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Stability theory has been significantly developed and
extended to dynamical system which will provide a deep
insight into a more comprehensive understanding of the
dynamic structure of complex dynamical systems and
therefore is of great significance for its application. The
overall aim of this special issue is to open a discussion among
researchers actively working in the field of stability theory
and relative applications. The issue covers a wide variety of
problems for neural networks and applications such as image
processing and pedestrian detection, difference equations,
dynamic equations on time scales, biological mathematics
including multigroup and reaction-diffusion epidemic
model, and soft computing. In the following, we briefly
review each of the papers by highlighting the significance of
the key contributions.

In “Periodic oscillation analysis for a coupled FHN network
model with delays” by Y. Lin, the author provides new
results of periodic oscillatory behavior of three coupled
FHN neurons model by Chafees criterion of limit cycle.
In “Dynamical behaviors of the stochastic hopfield neural
networks with mixed time delays” by L. Wan et al, the
authors of this paper investigate dynamical behaviors of the
stochastic Hopfield neural networks with mixed time delays.

By employing the theory of stochastic functional differential
equations and linear matrix inequality (LMI) approach, some
novel criteria on asymptotic stability, ultimate boundedness,
and weak attractor are derived.

Two papers in our special issue are devoted to discuss
applications of neural networks. In “Analysis of feature
fusion based on HIK SVM and its application for pedestrian
detection” by S.-Z. Su and S.-Y. Chen, the author adopt sup-
port vector machine (SVM) with the histogram intersection
kernel (HIK) as a classifier to detect pedestrians in low-
resolution visual images and at night time. In “Recursive
neural networks based on PSO for image parsing” by G.-R. Cai
and S.-L. Chen, the authors give an image parsing algorithm
based on Particle Swarm Optimization (PSO) and Recursive
Neural Networks (RNNs).

A theoretical article titled “Lw-compactness in Lw-spaces”
presents some important properties of Lw-compactness. The
authors, S.-L. Chen and J.-L. Huang, reveal the Alexander
subbase lemma and the Tychonoft product theorem with
respect to Lw-compactness.

Six papers are concerned about dynamical analysis of
difference equations or dynamic equations on time scales. In
“Oscillation for higher order dynamic equations on time scales”
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by T. Sun et al., the authors present sufficient conditions to
ensure every solution of higher order dynamic equations on
time scales to be oscillatory or tend to zero. In “h-Stability
for differential systems relative to initial time difference” by P.
Wang and X. Liu, the authors discuss h-stability for differen-
tial systems with initial time difference and stability criteria
are formulated by using variation of parameter techniques.
In “Periodic solutions of second-order difference problem with
potential indefinite in sign” by H. Bin, the author obtains some
new results concerning the existence of nontrivial periodic
solution of second-order difference problem with potential
indefinite in sign by using Morse theory. In “Dynamics of a
family of nonlinear delay difference equations” by Q. He et al.,
the authors give sufficient conditions guaranteeing the glob-
ally asymptotical stability of a unique positive equilibrium of
nonlinear delay difference equations. In “Subharmonics with
minimal periods for convex discrete hamiltonian systems” by
H. Bin, by using variational methods and dual functional, the
author considers the subharmonics with minimal periods for
convex discrete Hamiltonian systems. In “Leader-following
consensus stability of discrete-time linear multiagent systems
with observer-based protocols” by B. Xu et al., the authors
obtain two types of distributed observer-based consensus
protocols to solve the leader-following consensus problem of
discrete-time multiagent systems on a directed communica-
tion topology.

There are two new results about epidemic models in this
special issue.

In “Stability analysis of a multigroup epidemic model with
general exposed distribution and nonlinear incidence rates” by
L. Zhang et al., the authors adopt Lyapunov functionals and
a graph-theoretical technique to derive sufficient conditions
ensuring the global dynamics. In “Traveling wave solutions
in a reaction-diffusion epidemic model” by S. Wang et al.,
the authors investigate a unique and strictly monotonic
traveling wave solutions in a reaction-diffusion epidemic
model through monotone iteration of a pair of classical upper
and lower solutions.
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The existence of periodic oscillation for a coupled FHN neural system with delays is investigated. Some criteria to determine the
oscillations are given. Simple and practical criteria for selecting the parameters in this network are provided. Some examples are

also presented to illustrate the result.

1. Introduction

Recently, several researchers have studied the dynamics of
coupled FHN neural systems [1-5]. Wang et al. have investi-
gated the following model [6]:

Vi () = —v; () + av, (t) — w, (t) + ¢, tanh (v, (£ = 7)),

w; (t) = v, (t) - bw, (), o
Vi () = = (t) + av, () — w, (t) + ¢, tanh (v, (t — 7)),

w; () = vy (t) = byw, (t) .

The effects of time delay on bifurcation and synchro-
nization in the two synaptically coupled FHN neurons have
been investigated. The authors found that time delay can con-
trol the occurrence of bifurcation in the coupled FHN neural
model and synchronization is sometimes related to bifur-
cation transition. Fan and Hong introduced second time
delay in model (1) as follows [7]:

X} () = =x (t) + ax, (t) = x, (t) + ¢, tanh (x5 (t - 7)),

x5 () = x; () = byx, (£),

x; ) = —xg (t) + ax; (t) — x4 (t) + ¢ tanh (x, (t - 1,)),

x; (1) = x5 (£) — byx, (t).
()

Let 7 = 1, + 7, be a parameter. The authors have shown
that there is a critical value of the parameter; the steady state
of model (2) is stable when the parameter is less than the
critical value and unstable when the parameter is greater than
the critical value. Thus, the zero equilibrium loses its stability
when the parameter passes through the critical value, and a
Hopf bifurcation occurs and oscillations induced by the Hopf
bifurcation appeared. Zhen and Xu generated models (1) and
(2) to a three coupled FHN neurons network with time delay
as follows [8]:

u) = —%ui + ot +duy —u, + ot
+BLf (us (t=0) + f (us (t - 1)],
uy = ¢ (u, —bu,),

' 13 2 2
Uy = —gus + +dus — uy + o

+BLf (=) + £ (us (- D)),

uy = e (us —buy),



13 2 2
Ug = —§u5+cu5+du5—u6+¢xu5

+BLf (w (t =)+ f (us (t - 7)),
ug = e (us — bug),
3)

where «, 8 represent the synaptic strength of self-connection
and neighborhood interaction, respectively, and f(x) is a
sufficiently smooth sigmoid amplification function such as
tanh(x) and arctan(x). The method of Lyapunov functional is
used to obtain the synchronization conditions of the neural
system. Noting that, for each neuron of model (3), the
synaptic strength of self-connection and neighborhoodinter-
action are the same under the same restrictive condition, the
dynamics of (3) are completely characterized by the following
system:

, 1 5 2
u, = —§u1+(c+oc)u1+du1—u2

+2Bf (u, (t-1)), (4)
uy =& (u; —bu,),

where [u,1,]" is a completely synchronous solution of sys-
tem (4). The Bautin bifurcation of synchronous solution for
this neural system (4) in which «, 3 are regarded as the
bifurcating parameters is investigated. However, generally
speaking, the synaptic strength of self-connection, neigh-
borhoodinteraction for each neuron, and the time delays
are different. Therefore, in this paper, we will discuss the
following model:

u) = —%ui + cluf +dyu; —u, + cxluf
+ By [f (uy (£ —13)) + f (us (t = 5))],
”; =& (u; - bu,),
u; = —%ug + czug +dyuy —uy + oczu§
+ By [f (uy (t—1)) + f (us (t - 15))], ()
“z’; =& (uy — byuy),
up = —%ug + %ug +daus — ug + oc3u§
+ B [f (uy (t =) + f (us (t - 13))],
Mé = &5 (us — byig) s

where b, ¢, d;, o;, B¢, (i = 1,2,3) are constants. 7; > 0

(j = 1,3,5) represent the time delays in signal transmission.
System (5) can be rewritten as follows:

' 1,
U = d1+(“1+cl)”1_5”1 Uy —u

+ By [f (s (t —13)) + f (us (t - 75))],
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g b
Uy =&l — &0 Uy,

, 1
Us = [d2+(“2+fa)“3_§”3]”3_u4

+ B, [ f (wy (t =) + f (s (t - 75))],

.= b

Uy = &Usz = &0, Uy,

r_[g4 1,

Us = 3+(“3+53)”5_§”5 Us — Ug

+Bs [f (g (t=7)) + f (us (t - 13))],
ug = &5 — e3byg.

(6)

It is known that if all solutions of system (6) are bounded
and there exists a unique unstable equilibrium point of system
(6), then this particular instability will force system (6) to
generate a limit cycle, namely, a periodic oscillation [9].
We will provide some restrictive conditions which are easy
to check to ensure the existence of periodic oscillation. It
was pointed out that bifurcating method to determine the
periodic solution of system (6) is very difficult.

In the following, we first assume that f(u,(t — ;)
(i = 1,3,5) are continuous bounded monotone increasing
functions, satisfying

f(u @) .

—_— = 0 N =1, 3, 5; 0)=0. 7
u—0  u;(t) v (>0, i fO @
For example, activation functions tanh(y;(t)),

arctan(y;(t)), and  (1/2)(lu;(#) + 1| = |u(#) — 1|) satisfy
condition (7). From assumption (7), the linearization of
system (6) about the zero point leads to the following:

ul =duy —u,
+ By [ysus (t = 13) + ysus (t = 75)] 5
u, = &u, — &bu,,
uy = dyus —uy
+ By [y (8 = 10) + ysus (£ = 75)] 5 8)
ufl = &Uz — &byuy,
up = dyus — ug
+Bs [y (= 11) + ysu3 (£ = 73)] 5
U = &5us — e3byug.
The matrix form of system (8) is as follows:

U @#)=AU () +BU (t-1), 9)

where U(t) = (u,(t), uy(f),... ,u6(t))T, Ut-1) = (u(t-
7.), 0, 145 (t — 13), 0, us(t — 75),0)7,
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d -1 0 0 0 0
& —gb 0 0 0 0
A 0 0 d, -1 0 0
B 0 0 & -&b, 0 0 ’
0 0 0 0 d, -1
0 0 0 0 & —-&b;
(10)
0 0 By 0 Biys 0
0 0 0 0 0 0
B= B 0 0 0 Bavs 0
0 0 0 0 0 0
Bsn 0 Bs3 0 0 0
0 0 0 0 0 0

2. Preliminaries

Lemma 1. Suppose that b, > 0,0 < &; < 1,d; < 0, (a; + ¢)* +
(4/3)d; < 0 (i = 1,2,3); then each solution of system (6) is
bounded.

Proof. Note that the activation functions are bounded con-
tinuous nonlinear functions. Therefore, there exist N P> 0
such that If(uj(t - Tj))| < N; (j = 1,3,5). Since d; < 0,
(a; + ) + (4/3)d; < 0 (i = 1,2,3), this implies that there
exist constants k; > 0 such that for any values u; we have
di+(o; + ¢)u, — (1/3)u? < ~k; < 0 (i = 1,2,3). From (6)

we get
d t
l”(‘;t( )l < -k |u1| + |u2| + |ﬁ1|(N3 +N,),
du, (t)
|5t |§81lu1|_81b1 |u2|,
d|us (t)
I(;t L <y ) + ] 85 (N, + N3),
dluy (t)
|;t | S82lu3|_82b2 |u4|,
d|us (t)
ldst l < —ks |us| + |ug| + |Bs| (N} + N3),
d|ug (1)
I;t |§s3 |M5|—83b3 |u6|,

(11)

Noting that system (11) is the first-order linear sys-
tem of equations with constant coefficients, the eigen-
values of system (11) are A;;;,, = (=(k; + gb) *
\/(ki +&b)* — 4g(kb, +1))/2 (i = 1,2,3). Since k; > 0, >
0,b > 0(i =1,2,3), Ay, < 0if (k; + £b)*~4e;(k;b+1) > Oor
A1 are complex numbers with Re A, ;, < 0 if (k; + &b)* -
4e;(k;b, + 1) <0 (i = 1,2,3). This implies that all solutions of
system (11), as well as the system, (6) are bounded according

to the theory of the first-order linear system of equations with
constant coefficients.

According to [10], there is the same oscillatory behavior
for systems (8) and (6). So, in order to investigate the periodic
oscillatory behavior of system (6), we only need to deal with
system (8). O

Lemma 2. Suppose that matrix C (= A + B) is a nonsingular
matrix. Then, system (9) has a unique equilibrium point.

Proof. An equilibrium point u* = [uf,u;,...,u;]T is the
solution of the following algebraic equation:

AU* +BU" = (A+B)U" =0. 12)

Assume that U" and V* are two equilibrium points of
system (9); then we have

(A+B)(U-V*)=C(U"-V")=0. (13)

Since C is a nonsingular matrix, implying that U"- V" =

0 and U"= V™ system (9) has a unique equilibrium point.
Obviously, this equilibrium point is exactly the zero point.
O

3. Periodic Oscillation

Theorem 3. Suppose thatb; > 0,0<¢ < 1, d; < 0,
(oc,-+ci)2 +(4/3)d; < 0 (@G = 1,2,3), and C is a non-
singular matrix. Let T, = min{t;, 73, 75}, 7° = max{7, 73, 5},
Pi>Pas- s Pg aAnd wy,w,, ..., wg denote the eigenvalues of
matrices A and B, respectively. Assume that there is at least
one p; > 0,i € (1,2,...,6), and the following inequalities hold:
(14)

w|T,e i 7IT*>'
|| 7,67 > 1, |w|‘r*ep' 1

Then, the trivial solution of system (8) is unstable, implying
that there is a periodic oscillatory solution of system (6).

Proof. From the assumptions, we know that system (8) has a
unique equilibrium point and all solutions are bounded. We
will prove that the unique equilibrium point is unstable. We
first discuss the case that 7, = 7; = 75 = 7, in system (8). The
characteristic equation of system (8) is as follows:

det(A[ - A-Be ™) =0. (15)



Equation (15) is equal to

6
H (A - P — wkefh*) =0. (16)

k=1

Therefore, we are led to an investigation of the nature of
the roots for the following equations:

A0, k=1,2,...,6. (17)

A—p —wre
For some p; > 0, consider equation

AT,

A—p;—we " =0. (18)

If A < 0 is a solution of (18), then |A| = —A; from (18) we
have

A = ;] X7 - p, (19)

Using the formula ex < e*(x > 0), leads to the fact that

|wi| AT _ |‘Ui| e P 'e(|)L|+p’,)T*
|/\| + Pi (|)t| + pl) T, (20)
> |wi| T*e_PiT*

Equation (20) contradicts the first inequality of assump-
tion (14). Then, we discuss the case that 7, = 7, = 7, =
7% in system (8). Similarly, if A < 0 is a solution of the
equation A - p; — wief’w = 0, we also have a contradic-
tion with the second inequality of assumption (14). Since
7, <7, <7 (i = 1,3,5), one can conclude that there exists
a positive real part of the eigenvalue of system (8) for any 7;
(i = 1,3, 5) under the assumptions. This means that the trivial
solution of system (8) is unstable, implying that there is a
periodic oscillatory solution of system (6) based on Chafee’s
criterion. O

Theorem 4. Suppose thath, > 0,0<¢ < 1, d; < 0,
(o; + ci)2 +(4/3)d; < 0 (i = 1,2,3), and C is a nonsingular
matrix. Let p, = py + ipy (pr, may equal zero) and wy, =
Wy + iwy, (W, may equal zero) (k = 1,2,...,6) denote the
eigenvalues of matrices A and B, respectively. If, for some p;,
lpi| < w;y as p;; < 0, then the trivial solution of system (8)
is unstable, implying that system (6) has a periodic oscillatory
solution.

Proof. The assumptions guarantee that system (8) has a
unique equilibrium point and all solutions are bounded. In
this case, we first consider 7, = 7; = 7; = 7, in system (8).
Then, for some p;,let A = A, +iA,; from (18) we have

A = py —wpe M cos (A,7,) =0,
(21
Ay = pn +wpe M7 gin (A,7,) =0.

We will show that A; > 0 and there is an eigenvalue
which has positive real part of system (18). Let f(1,) =

Ay = paq - wﬂe*’\”* cos(A,7,); then f(A,) is a continuous
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function of A,. If p;; > 0, then select suitable delay 7, such
that w;, cos(A,7,) > —p;. Therefore, f(0) = -p; —
w;, cos(A,7,) < 0. Noting thate™™ — 0asA, —
+00, obviously, there exists a suitably large A,(> 0) such
that f(A,) = A, — p; — w, e ™M™ cos(A,7,) > 0. By the
continuity of f(A,), there exists a positive A,* € (0,1,) such
that f(A,") = 0.If p; < 0, since |p;| < w; (w; #0),
then there exists a suitable delay 7, and a positive A, such

that w;; cos(A,7,) < —p,; and A, — wile%”* cos(A,7,) < 0
both hold. Then, f(0) = -p; — w;; cos(A,7,) > 0 and
fA) =4 —w,-le_AIT* cos(A,T,) < 0. Again, from the contin-
uity of f(A,), there exists a positive A,** € (0, ;) such
that f(A,"*) = 0. Thus, there is an eigenvalue of system
(18) that has positive real part. Implying that the trivial solu-
tion of system (8) is unstable. Thus, the trivial solution of
system (6) is also unstable. Based on the theory of delay
differential equation, the oscillatory behavior of the solution
will maintain as time delay increasing. Therefore, for any 7; >
7, (i = 1,3,5), system (8), as well as system, (6) generates
a periodic oscillatory solution. We select a suitable delay 7,
such that system (6) has a periodic oscillatory solution. This
oscillation is said to be induced by time delay. O

4. Simulation Result

The parameter values are selected as oy = -1.5, &, = —1.5,
ay = -1.2b, = 0.16,b, = 0.25,b, = 0.12; ¢, = 1.3, ¢, = 1.302,
¢, = 1.305 d, = —0.705, d, = —0.706, d, = —0.707; 8, = 1.5,
B, = 15 B, = 0.15;¢ = 0.05, ¢ = 0.025 & = 0.085,
respectively. It is easy to check that the conditions of Lemmas
1and 2 hold. The activation functions are selected as arctan(u)
and tanh(u), respectively. In this case, y, = 93 = y5 = 1,

and eigenvalues of matrices A and B are p; = —0.6238, p, =
—-0.0892, p; = -0.6682, p, = —0.0440, p; = -0.5493,
and p; = -0.1679, and w;, = 1.7562, w, = -1.5000,
w; = —0.2562, w, = 0, and w; = 0, wy = 0, respectively.
Since |p,| = 0.6238 < w,, there is a periodic oscillatory
solution based on Theorem 4. Both in Figures 1 and 2, the
time delays are selected as 7;, = 10, 7, = 8, and 7; = 4.

Then, we change delays as 7, = 1, 7, = 2, 7; = 3; activation
function is kept as tanh(u); periodic oscillatory solution also
occurred (Figure 3). In Figure 4, the parameter values are
selected as oy = —0.95, 0, = —1.2, a3 = —=1.25; b, = 0.18, b, =
02,b, =0.16;¢, = 14, ¢, = 1.42,¢; = 1.45;d, = —0.7,d, =
-0.72,dy = —0.75; B, = 1.25, B, = 1.2, B, = 1.15;¢, = 0.05,
&, = 0.045, and &; = 0.065, respectively. The activation func-
tion is tanh(u). The eigenvalues of matrices A and B are p; =
-0.6179, p, = -0.0911, p, = —-0.6498, p, = —0.0792,
ps = —0.6481, p; = —0.1123 and w; = 2.3654, w, = —1.2154,
w; = —1.1500, w, = 0, w; = 0, and wg = 0, respectively. We
see that periodic oscillatory solution appeared.

5. Conclusion

This paper discusses a three coupled FHN neurons model
in which the synaptic strength of self-connection, neighbor-
hoodinteraction for each neuron, and the time delays are
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FIGURE 1: Periodic oscillatory behavior, activation function: arctan(u), and delays: (10, 8, 4).
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FIGURE 2: Periodic oscillatory behavior, activation function: tanh(u), and delays: (10, 8, 4).
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FIGURE 3: Periodic oscillatory behavior, activation function: tanh(u), and delays: (1, 2, 3).
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FIGURE 4: Periodic oscillatory behavior, activation function: tanh(u), and delays: (9, 10, 12).
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We consider the leader-following consensus problem of discrete-time multiagent systems on a directed communication topology.
Two types of distributed observer-based consensus protocols are considered to solve such a problem. The observers involved in
the proposed protocols include full-order observer and reduced-order observer, which are used to reconstruct the state variables.
Two algorithms are provided to construct the consensus protocols, which are based on the modified discrete-time algebraic Riccati
equation and Sylvester equation. In light of graph and matrix theory, some consensus conditions are established. Finally, a numerical

example is provided to illustrate the obtained result.

1. Introduction

In recent decades, the cooperate and control problem of
distributed dynamic systems has been a challenging research
field, owing to its widespread applications in many areas such
as swarm of animals [1], collective motion of particles [2],
schooling for underwater vehicles [3, 4], neural networks
[5, 6], and distributed sensor networks [7].

The consensus problem, as one fundamental problem
for coordinated control of multiagent systems, has gained
significant attention from different research communities.
Consensus problem considers how to design an information
interaction protocol between agents and requires all agents
to converge to a common value [8, 9]. Based on matrix
theory, algebraic graph theory, and control theory, many
researchers have acquired abundant results in studying con-
sensus problem of multiagent systems. In [10], the authors
proposed a general framework for consensus problem in fixed
and switching networks and gave solution to the case with
communication time delays. Olfati-Saber et al. established
a general model for consensus problems of the multiagent
systems and introduced Lyapunov method to reveal the
contract with the connectivity of the graph theory and the
stability of the system in [l1]. Sometimes, it is better to

consider a tracking consensus problem by adding a leader
which can make all agents reach a command trajectory with
any initial condition [12]. The leader-following consensus
problem has been addressed in many references [13-17].
Many proposed distributed consensus protocols need to
know neighbors’ state information, but it may be difficult to
measure this information. To make the system achieve con-
sensus, it often contains an observer in the control protocol,
which is used to estimate those unmeasurable state variables.
The distributed observer-based control laws were proposed
to solve first-order and second-order multiagent consensus
problems in [12, 17]. To estimate the general active leader’s
unmeasurable state variables, [18] proposed a distributed
algorithm for first-order agent, and [19] extended the results
of [18] to the time-delay case. The distributed observer-based
consensus protocols were addressed to solve multiagent
consensus with general linear or linearized agent dynamics
in [17, 20-24]. In [25], the author proposed an observer-type
consensus protocol to the consensus problem for a class of
fractional-order uncertain multiagent systems with general
linear dynamics. In [26], the authors proposed distributed
reduced-order observer-based protocols to solve consensus
problem, which were generalized to solve leader-following
consensus problem under switching topology by [27].



The observer-based consensus protocol can be viewed as a
special case of the dynamic compensation method, which has
been investigated by [28-30].

Discrete-time dynamic systems are commonly involved
in the neural network, sampled control, signal filters, and
state estimators. The discrete-time neural network was stud-
ied by [31-33]. The sampled-data discrete-time coordination
of multiagent systems was investigated in [16, 34, 35]. The
first-order discrete-time consensus has been investigated
by [8, 9, 36-38]. In [39], the authors discussed discrete-
time second-order consensus protocols for dynamics with
nonuniform and time-varying communication delays under
dynamically switching topology. The distributed H,, consen-
sus problem was studied in [30] to solve multiagent consensus
problem with discrete-time high-dimensional linear coupling
dynamics subjected to external disturbances. The distributed
state-feedback protocols for linear discrete-time multiagent
were proposed in [40, 41]. The distributed observer-based
protocol was proposed to solve leader-following consensus
problem with linear discrete-time dynamics in [23, 42, 43].

Motivated by the above works, we focus our research
on a group of agents with discrete-time high-dimensional
linear coupling dynamics and directed interaction topology.
We propose distributed observer-based protocols for leader-
following multiagent systems. The full-order observer and
reduced-order observer are adopted to reconstruct the state
variables. Contrary to [23] and [40], the gain matrix design
approach used in this paper is based on the modified discrete-
time algebraic Riccati equations (MDARE) but not the nor-
mal discrete-time algebraic Riccati equations. The proposed
design method must be feasible if spectral radius of system
matrix is not greater than 1. Of course, the proposed design
method can be used to construct the consensus protocols
provided by [23] and [40]. Further, the separation principle
is shown to be valid, from which we can establish consensus
condition for closed-loop multiagent systems.

This paper is organized as follows. Section 2 presents the
related notations and the problem formulated with graph
theory. In Section 3, the distributed state feedback design is
considered. In Sections 4 and 5, the distributed full-order
and reduced-order observer-based consensus protocols are
proposed, respectively, which are the main results of this
paper. Section 6 presents a simulation example to illustrate
our established results. Finally, the conclusion is given in
Section 7.

2. Preliminaries and Problem Formulation

2.1. Notations and Graph Theory. Re(£) denotes the real part
of £ € C. Let R™" and C™" be the set of m x n real
matrices and complex matrices, respectively. 1, € R" is
the column vector with all components equal to one. Let
I be the identity matrix with compatible dimension. For a
given matrix A, a;; represents its element of ith row and

jth column, AT denotes its transpose, and A" denotes its
conjugate transpose. A matrix is said to be Schur-stable if
all its eigenvalues are inside unit circle. p(A) represents the
spectral radius of matrix A. A, (A) and A, (A) represent

max
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its maximum and minimum eigenvalues of symmetric matrix
A, respectively. For symmetric matrices A and B, A > B
means that A — B is positive definite, that is, A— B > 0. ®
denotes Kronecker product, which satisfies (A® B)(C® D) =
(AC) ® (BD).

We describe the interaction relationship among # agents
by a simple weighted diagraph & = {7, ¢, W}, where 7" =
{vi,v5,...,v,} is the set of vertices and ¢ C 7" x 7 is the
set of edges. If (v;,v;) € &, the vertex v; is called a neighbor
of vertex v;, and the index set of neighbors of vertex v; is
denoted by //; = {j | (v,»,vj) €. W = [wij]m represents
weighted adjacency matrix associated with graph &, where
w;; > 0if (v;,v;) € eandw;; = 0 otherwise. The degree matrix
D = diag{d,,d,,...,d,} of digraph & is a diagonal matrix
with diagonal elements d; = Z;‘zl w;;. Then, the Laplacian
matrix of € is defined as L = D — W. v; is called globally
reachable node if there exists at least a directed path from
every other node to node v; in digraph &. A directed graph
& has a globally reachable node if and only if there exists a
directed spanning tree in & (see [9]).

For a multiagent system with leader (labeled as 0), the
interaction topology is expressed by graph &, which contains
graph & and vertex v, and edges from other vertices to vertex
vo. Let g;, i = 1,2,...,n, be weight of (v;,v,). g; > 0 if
(v;,vp) is an edge of graph G and g; = 0 otherwise. Let
G, = diag{g,, 9> - - - » g} The matrix L+ G, has the following

property.

Lemmal (see [13]). Matrix L+G, is positive stable if and only
if graph & has a directed spanning tree with root v,,.

2.2. Problem Formulation. Consider the multiagent system
which is composed of n identical following agents and a
leader. Each following agent has dynamics modeled by the
discrete-time linear system:

x; (k+1) = Ax; (k) + Bu; (k),

(1)
y; (k) = Cx; (k),

where x;(k) € R™ wu (k) € RP, and y;(k) € R? are,
respectively, the state variable, control input, and measured
output of agent i.

The dynamics of the leader is given as

xo (k+1) = Ax, (k),
Yo (k) = Cx, (k),

)

where x, (k) is the state and y,(k) is the measured output of
the leader. The leaderless consensus problem for multiagent
system has been investigated by [26, 28, 44], which require
the system matrix A to be Schur-stable. There is not such
requirement to A in this paper. A, B, C are constant matrices
with compatible dimensions. It is assumed that (A, B, and C)
is stabilizable and detectable.

The x, (k) is often called as “consensus reference state” and
assumed to be available only to a subgroup of the followers.
The main objective of leader-following consensus problem is
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to design distributed consensus protocol to make multiagent
system achieve consensus.

Definition 2. The leader-following multiagent system is said
to achieve consensus if the state variables of all following
agents satisfy limy _, . (x;(k) — x4(k)) = 0,i = 1,2,...,n for
any initial state. One says that the protocol u;(k) can solve the
leader-following consensus problem if the closed-loop system
achieves consensus.

2.3. Preliminary Results. In this subsection, we introduce
some preliminary results which will be used to establish our
main results. Consider the following MDARE:

ATpPA-P- 6ATPB(I + BTPB)_IBTPA +Q=0, (3

where Q is any given positive definite matrix. Since Q is

positive definite, (4, Q"?) must be detectable. The solvability
of the MDARE is addressed by the following lemma.

Lemma 3 (see [45, 46]). If (A,Q"?) is detectable, (A, B) is
stabilizable, then there exists a 8, € [0,1) such that the
modified discrete time algebraic Riccati equation (3) has a
unique positive-definite solution P for any 5. < & < 1
Furthermore, P = limy_, Py for any initial condition Py > 0,
where Py, satisfies

-1
P = A'PA-SA"PB(I+B"PB) B'RA+Q (4

Remark 4. The MDARE (3) is reduced, respectively, to the
well-known discrete-time Riccati equation (DARE) and Stain
equation as § = 1 and § = 0. The Stain equation has
a unique positive-definite solution if A is Schur-stable. It
is well known that DARE has a unique positive-definite
solution if (A, B) is stablizable. If the involved matrix A is
not Schur-stable, it is easy to see that 0 < &, < 1. More
details for issue 8, can be referenced to [45]. Moreover, if the
matrix A has no eigenvalues with magnitude larger than 1
and (A, C) is detectable, MDARE (3) has a unique positive-
definite solution P for any § satisfying 0 < § < 1.

Lemma 5. For a given § satisfying 6, < & < 1, let P be the
unique positive-definite solution of the MDARE (3). Choose a

feedback matrix K = (I + B"PB) "' B PA. Then, A — sBK is
Schur-stable for any s € C(1, V1 - ).

Proof. From the MDARE (3), we have
(A—-sBK)*P(A-sBK)-P
— ATPA - (s+s") ATPB(1 + B"PB) ' B"PA
+ss"K"B"PBK - P
= ATPA— P (s+s" —ss*) ATPB(I + B'PB)

x BTPA - |s’ K"K

3

= ATPA-P—(1-|s-11?) ATPB(1 + B"PB)"

x BTPA - |s’ KK
< ATPA- P - 5ATPB(I + B"PB) 'B'PA
<-Q«<0.
(5)

Thus, we know that if |s — 1| < V1 -6, A — sBK is Schur-
stable. O

3. Distributed State Feedback Design

In this section, we investigate the multiagent consensus via
state variable feedback control, which has been addressed by
[23]. Here, we also use the control protocol proposed by [23]
and provide a new design approach to construct the feedback
gain matrix.

The neighborhood disagreement error of agent i is
defined as

E (k) =Y wy(x; (k)= x; (k) + g; (xo (k) — x; (k).
jes;
(6)
Consider the following distributed state feedback proto-
col for agent i:

w, (k) = ¢,(1+d, + g) ' K& (k), )

where d; = ¥ ;. ;- wy;, ¢ is the coupling strength and K is a
feedback gain matrix, which will be determined later.

Denote e;(k) = x;(k) — x,(k) and e(k) = [e] (k), el (k),
...,eZ:(k)]T. Then, we can derive that the close loop system
has the global tracking error dynamics as follows [23]

e(k+1)=[I,® A-TI'®(BK)]e(k), (8)
where T = (I + D +G,) (L + G,).

Definition 6 (see [23]). A covering circle E(CO, r,) related to
matrix I is a closed circle in the complex plane centered at
¢ € Rand A; € C(g, 1) foralli = 1,2,...,n.

Then, we provide a new design technique to construct
feedback gain matrix K, which is presented in the following
theorem.

Theorem 7. Formultiagent system (1) and (2), assume that the
interconnection topology & has a directed spanning tree with
root v,. If there exists a covering circle C(cy, ry) such that

0< <
%
then there must exist fitted ¢, and K such that the global track-
ing error dynamics (8) is asymptotically stable. Furthermore,
by taking & which satisfies

I- 65’ 9)

r—os 1-6<
&)

1- (Sc (10)



and solving the MDARE (3) to get the unique positive-definite
solution P, the feedback matrix K and the coupling strength c,
can be chosen as

K =(1+B7PB) 'B'PA,
1 o
-

Proof. From (10), we know & > §,, which means that the
MDARE (3) has a unique positive-definite solution P. Any A;
satisfies [A; — ¢| < r,. Thus, [gA; — 1| < ry/qy < V1-6.
According to Lemma 5, all A — qA;BK, i = 1,2,...,n are
Schur-stable.

Let U be a Schur transformation matrix of I such that

G =

Ay *
0 Ay o %

vtu=|. 7 | (12)
0 0 A

n

Then, we have

UxD'[I,8 A-cT®(BK)] (U xI)

A-c)BK * x
0 A-¢A,BK, - x
0 0 . A-¢A,BK,

(13)

Certainly, U ® I is also a unitary matrix. Matrix [[, ® A —
¢TI ® (BK)] is Schur-stable if and only if all A — ¢;A;BK, i =
1,2,...,n are Schur-stable. Now, the proof is completed. [

Remark 8. From condition (9), it is required that 0 < ¢; < 7,
which means that the covering circle should be located in the
open right half plane. Moreover, the small enough /¢, will
guarantee that the MDARE (3) is solvable, which is the key
point in the proposed design approach. The weight parameter
in the feedback law (7) need not take ¢, (1 + d; + gi)’l, which
can be selected as ¢,(d; + g;) ', ¢;, and so on as long as there
exists a covering circle for the related matrix ¢, T that satisfies
the condition (9).

Next, we will discuss the covering circle of the matrix ¢ I'.
Based on Gershgorin disk theorem [47], all the eigenvalues of
(I+D+ Gd)_l(I + W) are located in the union of # discs:

{SEC:
=1

1 i
— < .
: 1+di+g,~‘_1+di+g,~} (14)

It is easy to see that this union is included in a unit circle
{s : |s| < 1} and the circular boundaries of the union of n
discs have only one intersection with the circle at s = 1. If
the interconnection topology € has a directed spanning tree
with root v,, we know that L+G, is nonsingular, and then, I'is
nonsingular too. Noting that (I+D+Gd)_1(I+W) = I-T, then
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we know that all eigenvalues of matrix (I + D + Gd)_1 I+wW)
are not equal to 1. Thus, all eigenvalues of matrix I' can be
covered by circle c(, 1o) with 7, < 1. On the other hand, it is
necessary to assume that the interconnection topology € has
a directed spanning tree with root v,. Otherwise, there exists
at least one agent which cannot get the leader’s information
directly and indirectly. Certainly, if A is not Schur-stable,
those agents cannot track the leader with some initial values.
From this point, the assumption that the interconnection
topology € has a directed spanning tree with root v, is
necessary.

An interesting special case is that matrix A has no
eigenvalues with magnitude larger than 1, that is, p(A) <
1. The well-known second-order discrete-time multiagent
system

x; (k+1) = x; (k) +v; (k),
v (k+1) = v; (k) +u; (k)

(15)

has been addressed in many references [34, 38]. The system
matrix A of second-order discrete-time multiagent system is
[ 1], which has no eigenvalues with magnitude larger than
L.

According to Theorem 7, we present the following corol-
lary for this special case.

Corollary 9. For multiagent system (1) and (2) with p(A) <
1, assume that the interconnection topology € has a directed
spanning tree with root v,. Take 8 = 1 — max{|A; — 1|*}, and
solve the MDARE (3) to get the unique positive-definite solution
P. Choose K = (I + B"PB)"'B"PA and C, = 1. Then, the
distributed feedback control (7) guarantees that all following
agents can track leader.

Proof. According to Remark 4, we know 8, = 0if p(A) < 1.
Select & = 1 — max,{|A; — 1|*}. From above analysis, we know
that§ > 0 and C(1, §) are a covering circle. Thus, the MDARE
(3) is solvable. According to Theorem 7, we can obtain the
corollary directly. O

4. Consensus Protocol Design with
Full-Order Observer

In many applications, each agent only accesses the neighbor’s
output variable. To solve leader-following consensus prob-
lem, we propose a new observer-based consensus protocol for
agent i, which consists of a distributed estimation law and a
feedback control law.

(i) Local estimation law for agent i:

z; (k+1) = Fz; (k) + Gy, (k) + TBu; (k) ,
(16)
x; (k) = T_lzi (k)

where z;(k) € R™ is the protocol state, X(k) is the
constructed variable to estimate x;(k), and F € R™"",
G € R™4,and T € R™"™ are the designed parameter
matrices.
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(ii) Neighbor-based feedback control law for agent i:
u; (k) = ¢,(1+d; + g;) ' Kn; (k) (17)

where the neighborhood disagreement observer error
n;(k) of agent i is denoted as

n; (k) = Z

jeN;

w; (% (6) = % () + g, (x (k) - %, (K)),
(18)
and K is a given feedback gain matrix.

Next, an algorithm is provided to select the parameter
matrices used in estimation law (16).

Algorithm 10. Given that (A, C) is observable. The parameter
matrices F, G, and T used in estimation law (16) can be
constructed as follows.

(1) Select a Schur-stable m x m matrix F with a set of
desired eigenvalues that contain no eigenvalues in
common with those of A.

(2) Select G € R™4 randomly such that (F, G) is control-
lable.

(3) Solve Sylvester equation

TA - FT = GC (19)

to get a nonsingular solution T'. If T is singular, select another
G until T is nonsingular.

Denote ¢;(k) = z;(k) — Tx;(k) and é(k) = ["T(k) (k)
s érTl(k)]T. Then, after manipulations and combining (1) and
(16), we can obtain

& (k+1)
=z;(k+1)-Tx; (k+1)

= Fz (k) + Gy, (k) + TBu; (k) — TAx; (k) — TBU;, (k)
= Fe; (k) + (FT + GC - TA) x; (k)
= Fe; (k).

(20)

For tracking error e;(k) = x;(k) — x,(k), we have
e (k+1)
=Ae;(k+1)+¢(1+d;,+g;) 1K17i(k)

1

+q(l+d;+g;) Kln (k) -§& k)]

=Ae;(k+1)-c(1+d,+g;)"

1

(
=Ae;(k+1)+¢(1+d;+g;) 1K£i (k)

)

(

5
x | K Z (e (k) — e‘(k)) +gie,-j|
JEN;
+o(l+d; + g,»)_lKTf1
X Z wy; (é} (k) —¢; (k)) + giEi:| .
| jei
(21)

From (20) and (21), the error dynamics of closed-loop system
will be expressed as

[etee ]

I,e A-qT®(BK) ¢T'®(BKT ")
0 I®F
e(k)
e

Obviously, the error dynamics system (22) is Schur-stable if
and onlyif I, ® A—¢; I'®(BK) and I®F are Schur-stable. Similar
to Theorem 7, we present the following theorem directly, and
the proof is omitted.

(22)

Theorem 11. For multiagent system (1) and (2), assume that
the interconnection topology & has a directed spanning tree
with root v,. If there exists a covering circle C(c,, 1) such that

0<@<\/1—8C, (23)

I

then the distributed observer-based protocols (16) and (17)
can solve the discrete-time leader-following consensus problem.
Furthermore, the parameter matrices F, G, and T used in
observer (16) are constructed by Algorithm 10. By taking §
satisfied

oo VI=5<
o
and solving the MDARE (3) to get the unique positive-definite
solution P, the feedback matrix K and the coupling strength c,
can be chosen as

1-6, (24)

K = (1+B"PB) B"PA,
(25)

G =—.

G

Remark 12. Of course, when system matrix A satisfies p(A) <
1, we can also establish similar corollaries as Corollary 9
in this section and the next section. In [23], three different
observer/controller architectures are proposed for dynamic
output feedback regulator design. Besides design feedback
matrix K, another key technique is to choose an observer gain
matrix L which makes I, ® A — ¢;I' ® (LC) Schur-stable. By
using duality property, solve the following MDARE:

APAT —p - 3APCT(1+CPCT) 'CPAT+Q =0  (26)



to get the unique positive definite solution P. Then, the
observer gain matrix L is chosen as L = APCT(I + cpCh)™.
Thus, the proposed design method in this paper can also be
applied to construct the protocols proposed by [23]. In this
paper, we propose two new observer/controller architectures,
which will replenish cooperative observer and regulator
theory. Contrary to [23], our proposed approach must be
feasible if system matrix A satisfies p(A) < 1.

5. Consensus Protocol Design with
Reduced-Order Observer

In this section, we assume that C has full row rank, that
is, Rank(C) = g. The following reduced-order observer-
based consensus protocol, which consists of a reduced-order
estimation law and a feedback control law, is proposed for
agent i.

(i) Local reduced-order estimation law for agent i:

v; (k+ 1) = Fv; (k) + Gy; (k) + TBu; (k) , (27)

where v;(k) € R™1 is the protocol state, F €
R"™ ™4 and G € R"T1 and T € R"™ P are
parameter matrices.

(ii) Neighbor-based feedback control law for agent i:
w; (k) = c,(1+d; + g) K¢ (k) (28)

where the disagreement error {;(k) of agent i is given
as

Ci (k) = Ql

Z Wij (yj (k) = y; (k)) +g; (9o (k) - y; (k)):l

jEN;

+Q,

Z Wij (Vj (k) —v; (k))+gi (Txo (k)—v; (k))] >

jesi
(29)

and K is a gain matrix.

Similarly, an algorithm is presented to design the same
parameter matrices used in the protocols (27) and (28).

Algorithm 13. Given that (A, C) is observable. The parameter
matrices F, G, T, Qy, and Q, can be constructed as follows.

(1) Select a Schur matrix F € R X9 yith a set
of desired eigenvalues that contain no eigenvalues in
common with those of A.

(2) Select G € R™ 9" randomly such that (F,G) is
controllable.

(3) Solve Sylvester equation
TA-FT =GC (30)

to get the unique solution T, which satisfies that [$] is
nonsingular. If [ ] is singular, go back to step (2) to select

another G until [ ¢ ] is nonsingular.
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(4) Compute matri_cles Q, € R™9and Q, € R(m=q) by
[Ql Qz] = [gr:] .

Now, we present the result related to reduced-order
observer.

Theorem 14. For multiagent system (1) and (2), assume that
the interconnection topology & has a directed spanning tree
with root v,. If there exists a covering circle C(c,, 1) such that

0< To <
o
then the distributed observer-based protocols (16) and (17)
can solve the discrete-time leader-following consensus problem.
Furthermore, the parameter matrices F, G, T, Q,, and Q, used
in protocols (27) and (28) are constructed by Algorithm 13. By
taking 8 which satisfies

r—°£\/1—8<
(o

1-4, (31)

1-4, (32)

and solving the MDARE (3) to get the unique positive-definite
solution P, the feedback matrix K and the coupling strength c,
can be chosen as

K =(1+B7PB) 'B'PA,
(33)
o =—.
o
Proof. To analyze convergence, denote e;(k) = x;(k) — x,(k)
and ¢; = v;(k) — Tx,(k). Then, the dynamics of e;(k) and ¢;(k)
satisty

e,(k+1) = Ae; (k) — ¢,(1+d, + g) ' BKQ,C

x| D wy (e (k) —e; (k) + gie; (k)

jeN;

—o(l+d;+ gi)ilKQz

X Z Wij (si (k) - &j (k)) + g€ (k)

jeN;

ghk+1)=v;(k+1)—-Tx,(k+1)
= Fv; (k) + GCx; (k) — TAx, (k)
—¢(1+d,+g,) ' TBKQ,C
X Z Wij (xi _xj) + g (x; _xo):|
_je-/Vi(t)

—¢(1+d,+g,) ' TBKQ,

X Z w;j (vi - v]-) +g; (v - Txo)]

jeN;
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= Fg; (k) + GCe, (k) — ¢,(1 + d, + g;) ' TBKQ,C

x| D wy (e (k) —e; (k) + gie; (K)

jeN;

—¢(1+d,+g,) ' TBKQ,

x| D wy (& (k) —&; () + gie; (k)

jeN;

(34)

Lete = (elT,e;F, ... ,eZ)T and ¢ = (elT, szT, R sZ)T. From (34),

the closed-loop error dynamics can be represented as

ek+1)
e(k+1)

[ L,® A-qT®BKQ,C -,T ® BKQ,
T | IN®GC-I'® TBKQ,C I,® F — I ® TBKQ,

[ew] e i)

(35)

It is easy to see that the leader-following multiagent system
achieves consensus if the closed-loop error dynamics system
(35) is Schur-stable.

LetT = f’}fé’% In®?qu ], which is nonsingular, and T =
[ II";I}" In®(1)qu ] By step (2) of Algorithm 13, we have
., [LL®A-¢T®(BK) -¢l®(BKQ
I 2 THT 1 _|m 1 ) 1 ( 2)
0 I,&F
(36)

The matrix H is block upper triangular matrix with diagonal
block matrix entries I, ® A — ;' ® (BK) and F. Because F is
Schur-stable, the matrix H is Schur-stable if and only if A —
¢, ® (BK) is Schur-stable. The rest of the proof is omitted,
because it is very similar to the proof of Theorem 7. O

6. Simulation Example

In this section, we give an example to illustrate the effective-
ness of the obtained result. The multiagent system consists of
four agents and one leader, that is, n = 4. The following agents
and leader are, respectively, modeled by the linear dynamics
(1) and (2) with system matrices

0 3 0 0
A= 0 0 1], B=|0{,
-02 02 1.1 4 (37)
Cc=10,1,1].

The matrices L and G of the interaction graph € are given by

2 -1 -1 0 0000
-1 2 -1 0 0000

L= -1 -1 3 -1}/’ Ga = 0010 (38)
-1 0 -1 2 0001

By some simple computations, it is proper to take ¢, = 0.5768,
1o = 0.5001. Therefore, take ¢; = 1.7337. By solving MDRAE
(3) with § = 0.2482, the unique positive definite solution is

2.7685 2.0965 -8.6525
P= 2.0965 17.0036 -7.1766 | . (39)
—-8.6525 -7.1766 59.3567

Then, the gain matrix can be chosen as

-1
K = (I+B"PB) B'PA =[-0.0499,-0.0593,0.2445] .
(40)

The multiagent system adopts the consensus protocols (16)
and (17) with randomly initial state. The matrices F, G, and T
are designed as follows:

41
0 1 -0.9 4D

T =0.4041 0.3342 0.4041
0.6306 4.3243 —-0.9459

The state tracking errors showed in Figure 1, which show all
following agents can track the leader. As for the reduced-
order observer case, the matrices F, G, T, Q,, and Q,
used in the protocols (27) and (28) can be constructed by
Algorithm 13 as follows:

[-01 o0 -
F= [—0.1 —0.1]’ G=1%71,

~ [1.1842 3.2895 0.5921
"~ 10.8535 5.6999 0.1009 |’

. (42)
Q, = [-0.7031,0.0892,0.9168]",

12936 —0.6232
Q, = [ -0.1972 02736

0.1972 -0.2736

With consensus protocols (27) and (28), the state tracking
errors showed in Figure 2, which also show all following
agents, can track the leader.

7. Conclusions

This paper solves a leader-following consensus problem of
discrete-time multiagent system with distributed controllers
and observers. We provide a general framework for designing
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FIGURE 1: Error trajectories of three state components with full- FIGURE 2: Error trajectories of three state components with reduced-
order observer. order observer.
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distributed consensus protocols by applying full state feed-
back information and measured output feedback informa-
tion. Furthermore, we propose a reduced-order observer-
based protocol to solve the leader-following consensus prob-
lem. The interconnection topology is modeled by graph,
whose connectivity is a key factor to guarantee that the
multiagent achieves consensus. The consensus problem is
transformed into the stability problem of error dynamical
system, which also preserves the property of the separation
principle. The gain matrices can be designed by solving the
MDARE and the Sylvester equation. Presented results could
be generalized to switching and jumping interaction topology
in future work.
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We investigate the oscillation of the following higher order dynamic equation: {an(t)[((/1,,,1(1‘)(---(al(t)xA(l‘))A~--)A)A]°‘}A +
p(t)xﬁ (t) = 0, on some time scale T, where n > 2, a,(t) (1 < k < n) and p(t) are positive rd-continuous functions on T and
«a, f3 are the quotient of odd positive integers. We give sufficient conditions under which every solution of this equation is either

oscillatory or tends to zero.

1. Introduction

In this paper, we investigate the oscillation of the following
higher order dynamic equation:

{an o [(an—l (t)<...(a1 ) < (t)>A_,,>A>A]a}

+p®xF (1) =0,

A

(E)

on some time scale T, where n > 2, a,(t) (1 < k < n) and
p(t) are positive rd-continuous functions on T and «, 3 are
the quotient of odd positive integers. Write

x (1), if k=0,
S (x(t) = a4, (1) Sy, (tx(t), ifl<k<n-1,
a,®) [2, (t.x@)]", ifk=n,
)

then (E) reduces to the following equation:
S (t,x (1) + p(t) xF (1) = 0. )

Since we are interested in the oscillatory behavior of
solutions near infinity, we assume that sup T = coand t, € T
is a constant. For any a € T, we define the time scale interval
[a,00)p = {t € T : t > a}. By a solution of (2), we mean

a nontrivial real-valued function x(t) € Cid[Tx, ), T, > t,,
which has the property that S(t,x(t)) € CL[T,,00) for
0 < k < n and satisfies (2) on [T, 00), where Cid is the space
of differentiable functions whose derivative is rd-continuous.
The solutions vanishing in some neighborhood of infinity will
be excluded from our consideration. A solution x(t) of (2) is
said to be oscillatory if it is neither eventually positive nor
eventually negative; otherwise it is called nonoscillatory.

The theory of time scale, which has recently received a
lot of attention, was introduced by Hilger’s landmark paper
(1], a rapidly expanding body of the literature that has sought
to unify, extend, and generalize ideas from discrete calculus,
quantum calculus, and continuous calculus to arbitrary time
scale calculus, where a time scale is an nonempty closed
subset of the real numbers, and the cases when this time
scale is equal to the real numbers or to the integers rep-
resent the classical theories of differential or of difference
equations. Many other interesting time scales exist, and they
give rise to many applications (see [2]). The new theory
of the so-called “dynamic equations” not only unifies the
theories of differential equations and difference equations,
but also extends these classical cases to cases “in between,”
for example, to the so-called g-difference equations when
T = {1,4,¢%...,q"...}, which has important applications
in quantum theory (see [3]). In this work, knowledge and
understanding of time scales and time scale notation are
assumed; for an excellent introduction to the calculus on time



scales, see Bohner and Peterson [2, 4]. In recent years, there
has been much research activity concerning the oscillation
and nonoscillation of solutions of various equations on time
scales, and we refer the reader to the papers [5-20].

Recently, Erbe et al. in [21-23] considered the third-order
dynamic equations

(att) [r o« (t)]A)A +p() f(x(®) =0,

AAA

0+ p () x (1) =0, ®)
A
(a0 {roxo"}') +rexom=o

respectively, and established some sufficient conditions for
oscillation.
Hassan [24] studied the third-order dynamic equations

(a0 {[rex* (t)]A}V)A Ffbx@®)=0 ()

and obtained some oscillation criteria, which improved and
extended the results that have been established in [21-23].

2. Main Results

In this section, we investigate the oscillation of (2). To do this,
we need the following lemmas.

Lemma 1 (see [25]). Assume that

00 1/e 0
J [ ! ] AS:J As =00 Vli<i<n-1, (5
t, La,(s) t, @ (s)

and 1 < m < n. Then,
(1) lim inf, | S,,(t, x(t)) >
x(t)) =ocofor0<i<m-1;

(2) lim sup, _, . S,,,(t,x(t)) < 0 implies lim, _, S;(t,
x(t)) =—-cofor0<i<m-1.

0 implies lim, _, .. S;(¢,

Lemma 2 (see [25]). Assume that (5) holds. IfSﬁ(t, x(t)) <0
and x(t) > 0 for t > t,, then there exists an integer 0 < m < n
with m + n even such that

Q) (=1)™S,(t, x(t)) > 0 fort > tyand m < i <n;

(2) if m > 1, then there exists T > t,, such that S;(t, x(t)) >
Ofor1<i<m-landt>T.

Remark 3. Let a,(t) = .-+ = a;(t) = 1, and let T be the
set of integers. Then, Lemmas 1 and 2 are Lemma 1.8.10 and

Theorem 1.8.11 of [26], respectively.

Lemma 4. Assume that (5) holds. Furthermore, suppose that

J:O an_ll(u) {J:X) [anl(s) LOO p() Av]l/aAs} Au = co.
(6)
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If x(t) is an eventually positive solution of (2), then there exists
T > t, sufficiently large such that

(1) S5(t, x(t)) < 0 fort > T;

(2) either S;(t,x(t)) > Ofort > Tand0 < i < nor

lim, _, x(t) = 0.

Proof. Pick t; > t; so that x(f) > 0 on [t;,00)y. It follows
from (2) that

B (tx () =-pt)xP () <0 fort >t ?)

By Lemma 2, we see that there exists an integer 0 < m < n
with m +n even such that (~=1)""'S;(¢, x(¢)) > 0 for t > t, and
m < i < n, and x(¢) is eventually monotone.

We claim that lim, _, ., x(t) # 0 implies m = n. If not, then
S,1(t,x(8)) < 0(t = t;) and S, _,(t, x(¢)) > 0 (¢t > t;), and
there exist t, > t, and a constant ¢ > 0 such that x(f) > c on
[t,, 00)r. Integrating (2) from ¢ into co, we get that for t > ¢,

—a, (t) [Sy, (t.x (t))]“ =S, (t,x (1) < - joo p(v) Av.
t
(8)
Thus,

S (tx (1) < =P

0o 1 0 1/«
X L [an © J-S p) Av] As fort >t,.
)

Again, integrating the above inequality from ¢, into t, we
obtain that for t > t,

S (8 x (1))

<S8, (6, x (1))

t
_ (Pl j {
ty Oy-1 (I/l)

LOO [ a,,l(S)

00 1/«
XJ p(v)Av] As}Au.

5 (10)

It follows from (6) that lim, _, .,S,_,(¢, x(t)) = —oo, which
is a contradiction to S,_,(t, x(t)) > 0 (t > t,). The proof is
completed. O

Lemma 5. Assume that x(t) is an eventually positive solution
of (2) such that Sﬁ(t, x(t)) < 0fort >T >t, and S;(t, x(t)) >
Ofort >T and 0 <i < n. Then,

S; (£ x (1) = SV (t, x (1)) By, (,T)

n
for0<i<n-1, t=>T,
and there exist T, > T and a constant ¢ > 0 such that
x(t) <cB,(t,T) fort=>T,, (12)
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where
[aw]
As, ifi=n,
B,(6T) = FLa ) (13)
J —Bi+1(S’T)As ifl<i<n-1
T a;(s) ’ o .

Proof. Since Sﬁ(t,x(t)) < 0(t = T),it follows that S, (t, x(t))
is strictly decreasing on [T, co)y. Then, fort > T,

Sn—l (t’ X (t)) 2 Sn—l (t’ X (t)) - Sn—l (T’ X (T))

_ J [sn (w(s))]““ As

T a, (s)
> SV (t,x (1)) B, (¢, T)
S, (tx (1) =S, (t, x (t)) =S, _, (T, x (T))

_ r S, 1 (s,x(S))AS

T a,_1 (s)

> S,ll/a (t’ X (t)) Bn—l (t’ T)

S (6% (1) 2 S, (5 () = S, (T,x(T)
_ J S, (5,%()

As > SY* (t, x (1)) B, (t, T)
T a(s) "

So (£ x (£)) 2 x (£) — x (T)

As > SY* (t,x (1) B, (£, T).
(14)

[ Slexto)

T a; (s)

On the other hand, we have that for t > T,

1/a
Sy (6x (1)) = L [%] As+ S, (T, x(T))

< S,y (T,x (1)) + 8,/ (T, x (1)) B, (+,T).

(15)
Thus, there exist T} > T and a constant b; > 0 such that
S, (Lx () <yB,(t,T) fort>T,. (16)
Again,
t
S >
Sia () = 8, (T () + | 22X
T, an—l (S)
. 17)
B, (s,T)
<S8, , (T, x(T))) +b J ——— As.
2( 1 ( 1)) 1 T Gy (S)
Thus, there exists a constant b, > 0 such that
"B, (s, T
S, , (t,x () < b, J ACEVyW
T Gy (8) (18)
=bB, ,tT) fort=>T).

3
Again,
S (6.2(0) = S, 5 (T x () + L %ﬁf”
<S (T, x(T,) +b, j; %(S(S)T) As
(19)

Thus, there exists a constant by > 0 such that

‘B (sT
S, 5 (6,x (1) < by L Bz%(s(s))m o

=b;B, ,(t,T) fort>T,.

The rest of the proof is by induction. The proof is completed.
O

Lemma 6 (see [2]). Let f: R — R be continuously differen-
tiable and suppose that g : T — Ris delta differentiable. Then,
f o g is delta differentiable and the formula

1
0

(Fo9)* ©=g"® | f(hg@+1-hg ®)dh @)
Lemma 7 (see [27]). If A, B are nonnegative and A > 1, then
A AABM (A -1 B 0. (22)
Now, we state and prove our main results.
Theorem 8. Suppose that (5) and (6) hold. If there exists a
positive nondecreasing delta differentiable function 0 such that

for all sufficiently large T € [t,,00)y and for any positive
constants c;, ¢,, there is a Ty > T such that

lim su Jt O(s)p(s)— 6" (9 8, (t,T,c;,0) | As =00
t_)oop T, P Bllx(S,T) 1\L L6556 - >
(23)
where
SE ifa<p,
8, (t,T,¢c1,0) =11, fa=p (24)

OB, T), ifa>p

and B,(t,T) is as in Lemma 5. Then, every solution of (2) is
either oscillatory or tends to zero.

Proof. Assume that (2) has a nonoscillatory solution x(t) on
[ty, 00)r. Then, without loss of generality, there is a t; > ¢,
sufficiently large, such that x(t) > 0 for ¢ > ¢,. Therefore, we
get from Lemma 4 that there exists t, > t; such that

(i) S2(t, x(t)) < O for t > t,;

(ii) either S;(¢,x(t)) > Ofort > t, and 0 < i < nor
lim, _, . x(t) = 0.



Let S;(t, x(t)) > 0 fort > t, and 0 < i < n. Consider

S, (£, x (1))

w(t)=6(t)xﬁ—(t)

fort > t,. (25)
It follows from Lemma 6 that
1
(xﬁ)A(t)::ﬁxA(t)j (e (6) + (1 — By x(®)°)*"dh > 0
0

fort > t,.
(26)

Then,
N A 0
w" = [_xﬁ] S, (‘,x)+—xﬁSn (5 x)

i g _g(xﬁ)A
() 2B(xF)’

] Sy (x)—6p (27)
A
< e—ﬁSn (x)—0p.
x
From (11) and (27), we get

A
wh (t) < 0° (1)

a—f3 _
SEpS  ©-00P0

fort >t,. (28)

Now, we consider the following three cases.
Case 1. If o = 3, then
“P)y=1 fort> t). (29)
Case 2. If o > f3, then it follows from (12) that there exist
t; > t, and a constant ¢, > 0 such that
X Pt)<oB (1) fort >t (30)
Case 3. If « < f3, then

x(t) = x(t,) fort>t,. (31)

Thus,
XPt)<e =x*P(t,) fort>t, (32)
From (27)-(32), we obtain

0" (t)

A
YOS o)

fort > t;.

8, (tty6,6) =0 (1) p(t)

(33)
Integrating the above inequality from ¢ into ¢, we have

6 (s)

W(Sl (S, tZ’CI’(Q) As < lU(t3) < 00,

t
L P@p@—
3 (34)

which gives a contradiction to (23). The proof is completed.
O
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Theorem 9. Suppose that (5) and (6) hold. If there exists a
positive nondecreasing delta differentiable function 0 such that
for all sufficiently large T € [t,,00)y and for any positive
constants c,, ¢,, there is a Ty > T such that

t— 00

t
lim sup JT [0 (s)p(s)

o+l

(a/p)*(6" () af (s)

_ A
(@ + 1) (By (s, T)0(s5) 8, (5, To 1, )" *
= 00,
(35)
where
G if a <,
6, (tTe6) =11, ifa=p, (36)

B (6 (1), T), ifa>p,

and B,(t,T), B,(t, T) are as in Lemma 5. Then, every solution
of (2) is either oscillatory or tends to zero.

Proof. Assume that (2) has a nonoscillatory solution x(t) on
[ty, 00)r. Then, without loss of generality, there is a t; > ¢,
sufficiently large, such that x(t) > 0 for ¢ > ¢,. Therefore, we
get from Lemma 4 that there exists t, > t; such that

(i) St x(t)) < Ofort > t,;

(ii) either S;(t,x(t)) > Ofort > t,and 0 < i < mor
lim, _, x(t) = 0.

Let S;(t, x(t)) > 0 fort > t, and 0 < i < n. Note that

()" = px? r (hx+ (1= k) x°)* ' dh
0

A 1(hx+(1—h)x”)ﬁ 37
_ Bx L e dh (37)
B
AX
Zﬂx F.

From (11), we have

(xﬁ)A x" s:l/a (- x) B, ("tz)
& ﬁF 2P a,x°
o 1/«
> ,B(Sn (',x)) Bz ('> fz) (38)
a;x°
o\1/a
=B (W) (x) 7B, (t,).

a,(67)"/"
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Then it follows from (27) that for t > ¢,,

A
w' = [i] S7 () + 282 ()
xB] " xB "

_[(xﬁ ]S(x)

xﬁ( £)”
(39)
Now, we consider the following three cases.
Case 1. If a = f3, then
) FO Ny =1 fort>t,. (40)

Case 2. If o > f3, then it follows from (12) that there exist

t; > t, and a constant ¢ such that

x(t) <cB (t,t,) fort>t,. (41)
Thus,
@) 0 2 0B (0 0),),  (42)
with ¢, = Bl

Case 3. If « < f3, then
x(t) 2 x(t,) fort>t,. (43)
Thus,
)P 1) 2 =27 (1), (44)

From (39)-(44), we obtain that for t > t;,

o o «)
A BB, () 038, (15, ¢1,6) (w )H(l/

w- A
W= 9_"9 - a (6o) 1/ —0p
__BB (-1,) 08, (-t c1.0)
4
. (w0)1+(1/06) ) w_a aleA _op
(0°)"*19 67 BB, (+£5) 00, (512, ¢156,) '
(45)
Let
o A «
A= w_) B [ aa,0 ]
67 (e + 1) BB, (1) 08, (- 15,¢1,6)
(46)
with A = 1 + 1/a. By Lemma 7, we have
o OA at+l a
w < (w/B)'(5°) -0p.  (47)

C(a+ 1)““(32 (5) 05, (- t2>C1>Cz))a

Integrating the above inequality from ¢; into t, it follows that

t
L [e(s) p(s)

(/B (6" ()" a (5) ) (48)
B S
(@+ 1) (B, (5,£,) 0(5) 8, (5, £5, 1, 6))"

<w(t;) < 0o,

which gives a contradiction to (35). The proof is completed.
O

Remark 10. The trick used in the proofs of Theorems 8 and 9
is from [16].

Theorem11. Suppose that (5) and (6) hold. If for all sufficiently
large T € [ty, 00)r,

J, e o[ alA(Ss)rAuz"o’ 4

then every solution of (2) is either oscillatory or tends to zero.

Proof. Assume that (2) has a nonoscillatory solution x(t) on
[ty, 00)r. Then, without loss of generality, there is a t; > ¢,
sufficiently large, such that x(t) > 0 for ¢ > ¢,. Therefore, we
get from Lemma 4 that there exists t, > t; such that

(i) S2(t, x(t)) < O for t > t,;

(ii) either S;(¢t,x(t)) > Ofort > t, and 0 < i < nor

lim, _, . x(t) =0

Let S;(¢,x(t)) > 0 fort > t, and 0 < i < n. Then, fort > ¢,,

LS (sx(5)

x(t)=x(t,) + J; ) As
BN (50)
28, (x() | 275
It follows from (2) that
t B
SOz P05 (x| S 6
L

Integrating the above inequality from ¢, into co, we have

B
] Au,

(52)

5. ax(6) 25 ax(0) [ o[ 25

which gives a contradiction to (49). The proof is completed.
O

Theorem 12. Suppose that (5) and (6) hold. If for all suffi-
ciently large T € [t,, 0O),

lim supBj (t,T) 8, (£, T, CI,Q)J p(s)As>1,  (53)

t— 00



6
where
8 (t.T,c15,)
1, € is any positive constant,
lif(x < /3, (54)
= ]_) l_fOC = ﬂ)
czBf “(t,T),c, is any positive constant,
ifo>p,

and B, (t,T) is as in Lemma 5, then every solution of (2) is
either oscillatory or tends to zero.

Proof. Assume that (2) has a nonoscillatory solution x(¢) on
[ty, 00). Then, without loss of generality, there is a t; > ¢,
sufficiently large, such that x(¢) > 0 for t > t,. Therefore, we
get from Lemma 4 that there exists t, > ¢, such that

(i) S2(t, x(t)) < O for t > t,;

(ii) either S;(t,x(¢)) > Ofort > t, and 0 < i < mor
lim, _, ,x(t) = 0.

IN

Let S;(t,x(¢)) > Ofort > t, and 0 < i < n. Then, it follows

from (2) and (11) that for ¢ > ¢,,
x ()
B, (t,t,)

Using the fact that x(t) is strictly increasing on [t,, c0)y, we
obtain

joop(s)xﬁ () As< S, (t,x () < [ ] . 55)
t

PO J;OO p(s)As < [le(f‘fiz) ] . (56)
Thus,
BY (t,1,) xF % (1) fo p(s)As< 1. (57)
Now, we consider the following three cases.
Case 1. If a = 3, then
M) =1 fort>t,. (58)

Case 2. If « > f3, then it follows from (12) that there exist
t; > t, and a constant ¢ such that
x(t) <cB, (t,t,) fort >t,. (59)
Thus,
() 2 B (4,1y), (60)
with ¢, = #2.
Case 3. If « < f3, then

x(t) > x(t,) fort>t,. (61)
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Thus,
M) 2 = (). (62)

From (57)-(62), we obtain that for t > ¢,

B (1)0 (htncne) | p@assl (63

which gives a contradiction to (53). The proof is completed.
O
3. Examples

In this section, we give some examples to illustrate our main
results.

Example 1. Consider the following higher order dynamic
equation:

SE (6, x (1) + %P () = 0, (64)

on an arbitrary time scale T with sup T = oo, where n > 2,
a, 3 and S (t, x(t)) (0 < k < n) are as in (2) with a,(t) =
t*Ya, (t) = -+ = a(t) = t,and y > —1. Then, every
solution of (64) is either oscillatory or tends to zero.

Proof. Note that

o) 1 1/ 00 1 e
J [ ] As = J [ ] As = 00,
t, La,(s) t,  Ls*1

© A © A
I S =J —Szoo forl<i<n-1, (65)
t, @ (s) P

0

J p(s)As:J s'As = oo,
to

to

by Example 5.60 in [4]. Pick ¢, > t,, such that

h 1 31 1 1/«
J;0 a1 (Ll) 11; I:m:l As } Au > 0. (66)

Then,

EO an_ll(u) “:O [ﬁ LOO p() Av]l/a As} Au

> Htoo p() Av] v (67)

h 1 t 1 1/«
" JtO a,_y (1) (,L [an (s)] AS) Au = oo.
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Let T € [t;, 00)p, sufficiently large, and u; > T such that
|4 (1/ay(s))As > 1, then

J:O p(w) “Tu all(s)As]ﬁAu

> JOO p(u) Hu 1 As]ﬁAu (68)

u, T a (s)

> pr(u)Au= 0.

Uy

Thus, conditions (5), (6), and (49) are satisfied. By
Theorem 11, every solution of (64) is either oscillatory
or tends to zero. O

Example 2. Consider the following higher order dynamic
equation:

1
t1+y

S (tx (1) + —xF () = 0, (69)

on an arbitrary time scale T with sup T = co, where n > 2,
Si(t,x(t)) (0 < k < n) are as in (2) with a,(t) = 1,a,_,(t) =
% a _,(t) =---=ay(t) =t,0 < y < min{l, B}, and «, 3 are
the quotient of odd positive integers with & > 1. Then, every
solution of (69) is either oscillatory or tends to zero.

Proof. Note that

00 1 1/a 00
J [ ] As = J As = 00,
ty La,(s) ty

«© 1 © 1]
I As = J I—As = 00, (70)
to 9p-1 (5) ty S fx

© 1 1
J As:j —As=00 forl<i<n-2.
t, a;(s) th S

Pick t, > t, such that _[:1 (Au/u'’®) > 0, then

J:) an_ll(u) {LOO [anl(s) LOOP (v) Av]l/aAs]» Au

o 0 © q 1/a
= J- - {J [J IAV] As} Au
t, U Ja u s vt

Let M = max{c,, 1, ¢,} with ¢, ¢, being positive constants,
p = min{a, B}, and y < 7 < min{1, B}. Pick T}, > T' > 0 such
that

2 2M

>
tr [(1/2)"*(1/“) (t_zn—lT)]P

v

fort > Tl- (72)

T

Let O(t) = t, then

Bl (t> T)

) JT a4 (1”1)

Ji=

Lol

xAunl] ] Auz] Auy
_ r 1
2nIT Uy
Uy 1 Uy 1 Uy 1o
g [ [ o e Y
22T Uy 2T U, 1 Jr

X Aun,l] ] Auz] Au,y

= (4 -2,

2
t
J

1

6" (s)
BY (s, T)

fr1 1
= — - 6, (s, T, ¢, A
JTl [SY B (s,T) 1 (5T 02)] S

[9 (s)p(s)— 8, (s, T)] As

£ 2 M
2| |=- A
§ JTI [tf [(1/2)" ) (t—2”‘1T)]p] ’

t
> J lAs
T, t*
(73)
Thus,
t A
h?lfﬁp JTI [9(3) p(s) - B? (;)S;)él (s T,cp56) | As = oo.

(74)

So conditions (5), (6), and (23) are satisfied. Then, by
Theorem 8, every solution of (69) is either oscillatory or tends
to zero. O
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We investigate a class of multigroup epidemic models with general exposed distribution and nonlinear incidence rates. For a
simpler case that assumes an identical natural death rate for all groups, and with a gamma distribution for exposed distribution
is considered. Some sufficient conditions are obtained to ensure that the global dynamics are completely determined by the basic
production number R,. The proofs of the main results exploit the method of constructing Lyapunov functionals and a graph-
theoretical technique in estimating the derivatives of Lyapunov functionals.

1. Introduction

Multigroup epidemic models have been used in the literature
to describe the transmission dynamics of many different
infectious diseases such as mumps, measles, gonorrhea,
HIV/AIDS and vector borne diseases such as Malaria [1]. In
the models, heterogeneous host population can be divided
into several homogeneous groups according to modes of
transmission, contact patterns, or geographic distributions,
so that within-group and intergroup interactions can be
modeled separately. It is well known that global dynamics
of multigroup models with higher dimensions, especially the
global stability of the endemic equilibrium, are a very chal-
lenging problem. Guo et al. [2] proposed a graph-theoretic
approach to the method of global Lyapunov functions and
used it to resolve the open problem on the uniqueness and
global stability of the endemic equilibrium of a multigroup
SIR model with varying subpopulation sizes. Subsequently, a
series of studies on the global stability of multigroup epidemic
models were produced in the literature (see e.g., [2-5]).

In the present paper, a more general multigroup epidemic
model is proposed and studied to describe the disease spread
in a heterogeneous host population with general exposed dis-
tribution and nonlinear incidence rate. The host population
is divided into m distinct groups (m > 1). For 1 < i < m,

the ith group is further partitioned into four disjoint classes:
the susceptible individuals, exposed individuals, infectious
individuals, and recovered individuals, whose numbers of
individuals at time t are denoted by S;(¢), E;(t), I;(t), and R;(t),
respectively. Susceptible individuals infected with the disease
but not yet infective are in the exposed (latent) class.

It is pointed in [6] that a fixed latent period can be
considered as an approximation of the mean latent period,
and this would be appropriate for those diseases whose
latent periods vary only relatively slightly. For example,
poliomyelitis has a latent period of 1-3 days (comparing to
its much longer infectious period of 14-20 days). However
disease such as tuberculosis, including bovine tuberculosis
(a disease spread from animal to animal mainly by direct
contact), may take months to develop to the infectious stage
and also can relapse. Since the time it takes from the moment
of new infection to the moment of becoming infectious may
differ from disease to disease, even for the same disease,
it differs from individual to individual, and it is indeed a
random variable. It is thus of interest from both mathematical
and biological viewpoints to investigate whether sustained
oscillations are the result of general exposed distribution.

Following the method of [6], we also assume that the
disease does not cause deaths during the latent period, taking
the natural death rate into consideration. Let P(t) denote



the probability that an exposed individual remains in the
time ¢ after entering the exposed class. For 1 < i,j < m,
Bij = 0 denotes the coeflicient of transmission between
compartments S; and I;. It is assumed that m-square matrix
(Bij)1<i,j<m is irreducible [7]. So the proportion of exposed
individuals can be expressed by the integral

I;w)e P, (t - w)du, (1)

E;(t) = Zﬁi] J ft] (
j=1

where the sum takes into account cross-infections from all
groups. Integrals in (1) are in the Riemann-Stieltjes sense.
P;(t) satisfies the following reasonable properties:

(A) p; [0,00) — [0,1] is nonincreasing, piecewise
continuous with possibly finitely many jumps and
satisfies Pj(0+) = 1, and lim,_, ,P;(t) = 0 with

IOOO Pj(t)dt is positive and finite.

Differentiating (1) gives

E[(t) =) B fi (S0, 1;(1))
j=1

*Zﬁuj £ (S ), 1 (u)) e )
j=1

X P} (t = u) du — 8, (t).

The first term on the right hand side in (2) is the rate at
which new infected individuals come into the exposed class,
and the last term explains the natural deaths. The second
term accounts for the rate at which the individuals move to
the infectious class (noting that P;(t —u) < 0 due to the
aformentioned property) from the exposed class; hence

Ii’ (t) - _ Zﬁijj f;] (S (u) I. (M)) —5 (t—u)
=1 (3)
XP; (t—u)du—(8; +&+7y,) L (t).
Let h;(t) = —P;(t) be the probability density function for the

time (a random variable) it takes for an infected individual in
the ith group to become infectious. Then (4) becomes

- S [
j=1 (4)
X hj(t—u)du—(8;+&+y,) L (t).

Within the ith group, ¢;(S;) denotes the growth rate of
S;, which includes both the production and the natural death
of susceptible individuals. Therefore, under the assumptions,
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the model to be studied takes the following differential and
integral equations form:

Si (1) = ¢ (S (1) - Zﬂijfij (Si )1 (t)) ,
=

E (1) =) By f; (S0, 1;(1))
j=1

- ZﬁiJJ £ (81 @), 1 )
j=1

xhj (t —u)du—6,E; (1),

10=36, [ £ (s0.0,0)e 500
=1

Xhi(t —u)du—(5;+e&+y) 1),
R (t) = y,I; (t) = O,R; (t).
(5)

Since the variables E; and R; do not appear in the first and
third equations of model (5), E;(¢) and R;(t),i = 1,...,m, can
be decoupled from the S;(t) and I;(t) equations; we only need
to consider the subsystem of (5) consisting of only the S; and
I; equations:

NMOEIANO EDY N ACIONAGIE
j=1

10=38 [ fi(swpw)etr O
=R

xhj(t—u)du—(éi+si+y,»)I,-(t)

where §; denotes the natural death rates of I; compartments
in the ith group, ¢; is the death rate caused by disease in the ith
group, and y; is the rate of recovery of infectious individuals
in the ith group. In what follows we investigate the global
stability of system (5).

When m = 1, P(t) = ¢, and with bilinear incidence
rate, system (5) will reduce to the standard SEIR ordinary
differential equation (ODE) model studied in [8, 9], and if
we further assume that P(t) is a step function, system (5)
becomes the SEIR model with a discrete delay studied in [10].
Recently, a model of this type, but including the possibility
of disease relapse, has been proposed in [11, 12] to investigate
the transmission of herpes, and its global dynamics have been
completely investigated in [5, 13].

To express the main idea and the approaches more clearly,
we consider a simpler case in which all groups share the
same natural death rate: §; = § for j = 1,2,...,m. Further,
we assume that the functions h;(u) are disease specific only,
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implying that hj(u) = h(u) for j = 1,2,...,m. We choose the
gamma distribution:

n-1

u -u/b
h(u) = hn,b (M) = me 5 (7)
where b > 0 is a real number and n > 1 is an integer,
which is widely used and can approximate several frequently
used distributions. For example, when b — 07, h,,;,(s) will
approach the Dirac delta function, and when n = 1, h, ;,(s) is
an exponentially decaying function.

The main object of this paper is to carry out the well-
known “linear chain trick” to system (6), transfer system
into an equivalent ordinary differential equations system, and
establish its global dynamics. We derive the basic reproduc-
tive number R, and show that R, completely determines the
global dynamics of system (6). More specifically, if R, < 1, the
disease-free equilibrium is globally asymptotically stable and
the disease dies out; if R, > 1, a unique endemic equilibrium
exists and is globally asymptotically stable, and the disease
persists at the endemic equilibrium. The global stability of
P* rules out any possibility for Hopf bifurcations and the
existence of sustained oscillations. We should point out here
that this work is motivated by Yuan and Zou [11, 12, 14]. In
the proof we demonstrate that the graph-theoretic approach
developed in [2, 3] can be successfully applied to construct
suitable Lyapunov functionals and thus prove the global
stability of the endemic equilibrium for model (6) with
general exposed distribution and nonlinear incidence rate.
Our work is also based on a recent work by Sun and Shi [15],
which resolved the dynamics of multigroup SEIR epidemic
models with nonlinear incidence of infection and nonlinear
removal functions between compartments.

In Section 2, we first give the model, preliminaries and
the basic reproduction number R;. The global stability of the
corresponding equilibria for R, < 1and R, > 1 is shown,
respectively, in Section 3—the key results of this paper. And in
Section 4, some numerical simulations are shown to illustrate
the effectiveness of the proposed result.

2. Preliminaries

We make the following basic assumptions for the intrinsic
growth rate of susceptible individuals in the ith group ¢;(S;)
and the transmission functions fl-j(Si, I)).

(A,) ¢; are C' non-increasing functions on [0, c0) with
¢;(0) > 0, and there is a unique positive solution
& = S? for the equation ¢;(§) = 0. ¢;(S) > 0 for
0<S<8),and ¢;(S) < 0for S > S7; that is

[(Pi (S;) - ¢; (S?)] (Si - S?) <0,

for SH&S?, i=12,...,m.

(8)

(A3) fii(S I;) < (S, forall I; > 0.
(A3) 6i(S) < ;(S),0< S < 8,0, j=1,...,m.

3
Following the technique and method in [14], define
-~ b
b= , 9
1+6b ©)

which can absorb the exponential term e™* into the delay
kernel. The second equation in (6) can be rewritten as

Ii' (t) = Zi Jo fi (Si,Ij) h,s (t —u)du

s (1+6b)" (10)
- (6+¢&+7y,) L.
Forl=1,...,nlet
< ﬂij?; f
(1) = —"J (S ;) by (t—u) du,
Vil ;(1+5b) ofj( J) Lb an

i=1,2,...,m.

Thus, for I € {2,...,n}, we obtain

. z Bb
Yig = g (O)lemfu (S11;)

m b t - _
+Z ﬁ,]b J (I-1) (t—u) ze—(t—u)/bfij(si,lj)du

S0 S -
m ﬁ;]E t (t _ u)l—l - )/E
- = DI £ (S, 1;)d
j:1(1 +6b)" J_OO (- 1)!bl+1e fg( i ]) u
_ Dol
b
(12)
For I = 1, we have
ﬁl]’l; J’t e*(tfu)/l?
e Z = f;; (S 1;) du,
i j;(l +6b)" Joos b f]( ]) (13)

i=1,...,m.

It follows that

. 2o By
Yix = Zmﬁj (s 1;)

j=1

m ﬁij t e*(t—u)/E
-~ ii S') I d
S+ Sb)" J b f’]( i ]) u (14)

—00

N Bij 1 N
B j;mﬁf (851;) - =i (= Lem.



Thus the integro-differential system (6) is equivalent to
the ordinary differential equations

i) =9 (S (1) = Y By fy (S ), I;®)),
j=1

= —L S L
Y= oy 2l (S0 5,0) = £ 0

J’:z (t) = 7 ()’z1 O -y, 1), i=12....m, (15)
1 1
yi,n (t) = E (yi,n—l (t) —Vin (t)) >
It = %ym ) - (0+e+y)L (1),
For initial condition
(8, (0), %11 (0),..., »1,,(0), 1, (0),
S, (O)a)’z,l (0))""yl,n(0)’12 0),..., (16)

813 (0), Yy (0), -y Y (0), T, (0)) € R,

the existence, uniqueness, and continuity of the solution
(Sis Yit> Yins++-» Yins I;) of system (15) follow from the stan-
dard theory of Volterra integro-differential equation [16].
It can also be verified that every solution of (15) with
nonnegative initial condition remains nonnegative.

It follows from (A ) and the first equation of (15) that
limsup, _, . S;(t) < S foralli = 1,2,...,m. Let N, be the
maximum of the function @;onR, and let gbea posmve real
number such that g > qu,i. Denote by Y; the ith tube for
system (15); that is,

Y; = (S Yigs Yias o5 Vi 1) - (17)

It follows from a similar argument to that in [14] that we can
show that the set D, defined by

[ = {(Si’yi,l’yi,Z""’yi,n’ L) e RT(MZ) |
S <S8 +eS+(1+8b)"y, <q+5),

< q+S; +le
(1+68b)"° (18)
q+S?+(n+1)e

b(1 + 8b)" (8+ei+yi)’

I <

i=

i=12...,m 1=23,.,n

is a forward invariant compact absorbing set for system (15)
for € > 0 and that the set I, (i.e., when € = 0) is a forward
invariant compact set.
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Under the assumption (A;), we know that system (15)
always has the disease-free equilibrium

Py=(80,0,...,0,1},85,0,...,0,13,..., Sy,

c Rm(n+2)
(19)

An equilibrium P* of (6) has the form P*

0

(S5, 15,85, 1;,...,85,I%) € R with S > 0, I} >
i = 1,...,m. Translating to the equivalent system (15) p*
corresponding to
P = (S a1 M IS5 Yoo Vi Lo
(20)

s T 1) € RO,

m’ym,l"‘

P’ in the interior of I, is called an endemic equilibrium, and
it satisfies the following equilibrium equations:

0=9;(8)~ Y Bify (S 1}),
=1

1 < R
- m;/”vﬁj (85-17) = =7in
1 *
i()’u }’i,z)’ 1)
1 *
E(ytn 1 yi,n)’
0= %}’:n ~(0+eg+y)I

The basic reproduction number R, is defined as the expected
number of secondary cases produced by single infectious
individual during its entire period of infectiousness in a
completely susceptible population. For system (15), we can
calculate it as the spectral radius of a matrix called the next
generation matrix. Let

C11( )ﬁll Cim (S(l))ﬁlm
(1 +6b) (1+6b)"
F = ,
ml (Sgn).Bml Cnm (Sgn> ﬁmm
7 =diag (6 + ¢ + ;)

S+e+1 0 .. 0
0 S+e+y, 0
0 0 L5+ s,;l + Vi
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Then the next generation matrix is

‘1 (S?)ﬁll Cim (Sll))ﬁlm
(1+6b)" (8+¢& +y) (1+8b)" (8 + &y + V)
FVU T = : : ,
Cm1 (S?) B . Cmm (S(l)) Bom
(1+8b)" (S +¢& +y,) (1+8b)" (8 + &y + V)

(23)
and hence, the basic reproduction number R is
Ry=p(F7 ") =max{M;Aea(F77")}, (24

where p(-) and o(-) denote the spectral radius and the set of
eigenvalues of a matrix, respectively. Since it can be verified
that system (15) satisfies conditions (A;)-(A;) of Theorem 2
of [17], we have the following proposition.

Lemma 1. For system (15), the disease-free equilibrium P, is
locally asymptotically stable if R, < 1, while it is unstable if
Ry > 1.

Following the method of [2], one defines a matrix
M =7'F

Cim (S(l]) Bim
(1+6b)" (8+¢& +y;)

i (Stl))ﬁn
(1+6b)" (8+¢& +y,)

Cm1 (S?) Bt

(A+06) (B+ep+7y)

Cmm (S(lj) ﬁmm
(1+8b)" (8 + &y + V)

(25)

whose spectral radius has a similar threshold property to that
of Ry, since both of the nonnegative matrices 7' and
M? are irreducible, and hence from the Perron-Frobenius
theorem [7] that their spectral radii are given by each of
their simple eigenvalues. Thus, we obtain R, = p(F7 ") =
p("yflgT ) = p(MO). Then the following lemma immediately
follows.

Lemma 2. p(M°) < 1ifand only if Ry < 1.

3. Main Results

The following main theorems are summarized in terms of
system (15).

Theorem 3. Assume that the functions ¢; and f;; satisfy
assumptions (A,)-(A;), and the matrix B = (,Bij)mxm is
irreducible and R, is defined by (24).

(i) If Ry < 1, then P, is the unique equilibrium of system
(15), and Py is globally asymptotically stable in I,,.

(ii) If Ry > 1, then P, is unstable, and system (15) is
uniformly persistent in T,

Proof. Let us define M(S) = ([3,] (S;)/(1 + 8b)"
(0 + & +9:),m> Where S = (1585 .-,S,,)". Note that
M(S,) = M". Since B = (Bij)mxm is irreducible, the matrix
M is also irreducible.

First we claim that there does not exist any endemic
equilibrium P* in Q. Suppose that S#S,. Then we have
0 < M(S) < M. Since nonnegative matrix M(S) + M°
is irreducible, it follows from the Perron-Frobenius theorem
(see Corollary 2.1.5 of [7]) that p(M(S)) < p(MO) < 1
This implies that M(S)I = I has only the trivial solution
I = 0, where I = (I,...,I,)". Hence the claim is true.
Next we claim that the disease-free equilibrium P, is globally
asymptotically stable in I},. From the Perron-Frobenius (see
Theorem 2.1.4 of [7]), the nonnegative irreducible matrix
M has a strictly positive left eigenvector (w,,w,,...,w,,)
associated with the eigenvalue p(MO) such that
0) = (@), W,y ..., w,,) M®. (26)

(wl,wz,...,wm)p(M

Using this positive eigenvector, we construct the following
Lyapunov function:

Vpre = Z§+8+%<Z)’z;+l> (27)

Computing the derivative of Vpp along the solutions of (15)
in I;, we get

= z lﬁl]
DFE zz|:] 1(1+6b) 8+5i+)’i)fij(8i’1j)_wili]

Z 1ﬁ1] z]( ) Ij—wil,-
:1(1+6b) (6+¢&+7y,)

IN
.M§

Il
—
\

IA
NgE

& by (8)
2 (1+8b)" ( 6+ei+yi)1j_w"1‘

1

= (W, w,) [M°T -1
= [p(MO) - 1] (wy,...,w,) 1.
(28)
Thus, under the assumption R, = p(M°) < 1, VDFE < 0,and
V];FE =0ifandonlyifI = 0and S = S0 = (SO, S?n).

Suppose that p(M®) = 1. Then it follows from the previous
that V)., = 0 implies

(@ ..., w,,) MI = (w,,...,w,) L. (29)
Hence, if S #S,, then (wy, ..., w, )M(S) < (w;,..., com)M0 =
p(MO)(wl, .oy w,,) = (wy,...,w,,) and thus I = 0 is the only
solution of (29). Summarizing the statements, we see that
Vipe = 0ifand only if I = 0 or S = S;, which implies that
the compact invariant subset of the set where V). = 0 is
only the singleton P,. Thus, by LaSalle’s invariance principle



(18], it follows that the disease-free equilibrium E° is globally
asymptotically stable in T},.
IfR, = p(MO) > 1, then

(@p, Wps ...y w,,) M° = (@), @y, @,,)
. (30)
= [p(M )— 1] (w;, @y, ..., w,,) >0,
and then, by continuity, we can obtain
Vogg = (@, 0,,) [M°T=1I] > 0, (31)

in a neighborhood of P, in T; then P, is unstable.

Assume R, = p(M°) > 1. By the uniform persistence
result from [19] and a similar argument as in the proof of
[2], the instability of P, implies the uniform persistence of
(15). This together with the dissipativity of (15) resulted from
the forward invariant and compact property of I, stated
previously, implies which that (15) has an equilibrium in I},
denoted by P (see, e.g., Theorem D.3 in [20]). O

In what follows we prove that the endemic equilibrium P
of system (15) is globally asymptotically stable when R, > 1.
Throughout the paper, we denote

H(z)=z-1-1Inz. (32)

Then H(z) > 0 for z > 0 and has global minimum at z = 1.
For convenience of notations, set f;; = Bii fii(Si > I;), 1<
i, j <m, and

[ ZEU _EZI _Eml ]
I+1
_Blz Zﬁzl _BmZ

1#2

wl
I

(33)

_Elm _EZm Zﬁml

L I+m 4

Then, Bis also irreducible. One knows that the solution space
of the linear system

Bv=0 (34)
has dimension 1 and

Vm) = (Cll""’cmm) (35)

(v, vy,

gives a base of this space, where C;, > 0,k = 1,2,...,m,
is the cofactor of the kth diagonal entry of B. To get the

global stability of P, the following assumptions in [15] are
proposed:

(A : [9:(S;) — @(SHI(S; = S;) < 0for S; £S5, S; € [0,87],

(As) :For§; #Sl-*, [(P,-(S,-)-‘P,-(S:)]'[ﬁi(si,li*)_ﬁi(sf’li*)] <
0.
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(Ag) : For §;, I; >0,

(fii (S:’Ii*) fij (Si’lj) - fii (Si’Ii*) fij (S:’I;))
| <f (S5 1) £ (S01)  fa(So ) Fy (s;,1;)> o

I I]?‘

(36)

A difficult mathematical question for system (15) is that of
whether the endemic equilibrium P is unique when Ry >1

and whether P is globally asymptotically stable when it is
unique. Our main global stability result is given.

Theorem 4. Consider system (15). Assume that (A,)-(Ag)
hold and the matrix B = (B;;),xm is irreducible. If Ry > 1,

then there is a unique endemic equilibrium P for system (15),
and P is globally asymptotically stable in I,

Proof. We show that P is globally asymptotically stable in I},

which implies that there exists a unique endemic equilibrium.
Consider a Lyapunov function as

Lo (S d
Vie =S — fi (S 1] )L.* Tgl*)

S o ey Yij
+ (1 +6b)" lZ(J’i,j‘)’i,j‘yi,jln_*J (37)
j=1 Vij
* * Ii
+ -1 -1, ln—*] :
L
This function has a linear part V;; expressed by

Lgp = S; + (1+68b)" |: (5 —y,»’fj) +1; —I,»*] . (39)

=1
First, calculating the derivatives of Ly, we obtain
L’EE =¢;(S)-(1+b)" (5 +¢+7v) 1 (39)

Calculating the time derivative of Vi along the solutions
of system (15) and using equilibrium equation (21), we have

(S5 IY) " Vi I,
V/ =LI _fu(z’t S+ (1+8b)" ﬂ',_.,_L],
EE EE _fii (Si) Il'*) i ( ) leyz,] y’)] !

=¢;(S;) (1 +38b)" (8 +&+v)

= i (S 17
- ‘|<§Di (S:) - ;ﬁﬁfﬁ (Svlj)> ffii((si,li*))
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FIGURE 1: Trajectories of S, (), I, (¢), S, (¢), and L,(¢) for R, = 0.051 < 1, and P, = (3,0,0,0, 3,0,0,0) is globally stable. S, (¢), S,(¢), I, (), and
L,(t) versus t are illustrated by (a), (b), (c), and (d). Initial values are S,(0) = 9,5,(0) = 1, y,,(0) = 2,,,(0) = 2,5,,(0) = 0, y,,(0) =
0,1,(0) = 6,and I,(0) = 2.

. m B i (si, Ij)y:l +(1+8b)" (8 +e+y) I
+(1+6b) Z—(l 50y,

. g (srr7) oS 1) S0 1)
* n i R AN . x
_ yi,l n 1 Zy* (yi,kl 1) j=1 f,] (Sz s I] ) fii (Si’Ii )
= T3 ik -
b bim Vik —(1+8b)" (8 +¢+y,) L
inIi* * ® fii (Sz*’ Ii*)
+yé__(8+€i+yi)li]} = (q)z(st)_(Pt(Sz))(l_W)
=9, (S;) (1 - M) + iﬁ o i (S5, 17) _ iy:kyi,k—l
fii (Si, Ii ) = 1] fii (Si’ 11*) k:Zyi,ky;:k71

&z N fi'(si’l') .
_j:zlﬁijfij (Si’I‘)m Dl LSy (Si’Ij))’i,l
(1+08b)" & Yy o Viuli 17 fi (Si*’I;)yiJ
+ ik Vik—1
b k=2 ik N fij (Si’ Ij) Jii (Si*’Ii*) }
JRCER R ) 15 (S117) £ (So )
b % b Vi Yinli (40)
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FIGURE 2: Numerical simulation of (45) with R, = 0.051 < 1; hence P, = (3,0,0,0,3,0,0,0) is globally stable. Graphs (a) and (b) illustrate
that S, (t), y, (), ¥, ,(¢) and I, (¢) will eventually towards to steady state. Graphs (c) and (d) illustrate that S,(t), y,,(t), y,,(t), and I,(t) will
eventually towards to steady state. Initial values are S;(0) = 9,5,(0) = 1,y,,(0) = 2, y,,(0) = 2,y,,(0) = 0, y,,(0) = 0,1,(0) = 6, and

L(0) = 2.

It follows from the assumptions (A,)-(As) that VFZE can be

estimated by

m —
VéE < Zﬁij G; (I;) -G; (Ij) +H<
Q=1

N H( fij (Si’Ij) )’:1
£ (S51) v

+ iH ( y:kyi;k—l )
k=2 yi,kyi,k—l
H ( yi,nIi* )
yiTnIi
H ( PACERVACHD >
I;fii (S:’Ii*) fij (Si’Ij)

+

+
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FIGURE 3: Trajectories of S, (t), I (t), S,(t), and L,(t) for R, = 1.67355 > 1, and P = (0.347644, 0.0760948, 0.0760948, 4.51674, 0.330353,
0.0765909, 0.0765909, 4.4678) is globally stable. S, (¢), S,(¢), I,(t), and L,(t) versus t are illustrated by (a), (b), (c), and (d). Initial values are
$,(0) = 6,5,(0) = 2, y,,(0) = 3, y,,(0) = 3, ,,(0) = 0.1, y,,(0) = 0.1, 1,(0) = 1.5, and ,(0) = 0.5.

fi ($5I7) fi (Si’ Ii)

N -1
Fi (S 17) £ (7.17)

CLfa(Se 1) £ (S5 1)

L fa (855 fi (S0 1)

(41)
From the assumption (A) and (32), we know that
Vies ) By {Gi(1) -G (1)} (42)
ij=1

where Gi(I;) = -L,/I] + In(L;/I]).
Obviously, the equalities in (41) and (42) hold if and only
if
ACE

EALA S AR

i (S I7)

S (S5, 17) ) .
(1 . W) (o1 (S) =i (S))] = 0,

fij (Si’ Ij) fii (Si*’Ii*) _1
£ (85.13) £ (S5 17)

w1z fii (Si’Ii*)fij (Si*’I_;()Ij
fii (Si’ Ii*) fij (Si’ IJ') I;

S,i = 1,2,...,m. We can show

(43)

That is, S;
that Vi and f3; ; satisfy the assumptions of Theorem 3.1 and
Corollary 3.3 in [21]. Therefore, the function

= ST =

i1

n
L= ZviVEE

i=1

(44)

is a Lyapunov function for system (15); namely, L'| 5y < 0
for P° ¢ I,. One can only show that the largest invariant
subset, where LI|(15) = 0, is the singleton (P} by the same
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FIGURE 4: Numerical simulation of (45) with R, = 1.67355 > 1; hence P* = (0.347644, 0.0760948, 0.0760948, 4.51674, 0.330353, 0.0765909,
0.0765909, 4.4678) is globally stable. Graphs (a) and (b) illustrate that S, (¢), y, ; (t), ¥, ,(t), and I, (¢) will eventually towards to steady state.
Graphs (c) and (d) illustrate that S,(t), ¥, (t), y,,(t), and I,(¢) will eventually towards to steady state. Initial values are S,(0) = 6,5,(0) =
2,,,(0) = 3,,,(0) = 3, 3,,(0) = 0.1, ,,(0) = 0.1,1,(0) = 1.5, and I,,(0) = 0.5.

argument as in [2-5, 13, 21]. By LaSalle’s invariance principle,

P is globally asymptotically stable in Ij,. This completes the
proof of Theorem 4. O

Remark 5. We show a complete proof for global asymptotic
stability of unique endemic equilibrium of system (15). In the
case of ﬁj(Si, I j) = §;1;, system (15) will reduce to the system
studied in [14, 22]. Here Theorem 4 extends related results in
[14, 22] to a result to a more general case allowing a nonlinear
incidence rate. Our result also cover the related results of
single group model in [13] for the case of f(S,I) = f(S)I.

4. Numerical Example

Consider the system (15) when m = 2, n = 2, ¢;(S;(t)) =
3-8 and f;(S;,1;) = §1;, i, j = 1,2. One then has a two-
group model as follows:
S; ) =3=8; = [BuSi O I (t) + PuS; () L, B)],
1

MO = gy BuSi OL O+ oS (0L 0]

1
- l:?)’m (1),
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(yl,l () = y1, 1),

S =

)’{,2 (t) =

I{ (t) = %J’l,z )= (0+e+y)L @),

S; () =3=8, = [BuS; (1) I, (t) + BS, () I, (1)],

’ 1
Yo () = 1+ 8_b)n (BnS; (O, (1) + B,yS, () I (1)]
1
- EJ’z,l (),
' 1
Yy, () = I:? (}’2,1 () = y22 1)),

Ié t) = %yz,z )= (0+e+1,) L ().
(45)

If we choose parameters as f3;;, = 5/24, B, = 1, 3, =
1/36, By, = 1/2, 8§ = 0.8, = 2,¢& = 2,9, = 1/4, and
y, = 1/4, we can compute R, = 0.051 < 1, and hence
P, =(3,0,0,0,3,0,0,0) is the unique equilibrium of system
(45) and it is globally stable from Theorem 4 (see Figures 1
and 2).

On the other hand, if f;; are chosen as ;; = 0.7, By, =
1, By = 0.8, B, = 1,8 = 0.5,¢, = 0.02, &, = 0.03, y, = 0.05,
and y, = 0,05, we can compute R, = 1.67355 > 1, and hence
P = (0.347644, 0.0760948, 0.0760948, 4.51674, 0.330353,
0.0765909, 0.0765909, 4.4678) is the unique equilibrium of
system (45) and it is globally stable from Theorem 4 (see
Figures 3 and 4).
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The concepts of aw-remote neighborhood family, yw-cover, and Lw-compactness are defined in Lw-spaces. The characterizations of
Lw-compactness are systematically discussed. Some important properties of Lw-compactness such as w-closed heredity, arbitrarily
multiplicative property, and preserving invariance under w-continuous mappings are obtained. Finally, the Alexander w-subbase
lemma and the Tychonoff product theorem with respect to Lw-compactness are given.

1. Introduction

Compactness is one of the most important notions in general
topology, fuzzy topology, and L-topology. Many research
workers have presented various kinds of compactness [1-19]
by means of introducing various operators, such as closure
operator, 6-closure operator, d-closure operator, R-closure
operator, S-closure operator, SR-closure operator, and PS-
closure operator; because the above operators are all order
preserving. That is, they satisfy the following conditions: (i)
if A,B € L* and A < B, then w(A) < w(B); (ii) for any
A € L*, A < w(A), where w : L* — L* can take and
of the above operators, L* is the family of all L-sets defined
on X and with value in L, L is a fuzzy lattice, and 1y is the
greatest L-set of LX. We introduced a kind of generalized
fuzzy space called Lw-space in [20] in order to unify various
elementary concepts in L-topological spaces. In the present
paper, we will propose and study a generalized compactness
which will be called Lw-compactness in Lw-spaces. The
Lw-compactness is a unified form of N-compactness [16,
19], near N-compactness [5], almost N-compactness [6], S-
compactness [13], SR-compactness [1], PS-compactness [2],
d-compactness [9], 0-compactness [18], and so forth.

2. Preliminaries

Throughout this paper, L denotes a fuzzy lattice, that is, a
completely distributive lattice with order-reserving involu-
tion ', 0 and 1 denote the least and greatest elements of L,

respectively, and M denotes the set that consisting of all
nonzero V-irreducible elements of L. Let X be a nonempty
crisp set, L% the set of all L-fuzzy sets (briefly, L-sets) on X,
and M* (LX) = {x, : a € M, x € X} the set of all nonzero V-
irreducible elements (i.e., so-called molecules [17] or points
for short) of L. The least and the greatest elements of L™ will
be denoted by 0y and 1y, respectively. For any &« € M, () is
called the greatest minimal set of & [12], and * () = B(a)NM
is said to be the standard minimal set of o [17].

Definition 1 (Chen and Cheng [20]). Let X be a nonempty
crisp set.

(i) An operator w: L* — L*issaid to bean w-operator
if (1) forall A, B € LX and A < B, w(A) < w(B); (2)
forall A € L%, A < w(A).

(ii) An L-set A € L is called an w-set if w(A) = A.

(iii) Put O = {A € L* | w(A) = A}, and call the pair
(L%, w) an Lw-space.

Definition 2 (Chen and Cheng [20]). Let (L%, Q) be an
Lw-space, A € L%, and x, € M*(LX). If there exists a
Q € QO such that x, £ Qand P < Q, then call P an
w-remote neighborhood (briefly, wR-neighborhood) of x,,.
The collection of all wR-neighborhoods of x, is denoted by
wh(x,). If A £ P for each P € wr(x,), then x, is said
to be an w-adherence point of A and the union of all w-
adherence points of A is called the w-closure of A and denoted
by wcl(A). If A = wcl(A), then call A an w-closed set and



call A" an w-open set. If P is an w-closed set and x, ¢
P, then P is said to be an w-closed remote neighborhood
(briefly, wCR-neighborhood) of x, and the collection of all
wCR-neighborhoods of x,, is denoted by wr (x,). Note that
wC(L*) and wO(L¥) are the family of all w-closed sets and all
w-open sets in L respectively.

Definition 3 (Chen and Cheng [20]). Let (L%, Q) be an Low-
space, A € L*, and wint(A) = V{B € L* | B < Aand B
is an w-open set in L*}. We call wint(A) the w-interior of A.
Obviously, A is w-open if and only if A = wint(A).

Definition 4 (Huang and Chen [11]). Let (L%, Q) be an Low-
space, let N be a molecular net in L%, and let x, € M” (L%). 1f
N is eventually not in P for each P € wy™ (x,), then x,, is said
to be an w-limit point of N (or N w-converges to x,). If N is
frequently not in P for each P € wr (x,), then x, is said to
be an w-cluster point of N (or N w-accumulates to x,). The
union of all w-limit points (w-cluster points) of N is written
by w-lim N (w-adN).

Definition 5 (Huang and Chen [11]). Let (L*,Q) be an Lo-
space, let I be an ideal in L%, and let x, € M*(L¥). If
wy (x,) € I, then x, is called an w-limit point of I (or Iw-
converges to x,). If PV B#1y for each P € wy (x,) and
each B € I, then x, is called an w-cluster point of I (or I w-
accumulates to x,). The union of all w-limit points (w-cluster
points) of I is denoted by w-lim I (w-adI).

Definition 6 (Chen and Cheng [20]). Let (L%, Q) be an Lw-
space, x,, € M* (L), and 8, y € wO(L). Then,

(i) B is said to be an w-base in (L%, Q) if for each G «
wO(L), there exists a subfamily ¢ of 8 such that G =
VBepBs

(ii) y is said to be an w-subbase in (L%, Q) if the collection
consisting of all intersections of any finite elements in
y is an w-base in (L%, Q).

Definition 7 (Chen and Cheng [20]). Assume (X, Q;) to be
an Lw;-space (i = 1,2) and f : (LX,QI) - (LY, Q,) an L-
valued Zadeh’s type function [17]. If f~(B) € wIO(LX) for
each B € sz(LY), then call f(w,,w,)-continuous.

3. Lw-Compact Set and Its Characteristics

In this section, we will introduce the concepts of aw-remote
neighborhood family and yw-cover in an Lw-space first,
propose the notion of Lw-compactness by making use of
aw-remote neighborhood family next, and then discuss the
characteristics of Lw-compactness.

Definition 8. Suppose (L™, ) be an Lw-space, A € L*, a €
M, and ® € wC(LY). If there exists a P € ® such that P €
wy (x,) for each molecule x, in A, then @ is called an aw-
remote neighborhood family (briefly, ew-RF) of A, in symbol
AD < A(aw). If there exists a nonzero V-irreducible element
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A € B%(a) with AD® < A(Aw), then @ is said to be an (aw)™ -
RE in symbol A® <« A(aw).

Definition 9. Assume (L*, Q) be an Lw-space, A € L*,y' €
M, and T € wO(LY). If there is a B € T such that B(x)&y for
each x € T, (A)={xe X | Ax) = y'}, then I is known as a
yw-cover. If there exists a prime element t € a*(y) such that
T is a tw-cover of A, then T is said to be a (yw)"-cover of A,
where a*(y) is the standard maximal set of y [17].

Definition 10. Assume (L%, Q) be an Lw-space and A € Lx
If every aw-RF ® of A has a finite subfamily ¥ such that ¥
is an (aw) -RF, where o € M, then call A an aLw-compact
set. If A is an aLw-compact set for any « € M, then call A
an Lw-compact set. Specially, when 1y is aLw-compact, we
call (L%, Q) an aLw-compact space, and if (L%, Q) is aLw-
compact for each « € M, we say that (LX, Q) is an Lw-
compact space.

Obviously, when w is the L-closure operator on L%, the
Lw-compactness is just the N-compactness in [19], and while
w takes the 0-closure operator (resp., §-closure operator, R-
closure operator, S-closure operator, PS-closure operator, and
SR-closure operator) on L, the Lw-compactness is just the 6-
compactness (resp., §-compactness, near N-compactness, S-
compactness, PS-compactness, and SR-compactness). There-
fore, the Lw-compactness is of the universal significance.

Example 11. Let (L%, Q) be an Lw-space and A € LX. If the
support 0,(A) = {x € X | A(x) > 0} of A is a finite set, then
Ais an Lw-compact set.

Proof. Assume that 0y(A) = {x},x,,...,x,} and ® is an aw-
RF of A. For eachi € {1,2,...,n} we choose an w-closed set
P, € ® with a £ P(x;). Being a = sup *(«), thereisa A; €
B* () such that A £ Py(x;). Since *(«) is an upper directed
set, thereisa A € *(a) with A > A, for eachi € {1,2,...,n},
and thus A; £ P,(x;). Therefore ® has a finite subfamily ¥ =
{P,,P,,...,P,} which is an (aw) -RF of A. By Definition 10,
A is an Lw-compact set. O

Now we give some characteristics of Lw-compactness as
follows.

Theorem 12. Let (L, Q) be an Lw-space and A € LX. Then
A is an Lw-compact set if and only if the following conditions
hold:

(1) for each &« € M, every aw-RF © of A has a finite
subfamily ¥ with NV < A(aw);

(2) for each o« € M, if ® = {P} is an aw-RF of A, then @ is
also an (aw) ™ -RF of A.

Proof. Necessity. Assume that A is Lw-compact and @ is an
aw-RF of A(a € M). According to Definition 10, ® has a
finite subfamily ¥ with A¥ <« A(aw) and so it certainly holds
that AY < A(aw). Thus (1) is satisfied. If ® = {P} is an aw-
RF of A, then @ has a finite ¥ with AY « A(aw) by the
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Lw-compactness of A. Obviously, ¥ = ®, and hence © is an
(aw)” -RF of A. Therefore (2) holds.

Sufficiency. Suppose that conditions (1) and (2) are satisfied,
and @ is an aw-RF of A (« € M). By (1), there is a finite
subfamily W of @ such that ¥ is an aw-RF of A. Let P = AVY.
Then {P} is an aw-RF of A. According to (2), {P} is also an
aw-RF of A; that is, there exists a A € 8" («) with A £ P(x) =
NMQ(x) | Q € ¥} for each molecule x; < A. Since ¥ is
finite, we can choose an w-closed set Q € ¥ with A £ Q(x);
that is, Q € wy (x,). This shows that ¥ is an (aw) -RF of A.
Therefore A is Lw-compact. O

Theorem 13. Let (L%, Q) be an Lw-space and A € LX. Then
A is an Lw-compact set if and only if for each y' € M, every
yw-cover T of A has a finite subfamily E such that E is a (yw) " -
cover of A.

Proof. Necessity. Suppose that A isan Lw-compact setand I'is
any yw-cover of A (y' € M). Put ® = I'. Then ® < wC(L%),
and there is an w-closed set B' € ® with B(x) £ y foreach x €
Ty (A); that is, y' £ B'(x); equivalently, B € wn’(xy/). This
implies that @ is a y’ w-RF of A. Thus ® has a finite subfamily
Y which is a (y'w)_—RF of A; that is, there exists t' € /3*()/')
such that for each x € 7,/(A) we can take an w-open set B €
¥’ with t' € B'(x). In other words, there are t € &*(y) and
B € ¥' = E with B(x) £ t for each x € T, (A). This means

that  is a finite subfamily of I' and a (yw)*-cover of A.

Sufficiency. Assume that every pw-cover of A has a finite
subfamily which is a (yw)"-cover of A (Y € M). If @ is an
aw-RF of A (o« € M), thenT = @' isa yw-cover of A where
y = o'. Hence T has a finite subfamily E which is a (yw)*-
cover of A by the hypothesis. Write ¥ = E'. One can easily
see that ¥ is a finite subfamily of ® and is an (w) ™ -RF of A.
Therefore A is Lw-compact. O

Theorem 14. Let (L%, Q) be an Lw-space and A € L*. Then
A is Lw-compact if and only if for each « € M and each
® < wC(L™) having a-finite intersection property for A (i.e.,
for each finite subfamily ¥ of ® and each A € 3* () there exists
a molecule x, < A with x;, < AY), there exists a molecule
X, < Awith x, < AO.

Proof. Necessity. Grant that A is an Lw-compact set, ® <
wC(L™), and ® has a-finite intersection property for A (a €
M). If x, £ A O for each x, < A, then @ is an aw-RF of
A by the hypothesis of ®. Hence ® has a finite subfamily
V¥ which is an (aw) -RF of A; that is, there isa A € ()
satisfying x; £ A ¥ for each x, < A; in other words,
Viex(A N (AY))(x) # A It contradicts the fact that © has
a-finite intersection property for A. Hence the necessity is
proved.

Sufficiency. Assume that the condition holds and that @ is
an aw-RF of A. If for any finite subfamily ¥ of @, ¥ is not
an (aw) -RF of A, then for each A € B"(«) there exists a
molecule x; < A with x; < AV;thatis, V, cx(AA(AY))(x) =

A. This shows that @ has a-finite intersection property for A.
By the assumption we have x, < A satisfying x, < AV. It
contradicts that @ is an aw-RF of A. Therefore @ has a finite
subfamily W which is an (ww) -RF of A, and hence A is Lw-
compact. O

Theorem15. Let (L*, Q) be an Lw-space and A € LX. Then A
is Lw-compact if and only if for each « € M, every «-net in A
has an w-cluster point in A with height «.

Proof. Necessity. Suppose that A is an Lw-compact set and
that N = {N(n) | n € D} is an a-net [16] in A. If N does
not have any w-cluster point in A with height «, then there
exists a P[x] € wn (x,) such that N is eventually in P[X] for
each x, < A; that is, there is a n(x) € D with N(n) < P[x]
whenever n > n(x). Write ® = {P[x] | x, < A}. Obviously,
® is aw-RF of A. By the Lw-compactness of A, ® has a finite
subfamily ¥ = {P[x;] | i = 1,2, ..., m} which is an (aw)”-RF
of A; that is, there is an i € {1,2,...,m} with y,%£P[X;] for
some r € f*(«) and each y, < A. Take P = A", P[x;]. Then
y,&P for each y, < A.Since Disadirected set, there isann, €
D, such that n, > n(x;) and N(n) < P[x;] (i = 1,2,...,m)
whenever n > n,, and so N(n) < P. This shows that for each
¥, < A, V(N(n))#r as long as n > n,. It contradicts the fact
that N is an a-net. Therefore N has at least an w-cluster point
in A with height a.

Sufficiency. Assume that every a-net in A has at least an w-
cluster point with hight « for each « € M, @ is an aw-RF of
A, and 2® is the set of all finite subfamilies of ®. If for each
r € f"(«) and each ¥ € 2(®) ¥ is not an rw-RF of A; that is,
x, < AY for each x, < A, and hence there exists a molecule
N(r,¥) < A satisfying N(r,¥) < AY. In 7 (a) x 2 we
define the relation as follows: (1, ¥;) > (r,,'¥,) if and only if
71 = ryand ¥, 2 ¥, then 7 () x2'® isa directed set with the
relation “>” Let N = {N(r,¥) | (r,¥) € " () x 2®}. One
can easily see that N is an a-net in A. We assert that N does
not have any w-cluster point in A with hight «. In fact, for
each x, < A, we can choose an w-closed set P € ® with P €
wn (x,) by the definition of ®. Taking r; € f*(«) and ¥ €
2®) wehave P € ¥ according to (r, V) = (r;, {P}), and hence
N(r,¥) < AY C P. This implies that N is eventually in P, and
thus x, is not an w-cluster point of N. It is in contradiction
with the hypothesis of sufficiency. Consequently, A is Lw-
compact. O

Definition 16. Let (L*, Q) be an Lw-space, let F be an a-filter
in L*; that is, V,.x(F A A)(x) > « for each F € & and x,, €
M*(LX). If F£P and for each P € wyj (x,) and each F € %,
then x, is called an w-cluster point of &.

Theorem 17. Let (L%, Q) be an Lw-space and A € L*. Then
A is Lw-compact if and only if for each o« € M, every a-filter
containing A as an element has an w-cluster point in A with
hight a.

Proof. Necessity. Grant that A is an Lw-compact set and that
F is an a-filter containing A as an element. Then FA A € &



for each F € & and V, x(F A A)(x) = «, and thus there
exists a molecule N(F,r) < A with hight 7 for eachr € *(«).
Define N = {N(F,r) < FAA| (F,r) € F x " («)} and define
arelation in # x f3*(«) as follows:

(F,,r) = (Fyry) iff Fy<F,r =1, 6))

»

Evidently, & x 8" («) is a directed set with the relation “>”,
and then N is an a-net in A. By the Lw-compactness of A
and Theorem 15, N has an w-cluster point in A with hight a,
say x,. We assert that x, is also an w-cluster point of &. In
reality, N is frequently not in P for each P € wr (x,); that is,
for each F € & there exist F; € & with F; < F and some
r € B*(«) satisfying N(F;,r) £ P. Hence we have F £ P by
virtue of the fact that N(F;,r) < F, < F. This means that x,
is an w-cluster point of . Therefore the necessity is proved.

Sufficiency. Suppose that every «-filter containing A as an
element has an w-cluster point in A with hight « for each
« € M and that ® is an aw-RF of A. If for each ¥ € 2@), ¥ is
notan (aw) -RF of A, then there exists a molecule x, < Aand
x, < AV for eachr € f*(a). Put F = {F ¢ LX | ¥ € 2@
with (AW) A A < F}. One can easily verify that # is an «-
filter containing A as an element, and hence # has an w-
cluster point in A with hight « by the supposition, say x,,.
In accordance with Definition 16, we have F £ P for each
P € wn (x,) and each F € &, specially, AY £ P. Since ®
is an aw-RF of A, there exists an w-closed set Q € ® with
Q € wy (x,) foreach x, < A. Obviously, {Q} € 2 50 QQ,
and this is impossible. Hence there must be a ¥ € 2® which
is an (aw) -RF of A. This shows that A is Lw-compact. [

Definition 18. Let I be an ideal in L*. If v, B’ (x) > « for
each B € I, then I is called an «-ideal (o € M).

Theorem 19. Let (L5, Q) be an Lw-space and A € LX. Then
A is Lw-compact if and only if every a-ideal I whose A is not
in I has an w-cluster point in A with hight « for each « € M.

Proof. Necessity. Assume that A is an Lw-compact set, I is an
«-ideal whose A is not in I, and N(I) = {N(I)((b,B)) = b <
A | (b,B) € D(I)} where D(I) = {(b,B) | b € M*(L¥),B ¢
I and b £ B}. Then N(I) is an a-net in A. Hence N(I) has
an w-cluster point in A with hight « by Theorem 15, say x,,.
Obviously, x, is also an w-cluster point of I. Consequently,
the necessity is proved.

Sufficiency. Grant that every a-ideal whose A is not in it has
an w-cluster point in A with hight « for each « € M and
& is an a-filter containing A as an element. Let [ = {F' ¢
L* | F ¢ F). Evidently, I is an a-ideal whose A is not
in I. Now we will prove that & has an w-cluster point in
A with hight a. Actually, by the hypothesis we know that
I has an w-cluster point in A with hight «, say x,; that is,
F' V P#1y; equivalently, F £ P, for each F € & and each
P e wn (x,). Therefore x, is an w-cluster point of & in
line with Definition 16, and hence A is an Lw-compact set by
Theorem 17. This implies that the sufficiency holds. O
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4. Some Important Properties of
Lw-Compactness

In this section, we still further deliberate the properties of Lw-
compactness in an Lw-space.

Theorem 20. Let (L*, Q) be an Lw-space and A, B € L*. If A
is Lw-compact and B is w-closed, then A A\ B is Lw-compact.

Proof. Assume that N is an a-net in A A B (¢ € M). Then
N is also an a-net in A. Since A is w-compact, N has an w-
cluster point in A with hight «, say x,,. We assert that x, < B.
Actually, since N is an a-net in B and N w-accumulates x,,
N has an a-subnet T' which w-converges to x, and so x, <
w cl(B) = B. Hence x, < AAB, and thus AA B is Lw-compact
in accordance with Theorem 15. O

This theorem shows that the Lw-compactness is heredi-
tary with respect to w-closed sets.

Theorem 21. Let A and B be both Lw-compact sets in (L, Q).
Then AV B is also an Lw-compact set in (L%, Q).

Proof. Suppose that ® is an aw-RF of AV B (a € M). Then ®
is an aw-RF of both A and B. Owing to the Lw-compactness
of A, there are 1, € B*(«) and ¥, € 2 with AY, < AL, w).
Similarly, there exist 1, € B*(«) and ¥, € 2‘® satisfying
AY, < A(A,w). Take A = A; AL, and ¥ = ¥, U Y,; then
Ae B (a), Ve 2®) and A < A(Aw); that is, ¥ is an (aw) -
RF of A Vv B. Consequently, A V B is Lw-compact. O

This theorem indicates that the Lw-compactness is
finitely additive.

Theorem 22. Let L = [0,1], (L%, Q) be an Lw-space and let
A € L* be an Lw-compact set. Then there exists a crisp point
x € X such that A(x) = sup{A(t) | t € X}.

Proof. Let « = sup{A(t) | t € X};then« € [0,1]. If & = 0,
then A = 0y and hence A(x) = sup{A(t) | t € X} holds for
each x € X. If « > 0, and D is the set of all natural numbers,
then we choose x" ¢ X with A(x") > a« — (1/n) and N =
{xfg(xn) | n € D}. Obviously, N is an a-net in A, and N has an
w-cluster point x, in A by virtue of the Lw-compactness of
A. Hence A(x) > a by x, < A. On the other hand, A(x) < «
by the definition of «. Therefore A(x) = a = sup{A(t) | t €
X} O

This theorem implies that an Lw-compact set can reach
the maximum at some point in X as a function.

Theorem 23. Let (L, Q) and (LY, Q,) be an Lw,-space and
an Lw,-space, respectively, and let f : L* — LY be an
(wy, w,)-continuous L-valued Zadeh’s type function. If A is an
Lw,-compact set in (L%, Q,), then {7 (A) is an Lw,-compact
setin (LY, Q,).

Proof. Assume that @ is an aw,-RF of f 7 (A) and y, €
M*(LY) with y, < f7(A)« € M). According to the
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definition of f, there is a molecule x, ¢ M*(L*) such
that x, < A and f 7 (x,) = ¥, Thus there is an w-
closed set Q € ® with f 7 (x,) £ Q; that is, x, £ ™ (Q).
Since f is (w,, w,)-continuous, f (Q) is w-closed in (L%, w;),
and hence f7(Q) € w7 (x,). This means that f~(¥) =
{f7(Q) | Q € ®}is an aw,-RF of A. Therefore ® has a
finite subfamily ¥ = {Q,,Q,,...,Q,} such that f~ (¥) is an
(oww;)”-RF of A. We assert that ¥ is an (aw,) -RF of f ~ (A).
In reality, there existsa A € " () with A f (¥) < A(Aw;) by
virtue of the fact that f (¥) is an (aw,)” -RF of A. Since for
each y) < f 7 (A) there exists a x, < A satisfying f ~ (x,) =
¥, and there exists a Q € ¥ with f7(Q) € w7 (x,), that is,
x; £ f7(Q).Hence y, = f~ (x)) £ QbyLemma 3.1in [19],
and so V¥ is an (aw,) -RF of f (A). Consequently, f ~ (A)
is an Lw,-compact set in (LY, ). O

This theorem means that the Lw-compactness is topolog-
ical variant under (w,;, w,)-continuous L-valued Zadeh’s type
functions.

Definition 24. Let (X, Q) be a crisp w-space, and let (X)) be
the set of all subsets of X, that is, all crisp sets on X and A €
LX, where w : P(X) —» P(X)isa crisp w-operator which
satisfies the following conditions: (1)w(U) < w(V) for each
U,V e PX)and U € V; (2)U € w(U) for each U € LP(X).

() IfE,(A) = {x € X | Ax) € o} € wC(X), where
wC(X) denotes the set of all crisp w-closed sets on X
and « € M, then A is said to be an L-valued lower
semicontinuous function on X.

(ii) Let A, (Q) be the set of all L-valued lower semicon-
tinuous functions on X, and call the pair (L%, A .(Q))
the Lw-space topologically generated by (X, Q).

Theorem 25. Let (X,Q) be a crisp w-space and let
(L*,A[(Q)) be the Lw-space topologically generated
by (X,Q). Then A € L* is Lw-compact if and only if
T,(A) = {x € X | A(x) > a} is w-compact for each « € M.

Proof. Necessity. Provided that A € L is an Lw-compact set
in (L%, A .(Q)) and @ is an w-open cover of 7, (A)(«x € M), let
I'={y; |G e ®andy = &, where y is the characteristic
function of G. We assert that I' is a pw-cover of A. In fact, for
eachx € T, (A), there is an w-open set G € ® with x € G; that
is, xg(x) = 1. Hence x5(x) £ y by virtue of the fact that y is a
prime element in L with y # 1. Thus ® has a finite subfamily
{G),Gyr..., G} such that p = {yg | i =1,2,...,m} € 2"
which is a (yw)*-cover of A in line with Theorem 13; that is,
thereis ani € {1,2,...,m} such that x5 € pwith g (x) £ A
for some A € a*(y) and each x € 7,(A), and so x € G,. This
implies that 7,(A) <€ U, G;. Hence 7, (A) is an w-compact set
in (X, Q).

Sufficiency. Grant that 7,(A) is an w-compact set in (X, Q)
for each @ € M and that T is a yw-cover of A wherey = o'
Then there is an w-open set B, € I with B,(x) £ y for
each x € 7,(A), and hence there exists a prime element
t(x) € a’(y) satisfying B, (x) £ t(x). Put Li(By) = {y €

X | B,(y) £ t(x)} and @ = {},,,(B,) | x € 7,(A)}; then ®
is an w-open cover of 7,(A) according to x € [,,(B,) and
B, € A;(Q). Because of the w-compactness of 7,(A), © has a
finite subfamily ¥ = {l,,,(B,) | i = 1,2,...,m} which is an
w-open cover of 7, (A); that is, there exists an i € {1,2,...,m}
with x € lt(x,.)(Bx,.); in other words, B, (x) £ t(x;) for each
x € 1,(A). Take t = A t(x;); evidently, t € «”(y) and
B, (x) £t Hencey = {B, | i = 1,2,...,m}is a (yw)'-
cover of A, and thus A is an Lw-compact set in x, A ()
by Theorem 13. O

Xi

This theorem indicates that the Lw-compactness is a good
extension in the sense of R. Lowen.

Theorem 26. Let (L*, Q) be a stratified wT, and A € L*. If A
is Lw-compact, then A is w-closed.

Proof. We only prove that x, < A for each x, € M*(L¥)
with x, < w cl(A) by the definition of w-operator. Actually, if

< wcl(A), then there exists a molecular net N = {xg?r)l) €

M*(L¥) | n € D}in A which w-converges to x,, in accordance
with Theorem 2 in [11]. Write A = A,,pV,s,,t(n); we assert
that A > o. In fact, if A # «, then there is a m € D with
Vyomt() # a,andletd = v, t(n). Since (LX, Q) is stratified,
the constant L-set [d] on X is w-closed and x, £ [d], that
is, [d] € wn (x,). Obviously, N is eventually in [d], and it
contradicts the fact that N w-converges to x,. Hence A > «;
that is, V,5,,,t(n) > « for each m € D. For each r € $*(«) and
each m € D we choose n(r,m) € D such that n(r,m) > m
and t(n(r,m)) > r, and define the relation “>” in f*(a) x D
as follows:

Xa

(romy) = (rpmy)  iff 1y > 1y my > my,. ()
Then *(a) x D is a directed set with the relation. Write
S = {xjim | (r,m) € B*(a) x D}; then S = N o R, where
R : B*(a) x D — D is defined as R(n(r,m)) = n(r,m).
Evidently S is a subnet of N and w-converges to x,, and S is
an a-net in A. Being the Lw-compactness of A, S has an w-
cluster point in A with hight &, say z,. Since (L%, Q) is an wT,
space, S w-converges to x, and w-accumulates to z,, z = x
by Theorem 2.7 in [11], and hence x, = z, < A. This implies
that w cl(A) < A; that is, A is an w-closed set. O

The following example shows that the stratified condition
in Theorem 26 can not be omitted.

Example 27 Let X = {x} be a single set, L = [0,1], and
let w : L¥ — L* be the fuzzy closure operator. Define
wO(L*) = {0x, x5, 1x}, where A : x — [0,1] is defined
as A(x) = x,, « € [0,1] for x € X. Obviously, (L%, Q) is both
an Lw-compact space and an N-compact space. According
to Example 11 we know that A = x; /5 is an Lw-compact set in

(L*,Q), but A is not w-closed.

The following theorems imply that the Lw-compactness
can strengthen w-seperation properties.



Theorem 28. If (L%, Q) is both wT, and Lw-compact Law-
space, then (L%, Q) is an w-regular space [11].

Proof. Let G € L* be an w-closed pseudocrisp set and let x,,
be a molecule which x is not in supp G. By Definition 71 in
[19], there is an € M such that G(x) > 0 implies G(x) > «.
For each y, € M*(LY), there are P, e wn (x,) and Q, ¢
wn”(y,) satistying P, V P, = 1y by virtue of x # y and the
wT, separation of (L%,Q). Put ® = {Q) | yo < G} then
@ is an aw-RF of G. Since (L*, Q) is an Lw-compact space,
G is an Lw-compact set in accordance with Theorem 20, and
thus @ has a finite subfamily ¥ = {le’Qyz’ ... ’Qyn} which
is an (aw)”-RF of G; that is, there is an r € B*(«) such that
for each molecule z, < G we have i < nwith z, £ Q,,. Let
Q= /\?=1Qy,~; then z, £ Q; that is, r £ Q(z) for each z, < G.
Since G(z) > 0 implies that G(z) > « > r, G(z) £ Q(z) for
each z € supp G, and hence Q € wy (G). Write P = V., Py;
then P € wy (x,) and

PvQ= (Vi Py) Vv (ALQy) = Vi, (PyivQy,) = 1. (3)
Consequently, (L%, Q) is an w-regular space. O

Theorem 29. Let (L*, Q) be an Lw-compact T, space. Then
(L%, Q) is an w-normal space [11].

Proof. Let both G, H be w-closed pseudocrisp sets in (L, Q)
with (supp G) N (supp H) = ¢. Then there are A, y € M such
that G(x) > 0 if and only if G(x) > A, and H(x) > 0 if and
only if H(x) > p. According to the proof of Theorem 28, for
each molecule y, < G, there is an w-closed set P, € wn (G)
satisfying A £ P, (2) for each z € supp G, and thereisa Q, €
wn (y,) such that P,vQ, = 1. One can easily see that @ =
{Q, | y, < B}isapw-RF of H. In line with Theorem 20
we know that H is an Lw-compact set, and so © has a finite
subfamily ¥ = {le, Q- Qyn} such that ¥ is a (pw) -RF
of H Put P = V.| Py; Q = /\?:IQJ',-; then P € wy (G),Q €
wy (H) and PV Q = 1. Therefore (L%, Q) is an w-normal
space. O

5. The Tychonoff Product Theorem

In this section, we will first extend Alexandar’s subbase
Lemma in general topology and give the Alexandars w-
subbase lemma and next prove that the Tychonoff product
theorem holds in Lw-spaces.

Theorem 30 (Alexandar w-subbase lemma). Let (L%, Q) be
an Lw-space, A € L*, and let y be an w-subbase [20] in L*,
If for each aw-RF @ of A where ® C y' € wC(LY), there is a
finite subfamily ¥ of ® with N\Y <« A(aw)(« € M), then A is
Lw-compact.

Proof. Suppose that @ is an arbitrary aw-RF of A. We will
prove that @ has a finite subfamily ¥ which is an (aw)*-RF of
A. In fact, if for each ¥ € 2P, AY « A(aw) does not hold,
then H = {A | ® € A € wC(L¥), forall ¥ € 2, AY «
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A(aw) does not hold} # @, and H is a partial-ordered set with
respect to the upper bound and hence there exists a maximal
element A ; in H by Zorn’s Lemma. We assert that A ; satisfies
the following conditions:

(D) AA < Ala = w);

(2)if P € Ay, then Q € A, foreach Q € wC(LY) with
Q= p;

(3)if ,Q € wC(L*)and PV Q € Ay, then P € A, or
QeA,.

Actually, since AO® < A(aw) and @ < A, condition (1)
holds. IfP € A, Q € wC(L%),Q > P,and Qis notin A, then
A" =A,U{Q} € Hand A, C A". It contradicts the fact that
A is the maximal element in H thus condition (2) holds. Let
P,Q € wC(L¥). If P and Q are both not in Ay, then A, U {P}
and A, U {Q} are both not in H by the maximality of A j, and
thus there are ¥,, V¥, € 2(40) guch that AW, U{P}) < A(aw)
and A(¥, U {Q}) <« A(aw) according to the definition of H;
that is, there are s,t € $*(«x) with A(¥; U {P}) < A(sw) and
AP, U {Q}) < A(tw). Since B*(«) is upper directed, we can
choose r € () with r > sV t. Now we prove A{¥, UY, U
{PVQ}} < A(rw). In reality, if ¥, U'¥, does not have any wR-
neighborhood of x, for each x, < A, then ¥,UY¥ does not have
any wR-neighborhood of x, and x,, respectively, and hence
P ¢ wy (x,) and Q € wy (x,). Particularly, P,Q € wy (x,)
and so PVQ € wr (x,). This shows that A(¥,U¥,U{PVQ}) <
A(rw). Therefore PV Q is not in A ; by virtue of the definition
of Ay and ¥,, ¥, € 249). So, condition (3) holds.

From (2) and (3) we have the following result:

(4)IfR € Ay, P € wC(LX)(i = 1,2,...,n) and R <
Vi P, then thereisani € {1,2,...,n} satisfying P, €
o

Consider now y' N A,. If p' N A is an aw-RF of A, then
there is a finite subfamily & of y' N A, which is an (aw) -RF
of A. Evidently, § € Z(AU); it is in contradiction with A, €
H. Hence y' N A, is not an aw-RF of A; that is, there is a
molecule x, in A meeting x, < A(y' N A,). We now verify
that x, < AA,.In fact, if thereis Q € A, with x, £ Q, then
by Definition 5 in [17] we can take a finite subfamily {Pij |
j € Jpi € I} of ' satisfying Q = AisVje;, Py where J; is a
finite set for each i € I. Because of x, £ Q, we can choose
i € I'with x, £ V¢, ;. Since Q < V;¢; Py, thereisa j € J;
such that P;; € A, by (4). Hence P;; € Y NAyand x, £ Py it
contradicts the fact that x, < A(y'NA ) < Pj;thus x, < AA,,.
However, this is in contradiction with (1) again. This implies
that @ has a finite subfamily ¥ with AY « A(aw). Therefore
A is an Lw-compact set in (L%, Q). O

Theorem 31. Let {(LX, Q,) | t € T} be a collection of Lw-
spaces and let (L, Q) be the product space of them. If A, is an
Law-compact set in (L1, Q),) for each t € T, then the product
A = ILrA, of all Lw-compact sets A,(t € T) is an Lw-
compact set in (L%, Q).

Proof. Assume that ® is an aw-RF of A(a € M). By
Theorem 30 we can grant that every w-closed set in @ is of
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the form p,” (B,) where B, € wC(L*) and P X - %is
a protection because {p,” (U,) | U, € wO(L%),t € T} is an w-
subbase in (L%, Q) [20]. Now we consider the following two
cases.

(i) If there exists a t, € T such that no molecule with
hight « is contained in A, , then by the Lw-compactness of
A, , thereis an r € B (a) such that no molecule with hight
is contained in A, . In reality, if there exists a molecule with
hight r in A, for each r € " («), say N(r), then N = {N(r) |
r € B*(a)} is an a-net in A, by the directivity of " (a).
Since A, is Lw-compact, N has an w-cluster pointin A, with
hight « according to Theorem 15. It is in contradiction with
the hypothesis of A, . Thus it can be seen that there exists an
r € B*(«) with Ato(xt") # r for each x ¢ X, Hence for
each x € X, we have

A(x) = (HteTAt) (x)

= NerAy (P (%) < Ay (Pto (x)) = Ay (xto) >

and hence A(x) ¥ r for each x € X; that is, no molecule with
hight  is contained in A. This shows that for each ¥ ¢ 2@
¥ is an (aw) -RF of A.

(ii) Suppose that for each t € T, A, contains a molecule
with hight a, say x’,. Since ® € {p (B,) | B, € wC(L¥),t €
T}, we can take R € T such that ® = U, ., ®,, where ©, =
{p/(B) | B, € B, < wC(L®)}. Now we prove that there
must be s € R with A%, < A(aw). In fact, if there is a crisp
point y* € X, such that y* < A, A (A%,) for each t € R, then
we choose a crisp point z in X as follows: if t € R, z' = y;
iftisnotin R, z* = x*. Taking any w-closed set p; (B,) in @,
where t € Rand B, € %,, we have

pi (B)(2) = B, (Zt) =B, ()’t) > (A N (AB,)) (,'Vt) Za,
©)

(4)

—

that is, z, < p; (B,), and hence z,, < AD by the arbitrariness
of p/ (B,) € ®. On the other hand,

A(2) = NerAy (zt) = (/\tERAt (yt)) N (AtGRAt (xt)) 2 o
(6)

This implies that z, is a molecule in A; it contradicts the fact
that @ is an aw-RF of A. Consequently, there is s € R with
NB, < A (a); thus there is a finite subfamily I'; of % with
I, < A (rw) for some r € B*(«). Put ¥ = {p_ (B,) | B, € [}};
then ¥ € 2®). We assert that A¥ < A(rw). Actually, for any
molecule e, in A with hight r we have A (e®) > A(e) = r;
that is, €’ is a molecule in A, where e = {'},.; € X. Hence
there exists an w-closed set B, € I, meeting B, € wy (e;) by
virtue of the fact that I, is an rw-RF of A ; thus p; (B;)(e) =
By(e®) # r;thatis, p. (B;) € wy (e,). This shows that ¥ is an
rw-RF of A. Therefore A is an Lw-compact set in (X,0). O

Theorem 32 (Tychonoff product theorem). Let (L%, Q) be the
product space of a collection of Lw-spaces {(*, Q) |teT}
Then (L, Q) is Lw-compact if and only if for each t € T, (L,
Q,) is Lw-compact.

Proof. Necessity. Assume that (L*, Q) is an Lw-compact
space. Since p, : (L*,Q) — (L™,(Q,) is an w-continuous
L-valued Zadeh’s type function for each t € T, (L™, Q,) is
an Lw-compact space by Theorem 23. Therefore the necessity
holds.

Sufficiency. It follows from Theorem 31. O

The following example shows that the inverse theorem of
Theorem 31 does not hold.

Example 33. Let E = {e;,e,,...} be a countably infinite set,
X, = Eforeacht € T ={1,2,...},L =[0,1],Q, = [0,1]% and
let w be a fuzzy closure operator. Then (L™, Q,) is a discrete
Lw-space for each t € T. Define A, € L™ (t € T) as follows:

lf] =1, At(e]) =1 lf] =2, At(e]) = 1/t

Suppose that (L%, Q) is the product space of {*, Q) |
t € T} and A = Il,.;A,. Now we prove that A is an Lw-
compact set in (L%, Q), but A, is not an w-compact set in
(L™, Q,) for each t € T. In reality, for each x = (x,,X,,...) €
X we put x, = ej.(t), where x; is a crisp point e; in X,; then
from the definitions of A, and fuzzy product set A we know

A(x) = (TerAy) (%) = ArerAs (%) = Aer A, (e;(t))

0, ifthere are infinite elements
such that j (t) > 2.
1
o ifthereisaty € Tsuch that j(tz) =2
R
and j (t) = 1 whenever t > tg.

7)

Thus it can be seen that A # 0y and if A(x) > 1/tg, then the
coordinates x, = e;(t) = ¢, of x whenever t > t. Obviously,
points in X satisfying the condition are only finite. Letax € M,
thatis, @ > 0, and let ® be an aw-RF of A. Choose t; € T with
1/tg < «. Since there are only finite molecule in A with hight
«, denote the finite crisp points as x*, x%, ..., x™. If (x'), < A
for eachi € {1,2,...,n}, then there is P, € ® with IJi(xi) <a.
Puts = max{Pi(xi) | l)i(xi) < a,i < n}; then s < «. Taking
s; € (s,a) and v = max(s;, 1/tg), we know that A has at most
n molecules with hight r, say (x'), (i < n). By the definition
of @, thereisa P, € ® such that P, € w;q"((xi),) for each (xi)r
in A. Denote ¥ = {P, ¢ ® | P, ¢ wﬂ_((xi)r),i < n}; then
¥ € 2®) and V is an rw-RF of A. This implies that ¥ is an
(aw) -RF of Aby r € B*(a). Hence A is Lw-compact in (L%,
Q). On the other hand, take D = T and N = {N(m) | m € D}
where N(m) = (e,,),, for eachm € D and each t € T; then
Nisa (1/t)-netin A,. Since (*, Q,) is discrete, N does not
have any w-cluster point in A, with hight 1/¢. Therefore A,
is not Lw-compact in (L™, (),) for each t € T according to
Theorem 15.
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This paper investigates the relationship between an unperturbed differential system and a perturbed differential system that have
initial time difference. Notions of h-stability for differential systems with initial time difference are introduced, and stability criteria

are formulated by using variation of parameter techniques.

1. Introduction

It is well known that, in applications, asymptotic stability is
more important than stability, because the desirable feature
is to know the size of the region of asymptotic stability.
However, when we study the asymptotic stability, it is not
easy to deal with nonexponential types of stability. Pinto [1]
introduced the notion of h-stability with the intention of
obtaining results about stability for a weakly stable system
(at least, weaker than those given exponential stability and
uniform Lipschitz stability) under some perturbations and
developed the study of exponential stability to a variety of
reasonable systems called h-systems. Since then, Choi and
Ryu [2], Choi et al. [3], and Choi and Koo [4] investigated
h-stability problem for the nonlinear differential systems
respectively, and Choi et al. [5, 6] characterized the h-
stability in variation for nonlinear difference systems via
ng,-similarity and Lyapunov functions and obtained some
relative results. For the detailed results of h-stability of
impulsive dynamic systems on time scale and others systems
can be found in [7-10].

At present, the investigation of differential systems with
initial time difference has attracted a lot of attention. This
is mainly because of the fact that when considering initial
value problems, it is impossible not to make errors in the
starting time in dealing with real world phenomena, that is,

the solutions of the unperturbed differential system may start
at some initial time and the solutions of the perturbed systems
may start at a different initial time. When we consider such a
change of initial time for each solution, we need to deal with
the problem of comparing between any two solutions which
start at different times. At present, there are two methods to
discuss the stability problem with initial time difference: one
is the differential inequalities and comparison principle, and
the other is the method of variation of parameters. For the
pioneering works in this area we can refer to the papers [11,
12]. After that, there are many stability results for various of
differential and difference systems; see [13-20]. However, the
above results were obtained by using comparison principle
and differential inequalities; there are few stability criteria by
using the method of variation of parameters; see [21-24].

In this paper, we attempt to extend the notion of h-
stability to differential systems with initial time difference,
namely, initial time difference h-stability (ITDAS) and then
establish some stability criteria for such differential systems
by using the method of variation of parameters. The remain-
der of this paper is organized in the following manner. Some
preliminaries are presented in Section 2. The notions of h-
stability for differential systems with initial time difference
are given in this section. In Section 3, several stability criteria
are established. Finally, an example is added to illustrate the
result obtained.



2. Preliminaries

Let R* = [0, +00) and R" denotes the n-dimensional Euclid-
ean space with appropriate norm || - ||.
Consider the differential systems:

x’ = f(t7 X) > x(t()) = Xp» t> t()’ tO € R+, (1)

x'=ftx), x(1)=yp t=T1 1€R" (2
and the perturbed differential system of (2):

Y =F(ty), y@)=y» t21, neR, )

where f, F € C[R*xR", R"] are locally Lipschitzian and f has
continuous partial derivatives df /0x on R x R". The above
assumptions imply the existence and uniqueness of solutions
through (t,, x,) and (7,, y,). A special case of (3) is where
F(t, y) = f(t, y)+R(t, y), R(t, y) is the perturbation term. Let
n = 15—ty > 0. Furthermore, suppose that x(t, ¢, x,) is the
given solution with respect to which we shall study stability
criteria.
Let us begin by defining the following notions.

Definition 1. The solution x(t,7y, y,) of the system (2)
through (7, ¥,) is said to be initial time difference h-stability
(ITDAS) with respect to the solution x(t — #,t,, x,,), where
x(t,ty, x,) is any solution of the system (1), if and only if there
exist ¢ > 1 and a positive bounded continuous function h
defined on R" such that

||x (t. 70, yo) = x (t =1, to’xo)“
< c[||yo = xof| + |70 — to| I A (1) n! (7o)
fort > 7, and () = 1/h().

Similarly, we can define initial time difference h-stability
(ITDAS) with respect to the solution y(t, 7, ¥,) of the system
(3) through (7, ¥,)-

We are now in a position to give the Alekseev’s formula,
which is an important tool in the subsequent discussion.

Lemma 2 (see [25]). If x(t, 7y, ¥,) is the solution of (2) and
exists for t > 7, any solution y(t, 1y, y,) of (3), with y(1,) =
Yo Satisfies the integral equation:

y (£, 70, ) = x (£, 79 yo)

t
# [ 0ty (s ) Ry (5700 0) ds
©)
fort > 1, where O(t, 1y, ¥,) = 0x(t, 7y ¥y)/0Yp-

The following lemma will also be needed in our investi-
gations.

Lemma 3 (see [25]). Assume that x(t,t,, x,) is the solution of
(1) through (t,, x,), which exists for t > t,, and then

1
x(t,tg,xy) = [L O (t,ty, 5x9) ds | xq» (6)

where O(t,ty, x,) = 0x(t, ty, x,)/0x,.
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3. Stability Criteria

We shall present, in this section, the stability criteria for
differential systems with initial time difference.

Theorem 4. Let x(t, 7y, ¥,) and x(t —n, ty, x,) be the solutions
of (2) and (1) through (7, y,) and (t, x,), respectively, t > T,
Assume that
(1) V(t> o> V()) = x(t) To» y()) _X(t =1 tgs xo), in which Vo =
Yo ~ Xos
(ii) there exists a positive bounded continuously differen-
tiable function h(t) on R* such that

G 6T ve) + (7 (6 v m) 8] = (67 v0)|
imin 5 o)

<H @OR @) vt )l

where f(t, v = ft,x(t — 1ty x) + v(E Tp, V) —
ft, x(t =1ty x));

(iii) f is locally Lipschitzian in time such that
1 (& (£ = 1, t0, %0)) = f (¢ = 1 x (¢ = 1,0, x0))|

Il ®
<L,(t >
RS
where Ly(1,) = L:OO h_l(s)h(TO)Ll(s)ds, L,(s) €
C[R*,R"].

Then the solution x(t, 7, ¥,) of the system (2) is ITDAS
with respect to the solution x(t — #, £, x).

Proof. Define z(t) = ||v(t, 7y, )| for t > 7, and then z(7,) =
lyo — x,ll. Also,

v (670, v) = X (6,70, 70) = % (£ = 11,10, %)
= f(tv(t 1 vo) +x(t =1 t0, %)) (9)

= f{t=nx(t-nthxp)).

Using a Taylor approximation for v(¢, 7y, v,) and the condi-
tions (i) and (ii), we arrive at

D_z(t)
o ”v (t, 79, v) + V' (£, 705 vp) 6" —Iv (& 70, o) |l
= lim inf
§—0 )
KO ©Oz®+L 6L
! L, ()

(10)
And then, from (10), we have
z(t) <h(t)h™ (1)

x (z(fo) + LZ"ZLO)

Im W () h() Ly () ds) .
° (1)
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Moreover, using the condition (iii), we obtain

z(t) <h ) h " (19) (o — xo|| + ) - (12)

Then from (12), we get

||x (t> To»)’o) -X (t =1 tgs xo)”

. (13)
< yo = xoll + |70 = to|]] L) " (1) -

So by Definition 1 with ¢ = 1, the solution x(t, 7, ¥,) of (2)
is ITDAS with respect to the solution x(t — #,t, x,). This
completes the proof. O

Remark 5. Set h(t) = ¢ P!, and then we can obtain Theorem
3.4 in [8].

Theorem 6. Let y(t, 7y, y,) be the solution of (3) through
(79> o). Assume that

(i) the solution x(t, Ty, ¥,) of (2) is ITDAS with respect to
the solution x(t — 1, ty, x,) for t > 1, where x(t, ty, x,)
is any solution of (1);

(ii) there exist ¢ > 1, « > 0 and a positive bounded
continuous function h defined on R" such that

ot s ys)| <ch@®h™ (),
IR(s, y )| <79 ]y )]

provided that y(s, Ty, y,) < &, r(s) € C(R",R") and
Jjoo r(s)ds < +oo0.

Then the solution y(t, 7, y,) of (3) is ITDAS with respect
to the solution x(t — 7, £, x).

Proof. Define v(t, 7y, vy) = x(t, 7y, ¥y) — x(t — 1,1y, X,) and
z(t) = ||v(t, 7y, vo)ll, and then z(z) = ||y, — x, . The condition
(i) yields

||x (t. 70 o) —x (t =7 to»"o)”

. (15)
< c[]lyo = xol + |7 ~to|]] L) 1 (1)
By Lemma 2, it follows that
Yy (t, To» )’0) —x (t =1, tg, %)
t (16)
=v(t, 19, v) + J O (t,s,y(s))R(s, y(s))ds.

Now taking the norms of both sides and using the triangle
inequality, we have

Iy (705 yo) = % (t = 1, £, %) |

t
Sdﬂ+L”®U@y6me@y@mwa

3
From (15), we obtain
”J’ (t’ To» J’o) -X (t =1, tgs xo)"
Sc[||y0—xo||+|‘r0—t0|]h(t)h_1 (10) a8)

+ [ 1o tsy IRy @) ds.

Setting M ™ (¢) = | y(t, 7y, ¥,) — x(t — 1, £, x)|| and using the
triangle inequality, we have

M" (1) < ¢ [y = o]l + 70 = £ ] L () I (7o)

N Jt ch(O)h™ () 7 (s) M™ (s) ds )

¢
+ J ch(t)h™" (s) 7 (s) |x (s = 11,0 )| ds.

T

By using Lemma 3 and the condition (ii), we obtain

| (t = 11,0, xo)|| < ach (t) ™" (1), for ||xo]| < . (20)

Hence,

M () <c{|yo = xo| + |70 — to|}  (2) Kt (10)

+ Jt ch(®)h™ " (s)r (s) M* (s)ds 21

+Cah(t)h (1) Jt r(s) ds.

To
Then we have
N* (1) < c{]|yo = %ol + |70~ tol}
t (22)
+ J r* (s) N* (s)ds + caN, (1),
Ty
where r*(t) = cr(t), N*(t) =
7% r(s)ds = Ny (1y).
0
By Gronwall’s inequality, one gets

' (Oh(ty)M*(t), and

M™ () < {C [0 = xoll + |70 = to|] + CaN, (To)}

(23)
xh(t)h" (1,) e N,
Moreover, set
¢ {llyo = xoll + 70 — 1o}
2 cN; (15) 24)
= {C ["}’0 - x0|| + |To - to” +caN; (To)} e
and ¢, > 1, we get
”)’ (t’ To» J’o) -X (t =1, tgs xo)"
(25)

=q {”)’0 - x0|| + |To - t0|} h(t) n! (10) -

From Definition 1, it follows that the solution of (3) is ITDAS
with respect to the solution x(t —#, t,,, x,). This completes the
proof. O



4. Example

Now, we shall illustrate Theorem 6 by a simple example.
Consider the differential systems

x'=-x, x(t) =x, t=t, ty€R, (26

!

x =-x, x(19)=yp t27, ,€R, (27)

and the perturbed differential system of (27):

1
Y=-y+gy y(@)=ye tzm meR. (28)

Define z(t) = x(t, 19, y,) — x(t — 1.ty x,); by direct
calculation, we have the solution of (27) given by x(t, 7y, ¥,) =
yoe ™, which exists for all t > 7, and ®(t, 7y, y,) =
0x(t, 7y, ¥5)/0y = e, (79,70, o) = L Nzl < (lyp —
Xoll + |75 — to])e™ "™, and then the solution of system (27) is
ITDAS with respect to x(t — 7, Ty, X)-

Now, let us begin to consider the perturbation term
F(t,y) = (1/t*)y of (28), and we have [|(1/£)yll < (1/t)yl,
where J;m(l/tz)dt < +00. Then by Theorem 6, we can

conclude that the solution y(t, 7y, y,) of (28) is ITDAS with
respect to the solution x(t — 1, ¢, x,).
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We study the global asymptotic stability of the following difference equation: x,.,; = f(x,_» X,p,> -+ +> X,k 3 X

X ),n=0,1,...

n—my

,where 0 < k; < k, <--- < k;and 0 < m; < m, < --- < m, with {k;, k,,...,k}({m, m,,...

n—my> xn—mz’ tee

,m,} = 0, the

initial values are positive, and f € C(E*™, (0, +00)) with E € {(0,+00), [0, +00)}. We give sufficient conditions under which the
unique positive equilibrium x of that equation is globally asymptotically stable.

1. Introduction

In this note, we consider a nonlinear difference equation
and deal with the question of whether the unique positive
equilibrium X of that equation is globally asymptotically
stable. Recently, there has been much interest in studying the
global attractivity, the boundedness character, and the peri-
odic nature of nonlinear difference equations; for example,
see [1-22].

Amleh et al. [1] studied the characteristics of the differ-
ence equation:

Xy
Xap = P+ (E1)
n

They confirmed a conjecture in [13] and showed that the
unique positive equilibrium X = p + 1 of (E1) is globally
asymptotically stable provided p > 1.

Fan et al. [8] investigated the following difference equa-
tion:

Xp+1 = f (xn’ xn—k) . (EZ)

They showed that the length of finite semicycle of (E2) is
less than or equal to k and gave sufficient conditions under
which every positive solution of (E2) converges to the unique
positive equilibrium.

Kulenovi¢ et al. [11] investigated the periodic nature, the
boundedness character, and the global asymptotic stability of
solutions of the nonautonomous difference equation

xn—l
xn+1=pn+x—, n=0,12,..., (E3)

n

where the initial values x_;, x, € R, = (0,+00) and p,, is the
period-two sequence

n- 15

Sun and Xi [20] studied the more general equation

n=01,2,..., (E4)

if n is even,

ith o, . 1
if n is odd, with & f € R, M

Xp+1 = f (xn—s’xn—t) 4

where s,t € {0,1,2,...} with s < ¢, the initial values
X_pX_415---> X9 € R, and gave sufficient conditions under
which every positive solution of (E4) converges to the unique
positive equilibrium.

In this paper, we study the global asymptotic stability of
the following difference equation:

Xnt1
= f (xnfkl’ Xnkyo o> Xnok 3 Xnomy> Xnomyp o> xnfmt) >

n=0,1,...,
(2)



where 0 < k; < k; < --- < kgand 0 < m; < m, <

- < my, with {ky, ky, .. k(O m,my, ... ,m} = 0, the
initial values are positive and f € C(E**,(0,+0c0)) with
E € {(0,+00),[0,+00)} and a = inf(, \\ o uou eps X
flup,uy, .o ug vy, v,,...,v,) € E satisfies the following
conditions:

(Hy) f(uy,uys. .yt Vy, vy, ., v,) is decreasing in u;
for any i € {1,2,...,s} and increasing in v; for any
jefl,2,...,t}h

(H,) Equation (2) has the unique positive equilib-
rium, denoted by x.

(H;) The function f(a,a,...,a;x,x,...,x) has only
fixed point in the interval (a, +00), denoted by A.

(H,) For any y € E, f(y,...
nonincreasing in x € (0, +00).

L V%, .., x)[x s

(Hs) If (x, y) € E x E is a solution of the system

y=f(x....%9...,),
3)
x=f(y.., 5%...,%),
then x = y.
2. Main Result

Theorem 1. Assume that (H,)-(H;) hold. Then the unique
positive equilibrium x of (2) is globally asymptotically stable.

Proof. Let ] = max{m,, k,}. Since

a= lnf(ul,uz,...,us,vl,vz,...,v,)GEs”f (ul’ Ups e s U V5 Vose e Vt)

€ E,
(4)

we have

X=f(%%...0)> f(X+L%...

Claim 1.f(A,..., Asa,...,a) <X < A.

Proof of Claim 1. Assume on the contrary that X > A. Then it
follows from (H,), (Hs), and (H,) that

A= fa.., @A .. ,A)> f(%... KA., A)

_f@quA“qusz:”@

" = A (6)

= A
This is a contradiction. Therefore X < A. Obviously
f(A,...,Aa,...,a) < f(X,..

L%, X =% (7)
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Claim 11is proven.

Claim 2. For any M > A, ] = [a, M] is an invariable interval
of (2).

Proof of Claim 2. For any x4, x_,,...,%x_; € ], we have from

(H,) that

a<x

= f(x,kl,x,kz,...,x,ks;x,ml,x,mz,...,x,mt)

< f(a,...,a;M,...,M)A/Is f(a,...,a;A,...,A)M

M A

= M.
(8)

By induction, we may show that x,, € J foranyn > 1. Claim 2
is proven.

Letmy = a,My, =M > Aand foranyi >0,

my = f(M,...,Mym,,...,m;), o
M, = f(my...,mzM,,...,M,).
Claim 3. For any n > 0, we have
m,<m,  <x<M, <M,
(10)
Jim M, = lim m, =%
Proof of Claim 3. From Claim 2, we obtain
my <my, = f(My,...,My;mg,...,m)
<fG..,¥)=x
< f(mgs....my My, ..., M)
=M, < M,,
my = f (M, ..., My;mg,...,m,)

(11)
<f(My,...,Mjmy,...,m) =m,
<f(®...%)=x
< f(my,....m;3M,,...,M;) =M,
< f(mg,...,my M,,..., M)
=M,.

By induction, we have that for n > 0,
m, <m, <xX< M, <M, (12)
Set
B= nleréomn and o= nlLr%oM”' (13)
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Then
B=fla...,;6,....8),
a=f(B....5a...,q).

This with (H,) and (Hs) implies« = 8 = X. Claim 3is proven.

(14)

Claim 4. The equilibrium X of (2) is locally stable.

Proof of Claim 4. Let M = A and m,, M, be the same as
Claim 3. For any ¢ > 0 with 0 < ¢ < min{fA - X,X — a},
there exists n > 0 such that

X—eg<m,<X<M,<X+e 15)
Set 0 < & = min{x - m, M, — x}. Then for any
Xg»X_1>--->X_ € (x = 8,% + §), we have
X = f(x,kl,...,x,ks;x,ml,...,x,mt)
< f(my,....mzM,,...,M,)
= Mn+1 < Mn’
(16)
X = f(x,kl,...,x,ks;x,ml,...,x,mt)
> f(M,,....M;m,,...,m,)
=M, >m,.
In similar fashion,we can show that for any k > 1,
X € M, M,] c(X—eX+e¢). (17)

Claim 4 is proven.
Claim 5. X is the global attractor of (2).

Proof of Claim 5. Let {x,},>_; be a positive solution of (2),
and let M = max{x,,...,xy;, A} and m,, M,, be the same
as Claim 3. From Claim 2, we have x,, € [m,, M,] = [a, M]
for any n > 1. Moreover, we have

X142

=f (xl+1—k1’ oo X1k 5 X 1emypo - ’xl+1fmt)

< f(mgs...,mp; My, ..., My) = M, )
X142

=f (xl+1—k1’ s X1k 5 X 1emyo - ’xl+1fmt)

> f(My,...,Mymg,...,my) =mj.

In similar fashion, we may show x,, € [m,, M,] for any n >
I + 2. By induction, we obtain

x, € [m,M] forn>k(+1)+1. (19)

It follows from Claim 3 that lim, , x, = x. Claim 5 is
proven.

From Claims 4 and 5, Theorem 1 follows. O

3. Applications
In this section, we will give two applications of Theorem 1.

Example 2. Consider equation

t
x = p+ Zi:l aixn—mi
1= - 7
" Zi:l bkxn—nk

t
i \j zi:l aixn—m,-

K b
zk:l bkxn—nk

(20)

n=0,1,...,

where 0 <n; <n, <---<ngand0 <my; <m, <--- < m
with {n;,n,,....n}({m,my,....m} = 0, p > 0,a; > 0
foranyi € {1,2,...,t}and b > O forany k € {1,2,...,s},
and the initial conditions x_;,...,x, € (0,00) with [ =
max{m,, n;}. Write A = ¥, a;and B = Y;_, b If pB > A,
then the unique positive equilibrium x of (20) is globally
asymptotically stable.

Proof. Let E = (0,+00). It is easy to verify that
(H,), (H,), and (H,) hold for (20). Note that a =

mf(ul,uz,...,us,vl,vz,...,vt)eEs”f(”l’ Upseo s U Vs Vasen s V) = D
Then

Ax Ax
= 5 = - 21
X~ f @) p+Bp+J—Bp @

has only solution

x= \/[\/pAB+ \[PAB + 4p*B (Bp - A)] /2 (Bp - a)
(22)

in the interval (p,+00), which implies that (H;) holds for
(20). In addition, let

XA \]E
X=p+—+

yB " \yB’
- (23)
_pe A2
y=pt xB " \/xB’
then
x p+xA/yB+ +\xAl/yB
- = . (24)
Y  p+yA/xB++yA/xB
Therefore x/y = 1, which implies that (23) has unique
solution
_ A
x=y:x=p+g+\/A/B. (25)

Thus (H;) holds for (20). It follows from Theorem1 that
the equilibrium x = p + A/B + A/B of (20) is globally
asymptotically stable. O



Example 3. Consider equation

t
q+ Zizl aixn—mi

Xpp1 = —=5—7—> n=0,1,..., (26)

P+Zk:1 bkxnfnk
where 0 < n, < m, < -+ < myand 0 < m; < m, <
- < m, with {n,n,,...,n}(m;,my,....m} = 6, p >

0,9 > 0,4 > O0forany 1 < i < tandb; > 0 for any
1 € j < s, and the initial conditions x_j,...,x, € (0,00)
with I = max{m,, n}. Write A = ¥!_ a;and B = Y;_, b;.
If p > A, then the unique positive equilibrium X of (26) is
globally asymptotically stable.

Proof. Let E = [0,+00). It is easy to verify that (H,)-(H,)
hold for (26). In addition, the following equation

q+xA
T peyB
(27)
_qtyA
- p+xB
has unique solution
2
A—p+ (p—A) +4Bq (28)

X = :y:
4 2B

which implies that (H;) holds for (26). It follows

from Theorem1 that the equilibrium x = (A - p +
(p—A)2 +4Bq)/2B of (26) is globally asymptotically
stable. O
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This work presents the fusion of integral channel features to improve the effectiveness and efficiency of pedestrian detection. The
proposed method combines the histogram of oriented gradient (HOG) and local binary pattern (LBP) features by a concatenated
fusion method. Although neural network (NN) is an efficient tool for classification, the time complexity is heavy. Hence, we choose
support vector machine (SVM) with the histogram intersection kernel (HIK) as a classifier. On the other hand, although many
datasets have been collected for pedestrian detection, few are designed to detect pedestrians in low-resolution visual images and
at night time. This work collects two new pedestrian datasets—one for low-resolution visual images and one for near-infrared
images—to evaluate detection performance on various image types and at different times. The proposed fusion method uses only
images from the INRIA dataset for training but works on the two newly collected datasets, thereby avoiding the training overhead
for cross-datasets. The experimental results verify that the proposed method has high detection accuracies even in the variations

of image types and time slots.

1. Introduction

Pedestrian detection is an active area of research in the field
of computer vision [1, 2] and a preliminary task in various
applications, including intelligent video surveillance, auto-
motive robotics, content-based image annotation/retrieval,
and management of personal digital images. Large variations
in appearance caused by articulated body motion, viewpoint,
lighting conditions, occlusions, and cluttered backgrounds
present serious challenges. Hence, pedestrian detection in
still images is more difficult than that of faces [3].

Most pedestrian detection methods use a pretrained
binary classifier to find pedestrians in still images by scanning
the entire image. Such a method is called the “sliding window
method” (or scanning window). The classifier is “fired”
if the image features inside the local search subwindow
satisfy certain criteria. At the core of the sliding window
framework are image descriptors and classifiers that are
based on these descriptors. According to features used for

pedestrian detection, these methods can be divided into three
groups: holistic-based methods, part-based methods, and
patch-based methods.

Holistic-based methods use global features, such as edge
templates, histogram of oriented gradient [4], and Haar-
like wavelet [5]. One popular holistic-based method is the
histogram of oriented gradient (HOG) method, which has
near-perfect classification performance when applied to the
original MIT pedestrian database and is widely used in
other computer vision tasks, such as scene classification,
object tracking, and pose estimation. Part-based methods
model a pedestrian as a set of parts, which include legs,
torso, arms, and head. Hypotheses concerning these parts are
generated by learning local features such as edgelet [6] and
orientation features. These parts are then assembled to form a
final human model based on geometric constraints. Accurate
pedestrian detection depends on accurate part detection and
pedestrian representation by parts. Though this approach
is effective for dealing with partially occluded pedestrian



detection, part detection is a difficult task. One example
of a patch-based method is implicit-shape-model- (ISM-)
based object detection, developed by Leibe et al. [7], which
combines both detection and segmentation in a probability
framework and requires only a few training images. However,
constructing a smart and discriminative codebook from
various perspectives remains an open problem.

Numerous descriptors used in pedestrian detection have
recently been proposed. Zhao and Thorpe [8] proposed a
pedestrian method by a pair of moving camera through
stereo-based segmentation and neural network-based recog-
nition. Dalal and Triggs [4] developed a descriptor similar to
scale invariant feature transform (SIFT) [9], which encodes
HOG in the detection window. HOG has been subsequently
extended to describe histograms that present information on
motion. Felzenszwalb et al. [10] recently applied HOG to their
deformable part models and obtained promising results in
the PASCAL VOC Challenge. Zhu et al. [11] implemented
a cascade of rejecters based on HOG descriptors to achieve
near-real-time performance. Cascade models have also been
successfully used with other types of pedestrian descriptors,
such as edgelet features and the region of covariance (COV)
(12].

In order to integrate various pedestrian descriptors, many
works have proposed fusing multiple features to detect pedes-
trians. Wojek et al. [13] combined the oriented histogram of
flow with HOG or Haar on an onboard camera setup and con-
cluded that incorporating motion information considerably
enhances detection performance. Y. T. Chen and C. S. Chen
[14] proposed a method for detecting humans in a single
image, based on a novel cascade structure with metastages.
Their method includes both intensity-based rectangular fea-
tures and gradient-based 1D features in the feature pool of the
Real AdaBoost algorithm for weak classifier selection. Wang
etal. [15] combined HOG and local binary pattern, trained by
a linear SVM, to solve the partial occlusion problem.

However, multicue pedestrian detection methods have
the following disadvantages for detecting pedestrians in still
images. First, optical flow information cannot be extracted
from a single image. Second, edgelet extraction or the COV
feature is computation-intensive. Finally, the AdaBoost has
too many parameters to tune, and the cascading test is
time-consuming and sensitive to occlusion. Therefore, this
work uses HOG and LBP features, which can be extracted
efficiently by integral images. An SVM with a linear kernel or
HIK [16] has the advantage of ease of training in the training
stage and fast prediction in the test stage [17].

Although many datasets have been collected for pedes-
trian detection, few are designed to detect pedestrians in
cross-dataset, which is still a hot topic in computer vision.
Vazquez et al. [18] proposed an unsupervised domain adap-
tation of virtual and real worlds for pedestrian detection. Jain
and Learned-Miller [19] proposed an online approach for
quickly adapting a pretrained classifier to a new test dataset
without retraining the classifier. In this work, we collect
two new pedestrian datasets—one for low-resolution visual
images and one for near infrared images—to evaluate detec-
tion performance on various image types and at different
times. This work proposes cross-dataset pedestrian detection
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by fusing integral channel features, which use only images
from the INRIA dataset for training but are effective on the
two newly collected datasets, thereby avoiding the training
overhead for cross-datasets.

The remainder of this paper is organized as follows.
Section 2 offers a description of the proposed method, includ-
ing the features, classifiers, and fusion. Section 3 presents
and offers a discussion of the relevant experimental results.
Finally, Section 4 draws a conclusion and presents sugges-
tions and directions for future work.

2. Proposed Pedestrian Detection Method

Sliding window-based object detection algorithms for static
images consist of two components: feature extraction and
classifier training. Feature extraction encodes the visual
appearance of a detected object using object descriptors.
Classifier training trains a classifier to determine whether
the current searching window contains a pedestrian. In this
section, we discuss the features and classifiers.

2.1. Feature Extraction. Several methods for describing pede-
strians have recently been proposed. This work uses HOG and
LBP as pedestrian descriptors. All of these features can be
extracted using integral histogram techniques, accelerating
the computation process. They are complementary because
they encode gradient and texture information, respectively.

HOG. The HOG proposed by Dalal and Triggs [4] has
been widely used in the computer vision field, including
object detection, recognition, and classification. HOG is
similar to edge orientation histograms, shape context, and
the SIFT descriptor, but it is computed on a dense grid of
uniformly titled cells. Overlapping local contrast normal-
ization in blocks is conducted to improve accuracy. HOG
implementation involves dividing search windows into small-
connected regions, called cells, for which the histogram of
gradient directions is computed (Figure 1(a)). In this work,
an HOG descriptor is implemented using the following
parameters. Image derivatives in x and y directions are
obtained by applying the masks [-1 0 1] and [-1 0 1]7,
respectively. The gradient orientation is linearly voted into
nine orientation bins in the range 0°-180°. A block size is 16
x 16; a cell size is 8 x 8; blocks overlap half of a cell in each
direction; Gaussian is weighting with o = 4 using an L2-norm
for the feature vector in a block. The final vector consists of
all normalized block histograms, yielding 3780 dimensions.

LBP. Various applications have applied the local binary
pattern (LBP) extensively, which is highly effective in texture
classification and face recognition because it is invariant to
monotonic changes in the gray level [20]. Wang et al. [15]
noted that HOG performs poorly when the background is
cluttered with noisy edges and LBP is complementary when
it exploits the uniform pattern concept (Figure 2). In this
work, we adopt eight sample points and require bilinear
interpolation to find the red points in Figure 2(a) with a
radius of one and take the I distance as the distance to the
central pixel. The number of 0/1 transitions is no more than
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FIGURE 1: Feature extraction using HOG and LBP.
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FIGURE 2: (a) Eight sample points of the local binary pattern; (b) examples of the uniform local binary pattern.

two. Different uniform patterns are counted into different
bins, and all nonuniform patterns are voted into one bin.
A cell includes 59 bins, and the L2-norm is adopted to
normalize the histogram. We used the procedure by Wang
et al. to extract the LBP feature and to directly establish
pattern histograms in the cells (16 x 16, without overlap, as
shown in Figure 1(b)). LBP histograms in the 32 cells are then
concatenated into a feature vector with dimensions of 59 x 32
= 1888 to describe the texture in the current search window.

2.2. Classifier Training. Linear SVM and AdaBoost are widely
used for detecting pedestrians. This work focuses on an SVM
with different kernel functions because it is easy to train in
the training stage and can make rapid predictions in the
test stage. Linear SVMs learn the hyperplane that separates
pedestrians from the background in the original feature
space. Extended versions of SVM, such as RBF kernel SVMs,
transform data to a high and potentially infinite number

of dimensions. However, the extensions are seldom used
in pedestrian detection because more dimensions lead to
computational overload.

Mayji et al. [16] recently approximated the histogram inter-
section kernel of SVM (HIKSVM) to accelerate prediction,
and Wu [17] proposed a fast dual method for HIKSVM learn-
ing. Section 3 describes experiments conducted to compare
the performance of a linear SVM with that of HIKSVM. The
experimental results show that HIKSVM outperforms the
linear SVM. A brief introduction of HIKSVM follows.

Swain and Ballard [21] first proposed the HIK, which is
widely used as a measure of similarity between histograms.
Researchers have proven that HIK is positive definite and
can be used as a discriminative kernel function for SVMs.
However, the HIK requires memory and computation time
that is linearly proportional to the number of support vectors
because it is nonlinear. Maji et al. presented HIKSVMs with
a runtime complexity, that is, the logarithm of the number of
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support vectors. Based on precomputing auxiliary tables, an
approximate classifier can be constructed with runtime and
space requirements that are independent of the number of
support vectors.

For feature vectors x, y € R, the HIK can be expressed
as follows:

Ky (xy) = Z min (x (i), y (1)), (1)

i=1

and the corresponding discriminative function for a new
input vector x is

h(x) = ) ayk(x,x) +b
-1

] @)
= Zoclyl (Z min (x (i), x; (i))) +b.
i=1 i-1

Maji et al. noticed that for intersection kernels, the summa-
tions in (2) can be reformed as follows:

hx)=3 (Zocm min (x (1), (i))) +b

i=1 \I=1

(3)

S

1

= ) hi(x (i) + b,
1

where h;(s) = szz1 o y; min(s, x;(i)). Consider the functions
h;(s) at fixed point i; X;(i) represents the sorted values of x; (i)
in increasing order with corresponding values of & and labels
given by o; and ;. According to the HIK, let r be the largest
integer, such that x,(i) < s; therefore,

m

oy y; min (s, x; (i)
=1

N ayE i) +s Y &y, )

1<i<r r<l<m

hi (s)

=A;(r)+sB;(r),

where A;(r) = Y1), %y,%(0), Bi(r) = X, )<, %) Clea-
rly, (4) is piecewise linear, and functions A; and B; are inde-
pendent of the input data. Therefore, s can be precomputed by

first finding the position of s = x(i) in the sorted list by binary
search, with a runtime complexity of O(logm). Although
the runtime complexity of computing h(x) is O(nlogm), it
necessitates to double the storage that is required by the
standard implementation because the modified version must
store x; and h;(x;).

Maji et al. found that the support distributions in each
dimension tend to be smooth and concentrated. Therefore,
the h(x) is relatively smooth and can be approximated by
simpler functions, greatly reducing the required storage and
accelerating the prediction. In this work, h;(s) is computed
using a lookup table with a piecewise constant approxima-
tion.

2.3. Feature Fusion. The two main feature fusion methods
(Figure 3) are concatenated fusion (FF1) and weighted sum
(FF2). Concatenated fusion concatenates different feature
descriptors and then feeds the concatenated results into the
classifier. The weighted sum feeds different features into
individual classifiers and then combines classification scores
using a weighted sum.

This work fuses HOG and LBP features for detecting
pedestrians because both can be implemented by integral his-
togram approaches, accelerating the subsequent prediction
process, as described in Section 3. Let the output scores of the
individual SVM classifiers using HOG and LBP features be
fuog and figp, respectively. For the FF2 fusion method, the
final output score is then defined by the weighted sum

f=afnoc + (1 - a) figp

The valuesof a toax € {& | « = 0.1K, K = 1,2,...,9} are
herein. Section 3 verifies that FF1 performance is superior to
FF2 for all of the values of o, and FF2 has the best performance
when « = 0.5. Hence, this work fuses HOG, LBP, and Haar
using HIKSVM by the FF1 method because this method is
highly accurate, as confirmed in Section 3.

0<ac<l. (5)

3. Experimental Results

The accuracies achieved using various integral channel fea-
tures, different kernels of support vector machines, and
two feature fusion methods for detecting pedestrians are
extensively compared. Random noise blocks are added to
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FIGURE 4: Examples of pedestrian images: (a) INRIA; (b) XMU-VIS; (c) XMU-NIR.

TaBLE 1: INRIA training and test sets, XMU-VIS test sets, and XMU-NIR datasets.

Training Test
Pedestrians Nonpedestrians Pedestrians Nonpedestrians
#imgs #win #imgs #win #imgs #win #imgs #win

INRIA 615 2416 1218 22111 288 1126 453 4484965
XMU-VIS — — — 4207 10154 413 1834994
XMU-NIR — — — 1057 2596 — —

the pedestrian image to test the robustness achieved using
various features and classifiers. Experimental results obtained
using the INRIA person dataset and two newly collected
Xiamen databases indicate that the combined HOG and LBP
features by the concatenated-fusion method using the SVM
with the HIK as a classifier yield the highest accuracy. The
multiple feature combination outperforms single features,
and the HIK consistently outperforms the linear SVM.

3.1. Dataset and Performance Evaluation Measures. This work
evaluates the performance of pedestrian detection using three
databases: the INRIA person database [4] and two new
databases collected at Xiamen University, called XMU-VIS
and XMU-NIR, respectively. The INRIA dataset contains
human images taken from several viewing angles under
various lighting conditions both indoors and outdoors.
Figure 4(a) shows samples of the INRIA dataset. INRIA
images fall into three groups, which are further divided into
training and testing sets. The first group is composed of 615
tull-size positive images containing 1208 pedestrian instances
for training and 288 images containing 566 instances, for
testing. The second group comprises scale-normalized crops
of humans sized 64 x 128, including 2416 positive images for
training and 1126 positive images for testing. The third group
comprises full-size negative images including 1218 images for
training and 453 images for testing.

This work used 2416 scale-normalized crops of human
images as positive training samples and randomly sampled
22111 subimages from 1218 person-free training photographs
as negative training samples. All of the training images are
from the INRIA dataset, including the situations of test
images from XMU-VIS or XMU-NIR datasets, to show cross-
dataset human detection. For the INRIA dataset, the 1126
cropped images of pedestrians were used for testing. The
negative test samples were obtained by scanning the 453
testing images in steps of eight pixels in the x- and y-
directions using five scales (0.8, 0.9, 1.0, 1.1, and 1.2) of image
size, yielding 4484965 negative cropping windows.

The XMU-VIS dataset was collected at various places
around Xiamen University and at different time. The size of
each pedestrian image in the XMU-VIS dataset is 640 x 480
smaller than that of INRIA in 720 x 576. The goal is to
simulate images captured by onboard cameras in intelligent
vehicles for detecting pedestrians in low resolution. The
XMU-VIS test set is composed of 4207 pedestrian images
with 10154 cropped images and 413 negative images with
1834994 cropped images. The XMU-NIR dataset was also
collected at various locations around Xiamen University and
at different times. The images captured by near-infrared
sensors were sized 1280 x 720. The XMU-NIR dataset consists
of 1057 pedestrian images, in which 2596 are pedestrians.
Table 1 summarizes the three datasets.
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FIGURE 5: Comparison of accuracies achieved by combining HOG and LBP features through FF1 and FF2 methods on the INRIA dataset.
The classifiers are linear SVM and HIKSVM in (a) and (b), respectively.

Feature fusion performance is measured by plotting the
number of false positives per window (FPPW) versus the
miss rate, as proposed by Dalal and Triggs [4] in Section 3.2.
This only measures classification performance and excludes
nonmaximum suppression and other postprocessing steps.
The FPPW miss rate curves are plotted in log-log space. To
avoid sampling bias, negative samples are selected as a fixed
set and are not boosted by bootstrap learning.

Pedestrian detection performance over cross-datasets
is measured by precision and recall curves, described in
Section 3.3. This is a measure of both classification and
location performance, including nonmaximum suppression
and various postprocessing steps. Efficiency and robustness
to occlusion of the proposed method are also discussed in
Sections 3.4.

3.2. Performance Evaluation of Feature Fusion. As mentioned
in Section 2.3, the two main feature fusion methods are FF1
and FF2. This experiment was conducted to compare the
performances of FF1 and FF2. Both the linear SVM and
HIKSVM are applied on the INRIA dataset. HIKSVM is
approximated as 20 linear segments with a piecewise constant
function. Experimental results show that the FF1 method
outperforms FF2 for all of the values of « and FF2 has the
best performance when & = 0.5 (Figure 5). Therefore, FF1 is
selected by default for feature fusion hereafter.

The experimental results show that combining HOG and
LBP features through the FF1 method using the HIKSVM
classifier yields the best performance. Figure 6 shows a com-
parison of the results obtained by applying combined features
(single features or combining HOG and LBP features) and

different SVMs (HIKSVM or linear SVM) on the INRIA
and XMU-VIS datasets, respectively. Figure 6(a) shows that
applying feature HOG to the INRIA dataset is better than
applying feature LBP. In contrast, Figure 7(b) shows that
applying feature LBP is better than applying HOG on the
XMU-VIS dataset. The HIKSVM outperforms the linear
SVM, regardless of the features used. Combining HOG
and LBP features through the FF1 method with HIKSVM
as a classifier yields the best performance, regardless of
the INRIA or XMU-VIS datasets. Therefore, the proposed
method fuses HOG and LBP features through the FF1 method
and uses the HIKSVM as a classifier. The method is then
applied to test images using the sliding window strategy
to evaluate pedestrian detection performance over cross-
datasets in Section 3.3.

3.3. Performance Evaluation of Pedestrian Detection over
Cross-Datasets. As shown in [2], the per-window measure
for pedestrian classification is flawed and fails to predict
full image performance for pedestrian detection. Therefore,
the proposed method is also evaluated on full images
using the PASCAL criteria in this section. The details are
described as follows. The proposed pedestrian detection,
fusing HOG and LBP features through the FF1 method
with the HIKSVM as a classifier, is used to find pedestrians
in an image by scanning the entire image with a fixed
size rectangle. A denoted window, labeled as a rectangle in
Figure 7, presents the framework of the proposed HIKSVM-
based pedestrian detection with sliding window scanning
on full images, called sliding window scanning. Various
sized windows are scanned to detect multiscale humans.
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FIGURE 7: Framework of the proposed HIKSVM-based pedestrian detection with sliding window scanning.

The local block features of each window are fed to the
HIKSVM-based pedestrian classifier to determine whether a
human exists in the window. Windows determining whether
a human exists are considered as candidate windows. After
performing multiscale sliding window scanning, candidate
windows of various sizes may overlap each other, specifi-
cally surrounding authentic humans. Overlapping windows
should be postprocessed to locate humans with an accurate

position. Two typical postprocessing methods, mean-shift
location and window overlapping handling, denoted by nms
and olp, respectively, are used and compared to determine the
proper postprocessing methods. Experimental results show
that the proposed pedestrian detection, fusing HOG and
LBP features through the FF1 method with the HIKSVM
classifier and window overlap postprocessing, is superior
(Figure 8).
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FIGURE 8: Comparison of precision and recalls achieved by using single features (HOG and LBP) and fusing HOG and LBP through various

postprocessing: (a) XMU-VIS; (b) XMU_NIR.

3.4. Robustness Evaluation to Partial Occlusion. An exper-
iment was conducted to show that the proposed method
by concatenating HOG and LBP features through the FF1
method with an HIKSVM classifier is typically robust to
partial occlusion (Figures 9 and 10). The experiment was
designed to randomly add one to five random blocks of size
16 x 16 to the 1126 test-cropped images of pedestrians in the
INRIA dataset (Figure 11). Figure 11 shows that when random
blocks are added to the test-cropped images, the number
of missed pedestrians increases, regardless of the features
and SVMs used. The number of missed pedestrians increases
when more random blocks are added. Figure 12 shows that
the number of missing pedestrians for HOG and LBP is lower
than that when using a single feature, regardless of the SVM
that is used. In this experiment, a test sample is considered to
include a pedestrian when the SVM output score exceeds 0.5.

4. Conclusion

This work systematically compares integral channel features,
fusion methods, and kernels of SVM. The experimental
results show that fusing HOG and LBP features through
concatenation with the HIKSVM classifier yields the best

performance, even for cross-datasets. The comparison is
conducted using the INRIA person dataset for training and
two newly collected Xiamen databases, XMU-VIS and XM U-
NIR, combined with INRIA for testing. The results are as fol-
lows. First, directly concatenating various features as the final
feature for classification is better than the weighted fusion
of individual classifier results. Second, combining HOG and
LBP features outperforms using a single feature, regardless
of whether HIKSVM or linear SVM is used. As to kernel
mapping, there are also some non-linear kernels [22], such as
RBF and Chi2 kernel, which have reported obtaining better
performance than HIK. But non-linear kernels are time-
consuming in testing state; so, in this paper, we only discuss
the linear kernels for pedestrian detection. Third, HIKSVM
consistently outperforms linear SVM, even when noise blocks
are added that cause the occlusion problem. Fourth, for
the postprocessing method, window-overlap-based postpro-
cessing outperforms the mean-shift-based postprocessing.
Finally, the proposed method is effective to detect pedestrian
locations, even for cross-datasets collected in Xiamen Uni-
versity and captured by low-resolution visual sensors or near-
infrared sensors. However, the method proposed in this work
has certain limitations. Therefore, future works should extend
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FIGURE 9: Detection results on XMU-VIS. From left to right and top to down, the classifiers are HOG_lin, LBP_lin, HOG_LBP_lin, HOG_HIK,
LBP_HIK, and HOG_LBP_HIK.

FIGURE 10: Detection results on XMU-NIR. From left to right and top to down, the classifiers are HOG_lin, LBP_lin, HOG_LBP_lin,
HOG_HIK, LBP_HIK, and HOG_LBP_HIK.
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F1GURE 11: Examples of adding random blocks of size 16 x 16 to test-cropped images in the INRIA dataset.
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FIGURE 12: Comparison of missing rates using various combinations of features (single features or feature fusion) when random blocks were
added to test-cropped images.
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We investigate the traveling wave solutions in a reaction-diffusion epidemic model. The existence of the wave solutions is derived
through monotone iteration of a pair of classical upper and lower solutions. The traveling wave solutions are shown to be unique
and strictly monotonic. Furthermore, we determine the critical minimal wave speed.

1. Introduction

Recently, great attention has been paid to the study of the
traveling wave solutions in reaction-diffusion models [1-17].
In the sense of epidemiology, the traveling wave solutions
describe the transition from a disease-free equilibrium to an
endemic equilibrium; the existence and nonexistence of non-
trivial traveling wave solutions indicate whether or not the
disease can spread [11]. The results contribute to predicting
the developing tendency of infectious diseases, to determin-
ing the key factors of the spread of infectious disease, and to
seeking the optimum strategies of preventing and controlling
the spread of the infectious diseases [18-21].

Some methods have been used to derive the existence of
traveling wave solutions in reaction-diffusion models, and the
monotone iteration method has been proved to be an effective
one. Such a method reduces the existence of traveling wave
solutions to that of an ordered pair of upper-lower solutions
(6,7, 9,10, 14, 15].

In [22], Berezovsky and coworkers introduced a simple
epidemic model through the incorporation of variable pop-
ulation, disease-induced mortality, and emigration into the
classical model of Kermack and McKendrick [23]. The total
population (N) is divided into two groups of susceptible (S)

and infectious (I); that is to say, N = S + I. The model

describing the relations between the state variables is

d N
S <1 B

_=rN .
K

dt >_ﬁ%_(”+m)s’

dI SI @
I =.3ﬁ—(ﬂ+d)1’

where the reproduction of susceptible follows a logistic equa-
tion with the intrinsic growth rate r and the carrying capacity
K, f3 denotes the contact transmission rate (the infection rate
constant), y is the natural mortality; d denotes the disease-
induced mortality, and m is the per-capita emigration rate of
uninfected.

For model (1), the epidemic threshold, the so-called basic
reproduction number R, is then computed as R, = /(u +
d). The disease will successfully invade when R, > 1 but will
die out if R, < 1. Ry, = 1 is usually a threshold whether the
disease goes to extinction or goes to an endemic. Large values
of R, may indicate the possibility of a major epidemic [19]. In
addition, the basic demographic reproductive number R; is
given by R; = r/(u + m). It can be shown that if R; > 1 the
population grows, while R; < 1 implies that the population
does not survive [22].



For simplicity, rescaling model (1) by letting S — S/K,
I — I/K,andt — t/(u + d) leads to the following model:

ds SI
O =Ry S+ D[1= S+ D]~ Ryg 2~ 15,
(2)
ar_ s
dr °S+1 7

where v = (u+m)/(u+d) is defined by the ratio of the average
life span of susceptibles to that of infectious.

For details, we refer the reader to [20, 22].

In this paper, we are interested in the existence of traveling
wave solutions in the following reaction-diffusion epidemic
model [20]:

S SI 9’

E =de(S+I)[1—(S+I)]—Rom—v5+d@,
ol SI %I (3)
— =R—— - I+d=—,
ot sy 9%

S(x,0) =S, (x), I(x,0) =1, (x),

where v, Ry, R; are all positive constants, d is the diffusion
coefficient, and (x,t) € R x R™.

We are looking for the traveling wave solutions of model
(3) with the following form:

S(x,t) =S (), I(x,t)=1(), E=x+ct, (4)

satistying the following boundary value conditions:

(S (+00),1 (+00))" = E,,
(5)

(S(~00),1(~00))" = E,,

where E,, E, are the equilibrium points of model (3).

This paper is arranged as follows. In Section 2, we con-
struct a pair of ordered upper-lower solutions of model (3)
and establish the uniqueness and strict monotonicity of the
traveling wave solutions.

2. Existence and Asymptotic Decay Rates

In this section, we will establish the existence of traveling
wave solutions of model (3) by constructing a pair of ordered
upper-lower solutions. The definition of the upper solution
and the lower solution is standard. We assume that the ineq-
uality between two vectors throughout this paper is compo-
nentwise.

Setting

-s,  I=1, (6)
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then model (3) can be written as

D ok, (Bt 5T [1- (B2 -547))
ot R, R,

R,-1)/R,-8)T 1 . 23
((d )/Rq >+v Rq 1—S>+d£

"(R;=1)/R,-S+1 Ry ox2’
o (Re=D/R-5T _ &1
ot “(Ry—1)/Ry-S8+1 Ox?’

(3.1) (+o0) = (377"
(7)

For model (3), the equilibriaare E; = ((R;—1)/R;,0) and
E, = (S*,I"), where
YRoR; — Ry —v+1
YRIR,

(57)" (-00) = (0,0)",

S = , I"=(R,-1)S", (8

and for model (7), the equilibria are E = (0,0) and E\z =
(§*,T*), where
5 (Ry— 1) (¥RyR; — Ry — v + 1)

YRIR, '
€)
7 (Ry—1)(¥RyR; =Ry — v + 1)
- VR2R, '
Obviously,
T* _g* _ ('V— 1;(?{0 - 1),
v
oRg (10)
~k R —1 % ~% %
S=-2—--5, T-=r.
Ry

For simplicity, we define the following functions and con-
stants:

R —1 o~ o~ —~
ot = izd . ¢ =al +(T -5)L;
~x\2Ry — 1
ﬁoz‘xo(l) OR (Ry—v+1);
0

~k

yo:2v(Rd—1)(T*—3*)—[VT*+(RO—1)S ];

s ~k\ 2 2 %
y () =vRy(T" =S ) I +y,T T+ Py; )

___nl .
Mo = PN
20Ry(T -37)

p()=1, I>0; p(I)=-1, I<0;

T* T*
2= 1o (5 )]

And we will always assume the following hypotheses
throughout the rest of this paper:
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[H1]
2R + 2Ry -2
Ry>1, 1<Rj<——7—F7—,
3R2 - 2R,
2
27R,(R; — 1 -
max o(3d ) Ry-1 (12)
R} R,R; -1
-1
<YV ——MmMmMM88 .
RyR;— R, -1
[H2]
R R> —2R? + 4R, -2
Y > max 0 N > 0 0 20 5
2-R; 2R3 +2Ry -2~ (3R§-2R)) Ry |~ (13)
v (B) <0.

Then we can obtain the following.

Lemma 1. If [H1] holds, then E, and E, are endemic points of
model (3) and model (7), respectively.

Lemma 2. For model (7), if [H1] holds, then EI is unstable,
and E, is stable.

For the sake of convenience, let x = Vd X. For simplicity,

we still use the variables S, I, and x instead of S, T, and %,
respectively, then model (7) could be rewritten as

% =Ry (g =5+ 1) [1 - (ag =5+ 1)
(g -9S)1 0%S
+ Om+v((x0—3)+ﬁ,
(14)
ol (ay-98)I ! o’1

ot Yay-S+I = ox*

ok ak )T

(.1 (~00) = (0,07, (§,D)" (+o0) = (§",1

Following the definition of quasi-monotonicity [17], we
can obtain the following results.

Lemma 3. Model (14) is a quasi-monotone decreasing system
in (S,1) € [E}, E,].

Proof. Let

F (S I)=-vRy(ag—=S+I)[1—(ag—S+1)]

(g =S)I
+R0—%_S+I+v((x0—8), 15)
-S)I
B =R, 00"
oy —S+1

From [17], we can know that the functions F, (S, I) and
E,(S,I) are said to possess a quasi-monotone nonincreasing

system, if the sign of 0F,(S,I)/dI and OF,(S,I)/dS are both
nonpositive.

Since
OF, (S, 1 2
5 ( )=—R0< I > <o,
oS oy —S+1

oF, (S, 1) a-S \*
18—1 =R0<%SS+I> +2vR; (g —S+1) — YRy,
F, (S, 1 -S)I
i (M) = _ZVRd _ZRO(“O—)?’ < _zde <0.
oS\ oI (ag - S+1)
(16)
Then,
oF, (S,1) o \°
la—I SRO(OCO_-(I)-I> +2VRd(OCO+I)—VRd. 17)
Let
océRo -
G(z) = =5~ +20Rz - "Ry, z€ [oco,(xo +1 ] ,  (18)
z
then
20R
G (2) = 2R, - =220 — g, (19)
z

obviously, z* = 4] oc(Z)Ro/ YR, is the unique real root of G (2).
Since v > 27Ry(R; — 1)2/R3, consider &y = (R; — 1)/Ry,
then we can get

(a2R,)™" [(zngo)l” ~ (R,

G(z") = =% <o. (20)
And
Jim G (2) = i, G (2) = +oo; @

hence, G(z) has two positive roots.
Since v > Ry/(2 — R;), thus G(«y) = Ry + YR; —2v < 0.
According to conditions [H1] and [H2], we can get

2
T ) &
G (a +17) = Ry = 29+ 2Ry +RO< +01A>
%o

<VR;-2v+ 2deF +R,

(3R3R; — 2R} — 2RyR; — 2Ry +2) v
R3

(22)

(RS — 2R + 4R, - 2)
Ry

+

<0.

Then, G([ay, oty + I°]) < 0. Hence, oF, (S, T)/dI < 0.
That is to say, model (14) is a quasi-monotone system in
(S.1) € [E}, B]. O



Since the traveling wave solution of model (14) has the
following form
SE =S(x+ct), IE)=I(x+ct),

E=x+ct, ¢c>0

(23)

substituting (23) into model (14), we can get the following
model:

S" —cS' —vRy (otg =S+ 1) [1—(ag =S +1)]

-S)I
+R0M+v(o¢0—s)=0,
oy —S+1
(24)
-S)I
III_CII+R0 ((XO ) -I1=0,
oy —S+1

6D (~00) = (0,0)",  ($,D (+00) = (3,T°)".

Obviously, we can know the following.

Remark 4. Model (24) is also a quasi-monotone system in
(S, 1) € [Ey, E,].

Now we establish the existence of traveling wave solutions
of model (24) through monotone iteration of a pair of
smooth upper and lower solutions. Following [17], we give the
definitions of the upper and lower solutions of model (24) as
follows, respectively.

Definition 5. A smooth function (§(£),T(E))T (£ € R)isan
upper solution of model (24) if its derivatives (3’,7’)T and
(§”, T”) are continuous on R, and (S, T)T satisfies

S" —cS' —vRy (otg =S+ 1) [1 - (ag =S +1)]

(g =S)I
RO—%_S” +7 (g —8) <0, (25)
-9)1
I"—CI’+ROM—ISO,
oy —S+1

with the following boundary value conditions

(o) (es(F) oo

Definition 6. A smooth function (§(E),1(E))T (¢ € R)isa
lower solution of model (24) if its derivatives (S',I')" and
(8", 1") are continuous on R, and (S, I)” satisfies

S" —cS' = vRy(otg =S+ 1)[1 - (ag = S+1)]

(g =S) 1
O—%_S+I+v((xo—s)20, 27)
—8)1
1”—c1’+ROM I>0,

ch—S+I_
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with the following boundary value conditions

(em-@) (oms() e

The construction of the smooth upper-lower solution pair
is based on the solution of the following KPP equation:

w' —cw + fw) =0,
(29)

w (—00) = 0, w (+00) = b,

where f € C?([0,b]) and f > 0in the open interval (0,b)
with £(0) = f(b) = 0, f'(0) = a; > 0,and f'(b) = -b, < 0
[15]. First, let us recall the following result.

Lemma 7 (see [1, 15]). Corresponding to every ¢ > 2+/aj,
model (29) has a unique (up to a translation of the origin)
monotonically increasing traveling wave solution w(§) for & €
R. The traveling wave solution w has the following asymptotic
behaviors.

(i) For the wave solution with noncritical speed ¢ > 2+/ay,
one has

w(&) =a e((C* —4a,)/2)§
w

‘o <e((6—x/52_4a1)/2)§> as £ —> —co,
(30)
wE) =b-b e((C—\ +4by)[2)E
w

+o<e((”’ 52+4bl)/2)f;> as & — +00,

where a,, and b, are positive constants.
(ii) For the wave with critical speed ¢ = 2+/ay, one has
w &) =(a, +d&)eV™ +o (feﬁf) as & — —oo,
w(§) = b - peVAVaThy (31)

as & — +oo,

+o (e(\@_\/al+bl)£)

where the constant d . is negative, b, is positive, and a, € R.

For constructing the upper solution of the model (24), we
start with the following model:

- Ry -1
"= +1(T -1) Af‘"(f* 2 =0,
al +(T =81 (32)
I(~0) =0, I(+c0)=1.

Define f(I) = I(I" — I)(ay(R, — 1)/¢(1)), I € [0,T"], one
can verify that all of the following conditions are satisfied:

() £() = I = I)(ay(Ry — 1)/$(I)) € C2([0,1 ]);
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(i) f(I) >0, forall T € (0,1 )and £(0) = f(T) = 0;
(iii) £'(0) =R, —1>0, f'T") = —ay(Ry — 1)*/R,I < 0.

From Lemma 7, we know that, for each ¢ > 2+/R; - I,
equation (32) has a unique traveling wave solution 1) (up
to a translation of the origin), satisfying the given boundary
value conditions (26).

Define
()

then we can get the following result.

)
1(¢)

, &E€R, (33)

~

Lemma 8. For each ¢ > 2+/R) -1, (33) is a smooth upper
solution of model (24).

Proof. On the boundary,

eor-(@) Cem=(E) o

As for the I component, we have

R I G L
oy —S+1
T G O Gl L
¢ (1) ay-S+1
s

_a m % (R — 1)
=-1(T" -1) o0
—rae o 0 (R = 1)
=-I(1T-1) 22~
=) ¢ () (35)
_ay(Ry=1)T = (RS -8 +1)T
i —
¢ (1)
_a m % (R - 1)
=-I(T I)—¢(7)
+Toc0(R0—1)f*—oc0(R0—1)T

¢ (1)

=0.

As for the S component, since v > 1, then 7'-§ =@w-
1)(R, — 1)/vRyR; > 0. And

(i) if g < T°/2, then max, (o 7+w(D) = w(I') = y(B);

(ii) if 5, > T /2, then max; 7, ¥(D) = ¥(0) = y(B).

Thus we can get:

=

S —c§’—de(ocO—§+7)[1—(oco—§+7)]

(0 ~5)7 _
+R0m+')/(060—s)
=S (1" - ') - Ry (ap - S +T) [1 - (@ - S +T)]
1
(ap-3)T _
+R0ao_§+7+v(a0—s)
_§* (a0—§)7 _
== (—RO%_EJJ+I>—de(ocO—S+I)
_ o —-S)T _
><[1—(oc0—S+I)]+RO((XOO_§+T+1/(%—S)

T -5l —5*77 S @[l_ﬁb(f)]
T* 0 ¢(7) =% d T* T*
+v(XOT*A: g*l
I

(36)

Hence, (S, I) forms a smooth upper solution for model (24).
O

For constructing the lower solution of the model (24), we
start with the following model:

- R, -1
I"—cI'+I[T - (1+#)]] A*%(f* A) =0,
al +(T -S)1
(37)
T*
I(-00) =0, I(+00) = —.
T+e¢

Define g(I) = I[T - (1 + &)I)(ay(Ry - 1)/(e,] + (T —
§*)I)), I¢€]o0, T*/(l + €)]. One can easily verify that all of the
following conditions hold:

(i) g(D) = I[T —(1+e)(ag(Ry~1) /(o] +(T ~8)I)) €
CH[0,T /(1 + &)

(ii) g(I) > 0,forall T € (0,1 /(1+¢))and g(0) = gd /(1+
€)) = 0;



(iif) g'(0) = Ry = 1> 0, ' (T /(1 +¢)) = —(1 + &)ary(R, —
1)/(sag + (Ry/(Ry — )T ) < 0.

From Lemma7, we know that, for each fixed ¢ >
2+/R, — 1, model (37) has a unique traveling wave solution
I(&) (up to a translation of the origin), satisfying the given
boundary value conditions (28).

Define

—~%

(39)- 1)
o)\ )

& eR, (38)

then we have the following result:

Lemma 9. For each fixed ¢ > 2+/R,—1, (38) is a lower
solution of model (24).

Proof. On the boundary,

S
S (0 S | 1+e g
()eo=(5)  (F)eoor- ! S(T*).
1
+e€ (39)
As for the I component, we have
l” _ Cl, + RO ((XO §)£ I
a—S+1
_ 5 a(Ry=1) (=98I
=L -Gl T R Ty
_ = a (Ry— 1) = a (Ry— 1)
=L -t A LT 1) T
= Izwz
W5
(40)

As for the S component, we have

8" 8"~ Ry (@ =S +1I) 1~ (@~ S +1)]
(0o -9)1
R ﬁ+7(a0—§)

~k

S (1" —el') =Ry (o - S+ 1) [1 - (g - S+ )]

(ag—S)1
R—— -8
+R, 0_§+l+v(cx0 S)
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s

_ §* H (1% Ro=1) (R, -

¢ (1)
Ry (oo -5+ D)1 (a0 -5+ D] + R =D
+7(ap - S)
- 5—:(1)2% (B -1) 4 —§2)lw(l) =0
rY 0 T
(41)

Thus (S, I) forms a smooth lower solution for model (24). [

Next, we show that, by shifting the upper solution far
enough to the left, then the upper-lower solution in Lemmas
8 and 9 are ordered.

Lemmal10. Letc > 2+/R, - 1, S, DT and (S, DT be the upper
solution and the lower solution defined in (33) and (38), then
there exists a positive number r, such that (S, T)T(E +7r) >

(S, )" (&) for all & € R.

Proof. Our proof is only for ¢ > 2+/R,, — 1, and the proof for
the case of ¢ = 2+/R, — 1 is similar to it.

First, we derive the asymptotic behaviors of the upper
solution and the lower solution at infinities.

According to Lemma 7, when § — —c0, we can obtain:

~%

(?) ®= ;_*A‘

Ay

‘o < Qe c2—4<Ro—1)>/z>£>,

~%

S

@o-(7

o < Qe \/c2—4<Ro—1)>/2>£) _

And let o = 1/2)c -
e+ d(oy(Ry— DRI < 0, 8, = (1/2)(c -

Ve +4((1 + e)ay(Ry — 1)/(eay + (Ry/(Ry - DT)) < 0,
when & — +00, we can get

_ s S
(o= ()| 7)o,

A,
(f) ® =

where, A, A,, B;, B, are all positive constants.

e((c— \=4(Ry=1))/2)§

(42)

e((c— Ve =4(Ry=1))/2)§

(43)

~k

S

1 (S =B | ot 80€
— 2 |- + %),
1+¢ (I ) I € o(e )

B,
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Since for any 7 > 0, TF(E) = I(£ +7) is also a solution of

= =T
model (32). Thus, (Sr, Ir) (&) is an upper solution of model
(24). So, according to Lemma 7, when & — —oc0, we can get:

—F S
(i) ©=7h
I A,

‘o < ol c2—4<RO—1))/2)5> _

G 62—4(Ro—1))/2)7e((c— ?=4(Ry-1))/2)§

(44)

Since (¢ — \/c? — 4(R, — 1))/2 > 0, we can choose a large

enough number 7 > 0, such that

~k —~ck

S

S

—A _JP—a(r— 7 —B

T* 1 e((c c2—4(Ry-1))/2)7 > T* 1 , (45)
Al Bl

hence, there exists a large number N, > 1, such that

S ® (59)
a T > - > _N .
(Tr(£)> > 1(5) EE( o 1]
By using a similar argument as above, there exists a large
enough number N, > 1, such that

S©) . (5@
<TF (f)) g (l (E)) ’ 5 € [NZ’ +00) . (47)

Second, we show that

(46)

S, (s® )
<T7(E)>><l(€)>’ §e[-N,N,]. (48)
We deal with such two possible cases:
Case 1. If
S®Y, (s©® _
<T7(E)>><l(€)>’ §e[-N,N,], (49)
then, the proof is completed.
Case 2. If there exists a point &, € (~N;, N,), such that
S () . (S(&)
<7’ (50)> <(5e) 0

satisfying S (&) < S(&,) or T (&) < I(&,).
In this case, we use the Sliding Domain method [15].

Step 1. we shift (3?, f)T to the left by increasing the number
7 until finding a new number r; > 7 such that S THT >
(S, DT on the smaller interval [-N,, N, — (r; = 7)].

Step 2. we shift (S",T")" back to the right by decreasing r,
to a smaller number 7 < r, < r; such that one of the

branches of the upper solution touches its counterpart of
the lower solution at some point &, in the interval (-N, +
(ry — r,), N, — (r; — 7). On the endpoints of the interval
(=Ny +(r; ~1,), Ny~ (r, —7), we still have (S, T°)" > (8, 1)".
Let W() = (S%,17)" - (S, )T and F = (F,, F,)", where

Fy = Ry (ag S+ 1) [1- (ag - S + )]

(g =8)1
Ry———— -9),
" OocO—S+I+v(% ) (51)
-S)I
FZZROM_ )
oy —S+1

For& € (=N, + (r, = 1,), N, — (r; = 7)), we get that

oF . .

- I Ny asl (§+C1w1717 ) ST ,£+(2a)2) R

W —-cW + oF e W
U (st T) 225 10 )

oF,
=

(52)

where {; € [0,1],i = 1,2,3,4. Since the above model is
monotone and the cube [(0,0), (3*,T*)] is convex, thus we
can deduce by Maximum Principle that W > 0 for & «
[N, +(r;—1,), N, = (r; =7)]. So &, does not exist and we can
decrease r, further to 7. It is calculated that the point &, does
not exist either. The proof of this lemma is completed. O

To ease the burden of notations, we still use (S,1)T to
denote the shifted upper solution as given in Lemma 8. Let

R} +vRyRy + YRy — 4Ry — 2v + 3

Dy, = R >
0
YRoR; — 2Ry —2v +3
Dlz = R >
0
2
o (-1
0
R,-1 (53)
Po =" ™
0

—(Dyy + Dyy) + \/(Dll - Dzz)2 +4D,,D,,
2

W=

>

2
- (Dy; + Dyy) = \/(Du ~Dy,)" +4D, Dy,
5 )

Hy

With such constructed ordered upper-lower solution pair,
we can get the following.

Theorem 11. For ¢ > 2+/R, — 1, model (24) has a unique
(up to a translation of the origin) traveling wave solution.
The traveling wave solution is strictly increasing and has the
following asymptotic properties:



(i) ifc > 24/Ry — 1, when & — —oo0,
<§> (&) = ( > SeE=4R-1)/2)E

Al
A2
(54)
‘o ( Qe c2—4<R0—1>)/2>z>.

when & — +oo, and if y, # p,, then

<§> ©) = (g) ) <f> ol +a /2%
A2 (55)

e((c—\/c2+4m/z)£) ’

+o0

—

while p, = p,:
o A +A,
(- (- ()
1 T* e
Ay + ARt (56)
‘o ( e((c—\/c2+4m/z)£) ’

where, y = min{y,, u,} > 0, A:H,A:21 €eR, A A, A_l, A_z,

A, and A,, are all positive constants.

(ii) if c = 24/Ry — 1, when & — —o0,

(3)@= (Bt Bt ().

when & — +oo, and if y, # p,, then

(?) €= @) = (i) VR VRyTrpE
B

22 (58)
‘o (e(x/Ro—l—x/Ro—l-*—y)E) i
while p, = p,,
(S> © - <§> [ Bt Bet e
I T = =
By, + By (59)

‘o (gm—m—lrﬂ)e)’

where yu = min{y,, y} > 0, By,, By < 0, By, B,;, By, By €

R, and B, By,, By, B,, are all positive constants.

Proof. From Lemma 3 and Remark 4, we know that model
(24) is a quasi-monotone nonincreasing system in (S,I) €
[E,, E,], and by using the monotone iteration scheme given
in [3, 13], we can obtain the existence of the solution (S, I)” to
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the first two equations in model (24) for every ¢ > 2+/R; — 1,

which satisfies
S(E)) <5(5)> (§(§))
= < <|-= . 60
(1) =<(16) (76 ©0
According to the above inequality, we can get that, on
the boundary, the solution tends to (0, O)T as& — —ocoand
(3*,7*)T as& — +oo.
To derive the asymptotic decay rate of the traveling wave
solutions as & — +00, we just let ¢ > 24/R, — 1 and

U@ =(SE, 1),

be the traveling wave solution of model (24) generated form
the monotone iteration, since the case of (ii) ¢ = 24/R, — 1 is
similar to it.

We differentiate model (24) with respect to &, and note
that U' (&) = (XI,XZ)T(E) satisfies

—00 < & < +00 (61)

X{/ - CX{ +C D +CL DX, =0,
(62)

Xg - CX; +Cu (S DX +Cu (S D x, =0,
where
Cy, (S1) =Ry [1-(ctg—S+1)] = R, (ag — S + 1)
Ryl Ry(o=S)I
a=S+I  (ay-S+1I)

>

Cp, ($,I) = —vRy[1— (o = S+ I)] + 7Ry (g — S+ 1)

Ry (o = S) _ Ry (g =S)I

% —=S+1 (ocO—S+I)2’
Cor(S.1) = — Ryl +R0(a0—S)I
. % —=S+1 (oco—S+I)2
R -S) R -9)1
Cp (S1) = o (o = S) B o (o= S) 1

a=S+I  (qy-S+1I)

(63)

Now, we study the exponential decay rate of the traveling
wave solution as § — —oc0. The asymptotic model of model
(62) as& — —oois

A=A + EgA+ Epu =0,
(64)
u' —cy' + Ey A+ Epu =0,
where
Ell :—'V(Rd— 1), E12 = 'VRd'l‘RO—Z'V,
(65)

E, =0, E,=R,-1

The second equation of model (64) has two independent
solutions with the following form:
“(1) () = G 52’4(&’1))/2)5’

(66)
U® (&) = e eHe-aReDI/2E,
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Relating the second equation of model (62) with the
second equation of model (64), we can deduce that y,(§) has
the following property as § — —oo:

1o (§) = o [L + 0 (1)] VI

(67)
+ B[1+0(1)] ecr Ve 4R1N/22
for some constants « and f. Thus, we can obtain that
X2 (§) = aele -4(Ry-1))/2)E + ﬁe((6+ 2—4(Ry-1))/2)E .
+Y, (§) + Y, (),
where
lim D ¢ o,
§= =00 (e~ -a(Ro=1))/2)%
(69)
lim Y, (&) 0.

£=-00 ((cr|@ AR D2

So we obtain that

o (6) — el 4Rom1/2)E

§—-0c0 ((C— 2~4(Ry~1))/2)§
iy Yi(9) Y (§) + pel(cHVe AR
= lim
E—-00 e((c—x'c —4(Ry-1))/2)E (70)
= lim Yl (5) lim e c2—4(Ry-1)¢
&—-00 (C 2—4(Ry-1 )/2)5 E——00

+ lim Z(E) lim emg
&— —co (((&W)/Z)EE_’_OO

Thus, 1,(&) = al1 + o(1)]e/c V1R,
Now, we consider the first equation of model (64). We
rewrite it as

A=l = v(Ry—1)A=—(vRy+ Ry —2v) . (71)

One can verify that (¢ - -4(Ry—1))/2 is not a

characteristic of
A=) —v(Ry—1)A=0. (72)

The above equation has two independent solutions of the
following form:

AW (g) = e\ +anR-1)/2%
(73)
AD (g) = e\t +rRe-1)/2E,

Thus, when & — —00, y; (&) has the following property:
x @)

:&[1 +O(1)] ((c+1/c+4v(R;—-1))/2)E

+ B [1 +o (1)] e((C* S +4v(Ry—1))/2)E (74)

+y [1 + 0(1)] e((C— 2=4(Ry-1))/2)§

for some constants &, ; y # 0. Since x;(—00) = 0, thus 8 = 0.
So, when & — —co, we have the following formula:

<X1 (E)) _[(yl+oe C—mm)s o
x2 (€) all+o(D)]e

((e=c?=4(Ro-1))/2)§
Then, we study the exponential decay rate of the traveling
wave solution as § — +00. The asymptotic model of model
(62)as & — +oois

" !
Yy, —cy; + Dy, + Dy, =0,
(76)

n !
¥, — Yy + Doy + Dy, = 0

By setting W) (&) = ¥, i = 1,2, we rewrite model (76)
as a first order model of ordinary differential equation in the

four components (v, ¥/, ¥,, 17/2)T:

‘//{ =Y
17/,1 =cy, - Dy — Dy,
, (77)
Y, =¥y
¥, = ¢, = Dyyyy = Dy,

In the case of (i) y; # u,, we can obtain that the solution
of model (77) has the following form:

4
_ ~ T by
(V1 790 T,) ' = Y Gl (78)
i=1
where
c+ A+ 4y c— e+ 4y
(79)
c+ e +4u, c—\c+4p,
Ay= ——M, A= ———,
2 2
and h; (i = 1,2,3,4) are the eigenvectors of the constant

matrix with A; (i = 1,2,3,4) as the corresponding eigenval-
ues, ; (i = 1,2, 3,4) are arbitrary constants. Since

EEIPOO(V/D 2879 17’2)T =0, (80)

o,hye™t + ¢h,e™t, so when & —

thus (y, ¥, ¥, 9,)" =

+00, we can get that
((e=nJe*+4p)/2)§

<X1 (f)) _[ * [A,+o(D)]e
X2 §) s, [T + 0 (1)] e\ a2

N <K2 [A, +0(1)] el
K

=2 +4u,)[2)E
[T, +0(1)] o=\ +4u)/2) '
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Furthermore, we can obtain that

x1 () =x A le“c’\/mﬂzﬁ PG G DI

+0, (6 +Qp, (&),

(82)
X (§) = Klrle“c‘m)/”f + Kzrze«c—mwz)s
+ Q1 (§) + Q, (§),
where
im — @ o g %@
N £ 00 (et +an) 28
fim @ fim 2@
§o 400 ((c=*+4m)/2)§ E_’+°°e((f’\/m)/2)5
(83)

Ky, Ky, Ay, Ay, Ty, and T, are all constants.
Let 4 = min{y,, p,}, then

f*+wemkqéﬂmnﬁ
— Kl hm e (/e +4pu—c+4p,) [2)E
&— +00
+ K2 hm e((x A dp—\[c+4py) [2)E
&— +00
+fim €3) lim (Ve +u=Jc+4u)/2E
5”*006(@—\ +4p,)[2)E § — +00
- lim Qy, (§) lim o (Ve +au)12)8
&— +006((c7\/52+4‘u2)/2)f §—+oo
= Ay (ke A A ),
lim X2 (&)

400 ((e=yP+4p)/2)
— Klr lim e (/e +4pu—c+4p,) [2)E

&—+o0

+ KZF lim (Ve +4H-\e+4m)/2)8

—>+00

+ lim —QZI & lim e((VCZHM TN H)/28
£ +ooe((c—\/cz+4y1)/2)f §—+co
o olim 226 e

f—’+006((c7 c2+4u,)/2) )& & — +oo

= A2 (Kl) K23 rla rz) >
(84)

Abstract and Applied Analysis

where

KAy,
KA 5,

t <ty

Al(Kl’K2>A1>A2)={ w >
1> Ko

(85)

K I, oy < s
A, (k5,1 0,) =41 11 ! 2
2 (ks T ) {Kzrz’ My > U3

thus, when & — +00, we can get that
(Xl (&))
X2 6)
5 (86)
_ (Al (k1,15 Ay Ay) (1 +0(1)) Ve +4'“)/2)E>

A, (11,55, T}, T,) (1 +0(1)) el +4w)/2)%

In the case of (ii) 4, = u,, we can obtain that the solution
of model (77) has the following form:

(W17‘7’1>‘V2>17/2)T = (G, +G,¢) Hl,zeAIE
(87)

+(Gy + G&) Hy ™,

where H| , is the eigenvector of the constant matrix with A =
A, as the corresponding elgenvalues H, , is the eigenvector
of the constant matrix with 1, = A, as the corresponding
eigenvalues, G; (i = 1,2, 3,4) are arbltrary constants.

Since limg_woo(l//l,f/?l,l//z,l?/z)T = 0, thus

(‘//1’17/1>‘/’2>‘T’2)T = (G; +G,¢) H3’4e)‘73£. (88)

So, when ¢ — +00, we can get that

(Xl (E)) _ <(G1’3 * G1’4E) eff o (e}HE)> ) (89)

X2 (€) (Gy3+G,48) o (ehf)

By comparing the upper solution and roughness of the
exponential dichotomy [24], we obtain the asymptotic decay
rate of the traveling wave solutions at +co given in Theorem
11.

According to the monotone iteration process [3], the
traveling wave solution U (&) is increasing; thus U’ () > 0 and

U'(€) = (x1, )" (§) hold

X”_CX’-F%X +% =0
1 1 as 1 aI XZ >

(90)
i —er L2y 22y 2o
2 2t gt e =0
satisfying

() ©20 (rp) (Feo)=0. (O

The strong Maximum Principle implies that (x;, x,)" (£)
> 0. So the strict monotonicity of the traveling wave solutions
is concluded.
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Now, we use the Sliding domain method to prove the
uniqueness of the traveling wave solution. Let U,(§) =
(SI,II)T(E) and U,(§) = (SZ,IZ)T(E) be the traveling wave
solution of model (24), with ¢ > 24/R, — 1. Thus, there are
some positive numbers A;, B; (i = 1,2,3,4), such that for a
big enough number N > 1, when & < —N, we have

<Sl (§)> Ae ((c=\*=4(Ry—1))/2)¢
I (§) (e=P=4(Ry-1))/2)8

‘o ( Qe c2—4<Ro—1)>/z>z>’
(92)
s, () Aellee-aR-1)/2)E
<12 (E)) -\ 4, el e-aR-12%
‘o ( Qe c2—4<R0—1))/2)£)
when & > N,
<Sl(£)>_ S —Be ((c—/c2+4p) [2)E
I (f) B —Bye ((c—[c2+4p)[2)E
‘o ( R c2+4m/2>z>,
(93)

L ©) 7" Belle e/

o ( e((c—\/c2+4m/z>s> .

Since the traveling wave solutions of model (24) are trans-
lation-invariant, then for any 6 € R, Uf(E) =UE+0) =

(S;(&+0), I, (¢ + 0))T isalsoa traveling wave solution of model
(24). Thus, by using the same method as above, when § < —N,
we can get

(31 &+ 9))
I (§+0)
[ AN Rl =R 1)/ 01)
Aze((c— 62—4(R0—1))/2)96((c—\/62—4(Ro—1))/2)f

‘o ( Qe c2—4<R0—1>)/z)£>’
when & > N,
<Sl &+ 9))
I (§+0)
oF _ ((c— c2+4y)/2)9 ((c—~ c2+4/4)/2)f
_ <S Bie e ) (95)

7 Bze((cf c2+4;4)/2)96((cf\/62+4#)/2)E

‘o < e((c—\/c2+4m/2>£> _

1

If 0 is large enough, then we can obtain the following ineq-
ualities:

Ale((c+ c2-4(R,-1))/2)0 A3,

Aze((c+xlczf4(R071))/2)9 N A4,
(96)
Ble((c— +44)/2)0 < B3s

Bze((c— cz+4y)/2)9 <B4.

Thus, if 6 is large enough, then Uf({) > U,(&), forall & €
R\ [-N, N].
Now, we consider model (24) on the interval [-N, N].
First, suppose that

WE=U(©)-U, (20, E€[-N,N],  (97)
then
WII _ CWI
8F OF
= (Sz + 1)) 6_11 (S, I + w,)
' aF2 oF, w=0
(Sz + {3w1>11) 21 (51’12 + {4“’2)
W(EN)>0,  W(N)>o0,
(98)

where, {; € (0,1) (i = 1,2,3,4), & € (=N, N). Since the
above model is monotone, by the Maximum Principle, we can
deduce that W(§) > 0, & € [-N, N]. Consequently, we get

that U?(§) > U,(§),€ € R.
Second, we suppose that there exists a point&, € (-N, N)
such that

87(8.) < S, (8.) (99)

or

(100)

&) <L(E).

In this case, we increase 0, that is shifting U‘l9 to the left,
so that Uf(—N) > U,(-N) and Uf(N) > U,(N). According
to the monotonicity of Uf and U,, we can find a number 6 €
(0,2N) such that U?(£ + 6) > U,(&), & € (-N, N). Shifting
U?(E + 0) back until one component of Uf(f + 0) touches its

counterpart of U, (&) at some pointg € (=N, N). Since Uf(£ +

0) and U, (&) are strictly increasing, £ € (-N, N), thus, we get
that Uf(f +60) > U,(&), & = +N. However, by the Maximum
Principle for that component again, we find that components
of U? and U, are identically equal for all £ € [-N, N] for a
larger number 6. This is a contradiction, thus UIO(E ) > U, (&),
& € R. Here, 0 is a new number which is chosen by the above
mean.
Now, decrease the 0 until one of the following happens.
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Case (a). There is a 8 > 0, such that Ulé =U,(§), & € R. In this
case, we have finished the proof.
Case (b). There are a fandapointf, € R, such that one of the

components of U1‘9 and U, are equal. And Ul > U,,§ € R.On
R for that component, according to the Maximum Principle,

we find that U? and U, must be identical on that component.
We can return to Case (a).
Consequently, in either situation, their exists a number

6 > 0 such that
W®=0,®, &e(-oo+o). (10D
This ends of the proof. O
By Theorem 11, we can get the following theorem:

Theorem 12. For each ¢ > 2+/R, — 1, model (3) has a unique
(up to a translation of the origin) traveling wave solution.
The traveling wave solution is strictly increasing and has the
following asymptotic properties:

(i) ¢ > 2+/Ry — 1: when & — —o0,
S(E) = Ry-1 A, ol —4(Ry-1)/2)8

Ry

‘o ( e((c—\/c2—4<Ro—1>)/2)s> )
1)=A, e \E—4R-)/E | ( e((c—\/c2—4(R0—1>)/2>£).

(102)
when& — +oo, and if y, + ,, then
(&) = S* 4 A_le((c—\/cz+4[4)/2)f;
‘o ( e((c—\/c2+4m/z>£> ,
(103)
I (E) _ I* _ A_ze((c—\[cz+4‘u)/2)f
‘o ( (S c2+4m/2>£>,
if g =
S =8+ (A:H + A:ug) ellemVerr4m/2)8
‘o ( Qe \/c2+4m/2>£) ,
(104)

1®) =1 - (&, + Ak ) (v
‘o ( Qe \/c2+4m/2>£) ,

where yp = min{y;, u,} > 0, A:H,A:21 e RA,A,ALA,

A, and A,, are all positive constants.

Abstract and Applied Analysis

(ii) ¢ = 2+/Ry — 1: when & — —oo0,

R,-1 R R
S¢) = ‘; (A +ARE)e Ry lf+o<€e R, IE),
d

1) = (A +A8) eV +0(§e‘/ﬁ£).
(105)

when & — +oo, and if y, # p,, then
S0 = §° 4 By TR (TS

I(E) =I* _B_zze(\/Ro*I*\/Ro*IﬂJK +o0 (e(\/RO*I* \/RU*l*M)E) ,

106)
ifpy = iy then
S(E) =8+ (B:11 + B:ug) e(VRo—l_VRo_l"'H)f
+o (e(\/erﬂ/ROfHﬁ)g) ’
(107)

1) = 1" = (Byy + Bk ) eVt Voot

o (ém—mﬁ),

where p = min{y,, 4} > 0, By,,B,, < 0, B”,BZI,B:”,B:21 €

R, B,,, B,,, By, By, are all positive constants.

Theorem 13. There is no monotone traveling wave solution of
model (24) for any 0 < ¢ < 2+/R, — 1. In other words, there
is no monotone traveling wave solution of model (3) for any

0<c<2yR, -1

Proof. Suppose there is a monotone traveling wave solution
L&) = (1,), lz(E))T of model (24) with the wave speed ¢,

where ¢; € (0,24/R, — 1).
The asymptotic model of L(§) = (ll(f),lz(f))T as & —
—00 is

== —I —
A=A =v(Ry—=1)A+ (vRy+ Ry —2v) i = 0,
(108)

i - +(Ry- 1) =0.

The second function of (108) has two characteristics

as the following ones: (¢, + \4(Ry—1) —¢2i)/2, (¢ —
4Ry, - 1) - cgi) /2. Thus it has two independent solutions of

the following form:
4 (Ry—1)-¢
§

S b
2

[TII - e(Co/Z)f co

(109)
4(Ry-1)-¢

Uyy = /% sin 5
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Similar to the proof of Theorem 11, we can get that, when
& — —00, x,(&) can be described as the following equation:

\4(Ry—1) =2
= K" cos A §

X2 () 2

\4(Ry—1)-¢

2

\j4(R0 -1)-¢q

+ K% sin & | +hout,

= K? + ng(’:"/z)‘E sin 3 E+1(8)
+h.o.t,
(110)

where tan(7(§)) = K,/K,, and h.o.t is the short notation for
the higher order terms.

That is to say, ,,() is oscillating. Thus, any solution of
model (24) with 0 < ¢ < 24/R; -1 is not strictly mono-
tone. O

Theorems 12 and 13 indicate that ¢ = 2+/R,, — 1 is the crit-
ical minimal wave speed.
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We investigate the periodic solutions of second-order difference problem with potential indefinite in sign. We consider the
compactness condition of variational functional and local linking at 0 by introducing new number A,. By using Morse theory,
we obtain some new results concerning the existence of nontrivial periodic solution.

1. Introduction

We consider the second-order discrete Hamiltonian systems

Nx,  +W' (n,x,) =0, Xpor = X 6))

where T' > 2 is a given integer, n € Z, x, € RY, Ax, =
Xpe1 = X A’X, = A(Ax,), W' stands for the gradient of W
with respect to the second variable. W ¢ CH(Z x RN, R) is
T-periodic in the first variable and has the form W(n, x) =
(1/2)alx|* + H(n, x), where a = 4 sin*(mn/T) for some m €
Z[0,r],r = [T/2], [] stands for the greatest-integer function.
For integers a < b, the discrete interval {a,a + 1,...,b} is
denoted by Z|[a, b].

In this paper we consider that H is sign changing, that is,

H(n,x) = b(n) <§|x|$ +G,(n, x))

)

IE3

lb (n) |x|° + G, (n,x),
s

Q, = {n e Z[L,T]|b(n) > 0)}, Q_ = {n € Z[1,T]|b(n) < 0)}
are two nonempty subsets of Z[1,T], wheres > 1,b(:) isa T-
periodic real function, G, € CY(Z xRN, R), and G,(n,0) = 0.

Consider the second-order Hamiltonian system

%)+ W' (5x) =0, x(0) = x(T), 5
3
x(0) =x(T),

where W € C*R x RN, R) is T-periodic in t, W(t,x) =
(1/2)(A(t)x,x) + H(t,x). Here A(-) is a continuous, T-
periodic matrix-value function.

Systems (1) and (3) have been investigated by many
authors using various methods, see [1-5]. The dynamical
behavior of differential and difference equations was studied
by using various methods, and many interesting results have
obtained, see [6-10] and references therein. The critical point
theory [11-14] is a useful tool to investigate differential equa-
tions. Morse theory [15-19] has also been used to solve the
asymptotically linear problem. By minimax methods in criti-
cal point theory, Tang and Wu [4], Antonacci [20, 21] consid-
ered the problem (3) with potential indefinite in sign, where
H is superquadratic at zero and infinity. By using Morse
theory, Zou and Li [10] study the existence of T-periodic
solution of (3), where H is asymptotically superquadratic
and sign changing. Moroz [19] studies system (3) where H is
asymptotically subquadratic and sign changing. Motivated by
[5,10,19], we investigate periodic solutions for asymptotically
superquadratic or subquadratic discrete system (1).

By expression of H(n, x), system (1) possesses a trivial
solution x = 0. Here we are interested in finding the nonzero
T-periodic solution of (1), and we divide the problem into two
cases: s > 2and 1 < s < 2. For s = 2, one can refer to [22].



Case 1 (asymptotically superquadratic case: s > 2). In this
case, we replace p with s in (2). Letting gp(n,x) = G;)(n, Xx),
we rewrite (1) as

A’x, | +ax, +b(n) |xn|P_2xn +9g,(nx,) =0, "

XntT = Xp-

Furthermore, for all (n,x) € Z x R", we assume that 9p
satisfies

(A1) gp(n, x) = o(|x|) as |x| — oo uniformly in n,

(A2) gp(n, x) = o(|x|P™") as|x| — 0 uniformly in n.

Case 2 (asymptotically subquadratic case: 1 < s < 2). Here
we replace g with s in (2). Letting gq(n, x) = G;(n, Xx), we
rewrite (1) as

N’x, | +ax, +b(n) |xn|q72xn +9g,(nx,) =0, )

Xp+T = Xpe
For all (n,x) € Z x RYN, we assume that 9q satisfies

(B1) g,(n,x) = o(|x|7 ") as |x] — oo uniformly in n,

(B2) gq(n, x) = o(|x]) as |x|] — 0 uniformly in n.

Before stating the main results, we introduce space E; =
{x = {x,} € Slx,r = x,,n € Z}, where S = {x =
{x,}x, € RN, n ¢ Z}. For any x,y € S,a,b € R,
we define ax + by = {ax, + by,},cz. Then S is a linear
space. Let (x,7)p = S0, (63, Il = (30, )"
for all x,y € Ep, where (-,-) and | - | are the usual inner
product and norm in R", respectively. Obviously, E is a
Hilbert space with dimension NT and homeomorphism to
RNT Forr > 1, let llxll, = (Zzzl Ixnlr)l/r, x € Ep. Moreover,
for simplicity, we write (x, y) and | x| instead of (x, y) E, and
[lx|l Ep> respectively.

Lemma 1. There exist positive numbers a,, a,, such that a, ||
xll, <l x lI< ay | x1,.
Inspired by [10, 19], one introduces two numbers as follows:

T
A (p) = inf {lle||2| Dbl = 0} ,
- n=1
T (6)
A, (q) = inf {IIAx||2| Yo |x,|* = 0}.
n=1

llfl=1

Theorem 2. Ifa < A,(p), then (4) has a nonzero T-periodic
solution.

Theorem 3. Ifa < A,(q), then (5) has a nonzero T-periodic
solution.

This paper is divided into four sections. Section 2 contains
some preliminaries, and the proofs of Theorems 2 and 3 are
given in Sections 3 and 4, respectively.
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2. Preliminaries

2.1. Variational Functional and (PS) Condition. For seeking
T-periodic solution of (1), we consider variational functional

Ip associated with (4) as Ip(x) = (1/2) 23,;1 IAx,,I2 -

(1/2)a Yy Ix,/* = 1/p Ty b®)|x,F = ¥, G, x,,), that
is

T, = L1axl? = Latel = LY b
P 2 2 = "
%

T
- ZGP (n,x,), x€Eg.

n=1

Moreover, T-periodic solution of (5) is associated with the
critical point of functional

T () = S1aet? = Lagl? = L b o s
1 2 2 95 "
(8)

T
- ZGq (n,x,), xc¢€Ep

n=1

We say that a C' -functional ¢ on Hilbert space X satisfies
the Palais-Smale (PS) condition if every sequence {x'"} in X,
such that {(p(x(j))}, is bounded and (p'(x(j)) — O0asj — oo
contains a convergent subsequence.

Lemma 4. Functional Ip satisfies (PS) condition ifa < A, (p).

Proof. Let {x1} ¢ E; be the (PS) sequence for functional J »
such that ]P(x(j)) is bounded, and ];(x(j)) — O0asj — oo.

Hence, for any € > 0, there exist N, > 0 and constant ¢; > 0,
such that

7). )| < 7]t 2 N,

(<) <

To prove that J,, satisfies (PS) condition, it suffices to show

)

that IIx(j) | is bounded in E;. Suppose not that there exists a
subsequence {x(j")}, I ) | = coask — oo.Forsimplicity,
we write as {x"} instead of {x"'}. Without loss of generality,
we assume that there exists k € Z[1, T, such that

|x;j)|—>oo as j— oo forneZ[l,k],
| (10)
x are bounded for n € Z [k + 1,T].

n

Therefore for all n € [1,T], by assumption (Al), there exists
¢, > 0 such that

'Gp (n, xilj))' < s|x,(1j)j2 +0,
(11)
|95 (7)< 2| + 5
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for large j. By the previous argument, it follows that

i(gp (n x(])) (J'))

n=

T . .
< 2 |gp (mx)] ]
n=1

< e+ et .

—_

(12)

By (7), we have

P]p (x(j)) _ <]‘; (x(j)) ,x(j)>

= (£-1) (ot ~a<7]) - P2Gp(mx') (13

(gp (n) (J)) , xij)) .

MH

n=1

In terms of (9) and (11), for large j, it follows that

(5-1) (2t =)

<pe te “x(j)” + (p + l)snx(j)"2 + po,T +¢c,T “x(j)” .
(14

Set y¥' = x0/1x?|. Dividing by x| in the previous
formula, it follows that
((p+ e+

for large j. Therefore, by € being chosen arbitrarily, there is a
subsequence that converges to y° € E; such that

oT +¢

<]

sy <av 25 PCZT”’Cl)

<

oyl za -1 o
On the other hand, we have
7, (x9) - % U (x7), 29
= (‘ - —) Zb(”) | ZG nxl) )
1y @MY )
+52(9, (nx)) x0).

n=1

3
Then, by (9) and (11), for large j, we get
()3
2 p n=1
_ ]P(x<j))_%< (x9), 57 + ZG (n,x9)
—-Z(ffp(”’ %))
< [ re O vt o] (e e <),
(18)

By dividing by [l ||p in the previous formula, then by
p > 2, we have 25:1 b(n)lyflj)lp — 0O0asj — o0, that
is, Yo byl? = lim; ., Y1  b(m)]yP|? = 0. By the
definition of A, (p), see (6), we have ||Ay°||2 > A, (p). This
contradicts with (16) and assumption a < A, (p). The proof is
completed. O

Lemma 5. Functional ], satisfies (PS) condition ifa < A, (q).

The proof is similar to that of Lemma 4 and is omitted.

2.2. Eigenvalue Problem. Consider eigenvalue problem:

-A’x, | = MAx,, Xy = X, X, €RY,(19)

thatis, x,,,, +(A-2)x,+x,_; = 0,x,,1 = X,,. By the periodicity,
the difference system has complexity solution x,, = "¢ for
c € CN, where0 = 2kr/T, k € Z. Moreover, A = 2—e ¢ =
2(1—cos 0) = 4sin®(kr/T). Let 1, denote the real eigenvector
corresponding to the eigenvalues A, = 4 sin?(krt/T), where
k € Z[0,r] and r = [T/2]. Since a = 4 sin*(mmn/T) for some
m € Z[0,r], we can split space E as follows:

Er=w Pw Pw, (20)
where
W™ =span{n | ke Z[0,m-1]}, W' = span {1,,} ,

W =span{n | ke Z[m+1,r]}.
(21

By means of eigenvalue problem, we have IAxnI2 —alxnl2 =

(Ax,, Ax,) — a(x,,x,) = (—Azxn_l,xn) —alx,x,) = (A -
a)(x,,x,) = (A —a)lx,|*. Let
min {4 sinZM -4 sinzm,
T
-1
0= 4sin2@—4sin2u}, me Z[1,r],
T T
4sin2£, m=0
T
(22)

Then +(|| Ax|]* —a || x||*) = & || x||* for x € W*.



On the other hand, associating to numbers A, (p) and
A.(q) (see (6)), we set

T
P
A (p) =Y b el
n=1
(23)
T
A (@)= Qb0 el
n=1
wheree, = u € RN (n € [1,T]) is the real eigenvector
corresponding to eigenvalue A, = 0. e = (elT,eg,...,eL)T =
W, u”,...,u")T € E, where o denotes the transpose of a
vector or a matrix. Moreover, letting |u| = T2, we have

lel = 1, |Aell = 0. Therefore, by definition of A, (p), if
A, (p)=0then A, (p) =0.

However, by assumption A, (p) > a = 4sin?(mn/T) for
some m € Z[0,r], thus A, (p) > 0. That is to say the equality
A, (p) = 0 cannot hold. Therefore our discussion will be
distinguished in two cases: A ,(p) > 0and A ,(p) < 0.

2.3. Preliminaries. Let X be a Hilbert space, and let ¢ €
C'(X,R) be a functional satistying the (PS) condition. Write
crit(p) = {x € X | (p'(x) = 0} for the set of critical
points of functional ¢ and ¢ = {x € X | ¢(x) < ¢} for
the level set. Denote by H) (A, B) the kth singular relative
homology group with integer coeflicients. Let x, € crit(¢)
be an isolated critical point with value ¢ = ¢(x,), ¢ € R, the
group Ci (9, xy) = Hi (¢ NU,(¢° NU) \ {x,}), and k € Z
is called the kth critical group of ¢ at x;,, where U is a closed
neighbourhood of u. Due to the excision of homology [13],
Ci (9, x,) is dependent on U.

Suppose that ¢(crit(¢)) is strictly bounded from below by
a € R, then the critical groups of ¢ at infinity are formally
defined [11] as Cy.(p, 00) = Hi(X, ¢"), k € Z.

Proposition 6 (Proposition 2.3, [11]). Assume that C2-
functional ¢ satisfying (PS) condition has a local linking at 0
with respect to X = X, X,; that is, there exists p > 0 such
that

@ (x)<@(0) forx e X, and |x| < p,
@ (x)>¢(0) forx e X, and 0 < ||x| < p.
Then Cy.(¢,0) #0, k = dim X.

By Propostion 6, one proves the following lemmas with
respect to Er = X (P X".

Lemma 7. If a < A,(p), then Ck(]p ,0#0, k = dim X7,
where X~ = W~ P W?° as A, (p) >0, X =W asA,(p) <
0. A (p) is defined by (23).

Proof. We first consider the following.

Case 1 (A, (p) > 0and X* = W*, X~ = W~ PW°). By
p>2,|xP = o(]x]*) as |x| — 0, then there exists 0 € (0,1)
suitably small, such that |x|? < §/3(b/p + e)|x|* as |x| < 6,
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where § > 0 see (22) and b = max{|b(1)|,..., |b(T)|} > 0. By
assumption (A2) and G,(n, 0) = 0, for any given ¢ > 0, there

exists p, € (0,0), such that IGP(n, x,)| < elx,|f as |x,| < p,»
n € Z[1,T]. Thus

1 I T
;Zb(n) |x,|F + ZGP (n,x,)
n=1 n=1 (25)

< <9 +s> i|x = l6||x||2.
P n=1 ! 3

Let p = min{p,,..., pr}. For 0 <|| x [[< p < 1, it follows that

1 1
Jp(0) 2 Z8lxl = S8lxl* > 0, xeW' = X" (26)

We need to prove that J,,(x) < 0forx € X~ =W H wo,
llxll < p. We first claim that

T
Zb(n) |xn|P >0, VxeW" @WO, x#0. (27)
n=1

Indeed, by contradiction, assume that Zle b(n)|x,|? <0, for
some x € W~ P W?, x+#0. Since A, (p) = 23:1 b(n)le,|? >
0, where ¢ = (el,el,....el)" = @' ul,..,u")T «
W PW’, and (W P W) \ {0} is arcwise connected,
then there exists a x° € (W &P W% \ {0}, such that
YT bm)Ix%P = 0. Thus |AX°]° = A,(p)Ix°]° by the
definition of A, (p). On the other hand, by the definition of
W~ P WP, we have |Ax° ||2 <alx° ||2. This is a contradiction
with assumption a < A, (p). So the claim (27) holds.
There exists ¢, > 0 by (27), such that 25:1 b(n)|x,|?
c4||x||§ for all x € W~ @WO \ {0}, where IIxIIP

1
(Z,Tl:1 |2,17) /p. For x € W @ WY, x| < p, e sufficiently
small, we have

v

T T
J,(x) < — le(n) |x,|F ~ ZGP (n,x,)
pn=l n=1 (28)

C4
< = 2] + el <o

Since J,(0) = 0 and J » satisfies (PS) condition by Lemma 4,
so by Proposition 6, we obtain that Ci(J,,0)#0 for k =
dim (W~ @ w?°).

Case2 (A, (p) <0, X" = WPW" X =W). Itis easy
to see that ], (x) < 0 by |Ax[” - alx|* < -5 ||x|” and p > 2,
where x € W™ and |lx|| < p. We need to claim that ]P(x) > 0,
forx e WP W0 < ||x| < p.

Suppose not that there exists a sequence (x} ¢ E; such
that

X ew Pwrioh, o< [« <p,
1, (x) <0,

(29)
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for large j. For || £

5 [Laon e v, )

| < p, by Lemma 1, we get

i[%|x;j>'z’+g'xy>|p] S <% .

Set y,; () = x(J)/IIx M| . Then by (29) and the previous formula,

we have
Ji (j)
U L (1 -a)

1+ o
(e

On the other hand, ||Ay(j)||2 > a by the definition of
W*@WP. Hence by p > 2, there exists a subsequence

converges to y° € Er, such that IIAyOII2 = a, thatis y° ¢
N 2 N2 .

WP and [y’ = L. Since [|Ax7]" = al|x?|" for {xV} ¢

W* @ WP, it follows from J p(x(])) < 0 that

1y DPP .\ 0
0< —Z (n) |xn] | + ZGP (nx))
n=1 n=1

IN

1\
) () =T

(30)

"0

(32)

1T
XL re( 2 )||x i

Dividing by [x" I” in the previous inequality, then
Yoea by l? = lim; o X, by = 0.

Sincee, ¥ € W PW, A,(p) = ZZZI b(n)le,|’ < 0
and (W~ P W)\ {0} is arcwise connected, then there exists
ay e (W @WO) \ {0} such that 25:1 b(n)l?nlp = 0. Thus
I A%[)* = A, (p) || %|I* by the definition of A, (p). On the other
hand, | AX|* < a | X||* by the definition of W~ @ W°. This
is a contradiction with assumption a < A, (p). That is to say,
the claim is valid.

By Proposition 6, we obtain Ci(J,,0)#0, k = dim W".
The proof is completed. O

Lemma 8. Ifa < A,(q), then C,(J,, ,00) #0 for k = dim X",

where X" =W @PWasA,(q) >0, X =W asA,(q) <0
The proof is similar to that of Lemma 7 and is omitted.

3. Proof of Theorem 2

Lemma 9. Leta < A, (p). If there exists K, > 0 such that for
any K > Ky, J,(x) < =K, then one has 25:1 b(n)|x,|I? > 0
and (d]dt)] ,(tx)l,—; < 0.

Proof. We first claim that | x | is sufficiently large, if x
satisfies condition of Lemma 9. Suppose not there exists M >
0 such that | x |< M. So there exists {x”} ¢ Ep, X e E;,

such that X7 — x%as j — oo. Since for any j > K, we
have J,,(x') < —j, thus J,(x°) = lim; _, ,J,(x'"") = —co. Itis
a contradiction with ]P(xo) =c.

If | x|| is large enough, then we can assume that |x,,| is large
enough for n € Z[1,k] and |x,| are bounded for n € Z[k +
1, T]. Therefore, by assumption (Al), for any given € > 0, there
exists M; > 0 such that

M
'gp (n,xn)' <elx,|+ Tl’ |Gp (n, n)' <elx,[* + Tl
V(nx,) € Z[1,T]xRY
(33)

We claim that Zil b(n)|x,|? > 0. Suppose not that, for j >
K, there exists {x'”} ¢ E such that

T
Yo || (34)
n=1
By ]p(x(j)) < —-j <0,(33) and (34), we have
L O - S0 . v )
S < S+ X6, ()
n=1 (35)

< g";&””2 e + M,

. R . N2
Set ) = x/|x?| and divided by [|x"”|” in the previous
inequality. Since & can be small enough, then there exists a
subsequence that converges to yo € Ep,such that ||A yOII2 <a,
[°l = 1. Moreover, by (33) and (34), we get

1& 1 N A2
02 S 0o Sl - S
. (36)
=G, (ma?) 2= (5 4e) O - m
n=1
Since p > 2 and lim;_ x| = oo, divided by

||x(j)||p in the previous inequality, we have ZZ:I b(n)| y2|p =

hm]_,ooz b(n)|y, WP = 0, that is, | Ayo > A,(q), which
deduce a contradiction. So the claim 25:1 b(n)|x,l? > 0
holds.

Next we prove that (d/dt)]p(t‘x)lt:1 < 0 holds. By con-

tradiction, there exists a sequence {x(j)} C Ep such that, for
j> Ky

d ()
a]p (fX] ) _ > 0. (37)
Then, by (7), we get

d . . .
=T, (=) = Jax? “2 _ a'lx(J)“z

T
EONCACE ORI

n=1
(38)

—Zb(n




and by (37) and ]P(x(j)) < —j <0, it follows that

(1= 5) (2L ~alT)

T T
=2 (9, (mx).x0)+ P2 .Gy (m))  (39)

n=1 n=1

d .
== (tx7) .

1, () 2 0.

. . . N2

Set y = xU/|x| and divided by x| in the
previous formula; since p > 2 and ¢ can be small enough,
then there exists a subsequence converges to y° € E; such

that | Ay°|* < a, [|y°]l = 1. Moreover, by (37) and the first
claim, we get

T ; A2 A2
0< Y00 /| < ax - afx|
n=1

(40)
T

ACACE RO

n=1

Divided by | x'”|? in the previous formula, and by p > 2,
it follows that ZZ:I b(n)| y2|p = 0. This is a contradiction
with the definition of A, (p) and condition a < A, (p). So the
second claim holds. The proof is completed. O

Based on Lemma 9, we introduce the following notations:

];Kz{erT;JP(x)s—K},

T

E; = <[x €Ep: Z_:lb(n) |xn|p > 0} ,

E(Q,)={x€E;:x,=0forne Z[1,T]\ Q,}\{0}.
(41)

Clearly, E(Q,) ¢ E,. And by Lemma 9, we have ];K C E,.
In order to describe the Hq(ET, ];K), we need to show the
following lemma.

Lemma 10. Ifa < A, (p), then there exists K, > 0, such that
forany K > K, ];K is a strong deformation retraction ofE;.
Moreover, E(Q),) and E; are homotopy equivalent.

Proof. Now we prove that ];K is a strong deformation
retraction of E;.

By Lemma 9, we have ];K C Ej,. Let x € E,. By
Lemma 9, there exists a unique ¢, = tp(x) > 0 such that
Jo(t,x) = =K. By applying Implicit Function Theorem, £, (x)
is a continuous function in E;. Let Tp(x) = max{tp(x), 1} and
define f,(s,x) = (1 = s)x + sT,(x)x, then f, : [0,1] x E; —
];K is a strong deformation retraction. Thus ];K is a strong
deformation retraction of E;.
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We next claim that E(€, ) is a strong deformation retrac-
tion of E;. Clearly, in terms of the notations, we have E(Q),) C

E;. Let EP : Z[1,T] — R be a function such that

Ep(n):l ifneQ,, fp(n):O ifneQ_,

(42)
§,(mel0,1] ifneZ[L,TI\(Q,UuQ).
Define
(l—Zs)xn+2$§P(n)xn ifOSsS%,
Cp(six,) = 2(1 - )&, (n) x,, + 2<s - %)P(EP (n)x,,)
if —<s<1,
2
(43)

where P : E; — E((,) is a projection operator. Then CP :
[0,1] x E; — E(Q,) is a deformation retraction. Indeed,

{,(0,x)=x, (,(L,x)€E(Q,), forxe E;,
(44)

{p(sx)=x, forxeE(Q,) andse[0,1].

For x € E;, if s € [0, 1/2], then
u P
Db [¢, (sx,)]
n=1

= Y bl + Y b -29%%, )" (4

neQ), neQ_

T
> Zb(n) |xn|P > 0,
n=1

where 0 < (1 - 25)f < 1, that is, { (s, x) € E;. Ifs e (1/2,1],
it follows that

p

T
Ybmg, (s x,)
n=1

= Y b(n

neQ,

p
2(1—5)£P(n)xn+2<s— %)P(fp(n)xn)

> 0.
(46)

We claim that the equality of the previous formula cannot
hold. Otherwise, Px,, = —((1 —s)/(s — (1/2)))x,,, forn € Q,,
which implies that Px,, = 0. Hence x,, = 0 in Q,, which
contradicts with the fact x € E;. So Z::l b(n)ICP(s, x,)P >
0, that is, {,(s,x) € E; as's € (1/2,1]. Therefore, {,
is a deformation retraction from E; onto E((,), and this
completes the proof. O

Proof of Theorem 2. Since E(L),) is well known to be con-
tractile in itself, and by Lemma 10, it follows that ];K is
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homotopically equivalent to E(€2, ) for K large enough, then
the Betti numbers (cf. [11, 13]) are

B, = dim C (J,,00) = dim H, (E,J,")

(47)

= dim H, (E;,E(Q,)) =0, ke Z[0,NT].

Now we suppose that system (4) has only trivial solution;
that is, J, has only critical point x = 0, then we have
the Morse-type numbers M = dimCy(J,,0) for k €
Z[0,NT] (cf. [13]). Moreover, by Lemma 7, CUp,0)#0 for
k = dimW~ or k = dim(W~ @ W?). Since J,, satisfies (PS)
condition by Lemma 4, then using Morse Relation, we have
the following.

NT NT
0= Y (1B = Y (-1)*M; 0, (48)
k=0 k=0

which is a contradiction. Therefore, | » has at least one critical

point x* # 0 and system (4) has at least a nonzero T-periodic
solution. O

4. Proof of Theorem 3

For convenience, we introduce the following notations:

];:{xEET:]q(x)Sc}, ceR,

T (49)
E; = {x €Ep: ) b(n|x,|"> 0} .
n=1

Clearly, E:; U {0} is star-shaped with respect to the origin
and E(Q),) ¢ E;', where E(Q),) is given in Section 3. Similarly
with the proof of Lemmas 9 and 10, we have the following.

Lemma 11. Let a < A,(q). Then there exists p > 0 such that
(d/dt)],(tx)l,-, > 0 forany x € M, = {x € B, ﬂE;r T (x) 2
0}, where B, stands for the closed ball in Er of radius p > 0
with the center at zero.

Lemma 12. Let a < A,(q). Then there exists p > 0 such that
(]3 N B,) \ {0} is a retract ofE;r N B,, and E(Q") is a strong
deformation retraction of E;.

Proof of Theorem 3. We first prove that ]2 N B, is contractible
in itself. In fact, it is sufficient to show that ]gﬂB ) is starshaped
with respect to the origin; that is, x € ]2 N B, implies that
tx € ]3 nB, forall t € [0,1].

Assume, by a contradiction, that there exists x,, € ]2 NB )
and f, € (0,1), such that Jo(toxe) > 0. It follows from

Lemmall that (d/dt)],(tyx,) > 0. By the monotonicity
arguments, this implies that

J,(txg) >0Vt e [ty 1]. (50)

This contradicts the assumption x, € ]3, which implies
]q(xo) <0.

On the other hand, since E(€),) is contractible in itself,
and E:Z’ U {0} is starshaped with respect to the origin, then

E; N B, is contractible in itself. The retract of the set which
is contractible in itself is also contractible (cf. [19]); it follows
that the set ( ]3 n BP) \ {0} is contractible by Lemma 12.

Combining the previous argument, ]2 NB, and ( ]2 NB p) \
{0} are contractible in themselves.

dim Cy (J,,0) = dim Hy (J; n B, (Jo N B,) \ {0}) = 0,

k e Z[0,NT].
(51)

By Lemma 8, C,(J,,00) #0 for k = dim(W~ W% ork =
dim W™ . Therefore, by Morse Relation and the same methods
in proof of Theorem 2, it follows that J, q has atleast one critical
point x* # 0 and system (5) has at least a nonzero T-periodic
solution. O
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This paper presents an image parsing algorithm which is based on Particle Swarm Optimization (PSO) and Recursive Neural
Networks (RNNs). State-of-the-art method such as traditional RNN-based parsing strategy uses L-BFGS over the complete data
for learning the parameters. However, this could cause problems due to the nondifferentiable objective function. In order to solve
this problem, the PSO algorithm has been employed to tune the weights of RNN for minimizing the objective. Experimental results
obtained on the Stanford background dataset show that our PSO-based training algorithm outperforms traditional RNN, Pixel
CRE region-based energy, simultaneous MREF, and superpixel MRE

1. Introduction

Image parsing is an important step towards understanding an
image, which is to perform a full-scene labeling. The task of
image parsing consists in labeling every pixel in the image
with the category of the object it belongs to. After a perfect
image parsing, every region and every object are delineated
and tagged [1]. Image parsing is frequently used in a wide
variety of tasks including parsing scene [2, 3], aerial image
[4], and facade [5].

During the past decade, the image parsing technique has
undergone rapid development. Some methods for this task
such as [6] rely on a global descriptor which can do very
well for classifying scenes into broad categories. However,
these approaches fail to gain a deeper understanding of the
objects in the scene. Many other methods rely on CRFs [7],
MREFs [8], or other types of graphical models [9, 10] to ensure
the consistency of the labeling and to account for context.
Also, there are many approaches for image annotation and
semantic segmentation of objects into regions [11]. Note
that most of the graphical-based methods rely on a pre-
segmentation into superpixels or other segment candidates
and extract features and categories from individual segments
and from various combinations of neighboring segments.
The graphical model inference pulls out the most consistent
set of segments which covers the image [1]. Recently, these

ideas have been combined to provide more detailed scene
understanding [12-15].

It is well known that many graphical methods are based
on neural networks. The main reason is that neural networks
have promising potential for tasks of classification, associative
memory, parallel computation, and solving optimization
problems [16]. In 2011, Socher et al. proposed a RNN-
based parsing algorithm that aggregates segments in a greedy
strategy using a trained scoring function [17]. It recursively
merges pairs of segments into supersegments in a semanti-
cally and structurally coherent way. The main contribution
of the approach is that the feature vector of the combination
of two segments is computed from the feature vectors of the
individual segments through a trainable function. Experi-
mental results on Stanford background dataset revealed that
RNN-based method outperforms state-of-the-art approaches
in segmentation, annotation, and scene classification. That
being said, it is worth noting that the objective function
is nondifferentiable due to the hinge loss. This could cause
problems since one of the principles of L-BFGS, which is
employed as the training algorithm in RNN, is that the
objective should be differentiable.

Since Particle Swarm Optimization (PSO) [18] has proven
to be an efficient and powerful problem-solving strategy, we
use a novel nonlinear PSO [19] to tune the weights of RNN.
The main idea is to use particle swarm for searching good
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FIGURE 1: Hierarchical architecture of image parsing based on recursive neural network.

combination of weights to minimize the objective function.
The experimental results show that the proposed algorithm
has better performance than traditional RNN on Stanford
background dataset.

The rest of the paper is organized as follows: Section 2
provides a brief description of the RNN-based image parsing
algorithm. Section 3 describes how PSO and the proposed
algorithm work. Section 4 presents the dataset and the experi-
mental results. Section 5 draws conclusions.

2. Image Parsing Based on
Recursive Neural Networks

The main idea behind recursive neural networks for image
parsing lies in that images are oversegmented into small
regions and each segment has a vision feature. These features
are then mapped into a “semantic” space using a recursive
neural network. Figure 1 outlines the approach for RNN-
based image parsing method. Note that the RNN computes
(i) a score that is higher when neighboring regions should
be merged into a larger region, (ii) a new semantic feature
representation for this larger region, and (iii) its class label.
After regions with the same object label are merged, neigh-
boring objects are merged to form the full scene image. These
merging decisions implicitly define a tree structure in which
each node has associated with the RNN outputs (i)-(iii), and
higher nodes represent increasingly larger elements of the
image. Details of the algorithm are given from Sections 2.1
to 2.3.

2.1. Input Representation of Scene Images. Firstly, an image
x is oversegmented into superpixels (also called segments)
using the algorithm from [20]. Secondly, for each segment,
compute 119 features via [10]. These features include color
and texture features, boosted pixel classifier scores (trained on

the labeled training data), and appearance and shape features.
Thirdly, a simple neural network layer has been used to map
these features into the “semantic” n-dimensional space in
which the RNN operates, given as follows.

Let F; be the features described previously for each seg-
ment, wherei = 1,..., Ny,  and N, denotes the number of
segments in an image. Then the representation is given as

ai — f (WSEmFi + bsem) , (1)

where W*™ e R™!" is the matrix of parameters we want to
learn, b*™ is the bias, and f is applied element wise and can
be any sigmoid-like function. In [17], the original sigmoid is
function f(x) = 1/(1 + ™) (Figure 2).

2.2. Greedy Structure Predicting. Since there are more than
exponentially many possible parse trees and no efficient
dynamic programming algorithms for RNN setting, there-
fore, Socher recommended a greedy strategy. The algorithm
finds the pairs of neighboring segments and adds their
activations to a set of potential child node pairs. Then the
network computes the potential parent representation for
these possible child nodes:

p(ij)=f(Wgsc|+b). 2)

With this representation, a local score can be determined by
using a simple inner product with a row vector W' € R™":

s(i, ) =W p (i, j). (3)

As illustrated in Figure 3, the recursive neural network is
different from the original RNN in that it predicts a score for
being a correct merging decision. The process repeats until
all pairs are merged and only one parent activation is left, as
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FIGURE 2: Illustration of the RNN training inputs: (a) a training image (red and blue are differently labeled regions). (b) An adjacency matrix
of image segments. (c) A set of correct trees which is oblivious to the order in which segments with the same label are merged.
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FIGURE 3: Recursive neural network which is replicated for each pair
of input vectors.

shown in Figure 1. The final score that we need for structure
prediction is simply the sum of all the local decisions:

SRNN(6,x,7) = Y sa (4)
deN(3)

where 0 are all the parameters needed to compute a score s
with an RNN, ¥ is a parse for input x;, and N(¥) is the set of
nonterminal nodes.

2.3. Category Classifiers in the Tree. The main advantage of
the algorithm is that each node of the tree built by the RNN
has associated with it a distributed feature representation. To
predict class labels, a simple softmax layer is added to each
RNN parent node, as shown later:

label, = softmax (Wlabelp). (5)

When minimizing the cross-entropy error of this softmax
layer, the error will backpropagate and influence the RNN
parameters.

3. Nonlinear Particle Swarm
Optimization for Training FNN

As for traditional RNN-based method, the objective ] of
(5) is not differentiable due to the hinge loss. For training

RNN, Socher used L-BFGS over the complete training data
to minimize the objective, where the iteration of the swarm
relates to the update of the parameters of RNN. That being
said, it is worth noting that the basic principle of L-BFGS
is that the objective function should be differentiable. Since
the objective function for RNN is nondifferentiable, L-BFGS
could cause problems for computing the weights of RNN. To
solve this problem, a novel nonlinear PSO (NPSO) has been
used to tune the parameters of RNN.

3.1. Nonlinear Particle Swarm Optimization. Asa population-
based evolutionary algorithm, PSO is initialized with a popu-
lation of candidate solutions. The activities of the population
are guided by some behavior rules. For example, let X;(t) =
(1), x5, -, x;p () (x;40(F) € [X4max> Xdmax)) D€ the
location of the ith particle in the tth generation, where x .«
is the boundary of the dth search space for a given problem
and d = 1,...,D. The location of the best fitness achieved
so far by the ith particle is denoted as p;(t) and the index
of the global best fitness by the whole population as p,(f).
The velocity of ith particle is V;(t) = (v;; (£), v (£), ..., v;p(£)),
where v;; isin [=V; 1.0 Vi max] @0d V. is the maximal speed
of dth dimension. The velocity and position update equations
of the ith particle are given as follows:

Vgt +1) = w-viy (t) + 1y (pig = x4 (1))

TG (pgd ~ Xiq (t)) ,

Xgt+1)=x,5()+vy (E+1),
(6)

wherei = 1,...,nandd = 1,...,D. w,¢,¢, = 0. w is the
inertia weight, ¢; and ¢, denote the acceleration coefficients,
and r; and r, are random numbers, generated uniformly in
the range [0, 1].

Note that a suitable value for the inertia weight provides
a balance between the global and local exploration abilities
of the swarm. Based on the concept of decrease strategy, our
nonlinear inertia weight strategy [19] chooses a lower value
of w during the early iterations and maintains higher value
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FIGURE 4: Nonlinear strategy of inertia weight.

of w than linear model [21]. This strategy enables particles to
search the solution space more aggressively to look for “better
areas’, thus will avoid local optimum effectively.

The proposed update scheme of w(t) is given as follows:

<1 _ 2t >r (winitial + wfinal)
iter .. 2
n Winitial — wfinal) , < itermax ,
2 } 2
. 1
(1 _ 2 (t B (ltermax/z)) ) ' (winitial B wfinal)

iter,, 2

w(t) = 4

iter ..
+wfinal > t> T >

7)

where iter,,. is the maximum number of iterations, t denotes
the iteration generation, and r > 1 is the nonlinear
modulation index.

Figure 4 illustrates the variations of nonlinear inertia
weight for different values of r. Note that r = 1 is equal to
the linear model. In [19], we showed that a choice of r within
[2-3] is normally satisfactory.

3.2. Encoding Strategy and Fitness Evaluation. Let0 = (W*™;

W; Weeere, W€y be the set of RNN parameters; then
each particle can be the expressed as the combination of all
parameters, as shown later:

sem w yseore Wlabel ( 8 )
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During the iteration, each particle relates to a combination of
weights of neural networks. The goal is to minimize a fitness
function, given as

1O = L3r 0+ Lior (©)
N&! 2007

where 7;(8) = s(RNN(O,x;,y") + Alx,l,y") -
mMax,, cy(y,) (SARNN(H, x;, ;))) and y” denote the parse
tree generated by the greedy strategy according to parameter
0. Minimizing this objective means minimize the error
between the parsing results, which is generated by the best
particle and the labeled training images (ground truth).

3.3. Summary of PSO-Based Training Algorithm.

Input includes a set of labeled images, the size of
the hidden layer », the value of penalization term
for incorrect parsing decisions «, the regularization
parameter A, the population of particles m, the values
of nonlinear parameter » and the number of iterations
iter ..

Output includes the set of model parameters 0 =

(W™ W, W and W), each with respect to
weights of a recursive neural network.

(1) Randomly initialize m particles and randomize the
positions and velocities for entire population. Record
the global best location p, of the population and the
local best locations p; of the ith particle according to
(9), wherei =1,2,...,m.

(2) For each iteration, evaluate the fitness value of the ith
particle through (9). If (f(x;)) < (f(p;)),set p; = x; as
the so far best position of the ith particle. If ( f(x;)) <
(f(py)), set py = x; as the so far best position of the
population.

(3) Calculate the inertia weight through (7). Update the
position and velocity of particles according to (6).

(4) Repeat Step 2 and Step 3 until maximum number of
generation.

(5) Compute the weights of RNN according to the best
particle.

4. Experimental Results and Discussion

4.1. Description of the Experiments. In this section, PSO-
based RNN method is compared with traditional RNN
[17], pixel CRF [10], region-based energy [10], simultaneous
MREF [8], and superpixel MRF [8], by using images from
Stanford background dataset. All the experiments have been
conducted on a computer with Intel sixteen-core processor
2.67 GHz processor and 32 GB RAM.

As for RNN, Socher recommends that the size of the
hidden layer n = 100, the penalization term for incorrect
parsing decisions ¥ = 0.05, and the regularization parameter
A = 0.001. As for the particle swarm optimization, we set
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FIGURE 5: Typical results of multiclass image segmentation and pixel-wise labeling with PSO-based recursive neural networks.

the population of particles m = 100, the number of iterations
iter, .« = 500, ¢, = ¢ = 2, Wiy = 0.95, Wepa = 0.4, and
r=2.5.

4.2. Scene Annotation. The first experiment aims at evaluat-
ing the accuracy of scene annotation on the Stanford back-
ground dataset. Like [17], we run fivefold cross-validation and
report pixel level accuracy in Table 1. Note that the traditional
RNN model influences the leaf embeddings through back-
propagation, while we use PSO to tune the weights of RNN.

As for traditional RNN model, we label the superpixels by
their most likely class based on the multinomial distribution
from the softmax layer at the leaf nodes. One can see that
in Table 1, our approach outperforms previous methods that
report results on this data, which means that the PSO-based
RNN constructs a promising strategy for scene annotation.
Some typical parsing results are illustrated in Figure 5.

4.3. Scene Classification. As described in [17], the Stanford
background dataset can be roughly categorized into three



TABLE 1: Accuracy of pixel accuracy of state-of-the-art methods on
Stanford background dataset.

Method and semantic pixel accuracy in %

Pixel CRE, Gould et al. (2009) 74.3

Log. Regr. on superpixel features 75.9
Region-based energy, Gould et al. (2009) 76.4
Local labeling, Tighe and Lazebnik (2010) 76.9
Superpixel MRE, Tighe and Lazebnik (2010) 77.5
Simultaneous MRE Tighe and Lazebnik (2010) 77.5
Traditional RNN, Socher and Fei-Fei (2011) 78.1
PSO-based RNN (our method) 78.3

scene types: city, countryside, and sea side. Therefore, like
traditional RNN, we trained SVM that using the average over
all nodes’ activations in the tree as features. That means the
entire parse tree and the learned feature representations of
the RNN are taken into account. As a result, the accuracy
has been promoted to 88.4%, which is better than traditional
RNN (88.1%) and Gist descriptors (84%) [6]. If only the top
node of the scene parse tree is considered, we will get 72%.
The results reveal that it does lose some information that is
captured by averaging all tree nodes.

5. Conclusions

In this paper, we have proposed an image parsing algorithm
thatis based on PSO and Recursive Neural Networks (RNNs).
The algorithm is an incremental version of RNN. The basic
idea is to solve the problem of nondifferentiable objective
function of traditional training algorithm such as L-BFGS.
Hence, PSO has been employed as an optimization tool to
tune the weights of RNN. The experimental results reveal that
the proposed algorithm has better performance than state-
of-the-art methods on Stanford background dataset. That
being said, the iteration of swarms dramatically increases the
runtime of the training process. Our future work may focus
on reducing the time complexity of the algorithm.
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We consider the subharmonics with minimal periods for convex discrete Hamiltonian systems. By using variational methods and
dual functional, we obtain that the system has a pT'-periodic solution for each positive integer p, and solution of system has minimal

period pT as H subquadratic growth both at 0 and infinity.

1. Introduction

Consider Hamiltonian systems

Ju () +VH (tu®) =0,  u(0)=u(pT), (1)

where u(t) € R*N, t € R, VH stands for the gradient of H
with respect to the second variable, and J = ( I?V o ) is the

symplectic matrix with Iy the identity in R". Moreover, H is
T-periodic in the variable t, p € N'\ {0}.

Classically, solutions for systems (1) are called sub-
harmonics. The first result concerning the subharmonics
problem traced back to Birkhoff and Lewis in 1933 (refer
to [1]), in which there exists a sequence of subharmonics
with arbitrarily large minimal period, using perturbation
techniques. More results can be found in [1-5], where H is
convex with subquadratic growth both at 0 and infinity. Using
Z » index theory and Clarke duality, Xu and Guo [1, 5] proved
that the number of solutions for systems (1) with minimal
period pT tends towards infinity as p — co.

For periodic and subharmonic solutions for discrete
Hamiltonian systems, Guo and Yu [6, 7] obtained some
existence results by means of critical point theory, where they
introduced the action functional

I‘DT T
F(u) = _EZ (JALu(n—1),u(n) - Y H (n,Lu(n)). (2)
n=1 n=1

Using Clarke duality, periodic solution of convex discrete
Hamiltonian systems with forcing terms has been investi-
gated in [8]. Clarke duality was introduced in 1978 by Clarke
[9], and developed by Clarke, Ekeland, and others, see [10-
12]. 'This approach is different from the direct method of
variations; some scholars applied it to consider the periodic
solutions, subharmonic solutions with prescribed minimal
period of Hamiltonian systems; one can refer to [3, 5,
12-14] and references therein. The dynamical behavior of
differential and difference equations was studied by using
various methods; see [15-19]. We refer the reader to Agarwal
[20] for a broad introduction to difference equations.

Motivated by the works of Mawhin and Willem [12] and
Xu and Guo [21], we use variational methods and Clarke
duality to consider the subharmonics with minimal periods
for discrete Hamiltonian systems

JAu(n) + VH (n,Lu(n)) =0, u(n)=u(n+pT), (3)

where u(n) = (Z;EZ;), Lu(n) = (”;(;EZ)I)), u;(n) e RN (i =
1,2) with N a given positive integer, and Au(n) = u(n +
1) — u(n) is the forward difference operator. p,T € N\
{0}. Moreover, hamiltonian function H satisfies the following

assumption:

(AD) H : Z x R*™ - R is continuous differentiable on
R*N, H(n,-) convex for eachn € Zand Hn + T, u) =
H(n, u) for each u € R?Y;



(A2) there exist constants a; > 0,a, > 0,1 < 8 < 2, such
that

%|u|9 <Hnu) < %w’, ueR™, (4)

which implies H subquadratic growth both at 0 and
infinity.

Theorem 1. Assume (Al) holds. Hn,u) — +o0o, H(n,u)/
u? = 0, as|u —» o uniformly in n € Z. Then there
exists a pT-periodic solution u,, of (3), such that llet, 1l o £
maxnez[l,PT]{Iup(n)I} — 00, and the minimal period TP of
u, tends to +co as p — oo.

Theorem 2. Under the assumptions (Al) and (A2), if

1 Vi 0/2
(— sin —) ,  when pT is even,
% 4ot o/ (5)
% <— sin L) ,  when pT is odd
2 2pT

for given integer p > 1, then the solution of (3) has minimal
period pT.

2. Clarke Duality and Eigenvalue Problem

First we introduce a space E,; with dimension 2NpT as
follows:

Eyr={u={u@m}eS|u(n+pl)

(6)
=u(n),peN\{0},nez},
where
S= {u ) | u@) = <Z; EZ;) e R,
7)

uj(n) € [RN,j: 1,2,n¢e Z}.

Equipped with inner product (:,-) and norm || - || in E,ras

pT
vy =Y (u(n),vn),
n=1
(8)

oT 1/2
llull = <Z|u (n)Iz) , Vu,veE,r,
n=1

where (-,-) and | - | denote the usual scalar product and
corresponding norm in RN, respectively. It is easy to see
that (EPT, (,+)) is a Hilbert space with 2NpT dimension,
which can be identified with R*™?T_ Then for any u € Eyrs
it can be written as u = (u'(1),u’(2),.. .,uT(pT))T, where
u(j) = (28) e R, j € Z[1, pT], the discrete interval
{1,2,..., pT} is denoted by Z[1, pT], and -* denotes the
transpose of a vector or a matrix.

Denote the subspace Y = {u € Eyr | u(l)=u)=--- =

u(pT) € R2N}. Let Y be the direct orthogonal complement of
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E,rto Y. Thus E,r can be split as E ;- = Y @Y, and for any
u € E,r, it can be expressed in the form u = # + u, where
ieY,uey.

Next we recall Clarke duality and some lemmas.

The Legendre transform (see [12]) H* (¢, -) of H(t, -) with
respect to the second variable is defined by

H" (t,v) = sup {(v,u) - H (t,u)}, 9)

ueRr?N

where (-, ) denotes the inner product in RN 1t follows from
(Al) and (A2) that
(B1) H*(n,-) is continuous differentiable on RN,
(B2) for T = 0/(0 - 1), v € R*™, n € Z, one has
-1 -1
l<i) |V|TSH*(H,V)Sl<l> v[*.  (10)
a, T\a

T 1

Associated with variational functional (2), the dual action
functional is defined by

pT
1
XW) =Y > (LUAY (1 =1),v(m)
-1
' (a
pT
+ ZH* (n,Av(n)), veE,.
n=1
Indeed, by (1), we have y(v + u) = x(v) forany i € Y
and v € Y. Therefore, y can be restricted in subspace Y
of E, ;. Moreover, in terms of Lemma 2.6 in [8] and the
following lemma, the critical points of (11) correspond to the
subharmonic solutions of (3).

Lemma 3 (see [8, Theorem 1]). Assume that

(H1) H(n,-) € CY(R*M,R), H(n,-) is convex in the second
variable forn € Z,

(H2) there exists B : Z — RN such that for all (n,u) €
Z xR*™, H(n,u) > (B(n),u), and B(n+T) = B(n),

(H3) thereexista € (0,2sin(rr/pT))andy : Z — RY, such
that for any (n,u) € Z x RN, Hn,u) < (a/2)|ul? +
y(n), and y(n+T) = y(n),

(H4) for each u € R?N, p:T H(n,u) — +ocoas|u| — oo.
n=1

Then system (3) has at least one periodic solution u, such

thatv = —J[u— (1/pT) Z‘Z:Tl 1(n)] minimizes the dual action

X0) = 220 (1/2)(L]Av(n = 1), v(n)) + 322 H* (n, Av(n)).
The following lemmas will be useful in our proofs, where

Lemma 4 can be proved by means of Euler formula ¢® =
cosf +isin 6, and Lemma 5 is a Holder inequality.

Lemma 4. For any k € Z, ZLT] sin(kn/pT)n) =

ZLTI cos((2km/pT)n) = 0.
Lemma 5. Foranyu; > 0,v; >0, k € Z, one has ZI;ZI ujv; <

(le.:l uf)l/p(zljzl v? l/q, where p>1,q>1land1/p+1/q=
1.
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Lemma 6 (see [12, proposition 2.2]). Let H : R" — R be of
C" and convex functional, - < H(u) < aq '[ul? + y, where
ueR™ a>0,g>1,8>0,y>0. Thena Pp~ [VH(u)|? <
(VH(u),u) + B+, where 1/p+1/q = 1.

In order to know the form of u € E_,, we consider

eigenvalue problem

pT>

LjAu(n—-1)=2Au(n),  u(m+pT)=u(m), (12)

where u(n) = (EQEZ;), Lu(n-1) = (u?(lrff)l)) eR¥N nez

A € R. We can rewrite (12) as the following form:
u (n+1)= (1 - /\Z)ul (n) + Au, (n),
U, (n+1) = Ay (n) +u, (n), (13)

u, (n+pT) = uy (n), u, (n+ pT) = u, (n).

Denoting

_((1=2)1y A1
M(A)_< _MNN I,iv , (14)

then problem (12) is equivalent to

umn+1)=MQA)u@), u(n+pT)=u(m). (15)
Letting u(n) = p"c be the solution of (15), for some ¢ € c,
we have yc = M(A)c and p" = 1. Consider the polynomial
IM(A) — ul,x| = 0 and condition u?” = 1; it follows that

_ hrilpT kr

A =2sin —,
pT (16)

keZ[-pT+1,pT -1].
In the following we denote by HIPT ) =
2sin(kn/pT), k € Z[-pT + 1,pT — 1], and p € R". By
(M(Ay) = weIn)e = 0, it follows that

“ <ie(""5’PT’p>' )
Thus
u (n) = pp = T ( ie(—kﬁ/pT) P)
cos ( Zk—nn)
) pr)"
) —sin<2k—ﬂ<n—l)> (18)
pT 2 p
sin (Zk—nn>
rT P

Let

e = (1
COS <p_T (1’1 - E)) p
Obviously, &.(n) and 7 (n) satisty (15). Moreover LJAE, (n —
1) = Akgk(”)’ L]Af’lk(” -1) = Ak”lk(”)y Ezpnk(”) = Ek(”)>
taprk(n) = (1), Epp i (1) = & (1), My (n) = =i (n).
For k # pT'/2, subspace Y, is defined by

Yy
T T
span {Ek (n),11k+(pT/2) (n)} R keZz [7% +1, % - 1] \ {0},
ne Z, if pT is even,

o[22

neZ, if pT is odd,

span {Ek () e (i) /2) (")} )

(20)

where [-] denotes the greatest-integer function and

YpT/z = Span {EPT/Z (n),ne Z} R
(21

Y_,r/2 = span {f_pT/z (n),ne Z}.
Therefore,

) ] \ {0}, if pT is even,

T T
Y=oy, keZ H—%] : [%H \ {0}, if pT is odd.
(22)
Moreover, for any u = {u(n)} € E 1, we may express u(n) as

u(n)

T-1 CoS <2k—ﬂn>a
Pi pT k

—sin<2:—;<n—%>>ak (23)

k=—pT+1

where a;, b, € RN,
Since (Au(n), Au(n)) = —(A*u(n — 1), u(n)), we consider
eigenvalue problem

u(n) € RY,
(24)

~Numn-1)=Mm), u(n+pl)=u)),



where A%u(n — 1) = Au(n) — Au(n — 1) = u(n + 1) -
2u(n) + u(n — 1). The second order difference equation (24)
has complexity solution u(n) = "¢ for ¢ € CV, where
0 = 2kn/pT. Moreover, A = 2 — e e = 2(1 — cosB) =
4sin*(0/2); that is, A = 4sin*(krt/pT), k € Z[0, pT — 1].

By the previous, it follows Lemma 7.

Lemma 7. For any u € E,;, one has —/\maxllull2 <
T T
Z'Z:I(L]Au(n—l),u(n)) < )Lmaxllullz, and 0 < 25:1 [Au(n))?* <

/\fnaxllullz, where

Amax = Max {2 sin k_n}
ke[0,pT-1] pT
2, if pT is even, 25)
~ 12cos 2}%, if pT is odd.

Moreover, ifu € Y, then ALsinZ(n/pT)IIuII2 < Zﬁ; |Au(n)* <
A2 llull®.

3. Proofs of Main Results

Lemma 8. Consider

pT
Y (LJAu(n—1),u(n)
n=1 (26)

—IPT
. 2
> —(2 sin p_T> Z|Au MI°, VYueE,.

n=1

Proof. Letting ti(n) = u(n) — (1/pT) Zﬁ; u(n), thenzi € Y.
By Lemmas 5 and 7, we have

pT
Y (LJAu(n—1),u(n))

n=1

pT
= Y (LJAu(n- 1), (n))
n=1

1/2

pT
> - (ZlL}Au (n- 1)|2>

n=1

pT
: (Zm(n)F) (27)

-1 pT
) > 1duml.

n=1

=- <ZSin

=L
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Lemma 9. If there exist « € (0,sin(n/pT)), f = 0and é > 0,
such that

6|u|—ﬁ£H(n,u)s%|u|2+y (28)

foralln € [1,pT] and u € RN, then each solution of (3)
satisfies the inequalities

2a (B +7y) pTsin (7/pT)
sin (77/pT) — &

pT
Y Au @)’ <
n=1 (29)

g (B+7y) pT'sin (n/pT)
Zl Ll < S i G/ pT) — )

Proof. Let u be the solution of (3). By Lemma 6, we have

A

ilVH (n, Lu (n))l2 < (VH (n,Lu(n)),Lu(n)) + f+y

- (JAu(n), Lu(n) + B +y.

(30)

Obviously, JAun)|* = (=VH(n, Lu(n)), JAu(n)) = |VH(n,
Lu(n))|? by (3), and it follows that (1/2«) 2551 [JAu(n)* +
Y2 (JAu(n), Lu(n)) < (B +y)pT; that is,

1 pT 5 T
E;Mu ()] +;(L]Au (n-1),un) -

< (B+y)pT.

By means of Lemma 8, we have

-1 PT
[L_<25inp1T> ] ZlAu(n)l2 <(B+y)pTl, (32)

2a n=1

which gives first conclusion.
Now, H(n,0) < y in view of (28); therefore by convex and
Lemma 8, we have

pT
8 |Lu(n)| - ppT

n=1

pT
< 3 H (n, Lu (n)
n=1

pT
< > [H(n,0) + (VH (1, Lu (n)) , Lu (n))]

n=1
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pT
<ypT - ) (JAu(n), Lu (n)
n=1

pT
=ypT - ) (JLAu(n—1),u(n)

n=1

1pT

< ypT + (2 sin p_> Z|Au (n)|?

a(B+y)pT

T
Yt (m/pT) -

(33)

which gives the second conclusion. The proof is completed.
O

Proof of Theorem 1. Let ¢; = max,,.,|H(n, 0)|. By assumption
in Theorem 1, there exists R > 0, such that H(n, u) > 1+¢,, for
n € Z and |u| > R. Moreover, there exist « € (0,2 sin(rr/ pT')),
y > 0 such that

H(nu) < %|u|2 +y, Vmuw) e ZxR™N.  (34)

Thus, by convex of H, for all (n,u) € Z x R*N with |u| > R,
we have

R
1+¢ < H(n,—u)
|l

< H(n,0)+ % (H (n,u) — H (n,0)) (35)

R
< —Hmu)+¢.
Jua]

Therefore there exist > 0 and § > 0, such that
Hmu)=8ul-p, Vmu) eZxR™N.  (36)

Combining the previous argument, by Lemma 3, the system

(3) has a pT periodic solution u, such that v, = -] [up -
(1/pT) Zn L Up (n)] € Y minimizes the dual action
by
Xo (V) = Zz (L18v, (= 1), v, ()
" (37)
pT
+ ZH* (n, Av, (n)) on E,r

n=1

It follows that Aup(n) = ]Avp(n) and va(n) = up(n) -
(1/pT) 321, u ().
We next prove that IIuPII00 — ooasp — ©00.

Suppose not, there exist ¢, > 0 and a subsequence {p}
such that

P — 00, "”pk “OO <¢ ask— oo. (38)

In terms of (3), it follows that IIAqu oo
and |lv,, llo < 265, 1AV, [l <
—H(n,0) > — ¢, we have

< ¢ for some ¢; > 0,
¢;. Consequently, by H* (1, v) >

nT
= Z% (LjAv, (n=1),v,, (1))
T
+ 3 H (v, ) &
n=1

\%

1PkT
- EZ |L]Avpk (n- 1)' 'Vpk (n)| -apT
n=1

vV

- (\/fczc3 + cl)ka,

where n € Z[1, p, T] and

|L7Av,, (n-1)| = (.sz‘Pk (n)|2 +]Avy, (n- 1)]2)1/2

< \/EHAVPk"oo < V2.

(40)

By (36), if |v| < 8, we have (v,u) —H(n,u) < (v,u)—06lul+
B < B, and H*(n,v) < B. Letting p € RY and |p| = 1, in
terms of (12), hp associated with A_, = =2 sin(7/pT) is given
by

0

hy () = 4sin (rr/pT)

(41)
which belongs to E 7, and
2
|k, ()]
8 2
= ( 4sin(n/ pT) )
< 1 2n 1 > ?
—sin— |n+=-)-cos—(n+=)|p
-Zsinl P ( 2) pT( 2) (42)
T ( T 2 )
COS —(—n—Ssm-——n|p
T T

L i 27 2 2
=3 [2+sm oT (2n+1) —sin oT 2n)] |p| I

<&



Moreover, by Lemma 4 we have
pT
2
2|y o)
n=1

- Z ( 4 sm(ﬂ/PT) )2

(43)
. (2 + sin 12)—; (2n-1) —sin ;—; (2n)> |p|2
~ 5 2 . &pT
a <4sin(7r/pT)> 2|p| P = 8sin? (n/pT)'
Thus ¢ = Xp(hp) < Z (1/2)(L]Ah (n - 1),hp(n)) +

BT = YL /D(2sinGa/pD)Ih,m) + PpT =
- 62pT/8 sin(m/pT) + PpT. Combining (39), we have
8(V26,¢; + ¢, + B,) sin(rt/ p T) = 8°, which is impossible as k
large. So the claim lim,,_, ,[lu,llo = 00 is valid.

It remains only to prove that the minimal period T}, of u,,
tends to +co as p — ©o.

If not, there exists T > 0 and a sequence {p;} such that
the minimal period T, of u, satisfies1 < T, < T. By
assumption in Theorem 1, there exists & € (0, sin(7r/T)) and
y > 0 such that

H(n,u) < %|u|2 +y V(mu) e Z xRN, (44)
By (36) and Lemma 9 with pT replaced by T}, , we get
Th 2 (B+y)T, sin(m/T
Z'Aupk (1’1)|2 < ('B . Y) Pr ( Pk)
=1 sin (ﬂ/Tpk) -« (45)
2a(B+y)Tsin(n/T)
sin (7/T) — « ’
Th (B+y) T,, sin (rr/Tpk)
Z 'Lu | - 8 : T
n=1 (Sln (ﬂ/ Pk) - ‘x) (46)
(B+y) Ty, sin(n/T)
S (sin (7/T) — @)
Writeu = Uy t U, whereu (1/ ) o i pk(”)
(1 / )Z Lu, (n) € Y Inequahty (46) implies that
7ol = o A
(47)

(B +y)sin (7/T)
S (sin(n/T) — )’

IN

_Z |Lqu (n )|

Pkﬂl
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By Lemma 7 and (45), it follows that
TPk
[ = [, 0
n=1
1T
< (2 sin TL) Z|A“Pk (n)'

Dx (48)
_120(B+7y)Tsin (n/T)

< (2sin(7/T)) "

< (2sin(/T)) Sin 01/ T) =

_ ay)T

~ sin(n/T) -’
which implies that {IIﬁkaIOO} is bounded, therefore
{Ilupklloo} is bounded; a contradiction with the second

claim lim,, _, o, [l4,ll, = co. This completes the proof. O

Proof of Theorem 2. Under the assumptions (Al) and (A2), all
conditions in Theorem 1 are satisfied. Then, for each integer
p > 1, there exists a pT-periodic solution u of (3) such that

v=—Ju-Q1/pT) Zﬁ; u(n)] € Y minimizes the dual action

xW) =Y S (LJAv(n=1),v ()
-1
' (49)
pT
+ Y H" (n,Av(n)) on E,p
n=1
If the critical point v of dual action functional y has
minimal period pT/l € N\ {0}, where I € N\ {0}, then by

Lemma 7 with pT replaced by pT/I, we have the following
estimate:

I pT pT
4sin2—Z|v(n)|2 < ZlAv (n)|. (50)
pT n=1 n=1
By Lemma 5 and the previous inequality, we have

pT
Y (LJAv(n—1),v(n)
n=1

1/2

pT
> —(ZUJAV (n- 1)|2>
n=1
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I\ & 2>1/2
- 2sin — |Av ()]
< min) (WZ; v(n

( ZT[ -1 2
=- 2sin—> |Av (n)|
)
2/t

> —(2 sin ll>_1(pT)(l_2/T) ( % |Av (n)|T>
- pT n=1 ’

(51)

where 7 = 0/(0—1) > 2for1 < 6 < 2. It follows from
assumption (B2) that

7-1
H" (n,Av (n)) > %<i> |Av ()", (52)

a
thus

2/t

X = —(2 sin Z)_l(pT)("”“&mV <n)|f)
pT n=1

(53)
1/ 1\ & .
+ ?(Z) n;mv(nn
(e-1)/(r-2)
g 1/t -1/2) pT(a3) (50

(sin (Ir/ pT))T/ (==2)

One can obtain the previous inequality by minimizing in

(53) with respect to (Z‘Z:Tl IAv(n)IT)l/T, and the minimum is
attained at (pT)I/T(az)(r_l)/(r_z)/(sin(lﬂ/pT))l/(T_z).
On the other hand, let

y(n) = - . (5)
p

where @, € RY, k € Z[[-pT/2], [pT/2]]\ {0}. Then v € Y,
and

. 2km 1
sm—T <1’l+ E) <y
Av (n) = -2 sin p

Taking @, = (d,0,...,0)" € RN, where d € R, by Lemma 4,
it follows that

pT
Y (LJAv(n=1),v(n)
n=1

pT
= [_AVZ (mv, (V) +Avy (n=-1)v, (n)]
n=1
T (57)
= — - 2sin —
= pT T
<cos2 n-|df + 1n22k—ﬂ (n - l) |d|2>
pT 2
=M |d|2,
where A, = 2 sin(kn/pT) and
pT
1Ay m)|*
n=1
pT 1
=) M (pT) "
;I il 58)

/2
. (sinzzk—ﬂ (n + l) + cosZZk—ﬂn> |d|*
pT 2 pT
<AT . (pT)l—(T/Z) . 27/2|d|r‘

max

Therefore, taking k = —[pT'/2], by eigenvalue problem (24)
and (B2), it follows that

125
X0 =Y LAV =1),v ()
n=1

pT
+ Y H" (n,Av (n))

n=1
< - ap
max
2 (59)
171\ &8
+—<—> Y lAv(m)*
T 1 n=1
1 , 1/1\7'.,
< - A ldPe=(=) A
S W+ 1) 0

. (pT)l—(T/2) '2T/2|d|T~

Let f(p) equal the right-hand side of (59) where p = |d]|.
It is easy to see that the absolute minimum of f is attained at
Panin = (@)D (pT) 2 AT DI g7 22 and given



(r-1)/(z-2)

by fuin = (/7 - 1/2)PT(61f) 72 Hence,

by (19), let
§(n) =& (prya ()

/(22

max)

(60)
o 2T ()
pT 2)P
where p € RN, k= -[pT/2].
If pT is even, then &(n) = (1, l)T -(=1)"p. Set
Vo = v € Voppryay s v ) = E (),
(61)
p=(d0,...,0" eRY,deR}.
ForveY, ,we have
X (V) < fmin' (62)
Combining (54), (59), and (62), we have
(r-1)/(z-2)
(1/7-1/2) pT(a3)
(sin(i/pT))" 2
(r-1)/(r-2) (63)
7-1)/(7-2
(1/7-1/2) pT(ay)
= (1)
Byt > 2,and 6 = t/(7 - 1), it follows that
sin (Irr/ pT)
2/0° (64)

(ZAmax) < (aZ/al)

Forinteger p > 1, T > 1,1 € N\ {0}, pT/l € N\ {0}, we have
0<In/pT <m, 0<m/pl <m/2.

If pT is even, then A_,, = 2. By assumption a,/a, <
((1/4) sin(r/ pT))?/* we have sin(lrr/ pT) < sin(r/pT), which
implies that I = 1 orl = pT — 1. If pT > 2, then pT/l =
pT/(pT —1) ¢ N. So we havel = 1.

If pT is odd, then A,,, = 2cos(r/2pT). By assumption

max

ala; < ((1/2) sin(n/2pT))9/2, we have sin(ln/pT) <
sin(rr/ pT), so | = 1. This completes the proof. O
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This paper investigates dynamical behaviors of the stochastic Hopfield neural networks with mixed time delays. The mixed time
delays under consideration comprise both the discrete time-varying delays and the distributed time-delays. By employing the theory
of stochastic functional differential equations and linear matrix inequality (LMI) approach, some novel criteria on asymptotic
stability, ultimate boundedness, and weak attractor are derived. Finally, a numerical example is given to illustrate the correctness

and effectiveness of our theoretical results.

1. Introduction

The well-known Hopfield neural networks were firstly intro-
duced by Hopfield [1, 2] in early 1980s. Since then, both the
mathematical analysis and practical applications of Hopfield
neural networks have gained considerable research attention.
The Hopfield neural networks have already been successfully
applied in many different areas such as combinatorial opti-
mization, knowledge acquisition, and pattern recognition,
see, for example, [3-5]. In both the biological and artificial
neural networks, the interactions between neurons are gen-
erally asynchronous, which give rise to the inevitable signal
transmission delays. Also, in electronic implementation of
analog neural networks, time delay is usually time-varying
due to the finite switching speed of amplifiers. Note that con-
tinuously distributed delays have gained particular attention,
since a neural network usually has a spatial nature due to the
presence of an amount of parallel pathways of a variety of
axon sizes and lengths.

Recently, it has been well recognized that stochastic dis-
turbances are ubiquitous and inevitable in various systems,
ranging from electronic implementations to biochemical sys-
tems, which are mainly caused by thermal noise and envi-
ronmental fluctuations as well as different orders of ongoing
events in the overall systems [6, 7]. Therefore, considerable

attentions have been paid to investigate the dynamics of
stochastic neural networks, and many results on stochastic
neural networks with delays have been reported in the litera-
ture, see, for example, [8-30] and references therein. Among
which, some sufficient criteria on the stability of uncertain
stochastic neural networks were derived in [8-10]. Almost
sure exponential stability of stochastic neural networks was
discussed in [11-15]. In [16-22], mean square exponential
stability and pth moment exponential stability of stochastic
neural networks were investigated; Some sufficient criteria
on the exponential stability for impulsive stochastic neural
networks were established in [23-26]. In [27], the stability
of discrete-time stochastic neural networks was analyzed,
while exponential stability of stochastic neural networks with
Markovian jump parameters is investigated in [28-30]. These
references mainly considered the stability of equilibrium
point of stochastic neural networks. What do we study when
the equilibrium point does not exist?

Except for stability property, boundedness and attractor
are also foundational concepts of dynamical systems. They
play an important role in investigating the uniqueness of
equilibrium, global asymptotic stability, global exponential
stability, the existence of periodic solution, its control and
synchronization [31, 32], and so on. Recently, ultimate bound-
edness and attractor of several classes of neural networks



with time delays have been reported. Some sufficient cri-
teria were derived in [33, 34], but these results hold only
under constant delays. Following, in [35], the globally robust
ultimate boundedness of integrodifferential neural networks
with uncertainties and varying delays was studied. After that,
some sufficient criteria on the ultimate boundedness of neural
networks with both varying and unbounded delays were
derived in [36], but the concerned systems are deterministic
ones. In [37, 38], a series of criteria on the boundedness,
global exponential stability, and the existence of periodic
solution for nonautonomous recurrent neural networks were
established. In [39-41], the ultimate boundedness and attrac-
tor of the stochastic Hopfield neural networks with time-
varying delays were discussed. To the best of our knowledge,
for stochastic neural networks with mixed time delays, there
are few published results on the ultimate boundedness and
weak attractor. Therefore, the arising questions about the ulti-
mate boundedness, weak attractor, and asymptotic stability
of the stochastic Hopfield neural networks with mixed time
delays are important yet meaningful.

The left of the paper is organized as follows and some
preliminaries are in Section 2, Section 3 presents our main
results, a numerical example and conclusions will be in
Sections 4 and 5, respectively.

2. Preliminaries

Consider the following stochastic Hopfield neural networks
with mixed time delays:

dx (t) = [ —Cx (t) + Af (x (1)) + Bf (x (t — 7 (1))

+ Dr g(x(s)ds+]|dt M
t—7(t)

—1(

+ [oyx (8) + opx (t — T (1) dw (1),

where x = (x,,...,x,)" is the state vector associated with
the neurons, C = diagfc;,...,¢,}, ¢ > 0 represents the
rate with which the ith unit will reset its potential to the
resting state in isolation when being disconnected from
the network and the external stochastic perturbation; A =
(@)uxn> B = (Bj)uxn and D = (d;;),x, represent the con-

ij
nection weight matrix; J = (Il,...,]n)T, J; denotes the

external bias on the ith unit; f; and g; denote activation

functions, f(x(t)) = (f(x,(t))s..., fo(x, ()T, glx(t)) =
(gy(x1 (@), 05 gn(xn(t)))T; 0,0, € R™" are the diffu-
sion coeflicient matrices; w(t) is one-dimensional Brownian
motion defined on a complete probability space (Q, F, P)
with a natural filtration {#,},., generated by {w(s) : 0 < s <
t}; there exists a positive constant 7 such that the transmission
delay 7(t) satisfies

o<t()<T. (2)
The initial conditions are given in the following form:

x(s) =&(s),

-71<s<0, j=1,...,n, €

~—
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where &(s) = (&,(s), ..., fn(s))T is C([-7,0]; R")-valued func-
tion, & ,-measurable R"-valued random variable satisfying
IEIZ = sup_,. . EIEG)IP < oo, |l - | is the Euclidean norm,
and C([-7,0]; R") is the space of all continuous R"-valued
functions defined on [T, 0].

Let F(x,,t) = —Cx(t) + Af(x(t)) + Bf(x(t — =(t))) +
D tiT(t) g(x(s))ds+],G(x,, t) = 0,x(t) + 0,x(t — 7(t)), where

X ={x({t+0):-1<0<0,t 20} =¢(0). (4)
Then system (1) can be written by
dx (t) = F (x,,t)dt + G(x,,t) dw (¢). (5)

Throughout this paper, the following assumption will be
considered.
(A1) There exist constants I, I, m; and m; such that

N Vx

' o ,¥y €R. (6)

< & ) -g:(y) _ e,
xX=-y

Remark 1. Tt follows from [42] that under the assumption
(Al), system (1) has a global solution on t > 0. Moreover,
under assumption 1, it is not difficult to prove that F(x,,t)
and G(x,, t) satisfy the local Lipschitz condition in [43].

Remark 2. We note that assumption (Al) is less conservative
than that in [8, 9, 39], since the constants I, I/, m; and m;
are allowed to be positive, negative numbers, or zeros.

The notation A > 0 (resp., A > 0) means that matrix
A is symmetric positive definite (resp., positive semidefinite).
AT denotes the transpose of the matrix A. A, (A) represents
the minimum eigenvalue of matrix A. Denote by C(R" x
[-7,00); R") the family of continuous functions from R" x
[-7,00) to R" = [0,00). Let C*}(R" x [-7,00); R") be
the family of all continuous nonnegative functions V(x, )
defined on R" x [-7,00) such that they are continuously
twice differentiable in x and once in ¢. Given V € C*!(R" x
[-7,00); R), we define the functional LV : C([-t, 0]; R") x
R* — Rby

LV (p.t) = V, (¢ (0),1) + V, (¢ (0), 1) F (¢,1)

+ %trace [GT (9 1) Vir (9(0),£) G (o, t)] ,
(7)
where V (x,t) = (Vxl (x,1), ... Ve (x,1)) and V,,(x,1) =
(Ve (52D

The following lemmas will be used in establishing our
main results.

Lemma 3 (see [44]). For any positive definite matrix P > 0,
scalar y > 0, vector function f : [0,y] — R" such that
the integrations concerned are well defined, and the following
inequality holds:

(J:f(s) ds>TP(Ef(s) ds> < YJ: () Pf (5)ds. (8)
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Lemma 4 (see [43]). Suppose that system (5) satisfies the local
Lipschitz condition and the following assumptions hold.

(A2) There are two functionsV € C* (R"x[~1,00); R") and
U € C(R"x[-7,00); R") and two probability measures
u(-) and p(-) on [—7,0] such that

lim inf V (x,t) = oo, 9)

|lx]l = co 0<t<co
while for all (p,t) € C([-7,0]; R") x RY,
LV (¢,t) < oy — o,V (9 (0),1)
0
‘o I V(9(0),t+06)da6)

(10)
~U(¢(0),1)

0
+(xj U

>0,a, >a; >0anda € (0,1).

(p©),t+0)du(6),

where «;
(A3) If there is a pair of positive constants c and p such that

clxllf <V (x,t), V(x,t)eR"x[-1,00). (1)

Then the unique global solution x(t) to system (5) obeys
lim supElx (0)]° < 24, (12)
t— 00 ce
where € = min{e;, &,} whilee, = —In(a)/T and ¢, > 0
is the unique root to the following equation:

o, =& +oze. (13)
If, furthermore, &, = 0, then

hrnsup In (Ellx ()I7) < ¢,
t— 00

(14)

lim sup ln (lx @I < —% almost surely.

t— 0o

3. Main Results

Theorem 5. Suppose that there exist some matrices P > 0,

U; = diag{u;;,...,u;,} = 0 (i = 1,2,3) and positive constants
Vi Vo A such that X' 7y, € (0,1) and
A, 0 PA+L,U, PB UM,
x A, 0 LU, 0
3= * % A, 0 0 <0, (15)
* % * Ay 0
% % % * Ag

where A, = (y, + 20)P + 20, Pa; — PC — CP + U,(AI -
2L,) + Uy(AM = 2M,), A, = 207 Po, + (Al = 2L,)U,, Ay =

20 = 1DU, Ay = 2(A = 1D)U,, As = 2(A - 1)U, + y,D" PD,
L, = diagll;I}, ... .1} L, = diaglls +1F,....L + '}, M, =
diag{m,m{,...,m m'}, M, = diag{m, + m{,...,m_ +m'},

* means the symmetric terms.

Then, the following results hold.

(i) System (1) is stochastically ultimately bounded; that is,
for any 8 € (0, 1), there exists a positive constant C =
C(6) such that the solution x(t) of system (1) satisfies

lim supP {||x (t)|| < C} > 1 - 4. (16)

t— 00

(ii) If oy = 0, where &y = max(y;,0),& > 0 is the same as
defined in Lemma 4,

ys= A" TTPI

n
+ Z (i + 1)
i=1

X { - 2f72(0) + 217" £ (0)

i (17)
O]
+Zu31{ Zgl (0) +217" gl (0)
+ )L_l(m;r + mi_)zgi2 0) } ,
then
lim sup- L (Elx 01*) < -,
lim sup ln (Ix @ < —g almost surely.
t— 00
Proof. Let the Lyapunov function V(x,t) = xL(£)Px(t).

Applying Ito’s formula in [42] to V(¢) along with system (1),
one may obtain the following:

AV (x,t) = 2x" (t) P [0, (t) + 0,x (t — 7 (£))] dw (t)
+LV (@,t)dt,

where

V(p,t) = 2xT () P [— Cx ()+Af (x #))+Bf (x (t — 7 (1))

t
+DJ gx(s)ds+]
t—1(t)

+[ox () + oyx (¢ - T (1)]"

X Poyx (t) + o,x (t — 7 (t))]
< 2x" (1) P[-Cx (t) + Af (x (1))
+ Bf (x (t = 7(1)))]



+2Ax" (t) Px (t)

¢ T
+A_1]TP]+A_1<J Dg (x (s)) ds>
t—1(t)

x P (J:_T(t) Dg (x (s)) ds)

+2[x" (t) o] Poyx (1)
+x (t—7 () 0y Poyx (t - 7(1))] .

(20)

From Lemma 3, it follows that

1! ( J:T(t) Dg (x(s)) ds)TP ( J:T(t) Dg (x (s)) ds)

<A < j-:_T Dg (x (s)) ds)TP (L; Dg (x (s)) ds)

<At t gT(x(s))DTPDg(x(s))ds

t—1

=T

0
4" (¢ (6)) D" PDg (¢ (9)) d6.

-7

P JO g7 (x (¢ +6)) DTPDg (x (t + 0)) dO
= )L_ITJ

(21)

From (Al), it follows that fori = 1,..., n,

0< =2 uy; [fi (% (6) — £;(0) = x; (8)]
i1

X [f; (x; (1) = £; (0) = I x; ()]

- Ziuu {ff (x; (1) = (17 +17) x; (8) f; (x; (1))
+ L () + £70) = 2£,0) f; (% (1)
) %0 £,0) |
- 2w (£ (5 )~ + )% 0 £, (50)
T x; (0}

+Yu, [ C2f2(0) +4f, (0) f, (x; (1)
i=1

—2( +17) x; (t)ﬁ(O)]
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< - 22”11‘ {fzz (x;: () = (17 + 1)) %, (1) f; (x; (1))
=1

+ 17X (1)}

+ Zn:”u { - 2fi2 0)+2 [Afiz (; (1) + A_lfiz (0)]
i1

L@@+ o) |

=2 -1) T (x@O)U,f (x @) +2fT (x (1)) U,Lyx (¢)

+x" () U, (M =2L,) x (¢)

+ iuli (-2 @+227 2@+ A7 + 1) £ )}
i=1

(22)

Similarly, one derives that

0< =2 uy [fi (3 (=T (1)) = £; (0) = [/ x; (t = 7 (1))]

i=1
X [fi(x; =7 () = £; (0) =1, x; (t — 7 ()]
<2A-1) T (xt-T@)Uf (x(t-7(t)
+ 21T (x (t — (1) U,L,x (t — 7 (t))

+x7(t -7 ()Uy (M —2L,) x (t — 7 (1))

+ iuy (L2 @+227 2 @+ A7 (@ + 1) £ 0,
i=1

0< - 22”31’ [g; (x; (1) = g: (0) - m:xi ®)]

i1
x [g; (x; (1) = g; (0) = m; x; ()]
<2(A-1) gT (x (1) Usg (x (£)) + ZQT (x (1)) UsMyx (t)

+x" (1)U, (A - 2M,) x (¢)

+iu3,. f2g? 0 +2071 g7 ©) + A7 (] +m;) g7 O]

i=1

(23)
Further from (20)-(23), one derives

LV (p.t) < 2x" (£)P [-Cx () +Af (x ())+Bf (x (t = 7 (£)))]

+20x" (£) Px (t)

e[ g (p(®) D"PDg (9 @) do
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+2[x" (t) o) Poyx (t)
+x" (t-1(t) o) Po,x(t-T (f))]

2001 fT(xO)U, f (1)
+2fT (x () Uy Lyx (1)

+x7 () U, (M =2L,) x (¢)
2 =1) 1 (et =T Uy f (x (8 =7 (1))
+2fT (x (t =7 (1) UpL,x (t — 7 (1))

+xT (t—1 @)Uy (M = 2L,) x (t — 7 (£))
+2(A=1)g" (x (1) Usg (x (1))

+2g" (x (£)) UsMyx (t)
+x" () U, (M - 2M,) x (t)

+ s+ nx’ () Px () -1V (9(0),1)
+1,9" (x (1)) D" PDg (x (1))

- 129" (¢(0)) D"PDg (¢ (0))

WV (9(0),1)

~1,9" (¢(0)) D"PDg (¢ (0)) + y5

<" Oy t) -

A7 jo 4" (¢ (6)) D'PDg (¢ (9)) d6
<y =NV (9(0),t) U (9(0),t)

0
Ayt J U(g(0),t+6)do,

(24)

(1)), fT(x(t), fT(x(t - (1)),
= x(t), U(x,t) = 7,9" (x)D" PDg(x),

where #(t) = ), £ -
g"x®)", 9(0)

ys=A"'J'P]
¥ Zl (g + 1437)
{27 @+ £ O+ ) O (g
+ iu3,. { —2g7 (0) + 217" g (0)

+ A7 (m) + m;)zgi2 0) } .

5
Let ay = max(y;,0), a0 = yp, a3 = 0, = Alry, ¢ =
A min (P). Then it follows from Lemma 4 that
T Ellx (D12 < o < Y4 ’
im supE|lx (D) P A me (20
where € > 0 is the same as defined in Lemma 4,
yi=ATP
+ Y (wy+ ) 227 2O+ 270 +5) £ )
i=1
+ -2 2
+Zu3l {2/\ g )+ A (mf +m;) g; (0)}.
(27)

Therefore, for any § > 0, it follows from Chebyshev’s
inequality that

lim supP {nx(t)n > Jﬁ}

< lim su —E||x (t)"2 (28)
R JOA (P)e

<é.

If, furthermore, a; = 0, then it follows from Lemma 4 that
(ii) holds. O

Theorem 5 shows that there exists ¢, > 0 such that for any
t >ty P{llx(t)|l < C} > 1 - 4. Let B denote by

Bo={xeR"||lx(t)| <C,t > ty}. (29)
Clearly, B is closed, bounded, and invariant. Moreover,

lim sup ianc [x @ - y| =0, (30)

t—oo Y€

with no less than probability 1 — §, which means that B,
attracts the solutions infinitely many times with no less than
probability 1 — &, so we may say that B is a weak attractor for
the solutions.

Theorem 6. Suppose that all conditions of Theorem 5 hold,
then there exists a weak attractor B, for the solutions of system

.

Remark 7. Compared with [39-41], assumption (Al) is less
conservative than that in [39] and system (1) includes mixed
time delays, which is more complex than that in [39-41]. In
addition, Lemma 4 is firstly used to investigate the dynamical
behaviors of stochastic neural networks with mixed time
delays. The bound for LV may be in a much weaker form.
Our results do not only deal with the asymptotic moment
estimation but also the path wise (almost sure) estimation.
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FIGURE 1: Time trajectories (a) as well as the set B and several typical phase portraits (b) for the system in Example 8 (color online). Where
initial values for t < 0 are chosen as x(t) = (50, 80). For (b), only phase portraits for ¢ > 0 are shown.

4. Numerical Example

In this section, a numerical example is presented to demon-
strate the validity and effectiveness of our theoretical results.

Example 8. Consider the following stochastic Hopfield neu-
ral networks with mixed time delays:

dx(t) = [ —Cx (t)+ Af (x(t)) + Bf (x (t — (1))

t
+ DI g(x(s)ds+]|dt (1)
t—1(t)
+ox () +oyx(t -7 (1)) dw(?),
where J = (0.01,0.01)7, 7(t) = 0.2| sin ],
-0.2 0.3 05 -1
A= ( 0.2 —0.5)’ B= <—1.4 0.8)’
12 0 0.3 —0.1
C=<0 1.2>’ Dz(o.1 0.4)’ (32)

(02 01 (01 -02
=103 02) “%27\-02 03 )

and f(x) = g(x) = tanh(x), w(t) is one-dimensional Brown-
ian motion. Then L, = M; = 0, L, = M, = diag{l, 1}. By
using the Matlab LMI Control Toolbox [45], fory; =y, = A =
0.5, 7 = 0.2, based on Theorem 5, such system is stochastically

ultimately bounded when P, U;, U, and U; are chosen as
follows:

p= (0.3278 0.2744) ) U, = (0.0668 0 >’

0.2744 0.3567 0 02255
0.1263 0 0.0901 0
U, = ( 0 0.1218)’ Us = ( 0 0.1031)'
(33)

Ford = 001, y, = y, = A = 0.5, 7 = 0.2, we obtain
€ = 0.5 and constant C = C(8) = /JTPJ/A,,;,(P)OAe =

1/0.1141/0.0675 = 1.3001. Then B; = {x € R* | ||x(t)| <
1.3001, t > to}, P(x € Bg) = 0.99. For the system in
Example 8 (color online), Figure 1(a) shows time trajectories,
and Figure 1(b) shows the set B and several typical phase
portraits, where initial value for t < 0 is chosen as x(t) =
(50,80). In Figure 1(b), only phase portraits for t > 0
are shown. From Figure 1, one can easily find that these
trajectories are almost all attracted by the set B..

5. Conclusion

In this paper, by using the theory of stochastic functional dif-
ferential equations and linear matrix inequality, new results
and sufficient criteria on the asymptotic stability, ultimate
boundedness, and attractor of stochastic Hopfield neural
networks with mixed time delays are established. A numerical
example is also presented to demonstrate the correctness of
our theoretical results.
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