± 9.9𝑒 − 8
2.6𝑒 − 7 ± 1.6𝑒 − 7
3.5𝑒 − 7 ± 2.6𝑒 − 7
2.3𝑒 − 7 ± 1.5𝑒 − 7
1.2𝑒 − 7 ± 3.4𝑒 − 8
2.8𝑒 − 7 ± 1.9𝑒 − 7
1.4𝑒 − 7 ± 6.9𝑒 − 8
Sphere
6.8𝑒 − 146 ± 2.0𝑒 − 145 1.9𝑒 − 146 ± 6.2𝑒 − 146 1.7𝑒 − 145 ± 4.3𝑒 − 145 2.6𝑒 − 148 ± 8.3𝑒 − 148 3.6𝑒 − 146 ± 1.1𝑒 − 145 3.7𝑒 − 151 ± 1.1𝑒 − 150 5.3𝑒 − 149 ± 1.7𝑒 − 148
Sumsquares 1.1𝑒 − 147 ± 3.4𝑒 − 147 1.0𝑒 − 146 ± 3.3𝑒 − 146 3.7𝑒 − 151 ± 8.9𝑒 − 151 6.2𝑒 − 146 ± 1.9𝑒 − 145 6.2𝑒 − 152 ± 1.9𝑒 − 151 1.22𝑒 − 145 ± 2.9𝑒 − 145 1.3𝑒 − 148 ± 4.0𝑒 − 148
Booth
2.6𝑒 − 11 ± 1.3𝑒 − 11
2.9𝑒 − 11 ± 1.9𝑒 − 11
2.4𝑒 − 11 ± 1.6𝑒 − 11 3.1𝑒 − 11 ± 1.8𝑒 − 011 2.4𝑒 − 11 ± 1.3𝑒 − 11
3.1𝑒 − 11 ± 2.1𝑒 − 11
1.0𝑒 − 10 ± 1.3𝑒 − 10
Bridge
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
Ackley
0.14 ± 0.43 (90)
1.2𝑒 − 15 ± 1.1𝑒 − 15
8.9𝑒 − 16 ± 0
1.2𝑒 − 15 ± 1.1𝑒 − 15
8.9𝑒 − 16 ± 0
1.59𝑒 − 15 ± 1.49𝑒 − 15
8.9𝑒 − 16 ± 0
Griewank
0.08 ± 0.26 (90)
1.0𝑒 − 3 ± 0.02 (96)
0±0
0±0
0±0
0.10 ± 0.33 (92)
0±0

Table 6: Sensitivity analysis of distance determinant coefficient (𝐿 near ).
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Functions

Mean ± Std (SR/%) (the default of SR is 100%)
6
8
10
12
14
16
18
Rosenbrock 2.4𝑒 − 8 ± 2.6𝑒 − 8
8.4𝑒 − 9 ± 8.0𝑒 − 9
1.3𝑒 − 8 ± 1.3𝑒 − 8
1.4𝑒 − 8 ± 1.0𝑒 − 8
2.0𝑒 − 8 ± 1.9𝑒 − 8
2.1𝑒 − 8 ± 2.5𝑒 − 8
1.2𝑒 − 8 ± 8.9𝑒 − 9
Colville
4.8𝑒 − 7 ± 2.2𝑒 − 7
3.4𝑒 − 7 ± 1.8𝑒 − 7
1.5𝑒 − 7 ± 1.2𝑒 − 7
3.8𝑒 − 7 ± 2.0𝑒 − 7
3.6𝑒 − 7 ± 3.7𝑒 − 7 (96)
3.4𝑒 − 7 ± 2.5𝑒 − 7
2.6𝑒 − 7 ± 1.5𝑒 − 7
Sphere
7.1𝑒 − 147 ± 2.2𝑒 − 146 4.5𝑒 − 146 ± 9.0𝑒 − 146 7.8𝑒 − 146 ± 2.3𝑒 − 145 1.9𝑒 − 148 ± 5.3𝑒 − 148 5.7𝑒 − 148 ± 1.3𝑒 − 147 6.9𝑒 − 145 ± 2.2𝑒 − 144 3.6𝑒 − 147 ± 1.1𝑒 − 146
Sumsquares 4.1𝑒 − 146 ± 1.3𝑒 − 145 2.4𝑒 − 149 ± 4.8𝑒 − 149 4.2𝑒 − 149 ± 1.3𝑒 − 148 8.3𝑒 − 150 ± 2.6𝑒 − 149 8.5𝑒 − 147 ± 2.7𝑒 − 146 5.4𝑒 − 146 ± 9.0𝑒 − 146 1.4𝑒 − 151 ± 4.4𝑒 − 151
Booth
3.2𝑒 − 11 ± 2.9𝑒 − 11
4.2𝑒 − 11 ± 2.7𝑒 − 11
2.5𝑒 − 11 ± 1.5𝑒 − 11
2.1𝑒 − 11 ± 1.5𝑒 − 11
3.2𝑒 − 11 ± 2.5𝑒 − 11
2.6𝑒 − 11 ± 1.8𝑒 − 11
2.6𝑒 − 11 ± 2.7𝑒 − 11
Bridge
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
Ackley
8.9𝑒 − 16 ± 0
8.9𝑒 − 16 ± 0
8.9𝑒 − 16 ± 0
8.9𝑒 − 16 ± 0
1.2𝑒 − 15 ± 1.1𝑒 − 15
8.9𝑒 − 16 ± 0
8.9𝑒 − 16 ± 0
Griewank
0.10 ± 0.33 (92)
0±0
1.0𝑒 − 3 ± 0.02 (98)
0.09 ± 0.31 (88)
0±0
0.09 ± 0.29 (94)
8.3𝑒 − 4 ± 0.02 (98)

Table 7: Sensitivity analysis of the maximum number of repetitions in scouting behavior (𝑇max ).
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Functions

Mean ± Std (SR/%) (the default of SR is 100%)
2
3
4
5
6
7
8
Rosenbrock 1.0𝑒 − 8 ± 9.2𝑒 − 9
8.7𝑒 − 9 ± 7.6𝑒 − 9
1.2𝑒 − 8 ± 1.0𝑒 − 8
8.6𝑒 − 9 ± 8.3𝑒 − 9
1.4𝑒 − 8 ± 1.3𝑒 − 8
9.9𝑒 − 9 ± 9.8𝑒 − 9
1.1𝑒 − 8 ± 1.2𝑒 − 9
Colville
3.2𝑒 − 8 ± .1.8𝑒 − 8
1.4𝑒 − 7 ± 1.3𝑒 − 7
1.2𝑒 − 7 ± 5.9𝑒 − 8
1.4𝑒 − 7 ± 9.4𝑒 − 8
3.0𝑒 − 7 ± 6.9𝑒 − 8
3.9𝑒 − 7 ± 1.7𝑒 − 7
8.6𝑒 − 7 ± 4.0𝑒 − 7 (80)
Sphere
1.9𝑒 − 166 ± 0
5.2𝑒 − 158 ± 1.6𝑒 − 157 2.9𝑒 − 153 ± 9.2𝑒 − 153 4.3𝑒 − 149 ± 1.3𝑒 − 148 7.9𝑒 − 139 ± 2.5𝑒 − 138 8.3𝑒 − 134 ± 1.8𝑒 − 133 3.4𝑒 − 126 ± 8.0𝑒 − 126
Sumsquares
2.8𝑒 − 167 ± 0
1.4𝑒 − 157 ± 4.3𝑒 − 157 2.8𝑒 − 155 ± 4.5𝑒 − 155 8.3𝑒 − 146 ± 1.8𝑒 − 145 6.9𝑒 − 143 ± 1.7𝑒 − 142 5.3𝑒 − 143 ± 1.3𝑒 − 142 3.3𝑒 − 127 ± 1.0𝑒 − 126
Booth
8.1𝑒 − 11 ± 1.3𝑒 − 10 2.5𝑒 − 11 ± 1.7𝑒 − 11
1.9𝑒 − 11 ± 1.2𝑒 − 11
2.5𝑒 − 11 ± 1.7𝑒 − 011
2.5𝑒 − 11 ± 1.5𝑒 − 11
2.3𝑒 − 11 ± 1.5𝑒 − 11
2.3𝑒 − 11 ± 1.4𝑒 − 11
Bridge
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
3.0054 ± 4.7𝑒 − 16
Ackley
8.9𝑒 − 16 ± 0
8.9𝑒 − 16 ± 0
8.9𝑒 − 16 ± 0
8.9𝑒 − 16 ± 0
8.9𝑒 − 16 ± 0
8.9𝑒 − 16 ± 0
8.9𝑒 − 16 ± 0
Griewank
0±0
0±0
0±0
0±0
0.19 ± 0.41 (86)
0±0
1.2𝑒 − 3 ± 0.31 (96)

Table 8: Sensitivity analysis of population renewing proportional coefficient (𝛽).
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Table 9: Best suggestions for WPA parameters.

No.
1
2
3
4

WPA parameters name
Step coefficient (𝑆)
Distance determinant coefficient (𝐿 near )
The maximum number of repetitions in scouting (𝑇max )
Population renewal coefficient (𝛽)

Original
0.08
0.12
10
5

Best-suggested
0.12
0.08
8
2

2
1.5
1
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Figure 2: Rosenbrock function (𝐷 = 2): (a) surface plot and (b) contour lines.

is a high-dimensional function for its 100 parameters, but
also has very large search space for its interval of [−600, 600],
which is hard to optimized.
Table 6 illustrates the sensitivity analysis of 𝐿 near , and
from this table it is found that setting 𝐿 near at 0.08 returns the
best results with the best mean, smaller standard deviations,
and 100% success rate for all functions.
Tables 7-8 indicate that 𝑇max and 𝛽, respectively, setting at
8 and 2 return the best results on eight functions.
So we summarize the above findings in Table 9 and
apply these parameter values in our approach for conducting
experimental comparisons with other algorithms listed in
Table 2.
4.3. Experiments 2: WPA versus GA, PSO, AFSA, ABC, and
FA. In this section, we compared GA, PSO, AFSA, ABC,
FA, and WPA algorithms on eight functions described in
Table 1. Each of the experiments was repeated for 50 runs with
different random seeds and the best, worst, and mean values,
standard deviations, success rates, and average reaching time
are given in Table 10. The best results for each case are
highlighted in boldface.
As can clearly be seen from Table 10, when solving the
unimodal nonseparable problems (Rosenbrock, Colville),
although the results of WPA are not good enough as FA
or ASFA algorithm, WPA also achieves 100% success rate.
Firstly, with respect to Rosenbrock function, its surface plot
and contour lines are shown in Figure 2.
As seen in Figure 2, Rosenbrock function is well known
for its Rosenbrock valley. Global minimum value for this
function is 0 and optimum solution is (𝑥1 , 𝑥2 ) = (1, 1).

But the global optimum is inside a long, narrow, parabolicshaped flat valley. Since it is difficult to converge to the
global optimum of this function, the variables are strongly
dependent, and the gradients generally do not point towards
the optimum; this problem is repeatedly used to test the
performance of the algorithms [17]. As shown in Table 10,
PSO, AFSA, FA, and WPA achieve 100% success rate, and
PSO shows the fastest convergence speed; AFSA gets the
value 1.10𝑒 − 13 with the best accuracy. FA also shows
good performance because of its robustness on Rosenbrock
function.
On the Colville function, its surface plot and contour lines
are shown in Figure 3. Colville function also has a narrow
curving valley and it is hard to be optimized if the search
space cannot be explored properly and the direction changes
cannot be kept up with. Its global minimum value is 0 and
optimum solution is (𝑥1 , 𝑥2 , 𝑥3 , 𝑥4 ) = (1, 1, 1, 1).
Although the best accurate solution is obtained by AFSA,
WPA outperforms the other algorithms in terms of the worst,
mean, std., SR, and Art on Colville function.
Sphere and Sumsquares are convex, unimodal, and separable functions. They are all high-dimensional functions for
their 200 and 150 parameters, respectively, and the global
minima are all 0 and optimum solution is (𝑥1 , 𝑥2 , . . . , 𝑥𝑚 ) =
(0, 0, . . . , 0). Surface plot and contour lines of them are,
respectively, shown in Figures 4 and 5.
As seen from Table 10, when solving the unimodal separable problems, we note that WPA outperforms other five
algorithms both on convergence speed and solution accuracy.
In particular, WPA offers the highest accuracy and improves
the precision by about 170 orders of magnitude on Sphere and

𝐷

2
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2

2
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𝑓min (𝑥)⃗
=0

𝑓min (𝑥)⃗
=0

𝑓min (𝑥)⃗
=0

𝑓min (𝑥)⃗
=0

𝑓min (𝑥)⃗
=0

𝑓max (𝑥)⃗
= 3.0054

𝑓min (𝑥)⃗
=0

Rosenbrock

Colville

Sphere

Sumsquares

Booth

Bridge

Ackley

Function

Global extremum

MN

MN

MS

US

US

UN

UN

C

Algorithms
GA
PSO
AFSA
ABC
FA
WPA
GA
PSO
AFSA
ABC
FA
WPA
GA
PSO
AFSA
ABC
FA
WPA
GA
PSO
AFSA
ABC
FA
WPA
GA
PSO
AFSA
ABC
FA
WPA
GA
PSO
AFSA
ABC
FA
WPA
GA
PSO
AFSA
ABC
FA
WPA

Best
1.78𝑒 − 10
2.26𝑒 − 11
1.10e − 13
5.99𝑒 − 6
6.28𝑒 − 13
3.49𝑒 − 11
0.0022
1.29𝑒 − 6
3.66e − 8
0.0103
2.41𝑒 − 7
4.71𝑒 − 8
1.56𝑒 + 5
1.0361
5.12𝑒 + 5
0.0041
0.1432
1.49e − 172
5.93𝑒 + 4
39.7098
1.43𝑒 + 5
1.71𝑒 − 5
8.9920
2.68e − 172
4.55𝑒 − 11
1.22𝑒 − 12
3.02𝑒 − 12
6.05e − 20
1.80𝑒 − 12
8.22𝑒 − 15
3.0054
3.0054
3.0054
3.0054
3.0054
3.0054
11.4570
0.0469
20.1600
20.0085
0.0101
8.88e − 16

Worst
0.0373
5.89𝑒 − 7
1.11𝑒 − 9
0.0099
6.29e − 10
2.34𝑒 − 8
0.3343
3.46𝑒 − 4
8.91𝑒 − 7
0.5337
3.69𝑒 − 5
3.72e − 7
1.81𝑒 + 5
1.5520
5.79𝑒 + 5
1.2521
0.2327
2.41e − 165
7.15 + 4
91.1145
1.79𝑒 + 5
0.0017
99.8861
5.47e − 166
4.55𝑒 − 11
2.41𝑒 − 8
1.45𝑒 − 9
1.41e − 17
4.39𝑒 − 9
7.05𝑒 − 13
3.0054
3.0054
3.0047
3.0054
3.0054
3.0054
12.6095
1.7401
20.6009
20.0025
0.0209
4.44e − 15

Mean
0.0091
1.07𝑒 − 7
2.34𝑒 − 10
8.61𝑒 − 4
1.86e − 10
5.09𝑒 − 9
0.1272
5.06𝑒 − 5
3.16𝑒 − 7
0.1871
6.62𝑒 − 6
1.25e − 7
1.71𝑒 + 5
1.2883
5.51𝑒 + 5
0.0444
0.1865
1.56e − 166
6.63𝑒 + 4
55.9050
1.64𝑒 + 5
1.99𝑒 − 4
40.5721
2.62e − 167
4.55𝑒 − 11
2.80𝑒 − 9
4.61𝑒 − 10
4.63e − 18
1.18𝑒 − 9
1.21𝑒 − 13
3.0054
3.0054
3.0052
3.0054
3.0054
3.0054
12.1612
0.6846
20.4229
20.0061
0.0160
1.10e − 15

Table 10: Statistical results of 50 runs obtained by GA, PSO, AFSA, ABC, FA, and WPA algorithms.
StdDev
0.0092
1.30𝑒 − 7
2.62𝑒 − 10
0.0015
1.62e − 10
4.34𝑒 − 9
0.1062
6.71𝑒 − 5
2.32𝑒 − 7
0.1232
8.07𝑒 − 6
6.97e − 8
5.78𝑒 + 3
0.1206
1.63𝑒 + 4
0.1773
0.0199
0
2.88𝑒 + 3
10.4165
9.58𝑒 + 3
3.36𝑒 − 4
19.2743
0
0
4.52𝑒 − 9
4.08𝑒 − 10
4.14e − 18
1.11𝑒 − 9
1.19𝑒 − 13
1.35𝑒 − 15
4.84𝑒 − 8
1.69𝑒 − 4
3.59𝑒 − 15
3.11𝑒 − 10
3.58e − 15
0.2719
0.6344
0.1009
0.0014
0.0021
8.52e − 16

SR/%
10
100
100
0
100
100
0
0
100
0
8
100
0
0
0
0
0
100
0
0
0
0
0
100
100
100
100
100
100
100
100
100
12
100
100
100
0
0
0
0
0
100

Art/𝑠
>759.8323
0.7444
2.0578
>391.0297
33.1256
6.6333
>1.22𝑒 + 3
>114.0869
40.1807
>384.4193
>3.14𝑒 + 3
27.4054
>4.44𝑒 + 4
>271.9201
>7.41𝑒 + 3
>442.9045
>8.34𝑒 + 3
6.1729
>3.16𝑒 + 4
>232.5464
>7.36𝑒 + 3
>435.1848
>6.88𝑒 + 3
6.5954
1.2621
0.2079
4.4329
0.4175
37.9191
6.9339
0.1927
0.0929
>8.01𝑒 + 3
0.0932
22.7230
0.1742
>1.04𝑒 + 4
>192.5522
>9.80𝑒 + 3
>596.3841
>4.28𝑒 + 3
7.9476
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𝐷

100

Global extremum

𝑓min (𝑥)⃗
=0

Function

Griewank

MN

C

Algorithms
GA
PSO
AFSA
ABC
FA
WPA

Best
317.4525
0.0029
2.05𝑒 + 3
8.95𝑒 − 7
0.0068
0

Table 10: Continued.
Worst
399.6376
0.0082
2.55𝑒 + 3
0.0043
0.0118
0

Mean
363.4174
0.0052
2.33𝑒 + 3
2.26𝑒 − 4
0.0091
0

StdDev
17.2922
0.0011
109.6821
7.81𝑒 − 4
0.0011
0

SR/%
0
0
0
2
0
100

Art/𝑠
>2.07𝑒 + 4
>367.0080
>6.51𝑒 + 3
>620.9561
>5.72𝑒 + 3
14.5338
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Figure 3: Colville function (𝑥1 = 𝑥3 , 𝑥2 = 𝑥4 ): (a) surface plot and (b) contour lines.
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Figure 4: Sphere function (𝐷 = 2): (a) surface plot and (b) contour lines.
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Figure 5: Sumsquares function (𝐷 = 2): (a) surface plot and (b) contour lines.
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Figure 6: Booth function (𝐷 = 2): (a) surface plot and (b) contour lines.
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Figure 7: Bridge function (𝐷 = 2): (a) surface plot and (b) contour lines.

Sumsquares functions, when compared with the best results
of the other algorithms.
Booth is a multimodal and separable function. Its global
minimum value is 0 and optimum solution is (𝑥1 , 𝑥2 ) =
(1, 3). When handing Booth function, ABC can get the closerto-optimal solution within shorter time. Surface plot and
contour lines of Booth are shown in Figure 6.
As shown in Figure 6, Booth function has flat surfaces and
is difficult for algorithms since the flatness of the function
does not give the algorithm any information to direct the
search process towards the minima. So WPA does not get the
best value as good as ABC, but it can also find good solution
and achieve 100% success rate.
Bridge and Ackley are multimodal and nonseparable
functions. The global maximum value of Bridge function is
3.0054 and optimum solution is (𝑥1 , 𝑥2 ) → (0, 0). The global
minimum value of Ackley function is 0 and optimum solution
is (𝑥1 , 𝑥2 , . . . , 𝑥𝑚 ) = (0, 0, . . . , 0). Surface plot and contour
lines of them are separately shown in Figures 7 and 8.

As seen in Figures 7 and 8, the locations of the extremum
are regularly distributed, and there are many local extremums
near the global extremum. The difficult part of finding optima
is that algorithms may easily be trapped in local optima on
their way towards the global optimum or oscillate between
these local extremums. From Table 10, all algorithms except
ASFA show equal performance and achieve 100% success
rate on Bridge function. While with respect to Ackley (𝐷 =
50), only WPA achieves 100% success rate and improves the
precision by 13 or 15 orders of magnitude when compared
with the best results of other algorithms.
Otherwise, the dimensionality and size of the search
space are important issues in the problem [18]. Griewank
function, an multimodal and nonseparable function, has the
global minimum value of 0 and its corresponding global optimum solution is (𝑥1 , 𝑥2 , . . . , 𝑥𝑚 ) = (0, 0, . . . , 0). Moreover,
the increment in the dimension of function increases the
difficulty. Since the number of local optima increases with the
dimensionality, the function is strongly multimodal. Surface
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Figure 8: Ackley function (𝐷 = 2): (a) surface plot and (b) contour lines.

600
400
0

200

−f(x, y)

−50

y

−100

0

−150

−200

−200
1000

−400
1000
y

0

0
−1000 −1000

−600
−600

−400

−200

0

x

(a)

200

400

600

x
(b)

Figure 9: Griewank function (𝐷 = 2): (a) surface plot and (b) contour lines.

plot and contour lines of Griewank function are shown in
Figure 9.
WPA with optimized coefficients has good performance
in high-dimensional functions. Griewank function (𝐷 =
100) is a good example. In such a great search space, as shown
in Table 10, other algorithms present serious flaws such
as premature convergence and difficulty to overcome local
minima, while WPA successfully gets the global optimum 0
in 50 runs computation.
As is shown in Table 10, SR shows the robustness of
every algorithm, and it means how consistently the algorithm
achieves the threshold during all runs performed in the
experiments. WPA achieves 100% success rate for functions
with different characteristics, which shows its good robustness.
In the experiments, there are 8 functions with variables
ranging from 2 to 200. WPA statistically outperforms GA on
6, PSO on 5, ASFA on 6, ABC on 6, and FA on 7 of these
8 functions. Six of the functions on which GA and ABC
are unsuccessful are two unimodal nonseparable functions

(Rosenbrock and Colville) and four high-dimensional functions (Sphere, Sumsquares, Ackley, and Griewank). PSO and
FA are unsuccessful on 1 unimodal nonseparable function
and four high-dimensional functions. But WPA is also not
perfect enough for all functions; there are many problems
that need to be solved for this new algorithm. From Table 10,
on the Rosenbrock function, the accuracy and convergence
speed obtained by WPA are not the best ones. So ameliorating
WPA inspired by intelligent behaviors of wolves for these
special problems is one of our future works. However, so
far, it seems to be difficult to simultaneously achieve both
fast convergence speed and avoiding local optima for every
complex function [19].
It can be drawn that the efficiency of WPA becomes
much clearer as the number of variables increases. WPA
performs statistically better than the five other state-of-theart algorithms on high-dimensional functions. Nowadays,
high-dimensional problems have been a focus in evolutionary computing domain, since many recent real-world
problems (biocomputing, data mining, design, etc.) involve
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optimization of a large number of variables [20]. It is
convincing that WPA has extensive application in science
research and engineering practices.

5. Conclusions
Inspired by the intelligent behaviors of wolves, a new swarm
intelligent optimization method, wolf pack algorithm (WPA),
is presented for locating the global optima of continuous
unconstrained optimization problems. We testify the performance of WPA on a suite of benchmark functions with
different characteristics and analyze the effect of distance
measurements and parameters on WPA. Compared with
PSO, ASFA, GA, ABC, and FA, WPA is observed to perform
equally or potentially more powerful. Especially for highdimensional functions such as Sphere (𝐷 = 200), Sumsquares
(𝐷 = 150), Ackley (𝐷 = 50), and Griewank (𝐷 = 100), WPA
may be a better choice, since WPA possesses superior performance in terms of accuracy, convergence speed, stability, and
robustness.
After all, WPA is a new attempt and achieves some
success for global optimization, which can provide new ideas
for solving engineering and science optimization problems.
In future, different improvements can be made on the
WPA algorithm and tests can be made on more different
test functions. Meanwhile, practical applications in areas of
classification, parameters optimization, engineering process
control, and design and optimization of controller would also
be worth further studying.
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LAVs (loitering air vehicles) are advanced weapon systems that can loiter autonomously over a target area, detect and acquire the
targets, and then attack them. In this paper, by the theory of Itô stochastic differential, a group system was analyzed. The uniqueness
and continuity of the solution of the system was discussed. Afterwards the model of the system based on the state transition was
established with the finite state machine automatically. At last, a search algorithm was proposed for obtaining good feasible solutions
for problems. And simulation results show that model and method are effective for dealing with cooperative combat of group LAVs.

1. Introduction
LAV is a new kind of aerial vehicle [1], which can loiter in
the air over the targets. It comes out with the development
of UAV and munitions. While a single LAV performing a
single task will bring some benefits, greater benefits will come
from the cooperation of group LAVs. The main motivation
for group cooperation stems from the possible synergy, as the
group performance is exceed the sum of the performance of
the individual LAVs [2].
The recent development of group LAV technology has a
great number of interests within the intelligence gathering
and remote sensing communities [3]. Through cooperation,
the team can reconfigure its distribution architecture to
minimize the performance degradation to such expected failures. Such cooperation should take advantage of the following capabilities available to the group: Global Information,
Resource Management, and Robustness.
In the past few years, the problem of cooperation
problems has been widely studied by researchers. Group
cooperation is the strongest degree of cohesive group action.
Consider a set of LAVs that have been designated to be part
of the group; the group could have more than one payoff
function that it wishes to optimize, which would then entail
multiobjective optimization [4].
However, the current study, whether for its cooperation
with automatic organization or conscious cooperation, is

carried out only for a specific problem. Flight formation is
investigated in [5–7]. In [8], the method of Mixed Integer
Linear Programming approach is applied to path planning. A
similar cooperative path planning problem is also discussed
in [9–11]. Cooperative task allocation problem is discussed
in [12, 13] using game theory. In [14, 15], cooperative task
allocation problem is discussed by intelligent algorithm.
Collision and obstacle avoidance are discussed in [16, 17].
Cooperative information consensus is discussed in [18–20]
and many others [21, 22].
In this paper we focus on autonomous LAVs, which
are designed to operate as a pack of vehicles that search,
detect, and attack targets. We develop analytic probability
model for analyzing some design and operational aspects
relating to group LAVs. The rest of the paper is organized
as follows. We describe the differential equation model with
finite state machine automatically. And the optimization
function is established based on the combat efficiency. Finally,
we provide some test results and give our conclusions.

2. Problem Formulation and Analysis
2.1. The Behaviors in the Process of Cooperative Combat. Each
LAV has an identical set of behaviors governed by the same
controller. A LAV can be in one of four possible situations:
Searching, Attacking, BDA, and Removed.
The rules of the behavior are as in Algorithm 1.
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If the LAV satisfied the physical characteristics and communication capability,
then over the target area searching for valuable targets;
If the LAV confirms the targets are the valuable, then acquires the target and attacks it;
If After the attacks on targets, then over the target area for BDA;
If achieve the targets’ BDA, then enter the next round of decisions;
Algorithm 1

According to the Itô stochastic differential we can get the
stochastic differential equations of the factor function 𝐹𝑖 (𝑡):

Searching

Avoiding

𝑑𝐹𝑖 (𝑡) =

Attacking

Battle damage assessment

Figure 1: State diagram of the group LAVs behaviors.

S/C

Classify

C/A

Attack

A/BDA

𝑑𝐹𝑖 (𝑡) =

A: attack
BDA: battle damage assessment

Figure 2: LAV mission timeline.

Figure 1 shows the sequence of behaviors that the LAV
engages in during the combat process. Figure 2 describes the
aforementioned mission time parameters.
2.2. Influence Analysis of the Group LAVs System. Consider
dynamic model described by the following equation;
𝑁

𝐹𝑖 (𝑡) = (∏𝑈𝑗𝑖 (𝑡)𝛼𝑗𝑖 ) 𝑆𝑖 (𝑡)𝛽𝑖 𝐸𝑖 (𝑡)𝛾𝑖 ,
𝑗=1

(1)

𝑖 = 1, 2, . . . , 𝑁; 𝑗 = 1, 2, . . . , 𝑁, 𝑗 ≠𝑖,
where 𝑈𝑗𝑖 (𝑡) is the influence from 𝑗 individual of Swarms
system, 𝑆𝑖 (𝑡) is the UAV 𝑖 self-influence, 𝐸𝑖 is the positive
factor of environment, and 𝛼𝑖,𝑗 and 𝛽𝑖 are the constant
parameters.
In order to describe the influence function from the
system science we use the Itô stochastic differential.
Set
𝑁

𝑈𝑖 (𝑡)𝛼𝑖 = ∏𝑈𝑗𝑖 (𝑡)𝛼𝑗𝑖 ,
𝑗=1

satisfying 𝛽𝑖 + 𝛼𝑖 = 1, 𝑖 = 1, . . . , 𝑁.

+

𝜕2 𝐹𝑖 (𝑡)
𝜕2 𝐹𝑖 (𝑡)
𝑑𝑈𝑖 (𝑡) 𝑑𝑆𝑖 (𝑡) +
𝑑𝑈 𝑑𝐸
𝜕𝑈𝑖 𝜕𝑆𝑖
𝜕𝑈𝑖 𝜕𝐸𝑖 𝑖 𝑖

+

𝜕2 𝐹𝑖 (𝑡)
𝑑𝑆 𝑑𝐸 .
𝜕𝑆𝑖 𝜕𝐸𝑖 𝑖 𝑖

(3)

Theorem 1. Consider the following Itô stochastic differential
equation:

BDA

S: searching
C: classify

𝜕2 𝐹𝑖 (𝑡)
𝜕𝐹𝑖 (𝑡)
1
+
𝜕 (𝑈𝑖 , 𝑆𝑖 , 𝐸𝑖 , 𝑡) 2 𝜕 (𝑈𝑖2 , 𝐸𝑖 2 , 𝑆𝑖 2 )

(2)

𝜕2 𝐹𝑖 (𝑡)
𝜕𝐹𝑖 (𝑡)
1
+
𝜕 (𝑈𝑖 , 𝑆𝑖 , 𝐸𝑖 , 𝑡) 2 𝜕 (𝑈𝑖2 , 𝐸𝑖 2 , 𝑆𝑖 2 )
+

𝜕2 𝐹𝑖 (𝑡)
𝜕2 𝐹𝑖 (𝑡)
𝑑𝑈𝑖 (𝑡) 𝑑𝑆𝑖 (𝑡) +
𝑑𝑈 𝑑𝐸
𝜕𝑈𝑖 𝜕𝑆𝑖
𝜕𝑈𝑖 𝜕𝐸𝑖 𝑖 𝑖

+

𝜕2 𝐹𝑖 (𝑡)
𝑑𝑆 𝑑𝐸 .
𝜕𝑆𝑖 𝜕𝐸𝑖 𝑖 𝑖

(4)

Structure a Borel measurable function and satisfied Lipschitz
condition. Then if
𝐹𝑖 (𝑥, 𝑦, 𝑧, 0) = 𝐶𝑜𝑛𝑠𝑡,

2

𝐸(𝐹𝑖 (𝑥, 𝑦, 𝑧, 0)) < +∞,

(5)

the differential equation 𝑑𝐹𝑖 (𝑡) has the unique and continuous
solution 𝐹𝑖 (𝑡) and convergence in probability.
Proof. The stochastic differential equation is derived by Variable replacement, which is described as follows:
𝐹𝑈𝑖 𝑈𝑖 = 𝛼𝑖 (𝛼𝑖 − 1) 𝜌2 𝑈𝑖 𝛼𝑖 𝑆𝑖 𝛽𝑖 𝐸𝑖 𝛾𝑖 𝑑𝑡,
𝐹𝑆𝑖 𝑆𝑖 = 𝛽𝑖 (𝛽𝑖 − 1) 𝜎2 𝑈𝑖 𝛼𝑖 𝑆𝑖 𝛽𝑖 𝐸𝑖 𝛾𝑖 𝑑𝑡,
𝐹𝐸𝑖 𝐸𝑖 = 𝛾𝑖 (𝛾𝑖 − 1) 𝛿2 𝑈𝑖 𝛼𝑖 𝑆𝑖 𝛽𝑖 𝐸𝑖 𝛾𝑖 𝑑𝑡,
𝐹𝑈𝑖 𝑆𝑖 = 𝛼𝑖 𝛽𝑖 𝜎𝜌𝑈𝑖 𝛼𝑖 𝑆𝑖 𝛽𝑖 𝐸𝑖 𝛾𝑖 𝑑𝑡,
𝐹𝑈𝑖 𝐸𝑖 = 𝛼𝑖 𝛾𝑖 𝜌𝛿𝑈𝑖 𝛼𝑖 𝑆𝑖 𝛽𝑖 𝐸𝑖 𝛾𝑖 𝑑𝑡,
𝐹𝑆𝑖 𝐸𝑖 = 𝛼𝑖 𝛾𝑖 𝜎𝛿𝑈𝑖 𝛼𝑖 𝑆𝑖 𝛽𝑖 𝐸𝑖 𝛾𝑖 𝑑𝑡.

(6)
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Then the equation 𝑑𝐹𝑖 (𝑡) converts into the following form:

𝜔2 = √2 ∗Max {[𝛼𝑖 (𝛼𝑖 −1) 𝜌2 +𝛽𝑖 (𝛽𝑖 −1) 𝜎2 +𝛾𝑖 (𝛾𝑖 −1) 𝛿2

1
(𝛼 (𝛼 −1) 𝜌2 + 𝛽𝑖 (𝛽𝑖 − 1) 𝜎2 + 𝛾𝑖 (𝛾𝑖 − 1) 𝛿2 )
𝑑𝐹𝑖 (𝑡) = ([ 2 𝑖 𝑖
]
(𝛼𝑖 𝜌 + 𝛽𝑖 𝜎 + 𝛾𝑖 𝛿)
+[

(𝛼𝑖 𝛽𝑖 𝜎𝜌 + 𝛼𝑖 𝛾𝑖 𝜌𝛿 + 𝛽𝑖 𝛾𝑖 𝜎𝛿)
0

𝑇

]) [

𝑑𝑡
] 𝐹 (𝑡) .
𝑑𝑧 𝑖

+ (𝛼𝑖 𝛽𝑖 𝜎𝜌 + 𝛼𝑖 𝛾𝑖 𝜌𝛿 + 𝛽𝑖 𝛾𝑖 𝜎𝛿 + 𝑛𝜌
2

2

+ 𝑠𝛼 + 𝛿𝑚) ] , (𝛼𝑖 𝜌 + 𝜎𝛽𝑖 + 𝛾𝑖 𝛿) } ,
𝜔 = Max {𝜔1 , 𝜔2 } .
(9)

(7)
So we structure the Borel measurable function as follows:

So we can get the equation and satisfy the Lipchitz condition
as follows:

1
𝑔 (𝑡, 𝐹𝑖 ) = ((𝛼𝑖 (𝛼𝑖 − 1) 𝜌2 + 𝛽𝑖 (𝛽𝑖 − 1) 𝜎2 + 𝛾𝑖 (𝛾𝑖 − 1) 𝛿2 )
2



 


𝑔 (𝑡, 𝐹𝑖1 ) − ℎ (𝑡, 𝐹𝑖2 ) + 𝜎 (𝑡, 𝐹𝑖1 ) − 𝜎 (𝑡, 𝐹𝑖2 ) ≤ 𝜔 𝐹𝑖1 − 𝐹𝑖2  ,

2 
2
 2
2
𝑔 (𝑡, 𝐹𝑖 ) + ℎ (𝑡, 𝐹𝑖 ) ≤ 𝜔 (1 + 𝐹𝑖  ) .

+2 (𝛼𝑖 𝛽𝑖 𝜎𝜌+𝛼𝑖 𝛾𝑖 𝜌𝛿 + 𝛽𝑖 𝛾𝑖 𝜎𝛿 + 𝑛𝜌 + 𝑠𝛼 + 𝛿𝑚))
× 𝐹𝑖 (𝑡) ℎ (𝑡, 𝐹𝑖 ) = (𝛼𝑖 𝜌 + 𝛽𝑖 𝜎 + 𝛾𝑖 𝛿) 𝐹𝑖 (𝑡) .
(8)
According to the lemma in [23] lemma, we will prove that the
Borel measurable function satisfied the Lipchitz condition:

 

𝑔 (𝑡, 𝐹𝑖1 ) − 𝑓 (𝑡, 𝐹𝑖2 ) + ℎ (𝑡, 𝐹𝑖1 ) − 𝛿 (𝑡, 𝐹𝑖2 )

The conclusion that the influence function 𝐹𝑖 (𝑡) has unique
and continuous solution and convergence in probability 1 is
correct.

3. Mathematical Model and Analysis of System

 1

=  (𝛼𝑖 (𝛼𝑖 − 1) 𝜌2 + 𝛽𝑖 (𝛽𝑖 − 1) 𝜎2 + 𝛾𝑖 (𝛾𝑖 − 1) 𝛿2 ) 𝐹𝑖 (𝑡)
2


 

× 𝐹𝑖1 − 𝐹𝑖2  + 𝛼𝑖 𝛽𝑖 𝜎𝜌 + 𝛼𝑖 𝛾𝑖 𝜌𝛿 + 𝛽𝑖 𝛾𝑖 𝜎𝛿 + 𝑛𝜌 +𝑠𝛼+𝛿𝑚




× 𝐹𝑖 (𝑡) 𝐹𝑖1 − 𝐹𝑖2  + (𝛼𝑖 𝜌 + 𝜎𝛽𝑖 + 𝛾𝑖 𝛿) 𝐹𝑖1 − 𝐹𝑖2 
 1

≤  (𝛼𝑖 (𝛼𝑖 − 1) 𝜌2 + 𝛽𝑖 (𝛽𝑖 − 1) 𝜎2 + 𝛾𝑖 (𝛾𝑖 − 1) 𝛿2 )
2


 

 
× 𝐹𝑖1 − 𝐹𝑖2  + (𝛼𝑖 𝛽𝑖 𝜎𝜌 + 𝛼𝑖 𝛾𝑖 𝜌𝛿 + 𝛽𝑖 𝛾𝑖 𝜎𝛿) 𝐹𝑖1 − 𝐹𝑖2 



+ (𝑛𝜌 + 𝑠𝛼𝑖 + 𝛿𝑚 + 𝛼𝑖 𝜌 + 𝜎𝛽𝑖 + 𝛾𝑖 𝛿) 𝐹𝑖1 − 𝐹𝑖2  ,

2 
2
𝑔(𝑡, 𝐹𝑖 ) + ℎ(𝑡, 𝐹𝑖 )
=

1
(𝛼 (𝛼 − 1) 𝜌2 + 𝛽𝑖 (𝛽𝑖 − 1) 𝜎2 + 𝛾𝑖 (𝛾𝑖 − 1) 𝛿2
4 𝑖 𝑖

3.1. Mathematical Model of the System Based on the State Transition. Differential equation model was established using
finite state machine automatically:
𝑑𝑁Searching (𝑡)
𝑑𝑡

=

1
𝜆 Avoiding

𝑁AS (𝑡) +

1
𝜆 BDA

𝑁BDA (𝑡)

−𝛼𝑠 𝑁Searching (𝑡)𝑁Tarket (𝑡)−𝛼As 𝑁Searching (𝑡)
× (𝑁Searching (𝑡) + 𝑁 + 𝐵) ,
𝑑𝑁AS (𝑡)
1
𝑁 (𝑡) + 𝛼As 𝑁Searching (𝑡)
=−
𝑑𝑡
𝜆 Avoiding AS
× (𝑁Searching (𝑡) + 𝑁 + 𝐵) ,

2

+2𝛼𝑖 𝛽𝑖 𝜎𝜌 + 2𝛼𝑖 𝛾𝑖 𝜌𝛿 + 2𝛽𝑖 𝛾𝑖 𝜎𝛿 + 2𝑛𝜌 + 2𝑠𝛼) 𝐹𝑖 2
2

+ (𝛼𝑖 𝜌 + 𝜎𝛽𝑖 + 𝛾𝑖 𝛿) 𝐹𝑖 2

𝑑𝑁AA (𝑡)
1
𝑁 (𝑡) + 𝛼AA 𝑁Attacking (𝑡)
=−
𝑑𝑡
𝜆 Avoiding AA
× (𝑁Attacking (𝑡) + 𝑁 + 𝐵) ,

≤ {[𝛼𝑖 (𝛼𝑖 − 1) 𝜌2 + 𝛽𝑖 (𝛽𝑖 − 1) 𝜎2 + 𝛾𝑖 (𝛾𝑖 − 1) 𝛿2
2

+ (𝛼𝑖 𝛽𝑖 𝜎𝜌 + 𝛼𝑖 𝛾𝑖 𝜌𝛿 + 𝛽𝑖 𝛾𝑖 𝜎𝛿 + 𝑛𝜌 + 𝑠𝛼 + 𝛿𝑚) ]

𝑑𝑁AB (𝑡)
1
𝑁 (𝑡) + 𝛼AB 𝑁BDA (𝑡)
=−
𝑑𝑡
𝜆 Avoiding AB

2

+(𝛼𝑖 𝜌 + 𝜎𝛽𝑖 + 𝛾𝑖 𝛿) } 𝐹𝑖 2 ,
 1

𝜔1 =  (𝛼𝑖 (𝛼𝑖 − 1) 𝜌2 + 𝛽𝑖 (𝛽𝑖 − 1) 𝜎2 + 𝛾𝑖 (𝛾𝑖 − 1) 𝛿2 )
2



+ (𝛼𝑖 𝛽𝑖 𝜎𝜌 + 𝛼𝑖 𝛾𝑖 𝜌𝛿 + 𝛽𝑖 𝛾𝑖 𝜎𝛿)


+ (𝑛𝜌 + 𝑠𝛼𝑖 + 𝛿𝑚 + 𝛼𝑖 𝜌 + 𝜎𝛽𝑖 + 𝛾𝑖 𝛿) ,

(10)

× (𝑁BDA (𝑡) + 𝑁 + 𝐵) ,
𝑑𝑁Attacking (𝑡)
𝑑𝑡

= 𝛼𝑠 𝑁Searching (𝑡) 𝑁Tarket (𝑡)
−

1
𝜆 Attacking

𝑁Attacking (𝑡) ,

4
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Best first search

𝑑𝑁BDA (𝑡)
1
𝑁
= 𝛼AB 𝑁AB (𝑡) −
(𝑡) + 𝛼AB 𝑁BDA (𝑡)
𝑑𝑡
𝜆 BDA BDA
× (𝑁BDA (𝑡) + 𝑁 + 𝐵) ,
𝑑𝑁Tarket (𝑡)
= −𝛼𝑠 𝑁Searching (𝑡) 𝑁Tarket (𝑡) .
𝑑𝑡

Calculate Dubins’ distances for child node

(11)
Parameters Notation. 𝑁 is the number of LAVs in the system,
𝑁Searching (𝑡) is the number of LAVs in the searching state at
time 𝑡, 𝑁Avoiding (𝑡) is the number of LAVs in the avoiding state
at time 𝑡, 𝑁Attacking (𝑡) is the number of LAVs in the attacking
state at time 𝑡, 𝑁BDA (𝑡) is the number of LAVs in the BDA
state at time 𝑡, 𝑁Tarket (𝑡) is the number of targets at time 𝑡,
𝜆 Avoiding , 𝜆 Attacking , and 𝜆 BDA are the average sustained time
of Avoiding, Attacking, and BDA, 𝛼𝑆 is the rate of searching
a valuable target, and 𝛼AS , 𝛼AA , 𝛼AB are the rate of encounter
obstacles on Searching, Attacking, and BDA.

Select node with the shortest Dubins’ distances
No

Calculate feasible path cost
and mark node as evaluated

Total cost better
than optimal?

3.2. Cost Function Based on Effectiveness. In this paper we
consider the total flight distance of the group system:
𝐾

𝑁𝑐 𝑁𝑢 𝑁target

𝑘=1

𝑙=1 𝑖=1 𝑗=1

𝑋

min ∑ (∑∑ ∑ 𝐶𝑙,𝑖,𝑗𝑙−1 𝑥𝑙,𝑖,𝑗 ) .

𝑁𝑐 𝑁𝑢

Return to the optimal solution

Figure 3: Search flowchart.

(12)

Parameter 𝑥𝑙,𝑖,𝑗 ∈ {0, 1} is the decision variable and 𝑠 ∈
(1, 2, 3) is the stages of the task; if 𝑙 ∈ 𝑠, then 𝑥𝑙,𝑖,𝑗 = 1; else
𝑥𝑙−1
is the distance for LAV 𝑖 to the target 𝑗.
𝑥𝑙,𝑖,𝑗 = 0, and 𝑐𝑙,𝑖,𝑗
Subject to
∑∑𝑥𝑙,𝑖,𝑗 = 𝑁,

Yes

Table 1: Dynamics performance parameters.
Parameter
Loitering velocity
Maximum range
Minimum turning radius

𝑗 ∈ 𝑇,

Value
100 m/s
180 km
500 m

Table 2: Initialization of the MAV.

𝑙=1 𝑖=1

Parameter 𝑏𝑖 is the flight capability and Δ𝑡𝑚 is the min. time
between the tasks.

Index
LAV1
LAV2
LAV3
LAV4
LAV5
LAV6
LAV7
LAV8

3.3. Search Algorithm. According to the proposed cooperative combat, each LAV uses a cost function to select
and update its behaviour. This method is quite flexible in
that it allows the characterization of various mission-level
objectives.
The flowchart depicting the optimization algorithm for
the LAV group scenario is shown in Figure 3.
The data as in Tables 1 and 2.
In this example, eight LAVs are searching an area containing three targets of similar types.
LAVs trajectories through the 10 seconds are shown in
Figure 4; at 𝑡 = 10 s the targets are discovered by the searching

LAVs, nearly simultaneously. LAV1, 5 and 6 are assigned to
verify the targets.
LAVs trajectories through the 50 seconds are shown in
Figure 5, at 𝑡 = 39 s Target 3 is classified by LAV6, at 𝑡 = 44 s
Target 1 is classified by LAV1, at 𝑡 = 49 s Target 2 is classified
by LAV5, and then the LAVs perform attack on targets.
LAVs trajectories through the 115 seconds are shown in
Figure 6, at 𝑡 = 91 s Targets 1 was attacked by LAV4, then
LAV2 performs BDA on target 1.
LAVs trajectories through the 235 seconds are shown in
Figure 7, at 𝑡 = 120 s Targets 2 was attacked by LAV8, then

𝑁𝑐 𝑁target

∑∑

𝑙=1 𝑗=1

𝑋
𝑟𝑙,𝑖,𝑗𝑙−1 𝑥𝑙,𝑖,𝑗

≤ 𝑏𝑖 ,

𝑖 ∈ 𝑈,

(13)

𝑑𝐴 min ≥ 𝑑min + VΔ𝑡1 ,
𝑑𝑉 min ≥ 𝑑𝑉 min + VΔ𝑡2 .

Location (km) Orientation (rad) Period of flight time(s)
(3.93, 18.34)
3.335
129
(5.02, 5.72)
4.895
635
(12.32, 15.14)
5.868
248
(9.47, 15.07)
0.816
422
(7.03, 7.61)
3.574
132
(16.62, 11.36)
2.949
481
(11.71, 1.52)
0.074
210
(10.99, 1.08)
2.118
523
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LAV3 performs BDA on target 2, at 𝑡 = 138 s Targets 3 was
attacked by LAV7, then LAV5 performs BDA on target 3.
At 𝑇 = 230 s, the tasks are completely finished by the
group LAVs.

1
1

3

4

3

6

4. Conclusion
2

2

87

Figure 4: 𝑇 = 10 s trajectories with respect to time.

In this paper the problem of the cooperative combat associated with the group LAVs system has been solved. Afterwards, by the theory of Itô stochastic differential, a group
system was analyzed. The model of the system based on the
state transition was established with the finite state machine
automatically. At last, a search algorithm was proposed for
obtaining good feasible solutions for problems. And we took
simulation tests to verify the conclusion.
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A hybrid optimization method is presented to optimum seismic design of steel frames considering four performance levels. These
performance levels are considered to determine the optimum design of structures to reduce the structural cost. A pushover analysis
of steel building frameworks subject to equivalent-static earthquake loading is utilized. The algorithm is based on the concepts of the
charged system search in which each agent is affected by local and global best positions stored in the charged memory considering
the governing laws of electrical physics. Comparison of the results of the hybrid algorithm with those of other metaheuristic
algorithms shows the efficiency of the hybrid algorithm.

1. Introduction
Many of engineering problems can be modeled into optimization problems. Therefore, developing new optimization
techniques to solve these types of problems becomes highly
significant. For this case, a large number of optimization
algorithms as optimization techniques have already been
proposed and applied in solving engineering problems such
as ant colony optimization (ACO) [1], ABC (artificial bee
colony) [2, 3], cuckoo search (CS) [4–6], bat algorithm
(BA) [7, 8], genetic programming (GP) [9], ES (evolutionary
strategy) [10], GA (genetic algorithm) [11], HS (harmony
search) [12, 13], biogeography-based optimization (BBO) [14–
16], differential evolution (DE) [17–19], particle swarm optimization (PSO) [20, 21], electromagnetism-like mechanism
(EM) [22], and the charged system search algorithm (CSS)
[23–25].
In 2010, Kaveh and Talatahari have firstly proposed a
robust metaheuristic search technique, namely, CSS algorithm [23], for possibly nonlinear functions. The governing
laws from the physics initiate the base of the CSS algorithm. CSS is a multiagent algorithm in which each agent is

considered as a charged sphere. Since these agents are treated
as charged particles that can affect each other according to the
Coulomb and Gauss laws from electrostatics, they are called
charged particles (CPs). After determining the resultant force
affected on each CP, the Newtonian motion law is utilized
to determine the movement of the agents. The successive
moving of CPs considering the resultant forces directs the
agents toward optimum solutions.
The contribution of this paper is to present a hybrid CSSbased algorithm to find a seismic optimum design of steel
frames considering four performance levels. The nonlinear
analysis is required to reach the structural response at various
performance levels. Therefore, the refined plastic hinge analysis method is developed to estimate the nonlinear behavior
of the entire structural system and members effectively.
The organization of this paper is as follows. Section 2
and Section 3 describe the statement of the problem and the
utilized analyses method, respectively. Our proposed CSSbased hybrid method is described in detail in Sections 4 and
5. Subsequently, the merits of our method are verified by
numerical examples in Section 6. At last, Section 7 summarizes our work.

2

Mathematical Problems in Engineering

2. Statement of Seismic Design of Frames
The mathematical formulation of the structural optimization
problems can be expressed as minimizing the weight of structures as the cost function without taking into consideration
other influencing tributary parameters:
Minimize :

𝑛𝑒

𝑊 (𝑋) = ∑ 𝜌 ⋅ 𝐿 𝑗 ⋅ 𝐴 𝑗 ,
𝑗=1

(1)

where 𝑊(𝑋) is the weight of the structure; 𝑋 is the vector of
design variables taken from W-shaped sections found in the
AISC design manual [26]; 𝑛𝑒 is the number of members; 𝜌 is
the material mass density; and 𝐿 𝑗 and 𝐴 𝑗 are the length and
the cross-sectional area of the member𝑗, respectively.
Lateral deflections of a building may cause human discomfort and minor damage of nonstructural components.
Extreme inelastic lateral deflections due to a severe earthquake can cause the failure of mechanical, electrical and
plumbing systems or suspended ceilings and equipment to
fall, thereby posing threats to the human life. This matter is
considered as the constraint functions in this paper as [27]
OP

OP Level

ΔOP (𝑋) ≤ Δ ,

IO Level

ΔIO (𝑋) ≤ Δ ,

IO

(2)
LS Level

LS

LS

Δ (𝑋) ≤ Δ ,
CP

CP Level ΔCP (𝑋) ≤ Δ ,
level

where Δlevel is the lateral drift and Δ is the allowable lateral
drift (0.4%, 0.7%, 2.5% and 5% of the height of the building
are taken as the allowable roof drifts for the OP, IO, LS, and CP
performance levels, resp.). Here, OP, IO, LS, and CP are the
different performance levels. Operational (OP), Immediate
Occupancy (IO), life safety (LS), and collapse Prevention
(CP) (FEMA-273, 1997), [28] are building performance levels.
The operational level is that at which a building has sustained
minimal or no damage to its structural and nonstructural
components, and the building is suitable for normal occupancy or use; a building at the immediate occupancy level
has sustained minimal or no damage to its structural elements
and only minor damage to its nonstructural components, and
is safe to be reoccupied immediately; a building at the life
safety level has experienced extensive damage to its structural
and nonstructural components and, while the risk to life is
low, repairs may be required before reoccupancy can occur;
the collapse prevention level is when a building has reached a
state of impending partial or total collapse, where the building
may have suffered a significant loss of lateral strength and
stiffness with some permanent lateral deformation, but the
major components of the gravity load carrying system should
still continue to carry gravity load demands.

3. Pushover Analysis for
Performance-Based Design
There are various methods of static pushover analyses to
predict the seismic demands on building frameworks under
equivalent static earthquake loading [29–35]; however, here
a developed computer-based pushover analysis procedure is
utilized [27] which was originally conceived for the elastic
analysis of steel frameworks with semirigid connections
[36, 37]. The analysis process is inspired from second-order
inelastic analysis of semi-rigid framed structures that rigidity
factor is replaced with plasticity factor in stiffness matrix.
Fictitious plastic-hinge connections are necessary at the two
ends of beam-column elements and semi-rigid analysis techniques were modified for the nonlinear load-deformation
analysis of building frameworks under increasing seismic
loads. The value of plasticity factor 𝑝 is conceived from
rigidity factor used in semi-rigid analysis. This factor 𝑟𝑖
defines the rotational stiffness of the connection and can be
interpreted as the ratio of the end-rotation 𝛼𝑖 of the member
to the combined rotation 𝜃𝑖 of the member as
𝑟𝑖 =

𝛼𝑖
1
=
𝜃𝑖 1 + (3EI/𝑅𝐿)

(𝑖 = 1, 2) ,

(3)

where 𝑅 is the rotational stiffness of connection 𝑖 and EI and 𝐿
are the bending stiffness and length of the connected member,
respectively. In fact, upon replacing connection rotational
stiffness 𝑅 with section postelastic flexural stiffness in (3),
the degradation of the flexural stiffness of a member section
experiencing postelastic behavior can be characterized by the
plasticity factor:
𝑝=

1
,
1 + (3EI/𝑅𝑝 𝐿)

(4)

where 𝑅𝑝 = 𝑑𝑀/𝑑𝜙 is the section postelastic flexural stiffness
and 𝑝 is the plasticity factor:
%plasticity = 100 (1 − 𝑝) .

(5)

Here, the elastic stiffness matrix is comprised of both the
first-order and the second-order geometric properties:
𝐾 = 𝑆𝑒 𝐶𝑒 + 𝑆𝑔 𝐶𝑔 .

(6)

The matrix 𝐾 consists of two parts; the first part is conceived
from Monfortoon and Wu’s method [38] that employs the
rigidity factor concept to develop a first-order elastic analysis
technique for semi-rigid frames (i.e., 𝑆𝑒 × 𝐶𝑒 ) and the second
part is conceived from Xu’s method [36] that considers the
rigidity-factor concept to develop a second-order elastic analysis technique for semi-rigid frames (i.e., 𝑆𝑔 ×𝐶𝑔 ). Here 𝑆𝑒 and
𝑆𝑔 are the standard first-order elastic and the second-order
geometric stiffness matrices, respectively, when the member
has rigid moment-connections; 𝐶𝑒 and 𝐶𝑔 are the corresponding correction matrices which account for the reduced
rotational stiffness of the semi-rigid moment-connections.
The flowchart of pushover analysis for performance-based
design is shown in Figure 1.
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Start

Selection of primary parameters of structure, loading, and location

Gravity analysis

Assign slight lateral load V = 0.0008 g × W

Determination of nodal displacement and elements force, and update of axial
force and elastic period of structure

Increase lateral loading and next iteration (k = k + 1)

Determination of nodal displacement, axial force (N),
moment (M), and correction stiffness matrix

Determination of roof drift
for per hazard level

Yes

VIO − [k × (step of lateral load) + initial share] ≤ step of lateral load

No
Yes

VLS − [k × (step of lateral load) + initial share] ≤ step of lateral load

No
Yes

VCP − [k × (step of lateral load) + initial share] ≤ step of lateral load

No
No

VCP − [k × (step of lateral load) + initial share] ≤ 0

Yes
End

Figure 1: Flowchart of pushover analysis for performance-based design.

4. Utilized Algorithms
A review of utilized metaheuristic algorithms is presented in
the following subsections.
4.1. Charged System Search Algorithm. The charged system
search (CSS) algorithm is based on the Coulomb and Gauss
laws from electrical physics and the governing laws of motion
from the Newtonian mechanics. This algorithm can be
considered as a multiagent approach, where each agent is a
charged particle (CP). Each CP is considered as a charged

sphere with radius 𝑎, having a uniform volume charge density,
and is equal to [23]
𝑞𝑗 =

𝑊𝑗 − 𝑊worst
𝑊best − 𝑊worst

,

𝑗 = 1, 2, . . . , 𝑁,

(7)

where 𝑊best and 𝑊worst are the minimum and the maximum
weight among all the particles, 𝑊𝑗 represents the weight of
the agent 𝑖, and 𝑁 is the total number of CPs.
CPs can impose electrical forces on the others. The kind
of the forces is attractive and its magnitude for the CP
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located in the inside of the sphere is proportional to the
separation distance between the CPs and for a CP located
outside the sphere is inversely proportional to the square of
the separation distance between the particles:
F𝑗 = 𝑞𝑗 ∑ (
𝑖,𝑖 ≠
𝑗

𝑞𝑖
𝑞
𝑟𝑖𝑗 ⋅ 𝑖1 + 2𝑖 ⋅ 𝑖2 ) 𝑝𝑖𝑗 (X𝑖 − X𝑗 ) ,
3
𝑎
𝑟𝑖𝑗
𝑗 = 1, 2, . . . , 𝑁,
𝑖1 = 1,

𝑖2 = 0 ⇐⇒ 𝑟𝑖𝑗 < 𝑎,

𝑖1 = 0,

𝑖2 = 1 ⇐⇒ 𝑟𝑖𝑗 ≥ 𝑎,

(8)

where F𝑗 is the resultant force acting on the 𝑗th CP and 𝑟𝑖𝑗 is
the separation distance between two charged particles which
is defined as follows:


X𝑖 − X𝑗 


,
𝑟𝑖𝑗 = 
(9)

(X𝑖 + X𝑗 ) /2 − Xbest  + 𝜀


where X𝑖 and X𝑗 are the positions of the 𝑖th and jth CPs,
respectively; Xbest is the position of the best current CP
with the minimal weight; and 𝜀 is a small positive number.
The initial positions of CPs are determined randomly in the
search space and the initial velocities of charged particles are
assumed to be zero. 𝑃𝑖𝑗 determines the probability of moving
each CP toward the others as
𝑊𝑖 − 𝑊best
{
> rand or 𝑊𝑗 > 𝑊𝑖
{1
𝑊𝑗 − 𝑊𝑖
𝑝𝑖𝑗 = {
{
{0 otherwise.

X𝑗,new = rand𝑗1 ⋅ 𝑘𝑎 ⋅

𝑚𝑗

(10)

⋅ Δ𝑡

X𝑗,new − X𝑗,old
Δ𝑡

X𝑖𝑘+1 = X𝑖𝑘 + V𝑘+1
𝑖 ,

(12)

where 𝜔 is an inertia weight to control the influence of the
previous velocity, 𝑟1 and 𝑟2 are two random vectors uniformly
distributed in the range of (0, 1), and 𝑐1 and 𝑐2 are two
acceleration constants, and the sign “∘” denotes element-byelement multiplication. The abovementioned formulations of
the PSO algorithm can be combined and rewritten as
X𝑖𝑘+1 = X𝑖𝑘 + 𝜔V𝑘𝑖 + 𝑐1 𝑟1 ∘ (P𝑘𝑖 − X𝑖𝑘 ) + 𝑐2 𝑟2 ∘ (P𝑘𝑔 − X𝑖𝑘 ) .
(13)

2

+ rand𝑗2 ⋅ 𝑘V ⋅ V𝑗,old ⋅ Δ𝑡 + X𝑗,old ,
V𝑗,new =

4.2. Particle Swarm Optimization. The particle swarm optimization (PSO) is motivated from the social behavior of
bird flocking and fish schooling which has a population
of individuals, called particles, that adjust their movements
depending on both their own experience and the population’s
experience [20]. In other words, each particle in the PSO
algorithm continuously focuses and refocuses on the effort
of its search according to both local best and global best. In
PSO, the position of each agent, X𝑖𝑘 , and its velocity, V𝑘+1
𝑖 , are
calculated as

= 𝜔V𝑘𝑖 + 𝑐1 𝑟1 ∘ (P𝑘𝑖 − X𝑖𝑘 ) + 𝑐2 𝑟2 ∘ (P𝑘𝑔 − X𝑖𝑘 ) ,
V𝑘+1
𝑖

The resultant forces and the motion laws determine the
new location of the CPs. At this stage, each CP moves toward
to its new position considering the resultant forces and its
previous velocity as
F𝑗

a velocity term while in the EM we have no term of a
velocity. The EM just uses the Coulomb law to determine the
forces while the CSS approach uses the Coulomb law as well
as Gauss’s law to explore the search space more efficiently.
After evaluating the total force vector in the EM, each agent
is moved in the direction of the force by a random step
length (being uniformly distributed between 0 and 1) while
the movements in the CSS are based on the governing laws
of motion from the Newtonian mechanics. The potency of
the EM is summarized to find the direction of an agent’
movement, while in the CSS not only the directions but also
the amount of movements are determined.
From the above discussion, it can be concluded that the
CSS algorithm is a general form of the EM which contains its
superiorities and avoids its disadvantages.

(11)

,

where 𝑘𝑎 is the acceleration coefficient; 𝑘V is the velocity
coefficient to control the influence of the previous velocity;
and rand𝑗1 and rand𝑗2 are two random numbers uniformly
distributed in the range of (0, 1). If each CP exits from the
allowable search space, its position is corrected using the
harmony search-based handling approach as described by
Kaveh and Talatahari [39]. In addition, to save the best design,
a memory (charged memory) is considered containing the
CMS number of positions for the so far best agents.
Both CSS and EM [22] are based on the governing laws
from the electrical physics; however, the movement strategies,
the resultant force for each agent, and deification of electrical
charges for agents are different. The CSS algorithm utilizes

In some previous studies, to improve the performance of
the algorithm, another term is added to the above formulae
as
X𝑖𝑘+1 = X𝑖𝑘 + 𝜔V𝑘𝑖 + 𝑐1 𝑟1 ∘ (P𝑘𝑖 − X𝑖𝑘 )
𝑛𝑒

+ 𝑐2 𝑟2 ∘ (P𝑘𝑔 − X𝑖𝑘 ) + ∑ 𝑐𝑗 𝑟𝑗 ∘ (R𝑗𝑘 − X𝑖𝑘 ) ,

(14)

𝑗=1

where 𝑐𝑗 , similar to 𝑐1 and 𝑐2 , is a constant value and 𝑟𝑗
is a random vector. 𝑛𝑒 denotes the number of extra terms
considered in the algorithm and R𝑗𝑘 is defined based on the
type of the algorithm being used.

5. A Hybrid Optimization Algorithm
In the present hybrid algorithm, the advantage of the PSO
containing utilizing the local best and the global best is added
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to the CSS algorithm. The charged memory (CM) for the
hybrid algorithm is treated as the local best in the PSO, and
the CM updating process is defined as
CM𝑖,new = {

CM𝑖,old , 𝑊 (X𝑖,new ) ≥ 𝑊 (CM𝑖,old ) ,
X𝑖,new ,
𝑊 (X𝑖,new ) < 𝑊 (CM𝑖,old ) ,

(15)

in which the first term identifies that when the new position
is not better than the previous one the updating does not
perform while when the new position is better than the stored
so far good position the new solution vector is replaced.
In the first iteration, the vector stored in CM and the first
positions of the agents will be identical. Considering the
abovementioned new charged memory, the electric forces
generated by agents are modified as
𝑞
𝑞
F𝑗 = ∑ ( 3𝑖 𝑟𝑖𝑗 ⋅ 𝑖1 + 2𝑖 ⋅ 𝑖2 ) (CM𝑖,old − X𝑗 )
𝑎
𝑟
𝑖𝑗
𝑖∈𝑆
1

𝑞
𝑞
+ ∑ ( 3𝑖 𝑟𝑖𝑗 ⋅ 𝑖1 + 2𝑖 ⋅ 𝑖2 ) 𝑎𝑟𝑖𝑗 𝑝𝑖𝑗 (X𝑖 − X𝑗 ) ,
𝑎
𝑟𝑖𝑗
𝑖∈𝑆

(16)

2

where 𝑆1 and 𝑆2 are defined as follows:
𝑆1 = {𝑡1 , 𝑡2 , . . . , 𝑡𝑛 | 𝑞 (𝑡) > 𝑞 (𝑗) , 𝑗 = 1, 2, . . . , 𝑁, 𝑗 ≠
𝑖, 𝑔} ,
(17)
𝑆2 = 𝑆 − 𝑆1 ,

(18)

in which 𝑆1 determines the set of agents utilized from CM, 𝑛
denotes the number of CM agents, 𝑆 is utilized as a set of all
agents’ number, and thus 𝑆2 will be the set of current agents
used for directing the agent 𝑗. Here, in the primary iterations
𝑛 is set to two continuing the number of the best stored so far
agent among all CPs (global best) and 𝑗th agent stored in the
CM which is treated as local best. Then the number of used
agents from CM is increased linearly and finally it reached
𝑁 in the last iterations. In this hybrid algorithm, CM𝑖,old will
be treated similar to P𝑘𝑖 in the PSO. The other modification is
that the forces can be attractive or repulsive, and 𝑎𝑟𝑖𝑗 is added
to fulfill this aim which determines the kind of the force as
𝑎𝑟𝑖𝑗 = {

+1, w.p. 𝑘𝑡 ,
−1, w.p. 1 − 𝑘𝑡 ,

(19)

where “w.p.” represents the abbreviation for “with the probability” and 𝑘𝑡 is a parameter to control the effect of the kind of
forces. Comparing to (10), this new formula (18) considers the
best so far location of agents and the best local position of the
current agent in addition to the location of other agents. Also,
here 𝑚𝑗 is assumed to be 𝑞𝑗 and therefore (12) is simplified as
X𝑗,new = 𝑘𝑎 ⋅ 𝑟1 ⋅ F𝑗 + 𝑘V ⋅ 𝑟2 ⋅ V𝑗,old + X𝑗,old .

(20)

The pseudocode of the hybrid algorithm can be summarized
as follows.
Step 1 (initialization). The magnitude of the charge for each
CP is defined by (7). The initial positions of the CPs are
determined randomly and the initial velocities of charged
particles are assumed to be zero.

Step 2 (CM creation). The position of the initial agents and
the values of their corresponding objective functions are
saved in the charged memory (CM).
Step 3 (the forces determination). The probability of moving
each CP towards the others (𝑝𝑖𝑗 ) and the kind of forces
(𝑎𝑖𝑗 ) are determined using (10) and (19), respectively, and the
resultant force vector for each CP is calculated using (18).
Step 4 (solution construction). Each CP moves to the new
position according to (20).
Step 5 (CM updating). CM updating is performed according
to (15).
Step 6 (terminating criterion control). Steps 3–5 are repeated
for a predefined number of iterations.

6. Design Examples
Two building frameworks are selected for seismic optimum
design using the metaheuristic algorithm [27]. These frames
have previously been used to illustrate the pushover analysis
technique by Hasan et al. [42] and Talatahari [40].
The expected yield strength of steel material used for
column members is 𝜎ye = 397 MPa, while 𝜎ye = 339 MPa
is considered for beam members. The constant gravity load 𝑤
is accounted for a tributary-area width of 4.57 m and deadload and live-load factors of 1.2 and 1.6, respectively. For each
example, 30 independent runs are carried out using the new
hybrid algorithms and compared with other algorithms. The
number of 20 individuals for CPs is used and the values of
constants 𝑘V and 𝑘𝑎 are set to 0.4.
6.1. Four-Bay Three-Story Steel Frame. The configuration,
grouping of the members and applied loads of the four-bay
three-story framed structure are shown in Figure 2, [27]. The
27 members, of the structure are categorized into five groups,
as indicated in the figure. The modulus of elasticity is taken as
𝐸 = 200 GPa. The constant gravity load of 𝑤1 = 32 kN/m is
applied to the first and second story beams, while the gravity
load of 𝑤2 = 28.7 kN/m is applied to the roof beams. The
seismic weight is 4,688 kN for each of the first and second
stories and 5,071 kN for the roof story.
The performance-based optimum results for the metaheuristic algorithm are summarized in Table 1. The hybrid
CSS, HPACO, ACO, and GA need 4500, 4500, 3900 and
6800 analyses to reach a convergence while 8500 analyses
required by the PSO. The best hybrid CSS design results in
a frame that weighs 273.7 kN, which is lighter than the design
of Gall optimization algorithm. The result of conventional
design [41] is approximately 50% more than the result of
new algorithm. In a series of 30 different design runs, the
average weight of the hybrid CSS designs is 286.7 kN, with a
standard deviation of 5.651 kN, while the average weight of
the PSACO, PSO, and ACO designs is 290.4 kN, 302.4 kN,
and 294.3 kN, respectively. The standard deviation values are
6.45 kN, 10.45 kN and 7.56 for the PSACO, PSO, and ACO,
respectively.
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Figure 2: Three-story steel moment-frame.
Table 1: The statistical information of performance-based optimum designs for the 4-bay 3-story frame.
Algorithm
Best weight (kN)
Average weight (kN)
Worst weight (kN)
Std. dev. (kN)
Average number of analyses

Hybrid CSS
273.7
286.7
297.8
5.651
4,500

PSACO [40]
279.2
290.4
298.5
6.453
4,500

PSO [40]
286.3
302.4
310.7
10.453
8,500

ACO [27]
283.4
294.3
303.2
7.566
3,900

GA [27]
303.9
321.5
339.7
14.332
6,800

A conventional design [41]
412.9 kN
—
—
—

Table 2: The statistical information of performance-based optimum designs for the 4-bay 9-story frame.
Algorithm
Best weight (kN)
Average weight (kN)
Worst weight (kN)
Std. dev. (kN)
Average number of analyses

Hybrid CSS
1568.66
1626.32
1725.36
30.35
5,000

PSACO [40]
1601.32
1650.55
1759.65
38.52
6,000

6.2. Five-Bay Nine-Story Steel Frame. A five-bay nine-story
steel frame is considered as shown in Figure 3. The material
has a modulus of elasticity equal to 𝐸 = 200 GPa. The 108
members of the structure are categorized into fifteen groups,
as indicated in the figure. The constant gravity load of 𝑤1 =
32 kN/m is applied to the beams in the first to the eighth
story, while 𝑤2 = 28.7 kN/m is applied to the roof beams. The
seismic weights are 4,942 kN for the first story, 4,857 kN for
each of the second to eighth stories, and 5,231 kN for the roof
story. In this example, each of the five beam element groups
is chosen from all 267 W-shapes, while the eight column
element groups are limited to W14 sections (37 W-shapes).
Table 2 presents the statistical results obtained by the
metaheuristic algorithms. The best hybrid CSS design results
in a frame weighing 1568.66 kN which is 1.9%, 7.0%, 3.8%,
and 9.5% lighter than the PSACO, PSO, ACO, and GA. In
order to converge to a solution for the hybrid CSS algorithm,
approximately 5,000 frame analyses are required which are
less than the 6,000, 12,500, and 9,700 analyses necessary for
the PSACO, PSO, and GA, respectively. The ACO needs only
5,600 analyses to find an optimum result.

7. Conclusion Remarks
The problem of optimum design of frame structures is formulated to minimize the weight of the structure considering

PSO [40]
1682.63
1725.36
1813.25
66.35
12,500

ACO [27]
1631.83
1696.2
1786.94
49.33
5,600

GA [27]
1723.1
1791.4
1943.2
78.33
9,700

the required constraints specified by design codes. For
seismic design of structures, two main points should be
considered: structural costs and structural damages. As a
result, it is essential to control the lateral drift of building
frameworks under seismic loading at various performance
levels. To fulfill this aim, in this paper a hybrid optimization
method is presented. The algorithm is based on the CSS
algorithm. CSS is a multiagent algorithm in which each
agent is considered as a charged sphere. Since these agents
are treated as charged particles that can affect each other
according to the Coulomb and Gauss laws from electrostatics,
in the present hybrid algorithm, the advantage of the PSO
containing utilizing the local best and the global best is added
to the CSS algorithm. The charged memory for the hybrid
algorithm is treated as the local best in the PSO, and the CM
updating process is redefined to adapt the new requirements.
A simple computer-based method for push-over analysis
of steel building frameworks subject to equivalent-static
earthquake loading is utilized. The method accounts for firstorder elastic and second-order geometric stiffness properties
and the influence that combined stresses have on plastic
behavior and employs a conventional elastic analysis procedure modified by a plasticity-factor to trace elastic-plastic
behavior over the range of performance levels for a structure
[27]. Two examples are optimized using the new algorithm as
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Figure 3: Nine-story steel moment-frame.

well as some advanced metaheuristic algorithms to investigate the capability of the new method. The genetic algorithm,
ant colony optimization, particle swarm optimization, and
particle swarm ant colony optimization method as well as
the new hybrid method are utilized to find optimum seismic
design of examples. The obtained results indicate that the new
algorithm compared to GA, ACO, PSO, and PSACO can find
better optimum seismic design of structures.
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To overcome the shortcomings of traditional dimensionality reduction algorithms, incremental tensor principal component
analysis (ITPCA) based on updated-SVD technique algorithm is proposed in this paper. This paper proves the relationship between
PCA, 2DPCA, MPCA, and the graph embedding framework theoretically and derives the incremental learning procedure to add
single sample and multiple samples in detail. The experiments on handwritten digit recognition have demonstrated that ITPCA
has achieved better recognition performance than that of vector-based principal component analysis (PCA), incremental principal
component analysis (IPCA), and multilinear principal component analysis (MPCA) algorithms. At the same time, ITPCA also has
lower time and space complexity.

1. Introduction
Pattern recognition and computer vision require processing
a large amount of multi-dimensional data, such as image
and video data. Until now, a large number of dimensionality
reduction algorithms have been investigated. These algorithms project the whole data into a low-dimensional space
and construct new features by analyzing the statistical relationship hidden in the data set. The new features often give
good information or hints about the data’s intrinsic structure.
As a classical dimensionality reduction algorithm, principal
component analysis has been applied in various applications
widely.
Traditional dimensionality reduction algorithms generally transform each multi-dimensional data into a vector by
concatenating rows, which is called Vectorization. Such kind
of the vectorization operation has largely increased the computational cost of data analysis and seriously destroys the
intrinsic tensor structure of high-order data. Consequently,
tensor dimensionality reduction algorithms are developed

based on tensor algebra [1–10]. Reference [10] has summarized existing multilinear subspace learning algorithms
for tensor data. Reference [11] has generalized principal
component analysis into tensor space and presented multilinear principal component analysis (MPCA). Reference [12]
has proposed the graph embedding framework to unify all
dimensionality reduction algorithms.
Furthermore, traditional dimensionality reduction algorithms generally employ off-line learning to deal with new
added samples, which aggravates the computational cost.
To address this problem, on-line learning algorithms are
proposed [13, 14]. In particular, reference [15] has developed
incremental principal component analysis (IPCA) based on
updated-SVD technique. But most on-line learning algorithms focus on vector-based methods, only a limited number
of works study incremental learning in tensor space [16–18].
To improve the incremental learning in tensor space,
this paper presents incremental tensor principal component analysis (ITPCA) based on updated-SVD technique
combining tensor representation with incremental learning.
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This paper proves the relationship between PCA, 2DPCA,
MPCA, and the graph embedding framework theoretically
and derives the incremental learning procedure to add single
sample and multiple samples in detail. The experiments on
handwritten digit recognition have demonstrated that ITPCA
has achieved better performance than vector-based incremental principal component analysis (IPCA) and multilinear
principal component analysis (MPCA) algorithms. At the
same time, ITPCA also has lower time and space complexity
than MPCA.

Definition 1. For tensor dataset 𝑋, the mean tensor is defined
as follows:
𝑀

(1)

Definition 2. The unfolding matrix of the mean tensor along
the 𝑛th dimension is called the mode-𝑛 mean matrix and is
defined as follows:
𝑋

(𝑛)

𝑁

𝐼𝑛 ×∏ 𝑖=1 𝐼𝑖
1 𝑀 (𝑛)
𝑖 ≠
𝑛 .
=
∑𝑋𝑖 ∈ R
𝑀 𝑖=1

(2)

Definition 3. For tensor dataset 𝑋, the total scatter tensor is
defined as follows:
𝑀

2
Ψ𝑋 = ∑ 𝑋𝑚 − 𝑋 ,

(3)

𝑚=1

where ‖𝐴‖ is the norm of the tensor.
Definition 4. For tensor dataset 𝑋, the mode-𝑛 total scatter
matrix is defined as follows:
𝑀

(𝑛) 𝑇

(𝑛)

𝐶(𝑛) = ∑ (𝑋𝑖(𝑛) − 𝑋 ) (𝑋𝑖(𝑛) − 𝑋 ) ,

(4)

𝑖=1

(𝑛)

where 𝑋 is the mode-𝑛 mean matrix and 𝑋𝑖(𝑛) is the mode-𝑛
unfolding matrix of tensor 𝑋𝑖 .
Tensor PCA is introduced in [11, 19]. The target is to compute 𝑁 orthogonal projective matrices {𝑈(𝑛) ∈ R𝐼𝑛 ×𝑃𝑛 , 𝑛 =
1, . . . , 𝑁} to maximize the total scatter tensor of the projected
low-dimensional feature as follows:
𝑓 {𝑈(𝑛) , 𝑛 = 1, . . . , 𝑁} = arg max Ψ𝑦
𝑈(𝑛)

𝑀

2
= arg max ∑ 𝑌𝑚 − 𝑌 ,
𝑈(𝑛) 𝑚=1

𝑋𝑚 ×
(𝑁)𝑇

1𝑈

(1)𝑇

𝑇

× 2 𝑈(2) × ⋅ ⋅ ⋅

𝑛−1 𝑈

(𝑛−1)𝑇

×

× ⋅ ⋅ ⋅ × 𝑁𝑈
.
Since it is difficult to solve 𝑁 orthogonal projective matrices simultaneously, an iterative procedure is employed to
approximately compute these 𝑁 orthogonal projective matrices. Generally, since it is assumed that the projective matrices
{𝑈(1) , . . . , 𝑈(𝑛−1) , 𝑈(𝑛+1) , . . . 𝑈(𝑁) } are known, we can solve the
following optimized problem to obtain 𝑈(𝑛) :
𝑀

𝑇

(𝑛) (𝑛)
arg max ∑ (𝐶𝑚
𝐶𝑚 ) ,
𝑇

In this section, we will employ tensor representation to
express high-dimensional image data. Consequently, a highdimensional image dataset can be expressed as a tensor
dataset 𝑋 = {𝑋1 , . . . , 𝑋𝑀}, where 𝑋𝑖 ∈ R𝐼1 ×⋅⋅⋅×𝐼𝑁 is an 𝑁
dimensional tensor and 𝑀 is the number of samples in the
dataset. Based on the representation, the following definitions
are introduced.

1
∑𝑋 ∈ R𝐼1 ×⋅⋅⋅×𝐼𝑁 .
𝑀 𝑖=1 𝑖

𝑛+1 𝑈

(𝑛+1)𝑇

=

(6)

𝑚=1
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𝑋=

where 𝑌𝑚

(5)

𝑇

where 𝐶𝑚 = (𝑋𝑚 − 𝑋) × 1 𝑈(1) × 2 𝑈(2) × ⋅ ⋅ ⋅
(𝑛+1)𝑇

(𝑁)𝑇

(𝑛)
𝐶𝑚

𝑛−1 𝑈

(𝑛−1)𝑇

×

× ⋅ ⋅ ⋅ × 𝑁𝑈
and
is the mode-𝑛 unfolding
𝑛+1 𝑈
matrix of tensor 𝐶𝑚 .
According to the above analysis, it is easy to derive the
following theorems.
Theorem 5 (see [11]). For the order of tensor data 𝑛 = 1, that
is, for the first-order tensor, the objective function of MPCA is
equal to that of PCA.
Proof. For the first-order tensor, 𝑋𝑚 ∈ R𝐼×1 is a vector, then
(6) is
𝑀

𝑇

𝑀

𝑇

(𝑛) (𝑛)
𝐶𝑚 ) = ∑ (𝑈𝑇 (𝑋𝑚 − 𝑋) (𝑋𝑚 − 𝑋) 𝑈) .
∑ (𝐶𝑚

𝑚=1

𝑚=1

(7)

So MPCA for first-order tensor is equal to vector-based
PCA.
Theorem 6 (see [11]). For the order of tensor data 𝑛 = 2, that
is, for the second-order tensor, the objective function of MPCA
is equal to that of 2DsPCA.
Proof. For the second-order tensor, 𝑋𝑚 ∈ R𝐼1 ×𝐼2 is a matrix; it
is needed to solve two projective matrices 𝑈(1) and 𝑈(2) , then
(5) becomes
𝑀
𝑀 
𝑇
2

2

∑ 𝑌𝑚 − 𝑌 = ∑ 𝑈(1) (𝑋𝑚 − 𝑋) 𝑈(2)  .


𝑚=1
𝑚=1

(8)

The above equation exactly is the objective function of
B2DPCA (bidirectional 2DPCA) [20–22]. Letting 𝑈(2) = 𝐼,
the projective matrix 𝑈(1) is solved. In this case, the objective
function is
𝑀
𝑀 
𝑇
2

2

∑ 𝑌𝑚 − 𝑌 = ∑ 𝑈(1) (𝑋𝑚 − 𝑋) 𝐼 .


𝑚=1
𝑚=1

(9)

Then the above equation is simplified into the objective function of row 2DPCA [23, 24]. Similarly, letting 𝑈(1) = 𝐼, the
projective matrix 𝑈(2) is solved; the objective function is
𝑀
𝑀


2
2
∑ 𝑌𝑚 − 𝑌 = ∑ 𝐼𝑇 (𝑋𝑚 − 𝑋) 𝑈(2)  .

𝑚=1

(10)

𝑚=1

Then the above equation is simplified into the objective
function of column 2DPCA [23, 24].
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Although vector-based and 2DPCA can be respected as
the special cases of MPCA, MPCA and 2DPCA employ different techniques to solve the projective matrices. 2DPCA carries out PCA to row data and column data, respectively, and
MPCA employs an iterative solution to compute 𝑁 projective matrices. If it is supposed that the projective matrices
{𝑈(1) , . . . , 𝑈(𝑛−1) , 𝑈(𝑛+1) , . . . 𝑈(𝑁) } are known, then 𝑈(𝑛) is
solved. Equation (6) can be expressed as follows:

Theorem 7. MPCA can be unified into the graph embedding
framework [12].
Proof. Based on the basic knowledge of tensor algebra, we can
get the following:
𝑀
𝑀


2
2
∑ 𝑌𝑚 − 𝑌 = ∑ vec(𝑌𝑚 ) − vec(𝑌) .

𝑚=1
𝑀
𝑇 𝑁
(𝑛)

𝐶(𝑛) = ∑ ((𝑋𝑖(𝑛) − 𝑋 ) × 𝑘 𝑈(𝑘)  𝑘=1 )
 𝑘 ≠
𝑛
𝑖=1

Letting 𝑦𝑚 = vec(𝑌𝑚 ), 𝜇 = vec(𝑌), we can get the following:

𝑇
𝑇 𝑁
(𝑛)

× ((𝑋𝑖(𝑛) − 𝑋 ) × 𝑘 𝑈(𝑘)  𝑘=1 )
 𝑘 ≠
𝑛
𝑀

(𝑛)

𝐾


2
∑𝑦𝑖 − 𝜇
𝑖=1

(𝑛)

= ∑ ((𝑋𝑖(𝑛) − 𝑋 ) 𝑈(−𝑛) ) ((𝑋𝑖(𝑛) − 𝑋 ) 𝑈(−𝑛) )

𝐾

𝑇

= ∑ (𝑦𝑖 − 𝜇) (𝑦𝑖 − 𝜇)

𝑖=1
𝑀

(𝑛)

(𝑛) 𝑇

𝑇

𝑇

𝑖=1
𝐾

= ∑ ((𝑋𝑖(𝑛) − 𝑋 ) 𝑈(−𝑛) 𝑈(−𝑛) (𝑋𝑖(𝑛) − 𝑋 ) ) ,
𝑖=1

(11)
where 𝑈(−𝑛) = 𝑈(𝑁) ⋅ ⋅ ⋅ ⊗ 𝑈(𝑛+1) ⊗ 𝑈(𝑛−1) ⋅ ⋅ ⋅ ⊗ 𝑈(1) .
Because
𝑈(−𝑛) 𝑈(−𝑛)

(16)

𝑚=1

1 𝑁
1 𝑁
= ∑ (𝑦𝑖 − ∑𝑦𝑗 ) (𝑦𝑖 − ∑ 𝑦𝑗 )
𝑁 𝑗=1
𝑁 𝑗=1
𝑖=1
=

𝑇

𝑇

𝐾

∑ (𝑦𝑖 𝑦𝑖𝑇
𝑖=1

𝐾
𝐾
1
1
− 𝑦𝑖 ( ∑ 𝑦𝑗 ) − ( ∑ 𝑦𝑗 ) 𝑦𝑖𝑇
𝑁
𝑁 𝑗=1
𝑗=1

𝑇

𝑇

= (𝑈(𝑁) ⋅ ⋅ ⋅ ⊗ 𝑈(𝑛+1) ⊗ 𝑈(𝑛−1) ⋅ ⋅ ⋅ ⊗ 𝑈(1) )

𝐾
𝐾
1
+ 2 ( ∑𝑦𝑗 ) ( ∑𝑦𝑗 ) )
𝑁 𝑗=1
𝑗=1

(12)
𝑇

× (𝑈(𝑁) ⋅ ⋅ ⋅ ⊗ 𝑈(𝑛+1) ⊗ 𝑈(𝑛−1) ⋅ ⋅ ⋅ ⊗ 𝑈(1) ) .

=

Based on the Kronecker product, we can get the following:
(𝐴 ⊗ 𝐵)𝑇 = 𝐴𝑇 ⊗ 𝐵𝑇 ,

∑𝑦𝑖 𝑦𝑖𝑇
𝑖=1

𝐾

So

𝐾
1 𝐾
− ∑𝑦𝑖 ( ∑𝑦𝑗 )
𝑁 𝑖=1
𝑗=1

𝐾
𝐾
1 𝐾 𝐾
1
− ∑ ∑𝑦𝑗 𝑦𝑖𝑇 + ( ∑ 𝑦𝑗 ) ( ∑𝑦𝑗 )
𝑁 𝑖=1 𝑗=1
𝑁 𝑗=1
𝑗=1

(13)

(𝐴 ⊗ 𝐵) (𝐶 ⊗ 𝐷) = 𝐴𝐶 ⊗ 𝐵𝐷.

𝑇

𝐾

= ∑𝑦𝑖 𝑦𝑖𝑇 −
𝑇

𝑇

𝑈(−𝑛) 𝑈(−𝑛) = 𝑈(𝑁) 𝑈(𝑁) ⋅ ⋅ ⋅ ⊗ 𝑈(𝑛+1) 𝑈(𝑛+1)
⊗𝑈

(𝑛−1)

𝑈

(𝑛−1)𝑇

(1)

⋅⋅⋅ ⊗ 𝑈 𝑈

𝑖=1

𝑇

(1)𝑇

(14)
.

𝑇

1 𝐾 𝐾
∑ ∑ 𝑦 𝑦𝑇
𝑁 𝑖=1 𝑗=1 𝑖 𝑗

𝐾

𝐾

𝐾

𝑖=1

𝑗=1

𝑖,𝑗=1

= ∑ ( ∑ 𝑊𝑖𝑗 ) 𝑦𝑖 𝑦𝑖𝑇 − ∑ 𝑊𝑖𝑗 𝑦𝑖 𝑦𝑗𝑇

𝑇

Since 𝑈(𝑖) ∈ R𝐼𝑖 ×𝐼𝑖 is an orthogonal matrix, 𝑈(𝑖) 𝑈(𝑖) = 𝐼, 𝑖 =
𝑇
1, . . . , 𝑁, 𝑖 ≠
𝑛, and 𝑈(−𝑛) 𝑈(−𝑛) = 𝐼.
If the dimensions of projective matrices do not change in
iterative procedure, then
𝐾

(𝑛)

(𝑛) 𝑇

𝐶(𝑛) = ∑ (𝑋𝑖(𝑛) − 𝑋 ) (𝑋𝑖(𝑛) − 𝑋 ) .

=

1 𝐾
∑ 𝑊 (𝑦 𝑦𝑇 + 𝑦𝑗 𝑦𝑗𝑇 − 𝑦𝑖 𝑦𝑗𝑇 − 𝑦𝑗 𝑦𝑖𝑇 )
2 𝑖,𝑗=1 𝑖𝑗 𝑖 𝑖

=

𝑇
1 𝐾
∑ 𝑊 (𝑦 − 𝑦𝑗 ) (𝑦𝑖 − 𝑦𝑗 )
2 𝑖,𝑗=1 𝑖𝑗 𝑖

=

1 𝐾

2
∑ 𝑊𝑖𝑗 𝑦𝑖 − 𝑦𝑗 𝐹 ,
2 𝑖,𝑗=1

(15)

𝑖=1

The above equation is equal to B2DPCA. Because MPCA
updates projective matrices during iterative procedure, it has
achieved better performance than 2DPCA.

(17)
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where the similarity matrix 𝑊 ∈ R𝑀×𝑀; for any 𝑖, 𝑗, we have
𝑊𝑖𝑗 = 1/𝐾. So (16) can be written as follows:

where the first item of (23) is
𝐾

𝑀


2
∑ 𝑌𝑚 − 𝑌

𝑖=1

𝑚=1

𝐾

(𝑛)

1

2
= ∑ 𝑊𝑖𝑗 𝑌𝑖 − 𝑌𝑗 
2 𝑖,𝑗=1

(𝑛)


1 𝑀
𝑁
𝑁 2
∑ 𝑊𝑖𝑗  𝑋𝑖 × 𝑛 𝑈(𝑛) 𝑛=1 − 𝑋𝑗 × 𝑛 𝑈(𝑛) 𝑛=1  .
2 𝑖,𝑗=1 


𝐾

(𝑛)

(𝑛) 𝑇

𝑋old =

(𝑛) 𝑇

(𝑛)

𝐾

1 𝐾
∑𝑋 .
𝐾 𝑖=1 𝑖

𝑖=1

(𝑛)

(𝑛)

+

𝐾

∑ (𝑋𝑖(𝑛)
𝑖=1

−

(𝑛)

𝐾

𝑇

(𝑛)

(𝑛)

(𝑛)
= 𝐶old
+ 𝐾 (𝑋old −

(21)
×

When the new sample is added, the mean tensor is
1 𝐾+1
∑𝑋
𝐾 + 1 𝑖=1 𝑖

(𝑛)
(𝑋old

𝐾
1
1
(∑𝑋𝑖 + 𝑋new ) =
(𝐾𝑋old + 𝑋new ) .
𝐾 + 1 𝑖=1
𝐾+1
(22)

The mode-𝑛 covariance matrix is expressed as follows:

𝑇

(𝑛) 𝑇

(𝑛)

(𝑛)
(𝑛)
(𝑋new
− 𝑋 ) (𝑋new
−𝑋 )

(𝑛) 𝑇

(𝑛)

𝑖=1

(𝑛) 𝑇

(𝑛)

(𝑛)
𝐾𝑋old + 𝑋new
−
)
𝐾+1

(𝑛)
(𝑛)
= (𝑋new
− 𝑋 ) (𝑋new
−𝑋 )

(𝑛) 𝑇

(𝑛)
(𝑛)
+ (𝑋new
− 𝑋 ) (𝑋new
−𝑋 ) ,

(𝑛)

(𝑛)
𝐾𝑋old + 𝑋new
)
𝐾+1

The second item of (23) is

𝐶(𝑛) = ∑ (𝑋𝑖(𝑛) − 𝑋 ) (𝑋𝑖(𝑛) − 𝑋 )
−𝑋 )

(𝑛) 𝑇

(𝑛)

𝑇
(𝑛)
(𝑛)
𝐾
(𝑛)
(𝑛)
(𝑋old − 𝑋new
) (𝑋old − 𝑋new
) .
2
(𝐾 + 1)

(𝑛)
= 𝐶old
+

(𝑛) 𝑇

(𝑛)

+ 𝐾 (𝑋old − 𝑋 ) (𝑋old − 𝑋 )

𝑖=1

(𝑛)

(𝑛) 𝑇

(𝑛)

𝑖=1

(20)

𝐾

−𝑋

−𝑋 )

= ∑ (𝑋𝑖(𝑛) − 𝑋old ) (𝑋𝑖(𝑛) − 𝑋old )

(𝑛)
𝐶old
= ∑ (𝑋𝑖(𝑛) − 𝑋old ) (𝑋𝑖(𝑛) − 𝑋old ) .

) (𝑋𝑖(𝑛)

(24)

(𝑛) 𝑇

(𝑛) 𝑇

(𝑛)

The mode-𝑛 covariance matrix of initial samples is

(𝑛)

(𝑛)
(𝑛)
𝑋old ) (𝑋old

+ (𝑋old − 𝑋 ) (𝑋𝑖(𝑛) − 𝑋old )

𝑖=1

(𝑛)

(𝑛) 𝑇

(𝑛)

+ 𝐾 (𝑋old − 𝑋 ) (𝑋old − 𝑋 )

(19)

𝐾

2
𝐶old = ∑𝑋𝑖 − 𝑋old  .

𝐾+𝑇

(𝑛) 𝑇

(𝑛)

= ∑ (𝑋𝑖(𝑛) − 𝑋old ) (𝑋𝑖(𝑛) − 𝑋old )

The covariance tensor of initial samples is

=

(𝑛)

𝑖=1

3.1. Incremental Learning Based on Single Sample. Given initial training samples 𝑋old = {𝑋1 , . . . , 𝑋𝐾 }, 𝑋𝑖 ∈ R𝐼1 ×⋅⋅⋅×𝐼𝑁 ,
when a new sample 𝑋new ∈ R𝐼1 ×⋅⋅⋅×𝐼𝑁 is added, the training
dataset becomes 𝑋 = {𝑋old , 𝑋new }.
The mean tensor of initial samples is

∑ (𝑋𝑖(𝑛)
𝑖=1

(𝑛)

= ∑ [(𝑋𝑖(𝑛) − 𝑋old ) + (𝑋old − 𝑋 )]
× [(𝑋𝑖(𝑛) − 𝑋old ) + (𝑋old − 𝑋 ) ]

3. Incremental Tensor Principal
Component Analysis

𝐾

(𝑛) 𝑇

(𝑛)

× (𝑋𝑖(𝑛) − 𝑋old + 𝑋old − 𝑋 )

So the theorem is proved.

=

(𝑛)

𝑖=1

(18)

𝑋=

(𝑛)

= ∑ (𝑋𝑖(𝑛) − 𝑋old + 𝑋old − 𝑋 )

𝑀

=

(𝑛) 𝑇

(𝑛)

∑ (𝑋𝑖(𝑛) − 𝑋 ) (𝑋𝑖(𝑛) − 𝑋 )

(𝑛)

(𝑛)

=
=

𝑇
(𝑛)
(𝑛)
𝐾2
(𝑛)
(𝑛)
(𝑋old − 𝑋new
) (𝑋old − 𝑋new
) .
2
(𝐾 + 1)

(23)

𝑇

(𝑛)
(𝑛)
𝐾𝑋old + 𝑋new
𝐾𝑋old + 𝑋new
(𝑛)
−
−
) (𝑋new
)
𝐾+1
𝐾+1

(𝑛)
(𝑋new

(25)
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Consequently, the mode-𝑛 covariance matrix is updated
as follows:
𝑇
(𝑛)
(𝑛)
𝐾
(𝑛)
(𝑛)
) (𝑋old − 𝑋new
) .
(𝑋old − 𝑋new
𝐾+1

(𝑛)
+
𝐶(𝑛) = 𝐶old

where
𝐾

(𝑛)

=

1
(𝐾𝑋old + 𝑇𝑋new ) .
𝐾+𝑇

(𝑛)

+ 𝐾𝑋old 𝑋

=

(𝑛)

(𝑛)

) (𝑋𝑖(𝑛)

(𝑛) 𝑇

−𝑋 )

(28)

Putting (30) into (29), then (29) becomes as follows:
𝐾

𝑖=𝐾+1

(32)
(𝑛)

(𝑛)

=

𝑖=1

+ ∑ [(𝑋𝑖(𝑛) −

(𝑛)

(𝑛)

(33)

(𝑛)

(𝑛) 𝑇

𝑖=𝐾+1

(𝑛) 𝑇

+ 𝐾 (𝑋old − 𝑋 ) (𝑋old − 𝑋 )
(𝑛)
(𝑛)
𝑋old ) (𝑋old

(𝑛) 𝑇

∑ (𝑋𝑖(𝑛) − 𝑋 ) (𝑋𝑖(𝑛) − 𝑋 )

𝑖=1

(𝑛)

(𝑛)

(𝑛)
(𝑛)
(𝑛)
(𝑛) 𝑇
𝐾2 𝑇
(𝑋old − 𝑋new ) (𝑋old − 𝑋new )
2
(𝐾 + 𝑇)

𝐾+𝑇

= ∑ (𝑋𝑖(𝑛) − 𝑋old ) (𝑋𝑖(𝑛) − 𝑋old )
(𝑛)

(𝑛)

Then (32) becomes as follows:
(𝑛) 𝑇

(𝑛)

(𝑛)

𝑇 (𝑋new − 𝑋 ) (𝑋new − 𝑋 )

(𝑛) 𝑇

(𝑛)

(𝑛)

(𝑛) 𝑇

where

∑ (𝑋𝑖(𝑛) − 𝑋 ) (𝑋𝑖(𝑛) − 𝑋 )

(𝑛)

(𝑛) 𝑇

(𝑛)

(𝑛)
= 𝐶new
+ 𝑇 (𝑋new − 𝑋 ) (𝑋new − 𝑋 ) ,

The first item in (28) is written as follows:

𝑖=1

(𝑛)
(𝑛)
(𝑛)
(𝑛) 𝑇
𝐾𝑇2
(𝑋old − 𝑋new ) (𝑋old − 𝑋new ) .
2
(𝐾 + 𝑇)
(31)

∑ (𝑋𝑖(𝑛) − 𝑋 ) (𝑋𝑖(𝑛) − 𝑋 )

(𝑛)

𝐾

(𝑛) 𝑇

(𝑛)

(𝑛) 𝑇

𝑖=𝐾+1

𝐾

(𝑛) 𝑇

(𝑛)

The second item in (28) is written as follows:

+ ∑ (𝑋𝑖(𝑛) − 𝑋 ) (𝑋𝑖(𝑛) − 𝑋 ) .

𝐾

(𝑛) 𝑇

(𝑛)

(𝑛)
(𝑛)
(𝑛)
(𝑛) 𝑇
𝐾𝑇2
(𝑋
−
𝑋
)
(𝑋
−
𝑋
old
new
old
new ) .
(𝐾 + 𝑇)2

(𝑛) 𝑇

𝐾+𝑇

(30)

𝐾 (𝑋old − 𝑋 ) (𝑋old − 𝑋 )

𝐾+𝑇

−𝑋

(𝑛) 𝑇

= 0,

(𝑛)
= 𝐶old
+

𝑖=1

∑ (𝑋𝑖(𝑛)
𝑖=1

(𝑛)

+ 𝐾𝑋old 𝑋old − 𝐾𝑋old 𝑋old

(𝑛) 𝑇

(𝑛)

(𝑛) 𝑇

(𝑛)

(𝑛) 𝑇

(𝑛)

− 𝐾𝑋old 𝑋old

𝑖=1

(𝑛)

(𝑛)

(𝑛) 𝑇

(𝑛) 𝑇

∑ (𝑋𝑖(𝑛) − 𝑋 ) (𝑋𝑖(𝑛) − 𝑋 )

𝐶(𝑛) = ∑ (𝑋𝑖(𝑛) − 𝑋 ) (𝑋𝑖(𝑛) − 𝑋 )
𝐾

(𝑛)

− 𝐾𝑋 𝑋old + 𝐾𝑋 𝑋old

Its mode-𝑛 covariance matrix is
𝐾+𝑇

(𝑛) 𝑇

(𝑛)

= 𝐾𝑋old 𝑋old − 𝐾𝑋old 𝑋

=
(27)

(𝑛) 𝑇

(𝑛)

+ (𝑋old − 𝑋 ) (𝑋𝑖(𝑛) − 𝑋old ) ]

(26)

3.2. Incremental Learning Based on Multiple Samples. Given
an initial training dataset 𝑋old = {𝑋1 , . . . , 𝑋𝐾 }, 𝑋𝑖 ∈ R𝐼1 ×⋅⋅⋅×𝐼𝑁 ,
when new samples are added into training dataset, 𝑋new =
{𝑋𝐾+1 , . . . , 𝑋𝐾+𝑇 }, then training dataset becomes into 𝑋 =
{𝑋1 , . . . , 𝑋𝐾 , 𝑋𝐾+1 , . . . , 𝑋𝐾+𝑇 }. In this case, the mean tensor
is updated into the following:
𝐾
𝐾+𝑇
1 𝐾+𝑇
1
(∑𝑋𝑖 + ∑ 𝑋𝑖 )
∑ 𝑋𝑖 =
𝐾 + 𝑇 𝑖=1
𝐾 + 𝑇 𝑖=1
𝑖=𝐾+1

(𝑛) 𝑇

(𝑛)

𝑖=1

Therefore, when a new sample is added, the projective matrices are solved according to the eigen decomposition on
(26).

𝑋=

(𝑛)

∑ [(𝑋𝑖(𝑛) − 𝑋old ) (𝑋old − 𝑋 )

(𝑛) 𝑇

−𝑋 )

+ (𝑋old − 𝑋 ) (𝑋𝑖(𝑛) −

(𝑛) 𝑇
𝑋old ) ] ,

(29)

(𝑛)
= 𝐶new
+

(𝑛)
(𝑛)
(𝑛)
(𝑛) 𝑇
𝐾2 𝑇
(𝑋
−
𝑋
)
(𝑋
−
𝑋
old
new
old
new )
(𝐾 + 𝑇)2

(34)

Putting (31) and (34) into (28), then we can get the following:
(𝑛)
(𝑛)
+ 𝐶new
+
𝐶(𝑛) = 𝐶old

(𝑛)
(𝑛)
(𝑛)
(𝑛) 𝑇
𝐾𝑇
(𝑋old − 𝑋new ) (𝑋old − 𝑋new ) .
𝐾+𝑇
(35)

6

Mathematical Problems in Engineering

It is worthy to note that when new samples are available, it
has no need to recompute the mode-𝑛 covariance matrix of all
training samples. We just have to solve the mode-𝑛 covariance
matrix of new added samples and the difference between
original training samples and new added samples. However,
like traditional incremental PCA, eigen decomposition on
𝐶(𝑛) has been repeated once new samples are added. It is
certain that the repeated eigen decomposition on 𝐶(𝑛) will
cause heavy computational cost, which is called “the eigen
decomposition updating problem.” For traditional vectorbased incremental learning algorithm, the updated-SVD
technique is proposed in [25] to fit the eigen decomposition.
This paper will introduce the updated-SVD technique into
tensor-based incremental learning algorithm.
For original samples, the mode-𝑛 covariance matrix is
(𝑛)
𝐶old

=

𝐾

∑ (𝑋𝑖(𝑛)
𝑖=1

−

(𝑛)
𝑋old ) (𝑋𝑖(𝑛)

−

(𝑛) 𝑇
𝑋old )

=

Step 2. For 𝑖 = 1 : 𝑁
(𝑛)
(𝑛)
(𝑛) √ 𝐾𝑇
(𝑋old − 𝑋new )] .
,
𝐵 = [𝑆new
𝐾+𝑇
]
[

Processing QR decomposition for the following equation:
𝑇

QR = (𝐼 − 𝑈𝑟(𝑛) 𝑈𝑟(𝑛) ) 𝐵.

𝑇

√ (𝑛) (𝑛)
̂Σ
̂𝑉
̂𝑇 .
svd [ Σ𝑟 𝑈𝑟 𝐵] = 𝑈
0𝑅

(𝑛) (𝑛)
𝑆old = (𝑈Σ𝑉𝑇 ) (𝑈Σ𝑉𝑇)
𝑆old

𝑇

(𝑛)

𝑇

(𝑛)
(𝑛)
̂ Σ([
̂ 𝑉𝑟 0] 𝑉)
̂ .
[𝑆old
, 𝐵] ≈ ([𝑈𝑟(𝑛) , 𝑄] 𝑈)
0𝐼

(𝑛)

(𝑛)

𝑇

𝑇

(𝑛)
(𝑛) (𝑛)
= ∑ (𝑋𝑖(𝑛) − 𝑋new ) (𝑋𝑖(𝑛) − 𝑋new ) = 𝑆new
𝑆new ,
𝐶new
𝑖=𝐾+1

(38)
(𝑛)

(𝑛)
(𝑛)
where 𝑆new
= [𝑋1(𝑛) −𝑋new , . . . , 𝑋𝐾
−𝑋new ]. According to (35),
the updated mode-𝑛 covariance matrix is defined as follows:
(𝑛)
(𝑛)
+ 𝐶new
+
𝐶(𝑛) = 𝐶old

×

(𝑛)
(𝑋old

−

𝐾𝑇
𝐾+𝑇

(𝑛)
(𝑛)
𝑋new ) (𝑋old

−

Then the updated projective matrix is computed as
follows:
̂
𝑈(𝑛) = [𝑈𝑟(𝑛) , 𝑄] 𝑈,

(45)

end.

(𝑛)
is the left
So it is easy to derive that the eigen-vector of 𝐶old
(𝑛)
singular vector of 𝑆old and the eigen-values correspond to the
(𝑛)
.
extraction of left singular values of 𝑆old
For new samples, the mode-𝑛 covariance matrix is

(𝑛)

(44)

(37)

(𝑛)
= 𝑈Σ𝑉𝑇 𝑉Σ𝑈𝑇 = 𝑈Σ2 𝑈𝑇 = eig (𝐶old
).

𝐾+𝑇

(43)

Computing the following equation:

(𝑛) (𝑛)𝑇
𝑆old
𝑆old ,

(𝑛)
(𝑛)
where 𝑆old
= [𝑋1(𝑛) − 𝑋old , . . . , 𝑋𝐾
− 𝑋old ]. According to
(𝑛)
the eigen decomposition 𝑆old = svd(𝑈Σ𝑉𝑇), we can get the
following:
𝑇

(42)

Processing SVD decomposition for the following equation:

(36)
(𝑛)

(41)

(𝑛) 𝑇
𝑋new )
(𝑛)

(39)
(𝑛) (𝑛)𝑇

=𝑆 𝑆

,

(𝑛)

(𝑛) (𝑛)
where 𝑆(𝑛) = [𝑆old
, 𝑆new , √𝐾𝑇/(𝐾 + 𝑇)(𝑋old − 𝑋new )]. Therefore, the updated projective matrix 𝑈(𝑛) is the eigen-vectors
corresponding to the largest 𝑃𝑛 eigen-values of 𝑆(𝑛) . The main
steps of incremental tensor principal component analysis are
listed as follows:

input: original samples and new added samples,
output: 𝑁 projective matrices.
Step 1. Computing and saving
(𝑛)
eig (𝐶old
) ≈ [𝑈𝑟(𝑛) , Σ(𝑛)
𝑟 ].

(40)

Step 3. Repeating the above steps until the incremental
learning is finished.
3.3. The Complexity Analysis. For tensor dataset 𝑋 = {𝑋1 , . . . ,
𝑋𝑀}, 𝑋𝑖 ∈ R𝐼1 ×⋅⋅⋅×𝐼𝑁 , without loss of generality, it is assumed
that all dimensions are equal, that is, 𝐼1 = ⋅ ⋅ ⋅ = 𝐼𝑁 = 𝐼.
Vector-based PCA converts all data into vector and
constructs a data matrix 𝑋 ∈ R𝑀×𝐷, 𝐷 = 𝐼𝑁. For vectorbased PCA, the main computational cost contains three parts:
the computation of the covariance matrix, the eigen decomposition of the covariance matrix, and the computation of
low-dimensional features. The time complexity to compute
covariance matrix is 𝑂(𝑀𝐼2𝑁), the time complexity of the
eigen decomposition is 𝑂(𝐼3𝑁), and the time complexity to
compute low-dimensional features is 𝑂(𝑀𝐼2𝑁 + 𝐼3𝑁).
Letting the iterative number be 1, the time complexity
to computing the mode-𝑛 covariance matrix for MPCA
is 𝑂(𝑀𝑁𝐼𝑁+1 ), the time complexity of eigen decomposition is 𝑂(𝑁𝐼3 ), and the time complexity to compute lowdimensional features is 𝑂(𝑀𝑁𝐼𝑁+1 ), so the total time complexity is 𝑂(𝑀𝑁𝐼𝑁+1 + 𝑁𝐼3 ). Considering the time complexity, MPCA is superior to PCA.
For ITPCA, it is assumed that 𝑇 incremental datasets are
added; MPCA has to recompute mode-𝑛 covariance matrix
and conducts eigen decomposition for initial dataset and
incremental dataset. The more the training samples are, the
higher time complexity they have. If updated-SVD is used, we
only need to compute QR decomposition and SVD decomposition. The time complexity of QR decomposition is
𝑂(𝑁𝐼𝑁+1 ). The time complexity of the rank-𝑘 decomposition of the matrix with the size of (𝑟 + 𝐼) × (𝑟 + 𝐼𝑁−1 ) is
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Figure 1: The samples in USPS dataset.

0.935
0.93
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4. Experiments
In this section, the handwritten digit recognition experiments
on the USPS image dataset are conducted to evaluate the
performance of incremental tensor principal component
analysis. The USPS handwritten digit dataset has 9298 images
from zero to nine shown in Figure 1. For each image, the size
is 16 × 16. In this paper, we choose 1000 images and divide
them into initial training samples, new added samples, and
test samples. Furthermore, the nearest neighbor classifier is
employed to classify the low-dimensional features. The recognition results are compared with PCA [26], IPCA [15], and
MPCA [11].
At first, we choose 70 samples belonging to four classes
from initial training samples. For each time of incremental
learning, 70 samples which belong to the other two classes
are added. So after three times, the class labels of the training
samples are ten and there are 70 samples in each class. The
resting samples of original training samples are considered as
testing dataset. All algorithms are implemented in MATLAB
2010 on an Intel (R) Core (TM) i5-3210 M CPU @ 2.5 GHz
with 4 G RAM.
Firstly, 36 PCs are preserved and fed into the nearest
neighbor classifier to obtain the recognition results. The
results are plotted in Figure 2. It can be seen that MPCA and
ITPCA are better than PCA and IPCA for initial learning;
the probable reason is that MPCA and ITPCA employ tensor
representation to preserve the structure information.
The recognition results under different learning stages are
shown in Figures 3, 4, and 5. It can be seen that the recognition results of these four methods always fluctuate violently

6

6.5

7

PCA
IPCA

7.5
8
8.5
9
The number of class labels

9.5

10

MPCA
ITPCA

Figure 2: The recognition results for 36 PCs of the initial learning.
0.985
0.98
0.975
The recognition results

𝑂(𝑁(𝑟 + 𝐼)𝑘 ). It can be seen that the time complexity of
updated-SVD has nothing to do with the number of new
added samples.
Taking the space complexity into account, if training
samples are reduced into low-dimensional space and the
𝑁
dimension is 𝐷 = ∏𝑁
𝑛=1 𝑑𝑛 , then PCA needs 𝐷∏𝑛=1 𝐼𝑛 bytes to
𝑁
save projective matrices and MPCA needs ∑𝑛=1 𝐼𝑛 𝑑𝑛 bytes. So
MPCA has lower space complexity than PCA. For incremental learning, both PCA and MPCA need 𝑀∏𝑁
𝑛=1 𝐼𝑛 bytes to
2
save initial training samples; ITPCA only need ∑𝑁
𝑛=1 𝐼𝑛 bytes
to keep mode-𝑛 covariance matrix.

0.97
0.965
0.96
0.955
0.95
0.945
0.94

50

100
150
200
The number of low-dimensional features

PCA
IPCA

250

MPCA
ITPCA

Figure 3: The recognition results of different methods of the first
incremental learning.

when the numbers of low-dimensional features are small.
However, with the increment of the feature number, the
recognition performance keeps stable. Generally MPCA and
ITPCA are superior to PCA and IPCA. Although ITPCA
have comparative performance at first two learning, ITPCA
begin to surmount MPCA after the third learning. Figure 6
has given the best recognition percents of different methods.
We can get the same conclusion as shown in Figures 3, 4, and
5.
The time and space complexity of different methods are
shown in Figures 7 and 8, respectively. Taking the time
complexity into account, it can be found that at the stage of
initial learning, PCA has the lowest time complexity. With
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Figure 4: The recognition results of different methods of the second
incremental learning.
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Figure 6: The comparison of recognition performance of different
methods.
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Figure 5: The recognition results of different methods of the third
incremental learning.
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PCA
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Figure 7: The comparison of time complexity of different methods.

the increment of new samples, the time complexity of
PCA and MPCA grows greatly and the time complexity
of IPCA and ITPCA becomes stable. ITPCA has slower
increment than MPCA. The reason is that ITPCA introduces
incremental learning based on the updated-SVD technique
and avoids decomposing the mode-𝑛 covariance matrix of
original samples again. Considering the space complexity, it
is easy to find that ITPCA has the lowest space complexity
among four compared methods.

5. Conclusion
This paper presents incremental tensor principal component
analysis based on updated-SVD technique to take full advantage of redundancy of the space structure information and
online learning. Furthermore, this paper proves that PCA
and 2DPCA are the special cases of MPCA and all of them
can be unified into the graph embedding framework. This
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[3] G.-F. Lu, Z. Lin, and Z. Jin, “Face recognition using discriminant
locality preserving projections based on maximum margin
criterion,” Pattern Recognition, vol. 43, no. 10, pp. 3572–3579,
2010.

8

The space complexity (/M)

7

[4] D. Tao, X. Li, X. Wu, and S. J. Maybank, “General tensor
discriminant analysis and Gabor features for gait recognition,”
IEEE Transactions on Pattern Analysis and Machine Intelligence,
vol. 29, no. 10, pp. 1700–1715, 2007.
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[5] F. Nie, S. Xiang, Y. Song, and C. Zhang, “Extracting the optimal
dimensionality for local tensor discriminant analysis,” Pattern
Recognition, vol. 42, no. 1, pp. 105–114, 2009.

4
3

[6] Z.-Z. Yu, C.-C. Jia, W. Pang, C.-Y. Zhang, and L.-H. Zhong,
“Tensor discriminant analysis with multiscale features for
action modeling and categorization,” IEEE Signal Processing
Letters, vol. 19, no. 2, pp. 95–98, 2012.
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The number of class labels
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Figure 8: The comparison of space complexity of different methods.

paper also analyzes incremental learning based on single
sample and multiple samples in detail. The experiments
on handwritten digit recognition have demonstrated that
principal component analysis based on tensor representation
is superior to tensor principal component analysis based on
vector representation. Although at the stage of initial learning, MPCA has better recognition performance than ITPCA,
the learning capability of ITPCA becomes well gradually and
exceeds MPCA. Moreover, even if new samples are added,
the time and space complexity of ITPCA still keep slower
increment.
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To reduce the runtime and ensure enough computation accuracy, this paper proposes a structural reliability assessment method
by the use of sensitivity analysis (SA) and support vector machine (SVM). The sensitivity analysis is firstly applied to assess the
effect of random variables on the values of performance function, while the small-influence variables are rejected as input vectors
of SVM. Then, the trained SVM is used to classify the input vectors, which are produced by sampling the residual variables based
on their distributions. Finally, the reliability assessment is implemented with the aid of reliability theory. A 10-bar planar truss is
used to validate the feasibility and efficiency of the proposed method, and a performance comparison is made with other existing
methods. The results show that the proposed method can largely save the runtime with less reduction of the accuracy; furthermore,
the accuracy using the proposed method is the highest among the methods employed.

1. Introduction
In recent years, a number of structural reliability assessment
methods, including first-order reliability method (FORM)
[1], response surface method (RSM) [2], and Monte-Carlo
simulation method (MCSM) [3], have been developed and
applied to practical engineering structures. Among these
methods, the FORM is usually used to directly estimate
structural failure probability in the case of the explicit limit
state functions. In contrast, the RSM and MCSM are widely
used in the case that the limit state functions are complex
and implicit. The main idea of RSM is to transfer the
original implicit limit state function to an approximated
explicit expression, which will then be used for the assessment
of failure probability with the aid of FORM. However, in
most cases, the hypothetical explicit expressions can hardly
be found to represent precisely the original nonlinear and
complex functions; thus RSM usually causes an unallowable
error, even a wrong assessment result. MCSM not only is the
most precise method for failure probability assessment, but
also solves theoretically all of reliability problems. However,
MCSM is a time-consuming process. It is suitable for solving
such problem when structural failure probability is small,

because a number of samples are required for the purpose of
obtaining a reasonable result.
To overcome the low-fidelity of RSM and low computing
efficiency of MCSM, several researchers have attempted to
construct the limit state function based on the intellectual
techniques, such as artificial neural networks [4, 5] and SVM
[6, 7]. Due to the strong small-samples learning ability and
generalization capability of SVM [8, 9], it has been widely
used for structural reliability analysis in various fields. Hurtado and Alvarez [10] regarded reliability problems as model
classification problems and combined the SVM and FEA for
the assessment of structural failure probability. Hurtado [11]
used the statistical learning theory to prove the feasibility of
SVM in the application of reliability problems. Jin et al. [12]
combined RSM with SVM for structural reliability probability
assessment, and the results showed that this method is more
accurate and efficient in comparison with other conventional
methods. Guo and Bai [13] introduced the least squares
SVM for regression into reliability analysis to deal with huge
computational cost and huge space demands.
The input vectors of SVM model are the variables
influencing the structural reliability assessment. For a largescale civil structure, its reliability is affected by a number
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of variables due to the complex service environment and
loading situations. If all of influencing variables are taken
into consideration with no regard to their importance in the
process of reliability assessment, it will increase the sample
size of input variables, complicate the SVM model, and
enlarge the data storage memory demands while decreasing
the classification accuracy (CA) of SVM model. In fact, some
input variables have slight effect on the reliability assessment
results. Therefore, it is necessary to eliminate the smallinfluencing variables before assessing the structure reliability.
Recently, a series of SA techniques have been developed and
studied for the purpose of quantifying the importance of
input variables. These SA techniques are divided into two
classes: global SA methods and local SA methods [14]. The
local SA methods are usually based on differential and/or
difference theory and ignore the probability distributions
of variables, thus not competent for analyzing the random
variables in limit state function. The global SA methods
consider not only the effects of the probability distributions
of individual input variables on the output, but also the
contribution of the interaction among input variables on the
output. In the past decades, Sobol’s SA method [15–20], as
an invaluable tool, has drawn researchers’ attention because it
works well without simplifying approximations, even for the
functions with large number of variables.
In order to reduce the dimension of input samples, simplifying the SVM model in the case of ensuring computation
accuracy, this paper presents a novelty reliability analysis
method based on SA and SVM. The small-influence variables
in the limit state function are extracted in virtue of Sobol’s
SA method and are rejected as input vectors of SVM model.
The SVM model is trained and tested by samples of residual
variables. The reliability assessment is implemented with the
aid of reliability theory. To validate the applicability and
efficiency of the proposed method, the reliability assessment
of a 10-bar planar truss is employed. In addition, some
comparisons are also carried out.

where 𝑓0 is a constant. The total number of summands in (1)
is 2n .
If the following condition
1

∫ 𝑓𝑖1 ,...,𝑖𝑠 𝑑𝑥𝑘 = 0

(2)

0

is imposed for 𝑘 = 𝑖1 , . . . , 𝑖𝑠 , where 1 ≤ 𝑖1 ≤ ⋅ ⋅ ⋅ ≤ 𝑖𝑠 ≤ 𝑛,
the decomposition described in (1) is unique. Moreover, all
of summands are mutually orthogonal and can be obtained
with the aid of multiple integral:
𝑓0 = ∫ 𝑓 (x) 𝑑x

(3)

Ω𝑛

1

1

0

0

𝑓𝑖 (𝑥𝑖 ) = −𝑓0 + ∫ ⋅ ⋅ ⋅ ∫ 𝑓 (x) 𝑑x∼𝑖
1

1

0

0

(4)

𝑓𝑖𝑗 (𝑥𝑖 , 𝑥𝑗 ) = −𝑓0 − 𝑓𝑖 (𝑥𝑖 ) − 𝑓𝑗 (𝑥𝑗 ) + ∫ ⋅ ⋅ ⋅ ∫ 𝑓 (x) 𝑑x∼(𝑖𝑗) ,
(5)

where x∼i is the set of input variables except 𝑥𝑖 and x∼(ij) is the
set of input variables except 𝑥𝑖 and 𝑥𝑗 . The higher dimensional
summands are similarly found except for the last one that is
calculated using (1).
Therefore, the partial variances, 𝐷𝑖1 ,...,𝑖𝑠 , representing the
contribution of each of summands to the total variance of
output, can be expressed as
1

1

0

0

𝐷𝑖1 ,...,𝑖𝑠 = ∫ ⋅ ⋅ ⋅ ∫ 𝑓𝑖21 ,...,𝑖𝑠 𝑑𝑥𝑖1 ⋅ ⋅ ⋅ 𝑑𝑥𝑖𝑠

(6)

with the total variance equal to
𝐷 = ∫ 𝑓2 (x) 𝑑x − 𝑓02
Ω𝑛

(7)

which can also be expressed as
𝑛

2. Structural Reliability Assessment
Methodologies

𝑠=1 𝑖1 <⋅⋅⋅<𝑖𝑠

2.1. Sobol’s Global SA Method. Sobol’s method is a variancebased global SA technique that has been applied to assess the
relative importance of input variables on the output. It is able
to decompose the variance of the output into terms due to
individual input variables and terms due to the interactions
between input variables.
Consider a square integrable function, 𝑓(x)
=
𝑓(𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ), as a function of vector of input variables
𝑥𝑖 , where x ∈ Ω𝑛 is the n-dimensional unit hypercube. If the
input variables are mutually independent then there exists
an interesting decomposition of 𝑓(x):
𝑛

𝑛

𝑖=1

1<𝑖<𝑗<𝑛

𝑓 (x) = 𝑓0 + ∑𝑓𝑖 (𝑥𝑖 ) + ∑ 𝑓𝑖𝑗 (𝑥𝑖 , 𝑥𝑗 ) + ⋅ ⋅ ⋅
+ 𝑓1,...,𝑛 (𝑥1 , . . . , 𝑥𝑛 ) ,

𝑛

𝐷 = ∑ ∑ 𝐷𝑖1 ,...,𝑖𝑠 .

(1)

(8)

The relative importance of input variables is quantified
by a set of indices, namely, first-order (𝑆𝑖1 ) and total (TS𝑖 )
sensitivity indices. The former represents the contribution
of the individual 𝑥𝑖 on the total variance without any
interactions with other input variables, while the latter refers
to the contribution of all input variables. In addition, the sorder (𝑠 ≥ 1) sensitivity index, 𝑆𝑖𝑠 , represents the coupled
contribution of the interaction among 𝑠 input variables on the
total variance. It is given by
𝑆𝑖𝑠 =

𝐷𝑖𝑠
𝐷

for 𝑖𝑠 = 𝑖1 , . . . , 𝑖𝑠 .

(9)

In order to investigate the total sensitivity index (TS𝑖 ) of
input variables 𝑥𝑖 , the total variance, D, can be divided into
two complementary terms: 𝐷𝑖 and 𝐷∼𝑖 , where 𝐷∼𝑖 denotes the
variance due to all of input variables except 𝑥𝑖 . Therefore, the
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total sensitivity index (TS𝑖 ) of input variable 𝑥𝑖 is expressed
as
TS𝑖 = 1 −

𝐷∼𝑖
.
𝐷

(10)

1 𝑁
𝑓̂0 =
∑ 𝑓 (x𝑚 )
𝑁 𝑚=1

(11)

𝑁
̂ = 1 ∑ 𝑓2 (x𝑚 ) − 𝑓̂2
𝐷
0
𝑁 𝑚=1

(12)

𝑤,𝑏

s.t.

(15)

T

𝑦𝑙 (w 𝐾 (x, x𝑙 ) + 𝑏) ≥ 1.

The Lagrange multipliers, 𝛼𝑙 , are employed to solve
the above problem. Consequently, the optimal problem is
rewritten as a dual form:
max

𝑀
𝑀
1
1𝑀 𝑀
𝐿 (𝛼) = ∑𝛼𝑙 − ‖w‖2 = ∑𝛼𝑙 − ∑ ∑ 𝑦𝑙 𝑦𝑝 𝐾 (x𝑙 , x𝑝 )
2
2 𝑙=1𝑝=1
𝑙=1
𝑙=1
𝑀

𝛼𝑙 ≥ 0,

s.t.

∑𝛼𝑙 𝑦𝑙 = 0.
𝑙=1

(16)

(13)

where 𝑁 is the sample size, x𝑚 is the samples in the ndimensional unit hypercube, and superscripts (1) and (2)
(1)
(2)
and 𝑥𝑖𝑚
represent two different samples, respectively. The 𝑥𝑖𝑚
denote that the input variables 𝑥𝑖𝑚 use the sampled values
(1)
(2)
and 𝑥(∼𝑖)𝑚
in samples (1) and (2), respectively. The 𝑥(∼𝑖)𝑚
represent cases when all the input variables except 𝑥𝑖𝑚 use
the sampled values in samples (1) and (2), respectively.
Usually, the input variables whose total sensitivity indices
are less than 0.3 are considered to be slight of contribution on
the output of 𝑓(x) [22]. Therefore, it is reasonable to define a
threshold value of 0.05 to eliminate the small-influence input
variables.
2.2. SVM. SVM is an emerging machine learning technique
that has been successfully applied to pattern classification and
regression analysis. It is based on the Vapnik-Chervonenkis
dimension of statistical learning theory and the principle of
structural risk minimization; thus it has a better generalization capability than the conventional classification methods.
This is based on the principle of empirical risk minimization.
Suppose a set of training examples x = {x𝑙 | 𝑙 = 1, . . . , 𝑀}
are input vectors in space x𝑙 ∈ R𝑑 with associated labels
𝑦𝑙 ∈ {−1, +1} (−1: label for class I, +1: label for class II).
Some kernel functions are used to map the input samples
to a high-dimensional feature space so that the overlapped
samples in the original space become linearly separable in the
feature space. Therefore, there exist hyperplanes separating
the positive examples on one side and the negative samples
on the other side. The hyperplanes are given by
𝑦𝑙 (w𝑇 𝐾 (x, x𝑙 ) + 𝑏) − 1 ≥ 0 𝑙 = 1, . . . , 𝑀,

1 T
w w
2

min

The variances in (6) can be calculated approximately by
Monte-Carlo numerical integrations, particularly when the
function, 𝑓(x), is highly nonlinear and/or implicit [16, 21].
The Monte-Carlo method approximations for 𝑓0 , 𝐷, and D∼i
are given by

𝑁
̂∼𝑖 = 1 ∑ 𝑓 (x(1) , 𝑥(1) ) 𝑓 (x(1) , 𝑥(2) ) − 𝑓̂2 ,
𝐷
0
(∼𝑖)𝑚 𝑖𝑚
(∼𝑖)𝑚 𝑖𝑚
𝑁 𝑚=1

the hyperplane is maximal. The OSH is found by minimizing
‖w‖2 under constraints of (14). Therefore, the primal form of
objective function is

(14)

where w and 𝑏 are the weight vector and bias of hyperplane,
respectively.
Among these separating hyperplanes, the one so-called
optimal separating hyperplane (OSH) separates all vectors
without error and the distance between the closest vectors to

In the case of linearly nonseparable training data, by
introducing slack variables, 𝜉𝑙 , the objective problem is given
by
min
𝑤,𝑏,𝜉

s.t.

𝑀
1 𝑇
w w + 𝐶∑𝜉𝑙
2
𝑙=1

𝑦𝑙 (w𝑇𝐾 (x, x𝑙 ) + 𝑏) ≥ 1 − 𝜉𝑙 ,

(17)
𝜉𝑙 ≥ 0,

where 𝐶 is the regularizing (margin) parameter that determines the trade-off between the maximization of the margin
and minimization of the classification error.
Similarly, the corresponding dual problem is expressed as
max

s.t.

𝑀
𝑀
1
1𝑀 𝑀
𝐿 (𝛼) = ∑𝛼𝑙 − ‖w‖2 = ∑𝛼𝑙 − ∑ ∑ 𝑦𝑙 𝑦𝑝 𝐾 (x𝑙 , x𝑝 )
2
2 𝑙=1𝑝=1
𝑙=1
𝑙=1

0 ≤ 𝛼𝑙 ≤ 𝐶,

𝑀

∑𝛼𝑙 𝑦𝑙 = 0.
𝑙=1

(18)
With the OSH found, the decision function can be written
as
𝑀

𝑓 (x) = sgn (∑𝑦𝑙 𝛼𝑙∗ 𝐾 (x, x𝑙 ) + 𝑏∗ ) ,

(19)

𝑙=1

where 𝛼𝑙∗ and 𝑏∗ are the parameters of OSH, respectively.
2.3. Methodology for Structural Reliability Assessment. The
reliability assessment based on SA and SVM can be implemented as follows.
Step 1. Calculate the total sensitivity indices of each input
variable in the limit state function, 𝑓(x), by Monte-Carlo
numerical integrations and eliminate those whose total sensitivity indices are less than 0.05.
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Figure 1: 10-bar planar truss.
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Table 1: Distribution types of random variables.
Variables
Mean value
Coefficient of variation
Distribution types

𝐴𝑖
(m2 )

𝑃1
(MN)

𝑃2
(MN)

𝑃3
(MN)

0.0001
0.15
Normal

−160
0.5
Normal

160
0.5
Normal

−160
0.5
Normal

Step 2. The samples used for the SA in Step 1 are also selected
as the train samples for training SVM model. It is noted that
the column of train samples is the residual input variable.
The number of train samples is defined as 𝑁train . The set of
failure and nonfailure samples are defined as class I and class
II, respectively. Use the train samples and associated classes
to train the SVM model.
Step 3. Produce the test samples of residual variables according to their distributions. The number of test samples is
𝑁test (𝑁test ≫ 𝑁train ). The trained SVM model is used to
classify the test samples.
Step 4. Count the number of samples located in class I.
Consequently, the failure probability, 𝑃𝑓 , is
𝑃𝑓 =

𝑁𝑓
𝑁test

,

(20)

where 𝑁𝑓 is the number of test samples located in class I.

3. Case Study: 10-Bar Planar Truss
3.1. General Description. A numerical 10-bar planar truss has
been adopted to validate the proposed reliability assessment
method. The young’s modulus of each bar is 𝐸 = 2.0 ×
108 KN/m2 . The sectional area of each bar, 𝐴 𝑖 (𝑖 = 1, . . . , 10),
and loads applied to the truss (as shown in Figure 1), 𝑃𝑖 (𝑖 =
1, . . . , 3), were assumed to be random variables. Their distribution types are listed in Table 1.
The ultimate strength of this material is assumed to be
480 MPa. Consequently, the limit state function, 𝑓(x), can be
expressed as
𝑓 (x) = 480 − max {𝜎1 (𝐴 1 , . . . , 𝐴 10 , 𝑃1 , . . . , 𝑃3 ) , . . . ,
𝜎10 (𝐴 1 , . . . , 𝐴 10 , 𝑃1 , . . . , 𝑃3 )} .

(21)

−1.5

A 1 A 2 A 3 A 4 A 5 A 6 A 7 A 8 A 9 A 10 P1 P2 P3
Variables

Figure 2: Sensitivity indices of each variable.

3.2. SA of Input Variables. The Sobol’s method was employed
to analyze the contribution of each variable on the output
variance of limit state function. Firstly, the Latin hypercube
sampling technique [23] was used to produce two sets of
̂ and 𝐷
̂∼𝑖
samples with size of 50 × 13. Then, the values of 𝑓̂0 , 𝐷,
are calculated based on (11)–(13). Finally, the total sensitivity
indices of each variable can be obtained by (10). The SA
results of input variables are shown in Figure 2. It is found
that the sensitivity indices of 𝐴 2 , 𝐴 4 , 𝐴 7 , 𝐴 8 , 𝐴 9 , and 𝐴 10
are less than 0.01, which indicates that these variables have
slight contribution on limit state function. Therefore, these
variables are rejected as input vectors of SVM model.
3.3. Support Vector Classifier. It is noted that a total number
of 14×50 = 700 samples are calculated in the process of global
SA in Section 3.2. These samples are also regarded as training
data of SVM but the small-influence variables were rejected
as the input vector of SVM model. Therefore, the size of train
samples is 700 × 7. As mentioned in Section 2.3, class I and
class II are introduced to describe the failure and nonfailure
sample set. The SVM model is trained by use of the train
samples and corresponding sample labels. Gaussian radial
basis function is ascertained as kernel function of the SVM
model. The value of penalty term, 𝐶, and kernel parameter, 𝜎,
are determined as 2 × 106 and 0.002.
A total number of 20000 test samples are constructed and
input into the trained SVM model. The classification results
of test samples are shown in Table 2. It is shown in Table 2
that a total number of 1007 + 399 = 1406 test samples
are classified into class I. Consequently, the corresponding
structural failure probability is 7.03%.
3.4. Comparisons and Discussions
3.4.1. Computation Precise. It is observed in Table 2 that the
total CA of test samples is 96.34%, showing an excellent classification capability. However, it is also noted that the CA of
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Table 2: Classification results.

Method

Samples
Train

SA and SVM
Test
Train
SVM
Test

Classification number for different classes
I
II

Class

Number of samples

I
II
I
II

60
640
1396
18604

43
9
1007
399

17
631
389
18205

71.67
98.59
72.13
97.86

I
II
I
II

60
640
1396
18604

44
11
902
451

16
629
494
18153

73.33
98.28
64.61
97.58

Table 3: Failure probabilities evaluated by different methods.
Method
MCSM
Failure probability (%)
6.98
Error (%)
—
Amount of FEA
20000

RSM
10.29
47.42
27

SVM
6.77
3.01
700

SA and SVM
7.03
0.72
700

CA (%)

Total CA (%)
96.29
96.06
96.14
95.28

reduce the runtime in case of ensuring computation precise in
comparison with the SVM model. It can be predicted that the
proposed method can largely reduce the data storage memory
requirements for the reliability assessment of a more complex
structures.

4. Conclusive Remarks
class I is only 72.13%. The main reasons of this phenomenon
can be summed as two aspects: (a) the OSH in SVM model is
the approximate limit state function, and the samples nearly
the limit state function maybe misclassified. However, it is
seen that the number of misclassification samples in class I is
389, almost equal to the number of misclassification samples
(399). It indicates that misclassification samples have a slight
effect on the assessment results; (b) the sample number of
class I is far less than that of class II. When the same number
of misclassification samples shows up in classes I and II, the
CA of class I drops more rapidly than that of class II.
In order to validate the applicability, other three structure
reliability assessment methods (i.e., RSM, MCSM, and SVM)
are employed to evaluate the structural failure probability.
The failure probabilities evaluated by these four methods are
listed in Table 3. Usually, the results from MCSM are regarded
as the exact solution. It is found that the result evaluated by
the proposed method is closest to that by MCSM, indicating
that it is the most precise method among these methods
employed except MCSM.
The classification result of SVM model is also listed in
Table 2. It is obvious that in total the CA of test samples is
95.28%, slightly less than the proposed method (96.06%). The
main reason is that the small-influence input variables affect
the shape of OSH, thus causing more distortion of OSH than
that of the proposed method.
3.4.2. Computation Efficiency. The amount of FEA required
by each method is also listed in Table 3. It is found that the
least amount of FEA required is RSM, which only needs 27
times. However, its accuracy is the worst. The amount of
FEA required by the proposed method and SVM model are
far less than the MCSM, while the relative errors are 0.72%
and 3.01%, respectively. However, the size of test samples is
20000 × 13, two times that of the proposed method (20000 ×
7). This indicates that the proposed method can largely

In this study, a novelty reliability assessment method based
on SA and SVM has been developed and successfully applied
for reliability assessment of a 10-bar planar truss. The results
show that the proposed method not only reduces data storage
memory requirements with enough computation accuracy,
but also has a better assessment capability in comparison with
other methods.
The proposed assessment method integrating both SA
and SVM is proved to be a successful example. However,
it should be noted as well that our success in the proposed
method was only achieved through numerical simulations,
and more field tests should be done to testify its feasibility
and efficiency in practice.
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Due to the centralized management of information communication network, the network operator have to face these pressures,
which come from the increasing network alarms and maintenance efficiency. The effective analysis on mining of the network
alarm association rules is achieved by incorporating classic data association mining algorithm and swarm intelligence optimization
algorithm. From the related concept of the information communication network, the paper analyzes the data characteristics and
association logic of the network alarms. Besides, the alarm data are preprocessed and the main standardization information fields
are screened. The APPSO algorithm is proposed on the basis of combining the evaluation method for support and confidence
coefficient in the Apriori (AP) algorithm as well as the particle swarm optimization (PSO) algorithm. By establishing a sparse
linked list, the algorithm is able to calculate the particle support thus further improving the performance of the APPSO algorithm.
Based on the test for the network alarm data, it is discovered that rational setting of the particle swarm scale and number of iterations
of the APPSO algorithm can be used to mine the vast majority and even all of the association rules and the mining efficiency is
significantly improved, compared with Apriori algorithm.

1. Introduction
The operation and maintenance management of information
communication network mainly refers to timely discovery,
locating and handling of any network fault to ensure smooth
and efficient operation as well as guarantee in major emergencies pertinent to network operation, complaints about
network quality from customers, assessment and analysis of
network quality, prediction of planning, construction, and so
forth. The time consumed during fault location and judgment
in the application layer of a large-scale network accounts
for 93% of its total time for failure of recovery [1]. The
huge network structure and multifunctional device types
also bring about large amounts of alarm data due to such
characteristics of the information communication network

as topological structure densification, network device microminiaturization, communication board precision, and so
forth. Therefore, the foundation of the network operation
and maintenance is the effective management of the network
alarms.
As an important supporting means for network operation
and maintenance management, network management system
directly influences the quality of service which the information communication network provides to its customers
[2]. The network management system is developing toward
integrated service network management update from independent device network management, manufacturer device
network management, and integrated professional network
management. The centralized monitoring management function of the professional information communication network
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operation management will make problems exhibit a sharp
full data increasing, including network faults, device alarms,
and customer complaints.
As the information communication system consists of
various medium interlinked network devices and operating
systems implicit and complex-correlated logic is ubiquitous
among network elements; that is, a certain fault point may
trigger numerous alarms in the whole network. The sudden
intensive alarms not only consume the resources of the
network management system but also obscure the position
of the network fault source points thus severely impeding
trouble shooting by the network operation and maintenance
personnel. Several alarms are incorporated into a single alarm
or source alarm with a large amount of information by
such links as paraphrasing and explaining, eliminating and
filtering, information integration, and correlating and transforming, and so forth. It aims at assisting the operation and
maintenance personnel to analyse fault messages and locate
faults quickly, that is, mining analysis on alarm association
rules.
Mining of alarm association rules refers to a process
of analysis on the association between the attributive characteristic logic of the alarms within devices and the topological hierarchy of network devices. It aims at achieving
clear critical alarms, accurate fault location and troubleshooting, and intelligent fault prediction and evaluation. The
mining of alarm association rules can be divided into three
levels: analysis on alarm association in the device within the
profession, analysis on topological alarm association of the
network device within the profession, and analysis on interprofessional topological alarm association of the network
device but their core is mining algorithm for association rules
[3].
The centralized management of information communication network brings about large amounts of alarm data.
A rapid mining analysis on the network alarm association
rules is achieved by the classic Apriori association mining
algorithm and PSO algorithm under the context of big data.
The alarm association relationship can be used to add and
merge the fault alarms, maintain the work order, improve
the centralized monitoring efficiency, and reduce the cost of
network maintenance.
The Apriori is an association rules mining algorithm
based on characteristics of frequent item sets (priori knowledge) whose core concept is a layer-wise iterative search of the
theory of frequent item sets. However, the Apriori algorithm
thought also presents some inevitable problems. For instance,
frequent repeated scans of the information in the sample
database lead to a heavy load on the system I/O; large item
sets lead to a sharp increase in the number of the candidate
frequent item sets and a significant increase in operation time,
and so forth.
Swarm intelligence refers to the macroscopic intelligent group behavior showed by various types of organism
individuals in the nature during survival, collaboration,
and evolution. Application research is conducted for the
swarm intelligence algorithm in optimization solutions of
engineering problems such as economic analysis and forecast,
structural damage positioning and inspecting, command and
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dispatch of communication and transportation, evacuation
route planning, target identifying and tracking, factory site
selection and evaluation, communication network planning,
and route plan preparation [4]. The swarm intelligence
algorithm has such advantages as distributed control, indirect
information transfer, and simple individuals and swarm intelligence. As a classic swarm intelligence algorithm, the particle
swarm optimization also has the above characteristics.
Centralized management of the alarms in the information
communication network is an important part of operation
maintenance of the information communication network.
The alarm correlation directly influences the quantity and
quality of the alarm work orders. An analysis on the
large amounts of alarm data through an efficient algorithm
becomes the critical technical means. The APPSO discussed
in the paper incorporates the Apriori algorithm and swarm
optimization algorithms and applies swarm optimization
algorithms in the information communication field.
Section 2 in the paper elaborates such basic concepts
of faults in the information communication network, network alarms, alarm standardization, and so forth; Section 3
discusses the data characteristics of network alarms, and
the alarm correlation logical relationships within and
between network devices; Section 4 describes achieving quality improvement of the data source of the network alarms by
pre-processing of the network alarm data; Section 5.1 presents
the concepts of support and confidence coefficient and mining analysis process in Apriori algorithm in combination with
examples; Section 5.2 describes the swarm intelligence model
and basic flow of the PSO algorithm; Section 5.3 discusses
the creation of APPSO association rule mining algorithm,
which deducts on the basis of the Apriori and PSO algorithm
characteristics. Besides, combining with the characteristics
of the network alarm data, the section puts forward the
improvement of the performance of the APPSO association
rule mining algorithm by sequencing code, sliding window,
sparse linked list, and nature of the Apriori algorithm.
It conducts a performance test for the algorithm through
the alarm data in the information communication network
from different angles. At the end of the section, an index
evaluation of the alarm association rate is put forward, which
is used for application of the alarm correlation relationship
derived from the APPSO algorithm mining into the actual
network.

2. Concepts Pertinent to Alarms in the
Information Communication Network
Concepts pertinent to the data analysis on the alarms in the
information communication network are defined as follows
[5, 6].
Definition 1. A network fault refers to an event where the
information communication network is not able to operate
normally and efficiently due to some reasons and even no
service can be provided. The reasons causing network faults
can be divided into network device faults, communication
link abnormality, inappropriate operation and maintenance,
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energy power and room environment abnormality, and
network system faults (affecting monitoring instead of the
communication service).
Definition 2. A network alarm is a message triggered during
abnormal operation of communication device and each
alarm message represents its unique running status. No
uniform standard specification is applicable to the network
devices in the whole industry due to the difference in
mechanism and connotation of the alarm messages of devices
of different types from various manufacturers. However, the
standardization can be achieved by specific standardized
fields.
Definition 3. Alarm standardization redefines the level, classification, influence, and so forth, of the full professional
alarms, which achieving the target on achieve mapping definition, normative classification, and centralized management
of professional alarms of different manufacturers.
Definition 4. The alarm standardization fields include profession, manufacturer, device type, alarm title, auxiliary fields
of alarm explanation, manufacturer alarm level, applicable
manufacturer version number, network management alarm
level, network management alarm ID, alarm explanation,
alarm class, alarm logic class, alarm logic subclass, effect of
such an event on the device, effect of such an event on the
service, and standard name of the alarm.
Definition 5. The alarm standardization fields of the network
management system refer to the other alarm standardization
fields of the network management system excluding the alarm
standardization fields, for example, city/county/district, network element name, number of network element board card,
local port information of the alarm, remote port information
of the alarm, occurrence time of the network element alarm,
discovery time of the network management alarm, elimination time of the alarm, and so forth.

3. Data Characteristics and Association Logic
of Network Alarms
The information communication network has such characteristics as complex, hierarchical, and full end-to-end networking. These network elements have certain physical and
logical association, and the independent network element
failure will result in “click alarm, multiclick dissemination”
effect on related network element. However, there is association of occurrence time and logical name between these
alarms. Thus, association, classification, and combination
of such alarms can substantially improve the efficiency of
centralized monitoring [7].
3.1. Data Characteristics of Network Alarms. Information
communication network alarm is characterized by huge data
volume, alarm fluctuation, network communication effect,
accumulative and lagging effects and redundancy of fault
messages, and so forth. The analysis of these characteristics

3
will contribute to mining analysis on rules of association
among alarms.
(1) Huge Data Volume. The number of alarms and faults in
the current network is huge due to such characteristics as
diversification of types of information communication network services, network scale expansion, topological structure
tightness and centralization of network monitoring, and so
forth.
(2) Alarm Fluctuation. From the perspective of monitoring
management, the equipment failure alarms have certain
unpredictability. The crash of critical equipment will cause
the whole network paralysis leading to a sharply increasing
number of alarms inevitably. Similarly, the alarms can be
eliminated if the failures are maintained and handled timely.
For instance, the block of central transmission lines will affect
local lines, lines across cities, and relative network equipment;
thus, all relevant equipment exhibits alarm conditions. If the
central lines are dealt with appropriately, the alarm will be
removed rapidly.
(3) Network Communication Effect. The alarm does not
spread through some concrete networks but relies on the
independent “management network” [8]. Take SDH network
alarm for example, LAN regenerator section LOS alarm →
multiplex section MIS → AIS alarm → remote device MSFERF alarm connected to local devices and AU-AIS alarm →
local HO-VC HP-AIS alarm → local TU-AIS alarm and HPFERF/RDI alarm.
(4) Accumulative and Lagging Effect. The abnormality of
some network equipment would degrade the relative network
quality. If this condition has accumulated to an extent that
exceeds the limits, the connected network equipment would
alarm. Besides, these features may be caused by clock synchronous exception among communication equipment, NM
for manufacturer’s equipment and NM for multidisciplinary
or abnormal network management data.
(5) Redundancy of Fault Messages. Fault points on single panel
would cause the associated devices parts to alarm; and the
failure of network convergence nodes can trigger a largescale network alarm. For example, the failure of MSC server
(mobile switching center) will lead some devices to stay in
an alarm state, such as, MGW (media gateway), BSC (base
station controller), and RNC (radio network controller). And
this phenomenon will lead to a sudden “alarm storm.”
(6) Abundant Property Field. Each alarm corresponds to
some recognized information combination. Different property fields reveal certain relevant logic.
(7) Abnormal Alarm. It can be divided into waste alarm,
ultrashort alarm, and overlength alarm. The waste alarm is
not caused by the filter clear of network access test and device
data in time. The ultrashort alarm points the alarm lasts for
less than one minute. And the overlength alarm refers to the
alarms which are not removed after a long time.
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Figure 1: Association logic of network alarms.

3.2. Association Logic of Network Alarms. The network
association logic can be divided into two levels, that is,
alarm association logic within network device and alarm
association logic among network device as shown in Figure 1.
The alarm logical association on the network equipment
itself is as follows [9]: (1) alarm compressing: taking the
simultaneous multialarm which has the same attributes
(adjacent cells, same network element or light path, etc.)
into an alarm; (2) filtering mechanism: alarm which does
not conform to the attribute association will be deleted; (3)
calculating accumulatively: a number of concurrent alarms
will be converted to an alarm with new name; (4) suppressing
shielding: low priority alarms will be suppressed when they
are of high priority to be generated; (5) boolean operation:
making a group of alarms in conformity with some rules of
Boolean operation into an alarm; (6) generalization: network
element is to be a more general alarm; (7) specialization:
the more detailed alarm information will replace network
element alarms; (8) temporal relation: the different alarms are
to be generated as per certain time sequence.
Alarm association among groups of network equipment is
as follows: (1) derivative association: the network equipment
alarms are divided into root alarm and derivative alarm;
(2) topological association: the network equipment alarm
contains home terminal alarm and opposite end; (3) timing
association: the same fault point generates alarms with
the same time trigger characteristic; (4) causal association:
Occurrence of Alarm A causes Alarm B, that is, element
management system has been out of management as a result
of optical cable break; (5) link association: convergence line

fault will trigger the network equipment alarm on the entire
path and send unification orders.

4. Preprocessing of Network Alarm Data
The transmission network device alarm data is used as
the analytical data for association rules for the information
communication network alarms and the link of data preprocessing is as follows (Figure 2).
(1) Data Extraction. All transmission alarms within a specific
time interval are extracted through the network management system (including engineering cutover and device
alarms arising from network adjustment) and the data fields
extracted include alarm standardization field and network
system alarm standardization field.
(2) Data Cleaning. Special data affecting the algorithm analysis quality is cleaned from the alarm data extracted and such
data includes
A abnormal data: junk alarm, ultrashort alarm, ultralong alarm, and abnormal and special alarm data,
B incomplete data: alarm data with a null alarm
determinant attribute field,
C erroneous data: alarm data with a large difference
between the time field of the network management
alarm and the time field of the device alarm due to
time synchronization abnormality,
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Figure 2: Preprocessing of network alarm data.

D duplicated data: duplicated alarm data due to
merging or removing flashes.

(3) Data Screening. A Interference data: screen and reject
the interference alarm data, for example, uncorrelated alarms
(alarms such as access control enabling and mismatching of
the main and standby sing board versions) in a number of
signal alarms (alarms such as signal degradation indication
and output signal loss) are rejected. During screening, the
duplicated alarms should not be deleted blindly and they
should be analyzed and discriminated based on the actual
fault conditions considering that the duplicated alarms may
be caused by different faults during different periods [10].
B Alarm information standardization field: main information fields are screened from the standardization fields of
the network management alarms and alarm standardization
fields for subsequent mining of association rules. These
information fields are set as two classes: division class and
weight class. The alarm information fields of division class
are mainly used to describe attribution relation and attribute
parameters of alarms. The alarm information fields of weight
class are mainly used to describe importance difference and
influence and assign differentiated weight to the data of the
association rule mining algorithm.
(4) Data Integration. The alarm processed in the above link
and its corresponding information standardization fields are
resorted out eventually and generate network alarm data
sources with high information amount.

5. Mining Algorithm for Association Rules for
the Network Alarm Data
The Apriori algorithm has been widely used by researchers
as a classic mining algorithm for association rules. While
the swarm intelligence algorithm has been studied deeply
and applied in various fields due to its characteristics such
as distributed control, low communication overhead, simple
behavior rule, and strong self-organization. The APPSO

algorithm is exactly an efficient algorithm for it incorporates
the above two algorithm thoughts and combines with the data
characteristics of the alarms in the information communication network.
5.1. Example Analysis for Apriori Algorithm. On the ICDM
(IEEE International Conference on Data Mining) held in
December 2006, the top ten classical algorithms were selected
from the 18 candidate algorithms after three links of nomination, review, and voting, that is, C4.5 (classification), KMeams (statistical learning), SVM (statistical learning), Apriori (association analysis), EM (statistical learning), PageRank
(link mining), AdaBoost (bagging and boosting), kNN (classification), Naive Bayes (classification), and CART (classification). The Apriori algorithm formulated by Wu and Vipin in
2009 ranks fourth among the ten top classical algorithms for
data mining, which also sufficiently shows its importance in
data mining algorithm [11].
The association rules mining algorithm exactly obtains
the association relationship among terms from data sets
through mathematical logic. The market basket analysis
sufficiently embodies the industrial application value of
the association rules mining algorithm. The Apriori is an
association rules mining algorithm based on characteristics
of frequent item sets (a priori knowledge) whose core concept
is a layer-wise iterative search of the theory of frequent item
sets.
In combination with the examples of fault alarms of
the information communication network, the application of
concept and flow of the Apriori algorithm are discussed as
follows.
5.1.1. Concept of the Apriori Algorithm
(1) All item sets: all alarm item sets of the examples, that
is, Alarm1–Alarm5,
(2) item set: concurrent item combination, for example,
{Alarm1, Alarm2}, {Alarm2, Alarm3, Alarm4},
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(3) support: describes universality and frequency of association rules and the association rule of high support
reflects that it may be applicable to most events of the
data sets,
(4) support count: the number of alarm affairs contained
in a group of item sets,
(5) confidence: describes reliability and accuracy of the
association rules, that is, probability of Alarm2 occurrence on the premise of Alarm1 occurrence (conditional probability).

As for the mining association rules of the Apriori algorithm, high support and low confidence of the association
rule indicate the reliability of the association rule is poor; low
support and high confidence of the association rule indicate
the applicability of the association rule is poor. Minimum
support count and minimum confidence are set manually
by users. An association rule is deemed to be concerned
if it satisfies both parameters above [12]. The matching
relation between the support and the confidence should be
set rationally in combination with the value demand for
industrial rules in practical application.
The generation process of association rules is also the process where joining, pruning, and enumerating are performed
through support and confidence. The association rules are not
able to be applied directly through the algorithm; besides, the
application value requires analyzing and screening by experts.
5.1.2. Flow of the Apriori Algorithm. The flow the Apriori
algorithm can be reduced to the following steps [13]: (1)
analysing the frequent item sets, that is, obtaining all item
sets no less than the preset minimum support count from
the iteration of the full database (joining, pruning, and
enumerating); (2) obtaining the strong association rules, that
is, extracting the association rules from the frequent item sets
based on the minimum support and minimum confidence. In
combination with instances, the analysis and explanation are
presented in Table 1.
Table 1 shows the corresponding alarm items generated
on the network device when the information network fails.
The network fault events are successively defined as Fault 1–
Fault 5. The alarm item class corresponding to each fault is
defined as Alarm1–Alarm5 (reduced to A1–A5). The network
faults arising from different reasons will generate different
combinations of alarm item classes (Table 1).
(1) All alarm item sets are scanned and the support of each
alarm item is calculated in Table 2.
(2) The minimum support count is 2 and the candidate
item set C1 will form after screening (eliminating A5) of the
alarm item combinations in L1 (see Table 3).
(3) All alarm item sets are scanned again to form the
support calculation L2 based on the candidate item set C1 (see
Table 4).
(4) The minimum support count is 2 and the candidate
item set C2 will form after screening (eliminating {A1, A4}
and {A3, A4}) of the alarm item combinations in L2 (see
Table 5).

Table 1: Fault alarms of information communication network.
Network fault event (fault ID)
Fault 1
Fault 2
Fault 3
Fault 4
Fault 5

Alarm item sets (alarm items)
A1, A2, A3, A5
A2, A4
A2, A3
A1, A2, A3, A4
A1, A3

Table 2: Calculation of support of all alarm item sets L1.
Alarm item
A1
A2
A3
A4
A5

Support count
3
4
4
2
1
Table 3: Support of alarm item sets C1.

Alarm item
A1
A2
A3
A4

Support count
3
4
4
2
Table 4: Support of alarm item sets L2.

Alarm item
{A1, A2}
{A1, A3}
{A1, A4}
{A2, A3}
{A2, A4}
{A3, A4}

Support count
2
3
1
3
2
1
Table 5: Support of Alarm Item Sets C2.

Alarm item
{A1, A2}
{A1, A3}
{A2, A3}
{A2, A4}

Support count
2
3
3
2
Table 6: Support of alarm item sets L3.

Alarm item
{A1, A2, A3}
{A1, A2, A4}∗
{A1, A3, A4}∗
{A2, A3, A4}∗

Support count
2
1
1
1

(5) All alarm item sets are scanned again to form the
support calculation L3 based on the candidate item set C2
(see Table 6). Based on the nature of the Apriori algorithm
(all subsets of the item sets are frequent necessarily), {A1, A4}
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and {A3, A4} are not frequent item sets. Thus, {A1, A2, A4}∗ ,
{A1, A3, A4}∗ , and {A2, A3, A4}∗ in Table 6 are not frequent
item sets and can be excluded directly.
(6) The minimum support count is 2 and the final item set
C3 will form after screening of the alarm item combinations
in L2 (see Table 7).
The nonvoid proper subsets of {A1, A2, A3} include
{A1, A2}, {A1, A3}, {A2, A3}, {A1}, {A2} and {A3}, and it can
be inferred that the confidence coefficients are as presented
in Table 8.
They meet the confidence coefficient confidence = 60%
and the association rules are obtained {A1, A2} → A3,
{A1, A3} → A2, {A2, A3} → A1, A1 → {A2, A3}; that
is, Alarm3 will necessarily appear when Alarm1 and Alarm2
occur concurrently; the probability of concurrent occurrence
of Alarm2 and Alarm3 is 67% when Alarm1 occurs; the rules
for others are similar.
Based on the thinking of the Apriori algorithm flow
above, the characteristics are as follows.
(1) Advantages: the algorithmic logic is clear without
any complex mathematical derivation process with the dual
parameter values of the support and confidence coefficient as
the interest indicator for weighing the association rules.
(2) Disadvantages: frequent repeated scans of the information in the sample database lead to a heavy load on the
system I/O; the number of the candidate frequent item sets
increases sharply and the operation time increases significantly when the item sets are large; the attribute difference
and importance of the set elements is ignored and highvalue information is lost when the support and confidence
coefficient serve as the sole criterion for weighing the item
sets; the single-dimensional Boolean type association rules
mining mode is used and multidimensional, multilevel, and
numeric type association rules need to be improved.
In response to disadvantages of the Apriori algorithm,
researchers compress the database samples by random sampling, formulate hash functions to the size of the candidate
item set, reduce the number of scanning of the database by
the method of dynamic item set counting, quickly establish
frequent item sets utilizing the relation of “local-overall,”
optimize the event database to reduce the quantity of the item
sets in combination with the nature of the Apriori algorithm,
use parallel computation, and so forth [14–16].
Based on the Apriori algorithm thought, Han et al., a
professor from Simon Fraser University, adopted a partition
search method combining expanded prefix tree data structure
and branch-like local growth, that is, FP-growth (frequent
pattern-growth) algorithm in 2000 [17], which avoids the
problem of repeating an ergodic database in the Apriori
algorithm and substantially improves the mining efficiency
of association rules.
5.2. Particle Swarm Intelligence Algorithm. The adaptivity and
high-efficiency characteristics of group system consisting of
the natural ecosystem and various kinds of organisms in
response to complex problems (e.g., community cooperation,
biological evolution, immune system, nerve conduction, etc.)
provide new research directions and application schemes
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Table 7: Final item set of alarm item sets C3.
Alarm item
{A1, A2, A3}

Support count
2

for complex scientific problems, for example, ant colony
algorithm, bat algorithm, bee algorithm, firefly algorithm,
cuckoo search algorithm, particle swarm optimization algorithm, and so forth [18]. In 1987, the zoologist Reynolds
simulated the process of aggregating and flying of bird flock
self-organization by establishing flight rules for individuals of
the bird flock, that is, collision avoidance, velocity matching,
and flock centering [19]. In 1995, Kennedy and Eberhart
analysed the process of aggregating, scattering, and migrating
of birds; that is, when a bird flock searches for specific food
in a certain unknown area at random, all individuals of the
bird flock do not known their locations but they know the
distance between their locations and the food. The simplest
and efficient strategy is to search for the peripheral region
of the bird closest to the food [20]. The whole foraging
process achieved information sharing and competitive collaboration among individuals of the low-intelligence bird
flock. In addition, the process embodies the value of the group
intelligence evolving from unordered to ordered in obtaining
the optimum solution. Kennedy considered the individuals of
the birds as single particles and proposed the particle swarm
optimization (PSO). The whole process follows the principles
of environmental stimulus evaluation, adjacent individuals
comparison, and learning adjacent advanced individual [21].
The PSO algorithm first initializes the particle swarm;
that is, random location and velocity are assigned to the
particle swarm in the feasible solution space. Each particle is a
feasible solution in the optimization problem. A fitness value
is determined by an optimization function; then, each particle
will move in the solution space and the particle velocity
will determine its motion direction and distance. Usually,
particles approximate the current optimal particle until the
optimal solution by means of iteration and each particle
will approximate two optimal solutions during iteration, that
is, particle optimum solution (POS) and global optimum
solution (GOS).
5.2.1. Fundamental Principles of PSO. Assume a 𝑑-dimensional target search space, there is a group of particle swarms
consisting of 𝑚 particles with potential problem solution
⇀




𝑥 2 , . . . ,⇀
𝑥 𝑚 }, among which 𝑋𝑖 = (𝑥𝑖1 ,
𝑆, 𝑠 = {⇀
𝑥 1 ,⇀
𝑥𝑖2 , . . . , 𝑥𝑖𝑑 ), 𝑖 = 1, 2, . . . , 𝑚 indicates a vector point of 𝑖th

in the 𝑑-dimensional solving space; ⇀
𝑥 𝑖 is substituted into
the objective function pertinent to solving problem and the
⇀

matched fitness value can be obtained. 𝑃 𝑖 = (𝑝𝑖1 , 𝑝𝑖2 , . . . , 𝑝𝑖𝑑 )
is used and 𝑖 = 1, 2, . . . , 𝑚 indicates the optimum value
point of the 𝑖th particle obtained by self-search (the optimum
value means that its corresponding fitness value is the minimum); in the particle swarm 𝑆, there is an overall optimum
⇀

particle, which is calculated as 𝐺 𝑖 = (𝑔𝑖1 , 𝑔𝑖2 , . . . , 𝑔𝑖𝑑 ),
𝑖 = 1, 2, . . . , 𝑚; each particle also has a velocity variable
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Table 8: Calculation of confidence coefficient of C3 alarm item set.

Logical relationship among alarms
{A1, A2} → A3
{A1, A3} → A2
{A2, A3} → A1
A1 → {A2, A3}
A2 → {A1, A3}
A3 → {A1, A2}

Analytical calculation of confidence coefficient
Confidence = 2/2 = 100%
Confidence = 2/3 ≈ 67%
Confidence = 2/3 ≈ 67%
Confidence = 2/3 ≈ 67%
Confidence = 2/4 = 50%
Confidence = 2/4 = 50%
⇀

⇀

Pi

⇀k

Pi

⇀

Xi

Gi

⇀

⇀k

Xi

Gi
⇀ k+1

Xi
⇀

⇀

Vi

Vi

Figure 3: Particle migration of PSO.

⇀

𝑉 𝑖 = (V𝑖1 , V𝑖2 , . . . , V𝑖𝑑 ), 𝑖 = 1, 2, . . . , 𝑚 indicating the velocity
of the 𝑖th particle.
In the PSO algorithm, the following formulae are used for
recursive calculation of particle movement:
𝑘
⇀
𝑘 ⇀
𝑘
⇀
𝑘 ⇀
𝑘
⇀
 𝑘+1 ⇀
𝑉 𝑖 = 𝑉 𝑖 + 𝑐1 ∗ 𝑟1 ∗ ( 𝑃 𝑖 − 𝑋𝑖 ) + 𝑐2 ∗ 𝑟2 ∗ ( 𝐺 𝑖 − 𝑋𝑖 ) ,
(1a)
⇀
 𝑘+1 ⇀
𝑘 ⇀
 𝑘+1
𝑋𝑖 = 𝑋𝑖 + 𝑉 𝑖 ,

(1b)

where the particle number is 𝑖 = 1, 2, . . . , 𝑚; 𝑘 is the number
of iterations; learning factors 𝑐1 and 𝑐2 are positive constants
to which 2 is usually assigned; 𝑟1 and 𝑟2 are random numbers
distributed between [0, 1]. In order to maintain the values of
⇀
𝑘
⇀

⇀

⇀
𝑘
𝑉 𝑖 and 𝑋𝑖 within a reasonable regional range 𝑉 max and 𝑋max
should be set rationally.
Formula (1a) encompasses three facets of information
⇀
 𝑘+1
when calculating the new velocity 𝑉 𝑖 of the particle 𝑖: firstly,
⇀
𝑘
velocity 𝑉 𝑖 is the speed of the particle 𝑖 at the previous
moment, secondly, information on distance between the
current position of the particle 𝑖 and the optimum position
of the individual particle, and thirdly, the information on the
current position of the particle 𝑖 and the optimum position
of the overall particle swarm. Formula (1a) is deployed to
calculate the new position coordinates of particles. Formula
(1a) and formula (1b) jointly determine the next motion
position of the particle 𝑖. Taking a two-dimensional space as
an example, Figure 3 describes the process where a particle
moves from its initial position to its new position based on
formula (1a) and formula (1b).
From the social dynamics, an analysis is conducted: the
first part of formula (1a) is the memory term reflecting
the velocity vector of particle in the previous step; the

second part is self-recognition term, a vector pointing to
the optimum point of the particle from the current point,
reflecting self-learning judgment of the particle under the
effect of ambient particle swarm; the third part is the grouprecognition term, a vector pointing to the optimum point of
the overall particle swarm from the current point, reflecting
experience sharing and collaboration among particles. The
process reflects the basic learning development rules for
biotic communities in the nature, that is, the process where
companion knowledge learning and self-cognitive decisionmaking are integrating under constant action of external
environmental information.
5.3. Optimization Algorithm for Mining of Particle Swarm
Association Rules. Based on an analysis of the flow for the
Apriori algorithm and particle swarm optimization, it has
been discovered that the process of searching for the frequent
items in the Apriori algorithm is actually a global search
process while the particle swarm optimization is an algorithm
finding the optimal global solution with excellent optimal
performance. Therefore, the global optimum characteristic of
the Apriori algorithm and the high efficiency of seeking the
global optimal solution of the particle swarm optimization
are needed for combing to achieve the optimization algorithm for association rules mining-APPSO algorithm.
5.3.1. Basic Flow of the APPSO Algorithm. The Apriori algorithm includes two stages and its overall performance is
primarily determined by the first link, which aims at finding
all frequent item sets meeting the minimum support in the
database; the second link refers to finding the association
rules meeting the minimum confidence coefficient from the
frequent item sets.
Create three particle swarms in APPSO algorithm (see
Figure 4), that is, the sample particle swarm, the candidate
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Figure 4: Basic flow of the APPSO algorithm.
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particle swarm, and the rule particle swarm. The sample
particle swarms are entity particle swarms; taking fourdimensional alarm data as an example, the sample particles
are (A1, A3, A2), (A1, A2, A4); the candidate particle swarm
and the rule particle swarm are logical particle swarms, for
example, (1110) and (1101). The eligibility of the particles
in the candidate particle swarm for candidate particles is
determined by calculating and determining whether the
particles in the sample particle swarm satisfy the minimum
support. The particles in the candidate particle swarm and
the rule particle swarm are judged logically to generate preliminary association rule. The association rules will be output
if each preliminary association rule satisfies the minimum
confidence; otherwise they will be discarded. The creating
process is as follows.
(i) Sample particle swarm: the alarm data source is
partitioned to create sample particle swarm A (SPS-A for
short) by sliding the time window. For instance, after the
number 𝑁 time window capturing the natural time, the alarm
sequence is shown in A1, A3, and A4; namely, the particle is
A1, A3, and A4.
(ii) Candidate particle swarm: B particle swarm is created
randomly in the APPSO algorithm (corresponding to the
first link in the Apriori algorithm) such that each particle of
the candidate particle swarm represents a certain candidate
item set and all candidate particles of the whole candidate
particle swarm represent a collection of all existing different
candidate item sets. The support of the item set represented
by each candidate particle is calculated to judge whether
it meets the minimum support count value (calculation
method, see Section 5.1.2). Such a particle swarm is referred
to as candidate particle swarm B (Particle swarm CPS-B).
It is assumed that there are 4 types of alarms in the alarm
database and they are Alarm A1, A2, A3, and A4, respectively.
Each alarm is expressed with 0 or 1. 0 indicates that the alarm
is not in the candidate particle currently while 1 indicates that
the alarm is in the candidate particle currently. It is assumed
that the value of a candidate particle is 1100; that is, Alarm
A3 and Alarm A4 are not in the candidate particle and the
particle represents a 2-item set consisting of A1 and A2. If
the 2-item set meets the minimum support count value for
sample particle swarm, the certain candidate particle would
be reserved or removed conversely.
(iii) Rule particle swarm: in the APPSO algorithm, a
particle swarm is randomly created (corresponding to the
second link in the Apriori algorithm) such that each particle
of the particle swarm represents a potential association rule.
The length of each particle is equal to the length of each
particle in the candidate particle swarm. Each alarm is
expressed with 0 or 1. 1 indicates the corresponding alarm is
the antecedent of the association rule while 0 indicates that
the corresponding alarm is the consequent of the association
rule. Such a particle swarm is referred to as rule particle
swarm C (RPS-C).
Assume the value of a certain particle 𝑏 in particle swarm
C is 111000 and then the rule represented is (A1, A2, A3) ⇒
(A4, A5, A6).
After creating of candidate particle swarm B and rule
particle swarm C, the operational method for the two particle
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swarms is as follows (particle 𝑎 belongs to candidate particle
swarm B and particle 𝑏 belongs to rule particle swarm C).
The logic operation of “and” is performed for each particle
of candidate particle swarm B and each particle of rule
particle swarm C and the operational result is used to estimate
the relation between the antecedent and consequent of the
rule. For example, 𝑎 = 110011, 𝑏 = 111000, and 𝑎 ∩ 𝑏 =
111000 indicate that Alarm A3 and Alarm A4 are not in the
association rules. The field value of A2 and A2 is 1 and the field
value of A4 and A6 is 0. We can obtain that the association
rule represented by 𝑎 and 𝑏 is (A1, A2) ⇒ (A5, A6).
5.3.2. APPSO Algorithm Optimization Link. During mining
of association rules based on swarm intelligence, the particle
ergodic method is usually used to obtain the support of the
item set represented by the particle. The particle support
obtained by scanning the whole database is accurate in
result. However, some shortcomings exist; that is, the actual
analysis efficiency is low and no data source characteristics
and basic algorithm characteristics are combined. Therefore,
data source sequencing coding and sliding window value
assignment are used based on the data characteristics of the
network alarms; the sparse linked list algorithm is deployed
to calculate the support of the item set.
(1) Sequencing Code. As alarm names are usually described
with English character string or digit combined number, such
an identification method would bring about a large amount
of combined data (e.g. MPLS TUNNEL MISMERGE and
007-061-00-800446) resolution consumption to data processing and analysing. Therefore, we employ the method
by sequencing codes to reduce resolution consumption, in
which all alarm names or network management alarm IDs are
sequenced on the basis of the sequence of letters and figures.
It targets on avoiding two or more integral values being
assigned to the same alarm subsequently (Figure 5); differentiated values are assigned on the basis of data sequence.
(2) Sliding Window. Due to the combination of time-type data
and relationship type in alarms, the time-type alarm data
is sequenced on the basis of time length, the size of sliding
time window, and sliding step length, and the relationship
type alarm data is converted and combined into different
transactional data item sets.
(3) Sparse Linked List. Compared with the overall alarm
database after division, each of the alarm data item sets only
contains partial alarm data types. The efficiency of database
scanning by the APPSO algorithm is further improved
using the thought of sparse linked list based on the data
characteristics. The algorithm process is as follows.
A linked list header is created for each item of the whole
database. For example, if there are 200 alarm code integer data
types, consisting in 10,000 item sets, 200 linked list headers
will be created and the integral value of each item is the
number of its corresponding linked list.
The item sets are scanned in sequence and the items of
each item set are added to the end of the corresponding linked
list. For example, If the 𝑛th item set in the database is (50, 108,
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Figure 6: Examples of sparse linked list.

17), then the 𝑛th item set is added to the end of the linked list
50 and the end of the linked list 108, and so forth. 200 linked
lists are created finally, that is, sparse linked list. The number
of the alarm code integers saved in each linked list is much
less than the 10000 item sets of the whole database (Figure 6).
(4) Calculation of the Particle Support Based on the Sparse
Linked List. Take the 𝑛th item set in the database (50, 108, 17)
and 200 linked list headers as examples (Figure 7).
Starting with the linked list 50, it is assumed to be
containing the item “50” through searching the 64th item
set. Similarly, the linked lists 108 and 17 correspond to 88
and 24, respectively; that is, all item sets before the 88th item
set do not contain the corresponding item of the particle.
After searching in the 88th item set, 1 will be added to the
particle support if it contains (50, 108, 17) (Step 1), otherwise,
continually searching in the linked list (50, 108, 17) in order to
find the next data, respectively. Assume that they correspond
to 121, 90, and 65, respectively, and directly search in the 121st
item set. 1 will be added to the particle support if it contains
(50, 108, 17) (Step 2); otherwise, continue to search in the
linked list (50, 108, 17) and find the next data. Suppose that
they correspond to 121, 184, and 121, respectively, and directly
search in the 184th item set. 1 will be added to the particle
support if it contains (50, 108, 17) (Step 3); otherwise, keep on
searching. The overall linked list would finish searching when
50 has been sorted out in (50, 108, 17) (Step 4).
(5) Nature of the Apriori Algorithm. Based on the nature of
the Apriori algorithm: “the subset of the known frequent item
set 𝑘 is also frequent;” the nature is used to optimize the

search rule for the particle swarm; that is, all subsets of the
particle are also frequent if the corresponding candidate item
set of a certain particle is a frequent item set. For example,
if the particle 𝑎 (110011) belongs to a frequent item set, then
any subset of the value of 𝑎, such as 110000, 000011, 100001,
010010, 100010, and 010001, are frequent and these subsets are
directly incorporated into candidate particle swarm A as new
particles.
In conclusion, the main principle of the APPSO algorithm
is to estimate whether each particle in candidate particle
swarm A (CPS-A) is frequent or not. The subset of the particle
will be added to A if the particle is frequent. Then the logical
operation of “and” is performed for the particle and each
particle of rule particle swarm B (RPS-B) to judge whether
the corresponding rule of the result obtained is an association
rule meeting the conditions or not. In accordance with a
certain sequence, A and B are constantly updated until all
iterative processes terminate.
5.3.3. APPSO Algorithm Test. A comparison test is conducted
on the test platform with the APPSO algorithm and Apriori
algorithm (hardware: CPU Intel, Core i5 3.3 GHz, 8 G RAM,
1 T hard disk, software: operating system window7, development platform Qt4.7.0, single-thread development). The
alarm data (21084 pieces) of the network management system
PTN device is extracted at random as the data. The data is
generated into item sets with 5-seconds (5 s) time window
and the data set containing only a single item (1-item sets)
is rejected. Finally, 4753 item sets in total are obtained. The
scales of candidate particle swarm and the rule particle swarm
are identical.
(i) Test 1: relation between the support and number
of association rules: the scale of the particle swarm is 40,
number of iterations is 100, and confidence coefficient is 30%.
Analysis on Test 1: Apriori algorithm is a global search
algorithm. Therefore, the number of the association rules
mined by the APPSO algorithm is less than the number of
the association rules mined by the Apriori algorithm. More
than 60% of the main association rules is obtained with the
APPSO algorithm as shown in Figure 8.
(ii) Test 2: relation between the confidence coefficient and
number of association rules: the scale of the particle swarm is
40, number of iterations is 100, and confidence coefficient is
5%.
Analysis on Test 2: under the condition of a constant
number of iterations and minimum support, the number
of alarms obtained by the two algorithms will necessarily
decrease with increasing of confidence coefficient index;
compared with the Apriori algorithm, when the confidence
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coefficient value is within the discrete interval [30%, 60%],
the number of the association rules obtained with the APPSO
algorithm accounts for approximately 80% as shown in
Figure 9.
(iii) Test 3: relation between the scale of the particle
swarm and the number of association rules: the number of
iterations is 100, the minimum support is 5%, and confidence
coefficient is 30%.
Analysis on Test 3: under the condition of a constant
number of iterations, minimum support, and confidence
coefficient, the larger the particle swarm is, the more the
number of the association rules will be. The number of
the association rules will approach the number of the rules
obtained by the global search of the Apriori algorithm as
shown in Figure 10.
(iv) Test 4: relation between the number of iterations
and operation time: the scale of the particle swarm is 40,
minimum support is 5%, and the confidence coefficient is
30%.
Analysis on Test 4: under the condition of a constant
particle swarm scale, minimum support, and confidence
coefficient, the time for the APPSO algorithm is prolonged

Figure 9: Relation between the confidence coefficient and number
of association rules.

Number of association rules

Figure 8: Relation between the support and number of association
rules.
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Figure 10: Relation between the scale of the particle swarm and the
number of association rules.

with increase of the number of iterations but the number of
association rules obtained significantly increases; compared
with the Apriori algorithm, the efficiency of the APPSO
algorithm significantly increases; for example, the number
of iterations is 120, the time for the APPSO algorithm only
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Table 9: Distribution of training data sets.
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Table 10: Distribution of test data sets.
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Table 11: Statistics on association rate of test data.
Minimum support count
0.01
0.01
0.01
Minimum confidence
0.01
0.05
0.09
Number of rules from training data sets
185
149
154
Alarm association rate from test data sets 81.23% 81.21% 81.22%

accounts for 17% of the time for the Apriori algorithm yet the
number of the rules obtained accounts for 88% of the total
number of rules as shown in Figure 11.
On the premise of desired demand for the number of
rules, the APPSO algorithm is able to control the operational

Alarm association rate = (

precision and decrease the computation time and memory consumption by reasonably setting the particle swarm
parameters.
(v) Engineering test: the network alarm data over the four
of the 8 consecutive weeks is used as ”training data.” The
alarm association rules are mined by the APPSO algorithm
and the data over the other 4 weeks is used as “test data”
to calculate the alarm correlation rate. Specific method: all
alarms are intercepted as per the fixed flow time window and
all of the non-1-item sets are included in the calculation of the
alarm correlation rate (the 1-item sets themselves do not have
a correlation relationship). The algorithm is as follows:

number of non-1-item sets meeting the association rules
) × 100%.
number of all non-1-item sets

For example, the alarm sequence is (A1, A2, A3, A1, A4,
A2, A3, A4, A4, A2), and becomes {A1, A2}, {A3}, {A1, A4,
A2}, {A3, A4}, {A4, A2} after being intercepted in accordance
with the fixed flow time window, among which the non-1item sets involving in the calculation of the alarm correlation
rate are {A1, A2}, {A1, A4, A2}, {A3, A4}, and {A4, A2}. The
association rate of the alarm data is 50% if the association rule
is A1 → A2.
Analysis on engineering test: The alarm association rules
obtained through the training data over the first 4 weeks is
applied in the test data over the last 4 weeks. The training
data over the first 4 weeks contains the equipment types, BSC,
BTS, CELL, and 516271 alarms, of which the alarm types are
131. The time window is set to 2 s and the sliding step length to
1 s; the test data over the last 4 weeks contains the equipment
types, BSC, BTS, CELL, and 39470 alarms, of which the alarm
types are 89. In combination with the requirements for actual

(1c)

conditions of the engineering operating environment, the
time window is set to 3 s. 10420 non-1-item sets are obtained
after interception of data.
From Tables 9, 10, and 11 it is obtained that all of the alarm
association rates are higher than 80%. The APPSO association
mining algorithm provides an effective analytic method for
the alarm association analysis.

6. Conclusion
The association rules for the alarm data in the information
communication network should be analysed in conjunction
with the data characteristics to perform a design specifically
to achieve a corresponding algorithm flow. Compared with
the Apriori algorithm, the mining efficiency of the APPSO
algorithm is significantly enhanced but a small number of
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Figure 11: Relation between the number of iterations and operation
time.

association rules are lost to some extent due to the characteristics of the PSO algorithm. The value of the association
rules lies in quick acquisition and subsequent high-value
evaluation of association logic instead of sole acquisition
of all association rules. From this perspective, the APPSO
algorithm improves in both mining efficiency and algorithm
concept.
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This paper introduces a new hybrid functional-neural approach for surface reconstruction. Our approach is based on the
combination of two powerful artificial intelligence paradigms: on one hand, we apply the popular Kohonen neural network to
address the data parameterization problem. On the other hand, we introduce a new functional network, called NURBS functional
network, whose topology is aimed at reproducing faithfully the functional structure of the NURBS surfaces. These neural and
functional networks are applied in an iterative fashion for further surface refinement. The hybridization of these two networks
provides us with a powerful computational approach to obtain a NURBS fitting surface to a set of irregularly sampled noisy data
points within a prescribed error threshold. The method has been applied to two illustrative examples. The experimental results
confirm the good performance of our approach.

1. Introduction
Manufacturing industries are constantly evolving in response
to the new challenges of the globalization and the growing competition in this global market. Product design is
playing a central role in this process, as current customers
are increasingly demanding a mass customization of the
products. As a result, the geometric and aesthetic properties
of the manufactured goods (shape, color, and dimensions)
have to be modified frequently in order to meet the new
market demands.
A major step in this process is the generation of real prototypes with different materials to explore and analyze their
geometric properties and the feedback of potential customers
when exposed to different variations of the final product.
Prototype generation and customization can be dramatically
improved by using digital technologies, in which the physical
model is digitized, stored, and manipulated by computer,
a process called reverse engineering [1, 2]. Typically, this
process begins with data sampling by using 3D laser scanning
and other digitizing devices. This technology is intensively
used for the construction of car bodies, ship hulls, airplane
fuselage, and other free-form objects [2–7]. The resulting data

points are then fitted to mathematical entities such as curves
and surfaces, usually in parametric form. The output is a very
accurate digital version of the real product, which is also
simpler and easier to store, analyze, and manipulate. It also
simplifies the transfer and communication processes among
designers, manufacturers, and providers, making the model
available in just a few seconds all over the world, a key aspect
in our ubiquitously connected information society era.
In this paper, we are interested in one of the most
critical steps of this process, namely, the construction of
surfaces of the real objects from sets of digitized data points,
a field usually called surface reconstruction. The preferred
mathematical models for design and manufacturing are the
free-form parametric surfaces [3, 8–16], because they are very
flexible and can be readily modified by changing a small set
of parameters. In this paper, we use NURBS surfaces, the
most powerful (and most difficult to deal with) free-form
parametric surfaces, which have become the standard for
CAD/CAM data representation in industrial settings and in
many other fields, from digital effects for movies in computer
animation and advertisements to the design of characters in
computer graphics and video games. In reverse engineering
applications, data points are usually acquired through laser
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scanning and other digitizing devices and are, therefore,
subjected to measurement noise, irregular sampling, and
other artifacts [6, 7]. Consequently, a good fitting of data
should be generally based on approximation schemes rather
than interpolation [1, 13, 14, 17–19]. Because this is the typical
case in many real-world industrial problems, in this paper we
focus on the approximation scheme to a given set of noisy,
irregularly sampled data points.
Obtaining the best approximating surface in such cases is
much more troublesome than it may seem at first sight. The
main reasons are as follows.
(i) The NURBS surfaces depend on many different
parameters (data parameters, knots, control points,
and weights) that are strongly interconnected with
each other, leading to a strongly nonlinear continuous
optimization problem.
(ii) It is also multivariate, as it typically involves a large
number of unknown variables for a large number of
data points, a case that happens very often in realworld examples.
(iii) In addition, it is also overdetermined, because we
expect to obtain the approximating surface with many
fewer parameters than the number of data points.
(iv) Finally, the problem is known to be multimodal; that
is, the least-squares objective function can exhibit
many local optima [20, 21], meaning that the problem
might have several (global and/or local) good solutions.
In conclusion, we have to solve a very difficult multimodal, multivariate, high-dimensional continuous nonlinear
optimization problem. A number of methods have been
proposed to solve this problem (see Section 2 for details).
Among them, those based on artificial intelligence techniques
have received increasing attention during the last few years.
Most of such methods rely on the artificial neural networks
(ANN) formalism [22]. Since ANN methodology is actually
inspired by the behavior of the human brain, it is able to
reproduce some of its most typical features, such as the ability
to learn from data. This explains why they have been so widely
applied to data fitting problems.
Although they are very popular, the ANN are however
limited in many aspects. A major drawback is their inability
to reproduce mathematically the functional structure of a
given problem. This limitation can be overcome with the
use of a new paradigm in artificial intelligence, the socalled functional networks (FN) (see Section 4 for details).
In short, functional networks are a generalization of the
standard neural networks in which the scalar weights are
replaced by neural functions. These neural functions can
exhibit, in general, a multivariate character. Furthermore,
different neurons can be associated with neural functions
from different families of functions. These FN features allow
us to reproduce exactly the functional structure of the
problem by a careful choice of the functions involved, which
can hereby be associated with one or several neurons of the
network. This procedure yields a functional structure that is

typically a replica of the underlying structure of the given
problem.
1.1. Aims and Structure of the Paper. In this paper, we propose
a hybrid artificial intelligence approach to solve the surface
reconstruction problem. Our approach is based on the combination of two powerful artificial intelligence paradigms: on
one hand, we apply the popular Kohonen neural network
to address the data parameterization problem. On the other
hand, we take advantage of the remarkable properties mentioned in previous paragraph by introducing a new functional
network, called NURBS functional network, whose topology
is specially targeted to reproduce the functional structure of
the NURBS surfaces. These neural and functional networks
are then applied iteratively for further surface refinement.
As it will be shown later on, the hybridization of these
two networks provides us with a powerful computational
approach to solve the surface reconstruction problem. To
check the performance of our approach, it has been applied to
two illustrative examples. Our experimental results show that
the method performs very well, being able to reconstruct the
approximating surface of the given set of data points with a
high degree of accuracy.
The structure of this paper is as follows: in Section 2,
previous work regarding the surface reconstruction problem is reported. Then, some basic concepts about NURBS
surfaces and the optimization problem to be solved are
given in Section 3. Section 4 describes the fundamentals of
the functional networks along with their main components
and the differences between neural and functional networks.
The proposed hybrid functional-neural method for surface
reconstruction with NURBS surfaces is described in detail in
Section 5. Then, some illustrative examples of its application
are reported in Section 6. A comparison of our approach
with other ANN alternative methods is analyzed in detail in
Section 7. The paper closes with the main conclusions of this
contribution and our plans for future work in the field.

2. Previous Work
Surface reconstruction has been a topic of increasing attention from the scientific community during the last 20 years,
with outstanding applications in both theoretical and applied
domains. Regarding the theoretical side, it is a remarkable
subject in approximation theory [23, 24], statistics [25],
numerical analysis [26, 27], geometric modeling [2, 8, 28],
and computer-aided geometric design (CAGD) [5, 29]. In
addition, there is a bulk of applications in several fields,
such as computer-aided manufacturing (CAM) [6, 7], data
visualization [30], cultural heritage preservation [31], virtual
reality [32], medical imaging [33], and computer animation
[34], to mention just a few.
In general, surface reconstruction methods are classified
in terms of the available input (2D slices, isoparametric
curves, clouds of points, mixed information, etc.). For
instance, authors in [35–39] address the problem of obtaining
a surface model from a set of given cross-sections, a classical
problem in medical science, biomedical engineering, and
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CAD/CAM. Other classical input data include isoparametric
curves on the surface [40] and even mixed information, such
as scattered points and contours [41–43] or isoparametric
curves and data points [4, 5, 44].
In most cases, however, the available information about
the surface is typically a dense set of (usually unorganized)
3D data points obtained by using some sort of digitizing
devices (see, e.g., [14, 45–48]). In that case, the reconstructed
surface can be described using three different representations
providing different levels of accuracy. The simplest one
is given by the polygonal meshes, where the data points
are used as vertices connected by lines (edges) that work
together to create a 3D model, comprised of vertices, edges,
and faces. Although it is the coarsest representation, it is
also the most popular because of its simplicity, flexibility,
and excellent performance with current graphical cards.
Surface reconstruction methods with polygonal meshes can
be found, for instance, in [30, 31, 47, 49–51] and references
therein. The next level is given by the constructive solid
geometry (CSG) models, where elementary geometries (such
as spheres, boxes, cylinders, or cones) are combined in order
to produce more elaborated shapes by applying some simple
(Boolean) operators: union, intersection, and difference. This
methodology works well but presents a low level of flexibility,
being severely limited to very simple shapes. The most
sophisticated and most accurate level consists of obtaining
the real mathematical surface fitting the data points. This
issue has been analyzed from several points of view, such as
parametric methods [52], subdivision surfaces [53], function
reconstruction [54, 55], implicit surfaces [48], and algebraic
surfaces [56]. Other approaches are based on the application
of metaheuristic techniques, which have been intensively
applied to solve difficult optimization problems that cannot be tackled through traditional optimization algorithms.
Recent schemes in this area involve particle swarm optimization [10, 57, 58], genetic algorithms [59–62], artificial immune
systems [63, 64], estimation of distribution algorithms [65],
firefly algorithm [66, 67], and hybrid techniques [68, 69].
Artificial neural networks have also been applied to this
problem [45, 70], mostly for arranging the input data in
case of unorganized points. After this preprocessing step,
any other classical surface reconstruction method operating
on organized points is subsequently applied. A work using
a combination of neural networks and partial differential
equation (PDE) techniques for the parameterization and
reconstruction of surfaces from 3D scattered points can be
found in [71]. Two previous papers by the authors have
also addressed this problem by using functional networks
[4, 8], a powerful generalization of neural networks based on
functional equations [72, 73]. Both works show, however, that
the single application of functional networks is still unable
to solve the general case. The work in [4] addresses the
particular case of B-spline surface reconstruction when some
additional information (isoparametric curves) is available
in addition to the data points. The fitting surfaces are a
generalization of the Gordon surfaces [40]. The work in
[8] combines functional networks with genetic algorithms
in order to solve the (much simpler) polynomial Bézier
case. The approach presented here solves the general NURBS

3
surface reconstruction problem based exclusively on neural
and functional networks. To the best of our knowledge, no
previous method is reported in the literature providing all
these features.

3. Basic Concepts and Definitions
3.1. NURBS Surfaces. Let S = {𝑠0 , 𝑠1 , 𝑠2 , . . . , 𝑠𝑟−1 , 𝑠𝑟 } ⊂
[𝑎, 𝑏] be a nondecreasing sequence of real numbers called
knots. S is called the knot vector. Without loss of generality,
we can assume that [𝑎, 𝑏] = [0, 1]. The 𝑖th B-spline basis
function 𝑁𝑖,𝑘 (𝑢) of order 𝑘 (or equivalently, degree 𝑘 − 1) is
defined by the recurrence relations:
1
𝑁𝑖,1 (𝑢) = {
0

if 𝑠𝑖 ≤ 𝑢 < 𝑠𝑖+1
otherwise

(1)

with 𝑖 = 0, . . . , 𝑟 − 1 and
𝑁𝑖,𝑘 (𝑢) =

𝑢 − 𝑠𝑖
𝑁
(𝑢)
𝑠𝑖+𝑘−1 − 𝑠𝑖 𝑖,𝑘−1

(2)

𝑠 −𝑢
𝑁
+ 𝑖+𝑘
(𝑢)
𝑠𝑖+𝑘 − 𝑠𝑖+1 𝑖+1,𝑘−1

for 𝑘 > 1. Note that 𝑖th B-spline basis function of order
1, 𝑁𝑖,1 (𝑢), is a piecewise constant function with value 1 on
the interval [𝑠𝑖 , 𝑠𝑖+1 ), called the support of 𝑁𝑖,1 (𝑢), and zero
elsewhere. This support either can be an interval or reduce to
a point, as knots 𝑠𝑖 and 𝑠𝑖+1 must not necessarily be different. If
necessary, the convention 0/0 = 0 in (2) is applied. Any basis
function of order 𝑘 > 1, 𝑁𝑖,𝑘 (𝑢), is a linear combination of two
consecutive functions of order 𝑘 − 1, where the coefficients
are linear polynomials in 𝑢, such that its order (and hence
its degree) increases by 1. Simultaneously, its support is the
union of the (partially overlapping) supports of the former
basis functions of order 𝑘 − 1 and, consequently, it usually
enlarges.
With the same notation, given a set of three-dimensional
points (called control points as they roughly determine the
shape of the curve) {P𝑖𝑗 }𝑖=0,...,𝑚;𝑗=0,...,𝑛 in a bidirectional net
and two knot vectors S = {𝑠0 , 𝑠1 , 𝑠2 , . . . , 𝑠𝑟−1 , 𝑠𝑟 } and T =
{𝑡0 , 𝑡1 , . . . , 𝑡ℎ−1 , 𝑡ℎ }, a NURBS surface S(𝑢, V) of order (𝑘, 𝑙)
(where NURBS stands for Non-Uniform Rational B-Spline)
is a rational B-spline parametric surface given by
S (𝑢, V) =

𝑛
∑𝑚
𝑖=0 ∑𝑗=0 𝑤𝑖,𝑗 P𝑖,𝑗 𝑁𝑖,𝑘 (𝑢) 𝑁𝑗,𝑙 (V)
𝑛
∑𝑚
𝑖=0 ∑𝑗=0 𝑤𝑖,𝑗 𝑁𝑖,𝑘 (𝑢) 𝑁𝑗,𝑙 (V)

,

(3)

where the {𝑁𝑖,𝑘 (𝑢)}𝑖 and {𝑁𝑗,𝑙 (V)}𝑗 are the B-spline basis
functions of orders 𝑘 and 𝑙, respectively, defined following
(1) and (2), and {𝑤𝑖,𝑗 }𝑖,𝑗 are nonnegative scalar values called
weights associated with the control points {P𝑖,𝑗 }𝑖,𝑗 . Without
loss of generality, parameters 𝑢, V can be assumed to take
values on the interval [0, 1]. For a proper definition of a
NURBS surface in (3), the following relationships must hold
(see [29]): 𝑟 = 𝑚 + 𝑘, ℎ = 𝑛 + 𝑙.
In general, a NURBS surface does not interpolate any of
its control points; the interpolation only occurs for nonperiodic knot vectors (in that case, the NURBS surface does interpolate the corner control points) [11, 29]. Since they are the
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most common in computer graphics and industrial domains,
in this work we will consider the case of nonperiodic knot
vectors. Note, however, that our method does not depend on
the kind of knot vectors used for the approximating surfaces.
3.2. Surface Reconstruction Problem. In clear contrast with
many previous methods, in this paper we focus on the general
surface reconstruction problem, which assumes that no other
information about the problem is available beyond the data
points. In particular, our problem can be stated as follows.
Given a set of (usually irregularly sampled) noisy data points
Q assumed to lie on an unknown surface U, construct,
to the extent possible, a full mathematical representation
of a surface model S that approximates U. Because of its
remarkable applications in real-world engineering problems,
we also demand such a mathematical representation to be a
NURBS surface.
Mathematically speaking, we assume that we are provided
with a set of data points {Q𝛼,𝛽 }𝛼=1,...,𝑀;𝛽=1,...,𝑁 in R3 , with
𝑀, 𝑁 ⋙ 𝑟, ℎ. Our goal is to obtain the NURBS surface S(𝑢, V)
that fits the data points better in the discrete least-squares
sense. To do so, we have to compute all the parameters of the
approximating surface by minimizing the least-squares error,
𝐸, defined as the sum of squares of the residuals:
𝑀 𝑁

𝐸 = ∑ ∑ (Q𝛼,𝛽 −
𝛼=1𝛽=1

𝑛
∑𝑚
𝑖=0 ∑𝑗=0 𝑤𝑖,𝑗 P𝑖,𝑗 𝑁𝑖,𝑘 (𝑢𝛼 )𝑁𝑗,𝑙 (V𝛽 )
𝑛
∑𝑚
𝑖=0 ∑𝑗=0 𝑤𝑖,𝑗 𝑁𝑖,𝑘 (𝑢𝛼 )𝑁𝑗,𝑙 (V𝛽 )

2

).
(4)

In the case of scattered data points {Q𝜇 }𝜇=1,...,𝑅 , our
method will work in a similar way by simply replacing the
previous expression (4) by
𝑅

𝐸 = ∑ (Q𝜇 −
𝜇=1

𝑛
∑𝑚
𝑖=0 ∑𝑗=0 𝑤𝑖,𝑗 P𝑖,𝑗 𝑁𝑖,𝑘 (𝑢𝜇 )𝑁𝑗,𝑙 (V𝜇 )
𝑛
∑𝑚
𝑖=0 ∑𝑗=0 𝑤𝑖,𝑗 𝑁𝑖,𝑘 (𝑢𝜇 )𝑁𝑗,𝑙 (V𝜇 )

2

).

(5)

The minimization of either (4) or (5) leads to the system
of equations:
Q =M⋅P ,
k

k

(6)

where the symbol (⋅)v denotes the vectorization operator
of the given matrix and M in (6) is a matrix given by
v T

v
M𝑖,𝑗 (𝑢𝛼 , V𝛽 ) = [((R𝑗,𝑙
(𝑢𝛼 , V𝛽 ))T ⊗ 𝑅𝑖,𝑘 (uT , V𝛽 )) ] , with u =
(𝑢1 , . . . , 𝑢𝑀). 𝑅𝑖,𝑗 (𝑢, V) is given as

𝑅𝑖,𝑗 (𝑢, V) =

∑𝑚
𝑖=0

𝑤𝑖,𝑗 𝑁𝑖,𝑘 (𝑢) 𝑁𝑗,𝑙 (V)

∑𝑛𝑗=0 𝑤𝑖,𝑗 𝑁𝑖,𝑘 (𝑢) 𝑁𝑗,𝑙 (V)

𝑖 = 0, . . . , 𝑚;

(7)

𝑗 = 0, . . . , 𝑛

while ⊗ and (⋅)T represent the outer product operator and the
transpose of a vector or matrix, respectively. The indices in
(4)–(7) vary in the ranges of values indicated throughout the
section.
It is worthwhile to mention that since the lengths of Qv
and Pv are, respectively, 𝑀 × 𝑁 and (𝑚 + 1) × (𝑛 + 1),

the system (6) is overdetermined. Premultiplication of both
sides by MT yields
MT ⋅ Qk = MT ⋅ M ⋅ Pk = Δ ⋅ Pk ,

(8)

where Δ = MT ⋅ M. Note also that the tensor-product basis
functions 𝑅𝑖,𝑗 (𝑢, V) are generally continuous and nonlinear,
so the minimization of (8) leads to the continuous nonlinear
optimization problem:
 T k
2
M ⋅ Q − Δ ⋅ Pk  ,
min

{P𝑖,𝑗 }⊂R3 ;{𝑤𝑖,𝑗 }≥0;{(𝑢𝛼 ,V𝛽 )}⊂Dom(S);{𝑠𝜐 },{𝑡] }⊂[0,1]
(9)
where ‖ ⋅ ‖ represents the Euclidean norm.

4. Functional Networks
Roughly speaking, a functional network is a generalization
of the standard neural network in which the scalar weights
are replaced by neural functions. Functional networks were
firstly introduced in 1998 by Castillo in [72] as a way to
enhance the neural networks with new capabilities. Since
then, they have been successfully applied to several problems
in science and engineering. The interested reader is referred
to [73, Chapter 9] (Chapter 9) for in-depth explanation about
functional networks along with several illustrative examples
and applications. In this section we describe the main
components of a functional network. Differences between
neural and functional networks are also discussed in this
section.
4.1. Components of a Functional Network. As an explanatory
example, Figure 1(a) shows the functional network of the
associative operation 𝐹 between two real numbers; that is,
function 𝐹 satisfies
𝐹 (𝐹 (𝑥, 𝑦) , 𝑧) = 𝐹 (𝑥, 𝐹 (𝑦, 𝑧)) .

(10)

It can be proved that the general solution of this equation is
given by [73]
𝐹 (𝑥, 𝑦) = 𝑓−1 [𝑓 (𝑥) + 𝑓 (𝑦)] ,

(11)

where 𝑓(𝑥) is an arbitrary continuous and strictly monotonic
function, which can be replaced only by 𝑐 𝑓(𝑥), where 𝑐 is an
arbitrary constant. Such a solution can be represented by the
functional network in Figure 1(b). Note that, because of the
uniqueness (except arbitrary constants) of the solution, both
networks do actually represent the same problem. In other
words, the functional network in Figure 1(b), is equivalent
to (but arguably simpler than) that in Figure 1(a). From
Figure 1(b) the main components of a functional network
become clear.
(i) Several Layers of Storing Units
(a) A Layer of Input Units. This first layer contains the input
information. In this figure, this input layer consists of the
units 𝑥 and 𝑦.
(b) A Set of Intermediate Layers of Storing Units. They are
not neurons but units storing intermediate information. This
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Figure 1: The associativity functional network: (a) original network; (b) simplified network.

set is optional and allows more than one neuron output to
be connected to the same unit. In Figure 1(b), there are two
intermediate layers of storing units, which are represented by
small circles in black.
(c) A Layer of Output Units. This last layer contains the output
information. In Figure 1(b), this output layer is reduced to the
unit 𝑢 = 𝑓−1 (𝑓(𝑥) + 𝑓(𝑦)).
(ii) One or More Layers of Neurons or Computing Units. A
neuron is a computing unit which evaluates a set of input
values, coming from the previous layer, of input or intermediate units, and gives a set of output values to the next layer,
of intermediate or output units. Neurons are represented by
circles with the name of the corresponding neural function
inside. For example, in Figure 1(b), we have three layers of
neurons. The first one gives outputs of functions with one
variable. The second layer exhibits the sum operator of its two
inputs. The last layer computes the inverse of the first layer
function applied to output of the previous layer.
(iii) A Set of Directed Links. They connect the input or
intermediate layers to its adjacent layer of neurons and
neurons of one layer to its adjacent intermediate layers or
to the output layer. Connections are represented by arrows,
indicating the information flow direction. We remark here
that information flows in only one direction, from the input
layer to the output layer.
All these elements together form the network architecture
or topology of the functional network, which defines the
functional capabilities of the network.
4.2. Differences between Functional and Neural Networks.
In next paragraphs, we discuss the differences between
functional and neural networks and the advantages of using
functional networks instead of standard neural networks.
(1) In neural networks, each neuron returns an output
𝑦 = 𝑓(∑ 𝑤𝑖𝑘 𝑥𝑘 ) that depends only on the value

∑ 𝑤𝑖𝑘 𝑥𝑘 , where 𝑥1 , 𝑥2 , . . . , 𝑥𝑛 are the received inputs
(see Figure 2(a)). Therefore, their neural functions
have only one argument. In contrast, neural functions
in functional networks can have several arguments, as
shown in Figure 2(b).
(2) In neural networks, the neural functions are univariate: neurons can show different outputs but all of them
represent the same values. In functional networks, the
neural functions can be multivariate.
(3) In a given functional network, the neural functions
can be different (such as functions 𝑓1 , 𝑓2 , and 𝑓3
in Figure 2(b)), while in neural networks they are
identical.
(4) In neural networks, there are weights, which must be
learned. These weights do not appear in functional
networks, where neural functions are learned instead.
(5) In neural networks the neuron outputs are different,
while in functional networks neuron outputs can be
coincident. This fact leads to a set of functional equations, which have to be solved [73, 74]. These functional equations impose strong constraints leading to
a considerable reduction in the degrees of freedom
of the neural functions. In most cases, this implies
that neural functions can be reduced in dimension or
expressed as functions of smaller dimensions.
All these features show that the functional networks
exhibit more interesting possibilities than the neural networks. This implies that some problems can be solved more
efficiently by using functional networks instead of neural
networks.

5. Our Method
In this section, we describe the proposed method for solving
the surface reconstruction problem indicated in Section 3.2.
Firstly, a general overview of the method is presented. Then,
each step of the method is discussed in detail.
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Figure 2: Differences between (a) neural networks and (b) functional networks.

5.1. Overview of the Method. The graphical workflow in
Figure 3 summarizes the main steps of our method. The
initial input consists of a set of irregularly sampled noisy
3D data points assumed to lie on an unknown surface.
The goal is to obtain the NURBS surface that approximates
these data points optimally. To this purpose, we need to
solve two important subproblems: data parameterization and
surface approximation. To address data parameterization,
we firstly perform a principal component analysis (PCA) to
obtain a parametric plane that accounts for the variability
of data. Then, the data points are projected onto that parametric plane. A 2D surface parameterization is subsequently
obtained by applying a Kohonen neural network to the set
of projected 2D data points. Then, we apply our NURBS
functional network to compute all other parameters of the
NURBS surface approximating the data points for this initial
parameterization. We call that surface a base surface. The
next step consists of computing the fitting error for the
approximating surface. Finally, the data points are projected
onto the new base surface in order to yield a new (more
accurate) parameterization. All previous steps are repeated
iteratively until a stopping criterion is reached. Usual stopping criteria are that the fitting error becomes smaller than
a given threshold value or that successive iterations of this
reconstruction pipeline no longer improve current solutions.
5.2. Data Parameterization. The parameterization step consists of establishing the relationships among the data points
in the surface parametric domain. This process is essential
for a good fitting of data points. Some standard procedures
are given by the uniform, chord length and centripetal
parameterizations. However, these methods are only suitable
for data points distributed in a uniform grid and tend to
fail for unorganized, irregularly sampled data. An alternative procedure is based on the idea of projecting the data
points onto an additional surface, usually called base surface,
reflecting the distribution of data points and then computing
a parameterization by using the projected 2D points. The
simplest case of this approach consists of using a parametric
plane [11], usually orthogonal to the main viewing direction
of the digitizing device. A better alternative is to use a
suitable 3D surface for data projection [14], usually a coarse
approximation of final fitting surface, which is expected to be
modified by successive improvements of this initial surface.
In our method, we combine these ideas to develop a
refinement process in iterative fashion. At the initial stage,
we project the data points onto a parametric plane reflecting

Input
3D data points

Data projection onto
a plane

PCA

Data
parameterization

Kohonen
neural
network

Base NURBS surface
fitting

NURBS
functional
network

Fitting error
computation

Error < 𝜀
(𝜀 threshold)

Yes

No
Data projection onto
base surface

Output
final fitting
NURBS surface

Figure 3: Graphical workflow of the proposed method.

the variability of data. This parametric plane is computed
by using the principal component analysis (PCA), a very
popular descriptive technique in data analysis and many
other fields. PCA is a powerful statistical method aimed at
performing dimensionality reduction by using the analysis of
the correlation of data. A great advantage of this method is
its nonparametric nature, meaning that it does not require
any parameter tuning in order to get an output. Furthermore,
the answer is unique and available regardless of the way the
data has been recorded or obtained. Other main reasons
for our choice are that PCA is very efficient at preserving
distances between the points and each principal component
has the highest variance possible under the constraint that it
is uncorrelated with preceding components. In fact, the first
principal component corresponds to a line passing through
the multidimensional mean. It also minimizes the sum of
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squares of the distances to the points from that line. Because
of these properties, the parametric plane obtained by PCA is
very adequate for the initial 2D projection.
Projected 2D points are then used for an initial surface
parameterization by applying a Kohonen neural network
(also called self-organizing map (SOM) neural network). This
is a very popular artificial neural network for unsupervised
learning. The interested reader is referred to the nice books
in [75, 76] for a comprehensive overview about the Kohonen
neural network, its fundamentals and mathematical basis,
along with the most important variants and modifications
and several interesting applications.
Algorithm 1. Kohonen neural network for 2D data parameterization.
(1) Initialize position Ψ of all neurons Φ with random
values within the surface boundaries.
(2) Initialize the weights 𝜎𝑖,𝑗 randomly around the centroid of the input space.
(3) Pick a new input sample 𝑄𝛿 .
(4) Compute
𝑅

2

𝑑𝑗 = √ ∑ (Ψ𝑖 (𝛿) − 𝜎𝑖,𝑗 (𝛿)) .

(12)

𝑖=1

=
(5) Select the active neuron 𝛾 for which 𝑑𝛾
min𝑖=1,...,𝑅 (𝑑𝑖 ). The winner is the closest active
neuron to the sample data 𝑄𝛿 , with parametric
̃
coordinates (̃𝑖, 𝑗).
(6) Compute the neighborhood of neuron 𝛾 as follows.
The radius 𝜌 is given by
𝜌 (𝛾) =

𝑅
𝛿
4
2𝑒[∑𝑖=1 (1/10+𝑖/10 )]

.

(13)

The bubble neighborhood of the winner neuron is
defined as all neurons at positions (𝑖, 𝑗) such that
𝛿

 ̃ 
𝑖 − 𝑖 + 𝑗 − 𝑗̃ < 𝜌 (1 − ) ,

 

𝜃

(14)

where 𝜃 is the run length.
(7) Update the weight of neuron 𝛾 and all neurons in its
neighborhood as
𝜎𝑖,𝑗 (𝛿 + 1) = 𝜎𝑖,𝑗 (𝛿) + 𝜂 (𝛿) (Ψ𝑖 (𝛿) − 𝜎𝑖,𝑗 (𝛿))

(15)

with
𝜂 (𝛿) = 𝜁𝛿

1
,
√2𝜋𝑒−𝛿2 /2

(16)

where the learning rate 𝜁𝛿 is given by
𝛿 𝜎𝛿
𝜁𝛿 = 1 − (1 − 𝜁0 (1 − )) .
𝜃

(17)

(8) Increment 𝛿.
(9) Repeat the steps (3)–(8) until 𝛿 reaches the limit value.
A very remarkable feature of the Kohonen neural network
is that it incorporates a neighborhood function to preserve
the topological properties of the input space [75]. This property is very useful to generate a 2D grid for parameterization,
where the neurons represent the grid nodes. The neural
network is trained by using the projected 2D data so that
its topology eventually reflects their shape and neighborhood
relations. To this purpose, each neuron contains geometrical
information about the coordinates of the associated node and
the topological relations with its neighbors. It is important
to remark that the connections among the neurons do
not change during the training stage; instead, the changes
occur on the geometrical values stored in the neurons. In
other words, the network performs a topological ordering of
the competitive neurons such that the neighboring neurons
represent clusters in the two-dimensional space. Eventually,
the weights will specify cluster centers whose distribution
approximates the distribution of data points and hence a suitable 2D parameterization. Because of these good properties,
the Kohonen neural network has already been used in several
ways for data parameterization in some previous works [49,
70, 71, 77]. The algorithm used in this paper combines some of
the best features of previous methods. It is briefly summarized
in Algorithm 1.
5.3. Surface Fitting. A major property of functional networks
is their ability to reproduce the functional structure of the
underlying mathematical function of the data points. In this
paper, we introduce a new functional network (depicted in
Figure 4) especially designed to reproduce the functional
structure of NURBS surfaces: the NURBS functional network. Its workflow can be traced graphically by proceeding
upwardly in Figure 4: given the surface parameter values 𝑢
and V and two orders 𝑘 and 𝑙, what this functional network
essentially does is to compute the values of the basis functions
𝑁𝑖𝑘 at 𝑢 and 𝑁𝑗𝑙 at V and then the bivariate tensor-product
basis functions 𝑁𝑖𝑘 (𝑢)𝑁𝑗𝑙 (V), (𝑖 = 0, . . . , 𝑚; 𝑗 = 0, . . . , 𝑛).
Each bivariate basis function is then multiplied twice, firstly
by the scalar weight 𝑤𝑖,𝑗 and then by such a weight and its
associated vector weight P𝑖,𝑗 . Summation on indices 𝑖 and
𝑗 is applied to both expressions to obtain the numerator
and denominator of (3), to which the quotient operator is
subsequently applied. Note that two different (scalar and
vector) time operators are considered, to account for the
multiplication by 𝑤𝑖,𝑗 and P𝑖,𝑗 , respectively. Note also that
those vectors P𝑖,𝑗 play the role of weights of the neural
functions as well, with the meaning that a functional network
with 𝑑-dimensional vectors as weights can be understood as 𝑑
parallel functional networks with scalar weights. Note finally
that the first three layers of this functional network apply
functions to either the same or independent arguments of the
previous layer, so NURBS functional networks are well suited
for partial bottom-up parallelization.
Now, we use the surface parameterization obtained in
previous steps to compute an approximating surface to
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Figure 4: Graphical representation of the NURBS functional network.

the data points. This functional network is trained by supervised learning in which couples of input-output values D =
{(𝐼𝑖 , 𝑂𝑖 ) | 𝑖 = 1, . . . , 𝑅}, corresponding to the surface
parameters {(𝑢𝜇 , V𝜇 )}𝜇 and their associated data points Q𝜇 ,
are presented to the network. Unlike ANN, where the neuron
functions are assumed to be fixed and known and only the
weights are learned, in functional networks the functions are
learned during the structural learning (which obtains the
simplified network and functional structures) and estimated
during the parametric learning (which consists of obtaining
the optimal neuron function from a given family). In our
case, the structural learning corresponds to the topology of
the NURBS functional network, where the input data are
the order (𝑘, 𝑙) and the length (𝑟, ℎ) of the knot vectors of

the approximating surface. These values determine the number of neurons in each layer of the functional network.
The parametric learning concerns the estimation of the
neuron functions. It is usually accomplished by considering
linear combinations of given functional families and estimating the associated parameters from the available data. For
our choice of B-spline basis functions during the structural
learning, the parametric learning is required to determine the
scalar and vector weights of our NURBS functional network.
Vector weights are learned by using expression (8) where Δ
is a symmetric square matrix. This system is solved by using
the singular value decomposition (SVD), which provides the
best numerical answer for the minimization problem in (9)
in those cases in which the exact solution is not possible
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Table 1: Number of data points and input parameters of the
approximating NURBS surfaces for the two examples discussed in
this paper.
Example
Mask

Number of data points
11830

Order
(4, 4)

(𝑟, ℎ)
(17, 14)

Iterations
2

Umbrella

8926

(3, 3)

(6, 27)

4

(see [78] for details). Finally, the scalar weights are obtained
by least-squares minimization of expression (9), where all
other relevant parameters of this minimization problem have
already been obtained as described in previous steps.
5.4. Surface Refinement. Once the approximating surface is
obtained, the initial parametric plane used for data parameterization is replaced by this approximating surface, which
becomes the new base surface. Data points are then projected
onto this base surface by computing the nearest point on the
surface to each 3D data point by following the procedure
indicated in [79]. A new data parameterization and surface
fitting steps are computed according to Sections 5.2 and 5.3,
respectively. The resulting fitting surface becomes the new
base surface and so on. In general, this procedure yields
a more refined (i.e., more accurate) fitting surface to data
points.
This process is repeated iteratively until a stopping criterion is reached. Usual stopping criteria are that the fitting
error becomes smaller than a given threshold value or that
successive iterations of this reconstruction pipeline no longer
improve current solutions. In the former case, we assume
that an error threshold value is provided as an input of the
problem (as it usually happens in many industrial problems)
and we compute the fitting error according to either (4) or
(5). In the latter case, we compare the fitting error between
successive iterations, and the process is stopped when no
further improvement is achieved.

6. Illustrative Examples
Our method has been tested with several examples of different clouds of data points. To keep the paper at manageable
size, we discuss here two of them. Examples in this paper
are shown in Figures 5-6. For each example, two different
pictures are displayed: at (a), we show the original cloud of
input data points, represented as small red points; at (b), the
best approximating NURBS surface, is shown as obtained
with our functional-neural approach. Our input consists of
sets of irregularly sampled data points (this fact can readily
be seen from simple visual inspection of the point clouds
at (a)), which are also affected by measurement noise of a
signal-to-noise ratio of 15 : 1 in all examples. In this paper, a
fitting error threshold value 𝜖 = 10−3 is considered. The other
relevant parameters of the approximating NURBS surfaces
are reported in Table 1, where the examples are arranged in
rows. For each example, the following data are arranged in
columns: number of data points, order of the approximating
NURBS surface, length of knot vectors, and number of

iterations required to obtain the fitting surface with a fitting
error below the given threshold.
A simple visual inspection of the figures clearly shows that
our method yields a very good approximating surface to data
points in all cases. The low number of iterations required to
obtain the fitting surface for the given threshold also confirms
the good behavior of the method. From these examples and
many others not reported here for the sake of brevity, we
conclude that the presented method performs very well, with
remarkable capability to provide a satisfactory solution to the
general reconstruction problem with NURBS surfaces.
Regarding the implementation issues, all computations
in this paper have been performed on a 2.9 GHz. Intel Core
i7 processor with 8 GB. of RAM. The source code has been
implemented by the authors in the native programming
language of the popular scientific program Matlab, version
2010b.

7. Comparison with Other Approaches
In this section, we compare the presented method with other
alternative approaches for surface reconstruction based on
neural networks. A careful revision of the literature in the
field gives six previous contributions in the field, the works
in [4, 8, 49, 70, 71, 77]. This small number is a clear indication
of the difficulty and originality of the present work.
Comparative results of these methods are summarized
in Table 2. The different methods are arranged in rows and
sorted by year of publication. For each reported method,
the columns give a brief description about its main features.
Columns 2, 4, and 6 give a binary answer to three different
questions: whether or not the indicated method provides
algorithms for the subproblems of data parameterization,
surface fitting, and support for NURBS surfaces, respectively.
Answer true is marked with a check (✓), otherwise with
symbol (×). Wherever a positive answer is found, a short
description about the specific techniques incorporated in that
method for the reported subproblem is given in columns
3 and 5, respectively. Note that all methods except [4, 8]
address the data parameterization subproblem with a Kohonen neural network, and all methods except [70, 77] provide
a procedure to compute the approximating surface, either as
a Bézier surface [8], a B-spline surface [4, 71], or a polygonal
mesh [49]. The works in [70, 77] assume that any traditional
surface fitting technique will be used for this particular subproblem.
The most important difference of this method with
respect to alternative approaches is that previous methods
do not provide support for NURBS surfaces (see column
6 in Table 2). On the contrary, NURBS surfaces are fully
supported in our method. In fact, the examples shown in the
paper are more difficult to reconstruct through simple polynomial surfaces and require a larger number of parameters.
In clear contrast, our method requires only a small number of
parameters. Furthermore, the solution is reached with a small
number of iterations. To the best of our knowledge, this is
the first neural-based approach providing full support for all
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(a)

(b)

Figure 5: Mask example: (a) original data points; (b) fitting surface.

(a)

(b)

Figure 6: Umbrella example: (a) original data points; (b) fitting surface.

steps of the general surface reconstruction problem by using
NURBS surfaces.

8. Conclusions and Future Work
This paper proposes a new hybrid functional-neural
approach to solve the surface reconstruction problem. In our
approach, we combine two powerful artificial intelligence
paradigms: the popular Kohonen neural network to address
the data parameterization problem and a new functional
network, called NURBS functional network, to reproduce
the functional structure of the NURBS surfaces. These
neural and functional networks are then applied iteratively
for further surface refinement. The hybridization of these
two networks provides us with a powerful computational

approach to solve the surface reconstruction problem.
The performance of our approach has been tested by its
application to two illustrative examples. Our results show
that the method performs very well, being able to reconstruct
the approximating surface of the given set of data points with
a high degree of accuracy and a low number of iterations.
The main limitation of this approach is that it requires
some initial input such as the order of the approximating
NURBS surface and the length of knot vectors, which are
strongly dependent on the particular set of data points. Consequently, their optimal values might be difficult to choose for
end users, thus preventing the method for automatic, humanindependent reconstruction. This limitation opens the door
for future research in the area in order to develop efficient
algorithms for automatic determination of those optimal
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Table 2: Comparison of the proposed method with other alternative methods based on neural networks for the surface reconstruction
problem.
Author, year, and
reference
Hoffmann and Várady
(1998) [70]

Data
parameterization

Method used

Surface
fitting

✓

Kohonen neural network

×

Yu (1999) [49]
Hoffmann (1999) [77]

✓

Kohonen neural network
Modified Kohonen neural
network
(i) Kohonen neural
network
(ii) Partial differential
equations (PDE)

✓

✓

Barhak and Fischer
(2001) [71]

✓

Iglesias et al. (2004) [4]

×

Method used

×
Polygonal mesh (edge swap)

×
✓
✓

NURBS
supported?

×
×

(i) Gradient descent algorithm
(GDA)
(ii) Random surface error
correction (RSEC)
Tensor-product functional
network

×
×

Gálvez et al. (2007) [8]

✓

Genetic algorithms

✓

Functional network

×

This method (2013)

✓

Kohonen neural network

✓

NURBS functional network

✓

values. Another important limitation of the method occurs
when the data points cannot be unambiguously projected
onto the base surface. This problem can arise with closed
surfaces often represented in implicit form. In those cases,
the PCA method might fail to extract the real tendency of
data. We are currently working on new strategies to overcome
this problem. Future work also includes the extension of
this approach to other kinds of approximating surfaces as
well as the possible application of this methodology to some
interesting industrial problems.
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The balanced academic curriculum problem consists in the assignation of courses to academic periods satisfying all the load limits
and prerequisite constraints. In this paper, we present the design of a solution to the balanced academic curriculum problem based
on the ACO metaheuristic, in particular via the Best-Worst Ant System. We provide an experimental evaluation which illustrates
the effectiveness of the proposed approach on a set of classic benchmarks as well as on real instances.

1. Introduction
The balanced academic curriculum problem (BACP) consists
in assigning courses to teaching periods satisfying prerequisites and balancing students’ load in terms of credits and
number of courses [1]. The BACP planning horizon is divided
into academic years, and each academic year is divided into
terms. Each term of a year is a teaching period in which
courses can take place. The problem consists in finding an
assignment of courses to periods that satisfies certain load
limits and prerequisites.
The BACP is strongly NP-complete as shown in [1].
Moreover, BACP is an interesting problem because it is at the
boundary of several classes of problems such as bin packing,
scheduling, and balancing [2]. For instance, prerequisite
constraints make BACP look like a scheduling problem. A
unique resource (the student) is balanced considering unittime (periods) activities (courses) and temporal constraints
(prerequisites).
The original formulation of BACP was proposed in [3]
and was included as a benchmark, called prob030, in CSPLib.

The BACP has been tackled using constraint programming
(CP) [2], integer linear programming (ILP) [4, 5], hybrid
techniques based on genetic algorithms and constraint propagation [6, 7], integer programming (IP), and hybrid local
search methods [1]. In [2], a CP approach is proposed where
an ad hoc branching heuristic is used in order to guide
the search towards balanced solutions improving the firstfail heuristic. In [4], ILP and CP are integrated in order
to bound and guide the search and to reduce the search
space, respectively. Moreover, the experimental evaluation
shows that this integration decreases the run-time on many
instances. Approaches based on ILP and CP techniques
are proposed separately in [5] obtaining successful results
on real instances. The benefits of hybridization have been
shown in [6, 7] where a hybrid framework including genetic
algorithms and constraint propagation is proposed and tested
successfully. In [1], IP can reach good results in some
cases using the basic formulation combined with a problem
decomposition and relaxation. In the other cases, local search
solvers are designed using the concept of generalized local
Search Machines where different machines that combine Hill
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Climbing, Simulated Annealing, and Dynamic Tabu Search
are used in order to improve the results returned by IP.
In this paper we solve the BACP using the ant colony
optimization (ACO) metaheuristic [8] model called BestWorst Ant System (BWAS) [9, 10]. To the best of our
knowledge this work is the first one tackling the BACP via
the BWAS. BWAS integrates concepts from the evolutionary
computing field allowing a good balance between exploration
and exploitation of the search space provided by a mutation
of the pheromone matrix and a pheromone updating mechanism, respectively. Additionally, a restart process avoids
the algorithm getting stuck and performing unnecessary
iterations.
Recent work shows that the balancing criterion is interesting not only for university timetabling but also for other
scheduling applications, such as the allocation of workload to
employees or, in that specific example, to nurses. We hope that
the models and the techniques discussed in this work may
contribute to further research in this context.
The rest of this paper is organized as follows. In Section 2,
we introduce the BACP. In Section 3, we describe the design
of our solution. In Section 4, we provide an experimental
evaluation of our solution on benchmark and real instances.
Section 5 concludes the paper and gives some direction for
further work.

2. The BACP Formulation
In this section we present the BACP formulation given in
[1]. The curriculum consists of entities which must satisfy
academic and administrative constraints.
(i) Courses. An academic curriculum is denoted by a set
of courses and a set of prerequisites related to these.
Let 𝐶 be the set of courses to be taught during the
planning horizon of a university degree. Each course
𝑐 ∈ 𝐶 gives a number of credits cr ∈ 𝑍+ .
(ii) Periods. The planning horizon is divided into academic years, and each academic year is divided into
terms. Each term is a teaching period in which
courses can take place. Let 𝑃 be the set of teaching
periods, uniquely identified by the corresponding
year and term. For example, a three-year degree
organized in four terms per year has 12 periods, that
is, 𝑃 = {1 ⋅ ⋅ ⋅ 12}, and the first terms of each year are
{1, 5, 9}.
(iii) Load Limits. A minimum and a maximum number
of courses, denoted by 𝑚 and 𝑀, respectively, can be
assigned to each term.
(iv) Prerequisites. Based on their content, some courses
have prerequisites, that is, a set of courses that the students must attend earlier. Prerequisites are formalized
by a precedence graph, that is, a directed acyclic graph
𝐷 = (𝑉, 𝐴). Each vertex 𝑖 ∈ 𝑉 represents a course, and
each arc (𝑖, 𝑗) ∈ 𝐴 represents a precedence relation,
stating that the course 𝑖 is a prerequisite of course 𝑗.
If course 𝑖 is a prerequisite of course 𝑗, then it has to

C1

C2
Initial

End
Cc
P1

P2

Pp

Figure 1: Construction graph.

be assigned to a teaching period that strictly precedes
the one assigned to course 𝑗.
(v) Equal Distribution of Load. The distribution of credits
among the teaching periods must be balanced. Ideally,
each term should have the same number of credits.

3. Tackling the BACP Using
the ACO Metaheuristic
In this section, we describe our approach to tackle the BACP
using an ACO model called Best-Worst Ant System (BWAS)
[10]. BWAS has three main components.
(i) A Best-Worst Pheromone Trail Update Rule. This rule
reinforces the edges contained in good solutions and
penalizes all the edges contained in the current worst
solution.
(ii) Pheromone Trail Mutation. The pheromone trails
are mutated, with a certain probability, in order to
introduce diversity in the search process. Pheromone
trails are mutated by adding or subtracting the same
amount of pheromone.
(iii) Restart of the Search Process. When pheromone trails
related to the edges belonging to the best solutions are
very high and the remaining ones are close to zero
(stagnation phase), the pheromone matrix is set to the
initial pheromone value.
In the rest of this section, we describe the graph that
represents the assignment of courses to periods and we detail
the algorithm of our proposal based on the description of the
aforementioned main issues.
3.1. Construction Graph. The graph that represents the
assignment of the courses to determined periods follows a
particular behaviour compared with a TSP. In this case, the
graph must have |𝐶| × |𝑃| nodes, where 𝐶 is the total amount
of courses and 𝑃 is the total amount of periods.
Figure 1 shows the graph used to represent the assignment
of courses to teaching periods. For each course the ant must
choose a period from the initial node to the end node.
Thus, horizontally, the ant can pass in one node only. This
is because one course is assigned to one period, but a period
can be assigned to many courses. However, the representation
of the graph in the implementation is given by a vector
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Figure 2: Representation of the graph using a vector.

representation as we show in Figure 2. The length of the
vector is equal to the number of courses of the curriculum
and each position represents the value of the period assigned
to that course. Following the example of Figure 2, period 1 is
assigned to course 1, period 1 is assigned to course 2, and so
on until the course 𝐶.
To determine the period assigned to each course, a
transition rule, which guides the ants in the construction of
their solutions, is used. It has two elements: the pheromone
trace and the heuristic information. The transition rule is the
following:
𝛼

𝑃 (𝑐, 𝑝𝑖 ) =

[𝜏(𝑐,𝑝𝑖 ) ] [𝜂(𝑐,𝑝𝑖 ) ]

𝜏𝑜 ← InitialSolution(𝐼)
initializePheromoneTrails(𝜏𝑜 )
while (term criterion not satisfied) do
for 𝑖 = 1 to 𝑘 do
for 𝑗 = 1 to numCourses do
period ← transitionRule(𝑗)
assignCourse(𝑗, period)
end for
deposition(𝑄(𝑆𝑖 ))
end for
evaporation()
currentBest ← selectBestSolutionIt(𝐴 𝑘 )
localSearch(currentBest)
if (best(currentBest, globalBest)) then
globalBest ← currentBest
end if
depositBestAnt(globalBest)
currentWorst ← selectWorstSolution(𝐴 𝑘 )
evaporateWorstAnt(currentWorst)
mutation()
if (stagnationcondition) then
reinitializePheromoneTrails()
end if
end while

𝛽

𝛼

𝛽

∑𝑢∈𝑃 ([𝜏(𝑐,𝑝𝑢 ) ] [𝜂(𝑐,𝑝𝑢 ) ] )

.

(1)

3.2. The BWAS Algorithm. In this section we give the details
of the proposed algorithm to tackle the BACP using BWAS.
Thus, we focus on how to represent courses and periods, how
to update/mutate pheromone trails, and how to restart the
search process when it gets stuck. These are the main issues to
solve the BACP using BWAS. The details are in Algorithm 1.
The ants deposit pheromone traces when they build a
solution to help guide the rest of the colony. In our approach,
the pheromone matrix stores the load of pheromone
in a certain node instead of showing the quantity of
pheromones associated to an edge between two nodes. Let
𝑇[1 ⋅ ⋅ ⋅ 𝐶, 1 ⋅ ⋅ ⋅ 𝑃] be the pheromone matrix, where 𝜏𝑖𝑗 (1 ≤ 𝑖 ≤
𝐶, 1 ≤ 𝑗 ≤ 𝑃) is an element of 𝑇 representing the pheromone
trace deposited by an ant when the course 𝑖 is assigned
to period 𝑗. To initialize the pheromone matrix, an initial
solution, which only satisfies the prerequisite constraint, is
calculated. Once this initial solution is obtained, we calculate
the pheromone trail using the quality 𝑄 (𝑆𝑘 ) of the obtained
solution. The quality of a solution is calculated with respect
to maximum load assigned to the academic periods using the
following expression:
𝑄 (Sol) =

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)

1
Max {𝑐1 , 𝑐2 , . . . , 𝑐𝑝 }

.

(2)

One of the main differences between natural and artificial
ants is that the artificial ants use the pheromone trails and
also information named heuristic information, denoted by
𝜂(𝑐, 𝑝𝑖 ), which measures the preference of moving from one
node to another [1]. In static problems this value does not
change but in the BACP it is required to be changed in

Algorithm 1: Bwas bacp (instance 𝐼: a BACP instance).

order to give more information to the transition rule. Thus,
we defined a function that allows evaluating the amount of
violations generated when an assignment is made:
𝜂 (𝑐, 𝑝𝑖 ) =

1
,
1 + V𝑑 (𝑐, 𝑝𝑖 ) − V𝑎 (𝑐, 𝑝𝑖 )

(3)

where V𝑑 (𝑐, 𝑝𝑖 ) determines the number of violations generated when the course 𝑐 is assigned to period 𝑝𝑖 and
V𝑎 (𝑐, 𝑝𝑖 ) determines the number of violations before this
assignment. Thus, this equation can determine how many
conflicts are generated because of the assignment. If there are
new violations, the heuristic information and the probability
of choosing that period become smaller. This expression has a
singularity when V𝑑 = 1 and V𝑎 = 2. This situation shows that
the number of violated constraints decreases and the node
should be more preferable. Thus, we set V𝑎 = 1.
There are two ways to update the pheromone trails in the
pheromone matrix [10].
(i) Deposition. It depends on the quality of the generated
solution. This update process (see (4)) is performed
by all the ants. Additionally the ant which generates
the best solution performs this action in order to
reinforce the pheromone trail:
𝜏𝑖𝑗 ← 𝜏𝑖𝑗 + 𝑓 (𝑄 (𝑆𝑘 )) .

(4)

(ii) Evaporation. After the construction of the solution,
evaporation (see (5)) is performed in all the nodes
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of the pheromone matrix using the evaporation constant 𝜌. Additionally, in order to penalize, the nodes
belonging to the worst solution are evaporated:
𝜏𝑖𝑗 ← 𝜏𝑖𝑗 ⋅ (1 − 𝜌) .

(5)

The uniqueness of the BWAS is that which includes three
daemon actions, being the Best-Worst update rule responsible for the two first ones. (1) The best ant is selected and an
extra deposit is made according to the quality of the solution.
(2) The worst ant is selected and evaporation is made on
the nodes that have been traversed by this ant; note that
evaporation is made only if the best ant has not traversed
those nodes. (3) The third action is the mutation, which
brings diversity to the search space, adding or subtracting
pheromone trace to certain nodes:
it − it𝑟
⋅ 𝜎 ⋅ 𝜏threshold ,
mut (it, 𝜏threshold ) =
Nit − it𝑟

Table 1: Algorithm parameters.
Parameter
Iterations
Ants
Evaporation coefficient
𝛼
𝛽
Mutation probability
Mutation power

Value
1000
8
0.2
1
2
0.3
0.5

4%

22%

(6)

where it is the actual iteration, it𝑟 is the last iteration when
a reset due to stagnation was performed, Nit is the total
number of iterations, and 𝜎 is the power of mutation [10].
The threshold is calculated using the pheromone deposited
in the best solution divided by the number of courses. With
this mutation operator, we can add or subtract pheromone
trace to the pheromone matrix. Finally, in the case that the
search stagnates, a reset of the pheromone trails is performed
in order to go back to the last global optimum; thus the search
starts from a good solution. In this algorithm we perform a
reset if there is no change after 20% of the total number of
iterations. In addition, a local search is performed using the
best ant of the iteration. This subprocess consists in selecting
all the courses of the period with a bigger academic load.
Then, we select the period with the smaller academic load
and we try to reassign one course of the bigger period to
the smaller period. To choose this course, we first evaluate
that the course does not generate new violations. Finally, we
evaluate this new solution and the last one and we keep the
better one as actual best.

4. Experimental Evaluation
The proposed algorithm was implemented using Java running
on a Windows PC with a 2.40 GHz Intel Core 2 Duo T8300
processor. To test our approach, we use CSPLib benchmark instances and real instances. To obtain the parameters
(see Table 1) used in the experiments, the proposed BWAS
algorithm was run 30 times on the benchmark and real
instances and takes the values belonging to the best solutions
reported.
4.1. Benchmark Instances. We analysed three benchmark
instances where the performance of the algorithm was measured with good results with respect to speed of convergence,
quality of the solution, and constraint satisfaction. For each
instance of the problem, we performed 50 executions of the
algorithm achieving the following results. First, we analysed
the small instance of 8 periods (bacp8). This instance has 46

74%

17 credits
18 credits
Invalid

Figure 3: Number of credits for a small instance.

courses to be distributed in 8 academic periods. In Figure 3
we can see the results for bacp8 measured as a percentage
considering 50 runs where 74% were able to find the optimal
value. In a smaller percentage (4%) of cases, the case was an
invalid solution. In most cases, our approach was able to find
the optimal value.
The medium instance (bacp10) has 42 courses to be
assigned to 10 periods, so the maximum load is smaller than
bacp8. This means that the quality is better. After 50 runs the
results are given in Figure 4. Again, the optimal solution was
found in the majority of the cases.
The last instance is bacp12; in this case, where the
complexity is greater, it has 66 courses to be assigned in 12
academic periods. In Figure 5, we can see that the algorithm
found four different values and between 18 and 19 credits.
Of the 50 runs, we took the top 10 (not taking into account
the invalid ones) and we summarize the results for the three
instances shown in each column: name of the instance, best
result, worst result, average, standard deviation, and optimal
value known for the problem [6].
Also, to compare the times that the algorithm manages to
find every quality of solution for each instance, we considered
the best and worst solutions. Table 2 shows the difference
between bacp12 and the other two instances, where the
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Table 2: Result for benchmark instances.

Instance
Bacp8
Bacp10
Bacp12

BWAS Best
17
14
18

BWAS Worst
18
15
20

𝜎
0.48
0.42
0.69

BWAS Average
17.3
14.2
18.4

lp-solve Best
17
24
∞

lp-solve Worst
54
48
∞

Optimal
17
14
18

0.08
9%
0.07
0.06
Quality

0.05

33%

0.04
0.03

58%

0.02

0

1
40
79
118
157
196
235
274
313
352
391
430
469
508
547
586
625
664
703
742
781
820
859
898
937
976

0.01

Iteration
BACP8 Best
BACP10 Best
BACP12 Best

14 credits
15 credits
Invalid

Figure 6: Efficiency of the algorithm (best solution).
Figure 4: Number of credits for a medium instance.
0.07
16%

0.06

2%
42%

Quality

0.05
0.04
0.03
0.02

0

1
41
81
121
161
201
241
281
321
361
401
441
481
521
561
601
641
681
721
761
801
841
881
921
961

0.01

40%

Iteration
18 credits
19 credits

20 credits
Invalid

Figure 5: Number of credits for a large instance.

convergence time to the optimal solution is smaller in bacp8
and bacp10. But we cannot guarantee that 18 credits is the
optimal solution in bacp12, but it is the best solution found
by the algorithm. For the 12-period problem, lp-solve [3] does
not get any log after a “turn-around-time” of 1 day.
In Figure 6, we show a graphic with the quality of the best
solution found for each instance by iteration. The efficiency of

BACP8 Worst
BACP10 Worst
BACP12 Worst

Figure 7: Efficiency of the algorithm (worst solution).

the algorithm is very high, as it converges before the first 100
iterations. In this graphic the quality is measured using (3).
In the case of the worst solutions, no instances achieve the
optimum, but they all converge quickly. The exception was
bacp12 which takes time and moves away from the best value
found, even more than the other two instances (see Figure 7).
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Table 3: Time (ms) for the best solution to obtain the optimum.

Credits
20
19
18
17
16
15
14

Bacp8
811
—
1045
1248

Bacp10
—
—
1061
1342
1404
1451
1919

Bacp12
3994
5438
6368

𝑄 (sol)
0.05
0.052
0.055
0.058
0.062
0.066
0.071

Table 5: Result for real instances.
Instance
INF
ICI
UPLA

Best
18
18
13

Worst
18
18
15

Average
18
18
14

𝜎
0
0
0.66

Optimal
20
18
14

10%
4%

Table 4: Time (ms) for the worst solution to obtain the optimum.
Credits
20
19
18
17
16
15

Bacp8
1201
1279
1840

Bacp10
1502
1532
—
—
1602
2222

Bacp12
23448

𝑄 (sol)
0.05
0.052
0.055
0.058
0.062
0.066

In Tables 3 and 4 we can see in the first column the
maximum amount of credits of the curricula designed by the
BWAS algorithm. The next three columns are the instances
and the last column is the quality of the solution calculated
using (3). The hyphen means that the quality of the solution
was skipped. For example, in Table 4, the bacp10 instance
went from a quality of 19 to a quality of 16. The empty
spaces mean that the solution did not reach that value. The
performance of lp-solve is very limited in contrast to the
BWAS algorithm. In the case of the 8-period problem, the
optimum plan is obtained in 1460 seconds. For the 10-period
problem, no result is obtained after 5 hours, and the last result
was logged before 1700 seconds (see additional details in [3]).
In Figure 7, we show the worst solution found by the
BWAS algorithm for solving the BACP measured by quality.
4.2. Real Instances. To test our proposal with real instances,
three benchmark files were created using the same format used in the test instances. The curriculums evaluated
are Informatics Engineering, short program (8 periods),
Informatics Engineering, long program (12 periods), from
Catholic University of Valparaiso, and Informatics Engineering, medium program (10 periods), from Playa Ancha
University. The academic plan of Informatics Engineering
(short program, INF) has 34 courses; the complexity is lower
than that of bacp8 because of the number of courses. Table 5
summarizes the results obtained (the optimal value is the
maximum of the real curriculum for the career); for example,
from 50 executions, the algorithm found a better solution
than the real curricula (20 credits) with a maximum amount
of 18 credits (see Figure 8).
Also, we evaluate the performance of the BWAS in the
curriculum of Informatics Engineering (long program); in
this instance the complexity is bigger than that of INF but
lower than that of bacp12. It has 53 courses to be assigned to
12 academic periods. The results are shown in Figure 9.

86%

18 credits
19 credits
Invalid

Figure 8: Number of credits for short real instance.

2%

12%

86%

18 credits
19 credits
Invalid

Figure 9: Number of credits for long real instance.

In this instance, the effectiveness was maintained with
86% of the runs, but the number of invalid solutions increases
to 12%. The last evaluation corresponds to the Playa Ancha
University instance (UPLA) where the optimal solution was
found in only 20% of the iterations, surpassing the 14 credits
of the official curriculum. However, the objective value was 14
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2%

7
0.09

8%

0.08
20%

0.07
Quality

12%

0.06
0.05
0.04
0.03
0.02
0.01
1
39
77
115
153
191
229
267
305
343
381
419
457
495
533
571
609
647
685
723
761
799
837
875
913
951
989

0
58%

Iteration

13 credits
14 credits
15 credits

Best INF
Best UPLA
Best ICI

16 credits
Invalid

Figure 10: Number of credits for medium real instance.

Table 6: Time (ms) for the best solution to obtain the optimum in
real instances.
Credits
20
19
18
17
16
15
14

INF
594
—
976

ICI
3484
3692
4080

UPLA
—
—
—
—
2993
3078
3392

𝑄 (sol)
0.05
0.052
0.055
0.058
0.062
0.066
0.071

credits with 58% of the runs. This curriculum has 49 courses
assigned in 10 semesters (see Figure 10). Again, we took the
top 10 (regardless of the invalid solutions) from the 50 runs
and summarized the results for the three instances.
Now we are going to compare the time and iteration in
which the algorithm finds the best and worst solutions. In
Table 6 we can see the time in milliseconds that the algorithm
takes to reach the different solutions. In the case of INF and
ICI, the time is very low. In the case of UPLA, it takes a little
more than 10 seconds to reach the optimal value.
Figure 11 shows the quality of solution by iteration where
we can see the speed of convergence.
In the case of the worst solutions (see Table 7), INF and
ICI reach the optimum, but this time takes more seconds. In
the case of UPLA, this instance did not reach the optimum
but it takes less seconds.
In Figure 12 they see the worst solutions take a longer time
to converge; that this is because the optimum value for the
ICI and INF instances has the majority of the percentage.
For UPLA the optimum is 13 credits, but the most repeated
solution corresponds to 14 credits, which explains why the
worst solution takes a longer time to converge. However, the

Figure 11: Efficiency of the algorithm in real instances (best
solution).

Table 7: Time (ms) for the worst solution to obtain the optimum in
real instances.
Credits
20
19
18
17
16
15
20

INF
3143
3527
8928

ICI
3969
16671
17274

3143

3969

UPLA
—
—
—
3574
3682
3864
—

𝑄 (sol)
0.05
0.052
0.055
0.058
0.062
0.066
0.05

worst solution found by the algorithm has 15 credits for this
instance.

5. Conclusions
In this work, we proposed an algorithm to solve the balanced
academic curriculum problem using the ACO metaheuristic.
The experimental evaluation shows the effectiveness of artificial ants solving constraint satisfaction problems. All the tests
show that the margin of error is much smaller than the valid
solutions delivered. For benchmark instances the quality of
the solution was satisfactory and the optimal values of each
instance were reached in the majority of the cases. In the
real instances the results were also positive. In 2 instances
(INF and UPLA) the results were better than in the official
curricula and in the ICI results they were equal than in the
official curricula. Moreover, the number of iterations to reach
the optimum was low. Therefore, the BWAS algorithm is able
to satisfy all constraints of the problem in most cases. Thus,
we state that our proposal is a fairly reliable alternative to
solve the BACP. For future work, we plan to tackle more
complicated versions of BACP as was proposed in [1].
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survey,” Theoretical Computer Science, vol. 344, no. 2-3, pp. 243–
278, 2005.
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0.07
0.06

Quality

0.05
0.04
0.03
0.02
0.01

1
40
79
118
157
196
235
274
313
352
391
430
469
508
547
586
625
664
703
742
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820
859
898
937
976

0
Iteration
Worst INF
Worst UPLA
Worst ICI

Figure 12: Efficiency of the algorithm in real instances (worst
solution).
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This paper proposes a genetic-algorithms-based approach as an all-purpose problem-solving method for operation programming
problems under uncertainty. The proposed method was applied for management of a municipal solid waste treatment system.
Compared to the traditional interactive binary analysis, this approach has fewer limitations and is able to reduce the complexity
in solving the inexact linear programming problems and inexact quadratic programming problems. The implementation of
this approach was performed using the Genetic Algorithm Solver of MATLAB (trademark of MathWorks). The paper explains
the genetic-algorithms-based method and presents details on the computation procedures for each type of inexact operation
programming problems. A comparison of the results generated by the proposed method based on genetic algorithms with those
produced by the traditional interactive binary analysis method is also presented.

1. Introduction
Economic optimization in operation planning of municipal
solid waste management was first proposed in the 1960s [1].
Since then, different models of waste management planning
have been proposed, which include linear programming [2–
5], mixed integer linear programming, dynamic programming, multiobjective programming [6–8], and hybrids of
these methods combined with probability, fuzzy, and inexact
analyses [9–12]. The objectives of these waste management
models include reduction of total cost, protection of the
environment, and reuse of waste material and energy.
In real-life engineering problems, the available information often cannot be represented as deterministic numbers or
distribution functions. Instead, it is often possible to represent
the available information as inexact numbers, which can
be readily used in the inexact programming models. This
may be due to the fact that decision makers often prefer to
have an inexact representation of uncertainty than provide
a specification for distributions of fuzzy sets [13–17]. For
operational planning, the inexact analysis approach typically
treats the uncertain parameters as intervals with known
upper and lower bounds but unclear distributions. A major

advantage of inexact analysis in operation planning is that
variation of system performance and decision variables can
be investigated by solving relatively simple submodels.
Research work on different kinds of inexact programming, such as inexact linear programming (ILP), inexact
quadratic programming (IQP), inexact integer programming
(IIP), inexact dynamic programming (IDP), and inexact multiobjective programming (IMOP) [6, 14, 15, 18–26], has been
conducted. This paper presents an alternative heuristic-based
method, which involves generic linear and quadratic programming with inexact information; the approach adopted
involves the use of genetic algorithms (GA).
This paper is organized as follows. Section 2 presents the
background of this research, which includes an introduction
of the Genetic Algorithm Solver of MATLAB used for
implementing the proposed method and the concepts of ILP,
IQP, and their interactive binary analysis solution method
[18]. Section 3 discusses the methodology of the proposed
genetic-algorithms-based methods for solving inexact liner
problems and inexact quadratic problems. Section 4 presents
the solution of the IQP problem of solid waste disposal
planning as a case study.
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2. Background
Linear programming and nonlinear programming are considered powerful optimization tools suitable for modeling
and solving complex optimization problems in engineering.
To handle uncertainty in real world data, inexact parameters
and constraints are combined with various kinds of optimization techniques. Huang et al. [18–21] proposed two inexact
nonlinear programming methods by introducing internal
and fuzzy numbers into the quadratic programming (QP)
frameworks. The methods of inexact quadratic programming (IQP) and inexact-fuzzy quadratic programming are
applicable for operation planning of solid waste management systems. Often a detailed solution of IQP involves a
large number of direct comparisons to interactively identify
the uncertain relationships among the objective function
and decision variables, whether the problems are mediumsized or larger-scaled. When these methods are applied to
complicated and nonlinear problems, the number of direct
comparisons can become exponential. In such a situation, we
suggest that GA are a feasible problem-solving method.
GA have been applied as the optimization techniques
for solving complex and nonlinear problems in operations
research, industrial engineering, and management science.
The GA method is a suitable optimization tool especially
for solving problems, which involve nonsmooth and multimodal search spaces. An engineering problem that has traditionally been solved as an IQP problem often involves a large
and uneven search space, for which a global optimal solution
is often not required. Instead, we suggest that the GA-based
method is a more effective problem-solving approach than
some traditional inexact programming methods.
2.1. Genetic Algorithm Solver for MATLAB. For implementation of genetic algorithms, the Genetic Algorithm Solver
of Global Optimization Toolbox (GASGOT), developed by
MATLAB (Trademark of MathWorks), has been adopted.
GASGOT implements simulated evolution in the MATLAB
environment using both binary and floating point representations and ordered base representation. This enables flexible
implementation of the genetic operators, selection functions,
termination functions, and evaluation functions. GASGOT
was developed by the Department of Industrial Engineering
of North Carolina State University as a toolbox of MATLAB.
Hence, it runs in a MATLAB workspace and can be easily
invoked by other programs. GASGOT supports implementation of binary chromosomes, binary mutation, and simple
crossover. For floating point representation, the operators of
uniform mutation, nonuniform mutation, multinonuniform
mutation, boundary mutation, simple crossover, arithmetic
crossover, and heuristic crossover are defined.
The GASGOT is adopted as the problem-solving engine
of both the GA linear program and GA nonlinear program; all
the applications and numeric examples were calculated using
this solver in MATLAB.
2.2. Inexact Linear Programming and Its Problem-Solving
Approach. To support decision making involving uncertainties, Huang et al. [20, 22] proposed an interactive binary
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analysis to solve the inexact linear programming (ILP) problem.
A typical ILP problem can be expressed as follows:
𝑛

Max

𝑓± = ∑ [𝑐𝑗± 𝑥𝑗± ] ,
𝑗=1

𝑛

s.t.

∑ 𝑎𝑖𝑗± 𝑥𝑗± ≤ 𝑏𝑖± ,

𝑖 = 1, 2, . . . 𝑚,

𝑥𝑗± ≥ 0,

𝑗 = 1, 2, . . . , 𝑛,

(1)

𝑗=1

where 𝑎𝑖𝑗± , 𝑏𝑖± , and 𝑐𝑗± are inexact parameters and 𝑥𝑗± is an
inexact variable. It is assumed that an optimal solution exists.
For an inexact number 𝑔± ∈ [𝑔− , 𝑔+ ], 𝑔+ and 𝑔− are the upper
and lower bounds, respectively.
The traditional binary solution procedure is specified as
follows.
Step 1. Group symbols for inexact coefficients 𝑐𝑗± ; let former
𝑘1 coefficients be positive and latter 𝑘2 be negative; 𝑘1 + 𝑘2 =
𝑛.
Step 2. Define the upper and lower bounds of the objective
function as 𝑓+ and𝑓− .
Step 3. Define absolute values and signs for the coefficients of
the constraints 𝑎𝑖𝑗± .
Step 4. Define the relationships between the decision variables 𝑥𝑗± and the absolute value of the coefficients of the
constraints |𝑎𝑖𝑗± |.
Step 5. Formulate constraints corresponding to the upper
and lower bounds of the objective function 𝑓+ and 𝑓− .
Step 6. When the right-hand side of the constraints 𝑏𝑖 are also
inexact numbers, define the relationships between 𝑓± and 𝑏𝑖± .
Step 7. Specify the two submodels.
For a detailed description of the procedure, see Huang et
al. [20, 22, 23].
2.3. Inexact Quadratic Programming and Its Problem-Solving
Approach. A typical IQP problem is formulated as follows:
𝑛

Max

2

𝑓± = ∑ [𝑐𝑗± 𝑥𝑗± + 𝑑𝑗± (𝑥𝑗± ) ] ,
𝑗=1

𝑛

s.t.

∑ 𝑎𝑖𝑗± 𝑥𝑗± ≤ 𝑏𝑖± ,

𝑖 = 1, 2, . . . 𝑚,

𝑥𝑗± ≥ 0,

𝑗 = 1, 2, . . . , 𝑛,

(2)

𝑗=1

where 𝑎𝑖𝑗± , 𝑏𝑖𝑗± , 𝑐𝑖𝑗± , and 𝑑𝑖𝑗± are inexact parameters, 𝑥𝑗± is an
inexact variable, and it is assumed that an optimal solution
exists.
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The solution procedure is similar to that of ILP but
involves more complexity and computation; the main steps
of the solution procedure are listed as follows; for a detailed
description, see Huang et al. [18, 24, 25].
Step 1. Group symbols for inexact coefficients 𝑐𝑗± and 𝑑𝑖𝑗± ;
when 𝑐𝑗± and 𝑑𝑖𝑗± have the same signs, similar to the ILP, let
former 𝑘1 coefficients be positive and latter 𝑘2 be negative;
𝑘1 + 𝑘2 = 𝑛. When 𝑐𝑗± and 𝑑𝑖𝑗± have different signs, 2𝑛 combinations of the upper and lower bounds of 𝑥𝑗± have to be
formulated for the objective function, which will require a
large number of computations.
Step 2. Define the upper and lower bounds of the objective
function as 𝑓+ and 𝑓− .
Step 3. Define the absolute values and signs for the coefficients of the constraints 𝑎𝑖𝑗± and the relationships between the
decision variables 𝑥𝑗± and the absolute value of the coefficients
of the constraints |𝑎𝑖𝑗± |.
When some 𝑥𝑗− corresponds to 𝑓+ and some 𝑥𝑗+ corresponds to 𝑓− , the specification of the constraints 𝑎𝑖𝑗± 𝑥𝑗± ≤
𝑏𝑖± requires a comparison of the contribution of 𝑥𝑗+ and 𝑥𝑗−
groups to the sum ∑𝑛𝑗=1 𝑎𝑖𝑗± 𝑥𝑗± , when 𝑓+ is desired. When the
problem is complex, a direct comparison of the dominance
of 𝑥𝑗+ and 𝑥𝑗− becomes impossible; then some simplification
and assumption need to be considered, which will affect the
quality of the result.
Step 4. Formulate the constraints corresponding to the upper
and lower bounds of the objective function 𝑓+ and 𝑓− .
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The objective of the first stage is to get an initial suboptimal 𝑥𝑗𝑠 for the following problem, which is transformed from
the ILP problem defined in (1):
𝑛

𝑓± = ∑ [𝑐𝑗𝑟 𝑥𝑗𝑠 ] ,

Max

𝑗=1

𝑛

s.t.

∑ 𝑎𝑖𝑗𝑟 𝑥𝑗𝑠 ≤ 𝑏𝑖𝑟 ,

𝑖 = 1, 2, . . . , 𝑚,

𝑥𝑗 ≥ 0,

𝑗 = 1, 2, . . . , 𝑛,

(3)

𝑗=1

where 𝑎𝑖𝑗𝑟 , 𝑏𝑖𝑟 , and 𝑐𝑗𝑟 are random numbers that satisfy the
continuous uniform distribution in the intervals of [𝑎𝑖𝑗− , 𝑎𝑖𝑗+ ],
[𝑏𝑖− , 𝑏𝑖+ ], and [𝑐𝑗− , 𝑐𝑗+ ], respectively. Then, the problem is solved
by the GA linear program solving engine of GASGOT, which
uses the objective function in (3) as the positive term of the
fitness function and the constraints of (1) as the negative
punishment terms. Thus, a suboptimal solution 𝑓𝑠 can be
identified and the corresponding decision variables of 𝑥𝑗𝑠 are
also obtained.
In the second stage, the inexact coefficients of 𝑎𝑖𝑗± , 𝑏𝑖± , and
±
𝑐𝑗 will be determined. Let the determined coefficients corre+

+

+

sponding to𝑓+ be 𝑎𝑖𝑗± , 𝑏𝑖± , and 𝑐𝑗± and those corresponding
−

−

−

to 𝑓− be 𝑎𝑖𝑗± , 𝑏𝑖± , and 𝑐𝑗± . These two sets of coefficients can
be obtained using the following method.
Substituting 𝑥𝑗𝑠 into (1) will convert (1) into the following
equation:
𝑛

Step 5. When the right-hand side of the constraints 𝑏𝑖 are also
inexact numbers, define the relationships between 𝑓± and 𝑏𝑖± .

Max

Step 6. Specify the two submodels.

s.t.

𝑓± = ∑ [𝑐𝑗± 𝑥𝑗𝑠 ] ,
𝑗=1

𝑛

∑ 𝑎𝑖𝑗± 𝑥𝑗𝑠 ≤ 𝑏𝑖± ,

𝑖 = 1, 2, . . . , 𝑚,

𝑥𝑗𝑠 ≥ 0,

𝑗 = 1, 2, . . . , 𝑛.

(4)

𝑗=1

The genetic-algorithms-based methods to solve the above
inexact linear problem and inexact quadratic problem will be
presented in the next section, and the results from the GAbased methods will be compared to those generated using the
traditional approach in [18, 20, 22–25].

3. Methodology
3.1. Genetic-Algorithms-Based Method for Solution of ILP
Problems (GAILP). A GA, as a heuristic search algorithm,
has been adopted for solving the aforementioned ILP problem. In the GA approach, the upper and lower bounds of
the inexact numbers of coefficients 𝑎𝑖𝑗± , 𝑏𝑖± , and 𝑐𝑗± can be
determined by substituting the initial suboptimal decision
variables into the objective function. 𝑓+ and 𝑓− can be calculated directly without any uncertainty in the coefficients. This
approach is called the genetic-algorithms-based method for
solving ILP problems or the GAILP method.
GAILP has been designed to include three stages, which
are discussed as follows.

To identify the coefficients 𝑎𝑖𝑗± , 𝑏𝑖± , and 𝑐𝑗± corresponding to
𝑓± , a set of objective functions needs to be constructed and
solved. Since 𝑥𝑗𝑠 are suboptimal variables, which tend to make
the objective function closer to 𝑓+ , consider 𝑎𝑖𝑗± , 𝑏𝑖± , and
𝑐𝑗± as variables; then the objective function of (5) can be
+

constructed so as to find 𝑐𝑗± :
𝑛

Max

𝑓± = ∑ [𝑐𝑗± 𝑥𝑗𝑠 ] ,
𝑗=1

𝑛

s.t.

∑ 𝑎𝑖𝑗± 𝑥𝑗𝑠
𝑗=1
+

(5)
≤

𝑏𝑖± ,

𝑖 = 1, 2, . . . , 𝑚.

The coefficients 𝑐𝑗± are considered as corresponding to 𝑓+ .
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At the same time, the objective function presented in (6)
−
can be constructed so as to find 𝑐𝑗± :
±

𝑓 =

Min

𝑛

𝑛

Max

∑ [𝑐𝑗± 𝑥𝑗𝑠 ] ,
𝑗=1

∑ 𝑎𝑖𝑗± 𝑥𝑗𝑠 ≤ 𝑏𝑖± ,

𝑛

s.t.

𝑖 = 1, 2, . . . , 𝑚.

There are two kinds of decision schemes for inexact programming problems, which are the conservative schemes and
optimistic schemes [26]. The former assumes less risk than
the latter, so that, for a maximization objective function,
planning for the lower bound of an objective value represents
the conservative scheme, and planning for the upper bound
of an objective value represents the optimistic scheme [26]. In
terms of constraints, the conservative scheme involves more
rigorous or stringent constraints, and the optimistic scheme
adopts more tolerant ones.
+
+
Thus, the problem of searching for 𝑎𝑖𝑗± and 𝑏𝑖± of the
optimistic scheme and corresponding to the upper bound of
the objective value of 𝑓+ can be represented as follows:
𝑛

∑ abs (𝑎𝑖𝑗± 𝑥𝑗𝑠 − 𝑏𝑖± ) ,

𝑗=1

−

𝑖 = 1, 2, . . . , 𝑚,

𝑥𝑗± ≥ 0,

𝑗 = 1, 2, . . . , 𝑛.

This step eliminates the inexact parameters in (1) and generates instead (9) and (10) as typical linear programming
(LP) problems, which can be solved easily using the traditional methods. Generally speaking, the interactive binary
algorithm of Huang et al. [20, 22] can be used for solving
inexact linear problems reliably and relatively quickly for
many real-life decision-making scenarios in the engineering
field. However, this binary algorithm has some limitations.
One of them, for example, is the limitation that the upper and
lower bounds of an inexact coefficient cannot have different
signs. By contrast, the GAILP does not have this kind of
limitation because the GA method does not depend on any
assumed distribution of the inexact parameter.
The following inexact linear problem demonstrates how
GAILP is able to handle this situation:

∑ 𝑎𝑖𝑗± 𝑥𝑗𝑠
𝑗=1

≤

𝑏𝑖± ,

𝑖 = 1, 2, . . . , 𝑚.

Max

𝑓± = [2, 6] 𝑥1± + [7.8, 10.2] 𝑥2± ,

s.t.

𝑥1± + [−0.8, 1.2] 𝑥2± ≤ 4.6,

The problem

[−6, −8.5] 𝑥1± + 12𝑥2± ≤ [−2, 3] ,
𝑛

Min

(10)

(7)

𝑛

s.t.

−

∑ 𝑎𝑖𝑗± 𝑥𝑗± ≤ 𝑏𝑖± ,

𝑗=1

𝑗=1

Max

−

𝑓− = ∑ [𝑐𝑗± 𝑥𝑗± ] ,
𝑗=1

(6)

𝑛

s.t.

For 𝑓− ,

𝑥1± ≥ 0,

∑ 𝑎𝑏𝑠 (𝑎𝑖𝑗± 𝑥𝑗𝑠 − 𝑏𝑖± ) ,

(11)

𝑥2± ≥ 0.

𝑗=1

(8)

𝑛

s.t.

∑ 𝑎𝑖𝑗± 𝑥𝑗𝑠
𝑗=1

−

≤

𝑏𝑖± ,

𝑖 = 1, 2, . . . , 𝑚,

−
𝑐𝑗±

can be calculated.
In the third stage, the problem represented in (1) is
converted into the following two subproblems.
For 𝑓+ ,
𝑛

𝑛

+

+

𝑖 = 1, 2, . . . , 𝑚,

𝑥𝑗± ≥ 0,

𝑗 = 1, 2, . . . , 𝑛.

𝑗=1

(9)

𝑥2𝑠 = 5.8.

(12)

−

and 𝑐𝑗± are constructed for𝑓+ and 𝑓− , respectively.
+

For 𝑓+ , 𝑐𝑗± can be determined by solving the following
problem:
Max

∑ 𝑎𝑖𝑗± 𝑥𝑗± ≤ 𝑏𝑖± ,

𝑥1𝑠 = 10.1,

In stage two, substituting 𝑥1𝑠 and 𝑥2𝑠 into (11), the two sets of
+
+
+
−
−
problems for determining 𝑎𝑖𝑗± , 𝑏𝑖± , and 𝑐𝑗± and 𝑎𝑖𝑗± , 𝑏𝑖± ,

+

𝑓+ = ∑ [𝑐𝑗± 𝑥𝑗± ] ,
𝑗=1

s.t.

𝑓𝑠 = 112,

−

will give 𝑎𝑖𝑗± and 𝑏𝑖± of the conservative scheme, corresponding to the lower bound of the objective value of 𝑓− .
+
+
+
−
−
Hence, the values of 𝑎𝑖𝑗± , 𝑏𝑖± , and 𝑐𝑗± and 𝑎𝑖𝑗± , 𝑏𝑖± , and

Max

In stage one, the suboptimal 𝑓𝑠 and the corresponding 𝑥1𝑠 and
𝑥2𝑠 are calculated:

s.t.

+

+

𝑓+ = 𝑐1± 10.1 + 𝑐2± 5.8,
10.1 + [−0.8, 1.2] 5.8 ≤ 4.6,
[−6, −8.5] 10.1 + 125.8 ≤ [−2, 3] ,
+

𝑐±1 ≤ [2, 6] ,

+

𝑐2± ≤ [7.8, 10.2] .

(13)
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+

And 𝑎𝑖𝑗± and 𝑏𝑖± can be determined by solving the following
problem:

For the conservative scheme, 𝑓− ,

Max 4.6 − (𝑥1𝑠 + 𝑎12 𝑥2𝑠 ) ,

Max

𝑓− = 2𝑥1− + 7.8𝑥2− ,

s.t.

𝑥−1 + 1.2𝑥2− ≤ 4.6,

Max 𝑏2 − (𝑎21 𝑥1𝑠 + 12𝑥2𝑠 ) ,
𝑎12 = [−0.8, 1.2] ,

(14)

𝑎21 = [−6, −8.5] ,

−

For 𝑓− , 𝑐𝑗± can be determined by solving the following problem:
−

−

𝑓− = 𝑐1± 10.1 + 𝑐2± 5.8,
10.1 + [−0.8, 1.2] 5.8 ≤ 4.6,

s.t.

[−6, −8.5] 10.1 + 125.8 ≤ [−2, 3] ,
−

−

(15)

−

𝑐±1 ≤ [2, 6] ,

𝑥−1 ≥ 0,

𝑐2± ≤ [7.8, 10.2] .

−

And 𝑎𝑖𝑗± and 𝑏𝑖± can be determined by solving the following
problem:
Min 4.6 − (𝑥1𝑠 + 𝑎12 𝑥2𝑠 ) ,

𝑓+ = 149.04,

𝑎12 = [−0.8, 1.2] ,

By solving (13), (14), (15), and (16), the coefficients are calculated as follows:
+

±−
𝑎12

= 6,
±−
𝑎21

= 1.2,

𝑏2± = 3,

= 10.2,
−
𝑏2±

= −6,

−

𝑐1± = 2,

= −2,

(17)

−

𝑐2± = 7.8.

Max

𝑓+ = 6𝑥1+ + 10.2𝑥2+ ,

s.t.

𝑥+1 − 0.8𝑥2+ ≤ 4.6,
−

𝑥1+ ≥ 0,

+

12𝑥2+

(20)

From the previous calculation, it can be seen that the GAILP
method can be used without any assumption of the upper and
lower bounds of the inexact coefficients. In fact, this method
effectively extends the scope of problems solvable using the
methods of the inexact linear programming problem. Therefore, the GAILP method is more adaptable for real world
applications of optimization problems with uncertainty. In
the next section, this method will be extended to solve the
inexact quadratic problems.
A sample inexact linear programming problem in [22] is
as follows:
Max

𝑓± = 𝑐1 𝑥1± + 𝑐2 𝑥2± ,

s.t.

𝑎11 𝑥1± + 𝑎12 𝑥2± ≤ 𝑏1 ,

(21)

𝑎21 𝑥1± + 𝑎22 𝑥2± ≤ 𝑏2 ,

𝑎11 = [8, 10] ,

𝑎12 = [−14, −12] ,

𝑎21 = [2.4, 2.8] ,

𝑏1 = [3.8, 4.2] ,

𝑎22 = [3.4, 4] ,

≤ 3,

𝑥2+ ≥ 0.

𝑏2 = 6.5.
(22)

By using the traditional interactive binary algorithm, two
submodels are obtained:
Max

𝑓+ = 30𝑥1+ − 5.5𝑥2− ,

s.t.

8𝑥1+ − 14𝑥2− ≤ 4.2,
2.4𝑥1+ + 4𝑥2− ≤ 6.5,

In stage three, the two submodels for the optimistic scheme
and the conservative scheme are constructed, respectively, as
follows.
For the optimistic scheme, 𝑓+ ,

8.5𝑥1+

𝑥2+ = 1.33.

+

±
𝑎21
= −8.5,
+
𝑐2±

𝑥2+ = 8.1,

where 𝑐1 = [26, 30], 𝑐2 = [−6, −5.5],

𝑏2 = [−2, 3] .

+
𝑐1±

𝑥1+ = 3,

(16)

𝑎21 = [−8.5, −6] ,

+

𝑥1+ = 11.08,

𝑓− = 16.4,

Min 𝑏2 − (𝑎21 𝑥1𝑠 + 12 𝑥2𝑠 ) ,

±
= −0.8,
𝑎12

𝑥2− ≥ 0.

The final result can be found by solving the previous two
submodels:

𝑏2 = [−2, 3] .

Min

(19)

− 6𝑥1− + 12𝑥2− ≤ 2,

𝑥+1 ≥ 0,
Max
s.t.

𝑥2− ≥ 0,

𝑓− = 26𝑥1− − 6.0𝑥2+ ,

(23)

10𝑥1− − 12𝑥2+ ≤ 3.8,
2.8𝑥1− + 3.4𝑥2+ ≤ 6.5,

(18)

𝑥−1 ≥ 0,

𝑥2+ ≥ 0.

The result was 𝑓+ = 45.78, 𝑥1 = 1.64, and 𝑥2 = 0.64; 𝑓− =
30.77, 𝑥1 = 1.37, and 𝑥2 = 0.79.
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Table 1: Legend for Figures 1 to 4.

2

The constraint 𝑎21 𝑥1± + 𝑎22 𝑥2± ≤ 𝑏2 given by interactive
binary analysis

1.5

x2

The constraint 𝑎21 𝑥1± + 𝑎22 𝑥2± ≤ 𝑏2 given by GAILP
The constraint 𝑎11 𝑥1± + 𝑎12 𝑥2± ≤ 𝑏1

1

Objective function line given by interactive binary
analysis
Objective function line given by GAILP

0.5

0.5

1

1.5
x1

2

2.5

Figure 1: Optimistic scheme, 𝑓+ .

For a detailed description of the problem, see [22].
By using the GAILP method as stated in (21), the result
can be calculated with the following objective functions:
Max

𝑓+ = 30𝑥1+ − 5.5𝑥2+ ,

s.t.

8𝑥1+ − 14𝑥2+ ≤ 4.2,
2.4𝑥1+ + 3.4𝑥2+ ≤ 6.5,
𝑥+1 ≥ 0,

𝑥2+ ≥ 0,

Max

𝑓− = 26𝑥1− − 6.0𝑥2− ,

s.t.

10𝑥1− − 12𝑥2− ≤ 3.8,

(24)

2.8𝑥1− + 4𝑥2− ≤ 6.5,
𝑥−1 ≥ 0,

𝑥2− ≥ 0.

The result was 𝑓+ = 48.15, 𝑥1 = 1.73, and 𝑥2 = 0.69; 𝑓− =
29.15, 𝑥1 = 1.29, and 𝑥2 = 0.72.
The GAILP method generates a solution, which is different from that obtained using the interactive binary analysis
proposed in [22]. A comparison of the results will be
discussed as follows.
For the 𝑓+ optimistic scheme, the GAILP method can
generate a result that is guaranteed to be as close as possible
to the upper bound of the constraints. Hence, the maximized
value of the objective function is greater than that produced
by the interactive binary analysis. For the 𝑓− conservative
scheme, the GAILP method has a higher probability of
satisfying the requirements of the constraints as close as
possible to the lowest limit. Hence, the maximized objective
value is smaller.
In Figures 1, 2, 3, and 4 the bold lines denote the boundaries of the constraints, which limit the possible values for 𝑥1
and 𝑥2 to the left lower area. The constraint 𝑎11 𝑥1± +𝑎12 𝑥2± ≤ 𝑏1
is shown in these figures as the grey bold solid lines, which
is the same for both the interactive binary analysis and the
GAILP method. The dark bold dotted lines represent the
constraint of 𝑎21 𝑥1± + 𝑎22 𝑥2± ≤ 𝑏2 given by the interactive

binary analysis, and the dark bold solid lines represent
the same constraint given by the proposed GAILP method.
The boundaries, together with the 𝑥1 and 𝑥2 axes, enclose
the entire area defined by the constraints. The objective
functions 𝑓+ = 30𝑥1+ − 5.5𝑥2+ or 𝑓− = 26𝑥1− − 6𝑥2− are groups
of parallel lines, as shown in the figures by the thin solid and
dotted lines. According to different values of 𝑥1 and 𝑥2 , these
objective function lines would have different intercepts on
both axes. These constraints restrict the objective function
lines to cross with the constraints area, so that, at some
vertex, the objective function would reach its extreme (i.e.,
maximized or minimized) values.
In Figures 1, 2, 3, and 4, the thin dotted lines are given
by the interactive binary analysis, and the thin solid lines
represent the objective functions given by the proposed
GAILP method. The legend for Figure 1 to Figure 4 is shown
in Table 1.
3.2. Genetic-Algorithms-Based Method for Solving IQP Problems (GAIQP). The GAILP method can be extended to solve
the inexact quadratic programming (IQP) problems or other
more complicated inexact nonlinear programming problems.
The typical IQP problem was presented in Section 2 as
(2).
In stage one, to obtain an initial suboptimal 𝑥𝑗𝑠 from
a problem transformed from the IQP problem we use the
following:
𝑛

Max

2

𝑓 = ∑ [𝑐𝑗𝑟 𝑥𝑗 + 𝑑𝑗𝑟 (𝑥𝑗 ) ] ,
𝑗=1

𝑛

s.t.

∑ 𝑎𝑖𝑗𝑟 𝑥𝑗𝑟 ≤ 𝑏𝑗𝑟 ,

𝑖 = 1, 2, . . . , 𝑚,

(25)

𝑗=1

𝑥𝑗 ≥ 0,

𝑗 = 1, 2, . . . , 𝑛,

where 𝑎𝑖𝑗𝑟 , 𝑏𝑖𝑟 , 𝑐𝑗𝑟 , and 𝑑𝑗𝑟 are random numbers that satisfy
the continuous uniform distribution in the intervals [𝑎−𝑖𝑗 , 𝑎𝑖𝑗+ ],
[𝑏−𝑖 , 𝑏𝑖+ ], [𝑐−𝑗 , 𝑐𝑗+ ], and [𝑑𝑗− , 𝑑𝑗+ ]. Then, a suboptimal solution
𝑓𝑠 can be identified, and the corresponding decision variables 𝑥𝑗𝑠 are also obtained.

7

0.74

0.84

0.72

0.82

0.7

0.8

0.68

0.78

x2

x2

Mathematical Problems in Engineering

0.66

0.76

0.64

0.74

0.62

0.72
1.65

1.7
x1

1.75

1.8

Figure 2: Zoom-in of the optimistic scheme, 𝑓+ .

1.25

1.3
x1

1.35

1.4

Figure 4: Zoom-in of the conservative scheme, 𝑓− .

2

𝑛

Min

2

𝑓± = ∑ [𝑐𝑗± 𝑥𝑗𝑠 + 𝑑𝑗± (𝑥𝑗𝑠 ) ] ,
𝑗=1

1.5

(28)

𝑛

∑ 𝑎𝑖𝑗± 𝑥𝑗𝑠
𝑗=1

s.t.

≤

𝑏𝑖± ,

𝑖 = 1, 2, . . . , 𝑚.

x2

1
+

+

To determine 𝑎𝑗± and 𝑏𝑖± of the optimistic scheme corresponding to the upper limit of the objective value of 𝑓+ , we
have the following:

0.5

𝑛

Max
0.5

1

1.5

2

𝑗=1

2.5

x1

s.t.
−

2

s.t.

≤

𝑥𝑗𝑠 ≥ 0,

𝑏𝑖± ,

𝑖 = 1, 2. . . . , 𝑚,

Max

𝑓 =
𝑛

s.t.

∑ [𝑐𝑗± 𝑥𝑗𝑠
𝑗=1

∑ 𝑎𝑖𝑗± 𝑥𝑗𝑠
𝑗=1

+

(26)

≤

𝑖 = 1, 2, . . . , 𝑚,

s.t.

∑ 𝑎𝑖𝑗± 𝑥𝑗𝑠
𝑗=1

≤

𝑏𝑖± ,

𝑖 = 1, 2, . . . , 𝑚.

In the third stage, the problem expressed in (2) has been
converted into the following two subproblems.
For 𝑓+ ,
𝑛

Max

+

+

2

𝑓+ = ∑ [𝑐𝑗± 𝑥𝑗± + 𝑑𝑗± (𝑥𝑗± ) ] ,
𝑗=1

2
𝑑𝑗± (𝑥𝑗𝑠 ) ] ,

𝑛

(27)
𝑏𝑖± ,

(30)

𝑛

𝑗 = 1, 2, . . . , 𝑛.

𝑛

∑ 𝑎𝑏𝑠 (𝑎𝑖𝑗± 𝑥𝑗𝑠 − 𝑏𝑖± ) ,

𝑗=1

To determine the coefficients 𝑎𝑖𝑗± , 𝑏𝑖± , 𝑐𝑗± , and 𝑑𝑗± corresponding
to 𝑓± we use the following:
±

−

𝑛

Min

𝑗=1

∑ 𝑎𝑖𝑗± 𝑥𝑗𝑠
𝑗=1

𝑖 = 1, 2, . . . , 𝑚.

To obtain 𝑎𝑗± and 𝑏𝑖± , we use the following:

𝑓± = ∑ [𝑐𝑗± 𝑥𝑗𝑠 + 𝑑𝑗± (𝑥𝑗𝑠 ) ] ,
𝑛

∑ 𝑎𝑖𝑗± 𝑥𝑗𝑠 ≤ 𝑏𝑖± ,

𝑗=1

In the second stage, substituting 𝑥𝑗𝑠 into the formula in (2)
converts (2) into the following formula:
𝑛

(29)

𝑛

Figure 3: Conservative scheme, 𝑓− .

Max

∑ abs (𝑎𝑖𝑗± 𝑥𝑗𝑠 − 𝑏𝑖± ) ,

s.t.

+

+

∑ 𝑎𝑖𝑗± 𝑥𝑗± ≤ 𝑏𝑖± ,

𝑖 = 1, 2, . . . , 𝑚,

𝑗=1

𝑥±𝑗 ≥ 0,

𝑗 = 1, 2, . . . , 𝑛.

(31)

8

Mathematical Problems in Engineering

For 𝑓− ,

Municipality 2

𝑛

−

Municipality 3

2

−

𝑓− = ∑ [𝑐𝑗± 𝑥𝑗± + 𝑑𝑗± (𝑥𝑗± ) ] ,

Max

𝑗=1

𝑛

s.t.

∑ 𝑎𝑖𝑗± 𝑥𝑗± ≤ 𝑏𝑖± ,

−

−

𝑖 = 1, 2, . . . , 𝑚,

𝑥±𝑗 ≥ 0,

𝑗 = 1, 2, . . . , 𝑛.

(32)

WTE facility

𝑗=1

Landfill

The inexact information has been incorporated in these two
subproblems. These two subproblems, as typical nonlinear
programming problems, can be solved by the GA nonlinear
program solver engine of GASGOT.
This method is applied to an IQP problem that was originally proposed by [27]. This IQP problem can be expressed
as follows:
±

𝑓 =

Max

[16, 18] 𝑥1±

−

Max

2

s.t.

+

[1.8, 2.2] 𝑥2±

Figure 5: Diagram of municipalities and waste management facilities in the case study.

In stage three, the problems of (31) and (32) are generated as
follows:

2
[12, 14] (𝑥1± )

− [4, 5] 𝑥2± + [14, 15] (𝑥2± ) ,
[4.5, 5.5] 𝑥1±

Municipality 1
Municipal solid waste
Residue from WTE facility

≤ [1.8, 2.1] ,

(33)

s.t.

In stage one, suboptimal variables can be calculated using the
GA nonlinear program solver engine of GASGOT:
𝑥2𝑠 = 0.37772,

𝑥1𝑠

𝑓𝑠 = 4.397.

(34)

𝑥2𝑠

and
are used to construct the objective
In stage two,
functions expressed in (27), (28), (29), and (30) in order to
+
+
+
+
−
determine the coefficients 𝑎𝑖𝑗± , 𝑏𝑖± , 𝑐𝑗± , and 𝑑𝑗± and 𝑎𝑖𝑗± ,
−

−

−

𝑏𝑖± , 𝑐𝑗± , and 𝑑𝑗± . By solving (27), (28), (29), and (30), the
coefficients are identified as follows:
+

+

±
𝑎11
= 4.5,
+

+

+

±
𝑎12
= 2.2,
−

𝑏1± = 1.8,
−

+

−

𝑐2± = 5,

+

𝑑1± = 12,
−

±
= 5.5,
𝑎11

𝑐1± = 16,

𝑏2± = 1.1,

𝑐2± = 4,

−

±
𝑎21
= 1.8,
+

𝑏1± = 2.1,
𝑐1± = 18,

+

±
𝑎12
= 1.8,

𝑑2± = 15,
−

±
𝑎21
= 2.2,

−

𝑏2± = 0.9,
−

𝑑1± = 14,

−

2

2

4.5𝑥1± + 1.8𝑥2± ≤ 2.1,

𝑥±1 ≥ 0,

𝑥2± ≥ 0.

𝑥1𝑠 = 0.26497,

2

𝑥±1 + 1.8𝑥2± ≤ 1.1,

𝑥±1 + [1.8, 2.2] 𝑥2± ≤ [0.9, 1.1] ,
𝑥±1 ≥ 0,

2

𝑓+ = 18𝑥1± − 12(𝑥1± ) − 4𝑥2± + 15(𝑥2± ) ,

𝑑2± = 14.
(35)

𝑥2± ≥ 0,

Max

𝑓− = 16𝑥1± − 14(𝑥1± ) − 5𝑥2± + 14(𝑥2± ) ,

s.t.

5.5𝑥1± + 2.2𝑥2± ≤ 1.8,

(36)

𝑥±1 + 2.2𝑥2± ≤ 0.9,
𝑥±1 ≥ 0,

𝑥2± ≥ 0.

Solving the above two problems, the solution of this sample
problem is 𝑓± = [2.6371, 5.4234], 𝑥1± = [0.2441, 0.2857], and
𝑥2± = [0.20792, 0.45239]. As a comparison, the solution given
by [27] is 𝑓± = [2.59, 5.42], 𝑥1± = [0.238, 0.286], and 𝑥2± =
[0.224, 0.452].
To enhance the solution, the GAIQP engine can be
reconfigured in stage three. For example, the maximum
genetics generations number can be increased. However,
this may not be necessary as the above generated solution
is sufficiently satisfactory for many practical engineering
problems.

4. Case Study
To illustrate the proposed method, the problem of solid waste
disposal planning presented in [25] has been recalculated
using the GAIQP method. In this case study, the system
involves three cities. As shown in Figure 5, the planning
horizon is 15 years, which is divided equally into three
periods. A landfill and an incinerator are available for the
disposal of the municipal solid waste. The landfill has an
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existing capacity of [2.05, 2.30]×106 t, and the incinerator has
a capacity of [500, 600] t/d. The incinerator generates residues
of approximately 30% of the incoming waste streams, and
its revenue from energy sale is $[15, 25] per ton combusted.
The waste generation rate of each city, operating costs of the
facilities, and the waste transportation costs are summarized
and shown in Table 2.
The objective of the optimization problem in this case
study is to minimize the total costs by allocating waste flow
between cities and facilities. In [25], this IQP model was
formulated as follows:
2

Min

3

𝑗=1 𝑘=1

±
± ±
±
(where 𝑇𝑅𝑖𝑗𝑘
= 𝛼𝑖𝑗𝑘
𝑥𝑖𝑗𝑘 + 𝛽𝑖𝑗𝑘
,

3

s.t.

±
𝜎𝑘± 𝑥2𝑗𝑘
𝐹𝐸

+

3

𝜎𝑘± is Slope of transportation cost curve for residue
from incinerator to landfill during period 𝑘.

𝑗=1 𝑘=1

(landfill capacity constraint) ,

3

±
≤ 𝑇𝐸±
∑ 𝑥2𝑗𝑘

This interval quadratic programming problem has 18 variables 𝑥𝑖𝑗𝑘 and 13 constraints. The GAIQP method is applied
to solve this problem according to the three stages presented
in Section 3.2.

∀𝑘 (incinerator

𝑗=1

capacity constraint) ,
2

±
±
∑ 𝑥𝑖𝑗𝑘 ≥ 𝑊𝐺𝑗𝑘

±
𝛽𝑖𝑗𝑘
is Y-intercept of transportation cost curve for
waste from city 𝑗 to facility 𝑖 during period 𝑘,

𝛿𝑘± is Y-intercept of transportation cost curve for
residue from incinerator to landfill during period 𝑘,

𝛿𝑘± ) ,

±
±
+ 𝐹𝐸𝑥2𝑗𝑘
)
∑ ∑ 𝐿 𝑘 (𝑥1𝑗𝑘

≤ 𝑇𝐿±

±
is waste flow from city 𝑗 to facility 𝑖 during period
𝑥𝑖𝑗𝑘
𝑘 (t/d),

3

±
±
+ ∑ ∑ 𝐿 𝑘 [𝐹𝐸 (𝐹𝑇𝑘± + 𝑂𝑃2𝑘
) − 𝑅𝐸𝑘± ] 𝑥2𝑗𝑘

=

±
𝑊𝐺𝑗𝑘
is waste generation rate in city 𝑗 during period
𝑘 (t/d),

±
𝛼𝑖𝑗𝑘
is slope of transportation cost curve for waste
from city 𝑗 to facility 𝑖, during period 𝑘,

𝑖=1 𝑗=1 𝑘=1

±
𝐹𝑇𝑗𝑘

𝑇𝐿±𝑖𝑗𝑘 is transportation cost for waste from city 𝑗 to
facility 𝑖 during period 𝑘 ($/t),

3

±
±
+ 𝑂𝑃𝑖𝑘± ) 𝑥𝑖𝑗𝑘
𝑓± = ∑ ∑ ∑ 𝐿 𝑘 (𝑇𝑅𝑖𝑗𝑘
3

𝑇𝐿± is capacity of landfill (t),

Stage 1. Based on the data shown in Table 2, the model
formulated at stage 1 is as follows:

∀𝑗, 𝑘 (waste disposal

𝑖=1

demand constraint) ,
(37)
where
𝐹𝐸 is residue flow rate from incinerator to landfill (it
is 0.3 in this case),
𝐹𝑇𝑘± is transportation cost for residue from incinerator to landfill during period 𝑘 ($/t),
𝑖 is type of waste management facility (𝑖 = 1, 2, where
𝑖 = 1 for landfill, 2 for incinerator),
𝑗 is city, 𝑗 = 1, 2, 3,
𝑘 is time period, 𝑘 = 1, 2, 3,
𝐿 𝑘 is length of period 𝑘, 𝐿 1 = 𝐿 2 = 𝐿 3 = 365∗5 (day),

𝑂𝑃𝑖𝑘± is operating cost of facility 𝑖 during period 𝑘 ($/t),
𝑅𝐸𝑘± is revenue from incinerator during period 𝑘 ($/t),

𝑇𝐸± is capacity of incinerator (t/d),

𝑓 = 365 × 5
× { [44.6, 64.4] 𝑥111

𝑥±𝑖𝑗𝑘 ≥ 0 ∀𝑖, 𝑗, 𝑘 (nonnegativity constraint) ,

𝑅𝐸1± = 𝑅𝐸2± = 𝑅𝐸3± = [15, 25],

min

2
− [0.0123, 0.0163] 𝑥111

+ [56.04, 81.34] 𝑥112
2
− [0.0135, 0.0179] 𝑥112

+ [67.64, 103.48] 𝑥113
2
− [0.0148, 0.0197] 𝑥113

+ [42.65, 61.9] 𝑥121
2
− [0.0106, 0.0142] 𝑥121

+ [53.9, 78.56] 𝑥122
2
− [0.0117, 0.0156] 𝑥122
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Table 2: Waste generation rates and operating costs.
Period 1 (𝑘 = 1)

Period 2 (𝑘 = 2)
Waste generation (t/d)
[260, 340]
[310, 390]
[160, 240]
[185, 265]
[260, 340]
[260, 340]
Operation cost ($/t)
[35, 45]
[40, 60]
[55, 75]
[60, 85]
City-to-landfill transportation cost ($/t)
−0.0123𝑥 + 14.58
−0.0135𝑥 + 16.04
−0.0163𝑥 + 19.40
−0.0179𝑥 + 21.34
−0.0106𝑥 + 12.65
−0.0117𝑥 + 13.92
−0.0142𝑥 + 16.87
−0.0156𝑥 + 18.56
−0.0129𝑥 + 15.30
−0.0141𝑥 + 16.83
−0.0172𝑥 + 20.49
−0.0189𝑥 + 22.53
City-to-incinerator transportation cost ($/t)
−0.0097𝑥 + 11.57
−0.0107𝑥 + 12.73
−0.0130𝑥 + 15.42
−0.0143𝑥 + 16/97
−0.0102𝑥 + 12.17
−0.0113𝑥 + 13.39
−0.0136𝑥 + 16.15
−0.0149𝑥 + 17.76
−0.0089𝑥 + 10.60
−0.0098𝑥 + 11.67
−0.0118𝑥 + 14.10
−0.0130𝑥 + 15.51
Incinerator-to-landfill transportation cost ($/t)
−0.0048𝑥 + 5.71
−0.0053𝑥 + 6.28
−0.0064𝑥 + 7.62
−0.0070𝑥 + 8.38

WG±1𝑘
WG±2𝑘
WG±3𝑘
OP±1𝑘
OP±2𝑘
TR−11𝑘
TR+11𝑘
TR−12𝑘
TR+12𝑘
TR−13𝑘
TR+13𝑘
TR−21𝑘
TR+21𝑘
TR−22𝑘
TR+22𝑘
TR−23𝑘
TR+23𝑘
FT−𝑘
FT+𝑘

Period 3 (𝑘 = 3)
[360, 440]
[210, 290]
[310, 390]
[50, 80]
[65, 95]
−0.0148𝑥 + 17.64
−0.0197𝑥 + 23.48
−0.0129𝑥 + 15.31
−0.0172𝑥 + 20.41
−0.0156𝑥 + 18.52
−0.0208𝑥 + 24.79
−0.0118𝑥 + 14.00
−0.0157𝑥 + 18.66
−0.0124𝑥 + 14.73
−0.0164𝑥 + 19.54
−0.0108𝑥 + 12.83
−0.0143𝑥 + 17.06
−0.0058𝑥 + 6.91
−0.0077𝑥 + 9.33

+ [65.3, 100.4] 𝑥123

+ [66.2, 102.76] 𝑥222

2
− [0.0129, 0.0172] 𝑥123

2
− [0.013, 0.0172] 𝑥222

+ [45.3, 65.5] 𝑥131

+ [72.13, 114.54] 𝑥223

2
− [0.0129, 0.0172] 𝑥131

2
− [0.0143, 0.0186] 𝑥223
+ [60.3, 99.1] 𝑥231

+ [56.83, 82.53] 𝑥132

2
− [0.0102, 0.0137] 𝑥231

2
− [0.0141, 0.0189] 𝑥132

+ [65.41, 108.7] 𝑥232

+ [58.52, 104.79] 𝑥133

2
− [0.0104, 0.0148] 𝑥232

2
− [0.0156, 0.0208] 𝑥133

+ [71.38, 133.25] 𝑥233

+ [60.6, 100.4] 𝑥211
2
− [0.0111, 0.015] 𝑥211
+ [64.2, 115.3] 𝑥212

−

2
[0.0122, 0.0164] 𝑥212

+ [74.4, 126.73] 𝑥213

2
− [0.012, 0.0143] 𝑥233
},

s.t. 365 × 5
× (𝑥111 + 0.3𝑥211 + 𝑥112 + 0.3𝑥212
+ 𝑥113 + 0.3𝑥213 + 𝑥121 + 0.3𝑥221

2
− [0.0134, 0.018] 𝑥213

+ 𝑥122 + 0.3𝑥222 + 𝑥123 + 0.3𝑥223

+ [54.3, 103.44] 𝑥221

+ 𝑥131 + 0.3𝑥231 + 𝑥132 + 0.3𝑥232

−

2
[0.0117, 0.0157] 𝑥221

+𝑥123 + 0.3𝑥233 )
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≤ [2.05 × 106 , 2.30 × 106 ] ,
𝑥211 + 𝑥221 + 𝑥231 ≤ [500, 600] ,
𝑥212 + 𝑥222 + 𝑥232 ≤ [500, 600] ,
𝑥213 + 𝑥223 + 𝑥233 ≤ [500, 600] ,
𝑥111 + 𝑥211 ≥ [260, 340] ,
𝑥112 + 𝑥212 ≥ [310, 390] ,
𝑥113 + 𝑥213 ≥ [360, 440] ,
𝑥121 + 𝑥221 ≥ [160, 240] ,
𝑥122 + 𝑥222 ≥ [185, 265] ,
𝑥131 + 𝑥231 ≥ [260, 340] ,
𝑥132 + 𝑥232 ≥ [260, 340] ,
𝑥133 + 𝑥233 ≥ [310, 390] .
(38)
Considering interval numbers as random numbers, which
can be determined between the interval numbers’ lower and
upper endpoints, the GAIQP method is applied to find a
suboptimal solution 𝑓𝑠 . With an initial population size of
500, after 2000 generations, one suboptimal solution has been
found: 𝑓𝑠 = 288 × 106 , and the concomitant variables are
𝑠
𝑥111
= 250,
𝑠
𝑥121
= 3,

𝑠
𝑥112
= 315,
𝑠
𝑥122
= 220,

𝑠
𝑥113
= 376,

𝑠
𝑥132
= 10,

𝑠
𝑥133
= 5,

𝑠
𝑥211
= 45,

𝑠
𝑥212
= 40,

𝑠
𝑥213
= 10,

𝑠
𝑥221
= 188,

𝑠
𝑥222
= 12,

𝑠
𝑥223
= 201,

𝑠
𝑥231
= 278,

𝑠
𝑥232
= 293,
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𝑠
𝑥123
= 57,

𝑠
𝑥131
= 8,

solution for the inexact linear programming and Inexact
quadratic programming problems. The two methods are
called GAILP and GAIQP. The Genetic Algorithm Solver
of MATLAB was the implementation environment of the
proposed methods. Compared to the GAILP and GAIQP
methods, the traditional problem-solving method has limitations due to the complexity involved in selecting the upper
or lower bounds of variables and parameters when the subobjective functions are being constructed. The complexity arises
due to the extensive computation and necessary assumptions
and simplification. The solution procedures of the proposed
GA-based optimization methods do not involve any such
assumption or simplification, and the quality of the result
is guaranteed. The GAIQP method has been applied to a
case study that deals with municipal solid waste management
taken from [25]. A comparison of the results shows that the
proposed GA-based heuristic optimization approach is able
to handle more complicated quadratic relationships involving
uncertainty and provide better results.
The GA-based heuristic optimization approach is a flexible approach, which can be extended to find solutions
for various types of operation programming scenarios. It
can also be used as an all-purpose algorithm for economic
optimizations. In the future, the methods of GAILP and
GAIOP will be further developed for handling more complex
inexact nonlinear problems.

(39)

𝑠
𝑥233
= 322.

𝑠
Stage 2. Substitute 𝑥𝑖𝑗𝑘
into (38) to identify those coefficients

corresponding to 𝑓+ and 𝑓− .
Stage 3. In this stage, the problem expressed in (37) has been
converted into two subproblems: 𝑓+ and 𝑓− .
The solution found by this method is 𝑓± = [2.405 ×
8
10 , 5.133×108 ]. This is close to the result given by [25], which
is, for comparison purposes, 𝑓± = [2.39 × 108 , 5.14 × 108 ].
This case study indicates that the GAIQP method can be
configured to deal with large-scaled and complex engineering
problems and give a satisfactory solution. If the parameters
of the genetic algorithms of the nonlinear program solver
engine of GASGOT are further tuned, a better solution can
be generated.

5. Conclusions
Two genetic-algorithms-based methods have been proposed
and applied for identifying an all-purpose optimization
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Since digital video broadcasting via satellite (DVB-S) signals are “inefficient”, regarding the amount of information they convey on
the bandwidth they occupy, a joint broadcasting and ranging system would constitute a unique platform for future digital video
broadcasting satellite services effecting the essential tasks of satellite navigation system and direct to home (DTH) services, in terms
of both spectrum efficiency and cost effectiveness. In this paper, the design of dual frequency M-ary position phase shift keying
(MPPSK) system which is suitable for, respectively, performing both data transmission and range measurement is proposed. The
approach is based on MPPSK modulation waveforms utilized in digital video broadcasting. In particular, requirements that allow
for employing such signals for range measurements with high accuracy and high range are investigated. Also, the relationship
between the frequency difference of dual frequency MPPSK system and range accuracy is discussed. Moreover, the selection of
MPPSK modulation parameter for data rate and ranging is considered. In addition to theoretical considerations, the paper presents
system simulations and measurement results of new systems, demonstrating the high spectral utilization of integrated broadcasting
and ranging applications.

1. Introduction
Direct to home (DTH) services via satellite are particularly
affected by power limitation, which weakens its ability of
antinoise and antiinterference. Traditionally, power limitation is the main design objective rather than spectrum
efficiency, so DVB-S system uses QPSK modulation [1].
However, the spectrum resource in the air has become more
occupied, with rapid development of digital video and audio
broadcasting. To achieve a very high spectrum efficiency
without excessively penalizing the power efficiency, the modulation technique named M-ary position phase shift keying
(MPPSK) was proposed, which is a kind of transmission
technique with efficient-bandwidth and high data rate [2, 3].
Compared to EBPSK [4], MPPSK utilizes M-ary information symbols to directly control the positions of phase
transition of sinusoidal carrier in each symbol cycle. These
techniques offer a number of advantages, such as ultranarrow bandwidth, very high transmission efficiency, and
adjustable data rate. Different from QPSK, MPPSK preserves

a strong carrier within its RF spectra, because only a small
portion of sine carrier is changed. Meanwhile, the receiver
can extract the tiny modulation information to achieve
demodulation while applying an extremely narrow passband filter named digital impacting filter (DIF). References
[5, 6] explained the special mechanism of DIF elaborately.
Continuous wave (CW) ranging has been demonstrated
potential for providing precise detection results; however,
they suffer from large range ambiguity [7]. Dual frequency
CW ranging has a contradiction between the accuracy and
range of measurement [8, 9].
In the paper, a dual frequency MPPSK system is creatively
proposed to overcome the ranging ambiguity. At the same
time, the system is used for the digital video broadcasting
satellite services. Such a kind of platform would offer unique
possibilities for novel system concepts and applications. Even
more important, by using the dual frequency MPPSK waveform for both applications, the occupied spectrum would be
used very efficiently and both applications could be operated,
respectively, which would guarantee availability of both
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MPPSK modulation generator is a new analog-digitalmixed type. Pulse train MPPSK modulator is illustrated
by [3]. The modulating process of 4PPSK signal in carrier
frequency 𝑓1 is shown in Figure 2.
The next step is to explain the processes more clearly,
and the output of a sinewave oscillator with frequency 𝑓1 is
divided into two branches: the upper is direct output with no
phase shift, while the lower is phase reversed before output.
The original data sequence to be transmitted is converted
into a corresponding impulse chain firstly so as to control
an electronic switch 𝑠. By (1), this chain always stays at low
level (logic “0”) except for the beginning of bit “𝑀” (𝑀 > 0)
and during the interval of 𝐾𝑇 where the impulse appears and
stays at high level (logic “1”). Controlled by this information
impulse chain, the 𝑠 is connected to 𝑠0 at low level, to 𝑠1 at
high level.
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Figure 1: 4 PPSK modulated waveforms.

functions, and help to partially overcome the limitation of
spectral resources. Such a system will provide two functions
on a single hardware platform of MPPSK modems.
The rest of this paper is organized as follows: Section 2
introduces MPPSK modulation and demodulation, including
the waveform character and the performance of impacting
filters. Section 3 illustrates principle of dual frequency CW
ranging. In Section 4, a block diagram of the dual frequency MPPSK broadcasting and receiving system is partly
described, and also, two working modes are established.
Some indicative simulation results and performance analysis
are presented in Section 5. And finally, Section 6 gives the
conclusion of the paper.

2. MPPSK Modem
2.1. MPPSK Modulation. The modulated MPPSK signals are
defined by [2], and the simplified expression is presented in
the paper as follows:
{
{
{
{
{
𝑠𝑡0 (𝑡) = {
{
{
{
{
{

sin (2𝜋𝑓0 𝑡)
{ sin (2𝜋𝑓0 𝑡)
{ − sin (2𝜋𝑓0 𝑡)
{ sin (2𝜋𝑓0 𝑡)

2.2. MPPSK Demodulation. The impacting filter (IF) is a
special digital infinite impulse response (IIR) filter, with
the feature of “notch-frequency selection” in an extremely
narrow pass-band [6]. It highlights the difference of the
modulation waveform, which is helpful for demodulation,
and simplifies the structure of the receiver greatly. At present,
the IF is artificially designed. In the following real simulation,
we assume the impacting filter formed by one pair of
conjugate zeros and four pairs of adjacent conjugate poles.
The expression and related parameter of the IF is given in [10].
Consider
𝐻 (𝑧) =

1 + 𝑏1 ⋅ 𝑧−1 + 𝑧−2
−𝑖
1 − ∑2𝑛
𝑖=1 𝑎𝑖 ⋅ 𝑧

𝑎3 = −30.66190141963812,

(1)

where 𝑓0 and 𝑇 represent the carrier frequency and the carrier
period, respectively. 𝐾 and 𝑁 stand for the number of the
carrier period in each time slot and the number of the carrier
period in each symbol, respectively. 𝑁/𝐾 means the slot
number in each symbol, and 𝑚 (𝑚 = 0, 1, . . . , 𝑀 − 1) is
M-ary (𝑀 ≥ 2) source symbol. The waveforms of 4PPSK
modulation are illustrated as in Figure 1. The coefficient for
the abscissa axis is the index of a certain sample point. Setting
𝐾 = 2, 𝑁 = 20.
The modulation waveform for symbol “0” is sinusoidal
wave as shown in Figure 1. Figure 1 also illustrates the
modulation waveform for symbol “1” with the phase hopping
during the first two carrier period (from 0 to 20), the next
(from 20 to 40) is for symbol “2”, and last (from 40 to 60) is 3
for symbol “3”.

(2)

where 𝑛 is the pair number of the conjugate poles. In order to
demodulate dual-frequency MPPSK signals, the zero parameters of the IF are selected as 𝑏1 = −1.6181733185991785, and
the pole parameters of the IF in this paper are selected as
𝑎1 = −6.1150669443734404,

0 ≤ 𝑡 < 𝑁𝑇, 𝑘 = 0,
0 ≤ 𝑡 ≤ (𝑘 − 1) 𝐾𝑇,
(𝑘 − 1) 𝐾𝑇 < 𝑡 < 𝑘𝐾𝑇,
1 ≤ 𝑘 ≤ 𝑀 − 1,
𝑘𝐾𝑇 ≤ 𝑡 < 𝑁𝑇,

,

𝑎2 = 17.593270854070781,
𝑎4 = 35.258220132970798,

𝑎5 = −27.343924194038685,

𝑎6 = 13.991777506187015,

𝑎7 = −4.3370740838799371,

𝑎8 = 0.63250878596652416.
(3)

The proposed filter has a very narrow bandwidth, and the IF
would retain the signal characteristics and reduce the noise.
When MMPSK modulated signals pass the impacting filter,
the special impacting filter can transform the tiny waveform
difference into amplitude impacting, and Figure 3 would
illustrate this demodulation process.
The coefficient for the 𝑥 axis is the index of a certain
sample point. Set MPPSK Modulation parameter 𝑀 = 4.
Waveform of a source symbol sequence {3, 2, 1, 0} is shown
in Figure 3, Figure 3 illustrates its 4PPSK waveform after
the modulation, Figure 3 depicts the response of this filter
to 4MPSK modulated signals, the phase hopping can be
converted into amplitude impacting, and its envelope is
shown in Figure 3.
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Nonzero symbols, that is, “1” to “𝑀 − 1”, can be distinguished from the different positions of the peak of amplitude
impacting. Figure 3 shows the waveform corresponding to
four symbols, “3”, “2”, “1”, and “0.” The modulation waveform
for symbol “0” is a sinusoidal. Therefore, no impacting is
observed in its response. The peak of amplitude impacting
(at about 8.123 × 104 in Figure 3) corresponding to code “1” is
close to the starting location (at about 8.12 × 104 in Figure 3).
The followed modulation waveform is for code“2” (at about
8.106 × 104 in Figure 3), which is a little further from its own
starting location (at about 8.10×104 in Figure 3). And the last
is for code “3” (at about 8.088 × 104 in Figure 3), which is the
furthest from its own starting location (at about 8.08 × 104 in
Figure 3). Obviously, a simple amplitude threshold detector
and bit synchronization can perform the demodulation for
MPPSK signals, which results in the simple receiver structure.
The impacting filter can be digitally implemented, which is
beneficial for chip integration.

Dual frequency CW ranging technique can compute very
adequate fine range resolution [11, 12], without using frequency modulation. Consider a CW signal of single frequency first:
𝑠𝑡0 (𝑡) = sin (2𝜋𝑓0 𝑡) ,

(4)

where 𝑓0 is the carrier frequency and 𝑓0 = 1/𝑇. The receiver’s
range 𝑅 and is computed by measuring the time delay 𝑡𝑑 , it
takes CW signal to travel the path between transmitter and
receiver. Since electromagnetic waves travel at the speed of
light 𝑐, the received signal is
𝑠𝑟0 (𝑡) = sin [2𝜋𝑓0 (𝑡 − 𝑡𝑑 )] = sin (2𝜋𝑓0 𝑡 − 𝜑) ,

(5)

where the time delay 𝜑 = 2𝜋𝑓0 (𝑅/𝑐).
Solving for 𝑅, we obtain
𝑅=

𝑐𝜑
𝜆
=
𝜑.
2𝜋𝑓0 2𝜋

(6)

Such a system with zero-intermediate frequency (ZIF)
receiver is shown in Figure 4. PA stands for power amplifier
and LNA represents low-noise amplifier; 𝐼/𝑄 orthogonal
channel is used in radar receiver for obtaining echo reflected
signal phase and amplitude information. Clearly, the maximum unambiguous range occurs when 𝜑 is maximum; that
is, 𝜑 = 2𝜋. Consider a system with two CW signals, denoted
by 𝑠𝑡0 (𝑡) and 𝑠𝑡1 (𝑡), respectively. More precisely,
𝑠𝑡0 (𝑡) = sin (2𝜋𝑓0 𝑡 + 𝜙0 ) ,

𝑠𝑡1 (𝑡) = sin (2𝜋𝑓1 𝑡 + 𝜙1 ) .
(7)

The received signals from transmitter are
𝑠𝑟0 (𝑡) = sin (2𝜋𝑓0 𝑡 + 𝜙0 + 𝜑0 ) ,
𝑠𝑟1 (𝑡) = sin (2𝜋𝑓1 𝑡 + 𝜙1 + 𝜑1 ) ,

(8)

where 𝜑0 = 2𝜋𝑓0 𝑅/𝑐 and 𝜑1 = 2𝜋𝑓1 𝑅/𝑐.
After heterodyning (mixing) with the carrier frequency,
the phase difference between the two received signals is
Δ𝜑 =

2𝜋𝑓0 𝑅
Δ𝑓10 ,
𝑐

where Δ𝜑 = 𝜑1 − 𝜑0 and Δ𝑓10 = 𝑓1 − 𝑓0 .

(9)
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Again 𝑅 is maximum when Δ𝜑 = 2𝜋; however, at this
circumstance, the maximum unambiguous range is
𝑅10 max =

𝑐
.
Δ𝑓10

(10)

In practice, besides the carrier frequency difference Δ𝑓10 ,
range resolution depends on SNR [13], approximately 1/10
wavelength, which is larger than the ideally achievable value.
Then the range resolution 𝛿𝑅10 can be
𝛿𝑅10

𝑐
.
=
2𝜋Δ𝑓10 √2 ⋅ SNR

Broadcasting

f1

Pulse train MPPSK
modulation generator2

(11)

Ambiguity may occur in range measurement especially when
carrier frequency difference Δ𝑓10 is high or the receiver’s
range is longer than 𝑅10 max . From (10) and (11), achieving
fine range resolution can be accomplished by increasing frequency different Δ𝑓10 , but maximum unambiguous ranging
𝑅10 max is decreasing. The limited ranging measurement also
limits the actual application value of dual frequency CW
radar.

4. Dual Frequency MPPSK System Model
4.1. Broadcasting and Ranging Transmitter. Broadcasting and
ranging transmitter equipment is mainly composed of two
pulse train MPPSK modulation generators, as shown in
Figure 5. PA stands for power amplifier.
Two working modes are designed which depend on
the original data source. For digital video broadcasting, the
data rate and the bit error rate (BER) are the most stringent parameters. Pulse train MPPSK modulator 1 transmits
MPPSK signals, which is efficient regarding the amount of
information they convey on the bandwidth they occupied.
And pulse train MPPSK modulator 2 will stop working when
satellite is particularly affected by power limitations.
For the ranging function, the waveform should be robust
against interference, noise, and distortion due to multipathpropagation. The pulse train MPPSK modulator 1 transmits
MPPSK signals, which are modulated by the original data
symbol “1” constantly and is sine-like waveform. Pulse train

R

Data integration

Coupler

f0

Pulse train MPPSK
modulation generator1

Transmit

Receiver1

f1

R11 PD

𝜃I0

R10

Receiver2

f0

Low noise Receive
amplifier

VBR-MPPSK
demodulation

Figure 6: Block diagram of dual frequency demodulation receiver.

MPPSK modulator 2 transmits CW, which may be considered
to be a special kind of MPPSK signals, the system signals are
denoted by 𝑠𝑡01 (𝑡).
Consider
sin (2𝜋𝑓0 𝑡)
{
{
{
{
{
{
{ sin (2𝜋𝑓0 𝑡)
{
𝑠𝑡0 (𝑡) = {{
{
− sin (2𝜋𝑓0 𝑡)
{
{
{
{
{
{
{{ sin (2𝜋𝑓0 𝑡)
{

0 ≤ 𝑡 < 𝑁𝑇, 𝑘 = 0,
0 ≤ 𝑡 ≤ (𝑘 − 1) 𝐾𝑇,
(𝑘 − 1) 𝐾𝑇 < 𝑡 < 𝑘𝐾𝑇,
0 ≤ 𝑡 ≤ 𝜋, 1 ≤ 𝑘 ≤ 𝑀 − 1,
𝑘𝐾𝑇 ≤ 𝑡 < 𝑁𝑇,

𝑠𝑡1 (𝑡) = sin (2𝜋𝑓1 𝑡) ,
𝑠𝑡01 (𝑡) = 𝑠𝑡0 (𝑡) + 𝑠𝑡1 (𝑡) ,
(12)
where 𝑓0 and 𝑓1 are the carrier frequency, and for 𝑠𝑡0 (𝑡),
symbol rate is 𝑅, which is denoted by
𝑅=

𝑓0 log2 𝑀
.
𝑁

(13)

The power spectral density (PSD) of 𝑠𝑡01 (𝑡) has been figured
out in conditions of “𝑀 − 1” distributed in equal probability.
Consider
𝑃𝑟1 (𝑓) = 𝑓𝑠 [

1 − 𝑀 
2
(𝑓) − 𝐺0 (𝑓)
𝐺
𝑀2  𝑀−1
+ ⋅⋅⋅ +

1 − 𝑀 
2
(𝑓) − 𝐺𝑀−2 (𝑓)
𝐺
𝑀2  𝑀−1

𝑀−2 𝑀−1

1 

𝐺
(𝑓) − 𝐺𝑖 (𝑓)
2  𝑀−1
𝑀
𝑖=0 𝑗=1+𝑖

− ∑ ∑



× 𝐺𝑀−1 (𝑓) − 𝐺𝑗 (𝑓) ]
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+(

𝑓𝑠 2 ∞
) ∑ 𝛿 (𝑓 − 𝑚𝑓𝑠 )
𝑀 𝑚=−∞

× 𝐺0 (𝑚𝑓𝑠 ) + 𝐺1 (𝑚𝑓𝑠 )
2
+ ⋅ ⋅ ⋅ + 𝐺𝑀−1 (𝑚𝑓𝑠 )

1
+ 𝛿 (𝑓 ± 𝑓1 ) ,
4
(14)
where 𝑓𝑠 = 𝑓0 /𝑁, 𝐺0 (𝑓), 𝐺1 (𝑓) ⋅ ⋅ ⋅ 𝐺𝑀−1 (𝑓) is Fourier
transform of MPPSK modulated waveforms corresponding
to symbol “0”, “1”,. . ., “𝑀 − 1”, respectively.

more time slots are utilized. While taking multipath channel
environment into consideration, large 𝑁 is advantageous in
mitigating multipath effect but pulls down the data rate and
the efficiency of time slot. Therefore, small values of 𝐾/𝑁
results in sine-like waveform, which presents in solitudepeak low-sideband PSD apearence and occupies very limited
bandwidth. So it is very important to trade off the parameters
selection of MPPSK.
For ranging, theoretically, the maximum unambiguous
range of MPPSK system must correspond to 𝑁, which is
denoted by
𝑅max = 𝑐𝑇0 = 𝑐

N
,
𝑓0

(15)

and 𝐾 should be chosen according to Δ𝑓10 as
4.2. Broadcasting and Ranging Receiver. Broadcast and ranging reception equipment is made by two kinds of receivers,
and one is mainly composed of phase discriminator (PD),
and the other is mainly composed of variable bit rate MPPSK
(VBR-MPPSK) demodulation. As shown in Figure 6, receiver
1 and receiver 2 have been illustrated in Figure 4, and principle
of MPPSK demodulation has been described in Section 2.
The MPPSK signal in carrier frequency 𝑓0 is demodulated
by VBR-MPPSK demodulation. The output data 𝑅10 can
be converted to video after data processing. Signals both
in carrier frequency 𝑓0 and in carrier frequency 𝑓1 are
demodulated with PD. The output data 𝑅11 combined with
𝑅10 would be converted to distance value after data fusion.
Not only the employed waveform but also the general
parameters have to be chosen according to the requirements
derived from both applications. For broadcasting, digital
video signals are demodulated by VBR-MPPSK demodulator
alone. From (1), the variables 𝑀, 𝐾 and 𝑁 form a parameter
set to adjust the bandwidth, data rate and BER performance.
Increasing value of 𝑀 can lead to higher data because

𝑅10 max =

𝑐
𝐾
=𝑐 .
Δ𝑓10
𝑓0

(16)

So the maximum unambiguous ranging 𝑅11 max of dual
frequency CW ranging system would be increased 𝑚 times
as follows:
𝑅max = 𝑚𝑅11 max .

(17)

Combining (15) and (16) yields
𝑁≥𝑚

𝑓0
,
Δ𝑓10

(18)

From Figure 6, 𝑅11 is high-precision measured value, and 𝑅10
is wide-range measured value. Combining the two measured
values, the system would output a value of 𝑅 with highprecision and wide-range; that is,
𝑅=⌈

𝑅10

𝑅11 max

⌉ 𝑅11 max + 𝑅11 ,

where ⌈ ⌉ stands for round up.

(19)
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Table 1: Simulation parameter for ranging.
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Parameter value
Carrier frequency: 𝑓0 = 2 GHz 𝑓1 = 2.02 GHz
Modulation: 𝑓0 : MPPSK, 𝑓1 : CW
Modulation parameter: 𝐾 = 100, 𝑁 = 5 × 106 , 𝑀 = 2
Receiver distance: 600 km

Due to the increase in carrier frequency 𝑓1 of a CW signal,
the dual frequency MPPSK signal becomes synthetical waveforms, that are suitable, respectively, for performing both data
broadcasting and ranging. Compared with dual frequency
CW ranging technique, the maximum unambiguous range is
extended from 𝑐/Δ𝑓10 to 𝑁(𝑐/𝑓0 ).

5. Simulation Results
5.1. Ranging Mode. In this section, the performance of the
proposed dual frequency MPPSK system is simulated. Firstly,
we consider the dual frequency MPPSK system shown in
Figures 5 and 6 in ranging mode. In Table 1, a summary of
the most important parameters of the simulation model is
provided.
As shown in Figure 7, the left subfigure is the global
graph and the right one is the local enlarging graph for
the carrier frequencies 𝑓0 and 𝑓1 . Obviously, the PSD of
MPPSK ranging signal has a more narrow bandwidth with
99% power (or −60 dB bandwidth). When 𝐾/𝑁 turns small,
dual frequency MPPSK signal becomes more similar to pure
sine waveform. Spectra of the ranging signal from system
will be concentrated at carrier frequency 𝑓0 = 2 GHz and
carrier frequency 𝑓1 = 2.02 GHz. Smaller portion of the sine
carrier can be changed, and the line spectrum components in
PSD of the MPPSK modulated signal become lower and even
disappear. MPPSK tries to allocate as much power as possible
to the carrier.

The simulation experiment is in the AWGN channels
(SNR = 2 dB), and as shown in Figure 8, the result is output
of VBR-MPPSK demodulation. The rough range value can
be computed by the time delay corresponding to amplitude
impacting. The amplitude impacting is at the time delay of
1.9997 ms, and from (15), the rough range value 𝑅10 is 599
910 m.
From Figure 9, the simulation result and C-R bound just
have approximately 0.3 m difference when SNR is 10 dB, with
the increase of SNR, difference between simulation result
and the theoretical result decreases, and RMS error shrinks
towards equality in SNR = 40 dB.
5.2. Broadcasting Mode. We also consider the system shown
in Figures 5 and 6 in broadcasting mode. In Table 2, a
summary of the most important parameters of the simulation
model is provided.
Figure 10 shows the PSD of QPSK and proposed MPPSK
signal with the same modulation parameters. As shown in
Figure 10, the left subfigure is the global graph of the PSD
of 8 PPSK and QPSK, and right one is the local enlarged
graph nearing the carrier frequency 𝑓0 . Obviously, in MPPSK
modulation, the line spectra, illustrating the periodic components of the modulated signal, decrease greatly, because of the
random choosing of the 𝑀 − 1 positions. Therefore, MPPSK
becomes more approximate to sine signal, the bandwidth
with 99% power (or with −60 dB bandwidth) decreases, and
the spectra efficiency is improved greatly.
Figure 11 illustrates the SER in different modem, and
the simulation shows that at SER = 10−4 , the SNR
performance of the system with MPPSK modem may be
improved by approximately 8 dB and 13 dB as compared
with the performance of DVB-S with QPSK modulation
and coherent demodulation and 16-QAM modulation and
coherent demodulation, respectively.
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Table 2: Simulation parameters for broadcasting.
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Figure 11: Comparative SER results of 8 PPSK, dual frequency
8 PPSK, QPSK and 16-QAM.

The result of the dual frequency MPPSK system and
single frequency MPPSK system just have less than 1 dB
difference in order to obtain the same SER performance,
which is caused by the detection method and the selection
of the decision threshold in the simulation. Simultaneously,
research on the optimal modem method is underway; the
system performance still has room for improvement.

bandwidth is much narrower than QPSK. QPSK tries to
spread as much power as possible to the sidebands. On the
opposite side, MPPSK allocates most power in the carrier
to keep sideband energy emissions negligible, and dual
frequency MPPSK system also provides an augmentation
service, that is, the ranging function. After data integration
between PD receiver and VBR-MPPSK demodulator, system
would provide high precision ranging and extend maximum
unambiguous range as well. The dual frequency MPPSK
system is illustrated in block diagram, which is advantageous
MPPSK signal generator and integrated receiver architecture,
PD and impacting filter that essentially determine dual
frequency signal demodulation are emphasized in the paper
and correlation receiver distance simulation are made. The
future work will continue with the research on dual frequency
MPPSK system, including selection and combinations of
other impacting filter and ranging algorithms. Different
channel environment profile, as well as channel coding will
be further considered.
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As an important component of the smart grid, electric vehicles (EVs) could be a good measure against energy shortages and
environmental pollution. A main way of energy supply to EVs is to swap battery from the swap station. Based on the characteristics
of EV battery swap station, the coordinated charging optimal control strategy is investigated to smooth the load fluctuation. Shuffled
frog leaping algorithm (SFLA) is an optimization method inspired by the memetic evolution of a group of frogs when seeking
food. An improved shuffled frog leaping algorithm (ISFLA) with the reflecting method to deal with the boundary constraint is
proposed to obtain the solution of the optimal control strategy for coordinated charging. Based on the daily load of a certain area,
the numerical simulations including the comparison of PSO and ISFLA are carried out and the results show that the presented
ISFLA can effectively lower the peak-valley difference and smooth the load profile with the faster convergence rate and higher
convergence precision.

1. Introduction
Over the past decades, many issues, such as energy shortages,
serious environmental pollution, and global warming, have
increasingly become worldwide concerns. EVs have emerged
as a new traffic tool. Compared with internal combustion
engine vehicles (ICEVs), which burn fossil fuels, EVs are
driven by electricity. They demonstrate considerable advantages in solving the energy crisis and reducing the emissions
of carbon dioxide, as well as in providing a means to drastically reduce the man-made pollution. More and more governments, car manufacturers, and energy companies are
getting active in development and production of EVs [1].
With the large-scale introduction of EVs, the power grid
will face a significant challenge. Many domestic and foreign
scholars have carried out researches on the impact of EVs on
power distribution system [2–7], which mainly focus on the
coordinated charging of EVs but rarely involve the optimal
control strategy for the coordinated charging of EV battery
swap station. Here, the coordinated charging means that the
batteries are controlled to orderly charge for achieving an

optimal objective such as minimizing the power losses or
maximizing the grid load factor. Tian et al. established a
mathematical model of dispatching strategy based on different objective functions which were solved by particle swarm
optimization (PSO). The results show that the coordinated
charging can lower the peak-valley difference and smooth the
load profile [8].
The SFLA is a global optimization algorithm proposed by
Eusuff et al. [9, 10]. It is a memetic metaheuristic that is based
on the evolution of memes carried by interactive individuals
and a global exchange of information among the frog population. The SFLA draws its formulation from two other search
techniques: the local search of the “particle swarm optimization” technique and the competitiveness mixing of information of the “shuffled complex evolution” technique. It locates a
global optimum by combining global information exchange
and local search, simulating the process of a group of frogs’
population-based cooperative seeking food. The strategies
of local search and global information exchange make frog
leap out of local optimum towards the global optimum
solution (food place) with high probability. The algorithm
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has been developed to arrive at near-optimum solutions to
complex and large-scale optimization problems which cannot
be solved by gradient based mathematical programming
techniques [11]. The SFLA has also been applied successfully
to solving engineering problems such as traveling salesman
problem (TSP) [12, 13], unit commitment (UC) problem
[14–16], embedding virtual networks [17], speech emotion
recognition [18], cognitive radio system [19], and other types
of issues.
In this paper, based on the characteristics of the EV battery swap station, the ISFLA-based optimal control strategy
for coordinated charging has been investigated. Through the
discretization of the solution vector, an ISFLA based on the
reflecting method to deal with the boundary constraint is
proposed. The comparison of PSO and ISFLA shows that the
presented ISFLA can lower the peak-valley difference and
smooth the load profile with the faster convergence rate and
higher convergence precision.

2. Shuffled Frog Leaping Algorithm
As a bioinspired optimization technique, the SFLA is a metaheuristic optimization method, which imitates and models
the behavior of frogs searching for food laid on discrete stones
randomly located in a pond. In SFLA there is a population,
which consists of a set of frogs (solutions). The set of frogs is
partitioned into subsets referred to as memeplexes. Different
memeplexes are considered as different cultures of frogs, and
each memeplex performs a local search. Within each memeplex, the individual frogs hold ideas, which can be influenced
by those of other frogs, and evolve through a process of
memetic evolution. Frog leaping improves an individual’s
meme and enhances its performance towards the goal. After
a predefined number of memetic evolution steps, ideas are
passed among memeplexes in a shuffling process. The local
search and the shuffling processes continue until the defined
convergence criteria are satisfied.
The SFLA involves a population of possible solutions
defined by a set of 𝑝 randomly generated frogs denoted as
𝑄 = [𝑋1 , 𝑋2 , . . . , 𝑋𝑝 ]𝑇 , where 𝑋𝑖 = (𝑥1 , 𝑥2 , . . . , 𝑥𝑖𝑆 ) is the
position of the 𝑖th frog in the 𝑆 dimension search space. All
the frogs are sorted in a descending order according to their
fitness, and the population is divided into 𝑚 memeplexes,
each containing 𝑛 frogs (i.e., 𝑝 = 𝑚 × 𝑛), in such a way
that the first frog goes to the first memeplex, the second
frog goes to the second memeplex, the 𝑚th frog goes to the
𝑚th memeplex, and the (𝑚 + 1)th frog goes back to the first
memeplex, and the process continues in this manner.
In each memeplex the frogs with the best and the worst
fitness are represented by 𝑋𝑏 and 𝑋𝑤 , respectively. The best
frog in the whole population is denoted by 𝑋𝑔 . During
memeplex evolution, the worst frog 𝑋𝑤 leaps toward the best
frog 𝑋𝑏 , which is formulated as the following updating rule:
𝐷 = rand (0, 1) × (𝑋𝑏 − 𝑋𝑤 ) ,
𝑋𝑤 new = 𝑋𝑤 + 𝐷,

−𝐷max ≤ 𝐷 ≤ 𝐷max ,

(1)

where 𝐷 denotes the updated step size for frog leaping,
rand(0,1) generates a random number between [0, 1], and
𝐷max is the maximum distance in one leaping.
If 𝑋𝑤 new has better fitness, the worst frog 𝑋𝑤 will be
replaced. Otherwise, the calculations in (1) are repeated with
replacement of 𝑋𝑏 by 𝑋𝑔 . If no improvement occurs in this
case, a new solution is randomly generated within the feasible
space to replace the worst frog 𝑋𝑤 . Then, the calculations
continue for a specific number of iterations. After a prespecified number of memetic evolutionary steps within each
memeplex, to ensure global exploration, ideas passed within
memeplexes are combined in the shuffling process. All the
frogs are resorted, and the population is redivided into 𝑚
memeplexes. The concurrently implemented local search
and global shuffling continue alternatively until predefined
convergence criteria are satisfied.

3. Charging Optimization Model for
EV Battery Swap Station
Large-scale charging behavior of the EV will have a serious
impact on the grid. Coordinated charging of the EV battery
swap station can reduce the difference between the growing
load peak and off-peak and save the costs of grid operation.
3.1. Charging Power Model of the EV Battery Charger. In the
EV battery swap station, the typical strategy for battery charging is a two-stage method. The first stage has a constant current and limited pressure and the second stage has a constant
pressure and limited current. Charging load power can be
expressed as
{𝐼max 𝑈 (𝑡) ,
𝑃 (𝑡) = {
{𝑈max 𝐼 (𝑡) ,

0 ≤ 𝑡 ≤ 𝑇𝐶,
𝑇𝐶 < 𝑡 ≤ 𝑇𝐹 ,

(2)

where 𝐼max and 𝑈max denote the maximum charging current
and voltage, respectively. 𝑇𝐶 is the duration of charging with a
constant current and 𝑇𝐹 is the total charging duration. These
parameters are constants determined by the battery type and
charging characteristics.
In the first stage, to facilitate the modeling and analysis,
the charging voltage is treated as the linear representation of
𝑈max . And in the second stage, the charging current is exponentially declined with time [20]. Then (2) can be rewritten
as
𝑡
{
+ 𝑘] , 0 ≤ 𝑡 ≤ 𝑇𝐶,
{𝐼max 𝑈max [(1 − 𝑘)
𝑇
𝐶
𝑃 (𝑡) = {
{
−𝛼(𝑡−𝑇𝐶 )
,
𝑇𝐶 < 𝑡 ≤ 𝑇𝐹 ,
{𝑈max 𝐼max 𝑒

(3)

where 𝛼 and 𝑘 are also constants determined by the battery
type and charging characteristics.
In order to investigate the optimal control strategy for
coordinated charging, the total charging duration 𝑇𝐹 is
divided equally into 𝑀 sections, and the duration 𝑇𝑀 of each
section can be derived as 𝑇/𝑀. According to the equal area
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rule, the charging power of each section can be expressed with
the average power:

in one optimal period 𝑇𝑂, the number 𝑁𝑏 of batteries needed
for charging can be expressed as

𝑗𝑇

𝑃𝑗 =

𝑀
∫(𝑗−1)𝑇
𝑃 (𝑡) 𝑑𝑡
𝑀

𝑇𝑀

𝑀𝑂

,

1 ≤ 𝑗 ≤ 𝑀.

𝑗=1

Then an integer 𝐶 is defined to satisfy the following
expression:
𝐶𝑇𝑀 ≤ 𝑇𝐶 ≤ (𝐶 + 1) 𝑇𝑀.

(5)

Substituting (3) and (5) into (4) yields the multisection
charging power model of battery charger:
𝑃𝑗
(1 − 𝑘) (2𝑗 − 1) 𝑇𝑀
{
{
+ 𝑘]
𝑈max 𝐼max [
{
{
2𝑇𝐶
{
{
{
{
{
2
{
)
(1 − 𝑘) (𝑇𝐶2 − 𝐶2 𝑇𝑀
{
{
{
𝑈
𝐼
[
{
max max
{
{
2𝑇𝐶
{
{
{
{
{
+ 𝑘 (𝑇𝐶 − 𝐶𝑇𝑀)
={
{
{
{
{
{
{
{
𝑒𝛼(𝑇𝐶 −𝐶𝑇𝑀 −𝑇𝑀 ) − 1
{
{
−
]
{
{
𝛼
{
{
{
{
{
{
𝛼[𝑇 −(𝑗−1)𝑇𝑀 ]
{
{
− 𝑒𝛼(𝑇𝐶 −𝑗𝑇𝑀 )
{𝑈 𝐼 𝑒 𝐶
{ max max
𝛼

𝑁𝑏 = ∑ 𝑏𝑗

(4)

0<𝑗≤𝐶

1 ≤ 𝑗 ≤ 𝑀𝑂,

(7)

where 𝑏𝑗 is the predicted number of batteries swapped into
the station during the 𝑗th section. For optimal control, it
is necessary to number these batteries needed for optimal
charging. From the 𝑏0 batteries, uncharged and reserved
in the swap station at the beginning of the 𝑇𝑂, to the
batteries swapped into the station during the 𝑇𝑂, the batteries
are numbered consecutively until 𝑁𝑏 . The other batteries
swapped into the station of the 𝑇𝑂 are not indexed again and
charged during the next optimization period.
(3) For the battery 𝑖, 𝑡in (𝑖) and 𝑡out (𝑖) denote its swap-in
time and swap-out time, respectively:
𝑡in (𝑖) = 0: battery 𝑖 is one of the batteries 𝑏0 ;
𝑡in (𝑖) = 𝑡𝑗 : battery 𝑖 is swapped in during the 𝑗th optimization section;
𝑡out (𝑖) = 𝑡𝑘 : battery 𝑖 is swapped out during the 𝑘th
optimization section;

𝐶<𝑗≤𝐶+1
𝐶 + 1 < 𝑗 ≤ 𝑀.
(6)

Obviously, the accuracy of (6) is relative to 𝑀. A larger
𝑀 implies the higher precision of the model with the greater
amount of computation, and vice versa.
3.2. Optimization Objective Function of the EV Battery Charging Power. According to the “technical guide for electric
vehicle battery-swap station” presented by the State Grid
Corporation of China (SGCC), a single EV battery charger is
used to charge a single battery box. Inside the battery box, the
battery pack consists of a plurality of battery cells. The battery
mentioned in this paper refers to the battery pack. There are
two types of batteries in the EV battery swap station, namely,
the regulated battery connected to the EV battery charger and
participating in the grid charging optimization by controlling
its charging start time and the full charged reserve battery
disconnected to the charger and used when not meeting the
demand for swapping battery. Only the regulated-battery is
considered in this paper.
In order to investigate the optimal control strategy for
coordinated charging of the EV battery swap station, some
assumptions are made as follows.
(1) All batteries are of the same type. The initial-charging
SOC of each battery is the same and set to 20%, and the endcharging SOC is also the same and set to 100%.
(2) Corresponding to the above multisection charging
power model of the battery charger, one optimization period
𝑇𝑂 is also divided into multisections (𝑀𝑂) with each section
having the same duration 𝑇𝑀. And 𝑀𝑂 = 𝑇𝑂 ⋅ 𝑀/𝑇. Then

𝑡out (𝑖) = 𝑀𝑂 + 1: battery 𝑖 is remained in the station.
The battery can be swapped into and swapped out of the
station at any time in one section. To facilitate the optimal
control, we suppose that the battery could be charged from
the section next to that of swapping in and be swapped out
of the station from the section next to that of full charged.
Then the start-charging time 𝑇𝑆 (𝑖) of the battery 𝑖 is between
𝑡in (𝑖) + 1 and 𝑡out (𝑖) − 𝑀:
𝑡in (𝑖) + 1 ≤ 𝑇𝑆 (𝑖) ≤ 𝑡out (𝑖) − 𝑀.

(8)

To ensure that all batteries are full charged at the end of
the 𝑇𝑂, the swapped-in batteries during the last 𝑀 sections
of the 𝑇𝑂 are no longer charged. Then the start-charging time
𝑇𝑆 (𝑁𝑏 ) of the battery 𝑁𝑏 would meet
𝑏0 +

𝑇𝑆 (𝑁𝑏 )−1

𝑇𝑆 (𝑁𝑏 )

𝑗=1

𝑗=1

∑ 𝑏𝑗 ≤ 𝑁𝑏 ≤ 𝑏0 + ∑ 𝑏𝑗 ,

(9)

𝑇𝑆 (𝑁𝑏 ) ≤ 𝑀𝑂 − 𝑀.
If there are 𝑖𝑓0 full charged batteries at the beginning of
the 𝑇𝑂 and all swapped out in the 𝑡𝑓 section, the new full
charged batteries would be swapped out from the 𝑡𝑓 section.
Then
𝑡𝑓 −1

𝑡𝑓

∑ 𝑏𝑗 ≤ 𝑖𝑓0 ≤ ∑ 𝑏𝑗 ,

𝑗=1

𝑗=1

𝑡𝑓 ≥ 𝑀 + 1.

(10)

(4) The battery is the core of EV and quite expensive.
Many times of start and stop charging would greatly reduce its
life, in which case the battery charging continuity constraint
is introduced.
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Based on assumptions (1) and (4), the charging duration
of all batteries is the same. In this paper, the minimum variance of the load profile including the charging loads generated by the EV battery swap station is the optimization
objective and is expressed as
min 𝐹 =

min [∑𝑗=1𝑂 (𝑃𝑑,𝑗 + ∑𝑁
𝑖=1 𝐶𝑖,𝑗 𝑃𝑖,𝑗 − 𝑃avr ) ]
𝑀𝑂
𝑇 (𝑁 )−1

𝑇 (𝑁 )

𝑆
𝑏
𝑆
𝑏
{
{
{
+
𝑏
≤
𝑁
≤
𝑏
+
𝑏𝑗
𝑏
∑
∑
{
0
𝑗
𝑏
0
{
{
{
𝑗=1
𝑗=1
{
{
{
{𝑇𝑆 (𝑁𝑏 ) ≤ 𝑀𝑂 − 𝑀
{
{
{
{
{
{
𝑡𝑓
S.T. {𝑡𝑓 −1
{
𝑏
≤
𝑖
≤
𝑏𝑗
∑
∑
{
𝑗
𝑓0
{
{
{
𝑗=1
𝑗=1
{
{
{
{
{
{𝑡𝑓 ≥ 𝑀 + 1
{
{
{
{
{
{𝑡in (𝑖) + 1 ≤ 𝑇𝑆 (𝑖) ≤ 𝑡out (𝑖) − 𝑀,

(11)

𝑀𝑂

Based on the assumptions,
1 ≤ ℎ ≤ 𝑏0 ,
𝐾

𝐾+1

𝑗=0

𝑗=0

∑ 𝑏𝑗 + 1 ≤ ℎ ≤ ∑ 𝑏𝑗 ,

(15)

4.2. Inner-Memeplex Evolution. 𝑇is is an integer, and the position of the frog with the worst fitness is adjusted as the following modified rule:
𝑑𝑗 = rand (0, 1) × (𝑇𝑏𝑠 (𝑗) − 𝑇𝑤𝑠 (𝑗)) ,
𝑇𝑤 new (𝑗) = 𝑇𝑤𝑠 (𝑗) + [𝑑𝑗 ] ,

0 ≤ 𝑗 ≤ 𝑁𝑏 ,

−𝑑𝑗,max ≤ 𝑑𝑗 ≤ 𝑑𝑗,max ,

(16)

where [𝑑𝑗 ] means an integer rounded to 𝑑𝑗 .

𝑀

𝑃avr =

(14)

where 0 ≤ 𝐾 ≤ 𝑀𝑂 − 𝑀 − 2.

where
∑𝑗=1𝑂 (𝑃𝑑,𝑗 + ∑𝑁
𝑖=1 𝐶𝑖,𝑗 𝑃𝑖,𝑗 )

𝑋𝑖 = (𝑇𝑖𝑠 (1) , 𝑇𝑖𝑠 (2) , . . . , 𝑇𝑖𝑠 (𝑁𝑏 )) .
[1, 𝑀𝑂 − 𝑀]
{
{
{
{
𝑇𝑖𝑠 (ℎ) ∈ {
{[𝐾 + 2, 𝑀 − 𝑀]
{
{
𝑂
{

2

𝑀

of solution space is equal to the number 𝑁𝑏 of the regulated
battery. The 𝑖th frog can be expressed as

,

(12)

𝑃𝑑,𝑗 : the predicted daily load power of the 𝑗th section
excluding the charging load generated by EV swap
station;
𝑁: the total number of EV battery chargers;
𝐶𝑖,𝑗 : the charging decision variable of the 𝑖th battery
during the 𝑗th section: “1” means charging and “0” is
discharging. Based on assumption (4),
{1 𝑇𝑆 (𝑖) ≤ 𝑗 ≤ 𝑇𝑆 (𝑖) + 𝑀 − 1,
𝐶𝑖,𝑗 = {
{0 else;

(13)

𝑃𝑖,𝑗 : the charging load of the 𝑖th battery during the 𝑗th
section.

4. ISFLA-Based Optimal Control Strategy for
Coordinated Charging
There are 𝑁 chargers controlled by the control center of the
EV battery swap station. From (11), the optimal control of
the battery coordinated charging is a multivariable, nonlinear, and discrete integer optimization problem. Using the
reflecting method to deal with the boundary constraint, an
improved shuffled frog leaping algorithm (ISFLA) is proposed to achieve the optimal control strategy for coordinated
charging of EV battery swap station.
4.1. Definition of Frog Position. In this paper, the position of
the virtual frog consists of the start-charging time of every
battery needed for coordinated charging, so the dimension

4.3. Boundary Constraint. Dealing with the boundary constraint may affect the performance of the algorithm. In
general, there are three basic approaches, namely, absorbing,
reflecting, and damping. Using the reflecting method, when
the updating position of the frog after 𝑡 iterations is beyond a
certain boundary, the frog would return within the boundary
with the original speed but in the opposite direction. In
this paper, the reflecting method is chosen to deal with the
boundary constraint and the position evolution of the frog
obeys the following rule.
When 𝑑𝑗 > 0,
𝑇𝑤𝑠new (𝑗)
𝑇𝑤𝑠 (𝑗) = 𝑀𝑂 − 𝑀,
{𝑇𝑤𝑠 (𝑗) − [𝑑𝑗 ]
={
{min (𝑇𝑤𝑠 (𝑗) + [𝑑𝑗 ] , 𝑀𝑂 − 𝑀) 𝑇𝑤𝑠 (𝑗) < 𝑀𝑂 − 𝑀;
(17)
when 𝑑𝑗 < 0,
𝑇𝑤𝑠new (𝑗)
{𝑇𝑤𝑠 (𝑗) − [𝑑𝑗 ]
={
{max (𝑇𝑤𝑠 (𝑗) + [𝑑𝑗 ] , 𝑡𝑖𝑛 (𝑗) + 1)

𝑇𝑤𝑠 (𝑗) = 𝑡in (𝑗) + 1,
𝑇𝑤𝑠 (𝑗) > 𝑡in (𝑗) + 1.
(18)

4.4. Steps of the ISFLA. The overall process of the ISFLA can
be described in the following main steps.
Step 0 (initialize the parameters). Set the parameters of 𝑝, 𝑛,
𝑖𝑡𝑒 𝑚, and 𝑖𝑡𝑒 𝑝. 𝑝 is number of frogs in the whole population.
𝑛 is the number of frogs in each memeplex. 𝑖𝑡𝑒 𝑚 is the
maximum number of iterations for each memeplex. 𝑖𝑡𝑒 𝑝 is
the maximum number of shuffling iterations for whole population. Therefore, 𝑚 = 𝑝/𝑛 is the number of memeplexes.
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Table 1: Basic parameters of battery.

Li-Ion

Constant
Constant
𝑈max (V) 𝐼max (A) current charging voltage charging
duration (min) duration (min)
58.8

120

90

150

Step 1 (initialize the population). The initial population is
formed by 𝑝 randomly generated frogs: 𝑋1 , 𝑋2 , . . . , 𝑋𝑝 .
Compute the fitness value 𝐹(𝑋𝑖 ) according to (11) for each
frog 𝑋𝑖 .
Step 2 (shuffle the frogs). Firstly sort the 𝑝 frogs in order of
decreasing fitness, and then partition all the 𝑝 frogs into 𝑚
memeplexes. The first frog goes to the first memplex, the
second frog goes to the second memeplex, the 𝑚th frog goes
to the 𝑚th memeplex, the (𝑚 + 1)th frog goes back to the first
memeplex, and at last the 𝑝th frog goes to the 𝑚th memeplex.
Step 3 (memetic evolution). Repeat the following operations
for 𝑖𝑡𝑒 𝑚 times: firstly find the worst frog 𝑋𝑤 and the best
frog 𝑋𝑏 in each memeplex, then update 𝑋𝑤 according to (16)–
(18), and yield 𝑋𝑤 new . If 𝑋𝑤 new has a better fitness, replace
𝑋𝑤 by 𝑋𝑤 new . Otherwise, repeat the updated strategy with
𝑋𝑔 replacing 𝑋𝑏 . If this still cannot produce a better solution,
replace the 𝑋𝑤 by a randomly generated frog.
Step 4 (check convergence). If the convergence criteria are
met, stop and output the best frog 𝑋𝑔 in the whole population.
Otherwise, return to Step 2.
In this ISFLA, the convergence criteria are defined as the
maximum number of shuffling iterations for whole population (𝑖𝑡𝑒 𝑝).

5. Numerical Simulation
In this paper, the optimization objective is one area’s daily
load profile which includes the charging loads generated by
the EV battery swap station. The optimization period 𝑇𝑂 is
set to a day and divided into 24 sections with the duration
𝑇𝑀 of one hour.
5.1. Parameters of EV Battery. In the EV market, there are
different battery types such as NiMH, Lead Acid, and Li-Ion.
And the market share of Li-Ion with its technical advantages
has increased annually. The “E6 pioneer” EV developed by
BYD Co., Ltd., has been configured a Li-Ion battery with
the energy density of 100 W⋅h per kilogram (i.e., a battery
of 600 kg can store power of 60 kW⋅h for each charging). Its
parameters are shown in Table 1.
In consideration of the charging continuity constraint and
based on the battery parameters, the average charging power
of each section in the multisection charging model can be
calculated and shown in Table 2.
5.2. Area Daily Load. A certain area daily load power before
regulation can be predicted and shown in Table 3.

Section
Charging power (kW)

1
6.45

2
6.18

3
2.52

4
0.85

×104
2

1.8
1.6
Power (kW)

Type

Table 2: Average charging power of each section.

1.4
1.2
1
0.8
0.6
0.4

0

2

4

6

8

10

Power with EVs
Power without EVs

12 14
Time (h)

16

18

20

22

24

Power optimized with ISFLA
Power optimized with PSO

Figure 1: Area load profile under different conditions.

5.3. Parameters of the EV Battery Swap Station. At the beginning of one optimization period, there are 600 batteries in
the swap station, including 350 full charged batteries, 200
unfull changed batteries, and 50 reserved batteries. All batteries except the reserved batteries participate in the optimal
control of coordinated charging. By predicting the demand of
EV owners for swapping batteries during each optimization
section, the number 𝑏𝑗 can be derived and shown in Table 4.
5.4. Simulation of ISFLA. The main parameters of ISFLA are
set and shown in Table 5. Based on ISFLA and PSO, the area
load profiles are compared and shown in Figure 1.
In Figure 1, ISFLA and PSO can lower the load peakvalley difference and smooth the load profile. But the convergence characteristics of two algorithms in the numerical
simulation differ greatly and are shown in Figure 2.
Clearly, the convergence rate of ISFLA is much faster
than that of PSO and the minimum variance of the load
profile generated by ISFLA is less than that generated by PSO.
Under different conditions, the variances of the load profile
are shown in Table 6.
With ISFLA, the distribution of batteries according to the
start-charging time in the optimization period 𝑇𝑂 is shown in
Figure 3.
In Figure 3, during some optimization sections, there is a
very small or no difference between the number of startingcharging batteries and that of those swapped into the station.
This can explain that the optimized load profile with ISFLA
and the load profile with uncoordinated charging almost
coincide in some sections in Figure 1.
For a fixed population 𝑝, the different number 𝑚 of
partitioned memeplexes will affect the convergence rate and
the global optimal solution. Some simulations are made of
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Table 3: Certain area daily load before regulation.

Time (h)
1
2
3
4
5
6

Power (MW)
5.25
4.25
4
4
4.25
5.75

Time (h)
7
8
9
10
11
12

Power (MW)
9
10.5
9.5
9.25
9.75
12

Time (h)
13
14
15
16
17
18

Power (MW)
8
7.5
7.75
8.25
13
18

Time (h)
19
20
21
22
23
24

Power (MW)
17.75
16
14.25
9.75
7.25
5.75

Table 4: Predicted number of batteries swapped in during each optimization section.
Time (h)
Number
Time (h)
Number

1
3
13
30

2
3
14
30

3
1
15
37

4
2
16
50

5
10
17
67

×107
1.85

F (kW2 )

7
53
19
28

8
68
20
28

9
46
21
25

10
31
22
18

11
17
23
13

12
24
24
6

Table 5: Parameters of ISFLA.
Parameter
Value

1.8

p
50

m
10

n
5

ite m
5

ite p
100

Table 6: Variances under different conditions.

1.75

Condition

1.7

Uncoordinated
charging

Coordinated charging
ISFLA
PSO

1.836
—

1.615
1.737
Declining 12.04% Declining 5.40%

Variance (kW2 )
Result

1.65
1.6

6
18
18
42

0

100

200

300

400

500

600

700

800

900 1000

Table 7: Global convergence value.

Iterations

Memeplex
F (kW2 ) ×107

PSO
ISFLA

5
1.616

10
1.615

20
1.6139

40
1.6137

Figure 2: Convergence characteristics of ISFA and PSO.

ISFLA with the parameters of a fixed 𝑝 (200) and different
𝑚 and the results are shown in Figure 4 and Table 7.
In Figure 4 and Table 7, the greater the number of memeplex is, the faster the algorithm converges with a higher convergence performance. However, the relationship between
them is not linear, and how to choose an appropriate memeplex considering the convergence rate and global convergence
value is a main goal of our further work.

250

Number of batteries

200
150

6. Conclusion

100
50
0
0

2

4

6

8

10

12

14

16

18

20

22

Time (h)
Battery of swaping into station
Battrey of starting charging

Figure 3: Distribution of batteries starting charging.

24

As a main way of energy supply to EVs, the optimal control
strategy for coordinated charging of the swap station is very
important in smoothing the load profile. Based on the characteristics of the EV battery swap station, a multisection
charging power model of battery is presented and an ISFLA
in reflecting method to deal with the boundary constraint
is proposed to achieve coordinated charging of batteries. In
numerical simulations, the comparison of PSO and ISFLA
is made, and the results show that the presented ISFLA
can effectively lower the peak-valley difference and smooth
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×107
1.85

F (kW2 )

1.8
1.75
1.7
1.65
1.6
0

10

20

30

40

50

60

70

80

90

100

Number of shuffling iterations
5 memeplexes
10 memeplexes

20 memeplexes
40 memeplexes

Figure 4: Iterations of ISFLA with different memeplexes.

the load profile with the faster convergence rate and higher
convergence precision.
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Urban traffic self-adaptive control problem is dynamic and uncertain, so the states of traffic environment are hard to be observed.
Efficient agent which controls a single intersection can be discovered automatically via multiagent reinforcement learning. However,
in the majority of the previous works on this approach, each agent needed perfect observed information when interacting with the
environment and learned individually with less efficient coordination. This study casts traffic self-adaptive control as a multiagent
Markov game problem. The design employs traffic signal control agent (TSCA) for each signalized intersection that coordinates
with neighboring TSCAs. A mathematical model for TSCAs’ interaction is built based on nonzero-sum markov game which has
been applied to let TSCAs learn how to cooperate. A multiagent Markov game reinforcement learning approach is constructed on
the basis of single-agent Q-learning. This method lets each TSCA learn to update its Q-values under the joint actions and imperfect
information. The convergence of the proposed algorithm is analyzed theoretically. The simulation results show that the proposed
method is convergent and effective in realistic traffic self-adaptive control setting.

1. Introduction
As car ownership rates and traffic volume have steadily
increased over the last decades, existing road infrastructure
today is often strained nearly to its limits. Continuous
expansion of this infrastructure, however, is not possible or
even desirable due to spatial, economic, and environmental
reasons. It is therefore of paramount importance to try to
optimize the flow of traffic in a given infrastructure. Traffic
self-adaptive control of multiple intersections is synergetic
and has the potential to significantly alleviate traffic congestion in urban transportation networks as opposed to the
commonly used fixed timing and actuated control systems.
Existing traditional traffic adaptive control systems such
as TRANSYT, SCOOT, SCATS, and sophisticated dynamic
programming approach [1] do not have a mechanism for
learning from feedback on the quality of their model, which
may lead to systematic errors.
Several researchers have employed classical control methods such as fuzzy logic [2], neural networks [3], and evolutionary algorithms [4] to traffic self-adaptive control. These

methods perform well but cannot be adapted to the changing
characteristics of traffic flow. Reinforcement learning (RL) [5]
is able to perpetually learn and improve the service over time.
Multiagent reinforcement learning is an extension of RL to
multiple agents in stochastic environment. The decentralized
traffic control problem is an excellent test for multiagent
reinforcement learning due to the inherited dynamics and
stochastic nature of the traffic system [6–9].
There are two shortages in the application of multiagent
reinforcement learning to traffic self-adaptive control problem as discussed below.
(1) With Less Efficient Coordination. The majority of
the previous studies consider independent learning
agents which do not include any explicit mechanism
for coordination [6–14]. Only a few previous studies
consider coordination mechanism between the learning agents. Kuyer et al. [15] consider explicit two-level
coordination mechanism between the learning agents
that extends Wiering [6] using the coordination
graphs. Max-plus algorithm is used to estimate the
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Figure 1: The structure model of TSCA.

optimal joint action by sending locally optimized
messages among connected agents. However, Maxplus algorithm is computationally demanding, and
therefore the agents report their current best action at
any time even if the action found so far may be suboptimal. Tantawy and Abdulhai [16] presented multiagent reinforcement learning for integrated network
of adaptive traffic signal controllers (MARLIN-ATSC)
which maintains a coordination mechanism (indirect coordination and direct coordination) between
agents without compromising the dimensionality of
the problem. Indirect coordination is realized by
best-response multiagent learning in nonstationary
environments, and the direct coordination is typically
based on communication.
(2) On the Assumption of the Complete Knowledge. In
addition, since the traffic environment is changing in
time and intersection cannot fully understand other
intersections’ information such as traffic arrival rate,
vehicle queue, or delays, it is over idealized that the
utility matrix of each agent is public; that is, perfect
observed information is required when agents are
interacting with the environment. According to this
assumption, agents may select individual actions that
are locally optimal but that together result in global
inefficiencies. So this assumption is not too realistic.
It is argued that the use of a model-based RL approach
adds unnecessary complexities compared with using modelfree Q-learning. To overcome the upper deficiencies of the
previous approach, this paper conducts a multiagent Markov
game reinforcement learning method for optimizing traffic
self-adaptive control. We define a TSCA for each signalized
intersection that coordinates with neighboring agents. A

mathematical model for TSCAs’ interaction is built based on
nonzero-sum Markov game which has been applied to let
TSCAs learn how to cooperate. A multiagent Markov game
reinforcement learning approach is constructed on the basis
of single-agent Q-learning. This method let each TSCA learn
to update its Q-values under the joint actions and imperfect
information. Convergence and effectiveness of the improving
algorithm are verified.

2. Structure Model for TSCA
We defined a TSCA for each urban signalized intersection
that takes the charge of controlling all signal phases. Its
main function is to establish corresponding control strategy
which will be implemented by signal light according to the
current traffic state of both of its own and of its neighbors
[14]. Therefore, the intersection’s traffic flow conditions are
improved. Figure 1 shows the structure model for TSCA. The
reinforcement signal is a reward function 𝑟𝑖 which will be
defined in Section 3.
The structure model of TSCA has been shown in Figure 1.
As we can see in Figure 2, it is mainly composed of learning
module, action decision making module, communication
module, and coordination module. Learning module infers
whether there are reasonable regulations from real-time
observational data. If some reasonable regulations exist,
learning module executes these regulations and determines
signal control plan. Coordination module analyzes the
present traffic state of TSCA to decide if it is necessary to send
messages to the adjacent TSCAs, and it deals with the TSCA
coordination. Communication module is mostly responsible
for the communication with the adjacent TSCAs. Action
decision making module resolves function of reasoning and
decision making of TSCA.
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Figure 2: Traffic network used in the simulations.

In most cases, average delay time is sufficient to determine intersection’s relative traffic performance; that is, lower
average delay time implies lower ratio of stopped vehicles and
total queue length. Vehicle’s delay of coordinated controlled
intersection is composed of normal delay, random delay, and
oversaturation delay which is the same as isolated controlled
ones. The computation of normal delay needs vehicle arriving
and leaving graph. Since every incoming traffic flow of an
intersection is up to green light time and released ratio of
upstream intersections, arrival rate is not a constant but a
time-varying functional expression. For random over saturation delay, the degree of traffic flow’s random fluctuation
within each cycle in coordinated control is far away less
than that in isolated control, so delay value will decrease.
Intersection’s delay time can adopt the following transient
functional model [17]:
𝐶(1 − 𝜆)2 𝑁0 𝑥
{
{
+
, 𝑥 < 1,
{
{ 2 (1 − 𝑦)
𝑞
𝑑={
{
{
{ 𝑅 + 𝑁0 𝑥 ,
𝑥 ≥ 1,
𝑞
{2

(1)

6 (𝑥 − 𝑥0 )
{
{ 𝑞𝑐 𝑇 [(𝑥 − 1) + √ (𝑥 − 1)2 +
] , 𝑥 > 𝑥0 ,
𝑁0 = { 4
𝑞𝑐 𝑇
{
𝑥 ≤ 𝑥0 ,
{0,
(2)
where 𝑑 is the average delay time per vehicle (s/pcu); 𝐶 is a
signal cycle length (s); 𝜆 is a split; 𝑦 is a ratio of flow volume;
𝑁0 is the average length of over saturation stopped fleet (pcu);
𝑞𝑐 is the intersection’s traffic capacity (pcu/h); 𝑇 is a time
interval (h); 𝑥 is the intersection’s saturation; 𝑞 is the vehicle’s
arrival rate (pcu/h); and 𝑅 is the length of red light time.

control system of multiple intersections, each intersection’s
signal timing scheme not only affects directly its neighbor’s
traffic but also indirectly affects nonneighboring intersection’s traffic. Although, in traffic networks, the TSCA is
incapable of observing the conditions of the entire network,
it is possible to observe the conditions of the neighboring
TSCAs. In order to avoid the excessive complexity and
frequency of TSCA’s interaction brought by the increase in the
number of controlled intersections, we limit that every TSCA
to only interact with the adjacent one. Since two adjacent
TSCAs can form a coalition to acquire a whole and local
optimal performance in view of the openness of bilateral
information, the interaction between two adjacent TSCAs
conforms to a two-matrix nonzero-sum cooperative game
[19].
Markov decision process (MDP) is widely researched
which represents the problem about single agent in multiple
states. By contrast, two matrix games were used to solve the
problem for multiple agents in single state. Markov game
can be regarded as the combination of MDP and two-matrix
game which defines the frame of multiple agents and multiple
environment states [18–20]. Since the traffic environments
which TSCA is confronted with have the characteristics of
dynamic, complexity, uncertainty, and openness, n-player
nonzero-sum Markov game is suitable to be used to establish
the interaction model for TSCAs.
An n-player nonzero-sum Markov game can be defined
by a tuple 𝑀 = ⟨𝑁, 𝑆, 𝐴, 𝑝, 𝑟⟩, where the parameters 𝑁, 𝑆,
𝐴, 𝑝, 𝑟 are explained in detail as follows according to traffic
self-adaptive control.
𝑁 is a set of finite interactive TSCAs.
𝑆 = 𝑆1 × 𝑆2 × ⋅ ⋅ ⋅ × 𝑆𝑖 × ⋅ ⋅ ⋅ 𝑆𝑁 is a set of finite states. Let 𝑠𝑖
be a local state of TSCA 𝑖; 𝑠 = (𝑠1 , 𝑠2 , . . . , 𝑠𝑛 ) is a global state
which is decomposed into local states. 𝑠𝑖 is defined by a vector
of two components. The first component is the position for
the first vehicle approaching TSCA 𝑖 from the directions of
west, north, east, and south. Since the size of the state space
grows rapidly if the accurate distance from the vehicle to
TSCA represents local state, all lanes connected to TSCA are
divided into a certain number of equal sections. The sections
are sequentially encoded from the vehicle nearest to TSCA.
So, the section’s code can be used to define the local state
𝑠𝑖 . The second component is the maximum queue lengths
associated with each direction defined as follows [16]:
max𝑙∈𝐿 𝑖 𝑞𝑙𝑘 ,

(3)

where 𝑞𝑙𝑘 is the number of queued vehicles in lane 𝑙 at time
𝑘. A vehicle is considered at a queue if its speed is below a
certain speed threshold (Spthr ). 𝑞𝑙𝑘 is computed as follows:
𝑞𝑙𝑘 = 𝑞𝑙𝑘−1 + ∑ 𝑞V𝑘 ,
V∈𝑉𝑙𝑘

3. Mathematical Model for TSCAs’ Interaction
Based on Nonzero-Sum Markov Game
Game theory is the best mathematical tool to study human
society’s interaction. The interaction between TSCAs comes
down to game model [18]. In the dynamic traffic signal

> Spthr and Sp𝑘V ≤ Spthr ,
1,
if Sp𝑘−1
{
V
{
𝑞V𝑘 = {−1, if Sp𝑘−1
≤ Spthr and Sp𝑘V > Spthr ,
V
{
𝑘−1
if SpV ≤ Spthr and Sp𝑘V ≤ Spthr ,
{0,

(4)

where V𝑙𝑘 is the set of vehicles traveling on lane 𝑙 at time 𝑘.
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𝐴 = 𝐴1 × 𝐴2 × ⋅ ⋅ ⋅ × 𝐴𝑖 × ⋅ ⋅ ⋅ × 𝐴𝑁 is a set of joint signal
timing actions for multiple TSCAs, where 𝐴𝑖 is the subset
of finite signal timing actions for TSCA 𝑖. 𝑎𝑖 represents the
current phase duration which depends on intersection’s phase
and the adjustment of green time for the current green phase,
𝑎𝑖 ∈ 𝐴𝑖 . The adjustment of green time is to be determined
by the relation of section’s length and vehicle’s velocity, for
example, {green time plus 1 s, green light time plus 2 s, green
time minus 1 s, green time minus 2 s, unchangeably}. Phase
timing signal scheme generically consists of east-west straight
and right turn, south-north straight and right turn, east-west
left turn, and south-north left turn. 𝑎 represents a joint signal
timing action for the 𝑛 TSCAs, 𝑎 ∈ 𝐴.
𝑝 : 𝑆 × 𝐴 → [0, 1] is a state transition function
mapping a present state 𝑠 and a joint signal timing action 𝑎
to a probability over states.
𝑟 = {𝑟1 , 𝑟2 , . . . , 𝑟𝑖 , . . . , 𝑟𝑁} is a set of reward functions for
all TSCAs, where 𝑟𝑖 : 𝑆 × 𝐴 → 𝑅 is a reward function
for TSCA 𝑖 mapping state-action tuples to immediate scalar
rewards. 𝑟𝑖 (𝑠, 𝑎) represents a reward function for TSCA 𝑖
when the TSCAs take the joint action 𝑎 in the state 𝑠. 𝑟𝑖 (𝑠, 𝑎)
can be expressed by the division value between total volume
for passing vehicles and accumulative waiting time.
Suppose that the traffic flow is random and corresponds
to Poisson distribution. When green light of TSCA 𝑖 in southnorth direction is open, 𝑟𝑖 (𝑠, 𝑎) is described in a mathematical
equation as follows:
𝑖

𝑟 (𝑠, 𝑎) =

𝑟 (𝑠, 𝑎) =

2

2

(1/2) 𝑘𝛿𝑤 (𝑎𝑖 − 𝑡𝑤 ) − (1/2) 𝑘𝛿𝑒 (𝑎𝑖 − 𝑡𝑒 )

𝛿𝑤 (𝑎𝑖 − 𝑡𝑤 ) + 𝛿𝑒 (𝑎𝑖 − 𝑡𝑒 )
2

𝑉𝑖 (𝜋∗1 , . . . , 𝜋𝑖 , . . . , 𝜋∗𝑛 ) ≤ 𝑉𝑖 (𝜋∗1 , . . . , 𝜋∗𝑖 , . . . , 𝜋∗𝑛 ) ,
∀𝜋𝑖 ∈ Δ (𝐴𝑖 ) ,

.

(5)

2

(1/2) 𝑘𝛿𝑛 (𝑎𝑖 − 𝑡𝑛 ) − (1/2) 𝑘𝛿𝑠 (𝑎𝑖 − 𝑡𝑠 )

,

(6)

where 𝑎𝑖 is a signal timing action for TSCA 𝑖 and 𝑡𝑤 , 𝑡𝑛 ,
𝑡𝑒 , and 𝑡𝑠 represent the time to reach TSCA 𝑖 for the first
vehicle incoming but not passing TSCA 𝑖 from the directions
of west, north, east, and south, respectively, beginning with
the alternation of red and green light. If 𝑎𝑖 < 𝑡 (𝑡 represents
𝑡𝑤 , 𝑡𝑛 , 𝑡𝑒 , or 𝑡𝑠 ), we set 𝑎𝑖 −𝑡 = 0. 𝛿𝑤 , 𝛿𝑛 , 𝛿𝑒 , and 𝛿𝑠 represent the
intensity for Poisson flow of vehicles incoming TSCA 𝑖 from
the directions of west, north, east, and south, respectively.
𝛿 depends on the state and timing signal action of TSCAs
adjacent to TSCA 𝑖. It can generalize from the average value
of statistical historical data. 𝑘 is a positive constant which
represents the degree of punishment.
Let 𝜋𝑖 be the probability distributions over action set
𝑖
𝐴 of TSCA 𝑖. With each 𝑠 ∈ 𝑆, there is an n-player
game Γ = {(𝜋1 , 𝜋2 , . . . , 𝜋𝑛 )}. 𝑉𝑖 (𝑠, 𝜋1 , 𝜋2 , . . . , 𝜋𝑛 ) is TSCA 𝑖’s
total discounted reward in state 𝑠 and under joint strategy
(𝜋1 , 𝜋2 , . . . , 𝜋𝑛 ). Suppose that ∏ = {𝜋𝑖 , 𝑖 ∈ 𝑁} is a joint
strategy when each TSCA selects action 𝑎𝑖 with a probability
𝑖, 𝑖, 𝑗 ∈ 𝑁}; for each given
𝜋𝑖 . We define ∏−𝑖 = {𝜋𝑖 , 𝑗 ≠

(7)

where Δ(𝐴𝑖 ) is the space of probability distributions over the
TSCA 𝑖’s actions.
In the nonzero-sum Markov game, TSCA 𝑖 can gain more
rewards via cooperation than that under independent action.
A Nash equilibrium point can be reached when none TSCAs
gain more optimal policy.

4. Multiagent Markov Game Reinforcement
for Traffic Self-Adaptive Control
4.1. Single-Agent Q-Learning. Q-learning which was presented by Watkins defines a learning method within a Markov
decision process [21]. The basic idea of Q-learning is that we
can define a function 𝑄 such that
𝑄∗ (𝑠, 𝑎) = 𝑟 (𝑠, 𝑎) + 𝛾∑ 𝑝 (𝑠 | 𝑠, 𝑎) 𝑉 (𝑠 , 𝜋∗ ) ,
𝑠

𝑉 (𝑠, 𝜋∗ ) = max 𝑄∗ (𝑠, 𝑎) .

𝛿𝑛 (𝑎𝑖 − 𝑡𝑛 ) + 𝛿𝑠 (𝑎𝑖 − 𝑡𝑠 )

When green light of TSCA 𝑖 in east-west direction is open,
𝑟𝑖 (𝑠, 𝑎) is computed as follows:
𝑖

∏−𝑖 , TSCA 𝑖 chooses a corresponding optimal strategy 𝜋∗𝑖 =
argmax𝑉{∏−𝑖 ∪ 𝜋𝑖 }.
In an n-player nonzero-sum Markov game under mixed
strategy, a Nash equilibrium point is a tuple of 𝑛 strategies
(𝜋∗1 , . . . , 𝜋∗𝑖 , . . . , 𝜋∗𝑛 ) such that, for all 𝑠 ∈ 𝑆 and 𝑖 = 𝑖, . . . , 𝑛,

(8)
(9)

𝑎

By this definition, 𝛾 ∈ [0, 1) is a discount factor and is used
to discount future rewards. 𝑝(𝑠 | 𝑠, 𝑎) is the probability of
transiting to state 𝑠 after taking action 𝑎 in state 𝑠. A solution
𝜋∗ that satisfies (9) is guaranteed to be an optimal policy.
𝑄∗ (𝑠, 𝑎) is the total discounted reward of taking action 𝑎 in
state 𝑠 and then following the optimal policy thereafter.
If 𝑄∗ (𝑠, 𝑎) is given, then the optimal policy 𝜋∗ can
be found by simply identifying the action that maximizes
𝑄∗ (𝑠, 𝑎) under the state 𝑠. The problem is then reduced to
finding the function 𝑄∗ (𝑠, 𝑎) instead of searching for the
optimal value of 𝑉(𝑠, 𝜋∗ ).
Q-learning provides us with a simple updating procedure,
in which the TSCA starts with arbitrary initial values of
𝑄(𝑠, 𝑎) for all 𝑠 ∈ 𝑆, 𝑎 ∈ 𝐴 and updates the Q-values as follows:
𝑄𝑡+1 (𝑠, 𝑎) = (1 − 𝛼) 𝑄𝑡 (𝑠, 𝑎) + 𝛼 [𝑟𝑡 + 𝛾 max 𝑄𝑡 (𝑠 , 𝑏)] ,
𝑏

(10)
where 𝛼 ∈ [0, 1] is the learning rate sequence.
Watkins and Dayan proved that sequence (8) converges
to 𝑄∗ (𝑠, 𝑎) under the assumption that all states and actions
have been visited infinitely often and the learning rate satisfies
certain constraints [21].
Even in single-agent Q-learning approach that is proven
to optimally converge to the joint policy, each TSCA has to
keep a set of tables whose size is exponential in the number of
agents: |𝐴 1 |×⋅ ⋅ ⋅ |𝐴 𝑛 |×|𝑆1 |×⋅ ⋅ ⋅ |𝑆𝑛 |. In addition to the dimensionality issue, the method requires each TSCA to observe

Mathematical Problems in Engineering

5

the state of the whole system which is infeasible in the case
of transportation networks. Single-agent Q-learning takes
other TSCAs as a part of environment and it updates future
rewards based on merely the TSCA’s own maximum payoff
regardless of other TSCAs’ actions. In MAS, we adopted a
multiagent Markov game reinforcement method in which
each TSCA updates its 𝑄(𝑠, 𝑎) according to immediate reward
by interacting with other TSCAs and observing actions taken
by all other TSCAs and others’ rewards.
4.2. Multiagent Markov Game Reinforcement Learning for
Traffic Self-Adaptive Control. In this method, at each time 𝑡,
TSCA 𝑘 updates its own Q-values 𝑄𝑡𝑘 and learn about other
𝑗
𝑘), by
adjacent TSCAs’ Q-values 𝑄𝑡 , (𝑗 ∈ {1, . . . , 𝑛}, 𝑗 ≠
observing its own reward, actions taken by neighboring TSCAs, neighbor’s rewards, and the new state 𝑠 .
In the state 𝑠𝑡 , TSCA 𝑘 calculates a Nash equilibrium
𝜋1 (𝑠𝑡 ), . . . , 𝜋𝑘 (𝑠𝑡 ), . . . , 𝜋𝑛 (𝑠𝑡 ) for the stage game (𝑄𝑡1 (𝑠𝑡 ), . . . ,
𝑄𝑡𝑘 (𝑠𝑡 ), . . . , 𝑄𝑡𝑛 (𝑠𝑡 )). Then, TSCA 𝑘’s value function 𝑉𝑡𝑘 (𝑠𝑡 ) is
its payoff in state 𝑠𝑡 for the selected equilibrium which can be
computed as follows:
𝑉𝑡𝑘 (𝑠𝑡 ) = Nash 𝑄𝑡𝑘 (𝑠𝑡 )
= 𝜋1 (𝑠𝑡 ) ⋅ ⋅ ⋅ 𝜋𝑘 (𝑠𝑡 ) ⋅ ⋅ ⋅ 𝜋𝑛 (𝑠𝑡 ) 𝑄𝑡𝑘 (𝑠𝑡 ) .

(11)

𝑗

+ 𝛼𝑡 [𝑟𝑡 + 𝛾𝜋1 (𝑠𝑡+1 ) ⋅ ⋅ ⋅ 𝜋𝑘 (𝑠𝑡+1 ) ⋅ ⋅ ⋅
𝑗

𝜋𝑛 (𝑠𝑡+1 ) 𝑄𝑡 (𝑠𝑡+1 )]

𝑗

𝑖

Note that (𝜋1 , . . . , 𝜋𝑘 , . . . , 𝜋𝑛 ) is a joint mixed strategy to
a Nash equilibrium point. 𝑟𝑡𝑘 and 𝑠𝑡+1 are TSCA 𝑘’s observed
information. In order to update Q-values, TSCA 𝑘 would
know the priori knowledge about other TSCAs’ strategy value
𝑘). That is to say, we should solve a set composed of (13)
𝜋𝑖 (𝑖 ≠
when 𝑖 = 1, . . . , 𝑘−1, 𝑘+1, . . . , 𝑛. This is an n-order nonlinear
problem which has no practical solutions. In addition, since
the TSCA’s observed information is imperfect, and in order to
avoid the curse of dimensionality, we use probability statistics
and Bayes method to estimate beliefs about other TSCAs’
mixed strategies. And in such coordination mechanism,
TSCA can reach a unique equilibrium.
Let us define that TSCA 𝑗 conjecture TSCA 𝑖 takes the
action 𝑎𝑖 in the probability of 𝑝𝑘 (𝑎𝑖 ). The probability 𝑝𝑘 (𝑎𝑖 )
can be calculated as follows via Boltzmann formula:
𝑖

𝑒𝑄(𝑠𝑡 ,𝑎 )/𝑇
,
𝑝 (𝑎 ) =
∑𝑎∈𝐴𝑖 𝑒𝑄(𝑠𝑡 ,𝑎)/𝑇
𝑘

𝑘
(𝑠𝑡 , 𝑎𝑡1 , . . . , 𝑎𝑡𝑘 , . . . , 𝑎𝑡𝑛 )
𝑄𝑡+1

+ 𝛼𝑡 [𝑟𝑡𝑘 + 𝛾 Nash 𝑄𝑡𝑘 (𝑠𝑡+1 )]
= (1 − 𝛼𝑡 ) 𝑄𝑡𝑘 (𝑠𝑡 , 𝑎𝑡1 , . . . , 𝑎𝑡𝑘 , . . . , 𝑎𝑡𝑛 )
(12)

𝜋𝑛 (𝑠𝑡+1 ) 𝑄𝑡𝑘 (𝑠𝑡+1 )]
= (1 − 𝛼𝑡 ) 𝑄𝑡𝑘 (𝑠𝑡 , 𝑎𝑡1 , . . . , 𝑎𝑡𝑘 , . . . , 𝑎𝑡𝑛 )
+ 𝛼𝑡 [𝑟𝑡𝑘 + 𝛾∏𝜋𝑖 (𝑠𝑡+1 ) 𝑄𝑡𝑘 (𝑠𝑡+1 )] .
𝑖

Information about other TSCAs’ Q-values is not given,
so TSCA 𝑘 must learn about them too. TSCA 𝑘 updates the
beliefs about TSCA 𝑗’s 𝑄-function according to the same rule
(12) which is applied to its own,
𝑗

𝑗

= (1 − 𝛼𝑡 ) 𝑄𝑡 (𝑠𝑡 , 𝑎𝑡1 , . . . , 𝑎𝑡𝑘 , . . . , 𝑎𝑡𝑛 )
𝑗

𝑗

+ 𝛼𝑡 [𝑟𝑡 + 𝛾Nash𝑄𝑡 (𝑠𝑡+1 )]
𝑗

= (1 − 𝛼𝑡 ) 𝑄𝑡 (𝑠𝑡 , 𝑎𝑡1 , . . . , 𝑎𝑡𝑘 , . . . , 𝑎𝑡𝑛 )

𝑖

(14)

where 𝑇 is a temperature parameter which reflects exploring
degree and decreases with time.
Each TSCA takes its own actions in state 𝑠𝑡 ; then TSCA 𝑘
observes other TSCAs’ taken actions and new state 𝑠𝑡+1 ; after
that, TSCA 𝑘 updates the belief about other TSCAs’ actions.
According to Bayes formula, the belief about TSCA 𝑗’s actions
can be computed as follows:

= (1 − 𝛼𝑡 ) 𝑄𝑡𝑘 (𝑠𝑡 , 𝑎𝑡1 , . . . , 𝑎𝑡𝑘 , . . . , 𝑎𝑡𝑛 )

𝑄𝑡+1 (𝑠𝑡 , 𝑎𝑡1 , . . . , 𝑎𝑡𝑘 , . . . , 𝑎𝑡𝑛 )

𝑗

+ 𝛼𝑡 [𝑟𝑡 + 𝛾∏𝜋𝑖 (𝑠𝑡+1 ) 𝑄𝑡 (𝑠𝑡+1 )] .

TSCA 𝑘 updates its Q-values according to

+ 𝛼𝑡 [𝑟𝑡𝑘 + 𝛾𝜋1 (𝑠𝑡+1 ) ⋅ ⋅ ⋅ 𝜋𝑘 (𝑠𝑡+1 ) ⋅ ⋅ ⋅

(13)

𝑗

= (1 − 𝛼𝑡 ) 𝑄𝑡 (𝑠𝑡 , 𝑎𝑡1 , . . . , 𝑎𝑡𝑘 , . . . , 𝑎𝑡𝑛 )

𝑖

𝑘

𝑝 (𝑎 | 𝑎 , 𝑠𝑡+1 ) =

𝑝 (𝑠𝑡+1 | 𝑎𝑖 , 𝑎𝑘 ) 𝑝 (𝑎𝑖 )
𝑝 (𝑠𝑡+1 | 𝑎𝑘 )

,

(15)

where 𝑝(𝑠𝑡+1 | 𝑎𝑖 , 𝑎𝑘 ) is the probability of transiting to state
𝑠𝑡+1 after TSCA 𝑖 and TSCA 𝑘 take joint actions in state 𝑠𝑡
and 𝑝(𝑠𝑡+1 | 𝑎𝑘 ) is the probability of transiting to state 𝑠𝑡+1
after TSCA 𝑘 takes its own action independently in state 𝑠𝑡 .
The probability of 𝑝(𝑠𝑡+1 | 𝑎𝑘 ) and 𝑝(𝑠𝑡+1 | 𝑎𝑖 , 𝑎𝑘 ) can be
acquired from environment knowledge. 𝑝(𝑎𝑖 ) represents the
probability in which TSCA 𝑖 will take the action 𝑎𝑖 . 𝑝𝑘 (𝑎𝑖 ) can
similarly replace the estimate of 𝑝𝑘 (𝑎𝑖 ).
Furthermore, TSCA 𝑘’s belief about other multiple
TSCA’s joint actions can be generalized from (15) as follows:
𝑝 (𝑎1 , . . . , 𝑎𝑛 | 𝑎𝑘 , 𝑠𝑡+1 ) = ∏𝑝 (𝑎𝑖 | 𝑎𝑘 , 𝑠𝑡+1 ) .
𝑖 ≠
𝑘

(16)

According to the analysis above, the multiagent Markov
game reinforcement algorithm is summarized as follows by
taking TSCA 𝑘 for example.
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Initialize
(1) Let 𝑡 = 0; get the initial state 𝑠0 . For any 𝑠 ∈ 𝑆 and
any 𝑎𝑘 ∈ 𝐴𝑘 , let 𝜋𝑘 (𝑠, 𝑎𝑘 ) = 1/|𝐴| and 𝑄𝑡𝑘 (𝑠𝑡 , 𝑎𝑡1 , . . . ,
𝑎𝑡𝑘 , . . . , 𝑎𝑡𝑛 ) = 0.
Loop

(𝑠𝑡 , 𝑎𝑡𝑖 , 𝑎𝑡−𝑖 ), then 𝛼𝑡 (𝑠, 𝑎𝑖 , 𝑎−𝑖 ) = 0, where
(ii) if (𝑠, 𝑎𝑖 , 𝑎−𝑖 ) ≠
𝑖 ∈ 𝑁. Under Assumption (i), given a finite MDP,
the Q-learning algorithm proposed by [21] converges
with probability 1 to the optimal Q-function. The
second item in Assumption 2 states that the agent
updates only the Q-function element corresponding
to current state 𝑠𝑡 and actions 𝑎𝑡1 , . . . , 𝑎𝑡𝑛 .

(2) Choose action 𝑎𝑡𝑘 : TSCA 𝑘 chooses the action 𝑎𝑡𝑘 by
the probability of 𝜋𝑘 (𝑠, 𝑎𝑘 ) which is the best-response
mixed policy of the matrix game 𝑄𝑡𝑘 (𝑠, 𝑎1 , . . . , 𝑎𝑛 )
under the joint actions of other TSCAs.

Lemma 3 (see [22]). Under Assumption 2, iterative process
𝑄𝑡+1 = (1 − 𝛼𝑡 )𝑄𝑡 + 𝛼𝑡 𝑤𝑡 will converge to 𝐸(𝑤𝑡 | ℎ𝑡 , 𝛼𝑡 ), with
probability 1, where ℎ𝑡 is the historical states and policies at the
time 𝑡.

(3) Observe 𝑟𝑡1 , . . . , 𝑟𝑡𝑛 ; 𝑎𝑡1 , . . . , 𝑎𝑡𝑛 ; and 𝑠𝑡+1 = 𝑠 .

Lemma 4 (see [23]). ∀𝑠 ∈ 𝑆, assume that (𝜋1 (𝑠), 𝜋2 (𝑠), . . . ,
𝜋𝑁(𝑠)) is the Nash equilibrium point for the stage game
(𝑄1 (𝑠), 𝑄2 (𝑠), . . . , 𝑄𝑁(𝑠)), its Nash equilibrium payoff is (V1 (𝑠,
𝜋1 , 𝜋−1 ), V1 (𝑠, 𝜋2 , 𝜋−2 ), . . . , V1 (𝑠, 𝜋𝑁, 𝜋−𝑁)), then the TSCA 𝑖’s
Nash equilibrium payoff under joint actions is

(4) TSCA 𝑘 updates the belief about other TSCAs’ actions
according to Bayes formula (15).
𝑘
(5) Update 𝑄𝑡+1
for 𝑘 = 1, . . . , 𝑛. Consider
𝑘
(𝑠𝑡 , 𝑎𝑡1 , . . . , 𝑎𝑡𝑘 , . . . , 𝑎𝑡𝑛 )
𝑄𝑡+1

= (1 −
+

𝛼𝑡 ) 𝑄𝑡𝑘

𝛼𝑡 [𝑟𝑡𝑘

𝑄𝑖 (𝑠, 𝑎1 , . . . , 𝑎𝑁) = 𝑟 (𝑠, 𝑎1 , . . . , 𝑎𝑁)

(𝑠𝑡 , 𝑎𝑡1 , . . . , 𝑎𝑡𝑘 , . . . , 𝑎𝑡𝑛 )
1

𝑛

𝑘

+ 𝛾𝑝 (𝑎 , . . . , 𝑎 | 𝑎

(17)

, 𝑠𝑡+1 ) 𝑄𝑡𝑘

𝑁

+ 𝛾 ∑ 𝑝 (𝑠 | 𝑠, 𝑎1 , . . . , 𝑎𝑁)

(𝑠𝑡+1 )] ,

(20)

𝑠 =1

where 𝑝(𝑎1 , . . . , 𝑎𝑛 | 𝑎𝑘 , 𝑠𝑡+1 ) is defined in (16).

× V𝑖 (𝑠 , 𝜋1 , 𝜋2 , . . . , 𝜋𝑁) .

(6) Let 𝑡 = 𝑡 + 1 return to (2).

5. Convergence Proof
Assumption 1. For any multiagent game (𝑄1 (𝑠), . . . , 𝑄𝑁(𝑠)),
its Nash equilibrium point (𝜋1 , 𝜋2 , . . . , 𝜋𝑁) has the following
properties.
(i) If the Nash equilibrium does not reach a global
optimum, then the TSCA which takes the policy of
Nash equilibrium will get more payoffs when the
other TSCAs’ policies deviate from Nash equilibrium:
̂ 𝑗 (𝑠) ,
∏ 𝜋𝑗 (𝑠) ⋅ ∑ 𝑄𝑖 (𝑠) ≤ ∑ 𝑄𝑖 (𝑠) ⋅ 𝜋𝑖 (𝑠) ⋅ ∏ 𝜋
𝑗∈𝑁

𝑖∈𝑁

𝑖∈𝑁

𝑗∈𝑁,𝑗 ≠
𝑖

(18)

∀̂
𝜋𝑗 (𝑠) ∈ Δ (𝐴𝑗 ) .
(ii) If the Nash equilibrium reaches a global optimum,
then
̂ 𝑗 (𝑠) ,
∏ 𝜋𝑗 (𝑠) ⋅ ∑ 𝑄𝑖 (𝑠) ≥ ∑ 𝑄𝑖 (𝑠) ⋅ ∏ 𝜋
𝑗∈𝑁

𝑖∈𝑁

𝑖∈𝑁

𝑗∈𝑁
𝑗

(19)

Lemma 5 (see [23]). Given that 𝑃𝑡𝑖 𝑄𝑖 (𝑠) = 𝑟𝑡𝑖 + 𝛾𝑄𝑖 (𝑠)∏𝑗∈𝑁
𝜋𝑖 (𝑠) where, ∀𝑠 ∈ 𝑆, (𝜋1 (𝑠), 𝜋2 (𝑠), . . . , 𝜋𝑁(𝑠)) is the mixed
Nash equilibrium policy for the stage game (𝑄1 (𝑠), 𝑄2 (𝑠), . . . ,
𝑄𝑁(𝑠)), then 𝑃𝑡 = (𝑃𝑡1 , . . . , 𝑃𝑡𝑁) is a contract mapping.
Lemma 6 (see [22]). Under Assumption 2, if the iterative
process 𝑈𝑡+1 (𝑥) = (1 − 𝛼𝑡 (𝑥))𝑈𝑡 (𝑥) + 𝛼𝑡 (𝑥)[𝑃𝑡 V∗ ](𝑥) holds and
𝑃𝑡 satisfies ‖𝑃𝑡 𝑉−𝑃𝑡 V∗ ‖ ≤ 𝛾‖𝑉−V∗ ‖+𝜆 𝑡 , ∀𝑉, where 0 ≤ 𝛾 ≤ 1,
𝜆 𝑡 ≥ 0 and converges to 0 with probability 1, then the following
iterative process will converge to V∗ with probability 1:
𝑉𝑡+1 (𝑥) = (1 − 𝛼𝑡 (𝑥)) 𝑉𝑡 (𝑥) + 𝛼𝑡 (𝑥) [𝑃𝑡 V𝑡 ] (𝑥) .

(21)

Under the above assumptions and lemmas, if the Nash
equilibrium point for the stage game is obtained, then proposed method converges to game Q-values of equilibrium
point with probability 1.
Theorem 7. Assume that the game sequence (𝑄𝑡1 (𝑠), . . . ,
𝑄𝑡𝑁(𝑠)) for each 𝑠 ∈ 𝑆(𝑄𝑡1 (𝑠), . . . , 𝑄𝑡𝑁(𝑠)) satisfies

𝑗

∀̂
𝜋 (𝑠) ∈ Δ (𝐴 ) .
Assumption 2. Learning sequence {𝛼𝑡 } satisfies the following:
∞
2
(i) 0 ≤ 𝛼𝑡 ≤ 1, ∑∞
𝑡=1 𝛼𝑡 = ∞, ∑𝑡=1 𝛼𝑡 < 𝐶 < ∞, and
the latter two hold uniformly and with probability 1,
where 𝐶 is constant,

𝑖
𝑄𝑡+1
(𝑠, 𝑎1 , . . . , 𝑎𝑁) = (1 − 𝛼𝑡 ) 𝑄𝑡𝑖 (𝑠, 𝑎1 , . . . , 𝑎𝑁)

+ 𝛼𝑡 [𝑟𝑡𝑖 + 𝛾𝑄𝑡𝑖 (𝑠 ) ∏ 𝜋𝑗 (𝑠 )] ,
𝑗∈𝑁
]
[
(22)
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then the game sequence converges to Q-value of equilibrium
point (𝑄1∗ , . . . , 𝑄𝑁∗ ) with probability 1, where the Q-value
meets

𝑠

𝑠 =1

× V𝑖 (𝑠 , 𝜋1∗ , 𝜋2∗ , . . . , 𝜋𝑁∗ ) ,
(23)
where 𝑖 ∈ 𝑁; (𝜋1 (𝑠 ), 𝜋2 (𝑠 ), . . . , 𝜋𝑁(𝑠 )) is the mixed Nash
equilibrium policy for the stage game (𝑄𝑡1 (𝑠 ), . . . , 𝑄𝑡𝑁(𝑠 )) at
the state 𝑠 ; (𝜋1∗ , 𝜋2∗ , . . . , 𝜋𝑁∗ ) is the Nash equilibrium point
for the game.
Proof. Under Lemma 4,



 𝑖 𝑖
𝑝𝑡 𝑄 − 𝑝𝑡𝑖 𝑄𝑖∗  ≤ 𝛾 𝑄𝑖 − 𝑄𝑖∗  .




Under Lemma 3,

(24)

+ 𝑎𝑡 [𝑟𝑡𝑖 + 𝛾𝑄𝑡𝑖 (𝑠 ) ∏ 𝜋𝑗 (𝑠 )]
𝑗∈𝑁
]
[

(25)

converges to
𝐸 (𝑟𝑡𝑖 + 𝛾𝑄𝑖 (𝑠) ∏ 𝜋𝑗 (𝑠))
𝑗∈𝑁

= ∑ 𝑝 (𝑠 | 𝑠, 𝑎1 , . . . , 𝑎𝑁)
𝑠

⋅ (𝑟𝑡𝑖 (𝑠, 𝑎1 , . . . , 𝑎𝑁) + 𝛾𝑄𝑖 (𝑠 ) ∏ 𝜋𝑗 (𝑠 )) .
𝑗∈𝑁

(26)
Defining mapping 𝑇𝑖 as
(𝑇𝑖 𝑄𝑖 ) (𝑠 | 𝑠, 𝑎1 , . . . , 𝑎𝑁)
= ∑𝑝 (𝑠 | 𝑠, 𝑎1 , . . . , 𝑎𝑁)
𝑠

⋅ (𝑟𝑡𝑖 (𝑠, 𝑎1 , . . . , 𝑎𝑁) + 𝛾𝑄𝑖 (𝑠 ) ∏ 𝜋𝑗 (𝑠 )) ,
𝑗∈𝑁

(27)
1

𝑁

𝑖

then 𝑇 𝑄 = ∑𝑠 𝑝(𝑠 | 𝑠, 𝑎 , . . . , 𝑎 ) ⋅ 𝑃𝑡 𝑄 (𝑠). Under
Lemma 5, since 𝑃𝑡 is the contract mapping of 𝑄𝑖 and 𝑝(𝑠 |
𝑠, 𝑎1 , . . . , 𝑎𝑁) ≥ 0, 𝑇𝑖 is also the contract mapping of 𝑄𝑖 and
𝑄𝑖∗ is the fixed point of mapping 𝑇𝑖 . Consider
(𝑇𝑖 𝑄𝑖∗ ) (𝑠, 𝑎1 , . . . , 𝑎𝑁)
= ∑ 𝑝 (𝑠 | 𝑠, 𝑎1 , . . . , 𝑎𝑁)
𝑠

𝑗∈𝑁

Under Lemma 4, 𝑄𝑖∗ (𝑠 )∏𝑗∈𝑁𝜋𝑗∗ (𝑠 ) = V𝑖 (𝑠 , 𝜋1∗ , . . . , 𝜋𝑁∗ ),
so 𝑄𝑖∗ = 𝑇𝑖 𝑄𝑖 . Therefore the iterative formula
𝑘
(𝑠, 𝑎1 , . . . , 𝑎𝑁) = (1 − 𝛼) 𝑄𝑡𝑘 (𝑠, 𝑎1 , . . . , 𝑎𝑁)
𝑄𝑡+1

+ 𝛼 [𝑟𝑡𝑖 + 𝛾𝑄𝑖∗ (𝑠 ) ∏ 𝜋𝑗∗ (𝑠 )]
𝑗∈𝑁
]
[
(29)
converges to 𝑇𝑖 𝑄𝑖 = 𝑄𝑖∗ with probability 1. Under Lemma 6,
formula (20) converges to 𝑄𝑖∗ .

6. Simulation

𝑘
𝑄𝑖+1
(𝑠, 𝑎1 , . . . , 𝑎𝑁) = (1 − 𝑎𝑡 ) 𝑄𝑡𝑘 (𝑠, 𝑎1 , . . . , 𝑎𝑁)



(28)

+ 𝛾∑ 𝑝 (𝑠 | 𝑠, 𝑎1 , . . . , 𝑎𝑁) ⋅ 𝑄𝑖∗ (𝑠 ) ∏ 𝜋𝑗∗ (𝑠 ) .

𝑁

+ 𝛾 ∑ 𝑝 (𝑠 | 𝑠, 𝑎1 , . . . , 𝑎𝑁)

𝑖

𝑗∈𝑁

= 𝑟𝑡𝑖 (𝑠, 𝑎1 , . . . , 𝑎𝑁)

𝑄𝑖∗ (𝑠, 𝑎1 , . . . , 𝑎𝑁) = 𝑟𝑖 (𝑠, 𝑎1 , . . . , 𝑎𝑁)

𝑖

⋅ (𝑟𝑡𝑖 (𝑠, 𝑎1 , . . . , 𝑎𝑁) + 𝛾𝑄𝑖∗ (𝑠 ) ∏ 𝜋𝑗∗ (𝑠 ))

6.1. Analysis of the Method’s Convergence. We consider the
traffic network shown in Figure 2 used for the scenery to
test the proposed approach described in Section 4. Paramics, a microscopic traffic simulator, is used to build the
testbed network. The multiagent Markov game reinforcement
learning algorithm is written in Matlab as a stand-alone
application. The interaction between the multiagent Markov
game reinforcement learning algorithm and the Paramics
environment is implemented through the application programming interface (API) functions in Paramics.
𝛿, defined as the intensity of Poisson flow observed entering the traffic network, obeys uniform distribution in the
interval of [5, 18]. The traffic network includes 5 intersections
in which each direction has four lanes. Each intersection
sets two phases. The length of the lanes is 60 m. The average
velocity of the traffic flow is 2.5 m/s. Let 𝛼 = 0.1, 𝛾 = 0.98,
𝑘 = 0.25, and 𝑇 = 40. Since some general constraints posed
by safety rules should be respected when designing the signal
plan, we let minimum and maximum green time for each
phase be 20 s and 90 s, respectively. The subsets of actions for
TSCA 1, TSCA 2, TSCA 3, TSCA 4, and TSCA 5 are given by
𝐴1 = {15, 30, 40}, 𝐴2 = {30, 50}, 𝐴3 = {35, 45}, 𝐴4 = {25, 50},
and 𝐴5 = {30, 35, 40, 55}, respectively. Each lane is equally
divided into a certain number of segments in an interval of
20 m. As a result, the values of joint state and actions are set as
𝑠 = ⟨⟨1, 2, 3, 1⟩, ⟨2, 3, 1, 2⟩, ⟨2, 1, 2, 1⟩, ⟨1, 1, 3, 2⟩, ⟨1, 2, 3, 2⟩⟩,
and 𝑎 = ⟨30, 30, 45, 25, 35⟩, respectively. Under the state 𝑠
and in the taken joint action 𝑎 given above, how the Q-values
of TSCA 1, TSCA 2, and TSCA 5 vary with learning time,
respectively, was shown in Figure 3.
As can be seen from Figure 3, the multiagent Markov
game reinforcement learning approach presented in this
paper is convergent; that is, it can reach a Nash equilibrium.
In general conditions, an urban traffic network has a relatively
stable flow of vehicles, so the time to solve such problem is
acceptable.
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Figure 3: Q-values of TSCA 1, TSCA 2, and TSCA 5 per minute
under 𝑠 and in 𝑎.

In the traffic network shown in Figure 2, supposed sometime TSCA 5 is about to choose a red light timing action in
north-south direction; then we specify that the local state of
TSCA 1, 2, 3, 4 is 𝑠1 = 𝑠2 = 𝑠3 = 𝑠4 = ⟨1, 1, 1, 1⟩, respectively,
so the finally learned Q-values of TSCA 5 are shown in
Table 1.
6.2. Analysis of the Method’s Effectiveness. We use the average
delay time per vehicle (𝑑) which was defined in (1) of
Section 2 as the performance index of each method.
6.2.1. In Comparison with LQF. Local traffic consists of
vehicles that cross a single intersection and then exit the
network, thereby interacting with just one learning agent.
According to [24], when the saturation is greater than 0.90,
the level of intersection’s service is unbearable. So we think
that a highly saturated condition in this paper refers to
one in which the saturation greatly exceeds 0.9, and as a
result the road is congested and the service level is relatively poor. In this section, we compare the novel approach
described in Section 4.2 to LQF traffic signal scheduling
algorithm proposed in [25] for an isolated intersection. The
LQF algorithm was designed for a signal control problem
employing concepts drawn from the field of packet switching
in computer networks. It utilized a maximal weight matching
algorithm to minimize the queue sizes at each approach
yielding significantly lower average vehicle delay through the
intersection. The primary limitation of LQF is that every
agent only considers its own local traffic volume and thus
controls its traffic signals in isolation. Consequently, agents
may select individual actions that are locally optimal but that
together result in global inefficiencies. Therefore, we focus
our experiments on comparisons between the novel method
and LQF in highly saturated conditions.
In particular, we also consider the scenery shown in
Figure 2. In such traffic network all routes contain at least
two intersections, and destinations are selected uniformly,
thereby eliminating local traffic. The scenery is challenging

100
50
0
0

10000

20000

30000

40000

50000

Time step
LQF
Our method

Figure 4: The results comparison with LQF.

Table 1: The learned Q-values of TSCA 5 in specified state.
Local state of TSCA 5
Max Q
Timing

1, 1, 2, 1
231.4
60

1, 1, 2, 2
278.9
30

1, 1, 2, 3
297.4
25

1, 1, 3, 1
211.8
25

and realistic, as it requires the methods to cope with an
abundance of nonlocal traffic. The experiment is designed to
test the hypothesis that, under highly saturated conditions,
coordinated learning is beneficial when the amount of local
traffic is small. If this hypothesis is correct, coordinated learning with multiagent Markov game reinforcement learning
should substantially outperform LQF when most vehicles
pass through multiple intersections.
We use the average delay time per vehicle (𝑑) which is
defined in (1) of Section 2 as the performance index of each
method.
The result is averaged over 10 independent runs. Figure 4
shows the results from the nonuniform destinations and nonlocal traffic scenery. As can be seen from the figure, multiagent Markov game reinforcement learning substantially
outperforms the other noncoordinated method. This result
is not surprising since the lack of uniform destinations and
local traffic create clear incentive for the TSCAs to learn to
coordinate their actions. This approach allows the TSCAs to
learn different state transition probabilities and value functions when the outbound lanes are congested. For example,
the lane from intersection 1 to 5 is likely to become saturated
as all traffic from edge nodes connected to intersection 1 must
travel through it. When such saturation occurs, it is important
for the two TSCAs to learn to coordinate since allowing
incoming traffic to cross intersection 1 is pointless unless
intersection 5 allows that same traffic to cross in a “green
wave”. The cost of including such congestion information
is a larger state space and potentially slower learning. So,
the simulation results show that multiagent Markov game
reinforcement learning is effective.
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Figure 5: The results comparison with fixed timing control, independent Q reinforcement learning.

6.2.2. In Comparison with Fixed Timing Control Approach
and Independent 𝑄 Reinforcement Learning Approach. In
this section, we compare the novel approach described
in Section 4.2 to fixed timing control and independent
reinforcement learning. We consider the scenery shown in
Figure 2 again. Assume that the vehicle arrival rate in the
direction of north-south is
𝑝sn = 0.3 + 0.1 cos (

𝜋𝑡
)
540

(30)

and the vehicle arrival rate in the direction of east-west is
𝑝ew = 0.1 + 0.5 sin (

𝜋𝑡
).
540

(31)

The yellow light time length is 4 s; TSCA schedules traffic
signal every two seconds. The learning time length is 5400 s.
During the independent reinforcement learning, TSCA does
not consider other TSCA’s actions and states, the reinforcement signals from the belief allocation modules are only
associated with their own states and actions, then the goal is
to maximize the local rewards. In the fixed timing control,
the signal cycle length is 120 s. The effective green time length
in the direction of north-south and east-west is 56 s. Figure 5
shows the results.
The results show that in low traffic flow the differences
between the effectiveness of the three control methods are
not particularly evident. When the traffic flow increases gradually, the differences between the performance of the three
methods are more and more apparent. Since independent Qlearning process does not take other TSCA’s states and actions
into consideration, it is not easy to achieve global optimum,
which may lower the performance of the system. When the
vehicle arrival rate is more than 1000 vehicle/h, independent
Q-learning leads to a lot of heavy traffic. On the contrary, in
our method, each TSCA must consider the influence of other

TSCA’s states and actions, so the results have a certain amount
of global properties.
Next, we analyze why multiagent Markov game reinforcement learning approach outperforms the other two
approaches. Fixed timing control method can not be adapted
to the changes of the traffic environment. In the independent
Q-learning algorithm, each TSCA learns and decides at the
local level (i.e., using its local state and local action) by
using (10). Multiagent Markov game reinforcement learning
method biases action selection toward actions that are likely
to result in good rewards. The likelihood of good values is
evaluated using models of the other agents estimated by the
learner through observing their behavior in the past. The
efficiency of multiagent Markov game reinforcement learning
approach is more profound in cases of traffic fluctuations
which assure the adaptability of the approach as the highly
saturated condition triggers the TSCAs to coordinate their
actions.

7. Conclusion
Previous work about urban traffic control used multiagent
reinforcement learning, but the TSCAs selected only locally
optimal actions without coordinating their behavior and
needed perfect observed information when interacting with
environment. In this paper, a multiagent Markov game
reinforcement learning approach based on n-player nonzerosum Markov game is designed for optimizing urban traffic
on the basis of the analysis of TSCA’s structure model and
single-agent Q-learning. Theoretical analysis and experimental result show that the proposed method is convergent
and effective. Multiagent Markov game reinforcement learning substantially outperforms the other non-coordinated
method like LQF, fixed timing control, and independent
reinforcement learning especially under highly saturated
conditions when the amount of local traffic is small. It will be
demonstrated that the novel method offers the capability to
provide distributed control as needed for scheduling multiple
intersections.
In future work, it would be interesting to incorporate
the effects of driver behavior and transit signal priority in
our framework. Moreover, the basic five-intersection network
considered here will be expanded to include larger traffic
networks and more extensive collaboration among TSCAs.
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The inertial navigation systems (INS)/wireless sensor network (WSN) integration system for mobile robot is proposed for navigation
information indoors accurately and continuously. The Kalman filter (KF) is widely used for real-time applications with the aim
of gaining optimal data fusion. In order to improve the accuracy of the navigation information, this work proposed an adaptive
extended Kalman smoothing (AEKS) which utilizes inertial measuring units (IMUs) and ultrasonic positioning system. In this
mode, the adaptive extended Kalman filter (AEKF) is used to improve the accuracy of forward Kalman filtering (FKF) and backward
Kalman filtering (BKF), and then the AEKS and the average filter are used between two output timings for the online smoothing.
Several real indoor tests are done to assess the performance of the proposed method. The results show that the proposed method
can reduce the error compared with the INS-only, least squares (LS) solution, and AEKF.

1. Introduction
Automation indoor mobile robots have increasingly been
used in a wide range of applications [1]. The ability to
obtain their navigation information (such as position and
velocity) has become one key issue. Although the global
positioning system (GPS) is widely used for navigation
applications, it is essential for outdoor navigation, and
there is also a growing need for accurate navigation information indoors [2]. Consequently, this topic has received
significant scientific research attention over the past few
decades.
In order to achieve accurate navigation information
indoors, a number of methods for localization with various
sensors and precision were proposed [1–3]. For instance, in
[4], an RFID-based position and orientation measurement
system for mobile objects was proposed by Shirehjini et
al.; in [5] Park proposed an indoor location system using
ZigBee; in [6], Saad et al. proposed high-accuracy referencefree ultrasonic location estimation. All the above-mentioned
attempts employ reference node (RN) with known location
to complete the localization of blind node (BN). Its principle

is similar to global positioning systems (GPS), but the
communication technology used by Beacon-based solutions
is short-range radio, such as WiFi, UWB, RFID, ZigBee,
and ultrasound. The shortcoming of the above-mentioned
attempts is that the localization accuracy has to maintain a
high density of RNs, which is not useful for large localization
area.
To outdoor navigation, in order to achieve continuous
navigation, inertial navigation systems (INS) have been
used for the compensation to the GPS outage since it is
capable of providing positioning information independently
[7]. For example, a novel hybrid of least squares support
vector machine (LS-SVM) and Kalman filter for GPS/INS
integration was proposed by Xu et al. in [8]. To indoor
navigation, Ruiz et al. employed inertial measuring units
(IMUs)/radio frequency identification (RFID) integration
navigation for pedestrian indoor navigation in [2]. However,
INS solution is poor in long-term self-contained navigation
since the accuracy deteriorates with time [9, 10].
In the integrated system, the integration filter should be
carefully designed since it is the core of system. As one of
the most popular information fusion algorithms, Kalman
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filter (KF) is widely used in integrated system. However,
although it is able to achieve the optimal estimation of
states in multiinput and multioutput (MIMO) systems [11],
KF is not suitable for nonlinear systems since the noises
of system and measurement should be corrupted by white
noise and the state estimation is approached with the minimization of the covariance of the estimation error. Then, the
extended KF (EKF) is proposed to overcome this problem
by using Taylor series expansion [10]. However, the EKF
is difficult to track the accurate state during the target’s
fast movement since it employs a fixed priori estimates for
the process and measurement noise covariances during the
whole estimation process [12]. Thus, the AEKF is proposed
to update the covariance of process noise and measurement noise in current. In order to obtain high accuracy
of information fusion, smoothing algorithms have been
widely used in integrated navigation systems [13]. RauchTung-Strieble smoothing (RTSS) is widely used in navigation
applications due to its robustness and effectiveness [14]. Liu
et al. proposed two-filter smoothing (TFS) and applied it
in INS/GPS integration for postprocessing applications in
[15]. Meanwhile, the results proposed in [15] show that the
TFS has the advantage to be applicable in cases of nonlinear
dynamics that may occur in some land-vehicle navigation
(LVN) applications. TFS is performed by combining the
results of forward Kalman filtering (FKF) and backward
Kalman filtering (BKF) by minimizing the smoother error
covariance.
This work proposed the design and implementation of
adaptive extended Kalman smoothing (AEKS) on INS/WSN
integration system for mobile robot indoors. In this mode,
the adaptive extended Kalman filter (AEKF) is employed to
improve the forward filtering output accuracy, and the back
filter is used to smooth the forward filtering output. In order
to achieve online smoothing, the AEKS and the average filter
are used between two output periods. The remainder of the
paper is organized as follows: Section 2 gives the adaptive
extended Kalman smoothing for integration system. The real
indoor tests and performance are illustrated in Section 3.
Finally, the conclusions are given.

2. Adaptive Extended Kalman Smoothing for
Integration System
2.1. Integration Model. Figure 1 displays the configuration of
the integrated system. In this mode, the integrated model
which is proposed in [16] is employed for the integrated
system in this work. The continuous-time process model of
the system is illustrated as follows:
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[𝛿𝐴𝑐𝑐𝑁,𝑘−1 ]
0
0
0
0
0
1
[
]
X𝑘−1
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

[1
[
[0
[
[0
=[
[
[0
[
[0

𝑇

A

(1)
(𝛿𝑉𝐸,𝑘 , 𝛿𝑉𝑁,𝑘 ), and
(𝛿𝐴𝑐𝑐𝐸,𝑘 ,
where (𝛿𝑃𝐸,𝑘 , 𝛿𝑃𝑁,𝑘 ),
𝛿𝐴𝑐𝑐𝑁,𝑘 ) are the errors of position, velocity and accelerometer measured by INS in east and north direction. 𝑇 is sample
time; W𝑘 is the Gaussian process noise.
The observation vectors of the filter are formed by
differencing the WSN and INS velocities (𝑉INS , 𝑉WSN ) and
the distances between the robot and the 𝑖th RN (𝑑𝑖INS , 𝑑𝑖WSN ).
The measurement equation at time 𝑘 is illustrated as follows:
Δ𝑉𝐸,𝑘
𝛿𝑉𝐸,𝑘
]
[Δ𝑉𝑁,𝑘 ] [
𝛿𝑉𝑁,𝑘
]
[ 2 ] [
[ Δ𝑑1,𝑘 ] [ ℎ𝑑1 (𝛿𝑃𝐸,𝑘 , 𝛿𝑃𝑁,𝑘 ) ]
]
[ 2 ] [
[ Δ𝑑2,𝑘 ] = [ ℎ𝑑 (𝛿𝑃𝐸,𝑘 , 𝛿𝑃𝑁,𝑘 ) ] + 𝜐𝑘 .
] [ 2
]
[
]
[ .. ] [
..
]
[ . ] [
.
2
ℎ𝑑𝑚 (𝛿𝑃𝐸,𝑘 , 𝛿𝑃𝑁,𝑘 )]
Δ𝑑𝑚,𝑘 ] [
[
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
y𝑘
h(X𝑘 )
2

(2)

2

Here, the difference between (𝑑𝑖INS ) and (𝑑𝑖WSN )
denoted as Δ𝑑𝑖2 , and it is expressed as follows:
2

is

2

Δ𝑑𝑖2 = (𝑑𝑖INS ) − (𝑑𝑖WSN )

INS
= 2 (𝑃𝐸INS − 𝑥𝑖 ) 𝛿𝑃𝐸 + 2 (𝑃𝑁
− 𝑦𝑖 ) 𝛿𝑃𝑁
2
− (𝛿𝑃𝐸2 + 𝛿𝑃𝑁
),

(3)

𝑖 = 1, 2, . . . , 𝑚.

And (Δ𝑉𝐸 , Δ𝑉𝑁) is the difference of the WSN and INS
velocities in east and north direction, respectively, and 𝜐𝑘 is
the Gaussian process noise. It is assumed that 𝜔𝑘 and 𝜐𝑘 are
independent zero-mean white Gaussian sequences with
covariances Q and R.
2.2. Adaptive Extended Kalman Filter. Consider the nonlinear system given by (1) and (2); the AEKF used in this paper
involves the following recursive relations:
̂𝑘−1|𝑘−1
̂𝑘|𝑘−1 = AX
X
P𝑘|𝑘−1 = AP𝑘−1 A𝑇 + Q
𝑇

K𝑘 = P𝑘|𝑘−1 (H𝑘 ) S−1
𝑘
̂𝑘|𝑘−1 + K𝑘 rr𝑘
̂𝑘|𝑘 = X
X
P𝑘|𝑘 = (𝐼 − K𝑘 H𝑘 ) P𝑘|𝑘−1
rr𝑘 = z𝑘 − h (X𝑘|𝑘−1 ) − ̂r𝑘
𝑇

̂𝑘 .
S𝑘 = H𝑘 P𝑘|𝑘−1 (H𝑘 ) + R

(4)
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Figure 1: Configuration of the hybrid system.

𝑇

̂𝑘|𝑘 ) = 𝜕h(X
̂𝑘|𝑘 )/𝜕X
̂𝑘|𝑘 , ̂r𝑘 and
Here, 𝑘 = 1, 2, . . . , 𝑁, H(X
̂𝑘 are computed by the time-varying noise statistics estimaR
tors with the following equations:

̂𝑘
S𝑘 = H𝑘 P𝑘|𝑘+1 (H𝑘 ) + R
−1 ̂ 𝐵
̂𝐵
X
𝑘−1|𝑘 = A X𝑘|𝑘
𝑇

P𝐵𝑘−1|𝑘 = A−1 P𝐵𝑘|𝑘 (A−1 ) + Q.

̂𝑘|𝑘−1 ))
̂r𝑘 = (1 − 𝑑𝑘−1 ) ̂r𝑘−1 + 𝑑𝑘−1 (z𝑘 − h (X
𝑇

𝑇

̂𝑘−1 + 𝑑𝑘−1 (𝜐𝑘 (𝜐𝑘 ) − H𝑘 P𝑘 (H𝑘 ) )
̂𝑘 = (1 − 𝑑𝑘−1 ) R
R
Here, 𝑑𝑘−1 = (1 − 𝑏)/(1 − 𝑏𝑘 ), 0 < 𝑏 < 1.

2.3. Online Adaptive Extended Kalman Smoother. In this
work, in order to achieve high accuracy, adaptive twoextended-filter smoothing (ATEFS) is proposed. Consider
the nonlinear system given by (1) and (2); the FKF employs
the AEKF mentioned in Section 2.2, and the BKF is utilizing
a set of equations as follows:
𝑇

−1

K𝐵𝑘 = P𝐵𝑘|𝑘+1 (H𝑘 ) (S𝐵𝑘 )

̂𝐵 + K𝐵 rr𝐵
̂𝐵 = X
X
𝑘|𝑘
𝑘|𝑘+1
𝑘 𝑘
P𝐵𝑘|𝑘 = (𝐼 − K𝐵𝑘 H𝑘 ) P𝐵𝑘|𝑘+1
rr𝐵𝑘 = z𝑘 − h (X𝑘|𝑘+1 ) − ̂r𝐵𝑘

(6)

(5)

̂𝑘|𝑘 ) = 𝜕h(X
̂𝑘|𝑘 )/𝜕X
̂𝑘|𝑘 ,
Here, 𝑘 = 𝑁 − 1, 𝑁 − 2, . . . , 1, H(X
𝐵
̂
and R𝑘 are computed by the time-varying noise statistics
estimators with the following equations:

̂r𝐵𝑘

̂𝑘|𝑘+1 ))
̂r𝑘 = (1 − 𝑑𝑘−1 ) ̂r𝑘−1 + 𝑑𝑘−1 (z𝑘 − h (X
̂𝑘−1 + 𝑑𝑘−1 (𝜐𝑘 (𝜐𝑘 )𝑇 − H𝑘 P𝑘 (H𝑘 )𝑇 ) ,
̂𝑘 = (1 − 𝑑𝑘−1 ) R
R

(7)

where 𝑑𝑘−1 = (1−𝑏)/(1−𝑏𝑘 ), 0 < 𝑏 < 1. Then, the smoothing
estimate, that is, the combination of the FKF update and the
BKF prediction, will be fixed as
K𝑆𝑘 = P𝐵𝑘|𝑘+1 (P𝑘|𝑘 + P𝐵𝑘|𝑘+1 )

−1

̂𝐵
̂𝑘|𝑘 + (I − K𝑆 ) X
X𝑘𝑆 = K𝑆𝑘 X
𝑘
𝑘|𝑘+1

(8)

−1

P𝑆𝑘 = (P𝑘|𝑘 + P𝐵𝑘|𝑘+1 ) .
Here, 𝑘 = 1, 2, . . . , 𝑁. Order for online smoothing, the
AEKS and the average filter are used between two output
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moments. When the integration filter needs to output the
navigation solution, BKF is used to smooth the FKF output.
The output of the BKF is used to compute the INS output
estimation, and then the average of the INS output estimation
between two output moments is sent as navigation solution.
The process of online AEKS is shown in Figure 2.

3. Indoor Localization Tests and Performance
3.1. Real Indoor Test Environment. In order to assess the
performance of the proposed method, two real indoor tests
were done. The real indoor test environment is shown in
Figure 3. In this work, one robot and 6 RNs are employed for
the test. Both the robot and the RN are marked in Figure 3.
As shown in Figure 4, the robot is the carrier of the IMU and
the ultrasonic sender. It is able to collect the data of IMU and
the distances between the robot and the RNs by using the PC
fixed on the robot. In this work, the RN is used to receive the
signal of the ultrasonic ranging sent by the ultrasonic sender
and calculate the distance between the RNs and robot. It is
also able to send the sensor data to the ultrasonic sender when

it gets the command. The sample time used in this work is
0.02 s.
Figure 5 displays the trajectories of the real tests. The
robot runs from the beginning point (denoted by a black
square) to the end point (denoted by a black circle) with
0.33 m/s. Meanwhile, the RNs are denoted by yellow circles
in Figure 5.
3.2. The Position Errors of the Proposed Method. In this
section, the position errors are discussed. The position errors
for the AEKF, average filter of AEKF (average AEKF), and
the proposed method are shown in Figure 6. In the figures,
the AEKF solution is depicted in blue, the green line represents the average AEKF solution, and the proposed method
employs the green line.
The east and north position errors of the first trajectory are shown in Figures 6(a) and 6(b), respectively. In
Figure 6(a)(A), it can be seen that the AEKF is able to keep
the east position error about 0.0400 m, and it decreases
the mean east position errors by about 58.30% and 82.63%
compared with least squares (LS) solution and the INS-only
solution, respectively. The average AEKF outputs the average
value of the AEKF solution between two output moments,
and the results show that it is able to reduce the mean
east position errors to 0.0389 m. Figure 6(a)(B) shows the
east position errors for the average AEKF solution and the
proposed method. It is easy to see that the proposed method
is effective to reduce the east position error, and the results
show that the mean east position of the proposed method is
0.0370 m. To the north position errors of the first trajectory,
from Figure 6(b), it is easy to see that the proposed method
solution also has the lowest error. The mean north position
of the proposed method is 0.0262 m, and it reduces the mean
north position errors by about 5.2% and 1% compared with
the AEKF solution and the average AEKF solution.
Figures 6(c) and 6(d) show the east and north position
errors of the second trajectory, respectively. In Figure 6(c), it
is easy to see that the proposed method solution also has the
lowest error. The mean east position of the proposed method
is 0.0253 m, and it reduces the mean north position errors by
about 25.56% and 14.08% compared with the AEKF solution
and the average AEKF solution. The north position errors of
the second trajectory are shown in Figure 6(d), and similar
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Figure 5: The trajectory of the real test.
Table 1: The position errors of the trajectories.
The first trajectory
Mean east position
Mean north
error (m)
position error (m)
INS-only
LS
AEKF
off-line AEKS
Average AEKF
The proposed method

0.2308
0.0961
0.0401
0.0362
0.0389
0.0370

The second trajectory
Mean east position
Mean north
error (m)
position error (m)

0.1412
0.0616
0.0276
0.0239
0.0264
0.0262

0.1270
0.0808
0.0340
0.0273
0.0294
0.0253

0.2418
0.0557
0.0310
0.0241
0.0253
0.0218

Table 2: The velocity errors of the trajectories.
The first trajectory
Mean east velocity
Mean north
error (m/s)
velocity error (m/s)
INS-only
LS
AEKF
off-line AEKS
Average AEKF
The proposed method

0.0868
0.0368
0.0329
0.0308
0.0320
0.0273

0.0847
0.0627
0.0436
0.0371
0.0438
0.0361

to the first trajectory, the average AEKF solution reduces the
position error from 0.0310 m measured by AEKF to 0.0253 m;
then the proposed method improves the accuracy to 0.0218,
and it reduce the mean north position errors by about
13.87%. The proposed method used in the second trajectory
is significantly effective than that used in the first trajectory.

The second trajectory
Mean east velocity
Mean north
error (m/s)
velocity error (m/s)
0.0768
0.0470
0.0382
0.0275
0.0421
0.0274

0.0788
0.0541
0.0391
0.0297
0.0407
0.0267

The performance for the INS-only, LS, AEKF, offline AEKS,
average AEKF, and the proposed method is shown in Table 1.
3.3. The Velocity Errors of the Proposed Method. The velocity
errors are discussed in this section. Figure 7 displays the
position errors for the AEKF, average filter of AEKF (average
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Figure 6: The position errors for the AEKF, average AEKF, and the proposed method.

AEKF), and the proposed method. Similar to Figure 6, the
AEKF solution is depicted in blue, the green line represents the average AEKF solution, and the proposed method
employs the green line.

Figures 7(a) and 7(b) display the east and north velocity
errors of the first trajectory, respectively. In Figure 7(a), it can
be seen that the proposed method has the lowest error. The
results show that it decreases the mean east position errors by
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Figure 7: The velocity errors for the AEKF, average AEKF, and the proposed method.

about 27.74% and 62.06% compared with LS solution and the
INS-only solution, respectively. To the north velocity errors
of the first trajectory, from the Figure 7(b)(A), it can be seen
that the average AEKF is more effective than the AEKF, and
the results show that the mean north velocity of the average

AEKF is 0.0436 m/s. Figure 7(b)(B) shows the north velocity
errors for the average AEKF and the proposed method, it
can be seen that the proposed method decreases the mean
north position errors from 0.0436 m/s to 0.0361 m/s. The east
and north velocity errors of the second trajectory are shown

8

Mathematical Problems in Engineering

in Figures 7(c) and 7(d), respectively. From the figures, it
can be seen that the proposed method has the lowest error,
and the mean velocity errors of the second trajectory in east
direction and north direction is 0.0274 m/s and 0.0267 m/s.
The performance for the INS-only, LS, AEKF, offline AEKS,
average AEKF, and the proposed method is shown in
Table 2.

[8]

4. Conclusions

[9]

This work proposed the design and implementation of AEKS
on INS/WSN integration system for mobile robot indoors.
In this mode, the AEKF is employed to improve the forward
filtering output accuracy, and the back filter is used to smooth
the forward filtering output. In order to achieve online
smoothing, the AEKS and the average filter are used between
two output period. Two real indoor tests have been done
to assess the performance of the proposed method, and the
experimental results show that proposed method is the most
effective method to estimate the navigation information and
give the optimal state estimation.

[7]

[10]

[11]
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Using local invariant features has been proven by published literature to be powerful for image processing and pattern recognition
tasks. However, in energy aware environments, these invariant features would not scale easily because of their computational
requirements. Motivated to find an efficient building recognition algorithm based on scale invariant feature transform (SIFT)
keypoints, we present in this paper uSee, a supervised learning framework which exploits the symmetrical and repetitive structural
patterns in buildings to identify subsets of relevant clusters formed by these keypoints. Once an image is captured by a smart phone,
uSee preprocesses it using variations in gradient angle- and entropy-based measures before extracting the building signature and
comparing its representative SIFT keypoints against a repository of building images. Experimental results on 2 different databases
confirm the effectiveness of uSee in delivering, at a greatly reduced computational cost, the high matching scores for building
recognition that local descriptors can achieve. With only 14.3% of image SIFT keypoints, uSee exceeded prior literature results
by achieving an accuracy of 99.1% on the Zurich Building Database with no manual rotation; thus saving significantly on the
computational requirements of the task at hand.

1. Introduction
Given the impressive proliferation of digital images and
videos nowadays which is partly caused by the ease of
acquiring them using smartphones, opportunities for novel
visual mining and search applications based on image processing are emerging as hot topics for further exploration.
However, because of the energy aware computing trends and
the somewhat still limited processing capabilities of these
handheld devices, the traditional image and video processing
techniques available would require adaptation to better fit an
environment where “green”, “mobility”, and “on the go” are
becoming prevailing.
We present, in this paper, uSee, a supervised learning
framework designed for exploitation of the physical world
and delivery of context-based services after an efficient usage
of scale invariant feature transform (SIFT) keypoints that
have been widely and successfully applied for processing

and mining images. Different from the means available for
obtaining the absolute/relative location which provide a lot of
information in a geographic sense, but modestly with regards
to context, uSee is implemented as an on-demand pull service
based on energy aware processing of building images. Any
authorized user with a handheld device having both a camera
and either an internet connection or MMS settings could
take a picture of a residential, commercial building, or a
landmark and receive from uSee, in near real-time, touristic,
advertisement, or entertainment information specific to the
building of interest. From an application perspective, uSee
is intended to be customized and maintained for specific
cities. It would help improve touristic experience, promote
visually triggered marketing methods, and even assist in
ubiquitous learning as people would relate better to their
environment because of the information it provides. From
a workflow perspective, and to the best of our knowledge,
uSee’s novelty relies in its computational phases. Different

2
from the prior work, it employs an entropy-based metric
and exploits repetitive patterns and symmetry in man-made
structures to identify a signature of selected SIFT keypoints
representative of the building in question using correlation and weighted clustering measures. Experimental results
showed noticeable decrease in computational requirements
while maintaining minimal performance degradation when
compared to building identification based on a full utilization
of SIFT keypoints. The remainder of the paper is organized
as follows: Section 2 surveys prior work related to building
and landmark recognition followed by a detailed description
in Section 3 of uSee entropy-based segmentation, signature
creation, and building identification phases. Experimental
results are discussed in Section 4 before concluding remarks
and planned research extensions are presented in Section 5.

2. Related Work
Lately, similar applications to building recognition
approached the problem of effective image search mainly on
landmarks. Kennedy and Naaman in [1] developed a system
that generates representative images for landmarks based on
community-contributed collections of images. Using tags
and locations to cluster landmarks and some visual features
(color and texture as global features and SIFT as local
ones) of the clustered images, they selected the images with
the highest connections to other images in their group as
representative images. Quack et al. [2], instead, exhaustively
gathered geo-tagged data by first dividing the earth’s surface
into tiles. They then downloaded the geo-tagged photos
related to each tile along with their tags and timestamps and
used text and visual features as well as speeded up robust
features (SURF) to group photos within a given tile. After the
clustering stage, they proceeded to automatically annotate
the clusters and finally, they linked them to related articles
on the internet. In [3] Zheng et al. used travel guide articles
in addition to geo-tagged images, hence, combining set of
images from 2 distinct sources to mine for landmarks. They,
next, clustered the images gathered based on direct keypoint
matching. Although [1–3] used SIFT keypoints, none of them
suggested to improve on the computational requirements in
these image processing problems by reducing operational
complexity.
From a general classification perspective with respect to
building recognition algorithms, the related work available in
the literature is also different from the proposed uSee. While
earlier efforts relied on combinations of global features and
attempts to define effective local features, the most recent
research focused mostly on invariant local features. Pass and
Zabih in [4] used a joint histogram approach that combines
global features such as color, edge density, texture, gradient
magnitude, and rank features. In [5], Shao et al. achieved a
recognition rate of 94.8% on the Zurich Building Database
(ZuBuD) [6] by using scale invariant descriptors followed by
a nearest neighbor search in the database for the best match
based on “hyper polyhedron with adaptive threshold” indexing. Zhang and Kosecka in [7, 8] opted for a 2-stage-approach
in their recognition phase. Selecting first the top candidates
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Figure 1: uSee pictorial workflow.

based on a localized color histogram that classifies gradient
angles to the dominant vanishing points in the image, they
applied SIFT features to the top candidates to detect the best
match. Although they achieved 96.5% overall recognition
rate, they had to manually prerotate some of the query images.
Furthermore, the query images of the ZuBuD database do
not pose major changes in views or illumination. Authors in
[9] applied a global set of features invariant to illumination
and clutter changes to extract the best candidates, thus,
reducing the search space and then matched in a second stage
exhaustively all keypoints. However, their global features
performed poorly when pose, scale, and rotation changes
were involved for selecting the best candidates of a match.
The works in [10, 11] proposed using visual salient regions and
attention model-based filtration so that only keypoints within
the region of interest are used in the matching process while
dropping those in the background. In building recognition,
the building itself will often cover most of the image, and
thus, a salient region will not help reduce much the amount
of keypoints. Our previous work on HISI [12] proposed a soft
recognition approach to the processing and identification of
ZuBuB buildings. Using a coarse joint histogram technique,
an image captured by a mobile user with a cell phone is
preprocessed to reduce the search space to an adaptive list of
potential buildings, after which a weighted fusion of different
SIFT maps identifies the building in question.

3. uSee Preprocessing and Identification
uSee is a supervised framework for recognizing building in
an energy aware fashion that will minimize the resource
requirements associated with this task. Its preprocessing and
identification phases could be performed either in the cloud
or locally by the mobile application. In essence, the handheld
device would either:
(a) Perform all the pre-processing tasks and update the
database if needed with new buildings and/or context
aware services provided by different users. This would
require the device to have enough computing power
and memory to store the buildings’ database and an
Internet connection;
(b) send the image to the cloud for pre-processing as
shown in Figure 1 which represents the current implementation of uSee. The remote server is expected to
identify the building and notify the user by SMS or
email with the available location-based information.
3.1. Entropy-Based Segmentation. uSee image preprocessing
phase starts with generating a map that highlights the areas
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(a)

(b)

Figure 2: (a) Original image. (b) Entropy based preprocessed image.

of the image with high variation in gradient angle. This is
done by checking the variation of the gradient angles in
a given window’s rows and columns. After classifying the
gradient angles into 9 values equally spaced on a semicircle,
we convolve the gradient angle image with a kernel that will
compute a product of the entropy of the gradient angles in the
kernel rows and columns based on the following.
(i) The histogram along the rows of the window is
formed of size 9 × 𝐿, where 9 is the number of classes
of gradient angles on the semicircle and 𝐿 is the size
of the window around the given pixel.
(ii) Based on the number of votes in the histogram
defined above, a discrete probability distribution is
formed for each of the 𝐿 rows of the window.
(iii) Steps 1 and 2 are repeated similarly for the columns of
the window.
(iv) Once the column and row discrete probability distributions are formed, the row and column entropies are
computed in a straightforward manner as shown in
(1) below:
𝑇

− (𝑝row,𝑅−(𝐿−1)/2 ) ⋅ ln (𝑝row,𝑅−(𝐿−1)/2 )
]
[
..
],
[
entropy𝑅 = [
.
]
𝑇
−
(𝑝
)
⋅
ln
(𝑝
)
row,𝑅+(𝐿−1)/2
row,𝑅+(𝐿−1)/2 ]
[

is used to counter the logarithmic effect in the entropy as
follows:
noise𝑅,𝐶 = noise𝑅,𝐶 + (𝑒entropy𝐶 × 𝑒entropy𝑅 ) .

(2)

The image is then divided using k-means into 2 clusters
based on the pixel noise level, one with a low gradient
angle variation and the other with a high gradient angle
variation. The high dispersion in a window is interpreted as
indicative of the presence of omnidirectional edges which are
not characteristic of building edges, instead they could be
the most nonstructural patches in the image such as trees,
branches and bushes. Figure 2 illustrates the output of the
gradient angle variation classifier using the entropy measure
defined above. The SIFT keypoints of the image that are
extracted and that lie in the high gradient angle variation
region are eventually filtered out.
3.2. SIFT Signature Extraction. uSee exploits the embedded
symmetry and repetitive patterns in man-made structures
to ensure an energy aware framework. To select the most
relevant keypoints, the autocorrelation matrix of the image’s
keypoints is generated by directly computing the inner
product of the list of keypoints since they are of unit norm
as shown:
𝑇

𝐶 = [𝑘1 ⋅ ⋅ ⋅ 𝑘𝑛 ] ⋅ [𝑘1 ⋅ ⋅ ⋅ 𝑘𝑛 ] ,

(3)

(1)

where 𝐶 is the correlation matrix and 𝑘𝑖 is the 128dimensional feature vector of SIFT keypoint 𝑖 for an image
with 𝑛 SIFT keypoints. 𝐶 is then thresholded at Th, which is
determined experimentally, and correlation clustering is then
performed. uSee workflow, as shown in Figure 4, proceeds as
follows.

where 𝑅 and 𝐶 are the row and column of the pixel whose
noise level is to be calculated, 𝐿 is the size of the kernel, and
𝑝row,𝑖 and 𝑝col,𝑗 are the discrete probability distributions of
gradient angles along row 𝑖 and column 𝑗, respectively, of the
kernel.
The product of the exponential of the 2 vectors entropy𝐶
and entropy𝑅 gives the pixel noise level as in (2) where the
noise at pixel of row 𝑅 and column 𝐶 is incremented by the
product of the exponential of the entropies. The exponential

(i) Step 1: The SIFT keypoint 𝑏 with the highest number
of correlated keypoints in matrix 𝐶 is selected as the
head of the current cluster cc, and all 𝑚 keypoints
correlated to it above the predefined threshold Th will
constitute the cluster samples of cluster 𝑖 denoted as 𝑠𝑖 .
(ii) Step 2: All elements of cluster 𝑠𝑖 are removed from 𝑛,
the original set of SIFT keypoints, and the next cluster
is formed similar to Step 1, with the remaining (𝑛−𝑚−
1) SIFT keypoints.

entropy𝐶
= [ − (𝑝col,𝐶−(𝐿−1)/2 ) ⋅ ln (𝑝col,𝐶−(𝐿−1)/2 )𝑇 . . .
𝑇

− (𝑝col,𝐶+(𝐿−1)/2 ) ⋅ ln (𝑝col,𝐶+(𝐿−1)/2 ) ] ,
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Figure 3: Graph of relevant keypoints selection.

(iii) Step 3: Steps 1 and 2 are repeated until all 𝑛 keypoints
are clustered into 𝑐 clusters.
(iv) Step 4: The 𝑟 most representative SIFT keypoints are
selected based on a weighted score so as to avoid any
bias towards one specific cluster of keypoints. 𝑟 is
predefined for any given image. In our experiments,
as we shall see in Section 4, we tried out different
values for 𝑟 that ranged from 2.7% to 15.5% of the
total 𝑛 SIFT keypoints. Figure 3 shows the relevant
keypoints selected by cluster in comparison to the
total keypoints. Each bar represents a cluster of
similar keypoints; the blue bars represent the total
number of keypoints in a given cluster, and the red
bars are the relevant keypoints selected within the
given cluster. The ratio of the red bar to the blue one is
the same as that of the blue one to the total keypoints
of the image.
Note that selection of keypoints (red bars) stops when the
specified limit number 𝑟 is reached which, in the graph above,
happens at the 6th cluster.
Each cluster 𝑠𝑖 contributes in points to the overall signature proportionally to its cluster size such that ∑𝑐𝑖=1 𝑠𝑖 = 𝑟
is reached, where 𝑠𝑖 is the set of selected keypoints within a
cluster (whose size corresponds to each red bar in the graph
of Figure 3) and 𝑟 is the limit chosen as the maximum number
of selected keypoints. This guarantees a more diverse and
balanced selection of the most highly correlated keypoints
and will form the signature of the building.
While Figure 5 demonstrates how the SIFT keypoints
of an image are reduced by uSee selection and clustering
process, Figure 6 illustrates the weighting score selection
mechanism of Step 4. In the left image, Figure 6 shows that
𝑟 was reached within only one cluster whereas in the image
on the right 𝑟 is formed of SIFT keypoints from five different
clusters. The map of Figure 7 clearly highlights the repetitive
pattern of the corners in windows and shows where brighter
dots reflect higher number of similar keypoints.
3.3. uSee Identification. When a new image is acquired, its
signature is extracted and the L2 norm is computed between

Auto
No
Remaining keypoints to be clustered

correlation

Yes

matrix empty?

End

Figure 4: uSee SIFT keypoints clustering workflow.

its signature and the database’s keypoints, or equivalently, the
inner product can be computed then instead of selecting the
lowest distance; the highest cosine angle is used. Building
identification is based on a decision workflow that relies on
a maximum voting scheme as shown below.
Assume that.
𝑘𝑞 is the keypoints matrix of size [128×𝑟] of the image
to be classified,
𝑘𝑑 is the keypoints matrix of the database which is
the concatenation of all keypoints matrices of all the
database images; thus, it is of size [128 × (𝑟 ⋅ 𝑑)] where
𝑑 is the number of images in the database.
Then the correlation matrix formed by the inner product
of 𝑘𝑞 and 𝑘𝑑 is given thus by 𝐶𝑞,𝑑 = 𝑘𝑞𝑇 × 𝑘𝑑 , which is a matrix
of size [𝑟 × (𝑟 ⋅ 𝑑)].
For a given row 𝑖 of 𝐶𝑞,𝑑 , the values in the columns
represent the correlation between the database keypoints and
the query’s 𝑖th keypoint. The highest value in the 𝑖th row is
the closest keypoint match. The corresponding image of the
given column with highest value in row 𝑖 gets a vote. Equation
(4) maps the given column to its corresponding image.
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uSee implementation, once a building is identified, contextrelated information stored in the database will be retrieved
and sent to the user.

Input image

4. Experimental Results
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Figure 5: uSee selection workflow of relevant SIFT keypoints.

All in all, there will be 𝑟 votes for a given query image, and
the best match will be the image with highest votes as in (4)
and (5) as follows:
𝑘 = floor (

max𝑗 (𝐶𝑞,𝑑 (𝑖, 𝑗)) − 1
𝑟
𝑀 = max𝑉𝑚 ,
𝑘

) + 1,

(4)

4.1. ZuBuD Database. The first experiments were run on
ZuBuD, a popular benchmark used in computer vision and
which has a total of 1005 database images captured at a
resolution of 480 ∗ 640 and 115 query images downsized to
240 ∗ 320. To be able to compare with published results,
we tested uSee on ZuBuD based on the query set and
reported recognition accuracy as the average for the 201
buildings. Several different values for 𝑟 were tested for both
the reference and the query images. The average number
of all SIFT keypoints based on the implementation done
in [13] in a given image was observed to be 740. Table 1
shows a summary of the results for Th = 0.9. It can be
seen from the 3rd row of Table 1 that with a selection as
low as 20 relevant keypoints (about 2.7% of the total SIFT
keypoints), the recognition rate is above 90%. With 𝑟 = 50
(6.8%), the recognition rate already matches the best result
reported in the literature at 96.5% [7, 8]. The remarkable
efficiency of uSee can be best demonstrated by this result
where the computational complexity is reduced; thus, energy
minimization is maximized compared to the case when all
SIFT keypoints are used in building identification.
Increasing 𝑟 to only 14.3% of the total SIFT keypoints
exceeded all prior results achieved, to the best of our knowledge, on ZuBuD and reached 99.1% accuracy in building
recognition. Also, uSee did not require any manual rotation
for any image as was done in prior research work to be able
to correctly identify rotated building images. The only image
that failed in this case, as shown in Figure 8, had clutter that
resulted after segmentation, with a small area of the image for
building recognition.
The reduction in operational complexity that uSee allows
for is substantial. When a query image is presented to uSee,
the correlation matrix is computed then used to compare
the query keypoints against all database keypoints before
tallying the votes. With all 𝑛 keypoints used, the complexity
of creating the matrix and finding the winners is 𝑂(𝑛2 ).
Using only a subset 𝑟 as suggested in uSee, the ratio of
computational costs is (𝑟/𝑛)2 . For instance, with 50 keypoints
in the query image (𝑟 = 6.8%), we save 99.54% on computing
energy without affecting accuracy results. The last column
in Table 1 represents the percentage of the computational
energy computed as the ratio of the proposed SIFT keypoints
matching computation to the total keypoints comparison,
that is, when no SIFT keypoint reduction is performed. As
can be seen, the savings are significant and promising.

(5)

where 𝑉𝑚 is the matching score vector of size 1 × 𝑑 (𝑑 is the
total number of images in the database) in which the 𝑘th
element of 𝑉𝑚 is the number of votes that image 𝑘 of the
database received, and the best match 𝑀 in (5) is the index
of 𝑉𝑚 corresponding to its maximum value. With the current

4.2. Beirut Database. Because uSee is meant to be used as a
real-life application, we decided to evaluate its performance
on a more challenging set of images with more severe
illumination, pose, and scale changes. Therefore, further
tests were conducted on another database of buildings from
the city of Beirut. The Beirut database was formed with
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(a)

(b)

Figure 6: Selection of relevant keypoints based on one cluster (a) and 5 different clusters for better diversity in selection (b).

(a)

(b)

Figure 7: (a) Original image. (b) Map of recurrent keypoints; the brighter the dots the more similar keypoints there are to the dot.

Figure 8: Failed image in ZuBuD database with 𝑟 = 100 keypoints.

5 reference images taken at the same time of day and a
query image at different times and weather conditions. This
means that the reference images set is more homogeneous
in terms of illumination, but the test images are different
from their corresponding reference in illumination, camera
angle, and scale which are major image processing challenges
not present in the ZuBuD database. All Beirut images were
taken at a resolution of 480 × 640 and downsized to 240 ×
320. The Beirut database consists of a total of 38 buildings
from downtown Beirut and from the American University of
Beirut to which some context aware information was added.
In order to compare uSee accuracy, we ran some live test using

a BlackBerry phone using the same approach adopted with
ZuBuD, which means that the recognition rate reported is the
average value computed after testing the query images for all
38 buildings.
To rule out the chance that the choice of Th is adversely
affecting performance, we investigated the impact of different
correlation threshold on the Beirut database. Table 2 shows
the recognition rates achieved at varying values of Th. At
lower thresholds, the algorithm will cluster together keypoints that are poorly correlated. At higher thresholds, it will
filter out too many potential candidates of a common cluster.
Hence, two similar keypoints will end up being considered
different, thus, leading to poor diversity in keypoints selection
for the image signature. The tests show that a value between
0.88 and 0.9 yields good results, and more specifically, 0.88 as
a correlation threshold yields the best results and is optimal
for the Beirut database. This threshold value results in an
84.93% recognition rate and is used for the remainder of this
section.
We tested uSee performance against a random selection
of SIFT keypoints. The left plot in Figure 9 shows the recognition curve plotted against the number of keypoints
selected for a Th = 0.88. A log-scale is used for the horizontal axis to enhance the view at the lower end of the
keypoints selection. The red curve shows the performance of
the randomly selected keypoints, and the blue curve depicts
the 𝑟 SIFT keypoints selected by uSee. It can be seen as well
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Table 1: Summary of results for the ZuBuD database.
Keypoints in reference
images

Keypoints in query
image

Ratio of selected keypoints
to total keypoints

Recognition
rate

Ratio of computational
energy costs

Work in [2]

All in filtered region

All in filtered region

—

94.80%

n/a

Work in [1]

All in filtered region

All in filtered region

—

96.50%

0.52%

20
30
40
50
100
100

20
30
40
50
75
115

2.7%
4.1%
5.4%
6.8%
10.1%
15.5%

91.30%
94.80%
95.70%
96.50%
98.30%
99.10%

0.07%
0.16%
0.29%
0.46%
1.37%
2.10%

Relevant keypoints

Efficiency (%)

100

Beirut database

100

90

90

80

80

70

70

60

60

Efficiency (%)

Method

50
40

50
40

30

30

20

20

10
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0

102
Number of keypoints selected

ZuBuD database

0

102
Number of keypoints selected

Correlated keypoints
Random keypoints

Correlated keypoints
Random keypoints

(a)

(b)

Figure 9: Recognition curve for Beirut (a) and ZuBuD (b) databases.

as intuitively understood that increasing 𝑟 will have both
curves converge towards each other and towards the maximum performance, that is, that of selecting all 𝑛 keypoints.
However, the more interesting part of the curves occurs at
the lower end and specifically between 20 and 50 keypoints
since 50 keypoints achieved the same best result reported by
[7, 8] in the literature for the ZuBuD database. The bigger
discrepancies between the 2 curves in the Beirut database is
an indication of the higher complexity of that database, as is
the fact that when all 𝑛 keypoints are used, a maximum of
only 93.2% accuracy was achieved.
Samples of buildings that failed to be identified by uSee
in Beirut database are shown in Figure 10, while sample of
the query and reference images for the ZuBuD database are
displayed in Figure 11. To the left of the green line in Figure 11
is the query image that has been successfully recognized,
and to its right are the reference images in the database.

The drastic changes between query and reference images
of the Beirut database are shown in Figure 12. The first
column in Figure 12 refers to the query images that were
successfully recognized, and the 5 columns to the right of the
green line represent the corresponding reference images used
during the supervised learning. Note the visually apparent
difficulty of the Beirut database with respect to difference in
illumination, pose, and scale over ZuBuD. Despite all, the
results achieved on Beirut database are quite acceptable.

5. Conclusion
We presented, in this paper, uSee, a supervised learning
framework that selects in an energy aware fashion a reduced
subset of relevant SIFT keypoints for image matching. With
only 14.3% of an image SIFT keypoints and without any
manual rotation for selected images as was done in prior
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Figure 10: uSee failed images from the Beirut database.

Table 2: Effect of varying Th on the recognition rate of the Beirut
database.
Correlation threshold (Th)
0.8
0.85
0.88
0.89
0.9
0.91
0.92
0.95

Figure 11: Some ZuBuD query and reference images.

Recognition rate (%)
73.97%
79.45%
84.93%
78.08%
82.19%
78.08%
78.08%
73.97%

compared to the case where all SIFT keypoints are used
for building recognition. With a more elaborate building
segmentation in the preprocessing stage, uSee performance
could be enhanced further more. Another extension of uSee
that has been partially implemented is to redesign it and
test it so that it completely runs on the mobile device, yet,
the major future work planned for uSee is to architect it as
an unsupervised learning framework and to compare it to
feature saliency work.
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This paper presents a novel approach for the hyperspectral imagery (HSI) classification problem, using Kernel Fukunaga-Koontz
Transform (K-FKT). The Kernel based Fukunaga-Koontz Transform offers higher performance for classification problems due
to its ability to solve nonlinear data distributions. K-FKT is realized in two stages: training and testing. In the training stage,
unlike classical FKT, samples are relocated to the higher dimensional kernel space to obtain a transformation from non-linear
distributed data to linear form. This provides a more efficient solution to hyperspectral data classification. The second stage, testing,
is accomplished by employing the Fukunaga- Koontz Transformation operator to find out the classes of the real world hyperspectral
images. In experiment section, the improved performance of HSI classification technique, K-FKT, has been tested comparing other
methods such as the classical FKT and three types of support vector machines (SVMs).

1. Introduction
In the last decade, hyperspectral remote sensing technology
has been included in popular study issues. Many articles have
been proposed regarding hyperspectral images and spectral
analysis since it offers new insight to various application areas
such as agriculture [1], medical diagnose [2], illegal drug
field detection [3], face recognition [4], and military target
detection [5].
The idea behind the remote sensing technology relies
on the relationship between photons and surface materials.
Hyperspectral images are captured by the spectral sensors
which are sensitive to larger portion of the electromagnetic
spectrum than the traditional color cameras. While a digital
color camera can capture only 3 bands (Red, Green, and
Blue) in the range of 400 nm to 700 nm spectral wavelength,
a typical hyperspectral sensor captures more than 200 bands
within the range of 400 nm to 2500 nm. This means that HSI
offers 200 or more features for an image pixel, instead of 3
values. HSI contains diverse information from a wide range
of wavelengths. This characteristic yields more effective classification power for the application areas mentioned above.

Different type of materials can be represented by a set of
bands which is called “spectral signature” that simplifies the
separation of these materials.
There are also several challenges of the HSI to be solved.
For instance, water absorption and some other environmental effects may induce some spectral bands to be noisy. These
specific bands are called “noisy bands” and are required to
be removed from the dataset. Another problem is the size
of the data. Even in small scenes, hyperspectral images may
have much larger size than traditional gray scale and color
images, which means that the processing time is also longer
than usual images. Detection of the redundant bands and
removing them is crucial to reduce the number of features
and total processing time. For this purpose, we refer to two
papers [6, 7] to select best informative bands of our dataset.
In the literature, there are various classification techniques proposed for hyperspectral image classification problem, including neural networks, support vector machines,
and Bayesian classifiers. In 2005, Benediktsson et al. [8] proposed a solution based on extended morphological models
and neural networks. In 2007, Borges et al. [9] published
their studies which is based on discriminative class learning
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Figure 1: (a) RGB image of dataset, band numbers R = 24, G = 14, and B = 8. (b) Ground truth data.

Fukunaga-Koontz Transform is presented in Section 3 with
training and testing stages. Classification results are given in
Section 4, including the comparison with other methods. In
the last section, we conclude our paper.
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Figure 2: Ground truth data with selected classes.

using a new Bayesian based HSI segmentation method. In
2008, Alam et al. [10] proposed a Gaussian filter and post
processing method for HSI target detection. Samiappan et al.
[11] introduced a SVM based HSI classification approach
which uses the same dataset used in this paper.
In this study, we present Kernel based Fukunaga-Koontz
Transform method which is a novel solution to hyperspectral
image classification. Classical FKT is a powerful method to
solve two-pattern classification problems. However, when
data is more complicated, classical FKT cannot produce
satisfactory results. In this case, kernel transformations help
FKT to increase separability of the data. In order to evaluate
the K-FKT algorithm performance on HSI classifications, we
select AVIRIS hyperspectral dataset which is a benchmark
problem of this area. We have also used some other HSI
dataset in our earlier studies and obtained high accuracy
results which are presented in [12].
The remainder of this paper is organized as follows. The
following section gives information about the contents of
the AVIRIS dataset. A detailed description of the Kernel

This section includes detailed information about the AVIRIS
Hyperspectral Image dataset which is called “Indian Pines”
[13]. The dataset contains several different areas. Among
these, there are mostly agricultural crop fields. Remaining
parts have forests, highways, a rail line, and some low density
housing. A convenient RGB colored view of the image can be
seen in Figure 1(a).
Indian Pines dataset contains 16 different classes of crop
fields. The ground truth data is shown in Figure 1(b). Table 1
shows the names of the classes and total number of samples
for each class.
Basically, our dataset is 145 × 145 × 220 matrix that
corresponds to 220 different bands of images having size of
145 × 145. In order to have more convenient form, this 3D
matrix is transformed into 2D form as 21025 × 220 matrix
which indicates 21025 samples, and each sample has 220
numbers of features.
Before the classification processing, we removed regions
that do not correspond to any class (dark blue areas in
Figure 1(b)) from the dataset. Almost half of the samples do
not belong to one of 16 classes. Once we eliminate these
redundant bands, only 10336 samples are kept in the dataset.

3. Kernel Fukunaga-Koontz Transform
Traditional Fukunaga-Koontz Transform is a statistical transformation method which is a well-known approach [14–17],
for two class classification problems. Basically, it operates
by transforming data into a new subspace where both
classes share the same eigenvalues and eigenvectors. While
a subset of these eigenvalues can best represent ROI class, the
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Table 1: Class names and number of samples.
Class number
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
Total

Class
Alfalfa
Corn-notill
Corn-mintill
Corn
Grass-pasture
Grass-trees
Grass-pasture-mowed
Hay-windrowed
Oats
Soybean-notill
Soybean-mintill
Soybean-clean
Wheat
Woods
Buildings-Grass-Trees-Drives
Stone-Steel-Towers

Samples
54
1434
834
234
497
747
26
489
20
968
2468
614
212
1294
380
95
10366

̃ and
In this manner, we would obtain new training sets 𝑋
̃
𝑌 in which 𝜙(𝑥𝑖 ) and 𝜙(𝑦𝑖 ) denote the training samples in
Kernel space. Equation (2) shows the mapping process. The
symbol tilde “∼” indicates that corresponding variable is a
kernel variable which has been transformed into the Kernel
space as follows:
̃ = [𝜙 (𝑥1 ) , 𝜙 (𝑥2 ) , . . . , 𝜙 (𝑥𝑁)] = [𝑥̃1 , 𝑥̃2 , . . . , 𝑥̃𝑁] ,
𝑋
̃ = [𝜙 (𝑦1 ) , 𝜙 (𝑦2 ) , . . . , 𝜙 (𝑦𝑁)] = [𝑦̃1 , 𝑦̃2 , . . . , 𝑦̃𝑁] .
𝑌

(2)

Unfortunately, such a mapping function is not available
for many cases. Even if it was available, complexity of this
operation would be very high since all training samples must
be mapped to higher dimensional space separately. In order to
overcome this problem, we may bypass the mapping function
𝜙() and get the same results in a faster way by using an
approach called the “Kernel Trick” [16, 18]. According to the
kernel trick, a kernel function is employed instead of mapping
function. The following equation shows a generalized form of
the kernel function:
𝐾 (𝑥𝑖 , 𝑥𝑗 ) = ⟨𝜙 (𝑥𝑖 ) , 𝜙 (𝑥𝑗 )⟩ ,

(3)

remaining eigenvalues represent the clutter class. With this
characteristic, FKT differs from other methods.
Traditional FKT has been proposed to solve linear classification problems. When the data is nonlinearly distributed,
the classical approach is not the best solution. Like other
linear classifiers such as linear discriminant analysis (LDA),
independent component analysis (ICA), and support vector
machines (SVM), classical FKT suffers from nonlinearly distributed data. Therefore, in this paper, we used an improved
version of classical FKT which basically changes the data distribution with a Kernel transformation to classify nonlinearly
distributed data in a linear classification fashion. We will call
it “K-FKT” in the rest of the paper. K-FKT algorithm consists
of two stages: training and testing.

where 𝐾 is the kernel function with the parameters 𝑥𝑖 and 𝑥𝑗
which represent 𝑖th and 𝑗th training samples, respectively. In
this paper we have examined two well-known kernel functions, Gaussian and Polynomial kernel. Gaussian kernel (4)
relocates the samples in accordance to Gaussian distribution
and employs “𝜎” parameter to calibrate sensitivity as follows:

3.1. Training Stage. Since Fukunaga-Koontz Transform is a
binary classification method, the training dataset is divided
into two main classes. The region of interest (ROI) class is
the first one to be classified. And the clutter class contains
all other classes in the dataset except ROI. The algorithm
is initiated by collecting an equal number (𝑁) of training
samples for ROI and clutter classes that are represented as
𝑋 and 𝑌, respectively. Similarly, 𝑥𝑖 and 𝑦𝑖 are the training
samples (or training signatures) of ROI and clutter classes as
follows:

𝐾 (𝑥𝑖 , 𝑥𝑗 ) = (𝑥𝑖 𝑥𝑗 + 1) .

𝑋 = [𝑥1 , 𝑥2 , . . . 𝑥𝑁] ,
𝑌 = [𝑦1 , 𝑦2 , . . . 𝑦𝑁] .

(1)

The training sets 𝑋 and 𝑌 are first normalized to avoid
unexpected transformation results. Then they are mapped
into higher dimensional Kernel space via the kernel transform. In simple terms, we assume that there is a mapping
function 𝜙() to map all training samples to the Kernel space.


2
𝑥𝑖 − 𝑥𝑗 

 ).
𝐾 (𝑥𝑖 , 𝑥𝑗 ) = exp (
2𝜎2

(4)

Polynomial Kernel is shown in (5). This function requires
“𝑑” parameter to change the degree of the polynomial
function and calibrate the sensitivity as follows:
𝑑

(5)

In traditional FKT, computation of the covariance matrices of 𝑋 and 𝑌 would be the next step. If we would apply the
̃ and 𝑌,
̃ the results would be as
same operation to matrices 𝑋
follows:
̃𝑋
̃𝑇 ,
𝑇0 = 𝑋
̃𝑌
̃ 𝑇,
𝐶0 = 𝑌

(6)

where 𝑇0 and 𝐶0 are the kernel matrices of the ROI and clutter
classes, respectively. At this step, we are able to exploit the
covariance properties to realize the Kernel Trick. As shown in
(7), one of the kernel functions may be employed to complete
the kernel transformation without requiring the mapping
operation [19] as follows:
𝑇0 (𝑖, 𝑗) = 𝑥̃𝑖 𝑥̃𝑗𝑇 = 𝐾𝑇 (𝑖, 𝑗) ,
𝐶0 (𝑖, 𝑗) = 𝑦̃𝑖 𝑦̃𝑗𝑇 = 𝐾𝐶 (𝑖, 𝑗) .

(7)
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Figure 3: (a) Classification comparison for class number 8. (b), (c), and (d) Classification results of K-FKT, Classical FKT and Radial Based
SVM, respectively.

After the kernel operations, the summation matrix of 𝑇0
and 𝐶0 is computed. Then it is decomposed into eigenvalues
and eigenvectors as follows:
𝑇

𝑇0 + 𝐶0 = 𝑉𝐷𝑉 ,

classes share the same eigenvalues and eigenvectors as follows:
𝑇 = 𝑃𝑇0 𝑃𝑇 ,

(8)

𝐶 = 𝑃𝐶0 𝑃𝑇 ,

(10)

where the symbols 𝑉 and 𝐷 represent eigenvector matrix and
eigenvalue matrix, respectively. The diagonal elements of 𝐷
are eigenvalues of the summation matrix. By using 𝑉 and 𝐷,
transformation operator 𝑃 can be constructed as follows:

where 𝑇 and 𝐶 are the transformed matrices, respectively.
Since they are transformed into the same eigenspace, the sum
of matrices is equal to identity matrix as follows:

𝑃 = 𝑉𝐷−1/2 .

𝑇 + 𝐶 = 𝐼.

(9)

After the multiplication by 𝑃, matrices 𝑇0 and 𝐶0 are
transformed into eigenspace where both ROI and clutter

(11)

Equation (11) implies that if 𝜃𝑖 is an eigenvector of 𝑇 and
its corresponding eigenvalue is 𝜆 𝑖 , then 1−𝜆 𝑖 is the eigenvalue
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Figure 4: (a), (b), (c), and (d) Classification comparisons for classes number 5, 6, 10, and 13, respectively.

of 𝐶 with the same eigenvector 𝜃𝑖 . This relation can be
represented as follows:

not applicable due to the reasons explained in training stage.
So we shall use kernel trick operation once more as follows:

𝜆 𝑖 𝜃𝑖 = 𝑇𝜃𝑖 ,

𝑍 = [𝐾 (𝑥1 , 𝑧) , 𝐾 (𝑥2 , 𝑧) , . . . , 𝐾 (𝑥𝑁, 𝑧)] .

𝜆 𝑖 𝜃𝑖 = (1 − 𝐶) 𝜃𝑖 ,

(12)

(1 − 𝜆 𝑖 ) 𝜃𝑖 = 𝐶𝜃𝑖 .
The above equations state that the more information an
eigenvector contains about ROI class, the less information it
has about clutter class. This characteristic evolves from the
classical FKT algorithm.
3.2. Testing Stage. Testing stage starts with normalization of
the test sample as it is done in the training stage. Similarly,
the test sample must be mapped into Kernel space, but it is

(13)

Equation (13) shows the kernel transformation of the test
sample 𝑧. In the equation, 𝑥𝑖 represents the ROI training samples and 𝑍 represents the kernel matrix of the corresponding
test sample. Matrix 𝑍 is employed to calculate feature vector 𝐹
in (16). Other factor required to calculate 𝐹 is the normalized
𝑇0 matrix which is obtained by (14) as follows:
̂ = 𝑇0 − 𝐼1/𝑁𝑇0 − 𝑇0 𝐼1/𝑁 + 𝐼1/𝑁𝑇0 𝐼1/𝑁,
𝑇
𝐼1/𝑁 =

𝐼𝑁×𝑁
,
𝑁

(14)
(15)
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(2) Testing stage

Table 2: Overall classification results.
Class
Alfalfa
Corn-notill
Corn-mintill
Corn
Grass-pasture
Grass-trees
Grass-pasture-mowed
Hay-windrowed
Oats
Soybean-notill
Soybean-mintill
Soybean-clean
Wheat
Woods
Buildings-GrassTrees-Drives
Stone-Steel-Towers

Precision

Recall

Accuracy

1
0.65
0.82
0.7
0.9
1
1
0.86
1
0.76
0.79
0.8
0.84
0.81

1
1
0.85
1
0.81
0.85
1
0.84
1
0.99
0.94
1
0.82
1

1
0.75
0.8
0.9
0.83
0.84
1
0.80
1
0.87
0.82
0.77
0.89
0.88

0.84

0.95

0.88

1

0.94

0.91
0.86

Overall

̂ represents the normalized form. Once we have the
where 𝑇
̂ we are able to calculate the feature vector
matrices 𝑍 and 𝑇,
𝐹 as follows:
𝐹𝑗 =

1
√𝜆 𝑗

𝜙𝑗𝑇 𝑍 𝑗 = 1, 2, . . . 𝑁,

(16)

where 𝜙𝑗 and 𝜆 𝑗 denote the eigenvectors and eigenvalues of
̂ matrix, respectively. The final step is the multiplication
the 𝑇
of the feature vector 𝐹 by the transpose of eigenvector matrix
of 𝑇 as follows:
𝑅 = Φ𝑇𝐹,

(17)

where Φ is the eigenvector matrix of 𝑇 and 𝑅 represents the
result vector of test sample 𝑧. The test sample is estimated in
ROI class if the 𝐿 2 norm of 𝑅 is a large value; otherwise it is
estimated in clutter class. In order to summarize the proposed
method and give a brief representation, steps of our algorithm
are described below.
(1) Training stage
(i) Select 𝑁 number of training samples for ROI
and Clutter class.
(ii) Map training samples into Kernel space using
“Kernel Trick” approach.
(iii) Calculate the transformation 𝑃 using eigenvalues and eigenvectors.
(iv) Transform the the matrices 𝑇0 and 𝐶0 into the
eigenspace via 𝑃 operator.

(i) Map test sample 𝑧 into Kernel space to obtain
kernel matrix 𝑍.
̂ to calculate
(ii) Use 𝑍 and normalized ROI matrix 𝑇
feature vector 𝐹.
(iii) Use 𝐹 and eigenvalues of 𝑇 to reach result value.
(iv) Make the final decision by thresholding the
result value.

4. Classification Results
In this section, classification results are presented. For each
case, we selected a class among 16 classes and marked it as ROI
class. Since it is not feasible to present the graphical results
of all classes, we labeled some of the classes as in Figure 2.
Particularly, we have shown the classified images of the class
number 8 (Hay-windrowed). ROC curves are presented for
the rest of labeled classes. Finally, we present Table 2 which
includes the recall, precision, and accuracy results for all
classes.
In first experiment “Hay-windrowed” class (labeled as
number 8 in the figure) is selected as the ROI class. ROC
curve results of three methods are shown in Figure 3(a). The
results indicate that the kernel transformation remarkably
improves the classification results. Also, our method shows
higher accuracy than SVM at the same false acceptance
rate (FAR) levels. For a better view of classification, result
images are shown in Figures 3(b), 3(c), and 3(d) which are
the results of K-FKT, Radial based SVM, and classical FKT,
respectively. As shown in the figures, while classical FKT
cannot classify the area, K-FKT and SVM classify the area
with high accuracy.
Figures 4(a), 4(b), 4(c), and 4(d) show the ROC curves
for other 4 classes, which are labeled as 5 (Grass-pasture), 6
(Grass-trees), 10 (Soybean-notill), and 13 (Wheat), respectively. According to the results, K-FKT presents higher accuracy than other classification methods. The results indicate
that the ROC curve may vary for different classes since classes
have different distributions.
Table 2 shows classification results of all classes. Precision,
Recall, and Accuracy results are presented in each column.
The results show that K-FKT offers promising classification
capability for the hyperspectral image classification problem.
Experiments show that the overall accuracy of some
specific classes such as “Corn-notill” and “Soybean-clean” is
not higher than 80%. To clarify the ambiguity, we investigated
the samples of these complicated classes and we realized
that some classes are not in a “well-separable” condition.
Our correlation analyses show that they are highly correlated
with each other. It is the main reason behind the lower
accuracy. In this study, we have only studied spectral features
of the dataset, but employing also spatial features (e.g.,
neighbourhood information) may improve the results.
It is usually not an easy task to show a fair comparison of
two studies due to unknown experimental parameters. However, by its experimental similarities, [11] can be considered as
a comparison paper to our study. Samiappan et al. classify the
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same dataset using SVMs with nonuniform feature selection.
Their results present 75% of overall accuracy. Our results
point out a remarkable contribution and exceed 75% accuracy
by reaching 86% overall accuracy.

5. Conclusions
In this paper, we have presented a solution for hyperspectral
image classification problems using supervised classification
method called Kernel Fukunaga-Koontz Transform which
is improved version of classical FKT. Since the classical
FKT gives low performance for classification of nonlinearly
distributed data, we have mapped the HSI data to higher
dimensional Kernel space by kernel transformation. In that
Kernel space, each region can be separated by classical FKT
with higher performance. The experimental results verify that
Kernel Fukunaga-Koontz Transform has higher classification
performance than classical FKT, Linear, Polynomial, and
Radial based SVM methods. Under these considerations, we
can conclude that the Kernel FKT is a robust classification
method for hyperspectral image classification. Our next goal
is to use different kinds of kernel functions and investigate
their effects to the classification results. We have an ongoing
study that compares performances of different kernels.
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We solve a novel inventory-location model with a stochastic capacity constraint based on a periodic inventory control (ILM-PR) policy. The ILM-PR policy implies several changes with regard to other previous models proposed in the literature, which consider continuous review as their inventory policy. One of these changes is the inclusion of the undershoot concept, which has not been considered in previous ILM models in the literature. Based on our model, we are able to design a distribution network for a two-level supply
chain, addressing both warehouse location and customer assignment decisions, whilst taking into consideration several aspects of
inventory planning, in particular, evaluating the impact of the inventory control review period on the network configuration and
system costs. Because the model is a very hard-to solve combinatorial nonlinear optimisation problem, we implemented two heuristics to solve it, namely, Tabu Search and Particle Swarm Optimisation. These approaches were tested over small instances in which
they were able to find the optimal solution in just a few seconds. Because the model is a new one, a set of medium-size instances is
provided that can be useful as a benchmark in future research. The heuristics showed a good convergence rate when applied to those
instances. The results confirm that decision making over the inventory control policy has effects on the distribution network design.

1. Introduction
Distribution network design (DND) is one of the most
important problems for companies that distribute products
to their customers. The problem consists of selecting specific
sites to install plants, warehouses, and distribution centres,
assigning customers to serving and interconnecting facilities
by flow assignment decisions. DND is typically solved as part
of a sequential approach that simplifies associated tactical
and operational issues. Hence, the decisions that have been
omitted are tackled only after the DND problem has already
been solved. This means that decisions related to the location
of warehouses and allocation of customers are made without

taking into account operational aspects such as transportation and inventory. This situation leads to suboptimal designs
because operational decisions are restricted to the current
network design.
This paper considers a two-level supply chain, in which
a single plant serves a set of warehouses, which in turn
serve a set of end customers or retailers. Unlike traditional
approaches and in accordance with the recent inventorylocation literature, in this paper, we incorporate the inventory
control policy as a relevant factor that directly affects DND. A
distinctive feature of our model is that it is based on a periodic
inventory control policy (𝑅, 𝑠, 𝑆) for each distribution centre
(DC) in a single-product scenario, which is important for
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those industries in which a continuous revision policy is
not possible. Because our model is a very hard-to-solve
nonlinear one, we have solved it using well-known heuristic
approaches, namely, Tabu Search (TS) and Particle Swarm
Optimisation (PSO). Moreover, as the model was recently
developed by us, there is no set of instances that can be used
as a benchmark. Thus, in this paper, we present two types of
medium-sized instances. The first type considers uniformly
distributed customers. The other one considers two clusters
of customers. Warehouses are uniformly distributed in both
types of instances.
The remainder of the paper is organised as follows. First,
a literature review of the main ILM is presented in Section
2. Then, in Section 3, we present and analyse the stochastic
capacity constraint under periodic review (𝑅, 𝑠, 𝑆). At the end
of that section, the formulation of the model is presented. Section 4 briefly presents a review of both TS and PSO algorithms
and some features of the corresponding implementations.
Section 5 starts explaining the procedure used to generate
the set of instances presented in this paper. In Section 5.1,
the obtained results are presented. Finally, in the last section,
some conclusions based on the numerical results are outlined.

2. Literature Review
Many authors have been focused on the DND problem and
on ILM in particular during the last 15 years. For instance
Simchi-Levi and Zhao [1], Mourits and Evers [2], Bradley and
Arntzen [3], Miranda and Garrido [4], and Miranda [5] all
analysed the levels of decision making related to DND and
supply chain management (SCM). Daskin [6], Simchi-Levi
et al. [7], and Drezner and Hamacher [8] present detailed
FLP reviews and analysis. However, the traditional structure
of FLP is not useful for considering interactions between
facility location and inventory decisions or the impact of
the latter on network configurations. For example, the risk
pooling effect states that the total system safety stock is
reduced when customers are served by a smaller number of
warehouses. Daskin et al. [9] and Shen et al. [10] incorporate
an (𝑄, RP) inventory control policy into the widely studied
uncapacitated facility location problem (UFLP), establishing
a safety stock at each site. Daskin et al. [9] employ Lagrangian
relaxation to solve the model, whereas Shen et al. [10]
reformulate the model as a set-covering problem and solve
it using a column generation method. Based on the same
inventory control policy, Miranda and Garrido [4] consider
the order quantity for each warehouse as a decision variable
and the capacitated facility location problem (CFLP) as a base
framework. Finally, in Miranda and Garrido [11] and Ozsen et
al. [12] authors handle capacity constraints by using previous
inventory-location models.
More recently, Kumar and Tiwari [13] have presented an
ILM that incorporates the risk pooling effect for both safety
stock and running inventory. Additionally, in their model, the
authors consider the effect produced when warehouses and
end customers work jointly. Tancrez et al. [14] have presented
a three-level supply chain nonlinear ILM that integrates
location, allocation, and shipment sizes. In [15], the authors
developed a model for the DND problem that considers the
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short lifetime of perishable products. To solve their model,
the authors implemented a Lagrangian relaxation. One paper
that has addressed the DND problem using periodic 3
inventory review is presented in [16]. In their paper, the
authors consider a (𝑅, 𝑆) inventory policy, which is slightly
different from the one that is considered in this work.
The authors have presented different techniques to solve
these models. For instance, Bard and Nananukul [17] proposed a branch and price algorithm for an integrated production and inventory routing problem. In [18], Lagrangian
relaxation was used to solve a mixed integer linear programming model for multiple echelon and multiple commodity
supply chain network design. Heuristics have also been used
to solve DND problems. For instance, Armentano et al.
[19] TS is used to minimise the production and inventory
cost in a model that integrates production and distribution
decisions by considering the capacity constraints of the plant.
Askin et al. [20] implemented an evolutionary algorithm to
solve an ILM considering multicommodity and distribution
planning decisions. In their paper, the authors present a very
comprehensive description of their genetic algorithm. To the
best of our knowledge, PSO has not been considered to solve
ILM problems.
As we stated previously, in this paper, we have considered
a two-level supply chain with a single plant, a set of warehouses, and a set of end customers or retailers. Because we
incorporate the inventory control policy as a relevant factor
that directly affects DND in this paper, based on a periodic
inventory control policy (𝑅, 𝑠, 𝑆) for each Distribution Center
(DC), this model can be considered as a variant of the models
presented previously in the literature [4, 9, 12, 21], which considers a policy of continuous inventory review (𝑄, 𝑅). In next
section, the new model proposed in this work is presented.

3. Inventory-Location Model with
Stochastic Capacity Constraint
The model presented in [11] optimises warehouse location
and customer assignment decisions, taking into account fixed
installation, transportation, inventory, and fixed ordering
costs. The authors assume that each warehouse 𝑖 operates a
continuous inventory review policy based on a (𝑄, RP) policy
to meet a stochastic demand, with mean 𝐷 (units of product
per time unit) and variance 𝑉. It is also assumed that the plant
takes a lead time, LT, to fill incoming orders from warehouse
𝑖. Stochastic constraint on inventory capacity is proposed,
assuming a maximum inventory level for each warehouse
𝐼cap . This constraint is based on chance constrained programming [22] and it fixes a maximum probability, 𝛽, of
violating inventory capacity at peak times, which occurs only
when orders arrive at the warehouses. This inventory level
corresponds to the reorder point RP, which is stated in order
to satisfy demand during LT with at least a probability of
1−𝛼, minus stochastic demand during LT, plus order quantity,
RP − SD(LT) + 𝑄. Thus, the inventory capacity constraint can
be written as a deterministic nonlinear constraint as follows:
𝑄 + (𝑍1−𝛼 + 𝑍1−𝛽 ) ⋅ √LT ⋅ √𝑉 ≤ 𝐼cap .

(1)
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It may be noted that a similar and more conservative
capacity constraint is proposed in [12], which ensures that
inventory capacity is observed in 100% of the cases. However,
when periodic review is considered, particularly assuming
a (𝑅, 𝑠, 𝑆) inventory control policy [23], capacity constraint
cannot be stated at any moment and does not take the same
form as in (1). In a (𝑅, 𝑠, 𝑆) inventory control policy, inventory
levels are reviewed only every 𝑅 period, and if the inventory
level is lower than 𝑠, then an order is submitted to reach
the objective level 𝑆. Consequently, order size must consider
the well-known undershoot magnitude (US), which is the
amount of items required in addition to 𝑠 to reach 𝑆 units
of inventory. The average US as a function of demand mean
and variance, 𝐷 and 𝑉, and for a review period 𝑅, can be
computed as
US (𝐷, 𝑉) =

𝑅⋅𝐷
𝑉
+
.
2⋅𝐷
2

(2)

In terms of inventory capacity constraints, peak inventory
levels are not controlled at any time, but only at specific times
for each review period. The peak inventory level is reached
only when orders arrive at the warehouse LT time units after
the last order and naturally only if an order was submitted to
the central warehouse or plant. Consequently, when an order
arrives at a warehouse, the inventory level is
(𝑠 − US)
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

Finally, substituting (7) into (6), the inventory capacity
constraint is
𝑄 + 𝐷 ⋅ 𝑅 + (𝑍1−𝛼 ⋅ √𝑅 + LT + 𝑍1−𝛽 ⋅ √LT)
(8)
⋅ √𝑉 ≤ 𝐼cap .
According to the previous inventory control assumption,
we describe the proposed Inventory-Location Model with
Stochastic Constraints on Inventory Capacity under Periodic
Review (ILM-SCC-PR) as a stochastic nonlinear mixedinteger programming model (SNL-MIP). Based on a periodic
(𝑅, 𝑠, 𝑆) inventory control policy, the safety stock to be
included in the objective function is the average inventory
level just before an order arrives at the warehouse:
(𝑠 − US) − 𝐷 ⋅ LT
= 𝐷 ⋅ 𝑅 + 𝑍1−𝛼 ⋅ √𝑅 + LT ⋅ √𝑉 − (

Additionally, inventory and ordering costs related to
order size or inventory cycle are evaluated in terms of the
minimum order size 𝑄 as a decision variable, as in the wellknown EOQ model:
HC ⋅ (𝑄 + US)
OC ⋅ 𝐷
+
.
2
(𝑄 + US)

Inventory level when an order is submitted

+ ⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
(𝑆 − 𝑠 + US) −

SD (LT)
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

Submitted order size

Stochastic demand during LT

=

𝑆⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
− SD (LT)

(3)

.

𝑉
𝐷⋅𝑅
+
).
2⋅𝐷
2
(9)

(10)

The variables and parameters considered in the mathematical
formulation are as follows.

Maximum inventory level when an order arrives

This expression is not surprising, as when an order is
submitted to the plant, it is necessary that the total inventory
position (on hand plus on order inventory) reaches level 𝑆
and that LT time units later, the inventory level is reduced
by the demand during the LT, SD(LT). Similar to [11], in this
paper, we propose that this constraint must be observed for
each peak inventory instant (i.e., for each order period) with
a fixed and known probability of 1 − 𝛽, but now assuming a
periodic review as follows:
𝑆≤𝐼

cap

+ 𝐷 ⋅ LT − 𝑍1−𝛽 ⋅ √𝑉 ⋅ LT.

(4)

(5)

𝐹𝑖 : Fixed location cost of a warehouse on site 𝑖 ($/day)
𝐶𝑖𝑗 : Transportation unit cost from the warehouse on site 𝑖
to customer 𝑗 ($/unit)
OC𝑖 : Fixed ordering cost at site 𝑖 ($/order)
HC𝑖 : Holding cost per time unit at site 𝑖 ($/day)
𝜎𝑗 : Standard deviation of the demand of customer 𝑗 per
day
cap

cap

(6)

Finally, the reorder point 𝑠 is set to ensure that, for each
time an order is not submitted (inventory level larger than 𝑠),
the inventory level is large enough to fill the demand until the
next order arrives in 𝑅 + LT time units, with a probability or
service level of 1 − 𝛼:
𝑠 = 𝐷 ⋅ (LT + 𝑅) + 𝑍1−𝛼 ⋅ √𝑅 + LT ⋅ √𝑉.

𝑀: Number of customers that must be served by the
installed warehouses

𝐼𝑖 : Capacity at warehouse 𝑖

Consequently, constraint (4) can be rewritten as follows:
𝑄 + 𝑠 ≤ 𝐼cap + 𝐷 ⋅ LT − 𝑍1−𝛽 ⋅ √𝑉 ⋅ LT.

𝑁: Number of available sites to install warehouses

𝜇𝑗 : Mean demand of customer 𝑗 per day

We then define the minimum order size, 𝑄, as
𝑆 = 𝑠 + 𝑄.

Parameters

(7)

𝑄𝑖 : Maximum order size at warehouse 𝑖
𝑅𝑖 : Inventory check period at warehouse 𝑖 in days
LT𝑖 : Average leadtime at warehouse 𝑖 in days
𝑍1−𝛼 : Value of the Standard Normal Distribution, which
accumulates a probability of 1 − 𝛼
𝑍1−𝛽 : Value of the Standard Normal Distribution, which
accumulates a probability of 1 − 𝛽.
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Variables
𝑋𝑖 : Binary variable. It is equal to 1 if a warehouse is
installed on site 𝑖 and 0 otherwise
𝑌𝑖𝑗 : Binary variable. It is equal to 1 if warehouse i serves
customer 𝑗 and 0 otherwise
𝑄𝑖 : Order size at warehouse 𝑖. It is greater than 0 if 𝐷𝑖 > 0,
and 0 otherwise
𝐷𝑖 : Total mean demand at warehouse 𝑖. It is greater than
0 if there exist at least one 𝑌𝑖𝑗 > 0 and 0 otherwise
𝑉𝑖 : Total variance of the demand at warehouse 𝑖. It is
greater than 0 if 𝐷𝑖 > 0 and 0 otherwise.

Then, the optimisation problem is
Min
𝑁

𝑁 𝑀

𝑖=1

𝑖=1 𝑗=1

∑ (𝐹𝑖 ⋅ 𝑋𝑖 ) + ∑ ∑ (𝐶𝑖𝑗 ⋅ 𝑌𝑖𝑗 )
𝑁

+ ∑(
𝑖=1

HC𝑖 ⋅ (𝑄𝑖 + US𝑖 )
OC𝑖 ⋅ 𝐷𝑖
+
)
2
(𝑄𝑖 + US𝑖 )

4. Heuristic Methods

𝑁

+ ∑ (HC𝑖 (𝐷𝑖 ⋅ 𝑅𝑖 + 𝑍1−𝛼 ⋅ √𝑅𝑖 + LT𝑖 ⋅ √𝑉𝑖 − US𝑖 ))
𝑖=1

(11)
s.t.:
𝑁

∑𝑌𝑖𝑗 = 1 ∀𝑗 = 1, 2, . . . , 𝑀,

(12)

𝑖=1

𝑌𝑖𝑗 ≤ 𝑋𝑖

∀𝑖 = 1, 2, . . . , 𝑁, ∀𝑗 = 1, 2, . . . , 𝑀,

inventory costs related to warehouse order size. The fourth
term represents the storage cost associated with safety stock
at each warehouse. Equation (12) ensures that retailers are
served by only one warehouse. Inequality (13) ensures that
customers are only assigned to installed warehouses (𝑋𝑖 = 1).
Inequality (14) ensures that the inventory capacity of each
warehouse is respected at least with a probability 1 − 𝛼.
Inequality (15) ensures that the order size is below the maxicap
mum order size 𝑄𝑖 allowed to warehouse 𝑖. Equations (16)
and (17) compute the mean and variance of the total demand
served by each warehouse 𝑖, respectively. Equations (18)
determine the value of US𝑖 . Finally, (19) states integrality (0 −
1) for the variables 𝑌𝑖𝑗 and 𝑋𝑖 . This model is NP hard because
it is clearly an extension of the UFLP, which is already NP hard
(UFLP can be obtained just by using HC = 0 and OC = 0).
In addition, the objective function and one constraint are
nonlinear, resulting in a model that is very difficult to solve to
optimality using classical mathematical programming techniques. Therefore, in this paper, we attempt to solve mediumsize instances by mean of two well-known heuristics called
Tabu Search (TS) and Particle Swarm Optimisation (PSO).

(13)

𝑄𝑖 + 𝐷𝑖 ⋅ 𝑅𝑖 + (𝑍1−𝛼 ⋅ √𝑅𝑖 + LT𝑖 + 𝑍1−𝛽 ⋅ √LT𝑖 )

Heuristic methods are a common approach to solve hard
combinatorial optimisation problems. Despite the fact that
heuristics do not guarantee optimality, the solutions provided
by them can be considered as good suboptimal ones. In
contrast exact methods guarantee optimality; however, they
usually fail when dealing with medium- and large-sized
problems. In this paper, two heuristics have been separately
considered to solve our DND problem. The first one corresponds to a well-known local search called Tabu Search.
The second one is an evolutionary algorithm called Particle
Swarm Optimisation. In the next subsections, an overview of
these two heuristics is provided.

(14)
⋅ √𝑉𝑖 ≤

cap
𝐼𝑖

⋅ 𝑋𝑖
cap

𝑄𝑖 + US𝑖 ≤ 𝑄𝑖

∀𝑖 = 1, 2, . . . , 𝑁,
⋅ 𝑋𝑖

𝑀

𝐷𝑖 = ∑𝜇 ⋅ 𝑌𝑖𝑗

∀𝑖 = 1, 2, . . . , 𝑁,

(15)

∀𝑖 = 1, 2, . . . , 𝑁,

(16)

∀𝑖 = 1, 2, . . . , 𝑁,

(17)

𝑗=1

𝑀

𝑉𝑖 = ∑𝜎𝑗2 ⋅ 𝑌𝑖𝑗
𝑗=1

𝑅 ⋅𝐷
𝑉
{ 𝑖 + 𝑖 𝑖
2
⋅
𝐷
2
US𝑖 = {
𝑖
0
{
𝑋𝑖 , 𝑌𝑖𝑗 ∈ {0, 1}

∀𝑖 = 1, . . . , 𝑁;

if 𝐷𝑖 > 0

(18)

otherwise
∀𝑗 = 1, . . . , 𝑀.

(19)

Equation (11) is the total system cost. The first term is the
fixed setup and operating cost when opening warehouses. The
second term is the daily transport cost between warehouse
and customers. The third term contains fixed order and

4.1. Tabu Search. We can describe the TS approach as a local
search technique guided by the use of adaptive or flexible
memory structures. However, such a general definition fails
to show the specificity of TS and could be confused with
other types of Greedy Random Adaptive Search Procedure
(GRASP) algorithms. The variety of the tools and search
principles introduced and described in [24] are such that the
TS can be considered as the seed of a general framework for
modern heuristic search [25]. TS has been applied to several
combinatorial optimisation problems (see, for instance, [26–
29]). So too other techniques [30–32] have been used to solve
different variants of the FLP. The TS is essentially a local
search algorithm; that is, it needs to “exchange information”
with its neighbours. To do that, first, the neighbourhood must
be defined. Typically, TS algorithm has only one neighbourhood move that defines a set of possible candidate solutions.
This move is used across all executions of the TS algorithm.
Because different neighbourhood definitions can lead to
different results in this paper, we have implemented two types
of neighbourhoods. The first one is defined by a change in the
allocation of a customer from one facility to another without
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any restriction; that is, the new facility could be either open or
closed at the allocation moment. The second one is defined by
a change in the allocation of a customer from one facility to
another in which the new facility was opened previous to the
movement 90% of the time; in other words, the probability
of moving a customer to a closed facility is equal to 10%. The
TS heuristic provides a diversification mechanism that allows
it to get out of low-quality neighbourhoods and “jump” to
explore new neighbourhoods. The diversification mechanism
implemented in this study is a restart method, which reinitialises a current solution without losing the best solution
found by the algorithm. As stated above, the restart method
is used in case the TS is unable to move out of low-quality
neighbourhoods. The TS algorithm requires the following
structures to be implemented.
(i) solutionVector: a vector with a size equal to the
number of customers. For each customer this vector
contains the DC to which the customer is allocated.
(ii) bestSolutionVector: a vector corresponding to the best
solutionVector found during the TS execution.
(iii) candidateSolutionVector: a vector resulting from
application of the neighbourhood movement to a
solutionVector.
(iv) candidateList: a list of candidateSolutionVectors.
From this list, we obtain the next solutionVector,
which corresponds to the best candidateSolution
from the list.
(v) tabuList: an 𝑁 × 𝑀 matrix that contains those
neighbourhood movements that are prohibited in the
current TS iteration.
Additionally, our TS implementation also requires the following parameter list.
(i) iterationNumber: Total iteration number to end the
algorithm.
(ii) diversificationBound: total iteration number to apply
diversification criterion (restart method).
(iii) tabuListSize: size of tabuList. This means the number
of iterations for which a specific movement remains
banned.
(iv) listOfCandidates: size of the set of candidateList.
The TS algorithm starts with a random solution in which
each customer is allocated to a randomly selected DC. When
all customers are assigned, TS validates the model constraints.
If the constraints are satisfied, the initial solution (𝑆0 ) is
assigned as a best solution (𝑆best ). A list of candidate solutions
(𝑁𝑆0 ) is generated after that. They are neighbours of 𝑆0 .
The size of the 𝑁𝑆0 set corresponds to the listOfCandidates
parameter. Once the set of 𝑁𝑆0 has been generated, the TS
algorithm selects the best candidate solution (𝑁𝑆0best ), which
should not stay on the tabu list. If the 𝑁𝑆0best actually is in the
tabuList, it cannot be selected unless its cost is less than the
cost of the 𝑆best found until this moment (aspiration criterion).
When a new current solution 𝑆1 is selected, the tabuList
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is updated, and a new iteration starts. The algorithm stops
when the number of iterations 𝑘 is equal to the parameter
iterationNumber. Below, we can see the general framework of
our TS implementation.
4.2. Particle Swarm Optimisation. The PSO algorithm was
proposed and developed by Kennedy and Eberhart [33–
37]. Although the PSO algorithm was initially designed to
tackle continuous optimisation problems, during the last
decade, it has proven to be a very good alternative for
solving combinatorial optimisation problems. In fact, several
articles have used this technique to solve complex combinatorial optimisation problems; see, for example, [38, 39].
For a comprehensive analysis of publications concerning PSO
approaches, see [40].
Unlike other evolutionary algorithms, PSO does not use
the “survival” concept. This is because all particles are kept
“alive” throughout the algorithm execution time and at no
time is their survival threatened. The algorithm starts when
a set of particles S (or swarm) is initialised. Each particle
𝑝𝑘 ∈ S, with 𝑘 = 1, . . . , 𝑃, is represented by a vector in which
the value of each element 𝑝𝑗𝑘 with 𝑗 = 1, . . . , 𝑀 corresponds
to the warehouse that has been set to a customer 𝑗. In our
algorithm, the initialisation is a random process. For each
particle, we know its current position (denoted by 𝑝𝑘 ) and its
previous best position (denoted by 𝑝𝑘(best) ). We also calculate
for each particle the best current neighbour (denoted by
𝑝𝑘(neighbour) ) and the best particle (denoted by 𝑝best ) found
so far. The position of each individual particle is adjusted at
each iteration by considering its previous best positions, the
position of the best neighbour, and the position of the global
best solution found so far (see Algorithm 1).
The general frame for our PSO algorithm is presented
below.
The most important step in Algorithm 2 is the particle
updating. As we have said before, the PSO algorithm was
designed for continuous optimisation problems. Therefore,
we need to adapt some of its steps to solve combinatorial
problems. One important change is in the strategy used to
move particle 𝑝𝑘 from its position in the iteration 𝑡 to its next
position in iteration 𝑡+1. To do that, we have considered three
possible alternatives: the first one (namely 𝑠1 ) corresponds to
a change in the allocation of one of the customers (randomly
selected) to a new (randomly selected) warehouse. The
second alternative (𝑠2 ) is a change in the allocation of one
of the customers (randomly selected) to a new warehouse
following the allocation of either the bestNeighbour
(𝑝𝑘(neighbour) ) or the prior best position (𝑝𝑘(best) ). Finally, the
third alternative (𝑠3 ) corresponds to the same movement but
now considering the allocation from the global best solution
reached so far 𝑝best . Therefore, the position of particle 𝑝𝑘
in the iteration 𝑡 + 1 will be the best particle among 𝑠1 , 𝑠2 ,
and 𝑠3 . Below we present the pseudocode for our particle
updating process (see Algorithm 3).
As with local search algorithms, the PSO approach can
also get trapped in local optima if the global best and local
best positions are equal to the position of the particle over
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begin
𝑘 = 0;
Generate initialSolution 𝑆𝑘 ;
𝑆best = 𝑆𝑘 ;
while 𝑘 < iterationNumber do
NS𝑘 = Generate Neighbourhood (𝑆𝑘 );
find best (NS𝑘 );
while NSbest
isTabu do
𝑘
if cost of NSbest
< cost of 𝑆best then
𝑘
aspirationCriterion;
reeplace NSbest
𝑘 ;
If cost of nsbest
< cost of 𝑆best then
𝑘
𝑆best = nsbest
𝑘 ;
iteration without improvements = 0;
iteration without improvements + 1;
𝑆𝑘 = nsbest
𝑘 ;
update (tabuList);
check (diversificationCriterion);
𝑘=𝑘+1
end
Algorithm 1: General algorithmic frame for tabu search.

begin
Initialise set 𝑆;
Calculate 𝑝best ;
while maxIteration not reached do
foreach 𝑝𝑘 ∈ 𝑆 do
Calculate 𝑝𝑘(best) ;
Calculate 𝑝𝑘(𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑢𝑟) ;
Update 𝑝𝑘 ;
Calculate 𝑝best ;
end
Algorithm 2: General algorithmic frame for particle swarm optimisation.

begin
Particles 𝑠1 , 𝑠2 , 𝑠3 ;
If inertia > 𝑟𝑎𝑛𝑑[0, 1] then
𝑠1 = LocalMove(𝑝𝑘 );
If cognitiveFactor > 𝑟𝑎𝑛𝑑[0, 1] then
𝑠2 = LocalMove(𝑝𝑘(best) );
𝑠2 = LocalMove(𝑝𝑘(𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑢𝑟) );
If globalCognitiveFactor > 𝑟𝑎𝑛𝑑[0, 1] then
𝑠3 = LocalMove(𝑝best );
𝑘
𝑝 = best(𝑠1 , 𝑠2 , 𝑠3 );
end
Algorithm 3: Particle update.
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Figure 1: Customer and warehouse distributions. (a) Shows that customers (blue squares) are uniformly distributed. (b) Shows that customers
are distributed over two clusters (blue squares and green triangles). In both cases, warehouses (orange diamonds are uniformly distributed).

a number of iterations [41]. One distinctive feature of our
algorithm is the neighbourhood definition. The idea is that
we know that every particle 𝑝𝑘 is able to see the best particle
at the current iteration. Then, we assume that each particle
𝑘 can see, at least, any other particle 𝑙 for which the distance
𝑑𝑘−𝑙 from 𝑝𝑘 to 𝑝𝑙 is less than or equal to distance 𝑑𝑘-best from
𝑝𝑘 to 𝑝best . Distance 𝑑𝑘−𝑙 is calculated as follows:
𝑀

2

dist𝑘−𝑙 = ∑√ (𝑝𝑗𝑘 − 𝑝𝑗𝑙 ) .

(20)

𝑗=0

It is clear that in this paper, we do not attempt to develop
an original strategy to solve our problem. Instead, we are
proposing very simple procedures to obtain solutions for our
new model that can be used as a baseline in future research.
Moreover, validating some of the main model assumptions is
also one of the goals of this work.

5. Experiments and Computational Results
In this section, we present the experiments we have carried
out, and we draft some conclusions about our numerical
results. As we have noted before in this papaer, our goal is
not to state whether the TS or PSO approach is the best way
to solve this problem. In fact, we firmly believe that other
approaches might be more effective than our approach, and,
therefore, applying different strategies to solve our model
appears to be a fruitful area for future research into artificial intelligence field. In spite of this, due to the simplicity
that both TS and PSO offer, we present these results as a
baseline for future studies. We have selected these two algorithms as samples of local search and evolutionary strategies,
respectively. Therefore, two of the most important approaches
used to solve large and complex combinatorial optimisation
problems are covered with these two algorithms.
Moreover, in this section, we present a set of instances
that can be used as a benchmark in future studies. The
benchmark set consists of two base instances, namely, 𝐶1 and
𝐶2 , which means that customers are distributed uniformly

and in clusters, respectively. Therefore, for instances of type
𝐶1 customers and DCs are randomly distributed, whereas, for
instances of type 𝐶2 , only DCs are distributed over the entire
area. Customers are distributed randomly along a specific
perimeter around the centre of the cluster. The maximum
distance allowed between a customer and the centre of the
cluster is a parameter. In our case, the number of clusters was
equal to 2 and the ratio was 25[km]. These two base instances
(𝐶1 and 𝐶2 ) were used for all the corresponding instances.
Customer demand 𝑑𝑗 is calculated using a uniform distribution 𝑈[30, 100]. Transportation costs (TC) 𝑌𝑖𝑗 correspond to
1/5 of the Euclidean distance between a customer 𝑗 and a
warehouse 𝑖. Fixed costs (FC) are calculated as the sum of a
constant value 𝑏 (in our case 5000) and a factor dependent
on the distance between the warehouse and its closest cluster
(10×𝑏/mindist). With this expression we make those facilities
that are close to the “city centre” more expensive. In the same
way, the capacity of the warehouse 𝐼cap will decrease as the
cap
distance to the centre of the cluster becomes small. 𝐼𝑖 is
calculated as the sum of a base value 𝑐 = 100 plus 10×mindist.
The order cost (OC) and holding cost (HC) depend on the
𝐼cap . The larger the capacity, the smaller the inventory costs.
LT is a random number between 2 and 4. The size of the order
𝑄cap is determined as the sum of a constant equal to 100 plus
a percentage of the capacity of the warehouse 𝐼cap . In our case,
this percentage was 50%. FC, HC, OC, Service Levels (𝑍1−𝛼 ),
LT, 𝐼cap , and 𝑄cap for each DC are the same for the two base
instances. Figure 1 shows these configurations.
From these two main configurations, we generated a set
of 22 instances based on them (11 for each one). To do that, we
modified values of FC, HC, and OC in ±25%, and additionally
we have varied parameter 𝑅 among values 1, 2 and 3. Then,
each instance attempts to evaluate the impact on the network
configuration (and on its costs) produced by either increasing
or decreasing the parameter values, one at a time. As base
instances, we have 𝐶1 and 𝐶2 and based on them we have a set
of instances such as 𝐶1 FC.75 , which means that the FCs from
base instance 𝐶1 have been reduced to 75% of their original
value.
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5.1. Computational Results and Discussion. The computational experiments were performed on an Intel Core Duo
processor CPU T2700 2.33 GHz with 2 GB of RAM, using
the Ubuntu 12.04 operating system. Both the TS and PSO
algorithms were implemented in the JAVA programming
language using NetBeans IDE. To validate the algorithms
and measure their convergence, we used a set of small
instances from [42] that have an optimal solution that
was obtained by means of an enumerative method. This
enumerative algorithm was executed for approximately 4
hours for each instance, whereas the heuristic algorithms
took less than 5 seconds to solve each one. Furthermore,
they found the optimal solution all 10 times that they
were executed over each instance. We also ran a random
search algorithm to determine the real improvement provided by our heuristic. On average, savings when using
heuristics algorithms were approximately 300% in all instances.
We fixed both the nonstockout probability and the nonviolate capacity constraint probability at 95%. Hence, the values
for 𝛼 and 𝛽 are fixed at 1.648. As we mentioned in Section 4
of this paper, we implemented two types of neighbourhood
movements for our TS algorithm. Table 1 shows a summary
of the results obtained using both movements for all 22
instances.
Column Instance corresponds to the evaluated instance.
Columns 𝑥𝑚1 and 𝑥𝑚2 correspond to the average value
obtained after executing the TS algorithms 10 times using
movements 𝑀1 and 𝑀2, respectively. In the same way,
columns 𝜎𝑚1 and 𝜎𝑚2 correspond to the standard deviation
of the results. Finally, columns Time𝑚1 (sec) and Time𝑚2 (sec)
show the average time needed by our TS implementation to
find the best solution.
Table 1 shows how, predictably, the average cost increases
with the value of period review 𝑅. Furthermore, the DND
is also affected by the change in the value of 𝑅. In several
instances, when 𝑅 increases, the number of open DCs follows
it. Figures 2(a) and 2(b) illustrate this situation.
These two situations are produced for the same reason:
when the value of 𝑅 increases, the safety stock must be greater
to avoid stockout during the period without review. Thus,
DCs cannot attend the same number of customers when the
safety stock is increased because of their limited capacity. For
this reason, the model is forced to open an extra DC to satisfy
total customer demand. This relation is especially important
because it shows that the value of 𝑅 not only affects the cost
of the distribution network but also its design.
We now compare the best solutions obtained by the TS
algorithm with the ones obtained by the PSO method. Table 2
shows the results of this comparison.
According to the results the PSO algorithm seems to
perform slightly better than the TS. That is more evident
when we look at 𝐶2 instances where PSO shows a better
performance in 9 out of 11 cases. On the other hand, TS is
clearly better than PSO when 𝐶1 instances are considered.
These are quite interesting results because they suggest that
we should take into account how customers are distributed
to decide among different heuristic techniques. It is clear that
further research is needed in this field.
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Because we do not have any bound for our instances,
we cannot say anything about the quality of our solutions.
Another interesting research line would be to find lower
bounds for this model to determine how good the solutions
provided by the heuristic methods are.
Moreover, when we examine the components of our
objective function, we can see how they behave. In Table 3,
columns FC (%), TC (%), Inv (%), and SS (%) show the change
(on average) of Location, Allocation, Inventory, and Safety
Stock cost as a percentage of the base instance 𝐶𝑖 𝑅1 .
Another interesting finding is that individual subcosts
(FC, TC, Inventory, and SS) do not increase to the same
extent that parameters do. In other words, when, for example,
FC is increased (decreased) by 25%, the portion of the total
cost corresponding to FC does not increase by 25% when
compared with its corresponding base instance. This can
be associated with the ability of the model to seek other
location/allocation alternatives to keep the total cost as low
as possible.
Regarding our algorithms, they showed good performance in terms of time and convergence. As we mentioned
before, we cannot compare our results with other works
because this is a very new model. Figure 3 shows the convergence of the TS algorithm for a specific instance. Here, we can
see how the diversification method was invoked several times
(peaks in the solid line) during the execution after finding a
(presumably) local optima.
Despite the fact that restart method proved to be effective
in providing some diversification to our algorithm (and
consequently allowing us to move away from local optima),
other diversification strategies can be implemented to exploit
information from previous iterations and, consequently, provide the algorithm a higher exploration level. With regard to
the aspiration criterion, this was invoked 30 times on average
for each execution with a lower bound of 4 and an upper
bound of 71. These values show how the frequency-based
memory of the TS works.

6. Conclusions and Future Work
In this paper, we solve a novel inventory-location model
that integrates inventory decisions at the strategic level. As a
first contribution, our model considers a periodic inventory
review policy (𝑅, 𝑠, 𝑆) unlike previous models that assume
continuous inventory review policies. We have also generated
a set of 22 medium-sized instances for both uniformly
and 2-clustered distributed customers. These medium-sized
instances consider 50 DCs and 100 customers. This set of
instances was solved using both TS and PSO heuristics independently which yielded an approximation to the optimal
solution for each instance. Despite the simplicity of both
approaches, good solutions (w.r.t. randomly generated ones)
were found in an acceptable amount of time. The results
obtained confirm the importance of the value of 𝑅, which
affects both the cost and configuration of the distribution
network. A sensitivity analysis over the key parameters of
the model was performed. The numerical results showed the
effect on the network produced by changes in both inventory
cost (HC and OC) and TC. As future work it is possible to
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Table 1: Summary results. Comparison between the results obtained by movements 𝑚1 and 𝑚2 .
𝑥𝑚1
151541.81
176910.48
155167.37
173094.71
144888.67
185303.83
164188.72
163959.14
164081.02
226197.19
300915.27
142217.21
168438.53
146509.00
161718.90
137153.56
172214.43
155132.44
156367.93
154938.46
197953.21
267045.25

Instance
𝐶1 FC−25
𝐶1 FC+25
𝐶1 TC−25
𝐶1 TC+25
𝐶1 HC−25
𝐶1 HC+25
𝐶1 OC−25
𝐶1 OC+25
𝐶1 𝑅1
𝐶1 𝑅2
𝐶1 𝑅3
𝐶2 FC−25
𝐶2 FC+25
𝐶2 TC−25
𝐶2 TC+25
𝐶2 HC−25
𝐶2 HC+25
𝐶2 OC−25
𝐶2 OC+25
𝐶2 𝑅1
𝐶2 𝑅2
𝐶2 𝑅3

𝜎𝑚1 (%)
1.57%
0.76%
7.69%
7.54%
8.96%
6.05%
1.48%
1.39%
7.75%
5.71%
3.25%
0.43%
0.33%
4.64%
6.10%
7.16%
4.57%
1.61%
1.39%
9.34%
7.59%
4.54%

Time𝑚1 (sec)
305.93
175.37
97.86
289.57
223.16
166.17
155.14
60.80
203.51
239.07
217.26
235.52
121.61
218.86
294.69
240.17
94.59
181.48
62.21
216.25
327.43
254.97

𝑥𝑚2
142772.05
172204.30
125920.71
164272.51
134974.87
173147.78
155644.07
157637.04
152860.21
228169.26
301631.38
123147.56
142471.58
124372.47
136471.36
114363.85
148850.52
133414.40
133270.49
132817.52
198309.61
266821.85

100

100
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80
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60
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40
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20
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𝜎𝑚2 (%)
0.69%
0.50%
9.85%
9.61%
11.98%
7.57%
0.67%
0.30%
16.25%
11.13%
6.89%
2.31%
1.52%
14.23%
15.16%
17.62%
11.69%
0.83%
0.73%
10.40%
7.06%
4.58%

Time𝑚2 (sec)
94.62
46.83
86.94
104.37
79.43
88.09
64.94
67.82
87.88
249.08
198.21
114.04
90.45
199.12
67.86
82.98
65.94
53.26
68.75
69.38
164.28
259.85

Gap (%)
5.79%
2.66%
18.85%
5.10%
6.84%
6.56%
5.20%
3.86%
6.84%
−0.87%
−0.24%
13.41%
15.42%
15.11%
15.61%
16.62%
13.57%
14.00%
14.77%
14.28%
−0.18%
0.08%
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Figure 2: (a) Shows the DND obtained when parameter 𝑅 = 1 and (b) shows the DND obtained when parameter 𝑅 = 3.

integrate other tactical elements such as routing or layout
decisions to our ILM, to make them even more representative
of reality and therefore improve the quality of the solutions.
Examples of these elements are the transportation decisions
or the DC layout decisions. Based on the obtained results,
we can state (preliminary) that evolutionary algorithms and
particularly those based on swarm intelligence such as PSO
should be implemented to obtain better solutions for those
instances that involve clusters. Local search strategies should

be considered for those instances with uniformly distributed
customers. However, further investigation is needed in this
area.
Moreover, some matheuristics approaches (ones that mix
mathematical programming and metaheuristics) seem to be
another interesting research area to explore. Finally, it would
also be interesting to calculate some lower bounds for this
model in order to measure how far from the optimal solution
our approximations are.
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Table 2: Comparison between results obtained by the local search (TS) and the evolutionary algorithm (PSO).
Instance
𝐶1 FC+25
𝐶1 FC+25
𝐶1 TC−25
𝐶1 TC+25
𝐶1 HC−25
𝐶1 HC+25
𝐶1 OC−25
𝐶1 OC+25
𝐶1 𝑅1
𝐶1 𝑅2
𝐶1 𝑅3
𝐶2 FC−25
𝐶2 FC+25
𝐶2 TC−25
𝐶2 TC+25
𝐶2 HC−25
𝐶2 HC+25
𝐶2 OC−25
𝐶2 OC+25
𝐶2 𝑅1
𝐶2 𝑅2
𝐶2 𝑅3

TS
142,772.05
172,204.30
125,920.71
164,272.51
134,974.87
173,147.78
155,644.07
157,637.04
152,860.21
226,197.19
300,915.27
123,147.56
142,471.58
124,372.47
136,471.36
114,363.85
148,850.52
133,414.40
133,270.49
132,817.52
198,309.61
266,821.85

PSO
142,849.31
166,232.44
147,587.20
164,450.20
141,538.00
178,852.42
157,435.47
157,176.59
156,823.91
226,450.57
301,078.22
119,074.55
145,809.30
122,065.28
135,172.27
108,741.32
142,216.14
127,997.33
133,320.84
119,972.02
197,929.53
262,059.09

Dif (%)
0.054%
−3.468%
17.206%
0.108%
4.862%
3.295%
1.151%
−0.292%
2.593%
0.112%
0.054%
−3.307%
2.343%
−1.855%
−0.952%
−4.916%
−4.457%
−4.060%
0.038%
−9.672%
−0.192%
−1.785%

Table 3: Variation of cost distribution at each instance as a percentage of base instances 𝐶𝑖 𝑅1 .
Instance
𝐶1 FC−25
𝐶1 FC+25
𝐶1 FC−25
𝐶1 FC+25
𝐶1 FC−25
𝐶1 FC+25
𝐶1 FC−25
𝐶1 FC+25
𝐶1 𝑅1
𝐶1 𝑅2
𝐶1 𝑅3
𝐶2 FC−25
𝐶2 FC+25
𝐶2 FC−25
𝐶2 FC+25
𝐶2 FC−25
𝐶2 FC+25
𝐶2 FC−25
𝐶2 FC+25
𝐶2 𝑅1
𝐶2 𝑅2
𝐶2 𝑅3

FC (%)
13.75%
−24.85%
8.15%
−4.25%
−16.76%
9.79%
−5.81%
−7.10%
0.00%
31.66%
48.95%
19.18%
−14.05%
2.38%
5.64%
−17.46%
13.25%
−2.13%
0.97%
0.00%
37.02%
52.70%

TC (%)
−3.59%
15.95%
16.00%
−11.52%
−11.70%
12.35%
6.78%
7.48%
0.00%
31.96%
47.11%
−7.42%
2.19%
16.64%
−17.16%
−8.89%
12.61%
0.07%
−1.34%
0.00%
36.05%
53.47%

Inv (%)
−8.11%
10.29%
−9.89%
6.07%
13.72%
−9.87%
1.70%
1.29%
0.00%
−28.61%
−44.14%
−7.93%
6.82%
−7.00%
1.94%
11.43%
−11.09%
2.11%
−1.04%
0.00%
−30.89%
−44.24%

SS (%)
−7.35%
10.88%
−10.61%
6.62%
14.86%
−10.42%
1.41%
2.53%
0.00%
−31.50%
−47.62%
−7.88%
6.87%
−6.63%
2.95%
12.80%
−11.40%
0.62%
0.41%
0.00%
−32.30%
−46.91%
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Figure 3: Current solution costs. The peaks correspond to the values
of the current solution when the restart method is invoked.
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A novel global optimization method, based on the combination of genetic algorithm (GA) and generalized pattern search (PS)
algorithm, is proposed to find global minimal points more effectively and rapidly. The idea lies in the facts that GA tends to be quite
good at finding generally good global solutions, but quite inefficient in finding the last few mutations for the absolute optimum,
and that PS is quite efficient in finding absolute optimum in a limited region. The novel algorithm, named as genetic pattern search
(GPS), employs the GA as the search method at every step of PS. Experiments on five different classical benchmark functions
(consisting of Hump, Powell, Rosenbrock, Schaffer, and Woods) demonstrate that the proposed GPS is superior to improved GA
and improved PS with respect to success rate. We applied the GPS to the classification of normal and abnormal structural brain
MRI images. The results indicate that GPS exceeds BP, MBP, IGA, and IPS in terms of classification accuracy. This suggests that
GPS is an effective and viable global optimization method and can be applied to brain MRI classification.

1. Introduction
The evolutionary computation community has shown for
many years significant interest in optimization problems,
in particular in the global optimization of numerical, realvalued “black-box” problems, for which exact and analytical
methods are not productive. Genetic algorithm (GA) [1], generalized pattern search (PS) [2], particle swarm optimization
(PSO) [3], firefly algorithm [4], and differential evolution
(DE) [5] are among the most recent developments. These
techniques have shown great promise in several real-world
applications.
In most cases, an optimization problem is divided into
two phases: the coarse search and the fine search [6]. GA
is well suited for a swift and global exploration of a large
search space to optimize an objective function and to target
the region near the optimum point quickly [7]. However,
GA may run with difficulty in the immediate vicinity of the
optimum point [8]. Conversely, PS is a nonrandom method
to search for minima of a function that is not differentiable,

stochastic, or even continuous without requiring the gradient
information [9]. It performs especially well in local search,
but it is sensitive for the randomly or manually input initial
values, and requires a high degree of expertise by the user
[10].
The complementary advantages of GA and PS motivated
our strategy in this paper that combines both GA and PS
to produce a new algorithm referred to as genetic pattern
search (GPS). We evaluated the proposed method by five
different classical benchmark functions (consisting of Hump,
Powell, Rosenbrock, Schaffer, and Woods) and applied it
to the classification of normal and abnormal brain MRI
images.
The structure of this paper was organized as follows.
Section 2 gave a detailed introduction to GA and PS, respectively. Section 3 outlined the structure and flow of the proposed GPS algorithm. Experiments in Section 4 compared
GPS with improved GA and improved PS on five test functions. Section 5 applied the GPS to structural brain image
classification. Finally Section 6 concluded this paper.
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2. Background
2.1. Principles of GA. GAs are powerful stochastic search
techniques based on the processes of natural selection [11].
These techniques perform heuristic search that mimics the
process of natural evolution, such as inheritance, mutation,
selection, and crossover. This heuristic is routinely used
to generate useful solutions to optimization and search
problems [12]. The principles of the GAs can be described as
follows.
The trial solutions of GAs are encoded in the form of
strings. Each string is associated with an objective function
that represents the degree of the fitness of the string. A
collection of such strings is called a population. A random
population with a few strings with higher fitness is initially
created to represent different points in the search space. Each
of these strings is assigned a number of copies that go into the
mating pool, based on the principle of survival of the fittest
[13]. Crossover and mutation operators are applied on these
strings. The processes of selection, crossover, and mutation
continue until either a fixed number of generations or a
termination condition is reached [14]. The above procedures
of GA can be realized by the following pseudocode.
(1) Choose the initial population of individuals.

The poll step polls the points in the current mesh to find a
better one. The polling can be either complete, meaning that
all points are polled, or incomplete, namely, the algorithm
stops polling as soon as it finds a point whose objective function value is less than the current point. The complete poll
performs better but consumes more time. The incomplete
poll finds the local optima [17].
If the poll step finds an improved point, then 𝑥𝑘+1 equals
to the new point, and update the step length by multiplying
Δ 𝑘 by expansion factor 𝛼𝑒 (>1) such that Δ 𝑘+1 > Δ 𝑘 because
current pattern is a suitable set of poll directions. Otherwise,
the poll step cannot find an improved point; then 𝑥𝑘+1 = 𝑥𝑘 ,
and the step length is reduced by multiplying Δ 𝑘 by contraction factor 𝛼𝑐 (<1) such that Δ 𝑘+1 < Δ 𝑘 . The aforementioned
description can be summarized as follows.
(1) Initialization: generate patterns Γ and initialize the
step length Δ 0 .
(2) Repeat on this generation until termination criteria
are met:
(A) generate new mesh points {𝑀𝑘 };
(B) poll the mesh points. If successful, expand the
mesh; otherwise contract the mesh.

(2) Evaluate the fitness of each individual in that population.

3. Genetic Pattern Search

(3) Repeat on this generation until termination criteria
are met.

The proposed genetic pattern search (GPS) combines both
GA and PS algorithms. In 2011, Zhang et al. have proposed
a combination based on GA and PS [18]; however, in their
method the combination algorithm was done by a first stage
using a GA followed by a second stage that uses PS taking
as an input the output of the GA. The method has a serious
drawback: the PS could start when the GA has not reached
the neighborhood of the global optimum yet. In that way, we
would not take full advantage of the GA. This drawback will
become more critical when the problem to be solved becomes
more complex.
Therefore, in this paper, we take the GA as the search
method at every step of PS. In this way, the coarse and fine
search would be made in each epoch, and it could speed the
convergence up as shown in Figure 1. The pseudocodes of
GPS are described as follows.

(A) Select the best-fit individuals for reproduction.
(B) Breed new individuals through crossover and
mutation operations to give birth to offspring.
(C) Evaluate the individual fitness of new individuals.
(D) Replace the least-fit population with new individuals.
GAs differ from classical optimization techniques such
as the gradient-based algorithm in the following three ways:
(1) GAs work on a population of points instead of a single
point; (2) GAs use only the values of the objective function
not their derivatives or other auxiliary knowledge; (3) GAs
use probabilistic transition functions and not deterministic
ones [15].
2.2. Introduction of PS. PS is a method that updates current
iterate by sampling the objective function to find a decrease at
a finite number of points along a suitable set of search directions [16]. Suppose that; 𝑓 denotes the objective function,
starting from an initial guess 𝑥0 and initial step length Δ 0 , the
PS generates a sequence of iterates such that 𝑓(𝑥𝑘+1 ) ≤ 𝑓(𝑥𝑘 ).
Each iteration consists of a “search” step and a “poll” step.
The search step generates a finite number of trial points on
a mesh 𝑀𝑘 , which is centered at 𝑥𝑘 and defined by a finite set
of patterns Γ, which positively span the solution space. The
mesh is given by
𝑀𝑘 (𝑖) = {𝑥𝑘 + Δ 𝑘 𝑑𝑖 , 𝑑𝑖 ∈ Γ} .

(1)

Step 1 (initialization). Generate pattern Γ = {𝑑1 , 𝑑2 ,
𝑑3 , . . . , 𝑑2𝑁}, initial point x0, initialize step length Δ0,
and let 𝑘 = 0.
Step 2. Generate new mesh points {𝑀𝑘 (𝑖)} = 𝑥𝑘 +Δ 𝑘 Γ.
Step 3. GA Search with initial population designed as
{𝑀𝑘 (𝑖)}. The mesh points are updated as the final GA
results {𝑀𝑘𝑈(𝑖)}.
Step 4 (complete poll). If 𝑖∗ exists so that 𝑓[𝑀𝑘𝑈(𝑖∗ )] <
𝑓(𝑥𝑘 ), then it is a successful poll. Let 𝑥𝑘+1 = 𝑀𝑘𝑈(𝑖∗ ),
and Δ 𝑘+1 = 𝛼𝑒 Δ 𝑘 . Otherwise, the poll cannot find an
improved point; let 𝑥𝑘+1 = 𝑥𝑘 , and Δ 𝑘+1 = 𝛼𝑒 Δ 𝑘 .
Step 5 ( 𝑘 = 𝑘 + 1). Check whether the termination
conditions are satisfied. If yes, output xk , otherwise
jump to Step 2.
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Table 1: Information of five benchmark functions.

Test function

Function formulation
4𝑥12 − 2.1𝑥14 + 𝑥16 /3 + 𝑥1 𝑥2 − 4𝑥22 + 4𝑥24 + 2

Hump

2

2

4

4

(𝑥1 + 10𝑥2 ) + 5(𝑥3 − 𝑥4 ) + (𝑥2 − 𝑥3 ) + 10(𝑥1 − 𝑥4 )
2
2
100(𝑥12 − 𝑥2 ) + (1 − 𝑥1 )

Powell
Rosenbrock

1/2 2

[sin (𝑥12 + 𝑥22 ) ] − 0.5

+ 1.5
2
[1 + 0.001 (𝑥12 + 𝑥22 )]
2
2
2
2
2
2
100(𝑥2 − 𝑥12 ) + (1 − 𝑥1 ) + 90(𝑥4 − 𝑥32 ) + (1 − 𝑥3 ) + 10.1[(𝑥2 − 1) + (𝑥4 − 1) ] +
19.8(𝑥2 − 1)(𝑥4 − 1)

Schaffer
Woods

Generate new mesh points
{Mk (i)} = xk + Δ k Γ
GA search
(initial population = {Mk (i)})

Updated mesh points {MkU(i)}
Complete poll
Exist i∗ , f{MkU(i∗ )} < f(xk )
Yes
xk+1 = xk
Δ k+1 = 𝛼e Δ k

xk+1 = MkU(i∗ )
Δ k+1 = 𝛼e Δ k

k= k+1
Satisfy
termination?

𝐹(0, 0) = 1
𝐹(1, 1, 1, 1) = 0

optimal points, and fitness values of those functions are listed
in Table 1.
It should be noted that the constant terms are added (2
in Hump function and 1.5 in Schaffer function) to make sure
that the range of fitness value is always above zero so that
the 𝑦-axis can be plotted in logarithmic scale. Furthermore,
the initial points of each test function were selected far from
the optimal point deliberately to test the robustness of the
algorithms. Figure 2 shows the surface plot and contour lines
of Hump, Rosenbrock, and Schaffer functions, respectively.
The Powell and Woods functions are not displayed due to
their high-dimensional property.

Initialization:
Generate pattern Γ
Initial point x0
Initialize step length Δ 0
k=0

No

Optimal point
𝐹(−0.0898, 0.7126) =
𝐹(0.0898, −0.7126) =
0.9684
𝐹(0, 0, 0, 0) = 0
𝐹(1, 1) = 0

No

Yes
Output xk

Figure 1: Flowchart of GPS algorithm.

4. Experiments
The test and evaluation were performed with an IBM P4 with
2 GHz processor and 1 GB memory. The program is in-house
developed by MATLAB 2010b. The readers can reproduce the
work at any laptop installing MATLAB.
4.1. Test Functions. We used five classical benchmark functions to evaluate the performance of the GPS algorithm.
Among the five benchmark functions, Hump, Rosenbrock,
and Schaffer functions are two-dimensional and Powell and
Woods functions are four-dimensional. Formulations, global

4.2. Parameter Setting. An improved GA (IGA) [19] and an
improved PS (IPS) [20] were chosen for comparison. The
parameters of IGA and IPS were obtained by numerous
experiments, and the parameters corresponding to the best
results are selected and listed in the first and second rows
in Table 2. Besides, IGA and IPS are both evolutionary
computations, which features in robustness of results with
variation of parameters. Coelho et al. [21] and Ghanbari and
Mahdavi-Amiri [22] have already proved that the results of
evolutionary algorithms are sensitive to neither initial values
nor parameter values. Therefore, the results of both IGA and
IPS will exhibit little variation even if their corresponding
parameters are changed far from the values determined
in this experiment. The parameters of GPS were set by
combining the parameters of IGA and IPS.
The initial population of IGA was set randomly distributed in the whole search space. For the deterministic
algorithm IPS, we determine the initial point changed randomly in each run. In this experiment, we set the termination
criteria as in the last row of Table 2 by trial-and-error method.
4.3. Success Rate Comparison. The success rate is the rate at
which the algorithm converges to the nearly absolute global
optimal point. Suppose that 𝑥∗ denotes the global optimal
point, and 𝑥 denotes the point found in a run. A more
accurate definition of success rate is shown as follows:


𝑥 − 𝑥∗ 
(2)
< 0.001, then 𝑥 is success.
if 
max (1, |𝑥∗ |)
The above formula means that the found solution 𝑥 is
treated identical to the global optima 𝑥∗ if the norm of their
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Figure 2: Surface plot and contour lines of 2D test functions: (a) Hump; (b) Rosenbrock; (c) Schaffer.

differences is less than 0.1% of the maximum between 1 and
the norm of 𝑥∗ . The reason why we do not use the rigid
equation 𝑥 = 𝑥∗ is that finding the accurate global optimal
is impossible. The reason lies in the following 3 points: (I)
there are always round-up errors during the computation; (II)
the word length of the computer is limited; (III) 0.1% relative
error is enough in most of industrial applications.

After 100 runs of each algorithm, the success rate was
calculated and listed in Table 3. The data here is not the same
from [18] because the parameters are different: (I) here we set
the maximum fitness evaluation as infinity while in [18] it is
only 2 × 104 ; (II) here the GPS is done by adding GA at each
step of PS, while the algorithm is done by first GA followed
by PS in [18]; (III) here the initialization of IPS is randomly
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Table 2: Parameters setting.

Population = 20; elite number = 2; crossover rate = 0.8, mutation rate = 0.2, migration interval = 20; migration
direction = forward; fitness scaling = rank; selection function = stochastic
Population = 2𝑁; poll = 2𝑁 positive basis; complete poll = yes; initial mesh size = 1; expansion factor = 2.0;
contraction factor = 0.5.
GA: population = 20; elite number = 2; crossover rate = 0.8, mutation rate = 0.2, fitness scaling = rank; selection
function = stochastic.
PS: population = 2𝑁; Poll = 2N positive basis; complete poll = Yes; initial mesh size = 1; expansion factor = 2.0;
contraction factor = 0.5.
Maximum fitness evaluate = ∞; independent variables tolerance = 10−4 ; fitness tolerance = 10−4 ; stall iteration =
20; mesh precision = 10−4 .

IGA
IPS

GPS

Termination

Preprocessing

Feature
Brain DWT
extraction
MRIs

PCA

Feature
reduction

Prevent
Our method: GPS Optimization
overfitting 5-folded crossOther methods: BP,
FNN
validation
MBP, IGA, IPS
New brain
MRI

Classifier

Output Normal or
abnormal

Figure 3: Flowchart of our brain classification system.
Table 3: Success rate comparison.
Test function
Hump
Powell
Rosenbrock
Schaffer
Woods

IGA
82
41
62
75
33

IPS
95
94
88
71
29

GPS
98
99
95
96
85

created at each run, while the initial values of IPS are fixed in
[18].
For all functions, the GPS performs best with high
enough success rates. For Hump, Powell, and Rosenbrock
functions, the IPS is better than IGA. For Schaffer and Woods
functions, the IGA is better than IPS. In total, the GPS is the
most robust algorithm among the three.

5. Application
As an application, we applied the GPS algorithm to the
weights optimization of forward neural network (FNN),
which is used as a classifier of structural MRI images between
normal and abnormal brains.
5.1. Method. The strategy is shown in Figure 3. First, we
extract features via discrete wavelet transform (DWT), which
has already proved to be an effective strategy for clinical
diagnosis [23–25]. Second, the wavelet domain features are
reduced via principle component analysis (PCA). Third, we
use stratified 𝐾-fold cross-validation to prevent overfitting

of the following classifier. Fourth, the reduced features are
sent to the FNN. Fifth, the GPS and other training algorithms
are employed to train the FNN. Finally, the classification
accuracies of FNNs trained by different algorithms are compared. The following paragraphs will discuss the procedures
in detail.
The DWT is a powerful implementation of the wavelet
transform using the dyadic scales and positions [26]. In
this study, since the brain images are 2D data, the DWT
is applied to horizontal and vertical dimensions separately.
As a result, there are 4 subband images at each scale. The
subband 𝑐𝐴𝑗+1 is used for next 2D DWT. As the level
of decomposition increased, a more compact but coarser
approximation component was obtained. Thus, wavelets provide a simple hierarchical framework for interpreting the
image information.
PCA is an efficient tool to reduce the dimension of a data
set consisting of a large number of interrelated variables while
retaining most of the variations [27]. The PCA describes the
space of the original data projecting onto the space in a base
of eigenvectors. The corresponding eigenvalues account for
the energy of the process in the eigenvector directions. It
is assumed that most of the information in the observation
vectors is contained in the subspace spanned by the first
several PCs.
Cross-validation methods consist of three types: random
subsampling, 𝐾-fold cross-validation, and leave-one-out validation. The 𝐾-fold cross-validation is applied due to its
properties as being simple to learn, easy to realize, and using
all data for training and validation. The mechanism is to
create a 𝐾-fold partition of the whole dataset, repeat 𝐾 times
to use 𝐾 − 1 folds for training and a left fold for validation,
and finally average the error rates of 𝐾 experiments. The 𝐾
folds can be randomly partitioned. However, some folds may
have quite different distributions from other folds. Therefore,
stratified 𝐾-fold cross-validation was employed, with which
every fold has nearly the same class distributions [28]. In this
study, we empirically determined 𝐾 as 5 through the trialand-error method.
FNNs are widely used in pattern classification since
they do not need any information about the probability
distribution and the a priori probabilities of different classes
[29]. A single-hidden-layer backpropagation (BP) neural
network is adopted with sigmoid neurons in the hidden layer
and linear neuron in the output layer.
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(c)

(d)

(e)

(f)

(g)

(h)

Figure 4: Sample of normal and abnormal brain images: (a) normal brain; (b) glioma; (c) meningioma; (d) Alzheimer’s disease; (e)
Alzheimer’s disease with visual agnosia; (f) Pick’s disease; (g) sarcoma; (h) Huntington’s disease.

The training vectors were presented to the FNN, which
is trained in batch mode. The network configuration is
supposed as 𝑁𝐼 × 𝑁𝐻 × 𝑁𝑂, that is, a two-layer network
with 𝑁𝐼 input neurons, 𝑁𝐻 neurons in the hidden layer,
and 𝑁𝑂 output indicating the brain is normal or abnormal.
Assume that 𝜔1 and 𝜔2 represent the connection weight
matrix between the input layer and hidden layer, between the
hidden layer and the output layer, respectively, the outputs of
all neurons in the hidden layer are calculated by
𝑁𝐼

𝑦𝑗 = 𝑓𝐻 (∑𝜔1 (𝑖, 𝑗) 𝑥𝑖 ) ,
𝑖=1

𝑗 = 1, 2, . . . , 𝑁𝐻.

(3)

Here, 𝑥𝑖 denotes the 𝑖th input value, 𝑦𝑗 denotes the 𝑗th output
of the hidden layer, and 𝑓𝐻 refers to the activation function
of hidden layer, usually a sigmoid function. The outputs of all
neurons in the output layer are given as follows:
𝑁𝐻

𝑂𝑘 = 𝑓𝑂 ( ∑𝜔2 (𝑗, 𝑘) 𝑦𝑗 ) ,
𝑗=1

𝑘 = 1, 2, . . . , 𝑁𝑂.

(4)

Here, 𝑓𝑂 denotes the activation function of output layer,
usually a line function. All weights are assigned to random
values initially and are modified by the delta rule according
to the learning samples. The error is expressed as the mean
squared error (MSE) of the difference between output and
target values:
𝑁𝑂

𝐸𝑙 = mse ( ∑ (𝑂𝑘 − 𝑇𝑘 )) ,
𝑘=1

𝑙 = 1, 2, . . . , 𝑁𝑆 ,

(5)

where 𝑇𝑘 represents the 𝑘th value of the authentic values,
which are already known to users, and 𝑁𝑆 represents the
number of samples. Suppose that there are 𝑁𝑆 samples, the
fitness value is written as
𝑁𝑆

𝐹 (𝜔) = ∑𝐸𝑙 ,

(6)

𝑙=1

where 𝜔 represents the vectorization of the (𝜔1 , 𝜔2 ). Our goal
is to minimize this fitness function 𝐹(𝜔), namely, to force the
output values of each sample approximate to corresponding
target values. At this point, we use our proposed method GPS
to optimize formula (6), compared with other algorithms
including BP [30], momentum BP (MBP) [31], IGA, and IPS.
5.2. Simulations and Results. The datasets consist of T2weighted MR brain images in axial plane and 256 × 256
in-plane resolution, which were downloaded from the Harvard Medical School website (http://www.med.harvard.edu/
AANLIB/). We randomly selected 80 images consisting of
40 normal and 40 abnormal. The abnormal brain MR
images consist of the following diseases: glioma, meningioma, Alzheimer’s disease, Alzheimer’s disease plus visual
agnosia, Pick’s disease, sarcoma, and Huntington’s disease. A
sample of each is shown in Figure 4.
Figure 5 give the three-level decomposition of 2D DWT
decomposition result on a normal brain image. The upperleft corner in Figure 5(b) shows the approximate coefficients
serving as the reduced features. The dimension of original
image is 256 × 256 = 65536, while the dimension of approximation image is only 32 × 32 = 1024.
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Table 4: Averaged classification accuracy (20 runs).
Classification accuracy
58.813%
61.687%
90.063%
90.625%
95.188%

Variances (%)

Algorithm
BP
MBP
IGA
IPS
GPS

1
0.9
0.8
0.7
0.6
0.5
100

101
102
Number of principle components

103

Figure 6: Variances against number of principle components (𝑥axis is log scale).

(a)

(b)

Figure 5: A sample of 3-level 2D DWT: (a) a normal MRI brain
image; (b) 3-level wavelet coefficients.

Although the dimensions of extracted features are
reduced from 65536 to 1024, this is still a high computation
cost. Thus, PCA is used to further reduce the dimensions of
features on another level. The curve of cumulative sum of
variance with number of principle components is shown in
Figure 6. It shows that 19 principle components, which are
only 1.855% out of the 1024 features, preserve 95.4% of the
total variance.
Those 19 principal components are submitted to the
FNN. The proposed GPS method is used to optimize the
weights/biases of FNN. Meanwhile, other five methods are
also utilized to make a comparison. In order to reduce the
randomness, each algorithm was performed 20 times. The
averaged classification accuracy of each algorithm is shown
in Table 4.
Table 4 indicates that the strategy based on the proposed GPS algorithm obtained higher classification accuracy
(95.188%). The IPS and IGA perform nearly the same with
classification accuracies about 90%. The MBP and BP algorithms performed the worst with accuracies around 60%.
Here, we do not divide the dataset into training and test
subsets because we have already employed the 𝑘-fold crossvalidation method to avoid overfitting.

6. Conclusions and Discussions
Our contributions can be summarized in the following three
aspects. First, we proposed a novel algorithm—GPS, for
efficient and rapid global search of minimum points. It
improved the robustness of pattern search and improved the
convergence speed of genetic algorithm. Second, the test and
evaluation on five benchmark functions further demonstrate
that the proposed GPS is the most robust among the three
algorithms. Third, as an example of application, we employed
the GPS to the classification of normal and abnormal brain

MRI images. The results indicate that GPS is superior to BP,
MBP, IGA, and IPS in terms of classification accuracy.
The proposed GPS and the one in [18] are based on
the combination of GA and PS. They both make use of the
coarse-searching ability of GA and fine-searching ability of
PS. Nevertheless, the combining principles are distinct. A
question is raised as “which one is better.” Here, we give an
assumption that GPS in [18] has a drawback that the PS could
start when the GA has not reached the neighborhood of the
global optimum yet. GPS in this paper takes the GA as the
search method at every step of PS, so it will be more stable
but cost more time.
In the future, we will develop simulation experiments to
address the question, comparing them in convergence rate,
success rate, and computation cost. We will also cooperate
with mathematicians to find a theoretical solution. The future
work also includes applying GPS to other academic and
industrial fields.
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This study is aimed at obtaining a relationship between the values defining bead geometry and the welding parameters and also to
select optimum welding parameters. For this reason, an experimental study has been realized. The welding parameters such as the
arc current, arc voltage, and welding speed which have the most effect on bead geometry are considered, and the other parameters
are held as constant. Four, three, and five different values for the arc current, the arc voltage, and welding speed are used, respectively.
So, sixty samples made of St 52-3 material were prepared. The bead geometries of the samples are analyzed, and the thickness and
penetration values of the weld bead are measured. Then, the relationship between the welding parameters is modeled by using
artificial neural network (ANN) and neurofuzzy system approach. Each model is checked for its adequacy by using test data which
are selected from experimental results. Then, the models developed are compared with regard to accuracy. Also, the appropriate
welding parameters values can be easily selected when the models improve.

1. Introduction
The submerged arc welding (SAW) is one of the manufacturing methods which are widely used. The mechanical
properties of the welding joints are directly dependent on
the geometrical form of bead and its properties. At the same
time, the form of bead and its properties change according
to the process parameters. Therefore, the process parameters
must be selected so that an appropriate weld bead can be
formed. There is no linear relationship between the welding
parameters and weld bead geometry, and empirical formulas
and experimental results are generally used for this relation.
Most times, this case is incapable to select the optimum
parameters values. Therefore, researchers have begun to
use artificial intelligence technologies and statistics analysis
methods in order for, the optimum parameters values to be
selected and the relationship between the values defining
bead geometry and welding parameters can be found.

Chandel et al. have developed software for theoretical predictions of the effect of current, electrode polarity, electrode
diameter, and electrode extension on the melting rate, bead
height, bead width, and weld penetration, in submergedarc welding. They have predicted the weld bead geometry
and melting rates of both the submerged and the metal arc
welding processes by this software. The software is based on
the algorithms developed by Yang et al. for predicting the
weld bead geometry. This model predicts bead geometry for
bead-on-plate (BOP) welds only. The variables required for
input are current, voltage, travel speed, electrode diameter,
electrode extension, and the electrode polarity [1].
Li et al. modeled the nonlinear relationship between the
five geometric descriptors (height, width, penetration, fused
and deposited areas) of a bead and the welding parameters (current, voltage, and welding speed) of submerged
arc welding using neutral networks. They have shown the
advantages of single-output networks by a comparative study
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between multioutput networks and single-output networks,
each modeling one geometric descriptor. The structure of
a conventional feed-forward multilayer perception network
with a single output is modified to accommodate an offset
layer which offsets the inputs. This network, known as the
self-adaptive offset network (SAON), has definite advantages
over conventional multilayer perception networks. Altogether, 21 single-output neutral networks have been trained
for the four types of SAW welds investigated [2].
Gunaraj and Murugan developed an application of
response surface methodology for predicting weld bead
quality in submerged arc welding of pipes. In their study,
the variables for input are open-circuit voltage, wire feed
rate, speed, and nozzle-to-plate distance. The variables for
output are penetration, reinforcement, bead width, and dilution [3]. Gunaraj and Murugan also investigated the effect
of process variables on the area of the heat-affected zone
for the bead-on-plate and bead-on-joint in submerged arc
welding of pipes by using response surface methodology.
The effect of controllable process variables on the heat input
and the area of the heat-affected zone (HAZ) for bead-onplate and bead-on-joint welding was calculated and analyzed
using mathematical models developed for the submerged arc
welding of pipes [4]. Tušek developed four mathematical
models for calculation of melting rate in arc fusion welding
with a wire in coil form. The mathematical models permit
calculation of melting rate in direct current welding with
single-wire and double-wire electrodes (both polarities). For
single-wire welding, the models treated have been improved
with regard to the ones published in the literature; for twinwire welding, these are the first models for calculation of
melting rate. The mathematical models have already been
tested in practice and the results obtained show that they
are very accurate, simple, and applicable to practice [5].
Wikle III et al. used sensing technique for penetration
depth control of the submerged arc welding process. They
investigated the development of a rugged, low cost, and
point infrared sensor to monitor. At the end of the study,
they maintained constant depth of penetration using the
infrared sensor in the presence of these perturbations by
feedback control of the welding process parameters [6].
Murugan and Gunaraj studied prediction and control of
weld bead geometry and shape relationships in submerged
arc welding of pipes. They have developed mathematical
models for submerged arc welding of pipes using five-level
factorial techniques to predict three critical dimensions of
the weld bead geometry and shape relationships. The models
were checked for their adequacy and significance by using
the 𝐹-test and the 𝑡-test, respectively. They have presented
main and interaction effects of the process variables on bead
geometry and shape factors in graphical form [7]. Tarng
et al. used the grey-based Taguchi methods to determine
submerged arc welding process parameters in hardfacing.
They presented a new approach. In this new approach, the
grey relational analysis is adopted to solve the submerged arc
welding process with multiple weld qualities. They obtained a
grey relational grade from the grey relational analysis which
is used as the performance characteristic in the Taguchi
method [8]. Kanjilal et al. investigated combined effect of
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flux and welding parameters on chemical composition and
mechanical properties of submerged arc weld metal. In this
study, rotatable designs based on statistical experiments for
mixtures were developed to predict the combined effect of
flux mixture and welding parameters on submerged arc weld
metal chemical composition and mechanical properties by
second-order regression model. Bead-on-plate weld deposits
on low carbon steel plates were made at different flux composition and welding parameter combinations. The variables
for input are current, voltage, welding speed, electrode stickout, and polarity. The variables for output are chemical
composition, yield strength, ultimate tensile strength, percent
elongation, and Charpy impact toughness and hardness [9].
Nart and Celik propose a new practical approach in
modeling to catch the correct shape of the weld pool. They
predict temperature distributions and residual stresses for
a plate using user subroutines and observe that the finite
element results get closer to those of experimental measurements as mesh size gets finer. The residual stresses have been
estimated well enough for irregular bead cross-sections by
using the new approach for finite element modeling of arcwelding process [10]. Zhao et al. investigated V-I (voltagecurrent) curve as the monitoring signature to explore a realtime and in situ small scale resistance spot welding (SSRSW)
quality monitoring method. They performed a systematic
research on the V-I curve. Then, they proposed five factors
extracted from the V-I curve to estimate the weld quality
through an artificial intelligence algorithm. As a result, the
study shows that the V-I signature could be used as a reliable
[11]. Cho et al. studied the analysis of submerged arc welding
process by three-dimensional computational fluid dynamics
simulations. In the study, they adopt the Abel inversion
method with CCD camera images for direct and alternating
current polarities. Then, they validated simulated weld pool
profiles with corresponding experimental results and were
found to be in good agreement [12].
Acherjee et al. developed a nonlinear model to establish a
correlation between the laser transmission welding parameters and output variables by applying artificial neural network
(ANN). The process parameters consisted of laser power,
welding speed, stand-off distance and clamping pressure, and
the output parameters were lap-shear strength and weld-seam
width. They used experimental data to train and test the
network and then confirm the simulation data obtained from
the neural network with the experimental data and, so, show
that there was a good agreement between the experimental
and numerical results [13]. Shen et al. aimed to determine
how variation in heat input achieved was using single and
double wires. For this reason, they measured specimens of
submerged arc welded plates of ASTM A709 Grade 50 steel
considering bead width, penetration depth, contact angle,
heat affected zone (HAZ) size, deposition area, penetration
area, and total molten area. Then, the level of dilution and
different melting efficiencies were analyzed according to
measuring results. They showed that the electrode melting
efficiency increased initially and then decreased with increasing heat input, but the plate melting efficiency and percentage
dilution changed only slightly with it [14]. Leitner et al.
studied on the evaluation of fillet weld properties and fatigue
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Table 1: Welding parameters.

Steel plate
(300 × 120 × 14)

Welding

Steel plate 2
(300 × 125 × 5)

Figure 1: The form of welding joint.

behavior in dependence of welding parameters. They selected
weld joints and investigated the influence due to the welding
process parameters, especially for high-strength steels, the
effect of both the geometrical, and metallurgical notch. Also,
they performed the experimental fatigue tests to determine
the link between fatigue life and manufacturing processdependent weld toe notch design. Finally, they adjusted the
material and manufacturing properties using the temperature
profiles [15]. In this paper, Nagesh and Datta proposed an
integrated method with a new approach using experimental design matrix of experimental designs technique. They
explained the application of neural network for predicting
the weld bead geometric descriptors and the use of genetic
algorithm for optimization of process parameters. Also, they
attempted to model the welding process for predicting the
bead shape parameters of welded joints and used multiple
linear regression techniques to develop mathematical models
for weld bead shape parameters. In addition, they studied to
predict the bead shape parameters using back-propagation
neural network and then to optimize the process parameters
for the desired front height to front width ratio and back
height to back width ratio by applying genetic algorithmic
approach [16].
Sathiya et al. investigated the weld bead geometry such
as depth of penetration (DP), bead width (BW), and tensile strength (TS) of the laser welded butt joints made of
AISI 904L super austenitic stainless steel. They used full
factorial design method for the experimental design. Also,
they developed artificial neural networks (ANN) program in
MATLAB software to establish the relationships between the
laser welding input parameters and used genetic algorithm
(GA) for optimizing the process parameters and obtained
optimum solutions for the three different gases. Also, they
validated the optimized parameters with the experimental
results [17]. Dhasa and Kumanan study the optimization
of parameters of submerged arc weld using nonconventional techniques. In this study, bead-on-plate welds were
carried out on mild steel plates using semiautomatic SAW
machine. The input-output relationships of the process were
carried out by regression analysis, and the weld bead width
was minimized by this relationship. Finally, they compared
the optimized values obtained from these techniques and
obtained a very close relationship between them [18]. Besides
these studies, another noteworthy point, in recent times, the
researchers have focused their studies on artificial intelligence
technologies to analyze the weld seam [19–21].
As seen from the reviewed literature, most of investigations are about bead-on-plate and bead on-joint welds.

Parameters
Level 1
Voltage (Volt)
24
Current (Ampere) 200
Speed (m/min)
30

Level 2
30
300
40

Level 3
36
400
50

Level 4
—
500
60

Level 5
—
—
70

These methods give a general opinion about the effects of
the welding parameters on the bead geometry. however, these
effects will change if the joint type changes. Therefore, this
study takes into consideration the corner weld of parts with
different thickness.

2. Experimental Study
The experiments were conducted at Adapazarı Plants of
TIRSAN GROUP. The form and dimension of samples used
for the experiment have been presented in Figure 1. The
material is a group of structural and constructional steel (St
52-3). There are a lot of parameters which affect weld bead
geometry, but this study takes into consideration some of the
parameters as welding current, welding voltage, and welding
speed because these three parameters are the most effective
on the bead geometry.
It is considered that the values of these parameters
have been selected from the applicable working ranges. The
selected parameters for the welding process are given in
Table 1.
The welding rod used is GEKA S2, 3.2 mm diameter,
and the welding flux is LINCOLN 761. Fifty-five sets of test
plates have been analyzed. The work piece used and the
equipment used for the experiment are shown in Figures 2
and 3, respectively.
The length of the work piece welded is 300 mm. However,
the length of sample cut from this work piece is 15 mm only,
and it is taken from the best quality part of welded work
piece. Then, these samples are prepared by the usual metallurgical polishing methods, and their macrostructures are
photographed. These photographs are transferred to computer environment. There are thirty-one macrophotographs
but some of them are shown in Figure 4, for example.
Also, cross-section of an ideal weld defining the bead
geometry is presented in Figure 5. The total penetration area
and welding thickness are considered as criterion for bead
geometry. A measured graph surface on the computer display
is prepared and it is used for measuring welding thickness and
defining bead profile.
The welding thickness is directly measured from the
macrophotographs. But an indirect method is followed to
calculate the penetration area of weld bead. The penetration
area of each part is individually considered, and they are
expressed as 𝐴 1 and 𝐴 𝑧 . This symbolization is shown in
Figure 6.
The coordinates of some points on the limit profiles of
weld beads are determined, and these profiles are expressed
with polynomial equations. Then, these equations are integrated and so the penetration areas are calculated. Two
areas are added and total penetration area is obtained. The

4

Mathematical Problems in Engineering
Table 2: Experimental results.

Test
number

1
4
6
7
9
10
11
16
17
18
19
20
21
22
23
25
27
29
32
33
35
36
37
40
42
44
45
52
53
54
55

Welding parameters
Current
(Ampere)

Voltage
(Volts)

Speed
(m/min)

Welding thickness
(mm)

200
200
200
200
200
200
200
300
300
300
300
300
300
300
300
300
300
300
400
400
400
400
400
400
400
400
400
500
500
500
500

24
24
30
30
30
30
36
24
24
24
24
24
30
30
30
30
36
36
24
24
24
30
30
30
36
36
36
30
30
30
30

30
60
30
40
60
70
30
30
40
50
60
70
30
40
50
70
40
60
40
50
70
30
40
70
40
60
70
40
50
60
70

5,020
3,670
5,310
4,270
3,740
2,990
5,440
7,470
6,790
5,900
4,040
2,910
6,570
5,28
4,880
4,200
6,150
5,060
7,980
7,370
6,550
8,380
7,100
4,790
7,390
5,780
5,110
11,980
11,420
8,540
7,220

Results
Penetration
Penetration
area 1 (mm2 ) area 2 (mm2 )
(A1)
(A2)
4,344
0,514
3,205
5,261
1,727
1,551
10,607
5,877
10,450
9,487
1,282
0,920
13,365
5,014
5,431
9,497
10,853
11,509
4,735
15,228
8,285
15,061
7,859
7,432
11,439
12,174
9,906
10,291
9,440
1,112
7,815

8,966
7,295
23,014
22,911
15,874
14,425
17,471
48,120
34,606
34,615
22,742
19,943
51,048
72,173
61,203
39,230
60,583
42,691
51,131
37,557
39,848
113,806
103,215
55,217
92,705
58,368
46,871
106,652
80,999
81,206
63,483

Total area (mm2 )
(A1 + A2)
13,310
7,808
26,219
28,172
17,601
15,977
28,079
53,996
45,055
44,102
24,024
20,863
64,412
77,187
66,633
48,727
71,436
54,199
55,866
52,785
48,133
128,867
111,074
62,649
104,144
70,542
56,777
116,943
90,439
82,318
71,298

Figure 2: A work piece used for the experiment.

Figure 3: Welding machine used for the experiment.

bead geometry and the polynomial equation of the limit
penetration profile of the first sample are shown in Figure 7

and in Figure 8, respectively. The experimental results are
presented in Table 2.
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Figure 4: Some examples of macrophotographs of weld bead.

A2

Bead profile

Steel plate 1

a

Penetration
area

A1

a = Welding thickness

Figure 5: Cross-section of an ideal weld bead.

3. Modelling and Numerical Analyses
The weld quality depends on the weld bead geometry
too much. To know correct machine setting that ensures
satisfactory weld quality for a welding process is difficult.
Because there is no known linear relationships between
the desired bead geometry and the welding parameters. In
other words, a good welding quality can be obtained if the
bead geometry can be controlled by the process parameters.

A 1 = The penetration area on the steel plate 1
A 2 = The penetration area on the steel plate 2

Figure 6: The penetration areas of the parts.

This case requires establishing a mathematical model of the
relationship between the bead geometry and the welding
parameters. Today, artificial intelligence technologies give
this possibility. In this study, artificial neural network (ANN)
and neurofuzzy approach are used and they are compared.
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A1

a
A2

Figure 7: The bead geometry.

3.1. Artificial Neural Network (ANN). In this part of study,
neural network model of submerged arc weld is established
by using Neural Network Toolbox of MATLAB package.
The input data consist of arc current, arc voltage, and
welding speed. The output variables are welding thickness
and penetration area. These output variables are individually
considered and are modeled. Twenty-one data for training
set and five data for testing set are used. The performance of
training set for the welding thickness and the performance of
testing set are shown in Figures 9 and 10, respectively.
For the penetration area, the performance of training set
and the performance of testing set are shown in Figures 11 and
12, respectively.
3.2. Neurofuzzy Approach. Neurofuzzy systems combine the
positive attributes of neural networks and fuzzy systems.
Adaptive neuro fuzzy inference system (ANFIS) is used to
the modeling of the SAW. There are three input parameters
and two output values. In this study, the output values are
considered individually, and so the models are prepared as
three inputs and one output. The architecture of the ANFIS
used in the proposed neurofuzzy approach is shown in
Figure 13.
The same ANFIS model structure is used for the welding
thickness and the penetration area. However, the different
ANFIS editors are employed for the welding thickness and
the penetration areas. The ANFIS editor used for the welding
thickness is shown in Figure 14.
The ANFIS editor enables loading data, generating Fuzzy
Inference System (FIS), training FIS, and testing FIS. Twentysix experimental data of thirty-one welding process experiments listed in Table 2 are utilized to train the used ANFIS
model, and five of them are utilized to test the model. The
training and testing performance of the model are shown in
Figure 14 and in Figure 15, respectively. The ANFIS model for
the penetration area is developed by using similar procedure
and the same input data have been used for this phase. Finally,
the training performance and the checking performance for
penetration area have been obtained in Figure 16 and in
Figure 17, respectively.

4. Results and Discussion
Both ANN and ANFIS have given very suitable results. This
case can be seen from the checking performance diagrams.

From the comparison of the results obtained, it can be
observed that the results of ANFIS are closer than the results
of ANN to the experimental results. Therefore, to present the
results of ANFIS is preferred and the effects of the welding
thickness and penetration area are individually shown in
Figures 18(a) and 18(b) and in Figures 19(a), 19(b), and 19(c),
respectively. The input and the output values are reduced by
using certain proportions. Therefore, the results of ANN and
ANFIS must be extended with the same factors. This factor
is 1000 for the arc current and the penetration area. For the
arc voltage, the welding speed, and the welding thickness it is
100.
Experimental and theoretic results show that arc current,
arc voltage, and welding speed affect penetration area and
welding thickness in SAW process. Figure 18(a) shows the
effect of interaction between arc voltage and arc current
on welding thickness. It can be observed that the welding
thickness increases with a decrease in arc voltage and an
increase in arc current. But the maximum welding thickness
is obtained when arc voltage is of minimum value and
arc current is of maximum value. Also, the minimum arc
current and the maximum arc voltage correspond to the
minimum welding thickness. Figure 18(b) presents the effect
of interaction between arc voltage and welding speed on
welding thickness. It can be seen that the welding thickness
increases with a decrease in arc voltage and in welding
speed. The minimum welding thickness corresponds to the
maximum values of arc voltage and arc current. However, the
maximum welding thickness occurs when welding speed and
arc voltage are minimum value.
Figures 19(a), 19(b), and 19(c) present the effects of the
welding parameters on bead penetration area. Figure 19(a)
shows that the penetration area is almost stationary up to 0,31
are voltage values, and it has a tendency to increase when
arc current is 0,35 and arc voltage is higher than 0,31. The
minimum penetration area occurs when voltage is maximum
value and arc current is of minimum value. As seen from
Figure 19(b), the penetration area increases with an increase
in arc voltage and welding speed and it reaches the maximum
value when welding speed and voltage are the maximum
values. The minimum value of penetration area occurs when
welding speed is of minimum value and arc voltage is 0,3.
Figure 19(c) shows that the penetration area increases with
an increase in arc voltage and welding speed, and it reaches
the minimum value where arc current and welding speed are
minimum values. On the contrary, the penetration area is the
maximum value where arc current and welding speed are the
maximum values.

5. Conclusions
In this study, it is aimed to obtain a relationship between the
values defining bead geometry and the welding parameters
and to select optimum welding parameters. For this reason,
an experimental study has been realized. Also, modeling and
analysis of the weld bead geometry in submerged arc welding
by using adaptive neurofuzzy inference system have been
performed. The major conclusions drawn from this study are
the following.
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y = 0.0069x4 − 0.0854x3 + 0.4426x2 − 0.7857x − 0.7866
0
1
2
3
4
5
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0
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(a) Macro 1: Area 1 (A1).
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(b) Macro 1: Area 2 (A2).

Figure 8: The polynomial equations representing the limit penetration profile of weld bead.

Training performance for thickness welding
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Figure 11: The performance of training set for the penetration area.

Samples

Figure 9: The performance of training set for the welding thickness.

(i) ANN and ANFIS results are very close each other.
But the results of ANFIS are closer than the results
of ANN to the experimental results.
(ii) The experimental and theoretical results show that arc
current, arc voltage, and welding speed affect penetration area and welding thickness in SAW process.

Test performance for welding thickness
0.4
0.3

(iii) It can be observed that the welding thickness
increases with a decrease in arc voltage and an
increase in arc current. But the maximum welding
thickness is obtained when arc voltage is of minimum
value and arc current is of maximum value.

Output

0.2
0.1
0

(iv) The minimum arc current and the maximum arc voltage correspond to the minimum welding thickness.

−0.1

(v) The welding thickness increases with a decrease in arc
voltage and in welding speed.

−0.2
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4

4.5

5

Samples

Figure 10: The performance of test set for the welding thickness.

(vi) The minimum welding thickness corresponds to the
maximum values of arc voltage and arc current.
(vii) The maximum welding thickness occurs when welding speed and arc voltage are of minimum value.
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Test performance for penetration area
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Figure 12: The performance of testing set for the penetration area.
Figure 15: The checking performance for the welding thickness.

Figure 13: The architecture of the ANFIS used in the proposed
approach.
Figure 16: The training performance for penetration area.

Figure 14: The training performance for the welding thickness.

Figure 17: The checking performance for penetration area.
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(a)

(b)

Figure 18: (a) The effect of arc voltage and arc current on welding thickness. (b) The effect of welding speed and arc voltage on welding
thickness.

(a)

(b)

(c)

Figure 19: (a) The effect of arc voltage and arc current on penetration area. (b) The effect of arc voltage and welding speed on penetration
area. (c) The effect of arc current and welding speed on penetration area.
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(viii) The penetration area is almost stationary up to 0,31 are
voltage values, and it has a tendency to increase when
arc current is 0,35 and arc voltage is higher than 0,31.
(ix) The minimum penetration area occurs when voltage
is of maximum value and arc current is of minimum
value.
(x) The penetration area increases with an increase in
arc voltage and welding speed, and it reaches the
maximum value when welding speed and voltage are
the maximum values.
(xi) The minimum value of penetration area occurs when
welding speed is of minimum value and arc voltage is
0,3.
(xii) The penetration area increases with an increase in
arc voltage and welding speed, and it reaches the
minimum value where arc current and welding speed
are minimum values. On the contrary, the penetration
area is the maximum value where arc current and
welding speed are the maximum value.
It has been shown that submerged arc welding (SAW)
process can be modeled by using artificial intelligence technologies. Finally, the models developed are able to predict
the welding parameters required to obtain the desired bead
geometry. This study can help to develop an intelligence
control system for SAW process.
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[5] J. Tušek, “Mathematical modeling of melting rate in twin-wire
welding,” Journal of Materials Processing Technology, vol. 100,
no. 1, pp. 250–256, 2000.
[6] H. C. Wikle III, S. Kottilingam, R. H. Zee, and B. A. Chin,
“Infrared sensing techniques for penetration depth control
of the submerged arc welding process,” Journal of Materials
Processing Technology, vol. 113, no. 1–3, pp. 228–233, 2001.
[7] N. Murugan and V. Gunaraj, “Prediction and control of weld
bead geometry and shape relationships in submerged arc
welding of pipes,” Journal of Materials Processing Technology,
vol. 168, no. 3, pp. 478–487, 2005.
[8] Y. S. Tarng, S. C. Juang, and C. H. Chang, “The use of grey-based
Taguchi methods to determine submerged arc welding process
parameters in hardfacing,” Journal of Materials Processing Technology, vol. 128, no. 1–3, pp. 1–6, 2002.

Mathematical Problems in Engineering
[9] P. Kanjilal, T. K. Pal, and S. K. Majumdar, “Combined effect
of flux and welding parameters on chemical composition and
mechanical properties of submerged arc weld metal,” Journal
of Materials Processing Technology, vol. 171, no. 2, pp. 223–231,
2006.
[10] E. Nart and Y. Celik, “A practical approach for simulating
submerged arc welding process using FE method,” Journal of
Constructional Steel Research, vol. 84, pp. 62–71, 2013.
[11] D. Zhao, Y. Wanga, Z. Lin, and S. Sheng, “An effective quality
assessment method for small scale resistance spot welding based
on process parameters,” NDT & E International, vol. 55, pp. 36–
41, 2013.
[12] D. W. Cho, W. H. Song, M. H. Cho, and S. J. Na, “Analysis
of submerged arc welding process by three-dimensional computational fluid dynamics simulations,” Journal of Materials
Processing Technology, vol. 213, pp. 2278–2291, 2013.
[13] B. Acherjee, S. Mondal, B. Tudu, and D. Misra, “Application
of artificial neural network for predicting weld quality in
laser transmission welding of thermoplastics,” Applied Soft
Computing Journal, vol. 11, no. 2, pp. 2548–2555, 2011.
[14] S. Shen, I. N. A. Oguocha, and S. Yannacopoulos, “Effect of heat
input on weld bead geometry of submerged arc welded ASTM
A709 Grade 50 steel joints,” Journal of Materials Processing
Technology, vol. 212, no. 1, pp. 286–294, 2012.
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Based on the mathematical model of the mass moment aerospace vehicles (MMAV), a coupled nonlinear dynamical system is
established by rational simplification. The flight control system of MMAV is designed via utilizing nonlinear predictive control
(NPC) approach. Aiming at the parameters of NPC is generally used the trial-and-error method to optimize and design, a novel
kind of NPC parameters optimization strategy based on ant colony genetic algorithm (ACGA) is proposed in this paper. The method
for setting NPC parameters with ACA in which the routes of ants are optimized by the genetic algorithm (GA) is derived. And then,
a detailed realized process of this method is also presented. Furthermore, this optimization algorithm of the NPC parameters is
applied to the flight control system of MMAV. The simulation results show that the system not only meets the demands of timeresponse specifications but also has excellent robustness.

1. Introduction
The aerodynamic rudder control is generally used for the
traditional flight missile in the atmosphere. But in upper air,
especially in the exoatmospheric space above 30 kilometers,
because of lower air density, the dynamic pressure becomes
very low. In the far field of missile fighting, because the
speed of missile reduces, the dynamic pressure is relatively
low. This causes the dynamic characteristics of the missile
to be decreased and the maneuverability to be weak. The
weak maneuverability of the missile makes the missile miss
the targets frequently and cannot meet the demands of
precise guidance and control. This requests the new technical
approach. In order to enhance the maneuverability, agility,
and guidance precision of the antiaircraft missile, a new
method of mass moment control is proposed in 2000 by
USA. From the related literatures, the moving-mass-center
control was studied by both Russia and USA. In the 1990s
of the 20th century. But, because the maneuver control
technology of the reentry warhead was kept secret extremely
in the world, the public literatures and the related research
are very few. The related research which can be seen in
the literature has almost focused on reentry warhead at

high Mach numbers. Several studies have suggested that
mass moment control system (MMCS) appears to offer the
greater design and cost advantages [1–8]. There are some
advantages of mass moment control as follows. (1) All the
mechanism of MMCS is in aerospace vehicles, which will
not affect the aerodynamic configuration and is better to
accuracy of terminal attack. (2) The actuators of MMCS are
internal moving masses, which decrease the thermal load
of aerodynamic configuration and avoid the gap on the
surface of the vehicle and ablation steering surface. (3) By
using aerodynamic forces generated by high-speed flight of
vehicle, we can decrease the energy consumption and get
effective control avoiding conflict between fuel consumption
and control moment generated by lateral jet engine.
The stability control mode of the three channels was
used for MMAV in this paper. The two orthogonal moving
masses were arranged on radial of MMAV, and another
moving mass was arranged on axis. Each of the channels has
strong coupled aerodynamic, control, inertia, and dynamics.
So MMAV becomes one multivariable system model of the
nonlinearity and uncertainty. A coupled nonlinear dynamic
model is obtained by the rational simplification for this
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system. The nonlinear predictive control (NPC) of MMAV
is investigated in the paper. By considering the insufficiency
of NPC adjustment parameters, one parameter optimization
method is proposed based on ant colony genetic algorithm
(ACGA). With the merits of GA, this method has the
global search ability, latent parallel computing, and simple
computation process and can solve the contradiction of the
optimal solution and the searching space. The contradiction
of searching space and time performance is also overcome,
which easy to convergent in nonglobal optimal solution and
computing time too long when using ant colony algorithm
(ACA) to solute optimization question. This method is
applied to system design of flight control on MMAV.
During the last decade, much effort has been made in GA
to investigate aerospace vehicles systems [9–18]. For instance,
[9] demonstrates the advantages of using a real coded
genetic algorithm (GA) for aerospace engineering design
applications. In [10], in order to realize the high precision
attitude determination of the space crafts by star sensors,
an optimization method of star map distorted model based
on improved genetic algorithm is presented. Reference [12]
presented a new method in hierarchical genetic algorithms
(HGAs) to speed up the optimization of aerodynamic shapes.
In [13], an improved GA for airfoil shape parameterization is
presented which takes into consideration the characteristics
of viscous transonic flow particularly around the trailing
edge. In [14], a novel parsimonious genetic programming
(PGP) algorithm together with a novel aeroengine optimum
data-driven dynamic start process model based on PGP is
proposed. In order to obtain the global solution efficiently,
[15] proposed a hybrid optimizer combining the advantages
of a floating-coded genetic algorithm and simplex method. In
[16], an optimization process, based on a genetic algorithm,
is used to meet the frequency domain handling qualities
requirements for the longitudinal plane. It is well known that
GA cannot make good use of system feedback information. It
often results in a lot of redundancy and reduces the computing efficiency. In contrast, ant colony algorithm accumulates
and renews the optimal path information continuously. It has
the ability of parallel processing and global searching. Many
scholars have researched the hybrid algorithm including
GA and ACA and got some good results in applications.
For example, [19] gave an application of ant colony, genetic
algorithm, and data mining-based techniques for scheduling.
[20] used the hybrid algorithm in the contrast of images.
Reference [21] addressed the optimization of cloud database
route scheduling based on combination of GA and ACA.
More results can be found from [22–28]. However, to the best
of our knowledge, there are few works appeared to investigate
the MMCS by the GA combined with ACA. This motivates
the research in this paper.
This paper is organized as follows. The mathematical
model of MMAV is derived in Section 2. In Section 3,
nonlinear predictive control and its robustness analysis are
employed to design MMCS. Ant colony genetic algorithm
is applied to parameter optimization of MMCS in Section 4.
In Section 5, simulation demonstrates the ability of the optimized controller to effectively control the MMAV’s motion.
Conclusion is given in Section 6.
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2. The Mathematical Model of MMAV
2.1. The General Dynamics Model of the MMAV. The basic
principle by which MMCS is able to control the vehicle’s
motion is to produce the control torque by using the aerodynamic forces and moving the masses within the MMAV to
offset the c. m. of system.
Suppose that the MMAV includes 𝑛 moving masses and
the mass of MMAV’s shell is 𝑚𝐵 . The mass of the 𝑖th moving
mass is 𝑚𝑖 . So, the total mass of MMAV is 𝑚𝐶 = 𝑚𝐵 +∑𝑛𝑖=1 𝑚𝑖 .
The mass ratio of the 𝑖th moving mass is 𝜇𝑖 = 𝑚𝑖 /𝑚𝐶. The
coordinates in the body fixed frame are 𝛿1 = (𝑥1𝑚 , 𝑦1𝑚 , 𝑧1𝑚 )𝑇 ,
𝑖 = 1, 2, . . . , 𝑛. In the ground frame, the velocity of the center
̇ , and the acceleration is 𝑉̇ = 𝛿̈ .
of MMAV is 𝑉𝐴𝐵 = 𝛿𝐴𝐵
𝐴𝐵
𝐴𝐵
Let the coordinates in the ground with the body fixed frame of
the 𝑖th moving mass be 𝛿𝑑𝑖 and the coordinates in the ground
frame 𝛿𝐴𝑖 . There is the relationship 𝛿𝑑𝑖 = 𝐿 𝐴1 𝛿1𝑖 , 𝛿𝐴𝑖 = 𝛿𝑑𝑖 +
𝛿𝐴𝐵 .
The coordinates of MMAV’s c. m. in the ground frame are
given by
𝛿𝐴𝐶 =

𝑛
1
(𝑚𝐵 𝛿𝐴𝐵 + ∑𝑚𝑖 𝛿𝐴𝑖 )
𝑚𝐶
𝑖=1
𝑛

= 𝛿𝐴𝐵 + ∑𝜇𝑖 𝐿 𝐴1 𝛿1𝑖

(1)

𝑖=1

𝑛

= 𝛿𝐴𝐵 + 𝐿 𝐴1 ∑𝜇𝑖 𝛿1𝑖 .
𝑖=1

After derivation, the translational equation of the MMAV
in the ground frame can be presented below:
̇ = 𝑅 + 𝑔 − ((𝜔1 )×∗ + (𝜔1 )×2 )
𝑉𝐴𝐵
𝐴
𝐴
𝑚𝐶
𝑛

× 𝐿 𝐴1 ∑𝜇𝑖 𝛿1𝑖 − 2(𝜔1 )×𝐴 𝐿 𝐴1

(2)

𝑖=1

𝑛

𝑛

𝑖=1

𝑖=1

× ∑𝜇𝑖 𝛿1𝑖̇ − 𝐿 𝐴1 ∑𝜇𝑖 𝛿1𝑖̈.
Then, the translational equation of the MMAV in the
body fixed frame is as follows:
̇ + (𝜔1 )× 𝑉1𝐵 = 𝑅1 + 𝑔1
𝑉1𝐵
1
𝑚𝐶
×∗

𝑛

×2

− ((𝜔1 )1 + (𝜔1 )1 ) ∑𝜇𝑖 𝛿1𝑖
𝑖=1

𝑛

𝑛

𝑖=1

𝑖=1

(3)

− 2(𝜔1 )×1 ∑𝜇𝑖 𝛿1𝑖̇ − ∑𝜇𝑖 𝛿1𝑖̈,
where 𝐿 𝐴1 is the transformation matrix from the body fixed
frame to the ground frame and (𝜔1 )×𝐴 is the antisymmetric
matrix of the angular velocity of the MMAV in the ground
frame. (𝜔1 )×1 is the antisymmetric matrix of the angular
velocity of the MMAV in the body fixed frame.

Mathematical Problems in Engineering

3
between radial moving mass 𝐴 3 and MMAV is 𝐹13 . Equation
(4) can be presented below:

A2 A3

A1

̇ + (𝜔1 )× 𝑉1𝐵
𝐹11 = 𝑚1 [𝑉1𝐵
1

Figure 1: . MMAV with three moving masses.

×∗

×2

+ ((𝜔1 )1 + (𝜔1 )1 ) 𝛿11
Correspondingly, the force equation of the 𝑖th moving
mass in the body fixed frame is given by
×∗

× ̇
̈ − 𝑔 ],
+2(𝜔1 )1 𝛿11
+ 𝛿11
1

̇ + (𝜔1 )× 𝑉1𝐵
𝐹12 = 𝑚1 [𝑉1𝐵
1

×2

𝐹1𝑖 = 𝜇𝑖 𝑅1 + 𝑚𝑖 [((𝜔1 )1 + (𝜔1 )1 ) 𝛿1𝑖
×
+2(𝜔1 )1 𝛿1𝑖̇ + 𝛿1𝑖̈]
×∗

×∗

×

(4)
× ∑𝜇𝑖 𝛿1𝑖 +
𝑖=1

̇ + (𝜔1 )× 𝑉1𝐵
𝐹13 = 𝑚3 [𝑉1𝐵
1

×
2(𝜔1 )1

𝑛

𝑛

𝑖=1

𝑖=1

×∗

× ̇
̈ − 𝑔 ].
+2(𝜔1 )1 𝛿13
+ 𝛿13
1

According to D’lembert principle, the rotational equation
in body coordinates is obtained as follows:
𝑑𝐻1
𝑑𝐻
+ (𝜔1 )×1 𝐻1 + 𝑀1𝐹 = 𝑀1𝑅 ,
) + 𝑀1𝐹 =
𝑑𝑡 1
𝑑𝑡

×2

+ ((𝜔1 )1 + (𝜔1 )1 ) 𝛿13

× ∑𝜇𝑖 𝛿1𝑖̇ + ∑𝜇𝑖 𝛿1𝑖̈] .

(

(6)

̇ + 𝛿̈ − 𝑔 ] ,
+2(𝜔1 )1 𝛿12
12
1

×2

− 𝑚𝑖 [ ((𝜔1 )1 + (𝜔1 )1 )
𝑛

×2

+ ((𝜔1 )1 + (𝜔1 )1 ) 𝛿12

(5)

where 𝑀1𝐹 = − ∑𝑛𝑖=1 𝑆1𝑖 𝐹1𝑖 , 𝑆1𝑖 is the antisymmetric matrix of
the 𝑖th moving mass in the body fixed frame representing the
position coordinates 𝛿1𝑖 .
2.2. The Dynamics Model of the MMAV with Three Moving
Masses. The structure diagram of the MMAV with three
moving masses is shown in Figure 1. To quickly adjust the
flying attitude and decrease coupling, one mass is fixed at 𝑥axis in the body fixed frame. Other two masses are fixed at 𝑦axis and 𝑧-axis in radial direction through the MMAV’s axis.
The mass of the MMAV’s shell is 𝑚𝐵 . The mass of axial
moving mass 𝐴 1 is 𝑚1 , and the coordinate in the body fixed
frame is 𝛿11 . The mass of radial moving mass 𝐴 2 is 𝑚2 , and the
coordinate in the body fixed frame is 𝛿12 . The mass of radial
moving mass 𝐴 3 is 𝑚3 , and the coordinate in the body fixed
frame is 𝛿13 . So, the total mass is 𝑚𝐶 = 𝑚𝐵 + 𝑚1 + 𝑚2 + 𝑚3 ,
and the mass ratios are 𝜇1 = 𝑚1 /𝑚𝐶, 𝜇2 = 𝑚2 /𝑚𝐶, and 𝜇3 =
𝑚3 /𝑚𝐶, respectively.
This section derives the equations of motion fully
accounted for the dynamic coupling between the four bodies.
The moving masses are allowed to translate with respect to the
MMAV’s shell but are not allowed to rotate with respect to the
MMAV’s shell. Both the MMAV and the moving masses are
assumed to be rigid bodies.
In the body fixed frame, the interaction between axial
moving mass 𝐴 1 and MMAV is 𝐹11 , the interaction between
radial moving mass 𝐴 2 and MMAV is 𝐹12 , and the interaction

The vector translational dynamics of MMAV can be
obtained by (3) as follows:
̇ + (𝜔1 )× 𝑉1𝐵 + (𝜔1 )×∗ (𝜇1 𝛿11 + 𝜇2 𝛿12 + 𝜇3 𝛿13 )
𝑉1𝐵
1
1
=

𝑅1
×2
+ 𝑔1 − [(𝜔1 )1 (𝜇1 𝛿11 + 𝜇2 𝛿12 + 𝜇3 𝛿13 )
𝑚𝐶
+

×
2(𝜔1 )1

(7)

̇ + 𝜇 𝛿̇ + 𝜇 𝛿̇ )
(𝜇1 𝛿11
2 12
3 13

̈ + 𝜇 𝛿̈ + 𝜇 𝛿̈ )] .
+ (𝜇1 𝛿11
2 12
3 13
The rotational dynamics of MMAV obtained by (5) are
given by
𝑇
𝑇
[𝐽1 + (1 − 𝜇1 ) 𝑚1 𝑆11
𝑆11 + (1 − 𝜇2 ) 𝑚2 𝑆12
𝑆12
𝑇
𝑇
+ (1 − 𝜇3 ) 𝑚3 𝑆13
𝑆13 − 𝜇2 𝑚1 𝑆11 𝑆12
𝑇
𝑇
𝑇
− 𝜇3 𝑚1 𝑆11 𝑆13
− 𝜇1 𝑚2 𝑆12 𝑆11
− 𝜇3 𝑚2 𝑆12 𝑆13
𝑇
𝑇
−𝜇1 𝑚3 𝑆13 𝑆11
− 𝜇2 𝑚3 𝑆13 𝑆12
] (𝜔1 )∗1

= 𝑀1𝑅 − (𝜇1 𝑆11 + 𝜇2 𝑆12 + 𝜇3 𝑆13 ) 𝑅1
− (𝜔1 )×1 𝐽1 (𝜔1 )1
+ [𝜇1 𝑚2 𝑆12 + 𝜇1 𝑚3 𝑆13 − (1 − 𝜇1 ) 𝑚1 𝑆11 ]
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× ̇
̈
× ((𝜔1 )×2
1 𝛿11 + 2(𝜔1 )1 𝛿11 + 𝛿11 )

Furthermore the choice from 𝑐1 to 𝑐6 should meet the
following conditions:

+ [𝜇2 𝑚1 𝑆11 + 𝜇2 𝑚3 𝑆13 − (1 − 𝜇2 ) 𝑚2 𝑆12 ]
×

((𝜔1 )×2
1 𝛿12

+

× ̇
2(𝜔1 )1 𝛿12

𝜆2 + 𝑐1 𝜆 + 𝑐2 = (𝜆 + 𝜆 1 ) (𝜆 + 𝜆 2 )

+ 𝛿̈ )
12

𝜆2 + 𝑐3 𝜆 + 𝑐4 = (𝜆 + 𝜆 3 ) (𝜆 + 𝜆 4 )

+ [𝜇3 𝑚1 𝑆11 + 𝜇3 𝑚2 𝑆12 − (1 − 𝜇3 ) 𝑚3 𝑆13 ]

𝜆2 + 𝑐5 𝜆 + 𝑐6 = (𝜆 + 𝜆 5 ) (𝜆 + 𝜆 6 ) ,

×

̇
̈
× ((𝜔1 )×2
1 𝛿13 + 2(𝜔1 )1 𝛿13 + 𝛿13 ) ,
(8)
where the antisymmetric matrixes of position coordinates of
the three moving masses in the body fixed frame are 𝑆11 , 𝑆12 ,
and 𝑆13 , respectively.
Furthermore, the equations of motion of MMAV system
also include some relative movement functions and nonlinear
aerodynamic functions. The equations of motion clearly
indicate that the MMCS is a complex nonlinear system which
has the variable coefficients and large disturbances caused by
the accelerations and velocities of masses.

3. Nonlinear Predictive Control and
Robustness Analysis
3.1. Nonlinear Predictive Control. Consider the following
MMAV nonlinear system [29]:
𝑥̇= 𝑓 (𝑥) + 𝑔 (𝑥) 𝑢

(9)

𝑦 = ℎ (𝑥) ,

where 𝜆 𝑖 > 0, 𝑖 = 1, 2, 3, 4, 5, 6.
Derivation of function 𝑆(𝑥) is
𝑆 ̇(𝑥) = 𝐴 (𝑥) + 𝐷 (𝑥) 𝑢.

𝐽 (𝑢) =

1 𝑇
[𝑆 (𝑡 + ℎ) 𝑄𝑆 (𝑡 + ℎ) + 𝑢𝑇 (𝑡) 𝑅𝑢 (𝑡)] .
2

𝑇

𝑇

(10)

Generally, 𝑦1𝑟 (𝑡), 𝑦2𝑟 (𝑡), and 𝑦3𝑟 (𝑡) are chosen to be step
signal.
Then the output tracking errors of the system are
𝑦1 − 𝑦1𝑟 (𝑡)
𝑒1
[𝑒2 ] = [𝑦2 − 𝑦2𝑟 (𝑡)] .
[𝑒3 ] [𝑦3 − 𝑦3𝑟 (𝑡)]

(11)

According to the mathematical model forms of MMAV,
select function 𝑆(𝑥) is as follows:
𝑒1̇ + 𝑐1 𝑒1 + 𝑐2 𝑥𝑆1
𝑆 (𝑥) = [𝑒2̇ + 𝑐3 𝑒2 + 𝑐4 𝑥𝑆2 ] ,
[𝑒3̇ + 𝑐5 𝑒3 + 𝑐6 𝑥𝑆3 ]

(12)

̇ = 𝑒1 , 𝑥𝑆2
̇ = 𝑒2 , and 𝑥𝑆3
̇ = 𝑒3 .
where 𝑥𝑆1
So, 𝑆(𝑥) can be as the linear combination of the output
tracking error, its differential term, and its integral term.

(15)

𝑄 is a positive definite symmetric matrix, 𝑅 is a positive
semidefinite symmetric matrix, ℎ is a small positive number,
and 𝑆(𝑡 + ℎ) is the predictive value of 𝑆 at time 𝑡 + ℎ. 𝑆(𝑡 + ℎ)
is expanded approximately at 𝑡 according to the first-order
Taylor’s series:
𝑆 (𝑡 + ℎ) ≈ 𝑆 (𝑡) + ℎ𝑆 ̇(𝑡) = 𝑆 (𝑡) + ℎ (𝐴 + 𝐷𝑢) .

(16)

In order to make 𝐽(𝑢) least, set 𝜕𝐽/𝜕𝑢 = 0 in (15). The
control law is obtained below:
−1

=
where
[𝜔𝑥1 𝜔𝑦1 𝜔𝑧1 𝛾 𝑛𝑦 𝑛𝑧 ]
𝑇
[𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 ] is the state variable, 𝑢
=
𝑇
𝑇
3
𝛿
𝛿
𝛿
𝑥
𝑥
[ 𝑥 𝑦 𝑧 ] ∈ 𝑅 is the control input, and 𝑦 = [𝑥4 5 6 ]
is the output to be controlled by the control input 𝑢.
Reference output signals of the system are

(14)

In order to obtain the predictive control law, the quadratic
objective function is chosen as follows:

𝑢 = −ℎ(𝑅 + ℎ2 𝐷𝑇 𝑄𝐷) 𝐷𝑇 𝑄 (𝑆 + ℎ𝐴) ,

𝑦𝑟 (𝑡) = [𝑦1𝑟 (𝑡) 𝑦2𝑟 (𝑡) 𝑦3𝑟 (𝑡)] .

(13)

(17)

when 𝑅 = 0, and 𝐷−1 exist, substitute formula (17) into
formula (16) and obtain formula (18) below:
𝑆 ̇(𝑥) +

𝑆 (𝑥)
= 0.
ℎ

(18)

Obviously, when 𝑡 → ∞, 𝑆(𝑥) tends to zero. When 𝑅 ≠
0
and 𝐷−1 exist, 𝑆(𝑥) also tends to be boundary by simulation.
Because 𝑆(𝑥) includes integral term of tracking error, the
output tracking error tends to zero inevitably.
3.2. Robustness Analysis of the System. Consider the uncertain nonlinear system
𝑥̇= 𝑓̂ (𝑥) + Δ𝑓 (𝑥) + [𝑔̂ (𝑥) + Δ𝑔 (𝑥)] 𝑢
𝑦 = ℎ (𝑥) ,

(19)

̂ and 𝑔(𝑥)
̂ are the parts of the nominal system and
where 𝑓(𝑥)
Δ𝑓(𝑥) and Δ𝑔(𝑥) are the uncertainty parts of the system.
̂ and 𝑔(𝑥)
̂ are the known bounded conSuppose that 𝑓(𝑥)
tinuous functions and Δ𝑓(𝑥) and Δ𝑔(𝑥) satisfy the following
conditions:

 

Δ𝑓 (𝑥) < 𝑓̂ (𝑥)
(20)
 


Δ𝑔 (𝑥) < 𝑔̂ (𝑥) .
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Figure 2: Schematic plot on the generation of nodes and routes.

Then, each term in (17) can be written as the following
form:
̂ (𝑥) + Δ𝐴 (𝑥)
𝐴 (𝑥) = 𝐴
̂ (𝑥) + Δ𝐷 (𝑥)
𝐷 (𝑥) = 𝐷

(21)

𝑆 (𝑥) = 𝑆̂ (𝑥) + Δ𝑆 (𝑥) ,

4. Ant Colony Genetic Algorithm

̂
̂
̂
where 𝐴(𝑥),
𝐷(𝑥),
and 𝑆(𝑥)
correspond to the known
nominal system and Δ𝐴(𝑥), Δ𝐷(𝑥), and Δ𝑆(𝑥) correspond to
the uncertain parts of system.
Firstly, consider the situation is 𝑅 = 0. According to the
parameter of nominal system by formula (17), the control law
is obtained by
̂−1 (𝑆̂ + ℎ𝐴)
̂ .
𝑢 = −ℎ−1 𝐷

(22)

Substitute formula (21) and formula (22) into formula
(14):
̂−1 ) 𝑆
𝑆 ̇= −ℎ−1 (1 + Δ𝐷𝐷
̂−1 ) Δ𝑆 + Δ𝐴
− ℎ−1 (1 + Δ𝐷𝐷

(23)

̂−1 ) (𝑆 − Δ𝑆) + Δ𝐴.
= −ℎ−1 (1 + Δ𝐷𝐷
̂ −1 ‖ < 1 and ‖Δ𝑆‖ < ‖𝑆‖, 𝑆 also is
Because of ‖ΔDD
boundary which should be known.
Set 𝑆(𝑥) as input and e as output. The transfer functions
are obtained by (12):
𝑠
+ 𝑐1 𝑠 + 𝑐2 ]
]
[
𝑠
]
[
].
[
𝐺 (𝑠) = [ 2
]
[ 𝑠 + 𝑐3 𝑠 + 𝑐4 ]
]
[
𝑠
2
[ 𝑠 + 𝑐5 𝑠 + 𝑐6 ]

Because 𝑆(𝑥) includes the integral term of 𝑒, 𝑒(∞) should
tend to zero ultimately.
To sum up, when 𝑅 is equal to 0, the system has strong
robustness. Similarly, when 𝑅 ≠
0, the system still has strong
robustness by analysis above.

[ 𝑠2

(24)

From formula (24), 𝐺(𝑠) is strict stability convergence,
𝑆(𝑥) is boundary input, and 𝑒 is boundary output inevitably.

4.1. Optimization Principle of Ant Colony Algorithm. When
ants in the nature seek foods or meet obstacles, they always
can find one optimal route from their nests to food source or
round the obstacles. The reason is that the ants can release one
special secretion called pheromone on the roads which they
pass through (pheromone, this material can volatilize gradually along with time); then the following ants may choose
next route according to the pheromone which the fore ants
leaved. The pheromone in one route is higher, and the number
of times which should be selected is more. That is, the performance of this route will be superior, and the probability that
the following ants choose this route will be larger. So, a positive feedback process of learning information is established
by this way. At last, the optimal solution can be obtained [30–
32]. The ant colony algorithm is based on this principle.
For formula (13), when control system is designed by
nonlinear predictive control, the parameters to be optimized
are 𝑐𝑖 > 0, 𝑖 = 1, 2, 3, 4, 5, 6. In the generality, set 𝑐1 = 𝑐3 = 𝑐5
and 𝑐2 = 𝑐4 = 𝑐6 . So, only 𝑐1 and 𝑐2 need to be optimized.
4.2. Generation of Nodes and Routes. By the inspiration of
[33], the two parameters to be optimized are expressed in
a plane for using the ant colony algorithm expediently. The
graph is shown in Figure 2.
𝐿 1 ∼𝐿 5 and 𝐿 6 ∼𝐿 9 express 𝑐1 and 𝑐2 , respectively. According to the test results in [7], the initial value 𝑐1 is 200.00
and the initial value 𝑐2 is 10.00. 𝑐1 and 𝑐2 are calculated,
respectively, by the formulas below:
𝑐1 = 𝑦1,𝑗 × 102 + 𝑦2,𝑗 × 101 + 𝑦3,𝑗
× 100 + 𝑦4,𝑗 × 10−1 + 𝑦5,𝑗 × 10−2

(25)
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𝑐2 = 𝑦6,𝑗 × 101 + 𝑦7,𝑗 × 100

(26)

+ 𝑦8,𝑗 × 10−1 + 𝑦9,𝑗 × 10−2 .

Take the fold line in Figure 2 as example. The expressed
parameters are 𝑐1 = 218.54 and 𝑐2 = 15.62.
4.3. Establishment of the Objective Function. When the objective function is established, the dynamic performances of the
system on establishing overload instructions should be made
as basis according to system requests for design, which mainly
consider system overshoot, the rise time, and the settling
time. The objective function is defined as follows:
𝐹 = 𝜆𝛿 (

𝑡
𝑡
𝛿
) + 𝜆 𝑡𝑟 ( 𝑟 ) + 𝜆 𝑡𝑠 ( 𝑠 ) ,
𝛿0
𝑡𝑟0
𝑡𝑠0

(27)

where 𝛿0 , 𝑡𝑟0 , and 𝑡𝑠0 are the overshoot, the rise time, and
the settling time which guidance control system requested.
𝜆 𝛿 , 𝜆 𝑡𝑟 , and 𝜆 𝑡𝑠 are the weight coefficients, respectively. Their
values are 0.4, 0.2, and 0.4.
4.4. The Choice of the Route Nodes. Suppose that it takes each
ant the equal time to crawl from any node on line 𝐿 𝑖 to the
next any node on line 𝐿 𝑖+1 and has nothing to do with the
distance between the nodes. Therefore, if all ants start from
the origin of coordinates, they will simultaneously arrive at
each line 𝐿 𝑖 (𝑖 = 1∼9). Finally, they will also simultaneously
arrive at their end points on the line 𝐿 9 . Then, one circulation
is completed. Define 𝜏(𝑥𝑖 , 𝑦𝑖,𝑗 , 𝑡) to express the remaining
pheromone on node (𝑥𝑖 , 𝑦𝑖,𝑗 ) at 𝑡. The pheromone is equal on
each node in the initial time. In order to make the algorithm
search more feasible solutions in the preliminary stage,
𝜏(𝑥𝑖 , 𝑦𝑖,𝑗 ) = 𝜏max and Δ𝜏(𝑥𝑖 , 𝑦𝑖,𝑗 , 0) = 0 are set at initialization.
Suppose that 𝑃𝑘 (𝑥𝑖 , 𝑦𝑖,𝑗 , 𝑡) expresses the probability in which
the ant 𝑘 crawls from any node on 𝐿 𝑖−1 to node (𝑥𝑖 , 𝑦𝑖,𝑗 ) at 𝑡;
then
𝑃𝑘 (𝑥𝑖 , 𝑦𝑖,𝑗 , 𝑡) =

𝜏𝛼 (𝑥𝑖 , 𝑦𝑖,𝑗 , 𝑡) 𝜂𝛽 (𝑥𝑖 , 𝑦𝑖,𝑗 , 𝑡)
∑9𝑗=0 𝜏𝛼 (𝑥𝑖 , 𝑦𝑖,𝑗 , 𝑡) 𝜂𝛽 (𝑥𝑖 , 𝑦𝑖,𝑗 , 𝑡)

,

(28)

in which 𝜂(𝑥𝑖 , 𝑦𝑖,𝑗 , 𝑡) is the visibility on node (𝑥𝑖 , 𝑦𝑖,𝑗 ),

∗ 
10 − 𝑦𝑖,𝑗 − 𝑦𝑖,𝑗

(𝑥𝑖 , 𝑦𝑖,𝑗 , 𝑡) =
,
10

(29)

∗
is obtained as the following method. In
where the value 𝑦𝑖,𝑗
∗
the first circulation of ant colony algorithm, 𝑦𝑖,𝑗
is given by
the 𝑦-coordinate value of each node which 𝑐1 and 𝑐2 map
∗
is given by the 𝑦in Figure 2. In each circulation later, 𝑦𝑖,𝑗
coordinate value of each node in which 𝑐1 and 𝑐2 correspond
to the optimal route produced in the previous circulation
(the optimal performances in previous circulation) map in
Figure 2.

4.5. Renewal and Limitation of the Pheromone. Suppose that
𝑡 = 0 at initial time; all ants are located at the origin of
coordinates 𝑂. After 9 units of time, all ants crawl from the

initial point to the end point. The pheromone in the route may
be adjusted by the following formula:
𝜏 (𝑥𝑖 , 𝑦𝑖,𝑗 , 𝑡 + 9) = 𝜌 (𝑥𝑖 , 𝑦𝑖,𝑗 , 𝑡) + Δ𝜏 (𝑥𝑖 , 𝑦𝑖,𝑗 ) .

(30)

For using more optimal solution information during
the running period of algorithm, the renewal and limitary
mechanism of the pheromone can use the maximal minimal
ant system (MMAS), in which only the one optimal ant
can increase pheromone after each iterative. And there is
𝜏(𝑥𝑖 , 𝑦𝑖,𝑗 ) ∈ [𝜏min , 𝜏max ]:
best
=
Δ𝜏(𝑥
𝑖 ,𝑦𝑖,𝑗 )

𝑞
𝐹best (𝑡)

.

(31)

𝐹best (𝑡) represents the optimal objective function value in this
circulation. It can be calculated by (27).
4.6. The Steps of Optimizing MMCS Parameter Using ACGA.
The hybridization of AC and GA has been studied in
many works. The methods have been successfully applied
to diverse combinatorial optimization problems including
traveling salesman, quadratic assignment, vehicle routing,
telecommunication networks, image processing, constraint
satisfaction, and scheduling. Recently, researchers have been
dealing with the relation of ACGA to the fields of optimal
control and reinforcement learning, in which, with the merits
of GA, this method has the global search ability, latent parallel
computing, and simple computation process and can solve
the contradiction of the optimal solution and the searching
space. It also can overcome the contradiction of searching
space and time performance, in contrast with easing to
converge to nonglobal optimal solution and computing time
too long when using AC to solute optimization question.
So, the control parameters optimization method of MMAV
is proposed based on ACGA. The goals are to meet the
demands of time-response specifications and improve the
robustness for MMCS. Several studies have suggested that
MMCS appears to offer the greater design and cost advantages in flight vehicles control. We present the mathematical
modeling process of MMAV and describe the method of
nonlinear predictive control for MMCS. But it is very difficult
to design the MMCS because there are many parameters to
adjust manually. In this paper, a new method is proposed
using ACGA, by which automatic parameter optimization
can be realized instead of manually adjusting.
When the MMCS parameters are optimized by the ant
colony algorithm, the variation operation of GA can be used
for the second optimization of the obtained result [19, 34].
That is, to avoid to fall into partial optimal by using ant
colony algorithm to obtain a group partial solution that
makes the objective function expressed by formula (27) is
minimal. Then, the coding is carried on (the binary system
is used in this paper), and the variation of certain digits is
caused stochastically. If the variation solution surpasses the
original solution in genetic and variation process, then the
variation solution is retained. Otherwise, the original solution
is used. After this variation, seeking in the partial minimal
region can be jumped out, and the quality of solutions can be
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Figure 3: State response of MMAV using NPC based on GA optimization.

enhanced; the convergence velocity of the optimal solution is
speeded up. So, ACGA can realize the highly effective, fast,
and complete seeking to the search space.
The basic steps to optimize MMCS parameters with
ACGA are described as follows:
Step 1. Initialize the MMCS parameters and the correlation
ACGA parameters. The initial values of 𝑐1 and 𝑐2 can be seen
above.
Step 2. Set ant number as 𝑚. Define the one-dimensional
array Routek including 9 elements for each ant. The
𝑦- coordinate values of 9 nodes which the ant will pass
through are saved in this array, that is, the route of the ant
crawling.
Step 3. Make time counter 𝑡 = 0 and cycle number 𝑁𝑐 = 0.
Define the biggest cycle number and the pheromone values
on each node at initial time; set Δ𝜏(𝑥𝑖 , 𝑦𝑖,𝑗 ) = 0. Put all the
ants at the initial station 𝑂.

node. Simultaneously, the 𝑦-coordinate value of this node is
saved in 𝑖th element of Routek.
Step 6. Set 𝑖 = 𝑖+1. If there is 𝑖 ≤ 9, jump to Step 4. Otherwise,
jump to Step 7.
Step 7. 𝑐1𝑘 and 𝑐2𝑘 corresponding to this route are calculated
by formula (25) and formula (26) according to Routek, that
is, the routes passed by the ants. The dynamic performances
𝛿𝑘 , 𝑡𝑟𝑘 , and 𝑡𝑠𝑘 can be calculated by carrying on computer
simulation applying these parameters to the MMCS system
of MMAV. Then, the objective function 𝐹𝑘 corresponding to
the ant 𝑘 is calculated by formula (27), and 𝐹best (𝑡) is obtained.
The optimal solution is saved in this circulation. The MMCS
parameters corresponding to these also are saved into 𝑐1∗ and
𝑐2∗ . Then, the second optimization is carried on by GA. The
optimal solution from the original solution and the mutation
solution is chosen.

Step 4. Set 𝑖 = 1.

Step 8. Set 𝑡 ← 𝑡 + 9 and 𝑁𝑐 ← 𝑁𝑐 + 1. According to
formula (30) and formula (31), the pheromones on each node
are renewed, and Routek is reset to zero.

Step 5. Compute the transfer probabilities that the ant moves
to each node on the line 𝐿 𝑖 by formula (28). According to
these probabilities, a node for each ant on the line 𝐿 𝑖 is chosen
by roulette principle, and the ant also will be moved to this

Step 9. If 𝑁𝑐 < 𝑁𝑐 max and the whole ant colony is not
convergent to one route, all ants will be put at the initial
station 𝑂 again, and then jump to Step 4. If 𝑁𝑐 < 𝑁𝑐 max ,
but the whole ant colony converges to one same route, the
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Figure 4: State response of MMAV using NPC based on ACGA optimization.

algorithm will be ended and the corresponding optimized
MMCS parameters 𝑐1∗ and 𝑐2∗ are achieved.

5. Simulation Result and Discussion
Because the control performances of MMAV need to be realized through an axial moving mass and two-radial-movingmass to and fro movement on the guide rail, the control
effects of the system directly are affected by the characteristics
of servo system. So, in the design of MMCS, the dynamic
characteristics of servo system have to be considered.
Considering the band width of the measure elements
for system (accelerometer and rate gyro) is relatively large,
the simplification model of the servo system is obtained by
repeated test:
𝐺𝑅 (𝑠) =

1
,
𝑇𝑅2 𝑠2 + 2𝜁𝑅 𝑇𝑅 𝑠 + 1

(32)

where 𝑇𝑅 = 0.01 and 𝜁𝑅 = 0.8 to the axial moving mass, 𝑇𝑅 =
0.005 and 𝜁𝑅 = 0.8 to the radial moving mass. Simultaneously,
the saturated constraints of the displacements should be
considered for the whole design assigns when the system is
tested.
According to the ant colony genetic algorithm proposed
in this paper to carry on parameter optimization, the final
parameters of MMAV in nonlinear predictive control system
are shown in Figure 2. Simultaneously, 6DOF mathematical

simulation of MMAV was carried on. The signals 𝑦𝑖𝑟̇ and
𝑦𝑖𝑟̈ (𝑖 = 1, 2, 3) in the flight control system are obtained by
the second-order filter. The simulation results in which the
aerodynamic parameters have 50% uncertainty are shown
at length of article limited and the system design results in
nominal state as the foundation. The simulation graphs are
shown in Figures 3 and 4, which are state responses of MMAV
using NPC with the original GA and ACGA, respectively.
The time response and system stability of ACGA are better
than those of the original GA. The simulation curves of the
normal overload and each control of MMAV are only shown
in this paper (because the radial moving mass is symmetry,
the displacement curves of 𝑜𝑦1 axis and 𝑜𝑧1 axis for the
moving mass are the same). (Only the displacement curve of
𝑜𝑦1 axis for the moving mass is given). From the graphs, the
displacement of the axial moving mass is limited in the scope
±0.16 m, and the displacements of the two radial moving
masses are limited in the scope ±0.08 m. That flight control
of MMAV may be realized by only very short displacement
of the moving mass. The dynamic performances of control
system for MMAV still satisfy the design requests although
aerodynamic parameters have been changed 50% with their
nominal values.
As shown in simulation results, the nonlinear predictive
control is proposed to design MMCS, in which controller
parameters are optimized with the original GA and ACGA.
The simulation results show that MMCS with ACGA has
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better dynamic behavior and strong robustness than that with
the original GA. This approach can improve the robustness
of MMCS and make it work effectively. The theoretical
analysis and the simulation results of the flight control system
for MMAV show that the strategy of the NPC parameter
optimization based on the ant colony genetic algorithm
proposed in this paper is effective and feasible. The algorithm
of the flight control system for MMAV designed by using
NPC based on ACGA optimization is simple. Moreover,
the dynamic performances of the system satisfy the design
requests completely and also have strong robustness. Simultaneously, the time is saved. The optimization algorithm
proposed in this paper does not rely on the precise mathematical model of MMAV and makes processing question more
flexible, adaptable, and robust. This method can not only
improve the quality of control system design but also reduce
the design difficulty and may solve optimization problems of
the control system parameters which are designed by other
control methods. So, it has important reference value in the
control engineering domain.
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To achieve Human-Robot Interaction (HRI) by using gestures, a continuous gesture recognition approach based on Multilayer
Hidden Markov Models (MHMMs) is proposed, which consists of two parts. One part is gesture spotting and segment module,
the other part is continuous gesture recognition module. Firstly, a Kinect sensor is used to capture 3D acceleration and 3D angular
velocity data of hand gestures. And then, a Feed-forward Neural Networks (FNNs) and a threshold criterion are used for gesture
spotting and segment, respectively. Afterwards, the segmented gesture signals are respectively preprocessed and vector symbolized
by a sliding window and a K-means clustering method. Finally, symbolized data are sent into Lower Hidden Markov Models
(LHMMs) to identify individual gestures, and then, a Bayesian filter with sequential constraints among gestures in Upper Hidden
Markov Models (UHMMs) is used to correct recognition errors created in LHMMs. Five predefined gestures are used to interact
with a Kinect mobile robot in experiments. The experimental results show that the proposed method not only has good effectiveness
and accuracy, but also has favorable real-time performance.

1. Introduction
Human-Robot Interaction (HRI) is one of the hottest
research directions in robot field, and activity recognition is
one of the most important markers of HRI. As gesture recognition is a branch of activity recognition, methods used in
activity recognition are also suitable for gesture recognition.
Generally, depending on sensor types, gesture recognition
is divided into two control modes: motion sensor-based [1–
3] and vision-based [4, 5]. Both of them have their own
characteristics, where gesture recognitions based on motion
sensors are easy to capture the motion data of a body, but
most of them need to be fixed on human’s body, which may
make users feel uncomfortable. While vision-based gesture
recognition also has some disadvantages. For instance, illumination conditions and background scenery of an environment may cause the difficulty of recognition. Additionally, it
is difficult to obtain orientation information from a frame of
two-dimensional (2D) image.
According to different gesture recognition methods used
in HRI, they can be divided into four categories, which
include generative method, discriminative method, heuristic

analysis method and combinations of these methods [6].
Generative method uses generative models for randomly generating observed data, typically given some hidden parameters. It specifies a joint probability distribution over observation and label sequences [7]. Generative method attempts
to build a complete description of the input or data space,
usually with a probabilistic model. Hidden Markov Models
(HMMs) is one of the most popular generative methods,
which is a probabilistic model with a specific structure. Once
the model is established, it can be learned from data and used
to analyze the data. Discriminative method analyzes features
extracted from sensor data or segments without considering
sequential connections in the data. Common discriminative
methods include Neural Networks (NNs) [8], Conditional
Random Fields (CRFs) [9] and Support Vector Machines
(SVM) [10]. Heuristic analysis method is based on the
direct characteristic analysis and description of the data from
sensors [11]. However, each individual has different characteristics. Thus, this method is difficult to find a consistency way
for observation. Since generative method and discriminative
method are both machine learning algorithms, their parameters can be training by using different types of individual
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Figure 1: (a) Xtion Pro Live sensor, (b) Kinect sensor, and (c) Internal structure of Kinect sensor.

data. However, one drawback of generative approach is that
enough data must be available to learn the complete probabilistic representations that are required. Moreover, both of
these two types of methods have the problem of high-computational complexity. Currently, researchers have tried to integrate the advantages of different methods to address complex
activity recognition problems [12].
In recent years, a new type of RGB-Depth (RGB-D) sensor has appeared, which is not only able to extract RGB feature and depth information with position and direction, but
is also able to obtain three-dimensional (3D) acceleration and
3D angular velocity information of the body’s motion. Asus
Xtion Pro Live sensor and Microsoft Kinect sensor are two
types of famous RGB-D sensors [13], as shown in Figures 1(a)
and 1(b), respectively. The internal structure of a Kinect
sensor is shown in Figure 1(c). Since the advent of Kinect
sensor in November 2010, researchers have used it to do
extensive researches in the field of Human-Robot Interaction
(HRI). Giraldo et al. [14] proposed an approach based on
machine learning to identify predefined gestures based on
depth images obtained from a Kinect sensor. Additionally,
they also adopted a kernel-based learning method to discover
the relationship among gestures and samples, which can be
used to correctly describe gestures. Ren et al. [15] detected the
shape of a hand from color images and depth images obtained
from a Kinect sensor and then proposed a shape distance
metric method called Finger-Earth Mover’s Distance for dissimilarity measurement. Finally, they recognize predefined
gestures by template matching. Bauer et al. [16] proposed a
Human-Robot Interaction system. Firstly, a person makes a
predefined gesture, and then a robot try to understand the
action and respond accordingly in realtime.
To overcome the shortcomings of large computation and
poor real-time performance, a continuous gesture recognition method is proposed for HRI. The rest of the paper
is organized as follows: Section 2 describes a Feed-forward

Neural Networks (FNNs) for gesture spotting and the proposed Multilayer Hidden Markov Models (MHMMs) for
continuous gesture recognition. And then gives the proposed continuous hand gesture recognition procedure, which
contains hand spotting and gesture recognition based on
FNNs and MHMMs. The experimental results are shown in
Section 3. Finally, Section 4 shows the summary and then the
acknowledgments.

2. Mhmms-Based Continuous Gesture
Recognition
In this paper, the proposed gesture recognition algorithm
consists of two parts: the gesture spotting and segment
module and the continuous gesture recognition module. An
important problem in gesture recognition is how to distinguish gestures and nongestures, which is called gesture spotting problem, namely, how to detect a start point and an
end point of a gesture [17]. Firstly, a Feed-Forward Neural
Networks (FNNs) is used to detect gestures in an action
signal, and then a threshold criterion is used to segment gestures from the signal. Finally, MHMMs is used to recognize
segmented continuous gestures.
FNNs are firstly used to distinguish whether a particular
action is a gesture. When the FNNs determine a certain action
is a gesture, then the output is 1, otherwise the output is 0. Features can be well combined together in FNNs for classification
of gestures and nongestures. Additionally, through training,
the weights and deviations of FNNs can be optimized. Two
counters are used to detect a start point and an end point of
a gesture in accordance to a preset threshold value. When the
end point of a gesture is detected, the spotting and segment
module will trigger the recognition module. As MHMMs
is a probabilistic model which has a high computational
complexity, FNNs-based segment module will be used as a
switch to control data flows, thus computation time can be
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saved and the real-time performance of the whole algorithm
can be approved. Sequential constraints among gestures will
be modeled by MHMMs in recognition module. Forward
propagation program in the Bayesian filtering will be used to
produce a posterior gesture decision and update the recognition result. In this paper, the flow chart of MHMMs-based
continuous gesture recognition method is shown in Figure 2.
2.1. Gesture Spotting and Segment. In this paper, a Feedforward Neural Networks (FNNs) is designed to discover
gesture data from signals [18]. The structure of a threelayer FNNs module is shown in Figure 3. The number of
input nodes is 𝑛, the input variable of the input layer is:
𝑌 = (𝑦1 , 𝑦2 , . . . , 𝑦𝑛 )𝑇 , which indicates an original input signal
of actions; the output vector of hidden layer is 𝑎𝑖2 =
𝑇

2
(𝑎12 , 𝑎22 , . . . , 𝑎𝑚
) ; the output vector of output layer is 𝑎𝑖3 =
𝑇

3
(𝑎13 , 𝑎23 , . . . , 𝑎𝑚
) , which means a gesture spotting result; the
weight matrix from the input layer to the hidden layer is 𝑊𝑖1 =
(𝑊11 , 𝑊21 , . . . , 𝑊𝑚1 ); the weight matrix from the hidden layer
to the output layer is 𝑊𝑖2 = (𝑊12 , 𝑊22 , . . . , 𝑊𝑚2 ); and Sigmoid
−1
function 𝑓(𝑥) = (1 + 𝑒−𝑥 ) is used as an excitation function.
A 3D acceleration 𝛼𝑖 = [𝛼𝑥 , 𝛼𝑦 , 𝛼𝑧 ]𝑇 is one kind of data
extracted by RGB-D sensor, which is trained by FNNs. Let 𝑎𝑖3
be the output of FNNs:

𝑎𝑖3 = hard lim (𝑓2 (𝑊2 𝑓1 (𝑊1 𝜇𝑖 + 𝑏1 ) + 𝑏2 ) − 0.5) ,

(1)

where 𝑊1 , 𝑊2 , 𝑏1 , and 𝑏2 are parameters of FNNs.
Both of the network functions 𝑓1 and 𝑓2 are log-sigmoid
functions; function hard lim is a hard limiting function.
Therefore, parameters of FNNs can be trained by a backpropagation method. In the output layer, set 𝑊3 = 1 and 𝑏3 =
0 in order to produce a discrete output. The output of FNNs
is a binary number (1 or 0), which, respectively, represents a
gesture or a nongesture. The first layer and the second layer
constitute a two-layer feed-forward network which can be
obtained optimized parameters through training. And then,
weights and deviations are fixed in the output layer in order
to produce a discrete output.
Moreover, through training the neural networks, weights
and deviations of the FNNs can be optimized. Two digital
counters are used for continuous recording of the output
of FNNs. When both of them exceed a preset threshold
value, the start point and the end point of a gesture can be
detected, thereby erroneous classification of the FNNs can
be prevented. When an end point of a gesture is inspected,
the spotting and segment module will trigger the recognition
module.
2.2. Multilayer Hidden Markov Models. In our daily life,
people usually use some gestures to command pets. And these
gestures are corresponded to some reasonable modes which
reflect sequential restrictions among continuous gestures.
Therefore, these restrictions can be used to improve the
accuracy of gesture recognition. According to this inspiration, this paper proposed a continuous gesture recognition
algorithm based on MHMMs which is a statistical model

derived from HMMs. HMMs is a famous statistical model
for continuous data recognition, which has been widely
used in speech recognition, handwriting recognition, and
pattern recognition [19]. It is characterized by a set of
parameters 𝜆 = (A, B, 𝜋), where A, B and 𝜋 are a state
transition probability distribution, a probability distribution
of observation symbols in each state and an initial state
distribution, respectively. In this paper, a forward-backward
algorithm is used to estimate a series of likelihood values of
observation P(O | 𝜆) when given a specific HMMs [20]. For
a given observation sequence O in the test mode, a Viterbi
algorithm is used to find the best state sequence Q [21]. An
Expectation Maximization (EM) method is used to train the
parameters of HMMs [22].
The proposed MHMMs are a kind of generalization for
a segmented model, where each segment has subsegments.
MHMMs are divided into two layers, where LHMMs are
used to identify individual gestures in the continuous gesture
signal, and a Bayesian filter with sequential constraints in
UHMMs is used to correct recognition errors created in
LHMMs. Figure 4 shows the basic idea of MHMMs. A time
sequence is layered into several segments, where 𝑆𝑖1 represents
the state sequence of UHMMs and 𝑆𝑖2 represents the state
sequence of LHMMs. 𝑆𝑖2 is the sub-HMMs of state sequence
𝑆𝑖1 . O2𝑖 means the decision of LHMMs.
2.2.1. Data Preprocessing. Before MHMMs are used to training and recognition gesture data segmented by FNNs, a
preprocessing step needs to be completed firstly, which
includes removing high-frequency noise and finding the
stroke duration of a gesture. Each raw data obtained by
a Kinect sensor is composed of a 6-component vector U:
a 3D acceleration [𝛼𝑥 , 𝛼𝑦 , 𝛼𝑧 ]𝑇 and a 3D angular velocity
[𝜔𝑥 , 𝜔𝑦 , 𝜔𝑧 ]𝑇 , where
𝑇

U = [𝛼𝑥 , 𝛼𝑦 , 𝛼𝑧 , 𝜔𝑥 , 𝜔𝑦 , 𝜔𝑧 ] .

(2)

When the robot computer receives a set of data, as the
original data contains high-frequency noise, which may affect
gesture recognition, a low pass filter with a cutoff frequency
of 5 Hz is used to remove the noise and meanwhile smooth
the data, and then a sliding window with the length of 100 ms
is used to calculate the average to remove the DC components
in the 3D acceleration in time domain and generate a vector
w = [𝑑𝑥 , 𝑑𝑦 , 𝑑𝑧 ]𝑇 . Additionally, a Fast Fourier Transform
(FFT) is applied to the deviation vector w in frequency
domain, and the maximum frequency among 𝑑𝑥 , 𝑑𝑦 , and 𝑑𝑧
is used as the fundamental frequency of a gesture. Finally, the
data point V composing of a 3D angular velocity vector, a 3D
acceleration vector, and a 3D deviation vector of acceleration
is fed into MHMMs for gesture recognition, where
𝑇

V = [𝛼𝑥 , 𝛼𝑦 , 𝛼𝑧 , 𝜔𝑥 , 𝜔𝑦 , 𝜔𝑧 , 𝑑𝑥 , 𝑑𝑦 , 𝑑𝑧 ] .

(3)

Then a K-means clustering method is used to train centroids in order to quantize vectors into observable symbols.
The process of symbolization converts feature vectors into a
finite number of symbols, which can be used in the discrete
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HMMs. Namely, the K-means clustering method is applied
on the vector V to get the partition value for each vector and
also a set of centroids for clustering the data into observable
symbols in the recognition phase. The K-means clustering
method clusters 𝑛 objects into 𝑘 partitions, where 𝑘 < 𝑛,
which is based on the properties of objects.
As shown in Figure 5, a sliding window of 1 second (150
data points) is moving with a speed of 30 data points each
step, which is simultaneously estimating likelihood of each
set of HMMs parameters. Each sliding window generates a
likelihood value. Therefore, for a certain gesture, the model
which maximizes the likelihood over other HMMs to be the
recognized type is chosen as the output decision of the sliding
window.
2.2.2. LHMMs-Based Individual Gestures Recognition

Step 1 (find the stroke duration of a gesture). FFT is used to
find the stroke duration of the gesture for HMMs.
Step 2 (quantify the vectors into observable symbols). After
preprocessing the raw data, these data are used for the
observation sequence O = O1 O2 . . . O𝑇 and the parameters
of HMMs 𝜆 = (A, B, 𝜋), respectively. Given parameters of the
model, conditional probability of the observation sequence
can be calculated. Namely, the problem is given a specific
HMMs to assess the probability of an observation sequence
P(O | 𝜆), a forward-backward algorithm is used to realize
the task as follows [20]. Define the forward variables
(4)

that is, given a model, the output observable sequence is
O1 O2 . . . O𝑇 to the time 𝑡, and the probability of the state is
𝑆𝑖 at time 𝑡. The forward variables can be recursive calculated
by the following formula:

𝑖=1

where 1 ≤ 𝑡 ≤ 𝑇 − 1, 1 ≤ 𝑗 ≤ 𝑁.

Figure 5: Sliding windows for preprocessing.

Define the backward variables
𝛽𝑡 (𝑖) = P (O𝑡+1 O𝑡+1 . . . O𝑇 | 𝑞𝑡 = 𝑆𝑖 , 𝜆) .

(6)

That is, given model parameters at time 𝑡, the state is 𝑆𝑖 .
From the moment 𝑡 + 1 to the end of the sequence, the probability of the output observation sequence is O1 O2 . . . O𝑇 .
Similarly, a recursive method can be used to calculate 𝛽𝑡 (𝑖)
as follows:
𝛽𝑡 (𝑖) = ∑ 𝑎𝑖𝑗 𝑏𝑗 (O𝑡+1 ) 𝛽𝑡+1 (𝑗) ,

(7)

𝑗=1

where 𝑡 = 𝑇 − 1, 𝑇 − 2, . . . , 1, 1 ≤ 𝑗 ≤ 𝑁.
Then, a K-means clustering method is applied to a 9D
vector V to get the partition value for each vector and also
a set of centroids for clustering the data into observable
symbols in the recognition phase.
Step 3 (set up initial HMMs parameter). Set up state numbers
in the model. The initial value of different observable symbols
O = O1 O2 . . . O𝑇 and 𝜆 = (A, B, 𝜋) in each state need to be
iterative, which should meet the randomness constraints of
HMMs parameters. Then a Viterbi algorithm is used to find
the single best state sequence Q = 𝑞1 𝑞2 . . . 𝑞𝑇 [21].
Step 4 (expectation maximization iteration). A Baum-Welch
algorithm is used to calculate an auxiliary function and
maximize the likelihood value of 𝜆 [22]. 𝑁 iterations are
preceded until the likelihood approaches to a steady value.
Expectation value Q(𝜆, 𝜆) and the maximized likelihood 𝜆
are calculated as follows:
Q (𝜆, 𝜆) = ∑ P (Q | O, 𝜆) log [P (O, Q | 𝜆)] ,
Q

(8)

max [Q (𝜆, 𝜆)] ⇒ P (O | 𝜆) > P (O | 𝜆) .
𝜆

𝑁

𝛼𝑡+1 (𝑗) = [∑ 𝛼𝑡 (𝑖) 𝑎𝑖𝑗 ] 𝑏𝑗 (O𝑡+1 ) ,

ax
ay
az

𝑁

(1) Training Phase. The training phase is divided into four
steps, which include finding the stroke duration of a gesture;
quantifying the vectors into observable symbols; setting
up initial HMMs parameters; and iterating for Expectation
Maximization.

𝛼𝑡 (𝑖) = P (O1 O2 . . . O𝑡 , 𝑞𝑡 = 𝑆𝑖 | 𝜆) ;

Sliding windows

(5)
(2) Recognition Phase. During the recognition phase, after
training a group of centroids for K-means clustering, several
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Figure 6: (a) transitions among UHMMs consider sequential constraints of context information; (b) update gesture recognition result by
UHMMs.

groups of HMMs are formed. Then we calculate the likelihood of each group of HMMs parameters. Given observable
sequence O, the Viterbi algorithm is used to find the single
best state sequence Q, and the HMMs with the greatest
likelihood can be identified as the most likely gesture type.
2.2.3. UHMMs-Based Continuous Gesture Update. In order
to improve accuracy in decision making, we consider the
sequential conditions of “Context” in UHMMs, where a
Bayesian filter is used to update results from LHMMs. Therefore, five gestures are predefined, which includes “Move forward”, “Move backward”, “Turn left”, “Turn right,” and “Stop”.
Meanwhile, the “Context” is used as sequential constraints
among different types of gestures. For example, the event that
someone continuously sends a same command to a robot has
a small probability; someone firstly sends a “Move forward”
command, and before he wants to send a “Move backward”
command, he should send a “Stop” command. Figure 6(a)
shows a transition among UHMMs, which is a discrete
first-order HMMs with five states and observation symbols,
respectively. UHMMs can be described as a sequence of
gestures and at any time as being in one of a set of 𝑁 (𝑁 = 5)
distinct states: 𝑆1 , 𝑆2 ,. . .,𝑆5 . The system undergoes a change
of state according to a set of probabilities associated with the
state. Each arch represents a probability of transition between
two adjacent states. The moment associated with change of
states is indicated as 𝑘 = 1, 2, . . . , 𝑁 and the 𝑘th actual state
is 𝑞𝑘 . The probability 𝑎𝑖𝑗 described below relates the current
state with the previous state:
𝑎𝑖𝑗 = P [𝑞𝑘 = 𝑆𝑗 | 𝑞𝑘−1 = 𝑆𝑖 ] .

(9)

The initial state distribution represents the probability
distribution of the first order, which is defined as
𝜋 = P [𝑞1 = 𝑆𝑖 , (𝑖 = 1, 2, . . . , 𝑁)] .

(10)

Another element of LHMMs is the state probability
distribution of observation symbol 𝑆𝑗
𝑏𝑗 (𝑘) = P [O𝑘 | 𝑞𝑡 = 𝑆𝑗 ] ,

(11)

𝑏𝑗 means the probability which is identified as different
observation symbols, where O𝑘 represents decisions made by
UHMMs.
Figure 6(b) shows a sequence in UHMMs, where the state
𝑞𝑡 represents a 𝑡th gesture, and O𝑡 is a majority decision
result given by LHMMs. A Forward propagation method [23]
is used to update the joint probability observation gathered
until time 𝑡. In this paper, the model is defined as
P(O𝑡+1 | 𝑞𝑡+1 = 𝑆𝑗 ) represents 𝑏𝑖 (O𝑡+1 ), where the
state at time 𝑡 + 1 is 𝑆𝑗 and the observation is O𝑡+1 ;
P(𝑞𝑡+1 = 𝑆𝑗 | 𝑞𝑡 = 𝑆𝑖 ) means the transition probability
𝑎𝑖𝑗 in matrix A.
The forward variable 𝛼𝑡 (𝑖) is defined as the probability of
the observation sequence O1 O2 . . . O𝑡 , and state 𝑆𝑖 at time 𝑡,
given the model 𝜆.
𝛼𝑡 (𝑖) = P (O1 O2 . . . O𝑡 , 𝑞𝑡 = 𝑆𝑖 | 𝜆) ,

(12)

where 1 ≤ 𝑖 ≤ 𝑁.
According to the network structure shown in Figure 6(b),
we can conclude
𝛼𝑡+1 (𝑗) = P (O𝑡+1 | 𝑞𝑡+1 = 𝑆𝑗 )
× ∑ P (𝑞𝑡+1 = 𝑆𝑗 | 𝑞𝑡 = 𝑆𝑖 ) 𝛼𝑡 (𝑖)

(13)

𝑆𝑖

with the initial condition of uniform distribution
𝛼0 (𝑖) = P (𝑞0 = 𝑆𝑖 ) = 𝜋𝑖 .

(14)

For the UHMMs, the training parameters 𝜆(A, B, 𝜋) are
obtained by observing interaction between experimenter and
robot, so these parameters vary from person to person. The
transition matrix A is estimated from the statistical results of
actually observed gestures. Probability distribution of observation symbol B is an accuracy matrix of individual gestures
from LHMMs. The forward variable is updated after having
obtained the current observation value, which represents the
posterior probability of a current state in the case of given
context constraints of UHMMs. Therefore, the updated result
is the maximum posteriori probability of the state.
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Figure 7: Experimental environment and a Kinect mobile robot.

3. Experiments
3.1. Introduction of Hardware Platform. An experimental
environment where a VICON motion capture system [24]
and a Kinect mobile robot platform are installed is shown
in Figures 7(a) and 7(b), respectively. The mobile robot
platform mainly includes: a Pioneer 3DX mobile robot, a
microcomputer called FitPC2, and a Kinect sensor which
is developed from a RGB camera and a depth sensor. The
effective sensing range of the Kinect sensor is from 0.4 meters
to 4 meters, vertical viewing angle range is ±430, horizontal
range is ±570, and frame rate is 30 fps. Microcomputer FitPC2
is a fanless minicomputer which is able to install Windows
or Linux operating systems, and equipped with WiFi. Besides
the main components mentioned above, an external battery
is used to supply power for both of FitPC2 and Kinect sensor.
Robot Operating System (ROS) is installed in the Linux
operating system of FitPC2 microcomputer, which is an open
source metaoperating system and provides services like a real
operating system, including hardware abstraction, low-level
device control, implementation of commonly-used functionality, message-passing between processes, and package
management [25]. In this paper, all processes are developed in
accordance to the ROS framework, which includes a driver of
Kinect sensor, a motion data receiver program, a motion data
processing program, and a display program.
3.2. Motion Data Evaluation Based on VICON. In order to
assess accuracy of the motion data captured by a Kinect
sensor, a VICON motion capture system was used to evaluate.
As angular velocity data is similar to acceleration data,
we select angular velocity for evaluation. Firstly, several
markers of the VICON system were fixed on the wrist of
an experimenter, and then the experimenter made a variety
of predefined gestures in front of the Kinect sensor. Finally,
we sent pitch, roll, and yaw data, respectively recorded from

the VICON system and the Kinect sensor into a PC, which
was used to plot these data on the same graph, as shown
in Figure 8. The data from VICON system was plotted by
solid lines, while the data from the Kinect sensor was plotted
by dotted lines. From these Figures, we find that the Kinect
sensor has accurately measured motions in most of the time,
except that a period of time did not match as shown in
Figure 8(a), which was due to the arm swings out of the
scope of the Kinect sensor. And the mismatch range between
these two types of data was always less than 10 degrees. By
comparison with the VICON system, we have confirmed
that motion data captured from the Kinect sensor meets the
accuracy requirement of gesture recognition.
3.3. Continuous Gesture Recognition Test. In order to test the
performance of the proposed algorithm, we predefine five
gestures for experiments. They are “Move forward”, “Move
backward”, “Stop”, “Turn left,” and “Turn right”, where the
gesture “Waving front and back” means “Move forward”; the
gesture “Waving left and right” means “Move backward”; the
gesture “Waving up and down” means “Stop”; the gesture
“Swing counterclockwise” means “Turn left”; and the gesture
“Swing clockwise” means “Turn right”, as shown in Figure 9.
We respectively recorded 10 sets of data from three
experimenters for training and testing, and these experiments
were carried out in accordance to the following three steps.
Step 1. In the scope of a Kinect sensor, repeat gesture Type 1
for 15 times and take a 5 seconds break. Continue performing
the rest of the types following in the same way until Type 5 is
done, and then save the data.
Step 2. In the scope of a Kinect sensor, perform a sequence of
20 gestures with a break of about 2 seconds between gestures,
and save the data.
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Figure 9: Five predefined gestures for Human-Robot Interaction.

Step 3. Process the training data and the testing data. Firstly,
training the FNNs to distinguish gestures and nongestures;
secondly, use each block of training data to train the LHMMs.

To trade off the computational complexity with efficiency
and accuracy, set up the number of states 20 in the LHMM.
Meanwhile set up the number of distinct observation symbols
20 and then use the trained LHMMs to recognize individual
gestures in the test data. The output of each test is a sequence
of recognized gestures. Finally, a Bayesian filtering with
sequential constraints in UHMMs is used to generate a most
likely underlying gesture sequence.
3.3.1. Performance Evaluation of FNNs. A MATLAB neural
network toolbox [26] is used for training in the first and
second layer of FNNs. The initial values of weights and
deviations are randomly selected. Different initial values have
different performances. If the performance does not reach the
target, then the training phase needs to restart a new neural
network until it reaches a sufficient accuracy. For instance,
within 180 iterations, two different initial values got two
different performances, as shown in Figure 10, which gave
two results of both good and bad neural network training.
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Figure 10: Performance comparison of gesture spotting between two FNNs. (a1) the performance goal is not met within 180 iterations. (a2)
the output of FNNs, accuracy = 75.69%. (a3) the error of FNNs. (b1) the performance goal is met within 26 iterations. (b2) the output of
FNNs, accuracy = 96.86%. (b3) the error of FNNs.

After 180 iterations, the FNNs did not reach the target as
shown in Figure 10(a1). These parts circled in Figure 10(a3)
showed continuous error, which led to detection errors in
Figure 10(a2). Thus, it can be seen that only if the performance curve reaches the standard, the FNNs can achieve
sufficient accuracy. As the performance curve cannot meet
its target in Figure 10(a1), the training program needs to be
restarted. In Figure 10(b1) we find the FNNs achieved the
requirement after 26 iterations. Although there were some
discrete errors in Figure 10(b3), they did not generate any
detection error in Figure 10(b2). Therefore, we can conclude
that several discrete errors on the edge of gesture signal do
not affect detection results, but consecutive errors can cause
detection errors.

3.3.2. Performance Evaluation of MHMMs. We respectively
recorded 10 sets of data from three experimenters for training
and testing again, and every set of sequence data has 20 gestures. The test includes two steps. We firstly performed training LHMMs to recognize individual gestures in a sequence.
Secondly, the decision obtained from training was used in
a Bayesian filter with sequential restrictions to generate a
most likely potential command sequence as the final result.
The test results of 3D angular velocity and 3D acceleration
are shown in Figures 11 and 12, respectively. In Figure 11(a),
the signal was a 3D angular velocity which included twenty
gestures captured by a Kinect sensor. While the circled region
(A) and (B) in Figure 11(b) indicated two errors generated by
FNNs, which caused the size of the segmentation to be shorter
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Figure 11: Results of FNNs, LHMMs, and UHMMs. (a) the raw 3D angular velocity; (b) the output of FNNs; (c) the LHMMs decision results
compared with the ground truth; (d) the UHMMs decision results compared with the ground truth.

than its actual length after detecting the start and end points
of the gesture. After using LHMMs to recognize gestures,
errors appeared as shown in the circled regions (C) and (D)
of Figure 11(c), which indicate the length of segment affects
the accuracy of gesture recognition. While, after, UHMMs
were used to update recognition results from LHMMs, the
output obtained accurate recognition results. Similarly, 3D
acceleration data was also used for testing, recognition errors
also appeared in LHMMs, as four circled regions shown in
Figure 12(c). However, after updating in UHMMs, accurate
recognition results were also obtained.
We have calculated the average recognition rate and average time of 30 sets of gestures which were composed by the
five predefined gestures. Table 1 lists the average recognition

accuracy and the average recognition time of HMMs and
MHMMs, respectively. From the table, we can conclude that
the recognition accuracy of MHMMs which use Bayesian filtering is better than that which only uses HMMs, and the realtime performance of the MHMMs-based gesture recognition
meets the requirement of online gesture recognition.

4. Conclusion
In this paper, a novel MHMMs continuous gesture recognition algorithm is proposed for Human-Robot Interaction,
which uses raw motion data captured by a Kinect sensor. Therefore it is different from traditional vision-based
methods. Firstly, a Kinect sensor was used to obtain 3D
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Table 1: Comparisons of average recognition accuracy and average recognition time between HMMs and MHMMs.
Gesture tyep
1
2
3
4
5

HMMs accuracy (%)
86.83%
91.24%
78.43%
85.92%
73.97%

MHMMs accuracy (%)
95.71%
97.28%
90.63%
93.42%
89.85%

MHMMs recognition time (s)
0.637
0.784
0.615
0.812
0.759

3D acceleration
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Figure 12: Results of FNNs, LHMMs and UHMMs. (a) the raw 3D acceleration; (b) the output of FNNs; (c) the LHMMs decision results
compared with the ground truth; (d) the UHMMs decision results compared with the ground truth.

acceleration and 3D angular velocity of an arm. Secondly,
a FNNs and a threshold criterion were, respectively, used
for gesture spotting and segment. And then the segmented
gesture signals were sent into LHMMs to recognize individual
gestures. After that, the identified gesture sequence was

fed into UHMMs, where a Bayesian filter with sequential
constraints was used to correct errors generated in LHMMs.
The experimental results verify the proposed algorithm not
only effectively improves the accuracy of continuous gestures,
but also has a good real-time performance.
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Dense stereo correspondence enabling reconstruction of depth information in a scene is of great importance in the field of computer
vision. Recently, some local solutions based on matching cost filtering with an edge-preserving filter have been proved to be
capable of achieving more accuracy than global approaches. Unfortunately, the computational complexity of these algorithms is
quadratically related to the window size used to aggregate the matching costs. The recent trend has been to pursue higher accuracy
with greater efficiency in execution. Therefore, this paper proposes a new cost-aggregation module to compute the matching
responses for all the image pixels at a set of sampling points generated by a hierarchical clustering algorithm. The complexity of this
implementation is linear both in the number of image pixels and the number of clusters. Experimental results demonstrate that
the proposed algorithm outperforms state-of-the-art local methods in terms of both accuracy and speed. Moreover, performance
tests indicate that parameters such as the height of the hierarchical binary tree and the spatial and range standard deviations have
a significant influence on time consumption and the accuracy of disparity maps.

1. Introduction
Stereo correspondence between stereo images results in a
depth image, also called a disparity map, which can be
categorized as sparse or dense. Sparse disparity maps are
obtained mainly using feature-based methods derived from
human vision research [1]. As a result, high processing speeds
and accurate disparity maps are achieved but without high
density, which has limited their use for many purposes.
Dense stereo correspondence, which aims to figure out which
parts of an image correspond to which parts of another
image, is a challenging issue in the field of computer vision.
The requirement of dense disparity maps is motivated by
many contemporary applications such as virtual reality, view
synthesis, and robot vision navigation [2].
Dense stereo correspondence algorithms can be classified
as global or local according to whether they obtain disparities
from global or local information. The goal of global methods
(energy based) is to minimize a global cost function which

combines matching costs and smoothness terms, depending on information derived from the whole image. These
methods are time consuming but very accurate [3]. On the
other hand, local methods (area based) offer high speed at
the expense of matching accuracy and determine the degree
of disparity of each pixel according to information provided
by its local and neighboring pixels. These methods are also
referred to as window-based methods because the disparity
computation between two matching pairs depends only
on the intensity values within a fixed-size and fixed-shape
matching window [4]. However, recent studies have shown
that, by ingeniously selecting and aggregating the matching
costs of neighboring pixels, the disparity maps produced by a
local approach can be more accurate than those generated by
global methods [5]. The most noteworthy technique is local
filtering, which is an effective way to reduce matching noise
and is able to generate high-quality disparity maps.
This paper proposes a dense stereo correspondence
approach very similar to the original adaptive support weight
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(ASW) method [6] to obtain accurate disparity maps both
in depth discontinuities and smooth regions. The basic idea
is to accept similar pixels within a matching window by
assigning them relatively large support weights and to reject
dissimilar pixels by giving them very small support weights.
Therefore, it is necessary to divide the neighboring pixels into
similar and dissimilar groups. In the present case, adaptive
support weights are computed from the color image using
a hierarchical clustering algorithm inspired by Gastal’s work
[7] in high-dimensional filtering of images and videos in real
time; the disparity maps after filtering are less noisy, and the
depth discontinuity boundaries are preserved fairly well. In
addition, the proposed algorithm has improved the results
for efficiency and accuracy compared with the guided-image
filter (GIF) [8] algorithm used for stereo correspondence,
which is by far the best existing algorithm.
The main contributions of this paper include the following.
(1) A novel matching-cost filtering model is proposed
based on an edge-preserving filter for which the adaptive support weights are computed using a hierarchical clustering algorithm (as shown in Section 3.2).
This solution can reduce mismatching, especially
around regions of depth discontinuities, and can
reconstruct dense high-accuracy disparity maps.
(2) The computational complexity of the proposed
method is essentially linear both in the number of
image pixels and the number of clusters, regardless
of the matching window size and the intensity range
(as described in Section 3.3). Therefore, the method
can be easily adjusted to meet real-time requirements
with the help of contemporary graphics hardware (a
graphics processing unit (GPU)).
(3) A new disparity refinement method is presented,
which has been proved to be robust and effective
for improving the accuracy of coarse disparity maps
(as presented in Section 3.5). This method can be
applied to other coarse-to-fine frameworks, which are
among the classic, simplest, and most popular stereo
matching algorithms.
(4) The influence of algorithm parameters on accuracy
and efficiency is discussed, especially regarding the
weight coefficient, the height of the hierarchical
binary tree, and the size of the spatial and range
standard deviations (as discussed in Section 4.2). This
study offers recommendations which can be used as a
basis for future practical applications.
The rest of this paper is organized as follows: Section 2
describes an overview of the state-of-the-art local filtering
methods and our method will be proposed in Section 3.
Section 4 presents experimental results which compare the
proposed method with other state-of-the-art approaches
and discusses the influences of parameter settings. Finally,
conclusions and suggestions for future work are discussed in
Section 5.

2. Related Work
A disparity map is obtained by determining the disparity
which has the lowest matching cost in each local matching
window, a method which is widely used in local algorithms. Many local methods have been proposed to obtain a
dense disparity map recently. For instance, adaptive-window
methods [9, 10] try to find an optimal matching window
for each pixel, and multiple-window methods [11] select
an optimal matching window among predefined multiple
windows located at different positions with the same shape.
However, these methods have one limitation in common:
the shape of the matching window is constrained to be a
rectangle, which is not appropriate for pixels near depth
discontinuities. Therefore, it is difficult to find an optimal
matching window with an appropriate size and shape for all
cases.
Instead of searching for an optimal matching window
of arbitrary size and shape, it is possible to aggregate costs
after local smoothing within a matching window to reduce
matching noise. It is clear that most noise can be reduced
effectively by a linear filter, such as Gaussian filter, but the
disparity map always results in a well-known “edge-fattening”
phenomenon. Therefore, the local filtering results will not
be a good neighborhood representative close to an edge
region. To address this problem, the recently proposed ASW
algorithm [6] smoothes the matching costs with an adaptive
weighted filter in which the support weights are chosen
according to both the color similarity and the Euclidean
distance to the center pixel. These methods imitate the way
that humans assign different weights to a pixel according
to color or brightness in the process of finding the correspondences between their two eyes. Such a filter is also
referred to as an edge-preserving filter in computer vision
and is widely used for image denoising; examples include the
SUSAN filter [12], bilateral filter [13], and the nonlocal means
filter [14, 15]. Experimental results show that this approach
can produce disparity maps better than those generated using
global optimization techniques without needing many userspecified parameters. Although this method leads to highquality results, its computational speed presents a problem
because runtime is computationally expensive. Therefore,
many improved and real-time solutions have been presented,
such as the O(1) bilateral filter [16–18], the dual-cross-bilateral
grid (DCBG) [19, 20], the GIF [21, 22], and the nonlocal filter
[23].

3. Cost Aggregation with Local Filtering
A literature review has provided a taxonomy and an evaluation of typical matching algorithms and has emphasized
that such a coarse-to-fine algorithm generally performs the
following four steps [24]:
(1) cost initialization, in which the matching costs for
assigning different disparity hypotheses to different
pixels are calculated;
(2) cost aggregation, in which the initial matching costs
are aggregated spatially over matching windows;
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(3) disparity optimization, in which a cost function is
minimized to obtain the best disparity hypothesis for
each pixel;

the range weights based on the intensity difference. Therefore,
the filter weights 𝑊(𝑖, 𝑗) can be represented by spatial and
range terms as

(4) disparity refinement, in which the coarse disparity
maps are postprocessed to remove mismatches or to
generate fine disparity maps.


2
2

𝐼𝑖 − 𝐼𝑗 
𝑖 − 𝑗

 ),
𝑊 (𝑖, 𝑗) = exp (−
) exp (−
𝜎𝑠2
𝜎𝑟2

According to these four steps, in this paper, the cost
aggregation with local filtering consists of five parts: matching
cost initialization, cost aggregation with filtering, clustering
range values for the sampling points, disparity selection,
and refinement. In addition, the computational complexity is
discussed.
3.1. Cost Initialization. Generally, it is possible to identify
matching pairs in stereo images by measuring their similarity.
The most common algorithms which use a matching cost
function to establish a correspondence between the two
points are the sum of absolute intensity differences (SAD),
the sum of squared intensity differences (SSD), and the
normalized cross-correlation (NCC) [25].
The cost initialization module computes the initial matching cost 𝑀(𝑢, V, 𝑑) for assigning disparity hypothesis d to
image pixel (𝑢, V), where 𝑢, V define the displacements in the
𝑥- and 𝑦-directions, respectively. Generally, after rectifying
a stereo image, there is no shift in the 𝑦-direction except
for the displacement in the 𝑥-direction, in which case the
cost can be represented as 𝑀(𝑢, 𝑑) according to the disparity
𝑑. The costs are calculated using the truncated absolute
differences in range (intensity or color) and the gradient
between corresponding pixels. In other words,
𝑀 (𝑢, 𝑑)


= 𝑎 ⋅ min [𝐼𝐿 (𝑢) − 𝐼𝑅 (𝑢 − 𝑑) , 𝜏1 ]

(1)



+ (1 − 𝑎) ⋅ min [∇𝑥 𝐼𝐿 (𝑢) − ∇𝑥 𝐼𝑅 (𝑢 − 𝑑) , 𝜏2 ] ,

where 𝑎 is the weight coefficient, 𝐼𝐿 (𝑢) is the left image,
and the corresponding right image which has disparity 𝑑 is
𝐼𝑅 (𝑢 − 𝑑). ∇𝑥 is the gray-scale gradients in the 𝑥-directions,
and 𝜏1 , 𝜏2 are truncation values for balancing the range and
gradient terms. Such a matching cost model has been proved
to be robust to illumination changes and is commonly used
in stereo correspondence [26].
3.2. Cost Aggregation with Filtering. The original local filtering approach tried to compute the weights which are the
average of the adjacent matching costs. The costs aggregated
over the weights can therefore be expressed as
𝐶 (𝑖, 𝑑) =

∑𝑗∈𝑁𝑖 𝑊 (𝑖, 𝑗) 𝑀 (𝑗, 𝑑)
∑𝑗∈𝑁𝑖 𝑊 (𝑖, 𝑗)

,

(2)

where 𝑖 and 𝑗 are pixel indices in the 𝑥-direction and 𝑁𝑖 is the
region around the 𝑖th coordinate.
The weights 𝑊(𝑖, 𝑗) of this linear combination are given
by two Gaussian filter kernels which combine the spatial
weights based on the distance between two pixels and

(3)

where 𝜎𝑠 and 𝜎𝑟 are two constants used to adjust the spatial
and range similarities.
The Gaussian over the range similarity 𝑅 can be rewritten
as a convolution using two Gaussian kernels:
2

𝐼𝑖 − 𝐼𝑗 
 )

𝑅 = exp (−
𝜎𝑟2
2


2
𝑚 − 𝐼𝑗 
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= 𝐶 ∫ exp (− 2
) exp (− 2  ) 𝑑𝑚,
𝜎𝑟 /2
𝜎𝑟 /2

(4)

where 𝐶 is a normalization factor and 𝑚 is a sampling range
value. Finally, the range 𝑅 for a Gaussian integral can be
evaluated numerically using an approximation according to
the Gauss-Hermite quadrature rule as
2

2

𝑚𝑛 − 𝐼𝑗 
𝐼𝑖 − 𝑚𝑛 
 ),

) exp (−
𝑅 = 𝐶 ∑ exp (−
𝜎𝑟2 /2
𝜎𝑟2 /2
𝑛=1
𝐾

(5)

where 𝐾 is the number of sampling range values. Increasing
the number of sampling points gives a better approximation
for the integral in (4). Assuming that pixel 𝑖 has a sampling
set {𝑚1𝑖 , 𝑚2𝑖 , ..., 𝑚𝐾𝑖 }, the filter weights in (3) can be rewritten
as
2

𝑖 − 𝑗
𝑊 (𝑖, 𝑗) = exp (−  2  )
𝜎𝑠
2

2

𝑚𝑛𝑖 − 𝐼𝑗 
𝐼𝑖 − 𝑚𝑛𝑖 
 ).

× ∑ exp (−
) exp (−
2 /2
2 /2
𝜎
𝜎
𝑟
𝑟
𝑛=1
𝐾

(6)
The normalization factor 𝐶 was not included because both of
the numerator and denominator in (2) contain this factor and
it will cancel out after the division.
3.3. Clustering Range Value for Sampling Points. As mentioned before, the key point of Yang’s algorithm [23] is that it
accepts similar pixels within a matching window by assigning
them relatively large support weights and rejects dissimilar
pixels by giving them very small support weights. Clearly,
it is necessary to divide neighboring pixels into similar
and dissimilar groups. Inspired by this opinion, the authors
propose a hierarchical clustering algorithm similar to that
developed by Gastal and Oliveira [7] to separate iteratively
the whole set of image pixels from different range values into
different clusters and to perform cost aggregation with local
filtering within these clusters. This is actually an expansion
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of the method of adaptive manifold filtering in stereo correspondence and results in a modified clustering algorithm.
Assume that pixel 𝑖 and its neighboring pixel 𝑗 within a
cluster, where their 𝑛th sampling points have similar range
values, satisfy

which corresponds to the eigenvector associated with the
largest eigenvalue of the covariance matrix:

𝑚𝑛𝑖 = 𝑚𝑛𝑗 .

where 𝑥𝑖 is the difference between the range value 𝐼𝑖 and the
previous sampling point 𝑚𝑛−1,𝑖 associated with each pixel 𝑖:

(7)

Averaging values only from pixels belonging to the same
cluster generates better estimates for the local filtering output.
Therefore, after clustering range values for the sampling
points, the cost aggregation in (2) can be rewritten using the
filter weights in (6) and the cluster constraints in (7) as

Σ=

1 𝑁−1
𝑇
∑ (𝑥 − 𝑢) (𝑥𝑖 − 𝑢) ,
𝑁 𝑖=0 𝑖

𝑥𝑖 = 𝐼𝑖 − 𝑚𝑛−1,𝑖 ,

(12)

and 𝑢 is equal to the sum of the values 𝑥𝑖 divided by the
number of pixels 𝑁:
𝑢=

2

𝐼 − 𝑚 
𝐶 (𝑖, 𝑑) = ( ∑ exp (−  𝑖 2 𝑛𝑖  )
𝜎𝑟 /2
𝑛=1

(11)

𝐾

1 𝑁−1
∑𝑥 .
𝑁 𝑖=0 𝑖

(13)

Step 3. Segment the pixels into two clusters 𝐶+ and 𝐶− using
the sign of the projection:

2

𝑖 − 𝑗
)
× ∑ exp (−
𝜎𝑠2
𝑗∈𝑁𝑖

𝐶+ , 𝑃𝑖 ≥ 0
𝑃𝑖 = 𝑅𝑛𝑇 𝑥𝑖 ∈ { −
𝐶 , 𝑃𝑖 < 0.


2
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+
also by low-pass
Step 4. Compute a new sampling point 𝑚𝑛𝑖
filtering the input signal, but giving weight zero to pixels not
in 𝐶+ , as
+
𝑚𝑛𝑖
= (

∑

𝑘∈(𝑁𝑖 ∩𝐶+ )

2

𝑖 − 𝑗
× ∑ exp (−  2  )
𝜎𝑠
𝑗∈𝑁𝑖

(1 − 𝑤𝑛𝑘 )

× exp (−

|𝑖 − 𝑘|2
) 𝐼𝑖,𝑘 )
𝜎𝑠2
(15)

−1

2
𝑚𝑛𝑗 − 𝐼𝑗 


× exp (−
)) .
𝜎𝑟2 /2

×(

∑

𝑘∈(𝑁𝑖 ∩𝐶+ )

(1 − 𝑤𝑛𝑘 )
−1

Compared with the complexity of the original bilateral filter
in (3), the proposed filter in (8) reduces the complexity from
𝑂(𝑁2 ) to 𝑂(𝐾𝑁), where 𝐾 ≪ 𝑁 and 𝑁 is the number of
pixels within the whole image.
After introducing the improved cost aggregation and
complexity analysis, an algorithm for clustering the range
values can be summarized as follows.
Step 1. Generate the first sampling point 𝑚1𝑖 at pixel 𝑖 by lowpass filtering the input signal 𝐼 within neighborhood 𝑁𝑖 :
𝑚1𝑖 =

∑𝑘∈𝑁𝑖 exp (−|𝑖 − 𝑘|2 /𝜎𝑠2 ) 𝐼𝑖,𝑘
∑𝑘∈𝑁𝑖 exp (−|𝑖 − 𝑘|2 /𝜎𝑠2 )

,

(9)

where 𝐼𝑖,𝑘 represents the range value with distance 𝑘 around
pixel 𝑖.
Step 2. Generate the 𝑛th (1 < 𝑛 ≤ 𝐾) sampling point 𝑚𝑛𝑖 . The
first step is to compute an optimal hyperplane 𝑅𝑛 ,
Σ ⋅ 𝑅𝑛 = 𝜆 max 𝑅𝑛 ,

where 𝜆 max = max [eigenvalue (Σ)] ,
(10)

|𝑖 − 𝑘|2
× exp (−
)) .
𝜎𝑠2
The values 𝑤𝑛𝑘 are the weights calculated using the range
value and the previous sampling points:

2
𝐼𝑖,𝑘 − 𝑚𝑛−1,𝑘 
𝑤𝑛𝑘 = exp (− 
).
𝜎𝑟2 /2

(16)

−
using pixels belonging
Perform the same processing for 𝑚𝑛𝑖
−
+
−
is the whole set
to 𝐶 ; then the combination of 𝑚𝑛𝑖 and 𝑚𝑛𝑖
of sampling points 𝑚𝑛𝑖 .

Step 5. The number of sampling range values 𝐾 determines
whether more clusters are needed for sampling points. Therefore, the next step is to repeat recursively Step 2 onwards until
𝑛 = 𝐾.
Remember that Steps 2 and 3 can be directly rewritten
using the sign (positive or negative) of the differences when
the range value is a gray one:
𝐶+ ,
𝑃𝑖 = 𝐼𝑖 − 𝑚𝑛−1,𝑖 ∈ { −
𝐶 ,

𝑃𝑖 ≥ 0
𝑃𝑖 < 0.

(17)
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m1

m2+
m3++
m4+++

m2−
m3+−

m4++−

m4+−+

m4+−−

m3−+
m4−++

m4−+−

m3−−
m4−−+

m4−−−

Figure 1: Hierarchical binary tree generated by the clustering
algorithm.

m1

m2+

m3++

m2−

m3+−

m3−+

3.5. Disparity Refinement. The coarse disparity maps generated by WTA may contain some mismatches because
local optimization does not obey the smoothness constraint.
Therefore, a two-step postprocessing method for fine disparity maps is proposed.
The first step is a left and right cross-checking procedure
for mismatches. Two corresponding disparity maps with the
left and the right images as reference images are obtained.
Then the left and right consistency check divides all the pixels
into stable or unstable pixels. Note that all stable pixels in
the left and right disparity maps have the same disparity
value and that the rest of the pixels are labeled as unstable,
represented by a value of zero for all disparity levels.
Secondly, let 𝐷(𝑢, V) represent the left disparity map; a
new disparity space volume (DSV) [28] is then computed for
each stable (𝑆) or unstable (𝑈) pixel (𝑢, V) at each disparity
level 𝑑 as
|𝑑 − 𝐷 (𝑢, V)| (𝑢, V) ∈ 𝑆
DSV (𝑢, V, 𝑑) = {
0
(𝑢, V) ∈ 𝑈.

m3−−

Figure 2: The first three levels of sampling points 𝑚𝑛𝑖 after clustering
the range values.

(19)

Then an edge-preserving filter such as GIF is applied to
smooth the DSV at each disparity level, and the unstable
pixels are assigned a new disparity value which depends on
the lowest value of the DSV.

4. Experimental Results
These five steps serve to construct the hierarchical binary
tree shown in Figure 1. The whole tree with height 𝐻 has
𝐾 = 2𝐻 − 1 nodes. Each sampling point 𝑚𝑛 has 2𝑛 − 1
nodes. For example, if 𝑛 = 3, the third 𝑚3 has four nodes
{𝑚3++ , 𝑚3+− , 𝑚3−+ , 𝑚3−− }; note that the first subscript plus or
minus is the same as the upper nodes and the second nodes
generated by the current clustering procedure. The rest can
be generated in the same manner.
At the top of the tree, the sampling points are better
adapted to smooth regions. Points further down this tree
would become gradually better adapted to edge regions.
Figure 2 shows the first three levels of sampling points
𝑚𝑛𝑖 of the Tsukuba image which was downloaded from the
Middlebury benchmark database [27]. Based on clustering
range values for more than one sampling points, the filtering
results of (8) can be guaranteed to be an edge-preserving
smoothing.
3.4. Disparity Optimization. Once the matching costs have
been filtered using a cluster method, the disparity optimization step computes an optimal disparity map 𝐷(𝑢, V) using the
local winner-takes-all (WTA) approach, which computes the
coarse disparities associated with the minimum cost value at
each pixel. In other words,
𝐷 (𝑢, V) = arg min𝐶 (𝑢, V, 𝑑) ,
𝑑∈𝐿

(18)

where 𝐶(𝑢, V, 𝑑) represents the matching cost obtained after
cost aggregation for assigning a disparity hypothesis to pixel
(𝑢, V) and 𝐿 is the number of disparity levels.

In this section, the performance of the proposed method is
evaluated using the Middlebury stereo benchmark, which
provides stereo images with known ground truth [27]. The
experimental results are then compared with other local
filtering methods which have recently been proven to be
the best edge-preserving local stereo methods in terms of
both speed and accuracy on the Middlebury benchmark
website. Therefore, the comparison results will serve to
demonstrate that the proposed method performs well among
all local stereo correspondence algorithms. Moreover, this
section analyzes the impacts of different parameter settings
on the computational complexity and accuracy of the dense
disparity maps.
The proposed method was run with constant parameter
settings for all four testing images: {𝑎, 𝜏1 , 𝜏2 , 𝐻, 𝜎𝑟 , 𝜎𝑠 } =
{0.1, 0.028, 0.08, 4, 0.08, 11}. To analyze and compare the
quality of the stereo matching algorithms, a widely accepted
quantitative performance evaluation criterion, the percentage
of bad pixels (PBP), was introduced:
PBP = [

1


∑ (𝑑 (𝑥, 𝑦) − 𝑑𝑔 (𝑥, 𝑦) > 𝛿)] × 100%,
𝑁 𝑥,𝑦  𝑡
(20)

where 𝑁 is the total number of pixels, 𝑑𝑡 and 𝑑𝑔 are the
computed depth mapping and the ground truth mapping,
and 𝛿 is an absolute disparity error threshold. A value of 𝛿 =
1 was chosen in these experiments because this setting is
the same as in some previously published studies. Hence, a
smaller PBP number means a better-performing algorithm.
The preferred metric (PBP) used in this paper, which is
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(a)

(b)

(c)

(d)

(e)

Figure 3: Experimental results on the Middlebury benchmark. Dense disparity maps from the first to the last row are the “Tsukuba,” “Venus,”
“Cones,” and “Teddy” images. ((a) and (b)) The results of GIF and the proposed method without refinement procedure. ((c) and (d)) The
disparity maps obtained using the GIF and the proposed method with refinement procedure. (e) Ground truth.
Table 1: Quantitative evaluation for the Middlebury image pairs.
Method
HCR
GIR
ASW
HCN
GIN
DCBG

Non
1.56
1.87
1.38
2.14
2.53
5.90

Tsukuba
All
1.78
2.23
1.85
2.94
3.32
7.26

Disc
8.07
7.92
6.90
9.16
8.63
21.0

Non
0.22
0.27
0.71
1.25
1.98
1.35

Venus
All
0.34
0.47
1.19
1.94
3.13
1.91

Disc
2.96
2.60
6.13
9.36
15.81
11.20

considered the most representative of the quality of the
results, will be used to make comparison easier.
4.1. Comparison of Disparity Maps
4.1.1. Accuracy of the Dense Disparity Maps. The GIF-based
cost-aggregation method and the proposed hierarchical clustering method were first used to aggregate matching costs.
Then winner-take-all and refinement operations were used to
obtain the dense disparity maps. As shown in Figure 3, both
methods yielded accurate results for the depth discontinuities
as well as in the smooth regions for the test images.
The corresponding quantitative results are presented in
Table 1, which records PBP in the nonoccluded, depthdiscontinuous, and overall regions of the “Tsukuba,” “Venus,”
“Cones,” and “Teddy” images. The rightmost column of the
table contains the average errors (AE), which were calculated
using the average PBP over all twelve columns. As can be
seen from the fourth and fifth rows of Table 1, the AE values
obtained using the GIF (GIN) and the proposed method
(HCN) without the refinement procedure were 8.78% and
7.77%, respectively. The first two rows show the errors

Non
6.36
6.74
7.88
7.22
8.35
10.5

Teddy
All
11.93
12.28
13.30
15.28
16.87
17.2

Disc
15.62
16.20
18.60
17.96
18.81
22.2

Non
2.88
2.94
3.97
3.41
3.64
5.34

Cones
All
8.14
8.35
9.79
12.93
12.64
11.9

Disc
8.22
8.36
8.26
9.61
9.70
14.9

AE
5.67
5.85
6.66
7.77
8.78
10.89

obtained using the GIF (GIR) and the proposed method
(HCR) with the refinement procedure; the AE values were
5.85% and 5.67%, respectively. This shows that the proposed method outperformed the GIF for filtering matching
costs during cost aggregation. As expected, the proposed
refinement method is suitable for removing mismatches,
and the improvement is evident. In particular, as can be
seen in Table 1, HCR can also outperform the original
ASW algorithm [6] and the fast DCBG technique [20]. In
the authors’ opinion, the method proposed in this research
may well achieve the topmost position among local stereo
correspondence algorithms.
To verify algorithm stability, the performance of the GIF
and the proposed methods was compared on an additional 27
Middlebury stereo images [27]. As described above, the PBP
values with a disparity error larger than one pixel in all the
regions were used to build the average of this measure over all
27 test images. The corresponding quantitative evaluation is
summarized in Table 2. Note that both methods may be less
accurate in large untextured regions such as the Midd1 and
Monopoly pairs. Errors in untextured regions are due mostly
to mismatches and will cause inconsistencies between the left
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Table 2: Evaluation for stereo methods on all 27 Middlebury stereo pairs.
Method
HCN
GIN
HCR
GIR
Method
HCN
GIN
HCR
GIR
Method
HCN
GIN
HCR
GIR

Aloe
12.71
13.42
8.19
8.78
Flowerpots
23.60
23.41
18.48
18.81
Wood2
15.43
14.83
0.64
0.57

Baby1
11.14
12.39
4.99
5.41
Lampshade1
23.03
24.13
15.86
16.67
Art
26.26
26.41
18.60
18.59

Baby2
11.81
12.88
7.24
7.59
Lampshade2
30.95
32.64
23.46
24.01
Books
21.59
21.10
17.85
17.50

Baby3
17.87
17.98
9.74
9.99
Midd1
45.66
46.58
43.95
44.35
Dolls
17.32
16.68
11.90
11.96

Table 3: Run time comparison of the GIF and the proposed method
in seconds.
Version
CPU
GPU

Method
GIF
HC
GIF
HC

Tsukuba
32
28
0.330
0.270

Venus
80
62
0.543
0.434

Teddy
251
204
1.677
1.307

Cones
257
203
1.695
1.315

and right disparity maps. However, the proposed HC method
is still the winner and slightly outperforms the GIF technique.
In a comparison of HCN and HCR, the proposed refinement
method is expected to perform well.
4.1.2. Computational Complexity. We have implemented two
versions of the local matching filter described in this paper
and tested them on the four benchmark images. These
implementations include CPU versions written in MATLAB
and a GPU version written in CUDA. The performance
numbers reported in this paper were measured on a 2.99GHz Intel Core 2 Duo processor with 3.25 GB of memory
and on a GPU (GeForce 9500GT) with 512 MB of memory.
Note that all of the algorithms were run on the same testing
platform to achieve a fair comparison.
As demonstrated by the results shown in Table 3, the
proposed method is slightly faster than GIF for the testing
images both on CPU and GPU platforms. The reason for this
is that the total complexity of GIF on three-dimensional color
images for disparity maps is O(17N) [21], while that of the
proposed method is O(15N), with a tree height 𝐻 = 4 and
therefore a constant 𝐾 = 2𝐻 −1 = 15. Moreover, the proposed
method also has the same linear time requirement as the GIF,
regardless of the filter kernel size and the intensity range.
Obviously, all the run times increase with the dimensional
size of the disparity maps, where the “Tsukuba,” “Venus,”
“Cones,” and “Teddy” disparity maps are 384 × 288 × 15,
434 × 383 × 19, 450 × 375 × 59, and 450 × 375 × 59, respectively. As a result, our CPU implementation processes

Bowling1
26.70
27.37
20.69
20.26
Midd2
41.66
42.90
37.30
38.62
Laundry
27.98
29.19
20.80
22.80

Bowling2
19.10
19.19
14.38
14.61
Monopoly
36.51
34.78
22.71
25.01
Moebius
20.32
20.06
14.68
14.22

Cloth1
9.71
10.36
4.61
5.03
Plastic
43.62
47.81
35.60
38.33
Reindeer
21.96
23.12
8.19
8.36

Cloth2
16.37
16.56
10.96
11.43
Rocks1
11.90
11.72
5.72
5.55
AE
21.79
22.28
14.92
15.38

Cloth3
11.15
11.30
5.34
5.43
Rocks2
12.24
11.83
5.19
5.02

Cloth4
14.95
15.40
10.66
10.81
Wood1
16.78
17.61
5.26
5.57

a 1-megapixel image in about 16 to 20 seconds, resulting in
a time-consuming process. Due to the simple and parallel
operations used by our approach, our filter achieves significant performance gains on GPU platform. The total time
required for filtering a 1-megapixel image ranges from 0.1
to 0.2 seconds. This represents a speedup from 80 to 200
compared to our CPU implementation.
Consequently, the proposed approach seems to perform
slightly better than others in terms of accuracy and computational efficiency.
4.2. Influence of Parameter Settings
4.2.1. Robust Illumination-Independent Behavior. All of the
stereo benchmark images used in Section 4.1 have been
acquired under normal lighting conditions and there are no
significant variations of luminosity between the two images
of a stereo pair. However, this condition is often not valid for
a real environment [29, 30]. Due to illumination effects, the
color value is not always reliable for stereo matching. Therefore, it has been suggested to supplement the constraint on
the gradient in (1), which is invariant to additive illumination
changes.
In order to confirm that the proposed method is robust
when applied to illumination-variant stereo pairs, PBP results
of the altered Tsukuba images with different weight coefficient were presented in Table 4. Refer to Nalpantidis [29],
each stereo pair consisted of the left image of the Tsukuba
image set and a mount of different versions of the right image
whose luminosity alteration ranged from −25% to +25% with
5% increments.
It can be seen from Table 4 that the algorithm only based
on color value (as 𝛼 = 1) leads to many false matches with
the lighting nonuniformity, while the quality of the algorithm
that just relied on gradient (as 𝛼 = 0) remains almost the same
for every tested lighting condition. Moreover the algorithm
combining color with gradient value produces the best results
for ideal lighting conditions (𝐿 = 0%). As a result, the quality
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Table 4: Evaluation on illumination-variant stereo pairs with different weight coefficient.

𝐿
−25%
−20%
−15%
−10%
−5%
0%
5%
10%
15%
20%
25%

Non
3.33
3.12
2.97
3.03
3.08
3.21
3.33
3.51
3.85
4.09
4.54

0
All
4.24
4.00
3.84
3.93
4.07
4.21
4.32
4.54
4.88
5.14
5.62

Disc
12.27
11.96
11.65
11.87
12.24
12.36
12.47
13.12
13.74
14.39
15.32

Non
3.86
3.47
3.27
3.43
3.25
2.14
2.25
3.22
3.88
4.23
4.67

0.1
All
4.82
4.36
4.10
4.22
4.01
2.94
3.09
4.10
4.82
5.24
5.76

Disc
13.50
12.80
11.86
11.23
10.50
9.16
9.79
11.45
13.03
14.17
15.37

Non
15.7
17.0
18.8
18.0
12.5
1.95
10.9
19.8
20.5
19.0
20.0

𝛼
0.5
All
16.8
18.1
19.7
18.7
13.3
2.75
11.7
20.5
21.3
20.1
21.1

Disc
27.2
27.9
29.0
25.3
19.2
9.18
16.3
23.6
26.3
29.6
31.6

Non
40.9
40.8
44.8
41.4
25.1
2.19
21.3
41.2
49.5
54.4
53.1

0.9
All
41.6
41.5
45.3
41.8
25.7
3.09
21.9
41.4
49.9
54.9
53.7

Disc
48.1
46.5
46.6
41.9
27.9
9.63
23.5
38.1
46.0
53.7
54.3

Non
67.0
60.2
55.4
44.7
26.4
2.24
22.4
42.6
52.3
59.2
62.0

1
All
67.3
60.6
55.8
45.0
27.0
3.15
23.0
42.8
52.6
59.5
62.5

Disc
69.9
62.6
55.4
43.7
29.0
9.73
24.2
39.3
48.8
59.0
62.6

Table 5: Run time and PBP of the disparity maps vary with respect
to tree height increasing.
Height
1
2
3
4
5
6

Time (s)
0.031
0.056
0.128
0.270
0.499
1.203

Non
4.39
3.00
2.32
2.14
2.05
2.02

All
5.91
3.99
3.21
2.94
2.78
2.68

Disc
20.63
13.78
9.93
9.16
8.90
8.99

of our proposed method (when 𝛼 = 0.1) can be less affected
by any difference of the lighting conditions and be satisfied
with a suitable accuracy.
4.2.2. Selection of the Tree Height. The first step is to discuss
how tree height affects the performance of the proposed
method. “Tsukuba” was chosen as the test image, and the
GPU run time and PBP of the disparity maps were recorded
with increasing tree height, as shown in Table 5. Note that the
spatial 𝜎𝑠 = 11 and the range 𝜎𝑟 = 0.08 are constants.
It is clear from the second column that the proposed
algorithm will increase greatly in compilation time with
increasing tree height. Because the number of sampling
points 𝐾 = 2𝐻 − 1 increases with tree height, the greater
number of summation operations (8) for the sampling points
will be time consuming. On the contrary, the accuracy of
the disparity maps for nonoccluded, depth-discontinuous,
and overall regions, which is demonstrated in the last three
columns, is dramatically improved with increasing height.
The reason for this, as mentioned before, is that increasing
the number of sampling points reduces the errors between
the continuous integration (4) and the discrete summation
(5). Figure 4 shows the first three levels of weights (16) for
the test image corresponding to the sampling tree (Figure 1).
Similar pixels with relatively large weights are shown in white,
while black denotes dissimilar pixel areas with very small
weights. Moving down this tree, the large weights will be

w1

w2−

w2+

w3++

w3+−

w3−+

w3−−

Figure 4: The first three levels of weight (16) distribution.

gradually assigned to edge regions, and image integrity will
be guaranteed. For example, the missing information from
the edge regions of the lamp in 𝑤2− , which is black with very
small weights, can be compensated by more detail from the
white regions with large weights in 𝑤3−+ and 𝑤3−− .
However, accuracies improve slightly or even become
worse between 𝐻 = 5 and 𝐻 = 6 because the spatial
and range parameters are constant and unsuitable for the
tree height. To confirm this cause, 𝐻 = 6 is kept constant,
and the PBP for “non” are improved, with values of 1.98 and
1.95 when 𝜎𝑠 = 11, 𝜎𝑟 = 0.09 and 𝜎𝑠 = 12, 𝜎𝑟 = 0.08,
respectively. Therefore, the spatial and range parameters also
affect performance, which will be further discussed below.
4.2.3. Influences of 𝜎𝑠 and 𝜎𝑟 . 𝜎𝑠 and 𝜎𝑟 are two standard
deviations used to adjust the spatial similarity and the range
similarity, respectively. The spatial spread 𝜎𝑠 is chosen based
on the desired amount of low-pass filtering. A large 𝜎𝑠
creates more blurring, meaning that more high-frequency
components are removed and the image becomes obviously
blurred. Similarly, the range spread 𝜎𝑟 is set to achieve
the desired amount of combination of pixel range values.
Generally speaking, pixels with range differences less than 𝜎𝑟
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Table 6: PSNR with different parameters 𝜎𝑠 and 𝜎𝑟 .
𝜎𝑠

𝜎𝑟
0.01
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1
11.63
12.71
12.87
12.93
12.96
12.98
12.99
12.99
13.00
13.00

10
12.99
14.01
13.99
13.96
13.94
13.93
13.92
13.91
13.91
13.91

20
13.10
14.06
13.99
13.93
13.88
13.85
13.83
13.81
13.80
13.79

30
13.21
14.07
13.97
13.88
13.81
13.77
13.73
13.71
13.69
13.68

40
13.24
14.01
13.89
13.77
13.70
13.64
13.60
13.57
13.55
13.53

are mixed together, and those with differences greater than 𝜎𝑟
are removed [13].
The results obtained from varying 𝜎𝑠 , 𝜎𝑟 in (8) are equivalent to adjusting the spatial and range spread for a bilateral
filter. However, the influence of changes in 𝜎𝑠 , 𝜎𝑟 on the
clustering weights (16) is also significant. To analyze the
error source qualitatively, the following two propositions are
defined.
Proposition 1. More sampling points will be needed for good
accuracy when the range spread 𝜎𝑟 is small or the spatial spread
𝜎𝑠 is large. If the height is constant, the matching error would
suffer from the edge-losing effect (ELE).
Proof. Using (16), the weight of each pixel is reduced when
the value of 𝜎𝑟 is small with respect to the overall range of
values in the image or when the set of sampling points 𝑚 is
dissimilar to the image value 𝐼 because 𝑚 appears to be hazy
due to larger 𝜎𝑠 (9) or (15). Moreover, each 𝑚 covers a limited
sampling region, which means that in turn, more 𝑚 values are
needed to adapt to the signal [7].
Proposition 2. The filter weights (6) in the proposed method
behave more like a low-pass filter when the range spread 𝜎𝑟 is
large or the spatial spread 𝜎𝑠 is small. The matching error would
be caused by the edge-smoothing effect (ESE).
Proof. Using (16), the weights of all pixels are increased when
the value of 𝜎𝑟 is large with respect to the overall range
of values in the image or when the set of sampling points
𝑚 is similar to the image value 𝐼 because 𝑚 appears to be
less hazy due to smaller 𝜎𝑠 (9) or (15). Therefore, all pixel
values in any given neighborhood have approximately the
same weight from range filtering for (6), and the resulting
filter approximates a standard Gaussian filter [13].
“Tsukuba” was chosen as the test image. A fast way to
determine the best choice of 𝜎𝑠 and 𝜎𝑟 using the filtering
results of peak signal-to-noise ratios (PSNR) [31] is
{
}
2552 𝑀𝑁
PSNR = 10 log10 {
,
2}
∑𝑥,𝑦∈(𝑀,𝑁) [𝑓 (𝑥, 𝑦) − 𝑔 (𝑥, 𝑦)]
{
}
(21)

50
13.28
14.00
13.85
13.70
13.62
13.56
13.52
13.49
13.46
13.44

60
13.46
14.00
13.83
13.65
13.56
13.50
13.45
13.42
13.39
13.37

70
13.38
13.86
13.67
13.47
13.38
13.32
13.27
13.24
13.21
13.19

80
13.08
13.86
13.64
13.43
13.33
13.27
13.22
13.19
13.16
13.13

90
12.73
13.87
13.62
13.39
13.29
13.23
13.18
13.15
13.12
13.09

where 𝑀 × 𝑁 is the image size, 𝑓(⋅) is the local filtering result
(as in Figures 3(a)–3(d)), and 𝑔(⋅) is the ground truth (as in
Figure 3(e)). Table 6 shows the PSNR distributions with 𝜎s ∈
(1, 90), 𝜎𝑟 ∈ (0.01, 0.9). The following can be determined.
(1) The PSNR decreases as 𝜎𝑠 or 𝜎𝑟 becomes smaller when
𝜎s ∈ (1, 10) and 𝜎r ∈ (0.01, 0.1). The reason for this
is that ESE obeys Proposition 2, that the proposed
method behaves more like a low-pass filter when 𝜎𝑠
decreases. The reason for the latter is that ELE obeys
Proposition 1 that accuracy is reduced due to lack of
more information in the filtering results around the
edge regions due to a limited number of sampling
points.
(2) The PSNR decreases with increasing 𝜎𝑠 or 𝜎𝑟 when
𝜎s ∈ (10, 90) and 𝜎r ∈ (0.1, 0.9). It obeys Propositions
1 and 2 that the accuracy is reduced due to ELE with
large 𝜎𝑠 in a constant-height tree and due to ESE with
large 𝜎𝑟 for each sampling point.
From the two findings, it can be confirmed that the
optimal values for 𝜎𝑠 and 𝜎𝑟 are approximately 10 and 0.1,
respectively, which are shown using bold italic font in Table 6.
The PBP distributions for the “non,” “all,” and “disc”
disparity maps were then recorded with 𝐻 = 4, but with 𝜎𝑠
and 𝜎𝑟 varying according to 𝜎𝑠 ∈ (1, 20), 𝜎𝑟 ∈ (0.01, 0.2),
as shown in Figure 5. Results derived from Figure 5 can be
summarized as follows.
(1) All the PBP perform like the results of PSNR; the
PBP values increase as 𝜎𝑠 or 𝜎𝑟 becomes smaller. They
decrease with increasing 𝜎𝑠 or 𝜎𝑟 , but only up to a
certain point, which constitutes the best parameter
setting. After that point, the PBP values will gradually
increase.
(2) Figure 5(c) is more obviously different from the first
two PBP because it was calculated only from the
edge regions. The accuracy reduction refers to the
nonoccluded and overall regions generated by ESE or
ELE, which are smaller than the depth-discontinuous
regions.
Consequently, accuracy was reduced when 𝜎𝑠 and 𝜎𝑟
became too small or too large within a constant-height tree.
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Figure 5: PBP for the (a) “non,” (b) “all,” and (c) “disc” disparity maps with various 𝜎𝑠 and 𝜎𝑟 .

In terms of computational cost, the range component
depends linearly 𝑂(𝑁) on the image, regardless of the filter
kernel for each sampling layer. To this end, the authors
suggest that the tree height be first determined according to
the time consumption and then that the filtering results for
PSNR be used to determine the general choice of 𝜎𝑠 and 𝜎𝑟 .

5. Conclusions and Future Work
In this paper, a new local solution for fast, high-quality dense
stereo correspondence has been proposed that focuses on
matching cost filtering method which is based on a highperformance hierarchical clustering algorithm. Instead of filtering the matching costs using an edge-preserving smoothing operator as in the popular bilateral filter, the cost aggregation model was adjusted to compute the matching responses
for all image pixels at a set of sampling points generated using
a clustering method. The computational complexity for this
filtering is linear both in the number of image pixels and the
number of clustering classes. The experimental results of the
comparison have demonstrated that the proposed method
outperforms the GIF-based matching algorithm, which is one
of the best local methods on the Middlebury benchmark
in terms of both speed and accuracy. Moreover, the results
of performance tests, which provide effective guidelines for
parameter selection, indicate that good accuracy is highly
dependent on the weight coefficient, the height of the hierarchical binary tree, and the spatial and range standard deviations. As a result, it can now be confirmed that the proposed
approach can be capable of high-speed processing and offer
high-quality disparity maps for dense stereo correspondence.

In the experimental results, we show that both of the GI
and HC filtering methods make some of the erroneous disparity values due to the lack of texture, which is a traditional
challenge for stereo algorithms. The reason is that a pixel’s
disparity value is obtained by selecting the point of highest
matching score and independently of disparity assignments
of neighboring pixels. Hence, most of the disparity values in
the low-texture areas maybe incorrect using a local matching
method. To overcome this bottleneck, the authors plan to
make the algorithm capable of handling large untextured
regions, which remains an active area for future research [32].
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Considering the inherent variability and uncertainty of wind power generation, in this study, a self-organizing map (SOM)
combined with rough set theory clustering technique (RST) is proposed to extract the relative knowledge and to choose the
most similar history situation and efficient data for wind power forecasting with numerical weather prediction (NWP). Through
integrating the SOM and RST methods to cluster the historical data into several classes, the approach could find the similar days
and excavate the hidden rules. According to the data reprocessing, the selected samples will improve the forecast accuracy echo
state network (ESN) trained by the class of the forecasting day that is adopted to forecast the wind power output accordingly. The
developed methods are applied to a case of power forecasting in a wind farm located in northwest of China with wind power
data from April 1, 2008, to May 6, 2009. In order to verify its effectiveness, the performance of the proposed method is compared
with the traditional backpropagation neural network (BP). The results demonstrated that knowledge mining led to a promising
improvement in the performance for wind farm power forecasting.

1. Introduction
With the increasing resources constraints and environment
pressure, wind power generation as an important application
of renewable energy gains more and more concern. China
has enormous potential in the wind energy utilization, with
rich wind energy resource mainly in grass land or gobi of
northwest, north, and northeast China, as well as coastal
area and islands in east and southeast China. Due to the
fast developed wind power technology and the distribution
characteristics of wind resource, the trend of wind power
generation development is concentrated with the large scale.
According to statistics, by the end of 2012, the capacity of
grid-connected wind generation has been 62660 MW and
generated 100.8 billion kWh clean electricity, about 2% of the
total electricity supply in China during 2012 [1].
Moreover, in wind resources system, various uncertainties exist in a number of system components as well as their

interrelationships, such as the random characteristics of
natural processes (e.g., climate change) and weather conditions, the errors in estimated modeling parameters, and the
complexities of system operation. Along with a large amount
of wind power integrated into the power system, the intrinsic
intermittency and uncertainties of wind resources will cause
a great impact on the stability of the whole power system.
Thus, precise short-term forecast of wind power farm will be
necessary and bring lots of benefits, including cutting large
spinning reserve, reducing the cost of wind power generation,
and improving the safety and reliability of power system
operation.
Previously, the physical method and the statistical approach are the main way for wind power forecasting, and
physical conditions such as geography, topography, temperature, and pressure are employed to calculate the power
generation capacity of wind farm [2, 3]. These methods
require accurate relative meteorological data and difficult
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modeling processes. In addition, they usually need to obtain
the relationship between abundant historical data of wind
power and other variances and are used for long-term wind
power forecast, based on a large data base. Therefore, the
emphasis of the methods is to build time series or dynamic
model based on the experience gained from historical data.
Considering many uncertain factors and disturbances of
wind power generating systems, the variation of wind power
is largely affected by the complex random factors (e.g., wind
speed); significant errors can be easily generated by time
series model and regression algorithm, and expert system
needs a mass of knowledge and experience with worse maintainability. As a popular simulation method, neural network
is an alternative for handling random nonlinear complex
mapping without indentifing the transform rules and has
been applied in many fields (e.g., environmental modeling
and system analysis) [4–6]. In this approach, the historical
data of wind power and impact factors (e.g., uncertain
parameters) are taken as the input variables. Moreover, the
forecasting model is built after learning and training intelligently to avoid the errors or even minimize the impact of
random factors on the simulation process. These advantages
could lead the neural network to be a suitable method for the
complex modeling problem.
In addition, knowledge mining can extract the connotative, unknown, and valuable knowledge or rules from the
large-scale database, which is an area of the most extensive
application value [7]. Knowledge mining has been widely
applied, such as fuzzy time series [8], customer relationship
management [9], and agricultural production prediction [10].
Climate factors, for example, wind speed, wind direction,
temperature, and humidity, have a great impact on wind
farm power changes [11]. Therefore, considering the characters of wind power forecasting, knowledge mining based on
environmental simulation is proposed to build a data and
knowledge base including history wind power and relative
climate factors and to extract the similar historical situations
though knowledge mining. Meanwhile, the new sample set
would be generated through the historical situations to
forecast the wind power with a similar characteristic in
future. Moreover, classification is an important topic in data
mining research. Given a set of data records, the classification
problem is concerned with the discovery of classification
rules that can allow records to be correctly classified.
Based on the above mentioned, in this paper, the objective is to propose an improved self-organization mapping
neural network to classify the historical data and extract
the useful rules for a precise wind power forecasting. A
subset of the samples with the similar weather condition
is used for training the neural network. The remaining of
this paper is organized as follows. Section 2 describes the
self-organization mapping based on rough set theory after
a brief introduction of relative theory. Detailed structure of
echo state network is proposed in Section 3. In Section 4, a
case study is carried out to demonstrate the effectiveness of
the proposed approach, and the performance is compared
with the traditional neural network. The results analysis and
discussion are also demonstrated. Finally, some remarks and
conclusions of this study are presented in Section 5.
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layer

Input layer

Figure 1: The schematic diagram of the SOM neural network.

2. Knowledge Mining Based on
Environmental Simulation
2.1. Self-Organization Mapping Theory. Self-organization
mapping (SOM), firstly proposed by Kohonen in 1981, is a
neural network with unsupervised learning [12]. It has certain
topological structure which is adjusted through the input
information, and the pattern recognition is completed by the
synergy among multiple neurons [13, 14]. The special idea of
SOM is that there is no need to initialize the cluster center
or guidance information and that the weight information of
neurons is self-adaptively adjusted by input data.
Figure 1 illustrates the schematic diagram of the SOM
neural network. Generally, there are two layers in SOM neural
network, the input layer and the competition layer. The number of neurons in input layer is equal to the dimension of
samples. Every neuron in the input layer connects the neurons in the competitive layer with variable weight values. The
neurons in competitive layer will compete for the opportunity
to respond to the input pattern, and the weight with the
closest match to the presented input pattern is the winner
neuron or the best matching unit (BMU). There also exist
partial connections between the neurons in the competitive
layers. The two-dimension form is the most common form of
the neurons’ arrangement in competition. The basic principle
of SOM is described as follows.
(1) Competition Process. Let 𝑃 be the input samples with 𝑚
dimensions 𝑃 = [𝑝1 , 𝑝2 , . . . , 𝑝𝑚 ]𝑇 , where 𝑚 is the number of
the input neurons. The number of the neurons in competition
layer with two dimensions is 𝑁 (𝑁 = 𝑛 ∗ 𝑛). The connection
weight between the input layer and the competition layer
𝑇
is denoted as 𝑊 = [𝑊1𝑇 , 𝑊2𝑇 , . . . , 𝑊𝑁𝑇 ] , where 𝑊𝑖𝑇 =
[𝑤𝑖1 , 𝑤𝑖2 , . . . , 𝑤𝑖𝑚 ].
Calculate the inner product 𝑛 of input vector and the
connection weight:
𝑇

𝑛 = [𝑛1 , 𝑛2 , . . . , 𝑛𝑁] = 𝑊𝑃 = [𝑊1𝑇 𝑃, 𝑊2𝑇 𝑃, . . . , 𝑊𝑁𝑇 𝑃] . (1)
Select the winner neuron in the competition process or
the best matching unit (BMU). The basic rule is that the larger
the inner product, the closer the neuron to the input vector,
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Δwij

which provides more neurons learning opportunity. With
the increase of training, each neuron represents its own
categories, and its neighborhood will be less.
Train the SOM neural network with all the input samples
several times; after the procedure mentioned above, the neurons in competitive layer represent each cluster center, which
achieves the clustering effect. As a result, the trained network
can be utilized for pattern recognition. The algorithm itself
can be summarized as follows.

Promoting effect
+

+
dij

−

−

Step 1. Initialize the SOM neural network. All the weight
values 𝑤𝑖𝑗 are initialized to be random in [0, 1].

Inhibition effect

Figure 2: The effect of a neuron to its neighbors.

Step 2. A training vector 𝑃𝑘 is picked randomly from the
training set.

which indicates that the neuron matches to the presented
input pattern. The winning formula is as follows:

Step 3. Calculate the Euclidean distance between input vector
𝑃𝑘 and the weight vector 𝑊𝑖 ; 𝑑𝑖𝑘 = ‖𝑃𝑘 − 𝑊𝑖 ‖. min{𝑑𝑖𝑘 } is the
winning node and becomes the BMU.

1,
𝑎 = compet (𝑛) = {
0,

𝑖 = 𝑖∗ ,
𝑖 ≠𝑖∗ ,

(2)

Step 4. According to (3), the values of weight vectors for the
winning neuron are updated.

where 𝑛𝑖∗ ≥ 𝑛𝑖 , for all 𝑖, and 𝑖∗ ≤ 𝑖, for all 𝑛𝑖 = 𝑛𝑖∗ . Finally,
only one neuron wins; thus, the result is as similar as 𝑎 =
[0, . . . 1 . . . , 0], and 𝑖∗ is the winner neuron.

Step 5. Choose the new input vector and repeat Steps 3
and 4 until stop criterion is satisfied, for example, reaching
sufficiently large iterations.

(2) Learning Process. SOM neural network is arranged according to the two-dimensional structure; each neuron has a
promoting effect to the neighboring neurons and on the
contrast an inhibition effect to those far away, as shown in
Figure 2.
In Figure 2 𝑑𝑖𝑗 denotes the distance between the neuron
and its neighbor, and Δ𝑤𝑖𝑗 is the change of the connection
weight. It is indicated that the neurons within the certain
scope are promoted with weights increasing, while the neurons out of the scope are inhibited, and the weigh would be
reduced.
In SOM neural network, the weight is adjusted according
to Kohonen learning rules. The main idea is to make the
winner neuron and its neighbors closer to the input sample
by modifying the weights. The formula is expressed as

In fact, during the competitive procedure, there may
be several neurons that are closely matched with the input
vector, thus judging only one of them as the winner seems
improper. Considering this issue, the concept of rough set
theory is introduced to solve this problem, and self-organized
neural network based on rough set is proposed in this paper.

𝛼 (𝑡) = 𝛼 (0) ∗ (1 −

𝑡
),
𝑇

(4)

2.2. Rough Set Theory. Rough set theory (RST) is a useful
tool for data mining and decision support. In particular, it is
popular in dealing with the incomplete information, vague
concept, and uncertain data [15]. Besides, combined with
other data mining algorithm, it can produce more hybrid data
mining algorithm [16, 17].
Suppose 𝑈 is the nonempty universe with finite members;
𝑅 is the equivalence relation in 𝑈; thus, the knowledge base
can be expressed as a relation system 𝐾 = (𝑈, 𝑅).
For the subset 𝑃 ⊆ 𝑅 and 𝑃 ≠𝜙, the intersection of all the
equivalence relation among 𝑃 can be called 𝑃-indiscernibility
relation, defined by IND(𝑃):

𝑁 (𝑡) = 𝑁 (0) ∗ (1 −

𝑡
),
𝑇

(5)

[𝑥]IND(𝑃) = ⋂ [𝑥]𝑅 ,

𝑤𝑖 (𝑡) = 𝑤𝑖 (𝑡 − 1) + 𝛼 (𝑡) (𝑃𝑖 (𝑡) − 𝑤𝑖 (𝑡 − 1)) ,

(3)

where 𝑤𝑖 (𝑡) and 𝑤𝑖 (𝑡 − 1) represent the weight vector of
neuron 𝑖 at time 𝑡 and 𝑡 − 1, respectively. 𝑃(𝑡) is the input
sample at time 𝑡. And 𝛼(𝑡) means the learning rate at time
𝑡, ranging in [0, 1]. At the beginning, the learning rate is the
largest, and the value of 𝛼(𝑡) is decreasing with the training.
Since the weight shock of the neurons may occur during the
training process, the learning rate need to be reduced gradually. Training neighborhood 𝑁(𝑡) represents the neurons
around the winner neuron whose weights will be adjusted. In
the initial training, the scope of neighborhood is the slargest,

𝑅∈𝑃

(6)

where [𝑥]𝑅 represents the equivalence class containing 𝑥 ∈ 𝑈
in relation 𝑅.
Lower and upper approximations are the important concept of RST. They help to measure the description of uncertain
knowledge. Suppose 𝑋 is the subset of 𝑈; then, the lower
approximation 𝑅𝑋 and upper approximation 𝑅𝑋 are
𝑅𝑋 = {𝑥 ∈ 𝑈 : [𝑥]𝑅 ⊆ 𝑋} ,
𝑅𝑋 = {𝑥 ∈ 𝑈 : [𝑥]𝑅 ∩ 𝑋 = 𝜙} .

(7)

4

Mathematical Problems in Engineering

Meanwhile, the boundary region BN𝑅 (𝑋) = 𝑅𝑋 − 𝑅𝑋,
and it consists of those objects that cannot be classified with
certainty as members of 𝑋 with the knowledge in 𝑅.
If BN𝑅 (𝑋) ≠𝜙, it indicates that 𝑅𝑋 ≠𝑅𝑋, and 𝑋 cannot
be expressed by the equivalence class of 𝑅 precisely. Thus, the
set 𝑋 is called “rough” (or “roughly definable”); otherwise, 𝑋
is crisp.
2.3. SOM Neural Network Combined with RST. RST can
solve the uncertain or imprecise knowledge expression; thus,
it could be employed to deal with the imprecise problem
in learning the process of SOM neural network. The novel
network still has two-layer structure, while the different
of the traditional SOM is in the competitive layer. In the
competitive layer, each neuron contains upper approximation
and lower approximation. In order to judge which neuron
wins, we can determine that the input vector belongs to the
lower approximation of a neuron exactly or to the upper
approximation of several neurons imprecisely. Through this
process, the imprecise problem in judging the winner will be
solved properly.
Besides, we can set different learning rates for these two
different matching results. If the input vector belongs to the
lower approximation, it will get greater learning rate 𝛼low ;
otherwise, it will get a lower learning rate 𝛼up . The idea is
that when the input vector belongs to a pattern exactly, it
can accelerate the learning; when it belongs to a pattern
imprecisely, it will reduce its learning effect. The key issue of
the novel SOM neural network is how to determine the input
vector that belongs to a certain neuron or a set of neurons.
After selecting the best match neuron, it still needs to
choose some suboptimum neurons using the suboptimum
match degree, calculated as
𝑛
𝑛𝑗𝑘 = 𝑘 ,
𝑛𝑗

1 ≤ 𝑘 ≤ 𝑁, 𝑘 ≠𝑗,

(8)

where 𝑛𝑗𝑘 is the key factor to determine the lower or upper
approximation. Then, it would define the set of suboptimal
neurons:
𝑉 = {𝑤𝑘 | 𝑛𝑖𝑗 ≥ 𝑏 and 1 ≤ 𝑘 ≤ 𝑁, and 𝑘 ≠𝑗} ,

(9)

where 𝑤𝑘 is the weight of the 𝑘th neuron; 𝑏 is the threshold.
Set 𝑉 is the collection of the suboptimum neurons with
match degree higher than 𝑏. If set 𝑉 is empty, it indicates
that there are no other close match neurons expect the
best match one, and the input vector belongs to its lower
approximation. Otherwise, the input vector belongs to the
upper approximation of best match and suboptimal neurons.
The different learning processes of SOM neural network are
expressed, respectively.
(1) The neuron belongs to the lower approximation
exactly:
𝑤𝑖 (𝑡) = 𝑤𝑖 (𝑡 − 1) + 𝛼low (𝑡) (𝑃𝑖 (𝑡) − 𝑤𝑖 (𝑡 − 1)) ,
𝛼low (𝑡) = 𝛼low (0) ∗ (1 −

𝑡
).
𝑇

(10)

(2) The neuron belongs to the upper approximation imprecisely:
𝑤𝑖 (𝑡) = 𝑤𝑖 (𝑡 − 1) + 𝛼up (𝑡) (𝑃𝑖 (𝑡) − 𝑤𝑖 (𝑡 − 1)) ,
𝛼up (𝑡) = 𝛼up (0) ∗ (1 −

𝑡
),
𝑇

(11)

where 𝑇 is the total training times; 𝛼low (𝑡) and 𝛼up (𝑡) are the
learning rates of lower approximation and upper approximation.
The detailed procedure of the proposed SOM neural
network is presented as follows.
Step 1. Initialize the network, set 𝑡 = 0, and 𝑃(0) denotes the
input sample vector; initial weight 𝑤𝑖𝑗 (0) is a little random
number; 𝛼low (0) and 𝛼up (0) are set at 0.9 and 0.5, respectively.
Step 2. According to (1), calculate the inner product of the
input sample and the neurons in the output layers.
Step 3. Select the best match output neuron.
Step 4. Select the suboptimal match neurons as a collection
𝑉.
Step 5. Adjust the weights according to (10)-(11).
Step 6. Turn to Step 2 and repeat the process until all the
samples have been tested or the learning rates have been
reduced to 0.

3. Echo State Network
Recurrent neural networks (RNNs) are very powerful tools
for solving complex temporal machine learning tasks [18].
In 2001, a new approach to RNN design and training
was respectively proposed under the names of liquid state
machines and echo state networks. Its reservoir computing
(RC) is an RNN technique that offers a solution to the many
problems associated with typical RNN architectures which
have prevented their widespread use [19–21].
The classic echo state network contains three layers: input
layer, hidden layer, and output layer (shown in Figure 2).
The hidden layer is also called dynamic reservoir. Among
the traditional circulate network, the scale of neurons is
controlled within 12, while there is an abundance of neurons
in the reservoir of ESN, about 20 to 500, with good short-term
memory. Suppose there are 𝐿 units in the input layer, 𝑀 units
in the output layer, and 𝑁 units in the hidden layer. Generally,
𝑊in represents the connection weight matrix of input layer;
𝑊 means the connection weight within the reservoir, which
keeps 1%∼5% sparsely connected. In addition, the spectral
radius is usually less than 1. These ensure the reservoir
with dynamic memory and certain stability. 𝑊out and 𝑊back
denote the connection weight matrix of output layer and
feedback. It should be noticed that 𝑊in , 𝑊, and 𝑊out are
decided randomly before the network is established, and once
determined they would have not changed. 𝑊out is finally
gained by training. Therefore, the main goal of network

Mathematical Problems in Engineering

Input layer
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5
Table 1: The cluster results and effectiveness analysis.
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Figure 3: The schematic view of echo state network.

training is to determine the value of 𝑊out . The schematic view
of echo state network is presented in Figure 3.
The primary algorithm of echo state network is to inspire
the reservoir by input information and to generate the
state variables in the reservoir. Though linear regression
between the state variables and desire output information,
the connection weight of output layer can be determined. The
state variables and the output are updated as follows:

Class number
1
2
3
4
5
6
7

Sample number
118
48
39
30
26
75
64

where HT𝑡 and LT𝑡 are the highest and lowest temperatures
on the 𝑡th day; HT𝑡−1 and LT𝑡−1 are the highest and lowest
temperatures on the 𝑡 − 1th day; 𝑊𝑡 and 𝑊𝑡−1 are the
wind scales on the 𝑡 − 1th day; MAX 𝑊𝑡−1 , MIN 𝑊𝑡−1 , and
AVER 𝑊𝑡−1 are the maximum, minimum, and average wind
speeds on the 𝑡 − 1th day.
In order to eliminate the dimension influence among
different variables, data preprocessing is the first job need to
be done.
The proposed RS-SOM neural network is employed to
cluster the history information. To evaluate the compactness
of the clustering results, the sum of squared error (SSE) is
adopted in this study. The smaller the SSE, the better the
effect. And it is calculated as
𝐾

𝑦𝐷𝑖 (𝑛 − 1)) ,
𝑥𝐷𝑖 (𝑛) = 𝑓𝐷𝑖 (𝑊𝐷in𝑖 𝑢 (𝑛) + 𝑊𝑥𝐷𝑖 (𝑛 − 1) + 𝑊𝐷back
𝑖
out
out
̂
𝑦
𝐷𝑖 (𝑛) = 𝑓𝐷𝑖 (𝑊𝐷𝑖 (𝑢𝐷𝑖 (𝑛) , 𝑥𝐷𝑖 (𝑛))) ,

where 𝑇𝐷𝑖 = [𝑢𝐷𝑖 (𝑛) 𝑥𝐷𝑖 (𝑛)], 𝑀𝐷𝑖 = [𝑦𝐷𝑖 (𝑛)]. 𝑓𝐷𝑖 and
are the activation functions of the reservoir and the output,
and the most commonly used is a typical hyperbolic tangent
function.
𝑓𝐷out
𝑖

4. Case Study and Results Analysis
A wind farm in northwest of China is considered as a
case study to demonstrate the effectiveness of the proposed
approach. In the study area, there are 66 wind turbines on
the wind farm with total capacity 49.5 MW. The historical
meteorological data and wind power data from April 1, 2008,
to May 6, 2009, are taken as the database. The forecasting
model is solved though Matlab on a single core of a 32-bit
Lenovo workstation running on Windows7 with 2 dual-core
2.60 GHz CPU and 4.0 GB of RAM. We extract rules from
the past information to forecast the wind power load. The
main factors considered here are wind scale, temperature,
and humility. The feature vector 𝑉 for knowledge mining is
described as

MIN 𝑊𝑡−1 , AVER 𝑊𝑡−1 ) ,

𝑘 ∀𝑥𝑖 ∈𝐶𝑘

1 𝑛
=
∑ 𝑥 ,
𝑁𝑘 ∀𝑥 ∈𝐶 𝑖𝑗
𝑖

(12)

𝑉 = (HT𝑡 , LT𝑡 , 𝑊𝑡 , HT𝑡−1 , LT𝑡−1 , 𝑊𝑡−1 , MAX 𝑊𝑡−1 ,

𝑛


2
SSE = ∑ ∑ 𝑥𝑖 − 𝜇𝑘  ,
𝜇𝑘,𝑗

−1
𝑊𝐷out
= 𝑀𝐷
𝑇 ,
𝑖
𝑖 𝐷𝑖

(13)

SSE
0.1845
0.2145
0.0954
0.1547
0.3458
0.5476
0.3547

(14)

𝑘

where 𝐶𝑘 is the set of each cluster, 𝜇𝑘 is the mean of the 𝑘th
cluster, and 𝑁𝑘 is the number of samples belonging to the 𝑘th
cluster.
The cluster results are shown in Table 1. It can be seen that
the 400 samples in the data base are divided into 7 classes.
The SSE of class 3 is the smallest, while that of class 6 is
the largest. This indicated that the samples in class 3 are the
most closely similar and the shape of the curve can almost
reflect the fluctuation of the wind output power on those days.
Besides the average wind power output curve of each class
is illustrated in Figure 4. Each curve has significant features
and is obviously different from the others. For example, in
class 1, the valley of most samples’ power output is at about
10:00, while the peak time is at nearly 23:00. This is the most
common situation with the largest number of class member
118. The class with the least samples is class 5, whose shape is
extremely irregular.
Since the weather report may not be accurate, and the
more the time lag, the worse the forecasting result, and
this study only forecasted the wind power output on the
next two days accordingly. The new input pattern can be
discriminated using the trained RS-SOM neural network.
The samples in the same class with the forecasting day are
selected to train the ESN network for the forecasting day.
In order to test the performance of ESN, BP neural network
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which has been widely used in load forecasting is also applied
for the same task. Commonly used error evaluation indexes,
including mean absolute percentage error (MAPE), mean
absolute error (MAE), root mean square error (RMSE), and
normal root mean square error (NRMSE), are used to discuss
the performance of different forecasting methods:
1  𝑦 − 𝑦̂𝑖 
MAPE = ∑  𝑖
,
𝑁 𝑖=1  𝑦𝑖 
𝑁

MAE =

Wind power load (MW)

Figure 4: The wind farm output curves of different classes.

25
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15
10
5
0
1

NRMSE = √

9

13

17

21

25

41

45

(h)

1 𝑁 

∑ 𝑦 − 𝑦̂𝑖  ,
𝑁 𝑖=1  𝑖

1 𝑁
2
RMSE = √ ∑(𝑦𝑖 − 𝑦̂𝑖 ) ,
𝑁 𝑖=1

5

Actual wind power output
ESN
BP

(15)

2

𝑦𝑖 − 𝑦𝑖 )
∑ (̂
,
∑ 𝑦𝑖2

where 𝑦̂𝑖 is the forecasting value, 𝑦𝑖 is the actual value, and 𝑁
is the number of samples.
Figure 5 shows the forecasting results of different methods and the actual wind power output. It indicates that the
overall trend of forecasting power is in accordance with the
actual situation. However, as the forecasting of peak and
valley, the performance of ESN is obviously greater than BP
model. The deviation of the latter is larger at the extremism
values. During the period of 1:00 to 8:00, the performance
of both methods is well, while, at night from 18:00 to 24:00,
the deviation is larger. The error evaluation indexes for both
methods are presented in Table 2, which shows that all of the
indexes of ESN are lower than BP. The MAPE and MAE of
ESN are 0.1366 and 1.7771 MW, respectively, lower than those

Figure 5: Forecasting results of different models and the actual wind
power output.

Table 2: Error evaluation of different forecasting models.
Methods
ESN
BP

MAPE
0.1366
0.1709

MAE (MW)
1.7771
1.9607

RMSE
2.2171
2.4320

NRMSE
0.0019
0.0023

of BP 0.1709 and 1.9607 MW. The RMSE and NRMSE of ESN
forecasting are 2.2171 and 0.0019, and those of BP are 2.4320
and 0.0023, respectively. As mentioned, the forecast accuracy
for the study area obtained from ESN model is substantially
more than that typically seen from the BP model. This
extensive comparison reflects forecasts for all available 66
wind turbines. It is illustrated that the accuracy of the ESN
forecasts was consistently better for the year and for each
wind plant. It should be noted that accuracy would be even
better if the data were adjusted for curtailments.
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Compared with the results obtained from the two methods, it is indicated that the reason why accurate wind power
forecasting of ESN is more than that of the BP model and the
BP model has a higher degree of error than the ESN method
is that (1) the wind farm is located in the northwest of China,
the management system of meteorological measurements is
imperfect, and meteorological data at the wind plant often
are of poor quality and contribute to inaccuracy in traditional
forecasting approaches; (2) wind direction readings from
standard met towers might not even be applicable since
surrounding terrain can affect this movement, and wind can
ramp up or down quickly, that could lead to misleading
information. All of the above problems with a very complex
and important prediction process could directly affect the
accuracy of the traditional forecasts. Data management also is
vital to the accuracy of the forecasting method. Through integrating the SOM and RST methods to cluster the historical
data in to several classes, the approach could find the similar
days and excavate the hidden rules for increasing the forecast
accuracy. In addition, it could reflect the uncertainties of the
input parameters, avoid the data error, and provide valid data
for ESN forecasting.
However, compared with other approaches, there is still
much space for improvement of the proposed method. For
example, there is no uniform way to determine the relative
parameters (as the spectral radius of the connection weight
within the reservoir) of the ESN network, which are mainly
gained though massive experiments. Besides, other neural
networks with universal approximation capability, for example, the radial basis function (RBF) network, will be studied
and reformed further to improve the forecasting accuracy and
calculation speed.

5. Conclusion
Wind power forecasting is an important tool for managing
the inherent variability and uncertainty in wind power
generation. Increasing the accuracy of forecasting can help
to reduce the likelihood of an unexpected gap between
scheduled and actual wind power generation, which can
be extremely helpful for operators of power systems and
wind power plants. In this study, we developed a database
by using historical meteorological environment and power
output data. Self-organizing map combining rough set theory
as a knowledge mining technology is employed to discover
and extract the rules. The classified samples are taken as
the input of echo state network to train the structure of the
network, respectively. Through integrating the SOM and RST
methods to cluster the historical data in to several classes, the
approach would provide valid data for ESN forecasting. The
developed methods are applied to a case of power forecasting
in a wind farm located in northwest of China with a wind
power data from April 1, 2008, to May 6, 2009. The results
demonstrated the successful use of the proposed method,
which performs better than BP. The accuracy of prediction
has been improved. However, the database is static in this
study, which means the information of new samples will
not be added into the knowledge pool automatically. And if
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the database is small, it may not cover comprehensive situation. Thus, it will be proper for the wind farm with long
operation period.
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Globalization and multilingualism contribute to code-switching—the phenomenon in which speakers produce utterances
containing words or expressions from a second language. Processing code-switched sentences is a significant challenge for
multilingual intelligent systems. This study proposes a language modeling approach to the problem of code-switching language
processing, dividing the problem into two subtasks: the detection of code-switched sentences and the identification of codeswitched words in sentences. A code-switched sentence is detected on the basis of whether it contains words or phrases from
another language. Once the code-switched sentences are identified, the positions of the code-switched words in the sentences
are then identified. Experimental results show that the language modeling approach achieved an 𝐹-measure of 80.43% and an
accuracy of 79.01% for detecting Mandarin-Taiwanese code-switched sentences. For the identification of code-switched words, the
word-based and POS-based models, respectively, achieved 𝐹-measures of 41.09% and 53.08%.

1. Introduction
Increasing globalism and multilingualism has significantly
increased demand for multilingual services in current intelligent systems [1]. For example, an intelligent traveling system
which supports multiple language inputs and outputs can
assist travelers in booking hotels, ordering in restaurants,
and navigating attractions. Multinational corporations would
benefit from developing automatic multilingual call centers to
address customer problems worldwide. In such multilingual
environments, an input sentence may contain constituents
from two or more languages, a phenomenon known as codeswitching or language mixing [2–6]. Table 1 lists several
definitions of code-switching described in previous studies.
A code-switched sentence consists of a primary language
and a secondary language, and the secondary language is
usually manifested in the form of short expressions, such as
words and phrases. This phenomenon is increasingly common, with multilingual speakers often freely moving from
their native dialect to subsidiary dialects to entirely foreign
languages, and patterns of code-switching vary dynamically

with different audiences in different situations. When dealing
with code-switched input, intelligent systems such as dialog
systems must be capable of identifying the various languages
and recognize the speaker’s intention embedded in the input
[7, 8]. However, it is a significant challenge for intelligent
systems to deal with multiple languages and unknown words
from various languages.
In Taiwan, while Mandarin is the official language, Taiwanese and Hakka are used as a primary language by
more than 75% and 10% of the population, respectively [9].
Moreover, English is the most popular foreign language and
compulsory English instruction begins in elementary school.
The constant mix of these languages result in various kinds
of code-switching, such as Mandarin sentences mixed with
words and phrases from Taiwanese, Hakka, and English.
Such code-switching is not limited to everyday conversation
but can frequently be heard on television dramas and even
current events commentary programs. This paper takes a linguistic view towards the problem of code-switching language
processing, focusing on code-switching between Mandarin
and Taiwanese. We propose a language modeling approach
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Table 1: Definitions of code-switching.

Study

Definition
A common term for alternative use of two or
Hymes et al. [2] more languages, varieties of a language, or even
speech styles
The alternate use of two languages or linguistic
Hoffmann [3]
varieties within the same utterance or during
the same conversation
The use of two or more languages in the same
conversation, usually within the same
Myers-Scotton [4]
conversational turn or even within the same
sentence of that turn

which divides the problem into two subtasks: the detection of
code-switched sentences followed by identification of codeswitched words within the sentences. The first step detects
whether or not a given Mandarin sentence contains Taiwanese words. Once a code-switched sentence is identified,
the positions of the code-switched words are then identified
within the sentence. These code-switched words can be used
for lexicon augmentation to improve understanding of codeswitched sentences.
The rest of this work is organized as follows. Section 2
presents related work. Section 3 describes the language
modeling approach to the identification of code-switched
sentences and words in the sentences. Section 4 summarizes
the experimental results. Conclusions are finally drawn in
Section 5, along with recommendations for future research.

2. Related Work
Research on code-switching speech processing mainly
focuses on speech recognition [9–14], language identification
[15, 16], text-to-speech synthesis [17], and code-switching
speech database creation [18]. Lyu et al. proposed a three-step
data-driven phone clustering method to train an acoustic
model for Mandarin, Taiwanese, and Hakka [9]. They also
discussed the issue of training with unbalanced data. Wu et al.
proposed an approach to segmenting and identifying mixedlanguage speech utterances [10]. They first segmented the
input speech utterance into a sequence of language-dependent segments using acoustic features. The language-specific
features were then integrated in the identification process.
Chan et al. developed a Cantonese-English mixed-language
speech recognition system, including acoustic modeling,
language modeling, and language identification algorithms
[11]. Hong et al. developed a Mandarin-English mixedlanguage speech recognition system in resource-constrained
environments, which can be realized in embedded systems
such as personal digital assistants (PDAs) [12]. Ahmed and
Tan proposed a two-pass code-switching speech recognition
framework: automatic speech recognition and rescoring [13].
Vu et al. recently developed a speech recognition system for
code-switching in conversational speech [14]. For language
identification, Lyu et al. proposed a word-based lexical
model integrating acoustic, phonetic, and lexical cues to
build a language identification system [15]. Yeong and Tan

proposed the use of morphological structures and sequence
of the syllable for language identification from MalayEnglish code-switching sentences [16]. For speech synthesis,
Qian et al. developed a text-to-speech system that can
generate Mandarin-English mixed-language utterances [17].
Research on code-switching and multilingual language
processing included applications of text mining [19–22],
information retrieval [23–25], ontology-based knowledge
management [26], and unknown word extraction [27]. For
text mining, Seki et al. extracted opinion holders for discriminating opinions that are viewed from different perspectives
(author and authority) in both Japanese and English [19].
Yang et al. used self-organizing maps to cluster multilingual documents [20]. A multilingual Web directory was
then constructed to facilitate multilingual Web navigation.
Zhang et al. addressed the problem of multilingual sentence
categorization and novelty mining on English, Malay, and
Chinese sentences [21]. They proposed to first categorize
similar sentences and then identify new information from
them. De Pablo-Sánchez et al. devised a bootstrapping
algorithm to acquire named entities and linguistic patterns
from English and Spanish news corpora [22]. This lightly
supervised method can acquire useful information from
unannotated corpora using a small set of seeds provided by
human experts. For information retrieval, Gey et al. pointed
out several directions for cross-lingual information retrieval
(CLIR) research [23]. Tsai et al. used the FRank ranking
algorithm to build a merge model for multilingual information retrieval [24]. Jung discovered useful multilingual tags
annotated in social texts [25]. He then used these tags for
query expansion to allow users to query in one language but
obtain additional information in another language. For other
application domains, Segev and Gal proposed an ontologybased knowledge management model to enhance portability
and reduce costs in multilingual information systems deployment [26]. Wu et al. proposed the use of mutual information
and entropy to extract unknown words from code-switched
sentences [27].

3. Language Modeling Approach
Language modeling approaches have been successfully used
in many applications, such as grammar error correction
[28], code-switching language processing [29], and lexical
substitution [30–32]. For our task, a code-switched sentence
generally has a higher probability of being found in a
code-switching language model than in a noncode-switching
one. Thus, we built code-switching and noncode-switching
language models to compare their respective probabilities
of identifying code-switched sentences and code-switched
words within the sentences. Figure 1 shows the system
framework. First, a corpus of code-switched and noncodeswitched sentences is collected to build the respective codeswitching and noncode-switching language models. To identify code-switched sentences, we compare the probability of
each test sentence output by the code-switching language
model against the output of the noncode-switching one to
determine whether or not the test sentence is code-switched.
To identify code-switched words within the sentences,
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Language model training

Non-code-switching
corpus

Language model training

Detection of code-switched sentences

Identification of code-switched words

Figure 1: Framework of identification of code-switched sentences and words in the sentences.

we select the 𝑛-gram with the highest probability output
by the code-switching language model and then compare it
against the output of the noncode-switching one to verify
whether the 𝑛th word in the given sentence is a code-switched
word.
3.1. Corpus Collection. A noncode-switching corpus refers
to a set of sentences containing just one language. Because
Mandarin is the primary language in this study, we used the
Sinica corpus released by the Association for Computational
Linguistics and Chinese Language Processing (ACLCLP)
as the noncode-switching corpus. A code-switching corpus
refers to a set of Mandarin sentences featuring Taiwanese
words. However, it can be difficult to collect a large number of
such sentences, and training a language model on insufficient
data may incur the data sparseness problem. Therefore,
we used more common Mandarin-English sentences as the
code-switching corpus, based on the assumption that the
code-switching phenomenon in Mandarin-English sentences
has a certain degree of similarity to Mandarin-Taiwanese
sentences, because in Taiwan, both English and Taiwanese
are secondary languages with respect to Mandarin. The
Mandarin-English sentences were collected from a large corpus of web-based news articles, which were then segmented
using the CKIP word segmentation system developed by the
Academia Sinica, Taiwan (http://ckipsvr.iis.sinica.edu.tw/)
[33, 34]. The sentences containing words with the part-ofspeech (POS) tag “FW” (i.e., foreign word) were selected as
code-switched sentences.
3.2. Detection of Code-Switched Sentences. Generally, an
𝑛-gram language model is used to predict the 𝑛th word based
on the previous 𝑛 − 1 words using a probability function
𝑃(𝑤𝑛 | 𝑤1 ⋅ ⋅ ⋅ 𝑤𝑛−1 ). Given a sentence 𝑆 = 𝑤1 ⋅ ⋅ ⋅ 𝑤𝑘 , the
noncode-switching 𝑛-gram language model is defined as
𝑃𝑐𝑠 (𝑆) = 𝑃 (𝑤1 ) 𝑃 (𝑤2 | 𝑤1 ) ⋅ ⋅ ⋅ 𝑃 (𝑤𝑘 | 𝑤1 ⋅ ⋅ ⋅ 𝑤𝑘−1 )
𝑘

= ∏𝑃 (𝑤𝑖 | 𝑤1 ⋅ ⋅ ⋅ 𝑤𝑖−1 )
𝑖=1

(1)

𝑘

≈ ∏𝑃 (𝑤𝑖 | 𝑤𝑖−1 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 ) ,
𝑖=1

where 𝑃(𝑤𝑖 | 𝑤𝑖−1 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 ) is estimated by
𝑃 (𝑤𝑖 | 𝑤𝑖−1 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 ) =

𝐶 (𝑤𝑖 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 )
,
𝐶 (𝑤𝑖−1 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 )

(2)

where 𝐶(⋅) denotes the frequency counts of the 𝑛-grams
retrieved from the noncode-switching corpus (i.e., Sinica
corpus). Instead of estimating the surface form of the next
word, the code-switching 𝑛-gram language model estimates
the probability that the next word is a code-switched word,
that is, 𝑃(𝑐𝑠𝑛 | 𝑤1 ⋅ ⋅ ⋅ 𝑤𝑛−1 ), defined as
𝑃𝑐𝑠 (𝑆) = 𝑃 (𝑤1 ) 𝑃 (𝑐𝑠2 | 𝑤1 ) ⋅ ⋅ ⋅ 𝑃 (𝑐𝑠𝑘 | 𝑤1 ⋅ ⋅ ⋅ 𝑤𝑘−1 )
𝑘

= ∏𝑃 (𝑐𝑠𝑖 | 𝑤1 ⋅ ⋅ ⋅ 𝑤𝑖−1 )
𝑖=1

(3)

𝑘

≈ ∏𝑃 (𝑐𝑠𝑖 | 𝑤𝑖−1 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 ) ,
𝑖=1

where 𝑃(𝑤𝑖 | 𝑤𝑖−1 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 ) is estimated by
𝑃 (𝑐𝑠𝑖 | 𝑤𝑖−1 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 ) =

𝐶 (𝑐𝑠𝑖 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 )
.
𝐶 (𝑐𝑠𝑖−1 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 )

(4)

To estimate 𝑃(𝑐𝑠𝑛 | 𝑤1 ⋅ ⋅ ⋅ 𝑤𝑛−1 ), the code-switching corpus
is processed by replacing the code-switched words (i.e., the
words with the POS tag “FW”) in the Mandarin-English
sentences with a special character 𝑐𝑠. The frequency counts
of 𝐶(𝑐𝑠𝑖 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 ) can then be retrieved from the codeswitching corpus. This processing may also reduce the effect
of the data sparseness problem in language model training.
Once the two language models are built, they can be
compared to detect whether a given sentence contains codeswitching. That is,
𝑐=

𝑃𝑐𝑠 (𝑆)
.
𝑃𝑐𝑠 (𝑆)

(5)

The sentence 𝑆 is predicted to be a code-switched sentence
if the probability of the sentence output by the codeswitching language model is greater than that output by the
noncode-switching one (i.e., 𝑐 ≥ 1).
3.3. Identification of Code-Switched Words. This step identifies the positions of the code-switched words within the
sentences. To this end, the code-switching 𝑛-gram language
model (3) is applied to each test sentence and the probability
of being a code-switched word is assigned to every next word
(position) in the sentence. Among all the 𝑛-grams in the
sentence, the one with the highest probability indicates the
most likely position of a code-switched word. That is,
𝑐𝑠∗ = argmax 𝑃 (𝑐𝑠𝑖 | 𝑤𝑖−1 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 ) ,
𝑖

(6)
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where 𝑐𝑠∗ denotes the best hypothesis of the code-switched
word in the sentence. However, not all 𝑛-grams with the
highest probability suggest correct positions. Therefore, we
further propose a verification mechanism to determine
whether to accept the best hypothesis. That is,
∗

𝑐𝑠
{
{
{
{
{
{
𝑐𝑠 = {
{
𝜙
{
{
{
{
{

Table 2: Results of the identification of Mandarin-Taiwanese codeswitched sentence.
Methods
Bi-gram
Tri-gram

Recall
86.26%
77.86%

Precision
75.33%
62.20%

𝐹-measure
80.43%
69.15%

Accuracy
79.01%
65.27%

𝑃∗ (𝑐𝑠𝑖 | 𝑤𝑖−1 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 )
≥ 𝑃 (𝑤𝑖 | 𝑤𝑖−1 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 ) ,
∗

𝑃 (𝑐𝑠𝑖 | 𝑤𝑖−1 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 )

(7)

< 𝑃 (𝑤𝑖 | 𝑤𝑖−1 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 ) ,

where 𝑃∗ (𝑐𝑠𝑖 | 𝑤𝑖−1 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 ) represents the probability of
the best hypothesis in the code-switching corpus and 𝑃(𝑤𝑖 |
𝑤𝑖−1 ⋅ ⋅ ⋅ 𝑤𝑖−𝑛+1 ) represents its probability in the noncodeswitching corpus. The best hypothesis 𝑐𝑠∗ is accepted if its
probability in the code-switching corpus is greater than that
in the noncode-switching corpus.

Table 3: Results of code-switched word identification in MandarinTaiwanese code-switched sentences.
Methods
Random

Word bigram

Word trigram

4. Experimental Results
This section first explains the experimental setup, including experiment data, implementation of language modeling, and evaluation metrics. We then present experimental
results for the identification of both Mandarin-Taiwanese
and Mandarin-English code-switched sentences and words
within the sentences.
4.1. Experimental Setup. The test set included 393 sentences
of which 131 were Mandarin only (i.e., noncode-switched),
while another 131 were Mandarin sentences containing
Taiwanese words, and the remaining 131 were Mandarin
sentences containing English words. For the evaluation of
Mandarin-Taiwanese sentences, 𝑛-gram models for both
code-switching and noncode-switching were trained using
the SRILM toolkit [35] with 𝑛 = 2 and 3 (i.e., bigram and trigram). For the evaluation of Mandarin-English sentences, the
CKIP word segmentation system [33, 34] was used because
it can associate a POS tag “FW” to English words/characters
within the sentences. The evaluations metrics included recall,
precision, 𝐹-measure, and accuracy. The recall was defined as
the number of code-switched sentences correctly identified
by the method divided by the total number of code-switched
sentences in the test set. The precision was defined as the
number of code-switched sentences correctly identified by
the method divided by the number of code-switched sentences identified by the method. The 𝐹-measure was defined
as (2 × recall × precision)/(recall + precision). The accuracy
was defined as the number of sentences correctly identified
by the method divided by the total number of sentences in
the test set.
4.2. Results
4.2.1. Evaluation on Mandarin-Taiwanese Code-Switched Sentences. To identify Mandarin-Taiwanese code-switched sentences, the code-switching and noncode-switching bigram/
trigram language models were used to determine whether

POS bigram

POS trigram

Top 1
Top 2
Top 3
Top 1
Top 2
Top 3
Top 1
Top 2
Top 3
Top 1
Top 2
Top 3
Top 1
Top 2
Top 3

Recall
17.65%
31.62%
49.26%
40.46%
60.31%
74.81%
14.50%
35.88%
55.73%
42.75%
67.94%
82.44%
52.67%
73.28%
83.97%

Precision
18.32%
16.41%
17.05%
41.73%
31.85%
27.53%
15.83%
20.35%
22.53%
43.08%
35.18%
29.35%
53.49%
39.34%
31.98%

𝐹-measure
17.98%
21.61%
25.33%
41.09%
41.69%
40.25%
15.14%
25.97%
32.09%
42.91%
46.35%
43.29%
53.08%
51.20%
46.32%

or not each test sentence features code-switching (5), with
results presented in Table 2. The bigram language model
correctly identified 113 code-switched sentences and 94
noncode-switched sentences, thus yielding 86.26% (113/131)
recall, 75.33% (113/150) precision, 80.43% 𝐹-measure, and
79.01% (207/262) accuracy. The trigram language model,
however, did not outperform the bigram model, possibly due
to the data sparseness problem caused by a lack of sufficient
training data for building the trigram language model.
To identify code-switched words in Mandarin-Taiwanese
code-switched sentences, all word bigrams and trigrams
in each test sentence were first ranked according to their
probabilities. The top 𝑁 word bigrams/trigrams were then
selected as candidates for further verification using (7). For
instance, top 1 means that the bigram/trigram with the
highest probability in a given test sentence is considered
a candidate. If the candidate 𝑛-gram is accepted by the
verification method, then the position indicated by the 𝑛gram will be considered a foreign word. Similarly, top 2
means that the method can propose two candidates for
verification. To examine the effect of the data sparseness
problem, we used the part-of-speech (POS) tags of words
to build additional POS bigram/trigram models from the
code-switching corpus. In addition to the word/POS 𝑛-gram
models, we also implemented a baseline system to randomly
guess the positions of code-switched words in the sentences,
and the top 𝑁, herein, means that the system can randomly
propose 𝑁 candidate positions. Table 3 shows the results for
the identification of code-switched words.
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Table 4: Results of code-switched word identification in MandarinEnglish code-switched sentences.
Recall
94.70%
17.88%
37.09%
48.34%

Precision
95.33%
20.61%
21.37%
18.58%

𝐹-measure
95.02%
19.15%
27.12%
26.84%

50
F-measure (%)

Methods
CKIP (FW)
Random (top 1)
Random (top 2)
Random (top 3)

60

40
30
20
10

The results show that the 𝐹-measure of the baseline
system (Random) was only around 18∼25%, indicating that
identifying code-switched words is more difficult than identifying code-switched sentences. In addition, the proposed
word/POS 𝑛-gram models significantly outperformed Random. For the word-based 𝑛-gram models, the word bigram
model achieved an 𝐹-measure of around 41%, which was
much better than that of both the word trigram model
and Random. Once the POS tags were used to build the
language models, both the POS bigram and trigram models
outperformed their corresponding word-based models in
terms of 𝐹-measure, as well as for recall and precision. This
finding indicates that training with the POS tags can reduce
the impact of the data sparseness problem. In addition, as
shown in Figure 2, the accuracy improvement derived from
the trigram model was significantly greater than that from
the bigram model, because the trigram model tends to suffer
from a more serious data sparseness problem than the bigram
model when training data is insufficient. Overall, the best
performance of the POS 𝑛-gram models was achieved at an
𝐹-measure of 53.08% (POS trigram, top 1).
Code-switched word identification can also be evaluated
by allowing the methods to propose more than one candidate,
that is, top 1 to top 3. Table 3 shows that, with more candidates
included for verification, more code-switched words were
correctly identified, thus dramatically increasing the recall
of all methods, but at the cost of reduced precision. Overall,
the 𝐹-measure of top 2 was increased for all methods except
for the POS trigram, but for top 3, increasing the number
of candidates only increased the 𝐹-measure of Random and
word trigram.
4.2.2. Evaluation on Mandarin-English Code-Switched Sentences. To identify code-switched words in MandarinEnglish code-switched sentences, the words associated with
the POS tag “FW” (representing a foreign word) by the CKIP
word segmentation system were proposed as the answers. The
Random system was also implemented to guess the English
words in the test sentences. Table 4 shows the comparative
results. As expected, the CKIP word segmentation system
can provide very precise information for identifying English
words in sentences, thus yielding very good performance.
Actually, the CKIP system has been under development
for over ten years and is still updated periodically. For the
Random system, the 𝐹-measure was around 19∼27% which
was similar to that (18∼25%, Table 3) for code-switched
word identification in Mandarin-Taiwanese code-switched
sentences.

0
Top 1

Top 3

Top 2
Word bigram
POS bigram
Word trigram

POS trigram
Random

Figure 2: Comparative results of top 𝑁 performance on codeswitched word identification in Mandarin-Taiwanese code-switched
sentences.

5. Conclusions
This work presents a language modeling method for identifying sentences featuring code-switching and for identifying the code-switched words within those sentences.
Experimental results show that the language modeling
approach achieved an 𝐹-measure of 80.43% and an accuracy
of 79.01% for the detection of Mandarin-Taiwanese codeswitched sentences. For the identification of code-switched
words in Mandarin-Taiwanese code-switched sentences, the
POS 𝑛-gram models outperformed the word 𝑛-gram models, mainly because of the reduced impact of the data
sparseness problem. The highest 𝐹-measures (top 1) for
the word-based and POS-based models were 41.09% and
53.08%, respectively. For code-switched word identification
in Mandarin-English code-switched sentences, the CKIP
word segmentation system achieved very high performance
(95.02% 𝐹-measure).
Future work will focus on improving system performance by incorporating other effective machine learning
algorithms and features, such as sentence structure analysis. The proposed method could also be integrated into
practical applications such as a multilingual dialog system
to improve effectiveness in dealing with the code-switching
problem.
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The problem of extracting knowledge from a relational database for probabilistic reasoning is still unsolved. On the basis of a
three-phase learning framework, we propose the integration of a Bayesian network (BN) with the functional dependency (FD)
discovery technique. Association rule analysis is employed to discover FDs and expert knowledge encoded within a BN; that
is, key relationships between attributes are emphasized. Moreover, the BN can be updated by using an expert-driven annotation
process wherein redundant nodes and edges are removed. Experimental results show the effectiveness and efficiency of the proposed
approach.

1. Introduction
The challenge of extracting knowledge for an uncertain
inference is related to the study of Bayesian networks (BNs),
which represent one of the key research areas of knowledge
discovery and machine learning [1, 2]. The advantages of
using prior knowledge by Bayesian statistical methods and
clear semantic expression have increased the application
of BN in medical diagnosis, manufacturing, and pattern
recognition.
A BN consists of two parts: a qualitative part and a quantitative part. The qualitative part denotes the graphical structure of the network, whereas the quantitative part consists
of the conditional probability tables (CPTs) in the network.
Although BNs are considered efficient inference algorithms,
the quantitative part is considered a complex component,
and learning an optimal BN structure from existing data has
been proven to be a NP-hard problem [3, 4]. Researchers
have used qualitative research to improve the efficiency of
probabilistic inferences by introducing domain knowledge.
Domain experts have proposed ideas on qualitative relations
that should be required in the model, such as the requirement
of an arc between two nodes. However, domain knowledge
may have a negative effect when attributes have similar properties and crossed functional zones. Thus, some attributes are

necessary but redundant. Although these attributes are not
biased to the network structure because they do not contribute any negative information, these attributes increase the
computational complexity of the network. Given the limited
instances for parameter estimation, these necessary attributes
should be removed to build a robust structure. Furthermore,
the definition and application of expert knowledge in the
learning procedure of BN are still unsolved.
In the real world, the widespread use of databases has created a considerable need for knowledge discovery methodologies. Database systems are designed to manage large
quantities of information, define structures for storage, and
provide mechanisms for mass data manipulation. Functional
dependencies (FDs) are a key concept in relational theory
and are the foundation of data organization in relational
database design. A FD is treated as a constraint that needs to
be enforced by the database system to preserve data integrity.
A FD can also be used as domain knowledge for knowledge
representation and reasoning.
Researchers have recently suggested the linking of the
relational database and probabilistic reasoning model to
construct a BN from a new perspective. FDs are important
data dependencies that provide conditional independency
information in relational databases. FDs can be generated
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from an entity-relationship diagram instead of being mined
from data. Therefore, constructing a BN from FDs is interesting and useful, particularly when data are incomplete
and inaccurate. Researchers have indicated the similarities
between the BN and relational model. Jaehui and Sanggoo [5] propose a probabilistic ranking model to exploit
statistical relationships that exist in relational data of categorical attributes. To quantify the information, the extent
of the dependency between correlative attribute values is
computed on a Bayesian network. Thimm and Kern-Isberner
[6] take an approach of lifting maximum entropy methods
to the relational case by employing a relational version of
probabilistic conditional logic. They address the problems of
ambiguity that are raised by the difference between subjective
and statistical views, and develop a comprehensive list of
desirable properties for inductive model-based probabilistic
inference in relational frameworks. Liu et al. [7] discussed the
relationship between fuzzy FD and BN.
Considering the 0/1 data analysis, the association rule
mining technique is quite popular and has been studied
extensively from computational and objective perspectives
by using measures such as frequency and confidence. Many
algorithms have been designed to compute frequent and
valid association rules. The algorithm proposed in this paper,
namely, the tree-augmented Naive Bayes (TAN) classifier
with FDs (i.e., TAN-FDA), applies extracted FDs based on
association rule analysis. TAN-FDA has two focuses: (1)
the use of association rules to infer belief FDs; redundant
attributes deduced from FDs can be proven from the viewpoints of information theory and probability theory; (2)
the effective simplification and estimation of BN structures
and probability distributions, respectively. The feasibility and
accuracy of the proposed method are also proven to explain
the necessity of finding and eliminating redundant attributes.
This paper is organized as follows. Section 2 introduces
related background theories wherein the FD rules of probability are proposed to link FD and probability distribution.
Sections 3 and 4 introduce the theoretical foundation used in
this paper and the learning procedure of TAN-FDA, respectively. Section 5 compares TAN-FDA with other algorithms.
Section 6 concludes.

2. Related Background Theory
2.1. Functional Dependency Rules of Probability. In the following discussion, we use Greek letters (𝛼, 𝛽, 𝛾, . . .) to denote
attribute sets. Lower-case letters represent the specific values
used by corresponding attributes (e.g., 𝑥𝑖 represents 𝑋𝑖 = 𝑥𝑖 ).
P(⋅) denotes the probability. Given a relation 𝑅 (in a relational
database), attribute 𝑌 of 𝑅 is functionally dependent on
attribute 𝑋 of 𝑅, and 𝑋 of 𝑅 functionally determines 𝑌 of 𝑅 (in
symbols 𝑋 → 𝑌). Armstrong [8] proposed a set of axioms
(inference rules) to infer all FDs on a relational database that
represents the expert knowledge of organizational data and
their inherent relationships. The axioms mainly include the
following rules.
(i) Augmentation rule: if 𝛼 → 𝛽 is true and 𝛾 is a set of
attributes, then 𝛼𝛾 → 𝛽𝛾.

(ii) Transitivity rule: if 𝛼 → 𝛽 and 𝛽 → 𝛾 are true, then
𝛼 → 𝛾.
(iii) Union rule: if 𝛼 → 𝛽 and 𝛼 → 𝛾 are true, then 𝛼 →
𝛽𝛾.
(iv) Decomposition rule: if 𝛼 → 𝛽𝛾 is true, then 𝛼 → 𝛽
and 𝛼 → 𝛾.
(v) Pseudotransitivity rule: if 𝛼 → 𝛽 and 𝛾𝛽 → 𝛿 are
true, then 𝛼𝛾 → 𝛿.
On the basis of the aforementioned rules, we use the
FD rules of probability in [9, 10] to link FD and probability
theory. The following rules are included in the FD-probability
theory link.
(i) Representation equivalence of probability: assume
that data set 𝑆 consists of two attribute sets {𝛼, 𝛽} and
that 𝛽 can be inferred by 𝛼; that is, FD 𝛼 → 𝛽 is
true; then the following joint probability distribution
is true:
𝑃 (𝛼) = 𝑃 (𝛼, 𝛽) .

(1)

(ii) Augmentation rule of probability: if 𝛼 → 𝛽 is true
and 𝛾 is an attribute set, then the following joint
probability distribution is true:
𝑃 (𝛼, 𝛾) = 𝑃 (𝛼, 𝛽, 𝛾) .

(2)

(iii) Transitivity rule of probability: if 𝛼 → 𝛽 and
𝛽 → 𝛾 are true, then the following joint probability
distribution is true:
𝑃 (𝛼) = 𝑃 (𝛼, 𝛾) .

(3)

(iv) Pseudotransitivity rule of probability: if 𝛾𝛽 → 𝛿 and
𝛼 → 𝛽 are true, then the following joint probability
distribution is true:
𝑃 (𝛼, 𝛾) = 𝑃 (𝛼, 𝛾, 𝛿) .

(4)

2.2. Unrestrictive BN of Naive Bayes and TAN. BN is a
directed acyclic graph that represents a joint probabilistic
distribution wherein the nodes denote the domain variables
𝑈 = (𝑋1 , 𝑋2 , . . . , 𝑋𝑛 ) and a graph of conditional dependencies denotes a network structure among variables in 𝑈.
A conditional dependency connects a child variable with a
set of parent variables. This dependency is represented by a
table of conditional distributions of the child variable for each
combination of the parent variables. Dependency-analysisbased algorithms construct a BN by using dependency
information. The mutual information is used to determine
the BN structure, which explains the causal relationship
between random variables. Hence, dependency-analysisbased algorithms construct a BN by testing the validity
of any independence assertions, which lead to a NP-hard
computational problem.
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Definition 1. Entropy is a measure of uncertainty of random
variable 𝑋:
𝐻 (𝑋) = − ∑ 𝑃 (𝑥) log 𝑃 (𝑥) ,
𝑥∈X

(5)

where 𝑃(𝑥) is the probability distribution of 𝑋.
Definition 2. Mutual information is the reduction of entropy
about variable 𝑋 after observing
𝐼 (𝑋; 𝑌) = 𝐻 (𝑋) − 𝐻 (𝑋 | 𝑌)
= ∑ ∑ 𝑃 (𝑥, 𝑦) log 𝑃 (𝑥 | 𝑦) − ∑ 𝑃 (𝑥) log 𝑃 (𝑥) .
𝑦∈𝑌𝑥∈𝑋

X3

𝑥∈X

(6)
The mutual information between 𝑋 and 𝑌 measures
the expected information on 𝑋 after observing the value
of 𝑌. If two nodes are dependent in BNs, knowledge of
the value of one node will provide information about the
value of the other node. Hence, the mutual information
between two nodes can show the dependency of the two
nodes and the degree of their relationship. To solve the
NP-hard computational complexity, Naı̈ve Bayes (NB) [11]
assumes that the attributes are independent in a given class.
NB has simple structures that contain arcs from the class
node to each other node and do not have arcs between other
nodes (Figure 1). Although the independence assumption
is unrealistic in many practical scenarios, NB has exhibited competitive accuracy with other learning algorithms.
Researchers have tried to adjust the Naı̈ve strategy to allow
for violations of independence assumptions and improve the
prediction accuracy of NB. One straightforward approach
in overcoming NB limitations involves the extension of the
NB structure to represent explicitly the dependencies among
attributes. Friedman et al. [12] presented a compromise
representation, that is, TAN, which allows arcs between the
children of the class attribute, thereby relaxing the assumption of CI (Figure 2). Given the independence assumption,
NB and TAN are both considered restrictive BN.

2.3. Association Rule to Belief Functional Dependency. Discerning FDs from existing databases is an important issue and
has been investigated for a number of years [13]. This issue has
recently been addressed in a novel and efficient manner by a
data-mining viewpoint. Rather than exhibiting the set of all
FDs in a relation, related works have aimed to discover a small
cover equivalent of this set. This problem is known as the FD
inference problem. Association rules are used to discover the
relationships and potential associations of items or attributes
in large quantities of data. These rules can be effective in
uncovering unknown relationships and providing results
that can be the basis of forecasts and decisions. Association
rules have also been proven useful tools for enterprises in
improving competitiveness and profitability.
Agrawal and Srikant [14] proposed the apriori association
rule algorithm, which can discover meaningful item sets and
construct association rules within large databases. However,
this algorithm generates a large number of candidate item
sets from single item sets and requires comparisons to
be performed against the whole database level by level in
creating association rules. Given a data set 𝑆, an association
rule is a rule in the form 𝛼 → [𝑠, 𝑐], which satisfies the
following:
(i) 𝛼 ⊆ 𝑋, 𝛽 ⊆ 𝑋,
(ii) 𝛼 ∩ 𝛽 = Φ,
(iii) 𝑠 = 𝑁𝛼𝛽 /𝑁𝑟 and 𝑐 = 𝑁𝛼𝛽 /𝑁𝛼 .
𝛼 and 𝛽 are attribute-value vectors, 𝑁𝑟 is the number of
samples in 𝑆, 𝑁𝛼𝛽 is the number of samples that contain the
set of items 𝛼 ∪ 𝛽, and 𝑁𝛼 is the number of samples that
contain 𝛼. 𝑠 and 𝑐 are the support and confidence of the rule,
respectively. The pseudocode of the apriori association rule
algorithm is shown in Algorithm 1.
Association rules can then be extracted from frequent
item sets. When an association rule has a nonzero support
and a confidence of 100%, such an association rule can
be interpreted as a FD and introduced in this paper for
preprocessing. Considering that probability theory is one of
the bases of BN, BN requires mass data to ensure precise
parameter estimations. For restrictive BN, the structure can
only be learned from the training data because the testing
data is incomplete, thus making the confidence level relatively
low. Some researchers have tried to apply a semisupervised
learning or active learning to use useful information in
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𝐶𝑘 : candidate item set of size 𝑘
𝐿 𝑘 : frequent item set of size 𝑘
𝐿 1 = frequent items;
For (𝑘 = 1; 𝑘 ≠𝜙; 𝑘 + +) do begin
𝐶𝑘+1 = candidates generated from 𝐿 𝑘 ;
for each transaction 𝑡 in database do
increment the count of all candidates in 𝐶𝑘+1 that are contained in 𝑡
𝐿 𝑘+1 = candidates in 𝐶𝑘+1 with min support
end
return ∪𝑘 𝐿 𝑘 ;
Algorithm 1

the testing data and increase the robustness of the final model.
These algorithms may cause noise propagation. However,
FDs transformed from the association rule will naturally
decrease noise to a minimum. Given data set 𝑈 with variables
{𝑋1 , 𝑋2 , . . . , 𝑋𝑛 } and class label 𝐶, suppose an association rule
𝛼 → 𝛽[𝑠, 𝑐] has been deduced from a whole data set and
𝛼, 𝛽 ⊂ 𝑈, such an association rule is transformed to be a FD
as 𝛼 → 𝛽. From the FD rule of probability, we can obtain the
following:
𝑃 (𝛼) = 𝑃 (𝛼, 𝛽) .

(7)

Furthermore, from the viewpoint of information theory,
the information quantity supplied by 𝑋1 and 𝑋2 to any other
attribute sets 𝑌 is expressed as follows:
𝐼 (𝑌; 𝑋1 , 𝑋2 )
= 𝐻 (𝑌) − 𝐻 (𝑌 | 𝑋1 , 𝑋2 )
= ∑ 𝑃 (𝑦) log 𝑃 (𝑦) − ∑ 𝑃 (𝑦, 𝑥1 , 𝑥2 ) log 𝑃 (𝑦 | 𝑥1 , 𝑥2 )
𝑦∈𝑌

𝑦∈𝑌

= ∑ 𝑃 (𝑦) log 𝑃 (𝑦) − ∑ 𝑃 (𝑦, 𝑥1 ) log 𝑃 (𝑦 | 𝑥1 )
𝑦∈𝑌

𝑦∈𝑌

= 𝐻 (𝑌) − 𝐻 (𝑌 | 𝑋1 ) = 𝐼 (𝑌; 𝑋1 ) .

By applying the augmentation rule of probability,

(10)
𝑃 (𝛼, 𝑐) = 𝑃 (𝛼, 𝛽, 𝑐)

or 𝑃 (𝛼 | 𝑐) = 𝑃 (𝛼, 𝛽 | 𝑐) .

(8)

Thus, FD 𝛼 → 𝛽 still occurs in the training data. Thus,
we can use the whole data set to extract FDs with high
confidence.

3. BN Learning Method
3.1. Redundant Attributes for Restrictive and Unrestrictive BN.
Given that a BN is a complete model for variables and
their relationships, a BN can be used to answer probabilistic
queries about variables. For example, the network can be used
to find updated knowledge on the state of a subset of variables
when other variables (e.g., evidence variables) are observed.
This process of computing the posterior distribution of
variables with evidence is called probabilistic inference. If
FD 𝑥1 → 𝑥2 exists, the following will be obtained in the
augmentation rule of probability:

𝑃 (𝑥2 | 𝑥1 , 𝑐) =

𝑃 (𝑥2 , 𝑥1 , 𝑐) 𝑃 (𝑥1 , 𝑐)
=
= 1.
𝑃 (𝑥1 , 𝑐)
𝑃 (𝑥1 , 𝑐)

(9)

Thereafter, conditional entropy H(𝑋2 | 𝑋1 , 𝐶) = 0 and
conditional mutual information 𝐼(𝑋2 ; 𝑋1 | 𝐶) = 𝐻(𝑋2 |
𝐶) reach their maximum values. Thus, a definite arc exists
between 𝑋2 and 𝑋1 in the restrictive structure of BN.

Hence, from the viewpoint of probability and information
theory, 𝑋2 is a redundant attribute that does not need to be
considered during structure learning.
If the information supplied by X 1 is implicated in the
information supplied by 𝑋2 , 𝑋1 and 𝑋2 have a strong
relationship, but 𝑋1 is redundant for modeling. By contrasts,
if the information boundaries of X 1 and 𝑋2 are crossed, a
relationship exists at some point between 𝑋1 and 𝑋2 . If the
boundaries are disjointed, 𝑋1 and 𝑋2 are independent. This
result is clearly displayed in Figure 3.
3.2. Structure Simplification for BN Learning. In relational
database theory, the minimal FD set can be inferred by
canonical cover analysis. Let 𝐹𝑐 be a canonical cover for a
set of simple FDs over 𝑈 and closure of 𝛼 denoted as 𝛼+ ,
which represents all attributes functionally determined by 𝛼.
Redundant attributes can be found from the viewpoints of
chain formula and FD rules of probability.
A joint probability distribution can be expressed by a
chain formula that includes construction information for
a BN. However, constructing the structure solely from a
joint probability distribution without using any conditional
independencies is impractical because such an approach will
require an exponentially large number of variable combinations. We can use FDs to simplify the structure of a BN which
is represented by a set of probability distributions [15] (see
Algorithm 2).
We use the following example to elaborate the algorithm.
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Input: FDs and probability distribution sets (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ),
where 𝑆1 = 𝑃 (𝐴 1 ), 𝑆2 = 𝑃 (𝐴 2 | 𝐴 1 ) , . . . , 𝑆𝑛 = 𝑃 (𝐴 𝑛 | 𝐴 1 𝐴 2 , ⋅ ⋅ ⋅ , 𝐴 𝑛−1 ).
Output: A chain formula with independence conditions implied by FDs.
Begin
For every 𝑆𝑘 (𝑘 > 2) Do
If FD = 𝑥𝑘 → 𝑎𝑘 , substitute 𝑃 (𝑎𝑘 | 𝑎1 𝑎2 , . . . , 𝑎𝑘−1 ) with 𝑃 (𝑎𝑘 | 𝑥𝑘 ),
where 𝑥𝑘 is a minimal set of (𝑎1 𝑎2 , . . . , 𝑎𝑘−1 ).
End For
End.
Algorithm 2

Example 3. Let 𝑅(𝑈 + 𝐹) be a probabilistic scheme; 𝑈 =
{𝑋1 , 𝑋2 , 𝑋3 , 𝑋4 } and 𝐹 = {𝑥2 → 𝑥1 , 𝑥3 → 𝑥4 } are sets of
FDs over 𝑅.
According to the order of (𝑋2 , 𝑋3 , 𝑋1 , 𝑋4 ), the joint
probability distribution 𝑃(𝑥1 , 𝑥2 , 𝑥3 , 𝑥4 ) will be expressed as
follows:
𝑃 (𝑥1 , 𝑥2 , 𝑥3 , 𝑥4 ) = 𝑃 (𝑥2 ) 𝑃 (𝑥3 | 𝑥2 )

(11)

× 𝑃 (𝑥1 | 𝑥2 , 𝑥3 ) 𝑃 (𝑥4 | 𝑥1 , 𝑥2 , 𝑥3 ) .

The following results can be generated based on
Algorithm 2.

Theorem 5 (see [16]). Let 𝑈 be a set of attributes and 𝐹 an
acyclic set of simple FDs over 𝑈. One canonical cover will exist
for F; that is, 𝐹1 = 𝐹2 if 𝐹1 and 𝐹2 are canonical covers for 𝐹.
The chosen canonical cover is the set of minimal dependencies. Such a cover is information lossless and is considerably smaller than the set of all valid dependencies. These
qualities are particularly important for the end user because
of the provision of relevant knowledge wherein redundancy
is minimized and extraneous information is discarded.

(1) By using FD 𝑥2 → 𝑥1 , 𝑃(𝑥1 𝑥2 , 𝑥3 ) = 𝑃(𝑥1 𝑥2 ).
(2) By using FD 𝑥3 → 𝑥4 , 𝑃(𝑥4 𝑥1 , 𝑥2 , 𝑥3 ) = 𝑃(𝑥4 𝑥3 ).

Lemma 6. Let 𝐹𝑐 be a canonical cover for 𝐹, which is a set
of simple FDs, and let 𝛼 and 𝛽 be the union of the left-hand
sides of all dependencies in 𝐹𝑐 and 𝐹, respectively. The following
conditional probability distribution is true:

The joint probability distribution can then be simplified
as follows:

𝑃 (𝑐 | 𝛼) = 𝑃 (𝑐 | 𝛽+ ) .

𝑃 (𝑥1 , 𝑥2 , 𝑥3 , 𝑥4 ) = 𝑃 (𝑥2 ) 𝑃 (𝑥3 | 𝑥2 ) 𝑃 (𝑥1 | 𝑥2 ) 𝑃 (𝑥4 | 𝑥3 ) .
(12)

Lemma 7. Let 𝑈 be a set of attributes and 𝐶 the class label. Let
𝐹𝑐 be a canonical cover for 𝐹, which is a set of simple FDs, and
let 𝛼 be the union of the left-hand sides of all dependencies in
𝐹𝑐 . The following conditional probability distribution is true:

The corresponding BN structure of the joint probability
distribution is shown in Figure 4(a). From the FD rule of
probability, given that 𝑃(𝑥1 | 𝑥2 ) = 𝑃(𝑥4 | 𝑥3 ) = 1 is true,
(11) is changed into the following expression:
𝑃 (𝑥1 , 𝑥2 , 𝑥3 , 𝑥4 ) = 𝑃 (𝑥2 ) ⋅ 𝑃 (𝑥3 | 𝑥2 ) ⋅ 1.1

(13)

= 𝑃 (𝑥2 ) ⋅ 𝑃 (𝑥3 | 𝑥2 ) .
The corresponding structure is shown in Figure 4(b).

Theorem 4 (see [9]). Given two attribute sets {𝛼, 𝛽} and class
label 𝐶, if 𝛼 → 𝛽 is true, then the following conditional
probability distribution is true:
𝑃 (𝑐 | 𝛼) = 𝑃 (𝑐 | 𝛼, 𝛽) .

(14)

𝑃 (𝑐 | 𝛼, 𝑈 − 𝛼+ ) = 𝑃 (𝑐 | 𝑈) ,

(15)

(16)

where {𝑈 − 𝛼+ } represents the difference set between 𝑈 and
𝛼+ . Therefore, the difference set {𝛼+ − 𝛼} is redundant for
classification. From Lemma 7 and chain formula rule,
𝑃 (𝑐 | 𝑥1 , 𝑥2 , 𝑥3 , 𝑥4 )
= argmax 𝑃 (𝑥2 | 𝑐) 𝑃 (𝑥3 | 𝑥2 , 𝑐) 𝑃 (𝑥1 | 𝑥2 , 𝑥3 , 𝑐)
× 𝑃 (𝑥4 | 𝑥1 , 𝑥2 , 𝑥3 , 𝑐) 𝑃 (𝑐)
= argmax 𝑃 (𝑥2 | 𝑐) 𝑃 (𝑥3 | 𝑥2 , 𝑐) 𝑃 (𝑥1 | 𝑥2 )
× 𝑃 (𝑥4 | 𝑥3 ) 𝑃 (𝑐) .

(17)
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Figure 4: Two simplification steps of BN structure by applying FDs.

The corresponding structure is shown in Figure 5(a). By
applying the FD rule of probability, (17) is changed into the
following:
𝑃 (𝑐𝑥1 , 𝑥2 , 𝑥3 , 𝑥4 )
= argmax 𝑃 (𝑥2 | 𝑐) 𝑃 (𝑥3 | 𝑥2 , 𝑐) ⋅ 1.1 ⋅ 𝑃 (𝑐)

(18)

= argmax 𝑃 (𝑥2 | 𝑐) 𝑃 (𝑥3 | 𝑥2 , 𝑐) 𝑃 (𝑐) .
The corresponding structure is shown in Figure 5(b).

4. TAN-FDA
TAN allows tree-like structures to be used in representing dependencies among attributes. The class node directly
points to all attribute nodes, and an attribute node can have
only one parent from another attribute node (in addition to
the class node).
The architecture of the TAN model can be depicted as
shown in Algorithm 3.
The proposed TAN-FDA has three phases: drafting,
thinning, and thickening. Given that TAN performs well in
the experimental study, the drafting phase does not start from
the empty graph but from the TAN structure that is expected
to be close to the correct graph. Moreover, we propose
another method for performing the thinning phase. This
new methodology uses a data-mining technique to infer the
number of FDs, which describe the correlation of events and
can be viewed as probabilistic rules. Two events are correlated
if they are frequently observed together. Each FD can be used
to remove redundant attributes, thus simplifying the network
structure. Some relationships can be neglected for TAN with
a limited number of training samples. However, after the
thinning phase, the attribute space decreases, and the training
samples can provide useful information. In the thickening
phase, the conditional mutual information is computed to
obtain a new TAN structure with the rest of the attributes.
We then compared the differences between TAN structures
before and after the thickening phase. If a new edge exists,
the edge is added to the graph in the thickening phase. The
graph produced by this phase will contain all the edges of the
underlying dependency model.

Table 1: Description of the data sets used in the experiments.
Data set
Anneal
Balance-scale
German
Glass
Heart-c
Ionosphere
Pima Indians
Audiology
Sonar

Size
798
625
1000
214
303
351
768
226
208

Attributes
39
5
24
10
14
34
8
70
61

Number of classes
6
3
2
7
5
2
2
24
2

The learning procedure of the TAN-FDA algorithm is
described as shown in Algorithm 4.

5. Experiments
To verify the efficiency and effectiveness of the proposed
TAN-FDA, we conduct experiments on nine data sets from
the UCI machine-learning repository (Table 1). For each
benchmark data set, we compare two Bayes models with the
selected attributes. The following abbreviations are used for
the different classification approaches: SNB-FSS [17]: selective
Naive Bayes classifier with forward sequential selection;
TAN-CFS [18]: tree-augmented Naive Bayes classifier with
classical floating search.
SNB-FSS selects a subset of attributes by using leave-oneout cross validation as a selection criterion and establishes
an NB with these attributes. SNB-FSS uses the reverse search
direction; that is, SNB-FSS iteratively adds the attribute to
improve accuracy, starting with the empty set of attributes.
Independence is assumed among the resulting attributes in a
given class.
TAN-CFS includes new features that maximize the criterion 𝐽 by means of the sequential forward selection procedure and starts from the current feature set. Thereafter,
the conditional exclusions of previously updated subsets are
implemented. If no feature can be excluded, the algorithm
proceeds with the sequential forward selection algorithm.
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Figure 5: Two simplification steps of restrictive BN by applying FDs.

Input: Training set 𝑇, attribute set 𝑋 = {𝑋1 , . . . , 𝑋𝑛 }, and class 𝐶.
Output: TAN constructed by conditional mutual information metric.
Step 1. Compute the conditional mutual information 𝐼 (𝑋𝑖 ; 𝑋𝑗 | 𝐶) between
each pair of attributes {𝑋𝑖 , 𝑋𝑗 }, 𝑖 ≠𝑗.
Step 2. Build a complete undirected graph wherein the vertices are attributes {𝑋1 , . . . , 𝑋𝑛 }.
Annotate the weight of an edge connecting 𝑋𝑖 to 𝑋𝑗 by 𝐼 (𝑋𝑖 ; 𝑋𝑗 , | 𝐶).
Step 3. Build a maximum weighted spanning tree.
Step 4. Transform the resulting undirected tree to a directed tree by choosing a root node
and setting the direction of all edges outward from the directed tree.
Step 5. Build a TAN model by adding a vertex labeled by 𝐶 and adding an arc from 𝐶 to each 𝑋𝑖 .
Algorithm 3

The floating methods are allowed to correct the wrong decisions made in the previous steps. These methods also approximate the optimal solution better than sequential feature
selection methods.
The current implementation of TAN-FDA is limited to
categorical data. Hence, we assess only the relative capacities
of these algorithms with respect to categorical data, and all
numeric attributes are discretized. When MDL discretization
[19], which is a common discretization method for NB, is
used to discretize quantitative attributes within each crossvalidation fold, many attributes will have only one value.
In these experiments, we discretize quantitative attributes
by using three-bin equal-frequency discretization prior to
classification.
The base probabilities are estimated by using mestimation [20] (𝑚 = 1), which often results in more accurate
probabilities than the Laplace estimation for NB and TAN.
The above experiments are coded in Matlab 7.0 on an Intel
Pentium 2.93 GHz computer with 1 GB of RAM.
The main advantage of the proposed method is that it
uses FD to simplify the learning procedure and builds a
robust BN structure. For different testing samples, different
FDs may be applied and the final BN structure may differ
greatly, which make TAN-FDA much more flexible. During
our experiments, we try to use the most general FDs as
inductive rules wherein the number of attributes (denoted

as 𝑙 in the following discussion) of the left side of each
FD is less than three. We first study the performance of
the state-of-the-art classifiers NB and TAN to reveal how
performance varies with changing 𝑙. To explore how the
classification performance of TAN-FDA compares with SNBFSS and TAN-CFS, we estimate Pcost , which is the mean
posterior probability of the submodels. The probabilistic
costing is equivalent to the accumulated code length of the
total test data encoded by an inferred model. Given that an
optimal code length can only be achieved by encoding the real
probability distribution of the test data, a smaller probabilistic
costing will indicate a better performance on the overall
probabilistic prediction than a larger probabilistic costing.
For each benchmark data set, the classification performance
is evaluated by fourfold and tenfold cross-validation.
5.1. Comparison with State-of-the-Art Algorithms. We choose
NB and TAN as comparator algorithms because they are
relatively unparameterized and can readily produce clearly
understood performance outcomes. We first consider the
relative performance when the induction rules or FDs take
different 𝑙 values, that is, one or two. In an attempt to assess
these predictions, we calculated the mean of error, bias, and
variance for NB and TAN over the nine data sets. The experimental results are presented in Tables 2 and 3. We observe
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Input: Training set 𝑇1 , testing set 𝑇2 , and attribute set 𝑋 = {𝑋1 , . . . , 𝑋𝑛 }.
Output: Restrictive TAN model.
Step 1. In the drafting phase, the TAN model is used as the basic structure.
Step 2. Mine association rules from data set {𝑇1 + 𝑇2 }, and transform these rules into FDs.
Thereafter, obtain the closure of FDs.
Step 3. In the thinning phase, remove redundant attributes and corresponding edges that
originate from these attributes. Thereafter, obtain the simplified structure.
Step 4. Learn the TAN model as the mapping structure with the rest of the attributes.
Step 5. In the thickening phase, compare the mapping structure and simplified structure.
If a new edge exists in the mapping structure, add the edge to the simplified structure.
Algorithm 4

Table 2: Comparative error, bias, and variance for NB.
Classifier
Mean error
Mean bias
Mean variance

NB (𝑙 = 1)
0.109
0.121
0.035

NB (𝑙 = 2)
0.097
0.117
0.037

NB
0.112
0.135
0.032

Table 3: Comparative error, bias, and variance for TAN.
Classifier
Mean error
Mean bias
Mean variance

TAN (𝑙 = 1)
0.093
0.105
0.028

TAN (𝑙 = 2)
0.087
0.093
0.033

TAN
0.105
0.124
0.027

Table 4: Comparative error, bias, and variance for TAN-FDA versus
SNB-FSS.
Classifier
TAN-FDA (𝑙 = 1)
Mean error
0.091
Mean bias
0.157
Mean variance
0.022

TAN-FDA (𝑙 = 2)
0.088
0.166
0.032

SNB-FSS
0.097
0.143
0.036

Table 5: Comparative error, bias, and variance for TAN-FDA versus
TAN-CFS.
Classifier
TAN-FDA (𝑙 = 1) TAN-FDA (𝑙 = 2) TAN-CFS
Mean error
0.091
0.088
0.089
Mean bias
0.157
0.166
0.120
Mean variance
0.022
0.032
0.044

that increasing 𝑙 from one to two consistently decreases bias
at the cost of an increase in variance. This trade-off delivers
low errors for NB and TAN. If our reasoning on the expected
bias profiles of these algorithms is accepted, the performance
of NB or TAN should increase with increasing data quantity,
and unrestricted BN classifiers should also achieve low errors.
5.2. Comparison with SNB-FSS and TAN-CFS. Tables 4 and
5 show the mean of error, bias, and variance results of
TAN-FDA, SNB-FSS, and TAN-CFS. TAN-FDA has higher
biases, lower variances, and lower mean errors than SNBFSS and TAN-CFS. When 𝑙 increases from one to two,
fewer instances may satisfy the stopping criterion of the

association rule. Moreover, the rules or extracted FDs may
only be coincidental and are not real domain knowledge.
The occurrence of low variance is less obvious than the
occurrence of high mean bias. This phenomenon remains
an interesting unexplained topic that is worthy of further
investigation.
To obtain Pcost for BN, the probabilistic prediction for
each test instance is calculated by arithmetically averaging
the probabilistic predictions submitted by each iteration. We
observe that TAN-FDA has achieved better (lower) probabilistic costing than SNB-FSS and TAN-CFS in almost all
data sets in terms of logarithm of probability Pcost bit costing
(Figure 6). The superior performance of TAN-FDA on probabilistic prediction can be attributed to the belief that FDs
are extracted from a whole data set, irrelevant attributes are
not included, and classifiers are based on subsets of selected
attributes. This restricted network structure maximizes the
classification performance by removing irrelevant attributes
and relaxing independence assumptions between correlated
attributes. The computational demands for determining the
network structure are low, particularly if a large number of
attributes are available.
The size of the CPTs of the nodes increases exponentially
with the number of parents, thus possibly resulting in an
unreliable probability estimate of the nodes that have a large
number of parents. However, the introduction of FDs reduces
this negative effect significantly.

6. Conclusion
For high-dimensional data, only very low-dimensional forms
of BN are robust. FDs provide a novel way of solving this common problem that exists in machine-learning techniques.
Moreover, we have established that higher-dimensional variants are likely to deliver greater accuracy than lowerdimensional alternatives when provided with reliable domain
knowledge. Thus, a promising direction for future research is
the development of computationally efficient techniques for
approximating TAN-FDA with high 𝑙 values.
A further unresolved issue is the manner of selecting an
appropriate 𝑙 value for any specific data set 𝑇. Furthermore,
a number of techniques have been developed for extending
TAN to handle numeric data [21]. Extending the current
study to the general TAN-FDA framework is needed.
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Figure 6: Comparison of TAN-FDA to SNB-FSS and TAN-CFS.

We have presented a strategy for deriving FDs and
removing redundant nodes. However, mining relationships
between different FDs should also be important. Reducing
the errors of BNs has been proven possible by appropriate
feature selection and submodel weighting [22]. Therefore,
exploring efficient methods for removing redundant FD parts
and obtaining high 𝑙 values is significant. If fast classification
is required and training time is not constrained, approaches
that use search methods to select small numbers of FDs from
a TAN-FDA model are likely to be appropriate. If sufficient
training time is available, searching for appropriate 𝑙 values
will be useful.
For forward sequential selection (FSS) to consider joining
two attributes, FSS must first construct a classifier wherein
one of the attributes is used independently. However, on
exclusive—or, a Bayesian classifier with only one relevant
attribute will not perform better than a simple guess on the
most frequent class, and correct relevant attributes will rarely
be joined. By contrast, classical floating search (CFS) starts
with the TAN classifier of all attributes and considers all pairs
of joins. CFS always considers joining two relevant attributes
(specifically on larger data sets) and has high accuracy. A
potential weakness of the algorithm for joining attributes is
that to join more than two attributes, two attributes must
first be joined before joining other attributes. This process
will not occur unless the formation of the first pair results in
an increase in accuracy. This problem is common in many
algorithms. In this paper, we have developed a generative
learning algorithm that generalizes the principles underlying
TAN-FDA. We have shown that searching for dependencies
among attributes while learning Bayesian classifiers results
in significant increases in accuracy. All redundant attributes
will be considered only once to improve the accuracy of the
Bayesian classifier when more than two interacting attributes
are present.
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We propose a robust quadratic regression model to handle the statistics inaccuracy. Unlike the traditional robust statistic approaches
that mainly focus on eliminating the effect of outliers, the proposed model employs the recently developed robust optimization
methodology and tries to minimize the worst-case residual errors. First, we give a solvable equivalent semidefinite programming
for the robust least square model with ball uncertainty set. Then the result is generalized to robust models under 𝑙1 - and 𝑙∞ -norm
critera with general ellipsoid uncertainty sets. In addition, we establish a robust regression model for per capital GDP and energy
consumption in the energy-growth problem under the conservation hypothesis. Finally, numerical experiments are carried out to
verify the effectiveness of the proposed models and demonstrate the effect of the uncertainty perturbation on the robust models.

1. Introduction
Traditional regression analysis is a useful tool to model
the linear or nonlinear relationship between the observed
data. In the simplest linear regression model, there is only
one explanatory variable 𝑥 (the regressors) and one dependent variable 𝑦 (the regressand) that is assumed to be an
affine function of 𝑥; it is further extended to a polynomial
regression model where 𝑦 is an 𝑛th order polynomial of
𝑥. In this case, the corresponding multivariate regression
model contains more than one explanatory variable. To make
the regression models work well, there are several specific
assumptions on the model and the observed data.
Consider the following standard multivariate linear
regression model:
𝑛

𝑦𝑖 = ∑𝑥𝑖𝑗 + 𝜀𝑖 ,
𝑗=1

𝑖 = 1, . . . , 𝑚,

(1)

where (𝑥𝑖 , 𝑦𝑖 )𝑚
𝑖=1 are given observed data and 𝜀 is a random error vector. Assuming that (𝜀𝑖 )𝑚
𝑖=1 have zero mean
and constant variance, they are independent of each other.

Besides the assumption on the random errors, there is
another important weak exogeneity assumption that the
explanatory variables are known deterministic values. Under
this assumption, one can arbitrarily transform their values
and construct any complex function relationship between
the regressors and the regressand. For example, in this case
the polynomial regression is merely a linear regression with
𝑝
regressors {𝑥𝑖1 , 𝑥𝑖2 , . . . , 𝑥𝑖 }.
Although this weak exogeneity assumption makes the
linear regression model very powerful to fit the given data
or predict the regressand for given known regressors, it may
lead to overfitting or inconsistent estimations [1]. Actually
this assumption may be quite unreasonable in some case.
For instance, in the process of collecting data, there is often
unavoidable observation noise that makes the observed data
quite inaccurate. Furthermore, in statistics the incomplete
sampling approach sometimes can only give an approximation of the real values.
Researches on regression models with imprecise data
have been reported. One way to handle the noisy observation
is the measure error model or the errors-in-variable model,
where it is assumed that there exist some unknown latent (or

2
true) variables that follow the true functional relationship,
and the actual observations are affected by certain random
noise [2]. Based on different assumptions about random
noise, there are a variety of regression models, such as the
method of moments [3] that is based on the third-(or higher-)
order joint cumulants of observable variables and the Deming
regression [4] assuming that the ratio of the noise variance is
known. A brief historical overview of linear regression with
errors in variables can be found in [5].
In addition to the errors-in-variable models, motivated by
the robust optimization theory under uncertainty, studies on
the robust regression models are reported. In such case, the
perturbations are deterministic and unknown but bounded.
Ghaoui and Lebret [6] study the robust linear regression
with bounded uncertainty sets under least square criterion.
They utilize the second-order cone programming (SOCP)
and semi-definite programming to minimize the worstcase residual errors. Shivaswamy et al. [7] propose SOCP
formulations for robust linear classification and regression
models when the first two moments of the uncertain data are
computable. Ben-Tal et al. [8] provide an excellent framework
of robust linear classification and regression. Based on general assumption on the uncertainty sets, they provide explicit
equivalent formulations for robust least squares, 𝑙1 , 𝑙∞ , and
Huber penalty regressions. For more results regarding robust
classification and regression that are similar to this work,
we refer the readers to [9–11]. Also according to [8], the
traditional robust statistic approaches (see [12]), which try
to reject the outliers in data, are different from the point of
view in this paper as the authors here intend to minimize the
maximal (worst-case) residual errors. However in order to
overcome the confliction, a two-step approach can be easily
implemented. First, the outliers are identified, and related
data is removed. Then, our proposed method is applied in
order to safely eliminate the effect generated from imprecise
data. We employ this approach in the real energy-growth
regression problem in Section 3.
Besides the regression models, there are a wide variety of
forecasting models, such as support vector machines, decision tree, neural network, and Bayes classifier. For example,
[13] utilizes the support vector machine based on trend-based
segmentation method for financial time series forecasting.
The proposed models have been tested by using various
stocks from America stock market with different trends [14].
proposes a new adaptive local linear prediction method to
reduce the parameters uncertainties in the prediction of a
chaotic time series. Real hydrological time series are used
to validate the effectiveness of the proposed methods. More
related literatures can be found in [15] (chaotic time series
analysis), [16] (fractal time series), and [17] (knowledge-based
Green’s kernel for support vector regression). Compared with
these models, we focus on the handling of the statistics
inaccuracy. The regression model is an appropriate basis to
develop effective and tractable robust models.
In this paper, we try to extend the robust linear regression model to general multivariate quadratic regression and
provide equivalent tractable formulations. Different from the
simple extension from the classical linear model to classical polynomial (even general nonlinear) models under the
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weak exogeneity assumption, the perturbation of explanatory
variables in the quadratic terms will affect the model in a
complex nonlinear manner. Although [8, 12] have discussed
the robust polynomial interpolation problem, only an upper
bound and the corresponding suboptimal coefficients are
given. They further conjecture that the proposed problem
cannot be solved exactly in polynomial time. Our proposed
robust multivariate quadratic regression model in this paper
also needs to solve a complex biquadratic min-max optimization problem. However, under certain assumption on
the uncertainty sets, we can obtain a series of equivalent
semidefinite programming formulations for robust quadratic
regression under different residual error criteria.
In particular, we first extend the traditional quadratic
regression model by introducing the separable ball (2-norm)
uncertainty set and formulate the optimal robust regression
problem as a min-max problem that tries to minimize the
maximal residual error. By utilizing the S-lemma [18] and
Schur complement lemma, we provide an equivalent semidefinite programming formulation for the robust least square
quadratic regression model with ball uncertainty set. This
result is then generalized to models with general ellipsoid
uncertainty sets and under the 𝑙1 -, 𝑙∞ -norm criteria. Furthermore the robust quadratic regression models are applied
to the economic growth and energy consumption regression
problem. We take the per capital GDP as the explanatory
variable and the per capital energy consumption as the
dependent variable. Under the conservation hypothesis, we
establish a corresponding robust model. Finally we test the
proposed model on different history data sets and compare
our models with the classical regression models.
The paper proceeds as follows. In Section 2, we present
a general robust quadratic regression model, give a solvable
equivalent semi-definite programming for the robust least
square quadratic regression model with ball uncertainty set,
and further generalize the result. In Section 3, the proposed
models are applied to the energy-growth problem. Numerical
experiments are carried out in Section 4, and Section 5
concludes this paper and gives future research directions.

2. Robust Quadratic Regression Models
2.1. General Robust Models. Consider the standard multivariate quadratic regression model:
𝑦 = 𝑥𝑇𝑄𝑥 + 2𝛼𝑇 𝑥 + 𝛽,

(2)

where 𝑥 ∈ 𝑅𝑛 denotes the 𝑛-dimension explanatory data, 𝑦 ∈
𝑅 denotes the dependent data, and 𝑄 ∈ 𝑅𝑛×𝑛 , 𝛼 ∈ 𝑅𝑛 , and
𝛽 ∈ 𝑅 are unknown coefficients that will be determined based
on certain minimal criteria.
Given a set of data 𝐷 = [𝑋; 𝑌𝑇 ] ∈ 𝑅(𝑛+1)×𝑚 , where 𝑋 =
[𝑥1 , . . . , 𝑥𝑚 ] ∈ 𝑅𝑛×𝑚 and 𝑌 = [𝑦1 ; . . . ; 𝑦𝑚 ] ∈ 𝑅𝑚 , we utilize
the 𝑝-norm to measure the prediction error


 𝑦1 − 𝑥1𝑇 𝑄𝑥1 − 2𝛼𝑇 𝑥1 − 𝛽 


..
𝑒𝑝 (𝛼, 𝛽, 𝑄) = (
) .
.


 𝑦 − 𝑥𝑇 𝑄𝑥 − 2𝛼𝑇 𝑥 − 𝛽 
𝑚
𝑚
 𝑚
𝑝
𝑚

(3)

Mathematical Problems in Engineering

3

In traditional regression models, we assume that the
explanatory data are precise and reliable. Based on this
weak exogeneity assumption, the quadratic regression can be
expressed as the following linear regression:
 𝑦1 − 𝑄 ∘ 𝑋1 − 2𝛼𝑇 𝑥1 − 𝛽 




..
 ,
)
min (
(4)
.

𝛼,𝛽,𝑄 

 𝑦 − 𝑄 ∘ 𝑋 − 2𝛼𝑇 𝑥 − 𝛽 
𝑚
𝑚
𝑝
 𝑚
𝑥𝑖 𝑥𝑖𝑇

where 𝑋𝑖 =
are the problem data and the linear
operator ∘ for matrix 𝐴 and 𝐵 ∈ 𝑅𝑠×𝑙 is defined as 𝐴 ∘
𝐵 = ∑𝑠𝑖=1 ∑𝑙𝑗=1 𝐴 𝑖,𝑗 𝐵𝑖,𝑗 . Therefore, we can easily solve the
above linear regression model for 𝑝 = 1, 2 (the least square
regression) and +∞.
To relax the weak exogeneity assumption, we assume that
the real data are contained in the following uncertainty set:

Note that for the inner problem, the separable uncertainty
set and the summation form of the objective function
allow us to decompose it into 𝑚 small scale subproblems
with quadratic objective function and ball constraints. The
quadratic objective function and constraints motivate us to
use the following S-lemma to obtain an equivalent solvable
reformulation.
Lemma 1 (inhomogeneous version of S-lemma [8]). Let 𝐴, 𝐵
be symmetric matrices of the same size, and let the quadratic
form 𝑥𝑇 𝐴𝑥 + 2𝑎𝑇 𝑥 + 𝛽 be strictly positive at some point. Then
the implication
𝑥𝑇 𝐴𝑥 + 2𝑎𝑇 𝑥 + 𝛽 ≥ 0 ⇒ 𝑥𝑇 𝐵𝑥 + 2𝑏𝑇 𝑥 + 𝛽 ≥ 0
holds true if and only if
∃𝜆 ≥ 0 : [

𝑈 = { [𝑋; 𝑌𝑇 ] : 𝑥𝑖 = 𝑥𝑖 + Δ𝑥𝑖 ,


𝑦𝑖 = 𝑦𝑖 + Δ𝑦𝑖 , 𝑖 = 1, . . . , 𝑚, (Δ𝑦𝑖 ; Δ𝑥𝑖 )𝑖=1,...,𝑚 2 ≤ 𝛿} .
(5)
To minimize the worst-case residual error, we establish
the following robust quadratic regression model:


 𝑦1 − 𝑥1𝑇 𝑄𝑥1 − 2𝛼𝑇 𝑥1 − 𝛽 


..
min max (
) . (6)
.
𝑇
𝛼,𝛽,𝑄 [𝑋;𝑌 ]∈𝑈

 𝑦 − 𝑥𝑇 𝑄𝑥 − 2𝛼𝑇 𝑥 − 𝛽 
𝑚
𝑚
𝑝
 𝑚
𝑚

min

𝛼,𝛽,𝑄,V,𝑢,𝑟,𝑡,𝜏

s.t.

𝑖=1

s.t.

(𝑥𝑖 ; 𝑦𝑖 ) ∈ 𝑈𝑖 ,

(8)

2

− 2𝛼 𝑥𝑖 − 𝛽)
𝑖 = 1, . . . , 𝑚.

𝜏𝑖

𝑖 ∈ 𝑀+ ,

𝜏𝑖 𝐼𝑛×𝑛

) − 𝐹 ⪰ 0,

𝑖 ∈ 𝑀+ ,

𝑟𝑖 − 𝑢𝑖 ≥ 0,

𝑖 ∈ 𝑀0 ,

𝑟𝑖 = 𝛽 + 𝑥𝑇𝑖 𝑄𝑥𝑖 + 2𝛼𝑇 𝑥𝑖 − 𝑦𝑖 ,

𝑖 = 1, . . . , 𝑚,

V 𝑢𝑇
) ⪰ 0,
(
𝑢 V𝐼𝑚×𝑚
𝑡𝑖 ≥ 0, 𝜏𝑖 ≥ 0, 𝑢𝑖 , 𝑟𝑖 ∈ 𝑅,

𝑖 = 1, . . . , 𝑚,
(12)

and 𝛿𝑖 ≥ 0. Thus the inner problem (IP) is of the following
form (here we first consider square of the original objective
function):
∑(𝑦𝑖 −

𝑢𝑖 − 𝜏𝑖 𝛿𝑖2

) + 𝐹 ⪰ 0,

𝑡𝑖 𝐼𝑛×𝑛

V, 𝛽 ∈ 𝑅, 𝛼 ∈ 𝑅𝑛 , 𝑄 ∈ 𝑅𝑛×𝑛 ,



𝑦𝑖 = 𝑦𝑖 + Δ𝑦𝑖 , (Δ𝑦𝑖 ; Δ𝑥𝑖 )2 ≤ 𝛿𝑖 } ,

(IP) max

𝑢𝑖 − 𝑡𝑖 𝛿𝑖2
(
𝑡𝑖

𝑟𝑖 + 𝑢𝑖 ≥ 0,

(7)

𝑈𝑖 = {(𝑥𝑖 ; 𝑦𝑖 ) ∈ 𝑅𝑛+1 : 𝑥𝑖 = 𝑥𝑖 + Δ𝑥𝑖 ,

𝑇

V

(

where

𝑥𝑖𝑇𝑄𝑥𝑖

(11)

Proposition 2. The robust least square quadratic regression
model with separable uncertainty set 𝑈𝑠 is equivalent to the
following semidefinite programming:

2.2. Separable Ball Uncertainty Sets Model. In this subsection,
we consider the following separable ball uncertainty set:

𝑚

𝐵 − 𝜆𝐴 (𝑏 − 𝜆𝑎)𝑇
] ⪰ 0.
𝑏 − 𝜆𝑎 𝛽 − 𝜆𝛼

We can obtain the following equivalent semidefinite
programming for the separable robust least square quadratic
regression model.

From the computational perspective, although the robust
linear regression problem (where the coefficients 𝑄 are set
to zero) with a large variety of uncertainty sets can be
efficiently solved, the robust quadratic regression problems
are much more difficult. Actually for general uncertainty
sets and least square criteria, even the inner maximization
problem, which includes convex biquadratic polynomial as
the objective function and general convex set as feasible set,
is in general not solvable in polynomial run time. Next we will
introduce some meaningful uncertainty sets and provide the
corresponding tractable equivalences.

𝑈𝑠 = 𝑈1 × 𝑈2 × ⋅ ⋅ ⋅ × 𝑈𝑚 ,

(10)

(9)

where
𝑇
1
𝑟𝑖
− (𝑄𝑇 𝑥𝑖 + 𝛼)
2
𝐹 = ( −1
),
0
01×𝑛
2
𝑇
𝑄 𝑥𝑖 + 𝛼 0𝑛×1
𝑄

𝑀+ = {𝑖 : 𝛿𝑖 > 0} ⋂ {1, . . . , 𝑚} ,
𝑀0 = {𝑖 : 𝛿𝑖 = 0} ⋂ {1, . . . , 𝑚} .

(13)

4
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Proof. First consider the inner maximization subproblem. It
is obvious that
(IP𝑖 ) max

(𝑦𝑖 −

𝑥𝑖𝑇 𝑄𝑥𝑖

𝑇

− 2𝛼 𝑥𝑖 − 𝛽)

2

⇐⇒ ∃𝜏𝑖 ≥ 0,

𝑇
1
𝑢𝑖 − 𝑟𝑖 − 𝜏𝑖 𝛿𝑖2
−(𝑄𝑇 𝑥𝑖 + 𝛼)
2
1
)
s.t. (
01×𝑛
𝜏𝑖
2
−𝑄𝑇 𝑥𝑖 − 𝛼 0𝑛×1 𝜏𝑖 𝐼𝑛×𝑛 − 𝑄

(𝑥𝑖 ; 𝑦𝑖 ) ∈ 𝑈𝑖 ,

s.t.

⪰ 0.
(17)

𝑢𝑖2

⇐⇒ min



𝑢𝑖 ≥ 𝑦𝑖 −𝑥𝑖𝑇𝑄𝑥𝑖 −2𝛼𝑇𝑥𝑖 −𝛽 ,

s.t.

∀(𝑥𝑖 ; 𝑦𝑖 ) ∈ 𝑈𝑖 .

Thus the inner maximization problem is equivalent to the
following semi-definite programming:

(14)
(IP)

If 𝛿𝑖 = 0, we have that
𝑥𝑖𝑇 𝑄𝑥𝑖

𝑚

min

𝑢𝑖 ,𝑟𝑖 ,𝑡𝑖 ,𝜏𝑖

∑𝑢𝑖2
𝑖=1

𝑇

+ 2𝛼 𝑥𝑖 + 𝛽 − 𝑦𝑖 + 𝑢𝑖 ≥ 0,

∀(𝑥𝑖 ; 𝑦𝑖 ) ∈ 𝑈𝑖 ⇐⇒ 𝑟𝑖 + 𝑢𝑖 ≥ 0,
𝑥𝑖𝑇 𝑄𝑥𝑖 + 2𝛼𝑇 𝑥𝑖 + 𝛽 − 𝑦𝑖 − 𝑢𝑖 ≥ 0,

(15)

∀(𝑥𝑖 ; 𝑦𝑖 ) ∈ 𝑈𝑖 ⇐⇒ 𝑟𝑖 − 𝑢𝑖 ≥ 0,

𝑖 ∈ 𝑀+ ,

where 𝑟𝑖 = 𝑥𝑇𝑖 𝑄𝑥𝑖 + 2𝛼𝑇 𝑥𝑖 + 𝛽 − 𝑦𝑖 .
If 𝛿𝑖 > 0, we can utilize the S-lemma as follows:
𝑥𝑖𝑇 𝑄𝑥𝑖 + 2𝛼𝑇 𝑥𝑖 + 𝛽 − 𝑦𝑖 + 𝑢𝑖 ≥ 0,

s.t.

𝑇
1
𝑢𝑖 + 𝑟𝑖 − 𝑡𝑖 𝛿𝑖2 − (𝑄𝑇 𝑥𝑖 + 𝛼)
2
1
(
) ⪰ 0,
−
01×𝑛
𝑡𝑖
2
𝑄𝑇 𝑥𝑖 + 𝛼 0𝑛×1 𝑄 + 𝑡𝑖 𝐼𝑛×𝑛

∀(𝑥𝑖 ; 𝑦𝑖 ) ∈ 𝑈𝑖 ,

𝑇

⇐⇒ Δ𝑥𝑖𝑇𝑄Δ𝑥𝑖 + 2(𝑄𝑇 𝑥𝑖 + 𝛼) Δ𝑥𝑖 − Δ𝑦𝑖 + 𝑟𝑖 + 𝑢𝑖 ≥ 0,

𝑇
1
−(𝑄𝑇 𝑥𝑖 + 𝛼)
𝑢𝑖 − 𝑟𝑖 − 𝜏𝑖 𝛿𝑖2
2
1
) ⪰ 0,
(
01×𝑛
𝜏𝑖
2
−𝑄𝑇 𝑥𝑖 − 𝛼 0𝑛×1 𝜏𝑖 𝐼𝑛×𝑛 − 𝑄



∀(Δ𝑦𝑖 ; Δ𝑥𝑖 )2 ≤ 𝛿𝑖 ,

𝑖 ∈ 𝑀+ ,

𝑇
1
− (𝑄𝑇 𝑥𝑖 + 𝛼)
2
)
0
01×𝑛

𝑇
𝑢𝑖 + 𝑟𝑖
1
Δ𝑦
⇐⇒ ( 𝑖 ) ( − 1
Δ𝑥𝑖
2
𝑄𝑇 𝑥𝑖 + 𝛼 0𝑛×1

1
× (Δ𝑦𝑖 ) ≥ 0,
Δ𝑥𝑖

⇐⇒ ∃𝑡𝑖 ≥ 0,

𝑟𝑖 + 𝑢𝑖 ≥ 0,

𝑖 ∈ 𝑀0 ,

𝑟𝑖 = 𝛽 + 𝑥𝑇𝑖 𝑄𝑥𝑖 + 2𝛼𝑇 𝑥𝑖 − 𝑦𝑖

𝑄



∀(Δ𝑦𝑖 ; Δ𝑥𝑖 )2 ≤ 𝛿𝑖 ,

(18)

⪰ 0.
(16)
Note that in the last step, if 𝛿𝑖2 > 0, then there exists
(Δ𝑦𝑖 ; Δ𝑥𝑖 ) = (0; 0) such that quadratic form 𝛿𝑖2 −‖(Δ𝑦𝑖 ; Δ𝑥𝑖 )‖22
is strictly positive; thus the condition of S-lemma holds truly.
Similarly we have that
∀(𝑥𝑖 ; 𝑦𝑖 ) ∈ 𝑈𝑖 ,

𝑇

⇐⇒ Δ𝑥𝑖𝑇 𝑄Δ𝑥𝑖 + 2(𝑄𝑇 𝑥𝑖 + 𝛼) Δ𝑥𝑖 − Δ𝑦𝑖 + 𝑟𝑖 − 𝑢𝑖 ≤ 0,


∀(Δ𝑦𝑖 ; Δ𝑥𝑖 )2 ≤ 𝛿𝑖 ,

𝑖 = 1, . . . , 𝑚,

𝑡𝑖 ≥ 0, 𝜏𝑖 ≥ 0, 𝑢𝑖 , 𝑟𝑖 ∈ 𝑅 𝑖 = 1, . . . , 𝑚.

𝑇
1
𝑢𝑖 + 𝑟𝑖 − 𝑡𝑖 𝛿𝑖2 − (𝑄𝑇 𝑥𝑖 + 𝛼)
2
1
s.t. (
)
−
01×𝑛
𝑡𝑖
2
𝑄𝑇 𝑥𝑖 + 𝛼 0𝑛×1 𝑄 + 𝑡𝑖 𝐼𝑛×𝑛

𝑥𝑖𝑇 𝑄𝑥𝑖 + 2𝛼𝑇 𝑥𝑖 + 𝛽 − 𝑦𝑖 − 𝑢𝑖 ≤ 0,

𝑟𝑖 − 𝑢𝑖 ≥ 0

Note that based on the Schur complement lemma, the
2
second-order cone constraint V ≥ √∑𝑚
𝑖=1 𝑢𝑖 can also be
formalized as the following semi-definite constraint:
V 𝑢𝑇
(
) ⪰ 0.
𝑢 V𝐼𝑚×𝑚

(19)

Thus we complete the proof by embedding the equivalent
semi-definite programming into the outer problem.
Due to the advance of interior algorithms for conic
programming, the above semidefinite programming can be
efficiently solved in polynomial run time. There are several
efficient and free software packages for solving the semidefinite programming, such as the SDPT3 [19]. Next we make
several extensions based on the separable robust least square
quadratic regression model.
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2.3. Ellipsoid Uncertainty Set and More Norm Criterion.
The above result on standard ball uncertainty set can be
further extended to that on the following general ellipsoid
uncertainty set:
𝑈𝑠
𝑈𝑖

=

𝑈1

×

𝑈2

𝑛+1

= {(𝑥𝑖 ; 𝑦𝑖 ) ∈ 𝑅

× ⋅⋅⋅ ×

Proposition 3. The separable robust quadratic regression
model under 𝑙∞ -norm and 𝑙1 -norm criteria are equivalent to
the following semidefinite programming, respectively:
𝑢

(𝑙∞ -norm) min

𝛼,𝛽,𝑄,𝑢,𝑟,𝑡,𝜏

𝑈𝑚 ,

: 𝑥𝑖 = 𝑥𝑖 + Δ𝑥𝑖 ,

(

s.t.

(20)



𝑦𝑖 = 𝑦𝑖 + Δ𝑦𝑖 , 𝑃𝑖 (Δ𝑦𝑖 ; Δ𝑥𝑖 )2 ≤ 𝛿𝑖 } ,
(

where 𝑃𝑖 ∈ 𝑅𝑘×(𝑛+1) . Linear transformation operator 𝑃𝑖
allows us to impose more restrictions on the uncertainty
set. For example, if we choose the diagonal matrix 𝑃𝑖 =
Diag{𝜎1 , . . . , 𝜎𝑛+1 }, we can put different weights on deviation
of components of (𝑥𝑖 ; 𝑦𝑖 ); general matrix can further restrict
the correlated deviation of different components.
To obtain the corresponding reformulation, we only need
to modify the first two constraints based on the S-lemma as
follows:
𝑢 − 𝑡 𝛿2
( 𝑖 𝑖 𝑖
𝑢 − 𝜏𝑖 𝛿𝑖2
( 𝑖

𝑡𝑖 𝑃𝑖𝑇 𝑃𝑖

𝜏𝑖 𝑃𝑖𝑇 𝑃𝑖

s.t.

𝑖 ∈ 𝑀0 ,

𝑖 = 1, . . . , 𝑚,

𝑖=1

𝑢𝑖 − 𝑡𝑖 𝛿𝑖2
(
𝑡𝑖
𝑢𝑖 − 𝜏𝑖 𝛿𝑖2

𝑟𝑖 + 𝑢𝑖 ≥ 0,

− 2𝛼 𝑥𝑖 − 𝛽} ,

𝜏𝑖

𝑡𝑖 𝐼𝑛×𝑛

)+𝐹 ⪰ 0,

𝑖 ∈ 𝑀+ ,

)−𝐹 ⪰ 0,

𝑖 ∈ 𝑀+ ,

𝜏𝑖 𝐼𝑛×𝑛

𝑟𝑖 − 𝑢𝑖 ≥ 0,

𝑖 ∈ 𝑀0 ,

𝑟𝑖 = 𝛽 + 𝑥𝑇𝑖 𝑄𝑥𝑖 + 2𝛼𝑇 𝑥𝑖 − 𝑦𝑖 ,
𝑖 = 1, . . . , 𝑚,

(22)

𝑡𝑖 ≥ 0, 𝜏𝑖 ≥ 0, 𝑢𝑖 , 𝑟𝑖 ∈ 𝑅 𝑖 = 1, . . . , 𝑚,
𝛽 ∈ 𝑅, 𝛼 ∈ 𝑅𝑛 , 𝑄 ∈ 𝑅𝑛×𝑛 ,

And for 𝑙1 -norm criteria, we have the following equivalent
reformulation:
𝑚

(24)
where
𝑇
1
𝑟𝑖
− (𝑄𝑇 𝑥𝑖 + 𝛼)
2
𝐹 = ( −1
).
0
01×𝑛
2
𝑄𝑇 𝑥𝑖 + 𝛼 0𝑛×1
𝑄



max {∑ 𝑦𝑖 − 𝑥𝑖𝑇 𝑄𝑥𝑖 − 2𝛼𝑇 𝑥𝑖 − 𝛽
𝑖=1

: (𝑥𝑖 ; 𝑦𝑖 ) ∈ 𝑈𝑖 , 1 ≤ 𝑖 ≤ 𝑚} ,
𝑚

𝑟𝑖 − 𝑢 ≥ 0,

𝑚

(

∀ (𝑥𝑖 ; 𝑦𝑖 ) ∈ 𝑈𝑖 , 1 ≤ 𝑖 ≤ 𝑚} .

1≤𝑖≤𝑚

) −𝐹 ⪰ 0, 𝑖 ∈ 𝑀+ ,

∑𝑢𝑖

𝛼,𝛽,𝑄,𝑢,𝑟,𝑡,𝜏

𝑇



{𝑢 : 𝑢 ≥ 𝑦𝑖 − 𝑥𝑖𝑇 𝑄𝑥𝑖 − 2𝛼𝑇 𝑥𝑖 − 𝛽 ,

⇐⇒ min

𝑖 ∈ 𝑀+ ,

𝑢, 𝛽 ∈ 𝑅, 𝛼 ∈ 𝑅𝑛 , 𝑄 ∈ 𝑅𝑛×𝑛 ,

) − 𝐹 ⪰ 0 𝑖 ∈ 𝑀+ .

max {𝑦𝑖 −
(𝑥𝑖 ;𝑦𝑖 )∈𝑈𝑖

max

) +𝐹 ⪰ 0,

𝜏𝑖 𝐼𝑛×𝑛

𝑡𝑖 ≥ 0, 𝜏𝑖 ≥ 0, 𝑟𝑖 ∈ 𝑅,

We further consider the robust quadratic regression
models with 𝑙∞ -norm and 𝑙1 -norm criterion. Note that for
𝑙∞ -norm criteria, the inner maximization problem is of the
following form:
1≤𝑖≤𝑚

𝜏𝑖

𝑡𝑖 𝐼𝑛×𝑛

𝑟𝑖 = 𝛽+𝑥𝑇𝑖 𝑄𝑥𝑖 +2𝛼𝑇 𝑥𝑖 −𝑦𝑖 , 𝑖 = 1, . . . , 𝑚,

(21)

𝑥𝑖𝑇 𝑄𝑥𝑖

𝑢 − 𝜏𝑖 𝛿𝑖2

𝑡𝑖

𝑟𝑖 + 𝑢 ≥ 0,

(𝑙1 -norm) min

) + 𝐹 ⪰ 0 𝑖 ∈ 𝑀+ ,

𝑢 − 𝑡𝑖 𝛿𝑖2

(23)



⇐⇒ min {∑𝑢𝑖 : 𝑢𝑖 ≥ 𝑦𝑖 − 𝑥𝑖𝑇 𝑄𝑥𝑖 − 2𝛼𝑇 𝑥𝑖 − 𝛽 ,
𝑖=1

∀ (𝑥𝑖 ; 𝑦𝑖 ) ∈ 𝑈𝑖 , 1 ≤ 𝑖 ≤ 𝑚} .
Using the similar approach as in Proposition 2, both can
be further reformulated as semi-definite programming.

(25)

3. Robust Energy-Growth Regression Models
Studies have been reported on the causal relationship
between economic growth and energy consumption. In this
section, we try to apply the proposed robust quadratic
regression model to the energy-growth problem.
The seminal paper of J. Kraft and A. Kraft [20] first studies
the casual relationship for USA. In a recent survey, Ilhan [21]
categorizes the casual relationships into four types: no causality, unidirectional causality running from economic growth
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Figure 1: Germany data from 1960 to 2006.
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Figure 2: USA data from 1870 to 2006.

to energy consumption, the reverse case, and the bidirectional
causality. Note that the resulted relationships depend on
the selected data and analysis approaches. Sometimes the
results obtained from different approaches conflict with each
other when even using the data from the same country. For
example, using the Toda-Yamamoto causality test method,
Bowden and Payne [22] show that energy consumption plays
an important role in economic growth in USA based on
history data from 1949 to 2006 while using the same method
Soytas and Sari [23] find that no causality exists between
them based on USA data from 1960 to 2006. On the other
hand, based on the same USA’s data from 1947 to 1990, Cheng
[24] and Stern [25] conclude different causalities by utilizing
different analyzing approaches.
Unlike the previous energy-growth studies, we attempt
to provide a long-run stationary regression model between
the per capital GDP (G) and per capital energy consumption

(EC). The underlying assumption of our model is similar
to the traditional “conservation hypothesis” that means that
an increase in real GDP will cause an increase in energy
consumption [21]. The “per capital” perspective provides
us with a new insight on the causality and new regression
models. Figures 1 and 2 demonstrate the relationship between
per capital energy consumption and per capital GDP in
USA and Germany respectively. From the subfigures on
the left hand side, we can see that in both countries there
is a gradual increase in economy while the per capital
energy consumption may decrease after reaching a certain
level; the subfigures on the right hand side inspire us to
establish a nonlinear regression model to characterize the
relationship.
To eliminate effect of the imprecise statistics data, we
employ the proposed robust quadratic regression model and
put different weights on the residual errors at different time
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Table 1: LS-CQR and LS-RQR models with different 𝜖.
𝑄
−4.254
−3.899
−3.690
−3.423
−2.900
−2.243

Model
CQR 𝜖 = 0.00
RQR 𝜖 = 0.01
RQR 𝜖 = 0.02
RQR 𝜖 = 0.03
RQR 𝜖 = 0.04
RQR 𝜖 = 0.05

𝛼
6.721
6.225
5.938
5.561
4.755
3.719

𝛽
−6.099
−5.433
−5.063
−4.564
−3.363
−1.817

points. Specifically we establish the following weighted robust
quadratic regression model:
𝑝

max 𝜖 (∑(𝑤𝑡 (EC𝑡 − 𝑞𝐺𝑡2 − 2𝛼𝐺𝑡 − 𝛽)) )

𝛼,𝛽,𝑞 (𝐺𝑡 ,𝐸𝐶𝑡 )∈𝑈𝑡

,

𝑡=1

(26)
where the weight factor 𝑤𝑡 ∈ [0, 1] represents the relative
importance of the predicted residual error in the 𝑡th year. We
could set 𝑤𝑡 = 0 for the abnormal data point and set 𝑤𝑡 as an
increase function of 𝑡 to emphasize the importance of recent
data. The uncertainty set is defined as
𝑈𝑡𝜖

5.0
4.5
Per capital energy (ton)

𝑇

min

1/𝑝

4.0
3.5
3.0
2.5
2.0
1.5
0.6



= {(𝐺𝑡 , EC𝑡 ) : (𝐺𝑡 − 𝐺𝑡 ) , (EC𝑡 − EC𝑡 )2 ≤ 𝛿𝑡 } , (27)
2
𝜀√𝐺𝑡

1.0
1.2
1.4
1.6
Per capital GDP ($10000)

1.8

2.0

LS-RQR (𝜖 = 0.03)
LS-RQR (𝜖 = 0.04)
LS-RQR (𝜖 = 0.05)

Figure 3: LS-CQR and LS-RQR models on Germany data.

(1) Solve the classical quadratic regression model using
the nominal values (𝐺𝑡 , EC𝑡 )𝑇𝑡=1 .

14
12

(2) Based on the quadratic regression, remove the data
with the first 𝑘 largest residual errors and set weights
value 𝑤𝑡 .

10
8
Err

(3) Solve the equivalent semi-definite programming
problem and return the final weighted robust
quadratic regression model.

0.8

History data
LS-CQR (𝜖 = 0.00)
LS-RQR (𝜖 = 0.01)
LS-RQR (𝜖 = 0.02)

2
EC𝑡 .

+
Parameter 𝜀 controls the relative
where 𝛿𝑡 =
amplitude of the fluctuation in observed data.
The weighted robust quadratic regression model can be
summarized as follows.

𝑇 (s)
0.000
0.500
0.500
0.500
0.516
0.484

Err
1.688
1.621
1.663
1.735
2.029
2.574

6
4

4. Numerical Experiments
In this section, we verify the effectiveness of the proposed
robust quadratic regression models on several data sets. The
equivalent semi-definite programming problem is solved by
the SDPT3 solver [19]. Numerical experiments are implemented using MATLAB 7.7.0 and run on Intel(R) Core(TM)2
CPU E7400.
First we test the proposed robust least square quadratic
regression (LS-RQR) model with Germany data from 1960 to
2006. As previously discussed, after the preliminary quadratic
regression analysis, we will remove the data with the first 𝑘
largest residual errors, where 𝑘 = 3% × data size. Then for the
rest of data, we establish the classical least square quadratic
regression (LS-CQR) and LS-RQR models, respectively.
Table 1 lists the computation results for LS-CQR and
LS-RQR with a series of 𝜖 values. The listed Err value

2
0
0.00

0.02

0.04

0.06

0.08

0.10

𝜖

LS-CQR
LS-RQR (𝜖 = 0.01)

LS-RQR (𝜖 = 0.03)
LS-RQR (𝜖 = 0.05)

Figure 4: Mean square error of LS-CQR and LS-RQR models when
𝜖 varies.

represents the mean square error from the nominal value,
and 𝑇 represents the run time for solving the optimization
problem. It is seen that the resulted robust model exhibits
smaller absolute values of 𝑄, 𝛼, and 𝛽 with the increase of
𝜖 value; that is, the regression curve is more flat as the model
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Figure 6: USA data from 1870 to 2006.

parameters are less precise. It is obvious that one drawback of
the robust model is that the mean square error will increase as
uncertainty increases. Figure 3 plots the regression curves for
different models and also supports our analysis of the effect
of increasing data uncertainty on robust regression.
To demonstrate the effectiveness of the robust models,
we test the worst-case performance of the resulted models
when 𝜖 varies from 0 to 0.1. Specifically, for each 𝜖 value,
we randomly generate 500 groups of data from the defined
uncertainty set 𝑈𝑡𝜖 and then calculate the maximal residual
error at each data point. Figure 4 plots the worst-case error
of LS-CQR model and LS-RQR models with 𝜖 = 0.01, 0.03,
and 0.05. It is seen that the error of LS-CQR model increases

rapidly, and LS-RQR with 𝜖 = 0.05 has the most flat error
curve. Figure 4 also indicates that it is critical to accurately
estimate the variability of the data and set proper value for
𝜖. In our case, we recommend LS-RQR with 𝜖 = 0.03 that is
almost always better than the traditional LS-CQR model.
Next we test the proposed RQR models under 𝑙1 (L1RQR) and 𝑙∞ -(LI-RQR) norm criteria on the same data set.
Figure 5 plots the corresponding regression curves for the
same uncertainty set 𝜖 = 0.02. For the same 𝜖 value, LIRQR model can be considered as the most robust one, and
L1-RQR and L2-RQR models are similar. It is noticeable that it
contradicts with the traditional robust regression terms. For
example, [26] refers to the 𝑙1 -norm regression as the robust
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Figure 7: Switzerland data from 1965 to 2006.
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Figure 8: Belgium data from 1960 to 2006.

regression model in the sense that the corresponding model
is insensitive to the large residual errors(corresponding to the
outliers). However, after removing the possible abnormal data
points, here we try to make our regression analysis insensitive
to the worst-case residual errors at each data point.
Finally we apply the proposed RQR model on more data
sets, including USA data from 1870 to 2006, Switzerland data
from 1965 to 2006, and Belgium data from 1960 to 2006.
Figures 6, 7, and 8 give the resulted regression models and the
worst-case residual errors for different 𝜖 values. It is seen that
the proposed RQR models still almost always outperform the

CQR model, especially for large uncertainty sets. Based on
the robust quadratic regression models, these three countries
reach the highest per capital energy consumption points at
per capital GDP value around 23, 000 while the peak values
vary from 5.7 to 8.5 Ton.

5. Conclusions and Future Works
In this paper, we studied the multivariate quadratic regression
model with imprecise statistic data. Unlike the traditional
robust statistic approaches that focus on the detection of
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the outliers and the elimination of the effects, we employed
the recently developed robust optimization framework and
uncertainty set theory.
In particular, we first extended the existing robust linear regression results to the robust least square quadratic
regression model with the separable ball uncertainty set.
The specific form of the uncertainty set allowed us to use
the well-known S-lemma and give the tractable equivalent
semidefinite programming. We further generalized the result
to robust models under 𝑙1 - and 𝑙∞ -norm criteria with general
ellipsoid uncertainty sets. Next the proposed robust models
were applied to the energy-growth problem. Under the classical conservation hypothesis, we employed the traditional
quadratic regression model to remove the abnormal data
and established a robust quadratic regression model for
the per capital GDP and per capital energy consumption.
Finally the proposed models were tested on the history
data of Germany, USA, Switzerland, and Belgium. From the
numerical experiments, we found that (1) the amplitude of the
uncertainty perturbation 𝛿 plays a critical role on the robust
models; (2) with the increase of 𝛿, the robust model has a
more flat curve; (3) for the same 𝛿 value, compared with 𝑙1 and 𝑙2 -norm models, 𝑙∞ -norm model is the most robust one;
(4) as expected, the robust approach provides a serial robust
regression models that can reduce the worst-case residual
errors when the observed data contain noise.
For further research, robust polynomial (nonlinear)
regression models are interesting in their own right. Although
we may always reduce them to the linear regression model
with polynomially (or nonlinearly) transformed uncertainty
data set, it is still worth studying whether the resulted
regression models are solvable for quadratic regression with
coupled uncertainty sets.
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Recently, a new fruit fly optimization algorithm (FOA) is proposed to solve optimization problems. In this paper, we empirically
study the performance of FOA. Six different nonlinear functions are selected as testing functions. The experimental results illustrate
that FOA cannot solve complex optimization problems effectively. In order to enhance the performance of FOA, an improved FOA
(named LGMS-FOA) is proposed. Simulation results and comparisons of LGMS-FOA with FOA and other metaheuristics show
that LGMS-FOA can greatly enhance the searching efficiency and greatly improve the searching quality.

1. Introduction
Optimization problems are used extensively in science, engineering, and finance. How to solve these problems has always
been a concern of researchers. In the past decade, stochastic optimization algorithms have been used to solve these
problems due to their flexibility for finding solutions. These
algorithms include genetic algorithm (GA) [1–3], simulated
annealing (SA) [4, 5], ant colony optimization algorithm
[5, 6], and particle swarm optimization algorithm (PSO) [7–
9]. However, the common disadvantages of these stochastic
algorithms are complicated computational processes and
difficulty of understanding for beginners.
Recently, a new stochastic optimization technique, fruit
fly optimization algorithm (FOA), is proposed by Pan [10].
Its development is based on the food finding behavior of the
fruit fly. Compared with other stochastic algorithms, FOA
has the advantages of being easy to understand and a simple
computational process. As a novel optimization algorithm,
FOA has gained much attention [10, 11] in recent years.
In order to study the performance of FOA, six famous
nonlinear functions are selected as testing functions. Simulation results illustrate that FOA cannot solve the complex
optimization problems effectively. Analysis of FOA shows
that FOA includes a nonlinear generation mechanism of
candidate solution. This mechanism is abbreviated as NGMS

and has some disadvantages which limit the performance
of FOA. In order to enhance the performance of FOA,
NGMS is first replaced with a linear generation mechanism
of candidate solution (abbreviated as LGMS), and then a
LGMS-based improved FOA (abbreviated as LGMS-FOA)
is proposed. Simulation results and comparisons of LGMSFOA with FOA and other metaheuristics show that LGMSFOA is more effective and reliable.
The rest of this paper is organized as follows. Section 2
introduces FOA. Section 3 introduces LGMS-FOA. Section 4
provides comparisons of FOA with LGMS-FOA and other
metaheuristics. Section 5 concludes this paper.

2. FOA
2.1. Overview of FOA. FOA is a new method for finding
global optimization based on the food finding behavior of the
fruit fly. The fruit fly is superior to other species in vision and
osphresis (as illustrated in Figure 1). The food finding process
of fruit fly has two steps: firstly, it smells the food source by
using osphresis organ and flies towards that direction; then,
after it gets close to the food location, it can also use its
sensitive vision to find food and fruit flies’ flocking location
and flies towards that direction. Figure 2 shows the food
finding iterative process of fruit fly swarm.
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Step 2.2. Give the random direction and distance for food
finding of an individual fruit fly using osphresis:
𝑥𝑖 = 𝑥− axis + rand (FR) ,

(2)

𝑦𝑖 = 𝑦− axis + rand (FR) .

Step 2.3. Calculate the distance of food location to the origin:
Dist𝑖 = √𝑥𝑖2 + 𝑦𝑖2 .

(3)

Step 2.4. Calculate the smell concentration judgment value
(𝑆𝑖 ):
𝑆𝑖 =

1
.
Dist𝑖

(4)

Remark 1. In fact, 𝑆𝑖 is a candidate solution in the domain.
Remark 2. According to (1)–(4)

Figure 1: Fruit fly.

𝑆𝑖 =
=
Food

Fruit fly 1
(X1 , Y1 )

1
Dist𝑖
1
√(𝑥− axis + rand (FR))2 + (𝑦− axis + rand (FR))2

(5)
.

Equation (5) is called NGMS.
Iterative evolution

S1

Fruit fly 3
(X3 , Y3 )

Step 3. Calculate the smell concentration (Smell𝑖 ) of the individual fruit fly location by inputing the smell concentration
judgment value (𝑆𝑖 ) into the smell concentration judgment
function (also called objective function):

S3
S3 = 1/Dist3

Dist1 Fruit fly group
(X, Y)
Dist2

S2

Smell𝑖 = objective function (𝑆𝑖 ) .

Fruit fly 2
(X2 , Y2 )

(6)

Step 4. Find out the fruit fly with maximal smell concentration among the fruit fly swarm:

(0, 0)

[Smell best best index] = max (Smell) .

Figure 2: Food finding iterative process of fruit fly swarm.

(7)

Step 5. Keep the maximal concentration value and 𝑥, 𝑦
coordinate. Then, the fruit fly swarm flies towards that
location by using vision:
Based on the food finding characteristics of fruit fly
swarm, the whole procedure of FOA is described as follows.
Step 1 (parameters initialization). The main parameters of
FOA are the maximum iteration number (maxgen), the
population size (sizepop), the random initialization fruit fly
swarm location range (LR), and the random fly direction and
distance zone of fruit fly (FR).
Step 2. Nonlinear generation mechanism of candidate solution:
Step 2.1. Initial fruit fly swarm location,
𝑥− axis = rand (LR) ,
𝑦− axis = rand (LR) .

(1)

Smell best = best smell,
𝑥− axis = 𝑥 (best index) ,

(8)

𝑦− axis = 𝑦 (best index) .
Step 6. Enter iterative optimization to repeat the implementation of Steps 2–5. When the smell concentration is not
superior to the previous iterative smell concentration any
more or the iterative number reaches the maximal iteration
number, the circulation stops.
2.2. Computational Experiments of FOA. In order to study
the performance of FOA, six different nonlinear functions
are selected as testing functions [12]. Table 1 shows the name,
dimension, optimal solution, and extreme point of them. For
details refer to Appendix A.
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Table 1: Testing function.

𝑓
𝑓GP
𝑓SH
𝑓BR
𝑓RA
𝑓SP30
𝑓SP50

Function name
Goldstein and Price
Shubert
Branin RCOC
Rastrigin
Sphere
Sphere

Dimension
2
2
2
2
30
50

Optimal solution
3
−186.7309
0.397887
−2
0
0

Extreme point
nonzero point
nonzero point
nonzero point
zero point
zero point
zero point

Table 2: Fixed-iteration results of FOA with different LR and FR.
Parameters of FOA
FR
LR
[−1, 1]
[−1, 1]
[−1, 1]
[−5, 5]
[−1, 1]
[−10, 10]
[−1, 1]
[−20, 20]
[−5, 5]
[−1, 1]
[−5, 5]
[−5, 5]
[−5, 5]
[−10, 10]
[−5, 5]
[−20, 20]
[−10, 10]
[−1, 1]
[−10, 10]
[−5, 5]
[−10, 10]
[−10, 10]
[−10, 10]
[−20, 20]
[−20, 20]
[−1, 1]
[−20, 20]
[−5, 5]
[−20, 20]
[−10, 10]
[−20, 20]
[−20, 20]

PS (%)
𝑓GP
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

𝑓SH
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

𝑓BR
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

Since FOA is a stochastic optimization algorithm, the
solution found each time may not be the same; therefore,
each function is repeated 100 times. If the final searching
quality is within 10−4 of the optimal value, the run is called
a success run and its iteration number will be stored. Two
indexes named “percentage of success (PS)” and “average
valid iteration number (AVIN)” are defined as follows [13]:
PS =

𝑚
× 100%,
100

∑𝑚 𝑛
AVIN = 𝑖=1 𝑖 × 100%,
𝑚

(9)

where 𝑚 denotes the number of success runs among 100 runs,
𝑛𝑖 denotes the number of iteration of the 𝑖th success run.
The parameters of FOA are maxgen = 300, sizepop =
50, LR ∈ [(−1, 1), (−5, 5), (−10, 10), (−20, 20)], and FR ∈
[(−1, 1), (−5, 5)(−10, 10), (−20, 20)].
Table 2 shows PS and AVIN of FOA when solving the
six testing functions. From Table 2, the following can be seen
that.
(1) PS of 𝑓GP , 𝑓SH , and 𝑓BR is always equal to zero no
matter what values LR and FR are. It is known that
the extreme points of the three functions are nonzero,

𝑓RA
0
0
0
0
0
0
0
0
14
24
26
60
90
94
96
98

𝑓SP30
0
0
0
0
0
0
0
100
100
100
100
100
100
100
100
100

𝑓SP50
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
100

Average PS (%)
0
0
0
0
0
0
0
16.7
19
20.7
21
26.7
31.7
32.3
32.7
49.7

so FOA cannot solve the problems when the extreme
point is nonzero.
(2) When the scopes of FR and LR become large, PS of
𝑓RA , 𝑓SP30 , and 𝑓SP50 increase. It is known that the
extreme points of the three functions are zero points,
so FOA can solve the optimization problems when the
extreme point is zero, if FR and LR are large enough.
(3) The Average PS is very small no matter what values LR
and FR are, so it is concluded that FOA cannot solve
complex optimization problems effectively.
2.3. Analysis of FOA. Through the analysis of (5), it can be
found that NGMS has some disadvantages which limit the
performance of FOA. The disadvantages are listed below.
(1) FOA cannot solve the optimization problems when
there exist negative numbers in the domain, because
𝑆𝑖 > 0 according to (5).
(2) When the value of 𝑥− axis and 𝑦− axis is fixed, 𝑆𝑖 in
(5) does not follow uniform distribution. (Proof is
described in Appendix B.)
Since 𝑆𝑖 does not follow uniform distribution, the
candidate solution cannot be uniformly generated
in the domain; That is to say, NGMS cannot allow
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the search to be performed uniformly in the domain,
therefore fruit fly swarm loses its ability to search for
a global optimum solution. That is why FOA cannot
solve complex optimization problems effectively.
(3) In (5), when the values of 𝑥− axis and 𝑦− axis are large
and the scope of FR is small, the change of rand(FR)
has little impact on the value of 𝑆𝑖 ; therefore it is easy
for 𝑆𝑖 to fall into local optimal point.
(4) In (1)-(2), with the increase of the scopes of LR and
FR, the probability that the absolute value of 𝑥− axis
and 𝑦− axis becomes large increases, so 𝑆𝑖 in (5) is
easy to fall near zero point, and this can explain why
FOA can solve the optimization problems when the
extreme point is zero.

Step 5. Keep the maximal concentration value and 𝑥 coordinate. Then, the fruit fly swarm flies towards that location by
using vision:
Smell best = best smell ,
𝑥− axis = 𝑥(best index) .

(15)

Step 6. Enter iterative optimization to repeat the implementation of Steps 2–5. When the smell concentration is not
superior to the previous iterative smell concentration any
more or the iteration number reaches the maximal iteration
number, the circulation stops.
The complete flowchart of LGMS-FOA is shown in
Figure 3, which is listed in Appendix C.

3. LGMS-FOA
3.1. Introduction of LGMS-FOA. In order to overcome the
above disadvantages, NGMS is replaced with a new linear
generation mechanism of candidate solution (abbreviated as
LGMS), and a LGMS-based improved FOA (abbreviated as
LGMS-FOA) is proposed. The steps of LGMS-FOA are listed
below.
Step 1 (parameters initialization). The main parameters of
LGMS-FOA are the maximum iteration number (maxgen ),
the population size (sizepop ), the searching coefficient (𝑛),
the initial weight (𝑤0 ), and the weight coefficient (𝛼).
Step 2. Linear generation mechanism of candidate solution.
Step 2.1. Initial fruit fly swarm location:
𝑥− axis = 𝑛 ∗ rand (domain of definition) .

(10)

Step 2.2. Give the random direction and distance for food
finding of an individual fruit fly:
𝑥𝑖 = 𝑥− axis + 𝑤 ∗ rand (domain of definition) ,
𝑤 = 𝑤0 ∗ 𝛼

gen

.

(11)

Step 2.3. Let the smell concentration judgment value (𝑆𝑖 )
equal 𝑥𝑖 :
𝑆𝑖 = 𝑥𝑖 = 𝑥− axis + 𝑤 ∗ rand (domain of definition) . (12)
Remark 3. Equation (12) is called LGMS.
Step 3. Calculate the smell concentration (Smell𝑖 ) of the
individual fruit fly location by input the smell concentration
judgment value (𝑆𝑖 ) into the smell concentration judgment
function (also called objective function):
Smell𝑖 = objective function (𝑆𝑖 ) .

(13)

Step 4. Find out the fruit fly with maximal smell concentration among the fruit fly swarm:
[Smell best best index ] = max (Smell ) .

(14)

3.2. Advantage of LGMS-FOA. Compared with NGMS,
LGMS has some advantages which are listed below.
(1) The range of 𝑆𝑖 in (12) can cover the whole scope of
the domain.
(2) When the value of 𝑥− axis is fixed, 𝑆𝑖 in (12) follows
uniform distribution. So LGMS can allow the search
to be performed uniformly in the domain; therefore
fruit fly swarm enhances its ability to search for a
global optimum solution.
(3) In LGMS, a parameter called inertia weight is brought
in to balance the global and local search. A large
inertia weight facilitates a global search while a small
inertia weight facilitates a local search. By decreasing
the inertia weight from a large value to a small value,
LGMS-FOA tends to have more global search ability
at the beginning of the run while having more local
search ability near the end of the run [8].

4. Numerical Simulation
The performances of LGMS-FOA and FOA are compared
first, and then the performances of LGMS-FOA and other
metaheuristics are compared.
4.1. Comparison of LGMS-FOA with FOA
4.1.1. Experimental Setup. In order to compare the performances of FOA and LGMS-FOA, the same six functions in
Table 1 are used, and every function is repeated 100 times.
The parameters of LGMS-FOA are maxgen = 300,
sizepop = 50, 𝑛 = 0.005, 𝑤0 = 1, and 𝛼 = 0.95.
The parameters of FOA are maxgen = 300, sizepop = 50,
LR = [−20, 20], and FR = [−20, 20], because FOA with these
parameters performs best in Table 2.
Remark 4. The function evaluation numbers of FOA and
LGMS-FOA are the same in every iteration, because
sizepop = sizepop. This can ensure the fairness of comparison.
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Start

Parameters initialization:
maxgen, sizepop, w0 , 𝛼, n

Set gen = 0, w = w0 ∗ 𝛼gen
give the random disturbance
for an individual fruit fly
(x axis)

Calculate the smell
concentration judgment value
(Si )
Fruit fly swarm flies towards that
location (x axis) with the maximal
smell concentration value by
using vision:
gen = gen + 1

Input Si into the objective
function.
Calculate the smell
concentration smell i

Find and keep the maximal
smell concentration value and
update x axis

Yes
Gen < maxgen

No
End

Figure 3: The flowchart of LGMS-FOA.
Table 3: Mean and standard deviation of LGMS-FOA and FOA.
𝑓
𝑓GP
𝑓SH
𝑓BR
𝑓RA
𝑓SP30
𝑓SP50

Dimension
2
2
2
2
30
50

Mean
3.0000
−186.7309
0.3979
−1.9879
9.1722𝑒 − 09
2.7285𝑒 − 04

LGMS-FOA
Standard deviation
1.6851𝑒 − 09
3.2454𝑒 − 11
2.4248𝑒 − 14
0.0067
1.7208𝑒 − 09
1.810𝑒 − 3

4.1.2. Experimental Results. Table 3 shows mean and standard deviation of LGMS-FOA and FOA for 100 independent
runs. Figures 4, 5, 6, 7, 8, and 9 show the performance of FOA
and LGMS-FOA for solving the six testing functions which
are listed in Appendix C.
From Table 3, it can be seen that mean of LGMS-FOA is
much closer to the theoretical optima, and LGMS-FOA has
better standard deviation than FOA when solving 𝑓GP , 𝑓SH ,
𝑓BR , 𝑓RA , and 𝑓SP30 . So it is concluded that LGMS-FOA is
more effective and robust than FOA.

FOA
Mean
561.1129
−37.8131
7.4194
−1.9774
5.8495𝑒 − 06
4.0613𝑒 − 05

Standard deviation
134.2528
17.1154
4.8300
0.0182
1.5089𝑒 − 06
1.211𝑒 − 06

From Figures 4–9, it can be seen that the varying curves of
objective values using LGMS-FOA descend much faster than
those using FOA and the final searching quality of LGMSFOA is better than FOA. So it is also concluded that LGMSFOA is better than FOA.
4.1.3. Robustness Analysis. Table 4 shows PS and AVIN of
FOA and LGMS-FOA when solving the six functions 100
times. From Table 4, it can be seen that LGMS-FOA can find
global optima with very high PS for every function. Besides,
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Comparison of LGMS-FOA, FOA, PSO, and GA for SH

0
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6

−60

4

−80
f(x)

log(f(x))

−40
5

3

−100
−120

2

−140
−160

1
0

50

100

150
200
Iteration number

LGMS-FOA
FOA

250

300

−180
−200

PSO
GA

0

Figure 4: Comparison of LGMS-FOA, FOA, PSO, and GA for 𝑓GP .

LGMS-FOA
FOA

−1.7

250

300

PSO
GA

Comparison of LGMS-FOA, FOA, PSO, and GA for SP30

−1.75
f(x)

100
150
200
Iteration number

Figure 7: Comparison of LGMS-FOA, FOA, PSO, and GA for 𝑓SH .

Comparison of LGMS-FOA, FOA, PSO, and GA for RA

−1.65

50

10

−1.8

5

−1.85
log(f(x))

−1.9
−1.95
−2

0
−5
−10

0

50

100
150
200
Iteration number

LGMS-FOA
FOA

250

300

−15
0

PSO
GA

Figure 5: Comparison of LGMS-FOA, FOA, PSO, and GA for 𝑓RA .

50

LGMS-FOA
FOA

100

150
200
Iteration number

250

300

PSO
GA

Figure 8: Comparison of LGMS-FOA, FOA, PSO, and GA for 𝑓SP30 .

Comparison of LGMS-FOA, FOA, PSO, and GA for BR
3.5
3

Table 4: Robustness analysis.

2.5

𝑓

log(f(x))

2
1.5
1
0.5
0
−0.5
−1
−1.5

0

50

100

150

200

250

300

𝑓GP
𝑓SH
𝑓BR
𝑓RA
𝑓SP30
𝑓SP50
Average

Dimension
2
2
2
2
30
50

LGMS-FOA
PS (%)
AVIN
100
97
100
145
100
77
94
78
100
209
100
231
99
140

FOA
PS (%)
AVIN
0
0
0
98
201
100
189
100
220
49
203

Iteration number
LGMS-FOA
FOA

PSO
GA

Figure 6: Comparison of LGMS-FOA, FOA, PSO, and GA for 𝑓BR .

for those valid runs, LGMS-FOA costs smaller AVIN than
FOA. So, it is concluded that LGMS-FOA is more effective
and reliable than FOA.
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Table 5: Mean and standard deviation of GA and PSO.
𝑓

Dimension

𝑓GP
𝑓SH
𝑓BR
𝑓RA
𝑓SP30
𝑓SP50

2
2
2
2
30
50

PSO
Standard deviation
2.0311𝑒 − 15
8.8118𝑒 − 13
2.0390
0.1514
0.0986
0.3687

Mean
3.0000
−186.7309
1.8374
−1.8169
0.2297
1.3057

GA
Mean
3.0000
−184.2047
0.3979
−1.9201
2.6250
3.5400

Table 6: Robustness analysis.

Comparison of LGMS-FOA, FOA, PSO, and GA for SP50
15

𝑓

10

Dimension

𝑓GP
𝑓SH
𝑓BR
𝑓RA
𝑓SP30
𝑓SP50
Average

5
log(f(x))

Standard deviation
2.2430𝑒 − 15
12.5013
1.7252𝑒 − 12
0.0797
2.7102
3.8184

0
−5
−10

LGMS-FOA
100
100
100
94
100
100
99

2
2
2
2
30
50

PS (%)
PSO
100
100
1
0
0
0
33.5

GA
100
96
100
98
0
0
65.6

−15
0

50

LGMS-FOA
FOA

100

150
200
Iteration number

250

300

PSO
GA

Figure 9: Comparison of LGMS-FOA, FOA, PSO, and GA for 𝑓SP50 .

4.2. Comparison of LGMS-FOA with Other Metaheuristics. In
order to further show the effectiveness of LGMS-FOA, we
carry out some comparisons with several other metaheuristics, such as the standard PSO [8] and the modified GA [2].
4.2.1. Experimental Setting. In PSO [8], the iteration number
is 300, the population size is 50, 𝑐1 = 2, 𝑐2 = 1.5, 𝑤max = 1.3,
𝑤min = 0.3, and Vmax is limited to be 20% of the domain.
In GA [2], the iteration number is 300, the population is
50, Generation Gap (GGAP) is 0.8, stochastic universal sampling is used, the single dot cross operation with crossover
probability is 0.7, and the discrete mutation with mutation
probability is 0.1.
Testing functions are shown in Table 1, and every function
is repeated 100 times.
Remark 5. The population sizes of GA, PSO, and LGMS-FOA
are the same, so the function evaluation numbers of the three
algorithms are also the same, and this can ensure the fairness
of comparison.
4.2.2. Experimental Results and Discussion. Table 5 shows
mean and standard deviation of GA and PSO of 100 independent runs. Table 6 shows PS of GA,PSO and LGMS-FOA
of 100 independent runs. Figures 4–9 also show the performance of PSO and GA for solving the six testing functions.

From the comparison between Tables 4 and 5, it can be
found that mean and standard deviation of LGSM-FOA is
better than GA when solving 𝑓SH , 𝑓BR , 𝑓RA , 𝑓SP30 , and 𝑓SP50 . It
can be also found that mean and standard deviation of LGSMFOA is better than PSO when solving 𝑓BR , 𝑓RA , 𝑓SP30 , and
𝑓SP50 . So we can conclude that LGSM-FOA is more efficient
than PSO and GA when the evaluation numbers of functions
are the same.
From Figures 5, 6, 8, and 9, it can be seen that the final
searching quality of LGMS-FOA is better than PSO and GA.
From Figures 5 and 6, it can be seen that LGMS-FOA can
greatly improve and speed up the convergence. So overall, the
performance of LGMS-FOA is better than PSO and GA.
From Table 6, it can be found that LGMS-FOA can find
global optima with higher PS than GA and PSO. So it is
concluded that LGSM-FOA is more reliable.

5. Conclusion
This paper finds some disadvantages of FOA and proposes
an improved FOA which is named LGMS-FOA. Simulations
and comparisons of LGMS-FOA with FOA and other metaheuristics illustrate that LGMS-FOA is more effective and
reliable. The future work is to apply LGMS-FOA for some real
engineering optimization problems.

Appendices
A. Six Famous Nonlinear Functions Used in
This Paper
(1) 𝑓GP : Goldstein-Price, (𝑛 = 2):
2

𝑓 = [1 + (𝑥1 + 𝑥2 + 1) (19 − 14𝑥1 + 3𝑥12
−14𝑥2 + 6𝑥1 𝑥2 + 3𝑥22 )]
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2

× [30 + (2𝑥1 − 3𝑥2 ) (18 − 32𝑥1 + 12𝑥12
+48𝑥2 − 36𝑥1 𝑥2 +

27𝑥22 )] .
(A.1)

Global optimal solution: 3
Searching domain: −2 ≤ 𝑥𝑖 ≤ 2, 𝑖 = 1, 2.
(2) 𝑓BR : Branin, (𝑛 = 2):
𝑓 = (𝑥2 −

2
5.1 2 5
1
𝑥
+
𝑥
−
6)
+ 10 (1 −
cos 𝑥1 + 10) .
4𝜋2 1 𝑥1 1
8𝜋
(A.2)

Proof. For the sake of simplicity, we set 𝑎 = 0 and 𝑏 = 0 such
that 𝑆𝑖 = 1/(𝑚2 + 𝑛2 ).
(Proof by reductio ad absurdum.) Conversely, we assume
that 𝑆𝑖 is a random variable with uniform distribution on the
interval (0,10); then 𝑃(𝑆𝑖 ≤ 1) = 1/10.
Since that 𝑚 and 𝑛 are independent and both uniformly
distributed on [−5, 5], so the joint distribution of 𝑚 and 𝑛 is
𝑓(𝑚, 𝑛) = 𝑓(𝑚)𝑓(𝑛) = 1/100. Hence, we have
𝑃 (𝑆𝑖 ≤ 1) = 𝑃 (
1

=∫

Global optimal solution: 0.397887
Searching domain: −5 ≤ 𝑥1 ≤ 10, 0 ≤ 𝑥2 ≤ 15

−1

−5

(A.3)
=

5

𝑖=1

(A.4)

5

× [∑ 𝑖 cos ((𝑖 + 1) 𝑥2 + 𝑖)] .

√1−𝑚2

𝑓 (𝑚, 𝑛) 𝑑𝑛 𝑑𝑚

5

∫ 𝑓 (𝑚, 𝑛) 𝑑𝑛 𝑑𝑚

(B.1)

−5

5

5

1

−5

+ ∫ ∫ 𝑓 (𝑚, 𝑛) 𝑑𝑛 𝑑𝑚

Global optimal solution: −2
Searching domain: −1 ≤ 𝑥𝑖 ≤ 1, 𝑖 = 1, 2.
(4) 𝑓SH : Shuber, (𝑛 = 2):
𝑓 = [∑𝑖 cos ((𝑖 + 1) 𝑥1 + 𝑖)]

1
≤ 1) = 𝑃 (𝑚2 + 𝑛2 ≥ 1)
+ 𝑛2

−√1−𝑚2

+∫

𝑓 = 𝑥12 + 𝑥22 − cos 18𝑥1 − cos 18𝑥2

𝜋
+ 0.8 ≠0.1.
100

This contradicts with 𝑃(𝑆𝑖 ≤ 1) = 1/10. Therefore the
previous assumption is not satisfied, and 𝑆𝑖 does not follow
uniform distribution.

C. Comparison of LGMS-FOA, FOA,
PSO, and GA

𝑖=1

Global optimal solution: −186.7309
Searching domain: −10 ≤ 𝑥𝑖 ≤ 10, 𝑖 = 1, 2.
(5) 𝑓SP30 : Sphere, (𝑛 = 30):

See Figures 3–9.
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30

∑𝑥𝑖2 .
𝑖=1

(A.5)

Global optimal solution: 0
Searching domain: −10 ≤ 𝑥𝑖 ≤ 10, 𝑖 = 1, 2 ⋅ ⋅ ⋅ 30

50

𝑓 = ∑𝑥𝑖2 .

(A.6)

𝑖=1

Global optimal solution: 0
Searching domain: −10 ≤ 𝑥𝑖 ≤ 10, 𝑖 = 1, 2 ⋅ ⋅ ⋅ 50.

B. Proof
Proposition B.1. If 𝐿𝑅 = [−1, 1], 𝐹𝑅 = [−5, 5],
𝑥− 𝑎𝑥𝑖𝑠 = 𝑎 ∈ 𝑟𝑎𝑛𝑑(𝐿𝑅), 𝑦− 𝑎𝑥𝑖𝑠 = 𝑏 ∈ 𝑟𝑎𝑛𝑑(𝐿𝑅),
where 𝑎 and 𝑏 are constants;
𝑚 ∈ 𝑟𝑎𝑛𝑑(𝐹𝑅), 𝑛 ∈ 𝑟𝑎𝑛𝑑(𝐹𝑅), where 𝑚 and 𝑛 are
variables;
2

𝑆𝑖 = 1/((𝑥 + 𝑚) + (𝑦 + 𝑛) ), the domain of 𝑆𝑖 is (0,10).
Then, 𝑆𝑖 does not follow uniform distribution.
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A spiking neurons network encodes information in the timing of individual spike times. A novel supervised learning rule for
SpikeProp is derived to overcome the discontinuities introduced by the spiking thresholding. This algorithm is based on an errorbackpropagation learning rule suited for supervised learning of spiking neurons that use exact spike time coding. The SpikeProp
is able to demonstrate the spiking neurons that can perform complex nonlinear classification in fast temporal coding. This study
proposes enhancements of SpikeProp learning algorithm for supervised training of spiking networks which can deal with complex
patterns. The proposed methods include the SpikeProp particle swarm optimization (PSO) and angle driven dependency learning
rate. These methods are presented to SpikeProp network for multilayer learning enhancement and weights optimization. Input and
output patterns are encoded as spike trains of precisely timed spikes, and the network learns to transform the input trains into target
output trains. With these enhancements, our proposed methods outperformed other conventional neural network architectures.

1. Introduction
For all three generations of neural networks, the output signals can be continuously altered by variation in synaptic
weights (synaptic plasticity). Synaptic plasticity is the basis for
learning in all ANNs. As long as there is nonvariant activation
function, accurate classification based on certain vector input
values can be implemented with the help of a BP learning
algorithm like gradient descent [1, 2].
Spiking neural network (SNN) utilises individual spikes
in time domain to communicate and to perform computation
in a manner like what the real neurons actually do [3, 4].
This method of sending and receiving individual pulses is
called pulse coding where information which is transmitted
is carried by the pulse rate. Hence, this type of coding permits
multiplexing of data [2].
For instance, analysis of visual input in humans requires
less than 100 ms for facial recognition. Yet, facial recognition
was performed by [5] by using SNN with a minimum of 10
synaptic steps on the retina at the temporal lobe, allowing
nearly 10 ms for the neurons to process. Processing time is
short, but it is sufficient to permit an averaging procedure

which is required by pulse coding [2, 5, 6]. In fact, pulse coding technique is preferred when speed of computation is the
issue [5].

2. Page Background and Related Works
2.1. Spiking Neural Networks (SNNs). Neural networks which
perform artificial information processing are built using
processing units composed of linear or nonlinear processing
elements (a sigmoid function is widely used) [6–9]. SNN had
remained unexplored for many years because it was considered too complex and too difficult to analyze. Apart from that,
biological cortical neurons have long time constants. Inhibition speed can be of the order of several milliseconds, while
excitation speed can reach several hundreds of milliseconds.
These dynamics can considerably constrain applications that
need fine temporal processing [10, 11].
Little is known about how information is encoded in
time for SNNs. Although it is known that neurons receive
and emit spikes, whether neurons encode information using
spike rate or precise spike time is still unclear [12]. For those
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supporting the theory of spike rate coding, it is reasonable to
approximate the average number of spikes in a neuron with
continuous values and consequently process them with traditional processing units (sigmoid, for instance). Therefore,
it is not necessary to perform simulations with spikes, as the
computation with continuous values is simpler to implement
and evaluate [13].
An important landmark study by Maass [14] has shown
that SNN can be used as universal approximations of continuous functions. Maass proposed a three-layer SNN (consisting
of the input layer, the generalization layer, and the selection
layer) to perform unsupervised pattern analysis. Reference
[15] applied spiking neural networks to several benchmark
datasets (which include internet traffic data, EEG data,
XOR problems, 3-bit parity problems, and iris dataset) and
performed function approximation and supervised pattern
recognition [16].
One of the ongoing issues in SNN research is how the
networks can be trained. Much research has been done on
biologically inspired local learning rules [13, 17], but these
rules can only carry out supervised learning for which the
networks cannot be trained to perform a given task. Classical
neural network research became famous because of the errorbackpropagation learning rule. Due to this, a neural network
can be trained to solve a problem which is specified by a
representative set of examples. Spiking neural networks use
a learning rule called SpikeProp which operates on networks
of spiking neurons and uses the exact spike time temporal
coding [18]. This means that the exact spike time of input and
output spikes encodes the input and output values.
2.2. Learning in Networks of Spiking Neurons (SpikeProp).
Learning in the perceptron networks is usually performed by
a gradient descent method [19] by using the backpropagation
algorithm [20], which explicitly evaluates the gradient of an
error function. The same approach has been employed in
the SpikeProp gradient learning algorithm [18] which learns
the desired firing times of the output neurons by adapting
the weight parameters in the Spike Response Model SRM0
[21]. Several experiments have been carried out on SpikeProp
to clarify several burning issues, for example, the role of
the parameter initialization and negative weights [22]. The
performance of the original algorithm can be improved by
adding the momentum term [23]. SpikeProp can be further
enhanced with additional learning rules for synaptic delays,
thresholds, and time constants [24], which will normally
result in faster convergence and smaller network sizes for
the given learning tasks. An essential speedup was achieved
by approximating the firing time function using the logistic
sigmoid [25]. Implementation of SpikeProp algorithm on
recurrent network architectures has shown promising results
[26].
SpikeProp does not usually allow more than one spike per
neuron, which makes it suitable only for “time-to-first-spike”
coding scheme [5]. Its adaptation mechanism fails for the
weights of neurons that do not emit spikes. These difficulties
are due to the fact that spike creation or its removal due to
weight updates is very discontinuous. ASNA-Prop has been
proposed [24] to solve this problem by emulating the feed
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forward networks of spiking neurons with the discrete-time
analog sigmoid networks with local feedback, which is then
used for deriving the gradient learning rule. It is possible to
estimate the gradient by measuring the fluctuations in the
error function in response to the dynamic neuron parameter
perturbation [27].
SpikeProp adopts error backpropagation procedures
which have been used widely in the training of analog neural
networks to perform supervised learning [28]. SpikeProp
does have weaknesses. The first weakness concerns sensitivity
to parameter initialization values, which means that if the
neuron is still inactive after initialization, the SpikeProp will
not perform training for these weights which will not produce
any spike. The second weakness is that SpikeProp is only
suitable in cases where there is latency-based coding. The
third weakness is that SpikeProp works only for SNNs where
neurons spike only once in the simulation time. Finally,
SpikeProp algorithm has been designed for training the
weights only. To address these weaknesses, several improvements to SpikeProp algorithms have been suggested [29].

3. Methodology
We introduce new learning rules and enhancement architecture for improved SpikeProp.
3.1. Enhancement of SpikeProp Architecture by PSO (PSOSpikeProp) (Model 1). In this proposed method, the SpikeProp was accelerated using four basic parameters of PSO;
these parameters are the acceleration constant for 𝑔best ,
the acceleration constants for 𝑝best , the time interval (Δ𝑡),
depending on the time of SpikeProp, and the number of
particles used in SpikeProp.
The acceleration constants are used in the simulation to
specify swarm behavior of particles. 𝑝best and 𝑔best positions
are formed by the constants 𝑐1 and 𝑐2 . The global best solution
over the particle depends on the pulse time of SpikeProp
(this is given by the constant 𝑐1 ). The individual personal
best solution over the particle depends on the pulse time of
the SpikeProp (this is given by the constant 𝑐2 ). If 𝑐1 is more
than 𝑐2 , the swarm moves around the global best solution. On
the other hand, when 𝑐2 is greater than 𝑐1 , the swarm moves
around the individual personal best.
The time Δ𝑡 of the parameters in SpikeProp defines
the time in each pulse interval over each movement that
occurs in the solution space in the pools processes. Reducing
these parameters in SpikeProp leads to higher granularity
movement within the solution space and a higher 𝑑 time
value of the highest pulse in SpikeProp on the node. The
higher numbers of particles in the swarm or simulation
in SpikeProp form the greater amount of the space that is
covered in the problem; hence, the optimization will be fewer.
Depending on the node that has the higher pulse time
in SpikeProp solution space, the parameters can be adapted
to achieve better optimization. These basic parameters in
PSO are used by SpikeProp. There are subparameters which
depend on the dataset of the problem (like particle dimension, number of particles, and the stopping condition).
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Table 1: PSO parameters used in SpikeProp.
w1

𝑐1 (𝑔best )
𝑐2 (𝑝best )
Δ𝑡 (time interval)
Number of particles

1.0
1.0
0.1
20
Based on dataset SpikeProp
architecture
SpikeProp minimum error or
maximum number of iterations
From −1 to 1 [−1, 1]

Stop condition
Range of particles

The number of particles in SpikeProp using PSO significantly affects the execution time. There is a tradeoff between
the size of the practical swarms and the execution time. PSO
with a well-selected parameter set can perform well under all
circumstances [30].
In this study, the parameters that have been used are
summarized in Table 1, while particle position (weight and
bias values) is initialized randomly with initial position
velocity value set at 0.
Each particle position of the swarm is represented by a
set of the weights for the current iteration. The dimension
of the practical swarm determines the weight number of
the network. In order to minimize the learning error, the
particle should move within the weight space. Updating the
weight of the network means changing the position in order
to reduce the number of iterations. For each iteration, a new
velocity calculation takes place to determine the new particle
position movement. A set of new weights is used to obtain
the new error, thus a new position. For PSO, the new weights
are registered even if there is no noticeable improvement.
This process applies for all particles. The global best particle
position is the one with the least number of errors. The
training process stops when the target minimum error is
reached or the numbers of computational processes exceed
the number of iterations allowable. When the training is
complete, the weights are used to compute the classification
error for the training patterns. The same patterns are used to
test the network by using the same set of weights.
No researcher has yet used SpikeProp on PSO. 𝑝best value
and 𝑔best value are applied to solve problems associated with
the learning error. The SpikeProp weight and SpikeProp
bias are achieved by adding the calculated velocity value
as shown in (1) and (2). A new set of positions is used to
produce the new learning error. In this proposed method, the
classification dataset output has been written in a minimum
number of iterations with the lowest error. The summary on
PSO-SpikeProp learning process is shown in Figure 1.

w2

Hidden
W

w1

Output
W
Particles

w2

.
.
.

.
.
.

W
input

W
hidden

Initialize particle W
position
i→1

Remove vector
W
Train SpikeProp
using initial particle
W position
No

i > size
of hidden
or output

Yes

matrix

Hidden W

Compare each gbest

Output W

with the current
particles to obtain pbest

W1

W1

W2

W2

Compare gbest with the
initial weights over all
previous best to obtain gbest

...

Values

...

Parameters

Problem dimension

Particles

Particles

W
N

W
N

Calculate velocity and
update all particles
positions based on gbest
and pbest particles

End

Targeted
No

learning error or
maximum number of
iterations
i+1
Yes
Replace Wi by
gbest

Figure 1: PSO-SpikeProp learning process.

(𝑡)
𝑤𝑖𝑗 new = 𝑤𝑖𝑗 old + Δ𝑤𝑖𝑗 ∗ Δ𝑡𝑡=𝑡𝑑 ,
𝑗

(1)

(𝑡)
Δ𝑤𝑖𝑗 (𝑛) = 𝑐1 ∗ (𝑝best,𝑛 − 𝑤𝑖𝑗 (𝑛))+𝑐2 ∗(𝑔best,𝑛 −𝑤𝑖𝑗 (𝑛))𝑡=𝑡𝑑 .
𝑗

(2)

In this proposed technique, the PSO is applied to SpikeProp algorithm (refer to Figure 1). Equation (1), the new weight
(𝑤𝑖𝑗 new), is performed for each element of the positions
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of 𝑝best and 𝑔best . In (2), Δ𝑤𝑖𝑗 (𝑛) subtracts the dimensional
weight of the element from the dimension from the best
vector and then multiplies this by a random number (between
0.0 and 1.0) and an acceleration constant (𝑐1 and 𝑐2 ). A
number of particles have been used to solve 8 different dataset
problems. The objectives of the study are to reduce errors,
enhance the learning rate of SpikeProp, and to speed up
the algorithm process. Figure 1 shows that particle swarms
with initial random rates have different mean squared error
(MSE). During the learning process, all particles move
together to get 𝑝best and 𝑔best . 𝑔best fit is an optimum solution.
3.2. Proposed 𝜇 Angle Driven Dependency Learning Rate
(Model 2). The proposed 𝜇 angle driven dependency learning
rate is an extension of Chan’s [31] adapted learning rate and
momentum during the training used in BP. This proposed
method enhances SpikeProp learning according to the angle
calculation between Δ𝐸(𝑛) and Δ𝑤(𝑛 − 1). The adaptation
adjusts the angle at 90 degrees as per the Pythagoras formula
method to get the square of the hypotenuse that equals to
the sum of the squares of the other two sides. If the angle is
less than 90 degrees, the learning rate is increased inversely,
but if the angle is larger than 90 degrees, the learning rate is
decreased. These mathematical methods have been applied to
enhance SpikeProp, as shown next.
(1) The angle 𝜃 between the change of errors and the
change of the weights can be calculated by
(𝑡)



.
cos 𝜃 (𝑛) =

2
2
√Δ𝐸 (𝑛) + Δ𝑊 (𝑛 − 1)  𝑑
𝑡=𝑡𝑗
Δ𝑊 (𝑛 − 1)

(3)

(2) The adaption learning rate cab be calculated by using
the flowing formula:
𝜇 (𝑛) = 𝜇 (𝑛 − 1) ∗ (1 + 0.5 ∗ cos 𝜃 (𝑛)) .

(4)

(3) Adaption of the momentum can be acquired as
follows:
‖Δ𝐸 (𝑛)‖ (𝑡)
𝛼 (𝑛) = 𝛼 (0) ∗
 .
(5)
‖Δ𝑊 (𝑛 − 1)‖ 𝑡=𝑡𝑗𝑑
(4) As mentioned previously, the weights can be changed
as follows:
𝑡

𝜕𝐸
Δ𝑊𝑖𝑗 (𝑛) = 𝜇 (𝑛) ∗ (
) + 𝛼 (𝑛) ∗ Δ𝑊𝑖𝑗 (𝑛 − 1) .
 𝑑
𝜕𝑊𝑖𝑗
𝑡=𝑡𝑗
(6)
Fortunately, the learning rate is adapted much faster when
we are using the modified adaptation rule:
𝜇 (𝑛) = 𝜇 (𝑛 − 1) ∗ (1 + 0.1 ∗ cos 𝜃 (𝑛)) .

(7)

Moreover, a backtracking strategy has been used, which
reruns learning steps taking more than half learning rate time
if total error increases. From this it can be concluded that the
learning rate gets improved in Spikeprop with a higher rate
than the standard SpikeProp.

3.3. Merging Model 1 with Model 2 for Enhancing SpikeProp
(Model 3). In order to get better performance and enhance
the operation of Spikeprop, a merging process between Model
1 and Model 2 (resulting in Model 3) has been carried out.
Model 3 has an architecture which is partly PSO and partly
angle driven dependency learning rate system. The flowchart
in Figure 2 shows the general working of Model 3.
3.4. Error Measurement Functions. The target of the SpikeProp algorithm is to learn a set of target firing times, denoted
by {𝑡𝑗𝑑 }, at the output neurons 𝑗 ∈ 𝐽 for a given set of input
patterns {𝑃[𝑡𝑗 ⋅ ⋅ ⋅ 𝑡ℎ ]}, where 𝑃[𝑡𝑗 ⋅ ⋅ ⋅ 𝑡ℎ ] defines a single input
pattern described by single spike times for each neuron ℎ ∈
𝐻. Given the desired spike times {𝑡𝑗𝑎 } and actual firing times
{𝑡𝑗𝑎 }, this error function is defined by
(a)

MSE =

2
1 𝑛 𝑎
∑ (𝑡𝑗 − 𝑡𝑗𝑑 ) .
2
2
𝑛 2−1

(8)

This thesis uses other error functions such as RMSE (9),
MAPE (10) and MAD (11) to get more validation to evaluate
the accuracy of SpikeProp (SNN) that has been enhanced and
proposed (Models 1, 2, and 3).
Consider
(b)

2
1 𝑛
RMSE = √ ∑ (𝑡𝑗𝑎 − 𝑡𝑗𝑑 ) ,
2
𝑛 2−1 2

 𝑎

 𝑡𝑗 2 − 𝑡𝑗𝑑 2  100

 ∗
,
(c) MAPE = ∑ 

𝑑
𝑛


𝑡
2−1 
𝑗2



𝑛 𝑡𝑎 − 𝑡𝑑 
 𝑗 2 𝑗 2 
.
(d) MAD = ∑
𝑛
2−1

(9)

𝑛

(10)

(11)

4. Results and Discussion
This section presents the results of study on learning of SpikeProp network based on the proposed method of improved
SpikeProp. The results for all datasets involved are analyzed
based on the convergence to MSE, RMSE, MAPE, and
MAD with their classification performance. The results of
the proposed methods for each dataset are analyzed based
on performance (accuracy). For analysis purposes, methods
of improved SpikeProp are used to train and optimize the
networks, comparing different measurements of error. The
results of SpikeProp based on the proposed method of
improved SpikeProp are presented in the following subsections.
4.1. Results and Analysis of Standard SpikeProp. This section
presents the result of standard SpikeProp for all datasets.
The results are analyzed based on the convergence to MSE,
RMSE, MAPE and MAD findings with their classification
performance as shown in Table 2. All experiments for standard SpikeProp are based on ten runs. From Table 2, RMSE
is better than MSE for the training datasets of BTX, Wine,
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Figure 2: Continued.
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Calculate the average accuracy rate
and best errors

End
(b)

Figure 2: Merge Model 1 with Model 2 learning process.

Heart, Iris, Diabetes, Breast Cancer, Liver, Hepatitis, and
XOR, respectively. The RMSE is also better than MAPE, and
MAD error measurements for all datasets. These show that
the SpikeProp algorithm also demonstrates in a direct way
that networks of spiking neurons can carry out complex,
nonlinear tasks in a temporal code. As the experiments
indicate, the SpikeProp algorithm is able to perform correct
classification on nonlinearly separable datasets with all types
of errors measurement compared to traditional sigmoidal
networks (BP) as shown in Table 3. Table 2 illustrates a
comparison of the measurements between the training and
testing of SpikeProp algorithm. From this table, we can see
that the SpikeProp converges with less errors than standard
BP.
4.2. Results and Analysis of Standard BP. The analyses of
standard BP for all datasets are validated based on MSE,
RMSE, MAPE, and MAD as shown in Table 3. From the
training part in Table 3, the RMSE is better than MSE for
the training datasets of Diabetes, Heart, Breast Cancer, Liver,
Hepatitis, Wine, Iris, BTX, and XOR, respectively. The MSE is
also better than MAPE and MAD for all datasets except BTX,
which shows that MAD values are less compared to MSE. This
traditional BP network is widely used by other researchers for

classification problems. Bohte et al. [18] designed SpikeProp
for BP learning strategy; the comparisons between BP and
SpikeProp are given in Tables 2 and 3. It shows that BP
generates higher errors compared to SpikeProp.
4.3. Analysis of the Proposed Model 1: PSO-Spikeprop. Table 4
reveals the MSE generalization from the training part. MSE
gives better results on Diabetes, Heart, Wine, and Breast
Cancer datasets and least competitive for Liver, Hepatitis,
Iris, BTX, and XOR datasets. For RMSE, the proposed PSOSpikeProp is better for Wine, BTX, Diabetes, Iris, and Heart
and less competitive in Liver, Breast Cancer, Hepatitis, and
XOR, respectively. For MAD, the finding is better in Breast
Cancer, Diabetes, and Heart and worse in Wine, Liver, Iris
Hepatitis, BTX, and XOR, respectively. On the other hand,
MAPE for PSO-SpikeProp gives higher error but still better
than standard SpikeProp algorithm.
The PSO-SpikeProp gives the smallest error in MAPE
compared to standard Spikeprop. However, PSO-SpikeProp
stands out to be better if RMSE is being compared. Since
the errors are squared before they are averaged, the RMSE
gives a relatively low error rates, although the MSE has close
values to RMSE as shown in Table 4. Therefore, Model 1:
PSO-SpikeProp has its own good characteristics in generating
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Table 2: Analysis for standard SpikeProp algorithm.

Breast cancer
BTX
Diabetes
Heart
Hepatitis
Iris
Liver
Wine

MSE
0.549
1.713
0.426
0.442
0.690
0.814
0.684
0.525

Training SpikeProp
RMSE
MAPE
0.496
43.305
0.225
36.294
0.386
31.556
0.374
32.058
0.551
47.732
0.384
40.992
0.525
41.984
0.293
34.152

MAD
0.992
1.575
0.773
0.749
1.102
1.153
1.051
0.879

Testing SpikeProp
RMSE
MAPE
0.511
44.419
0.269
44.451
0.420
34.348
0.335
29.820
0.558
48.509
0.345
19.124
0.542
43.184
0.287
33.553

MAD
1.023
1.888
0.840
0.671
1.117
1.036
1.085
0.863

MSE
0.816
2.707
0.792
0.805
0.837
0.865
0.831
0.753

Testing BP
RMSE
MAPE
0.638
54.443
0.798
88.344
0.627
59.208
0.633
55.724
0.647
55.607
0.759
68.660
0.643
56.459
0.408
72.649

MAD
1.277
2.588
1.255
1.267
1.294
2.278
1.287
1.125

MSE
0.367
1.763
0.284
0.272
0.494
0.112
0.383
0.305

Testing Model 1
RMSE
MAPE
0.372
36.268
0.247
43.785
0.277
25.778
0.272
25.997
0.457
43.609
0.147
18.38
0.357
33.332
0.196
25.269

MAD
0.745
1.730
0.555
0.545
0.915
0.443
0.714
0.589

MSE
0.571
2.190
0.492
0.367
0.702
0.122
0.721
0.514

Table 3: Analysis for standard BP algorithm.

Breast cancer
BTX
Diabetes
Heart
Hepatitis
Iris
Liver
Wine

MSE
0.672
1.982
0.510
0.608
0.837
0.874
0.826
0.749

Training BP
RMSE
MAPE
0.525
54.759
0.796
88.018
0.429
37.576
0.477
41.902
0.646
55.588
0.763
69.176
0.641
56.315
0.419
72.471

MAD
1.278
2.575
1.271
1.270
1.293
2.290
1.283
1.119

Table 4: Analysis for Model 1.

Breast cancer
BTX
Diabetes
Heart
Hepatitis
Iris
Liver
Wine

MSE
0.356
1.270
0.241
0.2828
0.483
0.351
0.360
0.312

Training Model 1
RMSE
MAPE
0.361
35.261
0.199
35.596
0.245
22.650
0.281
26.813
0.448
42.640
0.251
33.270
0.340
31.854
0.196
25.033

the smallest error during the implementation. For this model
we conclude that error can be reduced to reach the minimum
value.
4.4. Analysis of the Proposed Model 2: SpikeProp with Angle
Driven Dependency (𝜇). Similar to previous experiments, the
results of Model 2 of SpikeProp with angle driven dependency
are computed based on MSE, RMSE, MAPE, and MAD
error measurements. Table 5 shows the findings of the model,
which are based on ten independent runs on both training
and testing datasets, respectively. The average testing errors
are being calculated along with the standard deviations for
all datasets.
As can be seen from Table 5, it is interesting to see the
small standard deviations for all error rates on the training set

MAD
0.723
1.398
0.490
0.563
0.896
0.754
0.680
0.590

and the testing set in all datasets. The results of this proposed
Model 2 have demonstrated that the generalization of MSE
is better for Diabetes, Heart, and Wine datasets, while the
results for Liver, BTX, Hepatitis, Iris, Breast Cancer, and XOR
datasets are the least competitive. The results also have shown
that the RMSE is better on all datasets and less competitive
for other error measurements except for the Diabetes dataset
which has better MSE values compared to RMSE. In general,
the diversity of errors rates (MSE, RMSE, MAPE, and MAD)
for this proposed Model 2 is considered better for all datasets.
According to this model, we can find that the error is less than
BP and SpikeProp standard.
4.5. Analysis of the Proposed Model 3: Hybridization of Model
1 and Model 2. Just as we get good strain by cross-breeding
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Table 5: Analysis for Model 2.

Breast cancer
BTX
Diabetes
Heart
Hepatitis
Iris
Liver
Wine

MSE
0.472
1.256
0.248
0.360
0.523
0.438
0.419
0.365

Training Model 2
RMSE
MAPE
0.451
40.922
0.191
32.779
0.251
23.103
0.326
29.344
0.500
42.233
0.278
34.668
0.379
34.285
0.229
28.329

MAD
0.902
1.338
0.503
0.653
1.001
0.835
0.759
0.688

MSE
0.489
1.899
0.290
0.327
0.452
0.117
0.444
0.358

Testing Model 2
RMSE
MAPE
0.465
37.977
0.253
44.841
0.283
25.455
0.307
26.355
0.435
43.929
0.377
18.335
0.397
34.289
0.229
28.679

MAD
0.930
1.774
0.566
0.614
0.872
1.131
0.795
0.689

MSE
0.361
1.592
0.251
0.241
0.446
0.105
0.380
0.273

Testing Model 3
RMSE
MAPE
0.367
35.863
0.226
39.155
0.245
23.496
0.240
23.634
0.431
42.194
0.153
17.576
0.356
33.296
0.178
23.637

MAD
0.734
1.585
0.491
0.481
0.863
0.461
0.712
0.535

Table 6: Analysis for Model 3.

Breast cancer
BTX
Diabetes
Heart
Hepatitis
Iris
Liver
Wine

MSE
0.350
0.972
0.211
0.252
0.437
0.330
0.359
0.263

Training Model 3
RMSE
MAPE
0.355
34.812
0.162
27.401
0.212
20.218
0.250
24.543
0.421
41.179
0.244
32.747
0.339
31.778
0.168
22.186

two good genes, it may be possible to get good SpikeProp
algorithm by merging (hybridizing) two good techniques.
Therefore, this paper is concerned about the merging implementation of Model 1 and Model 2 (to get Model 3) as
maintained in Figure 2.
In this section, we hybridize Model 1: PSO-SpikeProp
and Model 2: SpikeProp with angle driven dependency to
obtain a better performance for error rates (MSE, RMSE,
MAPE, and MAD). We notice that the performance measurement is better than in the previous proposed method
when the hybridization takes place as shown in Table 6.
The experiments are based on 10 independent runs for the
training and testing for all datasets, respectively. The results
have revealed that generalization of error rates in RMSE
is better for BTX, Wine, Diabetes, Iris, and Heart datasets
and the least competitive for Breast Cancer, Hepatitis, Liver,
and XOR datasets. Similarly, the result of MSE error rate
has been demonstrated to be less better for Diabetes, Heart,
Wine, Iris, Breast Cancer, Liver, Hepatitis, and BTX datasets,
respectively. To get better performance, we hybridized Model
1 and Model 2, to get Model 3, to minimize the error to reach
the optimum error value.
4.6. Analysis and Result for Proposed Methods Based on Error.
In this section, the spiking neural network and SpikeProp
use the encoding by depending on the timing of spike,
where the first spike has a higher weight than the last one.
Since a biological neuron uses few milliseconds to process
information data, only few spikes are required and emitted,
however the few first spikes with highest value information

MAD
0.711
1.138
0.425
0.501
0.843
0.732
0.678
0.506

can contribute to all process learning, as we used Gaussian
function for encoding. Figures 3–10 show the convergence
of the error and the number of iterations of the Spikeprop
standard and the proposed methods for the improved SpikeProp in the classification Liver dataset, Breast Cancer, BTX,
Diabetes, Heart, Hepatitis, Iris, and Wine data problems. The
SpikeProp standard configuration had a much slower rate of
convergence, as can be clearly seen in the plot. Although its
rate of progress gradually slow down from the beginning till
last iteration but kept in high error in the MSE, despite this
slowdown in all data problems as shown in Figures 3–10.
4.6.1. Analysis Error and Iterations of Model 1 (PSO-SpikeProp). We also see from the convergence that the proposed
method for improved SpikeProp is much better than standard
SpikeProp as PSO-SpikeProp (Model 1) had dramatic slowdown from the first 10 iterations down to iteration number
40, and afterwards the plot got a slight slowdown in Liver as
shown in Figure 3. In Breast Cancer data problem in Figure 4
the curve steps down at the start in error near to 0.5 until
0.38 exactly and then it continued descending to the last iteration at error 0.35 gradually. PSO-SpikeProp (model 1) is the
first model from the proposed methods; the error turned
down quickly in the first 10 iterations at 1.78 and continued
to drop down till the last iteration in the error 1.27 in the
BTX data problem as seen in Figure 5. Also in Diabetes data
problem in Figure 6 the curve for the error steps down so
fast in the first 10 iterations from 0.7 till 0.39 error and then
continues to drop in a steady way until iteration number 86 of
error 0.24. From the iteration number 87 till the last iteration
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15 iterations of error 0.534 to 0.312, and then it stabilized in
this error till the last iteration in Wine data problem as shown
in Figure 10. From this model we have seen from Figures 3–10
how to obtain the list error from list iteration number from
the whole data sets.
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Figure 9: Iris.
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Figure 10: Wine.

it was a little sloped and stopped at the last iteration in error
0.24.
As we can see from Figure 7 in Heart problem the curve
in error has dropped in a dramatic manner in the first 15
iterations in error from 0.45 to 0.28, and then the dropping
is slowed down till iteration number 67 in error 0.28 and
continued steadily till the last iteration for the same error.
From the same proposed model in Hepatitis data problem
in Figure 8 we can see that the slope of the curve starts at
the first 15 iterations in a fast way in error 0.76 to 0.49, and
then it slows down till iteration number 38 in error 0.48 and
it stays likely stable till the last iteration. In Iris data problem
in this model the plot from Figure 9 is stepped down in very
fast drop from the first 10 iterations in error 1.105, and then it is
zigzagged in error range 0.433 to 0.410 till iteration number 90
and then immediately fell down till the iteration number 112
in error 0.351 and it stayed on it till last iteration. Finally the
plot of the error is stepped down in a high manner in the first

4.6.2. Analysis Error and Iterations of Model 2. In the second
improvement for SpikeProp through the learning rate angle
driven dependency (Model 2), we can also notice in Liver data
problem as shown in Figure 3 that it has a slight dropping for
the first 10 iterations in error around 0.75 and got a huge fall
down till iteration number 50 for the error of nearly 0.55 and
then it had a slight dropping till last iteration for the error
0.4. In the same model in Breast Cancer problem in Figure 4,
the plot started to fall down on the first 20 iterations in error
0.57 until 0.47 gradually. Also the curve in BTX data problem
as shown in Figure 5 start dropping down from the first 5
iterations in error 1.73 to 1.72, and it is fluctuated between the
6th iteration and iteration number 197 of the error range 1.73
to 1.31. Afterwards it has a steady drop till iteration 250 at error
interval 1.30 to 1.25. From the result in Diabetes problem at
the same Model 2 on the plot in Figure 6, the error in first
seven iterations has dropped down slowly at error 0.47; after
that it stepped down quickly till iteration number 20 in error
0.35 and then continued steadily until the last iteration for
error 0.24. In the Heart data problem from Figure 7, the plot
is stepped down from first iteration in error 0.45 until last
iteration in error 0.36, and in some iterations, it is stable and
then it continues descending. Also in Hepatitis data problem
as shown in Figure 8, it has a stable error of 0.786 for the first
5 iterations, and then it start to fall down till iteration number
80 for error 0.549; after that it has a slower dropping till last
iteration on error 0.523 in a sequence stepping down.
From Figure 9 as we can see clearly the curve is dropped
down slowly in first 10 iterations in error 1.111 till 1.040; then
it accelerates in dropping till iteration number 55 of error
0.53 and the drop slows down till last iteration in 0.438 error
in the Iris data problem. Finally from Figure 10 in Wine
data problem the plot shows Model 2 (learning rate angle
driven dependency) is almost steady in first 15 iterations in
error 0.538 to 0.526, and then the dropping got accelerated
continuously till last iteration for error 0.366.
4.6.3. Analysis Error and Iterations of Model 3 (SpikeProp with
Angle Driven Dependency (𝜇)). (PSOSpikeProp and Learning Rate Angle Driven Dependency) or (model 3), in Liver
dataset as it is clear from Figure 3 the plot it provides the
best enhancement result for the convergence of error and
number of iteration. The slant starts from the first iteration
in the error a bit less than 0.8 till iteration number 20
impressively, and then a gradual descending has been done
till last iteration of error close to 0.354. The curve from
Figure 5 witnessed a dramatic drop in first 10 iterations starting from error 1.95 and the drop decreases till last iteration
at error 0.97. We can notice from the curves in Figure 4 that
the last model is much better from the SpikeProp standard
and the previous methods of Breast Cancer dataset problem.
The error steps down in a steady and fast manner from

Mathematical Problems in Engineering

11
Table 7: Result of training in terms of accuracy.

Breast cancer
BTX
Diabetes
Heart
Hepatitis
Iris
Liver
Wine

SpikeProp
50.36
73.75
22.68
25.04
8.21
57.68
4.86
56.03

Model 1
63.82
76.69
50.97
43.69
21.38
72.27
31.97
70.47

Training
Model 2
54.88
75.7
49.64
34.69
17.57
68.22
24.01
67.57

Model 3
60.9
77.01
52.3
42.24
22.23
73.22
29.3
70.36

BP
33.68
42.19
14.81
13.17
2.44
32.79
2.14
35.78

Model 5
63.28
73.57
50.8
51.81
23.65
96.03
28.79
73.24

BP
32.21
41.77
18
14.64
4.33
50.03
2.8
40.13

Table 8: Result of testing in terms of accuracy.

Breast cancer
BTX
Diabetes
Heart
Hepatitis
Iris
Liver
Wine

SpikeProp
48.82
60.52
25.99
32.81
8.78
77.66
8.55
56.84

Model 1
62.7
71.15
44.45
45.4
18.42
84.66
28.55
70.53

the first iteration of error 1.93 to last iteration of error 0.97.
From this we can see that most impact on SpikeProp standard
is from PSO-SpikeProp and the leaning rate methods, and
other proposed methods have less impact on BTX data
problem as shown in Figure 5.
From the plot in Figure 6, this model started to drop
down in a very fast way in first 10 iterations for error 0.7
to error 0.24, and then it started to slow down till iteration
number 43 in error 0.21, and then it became almost stopped in
error 0.21 till last iteration; we conclude from the comparison
of the previous result that the model 3 gives the best and the
least error from all other methods in Diabetes dataset. We can
see from the plot that the curve fell down quickly in first 10
iterations for error range 0.45 to 0.29, and then the dropping
started to slow down till iteration number 30 in error 0.258,
then it got almost steady till last iteration in error 0.252. From
the previous it is obvious that this model is the best among all
the other models for Heart data problem as seen in Figure 7.
This merge (Model 3) starts to drop down quickly from the
first iteration for the error 0.787 until iteration number 30 for
error 0.438, and then it stays stable until last iteration, as it
is obvious from Figure 8 and the results that the third model
has the most impact on SpikeProp compared to the previous
models for Hepatitis data problem. Finally from Figure 9 it
can be seen that the plot in this merge model started to step
down quickly in first 30 iterations in error 1.107 to 0.332 and
then it got steady for the same error till last iteration. This can
show that the third model of improving SpikeProp gives the
best result compared to other previous methods in Iris data
problem.

Testing
Model 2
53.46
70.42
43.31
38.56
16.5
80.73
20.48
67.53

Lastly, Model 3 is merging between Model 1 and Model
2 (PSO-SpikeProp and learning rate angle driven dependency); this merging model has a high impact on enhancing
SpikeProp as it is seen in the curve of Figure 10 that in Wine
data problem the slope is dropped quickly starting from first
iteration of error 0.533 till iteration number 70 of error 0.263
and then it becomes almost stable till last iteration.
4.7. Result and Analysis Comparison of the Proposed Methods in Terms of Accuracy. This section displays the result
of SpikeProp standard besides the proposed methods for
enhanced SpikeProp measured in terms of accuracy. The
experiments are run 10 s, 10 dependent runs on training
and testing for all datasets, respectively (refer to Tables 7
and 8 and Figures 11 and 12). As it is shown in Table 7 for
training, the first proposed method PSO-SpikeProp (Model
1) is evaluated in terms of accuracy; we can see that we got
the value in Breast Cancer better than SpikeProp standard
and proposed methods except Model 5. Regarding the BTX
dataset problem, it is also better than SpikeProp standard and
other proposed methods except Model 3. The generalization
of accuracy for the proposed method PSOSpikeProp is better
than SpikeProp standard and learning rate angle driven
dependency (Model 2) in all datasets. Learning rate angle
driven dependency is our proposed method; it is better than
SpikeProp standard in all datasets. Finally, Model 3 is merging
model (PSO-SpikeProp and Learning Rate Angle Driven
Dependency) as illustrated in Figure 11 and Table 7 that it is
better in accuracy generalization from all proposed methods
and SpikeProp standard in all datasets.
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Figure 11: Results in training of the proposed methods in terms of
accuracy.

out (for instance the hybridization of Model 1 and Model 2 to
obtain Model 3). The purpose of hybridization is to leverage
the best function from each component of the hybrid. As
an example, Model 3 is the hybridization of Model 1 which
is PSO-SpikeProp (enhancement Spikeprop architecture by
PSO) with Model 2 which is SpikeProp enhancement using
angle driven dependency learning rate. For Model 3, when
the position of search is far from the optimum, PSO is used
to directly move the point of search close to the optimum.
When the search point is close to the optimum, Model
3 switches over to the system where there is SpikeProp
enhancement using angle driven dependency learning rate to
reach the optimum position. Also a thorough analysis of the
weight initialization problem is required. The convergence
rate seems to be pretty sensitive to this. Several techniques
used in classic neural networks to speed up backpropagation
learning could be added to SpikeProp to further speed up
learning.
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Figure 12: Results in testing of the proposed methods in terms of
accuracy.

5. Conclusions
We introduced several extensions to the SpikeProp learning algorithm that make it possible to learn not only the
weights, but also the delays and synaptic time constants of
the connections and the thresholds of the neurons. Due to
these enhancements, smaller network architecture can be
used. This is mainly due to the fact that delays can now
be trained and need not be enumerated. The simple 8 data
sets could be solved with the same precision as the original
SpikeProp algorithm, less errors (making the simulation and
learning phase of the network much faster), and an increased
learning convergence. There are several proposed models
needed to improve the performance of SpikeProp further;
hybridization of two or more good architectures is carried
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Currently, video surveillance-based early fire smoke detection is crucial to the prevention of large fires and the protection of life and
goods. To overcome the nighttime limitations of video smoke detection methods, a laser light can be projected into the monitored
field of view, and the returning projected light section image can be analyzed to detect fire and/or smoke. If smoke appears within the
monitoring zone created from the diffusion or scattering of light in the projected path, the camera sensor receives a corresponding
signal. The successive processing steps of the proposed real-time algorithm use the spectral, diffusing, and scattering characteristics
of the smoke-filled regions in the image sequences to register the position of possible smoke in a video. Characterization of smoke
is carried out by a nonlinear classification method using a support vector machine, and this is applied to identify the potential
fire/smoke location. Experimental results in a variety of nighttime conditions demonstrate that the proposed fire/smoke detection
method can successfully and reliably detect fires by identifying the location of smoke.

1. Introduction
Video surveillance can be used to monitor fires and firerelated disasters. However, live surveillance systems require
numerous people to monitor video screens continuously,
leading to the possibility of human error; these systems
also have other disadvantages including the need to store
large amounts of data and the related high cost. Recently,
more attention has been given to the detection of fire using
surveillance cameras with machine vision which can detect
smoke. Various researchers have proposed video fire/smoke
detection methods based on signal processing and the
related methods [1–8]. A video smoke detection technique
comprising background subtraction, flickering extraction,
contour initialization, and contour classification using both
heuristic and empirical knowledge about smoke has been
proposed [1]. The image processing approach involves the
extraction of the smoke plume from the background using
frame difference technologies. Image features such as motion,
flickering, edge-blurring of moving segments, and edgeblurring of regions were extracted from the video to detect
smoke. These features have been extracted using background

subtraction, temporal wavelet transformation, and spatial
wavelet transformation. Smoke pixels were analyzed with a
chromaticity-based static decision rule and a diffusion-based
dynamic characteristic decision rule. A video smoke detection technique comprises background subtraction, flickering
extraction, contour initialization, and contour classification
using both heuristic and empirical knowledge related to the
characteristics of smoke [2]. To avoid false flame detection
which can result from interference caused by background
illumination, neon colors, or traffic lights, the time-varying
property of flame geometry is taken into account. When
segmenting smoke features, color processing has advantages
over grayscale processing. Color processing can avoid the
generation of false alarms caused by variations in lighting
conditions, for example, natural background illumination,
better than grayscale processing can. Further, a video camera
is a volume sensor, and it can potentially monitor a larger
area. However, many current video-based fire surveillance
systems have a major weakness regarding the detection of
smoke at night. Video-based camera systems can only sense
variations in the indoor environment when sufficient lighting
is illuminating the monitored region. Illumination at night

2
is usually insufficient for smoke detection, and consequently
smoke from a smoldering fire cannot be detected promptly.
To avoid the false flame detection caused by interference
from background illumination and colored artificial light
such as neon or traffic lights, the property of variation over
time of flame geometry is taken into account [3]. In our
previous work to detect fire flame and smoke using fuzzy
logic and a continuously adaptive mean shift (CAMSHIFT)
vision tracking algorithm was employed to provide feedback
of the real-time position of fire flames and smoke using a
high frame rate [2, 4]. To overcome the limitations related
to illumination and the shortcomings of conventional smoke
sensors, multisensor systems [5] and infrared cameras [6–
8] have been used instead of regular visible-range cameras.
Ruser and Magori [5] presented a fire detection method that
used a combination of ultrasonic and microwave sensors
to avoid false alarms. Liu et al. [6] presented a smoke
recognition method based on active infrared charge-coupled
device (CCD) video imagery. However, smoke detection
using an active infrared camera to capture video at night is
still difficult because of the high levels of background noise in
the video. A false alarm for a fire may be caused by a variety
of stimuli, such as a heater, sunlight, or a spotlight. Yuan et
al. [7] proposed a fire detection method based on a plurality
of infrared radiation arrays mounted in an area to detect
smoke. Fang et al. [8] proposed the use of light section image
detection to overcome the shortcomings of conventional
beam-type smoke sensors designed to achieve early detection
of fire/smoke. However, the drawback of these methods is
that the detection system requires a setup involving many
elements, such as infrared radiation arrays, infrared cameras,
and signal processing units. Moreover, such systems are
limited to monitoring only the flow of fire and/or smoke.
A fuzzy logic thresholding approach employed to provide
the detection of nighttime fire/smoke in the earliest stages
of a fire with a real-time alarm system was presented in our
previous study [9]. However, the detection of fire signals
will cause an alarm if the amount of smoke increases to the
point that incident light scattering reaches a predetermined
threshold, thus decreasing the reliability of the method in
complex environments.
To address these problems, a smoke recognition method
based on a color camera with active laser imagery that is able
to sense smoke in a nighttime indoor environment under
zero lux illumination is proposed. This paper introduces and
analyzes current fire/smoke detection methods in Section 2.
Section 3 then gives some experimental results and discussion. Finally, Section 4 provides the conclusions.

2. Nighttime Fire/Smoke Detection Using a
Support Vector Machine (SVM)
To distinguish and classify candidate regions as fire/smoke
or aliases, an SVM is used as a more sophisticated classifier than the fuzzy logic thresholding approach used in
our previous research studies [9]. Support vector machines
are data-driven and nonlinear approaches used for pattern
classification problems which do not incorporate problem
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domain knowledge [10–14]. Support vector machines are
supervised learning techniques, which are a relatively new
class of learning machines. Furthermore, an SVM not only
effectively learns complex relationships without heuristic
feature parameters but is also suited to the use of a limit
trained data set.
The main goal of SVM theory is to use kernel functions to
map the training data into high-dimensional feature space. A
hyperplane is then found in this feature space that maximizes
the margin between categories. The constructed hyperplane
can then be used as a basis for classifying vectors of unknown
classification with the largest margin between classes. Given
the training sample (𝑥1 , . . . , 𝑥𝑁) that are input patterns and
(𝑑1 , . . . , 𝑑𝑁) where 𝑑𝑖 ∈ (+1, −1)𝑁 are the corresponding
desired response. The equation of a decision surface in the
form of a hyperplane that does the separation is
𝑤𝑇 𝑥 + 𝑏 = 0,

(1)

where 𝑥 is an input vector, 𝑤 is a weight vector, and 𝑏 is a bias.
The general form of the discriminant function is
𝑔 (𝑥) = 𝑤𝑇 𝑥 + 𝑏

(2)

and gives an algebraic measurement of the distance from 𝑥 to
the optimal hyperplane. To map the input vector to a highdimensional feature space, the radial basis function (RBF)
kernel is chosen as follows:
2

𝑘 (𝑥, 𝑥𝑖 ) = exp (−𝛾𝑥 − 𝑥𝑖  ) ,

(3)

where 𝑥 is the input feature vector and 𝑥𝑖 are the training
samples. The symbol 𝛾 is the parameter that controls the
width of RBF. In the proposed method, the feature vectors
chosen were diffused laser light signal and scattered laser light
signal from the extracted fire smoke candidate regions. These
two features are then used as the input to the classifier.
To realize the production of an effective and efficient
nighttime fire/smoke detection system, the proposed system
is composed of a line-strip laser and a color CCD camera. The
line-stripe laser emits light in the monitoring region of the
camera. A general digital color video camera is used to capture several laser-projected smoke sample image sequences
with a pixel resolution of 1,280 × 720. The fire/smoke detection process consists of four steps. First, the input color image
is transformed into a YCbCr color space. YCbCr is a color
format commonly used in digital video surveillance systems
requiring data compression, where Y is the luminance, and
Cb and Cr contain blue and red chrominance components.
The YCbCr color space is applied instead of other color
spaces because it can separate luminance from chrominance
information. Experimentation has shown that the Y component apparently outperforms the other components as the
diffusing and scattering laser signal received by the camera.
Image capturing and processing are the two major challenges involved in the construction of a laser light intensity
measuring system. In the proposed fire/smoke detection
system, the video signal capturing process is conducted using
a low-cost CCD camera with a resolution of 1280 × 720 pixels.
The captured synchronized video frames are then transmitted
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via USB to a personal computer. Then, the diffusing light
intensity of the projected line-stripe laser is obtained by
the camera. Next, the scattering light signal from the small
and invisible-to-the-human-eye particles of fire/smoke is
obtained using a color CCD camera. In the final step, the statistical distribution of the diffusing and scattering probability
density is predicted by the SVM algorithm to determine the
potential of actual fire/smoke as the result of the analysis.

Cam
era

Scattered light signal
Laser source

3. Results and Discussion
Most fires in buildings start with a strong emission of fire
and/or smoke. The particles and the air turbulence produced
yield partial obstructions in the projecting laser section
image, so the fire/smoke can be sensed. Smoke visibility refers
to the attenuation of light or opacity along the line of sight,
and the saturation will decrease when opacity increases. By
relating the reduction in laser light intensity directly to smoke
obscuration, the obscuring coefficient of the diffused laser
light is defined as 𝑂𝑆 . The 𝑂𝑆 is represented as average pixel
intensity values from a region of interest (ROI) window. A
decrease in the light intensity of the sensed line-strip laser
indicates that there is smoke in the region that is obscuring
light from the line-strip laser, and the resulting light gradually
becomes invisible to the camera. Smoke between the laser
light source and the projected wall surface will decrease
the quantity of incident light on the sensor. Light signal
obscuration detection will cause an alarm if smoke particles
block part of a laser light beam transmitted to a camera so
that the laser light intensity decreases.
When particles of smoke from a fire interact with the
laser beam, the light is scattered to the camera, whose light
intensity response is a direct count of the number of particles
[15]. The laser light scattered by the particles can be imaged to
allow detection. The amount of smoke can be characterized
by the scattered signal intensity received by the camera.
Detection of scattered light signals will cause an alarm if the
amount of smoke increases to the point where incident light
scattering increases. The principle behind the operation of the
proposed scattering light signal detection is to transform the
camera surveillance area into a light scattering detection zone
by directing a line-strip laser beam across it (Figure 1). Hence,
the light scattered by particles of smoke from a fire in the
beam can be used to calculate the smoke density detected by
the camera. In order to have robust and continuous scattering
feature values, scattering signals are accumulated in every
frame. The particle sensing coefficient of the accumulative
scattered laser light is defined as 𝑃𝑆 . The 𝑃𝑆 is represented
as average pixel intensity values with corresponding masks
having all nonzero values.
To create the proposed nighttime fire/smoke detection
system, a general digital color video camera (Microsoft
LifeCam HD-5000) was used to capture several fire/smoke
sample image sequences, along with a harmless low-power
laser light emitter (LT-B65100-GLD, 45 mW). The computer
used in our system is a 2.5 GHz Pentium E5200 PC with 2 GB
of RAM running Windows 7. The laser source emits a spatially
modulated line-strip laser, and the laser beam is projected on
a wall surface 8 meters from the camera. The camera receives

Diffused light signal
Fire smoke

Figure 1: The proposed nighttime fire/smoke detection system.
Table 1: The fire/smoke test results by applying the proposed
approach.
ID
1
2
3
4
5
6
7
8

Description
Blank test
Burning clothes
Burning dried tree leaves
Burning paper
Burning woods
Burning diesel oils
Burning plastic bags
Water mist spray to confuse

Event
No alarm
Fire alarm
Fire alarm
Fire alarm
Fire alarm
Fire alarm
Fire alarm
Nuisance

radiant energy from the diffusing and scattering line-strip
laser beam and processes it to detect the existence of a fire
and/or smoke conditions. Ten additional classified positive
fire/smoke detections are also required prior to a decision to
separate smoke and smoke-like aliases. The proposed system
can readily be made to work in complete darkness. The laser
and camera are mounted on a tripod at a distance of 7 m from
the burning smoke box.
To verify that the measuring system effectively collects
smoke information, a smoke sensor (i.e., HS-135) of a semiconductor type based on tin dioxide (SnO2 ) was employed
[16]. SnO2 sensors are widely used as a base material for commercial semiconductor gas sensors for detection of smoke.
Smoke signals received by the HS-135 sensor are processed
by the microcontroller, and then the microcontroller sends
back numerical data to the computer via an RS232 serial link.
The data acquired is recorded and synchronized with every
video frame. The HS-135 sensor was installed above and near
a smoke/burning test box at a height of 0.4 m above ground
level. The fire/smoke was accurately classified by performing
10-fold cross-validation sets of training data (Tests 1–5).
The feasibility of the proposed approach was investigated
with a series of eight test fires using different fuels. Figure 2
and Table 1 show the results of implementing the proposed
fire smoke detection system under zero lux illumination
(Tests 1–8). The zero lux intensity was confirmed using a
digital lux meter (Testron Model TES-1332).
Figure 3 shows the results of evaluating the light obscuring and scattering characteristics of the tested images with
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Test 2

Test 3

Test 6

Test 7

Test 4

Test 5

Test 8

Figure 2: The case studies of the proposed fire/smoke detection system under zero lux illumination.
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Figure 3: The first experiment: evaluate the results of the light
obscuration and scattering characteristic features for the tested
images with no fire/smoke inside the experimental room.
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Figure 5: The second experiment: clothes were used as fuel.
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Figure 4: The first experiment: fire/smoke information is verified by
the reading of smoke concentration from the HS-135 sensor output.

no fire/smoke inside the experimental room. Since the linestrip laser is not obscured, the value of diffused laser light
coefficient 𝑂𝑆 is close to a constant value. The employed
off-the-shelf commercial laser diodes operate at a single
wavelength. However, the wavelength is unstable because of
fluctuations in the power supply and temperature [17]. Peak
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Figure 6: The second experiment: fire/smoke information is verified
by the reading of smoke concentration from the HS-135 sensor
output.

intensities vary as the wavelength varies and consequently the
consecutive 𝑂𝑆 value fluctuates (Figure 3). Also, no scattered
laser is sensed, and so the value of the particle sensing
coefficient 𝑃𝑆 is zero. Fire/smoke information is verified by
the reading of smoke concentration from the HS-135 sensor
output (Figure 4).
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Figure 7: The experiment ID 3: dried tree leaves are selected as the
burning material.

Figure 10: The experiment ID 4: fire/smoke information is verified
by the reading of smoke concentration from the HS-135 sensor
output.
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Figure 8: The experiment ID 3: fire/smoke information is verified by
the reading of smoke concentration from the HS-135 sensor output.
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Figure 11: The experiment ID 5: woods are selected as the burning
material.
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Figure 9: The experiment ID 4: papers are selected as the burning
material.

In the second experiment, clothes are used as the burning material (Figure 5); the line-strip laser is obscured by
smoke, and so the value of diffused laser light coefficient 𝑂𝑆
decreases. Also, particles of smoke in the view region are
scattering light from the laser beam, appearing as a visible
blob to the camera; hence, the value of the particle sensing
coefficient 𝑃𝑆 increases. Since fire/smoke is turbulent and will
fluctuate with periodic oscillations, the particle sensing coefficient 𝑃𝑆 also fluctuates periodically. The potential fire/smoke
was detected in the 381th frame with the summed-score
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Figure 12: The experiment ID 5: fire/smoke information is verified
by the reading of smoke concentration from the HS-135 sensor
output.

level crossing the threshold, and the smoke concentration is
verified by the HS-135 sensor output (Figure 6).
Experiments 3, 4, 5, 6, and 7 were conducted with various
burning materials (Figures 7, 8, 9, 10, 11, 12, 13, and 14); clearly,
the fire/smoke can be correctly extracted and an appropriate
alarm sounded. In experiments 6 and 7, the HS-135 sensor
failed to sense the smoke produced by plastic bags and diesel
oils. However, the proposed approach did successfully detect
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and 𝑃𝑆 are classified by the SVM system, and no alarm was
sounded during Test 8 for a nuisance fire scenario.
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Figure 13: The experiment ID 6: diesel oils are selected as the
burning material.
12
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Alarm

This paper presents an approach which can be used to detect
fire and/or smoke during the earliest stages of a fire with a
real-time alarm system. Diffused laser light, scattered laser
light signals, and an SVM classifier are employed to extract
and detect real fire smoke images from the background
image and are adopted to help validate the accuracy of the
fire/smoke detection. The results show that fire and/or smoke
can be successfully detected and the proposed algorithm can
be integrated into existing surveillance systems to achieve the
detection of fire/smoke recorded in video databases, as well as
the real-time detection of fire. Future work is planned to fuse
multisensors to improve the ability of the system to minimize
false alarms and to accurately classify burning material.
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Figure 15: The experiment ID 8: water mist spray is selected for a
false fire test.

the fire/smoke produced by diesel oils and plastic bags in the
10th frame and 118th frame (Figures 13, and 14).
In the last experiment, water mist spray was selected for
a false fire alarm test with fire/smoke being produced in
the burn box. The line-strip laser is not obscured by small
particles, and hence the value of the diffused laser light
coefficient 𝑂𝑆 is close to a constant value. However, scattered
laser light is sensed, and so the value of the particle sensing
coefficient 𝑃𝑆 is not zero (Figure 15). Then, the values of 𝑂𝑆
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As a powerful tool in solving privacy preserving cooperative problems, secure multiparty computation is more and more popular
in electronic bidding, anonymous voting, and online auction. Privacy preserving sequencing problem which is an essential link is
regarded as the core issue in these applications. However, due to the difficulties of solving multiparty privacy preserving sequencing
problem, related secure protocol is extremely rare. In order to break this deadlock, this paper first presents an efficient secure
multiparty computation protocol for the general privacy-preserving sequencing problem based on symmetric homomorphic
encryption. The result is of value not only in theory, but also in practice.

1. Introduction
Sequencing problem is very common in our daily life, such
as ranking according to the scores, queuing by the height.
Informally speaking, it is about comparing and sequencing
of some numbers. It is easy and convenient to get the result
because it cares nothing about privacy in the scenes above. On
the contrary, privacy-preserving sequencing problem (PPSP)
is always a hard challenge since it requires to conduct secret
numbers comparison without knowing the numbers. In this
scenario, all participants distrust each other and would not
like to leak their own secret information to anyone else. It is an
urgent task to be solved for some important applications such
as electronic bidding, anonymous voting, and online auction.
Naturally, as a powerful tool in solving privacy-preserving
cooperative problems, secure multiparty computation (SMC)
[1] is the best choice for privacy-preserving sequencing. In
fact, the classical Millionaire’s problem [1–3] is the earliest
example of introducing secure multiparty computation into
the sequencing problem. More specifically, the millionaire’s
problem, with the aim to find out which one of the two
Millionaires is richer without revealing their net worth, can

be described as comparing two secret numbers in the perspective of sequencing, that is, the 2-party case of PPSP.
In this aspect, the case of 2-party sequencing problem has
already been resolved along with the advent of the solutions
to Millionaire’s problem and the presence of other secure
two-party computation protocols [4–12]. Due to the limitation of the 2-party case in practice, the general multiparty
PPSP becomes the focus in secure multiparty computation
recently.
In 1962, Held and Karp [13] put forward a dynamic programming approach to multiparty sequencing problem
before the advent of SMC. They concern more about some
certain scenarios and aim to design schemes for the special
applications such as the traveling-salesman problem. Subsequently, the research on PPSP is rare and mainly about
the 2-party case. Currently, Tang et al. [14] have constructed
an efficient and secure multiparty computation protocol for
PPSP by making use of a secret sharing scheme based on
polynomial. It is an important fruit of PPSP since it has indeed
realized secure sequencing among distrusted participants.
However, the cost is too high in choosing random numbers
and transmitting messages. In the case of 𝑛 parties with
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𝑡 adversaries, it needs to choose 2𝑛 ⋅ (2𝑡 + 1) + 𝑛 polynomials
and 2𝑛⋅(𝑡+1) random numbers. What is more, the transmitted
messages are up to (2𝑡 + 1) ⋅ (𝑛 − 1) ⋅ 𝑛 + (𝑛 − 1) ⋅ 𝑛 + 𝑛2 (2𝑡 + 1)
every round.
This paper applies the fast symmetric homomorphic
encryption to replace the cumbersome secret sharing based
on polynomial. It no longer needs to choose so many
polynomials and random numbers. Relevant complexities in
computation and communication also have a great improvement. Our result is not only much simpler but also more
efficient. In brief, our contributions can be summarized as
follows.
(1) We first introduce symmetric homomorphic encryption to solve the privacy-preserving sequencing problem in secure multiparty computation, which brings
less communications and random numbers than the
method of secret sharing based on polynomial.
(2) Our protocol is appropriate for the insecure channel
which allows external attackers to eavesdrop and can
resist at most 𝑡 < 𝑛/2 adversaries’ corruption supposing that any two neighbor parties do not conspire.
(3) We propose a protocol for the general privacypreserving sequencing problem, which is suitable for
multiple parties to securely determine the order of
a given set rather than just two parties such as the
simplest sequencing problem-Millionaire’s problem,
or a special application such as the traveling-salesman
problem.
Organization. The rest of this paper is organized as follows.
In Section 2, we briefly give some related preliminaries. In
Section 3, we present the new efficient secure multiparty
computation protocol for privacy-preserving sequencing
problem over insecure channel. In Section 4, we analyze the
proposed protocol in detail including its correctness and
privacy. Furthermore, we show the advantages of our protocol
in the two aspects of transmitted messages and random
numbers. Finally, we summarize our work of this paper in the
last section.

2. Preliminaries
2.1. Secure Multiparty Computation. Secure multiparty computation is dedicated to dealing with the problem of privacypreserving cooperative computation among distrusted participants. It was first introduced by Yao in 1982 [1] by putting
forward the famous Millionaire’s problem. Afterwards, SMC
has become a research focus in the international cryptographic community, and a mass of research results have been
published one after the other [2–12].
Generally speaking, SMC is a method to implement cooperative computation with all participants’ private data, ensuring the correctness of the computation as well as not disclosing additional information except the necessary results.
Assume that there are 𝑛 participants 𝑃1 , 𝑃2 , . . . , 𝑃𝑛 . Each has a
secret, respectively, 𝑆1 , 𝑆2 , . . . , 𝑆𝑛 . They want to compute the
value of a public function 𝐹(⋅) on 𝑛 variables at the point

(𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ), that is, 𝐹(𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ). An SMC protocol is
dubbed secure if no participant can learn more from the
description of the public function and the result of the global
calculation than what he can learn from his own information.
2.2. Homomorphic Encryption. In this subsection, we introduce a basic tool to design our protocol, the symmetric
homomorphic encryption scheme. Allowing for security, the
participants usually would not like to directly transmit their
original data over insecure channel while interacting with
others. They expect that other parties can perform necessary
computations on the encrypted version of the data. In this
way, they can encrypt their own private information and
then transmit it to others without exposing the real data and
finally decrypt the information sent back by others to get
the target result when completing cooperative computation.
To meet this demand, Rivest et al. proposed homomorphic
encryption in 1978 [15]. His work sparked the research in this
field. A lot of articles have been proposed and widely used
in many applications since then. However, the most common
homomorphic encryption schemes are mainly asymmetric,
for example, ELGamal homomorphic encryption scheme and
Paillier’ homomorphic encryption scheme.
Although symmetric homomorphic encryption has not
been used in PPSP, it is really a promising method for secure
multiparty computation while dealing with the problem of
privacy-preserving sequencing. The symmetry will bring
high efficiency to our solution since symmetric encryption
possesses the advantage of being really fast and can be used as
often as possible. As illustrated in [16], a block cipher like AES
is typically 100 times faster than RSA encryption and 2000
times than RSA decryption, with about 60 MB per second
on a modest platform. Stream ciphers are even faster, some
of them being able to encrypt/decrypt 100 MB per second
or more. Therefore, asymmetric homomorphic encryptions
are bound to much slower than the symmetric ones. In this
paper, we will employ the superior symmetric homomorphic
encryption schemes to construct our protocol.
Generally, an encryption scheme is said to be homomorphic if for any given encryption key 𝑘, the encryption
function 𝐸(⋅) satisfies the following condition:
∀𝑚1 , 𝑚2 ∈ 𝑃,

𝐸 (𝑚1 ⊙𝑃 𝑚2 ) = 𝐸 (𝑚1 ) ⊙𝐶𝐸 (𝑚2 ) ,

(1)

where 𝑃(𝐶) denotes the set of the plaintexts (ciphertexts), and
⊙𝑃 and ⊙𝐶 are the operators in 𝑃 and 𝐶.
We say that a scheme is additively homomorphic if we
consider addition operators, and it is multiplicatively homomorphic if we consider multiplication operators. Usually,
multiplicative homomorphic encryption functions are more
efficient than additive homomorphic encryption functions.
Herein, we will use the random symmetric homomorphic
encryption function 𝐸(⋅) in this paper, which satisfies the
following property:
∀𝑚1 , 𝑚2 ∈ 𝑄+ ,

𝐸 (𝑚1 + 𝑚2 ) = 𝐸 (𝑚1 ) ∗ 𝐸 (𝑚2 ) ,

(2)

where 𝐸(⋅) is a random function and 𝑄 is the set of rational
numbers.
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It is easy to deduce that for all 𝑚 ∈ 𝑄+ , 𝑟 ∈ 𝑍+ ,
𝐸 (𝑟 ∗ 𝑚) = 𝐸(𝑚)𝑟 .

Input: (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ), 𝑆𝑖 is the private number of 𝑃𝑖 ;
Output: (𝑙1 , 𝑙2 , . . . , 𝑙𝑛 ), 𝑙𝑖 is the order of 𝑆𝑖 in the n-array.

(3)

2.3. Privacy-Preserving Sequencing Problem

Algorithm 1

2.3.1. The Original Problem. Privacy-preserving sequencing
problem is in fact the more universal description of the
generalized secret number comparison. To be more specific,
there are 𝑛 distrusted participants 𝑃1 , 𝑃2 , . . . , 𝑃𝑛 . Each of them
has a private number, respectively, 𝑆1 , 𝑆2 , . . . , 𝑆𝑛 . The problem
is that they hope to rank the 𝑛-array (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ) without
leaking any information about 𝑆1 , 𝑆2 , . . . , 𝑆𝑛 . It requires that
after executing cooperative computation, 𝑃1 , 𝑃2 , . . . , 𝑃𝑛 know
the size relations of 𝑆1 , 𝑆2 , . . . , 𝑆𝑛 but no more other information. Formally, we can represent the whole problem as
shown in Algorithm 1.
2.3.2. Equivalent Transformation of the Original Problem.
In this paper, we make use of a useful theorem in the
progressing procedure following reference [14] so that we
can reduce the initial sequencing problem about the 𝑛array (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ) to the new 𝑛-array (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ), which
has the same sequence as (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ) and is called as
the pseudoarray of (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ). Then 𝑃1 , 𝑃2 , . . . , 𝑃𝑛 can
obtain the sequence of 𝑆1 , 𝑆2 , . . . , 𝑆𝑛 by directly comparing
the pseudoarrays (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ) in public. Along with the
equivalent transformation of the problem, the aim of secure
multiparty computation needs a corresponding change. It
no longer has to consider how to deal with the real data
𝑆1 , 𝑆2 , . . . , 𝑆𝑛 but only needs to securely get the pseudodata
𝑆1 , 𝑆2 , . . . , 𝑆𝑛 . And then the subsequent work is just a piece of
cake.
Theorem 1. Arrays (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ) and (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ) have
the same sequence, where 𝑆𝑖 = 𝑟1 ∗ 𝑆𝑖 + 𝑟2 ∗ 𝑆𝑖2 + ⋅ ⋅ ⋅ + 𝑟𝑛 ∗ 𝑆𝑖𝑛 ,
𝑟𝑖 ≥ 0, 𝑆𝑖 ≥ 0, 𝑖 = 1, 2, . . . , 𝑛.
Proof. Given for all 𝑆𝑖 , 𝑆𝑗 ∈ (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 )
𝑆𝑖

= 𝑟1 ∗ 𝑆𝑖 + 𝑟2 ∗

𝑆𝑖2

+ ⋅ ⋅ ⋅ + 𝑟𝑛 ∗

(4)

Then,
𝑆𝑖 − 𝑆𝑗 = (𝑟1 ∗ 𝑆𝑖 + 𝑟2 ∗ 𝑆𝑖2 + ⋅ ⋅ ⋅ + 𝑟𝑛 ∗ 𝑆𝑖𝑛 )
= (𝑟1 ∗ 𝑆𝑖 + 𝑟2 ∗ 𝑆𝑖2 + ⋅ ⋅ ⋅ + 𝑟𝑛 ∗ 𝑆𝑖𝑛 )
− (𝑟1 ∗ 𝑆𝑗 + 𝑟2 ∗ 𝑆𝑗2 + ⋅ ⋅ ⋅ + 𝑟𝑛 ∗ 𝑆𝑗𝑛 )
= 𝑟1 ∗ (𝑆𝑖 − 𝑆𝑗 ) + 𝑟2 ∗ (𝑆𝑖2 − 𝑆𝑗2 ) + ⋅ ⋅ ⋅ + 𝑟𝑛 ∗ (𝑆𝑖𝑛 − 𝑆𝑗𝑛 )
= (𝑆𝑖 − 𝑆𝑗 ) [ 𝑟1 + 𝑟2 ∗ (𝑆𝑖 + 𝑆𝑗 )
+𝑟3 ∗

+ 𝑆𝑖 ⋅ 𝑆𝑗 +

𝑄 = 𝑟1 + 𝑟2 ∗ (𝑆𝑖 + 𝑆𝑗 ) + 𝑟3 ∗ (𝑆𝑖2 + 𝑆𝑖 ⋅ 𝑆𝑗 + 𝑆𝑗2 ) + ⋅ ⋅ ⋅
+ 𝑟𝑛 ∗ (𝑆𝑖𝑛−1 + 𝑆𝑖𝑛−2 ⋅ 𝑆𝑗 + ⋅ ⋅ ⋅ + 𝑆𝑖 ⋅ 𝑆𝑗𝑛−2 + 𝑆𝑗𝑛−1 ) .

(6)

Then, 𝑆𝑖 − 𝑆𝑗 = (𝑆𝑖 − 𝑆𝑗 ) ⋅ 𝑄. As we know that 𝑟𝑖 ≥ 0,
𝑆𝑖 ≥ 0, 𝑖 = 1, 2, . . . , 𝑛. Therefore, 𝑄 ≥ 0. That means, for
all 𝑆𝑖 , 𝑆𝑗 ∈ (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ), 𝑆𝑖 , 𝑆𝑗 and 𝑆𝑖 , 𝑆𝑗 have the same sequence. Obviously, (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ) and (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ) have the
same sequence.

3. Proposed Protocol
In this section, we present our protocol. The simplified
version of the protocol is briefly illustrated in Figure 1, and
the details can be described as follows.
Initialization. Assume that there are 𝑛 participants 𝑃1 , 𝑃2 ,
. . . , 𝑃𝑛 , each 𝑃𝑖 owning a secret number 𝑆𝑖 and a random
symmetric homomorphic encryption function 𝐸𝑖 (⋅).
Computation
(1) 𝑃𝑖 chooses a random number 𝑟𝑖 > 0, 𝑖 = 1, 2,
. . . , 𝑛, and computes 𝐸𝑖 (𝑆𝑖 ), 𝐸𝑖 (𝑆𝑖2 ), . . . , 𝐸𝑖 (𝑆𝑖𝑖−1 ),
𝐸𝑖 (𝑆𝑖𝑖+1 ), . . . , 𝐸𝑖 (𝑆𝑖𝑛 ) and 𝐸𝑖 (𝑟𝑖 ∗ 𝑆𝑖𝑖 ) locally. For 𝑖 = 1, 2,
𝑗
. . . , 𝑛, 𝑗 = 1, 2, . . . , 𝑛, 𝑖 ≠
𝑗, 𝑃𝑖 sends 𝐸𝑖 (𝑆𝑖 ) to 𝑃𝑗 .
𝑗

𝑗

(2) After receiving 𝐸𝑖 (𝑆𝑖 ), 𝑃𝑗 computes 𝐸𝑖 (𝑆𝑖 )𝑟𝑗 , 𝑖 = 1, 2,
. . . , 𝑛, 𝑗 = 1, 2, . . . , 𝑛, 𝑖 ≠
𝑗. And then, 𝑃𝑗 transmits
𝑗

𝑆𝑖𝑛 ,

𝑆𝑗 = 𝑟1 ∗ 𝑆𝑗 + 𝑟2 ∗ 𝑆𝑗2 + ⋅ ⋅ ⋅ + 𝑟𝑛 ∗ 𝑆𝑗𝑛 .

(𝑆𝑖2

Let

𝐸𝑖 (𝑆𝑖 )𝑟𝑗 to 𝑃𝑖+1 , 𝑖 = 1, 2, . . . , 𝑛 − 1, 𝑗 = 1, 2, . . . , 𝑛,
𝑗 ≠
𝑖 + 1. For 𝑖 = 𝑛, 𝑃𝑗 transfers 𝐸𝑛 (𝑆𝑛𝑗 )𝑟𝑗 to 𝑃1 , 𝑗 =
2, . . . , 𝑛.

(3) 𝑃1 computes 𝑆𝑛 = 𝐸𝑛 (𝑟1 ∗𝑆𝑛 +𝑟2 ∗𝑆𝑛2 +⋅ ⋅ ⋅+𝑟𝑛 ∗𝑆𝑛𝑛 ) and
sends 𝑆𝑛 to 𝑃𝑛 ; For 𝑖 = 1, 2, . . . , 𝑛 − 1, 𝑃𝑖+1 computes
𝑆𝑖 = 𝐸𝑖 (𝑟1 ∗ 𝑆𝑖 + 𝑟2 ∗ 𝑆𝑖 2 + ⋅ ⋅ ⋅ + 𝑟𝑛 ∗ 𝑆𝑖𝑛 ) and sends 𝑆𝑖
to 𝑃𝑖 .

(4) 𝑃𝑖 computes 𝑆𝑖 = 𝐷𝑖 (𝑆𝑖 ), 𝑖 = 1, 2, . . . , 𝑛 and broadcasts 𝑆𝑖 to obtain the sequence of the 𝑛-array (𝑆1 , 𝑆2 ,
. . . , 𝑆𝑛 ) by comparing the size of the pseudoarray
(𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ).

4. Analysis
𝑆𝑗2 )

+ ⋅⋅⋅

+ 𝑟𝑛 ∗(𝑆𝑖𝑛−1 +𝑆𝑖𝑛−2 ⋅𝑆𝑗 +⋅ ⋅ ⋅+𝑆𝑖 ⋅𝑆𝑗𝑛−2 +𝑆𝑗𝑛−1 )] .
(5)

In this section, we have an analysis of the proposed protocol
in the aspects of security and efficiency. To guarantee that it is
a secure multiparty computation protocol, we have to prove
that it satisfies correctness and privacy requirements at first.
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Table 1: Efficiency comparison.
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Pi : Si , ri
2

Ei (Si ), Ei (Si ), . . . , Ei (Si

i−1

), Ei (Si

i+1

n

i

Random numbers

), . . . , Ei (Si ), Ei (ri ∗ Si )

Transmitted messages

Ei (Si j )
Pj : Ei (Si j )r𝑗

Our protocol

Tang’s protocol

𝑛

2𝑛(𝑡 + 1)
(2𝑡 + 1)(𝑛 − 1)𝑛 + (𝑛 −
1)𝑛 + 𝑛2 (2𝑡 + 1)

𝑛(2𝑛 − 1)

Table 2: Efficiency comparison.

Ei (Si j )r𝑗

Item
Pi+1 : Si




2

n

Si = Ei (r1 ∗ Si + r2 ∗ Si + · · · + rn ∗ Si )
Si 

Pi : Si 

Figure 1: Simplified version of the proposed protocol.

4.1. Correctness. Assume that the attacker is passive. Then, all
participants (including all attackers and honest participants)
correctly follow the protocol. Therefore, we only need to
examine whether the protocol will give the correct sequence
for the array (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ). From the proof of Theorem 1, we
know that the array (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ) have the same sequence
with the pseudoarray (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ). Thus, the proposed
protocol can correctly achieve the aim of sequencing the array
(𝑆1 , 𝑆2 , . . . , 𝑆𝑛 ) by comparing the pseudoarrays (𝑆1 , 𝑆2 , . . . , 𝑆𝑛 )
secretly. Hence, the protocol satisfies correctness.
4.2. Privacy. According to the definition of privacy in multiparty computation protocols in [17], the protocol is private if
the protocol satisfies the following conditions.
(a) The information string viewed by each participant 𝑃𝑖
and a random string with the same length have the
same probability distribution. That is, the information
string and the random string are indistinguishable.
(b) Arbitrary 𝑡 < 𝑛/2 participants cannot jointly obtain
any information about the input of any other participant.
In fact, in the proposed protocol, the viewed information strings of 𝑃𝑖 are 𝐸𝑖 (𝑆𝑖 ), 𝐸𝑖 (𝑆𝑖2 ), . . . , 𝐸𝑖 (𝑆𝑖𝑖−1 ), 𝐸𝑖 (𝑆𝑖𝑖+1 ),
. . . , 𝐸𝑖 (𝑆𝑖𝑛 ), and 𝐸𝑖 (𝑟𝑖 ∗ 𝑆𝑖𝑖 ) in the first step; 𝐸𝑖 (𝑟𝑖 ∗ 𝑆𝑖𝑖 ), 𝐸𝑗 (𝑆𝑗𝑖 ),
𝑗 in the second step;
𝐸𝑗 (𝑆𝑗𝑖 )𝑟𝑖 , 𝑖 = 1, 2, . . . , 𝑛, 𝑗 = 1, 2, . . . , 𝑛, 𝑖 ≠

, 𝑖 = 2, . . . , 𝑛, specially, for 𝑖 = 1, the viewed information
𝑆𝑖−1
string in this step is 𝑆𝑛 for 𝑃1 ; finally, in the last step, the
viewed string is 𝑆𝑖 for 𝑃𝑖 . All the strings are generated by the
random symmetric homomorphic encryption function 𝐸𝑖 (⋅).
Therefore, the strings viewed by 𝑃𝑖 and a random string with
the same length have the same probability distribution, and
(a) is satisfied.
Moreover, our protocol also satisfies that arbitrary 𝑡 < 𝑛/2
participants cannot jointly obtain any information about the
input of any other participant under the assumption that
any two neighbor parties never conspire. Since we have 𝑃𝑖+1

Random numbers
Transmitted messages

Our protocol

Tang’ protocol

𝑛
𝑛(2𝑛 − 1)

𝑛(𝑛 + 1)
2𝑛3 − 𝑛
𝑗

to compute 𝑆𝑖 for 𝑃𝑖 by collecting 𝐸𝑖 (𝑆𝑖 )𝑟𝑗 , 𝑗 = 1, . . . , 𝑛, it
is obvious that it is insecure if 𝑃𝑖 and 𝑃𝑖+1 collude. It is
reasonable to suppose that no neighbors collude because the
two adversaries are not exactly adjacent since they cannot
control the order of the parties when executing the protocol.
In addition, if an adversary wants to get more information
from 𝑆𝑖 = 𝐸𝑖 (𝑟1 ∗𝑆𝑖 +𝑟2 ∗𝑆𝑖2 +⋅ ⋅ ⋅+𝑟𝑛 ∗𝑆𝑖𝑛 ), he must corrupt with
at least 𝑛 − 1 parties since there are 𝑛 − 1 unknown coefficients
as well as breaking the encryption scheme 𝐸(⋅).
What is more, in our protocol, all information strings are
transmitted in the encrypted forms. The private information
𝑆𝑖 and 𝑟𝑖 are secret as long as the encryption function 𝐸𝑖 (⋅)
is robust. In other words, it is secure even over the insecure
channel, which is better than the previous protocol based on
polynomial for the sequencing problem.
In short, our protocol is correct and private.
4.3. Efficiency. Our protocol is efficient as well as secure.
It operates better than the previous one because it is independent of the secret sharing scheme based on complex
polynomial. We can make a concrete comparison between the
proposed protocol and the previous one on the numbers of
random numbers and transmitted messages as in Table 1.
From Table 1, we can easily find that in Tang’ protocol
[14], it needs to choose 𝑛 ⋅ (2𝑡 + 1) polynomials for 𝑓(⋅), 𝑛
polynomials for 𝑟(⋅), and 𝑛 ⋅ (2𝑡 + 1) polynomials for ℎ(⋅), that
is, totally 2𝑛 ⋅ (𝑡 + 1) random numbers as well as 2𝑛 ⋅ (2𝑡 + 1) + 𝑛
polynomials; it also needs to transmit 𝑓𝑖 𝑘 (𝑥𝑗 ) from 𝑃𝑖 to 𝑃𝑗 ,
𝑖, 𝑗 = 1, 2, . . . , 𝑛, 𝑘 = 1, 2, . . . , 2𝑡 + 1, 𝑟𝑖 (𝑥𝑗 ), ℎ𝑖𝑘 (𝑥𝑗 ) from 𝑃𝑖 to
𝑃𝑗 , 𝑖 = 1, 2, . . . , 2𝑡 + 1, 𝑗, 𝑘 = 1, 2, . . . , 𝑛; thus, (2𝑡 + 1) ⋅ (𝑛 − 1) ⋅
𝑛+(𝑛−1)⋅𝑛+𝑛2 (2𝑡+1) messages are needed to be transmitted
totally.
In our protocol, it only needs to choose 𝑛 random numbers in the whole procedure. And the messages that need to
𝑗
be transmitted are, respectively, 𝐸𝑖 (𝑆𝑖 ), 𝑖 = 1, 2, . . . , 𝑛, 𝑗 =
𝑗
1, 2, . . . , 𝑛, 𝑖 ≠
𝑗, 𝐸𝑖 (𝑆𝑖 )𝑟𝑗 , 𝑖 = 1, 2, . . . , 𝑛 − 1, 𝑗 = 1, 2, . . . , 𝑛,
𝑗 𝑟𝑗
𝑗 ≠
𝑖 + 1, and 𝐸𝑛 (𝑆𝑛 ) , 𝑗 = 2, . . . , 𝑛, and 𝑆𝑖 , 𝑖 = 1, 2, . . . , 𝑛,
totally 𝑛 ⋅ (2𝑛 − 1) messages. It is much simpler and more
appropriate for the clients who expect easier products in
practice.
If there are 𝑡 = (𝑛 − 1)/2 adversaries (the upper bound of
the adversaries in Tang’ protocol [14]), the advantages of our
protocol are more obvious as shown in Table 2.
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5. Conclusion
It is always a difficult problem in the cryptographic field
to construct a secure multiparty computation protocol for
the privacy-preserving sequencing problem. In the present
study, we have successfully designed an efficient secure
multiparty computation protocol for sequencing problem
over insecure channel based on symmetric homomorphic
encryption, which is of great importance to the theory on this
topic and of significant value in practice for its high efficiency.
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Cracks are one of the hidden dangers in concrete dams. The study on safety monitoring models of concrete dam cracks has always
been difficult. Using the parametric statistical model of safety monitoring of cracks in concrete dams, with the help of the semiparametric statistical theory, and considering the abnormal behaviors of these cracks, the semi-parametric statistical model of safety
monitoring of concrete dam cracks is established to overcome the limitation of the parametric model in expressing the objective
model. Previous projects show that the semi-parametric statistical model has a stronger fitting effect and has a better explanation for
cracks in concrete dams than the parametric statistical model. However, when used for forecast, the forecast capability of the semiparametric statistical model is equivalent to that of the parametric statistical model. The modeling of the semi-parametric statistical
model is simple, has a reasonable principle, and has a strong practicality, with a good application prospect in the actual project.

1. Introduction
In an investigative report on the state of dams, the International Committee on Large Dams points out that the majority
of concrete dams in various countries have cracks, in which
a total of 243 dams have collapsed due to these cracks [1].
Cracks are one of the hidden dangers in concrete dams,
which are greatly dangerous to their safety. Serious cracks will
deteriorate the strength and stability of a dam’s body structure, damage its integrity and antipermeability, accelerate the
carbonization and corrosion of concrete, and endanger its
safe operation [1]. Around the world, there have been many
dams whose operations were affected due to cracks, such as
the solid gravity dam in Dworshak in America [2]. It has a
height of 219 m, and during its construction, there were no
serious structural cracks, but after operating for several years,
cracks were found on nine of the dam’s sections, in which
the crack on section 35 was the most serious, with a depth of
50 m, a width of 2.5 mm, and a water percolating capacity of
483 L/s. In addition, the Zillergrund arch dam in Austria, the
Zeuzier arch dam in Switzerland, the Revelstoke solid gravity
dam in Canada, the Sayano-Shushenskaya gravity arch dam

in Russia, the Koyna gravity dam in India, the Pacoima arc
dam in America, and the Sefid Rud buttress dam in Iran were
also seriously affected by cracks.
Up to now, the key technologies of concrete dams are still
very difficult subjects to research on, with aspects such as
evolution law, development trends, and abnormal instability
to consider. Crack aperture is an important parameter for
determining a crack’s development, evolution, and how it
would deform a dam’s structure. It is significant to establish an
appropriate mathematical model in order to accurately determine the aperture of cracks and the changes on their pattern,
so as to judge whether these cracks have rendered the dam
unstable and to monitor the changes in the concrete dam’s
structure to prevent accidents from occurring. To this end,
Wu and Gu [3] proposed the parametric statistical model of
safety monitoring of cracks in concrete dams, with hydraulic
pressure, temperature, and timeliness as its main factors,
and this method has been widely applied in several projects.
However, in affecting a crack’s aperture, hydraulic pressure
and temperature sometimes are not mutually independent
variables. There exists a nonlinear correlation between them,
and it is difficult for the parametric statistical model to
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separate various components, and the relevant components
of such nonlinearity are partially transferred to the residual
error. It is thought in this statistical model that flexible crack
deformations caused by hydraulic pressure and temperature
loads are recoverable, while the crack deformations caused by
time are unrecoverable. However, due to hydraulic pressure
and temperature, the stress field at the tip of a crack has a
singularity, making further irreversible damages. This deformation is not part of the hydraulic pressure and temperature
components of this model, but it is part of the residual error
component [4]. By further studying the abnormal behaviors
of cracks in concrete dams [5–7], it is found that, when
such abnormal behavior is observed, mutation occurs to the
crack’s aperture sequence. In this model, hydraulic pressure,
temperature, and timeliness components are the continuous
functions of corresponding factors. The combination of
hydraulic pressure, temperature, timeliness, and crack aperture components generate a residual error.
Based on the problems stated previously, many scholars
have modified and improved the parametric statistical model
of safety monitoring of cracks in concrete dams. Reference [8]
regarded a concrete dam as an uncertain system and adopted
the approximate reasoning model and information distribution method to establish the uncertain model of concrete dam
crack aperture. Reference [2] introduced two factors, namely,
crack depth and crack initial aperture, to improve the parametric statistical model. Reference [9] studied the influence
of crack length on the crack aperture and established the
crack abnormality monitoring model in combination with
the crack safety monitoring theory and its abnormality diagnosis method. Reference [10] studied the general principle
of the statistical and chaotic hybrid forecast model and proposed that such model be used for measuring concrete dam
crack aperture. Reference [11] applied the RS rough set theory
to simplify the property and sample set of crack monitoring
information and the BP neural network for model training to
simplify the sample set and proposed a crack aperture monitoring model based on such RS-BP coupling. Reference [12]
established a hybrid model of safety monitoring of concrete
dam aperture by analyzing the relation between land change
and crack aperture. These studies show that the existing models are still based on the parametric statistical model these
models do not solve the relevant and nonlinear problems that
are posed by the such statistical model, and they are also
unable to measure the abnormality of a crack’s behavior.
As a result, considering the problems in the parametric
statistical model and by introducing the nonparametric component of concrete dam cracks to express the influence in
crack openings, this paper establishes the semiparametric statistical model of safety monitoring of cracks in concrete dams
to overcome the limitations of the parametric model.

2. Construction of Semiparametric
Statistical Model of Safety Monitoring of
Cracks in Concrete Dams
In the semiparametric model, the function model is divided
into three parts, namely, a finite-dimensional parameter
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component (trend component), a nonparametric component
(abnormal component) belonging to infinite-dimensional
function space, and a random error component. The abnormal component represents the unknown component (such as
a system error or model deviation) of a functional relationship, and the trend component describes the known ingredients of function in the observed data. For the semiparametric
model, Green and Silverman [13] proposed smoothing spline
estimation methods, Eubank et al. [14] studied the trigonometric series estimation method, Ivanov and Leonenko [15]
studied large sample properties of errors’ semiparametric
models under long-range dependence, Shi and Chai [16]
proposed the basic theory and estimation methods of the
semiparametric regression model with the smoothing least
squares local polynomial, Zen [17] studied statistical diagnostics with the semiparametric generalized linear model,
Hu [18] studied the strong consistency of wavelet estimators
in martingale difference using the semiparametric regression
model, and Ruppert et al. [19] systematically studied the
semiparametric theory and methods. For the theories and
methods in kernel estimation, S. Wang and C. Y. Wang [20]
studied the semiparametric model kernel estimation when
the covariate is lost or when measurement errors occur, Hong
[21] studied the data-driven kernel density estimation in the
semiparametric regression model, Robinson and Henry [22]
studied high-level nuclear semiparametric estimation under
long-range dependence, Manzan and Zerom [23] studied
kernel density estimation with partial linear additive model,
Hjort and Walker [24] studied the kernel density estimation
in optimal window width, Hagmann and Scaillet [25] studied
bias correction of asymmetric kernel density estimation, and
Song [26] studied the moderate bias of deconvolution kernel
density estimation when the measurement errors are smooth
and are stationarily distributed. Many studies show that,
while the semiparametric model is used in solving the complex relationships between estimated parameters and observations, the relative parametric or nonparametric model has
obvious advantages which has been widely used in industry,
agriculture, economics, medicine, finance, and other fields.
The application of the semiparametric regression model
in the field of hydraulic structures safety monitoring is a
new research tool and method. Currently, there are only a
few published studies on this model. Xu et al. [27] took the
abstracted principal components as semiparametric regression parameter components, took the remaining ingredients
and model error as unknown nonparametric components
using principal component analysis to compensate for the
principal component regression, and established the dam deformation monitoring mixed regression model in an attempt
to apply the semiparametric regression model into the field of
hydraulic structures safety monitoring. This paper combines
the research results of existing concrete dam safety monitoring models, focuses on fractured abnormality properties,
creates the semiparametric monitoring model, and tests the
model’s validity.
2.1. Semiparametric Regression Statistical Model. In concrete
dam cracks, the influence factors are relatively complex.
There have been more analyses and studies on the generation
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and development mechanism of concrete dam cracks, and
researchers have posted the following findings [28]: (1) it is
thought that the existence of a crack during the construction
period is an important reason for the expansion of cracks
at a later stage; (2) it is thought that the unfavorable load
combination during the operation of the dam is an important
factor for the generation and development of cracks; and (3) it
is thought that the cracks are influenced by concrete rheology,
crack side plastic aperture, and seepage effects, which are
important factors for the generation and expansion of cracks.
Therefore, the factors influencing the crack’s aperture can
boil down to the external load (like hydraulic pressure and
temperature) over time. Meanwhile, when the material near
the top end of the crack reaches the maximum allowable
strain, the crack will be expanded. The modification in the
plastic zone is considered, and the formula for the crack
aperture is described below [29]:
𝐾0 =

2
4𝜎 √
(𝑎 + 𝑟𝑝∗ ) − 𝑥2 ,
𝐸

(2)

where 𝐾 is the crack aperture, 𝐾(𝐻) is the component of
crack aperture caused by hydraulic pressure factor, 𝐾(𝑇)
is the component of crack aperture caused by temperature
factor, 𝐾(𝜃) is the component caused by timeliness factor, and
𝜀 is the random error term. The principle for the selection of
each component in the formula is as follows.
In the regression model, if the factors influencing the
explained variable 𝑌 are divided into two parts, that is,
𝑋1 , . . . , 𝑋𝑝 and 𝑡1 , . . . , 𝑡𝑞 , according to experience and historical data, it can be thought that 𝑋1 , . . . , 𝑋𝑝 are the main
parts, and 𝑌 is linear with 𝑋1 , . . . , 𝑋𝑝 . While 𝑡1 , . . . , 𝑡𝑞 is a
certain disturbance factor, the relation between it and 𝑌 is
completely unknown, but as its influence is systematical, it
is not suitable to include it in the accidental error term. At
this moment, if the nonparametric regression model is used
for treatment, too much information will be lost. If the linear
model is used for treatment, the terms representing error will
surely contain systematical components and will no longer
conform to the random characteristics of accidental error,
thus will make the fitting effect very poor. In this paper,
the semiparametric regression model of concrete dam crack
openings’ monitoring sequence is built.
The general form of the semiparametric model is
𝐿 = 𝑓 (𝑋) + 𝑔 (𝑍) + 𝜀,

𝑌 = 𝑋𝐵 + 𝑔 (𝑡) + 𝜀,

(1)

where 𝜎 is the strain near the top of the crack, 𝐸 is the elasticity modulus, 𝑎 is half of the crack’s length, 𝑟𝑝∗ is the radius of
the plastic zone, and 𝑥 is the distance to the top of the crack.
The previous formula states that a concrete dam’s aperture
is related to 𝜎 and is the joint result of external load and crack
side plastic deformation. Thus, the statistical model of crack
aperture can be expressed as
𝐾 = 𝐾 (𝐻) + 𝐾 (𝑇) + 𝐾 (𝜃) + 𝜀,

relation between the observation value and some parameters,
which is the parametric component of the model, and 𝑔(⋅)
is the part without a clear function relation between the
observation value and the parameter, which is called the nonparametric component of the model.
The semiparametric model is a widely applied statistical
model which is deeply focused on the semiparametric regression model. It includes both the parametric regression and
the nonparametric regression models. In the semiparametric
model, the linear semiparametric model is a kind of a time
sequence model that has been used frequently over the recent
years. It does not only include a parametric part, but also a
nonparametric part. The linear part controls the overall trend
of the explained variable, which is applicable for the extension
forecast. Meanwhile, the nonparametric part makes a partial
adjustment to the explained variable, which makes the model
fit better to the sample observation model. Thus, the linear
semiparametric model can be expressed as

(3)

where 𝐿 is the response variable, 𝑋 and 𝑍 are the relevant
concomitant variables, 𝜀 is the error term, 𝑓(⋅) is the clear

(4)

where 𝐵 = (𝐵1 , . . . , 𝐵𝑝 )𝑇 , 𝑝 ≥ 1 is the unknown parameter,
𝑌 = (𝑌1 , . . . , 𝑌𝑛 )𝑇 , 𝑋 = (𝑋1 , . . . , 𝑋𝑛 )𝑇 , 𝑔 = (𝑔(𝑡1 ), . . . , 𝑔(𝑡𝑛 )),
and 𝑔(𝑡𝑖 ) are the unknown functions defined between [0, 1],
𝜀 = (𝜀1 , . . . , 𝜀𝑛 ) is the random error vector of independent
identical distribution, and 𝐸(𝜀𝑖 ) = 0, 𝐸(𝜀𝑖2 ) < ∞, 𝑡𝑖 ∈ [0, 1],
0 ≤ 𝑡1 < 𝑡2 < ⋅ ⋅ ⋅ < 𝑡𝑛 ≤ 1, 𝑡𝑖 , and 𝜀𝑖 are the mutually
independent parameters.
The estimation problem of the semiparametric model is
a point estimation problem of Euclidean space with infinitedimension nuisance shape parameter, and the estimation
methods that are more focused on are the least-square
method kernel estimation, spline estimation, partitional polynomial estimation, and trigonometric series estimation [30].
These methods are adopted in this paper to solve the parameter estimation problem of the semiparametric model.
Assuming the probability density kernel function as 𝐾(⋅)
and ℎ > 0 𝑅 on, for the selected point 𝑡𝑘 , the kernel function
𝑊𝑖 (𝑡𝑘 ) is computed as
𝑊𝑖 (𝑡𝑘 ) =

𝐾 ((𝑡𝑘 − 𝑡𝑖 ) /ℎ)

∑𝑛𝑗=1

𝐾 ((𝑡𝑘 − 𝑡𝑗 ) /ℎ)

,

𝑖, 𝑗, 𝑘 = 1, . . . , 𝑛.

(5)

Assume that 𝐵 is known, the nonparametric kernel estimation of 𝑔(𝑡𝑘 ) is made based on {𝑌𝑖 − 𝑋𝑖 𝐵, 𝑡𝑖 }𝑛𝑖−1 :
𝑛

𝑔̂ (𝑡𝑘 , 𝐵) = ∑𝑊𝑖 (𝑡𝑘 ) (𝑌𝑖 − 𝑋𝑖 𝐵) .

(6)

𝑖=1

The residual error of observation is calculated as 𝑉𝑘 =
̂ 𝑘 , 𝐵) − 𝑌𝑘 , where 𝑔(𝑡
̂ 𝑘 , 𝐵) is expressed as 𝑉 = (𝐼 −
𝑋𝑘 𝐵 + 𝑔(𝑡
𝑊)(𝑋𝐵 − 𝑌) in vector form, and then it is obtained from the
least-square criterion:
(𝑋𝐵 − 𝑌)𝑇 (𝐼 − 𝑊)𝑇 𝑃 (𝐼 − 𝑊) (𝑋𝐵 − 𝑌) = min .

(7)

The normal equation of the previous formula is
𝑋𝑇 (𝐼 − 𝑊)𝑇 𝑃 (𝐼 − 𝑊) 𝑋𝐵 = 𝑋𝑇 (𝐼 − 𝑊)𝑇 𝑃 (𝐼 − 𝑊) 𝑌. (8)
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If 𝑋 is of full rank, then 𝑋𝑇 (𝐼 − 𝑊)𝑇 𝑃(𝐼−𝑊)𝑋 is nonsingular. The least-square estimation of 𝐵 is
−1
𝐵̂ = (𝑋𝑇 (𝐼 − 𝑊)𝑇 𝑃 (𝐼 − 𝑊) 𝑋) 𝑋𝑇 (𝐼 − 𝑊)𝑇 𝑃 (𝐼 − 𝑊) 𝑌.
(9)

Substituting 𝐵̂ into the previous formula gets the estimation 𝑔̂𝑘 (𝑡, 𝐵̂𝑘 ) of 𝑔(𝑡)
𝑛

𝑔̂𝑘 (𝑡, 𝐵̂𝑘 ) = ∑𝑊𝑖 (𝑡) (𝐿 𝑖 − 𝑋𝑖 𝐵̂𝑘 ) = 𝑊 (𝑌 − 𝑋𝐵̂𝑘 ) .

(10)

𝑖=1

As analyzed previously and in consideration of the parametric statistical model, the semiparametric regression model can be expressed as
𝐾 = 𝐾 (𝐻) + 𝐾 (𝑇) + 𝐾 (𝜃) + 𝑔 (𝑡) + 𝜀,

(11)

where 𝐻 is the water depth, 𝑇 is the temperature measurement value, 𝜃 is the time-related influence factor, 𝜀 is the
random error term, and 𝑔(⋅) is the part without clear function
relation between the crack aperture and the parameter, which
is called the nonparametric part of the model.
For the nonparametric part 𝑔(⋅), it is usually considered
to be the systematic error or bias of the model in the general
analysis. However, in the semiparametric model, it has a
special meaning. Recent studies show [5–7] that concrete
dam crack extension will occur if there is an unfavorable
load, which means that its occurrence will lead to changes
in the crack openings. According to the basic principles of
semiparametric model, additional crack openings are generated due to the abnormality of the cracks’ behavior, which
largely constitutes the nonparametric part of this model. The
nonparametric part of the semiparametric model reflects the
abnormal characteristics of dam cracks to some extent, which
provides a new idea in the abnormality diagnosis of these
cracks’ behavior.
2.2. The Validation of Semiparametric Statistical Model. For
the regression analysis, if several nonstationary time series
in the model are cointegrated, the regression analysis is still
effective, and it is unnecessary to worry about problems
caused by nonstationarity, such as spurious regression [26].
Take linear regression with variables 𝑌𝑡 = 𝛽0 + 𝛽1 𝑋𝑡 + 𝜀𝑡 for
example, due to 𝜀𝑡 = 𝑌𝑡 − 𝛽0 − 𝛽1 𝑋𝑡 , if {𝜀𝑡 } is smooth, then
{𝑌𝑡 −𝛽0 −𝛽1 𝑋𝑡 } is also smooth, which means that either 𝑌𝑡 and
𝑋𝑡 are stable themselves, or 𝑌𝑡 and 𝑋𝑡 are single integrations
with the same order and have a cointegration relationship.
Regression analyses of models under these two cases are valid.
Therefore, the model is effective as long as the error sequence
is stable. As the stationarity of regression residuals sequence
{𝑒𝑡 } and error sequence remains consistent, the stability of {𝑒𝑡 }
can be tested by {𝜀𝑡 }. Testing the cointegration among the time
series can also test the smoothness of their linear regression
residuals sequence. The idea of spurious regression and unit
root in nonstationary time series compel us to examine the
stationarity of regression residuals sequence.
In this paper, the unit root test method is used to analyze
the stationarity of the semiparametric model residuals

sequence, which is used for testing the validity of the
semiparametric model. First, the regression model of the
semiparametric model residuals sequence is established.
Second, the characteristic equation of the regression model is
extracted. Third, the characteristic roots of the characteristic
equation are calculated. Finally, the distance between the
characteristic roots and the unit circle are analyzed and
compared. If all the characteristic roots are outside of the
unit circle, the residual sequence is smooth. Otherwise, the
residual sequence is unstable [31–33].
For the residuals sequence 𝜀1 , 𝜀2 , . . . , 𝜀𝑁 of the semi∧
parametric model, the self-covariance function V𝑘 can be
expressed as
∧

V𝑘 =

1 𝑁−𝑘
∑ (𝜀 − 𝜇) (𝜀𝑖+𝑘 − 𝜇) ,
𝑁 𝑖=1 𝑖

𝑘 = 0, 1, 2, . . . , 𝑝,

(12)

where, 𝜇 = (1/𝑁) ∑𝑁
𝑖=1 𝜀𝑖 .
Among them, the autocovariance function satisfies
V1
V0
[ V2 ] [ V1
[ ] [
[ .. ] = [ ..
[.] [ .
[V𝑝 ] [ V𝑝−1

V1
V0
..
.

V𝑝−1
V𝑝−2
..
.
V0

⋅⋅⋅
⋅⋅⋅
d
⋅⋅⋅

V𝑝−2

𝑎1
] [ 𝑎2 ]
][ ]
] [ .. ] .
][ . ]
] [𝑎𝑝 ]
∧

∧

(13)

∧

According to (13), the moment estimate 𝑎1 , 𝑎2 , . . . , 𝑎𝑝 of
autoregressive coefficient can be obtained, and the moment
estimate’s formula of white noise variance is computed as
follows:
∧

∧

∧

V
V1
𝑎
[ ∧1 ] [ ∧0
∧
[𝑎 ] [ V
[ 2 ] [ 1 V0
[.]=[ .
..
[ .. ] [ ..
.
[ ] [
∧
∧
∧
[𝑎𝑝 ] [V𝑝−1 V𝑝−2
∧2

∧

∧

⋅ ⋅ ⋅ V𝑝−1

∧ ]
⋅ ⋅ ⋅ V𝑝−2 ]
]
.. ]
d . ]
]
∧
⋅ ⋅ ⋅ V0 ]
𝑝

−1

∧

V
[ ∧1 ]
[V ]
[ 2]
[ . ],
[ .. ]
[ ]
∧
[V𝑝 ]

(14)

∧∧

𝜎 =V0 −∑ 𝑎𝑖 V𝑖 .
𝑖=1

In view of the fact that the order autoregressive model is
generally unknown, the order estimation is necessary. When
∧2

the order is assumed as 𝑘, the corresponding variance 𝜎𝑘 of
∧2

fitting residuals can be calculated. Moreover, by using 𝜎𝑘 ,
the model order can be determined according to the QHIC
criterion:
QHIC (𝑘)
∧2

= ln (𝜎𝑘 ) +

2𝑘 ln (ln (𝑛))
𝑛

𝑘 = 0, 1, 2, . . . , 𝑝0 ,

(15)

where 𝑛 is the residual number of samples and 𝑝0 is the
upper limit of the model order’s value. When QHIC(𝑘) is
at minimum, the corresponding 𝑘 is called the QHIC order
selection.
After the autoregressive model order and the coefficients
of the model of crack residuals sequence are determined,
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the characteristic polynomial regression of the autoregressive
model and its corresponding characteristic equation can both
be obtained. If the autoregressive model residuals sequence of
cracks is assumed, its corresponding characteristic equation
is
𝑝

1 − ∑𝑎𝑗 𝑧𝑗 = 0.

(16)

𝑗=1

The roots of the characteristic equation can be calculated
according to formula (16). The minimum root of the characteristic equation is calculated as


(17)
𝑧min = min (𝑧𝑗 = 𝜌𝑗 𝑒𝑖𝜆 𝑗 ) ,
where 𝑧𝑗 = 𝜌𝑗 𝑒𝑖𝜆 𝑗 are all the roots of characteristic equation
(16), including possible multiple roots, where 𝑗 = 1, 2, . . . , 𝑝
determine the closest distance between the root of the
characteristic equation and the unit circle.
The closest distance between the root of the characteristic
equation and the unit circle must be determined. If 𝑧min >
1, the residuals sequence is smooth and the semiparametric
model is proved to be effective; then we model and analyze
the cracks data sequence using the semiparametric model.

3. Project Case Analysis
The crack near the elevation of 105 m at the lower stream of
a gravity arch dam is analyzed based on the semiparametric
model. This dam is a concrete gravity dam of concentric circle
with variable radiuses. The dam’s top elevation is 126.3 m, its
maximum height is 76.3 m, and it has 28 sections from left to
right. The construction of the dam took 12 years, which was
executed in three phases. During the casting of concrete in
Phase II, the layer was raised quickly and the interval time
of casting the layer was short. The shrinkage distortion of
concrete in Phase II was strongly constrained by the concrete
in Phase I, causing a crack at the top, which extended from
dam block number 5 to number 28, with a length of over
300 m. Upon detection, the crack was up to 5 m deep. Due
to this, a cross-dam reinforcing grouting treatment was conducted from dam block number 14 to number 20 in 1973. In
1987, the crack was re-treated with epoxy grouting. The 1680
crack mouth opening displacement data monitored by the
crack meter embedded in dam block number 18 from October
10, 1974 to December 18, 2006 were analyzed. According to
the parametric statistical model, the CMOD statistical model
form of the crack aperture can be expressed as
𝑚1

𝑚2

𝑖=0

𝑖=1

CMOD = ∑𝑎𝑖 𝐻𝑖 + ∑𝑏𝑖 𝑇𝑖 + (𝑐1 𝜃 + 𝑐2 ln 𝜃) + 𝜀.

(18)

According to the semiparametric regression model, the
CMOD semiparametric regression model of the crack aperture can be expressed as
𝑚1

𝑚2

𝑖=0

𝑖=1

CMOD = ∑𝑎𝑖 𝐻𝑖 + ∑𝑏𝑖 𝑇𝑖 + (𝑐1 𝜃 + 𝑐2 ln 𝜃) + 𝑔 (𝑡) + 𝜀. (19)

The basic idea of the regression model is to use the
explaining variable included in the model to explain the
change in the dependent variable as extensive as possible.
Without a reference standard or a guiding policy, it cannot
be determined if the model that is selected for the empirical
analysis is proper. Generally, a good model should meet the
following standards: time saving, identifiable, goodness-offit, and consistency in its theoretical and forecasting abilities
[34]. The fitting degree of goodness-of-fit can be measured
by the calibrated sample determination coefficient 𝑅2 and 𝐹
values, which are defined as 𝑅2 = ESS/TSS; 𝐹 = [𝑅2 /(𝑘 −
1)]/[(1 − 𝑅2 )/(𝑛 − 𝑘)], where ESS is the regression sum of
squares, TSS is the total sum of squares, 𝑛 is the sample
capacity, and 𝑘 is the explaining variable and the intercept.
It can be seen from the definition of 𝑅2 that the closer 𝑅2 is to
1, the better the resulting regression fitting will be. It can be
understood from the definition of 𝐹 that 𝐹 and 𝑅2 change in
the same direction. In other words, the higher the values of 𝐹
and 𝑅2 are, the better the model fitting will be.
By applying the Akaike information standard or AIC, and
the Schwarz information standard or SIC, the forecast effect
of the regression model can be tested. These two information
standards are defined as AIC = exp(2𝑘/𝑛)(∑ 𝑒𝑡2 )/𝑛 and SIC =
𝑛𝑘/𝑛 (∑ 𝑒𝑡2 )/𝑛, in which 𝑛 is the sample capacity, 𝑘 is the
number of variables in the model, and ∑ 𝑒𝑡2 is the residual sum
of squares of the sample. Based on the definitions of AIC and
SIC, the previous factors can be deemed as penalty factors to
the degree of freedom. The more explaining variables are in
the model, the heavier the penalty will be. Relatively, the SIC
standard has a heavier penalty than the AIC standard to the
degree of freedom. For AIC and SIC, in terms of forecast, the
lower the measuring value is, the better the model’s forecast
will be.
Efficiency, fairness, and consistency are then tested. Efficiency is the ratio between the forecasted value and actual
value, so the more the evaluation ratio is approximate to 1,
the higher the efficiency will be. Fairness is weighed with
the coefficient of variation, which is the ratio between the
standard deviation and mean value. For the evaluation of
different samples, the evaluation ratio should be the same
as much as possible. Consistency means that the evaluation
ratio of different samples should not generate progression or
regression and that the evaluation result should be consistent
with the actual value [35].
According to the solution method of the parametric statistical model, the measured and fitted CMOD are shown in
Figure 1, and the residual CMOD curve is shown in Figure 2.
Similarly, for the semiparametric statistical model, the measured and fitted CMOD curves are shown in Figure 3, and the
residual CMOD curve is shown in Figure 4. See Figures 5 and
3 for the parametric and nonparametric CMOD curves, and
see Table 2 for the values of regression and fitted goodness
coefficients.
It can be seen that (1) in the regression fitting effect to the
original crack aperture, the fitted goodness parameters 𝐹 and
𝑅 of the semiparametric regression model are 1.256𝐸+04 and
0.991, respectively, while those of the parametric regression
model (Table 1) are 1.448𝐸 + 03 and 0.926, respectively. Thus,
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Table 1: Coefficients of the regression and the fitted goodness (parametric model).

Coefficient
𝑎0
𝑎1
𝑎2
𝑎3
𝑎4
𝑏1
𝑐1
𝑐2
𝐹
𝑅
Value
0.000𝐸 + 00 −7.071𝐸 − 01 2.204𝐸 − 02 −2.253𝐸 − 04 7.585𝐸 − 07 −4.092𝐸 − 02 9.108𝐸 − 04 7.861𝐸 − 01 1.448𝐸 + 03 0.926
Table 2: Coefficients of the regression and the fitted goodness (semiparametric model).

2006/10/10

2002/10/10

2006/10/10

2002/10/10

1998/10/10

1994/10/10

1990/10/10

1986/10/10

Date

Figure 2: Residual CMOD curves (parametric model).
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1
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Figure 4: Residual CMOD curves (semiparametric model).

Date

2006/10/10

2002/10/10

1998/10/10

1994/10/10

1990/10/10

1986/10/10

1982/10/10

1974/10/10

1
0.5
0
−0.5
−1

1978/10/10

Figure 5: Parametric component curves of the CMOD (semiparametric model).

CMOD (mm)

the semiparametric model is superior to the parametric
regression model; (2) in the characteristics of the parametric
sequence of crack aperture, the residual process of the
parametric regression model clearly indicates that the residual error does not display a random model, but a certain
system model, that is, the error presents systematicness in
size and symbol, in Figure 2, it presents a relatively strong
periodicity. While the randomness of residual process of the
semiparametric regression model is relatively significant, it
can be seen that the semiparametric regression model has
a stronger explaining ability than the parametric regression
model to the original crack aperture.
In order to test the validity of the semiparametric statistical model in the safety monitoring of concrete dam cracks,
the residual sequence is segmented and the characteristic
roots of each period are calculated. As shown in Figure 7,
all minimum eigenvalues of each period are greater than 1.0,
indicating that the semiparametric model residuals sequence
is stationary; that is, the semiparametric model satisfies the
test of validity, the regression analysis on crack sequence can
be conducted by using the semiparametric model, and the
related forecast monitoring can be carried out.

1982/10/10

Date

1978/10/10

1
0.5
0
−0.5
−1

1974/10/10

Figure 3: Comparison curves of measured and fitted CMOD (semiparametric model).
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Figure 1: Comparison curves of measured and fitted CMOD (parametric model).
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Coefficient
𝑎0
𝑎1
𝑎2
𝑎3
𝑎4
𝑏1
𝑐1
𝑐2
𝐹
𝑅
Value
0.000𝐸 + 00 −6.505𝐸 − 01 2.032𝐸 − 02 −2.080𝐸 − 04 7.001𝐸 − 07 −3.781𝐸 − 02 8.068𝐸 − 04 7.911𝐸 − 01 1.256𝐸 + 04 0.991

Date

Figure 6: Nonparametric component curves of the CMOD (semiparametric model).
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Table 3: Predicting outcomes of statistical model and Semiparametric regression model.
Measured
CMOD (mm)

Date

Predicted CMOD (mm)
Hybrid
Monitoring Hybrid model
Improved
prediction
Semiparametric Parametric
Abnormality
model with based on XFEM
uncertainty parametric
model of
regression
statistical
monitoring
RS-BP
(extended finite
model [8] statistical
statistics
model
model [28]
model [9]
blending
element
model [2]
and chaos
[11]
method) [12]
[10]

Minimum
eigenvalue root

2005-1-1
4.17
2005-6-16
2.82
2005-10-20
3.09
2006-3-16
3.48
2006-6-8
2.79
2006-9-1
2.83
2006-11-9
3.25
2006-12-14
3.90
Information standards AIC
Information standards SIC

2
1.8
1.6
1.4
1.2
1

2

3.92
3.11
3.21
3.36
2.96
2.91
3.35
3.97
0.057
0.070

3

4.03
3.12
2.97
3.16
2.53
2.68
3.42
4.11
0.052
0.064

4
5
Period

6

4.25
2.63
3.25
3.17
2.56
2.79
3.08
4.12
0.053
0.068

7

8

2006/12/22

2006/9/23

2006/6/25

2006/3/27

2005/12/27

2005/9/28

2005/6/30

2005/4/1

5
4
3
2

2005/1/1

CMOD (mm)

Figure 7: The curve of the minimum eigenvalue root in each period.

Date
Measured CMOD
Predicted CMOD

Figure 8: The prediction curve of the CMOD (semiparametric
model).

4.06
2.73
3.23
3.38
2.68
2.96
3.37
3.78
0.055
0.069

3.97
2.69
2.86
3.26
2.81
2.79
3.16
3.82
0.056
0.071

3.89
2.97
2.97
3.53
2.91
2.91
3.29
4.03
0.054
0.069

4.10
2.80
3.23
3.60
2.59
2.69
3.17
3.89
0.053
0.067

4.32
2.96
2.79
3.31
2.63
2.81
3.32
4.06
0.058
0.072

In order to analyze the forecast effect of the semiparametric statistical model, select crack openings in the time
period from 2005-1-1 to 2006-12-22 were used as predictive
samples. The measured values are compared and predicted
(see Figure 8), and the process curve of prediction error
sequence is shown in Figure 9. Meanwhile, the predicted
outcomes of the semiparametric model in typical moments
are shown in Table 3. We can see from Figures 8 and 9
and Table 3 that AIC and SIC amounted to 0.055 and 0.070,
respectively, indicating that the forecast effect of these models
is good. In particular, for the parametric regression model,
its information standards are, respectively, at 0.052 and
0.064, while the information standards of the semiparametric
regression models are, respectively, at 0.057 and 0.070. The
semiparametric regression model is used for forecast, but the
forecast is only based on the parameters, so the forecast effect
of the model is relatively poor. However, the information
standards of the two models are approximate. It can be
seen that the forecast of the parametric regression model
is equivalent to that of the semiparametric statistical model
without significant difference.

1

2006/12/22

2006/9/23

2006/6/25

2006/3/27

2005/12/27

2005/9/28

2005/6/30

2005/4/1

0
−1

2005/1/1

CMOD (mm)

4. Conclusion

Date

Figure 9: Residual curve of the predicted CMOD (semiparametric
model).

(1) Cracks are one of the hidden dangers in concrete dams,
and studying the safety monitoring model of concrete dam
cracks has always been a hot topic in such field. The current
crack safety monitoring model is the parametric statistical
model, which is implemented without fully considering the
nonlinear relation between each factor and the irreversible
deformation that is caused by hydraulic pressure and temperature loads. The residual error contains plenty of information
on both concrete development and evolution.
(2) On the basis of the parametric statistical model and by
introducing the nonparametric component of concrete dam
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aperture to explain the parts that are imperfectly explained by
the parametric model, the semiparametric statistical model of
safety monitoring of cracks in concrete dams is established
to consider linearity-related factors and to overcome the
limitation of the parametric model in expressing the objective
model, making this statistical model more appropriate for the
objective practice and enabling it to separate system error and
accidental error from the error, providing richer calculations
for the safety monitoring of cracks in concrete dams.
(3) The semiparametric statistical model is applied in a
project, and the result shows that the fitted goodness of the
semiparametric statistical model is superior to that of the
parametric statistical model. Meanwhile, in the characteristics of the parametric sequence of crack aperture, the residual
curve of the parametric statistical model clearly shows that
the residual error does not show a random model but a
certain system model, while the randomness of the residual
curve of the semiparametric statistical model is relatively
significant; that is, the semiparametric statistical model has
a stronger explaining ability of the original crack aperture
than the parametric statistical model. In terms of forecast
ability, when the forecast is only based on the parameter
of the nonparametric statistical model, its forecast effect is
equivalent to that of the parametric statistical model without
showing any significant difference.
(4) The semiparametric statistical model is modeled on a
simple and reasonable principle and a strong practice, laying
a theoretical foundation for the safety monitoring of cracks in
concrete dams, with good application prospects in the actual
project.
(5) In this paper, studies of the semiparametric statistical
model in crack mouth opening displacement have been conducted tentatively, but there are still many issues that need to
be studied, such as the following. (1) the parametric section of
the semiparametric model is used in predicting crack mouth
opening displacement in this paper, and its predictions are
the same with the predictions of the parametric statistical
model. Therefore, the method of overall prediction using the
semiparametric model can become an important research
subject in the future; (2) based on this paper’s findings,
the semiparametric statistical model has a better regression
effect in analyzing crack mouth opening displacement. To
some extent, the state of abnormality in cracks behavior is
reflected in the nonparametric part of the semiparametric
model. Thus, the study of the abnormality problem in
cracks behavior based on the semiparametric model will also
become an important research subject in the future.
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The capacitated vehicle routing problem (CVRP) is an NP-hard problem with wide engineering and theoretical background. In
this paper, a hybrid bat algorithm with path relinking (HBA-PR) is proposed to solve CVRP. The HBA-PR is constructed based on
the framework of continuous bat algorithm; the greedy randomized adaptive search procedure (GRASP) and path relinking are
effectively integrated into bat algorithm. Moreover, in order to further improve the performance, the random subsequences and
single-point local search are operated with certain loudness (probability). In order to verify the validity of the method in this paper,
and it’s efficiency and with other existing methods, several classical CVRP instances from three classes of CVRP benchmarks are
selected to tested. Experimental results and comparisons show that the HBA-PR is effective for CVRP.

1. Introduction
The vehicle routing problem (VRP) is a classical combinatorial optimization problem that was proposed in the late 1950s,
and it is still a research hotspot in the field of Operations
Research. The capacitated vehicle routing problem (CVRP)
is introduced by Dantzig and Ramser in 1959 [1], which
designs a set of customer demands that have to be served
with a fleet of vehicles from a depot or central node, each
vehicle has the uniform capacity, and each customer has a
certain demand that must be satisfied at minimal cost. These
costs usually represent distances, traveling times, number of
vehicles employed, or a combination of these factors.
It is known that the CVRP is an NP-hard problem [2].
Various approaches have been presented to solve the CVRP
during the last decades, such as linear programming [3],
several metaheuristics [4–6], and many hybrid heuristics
with variable neighborhood search or constructive heuristic
methods [7–10]. The overview of methods presented in [6]
shows that at least 29 different methods for the CVRP exist; all
achieve more or less comparable performance. Although several methods can produce good solutions, the computational
time is long when the scale of instances is large. Meanwhile,

an abundance of methods for the CVRP is a populationbased algorithm and the parameter setting of the algorithm,
is pretty important; however, the parameter setting of many
metaheuristics is not considered in the literature.
Bat algorithm (BA) is a fairly new metaheuristics proposed by Yang [11] in 2010, which inspired by the intelligent
echolocation behavior of microbats when they forage. As
we know, many new metaheuristics have been widely used
and successfully applied to solve the CVRP notwithstanding
BA has not yet been applied to solve the CVRP, and BA
has been applied to solve other problems with great success.
For example, Gandom et al. focus on solving constrained
optimization tasks [12]. Yang and Gandom apply bat algorithm to solve many global engineering optimizations [13].
A classification mode is proposed by Mishra et al. using
bat algorithm to update the weights of a functional link
artificial neural network (FLANN) classifier [14]. Meanwhile,
some researchers have improved bat algorithm and applied
it to various optimization problems. Xie et al. proposed
a DLBA bat algorithm based on differential operator and
Lévy flights trajectory to solve function optimization and
nonlinear equations [15]. Wang et al. proposed a new bat
algorithm with mutation (BAM) to solve the uninhabited
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combat air vehicle (UCAV) path planning problem [16]. In
this paper, we propose a hybrid bat algorithm (HBA-PR) to
solve capacitated vehicle routing problem.
The rest of this paper is organized as follows. The problem
description of CVRP and original bat algorithm are described
in Section 2. The hybrid bat algorithm (HBA-PR) for CVRP
is described detailedly in Section 3. The experimental results
of the HBA-PR and comparisons with other previous algorithms are shown in Section 4. In the last section, we conclude
this paper and point out some future work in Section 5.

2.2. Basic Bat Algorithm. The basic bat algorithm (BA) is a
metaheuristic first introduced by Yang in 2010. In simulations
of BA, under several under idealized rules, the updated rules
of bat’s positions 𝑥𝑖 and velocities V𝑖 in a 𝐷-dimensional
search space are defined. The new solutions 𝑥𝑖𝑡 and velocities
V𝑖𝑡 at generation 𝑡 are given by
fr𝑖 = frmin + (frmax − frmin ) 𝛽,
V𝑖𝑡 = V𝑖𝑡−1 + (𝑥𝑖𝑡 − 𝑥∗ ) fr𝑖 ,
𝑥𝑖𝑡 = 𝑥𝑖𝑡−1 + V𝑖𝑡 ,

2. Problem Descriptions and Bat Algorithm
2.1. Capacitated Vehicle Routing Problem. The CVRP is considered to be the classical version of the VRP, which designs
a set of customer demands that have to be served with a
fleet of vehicles from a depot or central node, each vehicle
has the uniform capacity, and each customer has a certain
demand. The objective makes the expended cost as minimal
as possible. Let 𝐺 = (𝑉, 𝐸) be a complete graph with a set
of vertices 𝑉 = {0, 1, . . . , 𝑘}, where the vertex {0} represents
the depot and the remaining ones represent the customers.
Each edge 𝑒𝑖𝑗 = {𝑖, 𝑗} ∈ 𝐸 has a nonnegative cost 𝑐𝑖𝑗 , and
each customer 𝑖 ∈ 𝑉 = 𝑉 \ {0} has a demand 𝑑𝑖 . Let 𝑆 =
(1, 2, . . . , 𝑚) be the set of homogeneous vehicles with capacity
𝑄. The CVRP consists in constructing a set of up to 𝑘 routes
in such a way that (1) every route starts and ends at the depot;
(2) all demands are accomplished; (3) the vehicle’s capacity is
not exceeded; (4) a customer is visited by only a single vehicle;
(5) the sum of costs is minimized. The mathematical formulas
are defined as follows [10]:
𝑘

min

𝑘

𝑚

Z = ∑ ∑ ∑𝑐𝑖𝑗 𝑒𝑖𝑗𝑠 ,

(3)
where 𝛽 ∈ [0, 1] is a random vector drawn from a uniform
distribution and fr𝑖 denotes frequency of each bat. Generally,
the frequency fr𝑖 ∈ [frmin , frmax ]. Here 𝑥∗ is the current global
best location (solution) which is located after comparing all
the solutions among all the 𝑛 bats.
After the position updating of bat, a random number is
generated; if the random number is greater than the pulse
emission rate 𝑟𝑖 , a new position will be generated around the
current best solutions; it can be represented by
𝑥 = 𝑥∗ + 𝜀 × Ld𝑡 ,

where 𝜀 ∈ [−1, 1] is a random number, while Ld𝑡 = ⟨Ld𝑡𝑖 ⟩ is
the average loudness of all the bats at current generation 𝑡.
Furthermore, the loudness Ld𝑖 and the pulse emission
rate 𝑟𝑖 will be updated, and a solution will be accepted if a
random number is less than loudness Ld𝑖 and 𝑓(𝑥𝑖 ) < 𝑓(𝑥∗ ).
Ld𝑖 and 𝑟𝑖 are updated by

(1)

= 𝛼 × Ld𝑡𝑖 ,
Ld𝑡+1
𝑖

𝑖=0 𝑗=0 𝑠=0

𝑘

s.t.

∑𝑑𝑖 𝑦𝑖𝑠 ≤ 𝑄,
𝑚

𝑖 = 1, 2, . . . , 𝑘,

𝑠=1
𝑘

∑𝑒𝑖𝑗𝑠 = 𝑦𝑖𝑠 ,

(2)
𝑗 = 1, 2, . . . , 𝑘; 𝑠 = 1, 2, . . . , 𝑚,

𝑖=0
𝑘

∑𝑒𝑖𝑗𝑠 = 𝑦𝑖𝑠 ,

𝑖 = 1, 2, . . . , 𝑘; 𝑠 = 1, 2, . . . , 𝑚,

𝑗=0

where 𝑠 denotes the number of vehicles; 𝑒𝑖𝑗𝑠 = 1 if vehicle 𝑠 is
from 𝑖 to 𝑗, otherwise 𝑒𝑖𝑗𝑠 = 0; the 𝑦𝑖𝑠 = 1 if vehicle 𝑠 is loading
(active), otherwise 𝑦𝑖𝑠 = 0.
0
3
R number 1: Depot

5

8

0
Depot

𝑟𝑖𝑡+1 = 𝑟𝑖0 × [1 − exp (−𝛾 × 𝑡)] ,

(5)

where 𝛼, 𝛾 are constants and 𝑓(⋅) is fitness function. The
algorithm repeat until the termination criterion is reached.

𝑠 = 1, 2, . . . , 𝑚,

𝑖=0

∑𝑦𝑖𝑠 = 1,

(4)

0
4
R number 2: Depot

the coded individual with integer is 0 → 3 → 5 → 8 →
4 → 9 → 2 → 6 → 1 → 7 → 0, and the bat individual

3. Hybrid Bat Algorithm with Path
Relinking for CVRP
3.1. Solution Representation in HBA-PR. Since standard BA is
a continuous optimization algorithm, the standard continuous encoding scheme of BA cannot be used to solve CVRP
directly. In order to apply BA to solve CVRP, the first step is
to devise a suitable representation for the candidate solutions
in designing a hybrid bat algorithm for a particular problem.
Each individual is a sequence with integer number which is
the order of visiting these customers; the 0 represents the
depot. For example, if we have the following three routes:
9

0
Depot

0
2
R number 3: Depot

6

1

7

0
Depot

(6)

is represented as 3 → 5 → 8 → 4 → 9 → 2 → 6 →
1 → 7.
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3.2. Hybrid Bat Algorithm. Aimed at the capacitated vehicle
routing problem, based on the idea of bat algorithm, a
hybrid bat algorithm is proposed, which integrates greedy
randomized adaptive search procedure (GRASP) heuristic
and bat algorithm, and the path relinking as an intensification
strategy to explore local trajectories connecting elite solutions
obtained by the proposed algorithm. The hybrid bat algorithm with path relinking is named as HBA-PR.
GRASP [17, 18] is a heuristic already applied to many
optimization problems successfully [19–21]. GRASP consists
of a two-phase iterative process: construction phase and local
search phase. In the first phase, a greedy randomized solution
is built. Due to this solution is not guaranteed to be locally
optimal; a local search is performed in the second phase. The
final result is simply the best solution found over all iterations.
The construction phase can be described as a process
which stepwise adds one element at a time to a partial
(incomplete) solution. According to a greedy function, all
elements are sorted, and the Restricted Candidate List (RCL)
is constructed based on the order, and then from the list
randomly select a element. In the second phase, a local
search is initialized from these points, this iterative process
is repeated until a termination criterion is met, and the best
solution found over all iterations is taken as the result.
RCL is created using a parameter 𝛼 to restrict the size
of this list. Candidate 𝑒 ∈ 𝐶 is sorted according to their
greedy function value 𝑓(𝑒). In a cardinality-based RCL, the
latter is made up by the 𝑘 top-ranked elements. In a valuebased construction, the RCL consists of the elements in the
set {𝑒 ∈ 𝐶 : 𝑓∗ ≤ 𝑓(𝑒) ≤ 𝑓∗ + 𝛼 × (𝑓∗ − 𝑓∗ )}, where 𝑓∗ =
min(𝑓(𝑒) : 𝑒 ∈ 𝐶), 𝑓∗ = max{𝑓(𝑒) : 𝑒 ∈ 𝐶}, and 𝛼 ∈ [0, 1].
Since the best value for 𝛼 is often difficult to determine, a
random value is often assigned. The values for 𝛼 adopted in
the constructive heuristics are set using reactive strategies,
which usually leads to better performance than using fixed
values [22].
In original bat algorithm, the bat individual randomly
selects a certain range of frequency, its velocity is updated
according to their selected frequency, and at last a new
position is generated using its velocity and its own position.
The idea is that the position of bat individual is updated
by adjusting its frequency of sonic pulse. In this paper,
the position updating of bat adopted GRASP to generate a
new position, the frequency is used for restricting the size
of CRL, frequency equivalent to parameter 𝛼 in GRASP,
and the frequency is variable value. In basic bat algorithm,
the loudness Ld and the pulse emission rate 𝑟 are updated
according as the iterations proceed. As the loudness usually
decreases, while the rate of pulse emission increases, it
indicates that the bats approximate their prey (optimum
solution). The pulse emission rate 𝑟 is updated by
−1

𝑟 (𝑡) = (1 + exp (

−5
) ),
𝑡max × (𝑡 − 𝑡max /2)

(7)

where 𝑡 denotes the 𝑡th generation and 𝑡max is the maximal
generation. The rate 𝑟 is similar to Sigmoid function, and the

frequency fr is determined according to the pulse emission
rate 𝑟, which is represented by
1 − max (0.2, min (0.8, 𝑟)) , rand > 𝑟,
fr = {
max (0.2, min (0.8, 𝑟)) ,
rand ≤ 𝑟,

(8)

where rand is a random number and 0.2 and 0.8 are experience parameters reference [18]. The frequency fr decreases
gradually at firstly and then increases gradually, while the
generation 𝑡 increases. Figure 1 is the changing curve of rate
𝑟, Figure 2 is an example of frequency fr, and Algorithm 1
shows the pseudocode of greedy randomized construction
with frequency fr.
The local search phase uses the 2-Opt heuristic for
exchanging. Algorithm 2 shows the local search procedure.
The input parameter is an initial solution 𝑆 obtained by the
Greedy Randomized Construction procedure. The current
route need is divided into 𝑚 subroute according to the load,
set the start, and end of suroute said to 0; for example, 𝑆 =
{1, 2, 3, 4, 5, 6, 7}, subroute is 0 → 1 → 2 → 3 → 4 → 0,
and 0 → 5 → 6 → 7 → 0.
3.3. Hybrid Bat Algorithm with Path Relinking. Path relinking
was originally proposed by Glover [23]; Laguna and Martı́
[24] were the first to use path relinking within a GRASP
strategy. Path relinking generates new solutions by exploring
trajectories connecting an initial solution 𝑥𝑠 to an elite
guiding solution 𝑥𝑡 . The path relinking procedure consists
in selecting moves that introduce attributes contained in
the guiding solution 𝑥𝑡 to the initial solution 𝑥𝑠 until the
initial solution is completely transformed in the guiding
solution 𝑥𝑡 . Path relinking may also be viewed as a constrained local search strategy applied to the initial solution
𝑥𝑠 . Furthermore, there are several alternatives that have been
considered, which involve tradeoffs between computation
time and solution quality. These alternatives include periodical relinking, forward relinking, backward relinking, back and
forward relinking, mixed relinking, randomized relinking, and
truncated relinking [18].
One important issue in implementing a path relinking
technique is the strategy to construct the elite set (ES). We
adopted a fixed size elite set, and a solution 𝑥 is inserted into
the ES as follows.
A solution 𝑥 is always inserted into ES if it is not full.
Otherwise, the generated solution 𝑥 is inserted in ES only if its
cost is better than the worst cost solution found in ES, and the
worst cost solution is replaced by the solution 𝑥. Algorithm 3
shows the pseudocode for the algorithm to construct and
maintain the elite set ES.
Algorithm 4 shows the pseudocode of path relinking
procedure; an instance is 𝑥𝑠 = {1, 2, 3, 4, 5, 6, 7}, 𝑥𝑡 = {1, 3, 4,
2, 5, 6, 7}, according to process of Algorithm 4, the first
different element is position 2 in 𝑥𝑠 ; after executing replace
operation, the 𝑥1 = {1, 3, 4, 2, 5, 6, 7}; the second different
element is position 3 in 𝑥𝑠 ; after executing replace operation,
the 𝑥2 = {1, 2, 4, 3, 5, 6, 7}; the third different element is
position 4 in 𝑥𝑠 ; after executing replace operation, the 𝑥3 =
{1, 4, 3, 2, 5, 6, 7}; if the 𝑥2 is better than the 𝑥𝑡 , and the only,
then return 𝑥2 .
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𝑆 ← 𝑅 rand Chosen Vertex(V); // R is selected at random a vertex as initial solution
𝐶 ← 𝑉 \ V; // The candidate set 𝐶 is initialized
While 𝐶 ≠
⌀ do
𝐼𝐶 ← 𝐸V𝑎𝑙𝑢𝑎𝑡𝑒 Incremental Costs(𝑆); // the incremental costs are evaluated
𝑖𝑐min ← min ({𝑖𝑐 ∈ 𝐼𝐶});
𝑖𝑐max ← max ({𝑖𝑐 ∈ 𝐼𝐶});
𝑅𝐶𝐿 ← {𝑒 ∈ 𝐶 | 𝑖𝑐 (𝑒) ≤ 𝑖𝑐min + 𝑓𝑟 × (𝑖𝑐max − 𝑖𝑐min )}; // 𝑅𝐶𝐿 is created
𝑠 ← 𝑆𝑒𝑙𝑒𝑐𝑡 Element (RCL); // a vertex 𝑠 is randomly selected from 𝑅𝐶𝐿
𝑆 ← 𝑂𝑏𝑡𝑎𝑖𝑛 Min Solution(𝑆, 𝑠); // the partial tour is updated by inserting the
vertex 𝑠
𝐶 ← 𝐶 \ {𝑠}; // the candidate set 𝐶 is updated
end
return 𝑆
Algorithm 1: Greedy Randomized Construction (𝑓𝑟).

1

𝑆 ← 𝑆;
{𝑠𝑟} ← 𝐶𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡 Sub-route(𝑆 );
for each sub-route 𝑠𝑟 do
𝑠𝑟 ← 2-opt (𝑠𝑟); // carry out the 2-opt operation
end
𝑆 ← 𝐶𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡 Indiviaual ({𝑠𝑟 });
if 𝑓(𝑆 ) < 𝑓(𝑆) then
𝑆 ← 𝑆
end
return 𝑆
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Algorithm 2: Local Search Phase (𝑆).

0.1
0

1

0

0.9

100
Iteration number

150

200

Figure 2: Changing curve of frequency fr.
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if cardinality(𝐸𝑆) ≠
𝑝𝑠 then // 𝑝𝑠 is the population size
𝐸𝑆 ← 𝐸𝑆 ∪ {𝑥}
else
𝐸𝑆𝑤 ← 𝑡ℎ𝑒 worst solution in 𝐸𝑆
if 𝑓(𝑥) < 𝑓(𝐸𝑆𝑤 ) then
𝐸𝑆 ← 𝐸𝑆 \ {𝐸𝑆𝑤 }
𝐸𝑆 ← 𝐸𝑆 ∪ {𝑥}
end
end
return 𝐸𝑆

Figure 1: Changing curve of rate 𝑟.

Algorithm 3: Elite Set (𝑥).

3.4. Subsequence and Single-Point Local Search. In this paper,
the loudness Ld𝑖 of bat individual 𝑖 is relative to its own fitness
fit𝑖 , the better fitness, and the lower loudness. The loudness
can be described by

where constant 0.1 is used for avoiding the denominator is
zero, and fit𝑖 is the fitness of individual 𝑖, fit∗ and fit∗ are
the minimum and maximum fitness in current population,
respectively. In HBA-PR, the loudness reflects the quality of
individual. In this algorithm, there are two kinds of local
search are embedded into HBA-PR to further improve the
performance, random subsequence local search that and

Ld𝑖 =

(fit𝑖 − fit∗ + 0.1)
,
(fit∗ − fit∗ + 0.1)

(9)
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𝑥𝑠 ← 𝑥; // initial solution
𝑥𝑡 ← 𝐸𝑆∗ ; // guiding solution
𝑓(𝑥𝑡 ) ← 𝑓(𝐸𝑆∗ );
Δ ← 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒(𝑥𝑠 , 𝑥𝑡 ); // find out the difference position between 𝑥𝑠 𝑥𝑡
for 𝑖 = 1: cardinality(Δ) do
𝑗 ← 𝐹𝑖𝑛𝑑 Position(𝑥𝑠 , 𝑥𝑡 , Δ 𝑖 ); // find the position of the element of 𝑥𝑡 in Δ 𝑖 which in 𝑥𝑠
𝑥𝑖 ← 𝑅𝑒𝑝𝑙𝑎𝑐𝑒(𝑥𝑠 , Δ 𝑖 , 𝑗); // replace the 𝑗 position of 𝑥𝑠 with the element of 𝑥𝑠 in Δ 𝑖
𝑥𝑖 ← 𝑅𝑒𝑝𝑙𝑎𝑐𝑒(𝑥𝑠 , 𝑥𝑡 , Δ 𝑖 ); //replace the Δ 𝑖 position of 𝑥𝑠 with the corresponding element of 𝑥𝑡
if 𝑓(𝑥𝑖 ) < 𝑓(𝑥𝑡 ) then
𝑥∗ ← 𝑥𝑖 ;
𝑓(𝑥𝑡 ) ← 𝑓(𝑥𝑖 );
end
end
return 𝑥∗
Algorithm 4: Path Relinking (𝐸𝑆∗ , 𝑥).

single-point local search. The random subsequence local
search includes random subsequence inverse and random
subsequence insert, and the single-point local search includes
single-point insert and single-point swap.
For random subsequence insert, firstly, randomly selected
an origin of subsequence, and then randomly selected a
length of subsequence which is less than length of individual
𝑆. Secondly, after determining the subsequence 𝑆1, randomly
selected an insert point in remainder subsequence 𝑆2, 𝑆 =
𝑆1 ∪ 𝑆2; the 𝑆1 is inserted into 𝑆2 location in insert point.
An example is shown in Figure 2. For random subsequence
inverse, firstly, randomly selected a subsequence with random
length, and then the inverse operation is performed. An
example is shown in Figure 3.
For single-point swap, choose two different positions
from a permutation randomly and swap them. For singlepoint insert, choose two different positions from a permutation randomly, and the element in first position is insert into
the back of second element. Similarly, two instances are
shown in Figures 4 and 5.
In local search part, the random subsequence local search
is performed before random single-point local search. The
random subsequence insert and random subsequence inverse
are preformed according to loudness Ld. In other words, if a
random number is greater than the loudness Ld𝑖 , the random
subsequence insert is performed; otherwise, the random subsequence inverse is performed. Similarly, the random singlepoint insert and random single-point swap are performed
with the loudness Ld. If a random number is greater than
the loudness Ld𝑖 , the insert operation is performed (Figure 6);
otherwise, the swap operation is performed. Note that where
local search is operated on the current optimal individual ES∗
in elite set ES, local search is performed for each individual.
Algorithms 5 and 6 show the pseudocode of subsequence and
single-point local search.
3.5. HBA-PR Framework for CVRP. We propose in this work,
to incorporate greedy randomized adaptive search procedure,
path-relinking strategies, subsequence, and single-point local
search to the bat algorithm by defining distinct ways to solve
capacitated vehicle routing problem. This iterative process is

repeated until the termination criterion is met; Algorithm 7
shows the pseudocode of HBA-PR for CVRP.

4. Numerical Simulation Results
and Comparisons
To test the performance of the proposed HBA-PR which is
extensively investigated by a large number of experimental
studies computational simulations are carried out with some
well-studied problems taken from the web http://www.branchandcut.org/, a reference site which contains detailed information regarding a large number of benchmark instances.
In this paper, 12 instances from three classes of benchmarks
are selected. The first class is Augerat et al. Set A instances,
the second class is Augerat et al. Set P instances, and the
third class is Augerat et al. Set E instances. So far, these
problems have been widely used as benchmarks to certify the
performance of algorithms by many researchers.
All computational experiments are conducted with MATLAB 2012a, and in our simulation, numerical experiments are
run on a PC with AMD Athlon (tm) II X4 640 Processor
3.0 GHz and 2.0 GB memory. In the experiment, the termination criterion is set as maximum generation 𝑡max = 200.
Each instance independently run15 times for comparison.
4.1. Parameter Analysis. In the subsection, parameters of
HBA-PR are determined by experiments, and the impact
of each parameter is analyzed. In particular, the HBA-PR
has few parameters; we only need to test population size
(𝑝𝑠) in HBA-PR. A small 𝑝𝑠 which may lead to insufficient
population information is provided, and the diversity cannot be guaranteed. On the other side, a large one which
indicates diversity is sufficient, but the computing time will
increase and the precision of optimal solution may have
lesser improvement. In order to evaluate the sensitivity of
parameters 𝑝𝑠, three benchmarks selected from different
benchmark set are chosen to run 10 times. These benchmarks
are A n33 k5, E n23 k3 and P n19 k2, and the statistical result
and convergence curves are shown in Figures 7, 8, 9, and 10.

6

Mathematical Problems in Engineering

Before 2

6

1

7

3

5

Subsequence

8

4

Insert point

0

0

Subsequence
Depot
After

Depot
2

5

8

6

1

7

3

4

Figure 3: Random subsequence insert operation.
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Figure 6: Single-point insert operation.
for 𝑖 = 1: ps do
if rand > 𝐿𝑑𝑖 then
𝑥 ← 𝑆𝑢𝑏-sequence Insert(𝐸𝑆∗ ); // perform random sub-sequence insert operation
else
𝑥 ← 𝑆𝑢𝑏-sequence Inverse(𝐸𝑆∗ ); // perform random sub-sequence inverse operation
end
end
return 𝑥
Algorithm 5: Sub-sequence Local Search (𝐸𝑆∗ ).
for 𝑖 = 1: ps do
if rand > 𝐿𝑑𝑖 then
𝑥 ← 𝑆𝑖𝑛𝑔𝑙𝑒-point Insert(𝐸𝑆∗ ); // perform random single-point insert operation
else
𝑥 ← 𝑆𝑖𝑛𝑔𝑙𝑒-point Swap(𝐸𝑆∗ ); // perform random ingle point swap operation
end
end
return 𝑥
Algorithm 6: Single-point Local Search (𝐸𝑆∗ ).
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(1) Initialize the 𝑝𝑠, bat population and other parameters;
(2) Evaluate fitness for each individual;
(3) 𝐸𝑆 ← 𝐸𝑙𝑖𝑡𝑒 Set(𝑥);
(4) while 𝑡 ≤ 𝑡max do
(5) Compute pulse emission rate by (7);
(6) Determine frequency 𝑓𝑟 by (8);
(7) for 𝑖 = 1: ps do
(8)
𝑥 ← 𝐺𝑟𝑒𝑒𝑑𝑦 Randomized Construction(𝑓𝑟);
(9)
𝑥 ← 𝐿𝑜𝑐𝑎𝑙 Search Phase (𝑥);
(10) end
(11) Evaluate fitness for each individual 𝑥;
(12)
𝐸𝑆 ← 𝐸𝑙𝑖𝑡𝑒 Set(𝑥);
(13)
𝐸𝑆∗ ← 𝑆𝑒𝑙𝑒𝑐𝑡 Best Elite(𝐸𝑆); // select the best individual in elite set 𝐸𝑆
(14) for 𝑖 = 1: 𝑝𝑠 do
(15)
𝑥 ← 𝑃𝑎𝑡ℎ Relinking(𝐸𝑆∗ , 𝑥);
(16) end
(17) Evaluate fitness for each individual 𝑥;
(18)
𝐸𝑆 ← 𝐸𝑙𝑖𝑡𝑒 Set(𝑥);
(19)
𝐿𝑑𝑖 ← 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 Loudness(𝑓(𝑥)); //Compute loudness of each individual by (9);
(20)
𝐸𝑆∗ ← 𝑆𝑒𝑙𝑒𝑐𝑡 Best Elite(𝐸𝑆);
(21)
𝑥 ← 𝑆𝑢𝑏-sequence Local Search (𝐸𝑆∗ ) //carry out random sub-sequence local
search
(22) Evaluate fitness for each individual 𝑥;
(23)
𝐸𝑆 ← 𝐸𝑙𝑖𝑡𝑒 Set(𝑥);
(24)
𝐸𝑆∗ ← 𝑆𝑒𝑙𝑒𝑐𝑡 Best Elite(𝐸𝑆);
(25)
𝑥 ← 𝑆𝑖𝑛𝑔𝑙𝑒-point Local Search (𝐸𝑆∗ ) //carry out random single-point local search
(26) Evaluate fitness for each individual 𝑥;
(27)
𝐸𝑆 ← 𝐸𝑙𝑖𝑡𝑒 Set(𝑥);
(28) 𝑡 = 𝑡 + 1
(29) end
(30) Output result and plot
Algorithm 7: HBA-PR.
Table 1: Comparison of results for Augerat et al. Set A, E, and P instances.
Instance
A-n33-k5
A-n33-k6
A-n37-k5
A-n39-k6
E-n23-k3
E-n22-k4
E-n33-k4
E-n51-k5
P-n19-k2
P-n20-k2
P-n22-k2
P-n51-k10

Capacity
100
100
100
100
4500
6000
8000
160
160
160
160
80

Tightness
0.89
0.9
0.81
0.88
0.75
0.94
0.92
0.97
0.97
0.97
0.96
0.97

I BKS
661
742
669
831
569
375
839
521
212
216
216
741

R BSK
662.76
742.83
672.59
833.20
—
375.28
838.72
524.94
212.66
217.42
217.85
742.48

The ordinate normalized fitness (log) in Figures 8–10
is logarithm of normalized fitness; the aim is to show the
convergence curves clearly. The normalization formula of
fitness is (fit − fit∗ )/(fit∗ − fit∗ ), where fit∗ is the best-known
solution, and fit∗ is the initial fitness.
Figure 7 represents the relative error of test case A n33 k5,
E n23 k3, and P n19 k2 after 10 times independent running,
which shows the sensitivity of parameter 𝑝𝑠. From the three

CWS
712.05
776.26
707.26
863.08
—
388.77
843.1
584.64
237.90
234.00
239.50
790.97

SR-GCWS
662.11
742.69
672.47
833.20
—
375.28
837.67
524.61
212.66
217.42
217.85
741.50

CS-GRASP
662.1452
743.5785
672.4652
—
569.7461
—
—
—
212.6569
217.4156
217.8522
—

HBA-PR
662.1101
742.6933
672.4652
835.2518
568.5625
375.2798
837.9253
524.6111
212.6569
217.4156
217.8522
743.2648

test cases, the parameter 𝑝𝑠 can be determined. For A n33 k5
and P n19 k2, the performance of HBA-PR is better when
𝑝𝑠 = 30. For E n23 k3, that 𝑝𝑠 is equal to 50 is best, but the
performance is good as well, while 𝑝𝑠 = 30. From Figures 8–
10, the information provided by population is sufficient when
𝑝𝑠 is greater than 20; however, the convergence rate is better
when 𝑝𝑠 = 30 among the three instances. Considering the
tradeoff between the stability of algorithm and the rate of
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Figure 9: Convergence curve for E n23 k3.

Figure 7: Box-and-whisker diagram of selected three instances.
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Figure 8: Convergence curve for A n33 k5.

convergence, the parameter 𝑝𝑠 takes a compromise values,
𝑝𝑠 = 30.
4.2. Comparisons of Simulation Results. In order to show the
effective of HBA-PR, we carry out a simulation to compare
HBA-PR with other state-of-art algorithms, that is, a parallel
version of the classical Clarke and Wright Savings (CWS)
heuristic and SR-GCWS (Simulation in Routing via the
Generalized Clarke and Wright Savings heuristic) proposed
by Juan et al. [9], CS-GRASP proposed by Zheng et al. [10].
Results of these simulations are summarized in Table 1, which
contain the following information of each instance: vehicle

ps = 10
ps = 20
ps = 30

60

80 100 120 140
Iteration number

160

ps = 40
ps = 50

Figure 10: Convergence curve for P n19 k2.

capacity; tightness (demand/capacity); I BKS is integral bestknown solution (BKS) or “optimal” value according to the
web http://www.branchandcut.org/; R BSK is verifies real
costs for the best-known solution according to [9]; CWS is the
costs associated with the solution given by the parallel version
of the CWS heuristic; SR-GCWS is the best solution obtained
by SR-GCWS method; HBA-PR is our best solution, where
“—” represents no records in the literature.
From the simulationresults obtained by testing HBA-PR,
it demonstrates that using the proposed HBA-PR to solve the
CVRP is effective, and the performance of HBA-PR is prominent. From Table 1, all instances achieved a good quality
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solution, and solutions of 6 instances are better than the
best-known solution (“optimal” value). HBA-PR has matched
10 of the 12 best-known solutions except for P n51 k10 and
A n39 k6, and the average deviation from the real costs
best-known solution is 0.057%. HBA-PR outperforms CWS
for the 12 instances. Comparing with CS-GRASP and HBAPR, HBA-PR outperforms CS-GRASP in terms of A n33 k5,
A n33 k6, and E n23 k3; the other instances have same
results. The SR-GCWS and HBA-PR have similar results, and
the gap is very small.
Furthermore, Figure 11 shows the best solution found so
far by using our methodology for the A n37 k5.vrp file, where
the depot (using 1 instead of 0) is at the center. Analogously,
Figures 12 and 13 show the best solution found by HBA-PR for
the E-n51-k5.vrp file and P n51 k10.vrp file. The convergence
curve for some test problems has been shown in Figure 14.
From Figure 14, for instance, A n37 k5, it converges to an
optimal solution after 43 generation, and it expends about 170
generations, for instance, E-n51-k5 and P n51 k10 when algorithm converges to an optimal solution, which demonstrate
that the HBA-PR has a faster convergence rate.

Figure 14: Convergence curve of three instances.

In general, the proposed HBA-PR can produce good
solutions when compared with existing heuristics for solving
the CVRP, and the convergence rate of HBA-PR is faster.
These results seem to indicate that the hybrid bat algorithm
with path relinking is an alternative to solve the capacitated
vehicle routing problem.

5. Conclusions
The capacitated vehicle routing problem is important in the
fields of Operations Research, which is an NP-hard problem.
Bat algorithm is a continuous metaheuristics; it cannot be
used to solve the CVRP directly. In this paper, a hybrid
bat algorithm with path relinking (HBA-PR) for solving the
CVRP has been presented. This methodology, which does not
require any particular fine tuning of parameters or configuration process, combines the classical greedy randomized
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adaptive search procedure (GRASP) with bat algorithm; the
path relinking as an intensification strategy to explore local
trajectories connecting elite solutions obtained by proposed
algorithm; subsequence and single-point local search are
effectively integrated into HBA-PR. Results show that our
methodology is able to provide fine-quality solutions which
can compete with the ones provided by some exact and
heuristic approaches. Moreover, because of its simplicity and
flexibility, we think that this methodology can easily be
adapted to other variants of the vehicle routing problem
and even to other combinatorial problems, for example, the
vehicle routing problem with time window and traveling
salesman problem, which is our further work.
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Small-world and scale-free properties are widely acknowledged in many real-world complex network systems, and many network
models have been developed to capture these network properties. The ripple-spreading network model (RSNM) is a newly reported
complex network model, which is inspired by the natural ripple-spreading phenomenon on clam water surface. The RSNM exhibits
good potential for describing both spatial and temporal features in the development of many real-world networks where the
influence of a few local events spreads out through nodes and then largely determines the final network topology. However, the
relationships between ripple-spreading related parameters (RSRPs) of RSNM and small-world and scale-free topologies are not
as obvious or straightforward as in many other network models. This paper attempts to apply genetic algorithm (GA) to tune the
values of RSRPs, so that the RSNM may generate these two most important network topologies. The study demonstrates that, once
RSRPs are properly tuned by GA, the RSNM is capable of generating both network topologies and therefore has a great flexibility
to study many real-world complex network systems.

1. Introduction
As is well known, many successful artificial intelligence
technologies are actually inspired by certain natural systems
or phenomena [1–3]. For instance, genetic algorithms (GAs)
are inspired by natural selection and evolutionary processes,
artificial neural networks (ANNs) by the animal brain,
particle swarm optimization (PSO) by the learning behavior
within a population, ant colony optimization (ACO) by the
foraging behavior of ants, and optimal structure design by the
hexagonal cells of the honeycomb.
Following the common practice of learning from nature
in the artificial intelligence domain, we have recently proposed a ripple-spreading network model (RSNM) [4], which
is inspired by the natural ripple-spreading phenomenon. A
ripple-spreading process defined by some ripple-spreading
related parameters (RSRPs) is the central piece of the model.
Basically, assuming that nodes of networks are distributed in
a (real or artificial) space and that the distribution of nodes
are fixed, some initial ripples are randomly generated in the
space. As an initial ripple spreads out in the space, its point

energy decays gradually, and it reaches every node one by
one sooner or later. By comparing the point energy of an
incoming ripple with some preset thresholds for a node, it
can be determined whether this node will be activated by
the incoming ripple to generate a new ripple, and whether
this node will be connected to the node where the incoming
ripple originates. When a node is activated to generate a new
ripple, the initial energy of the new ripple will be a function
of the point energy of the incoming ripple. New ripples
are also able not only to activate other nodes to generate
more ripples but also to establish new connections between
nodes, as long as their point energy is above the relevant
thresholds. As this ripple-spreading process goes on for a
while, a network topology will appear. Actually, the output
topology will be largely determined by the values of RSRPs,
such as the locations of the epicenters for initial ripples,
the thresholds to tell whether a node will be activated or
connected, the energy amplifying factor, and the coefficients
to define the point energy decaying rate. Once the values for
these RSRPs are given and fixed, then the output topology will
be uniquely determined.
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However, when compared with many existing network
models such as those reported in [5, 6], there is a lack of
obvious or straightforward relationships between the RSRPs
and the network properties of RSNM topology. In particular,
[4] listed it as one of the future works to study when and how
the RSNM may generate two of the most important network
topologies, small-world and scale-free topologies. Therefore,
based on the theoretical and conceptual results in [4], this
paper focuses in particular on providing a practicable method
to tune the RSRPs of RSNM, in order to generate preferable
network topologies. To this end, the model in [4] will be
modified into a more general form to ease the analysis on
the properties of RSNM, and then an effective GA will be
developed, in order to tune the RSNM to generate smallworld and scale-free network topologies.
The remainder of this paper is organized as follows.
Section 2 gives some background knowledge of related work.
Section 3 describes a mathematical model of the modified
RSNM. The proposed GA will be explained in Section 4
for optimizing the values of RSRPs. Section 5 reports some
simulation results. The paper ends with some conclusions and
discussions on future work in Section 6.

2. Related Work on Complex Networks
Complex networks, that is, networks whose structure is irregular, complex, and dynamically evolving in time, describe
a wide range of systems in nature and society and are all
around us in our daily life [6, 7]. In the past few decades,
many efforts have been made to model and analyze various
complex networks. Most network models can be classified
as stochastic models because they have a typical feature in
common: a stochastic model abstracts one or a few network
properties or parameters to capture in quantitative terms the
underlying organizing principles of complex networks, and
these network properties or parameters can estimate how the
network appears but cannot guarantee an exact or unique
topology. In other words, different network topologies may
have exactly the same values for the specified properties or
parameters. For instance, in classic random graph theory
[5], the connection probability is the core parameter of the
network model. In the generalized random graph model
[8], a degree distribution following a power law is used
as the input in order to be able to describe the scale-free
character of real networks that the classic random graph
model cannot capture. In the theory of evolving networks
[9], the parameter known as the preferential attachment is
often used to model scale-free real networks. In a recently
reported spatially embedded random network model [10], the
connection probability is formulated as a function of distance
between nodes. In either of the above network models, even
if the input is fixed, for example, the connection probability,
power law for degree distribution or preferential attachment
is fixed, the output of the model is enormous, and what
the output topology exactly looks like is largely by chance.
Therefore, they are all stochastic models. With the exception
of those network properties which explicitly depend on
the input parameters, the output topology of the models is
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largely unpredictable or uncertain in terms of other network
properties. As a result, it is difficult to apply these models in
network design, such as the topology optimization problem.
In contrast, the RSNM proposed in [4] is a deterministic
complex network model. Unlike the stochastic models in
[5, 8–10], once the values of input are fixed, the output
network topology will also be fixed and unique in the new
model. Therefore, we can adjust these RSRPs in order to
improve the network topology in terms of concerned network
properties. Furthermore, there is great freedom and flexibility
to modify and extend the RSNM. For instance, the proposed
RSNM can easily be extended to a semideterministic version
and a stochastic version. Basically, the RSNM can introduce
randomness at two levels by RSRPs: (i) the random setup
of nodes (e.g., the random spatial distribution of nodes and
the random distribution of node thresholds and amplifying
factors, if they are not constants); (ii) the random setup of
initial stimulating ripples (e.g., locations, initial energy, and
starting time). The first level of randomness is related to
the internal factors of the system, and the second level of
randomness is associated with external impacts to the system.
The two levels of randomness in the RSNM make it very easy
and natural for the RSNM to capture/reflect both internal
and external factors in many real-world complex networks.
For instance, the impact of earthquake through a risk chain
and the breakout of plagues in a community can be described
as evolving networks triggered by a few initial simulating
ripples; the threshold of nodes is related to the vulnerability
of infrastructure and the immunity of individuals and the
amplifying factor of nodes to connectivity of infrastructure
and the social activeness of individuals.
Any complex network model claimed to be practicable
must illustrate the capability of generating network topologies that present in real-world systems, among which smallworld and scale-free topologies are two of the most important
network topologies. It is widely recognized that many realworld complex network systems display some organizing
principles, which often lead to either small-world topology
or scale-free topology [7, 11, 12]. The small-world concept in
simple terms describes the fact that despite their often large
size, in most networks, there is a relatively short path between
any two nodes. The distance between two nodes is defined
as the number of edges along the shortest path connecting
them. The most popular manifestation of small worlds is the
“six degrees of separation” concept, which concluded that
there was a path of acquaintance with a typical length of
about six between most pairs of people in the United States
[13]. The small-world property appears to characterize most
complex networks, for instance, the actors in Hollywood
are on average within three costars from each other or the
chemicals in a cell are typically separated by three reactions.
Another most important development in our understanding
of complex networks was the discovery that for a large
number of networks, including the World Wide Web [14],
the Internet [15], or metabolic networks [16], the degree
distribution has a power-law tail. Such networks are called
scale free [17]. While some networks display an exponential
tail, often the functional form of degree distribution still
deviates significantly from the Poisson distribution expected
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for a random graph. The discoveries of small-world and scalefree features have fundamentally reshaped the study of complex network systems. Therefore, to be able to better apply
the RSNM in [4] to study real-world complex networks, it is
crucial to understand how and when the RSNM will generate
small-world and scale-free network topologies, which is the
focus of this paper.

3. Mathematical Description of
Ripple-Spreading Network Model (RSNM)
3.1. The Basic Idea of RSNM. The RSNM was first reported in
[4], where the basic idea was inspired by the natural ripplespreading phenomenon on calm water surfaces. Suppose that
a collection of stakes is randomly distributed in a quiet pond.
Then, suddenly a stone is thrown into the pond, and an initial
ripple is generated and spreads out from the point where the
stone hits the quiet water. When the ripple reaches a nearby
stake, a new ripple is generated around the stake due to the
reflection effect. For the sake of consistency, we call such a
new ripple a responding ripple (or outgoing ripple), and the
ripple which triggers the responding ripple as a stimulating
ripple (or incoming ripple). Obviously, the initial energy of
a responding ripple is determined by both the point energy
of the stimulating ripple and the physical features of the
stake (e.g., whether the stake is rigid or soft in material). A
responding ripple may trigger new responding ripples around
other stakes. As the initial stimulating ripple spreads out,
more and more responding ripples are stimulated around
stakes. However, since the point energy on the stimulating
ripples decays as they spread out, those responding ripples
triggered at a late phase could hardly be noticed. Therefore,
we may say there is a threshold, and only when the point
energy of a stimulating ripple is above this threshold will a
responding ripple be generated. Furthermore, the reaction of
stake to a stimulating ripple may be more than just generating
a responding ripple. For instance, if the point energy of a
stimulating ripple is above another threshold, the stake will
shake noticeably to disturb a bird resting on the top of the
stake. Once the bird on a stake is disturbed by the outgoing
ripple of another stake, we set up an edge between the
associated pair of nodes in a network. As the time elapses, the
point energy of all ripples will decay to below the thresholds
sooner or later, and after a long enough period of time, all
ripples will disappear and no birds will be disturbed any
more. Then, based on the established edges according to
which bird has been disturbed by the outgoing ripple of
which stake, we will get a network topology. Clearly there
are some factors affecting the final network topology. For
instance, how many stones hit the pond to generate initial
stimulating ripples, where do they hit the pond, what is the
mass of each stone (will determine the initial energy of the
associated stimulating ripple), what are the preset values for
the thresholds, and what is the amplifying factor of each stake
to reflect a stimulating ripple? By mathematically formulating
these factors and the relationships between them, we can get
an effective model for complex networks. For more details of
the basic idea of RSNM, readers may refer to [4].
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3.2. Mathematical Model of Modified RSNM. The RSNMs
proposed in [4] have an important concept: epicenter of
initial stimulating ripple (EISR), which is associated with the
point where the stone hit the water surface. Unlike normal
nodes in network, an EISR is not connectable, which means
no edge can be established between two EISRs or an EISR
and a normal node. EISRs are useful to match and describe
the initial cause of the development of a real-world network;
for instance, in the study on the impact of earthquake on a
transport network, the epicenter of earthquake is usually not
located at any node of the transport network. However, the
difference between EISRs and normal nodes makes it very
difficult to conduct theoretical deduction of network properties. This partially explains why paper [4] failed to analyze the
small-world and scale-free properties of the RSNM. Without
necessary theoretical analyses, the RSNM can hardly develop
into a mature and practicable method. From a simulation
point of view, a network model with EISRs can be mathematically equivalent to a model without EISRs, and the latter
will be much easier to analyze and study. Therefore, in this
paper, we will modify the models in [4] by removing EISRs
and adding a new concept of self-generating ripple (SGR).
Basically, in the modified RSNM all initial stimulating ripples
will be self-generated by connectable nodes in the network,
in other words, all initial stimulating ripples will directly
come from connectable nodes. To this end, two new ripplespreading related parameters (RSRPs) need to be introduced
to every node: initial energy of SGR 𝐸SGR (𝑖) and start time of
SGR 𝑇SGR (𝑖), 𝑖 = 1, . . . , 𝑁𝑁, where 𝑁𝑁 is the total number
of nodes in the network. By presetting 𝐸SGR (𝑖) and 𝑇SGR (𝑖)
according to the impact of EISRs, one can easily see that the
modified RSNM is equivalent to the models reported in [4].
Actually, the modified RSNM is a generalized model, as the
models in [4] are just a subset of the new model. Obviously,
only those nodes with 𝐸SGR (𝑖) > 0 matter in terms of EISRs,
and we assume that there are 𝑁SGR ≤ 𝑁𝑁 such nodes.
Before we give the mathematical description of the
modified RSNM, we need to define some other important
ripple-spreading related parameters (RSRPs) like in [4]. For
the sake of simplicity but without loss of generality, unless
explicitly specified, we suppose all nodes are distributed in a
limited 2-dimensional space in this paper. It is also assumed
that the total number of nodes, 𝑁𝑁, and their locations,
(𝑥𝑁(𝑖), 𝑦𝑁(𝑖)), are already given and fixed. To get different
topologies from this fixed set of nodes, we have another
three RSRPs to each node: 𝛼(𝑖), 𝛽𝑅 (𝑖), and 𝛽𝐿 (𝑖), which are
the amplifying factor, the threshold to generate a responding
ripple, and the threshold to establish a link, for node 𝑖, 𝑖 =
1, . . . , 𝑁𝑁, respectively.
With the above RSRPs, the modeling process of the
modified RSNM can be mathematically described as follows.
Step 1. Initialize the current time instant, that is, 𝑡 = 0.
Initialize 𝐸SGR (𝑖) and 𝑇SGR (𝑖) for every node randomly or
according to certain requirements. Since each node has no
initial energy, that is, 𝐸𝑁(𝑖) = 0, therefore, its current point
energy is
𝑒𝑁 (𝑖, 𝑡) = 𝐸𝑁 (𝑖) = 0,

𝑖 = 1, . . . , 𝑁𝑁.

(1)
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Figure 1: The development of a simple network topology based on the RSNM, where the epicenter of initial stimulating ripple (EISR) is a
connectable node in the network, that is, node 1.

Assume that each node has a ripple with a current radius
of 0, that is, 𝑟𝑁(𝑖, 𝑡) = 0.

world. However, this may be amendable in order to get a more
complicated artificial model.

Step 2. If the termination criteria are not satisfied, do as
follows.

Substep 4. Check which new nodes are reached by the ripples.
Suppose that 𝐿 𝑁(𝑖, 𝑗) is the distance between node 𝑖 and node
𝑗. If 𝐸𝑁(𝑗) = 0 and 𝐿 𝑁(𝑖, 𝑗) ≤ 𝑟𝑁(𝑖, 𝑡), then node 𝑗 is reached
by the ripple generated by node 𝑖. If 𝑒𝑁(𝑖, 𝑡) ≥ 𝛽𝑅 (𝑗), then
node 𝑗is activated by node 𝑖 and generates a responding ripple
with

Substep 1. Let 𝑡 = 𝑡 + 1.
Substep 2. Check 𝑡 against 𝑇SGR (𝑖). If 𝑡 ≥ 𝑇SGR (𝑖), 𝐸SGR (𝑖) > 0,
and 𝑟𝑁(𝑖, 𝑡) = 0, then the self-generated ripple of node 𝑖 will
start to spread, so set up the initial energy of the ripple starting
from node 𝑖 as

𝐸𝑁 (𝑗) = {

𝛼 (𝑗) 𝑒𝑁 (𝑖, 𝑡) , 𝐸SGR (𝑗) ≤ 𝛼 (𝑗) 𝑒𝑁 (𝑖, 𝑡) ,
𝐸SGR (𝑗) ,
𝐸SGR (𝑗) > 𝛼 (𝑗) 𝑒𝑁 (𝑖, 𝑡) .

(2)

(5)

Substep 3. If 𝐸𝑁(𝑖) > 0, 𝑖 = 1, . . . , 𝑁𝑁, then update the
current radius and point energy of the ripple starting from
node 𝑖

If 𝑒𝑁(𝑖, 𝑡) ≥ 𝛽𝐿 (𝑗), then a connection between node 𝑖 and
node 𝑗 is established, that is,

𝐸𝑁 (𝑖) = 𝐸SGR (𝑖) .

𝑟𝑁 (𝑖, 𝑡) = 𝑟𝑁 (𝑖, 𝑡 − 1) + 𝑠,
𝑒𝑁 (𝑖, 𝑡) = 𝑓Decay (𝐸𝑁 (𝑖) , 𝑟𝑁 (𝑖, 𝑡) , 𝑡) ,

(3)

where 𝑠 is the spreading speed of ripples, that is, the change
in the radius of a ripple during one time instant, and 𝑓Decay is
a function defining how the point energy decays as the ripple
spreads out. A typical decaying function may be
𝑓Decay (𝐸𝑁 (𝑖) , 𝑟𝑁 (𝑖, 𝑡) , 𝑡) = 𝜂

𝐸𝑁 (𝑖)
,
2𝜋𝑟𝑁 (𝑖, 𝑡)

(4)

where 𝜂 is a coefficient and 𝜋 is the mathematical constant.
Clearly 𝜂 has an important influence on the decaying speed
of ripples and will therefore affect the final network topology.
Basically, (3) show that the ripples have the same spreading
speed and the same decaying function, just like in the natural

𝐴 (𝑖, 𝑗) = 𝐴 (𝑗, 𝑖) = 1,

(6)

where 𝐴 is the adjacency matrix which records the network
topology.
Different termination criteria may be used in Step 2.
For instance, the current time instance is beyond a specific
time window, no node has current point energy above any
threshold, or the upper bound for the number of total links is
reached.
Figure 1 gives a simple illustration of the development of
network topology based on the modified RSNM, where the
initial stimulating ripple directly comes from a connectable
node in the network. From Figure 1, one may notice that since
the threshold for triggering a responding ripple may differ
from the threshold for establishing an edge, a responding
ripple is not always accompanied by the establishment of
an edge. For instance, the outgoing ripple of node 1 triggers
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a responding ripple at node 3 accompanied by the establishment of an edge to node 2, it only triggers a responding ripple
at node 2, and it does nothing to node 4.
3.3. Some Important Conditions. We have previously presented some conditions for analyzing general network properties of the EISR-based RSNM [4], and here, we need to
work out new conditions for the modified RSNM based on
the concept of SGR. The proofs of new conditions are similar
to those in [4], to which readers can refer to for details. Such
new conditions will be very useful as heuristic rules in the
application of GA to optimize the output network topology
of RSNM.
For a network with 𝑁𝑁 nodes, the number of total
potential edges between nodes is
𝑁PE =

𝑁𝑁 × (𝑁𝑁 − 1)
.
2

(7)

For each pair of nodes (𝑖, 𝑗), let 𝐿 𝑁(𝑖, 𝑗) denote the length
of the potential edge between node 𝑖 and node 𝑗, that is,
the direct distance between node 𝑖 and node 𝑗, no matter
whether or not there is an actual connection between the pair
of nodes. Since all nodes are distributed in a limited space,
we can assume that 𝐿 𝑈 and 𝐿 𝐿 are the maximal and minimal
lengths in all potential edges, respectively, 𝐸SGR 𝑈 and 𝐸SGR 𝐿
the maximal and minimal values of all initial SGR energy
𝐸SGR (𝑖), 𝛽𝑅 𝑈 and 𝛽𝑅 𝐿 the maximal and minimal values of
all activating threshold 𝛽𝑅 (𝑖), 𝛽𝐿 𝑈 and 𝛽𝐿 𝐿 the maximal and
minimal values of all connecting threshold 𝛽𝐿 (𝑖), and 𝛼𝑈
and 𝛼𝐿 maximal and minimal values of all amplifying factor
𝛼(𝑖), 𝑖 = 1, . . . , 𝑁𝑁.
Condition 1 (completely connected graph). If the inequalities
𝐸
𝜂 SGR 𝑈 ≥ 𝛽𝑅 𝑈,
2𝜋𝐿 MaxMin
𝜂

𝛼𝐿 𝛽𝑅 𝐿
≥ max (𝛽𝑅 𝑈, 𝛽𝐿 𝑈)
2𝜋𝐿 𝑈

(8)
(9)

hold, where
𝐿 MaxMin = max

min 𝐿 𝑁 (𝑖, 𝑗) ,

𝑖=1,...,𝑁𝑁 𝑗=1,...,𝑁𝑁

(10)

then the RSNM will generate a completely connected graph.
Equation (8) guarantees that the SGRs will trigger at least
one responding ripple, and (9) guarantees that the responding
ripple will cause a completely connected graph.
Condition 2 (all nodes connected). If (8) and the inequality
𝜂

𝛼𝐿 𝛽𝑅 𝐿
≥ max (𝛽𝑅 𝑈, 𝛽𝐿 𝑈)
2𝜋𝐿 TSP

(11)

hold, where 𝐿 TSP denotes the maximum edge length in a
shortest open travelling salesman problem (TSP) route, then
the RSNM will generate a graph where all nodes are connected.

Condition 3 (all nodes activated). If (8) and the inequality
𝜂

𝛼𝐿 𝛽𝑅 𝐿
≥ 𝛽𝑅 𝑈
2𝜋𝐿 TSP

(12)

hold, then every node will generate an outgoing ripple under
the RSNM.
The exact node degree can be counted as follows: for node
𝑖, 𝑖 = 1, . . . , 𝑁𝑁, its degree is
𝑁𝑁

𝑁𝑁

𝐷𝑁 (𝑖) = ∑ ∑ 𝐴 (𝑛, 𝑚) ,

(13)

𝑛=1 𝑚=𝑛+1

where 𝐴 is the adjacency matrix given in (9) and its entries
are determined by the ripple-spreading process described
in Section 3.2. After the ripple-spreading process terminates,
one has
{
1,
{
{
{
{
{
{
{
{
{
{
{
{
𝐴 (𝑛, 𝑚) = {
{
{
{
0,
{
{
{
{
{
{
{
{
{
{

𝜂𝐸𝑁 (𝑛)
≥ 𝛽𝐿 (𝑚)
2𝜋𝐿 𝑁 (𝑛, 𝑚)
𝜂𝐸𝑁 (𝑚)
or
≥ 𝛽𝐿 (𝑛) ,
2𝜋𝐿 𝑁 (𝑛, 𝑚)
𝜂𝐸𝑁 (𝑛)
< 𝛽𝐿 (𝑚) ,
2𝜋𝐿 𝑁 (𝑛, 𝑚)
𝜂𝐸𝑁 (𝑚)
< 𝛽𝐿 (𝑛) .
2𝜋𝐿 𝑁 (𝑛, 𝑚)

(14)

Please note that (13) and (14) are used to calculate the exact
degree of each node after a network topology is generated
by the RSNM. To roughly estimate node degree distribution
from the RSRPs without even running the RSNM, we have
the following proposition.
Proposition 1 (degree distribution estimation). Suppose that
every node will generate an outgoing ripple; for example,
Condition 3 is satisfied. For node 𝑖, let 𝐿 DD (𝑖) be the value of
𝐿 DD (𝑖) =

𝜂𝛼𝐿 𝛽𝑅 (𝑖)
.
2𝜋𝛽𝐿 𝑈

(15)

Then, in the graph generated by the RSNM, the degree of node
𝑖, 𝐷𝑁(𝑖), is not smaller than the number of nodes to which the
direct distance 𝐿 𝑁(𝑖, 𝑗) is not larger than 𝐿 DD (𝑖).

4. Genetic Algorithm (GA) to Optimize
Network Topology
4.1. Optimize Network Topology by Evolving Model Parameters. The optimization of network topology has long been
a challenging task [18], as it is widely acknowledged as an
NP-hard problem. As large-scale parallel stochastic search
and optimization algorithms, genetic algorithms (GAs), if
properly designed, have the capability of producing high
quality solutions to NP-hard problems in an acceptable
period of time [19]. Actually, GAs have already been used to
optimize some network structures, for example, the topology
optimization of CCS7 network [20], MPLS network [21]
and airline route networks [22]. However, in such studies
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Figure 2: An illustration regarding how the distribution of EISRs affects network topology.

on network topology optimization, search is carried out
by directly adding new links or removing existing links
between nodes. The chromosome structure in such GAs is
based on permutation representation of existing links. As is
well known, permutation representation based GAs are often
confronted with feasibility problems, which means random
evolutionary operations, such as mutation and crossover, may
generate some chromosomes whose associated solutions are
invalid or infeasible against the underlying physical meaning
of a real-world solution. For example, in the case of airline route network optimization, permutation representation
based GA might establish a link between two very close cities,
which is economically impracticable [22].
The RSNM makes it possible to discard permutation representation based GA, and to employ the very original binary
representation based GA for network topology optimization.
The original GA was developed with binary representation
of value-based solutions (see [1, 2]), and it was free of
feasibility problems. From the modeling process proposed in
Section 3.2, one can see that the network topology is largely
determined by the RSRPs. Actually, every given set of values
for the RSRPs will result in a unique topology, and given

different values for the parameters, different topologies will
be generated. Therefore, by evolving the values of RSRPs,
one may find an optimal network topology in terms of
particular considerations. Obviously, the very original binary
representation based GA can be applied straightforwardly to
evolve the RSRPs, just like in normal parameter optimization
problems [2].
For the sake of simplicity, Figure 2 gives four examples
about how the values of the RSRPs affect the output topology
of the EISR-based RSNM. In the four networks in Figure 2,
all other RSRPs have the same values, but the locations of the
four EISRs are different. As a result, there are four different
topologies. It should be pointed out that the feature that every
given set of values for the model parameters will lead to a
unique topology is distinct from other models of random
networks, where the model parameters (e.g., the connection
probability in the classic random graph theory and the
preferential attachment in the theory of evolving networks)
cannot uniquely determine network topology [5, 6].
One may argue that changing the values of RSRPs might
never lead to every possible network topology. In other
words, a certain topology might exist and no matter how
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Figure 3: Some chromosome structures used in network topology optimization.

the RSRPs are tuned, the RSNM cannot generate it to the
nature of the ripple-spreading process. Although this is true
on the one hand, on the other, this feature of RSNM is not
necessarily a disadvantage. In many applications of GAs,
heuristic rules usually play a crucial role in delivering a good
performance because they may filter out many infeasible or
bad quality solutions and therefore narrow down the search
space for GAs. The nature of the ripple-spreading process may
do the same good thing for network topology optimization.
Suppose that the development of a real-world network system
largely involves some ripple-spreading effect (e.g., in the cases
of disaster spreading and epidemic dynamics). Then, any
network topology that cannot reflect such ripple-spreading
effect is hardly realistic from the real-world system point of
view and therefore should be considered as a bad solution
to topology optimization. This means, if the ripple-spreading
effect is concerned, then most network topologies missed out
by the RSNM are possibly bad solutions. As demonstrated
in [23], a ripple-spreading process can focus the search
on quality solutions to the aircraft sequencing problem.
Similarly, the RSNM can focus on more realistic topologies,
and therefore, evolving the RSRPs could still be an effective
strategy to find a good or even optimal network topology.
Further study based on some particular real-world systems
are needed, which is however beyond the scope of this paper.

4.2. GA Design. In the practice of GA design, we usually need
to determine chromosome structure, mutation, crossover,
and heuristic rules. These four design steps are often highly
problem dependent in a permutation representation based
GA but quite simple and straightforward in a binary representation based GA, which is the case in this study as just
explained in Section 4.1.
Traditionally, to apply GA to optimize network topology,
a straightforward chromosome structure is based on the
adjacent matrix or a vector of established edges, just as
illustrated in Figures 3(b)–3(e), and such a chromosome
structure apparently belongs to permutation representation.
Differently, with the RSNM, we can optimize network topology by evolving the values of RSRPs, and therefore, we
can set the chromosome structure as a value based binary
representation. Basically, the value of each RSRP can be
represented as a binary string. We stick together all binary
strings of a set of values for RSRPs, and then we get the
associated chromosome (see Figure 3(f), e.g.). In the RSNM,
a different node 𝑖 may have different 𝛼(𝑖), 𝛽𝑅 (𝑖), and 𝛽𝐿 (𝑖),
that is, different amplifying factors, threshold to generate a
responding ripple, and threshold to establish a link, and a
different SGR may have a different 𝐸SGR (𝑖). In this study, we
assume that 𝛼(𝑖) has a normal distribution within the range
[𝛼𝐿 ,𝛼𝑈], 𝛽𝑅 (𝑖) within [𝛽𝑅 𝐿 ,𝛽𝑅 𝑈], 𝛽𝐿 (𝑖) within [𝛽𝐿 𝐿 ,𝛽𝑅 𝑈],
and 𝐸SGR (𝑖) within [𝐸SGR 𝐿 ,𝐸SGR 𝑈]. Therefore, we need to
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use GA to tune the boundary values of the above 4 ranges,
in other words, to use GA to optimize 𝛼𝐿 , 𝛼𝑈, 𝛽𝑅 𝐿 , 𝛽𝑅 𝑈,
𝛽𝐿 𝐿 , 𝛽𝑅 𝑈, 𝐸SGR 𝐿 , and 𝐸SGR 𝑈. As a result, a chromosome
should be the integration of the binary strings of the above 8
boundary values. If we want to see what is the best topology,
the RSNM could output with all nodes having the same
value for certain RSRP, for example, demanding all nodes to
have the same 𝛼(𝑖), then a chromosome will become simpler
because 𝛼𝐿 = 𝛼𝑈. Furthermore, we may predetermine and fix
certain RSRPs and use GA only to tune other RSRPs because,
according to the conditions given in Section 3.3, one can see
that it is not the absolute value of RSRPs, but the relative ratio
between RSRPs that largely determine the output topology
of the RSNM. This will further simplify the chromosome
structure.
Mutation aims to increase the diversity of chromosomes,
so that the GA can explore the solution space as widely as
possible in order to stand a better chance to hit a global
optimum. For a binary representation based GA, the mutation operator randomly selects some genes in a chromosome
with a certain probability and reverses their values, that is,
changing a binary bit from 1 to 0, or from 0 to 1.
Crossover is used to identify, inherit, and protect common genes shared by fit chromosomes, and at the same
time, to recombine noncommon genes searching for new
solutions. Crossover is crucial for GAs to quickly locate
optima or suboptima. The simplest crossover is one-point
crossover, where a split point is chosen randomly, each of
the two parents split at the chosen point into two pieces,
and piece 1 (or piece 2) from parent 1 is combined with
piece 2 (or piece 1) from parent 2 to generate offspring. In
this paper, we choose uniform crossover, mainly because it
is more powerful in terms of exploiting all possibilities of
recombining noncommon genes [24]. In uniform crossover,
each gene in the offspring inherits the same gene from either
parent 1 or parent 2 at a half-to-half chance. Actually, from
Figure 4, one can see that uniform crossover is the ultimate
multipoint crossover.
Problem-specific heuristic rules are used in GA to filter
out bad/invalid/infeasible solutions and therefore to accelerate the converge speed. They are usually more useful and
more important for permutation representation based GA
rather than binary representation based GA. In the RSNM,
although the ripple-spreading process is supposed to rule
out most unrealistic solutions, we can still introduce some
heuristic rules based on those conditions given in Section 3.3.
For example, when initializing a chromosome, the random
setup of RSRP values may more or less refer to those ratio
relationships between the RSRPs, in order to avoid such
cases where many nodes are not connected or all nodes are
completely connected.
In the GA, the population of chromosomes evolves
based on their fitness through generations of evolutionary
operations: selection, mutation, and crossover. Since the
goal in this study is to tune the RSNM to generate certain
desirable topologies, the fitness of a chromosome is basically
measured by network properties of the topology associated
with the chromosome. It is known that small-world and scalefree topologies are mainly recognized by their node degree
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Figure 4: One-point crossover versus uniform crossover.

distribution pattern, average path length (APL) between connected nodes, and the clustering coefficient (CC). Basically,
a small-world network topology has a Poisson distribution,
small APL, and large CC, while a scale-free network topology
has a power law tail-off distribution, even smaller APL, and
larger CC. To apply a GA to tune the RSNM to generate
small-world and scale-free topologies, we first need to use
some well-known network models to generate target network
topologies. In this study, we use the Watts-Strogatz model
in [25] to generate small-world network topologies and the
Barabási and Albert model in [17] to generate scale-free
topologies. Since these models are random models, every run
of such models will generate a different topology but the
associated network properties are similar between different
runs. Therefore, for a given model parameter value, we need
to run the models many times, each time we will get a
different topology, and then we calculate the average network
properties of all different topologies generated. We use such
average network properties as targets to tune the RSNM.
Before we run the GA, suppose that we have run the one of the
models and then got the following average network properties
as targets: 𝑇APL , 𝑇CC , and 𝑇DD , that is, target APL, target CC,
and target degree distribution. Please note that 𝑇APL and 𝑇CC
are scalars, while 𝑇DD is a vector which has 𝑁𝑁 entries, and
entry 𝑇DD (𝑖) is the percentage of nodes whose degree is (𝑖−1),
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Figure 5: 𝑃DD , 𝑇DD , and tolerable zone.

𝑖 = 1, . . . , 𝑁𝑁. With 𝑇APL , 𝑇CC , and 𝑇DD , we can calculate the
fitness of a chromosome as follows in this study:
𝑓=

𝑤3
𝑤2
𝑤1
 +
 + 1 + 𝐸 ,


1 + 𝑃APL − 𝑇APL  1 + 𝑃CC − 𝑇CC 
DD

(16)

where 𝑤𝑖 > 0, 𝑖 = 1, 2, 3, are weights which determine the
contribution of each network property to the fitness,

process in Section 3.2, one can easily see that, even if all
RSRPs are the same, the spatial distribution of nodes can
largely affect the final output topology. Therefore, in this
simulation, we consider 3 different types of node distribution:
circle distribution, grid distribution, and random distribution. In circle distribution, all nodes are evenly distributed
along a circle whose radius is 1000. In grid distribution, all
nodes are evenly and regularly arranged in a rectangular
area defined by two points: (−1000, −1000) and (1000, 1000).
A random distribution is generated by introducing random
disturbances to the location of nodes in a grid distribution.
The Watts-Strogatz model [25] can generate lattice topology, small-world network, and random graph by increasing
the probability for randomly rewiring lattice edges, denoted
as 𝑃RRLE hereafter, from 0 to 1. In this simulation, we choose
𝑃RRLE = 0, 0.08 and 1, respectively. Then, combining a
different node distribution and 𝑃RRLE values, we have nine
test scenarios for this model denoted from WS1 to WS9 as
shown in Table 1.
In the Barabási and Albert model [17], the probability
for preferential attachment (denoted by 𝑃PA hereafter) plays
a crucial role in generating scale-free topology. In this
simulation, for node 𝑖, the 𝑃PA is formulated as

𝑁𝑁

2


𝐸DD = ∑ (max (𝑧 (𝑖) , 𝑃DD (𝑖) − 𝑇DD (𝑖)) − 𝑧 (𝑖)) ,

(17)

𝑖=1

𝑃APL , 𝑃CC , and 𝑃DD are the network properties of the topology
associated with the chromosome, and 𝑧(𝑖) defines a tolerable
zone for the gap between 𝑃DD and 𝑇DD . 𝐸DD indicates
how similar the degree distribution associated with the
chromosome is to the target one (see Figure 5 for illustration).
From the definition of fitness function in (16), one can see
that if the topology associated with the chromosome has
similar network properties to those of target topology, then
the chromosome will have a large fitness.
It should be pointed out that, if we assume that all nodes
have the same 𝛼(𝑖), 𝛽𝑅 (𝑖), and 𝛽𝐿 (𝑖), and all SGR have the
same 𝐸SGR (𝑖), then we have 𝛼𝐿 = 𝛼𝑈, 𝛽𝑅 𝐿 = 𝛽𝑅 𝑈, 𝛽𝐿 𝐿 =
𝛽𝑅 𝑈, and 𝐸SGR 𝐿 = 𝐸SGR 𝑈, and a chromosome will output
a unique topology, whose network properties can be used
straightforwardly to calculate the fitness according to (16)
and (17). However, in most cases when we tune the RSNM,
we allow certain RSRP to have a normal distribution with
a range, for example, allowing 𝛼(𝑖) to vary within [𝛼𝐿 , 𝛼𝑈],
𝛼𝑈. In such a case, although a chromosome gives
where 𝛼𝐿 ≠
values for 𝛼𝐿 and 𝛼𝑈, the output of RSNM is not unique.
Therefore, to calculate the fitness of a chromosome, we need
to run the RSNM for many times and then use the average
network properties of all generated topologies.

5. Simulation Results
5.1. Simulation Setup. In this section, we aim to investigate,
when and how the RSNM may generate small-world and
scale-free network topologies. To this end, firstly, we need
some models which can well generate such two categories
of topologies, and as indicated in Section 4.2, we used established models from the literature [17, 25]. From the modeling

𝑃PA (𝑖) =

𝐷𝑁(𝑖)𝜏

𝑁

𝑁
𝐷𝑁(𝑖)𝜏
∑𝑗=1

.

(18)

Basically, the coefficient 𝜏 determines the power law of the
resulted scale-free network. Obviously, if 𝜏 = 0, then one
has an almost random graph, whilst if 𝜏 is too large, say,
𝜏 ≥ 2, then a winner-takes-all network topology is likely
to emerge. Here, we will use nine Barabási and Albert test
scenarios, denoted as from BA1 to BA9, with different 𝜏 and
node distribution, as shown in Table 2.
Different sets of values for RSRPs in the RSNM might
lead to similar topologies. Therefore, in the simulation, by
referring to the key network properties of the associated
target topology, we use the reported GA to generate six
different sets of RSRP values in order to compare with the
WS model, and 10 different sets of RSRP values for comparing
with the BA model. Each set of RSRP values determines a
specific RSNM scenario, and these 16 RSNM test scenarios are
denoted as from RSNM1 to RSNM16, as listed in Tables 1 and
2. To tune the RSRP values in each RSNM test scenario, the
reported GA has a population of 100, a maximal generation of
200, a mutation probability of 0.1, and a crossover probability
of 0.4. For the fitness function defined by (16) and (17), we set
𝑤1 = 2, 𝑤2 = 1, 𝑤3 = 5, and 𝑧(𝑖) = 0.02. For the set of RSRP
values given by a chromosome, the RSNM is run to generate
20 network topologies, and then the average values of the
associated key network properties are used to calculate the
fitness of that chromosome. The populations of chromosomes
compete and evolve through generations according to their
fitness. Then, the fittest chromosome in the last generation of
a GA run determines the set of RSRP values for the associated
RSNM test scenario. The RSRP values tuned by the reported
GA for each of the 16 RSNM test scenarios are given in Tables
1 and 2. In some test scenarios, some RSRPs are assumed to
be the same for all nodes, that is, have the same lower bound
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Table 1: Comparative results: to generate small-world network topology.

WS1
WS2
WS3
WS4
WS5
WS6
WS7
WS8
WS9
RSNM1

NDT

Setup of model parameters

Circle dist.
Circle dist.
Circle dist.
Grid dist.
Grid dist.
Grid dist.
Random
Random
Random
Circle dist.

𝑃RRLE = 0
𝑃RRLE = 0.08
𝑃RRLE = 1
𝑃RRLE = 0
𝑃RRLE = 0.08
𝑃RRLE = 1
𝑃RRLE = 0
𝑃RRLE = 0.08
𝑃RRLE = 1
𝛽𝑅 = 5.1, 𝛽𝐿 = 3.1, 𝛼 = 440.5, 𝑁SGR = 10, and 𝐸SGR (𝑖) ∈ [2489.6, 3507.7]
𝛽𝑅 (𝑖) ∈ [0.6, 1.2], 𝛽𝐿 (𝑖) ∈ [0.1, 0.8], 𝛼(𝑖) ∈ [482.4, 541.7], 𝑁SGR = 10, and
𝐸SGR (𝑖) ∈ [313.5, 650.0]
𝛽𝑅 = 4.5, 𝛽𝐿 = 4.1, 𝛼 = 1413.7, 𝑁SGR = 10, and 𝐸SGR (𝑖) ∈ [3927.3, 17181.8]
𝛽𝑅 (𝑖) ∈ [4.5, 6.2], 𝛽𝐿 (𝑖) ∈ [2.3, 7.5], 𝛼(𝑖) ∈ [1507.3, 1619.1], 𝑁SGR = 10, and
𝐸SGR (𝑖) ∈ [3901.2, 17215.5]
𝛽𝑅 = 4.5, 𝛽𝐿 = 4.5, 𝛼 = 1319.5, 𝑁SGR = 10, and 𝐸SGR (𝑖) ∈ [3915.3, 17198.1]
𝛽𝑅 (𝑖) ∈ [4.5, 6.1], 𝛽𝐿 (𝑖) ∈ [1.9, 7.0], 𝛼(𝑖) ∈ [1853.8, 1527.2], 𝑁SGR = 10, and
𝐸SGR (𝑖) ∈ [3897.9, 17301.2]

RSNM2 Circle dist.
RSBM3 Grid dist.
RSNM4 Grid dist.
RSBM5 Random
RSNM6 Random

APL

ADEE

CC

ASSO

12.8788 94.2 0.5000 0.0000
4.4299 305.7 0.3117 0.0082
3.5061 1325.0 0.0465 0.1795
6.6667 222.2 0.0000 0. 4010
4.2663 365.9 0.2399 0.0636
3.5262 1024.0 0.0549 0.2630
6.2159 239.9 0.3487 0.0557
4.3079 362.3 0.2468 0.1269
3.5132 1079.9 0.0758 0.2356
12.8788 94.2 0.5000 0.0000
8.1432

151.9

0.4836 0.0598

6.6667

222.2

0.0000 0.4010

4.9061

288.2

0.3396 0.0962

5.4315

240.2

0.4348

0.1031

4.0364

314.2

0.5542

0.1741

Table 2: Comparative results: to generate scale-free network topology.

BA1
BA2
BA3
BA4
BA5
BA6
BA7
BA8
BA9
RSNM7
RSNM8
RSBM9
RSNM10
RSBM11
RSNM12
RSNM13
RSNM14
RSBM15
RSNM16

NDT

Setup of model parameters

APL

ADEE

CC

ASSO

Circle dist.
Circle dist.
Circle dist.
Grid dist.
Grid dist.
Grid dist.
Random
Random
Random
Circle dist.
Grid dist.
Random
Circle dist.
Grid dist.
Random
Circle dist.
Grid dist.
Random
Random

𝜏=0
𝜏=1
𝜏=2
𝜏=0
𝜏=1
𝜏=2
𝜏=0
𝜏=1
𝜏=2
𝛽𝑅 = 5, 𝛽𝐿 = 5.1, 𝛼 = 1036.7, 𝑁SGR = 100, and 𝐸SGR (𝑖) ∈ [0, 56549]
𝛽𝑅 = 5, 𝛽𝐿 = 5.0, 𝛼 = 1036.7, 𝑁SGR = 100, and 𝐸SGR (𝑖) ∈ [0, 62832]
𝛽𝑅 = 5, 𝛽𝐿 = 5.1, 𝛼 = 1036.7, 𝑁SGR = 100, and 𝐸SGR (𝑖) ∈ [0, 62832]
𝛽𝑅 = 100, 𝛽𝐿 (𝑖) ∈ [1.1, 15.2], 𝛼 = 1036.7, 𝑁SGR = 100, and 𝐸SGR = 62832
𝛽𝑅 = 100, 𝛽𝐿 (𝑖) ∈ [1.0, 10.3], 𝛼 = 1036.7, 𝑁SGR = 100, and 𝐸SGR = 10053
𝛽𝑅 = 100, 𝛽𝐿 (𝑖) ∈ [0.5, 10.2], 𝛼 = 1036.7, 𝑁SGR = 100, and 𝐸SGR = 13100
𝛽𝑅 = 5, 𝛽𝐿 = 5.1, 𝛼(𝑖) ∈ [439.8, 3141.6], 𝑁SGR = 1, and 𝐸SGR = 2199.1
𝛽𝑅 = 5, 𝛽𝐿 = 9.2, 𝛼(𝑖) ∈ [2585.0, 6911.5], 𝑁SGR = 1, and 𝐸SGR = 9424.8
𝛽𝑅 = 5, 𝛽𝐿 = 8.7, 𝛼(𝑖) ∈ [2585.0, 6911.5], 𝑁SGR = 1, and 𝐸SGR = 9419.3
𝛽𝑅 = 5, 𝛽𝐿 = 0.5, 𝛼 = 471.2, 𝑁SGR = 1, and 𝐸SGR = 7854.0

2.6561
2.5103
1.9350
2.4652
2.3690
1.9224
2.2271
2.1768
1.8991
2.3208
2.1030
2.1857
9.8945
2.0285
2.4119
5.0135
2.8947
2.1877
1.9594

1235.6
1272.5
1279.5
1146.6
1154.5
1143.8
1146.7
1153.1
1151.1
634.5
599.9
564.9
213.1
693.1
591.7
365.7
473.5
547.8
902.1

0.0600
0.1339
0.6875
0.0725
0.1434
0.6492
0.0953
0.1549
0.6214
0.7718
0.7392
0.7397
0.5579
0.8448
0.7648
0.6619
0.6374
0.7099
0.9648

0.0324
0.1435
0.4213
0.0260
0.1232
0.3930
0.0369
0.1129
0.3033
0.3593
0.3272
0.3234
0.0916
0.3445
0.3947
0.0138
0.1715
0.1956
0.9524

as the upper bound, while other RSRPs are assumed to have
a normal distribution within certain ranges. For example,
in RSNM1, 𝛽𝑅 , 𝛽𝐿 , and 𝛼 are the same for all nodes, while
𝐸SGR (𝑖)may vary within a range. Then, in RSNM, we use GA
to tune 𝛽𝑅 , 𝛽𝐿 , 𝛼, and the boundary values for 𝐸SGR (𝑖).
For each test scenario, the associated network model
runs for 100 times, and the average values of five important
network properties, that is, the average path length (APL)

between connected nodes, the average distance of established
edges (ADEE), the clustering coefficient (CC), the assortativity (ASSO), and the degree distribution (DD), are calculated
and analyzed. Please note the difference between APL and
ADEE: APL is measured as the number of intermediate
nodes, while ADEE is defined as physical distance.
All models are coded and all tests are conducted in
a MATLAB environment on a personal computer with
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Figure 6: Average degree distribution of small-world networks
generated by WS and RSNM.

a 2.6 GHz CPU, 4 GB memory, and the Windows 7 operating
system.
5.2. Simulation Results for the Small-World Topology. In this
subsection, we have 𝑁𝑁 = 100 nodes in each test of the
simulation and then use a certain network model to establish
𝑁𝐿 = 200 edges between nodes to get a network topology.
The number of SGR is always set as 𝑁SGR = 10 for the RSNM.
The simulation results of WS1 to WS9 and RSNM1 to RSNM6
are given in Table 1 and Figure 6, and some topology examples generated during the simulation are given in Figure 7.
From the table and figures, one may have the following
observations.
(i) Firstly, the data of WS1 to WS9 in Table 1 show that,
compared with lattices (when 𝑃RRLE = 0) and random
networks (when 𝑃RRLE = 1), a distinctive feature
of small-world networks, as analyzed in [12], is that
they have relatively smaller APL (compared with the
associated lattices) and larger CC (compared with
the associated random networks). Therefore, the first
aim of this simulation is to test whether the reported
GA can tune RSRPs properly to make the RSNM to
generate networks with the same feature.
(ii) From the data of RSNM2, RSNM4, RSNM5, and
RSNM6, one can see that the RSNM is indeed capable
of generating topologies with the above small-world
network feature.
(iii) Compared with the small-world networks generated by the WS, Table 1 also shows that the smallworld networks generated by the RSNM usually
have larger APL and CC (e.g., compare WS2 with
RSNM2, WS5 with RSNM4, and WS8 with RSNM5
and RSNM6). This is understandable, because the

process of rewiring lattice edges in the WS is purely
random, regardless of spatial distance between nodes.
Due to such a random process, the WS has more
edges established between spatially far away nodes,
which help to reduce APL more significantly than the
RSNM. Random rewiring lattice edges also lead to
smaller CC when compared with the RSNM because
the ripple-spreading process in the RSNM is more
likely to establish edges within neighbourhood, which
usually causes large CC.
(iv) Also because of the difference between the random
rewiring process in the WS and the ripple-spreading
process in the RSNM, the small-world networks of
RSNM usually have smaller ADEE. An interesting
finding is that, when multiplying APL with ADEE,
the small-world networks generated by the RSNM
generally have the smaller travelling distance between
two randomly chosen nodes than those of the WS
actually than all networks generated by the WS
including lattices and random networks.
(v) When comparing the data of WS1 and WS4, that is,
two lattice cases, with those of RSNM1 and RSNM3,
one can see that the RSNM can also generate exactly
the same lattices if the RSRPs are set properly. The
WS initializes lattice with the spatial information of
neighborhood; this explains when the RSNM can also
generate lattices (the RSNM is particularly good at
using spatial information to generate networks).
(vi) Figure 6 compares the degree distribution of different
models, except WS1, WS4, RSNM1, and RSNM3 (they
are lattices and their degree distribution is simply a
singleton). Basically, in the WS, the smaller the value
of 𝑃RRLE , the sharper the degree distribution, in other
words, the less diversified the node degree. Overall,
no matter whether we consider lattice, small-world
topology, or random network, the degree distribution
is similar to a Poisson distribution. In general, the
degree distribution of small-world networks generated by the RSNM is more diversified than that of WS
small-world networks. This is probably because the
ripple-spreading process is more complicated than
the random rewiring process, and therefore the node
degree is less precisely managed in the RSNM than
in the WS. Actually, the degree distribution of RSNM
small-world networks is more like that of WS random
networks (WS3, WS6, and WS9).
(vii) Figure 7 gives some examples of small world networks
generated by the WS and the RSNM (for the sake of
comparison, Figure 7(d) is a random network, and
Figure 7(h) is a network where edges are only established between neighborhood nodes). From Figure 7,
one can see clearly that long-distance jump edges in
the WS are completely random, whilst in the RSNM,
they are mainly established around a few hub-like
nodes. This feature, along with the degree distribution
of RSNM4 in Figure 6, which is the least Poissondistribution-like, may imply that the RSNM is more
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(h)

Figure 7: Examples of small-world networks generated by WS and RSNM: (a) WS2; (b) WS5; (c) WS8; (d) WS9; (e) RSNM2; (f) RSNM4; (g)
RSNM6; (h) RSNM5.

likely a natural scale-free network model. This will be
further investigated in the next section.
(viii) In real-world networks, a node may not connect to
its neighborhood nodes but some far away nodes.
Figures 7(e)–7(g) clearly show that this is achievable
in the RSNM, for instance, when closer nodes have
large 𝛽𝐿 , while some far away nodes have small
enough 𝛽𝐿 . However, the structure of connecting far
away nodes rather than closer ones does not emerge
as often in the RSNM as in the WS.
(ix) The random network Figure 7(d) is generated by the
WS. In this study, we have realized that it is very
difficult to tune the RSRPs in order to generate purely
random networks. Basically, because spatial distance
plays a crucial role in the RSNM, we assume that it is
impossible for the RSNM to generate purely random
networks like Figure 7(d).
5.3. Simulation Results about Scale-Free Topology. In this
subsection, we again have 𝑁𝑁 = 100 nodes in each test of
the simulation, the number of established edges 𝑁𝐿 in the
RSNM may vary depending on how fast ripple energy decays,
and then the comparative BA model is required to generate a
network with the same edge number. The number of SGR is
always set as 𝑁SGR = 100 for RSNM7 to RSNM12 and 𝑁SGR =
1 for RSNM13 to RSNM16. As discussed in Section 3.2, it is the
ratio relationships between the RSRPs that largely determine
the output topology; therefore, in this subsection, we preset
𝛽𝑅 = 5 for RSNM7 to RSNM9 and RSNM13 to RSNM16 and
preset 𝛽𝑅 = 100 for RSNM10 to RSNM12. The simulation
results of BA1 to BA9 and RSNM7 to RSNM16 are given in

Table 2 and Figures 8 and 9, from which one may make the
following observations.
(i) Firstly, let us analyze the networks generated by the
classical scale-free model. From the data of BA1 to
BA9 in Table 2, one can see clearly that, as 𝜏 goes
up from 0 to 2, the APL decreases whilst both the
CC and the ASSO increases. Compared with lattices,
small-world networks and random networks, such as
WS1 to WS9 in Section 5.2, and scale-free networks
in general have much smaller APL and larger CC and
ASSO. Hub nodes in scale-free networks contribute a
lot to smaller APL. In a winner-takes-all network, for
example, when 𝜏 ≥ 2, a major hub node may connect
to all other nodes, which means that the APL is less
than 2. The large CC results from the fact that, in a
scale-free network, two connected nonhub nodes are
likely to connect to the same hub node, and therefore
a three-node cluster is formed. In a winner-takes-all
network, any two non-hub nodes connect to the hub,
so the associated CC is very large. Since the ASSO
is an index to indicate the preference for a network
node to attach to others that are similar or different in
any way [26], it of course goes up with the number of
preferential attachments, which is determined by 𝜏.
(ii) With properly tuned RSRPs by the reported GA,
Table 2 shows that the RSNM can generate scale-free
networks indeed, as the RSNM networks share the
same features as the BA scale-free networks, that is,
small APL and large CC and ASSO. It should be noted
that, in the BA experiments, the only parameter 𝜏
is increased gradually in order to reveal the change
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Figure 8: Average degree distribution of scale-free networks generated by BA and RSNM: (a) BA with random node distribution and different
values for 𝜏; (b) RSNMs.
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Figure 9: Examples of scale-free networks generated by BA and RSNM: (a) BA2; (b) BA5; (c) BA8; (d) BA9; (e) RSNM7; (f) RSNM11; (g)
RSNM15; (h) RSNM16.

trend in network properties, while in the RSNM
experiments, the changes in RSRPs are not continuous or even associated, and they are just tuned with
purpose by referring to the BA scale-free networks.
(iii) Table 2 also shows that, in general, the RSNM networks have much smaller ASSO than the associated
BA networks. This is reasonable because the BA
model does not consider spatial distance at all when

establishing an edge. By multiplying the APL and
ASSO, one can see again that the RSNM networks are
more efficient in terms of overall travelling distance
between two randomly chosen nodes. As is well
known, under restricted resources, scale-free networks are highly appreciated because they are efficient
in terms of overall travelling distance. For instance,
given limited aircraft and staff, most airline companies now operate on hub-and-spoke airline route
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networks, which is an engineering version of scalefree network [27]. Compared with the BA, the RSNM
can make more of this advantage of scale-free works.
(iv) Figure 8(a) shows how the degree distribution
changes when 𝜏 increases from 0 to 2.5 in the BA.
Basically, for a scale-free network, the main part of
the right side slope of the degree distribution appears
linear in a log-log plot, and the slope becomes
sharper as 𝜏 increases. Figure 8(b) gives the degree
distribution of RSNM7 to RSNM16, from which one
can clearly see they have approximately linear right
side slope with a different sharpness. This further
confirms that the RSNM can generate scale-free
networks, given that the RSRPs are properly tuned.
(v) Figure 9 gives some examples of scale-free networks
generated by the BA and the RSNM. Apparently, the
BA scale-free networks are more spatially chaotic,
whilst the RSNM networks are much better organized
in terms of spatial view.
(vi) One may notice that, in Table 2, the APL of RSNM10
and RSNM13 is much larger than others. This is
mainly because of the circle node distribution used.
In a scale-free network, it often needs to pass a hub
node to travel between two nodes. In the RSNM, even
a hub node tends to establish edges locally. Therefore,
in the case of circle node distribution, sometimes
it may need to pass through quite a few hub nodes
around the circle to travel between two nodes.

6. Conclusions and Future Work
This paper is concerned with how to apply a genetic algorithm
(GA) to tune the parameters of ripple-spreading network
model (RSNM), in order to generate small-world and scalefree network topologies. As a newly reported complex network model, the RSNM may well describe the development of
many real-world network systems where the ripple-spreading
effect of some local events’ influence plays an important role.
However, a demerit is that those ripple-spreading related
parameters (RSRPs) of RSNM have no obvious or simple
relationship with the network properties of output topology.
In particular, since small-world and scale-free topologies are
two of the most important features of many real-world complex network systems, it is crucial to understand, when and
how the RSNM can generate these two categories of network
topologies. This paper develops an effective GA to tune the
RSRPs in the RSNM, and the simulation shows that the
RSNM has a great flexibility in generating various network
topologies. The reported work further verifies the theoretical
potential of RSNM. Therefore, future work should pay more
attention to real applications of the RSNM (such as in the
study of disaster management and epidemic dynamics), and
the GA developed in this paper can then be easily extended to
tune model parameters, which will play an important role in
simulating a real-world system. For example, when applying
the RSNM to study a specific real-world network system,
comparison should be conducted between the reported GA

and existing relevant methods for that specific system in
terms of time performance and scalability.
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Thickness of tundish cover flux (TCF) plays an important role in continuous casting (CC) steelmaking process. Traditional
measurement method of TCF thickness is single/double wire methods, which have several problems such as personal security,
easily affected by operators, and poor repeatability. To solve all these problems, in this paper, we specifically designed and built
an instrumentation and presented a novel method to measure the TCF thickness. The instrumentation was composed of a
measurement bar, a mechanical device, a high-definition industrial camera, a Siemens S7-200 programmable logic controller (PLC),
and a computer. Our measurement method was based on the computer vision algorithms, including image denoising method,
monocular range measurement method, scale invariant feature transform (SIFT), and image gray gradient detection method. Using
the present instrumentation and method, images in the CC tundish can be collected by camera and transferred to computer to do
imaging processing. Experiments showed that our instrumentation and method worked well at scene of steel plants, can accurately
measure the thickness of TCF, and overcome the disadvantages of traditional measurement methods, or even replace the traditional
ones.

1. Introduction
As the development of high-speed casting, tundish cover flux
(TCF) is becoming the key material for continuous casting
process, which has more and more important and irreplaceable roles on the quality of steel billet. The main functions
of TCF are as follows: isolate the steel surface to prevent
freezing, protect the steel surface from oxidation, absorb
inclusions that are transported to the surface, maintain a low
friction between steel shell and mold by lubrication, create an
optimum heat transfer from steel to mold, and so on [1–4].
The melting point of TCF (about 1000∼1150∘ C) is lower
than the temperature of molten steel (about 1500∘ C). And the
TCF is divided into three main parts according to the physical
form, namely, liquid slag layer, sintered layer, and powder slag
layer (shown in Figure 1). TCF is added on the top of the
molten steel in the continuous casting mold, which partially
melts and forms a liquid slag layer (about 6∼15 mm) above the
molten steel. The liquid slag layer can partly prevent the heat

of molten steel from transferring; therefore, above the liquid
slag layer, temperature drops, which forms a sintered layer
(about 600∼900∘ C). Above the sintered layer, more heat is
prevented; therefore, the TCF can keep its original pulverous
characteristic to form a powder slag layer. The powder slag
layer covers the molten steel surface evenly to prevent heat
radiation and isolate oxygen.
In the continuous casting steelmaking process, due to
crystallizer vibration and solidified shell movement, the
liquid slag layer may slowly get into the gap between the shell
and the copper wall of crystallizer. Therefore, along with the
casting process, the liquid slag layer is constantly consumed
by the molten steel and gets supplement from the sintered
layer. Similarly, the sintered layer is constantly transformed
into liquid slag layer and gets supplement from the powder
slag layer. And the operator keeps an eye on the powder
slag layer and adds new TCF into CC tundish as necessary.
The thickness of TCF has a great effect on the continuous
casting steelmaking process; if the TCF is too thin, the steel
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Figure 1: Schematic diagram of TCF three main components in the
CC tundish, which are powder slag layer, sintered layer, and liquid
slag layer.

will become carburized, unmelted slag patches will occur as
surface defects, and worse of all the result can be a breakout
because of too high friction between steel shell and mould.
On the contrary, if the TCF is too thick, crystallized rim will
emerge at the meniscus which will disturb the solidification
process and cause surface defects on the steel. Therefore, TCF
thickness is an essential parameter to guarantee the quality of
strand surface and can provide important information for the
operators to keep track of the status in the CC tundish.
Nowadays, in continuous casting steelmaking process,
the most common used measurement methods for TCF
thickness are single-wire measurement method and doublewire measurement method, because these two methods
are cheap and easily operated. In single-wire measurement
method, one iron wire is vertically inserted into the molten
steel, and kept steady for 3∼5 seconds. Then pull it out
and measure the TCF thickness based on the length of
color change and slag-adhering part (shown in Figure 2).
In double-wire measurement method, one iron wire and
one copper wire, which have the same length, are parallel
and firmly tied together, then vertically inserted into the
molten steel, and kept steady for 3∼5 seconds. Melting
point of the iron wire is higher than the temperature of
liquid slag layer and lower than the temperature of the
molten steel, therefore, the iron wire below the liquid slag
layer is melted. Melting point of the copper wire is higher
than the temperature of sintered layer and lower than the
temperature of liquid slag layer; therefore, the copper wire
below the sintered layer is melted. The whole thickness of
TCF can be calculated based on the length of the color
change and slag-adhering part on the iron wire. Compared
with the singe-wire measurement method, the double-wire
measurement method can specifically measure the thickness
of the liquid slag layer using the length of the remaining iron
wire minus the length of the remaining copper wire (shown
in Figure 3). Although the single-wire measurement method
and the double-wire measurement method are widely used
in continuous casting steelmaking process, they both have
insurmountable and severe shortcomings: (1) operators need
to stand on the tundish to hold the wires, which means

Figure 2: Single-wire measurement method of TCF thickness. TCF
thickness can be measured by the length of color change and slagadhering part on the iron wire.

Iron wire

Copper wire

Metre rule

Length difference of
two wires

Figure 3: Double-wire measurement method of TCF thickness. The
whole thickness of the TCF can be measured by the length of the
color change and slag-adhering part on the iron wire. The thickness
of the liquid slag layer can be measured by the length difference of
two wires.

lethal danger to operators; (2) the detection results are easily
influenced by the operators, such as hand trembling or not
vertically holding the wires; (3) poor repeatability. All these
shortcomings make these two TCF thickness measurement
methods inaccurate and dangerous.
In this paper, a novel TCF thickness measurement
method and instrumentation are proposed. We use a highdefinition industrial camera to collect the image information in the CC tundish, which is fastened to a customdesigned mechanical device. The thickness of TCF is calculated based on the computer vision algorithms, including image denoise method, monocular range measurement
method, scale invariant feature transform (SIFT), and image
gray gradient detection method. Our measurement method
is noncontact measurement, full automatic working, good
repetitiveness, and absolutely safe.
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Figure 4: Schematic diagram of the continuous temperature measurement system based on the blackbody radiation theorem. (1) Temperature sensor, (2) optical lens, (3) internal tube, (4) external tube,
(5) molten steel, (6) tundish, (7) bracket, (8) single-chip micyoco
(SCM), (9) signal processor, and (10) display for temperature.

2. Method
The TCF thickness measurement method and instrumentation are an extension of a previous work from our group [5–
21], which is continuous temperature measurement method
and sensor for molten steel in CC tundish based on blackbody
chamber theorem. We briefly recall it in order to make the
following sections more clearly.
Theoretical principle of continuous temperature measurement method is blackbody radiation theorem:
𝐸𝑏 = (𝜆, 𝑇𝐿 ) = 𝜀𝑇 (𝜆, 𝑇) ⋅ 𝐸𝑏 (𝑇0 , 𝜆) .

(1)

𝐸𝑏 represented the spectral radiosity of blackbody chamber,
𝜀𝑇 represented the spectral emissivity of blackbody chamber,
𝑇𝐿 represented the brightness temperature of blackbody
chamber, and 𝑇 represented the actual temperature of blackbody chamber.
Based on this theorem, we specifically made a measurement bar and used it as a temperature sensor, which was
inserted into the molten steel to measure the temperature of
molten steel. The measurement bar was the core component
of the system, which was composed of external tube and
internal tube. The external tube was heat resistant, shock
resistant, and anti corrosion and had good heat conduction,
which can offer protection for the internal tube. The internal tube was made of certain translucent medium, which
had steady radiation characteristic and specular/diffusion
reflection characteristic. Heat radiation in the measurement
bar was transformed into electrical signal by a photoelectric
transducer. And the electrical signal can be used to calculate
the temperature of the molten steel based on the blackbody
radiation theorem. The schematic diagram of the system was
shown in Figure 4.

More details about the continuous temperature method
and sensor for molten steel in CC tundish can be referenced
from [5–13].
2.1. Theory. The measurement bar is also the core component
of TCF thickness measurement method and instrumentation. While the measurement bar is inserted into the molten
steel, a high-definition industrial camera is used to collect the
image information in the tundish. Based on computer vision
algorithms, which are elaborated in the Sections 2.3 and 2.4,
TCF thickness is calculated by
𝐿 powder = 𝐿 lower − 𝐿 upper ,

(2)

where 𝐿 lower represents the distance from TCF lower surface
to optical center of the camera and 𝐿 upper represents the
distance from TCF upper surface to optical center of the
camera (shown in Figure 5).
Molten steel and TCF have different thermal conductivities; therefore, these two different media have different temperatures, and there is obvious temperature gradient in the
interface layer of these two media. While the measurement
bar is inserted into the molten steel for long enough time
(shown in Figure 5), the measurement bar can be in the state
of thermal balance. And then the measurement bar is pulled
up; the temperature information of molten steel and TCF can
be reflected by the luminance of the measurement bar (shown
in Figure 6). In Figure 6(a), the brighter zone indicates that
this part of the measurement bar is in the molten steel before
being pulled up, and the darker zone indicates that this part
of the measurement bar is in the TCF before being pulled
up. The arrow indicates the peak value of image gradient
between the brighter zone and the darker zone, which is also
the interface layer between the molten steel and the TCF.
In Figure 6(b), it can be seen that the temperature on the
measurement bar has an intense change, which causes the
peak value of the temperature gradient indicated by the arrow.
These two arrows in both Figures 6(a) and 6(b) actually point
to the same location of the measurement bar, which is the
lower surface of the TCF. Therefore, the distance from TCF
lower surface to optical center of the camera can be calculated
by gray gradient detection in the image, which is elaborated
in Section 2.4.
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Figure 6: The surface condition of the measurement bar, when the measurement bar is pulled up from the molten steel. (a) Luminance
information on the measurement bar, on which obvious image gray scale difference can be seen. (b) Schematic diagram of temperature
distribution and gradient curve on the measurement bar. Horizontal ordinate represents coordinates of the measurement bar, left vertical
ordinate represents the temperature of the measurement bar, and the right vertical ordinate represents the temperature gradient of the
measurement bar.

2.2. Instrumentation. As mentioned before, the measurement
bar is inserted into the molten steel; therefore, a specialized
mechanical device is required to hold the measurement
bar, and the camera is also fixed on the mechanical device
(shown in Figure 7). The mechanical device can ascend and
descend under the control of frequency conversion motor,
and the measurement bar can be lifted and lowered with the
movement of the mechanical device. The camera is fixed and
well-secured on the crossbeam of the mechanical device, and
in case of overheating, the camera is cooled down by cool air
through ventilating pipe. With the help of this mechanical
device, the height of the crossbeam, the temperature of the
measurement bar, and images collected by the camera are
transferred to the computer and the programmable logic
controller (PLC, Siemens S7-200). We can use all these
information to make judgments and calculate TCF thickness.
The main functions of the computer are imaging processing
and displaying the calculation result of TCF thickness. The
main functions of the PLC are controlling the movement of
the mechanical device and making it accurate and steady. The
schematic diagram of the whole instrumentation system is
shown in Figure 8.

Pulley
Camera
Steel chain
Pillar

Measurement
bar

Sleeves

Figure 7: Schematic diagram of mechanical device, which holds the
camera and measurement bar.

Mechanical
device
Camera

Measurement bar
TCF

Computer

2.3. TCF Upper Surface Distance Measurement. The distance
from TCF upper surface to the optical center of camera
is calculated based on the principle of monocular distance
measurement [22, 23]. Two images 𝐼1 , 𝐼2 can be obtained
while the camera is moved from position 𝑃1 to position 𝑃2 . In

Frequency
conversion motor

Molten steel
Siemens S7-200

Figure 8: Schematic diagram of the whole instrumentation system,
including computer, Siemens S7-200, mechanical device, camera,
and measurement bar.
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Figure 10: Schematic diagram of world coordinate system.

these two images, the same objects have different coordinates
due to the camera movement. According to the coordinate
differences and the movement distance from 𝑃1 to 𝑃2 , the
distance from the objects to the optical center of camera can
be calculated. And there are two key steps in the calculation:
(1) the transformation from image coordinates to the world
coordinates; (2) matching the corresponding pixels of the
same objects in two images 𝐼1 and 𝐼2 .
2.3.1. Transformation from the Image Coordinates to the
World Coordinates. Suppose that the image coordinates are
defined as (𝑝𝑥 , 𝑝𝑦 ), and the world coordinates are defined
as (𝑃𝑥 , 𝑃𝑦 , 𝑃𝑧 ). We can see that the image coordinates
are two-dimensional and the world coordinates are threedimensional; therefore, one of the world coordinates should
be set as constant. The base point of the image coordinate
system is defined as the center of the image (shown in
Figure 9). The base point of the world coordinate system is
defined as the intersection point of TCF upper surface and
the optical axis originated from the camera’s optical center
(shown in Figure 10); therefore, 𝑃𝑧 ≡ 0. The transformation
from image coordinates (𝑝𝑥 , 𝑝𝑦 ) to the world coordinates
(𝑃𝑥 , 𝑃𝑦 , 𝑃𝑧 ) is defined as formula (3), and the details of proof
can be obtained in appendix.
In Figure 10, plane ABU represents TCF upper surface,
ABCD represents the camera’s field of view, point 𝑂 represents
the camera’s optical center, line OG represents the camera’s
optical axis, point 𝐺 represents the intersection point of
optical axis and plane ABU, point 𝐺 is also the base point of
the world coordinate system, point 𝐼 represents the projection
point of optical center 𝑂 on the plane ABU, and the distance
from point 𝑂 to point 𝐼 is h. X-G-Y represents the rectangular
coordinate system. 2𝛼0 represents the camera’s vertical field
angle, 2𝛽0 represents the camera’s horizontal field angle, and
𝛾0 represents the camera’s pitch angle. Namely, ∠𝐸𝑂𝐹 = 2𝛼0 ,
line OG equally divides ∠𝐸𝑂𝐹; ∠𝐾𝑂𝐽 = 2𝛽0 , line OG equally
divides ∠𝐾𝑂𝐽, ∠𝐺𝑂𝐼 = 𝛾0 . Point 𝑃 is any point on the
TCF upper surface, and its world coordinate is (𝑃𝑥 , 𝑃𝑦 ) in
the rectangular coordinate system X-G-Y. From point P, draw

perpendicular line on the axis 𝐺𝑌, and the perpendicular foot
is point Q; therefore, 𝑃𝑦 = 𝐺𝑄. Connect point 𝑃 and point U,
and line PU intersects axis GX at point L; therefore, 𝑃𝑥 = 𝐺𝐿.
Connect point 𝐿 and optical center O, and the intersection
angle of line OL and optical axis is 𝛽. Connect point 𝑄 and
optical center O, and the intersection angle of line OQ and
optical axis is 𝛼:
𝛼 = arc𝑡𝑔
𝛽 = arc𝑡𝑔
𝑃𝑥 =

2𝑝𝑦 × 𝑡𝑔𝛼0
𝐻

,

2𝑝𝑥 × 𝑡𝑔𝛽0
,
𝑊

ℎ
× 𝑡𝑔𝛽
cos 𝛾0
× (1+

(𝑡𝑔 (𝛾0 + 𝛼) − 𝑡𝑔𝛾0 )×(cos (𝛾0 − 𝛼0 ) − cos 𝛾0 )
),
(𝑡𝑔𝛾0 − 𝑡𝑔 (𝛾0 − 𝛼0 ))×cos (𝛾0 − 𝛼0 )
𝑃𝑦 = ℎ (𝑡𝑔 (𝛾0 + 𝛼) − 𝑡𝑔𝛾0 ) ,
𝑃𝑧 = 0.
(3)

H represents the height of the image, W represents the width
of the image, h represents the vertical distance from camera’s
optical center to the TCF upper surface, 2𝛼0 represents
the camera’s vertical field angle, 2𝛽0 represents the camera’s
horizontal field angle, and 𝛾0 represents the camera’s pitch
angle.
Based on formula (3), the world coordinates of any point
on the TCF upper surface can be calculated, and the only
unknown parameter is h, which is the distance from the TCF
upper surface to the camera’s optical center. By moving the
camera vertically from ℎ1 to ℎ2 (ℎ2 > ℎ1 ), although ℎ1 and
ℎ2 are unknown, Δℎ = ℎ1 − ℎ2 can be obtained (shown in
Figure 11). Suppose that the same object on the TCF upper
surface has one world coordinate 𝑃1 (𝑎, 𝑏) before movement
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Figure 11: Schematic diagram of moving camera from ℎ1 to ℎ2 .
While the camera is moved from ℎ1 to ℎ2 , then the camera’s optical
center is moved from 𝑂1 to 𝑂2 after movement: therefore, the base
point of world rectangular coordinate system is also moved from 𝐺1
to 𝐺2 .

and another world coordinate 𝑃2 (𝑐, 𝑑) after movement. While
the camera is moved from ℎ1 to ℎ2 , then the camera’s optical
center is moved from 𝑂1 to 𝑂2 after movement; therefore,
the base point of world rectangular coordinate system is also
moved from 𝐺1 to 𝐺2 . Because the movement of camera is
vertical, two world rectangular coordinate systems have the
same 𝑦-axis and different 𝑥-axis; therefore, 𝑃1 and 𝑃2 have the
same horizontal coordinates in the world coordinate system,
namely, 𝑎 = 𝑐. Therefore, the distance from TCF upper
surface to camera optical center can be calculated by formula
(4):

=

(𝑡𝑔 (𝛾0 + 𝛼1 ) − 𝑡𝑔𝛾0 ) × (cos (𝛾0 − 𝛼0 ) − cos 𝛾0 )
)
(𝑡𝑔𝛾0 − 𝑡𝑔 (𝛾0 − 𝛼0 )) × cos (𝛾0 − 𝛼0 )

ℎ2
× 𝑡𝑔𝛽2
cos 𝛾0

×(1+

𝐿 (𝑥, 𝑦, 𝜎) = 𝐺 (𝑥, 𝑦, 𝜎) ∗ 𝐼 (𝑥, 𝑦) .

(𝑡𝑔 (𝛾0 + 𝛼2 ) − 𝑡𝑔𝛾0 ) × (cos (𝛾0 − 𝛼0 ) − cos 𝛾0 )
),
(𝑡𝑔𝛾0 − 𝑡𝑔 (𝛾0 − 𝛼0 )) × cos (𝛾0 − 𝛼0 )
ℎ2 − ℎ1 = Δℎ,
𝛼1 = arc𝑡𝑔
𝛽1 = arc𝑡𝑔
𝛼2 = arc𝑡𝑔
𝛽2 = arc𝑡𝑔

2𝑝𝑦1 × 𝑡𝑔𝛼0
𝐻

,

2𝑝𝑥 1 × 𝑡𝑔𝛽0
,
𝑊
2𝑝𝑦 2 × 𝑡𝑔𝛼0
𝐻

2

𝐺 (𝑥, 𝑦, 𝜎) =

2

(1/2𝜋𝜎2 ) 𝑒−(𝑥 +𝑦 )
2𝜎2

.

(6)

(𝑥, 𝑦) represents image coordinates, and 𝜎 represents scale
level. Therefore, difference of Gaussian (DoG) scale space can
be defined as
𝐷 (𝑥, 𝑦, 𝜎) = (𝐺 (𝑥, 𝑦, 𝑘𝜎) − 𝐺 (𝑥, 𝑦, 𝜎)) ∗ 𝐼 (𝑥, 𝑦)

(7)

Once DoG images have been obtained, keypoints are
identified as local minima/maxima of the DoG images across
scales. This is done by comparing each pixel in the DoG
images to its eight neighbors at the same scale and nine
corresponding neighboring pixels in each of the neighboring
scales. If the pixel value is the maximum or minimum among
all compared pixels, it is selected as a candidate keypoint.
Scale-space extreme detection produces too many keypoint candidates, some of which are unstable. The next step
in the algorithm is to perform a detailed fit to the nearby data
for accurate location, scale, and ratio of principal curvatures.
This information allows points to be rejected that have low
contrast (and are therefore sensitive to noise) or are poorly
localized along an edge.
The interpolation of keypoints is done using the quadratic Taylor expansion of the DoG scale-space function:
𝐷 (𝑋) = 𝐷 +

,

(5)

𝐼(𝑥, 𝑦) represents one image, ∗ represents convolution, and
𝐺(𝑥, 𝑦, 𝜎) represents Gaussian filter function:

= 𝐿 (𝑥, 𝑦, 𝑘𝜎) − 𝐿 (𝑥, 𝑦, 𝜎) .

ℎ1
× 𝑡𝑔𝛽1
cos 𝛾0
× (1 +

in two images. SIFT was published by Lowe in 1999 [24]
and improved in 2004 [25], which was used to detect and
describe local image features. SIFT is an excellent feature
descriptor, because it is invariant to uniform scaling, orientation, and partially invariant to affine distortion and illumination changes. SIFT’s application includes object recognition, robotic mapping and navigation, image stitching, 3D
modeling, gesture recognition, video tracking, individual
identification of wildlife, and match moving.
Scale space is a formal theory for handling image structures at different scales from physical and biological vision, by
representing an image as a one-parameter family of smoothed
images. The main type of scale-space is the linear (Gaussian)
scale-space, which can be defined by

𝜕2 𝐷
1
𝜕𝐷𝑇
𝑋 + 𝑋𝑇 2 𝑋.
𝜕𝑋
2
𝜕𝑋

(8)

̂ is determined by
Then, the location of the extreme 𝑋
taking the derivative of this function with respect to 𝑋 and
setting it to zero:

2𝑝𝑥 2 × 𝑡𝑔𝛽0
.
𝑊
(4)

2.3.2. Matching the Corresponding Pixels of the Same Objects
in Two Images. SIFT based image registration method is
used to match the corresponding pixels of the same objects

2 −1
̂ = − 𝜕 𝐷 𝜕𝐷 ,
𝑋
𝜕𝑋2 𝜕𝑋
𝑇
̂
̂ = 𝐷 + 1 𝜕𝐷 𝑋.
𝐷 (𝑋)
2 𝜕𝑋

(9)
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The DoG function will have strong responses along edges,
even if the candidate keypoint is not robust to small amounts
of noise. Therefore, in order to increase stability, the Hessian
matrix is used to eliminate the keypoints that have poorly
determined locations but have high edge responses:
𝐷 𝐷
𝐻 = [ 𝑥𝑥 𝑥𝑦 ] ,
𝐷𝑥𝑦 𝐷𝑦𝑦
Tr (𝐻) = 𝐷𝑥𝑥 + 𝐷𝑦𝑦 = 𝛼 + 𝛽,

(10)

2

Det (𝐻) = 𝐷𝑥𝑥 𝐷𝑦𝑦 − (𝐷𝑥𝑦 ) = 𝛼𝛽.
𝛼 represents bigger eigenvalue, and 𝛽 represents smaller
eigenvalue. Suppose that 𝛼 = 𝑟𝛽. We can get
2

2

(𝛼 + 𝛽)
(𝑟𝛽 + 𝛽)
Tr (𝐻)2
(𝑟 + 1)2
𝑅=
=
=
=
.
Det (𝐻)
𝛼𝛽
𝑟𝛽2
𝑟

(11)

It follows that, for some threshold eigenvalue ratio 𝑟th , if
𝑅 for a candidate keypoint is larger than (𝑟th + 1)2 /𝑟th , that
keypoint is poorly localized and hence rejected.
Each keypoint is assigned one or more orientations based
on local image gradient directions. This is the key step in
achieving invariance to rotation as the keypoint descriptor
can be represented relative to this orientation and therefore
achieve invariance to image rotation:
2

2

𝑚 (𝑥, 𝑦) = √(𝐿 (𝑥+1, 𝑦)−𝐿 (𝑥 − 1, 𝑦)) +(𝐿 (𝑥, 𝑦 + 1)−𝐿 (𝑥, 𝑦 − 1))

𝜃 (𝑥, 𝑦) = tan−1 (

𝐿 (𝑥, 𝑦 + 1) − 𝐿 (𝑥, 𝑦 − 1)
)
𝐿 (𝑥 + 1, 𝑦) − 𝐿 (𝑥 − 1, 𝑦)
(12)

𝑚(𝑥, 𝑦) represents the gradient magnitude, and 𝜃(𝑥, 𝑦) represents the orientation.
A set of orientation histograms are created on 4 × 4
pixel neighborhoods with 8 bins each. These histograms are
computed from magnitude and orientation values of samples
in a 16 × 16 region around the keypoint such that each
histogram contains samples from a 4 × 4 subregion of the
original neighborhood region. The magnitudes are further
weighted by a Gaussian function with 𝜎 equal to one half the
width of the descriptor window. The descriptor then becomes
a vector of all the values of these histograms. Since there are
4 × 4 = 16 histograms each with 8 bins, the vector has 128
elements. This vector is then normalized to unit length in
order to enhance invariance to affine changes in illumination.
The SIFT feature descriptors extracted from two images
𝐼1 , 𝐼2 while the camera is moved from position 𝑃1 to position
𝑃2 are shown in Figure 12.
2.4. TCF Lower Surface Distance Measurement. While the
measurement bar is pulled out, due to the temperature
difference, there is temperature gradient on the measurement
bar. And the temperature gradient is reflected as gray gradient
in the image (shown in Figure 6). Therefore, the distance
from TCF lower surface to the camera optical center is
calculated based on gray gradient detection in the image.

The measurement bar and the camera are both fixed in
the mechanical device, so they are in the relatively static state.
Therefore, in the image, pixels in the middle line of measurement bar have constant distance to the camera optical
center. Suppose that (𝐿 𝑥 , 𝐿 𝑦 ) represents pixel coordinate and
𝑑 represents the pixel’s distance to camera optical center. The
function {𝑓 : 𝐿 𝑦 → 𝑑} can be obtained (shown in Figure 13).
There is a pitch angle between camera optical axis and
the middle line of the measurement bar (21.5∘ in this paper);
therefore, pixels in the middle line of the measurement bar
have different spatial resolutions (mm/pixel), and the bigger
the vertical coordinate is, the higher the spatial resolution
is. Suppose that (𝐿 𝑥 , 𝐿 𝑦 ) represents pixel coordinate, and sr
represents the pixel’s spatial resolution, the function {𝑔 :
𝐿 𝑦 → 𝑠𝑟} can be obtained (shown in Figure 14).
In the continuous casting steelmaking process, the range
of the TCF thickness is 5 mm∼50 mm. Given the prior
knowledge, the functions 𝑓 and g, and the distance from the
TCF upper surface to the optical center, the image region
of interest (ROI) on the measurement bar can be obtained.
And in the ROI, the Gaussian-Laplace operator is used to
detect the gray gradient (shown in Figure 15). While the gray
gradient caused by TCF lower surface is detected, distance
from TCF lower surface to camera optical center can be
obtained by using function f.
2.5. Implementation. The steps below outline the procedure
for measuring the thickness of TCF, and the Steps (2)–(7) are
circularly implemented every 30 minutes.
(1) Initialization. Prepare the mechanical device, move it to
the specified location, check the status of the movement bar
and the camera, and ensure that they are steadily fixed. Then
control the mechanical device to insert the movement bar in
the molten steel.
(2) Thermal Balance. Keep the movement bar in the molten
steel long enough to make it in the thermal balance (30
minutes in this paper). And save the current position as 𝑝1
and current image as 𝐼1 .
(3) Pulling out the Measurement Bar. Control the mechanical
device to pull out the measurement bar, and save the current
position as 𝑝2 and current image as 𝐼2 .
(4) Distance Calculation from TCF Upper Surface to Camera
Optical Center. Use formula (4) to calculate the distance from
TCF upper surface to camera optical center, and save it as
𝐿 upper .
(5) Distance Calculation from TCF Lower Surface to Camera
Optical Center. Use the Gaussian-Laplace operator to obtain
the image gray gradient caused by TCF lower surface, and use
the function {𝑓 : 𝐿 𝑦 → 𝑑} to calculate the distance from TCF
lower surface to camera optical center, and save it as 𝐿 lower .
(6) TCF Thickness Calculation. Use formula (2) to calculate
the TCF thickness.
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(a)

(b)

(c)

Figure 12: Schematic diagram of matching the corresponding pixels in two images based on SIFT descriptors, (a) image 𝐼1 in position 𝑃1 ,
(b) image 𝐼2 in position 𝑃2 after the measurement bar is pulled out, and (c) matching the corresponding pixels in two images based on SIFT
descriptors.

(7) End Measurement. Control the mechanical device to
insert the measurement bar in the molten steel, and then
implement Step (2).

3. Experiments and Results
The TCF thickness measurement instrumentation has already been installed and applied in four Chinese steel plants,
which are Nanjing Steel Plant located in Jiangsu province
since 2010, Daye Steel Plant located in Hubei province since
2011, Hanzhou Steel Plant located in Zhejiang province since
2011, and Sanming Steel Plant located in Fujian province since
2012. The instrumentation works well in these four worksites,
and Figure 16 shows the working condition at scene.

3.1. Experiment of TCF Upper Surface Distance Measurement.
We did this experiment to verify the correctness and accuracy
of the method discussed in Section 2.3. The experiment steps
are as follows
(1) We localized the mechanical device in position 𝑃1 and
manually measured the distance from the camera to
the TCF upper surface (700 mm in this experiment)
and then saved the image in this position as 𝐼1 .
(2) We lifted the mechanical device in position 𝑃2 (𝑃2 −
𝑃1 = 50 mm in this experiment) and then saved the
image in this position as 𝐼2 .
(3) We did image registration for images 𝐼1 and 𝐼2 based
on SIFT and matched the corresponding pixels in
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Table 1: Horizontal and vertical angles of view of several kinds lens,
which have different sizes and focuses.

1500

Focus
(mm)

1400
1300
d 1200
1100
1000
900
800
700

0

100 200 300 400 500 600 700 800 900 1000
Ly

Figure 13: Schematic diagram of the relationship between pixels’
vertical coordinates in the middle line of the measurement bar and
its distance to the camera optical center. ∙ represents the sampling
points.

Vertical
angle of
view for
1/3 inch

Horizontal
angle of
view for
1/4 inch

Vertical
angle of
view for
1/4 inch

96.4∘
89.9∘
75.7∘
69.9∘
50∘
38.5∘
26.2∘
19.8∘
10.6∘
5.3∘
3.2∘
1.6∘

86.2∘
79.8∘
66∘
60.7∘
42.6∘
32.6∘
22.1∘
16.6∘
8.9∘
4.5∘
2.7∘
1.3∘

81.9∘
75.6∘
62.2∘
57∘
39.8∘
30.4∘
20.5∘
15.4∘
8.3∘
4.1∘
2.5∘
1.2∘

72.9∘
66.8∘
54.3∘
49.5∘
34.2∘
26∘
17.5∘
13.2∘
7∘
3.5∘
2.1∘
1.1∘

(5) We used formula (4) to calculate the distance from
camera to TCF upper surface and compared the
calculated results with the actual distance (700 mm
in this experiment). The calculation and comparison
details were shown in Table 2.

3.0
2.8

From the comparison shown in Table 2, average deviation
is 1.2 mm, and the biggest deviation is 2.2 mm; therefore,
we can conclude that the method in Section 2.3 based on
monocular vision and image registration can accurately
calculate the distance from the camera to TCF upper surface.

2.6
sr

2.5 mm
2.8 mm
3.6 mm
4 mm
6 mm
8 mm
12 mm
16 mm
30 mm
60 mm
100 mm
200 mm

Horizontal
angle of
view for
1/3 inch

2.4
2.2
2.0
1.8
1.6
1.4

0

100 200 300 400 500 600 700 800 900 1000
Ly

Figure 14: Schematic diagram of the relationship between pixels’
vertical coordinates in the middle line of the measurement bar and
its spatial resolution. ∙ represents the sampling points.

these two images (226 pixels were matched in this
experiment).
(4) We set the parameters in formula (4). Δℎ represents
lifted distance from 𝑃1 to 𝑃2 (50 mm in this experiment), 2𝛼0 represents vertical angle of view (42.6∘ in
this experiment), 2𝛽0 represents horizontal angle of
view (50∘ in this experiment), 𝛾0 represents angle of
pitch (21.5∘ in this experiment), and (𝑝𝑥 1 , 𝑝𝑦 1 ) and
(𝑝𝑥2 , 𝑝𝑦 2 ) represent the coordinates of corresponding
pixels in images 𝐼1 and 𝐼2 . Table 1 showed the horizontal and vertical angles of view of several kinds lens,
which had different sizes and focuses.

3.2. Comparison between Our Method and Single/Double Wire
Methods on TCF Thickness Measurement. In this experiment,
the results of our method were compared with the traditional
methods, which are single-wire measurement method and
double-wire measurement method. Although single/double
wire measurement methods have several disadvantages, such
as easily affected by the operator, dangerous to the operator,
and poor repeatability, they are still the most common used
and the most accredited methods in continuous casting
steelmaking process. Therefore, we took these two methods
as the golden standard to verify the correctness and accuracy
of our method.
To improve the accuracy of the single/double wire measurement methods and reduce the human interference from
the operators as far as possible, two operators were asked to
join the experiment and strictly obey the following rules: (1)
standing on the secure spot and staying alert; (2) vertically
inserting the wires into the molten steel; (3) keeping the hand
steady while the wires are in the molten steel; (4) keeping
the wires in the molten steel for five seconds; (5) pulling the
wires out of the molten steel as quickly as possible while the
time is up. One operator measured the TCF thickness using
one-wire measurement method, and the other one measured
the TCF thickness using two-wire measurement method.
While our instrumentation measured the TCF thickness,
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(a)

(b)

Figure 15: (a) Original image, (b) result of gray gradient detection. Arrows represent the gray gradient caused by TCF lower surface.

(a)

(b)

Figure 16: Working condition of our instrumentation at scene, (a) in the idle condition, (b) in the working condition.

both operators simultaneously measured the TCF thickness
using single/double wire measurement methods. In this way,
we can obtain three groups of experimental data at the same
time to make the comparison, one from our method, two
from single/double wire measurement methods.
The main ingredient of the TCF was shown in Table 3.
The operator was asked to add one bag of TCF through each
tundish hole every two hours, and the weight of one bag of
TCF was about 10 kg.
We did this experiment in two steel plants, respectively,
which are Sanming Steel Plant and Nanjing Steel Plant.
The error range that can be accepted by the steel plants is
±5 mm. Because the variation of TCF thickness is slow, we
measured the TCF thickness every 30 minutes using both our
method and the traditional single/double wire measurement

methods. The experiments took ten hours in Sanming Steel
Plant and nine hours in Nanjing Steel Plant. The measurement results and comparison between our method and the
traditional single/double wire measurement methods were
shown in Table 4 (Sanming Steel Plant) and Table 5 (Nanjing
Steel Plant), and the comparisons were also shown in Figures
17 and 18.
It is shown in Table 4 that in the experiment of Sanming
Steel Plant, the biggest deviation of our method from singlewire measurement method is 5.7 mm and the mean deviation
of our method from single-wire measurement method is
3.0 mm, and in the experiment of Sanming Steel Plant, the
biggest deviation of our method from double-wire measurement method is 6.3 mm and the mean deviation of our
method from double-wire measurement method is 2.8 mm.
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Table 2: Calculated distance from TCF upper surface to camera
optical center, and the comparison between calculated distance and
actual distance which is manually measured.

(455, 220)
(492, 224)
(501, 227)
(520, 251)
(526, 247)
(534, 252)
(547, 249)
(551, 248)
(330, 277)
(474, 239)
(501, 231)
(513, 240)
(520, 246)
(528, 254)
(529, 260)
(535, 255)
(535, 259)
(540, 257)
(513, 240)
(501, 225)

(450, 345)
(486, 348)
(494, 351)
(513, 374)
(518, 370)
(526, 374)
(539, 372)
(542, 371)
(335, 402)
(468, 363)
(495, 355)
(505, 362)
(513, 369)
(521, 376)
(522, 382)
(527, 378)
(527, 382)
(532, 380)
(505, 362)
(494, 349)

38

Calculated
distance
(mm)

Actual
distance
(mm)

Deviation
(mm)

698.6
701.3
701.5
701.1
698.5
700.8
700.0
701.8
700.9
699.1
701.3
699.0
701.4
701.8
702.2
701.1
701.0
701.1
698.4
700.3

700
700
700
700
700
700
700
700
700
700
700
700
700
700
700
700
700
700
700
700

−1.4
1.3
1.5
1.1
−1.5
0.8
0
1.8
0.9
−0.9
1.3
−1
1.4
1.8
2.2
1.1
1
1.1
−1.6
0.3

It is shown in Table 5 that in the experiment of Nanjing
Steel Plant, the biggest deviation of our method from singlewire measurement method is 6.4 mm and the mean deviation
of our method from single-wire measurement method is
2.1 mm, and in the experiment of Nanjing Steel Plant, the
biggest deviation of our method from double-wire measurement method is 7.6 mm and the mean deviation of our
method from double-wire measurement method is 3.0 mm.
From Tables 4 and 5, we can conclude that our instrumentation and measurement method can accurately measure
the TCF thickness, and our method has higher measurement precision and even can replace single/double wire
measurement methods in continuous casting steelmaking
process.
It is shown in Figures 17 and 18 that these three groups
of measured results (our method, single-wire measurement
method, and double-wire measurement method) have similar trend. As time went by, the TCF was melted by the molten
steel on and on; therefore, the TCF thickness became thinner
and thinner until the operator added one more bag of TCF
through the tundish hole. The operator added TCF every two
hours (at 2, 4, 6, and 8 hours in Figures 17 and 18); therefore,
the TCF thickness became much thicker after the TCF was
added.

36
TCF thickness (mm)

Image
Image
coordinates coordinates
before
after
movement
movement

40

34
32
30
28
26
24
22
20
18
0

1

2

3

4

6
7
5
Time (hours)

8

9

10

Figure 17: Measurement results and comparison between our
method and the traditional single/double wire measurement methods. All these data were obtained from Sanming Steel Plant. ◻
represents the results of our method, ∙ represents the results of
single-wire measurement method, and △ represents the results of
double-wire measurement method.

4. Conclusion
This paper presents a novel measurement method and instrumentation to measure the thickness of TCF in continuous casting steelmaking process. The method is based
on computer vision algorithms and the instrumentation is
specifically designed and built, which was composed of a
measurement bar, a mechanical device, a high-definition
industrial camera, a PLC, and a computer. Experiments and
results showed that our measurement method and instrumentation can accurately measure the thickness of TCF in
continuous casting steelmaking process and had good safety
for operators. Furthermore, our measurement method and
instrumentation can replace traditional single/double wire
measurement methods.

Appendix
The proof of transformation from image coordinates to world
coordinates
∵ Point 𝐼 is the joint point of optical
center 𝑂 on the plane 𝐴𝐵𝑈
∴ Line 𝑂𝐼 ⊥ plane 𝐴𝐵𝑈
∴ Plane 𝑂𝐺𝐼 ⊥ plane 𝐴𝐵𝑈

(A.1)

∵ Line 𝐽𝐺 ⊥ line 𝐸𝐹
∴ Line 𝐽𝐺 ⊥ plane 𝑂𝐺𝐼.
Suppose that point 𝑃 is any point on the plane ABCD, whose
world coordinate is (𝑃𝑥 , 𝑃𝑦 ). And the corresponding point of
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Table 3: Main ingredient of the TCF.

Ingredient
Content (%)

SiO2
11.7–15

MnO
3.1–4

Al2 O3
1–1.6

CaO
49–53

MgO
3.1–10

FeO
11–17

Fe2 O3
6.9–8

P2 O5
1.7–2

Table 4: Measurement results and comparison between our method and the traditional single/double wire measurement methods. All these
data were obtained from Sanming Steel Plant.
TCF thickness
measured by our
method (mm)
26.1
24.8
20.7
30.5
29.1
24.9
22.8
29.8
28.6
25.7
20.5
32.9
29.8
24.3
20.9
20.8
35.1
31.6
29.1
21.0

TCF thickness measured
by single-wire
measurement method
from operator no. 1 (mm)

TCF thickness measured
by double-wire
measurement method
from operator no. 2 (mm)

Deviation of our method
from single-wire
measurement method (mm)

Deviation of our method
from double-wire
measurement method (mm)

23.9
23.3
18.8
26.1
24.6
22.8
21.8
25.1
22.9
22.5
23.6
28.8
25.3
21.8
18.5
23.9
31.8
33.4
28.4
24.4

24.8
23.5
22.1
27.6
27.6
26.1
24.1
28.3
27.3
26.1
25.3
30.8
26.2
27.5
26.5
25.8
28.8
26.9
26.6
25.8

2.2
1.5
1.9
4.4
4.5
2.1
1
4.7
5.7
3.2
−3.1
4.1
4.5
2.5
2.4
−3.1
3.3
−1.8
0.7
−3.4

1.3
1.3
−1.4
2.9
1.5
−1.2
−1.3
1.5
1.3
−0.4
−4.8
2.1
3.6
−3.2
−5.6
−5
6.3
4.7
2.5
−4.8

Biggest deviation

5.7

6.3

Mean deviation

3.0

2.8

𝑃 in the image is 𝑃 , whose image coordinate is (𝑝𝑥 , 𝑝𝑦 ). As
shown in Figure 7, point 𝑃 and point 𝑄 have the same vertical
coordinate, which is GQ. Therefore, corresponding point of 𝑄
in the image is 𝑄 , and 𝑄 𝐺 = 𝑝𝑦 , which shown in Figure 19:

=

𝑝𝑦
(1/2) 𝐻/𝑡𝑔𝛼0

𝑂𝐺 =
(A.2)

2𝑝𝑦 × 𝑡𝑔𝛼0

∴ 𝛼 = arc𝑡𝑔

𝐻

2𝑝𝑥 × 𝑡𝑔𝛽0
.
𝑊

(A.4)

ℎ
cos 𝛾0

∵ 𝐼𝐺 = ℎ × 𝑡𝑔𝛾0

(A.5)

𝐼𝑄 = ℎ × 𝑡𝑔 (𝛾0 + 𝛼)

𝐻
2𝑝𝑦 × 𝑡𝑔𝛼0

𝛽 = arc𝑡𝑔

𝐻 represents the height of the image:

𝑝𝑦
𝐺 𝑄
𝑡𝑔𝛼 =
=
𝑂𝐺
𝐺 𝐸 /𝑡𝑔 (∠𝐺 𝑂𝐸 )
=

Similarly,

∴ 𝐺𝑄 = 𝐼𝑄 − 𝐼𝐺 = ℎ (𝑡𝑔 (𝛾0 + 𝛼) − 𝑡𝑔𝛾0 )
.

(A.3)

∴ 𝑃𝑦 = 𝐺𝑄 = 𝐼𝑄 − 𝐼𝐺 = ℎ (𝑡𝑔 (𝛾0 + 𝛼) − 𝑡𝑔𝛾0 ) .

(A.6)
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Table 5: Measurement results and comparison between our method and the traditional single/double wire measurement methods. All these
data were obtained from the Nanjing Steel Plant.
TCF thickness
measured by our
method (mm)

TCF thickness measured
by single-wire
measurement method
from operator no. 1 (mm)

TCF thickness measured
by double-wire
measurement method
from operator no. 2 (mm)

Deviation of our method
from single-wire
measurement method (mm)

Deviation of our method
from double-wire
measurement method (mm)

35.8
31.9
27.6
40.3
39.5
30.0
29.1
40.9
31.5
27.6
25.9
42.9
38.7
31.6
24.3
45.8
42.6
37.1

33.6
30.7
29.8
36.1
33.1
28.5
23.8
37.6
34.8
29.7
28.1
38.1
34.6
30.8
28.5
42.5
33.0
32.1

−2.3
−0.9
2.4
−2.7
−3.8
1.2
−2.6
−0.9
6.4
3.4
−4.3
0.9
−0.2
−2.7
1
−0.3
−2
0

−0.1
0.3
0.2
1.5
2.6
2.7
2.7
2.4
3.1
1.3
−6.5
5.7
3.9
−1.9
−3.2
3
7.6
5

33.5
31.0
30.0
37.6
35.7
31.2
26.5
40.0
37.9
31.0
21.6
43.8
38.5
28.9
25.3
45.5
40.6
37.1
Biggest deviation

6.4

7.6

Mean deviation

2.1

3.0

F

46
44
42
40

Q
E

O

38
TCF thickness (mm)

G

36

𝛼

34

𝛾0

h

32
30
Y

28

E

Q

G

F

I

26

Figure 19: Schematic diagram of the corresponding point vertical
coordinate between the world coordinates system and the image
coordinates system. Point 𝑄 has the same vertical coordinate with
the point 𝑃 in the plane ABCD, and the corresponding point of point
𝑄 in the image is point 𝑄 , and 𝑄 𝐺 = 𝑝𝑦 .

24
22
20
18
0

1

2

3

4

5

6

7

8

9

10

Time (hours)

Figure 18: Measurement results and comparison between our
method and the traditional single/double wire measurement methods. All these data were obtained from Nanjing Steel Plant. ◻
represents the results of our method, ∙ represents the results of
single-wire measurement method, and △ represents the results of
double-wire measurement method.

From formula (A.6), the vertical coordinate of point 𝑃 in
the world coordinates system can be obtained from the image
coordinate system:
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∵ 𝐼𝐺 = ℎ × 𝑡𝑔𝛾0

Therefore, the transformation from the image coordinates
system (𝑝𝑥 , 𝑝𝑦 ) to the world coordinates system (𝑃𝑥 , 𝑃𝑦 ) is

𝐼𝐹 = ℎ × 𝑡𝑔 (𝛾0 − 𝛼0 )
∴ 𝐺𝐹 = 𝐼𝐺 − 𝐼𝐹 = ℎ × (𝑡𝑔𝛾0 − 𝑡𝑔 (𝛾0 − 𝛼0 ))
∵ 𝑂𝐺 =
𝑂𝐹 =

𝑃𝑥 =

ℎ
cos 𝛾0

×(1 +

ℎ
cos (𝛾0 − 𝛼0 )

∴ 𝐹𝐶 ⊥ plane 𝑂𝐺𝐼

𝛼 = arc𝑡𝑔
(A.7)
𝛽 = arc𝑡𝑔

ℎ
× 𝑡𝑔𝛽0
∴ 𝐺𝐽 = 𝑂𝐺 × 𝑡𝑔𝛽0 =
cos 𝛾0
ℎ
× 𝑡𝑔𝛽0
cos (𝛾0 − 𝛼0 )

𝐹𝐶 𝑈𝐹
=
𝐺𝐽 𝑈𝐺

∴

𝐹𝐶 − 𝐺𝐽 𝑈𝐹 − 𝑈𝐺 −𝐺𝐹
=
=
𝐺𝐽
𝑈𝐺
𝑈𝐺

𝑂𝐼
ℎ
× 𝑡𝑔𝛽 =
× 𝑡𝑔𝛽
cos 𝛾0
cos 𝛾0

𝐺𝐿 𝑈𝐺
=
𝑃𝑄 𝑈𝑄

𝐺𝐿 (𝑈𝐺 + 𝐺𝑄)
∴ 𝑃𝑄 =
.
𝑈𝐺

(A.9)

(A.10)

GQ, UG, and GL can be obtained by formulas (A.6), (A.8),
and (A.9), respectively.
Thus,
∴ 𝑃𝑥 = 𝑃𝑄
=

ℎ
× 𝑡𝑔𝛽
cos 𝛾0
×(1+

,

2𝑝𝑥 × 𝑡𝑔𝛽0
.
𝑊

(A.12)
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We present a probabilistic method of predicting context of mobile users based on their historic context data. The presented method
predicts general context based on probability theory through a novel graphical data structure, which is a kind of weighted directed
multigraphs. User context data are transformed into the new graphical structure, in which each node represents a context or a
combined context and each directed edge indicates a context transfer with the time weight inferred from corresponding time data.
We also consider the periodic property of context data, and we devise a good solution to context data with such property. Through
test, we could show the merits of the presented method.

1. Introduction
In recent years, the function of mobile device has been largely
extended. Besides call and message service, mobile users
usually play games, listen to music, and watch TV, just with
their devices. So soon many people cannot get along without
their mobile devices [1]. Moreover, mobile device can detect
its location and sense the status of the device and current
weather such as temperature, humidity, and atmospheric
pressure [2]. As such historic context data of mobile users
increase cumulatively, now it becomes quite important to
provide users with advanced services based on their expected
context.
Advertisers want to know mobile users that will do
something or locate in some places within a specific time
period [3]. Assume that as a result of context prediction a
mobile user 𝑈 is expected to reach a location 𝐿 in near future.
Then, as an example service, stores near the location 𝐿 can
send ads to him or her. In other words, an owner of a restaurant near the location 𝐿 can send ads to whom will reach
nearby his/her restaurant (see Figure 1(a)). Also, mobile users
can get some information in advance about, for example,
what to do, where to go, or who to call/message [4]. The user

𝑈 may want to get some new information near the location
𝐿. For example, the user 𝑈 can get the parking information
regarding a resort, where he/she will go probably soon, while
staying at the restaurant (see Figure 1(b)). Context prediction
of mobile users can provide advertisers and mobile users with
useful information services.
For the advanced services, we should predict user’s
context correctly using his/her previous historic context data.
Any context data gathered by mobile device or its sensors
are available. Then user contexts are composed of user
activities, user locations, weather information, and so on.
All of them are time-stamped. In this paper, we present a
probabilistic method providing context prediction based on
user historic context data. In recent years, there have been
many studies to predict context of mobile users. However
most of them focused only on location prediction and many
of them were based on just machine learning and rule-based
techniques. When we compare our method with them, the
most distinguishable feature of the proposed method is that it
predicts general context based on probability theory through
a novel graphical structure with time-based edge weights.
The remainder of the paper is organized as follows. In
Section 2, we introduce recent related work about context
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(a)

(b)

Figure 1: Example illustrations of intelligent services based on historic context data of mobile users. (a) An example service for advertisers
(Ad of a restaurant in the above small box). (b) An example service for users (Parking info of a resort in the above small box).

prediction in mobile environments. In Section 3, we present
our prediction scenarios. We propose our probabilistic
method using a new graphical structure called time-inferred
pattern network in Section 4. In Section 5, we provide some
test results. Finally we give our conclusions in Section 6.

2. Related Work
In recent years, there have been many studies to predict
context of mobile users. However most of them focused only
on location prediction and many of them were based on just
machine learning techniques [5–7]. Also, some of them were
based on simple rule-based methods [8, 9].
In this study, we need user’s historic context data, but
there have been approaches without user’s historic data.
Karmouch and Samaan [10] predicted the traveling trajectory
and destination using knowledge of user’s preferences and
analyzed spatial information without user’s historic data.
Ying et al. [11] predicted the next location of a user’s movement based on both the geographic and semantic features
of users’ trajectories. Their prediction model is based on a
cluster-based strategy which evaluates the next location of a
mobile user based on the frequent behaviors of similar users
in the same cluster. Voigtmann et al. [12] also presented a collaborative context prediction technique to overcome the gap
of missing context information in the user’s context history.
As similar approaches to ours, there have been studies
that are probability based, graph based, or using time concept.
Liu and Karimi [7] proposed trajectory prediction methods
by a probability-based model and a learning-based model.
Wang and Cheng [13] devised an approach for mining
periodic maximal promising movement patterns based on
a graph structure and a random sampling technique. Chen
et al. [14] introduced graph-matching algorithms for mining
user movement behavior patterns. Laasonen [15] used other
context variables such as time to predict mobile user routes.
Bradley and Rashad [16] introduced a time-based location
prediction technique by mining mobile sequential patterns.
However, all of them are quite simple approaches. Here we
present a unified approach using probability theory on a new
time-inferred graph structure.
Predicting the location of mobile users was a frequently
tackled subtask of mobile context prediction in recent
researches. There have also been a few studies for predicting

general context beyond location, but many of them were
also based on just machine learning techniques from user
behavior [17, 18]. Tseng and Lin [19] mined and predicted
user behavior patterns based on the assumption that the
location and the service are inherently coexistent. Hassani
and Seidl [20] introduced a method for predicting a next
health context of mobile users using multiple contextual
streams that influence the health context. In this study, we
also consider multiple contexts for predicting any type of
context.

3. Prediction Scenarios
3.1. Used Context Types. In mobile computing, location
is usually used to approximate context and to implement
context-aware applications [6, 7, 9]. However there is more to
context than location as illustrated in Figure 2 [21]. We used
two types of context data: sensing data and log data. Sensing
data consist of location, device status (e.g., idle or calling),
activity (e.g., exercising, listening to music, watching TV, or
playing games), and weather such as weather type, temperature, humidity, and wind direction/speed. Used log data are as
follows: call log, SMS log, played music log, Email log, chatting log, and visited Web log. The above data of each mobile
user is periodically transferred to a server. The server analyzes
the historic context data and predicts the next context of each
user. The next subsections give our prediction scenarios.
3.2. Prediction on Multiple Context. From multiple types of
historic context data, we predict the context that belongs
to the given target context type and will occur the most
probably within the given time period. The motivation of
using multiple types of context data is from the assumption
that heterogeneous context as well as homogeneous context probably affects the next context considerably. Figure 3
illustrates the context prediction based on multiple types of
context data. In the figure, given context data of location and
weather for three days in time order, we want to predict the
third context of the fourth day.
3.3. Prediction on Periodic Context. This prediction scenario
is an extension of that given in Section 3.2. We assume that
users may show different patterns according to some period.
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Figure 2: An example illustration of various context types.
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Figure 4: An example illustration of context prediction based on
periodic context data classified by days of the week.
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Figure 3: An example illustration of context prediction based on
multiple types of context data.

For example, the patterns of a typical user on weekday will be
quite different from those on weekend. Figure 4 illustrates the
context prediction based on periodic context data classified
by “a day of the week.” This user may show different patterns
on Monday and Saturday. If we ignore this data type of “a
day of the week,” even with a good prediction algorithm,
inaccurate prediction results may be obtained.

4. Proposed Method
4.1. Input Context Data. Input data are given in the following
form. First, the target context type 𝑇 to predict is given. The
maximum prediction time is also provided. Historic context
data of a user are given in a series of ⟨starting time, ending
time, context type, context element⟩, which are sorted by
starting time in nondecreasing order. An example of historic
context data can be shown as follows: ⟨12:00, 13:00, location,
restaurant⟩, ⟨13:10, 13:30, activity, listening to music⟩, ⟨13:20,
17:50, weather, rainy⟩, ⟨13:20, 18:00, location, resort⟩, and so
on.
4.2. Time-Inferred Pattern Network. Context history can be
represented as a graph. For context prediction, we use a new

data structure called time-inferred pattern network (TIPN).
We can consider TIPN as a kind of directed weighted multigraph. Each node means context or its combination. There are
three types of nodes. Type-I nodes represent given context
elements (e.g., restaurant, listening to music, rainy, resort).
Each type-I node has the information of the average and
the standard deviation of stay times, where stay time means
the difference between starting time and ending time (i.e.,
stay time = ending time − starting time). Type-II nodes
deal with ordered pairs of context elements belonging to
different context types (e.g., (restaurant, listening to music),
(restaurant, rainy), (listening to music, rainy), (listening to
music, resort), (rainy, resort)). Each type-II node has the
information of the average, the standard deviation, and the
frequency of time gaps, where time gap means the difference
between starting times of the two context elements (i.e., time
gap = starting time of the second context element − that
of the first). Each type-III node is for a series of context
elements that are frequently appeared. Here the number of
context elements of a type-III node is not limited. Each typeIII node has the same information as type-II node, but time
gap becomes the difference between starting times of the first
context element and the last one. Each directed edge contains
movement information from some (combined) context to a
target context element. The information contains the average,
the standard deviation, and the frequency of time gaps, where
time gap is the difference between starting times of starting
node and ending one. Each edge also has its weight. The edge
weight presents the magnitude of possibility from context to
context. The same patterns increase the weight.
4.2.1. Information of Nodes and Edges. In this subsection, we
note some information of nodes and edges to be used in
TIPN. First, we assume that there are 𝑘 context types. We have
three types of nodes. Information for each type of nodes are
given in the following. For a type-I node 𝑢 for each context
type, we maintain the average of stay times (𝜇𝑢 ), the standard
deviation of stay times (𝜎𝑢 ), and the frequency (𝑐𝑢 ). Similarly
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eu,,1
eu,,2

Type-I node of
target context type

u

.
..
eu,,k



⟨𝜇u , 𝜎u , cu ⟩

⟨𝜇u,,k , 𝜎u,,k , cu,,k , wu,,k ⟩

⟨𝜇 , 𝜎 , c ⟩

Figure 5: Multiple directed edges between nodes in TIPN.

for a type-II node 𝑢 for context pair of different context
types, we have ordered context pair (𝛾1𝑢 , 𝛾2𝑢 ), the average of
time gaps (𝜇𝑢 ), the standard deviation of time gaps (𝜎𝑢 ), and
the frequency (𝑐𝑢 ). Considering a type-III node 𝑢 coming
from frequently appearing context sequence, we maintain
common context sequence (𝛾1𝑢 , 𝛾2𝑢 , . . . , 𝛾𝑙𝑢𝑢 ), the average of
time gaps (𝜇𝑢 ), the standard deviation of time gaps (𝜎𝑢 ),
and the frequency (𝑐𝑢 ). Finally, we consider multiple edges
between context type 𝑆 and target context type 𝑇. Edge set 𝐸 =
⋃𝑢∈𝑆,V∈𝑇 𝐸𝑢,V , where 𝐸𝑢,V = {𝑒𝑢,V,1 , 𝑒𝑢,V,2 , . . . , 𝑒𝑢,V,𝑘 , . . .}. The
following is information about the 𝑘th edge between node
𝑢 and node V: the average of time gaps (𝜇𝑢,V,𝑘 ), the standard
deviation of time gaps (𝜎𝑢,V,𝑘 ), the frequency (𝑐𝑢,V,𝑘 ), and
the weight (𝑤𝑢,V,𝑘 ). Figure 5 shows multiple directed edges
between nodes in TIPN.
4.2.2. Preprocessing. To make type-III nodes, we find frequent subpatterns from context log. For each context element
𝜏 in target context type 𝑇, we extract subsequences ending
with 𝜏 within time window. (Since the maximum prediction
time is given, we do not use the context data beyond the maximum prediction time when we generate a TIPN.) Let 𝑛𝜏 be
the number of extracted subsequences and let 𝛾1𝜏 , 𝛾2𝜏 , . . . , 𝛾𝑛𝜏𝜏
be the extracted subsequences. For each pair of subsequences,
we find its longest common subsequence (LCS) [22]. Then we
have 𝑛𝜏 (𝑛𝜏 + 1)/2 LCSes. Using Levenshtein distance [23] and
𝑘-means clustering [24] upon them, we obtain the optimal 𝑘
and 𝑘 clusters. For each cluster, we find a central sequence
so that its length is as short as possible. We add these central
sequences to the type-III node set. If the length of a central
sequence is just one, we discard the corresponding node.
4.2.3. Construction. We construct a TIPN after the preprocessing of creating type-III nodes. Starting with an empty
TIPN composed of isolated nodes, we iteratively construct
nodes and edges as reading input context data one by one.
Algorithm 1 shows the detailed pseudocode for constructing
a TIPN.
When we update each edge, we test a normal distribution
against accumulated time-gaps for the edge. In the case that
they do not follow normal distributions, we divide the edge
into two or more edges. So there may be multiple edges
between each pair of nodes. The weight 𝑤𝑢,V,𝑘 of each edge
𝑒𝑢,V,𝑘 is determined in proportion to its frequency 𝑓𝑢,V,𝑘 and
the magnitudes of its corresponding time gaps.
4.2.4. Maintenance. It is clear that recent context data is more
important than old ones. So we devise an aging strategy of

edges to give more weights to recent data than old ones. We
periodically apply it to only the edge weights per a unit time,
for example, a day, a week, a month, or a year. That is, all edge
weights are periodically updated as follows: 𝑤𝑢,V,𝑘 = 𝛼 × 𝑤𝑢,V,𝑘
for all edge 𝑒𝑢,V,𝑘 , where 𝛼 < 1. (We set 𝛼 to be 0.9 in
our experiments.) Also, we remove weakly connected edges.
Given threshold 𝑡 for removing edges, we remove edge 𝑒𝑢,V,𝑘
when its weight 𝑤𝑢,V,𝑘 is less than 𝑡.
In the case that a TIPN has already been constructed and
we have added context data, we do the same procedure of
Algorithm 1 starting with the previously constructed TIPN
instead of an empty TIPN.
4.3. Prediction Algorithm
4.3.1. Assumptions. In general, we assume that time-gap data
for each edge and stay-time data for each node follow a
normal distribution. If the collected data is sufficient, our
assumption is reasonable by the law of large numbers in
probability theory [25]. However, in the case that the collected
data is sparse, the assumption is not good. In such cases, we
assume the data follow a uniform distribution. In more detail,
we assume that the data follow 𝑈[𝜇 − √3𝜎, 𝜇 + √3𝜎], where
𝜇 and 𝜎 mean the average and the standard deviations of
sampled time data, respectively. The following fact supports
our assumption.
Fact 1. The average and the variance of 𝑈[𝜇 − √3𝜎, 𝜇 + √3𝜎]
are 𝜇 and 𝜎2 , respectively.
Proof. Let a random variable 𝑋 follow 𝑈[𝜇 − √3𝜎, 𝜇 + √3𝜎],
and let 𝑓(𝑡) be the probability density function of 𝑋. Then,
1
{
𝑓 (𝑡) = { 2√3𝜎
{0
𝐸 (𝑋) = ∫

if 𝜇 − √3𝜎 ≤ 𝑡 ≤ 𝜇 + √3𝜎
otherwise,

∞

−∞

=∫

𝑡𝑓 (𝑡) 𝑑𝑡

𝜇+√3𝜎

𝜇−√3𝜎

𝑡
𝑑𝑡
2√3𝜎
2

(𝜇 + √3𝜎) − (𝜇 − √3𝜎)

=

2

4√3𝜎

= 𝜇,
Var (𝑋) = 𝐸 (𝑋2 ) − 𝐸(𝑥)2
=∫

∞

−∞

=∫

𝑡2 𝑓 (𝑡) 𝑑𝑡 − 𝜇2

𝜇+√3𝜎

𝜇−√3𝜎

𝑡2
𝑑𝑡 − 𝜇2
2√3𝜎
3

=

(𝜇 + √3𝜎) − (𝜇 − √3𝜎)
6√3𝜎

3

− 𝜇2

= 𝜎2 .
(1)
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4.3.2. Sum of Edge Distribution and Node One. First we
consider the sum of normal distributions. It is well known
in probability theory, for example, [25]. If 𝑁1 and 𝑁2 are
independent random variables that are normally distributed,
then their sum is also normally distributed. That is, if 𝑁1 ∼
𝑁(𝜇1 , 𝜎12 ), 𝑁2 ∼ 𝑁(𝜇2 , 𝜎22 ), and 𝑁1 and 𝑁2 are independent,
then 𝑁1 + 𝑁2 ∼ 𝑁(𝜇1 + 𝜇2 , 𝜎12 + 𝜎22 ). This means that the sum
of two independent normally distributed random variables
is normal, with its mean being the sum of the two means,
and its variance being the sum of the two variances (i.e., the
square of the standard deviation is the sum of the squares of
the standard deviations).
Next we consider the sum of uniform distributions. We
assume that 𝑈1 and 𝑈2 are independent random variables that
are uniformly distributed, that is, 𝑈1 ∼ 𝑈[𝑙1 , 𝑢1 ] and 𝑈2 ∼
𝑈[𝑙2 , 𝑢2 ]. Let 𝑈1∗ be the uniform random variable obtained
by shifting the ranges of 𝑈1 by −𝑙1 ; that is, 𝑈1∗ = 𝑈1 − 𝑙1 ∼
𝑈[0, 𝑢1 −𝑙1 ]. Let 𝑈2∗ be the uniform random variable obtained
by shifting the ranges of 𝑈2 by −𝑙2 ; that is, 𝑈2∗ = 𝑈2 − 𝑙2 ∼
𝑈[0, 𝑢2 − 𝑙2 ]. Assuming that 𝑢1 − 𝑙1 ≤ 𝑢2 − 𝑙2 without loss of
generality, the sum of 𝑈1∗ and 𝑈2∗ is 𝑈1 + 𝑈2 − (𝑙1 + 𝑙2 ). Then,
𝑈1 + 𝑈2 = 𝑈1∗ + 𝑈2∗ + (𝑙1 + 𝑙2 ). The cumulative distribution
function of 𝑈1∗ + 𝑈2∗ is
𝑃 (𝑈1∗

+

=∫

𝑡

0

=∫

𝑡

0

𝑈2∗

𝑃 (𝑈1∗ + 𝑈2∗ ≤ 𝑡)
0
{
{
{
{
{
if 𝑡 ≤ 0
{
{
{
{
𝑡2
{
{
{
{
{
2 (𝑢1 − 𝑙1 ) (𝑢2 − 𝑙2 )
{
{
{
{
if
0 < 𝑡 ≤ 𝑢1 − 𝑙1
{
{
{
{
{
2𝑡 − (𝑢1 − 𝑙1 )
{
{
{
{
{
{ 2 (𝑢2 − 𝑙2 )
= {if 𝑢 − 𝑙 < 𝑡 ≤ 𝑢 − 𝑙
1
1
2
2
{
{
{
2
{
(−𝑡
+
2
((𝑢
−
𝑙
)
+
(𝑢
{
1
1
2 − 𝑙2 )) 𝑡
{
{
{
2
2
{
{
{ −(𝑢1 − 𝑙1 ) − (𝑢2 − 𝑙2 ) )
{
{
{
−1
{
{
×(2 (𝑢1 − 𝑙1 ) (𝑢2 − 𝑙2 ))
{
{
{
{
{
{if 𝑢2 − 𝑙2 < 𝑡 ≤ (𝑢1 + 𝑢2 ) − (𝑙1 + 𝑙2 )
{
{
{
{
1
{
{
{if 𝑡 > (𝑢1 + 𝑢2 ) − (𝑙1 + 𝑙2 ) .
(3)
By differentiating the function by 𝑡 and then shifting the range
of 𝑈1∗ + 𝑈2∗ by 𝑙1 + 𝑙2 to the right, we obtain the following
probability density function of 𝑈1 + 𝑈2 (see Figure 6):
𝑑
𝑃 (𝑈1 + 𝑈2 ≤ 𝑡)
𝑑𝑡

≤ 𝑡)

𝑃 (𝑈1∗

=

𝑥) 𝑃 (𝑈2∗

≤ 𝑡 − 𝑥) 𝑑𝑥

𝑃 (𝑈2∗ ≤ 𝑡 − 𝑥)
𝑑𝑥,
𝑢1 − 𝑙1

where 𝑡 > 0. Then,
𝑃 (𝑈1∗ + 𝑈2∗ ≤ 𝑡)
0
{
{
{
{
{
{
if 𝑡 ≤ 0
{
{
{
{
{
𝑡
{
{
𝑡−𝑥
{
{
𝑑𝑥
∫
{
{
{
(𝑢
−
𝑙
) (𝑢2 − 𝑙2 )
0
1
1
{
{
{
{
if 0 < 𝑡 ≤ 𝑢1 − 𝑙1
{
{
{
{
{
{
𝑢1 −𝑙1
{
𝑡−𝑥
{
{∫
𝑑𝑥
{
{
{
(𝑢
−
𝑙
0
{
1
1 ) (𝑢2 − 𝑙2 )
{
={
if 𝑢1 − 𝑙1 < 𝑡 ≤ 𝑢2 − 𝑙2
{
{
{
{
𝑡−(𝑢2 −𝑙2 )
{
1
{
{
{
𝑑𝑥
∫
{
{
𝑢1 − 𝑙1
0
{
{
{
𝑢1 −𝑙1
{
𝑡−𝑥
{
{
{
𝑑𝑥
+∫
{
{
(𝑢
−
𝑙
𝑡−
𝑢
−𝑙
{
(
1
1 ) (𝑢2 − 𝑙2 )
2 2)
{
{
{
{
if 𝑢2 − 𝑙2 < 𝑡 ≤ (𝑢1 + 𝑢2 ) − (𝑙1 + 𝑙2 )
{
{
{
𝑢1 −𝑙1
{
1
{
{
{
𝑑𝑥
∫
{
{
𝑢
0
{
1 − 𝑙1
{
if 𝑡 > (𝑢1 + 𝑢2 ) − (𝑙1 + 𝑙2 ) ,
{

(2)

0
{
{
{
{
if 𝑡 ≤ 𝑙1 + 𝑙2
{
{
{
{
{
𝑡 − (𝑙1 + 𝑙2 )
{
{
{
{
{
(𝑢
{
1 − 𝑙1 ) (𝑢2 − 𝑙2 )
{
{
{
{
+ 𝑙 < 𝑡 ≤ 𝑢1 + 𝑙2
if
𝑙
{
{ 1 2
{
(4)
{
1
{
{
= { 𝑢2 − 𝑙2
{
{
{
if 𝑢1 + 𝑙2 < 𝑡 ≤ 𝑢2 + 𝑙1
{
{
{
{
(𝑢1 + 𝑢2 ) − 𝑡
{
{
{
{
{
(𝑢1 − 𝑙1 ) (𝑢2 − 𝑙2 )
{
{
{
{
{
if
𝑢2 + 𝑙1 < 𝑡 ≤ 𝑢1 + 𝑢2
{
{
{
{0
{
{
{
{if 𝑡 > 𝑢1 + 𝑢2 .
Finally we consider the sum of normal distribution and
uniform one. Let 𝑁 be a random variable that is normally
distributed; that is, 𝑁 ∼ 𝑁(𝜇, 𝜎2 ). Let 𝑈 be a random variable
that is uniformly distributed; that is, 𝑈 ∼ 𝑈[𝑙, 𝑢]. We assume
that 𝑁 and 𝑈 are independent random variables. We cannot
obtain the closed form of the probability density function of
𝑁 + 𝑈, but fortunately the following cumulative distribution
function is available:
𝑃 (𝑈 + 𝑁 ≤ 𝑡)
=∫

∞

−∞
∞

𝑃 (𝑁 = 𝑥) 𝑃 (𝑈 ≤ 𝑡 − 𝑥) 𝑑𝑥

=∫

𝑓 (𝑥) 𝑃 (𝑈 ≤ 𝑡 − 𝑥) 𝑑𝑥

=∫

𝑓 (𝑥) 𝑑𝑥 + ∫

−∞
𝑡−𝑢
−∞

𝑡−𝑙

𝑡−𝑢

𝑓 (𝑥)

∞
𝑡−𝑥−𝑙
𝑑𝑥 + ∫ 0𝑑𝑥
𝑢−𝑙
𝑡−𝑙
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Start with an empty TIPN composed of isolated nodes;
For 𝑖 ← 1 to 𝑖𝑛𝑝𝑢𝑡 𝑑𝑎𝑡𝑎 𝑠𝑖𝑧𝑒 − 1 // read input context data
// constructing type-I nodes and their edges
for 𝑘 ← 1 to 𝑖 𝑠 𝑤𝑖𝑛𝑑𝑜𝑤 𝑠𝑖𝑧𝑒 − 1
Update info of type-I node 𝑛𝑖 ;
if type-I node 𝑛𝑖+𝑘 belongs to 𝑇 then
Update edge (𝑛𝑖 , 𝑛𝑖+𝑘 );
// constructing type-II nodes and their edges
for 𝑘 ← 1 to 𝑖 𝑠 𝑤𝑖𝑛𝑑𝑜𝑤 𝑠𝑖𝑧𝑒 − 2
context type of 𝑛𝑖 then
if context type of 𝑛𝑖+𝑘 ≠
for 𝑡 ← 𝑘 + 1 to 𝑖 𝑠 𝑤𝑖𝑛𝑑𝑜𝑤 𝑠𝑖𝑧𝑒 − 1
if type-I node 𝑛𝑖+𝑡 belongs to 𝑇 then
Update info of type-II node 𝑛 = (𝑛𝑖 , 𝑛𝑖+𝑘 );
Update edge (𝑛 , 𝑛𝑖+𝑡 );
// constructing type-III nodes and their edges
for 𝑘 ← 1 to 𝑖 𝑠 𝑤𝑖𝑛𝑑𝑜𝑤 𝑠𝑖𝑧𝑒 − 2
if ∃ a type-III node 𝑛 starting with the node 𝑛𝑖 then
for 𝑡 ← 𝑘 + 1 to 𝑖 𝑠 𝑤𝑖𝑛𝑑𝑜𝑤 𝑠𝑖𝑧𝑒 − 1
if type-I node 𝑛𝑖+𝑡 belongs to 𝑇 then
Update info of type-III node 𝑛 ;
Update edge (𝑛 , 𝑛𝑖+𝑡 );
Algorithm 1: Pseudocode for constructing a TIPN after preprocessing.

1
u2 −l2

l1 + l2

u1 + l2

u2 + l1

u1 + u2

Figure 6: Sum of two uniform distributions 𝑈[𝑙1 , 𝑢1 ] and 𝑈[𝑙2 , 𝑢2 ].

= 𝑃 (𝑧 ≤
×∫

𝑡−𝑙

𝑡−𝑢

𝑡−𝑢−𝜇
𝑡−𝑙−𝜇
)+
𝜎
𝑢−𝑙

𝑓 (𝑥) 𝑑𝑥 −

= 𝑃 (𝑧 ≤

𝑡−𝑢−𝜇 𝑢−𝑡+𝜇
)⋅
𝜎
𝑢−𝑙

+ 𝑃 (𝑧 ≤
+

𝜎2 𝑡−𝑙 𝑥 − 𝜇
𝑓 (𝑥) 𝑑𝑥
∫
𝑢 − 𝑙 𝑡−𝑢 𝜎2

𝑡−𝑙−𝜇
𝑡−𝑙−𝜇
)⋅
𝜎
𝑢−𝑙

𝜎2
⋅ (𝑓 (𝑡 − 𝑙) − 𝑓 (𝑡 − 𝑢)) ,
𝑢−𝑙
(5)
2

2

where 𝑓(𝑥) = (1/√2𝜋 ⋅ 𝜎)𝑒−(𝑥−𝜇) /2𝜎 .
4.3.3. Algorithm. When the current time is 𝑡 and recent
context data are given, we are to list all possible context
elements and their possibilities of a specific user within
the given time period [𝑡𝑠 , 𝑡𝑒 ], where 𝑡 < 𝑡𝑠 < 𝑡𝑒 . To
predict context, we use a TIPN that is already constructed.
The possibility 𝑝V of each target node V is computed by
the following three factors: (i) probability from each node

𝑢 to the target node V based on the edge 𝑒𝑢,V,𝑘 , (ii) the
context predictability of each node 𝑢, and (iii) the degree of
importance of the edge 𝑒𝑢,V,𝑘 to the target node V.
Now we define each factor and give the formula to
compute 𝑝V . (i) First, we calculate the probability 𝑃(𝑢, V, 𝑘)
from each node 𝑢 to the target node V in relation to the
edge 𝑒𝑢,V,𝑘 . We assume that time-gap data for each edge and
stay-time data for each node follow a normal or uniform
distribution. To compute 𝑃(𝑢, V, 𝑘) precisely, we need to make
good use of the conditional probability and normal sum
distribution. Let 𝑓𝑢,V,𝑘 and 𝑔𝑢,V,𝑘 be the probability density
functions of edge 𝑒𝑢,V,𝑘 and sum of edge 𝑒𝑢,V,𝑘 and node V,
respectively. Let 𝛼𝑢 be 𝑡 − (the starting time of the latest
context related to node 𝑢). Then 𝑃(𝑢, V, 𝑘) becomes 1 −
(probability to arrive at node V after time 𝑡𝑒 − (probability to
depart from node V before time 𝑡𝑠 ). Hence,
∞

𝑃 (𝑢, V, 𝑘) = 1 −

∫𝑡 −𝑡+𝛼 𝑓𝑢,V,𝑘
𝑒

∞

𝑢

∫𝛼 𝑓𝑢,V,𝑘
𝑢

𝑡 −𝑡+𝛼𝑢

−

∫𝛼𝑠

𝑢

∞

𝑔𝑢,V,𝑘

∫𝛼 𝑔𝑢,V,𝑘

.

(6)

𝑢

(ii) Context predictability means the easiness degree of
prediction for target context type. It can be derived from
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𝜇1 = 𝜇2 , 𝜎1 = 𝜎2 ⇒ s(e1 , e2 ) = 1

Case I: the same distribution

Case II: one-point intersection

Case III : two-point intersection

(𝜇1 , 𝜎1 )

(𝜇1 , 𝜎)
(𝜇2 , 𝜎)
(𝜇2 , 𝜎2 )

t
P(z ≤

t1

t − 𝜇1
t − 𝜇2
) + P(z ≥
)
𝜎
𝜎

P(z ≤

t2

t − 𝜇2
t − 𝜇2
t − 𝜇1
t1 − 𝜇1
) + P( 1
≤z≤ 2
) + P(z ≥ 2
)
𝜎1
𝜎2
𝜎2
𝜎1

Figure 7: Similarity between normal distributions.

a similarity measure between each node 𝑢 and target context
type 𝑇. We use the variance measure as follows:
𝑆 (𝑢, 𝑇) = |𝑇| × Var𝑡∈𝑇 (𝑝𝑢,𝑡 ) ,

where 𝑝𝑢,𝑡 =

∑𝑘 𝑤𝑢,𝑡,𝑘
.
∑𝑡∈𝑇,𝑘 𝑤𝑢,𝑡,𝑘
(7)

It ranges from 0 to 1 − 1/𝑘.
(iii) The degree of importance of the edge 𝑒𝑢,V,𝑘 from node
𝑢 to node V can be simply defined based on edge weights as
follows:
𝐷 (𝑢, V, 𝑘) =

𝑤𝑢,V,𝑘
.
∑𝑡∈𝑇,𝑘 𝑤𝑢,𝑡,𝑘

(8)

Now we can define the possibility 𝑝V of each target node V as
the following weighted sum:
𝑝V = ∑ (𝑆 (𝑢, 𝑇) × ∑𝐷 (𝑢, V, 𝑘) × 𝑃 (𝑢, V, 𝑘)) .
𝑢

(9)

𝑘

4.4. Managing Periodic Data. To manage periodic context
data, we define basic periodic elements, for example, the set of
“days of the week.” First, we construct a TIPN per each basic
periodic element. Some group of basic elements may have
similar patterns. If so, we should merge such TIPNs into one
before applying the prediction algorithm given in Section 4.3.
Similarity 𝑠(𝐺𝐴 , 𝐺𝐵 ) between any two TIPNs, 𝐺𝐴 = (𝑁𝐴, 𝐸𝐴 )
and 𝐺𝐵 = (𝑁𝐴, 𝐸𝐵 ), can be obtained from the normalized
summation of similarities 𝑠(𝑒𝐴, 𝑒𝐵 )s between distributions of
edges (see the next subsections). That is,
𝑠 (𝑒𝑖𝐴 , 𝑒𝑖𝐵 )
𝑠 (𝐺𝐴 , 𝐺𝐵 ) = ∑ 
 .
𝑖 𝐸𝐴 ∪ 𝐸𝐵 

If the similarity between two TIPNs is close to one, we
merge the two TIPNs. This process is continued until there
is no similar TIPNs. Now we present how to merge two
TIPNs. We just merge nodes and edges in the TIPNs.
Nodes and edges have the information of their statistical
distribution. So we have to consider the sum of distributions.
We assume that each node and each edge follow normal or
uniform distributions. Since the sum of normal or uniform
distributions is given in Section 4.3.2, we have only to obtain
its related statistics. Assuming that we have two statistics of
the average, the standard deviation, and the frequency, that
is, (𝜇, 𝜎, 𝑐) and (𝜇 , 𝜎 , 𝑐 ), their sum becomes

(10)

(

𝑐𝜇 + 𝑐 𝜇
,
𝑐 + 𝑐

√

𝑐 (𝜎2 + 𝜇2 ) + 𝑐 (𝜎2 + 𝜇2 )
𝑐 + 𝑐

2

−(

𝑐𝜇 + 𝑐 𝜇
) , 𝑐 + 𝑐 ) .
𝑐 + 𝑐
(11)

4.4.1. Similarity between Normal Distributions. Let edges 𝑒1
and 𝑒2 follow normal distributions, 𝑁(𝜇1 , 𝜎1 ) and 𝑁(𝜇2 , 𝜎2 ),
respectively. As shown in Figure 7, there are three cases to
consider. The first case is that 𝑒1 and 𝑒2 follow the same
distribution, that is, 𝜇1 = 𝜇2 and 𝜎1 = 𝜎2 . In this case,
it is obvious that 𝑠(𝑒1 , 𝑒2 ) = 1. The second case is that
the probability density functions of 𝑒1 and 𝑒2 have only one
𝜇2 and 𝜎1 = 𝜎2 . We assume that
intersection. Then 𝜇1 ≠
𝜇1 < 𝜇2 without loss of generality. Since the intersection point
𝑡 is (𝜇1 + 𝜇2 )/2, 𝑠(𝑒1 , 𝑒2 ) = 2 ⋅ 𝑃(𝑧 ≤ (𝜇1 − 𝜇2 )/2𝜎). The
third case is that the probability density functions of 𝑒1 and
𝜎2 . Assume that
𝑒2 have two intersections. In this case, 𝜎1 ≠
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Figure 8: Similarity between uniform distributions.

h≥

Case I:

1
√2𝜋 · 𝜎

Case II:

h
P(

h<

h × (t2 − l) + P(

h

t1

1
√2𝜋 · 𝜎

Case IV:

P(

(𝜇, 𝜎)

t1

h<

l−𝜇
t −𝜇
≤z≤ 1
) + h × (u − t1 )
𝜎
𝜎

h

l

(𝜇, 𝜎)

u

l

1
√2𝜋 · 𝜎

l−𝜇
u−𝜇
≤z≤
)
𝜎
𝜎

(𝜇, 𝜎)

Case III:

h<

u t2

l

u

t2

1
√2𝜋 · 𝜎

(𝜇, 𝜎)

P(

t −𝜇
l−𝜇
≤z≤ 1
) + h × (t2 − t1 )
𝜎
𝜎

h

+P(

l

t2 − 𝜇
u−𝜇
≤z≤
)
𝜎
𝜎

t1

t2

t2 − 𝜇
u−𝜇
≤z≤
)
𝜎
𝜎

u

Figure 9: Similarity between normal distribution and uniform one.

𝜎1 < 𝜎2 without loss of generality. Then 𝑠(𝑒1 , 𝑒2 ) = 𝑃(𝑧 ≤
(𝑡1 − 𝜇1 )/𝜎1 ) + 𝑃((𝑡1 − 𝜇2 )/𝜎2 ≤ 𝑧 ≤ (𝑡2 − 𝜇2 )/𝜎2 ) + 𝑃(𝑧 ≥
(𝑡2 − 𝜇1 )/𝜎1 ), where 𝑡1 = (𝑏 − √𝑏2 − 𝑎𝑐)/𝑎, 𝑡2 = (𝑏 +
√𝑏2 − 𝑎𝑐)/𝑎, 𝑎 = 𝜎22 − 𝜎12 , 𝑏 = 𝜇1 𝜎22 − 𝜇2 𝜎12 , and 𝑐 = 𝜇12 𝜎22 −
𝜇22 𝜎12 + 2𝜎12 𝜎22 ln (𝜎1 /𝜎2 ). We can get 𝑡1 and 𝑡2 by solving the
2
2
2
2
equation (1/√2𝜋 ⋅ 𝜎1 )𝑒−(𝑥−𝜇1 ) /2𝜎1 = (1/√2𝜋 ⋅ 𝜎2 )𝑒−(𝑥−𝜇2 ) /2𝜎2 .
4.4.2. Similarity between Uniform Distributions. Let edges 𝑒1
and 𝑒2 follow uniform distributions, 𝑈[𝑙1 , 𝑢1 ] and 𝑈[𝑙2 , 𝑢2 ],

respectively. We assume that 𝑙1 ≤ 𝑙2 without loss of generality.
As shown in Figure 8, there are two cases to consider. For
both cases, 𝑠(𝑒1 , 𝑒2 ) becomes min (ℎ1 , ℎ2 ) × (min (𝑢1 , 𝑢2 ) −
max (𝑙1 , 𝑙2 )), where ℎ1 = 1/(𝑢1 − 𝑙1 ) and ℎ2 = 1/(𝑢2 − 𝑙2 ).
4.4.3. Similarity between Normal Distribution and Uniform
One. Let edges 𝑒1 and 𝑒2 follow normal distribution 𝑁(𝜇, 𝜎)
and uniform distribution 𝑈[𝑙, 𝑢], respectively. As shown in
Figure 9, there are four cases to consider. We have one case
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Table 1: Effect of node extension.
Target
context type
(location)

Type-I
nodes

Probability
Type-{I, II}
nodes

Table 2: Effect of managing periodic data.
Type-{I, II, III}
nodes

L1
L2
L3
L4
L5

0.72
0.21
0.05
0.02
0.01

0.85
0.11
0.03
0.01
0.00

0.86
0.11
0.03
0.01
0.00

Total sum

1.00

1.00

1.00

Values in each column are normalized for their sum to be 1.
Location L1 is the answer of our test case.

for ℎ ≥ 1/√2𝜋 ⋅ 𝜎 and three cases for ℎ < 1/√2𝜋 ⋅ 𝜎, where
ℎ = 1/(𝑢 − 𝑙). In the case of ℎ ≥ 1/√2𝜋 ⋅ 𝜎, 𝑠(𝑒1 , 𝑒2 ) becomes
𝑃((𝑙 − 𝜇)/𝜎 ≤ 𝑧 ≤ (𝑢 − 𝜇)/𝜎). When ℎ < 1/√2𝜋 ⋅ 𝜎, the
probability density function of 𝑒1 has two intersection points
𝑡1 and 𝑡2 with the line 𝑦 = ℎ. Here the points 𝑡2 and 𝑡1 ,
2
2
which are roots of the equation ℎ = (1/√2𝜋 ⋅ 𝜎)𝑒−(𝑥−𝜇) /2𝜎 ,
become 𝜇 ± 𝜎√−2 ln (√2𝜋 ⋅ 𝜎ℎ), respectively. The latter three
cases can be classified in the following. When 𝑡1 ≤ 𝑙 ≤ 𝑡2 ≤
𝑢, 𝑠(𝑒1 , 𝑒2 ) = ℎ×(𝑡2 −𝑙)+𝑃((𝑡2 −𝜇)/𝜎 ≤ 𝑧 ≤ (𝑢−𝜇)/𝜎). When
𝑙 ≤ 𝑡1 ≤ 𝑢 ≤ 𝑡2 , 𝑠(𝑒1 , 𝑒2 ) = 𝑃((𝑙 − 𝜇)/𝜎 ≤ 𝑧 ≤ (𝑡1 − 𝜇)/𝜎) +
ℎ × (𝑢 − 𝑡1 ). When 𝑙 ≤ 𝑡1 ≤ 𝑡2 ≤ 𝑢, 𝑠(𝑒1 , 𝑒2 ) = 𝑃((𝑙 − 𝜇)/𝜎 ≤
𝑧 ≤ (𝑡1 − 𝜇)/𝜎) + ℎ × (𝑡2 − 𝑡1 ) + 𝑃((𝑡2 − 𝜇)/𝜎 ≤ 𝑧 ≤ (𝑢 − 𝜇)/𝜎).

5. Test Results
We tested the proposed method using real context data of
a mobile user. There were four types of context in our test:
location, call, SMS, and activity. They had 5, 6, 2, 2 context
elements, respectively. We set location to be target context
to predict. The maximum prediction time is 6 hours. Time
period to predict is 𝑡𝑠 = 30 to 𝑡𝑒 = 90 minutes after current
time 𝑡. As training data to construct a TIPN, we used data for
160 hours (about 7 days). As test data to apply the prediction
algorithm of Section 4.3, we used data for 6 hours before
current time 𝑡. The resultant TIPN had 15 type-I nodes, 13
type-II nodes, and 4 type-III nodes. The average number of
the context elements of obtained type-III nodes was 2.25. We
made two tests. One is the context prediction on nonperiodic
weekday data. Table 1 shows the results. To see the effect of
node extension (of introducing type-II nodes and type-III
ones), we used three TIPNs: TIPN with only type-I nodes,
that with type-I nodes and type-II ones, and that with all types
of nodes. All the methods successfully predicted context with
high probability. We could also see that type-II nodes and
type-III nodes help predict context more accurately.
The other test is the context prediction on periodic data.
As basic periodic elements, we used days of the week. The
test user had two patterns: weekday pattern and weekend one.
We made tests for both cases. Table 2 shows the results. “All”
means the prediction on the whole context data. “Periodic”
means the prediction applying the method of Section 4.4. We
could see that “Periodic” was better than “All.” In weekend test
case, “All” even produced a wrong answer.

Probability

Target
context type
(location)

Weekday case
All
Periodic

Weekend case
All
Periodic

L1

0.18

0.16

0.06

0.04

L2
L3
L4

0.80
0.00
0.01

0.84
0.00
0.00

0.49
0.00
0.45

0.00
0.00
0.96

L5

0.00

0.00

0.00

0.00

Total sum

1.00

1.00

1.00

1.00

Values in each column are normalized for their sum to be 1.
Location L2 is the answer of our weekday test case.
Location L4 is the answer of our weekend test case.

6. Conclusions
We proposed a novel probabilistic approach for context
prediction of mobile users based on their historic context
data. The proposed method predicts general context based on
probability theory through a new graphical structure called
time-inferred pattern network (TIPN).
The accumulated context data of a user are transformed
into the TIPN, in which each type-I node represents a single
context, each type-II node is from a pair of contexts, each
type-III node is made from a series of contexts the most
generally, and each directed edge indicates a context transfer
with the time weight inferred from corresponding time data.
With the constructed TIPN, assuming nodes and edges
follow normal or uniform distributions, we apply a scoring
method derived from probability theory to predict the next
context.
Unlike traditional approaches using only location, we
used other types of context such as call, SMS, and activity,
together with location. We also considered context data with
periodic property, providing a good solution for context
prediction of mobile users with such patterns. Some empirical
studies could show the goodness of the proposed prediction
algorithms. Nodes corresponding to more complex context
patterns could help predict the next contexts more accurately.
So could the classification and clustering of daily context
data patterns with periodic property. Although the proposed
method showed some merits through a simple comparison
from our experiments on small data set, we did not make
comparison of the proposed method with other state-of-theart ones. Such comparison on large-scale data will be a good
direction for future work.
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A robot emotional expression model based on Hidden Markov Model (HMM) is built to enable robots which have different
personalities to response in a more satisfactory emotional level. Gross emotion regulation theory and Five Factors Model (FFM)
which are the theoretical basis are firstly described. And then the importance of the personality effect on the emotion expression
process is proposed, and how to make the effect quantization is discussed. After that, the algorithm of HMM is used to describe
the process of emotional state transition and expression, and the performance transferring probability affected by personality is
calculated. At last, the algorithm model is simulated and applied in a robot platform. The results prove that the emotional expression
model can acquire humanlike expressions and improve the human-computer interaction.

1. Introduction
In the studies of psychology, emotion is a state which is
aroused and experienced by the individual constantly. The
aroused process can be either conscious or unconscious.
The emotional response sometimes is affected by the environment, but sometimes it comes into contradictions and
conflicts and is incompatible with a specific situations; thus,
it is necessary for the individuals to adapt to the environment
using emotional regulation [1]. Emotion regulation is a process that individuals manage and change the generation and
expression of emotions by strategies. Thompson thought that
“Emotional regulation may be defined as the extrinsic and
intrinsic processes responsible for monitoring, evaluating,
and modifying emotional reactions, especially their intensive
and temporal features” [2]. Gross thought emotion regulation
meant the individuals influenced what kind of emotions they
would have, when to have them, and how to experiment and
express them [3].
With the development of artificial psychology, robotics,
and computer technology, robots with different functions
gradually change people’s work and life and help human

beings to engage in complex and complicated manual labor.
In addition to the intelligent features, mental activities
like emotion, personality, willing, and creation are necessary to robots. Thus, emotion regulation is important to
robots in human-computer interaction. Lazarus and Folkman proposed the way of coping paradigm and distinguished
the emotion regulation between problem-focused coping—
persons’ attempts to change the situation or get rid of
menaces caused by tension, typically by using problemsolving strategies—and emotion-focused coping—persons’
attempts to lessen emotional distress by engaging behavioral
or cognitive regulation strategies [4]. It regarded emotion
regulation as a one-off act. Two-stage process model of
emotion regulation proposed by Gross thought it expanded in
the emotional process, which meant different strategies were
used in different stages [1]. All these studies ignored the effect
of the individual personality characteristics on the process
of emotional generation and expression. Some researchers
described the process of emotional state transition by the
mathematical model of Finite State Machine (FSM), which
included the influence of individual personality and emotional stimulus [5]. Some others applied backfeed loop [6],
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B-model [7], nonparametric cumulative sum (CUSUM) [8],
and et cetera to changing the cognitive and expression of
emotion. However, something about how to quantify the
personality characteristic parameter and how the personality
influences the emotional expression in the process of emotion
regulation have not been studied clearly.
In this paper, we firstly describe Gross’ emotion regulation process briefly and analyze the influence of emotional
expression strategy over emotional behaviors. Then, based
on HMM, we quantify the Gross’ process model of emotion regulation and expound the transfer and expression of
emotional states. According to the Five Factor Model scales,
the effect of personality on expression suppression strategy is
calculated in HMM. Finally, the mathematic model of robot
with personality is built and applied in the human-computer
interaction situation.

2. Gross’ Process Model of Emotion Regulation
and the Five Factor Model
2.1. Gross Model of Emotion Regulation. Different strategies are used in different stages of emotion generation. There are two parts of emotional regulation in
the Gross’ model: antecedent-focused emotion regulation
and response-focused emotion regulation. The antecedentfocused emotion regulation is divided into four different
types of strategies: situation selection, situation modification, attentional deployment, and cognitive change. And the
fifth strategy which is named as response modulation is a
response-focused strategy. Figure 1 shows an overview of
these strategies.
Situation selection is the first antecedent-focused emotion regulation strategy in Gross’ model. It refers to the
fact that individuals unconsciously approach or avoid certain
events or occasions to regulate their own emotions. The
second antecedent-focused emotion regulation strategy in
the model is situation modification, which is an attempt to
control and adjust uncomfortable emotional events in the
environment. The third antecedent-focused emotion regulation strategy is attentional deployment, which means individuals choose one or more attentional focuses in many aspects
of the situation. The fourth antecedent-focused emotion
regulation strategy is cognitive change that refers to selecting
the possible meanings to the emotional events. Different
cognitive meaning may generate different emotion states.
The fifth emotion regulation strategy, response modulation, a
response-focused strategy, happens after emotion arousal and
affects emotional responses like psychological experience,
behavioral expression, and physiological responses.
According to Gross’ model, there are many emotional
regulation strategies in the process of emotion generation.
The most common and useful strategies are reappraisal and
suppression. Reappraisal, which is an antecedent-focused
emotion regulation strategy, changes individual’s cognitive
understanding of emotional events so as to change emotional experience. Suppression is a response-focused strategy
and is used after emotional generation. Individuals use
this strategy to change tendency of emotional reaction,
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mainly including expressions and physiological responses.
This strategy mobilizes the individual’s self-control, but it
only regulates the expression of emotions and external
behavior, and the emotional experience has not changed.
Individuals can control their emotions better with a stronger
capability of self-control. In the same situation, individuals
with different personalities may have different emotional
behavior. This paper focuses on how suppression strategy
influences emotion expression and what is the effect of
personality.
2.2. Model of Personality. Personality is one’s responses of
thinking, emotion, and behavior, influenced by heredity and
environment. In a period of time, it has the character of
stability. One’s personality has an effect on the process of
emotional generation, reappraisal, and expression [9]. In
psychological research, the Five Factor Model (FFM) [10]
which is also named as the OCEAN Model is one of the
most recent models proposed so far. The FFM contains
five basic dimensions: openness, conscientiousness, extraversion, agreeableness, and neuroticism. The trait of openness describes a person’s cognitive style. Conscientiousness
means the way we control, manage and regulate our own
impulse. The extraversion trait represents the number and
density of human interaction, the need for stimulation,
and the ability obtaining pleasure. Agreeableness examines
the individual’s attitude to others, and neuroticism reflects
individual’s process of emotion regulation, the tendency of
negative emotion experience, and the instability of emotion. Each trait is represented by one dimension, and thus,
the FFM is a five-dimension model. The five-element vector P = [𝑝1 𝑝2 𝑝3 𝑝4 𝑝5 ] refers to one’s personality,
and 𝑝𝑖 , 𝑖 = 1, 2, . . . , 5 separately stands for the value
of openness, conscientiousness, extraversion, agreeableness,
and neuroticism. The effect of personality on suppression
strategy in Gross’ emotion regulation model is mainly discussed in this paper, and the weight of effect under each
personality trait is calculated by Analytic Hierarchy Process
(AHP).
2.3. Expression Parameter of Personality Suppression. Individual’s personality traits are evaluated by NEO-PI-R scales,
and personalized vector P = [𝑝1 𝑝2 𝑝3 𝑝4 𝑝5 ] could
be obtained. The five factors have different effects on suppression, and AHP is used to calculate the effect weight
𝑤1 , 𝑤2 , 𝑤3 , 𝑤4 , 𝑤5 , from which we can obtain weight vector
W = [𝑤1 𝑤2 𝑤3 𝑤4 𝑤5 ]𝑇 .
(a) Firstly building simplified hierarchical model as
shown in Figure 2. This simplified model contains two
layers: destination and criteria. Suppression strategy is
the destination, and traits in FFM are the criteria.
(b) Constructing the pairwise comparison matrix 𝐴. The
comparative value between trait 𝑝𝑖 and 𝑝𝑗 is shown in
Table 1. The bigger the value is, the more influential
𝑝𝑖 is compared with 𝑝𝑗 to the suppression of emotion
expression.
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Figure 1: Strategies of Gross emotion regulation model.

Suppression of emotional expression

Destination layer

Criteria layer

Openness

Conscientiousness

Extraversion

Agreeableness

Neuroticism

Figure 2: The simplified hierarchical model.

Then, the comparison matrix 𝐴 can be obtained as follows
and 𝑎𝑗𝑖 = 1/𝑎𝑖𝑗 :
1
1
3
1 5
5
3
1
1
1
1
( 1
)
(5
9 3 7)
(
)
(
)
A = (𝑎𝑖𝑗 )5×5 = ( 5 9 1 7 3 ) .
(1)
(
)
(1
)
1
1
( 3
1 )
3
7
5
1
3 7
5 1
3
(
)
Normalizing 𝐴 for each column vector by the following
formula, 𝐴 is obtained:
𝑎𝑖𝑗
𝑎𝑖𝑗 = 5
, (𝑖 = 1, 2, . . . , 5, 𝑗 = 1, 2, . . . , 5) , (2)
∑𝑖=1 𝑎𝑖𝑗
A = (𝑎𝑖𝑗 )

5×5

0.105
0.021
= (0.524
0.035
0.312

0.200
0.040
0.360
0.120
0.280

0.112
0.062
0.560
0.080
0.187

0.184
0.020
0.429
0.061
0.306

0.071
0.031
0.642) .
0.043
0.214
(3)

̃𝑖 = ∑5𝑗=1 𝑎𝑖𝑗 is calculated by summing 𝑎𝑖𝑗 in row, and 𝑤𝑖 is
𝑤
normalized by the following formula:

𝑤𝑖 =

̃𝑖
𝑤

̃𝑖
∑5𝑖=1 𝑤

=

∑5𝑗=1 𝑎𝑖𝑗
∑5𝑖=1 ∑5𝑗=1 𝑎𝑖𝑗

.

(4)

Finally, the weight vector can be gained: W
=
𝑇
[0.134 0.035 0.503 0.068 0.260] .
The ability suppressed by personality in the process of
emotional expression is defined as follows:
5

𝐸 = P × W = ∑𝑝𝑖 ⋅ 𝑤𝑖 ,

(5)

𝑖=1

𝜂=

𝐸
.
∑5𝑖=1 𝑝𝑖

𝜂 is the expression parameter of personality suppression.

(6)

4
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Table 1: The comparative value between traits.

Suppression of
emotion expression

Openness

Conscientiousness

Extraversion

Agreeableness

Neuroticism

Openness
Conscientiousness
Extraversion
Agreeableness
Neuroticism

1
1/5
5
1/3
3

5
1
9
3
7

1/5
1/9
1
1/7
1/3

3
1/3
7
1
5

1/3
1/7
3
1/5
1

3. Emotion Regulation Model Based on
HMM and the Effect of Personality on
Emotion Expression
3.1. Gross’ Emotion Regulation Model Based on HMM.
The emotional process includes generation of emotion and
expression of behavior. Emotional arousal is a random
process, which is not only in connection with the current
stimulus but also the emotional state of the individual.
Behavioral expression is a random process of emotional
expression after psychological experience generated. The two
kinds of random process are in line with HMM, and thus
we can use it to describe Gross’ process model of emotion
regulation in a mathematical method [5, 11].
HMM is a statistical probability model including hidden
states and Markov chain that is represented by parameters. As
shown in Figure 3, HMM is a double stochastic process that
consists of a Markov chain and a general stochastic process.
Markov chain is used to describe the transfer of emotional
states by the transition probability. And the general stochastic
process is used to describe the relationship between the
emotional states and the observed sequence by the observation probability. The process of states transition cannot
be observed, thus the model is named as “hidden” Markov
model.
HMM consists of two-state sets and three probability
matrices.
(a) Hidden state set 𝑆 = [𝑆1 , 𝑆2 , . . . , 𝑆𝑁]: these states,
that meet the Markov properties, usually cannot be
obtained through direct observation.
(b) Observation state set 𝑂 = [𝑂1 , 𝑂2 , . . . , 𝑂𝑀]: it is a
state set associated with hidden states, and its state
number can be different from the hidden state set’s.
(c) Initial state probability matrix 𝜋 = [𝑝1 , 𝑝2 , . . . , 𝑝𝑁],
∑𝑁
𝑖=1 𝑝𝑖 = 1: it refers to the probability distribution of
hidden state in the initial moment.
(d) Hidden state transition probability matrix A =
(𝑎𝑖𝑗 )𝑁×𝑁, ∑𝑁
𝑗=1 𝑎𝑖𝑗 = 1: it describes the transition
probabilities between the hidden states in HMM.
(e) Observation state transition probability matrix B =
(𝑏𝑗𝑘 )𝑁×𝑀, ∑𝑀
𝑘=1 𝑏𝑗𝑘 = 1: it represents the probability
that when hidden state is 𝑆𝑗 , the observed state is 𝑂𝑘 ,
here, 𝑏𝑗𝑘 = 𝑝(𝑂𝑘 | 𝑆𝑗 ), 1 ≤ 𝑗 ≤ 𝑁, 1 ≤ 𝑘 ≤ 𝑀.
Currently, emotion classification models used commonly
in human-computer interaction are the OCC model [12]

which specifies 22 categories for emotions, the PAD model
[13] that contains three dimensions of pleasure, arousal,
and dominance, and the basic emotion model identified by
Ekman [14] which includes happiness, anger, disgust, fear,
sadness, and surprise. The robot’s emotional state set is
defined as 𝑆 = [𝑆1 , 𝑆2 , . . . , 𝑆𝑁]. 𝑁 is the number of emotional
states, and 𝑞𝑖 , 𝑖 = 1, 2, . . . , 𝑁 is the probability that state 𝑆𝑖 is
generated, ∑𝑁
𝑖=1 𝑞𝑖 = 1, 0 ≤ 𝑞𝑖 ≤ 1(𝑖 = 1, 2, . . . , 𝑁).
The probability space of emotion state can be regarded as
𝑆
𝑆 𝑆 ⋅ ⋅ ⋅ 𝑆𝑁
( )=( 1 2
).
𝑞1 𝑞2 ⋅ ⋅ ⋅ 𝑞𝑁
𝑄

(7)

In this paper, in addition to the six basic emotions, calming is
used in the robot emotional states, and this means 𝑁 = 7.
Expression of human is various, but most psychologists
agree that all expression can be divided into six categories:
happiness, anger, disgust, fear, sadness, and surprise, corresponding to the six basic emotions, respectively. The emotion
of robot can be observed by the expression of its output,
which is the observed state in the observation matrix. Its
expression is different to basic emotions because of the
different intensity of emotion [15]. The six basic emotions
are divided into three area of strength: low, mid, and high,
so there are three expressions corresponding to each basic
emotion. Therefore, the robot has 19 kinds of expressions
including calming, and 𝑀 = 19.
The HMM emotion model presented in this paper is
about the effect of individual’s personality on the process of
emotion expression, and the emotional inherent performance
which reflects the person’s emotional variation, has nothing to
do with the character of the individual. In human interaction,
we will make a description to the interacted one—such as
one person is very cheerful and optimistic, or one person is
stable and cautious—obviously it is very difficult for a robot
to describe a person with his own characters. In the paper, we
assume that the emotion state of a robot has been generated,
which means the hidden state has come out by Markov
chain, and personality influences the expression of emotion
state. Assuming that the robot is in a certain initial state,
and the initial probability distribution is 𝜋0 , the emotional
state probability distribution changes under the hidden state
transition probability matrix A and generates the hidden state
𝑆𝑗 ; using the suppression strategy, the output of expression 𝑂𝑘
can be obtained by the observation state transition probability
matrix B which is corrected by the personality suppression
of expression parameter 𝜂.
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Hidden states sequence
(S1 , S2 , . . . , SN )
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Figure 3: Structure of HMM.
𝜂 · bjk1 · log2 (𝜂 + 1)

(1 − 𝜂) · bjk1 · log2 (𝜂 + 1)

bjk2 · log2 (𝜂 + 1)

bjk1

bjk2

bjk2

High-intensity
expression

Mid-intensity
expression

Low-intensity
expression

Figure 4: The change of 𝑏𝑗𝑘 by the personality suppression of expression parameter 𝜂.

3.2. Effect of Personality on Observation State Transition
Probability Matrix. It will get an emotional state called
hidden state 𝑆 which is recorded as 𝑡 + 1, after emotional
state is updated by Markov chain. Robots make certain
emotional behavior according to that an emotional state and
pass it to emotional expression system. To a certain particular
emotional status, its expression is different by its inner
character. For instance, when it happens to a same happy
state, to those open and active personality individuals, the
facial expression is much more obvious and vivid compared
to those introversion and sensitive personality individuals. So
after gaining individual’s emotional state, we still need one
random process to calculate expression output, which is the
general random process in HMM.
The observation state transition probability matrix B
refers to the probability of 7 kinds of expressions under 7
emotions:

B = (𝑏𝑗𝑘 )7×7

𝑏11 𝑏12
𝑏21 𝑏22
= ( .. ..
. .
𝑏71 𝑏72

⋅ ⋅ ⋅ 𝑏17
⋅ ⋅ ⋅ 𝑏27
. ),
d ..
⋅ ⋅ ⋅ 𝑏77

7

∑ 𝑏𝑗𝑘 = 1. (8)

𝑘=1

Expect for calming, the other 6 expressions are divided
into high-intensity, mid-intensity, and low-intensity expression. Thus B, is a 7 × 19 matrix:

B = (𝑏𝑗𝑘 𝑙 )

7×19

𝑏111 𝑏112 𝑏113 𝑏121
𝑏211 𝑏212 𝑏213 𝑏221
=( .
..
..
..
..
.
.
.
𝑏711 𝑏712 𝑏713 𝑏721

⋅ ⋅ ⋅ 𝑏17
⋅ ⋅ ⋅ 𝑏27
. ),
d ..
⋅ ⋅ ⋅ 𝑏77

(9)

6

3

∑ ∑ (𝑏𝑗𝑘𝑙 + 𝑏𝑗7 ) = 1.

(10)

𝑘=1 𝑙=1

Here, 𝑙 refers to intensity of emotion, and 𝑙 = 1, 𝑙 = 2,
𝑙 = 3 represents separately high-intensity, mid-intensity, and
low-intensity expressions 𝑏𝑗𝑘𝑙 (1 ≤ 𝑗 ≤ 7, 1 ≤ 𝑘 ≤ 6) is
the probability that 𝑘th kind of expression with 𝑙th intensity
generates under 𝑗th emotion, and 𝑏𝑗7 (1 ≤ j ≤ 7) is the
probability of calming under 𝑗th emotion.
The effect that personality has on suppression strategy
performs in external expression which refers to the observation state transition probability matrix B. In the paper, 𝑏𝑗𝑘
is changed by the effect of the personality suppression of
expression parameter 𝜂 as shown in Figure 4.
In Figure 4, the red arrow indicates the sum of transition
probability from high-intensity expression to mid-intensity
and low-intensity expressions which is 𝑏𝑗𝑘1 ⋅ log2 (𝜂 + 1),
including the probability (1−𝜂)⋅𝑏𝑗𝑘1 ⋅log2 (𝜂+1) from high- to
mid-intensity expression and 𝜂 ⋅ 𝑏𝑗𝑘2 ⋅ log2 (𝜂 + 1) from high- to
low-intensity expression. This indicates that with bigger 𝜂, the
transition probability from high- to mid-intensity expression
is smaller, and the transition probability from high- to lowintensity expression is bigger. That is, the stronger the ability
of self-control is, the more possible the low-intensity expression happens. On the contrary, with smaller personality
suppression of expression parameter 𝜂, the sum of transition
probability from high-intensity expression to mid-intensity
and low-intensity expression is smaller. That is, the weaker the
ability of self-control is, the more closed the expression is to
the inner experience. The blue arrow indicates the probability
from mid- to low-intensity expression, and the meaning is
when the personality suppression of expression parameter 𝜂
is bigger, low-intensity expression performs more possibly.
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The mathematic equations can be derived as follows:

1


𝑏𝑗𝑘
𝑙

0.9

Here, 1 ≤ 𝑗 ≤ 7, 1 ≤ 𝑘 ≤ 6, and the probability of calming has

not changed, 𝑏𝑗7
= 𝑏𝑗7 .
It can be proved that
7

6

3

6

6

6

𝑘=1

𝑘=1

𝑘=1








= ∑ ∑𝑏𝑗𝑘
+ 𝑏𝑗7
= ∑ 𝑏𝑗𝑘
+ ∑ 𝑏𝑗𝑘
+ ∑ 𝑏𝑗𝑘
+ 𝑏𝑗7
∑ 𝑏𝑗𝑘
𝑙
1
2
3

𝑘=1

𝑘=1 𝑙=1

Probability (bjk )

0.8


{ 𝑏𝑗𝑘1 = 𝑏𝑗𝑘1 − 𝑏𝑗𝑘1 ⋅ log2 (𝜂 + 1)
{
{
{
{ 𝑏 = 𝑏𝑗𝑘2 + (1 − 𝜂) ⋅ 𝑏𝑗𝑘1 ⋅ log2 (𝜂 + 1)
= { 𝑗𝑘2
{
{
− 𝑏𝑗𝑘2 ⋅ log2 (𝜂 + 1)
{
{ 
𝑏
=
{ 𝑗𝑘3 𝑏𝑗𝑘3 + 𝜂 ⋅ 𝑏𝑗𝑘1 ⋅ log2 (𝜂 + 1) + 𝑏𝑗𝑘2 ⋅ log2 (𝜂 + 1) .
(11)

0.7
0.6
0.5
0.4
0.3
0.2
0.1
0

0

0.1𝜂1 0.2

𝜂2

0.3 0.4 0.5 0.6 0.7𝜂3 0.8
Suppression parameter (𝜂)

0.9

1

bjj1
bjj2
bjj3

6

= ∑ (𝑏𝑗𝑘1 − 𝑏𝑗𝑘1 ⋅ log2 (𝜂 + 1))

Figure 5: The change of probability 𝑏𝑗𝑗𝑙 under initial probability
distribution of sadness [𝑏331 , 𝑏332 , 𝑏333 ] = [0.52, 0.39, 0.09]: 𝑏𝑗𝑗1
decreases, and 𝑏𝑗𝑗3 increases gradually, and 𝑏𝑗𝑗2 decreases after
increasing a little. To the individual with the personality suppression
of expression parameter 𝜂1 = 0.13, his expression intensity is high,
and to the individual with 𝜂2 = 0.26, his expression is mid intensity,
and to the third one with 𝜂3 = 0.72, the expression is low intensity.

𝑘=1

6

+ ∑ [𝑏𝑗𝑘2 + (1 − 𝜂) ⋅ 𝑏𝑗𝑘1 ⋅ log2 (𝜂 + 1)
𝑘=1

−𝑏𝑗𝑘2 ⋅ log2 (𝜂 + 1)]
6

+ ∑ [𝑏𝑗𝑘3 + 𝜂 ⋅ 𝑏𝑗𝑘1 ⋅ log2 (𝜂 + 1)
𝑘=1

+𝑏𝑗𝑘2 ⋅ log2 (𝜂 + 1)] + 𝑏𝑗7
6

= ∑ [𝑏𝑗𝑘1 − 𝑏𝑗𝑘1 ⋅ log2 (𝜂 + 1) + 𝑏𝑗𝑘2
𝑘=1

+ (1 − 𝜂) ⋅ 𝑏𝑗𝑘1 ⋅ log2 (𝜂 + 1) − 𝑏𝑗𝑘2 ⋅ log2 (𝜂 + 1)
+ 𝑏𝑗𝑘3 + 𝜂 ⋅ 𝑏𝑗𝑘1 ⋅ log2 (𝜂 + 1)
+𝑏𝑗𝑘2 ⋅ log2 (𝜂 + 1)] + 𝑏𝑗7
6

= ∑ [𝑏𝑗𝑘1 + 𝑏𝑗𝑘2 + 𝑏𝑗𝑘3 ] + 𝑏𝑗7
𝑘=1
6

3

= ∑ ∑ (𝑏𝑗𝑘𝑙 + 𝑏𝑗7 ) = 1.
𝑘=1 𝑙=1

(12)
Corrected emotional expression matrix satisfies the constraint: ∑𝑀
𝑘=1 𝑏𝑗𝑘 = 1. Although this model is proposed in the
case of the expression intensity divided into three categories,
it also applies to other classification of expression intensity.

4. Experiment
4.1. Simulation Results. Ekman’s six basic emotions include
fear, anger, sadness, disgust, happiness, and surprise. To
describe the emotion transfer and expression of the robot,
the calming emotion is added in this model. Thus, emotion
state set 𝑆 = {𝑆1 , 𝑆2 , 𝑆3 , 𝑆4 , 𝑆5 , 𝑆6 , 𝑆7 }, here 𝑆1∼ 𝑆6 represent

fear, anger, sadness, disgust, happiness, and surprise, and 𝑆7
is calming. First, we assume that the probability distribution
of the hidden state 𝑆 = [𝑞1 , 𝑞2 , 𝑞3 , 𝑞4 , 𝑞5 , 𝑞6 , 𝑞7 ] is known, and
the personality vectors P1 , P2 , P3 of three people are obtained
by NEO-PI-R scales. Then, the personality suppression of
expression parameters 𝜂1 , 𝜂2 , 𝜂3 is calculated by formula
(6). The observation state transition probability matrix B is
corrected by 𝜂1 , 𝜂2 , 𝜂3 , respectively, and the correction results
of the expression occurrence probability in different intensity
of different individuals are simulated. Assuming that to a
certain hidden state 𝑆𝑗 , only the expression corresponding
to the emotion is generated, 𝑗 = 𝑘. Here, Figures 5, 6, and
7 are the simulation results of sadness expression (𝑘 = 3)
correction probability.
Figures 5–7 show that with the increase of the personality
suppression of expression parameter, that is, the increase
in self-control ability, the probability of generating highintensity expression decreases, and probability of generating
low-intensity expression increases. When the emotion is
sadness (𝑗 = 3) and initial probability distribution of sadness
is different, different intensity expressions appear to the same
person; under the same distribution of initial probability,
the expression intensity is also different to individuals with
different personalities.
4.2. Experience on the Robot Platform. Expression is the most
direct manifestation of human emotional states. In the model
of the robot’s emotion regulation, HMM is used to realize
the suppression strategy in Gross’s emotion regulation model.
With the same initial probability distribution, robots with
different personalities have different intensity expressions;
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Table 2: Robot’s expressions in different intensities.

Low-intensity

Mid-intensity

High-intensity

Happiness

Sadness

Fear

Anger

Surprise

Disgust

Calming

Table 3: The expression results of robots.
Hidden state
Happiness
Fear
Disgust
Sadness
Surprise
Anger

Robot without personality
High-intensity expression
High-intensity expression
Mid-intensity expression
High-intensity expression
Mid-intensity expression
High-intensity expression

robots with same personality may have different expression
outputs because of different initial probability distributions.
In Table 2, different intensity expressions of robot are shown.
In order to verify the actual moderating effects of the
model, we apply the personality suppression model on the
robot platform and obtain different outputs of expressions
using suppression strategy. Three experiences are done in this
paper to prove the validity of the model.
4.2.1. Experience 1. In this experience, the observation state
transition probability matrix B is fixed. The expression results
of robots with and without personality are recorded in
Table 3. The results show that comparing with the robot
without personality, the expression of the robot which has

Robot with personality
Mid-intensity expression
Low-intensity expression
Low-intensity expression
Mid-intensity expression
Mid-intensity expression
Low-intensity expression

personalities is suppressed and that is more in line with the
human communication.
4.2.2. Experience 2. The observation state transition probability matrix B and the hidden state 𝑆 are fixed in the
experience. Five groups of personality vectors are inputted
to the robot emotion regulation system. Each group contains
100 different personality vectors, and the five groups have
high value in the factor of openness, conscientiousness,
extraversion, agreeableness, and neuroticism separately. The
statistic expression results of robots with different personalities are recorded as shown in Table 4. It can be inferred
from the results that the extraversion trait in personality
influences the expression intensity more than other traits, and

8
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Table 4: Different expression results of robots with different personalities.

Personality trait
Openness
Conscientiousness
Extraversion
Agreeableness
Neuroticism

High-intensity
expression

Mid-intensity
expression

Low-intensity
expression

19%
53%
6%
39%
17%

44%
35%
19%
33%
39%

37%
12%
75%
28%
44%

Table 5: Outputs of robots with different observation state transition probability matrices.
Maximum in [𝑏𝑗𝑗1 , 𝑏𝑗𝑗2 , 𝑏𝑗𝑗3 ]
𝑏𝑗𝑗1
𝑏𝑗𝑗2

Personality vector P2
Mid-intensity
expression
Low-intensity
expression
Low-intensity
expression

1

1

0.9

0.9

0.8

0.8

0.7

0.7

Probability (bjk )

Probability (bjk )

𝑏𝑗𝑗3

Personality vector P1
High-intensity
expression
Mid-intensity
expression
Low-intensity
expression

0.6
0.5
0.4
0.3

0.6
0.5
0.4
0.3

0.2

0.2

0.1

0.1

0

0

0.1𝜂1 0.2

𝜂2

0.3 0.4 0.5 0.6 0.7𝜂3 0.8
Suppression parameter (𝜂)

0.9

1

bjj1
bjj2
bjj3

Figure 6: The change of probability 𝑏𝑗𝑗𝑙 under initial probability
distribution of sadness [𝑏331 , 𝑏332 , 𝑏333 ] = [0.19, 0.52, 0.29]: 𝑏𝑗𝑗1
decreases more slowly than 𝑏𝑗𝑗2 , and 𝑏𝑗𝑗3 increases gradually. To the
individual with the personality suppression of expression parameter
𝜂1 = 0.13, his expression intensity is mid, and to the individual with
𝜂2 = 0.26 and the third one with 𝜂3 = 0.72, the expression is low
intensity.

the conclusion conforms to the point proposed by Gross and
John [9].
4.2.3. Experience 3. In experience 3, the hidden state 𝑆 is
fixed, and there are three different personality vectors. The
robots’ outputs with different observation state transition
probability matrices are recorded in Table 5. The results show
that to the same robot with personality, the expression is
different because of the different observation state transition
probability matrices.

Personality vector P3
Low-intensity
expression
Low-intensity
expression
Low-intensity
expression

0

0

0.1𝜂1 0.2

𝜂2

0.3 0.4 0.5 0.6 0.7 𝜂3 0.8
Suppression parameter (𝜂)

0.9

1

bjj1
bjj2
bjj3

Figure 7: The change of probability 𝑏𝑗𝑗𝑙 under initial probability
distribution of sadness [𝑏331 , 𝑏332 , 𝑏333 ] = [0.39, 0.09, 0.52]: 𝑏𝑗𝑗1
decreases, and 𝑏𝑗𝑗3 increases gradually, and 𝑏𝑗𝑗2 decreases after
increasing a little. To the individual with the personality suppression
of expression parameter 𝜂1 = 0.13, with 𝜂2 = 0.26 and with 𝜂3 =
0.72, the expression is low intensity.

Figure 8 shows the typical emotional expressions of the
robot. From the three experiences, it can be indicated that the
emotional expression suppression model with personality is
consistent with the simulation results basically. That means
the model proposed in this paper is validated, and humancomputer interaction can be improved by using the model.

5. Conclusion
Firstly, this paper analyses the importance of the robot’s
emotional regulation strateg, and applies the Gross’ emotion
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Low-intensity expression Mid-intensity expression High-intensity expression
of happiness
of happiness
of happiness

Expression of calming

Low-intensity expression Mid-intensity expression High-intensity expression
of sadness
of sadness
of sadness

Figure 8: Typical emotional expressions of the robot.

regulation model as the psychological basis of robot emotional model. Using HMM algorithm, we deal with the psychological problems mathematically and establish the robot’s
emotional regulation model. Aiming at the expressional suppression strategy in the process of emotional regulation, we
bring in robot personality as an impact factor and then adjust
the robot expression matrix. The impact factor does not
influence the value of emotional intensity but the occurrence
probabilities of different emotional intensities; thus, there is
no need to calculate the intensities of different emotions.
Using the proposed emotion regulation model in actual robot
platform, it can be seen that the robot is more natural and
human-like in the human-computer interaction. The statistical analysis of the model analysis and the actual interaction
results show that after the introduction of robot personality
suppression of expression parameter, anthropomorphic robot
is improved, and the effect of human-computer interaction
fits the diversity of human emotions.
Because of the sophistication and versatility of human
emotion regulation process, many factors affect the regulation. In this paper, we only consider the robot personality,
the obvious and influential factor, and cannot fully simulate
the human emotion interaction. How to take into account
various factors to optimize the model and how to apply the
model in the continuous emotional intensity space is one of
the main future researches.
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This paper proposes a novel multiagent reinforcement learning (MARL) algorithm Nash-𝑄 learning with regret matching, in which
regret matching is used to speed up the well-known MARL algorithm Nash-𝑄 learning. It is critical that choosing a suitable strategy
for action selection to harmonize the relation between exploration and exploitation to enhance the ability of online learning for
Nash-𝑄 learning. In Markov Game the joint action of agents adopting regret matching algorithm can converge to a group of points
of no-regret that can be viewed as coarse correlated equilibrium which includes Nash equilibrium in essence. It is can be inferred
that regret matching can guide exploration of the state-action space so that the rate of convergence of Nash-𝑄 learning algorithm
can be increased. Simulation results on robot soccer validate that compared to original Nash-𝑄 learning algorithm, the use of regret
matching during the learning phase of Nash-𝑄 learning has excellent ability of online learning and results in significant performance
in terms of scores, average reward and policy convergence.

1. Introduction
Multi-robot system (MRS) has received more and more
attention because of its broad application prospect, which has
several research platforms including formation [1], foraging
[2], prey-pursuing [3, 4], and robot soccer [5–7]. Robot soccer
is associated with robot architecture, cooperation, decision
making, planning, modeling, learning, vision tracking algorithm, sensing, and communication, which owns all the key
features of MRS. And the robot soccer system is discussed as
a test benchmark in this paper [8].
Though reinforcement learning (RL), for example, 𝑄learning [9–11] can be directly applied in MRS for decisionmaking, it violates the static environment assumption of
Markov Decision Process (MDP) [12]. For MRS action
selection of the learning robot is unavoidably affected by
actions of other agents, so multiagent reinforcement learning
(MARL) involving joint state and joint action is more suitable
and promising method for MRS [13–16].
MARL based on Stochastic Game (SG) that can be also
called Markov game (MG) has a solid theoretical foundation for MRS, which has developed several branches such

as MiniMax-𝑄 learning [17], Nash-𝑄 learning [18], FF-𝑄
learning [19], and CE-𝑄 learning algorithms [20]. Agents
adopting the above algorithms can also be called equilibrium
learners [17, 20, 21], which is one method of handling the loss
of stationarity of MDP. These algorithms learn joint action
values which are stationary and in certain circumstances
guarantee that these values can converge to Nash equilibrium
(NE) values [22] or correlated equilibrium (CE) values. Using
these values, the agents’policy corresponds to the agent’s
component of some nash or correlated equilibrium [23]. So
based on the fundamental solution concept of NE for MG,
Nash-𝑄 learning algorithm that finds NE at each state in
order to obtain NE policies for 𝑄 value updating is an effective
and typical MARL method.
For single agent learning scenario, 𝑄-learning is guaranteed to converge to the optimal action independent of the
action selection strategy. However, in a multiagent setting,
the action selection policy becomes crucial for convergence to
any joint action. A big challenge in defining a suitable strategy
for the selection of actions is to strike a balance between
exploring the usefulness of actions that have been attempted
only a few times and exploiting those in which the agents’
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confidence in obtaining a high reward is relatively strong.
This is known as the exploration and exploitation problem
[24].
Regret matching can better harmonize the relation
between exploration and exploitation. Regret has been studied both in game theory [25] and computer science [26, 27].
Regret measures how much worse an algorithm performs
compared with the best static strategy whose goal is to
guarantee at least zero average regret [23]. Regret matching
[25] belonging to no-regret algorithms guarantees that the
joint action will asymptotically converge to a set of points
of no-regret that can be referred to as coarse correlated
equilibrium in MG [28]. Because Nash equilibrium is in
fact coarse correlated equilibrium [28], it can be inferred
that regret matching that leads joint action to points of
coarse correlated equilibrium can effectively improve the
convergence rate of original Nash-𝑄 learning algorithm.
This paper is organized as follows. Section 2 reviews
multiagent reinforcement learning and Nash-𝑄 learning
algorithm. Section 3 briefly describes regret matching algorithm and then shows how to incorporate regret matching
technique into original Nash-𝑄 learning algorithm. Section 4
describes the structure of reinforcement learning of soccer
robot. Section 5 presents simulation demonstration of our
algorithm in robot soccer. Section 6 draws a conclusion and
summarizes some important points about this paper.

2. Multiagent Reinforcement Learning and
Nash-𝑄 Learning

𝛽 ∈ [0, 1). Denote 𝜋𝑖 as the strategy of agent 𝑖. For a given
initial state 𝑠, agent 𝑖 tries to maximize
∞

𝑉𝑖 (𝑠, 𝜋1 , 𝜋2 , . . . , 𝜋𝑛 ) = ∑𝛽𝑡 𝐸 (𝑟1𝑡 | 𝜋1 , 𝜋2 , . . . , 𝜋𝑛 , 𝑠0 = 𝑠) .
𝑡=0

(2)
2.2. Comparing among Existing Algorithms. The traditional
𝑄-learning algorithm [9] for computing an optimal policy in
an MDP with unknown reward and transition functions is as
follows:
𝑄 (𝑠, 𝑎) ← (1 − 𝛼) 𝑄 (𝑠, 𝑎) + 𝛼 [𝑟 (𝑠, 𝑎) + 𝛽𝑉 (𝑠 )] ,
𝑉 (𝑠) ← max 𝑄 (𝑠, 𝑎) .
𝑎∈𝐴

The simplest way to extend this to the multiagent MG setting
is just to add a subscript to the formulation above and the
definition of the 𝑄 values assumes that they depend on the
joint action of all agents. Meanwhile 𝑉 should be updated
with computation outcome of the 𝑄 values corresponding to
respective algorithm.
The Minimax-𝑄 learning algorithm as the first MARL
extends the traditional 𝑄-learning to the domain of twoplayer zero-sum multiagent MG environment. In Minimax-𝑄
learning, 𝑉 is updated with the minimax of the 𝑄 values:
𝑉1 (𝑠) ← max min ∑ 𝑝1 (𝑎1 ) 𝑄1 (𝑠, 𝑎1 , 𝑎2 ) .
𝑝1 ∈∏(𝐴 1 ) 𝑎2 ∈𝐴 2

2.1. Markov Game. Markov game (MG) can be viewed as
an extension of MDP to multiagent environments [29, 30],
where all agents select their actions simultaneously. The
reward that each agent gets depends on their joint action of
all agents and the current state as well as the state transitions
according to the Markov property [31]. MG is the theory
foundation of MARL and Figure 1 shows the architecture.
A reinforcement framework of MG can be defined by the
following.
An 𝑛-agent MG Γ is a tuple ⟨𝑛, 𝑆, 𝐴 1 . . . , 𝐴 𝑛 , 𝑇, 𝑟1 , . . . , 𝑟𝑛 ⟩,
where 𝑛 represents the number of agents, 𝑆 is the state space,
𝐴 𝑖 is the action space of agent 𝑖 (𝑖 = 1, . . . , 𝑛), 𝑇 : 𝑆 × 𝐴 1 ×
⋅ ⋅ ⋅ × 𝐴 𝑛 × 𝑆 → Δ(𝑆) is the transition function which depends
on the actions of all agents and Δ(𝑆) is the set of probability
distributions over state space 𝑆, and 𝑟𝑖 : 𝑆×𝐴 1 ×⋅ ⋅ ⋅×𝐴 𝑛 ×𝑆 →
𝑅 is the reward function for agent 𝑖 which also depends on the
actions of all agents. Given state 𝑠, each agent independently
chooses corresponding action 𝑎1 , . . . , 𝑎𝑛 and then receives
rewards 𝑟𝑖 (𝑆, 𝑎1 , . . . , 𝑎𝑛 ), 𝑖 = 1, . . . , 𝑛. The next state 𝑠 arrives
after joint action (𝑎1 , . . . , 𝑎𝑛 ) is taken at state 𝑠 based on fixed
transition probabilities and the following equation is satisfied:

𝑠 ∈𝑆

(1)

In a discounted MG, the objective of each agent is to
maximize the discounted sum of rewards with discount factor

𝑎1 ∈𝐴 1

(4)

The policy used in the Minimax-𝑄 learning algorithm can
guarantee that it receives the largest value possible in the
absence of knowledge of the opponent’s policy.
Hu and Wellman [21] extended the Minimax-𝑄 algorithm
to 𝑛-player general-sum MG. The extension requires that
each agent maintains 𝑄 values for all of the agents. And the
linear programming solution used to find the equilibrium of
zero-sum games is replaced by the quadratic programming
solution for finding an equilibrium in 𝑛-player general-sum
games. Nash-𝑄 updates the 𝑉 values based on some NE in
the game defined by the 𝑄-values:
𝑉𝑖 (𝑠) ← Nash𝑖 (𝑄1 (𝑠, 𝑎) , . . . , 𝑄𝑛 (𝑠, 𝑎)) ,

(5)

where 𝑄𝑖 (𝑠, 𝑎) denotes the payoff matrix to player 𝑖 and Nash𝑖
denotes the Nash payoff to that player.
Since Nash-𝑄 is limited to zero-sum and common-payoff
games in essence, Littman reinterpreted it as the Friend-orFoe-𝑄 (FF-𝑄) learning framework [19]. Although FF-𝑄 can
be applied in multiple players scenario, for simplicity we show
how the 𝑉 are updated in a two-player game:
Friend: 𝑉1 (𝑠) ←

∑ 𝑃 (𝑠 , 𝑆, 𝑎1 , . . . , 𝑎𝑛 ) = 1.

(3)

max

𝑎1 ∈𝐴 1 ,𝑎2 ∈𝐴 2

𝑄1 (𝑠, 𝑎1 , 𝑎2 ) ,

Foe: 𝑉1 (𝑠) ← max min ∑ 𝑝1 (𝑎1 ) 𝑄1 (𝑠, 𝑎1 , 𝑎2 ) .
𝑝1 ∈∏(𝐴 1 ) 𝑎2 ∈𝐴 2

(6)

𝑎1 ∈𝐴 1

Thus Friend-𝑄 updates 𝑉 similarly to regular 𝑄-learning, and
Foe-𝑄 updates as does minimax-𝑄.
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Figure 1: Architecture of MARL based on Markov game.

The above algorithms in this section all depend on some
methods of computing the NE for the matrix game defined by
𝑄 values of all players in each state. The value for each player
of a mutually agreed-on equilibrium is the value function
used in the 𝑄 update process. Instead of computing Nash
equilibria of 𝑄 stage games, the agent can compute other
solution concepts. One option is computing the CE. This is
the technique used by Greenwald and Hall in the unambiguously named Correlated-𝑄 (CE-𝑄) algorithm [20]. A CE is
more general than an NE, since it allows dependencies among
the agents’ probability distributions, while maintaining the
property that agents are optimizing. Compared to NE, CE can
be computed easily via linear programming. CE-𝑄 learning
is similar to Nash-𝑄 but instead uses the value of a correlated
equilibrium to update 𝑉:
𝑉𝑖 (𝑠) ← CE𝑖 (𝑄1 (𝑠, 𝑎) , . . . , 𝑄𝑛 (𝑠, 𝑎)) .

(7)

Like Nash-𝑄, it requires agents to select a unique equilibrium;
an issue that the authors address explicitly by suggesting
several possible selection mechanisms.
2.3. Nash-𝑄 Learning. The following is based on [18]. Extending 𝑄-learning to the multiagent learning domain with
NE concept, Nash-𝑄 equilibrium value is defined as the
expected sum of discounted rewards when all agents follow
specified Nash equilibrium strategies from the next period
on. The literature usually uses the terms policy and strategy
interchangeably. A Nash equilibrium is a joint strategy where
each agent’s strategy is a best response to the others’ strategies.
In MG Γ, a Nash equilibrium point is a tuple of 𝑛 strategies
(𝜋1∗ , . . . , 𝜋𝑛∗ ) such that for all 𝑠 ∈ 𝑆 and 𝑖 = 1, . . . , 𝑛,
V𝑖 (𝑠, (𝜋1∗ , . . . , 𝜋𝑛∗ ))
∗
∗
, 𝜋𝑖 , 𝜋𝑖+1
. . . , 𝜋𝑛∗ )
≥ V𝑖 (𝑠, 𝜋1∗ , . . . , 𝜋𝑖−1

∀𝜋𝑖 ∈ Π𝑖 ,

(8)

where Π𝑖 is the set of strategies available to agent 𝑖. 𝑄𝑖∗ is
defined as a Nash-𝑄 function for agent 𝑖 and 𝑄𝑖∗ (𝑠, 𝑎1 , . . . , 𝑎𝑛 )
is called Nash-𝑄 equilibrium value. Nash-𝑄 function of agent

𝑖 is defined over (𝑠, 𝑎1 , . . . , 𝑎𝑛 ), as the sum of agent 𝑖’s current
reward plus its future rewards when all agents follow the joint
NE strategy. That is,
𝑄𝑖∗ (𝑠, 𝑎1 , . . . , 𝑎𝑛 )
= 𝑟∗𝑖 (𝑠, 𝑎1 , . . . , 𝑎𝑛 )
+ 𝛽 ∑ 𝑃 (𝑠 | 𝑠, 𝑎1 , . . . , 𝑎𝑛 ) V𝑖 (𝑠 , 𝜋1∗ , . . . , 𝜋𝑛∗ ) ,

(9)

𝑠 ∈𝑆

where (𝜋1∗ , . . . , 𝜋𝑛∗ ) is the joint Nash equilibrium strategy,
𝑟𝑖 (𝑆, 𝑎1 , . . . , 𝑎𝑛 ) is agent 𝑖’s one stage reward in state 𝑠 and
under joint action (𝑎1 , . . . , 𝑎𝑛 ), and 𝑉𝑖 (𝑠 , 𝜋1∗ , . . . , 𝜋𝑛∗ ) is agent
𝑖’s total discounted reward over infinite periods starting from
state 𝑠 given that agents follow the equilibrium strategies.
In the case of multiple equilibria, different NE strategy
profiles may select different Nash-𝑄 functions. In this paper,
the learning agent picks the NE that yields the highest
expected payoff to them as a whole. The learning agent
indexed by 𝑖 learns about its 𝑄 values by forming an
arbitrary guess at time 0. One simple guess would be letting
𝑄𝑖0 (𝑠, 𝑎1 , . . . , 𝑎𝑛 ) = 0 for all 𝑠 ∈ 𝑆, 𝑎1 ∈ 𝐴 1 , . . . , 𝑎𝑛 ∈ 𝐴 𝑛 .
At each time 𝑡, agent 𝑖 observes the current state and then
takes its action. After actions were taken, agent 𝑖 observes its
own reward, actions taken by all other agents, others’ rewards,
and the new state 𝑠 . It then calculates a Nash equilibrium
𝜋1 (𝑠 ) ⋅ ⋅ ⋅ 𝜋𝑛 (𝑠 ) and updates its 𝑄 values according to
𝑄𝑖𝑡+1 (𝑠, 𝑎1 , . . . , 𝑎𝑛 ) = (1 − 𝛼𝑡 ) 𝑄𝑖𝑡 (𝑠, 𝑎1 , . . . , 𝑎𝑛 )
+ 𝛼𝑡 [𝑟𝑖𝑡 + 𝛽Nash𝑄𝑖𝑡 (𝑠 )] ,

(10)

where Nash𝑄𝑖𝑡 (𝑠 ) = 𝜋1 (𝑠 ) ⋅ ⋅ ⋅ 𝜋𝑛 (𝑠 ) ⋅ 𝑄𝑖𝑡 (𝑠 ).
Nash𝑄𝑖𝑡 (𝑠 ) is agent 𝑖’s payoff in state 𝑠 for the selected
equilibrium. Note that 𝜋1 (𝑠 ) ⋅ ⋅ ⋅ 𝜋𝑛 (𝑠 ) ⋅ 𝑄𝑖𝑡 (𝑠 ) is a scalar. The
learning algorithm is as follows:
Initialize:
Let 𝑡 = 0, get the initial state 𝑠0 ;
Let the learning agent be indexed by 𝑖;

4

Mathematical Problems in Engineering
For all 𝑠 ∈ 𝑆 and 𝑎𝑗 ∈ 𝐴 𝑗 , 𝑗 = 1, . . . , 𝑛, let
𝑄𝑗𝑡 (𝑠, 𝑎1 , . . . , 𝑎𝑛 ) = 0.

Correlated equilibrium

Loop
Choose action 𝑎𝑖𝑡 ;
Observe 𝑟1𝑡 , . . . , 𝑟𝑛𝑡 ; 𝑎1𝑡 , . . . , 𝑎𝑛𝑡 , and 𝑠𝑡+1 = 𝑠 ;
Update 𝑄𝑗𝑡 for 𝑗 = 1, . . . , 𝑛.
𝑄𝑗𝑡+1 (𝑠, 𝑎1 , . . . , 𝑎𝑛 ) = (1 − 𝛼𝑡 ) 𝑄𝑗𝑡 (𝑠, 𝑎1 , . . . , 𝑎𝑛 )
+ 𝛼𝑡 [𝑟𝑗𝑡 + 𝛽Nash𝑄𝑗𝑡 (𝑠 )] ,

Nash equilibrium

Coarse correlated equilibrium

(11)

where 𝛼𝑡 ∈ (0, 1) is the learning rate, and
Nash𝑄𝑗𝑡 (𝑠 ) is defined in (10).
Let 𝑡 := 𝑡 + 1.




For obtaining the NE 𝜋1 (𝑠 ) ⋅ ⋅ ⋅ 𝜋𝑛 (𝑠 ), agent 𝑖 need to
know 𝑄𝑡1 (𝑠 ), . . . , 𝑄𝑡𝑛 (𝑠 ). Agent 𝑖 should have conjectures
about those 𝑄-functions at the beginning of play. As the
game proceeds, agent 𝑖 observes other agents’ immediate
rewards and previous actions. That information can then
be used to update agent 𝑖’s conjectures on other agents’ 𝑄functions. Agent 𝑖 updates its beliefs about agent 𝑗’s 𝑄function, according to the same updating rule (10) it applies
to its own:
𝑄𝑗𝑡+1 (𝑠, 𝑎1 , . . . , 𝑎𝑛 ) = (1 − 𝛼𝑡 ) 𝑄𝑗𝑡 (𝑠, 𝑎1 , . . . , 𝑎𝑛 )
+ 𝛼𝑡 [𝑟𝑗𝑡 + 𝛽Nash𝑄𝑗𝑡 (𝑠 )] .

(12)

(𝑠𝑡 , 𝑎1 , . . . , 𝑎𝑛 ). ThereNote that 𝛼𝑡 = 0 for (𝑠, 𝑎1 , . . . , 𝑎𝑛 ) ≠
fore (12) does not update all the entries in the 𝑄-functions. It
updates only the entry corresponding to the current state and
actions chosen by the agents. This type of updating is called
asynchronous updating [18].

3. Regret Matching Algorithm for
Action Selection
By observing human ways of handling problems, we can
conclude that a human often reflects how regretful it is for the
decision that he had made. Through reflecting on past action
and feeling regretful, a human can learn more experience,
find improved action under complicated environment, and
enhance the learning efficiency. Regret enables him to obtain
better policy and to make progress quickly. In case that people
of community all adopt such idea, then the joint action will
bring each one good reward.
Based on the above notion, no regret learning algorithms
are proposed and have been widely studied and applied in
multiagent learning. No regret learning algorithms consist
of a lot of algorithms which guarantee that the joint action
will converge asymptotically to a set of points of no-regret
that can also be called coarse correlated equilibrium [32].
A no-regret point represents a case for which the average
reward which an agent actually obtained is as much as the
counterpart that the agent “would have” obtained had that

Figure 2: Relationship between Nash, correlated, and coarse correlated equilibrium.

agent used a different fixed strategy at all previous time steps
[28]. Figure 2 shows that Nash equilibrium belongs to not
only correlated equilibrium but also coarse CE. In other
words, it is important to note that convergence to a NE point
also implies convergence to a coarse correlated equilibrium
point (no-regret point).
The prominent feature of regret matching [25] as a branch
of no regret learning algorithms is that compared to other
learning algorithms, for example, fictitious play [33], it can
be easily applied in large scale MRS [28]. The detailed
description of regret matching can be found in [25]. And
a new algorithm Nash-𝑄 learning with regret matching is
proposed to increase the rate of convergence in MG. In the
proposed algorithm, regret matching is used to select the
action in each state to increase the convergence rate toward
Nash equilibrium policy.
According to the above notation, we define the average
𝑎
regret 𝑅𝑖 𝑖 (𝑠, 𝑡) of agent 𝑖 at time 𝑡 and in state 𝑠 as
𝑎

𝑅𝑖 𝑖 (𝑠, 𝑡) =

1 𝑁−1
∑ (𝑟 (𝑠, 𝑎𝑖 , 𝑎−𝑖 (𝑚)) − 𝑟𝑖 (𝑠, 𝑎 (𝑚))) ,
𝑁 𝑚=0 𝑖

(13)

where 𝑎−𝑖 denotes the collective (𝑎1 , . . . , 𝑎𝑖−1 , 𝑎𝑖+1 , . . . 𝑎𝑛 ), of
agents’ action except agent 𝑖, 𝑎 represents the joint action
(𝑎1 , . . . , 𝑎𝑛 ) of all agents, and 𝑁 represents the number of state
𝑠 visited.
Equation (13) shows that average regret for 𝑎𝑖 ∈ 𝐴 𝑖
of agent 𝑖 would represent the average improvement in his
reward if it had chosen 𝑎𝑖 ∈ 𝐴 𝑖 in all past steps and all
other agents’ actions had remained unchanged up to time
𝑎
𝑡. Regret matching based each agent 𝑖 computes 𝑅𝑖 𝑖 (𝑠, 𝑡) for
every action 𝑎𝑖 ∈ 𝐴 𝑖 using the following iterative equation:
𝑎

𝑅𝑖 𝑖 (𝑠, 𝑡) =

𝑡 − 1 𝑎𝑖
𝑅 (𝑠, 𝑡 − 1)
𝑡 𝑖
+

1
(𝑟 (𝑠, 𝑎𝑖 , 𝑎−𝑖 (𝑡)) − 𝑟𝑖 (𝑠, 𝑎 (𝑡))) .
𝑡 𝑖

(14)

Note that at each time step 𝑡 > 0, agent 𝑖 updates all
entries included in his average regret assemble 𝑅𝑖 (𝑠, 𝑡) =
𝑎
[𝑅𝑖 𝑖 (𝑠, 𝑡)]𝑎 ∈𝐴 . In regret matching after agent 𝑖 computed
𝑖
𝑖
its average regret assemble 𝑅𝑖 (𝑠, 𝑡), action 𝑎𝑖 (𝑠, 𝑡) is selected
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according to the probability distribution 𝑝𝑖 (𝑡), as shown in
the following equation:
𝑎
𝑝𝑖 𝑖

Left area

𝑎

(𝑡) = Pr [𝑎𝑖 (𝑠, 𝑡) = 𝑎𝑖 ] =

𝑅𝑖 𝑖 (𝑠, 𝑡)
𝑎

∑𝑎𝑖 ∈𝐴 𝑖 [𝑅𝑖 𝑖 (𝑠, 𝑡)]

,

(15)

where 𝑝𝑖 (𝑡) is the uniform distribution over 𝐴 𝑖 . In other
words, an agent using regret matching selects a particular
action at any time step with probability proportional to the
average regret for not selecting that particular action in the
past time steps.
If all agents of one team choose regret matching algorithm
for robot soccer, then the joint action will converge asymptotically to a set of points of coarse CE. So it can be inferred
that regret matching can effectively improve the convergence
rate of original Nash-𝑄 learning, which is validated by the
following simulation.

S5
S6
S7
S8

Teammate robot
Opponent robot
Ball
Vacancy

Front area

Robot

S9
S10
S11
S12

Right area
Teammate robot
Opponent robot
Ball
Vacancy

S1
S2
S3
S4

Teammate robot
Opponent robot
Ball
Vacancy

Figure 3: Environment states around soccer robot.

4. Action-Based Soccer Robot
4.1. Environment States and Joint Action of Robot. Robot
soccer is an very challenging and interesting domain for
the application of machine learning algorithms to real world
problems. Research groups have applied a lot of different
machine learning approaches to many facets of autonomously
soccer playing MRS [34].
Behavior-(action-) based approaches are very suited for
soccer because they have outstanding performance than
deliberative control in uncertain and dynamic environments.
Behavior design of the robot (agent) soccer team is based on
the following two characteristics. Firstly, points are scored by
kicking the ball across the opponent team’s goal. Secondly,
robots should avoid kicking the ball toward the wrong
directions, lest they score against their own team [35].
In this paper, environment states represented in Figure 3
are used to activate the robot. For simplicity each team is
composed of three agents (players) as shown in Figure 5.
Based on [36], a motor schema-based reactive control system
is used for action designing in which each agent is provided
three preprogrammed actions (behavior assemblages) that
correspond to steps in achieving the task as shown in
Table 1. These actions are in turn composed of more primitive
behaviors called motor-schemas. Several motor-schemas are
described as follows.
Move to kickspot: high gain to draw the robot to a point
one-half of a robot radius behind the ball. If the robots
bumps the ball from that location, the ball is propelled in
the direction of the opponent’s goal. Avoid teammates: gain
sufficiently high to keep the robots on the team spread apart.
Move to half point: high gain to draw the robot to a point
halfway between the ball and the defended goal. Swirl ball:
a ball dodging vector with gain sufficiently high to keep the
robots from colliding with the ball. Move to defended goal:
high gain to draw the robot to the defend goal [35].
Shoot ball action is showed in Figure 4. Being analogous to Figure 4, chase ball action is composed of
three primitive schemas: move to halfway point, swirl ball,
and avoid teammates. Goal keeping action is composed

Move to kickspot

avoid teammates

w1
w2

Shoot ball action
∑

Figure 4: Motor schema based on shoot ball action.

of two primitive schemas: move to defended goal and
move to kickspot.
4.2. Reward Function for Soccer. As an instant evaluator the
reward function for the action taken at a given state is
important for reinforcement learning. Global reinforcement
[35] refers to the case where a single reinforcement signal is
simultaneously delivered to all robots. A potential problem
with global reinforcement is the ambiguous assumption that
the closet robot just happened to be near the goal while
another soccer robot kicked the ball for a score from a
distance. Two important factors should be considered: time
and distance, and a modified reward function 𝑟𝑖 (𝑠, 𝑎) for agent
𝑖 from global reinforcement is as follows:
1
{
𝜂touch +
{
{
𝑑
{
𝑟𝑖 (𝑠, 𝑎) = {− (𝜂touch + 1 )
{
{
𝑑
{
{0

if the team scored at 𝑡 − 1,
if the opponent scored at 𝑡 − 1,
otherwise,
(16)

where 𝑠 denotes the soccer robot’s state, 𝑎 represents the joint
action of all agents (𝑎1 , . . . , 𝑎𝑛 ), touch is time in milliseconds
since the soccer robot last touched the ball, and 𝑑 represents
the distance in meters between the ball and robot. 𝜂 is a
parameter value varying between 0.5 and 1 that indicates
how quickly a potential reward should decay after the ball is
touched, and in this paper 𝜂 is set to be 0.7.

6

Mathematical Problems in Engineering
Table 1: Actions of soccer robot [37].

Action
Shoot ball
Chase ball
Goal keeping

Robot activity
If robot is close to the ball and goal, this action is used to shoot the ball.
When robot is far away from ball, this action is given to go after the ball.
Robot playing as a goal keeper gets this action to prevent losing point.

10
8
6
Scores difference

4
2
0
−2
−4

Figure 5: Simulated robot soccer.

−6
−8

5. Simulation

−10

TeamBots as shown in Figure 5 is a Java-based assemble
of application programs and java packages for multiagent
mobile robotics research, where control system of a robot
interacts with a well-defined sensor-actuator interface. The
simulation proceeds in discrete steps. The robots process their
sensor data in each step and then issue appropriate actuator
commands. The simulation models physical interactions
including robot, ball and wall collisions, sensors, and motordriven actuators [24].
Two teams A and B of soccer robots are designed and
each team is composed of three agents. Team A adopts Nash𝑄 learning with regret matching algorithm and Team B is
equipped with original Nash-𝑄 learning that learns Nash𝑄 equilibrium values by random action selection strategy.
If a goal is kicked, the ball will be replaced to the center
of the field without repositioning the agents and the match
goes on. Historical data including scores, average reward,
and the average number of policy changes are saved as the
match proceeds. The agents preserve Nash-𝑄 values learned
between matches. No limited time is imposed on playing
that the whole match is not over until a total of 10 points
are completed. The simulation is composed of 100 10-point
matches. The reward functions that the robots Team A and B
adopt are the same as shown in (16).
At the beginning 𝑄 values of all robots were initialized
with zero value. An important performance for robot soccer
is measured as the scores difference 𝐷:
𝐷 = 𝑆teamA − 𝑆teamB ,

(17)

where 𝑆teamA denotes the scores of Team A and 𝑆teamB is the
scores of Team B. A negative value indicates that Team A
lost the match, while positive values indicate that Team A
won the match. Figure 6 shows the curves of scores difference
𝐷 through which we know that robots of Team A found
good strategy of joint action resulting in draw or scoring

0
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20
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40

50 60
Matches

70

80

90

100

Figure 6: Scores difference 𝐷 as the number of matches increases.

over 5 points after the 37th match and outperformed Team
B from the 52th match to the end of simulation. It can be
summarized that robots of Team A with action exploration
strategy of regret matching have accumulated much experience by computing regret value for every action and gradually
taking joint action improved after the 37th match. By online
learning of regret matching, the joint actions of robots of
Team A are gradually close to approach points of coarse
correlated equilibrium, which greatly improved the offensive
and defensive capabilities of the whole team.
Through Figure 7, it may be concluded that the robots of
Team A received positive rewards most of the matches. The
average reward per match is increased as matches proceed
when the robots obtained more experience of cooperating.
It increases from approximately 3.8 to 8.7 in 100 rounds
of continuous matches. Because a bigger average reward
indicates that the robots have employed good cooperation
strategies to kicking more goals, Figure 7 confirms that regret
matching as action selection strategy is effective in helping
the agents to improve the quality of tactics coordination
in carrying out the cooperative attacking. Although for the
initial learning phase (the former 37 matches) Team A has
worse performance than Team B, as the matches proceed
the performance of Team A becomes better and better as
we expect before the simulation. For the latter 63 matches,
the robots of Team A can quickly adapt themselves to the
transition of environment state and coordinate their joint
action reducing conflict with their own teammates and
obtaining more and more positive rewards.
Learning rate is evaluated by monitoring the policy convergence which is tracked by recording the average number
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It can be noted that there is turnpoint at around the 52th
match, from which the average number of policy changes of
Team A monotonously diminished. An extended simulation
shows that the average number of policy changes for Team A
reached zero after 150 matches.
From Figures 6 to 8, it is clear that the new Nash-𝑄
with regret matching learning algorithm has higher learning
efficiency than the original Nash-𝑄 learning algorithm in
robot soccer. Regret matching can better harmonize the
tradeoff between exploration and exploit such that the agent
can reinforce the evaluation of the actions it already knows
to be good but also explore new actions. In particular, the
new algorithm Nash-𝑄 learning with regret matching takes
an average of 150 matches for completing policy convergence
in order to find Nash-𝑄 equilibrium values early.
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6. Conclusion

Team A using Nash-Q learning with regret matching
Team B using original Nash-Q learning

Figure 7: The average reward received by the robots in match.
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This paper presents a new multiagent reinforcement learning
approach combining Nash-𝑄 learning with regret matching to increase the convergence rate of original Nash-𝑄
learning algorithm that learns Nash-𝑄 equilibrium values
by random action selection in multiagent system. Regret
matching which belongs to online learning as a branch of
no regret learning algorithms can guarantee that the joint
action will asymptotically converge to a set of points of coarse
correlated equilibrium including Nash equilibrium points.
So we investigate how to make improved action selection in
original Nash-𝑄 learning algorithm through regret matching.
Robot soccer is adopted as platform to test the proposed
approach. Compared to original Nash-𝑄 learning, the results
of experiments validate that Nash-𝑄 learning with regret
matching algorithm has better performance in terms of
scores, average reward, and policy convergence for obtaining
the Nash equilibrium policy.
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Figure 8: The average number of policy changes per match.

of policy changes for all agents of Team A. For example, an
agent from Team A may have been following a strategy of goal
keeping when opponents appearing in front area, the ball in
front area and teammates in left and right, but owing to regret
matching it switches to the chase ball action instead. Such
alteration is viewed as policy change. The average number of
policy changes for Team B is stochastic because of strategy
of random action selection. So only the curve of policy
changes of Team A is analyzed. The data plotted in Figure 8
shows good convergence for Team A using regret matching
algorithm. The average number of policy changes per match
dropped to 0.47 after 100 matches.
The number of policy changes for robots of Team A
initially is high but decreases gradually in the latter matches.
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Economic development forecasting allows planners to choose the right strategies for the future. This study is to propose economic
development prediction method based on the wavelet kernel-based primal twin support vector machine algorithm. As gross
domestic product (GDP) is an important indicator to measure economic development, economic development prediction means
GDP prediction in this study. The wavelet kernel-based primal twin support vector machine algorithm can solve two smaller sized
quadratic programming problems instead of solving a large one as in the traditional support vector machine algorithm. Economic
development data of Anhui province from 1992 to 2009 are used to study the prediction performance of the wavelet kernel-based
primal twin support vector machine algorithm. The comparison of mean error of economic development prediction between
wavelet kernel-based primal twin support vector machine and traditional support vector machine models trained by the training
samples with the 3–5 dimensional input vectors, respectively, is given in this paper. The testing results show that the economic
development prediction accuracy of the wavelet kernel-based primal twin support vector machine model is better than that of
traditional support vector machine.

1. Introduction
As policy makers examine the future economic plans for their
regions, economic development forecasting allows planners
to choose the right strategies for the future [1, 2]. Gross
domestic product (GDP) is an important indicator to measure economic development. Thus, economic development
prediction means GDP prediction in this study. Artificial
neural networks are the popular prediction algorithms, which
have high parallel processing and error tolerance ability [3–5].
Bildirici et al. applied artificial neural networks to economic
development prediction, and according to tests of equal
forecast accuracy, the results suggest obvious advantages of
artificial neural networks compared to regression analysis
algorithm [6]. Kim et al. presented early warning system
of economic crisis based on artificial neural networks; the
experimental results indicated that artificial neural networks can predict economic growth effectively [7]. However,
artificial neural networks have the shortcomings of local
extremum and overfitting [8–10]. Support vector machine

based on the statistical learning theory has already outperformed most other prediction algorithms [11–14]. This study
is to propose economic development prediction method
based on the wavelet kernel-based primal twin support vector
machine algorithm (WPTSVM). The wavelet kernel-based
primal twin support vector machine algorithm can solve
two smaller sized quadratic programming problems instead
of solving a large one as in the traditional support vector
machine algorithm. In the wavelet kernel-based primal twin
support vector machine, Morlet wavelet function [15–18] can
be used as its kernel function.
Economic development data of Anhui province from
1992 to 2009 are used to study the prediction performance
of the wavelet kernel-based primal twin support vector
machine algorithm. In this experiment, we employ the
training samples with different dimensional input vector to
train the wavelet kernel-based primal twin support vector
machine algorithm. The comparison of the prediction values
between the wavelet kernel-based primal twin support vector
machine model and traditional support vectors machine

2

Mathematical Problems in Engineering

model trained by the training samples with 3-, 4-, and 5dimensional input vectors, respectively, is given; and the
comparison of the prediction error between the wavelet
kernel-based primal twin support vector machine model and
traditional support vector machine model trained by the
training samples with 3-, 4-, and 5-dimensional input vectors,
respectively, is given. And the comparison of mean error of
economic development prediction between wavelet kernelbased primal twin support vector machine and traditional
support vector machine model trained by the training samples with the 3–5 dimensional input vectors, respectively,
is given. It can be seen that the economic development
prediction accuracy of the wavelet kernel-based primal twin
support vector machine model is better than that of traditional support vector machine.
The organization of this paper has been described as
follows: wavelet kernel-based primal twin support vector
machine has been introduced in Section 2; experimental
analysis of economic development prediction method based
on the wavelet kernel-based primal twin support vector
machine algorithm is described in Section 3; and Section 4
gives the conclusions.

2. The Proposed Wavelet Kernel-Based Primal
Twin Support Vector Machine
The wavelet kernel-based primal twin support vector
machine algorithm can solve two smaller sized quadratic
programming problems instead of solving a large one as in
the traditional support vector machine algorithm. Given
a set of training sets {(𝑥𝑖 , 𝑦𝑖 )}𝑛𝑖=1 ⊂ 𝑅𝑚 × 𝑅, where 𝑥𝑖 and
𝑦𝑖 denote the input vector and corresponding output, the
two optimization problems of primal twin support vector
machine can be modified as follows.
Minimize
𝐶
1  2
𝑇 (𝑤1 , 𝜉) = [ (𝑤1 2 + 𝑏12 ) + 1
2
2

𝐶
1
𝐹 (𝛼) = [ (𝛼 𝐾𝛼 + 𝑏12 ) + 1
2
2

2
× (𝐾𝛼 + 𝑒𝑏1 ) − 𝑓2 + 𝐶2 𝑒 𝑙⋅ (𝐾𝛼 + 𝑒𝑏1 − 𝑓, 𝜇0 ) ] ,
(5)
where 𝐾 = 𝐾(𝐴, 𝐴 ) and 𝑢0 is a given 𝑛-dimensional vector;
and 𝛼 is the Lagrangian multiplier.
It is well known that primal twin support vector machine
with appropriate structure is able to gain excellent nonlinear
regression function. In the study, wavelet kernel function can
be used to deal with input variables of primal twin support
vector machine.
Here, Morlet wavelet function can be selected as the
kernel function of the proposed primal twin support vector
machine, which can be described as follows:

2
𝑥 − 𝑥 
𝑥 − 𝑥

 ),
) exp (−
𝐾 (𝑥, 𝑥 ) = ∏ cos (1.75 ×
𝑎𝑖
2𝑎𝑖2
𝑖=1


𝑚

(6)
where 𝑎𝑖 are the coefficients of wavelet function.
It is sufficient to prove the inequality:
𝐹 [𝑥] (𝑤) = (2𝜋)−𝑚/2 ∫ exp (−𝑗 (𝑤 ⋅ 𝑥)) 𝑘 (𝑥) 𝑑𝑥 ≥ 0,

(7)

where


2
× 𝑓 − (𝜃 (𝐴) 𝑤1 + 𝑒𝑏1 )2 + 𝐶2 𝑒 𝜉]

(1)

𝜉 ≥ 0.

𝑖=1

1.75𝑥
‖𝑥‖2
) exp (− 2 )
𝑎𝑖
2𝑎𝑖

∫ exp (−𝑗 (𝑤 ⋅ 𝑥)) 𝑘 (𝑥) 𝑑𝑥
(2)

Minimize
𝐶
1  2
𝑇 (𝑤2 , 𝜂) = [ (𝑤2 2 + 𝑏22 ) + 3
2
2

𝑚

𝑘 (𝑥) = ∏ cos (

subject to
𝑌 − (𝜃 (𝐴) 𝑤1 + 𝑒𝑏1 ) ≥ 𝑒𝜀1 − 𝜉,

Then, we can obtain primal twin support vector machine
by minimizing the following equation:

2
𝑚   √
(1.75 + 𝑤𝑖 𝑎𝑖 )
𝑎  2𝜋
= ∏  𝑖
( exp (−
)
2
2
𝑖=1

(8)

2

2

× ℎ − (𝜃 (𝐴) 𝑤2 + 𝑒𝑏2 )2 + 𝐶4 𝑒 𝜂]

(3)

(1.75 − 𝑤𝑖 𝑎𝑖 )
+ exp (−
)) .
2

subject to
(𝜃 (𝐴) 𝑤2 + 𝑒𝑏2 ) − 𝑌 ≥ 𝑒𝜀2 − 𝜂,

𝜂 ≥ 0,

(4)

where 𝐶𝑖 , 𝑖 = 1, 2, 3, 4, are the penalty factors; 𝑤1 , 𝑤2 denote
the weight vector; 𝑏1 , 𝑏2 denote bias term; 𝜉, 𝜂 are the positive
slack variables; and 𝜃(⋅) is the mapping function.

3. Experimental Analysis
Economic development data of Anhui province from 1992 to
2009 [19] are used to study the prediction performance of
the wavelet kernel-based primal twin support vector machine
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Create the training samples with different
dimensional input vectors
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Train WPTSVM model

2000
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0
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Figure 1: The experiment process of the wavelet kernel-based primal
twin support vector machine algorithm.

Table 1: The comparison of mean error of economic development
prediction values between WPTSVM and SVM.
The dimensions of
input vector
3
4
5

Mean error of
PTSVM

Mean error of SVM

0.0253
0.0194
0.0283

0.0410
0.0336
0.0462

algorithm. The experiment process of the wavelet kernelbased primal twin support vector machine algorithm can be
shown in Figure 1; the training samples are created as follows:
𝑎2
⋅ ⋅ ⋅ 𝑎𝑚
𝑎1
𝑥1
[ 𝑥2 ] [ 𝑎2
𝑎
⋅ ⋅ ⋅ 𝑎𝑚+1 ]
3
] [
],
𝑋=[
[ ⋅⋅⋅ ] = [ ⋅⋅⋅
⋅⋅⋅
⋅⋅⋅ ]
[𝑥𝑛−𝑚 ] [𝑎𝑛−𝑚 𝑎𝑛−𝑚+1 ⋅ ⋅ ⋅ 𝑎𝑛−1 ]
𝑦1
𝑎1
[ 𝑦2 ] [ 𝑎2 ]
]
],
[
[
𝑌=[
=
⋅⋅⋅ ] [ ⋅⋅⋅ ]
[𝑦𝑛−𝑚 ] [𝑎𝑛−𝑚 ]

(9)

where 𝑚 is the dimension of the input vector.
If the dimension of the input vector is set to 3, the training
samples of this experiment can be described as follows:
𝑑1992 𝑑1993 𝑑1994
𝑥1
[ 𝑥2 ] [𝑑1993 𝑑1994 𝑑1995 ]
]
],
[
[
𝑋=[ ]=[
𝑥3
𝑑1994 𝑑1995 𝑑1996 ]
⋅⋅⋅
⋅⋅⋅ ]
[⋅ ⋅ ⋅] [ ⋅ ⋅ ⋅
𝑦1
𝑑1995
[ 𝑦2 ] [𝑑1996 ]
] [
]
𝑌=[
[ 𝑦3 ] = [𝑑1997 ] .
[⋅ ⋅ ⋅] [ ⋅ ⋅ ⋅ ]

10

15

Number

Test WPTSVM model

(10)

Actual
WPTSVM

SVM

Figure 2: The comparison of the prediction values between the
WPTSVM model and traditional support vector machine model
trained by the training samples with 3-dimensional input vector,
respectively.

In this experiment, we employ the training samples
with different dimensional input vectors to train the wavelet
kernel-based primal twin support vector machine algorithm.
Figure 2 gives the comparison of the prediction values
between the wavelet kernel-based primal twin support vector
machine model and traditional support vector machine
model trained by the training samples with 3-dimensional
input vector, respectively; and the comparison of the prediction error between the wavelet kernel-based primal twin
support vector machine model and traditional support vector
machine model trained by the training samples with 3dimensional input vector, respectively is given in Figure 3.
Then, the comparison of the prediction values between the
wavelet kernel-based primal twin support vector machine
model and traditional support vector machine model trained
by the training samples with 4-dimensional input vector,
respectively, is given in Figure 4; and Figure 5 gives the
comparison of the prediction error between the wavelet
kernel-based primal twin support vector machine model and
traditional support vector machine model trained by the
regression training samples with 4-dimensional input vector,
respectively.
Finally, Figure 6 gives the comparison of the prediction
values between the wavelet kernel-based primal twin support vector machine model and traditional support vector
machine model trained by the training samples with 5dimensional input vector, respectively; and the comparison of
the prediction error between the wavelet kernel-based primal
twin support vector machine model and traditional support
vector machine model trained by the regression training
samples with 5-dimensional input vector, respectively, is
given in Figure 7. Table 1 gives the comparison of mean error
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Figure 5: The comparison of the prediction error between the
WPTSVM model and traditional support vector machine model
trained by the regression training samples with 4-dimensional input
vector, respectively.
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Figure 3: The comparison of the prediction error between the
WPTSVM model and traditional support vector machine model
trained by the training samples with 3-dimensional input vector,
respectively.
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Figure 4: The comparison of the prediction values between the
WPTSVM model and traditional support vector machine model
trained by the training samples with 4-dimensional input vector,
respectively.

of economic development prediction between wavelet kernelbased primal twin support vector machine and traditional
support vector machine models trained by the training
samples with the 3–5-dimensional input vectors, respectively.
It can be seen that the economic development prediction
accuracy of the wavelet kernel-based primal twin support
vector machine model is better than that of traditional
support vector machine.

Actual
WPTSVM

4

6
8
Number

10

12

14

SVM

Figure 6: The comparison of the prediction values between the
WPTSVM model and traditional support vector machine model
trained by the training samples with 5-dimensional input vector,
respectively.

4. Conclusions
The wavelet kernel-based primal twin support vector
machine algorithm is proposed to predict economic development in the paper. The WPTSVM algorithm can solve two
smaller sized quadratic programming problems instead
of solving a large one as in the traditional support vector
machine algorithm. Morlet wavelet function is employed
to construct the primal twin support vector machine.
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neural networks,” Safety Science, vol. 50, no. 7, pp. 1495–1501,
2012.
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[4] C. L. Wu, K. W. Chau, and C. Fan, “Prediction of rainfall time
series using modular artificial neural networks coupled with
data-preprocessing techniques,” Journal of Hydrology, vol. 389,
no. 1-2, pp. 146–167, 2010.
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[5] G. D. Wu and S. L. Lo, “Effects of data normalization and
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water treatment by artificial neural network,” Expert Systems
with Applications, vol. 37, no. 7, pp. 4974–4983, 2010.
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Figure 7: The comparison of the prediction error between the
WPTSVM model and traditional support vector machine model
trained by the regression training samples with 5-dimensional input
vector, respectively.

Then, we use multistep prediction mode to indicate the
practicability and stability of the wavelet kernel-based primal
twin support vector machine algorithm. In this experiment,
we employ the training samples with different dimensional
input vectors to train the wavelet kernel-based primal twin
support vector machine algorithm. The comparison of
mean error of economic development prediction between
wavelet kernel-based primal twin support vector machine
and traditional support vector machine modelstrained by
the training samples with the 3–5-dimensional input vectors,
respectively is given in this paper. The testing results show
that the economic development prediction accuracy of the
WPTSVM model is better than that of traditional SVM.
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This study proposes a traffic congestion minimization model in which the traffic signal setting optimization is performed through
a combined simulation-optimization model. In this model, the TRANSYT traffic simulation software is combined with Differential
Evolution (DE) optimization algorithm, which is based on the natural selection paradigm. In this context, the EQuilibrium Network
Design (EQND) problem is formulated as a bilevel programming problem in which the upper level is the minimization of the total
network performance index. In the lower level, the traffic assignment problem, which represents the route choice behavior of the
road users, is solved using the Path Flow Estimator (PFE) as a stochastic user equilibrium assessment. The solution of the bilevel
EQND problem is carried out by the proposed Differential Evolution and TRANSYT with PFE, the so-called DETRANSPFE model,
on a well-known signal controlled test network. Performance of the proposed model is compared to that of two previous works
where the EQND problem has been solved by Genetic-Algorithms- (GAs-) and Harmony-Search- (HS-) based models. Results
show that the DETRANSPFE model outperforms the GA- and HS-based models in terms of the network performance index and
the computational time required.

1. Introduction
Configuring the traffic signal timings is a challenging problem in transportation engineering as it is important to
minimize delays and total travel time in the road networks.
Since the drivers’ route choice behavior is taken into account
in the User Equilibrium (UE) manner, this problem is called
the EQuilibrium Network Design (EQND) problem. Two
common solution methods have been discussed for solving
the EQND problem: Mutually Consistent (MC) and bilevel
approaches. In those approaches, some procedures have been
developed for determining the optimal signal timings. Allsop
and Charlesworth [1] presented an MC calculation for the
EQND problem. In their study, the equilibrium link flows
and resulting signal settings are calculated, respectively, by
solving each problem until the convergence criterion has
been satisfied. However, the resulting MC signal settings and
equilibrium link flows are nonoptimal in many cases [2, 3].
Due to the multiobjective structure of the EQND problem, it is usually modeled as a bilevel programming problem,
where certain design parameters are optimized at the upper

level, while the lower level represents a UE problem [4–
10]. Heydecker and Khoo [4] presented a Linear Constraint
Approximation (LCA) to the UE constraint and solved the
EQND problem. On the other hand, effectiveness of the
Sensitivity Analysis (SA) of UE flows in particular design
issues has been investigated in several studies [6, 11, 12]. The
basic principle of the SA-based methods is searching for the
optimal solution using the simplex method by formulating a
linearized subproblem at the current signal settings. Because
of the nonconvex solution space of the EQND problem, LCAand SA-based algorithms may only produce locally optimal
solutions [13]. Thus, these optimization techniques are not
guaranteed to obtain the global optimum solutions. Over
the past several decades, some heuristics based on natural
phenomena such as Genetic Algorithms (GAs) [14], Simulated Annealing (SA) [15], and Differential Evolution (DE)
[16] have been developed to overcome this problem. These
methods can be applied to both continuous (differentiable)
and discontinuous (nondifferentiable) objective functions
without requiring an extensive formulation. Moreover, they
do not require specialized starting points and they are rarely
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trapped into a local optimum solution [17]. These advantages
enhance their application in the field of the EQND.
Friesz et al. [18, 19] presented a metaheuristic SAbased optimization approach under variational inequality
constraints. Ceylan and Bell [7] presented a simulationoptimization model combining GAs with the logit traffic
assignment tool Path Flow Estimator (PFE), which has
been developed and improved by Bell and Shield [20],
Bell et al. [21–23], Bell and Iida [24], Bell and Grosso
[25], and TRANSYT traffic simulation software [26, 27].
In the study, the upper level problem was considered to
be the optimization of the green times, common cycle
time, and offsets to minimize the network Performance
Index (PI) which may be defined as the sum of a weighted
combination of the delays and stops on all the links in a
network. Furthermore, Teklu et al. [28] presented a GA-based
signal timing optimization method that considers drivers
rerouting. Ceylan [29] combined GAs with the TRANSYT
Hill-Climbing optimization routine and proposed a hybrid
global/local optimization method for determining optimal
signal timings. In the related study, drivers rerouting was
ignored. Ceylan and Ceylan [30] developed a hybrid solution
approach, where the metaheuristic Harmony Search (HS)
and TRANSYT Hill-Climbing optimization methods were
combined, considering drivers’ route choice behavior. The
performance of their model was compared with that of the
pure HS- and GA-based solution models. Although a number
of solution methods were developed and improved for the
solution of the EQND problem, it may be useful to develop
new models based on different optimization algorithms.
Among them, DE is an important optimization algorithm due
to its powerful solution ability in finding the global optimum
solution.
The DE algorithm, which is an improved version of
GAs, is a quite simple evolutionary approach that is quite
faster and robust at numerical optimization, and it is more
likely to find the global optimum of an objective function
[31]. However, to create new solution vectors, the DE uses
nonuniform crossover and tournament selection operators,
while the bitwise flipping approach is used in GAs. Thus,
it can be used for optimizing functions, including many
local optima with real variables [17]. The DE algorithm has
recently been applied to several engineering design problems,
including the optimization of the airfoil cross section of a
vertical-axis wind turbine [32], the designing of the aperture
of pyramidal horns [33], the optimizing of reservoir systems
[34], shape design of variable capacitance micromotor [35],
various constrained engineering design problems [36, 37],
the vehicle routing problem with time windows [38], the
optimal design of water distribution networks [39, 40], and
river suspended sediment concentration modeling [41], but
no studies of DE have been reported on the solution of the
EQND problem.
In this study, the Differential Evolution and TRANSYT
with PFE (DETRANSPFE) model are developed for the solution of the EQND problem. For this purpose, the Stochastic
User Equilibrium (SUE) traffic assignment and traffic signal
optimization problems are combined using the DE solution
framework to minimize the network PI value. It should be
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noted that this is the first time that the DE optimization
algorithm is implemented for the EQND problem. The
proposed model is applied to Allsop and Charlesworth’s [1]
test road network and a comparison with GA- and HSbased models is given to examine the solution ability of the
DETRANSPFE model. The DETRANSPFE model further
extends the GA- and HS-based models [7, 30] in terms of
mathematical formulation and the computational time.
The remainder of the paper is organized as follows:
fundamentals of the SUE assignment and traffic signal
optimization problems are given in Section 2. Basics of the
DE algorithm and DETRANSPFE model are provided in
Section 3. Performance of DETRANSPFE model is proved
with a numerical example in Section 4. Last, the study is
ended with some conclusions and future recommendations
in Section 5.

2. Problem Formulation
Considering a network with sets of nodes 𝑁, links 𝐴, and
paths 𝑃 between the Origin-Destination (O-D) pairs 𝑊,
bilevel formulation of the EQND problem may be expressed
as a combination of the SUE traffic assignment and network
performance optimization in the following way:
min

PI (k∗ (𝜓) , 𝜓)
= { ∑ [𝐺 ⋅ 𝑑 ⋅ 𝐷𝑎 (v∗ (𝜓) , 𝜓)
𝑎∈𝐴

(1a)
∗

+𝐾 ⋅ 𝑘 ⋅ 𝐿 𝑎 (v (𝜓) , 𝜓)] }
+ 𝜆 ⋅ 𝐸 (𝜙)
s.t.

𝐶min ≤ 𝐶 ≤ 𝐶max

(1b)

𝜙 ≥ 𝜙min ,

(1c)

𝜙∈𝜑








𝐶, [∀𝑛 ∈ 𝑁]
{
[∑ (𝜙 + 𝐼)] − 𝐶 if ∑ (𝜙 + 𝐼) ≠
{

{ 𝑚𝑛
𝑚𝑛

𝐸 (𝜙) = {
{0
{
if ∑ (𝜙 + 𝐼) = 𝐶, [∀𝑛 ∈ 𝑁] ,
𝑚𝑛
{
(1d)

where PI(k∗ (𝜓), 𝜓) is the performance index of the road
network (£/h), k∗ (𝜓) is the vector of equilibrium link flows
as a function of signal timings, 𝜓. 𝐺 is the cost of delay, 𝑑 is
the weighting factor of delay, 𝐷𝑎 (k∗ (𝜓), 𝜓) represents delay
as a function of equilibrium link flows and signal timings,
𝐾is the cost for 100 vehicle stops, 𝑘 is the weighting factor
of stops, and 𝐿 𝑎 (k∗ (𝜓), 𝜓) is the number of vehicle stops per
hour. Additionally, subscripts “𝑎”, “𝑛,” and “𝑝” denote link 𝑎,
node (or signalized intersection) 𝑛, and path 𝑝, respectively.
Superscript “∗” indicates that the variable is associated with
its optimal and/or equilibrium state. 𝐸(𝜙) is the penalty term,
and it takes a zero value if the total duration of the total
green and intergreen times equals the network cycle time at
every signalized intersection; otherwise, it varies linearly with
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Step 1 (initialization)
q ← user supplied, ∀𝑤 ∈ 𝑊
V𝑎 ← 0, ∀𝑎 ∈ 𝐴
𝑡𝑎 ← 𝑡𝑎 (V𝑎 ), ∀𝑎 ∈ 𝐴
𝑗 ← 1, iteration counter
Step 2 (update link costs by method of successive averages)
1
1
𝑡𝑎 ← 𝑡𝑎 (V𝑎 ) + (1 − ) 𝑡𝑎
𝑗
𝑗
Step 3 (new path costs)
𝑦𝑝 ← ∑ 𝛿𝑎𝑝 𝑡𝑎 (V𝑎 )
𝑎∈𝐴

Step 4 (new path flows - logit route choice model)
exp(−𝛼𝑦𝑝 )
ℎ𝑝 ← 𝑞𝑤
∑𝑝∈P𝑤 exp(−𝛼𝑦𝑝 )
Step 5 (new link flows)
V𝑎 ← ∑ 𝛿𝑎𝑝 ℎ𝑝
𝑝∈P𝑤

if any new path and link flows converged then
𝑗←𝑗+1
return to Step 2
else stop.
Pseudocode 1

the magnitude of constraint violation. The penalty approach
is implemented by multiplying the penalty term with a
weighting factor, 𝜆, as shown in (1a). Note that a larger 𝜆
for a given constraint set means that a greater emphasis will
be placed on resolving constraint violations. However, the
selection of 𝜆 is mostly problem dependent. Furthermore,
𝐶 represents the network cycle time while 𝐶min and 𝐶max
are the lower and upper bounds of the network cycle time,
respectively, 𝜙min is the lowest acceptable stage green timing
duration, 𝜑 is the vector of duration of stage green timings
[𝜙; ∀𝜙 = 1, . . . , 𝑚𝑛 , ∀𝑛 ∈ 𝑁], 𝑚𝑛 is the number of stages for
signalized intersection 𝑛, and 𝐼 is the intergreen time between
signal stages.
In (1a), k∗ (𝜓) may implicitly be derived from the solution
of (2a), which leads to a logit path choice model [42]
𝑍 (v, 𝜓)
Minimise
v
= −q𝑇 y (v, 𝜓) + v𝑇 t (v, 𝜓)
V𝑎 (𝜓)

−∑∫

𝑎∈𝐴 0

s.t.

(2a)

𝑡𝑎 (𝜓, 𝑥) 𝑑𝑥

link 𝑎 is on path 𝑝, and 𝛿𝑎𝑝 = 0; otherwise, [𝛿𝑎𝑝 ; ∀𝑎 ∈ 𝐴;
∀𝑝 ∈ 𝑃]. In this study, solution of the SUE assignment
problem, which is given in (2a), is conducted by PFE with
Pseudocode 1, where 𝛼 is the dispersion parameter. When 𝛼
is zero, path choice is not sensitive to cost that means that any
path is likely to be chosen. On the other hand, while 𝛼 tends to
infinity, drivers become concentrated on the least cost paths
to travel. The link cost function used by PFE is presented in
𝑡𝑎 (V𝑎 (𝜓) , 𝜓) = 𝑡𝑎0 + 𝑑𝑎𝑢 + 𝑑𝑎𝑟𝑜 (𝑡) ,

where 𝑡𝑎0 is the free-flow travel time on link 𝑎, 𝑑𝑎𝑢 and 𝑑𝑎𝑟𝑜
are the uniform and random plus over saturation delays at
the downstream intersection, respectively. The convergence
measure is obtained by basing it on the flow in the last several
iterations of PFE. At this point, let V𝑗𝑎 represent the average
flow over the last 𝑟 iterations; that is,
V𝑗𝑎 =

1 𝑗
1 𝑟−1
(V𝑎 + V𝑎𝑗−1 + ⋅ ⋅ ⋅ + V𝑎𝑗−𝑟+1 ) = ∑V𝑎𝑗−𝑖 ,
𝑟
𝑟 𝑖=0

(4)

where 𝑟 is a priori fixed that may be accepted as “3” in
applications [43]. Thus, a convergence criterion 𝜅, that is
based on flow similarity, is used as given in

q = Λh

(2b)

v = 𝛿h

(2c)

h ≥ 0,

√∑𝑎 (V𝑎𝑗+1 − V𝑎𝑗 )

(2d)

∑𝑎 V𝑎

where q represents the vector of the total O-D demands
[𝑞𝑤 ; ∀𝑤 ∈ 𝑊], y(k, 𝜓) is the vector of path travel times
[𝑦𝑝 ; ∀𝑝 ∈ 𝑃], t(k, 𝜓) is the vector of link travel times [𝑡𝑎 ; ∀𝑎 ∈
𝐴], and h is the vector of path flows [ℎ𝑝 ; ∀𝑝 ∈ 𝑃]. In (2b)
and (2c), Λ represents the O-D/path incidence matrix and 𝛿
represents the link/path incidence matrix, where 𝛿𝑎𝑝 = 1 if

(3)

𝑗

≤ 𝜅.

(5)

3. Basics of the Differential Evolution
Algorithm and DETRANSPFE Model
The DE algorithm is a comparatively simple, fast, powerful,
and robust variant of an evolutionary algorithm for solving
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Step 1
∙ Objective function given in Eq. (1)
∙ Possible ranges for decision variables (Cmin , Cmax , 𝜙min )
∙ DE parameters (Np, F, CR)
∙ Road network (travel demand matrix, ta0 , sa )
∙ Termination criterion
∙n=1

Step 2 Generation of the initial population
(solution vectors as many as Np)

Step 3

Mutation
for nth vector

Step 4

Crossover
for nth vector

Run PFE
for nth solution vector
Calculate SUE flows
Eq. (2)

n=n+1

Run PFE
for nth solution vector

n=1

Calculate SUE flows
Eq. (2)

Run TRANSYT
for nth solution vector

Run TRANSYT
for nth solution vector

Calculate network PI
Eq. (1)

Calculate network PI
Eq. (1)

No

n = Np?

Yes
Selection

Step 5

n=n+1

No

Step 6
Network PI

Yes

Stopping
criterion?

Yes

n = Np + 1?

No

Figure 1: Flow chart of the DETRANSPFE model.

optimization problems. In this section, the solution of the
EQND problem, which deals with the signal setting optimization based on the DETRANSPFE model, is presented.
The solution procedure of the proposed model is presented
in Figure 1 and the main solution steps are explained
hereafter.
Step 1 (initialization of the objective function, user-specified
DE parameters, network characteristics, and termination
criterion). The objective function to be minimized has been
given in (1a). The DE algorithm is controlled by three
parameters. The first parameter, which is called the number
of populations (𝑁𝑝), that represents the number of solution
vectors used during the optimization process. The mutation
factor (𝐹), which is the second parameter and which is
recommended to be set between 0.5 and 1 by Storn and

Price [31], has an effect on the difference vector. The third
one is the crossover rate (CR), which is the probability of
mixing parameters of the mutation vector. The recommended
range of the crossover rate is [0.8, 1.0] by Storn and Price
[31]. Fixed sets of data related to the network topology are
represented with the vector of free-flow link travel times,
t0 [𝑡𝑎0 ; ∀𝑎 ∈ 𝐴], and the vector of saturation link flows,
s [𝑠𝑎 ; ∀𝑎 ∈ 𝐴]. In this study, results of the DETRANSPFE
model will be compared with those obtained by the GA- and
HS-based models, which have been developed by Ceylan and
Bell [7] and Ceylan and Ceylan [30], respectively. Therefore,
the maximum number of generations (𝜉max ) has been used
as the termination criterion as in GA- and HS-based models.
The numerical values of the DE parameters, the network
characteristics, and the termination criterion are given in
Section 4.
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Figure 2: Allsop and Charlesworth’s [1] test network.
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Figure 3: Configuration of signal groups.
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Step 2 (generation of the initial population). In this step,
initial signal timing variables are generated between preset
possible bounds and their corresponding network PI values
which are calculated and stored as shown in
𝜙21
𝐶11
[
[ 2
[ 𝐶
𝜙22
[ 1
[
[
[ ⋅⋅⋅
⋅⋅⋅
[
[
[ 𝑁𝑝−1 𝑁𝑝−1
[𝐶1
𝜙2
[
[
𝑁𝑝
𝑁𝑝
𝜙2
[ 𝐶1

1
⋅ ⋅ ⋅ 𝜃𝜂−1

⋅⋅⋅

2
𝜃𝜂−1

⋅⋅⋅

⋅⋅⋅
𝑁𝑝−1

⋅ ⋅ ⋅ 𝜃𝜂−1
⋅⋅⋅

𝑁𝑝
𝜃𝜂−1

𝜃𝜂1

]
]
]
]
]
]
⋅⋅⋅ ]
]
]
]
𝜃𝜂𝑁𝑝−1 ]
]
]
𝜃𝜂𝑁𝑝 ]
𝜃𝜂2

Table 1: Fixed travel demands for each O-D pair (vehicles/hour).
O-D pairs
A
C
D
E
G
Destination totals

Intersection

1

1

2

where 𝜂 is the number of decision variables and 𝜃 represents
the vector of offset variables [𝜃; ∀𝜃 = 1, . . . , 𝑁]. In order
to calculate the network PI values according to (1a), the
TRANSYT traffic simulation tool, which requires the SUE
equilibrium link flows, is used at this step. As can be seen from
Figure 1, TRANSYT requires both signal timing variables
and corresponding SUE traffic link flows to calculate the
network PI. Thus, before running the TRANSYT, the PFE
traffic assignment tool is employed to calculate the SUE traffic
link flows. Signal timing variables are transformed for the use
of DETRANSPFE model as follows.
(i) Network cycle time is generated based on possible
value bound [𝐶min , 𝐶max ].
(ii) Offsets are generated based on the following expression:
(7)

where 𝜃𝑖 represents the offset variable for signalized
intersection 𝑖[𝜃𝑖 ∈ 𝜃; 𝑖 = 1, 2, . . . , 𝑁]. However, stage
change times are derived from offset variables in the
following way:
𝑆𝑖,1 = 𝜃𝑖 ,

𝑖 = 1, 2, . . . , 𝑁,

E
30
130
50
—
60
270

D
700
200
—
30
170
1100

B
250
20
250
130
450
1100

A
—
40
400
300
550
1290

Origin totals
1180
1290
800
480
1250
5000

Table 2: Input data for test network.

(6)

PI(k, 𝜓)
2 ]
[
[ PI(k, 𝜓) ]
]
[
⋅⋅⋅
⇒ [
],
[
𝑁𝑝−1 ]
]
[PI(k, 𝜓)
𝑁𝑝
[ PI(k, 𝜓) ]

0 ≤ 𝜃𝑖 ≤ 𝐶 − 1,

F
200
900
100
20
20
1240

(8)

where 𝑆𝑖,1 is the change time for the first stage of the
𝑖th signalized intersection [44].
(iii) Stage green times are generated based on the possible
value bound [𝜙min , 𝜙max ].
Note that, unlike the DE and HS in which the signal timing parameters governing the system performance index are
represented as real numbers, these parameters in the GA are
coded into binary strings, and the mapping from the binary
string representation of variables into the real numbers is
carried out to be used in the TRANSYT traffic model and
PFE [7]. At this point, simplicity to code is important for
researchers who are not familiar with programming and are
looking for algorithms that can be simply implemented and
tuned to solve the traffic signal timing optimization problem.

3

4

5

6

Link
1
2
16
19
3
15
23
4
14
20
5
6
10
11
12
13
8
9
17
21
7
18
22

𝑡𝑎0
1
1
10
10
10
15
15
15
20
1
20
20
10
1
1
1
15
15
10
15
10
15
1

𝑠𝑎
2000
1600
2900
1500
3200
2600
3200
3200
3200
2800
1800
1850
2200
2000
1800
2200
1850
1700
1700
3200
1800
1700
3600

Step 3 (mutation). In particular, DE has the advantage
of using a simple and efficient form of a self-adapting
mutation process [45]. The mutation, which represents the
basic strength of DE, is performed by adding the weighted
difference vector between two population members to a third
member. Combining three different, randomly chosen signal
timing vectors to create a mutant vector, 𝜌𝑖,𝑔 , is given in
𝜌𝑖,𝐺 = 𝜓𝑟0,𝐺 + 𝐹 ⋅ (𝜓𝑟1,𝐺 − 𝜓𝑟2,𝐺) ,

(9)

where 𝑟0 is a randomly chosen base vector index that is
different from the target vector index, 𝑖. 𝑟1 and 𝑟2 are also
randomly selected difference vector indices that are different
from both base and target vector indices. Simple adaptation
rule for 𝐹 improves the performance of the DE algorithm to
a large extent without imposing any serious computational
burden [46]. However, the mutation is treated as a random
change of some signal timing parameters in the GA, and this
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process may lead to an increase in computational load since
the mutation is repeated if the mutated solution is infeasible.

𝜇𝑗,𝑖,𝐺 = {

𝜌𝑗,𝑖,𝐺
𝜓𝑗,𝑖,𝐺

if (rand𝑗 (0, 1) ≤ CR or 𝑗 = 𝑗rand )
(10)
otherwise.

CR is compared with the output of a uniform random
number generator rand𝑗 (0, 1) to determine whether the
mutant vector or target vector will provide the member
of the trial vector in (10). If the random number is less
than or equal to CR, the trial parameter is chosen from
the mutant vector, 𝜌𝑖,𝐺; otherwise, the parameter is chosen
from the target vector, 𝜓𝑖,𝐺. Additionally, the condition of
𝑗 = 𝑗rand ensures that at least one member of the trial
vector is inherited from the mutant vector. Although both DE
and GA contain the crossover process, their implementations
are quite different. In DE, one of two feasible signal timing
parameter values is chosen, whereas two solution vectors are
recombined to produce two trial vectors often by crossover
in GA. Considering the possible bounds of the signal timing
parameters, the crossover operator of the GA used to manipulate the chromosomes often yields infeasible offspring. In
such cases, crossover process is repeated and valuable CPU
time is wasted.
Step 5 (selection). At this step, the objective function is
evaluated using the parameters of the trial vector. For this
purpose, DETRANSPFE employs PFE for calculating the
SUE link flows using signal timing parameters stored in the
trial vector. Then, both trial vector parameters and resulting
SUE link flows are given to the TRANSYT to calculate the
total network PI. If the trial vector, 𝜇𝑖,𝑔 , has an equal or lower
PI value than that of its target vector, 𝜓𝑖,𝐺, it replaces the target
vector in the next generation; otherwise, the target vector is
retained in the population as given in
𝜓𝑖,𝐺+1
={

𝜇𝑖,𝐺
𝜓𝑖,𝐺

if PI (k∗ (𝜇𝑖,𝐺) , 𝜇𝑖,𝐺) ≤ PI (k∗ (𝜓𝑖,𝐺) , 𝜓𝑖,𝐺)
otherwise.
(11)

It should be noted that although the mutation, crossover,
and selection steps are explained only for stage green timing
parameters in (9)–(11), these steps are performed in the same
manner for all decision parameters in the DETRANSPFE
model.
Step 6 (termination). The mutation, crossover, and selection
steps of the DETRANSPFE model are repeated until the
maximum number of generations, 𝜉max , is reached.

Network PI (£/h)

Step 4 (crossover). The search process of the DE is completed
with the uniform crossover. At this step, each member of
the trial vector, 𝜇𝑖,𝑔 , is chosen from the mutant vector with
the probability of CR or from the target vector with the
probability of 1-CR as given in

950

850

750

650
0

440

880 1320 1760 2200 2640 3080 3520 3960 4400
Number of iterations

DETRANSPFE
GA-based [7]
HS-based [30]

Figure 4: GA-based [7], HS-based [30], and DE-based model
solutions of Allsop and Charlesworth’s network.
Table 3: Numerical results of three models.
Models
Best PI (£/h)
GA-based [7]
712.5
HS-based [30]
687.7
DETRANSPFE
679.1

Mean PI (£/h)
N/A
690.4
684.7

Worst PI (£/h)
N/A
704.4
690.6

N/A: not available.

4. Numerical Example and
Computational Comparison
The performance of the proposed DETRANSPFE model is
investigated on Allsop and Charlesworth’s [1] well-known test
road network in this section. The results obtained by two
previous works are presented to make a comparison to prove
the effectiveness of the DETRANSPFE model.
4.1. Test Road Network. The basic layout of the test network
and the allocations for signal groups for each intersection are
provided in Figures 2 and 3, respectively.
Fixed travel demands for each O-D pair are given in
Table 1. The input data including free-flow travel times and
saturation flow rates is given in Table 2.
Using typical values found in practice, the minimum
green time, 𝜙min , for each group is 7 seconds, and the
intergreen times, 𝐼, are 5 seconds between incompatible
signal groups. The possible range for the network cycle time is
set at 36 and 120 seconds. Values of the mutation factor, 𝐹, the
crossover rate, CR, which are the user-specified parameters
of DE, and the weighting factor, 𝜆, are set to 0.80, 0.80,
and 10, respectively. The optimization process is terminated
after 110 generations for 𝑁𝑝 = 40 (i.e., 4400 function
evaluations) in the same manner as Ceylan and Bell’s [7] GAbased modeling.
4.2. Computational Results. In order to prove the effectiveness of DETRANSPFE, the model was run 100 times with

8

Mathematical Problems in Engineering
Table 4: Signal timing values resulting from three models.

Models

Performance Index, PI (£/h)

Cycle time, C (sec)

GA-based [7]

712.5

77

HS-based [30]

687.7

71

DETRANSPFE

679.1

79

different random seeds and initial populations for the test
network. The convergence behavior of the DETRANSPFE,
GA-based, and HS-based models can be seen in Figure 4.
Figure 4 indicates that the best solution was obtained as
679.1 £/h at the 49th generation (i.e., about 1690 function evaluations) with the DETRANSPFE model. The improvement of
the network PI is about 28% in comparison with the initial
status of the network. It can also be seen from Figure 4 that
the DETRANSPFE model performs slightly better than the
GA- and HS-based models in terms of the final values of
total network performance index. The comparison of GAbased, HS-based, and DETRANSPFE models in terms of the
network PI value is given in Table 3.
It can be seen from Table 3 that the DETRANSPFE
model minimizes the network PI value by about 4.69% and
1.25% better than the GA- and HS-based models, respectively.
Furthermore, the highest PI value obtained after 100 runs of
the DETRANSPFE model is 690.6 £/h, which may indicate
the better solution ability of the DETRANSPFE model. In
order to evaluate the average computation times required by
three models, the algorithms have been recoded in Visual
Basic and run in a PC with a 1.6 Ghz processor and 1 GB ram.
Computation time required by the DETRANSPFE model is
obtained as 36 minutes, while GA- and HS-based models
require about 66 and 43 minutes, respectively. As it has
been mentioned in the previous section, the crossover and
mutation operators of the GA may lead to an increase in
computation time due to the infeasible solutions. Ceylan and
Ceylan [30] stated that if signal timing constraints are not
satisfied for generated timings, the HS-based model automatically discards those generated signal timings and starts
generating new ones. Considering this situation, it may be
concluded that the DETRANSPFE completes 4400 function

Junction number, n
1
2
3
4
5
6
1
2
3
4
5
6
1
2
3
4
5
6

Start of green in seconds
Stage 1
Stage 2
Stage 3
0
32
—
59
25
—
13
60
—
44
72
20
64
5
30
47
6
—
0
28
—
50
20
—
8
52
—
37
63
15
55
67
21
37
69
—
0
18
—
36
11
—
77
47
—
38
67
15
57
70
19
22
52
—

evaluations by about 45% and 16% faster than the GAand HS-based models, respectively. The network cycle times
obtained by the GA-based, HS-based, and DETRANSPFE
models is 77, 71, and 79 seconds, respectively. Signal timings
resulting from three models are given in Table 4.
Resulting link flows and degree of saturation values
resulting from three models are presented in Tables 5(a) and
5(b), respectively.
Table 5(b) indicates that since the highest degree of
saturation, is obtained as 86%, which is less than 90%,
the network works under reserve capacity, and traffic flow
is uncongested after the application of the DETRANSPFE
model.

5. Conclusions
A number of methods for the solution of EQND problems
have been discussed and new methodologies have been
created. In this context, a simulation-optimization basedmodel, so-called DETRANSPFE, has been developed by combining the DE optimization technique with the TRANSYT
traffic simulation tool. The EQND problem, which has been
formulated in the bilevel form, has been solved by searching
for the optimal or near-optimal signal setting strategy on the
upper level with the DE optimization technique. On the lower
level, the SUE assignment problem has been solved using
PFE. In order to prove the effectiveness of the DETRANSPFE
model, it has been applied to a well-known test network.
Results have shown that the DETRANSPFE model provides
better results than those obtained by GA- and HS-based
models in terms of the total network performance index. In
order to evaluate the average computation times required
by three models, GA- and HS-based algorithms have been

Mathematical Problems in Engineering
Table 5: (a) Equilibrium link flows resulting from three models, (b)
degree of saturation values resulting from three models.
(a)

Links
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23

Final values of SUE link flows (veh/h)
GA-based [7]
HS-based [30]
DETRANSPFE
716
718
769
463
462
411
716
718
769
569
594
528
636
638
592
173
174
146
462
461
411
478
477
552
120
110
99
479
479
553
499
498
500
250
252
250
450
450
450
789
789
790
790
788
791
663
662
391
409
411
410
350
352
349
625
629
899
1290
1290
1290
1057
1069
1079
1250
1250
1250
837
847
460
(b)

Links
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23

GA-based [7]
36
54
44
54
57
34
62
51
39
80
80
22
75
73
60
63
88
50
78
82
85
72
67

Degree of saturation (%)
HS-based [30]
DETRANSPFE
36
38
53
36
43
38
57
50
57
54
35
31
65
69
56
64
57
51
81
86
80
79
23
22
76
81
76
75
58
48
68
76
82
79
52
62
76
83
82
81
79
78
70
61
72
54

recoded and run. Results indicated that the DETRANSPFE
model requires about 45% and 16% less computational time in
comparison with the GA- and HS-based models, respectively.
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Several directions, for future research in solving the
EQND problem, are possible. For DE, encouraging results
indicate that there is a potential for further improvement in its
procedures, such as developing a hybrid search mechanism,
in which a local search technique is integrated with DE
algorithm. Besides, the design of different metaheuristics,
which may improve the solution quality in terms of the
system performance index and computational time required,
may be explored. For practical application purposes, it would
be useful to carry out a comparative study based on different
metaheuristics within the scope of a case study including a
real-sized signal controlled road network.
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With the development of location-based service, more and more moving objects can be traced, and a great deal of trajectory data
can be collected. Finding and studying the interesting activities of moving objects from these data can help to learn their behavior
very well. Therefore, a method of interesting activities discovery based on collaborative filtering is proposed in this paper. First,
the interesting degree of the objects’ activities is calculated comprehensively. Then, combined with the newly proposed hybrid
collaborative filtering, similar objects can be computed and all kinds of interesting activities can be discovered. Finally, potential
activities are recommended according to their similar objects. The experimental results show that the method is effective and
efficient in finding objects’ interesting activities.

1. Introduction
In the real world, with the development of location-based
service, the activity of moving objects in some regions can
be tracked and their motion trajectory will be recorded by
positioning device. In a sense, the trajectory data of an object
is its activities in the region. Therefore, the interesting activity
discovery can be transferred to finding objects’ interesting
regions from their historical trajectories. Moving objects’
activities are often along with some purposes. Therefore, finding and studying the interesting activities of moving objects
can help to understand their behavior well [1, 2]. However,
the moving object activities are of many characteristics.
These characteristics can be obtained through analyzing the
trajectory data. Therefore, it is very important to discover
their interesting activities.
There are various kinds of activities for a moving object.
However, different activity types are often along with different
features, and these features cannot be analyzed from the
traced trajectory directly. Therefore, finding interesting activities discovery for moving objects is a challenging task [3],
which is mainly due to: (1) the sampled trajectory of moving
object is expressed by ⟨(Lat., Lon.), timestamp⟩; because of

its triviality, discovering moving objects’ behaviors from their
historical trajectories directly is very difficult [4]; (2) moving
objects’ interesting activities are not only known (which can
be analyzed from the trajectory explicitly) but also unknown
ones (some activities whose objects may be interesting but
have not visited before), so it is difficult to find more complete
interesting activities of objects synthetically [5].
In order to solve the problems mentioned previously,
we propose a work on interesting activities discovery for
moving objects based on collaborative filtering (CF, and in
the rest of this paper we use CF to abbreviate collaborative
filtering). First, we generate the objects’ activity sequence
and abstract the features of each activity on the basis of our
previous work [3, 4]. Second, we build an object-activitytime matrix (OATM) with three dimensions, which are object
identification, hot region, and sequence. Third, on the basis
of the OATM, we compute object’s interest degree to each
hot region comprehensively and generate an object-region
interest degree matrix (IDM). Fourth, combined with CF,
similar objects can be queried and their common interesting
activities can be found. Finally, a serial of potential interesting activities can be recommended to the moving objects
according to the K-nearest neighbor (KNN) algorithm with
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Figure 1: Framework of interesting activities discovery for moving
objects.

a given threshold. As discussed above, the framework of the
proposed work is described in Figure 1.
In summary, the contributions of this paper are as follows.
(1) A moving object activity model is proposed, by
which the redundant and trivial trajectories can be
quantized and transformed to the meaningful moving
object activity in a simple way.
(2) The interesting drifting function is firstly introduced
in the moving object interesting activity discovery,
which can solve the problem of object interesting
changes effectively.
(3) The hybrid CF algorithm is introduced, taking full
account on interesting drifting and interesting type,
by which objects’ interesting activity can be computed
comprehensively and their potential activities can be
discovered.
The rest of this paper is organized as follows. Section 2
describes the motivation of this paper and gives the related
work of the topic. Section 3 presents an objects activities
representation method and their interest degree computation
method. Section 4 proposes the novel hybrid CF to the
discovery of object’s interesting activities. Section 5 conducts
the experimental results on real data sets. Finally, Section 6
draws conclusions and points out some future works on
moving object data mining.

2. The Motivation of the Work
The sampled trajectories are the record set of the moving
objects, which can record their history activities with location, time, and other information. The related definitions
on trajectory are given in [3, 4], which are also available in
this paper. In Figure 2, there are two trajectories of Bob and
Jim, and we can see that they share some common passed
regions. Therefore, we can infer that the rest regions on their
trajectories also have the possibility of mutual sharing by the
two persons.
In current researches, there are many works that studied
detecting the hot region from trajectory data [3, 5, 6]. Assuming that the regions are frequently visited by Bob and Jim, and

their geographical places are described in Figure 2. Therefore,
we can make the following inferences: Bob generally eats
breakfast at home, and then goes to the gym, then does
shopping, and returns home after buying some food in a
nearby supermarket. At the same time, Jim leaves home
and goes to restaurant for his breakfast, and then does
bodybuilding, next he goes shopping, in the early evening,
he buys food in a nearby supermarket and goes home. These
details show that bodybuilding and shopping are common
hobbies shared by Bob and Jim. Therefore, these spatially
overlapping regions indicate that the two persons have some
similar interest activities; that is, they both love sports and
shopping. If the two persons are similar enough in their
interest activities, we can find one person’s interest activities
based on those of another person using the advanced hybrid
CF [7–9].
With this idea, this paper presents a novel work on
interesting activities discovery for moving objects based on
hybrid CF.

3. Representation of Moving Object Activity
In our previous work, we have studied the moving pattern of
moving objects form their trajectories [3, 4]; thus, we know
that once an object stays in a hot region can be viewed
as one of his activities. Therefore, we develop an efficient
algorithm called DB-HR [3] to find the hot regions where
moving objects stay in for a long time. In this section, we
assume that objects’ activities have already been generated
by DB-HR through finding their hot regions. So, we need
to formally represent activities for further analysis on the
interesting activities finding for moving objects.
Definition 1. Activity (𝑎): an activity means a moving object’s
once access to a hot region, and it is a four-tuple, denoted
as 𝑎 = {𝑂id , HRid , StartTime, EndTime}, where 𝑂id is the
identification of the object, HRid is the hot region, and
StartTime and EndTime are the timestamps that the object
enters and leaves the hot region.
Using moving object activity, trajectory can be converted
into a sequence of activities: 𝑆 = {𝑎1 , 𝑎2 , 𝑎3 , 𝑎4 , . . . , 𝑎𝑛 }, where
𝑆 is the activity sequence and 𝑎𝑖 is the 𝑖th activity in the 𝑆.
With the activity sequence, the triviality of trajectory can
be avoided. Moreover, by calculating the activities in the
same region of the activity sequence comprehensively, the
quantitative calculation result is the interest degree of moving
object for each region.

3.1. Activity Matrix Generation. In order to clearly express the
spatiotemporal relationship between objects’ activities, in this
paper, we establish an object-activity-time matrix (OATM,
as shown in Figure 3) to represent the objects’ activities and
times structurally. Then, we can calculate moving objects’
interest degree in the activities by converting the object
activity sequence into object activity matrix. In this way, on
one hand, it is convenient for later calculation by converting
the original multidimensional scattered information into a
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unified data; on the other hand, studying more comprehensive interest degree calculation method can intelligently
quantify the interest degree of moving object activities, and
the numerical value of interest degree can also reflect the
characteristics of the object.
Figure 3 gives the matrix of activity regions and time
frame for moving objects. It can be seen from the matrix
that the moving object may access region HR2 many times
in a given time period. By this way, we can know that the
object may be more interested in this region. Therefore, we
give the calculation rules of interest degree for object activity
afterwards.
3.2. Calculation of Interest Degree for Object Activities. The
more activities happened in a certain hot region, the higher
interest degree it is for a moving object [5]. In this sight,
we make further abstraction on activity types, then give the
definition of object activity type (Activity Type, AT) and
moving object activity interest degree (Interest Degree, ID):
Definition 2 (activity type (AT)). Activity type refers to the
category of the hot regions, denoted as AT = {at𝑖 |
HR𝑖 , 𝑂id , TimeLength, Count, LastTime}. The attributes represent activity region, object identification, activity duration,
number of activities, and the last access time, respectively.
Activity type is mainly decided by the categories of hot
region. For example, supermarket and shopping centers are
both commercial areas, while persons in these two regions
share different types of activities. Therefore, using activity
type to classify the activities of moving objects can discover
interesting activity of object from more general aspects.

Definition 3 (interest degree (ID)). The interest degree of
moving objects in related regions is a measurement of how
much the object likes the activity. The interest degree of
moving object mainly includes three aspects: (1) the activity
count that moving objects visited in a given hot region; (2)
the activity duration that moving objects spent in the given
hot region; (3) the activity time that moving objects spent in
a given hot region.
The objects’ interests are always changing and evolving
constantly; in this paper, we introduce interest drift function
[9] to solve this problem. On the basis of interest drift
function, we give the calculation formula of interest degree
for moving object. For example, the interest degree of object
𝑂 in region HR𝑖 is computed as follows:
ID𝑂
HR𝑖 = (

∑∀𝑎.hr∈HR𝑖 𝐶HR𝑖
𝑜
∑∀𝑎.𝑜id ∈𝑂 𝐶at

+

∑∀𝑎.hr∈HR𝑖 TLHR𝑖
∑∀𝑎.𝑜id ∈𝑂 TL𝑜at

) × ℎ (𝑡) .

(1)

In which, ∑ 𝐶HR𝑖 is the total activities that the object
𝑜
𝑂 stayed in the hot region HR𝑖 . ∑ 𝐶at
represents object 𝑂’s
total activities of in the data set. ∑ TLHR𝑖 denotes the total
duration of the object 𝑂 in the HR𝑖 . ∑ TL𝑜at represents the total
duration of the object 𝑂 in the data set. ℎ(𝑡) is the interesting
drift function, and it is the function of time 𝑡. Through the
function, the retention degree of the object activity in the
interesting region HR𝑖 can be calculated given the object
interesting drift function ℎ(𝑡) as follows:
ℎ (𝑡) = 𝑚 × (

𝑡 − 𝑡min 2
) + 1 − 𝑚.
𝑡max − 𝑡min

(2)

In (2), 𝑡min is the earliest time that the moving object
access to related hot region, and 𝑡max is the most recent
statistical time. Let DS be the set of statistical data, then 𝑡min =
DS.BeginTime, and 𝑡max = DS.EndTime (𝑡min ≤ 𝑡 ≤ 𝑡max ).
𝑚 is the coefficient of interests drifting, namely, the speed of
object’s interest drift, 𝑚 ∈ [0, 1]. When 𝑚 = 0, no interests
drift happens, and when 𝑚 = 1, the fully nonlinear interest
drift happens; the function value of interest drift is between 0
and 1. According to the definition of interest drift coefficient
[10], each object’s interest drift coefficient is not the same. In
this regard, this paper uses parameter 𝑚 to denote different
interest drift.
In order to make it more flexible to calculate the object’s
interest degree to a certain activity, we need to introduce
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two factors to adjust the importance of visit count and visit
time. Therefore, we define the weighting vector of the interest
degree, 𝑊 = {𝑊𝐶, 𝑊TL }. 𝑊𝐶 is the weight of the visit count,
and 𝑊TL is the weight of visit time. The interest degree of
object activity can be adjusted by setting different numerical
ratios. Therefore, we give the interest degree formula as
follows:
∑∀𝑎.hr∈HRi 𝐶HR𝑖
𝑜
∑∀𝑎.𝑜id ∈𝑂 𝐶at

+𝑊TL ×

∑∀𝑎.hr∈HR𝑖 TLHR𝑖
∑∀𝑎.𝑜id ∈𝑂 TL𝑜at

=

Description
The activity sequence of moving objects
The length of the activities sequence
Time span of activity sequence
The set of hot regions
The ith activity of object O in the sequence S
The total count of activities in the HRset

(3)

Moving objects

) × ℎ (𝑡) .

By setting the weighting vector of the interest degree,
the interest degree of an object in a particular region can be
calculated by a more comprehensive and more flexible way.
By using (3), the matrix in Figure 3 can be converted into
matrix of -hot regions objects, shown in Figure 4. By this
way, the activities of objects in their interesting regions are
converted from multidimensional sampled data into a single
numerical data, and it is convenient for further calculation.
In practical application, due to the randomness of object
activity and the longer time interval, the matrixes in Figures
3 and 4 are often very sparse. In fact, the object activities are
all of specific purposes; for example, the objects no matter
how long they stay in a supermarket or in a shopping center,
they all do shopping. Therefore, if we give full consideration
into the type of activity, it may increase the accuracy of the
interesting activities discovery, and at the same time, it can
reduce a great deal of redundancy. Suppose that HR1 , HR2 ,
HR3 , and HR4 which are interesting regions of 𝑂1 , HR1 , and
HR2 belong to the same type 𝑇1 , while HR2 and HR3 belong to
the same type 𝑇2 , then the moving object in the two kinds of
activity types has a comprehensive interest degree, expressed
as follows:
𝑂
ID𝑇𝑚

Parameter
𝑆𝑜
Len(𝑆)
𝑇(𝑆)
HRset
𝑆𝑖𝑜
Len(HRset)

∑HR𝑖 ∈𝑇𝑚 (∑∀𝑎.hr∈HR𝑖 𝐶HR𝑖 × ID𝑂
HR𝑖 )
∑HR𝑖 ∈𝑇𝑚 ∑∀𝑎.hr∈HR𝑖 𝐶HR𝑖

.

(4)

The object’s total interest degree to a certain activity type
is the average weighted values of its interest degree to each
single activity, which belongs to the same activity type. This
value can synthetically reflect the comprehensive level of
interest degree that the moving objects visit to a certain type
of regions. The interest degree of activity type-objects can be
calculated by (4).
Through the comprehensive calculation for interest
degree, the interest degree matrix of hot regions-objects
(Figure 4) and the interest degree matrix of activity type
(Figure 5) are generated. Afterwards we will use hybrid CF
to calculate the similarity degree of moving object based on
their interesting matrixes and find their interesting activities.

4. Interesting Activity Discovery for
Moving Objects
To better describe the work proposed in this paper, notation
of basic symbols is given in Table 1.

Activities

ID𝑂
HR𝑖 = (𝑊𝐶 ×

Table 1: Parameters notation.
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4.1. Interesting Activities Discovery. In this section, we use
hybrid CF method to find the potential interesting activities
for moving objects. Similarity computation is the key of
collaborative filtering method. The cosine similarity is often
viewed as the standard similarity function for collaborative
filtering algorithm [7, 11], and it uses the angle between two
vectors to represent their similarity. The function is shown as
follows:
Sim (𝑂𝑎 , 𝑂𝑏 ) =

∑𝑖∈𝑙 ID𝑎𝑖 × ID𝑏𝑖
2

√∑𝑖∈𝑙 (ID𝑎𝑖 )2 √ ∑𝑖∈𝑙 (ID𝑏𝑖 )

.

(5)

Formula (5) is the standard cosine similarity function.
ID𝑎𝑖 represents the interest degree of moving objects 𝑂𝑎
in hot region HR𝑖 . In order to avoid the differences in
moving objects while visiting different hot regions, we need
to improve the cosine similarity function. Pearson [11] proposed the modified cosine similarity function on the basis of
the standard one as follows:
Sim (𝑂𝑎 , 𝑂𝑏 ) =

∑𝑖∈𝑙 ((ID𝑎𝑖 − ID𝑎 ) × (ID𝑏𝑖 − ID𝑏 ))
√ ∑𝑖∈𝑙 (ID𝑎𝑖

2

− ID𝑎 ) ×

√ ∑𝑖∈𝑙 (ID𝑏𝑖

2

.

− ID𝑏 )

(6)
Among them, ID𝑎 and ID𝑏 are the average interest degrees
of moving objects 𝑂𝑎 and 𝑂𝑏 in all hot regions. The adjusted
cosine similarity function improves the interest degree deviation of different objects by introducing the average interest
degree. We use 𝑂𝑎 and 𝑂𝑏 commonly visited regions as their
interest activities (HR𝑎 ∩ HR𝑏 ), denoted as HR’ The value of
Sim(𝑂𝑎 , 𝑂𝑏 ) ∈ [0, 1], and the bigger Sim(𝑂𝑎 , 𝑂𝑏 ) is, the higher
similarity between 𝑂𝑎 and 𝑂𝑏 is. Through the similar function
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Formula (6), we can get an object similarity matrix (shown
as Figure 6), which contains object similarity between each
other. For the similarity is symmetrical, the similarity matrix
can be showed as a low triangular matrix.
There are two major tasks in finding object interesting
regions: (1) ∀HR, ∃HR𝑖 → 𝑂𝑎 has never accessed (HR𝑖 ∉
𝑆𝑜𝑎 .HRset); then we will predict the interest degree of object
𝑂𝑎 in HR𝑖 ; (2) finding 𝑁 (𝑁 > 1) regions that object 𝑂𝑎 most
likely to visit from the hot regions which it never visited, as
the potential interest regions of object. The similar matrix is
symmetrical, and we can easily determine the most similar
objects. Here, we use 𝐾 to denote the count of similar objects.
By calculating the similarity between moving objects, the
selection of 𝑘 similar moving objects for unknown hot region
HR𝑖 based on hybrid CF is proposed (the 𝐾 moving objects
which are most similar to 𝑂𝑎 ). We define these similar objects
as 𝑆(𝑂𝑎 ) and |𝑆(𝑂𝑎 )| ≤ 𝑘; then we can forecast their interest

→𝑎
degree in HR𝑖 , expressed by ID𝑗 , and is shown as follows:
∑𝑂𝑥 ∈𝑆(𝑂𝑎 ) sim (𝑂𝑎 , 𝑂𝑥 ) × (ID𝑥𝑗 − ID𝑥 )

→𝑎
ID𝑗 = ID𝑎 +
.
∑𝑂𝑥 ∈𝑆(𝑂𝑎 ) sim (𝑂𝑎 , 𝑂𝑥 )

(7)

In (7), ID𝑎 and ID𝑥 are the average interest degrees of 𝑂𝑎

→𝑎
and 𝑂𝑥 to other hot regions; ID𝑥 is the predictive interest
degree of 𝑂𝑎 to HR𝑥 . In the process of interesting activity
discovery, we generally select 𝑘 most similar neighbors in the
similarity matrix, use the 𝑘 nearest neighbors to recommend
predictive interesting activity, and give the predictive interest
degree.

4.2. Flow of the Proposed Algorithm. Therefore, based on
the above analysis, we give the approach of interesting
activity discovery for moving objects based on hybrid CF,
shortly for approach of interesting activity discovery (IAD).
Through IAD algorithm, potential interesting activities can
be discovered for objects. The pseudocode of IAD algorithm
is shown in Algorithm 1.
Algorithm IAD requires 3 input parameters, which are
the recommended object 𝑂id , the number of the nearest
neighbor 𝑘, and the threshold of predictive interest degree
IDth . This algorithm mainly includes the following steps.
Lines 01–04 are mainly used to load sequence of moving
object activity and extract related activities; then calculate the
interest degree of object-activity and the similarity between
objects. The calculated data is stored in the matrix, which
is convenient for further analysis. Lines 05–07 are mainly
used to predict the potential interesting activities based on
the object similarity matrix and the object interest degree
matrix. Also, the predictive interest degree for potential
activities is given. Since the algorithm only calculates the
activities’ interest degree for moving objects and discoveries
of objects’ interesting activities, therefore, we just need to
update the calculated interest degree. The worst case of the
time complexity is 𝑂(𝑚2 + 𝑛2 ), where 𝑚 is the number of
moving object and 𝑛 is the total of hot regions. After the first
calculation, the time complexity of the algorithm is a constant
𝑂(𝑚 + 𝑛), where 𝑚 is the time consumption of finding similar
neighbor and 𝑛 is the time of recommending the potential
interesting activities of objects.

5. Experiments and Analysis
To validate the method proposed in this paper, we develop
a module of interesting activities discovery for moving
objects in our trajectory data mining system (TrajMiner).
The data set is the GPS trajectory data [12], abbr. GeoLife.
The metadata of the trajectory is stored in the text files.
TrajMiner firstly transformed the GeoLife metadata into the
standard trajectory data by noise reduction, data cleaning,
and trajectory reconstruction. Then, it stores the trajectory
data into the SQLServer 2008. In this experiment, we select
2983 trajectories of 50 moving objects, which include 6037452
sampling points, to analyze the accuracy and efficiency of the
proposed method.
5.1. Accuracy Analysis. In this part, we adopt precision and
recall functions to validate the accuracy of IAD. The precision
and recall functions are given as follows:
Precision =

∑𝑖 TP𝑖
× 100%,
∑𝑖 (TP𝑖 + FP𝑖 )

∑𝑖 FN𝑖
Recall =
× 100%,
∑𝑖 (TP𝑖 + FN𝑖 )

(8)

where TP𝑖 denotes true positive, which means that the object
has visited HR𝑖 and the algorithm was truly recommended to
him. FP𝑖 denotes false positive, which means that the object
did not visit HR𝑖 , but it was truly recommended to him. FN𝑖 is
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Input: 𝑂id , k, IDth
Output: the latent activity set of 𝑂id
01: Abstract all the activity sequences and stored them in the 𝑆set ;
02: Build object-visit-matrix M according to the 𝑆set ;
03: Compute object-region interest degree from M, and build the interest degree matrix 𝑀id ;
04: Search similar objects using hybrid CF algorithm, and generate similar matrix 𝑀𝑠 according to 𝑀id ;
05: Find the k most nearest neighbors to 𝑂id from 𝑀𝑠 ;
06: On the basis of the k most nearest neighbors, recommend the latent activities for 𝑂id ;
07: If the 𝑂id ’s interesting degree to the recommended activities is less than IDth , then remove the recommended activity,
otherwise, recommend them to 𝑂id .
End.
Algorithm 1: Interesting activity discovery (IAD).

Table 2: Data volume of the six stages.
Phase
1
2
3
4
5
6

Count of objects

Count of
trajectories

Count of sampling
points

50

1080
2091
2319
2672
2870
2983

1,000,170
2,004,283
3,002,400
4,004,758
5,001,380
6,037,452

false negative, which means that the object have visited HR𝑖 ,
while it was not recommended to him. Therefore, the higher
precision is, the better our method is, and the lower recall is,
the better our method is. Figure 7 shows the accuracy of our
proposed method.
In Figure 7, 𝑃 and 𝑅 are the precision and recall of the
IDth value noted in the corresponding bracket. We analyze the
accuracy in two situations, one is associated with interesting
drift (Figure 7(a)), and the other is without interesting drift
(Figure 7(b)). From the two figures, we can see that with
the increase of 𝐾 and IDth , the precision increases slightly,
and the recall decreases slowly. The precision associated with
interesting drift seems smooth (with 𝑚 = 0.5), while the
precision without interesting drift is not very stable.
5.2. Efficiency Analysis. In order to validate the efficiency
of the proposed algorithm, in this section, we adopt the
incremental validation method for IAD verification. First, we
select a subset of GeoLife for static calculation of interesting
activity. The subset includes 1000170 sampling points from
1080 tracks of 50 objects, and 104 hot regions can be
discovered by the DB-HR [3] from trajectories. Then, we
increase the number of training data on the basis of the first
phase gradually from 1000 to nearly 3000 trajectories of the
6 stages. For each training stage, we analyze the efficiency of
the algorithm. Table 2 gives the number of training data in
different stages.
In order to evaluate the effectiveness of IAD algorithm,
we introduce mean absolute error (MAE) [11, 13] as the
efficiency measurement. MAE is the most commonly used

efficiency measurement of recommendation because it is
easy to understand and it can be intuitive, convenient, and
accurate to evaluate the quality of algorithm. MAE is the
interest degree difference between the predictive activities
and real activities. Therefore, the smaller MAE is the higher
efficiency the algorithm is. In order to compare the experimental results, this section improves (4) by removing the
interest shift function ℎ(𝑡). Getting the simple interest degree

→𝑂
of the object IDHR𝑖 , both of the weights are set to 0.5:
∑∀𝑎.hr∈HR𝑖 𝐶HR𝑖
∑∀𝑎.hr∈HR𝑖 TLHR𝑖

→𝑂
IDHR𝑖 = 0.5 ×
+ 0.5 ×
.
𝑜
∑∀𝑎.𝑜id ∈𝑂 𝐶at
∑∀𝑎.𝑜id ∈𝑂 TL𝑜at
(9)
We set the predictive interest degree of activities for
object as {𝑃1 , 𝑃2 , . . . , 𝑃𝑛 }. While the actual interest degree set
between object activity is {𝑅1 , 𝑅2 , . . . , 𝑅𝑛 }, then according to
the definition of MAE, the mean absolute deviation MAE is
calculated as follows:


∑𝑁 𝑃 − 𝑅𝑖 
(10)
MAE = 𝑖=1  𝑖
.
𝑁
In the experiment, we set 𝑘 ∈ [3, 10] and IDth ∈
[0.5, 1] to guide the interesting activities discovery. First, we
make a comment on the average similarity of each stage
under the same value of 𝑘. Then, we compare the impact
of different values of 𝑘 on MAE, trying to find out the
relationship between the number of the nearest neighbors
and the efficiency of recommendation, and the effect of
similarity on MEA under different values of 𝑘. The contrast
relation between 𝑘 and MAE in different incremental stages
is shown in Figure 8. As being the distinguished degree of
results when 𝑘 = 3, 5, 8, in Figure 8(b), the predicted MAE
is relatively high. As shown in Figure 8, when 𝑘 = 8,
the average of similarity between objects compared to the
stability number is changed relatively little. It shows that in
this case the similarity between objects is more consistent,
and increased activity is similar in the neighborhood with
the increase in the number. Therefore, it will achieve good
effect to recommend among interesting activities for object
using the number of neighbor with 𝑘 = 8. For Figure 8(b), the
recommendation of interesting activities depends on the size
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Figure 7: Accuracy analysis of the proposed method.

0.8
0.75
0.7

MAE

Mean values of similar activities

0.9
0.85

0.65
0.6
0.55
0.5

1

2

3

4

5

6

Different experimental phases

K=
K=
K=
K=

3
7
4
8

K=
K=
K=
K=

5
9
6
10

(a) Mean values of similar activities with different 𝐾

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0

1

2

3

4

5

6

Different experimental phases

K=8
K=5
K=3
(b) The relation between MAE and different phases

Figure 8: The MAE values with different phases and 𝐾.

of training data set; the larger the number of the training data
is, the better effect is and the more accurate results are. As can
be seen from Figure 8, with the increase of data, the accuracy
of interesting activities discovery tends to be stable. In this
case, it can achieve more ideal effect with data continuing to
increase.
5.3. Effectiveness Analysis. In order to validate the effectiveness of the proposed algorithm, in this section, we compare
our algorithm with traditional CFs and KNN-CF [11] (which
is a recent proposed advanced CF). Here, we denote UBCF
(user-based CF) and IBCF (item-based CF) as traditional

CF algorithms. In this section, another evaluation index
coverage [13] is introduced to validate the effectiveness of the
compared algorithms. Coverage is a widely used effectiveness
evaluation index to check the coverage rate of a recommendation system, the calculation is shown as follows:
Coverage =



∑𝑜id ∈𝑂 𝑃𝑜id ∩ 𝐼𝑜id 
∑𝑜id ∈𝑂 𝐼𝑜id

.

(11)

In the formula above, 𝑃𝑜id is the activity set that the system
recommends to the 𝑂id , and 𝐼𝑜id is the interesting activity
set discovered by the system. 𝑃𝑜id ∩ 𝐼𝑜id is the coverage of
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Figure 9: Effectiveness analysis with two indexes.

the system recommends and objects’ interesting activities.
Therefore, the higher coverage is, the more effective algorithm
is.
In this experiment, we validate the effectiveness of our
hybrid CF from two aspects. (1) the convergence of the
compared algorithm with the relation of MAE; (2) the
effectiveness of the proposed algorithm with the relation of
coverage.
We can read from Figure 9 that our algorithm is better
than traditional CFs and recent proposed advanced KNN-CF.
In Figure 9(a), the 4 algorithms perform nearly at the same
level. When the total count of moving objects is 10 or more,
the MAEs of hybrid CF and KNN-CF decrease rapidly and
the two algorithms become smooth when total objects are
more than 30. Since no strategies are used in traditional CFs,
both UBCF and IBCF perform not so well as ours and KNNCF. The best MAE value of ours is 0.09 when total objects
reach 30, while the best MAE value of KNN-CF is 0.13 when
total objects reach 37. In Figure 9(b), we can see that our
hybrid CF reaching the stable state is faster than the other
3 algorithms. In both experiments of Figure 9, the difference
between 4 algorithms is very little when total objects are very
few. As shown in Figure 9(b), the best coverage of our hybrid
CF reaches 99.8% when the count of objects is more than
40, and the best coverage of KNN-CF reaches 91.3% when
the count of objects is more than 35. Since activity type and
interesting drifting mechanism is adopted in our algorithm,
interesting hot regions which objects visit frequently will have
more weights, and this value plays very important role in the
object interesting activity discovery. Therefore, our hybrid CF
is better than KNN-CF and traditional CFs, such as UBCF
and IBCF.
As discussed in [14, 15], the performance of CF algorithm
is often influenced by three factors: (1) the data sparseness;
(2) the scalability of the work; (3) the original evaluation.
In fact, the mentioned three factors are well conquered in
our work. Firstly, we use activity type to merge the sparse
object’s interesting into once class or type. Secondly, through
the activity type, a great many activities happened in hot
regions with the same type can also be merged, and so, the
performance can be well improved. Thirdly, for a hot region

never visited by anyone, it also can be inferred to the certain
type and recommended to objects who like it.

6. Conclusions
In this research, a novel work on interesting activity discovery
for moving object is presented. Firstly, a moving object
activity model is proposed to store objects’ activities and
their attributes. Secondly, by introducing activity type and
interesting drifting mechanism, the hybrid CF is proposed
to compute objects interesting activities comprehensively.
Thirdly, based on newly proposed hybrid CF, objects which
are similar to each other can be found, and their potential
interesting regions can be predicted. We have conducted
numerous experiments from several aspects on real dataset
and demonstrated the accuracy, efficiency, and effectiveness
of our hybrid CF. In the future study, we can address
moving objects’ interesting routes discovery based on the
work proposed in this paper.
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To enhance the stability and robustness of visual inspection system (VIS), a new surface defect target identification method
for copper strip based on adaptive genetic algorithm (AGA) and feature saliency is proposed. First, the study uses gray level
cooccurrence matrix (GLCM) and HU invariant moments for feature extraction. Then, adaptive genetic algorithm, which is used
for feature selection, is evaluated and discussed. In AGA, total error rates and false alarm rates are integrated to calculate the fitness
value, and the probability of crossover and mutation is adjusted dynamically according to the fitness value. At last, the selected
features are optimized in accordance with feature saliency and are inputted into a support vector machine (SVM). Furthermore, for
comparison, we conduct experiments using the selected optimal feature subsequence (OFS) and the total feature sequence (TFS)
separately. The experimental results demonstrate that the proposed method can guarantee the correct rates of classification and can
lower the false alarm rates.

1. Introduction
With the development of production and processing, the
quality requirements of products appearance have become
increasingly higher, which caused the manufacturers to
ensure nondestructive inspection for providing products.
However, due to the variety of conditions in VIS, the size
and the shape of the defect targets in detected object are
usually indefinite, especially the false targets. For example,
the falling iron scraps, the flying moth, the oil droplet, and
so forth in copper strip production lines might be classified
as true targets. Therefore, an automatic target identification
system is necessary to be designed to eliminate the false
targets. In this paper, the target identification system has
the following stages: feature extraction, feature selection, and
feature optimization and classification.
Feature extraction is a key factor for defect inspection.
Actually, metal surface defects are mostly similar to texture
patterns. Numerous methods have been proposed to extract
textural features, and cooccurrence matrix method is one of
statistical methods. Huang et al. [1] proposed an inspecting
technology using gray level cooccurrence matrix to extract
colorific and structural textures for solders of a flexible

printed circuit (FPC). The experiments indicated that the
defective solder is obviously different from the nondefective
solder in several kinds of quantified characters. Zhang et al.
[2] developed a vision inspection system for the surface
defects of strongly reflected metal. In this system, spectral
measure approach based on Fourier spectral is used to
compute textures which are inputted into a SVM to detect
defects. Moment is a linear characteristic which has translation invariance, scaling invariance, and rotation invariance.
Ping et al. [3] used the moment invariants to pick up the
characters of typical copper surface defects. Tolba et al. [4]
used GLCM and HU invariant moments based on Learning
Vector Quantization (LVQ) classifiers to detect defects of
textiles, and the correct defect detection rate is 98.64% with
an average false acceptance rate of 0.0012.
Feature selection is an important preprocessing step in
target identification system (TDS). Selecting an OFS that
preserves classification accuracy is a growing important
problem because of the increasing size and dimensionality
of real data sets. Achieving reduction of the relevant features
number without negative effect on classification accuracy is
a goal which greatly improves the overall effectiveness of the
target identification system. After analyzing the advantages
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Figure 1: Block diagram of target identification.

and disadvantages of filtering and wrapping approaches
for feature selection, Wang and Zheng proposed a hybrid
approach named filtering-wrapping feature selection (FWFS)
[5]. This approach uses information gain to evaluate feature’s relevance to the target class and mutual information
to evaluate redundancies among features. Then, the actual
classifier is used as a “black box” to evaluate the fitness value.
Rodriguez et al. [6] proposed a feature selection method,
named Quadratic Programming Feature Selection (QPFS),
which can limit the computational complexity for large data
sets. Comparatively speaking, genetic algorithm has strong
ability in local search, and the local optimal solution can be
avoided in searching process [7], it solves the shortcomings
of slow convergence speed and high time complexity. Yang
et al. [8] presented an improved genetic algorithm (IGA) to
select the optimal feature subset effectively and efficiently
from a multicharacter feature set (MCFS). The IGA adopts
segmented chromosome management scheme to implement
local management of chromosome. A segmented crossover
operator and a segmented mutation operator are employed
to operate on these segments to avoid invalid chromosomes.
The feature selection step of Zhang’s method is based on
adaptive simulated annealing genetic algorithm, which can
guarantee the correct rate of classification and can improve
the efficiency [9].
The proposed method optimizes the OFS judging by
the feature saliency (i.e., the contribution degree of feature),
which can increase the accuracy rate and robustness of the
TDS. Saliency is the human perception of certain quality
and quantity which can representatively reflect the difference
between targets and other ones. For performance comparison, we do experiments on defects detection using the OFS
and the TFS.
The organization of this paper is as follows: in Section 2,
the proposed method is explained by three steps, feature extraction, feature selection, and feature optimization;
Section 3 shows the experimental results and discusses the
performance of the proposed method; conclusions are given
in Section 4.

2. Target Identification System Design
Figure 1 shows the target identification process that contains
two steps, training step and testing step. In the training step,
the identification system firstly extracts the initial features
from each image in training set to form the initial feature
sequence set, which is then inputted into feature selection to
obtain the optimal feature sequence and the weights. In the
testing step, the weighted OFS is inputted into SVM classifier
to implement the target identification.
(1) Feature extraction. This study uses invariant moments
and textural features to ensure that the extracted
feature sequence can satisfy the requirements of target
identification with validity, less computation quantity,
and good robustness.
(2) Feature selection. Genetic algorithm is a faster global
optimizing algorithm with constant feedback correction. Consequently, the paper adopts GA to select the
optimal feature sequence.
(3) Feature optimization. Generally, each feature in OFS
has different contribution to target identification.
Therefore, this paper measures the feature saliency
as the weights to update the existing identification
model, which can guarantee the robustness and can
further improve the performance of the identification
model.
(4) Classification and identification. SVM has been proposed as popular tools for classification problems [10].
After eliminating the features with less contribution
in the training step, SVM can identify the target more
accurately.

3. Methodology
3.1. Feature Extraction
3.1.1. HU Invariant Moments. Moments can be used for
rep-resentation of a two-dimensional image on the basis of
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the Papoulis uniqueness theorem [11]. Invariant moment
theory based on region shape recognition was proposed by
Hu [12] at first.
The (𝑝 + 𝑞)th-order central moment of digital images is
defined as
𝑞

𝜇𝑝𝑞 = ∑∑(𝑥 − 𝑥)𝑝 (𝑦 − 𝑦) 𝜌 (𝑥, 𝑦) .

(1)

𝑥 𝑦

The normalized central moment is
𝜂𝑝𝑞 =

𝜇𝑝𝑞
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Figure 2: Chromosome coding of feature sequence.

image. This paper chooses the following four parameters with
preferable descriptiveness and independence.
(1) Angular second-order moment (energy)

𝑝, 𝑞 = 1, 2, 3, . . . .

(2)

2

𝐴 1 = ∑∑𝑝(𝑥, 𝑦) .

(4)

𝐴 2 = −∑∑𝑝 (𝑥, 𝑦) log 𝑝 (𝑥, 𝑦) .

(5)

𝑥 𝑦

Hu proposed seven invariant moments which satisfied the
conditions of translation invariance, scaling invariance, and
rotation invariance. These moments can be written as follows:
𝜙1 = 𝜇20 + 𝜇02 ,

(2) Entropy
𝑥 𝑦

2

2
𝜙2 = (𝜇20 + 𝜇02 ) + 4𝜇11
,

(3) Contrast (inertia moment)

2

2

𝜙3 = (𝜇30 − 3𝜇11 ) + (3𝜇21 − 𝜇03 ) ,
2

𝐴 3 = ∑∑𝑚2 [∑ 𝑝 (𝑥, 𝑦)] ,
𝑥 𝑦

2

𝜙4 = (𝜇30 + 𝜇12 ) + (𝜇21 + 𝜇03 ) ,

(6)

(4) Relevance

𝜙5 = (𝜇30 − 3𝜇12 ) (𝜇30 + 𝜇12 )
2

𝐴4 =

2

× [(𝜇30 + 𝜇12 ) − 3 (𝜇30 + 𝜇12 ) ]
+ (3𝜇21 − 𝜇03 ) (𝜇21 + 𝜇03 )
2

2

∑𝑥 ∑𝑦 𝑥𝑦𝑝 (𝑥, 𝑦) − 𝜇1 𝜇2
𝜎12 𝜎22

(7)

𝜇1 = ∑𝑥∑𝑝 (𝑥, 𝑦) ,

2

𝑥

𝜙6 = (𝜇20 − 𝜇02 ) [(𝜇30 + 𝜇12 ) − (𝜇21 + 𝜇03 ) ]

𝑦

𝜇2 = ∑𝑦∑𝑝 (𝑥, 𝑦) ,

+ 4𝜇11 (𝜇30 + 𝜇12 ) (𝜇21 + 𝜇03 ) ,
2

,

where, 𝜇1 , 𝜇2 , 𝜎12 , and 𝜎22 are, respectively, defined as

2

× [3(𝜇30 + 𝜇12 ) − (𝜇21 + 𝜇03 ) ] ,

𝑥

2

𝜙7 = (3𝜇21 − 𝜇03 ) (𝜇03 + 𝜇21 ) [3(𝜇30 + 𝜇21 ) − 3(𝜇21 + 𝜇03 ) ]

𝑦

2

𝜎12 = ∑(𝑥 − 𝜇1 ) ∑𝑝 (𝑥, 𝑦) ,
𝑥

− (𝜇30 − 3𝜇12 ) (𝜇21 + 𝜇03 )
2



𝑚 = 𝑥 − 𝑦 .

(8)

𝑦

2

𝜎22 = ∑(𝑦 − 𝜇2 ) ∑𝑝 (𝑥, 𝑦) .

2

× [3(𝜇30 + 𝜇12 ) − (𝜇21 + 𝜇03 ) ] .

𝑦

𝑦

(3)
The aforementioned seven parameters 𝜙1 ∼ 𝜙7 are used as
identification feature.1 to feature.7 in this paper.
3.1.2. Texture Features. Texture features can be used to
measure the characteristics of smoothness, roughness, and
regularity, and so forth. There are primarily three description
methods for texture feature: statistical method, structured
method, and spectrum method [13]. GLCM is an excellent
statistical method in texture analysis, which can commendably convert gray value into texture information. GLCM is
the statistics of probability 𝑝(𝑥, 𝑦) of a pair of image elements
gray value with certain position relationship. The 14 feature
parameters inferred from GLCM have all contained texture
information. Nevertheless, they could bring about information redundancy when describing texture of surface defect

This paper uses the mean value and the standard deviation of the aforementioned four parameters (i.e., energy,
entropy, contrast, and relevance), total 8 subfeatures as
identification feature.8 to feature.15 in this paper.
3.2. Adaptive Genetic Algorithm. Genetic algorithm is an
adaptive optimization algorithm simulating biological evolution mechanism [7], which has strong searching capabilities
in parallel pattern space and can quickly approach to the
global optimal solutions.
(1) Chromosome Coding and Initial Population Setting. As
shown in Figure 2, if the primary feature sequence extracted
from training set contains 𝑙 features, define a 0-1 binary code
with chromosome length of 𝑙, where 𝑙 = 15 corresponding to
the preceding extracted features. If the 𝑖th chromosome is 1,
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the corresponding feature is selected, otherwise not selected.
Each chromosome corresponds to a feature subsequence.
Setting 𝑁 randomly generates chromosomes as initial
population. This paper take the 𝑁 = 1000 in order to ensure
the individual diversity of the population.
(2) Fitness Function Designing. On one hand, the larger the
feature numbers in the feature subsequence, the more complicated the identification model, which could decrease the last
identification performance with greater computational cost
and declining antinoise capability.
On the other hand, the identification accuracy can be determined by the total error number 𝑇𝑜𝑒 and the false alarm
number 𝑀𝑖𝑒 when the true/false target numbers are already
known.
Therefore, the abovementioned three factors must be considered simultaneously when evaluating the feature subsequence from the practical application. The fitness function is
defined as
𝐹 (𝑓𝑖 ) = − (𝑛lg (𝐿) + 𝑇𝑜𝑒 lg (𝑇𝑜) + 𝑀𝑖𝑒 lg (𝑀𝑖)) ,

Individual fitness valuation

Adjustment of crossover and
mutation probability

Selection, crossover, and mutation

Population updating

(9)

where 𝑓𝑖 is feature vector corresponding to feature subsequence, 𝐿 is the total features number (i.e., the chromosomes
length), 𝑇𝑜 is the total training images number, and 𝑀𝑖 is the
true defects number.
From (9), we can see that the fewer the selected features,
the total errors, and the false alarm numbers, the larger the
received fitness value.
(3) Genetic Operation. The individual evolution is finished by
genetic operators in GA. In this paper, the initial crossover
operator op𝑐 = 0.8, and the initial mutation operator
opV = 0.01. This paper adopts two-point crossover method to
adaptively adjust the probability of crossover and mutation in
the searching process.
The adaptive crossover operator is defined as
(op𝑐1 − op𝑐0 ) (𝐹 − 𝐹av )
{
{
{
−
, 𝐹 ≥ 𝐹av ,
op
{
{ 𝑐1
𝐹𝑚𝑥 − 𝐹av
op𝑐 = {
{
{
𝐹
{
{op𝑐0 − (op𝑐1 − op𝑐0 )
,
𝐹 < 𝐹av .
𝐹
av
{

Population initialization

(10)

Satisfy termination
conditions ?

No

Yes

Output OFS

Figure 3: The feature selection algorithm flow chart based on GA.

The specific algorithm steps are as follows (where 𝐺𝑒 is the
iterations):
Population initialization: 𝐶𝑜 ← randomly generating 𝑁
chromosomes with length of 𝑘;
while (𝐺𝑒 ≤ 𝑀𝑥𝐺𝑒 or opV ≤ 0.09), do
(1) fitness valuation: figure out 𝐹(𝑥) for each individual 𝑥
in 𝐶𝑜;
(2) adaptive adjustment of op𝑐 and opV : using two-point
crossover method to any two individuals;

The adaptive mutation operator is defined as

(3) selection, crossover, mutation;

(opV1 − opV0 ) (𝐹𝑚𝑥 − 𝐹)
{
{
,
op −
{
{ V1
𝐹𝑚𝑥 − 𝐹av
opV = {
{
{
{opV0 − (opV1 − opV0 ) 𝐹 ,
𝐹av
{

(4) population updating: 𝐶𝑜 ← 𝐶𝑜𝑛 ;

𝐹 ≥ 𝐹av ,
(11)
𝐹 < 𝐹av ,

where 𝐹 is the larger fitness value of the two crossover individuals and 𝐹𝑚𝑥 and 𝐹av are the largest fitness value and the
average fitness value separately.
(4) Termination Conditions of AGA. The AGA is terminated
when the iteration times of AGA are equal to the maximum
iteration times 𝑀𝑥𝐺𝑒. In this paper, we set 𝑀𝑥𝐺𝑒 to 400.
The algorithm flow chart is shown in Figure 3.

end
output the OFS from 𝐶𝑜.
3.3. Feature Saliency Measuring. This paper optimizes the
selected features by measuring feature saliency in accordance
with probabilities of each feature in features space. Suppose
that the OFS is 𝑓𝑜 = [𝑓𝑜1 , 𝑓𝑜2 , . . . , 𝑓𝑜𝑚 ] after using AGA;
then make a certain feature 𝑓𝑜𝑖 ∈ 𝑓𝑜 input into SVM for
classification. The total accuracy rate is
𝑃𝑟𝑖 =

𝑇𝑜 − 𝑇𝑜𝑒𝑖
.
𝑇𝑜

(12)
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(a) Burr

(b) Loophole

(c) Perforation

(d) Pit

(e) Moth

(f) Inclusion

(g) Iron scrap

(h) Paper scrip

Figure 4: Defect samples.

The target accuracy rate is
𝑃𝑡𝑟𝑖 =

𝑀𝑖 − 𝑀𝑖𝑒𝑖
.
𝑀𝑖

(13)

The contribution degree 𝐷𝑖 of feature 𝑓𝑜𝑖 is defined as
𝐷𝑖 =

1
(𝑃 + 𝑃𝑡𝑟𝑖 ) .
2 𝑟𝑖

(14)

Then, the normalization is applied to the contribution degree 𝐷𝑖 , and the weight of feature 𝑓𝑜𝑖 is defined as
𝑊𝑖 =

𝐷𝑖
.
∑𝑚
𝑖=1 𝐷𝑖

(15)

3.4. Basic Theory of SVM. Support vector machine (SVM)
[10] is a learning method, which is based on structural
risk minimization (SRM) rules. It means that the indicator
function set 𝑆 is decomposed into several subsets function
sequence 𝑆1 ⊂ 𝑆2 ⊂ ⋅ ⋅ ⋅ 𝑆𝑛 ⊂ 𝑆, arranging the subsets according to the VC dimension size. After weighing the subset of the
empirical risk and confidence range, we will obtain the smallest actual risk. It combines the theory of maximum interface
classifier with the method based on kernel, and it can achieve
the globally unique optimum solution. Besides, it has unique
advantages in small samples, nonlinear problem, and highdimensional pattern recognition problem. The basic idea of
support vector machine is transforming the input space to
a high-dimensional space by nonlinear conversion defined
by inner product function firstly. In SVM, the choice of the
appropriate kernel functions is an important factor, and different kernel function can form different algorithms, which
will directly influence the generalization ability and error

control of SVM. Gaussian radial basis kernel, polynomial
kernel, B-spline kernel, Fourier kernel, and sigmoid kernel
are frequently used kernel functions.
In this paper, the one-versus-one method is chosen to
build the SVM classifier, and the polynomial kernel is used
as the kernel function.

4. Experimental Results and Discussion
In this section, the authors present the experiment results
followed by previous approaches on copper strips that
are provided by XINGRONG manufacture corporation in
Changzhou, Jiangsu province, China to evaluate the performance of the proposed identification method. As shown in
Figure 4, we choose eight typical defect target images that
include true defect samples (burr, loophole, perforation, and
pit) and false defect samples (moth, inclusion, iron scrap, and
paper scrip). To extend the image database, we rotate the
image sample and transform it in different resolutions. After
that, we randomly choose 214 true defect images and 362 false
defect images as the training set; the remaining 153 true defect
images and 423 false defect images are used as testing set.
4.1. Feature Extraction. Figure 5 shows the spatial distribution map of each extracted feature of the defect images.
From the maps, we can see that each feature can reflect the
differences between true defects and false defects in a certain
degree.
4.2. Feature Selection
(1) Single Feature. Table 1 shows the identification results
using single feature. Figure 6 corresponds to Table 1. Table 1
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Figure 5: Continued.
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Table 1: Identification accuracy rates using single feature.
Training set

Feature

Total correct rate
0.8056
0.5637
0.6119
0.6715
0.5508
0.7702
0.8113
0.7518
0.8683
0.6013
0.8896
0.9004
0.9417
0.8006
0.5725

f1
f2
f3
f4
f5
f6
f7
f8
f9
f10
f11
f12
f13
f14
f15

Testing set
Target correct rate
0.7533
0.4801
0.5003
0.7092
0.3342
0.6547
0.7087
0.6476
0.7812
0.4747
0.8900
0.9151
0.9450
0.7229
0.3918

Total correct rate
0.8554
0.5373
0.6883
0.7004
0.6017
0.8009
0.8351
0.7991
0.8790
0.5706
0.8711
0.9107
0.9625
0.8513
0.5631

Target correct rate
0.7727
0.3359
0.4988
0.5013
0.3081
0.6833
0.7104
0.6506
0.7941
0.3987
0.9014
0.8992
0.9633
0.7094
0.3614

Table 2: Results for AGA in 10 times.
Times
1
2
3
4
5
6
7
8
9
10
Average

OFS coding
[100001111011110]
[100001111011110]
[100001111011110]
[100001111011110]
[100001111011110]
[100001111011110]
[100001111011110]
[100001111011110]
[100001111011110]
[100001111011110]
[100001111011110]

Feature numbers
9
9
9
9
9
9
9
9
9
9
9

Consuming time (s)
64.03
74.67
70.79
72.88
69.53
68.96
79.25
61.94
56.78
67.41
68.62

and Figure 6 further illustrate that each of the 15 features
extracted in this paper has a certain identification ability for
the true and false defects.

1

0.9
Distinguishing accuracy rate

Fitness value
−9.0103
−9.0103
−9.0103
−9.0103
−9.0103
−9.0103
−9.0103
−9.0103
−9.0103
−9.0103
−9.0103

(2) Multifeature. As shown in Table 2, the selected OFS
using AGA in 10 times is the same, that is [𝑓1 , 𝑓6 , 𝑓7 , 𝑓8 ,
𝑓9 , 𝑓11 , 𝑓12 , 𝑓13 , 𝑓14 ]. The corresponding fitness value is
−9.0103, and the average consuming time is 68.62 s, which
interprets that the processing speed of the proposed method
is very fast.

0.8
0.7
0.6
0.5
0.4

0

5
10
Feature sequence number
Total accuracy rate
Target accuracy rate

Figure 6: Identification accuracy rates using single feature.

15

Table 3 shows the experimental results using the selected
OFS inputted into SVM. The total error using the OFS for
training set is 9, and the false alarm number is 3; thus, the total
is 0.9817, and the target correct rate is 0.9939. The total error
using the OFS for testing set is merely 5, and the false alarm
number is just 1; thus, the total correct rate is 0.9886, and
the target correct rate is 0.9903. Compared with the results
in Table 1, we can see that the identification accuracy using
OFS is higher than using single feature independently.
Combined with Table 1, the weight of each feature in OFS
calculated by (12) to (15) is shown in Table 4.
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Table 3: Identification accuracy of optimal feature subsequence.

Total errors False alarm
9

3

Training set
Total correct rate
0.9817

Target correct rate

Total errors

False alarm

Testing set
Total correct rate

Target correct rate

0.9939

5

1

0.9886

0.9903

Table 4: Weight of each feature in optimal feature subsequence.
𝐷𝑖
Weight

f1
0.7795
0.1071

f6
0.7125
0.0979

f7
0.7600
0.1044

f8
0.6997
0.0961

f9
0.8248
0.1133

f11
0.8898
0.1222

f12
0.9078
0.1247

f13
0.9434
0.1296

f14
0.7618
0.1047

Table 5: Identification accuracy of total feature sequence.
Feature coding: [111111111111111], Fitness value: −19.1774
Training set
Testing set
Total errors False alarm Total correct rate Target correct rate Total errors False alarm Total correct rate
10
7
0.9796
0.9624
14
13
0.9682

In order to compare the performance of the proposed
method, we use TFS inputted into SVM classifier under the
same condition. And the identification results are shown in
Table 5. From Table 5 we can see that the total errors for
training set is 10, and the false alarm numbers is 7, thus the
total is 0.9796, and the target correct rate is 0.9624. The total
error for the testing set is 14, and the false alarm number is 13;
thus, the total correct rate is 0.9682, and the target correct
rate is 0.8738. By comparing Table 5 with Tables 1 and 3 it
is observed that the identification accuracy using TFS for
training set is higher than either single feature, but lower
than that using OFS. Furthermore, the identification accuracy
using TFS for the testing set is far below than using OFS,
which further interpreted that the proposed feature selection
method increases the identification accuracy rate greatly.
The neural network has been used in pattern recognition
widely. Hundreds of defect images are randomly chosen from
the database as the training sample; then we choose the other
hundreds of images as the test sample. Table 6 shows the
identification results using RBF neural network.
From Tables 3, 5, and 6, we can see that the identification
accuracy of SVM can be as high as 99.03%, and in most
instances this number is more than 95%. However, the
identification accuracy of RBF neural network is no more
than 95%. It is obvious that the performance of the proposed
method is better than the RBF neural network.

5. Conclusions
In this study, a new surface defect target identification system
for copper strip based on adaptive genetic algorithm and
feature saliency was developed. Genetic algorithm has the
advantage of fast convergence and can avoid involving into
local optimal solution. In the proposed method, the probability of crossover and mutation was adjusted dynamically
according to the fitness value, which had been calculated by
integrating total error rate and false alarm rate. Furthermore,

Target correct rate
0.8738

Table 6: Identification accuracy of RBF neural network.
Defect type
Pits
Loophole
Burr
Perforation

Total
126
342
215
106

Correct
112
323
203
96

Accuracy
88.9%
94.4%
94.4%
90.6%

to evaluate the performance of the proposed method, comparison between the selected feature subsequence and total
feature sequence has been implemented. The experimental
results demonstrate that the proposed approach increases the
correct rate and lowers the false alarm rate. In the proposed
method, feature extraction can decrease the dimension of
features and can increase the speed of processing. However,
crossover and mutation operators in genetic algorithms
always work under the condition of a certain probability; it
will lead to “degradation” phenomenon inevitably, such as
prematurity and species diversity decreasing. Some potential
priori knowledge of the actual problem itself cannot be
applied in the genetic algorithms. The future work should
attempt to verify the robustness and effectiveness of our
method in practical application.
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Production scheduling is a rather difficult problem in virtual enterprises (VE) for the tasks of production which would be executed
by some distributed and independent members. Factors such as the timing constraints of task and ability restrictions of the members
are considered comprehensibly to solve the global scheduling optimization problem. This paper establishes a partner selection
model based on an improved ant colony algorithm at first, then presents a production scheduling framework with two layers as
global scheduling and local scheduling for virtual enterprise, and gives a global scheduling mathematical model with the smallest
total production time based on it. An improved genetic algorithm is proposed in the model to solve the time complexity of virtual
enterprise production scheduling. The presented experimental results validate the optimization of the model and the efficiency of
the algorithm.

1. Introduction
Virtual enterprise (VE) is a dynamic alliance consisting of
independent enterprises. Production scheduling is one of the
most important aspects in VE to seize the market opportunities with the shortest production cycle and maximum profits.
Hence, production planning has become an important area
in VE.
As Helaakoski et al. defined, VE is defined as a temporary
collaborative network consisting of independent enterprises,
formed to exploit a particular business opportunity [1]. Goel
et al. look into both the paradigms and Enterprise Architecture viewpoint of virtual enterprise. Enterprise Architecture
deals with the structure of an enterprise, relationships, and
interactions of its units [2]. Capuano et al. propose an
overview of the Knowledge Virtual Enterprise model, where
the virtual enterprise vision is extended with Knowledgebased assets in order to provide an agreement model to
support the interoperability among organizations [3]. Danesh
et al. propose a 6-layer framework with multiple components
within each layer and present a distributed SOA infrastructure that facilitates peer-to-peer collaboration between

enterprises in a virtual enterprise [4]. Esparcia et al. present
an extension of the Environment Dimension of the VE model,
which is an Organization Modeling Language to define
Organization-Centered Multiagent Systems [5].
Partner selection of virtual enterprise is important to
VE and production scheduling of VE. Crispim and Sousa
mainly talk about the procedure of partner selection in VE
and give a model but cannot solve it absolutely [6]. Jarimo
and Salo create a mixed-integer linear programming (MILP)
model to solve partner selection in virtual organization
[7]. In additionally to fixed and variable costs, we present
extensions that accommodate transportation costs, capacity
risk measures, and interorganizational dependencies such
as the success of past collaboration. Nayak et al. propose
a variant of swarm optimization to handle combinatorial
problems efficiently compared to its continuous counterpart
[8]. Simona and Raluca propose partner selection as a
difficult task and involve important decision-making because
it includes many factors: quality, cost, trust, delivery time,
limitations of geography, and communicate abilities [9]. At
last, they solve the problem by genetic algorithm. Mohamed
focuses on the solution procedure of the multiobjective
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partner selection problem in virtual enterprise where the cost
coefficients are expressed as interval by the decision maker
and uses a multiobjective algorithm (PSA) to solve [10].
Yalaoui et al. solve a hybrid flow shop scheduling problem
and create a new method to solve the problem based on
the nature which is the particle swarm optimization method
under fuzzy logic controller (FLCPSO) [11]. Dugardin et al.
create a model to solve multiobjective scheduling of a reentrant hybrid flow shop problem and can be used for partner
selection in VE if improved [12]. Gao and Jiang and Ding et al.
establish a mathematical model solved using a hybrid genetic
algorithm (GA) to acquire the shortest operating cycle based
on the characteristics of the production scheduling of VE
[13, 14]. However, this model caused premature convergence
because that it only used a single population. Song combines
the widely applied “cloud computing” theory to present the
cloud of VE production planning and control model [15].
However, the model has not yet been tested in practical
applications. Gao and Ding, and Li and Liu discuss an order
rarely multiple orders, established a multiorder production
scheduling model, and introduce various population geneticsimulated annealing algorithms to solve this model [16, 17].
Although the problem of population diversity is solved,
the execution time is very slow. Some researchers such as
Camarinha-Matos and Afsarmanesh and Zhao and Zhou
apply multiagent technology to solve VE production planning and control [18, 19]. They mainly attempt to establish
a framework of the production scheduling system. The VE
production planning model and the corresponding algorithm
need to be further studied. According to the two-tier scheduling model of VE, Tao and Xie establish a mathematical
model with the smallest total operating time and used the
ant colony algorithm to solve the model [20]. However,
premature convergence and slow execution time were the
disadvantages of this model.
The structure of the paper is as follows. Section 2 states
the problems of partner selection and production planning
in VE and creates two models. Section 3 introduces improved
ant colony algorithm (IACO) to solve partner selection model
and improved multipopulation genetic algorithm (IMGA) to
solve the production scheduling model. Section 4 presents a
numerical simulation to show the feasibility of the algorithm.
Finally, our solution to the problem and the performance
of IMGA are discussed. Section 5 concludes this paper and
ongoing works.

2. Description of the Problem and Model
2.1. Partner Selection Model
2.1.1. Three-Stage Model of Partner Selection. According to
the actual characteristics of the virtual enterprise partner
selection and the cycle of the selection, the virtual enterprise
partner selection can be roughly divided into three stages as
the primary selection, fine selection, and optimized combination, as shown in Figure 1.
Primary and fine selection stage is relatively simple;
generally the dominated enterprise establishes a specific

Mathematical Problems in Engineering
assessment team and filters based on certain indicators,
excluding the enterprises which do not have the required
core resources. Combinatorial optimization phase occupies
an important position in the entire virtual enterprise partner
selection, and it is related to the success or failure of
the partner selection. Therefore, this paper focuses on the
establishment of the stages of the model and use of improved
ant colony algorithm to solve it.
2.1.2. Partner Selection Combinatorial Optimization Model
Description of the Problem. Assume that the dominant enterprise has decomposed the task into 𝐽 different subtasks
based on the decomposition of business processes. After the
primaries of the first phase and the fine selection of the second
phase, we can get the combination of the candidate partner
enterprises set 𝐸𝐼×𝐽 that need to optimize, where 𝐽 represents
the task number and 𝐼 is the number of candidate enterprises
for each task. 𝑢𝑖𝑗 is task 𝑗 which selects its candidate partners
in the corporate collection of the 𝑖th enterprise as the final implementation of the enterprise, 𝑖 = 1, 2, . . . , 𝐼, 𝑗 = 1, 2, . . . , 𝐽.
Due to the difference of the factor of the characteristics
of the market opportunities and core enterprise defects,
consideration of core enterprise during the partner selection
is also different. Overall, the time, costs and risk are factors
to be considered basically in every virtual enterprise [21].
Therefore, this paper considers the impact of the virtual
enterprise partner selection factors from three aspects of
time, cost, and risk.
Determination of the Objective Function. According to the
characteristics of the virtual enterprise partner selection, set
the time 𝑇, the cost 𝐶, and the risk 𝑅 the three objective
𝐽 𝐼
functions as follows:
(1)
min 𝑇 = min [ ∑ ∑ (𝑇𝑖𝑗 𝐻𝑖𝑗 )] ,
𝑗=1 𝑖=1
]
[
𝐽

𝐼

min 𝐶 = min [∑ ∑ (𝐶𝑖𝑗 𝐻𝑖𝑗 )] ,
[𝑗=1 𝑖=1
]
𝐽

𝐼

min 𝑅 = min [ ∑ ∑ (𝑅𝑖𝑗 𝐻𝑖𝑗 )] ,
]
[𝑗=1 𝑖=1
1,
𝐻𝑖𝑗 = {
0,

(2)

(3)

the candidate partner 𝑢𝑖𝑗 is selected,
the candidate partner 𝑢𝑖𝑗 is not selected.
(4)

Wherein 𝑇𝑖𝑗 indicates the required time when the task 𝑗 is
the 𝑖th candidate corporate executive, 𝐶𝑖𝑗 represents required
costs when task 𝑗 is the 𝑖th candidate corporate executive, 𝑅𝑖𝑗
is the risk that chooses the 𝑖th candidate enterprises to execute
task 𝑗. 𝐽 represents the total number of tasks; 𝐼 is the number
of candidate enterprises for the 𝑗th task. Ultimate goal is a
minimum time, cost, and risk.
For multiobjective decision-making problems, it is difficult for the decision makers to prepare, give the specific
means, and consider the polarity inconsistency of goal.
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Business process divided

Task3

Selection start

Task6

Task1
Task4

Task0

···

Task2

Task8

Task10

Task7
Task5

Using core competitiveness index

Primary selection

Figure 2: The figure of task decomposition.

···

where ‖‖ means to take norm, 𝑡 is the number of ants, 𝑑+ is the
positive ideal distance measure, and 𝑑− point is the negative
ideal distance measure. The Euclidean norm can be used to
solve it, and the values 𝑑+ and 𝑑− can be calculated using

Fine selection

Experts assess

𝑑+ (𝑡) = √(𝑇 (𝑡) − 𝑇+ )2 + (𝐶 (𝑡) − 𝐶+ )2 + (𝑅 (𝑡) − 𝑅+ )2 ,

···

Optimized combination by IACO

𝑑− (𝑡) = √(𝑇 (𝑡) − 𝑇− )2 + (𝐶 (𝑡) − 𝐶− )2 + (𝑅 (𝑡) − 𝑅− )2 .

Optimized combination

(8)

···

Virtual enterprise construction

The selection process end

Figure 1: Three-stage model of partner selection.

Ideal point method (TOPSIS) is a good method for solving multiobjective decision problems. Guo and Jin applied
TOPSIS to solve the problem of multiple index decision grey
relation [22]. Ideal point method was first proposed by C. L.
Hwang and K. Yoon in 1981 [23], sort ideal point method
sort the closeness e based a finite number of evaluation
objects with idealized goal, and the relative merits of existing
object evaluation ideal point method is an effective method
multiobjective decision analysis, also known as pros and cons
of solutions of distance method. Define a measure in space to
measure the degree of a program close to the ideal solution
and away from negative ideal solution, pros and cons of sort
of candidate programs based on the value of this measure to
provide a basis for decision-making. This method is based on
obtaining a good application.
Use ideal point method, and construct the fitness function of the multiobjective decision problems; decision makers
need to give positive ideal value (positive ideal point) of
each goal and negative ideal value (negative ideal point). The
positive ideal point of the time, cost, and risk in this paper is
(𝑇+ , 𝐶+ , 𝑅+ ), negative ideal point is (𝑇− , 𝐶− , 𝑅− ). This can be
constructed out the objective function 𝑓(𝑡).
𝑓 (𝑡) =

𝑑−
,
𝑑− + 𝑑+

 (𝑇 (𝑡) − 𝑇− ) (𝐶 (𝑡) − 𝐶− ) (𝑅 (𝑡) − 𝑅− ) 


 ,
,
,
𝑑− (𝑡) = 

𝑇+
𝐶+
𝑅+


 (𝑇 (𝑡) − 𝑇+ ) (𝐶 (𝑡) − 𝐶+ ) (𝑅 (𝑡) − 𝑅+ ) 


 ,
𝑑+ (𝑡) = 
,
,

𝑇+
𝐶+
𝑅+



(5)
(6)
(7)

2.1.3. Numerical Example. As shown in Figure 2, it is assumed
that the dominated enterprise decomposition market opportunities objectives into Task1 . . . Task8. Task0 and Task9 are
the starting point and end point.
Through the first phase and the second phase of the selecting, the number of candidate enterprises which can enter into
the optimum combination of stage has been narrowed into
an appropriate range. The information set of Task1 . . . Task8
in optimized combination stage corresponding to candidate
companies is shown in Table 1.
According to the information provided in Table 1, calculate each candidate set using the ideal point method.
For example, positive ideal points of the candidate set
{P11 , P12 , P13 , P14 } is (90, 5.5, 0.35), and the negative ideal
point is (110, 7.5, 0.45). The calculated ant path hunt to the
diagram shown in Figure 3 is carried out for all candidate
sets. Calculating the collection of all candidates can get the
digraph of ants’ path finding.
2.2. Production Scheduling Model
2.2.1. Description of the Problem. After the dominant enterprise establishes VE, the 𝑁 subtasks are assigned to the
𝑀 member enterprises. The production plan is developed
based on the timing relationships between the tasks and
the constraints of the overall scheduling. This model aims
at obtaining the maximum profits and deliver customerspecified products with the shortest production cycle [24]. In
this paper, we consider that the VE production planning has
the following characteristics [25].
(a) The dominant enterprise specifies the operating time
of the decomposition of the task.
(b) Subtasks in the implementation process without
interruption, for author/s of only one affiliation.
(c) Subtasks with timing constraints.
(d) When member enterprises are assigned to multiple
tasks, considering the member enterprises of their

4

Mathematical Problems in Engineering

P11
P31

7.1

P12

0.7

7.8
Start

6.8

P13

0.9

P21

5.6
3.6

P22

8.4

P32

P41

5.6
4.2

P81
P61

7.1
P42

3.5
6.5

5.8

P52

4.8

P33

P14

P51

P43

5.4

P53

3.5
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Figure 3: Digraph with weight.

Table 1: Time, cost, and risk of candidate enterprises.
Task

Candidate
enterprise

Cost
(10000$)

Time
(month)

Risk

Task1

𝑃11
P12
P13
P14

100
99
110
90

6.5
7.1
5.5
7.5

0.41
0.40
0.35
0.45

Task2

P21
P22

56
77

2.7
3.3

0.22
0.33

Task3

P31
P32
P33

59
67
50

5.3
5.5
4.5

0.50
0.45
0.35

Task4

P41
P42
P43

80
88
79

5
3.2
3.4

0.33
0.51
0.52

Task5

P51
P52
P53
P54

130
139
122
140

5.2
4
6.2
4

0.22
0.33
0.25
0.20

Task6

P61
P62
P63

80
79
88

5
3.4
3.2

0.33
0.52
0.51

Task7

P71
P72
P73

56
77
103

2.7
3.3
4.1

0.22
0.22
0.25

Task8

P81
P82
P83
P84

59
67
50
66

5.3
5.5
4.5
4

0.50
0.45
0.35
0.25

own resource constraints, a moment can only perform one task.
(e) Initial time of the production scheduling is 0, and the
goal is the shortest operating cycle.

2.2.2. Symbol Description. This paper uses the following
symbols to describe the mathematical model of VE:
𝑀: the total number of tasks;
𝑁: the total number of enterprises;
𝑃𝑖 : task number, 𝑖 ∈ [𝑖, 𝑁];
𝐸𝑖 : the number of enterprises, 𝑖 ∈ [𝑖, 𝑀];
𝑅𝑖 : enterprise 𝐸𝑖 assuming the task set;
𝐾𝑖 : the number of tasks to be undertaken by the
enterprise 𝐸𝑖 ;
𝑠𝑡𝑖𝑒 : the initial production time of 𝑃𝑖 in the enterprise
𝐸𝑒 ;
𝑐𝑡𝑖𝑒 : production time of 𝑃𝑖 in the enterprise 𝐸𝑒 ;
𝑒𝑡𝑖𝑒 : final time of 𝑃𝑖 in the enterprise 𝐸𝑒 ;
𝑡𝑡𝑚𝑛 : transport time from enterprise 𝐸𝑚 to 𝐸𝑛 ;

𝑥𝑖𝑒 = {
1,
𝑓𝑖𝑗 = {
0,

1, task 𝑃𝑖 in the enterprise 𝐸𝑖
0, otherwise;

task 𝑃𝑖 is the preamble of the task of 𝑃𝑗
otherwise;

(9)

𝐿 𝑥 : extending task, and 𝑥 ∈ [𝑖, 𝑁];
𝑆: delaying the task 𝐿 𝑥 as a preorder or in connection
with tasks performed in the same enterprise;
𝑆 : completed tasks including delayed tasks.
2.2.3. Model. Under the constraints, with the initial time of
the production scheduling set to 0, the entire production
cycle is ensured to be the shortest for each production task
in the VE production planning problems by determining the
shortest completion time [26]. Delayed by the duration of
the task prior to the completion of this task, the subsequent

Mathematical Problems in Engineering

5

sequence of tasks and the same enterprise to complete the task
to a collection of tasks in 𝑆 cannot be executed. The tasks in
𝑆 can be reallocated by the dominant enterprise or adjusted
dynamically in accordance with the original distribution. VE
can be dynamically adjusted according to the sign constraints.
The production scheduling model is expressed as follow:
min (𝑇) = min { max max 𝑒𝑡𝑖𝑒 } .
1≤𝑖≤𝑁 1≤𝑒≤𝑀

(10)

The constraints of the initial and final times of a task are
shown
𝑒𝑡𝑖𝑒 = 𝑠𝑡𝑖𝑒 + 𝑐𝑡𝑖𝑒 .

(11)

The task execution time constraints with direct sequence
relationship are expressed in
(𝑒𝑡𝑖𝑚 − 𝑠𝑡𝑗𝑛 − 𝑡𝑡𝑚𝑛 ) ⋅ 𝑓𝑖𝑗 ⋅ 𝑥𝑖𝑚 ⋅ 𝑥𝑗𝑛 ≥ 0.

(12)

As shown in (13), the same task cannot be performed within
different enterprises
𝑅𝑚 ∩ 𝑅𝑛 = 0,

∀𝑚, 𝑛 ∈ [1, 𝑀] .

(13)

As shown in (14), all subtasks are allocated to the enterprise
𝑅1 ∪ 𝑅 2 ∪ ⋅ ⋅ ⋅ ∪ 𝑅𝑀 = 𝑃1 ∪ 𝑃2 ∪ ⋅ ⋅ ⋅ ∪ 𝑃𝑁.

(14)

The time constraints between tasks before and after in the
same enterprise are expressed in
(𝑠𝑡𝑗𝑒 − 𝑠𝑡𝑖𝑒 ) 𝑓𝑖𝑗 ≥ 0.

(15)

As shown in (16), the initial time of each task cannot be
negative
𝑠𝑡𝑖𝑒 ≥ 0,

∀𝑖 ∈ [1, 𝑀] , ∀𝑒 ∈ [1, 𝑀] .

(16)

As shown in (17), each enterprise can only perform one task
at a time
𝐾𝑛

∑𝑥𝑖𝑒 = 1,

∀𝑒 ∈ [1, 𝑀] .

(17)

𝑖=1

As shown in (18), the finished and unfinished tasks are the
sum of all the tasks
𝑆 ∪ 𝑆 = 𝑃1 ∪ 𝑃2 ∪ ⋅ ⋅ ⋅ ∪ 𝑃𝑁.

3.1.1. Initialization. Assume that the core enterprise decomposes the market opportunity goal into 𝑚 tasks, and there
is a collection of selected partners for each task. The initial
number of ants is 𝑛, ants carry the initial pheromone as
𝜏𝑖𝑗 (0) = 𝜏0 , (𝜏0 is a constant). The initial size of the pheromone
between the enterprise node is obtained by the formula (5).
The required value of the reciprocal is called the degree of
attraction in this article. For the initial placed node of each
ant is set randomly, so the starting point of each ant is not
necessarily the same.
3.1.2. Ants Jump. Ants exist in discrete states. They use
probability transfer rules to move from one node to another
node. The path selection probability of ant 𝑡 from node 𝑖
moving to node 𝑗 is
𝛽

𝜏𝑖𝑗𝛼 (𝑡) 𝜑𝑖𝑘 (𝑡)
{
{
{
, if in allowed𝑘
𝛼
𝛽
𝑃𝑖𝑗𝑘 (𝑡) = { ∑
𝑠∈allowed𝑘 [𝜏𝑖𝑠 (𝑡)] ⋅ [𝜑𝑖𝑠 (𝑡)]
{
{
else,
{0,
(19)
where 𝜏𝑖𝑗 (𝑡) represents the concentration of pheromone of
the edge (𝑖, 𝑗) at the 𝑡th search cycle, 𝑘 is the attraction of 𝑗
point (obtained by the inverse of the value of (5)), parameters
𝛼, 𝛽 represent relative weights, for adjusting the relative
importance of 𝑘 and 𝑗, and the larger 𝛼, the more ants tend
to choose the road section that other ants use, reflecting the
collaboration among ants. The greater 𝛽 represents the more
influence to the degree of attraction of jump probabilities,
and the probabilities are close to the greedy rule. The 𝑗 (𝑗 ∈
allowed𝑘 ) denotes the set of ant 𝑘 that is allowed to choose
the next node, that taboo [𝑗] = 1. If you simply transfer the
maximum probability, it will soon fall into local optimum; the
optimal solution cannot be found. Therefore, we choose the
roulette algorithm which combines the probability to guide
the transfer of ants.
3.1.3. Update Taboo Table. For each ant can only access the
nodes which haven’t been visited before, so a taboo table
[𝑚][𝑛] is set to mark it, in which the value of taboo [𝑘][𝑡]
refers the point accessed by ant 𝑘 at the time 𝑡. In this
algorithm, one task can only be assigned one partner, so
when a node is accessed by ants, all of the other nodes in the
collection of the corresponding candidate enterprises would
be marked as accessed.

(18)

3. Solving the Models by IACO and IMGA
3.1. Solving Partner Selection Model by IACO. Through the
above analysis, the use of improved ant colony algorithm
(IACO) for virtual enterprise partner selection problem is
to use the ants traverse set of candidate companies for each
task, each time after only a candidate for a collection of tasks
in a candidate enterprises. Improved ant colony algorithms
for virtual enterprise partner selection concrete steps are as
follows.

3.1.4. Update Pheromone. Ants traverse a candidate enterprise collection to construct a feasible solution, that needs
to update the global pheromone. The pheromone update
includes two aspects: the pheromone that ants leave and
volatile pheromone over time. Ants will leave a certain
amount of pheromone on the edge of the path, and the size of
the pheromone left by ant 𝑘 is calculated by the formula (20)
as follows:
Δ𝜏𝑖𝑗𝑘 (𝑡) =

𝑄
,
𝐿 [𝑘]

(20)
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where 𝑄 is a positive constant number, according to the
specific circumstances. 𝐿[𝑘] is the length of the path that ant
𝑘 traveled through; in this paper, the length is calculated by
the degrees of the attraction of each other node size plus 1.
At the end of the 𝑡th search cycle, the pheromone on the
concentration increment remains in the edge (𝑖, 𝑗) as shown
𝑚

Δ𝜏𝑖𝑗 (𝑡) = ∑ Δ𝜏𝑖𝑗𝑘 (𝑡) .

(21)

𝑘=1

Pheromone will disappear gradually over time. Assuming
that the pheromone retention factor is 𝑘, and the volatiles
ratio is 𝑗, which represents the degree of disappearance of
the pheromone. So the edge (𝑖, 𝑗) on the global pheromone
update is carried out in accordance with
𝜏𝑖𝑗 (𝑡 + 1) = 𝜌 ⋅ 𝜏𝑖𝑗 (𝑡) + Δ𝜏𝑖𝑗 (𝑡) ,

𝜌 ∈ (0, 1) .

improve the quality of the general population. The excellent
population continues to absorb the best individual from the
general population to improve its quality and hasten the
convergence rate of GA.
Fitness Function. The production model of this paper is based
on the shortest production time for the target. Thus, the
fitness function is defined as 𝑓𝑖 = 𝐹max 𝑗 − 𝐹𝑖𝑗 , where 𝐹max 𝑗
is the maximum execution time of all the genes in the subpopulation 𝑗 and 𝐹𝑖𝑗 is the execution time of gene 𝑖 in the
sub-population 𝑗.
Select Operator. In this paper, the general populations are
selected using the roulette wheel selection operator and the
elitist strategy to ensure that the highest fitness individuals
are copied to the next generation.

(22)

After (2), (3), and (4), the ants completed a full traversal; after getting an optimal solution, update the global
pheromone. Repeated (2), (3), and (4) operations in accordance with the initial number of ants, and finally choose one
path that ant go through most as the optimal solution of the
algorithm execution.
Using example of part II, the IAOC is run in MATLAB
7.0; the number of ants in initialization is 30, the constants
𝑄 = 20, and 𝐶 = 0.1, and the weight coefficients 𝛼, 𝛽 are 0.7
and 0.9. After all ants finished, 27 ants converge to the path
(P14, P22, P31, P43, P51, P61, P73, and P83). So we can select
the candidate as the ultimate corporate partners on this path.
And the candidate corporate on this path can be selected as
the ultimate partners.
In the case of large solution space, the algorithm will not
converge and thus cannot get the optimal combination of the
optimal solution. We solve this problem through adjust the
values of 𝛼, 𝛽, and ants’ initial phenomenon.
3.2. Solving Scheduling Model by IMGA
3.2.1. Encoding and Decoding. For simple operation, genetic
encoding is based on task numbers. For tasks numbered as
1 − 𝑁, genetic sequences are the permutations of the 𝑁
numbers. Decoding is the sequence of topological sorting.
Therefore, genetic sequences are transformed topologically
following the constraint graph of the task.

Crossover Operator. The partially mapped crossover is a good
method for increasing the diversity of the offspring through
the intersection between the parent individuals. Two crosspoints are randomly selected, and the fragments between
the cross-points of the parent individuals are exchanged.
A conflict occurs if the gene outside the cross-point does
not crossover the gene fragment. Otherwise, the genes are
determined through gene mapping.
Mutation Operator. Mutation in combinatorial optimization
problems is commonly used in reverse swap and insert
operation. The so-called reversion is reversing two different
random position genes in the chromosome [28]. In this paper,
the reverse operation is used to ensure that the largest possible
chromosomal variation is obtained.
Simulated Annealing Mechanism. In simulated annealing
algorithm [29], an initial solution is provided. Another
solution is randomly generated from the field. The acceptance
criteria allows the target function to deteriorate within a finite
range, and it is decided by a parameter similar to the temperature control parameter in physical process. Combined
with genetic algorithm, the acceptance criteria can prevent
premature convergence.
Termination. The algorithm terminates when the global optimal solution does not change in a continuous 𝐾-generation
and when the per-set maximum number of iterations is
completed.

3.2.2. Genetic Operator
3.2.3. Steps of the Improved Genetic Algorithm
Population Initialization. A population size of pop size is
randomly generated and then randomly allocated to 𝑛 subpopulations. The size of sub-population is pop size/𝑛.
Improved Multipopulation Genetic Algorithm. The multipopulation GAimproves the performance of GA. This paper
designs an IMGA [27] based on the existing multi-population
GA. The entire population consists of a more general population and an excellent population, with a good population
of the ordinary population evolution of a certain algebraic
cross to guide the evolution of the general population and

Step 1. The GA parameters are initialized. Population size
is pop size, the largest breeding algebra is max gen, the
number of subpopulations is 𝑛, the cross rate and variation
rate of sub-population are 𝐹𝑖𝑐 and 𝐹𝑖𝑚 , respectively, the global
optimal solution unchanged termination of algebraic 𝐾, the
subpopulation independent evolution of the 𝑍 algebra, global
evolution of algebra loop1 = 1, general sub-population evolutionary algebra loop2 = 1, the initial annealing temperature
is 𝑇, the minimum temperature is 𝑡, and the annealing
coefficients are 𝑐.
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Figure 4: Timing constraints of tasks.

Step 2. The following operations are implemented for each
general sub-population 𝑖.
(a) The sub-populations in the fitness of each individual
are evaluated.
(b) 𝑥𝑖𝑗 , 𝑥𝑖𝑘 are randomly selected from the sub
population. Two new individuals 𝑥𝑖𝑗 , 𝑥𝑖𝑘
are
crossed over and generated, and their fitness values

). If 𝑓(𝑥𝑖𝑗 ) ≤ 𝑓(𝑥𝑖𝑗 ), accept 𝑥𝑖𝑗 ; if
are 𝑓(𝑥𝑖𝑗 ) and 𝑓(𝑥𝑖𝑘
min {1, exp(−(−𝑓(𝑥𝑖𝑗 ) − 𝑓(𝑥𝑖𝑗 )))/𝑇} > random and
𝑓(𝑥𝑖𝑗 ) > 𝑓(𝑥𝑖𝑗 ), accept 𝑥𝑖𝑗 . The acceptance of 𝑥𝑖𝑘 and

are the same as before.
𝑥𝑖𝑘
Step 3. Mutation. Whether the new individual is accepted
according to Step 2 is determined.
Step 4. If loop1 < 𝑍, loop1 = loop + 1, Step 2 is repeated;
otherwise, Step 5 is followed.
Step 5. The best individual of each of the general population
(20%) is used to establish an excellent population. Crossover
and mutation according to Steps 2 and 3 in the excellent
population are performed.
Step 6. Form a mixed population by several general populations, and replace the individuals of the mixed population
by of mixed population. Excellent populations before 20%
individual replacement of the mixed population are then
divided into new general populations.
Step 7. If the optimal solution is the same algebra 𝐾, this
solution is obtained, and the algorithm terminates; otherwise,
Step 8 is followed.

Step 8. If loop2 < max gen, 𝑇 = 𝑐𝑇, 𝑐 ∈ (0, 1), and loop2
= loop2 + 1, Step 2 is repeated; otherwise, the algorithm is
terminated.

4. Experiment
4.1. Examples of Production Scheduling. Enterprise 𝐸1 could
not independently complete a device manufacturing task.
It divides the task into 26 subtasks (𝑃1 . . . 𝑃26 ). Finally,
𝐸1 establishes a VE with four partners (𝐸2 , 𝐸3 , 𝐸4 , and
𝐸5 ) through a tender: 𝐸1 implementation of the task
set {𝑃1 , 𝑃5 , 𝑃7 , 𝑃14 , 𝑃23 , 𝑃26 }, 𝐸2 implementation of the task
set {𝑃4 , 𝑃9 , 𝑃15 , 𝑃20 , 𝑃24 }, 𝐸3 implementation of the task set
{𝑃2 , 𝑃10 , 𝑃12 , 𝑃16 , 𝑃19 }, 𝐸4 implementation of the task set
{𝑃6 , 𝑃8 , 𝑃11 , 𝑃17 , 𝑃25 }, and 𝐸5 implementation of the task set
{𝑃3 , 𝑃13 , 𝑃18 , 𝑃21 , 𝑃22 }. The task execution order constraints are
shown in Figure 4. The top of the rectangular box represents
the task number, the bottom represents the mission time, and
the arrow line numbers indicate the transit time (when the
production tasks are completed by the same enterprise, the
transit time is 0).
4.2. Scheduling Optimization. All parameters are initialized,
and MATLAB programming is used to achieve the improved
multipopulation GA. The initial population size is 100, which
is then divided into three general populations (with sizes of
30, 30, and 40). The crossover and mutation probabilities
of the three populations are 0.8, 0.1; 0.85, 0.15; and 0.9,
0.2, respectively. The length of the chromosome is 26. The
sub-population evolution algebra is 10, and the maximum
evolution generation of the GA is 100. The initial annealing
temperature, annealing coefficient, and lowest temperature
are 100 ∘ C, 0.97, and 10 ∘ C, respectively. After implementation
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of the algorithm, the optimal manufacturing cycle is 77.5
days. The optimal scheme using the Gantt chart is shown in
Figure 5.
Using the above algorithm parameters, the unimproved
multi-population (UMGSA) and improved multi-population
algorithm (IMGSA) are run for 100 generations. The average
completion time of the task with the convergence of genetic
algebraic diagram is shown in Figure 6. The improved GA
convergence rate is fast.

5. Conclusion
This paper presents a model for solving production planning.
The improved GA is used to solve the model. It provides
a good method for solving the problem of the production
planning of VE. The convergence rate of the improved GA
is faster than that of the unimproved GA. Thus, an optimal
production plan is obtained quickly to guide the production
of VE. During the production operation, the production plan
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Most of the existing clustering algorithms for networks are unsupervised, which cannot help improve the clustering quality by
utilizing a small number of prior knowledge. We propose a semisupervised clustering algorithm for networks based on fast affinity
propagation (SCAN-FAP), which is essentially a kind of similarity metric learning method. Firstly, we define a new constraint
similarity measure integrating the structural information and the pairwise constraints, which reflects the effective similarities
between nodes in networks. Then, taking the constraint similarities as input, we propose a fast affinity propagation algorithm
which keeps the advantages of the original affinity propagation algorithm while increasing the time efficiency by passing only the
messages between certain nodes. Finally, by extensive experimental studies, we demonstrate that the proposed algorithm can take
fully advantage of the prior knowledge and improve the clustering quality significantly. Furthermore, our algorithm has a superior
performance to some of the state-of-art approaches.

1. Introduction
Network as an expressive data structure is popularly used to
model structural relationships between objects in many realworld applications. Examples include social networks, web,
and citation networks. In these networks, individuals represented by nodes are linked with some special relationships,
such as the friendships between people, hyperlinks between
web pages, and references among papers.
Network clustering, as a key technology for network
analysis, can discover the hidden structures and functions
in networks [1], which is attracting a considerable amount
of attention from researchers in various domains. A lot of
related research achievements, including modularity optimization [2–5], spectral clustering [6–8], and similaritiesbased algorithms [9–11] have been implemented to partition
the networks into clusters (or communities, groups), such
that there are a dense set of edges within each cluster and
few edges between clusters. However, most of the existing
algorithms are unsupervised and cannot utilize any prior
knowledge to improve the clustering quality. Usually, prior
knowledge related to the data such as label information or

pairwise constraints can be obtained in many real applications.
Semisupervised clustering is a very useful strategy that
can guide the clustering process to get a high clustering
quality in the presence of the obtained prior knowledge.
There have been a lot of semisupervised clustering methods in data mining and machine learning domains, such
as the constraint-based methods [12–14], the distance (or
similarity) metric learning methods [15–18], and the methods
integrating the two above [19–21]. However, most of them
are designed for the traditional vector data and not well fit
for the current network data. For example, some distancebased algorithms use the Euclidean distance, which is invalid
in measuring the distances between nodes in networks.
Only a few graph-based semisupervised methods, such as
semisupervised spectral clustering algorithm [22–24] and
semisupervised kernel k-means algorithms [25, 26], can be
applied in network clustering, but they cannot always get
clustering result with high and steady quality.
In this paper, we propose a novel semisupervised clustering algorithm for networks based on fast affinity propagation
(SCAN-FAP), which has a strong ability to improve the
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clustering quality by making full use of a little of prior
knowledge. The basic innovation of our approach consists of
two important components. The first is to define an effective
similarity measure taking into account both the structural
and the pairwise constraint information, while the second
is to provide a performable clustering algorithm taking the
similarities as input. Our contributions are threefold.
(i) We propose a constraint similarity measuring
method, which is extending the idea of the basic
SimRank [27]. This method adopts the most
commonly used must-link and cannot-link pairwise
constraints as the prior knowledge and embodies
them into the SimRank equation, which tactfully
integrates the structural information and the prior
knowledge.
(ii) Taking the constraint similarities as input, we propose
a fast affinity propagation algorithm for network
clustering. By the analysis of the factor graph, the theoretical basis of the affinity propagation, we modify
the binary model by reducing the number of variables
to be optimized. The proposed algorithm derived
from the new model can generate clusters with high
quality while speed up the running time compared
with the original affinity propagation algorithm [28].
(iii) We demonstrate, by using various real networks, that
the proposed algorithm method has the advantages of
both the effectiveness and efficiency on improving the
clustering quality, by making use of a small number of
pairwise constraint information.
The paper is organized as follows. Section 2 reviews some
related work including network clustering and semisupervised clustering. Section 3 describes the proposed constraint
similarities and its calculations. Section 4 proposes the fast
affinity propagation algorithm for networks. Section 5 analyzes the time complexity of our algorithm. We present the
experimental results to show the advantages of our algorithm
in Section 6. Finally, in Section 7, we present the conclusions
of our work.

2. Related Work
2.1. Network Clustering. Recently, there exists an increasing
body of literature on network clustering methods, such as
modularity optimization, spectral clustering, and similaritybased algorithms.
Modularity [2] is a very famous objective function for
measuring the strength of dividing a network into clusters.
The value of modularity is the fraction of the edges that fall
within the given clusters minus the expected such fraction
if edges were distributed at random. Networks with high
modularity have dense links between nodes within clusters
but sparse connections between nodes in different clusters.
Therefore, lots of optimization methods, such as Mod-CSA
[3], LPAm [4], and MIGA [5], are designed for getting
the maximum modularity as their objective. It is worth
mentioning that these methods have a resolution limit and
may fail to identify some smaller clusters [29].

Spectral clustering algorithms are also popularly used for
networks. They cut the networks by transforming the initial
set of nodes into a set of points in space, whose coordinates
are elements of eigenvectors. The set of points is then
clustered via standard techniques, such as k-means. There are
various kinds of spectral clustering, which are distinguished
from each other by their “cut functions,” which will be then
solved as quadratic optimization problems. The traditional
objective functions include the famous “Ratio Cut” [7] and
“Normalized Cut” [8]. Other recent “cut functions” proposed
in [30, 31] are set equal to the modularity for real networks. In
addition, Dhillon et al. [32] proved that, in certain conditions,
spectral clustering algorithms can seem as the corresponding
kernel-based k-means formations.
A nature property in networks is the similarity between
nodes. Therefore, some similarity-based algorithms are proposed to utilize the similarities to partition the networks.
SCAN [9], a density-based algorithm, clusters the networks
by using the transitivity of the cosine similarities between
nodes. It can not only find the clusters with connectivity
and maximality but also detect the hubs and outliers. Liu
[10] made use of the famous affinity propagation algorithm
to partition the networks with various similarity measures.
Cheng et al. [11] measured the similarities between nodes by
considering the information of both the content and links and
then proposed an efficient incremental computing approach
for network clustering.
However, most of algorithms introduced above are unsupervised, which do not have the ability of utilizing a small
number of prior knowledge to improve the clustering quality.
2.2. Semisupervised Clustering. Semisupervised clustering is
a kind of learning methods, which can guide the clustering
process by using a small number of prior knowledge. It
becomes growing popular in machine learning and data mining due to its important ability of improving the clustering
quality. Generally, there are two kinds of prior knowledge:
label information and pairwise constraints. The pairs of
constraints are more popular than the label information since
they are faster or cheaper to be obtained [19]. Must-link and
cannot-link are two common used pairwise constraints. The
former indicates the two individuals must be in the same
cluster while the latter indicates the individuals must be in
different clusters.
There are two kinds of strategies about semisupervised
clustering: constraint-based optimization and distance (or
similarity) metric learning. The constraint-based optimization methods, such as [12–14], modify the objective function by using the obtained label information or pairwise
constraints and then solve the new objective optimization
problem. The metric learning methods always use the prior
information to adjust the original distances (or similarities)
between objects and then cluster the dataset by some original
method. Relevant examples are demonstrated in [15–18].
Some other methods, such as [19–21], combine the two
strategies together to make use of the prior knowledge.
However, most of the existing semisupervised clustering
methods will be invalid in network clustering, since they are
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only designed for the traditional vector data. A few graphbased methods in their semisupervised formation can be
used to partition networks. For example, semisupervised
spectral clustering [22] modifies the adjacent matrix of the
network using the pairwise constraints at the beginning of
the original algorithm; semisupervised kernel-based k-means
method proposed by Kulis et al. [25] defines a penalized
kernel matrix subject to pairwise constraints, which will
guide the assignments of the clusters; the method in [26]
defines a new penalized kernel matrix taking the density
modularity [33] as the objective function.

One of the most important motivations of our method
is to adjust the original similarities between nodes when
some prior knowledge consists in the networks. For the
prior knowledge, we adopt the pairwise constraints since
it is more popular in real applications. For the similarities
adjustments, we define a novel measure integrating the
pairwise constraints and the basic SimRank similarities.
3.1. Basic SimRank. SimRank is a general and a global similarity measure, which takes fully into account the structural
context of all the nodes in networks. The basic idea of
SimRank is “two objects are similar if they are related to
similar objects.”
Let 𝐺 = (𝑉, 𝐸) represent a network, where 𝑉 is the set
of nodes and 𝐸 is the set of edges. For a node V, 𝐼(V) = {𝑢 |
(𝑢, V) ∈ 𝐸} represents the set of neighbors of V; |𝐼(V)| is the
number of elements in 𝐼(V); 𝐼𝑖 (V) is the ith element in 𝐼(V).
Let us denote the similarity between nodes 𝑎 and 𝑏 by 𝑠(𝑎, 𝑏) ∈
[0, 1]. Following the earlier definitions, a recursive equation
is defined for 𝑠(𝑎, 𝑏). If 𝑎 = 𝑏, then 𝑠(𝑎, 𝑏) is set to be 1.
Otherwise,
|𝐼(𝑎)||𝐼(𝑏)|

𝐶
∑ ∑ 𝑠 (𝐼𝑖 (𝑎) , 𝐼𝑗 (𝑏)) ,
|𝐼 (𝑎)| |𝐼 (𝑏)| 𝑖=1 𝑗=1

(1)

where 𝐶 is a decay factor between 0 and 1. Note that either
𝑎 or 𝑏 may have no neighbors. In this situation, 𝑠(𝑎, 𝑏) is set
to be 0 since there is no way to infer any similarity between
them. Formally, when 𝐼(𝑎) = 0 or 𝐼(𝑏) = 0, 𝑠(𝑎, 𝑏) = 0.
3.2. Definition of the Constraint Similarity Measure. The
basic SimRank is an unsupervised measure. However, in
semisupervised network clustering, the prior knowledge
should be taken fully into account for the similarity measure.
The pairwise constraints are adopted to express the prior
knowledge in our method. The formation of the pairwise
constraints is a constraint matrix 𝑄, the element of which
represents the relationship between two nodes:
1
must-link (𝑖, 𝑗)
{
{
𝑄 (𝑖, 𝑗) = {−1 cannot-link (𝑖, 𝑗)
{
otherwise,
{0

(1) reflexivity: for any node V, 𝑄(V, V) = 1;
(2) symmetry: for any pair of two nodes V and 𝑤, if
𝑄(V, 𝑤) = 1, then 𝑄(𝑤, V) = 1;
(3) transitivity: for any three nodes 𝑢, V, and 𝑤, if
𝑄(𝑢, V) = 1 and 𝑄(V, 𝑤) = 1, then 𝑄(𝑢, 𝑤) = 1.

3. Constraint Similarity Measure

𝑠 (𝑎, 𝑏) =

where must-link means the pairs of two nodes must be in the
same cluster and cannot-link means the pairs of two nodes
must be in different clusters.
In particular to deserve to be mentioned, the must-link
relationship satisfies three properties: reflexivity, symmetry,
and transitivity. Formally,

(2)

Extending the basic SimRank and combining with the
known information of the pairs of constraints, we define
a novel constraint similarity measure composed of three
composed three components as follows:
𝑠 (𝑎, 𝑏)
1
if 𝑄 (𝑎, 𝑏) = 1
{
{
{
{
if 𝑄 (𝑎, 𝑏) = −1
{0
={
|𝐼(𝑎)| |𝐼(𝑏)|
{
𝐶
{
{
∑ ∑ 𝑠 (𝐼𝑖 (𝑎) , 𝐼𝑗 (𝑏)) if 𝑄 (𝑎, 𝑏) = 0.
{
|𝐼 (𝑎)| |𝐼 (𝑏)| 𝑖=1 𝑗=1
{
(3)
In (3), the similarity between two nodes is set to 1 as
the max value when the must-link relationship is satisfied
and 0 as the min value when cannot-link relationship is
satisfied. Note that any node has the must-link relationship
with itself and any isolated node with no neighbors has
the cannot-link relationship with all the remaining nodes.
The similarity between two nonconstraint nodes, similar
to the basic SimRank equation, is calculated according to
the similarities among their neighbors. The score will be
increasing or decreasing when the two non-constraint nodes
are linked with more must-link or cannot-link relationships.
As a result, the constraint similarity measure considering
the prior constraints information can help to improve the
clustering result efficiently.
3.3. Calculation of the Constraint Similarity Measure. A
solution to the SimRank equations for a network can be
reached by iteration to a fix value. Let 𝐺 be a given network
with 𝑛 nodes. For each iteration 𝑘, we store the 𝑛2 elements
𝑅𝑘 (∗, ∗), where 𝑅𝑘 (𝑎, 𝑏) implies the score of the similarity
between 𝑎 and 𝑏 in the current iteration. We successively
calculate 𝑅𝑘+1 (∗, ∗) using 𝑅𝑘 (∗, ∗). Initially, each 𝑅0 (𝑎, 𝑏) is
defined to be
1,
𝑅0 (𝑎, 𝑏) = {
0,

if 𝑄 (𝑎, 𝑏) = 1
else.

(4)

To calculate 𝑅𝑘+1 (𝑎, 𝑏) from 𝑅𝑘 (𝑎, 𝑏), we use (5), which
has the same form as the basic SimRank equation, when there
is no constraint between 𝑎 and 𝑏; namely, 𝑄(𝑎, 𝑏) = 0. On each
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iteration 𝑘+1, 𝑅𝑘+1 (𝑎, 𝑏) keeps 1 when 𝑄(𝑎, 𝑏) = 1 and 0 when
𝑄(𝑎, 𝑏) = −1:

𝑅𝑘+1 (𝑎, 𝑏) =

−𝑅0 (𝐼𝑖 (𝑎) , 𝐼𝑗 (𝑏))) .

Proof. Certainly, 𝑠(𝑎, 𝑏) is always keeping the score 1 and 0
when 𝑄(𝑎, 𝑏) = 1 and 𝑄(𝑎, 𝑏) = −1, respectively. So, we only
need to prove the convergence for 𝑠(𝑎, 𝑏) when 𝑄(𝑎, 𝑏) = 0.
On the iteration 𝑘 = 1, for any pair of nodes 𝑎 and 𝑏,
𝑅1 (𝑎, 𝑏) − 𝑅0 (𝑎, 𝑏) = 𝑅1 (𝑎, 𝑏)
=

|𝐼(𝑎)| |𝐼(𝑏)|

𝐶
∑ ∑ 𝑅 (𝐼 (𝑎),𝐼𝑗 (𝑏)) ,
|𝐼 (𝑎)| |𝐼 (𝑏)| 𝑖=1 𝑗=1 0 𝑖
𝑅0 (𝐼𝑖 (𝑎) , 𝐼𝑗 (𝑏)) ∈ {0, 1}

≤

|𝐼(𝑎)| |𝐼(𝑏)|

𝐶
∑ ∑ |𝐼 (𝑎)| |𝐼 (𝑏)|
|𝐼 (𝑎)| |𝐼 (𝑏)| 𝑖=1 𝑗=1

= 𝐶.
(6)
When 𝑘 > 1,
𝑅𝑘+1 (𝑎, 𝑏) − 𝑅𝑘 (𝑎, 𝑏)

=

|𝐼(𝑎)| |𝐼(𝑏)|

(5)

Proposition 1. The similarity score calculated by the method
introduced before will converge to the true value as the iteration
𝑘 increases; namely, 𝑠(𝑎, 𝑏) = lim𝑘 → ∞ 𝑅𝑘 (𝑎, 𝑏).

|𝐼(𝑎)| |𝐼(𝑏)|

𝐶
∑ ∑ 𝑅 (𝐼 (𝑎) , 𝐼𝑗 (𝑏))
|𝐼 (𝑎)| |𝐼 (𝑏)| 𝑖=1 𝑗=1 𝑘 𝑖
−

|𝐼(𝑎)| |𝐼(𝑏)|

𝑘
𝐶
) ∑ ∑ ⋅ ⋅ ⋅ ∑ ∑ (𝑅1 (𝐼𝑖 (𝑎) , 𝐼𝑗 (𝑏))
|𝐼 (𝑎)| |𝐼 (𝑏)|
𝑖=1 𝑗=1
𝑖=1 𝑗=1

|𝐼(𝑎)| |𝐼(𝑏)|

𝐶
∑ ∑ 𝑅 (𝐼 (𝑎) , 𝐼𝑗 (𝑏)) .
|𝐼 (𝑎)| |𝐼 (𝑏)| 𝑖=1 𝑗=1 𝑘 𝑖

As shown previously, the current score of the similarity
between 𝑎 and 𝑏 is updated by the score from previous
iteration. We argue that this calculation method has the
property of convergence.

=

=(

|𝐼(𝑎)| |𝐼(𝑏)|

𝐶
∑ ∑ 𝑅 (𝐼 (𝑎) , 𝐼𝑗 (𝑏))
|𝐼 (𝑎)| |𝐼 (𝑏)| 𝑖=1 𝑗=1 𝑘−1 𝑖
|𝐼(𝑎)| |𝐼(𝑏)|

𝐶
∑ ∑ (𝑅 (𝐼 (𝑎) , 𝐼𝑗 (𝑏))
|𝐼 (𝑎)| |𝐼 (𝑏)| 𝑖=1 𝑗=1 𝑘 𝑖
−𝑅𝑘−1 (𝐼𝑖 (𝑎) , 𝐼𝑗 (𝑏)))
|𝐼(𝑎)| |𝐼(𝑏)| |𝐼(𝑎)| |𝐼(𝑏)|

2
𝐶
) ∑ ∑ ∑ ∑ (𝑅𝑘−1 (𝐼𝑖 (𝑎) , 𝐼𝑗 (𝑏))
=(
|𝐼 (𝑎)| |𝐼 (𝑏)|
𝑖=1 𝑗=1 𝑖=1 𝑗=1

−𝑅𝑘−2 (𝐼𝑖 (𝑎) , 𝐼𝑗 (𝑏)))

(7)
For ∀𝑖 ∈ 𝐼(𝑎), 𝑗 ∈ 𝐼(𝑏), 𝑖 and 𝑗 satisfy 0 ≤ 𝑅1 (𝐼𝑖 (𝑎), 𝐼𝑗 (𝑏)) −
𝑅0 (𝐼𝑖 (𝑎), 𝐼𝑗 (𝑏)) ≤ 𝐶; therefore,
0 ≤ 𝑅𝑘+1 (𝑎, 𝑏) − 𝑅𝑘 (𝑎, 𝑏)
≤(

𝑘
𝐶
) (|𝐼 (𝑎)| |𝐼 (𝑏)|)𝑘 𝐶𝑘 = 𝐶𝑘+1 .
|𝐼 (𝑎)| |𝐼 (𝑏)|

(8)

Since 𝐶 ∈ (0, 1), lim𝑘 → ∞ 𝑅𝑘+1 (𝑎, 𝑏) − 𝑅𝑘 (𝑎, 𝑏) = 0.
So, it follows from the previous proposition that 𝑅(𝑎, 𝑏) will
converge to 𝑠(𝑎, 𝑏).

4. Fast Affinity Propagation Algorithm for
Network Clustering
After the similarities are calculated, the following work we
should do is to design an efficient and effective clustering
method making use of the similarities. Although there are
a number of candidate algorithms to be chosen, we adopt
the famous affinity propagation algorithm (AP) [28], which
has the ability to get a stable and reliable clustering result.
Furthermore, we observe that the efficiency of AP can be
increased by ingenious design, due to the sparse similarities
in networks. So, in this section, we propose a fast affinity
propagation algorithm for network clustering.
4.1. Factor Graph. We start from the optimization problem
of the factor graph, which is the theoretical basis of the
affinity propagation algorithm. Figure 1 is the binary model
for affinity propagation demonstrated in [34]. There are
two types of nodes representing variables and functions,
respectively, in the binary model. Let 𝐶 = {𝑐11 , . . . , 𝑐𝑛𝑛 } be
the set of 𝑁2 binary variables in the graph, such that 𝑐𝑖𝑗 = 1
if the exemplar for node 𝑖 is node 𝑗. In this notion, 𝑐𝑗𝑗 = 1
indicates that 𝑗 is an exemplar itself. For each variable 𝑐𝑖𝑗 , there
are a similarity function node and two constraint function
nodes. The similarity function is written in (9), where the
value is equal to the input similarity between nodes 𝑖 and
𝑗 if 𝑐𝑖𝑗 = 1. The 1-of-N constraint function 𝐼 denotes each
node in affinity propagation clustering must be assigned to
only a single exemplar. The consistency constraint function
𝐸 means that if a node itself is not an exemplar, it cannot
be the exemplar for any other node. The goal of the affinity
propagation is to maximize 𝑆(𝑐11 , . . . , 𝑐𝑛𝑛 ) = ∑𝑖,𝑗 𝑆𝑖𝑗 (𝑐𝑖𝑗 ) by
finding the optimal assignment for 𝐶. Obviously, the number
of the variables to be solved is 𝑛2 :
𝑆𝑖𝑗 (𝑐𝑖𝑗 ) = {

𝑠 (𝑖, 𝑗)
0

𝑐𝑖𝑗 = 1,
𝑐𝑖𝑗 = 0.

(9)

For semisupervised network clustering, the similarity
between two nodes will be set to 0 when they are satisfied with
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Ej

E1

cannot choose 𝑗 as their exemplars if 𝑗 is not an exemplar itself
(𝑐𝑗𝑗 = 0),

En

I1
c11
S11

Ii

In

Sn1

···

···

{−∞ if 𝑐𝑗𝑗 = 0, ∑ 𝑐𝑖𝑗 > 0
𝑖∈Γ(𝑗)
𝐸𝑗 (𝑐𝑖𝑗 ) = {
0
otherwise.
{

c1n
S1n

···

..
.

···

(11)

The whole factor graph is integrating all the function
nodes 𝐼 and 𝐸 like the ones represented in Figures 2 and 3.
Each variable node 𝑐𝑖𝑗 becomes an isolated node without any
constraint, and its value is set to 0. As a result, the objective
function of this new factor graph is defined to be

cin
Sin

..
.
cnj

Snj

···

..
.
cij

Sij

..
.
cn1

c1j
S1j

..
.
ci1

Si1

···

..
.
cnn

̸
= ∑𝑆𝑖𝑗 (𝑐𝑖𝑗 | 𝑠 (𝑖, 𝑗) =0)+∑
̸ 𝐼𝑖 (𝑐𝑖𝑗 | 𝑗 ∈ Γ (𝑖))
𝐹 (𝑐𝑖𝑗 | 𝑠 (𝑖, 𝑗) =0)
𝑖,𝑗

Snn

𝑖

+ ∑𝐸𝑗 (𝑐𝑖𝑗 | 𝑖 ∈ Γ (𝑗)) .

Figure 1: Binary model for factor graph.

𝑗

(12)
cannot-link relationship. In the opposite way, there are lots of
pairs of nodes with 0 similarity scores due to the influence
both of the cannot-link relationships and the sparse structure
of the real networks. Therefore, we argue that the pairs of
nodes with 0 similarity scores are also constrained by cannotlink relationships. Formally, for nodes 𝑖 and 𝑗, 𝑠(𝑖, 𝑗) = 0 ⇔
𝑄(𝑖, 𝑗) = 0. Since the pairs of nodes must be assigned into
different clusters, if the similarity score between 𝑖 and 𝑗 is 0,
then 𝑖 and 𝑗 are not represented by each other as the exemplar,
such that both 𝑐𝑖𝑗 and 𝑐𝑗𝑖 are set to 0. In this way, parts of the
binary variables will be set to 0 in the optimum assignment of
𝐶, which makes the original factor graph in Figure 1 adjusted.
Firstly, to facilitate the description, we give the definition
for the similarity neighborhoods. For a node V, Γ(V) is defined
as the similarity neighborhoods of V such that Γ(V) = {𝑤 |
𝑠(V, 𝑤) ≠
0}; namely, the similarity score between V and any
element in Γ(V) is greater than 0. In addition, Γ𝑘 (V) denotes
the kth item in Γ(V), and 𝐾V = |Γ(V)| denotes the number of
the items in Γ(V). Then, using the similarity neighborhoods
we give the local factor graph for nodes 𝑖 and 𝑗 in Figures 2
and 3.
Figure 2 indicates the relationships between the function
node 𝐼𝑖 and the related binary variable nodes. If node 𝑗 ∉ Γ(𝑖),
which means 𝑠(𝑖, 𝑗) = 0, the corresponding 𝑐𝑖𝑗 is set to 0, so
𝑖 cannot choose 𝑗 as its exemplar. Otherwise, if 𝑗 ∈ Γ(𝑖), 𝑖 is
satisfied with the 1-of-N constraint in (10), which means that 𝑖
can only choose its exemplar in its similarity neighborhoods,
1
{−∞ if ∑ 𝑐𝑖𝑗 ≠
𝑗∈Γ(𝑖)
𝐼𝑖 (𝑐𝑖𝑗 ) = {
otherwise.
{0

(10)

Figure 3 indicates the relationships between the function
nodes 𝐸𝑗 and the related binary variable nodes. If node 𝑖 ∉
Γ(𝑗), which means 𝑠(𝑖, 𝑗) = 0, the corresponding 𝑐𝑖𝑗 is set to 0.
Otherwise, if 𝑖 ∈ Γ(𝑗), then j is satisfied with the consistency
constraint in (11), which means that all the nodes in Γ(𝑗)

The problem of maximizing (12) can be solved by the
max-sum algorithm [35], which passes messages between
function nodes and variable nodes in the factor graph. As
depicted in Figure 4, there are five message types passed
between nonisolated variable nodes and function nodes. The
corresponding message update rules are defined as (13) to
(17), when executing the max-sum algorithm on the new
factor graph,
𝜌𝑖𝑗 (𝑖 | 𝑖 ∈ Γ (𝑗)) = 𝑠𝑗∈Γ(𝑖) (𝑖, 𝑗) + 𝜂𝑗∈Γ(𝑖) (𝑖, 𝑗) ,

(13)

𝛽𝑖𝑗 (𝑗 | 𝑗 ∈ Γ (𝑖)) = 𝑠𝑖∈Γ(𝑗) (𝑖, 𝑗) + 𝛼𝑖∈Γ(𝑗) (𝑖, 𝑗) ,

(14)

𝜂𝑖𝑗 (𝑗 | 𝑗 ∈ Γ (𝑖)) = − max 𝛽𝑖𝑘 ,

(15)

𝑘 ≠
𝑗&𝑘∈Γ(𝑖)

𝛼𝑖𝑗 (𝑗 | 𝑗 ∈ Γ (𝑖))
max [𝜌𝑘𝑗 , 0]
∑
{
{
{
{
𝑘
=
̸
𝑗&𝑘∈Γ(𝑗)
{
={
{
{
[
max [𝜌𝑘𝑗 , 0]]
∑
{
{min 0, 𝜌𝑗𝑗 +
𝑘∉{𝑖,𝑗}&𝑘∈Γ(𝑗)
{
]
[

𝑖=𝑗
(16)
𝑖 ≠
𝑗.

We eliminate 𝛽 and 𝜂, while only keeping 𝛼 and 𝜌. As a
result, 𝛼 keeps the formation as (16) being only dependent on
𝜌, while 𝜌 is calculated by (17) being only dependent on 𝛼,
𝜌𝑖𝑗 (𝑖 | 𝑖 ∈ Γ (𝑗)) = 𝑠 (𝑖, 𝑗) −

max

𝑘 ≠
𝑗&𝑘∈Γ(𝑖)

(𝑠 (𝑖, 𝑘) + 𝛼𝑖𝑘 ) .

(17)

Then, the optimal solution of the objective function
can be obtained by updating 𝛼 and 𝜌 alternately until the
convergence. We can see that the number of messages passed
is reduced on the factor graph due to the decrease of the
elements of the variable nodes to be assigned. Therefore the
time efficiency will be increasing for the objective optimizing.
4.2. Clustering Algorithm. As the analysis in the previous
factor graph, we extend the original affinity propagation, an
exemplar-based algorithm, into a fast version for network
clustering. There are some basic parameters.
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SiΓ1 (i)

SiΓ𝑘 (i)

SiΓ𝑗 (i)

···
ciΓ1 (i)

i

cij

j ∈ Γ(i )
ciΓ𝑘 (i)

ciΓ𝑗 (i)

i

0

···

0

j ∉ Γ(i)

Ii

Figure 2: The relationships between function node I 𝑖 and the related binary variable nodes.

SΓ1 (j)j

SΓ𝑘

S Γ𝑖 (j)j

···

cΓ1 (j)j

𝑗

(j)j

cij i ∈ Γ(j)
cΓ𝑘

cΓ𝑖 (j)j

𝑗

0

···

0

(j)j

i ∉ Γ(j)

Damping factor 𝜆 is used to smooth the responsibility
and the availability so as to avoid numerical oscillations. In our algorithm, 𝜆 is set to 0.8. The smoothed
responsibility and the availability are calculated by
(18) and (19),
(𝑡)

𝑎(𝑖, 𝑗 | 𝑗 ∈ Γ (𝑖))

(𝑡)

= (1 − 𝜆) 𝑎(𝑖, 𝑗 | 𝑗 ∈ Γ (𝑖))

(𝑡−1)

Ej

+ 𝜆𝑎(𝑖, 𝑗 | 𝑗 ∈ Γ (𝑖))

Figure 3: The relationships between function node 𝐸𝑗 and the
related binary variable nodes.

(𝑡)

𝑟(𝑖, 𝑗 | 𝑗 ∈ Γ (𝑖))

(18)
,

(𝑡)

= (1 − 𝜆) 𝑟(𝑖, 𝑗 | 𝑗 ∈ Γ (𝑖))

(𝑡−1)

+ 𝜆𝑟(𝑖, 𝑗 | 𝑗 ∈ Γ (𝑖))

(19)
.

Ej

According to the parameters defined before, for a given
network 𝐺 = (𝑉, 𝐸) and the constraint matrix 𝑄, the basic
process of our algorithm is as follows.

𝛼ij

𝜌ij

𝛽ij
cij

Sij

𝜂ij

Ii

Sij

Figure 4: Messages passing between function nodes and variable
nodes.

Responsibility 𝑟(𝑖, 𝑗), equivalent to 𝜌𝑖𝑗 in the factor
graph, represents the evidence for how well-suited
node 𝑗 is to serve as the exemplar for node 𝑖.
Availability 𝑎(𝑖, 𝑗), equivalent to 𝛼𝑖𝑗 in the factor
graph, represents the evidence for how appropriate it
would be for node 𝑖 to choose node 𝑗 as its exemplar.
Preference 𝑝, the initialized value 𝑠(𝑖, 𝑖) for every node,
represents the tendency of node 𝑖 being chosen as an
exemplar. At the beginning of the algorithm, all nodes
share the same preference, which controls the number
of the final clusters. The larger value of the preference
results in a larger number of clusters.

Step 1. Combined with the constraint matrix 𝑄, calculate the
similarities for all pairs of nodes in 𝐺.
Step 2. Construct the similarity neighborhoods for each
node.
Step 3. Initialize the preference 𝑝 and the maximum iteration
number; for each node 𝑖 and node 𝑗 in the similarity
neighborhoods of 𝑖, set 𝑟(𝑖, 𝑗) = 𝑎(𝑖, 𝑗) = 0.
Step 4. For each node 𝑖 and node 𝑗 in the similarity neighborhoods of 𝑖, update 𝑎(𝑖, 𝑗) by (16) and (18); update 𝑟(𝑖, 𝑗) by (17)
and (19).
Step 5. For each node 𝑖, calculate its exemplar by (20):
𝑐∗ = arg max {𝑟 (𝑖, 𝑗) + 𝑎 (𝑖, 𝑗)} .
𝑗∈Γ(𝑖)

(20)

Step 6. When the exemplars for all nodes are not changed
any more, or the iteration reaches the maximum value, the
algorithm will be terminated, and the nodes with the same
exemplar will be partitioned into the same cluster. Otherwise,
go to Step 4.
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5. Complexity Analysis

Table 1: Information about the experimental datasets.

In this section, we present an analysis of the computation
complexity of the proposed algorithm. Given a network
with 𝑛 nodes, the algorithm is composed of two parts: the
constraint similarities calculation and the fast affinity propagation clustering. We analyze the computation complexity
of the two parts, respectively, in the following.
For the constraint similarities calculation, if there is no
any constraint condition, the running cost is 𝑂(𝑘𝑠 𝑑𝑁2 ),
where 𝑘𝑠 is the number of iterations (𝑘𝑠 ≪ 𝑁) of the
calculation and 𝑑 is the average degree of all nodes in the
network (𝑑 ≪ 𝑁 in many real networks). If some constraint
information is obtained, the similarities between the pairs
of nodes satisfied with constraint conditions need not to be
calculated. This is because the value will be fixed to 1 and 0 for
the must-link and cannot-link pairs all the time. Assuming
the number of pairwise constraints is 𝐶, the total cost of the
constraint similarities calculation is 𝑂(𝑘𝑠 𝑑(𝑁 − 𝐶)2 ).
For the fast affinity propagation algorithm, the worst case
is that the similarities between all pairs of nodes are greater
than 0. In this situation, the time cost is 𝑂(𝑘𝐴 𝑁2 ), where 𝑘𝐴
is the number of iterations of the algorithm. However, the
edges are sparse in many real networks, which results in the
fact that the similarity scores are 0 between many pairs of
nodes. The fast affinity propagation algorithm does not take
into account the messages passing between the pairs of nodes
provided with 0 similarity scores. As a result, let 𝑀 (𝑀 <
𝑁2 ) represent the number of pairs of nodes provided with
similarity scores greater than 0. Then, the total cost of the fast
affinity propagation algorithm is 𝑂(𝑘𝐴𝑀).

6. Evaluation
In this section, we evaluate the performance of the proposed
semisupervised network clustering algorithm based on fast
affinity propagation (SCAN-FAP). We conduct all the experiments on a Pentium Core2 Duo 2.8 GHz PC with 2 GBytes
of main memory, running on Windows 7. We implement our
algorithm in C++, using Microsoft Visual Studio 2008.
6.1. Dataset. We use six real network datasets to evaluate
the performance of SCAN-FAP. Table 1 lists the information
about these networks.
6.2. Effectiveness
6.2.1. Evaluation Criteria. Since the underlying class labels of
all the datasets are already known, we adopt the Normalized
Mutual Information (NMI) [25, 32] and the F-Measure Score
[17] in our experiments to evaluate the quality of the clusters
generated by various methods.
NMI is currently widely used in measuring the performance of network clustering algorithms. Formally, the
measurement of NMI can be defined as follows:
NMI =

−2 ∑𝑟𝑖=1 ∑𝑘𝑗=1 𝑁𝑖𝑗 log (𝑁𝑖𝑗 𝑁/𝑁𝑖. 𝑁.𝑗 )
∑𝑟𝑖=1 𝑁𝑖. log (𝑁𝑖. /𝑛) + ∑𝑘𝑗=1 𝑁.𝑗 log (𝑁.𝑗 /𝑁)

, (21)

Networks
Football
Polbooks
Adjnoun
PolBlogs
Cora
Citeseer

Nodes
115
105
112
1490
2708
3312

Edges
616
441
425
19090
5429
4732

Clusters
12
3
2
2
7
6

References
[36]
[36]
[36]
[36]
[37, 38]
[37, 38]

where 𝑁 is the confusion matrix, 𝑁𝑖𝑗 is the number of nodes
both in the ith class and the jth cluster, 𝑟 and 𝑘 are the
number of classes and clusters, respectively, and 𝑁𝑖. and 𝑁.𝑗
are the number of nodes in the ith class and the jth cluster,
respectively.
F-Measure Score is another commonly used measure for
evaluating clustering algorithms. Assume 𝑇 is the set of node
pairs (𝑖, 𝑗) where nodes 𝑖 and 𝑗 belong to the same classes in
the ground truth and 𝑆 is the set of node pairs that belong
to the same clusters generated by an algorithm. Then the FMeasure Score is computed from both the precision and the
recall synthetically:
𝐹-Measure =

2 × precision × recall
,
precision + recall

(22)

where precision and recall are written as follows (23):
precision =

|𝑆 ∩ 𝑇|
,
|𝑆|

|𝑆 ∩ 𝑇|
.
recall =
|𝑇|

(23)

6.2.2. Experimental Methods. We compare SCAN-FAP with
the other four representative semisupervised clustering algorithms, which are briefly described in the following.
SS-SP, a semisupervised spectral clustering algorithm
[22], uses the known constraint relationships to modify the
adjacent matrix of the original network. If the nodes 𝑖 and 𝑗
satisfy the must-link constraint, 𝐴 𝑖𝑗 is set to 1; if 𝑖 and 𝑗 satisfy
the cannot-link relationship, 𝐴 𝑖𝑗 is set to 0. SS-SP will then
execute the conventional spectral clustering algorithm on the
modified adjacent matrix.
SS-NCut-KK [25] is a semisupervised kernel k-means
algorithm based on Normalized Cut. In this algorithm, the
original kernel matrix and the penalty term with constraint
relationships are combined to construct a new kernel matrix,
such that the wrong cluster assignments will go against the
objective function. The kernel matrix is defined as 𝐾 =
𝜎𝐼 − 𝐿 + 𝑊, where 𝜎 is a constant large enough to ensure
that 𝐾 is positive definite, 𝐼 is the identity matrix, 𝐿 is the
corresponding Laplacian matrix, and 𝑊 is the matrix of
the penalty term. SS-NCut-KK executes the kernel k-means
algorithm using the matrix 𝐾.
SS-DM-KK [26] is another semisupervised kernel kmeans algorithm, which is similar to SS-NCut-KK. It takes
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Figure 5: Clustering results on Football.
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Figure 6: Clustering results on Polbooks.

the density modularity [33] integrating the constraint information as its objective function, which is the only difference
from SS-NCut-KK.
SCAN-AP is a semisupervised network clustering algorithm most related to our work. The original affinity propagation algorithm is used taking as input the constraint
similarities between all the nodes in the network.
We select pairwise constraints randomly. The proportion
of the pairwise constraints to all pairs in the network is
set to 5%, 10%, . . . , 50%. Due to the randomness of the
pairwise constraints, the clustering result of each experiment
is the average value generated by running the corresponding
algorithm over 20 times. The number of the clusters is set

to the number of real class labels in the networks. Since
the number of clusters generated by SCAN-AP and SCANFAP depends on the value of the preference parameter 𝑝, we
choose different value of 𝑝 to adjust the number of clusters to
the ground truth.
6.2.3. Experimental Results. Figures 5, 6, 7, 8, 9, and 10
demonstrate the curves of the clustering results on the six
real datasets generated by different algorithms, where the
horizontal coordinates represent the proportion of pairwise
constraints and the vertical coordinates represent the NMI
and F-Measure scores, respectively. We can get some observations as follows.
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Figure 8: Clustering results on Polblogs.

Firstly, we compare all the algorithms in their unsupervised condition, which is reflected in the curves that the
horizontal coordinates are 0. We can observe that SCANFAP and SCAN-AP get higher quality results on all the
networks except Adjnoun than the other three algorithms.
This indicates that SimRank is a good measure for similarities
between nodes in networks. Note that the NMI of the results
on Adjnoun obtained by all algorithms is close to 0, which
implies that only the unsupervised structural information is
insufficient for the clusters.
Then, we compare each semisupervised algorithm with its
unsupervised version. When the pairwise constraints are provided, we can see from both NMI and F-Measure scores that
the clustering results of SCAN-FAP and SCAN-AP are better

than the ones without any pairwise constraints provided. So,
it can be considered that the proposed constraint similarity
measure can take full advantage of the prior knowledge to
guide the clustering process so as to improve the quality of
the clustering results. For the other algorithms, SS-NCut-KK
and SS-DM-KK can improve the quality of clustering in most
cases, but SS-SP fails to utilize the pairwise constraints on
Adjnoun and PolBlogs.
We also compare the performance of SCAN-FAP with
other semisupervised clustering algorithms except SCANAP. The NMI and F-Measure curves of SCAN-FAP can
display ascending trend together with increasing the pairwise
constraints. However, the SS-SP, SS-NCut-KK, and SS-DMKK show occasionally fluctuant or unascending states, which
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Figure 10: Clustering results on Citeseer.

reduces their reliability. For example, SS-SP on political blogs
appears invalid with any percentage of constraints, while SSNCut-KK and SS-DM-KK on Citeseer reveal decreased NMI
with 25% and 40% constraints provided, respectively, and so
on. One of the reasons for analyzing the instability of the
three algorithms is their random initializations. For SS-SP,
we should initialize the cluster centers when the k-means
algorithm runs on the data composed of the eigenvectors
and for SS-NCut-KK and SS-DM-KK, we should initialize the
cluster assignment for each node.
Finally, we compare the performance of SCAN-FAP with
its similar algorithm SCAN-AP. Meaningfully, the clustering
quality of SCAN-FAP is always very close to SCAN-AP,
which confirms the effectiveness of the messages passed only

in the pairs of nodes with similarity scores greater than
0. We demonstrate that SCAN-FAP can take the place of
SCAN-AP under keeping the clustering quality. At the same
time, the time efficiency is much increased, which will be
demonstrated next.
6.3. Efficiency. From the effectiveness evaluations, we can see
that SCAN-FAP and SCAN-AP have the ability of getting
clusters with high quality. They only need to be executed
one time in real applications due to the stability of them.
However, the other three methods have to be run many times
and average the results, since they are influenced by some
factors such as the initializations. Therefore, we only compare
the time efficiency of SCAN-FAP and SCAN-AP. In addition,
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because both the two algorithms share the same module that
calculates the constraint similarities, we only take the running
time of the clustering process for comparisons. The datasets
are adopted by the three relatively large networks: PolBlogs,
Cora, and Citeseer.
Figure 11 demonstrates the results about the efficiency
comparisons, where (a), (b), and (c) are the running time
of the two algorithms on three datasets, respectively, and
(d) illustrates the proportion of the number of the pairwise
nodes with 0 similarity scores to all the pairs in each network.
We can observe that SCAN-AP keeps the running time
consistently, since the messages are passed between all the
pairs of nodes. SCAN-FAP can increase the time efficiency
obviously, and the degree of the increasing is inversely
proportional to the ratio of the pairs of nodes with 0 similarity
scores. This is because each node only chooses the exemplar
from its similarity neighborhoods when using fast affinity
propagation algorithm in SCAN-FAP.

7. Conclusions
In this paper, we propose a novel semisupervised clustering
algorithm for networks based on fast affinity propagation,
which can utilize the prior knowledge to guide the unsupervised clustering process. The algorithm firstly defines a
constraint similarity measure, which takes the pairwise constraints information to extend the basic SimRank measure.
The similarity scores calculated with the new measure are
influenced by the must-link and cannot-link relationships,
such that the semisupervised property is achieved. Then,
taking as input the constraint similarities, a fast affinity
propagation algorithm is proposed to partition the networks.
This algorithm maintains the advantages of the original
affinity propagation algorithm. Moreover, it increases the
running efficiency by passing messages between only the
nodes with similarity scores greater than 0. Experimental
studies, by various kinds of real networks, demonstrate that
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our algorithm has a stronger ability of making use of a small
number of prior knowledge than the other representative
methods, to improve the clustering quality effectively and
efficiently.
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Path planning plays an extremely important role in the design of UCAVs to accomplish the air combat task fleetly and reliably. The
planned path should ensure that UCAVs reach the destination along the optimal path with minimum probability of being found and
minimal consumed fuel. Traditional methods tend to find local best solutions due to the large search space. In this paper, a Fitnessscaling Adaptive Chaotic Particle Swarm Optimization (FAC-PSO) approach was proposed as a fast and robust approach for the
task of path planning of UCAVs. The FAC-PSO employed the fitness-scaling method, the adaptive parameter mechanism, and the
chaotic theory. Experiments show that the FAC-PSO is more robust and costs less time than elite genetic algorithm with migration,
simulated annealing, and chaotic artificial bee colony. Moreover, the FAC-PSO performs well on the application of dynamic path
planning when the threats cruise randomly and on the application of 3D path planning.

1. Introduction
Unmanned combat air vehicle (UCAV) is an experimental
class of the unmanned aerial vehicle (UAV). UCAVs differ
from ordinary UAVs because they are designed to deliver
weapons to attach enemy targets. The elimination of the
need for an onboard human crew in a UCAV that may be
shot down over enemy territory has obvious advantages for
personnel safety. In addition, much equipment necessary for
a human pilot (such as the cockpit, flight controls, oxygen,
and seat/ejection seat) can be omitted from an unmanned
vehicle, resulting in a decrease in weight possibly allowing
greater payloads, range, and maneuverability.
The path planning of UCAV is to generate a space path
between an initial safe location and the desired dangerous
destination that has an optimal or near-optimal performance
under specific constraint conditions. It is always a complex
research subject, so it is an imperative technology required in
the design of UCAV. Series of algorithms have been proposed
to solve this complicated multiconstrained optimization
problem. Allaire used a genetic algorithm (GA) to realize the
FPGA implementation for UAV real-time path planning [1].

Duan et al. proposed an improved particle swarm optimization to optimize the formation reconfiguration control of
multiple UCAVs [2], proposed a hybrid metaheuristic ant
colony optimization (ACO) and differential evolution (DE)
to solve the UCAV three-dimension path-planning problem
[3], and proposed a max-min adaptive ant colony algorithm
for multi-UCAVs coordinated trajectory replanning [4]. Mou
et al. proposed a modified ant colony algorithm as a fast and
efficient approach for path planning of UCAV [5]. Zhang et al.
proposed an improved artificial bee colony algorithm for
UCAV path-planning problem [6]. However, these methods
can easily be trapped into local minima and cannot solve the
contradiction between the goal optimization and excessive
information.
PSO is well known for its lower computational costs, and
its most attractive feature is that it requires less computational
bookkeeping and only a few lines of implementation codes.
In order to improve the performance of a traditional PSO,
three improvements are proposed: (I) a new power-rank
fitness-scaling method, by which the scaled values are suitable
for following selection; (II) adaptively varied parameters
to search an expansive area at the prophase stage and
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a restricted area at the anaphase stage; and (III) introduction
of chaos to improve the robustness of the basic PSO algorithm
considering its outstanding performance of jumping out of
stagnation.
The remainder of this paper is organized as follows.
Section 2 introduces the encoding strategy for path planning.
Section 3 discusses the performance evaluation function
containing both the threat cost and the fuel cost. Section 4
introduces the basic principles of canonical PSO. Section 5
gives detailed description of our proposed method—Fitnessscaling Adaptive Chaotic PSO (FAC-PSO). Experiments in
Section 6 compared our proposed method with elite genetic
algorithm with migration, simulated annealing, and chaotic
artificial bee colony. The statistical results on 100 different
runs demonstrate that the FAC-PSO is superior to other
algorithms with respect to success rate and computation
time. Besides, we also applied our approach in the field of
dynamic UCAV path planning. Final Section 7 is devoted to
the conclusions.

using only 1 parameter, namely, its distance to the straight line
𝑃𝑆 𝑃𝑇 . In a word, there are total 𝐷 parameters in (1), so our task
is a 𝐷-dimensional optimization problem. In the following
section, we let 𝑃0 = 𝑃𝑆 and 𝑃𝐷+1 = 𝑃𝑇 in order to simplify the
expression.

3. Performance Function
The performance indicators of the planned path mainly
consist of the threat cost 𝐽𝑇 and the fuel cost 𝐽𝐹 . Their
calculation formulas are expressed as follows:
𝐷

𝐽𝑇 = ∑𝐽𝑇 (𝑖) ,
𝑖=0
𝐷

(2)

𝐽𝐹 = ∑𝐽𝐹 (𝑖) .
𝑖=0

Here, 𝐽𝑇 (𝑖) and 𝐽𝐹 (𝑖) denote the threat cost and fuel cost at
the 𝑖th subpath from 𝑃𝑖 to 𝑃𝑖+1 , respectively. The threat cost
of subpath is calculated by an approximation based on five
discrete points along the subpath as shown in Figure 2. If the
𝑖th subpath (𝑃𝑖 , 𝑃𝑖+1 ) is within the effect range, the threat cost
is given as [7]
𝑁

𝐽𝑇 (𝑖) =

2. Path Encoding
In this model, the starting point and the target point are
defined as 𝑃𝑆 and 𝑃𝑇, respectively. There are threatening
areas in the task region, such as artillery, radar, and missile,
which all are presented in the form of a circle. Inside of the
threatening areas, the UCAV should be vulnerable to the
threat with a certain probability proportional to the distance
away from the threat center, while outside of the threatening
areas, the UCAV should be safe without being attacked. The
task of path planning is to design an optimal path between
start point and target point considering all these threatening
areas as shown in Figure 1.
We connect the starting point and target point and then
divide the straight line 𝑃𝑆 𝑃𝑇 into (𝐷 + 1) equal portions. At
each segment point, draw the vertical line of 𝑃𝑆 𝑃𝑇 , which can
be labeled with 𝐿 1 , 𝐿 2 , . . . , 𝐿 𝑖 , . . . , 𝐿 𝐷. Select discrete points
𝑃𝑖 at each 𝐿 𝑖 . In this way, the path from the starting node to
the target node can be described as follows:
path = {𝑃𝑆 , 𝑃1 , 𝑃2 , . . . , 𝑃𝑖 , . . . , 𝑃𝐷, 𝑃𝑇} .

(1)

The location of 𝑃𝑆 and 𝑃𝑇 is known for UCAV, and the
location of line 𝐿 𝑖 (𝑖 = 1, 2, . . . , 𝐷) can be easily calculated.
Therefore, each point 𝑃𝑖 (𝑖 = 1, 2, . . . , 𝐷) can be expressed

𝐿𝑖 𝑇
1
1
1
1
1
∑𝑇 ( 4
+ 4
+ 4
+ 4
+ 4
).
5 𝑘=1 𝑘 𝑑0.1,𝑖,𝑘
𝑑0.3,𝑖,𝑘 𝑑0.5,𝑖,𝑘
𝑑0.7,𝑖,𝑘 𝑑0.9,𝑖,𝑘
(3)

Here, 𝑁𝑇 denotes the number of threatening areas, 𝐿 𝑖
denotes the length of 𝑖th subpath, 𝑇𝑘 denotes the degree of
threatening, and 𝑑0.1,𝑖,𝑘 denotes the distance from the 1/10
point on the 𝑖th subpath to the 𝑘th threat area.
Suppose that the velocity of UCAV is constant, the fuel
cost of the 𝑖th subpath 𝐽𝐹 (𝑖) can be considered proportional
to 𝐿 𝑖 . Therefore, the total cost of the path is proportional to
the total length of the path 𝐿.
The total cost for traveling along the trajectory comes
from a weighted sum of the threat and fuel costs, as defined
in the following formula
𝐽 = 𝜔𝐽𝑇 + (1 − 𝜔) 𝐽𝐹 ,

(4)

where 𝜔 is a variable between 0 and 1, giving the designer
certain flexibility to dispose relations between the threat
exposition degree and the fuel consumption. If 𝜔 approaches
1, a safer path is needed and less attention is paid to the fuel.
Alternatively, if 𝜔 approaches 0, a shorter path is needed even
on the cost of sacrifice the safety. In this study, we determine
it as 0.5 by the suggestion from [8], indicating that the threat
is as important as the fuel.
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The parameters 𝑐1 and 𝑐2 are positive constants called “acceleration coefficients”. The parameters 𝑟1 and 𝑟2 are random
numbers uniformly distributed in the interval [0, 1]. These
random numbers are updated every time they occur. The
parameter Δ𝑡 stands for the given time step.
The population of particles is then moved according to
(6) and tends to cluster together from different directions.
However, a maximum velocity Vmax should not be exceeded
by any particle to keep the search within a meaningful solution space. The PSO algorithm runs through these processes
iteratively until the termination criterion is satisfied [10].

PSO initialization

For each particle
Update 

Update x

Next particle
If f(x) < f(gBest)

Evaluate f(x)

Next
iteration

No

gBest = x
If f(x) < f(pBest)

pBest = x

5. Principle of FAC-PSO
The PSO has proven to perform better than GA, DE, and ACO
[11]. However, we can make further improvements from the
following three aspects.

Satisfy
termination
criterion
Yes
Solution is gBest

Figure 3: Flow chart of the PSO algorithm.

4. Particle Swarm Optimization
PSO is a population-based stochastic optimization technique,
which simulates the social behavior of a swarm of birds,
flocking bees, and fish schooling [9]. By randomly initializing
the algorithm with candidate solutions, the PSO successfully
leads to a global optimum. This is achieved by an iterative procedure based on the processes of movement and intelligence
in an evolutionary system. Figure 3 shows the flow chart of a
PSO algorithm.
In PSO, each potential solution is represented as a particle. Two properties (position 𝑥 and velocity V) are associated
with each particle. Suppose 𝑥 and V of the 𝑖th particle are given
as
𝑥 = (𝑥𝑖1 , 𝑥𝑖2 , . . . , 𝑥𝑖𝑁) ,
V = (V𝑖1 , V𝑖2 , . . . , V𝑖𝑁) ,

(5)

where 𝑁 stands for the dimensions of the problem. In each
iteration, a fitness function is evaluated for all the particles in
the swarm. The velocity of each particle is updated by keeping
track of the two best positions. One is the best position a
particle has traversed so far and called “𝑝Best”. The other is
the best position that any neighbor of a particle has traversed
so far. It is a neighborhood best called “𝑛Best”. When a
particle takes the whole population as its neighborhood, the
neighborhood best becomes the global best and is accordingly called “𝑔Best”. Hence, a particle’s velocity and position
are updated as follows:
V = 𝜔 ⋅ V + 𝑐1 𝑟1 (𝑝Best − 𝑥) + 𝑐2 𝑟2 (𝑛Best − 𝑥) ,
𝑥 = 𝑥 + VΔ𝑡,

(6)

where 𝜔 is called the “inertia weight” that controls the impact
of the previous velocity of the particle on its current one.

5.1. Fitness Scaling. Fitness scaling converts the raw fitness
scores that are returned by the fitness function to values in
a range that is suitable for the selection function [12]. The
selection function uses the scaled fitness values to select the
particles of the next generation. Then, the selection function
assigns a higher probability of selection to particles with
higher scaled values.
There exist bundles of fitness-scaling methods. One of the
most common scaling techniques is traditional linear scaling,
which remaps the fitness values of each particle using the
following equation:
𝑓linear = 𝑎 + 𝑏 × 𝑓raw ,

(7)

where 𝑎 and 𝑏 are constants defined by users. Another option
is the rank scaling, which is obtained by sorting all the bees
by their raw fitness values
𝑓rank = 𝑟,

(8)

where 𝑟 denotes the rank of the individual particle. The
third option is the power scaling method which is instead
computed with
𝑘
,
𝑓power = 𝑓raw

(9)

where 𝑘 is a problem-dependent exponent that might require
change during a run to stretch or shrink the range as needed.
Top scaling is the 4th option and probably the simplest scaling
method. Using this approach, several of the top individuals
have their fitness set to the same value, with all remaining
individuals having their fitness values set to zero. This simple
concept yields
𝑠
𝑓top = {
0

𝑓raw ≥ 𝑐
𝑓raw < 𝑐,

(10)

where 𝑠 is the user-defined constant, 𝑐 is the threshold.
Among those fitness-scaling methods, the power scaling
finds a solution nearly the most quickly due to improvement
of diversity but it suffers from instability [13]; meanwhile,
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𝑟𝑖𝑘

𝑘
∑𝑁
𝑖=1 𝑟𝑖

,

(11)

5.2. Adaptive Parameters. Another improvement lies in
changing the parameters (𝜔, 𝑐1 , 𝑐2 ) adaptively. In the search
process of PSO, the search space will gradually reduce as
the generation increases. Therefore, we hope to search an
expansive area with low precision at the prophase stage while
searching a restricted area with high precision at the anaphase
stage as listed in Table 1. The detailed formulas of those
adaptive parameters are as follows:

𝑐1 = 𝑐1𝑖 −
𝑐2 = 𝑐2𝑖 −

𝜔𝑖 − 𝜔𝑓
MaxGeneration
𝑐1𝑖 − 𝑐1𝑓
MaxGeneration
𝑐2𝑖 − 𝑐2𝑓
MaxGeneration

0.6
0.4
0.2
0

where 𝑟𝑖 is the rank of 𝑖th individual bee, 𝑁 is the number of
population. Our strategy contains a three-step process. First,
all bees are sorted to obtain the corresponding ranks. Second,
powers are computed for exponential values 𝑘. Third, the
scaled values are normalized by dividing the sum of the scaled
values over the entire population.

𝜔 = 𝜔𝑖 −

0.8
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Epoch
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(a)

1
0.8
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𝑓𝑖𝑡𝑖 =

1

Value

the rank scaling shows stability on different types of tests [14].
Therefore, a new power-rank scaling method was proposed
combing both power and rank strategies as follows:

0.6
0.4
0.2
0

0

20

40

60

80

100 120
Epoch
(b)

Figure 4: Chaotic Property of logistic equation: (a) 𝑥0
0.12345678; (b) 𝑥0 = 0.12345679.

=

∗ Generation (𝜔𝑖 > 𝜔𝑓 ) ,
∗ Generation (𝑐1𝑖 > 𝑐1𝑓 ) , (12)
∗ Generation (𝑐2𝑖 < 𝑐2𝑓 ) .

Here, the indexes 𝑖 and 𝑓 denote “initial” and “final”, respectively.
5.3. Chaotic Random Number. The parameters (𝑟1 , 𝑟2 ) were
generated by a pseudorandom number generator (RNG) in
classical PSO. The RNG cannot ensure the optimization’s
ergodicity in solution space because it is absolutely random;
therefore, a chaotic operator was employed to generate
parameters (𝑟1 , 𝑟2 ) by the following formula:
𝑟𝑖 (𝑡 + 1) = 4.0 ∗ 𝑟𝑖 (𝑡) ∗ [1 − 𝑟𝑖 (𝑡)] ,

𝑖 = 1, 2,

(13)

where 𝑟0 ∈ (0, 1) and 𝑟0 ∉ {0.25, 0.5, 0.75}. A very small
difference in the initial value of 𝑥 would give rise to a large
difference in its long-time behavior as shown in Figure 4. The
track of chaotic variable 𝑥𝑛 can travel ergodically over the
whole space of interest.
Figure 5 shows that the series is in the cycle (0.75) when
initial points are 0.25 or 0.75 since 4 ∗ 0.25 ∗ (1 − 0.25) = 0.75
and 4 ∗ 0.75 ∗ (1 − 0.75) = 0.75. The series is in cycle (0)
when initial point is 0.5 since 4 ∗ 0.5 ∗ (1 − 0.5) = 1 and
4 ∗ 1 ∗ (1 − 1) = 0. Therefore, those three points (0.25, 0.5,
and 0.75) will make the series lose chaotic property.

6. Experiments
The experiments were carried out on the platform of P4
IBM with 3 GHz main frequency and 2 GB memory, running

under Windows XP operating system. The algorithm was
developed via the global optimization toolbox of MatLab
2011a.
6.1. Threat Setting. Set the coordinates of the starting point as
(5, 5) and the target point as (100, 100). In the flight course,
there exist eight threat areas listed in Table 2. Suppose that
the codes of initial path are all zeros, which corresponds to a
straight line from starting point directly to the target point as
shown in Figure 6. Traditional gradient-based methods will
guide the 12th–20th nodes of the path to search the upper-left
area, and they will finally be misled into the local minima.
However, the evolutionary algorithms including GA, PSO,
and our proposed FAC-PSO are able to jump from the local
minima and search the bottom-right area, where the global
minimal point locates in.
6.2. Algorithm Comparison. We compared the proposed
FAC-PSO method with elite genetic algorithms with migration (EGAM) [15], simulated annealing (SA) [16], chaotic
artificial bee colony (CABC) [8], and standard PSO. The
parameters are obtained through trial-and-error method and
shown in Table 3. Here, NP means the number of populations/bees/particles corresponding to different algorithms,
and MaxEpoch means the maximum iterative epochs. 𝑃𝐶, 𝑃𝑚 ,
and 𝑃𝑒 of EGAM stand for the crossover probability, mutation
probability, and elite probability, respectively. TDF, 𝑇𝐼 , and
𝑇𝐹 of SA denote the temperature decrease function, initial
temperature, and final temperature, respectively. 𝑁𝐹 in CABC
represents the number of foods.
Each algorithm ran 100 times, and the success rate was
calculated and shown in Table 4. It indicates that the proposed
FAC-PSO show slight superiority to other algorithms when
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Table 1: Parameters variation.

Ω

𝑐1

𝑐2

Prophase

Larger

Larger

Smaller

Anaphase

Smaller

Smaller

Larger

PSO searches for global optima in an expansive area
with low precision
PSO searches for local optima in a limited area with
high precision
1

1
0.8

0.8

0.6

0.6

0.6

0.4

Value

0.8

Value

Value

1
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0.4

0.4

0.2
0.2

0.2

0
0

1

2

3
Epoch
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5

1

2

3

4

5

0

1

2

3
Epoch

Epoch
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(b)

4

5

(c)

Figure 5: Loss of chaotic property at specific initial values: (a) 𝑥0 = 0.25; (b) 𝑥0 = 0.5; and (c) 𝑥0 = 0.75.

Table 2: Information of 2D threatening objects.
Index
1
2
3
4
5
6
7
8

Position
(10, 30)
(10, 50)
(20, 80)
(40, 15)
(40, 50)
(50, 70)
(75, 70)
(80, 40)

100

Radius
14
10
20
12
15
12
14
12

Local minima

90

Initial path

80
70
60

Global
minima

50
40
30

𝐷 = 10. As the 𝐷 increases, the FAC-PSO shows more
robustness compared to other algorithms. It should be noted
that a larger 𝐷 makes the search space larger, which leads to
the success rate of all the algorithms decreasing.
We take 𝐷 = 20 as an example, choose a typical run and
show the convergence plot in Figure 7. It indicates that the
proposed FAC-PSO was trapped into local minima at about
42 epochs but it jump out at about 45th epoch. Conversely,
the EGAM, SA, CABC, and PSO were stagnated in the local
minima over all 100 epochs.
The final searched paths of the four algorithms are shown
in Figure 8. It indicates that our proposed FAC-PSO found
the global best path of the algorithm, while the other four
algorithms failed at this run.
6.3. Time Comparison. Computation time is another important factor used to evaluate the algorithm. Since a failed
run usually takes little time due to early stagnation, we only

20
10
0

0

20

40

Threatening area
Threatening center
Start and end

60

80

100

Path point
Path planning

Figure 6: Local minima and global minima.

consider the success runs. The average computation times of
each algorithm of different sizes of 𝐷 are shown in Table 5. It
indicates that the proposed algorithm takes the least time in
spite of the size of 𝐷; moreover, the SA takes the second least
time for calculation. The most time-consuming algorithm is
the CABC.
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Table 3: Parameters of algorithms.

Algorithm

Parameter setting

EGAM
SA
CABC
PSO
FAC-PSO

𝑁𝑃 = 20; MaxEpoch = 100; 𝑃𝐶 = 0.8; 𝑃𝑚 = 0.1; 𝑃𝑒 = 0.1; and migration interval = 20.
𝑁𝑃 = 20; MaxEpoch = 100; TDF = “exponential”; 𝑇𝐼 = 100, and 𝑇𝐹 = 0.
𝑁𝑃 = 20; MaxEpoch = 100; and 𝑁𝐹 = 10.
𝑁𝑃 = 20; MaxEpoch = 100; Vmax = 1; 𝜔 = 0.6; 𝑐1 = 1; and 𝑐2 = 1.
𝑁𝑃 = 20; MaxEpoch = 100; Vmax = 1; 𝜔𝑖 = 0.9; 𝜔𝑓 = 0.4; 𝑐1𝑖 = 2.5; 𝑐1𝑓 = 0.5, 𝑐2𝑖 = 0.5; and 𝑐2𝑓 = 2.5.

Table 4: Success rates of different algorithms for 2D UCAV.
EGAM

SA

CABC

PSO

FAC-PSO

10
15
20

78%
66%
53%

22%
12%
3%

80%
67%
59%

75%
71%
56%

87%
85%
80%

2500
2000
Cost

𝐷

3000

Table 5: Average computation time (s).

1500

𝐷

EGAM

SA

CABC

PSO

FAC-PSO

1000

10
15
20

12.3
12.9
14.5

11.6
13.8
13.6

14.6
15.3
16.8

13.0
14.7
14.9

10.2
11.3
13.7

500
0

0

20

40

Table 6: Information of 3D threatening objects.
Index
1
2
3
4
5
6
7
8
9
10

Position
(10, 30, 30)
(10, 50, 20)
(20, 80, 40)
(40, 15, 70)
(40, 50, 50)
(50, 70, 40)
(75, 70, 35)
(80, 40, 50)
(40, 55, 30)
(30, 40, 40)

60

80

100

Epoch

Radius
14
10
20
12
15
12
14
12
10
15

6.4. Dynamic Path Planning. The aforementioned paths are
static ones which are determined by a beforehand-known
map and threat information, but the UCAV usually meets
unforeseen threats in actual flight course, so they must
possess dynamic path-planning ability. When UCAV detects
instantaneous or moving threat, it must replan the path so as
to avoid the new arisen threat by revising the former path.
Suppose that all the threatening areas can move randomly, then, the flight path of UCAV should change after each
move according to the current threat positions. The UCAV
paths by the proposed FAC-PSO at steps 0, 5, 10, and 15 are
shown in Figure 9, which imply the feasibility of FAC-PSO
under moving threatening conditions.
6.5. 3D Path Planning. We applied our method to 3D UCAV
path planning. First, we generate a cube (100 × 100 × 100).
Second, we generated 10 threats, and their coordinates and
radii are listed in Table 6.

EGAM
SA
CABC

PSO
FAC-PSO

Figure 7: A typical convergence plot of different algorithms.
Table 7: Success rates of different algorithms for 3D UCAV.
𝐷

EGAM

SA

CABC

PSO

FAC-PSO

15
20
25

65%
41%
16%

9%
2%
0%

64%
43%
21%

65%
42%
20%

74%
68%
53%

We set the coordinates of the starting point as (5, 5, and
5) and the target point as (100, 100, and 100). We compared
the proposed FAC-PSO method with EGAM, SA, CABC,
and PSO. All parameters are the same as Table 3 except that
the maximal epoch is changed to 1000. Each algorithm ran
100 times, and the success rate was calculated and shown in
Table 7. We found that the FAC-PSO performs best among all
algorithms for 3D UCAV path planning.

7. Conclusions
In this study, a novel FAC-PSO approach for UCAV path
planning was proposed. We first investigate the path encoding strategy and then construct the cost function which combines the threat cost and fuel cost simultaneously. The FACPSO algorithm was proposed utilizing the fitness-scaling, the
adaptive mechanism, and the ergodicity and irregularity of
the chaos. Compared to standard PSO, the FAC-PSO is more
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Figure 8: Planned path of (a) EGAM; (b) SA; (c) CABC; (d) PSO; and (e) FAC-PSO.
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Figure 9: All threatening obstacles are moving for dynamic path planning: (a) step 0; (b) step 5; (c) step 10; and (d) step 15.

powerful at jumping out of local minima as well as speeding
up the procedures of finding the global optimal minima.
The simulation results show that the proposed FACPSO excels EGAM, SA, CABC, and PSO algorithms with
respect to success rate and computation time. We extended
our experiment to 2D dynamic path planning and 3D path
planning. All prove the superiority of FAC-PSO. Therefore, it
is a feasible and effective way for UCAV path planning.
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We present CFSO3 , an optimization heuristic within the class of the swarm intelligence, based on a synergy among three different
features of the Continuous Flock-of-Starlings Optimization. One of the main novelties is that this optimizer is no more a classical
numerical algorithm since it now can be seen as a continuous dynamic system, which can be treated by using all the mathematical
instruments available for managing state equations. In addition, CFSO3 allows passing from stochastic approaches to supervised
deterministic ones since the random updating of parameters, a typical feature for numerical swam-based optimization algorithms, is
now fully substituted by a supervised strategy: in CFSO3 the tuning of parameters is a priori designed for obtaining both exploration
and exploitation. Indeed the exploration, that is, the escaping from a local minimum, as well as the convergence and the refinement
to a solution can be designed simply by managing the eigenvalues of the CFSO state equations. Virtually in CFSO3 , just the initial
values of positions and velocities of the swarm members have to be randomly assigned. Both standard and parallel versions of
CFSO3 together with validations on classical benchmarks are presented.

1. Introduction
Exploration and exploitation are the two fundamental
requirements for the algorithms devoted to inverse problems
and/or optimization. In many applications more than one
global optimum could exist, and/or the space of the solutions
to be investigated could show a very large dimension. In all
these cases, the risk of remaining entrapped into a local minimum is quite high, especially if the algorithm in use is not able
to explore large spaces [1]. On the other hand, in other cases,
it is necessary to converge to a solution granting a high level
of accuracy. These conditions are difficult to be satisfied if the
algorithm is not able to perform good exploitation [2]. Thus,
apparently, exploration and exploitation seem to be antithetic
requirements. With the aim to match these two properties
in only one strategy of optimization, we aim to present in
this paper CFSO3 that takes its main inspiration from swarm
algorithms and in particular from their translation into
continuous dynamic systems.
From a historical point of view, the swarm optimization has been introduced by Kennedy and Eberhart [3] in
the 1990s with the Particle Swarm Optimization (PSO),

a heuristic inspired to the social and collective behaviour
shown by several animal species such as flock of birds or
school of fishes [4, 5]. Virtually, it consists of a one-to-one
correspondence between the motion of flocks searching for
food and the iterative steps of algorithms searching for the
best solution for optimization. Many authors have published
a large quantity of works related to PSO, and the vastness of
applications into different fields of science, such as engineering, physics, chemistry, artificial intelligence, and economics,
testifies its success among many scientific communities (e.g.,
see [6–9] and the references within). A large series of changes
from the original PSO have been proposed in order to
improve its performances. In particular, many works focused
on the way to manage the tuning of parameters for achieving
better convergence to the global optimum and/or for improving exploration for multimodal problems (e.g., see [10–19]
and the reference within), and the effects of topological rules
on performances have been discussed [20–26]. The basic idea
of topological rules is to link each member of the swarm with
others by generating more complex information exchange
among particles than the simple use of the global best. A
particular way to link the particle behaviors is achieved
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by using a kind of neighbor-velocity matching, that is, the
idea of the Flock-of-Starlings Optimization (FSO) [27, 28],
inspired by a naturalistic work presented in [29]. The FSO
uses topology for exchanging the information about the current velocity of each connected particle/bird. Recently, many
authors have proposed several attempts to treat the swarm
numerical algorithms as continuous dynamical systems. For
example, important contributions are in [30–32]. The main
goal of these works is to investigate the stability of PSO
and the effects on the optimization performance produced
by different settings of the parameters. In this scenario, the
authors of the present paper have translated the numerical
FSO equations into the state equations of a kinetic dynamic
system in the time domain (continuum), by proposing the socalled Continuous Flock-of-Starlings Optimization (CFSO)
[33–35]. This new optimizer, that is, the starting point of the
present paper, turns out to be quite effective, thanks to the
use of mathematical closed forms which describe the swarm
member trajectories as function of time, since it opens the
road to all those mathematical instruments used for studying
state equations. In addition, CFSO has several features that
make it very interesting and promising such as, among other
ones, the setting of parameters without using randomness.
Thanks to the stability analysis of the CFSO state equations,
the tuning of the parameters becomes the way for controlling
the stability of the trajectories within the space of solutions,
that is, for controlling the exploration and the exploitation,
since the parameter values fix the values of the eigenvalues
of the dynamic system (e.g., see [35–38] and the reference
within).
In this paper, results derived from investigation on this
distinguishing behaviour of the CFSO are discussed, in order
to verify the effectiveness of the innovative nonstochastic
approach characterizing this continuous swarm optimizer.
In particular, the present paper shows a hybridization of
three different features of CFSO, which allow us to enhance
both exploration and convergence. Indeed, the changing
from exalting exploration to giving a boost to the convergence/refinement is achievable simply by means of a suitable
setting of the real part of pole values (or the eigenvalues)
related to the CFSO state equations: in particular pure imaginary poles perform the exploration of the whole space of
solutions; instable poles allow to escape from local minima,
whereas refinement of the solution is obtained by launching
an asymptotically stable CFSO. Only the initial position and
velocity of each individual (birds) are randomly assigned.
Validations on classical benchmarks in order to show
the advantages of the proposed continuous approach are
presented, and the CFSO implementation has been made
available for downloading at the link indicated in [39].

2. Recall of the Continuous Flock-of-Starlings
Optimization: From Numerical Algorithms
to Dynamic System State Equations
In [33, 35] it has been proved that it is possible to convert
the numerical swarm optimization algorithm, PSO or FSO,
into continuous time-domain dynamical kinetic systems
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described by a set of state equations. Virtually, the state equations equivalent to the rules used by the swarm algorithms for
updating velocity and position of generic 𝑘th particle are
𝑗

𝑗

𝑗

𝑗

V̇
𝑘 (𝑡) = 𝜔V𝑘 (𝑡) + 𝜆 (𝑝best𝑘 (𝑡) − 𝑥𝑘 (𝑡))
𝑗

𝑁

𝑗

𝑗
+ 𝛾 (𝑔best (𝑡) − 𝑥𝑘 (𝑡)) + ∑ ℎ𝑘𝑚 V𝑚
(𝑡) ,

(1)

𝑚=1

𝑗
𝑥𝑘̇(𝑡)

=

𝑗
V𝑘

(𝑡) ,

(2)

where 𝑗 = 1 ⋅ ⋅ ⋅ Δ, Δ is the dimension of the solution space,
and 𝜔, 𝜆, and 𝛾 are the so-called inertial, cognitive, and social
𝑗
coefficients, respectively; 𝑔best (𝑡) is the 𝑗th component of the
𝑗
global best of the whole swarm, whereas 𝑝best (𝑡) is the 𝑗th
𝑘
component of the personal best of the 𝑘th particle;
𝑗
∑𝑁
𝑚=1 ℎ𝑘𝑚 V𝑚 (𝑡) (ℎ𝑘𝑚 = ℎ if the 𝑘th bird is controlling
the 𝑚th one, ℎ𝑘𝑚 = 0 otherwise) is the term that transforms
the PSO into the FSO. This term, which strongly modifies the
collective behaviour of the flock as shown in [27, 28], comes
from the observation [29] that, in real flock each generic bird
controls and follows the flight of a number 𝑁ctrl birds of other
members of the flock, no matter what are their positions
inside the flock. Finally, the personal best and global best
have been assumed to be the excitations of the dynamic
system by writing the quantity
𝑗

𝑗

𝑗

I𝑘 (𝑡) = 𝜆 ⋅ 𝑝best (𝑡) + 𝛾 ⋅ 𝑔best (𝑡) .
𝑘

(3)

By posing 𝜇 = 𝜆+𝛾 it is possible to rewrite (1) in the following
form:
𝑗

𝑗

𝑗

𝑁

𝑗
V̇
𝑘 (𝑡) = 𝜔V𝑘 (𝑡) − 𝜇𝑥𝑘 (𝑡) + ∑ ℎ𝑘𝑚 V𝑚 (𝑡) + I𝑘 (𝑡) .

(4)

𝑚=1

Equations (2) and (4) describe the state equations of a continuous dynamic system. Thus, if we consider a flock made of
𝑁 birds, the state-equation system of the CFSO has dimension 2𝑁 × 2𝑁, and it can be expressed, for each component
related to the 𝑗th dimension, as follows (from now on, in
order to simplify the notation the apex 𝑗 will be dropped;
consequently, all expressions must be implicitly assumed to
be valid for each 𝑗th generic component):
k
F
k̇
A A
[ ] = [ 1,1 1,2 ] [ ] + [ ] .
1
0
x
0
ẋ

(5)

Submatrix 1 appearing in (5) is the 𝑁 × 𝑁 identity matrix.
𝑁 × 𝑁 square submatrix A1,1 is defined as
A1,1 = 𝜔 ⋅ 1 + H.

(6)

Matrix H takes into account the neighbor-velocity-matching rule and for this reason is called neighbor-velocitymatching matrix. The nonzero values of H are the nondiagonal entries for which ℎ𝑘𝑚 = ℎ this means that the 𝑘th
bird is controlling the velocity of the 𝑚th one. It is evident
that, just considering the absence of the matrix H in (6),
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it is possible to commutate the CFSO to a continuous PSO
(CPSO). Finally, the last 𝑁 × 𝑁 submatrix appearing in (5)
is
A1,2 = −𝜇 ⋅ 1,

(7)

whereas vector F has each 𝑘th row-entry I𝑘 (𝑡) of (3).
2.1. Solution of the CFSO State Equations. Let us assume that
the space where the solution lies is bounded, and then, also
the global and personal best positions will be bounded and
consequently we can apply the Laplace Transform, £{∙}, in the
variable 𝑠 ∈ C to the system (5) as follows:
𝑠[

V (𝑠)
F (𝑠)
V (𝑠)
A A
v (0)
]+[
] = [ 1,1 1,2 ] [
]+[
] . (8)
1
0
X (𝑠)
0
X (𝑠)
x (0)

In (8), both v(0) and x(0) are column vectors (from now on,
for briefness, we will indicate x = x(0) and v = v(0)). They
take into account the initial conditions related to velocities
and positions, respectively, while each single £{∙} is
+∞

V (𝑠) = £ {v (𝑡)} = ∫

0
+∞

X (𝑠) = £ {x (𝑡)} = ∫

0

F (𝑠) = £ {F (𝑡)} = ∫

+∞

0

v (𝑡) 𝑒−𝑠𝑡 𝑑𝑡,

if we write the neighbour velocity-matching, that is, matrix
(H), without a pre-fixed order, the only way to solve the CFSO
equations in the time domain is to adopt a numeric ordinary
differential equation solver, for example, by means of a
numerical Runge-Kutta algorithm (ODE suite of MATLAB).
On the other hand, it has been proved in [35] that a particular
ordered choice of the matrix describing the neighbourvelocity matching allows to analytically integrate the CFSO
equations, by means of the inverse Laplace transforming,
and closed-form expressions, in the time domain, are easily
available. The fundamental advantage using closed forms is
that they remarkably reduce the computational cost making
easier the setup of the optimization problem. In addition they
can be directly used to update position and velocity, as it will
be shown in next sections.
Let us show herein the way in which it is possible to
achieve closed forms. For simplicity, but without loss of generality, let us consider the so-called fully connected CFSO,
which occurs if 𝑁ctrl birds = 𝑁 − 1; that is, each 𝑘th bird controls all the other 𝑁 − 1 members of the flock. This means
that all the non-diagonal entries of the neighbour-velocitymatching matrix H are set to a value equal to ℎ:

(9)

x (𝑡) 𝑒−𝑠𝑡 𝑑𝑡,

(10)

F (𝑡) 𝑒−𝑠𝑡 𝑑𝑡.

(11)

ℎ 𝑘 ≠
𝑚
ℎ𝑘,𝑚 = {
0 𝑘 = 𝑚.

Thus, the matrices appearing in the solution of the system (12)
become, respectively,
𝑠2 1 − A1,1 𝑠 − A1,2

Finally, by solving (8) in the Laplace domain for X(𝑠), we have
2

X (𝑠) = (𝑠 1 − A1,1 𝑠 − A1,2 )

−1

𝑠2 − 𝜔𝑠 + 𝜇 −ℎ𝑠 ⋅ ⋅ ⋅

⋅ {(𝑠1 − A1,1 ) ⋅ x + k + F} .
(12)

=(

−1

X

forced

2

⋅ {(𝑠1 − A1,1 ) ⋅ x + k} ,
(13)

(𝑠) = (𝑠 1 − A1,1 𝑠 − A1,2 )

−1

⋅ F (𝑠) .

(14)

In this way, we can collect together global and all personal
bests inside the forced solution (14), whereas the initial
conditions appear just in the free solution (13). This is a
crucial fact since it means that, for studying the collective
behaviour of the swarm, we have to analyze just the free
response (13) that is not influenced by the habitat (i.e., global
and personal bests valuated by the fitness function), but
just by the initial conditions related to each swarm member.
Clearly, after having written the solution of the state equations
in the Laplace domain, we have to translate the solution in
the time domain. But the Laplace anti-transformation is not
always possible, since the inverse of matrix (𝑠2 1−A1,1 𝑠−A1,2 )
could not be simply evaluated in an analytical way. Indeed,

−ℎ𝑠
..
.
−ℎ𝑠

Now, let us now decompose the response (solution) for the
𝑘th bird as the superposition of the free response, Xfree (𝑠),
and the forced response, Xforced (𝑠); that is, X(𝑠) = Xfree (𝑠) +
Xforced (𝑠). Thus, we have
Xfree (𝑠) = (𝑠2 1 − A1,1 𝑠 − A1,2 )

(15)

d

−ℎ𝑠
..
.

d

),

(16)

d d
−ℎ𝑠
⋅ ⋅ ⋅ −ℎ𝑠 𝑠2 − 𝜔𝑠 + 𝜇
𝑠 − 𝜔 −ℎ ⋅ ⋅ ⋅

−ℎ
𝑠1 − A1,1 = ( .
..
−ℎ

d d

−ℎ
..
.

d d −ℎ
⋅ ⋅ ⋅ −ℎ 𝑠 − 𝜔

).

(17)

The values of the entries of the inverse, [𝐶], related to the
symmetric matrix (16) are

𝑐𝑘,𝑚

𝑠2 − 𝜔𝑠 + 𝜇 − (𝑁 − 2) ℎ𝑠
{
{
{
{ (𝑠2 − (𝜔 + (𝑁 − 1) ℎ) 𝑠 + 𝜇) (𝑠2 + (ℎ − 𝜔) 𝑠 + 𝜇)
={
{
ℎ𝑠
{
{
{ (𝑠2 − (𝜔 + (𝑁 − 1) ℎ) 𝑠 + 𝜇) (𝑠2 + (ℎ − 𝜔) 𝑠 + 𝜇)

if 𝑘 = 𝑚
if 𝑘 ≠
𝑚.
(18)

Thus, by compacting in one single term
𝑁

𝑎𝑘 = − (𝜔 − ℎ) 𝑥𝑘 − ℎ ∑ 𝑥𝑚 + V𝑘 ,

(19)

𝑚=1

the solution can be finally expressed by
X (𝑠) = [𝐶] ⋅ [𝑠x + a + F (𝑠)] .

(20)
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2.2. Time Windowing. Now, in order to solve the system of
state equations (20), a further consideration must be done
since the force term (vector F) is not a priori known: its
elements depend on the trajectories followed by the birds.
Consequently they must be evaluated dynamically according
to the several fitness values which are monitored during the
motion of the swarm/flock. Moreover, it is worth noticing
that we are interested in the building of an optimizer, and,
consequently, it is our aim to evaluate exactly the fitness function in correspondence with specified positions reached by
each member of the flock. In order to address this goal, we
subdivide the time axis into a sequence of time windows, each
one having duration equal to a value 𝜏. In this way, we can
assume, for each 𝑖th time window TW, that the excitation
(3) is a constant value equal to the one evaluated at the end
of the previous (𝑖 − 1)th TW. It follows that, for a generic
TW𝑖 that begins at the generic time 𝑡in and ends at the time
𝑡in + 𝜏, we assume that the 𝑘th entries of the force terms (3)
are equal to a constant value I𝑘,𝑖 (𝑡in ), that is, for any time
value within that 𝑖th window. It is worth noticing that when
𝜏 → 0 the CFSO system would be really continuum, but the
fitness function should be evaluated infinite times. Anyway,
for finite values of 𝜏, the system (5) is still time invariant
within each time window. As a consequence, it is still possible
to use Laplace tansforms in the previously described way.
Now, the only difference is that we will obtain analytical
closed forms, for the position and the velocity of each bird
of the flock, valid just for a TW. The final solution on the
desired time of observation will be obtained by the union of
the solutions returned TW-by-TW, with the continuity being
guaranteed by the initial conditions that are always evaluated
at the beginning of each new TW.

Now it is possible to evaluate the inverse Laplace transform.
Firstly, the nonzero poles of (22) are
𝜔 − ℎ ± √(𝜔 − ℎ)2 − 4𝜇

𝑠1,2 =
𝑠3,4 =

2

𝜔 + (𝑁 − 1) ℎ ± √(𝜔 + (𝑁 − 1) ℎ)2 − 4𝜇
2

𝐹𝑘,𝑖 (𝑠) =

𝛾𝑔best𝑖 + 𝜆𝑝best𝑘,𝑖
𝑠

.

(21)

By elaborating and reordering (20), we obtain the following
explicit expression for the Laplace transform of each 𝑘th
member of the flock:
𝑋𝑘 (𝑠) =

𝑠𝑥𝑘 + 𝑎𝑘
𝑠2 + (ℎ − 𝜔) 𝑠 + 𝜇
+ℎ
+

𝑁
𝑁
𝑠2 ∑𝑁
𝑛=1 𝑥𝑛 + 𝑠 ∑𝑛=1 𝑎𝑛 + 𝜆 ∑𝑛=1 𝑝best𝑛

2

𝜆𝑝best𝑘
𝑠 (𝑠2

𝑚=1
4

2 𝑠𝑚 𝑡
(∑𝑁
𝑛=1 𝑥𝑛 ) 𝑠𝑚 𝑒

𝑚=1

∏4𝑛=1,𝑛 ≠
𝑚 (𝑠𝑚 − 𝑠𝑛 )

4

𝑠𝑚 𝑡
(∑𝑁
𝑛=1 𝑎𝑛 ) 𝑠𝑚 𝑒

𝑚=1

∏4𝑛=1,𝑛 ≠
𝑚 (𝑠𝑚 − 𝑠𝑛 )

4

𝑠𝑚 𝑡
𝜆 (∑𝑁
𝑛=1 𝑝best𝑛 ) 𝑒

+ ℎ∑

+ ℎ∑

+ ℎ∑

𝛾𝑔best
+
.
2
𝑠 (𝑠 − (𝜔 + (𝑁 − 1) ℎ) 𝑠 + 𝜇)
(22)

(25)

∏4𝑛=1,𝑛 ≠
𝑚 (𝑠𝑚 − 𝑠𝑛 )

𝑚=1

+ 𝜆𝑝best𝑘 [ ∑

𝑚=1
2

+ 𝛾𝑔best [ ∑

𝑚=1

1
(−1)𝑚 𝑒𝑠𝑚 𝑡
+
]
𝑠2 − 𝑠1
𝑠1 𝑠2
1
(−1)𝑚 𝑒𝑠𝑚+2 𝑡
].
+
𝑠𝑚+2 (𝑠4 − 𝑠3 ) 𝑠3 𝑠4

As it has been already said, (25) is valid for a generic
𝑘th particle/bird just within a single time window having
width 𝜏 and starting from 𝑡in (i.e., 𝑡in ≤ 𝑡 ≤ 𝑡in + 𝜏). It is the
closed form which describes how the particle/bird changes
its 𝑗th coordinate during time; that is, (25) describes the
portion of the trajectory along the 𝑗th dimension followed
by the 𝑘th member of the flock within that time window.
The corresponding closed form of the velocity along the 𝑗th
dimension is trivially obtainable by derivation versus time:
V𝑘 (𝑡) = 𝑥𝑘 ∑

𝑚=1

2 𝑠𝑚 𝑡
2
𝑒
(−1)𝑚 𝑠𝑚
(−1)𝑚 𝑠𝑚 𝑒𝑠𝑚 𝑡
+ 𝑎𝑘 ∑
𝑠2 − 𝑠1
𝑠2 − 𝑠1
𝑚=1

4

3 𝑠𝑚 𝑡
(∑𝑁
𝑛=1 𝑥𝑛 ) 𝑠𝑚 𝑒

𝑚=1

∏4𝑛=1,𝑛 ≠
𝑚 (𝑠𝑚 − 𝑠𝑛 )

4

2 𝑠𝑚 𝑡
(∑𝑁
𝑛=1 𝑎𝑛 ) 𝑠𝑚 𝑒

𝑚=1

∏4𝑛=1,𝑛 ≠
𝑚 (𝑠𝑚 − 𝑠𝑛 )

+ ℎ∑

− (𝜔 − ℎ) 𝑠 + 𝜇)

(24)

2
(−1)𝑚 𝑠𝑚 𝑒𝑠𝑚 𝑡
(−1)𝑚 𝑒𝑠𝑚 𝑡
+ 𝑎𝑘 ∑
𝑠2 − 𝑠1
𝑠2 − 𝑠1
𝑚=1

𝑥𝑘 (𝑡) = 𝑥𝑘 ∑

2

(𝑠2 − (𝜔 + (𝑁 − 1) ℎ) 𝑠 + 𝜇) (𝑠2 + (ℎ − 𝜔) 𝑠 + 𝜇)

.

If we assume that the parameters satisfy (𝜔 − ℎ)2 − 4𝜇 ≠
0,
2
(𝜔 +(𝑁 − 1)ℎ) − 4𝜇 ≠
0, all poles will have multiplicity equal
to 1. Under this assumption, by applying to (22) the classic
residual method for the evaluation of the inverse Laplace
transforms, the time domain response is finally obtained:

2

2.3. Closed Forms for the Continuous-Flock-of-Starlings Optimization. On the basis of the previous assumptions, the
Laplace transform related to (3), valid for the 𝑘th particle/bird, is (and clearly for the generic component 𝑗th) within
the 𝑖th TW:

(23)

,

+ ℎ∑
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+ ℎ∑
𝑚=1

5

𝑠𝑚 𝑡
𝜆 (∑𝑁
𝑛=1 𝑝best𝑛 ) 𝑠𝑚 𝑒

∏4𝑛=1,𝑛 ≠
𝑚 (𝑠𝑚
2

+ 𝜆𝑝best𝑘 ∑

𝑚=1
2

+ 𝛾𝑔best ∑

𝑚=1

this is not true, for the CFSO, since, in this case, the free
response of a generic bird still depends on the behaviour
of other members of the flock and the collective behavior
exists even if we cancel the contribution of global and
personal bests. These observations suggest that the collective
behaviour is always present for the CFSO (and consequently
for FSO), whereas the CPSO and PSO are rather based on a
forced social behaviour due to the action of the “global” best.

− 𝑠𝑛 )

(−1)𝑚 𝑠𝑚 𝑒𝑠𝑚 𝑡
𝑠2 − 𝑠1
(−1)𝑚 𝑒𝑠𝑚+2 𝑡
.
(𝑠4 − 𝑠3 )

(26)

These closed forms must be used as updating rules for the
position and velocity of each bird at each step/time window
of amplitude 𝜏 variable from a time window to another, just
by using 𝑡 = 𝜏. In addition the knowledge of the analytical expression related to the poles allows us to calculate
the conditions on CFSO parameters, which provide the full
asymptotical stability:
𝜔
∩ 𝜔 < 0 ∩ 𝜇 > 0.
𝜔<ℎ<−
𝑁−1

(27)

A Matlab implementation (version 1.0) of the previously
presented closed forms can be downloaded from the link in
[39].
2.4. Continuous PSO versus CFSO: Effect of the NeighbourVelocity Matching on the Collective Behaviour. The stability
conditions give us the further possibility to analyze the
effect of topological rules on the collective behavior of the
swarm/flock members. Firstly, it is worth noticing that we
can obtain the close form expressions for a continuous PSO
just by posing ℎ = 0 in (25) and (26), obtaining (after some
substitutions)
𝑥𝑘 (𝑡) = 𝑥𝑘

𝑠2 𝑒𝑠2 𝑡 − 𝑠1 𝑒𝑠1 𝑡
√𝜔2 − 4𝜇

+ 𝑎𝑘

𝑒𝑠2 𝑡 − 𝑒𝑠1 𝑡
(28)

V𝑘 (𝑡) = 𝑥𝑘

𝑠22 𝑒𝑠2 𝑡 − 𝑠12 𝑒𝑠1 𝑡
√𝜔2 − 4𝜇

+ 𝑎𝑘

𝑠1 𝑒𝑠2 𝑡 − 𝑠2 𝑒𝑠1 𝑡
𝜇√𝜔2 − 4𝜇

+

1
),
𝜇

√𝜔2 − 4𝜇
(29)
𝑒𝑠2 𝑡 − 𝑒𝑠1 𝑡
√𝜔2 − 4𝜇

Set:
(i) 𝑛birds is the total number of elements into the flock;
(ii) number of birds into the flock controlled by one single
bird, 𝑁ctrl birds .
(iii) Inertial coefficient 𝜔, cognitive coefficient, 𝜆, social
coefficient, 𝛾, and topological coefficient ℎ (i.e., choice
of the typology of the poles)
(iv) Maximum number of TWs, 𝑁step

max ;

𝑗

(v) Velocities for each 𝑘th bird V𝑘 (𝑡 = 0) = random
(−1, 1) ⋅ 𝑉max ;
(vi) Position (𝑥𝑘⟨1⟩ (0), . . . , 𝑥𝑘⟨𝐷⟩ (0)) of each 𝑘th bird
(viii) Initial global fitness 𝑔(𝑡 = 0);
(ix) Fitness threshold goal fitness = arbitrary small;
Main Loop
For each 𝑘th particle and for TW of amplitude 𝜏, until we
reach the assigned maximum number of TW,

𝑠2 𝑒𝑠2 𝑡 − 𝑠1 𝑒𝑠1 𝑡

+ (𝜆𝑝best𝑘 + 𝛾𝑔best ) (

Initialization

(vii) Initial personal fitness 𝑓𝑝𝑗 (𝑡 = 0);

√𝜔2 − 4𝜇

+ (𝜆𝑝best𝑘 + 𝛾𝑔best ) (

2.5. CFSO Algorithm. The CFSO algorithm can be summarized by the following pseudo-code valid for a generic
fitness function, 𝑓(𝑥⟨1⟩ , . . . , 𝑥⟨𝐷⟩ ), to be minimized in the
search space 𝑆 ⊂ R𝐷, having dimension 𝐷, with 𝑆 ≡
(𝑥⟨1⟩ , 𝑥⟨2⟩ , . . . , 𝑥⟨𝐷⟩ ): 𝑥⟨𝑗⟩ min ≤ 𝑥⟨𝑗⟩ ≤ 𝑥⟨𝑗⟩ max for 𝑗 =
1, . . . , 𝐷.

).

As it is possible to observe, for the continuous PSO, the
way in which the velocity and the position of a generic𝑘th
particle (28) change during time takes into account the effects
of terms which derive from the free response (𝑥𝑘 and V𝑘 )
and other terms which derive from the forced response
(𝑝best𝑘 and 𝑔best ). Thus, if we consider just the free response
of the system, we will have the loss of any contribution
coming from other particles (global and personal bests)
since the free response of the continuous PSO depends only
on the behaviour of the particle itself. On the contrary,

(i) update, for each 𝑘th particle, position and velocity at
end of considered TW by using (25) and (26) computed for 𝑡 = 𝜏. (let us indicate with (𝑥𝑘⟨1⟩ , . . . , 𝑥𝑘⟨𝐷⟩ )
and (V𝑘⟨1⟩ , . . . , V𝑘⟨𝐷⟩ ) respectively the position and the
velocity at the end of considered TW)
(ii) evaluate fitness 𝑓𝑘 = 𝑓(𝑥𝑘⟨1⟩ , . . . , 𝑥𝑘⟨𝐷⟩ )
(iii) If 𝑓𝑘 is better than the personal best fitness of the 𝑘th
particle 𝑓𝑝𝑘 , then assign current position as personal
best position and update the personal best fitness:
⟨𝑗⟩

⟨𝑗⟩

𝑝best = 𝑥𝑘
𝑘

∀𝑗th dimension

𝑓𝑝𝑘 = 𝑓𝑘

(30)
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(iv) If 𝑓𝑘 is better than global best fitness, then assign
current position as global best position and update the
global best fitness:
⟨𝑗⟩

⟨𝑗⟩

𝑔best = 𝑥𝑘

∀𝑗th dimension

0.06
0.04

(31)

𝑔 (𝑡) = 𝑓𝑘

0.02

(v) Assign in new initial conditions (𝑥𝑘⟨1⟩ , . . . , 𝑥𝑘⟨𝐷⟩ ),
⟨1⟩
⟨𝐷⟩
, . . . , 𝑝best
) (𝑘 =
(V𝑘⟨1⟩ , . . . , V𝑘⟨𝐷⟩ ) and excitations (𝑝best
⟨1⟩
⟨𝐷⟩
, . . . , 𝑔best
)
1, . . . , 𝑛birds ) and (𝑔best

Pure imaginary poles

𝑘

y

0
−0.02

𝑘

−0.04

End for
It is worth noticing again that for each TW the excitation
is constant values and from a TW to the successive the continuity of the trajectories is guaranteed by means of the initial
conditions, in terms of positions and velocities, evaluated as
the last values related to the previous TW.
2.6. Assignments of Poles for Different Flock Behaviours. The
individuals of a swarm can be driven through three different
type of trajectories for three different assignments of the
poles: (1) couple of conjugate pure imaginary poles (stable
system); (2) poles with real part negative (asymptotically
stable system); and (3) poles with real part positive (unstable
system). With the aim to investigate deeper on the free
response of the CFSO, let us assume the global and all
personal bests to be equal to constant values for the whole
duration of the simulation. This last assumption allows to
investigate the free response since no variation for global as
well for personal bests is possible. For the sake of simplicity
we refer to a bidimensional space since in this way we have
the possibility to plot the trajectories followed by the birds.
2.6.1. Couple of Conjugate Pure Imaginary Poles. In this case,
by the previous assumption, the forced terms are not allowed
to change from a TW to another one; we can look at the
trajectory after the end of the transient phase. Since we have
imposed a couple of conjugate pure imaginary poles for at
least one member of the swarm, the relative components
of both position and velocity show a periodic behaviour.
Consequently each bird having these kinds of poles will
describe (in 2D case) a closed loop as Figure 1 shows. In
terms of optimum searching this kind of trajectory can be
interpreted as a path made by one member which explores
the surrounding space, in order to search for a possible new
better solution.
2.6.2. Poles with Negative Real Part (Asymptotically Stable
System). Clearly the previously described trajectories are not
useful from the viewpoint of accuracy in detecting optimum
solutions. Thus, in order to refine the values of candidate
solutions which could lie in a subspace investigated by
members with conjugate pure-imaginary poles, the values of
these poles are converted by setting their real part as negative.
Indeed, according to (25) and (26), when the transient ends
the positions are distributed around the global best and all

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

x

Figure 1: Typical trajectories of birds in the flock for pure imaginary
poles. It is possible to see the 30 birds starting around the origin,
making 30 closed loops.

Poles with real part negative

×10−3
10
8
6
4
y

2
0
−2

−4
−6
−6

−4

−2

0

2
x

4

6

8
×10−3

Figure 2: Typical trajectories of birds in the flock for asymptotically
stable poles. The convergence in the region containing global best
is evident that is coincident with the origin of the axes. The effect
of refinement can be seen by comparing the values of 𝑥 and 𝑦 with
those of the previous Figure 1.

the velocities have null values. Moreover, during the transient
phase, the birds follow convergent trajectories towards the
global best (see Figure 2), and consequently a refinement of
the solution is obtainable.
2.6.3. Poles with Positive Real Part (Unstable System). The
last case presented herein is the one concerning poles with
positive real part. As previously stated for pure imaginary
poles, it is possible that in some situation the birds performing
CFSO have fallen in a region containing a local minimum. It
is important to have a strategy for escaping from that situation
for restarting the exploration. This can be easily done by
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Unstable poles

it is always possible to refine the solution simply by using
small TW amplitudes together with negative real part poles:
small TWs return small displacements (consequently a large
number of personal bests is investigated), and the refining of
values of the candidate solutions is obtainable. In the same
way, large TW amplitudes together with positive real part
poles are useful to quickly escape from local minima.

0.3
0.25
0.2
0.15
0.1
y

0.05

3. From CFSO to CFSO3

0
−0.05

−0.1
−0.15
−0.2
−0.2 −0.15 −0.1 −0.05

0

0.05

0.1

0.15

0.2

x

Figure 3: Typical trajectories of birds in the flock for unstable poles.
The trajectories of 10 birds, starting also in this case around the
origin, diverge after few steps, and consequently they escape from
minimum.

choosing poles with a positive real part. Indeed, in this case
the trajectories will be forced to diverge also in presence
of a local minimum (see Figure 3). In addition if the poles
have also an imaginary part other than zero, the oscillatory
behaviour is combined with the exponential and then they
will escape from the entrapping region by following a sort of
spiral (unstable focus). Clearly this kind of poles could lead
the birds to exit from domain; thus they must be used only
for few TWs (eventually just one TW if we choose at the same
time a high value for TW amplitude, 𝜏, as will be discussed in
the next section).
2.7. Role of the 𝜏 Parameter. As previously stated, an important feature of the CFSO is the possibility to predict the
behaviour of particles/birds simply studying the poles of
Laplace transforms for different TWs. Indeed, by changing
these poles we can force the trajectories of the swarm members to converge towards a point, to escape from a possible
local minimum, or to stay into a limited zone (closed loops) of
the solution space. In this way we can improve the capabilities
of exploration and exploitation simply by changing the poles
of state equations system at each time window. Thus, by
a suitable choice of the poles from a TW to another one,
it is possible to control the whole behaviour of the swarm
members. On the contrary, the noncontinuous but simply numerical algorithms employ the random updating of
parameters to avoid local minima. By using the closed forms
of CFSO, the randomness of parameters can be eliminated
because the user a priori knows how he must manage the
parameters to obtain convergence or divergence, that is,
how to exalt the exploitation rather than the exploration or
vice versa. In addition, at any time during the optimization
procedure, the CFSO can refine the found solution through
a suitable decreasing of the TWs amplitudes, as it will be
discussed in the Validation. Indeed, as shown in Figure 4,

On the basis of the previous remarks on CFSO, for enhancing
both exploration and convergence, a hybridization strategy
similar to the one successfully followed in [40] has been
developed. In [40] three different numerical heuristics have
been used in such way to exalt their different abilities in
exploration, or exploitation or refinement. In the present
case, the same idea has been applied to take advantage from
the different behaviours provided by CFSO depending on
the different setting of its parameters (i.e., the nature of the
poles). In particular, at the beginning of the whole optimization process, the CFSO is implemented by setting pure
imaginary poles (CFSOpi). The CFSOpi performs exploration
and whenever it finds a subregion in which there is a high
probability of discovering a global minimum (briefly called
“suspected region” according to [40]), two operations are
made in cascade: (1) the exploitation and the refinement
of the solution, by launching a asymptotically stable CFSO
(CFSOas), that is, a CFSO, in which the real part of poles is set
to be positive; in such way we can exalt the exploitation of the
“suspected region” for finding the value of the minimum that
lies here (the CFSO population is initialized by means of the
result that the CFSOpi had just found); (2) the CFSO poles
are then temporarily changed in unstable poles (CFSOus) for
𝑁 steps (after which pure imaginary poles CFSO is reset), for
escaping from the minimum inside the exploited suspected
region (since it could be a local minimum). This hybridization
has been called CFSO3 in order to underline the three
different aspects of CFSO which have been used in synergy.
In other words, the optimization process is fully supervised;
that is, the change of the nature of poles is a priori planned by
a criterion based on monitoring the value of the cost function.
In the setup of the procedure no stochastic parameter has
been used with the exception of the starting positions and
velocities of the birds. This means that if one launches CFSO3
starting from the same initial conditions, it will obtain the
same identical results.
3.1. Parallel Architecture. CFSO3 provides its best performances on a distributed architecture, and the algorithm can
be fully designed for a master-slave configuration for parallel
computation [41, 42]. According to the different CFSO
peculiarities related to different setting of the poles, CFSO3
uses imaginary poles and unstable poles just on the master
node, whereas the refinement phase with asymptotically
stable poles is performed on slave ones. Virtually, the CFSOpi
performs exploration of the solution space on the Mater node
and whenever it finds a “suspected region,” two simultaneous
operations are made:
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TWi ith time window

ti , ti+1 , . . . instants in which fitness function is evaluated
TWi

t

ti+1

ti

Refinement of the solution by means of small TW

Figure 4: Example of managing of time window amplitudes for refining candidate solution.

Start

Master node

CFSOpi

Slave node

New
minimum?

Start

No

CFSOas

Yes
Launch CFSOas
on a slave
node

End
condition
reached?

CFSOus

End

No

Yes

End

Figure 5: Flow chart of parallel version of CFSO3 .

(1) CFSOus is launched for 𝑁 steps (i.e., 𝑁 TWs) on
master node (thereafter imaginary poles are reset and
we return to the CFSOpi), in such a way to escape
from the “suspected region” and to restart exploration;
(2) CFSOas is launched on the first available slave node of
the cluster with the aim to refine the solution into that
“suspected region,” the population of the CFSOas with
being initialized on the basis of the best result found
by CFSOpi at the current iteration.
In more detail, the CFSOas will be left to run for a fixed
number of iterations 𝑁refinement-max with a duration of TW

(parameter 𝜏) around 10 times smaller than the one used in
CFSOpi on the master node. While the processes on the slave
nodes are running, the CFSOpi is provisionally substituted
by the CFSOus for 𝑁 (generally not more than a couple)
TWs; thereafter the CFSOpi is relaunched. CFSOpi still
continues to explore the solution space on the Master node
and whenever it finds a further “suspected region,” another
CFSOas is launched on a different slave node and so on. After
having delivered the found solution to the master, the slave
node is ready to be utilized for a further exploration on a
new “suspected region.” All final results coming from slave
nodes are stored in a dedicated file that is located in a shared
folder within the master node. Finally, when all processes
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Table 1: Parameters used in CFSO3 .

Start

CFSOpi
CFSOas (1)
CFSOas (2)
CFSOus

CFSOpi

𝜔
−0.8147
−2.126
−2.126
0.126

𝜆
0.421
0.482
0.482
0.482

𝛾
0.579
0.913
0.913
0.413

ℎ
9.502𝑒−02
−0.668
−0.668
−0.668

𝜏
0.2
0.05
0.02
0.02

CFSOas (1)

Table 2: Success rate (%) of CFSO and CFSO3 for different number
of cycles.
CFSOus

CFSOas (2)

Niter

CFSO CFSO3
CFSO3
CFSO3
𝑁iter = 3;
(10000 𝑁iter = 1; 𝑁iter = 2;
FEs) (3000 FEs) (7000 FEs) (11000 FEs)
No

reached?

Yes

End

Figure 6: Flow chart of the CFSO3 implementation used for tests.

have been concluded (i.e., all PC slaves have completed the
refinement procedures previously described, and the CFSOpi
on the master node has ended all the programmed iterations),
a list of all results coming from slave nodes will be available
within the master node storage file. Then, the best minimum
(global optimum) is trivially identified from that list. The flow
chart of the parallel architecture is shown in Figure 5.

4. Validation
The CFSO algorithm has been successfully validated for the
solution of engineering design problems [33, 34]. Moreover,
it has also been compared with the performances coming
from a generic implementation of PSO for the solution of
classical optimization benchmarks. It is worth noticing that
all validations have been made by starting from the same
initial conditions (positions and velocities) [35] with the aim
of obtaining the same starting situations as for CFSO, and
standard PSO.
Hereafter we follow a validation approach of the CFSO3
by considering the same tests presented in [35] and other
tests on typical benchmarks [43, 44]. In particular, we have
used the 2D version of the seven benchmarks proposed
in [44]: F1 Shifted Sphere Function, F2 Schwefel’s Problem
2.21, F3 Shifted Rosenbrock’s Function, F4 Shifted Rastrigin’s
Function, F5 Shifted Griewank’s Function, F6 Shifted Ackley’s
Function, and the FastFractal “DoubleDip” function, from
the fractal function benchmarking suite [44]. The choice of
shifted version of benchmarks and the DoubleDip function
has the aim to mitigate the effect of possible initialization
biases. In particular, we compare the results obtained by
CFSO in full connected standard implementation (that was

Shifted sphere
function
Schwefel’s problem
2.21
Shifted Rosenbrock’s
function
Shifted Rastrigin’s
function
Shifted Griewank’s
function
Shifted Ackley’s
function

30

48

86

97

36

42

80

98

30

46

84

97

15

24

63

86

21

42

81

92

23

22

56

70

already successfully compared with PSO in [35]) with those
obtainable by the present CFSO3 , implemented by following
the flow chart described in Figure 6, that is, without the use
of the parallel architecture. In practice, we repeat 𝑁iter times
a cycle in which a CFSOpi, two CFSOas, and CFSOus are
sequentially executed, each one for 100 steps and by using
the parameters reported in Table 1 (in all cases 𝑛birds = 10).
It is important to note that the deterministic nature of these
algorithms causes the identical repetition of trajectories if the
same set of guess values is used.
In order to adopt the same initial conditions for all
cases, we have used the same positions and velocities as in
[35] (100 tests for each benchmark). In particular, we have
used 1000 steps for CFSO (the number of steps was the
stop criterion adopted), which correspond to an amount of
function evaluations (FEs) equal to 10000 for CFSO, whereas
for CFSO3 the number of steps and FEs depend on 𝑁iter
according to the expression 𝑁steps = 300+400×(𝑁iter −1) and
FEs = 10 × 𝑁steps . The performances for benchmarks (F1–F6)
are presented in Table 2 in terms of success rate (% of success),
that is, the percentage of tests, for which the error achieved is
less than a prefixed threshold (chosen at 10−6 for F1, F3, and
F5 and 10−4 for F2, F4, and F6).
From Table 2 it is possible to see that the success rate
increases by increasing the number of cycles executed (success rate around 70% and 97% even after 3 cycles for these
examples). Clearly if we use 𝑁iter = 1, practically we make the
refinement but we do not use CFSOus to escape from possible
local minima. However, in this case it is also possible to
appreciate an improvement of the performance. These results
confirm that, thanks to the refinement approach obtained
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Figure 7: The % of tests giving correspondent fitness values for the DoubleDip function.

by CFSOas and to the capability of escaping from local
minima given by CFSOus, we are able to find the solution
of an optimization problem almost independently by the
initial conditions imposed, that is, without using any stochastic parameters, but rather by a supervised optimization
approach. In addition, it is worth noticing that the maximum
error achieved after 3 cycles is of few percents, for all the
benchmarks.
For the DoubleDip function, since we do not have any
information about the values of the global minimum, we
present the results by using a set of histograms (shown
in Figure 7) representative of the % of tests giving the
relative fitness values. As can be seen in Figure 7, the larger
the number of iterations, the larger the number of tests giving
a minimum percentage value around to 29.56 (the minimum

value obtained among all tests is 29.56615 with respect to
29.5641 obtained in [35]).
Clearly, as previously stated, these results are just early
validations, whereas further deeper investigations must be
done in order to evaluate the effectiveness of such modification and make the setup of the continuous optimizer
more efficient. For example, the nature of the benchmarks
F2, F4, and F6, which present a higher gradient, should
suggest to increase the number of steps devoted to refinement
or to use smaller values for 𝜏 (in order not to make any
change in the code used for the benchmark, the threshold
was kept in this case at 10−4 ). Nevertheless the promising
results obtained in validation confirm the goodness of the
proposed supervised deterministic approach. In addition,
with the aim of involving the scientific community in the use
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and validation of the developed CFSO code, we have provided
its MATLAB version 1.0 in [39].

×(

5. Conclusions
In this paper a supervised approach based on the hybridization of different CFSO, a heuristics that converts numerical
swarm-based algorithms into analytical closed forms, has
been presented. The use of the closed forms allows investigating the different types of trajectories that can be performed
by swarm members by different parameter setting; that is,
what is the influence of the values of parameters on the
divergence or the convergence (exploration or exploitation)
of the swarm-based algorithms? On the other hand, the development of the CFSO3 has allowed eliminating the random
updating of parameters, a common praxis present in swarmbased algorithms: CFSO3 manages the parameters switching
from a behaviour to another. All these items allow us to design
a supervised optimizer, which combines exploration, escaping from minima, and refinement abilities (resp.: CFSOpi,
CFSOus, and CFSOas). CFSO3 can be supported by both
sequential and parallel implementations. Although further
investigations would be necessary for a deeper analysis of
this optimizer, the promising results returned from validations confirm the effectiveness of the proposed approach
(a CFSO Matlab code is available in [39]). In addition the
CFSO/CFSO3 equations, defining a continuous dynamic system, can be also hardware implemented by means of an
analogical circuit, giving the possibility to put in practice
new typology optimizers [34], suitable for the solution of
real-time problems also in combination with hybrid artificial
intelligence systems which use neural networks [45, 46].

= 𝑥𝑘

It is interesting to note that the numerical rules of PSO
can be obtained by (28) and (29) under some appropriate
approximation. Let us start with (28) and rewrite it for 𝑡 =
𝜏 = 1:
𝑥𝑘 (1) = 𝑥𝑘

𝑠2 𝑒𝑠2 − 𝑠1 𝑒𝑠1
√𝜔2 − 4𝜇

+ 𝑎𝑘

𝑒𝑠2 − 𝑒𝑠1
√𝜔2 − 4𝜇

+ (𝜆𝑝best𝑘 + 𝛾𝑔best ) (

𝑠1 𝑒𝑠2 − 𝑠2 𝑒𝑠1
𝜇√𝜔2 − 4𝜇

(A.1)
+

1
).
𝜇

By substituting the first-order approximation for the
exponential
𝑒𝑠 ≈ 1 + 𝑠,
𝑥𝑘 (1) ≈ 𝑥𝑘

𝑠2 (1 + 𝑠2 ) − 𝑠1 (1 + 𝑠1 )
√𝜔2 − 4𝜇

+ (𝜆𝑝best𝑘 + 𝛾𝑔best )

+ 𝑎𝑘

(1 + 𝑠2 ) − (1 + 𝑠1 )
√𝜔2 − 4𝜇

𝜇√𝜔2 − 4𝜇

(𝑠2 − 𝑠1 ) (1 + (𝑠2 + 𝑠1 ))
√𝜔2 − 4𝜇

+ (𝜆𝑝best𝑘 + 𝛾𝑔best ) (

1
)
𝜇

+

+ 𝑎𝑘

𝑠2 − 𝑠1
√𝜔2 − 4𝜇

𝑠1 − 𝑠2
𝜇√𝜔2

− 4𝜇

+

1
)
𝜇

= 𝑥𝑘 (1 + (𝑠2 + 𝑠1 )) + 𝑎𝑘 = 𝑥𝑘 (1 + 𝜔) + 𝑎𝑘
= 𝑥𝑘 + 𝑥𝑘 𝜔 − 𝜔𝑥𝑘 + 𝑢𝑘 = 𝑥𝑘 + V𝑘 ,

(A.2)

that is, the PSO updating rule for positions.
In an analogous way it is possible to retrieve the PSO rule
for updating velocity (29):
V𝑘 (1) = 𝑥𝑘

𝑠22 𝑒𝑠2 − 𝑠12 𝑒𝑠1
√𝜔2 − 4𝜇

+ 𝑎𝑘

𝑠2 𝑒𝑠2 − 𝑠1 𝑒𝑠1
√𝜔2 − 4𝜇

+ (𝜆𝑝best𝑘 + 𝛾𝑔best ) (

≈ 𝑥𝑘

𝑒𝑠2 − 𝑒𝑠1
√𝜔2 − 4𝜇

)

𝑠22 (1 + 𝑠2 ) − 𝑠12 (1 + 𝑠1 )

+ 𝑎𝑘

Appendix
PSO as Approximation of CPSO Equations

𝑠1 (1 + 𝑠2 ) − 𝑠2 (1 + 𝑠1 )

√𝜔2 − 4𝜇
𝑠2 (1 + 𝑠2 ) − 𝑠1 (1 + 𝑠1 )
√𝜔2 − 4𝜇

+ (𝜆𝑝best𝑘 + 𝛾𝑔best ) (

1 + 𝑠2 − 1 − 𝑠1
√𝜔2 − 4𝜇

)

= ⋅⋅⋅
= V𝑘 (1 + 𝜔) + (𝜆 (𝑝best𝑘 − 𝑥𝑘 ) + 𝛾 (𝑔best − 𝑥𝑘 )) .
(A.3)
From this last equation, it is clear that, in order to obtain
the correct numerical version of PSO, an equivalence relation
must be established between the inertial parameter 𝜔pso of the
PSO algorithm and the inertial parameter 𝜔cpso of the CPSO:
𝜔pso = 𝜔cpso + 1.

(A.4)
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Low-density parity-check (LDPC) codes can be applied in a lot of different scenarios such as video broadcasting and satellite
communications. LDPC codes are commonly decoded by an iterative algorithm called belief propagation (BP) over the
corresponding Tanner graph. The original BP updates all the variable-nodes simultaneously, followed by all the check-nodes
simultaneously as well. We propose a sequential scheduling algorithm based on weighted bit-flipping (WBF) algorithm for the
sake of improving the convergence speed. Notoriously, WBF is a low-complexity and simple algorithm. We combine it with BP to
obtain advantages of these two algorithms. Flipping function used in WBF is borrowed to determine the priority of scheduling.
Simulation results show that it can provide a good tradeoff between FER performance and computation complexity for short-length
LDPC codes.

1. Introduction
Low-density parity-check (LDPC) codes were first invented
by Gallager [1] but had been neglected for decades until
Mackay brought them back to light in 1996 [2]. Since then,
much attention had been attracted for their excellent Shannon limit approaching error-correcting performance through
belief propagation (BP) [3] decoding algorithm. This iterative
decoding algorithm, sometimes also called sum-product
algorithm (SPA) [4], is a powerful algorithm to approximately
solve many NP hard problems such as statistical inference
in physics [5–7], hypothesis testing, cooperative localization,
and channel coding.
There are lots of researches with various decoding algorithms. Among existing LDPC decoding algorithms, bitflipping (BF) algorithms are the simplest. The operations
of check-nodes in BF are modulo-two additions while the
variable-nodes only need simple comparison operations.
BF decoding algorithms are easy to implement, but they
usually perform not so well when compared to BP decoding
algorithms, so various weighted BF (WBF) [8–12] decoding
algorithms were proposed.

To improve the standard BP decoding performance,
several sequential scheduling strategies in BP have been
invented. In sequential scheduling strategies, the messages
are computed in a serial manner using the newest updated
information. Sequential strategies were introduced as a
sequence updates based on check-node (CSBP) [13–15] or
variable-node (VSBP) [16, 17]. Simulations demonstrate that
sequential strategies converge about twice as fast as the
standard parallel BP decoding algorithms (Flood) without
any extra computing burden. The kernel steps of sequential
updating algorithms focus on finding the order of message
updating which converges fastest. To our knowledge, the best
decoding algorithms in the sense of performance is informed
dynamic scheduling (IDS) [18–24] algorithms, which update
messages dynamically. A metric called residual [18] is used
in IDS which decides the updating order of propagated messages. Metric computing and selecting operations can cause
significant increase in computational complexity in IDS. In
order to achieve the tradeoff between decoding performance
and computational complexity, a low-complexity sequential
WBF-based scheduling algorithm is proposed, in which the
priority used in WBF determines the order of scheduling.
Simulation results show that it can provide a good tradeoff
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Table 2: Computation complexity from check-nodes to variablenodes.
Algorithms Updating
Flood
𝑒
CSBP
𝑒
IDS
𝑒
WBFSBP
𝑒

Reliability computation
0
0
𝑀𝑑𝑐 (𝑑V − 1) (𝑑𝑐 − 1)
𝑀𝑑𝑐 𝑑V

Sorting
0
0
O (𝑁2 )
O (𝑁 log 𝑁)

between block errors performance and complexity for shortlength LDPC codes.
This paper is organized as follows. Section 2 reviews BP
(Flood and CSBP) and WBF. Section 3 introduces our WBFbased serial BP (WBFSBP) strategies. Section 4 analyzes the
computing complexity of WBFSBP. Section 5 reveals the
simulation results. Section 6 draws the conclusions.

2. WBF and BP
Let 𝑁 and 𝐾 be the block length and the information length
of a binary LDPC code; thus the rate of the code is 𝑟 = 𝐾/𝑁.
Let 𝑀 = 𝑁 − 𝐾; an LDPC code is described by an 𝑀 × 𝑁
parity-check matrix H. 𝐻𝑚𝑛 presents the entry of row 𝑚 and
column 𝑛 in H. The set N(𝑚) denotes the nodes that adjoin
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Table 1: Computation complexity from variable-nodes to checknodes.
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Figure 4: FER versus 𝐸𝑏 /𝑁0 performance of BP (Flood), CSBP and
WBFSBP decoding algorithms with maximal number of iterations
of 50 with LDPC code of blocklength of 256 and rate of 0.5. As
compared, performance of max iteration 20 of WBFSBP is given.

𝑚 by N(𝑚) = {𝑛 : 𝐻𝑚𝑛 = 1}, similarly for the set N(𝑛) =
{𝑚 : 𝐻𝑚𝑛 = 1}. N(𝑚)/𝑛 denotes the set N(𝑚) excluding
𝑛. Binary phase shift keying (BPSK) modulation over an
additive white Gauss noise (AWGN) channel is assumed for
information transmission, which maps a codeword vector
c = (𝑐1 , 𝑐2 , . . . , 𝑐𝑛 ) into a vector x = (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ), where
𝑐𝑖 = 2 𝑥𝑖 − 1, 𝑖 ∈ [1, 𝑁]. The received vector is y =
(𝑦1 , 𝑦2 , . . . , 𝑦𝑛 ), where 𝑦𝑖 = 𝑥𝑖 + 𝑛𝑖 , 𝑖 ∈ [1, 𝑁], and 𝑛𝑖 is the
AWGN. Z = (𝑧1 , 𝑧2 , . . . , 𝑧𝑛 ) denotes the hard-decision vector
acquired from y : 𝑧𝑖 = 1 if 𝑦𝑖 > 0 and 𝑧𝑖 = 0 if 𝑦𝑖 ≤ 0.
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Block error rate

2.2. Standard BP (Flood) Decoding Algorithm. Commonly,
the communication of the nodes in the corresponding Tanner
graph comprises the Flood algorithm. For every variablenode V𝑗 and check-node 𝑐𝑖 , the corresponding message
generation functions 𝑚𝑐𝑖 → V𝑗 = 𝑓𝑐𝑖 → V𝑗 (𝑚) and 𝑚V𝑗 → 𝑐𝑖 =
𝑓V𝑗 → 𝑐𝑖 (𝑚) are defined as follows [2]:
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Figure 5: FER versus 𝐸𝑏 /𝑁0 performance of BP (Flood), CSBP and
WBFSBP decoding algorithms with maximal number of iterations
of 20 with LDPC code of blocklength of 204 and rate of 0.5. BP-20
denotes BP algorithm with maximal number of iterations of 20. As
compared, performance of max iteration 50 of BP is given.

S = (𝑠1 , 𝑠2 , . . . , 𝑠𝑀) = z ⋅ 𝐻𝑇 denotes the syndrome of harddecision vector z.
2.1. WBF. Firstly, a metric called “reliability” and a functionassociated flipping probability of each check-node are calculated via [9]
 
𝑤𝑛,𝑚 = min 𝑦𝑖  ,
𝑖∈N(𝑚)\𝑛
𝑒WBF,𝑛 =

𝑚 ∈ [1, 𝑀] , 𝑛 ∈ N (𝑚) ,

 
∑ (2𝑠𝑚 − 1) 𝑤𝑛,𝑚 − 𝛼 𝑦𝑛  .

(1)

𝑚∈N(𝑛)

The WBF algorithm is described as follows [9]:
(1) set iteration number 𝑘 = 0, take 𝑘max as the maximum
number of iterations, and pick up 𝑤𝑛,𝑚 ,
(2) calculate 𝑠𝑘 = 𝑧𝑘 𝐻𝑇 ; if 𝑠𝑘 = 0, stop decoding and
output 𝑧𝑘 ,
𝑘
(3) for 𝑛 = 1, 2, . . . , 𝑁, calculate 𝑒WBF,𝑛
as follows:
𝑘
𝑒WBF,𝑛
=

∗

 
𝑘
− 1) 𝑤𝑛,𝑚 − 𝛼 𝑦𝑛  ,
∑ (2𝑠𝑚

𝑚∈N(𝑛)

∗

𝑛∈[1,𝑁]

𝑚V𝑏 → 𝑐𝑖
2

)) ,

(4)

∑ 𝑚𝑐𝑎 → V𝑗 + 𝐶V𝑗 ,

𝑐𝑎 ∈N(V𝑗 )

where 𝐶V𝑗 = log (𝑝 (𝑦𝑗 | V𝑗 = 0)/𝑝 (𝑦𝑗 | V𝑗 = 1)) is the
channel information of V𝑗 . 𝐿 (V𝑗 ) denotes the LLR of V𝑗 .
As shown in Figure 1, in time slot 1, messages are passed to
all of these check-nodes by all variable-nodes that connect to
them, and in time slot 2, all of the processed messages are sent
back to all variable-nodes. The Flood decoding algorithm is
formally described in Pseudocode 1.
2.3. CSBP. The messages calculated in CSBP [15] are the same
as those in the Flood decoding algorithms. The only difference between them is the way of messages updating. In every
iteration of CSBP, the messages are updated in a sequential
way: update every check-node one by one in an ascending
order (or descending order) arranged in the corresponding
Tanner graph. The passing process of messages in CSBP is
shown in Figure 2. Check-nodes are represented by (𝑐1 , 𝑐2 , 𝑐3 ),
and (𝑏1 , 𝑏2 , . . . , 𝑏6 ) for variable-nodes. In time slot 1, messages
are passed to 𝑐1 by all variable-nodes that connect to 𝑐1 . In
time slot 2, the processed messages are sent back to those
variable-nodes. The updating rules of 𝑐2 and 𝑐3 are identical
with those of 𝑐1 . The realization of CSBP is described in
Pseudocode 2.

3. WBF-Based Serial BP
We will introduce our WBFSBP algorithm using a new
message updating schedule. In general, sequential decoding
algorithms are composed of two major steps.
Step 1. Determine the order of nodes to be updated.

(2)

(4) 𝑧𝑛 = 𝑧𝑛 + 1 based on
𝑘
𝑛∗ = arg max 𝑒WBF,𝑛
,

∏ tanh (
V𝑏 ∈N(𝑐𝑖 )\V𝑗

(3)

(5) 𝑘 = 𝑘 + 1 and go to step (3), until stopping rules are
satisfied.

Step 2. Compute the messages.
In Flood and CSBP, Step 1 is skipped. In IDS, these
two steps are operated alternately for every node. It means
that after updating each single node, “residual” computing
and sorting operation is needed, which causes much extra
computing complexity. For the sake of getting the tradeoff
between performance and computing complexity, a simple
sequential decoding algorithm called WBF-based serial BP is
𝑘
)
proposed. First, let us review the flipping function (𝑒WBF,𝑛
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1: Set every 𝑚𝑐 → V = 0
2: Set every 𝑚V𝑗 → 𝑐𝑖 = 𝐶V𝑗
3: while stop rules unsatisfied do
4: for all 𝑐𝑎 (𝑎 = 1, 2, . . . , 𝑀)
5:
for each V𝑏 ∈ N(𝑐𝑎 ), compute and generate 𝑚V𝑏 → 𝑐𝑎 (𝑎 = 1, 2, . . . , 𝑀) simultaneously
6:
for each V𝑏 ∈ N(𝑐𝑎 ), compute and generate 𝑚𝑐𝑎 → V𝑏 (𝑎 = 1, 2, . . . , 𝑀) simultaneously
7: end while
Pseudocode 1: Pseudocodes of Flood.

1: Set every 𝑚𝑐 → V = 0
2: Set every 𝑚V𝑗 → 𝑐𝑖 = 𝐶V𝑗
3: while stop rules unsatisfied do
4:
for 𝑖 do
5:
for check-node 𝑐𝑖
6:
for every V𝑏 ∈ N(𝑐𝑖 ) do
7:
compute and generate 𝑚V𝑏 → 𝑐𝑖
8:
end for
9:
for every V𝑏 ∈ N(𝑐𝑖 ) do
10:
compute and generate 𝑚𝑐𝑖 → V𝑏
11:
end for
12:
end for
13: end while
Pseudocode 2: Pseudocodes of CSBP.

of a variable-node in WBF decoding algorithm described in
𝑘
Section 2. The larger the 𝑒WBF,𝑛
is, the more unreliable the
corresponding variable-node is. For each check-node, a new
metric is defined as follows:
𝑘
𝑘
𝑘
= max 𝑒WBF,𝑛
− sub max 𝑒WBF,𝑛
,
𝐸WBF,𝑚
𝑛∈N(𝑚)

𝑛∈N(𝑚)

(5)

where submax (⋅) denotes the second maximal value of (⋅).
If there is more than one unreliable variable-node connected
to a check-node, the message passing within this checknode is almost nonsense. If all neighbor variable-nodes of a
check-node are reliable, the priority of updating this checknode should be very low. So we concentrate on the checknode which has only one unreliable neighbor variable-node.
𝑘
are more likely
The check-nodes with larger value of 𝐸WBF,𝑚
containing just one unreliable neighbor variable-node. So
updating these check-nodes firstly can correct errors in time
and speed up convergence, thus reducing the iterations. In
contrast to IDS, the sorting operation is not dynamically
decided node by node but is simply obtained from sorting the
𝑘
in each iteration. When the sorting is finished,
set of 𝐸WBF,𝑚
the rest of updating computation is the same as that of CSBP.
The detailed steps of WBFSBP are shown in Pseudocode 3.

4. Complexity
Let 𝑑V and 𝑑𝑐 represent the degree of any variable-node and
check-node, respectively; 𝑒 is the total number of all edges
in the corresponding Tanner graph, so 𝑒 = 𝑑V ⋅ 𝑁 = 𝑑𝑐 ⋅

𝑀, where 𝑁 is the number of variable-nodes and 𝑀 is the
number of check-nodes. In Tables 1 and 2, we have listed
the computation complexity of check-to-variable phase and
variable-to-check phase, respectively. In an iteration of Flood,
every edge of the Tanner graph should be updated once for
each direction, so the number of updated messages via checkto-variable and variable-to-check is 𝑒, respectively. Sequential
updating strategies surpass the Flood without any extra
cost. We note that the check-to-variable message updating
computations in one IDS iteration is the same as reverse
message updating computations in one WBFSBP iteration,
𝑘
} requires
both equal 𝑒. In each iteration, sorting of {𝐸WBF,𝑚
O(𝑁 log 𝑁) operations while dynamic scheduling strategies
in IDS need O(𝑁2 ).

5. Simulation Results
The decoding performance of the Flood, CSBP, and WBFSBP
over AWGN channels is presented in this part. The LDPC
codes are constructed based on Gallager’s random method
without any 4-cycle.
Figures 3 and 4 present the FER performance of the
(128, 256) Gallager LDPC code with BP (Flood), CSBP, and
WBFSBP decoding algorithms. The 𝑘max is set to 20 and 50,
𝑘
respectively, and 𝛼 is set to 1.3 in the computation of 𝐸WBF,𝑚
.
Figure 3 shows that, at the FER of 1𝑒 − 4, WBFSBP acquires
about 0.2 dB and 0.35 dB promotions over the CSBP and BP
in the case of 𝑘max = 20, while in Figure 4, the coding gains
are 0.25 dB and 0.45 dB in the case of 𝑘max = 50. Figure 4 also
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0: Set iteration number 𝑘 = 0, take 𝑘max as the maximum number of iteration, pick up 𝑤𝑛,𝑚 ,
Set every 𝑚𝑐 → V = 0, every 𝑚V𝑗 → 𝑐𝑖 = 𝐶V𝑗 .
1: Compute 𝑠𝑘 = 𝑧𝑘 𝐻𝑇 , if 𝑠𝑘 = 0, stop decoding and output 𝑧𝑘 .
2: For 𝑛 = 1, 2, . . . 𝑁, compute
 
𝑘
𝑘
= ∑ (2𝑠𝑚
− 1)𝑤𝑛,𝑚 − 𝛼 𝑦𝑛 
𝑒WBF,𝑛
𝑚∈N(𝑛)

𝑘
3: sort 𝐸WBF,𝑚
in descending order and put the corresponding check-nodes to 𝑈
4: while stop rules unsatisfied do
5: for 𝑖 do
6:
for 𝑖th check-node 𝑐𝑈𝑖 in 𝑈
7:
for every V𝑏 ∈ N(𝑐𝑈𝑖 ) do
8:
compute and generate 𝑚V𝑏 → 𝑐𝑈
𝑖
9:
end for
10:
for every V𝑏 ∈ N(𝑐𝑈𝑖 ) do
11:
compute and generate 𝑚𝑐𝑈 → V𝑏
𝑖
12:
end for
13: end for
14: end while

Pseudocode 3: Pseudocodes of WBFSBP.

shows that at 𝐸𝑏 /𝑁0 = 4, WBFSBP-20 can achieve the same
FER performance as what BP-50 and CSBP-50 do. In other
words, WBFSBP algorithm can reduce more than half of the
iterations of that BP algorithm needed at some 𝐸𝑏 /𝑁0 .
Figure 5 presents the FER performance of the (102, 204)
Gallager LDPC code with above-mentioned decoding algorithms. The 𝑘max is set to 20 and 𝛼 is set to 1.3. We see
that WBFSBP-20 can beat BP-50 for all 𝐸𝑏 /𝑁0 . Compared to
CSBP-20, WBFSBP-20 can acquire about 0.15 dB coding gain.

6. Conclusion
In this paper, a new sequential scheduling decoding algorithm is proposed, in which the order of message passing
is based on the weight factor computed in WBF algorithm.
We focus on the check-nodes which have just one unreliable
neighbor variable-node. Updating these check-nodes preferentially can avoid errors of propagation, thus speeding up
the convergence of decoding algorithm. Compared to IDS,
our decoding algorithm gives a good tradeoff between error
performance and decoding complexity. As a future work, the
scheduling algorithm can be generalized to LDPC codes over
GF(𝑞).
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Given a set of n objects, the objective of the 0-1 multidimensional knapsack problem (MKP 01) is to find a subset of the object set
that maximizes the total profit of the objects in the subset while satisfying m knapsack constraints. In this paper, we have proposed a
new artificial bee colony (ABC) algorithm for the MKP 01. The new ABC algorithm introduces a novel communication mechanism
among bees, which bases on the updating and diffusion of inductive pheromone produced by bees. In a number of experiments
and comparisons, our approach obtains better quality solutions in shorter time than the ABC algorithm without the mechanism.
We have also compared the solution performance of our approach against some stochastic approaches recently reported in the
literature. Computational results demonstrate the superiority of the new ABC approach over all the other approaches.

1. Introduction
Given a set 𝐽 = {𝑜1 , 𝑜2 , . . . , 𝑜𝑛 } of 𝑛 objects and a knapsack
with a set 𝐶 = {𝑐1 , 𝑐2 , . . . , 𝑐𝑚 } of 𝑚 dimensions, the 01 multidimensional knapsack problem (MKP 01) seeks a
subset of 𝐽 in such a way that the total profit of objects
included in the subset is maximized, while 𝑚 resource
constraints remain satisfied. More formally, each object 𝑜𝑗 ∈ 𝐽
has profit 𝑝𝑗 and weight 𝑟𝑖𝑗 in dimension 𝑖 (1 ≤ 𝑖 ≤ 𝑚),
and each dimension of the knapsack has a capacity 𝑐𝑖 . By
introducing binary decision variable 𝑥𝑗 to indicate whether
object 𝑜𝑗 is included into the knapsack (𝑥𝑗 = 1) or not (𝑥𝑗 =
0), the MKP 01 can be formulated as
𝑛

Maximize

∑ 𝑝𝑗 𝑥𝑗

𝑗=1
𝑛

Subject to

∑ 𝑟𝑖𝑗 𝑥𝑗 ≤ 𝑐𝑖 ,

𝑖 = 1, . . . , 𝑚,

𝑗=1

𝑥𝑗 ∈ {0, 1} , 𝑗 = 1, . . . , 𝑛.

(1)

The MKP 01 is a well-known NP-Hard problem. There
are many practical applications which can be formulated as
a MKP 01, for example, the capital budgeting problem, the
cargo loading, the processor allocation in distributed systems,
and the project selection. Therefore, more and more people
recently focus on the research for solving the MKP 01. In
general, the solving algorithms can be divided into two kinds:
exact and heuristic methods [1]. The exact methods used
to employ some typical search techniques, such as Enumeration algorithm [2], Branch and Bound method [3], and
Approximate Dynamic programming [4]. These methods can
be only applied to some small-scaled MKP 01 because the
computation complexity is rather high. Subsequently, many
heuristic search methods, including Genetic Algorithm (GA)
[5, 6], Evolutionary Algorithm (EA) [7], Particle Swarm Optimization (PSO) [8], Ant Colony Optimization (ACO) [9–12],
and Artificial Bee Colony (ABC) [13, 14], were proposed by
simulating some natural phenomena. As these populationbased methods are versatile and robust, thus they have
been proved to be very effective methods. Thereinto, ABC
algorithm is a recently proposed method, which employs the
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mechanism of combining local and global searches to effectively solve MKPs. However, since the algorithm framework
itself is flawed, there is a main bottleneck that the iteration
number is too large and the convergence time is too long,
which strongly restricts the development of ABC algorithm.
In [15], we proposed an artificial bee colony algorithm for the
MKP 01, which introduced the pheromone into ABC algorithm and gave the corresponding transition strategy. Though
there are still some problems, the preliminary experimental
results in [15] are very encouraging, and these results are
significant motivations for the present research. This paper
conducts a further and thorough investigation along this
line. In comparison with our previous work, the main new
contributions of this paper include the following.
(1) Based on the researches of entomologists, a new algorithm, combining chemical communication way and behavior communication way for solving MKP 01 (ABCPUDMKP), has been developed. First, the paper extends our previous work, analyzes, and explicitly presents the pheromone
communication mechanism. Second, the paper designs the
constructing method of feasible solutions based on the
new mechanism. Third, the paper introduces the special
updating and diffusing strategies of the inductive pheromone.
An important characteristic of the new algorithm is that
the collaborations among bees can be strengthened, and
the intelligent foraging behavior of honey swarm can be
mimicked more faithfully by means of updating and diffusion
of the inductive pheromone.
(2) Systematic experiments have been conducted to
compare the proposed algorithm with the previous work
and some other algorithms proposed recently in respective
literatures on many instances of two benchmark data sets.
Moreover, the sensitivity to algorithmic parameters and
effects of different parameter selections have been experimentally investigated.
The rest of this paper is organized as follows. Section 2
provides an introduction to the artificial bee colony algorithm
and the basic idea of the ABC for the MKP 01. In Section 3, we
describe our new algorithm for the MKP 01. Computational
results are presented in Section 4. Finally, we conclude the
paper in Section 5.

2. ABC Algorithm and Its Application in
the MKP_01
2.1. The Artificial Bee Colony (ABC) Algorithm. The artificial
bee colony algorithm is a population-based metaheuristic
approach proposed recently; it finds near-optimal solutions
to the difficult optimization problems by simulating the
intelligent foraging behavior of a honeybee swarm. There are
three groups of the foraging bees, employed ones, onlookers,
and scouts. All bees that are currently exploiting food sources
are called employed bees. These bees bring nectar from
different food sources to their hive. Onlooker bees are those
bees who are waiting in the hive for the information on
food sources to be shared by the employed bees, and scout
bees are those bees that are currently searching for new
food sources near the hive. By dancing in a common area
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of the hive, employed bees share the information on food
sources with onlooker bees. The duration of a dance of an
employed bee depends on the nectar content of the food
source currently being exploited. After watching numerous
dances, onlooker bees choose a food source according to the
probability proportional to the quality of that food source.
Therefore, the good food sources can attract more onlookers
than the poor ones. Onlooker bees help the employed bee,
who associated with the same food source, to perform the
exploiting job within the neighborhood of the food source.
Whenever a food source is exploited fully, it is abandoned by
the employed bee associated with it. Then, the employed bee
becomes a scout. The task of a scout is to look for a new food
source around the hive that can be viewed as performing the
job of exploration. Once a scout bee finds a new food source
in its global expedition, it again becomes an employed one
and continue its local exploiting job.
Based on such an intelligent foraging behavior of honey
bee swarm, the Artificial Bee Colony (ABC) algorithm is
proposed by Karaboga [16] and further developed in [17,
18]. The overall process of the ABC algorithm is given
in Algorithm 1.
Each cycle of the search consists of three main steps.
The first two steps are moving the employed and onlooker
bees onto the food sources and performing local optimization
in an exploiting way, and the third step employs a scout
bee as an explorer to find a new food source for each
food source exploited fully. A food source represents a
feasible solution to the problem to be optimized. Due to
the nectar amount of a food source corresponds to the
quality of the solution represented by that food source, so
the employed and onlooker bees make use of such a quantity
to perform an exploitive search in a local area. Whenever
a solution representing a food source is not improved by
a predetermined number of cycles, then that food source
is abandoned by its employed bee, and the employed bee
becomes a scout. The number of cycles for releasing a food
source is called a threshold value of limit. Every scout is
an explorer who does not have any guidance while looking
for a new food. That is, a scout may find any kind of
food source. Therefore, sometimes a scout might accidentally
discover more rich and entirely unknown food source. As
a result of such behavior of scout bees, ABC algorithm can
overcome the stagnation phenomenon of solutions which
is a general problem of the stochastic search methods for
solving a combinatorial optimization problem. It is important
to note that exploration and exploitation processes are carried
out together in ABC algorithm. More specially, employed
and onlooker bees accomplish the exploitation process in the
search space, while the scouts control the exploration process.
In the ABC algorithm, local and global searches have been
incorporated into different behaviors of different bees, and
three kinds of bees work together to complete the evolution
of solutions.
Since the ABC algorithm was proposed in 2005, it has
been applied in many research fields in recent years, such as
data clustering [19], flow shop scheduling problem [20, 21],
multiobjective optimization [22], neural network training
[23] and synthesis [24], image processing [25], generalized
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1. Initialization: Initialize parameters K, N, Limit, 𝐶𝑖 = 0 (𝑖 = 1, . . ., K);
2. Initial solutions: Randomly generated K food sources {𝑆𝑖 (0) | 𝑖 = 1, . . ., K};
3. Loop:
For 𝑡 = 1 to N do:
{
(1) For 𝑖 = 1 to K do: (employed bees select food sources and perform local searches respectively)
{Associate each employed bee with a food source 𝑆𝑖 (𝑡) and compute its nectar amount;
Find a new 𝑆𝑖 (𝑡) in the neighborhood of 𝑆𝑖 (𝑡) and compute its nectar amount;
Take the better one in {𝑆𝑖 (𝑡), 𝑆𝑖 (𝑡)} as a new location of the employed bee;}
(2) For 𝑗 = 1 to K do: (onlooker bees help employed bees to perform further local searches)
{Select a food source 𝑆𝑗 (𝑡) from {𝑆𝑖 (𝑡)} for every onlooker bee;
Find a new 𝑆𝑗 (𝑡) in the neighborhood of 𝑆𝑗 (𝑡) and compute its nectar amount;
Take the better one in {𝑆𝑗 (𝑡), 𝑆𝑗 (𝑡)} as a new location of the corresponding bees;}
(3) Exploiting new food sources (scout bees randomly carry out global searches)
For 𝑖 = 1 to K do: (food sources)
{If 𝑆𝑖 (𝑡) = 𝑆𝑖 (𝑡 − 1) then 𝐶𝑖 = 𝐶𝑖 + 1;
If 𝐶𝑖 = Limit then
{Abandon the 𝑆𝑖 (𝑡) and the associated employed bee becomes a scout;
Randomly generate a new 𝑆𝑖 (𝑡) and the scout becomes an employed bee again;
𝐶𝑖 = 0;}}
(4) Memorize the best food source 𝑆best found so far;
𝑡 = 𝑡 + 1;
}
4. Output: Return 𝑆best while the predefined end condition is met.
Algorithm 1: ABC.

assignment problem [26], coupled ladder network [27], and
nurse Rostering [28]. Studies [17, 29] have indicated that ABC
algorithms have high search capability to find good solutions
efficiently.
2.2. ABC Algorithm for the MKP 01. Following above the
ideas of ABC algorithm, Sundar et al. presented a method
which integrates ABC algorithm with the MKP 01, called
ABC-MKP [13]. In the algorithm, a food source represents
a feasible solution constituted a subset of objects for the
MKP 01, so the total profit value of objects in the subset is
viewed as the nectar amount to evaluate the quality of food
sources. Moreover, the ABC-MKP uses binary tournament
selection method for selecting a food source for onlookers,
that is, two different food sources are randomly selected from
the food sources associated with employed bees, then the
food source containing richer nectar amount among these
two food sources is selected with a random probability 𝑏𝑡
otherwise the poorer one is selected. For the ABC-MKP algorithm, determination of a new solution in the neighborhood
of a solution is the most important process where two specific
heuristic-based change operators and general local search are
incorporated.
To determine a solution in the neighborhood of a solution
𝑖, the ABC-MKP algorithm randomly selects another solution
𝑠𝑗 (𝑠𝑗 ≠𝑠𝑖 ), then randomly selects two distinct objects with
the maximum profit values from 𝑠𝑗 which are not present
in 𝑠𝑖 and add them to 𝑠𝑖 which makes solution 𝑠𝑖 infeasible.
When this method fails to find even one object in 𝑠𝑗 different
from the objects of 𝑠𝑖 , then it means that 𝑠𝑖 and 𝑠𝑗 are the

same solution [30]. There are two different processes for
such a situation. In case of an employed bee, the employed
bee abandons its associated solution to become a scout, and
this scout is again made employed by looking for a new
randomly generated solution. There is no further operations
like change operator and local search. However, if the same
solution occurs while determining a new neighborhood
solution for an onlooker, then another solution 𝑠𝑗 is selected
randomly. This process is repeated until a solution 𝑠𝑗 which
is different from the solution 𝑠𝑖 is found. And then, the
process of making the infeasible solution feasible begins
with a change operator. The change operator includes DROP
PHASE and ADD PHASE [5]. The DROP PHASE drops
objects in a way, which is combined random selection with
greedy search, until the infeasible solution becomes feasible.
With probability 𝑝𝑑 , the objects of solution 𝑠𝑖 are dropped in
the increasing order of their pseudoutility ratios; otherwise,
the objects of the solution 𝑠𝑖 are dropped randomly. During
ADD PHASE, objects which are not in the solution 𝑠𝑖 are
sorted in decreasing order in light of their pseudoutility
ratios. Then each sorted and unselected object is checked one
by one whether it can be added to the solution 𝑠𝑖 without
violating the feasibility. If so, then the object is added to the
solution 𝑠𝑖 . This process is repeated until all unselected objects
are searched for inclusion.
The ABC-MKP algorithm uses the local search in 1-1
exchange and 2-1 exchange ways to improve the solution
quality [31]. That is, the local search tries to repeatedly
exchange one or two selected objects with an unselected
object if such exchange can increase the total profit while
maintaining the feasibility of the solution. In 1-1 exchange
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way, the algorithm repeatedly exchanges a selected object in
the order appeared in the knapsack with the unselected object
of highest profit that will keep the solution feasible after the
exchange. In 2-1 exchange way, the algorithm exchanges a pair
of selected objects with the first unselected object which will
keep the solution feasible after the exchange, and total profit
will increase or remain the same. The 2-1 exchange is also
repeated till a swapping move has been found or all pairs have
been considered. As the local search costs much running time
of ABC algorithm, therefore, the number of application of
the local search is limited empirically. Moreover, 1-1 exchange
and 2-1 exchange are used by a probability 𝑃𝑙𝑠 in a mutually
exclusive manner, that is, a real number 𝑝 is randomly
generated from [0, 1]. If the 𝑝 ≤ 𝑃𝑙𝑠 , then 1-1 exchange
with maximum five applications is used as the local search;
otherwise a single 2-1 exchange is used as the local search.

3. ABC Algorithm Based on
Pheromone Communication Mechanism
for the MKP_01
Though ABC algorithm has increased tremendously in many
research topics, so far the only communication mechanism
based on the dancing behaviors is employed to exchange
information among bees in almost all applications of the ABC
algorithm. From the view of entomologists, there are many
ways to transfer information among bees, such as a behavior
way (dancing), a chemical way (pheromone), and a physical
way (light and sound). In this paper, we will introduce a
chemical way with the inductive pheromone into the ABC
algorithm for solving the MKP 01.
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be grouped into releaser pheromone with short-term effects
and primer pheromone with long-term effects; thereinto,
releaser pheromone changes the behavior of the recipient.
Releaser pheromones have a short-term effect, and they
trigger an almost immediate behavioral response from the
receiving bee. The inductive pheromone is a kind of releaser
pheromone which is left by bees when they walk and is useful
in searching for nectar. To mimic such behavior of real bees in
some extent, we establish a new communication mechanism
among bees in our new ABC algorithm, which includes some
new strategies based on the inductive pheromone.
3.2. Construction of Feasible Solutions Based on the New Mechanism. At each iteration of our algorithm, each candidate
solution associated to a scout bee is constructed by means
of the inductive pheromone and heuristic information. It
first randomly chooses an initial object and then iteratively
adds objects chosen from an available set, which contains all
the objects that can be selected without violating resource
constraints.
Using the ideas of AS MKP [9], the quantity of
pheromone laying on an object 𝑜𝑖 is denoted by 𝜏𝑖 (𝑡) (𝑡 is the
number of iterations). When 𝑡 = 0, 𝜏𝑖 (0) = 1/ ∑𝑛𝑗=1 𝑝𝑗 (𝑗 =
1, . . . , 𝑛). At each step of the construction of a solution,
a scout 𝑙 randomly selects the next object 𝑜𝑗 within the
set of 𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒𝑠 with respect to a probability 𝑃𝑗𝑙 (𝑡). This
probability is defined proportionally to a pheromone factor
and a heuristic factor, that is,
𝑝𝑗𝑙 (𝑡)
𝛼

3.1. Communication Mechanism Based on the Inductive
Pheromone. In nature, an important way in which organisms
can communicate with each other is through the use of
pheromone. Pheromone is produced as a liquid and transmitted by direct contact as a liquid or as a vapor. The pheromone
is a chemical messenger secreted by one individual which
causes a specific response in other members of the same
species. Ants and bees demonstrate two prominent examples
of pheromone usage, which acknowledges their incredible
capability to organize the behaviors of the whole colony. By
means of the communication way of pheromone [32, 33],
ant colony optimization (ACO) algorithm becomes one of
the most well-known algorithms and has been successfully
applied in several real-world problems. The success of the
use of pheromone in ACO inspirits us to incorporate the
communication mechanism of pheromone into a new ABC
algorithm, which is highly possible to improve the performance of the ABC algorithm.
In fact, research on the behavior of real bees has greatly
inspired our work. Biologists have discovered that bees
are also well known for communicating through the use
of pheromone [34, 35]. Like ants, bees use pheromone
for a number of different communication and behaviorcontrol purposes. One pheromone may cause many different responses, depending on environmental conditions
and pheromone concentration. Honeybee pheromone can

𝛽

[𝜏𝑗 (𝑡)] ⋅ [𝜂𝑗 (𝑆𝑙 (𝑡))]
{
{
{
,
𝛼
𝛽
= {∑
[𝜏
⋅
[𝜂
(𝑆
(𝑡)]
(𝑡))]
𝑖
𝑖
𝑙
𝑖∈𝑎𝑙𝑙𝑜𝑤𝑒𝑑
(𝑡)
{
𝑙
{
{0,

𝑗 ∈ 𝑎𝑙𝑙𝑜𝑤𝑒𝑑𝑙 (𝑡)
otherwise,
(2)

where 𝑆𝑙 (𝑡) is a partial solution set acquired by the 𝑙−𝑡ℎ scout
at the time 𝑡, 𝑎𝑙𝑙𝑜𝑤𝑒𝑑𝑙 (𝑡) ⊆ 𝐽 − 𝑆𝑙 (𝑡) is the candidate set
of remaining available objects, 𝜂𝑗 (𝑆𝑙 (𝑡)) represents a local
heuristic information, and the parameters 𝛼 and 𝛽 determine
the relative importance of pheromone trail versus heuristic
factor for an object 𝑗. Thus, the higher the value of 𝜏𝑗 (𝑡) and
𝜂𝑗 (𝑆𝑙 (𝑡)), the more profitable it is to select object 𝑗 in the
partial solution.
3.2.1. Heuristic Function. There are many constraints in a
MKP, so the heuristic factor depends on not only the set
𝑎𝑙𝑙𝑜𝑤𝑒𝑑𝑙 (𝑡) of candidate objects but also the whole set 𝑆𝑙 (𝑡)
of selected objects. Let 𝑢𝑖 (𝑙, 𝑡) = ∑𝑘∈𝑆𝑙 (𝑡) 𝑟𝑖𝑘 be the consumed
quantity of the resource 𝑖 when the bee 𝑙 has selected those
objects in 𝑆𝑙 (𝑡) at the time 𝑡 and 𝛾𝑖 (𝑙, 𝑡) = 𝑐𝑖 − 𝑢𝑖 (𝑙, 𝑡) be the
remaining capacity of the resource i, then the tightness of a
candidate object 𝑗 on the resource 𝑖 can be expressed as
𝛿𝑖𝑗 (𝑙, 𝑡) =

𝑟𝑖𝑗
𝛾𝑖 (𝑙, 𝑡)

.

(3)

Mathematical Problems in Engineering

5

The equation represents a ratio between 𝑟𝑖𝑗 and 𝛾𝑖 (𝑙, 𝑡).
Further, when an object is chosen to be included in 𝑆𝑙 (𝑡), the
average tightness on all constraints is defined as
𝛿𝑗 (𝑙, 𝑡) =

∑𝑚
𝑖=1 𝛿𝑖𝑗 (𝑙, 𝑡)
𝑚

.

(4)

From the view of consumption of resources, the lower the
tightness ratio, the more the object is profitable to be selected.
Moreover, the profits 𝑝𝑗 must be taken in account in order to
get a pseudoutility measure for each candidate object, Thus,
the local heuristic function for the MKP, 𝜂𝑗 (𝑆𝑙 (𝑡)), can be
defined as follows:
𝜂𝑗 (𝑆𝑙 (𝑡)) =

𝑝𝑗
𝛿𝑗 (𝑙, 𝑡)

.

(5)

3.2.2. Inductive Pheromone Updating. Once each food source
(solution) has been optimized at every iteration, pheromone
trails of the objects are updated. More specifically, in light of
the profit value of every solution associated by employed bees,
the algorithm updates the pheromone intensity for objects
interrelated, the formula is as follows:
𝜏𝑖 (𝑡 + 1) = (1 − 𝜌) 𝜏𝑖 (𝑡) + Δ𝜏𝑖 (𝑡, 𝑡 + 1) ,

(6)

𝐾

Δ𝜏𝑖 (𝑡, 𝑡 + 1) = ∑Δ𝜏𝑖𝑙 (𝑡, 𝑡 + 1) ,

(7)

𝑄 ⋅ 𝐿 (𝑆𝑙 ) , 𝑜𝑖 ∈ 𝑆𝑙 for 𝑙th bee
Δ𝜏𝑖𝑙 (𝑡, 𝑡 + 1) = {
0,
otherwise,

(8)

solution. (2) The other one is to lay pheromone on each pair
(𝑜𝑖 , 𝑜𝑗 ) of different objects in 𝐽, which considers together the
desirability of two objects in 𝐽. If some objects of 𝐽 have been
contained in a new partial solution, then the other objects that
often occurred together with these objects in pairs of some
solutions will be more attractive. Our algorithm combines
these two ways into pheromone updating and diffusion.
3.3.1. Associated Distance Based on Top-k Strategy. If we take
a solution acquired by a bee as a transaction while solving a
MKP, then we can get a transaction database in each iteration
of a bee colony. Observing the transaction database, it is no
difficult to find that some objects occur together with other
objects in pairs. In other words, there are some frequent
object pairs in the feasible solution space, which implies
the relationship between two objects of each pair. Therefore,
we give a definition of an associated distance between two
objects.
Definition 1 (associated distance). Let 𝐷 be a database with 𝐾
transactions; each transaction 𝑝 (𝑝 = 1, 2, . . . , 𝐾) represents
a feasible solution 𝑆𝑝 (𝑆𝑝 ⊆ 𝐽), and (𝑜𝑖 , 𝑜𝑗 ) is a pair of objects
in 𝐽. If the pair of (𝑜𝑖 , 𝑜𝑗 ) appears 𝑓 (𝑓 = 0, 1, 2, . . . , 𝐾) times
in 𝐷, then we define the associated distance of this pair as:
𝑑𝑟 (𝑜𝑖 , 𝑜𝑗 ) = 1/(𝑓 + 1).
From this definition, we can observe the two properties:
(1) 𝑑𝑟 (𝑜𝑖 , 𝑜𝑗 ) = 𝑑𝑟 (𝑜𝑗 , 𝑜𝑖 );

𝑙=1

where 0 < 𝜌 ≤ 1 is a coefficient which represents pheromone
evaporation, the Δ𝜏𝑖𝑙 (𝑡, 𝑡 + 1) represents the pheromone trail
that the 𝑙th bee deposited on the object 𝑖 in the iteration, and
the Δ𝜏𝑖 (𝑡, 𝑡 + 1) represents the pheromone increment that all
the bees deposited on the object 𝑖. 𝑄 is a constant parameter
for an instance of MKP (𝑄 = 1/ ∑𝑛𝑗=1 𝑝𝑗 ), and 𝐿(𝑆𝑙 ) is the
value of the objective function of the solution 𝑆𝑙 obtained by
the 𝑙th bee.
From these descriptions about the heuristic function
and pheromone updating, we can know that a value of
the transition probability represents a trade-off between
pseudoutility and pheromone intensity. That is, those objects
which consume less resources and have more profit should be
chosen with a high probability. On the other hand, if an object
is included in many solutions, then it is highly desirable due
to having high pheromone intensity.
3.3. Diffusion Strategy of the Inductive Pheromone. Using the
new mechanism for solving MKPs, the key point is how
to decide which components of the constructed solutions
should be rewarded, and how to exploit these rewards when
constructing a new solution. There are two different methods:
(1) the first one is to lay pheromone trails on each object
selected in 𝐽, which considers, respectively, the desirability of
each object. The more frequent an object occurs in solutions,
the more likely it would be selected when constructing a new

(2) 0 < 𝑑𝑟 (𝑜𝑖 , 𝑜𝑗 ) ≤ 1.
The first property denotes the symmetry of the associated
distance, which shows that the associated distance is irrelative
with the order of objects. And the second property defines
the value range of the associated distance; it indicates that
the more frequent an object pair appears in 𝐷, the shorter
the associated distance. That is, the higher the relation degree
between the two objects, the smaller 𝑑𝑟 (𝑜𝑖 , 𝑜𝑗 ) is. When
𝑑𝑟 (𝑜𝑖 , 𝑜𝑗 ) = 1, the two objects are absolutely irrelative.
To solve an MKP with the ABC algorithm, the number of
a bee colony is usually proportional to the number of objects
in 𝐽. Thus, every iteration for a bee colony may produce a set
of solutions (database), whose size approaches the number
of objects in the MKP. Due to the frequency statistic (𝑓) for
an object pair needs to scan the database in each iteration,
so the computation costs of the associated distances for all
object pairs may be very expensive for the large-scale MKP.
Moreover, the most important idea in swarming intelligence
is to strengthen the effect of good solutions and reduce the
effect of bad solutions; thus, our ABC algorithm did not treat
equivalently all solutions. Therefore, we adopt the idea of Top𝑘 query widely applied in Web search engine to emphasize
the influence of good solutions. More precisely, we take the
objective function of MKPs as the Top-𝑘 function, select the
𝑘 solutions which have the higher values of the objective
function to form a transaction database 𝐷Top-𝑘 , and then
find the associated distances among objects from the 𝐷Top-𝑘 .
This method has two advantages: (1) reduce the computation
complexity. When considering all solutions in each iteration,
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mining the associated distances needs 𝑂(𝐾 ⋅ 𝐶𝑛2 ) ≈ 𝑂(𝑛3 ).
However, If only considering Top-𝑘 solutions (𝑘 ≪ 𝐾), the
computation complexity is 𝑂(𝑘⋅𝑛2 ). And (2) give prominence
to the preference to the better solutions (i.e., Top-𝑘 best
solutions), thus strengthen the intellectual insight of the
better solutions to the next optimization.
3.3.2. Pheromone Diffusion Based on Associated Distances.
In our new mechanism, the chemistry substance called
pheromone is an important carrier for a bee colony to
implement swarming intelligence. While the time passing,
the pheromone gradually volatilizes; that is, the pheromone
can diffuse around. To simulate this phenomenon, we present
a pheromone diffusion model and the corresponding algorithm for solving MKPs. The basic idea is to take into account
the pheromone influences among close objects when a bee
constructs a feasible solution. Namely, based on coupling
actions among near strength fields of pheromone diffusions,
the algorithm performs decoupling compensates for the
pheromone of near objects. Thus, the closer the associated
distance, the stronger the coupling action is, and yet the
further the associated distance, the weaker the coupling
action is.
Let Δ𝜏𝑖 be the pheromone trail on an object 𝑜𝑖 laid
by the bee colony; we can give the pheromone diffusion
model based on the associated distance. Figure 1 shows the
sketch map of the pheromone diffusion, where the red dot(∙)
denotes the object 𝑜𝑖 as an info fountain, those white dots
(∘) denote the other different objects influenced by 𝑜𝑖 , and
different circles can be interpreted as equipotential lines of the
intensity field for different locations. The figure shows that the
pheromone trail diffuses around by taking an info fountain
as a center of the diffusion intensity field, the closer to the
info fountain the location, the stronger the field force of the
intensity field is. More precisely, the pheromone influence of
an info fountain on other objects will gradually reduce as the
associated distance between objects becomes long. Therefore,
we can give a simple diffusion model:
Δ𝜏𝑖
1
{
,
)⋅
{(
Δ𝜏𝑖𝑗 = { 𝑘 + 1 𝑑𝑟 (𝑜𝑖 , 𝑜𝑗 )
{
{0,

if 𝑑𝑟 (𝑜𝑖 , 𝑜𝑗 ) < 1,

(9)

otherwise.

Based on such a pheromone diffusion model, the behavior of selection of an object for a bee can change the
pheromone intensity not only on the selected object but also
on other objects related with the selected object. Thus, the
pheromone updating of the object 𝑜𝑗 in (6) can be revised as
follows:
𝜏𝑖 (𝑡, 𝑡 + 1) = 𝜏𝑖 (𝑡, 𝑡 + 1) + ∑Δ𝜏𝑟𝑖 ,
𝑟

(10)

where 𝑟 is one of the objects which are associated with the
object 𝑜𝑖 . This change more faithfully reflects the volatilization character of pheromone and then can lead bees to
select objects in an impersonal way. Thus, the pheromone
diffusion model can enhance the collaboration among bees
in a colony, improve the effectiveness of the ABC algorithm,
and in evidence incarnate the idea of swarm intelligence.

3.4. Algorithm Description and Analysis. Based on
pheromone updating and diffusion, we design and achieve
an ABC algorithm called ABCPUD for the MKPs. The
algorithm holds the basic steps of original ABC algorithms,
however adds the new strategies based on the inductive
pheromone in the generation process of solutions. The
overall process of ABCPUD-MKP algorithm is given in
Algorithm 2.
From Algorithm 2, we can see that the ABCPUD-MKP is
a hybrid algorithm which merges two communication ways
among bees. Based on the behavior communication way, the
employed bees and onlooker bees gradually optimize their
associated solutions in solution neighbors as the iteration carrying through. On the other hand, the scout bees constructed
new solutions in light of the chemical communication way
which employs the pheromone accumulated by bees to induct
the selection of objects. The important differences between
the ABC-MKP and the ABCPUD-MKP focus on two phases,
that is, exploring new food sources and generating, diffusing,
and updating the pheromone only used by ABCPUD-MKP.
During exploring new food sources, the ABCPUD-MKP
employs the transition probability based on pheromone trails
and heuristic information to insightfully construct new solutions, which keeps high quality of the new solution. Moreover,
the ABCPUD-MKP not only makes use of solutions acquired
at every iteration to accumulate pheromone on objects but
also emphasizes the pheromone influences among associated
objects by means of the pheromone diffusion model which
stresses the effect of the best Top-𝑘 solutions. Therefore,
the ABCPUD-MKP may lead to rapidly select the most
profitable nectar source by means of the new communication
mechanism.

4. Experimental Evaluation
To assess the performance of our algorithm (ABCPUDMKP), we conduct a series of experiments on public data sets
taken from the OR library, which are the same as those used
in [5, 7, 11, 12], and so forth. The experimental platform was
a PC with Pentium 4, 2.0 GHz CPU, 1 G RAM and Windows
XP. We test our algorithm implemented by MATLAB on some
instances of 5.100 and 10.100 and compare the results with that
of the ABC MKP and other algorithms recently proposed on
the some data sets. The benchmark set 5.100 has 30 instances
with 𝑚 = 5 constraints and 𝑛 = 100 objects. Similarly, the
benchmark set 10.100 also has 30 instances with 𝑚 = 10
constraints and 𝑛 = 100 objects. All algorithms are executed
10 times on each instance with a different random seed.
By large numbers of experiments, the main parameters
were set as follows: 𝛼 = 1, 𝛽 = 5, 𝑁 = 10000, 𝑝𝑑 = 0.3, 𝑝1𝑆 =
0.99, 𝑏𝑡 = 0.9, K = 80, 𝜌 = 0.3, 𝑘 = 25, and 𝑙𝑖𝑚𝑖𝑡 = 80.
Here K, 𝑘, 𝜌, and 𝑙𝑖𝑚𝑖𝑡 are parameters which mainly affect
performances of ABCPUD-MKP. How to select their values
will be emphatically discussed in the following subsection.
4.1. Performance Analysis of ABCPUD-MKP. We study the
factors that affect the performance of ABCPUD-MKP. Particularly, we wish to investigate the contributions of the
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Figure 1: The sketch map of the pheromone diffusion of 𝑂𝑖 and its intensity field. (a) The relationship between the intensity Δ𝜏𝑖 and the
associated distance 𝑑𝑟 for the info fountain 𝑂𝑖 . (b) The corresponding intensity field and areas of the pheromone diffusion.

pheromone mechanism and the effects of different parameter
selection.
(1) Contributions of the Pheromone Mechanism. Based on the
same running experiment and implemented tools, we developed three algorithms to solve the MKP 01 on some different
instances. The three algorithms were called the original ABCMKP, the ABCPU-MKP (with the pheromone updating),
and the ABCPUD-MKP (with the pheromone updating and
diffusing), respectively. Table 1 gives the experimental results
of three algorithms after running same computational time,
where we evaluate the algorithm performance by means of
three measures such as Best, Avg., and Num. Best denotes the
profit value of the best solution obtained by the corresponding algorithm over 10 executions. Avg. indicates the mean
𝜇 and the standard deviation 𝜎 of the profit values over 10
executions independently carried out by the corresponding
algorithm. Num. is the smallest number of the iterations when
the best solution was found in 10 trails.
From the table, it is seen that these three algorithms
are able to obtain the best solutions known on 10 instances.
As for the Avg., ABCPU-MKP produces better results than
that of ABC-MKP except for the instance of 5.100.03, and
ABCPUD-MKP produces the best results among the three
algorithms. From the iteration process, both ABCPU-MKP
and ABCPUD-MKP show better performance than ABCMKP; the latter is more outstanding. Therefore, we can
draw the conclusion that the new pheromone mechanism
introduced in the paper can evidently improve the ABC-MKP
algorithm on the convergence performance while keeping
good solution quality. More specifically, (1) the solution
construction based on the inductive pheromone not only
effectively enhances the convergence performance but also
improves the solution quality on a majority of instances
tested, which shows that the inductive pheromone is an
important media to improve the bee communication in
finding better solutions. (2) The new diffusion mechanism
can also improve the convergence performance while keeping
the solution quality. This suggests that the strategy based on
the diffusion model can effectively strengthen the process of
solution construction and save iteration times. It is obvious

that both of the aforementioned strategies are effective in
the improvement of the performance of the ABC-MKP
algorithm. This fact encourages us to put both strategies into
our algorithm (ABCPUD-MKP) to get even better results.
(2) Effects of Different Parameter Selection. In this experiment,
we give a solving example to show how to determine the
parameter value of ABCPUD-MKP algorithm. The experiment process is that we run ABCPUD-MKP with different
parameter settings on the same instance (5.100.06) and
acquire the best parameter value by comparing experimental
results. During this experimentation, the value of a single
parameter is changed while keeping the values of other
parameters fixed.
ABC algorithm is a swarm optimization algorithm; the
population size of a bee colony determines the number of
solutions at each iteration. Figure 2 summarizes the performance of ABCPUD-MKP with 10 different bee colony sizes
(K). The best value, the worst value, and the average value
are, respectively, corresponding the highest, lowest, and mean
profit value of solutions obtained in the 10 trails (shown
in Figure 2(a)). Figure 2(b) illustrates the results about the
running time. The median of each bar is the mean, and the
height of the bar is the standard deviation, which are obtained
from 10 trails.
A large bee colony means that more initial search points
are employed, and then, as reflected by best, worst, and
average values in Figure 4, better solutions are obtained than
in a smaller bee colony. However, after a sufficient value
for the colony size, any increment does not improve the
solution performance of algorithms. On the contrary, the
search time in each iteration will increase as the size of the
bee colony increases. To acquire a balance between getting
a better solution and using less time, we recommend a bee
colony size of 80 (K = 80).
As described in Section 3.2, the coefficient 𝜌 is a
value smaller than 1 to avoid unlimited accumulation of
pheromone. In the constructing solution process, the value of
𝜌 controls the balance between exploration and exploitation
processes. Therefore, it is an important parameter for the new
mechanism based on the inductive pheromone. To investigate
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1. Initialization: Initialize parameters 𝐾, 𝑁, 𝐿𝑖𝑚𝑖𝑡, 𝛼, 𝛽, 𝑄, 𝜏0 , 𝐶𝑖 = 0 (𝑖 = 1, . . ., K) and so on;
2. Initial solutions: Randomly generated 𝐾 food sources {𝑆𝑖 (0) | 𝑖 = 1, . . ., K};
3. Loop:
For 𝑡 = 1 to 𝑁 do:
{
(1) For 𝑖 = 1 to K do: (local searches performed by employed bees)
{Associate each employed bee with a food source 𝑆𝑖 (𝑡) and compute its nectar amount;
Find a new 𝑆𝑖 (𝑡) in the neighborhood of 𝑆𝑖 (𝑡) and compute its nectar amount;
Take the better one in {𝑆𝑖 (𝑡), 𝑆𝑖 (𝑡)} as a new location of the employed bee;}
(2) For𝑗 = 1 to K do: (further local searches performed by onlooker bees)
{Select a food source 𝑆𝑗 (𝑡) from {𝑆𝑖 (𝑡)} for every onlooker bee;
Find a new 𝑆𝑗 (𝑡) in the neighborhood of 𝑆𝑗 (𝑡) and compute its nectar amount;
Take the better one in {𝑆𝑗 (𝑡), 𝑆𝑗 (𝑡)} as a new location of the corresponding bees;}
(3) Exploiting new food sources (global searches with a guidance performed by scout bees)
For 𝑙 = 1 to K do: (food sources)
{If 𝑆𝑙 (𝑡) = 𝑆𝑙 (𝑡 − 1) then 𝐶𝑙 = 𝐶𝑙 + 1;
If 𝐶𝑙 = 𝐿𝑖𝑚𝑖𝑡 then
{Abandon food source 𝑙 and the associated employed bee becomes a scout;
𝑆𝑙 (𝑡)={}, 𝑎𝑙𝑙𝑜𝑤𝑒𝑑𝑙 = 𝐽;
Repeat (constructing a new solution)
Select an object 𝑗 with 𝑃𝑗𝑙 (𝑡) given by (2);
Add the object into the current solution: 𝑆𝑙 (𝑡) = 𝑆𝑙 (𝑡) + {𝑜𝑗 };
𝑎𝑙𝑙𝑜𝑤𝑒𝑑𝑙 = 𝑎𝑙𝑙𝑜𝑤𝑒𝑑𝑙 − {𝑜𝑗 };
Until 𝑎𝑙𝑙𝑜𝑤𝑒𝑑𝑙 is empty
The scout bee becomes again an employed bee;
𝐶𝑙 = 0;}}
(4) Generating, diffusing and updating the pheromone
For each object 𝑜𝑖 in 𝐽
Calculate the Δ𝜏𝑖 according to (7) and (8).
Select the Top-𝑘 solutions from this iteration, and obtain 𝐷Top-𝑘 ;
For each solution 𝑆𝑤 ∈ 𝐷Top-𝑘
{For each pair of objects 𝑐𝑖𝑗 in 𝑆𝑤
𝑐𝑖𝑗 .count++;
Calculate the associated distance 𝑑𝑟 (𝑜𝑖 , 𝑜𝑗 )
Calculate Δ𝜏𝑖𝑗 according to (9);}
For each object 𝑜𝑖 in 𝐽
Update the trail level 𝜏𝑗 on all objects according to (6) and (10);
(5) Perform the local optimization in 1-1 or 2-1 exchange ways;
(6) Memorize the best food source 𝑆best found so far;
𝑡 = 𝑡 + 1;
}
4. Output: Return 𝑆best while the predefined end condition is met.
Algorithm 2: ABCPUD-MKP.
Table 1: The contributions of the pheromone mechanism on ABC-MKP.
Instances

Best known

5.100.00
5.100.01
5.100.02
5.100.03
5.100.04
5.100.05
5.100.06
5.100.07
5.100.08
5.100.09

24381
24274
23551
23534
23991
24613
25591
23410
24216
24411

Best
24381
24274
23551
23534
23991
24613
25591
23410
24216
24411

ABC-MKP
Avg.
24381.0 ± 0.0
24274.0 ± 0.0
23539.3 ± 4.1
23534.0 ± 0.0
23973.2 ± 14.8
24613.0 ± 0.0
25591.0 ± 0.0
23410.0 ± 0.0
24216.0 ± 0.0
24411.0 ± 0.0

Num.
238
36
4021
2356
1746
110
252
409
1051
189

Best
24381
24274
23551
23534
23991
24613
25591
23410
24216
24411

ABCPU-MKP
Avg.
24381.0 ± 0.0
24274.0 ± 0.0
23548.0 ± 5.5
23527.0 ± 3.5
23982.4 ± 13.7
24613.0 ± 0.0
25591.0 ± 0.0
23410.0 ± 0.0
24216.0 ± 0.0
24411.0 ± 0.0

Num.
220
32
2251
2202
1689
76
224
304
799
97

Best
24381
24274
23551
23534
23991
24613
25591
23410
24216
24411

ABCPUD-MKP
Avg.
24381.0 ± 0.0
24274.0 ± 0.0
23550.0 ± 3.9
23534.0 ± 0.0
23986.0 ± 10.5
24613.0 ± 0.0
25591.0 ± 0.0
23410.0 ± 0.0
24216.0 ± 0.0
24411.0 ± 0.0

Num.
178
20
354
1538
1622
46
65
259
755
81
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Figure 2: Comparisons of the results for different bee colony sizes
(K). (a) Best, worst, and average values for different K. (b) The
runtime for different K.

the effect of 𝜌 on ABCPUD-MKP, we perform experiments
using different values of 𝜌. The results are presented in
Figure 3.
From Figure 3(a), we notice that the optimum values on
best, worse, and average values can be obtained for different
parameter values of 𝜌. That is, the solution of ABCPUD-MKP
is insensitive to the parameter 𝜌. However, the significant
difference focuses on the running time shown in Figure 3(b).
Because the smallest running time is achieved for 𝜌 = 0.3
among all testings, we select a 𝜌 value of 0.3 for our ABCPUDMKP.
In our algorithm, we introduce a pheromone diffusion
model based on associated distances. To save computation
costs and strengthen the effect of good solutions, we adopt
the Top-𝑘 strategy to compute the associated distances of
every pair of objects. In this section, we perform experiments
using different values of 𝑘 to investigate the effect of the Top-𝑘
strategy on ABCPUD-MKP. Figure 6 shows the experimental
results. We observe that there is no difference among the
three profit values in Figure 4(a), and only there are some
differences in running time for different values of 𝑘 in
Figure 4(b). To quickly get the best result, we can select 𝑘 =
25.
If a solution does not improve for a predetermined
number of iterations (𝑙𝑖𝑚𝑖𝑡), then the solution will be abandoned by the employed bee associated, and a new solution

0.6

0.7

0.8

0.9

𝜌

(b)

Figure 3: Comparisons of the results for different pheromone
parameters (𝜌). (a) Best, worst, and average values for different 𝜌.
(b) The runtime for different 𝜌.

will be generated. This is a key strategy to deal with the
solution stagnation in ABC algorithm. To study the effect
of different abandoned frequencies on ABCPUD-MKP, we
perform experiments using different values of limit. The
experimental results are presented in Figure 5.
When 𝑙𝑖𝑚𝑖𝑡 is too small or too large, the results obtained
by our algorithm are worse than those produced by using
the moderate values of 𝑙𝑖𝑚𝑖𝑡. This shows that an appropriate
frequency of new solution production has useful effect on the
running time and the profit values, which can perform some
explorations to improve the search ability of the algorithm.
However, the balance between exploration and exploitation
processes will be broken whether 𝑙𝑖𝑚𝑖𝑡 is too small or too
large, which will produce worse solutions and cost much
more running time. Thus, we recommend 𝑙𝑖𝑚𝑖𝑡 = 80
after considering effects on factors of the running time and
solution quality.
4.2. Comparing ABCPUD-MKP with ABC-MKP. We compare the ABCPUD-MKP with ABC-MKP on many instances.
As space is limited, Table 2 only provides a summary of
the performance comparison on 6 different instances. Both
algorithms are independently executed 10 times for each
instance, and the figures are, therefore, the average values of
10 trails.
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Figure 4: Comparisons of the results for different Top-𝑘 parameters
(𝑘). (a) Best, worst, and average values for different 𝑘. (b) The
runtime for different 𝑘.

Figure 5: Comparisons of the results for different abandoned
frequencies (𝑙𝑖𝑚𝑖𝑡). (a) Best, worst, and average values for different
𝑙𝑖𝑚𝑖𝑡. (b) The runtime for different 𝑙𝑖𝑚𝑖𝑡.

In Table 2, the meanings of Best, Avg., and Num. are
same as those of Table 1 while the meaning of Time is the
same as that of Figure 2. Hit. represents the number of the
best solution obtained in 10 trails. Moreover, numbers in
parentheses of the best column are the best results known
for each corresponding instance, and numbers in parentheses
of the Num. and Time columns are the smallest numbers of
the iterations and the shortest running time when the best
result was obtained. Compared with ABC-MKP, ABCPUDMKP can always find better or equally good solutions for all
the instances in terms of both profit values. Since the Num. is
reduced on all instances, hence the Time of ABCPUD-MKP
is greatly improved. Moreover, the ABCPUD-MKP algorithm
also outperforms ABC-MKP algorithm according to the item
of Hit.
In Figure 6, we compare the iteration numbers and the
runtime of an iteration of two algorithms on ten instances of
10.100. For each algorithm, we record the iteration number
averaged over 10 runs and compute the runtime of an iteration
averaged over 10 runs when obtaining the profit values
shown as Table 1 on respective instances. From Figure 6(a),
we observe that the iteration numbers of both algorithms vary
with different instances. Furthermore, the new pheromone
mechanism adopted by ABCPUD-MKP can improve the iteration process for all instances. However, the new pheromone

mechanism will increase some computation cost; thus, the
runtime per an iteration of ABCPUD-MKP may be longer
than that of ABC-MKP on some instances as shown in
Figure 6(b).
Figure 7 gives the time performance comparison between
two algorithms, which corresponds to Figure 6. We can see
that ABCPUD-MKP performs better than ABC-MKP in
terms of the runtime on all instances. The main reason is
that ABCPUD-MKP can effectively decrease the iteration
number. As shown in Figure 7, the advantage in runtime is
the most remarkable on almost all instances. This denotes
that the pheromone updating and diffusing can accelerate the
optimization process by strengthening the communication
among bees.
4.3. Comparing ABCPUD-MKP with Other Algorithms. To
further evaluate the new algorithm, we compare the solution
performance of different algorithms on some large problems.
Our main objective in this section is to determine whether
ABCPUD-MKP is more efficient and effective on comparable
performances than these state-of-the-art approaches which
employed various stochastic search schemes in recent years.
We compare the performance of ABCPUD-MKP with
that of GA-MKP [5], B&B-EA-MKP [7], Ant-knapsack [11],
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Table 2: The results for two algorithms on some instances.

ACOMPD-MKP [12], and ABC-MKP. GA-MKP incorporates a heuristic operator which utilizes problem-specific
knowledge into the genetic algorithm to solve the multidimensional knapsack problem. B&B-EA-MKP is a hybrid
approach which cooperates an evolutionary algorithm (EA)
with the branch and bound method (B&B) by exchanging
information. Ant-knapsack is an ACO algorithm for the
multidimensional knapsack problem, which lays pheromone
trails not only on the edges of the visited paths but on all
edges connecting any pair of nodes belonging to the solution.
ACOMPD-MKP proposed in our prophase research is a
novel Ant algorithm, which employs a pheromone diffusion
model and a solution mutation strategy to get high quality
results. Moreover, as described in Section 2.2, ABC-MKP
is a new algorithm which applies ABC algorithm to solve
the multidimensional knapsack problem. Therefore, these
algorithms are stochastic search approaches, which need to
be executed time after time for each testing instance.
In Table 3, we summarize the comparative results, where
the results of GA-MKP, B&B-EA-MKP, Ant-knapsack, and

Iteration number

6000
5000
4000
3000
2000
1000
0

1
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3

4
5
6
7
Ten instances of 10.100

8

9

10

8

9

10

ABC-MKP
ABCPUD-MKP

(a)

0.14
Runtime of an iteration (s)

Algoritm
ABC-MKP
ABCPUD-MKP
Best
24274 (24274)
24274 (24274)
Avg.
24274 ± 0.0
24274 ± 0.0
5.100.01 Num. 130.25 ± 108.78 (53)
87.60 ± 74.02 (35)
Hit.
10
10
Time (s) 12.50 ± 10.87 (4.88)
7.44 ± 6.56 (2.70)
Best
23534 (23534)
23534 (23534)
Avg.
23534 ± 0.0
23534 ± 0.0
5.100.03 Num. 4118.33 ± 782.49 (2356) 2571.0 ± 551.54 (2181)
Hit.
10
10
Time (s) 389.45 ± 70.26 (223.03) 216.21 ± 51.11 (197.92)
Best
24613 (24613)
24613 (24613)
Avg.
24613 ± 0.0
24613 ± 0.0
5.100.05 Num.
178.8 ± 63.33 (110)
96.0 ± 21.74 (74)
Hit.
10
10
Time (s) 14.24 ± 5.05 (8.67)
8.03 ± 1.80 (5.89)
Best
22801 (22801)
22801 (22801)
Avg.
22801 ± 0.0
22801 ± 0.0
10.100.01 Num. 3824.67 ± 2959.10 (844) 3161.79 ± 2331.48 (103)
Hit.
10
10
Time (s) 318.72 ± 304.74 (88.52) 276.22 ± 244.62 (10.41)
Best
22772 (22772)
22772 (22772)
Avg.
22772 ± 0.0
22772 ± 0.0
10.100.03 Num. 5707.0 ± 1035.23 (4483) 4441.5 ± 1469.34 (2855)
Hit.
10
10
Time (s) 506.3 ± 97.47 (400.33) 399.15 ± 133.47 (254.10)
Best
22777 (22777)
22777 (22777)
Avg.
22761.8 ± 29.50
22771.3 ± 19.30
10.100.05 Num. 5887.6 ± 2743.9 (585) 3706.8 ± 2345.87 (258)
Hit.
7
9
Time (s) 633.32 ± 349.37 (65.16) 338.09 ± 209.85 (23.07)
Instance statistic
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Figure 6: Comparison of the iteration performance on different
instances: (a) the iteration numbers, (b) the runtime of an iteration.

ACOMPD-MKP are derived from the respective literature
(represents no testing) while the results of ABC-MKP and
ABCPUD-MKP algorithms obtained by our experiment over
10 runs.
As it can be seen, ABCPUD-MKP always finds all
best solutions on six instances in terms of the profit value
while other algorithms only find some best solutions. For
instance, ACOMPD-MKP can find the best solutions on
five instances except for 5.500.29, B&B-EA-MKP can find
best solutions on 5.100.00, 10.100.00, 5.250.00, and 5.500.29
instances. As for the average solutions, ABCPUD-MKP is
also competitive with B&B-EA-MKP which provides the
highest quality results so far. More specifically, B&B-EAMKP produces better results than that of ABCPUD-MKP
on 5.250.00, 5.250.29, and 5.500.29 instances, and ABCPUDMKP produces better results than that of B&B-EA-MKP on
5.100.29 and 10.100.00 instances while both algorithms can
obtain the best results on 5.100.00 instance. Moreover, the
results of average solutions which ABCPUD-MKP produces
on 5.250.00, 5.250.29, and 5.500.29 instances are only inferior
to that of B&B-EA-MKP. Thus, ABCPUD-MKP is the most
outstanding algorithm in terms of the solution quality.
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Table 3: Solution comparison among GA [5], B&B-GA [7], Ant-knapsack [11], ACOMPD-MKP [12], ABC-MKP, and ABCPUD-MKP
algorithms.
Algorithm

Solution

GA-MKP
B&B-EA-MKP
Ant-knapsack
ACOMPD-MKP
ABC-MKP
ABCPUD-MKP

5.100.00
24381
24381 ± 0.0
24381
24381 ± 0.0
24381
24342 ± 29.3
24381
24362.8 ± 25.5
24381
24381 ± 0.0
24381
24381 ± 0.0

Best
Avg.
Best
Avg.
Best
Avg.
Best
Avg.
Best
Avg.
Best
Avg.

5.100.29
59960
59960 ± 0.0
59965
59965 ± 0.0
59965
59958 ± 8.4
60117
59979.1 ± 34.4
59965
59961.0 ± 2.1
60117
60015.4 ± 62.6

5.250.29
154668
154626.2 ± 31.7
154668
154668 ± 0
—
—
154735
154622.3 ± 48.3
154668
154637.4 ± 15.5
154735
154649.2 ± 34.2

5.500.29
299885
299842.7 ± 26.9
299904
299902.3 ± 5.1
—
—
299853
299817.0 ± 24.5
299885
299804.4 ± 59.1
299904
299848.0 ± 42.4

only can keep the balance between exploitation and exploration, but also can effectively look into promising regions of
the search space. Thus, the new mechanism is equally significant for ABC algorithms to tackle difficult combinatorial
problems. Our future work is to extend our study to other
NP-hard problems such as traveling salesman problem and
Bayesian network structure learning.

700
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Running time (s)

Instance
10.100.00
5.250.00
23064
59243
23050.2 ± 19.2 59211.7 ± 18.0
23064
59312
23059.1 ± 3.2
59305.1 ± 20.7
23064
—
23016 ± 42.2
—
23064
59312
23051.2 ± 16.7
59152 ± 67.3
23064
59243
23059.1 ± 3.9
59215.2 ± 17.3
23064
59312
23060.4 ± 4.1 59222.6 ± 35.5
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Figure 7: Comparison of the time performance on different instances.

5. Conclusion
In this paper, we propose an ABC algorithm, ABCPUDMKP, to solve the 0-1 multidimensional knapsack problem
effectively and efficiently. This algorithm differs from general
ABC algorithms in the fact that a new communication way
based on an inductive pheromone is introduced. More specifically, the new algorithm applies the pheromone updating and
diffusion to extend the ABC algorithm. The new algorithm
has been tested on many instances of the MKP problem with
encouraging results: the new algorithm is superior in terms
of the computational time on all instances compared to ABCMKP algorithm, while it can also achieve best solution quality
on all instances. We have also presented the performance
comparison among GA-MKP, B&B-EA-MKP, Ant-knapsack,
ACOMPD-MKP, ABC-MKP, and ABCPUD-MKP on some
large problems and found that ABCPUD-MKP can find the
best optimization solutions on all problems tested.
The new mechanism employs the chemical communication way to strength the collaboration among bees, which not

This work is partly supported by the NSFC research program
(61033004), 973 program (2011CB302703), and the Beijing
Natural Science Foundation (4102010).
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[26] B. Adil, Ö. Lale, and T. Pınar, Artificial bee colony algorithm
and its application to generalized assignment problem, swarm
intelligence: focus on ant and particle swarm optimization, Book
edited by: F. T. S. Chan and M. K. Tiwari, Itech Education and
Publishing, Vienna, Austria, 2007.
[27] P. Mukherjee and L. Satish, “Construction of equivalent circuit
of a single and isolated transformer winding from FRA data
using the ABC algorithm,” IEEE Transactions on Power Delivery,
vol. 27, no. 2, pp. 963–970, 2012.
[28] N. Todorovic and S. Petrovic, “Bee colony optimization algorithm for nurse rostering,” IEEE Transactions on Systems, Man,
and Cybernetics, vol. 43, no. 2, pp. 467–473, 2013.
[29] D. Karaboga and B. Akay, “A comparative study of Artificial Bee
Colony algorithm,” Applied Mathematics and Computation, vol.
214, no. 1, pp. 108–132, 2009.
[30] A. Singh, “An artificial bee colony algorithm for the leafconstrained minimum spanning tree problem,” Applied Soft
Computing Journal, vol. 9, no. 2, pp. 625–631, 2009.
[31] A. Singh and A. K. Gupta, “Two heuristics for the onedimensional bin-packing problem,” OR Spectrum, vol. 29, no.
4, pp. 765–781, 2007.
[32] M. Dorigo, V. Maniezzo, and A. Colorni, “Ant system: optimization by a colony of cooperating agents,” IEEE Transactions on
Systems, Man, and Cybernetics B, vol. 26, no. 1, pp. 29–41, 1996.
[33] C. Blum and M. Dorigo, “The Hyper-Cube Framework for Ant
Colony Optimization,” IEEE Transactions on Systems, Man, and
Cybernetics B, vol. 34, no. 2, pp. 1161–1172, 2004.
[34] M. F. Ali and E. D. Morgan, “Chemical communication in
insect communities: a guide to insect pheromones with special
emphasis on social insects,” Biological Reviews of the Cambridge
Philosophical Society, vol. 65, no. 3, pp. 227–247, 1990.
[35] R. K. VanderMeer, M. D. Breed, K. E. Espelie, and M. L. Winston, Pheromone Communication in Social Insects, Westview
Press, 1998.

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2013, Article ID 404978, 7 pages
http://dx.doi.org/10.1155/2013/404978

Research Article
Visual Object Tracking Based on 2DPCA and ML
Ming-Xin Jiang,1,2 Min Li,1 and Hong-Yu Wang2
1
2

School of Information & Communication Engineering, Dalian Nationalities University, Dalian 116600, China
School of Information & Communication Engineering, Dalian University of Technology, Dalian 116600, China

Correspondence should be addressed to Min Li; limin@dlnu.edu.cn
Received 7 March 2013; Accepted 23 May 2013
Academic Editor: Yudong Zhang
Copyright © 2013 Ming-Xin Jiang et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
We present a novel visual object tracking algorithm based on two-dimensional principal component analysis (2DPCA) and
maximum likelihood estimation (MLE). Firstly, we introduce regularization into the 2DPCA reconstruction and develop an iterative
algorithm to represent an object by 2DPCA bases. Secondly, the model of sparsity constrained MLE is established. Abnormal pixels
in the samples will be assigned with low weights to reduce their effects on the tracking algorithm. The object tracking results are
obtained by using Bayesian maximum a posteriori (MAP) probability estimation. Finally, to further reduce tracking drift, we employ
a template update strategy which combines incremental subspace learning and the error matrix. This strategy adapts the template
to the appearance change of the target and reduces the influence of the occluded target template as well. Compared with other
popular methods, our method reduces the computational complexity and is very robust to abnormal changes. Both qualitative and
quantitative evaluations on challenging image sequences demonstrate that the proposed tracking algorithm achieves more favorable
performance than several state-of-the-art methods.

1. Introduction
As one of the fundamental problems of computer vision,
visual tracking plays a critical role in advanced vision-based
applications (e.g., visual surveillance, human-computer interaction, augmented reality, intelligent transportation, and
context-based video compression) [1–3]. However, building a
robust model-free tracker is still a challenging issue due to the
difficulty arising from the appearance variability of an object
of interest, which includes intrinsic appearance variability
(e.g., pose variation and shape deformation) and extrinsic
factors (illumination changes, camera motion, occlusions,
etc.).
Typically, a complete tracking system can be divided
into three main components: (1) an appearance observation
model, which evaluates the likelihood of a candidate state
belonging to the object model, (2) a motion model, which
aims to model the states of an object over time (such as
Kalman filtering and particle filtering), and (3) a search
strategy for finding the most likely states in the current frame
(e.g., mean shift and sliding window). In this paper, we are
devoted to developing a robust appearance model.

Due to the power of subspace representation, subspacebased trackers (e.g., [4, 5]) are robust to in-plane rotation, scale change, illumination variation, and pose change.
However, they are sensitive to partial occlusion caused by
their underlying assumption that the error term is Gaussian
distributed with small variances. This assumption does not
hold for object representation when partial occlusion occurs
as the noise term cannot be modeled with small variances.
An effective tracking algorithm (called L1 tracker) based
on sparse representation within a particle filter framework is
developed in [6]. The L1 tracker represents the tracked target
by using a set of target templates and trivial templates. The
target templates depict a subspace on the tracked object and
the trivial templates aim to model the occlusion effectively.
However, the use of trivial templates increases the number
of templates significantly, which make the computational
complexity of L1 tracker too high to satisfy real applications.
In [7], the authors also presented a sparse coding-based
tracker by combing sparse coding and Kalman filtering
and fusing the color and gradient features. To account for
the variations of the tracked object during the tracking
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processing, they use a template update strategy by replacing
a random template of the original template library with the
last tracking result. However, this simple update manner
can easily introduce tracking errors when abnormal changes
occur, which may cause tracking drift.
Motivated by aforementioned discussions, we propose an
object tracking algorithm based on 2DPCA and MLE. Firstly,
we introduce regularization into the 2DPCA reconstruction
and develop an iterative algorithm to represent an object by
2DPCA bases. Secondly, the model of sparsity constrained
MLE is established. Abnormal pixels in the samples will be
assigned with low weights to reduce their affects on the
tracking algorithm. The object tracking results are obtained
by using Bayesian maximum a posteriori probability (MAP)
estimation. Finally, to further reduce tracking drift, we
employ a template update strategy which combines incremental subspace learning and the error matrix. This strategy
adapts the template to the appearance change of the target
and reduces the influence of the occluded target template
as well. The experimental results show that our algorithm
can achieve stable and robust performance especially when
occlusion, rotation, scaling, or illumination variation occurs.

2.1. The Theory of 2DPCA. Principal component analysis
(PCA) is a well-established linear dimension-reduction technique, which has been widely used in many areas (such
as face recognition [8]). It finds the projection directions
along which the reconstruction error to the original data
is minimum and projects the original data into a lower
dimensional space spanned by those directions corresponding to the top eigenvalues. Recent studies demonstrate that
two-dimensional principal component analysis (2DPCA)
could achieve performance comparable to PCA with less
computational cost [9, 10].
Given a series of image matrices Y = [𝑌1 𝑌2 ⋅ ⋅ ⋅ 𝑌𝑑 ],
2DPCA aims to obtain an orthogonal left-projection matrix
U, an orthogonal right-projection matrix V, and the projection coefficients A = [𝐴 1 𝐴 2 ⋅ ⋅ ⋅ 𝐴 𝑑 ] by solving the
following objective function:

U,V,A𝑖

1 𝑑 
2
∑Y − UA𝑖 V 𝐹 .
𝑑 𝑖=1 𝑖

(1)

Then the coefficient A𝑖 can be approximated by A𝑖 ≈
U Y𝑖 V. We note that the underlying assumption of (1) is that
the error term is Gaussian distributed with small variances.
This assumption is not able to deal with partial occlusion as
the error term cannot be modeled with small variances when
occlusion occurs. In this paper, we propose an object tracking
algorithm by using 2DPCA basis matrices and an additional
MLE error matrix Y ≈ UAV + e.
Let the objective function be
1
2
𝐿 (A, E) = Y − UAV − E𝐹 + 𝜆‖e‖1 ;
2

min 𝐿 (A, E)
A,E

s.t.

(2)

U U = I; V V = I,

(3)

where Y denotes an observation matrix, A indicates its
corresponding projection coefficient, and 𝜆 is a regularization
parameter. e describes the error matrix.
2.2. MLE Model. The basic idea of sparse coding is to use
the templates in a given dictionary T to represent a testing
sample 𝑦 (as 𝑦 ≈ 𝑇𝛼), where 𝛼 is sparse coding coefficient
vector. Traditionally, the sparsity can be measured by L0norm and the L0-norm minimization is an NP-hard problem.
Fortunately, [11] proves that when the solution is sparse
enough, L0-norm minimization is equivalent to the L1-norm
minimization.
Therefore, the sparse coding problem can be defined as
[12, 13]
min
‖𝛼‖1
𝛼
s.t.

2. Visual Object Tracking Model Based on
2DPCA and MLE: The Theory of 2DPCA

min

the problem is

2

𝑦 − 𝑇𝛼2 ≤ 𝜀,

(4)

where 𝜀 > 0 is a very small constant. This model shows
two constraints in sparse coding: one is that min𝛼 ‖𝛼‖1
constrains the sparsity of represented signal; the other is that
‖𝑦 − 𝑇𝛼‖22 ≤ 𝜀 constrains the accuracy of the represented
signal [14–17].
The analysis of the two constraint terms mentioned earlier
is as follows. For object tracking, the accuracy constraint is
more important than the sparsity one, especially when occlusion, rotation, scaling, or illumination variation happens to
the object. In that case, considering some possible abnormal
changes, whether the model can accurately describe the
object or not will directly determine the success or failure of
tracking algorithm. Most of current algorithms are presented
under the assumption that the sparse coding residual e = 𝑦 −
𝑇̂
𝛼 follows the Gaussian distribution. In practice, however,
this assumption is limited when abnormal changes happen
which will inevitably lead to the failure of tracking algorithm.
In sparsity constraints, though L1-norm minimization is
more efficient than the L0-norm minimization, the fact is
that the L1-norm minimization programming is still very
time consuming. Object tracking algorithms are different
from face recognition algorithms in that face recognition
algorithms do not demand fast processing speed in a sample
training process, while in object tracking, slow processing
speed will directly affect the practical value of the object
tracking algorithm. In that case, the introduction of L1-norm
minimization into the field of object tracking would greatly
reduce the performance of tracking algorithms.
We note that the tracking accuracy and speed are two
important aspects for evaluating the performance of object
tracking algorithms. Therefore, in this paper, we develop
an MLE-based model that improves the traditional sparse
coding model from the two aspects and then apply it to
achieve an effective and efficient tracker.
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In the field of object tracking, accuracy is the most
important issue. Hence, at first, we need to improve the
accuracy constraint term in the traditional sparse coding
model.
When the reconstruction error e = 𝑦 − 𝑇̂
𝛼 follows the
Gaussian distribution, the traditional sparse coding solution
can be written as
2
𝛼= argmin {(𝑦 − 𝑇𝛼)2 + 𝜆‖𝛼‖1 },
⌣

𝛼

(5)

where 𝜆 is a regularization parameter. For object tracking, the
dictionary T = [𝑡1 , 𝑡2 , . . . , 𝑡𝑛 ] ∈ 𝑅𝑑×𝑛 consists of 𝑛 templates
and forms the object template library.consider 𝑡𝑖 ∈ 𝑅𝑑 ,
𝑑 ≫ 𝑛. In our experiments, we make 𝑛 = 20 and the
object template size 32 × 32; that is, 𝑑 = 1024. The result
image block in current frame is denoted as 𝑦, 𝑦 ∈ R𝑑 .
𝛼 = (𝛼1 , 𝛼2 , . . . , 𝛼𝑛 )𝑡 ∈ 𝑅𝑑 denotes the coefficient vector of
sparse coding. Equation (5) is obviously a minimum variance
estimation problem with sparsity constraint. When object’s
⌣
reconstruction error e = 𝑦 − 𝑇 𝛼 follows the Gaussian
distribution, the solution of (5) is the maximum likelihood
estimation.
However, in practical applications, when the object suffers from occlusion, rotation change, scale change, or illumination variation, the reconstruction errors e of abnormal
pixels will not follow the Gaussian distribution. In that case,
these algorithms may not track the object accurately. Therefore, we need to build a more adaptive object representing
model.
First, we rewrite the dictionary T as T = [𝑟1 ; 𝑟2 ; . . . 𝑟𝑑 ],
where row vector 𝑟𝑗 ∈ 𝑅𝑛 , 𝑗 = 1, 2, . . . , 𝑑, is the 𝑗th row
of T. Meanwhile, we rewrite tracking result image block y
as y = [𝑦1 ; 𝑦2 ; . . . ; 𝑦𝑑 ], where 𝑦𝑗 , 𝑗 = 1, 2, . . . , 𝑑, is the 𝑗th
⌣

pixel of y. In that case, the reconstruction error e = 𝑦 − 𝑇 𝛼=
⌣
[𝑒1 ; 𝑒2 ; . . . ; 𝑒𝑑 ], where 𝑒𝑗 = 𝑦𝑗 − 𝑟𝑗 𝛼, 𝑗 = 1, 2, . . . , 𝑑, is the 𝑗th
pixel’s reconstruction error.
Assume that 𝑒1 , 𝑒2 , . . . , 𝑒𝑛 are independently and identically distributed according to a certain probability density
function 𝑝𝜃 (𝑒𝑗 ), where 𝜃 denotes the parameter set that
characterizes the distribution. Then the likelihood function
would be 𝐿 𝜃 (𝑒1 , 𝑒2 , . . . , 𝑒𝑑 ) = ∏𝑛𝑗=1 𝑝𝜃 (𝑒𝑗 ), and MLE aims to
maximize this likelihood function or, equivalently, minimize
the objective function: − ln 𝐿 𝜃 (𝑒1 , 𝑒2 . . . , 𝑒𝑑 ) = ∑𝑛𝑗=1 𝑓𝜃 (𝑒𝑗 ),
where 𝑓𝜃 (𝑒𝑗 ) = − ln 𝑝𝜃 (𝑒𝑗 ), to simplify the computation.
Taking into account the sparsity constraint of 𝛼, the MLE
of 𝛼 can be formulated as the following minimization:
{𝑑
}
⌣
𝛼 = argmin {∑ 𝑓𝜃 (𝑒𝑗 ) + 𝜆‖𝛼‖1 }.
𝛼
{𝑗=1
}

𝛼

𝑊𝑗,𝑗 =

(6)

(7)

exp (𝜇𝜎 − 𝜇𝑒𝑗2 )
(1 + exp (𝜇𝜎 − 𝜇𝑒𝑗2 ))

,

(8)

which also stands for the 𝑗th pixel’s weight value. 𝜇 and 𝜎 are
positive constants. If we make 𝑊𝑗,𝑗 = 2, then the model would
be the traditional sparse coding problem. Hence, we can see
that formula (7) is more adaptive than (3).
In this study, we choose it as the weight function
𝑊𝑗,𝑗 =

1
1 + 1/ exp (−𝛽𝑒𝑗 )

,

(9)

where 𝛽 is a scale factor (we choose 𝛽 = 10 in our
experiments). The physical meaning of 𝑊𝑗,𝑗 is to allocate
smaller weights to those pixels with bigger residuals (probably abnormal pixels) and allocate bigger weights to pixels with
smaller residuals. By setting a reasonable weight threshold,
we can get rid of those abnormal pixels lower than the
threshold and do further sparse coding. In that case, we can
effectively reduce the effect of abnormal pixels and therefore
achieve good performance during the tracking processing.
From (9), we can see that the weight value 𝑊𝑗,𝑗 is bounded
between 0 and 1 which makes sure that even the pixels with
very small residuals would not have too large weight values.
This would guarantee the stability of the algorithm.

3. Bayesian MAP Estimation
We can regard object tracking as a hidden state variables’
Bayesian MAP estimation problem in the Hidden Markov
model; that is, with a set of observed samples 𝑌𝑡 =
{𝑦1 , 𝑦2 , . . . , 𝑦𝑡 }, we can estimate the hidden state variable 𝑥𝑡
using Bayesian MAP theory.
According to the Bayesian theory,
𝑝 (𝑥𝑡 | 𝑌𝑡 ) ∝ 𝑝 (𝑦𝑡 | 𝑥𝑡 ) ∫ 𝑝 (𝑥𝑡 | 𝑥𝑡−1 ) 𝑝 (𝑥𝑡−1 | 𝑌𝑡−1 ) 𝑑𝑥𝑡−1 ,
(10)
where 𝑝(𝑥𝑡 | 𝑥𝑡−1 ) stands for a state transition model for two
consecutive frames and 𝑝(𝑦𝑡 | 𝑥𝑡 ) stands for an observation
likelihood model. We can obtain the object’s best state in 𝑡th
frame through maximum posterior probability estimation;
that is,
⌣

𝑥𝑡 = argmax 𝑝 (𝑥𝑡𝑙 | 𝑌𝑡 ) ,
𝑥𝑡𝑙

According to [6], formula (6) can be converted into
weighted sparse coding problem
⌣

2
𝛼 = argmin {𝑊1/2 (𝑦 − 𝑇𝛼) + 𝜆‖𝛼‖1 },
2

where 𝑊 is a diagonal matrix with diagonal elements as
follows:

𝑙 = 1, 2, . . . , 𝑁,

(11)

where 𝑥𝑡𝑙 stands for the 𝑙th sample of state variable 𝑥𝑡 in 𝑡th
frame. In this paper, we choose 𝑁 = 400.
3.1. State Transition Model. We choose object’s motion affine
transformation parameters as state variable 𝑥𝑡 = {𝑥𝑡 , 𝑦𝑡 , 𝜃𝑡 ,
𝑆𝑡 , 𝛼𝑡 , 𝜙𝑡 }, where 𝑥𝑡 and 𝑦𝑡 , respectively, represent the 𝑥direction and 𝑦-direction translation of the object in 𝑡th
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(a) Frame 170

(b) Frame 340

(c) Frame 530

(d) Frame 650

Figure 1: Tacking results of test video “Car4.”

(a) Frame 10

(b) Frame 110

(c) Frame 220

(d) Frame 310

Figure 2: Tacking results of test video “David.”
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(a) Frame 280

(b) Frame 340

(c) Frame 780

(d) Frame 810

Figure 3: Tacking results of test video “Faceocc2.”

frame, 𝜃𝑡 stands for the rotation angle, 𝑆𝑡 represents the scale
change, 𝛼𝑡 stands for the aspect ratio, and 𝜙𝑡 stands for the
direction of tilt.
We assume that the state transition model follows the
Gaussian distribution; that is,
𝑝 (𝑥𝑡 | 𝑥𝑡−1 ) = 𝑁 (𝑥𝑡 ; 𝑥𝑡−1 , Ψ) ,

(12)

where Ψ is a diagonal matrix whose diagonal elements are
motion affine parameter’s variation 𝜎𝑥2 , 𝜎𝑦2 , 𝜎𝜃2 , 𝜎𝑆2 , 𝜎𝛼2 , 𝜎𝜙2 .
3.2. Observation Likelihood Model. We use object’s reconstruction error to build observation likelihood model; that is,
𝑝 (𝑦𝑡 | 𝑥𝑡 ) =

∏ N (𝑒𝑗𝑡 , 𝜇, 𝜎2 ) ,
𝑗=1,2,...,𝑑

(13)

where N(⋅) means Gaussian distribution, 𝜇 and 𝜎2 , respectively, represent the mean and variation of Gaussian distribution, 𝑑 stands for the number of pixels of an object template,
⌣
and 𝑒𝑗𝑡 = ‖𝑦𝑗𝑡 − Φ𝑡𝑗 𝛾𝑗𝑡 ‖ stands for the reconstruction error of
2
𝑗th pixel of object templates in 𝑡th frame.
3.3. Templates Updating. To consider that the appearance of
the target may change during the tracking processing, it is
necessary to dynamically update the template library.
In this paper, we use a method named “Half Updating
Strategy” to update the templates. We take the tracking results

Table 1: The description of test videos.
Name of test
videos

Number of
frames

Car4

659

David

462

Faceocc2

819

Video description
Illumination variation and scale
variation
Illumination variation, in-plane
rotation, and off-plane rotation
Partly occlusion, in-plane rotation,
and off-plane rotation

of first 𝑛 frames as the initial templates, and from (𝑛 + 1)th
frame on, we use the algorithm mentioned earlier to obtain
and save the tracking results. During this process, if the result
image block has equal to 50% abnormal pixels, then we do
not update the tracker. When we have 𝑛/2 tracking results,
that is, half of the number of initial templates, we replace the
first 𝑛/2 templates in original template library with the newly
accumulated 𝑛/2 tracking results. Then a “Half Updating” is
finished.

4. Experimental Results and Analysis
In order to evaluate the performance of our tracker, we
conduct experiments on three challenging image sequences
(Table 1 and Figures 1, 2, and 3). These sequences cover
most challenging situations in object tracking: occlusion,

6
motion blur, in-plane and out-of-plane rotation, large illumination change, scale variation, and complex background.
For comparison, we run six state-of-the-art algorithms with
the same initial position of the target. These algorithms
are the Frag tracking [18], IVT tracking [19], MIL tracking
[20], L1 tracking [6], PN tracking [21], and VTD tracking
[22] methods. We present some representative results in this
section.

5. Conclusions/Outlook
This paper presents a robust tracking algorithm via 2DPCA
and MLE. In this work, we represent the tracked object by
using 2DPCA bases and an MLE error matrix. With the
proposed model, we can remove the abnormal pixels and thus
reduce the effect of abnormal pixels on tracking algorithms.
We take the object’s reconstruction error into the Bayesian
maximum posterior probability estimation framework and
design a stable and robust tracker. Then, we explicitly take
partial occlusion and misalignment into account for appearance model update and object tracking. Experiments on
challenging video clips show that our tracking algorithm
performs better than several state-of-the-art algorithms. Our
future work will be the generalization of our representation
model into other related fields.
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We study the cross-database speech emotion recognition based on online learning. How to apply a classifier trained on acted data
to naturalistic data, such as elicited data, remains a major challenge in today’s speech emotion recognition system. We introduce
three types of different data sources: first, a basic speech emotion dataset which is collected from acted speech by professional
actors and actresses; second, a speaker-independent data set which contains a large number of speakers; third, an elicited speech
data set collected from a cognitive task. Acoustic features are extracted from emotional utterances and evaluated by using maximal
information coefficient (MIC). A baseline valence and arousal classifier is designed based on Gaussian mixture models. Online
training module is implemented by using AdaBoost. While the offline recognizer is trained on the acted data, the online testing
data includes the speaker-independent data and the elicited data. Experimental results show that by introducing the online learning
module our speech emotion recognition system can be better adapted to new data, which is an important character in real world
applications.

1. Introduction
The state-of-the-art speech emotion recognition (SER) system is largely dependent on its training data. Emotional vocal
behavior is personality dependent, situation dependent, and
language dependent. Therefore, emotional models trained
from a specific database may not fit to other databases. To
solve this problem, we introduce an online learning framework to the SER system. Online speech data is used to retrain
and to improve the classifier. Adopting the online learning
framework, we may better adapt our SER system to different
speakers and different data sources.
Many achievements have been reported on the acted
speech emotion databases [1–3]. Tawari and Trivedi [4] considered the role of context and detected seven emotions on
the Berlin Emotional Database [5]. Ververidis and Kotropoulos [6] studied gender-based speech emotion recognition system for five different emotional states. A number of machine
learning algorithms have been studied in SER, using acted
emotional data. Only recently the need of using naturalistic
data has been pointed out. Several naturalistic speech emotion databases have been developed, such as AIBO emotional

speech database [7] and VAM database [8]. Many researchers
notice that real world data plays a key role in the SER system
[9], and the model trained on the acted data does not fit very
well on the naturalistic data.
Incremental learning may provide us a good solution
to solve this problem under an online learning framework.
The pretrained models on the acted data may be updated
using very few online data. Since the naturalistic emotion
data is very difficult to collect, acted speech data still plays
an important role, especially in studying rare emotion types,
such as fear-type emotion [1], confidence, and anxiety [10]. By
using incremental learning we can make use of the available
acted databases as a baseline recognizer and then retrain the
classifier online for specific purposes.
Many successful algorithms have been proposed for incremental learning, such as Learning++ [11] and Bagging++
[12]. Incremental learning algorithms may be classified into
two categories. In the first category, a single classifier is updated by reestimating its parameters. This type of learning algorithms is dependent on the specific classifier, such as the
incremental learning algorithm for support vector machine
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proposed by Xiao et al. [13]. The techniques used in such
parameter estimation may not be generalized. In the second
category, the incremental learning algorithm is not dependent on a specific type of classifiers. Multiple classifiers are
created and combined by a certain fusion rule, such as majority vote. Boosting is a typical type of algorithms that fall into
the second category. By creating weak classifiers using selected data, we may add new training data to the learning
procedure and gradually adapt the SER system in an online
environment.
In this paper we explore the possibility of transferring
pretrained SER system from acted data to more naturalistic
data in an online learning framework. Section 2 describes
our acted data and elicited data. Section 3 provides acoustic
analysis of emotional features. In Section 4, we introduce our
speech emotion recognizer and the online learning methodology. Finally, in Section 5, we provide the experimental
results, which show that combining the acted data and the
elicited data using online learning brings us the best result.

2. Three Types of Data Sources
In this paper we use three types of data sources to validate our
SER system: (i) acted basic emotion database, (ii) speakerindependent emotion database, and (iii) elicited emotion
database.
The first database contains the basic emotions, including
happiness, anger, surprise, sadness, fear, and neutrality. The
emotional speech is recorded by professional actors and
actress, six males and six females. This acted database may be
used as a standard training dataset for our baseline recognizer. However, in real world applications the naturalistic
emotional speech is different from the acted speech.
The second database is designed for speaker-independent
test, which includes fifty-one different speakers. Other than
a large number of speakers, a special type of emotion is
considered, namely, fidgetiness. Fidgetiness is an important
type of emotion in cognitive related tasks. It may be induced
by repeated work, environmental noise, and stress. The second database contains five emotions, as shown in Table 1.
This database may be used for testing the ability of speaker
adaptation. When using training data from the first database,
it is challenging to test our SER system on the second database, due to many unknown speakers.
The third database contains elicited speech in a cognitive
task, as shown in Table 2. The first row shows the emotion
types collected in our experiments, such as fidgetiness, confidence, and tiredness. The second row is the speaker number
related to each type of emotion. The third row is the male
and female proportion in the emotion data. The last row is
the number of utterances in each emotion class. The data
is collected locally in our lab. We carried out a cognitive
experiment and collected the emotional speech related to
cognitive performance. Subject was required to work on a
set of math calculations and to report the results orally.
During the cognitive task the speech signals were recorded
and annotated with emotional labels.
In the third database, “correct answer” or “false answer”
labels are marked on each utterance in the oral report by
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Table 1: The Speaker-independent emotion dataset.
Emotion type Happiness Anger Fidgetiness Sadness Neutrality
Speaker
51
51
51
51
51
number
23/28
23/28
23/28
23/28
23/28
Male/female
2200
2200
2200
2200
2200
Utterance size
Table 2: The Elicited Emotion Dataset.
Emotion Confidence Tiredness Fidgetiness Happiness Neutrality
type
Speaker
6
6
6
6
6
number
Male/
3/3
3/3
3/3
3/3
3/3
female
Utterance 1200
1200
1200
1200
1200
size

the listeners who have not participated in the eliciting experiment. Therefore we may calculate the percentage of false
answers in the negative emotion samples and the percentage
of negative emotion in the “false answer” samples. Results
show that the proportion of the mistake made in the math
calculation is higher with the presence of negative emotions,
as shown in Figures 1 and 2. The purpose of this database is to
study the cognitive related emotions in speech. The analysis
shows the dependency between the mistakes made in the
math calculation and the negative emotions in the speech.

3. Feature Analysis
3.1. Acoustic Feature Extraction. Emotional information is
hidden in the speech signals. Unlike the linguistic information, it is difficult to find the related acoustic features. Therefore feature analysis and selection are very important steps in
building an SER system.
We selected typical utterances to study the feature variance caused by emotional change, as shown in Figures 3, 4,
5, 6, 7, 8, 9, 10, and 11. To better reflect the change caused by
emotional information, we fix the context of these utterances.
The utterances shown in the figures are recorded from the
same speaker. By comparing the utterances under different
emotional state from the same speaker, we can exclude the
influence brought by different speaking habits and personalities. It reveals the changes in the acoustic features caused only
by the emotional information.
We induced three types of practical emotions from a
cognitive task, namely, fidgetiness, confidence, and tiredness.
We also studied the basic emotions, like happiness, anger,
surprise, sadness, and fear. The intensity feature and the pitch
contour are extracted and demonstrated in Figure 3 through
Figure 11.
The first syllable is not normal speech under the fear emotional state. The pitch feature is missing, and it is whispered
speech under the emotional state of fear. Under the tiredness
emotion state, the pitch contour is low and flat, which is quite
distinguishable from other emotion states.
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600

0
0

Negative emotions

Figure 1: The percentage of negative emotions when mistake occurs
in the cognitive task.

85.52
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Positive emotions
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5.374
0

Negative emotions

2.337
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Figure 3: Intensity and pitch contour of happiness.
0.7079
0
−0.708

0

3.587

Correct answers
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Figure 2: The percentage of correct answers and false answers when
negative emotion occurs in the cognitive task.
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Time (s)
600

0
0

3.587

In the neutral speech, the pitch contour is also flat, but at
the end of the sentence the pitch frequency increases. Comparing speaking, the pitch frequency is not consistent at the
end of the sentence. Under the sadness emotion state, the
pitch contour is smooth and decreases at the end of the sentence. Furthermore, in the happiness sample, the variance
of the pitch frequency is higher. The pith frequency also increases in the confidence and surprise samples.
We also notice that under the angry emotion state the
variance of the intensity is lower and the intensity contour
is smooth. However, in the sadness sample, the variance
of the intensity is higher. Sadness and tiredness may have
caused longer time duration and a lower speech rate, while
fidgetiness and anger may have caused a higher speech rate.
Quantitative statistical analysis is shown in Figure 12.
Pitch and formants features are compared under various
emotional states.
For modeling and recognition purposes, 481 dimensions
of acoustic features are constructed. Statistic functions over

Intensity (dB)

Time (s)
87.79

13.93
0

3.587
Time (s)

Figure 4: Intensity and pitch contour of sadness.

the entire utterance, such as maximum, minimum, mean,
range, are applied to the basic speech features, as listed below.
“d” stands for difference and “d2 ” stands for the second order
of difference.
Feature 1–6: mean, maximum, minimum, median,
range, and variance of Short-time Energy (SE).
Feature 7–18: mean, maximum, minimum, median,
range, and variance of dSE and d2 SE.
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Figure 7: Intensity and pitch contour of fear.
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Figure 5: Intensity and pitch contour of fidgetiness.
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Figure 6: Intensity and pitch contour of surprise.

Figure 8: Intensity and pitch contour of tiredness.

Feature 19–24: mean, maximum, minimum, median,
range, and variance of pitch frequency (F0 ).

Feature 43–54: mean, maximum, minimum, median,
range and variance of dZCR and d2 ZCR.

Feature 25–36: mean, maximum, minimum, median,
range, and variance of dF0 and d2 F0 .
Feature 37–42: mean, maximum, minimum, median,
range, and variance of Zero-Crossing Rate (ZCR).

Feature 55: speech rate (SR).
Feature 56–57: Pitch Jitter1 (PJ1), Pitch Jitter2 (PJ2).
Feature 58–61: 0–250 Hz Energy Ratio (ER), 0–650 Hz
ER, and 4 kHz above ER and Energy Shimmer (ESH).
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Figure 11: Intensity and pitch contour of confidence.
Figure 9: Intensity and pitch contour of anger.

Feature 72–77: mean, maximum, minimum, median,
range, and variance of Harmonic-to-Noise Ratio
(HNR).
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−0.7599
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Feature 96–119: mean, maximum, minimum, median,
range, and variance of 1st formant frequency (F1), 2nd
formant frequency (F2), 3rd formant frequency (F3),
and 4th formant frequency (F4).
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0

1.919

0
Time (s)

Intensity (dB)

Feature 78–95: mean, maximum, minimum, median,
range, and variance of HNR (0–400 Hz, 400–2000
Hz, and 2000–5000 Hz).

Feature 120–143: mean, maximum, minimum, median, range, and variance of dF1, dF2, dF3, and dF4.
Feature 144–167: mean, maximum, minimum, median, range, and variance of d2 F1, d2 F2, d2 F3, and
d2 F4.

85.67

Feature 168–171: Jitter1 of F1, F2, F3, and F4.
Feature 172–175: Jitter2 of F1, F2, F3, and F4.

15.4
0
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Figure 10: Intensity and pitch contour of neutrality.

Feature 62–65: Voiced Frames (VF), Unvoiced Frames
(UF), UF/VF, and VF/(UF+VF).

Feature 176–199: mean, maximum, minimum, median, range, and variance of F1, F2, F3, and F4 Bandwidth.
Feature 200–223: mean, maximum, minimum, median, range, and variance of dF1 Bandwidth, dF2
Bandwidth, dF3 Bandwidth, and dF4 Bandwidth.

Feature 66–69: Voiced Segments (VS), Unvoiced Segments (US), US/VS, and VS/(US+VS).

Feature 224–247 mean, maximum, minimum, median, range, and variance of d2 F1 Bandwidth, d2 F2
Bandwidth, d2 F3 Bandwidth and d2 F4 Bandwidth.

Feature 70-71: Maximum Voiced Duration (MVD),
Maximum Unvoiced Duration (MUD).

Feature 248–325: mean, maximum, minimum, median, range, and variance of MFCC (0–12th-order).
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Figure 12: Feature distribution over various emotional states.

Feature 326–403: mean, maximum, minimum, median, range, and variance of dMFCC (0–12th-order).
Feature 404–481: mean, maximum, minimum, median, range, and variance of d2MFCC (0–12th-order).
3.2. Feature Selection Based on MIC. In this section we introduce the feature selection algorithm in our speech emotion
classifier. Feature selection algorithms may be roughly classified into two groups, namely, “wrapper” and “filter.” Algorithms in the former group are dependent on the specific classifiers, such as sequential forward selection (SFS). The final
selection result is dependent on a specific classifier. If we replace the specific classifier, the results will change. In the
second group, feature selection is done by a certain evaluation
criteria, such as Fisher Discriminant Ratio (FDR). The feature

Figure 13: The arousal and the valence dimensions of emotions.

selection result achieved in this type of method is not dependent on specific classifiers and bears a better generality
across different databases.
Maximal information coefficient (MIC) based feature selection algorithm falls into the second group. MIC is a new
statistic tool that measures linear and nonlinear relationships
between paired variables, invented by Reshef et al. [14].
MIC is based on the idea that if a relationship exists
between two variables, then a grid can be drawn on the scatterplot of the two variables that partitions the data to encapsulate that relationship [14]. We may calculate the MIC of a
certain acoustic feature and the emotional state by exploring
all possible grids on the two variables. First, we compute
for every pair of integers (𝑥, 𝑦) that largest possible mutual
information achieved by any 𝑥-by-𝑦 grid [14]. Second, for a
fair comparison we normalize these MIC values between all
acoustic features and the emotional state. Detailed study of
MIC may be found in [14].
Since MIC can treat linear and nonlinear associations at
the same time, we do not need to make any assumption on the
distribution of our original features. Therefore it is especially
suitable for evaluating a large number of emotional features.
Based on a large number of basic features as described in
Section 3.1, we apply MIC to measure the contribution of
these features in correlation with emotion states. Finally a
subset of features is selected for our emotion classifier.

4. Recognition Methodology
4.1. Baseline GMM Classifier. The Gaussian mixture model
(GMM) based classifier is the state-of-the-art recognition
method in speaker and language identification. In this paper
we built the baseline classifier using Gaussian mixture model,
and we may compare the baseline classifier with the online
learning method.
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GMM may be defined by the sum of several Gaussian
distributions:
𝑀

𝑝 (X𝑡 | 𝜆) = ∑𝑎𝑖 𝑏𝑖 (X𝑡 ) ,

(1)

𝑖=1

where X𝑡 is a 𝐷-dimension random vector, 𝑏𝑖 (X𝑡 ) is the 𝑖th
member of Gaussian distribution, 𝑡 is the index of utterance
sample, 𝑎𝑖 is the mixture weight, and 𝑀 is the number of
Gaussian mixture members. Each member is a 𝐷-dimension
variable which follows the Gaussian distribution with the
mean U𝑖 and the covariance Σ𝑖 :
𝑏𝑖 (X𝑡 ) =

1

1/2


(2𝜋)𝐷/2 Σ𝑖 

1
𝑇
exp {− (X𝑡 − U𝑖 ) Σ−1
𝑖 (X𝑡 − U𝑖 )} .
2
(2)

we may reduce the misclassification rate by a proper decision
fusion rule.
AdaBoost algorithm consists of several iterations. In each
iteration, a new training set is selected for a new weak classifier. A weight is assigned to the new weak classifier. Based
on the testing results of the new weak classifier, the weights of
all the data samples are modified for the next iteration. At the
final step the assembled classifier is achieved by combination
of the multiple weak classified through a weighted voting rule.
Let us suppose the current training set is [17]
𝑇 = {𝑠1 , 𝑠2 , . . . , 𝑠𝑁} ,
where the weights of the samples are
𝑊 = {𝑤1 , 𝑤2 , . . . , 𝑤𝑁} ,
𝑁

∑𝑤𝑖 = 1.

Note that
∑𝑎𝑖 = 1.

(3)

𝑖=1

Emotion classification can be done by maximizing the
posterior probability:
EmotionLable = argmax (𝑝 (X𝑡 | 𝜆𝑘 )) .
𝑘

(4)

Expectation Maximization (EM) is adopted for GMM parameter estimation [15]:
𝑖
∑𝑇𝑡=1 𝛾𝑡𝑚

∑𝑇𝑡=1

U𝑖𝑚 =

𝑖
∑𝑀
𝑚=1 𝛾𝑡𝑚

𝑖
X𝑡
∑𝑇𝑡=1 𝛾𝑡𝑚
𝑖
∑𝑇𝑡=1 𝛾𝑡𝑚

,

𝑖
(X𝑡 − U𝑖𝑚 ) (X𝑡 − U𝑖𝑚 )
∑𝑇𝑡=1 𝛾𝑡𝑚

𝑖
=
𝛾𝑡𝑚

𝑖
∑𝑇𝑡=1 𝛾𝑡𝑚
𝑖−1
𝑖−1
𝑎𝑚
𝑁 (X𝑡 | U𝑖−1
𝑚 , Σ𝑚 )
𝑖−1
𝑖−1
𝑖−1
∑𝑀
𝑚=1 𝑎𝑚 𝑁 (X𝑡 | U𝑚 , Σ𝑚 )

The error rate of the new weak classifier is
𝑒=

∑ 𝑤𝑖 ,

𝑖:𝑐(𝑠𝑖 ) ≠
𝑦𝑖

(8)

where 𝑐(𝑠𝑖 ) is the classification result and 𝑦𝑖 is the class label.
The fusion weight assigned to each classifier is defined by the
error rate:
𝛼 = ln (

(1 − 𝑒)
).
𝑒

(9)

At the beginning of the algorithm, each sample is assigned
by equal weight. During the iteration, the sample weights are
updated:

,

(5)

𝑇

Σ𝑖𝑚 =

(7)

𝑖=0

𝑀

𝑖
=
𝑎𝑚

(6)

,

.

Due to the different types of emotions among the datasets,
we unify the emotional datasets by categorizing them into
positive and negative regions in the valence and arousal dimensions, as shown in Figure 13. We may verify the ability of
the emotion classifier by classifying the emotional utterances
into different regions in the valence and arousal space.
4.2. Online Learning Using AdaBoost. While the offline GMM
classifier is trained using EM algorithm, the online training
algorithm using AdabBoost will be introduced in this section.
AdaBoost is a powerful algorithm in assemble learning [16].
The belief in this AdaBoost is that weak classifiers may be
combined into a powerful classifier. Multiple classifiers
trained on randomly selected datasets perform quiet differently from each other on the same testing dataset; therefore,

𝑤 × 𝛽, 𝑐 (𝑠𝑖 ) ≠
𝑦𝑖 ,
𝑤𝑖+1 = { 𝑖
𝑤𝑖 ,
𝑐 (𝑠𝑖 ) = 𝑦𝑖 .

(10)

At the arrival of the new data, assuming that we know
the label information for each sample, pretrained classifiers
from the offline data are used as initial weak classifiers. AdaBoost algorithm is applied to the new online data, and fusion
weights are reassigned to the offline trained classifiers.
At the first 𝑚 initial iterations, 𝑚 pretrained classifiers are
used as the weak classifiers and added to the final ensemble
classifier, instead of training new weak classifiers from the
randomly selected dataset. After the 𝑚 initial iterations, new
weak classifiers are trained from the new online data and
added to the final ensemble classifier in the AdaBoost
algorithm.
The major difference between the online training and the
offline training is the data used for learning. Offline training uses large acted data, while online training uses small and
natural data. Offline training is independent of the online
training and ready to use, while the online training is dependent on the offline training and only retrains the existing
model to fit specific purposes, such as to tune on a large
number of speakers. The purpose of online training is to
quickly adapt the existing offline model to a small amount
of new data.
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5. Experimental Results
In our experiment, the offline training is carried out on the
acted basic emotion dataset. The speaker-independent dataset and the elicited practical emotion dataset are used for the
online training and the online testing. Although the datasets
used in online testing are preprocessed utterances rather than
real time online data, our experiments still provide a simulated online situation. We divide dataset 2 and dataset 3 into
smaller sets, dataset 2a and dataset 2b, which are used as the
simulated online initialization.
Speech utterances from different sources are organized
into several datasets, as shown in Table 2.
The online learning algorithm is verified both on the
speaker-independent data and the elicited data. The results
are shown in Table 4. A large number of speakers bring difficulties in modeling emotional behavior, since emotion
expression is highly dependent on individual habit and personality. By extending the offline trained classifier to the
online data that contains a large number of speakers, we
improved the generality of our SER system. The elicited data
is collected in a cognitive experiment that is more close to
the real world situation. During the cognitive task emotional
speech is induced. We observed that the different nature
between the acted data and the induced speech during a
cognitive task caused a significant decrease of the recognition
rate. By using the online training technique we may transfer
the offline trained SER system to the elicited data. Extending
our SER system to different data sources may bring emotion
recognition closer to real world applications.
The major challenge in our online learning algorithm is
how to combine the existing offline classifier and efficiently
adapt the model parameters to a small number of new online
data. We adopted the incremental learning idea and solved
this problem by modifying the initial stage in the AdaBoost
framework. One of the contributions of our online learning
algorithm is that we may reuse the existing offline training
data and make the online learning stage more efficiently. We
make use of a large amount of available offline training data
and only require a small amount of data for online training,
as shown in Table 3. The weight of each weak classifier is an
important parameter. The proposed method may be further
improved by using fuzzy membership function to evaluate
the confidence in GMM classifiers and reestimate the weight
of each weak classifier.

6. Discussions
Acted data is often considered not suitable for real world
applications. However, traditional researches have been focused on the acted emotion speech, and many acted databases
are available. How to transfer an SER system that trained on
the acted data to the new naturalistic data in real world is an
unsolved challenge.
Many feature selection algorithms may be applied to SER
system. MIC is a newly proposed and powerful algorithm for
exploring nonlinear relationship between variables.
AdaBoost is a popular algorithm to ensemble multiple
weak classifiers to establish a strong classifier. By applying
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Table 3: Selected datasets for online and offline experiments.
Datasets index

Data source

Dataset 1

Acted speech
Speaker
independent
Speaker
independent
Elicited speech
Elicited speech

Dataset 2a
Dataset 2b
Dataset 3a
Dataset 3b

Number of
utterances

Purpose of use

12000

Offline training

1000

Online training

10000

Testing

1000
5000

Online training
Testing

Table 4: Online and offline experimental results.
Experiment
Offline
Online
Classification
Testing set
index
training set training set
result %
Experiment 1
Experiment 2
Experiment 5
Experiment 3
Experiment 4
Experiment 6

Dataset 1
Dataset 1
Dataset 2a
Dataset 1
Dataset 1
Dataset 3a

N/A
Dataset 2a
N/A
N/A
Dataset 3a
N/A

Dataset 2b
Dataset 2b
Dataset 2b
Dataset 3b
Dataset 3b
Dataset 3b

63.3%
75.6%
70.0%
61.2%
73.1%
68.5%

AdaBoost in the online occasion, we train multiple weak
classifiers based on the newly arrived online data. The offline
pretrained classifiers are used for initialization. We may explore other incremental learning algorithms in the future
work.
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It is wellknown that mine gas gushing forecasting is very significant to ensure the safety of mining. A wavelet-based robust relevance
vector machine based on sensor data scheduling control for modeling mine gas gushing forecasting is presented in the paper. Morlet
wavelet function can be used as the kernel function of robust relevance vector machine. Mean percentage error has been used to
measure the performance of the proposed method in this study. As the mean prediction error of mine gas gushing of the WRRVM
model is less than 1.5%, and the mean prediction error of mine gas gushing of the RVM model is more than 2.5%, it can be seen
that the prediction accuracy for mine gas gushing of the WRRVM model is better than that of the RVM model.

1. Introduction
It is wellknown that mine gas gushing forecasting is very significant to ensure the safety of mining [1–3]. The study results
elaborate that the influencing factors of mine gas gushing
mainly include buried depth of coal seam, thickness of coal
seam, gas content of coal seam, distance of coal seam, daily
advance, and day output [4–6]. Artificial neural networks
[7–9] have been applied to mine gas gushing forecasting.
However, the forecasting results of artificial neural networks
are poor due to their shortcomings including over-fitting and
local maximum.
A wavelet-based robust relevance vector machine based
on sensor data scheduling control for modeling mine gas
gushing forecasting is presented in this paper. Relevance
vector machine is a kind of improved support vector machine
[10–14], which is based on a Bayesian framework. Morlet

wavelet function can be used as the kernel function of robust
relevance vector machine.
In the study, the experimental data are employed to study
the prediction ability for mine gas gushing. The five factors
including buried depth of coal seam, thickness of coal seam,
lithology of roof, thickness of bed rock, and ratio of sand and
rock are used as the input features of the WRRVM model, and
mine gas gushing is used as the output of the WRRVM model.
Before the training samples are created, the experimental
data must be normalized. Then, the training samples are
created. Mean percentage error has been used to measure the
performance of the proposed method in this study. As the
mean prediction error of mine gas gushing of the WRRVM
model is less than 1.5%, and the mean prediction error of
mine gas gushing of the RVM model is more than 2.5%, it can
be seen that the prediction accuracy for mine gas gushing of
the WRRVM model is better than that of the RVM model.
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Then, the marginal likelihood function of robust relevance vector machine can be obtained as follows:
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In this study, Morlet wavelet function can be used as the
kernel function of robust relevance vector machine, which
can be described as follows [15, 16]:
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Figure 1: The comparison of the prediction values of mine gas
gushing between the WRRVM model and the RVM model trained
by the five input features.

Therefore, the WRRVM model is very suitable for mine gas
gushing prediction.

The regression function of relevance vector machine can be
described as follows:
𝑛

𝑓 (𝑥) = ∑ 𝑤𝑖 𝜙 (𝑥𝑖 ) ,

(1)

𝑖=1

where 𝑤𝑖 is the weights and 𝜙(⋅) is the mapping function.
Given the vector 𝑅 = [𝑟1 , 𝑟2 , . . . , 𝑟𝑛 ]𝑇 , the likelihood
function of the dataset can be obtained as follows:
𝑝 (𝑡 | 𝑤, 𝑟, 𝜎2 ) =(

𝑛

1
√2𝜋𝜎2

) √|𝑃|

× exp {−

1

(𝑡 − 𝜂𝑤) 𝑃 (𝑡 − 𝜂𝑤)} ,
2𝜎2

𝑝 (𝑤 | 𝛼) 𝑝 (𝑡 | 𝑤, 𝑟, 𝜎2 )
𝑝 (𝑡 | 𝛼, 𝑟, 𝜎2 )

= 𝑁 (𝑤 | 𝜆, Δ) ,
(2)

where 𝑃 = diag(𝑟1 , 𝑟2 , . . . , 𝑟𝑛 ), Δ is the variance matrix, and 𝜆
is the mean value vector, which can be described as follows:
𝑛



−1

Δ = (𝐴 + 𝜎−2 ∑ 𝑟𝑖 𝜙 (𝑥𝑖 ) 𝜙(𝑥𝑖 ) ) ,
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𝑛
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It is sufficient to prove the inequality:
𝐹 [𝑥] (𝑤) = (2𝜋)−𝑚/2 ∫ exp (−𝑗 (𝑤 ⋅ 𝑥)) 𝑘 (𝑥) 𝑑𝑥 ≥ 0,

(3)

(6)

where
𝑚
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𝑖=1

2. Wavelet-Based Robust Relevance
Vector Machine
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3. Experimental Analysis for Mine Gas
Gushing Forecasting Based on
Wavelet-Based Robust Relevance
Vector Machine
In this section, the experimental data are employed to study
the prediction ability for mine gas gushing of the proposed
wavelet-based robust relevance vector machine. The five
factors including buried depth of coal seam, thickness of coal
seam, lithology of roof, thickness of bed rock, and ratio of
sand and rock are used as the input features of the WRRVM
model, and mine gas gushing is used as the output of the
WRRVM model.
Figure 1 gives the comparison of the prediction values of
mine gas gushing between the WRRVM model and the RVM
model trained by the five input features including buried
depth of coal seam, thickness of coal seam, lithology of roof,
thickness of bed rock, and ratio of sand and rock; Figure 2
gives the comparison of the prediction values of mine gas
gushing between the WRRVM model and the RVM model
trained by the four input features including buried depth
of coal seam, thickness of coal seam, lithology of roof, and
thickness of bed rock; Figure 3 gives the comparison of the
prediction values of mine gas gushing between the WRRVM
model and the RVM model trained by the four input features
including buried depth of coal seam, thickness of coal seam,
lithology of roof, and ratio of sand and rock; Figure 4 gives
the comparison of the prediction values of mine gas gushing
between the WRRVM model and the RVM model trained by
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Figure 2: The comparison of the prediction values of mine gas
gushing between the WRRVM model and the RVM model trained
by the four input features including buried depth of coal seam,
thickness of coal seam, lithology of roof, and thickness of bed rock.

Figure 4: The comparison of the prediction values of mine gas
gushing between the WRRVM model and the RVM model trained
by the three input features including buried depth of coal seam,
thickness of coal seam, and lithology of roof.
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Figure 3: The comparison of the prediction values of mine gas
gushing between the WRRVM model and the RVM model trained
by the four input features including buried depth of coal seam,
thickness of coal seam, lithology of roof, and ratio of sand and rock.

Figure 5: The comparison of the prediction values of mine gas
gushing between the WRRVM model and the RVM model trained
by the three input features including buried depth of coal seam,
thickness of coal seam, and ratio of sand and rock.

the three input features including buried depth of coal seam,
thickness of coal seam, and lithology of roof; Figure 5 gives
the comparison of the prediction values of mine gas gushing
between the WRRVM model and the RVM model trained by
the three input features including buried depth of coal seam,
thickness of coal seam, and ratio of sand and rock. Mean
percentage error has been used to measure the performance

of the proposed method in this paper. As the mean percentage
prediction error of mine gas gushing of the WRRVM model
is less than 1.5%, and the mean percentage prediction error of
mine gas gushing of the RVM model is more than 2.5%, it can
be seen that the prediction accuracy for mine gas gushing of
the WRRVM model is better than that of the RVM model.

4

4. Conclusion
A wavelet-based robust relevance vector machine based
on sensor data scheduling control for modeling mine gas
gushing forecasting is presented in the paper. Morlet wavelet
function can be used as the kernel function of robust
relevance vector machine. As the mean prediction error of
mine gas gushing of the WRRVM model is less than 1.5%, and
the mean prediction error of mine gas gushing of the RVM
model is more than 2.5%, it can be seen that the prediction
accuracy for mine gas gushing of the WRRVM model is better
than that of the RVM model. Therefore, the WRRVM model
is very suitable for mine gas gushing prediction.

Acknowledgments
The work is supported by the National Natural Science Foundation Project of NSFC (NSFC, 50804061), the Chongqing
Education Administration Program Foundation of China
(no. KJ120514), Chongqing Education Administration Program Foundation of China (no. KJ110513), and the Natural
Science Foundation Project of CQ CSTC (no. 2012BB3725).
This work was supported in part by the Foundation for
University Youth Key Teacher of Chongqing, Outstanding
Achievement Transformation Project of CQ CQJW (no.
KJzh10207). And special thanks are due to all who have
helped to make this study.

References
[1] J. Zhang, “The application of analytic hierarchy process in mine
gas prevention system,” pp. 1576–1584.
[2] R. Packham, Y. Cinar, and R. Moreby, “Simulation of an enhanced gas recovery field trial for coal mine gas management,”
International Journal of Coal Geology, vol. 85, no. 3-4, pp. 247–
256, 2011.
[3] W. Yang, B. Lin, C. Zhai, X. Li, and S. An, “How in situ stresses
and the driving cycle footage affect the gas outburst risk of
driving coal mine roadway,” Tunnelling and Underground Space
Technology, vol. 31, pp. 139–148, 2012.
[4] K. X. Wang, X. H. Fu, Y. A. Zhou, Y. HE, and H. Wu, “Dynamic
development characteristics of amounts of gas and levels of
pressure in the Pan-1 coal mine of Huainan,” Mining Science and
Technology, vol. 19, no. 6, pp. 740–744, 2009.
[5] W. Wang and J. Yan, “The geological factor analysis of influenced Tianchi coal mine gas occurrence,” Procedia Engineering,
vol. 45, pp. 317–321, 2012.
[6] L. Wang, Y. P. Cheng, L. Wang, P. K. Guo, and W. Li, “Safety line
method for the prediction of deep coal-seam gas pressure and
its application in coal mines,” Safety Science, vol. 50, no. 3, pp.
523–529, 2012.
[7] B. Lamrini, G. Della Valle, I. C. Trelea, N. Perrot, and G.
Trystram, “A new method for dynamic modelling of bread
dough kneading based on artificial neural network,” Food
Control, vol. 26, no. 2, pp. 512–524, 2012.
[8] E. K. Lafdani, A. M. Nia, and A. Ahmadi, “Daily suspended
sediment load prediction using artificial neural networks and
support vector machines,” Journal of Hydrology, vol. 478, pp. 50–
62, 2013.

Mathematical Problems in Engineering
[9] M. Khashei and M. Bijari, “A novel hybridization of artificial
neural networks and ARIMA models for time series forecasting,” Applied Soft Computing Journal, vol. 11, no. 2, pp. 2664–
2675, 2011.
[10] C. C. Chuang and Z. J. Lee, “Hybrid robust support vector
machines for regression with outliers,” Applied Soft Computing
Journal, vol. 11, no. 1, pp. 64–72, 2011.
[11] J. Park, I. H. Kwon, S. S. Kim, and J. G. Baek, “Spline regression based feature extraction for semiconductor process fault
detection using support vector machine,” Expert Systems with
Applications, vol. 38, no. 5, pp. 5711–5718, 2011.
[12] A. A. Ensafi, F. Hasanpour, T. Khayamian, A. Mokhtari, and M.
Taei, “Simultaneous chemiluminescence determination of thebaine and noscapine using support vector machine regression,”
Spectrochimica Acta A, vol. 75, no. 2, pp. 867–871, 2010.
[13] B. Apolloni, D. Malchiodi, and L. Valerio, “Relevance regression
learning with support vector machines,” Nonlinear Analysis,
Theory, Methods and Applications, vol. 73, no. 9, pp. 2855–2864,
2010.
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This paper discusses a novel training algorithm for a neural network architecture applied to time series prediction with smart
grids applications. The proposed training algorithm is based on an extended Kalman filter (EKF) improved using particle swarm
optimization (PSO) to compute the design parameters. The EKF-PSO-based algorithm is employed to update the synaptic weights
of the neural network. The size of the regression vector is determined by means of the Cao methodology. The proposed structure
captures more efficiently the complex nature of the wind speed, energy generation, and electrical load demand time series that are
constantly monitorated in a smart grid benchmark. The proposed model is trained and tested using real data values in order to
show the applicability of the proposed scheme.

1. Introduction
The limited existing reserves of fossil fuels and the harmful
emissions associated with them have led to an increased focus
on renewable energy applications in recent years. The first
steps on integrating renewable energy sources began with
hybrid wind and solar systems as complementing sources and
as a solution for rural applications and weak grid interconnections. Further research has implemented hybrid systems
including several small scale renewable energy sources as
solar thermal, biomass, fuel cells, and tidal power. Since the
production costs for photovoltaic and wind turbine applications have considerably reduced, they have become the
primary choice for hybrid energy generation systems. The
future of energy production is headed towards this scheme of
integration of renewable energy sources with existing conventional generation systems with a high degree of measurement, communications, and control. This integration is
defined as a smart grid. This new scheme increases the power
quality since the production becomes decentralized and is
the main reason for which institutions have increased the
research on this concept [1]. Microgrids integrate small scale

energy generation systems mainly from renewable energy
and implement complex control technologies to improve the
flexibility and reliability of the power system. The design of
these systems integrates a distributed power generation system and a management unit composed of a communication
network which monitor and controls the interconnection
between energy sources, storage devices, and electrical loads.
Among renewable energy sources, wind energy is the one
with the lowest cost of electricity production [2]. However, in
practice the integration of wind energy into the existing electricity supply system is a real challenge because its availability
mainly depends on meteorological conditions, particularly
on the magnitude of the wind speed, which cannot directly be
changed by human intervention. For this reason, it is
important to have a reliable estimation of wind velocity
and direction which directly affects the energy generation.
Integration of the forecast of wind speed and output power
is a good way to improve the performance in scheduling for
smart grids [3]. Wind prediction is not an easy task; the wind
has a stochastic nature with high rate of change. Wind speed
time series present highly nonlinear behavior with no typical
patterns and a weak seasonal character [4].

2
Several methods have been proposed to accomplish wind
characteristics forecasting like numerical weather prediction
systems, statistical approaches, and artificial neural networks
using feedforward or recurrent structures [2, 5–9]. In [6], a
linear-time-series-based model relating the predicted interval to its corresponding one and data covering a temporal
span of two years is developed. The statistical approaches
have the advantage of low cost since they only require
historical data; on the other hand, the accuracy of the
prediction drops for long time horizons. Artificial intelligence
methods are more suitable for short-term predictions; these
methods are based on time series historical data in order to
build a mathematical model which approximates the inputoutput relationship. Time-series-based models include the
autoregressive (AR) and the autoregressive moving average
(ARMA) models which predict the average wind speed for
one step ahead [9].
For wind generation systems, artificial neural networks
(ANN) have been considered as a convenient analysis tool
for wind energy systems forecasting and control applications
due to the simplicity of the model and the accuracy of the
results for nonlinear and stochastic models and have been
implemented in several practical applications [8]. In [10],
a merged neuro-fuzzy system is developed as a universal
approximator in order to estimate the state of charge in a
battery bank. For wind generation systems, ANN have been
considered as a convenient analysis tool for wind forecasting
due to the simplicity of the model and the accuracy of the
results.
In [8], a recurrent neural network is applied to forecast the
output power of wind generators based on wind speed prediction using one year of historical data achieving from hourahead to day-ahead predictions with errors ranging from 5%
for one hour horizon to 20% for one day ahead forecasting.
In [5], local recurrent neural networks are implemented to
forecast wind speed and electrical power in a wind park with
a seventy-two hour ahead forecast and obtaining a better
performance in comparison with static network approaches.
ANN have been previously implemented for wind power
short-term predictions, outperforming other classical methods due to the fast learning algorithm which enables on-line
implementations and the versatility to vary the prediction
horizon [7]. Due to their nonlinear modeling characteristics,
neural networks have been successfully applied in control
systems, pattern classification, pattern recognition, and time
series forecasting problems. There are several previous works
that use artificial neural networks to predict wind time series
[2, 4, 11]. The best well-known training approach for recurrent
neural networks (RNN) is the back propagation through time
[12]. However, it is a first-order gradient descent method, and
hence its learning speed could be very slow [13]. Another
well-known training algorithm is the Levenberg-Marquardt
one [14]; its principal disadvantage is that it is not guaranteed
that it will find the global minimum and its learning speed
could be slow too, and this depends on the initialization. In
past years, extended-kalman-filter- (EKF-) based algorithms
have been introduced to train neural networks [15, 16].
With the EKF-based algorithm, the learning convergence is
improved [13]. The EKF training of neural networks, both
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feedforward and recurrent ones, has proven to be reliable
for many applications over the past ten years [16]. However,
EKF training requires the heuristic selection of some design
parameters which is not always an easy task [11, 15].
During the past decade, the use of evolutionary computation in engineering applications has increased. Evolutionary algorithms apply adaptation and stochastically in
optimization problems in schemes such as evolutionary
programming, genetic algorithms, and evolution strategies
[17]. Particle swarm optimization (PSO) technique, which is
based on the behavior of a flock of birds or school of fish, is
a type of evolutionary computing technique [18]. The PSO
algorithm uses a population of search points that evolve in
a search space using a communication method to transfer
the acquired experience from best solutions. This algorithm
has several advantages like the simplicity of the updating
law, faster convergence time, and less complexity on the
reorganization of the population. The PSO methods also have
emerged as an excellent tool to improve the performance of
neural network learning process [19]. In [20], a PSO learning
rule for a neural network is implemented using FPGA for
dynamic system identification. In [21], the PSO algorithm is
extended to multiple swarms in a neuro-fuzzy network with
good results in forecasting applications. It has been shown
that the PSO training algorithm takes fewer computations
and is faster than the BP algorithm for neural networks to
achieve the same performance [18].
In this paper, we propose the use of PSO for tuning
the parameters of EKF training algorithm. This scheme is
a new one and is suitable for data modeling in smart grids
since the forecasting horizon satisfies the requirements for
several applications in the grid operation. The length of the
regression vector is determined using the Cao methodology
which is an improvement to the false neighbors approach
[22]. The applicability of this architecture is illustrated via
simulation using real data values for electric load demand
(ELD), wind speed (WS), and wind energy generation (WEG)
in order to show the potential applications in forecasting for
energy generation in smart grid schemes.
The remainder of the paper is organized as follows.
Section 2 is devoted to describing the neural model, based
on the recurrent multilayer perceptron (RMLP), where the
training phase relies on an extended Kalman filter which
is able to deal with the nonlinearity of the model, and the
initialization of the system is based on a particle swarm
optimization strategy. Section 3 reports the experimental
analysis of the proposed method applied to the problem of
predicting variables in smart grids. Finally Section 4 includes
the conclusions and future work.

2. Neural Identification
In this paper for the neural model identification, the recurrent
multilayer perceptron is chosen, and then the neural model
structure problem reduces to dealing with the following
issues: (1) selecting the inputs to the network and (2) selecting
the internal architecture of the network.
The structure selected in this paper is NNARX [14]
(acronym for neural network autoregressive external input);
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the output vector for the artificial neural network is defined
as the regression vector of an autorregressive external input
linear model structure (ARX) [15].
It is common to consider a general nonlinear system;
however, for many control applications it is preferred to express the model in an affine form, which can be represented
by the following equations:
𝑦 (𝑘 + 1) = 𝑓 (𝑦 (𝑘) , 𝑦 (𝑘 − 1) , . . . , 𝑦 (𝑘 − 𝑞 + 1)) ,

u(k)

Z −1
.
..

(1)

Z −1

where 𝑞 is the dimension of the regression vector. In other
words, a nonlinear mapping 𝑓 exists, for which the present
value of the output 𝑦(𝑘 + 1) is uniquely defined in terms of its
past values 𝑦(𝑘), . . . , 𝑦(𝑘 − 𝑞 + 1) and the present values of the
input 𝑢(𝑘).
Considering that it is possible to define
𝜙 (𝑘) = [𝑦 (𝑘) , . . . , 𝑦 (𝑘 − 𝑞 + 1)]

𝑇

𝑦 (𝑘 + 1) = 𝜑 (𝜙 (𝑘) , 𝑤∗ ) + 𝜀,

(3)

where 𝑤∗ is an ideal weight vector, and 𝜀 is the modeling error; such neural network can be implemented on predictor
form as
𝑦̂ (𝑘 + 1) = 𝜑 (𝜙 (𝑘) , 𝑤) ,

1
,
1 + exp (−𝛽𝜍)

𝛽 > 0,

(5)

where 𝜍 is any real value variable.
2.1. EKF Training Algorithm. Kalman filter (KF) estimates the
state of a linear system with additive state and output white
noise. Kalman filter algorithm is developed for a linear,
discrete-time dynamical system. For KF-based neural network training, the network weights become the states to be
estimated. Due to the fact that the neural network mapping
is nonlinear, an EKF type is required [15].
Consider a nonlinear dynamic system described by the
next model in state space
𝑤 (𝑘 + 1) = 𝑓 (𝑘, 𝑤 (𝑘)) + V1 (𝑘) ,
𝑦 (𝑘) = ℎ (𝑘, 𝑤 (𝑘)) + V2 (𝑘) ,

Z −1

(6)

where V1 (𝑘) and V2 (𝑘) are zero-mean, white noises with
covariance matrices given by 𝑄(𝑘) and 𝑅(𝑘), respectively.
𝑓(𝑘, 𝑤(𝑘)) denotes the nonlinear transition matrix function.

y(k)

y(k − n + 1)
RMLP
u(k)

̂ (k + 1)
y

u(k − n + 1)

Figure 1: Neural network structure.

The basic idea of the extended Kalman filter is to linearize
the state space model 4 at each time instant around the most
̂(𝑘). The training
recent state estimate, which is taken to be 𝑤
goal is to find the optimal weight values which minimize the
prediction error. The modified extended kalman filter (EKF)
algorithm is defined by
̂ (𝑘 + 1) = 𝑤
̂ (𝑘) + 𝐾 (𝑘) [𝑦 (𝑘) − 𝑦̂ (𝑘)] ,
𝑤
𝐾 (𝑘) = 𝑃 (𝑘) 𝐻𝑇 (𝑘) 𝑀 (𝑘) ,

(4)

where 𝑤 is the vector containing the adjustable parameters in
the neural network.
The neural network structure used in this work is depicted in Figure 1, which contains sigmoid units only in the
hidden layer; the output layer is a linear one. The used
sigmoid function 𝑆(⋅) is defined as a logistic one as follows:
𝑆 (𝜍) =

Z −1
.
..

(2)

which is similar to the regression vector of a ARX linear
model structure [14], then the nonlinear mapping 𝑓 can be
approximated by a neural network defined as

y(k)

System

(7)

𝑃 (𝑘 + 1) = 𝑃 (𝑘) − 𝐾 (𝑘) 𝐻 (𝑘) 𝑃 (𝑘) + 𝑄 (𝑘)
with
−1

𝑀 (𝑘) = [𝑅 (𝑘) + 𝐻 (𝑘) 𝑃 (𝑘) 𝐻𝑇 (𝑘)] ,
𝑒 (𝑘) = 𝑦 (𝑘) − 𝑦̂ (𝑘) ,

(8)

where 𝑒(𝑘) ∈ R is the respective approximation error, 𝑃 ∈
R𝐿×𝐿 is the prediction error associated covariance matrix at
step 𝑘, 𝑤 ∈ R𝐿 is the weight (state) vector, 𝐿 is the respective
number of neural network weights, 𝑦 is the system output, 𝑦̂ is
the neural network output, 𝐾 ∈ R𝐿 is the Kalman gain vector,
𝑄 ∈ R𝐿×𝐿 is the state noise associated covariance matrix, 𝑅 ∈
R is the measurement noise associated covariance, 𝐻 ∈ R
is a vector, in which each entry (𝐻𝑖𝑗 ) is the derivative of one
̂ with respect to one neural
of the neural network outputs, (𝑦),
network weight, and (𝑤𝑗 ) is defined as follows:
𝑇

𝐻𝑖𝑗 (𝑘) = [

𝜕𝑦̂ (𝑘)
]
,
𝜕𝑤𝑗 (𝑘) 𝑤 (𝑘)=̂
𝑤 (𝑘)
𝑖

(9)

𝑖

where 𝑖 = 1, . . . , 𝑚; 𝑗 = 1, . . . , 𝐿. Usually 𝑃, 𝑄, and 𝑅 are
initialized as diagonal matrices, with entries 𝑃(0), 𝑄(0), and
𝑅(0), respectively. It is important to note that for the EKF
training algorithm 𝑃(0), 𝑄(0), and 𝑅(0) are considered as
design parameters that are typically heuristically determined;
however, in this paper we propose the use of particle swarm
optimization for determining such parameters [15].

4
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2.2. PSO Improvement for EKF Training Algorithm. Particle
swarm optimization (PSO) is a swarm intelligence technique
developed by Kennedy and Eberhart in 1995 [23]. In fact, natural flocking and swarm social behavior of birds and insects
inspired the PSO. This technique has been used in several
optimization and engineering problems [2, 18, 24]. In the
basic PSO technique proposed by Kennedy and Eberhart [23],
a great number of particles move around in a multidimensional space and each particle memorizes its position vector
and velocity vector as well as the time at which the particle has
acquired the best fitness. Furthermore, related particles can
share data at the best-fitness time. The velocity of each particle
is updated with the best positions acquired for all particles
over iterations and the best positions are acquired by the
related particles over generations.
To improve the performance of the basic PSO algorithm,
some new versions of it have been proposed. At first, the concept of an inertia weight is developed to better control exploration and exploitation in [18, 25]. Then, the research done
by Clerc [26] indicated that using a constriction factor may be
necessary to insure convergence of the particle swarm algorithm. After these two important modifications in the basic
PSO, the multiphase particle swarm optimization (MPSO),
the particle swarm optimization with Gaussian mutation, the
quantum particle swarm optimization, a modified PSO with
increasing inertia weight schedule, the Gaussian particle
swarm optimization (GPSO), and the guaranteed convergence PSO (GCPSO) were introduced in [27], respectively.
In this paper, the algorithm proposed in [18] is used
in order to determine the design parameters for the EFKlearning algorithm. Initially, a set of random solutions or a
set of particles are considered. A random velocity is given to
each particle and they are flown through the problem space.
Each particle has a memory which is used to keep track of
the previous best position and corresponding fitness. The best
value of the position of each individual is stored as 𝑝𝑖𝑑 . In
other words, 𝑝𝑖𝑑 is the best position acquired by an individual
particle during the course of its movement within the swarm.
It has another value called the 𝑝𝑔𝑑 , which is the best value of
all the particles 𝑝𝑖𝑑 in the swarm. The basic concept of the
PSO technique lies in accelerating each particle towards its
𝑝𝑖𝑑 and 𝑝𝑔𝑑 locations at each time step. The PSO algorithm
used in this paper is defined as follows [18].
(1) Initialize a population of particles with random positions and velocities in the problem space.
(2) For each particle, evaluate the desired optimization
fitness function.
(3) Compare the particles fitness evaluation with the
particles 𝑝𝑖𝑑 and if the current value is better than the
𝑝𝑖𝑑 , then set 𝑝𝑖𝑑 value equal to the current location.
(4) Compare the best fitness evaluation with the population’s overall previous best. If the current value is
better than the 𝑝𝑔𝑑 , then set 𝑝𝑔𝑑 to the particle’s array
and index value.
(5) Update the particle’s velocity and position as follows.

The velocity of the 𝑖th particle of 𝑑 dimension is given
by
V𝑖𝑑 (𝑘 + 1) = 𝑐0 V𝑖𝑑 (𝑘) + 𝑐1 rand1 (𝑝𝑖𝑑 (𝑘) − 𝑥𝑖𝑑 (𝑘))
+ 𝑐2 rand2 (𝑝𝑔𝑑 (𝑘) − 𝑥𝑖𝑑 (𝑘)) .

(10)

The position vector of the 𝑖th particle of 𝑑 dimension
is updated as follows:
𝑥𝑖𝑑 (𝑘 + 1) = 𝑥𝑖𝑑 (𝑘) + V𝑖𝑑 (𝑘) ,

(11)

where 𝑐0 is the inertia weight, 𝑐1 is the cognition
acceleration constant, and 𝑐2 is the social acceleration
constant.
(6) Repeat step (2) until a criterion is met, usually a sufficiently good fitness or a maximum number of iterations or epochs.
In case the velocity of the particle exceeds 𝑉max (the
maximum velocity for the particles), then it is reduced to
𝑉max . Thus, the resolution and fitness of search depends on
the 𝑉max . If 𝑉max is too high, then particles will move in larger
steps and so the solution reached may not be as good as
expected. If 𝑉max is too low, then particles will take a long time
to reach the desired solution [18]. The above explained PSO
are very suitable models of noisy problems, as the one we are
considering.
2.3. Regressor Structure. We now discuss the choice of an appropriate number of delayed signals to be used in the training
phase; a wrong number of delayed signals, used as regressors,
could have a substantially negative impact on the training
process, while a too small number imply that essential
dynamics will not be modeled. Additionally, a large number
of regression terms increase the required computation time.
Also, if too many delayed signals are included in the regression vector, it will contain redundant information. For a good
behavior of the model structure, it is necessary to have both a
sufficiently large lag space and an adequate number of hidden
units. If the lag space is properly determined, the model
structure selection problem is substantially reduced. There
have been many discussions of how to determine the optimal
embedding dimension from a scalar time series based on
Takens’ theorem [22]. The basic methods, which are usually
used to choose the minimum embedding dimension, are (1)
computing some invariants on the attractor, (2) singular
value decomposition, and (3) the method of false neighbors.
However, a practical method to select the lag space is the one
proposed by Cao [22] to determine the minimum embedding
dimension; it overcomes most of the shortcomings of the
above mentioned methodologies, like high dependence from
design parameters and high computational cost, among
others [22]. Besides, it has several advantages: it does not
contain any subjective parameters except for the time-delay
embedding; it does not strongly depend on how many data
points are available; it can clearly distinguish deterministic
signals from stochastic signals; it works well for time series
from high-dimensional attractors, and it is computationally
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efficient. In this paper, this technique for determination of the
optimal regressor structure is used.
Let us consider a time series 𝑥1 , 𝑥2 , . . . , 𝑥𝑛 and define a set
of time-delay vectors as

𝑖 = 1, 2, . . . , 𝑁 − (𝑑 − 1) 𝜏,

Training
Real signal
9

(12)

where 𝑑 is the embedding dimension. This dimension is
determined from the evolution of a function 𝐸(𝑑) defined as
𝐸 (𝑑) =

𝑁−𝑑𝜏 
𝑦𝑖


1
∑
𝑁 − 𝑑𝜏 𝑖=1


(𝑑 + 1) − 𝑦𝑛(𝑖,𝑑) (𝑑 + 1)
,


𝑦𝑖 (𝑑) − 𝑦𝑛(𝑖,𝑑) (𝑑)

8
7
Neural signal
6
5
4

(13)

𝑖 = 1, 2, . . . , 𝑁 − 𝑑𝜏,
where 𝑛(𝑖, 𝑑) is an integer such that 𝑦𝑛(𝑖,𝑑) (𝑑) is the nearest
neighbor of 𝑦𝑖 (𝑑) [28]. The minimum embedding dimension
𝑑0 + 1 is determined when 𝐸(𝑑) stops changing for any 𝑑0 .

3. Simulation Results
In this section, two application examples to validate the
proposed PSO-EKF learning algorithm are presented. First,
the experimental analysis of the proposed method applied to
the problem of predicting the wind speed in order to compare
the performance with similar approaches [29] is discussed.
As a second test for the proposed method, the neural
predictor with data obtained for the microgrid in the UADY
School of Engineering is implemented in order to evaluate
the performance with time series of a different nature but
related with the energy production and demand in smart
grids.
3.1. Comparison of the PSO Algorithm for Wind Speed Forecasting. In order to evaluate the performance of the PSO
algorithm and compare with similar methods, a neural network predictor for wind speed is implemented, on the basis
of the proposed training algorithm. The proposed algorithm
requires the following methodology.
(1) Define the training set. Training is performed using
minute data from the first 3 hours from January 1,
2011 and the testing is performed using the 3 hours
subsequent to the data training. Experimental data is
taken from [30].
(2) Determine the optimal dimension of the regression
vector (1) for dataset of step (1).
(3) Select the neural structure to be used (4).
(4) Train the neural identifier.
(5) Validate the neural identifier using the testing data.
The neural network used is an RMLP trained with
an PSO-EKF, whose structure is presented in Figure 1; the
hidden layer has 5 units with logistic sigmoid activation
functions (5), whose 𝛽 is fixed in 1 and the output layer is composed of just one neuron, with a linear activation function.

Testing

10

Speed (m/s)

𝑦𝑖 = [𝑥𝑖 𝑥𝑖+𝜏 ⋅ ⋅ ⋅ 𝑥𝑖+(𝑑−1)𝜏 ] ,
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Figure 2: Identification performance for wind speed forecast.
Table 1: Mean value (𝜇) and standard deviation (𝜎) for identification
error.
𝜇
𝜎

PSO-EKF
−5.6693 × 10−6
0.0749

EKF
−1.2547 × 10−5
0.0807

LM
1.8354 × 10−4
0.0724

The initial values for the covariance matrices (𝑅, 𝑄, 𝑃) are
determined using the PSO algorithm, with 200 as the maximum number of iterations, 4 generations, 3 particles, and
𝑐1 = 𝑐2 = 0.1. The initial values for neural weights are
randomly selected. The length of the regression vector is 5
because that is the order of the system, which is determined
using the Cao methodology.
The training is performed offline, using a series-parallel
configuration; for this case the delayed output is taken from
the wind speed. The mean square error (MSE) reached in
training is 1.735×10−5 in 200 iterations and the mean absolute
relative error reached is 0.6912%. Besides, to measure the
performance of the neural network, the absolute relative error
(ARE) is calculated from
 𝑦 (𝑛) − 𝑦̂ (𝑛) 


ARE = 
 ,


𝑦 (𝑛)

(14)

̂ is the predicted wind speed time series achieved
where 𝑦(𝑛)
by the network. Simulation results are presented as follows:
Figure 2 displays the wind speed time series neural identification, Figure 3 includes the identification error (8), Figure 4
shows the time evolution of mean square error, and Figure 5
displays the absolute relative error obtained with (14).
Figure 6 depicts the comparison detail of the proposed
PSO-EKF training algorithm against the classical EKF one
and the well-known Levenberg-Marquardt one.
Table 1 includes a comparison between the proposed
PSO-EKF learning algorithm, the EKF one and the wellknown Levenberg-Marquardt (LM) one.
Results included in Table 1 show that the proposed
methodology leads to an improvement of the results. Therefore for the second example only PSO-EKF results are presented.
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Figure 4: Mean square error.

3.2. Forecasting Results for Smart Grid Variables. Due to
random variations in weather conditions, power generation
from renewable sources is constantly changing. Combining
the forecast of wind speed and output power is a good way
to improve the performance in scheduling of wind power [3].
Reliability is one of the most important factors in smart grid
operation, so constant monitoring and control is necessary to
achieve this goal. An accurate forecast can improve the performance of intelligent controllers and management systems
in the grid.
This project is implemented in the Mechatronics Building
of the UADY Faculty of Engineering using the data obtained
from a 10 kW wind turbine as shown in Figure 7. To characterize the energy consumption from the public grid a year
of data has been collected. To characterize the wind and solar
potential, irradiance and wind speed data are collected from
the meteorological station installed in the FI-UADY. The
statistical values obtained from a one-year analysis are
applied to train the neural predictor.
Figures 8, 10, and 12 display the computation of the
minimum embedding dimension for each one of the analyzed
time series. We select 6 regressors to be included in the neural

360

370
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390
Time (min)

400

410

420

Figure 6: Identification performance comparison for wind speed
forecast.

Figure 7: Wind turbines and photovoltaics modules in the FIUADY.
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Figure 11: Wind speed time series forecasting.

Figure 9: Electric load demand time series forecasting.

network input vector for the electrical load demand (ELD),
8 for wind energy generation (WEG), and 7 for the wind
speed (WS). To train the HONN for each variable, we kept the
following design parameters: 2 external inputs corresponding
to hours and days, 25 units in the hidden layer, 1 neuron in
the output layer, 300 iterations maximum, initial values for
synaptic weights randomly selected in the range, and MSE
required to end the training less than 1 × 10−4 . The training is
performed offline, using a parallel configuration; for this case
the delayed output is taken from the neural network output.
The initial values for the covariance matrices are for the electrical load demand (ELD) and for the wind speed (WS). The
data for the ELD is collected every 5 minutes and averaged
each 15 minutes, in the case of the WS wich is taken every
minute and without average; therefore, each variable is
plotted as a function of the sample. The data for the wind
energy generation (WEG) is collected every 18 minutes.
For the ELD, 765 are used as samples to accomplish the
network training. The data size to train the neural network
for WS forecasting is 715 samples. In order to verify if the
proposed scheme is adequate using less samples, 200 samples
are employed for the WEG and good results are obtained

using this reduced samples number, as exemplified by the
simulation results. The results for the ELD, WS, and WEG
time series forecasting are shown. As can be seen from
Figures 9, 11, and 13, the forecasting is successfully done with
a good prediction horizon.

4. Conclusions
This paper proposes the use of an RMLP trained with
a PSO-EKF learning algorithm, to predict minutely wind
speed with good results as shown in Table 1. The proposed
method has a compact structure but taking into account the
dynamic nature of the system where behavior is required to
be predicted. The proposed neural identifier proved in our
experiments to be a model that captures very well the
complexity associated with important variables in smart grids
operation. Future work on implementing higher order neural
networks aims for the design of optimal operation algorithms for smart grids composed of wind and photovoltaic
generation systems interconnected to the utility grid. This
management system can use the forecasting data to operate
the global system, fulfilling the load demand, minimizing the
power supplied by the utility grid, and maximizing the one
supplied by renewable sources.
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Figure 13: Wind energy generation forecasting.
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This paper proposed a new method for surface defect detection of photovoltaic module based on independent component analysis
(ICA) reconstruction algorithm. Firstly, a faultless image is used as the training image. The demixing matrix and corresponding
ICs are obtained by applying the ICA in the training image. Then we reorder the ICs according to the range values and reform the
de-mixing matrix. Then the reformed de-mixing matrix is used to reconstruct the defect image. The resulting image can remove the
background structures and enhance the local anomalies. Experimental results have shown that the proposed method can effectively
detect the presence of defects in periodically patterned surfaces.

1. Introduction
In recent years, developments in image processing, computer vision, artificial intelligence, and other related fields
have significantly improved capability of visual inspection
techniques. The objective of this paper is to explore and
research effective algorithms in automatic inspection system
of photovoltaic module defects.
Many products surfaces found in manufacturing have
regularly patterned surfaces and can be classified as structural textures in images. The automated visual inspection
in textured surfaces is then to detect small and ill-defined
defects that locally break the homogeneity of a texture
pattern. Numerous methods have been proposed to extract
textural features either directly from spatial domain or from
the spectral domain. The gray-level cooccurrence matrix
(GLCM) is one of the statistic methods in the spatial domain;
Zou et al. [1] present a method of Fuzzy Label Cooccurrence
Matrix (FLCM) set to detect defects of colour fabric, which
enhanced the computation performance in real-time application. Typically, the features in spectral domain are generally
less sensitive to noise than features in spatial domain due to
the relatively uniform representation in the spectral domain.
Techniques in the spectral domain extract textural features by

conducting frequency transforms such as Fourier transforms,
Gabor transforms, or wavelet transforms. Fourier transform
is a global method, which just depicts the spatial-frequency
distribution without regarding to the spatial domain information [2–4]. Gabor transform belongs to windowing Fourier
transform. Gabor function has well frequency description
capability, which is similar to biological effects of human
eye and can be used to extract the corresponding feature
from different size and different direction in frequency domain. Gabor filters extract features by filtering the textured
image with a set of Gabor filter banks characterized by the
frequency, the sinusoid orientation, and the Gaussian function scale. However, for Gabor transform is nonorthogonal,
redundancy exists in different feature components, which
results in computationally intensive in analyzing texture
image [5]. Recently, wavelet transform provides a convenient
way to obtain a multiresolution representation, from which
texture features are easily extracted. It has been a popular
alternative for the extraction of textural features and has
been successfully applied for texture segmentation and defect
detection [6].
In recent years, independent component analysis has
attracted a lot of attention in image processing applications.
The basic idea in the ICA model is to construct basis images

2
for a given image result in weighting components which
are mutually statistically independent [7]. ICA filters are
finite support filters whose size is determined by the size
of the image patches selected. They are data independent in
that they have been constructed from the available training
data. A few studies have also been reported in the use of
ICA for texture analysis. Sezer et al. [8] proposed an ICAbased defect detection method for textile fabric images.
The method makes use of independent component analysis
for feature extraction from the nonoverlapping subwindows
of texture images. Euclidean distance between the feature
obtained from average value of the feature of a defect free
sample and the feature obtained from one subwindow of
a test image is used to classify a subwindow as defective
or nondefective. Tsai and Lai [9] proposed a fast selfcomparison scheme for defect detection in structural surfaces
containing periodic complicated patterns. The scheme is
simply carried out by dividing a sensed line image into
two segments of equal length. An independent component
analysis model is proposed to obtain the demixing matrix
that can recover the translation between the two divided
segments. The normalized cross-correlation is adopted to
measure the similarity between two compared segments.
Experimental results have shown that the proposed selfcomparison scheme can effectively and efficiently detect
the presence of defects in periodically patterned surfaces.
Jenssen and Eltoft [10, 11] presented independent component
analysis of textured images as a computational technique for
creating a new data dependent filter bank for use in texture
segmentation.
At present, the researches mostly focus on sensory system, including scanning acoustic microscopy (SAM) [12],
optical transmission [13], ultrasound lock-in thermography
[14], luminescence [15, 16], and resonance ultrasound vibration [17]. The SAM [12] method of crack assessment is not
feasible for mass production of photovoltaic cells because the
time required to scan a 100 mm by 100 mm wafer is between
10 and 15 min. Additionally, the wafer has to be submerged
in a water bath or covered with a water droplet. However, this
approach does allow cracks as small as 5–10 lm to be detected.
The optical crack detection system utilizes the transmission of
a high intensity flashlight through the wafer and captures the
image with a CCD camera coupled with optical filters [13].
To decrease the long measurement periods, infrared- (IR-)
camera lifetime mapping/carrier density imaging (ILM/CDI)
has been introduced recently [14]. Using an IR camera (i.e.,
an array of IR detectors) sensitive in the wavelength range
between ∼3 and 8 𝜇m instead of a single detector reduces
the measurement period for a high-resolution mapping
from hours to minutes and sometimes even seconds. More
recently, camera-based photoluminescence imaging has been
introduced, which also allows a very fast imaging of silicon
wafers and solar cells at high resolution using a conventional
relatively cheap silicon CCD camera [15, 16]. Though luminescence methods are fast and non-destructive, other types
of defects such as surface scratches and dislocations may
interfere and misinterpret the crack identification.
This paper concentrates on research issues related to
defect classification in solar cell module and discussed the
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general methodology as well as specific examples of the
algorithms. The aim of this paper is to illustrate the potential
of ICA in solar cell module defects detection. In this study, the
proposed ICA-based method uses an image reconstruction
strategy to eliminate the repetitive structural pattern of a solar
cell surface.
The paper is organized as follows: in Section 2, firstly
the basic ICA model is overviewed, and then the ICA
model used for this paper is described in detail. Defect
reconstruction procedure using ICA is presented in Section 3.
Section 4 showed the experimental results and discussed the
performance of these algorithms; Section 5 summarizes the
results.

2. Methodology
2.1. Basic ICA Model. ICA has emerged as one powerful
solution to the problem of blind source separation and has
attracted broad attention.
We represent an image as a column vector 𝑋 =
[𝑥1 , . . . , 𝑥𝑀]𝑇 , which is modeled as linear combination of 𝑛dimensional variables 𝑠, as shown in (1):
𝑁

𝑋 = ∑𝑠𝑖 𝑎𝑖 = 𝐴𝑆.

(1)

𝑖=1

𝑆 = [𝑠1 , . . . , 𝑠𝑀]𝑇 (often described as independent components, ICs) is latent variables that cannot be directly observed,
where the basis function 𝑎𝑖 , 𝑖 = 1, . . . , 𝑁, are the columns of
the (𝑀 × 𝑁) matrix 𝐴. We usually assume 𝑆 is statistically
independent and the mixing matrix 𝐴 is unknown.
In order to learn the matrix 𝐴, we attempt to find a
linear transformation 𝑊 of the training data 𝑋, which yields
a vector
𝑊𝑋 = 𝑌,

(2)

which results in components of 𝑌 being as statistically
independent as possible. The vector 𝑌 is an estimate of 𝑆.
Matrix 𝐴 is found as the pseudoinverse of 𝑊.
There exist several iterative algorithms performing ICA.
In this research, we used FastICA algorithm proposed by
Hyvarinen according to the approximation negentropy.
2.2. Preprocessing. Before applying an ICA algorithm on the
images, it is usually very useful and necessary to do some
preprocessing. The most basic preprocessing is to make 𝑋
mean zero, by subtracting 𝑋 by its mean. This course is
called centering. Another useful preprocessing in ICA is to
make each image matrix unit covariance; this course is called
whitening. In this processing, 𝑋 is multiplied by 𝐸𝐷−1/2 𝐸𝑇 ,
where 𝐸 is the orthogonal matrix of eigenvectors of 𝐸(𝑋𝑋𝑇 )
and 𝐷 is the diagonal matrix of its eigenvalue.

3. ICA Reconstruction Used in
Defect Inspection
The detailed procedure of the proposed scheme is summarized as follows.
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Training
(1) Select a faultless image of size 256 × 256 as the training
image, and center and whiten the image.
(2) Compute the demixing matrix and independent components, using the fast-ICA algorithm.

Figure 1: A faultless solar cell image of size 40 × 967 pixels.

(3) Sort the ICs in decreasing order and reorder the ICs.
(4) Select the number of IC and the corresponding 𝑊𝑖 .
(5) Reform the demixing matrix 𝑊, and reconstruct the
image 𝑋.
Inspection
(6) Center and whiten the inspection image 𝑋𝐼 of size 𝑁×
𝑀.
(7) Reconstruct the inspection image 𝑋𝐼 .
(8) Binarize the reconstructed source image using the
control limits:
255 (faultless point) ,
{
{
{
{𝜇𝑖 − 𝑡 ⋅ 𝜎𝑖 < 𝑦𝑖𝑗 < 𝜇𝑖 + 𝑡 ⋅ 𝜎𝑖 , for 𝑖 = 1, 2, . . . , 𝑁;
𝑦𝑖𝑗 = {
{
𝑗 = 1, 2, . . . , 𝑀
{
{
0
(defective
point)
,
otherwise,
{
(3)
where 𝑦𝑖𝑗 is the gray level of image at coordinate (𝑖, 𝑗), 𝜇𝑖 and
𝜎𝑖 are the mean and standard deviations of the gray values in
the 𝑖th row of image, and 𝑡 is a control constant.
For each row image, 𝜇𝑖 − 𝑡 ⋅ 𝜎𝑖 and 𝜇𝑖 + 𝑡 ⋅ 𝜎𝑖 are the upper
and lower control limits of intensity, respectively.

4. Experimental Results and Analysis
The experiments were conducted on a Pentium 4 1.8 GHz
personal computer processor. The FastICA package is applied
to generate the demixing matrix of each training image.
4.1. Gray-Level Properties of Solar Cell Panel. A photovoltaic
module is the basic element of each photovoltaic system.
It consists of many jointly connected solar cells. The most
commercial crystalline modules consist of 36 or 72 cells. In
this paper, we have 72 cells. Every cell has size of 125 mm ×
125 mm; so the width of defect should be above 1.5 mm.
Solar cells are connected and placed between a Tedlar plate
on the bottom and a tempered glass on the top. Solar cells
are interconnected with thin contacts on the upper side of
the semiconductor material, which can be seen as a metal
net on the solar cells. The net must be as thin as possible
allowing a disturbance free incidence photon stream. Usually
a module is framed with an aluminum frame, occasionally
with a stainless steel or with a plastic frame. Figure 1 shows a
faultless solar module image in a coarse resolution of 40 ×
967 pixels. We can see that Figure 1 has structural texture
surfaces that involve only simple periodic patterns.
To further analyze the characteristics of solar cell images,
we show solar cell image in fine resolution. Figures 2(a),
2(b), and 2(c) show three 2D images that contain a particle

defect in different areas of solar cell in a fine resolution.
The line images in Figures 2(g)–2(i) are horizontal gray-level
profiles of defective regions in Figures 2(a)–2(c) and Figures
2(d)–2(f) horizontal gray-level profiles of faultless regions
corresponding to Figures 2(a)–2(c), respectively. A gray-level
profile in the pixel area has the most simple and regular
pattern, as seen in Figure 2(d). The pattern associated with
the particle defect in one period is different to some extent
from the normal one.
We can see that photovoltaic module image contains a
highly repetitive pattern in a very short period.
Consider a faultless training 2D image as a data matrix
for the ICA model. Each row vector of the matrix is treated as
an observed mixture signal. Then, each row vector of the estimated source matrix obtained from the ICA model represents
an independent source signal that descries a unique edge of
the patterned structure in the surface. All these independent
source signals compose the complete structure of a patterned
solar cell panel used in training.
4.2. IC Properties of Solar Module. As shown in Figure 1, it
contains 40 row images, each of size 1 × 967 pixels. By applying ICA to the image, 40 independent components, each of
size 1 × 967, can be obtained. Figure 3 depicts the profiles of
the resulting 40 ICs.
From Figure 3, we can see that some ICs include visible
spiky points while others just have flat profiles. The ICs with
spiky points can be used to represent the global structural
information of a patterned solar module image. Conversely,
the ICs with flat profiles can be used to represent the local
uniform information of a patterned solar module image.
When using ICA for defect detection, we can first identify the proper ICs that contain significant spiky points to
represent the main structure of the image. The corresponding
𝑊𝑖 of such identified ICs are then removed and replaced with
a specific Wk that shows the flattest IC profile to reform the
demixing matrix 𝑊. By using the reformed 𝑊 to reconstruct
the inspection image, the global background texture will be
removed and the local anomalies will be presented in the
reconstructed image.
The ICs can be taken as basis images to represent the
feature of the input image (the ICs of an image are well suited
to describe the local feature variation of the image). When
using a faultless patterned solar module image as an input
matrix to the ICA model, the profiles of ICs will either have a
flat structure or involve obvious spiky points.
4.3. ICA Reconstruction of Solar Module Image. Compute the
difference between max value and min value for each IC, and
then sort the ICs in decreasing order and reorder the ICs. The
new ICs are shown in Table 1.
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Figure 2: Gray profiles of solar cell panel.

Since ICA can only recover the source signals up to
permutation (and scaling), the order of the 40 ICs in Figure 4
does not correspond to the row sequence in the original
image 𝑋. It can be seen from Figure 4 that the profiles of
some ICs contain visible spiky points; for example, IC2 is one
of the examples. The ICs that contain obvious spiky points
compose the main structural pattern of the solar cell panel
image. It can also be found from Figure 3 that some ICs

have near uniform profiles; for example, IC12 is one of the
examples. Those ICs can be used to describe the uniform
(nonstructural) background of the solar cell image.
In this paper, symmetric fixed-point ICA algorithm with
tanh(𝑥) nonlinearity is used [15].
By means of ICA, hidden factors underlying the fabric
images data set are obtained. Sixteen ICs are used for the
analysis. This value is obtained by trial and error.
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IC1
IC3
IC5
IC7
IC9
IC11
IC13
IC15
IC17
IC19
IC21
IC23
IC25
IC27
IC29
IC31
IC33
IC35
IC37
IC39

5
IC2
IC4
IC6
IC8
IC10
IC12
IC14
IC16
IC18
IC20
IC22
IC24
IC26
IC28
IC30
IC32
IC34
IC36
IC38
IC40

Table 1: ICs value.
𝑅𝑖
16.2770
16.0817
15.5875
14.3378
14.0981
12.9055
12.8781
12.7694
12.4899
11.9651
11.2746
10.7203
10.6168
10.6159
10.4436
10.1953
10.0291
9.9173
9.5628
9.4935
9.4757
9.3286
9.1619
9.0582
8.8652
8.8194
8.7825
8.7541
8.5220
8.4803
8.4722
8.4665
8.4331
8.2911
8.1047
8.1013
8.0307
7.9053
7.8023
7.2717

Figure 4: Reconstruction of solar cell image using different numbers of ICs with obvious spiky points: (a) original gray-level profile
of the row image in Figure 6(a); (b)∼(d) reconstructed row images
using 10, 25, and 30 ICs, respectively.

IC
IC5(IC1  )
IC1(IC2  )
IC10(IC3  )
IC3(IC4  )
IC2(IC5  )
IC8(IC6  )
IC11(IC7  )
IC16(IC8  )
IC7(IC9  )
IC4(IC10  )
IC23(IC11  )
IC20(IC12  )
IC9(IC13  )
IC12(IC14  )
IC21(IC15  )
IC17(IC16  )
IC6(IC17  )
IC25(IC18  )
IC19(IC19  )
IC24(IC20  )
IC22(IC21  )
IC13(IC22  )
IC28(IC23  )
IC14(IC24  )
IC30(IC25  )
IC29(IC26  )
IC32(IC27  )
IC26(IC28  )
IC33(IC29  )
IC31(IC30  )
IC35(IC31  )
IC36(IC32  )
IC18(IC33  )
IC27(IC34  )
IC40(IC35  )
IC38(IC36  )
IC34(IC37  )
IC15(IC38  )
IC39(IC39  )
IC37(IC40  )

It can be seen that IC5 has the largest range value and
IC39 has the smallest range value. As mentioned in Table 1,
the selection number of the replaced ICs is 25, that is, IC1 ,
IC2 , . . ., IC25 , and the replacing IC is IC40 . Based on the
replaced ICs and the replacing IC, the demixing matrix 𝑊 is
reformed to a new demixing matrix 𝑊∗ .
Figures 4 and 5 show the gray-level profiles of reconstruct
defective image and faultless image using the new demixing
matrix, respectively. It can be observed that the profile of the
reconstructed row image gets closer to that of the original row

image as the number of spiky ICs is increased. Note that 25
out of a total of 40 ICs are enough to reconstruct the main
structure of the original row image, as shown in Figures 4 and
5.
Figure 6 shows the typical samples of solar cell module.
Figure 7 shows the reconstructed images by using the newly

Figure 3: The profiles of the resulting 40 ICs.

(a) Gray-level profiles

(b) 𝑔 = 10

(c) 𝑔 = 25

(d) 𝑔 = 30
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(a) Gray-level profiles

(b) 𝑔 = 10

(c) 𝑔 = 25

(d) 𝑔 = 30

Figure 5: Reconstruction of solar cell image using different numbers of ICs with obvious spiky points: (a) original gray-level profile of the
row image in Figure 5(a); (b)∼(d) reconstructed row images using 10, 25, and 30 ICs, respectively.

(a) Hole

(b) Sintering

(c) Crack

(d) Cobwebbing

Figure 6: Typical samples.

(a) Hole

(b) Sintering

(c) Crack

(d) Cobwebbing

Figure 7: Reconstruction results using ICA.
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Figure 8: Binary results.

reformed demixing matrix to reconstruct the test images in
Figure 6, and Figure 8 shows the binary results. We can see
that, for defective images, the background texture is effectively eliminated and defects are well segmented. For the faultless
image, the resulting binary image is uniformly white and no
defect is claimed.
If the gray value 𝑘 falls with the control limits, it is classified as a faultless point of the inspection surface. Otherwise, it
is classified as a defective point. The constant t is taken by 2.5
here.

5. Conclusions
In this study, an ICA-based system for inspection of photovoltaic module defects was developed. A photovoltaic module
consists of many jointly connected solar cells, so it can be
processed as repetitive patterns. A faultless image is used as
the training image. The demixing matrix and corresponding
ICs are obtained by applying the ICA in the training image.
Then we re-order the ICs according to the range values and
reform the demixing matrix. Then the reformed demixing
matrix is used to reconstruct the defect image. The resulting
image can remove the background structures and enhance
the local anomalies. Experimental results have shown that
the proposed method can effectively detect the presence
of defects in periodically patterned surfaces. This method
correctly locates the position of defects but does not reflect
the true shape of the defects, and the length of defect size is
above 1.5 mm.
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Assessment of credit risk is of great importance in financial risk management. In this paper, we propose an improved attribute
bagging method, weight-selected attribute bagging (WSAB), to evaluate credit risk. Weights of attributes are first computed using
attribute evaluation method such as linear support vector machine (LSVM) and principal component analysis (PCA). Subsets of
attributes are then constructed according to weights of attributes. For each of attribute subsets, the larger the weights of the attributes
the larger the probabilities by which they are selected into the attribute subset. Next, training samples and test samples are projected
onto each attribute subset, respectively. A scoring model is then constructed based on each set of newly produced training samples.
Finally, all scoring models are used to vote for test instances. An individual model that only uses selected attributes will be more
accurate because of elimination of some of redundant and uninformative attributes. Besides, the way of selecting attributes by
probability can also guarantee the diversity of scoring models. Experimental results based on two credit benchmark databases show
that the proposed method, WSAB, is outstanding in both prediction accuracy and stability, as compared to analogous methods.

1. Introduction
The assessment of credit risk has become increasingly crucial
for financial institutions because high risks associated with
inappropriate credit decisions may result in great losses [1]. In
the latest financial crisis, many financial institutions suffered
heavy losses from numerous customers’ defaults on loans.
Therefore, effective methods for evaluating credit risk are
needed to help financial institutions to avoid losses [2]. The
objective of credit scoring is to assign credit applicants to
either a “good credit” group with high possibility to repay
their financial obligation or a “bad credit” group with high
possibility to default on their financial obligation. When
considering the application for a large loan, the lender tends
to evaluate the risk by a loan officer or even a committee to
investigate the applicant in detail. Nevertheless, with the rapid
growth and increasing competition in credit industry, it is
necessary to perform fast automatic decisions on credit risk
evaluations for financial institutions, especially when facing
millions of applications for credit cards or consumer loans
simultaneously. This demand leads to the birth of quantitative
credit scoring method.

Quantitative credit scoring has gained more and more
attention in recent years because an improvement in accuracy, even a fraction of a percent, can translate into significant
future savings for the credit institutions [3]. Quantitative
credit scoring models are developed based on the observations of historical data including income, age, and profession
for good and bad examples, respectively. An excellent model
should allow accurate classification of new applicants as good
or bad.
Numerous models have been developed to evaluate
consumer loans and improve credit scoring accuracy [4].
Initially, some statistical techniques are widely used to build
credit scoring models such as linear discriminate analysis
(LDA) [5] and logistic regression (LR) [6]. Although the
two methods are relatively simple and explainable, the ability
to discriminate good credit applicants from bad ones is
still disputed. LDA is criticized because it needs a strong
hypothesis such as the categorical property of the data
and the variance homogeneity. In reality, the covariance
matrices of good credit data are considerably distinct from
those of bad credit data. Besides, both LDA and LR are
linear classifiers, such that they are not suitable for complex
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nonlinear classification problems featured in credit scoring.
In recent years, some new methods from the field of artificial
intelligence have also been applied to the credit scoring,
such as decision trees [7, 8], k-nearest neighbor (KNN) [9],
artificial neural networks [10, 11], genetic algorithms [12–14],
genetic programming [15, 16], artificial immune algorithms
[17], and support vector machines (SVM) [18, 19]. Among
these artificial intelligence methods, decision trees, artificial
neural networks, and support vector machines are generally
regarded as the most efficient individual models [20]. Furthermore, in order to improve the prediction accuracy and
overcome the shortcoming of individual scoring model, twostage scoring models [16, 21], hybrid scoring models [22, 23]
and ensemble scoring models [20, 24] are also introduced.
Experimental results show that these models perform better
than individual classifiers.
Ensemble learning that combines outputs from multiple
individual classifiers is one of the most important techniques
for improving classification accuracy in machine learning
[25, 26]. For example, an ensemble of multiple least square
SVMs can obtain higher accuracy than the individual least
square SVM in credit scoring and bankruptcy prediction
[24]. Among ensemble learning models, bagging (short for
“bootstrap aggregating”) and boosting are two kinds of
popular and widely used methods. Standard bagging (SB)
[27, 28] is based on data partitioning which produces k
working sets, each one with the same size as the original
training set through randomly sampling from the original
training set with replacement. Then, each working set is used
to train a child classifier independently. During test phase, a
test instance is evaluated by all child classifiers simultaneously
and a collective decision is obtained based on some aggregation strategy. Boosting [25, 26, 29] is also based on data
partitioning. Boosting produces a series of child classifiers,
and the training dataset of each child classifier is generated
according to the classification errors of previously created
child classifiers. Test examples are classified by combining
the predictions of all child classifiers according to a special
aggregation strategy. AdaBoost is the most frequently used
boosting method [25, 26].
Theoretical and experimental results suggest that combining classifiers can give effective improvement in accuracy
if classifiers within an ensemble are not correlated with
each other [30, 31]. One of the most effective methods of
achieving such independence is to train the members in
the ensemble by using different attribute subsets [32]. In
other words, attribute partitioning methods can obtain better
performance than data partitioning methods in ensemble
learning [30]. Ensemble learning methods based on attribute
partitioning are called as attribute bagging (AB) and have
been investigated in many publications [33, 34]. Also, some
AB models have been used to construct credit scoring systems
and show promising results [35, 36].
For attribute bagging models, the selection of optimal
attribute subsets plays an important role. Usually, attributes
are selected randomly to construct attribute subsets. This
method is called randomly selected attribute bagging (RSAB)
[30]. However, RSAB has a deficiency that elements of some
attribute subsets may contribute little to classification. The
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individual classifiers trained by such subsets perform badly
in terms of accuracy. These individual classifiers lead to bad
bagging results.
To overcome the shortcomings of RSAB, we propose a
new attribute ensemble learning method, namely, weightselected attribute bagging (WSAB). WSAB is based on the fact
that some attributes are more important for the classification
problem than others [37, 38]. Therefore, the more important
attributes should appear more frequently in attribute subsets
of AB model so as to guarantee that all individual classifiers
perform well. In order to achieve this, the probabilities of
the important attributes to be selected into attribute subsets
should be larger than those of the unimportant attributes.
Besides, the individual classifier that uses only a subset of
original attributes will become more accurate after eliminating some redundant and uninformative features. On the other
hand, given a certain size of attribute subsets (smaller than
the total number of original attributes), selecting attributes by
probability can result in some differences between different
attribute subsets. Therefore, the diversity between different
classifiers in an ensemble can be ensured. In other words, the
WSAB can still keep the independence to some extent among
different classifiers.
The implementation of the WSAB model contains two
phases. In the first phase, weights of attributes need to
be calculated using some attribute evaluation method. The
weight w𝑖 expresses the importance extent of the ith attribute
for a given classification problem. In the second phase, an
appropriate attribute subset size is firstly decided. Then,
weights of attributes are used to construct attribute subsets
such that the attributes with the larger weights will be
selected into attribute subsets with the larger probability.
In this way, attribute subsets contain the attributes that are
important to classification, with the large probability, so that
the accuracy of individual classifiers can be guaranteed. Then,
like normal attribute bagging (AB), projections of training
examples onto every attribute subset are created, respectively.
Individual classifiers are trained based on every projection,
and test instances are classified by combining the predictions
of all individual classifiers according to a specific aggregation
strategy, usually voting by majority. This paper attempts to
introduce the WSAB model to solve credit scoring problem.
Experimental results, based on two credit datasets from the
UCI (University of California, Irvine, CA, USA) Machine
Learning Repository [39], show that the WSAB is outstanding
in both the prediction accuracy and stability, compared with
RSAB, SB, AdaBoost, and single classifier.
The rest of this paper is organized as follows. The related
research work is reviewed in Section 2. The WSAB model
is described in Section 3. Subsequently, experimental results
and empirical analysis are given in Section 4. The last section
concludes this paper and addresses the future research task.

2. Related Work
2.1. Data Partitioning Ensemble Methods. Bagging [27] is a
kind of important ensemble learning methods for improving
prediction accuracy in machine learning. Standard bagging
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(SB) is based on data partitioning. Given a training set S
with size n, training examples are randomly sampled with
replacement to generate m new sample subsets 𝑆1 , 𝑆2 , . . . , 𝑆𝑚 ,
each with the same size as the original training set. Due
to sampling with replacement, some training instances may
be repeated several times in a new training set, and also
some may not appear at all. Then, standard bagging trains
m models, 𝑀1 , 𝑀2 , . . . , 𝑀𝑚 , based on m training subsets,
respectively. For a test instance, the final result is obtained
via combining the outputs of m models by a specific strategy
(voting for classification or averaging for regression). According to theoretical and empirical results, standard bagging can
give a significant improvement in classification accuracy as
well as stability [24]. In standard bagging, each classifier may
be less accurate than the classifier using all training examples.
However, after these classifiers are combined, the ensemble
result is more accurate than the single classifier using all
training samples. The diversity among individual classifiers
compensates for the accuracy loss of individual classifiers in
ensemble and hence improves prediction performance.
Boosting [29] is another effective method to improve the
accuracy of any given learning algorithm. Boosting produces
a series of classifiers, and the training dataset of each classifier
is generated based on the accuracy of previously created
classifiers. The samples misclassified by previously created
classifiers will have larger probability to be selected into
the new training dataset. By doing this, the new classifier
can pay more attention to the samples that are difficult for
previously created classifiers. Boosting can be implemented
in several different ways. Arcing [28] and AdaBoost [40] are
two important representatives. In Arcing, the classifiers’ votes
are weighted equally, while AdaBoost weights the predictions
based on classifiers’ training accuracies. It is noted that the
effectiveness of boosting depends more on the data set than
on base classifiers. Though boosting can significantly improve
performance of weak classifiers, the ensemble is easy to focus
on several special training examples that are difficult to be
classified. Therefore, boosting is not stable.
Standard bagging and AdaBoost do not need too many
rounds in training. Experimental results [34] show that the
improvement of the performance of the learning model
occurs often in the first several rounds.
2.2. Attribute Partitioning Ensemble Methods. Compared to
data partitioning ensemble methods, attribute partitioning
ensemble methods can make individual classifiers within an
ensemble more “independent” [32] and then can obtain better
effectiveness [30].
The bagging method based on attribute partitioning can
be called attribute bagging (AB). The AB method generates
attribute subsets through selecting attributes from the whole
attribute set without replacement. Then, projections of training examples onto attribute subsets are created. Each child
classifier is trained based on each projection, respectively,
and all child classifiers are aggregated by some combination
strategy. During the test phase, a test instance is fed to all child
classifiers simultaneously and a collective decision is obtained
based on the aggregation strategy. In conventional attribute
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bagging methods, attribute subsets are generated through
randomly selecting attributes from the whole attribute set.
This method is called randomly selected attribute bagging
(RSAB). For RSAB, all attributes have the same probability
to be selected into one attribute subset. However, some
attributes are very important but the others are not important
for classification problems. As mentioned before, RSAB has a
deficiency that some attribute subsets may only contain the
attributes that contribute less to classification. Such classifiers
are prone to resulting in bad bagging results.
To overcome the deficiency of RSAB, some optimization
methods are used to select optimal attribute subsets. GuerraSalcedo and Whitley use a genetic algorithm (GA) to explore
the space of all possible feature subsets [41]. Their experiments compare two data partitioning ensemble methods
including bagging and AdaBoost with three different AB
models: complete, random and genetic, search. Experimental
results show that attribute subsets selected by GA perform
best, followed by RSAB. Optiz also uses GA to search for
attribute subsets for ensembles [33], and experimental results
also demonstrate the fact that genetic ensemble feature
selection (GEFS) performs better than standard bagging
(SB) and AdaBoost. However, using GA to select attribute
subsets is very computationally intensive, and GA needs
to evaluate each classifier after combining two objectives—
accuracy and diversity in a subjective manner. Another
method of selecting optimal attribute subsets for ensemble
is proposed by Bryll et al. [30]. They only used the best
random attribute subsets for voting. Their experiments show
that ranking attribute subsets by classification accuracy and
then only using the best subsets further improve the classification performance of ensemble. However, to determine
which individual classifier is more accurate is very difficult
because test dataset is not known beforehand. Besides, only
using the best classifiers to perform ensemble may reduce
the diversity among classifiers. Therefore, it is difficult to
reach a balance between accuracy and diversity of individual
classifiers.

3. Weight-Selected Attribute Bagging (WSAB)
3.1. Evaluating Weights of Attributes. In the first phase of
WSAB modeling, weights of attributes need to be computed
using attribute (or feature) evaluation method. In practice,
many methods can be used to obtain weights of attributes
such as linear SVM (LSVM), principal component analysis (PCA), correlation analysis, F-score model, LDA, and
multivariate adaptive regression splines (MARS). Different
approaches to decide weights of attributes are of different
characteristics. In this paper, we attempt to employ LSVM
and PCA, respectively, to evaluate weights of attributes.
3.1.1. Evaluating Weights of Attributes via LSVM. The SVM,
proposed by Vapnik [42], is based on the statistical learning
theory and has showed state-of-the-art performance for
many classification problems. Basic SVM is designed to solve
binary classification problems and implements the structural
risk minimization theory by seeking a maximum-margin
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Kuhn-Tucker (KKT) condition, 𝐿 𝑝 is transformed to the dual
Lagrangian 𝐿 𝐷(𝛼):
𝑛

Max 𝐿 𝐷 (𝛼) = ∑ 𝛼𝑖 −
𝛼

𝑖=1

1 𝑛
∑ 𝛼 𝛼 𝑦 𝑦 (𝑥𝑇 ⋅ 𝑥𝑗 ) ,
2 𝑖,𝑗=1 𝑖 𝑗 𝑖 𝑗 𝑖

subject to: 0 ≤ 𝛼𝑖 ≤ 𝐶,

(4)

𝑖 = 1, 2 . . . , 𝑛,
𝑛

∑ 𝛼𝑖 𝑦𝑖 = 0.
𝑖=1

The solution 𝛼∗ = (𝛼1∗ , 𝛼2∗ , . . . , 𝛼𝑛∗ )𝑇 can be obtained by
solving this quadratic optimization problem. Those {𝑥𝑖 }
corresponding to nonzero 𝛼𝑖∗ are called support vectors. The
parameters 𝑤∗ and 𝑏∗ of the optimal hyperplane can be
obtained as follows:
Figure 1: A linear SVM in 2-dimensional space with a maximummargin hyperplane.

𝑁𝑠

𝑤∗ = ∑ 𝛼𝑖∗ 𝑦𝑖 𝑥𝑖 ,
𝑖=1

hyperplane between positive examples and negative examples
in original space (linear SVM) or a high-dimensional feature
space (nonlinear SVM with kernel trick). Figure 1 illustrates
a linear SVM in two-dimensional space, where the examples
on the boundary (two dashed lines with a maximum margin
between two classes) are called support vectors, and the
middle thick real line between these two dashed lines is the
separator. An interesting result is that SVM can only use
support vectors (a fraction of the set of all training examples)
to form sparse solution and, thereby, has a fast classification
speed.
Assume that there exists a training example set 𝑆 =
{(𝑥1 , 𝑦1 ), (𝑥2 , 𝑦2 ), . . . , (𝑥𝑛 , 𝑦𝑛 )}, where 𝑥𝑖 ∈ 𝑅𝑑 , 𝑦𝑖 ∈ {−1, +1},
and 𝑦𝑖 represents class labels of training examples 𝑥𝑖 , 𝑖 =
1, 2, . . . , 𝑛. For seeking the maximum-margin hyperplane 𝑦 =
𝑤𝑇 ⋅ 𝑥, the optimization objective of SVM is to minimize
1
𝐹 (𝑤, 𝜉𝑖 ) = (𝑤𝑇 ⋅ 𝑤) + 𝐶 ∑ 𝜉𝑖 ,
2
𝑖

(1)

subject to the constraints
𝑦𝑖 (𝑤𝑇 ⋅ 𝑥𝑖 + 𝑏) ≥ 1 − 𝜉𝑖 ,

𝜉𝑖 ≥ 0, 𝑖 = 1, 2, . . . , 𝑛,

(2)

where C is a penalty factor. To solve this quadratic optimization problem, we need to find the saddle point of the Lagrange
function:
𝐿 𝑝 (𝑤, 𝑏, 𝛼) =

𝑛
1 𝑇
𝑤 ⋅ 𝑤 + 𝐶 ∑ 𝜉𝑖
2
𝑖=1
𝑛

𝑛

𝑖=1

𝑖=1

− ∑ 𝛼𝑖 [𝑦𝑖 (𝑤𝑇 ⋅ 𝑥𝑖 + 𝑏) − 1 + 𝜉𝑖 ] − ∑ 𝛽𝑖 𝜉𝑖 ,
(3)
where 𝛼𝑖 , 𝛽𝑖 are Lagrange multipliers and 𝛼𝑖 ≥ 0, 𝛽𝑖 ≥ 0. By
differentiating with respect to w and b, and using the Karush

∗

𝑏 = 𝑦𝑖 −

(5)

𝑁𝑠

∑ 𝛼𝑖∗ 𝑦𝑖
𝑖=1

(𝑥𝑖𝑇

⋅ 𝑥𝑗 ) ,

where 𝑁𝑠 denotes the total number of support vectors.
Then, the optimal hyperplane decision function 𝑓(𝑥) =
𝑇
sgn((𝑤∗ ⋅ 𝑥) + 𝑏∗ ) can be written as
𝑁𝑠

𝑓 (𝑥) = sgn (∑ 𝑦𝑖 𝛼𝑖∗ (𝑥𝑖𝑇 ⋅ 𝑥) + 𝑏∗ ) .

(6)

𝑖=1

SVM with linear kernel can be used to evaluate the
weights of attributes. The decision function can be rewritten
as
𝑇

𝑓 (𝑥) = sgn (𝑤∗ ⋅ 𝑥 + 𝑏∗ ) .

(7)

According to [43], the vector 𝑤∗ = (𝑤1 , 𝑤2 , . . . , 𝑤𝑑 )𝑇
can be used as weights of attributes, where d represents
the total number of attributes. LSVM categorizes new data
instances by testing whether the linear combination of the
components of the vector 𝑥𝑖 = (𝑥𝑖1 , 𝑥𝑖2 , . . . , 𝑥𝑖𝑑 )𝑇 , 𝑤1 𝑥𝑖1 +
𝑤2 𝑥𝑖2 + ⋅ ⋅ ⋅ + 𝑤𝑑 𝑥𝑖𝑑 , is above or below some threshold –𝑏∗ .
It is easy to find that the larger the |𝑤𝑗 | the larger the impact
of the corresponding jth attribute on the linear combination
𝑤1 𝑥𝑖1 + 𝑤2 𝑥𝑖2 + ⋅ ⋅ ⋅ + 𝑤𝑑 𝑥𝑖𝑑 . This means that the final
classification result is sensitive to the jth attribute, and then
the jth attribute can be considered as being important for
classification problem.
Attribute (or feature) evaluating using LSVM has a strict
theoretical foundation [43]. Obviously, an attribute is considered as being important if it significantly influences the width
of the margin between two classes. According to the theory
of SVM, the margin is inversely proportional to the length
‖𝑤‖ of w. For the solution 𝑤 = ∑𝑖 𝛼𝑖 𝑦𝑖 𝑥𝑖 obtained by linear
SVM (for the convenience of expression, the stars above w
and 𝛼𝑖 are omitted), ‖𝑤‖2 can be regarded as a function of the
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training vectors 𝑥1 , 𝑥2 , . . . , 𝑥𝑁𝑠 , where 𝑥𝑖 = (𝑥𝑖1 , 𝑥𝑖2 , . . . , 𝑥𝑖𝑑 ),
and thus the influence of feature j on ‖𝑤‖2 can be evaluated
via absolute values of partial derivatives of ‖𝑤‖2 with respect
to 𝑥𝑖𝑗 . This approach can provide an approximate analysis on
importance extent of attributes although it neglects the fact
that the values of the multipliers 𝛼𝑖 will change with training
vectors changing [43].
For linear SVM, it turns out that


 𝜕‖𝑤‖2 
 = 𝑘 𝑤𝑗  ,
∑ 

 

𝑖  𝜕𝑥𝑖𝑗 

(8)

where the sum is over all support vectors and k is a constant
independent of j. Thus, the attributes with the higher |𝑤𝑗 |
are of the more important role in determining the width of
the margin. Intuitively, this type of feature weighting seems
to be appealing because features with small value of |𝑤𝑗 |
do not have large influence on the output of SVM. Thus,
these features can be considered as being unimportant for
classification.
Support vector machine is based on the structural risk
minimization theory and is an outstanding classification
method. Meanwhile, the credit scoring problem is also a
classification problem in essence. Hence, it is natural and
reasonable that linear support vector machine is adopted to
evaluate weights of attributes. In other words, the weights
decided by LSVM are closely related to classification ability
of classifiers.
3.1.2. Evaluating Weights of Attributes via PCA. As an alternative method, PCA is also used to evaluate weights of
attributes in this paper. The main idea of PCA is to find
the principal directions which best describe the distribution
of credit samples within the entire credit sample space. The
original variables are transformed to a set of new variables
which are uncorrelated with each other and can be ranked
from large to small in terms of variance such that the first
several variables retain most of the variation in the entire
original data.
Considering the set 𝑆 = {𝑥1 , 𝑥2 , . . . , 𝑥𝑛 }, which
only contains input vectors of training examples in 𝑆 =
{(𝑥1 , 𝑦1 ), (𝑥2 , 𝑦2 ), . . . , (𝑥𝑛 , 𝑦𝑛 )}. The vectors in 𝑆 are centered
by 𝑐𝑖 = 𝑥𝑖 − 𝑎, where 𝑎 = (1/𝑛) ∑𝑛𝑖=1 𝑥𝑖 , and then principal
component analysis is performed to seek 𝑑 orthonormal vectors, 𝑢𝑘 (𝑘 = 1, 2, . . . , 𝑑), which best describe the distribution
of original data. The kth vector, 𝑢𝑘 , is chosen such that
𝜆𝑘 =

1 𝑛 𝑇 2
∑ (𝑢 𝑐 )
𝑛 𝑖=1 𝑘 𝑖

(9)

is maximized, subject to
1,
𝑢𝑔𝑇 𝑢𝑘 = 𝛿𝑔𝑘 = {
0,

if 𝑔 = 𝑘,
otherwise.

(10)

Thus, the vectors 𝑢𝑘 and the scalars 𝜆 𝑘 are the eigenvectors
and the eigenvalues, respectively, of the covariance matrix
𝐶=

1 𝑛 𝑇 1
∑ 𝑐 𝑐 = 𝐴𝐴𝑇 ,
𝑛 𝑖=1 𝑖 𝑖
𝑛

(11)

where 𝐴 = [𝑐1 , 𝑐2 , . . . , 𝑐𝑛 ].
The eigenvectors can be ranked via their corresponding
eigenvalues from large to small to reflect their importance
extent in characterizing the variation of original data. These
eigenvectors span a new space, and all training samples are
projected into the new space.
An example 𝑥 is transformed to V = (V1 , V2 , . . . , Vℎ ) in the
new space by the following operation,
V𝑘 = 𝑢𝑘𝑇 (𝑥 − 𝑎) ,

𝑘 = 1, 2, . . . , ℎ,

(12)

where h is the total number of the reserved eigenvectors.
The eigenvalue 𝜆 𝑘 is the variance of original data in
the direction of the eigenvector 𝑢𝑘 and hence reflects the
capability of the kth attribute in the new space in describing
original data. As such, 𝛼𝑘 = 𝜆 𝑘 / ∑ℎ𝑖=1 𝜆 𝑖 can be defined as the
importance percentage of the kth attribute in the new space.
PCA and LSVM provide two different ways of evaluating
weights of attributes. LSVM method selects attributes in the
original space while PCA method selects attributes in the
transformed feature space. Additionally, weights of attributes
decided by LSVM reflect the classification ability of the
corresponding attributes, and those obtained by PCA reflect
the description capability for original data distribution.
3.2. Weight-Selected Attribute Bagging. After obtaining
weights of attributes, we can select attributes based on probabilities decided by weights of attributes and train multiple
classifiers using different attribute subsets, respectively, to
perform attribute bagging.
The essence of weight-selected attribute bagging (WSAB)
lies in the way of selecting attributes for each individual classifier in an ensemble (bagging). Concretely speaking, weights
of attributes are used to construct many different attribute
subsets such that the attributes with the larger weights have
the larger probabilities to be selected into each attribute
subset. The selection of attributes for each single attribute
subset does not permit repetition of attributes that is, there
are no repeated attributes in each attribute subset, but the
same attributes can be chosen into different attribute subsets.
Thus, the subsets containing unimportant features only can
be avoided with a larger probability, compared to randomly
selected attribute bagging (RSAB), so that the classification
accuracies of individual classifiers can be guaranteed. On the
other hand, the diversity of individual classifiers can be still
ensured because attributes are chosen by probabilities and
there exist differences among different attribute subsets.
Subsequently, like standard attribute bagging (AB), projections of training examples onto these attribute subsets are
created. Individual scoring models are trained based on each
projection, respectively, and all individual scoring models are
aggregated by a specific strategy for test instances.
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The appropriate size of attribute subset can be determined
by cross-validation technique. The original training set is
divided into two parts—a new training set and a validation
set. With the attribute subset size changing from 1 to 𝑑
(weights are decided by linear SVM) or ℎ (weights are decided
by PCA), 𝑑 (or ℎ) WSAB models with different attribute
subset sizes are created, respectively. Then, the validation set
is used to test these WSAB models to find out the optimal
attribute subset size.
The main steps of WSAB are as follows.
Step 1. Compute weights of attributes, 𝑤1 , 𝑤2 , . . . , 𝑤𝑑 (or 𝑤ℎ ),
via attribute evaluating method.
Step 2. Decide an appropriate attribute subset size, m, by
cross-validation.
Step 3. Generate a series of attribute subsets through repeating the following substeps.
Substep 1. Construct an array with 𝑙 elements (𝑙 is large
enough). The ith attribute takes 𝑤𝑖 / ∑𝑗 𝑤𝑗 part of the array,
𝑖 = 1, 2, . . . , 𝑑 or h.
Substep 2. Perform the following cycle to construct an
attribute subset with m attributes:
(A) t = 0;
(B) randomly select an element of the array into the
subset;
(C) delete all positions of the chosen element from the
array;
(D) t = t + 1;

takes two-thirds of the whole dataset and testing set takes one
third of the whole dataset. The SVM with a Gaussian kernel
was chosen as the basic classifier. Grid search in training
set was used to decide the best parameters of SVM. The
PR tools [44] developed by MATLAB language was utilized
as experimental platform. Each bagging model was repeated
for 30 times, and then the average accuracy and the average
standard deviation of accuracy were computed.
4.3. Evaluating Weights of Attributes
4.3.1. Evaluating Weights of Attributes via LSVM. The LSVM
was performed on training dataset to obtain the weight of the
jth attribute, 𝑤𝑗 . Then the importance percentage of the jth
attribute was computed as 𝑤𝑗 / ∑𝑖 𝑤𝑖 . The results are shown
in Figure 3 for Australian dataset and Figure 4 for German
dataset, respectively.
For Australian dataset, the top four important attributes
make up 61.30% of the sum of all attribute weights, while
the four most unimportant attributes only make up 3.82%. In
addition, the most important one makes up 28.91% of the sum
of all attribute weights and the most unimportant one makes
up only 0.37% of the sum. The statistical results mean that,
for Australian dataset, a few attributes are very important yet
some other attributes contribute less to classification.
For German dataset, the top seven important attributes
make up 56.33% of the sum of all attribute weights, while
the four most unimportant attributes only make up 8.46%.
Meanwhile, the most important attribute makes up 12.76% of
the sum of all attribute weights and the most unimportant
one makes up only 0.71% of the sum. Compared to Australian
dataset, we can conclude that the importance extent of each
attribute in German dataset is more evenly distributed.

(E) if t = m, one attribute subset is created; else go to (B).
Step 4. Create projections of training examples onto the
selected attribute subsets.
Step 5. Train individual classification models based on each
projection, respectively, and use all individual scoring models
to vote for test instances.
The modeling process of WSAB is illustrated in Figure 2.

4. Experimental Results and Comparisons
4.1. Credit Datasets. Two datasets are described in Table 1,
which are German credit dataset and Australian credit
dataset from the UCI Machine Learning Repository [39]. In
German credit dataset, there are 1000 instances which contain
700 instances of creditworthy applicants and 300 instances
regarded as bad credit applicants. Each example consists of
24 predictive attributes. Australian credit dataset includes
690 observers which record 307 good credit applicants and
383 bad credit applicants, and every instance consists of 14
predictive attributes.
4.2. Experimental Settings. We randomly divided the whole
dataset into two parts—training set and test set. Training set

4.3.2. Evaluating Weights of Attributes via PCA. We also
performed PCA to calculate weights of attributes. Just as
described in Section 3, weights of attributes obtained by
linear SVM reflect the classification ability of attributes, but
those obtained by PCA mainly describe the distribution of
the original data.
The eigenvalues 𝜆 𝑖 and their corresponding eigenvectors
of the covariance matrix for each dataset were calculated.
Then, all training instances were projected onto the space
spanned by h orthonormal eigenvectors. The importance percentage of each new attribute can be presented as 𝜆 𝑗 / ∑ℎ𝑖=1 𝜆 𝑖 .
Analogous to the analysis on weights of attributes from
LSVM, the distribution of the attribute importance obtained
by PCA is shown in Figure 5 for Australian dataset and
Figure 6 for German dataset.
For Australian dataset, the top four important attributes
make up 78.3% of the sum of all attribute weights, while
the four most unimportant attributes only make up 1.80%.
Additionally, the most important attribute makes up 30.2%
of the sum of all attribute weights and the most unimportant
one makes up only 0.23%. The results reflect the fact that
several main attributes contribute more to the description
of the original data for Australian dataset, yet some other
attributes provide less information for the original data.
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Figure 2: Weight-selected attribute bagging model.

Table 1: Description of credit datasets.

Number of observers
Number of predictive attributes
Percentage of good credit
Percentage of bad credit

German credit Australian credit
1000
690
24
14
70%
44.5%
30%
55.5%

For German dataset, the top seven important attributes
make up 63.25% of the sum of all attribute weights, while the
seven most unimportant attributes only make up 5.85%. The
most important attribute makes up 13.5% of the sum of all
attribute weights and the most unimportant attribute makes
up only 0.33%. Therefore, the importance of each attribute
for German dataset is more evenly distributed, compared to
Australian dataset.

Interestingly, the results obtained via PCA are similar to
those via LSVM not only for Australian dataset but also for
German dataset, although LSVM and PCA adopt different
approaches to calculating the weights of attributes one for
data classification, and the other for data description.
4.4. Performance Comparison on Different Attribute Bagging
Methods with Different Attribute Subset Sizes
4.4.1. Comparison on Accuracy. The size of attribute subset is
critical for attribute bagging. Hence, this section will evaluate
classification accuracy of the WSAB with different sizes of
attribute subsets. Meanwhile, several other related methods
were also compared.
For the convenience of expression, the WSAB using
LSVM to determine weights of attributes is abbreviated as
LSVM-WSAB; the WSAB using PCA to calculate weights of

8
30

Attribute importance (%)

25
20
15
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5
0
1

2

3

4
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8

9 10 11 12 13 14

Attribute

Figure 3: Importance percentage of each attribute for Australian
dataset.
14
12
Attribute importance (%)

attributes is denoted as PCA-WSAB; the randomly selected
attribute bagging is written as RSAB. For each bagging
method as well as for each size of attribute subset ranging
from 1 to d (or h), 45 classifiers were built to perform voting
for test instances. Concretely speaking, for each attribute bagging method, 45 attribute subsets with the same subset size m
were created, and then training examples and test examples
were, respectively, projected onto the m selected attributes.
Subsequently, 45 SVMs corresponding to 45 attribute subsets,
respectively, were trained to vote for test instances. For each
attribute subset size and each bagging method, 30 trials of
the above process were performed and their results were
averaged to evaluate classification accuracy. Furthermore, in
order to prove the superiority of the voting, each attribute
bagging method was also compared with the best single
classifier. The best single classifier is represented as BS-SVM.
The final results are given in Figure 7 for Australian dataset
and Figure 8 for German dataset.
From Figures 7 and 8, the accuracy of WSAB is not high
for small size of attribute subset, but rises gradually as the
size of attribute subset becomes larger; then the accuracy
tends to decrease when the size of attribute subset becomes
large enough. Meanwhile, RSAB has the same behavior
as WSAB. However, when the size of attribute subset is
small, LSVM-WSAB and PCA-WSAB are more accurate than
RSAB. In addition, LSVM-WSAB and PCA-WSAB are able
to use smaller size of attribute subset to reach the maximum
accuracy than RSAB. Meanwhile, the maximum accuracies
of LSVM-WSAB and PCA-WSAB are higher than that of
RSAB. We can provide a reasonable explanation for this
phenomenon. For too small attribute subsets, individual
classifiers used for voting have low accuracies since the information used for classification is lost too much. On the other
side, for too large attribute subsets, the diversity among all
members in ensemble decreases, so that the ensemble effect
is affected. Additionally, for RSAB, the attributes in attribute
subsets are selected randomly. Hence, RSAB needs larger
sizes of attribute subsets to acquire sufficient information in
order to reach its highest classification accuracy. However,
WSAB selects attributes in terms of weights, such that WSAB
can use smaller sizes of attribute subsets to contain most of
important attributes and then to achieve its highest accuracy.
LSVM-WSAB, PCA-WSAB and RSAB are more accurate
than BS-SVM for large size of attribute subset. The maximum
accuracies of LSVM-WSAB, PCA-WSAB, and RSAB are
higher than that of BS-SVM. The results prove that attribute
bagging can improve effectively the performance of single
classifier.
Additionally, PCA-WSAB needs less attributes to reach
the maximum accuracy than LSVM-WSAB. The reason lies in
the fact that PCA eliminates the correlation among attributes
and the important attributes are more concentrated on
several eigenvectors.
Moreover, an interesting finding for WSAB is that small
size of attribute subsets can achieve high accuracy for
Australian dataset, whereas for German dataset, accuracy of
WSAB rises slowly with the size of attribute subset increasing.
As we mentioned before, the important attributes in Australian dataset are concentrated on only several variables,
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Figure 4: Importance percentage of each attribute for German
dataset.

and the remaining attributes contribute less to classification. Hence, WSAB model can acquire enough information
using a small size of attribute subset for Australian dataset.
However, for German dataset, the importance of attributes
is more evenly distributed, and thus WSAB needs larger
size of attribute subset to obtain enough information for
classification.
4.4.2. Comparison on Stability. When computing average
accuracy of 30 trials for each attribute bagging model as
well as for each attribute subset size, the standard deviation
of accuracy was also computed to evaluate the classification
stability of attribute bagging models. The standard deviations
are shown in Figure 9 for Australian dataset and Figure 10 for
German dataset.
From Figures 9 and 10, when the size of attribute subset
is small, the standard deviation of accuracy of WSAB is
larger than RSAB; when the size of attribute subset becomes
larger gradually, the standard deviation of accuracy of WSAB
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Figure 9: Standard deviations for three attribute bagging methods:
LSVM-WSAB, PCA-WSAB, and RSAB based on Australian dataset.
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Figure 7: Average accuracies of bagging methods and BS-SVM with
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Figure 12: The average accuracies of attribute bagging, standard
bagging (SB), and AdaBoost with the number of voters changing for
German dataset.

become smaller than RSAB. This is because when the size
of attribute subset is small, most of attribute subsets may
not contain important attributes, so the accuracy of RSAB
is always low. Meanwhile, for small attribute subsets, some
of them for WSAB may contain important attributes, yet
the other some may not contain any important attributes;
so the performance of WSAB model is not stable. But
for large attribute subsets, most of important attributes
can be chosen into attribute subsets with large probability,
resulting in the stable classification performance of WSAB.
On the other hand, RSAB randomly chooses attributes into
attribute subsets, each attribute with the same probability; so
larger difference exists between different attribute subsets for
RSAB than for WSAB. Therefore, the performance of RSAB
becomes less stable than WSAB when the size of attribute
subset becomes larger. Furthermore, when WSAB and RSAB
adopt their optimal sizes of attribute subsets, respectively, the
standard deviation of accuracy of WSAB is smaller than that
of RSAB.
The highest accuracy of each model and the corresponding standard deviation (Std) are shown in Table 2 for
Australian dataset and Table 3 for German dataset.
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Figure 13: Standard deviations of accuracy of attribute bagging,
standard bagging, and AdaBoost with the number of voters changing for Australian dataset.
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Figure 11: The average accuracies of attribute bagging, standard
bagging (SB), and AdaBoost with the number of voters changing for
Australian dataset.
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Figure 14: Standard deviations of accuracy of attribute bagging,
standard bagging, and AdaBoost with the number of voters changing for German dataset.

From Tables 2 and 3, WSAB model performs better than
RSAB both in accuracy and stability, and all attribute bagging
methods have higher accuracies than BS-SVM.
4.5. Performance Comparison on Different Ensemble Methods
with Different Numbers of Voters
4.5.1. Comparison on Accuracy. In this section, each attribute
bagging model adopts its optimal attribute subset size, which
is calculated by cross-validation. Then, we compare the accuracies of attribute bagging models including LSVM-WSAB,
PCA-WSAB, and RSAB, as well as data partitioning ensemble
models including standard bagging (SB) and AdaBoost, with
the number of voters changing. For each number of voters
and for each model, the experiments were also repeated 30
times, and the average accuracy was computed. The results
are illustrated in Figure 11 for Australian dataset and Figure 12
for German dataset.
From Figures 11 and 12, WSAB has higher accuracy
than SB and AdaBoost for almost each number of voters.
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Table 2: The highest accuracy of each model and the corresponding standard deviation (Std) for Australian dataset.

Accuracy
Std

LSVM-WSAB
(8 attributes)

PCA-WSAB
(6 attributes)

RSAB
(10 attributes)

BS-SVM
(9 attributes)

SVM
(14 attributes)

0.8912
0.0013

0.8918
0.0015

0.8880
0.0030

0.8800
0

0.8750
0

Table 3: The highest accuracy of each model and the corresponding standard deviation (Std) for German dataset.

Accuracy
Std

LSVM-WSAB
(16 attributes)

PCA-WSAB
(12 attributes)

RSAB
(20 attributes)

BS-SVM
(14 attributes)

SVM
(24 attributes)

0.7924
0.0034

0.7930
0.0033

0.7860
0.0043

0.7824
0

0.7729
0

This is because WSAB can reserve important attributes and
eliminate some redundant and uninformative attributes by
large probability. When the number of voters is small, SB
and AdaBoost have higher accuracies than RSAB. But when
the number of voters is more than 10, RSAB has higher
accuracy than standard bagging and AdaBoost. The reason
is that RSAB needs more voters in order to include most of
important attributes.
Moreover, the accuracy of standard bagging model
increases gradually before the number of voters reaches
20, and its accuracy maintains at a certain level after the
number of the voters is larger than 20. The accuracy of
AdaBoost fluctuates most sharply with the number of voters
changing. Meanwhile, the accuracies of attribute bagging
models increase quickly before the number of voters reaches
20 and then their accuracies also maintain at certain levels.
This is because standard bagging and AdaBoost sample from
training dataset with all attributes for each voter, whereas
attribute bagging only uses part of attributes. Therefore,
attribute bagging needs to use more voters to “cover” all
attributes, and with the number of voters increasing, more
information is integrated into bagging model. The higher
accuracies achieved by attribute bagging models support the
conclusion that attribute bagging models are superior to data
partitioning ensemble models.
For small number of voters, both LSVM-WSAB and
PCA-WSAB perform better than RSAB. This further proves
our idea that WSAB model can utilize important attributes
to obtain better classification results. For large numbers of
voters, WSAB model performs slightly better than RSAB for
Australian dataset and much better than RSAB for German
dataset. Therefore, the conclusion can be made that WSAB
outperforms RSAB.
4.5.2. Comparison on Stability. Besides computing average
accuracies of 30 trials for each number of voters, we also
computed the standard deviation of accuracy to evaluate
the classification stability of different methods. The standard
deviations of classification accuracy for each model are shown
in Figure 13 for Australian dataset and Figure 14 for German
dataset.
From Figures 13 and 14, for small number of voters,
WSAB has almost the same standard deviation as SB, and

RSAB has higher standard deviation than SB. But for large
number of voters, WSAB has lower standard deviation than
SB, and SB has nearly the same standard deviation as SB.
Additionally, when the number of voters is more than 10,
the standard deviation of accuracy of AdaBoost is much
larger than other methods. This supports the conclusion that
boosting is easy to bias on several samples which are difficult
to be classified. Therefore, boosting is not stable for the credit
scoring problem; sometimes effective and sometimes not.
Furthermore, WSAB is more stable than RSAB. The
reason is that WSAB can select important attributes for each
child classifier, such that the accuracies of child classifiers in
WSAB fluctuate less than those of RSAB. Therefore, from the
viewpoint of the whole results, WSAB is more stable than
RSAB.
When the number of voters is larger than 50, the accuracy
and stability of each ensemble model maintain certain levels.
Therefore, in order to compare the performance of all ensemble models, we show the accuracies of all ensemble models in
Table 4 for Australian dataset and Table 5 for German dataset
when the number of voters is 50.
From Tables 4 and 5, WSAB model performs best both on
accuracy and stability, and RSAB model follows.

5. Conclusions and Future Research
This paper presents the WSAB for credit risk evaluation.
The implementation of WSAB includes two steps. The first
step is to determine weights of attributes. During the second
step, attributes are selected into attribute subsets according
to the probabilities determined by attribute weights. This
method of modeling makes the WSAB have two advantages,
namely, improving the accuracy of each individual classifier
in ensemble and increasing the diversity among all individual
classifiers. For the first merit, the more important attributes
can be incorporated into each attribute subset with the larger
probabilities so that each individual classifier can acquire
high classification accuracy. For the second merit, the way
of selecting attributes by probability makes different attribute
subsets have different unimportant attributes which are of
small weights, and consequently the diversity among different
classifiers can be still guaranteed. In fact, accuracy and
diversity are two critical factors for bagging. Experimental
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Table 4: The accuracy of each model and the corresponding standard deviation for Australian dataset.

Accuracy
Std

LSVM-WSAB
0.8919
0.0011

PCA-WSAB
0.8922
0.0013

RSAB
0.8890
0.0020

SB
0.8807
0.0026

AdaBoost
0.8779
0.0114

Table 5: The accuracy of each model and the corresponding standard deviation for German dataset.

Accuracy
Std

LSVM-WSAB
0.7918
0.0032

PCA-WSAB
0.7924
0.0029

results also confirm the superiority of WSAB over randomly
selected attribute bagging (RSAB), especially over standard
bagging, AdaBoost, and individual classifier.
Broadly speaking, the WSAB provides a framework
of evaluating credit risk. In this framework, any attribute
weighting method and any basis classifier can be combined.
This paper adopts two completely different ways to compute
weights of attributes: LSVM and PCA. The weights obtained
by LSVM emphasize the classification ability of attributes,
and the weights from PCA reflect the description ability
of attributes for original data. However, credit scoring is
just considered as a classification problem, for which LSVM
seems to be more suitable than PCA, and experimental results
also demonstrate the conclusion.
The next work will attempt to combine other approaches
of computing weights of attributes and other basis classifiers
to perform credit risk evaluation and then to compare their
performances in terms of accuracy and stability. Additionally,
the WSAB can also be applied to other practical systems,
such as stock market prediction [45] and MRI brain image
classification [46].
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A rather intuitive technique known as pole-zero placement is introduced to illustrate the frequency response of the special impacting
filters (SIFs) with a pair of conjugate zero-poles and deduce the equation of the pole radii. Based on that, the paper proposes
an iterative scheme to derive the parameters of the cascade notch filter. The cost function is determined by the cascading notch
filter’s influence on impacting filters, converting the cost function’s least square problem to a filter parameters’ standard quadratic
programming problem. Finally, a cascading notch SIF (CNSIF) designed to demodulate the ABPSK signals is realized.

1. Introduction
As we know, spectrum is an unrenewable resource, and the
new wireless communication systems are occupying more
and more transmission bandwidth. So many corporations
and research institutions try to find the optimal method
to utilize the spectrum. Against this background, the ultranarrow band (UNB) technology was proposed by doctor
Walker. Up until now, various modulation methods have been
successively proposed with the progress of UNB development, for example, variable phase shifting keying (VPSK),
enhanced VPSK, very minimum shifting keying (VMSK),
pulse position phase reversal keying (3PRK), missing cycle
modulation (MCM), suppressed cycle modulation (SCM),
and minimum sideband modulation (MSB), and so forth.
The key of the demodulation is the “zero group delay” filter.
The “zero group delay” means the rise time of the filter is
very short and the phase changes are preserved after the
“zero group delay” filter. The core unit is a quartz crystal
which is too unreliable, instable, and inflexible to be massproduced [1–3]. Wu et al. analyzed the feasibility of the UNB
and proposed a high-efficiency modulation called extended
BPSK (EBPSK) [4, 5]. In 2009, they proposed continuous
phase EBPSK (CP-EBPSK) based on the EBPSK [6], further tightening and reducing the EPBSK power spectrum

sideband. Subsequently, they imported the pseudorandom
sequence and modified spectrum parameter to improve the
CP-EBPSK, that is, modified CP-EBPSK (MCP-EBPSK). All
of the above techniques have the same characteristic, that is
“asymmetric.” They are uniformly referred to as asymmetric
binary phase shift keying (ABPSK). ABPSK could increase
the transport bitrate and the spectrum utilization efficiency
with a more narrow band [7]. The modulation of the ABPSK
signal relies on the special impacting filter (SIF), which could
convert phase changes to amplitude impacts. Details of the
SIF will be given in Section 3.
In recent years, multicarrier (MC) scheme has been
recognized as a potential candidate for the physical layer of
the wireless communication systems which could not only
gain spectral efficiency but also lower out-of-band radiation.
The first candidate of MC schemes is orthogonal frequencydivision multiplexing (OFDM) [8]; however, a number of
shortcomings of OFDM in the MC systems have been noted
as well, such as large side lobes of the frequency response
of the filters that characterize the subcarrier channels, high
peak-to-average power ratio (PAPR), and sensitivity to carrier frequency offset. Compared with OFDM, the ABPSK
allows a high level of subchannel spectral containment as
Figure 1 shows. So we propose that the ABSPK technique can
be used in MC schemes.
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2. Uniform Formula of ABPSK
Denote the following.
(1) Data bit duration 𝑇, it lasts 𝑁 ≥ 1 carrier wave period,
that is, 𝑇 = 𝑁/𝑓𝑐 .
(2) Phase modulation duration 𝜏, it lasts 𝐾 carrier wave
period, that is, 𝜏 = 𝐾/𝑓𝑐 and 𝐾 ≤ 𝑁.
(3) 𝑔0 and 𝑔1 are modulation waveforms corresponding
to bit “0” and bit “1”, respectively.
Then the uniform formula of ABPSK is defined as
𝑔0 (𝑡) = 𝐴 sin 2𝜋𝑓𝑐 𝑡,
{𝐵 sin (2𝜋𝑓𝑐 𝑡±𝜎) ,
𝑔1 (𝑡) = {
𝐴 sin 2𝜋𝑓𝑐 𝑡,
{

0 ≤ 𝑡 < 𝑇,

0 ≤ 𝑡 < 𝜏, 0 ≤ Δ ≤ 1, 0 ≤ 𝜂 ≤ 1,
𝜏 ≤ 𝑡 < 𝑇.
(1)

When the phase changes abruptly, 𝜎 ∈ [0, 𝜋]; when phase
changes continuously, 𝜎 = ±Δ sin(𝜂 ∗ 2𝜋𝑓𝑐 𝑡). The modulated
waveform has the following features.
(1) Data bit “0” lasts 𝑁 carrier cycles in 𝑇, the carrier
cycle is 1/𝑓𝑐 and the amplitude is 𝐴.
(2) Data bit “1” consists of 𝐾 carrier cycles with an initial
phase 𝜎, amplitude 𝐵 and 𝑁-𝐾 carrier cycles with the
same phase as bit “0”, and amplitude 𝐴.
(3) If there are no phase changes or amplitude changes,
the waveforms are normal sine wave. When 𝜎 ∈
[0, 𝜋], it is the EBPSK; when 𝜎 = ±Δ sin(𝜂 ∗ 2𝜋𝑓𝑐 𝑡),
according to the sign of Δ and value of 𝜂, it is the CPEBPSK and MCP-EBPSK, respectively.
(4) When 𝐵 = 0, 𝜎 ∈ [0, 𝜋], (1) is MCM as has
been mentioned in [9]; when 𝐵 = 𝐴, (1) denote the
following.
(a) When 𝜎 = 𝜋, 𝜏 = 𝑇, it represents the classical
BPSK; when 𝜏 = 𝑇/4, it represents the 3PRK in
[9].
(b) When 𝜎 = 𝜋/2, 𝜏 = 𝑇/4, it represents 3PSK in
[9].
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Figure 2: Modulated and demodulated waveform of EBPSK.

(5) The modulation degrees differ according to the phase
change 𝑆 and modulate duration. The phase changes
could control the bandwidth: when the phase vanishingly changes, the spectrum is the narrowest, and
when the changes are 𝜋, the spectrum is the widest;
Denote 𝜏/𝑇 = 𝐾/𝑁 as “modulated duty cycle.”
According to (1), choosing a proper value of Δ, 𝜂, 𝜎, 𝜏 and
using a better shaping-filter could tighten the bandwidth of
the modulated signal. We call the signal defined by (1) the
uniformly asymmetric binary phase shift keying (ABPSK).

3. Special Impacting Filter (SIF)
The demodulation of AEBPSK signal based on the special
digital impacting filter is in [10, 11]. The SIF is a kind of digital
IIR filters; when working on the proper frequency range, it
can convert the phase changes to amplitude impacting. The
places where phase is unchanged have much lower impacting
than the changed places and most noise is removed at the
same time (see Figure 2). Based on the output response, direct
amplitude detection can be used for the symbol judgment in
intermediate frequency instead of down-conversion to baseband. The filtering mechanism in that filter offers different
band to signal and noise, which is discussed in [10, 11] in
detail.
Different from normal multicarrier transmission system,
the ABPSK subcarriers need not guard interval or satisfy the
orthogonal condition. Every subchannel set differs from the
others. A narrow pass band of the SIF is used to separate
the subcarriers. In order to eliminate the adjacent channel
interference, we need to set the notch frequency of the
cascade notch filter the same as other carriers frequency
to suppress other subchannels’ interference and the output
demodulation results [10]. The tiny phase change of the
ABPSK makes the demodulation performance closely related
to the sampling rate. Only by setting the proper parameter
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Figure 3: Frequency response of the SIF.

of the filter could it reflect the signal change. Based on the
above condition, the parameters of the SIF bank correspond
with each subcarrier’s sampling rate, respectively.

The key to demodulate the multicarrier ABPSK signal is
the design of the receive filter bank, that is, cascade notch
filter based on the SIF. Each subchannel regards the other
subchannels as a sinusoidal interference, the notch filter
cancelling the interference and SIF demodulating the corresponding signal. Many methods have been mentioned in
[10, 11] for the SIF design and performance analysis, but
the SIF pole radius is specified by the designer arbitrarily.
Here we present a new approach to the numerical solution
of the SIF as well as use an iterative scheme to gain the
pole angle of the notch filter that fulfills the cost function.
4.1. Calculation of the SIF Pole Radii. Consider an SIF with
one pair of conjugate zero-poles whose transfer function is
(1 − 𝑟𝑧 𝑒𝑗𝜔𝑐−𝜀 𝑧−1 ) (1 − 𝑟𝑧 𝑒−𝑗𝜔𝑐−𝜀 𝑧−1 )
(1 − 𝑟𝑝 𝑒𝑗𝜔𝑐+𝜇 𝑧−1 ) (1 − 𝑟𝑝 𝑒𝑗𝜔𝑐+𝜇 𝑧−1 )

𝑧2

𝜓2

Figure 4: Schematic of zero-pole relative position.

4. Design of Cascade Notch SIF (CNSIF)

𝐻 (𝑧) =

𝑝2

𝜃2

.

(2)

Different from the conventional IIR filters, the zero angles
are less than the corresponding carrier frequency and are less
than the pole angles. Place the zeros on the unit circle with
angle shift ], that is, 𝑟𝑧 = 1, 𝜔𝑧 = 𝜔𝑐 − ]; the poles are close
to the unit circle and are near to zeros with angle shift 𝜇, that
is, 0 ≪ 𝑟𝑝 < 1, 𝜔𝑝 = 𝜔𝑐 + 𝜇. Generally the carrier frequency
is situated in the maximum slope of the magnitude response.
Figure 3 shows the amplitude-frequency response and phasefrequency response of the demodulation impacting filter
with one pair of conjugate zero-poles, the normalized carrier
frequency is 0.2𝜋 rad/sample; it has narrow notch-frequencyselecting performance near the carrier frequency.
According to (2), we can evaluate the frequency response
with graphical method (see Figure 4). In practice the poles
and zeros are even much closer than Figure 4; the poles are

even much closer to the unit circle. In the z-plane, the zeropole vectors shift on the unit circle 𝑒𝑗𝜔 .
𝑧1 , 𝑧2 are zeros lying on the unit circle; 𝑝1 , 𝑝2 are poles
near the unit circle and zeros. 𝐴 1 , 𝜓1 , 𝐴 2 , 𝜓2 , 𝐵1 , 𝜃1 , 𝐵2 , 𝜃2
represent the module and angle of 𝑧1 , 𝑧2 , 𝑝1 , 𝑝2 , respectively.
For the periodic frequency characteristic of the digital filters,
we could just discuss the situation of 0 < 𝜔 < 𝜔𝑠 /2, that is,
0 ∼ 𝜋.
From Figure 4, the frequency magnitude response of (2)
can be rewritten as
 𝐴 ⋅ 𝐴2

𝐻 (𝑒𝑗𝜔 ) = 1
 𝐵1 ⋅ 𝐵2 .


(3)

Because the zeros and poles are close to the unit circle
and the distances from the conjugate pole and zero to 𝑒𝑗𝜔 are
nearly equal when they shift in the region of 0 < 𝜔 < 𝜔𝑧 and
𝜔𝑝 < 𝜔 < 𝜔𝑠 /2; that is, 𝐴 1 ≈ 𝐵1 , 𝐴 2 ≈ 𝐵2 . So


𝐻 (𝑒𝑗𝜔 ) = 1,



0 < 𝜔 < 𝜔𝑧 ∪ 𝜔𝑝 < 𝜔 <

𝜔𝑠
.
2

(4)

But when they shift in the region of 𝜔𝑧 < 𝜔 < 𝜔𝑝 , the
distance 𝐴 1 , 𝐵1 is much smaller than the distance 𝐴 2 , 𝐵2 ; we
may state that 𝐴 2 ≈ 𝐵2 . The frequency magnitude response
can be written as

 𝐴
𝐻 (𝑒𝑗𝜔 ) = 1 ,

 𝐵1

𝜔𝑧 < 𝜔 < 𝜔𝑝 .

(5)

Enlarge the region of 𝜔𝑧 < 𝜔 < 𝜔𝑝 , the relative position
between zero-pole vector and 𝑒𝑗𝜔 depicted in Figure 5, here
the influence of the complex conjugate zero-pole pair will be
negligible.
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the results of the following two equations are constants,
respectively, that is

𝑅

𝑝1

ℎ

𝜔𝑝 − 𝜔𝑧 = 𝜙,

𝑒𝑗𝜔

𝐵1
𝑏

2 [1 − cos (𝜙 − 𝐵𝑤 /2)]
= 𝑀.
1 − cos 𝜙

𝐴1

𝑟𝑝

𝜔

Substituting (12) into (11), we can readily obtain

𝑧1

𝑎

𝑟𝑝

𝜔𝑝

=

𝜔𝑧

0

Figure 5: Schematic of the enlarged relative position between zeropole.

With the Pythagorean theorem, we obtain two equations:
𝐴 1 = 2 sin (

𝜔 − 𝜔𝑧
),
2

(6)

𝐵1 = √ℎ2 + 𝑏2 = √𝑟𝑝2 − 𝑎2 + 𝑏2 ,

(7)

where 𝑟𝑝 is the module of pole 𝑝1 .
Substituting 𝑎 = √𝑟𝑝2 − 𝑟𝑝2 sin2 (𝜔𝑝 − 𝜔), 𝑎 + 𝑏 = 1, into (7)
leads to
𝐵1 = √𝑟𝑝2 − 2𝑟𝑝 cos (𝜔𝑝 − 𝜔) + 1.

(8)

So the frequency magnitude response in the region of
𝜔𝑧 < 𝜔 < 𝜔𝑝 can be written as


𝐻 (𝑒𝑗𝜔 ) =



2 sin [(𝜔 − 𝜔𝑧 ) /2]
√𝑟𝑝2 − 2𝑟𝑝 cos (𝜔𝑝 − 𝜔) + 1

,

𝜔𝑧 < 𝜔 < 𝜔𝑝 .
(9)

According to Moorer’s bandwidth definition [12], if the
resonance gain over the DC gain exceeds 6 dB in absolute
value, the frequencies at 3 dB below/above the peak/notch is
the band edges, that is
1 


𝑗𝜔𝑐 

𝐻 (𝑒𝑗(𝜔𝑐 −𝐵𝑤 /2) ) =


 √2 ⋅ 𝐻 (𝑒 ) ,

(10)

where 𝐵𝑤 is the bandwidth of the SIF; (10) can be expressed
as
sin [(𝜔𝑝 −𝜔𝑧 ) /2]
sin [(𝜔𝑝 −𝐵𝑤 /2−𝜔𝑧 ) /2]

(12)

⋅

√𝑟𝑝 2 −2𝑟𝑝

cos (𝐵𝑤 /2)+1

1−𝑟𝑝

= √2.
(11)

To ensure the impacting effect, the pole and zero angle is
specified by the designer. When the bandwidth 𝐵𝑤 is known,

𝑀−cos (𝐵𝑤 /2)± √cos2 (𝐵𝑤 /2)−2𝑀 cos (𝐵𝑤 /2)+2𝑀−1
𝑀−1

.

(13)

The poles and zeros are very close to each other, as a
consequence, 𝜙 and 𝐵𝑤 will be relatively small. To avoid
𝑟𝑝 > 1, we abandon the adding situation. After some further
simplification. The final result is
𝑟𝑝
=

𝑀−cos (𝐵𝑤 /2)− √cos2 (𝐵𝑤 /2)−2𝑀 cos (𝐵𝑤 /2)+2𝑀−1
𝑀−1

.

(14)

Equation (14) shows that the pole radii of SIF can be given
in a quantitative way instead of arbitrary setting.
The procedure of the one-pair conjugate zero-poles SIF
design could ensure the impacting effect, and we know that if
the zeros and poles are far away from the unit circle, they will
only affect the amplitude of the frequency response, but not
the shape. From this standpoint, we can add more conjugate
poles to tighten the bandwidth of the SIF and gain higher
impacting effect. Generally we can add two conjugate poles
whose angles are equal to the initial poles and are far away
from the unit circle.
4.2. The Cascade Notch SIF (CNSIF). The multicarrier
ABPSK scheme uses the CNSIF banks to separate and
demodulate each subcarrier [13]. The key of the CNSIF is the
narrow notch-frequency-selecting performance. When the
overlapping signals pass the filter banks, the primary signal
is enhanced and the noises or interferences are attenuated.
Here the SIF enhances the primary signal and the notch filter
decreases the disturbing signal. Let us start with the design of
the notch filter in details.
Without loss of generality, we assume that the notch filter
has 𝑘 notch frequencies; the transfer function is given by
∏𝑘𝑖=1 (1 − 2 cos (𝜔𝑁𝑖 ) 𝑧−1 + 𝑧−2 )
𝐵 (𝑧)
,
=
𝐻1 (𝑧) =
𝐴 (𝑧) ∏𝑘𝑖=1 (1 − 2𝑟𝑖 cos (𝜔𝑝𝑖 ) 𝑧−1 + 𝑟𝑖 2 𝑧−2 )
(15)
where 𝑟𝑖 is the pole radius. For stability and according to
system requirements, the values of 𝜔𝑁𝑖 and 𝑟𝑖 are given by the
designer (0 ≤ 𝑟𝑖 < 1). Meanwhile the zeros are constrained to
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locate on the unit circle at the notch frequencies 𝜔𝑁𝑖 , so the
problem of designing a notch filter reduces to find the optimal
value of 𝜔𝑝𝑖 .
Let 𝑎𝑖 = 2 cos(𝜔𝑝𝑖 ), then 𝜔𝑝𝑖 = arccos(𝑎𝑖 /2), −2 ≤ 𝑎𝑖 ≤ 2,
−𝜋 ≤ 𝜔𝑝𝑖 ≤ 𝜋. The transfer function can be rewritten as

𝐻1 (𝑧) =

∏𝑘𝑖=1 (1 − 𝑏𝑖 𝑧−1 + 𝑧−2 )
∏𝑘𝑖=1 (1 − 𝑟𝑖 𝑎𝑖 𝑧−1 + 𝑟𝑖 2 𝑧−2 )

,

(16)

where 𝑏𝑖 = 2 cos(𝜔𝑁𝑖 ), 𝑖 = 1, 2, . . . , 𝑘.
For convenience, let 𝑖 = 1, then the notch frequency is
𝜔𝑁1 , pole radius is 𝑟1 , and (16) can be expressed as
1 − 𝑏1 ⋅ 𝑧−1 + 𝑧−2
𝐵 (𝑧)
𝐻1 (𝑧) =
.
=
𝐴 (𝑧) 1 − 𝑎1 𝑟1 𝑧−1 + 𝑟1 2 𝑧−2

(17)

Assuming that 𝜔𝑧 < 𝜔𝑝 < 𝜔𝑁1 < 𝜔𝑁2 < ⋅ ⋅ ⋅ < 𝜔𝑁𝑖 ,
𝜔𝑁1 ≥ 𝜔𝑝 + 𝐵𝑤 /2. With a given weighting function 𝑊(𝜔), we
can define the cost function as

2
𝐶 (𝑎) = ∫ 𝑊 (𝜔) 𝐻 (𝑒𝑗𝜔 ) − 𝐻1 (𝑒𝑗𝜔 ) 𝑑𝜔,
𝑅

(18)

where the region 𝑅 = [𝜔𝑝 , 𝜔𝑁1 − 𝛿] ∪ [𝜔𝑁1 + 𝛿, 𝜋], 𝛿 is
a prescribed small positive number, combining (4) and (18)
yields

2
𝐶 (𝑎) = ∫ 𝑊 (𝜔) 1 − 𝐻1 (𝑒𝑗𝜔 ) 𝑑𝜔.
𝑅

Magnitude (dB) (normalized to 0 dB)
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denote the value of 𝑎1 at the nth iteration as 𝑎1𝑛 , 𝐴(𝑒𝑗𝜔 )
as 𝐴 𝑛 (𝑒𝑗𝜔 ), similarly. When 𝐴(𝑒𝑗𝜔 ) gets the new value, the
weighting function is updated immediately.
For convenience, substitute
𝑝 (𝜔) ← (𝑟1 2 − 1) 𝑒−2𝑗𝜔 + 𝑏1 𝑒−𝑗𝜔 ,

𝑞 (𝜔) ← −𝑟1 𝑒−𝑗𝜔

𝑊 (𝜔) 
2
⇒ 𝐶 (𝑎1𝑛 ) = ∫ 
𝑝 (𝜔) + 𝑞 (𝜔) 𝑎1𝑛  𝑑𝜔
2

𝑗𝜔
𝑅 𝐴 (𝑒 )
 𝑛

𝑊 (𝜔)
=∫ 
2

𝑅 𝐴 (𝑒𝑗𝜔 )
 𝑛

2


2 
⋅ [𝑎1𝑛 𝑞 (𝜔) + 2𝑎1𝑛 𝑝 (𝜔) 𝑞 (𝜔)
2

+𝑝 (𝜔) ] 𝑑𝜔

To ensure the impacting characteristic of SIF and cancel
the signal disturbing, the cascade notch filter should not affect
the frequency response of the SIF; that is, the cost function
should be minimized.
Substituting (17) into (19), we can obtain

𝑊 (𝜔)
2

=∫ 
[𝑎1𝑛 2 𝑞 (𝜔)
2

𝑗𝜔
𝑅 𝐴 (𝑒 )
 𝑛

+ 2𝑎1𝑛 ⋅ Re (𝑝 (𝜔) 𝑞∗ (𝜔))


2

𝐵 (𝑒𝑗𝜔 ) 

 𝑑𝜔

𝐶 (𝑎1 ) = ∫ 𝑊 (𝜔) 1 −

𝐴 (𝑒𝑗𝜔 ) 

𝑅



𝑊 (𝜔)  2
2
[(𝑟1 −1) 𝑒−2𝑗𝜔 +𝑏1 𝑒−𝑗𝜔 ]−𝑟1 𝑎1 𝑒−𝑗𝜔  𝑑𝜔.
=∫ 
2 


𝑗𝜔


𝑅 𝐴 (𝑒 )


(20)

0.9

Figure 6: The frequency magnitude response of the designed
CNSIF.

(19)

𝑊 (𝜔) 
2
𝐴 (𝑒𝑗𝜔 ) − 𝐵 (𝑒𝑗𝜔 ) 𝑑𝜔
=∫ 
2



𝑅 𝐴 (𝑒𝑗𝜔 )



0.2 0.3 0.4 0.5 0.6 0.7 0.8
Normalized frequency (×𝜋 rad/sample)

2

+𝑝 (𝜔) ] 𝑑𝜔.

(21)

After some simplification, (21) is rewritten as
2

𝐶 (𝑎1𝑛 ) = ∫ 𝑊𝑛 (𝜔) [𝑞 (𝜔) ⋅ 𝑎1𝑛 2 + 2 ⋅ Re (𝑝 (𝜔) 𝑞∗ (𝜔))
𝑅

2

⋅𝑎1𝑛 + 𝑝 (𝜔) ] 𝑑𝜔,

(22)

2

Let 𝑊(𝜔)/|𝐴(𝑒𝑗𝜔 )| be the new weighting function, since
𝑟1 and 𝑏1 are known numbers, we need to find 𝑎1 to minimize
the cost function. For 𝑎1 = 2 cos(𝜔𝑝1 ), 𝜔𝑁1 − 𝛿 ≤ 𝜔𝑝1 ≤
𝜔𝑁1 + 𝛿, we can use an iteration scheme to find the optimal
value of 𝑎1 ; each iteration refreshes the value of 𝐴(𝑒𝑗𝜔 ). We

where
𝑊 (𝜔)
𝑊𝑛 (𝜔) = 
.
𝐴 𝑛−1 (𝑒𝑗𝜔 )

(23)
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Figure 7: The waveform after the CNSIF bank filtering.

So we can determine the value of 𝑎1𝑛 by solving the
constrained optimization problem
min

Bit error rate

10−1

2

∫ 𝑊𝑛 (𝜔) 𝑑𝜔 ⋅ [𝑞 (𝜔) ⋅ 𝑎1𝑛 2 + 2 ⋅ Re (𝑝 (𝜔) 𝑞∗ (𝜔))

10−2

𝑅

BER

2

⋅𝑎1𝑛 + 𝑝 (𝜔) ]
s.t. 0 ≤ 𝑟1 < 1
− 2 ≤ 𝑎1𝑛 ≤ 2

10−3

10−4

𝜔𝑁1 − 𝛿 ≤ 𝜔𝑝1 ≤ 𝜔𝑁1 + 𝛿.
(24)
We can see that the cost function is a parabola with its
mouth opened up, so it could be transformed to a closed
form and have an optimal solution. At the nth iteration,
minimizing (22) subjected to constraints of (24) is a typical
quadratic programming problem. We can compute the solution efficiently.

10−5

25

26

27

28

29
30
SNR (dB)

31

32

33

Subcarrier1 1/2CP-EBPSK
Subcarrier2 1/2CP-EBPSK

Figure 8: BER performances of two subcarriers.

5. Design Example
5.1. Design Parameters. Set the normalized three notch
frequencies as 0.21𝜋, 0.25𝜋, and 0.3𝜋. Easily derive the initial
values that 𝑎1 = 0.521292, 𝑎2 = 0.555360, 𝑎3 = 0.587785. Let
𝛿 = 0.001𝜋; the convergent values are 0.52206411, 0.55613211,
and 0.58855711. Given the following specifications: 𝑟1 = 𝑟2 =
𝑟3 = 0.95; weighting function 𝑊(𝜔) = 1; 𝜔𝑧 = 0.6282 rad,
𝜔𝑝 = 0.62855 rad, 𝐵𝑤 = 𝜔𝑝 − 𝜔𝑧 = 0.00035 rad
(1.114e−4 𝜋 rad). The pole radii 𝑟𝑝 defined in (14) is
0.999999969375. Adding another three pairs of conjugate
poles with angle 0.62855rad, radii are 0.9, 0.92, and 0.95,
respectively. The frequency magnitude response of the final
designed CNSIF is shown in Figure 6.
5.2. Performance. We choose the MCP-EBPSK signal as a
source, simulating the performance of two subcarriers. The
parameters are as follows: 𝑓𝑐1 = 10 MHz, 𝑓𝑐2 = 10.04 MHz,
𝑓𝑠1 = 160 MHz, 𝑓𝑠2 = 100.4 MHz, 𝐴 = 1; 𝐵 = 1; Δ = 0.1; 𝜂 =
0.5; 𝐾 = 2; 𝑁1 = 100; 𝑁2 = 160; the entire test symbols are

3 million. Set the notch frequencies as 0.1255𝜋 and 0.1992𝜋,
we can obtain 𝑎1 = 1.84656, 𝑎2 = 1.62098, after six iterations
converge to 1.84855455 and 1.6219734, respectively. Let 𝑟1 =
𝑟2 = 0.95, 𝛿 = 0.001𝜋, weighting function 𝑊(𝜔) = 1.
We can obtain the parameters of the CNSIF bank as
𝑎1 = [1,−6.096111877753762,16.418167515832877,
−25.326641789930786,24.298560015038895,
−14.721898165092053,5.447828484314318,
−1.116449367584231,0.098333159057181];
𝑏1 = [0,0,0,0,1,−3.694313616799019,5.411987912102056,
−3.694313616799019,1];
𝑎2 = [1,−5.406525327518239,13.652579283244823,
−20.517799618098030,19.861352592576445,
−12.536073668382514,4.996805854728122,
−1.139889481405723,0.120047843082279];
𝑏2 = [0,0,0,0,1,−3.239006288658281,4.622788277906668,
−3.239006288658281,1].
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Figure 7 shows the waveform of the component signal
after the CNSIF bank filtering. We can see that the designed
CNSIF could separate the component MCP-EBPSK signals.
The BER performance is shown in Figure 8.

6. Conclusions
With the intuitive method known as zero-pole placement, we
analyzed the frequency response of the SIF in a quantitative
way. The equation about the pole radii under specified
bandwidth is derived. The designed CNSIF could not only
maintain the impacting characteristic but also attenuate the
interchannel interference (ICI). From Figure 6, we can also
see that adding notch zeros could speed up the decaying of
the response curve and tighten the bandwidth; this will help
to filter the noise. Compared with OFDM, the multicarrier
scheme of ABPSK could have quite low PAPR ratio. It can also
be combined with MIMO, cognitive radio, and so forth to get
better performance, which is our next work to emphasize.
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Various data mining techniques have been applied to fault diagnosis for wireless sensor because of the advantage of discovering
useful knowledge from large data sets. In order to improve the diagnosis accuracy of wireless sensor, a novel fault diagnosis for
wireless sensor technology by twin support vector machine (TSVM) is proposed in the paper. Twin SVM is a binary classifier that
performs classification by using two nonparallel hyperplanes instead of the single hyperplane used in the classical SVM. However,
the parameter setting in the TSVM training procedure significantly influences the classification accuracy. Thus, this study introduces
PSO as an optimization technique to simultaneously optimize the TSVM training parameter. The experimental results indicate that
the diagnosis results for wireless sensor of twin support vector machine are better than those of SVM, ANN.

1. Introduction
In the past years, various data mining techniques including
artificial neural networks have been applied to fault diagnosis
for wireless sensor because they have the advantages of
discovering useful knowledge from large data sets [1–5].
Though fault diagnosis for wireless sensor based on artificial
neural networks can show encouraging results, there are
also many problems that need to be solved, such as local
optimization and overfitting in the artificial neural networks
[6–11]. Support vector machine (SVM), based on structure
risk minimization principle can use nonlinear mapping to
transform an input space to a high-dimension space based on
an internal integral function and then looks for a nonlinear
relationship between inputs and outputs in that space [12–
14]. SVM can find global optimum solutions for problems
with small training samples, high dimensions, nonlinear
[15, 16]. Twin SVM is a binary classifier that performs
classification by using two nonparallel hyperplanes instead
of the single hyperplane used in the classical SVM. However,
the choice of the training parameters has a heavy impact on
the classification accuracy of twin support vector machine.
Particle swarm optimization is an evolutionary computation technique, which is inspired by social behavior among

individuals. Thus, particle swarm optimization is used to
optimize the TSVM parameters.
In the study, a novel classification method by twin support
vector machine (PSO-TSVM) is proposed to fault diagnosis
for wireless sensor, where particle swarm optimization is to
find the optimal settings of parameters of SVM. Then, we
collect 260 samples to study the diagnosis performance of
twin support vector machine classifier, where 170 of them
are used to train the diagnosis model of twin support vector
machine classifier, and others are used to test the diagnosis
performance of twin support vector machine classifier. The
experimental results indicate that the diagnosis results for
wireless sensor of twin support vector machine are better than
those of SVM, ANN.

2. Twin Support Vector Machine
Based the Karush-Kuhn-Tucker theorem of optimization
theory [17, 18], the nonlinear decision function is:
𝑁

𝑓 (𝑥) = sign (∑ 𝛼𝑖 𝑦𝑖 𝐾 (𝑥𝑖 , 𝑥𝑗 ) + 𝑏) .
𝑖=1

(1)

2
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The most commonly used kernel function is the radial
basis function (RBF) kernel, which can be reproduced as
follows:


− 𝑥𝑖 − 𝑥𝑗 
(2)
𝐾 (𝑥𝑖 , 𝑥𝑗 ) = exp (  2  ) ,
2𝜎

𝑤1

⋅ 𝜙 (𝑥) + 𝑏1 = 0,

𝑤2 ⋅ 𝜙 (𝑥) + 𝑏2 = 0.

0.8

Amplitude

where 𝜎 is a positive real number.
The nonlinear TWSVM seeks two nonparallel hyperplane
in 𝑅𝑛 :

1

0.4

(3)
0.2

For finding the hyperplanes, it is required to get the
solutions to the primal problems.
Minimize
1
2
𝑈 (𝑤1 , 𝜉2 ) = 𝐴𝑤1 + 𝑒1 𝑏1  + 𝑐1 𝑒2 𝜉2
2

0.6

0
0

(4)
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Figure 1: The output signal of shock failure.

subject to
1.4

− (𝐵𝑤1 + 𝑒2 𝑏1 ) + 𝜉2 ≥ 𝑒2 ,
𝜉2 ≥ 0,

(5)

1.2

𝑐1 > 0.

1

1
2
𝑈 (𝑤2 , 𝜉1 ) = 𝐵𝑤2 + 𝑒2 𝑏2  + 𝑐2 𝑒1 𝜉1
2

(6)

subject to

0.8
0.6
0.4

(𝐴𝑤2 + 𝑒1 𝑏2 ) + 𝜉1 ≥ 𝑒1 ,
𝜉1 ≥ 0

Amplitude

And minimize

(7)

𝑐2 > 0,
where 𝑐1 , 𝑐2 are the punishment parameters and 𝑒1 , 𝑒2 are
vectors of ones of appropriate dimensions.
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Figure 2: The output signal of biasing failure.

3. Parameters Optimization of TSVM by PSO
Particle swarm optimization is an evolutionary computation technique, which is inspired by social behavior among
individuals. Each particle moves in the direction of its
previously best position and its best global position during
each generation [19–21]. Thus, particle swarm optimization
is used to optimize the TSVM parameters.
In the study, we use the RBF kernel function for the
TSVM classifier because the RBF kernel function can analyze
higher-dimensional data, and TSVM with RBF kernel function only has two parameters, 𝐶 and 𝜎 determined. Therefore,
the particle is comprised of two parts, 𝐶 and 𝜎, when the
RBF kernel is selected. The process of optimizing the TSVM
parameters with PSO can be summarized as follows.
Step 1. Randomly generate initial population, initial particle
and initial velocity.

Step 2. Set the learning parameters 𝑐1 and 𝑐2 , the inertia
weight 𝜔, and the maximum number of iterations.
Step 3. Fitness evaluation: the fitness function is defined as
the following formula:
Fitness = (1 −

𝑇
) × 100%,
𝐹+𝑇

(8)

where 𝑇 denotes the correct classification and 𝐹 denotes the
false classification.
Step 4. Update velocity and position of the particle.
Step 5. If maximum iterations predefined are met, the program is stopped. Otherwise, go to Step 3.
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Figure 5: The diagnosis results of twin support vector machine.

Figure 3: The output signal of short-circuit failure.

1.8
5
State types of wireless sensor

1.6

Amplitude

1.4
1.2
1
0.8

4

3

2

0.6
0.4

1

0

10

0.2
0

0

20

40

60

80

100
𝑡 (s)

120

140

160

20

30

40
50
Number

60

70

80

90

Actual
SVM

Figure 6: The diagnosis results of support vector machine.

Figure 4: The output signal of shifting failure.

4. Experimental Study for Fault Diagnosis of
Wireless Sensor
In the study, the four fault types of wireless sensor including
shock, biasing, short circuit, and shifting are applied to
test the diagnosis ability of TSVM compared with other
diagnostic methods. The normal data belongs to class 1, shock
belongs to class 2, biasing belongs to class 3, short circuit
belongs to class 4, and shifting belongs to class 5. The typical
output signals of the above four fault types of wireless sensor
can be described in Figures 1, 2, 3, and 4, respectively.
The values of the features and the corresponding state
types of wireless sensor are used to train twin support vector
machine classifier. In the study, we collect 260 samples to

study the diagnosis performance of twin support vector
machine classifier, where 170 of them are used to train the
diagnosis model of twin support vector machine classifier,
and others are used to test the diagnosis performance of twin
support vector machine classifier. Some of the experimental
data are given in Table 1.
Figure 5 gives the diagnosis results of twin support vector
machine, state types of wireless sensor including normal
state, shock, biasing, short circuit, and shifting are given in
Figure 5, which are denoted as 1 ∼ 5, respectively; Figure 6
gives the diagnosis results of the support vector machine;
Figure 7 gives the diagnosis results of artificial neural network. The number of incorrect diagnosis of TSVM, SVM,
and ANN is 96.7, 91.1, 83.3, respectively. The comparison of
the diagnosis results for wireless sensor among TSVM, SVM,

4
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Table 1: The experimental data.

𝑋1
0.1461
0.1457
0.1462
0.1463
..
.
0.1458
0.1461
0.1460
0.1462
0.1460
0.1458
0.1459
..
.
0.1461
0.1460
0.1459
0.1462
0.1460
0.1458
..
.
0.1462
0.1461
0.1460
0.1462
0.1459
0.1460
..
.
0.1457
0.1458

𝑋2
0.1219
0.1227
0.1225
0.1226
..
.
0.1221
0.1228
0.1221
0.1223
0.1222
0.1221
0.1224
..
.
0.1228
0.1221
0.1224
0.1225
0.1221
0.1221
..
.
0.1225
0.1228
0.1221
0.1225
0.1224
0.1222
..
.
0.1227
0.1221

𝑋3
0.7039
0.7033
0.7052
0.7044
..
.
0.6988
0.7052
0.7045
0.6997
0.7027
0.6988
0.7051
..
.
0.7052
0.7045
0.7051
0.7052
0.7045
0.6988
..
.
0.7052
0.7052
0.7045
0.7052
0.7051
0.7027
..
.
0.7033
0.6988

𝑋4
1.754
1.605
1.669
1.590
..
.
1.609
1.603
1.713
1.119
1.137
1.126
1.153
..
.
1.201
1.163
0.1853
0.1752
0.1755
0.1849
..
.
0.1752
0.1855
3.546
3.581
3.527
3.588
..
.
3.593
3.649

𝑋5
0.7042
0.7122
0.7001
0.7183
..
.
0.7211
0.6847
0.7137
1.149
1.153
1.137
1.164
..
.
1.357
1.167
0.0038
0.0016
0.0003
0.0011
..
.
0.0016
0.0002
3.786
3.812
3.846
3.819
..
.
3.779
3.798

𝑋6
0.7212
0.6991
0.712
0.7056
..
.
0.7255
0.6939
0.6977
1.164
1.107
1.1
1.124
..
.
1.035
1.122
0.0053
0.0031
0.0055
0.0049
..
.
0.0031
0.0012
4.046
4.069
4.057
4.051
..
.
4.053
4.055

𝑋7
0.6884
0.7017
0.6657
0.6775
..
.
0.7011
0.6507
0.6670
1.164
1.149
1.172
1.171
..
.
1.192
1.153
0.001
0.0012
0.0017
0.0013
..
.
0.0012
0.001
4.183
4.156
4.191
4.168
..
.
4.163
4.161

𝑋8
0.7134
0.7121
0.7145
0.7043
..
.
0.7126
0.6802
0.6930
1.148
1.159
1.146
1.164
..
.
1.169
1.144
0.00082
0.0012
0.0009
0.00115
..
.
0.0012
0.0088
4.492
4.438
4.493
4.513
..
.
4.472
4.485

𝑋9
0.6879
0.6671
0.67
0.681
..
.
0.7028
0.6613
0.6741
1.18
1.166
1.172
1.161
..
.
1.161
1.172
0.0126
0.0115
0.0127
0.0086
..
.
0.00115
0.0096
4.673
4.619
4.615
4.692
..
.
4.701
4.688

𝑋10
0.6333
0.6748
0.6501
0.6630
..
.
0.684
0.6217
0.643
1.161
1.179
1.181
1.163
..
.
1.159
1.169
0.0086
0.0064
0.0063
0.0078
..
.
0.0064
0.0082
4.942
4.923
4.879
4.851
..
.
4.928
4.899

Fault type

Shock

Biasing

Short circuit

Shifting

State types of wireless sensor

Table 2: The comparison of the diagnosis results for wireless sensor
among the three classifiers.
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Classifier
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The number of incorrect
diagnosis

Diagnosis accuracy/%

3
8
15
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83.3

TSVM
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Figure 7: The diagnosis results of artificial neural network.

and ANN is given in Table 2. Then, we can conclude that the
diagnosis results of twin support vector machine are better
than those of SVM and ANN in the fault diagnosis of wireless
sensor.

5. Conclusion
A novel classification method by twin support vector
machine (TSVM) is proposed to fault diagnosis for wireless
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sensor in this paper, where PSO is to find the optimal settings
of parameters in SVM. In the study, the four fault types of
wireless sensor including shock, biasing, short circuit, and
shifting are applied to test the diagnosis ability of TSVM
compared with other diagnostic methods. The experimental
results indicate that the diagnosis results for wireless sensor
of twin support vector machine are better than those of SVM
and ANN.
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In order to solve the HP model of the protein folding problem, we investigated traditional energy function and pointed out that
its discrete property cannot give direction of the next step to the searching point, causing a challenge to optimization algorithms.
Therefore, we introduced the simplified energy function into a turn traditional discrete energy function to continuous one. The
simplified energy function totals the distance between all pairs of hydrophobic amino acids. To optimize the simplified energy
function, we introduced the latest swarm intelligence algorithm, the firefly algorithm (FA). FA is a hot nature-inspired technique
and has been used for solving nonlinear multimodal optimization problems in dynamic environment. We also proposed the code
scheme strategy to apply FA to the simplified HP model with the clash test strategy. The experiment took 14 sequences of different
chain lengths from 18 to 100 as the dataset and compared the FA with standard genetic algorithm and immune genetic algorithm.
Each algorithm ran 20 times. The averaged energy convergence results show that FA achieves the lowest values. It concludes that it
is effective to solve 2D HP model by the firefly algorithm and the simplified energy function.

1. Introduction
Protein folding is the process by which a protein structure
assumes its functional shape or conformation. It is the
physical process by which a polypeptide folds into its characteristic and functional three-dimensional structure from
random coil. Each protein exists as an unfolded polypeptide
or random coil when translated from a sequence of mRNA to
a linear chain of amino acids [1]. This polypeptide lacks any
developed three-dimensional structure. Amino acids interact
with each other to produce a well-defined three-dimensional
structure, the folded protein, known as the native state. The
resulting three-dimensional structure is determined by the
amino acid sequence [2, 3].
The protein folding has a challenging search space, since
nature identifies the global minimum from more than 1050
possible conformations for the backbone of a small protein
[4]. A successful prediction requires two major components:
(1) a set of free energy components for the protein, which are
computationally inexpensive enough to be used in the search

procedure and sufficiently accurate to ensure the uniqueness
of the native fold; (2) an efficient optimization procedure
which is capable of finding an appropriate minimum for the
strongly anisotropic function of hundreds of variables [5, 6].
Scholars tend to use the 2D lattice model (HP model)
for protein folding. The HP model was proposed by Lau
and Dill [7]. In this model, proteins consist of two different
kinds of residues, hydrophobic and hydrophilic. The task
is to minimize the energy function, which is defined as
the counting of every two hydrophobic residues that are
nonconsecutive nearest neighbors on the lattice [8].
The recent literatures solving the 2D HP model were
reported as follows. Lin and Hsieh [9] proposed an efficient
hybrid Taguchi genetic algorithm that combines genetic
algorithm, Taguchi method, and particle swarm optimization, in order to enhance the performance of predicting
protein structure. In addition, Lin presented the PSO inspired
by a mutation mechanism in a genetic algorithm. In the
experiment, Lin demonstrated that their algorithm can be
applied successfully to the protein folding problems based on

2
the hydrophobic-hydrophilic lattice model. Zhang and Wu
[10] investigated the bacterial chemotaxis optimization
(BCO) on the 2D lattice model. He compared BCO with
standard genetic algorithm, immune genetic algorithm, and
artificial immune system for various chain lengths. He concluded that the BCO has the highest successful rate. Albrecht
et al. [11] presented results from three-dimensional protein
folding simulations in the HP model on ten benchmark
problems. Their simulations are executed by a simulated
annealing-based algorithm with a time-dependent cooling
schedule. The neighborhood relation is determined by the
pull-move set. The results of 10 benchmark problems provided experimental evidence of the relationship between the
maximum depth, the stopping criterion, the mean of nonzero
difference of the objective function, and their bounds. Chen
et al. [12] suggested that protein folding cores form early in the
process of folding, and proteins may have evolved to optimize
both folding speed and native-state stability. Chen developed
a set of empirical potential functions and applied them
to analyze interaction energies among secondary structure
elements in two proteins. Their work demonstrated that
the predicted folding core also harbors residue that form
native like interactions early in the folding reaction. Using
a set of 29 unrelated proteins, Chen demonstrated that the
average prediction result from their method is significantly
better than predictions based on other computation methods.
Sharma et al. [13] provided a description which is consistent with other natural processes, that the protein folding
is formulated from the principle of increasing entropy. It
then became evident that protein folding is an evolutionary
process among many others. During the course of folding
protein, structural hierarchy builds up in succession by
diminishing energy density gradients in the quest for a
stationary state determined by surrounding density in energy.
Evolution toward more probable states, eventually attaining
the stationary state, naturally selects steeply ascending paths
on the entropy landscape that correspond to steeply descending paths on the free energy landscape. The dissipative
motion of the non-Euclidian manifold is nondeterministic
by its nature which clarifies why it is so difficult to predict
protein folding. Zhang et al. [14] proposed a novel chaotic
clonal genetic algorithm (CCGA) on a 2D lattice model.
The algorithm combines chaos operator, clonal selection
algorithm, and genetic algorithm. The experiments compared
CCGA with standard genetic algorithm and immune genetic
algorithm for various chain lengths, and found that CCGA
not only find global minima more reliably, but also be
significantly faster in convergence. Zhao [15] had introduced
several natural computing approaches. In his paper, the
evolutionary algorithm, memetic algorithm, ant colony optimization algorithm, tabu search, self-organizing map-based
iterative approaches, and the typical chain growth computing
approaches were reviewed. The advantages and disadvantages
of various computing approaches and the current optimal
results are analyzed.
However, those above mentioned algorithms cannot converge to the global optimal points within limited time. The
reason lies at two sides. The first is that the energy function
is discrete, so it cannot effectively guide the searching point
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as the continuous energy function. The second is that the
optimization algorithms themselves are not rapid enough.
To solve the two outstanding issues, we introduced a
simplified energy function [16], and we introduced the latest
firefly algorithm (FA). FA is a hot nature-inspired technique and has been used for solving nonlinear multimodal
optimization problems in dynamic environment [17]. The
algorithm is based on the behavior of the fireflies. In social
insect colonies, each firefly seems to have its own plans, and
yet the group acts as a whole appears to be highly organized.
Scholars published immense literatures reporting that its
performance, effectiveness, and robustness are superior to
GA, PSO, and other global algorithms in a wide range of fields
[17–19].
The structure of this paper was organized as follows.
Section 2 gave a brief overview on the simplified 2D HP
model and its energy function. Section 3 introduced the
fundamental of firefly algorithm, giving its pseudocodes and
the encoding schemes to simplified 2D HP model. Section 4
contained the experiment of 14 chains varying from 18 to 100
residues and compared the FA algorithm to standard genetic
algorithm and immune genetic algorithm. Finaly, Section 5
concluded the paper and summarized our contribution.

2. Overview of 2D HP Model
Proteins are the basis of biology. They are the driving force
behind all of the biochemical reactions. They are the main
constituent of our bones, muscles, hair, skin, and blood vessels. They recognize invading elements and allow the immune
system to get rid of the unwanted invaders. For these reasons,
scientists have sequenced the human genome, the blueprint
for all of the proteins in biology. However, only knowing this
sequence tells us little about what the protein does and how
it does it. In order to carry out their function, they must take
on a particular shape (fold). Therefore, proteins are genuinely
amazing machines: before they do their work, they assemble
themselves, which is called “folding.” [20] The protein folding
problem is so difficult, so scholars prefer to use the 2D HP
model proposed by Lau and Dill [7]. The task is to find
the optimal folded configuration of a given sequence. Each
potential configuration is associated with an energy function. The optimal configuration corresponds to the lowest
energy.
2.1. The 2D HP Model. There are two types of amino acids in
the realistic world: hydrophobic amino acid and hydrophilic
amino acid. Since proteins always exist in the watery environment, the hydrophobic amino acid and hydrophilic amino
acid tend to cling to each other, so as to apart from water to
the maximal degree [16].
Figure 1 shows an 8-residue chain (01111110) before and
after folding. We use 1 to denote hydrophobic residue
(denoted by red circle), and 0 to denote hydrophilic residue
(denoted by green circle). Figure 1 indicates that (1) the chain
can turn 90∘ left or right, or continue ahead at each point; (2)
the hydrophobic residues compact themselves to keep away
from water.
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Figure 1: Illustration of HP model of protein chain 01111110: (a)
before Folding; (b) after Folding.

2.2. Simplified Energy Function. In traditional HP model,
the energy function is simple as adding −1 for each direct
(occupying nondiagonal neighboring lattice points) between
two hydrophobic amino acids, those are not consecutive in
the protein sequences. Figure 2(a) shows a protein sequence
with energy function as −2.
However, it is not easy to pinpoint the direct and
not consecutive two hydrophobic amino acids. Therefore,
a simplified energy scoring method via distance matrix is
proposed at Mathworks contest in 2002 [16]. We introduced
in this strategy in our work. The energy is scored by totaling
the distance between all pairs of hydrophobic amino acids.
For Figure 2(b), we used the blue lines to link all pairs of
hydrophobic amino acids, and summed distances is calculated as 21.129. The detailed calculation procedure is shown
as follows.
Step 1. Chain = [0 1 1 1 1 1 1 0].
Step 2. Remove the hydrophilic residues (1st and last
residues), and reserve the hydrophobic residues (2nd, 3rd,
4th, 5th, 6th, and 7th residues).
Step 3. Record their coordination as (0, 2), (0, 1), (0, 0), (1, 0),
(1, 1), and (1, 2). See Figure 1(b).
Step 4. Calculate the residue-to-residue distances matrix as
0
[1
[
[
[2
dist = [
[ √5
[
[√ 2
[1

1
0
1
√2
1
√2

2
1
0
1
√2
√5

√5
√2
1
0
1
2

√2
1
√2
1
0
1

1
√2]
]
√5]
]
].
2]
]
1]
0]

(1)

(b)

Figure 2: Comparison of two energy functions: (a) traditional
energy function with energy as −2; (b) simplified energy function
with energy as 21.129.

function is discrete or stair wisely with −1 decrease. It will not
give instructive information for the searching point. While
the simplified energy function used the sum of the distance
matrix so as to transform traditional discrete energy function
to a continuous one.
Figure 3 gave an illustration. Figure 3(a) shows the discrete energy function, where the searching point found the
energy function remains as 1 within the searching area, so it
can not give the direction of the next step for the searching
point. Figure 3(b) shows the continuous energy function,
where the searching point found the energy function varies,
so it will move towards the minimal point within the
searching area.

3. Firefly Algorithm
A power optimization algorithm is of importance to solve
2D HP model. Firefly Algorithm (FA) is a nature-inspired
algorithm based on the flashing behaviors of the firefly swarm
[19]. The primary purpose for the flash of fireflies is to signal
to attract other fireflies. The assumption of FA consists of
three rules: (1) all fireflies are unisex, so that one firefly
will be attracted to other fireflies regardless of their sex;
(2) an important and interesting behavior of fireflies is to
glow brighter mainly to attract prey and to share food with
others; (3) attractiveness is proportional to their brightness,
thus each agent firstly moves toward a neighbor that glows
brighter.
In the FA, the fireflies are randomly distributed in the
search space. The fireflies carry a luminescence quality,
called luciferin, which emits light proportional to the quality
[18]. Each firefly is attracted by the brighter glow of other
approximated fireflies. The attractiveness decreases as their
distance increases [21]. If there is no brighter one within the
scope of a firefly, it will move randomly in the search space.

Step 5. Sum up the triangle part of the distance matrix
Energy = 7 + 4√2 + 2√5 + 2 ∗ 2 = 21.129.

(2)

2.3. Theory Analysis of Simplified Energy Function. We expect
that the simplified energy function is better than the traditional function. The reason is that the traditional energy

3.1. Variation of Light Intensity. The brightness is related to
the objective values, so for an optimization problem, a firefly
with higher intensity will attract another firefly with higher
probability, and vice versa. Assume that there exists a swarm
of 𝑛 fireflies, and 𝑥𝑖 represents a solution for a firefly 𝑖,
whereas 𝑓(𝑥𝑖 ) denotes its corresponding energy value. Here,
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Figure 3: The effect of energy function on the optimization procedures: (a) discrete energy function; (b) continuous energy function. The
black dot denotes the searching point, and the black circle denotes the searching territory.

the brightness 𝐼 of a firefly is equivalent to the simplified
energy value
𝐼𝑖 = 𝑓 (𝑥𝑖 ) ,

1 ≤ 𝑖 ≤ 𝑛.

(3)

3.2. Movement towards Attractive Flies. The attractiveness 𝛽
of the firefly is proportional to the light intensity received
by the adjacent fireflies [22]. Suppose 𝛽0 is the attractiveness with distance 𝑟 = 0, so for two fireflies 𝑖 and
𝑗 at locations 𝑥𝑖 and 𝑥𝑗 , their attractiveness is calculated
as
𝛽𝑟 (𝑖, 𝑗) = 𝛽0 exp {−𝛾𝑟(𝑖, 𝑗)2 }


𝑟 (𝑖, 𝑗) = 𝑥𝑖 − 𝑥𝑗  ,

(4)

where 𝑟(𝑖, 𝑗) denotes the distance between fireflies 𝑖 and 𝑗, 𝛾
denotes the light absorption coefficient. Suppose that firefly
𝑗 is brighter than firefly 𝑖, then firefly 𝑖 will move to a new
location as
𝑥𝑖 (𝑡 + 1) = 𝑥𝑖 (𝑡) + 𝛽0 exp {−𝛾𝑟2 } (𝑥𝑗 − 𝑥𝑖 ) .

(5)

3.3. Pseudocodes. See Pseudocode 1.
3.4. Encoding Scheme. For the 2D Hp model, we set the
firefly as a string of digits chosen from the set {0, 1, 2}.
Each digit denotes a torsion angle as: 0 → left, 1 → right,
and 2 → continue [8]. The initialization of FA generated the
fireflies with random digits, and the first link of the sequence
is not included in the encoding. Figure 4 shows that the
direction of the first link only makes the structure rotated.
Their structures of the lattice model does not change, neither
does the corresponding energy levels.
3.5. Clash Test. Sometimes the decoded string represents a
clash, which means a lattice node is occupied by more than

one residue, as shown in Figure 5. If a clash occurred, this
firefly will be replaced by a new randomly generated firefly.
If the clash occurs in the new one, then the procedures are
repeated until no clash occurs. Meanwhile, the clash tests
need to be checked at every step after the fireflies are updated,
see (5) for detailed information.

4. Experiments
The experiments were carried out on the platform of P4
IBM with 3.1 GHz processor and 2 G RAM, running under
Windows XP operating system. The algorithm was in-house
developed via Matlab 2012a. The experiment data contains 14
protein folding problems with different chain lengths varying
from 18 to 100 generated randomly. Their sequences are listed
in Table 1.
4.1. Effectiveness of Simplified Energy Function. Figure 6 gave
the optimal solutions obtained by FA through the simplified HP model. It forces the hydrophobic residues to
fold themselves together to the utmost extent. Obviously,
all the hydrophobic residues are located at the inner side,
while the hydrophilic residues are located outside. It satisfies
the expectation of 2D HP model. Therefore, this simplified
energy function is effective.
4.2. Algorithm Comparison. We compared the FA with traditional standard genetic algorithm (SGA) and immune
genetic algorithm (IGA). We ran each algorithm 20 times
and got the averaged converged energy values of total
20 times results. The parameters are set by hundreds of
experiments to get the optimal values and are shown in
Table 2.
The average convergence results were illustrated in
Figure 7. It indicated that the firefly algorithm achieves the
least averaged convergence values among all three algorithms
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The pseudo-codes of the firefly algorithm can be summarized as
Step 1 Initialization.
Step 1.1 Create the initial population of n fireflies (𝑥1 , 𝑥2 ,. . ., and 𝑥𝑛 ) within d-dimensional search space.
Step 1.2 Formulate light intensity of each firefly so as to be associated with the energy value 𝑓(𝑥).
Step 1.3 Define the parameters 𝛽0 and 𝛾.
Step 2 Perform.
while (termination criteria are not met)
for 𝑖 = 1 to n
for j = 1 to 𝑛
if (𝐼𝑗 < 𝐼𝑖 )
Move firefly 𝑗 towards firefly 𝑖 via (5).
end if
Update Attractiveness Table.
Evaluate New Solutions and Update light intensity.
end for 𝑗
end for 𝑖
Rank the fireflies and find the best.
end for while
Step 3 Post-processing and output.
Pseudocode 1

0

0
2

2

2

2

2

2

2

0

2

2
0

(a)

2

2

2

(b)

2

2

0
0

0
0

(c)

2

2

(d)

Figure 4: The direction of the first link does not contribute to the encoding. The fist link directs to: (a) North, (b) West, (c) South, and (d)
East does not affect the protein structure. They are all encoded as “220022”, and their energies are all 21.129.

for all protein sequences. Therefore, the FA is the most
effective among the three algorithms. Besides, the longer
the proteins become (the index increases), the larger the
advantages of FA turn.
4.3. Energy Function Comparison. In this chapter, we compared the simplified energy function with traditional energy
function. We choose the first protein in the dataset, of which
the minimal traditional energy function is −5, and the minimal simplified energy function is 100.97. Their convergence
curves are shown in Figure 8.
We see that the simplified energy function merely costs
about 1/3 iterations of those needed by the traditional energy
function. The reason lies in the fact that the traditional energy
function is discrete and cannot give effective direction for the
searching point to move to, whereas the simplified energy
function can be regarded as a continuous function, so the
searching point is easy to guide itself moving towards the
minimal point within its search territory. Moreover, Figure 8
validates that our developed theory in Section 2.3 is coherent
to the experimental results.

5. Conclusions and Future Work
This study introduced the firefly algorithm and the simplified
energy function and applied them to the 2D HP lattice
model of protein folding problem. The experimental results
on 20 runs of 14 chains with different lengths showed
that the FA can achieve the lowest averaged energy values
compared to standard genetic algorithm and immune genetic
algorithm. We also prove the superiority of the simplified
energy function on traditional energy function.
Our contributions can be summarized as follows.
(1) We applied firefly algorithm to the field of protein
folding problem.
(2) We introduced the simplified energy function.
(3) We demonstrate the superiority of the simplified
energy function on traditional energy function on
both from the discrete and continuous energy function theory and experimental results.
The future work focuses on three points. First is to
investigate more novel intelligence algorithms, including
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(a)

(b)

Figure 5: Illustration of clashes: (a) no Clash (encoded as “220022”); (b) clash (encoded as “220002”).
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Figure 6: Continued.

(d)

(g)

(j)

Mathematical Problems in Engineering

7

(k)

(l)

(m)

(n)

Averaged convergence value

Figure 6: Optimal solutions of the 14 sequences found by FA: (a) 18 residues; (b) 26 residues; (c) 30 residues; (d) 39 residues; (e) 42 residues;
(f) 49 residues; (g) 53 residues; (h) 66 residues; (i) 72 residues; (j) 79 residues; (k) 83 residues; (l) 89 residues; (m) 91 residues; (n) 100 residues.
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Figure 7: The algorithm comparison by averaged convergence values.
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Table 1: 14 protein chains of different residues.

Index

Length

Energy

Protein Sequence

1
2
3
4
5
6
7
8

18
26
30
39
42
49
53
66

100.97
457.23
305.16
716.77
1174.79
885.69
1082.36
4587.09

9

72

4168.48

10

79

4611.02

11

83

4319.72

12

89

6981.92
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91

11721.87

14

100

11175.25
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Table 2: Parameters setting.

Algorithm

Parameters

SGA
IGA
FA

Population (𝑁) = 100, cross rate (𝑃𝐶) = 0.3, mutation rate (𝑃𝑀 ) = 0.1
Population (N) = 100, cross rate ((𝑃𝐶) = 0.3, mutation rate (𝑃𝑀 ) = 0.1, elimination ratio (𝑟) = 0.1
Population (𝑁) = 100, attractiveness with 0 distance (𝛽0 ) = 1, light absorption coefficient (𝛾) = 1
0

400
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Figure 8: Energy function comparison: (a) traditional energy function; (b) simplified energy function.

differential algorithm and intelligent water. We expect that
they will give excellent performances after being adapted to
the field of HP model; second is to analyze the principal
of FA and improve its performance; third is to analyze the
mathematical fundamental of simplified energy function and
try to give more logical proof of its superiority.
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