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The 𝜅-deformation of the (2 + 1)D anti-de Sitter, Poincaré, and de Sitter groups is presented through a unified approach in which
the curvature of the spacetime (or the cosmological constant) is considered as an explicit parameter. The Drinfel’d-double and the
Poisson–Lie structure underlying the 𝜅-deformation are explicitly given, and the three quantum kinematical groups are obtained
as quantizations of such Poisson–Lie algebras. As a consequence, the noncommutative (2 + 1)D spacetimes that generalize the𝜅-Minkowski space to the (anti-)de Sitter ones are obtained. Moreover, noncommutative 4D spaces of (time-like) geodesics can
be defined, and they can be interpreted as a novel possibility to introduce noncommutative worldlines. Furthermore, quantum
(anti-)de Sitter algebras are presented both in the known basis related to 2 + 1 quantum gravity and in a new one which generalizes
the bicrossproduct one. In this framework, the quantum deformation parameter is related to the Planck length, and the existence
of a kind of “duality” between the cosmological constant and the Planck scale is also envisaged.

1. Introduction

The connection between quantum groups and Planck scale
physics was early suggested in [1]. Quantum deformations of
Lie algebras and Lie groups [2–8] have been broadly applied
in the construction of deformed symmetries of spacetimes
[9–23], especially for the Poincaré andGalilei cases, for which
the deformation parameter is known to play the role of a
fundamental scale. Among all these quantum kinematical
algebras the well known 𝜅-Poincaré algebra [9, 13, 14, 16, 18]
has been frequently considered.

These deformed Poincaré symmetries were later applied
in the context of the so-called doubly special relativity (DSR)
theories [24–32] which introduced two fundamental scales:
the usual observer-independent velocity scale 𝑐 as well as
an observer-independent length scale 𝑙𝑝, which was related
to the deformation parameter in the algebra. Since from all
approaches to quantum gravity [33–37] the Planck scale is
thought to play a fundamental role, DSR theories seem to

establish a promising link between some Planck scale effects
and quantum groups [38, 39].

From a more general viewpoint, we recall that noncom-
mutative spaces have been proposed as a suitable algebraic
framework in order to describe the “quantum” structure of
the geometry of spacetime at the Planck scale through a non-
commutative algebra of quantum spacetime coordinates [40–
44]. In this way the deformation parameter characterizes the
noncommutativity of the spacetime algebra, thus generating
uncertainty relations between noncommuting coordinates
that can be thought to model a “fuzzy” or “discrete” nature of
the spacetime at very small distances (or high energies) [45,
46]. In particular, the noncommutative spacetime deduced
from the 𝜅-Poincaré algebra is the so-called 𝜅-Minkowski
spacetime [15, 22], which is the algebra defined by the
spacetime quantum group coordinates dual to the translation
(momenta) generators.

In this framework, spacetime curvature (or nonzero
cosmological constant) should play a relevant role concerning
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the possible cosmological consequences of a quantum space-
time (see, e.g., [38, 47–51] and references therein). Therefore,
it seems natural to consider the construction of the 𝜅-
deformation for the (anti-)de Sitter (hereafter (A)dS) groups,
and to analyse their possible connections with quantum
gravity theories with a nonzero cosmological constant. In
this respect, we recall that the Hopf structure for the 𝜅-
deformation of (2 + 1)D (A)dS and Poincaré (P) algebras
were collectively obtained in [19], and their connection
between their deformed commutation rules and 2 + 1
quantum gravity has been explored in [38]. The results
obtained in [19] correspond to the l.h.s. of the commutative
diagram:

 = +
1

R2

 = −
1

R2

AdS

dS

Uz(AdS)

Uz()

Uz(dS)













z z

z

z

z

z

Duality

＆ＯＨ(AdS) (AdS)

＆ＯＨ()

＆ＯＨ(dS) (dS)

＆ＯＨz ⊃ AdS2+1z

＆ＯＨz ⊃ dS2+1z

＆ＯＨz() ⊃ M2+1
z (1)

where vertical arrows indicate a classical deformation [52, 53]
that introduces the spacetime curvature 𝜔 (or cosmological
constantΛ = −𝜔) related to the (A)dS radius𝑅 by𝜔 = ±1/𝑅2,
and the horizontal ones show the quantum deformation
with parameter 𝑧 = 1/𝜅 (related to the Planck length 𝑙𝑝);
reversed arrows correspond to the spacetime contraction𝜔 → 0 and (classical) nondeformed limit 𝑧 → 0. As
a consequence, the construction of noncommutative (A)dS
spacetimes in terms of intrinsic and ambient spacetime
quantum group coordinates seems worth being explored in
detail and, moreover, the same framework could account
for new proposals of noncommutative spaces of time-like
geodesics (worldlines), which, to the best of our knowledge,
have not been considered in the literature yet, even for the
Poincaré case.

Here we present an enlarged and updated review version
of our unpublished manuscript arXiv:hep-th/0401244, in
which the above-mentioned problems are faced for the three
relativistic cases simultaneously, that is, by dealing explicitly
with the spacetime curvature 𝜔 as a contraction parameter.
Hence, we propose to explore the r.h.s. of the diagram (1)
(dual to the l.h.s.) by computing the quantum deforma-
tion of the (2 + 1)D (A)dS groups (that is, Fun𝑧((A)dS))
which are obtained by quantizing the Poisson–Lie algebra
of smooth functions on these groups (namely, Fun((A)dS))
coming from a suitable classical 𝑟-matrix. In this way, the
(2 + 1)D noncommutative spaces (e.g., AdS2+1𝑧 ) can then
be identified as certain subalgebras of the corresponding
quantum groups. Moreover, we also construct and study
in detail the corresponding 4D noncommutative spaces
of worldlines. We stress that in our approach all the 𝜅-
Poincaré relations (including its noncommutative spaces) can
be directly recovered from the general (A)dS expressions
through the limit 𝜔 → 0. Moreover, all of the resulting
noncommutative spaces are covariant under quantum group
(co)actions (for the construction of Poisson and quantum
homogeneous spaces we refer to [54–58] and references
therein).

The structure of the paper is the following. In the next
section we recall the basics on the (A)dS groups in (2 +
1) dimensions and their associated homogeneous (2 + 1)D
spacetimes and 4D spaces of worldlines (time-like lines).
Both types of spaces are described in terms of intrinsic
quantities (related to group parameters) as well as in ambient
coordinates with one and two extra dimensions, respectively,
which will be further used in their noncommutative versions.
By starting from the classical 𝑟-matrix that generates the 𝜅-
deformation, we construct in Section 3 the corresponding
Drinfel’d-double and obtain some preliminary information
on the first-order quantum deformation, from which first-
order noncommutative spaces arise. On one hand, we find
that at first-order in the deformation parameter the three
noncommutative relativistic spacetimes are given by the
same 𝜅-Minkowski algebra. Moreover, we show that the
deformation parameter can be interpreted as a curvature on
a classical dS spacetime for the three cases, thus generalizing
the results obtained in [29, 30] for 𝜅-Poincaré. On the other
hand, we obtain that the first-order noncommutative spaces
ofworldlines are in fact nondeformed ones, and a relationship
with the nonrelativistic (Newtonian) kinematical groups is
thus established.

As an intermediate stage in the search of the quantum
(A)dS groups, we compute in Section 4 the invariant (A)dS
vector fields and next the Poisson–Lie structures coming
from the classical 𝑟-matrix generating the 𝜅-deformation.
These results enable us to propose in Section 5 the noncom-
mutative (A)dS spaces, which arewritten in both intrinsic and
ambient coordinates. The resulting noncommutative space-
times show how the curvature modifies the underlying first-
order 𝜅-Minkowski space, while for the noncommutative
spaces of worldlines we find that 2D velocity/rapidity space
(spanned by the dual coordinates to the boost generators)
remains nondeformed for 𝜅-Poincaré but becomes deformed
for the (A)dS cases. Hence Lorentz invariance seems to
be lost (or somewhat “deformed”) when a nonzero curva-
ture/cosmological constant is considered.

Section 6 is devoted to study the (dual) quantum (A)dS
algebras and their deformed Casimirs in two different bases.
In particular, starting from the expressions given in [19],
a nonlinear transformation involving the generators of the
stabilizer subgroup of a time-like line allows us to obtain
these quantum algebras in a new basis that generalizes for any𝜔 the bicrossproduct basis of 𝜅-Poincaré [16]. These results
are analysed in connection with 2 + 1 quantum gravity [38]
and a “duality” between curvature/cosmological constant and
deformation parameter/Planck length is suggested along the
same lines of the so-called “semidualization” approach for
Hopf algebras in 2 + 1 quantum gravity [59] associated with
the exchange of the cosmological length scale and the Planck
mass (see also [60, 61]). Finally, some remarks and comments
concerning recent findings in this framework close the paper.

2. (Anti-)de Sitter Lie Groups and
Their Homogeneous Spaces

TheLie algebras of the three (2 + 1)D relativistic spacetimes of
constant curvature can collectively be described by means of
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Table 1:TheAdS,Minkowskian, and dS (2 + 1)D spacetimes and 4D spaces of time-like lines according to the curvature/cosmological constant𝜔 = −Λ.𝜔,Λ Spacetime S(1) with curvature 𝜔 Space of worldlines S(2) with curvature −1𝜔 > 0, Λ < 0 AdS2+1 = 𝑆𝑂(2, 2)/𝑆𝑂(2, 1) LAdS2×2 = 𝑆𝑂(2, 2)/(𝑆𝑂(2) ⊗ 𝑆𝑂(2))𝜔 = Λ = 0 M2+1 = 𝐼𝑆𝑂(2, 1)/𝑆𝑂(2, 1) LM2×2 = 𝐼𝑆𝑂(2, 1)/(𝑆𝑂(2) ⊗R)𝜔 < 0, Λ > 0 dS2+1 = 𝑆𝑂(3, 1)/𝑆𝑂(2, 1) LdS2×2 = 𝑆𝑂(3, 1)/(𝑆𝑂(2) ⊗ 𝑆𝑂(1, 1))
a real (graded) contraction parameter 𝜔 [19], and we denote
them by 𝑠𝑜𝜔(2, 2). If {𝐽, 𝑃0,P = (𝑃1, 𝑃2),K = (𝐾1, 𝐾2)} are,
in this order, the generators of rotations, time translations,
space translations, and boosts, the commutation relations of𝑠𝑜𝜔(2, 2) read [𝐽, 𝑃𝑖] = 𝜖𝑖𝑗𝑃𝑗,[𝐽, 𝐾𝑖] = 𝜖𝑖𝑗𝐾𝑗,[𝐽, 𝑃0] = 0,[𝑃𝑖, 𝐾𝑗] = −𝛿𝑖𝑗𝑃0,[𝑃0, 𝐾𝑖] = −𝑃𝑖,[𝐾1, 𝐾2] = −𝐽,[𝑃0, 𝑃𝑖] = 𝜔𝐾𝑖,[𝑃1, 𝑃2] = −𝜔𝐽,

(2)

where from now on we assume that Latin indices 𝑖, 𝑗 =1, 2, Greek ones 𝜇, ] = 0, 1, 2, ℏ = 𝑐 = 1, and 𝜖𝑖𝑗 is a
skew symmetric tensor such that 𝜖12 = 1. For a positive,
zero, and negative value of 𝜔, 𝑠𝑜𝜔(2, 2) provides a Lie algebra
isomorphic to 𝑠𝑜(2, 2), 𝑖𝑠𝑜(2, 1), and 𝑠𝑜(3, 1), respectively.The
case 𝜔 = 0 can also be understood as an Inönü–Wigner
contraction [62]: 𝑠𝑜(2, 2) → 𝑖𝑠𝑜(2, 1) ← 𝑠𝑜(3, 1).

Parity Π and time-reversal Θ are involutive automor-
phisms of 𝑠𝑜𝜔(2, 2) defined by [63]Π : (𝑃0,P,K, 𝐽) → (𝑃0, −P, −K, 𝐽) ,Θ : (𝑃0,P,K, 𝐽) → (−𝑃0,P, −K, 𝐽) , (3)

which together with the composition,ΠΘ : (𝑃0,P,K, 𝐽) → (−𝑃0, −P,K, 𝐽) , (4)

and the identity determine a Z2 ⊗ Z2 ⊗ Z2 Abelian group of
involutions [64]. The automorphisms ΠΘ and Π give rise, in
this order, to the Cartan decompositions:𝑠𝑜𝜔 (2, 2) = ℎ(1) ⊕ 𝑝(1),ℎ(1) = ⟨K, 𝐽⟩ ≃ 𝑠𝑜 (2, 1) , 𝑝(1) = ⟨𝑃0,P⟩ , (5)𝑠𝑜𝜔 (2, 2) = ℎ(2) ⊕ 𝑝(2),ℎ(2) = ⟨𝐽, 𝑃0⟩ ≃ 𝑠𝑜 (2) ⊕ 𝑠𝑜𝜔 (2) , 𝑝(2) = ⟨P,K⟩ , (6)

where ℎ(1) ≃ 𝑠𝑜(2, 1) is the Lorentz subalgebra and 𝑠𝑜𝜔(2) =⟨𝑃0⟩ covers the Lie subalgebras 𝑠𝑜(2), 𝑖𝑠𝑜(1) ≃ R, and 𝑠𝑜(1, 1)
for 𝜔 >, =, < 0, correspondingly. In fact, the contraction
parameter 𝜔 is related to the Z2-grading associated to ΠΘ.

When the Lie group 𝑆𝑂𝜔(2, 2) is considered, two relevant
families of symmetric homogeneous spaces [65] can be
constructed as follows.

(i)The (2 + 1)D spacetime: this is a rank 1 space, associated
with the automorphism ΠΘ (4) and Cartan decomposition
(5), which is defined through the quotient

S(1) = 𝑆𝑂𝜔 (2, 2)𝑆𝑂 (2, 1) , (7)

where 𝑆𝑂(2, 1) is the Lorentz subgroup spanned by 𝐽 and K.
Thusmomenta𝑃𝜇 characterize the tangent space at the origin.
This space turns out to have constant curvature equal to the
contraction parameter: 𝜔 = ±1/𝑅2 for (A)dS and𝜔 = 0 (𝑅 →∞) for Minkowski, where 𝑅 is the universe radius.

(ii) The 4D space of time-like lines (or wordlines): this is
a rank 2 space, related to the automorphismΠ (3) and Cartan
decomposition (6), which is given by

S(2) = 𝑆𝑂𝜔 (2, 2)(𝑆𝑂 (2) ⊗ 𝑆𝑂𝜔 (2)) , (8)

where 𝑆𝑂(2) = ⟨𝐽⟩ and 𝑆𝑂𝜔(2) = ⟨𝑃0⟩. This space is of
hyperbolic type as this has constant curvature equal to −1
(i.e., −1/𝑐2 in terms of the speed of light). The tangent space
is determined by spatial momenta P and boosts K. In fact,
S(2) can also be interpreted as a (2 × 2)D relativistic phase
space [66] in which position andmomentum coordinates are
related to the group parameters dual to P andK, respectively.

We display in Table 1 each of the above symmetrical
homogeneous spaces for each of the three Lorentzian Lie
groups.

On the other hand, the two Casimir invariants of the Lie
algebra 𝑠𝑜𝜔(2, 2) are given by

C = 𝑃20 − P2 + 𝜔 (𝐽2 − K2) ,
W = −𝐽𝑃0 + 𝐾1𝑃2 − 𝐾2𝑃1, (9)

where P2 = 𝑃21 + 𝑃22 and K2 = 𝐾21 + 𝐾22 . Recall that C comes
from theKilling–Cartan form,whileW is the Pauli–Lubanski
vector.

2.1. Vector Model of the (2 + 1)D Relativistic Spacetimes. The
action of the (A)dS groups on the homogeneous spaces that
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we have just described is not linear. As it is well known,
this problem can be circumvented by considering the vector
representation of the Lie group 𝑆𝑂𝜔(2, 2) which makes use
of an ambient space with an “extra” dimension. In partic-
ular, the 4D real matrix representation of 𝑠𝑜𝜔(2, 2), given
by

𝑃0 =(0 −𝜔 0 01 0 0 00 0 0 00 0 0 0),
𝑃1 =(0 0 𝜔 00 0 0 01 0 0 00 0 0 0),
𝑃2 =(0 0 0 𝜔0 0 0 00 0 0 01 0 0 0),
𝐽 =(0 0 0 00 0 0 00 0 0 −10 0 1 0 ),
𝐾1 =(0 0 0 00 0 1 00 1 0 00 0 0 0),
𝐾2 =(0 0 0 00 0 0 10 0 0 00 1 0 0),

(10)

fulfils𝑌𝑇I(1) + I(1)𝑌 = 0,𝑌 ∈ 𝑠𝑜𝜔 (2, 2) , I(1) = diag (1, 𝜔, −𝜔, −𝜔) (11)

(𝑌𝑇 is the transpose of 𝑌). The exponential of (10) leads
to the vector representation of 𝑆𝑂𝜔(2, 2) as a Lie group of
matrices which acts linearly in a 4D space with ambient (or

Weierstrass) coordinates (𝑠3, 𝑠𝜇). The one-parameter sub-
groups of 𝑆𝑂𝜔(2, 2) obtained from (10) turn out to be

𝑒𝑥0𝑃0 =(
(

cos 𝜌𝑥0 −𝜌 sin 𝜌𝑥0 0 01𝜌 sin 𝜌𝑥0 cos 𝜌𝑥0 0 00 0 1 00 0 0 1
)
)

,

𝑒𝜃𝐽 =(1 0 0 00 1 0 00 0 cos 𝜃 − sin 𝜃0 0 sin 𝜃 cos 𝜃 ),

𝑒𝑥1𝑃1 =(
(

cosh 𝜌𝑥1 0 𝜌 sinh 𝜌𝑥1 00 1 0 01𝜌 sinh 𝜌𝑥1 0 cosh 𝜌𝑥1 00 0 0 1
)
)

,

𝑒𝜉1𝐾1 =(1 0 0 00 cosh 𝜉1 sinh 𝜉1 00 sinh 𝜉1 cosh 𝜉1 00 0 0 1),

𝑒𝑥2𝑃2 =((
(

cosh 𝜌𝑥2 0 0 𝜌 sinh 𝜌𝑥20 1 0 00 0 1 01𝜌 sinh 𝜌𝑥2 0 0 cosh 𝜌𝑥2
))
)

,

𝑒𝜉2𝐾2 =(1 0 0 00 cosh 𝜉2 0 sinh 𝜉20 0 1 00 sinh 𝜉2 0 cosh 𝜉2),

(12)

where hereafter we also express the curvature as 𝜔 = 𝜌2.
Hence, 𝜌 = 1/𝑅 and 𝜌 = 𝑖/𝑅 for AdS2+1 and dS2+1, while
the (contraction) limit 𝜌 → 0 gives rise toM2+1.

Any element 𝐺 ∈ 𝑆𝑂𝜔(2, 2) verifies that 𝐺𝑇I(1)𝐺 =
I(1). The (2 + 1)D spacetime S(1) is identified with the orbit
of the origin of the spacetime 𝑂 = (𝑠3, 𝑠𝜇) = (1, 0, 0, 0)
which is contained in the pseudosphere provided by
I(1): Σ(1) : 𝑠23 + 𝜔 (𝑠20 − s2) = 1, (13)
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where s2 = 𝑠21 + 𝑠22. The metric on S(1) comes from the flat
ambient metric divided by the curvature and restricted to the
above constraint:

d𝜎2(1) = 1𝜔 (d𝑠23 + 𝜔 (d𝑠20 − d𝑠21 − d𝑠22))Σ(1)= d𝑠20 − d𝑠21 − d𝑠22 + 𝜔(𝑠0d𝑠0 − 𝑠1d𝑠1 − 𝑠2d𝑠2)21 − 𝜔 (𝑠20 − s2) . (14)

Ambient coordinates can be parametrized in terms of
three intrinsic spacetime coordinates in different ways. We
shall introduce the geodesic parallel coordinates 𝑥𝜇 [67]
through the following action of the momenta subgroups (12)
on the origin:(𝑠3, 𝑠𝜇) (𝑥]) = exp (𝑥0𝑃0) exp (𝑥1𝑃1) exp (𝑥2𝑃2) 𝑂; (15)

namely, 𝑠3 = cos 𝜌𝑥0 cosh 𝜌𝑥1 cosh 𝜌𝑥2,𝑠0 = sin 𝜌𝑥0𝜌 cosh 𝜌𝑥1 cosh 𝜌𝑥2,𝑠1 = sinh 𝜌𝑥1𝜌 cosh 𝜌𝑥2,𝑠2 = sinh 𝜌𝑥2𝜌 .
(16)

The role of the coordinates 𝑥𝜇 that parametrize a generic
point𝑄 under (16) in the (2 + 1)D spacetime is the following.
Let 𝑙0 be a time-like geodesic and 𝑙1, 𝑙2 two space-like
geodesics such that these three basic geodesics are orthogonal
at 𝑂. Then 𝑥0 is the geodesic distance from 𝑂 up to a point𝑄1 measured along 𝑙0; 𝑥1 is the distance between 𝑄1 and
another point 𝑄2 along a space-like geodesic 𝑙1 orthogonal
to 𝑙0 through 𝑄1 and parallel to 𝑙1; and 𝑥2 is the distance
between𝑄2 and𝑄 along a space-like geodesic 𝑙2 orthogonal to𝑙1 and parallel to 𝑙2. Recall that time-like geodesics (as 𝑙0) are
compact in AdS2+1 and noncompact in dS2+1, while space-
like ones (as 𝑙𝑖, 𝑙𝑖 ) are compact in dS2+1 but noncompact in
AdS2+1. Thus the trigonometric functions depending on 𝑥0
are circular in AdS2+1 (𝜌 = 1/𝑅) and hyperbolic in dS2+1
(𝜌 = 𝑖/𝑅) and, conversely, those depending on 𝑥𝑖 are circular
in dS2+1 but hyperbolic in AdS2+1.

Under (16), the metric (14) now reads

d𝜎2(1) = cosh2 (𝜌𝑥1) cosh2 (𝜌𝑥2) d𝑥20− cosh2 (𝜌𝑥2) d𝑥21 − d𝑥22. (17)

Notice that if 𝜌 → 0, the parametrization (16) gives the flat
Cartesian coordinates 𝑠3 = 1, 𝑠𝜇 = 𝑥𝜇, and the metric (17)
reduces to d𝜎2(1) = d𝑥20 − d𝑥21 − d𝑥22 inM2+1.

2.2. Bivector Model of the 4D Spaces of Worldlines. The action
of 𝑆𝑂𝜔(2, 2) on the space of time-like lines S(2) is also a

nonlinear one. As in the previous case, this problem can be
solved by introducing an ambient space, now 6D with two
“extra” dimensions, on which the group acts linearly and
whereS(2) is embedded. Let us consider the so-called bivector
representation of (2) given by [66]𝑃0 = −𝜔𝑒24 + 𝑒42 − 𝜔𝑒35 + 𝑒53,𝐽 = −𝑒23 + 𝑒32 − 𝑒45 + 𝑒54,𝑃1 = −𝜔𝑒14 − 𝑒41 + 𝜔𝑒36 + 𝑒63,𝐾1 = 𝑒12 + 𝑒21 + 𝑒56 + 𝑒65,𝑃2 = −𝜔𝑒15 − 𝑒51 − 𝜔𝑒26 − 𝑒62,𝐾2 = 𝑒13 + 𝑒31 − 𝑒46 − 𝑒64,

(18)

where 𝑒𝑎𝑏 is the 6×6matrixwith entries (𝑒𝑎𝑏)𝑖𝑗 = 𝛿𝑎𝑖𝛿𝑏𝑗. Under
this representation any generator 𝑌 ∈ 𝑠𝑜𝜔(2, 2) fulfils𝑌𝑇I(2) + I(2)𝑌 = 0,

I(2) = diag (1, −1, −1, −𝜔, −𝜔, 𝜔) . (19)

By exponentiation of (18) we obtain the bivector represen-
tation of 𝑆𝑂𝜔(2, 2), that is, a group of matrices which acts
linearly in a 6D space with ambient (or Plücker) coordinates(𝜂3, 𝜂1, 𝜂2, 𝑦1, 𝑦2, 𝑦3). The origin of S(2) is O = (1, 0, 0, 0, 0, 0)
and this space is identified with the intersection of the
pseudosphere Σ(2) determined by I(2) with a quadratic cone
P known as Plücker or Grassmann relation (invariant under
the group action); these constraints are given by [66]Σ(2) : 𝜂23 − 𝜂2 + 𝜔 (𝑦23 − y2) = 1,

P : 𝜂3𝑦3 − 𝜂1𝑦2 + 𝜂2𝑦1 = 0, (20)

where 𝜂2 = 𝜂21 + 𝜂22 and y2 = 𝑦21 + 𝑦22 . The metric on
S(2) follows from the 6D flat ambient metric divided by the
negative curvature of S(2) and subjected to both conditions
(20):

d𝜎2(2) = 1−1 (d𝜂23 − d𝜂21 − d𝜂22+ 𝜔 (d𝑦23 − d𝑦21 − d𝑦22))Σ(2) ,P . (21)

Plücker coordinates can be expressed through four intrin-
sic quantities of S(2). We shall consider the space x and
rapidity (boost) 𝜉 group coordinates. The action of the
following sequence of one-parameter subgroups on O (those
defining the tangent space to S(2)) under the representation
(18),(𝜂3, 𝜂, y, 𝑦3) (x, 𝜉)= exp (𝑥1𝑃1) exp (𝑥2𝑃2) exp (𝜉1𝐾1) exp (𝜉2𝐾2)O, (22)
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gives rise to𝜂3 = cosh 𝜌𝑥1 cosh 𝜌𝑥2 cosh 𝜉1 cosh 𝜉2,𝜂1 = cosh 𝜌𝑥2 sinh 𝜉1 cosh 𝜉2,𝜂2 = cosh 𝜌𝑥1 sinh 𝜉2− sinh 𝜌𝑥1 sinh 𝜌𝑥2 sinh 𝜉1 cosh 𝜉2,𝑦1 = − sinh 𝜌𝑥1𝜌 cosh 𝜌𝑥2 cosh 𝜉1 cosh 𝜉2,𝑦2 = − sinh 𝜌𝑥2𝜌 cosh 𝜉1 cosh 𝜉2,𝑦3 = sinh 𝜌𝑥1𝜌 sinh 𝜉2− cosh 𝜌𝑥1 sinh 𝜌𝑥2𝜌 sinh 𝜉1 cosh 𝜉2.

(23)

Under the contraction 𝜌 → 0 (𝜔 = 0), this
parametrization reduces to that of the 4DMinkowskian space
of worldlines LM2×2:𝜂3 = cosh 𝜉1 cosh 𝜉2,𝑦3 = 𝑥1 sinh 𝜉2 − 𝑥2 sinh 𝜉1 cosh 𝜉2,𝜂1 = sinh 𝜉1 cosh 𝜉2,𝑦1 = −𝑥1 cosh 𝜉1 cosh 𝜉2,𝜂2 = sinh 𝜉2,𝑦2 = −𝑥2 cosh 𝜉1 cosh 𝜉2.

(24)

Such expressions indicate that the Plücker coordinates(y, 𝑦3) and (𝜂, 𝜂3) can be interpreted as “position-like” and
“momentum-like” ones, respectively, within the phase space(x, 𝜉) [66]. In LM2×2 the metric (21) is degenerate and reads

d𝜎2(2) = d𝜂21 + d𝜂22 − (𝜂1d𝜂1 + 𝜂2d𝜂2)21 + 𝜂2= cosh2𝜉2d𝜉21 + d𝜉22 , (25)

which corresponds to a 2D space of rank 1 with negative
curvature; that is, the 2D velocity Minkowskian space (so
with coordinates 𝜉) is hyperbolic. Nevertheless, we stress
that this is no longer true when 𝜔 ̸= 0 (in both LAdS2×2
and LdS2×2) where the complete (2 × 2)D space structure is
required (so with the four coordinates (x, 𝜉)), thus precluding
the possibility of using a “reduced” 2D velocity space.

3. (Anti-)de Sitter Drinfel’d-Doubles and
First-Order Noncommutative Spaces

The first-order deformation terms in the coproduct of the 𝜅-
Poincaré algebra [9, 13–18, 22] are known to be generated by
the following classical 𝑟-matrix:𝑟 = 𝑧 (𝐾1 ∧ 𝑃1 + 𝐾2 ∧ 𝑃2) , (26)

where ∧ denotes the skew symmetric tensor product. Recall
that 𝑟 is a solution of the modified classical Yang–Baxter
equation and that 𝑧 is related to the usual 𝜅 and 𝑞 deformation
parameters by 𝑧 = 1/𝜅 = ln 𝑞.

Such a classical 𝑟-matrix also holds for the (A)dS algebras
[68], so that we shall consider (26) for the whole family𝑠𝑜𝜔(2, 2). Hence this element gives rise to the cocommutator𝛿 of any generator𝑌𝑖 through the relation 𝛿(𝑌𝑖) = [𝑌𝑖⊗1+1⊗𝑌𝑖, 𝑟]; namely,𝛿 (𝑃0) = 0,𝛿 (𝐽) = 0,𝛿 (𝑃𝑖) = 𝑧 (𝑃𝑖 ∧ 𝑃0 − 𝜔𝜖𝑖𝑗𝐾𝑗 ∧ 𝐽) ,𝛿 (𝐾𝑖) = 𝑧 (𝐾𝑖 ∧ 𝑃0 + 𝜖𝑖𝑗𝑃𝑗 ∧ 𝐽) .

(27)

Next if we denote by 𝑦𝑖 the quantum group coordinate dual
to 𝑌𝑖, such that ⟨𝑦𝑖 | 𝑌𝑗⟩ = 𝛿𝑖𝑗, and write the cocommutators
as 𝛿(𝑌𝑖) = 𝑓𝑗𝑘𝑖 𝑌𝑗 ∧ 𝑌𝑘, then Lie bialgebra duality provides the
so-called Drinfel’d-double Lie algebra [7, 8] formed by three
sets of brackets: the initial Lie algebra, the dual relations, and
the crossed commutation rules; namely,[𝑌𝑖, 𝑌𝑗] = 𝑐𝑘𝑖𝑗𝑌𝑘,[𝑦𝑖, 𝑦𝑗] = 𝑓𝑖𝑗𝑘 𝑦𝑘,[𝑦𝑖, 𝑌𝑗] = 𝑐𝑖𝑗𝑘𝑦𝑘 − 𝑓𝑖𝑘𝑗 𝑌𝑘. (28)

The cocycle condition for the cocommutator 𝛿 implies the
following compatibility equations among the structure con-
stants 𝑐𝑘𝑖𝑗 and 𝑓𝑖𝑗𝑘 :𝑓𝑎𝑏𝑘 𝑐𝑘𝑖𝑗 = 𝑓𝑎𝑘𝑖 𝑐𝑏𝑘𝑗 + 𝑓𝑘𝑏𝑖 𝑐𝑎𝑘𝑗 + 𝑓𝑎𝑘𝑗 𝑐𝑏𝑖𝑘 + 𝑓𝑘𝑏𝑗 𝑐𝑎𝑖𝑘. (29)

In our case, we denote by {𝜃, 𝑥𝜇, 𝜉𝑖} the dual noncommu-
tative coordinates of the generators {𝐽, 𝑃𝜇, 𝐾𝑖}, respectively.
Thus the (A)dS and Poincaré Drinfel’d-doubles are collec-
tively given in terms of the curvature 𝜔 and deformation
parameter 𝑧 by the initial Lie algebra 𝑠𝑜𝜔(2, 2) (2), the dual
commutators, [𝜃, 𝑥𝑖] = 𝑧𝜖𝑖𝑗𝜉𝑗,[𝑥0, 𝑥𝑖] = −𝑧𝑥𝑖,[𝑥1, 𝑥2] = 0,[𝜃, 𝑥0] = 0,[𝜃, 𝜉𝑖] = −𝑧𝜔𝜖𝑖𝑗𝑥𝑗,[𝑥0, 𝜉𝑖] = −𝑧𝜉𝑖,[𝜉1, 𝜉2] = 0,[𝑥𝑖, 𝜉𝑗] = 0,

(30)
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together with the crossed relations[𝑥0, 𝐽] = [𝑥0, 𝑃0] = 0,[𝜃, 𝐽] = [𝜃, 𝑃0] = 0,[𝑥0, 𝑃𝑖] = − (𝜉𝑖 − 𝑧𝑃𝑖) ,[𝜃, 𝑃𝑖] = −𝜔𝜖𝑖𝑗 (𝑥𝑗 + 𝑧𝐾𝑗) ,[𝑥0, 𝐾𝑖] = 𝑥𝑖 + 𝑧𝐾𝑖,[𝜃, 𝐾𝑖] = −𝜖𝑖𝑗 (𝜉𝑗 − 𝑧𝑃𝑗) ,[𝑥𝑖, 𝐽] = −𝜖𝑖𝑗𝑥𝑗,[𝜉𝑖, 𝐽] = −𝜖𝑖𝑗𝜉𝑗,[𝑥𝑖, 𝑃0] = −𝜉𝑖,[𝜉𝑖, 𝑃0] = 𝜔𝑥𝑖,[𝑥𝑖, 𝑃𝑗] = 𝜖𝑖𝑗𝜃 − 𝑧𝛿𝑖𝑗𝑃0,[𝜉𝑖, 𝑃𝑗] = −𝜔 (𝛿𝑖𝑗𝑥0 + 𝑧𝜖𝑖𝑗𝐽) ,[𝑥𝑖, 𝐾𝑗] = 𝛿𝑖𝑗𝑥0 + 𝑧𝜖𝑖𝑗𝐽,[𝜉𝑖, 𝐾𝑗] = 𝜖𝑖𝑗𝜃 − 𝑧𝛿𝑖𝑗𝑃0.

(31)

Parity and time-reversal automorphisms (3) can be gen-
eralized to the full Drinfel’d-double as follows:Π𝑧 : (𝑃0,P,K, 𝐽; 𝑥0, x̂, �̂�, 𝜃; 𝑧)→ (𝑃0, −P, −K, 𝐽; 𝑥0, −x̂, −�̂�, 𝜃; 𝑧) ,Θ𝑧 : (𝑃0,P,K, 𝐽; 𝑥0, x̂, �̂�, 𝜃; 𝑧)→ (−𝑃0,P, −K, 𝐽; −𝑥0, x̂, −�̂�, 𝜃; −𝑧) .

(32)

Since the first-order structure of the complete quantum
deformation of 𝑠𝑜𝜔(2, 2) is described by the corresponding
Drinfel’d-double, some preliminary information concerning
the physical properties of the associated noncommutative
spaces can be extracted from it. Notice that, in this first-
order approach, all the expressions will be linear both on the
generators and on the dual quantum group coordinates.

3.1. Noncommutative Spacetimes: Linear Relations. The usual
way to propose a noncommutative spacetime is to consider
the commutation rules involving the quantum coordinates𝑥𝜇. Therefore, from (30) we find that the three (A)dS and
Minkowskian noncommutative spacetimes are simultane-
ously defined by the same first-order relations:[𝑥0, 𝑥𝑖] = −𝑧𝑥𝑖,[𝑥1, 𝑥2] = 0, (33)

which coincide with the 𝜅-Minkowski space, M2+1𝑧 [15–18],
for any value of the curvature 𝜔. As we shall see in Section 5,
further corrections of (33) depending on 𝜔 will appear when
the full quantum (A)dS groups are considered.

As it was already studied in [29, 30], the action of the
generators on the noncommutative spacetime follows by
replacing formally 𝑃𝜇 → 𝑥𝜇, which requires considering
the commutators involving {𝐽, 𝑥𝜇, 𝐾𝑖} within the Drinfel’d-
double. Next the change of basis given by [30]𝑝0 = −𝑥0,𝑝𝑖 = 𝑥𝑖 + 𝑧𝐾𝑖, (34)

provides the following commutation relations:[𝐽, 𝑝𝑖] = 𝜖𝑖𝑗𝑝𝑗,[𝐽, 𝐾𝑖] = 𝜖𝑖𝑗𝐾𝑗,[𝐽, 𝑝0] = 0,[𝑝𝑖, 𝐾𝑗] = −𝛿𝑖𝑗𝑝0,[𝑝0, 𝐾𝑖] = −𝑝𝑖,[𝐾1, 𝐾2] = −𝐽,[𝑝0, 𝑝𝑖] = −𝑧2𝐾𝑖,[𝑝1, 𝑝2] = 𝑧2𝐽
(35)

that can directly be related to the initial Lie algebra (2).
Consequently, whenever 𝑧 is a real deformation parameter,
the commutators (35) that do not depend on 𝜔 close the Lie
algebra 𝑠𝑜(3, 1) for the three cases. Hence we obtain the dS
spacetime as the homogeneous space

dS2+1 ≡ ⟨𝐽,K, 𝑝𝜇⟩⟨𝐽,K⟩ = 𝑆𝑂 (3, 1)𝑆𝑂 (2, 1) , (36)

such that the deformation parameter now plays the role of the
(negative) curvature equal to −𝑧2.

We stress that the connection between M2+1𝑧 and the dS
space was so established in [29] and further developed in
[30], so that the expressions (35) generalize such a link for
the noncommutative (A)dS cases as well.

3.2. Noncommutative Spaces of Worldlines: Linear Relations.
A similar procedure suggests that the corresponding non-
commutative spaces of worldlines arise within the Drinfel’d-
double through the commutators of x̂ and �̂� (dual to P and
K); these are [𝑥1, 𝑥2] = 0,[𝜉1, 𝜉2] = 0,[𝑥𝑖, 𝜉𝑗] = 0, (37)

which are trivially independent of 𝑧 and 𝜔.
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The adjoint action on the quantum coordinates x̂, �̂� of
the isotropy subgroup of a worldline spanned by 𝐽 and 𝑃0 (6)
gives the following nondeformed commutation rules:[𝐽, 𝑥𝑖] = 𝜖𝑖𝑗𝑥𝑗,[𝐽, 𝜉𝑖] = 𝜖𝑖𝑗𝜉𝑗,[𝐽, 𝑃0] = 0,[𝑥𝑖, 𝜉𝑗] = 0,[𝑃0, 𝜉𝑖] = −𝜔𝑥𝑖,[𝜉1, 𝜉2] = 0,[𝑥1, 𝑥2] = 0,[𝑃0, 𝑥𝑖] = 𝜉𝑖,

(38)

where the deformation parameter 𝑧 does not appear. To
unveil this structure we rename the former generators as𝐽 = 𝐽,𝑃0 = −𝑃0,𝑃𝑖 = 𝜉𝑖,𝐾𝑖 = 𝑥𝑖,

(39)

and from (38) we obtain the commutation relations[𝐽, 𝑃𝑖 ] = 𝜖𝑖𝑗𝑃𝑗 ,[𝐽, 𝐾𝑖 ] = 𝜖𝑖𝑗𝐾𝑗,[𝐽, 𝑃0] = 0,[𝑃𝑖 , 𝐾𝑗] = 0,[𝑃0, 𝐾𝑖 ] = −𝑃𝑖 ,[𝐾1, 𝐾2] = 0,[𝑃0, 𝑃𝑖 ] = 𝜔𝐾𝑖 ,[𝑃1, 𝑃2] = 0.

(40)

Surprisingly enough, these relations define just the Newto-
nian Lie algebras coming from the nonrelativistic limit 𝑐 →∞ of the three Lorentzian Lie algebras (2), keeping the con-
stant curvature𝜔. Namely, the relations (40) close the oscillat-
ing Newton–Hooke, Galilei, and expanding Newton–Hooke
algebras [19, 53, 63, 69] according to 𝜔 >, =, < 0, respectively.
This fact is consistent with the known result that establishes
that each of the nonrelativistic Newtonian spaces of constant
curvature 𝜔 can be obtained from the corresponding rela-
tivistic one through a contraction around a time-like line.
Therefore, the classical (nondeformed) picture is preserved
for worldlines.

Summing up, the first-order deformation of 𝑠𝑜𝜔(2, 2)
characterized by the chosen 𝑟-matrix (26) conveys non-
commutativity on the spacetime (33) but commutativity on
the space of worldlines (37). Furthermore, space isotropy is
ensured in both cases as the corresponding commutation
relations do not involve the quantum rotation coordinate 𝜃.
4. A Poisson–Lie Structure on
the (Anti-)de Sitter Groups

So far we have studied the first-order quantum (A)dS defor-
mation. However, the obtention of the complete (in all orders
in 𝑧 and in the generators) deformation of a semisimple group
in terms of local coordinates is, in general, a very involved
task. A way to study the noncommutative structures is to
compute the Poisson–Lie brackets (derived from (26)) for the
commutative coordinates and next to analyse their possible
noncommutative version.

In particular, let us consider the 4 × 4 matrix element of
the group 𝑆𝑂𝜔(2, 2) obtained through the following product
written under the representation (12):𝑇 = exp (𝑥0𝑃0) exp (𝑥1𝑃1) exp (𝑥2𝑃2) exp (𝜉1𝐾1)⋅ exp (𝜉2𝐾2) exp (𝜃𝐽) , (41)

where the group coordinates are commutative ones. Left-
and right-invariant vector fields, 𝑌𝐿 and 𝑌𝑅, of 𝑆𝑂𝜔(2, 2)
deduced from (41) are displayed in Table 2. Notice that such
expressions hold for any value of the curvature 𝜔. In the
Poincaré case with 𝜔 = 0, the vector fields, coming from
the smooth contraction limit 𝜌 → 0, are rather simplified as
shown in Table 3.

The Poisson–Lie brackets that close the algebra of smooth
functions on the (A)dS groups, Fun(𝑆𝑂𝜔(2, 2)) (r.h.s. of the
diagram (1)), associated to an 𝑟-matrix 𝑟 = 𝑟𝑖𝑗𝑌𝑖 ⊗ 𝑌𝑗 come
from the Sklyanin bracket defined by [70]{𝑓, 𝑔} = 𝑟𝑖𝑗 (𝑌𝐿𝑖 𝑓𝑌𝐿𝑗 𝑔 − 𝑌𝑅𝑖 𝑓𝑌𝑅𝑗 𝑔) ,𝑓, 𝑔 ∈ Fun (𝑆𝑂𝜔 (2, 2)) . (42)

Thus by substituting the vector fields of Table 2 and the
classical 𝑟-matrix (26) in (42) we obtain the Poisson–Lie
brackets between the six commutative group coordinates{𝜃, 𝑥𝜇, 𝜉𝑖} which are split in the following three sets:

(i) those involving spacetime 𝑥𝜇 group coordinates,
{𝑥0, 𝑥1} = −𝑧 tanh 𝜌𝑥1𝜌 cosh2𝜌𝑥2 ,{𝑥0, 𝑥2} = −𝑧 tanh 𝜌𝑥2𝜌 ,{𝑥1, 𝑥2} = 0,

(43)
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𝜌sinh𝜌𝑥
1
𝜕 𝜉 1)+(

co
s𝜃cosh

𝜉 1+sin
𝜃sinh𝜉 1

sin
h
𝜉 2

co
sh
𝜌𝑥 2

)𝜕 𝑥 1+s
in
𝜃cosh𝜉 2

𝜕 𝑥 2−𝜌c
os
𝜃tanh𝜌

𝑥 2tanh𝜉
2
𝜕 𝜉 1−

𝜌sin𝜃ta
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𝜌𝑥 2sinh

𝜉 2𝜕 𝜉 2+𝜌
co
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co
sh
𝜉 2𝜕 𝜃

𝑌𝐿 𝑃 2=(c
os
𝜃cosh𝜉 1

sin
h
𝜉 2−sin

𝜃sinh𝜉 1
co
sh
𝜌𝑥 1cosh
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)(𝜕 𝑥 0−
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𝜕 𝜉 1)+(

co
s𝜃sinh𝜉
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𝜃cosh𝜉 1
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𝜌𝑥 2

)𝜕 𝑥 1+c
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𝜃cosh𝜉 2

𝜕 𝑥 2+𝜌s
in
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𝜌𝑥 1tanh
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𝜌𝑥 2
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−sin𝜌𝑥

0
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h
𝜉 1
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𝜉 2
)(𝜕 𝜃−s
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h
𝜉 2𝜕 𝜉 1)

𝑌𝑅 𝐾 1=co
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h
𝜌𝑥 1 𝜌

𝜕 𝑥 0+sin
𝜌𝑥 0 𝜌𝜕 𝑥 1
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𝑥 0
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𝜌𝑥 1𝜕 𝜉 1
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𝜌
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0
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h
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𝜌𝑥 0cosh

𝜉 1
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𝜌𝑥 2

)𝜕 𝜉 2+
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0
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𝜉 1
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𝜉 2
)(𝜕 𝜃−s
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h
𝜉 2𝜕 𝜉 1)

𝑌𝑅 𝐽=−c
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h
𝜌𝑥 1tanh

𝜌𝑥 2 𝜌
𝜕 𝑥 1+sin
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𝜌𝑥 1 𝜌𝜕 𝑥 2

−cosh𝜌
𝑥 1

co
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𝜉 1tanh𝜉

2
𝜕 𝜉 1−sin

h
𝜉 1𝜕 𝜉 2−c
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h
𝜉 1

co
sh
𝜉 2𝜕 𝜃)
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Table 3: Left- and right-invariant Poincaré vector fields with 𝜔 = 𝜌 = Λ = 0.
Left-invariant vector fields𝑌𝐿𝑃0 = cosh 𝜉1 cosh 𝜉2𝜕𝑥0 + sinh 𝜉1 cosh 𝜉2𝜕𝑥1 + sinh 𝜉2𝜕𝑥2𝑌𝐿𝑃1 = (cos 𝜃 sinh 𝜉1 + sin 𝜃 cosh 𝜉1 sinh 𝜉2) 𝜕𝑥0 + (cos 𝜃 cosh 𝜉1 + sin 𝜃 sinh 𝜉1 sinh 𝜉2) 𝜕𝑥1 + sin 𝜃 cosh 𝜉2𝜕𝑥2𝑌𝐿𝑃2 = (cos 𝜃 cosh 𝜉1 sinh 𝜉2 − sin 𝜃 sinh 𝜉1) 𝜕𝑥0 + (cos 𝜃 sinh 𝜉1 sinh 𝜉2 − sin 𝜃 cosh 𝜉1) 𝜕𝑥1 + cos 𝜃 cosh 𝜉2𝜕𝑥2𝑌𝐿𝐾1 = cos 𝜃

cosh 𝜉2 𝜕𝜉1 + sin 𝜃𝜕𝜉2 + cos 𝜃 tanh 𝜉2𝜕𝜃𝑌𝐿𝐾2 = − sin 𝜃
cosh 𝜉2 𝜕𝜉1 + cos 𝜃𝜕𝜉2 − sin 𝜃 tanh 𝜉2𝜕𝜃𝑌𝐿𝐽 = 𝜕𝜃

Right-invariant vector fields𝑌𝑅𝑃0 = 𝜕𝑥0𝑌𝑅𝑃1 = 𝜕𝑥1𝑌𝑅𝑃2 = 𝜕𝑥2𝑌𝑅𝐾1 = 𝑥1𝜕𝑥0 + 𝑥0𝜕𝑥1 + 𝜕𝜉1𝑌𝑅𝐾2 = 𝑥2𝜕𝑥0 + 𝑥0𝜕𝑥2 − sinh 𝜉1 tanh 𝜉2𝜕𝜉1 + cosh 𝜉1𝜕𝜉2 + sinh 𝜉1
cosh 𝜉2 𝜕𝜃𝑌𝑅𝐽 = −𝑥2𝜕𝑥1 + 𝑥1𝜕𝑥2 − cosh 𝜉1 tanh 𝜉2𝜕𝜉1 + sinh 𝜉1𝜕𝜉2 + cosh 𝜉1
cosh 𝜉2 𝜕𝜃

(ii) those that comprise space x and boost 𝜉 coordinates
(besides the above vanishing bracket),{𝑥1, 𝜉1} = 𝑧

cosh 𝜌𝑥2 (cosh 𝜌𝑥2cosh 𝜌𝑥1 − cosh 𝜉1
cosh 𝜉2+ tanh 𝜌𝑥1 sinh 𝜌𝑥2𝐴) ,{𝑥1, 𝜉2} = −𝑧 cosh 𝜉2𝐵,{𝑥2, 𝜉2} = 𝑧 (cosh 𝜌𝑥1cosh 𝜌𝑥2 cosh 𝜉1 − cosh 𝜉2) ,{𝑥2, 𝜉1} = −𝑧𝐴,{𝜉1, 𝜉2} = 𝑧𝜌 sinh 𝜌𝑥1 (𝐶 − tanh 𝜉2

cosh2𝜌𝑥2) ,
(44)

(iii) the remaining ones,{𝑥0, 𝜃} = − 𝑧
cosh 𝜌𝑥1𝐵,{𝑥0, 𝜉1} = 𝑧 ( sinh 𝜉2
cosh 𝜌𝑥1𝐵 − sinh 𝜉1 cosh 𝜉2

cosh 𝜌𝑥1 cosh 𝜌𝑥2) ,{𝑥0, 𝜉2} = −𝑧𝐶,{𝜃, 𝑥1} = 𝑧cosh 𝜌𝑥1cosh 𝜉2 𝐶,{𝜃, 𝑥2} = −𝑧 cosh 𝜌𝑥1 sinh 𝜉1cosh 𝜌𝑥2 cosh 𝜉2 ,{𝜃, 𝜉1} = −𝑧𝜌 (tanh 𝜌𝑥2 + tanh 𝜌𝑥1𝐵) ,{𝜃, 𝜉2} = 𝑧𝜌 sinh 𝜌𝑥1
cosh2𝜌𝑥2 cosh 𝜉2 ,

(45)

where the functions 𝐴, 𝐵, and 𝐶 are𝐴 = sinh 𝜌𝑥1 sinh 𝜌𝑥2 + cosh 𝜌𝑥1 sinh 𝜉1 tanh 𝜉2
cosh 𝜌𝑥2 ,

𝐵 = sinh 𝜌𝑥1 tanh 𝜌𝑥2 cosh 𝜉1 + sinh 𝜉1 sinh 𝜉2
cosh 𝜌𝑥2 cosh 𝜉2 ,

𝐶 = sinh 𝜌𝑥1 tanh 𝜌𝑥2 sinh 𝜉1 + cosh 𝜉1 sinh 𝜉2
cosh 𝜌𝑥1 cosh 𝜌𝑥2 .

(46)

Notice that the commutators (30) are recovered from
(43)–(46) by taking the first-order in the group coordinates.

We remark that any other choice for thematrix element of𝑆𝑂𝜔(2, 2) would lead to another set of vector fields formally
different from thosewritten in Table 2 and, therefore, it would
give rise to Poisson–Lie brackets different from (43)–(46).
However, by construction, all of these possible vector fields
and Poisson–Lie structures are equivalent by means of
changes of basis involving the group coordinates.

5. Noncommutative (Anti-)de Sitter Spaces

In general, the simplest way to quantize Poisson–Lie struc-
tures [5, 70] consists in the usual Weyl substitution of the
initial Poisson brackets between commutative coordinates by
commutators between noncommutative coordinates. Several
quantum deformations of nonsemisimple groups have been
constructed by applying this procedure; among them we
underline the 𝜅-Poincaré group [15–18], for which the full
set of commutation rules are linear in the deformation
parameter. Nevertheless, we stress that a quantum group
does not always coincide with the Weyl quantization of their
underlying Poisson–Lie brackets, specially when dealing
with semisimple groups as the (A)dS ones, since ordering
problems often appear during the quantization procedure.
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In our case, the Poisson–Lie brackets (43)–(46) are
the commutative counterpart of the full noncommutative
quantum (A)dS groups Fun𝑧(𝑆𝑂𝜔(2, 2)). Thus if we write a
generic Poisson–Lie bracket as{𝑦𝑖, 𝑦𝑗} = 𝑧𝑓 (𝑦1, . . . , 𝑦6) , (47)

its noncommutative version would read[𝑦𝑖, 𝑦𝑗] = 𝑧𝑓 (𝑦1, . . . , 𝑦6) + 𝑜 (𝑧2) , (48)

whose first-order in all 𝑦𝑘 and 𝑧 is given by (30), while
the 𝑜(𝑧2) terms come from the reordering of the quantum
coordinates𝑦𝑘. By following this point of view,wewill analyse
the generalization of the first-order noncommutative spaces
presented in Section 3 to higher orders in the quantum
coordinates and up to second-order in 𝑧.
5.1. Noncommutative Spacetimes. The first set of Poisson–Lie
brackets (43) allows us to introduce the defining commu-
tation relations of the (2 + 1)D noncommutative (A)dS
spacetimes; namely,[𝑥0, 𝑥1] = −𝑧 tanh 𝜌𝑥1𝜌 cosh2𝜌𝑥2 + 𝑜 (𝑧2)= −𝑧𝑥1 + 13𝑧𝜔𝑥31 + 𝑧𝜔𝑥1𝑥22 + 𝑜 (𝑧2) ,[𝑥0, 𝑥2] = −𝑧 tanh 𝜌𝑥2𝜌 + 𝑜 (𝑧2)= −𝑧𝑥2 + 13𝑧𝜔𝑥32 + 𝑜 (𝑧2) ,[𝑥1, 𝑥2] = 0 + 𝑜 (𝑧2) .

(49)

These expressions demonstrate how the underlying first-
orderM2+1𝑧 (33) for the (A)dS groups is now generalized with
an explicit dependence on the curvature𝜔, in such a way that
three different cases appear. Furthermore, space isotropy is
preserved in the quantum case since 𝜃 is again absent (as well
as the quantum boost coordinates �̂�).

It is worth mentioning that the asymmetric form of (49)
could be expected from the beginning (see, e.g., the classical
metric (17)) aswe are dealingwith local quantumcoordinates.
However, if we consider noncommutative ambient (Weier-
strass) coordinates (𝑠3, 𝑠𝜇) defined in terms of the former ones𝑥𝜇 by the same formal relations (16) and subjected to the
constraint (13), we obtain the noncommutative spacetimes
written in a fully symmetric way as a quadratic algebra:[𝑠0, 𝑠𝑖] = −𝑧𝑠3𝑠𝑖 + 𝑜 (𝑧2) ,[𝑠1, 𝑠2] = 0 + 𝑜 (𝑧2) ,[𝑠3, 𝑠0] = 𝑧𝑤ŝ2 + 𝑜 (𝑧2) ,[𝑠3, 𝑠𝑖] = 𝑧𝑤𝑠0𝑠𝑖 + 𝑜 (𝑧2) .

(50)

These expressions are clearly invariant under the permutation𝑠1 ↔ 𝑠2. The two first relations in (50) are just M2+1𝑧 , since𝑠3 → 1 when 𝜔 → 0.
5.2. Noncommutative Spaces of Worldlines. Likewise, a first
insight into the noncommutative (A)dS and Minkowskian
spaces of time-like lines can be performed by startingwith the
Poisson–Lie brackets (44) among space x and boost 𝜉 group
coordinates.

Let us consider firstly the quantum Poincaré group with𝜔 = 0. In this case, the expressions (44) are rather simplified.
Their corresponding quantum deformation reads

[𝑥1, 𝜉1] = 𝑧(1 − cosh 𝜉1
cosh 𝜉2) ,[𝑥2, 𝜉2] = 𝑧 (cosh 𝜉1 − cosh 𝜉2) ,[𝑥1, 𝜉2] = −𝑧 sinh 𝜉1 sinh 𝜉2,[𝑥2, 𝜉1] = −𝑧 sinh 𝜉1 tanh 𝜉2,[𝑥1, 𝑥2] = 0,[𝜉1, 𝜉2] = 0,

(51)

which determine the complete (in all orders in 𝑧, x̂, and �̂�)
noncommutative Minkowskian space of worldlines LM2×2𝑧 .
Hence the commutativity of the first-order relations [𝑥𝑖, 𝜉𝑗]
is lost (see (37)). It is worth mentioning that [𝜉1, 𝜉2] = 0
ensures the self-consistency of the remaining commutators
as no ordering problems appear. Moreover, this condition
means that the 2D velocity space remains nondeformed
(commutative).

On the contrary, in the (A)dS cases with 𝜔 ̸= 0 the brack-
ets (44) are rather involved, again asymmetric, and 𝜉1, 𝜉2 no
longer commute. As in the classical case, we can consider the
noncommutative ambient (Plücker) coordinates (𝜂3, �̂�, ŷ, 𝑦3)
formally defined by (23), but now with noncommutative
entries x̂ and �̂�. Then the noncommutative (A)dS spaces of
worldlines are given by the following quadratic relations:[𝑦1, 𝑦2] = −𝑧 (𝜂3 − (𝜂23 − 𝜔ŷ2)) 𝑦3 + 𝑜 (𝑧2) ,[𝑦3, 𝜂3] = 0 + 𝑜 (𝑧2) ,[𝜂1, 𝜂2] = −𝑧𝜔 (𝜂3 − (𝜂23 − 𝜔ŷ2)) (𝜂3 − 1𝜂3 )𝑦3+ 𝑜 (𝑧2) ,[𝜂3, 𝜂𝑖] = 𝑧𝜔(𝜖𝑖𝑗𝜂𝑗𝑦3 + 𝑦𝑖 (𝜂23 − 𝜔ŷ2) (𝜂3 − 1𝜂3 ))+ 𝑜 (𝑧2) ,
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[𝜂3, 𝑦𝑖] = 𝑧 (𝜔𝜖𝑖𝑗𝑦𝑗𝑦3 − 𝜂𝑖 (𝜂23 − 𝜔ŷ2) (𝜂3 − 1𝜂3 ))+ 𝑜 (𝑧2) ,[𝑦3, 𝑦𝑖] = 𝑧 (𝜖𝑖𝑗𝑦𝑗 (𝜂3 − 1) − 𝜂𝑖 (𝜂23 − 𝜔ŷ2) 𝑦3𝜂3 )+ 𝑜 (𝑧2) ,[𝑦3, 𝜂𝑖] = 𝑧 (𝜖𝑖𝑗𝜂𝑗 (𝜂3 − 1) + 𝜔𝑦𝑖 (𝜂23 − 𝜔ŷ2) 𝑦3𝜂3 )+ 𝑜 (𝑧2) ,[𝜂𝑖, 𝑦𝑗] = 𝑧𝛿𝑖𝑗𝜂3 (𝜂3 − 1 + 𝜔𝑦23) − 𝑧𝜂𝑖𝜂𝑗𝜂3+ 𝑧𝜔𝑦𝑖𝑦𝑗 (𝜔𝑦23𝜂3 − 1)+ 𝑧𝜔(𝜖𝑖𝑘𝜂𝑘𝑦𝑗 (𝜂3 − 1𝜂3 ) + 𝜖𝑗𝑘𝜂𝑘𝑦𝑖)𝑦3+ 𝑜 (𝑧2) ,
(52)

which are invariant under the map defined by(𝜂3, 𝜂1, 𝜂2, 𝑦1, 𝑦2, 𝑦3) → (𝜂3, 𝜂2, 𝜂1, 𝑦2, 𝑦1, −𝑦3) . (53)

The flat contraction 𝜔 = 0 of (52) to LM2×2𝑧 yields[𝑦1, 𝑦2] = 𝑧𝑦3𝜂3 (𝜂3 − 1) ,[𝑦3, 𝜂3] = 0,[𝜂1, 𝜂2] = 0,[𝜂3, 𝜂𝑖] = 0,[𝜂3, 𝑦𝑖] = −𝑧𝜂𝑖𝜂3 (𝜂3 − 1) ,[𝑦3, 𝑦𝑖] = 𝑧𝜖𝑖𝑗𝑦𝑗 (𝜂3 − 1) − 𝑧𝜂𝑖𝜂3𝑦3 + 𝑜 (𝑧2) ,[𝑦3, 𝜂𝑖] = 𝑧𝜖𝑖𝑗𝜂𝑗 (𝜂3 − 1) ,[𝜂𝑖, 𝑦𝑗] = 𝑧𝛿𝑖𝑗𝜂3 (𝜂3 − 1) − 𝑧𝜂𝑖𝜂𝑗𝜂3.
(54)

The commutativity of the 2D velocity space in LM2×2𝑧 now
comes from the fact that the commutators involving the
“momentum-like” coordinates (𝜂3, �̂�) vanish; note that they
only depend on �̂�, which commute in this case. On the
contrary, the “position-like” ones (𝑦3, ŷ) do not commute;
they depend on both �̂� and x̂ (see (24)). We stress that this
quantum Poincaré group property is in full agreement with
the study developed in [71, 72] by working with the (dual)
quantum algebra. In these works it is shown how the 𝜅-
deformed Poincaré boost transformations close a group as
in the nondeformed case, and the additivity of the boost
parameter for transformations along the same direction is

also preserved.Therefore, the relations (52) indicate that such
properties may be either lost or somewhat modified in the
quantum (A)dS groups.

6. Quantum (Anti-)de Sitter Algebras

In this section we firstly review the Hopf algebra structure
and the associated invariants of the quantum (A)dS algebras
that quantize the cocommutators (27), commutators (2), and
Casimirs (9). These results are presented in the kinematical
basis in which they were formerly obtained [19], and the
contraction 𝜔 = 0 gives the 𝜅-Poincaré written in the form
deduced in [13]. We also point out some remarks concerning
the connection between these structures andquantumgravity
that has been introduced in [38]. Secondly, we obtain a new
basis through a nonlinear map for these quantum algebras in
such a manner that the 𝜅-Poincaré algebra is recovered in the
so-called bicrossproduct basis [8, 16]. This change of basis,
at the level of the quantum algebra, is the dual counterpart
of a change of noncommutative coordinates on the quantum
group.

6.1. “Symmetrical” Basis. The Drinfel’d–Jimbo quantum
deformation of 𝑠𝑜(4,C) was obtained in [11] by considering
two copies of the quantum 𝑠𝑙(2) algebra [3] and applying
the prescription 𝑈𝑧(𝑠𝑜(4,C)) = 𝑈𝑧(𝑠𝑙(2)) ⊕ 𝑈−𝑧(𝑠𝑙(2)).
From this result, a further analysis of real forms together
with a contraction scheme led to quantum deformations of
the family of (2 + 1)D kinematical algebras [19, 68] which
included, among others, the 𝜅-deformation of the three
relativistic algebras (2) with underlying Lie bialgebra (27)
that we denote here by 𝑈𝑧(𝑠𝑜𝜔(2, 2)). The Hopf structure of𝑈𝑧(𝑠𝑜𝜔(2, 2)) is characterized by the following coproduct and
commutation relations [19]:Δ (𝑃0) = 1 ⊗ 𝑃0 + 𝑃0 ⊗ 1,Δ (𝐽) = 1 ⊗ 𝐽 + 𝐽 ⊗ 1,Δ (𝑃𝑖) = 𝑒−(𝑧/2)𝑃0 cosh (𝑧2𝜌𝐽) ⊗ 𝑃𝑖 + 𝑃𝑖⊗ 𝑒(𝑧/2)𝑃0 cosh(𝑧2𝜌𝐽)+ 𝜌𝑒−(𝑧/2)𝑃0 sinh(𝑧2𝜌𝐽) ⊗ 𝜖𝑖𝑗𝐾𝑗− 𝜌𝜖𝑖𝑗𝐾𝑗 ⊗ 𝑒(𝑧/2)𝑃0 sinh(𝑧2𝜌𝐽) ,Δ (𝐾𝑖) = 𝑒−(𝑧/2)𝑃0 cosh (𝑧2𝜌𝐽) ⊗ 𝐾𝑖 + 𝐾𝑖⊗ 𝑒(𝑧/2)𝑃0 cosh(𝑧2𝜌𝐽)− 𝑒−(𝑧/2)𝑃0 sinh ((𝑧/2) 𝜌𝐽)𝜌 ⊗ 𝜖𝑖𝑗𝑃𝑗+ 𝜖𝑖𝑗𝑃𝑗 ⊗ 𝑒(𝑧/2)𝑃0 sinh ((𝑧/2) 𝜌𝐽)𝜌 ,

(55)



Advances in High Energy Physics 13[𝐽, 𝑃𝑖] = 𝜖𝑖𝑗𝑃𝑗,[𝐽, 𝐾𝑖] = 𝜖𝑖𝑗𝐾𝑗,[𝐽, 𝑃0] = 0,[𝑃𝑖, 𝐾𝑗] = −𝛿𝑖𝑗 sinh (𝑧𝑃0)𝑧 cosh (𝑧𝜌𝐽) ,[𝑃0, 𝐾𝑖] = −𝑃𝑖,[𝑃0, 𝑃𝑖] = 𝜔𝐾𝑖,[𝑃1, 𝑃2] = −𝜔 cosh (𝑧𝑃0) sinh (𝑧𝜌𝐽)𝑧𝜌 ,
[𝐾1, 𝐾2] = − cosh (𝑧𝑃0) sinh (𝑧𝜌𝐽)𝑧𝜌 .

(56)

Counit and antipode maps can directly be derived from the
Hopf algebra axioms. The deformation of the two Casimir
invariants (9) turns out to be

C = 4 cos (𝑧𝜌) { sinh2 ((𝑧/2) 𝑃0)𝑧2 cosh2 (𝑧2𝜌𝐽)+ sinh2 ((𝑧/2) 𝜌𝐽)𝑧2 cosh2 (𝑧2𝑃0)} − sin (𝑧𝜌)𝑧𝜌 (P2+ 𝜔K2) ,
W = − cos (𝑧𝜌) sinh (𝑧𝜌𝐽)𝑧𝜌 sinh (𝑧𝑃0)𝑧+ sin (𝑧𝜌)𝑧𝜌 (𝐾1𝑃2 − 𝐾2𝑃1) .

(57)

This deformation is governed by the generators spanning
the isotropy subgroup of a worldline, 𝑃0 and 𝐽, which
remain nondeformed at the level of the coproduct (55). Thus
deformed functions of 𝑃0 and 𝐽 arise for the coproduct of P
andK in both spaces in the tensor product, in such a manner
that their coproduct is invariant under the composition 𝜎∘T
of the flip operator, 𝜎(𝑥 ⊗ 𝑦) = 𝑦 ⊗ 𝑥, and a “parity” operator
T acting on the deformation parameter asT(𝑧) = −𝑧. Hence
we say that 𝑈𝑧(𝑠𝑜𝜔(2, 2)) is written in a “symmetrical” basis.

The physical dimension of 𝑧 is inherited from 𝑃0, [𝑧] =[𝑃0]−1, so that this can be interpreted as a fundamental length
(provided that 𝑐 = 1), which in the usual DSR theories is
considered to be of the order of the Planck length 𝑙𝑝.

Expressions (55)–(57) show the commutativity character
of the l.h.s. of the diagram (1); the limit 𝑧 → 0 in each
of the three particular quantum algebras contained in the
family 𝑈𝑧(𝑠𝑜𝜔(2, 2)) leads to the corresponding Lie algebra𝑠𝑜𝜔(2, 2) and its invariants, while the contraction 𝜔 = 0
(𝜌 → 0) in 𝑈𝑧(𝑠𝑜𝜔(2, 2)) gives rise to the 𝜅-Poincaré algebra
and its deformed invariants in the basis formerly worked out
in [13]. Both types of limits can be applied separately. Such a
viewpoint suggests some kind of “duality” between quantum
deformations induced by 𝑧 and “curvature deformations”

parametrized by 𝜔; recall that (A)dS symmetries can be
considered as a “classical” deformation of Poincaré invariance
[52, 53, 65].

The dual relationship between quantum deformation
parameters and classical deformation ones (𝑧 ↔ 𝜔) was
already analysed for the (1 + 1)D case in [73] and, in
fact, the role of 𝑧 as a curvature also arises within the
Drinfel’d-double approach, as commented in Section 3.1 (see
[29, 30]). Moreover, the “semidualization” approach in 2 +
1 quantum gravity introduced in [59] (see also [60, 61])
provides a more complete Hopf algebraic understanding of
this duality between the Planck scale 𝑙𝑝 and the cosmological
constant 𝜔 = 𝜌2 = −Λ and shows its direct connection
with the quantum version of the so-called Born reciprocity
principle [74] between (now noncommutative) coordinates
and (curved) momenta. This framework is also helpful in
order to understand the existing constraints on contraction
limits involving these two parameters that we will discuss in
the sequel.

6.2. Contractions and the Planck Length. It has been shown
(see [38] and references therein) that there exists a natural
link between the deformed commutation relations (56) for
the (A)dS algebras with 𝜔 ̸= 0 and 2 + 1 quantum gravity.
In the latter framework, the curvature and deformation
parameters can be identified with the cosmological constantΛ ≡ −𝜔 and the fundamental Planck length 𝑙𝑝 ≡ 𝑧. Hence, by
considering these identifications, the above results show that
both limitsΛ → 0 and 𝑙𝑝 → 0 can be taken independently (ifΛ → 0 we obtain 𝜅-Poincaré with 𝑙𝑝 ≡ 𝑧) and that a “duality”𝑙𝑝 ↔ Λ might exist. Nevertheless, in [38] it is emphasized
that the contraction to 𝜅-Poincaré should be taken as the
simultaneous limits 𝑧 → 0 and Λ𝑙2𝑝 → 0, due to the coupling𝑧 = √Λ𝑙𝑝 existing in 2 + 1 quantum gravity. This fact can be
explained from a Lie bialgebra contraction approach [68] as
follows.

Alternatively to the expressions (55) and (56) defining𝑈𝑧(𝑠𝑜𝜔(2, 2)) that unify the Hopf structure for the quantum
(A)dS and Poincaré algebras parametrized by 𝜔, one could
have started from the quantum AdS algebra𝑈𝑧(𝑠𝑜(2, 2))with𝜔 = 1 (or from𝑈𝑧(𝑠𝑜(3, 1))with𝜔 = −1). Next the Lie bialge-
bra contraction analysis of the 𝑟-matrix (26) and Lie bialgebra
(27) shows that there exists a unique quantum Inönü–Wigner
contraction (a coboundary Lie bialgebra contraction) that
ensures the convergence of both (26) and (27).This is defined
through the new generators𝑌 and deformation parameter 𝑧
given by [19, 68] 𝑃0 = √𝜔𝑃0,𝑃𝑖 = √𝜔𝑃𝑖,𝐾𝑖 = 𝐾𝑖,𝐽 = 𝐽,𝑧 = 𝑧√𝜔

(58)
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(√𝜔 = 𝜌 plays the role of the usual Inönü–Wigner contrac-
tion parameter). This map is associated with the Z2-grading
of 𝑈𝑧(𝑠𝑜(2, 2)) given by the composition of the deformed
parity and time-reversal (32):Π𝑧Θ𝑧 : (𝑃0,P,K, 𝐽; 𝑧) → (−𝑃0, −P,K, 𝐽; −𝑧) . (59)

By computing the coproduct and commutation relations
for the new generators 𝑌 from 𝑈𝑧(𝑠𝑜(2, 2)) and then by
applying the limit √𝜔 → 0, one finds the 𝜅-Poincaré alge-
bra 𝑈𝑧(𝑖𝑠𝑜(2, 1)) in terms of the transformed deformation
parameter 𝑧.Therefore, if 𝑧 is now taken as the Planck length𝑙𝑝 and 𝜔 ≡ −Λ > 0, the map (58) means that 𝑧 = √−Λ𝑙𝑝,
so that the contraction √−Λ → 0 conveys the limit 𝑧 → 0
as well, leaving 𝑧 ≡ 𝑙𝑝 as the only fundamental scale in 𝜅-
Poincaré, in agreement with [38].

6.3. “Bicrossproduct-Type” Basis. So far, most of the appli-
cations of the 𝜅-Poincaré algebra have been developed by
working in the so-called bicrossproduct basis [16, 22], in
which the Lorentz sector has nondeformed commutation
rules. Thus it is natural to wonder about the existence of a
nonzero curvature counterpart of such a basis. This can be
achieved by means of the 𝜔-generalization of the invertible
nonlinear map introduced for 𝜅-Poincaré in [16]�̃�0 = 𝑃0,𝐽 = 𝐽,�̃�𝑖 = 𝑒−(𝑧/2)𝑃0 {cosh (𝑧2𝜌𝐽)𝑃𝑖 − 𝜌 sinh(𝑧2𝜌𝐽) 𝜖𝑖𝑗𝐾𝑗} ,�̃�𝑖 = 𝑒−(𝑧/2)𝑃0 {cosh (𝑧2𝜌𝐽)𝐾𝑖+ sinh ((𝑧/2) 𝜌𝐽)𝜌 𝜖𝑖𝑗𝑃𝑗} .

(60)

This transformation can be written as the following matrix
transformation of P and K depending on functions of the
generators of the isotropy subgroup of a worldline:

(�̃�1�̃�2�̃�1�̃�2)= exp

{{{{{{{{{{{−
𝑧2𝑃0(

1 0 0 00 1 0 00 0 1 00 0 0 1)
}}}}}}}}}}}

⋅ exp{{{{{{{{{{{−
𝑧2𝐽(

0 0 0 𝑤0 0 −𝑤 00 −1 0 01 0 0 0)
}}}}}}}}}}}

⋅(𝑃1𝑃2𝐾1𝐾2).
(61)

The transformed coproduct and commutation rules of𝑈𝑧(𝑠𝑜𝜔(2, 2)) in this new basis turn out to beΔ (�̃�0) = 1 ⊗ �̃�0 + �̃�0 ⊗ 1,Δ (𝐽) = 1 ⊗ 𝐽 + 𝐽 ⊗ 1,Δ (�̃�𝑖) = 𝑒−𝑧�̃�0 ⊗ �̃�𝑖 + �̃�𝑖 ⊗ cosh (𝑧𝜌𝐽) − 𝜌𝜖𝑖𝑗�̃�𝑗⊗ sinh (𝑧𝜌𝐽) ,Δ (�̃�𝑖) = 𝑒−𝑧�̃�0 ⊗ �̃�𝑖 + �̃�𝑖 ⊗ cosh (𝑧𝜌𝐽) + 𝜖𝑖𝑗�̃�𝑗⊗ sinh (𝑧𝜌𝐽)𝜌 ,
(62)

[𝐽, �̃�𝑖] = 𝜖𝑖𝑗�̃�𝑗,[𝐽, �̃�𝑖] = 𝜖𝑖𝑗�̃�𝑗,[𝐽, �̃�0] = 0,[�̃�0, �̃�𝑖] = −�̃�𝑖,[�̃�0, �̃�𝑖] = 𝜔�̃�𝑖,[�̃�1, �̃�2] = −𝜔 sinh (2𝑧𝜌𝐽)2𝑧𝜌 ,
[�̃�1, �̃�2] = − sinh (2𝑧𝜌𝐽)2𝑧𝜌 ,
[�̃�𝑖, �̃�𝑗] = 𝛿𝑖𝑗{{{𝑒−2𝑧�̃�0 − cosh (2𝑧𝜌𝐽)2𝑧
− tan (𝑧𝜌)2𝜌 (P̃2 + 𝜔K̃2)}}} + tan (𝑧𝜌)𝜌 (�̃�𝑗�̃�𝑖+ 𝜔�̃�𝑖�̃�𝑗) .

(63)

Therefore, the Lorentz sector remains deformed in the quan-
tum (A)dS algebras with 𝜔 ̸= 0, while the contraction 𝜔 = 0
(𝜌 → 0) produces the 𝜅-Poincaré algebra in the bicrossprod-
uct basis, in which the only deformed commutation rules are[�̃�𝑖, �̃�𝑗]. However, although the Lorentz sector in 𝜅-Poincaré
is nondeformed, the quantum deformation is still kept in the
coproduct for the boost generators (62). Note also that this
new coproduct is not invariant under the map 𝜎 ∘T.

The corresponding deformed Casimirs are obtained from
(57) and read

C = 4 cos (𝑧𝜌){ sinh2 ((𝑧/2) �̃�0)𝑧2 cosh2 (𝑧2𝜌𝐽)
+ sinh2 ((𝑧/2) 𝜌𝐽)𝑧2 cosh2 (𝑧2 �̃�0)} − sin (𝑧𝜌)𝑧𝜌



Advances in High Energy Physics 15⋅ 𝑒𝑧�̃�0 {cosh (𝑧𝜌𝐽) (P̃2 + 𝜔K̃2) − 2𝜌⋅ sinh (𝑧𝜌𝐽) (�̃�1�̃�2 − �̃�2�̃�1)} ,
W = − cos (𝑧𝜌) sinh (𝑧𝜌𝐽)𝑧𝜌 sinh (𝑧�̃�0)𝑧 + sin (𝑧𝜌)𝑧𝜌⋅ 𝑒𝑧�̃�0 {cosh (𝑧𝜌𝐽) (�̃�1�̃�2 − �̃�2�̃�1)
− sinh (𝑧𝜌𝐽)2𝜌 (P̃2 + 𝜔K̃2)} .

(64)

We remark that for both bases the full Hopf structure𝑈𝑧(𝑠𝑜𝜔(2, 2)) is invariant under the quantum involutions (32)
(as it should be) and also under the “classical” symmetry(𝑃0, 𝑃1, 𝑃2, 𝐾1, 𝐾2, 𝐽) → (𝑃0, 𝑃2, 𝑃1, 𝐾2, 𝐾1, −𝐽) , (65)

which shows that the equivalences 𝑃1 ↔ 𝑃2 and𝐾1 ↔ 𝐾2 are
preserved by this quantum deformation.This, in turn, means
that there is no privileged space/boost direction. The analo-
gous (dual) maps to (65) in the noncommutative spacetimes
and spaces of worldlines are given by the interchange 𝑠1 ↔ 𝑠2
and (53), respectively.

7. Concluding Remarks

We have presented a unified and global study of the𝜅-deformation of the (A)dS and Poincaré algebras and
groups in 2 + 1 dimensions by making use of an explicit
contraction parameter 𝜔 that corresponds to the curva-
ture/cosmological constant of the underlying classical space-
times. We remark that the limit 𝜔 → 0 is always well defined
in all the expressions, thus providing a straightforward
Poincaré/Minkowskian counterpart of all the results here
presented.

At the quantum algebra level, we have introduced a new
basis (60) for the quantum (A)dS algebras, which is the
analogous of the 𝜅-Poincaré bicrossproduct basis. As far as
the (dual) quantum groups are concerned, the results cover
the noncommutative (A)dS spacetimes (49) up to second-
order in the deformation parameter, thus generalizing the𝜅-Minkowskian spacetime (33) which turns out to be their
common first-order seed. Furthermore, we have presented
the first approach, to the best of our knowledge, to non-
commutative spaces of worldlines. For the three relativistic
cases they are related to phase spaces (x̂, �̂�) ↔ (P,K), which
are different from the 𝜅-Poincaré phase spaces proposed
in [29, 30] (see also [75]). We also remark that an appro-
priate treatment of the classical (nondeformed) structures
have allowed us to write both noncommutative spacetimes
and spaces of worldlines in terms of ambient (“global”)
coordinates, by starting with the particular expressions (16)
and (23) for the (“local”) parametrizations of such spaces.
In such ambient coordinates, the noncommutative spaces
turn out to be determined through quadratic commutation

relations (50) and (52). Moreover, they are shown to be
symmetric with respect to some maps that generalize the𝑃1 ↔ 𝑃2 and 𝐾1 ↔ 𝐾2 invariance of the dual quantum
algebras.

It is worth stressing that the connection between the
Poisson–Lie group approach presented here and the role that
classical 𝑟-matrices and Drinfel’d-doubles play in the context
of 2 + 1 quantum gravity [76–84] has been studied in detail
in the works [85–89]. Also, the deformed Casimir operators
(57) (or (64)) can be used to provide modified dispersion
relations, which should be related to those appearing in
several phenomenological approaches to quantum gravity
(see [90–93]).

Some comments on other possible quantum deforma-
tions of the (A)dS algebras are in order. Since any possible
quantumdeformation of the (A)dS algebras has to come from
a classical 𝑟-matrix, a complete classification of the latter
would be certainly useful in order to obtain and analyse other
physically interesting quantum (A)dS groups (for each of
them, the vector fields displayed in Table 2 would give rise
to the associated Poisson noncommutative spaces). In this
respect, the full classification of classical 𝑟-matrices for the
(3 + 1)D Poincaré Lie algebra can be found in [94]. For the (2
+ 1)D (A)dS algebras a similar result has been recently given
in [95] (see also [96]).

On the other hand, the generalization of the (2 + 1)D 𝜅-
(A)dS algebras and groups to the (3 + 1)D case can be obtained
by generalizing the classical 𝑟-matrix (26) to (see [68])𝑟 = 𝑧 (𝐾1 ∧ 𝑃1 + 𝐾2 ∧ 𝑃2 + 𝐾3 ∧ 𝑃3) + 𝑧√𝜔𝐽1 ∧ 𝐽2, (66)

which include a term 𝐽1 ∧ 𝐽2 coming from the rotation
sector. This term does not appear either in the (3 + 1)D𝜅-Poincaré algebra (with 𝜔 = 0) or in the (2 + 1)D 𝜅-
(A)dS algebras. A twisted version of (66) with a second
deformation parameter 𝜗was considered in [97] by imposing
some physical requirements, and the very same classical 𝑟-
matrix has been derived in [98] from a Drinfel’d-double
approach; namely,𝑟 = 𝑧 (𝐾1 ∧ 𝑃1 + 𝐾2 ∧ 𝑃2 + 𝐾3 ∧ 𝑃3) + 𝑧√𝜔𝐽1 ∧ 𝐽2+ 𝜗𝐽3 ∧ 𝑃0. (67)

The corresponding Poisson–Hopf algebra has been recently
constructed in [99], so obtaining the (3 + 1)D Poisson
version of the coproduct (62), commutation relations (63),
and Casimirs (64). The associated (3 + 1)D noncommutative
spacetime, generalizing (49), is currently under investigation.

Finally, we recall that other different quantum (A)dS
deformations have been obtained by working in a conformal
basis instead of a pure kinematical one, for instance, 𝑠𝑜(3, 2)
[100, 101] and 𝑠𝑜(4, 2) [47, 102–104], and the Drinfel’d–Jimbo
quantum AdS space at roots of unity has been worked out
in [105]. Also, other fuzzy [106, 107] and covariant [44] non-
commutative (A)dS spacetimes have also been constructed.
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We introduce modified covariant quantum algebra based on the so-called Quesne-Tkachuk algebra. By means of a deformation
procedure we arrive at a class of higher-derivative models of gravity. The study of the particle spectra of these models reveals
equivalence with the physical content of the well-known higher-derivative gravities. The particle spectrum exhibits the presence
of spurious complex ghosts and, in light of this problem, we suggest an interesting interpretation in the context of minimal length
theories. Also, a discussion regarding the nonrelativistic potential energy is proposed.

1. Introduction

The construction of a quantum theory for gravity consists in
one of the most challenging problems of theoretical physics,
since there are no experimental hints about what kind of
effects we should expect from quantum corrections to the
gravitational interaction. However, even without experimen-
tal evidences, a great deal of theoretical effort has been done
in the last decades. In this vein, several approaches have
been proposed as quantum theories of gravity, for instance,
string theories, loop quantum gravity, causal dynamical
triangulations, causal sets, and induced quantum gravity
[1, 2]. Nevertheless, in the present state of art, none of the
preceding theories give the final word in quantum gravity.

Rather than considering a full quantum theory of gravity,
one can deal with effective theories of quantumgravity, which
are promising approaches to implement quantum corrections
to GR [3]. However, serious problems must be faced in
this approach, mainly the incompatibility between renor-
malizability and unitarity, which are desired features in the

quantum field theory formulation. On one hand, effective
theories based on GR are nonrenormalizable by power
counting, since the coupling constant associated with grav-
itation has inverse canonical mass dimension. The issue
with renormalizability may be solved by introducing higher-
derivative terms into the action, because in such theories the
UV behavior of the propagator is more convergent than in
the GR case [4–10]. On the other hand, unitarity is usually
lost in higher-derivative theories, since it leads to unphysical
massive ghosts. The riddle of the incompatibility between
renormalizability and unitarity was recently explored in [11],
also relating the aforementioned features with the behavior
of the nonrelativistic potential energy associated with the
gravitational field.

As a consequence of the association between the Planck
length and the coupling constant of the gravitational inter-
action, the Planck scale is the natural regime in which we
expect that quantum effects become most relevant to the
gravitational interaction. Notwithstanding, gravity does not
allow an arbitrarily amount of mass/energy in a very small
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region of spacetime, since it would collapse into a black
hole [12]. This suggests a minimal length hypothesis that
is the existence of a fundamental length scale below which
we cannot access. The minimal length hypothesis may be
achieved bymodifications in the quantum algebra of position
coordinates and conjugatedmomenta, whichwas first accom-
plished in a seminal paper by Snyder in 1947 [13].

The interest on minimal length physics has increased
considerably in the last two decades, specially due to certain
important results within the context of string theories, loop
quantum gravity, and asymptotic safe gravity [14–17]. In
special, we mention the noncovariant Kempf algebra [18]
which has been vastly explored in the last two decades
[19–24]. Its covariant generalization was later introduced by
Quesne and Tkachuk [25, 26].

Remarkably the Quesne-Tkachuk algebra leads to a sys-
tematic procedure to generate fourth-derivative models; for
instance, in the case spin-0 particles, minimal length correc-
tions were implemented in the Klein-Gordon field, leading to
a higher-derivative theory for the scalar field [27]; for spin-
1/2 fields, the deformation procedure was applied in order to
construct a higher-derivative version of the Dirac field [28];
some investigations were also performed in the context of
electrostatic [29], magnetostatic [30], electrodynamics with
external sources [31], and quantum electrodynamics [32];
finally, in a recent paper, Dias et al. explored the issue of
minimal length corrections in the context of Einstein-Hilbert
theory [33]. Remarkably, it was recently suggested that this
algebra may be viewed as an emergent effect of a supersym-
metry breaking of a nonanticommutative superspace [34].

Realizing that there is a clear connection between mini-
mal length deformations and fourth-derivative models, it is
natural to think about this kind of deformation as a road to
implement quantum corrections in the gravitational interac-
tion. In the last few years there has been an increasing interest
in modified theories of gravity including sixth or more
derivative terms [9]. In fact, this class of theories is superre-
normalizable or even finite at quantum level. Nevertheless,
these theories cannot be obtained by means of a deformation
procedure in the context of the Quesne-Tkachuk algebra.
In this paper, we propose a modification on the Quesne-
Tkachuk algebra by introducing higher-order corrections in
the deformation parameter in order to include a larger class
of higher-derivative effective theories of quantum gravity.

This paper is organized as follows: in Section 2 we
introduce and explore some features of themodifiedQuesne-
Tkachuk algebra; in Section 3, we establish a connec-
tion between the deformed version of the Einstein-Hilbert
Lagrangian and the effective theories of quantum gravity; in
Section 4, we explore some features regarding the particle
spectra related to the class of effective theories obtained from
the minimal length deformation of the GR Lagrangian; in
Section 5 we study some low-energy consequences of the
deformed gravitational theory; finally in Section 6 we present
our conclusions.

Throughout this paper we use 𝑐 = ℏ = 1, 𝜂𝜇] =
diag(+, −, . . . , −), 𝑅𝜇]𝛼𝛽 = 𝜕𝛼Γ𝜇]𝛽 + Γ𝜇𝛼𝜆Γ𝜆]𝛽 − (𝛼 ↔ 𝛽), 𝑅𝜇] =𝑅𝛽𝜇]𝛽, and 𝑅 = 𝑔𝜇]𝑅𝜇].

2. Modified Quesne-Tkachuk Algebra

The Quesne-Tkachuk algebra is the simplest possible covari-
ant generalization of the Heisenberg algebra that allows for a
minimal length [25]. Wemay wonder if the Quesne-Tkachuk
algebra is just the first-order truncation of a more general
covariant algebra. In fact, there are some proposal of higher-
order algebras in the literature, for instance, [35, 36]. A
commutative spacetime regime of such algebra would also
be of special interest. In order to be able to build up a new
algebra, we propose the following representations:

𝑋𝜇 = 𝑥𝜇,
𝑃𝜇 = 𝐹 (𝑝2) 𝑝𝜇, (1)

where the lower-case position and momentum operators
satisfy the usual Heisenberg algebra [𝑥𝜇, 𝑝]] = −𝑖𝜂𝜇] and[𝑥𝜇, 𝑥]] = [𝑝𝜇, 𝑝]] = 0. For the Heisenberg algebra
representations to be recovered as the low-energy limit of
the (1), the deformation 𝐹(𝑝2) must satisfy the condition𝐹(𝑝2) → 1 as 𝑝2 → 0.

From the considerations above it is possible to set up an
algebra. The position and momentum commutators among
themselves remain trivially null. It is necessary only to
compute the position-momentum commutator

[𝑋𝜇, 𝑃]] = −𝑖𝐹 (𝑝2) 𝜂𝜇] − 2𝑖𝐹 (𝑝2) 𝑝𝜇𝑝], (2)

where the prime denotes differentiationwith respect to𝑝2. To
close algebra this must be expressed fully in terms of the new
momentum operator 𝑃𝜇. Thus, the second contribution leads
to the differential equation

1𝐹2 𝑑𝐹𝑑𝑝2 = 𝐺 (𝑃2) . (3)

Without the form of the function𝐺we cannot give an explicit
solution.We study the simplest possibility where𝐺 is actually
a constant 𝐺 = −𝑙2/2, in which case the solution to (3) is
straightforward

𝐹 (𝑝2) = 11 + (𝑙2/2) 𝑝2 . (4)

Inverting the last equation we may express 𝑝2 in terms of 𝑃2
and, as a consequence, using the result in (2) we arrive at the
following algebra:

[𝑋𝜇, 𝑃]] = −𝑖 (1 + √1 − 2𝑙2𝑃22 𝜂𝜇] − 𝑙2𝑃𝜇𝑃]) , (5a)

[𝑋𝜇, 𝑋]] = 0,
[𝑃𝜇, 𝑃]] = 0, (5b)

with the representations

𝑋𝜇 = 𝑥𝜇,
𝑃𝜇 = 11 + (𝑙2/2) 𝑝2𝑝𝜇. (6)
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Table 1: Nontrivial commutator and representation for a few truncations of the modified Quesne-Tkachuk algebra.

[𝑋𝜇, 𝑃]] 𝑃𝜇 ∇𝜇 Algebra
N = 0 −𝑖𝜂𝜇] 𝑝𝜇 𝜕𝜇 Heisenberg

N = 1 −𝑖 (1 − 𝑙22 𝑃2)𝜂𝜇] + 𝑖𝑙2𝑃𝜇𝑃] (1 − 𝑙22 𝑝2)𝑝𝜇 (1 + 𝑙22 ◻) 𝜕𝜇 Quesne-Tkachuk

N = 2 −𝑖 (1 − 𝑙22 𝑃2 − 𝑙44 𝑃4)𝜂𝜇] + 𝑖𝑙2𝑃𝜇𝑃] (1 − 𝑙22 𝑝2 + 𝑙44 𝑝2)𝑝𝜇 (1 + 𝑙22 ◻ + 𝑙44 ◻2)𝜕𝜇 New

... ... ... ... ...
N −𝑖(12 +

N∑
𝑛=0

2𝑛−1(12𝑛) (−𝑙2𝑃2)𝑛)𝜂𝜇] + 𝑖𝑙2𝑃𝜇𝑃]
N∑
𝑛=0

(−𝑙2𝑝22 )𝑛 𝑝𝜇 N∑
𝑛=0

(𝑙22 )
𝑛 ◻𝑛𝜕𝜇 New

Thenewmomentumoperator representation in (6), along
with the correspondence principle 𝑝𝜇 → 𝑖𝜕𝜇, leads to a
deformation of the derivative operator in configuration space

𝜕𝜇 → ∇𝜇 = 11 − (𝑙2/2) ◻𝜕𝜇. (7)

Notice that this deformation is ill-defined only for space-
like momenta with 𝑝2 = −2/𝑙2. Thus no problem concerning
the analyticity of the deformation procedure arises if we
exclude the possibility of tachyons.

We emphasize that no approximations were made in the
derivation of the algebra (5a), (5b) and representations (6).
Only a simplicity assumption 𝐺 = −𝑙2/2 and the consistency
condition 𝐹(𝑝2) → 1 as 𝑝2 → 0 were needed. In this
framework the algebra (5a) and (5b) is exact and holds for
arbitrarily high energy. On the other hand interesting physics
arises in the low-energy limit, where we can power expand
the r.h.s. of (5a) and (6) in the parameter 𝑙2. Each truncation
of this series defines different algebras summarized in Table 1.

The study of truncations also suggests an origin for
the construction of higher-derivative models of arbitrary
order. Up until now only fourth-derivative models have been
constructed from the momentum deformation operation
coming from the Quesne-Tkachuk algebra, most notably
among them are the Podolsky-Lee-Wick QED [31, 32] and
Stelle’s [33] higher-derivative gravity. Second and higher-
order effects in these constructions (leading to sixth and
higher derivatives) are more subtle due to the unavoidable
appearance of spacetime noncommutativity. The novel fea-
ture of our approach is that the previous procedure can be
understood as just theN = 1 truncation of the more general
deformation coming from an also modified algebra at each
order in such a way as to keep spacetime commutativity.
Thus higher-derivative models of arbitrary order might be
constructed from (5a) and (5b) in the same spirit as Lee-Wick
and Stelle’s models arise from the Quesne-Tkachuk algebra,
but now with guaranteed spacetime commutativity.

It is remarkable that this modified algebra implies a
generalized uncertainty principle (GUP) which leads to a
minimal length. For instance, the Quesne and Tkachuk

algebra (N = 1) leads to the following isotropic minimal
length

(Δ𝑋)min = 𝑙√ 52 (1 − 𝑙22 ⟨(𝑃0)2⟩). (8)

Additionally, for N ≥ 2 truncations the isotropic minimal
length gets corrected by correlators of higher powers of
momenta inside the square root. However, the important
feature about the minimal length forN ≥ 1 is that it behaves
as (Δ𝑋)min ∼ 𝑙 + O(𝑙2); that is, the parameter 𝑙 introduced
in the construction of the modified algebra is associated with
the minimal length.

3. Effective Models of Quantum
Gravity from Minimal Length Deformed
Einstein-Hilbert Theory

In this section we explore the possibility of constructing
higher-derivative model by using a deformation procedure
based on the modified Quesne-Tkachuk algebra. Applying
this procedure to the Einstein-Hilbert theory we arrive to a
class of effective theories of quantum gravity.

Let us start with the Einstein-Hilbert Lagrangian

LEH = 2𝜅2√𝑔𝑅. (9)

Considering the usual expansion around the Minkowski
spacetime, 𝑔𝜇] = 𝜂𝜇] + 𝜅ℎ𝜇], we arrive at the following
Lagrangian for the linearized version of the Einstein-Hilbert
theory:

L
lin
EH = 12 (𝜕𝜇ℎ]𝛼)2 − 12 (𝜕𝜇ℎ)2 + 𝜕𝜇ℎ𝜕]ℎ𝜇]

− 𝜕𝜇ℎ𝜇𝛼𝜕]ℎ]𝛼, (10)

where ℎ = 𝜂𝜇]ℎ𝜇].
The deformation procedure in the derivative operator,

that is, 𝜕𝜇 → ∇𝜇, leads to the deformation of the EH
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Lagrangian itself, Llin
EH → L̃lin

EH, where L̃
lin
EH is the minimal

length deformed version for the EH theory; namely,

L̃
lin
EH = 12 (∇𝜇ℎ]𝛼)2 − 12 (∇𝜇ℎ)2 + ∇𝜇ℎ∇]ℎ𝜇]

− ∇𝜇ℎ𝜇𝛼∇]ℎ]𝛼. (11)

Now we recall that the deformed derivative operator,
based on the Nth order approximation of the modified
algebra, is given by ∇𝜇 = ∑N

𝑛=0(𝑙2/2)𝑛◻𝑛𝜕𝜇 and, therefore, the
Lagrangian associated with the deformed Einstein-Hilbert
theory is

L̃
lin
EH = L

lin
EH + N−1∑
𝑛=0

(𝑛 + 2) (𝑙22 )
𝑛+1 (ℎ𝜇]◻𝑛+1𝜕𝜇𝜕𝛼ℎ𝛼]

+ 12ℎ◻𝑛+2ℎ − ℎ◻𝑛+1𝜕𝜇𝜕]ℎ𝜇] − 12ℎ𝜇]◻𝑛+2ℎ𝜇]) .
(12)

In fact, the above Lagrangian corresponding to the
deformed version of the linearized Einstein-Hilbert theory is
exactly the same as the one obtained from the linearization of
the higher-derivative theory

L̃EH

= 2𝜅2√𝑔 [𝑅 −
N−1∑
𝑛=0

(𝑛 + 2) (𝑙22 )
𝑛+1 𝐺𝜇]◻𝑛𝑅𝜇]] , (13)

where 𝐺𝜇] = 𝑅𝜇] − (1/2)𝑔𝜇]𝑅 is the Einstein tensor.

4. Particle Spectrum and Tree-Level Unitarity

Now let us analyze the particle spectrum associated with
the deformed Lagrangian (13). In order to investigate the
tree-level unitarity, we compute the saturated propagator [11];
namely,

SP (𝑘) = ( 1𝑘2 + 𝑙22 𝐹N (𝑘2; 1; 2)𝐹N (𝑘2; 0; 1) )(𝑇𝜇]𝑇𝜇] − 12𝑇2) , (14)

where we use the following definition:

𝐹N (𝑘2; 𝜁; 𝜉) = N−𝜁∑
𝑛=0

(𝑛 + 𝜉) (𝑙22 )
𝑛 (−𝑘2)𝑛 . (15)

Since we are interested in the particle spectrum we have to
look at the pole structure of the saturated propagator, in this
vein it is not difficult to see that there is a simple pole at 𝑘2 = 0
(for allN) and that there are additional poles identified as the
zeros of 𝐹N(𝑘2; 0; 1).

Let us first discuss the pole at 𝑘2 = 0, this pole
corresponds to amassless particle with spin-2, to be identified
with the usual graviton. To verify the tree-level unitarity, we
compute the residue of the saturated propagator at 𝑘2 = 0,
leading to the following result [37]:

Res (SP)|𝑘2=0 = (𝑇𝜇]𝑇𝜇] − 12𝑇2)𝑘2=0 > 0; (16)
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Figure 1: Structure of nontrivial poles of the propagator on the
complex plane.

hence, the massless particle associated with the pole 𝑘2 = 0 is
“healthy” in the sense of tree-level unitarity.

The zero structure of the function 𝐹N(𝑘2; 0; 1) cannot be
found for an arbitrary N; however one can use numerical
techniques in order to determine the zero associated with
an specific N. In Figure 1 we plot the zero structure of𝐹N(𝑘2; 0; 1) for values of N ranging from N = 1 up to
N = 10. As one can see the zeros are not restricted to the
real axis, they are distributed on the complex plane.

In fact, it can be demonstrated that the zero structure
of 𝐹N(𝑘2; 0; 1) has the following distribution on the complex
plane:

(i) N = Odd ⇒ A single root at 𝑘2 = 𝑚2 (𝑚2 > 0) and
N − 1 complex roots (“complex masses”);

(ii) N = Even ⇒ N complex roots (“complex masses”).

As one can see in the above results, there are two distinct
kinds of poles in the propagator, the first being real poles
(occurring only for N odd) and the second being complex
poles (occurring for N both odd and even). In the case of
real poles, the same analysis done for the pole 𝑘2 = 0 may
be performed and it can be verified that it corresponds to a
massive ghost particle. It is important to note that this result
is already expected when we deal with higher-derivative
models.

Now let us discuss the complex poles. Although it is not
usual situation, we intend to argue that it could lead to a very
interesting physical scenario. The usual interpretation relates
the poles of the propagator to the masses of the physical
particles described by the theory. However, for complex poles
this identification cannot be made, since masses must be
observables. A possible interpretation may be to identify the
imaginary part of the poles with the decay rate of unstable
particles [38, 39]. In this vein we refer to a sequence of papers
byYamamoto [40–42], where a careful analysis of the physical
relevance of propagators with complex poles was performed.
It was argued that the inclusion of complex poles in the
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Figure 2: Spacetime region where the microcausality violation
occurs (in the caseN = 2).

propagator may lead to problems in the causal structure of
the theory, more precisely, microcausality. By microcausality
we mean causality for an arbitrarily infinitesimal time-like
interval. Nonetheless, it was noted that microcausality is
not an indispensable concept from the observational point
of view, since we cannot access arbitrarily small spacetime
intervals; in this sense onlymacrocausality is required. Indeed
the causal structure was studied by Yamamoto for a theory
described by a scalar field containing complex poles and in
this case the macrocausal structure is respected, although
microcausality is violated. The same situation arises in the
theory (13), though the region wheremicrocausality violation
takes place is related to the minimal length.

A natural question which arises is how to identify the
boundary betweenmicro- andmacrocausality. We shall argue
that the generalized uncertainty principle establishes a nat-
ural boundary between both concepts. As it was mentioned
before, the complex poles in the propagator could jeopardize
the causal structure of the theory due to the presence of
spurious particles with complex “masses” in the spectrum.
However, since the imaginary part of the complex poles
might be associated with the decay rates of these particles,
there will be a finite region where they can propagate,
since it corresponds to unstable particles. In fact, it can be
(numerically) verified that the imaginary part of the complex
poles of the propagator (14) are of order ∼1/𝑙2 and, as a
consequence, the life-time of these modes are of the order𝜏 ∼ 𝑙. Additionally, it can be shown that the group velocity
respects the condition V𝑔 < 1. Therefore, the decay length Γ
of these particles also is of order ∼𝑙.

Although there is a specific region in the light-cone
where these modes can survive (see Figure 2), if we deal
with the concept of minimal length, the problems with
microcausality are avoided, since the infinitesimal time-like
interval where causality is violated is located inside a region

with characteristic scale of the order ∼𝑙. Considering that
relation (8) introduces a minimum observable length that
is a fundamental uncertainty in the position measurements,
the undesired consequences of the complex modes would
not be detectable. Finally, regarding the contribution of these
modes to the 𝑆-matrix, we refer to the papers by Modesto
and Shapiro [43, 44], where the authors claimed that the
complex poles do not contribute to the (non)unitarity of the
theory, since they correspond to unstable particles. In this
case, the theory may be viewed as unitary in the Lee-Wick
sense.

5. The Nonrelativistic Potential Energy

Since there are no experimental hints on what we should
expect from a theory of quantum gravity, we usually look
for classical corrections coming from the quantum regime.
An interesting probe is the nonrelativistic potential energy,
which brings some new contribution to the usual Newtonian
potential energy. In order to compute this quantity we follow
[45], where the authors derived a straightforward expression
to compute the nonrelativistic gravitational potential energy
associated with two particles, with respective masses𝑀1 and𝑀2, separated by a distance 𝑟 ≡ |→𝑟 |. Without going further
with explicit calculations we arrive at the following result for
N even:

𝐸 (𝑟) = −𝐺𝑀1𝑀2𝑟 (1 + 2N/2∑
𝑙=1

𝑔𝑙 (𝑟)) , (17a)

and, forN odd

𝐸 (𝑟) = −𝐺𝑀1𝑀2𝑟 (1 + 2(N−1)/2∑
𝑙=1

𝑔𝑙 (𝑟) + 𝑐0𝑒−𝑚𝑟) , (17b)

where 𝑔𝑙(𝑟) = 𝑒−𝛼𝑙𝑟(𝑎𝑙 cos(𝛽𝑙𝑟) + 𝑏𝑙 sin(𝛽𝑙𝑟)). Also, it is
important to stress out that all the constants 𝑎𝑙, 𝑏𝑙, 𝑐0, 𝛼𝑙, and𝛽𝑙 are determined in terms of the minimal length parameter.

As one can see in Figure 3, the nonrelativistic potential
energy (for N ̸= 0) has a remarkable behavior at 𝑟 = 0;
it converges to a finite value. The mechanism behind the
cancellation of Newtonian singularity was recently explored
in [46, 47].The idea is quite simple; in fact the nonrelativistic
potential energy may be split into two contributions, namely,𝐸(𝑟) = 𝐸0(𝑟) + Δ𝐸(𝑟), where 𝐸0(𝑟) = −𝐺𝑀1𝑀2/𝑟 stands
for the usual Newtonian potential energy associated with
the physical graviton and Δ𝐸(𝑟) represents the remaining
contribution coming from the nontrivial poles. Indeed, in
Figure 4 we have plotted the contribution Δ𝐸(𝑟) and, as one
can see, it has a repulsive behavior when we approach 𝑟 = 0,
canceling the Newtonian singularity at the origin. It is worth
mentioning that this repulsive behavior is valid for arbitrary
distances in the caseN = 1, while in the caseN ≥ 2 there is
a small region where the potential energy becomes negative
due to the presence of oscillating terms.

Another interesting feature of the phenomenological
implications of the gravitational interaction at small distances
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Figure 3: The nonrelativistic gravitational potential energy for
different values ofN. We have defined 𝐸0(𝑙) = −𝐺𝑀1𝑀2/𝑙.
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Figure 4: The contribution of the extra terms to the nonrelativistic
gravitational potential energy for different values of N. We have
defined 𝐸0(𝑙) = −𝐺𝑀1𝑀2/𝑙.

may be seen when we look for the Newtonian-like gravita-
tional force. In fact, the radial component of the force can be
directly computed from the nonrelativistic potential energy
by means of the usual formula 𝐹(𝑟) = −𝜕𝐸(𝑟)/𝜕𝑟. In Figure 5
we have plotted the gravitational force for diverse values of
N. As one can see, the behavior at the origin is surprising
for the cases N ≥ 2: the gravitational force is null at 𝑟 =0. From the phenomenological point of view, this is not a
problem, since we cannot probe the gravitational interaction
for small distances. Indeed, we call the attention to [48],
where the author investigated the short distance freedom
of quantum gravity by means of a renormalization group
analysis. Nonetheless, the gravitational force reproduces the
Newtonian 1/𝑟2 behavior for large distances compared with
the minimal length.
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6. Final Remarks

Motivated by a series of papers by Moayedi et al. [27–31],
Silva et al. [32], and Dias et al. [33], we apply the modified
Quesne-Tkachuk algebra to the construction of higher-
derivative models by means of a deformation procedure. As
it was demonstrated in Section 3, the deformation of the
Einstein-Hilbert theory gives a class of theories containing
the same particle content of the higher-derivative gravities
constructed by the inclusion of 𝑅◻𝑛𝑅 and 𝑅𝜇]◻𝑛𝑅𝜇] terms in
the Lagrangian.

One of the most important problems of higher-derivative
models is the presence of spurious states with negative norm,
called ghosts, which contribute to the nonunitarity of the 𝑆-
matrix.The analysis of the particle spectra associatedwith the
deformed models appears to give a promising result. In the
case of N even, one can evade the problem of tree-unitarity
by a careful interpretation of complex poles in the propagator,
combined with the interpretation of a minimal uncertainty
in the position measurement. In this vein, we follow the
interpretation of Yamamoto for the complex poles [40–42]
which compromises the causal structure of the theory, but
only in a microscopic region where we cannot access by
experimentalmeans.This interpretationmay be supported by
the minimal length hypothesis, which determines a physical
limit in the measurement of distances. Notwithstanding,
the causal structure for large distances, compared with the
minimal length, is maintained. In this case the theory is
unitary in the Lee-Wick sense, since all the massive ghost-
like states correspond to unstable particles [43, 44].The same
discussion regarding the complex poles applies to the case
of N odd; however, in this case the problem of nonunitarity
should be faced, since there is a massive ghost (associated
with a real pole) in the spectrum.

In order to investigate the low-energy consistency of
the deformed theory we have computed, in Section 5, the
nonrelativistic gravitational potential energy, inspired by the
paper of Ref. [45]. As a result we found that the Newto-
nian potential energy is extended by some terms associated
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with the additional poles of the propagator, the real poles
contributing with Yukawa-like terms, and the complex ones
contributing with damped-oscillating portions. Remarkably,
except for the caseN = 0, the nonrelativistic potential energy
is finite at 𝑟 = 0 [46, 47].

Remarkably, higher-derivative models of gravity have
received considerable attention over the last decades, mainly
due to their renormalizability properties. Since the seminal
work by Stelle [4], it has been known that fourth-derivative
models of gravity are renormalizable. In this spirit, a prelimi-
nary analysis of the primary UV divergences of the Feynman
diagrams indicates a possible (super)renormalizability of the
deformed Einstein-Hilbert theory. However, a more careful
analysis is underway in order to investigate if the specific
couplings of Lagrangian (13) are preserved after addition of
counterterms.

Natural questions that arise within the present work
regard the fate of the real massive ghost found only on
odd truncations and, also as a consequence thereof, the
behavior of the gravitational potential energy at scales close
to the minimal length 𝑟/𝑙 ∼ 1. To progress towards the
answers we must study the high energy limit of the model by
applying the full derivative deformation (7) to the Einstein-
Hilbert theory. In this limit we must fully face the nonlocal
aspect of a minimal length theory, which in the proposed
algebra is signaled by the presence of the d’Alembertian in
the denominator. It would also be interesting to investigate
how the proposed algebra and deformed theory affects recent
results on higher-derivative black holes [23, 49, 50].

Remarkably, along this paper we restricted ourselves to
investigate the consequences of the truncated versions of
the proposed modified algebra. The complete representation
that we found in Section 2 results in the appearance of
nonlocal terms. In such a case, we can also demonstrate that
the deformed theory corresponds to the linearized version
of a nonlocal theory of quantum gravity. Nonlocal theories
received considerable attention in the last few years as
being an interesting framework to reconcile renormalizability
and unitarity in quantum gravity (see [51] for an updated
review). In a future publication we intend to investigate the
properties of the nonlocal theory obtained with the complete
representation of the modified Quesne-Tkachuk algebra.
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In physics, experiments ultimately inform us about what constitutes a good theoretical model of any physical concept: physical
space should be no exception. The best picture of physical space in Newtonian physics is given by the configuration space of a free
particle (or the center ofmass of a closed system of particles).This configuration space (as well as phase space) can be constructed as
a representation space for the relativity symmetry. From the corresponding quantum symmetry, we illustrate the construction of a
quantum configuration space, similar to that of quantumphase space, and recover the classical picture as an approximation through
a contraction of the (relativity) symmetry and its representations.ThequantumHilbert space reduces into a sumof one-dimensional
representations for the observable algebra, with the only admissible states given by coherent states and position eigenstates for the
phase and configuration space pictures, respectively. This analysis, founded firmly on known physics, provides a quantum picture
of physical space beyond that of a finite-dimensional manifold and provides a crucial first link for any theoretical model of quantum
space-time at levels beyond simple quantum mechanics. It also suggests looking at quantum physics from a different perspective.

1. Introduction

Preface for the Special Issue: “Planck-Scale Deformations of
Relativistic Symmetries.” Our group has been working on a
relativity deformation scheme within the Lie group/algebra
framework. This setting has the contraction process as the
reverse of the deformation procedure, and as such it can
be applied to the full physical picture through tracing the
contraction of the relevant representation(s). Both the “quan-
tum Galilean” and the classical Galilean symmetries arise
within the contraction limits of the full quantum relativity
symmetry. This article focuses on the simple quantum to
classical contraction and discusses a quantum model of the
physical space from this perspective.

Quantum mechanics came into physics after a few hun-
dred years of Newtonian mechanics, as the latter failed
to describe physics at the atomic scale and beyond. In
our opinion, however, that quantum revolution has not
been completed. It was easy to accept the mathematical
formulation of the theory but a lot more difficult to adopt

a fundamental change in our basic perspective. It is not a
surprise, then, that even the great physicists who created the
theory kept trying to think and talk about it in terms of
Newtonian concepts,many of which are really not compatible
with quantum mechanics. The famous Bohr-Einstein debate,
in a way, has never ended, such has been the pursuit of a “clas-
sical” theory behind quantum mechanics. Statements about
quantum physics being counterintuitive, for example, are
commonly seen and believed by many. We tell our students
that the quantum world is impossible to make sense of and
that quantummechanics gives only probabilistic predictions.
The thesis presented here is that some, if not all, of those
beliefs may simply be the result of our reluctance to take
the necessary quantum jump in our fundamental perspective,
as well as our indulgence in Newtonian concepts. The latter
is not really any more intuitive than the modified versions
suggested by quantum mechanics, only more familiar. A key
concept, and the main focus here, is that of space or position.
The perspective here is that quantum mechanics should be
looked at as a dynamical theory for physical entities in a
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space that is really quantum instead of classical. Position, as
a dynamical variable, is not real-valued because a quantum
space cannot be modeled on a continuum of points as it can
be in classical commutative geometry, at least not a finite-
dimensional one [1].

The idea of a quantum geometry is certainly not new;
however, here we are talking about a picture of that quantum
space completely at the level of simple, textbook, so-called
nonrelativistic quantummechanics. Moreover, we will justify
it and illustrate explicitly how the classical Newtonian picture
is retrieved in the classical approximation. The formulation
presented here is based on relativity symmetries and symme-
try contractions.

As said above, and as can hardly be emphasized enough,
every precise formulation of any physical concept is really
only a model, or part of a model, of nature. Hence, all
such concepts need to have their mathematical and physical
content reevaluated as theories develop. Quantummechanics
as it is to date inherits, with little critical revision, many
Newtonian conceptual notions, while we see that perhaps
a lot more fundamental changes are called for, even down
to the most basic one: that of physical space and position
within it. The key question then is how we are going to look
at the latter as a feature of the model instead of just as a
background assumption. Instead of thinking about a theory
of mechanics as to be constructed on a model of physical
space, we need to see how the mechanical theory informs us
as to what space is. Only then we can analyze what quantum
mechanics says about physical space and how that is related
to the more familiar Newtonian picture, which one must be
able to retrieve as a limit or an approximation. Here, relativity
symmetry, the Galilean symmetry for the case of Newtonian
mechanics, is the crucial link. It is as fundamental as the
assumption of the structure of the physical space itself. It is
the set of admissible reference frame transformations, hence
the symmetry of space itself. In fact, both physical space
taken as the configuration space and as the phase space, at
least for the most basic physical system of a free particle,
should be seen as representations of this symmetry. Recall
that within the Newtonian theory the center of mass for
any closed system (of particles) behaves exactly as a free
particle, which illustrates the unbiased structure of physical
space.The relativity symmetry is therefore central to a theory
of mechanics. Another good illustration of this point is
provided by the Poincaré symmetry for Einsteinian special
relativistic physics. The problem, though, is that quantum
mechanics has not been exactly described as having its
own relativity symmetry. We suggest it does, as illustrated
below.

2. Quantum Kinematics from
a Relativity Symmetry

Let us look at the mathematical formulation first, and
leave issues with the conceptual perspective to be discussed
below. With justification for the terminology being quite
self-evident as the formulation develops, we consider a
(partial) relativity symmetry for simple quantum mechanics

as being given by the Lie algebra with the following nonzero
commutators:[𝐽𝑖𝑗, 𝐽ℎ𝑘] = 𝑖 (𝛿𝑗𝑘𝐽𝑖ℎ − 𝛿𝑗ℎ𝐽𝑖𝑘 + 𝛿𝑖ℎ𝐽𝑗𝑘 − 𝛿𝑖𝑘𝐽𝑗ℎ) ,[𝑋𝑖, 𝑃𝑗] = 𝑖𝛿𝑖𝑗𝐼,[𝐽𝑖𝑗, 𝑃𝑘] = 𝑖 (𝛿𝑗𝑘𝑃𝑖 − 𝛿𝑖𝑘𝑃𝑗) ,[𝐽𝑖𝑗, 𝑋𝑘] = 𝑖 (𝛿𝑗𝑘𝑋𝑖 − 𝛿𝑖𝑘𝑋𝑗) ,

(1)

with indices going from 1 to 3. We could have included the
missing generator 𝐻 with only one nonzero commutator:[𝑋𝑖, 𝐻] = −𝑖𝑃𝑖. The full algebra would then just be the
nontrivial 𝑈(1) central extension of the algebra for the
Galilean group, for which 𝑋𝑖 are usually denoted by 𝐾𝑖
and interpreted as generators for the Galilean boosts. In
fact, that symmetry has been used as the starting point for
the quantization of Newtonian particle physics [2]. 𝐾𝑖, as
observables, indeed give the (mass times) position, while
the central extension is what allows for the Heisenberg
commutation relation. The Hamiltonian 𝐻 has no role to
play in the kinematical descriptions here, nor is including it
much of a problem. Note that without𝐻 we do have a closed
subalgebra. We denote by 𝐻𝑅(3) the symmetry generated
by this subalgebra, a three-dimensional Heisenberg(-Weyl)
symmetry with rotations included. Aswewill illustrate below,
representations of this symmetry describe quantum space,
that is, the quantum configuration space, as well as the phase
space, for a quantum “particle” with no spin.

We start with the coset space representation obtained
by factoring out the SO(3) subgroup. The explicit form of a
generic infinitesimal transformation is given by

(𝑑𝑝𝑖𝑑𝑥𝑖𝑑𝜃0 ) = (
(

𝜔𝑖𝑗 0 0 𝑝𝑖0 𝜔𝑖𝑗 0 𝑥𝑖−12𝑥𝑗 12𝑝𝑗 0 𝜃0 0 0 0))
(𝑝𝑗𝑥𝑗𝜃1)

= (
(

𝜔𝑖𝑗𝑝𝑗 + 𝑝𝑖𝜔𝑖𝑗𝑥𝑗 + 𝑥𝑖12 (𝑝𝑗𝑥𝑗 − 𝑥𝑗𝑝𝑗) + 𝜃0 )
)

,
(2)

where the real parameters𝜔𝑖𝑗,𝑝𝑖,𝑥𝑖, and 𝜃describe the algebra
element −𝑖((1/2)𝜔𝑖𝑗𝐽𝑖𝑗 + 𝑝𝑖𝑋𝑖 − 𝑥𝑖𝑃𝑖 + 𝜃𝐼). We will see that
the coset space with coordinates (𝑝𝑖, 𝑥𝑖, 𝜃) is, in a way, the
counterpart of the phase space for Newtonian mechanics,
written as a coset space. The fact that the representation
is not unitary, however, is not what we want for quantum
mechanics. Nonetheless, it is closely related to the quantum
phase space.

The Heisenberg subalgebra generated by {𝑋𝑖, 𝑃𝑖, 𝐼} is an
invariant one. Note that by taking out the central charge
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generator 𝐼one does not even have a subalgebra.We startwith
the familiar coherent state representation:𝑒𝑖𝜃 𝑝𝑖, 𝑥𝑖⟩ = 𝑈 (𝑝𝑖, 𝑥𝑖, 𝜃) |0⟩ , (3)

where𝑈(𝑝𝑖, 𝑥𝑖, 𝜃) ≡ 𝑒𝑖(𝑥𝑖𝑝𝑖/2)𝑒𝑖𝜃𝐼𝑒−𝑖𝑥𝑖�̂�𝑖𝑒𝑖𝑝𝑖�̂�𝑖 = 𝑒𝑖(𝑝𝑖�̂�𝑖−𝑥𝑖�̂�𝑖+𝜃𝐼), (4)

and |0⟩ ≡ |0, 0⟩ is a fiducial normalized vector, 𝑋𝑖 and�̂�𝑖 are representations of generators 𝑋𝑖 and 𝑃𝑖 as Hermitian
operators on the Hilbert space spanned by all of the six-
parameter set of vectors |𝑝𝑖, 𝑥𝑖⟩, and 𝐼 is the identity oper-
ator representing the central generator 𝐼. Here, (𝑝𝑖, 𝑥𝑖, 𝜃)
corresponds to a generic element of the (Heisenberg-Weyl)
subgroup as𝑊(𝑝𝑖, 𝑥𝑖, 𝜃) = exp 𝑖 (𝑝𝑖𝑋𝑖 − 𝑥𝑖𝑃𝑖 + 𝜃𝐼) , (5)

with𝑊(𝑝𝑖, 𝑥𝑖, 𝜃)𝑊(𝑝𝑖, 𝑥𝑖, 𝜃)= 𝑊(𝑝𝑖 + 𝑝𝑖, 𝑥𝑖 + 𝑥𝑖, 𝜃 + 𝜃 − 𝑥𝑖𝑝𝑖 − 𝑝𝑖𝑥𝑖2 ) , (6)

where 𝑥𝑖𝑝𝑖 −𝑝𝑖𝑥𝑖 is the classical mechanical symplectic form
[3, 4]. This is an infinite-dimensional unitary representation
[3, 4]. This Hilbert space, or rather its projective counterpart,
is the phase space for quantum mechanics. The projective
Hilbert space is, in fact, an infinite-dimensional symplectic
manifold. Note that 𝑝𝑖 and 𝑥𝑖, as labels of the coherent
states, correspond to expectation values, but not eigenvalues
of the �̂�𝑖 and 𝑋𝑖 observables. The coherent states give an
overcomplete basis, with overlap given by⟨𝑝𝑖, 𝑥𝑖 | 𝑝𝑖, 𝑥𝑖⟩ = exp[𝑖𝑥𝑖𝑝𝑖 − 𝑝𝑖𝑥𝑖2 ]

⋅ exp[−(𝑥𝑖 − 𝑥𝑖) (𝑥𝑖 − 𝑥𝑖) + (𝑝𝑖 − 𝑝𝑖) (𝑝𝑖 − 𝑝𝑖)4 ]
𝑝→𝑝, 𝑥→𝑥→ 1.

(7)

We also have⟨𝑝𝑖, 𝑥𝑖 | 𝑋𝑖 | 𝑝𝑖, 𝑥𝑖⟩= (𝑥𝑖 + 𝑥𝑖) − 𝑖 (𝑝𝑖 − 𝑝𝑖)2 ⟨𝑝𝑖, 𝑥𝑖 | 𝑝𝑖, 𝑥𝑖⟩ ,⟨𝑝𝑖, 𝑥𝑖 | �̂�𝑖 | 𝑝𝑖, 𝑥𝑖⟩= (𝑝𝑖 + 𝑝𝑖) + 𝑖 (𝑥𝑖 − 𝑥𝑖)2 ⟨𝑝𝑖, 𝑥𝑖 | 𝑝𝑖, 𝑥𝑖⟩ ,
(8)

which are important results for our analysis below.

The above coset space ismodeled on theHeisenberg-Weyl
subgroup. Explicitly,

( 1 0 0 𝑝𝑖0 1 0 𝑥𝑖−12𝑥𝑖 12𝑝𝑖 1 𝜃0 0 0 1)(𝑅𝑖𝑗 0 0 00 𝑅𝑖𝑗 0 00 0 1 00 0 0 1)
= ( 𝑅𝑖𝑗 0 0 𝑝𝑖0 𝑅𝑖𝑗 0 𝑥𝑖−12𝑥𝑖𝑅𝑖𝑗 12𝑝𝑖𝑅𝑖𝑗 1 𝜃0 0 0 1).

(9)

For fixed (𝑝𝑖, 𝑥𝑖, 𝜃), the above gives a generic element of
the coset with 𝑅𝑖𝑗 taken as elements of the SO(3) subgroup.
The fiducial vector |0, 0⟩ corresponds to (0, 0, 0, 1)𝑡 which is
taken by any such coset onto (𝑝𝑖, 𝑥𝑖, 𝜃, 1)𝑡 corresponding to𝑒𝑖𝜃|𝑝𝑖, 𝑥𝑖⟩. This illustrates explicitly the 𝑈(𝑝𝑖, 𝑥𝑖, 𝜃) action of
the Heisenberg-Weyl subgroup, and in fact also its extension
to the full group on theHilbert space, as depicted on the coset
space. Each transformation of the unitary representation
sends a coherent state to another coherent state and hence
its action can be depicted in the coset space with elements of
the latter mapped to the coherent states.

As inspired by the Galilean/Newtonian case, we can take
a different coset space representation by factoring out an
ISO(3) subgroup generated by 𝑋𝑖 and 𝐽𝑖𝑗. The infinitesimal,
or algebra, representation is then given as

(𝑑𝑥𝑖𝑑𝜃0 ) = (𝜔𝑖𝑗 0 𝑥𝑖𝑝𝑗 0 𝜃0 0 0)(𝑥𝑗𝜃1) = (𝜔𝑖𝑗𝑥𝑗 + 𝑥𝑖𝑝𝑗𝑥𝑗 + 𝜃0 ) . (10)

The (𝑥𝑖, 𝜃) space is the quantum counterpart for the coset
space that describes Newtonian (configuration) space. We
can also construct a unitary representation whose relation
to the coset is the same as the above for the phase space.
The 𝑃𝑖 and 𝐼 generators give group elements matching to
the points in the coset space and also generate an invariant
subalgebra, which is, however, trivial.This can also be seen in
the corresponding group structure; that is, by defining𝑊 (𝑥𝑖, 𝜃) = exp 𝑖 (−𝑥𝑖𝑃𝑖 + 𝜃𝐼) , (11)

we obtain𝑊 (𝑥𝑖, 𝜃)𝑊 (𝑥𝑖, 𝜃) = 𝑊 (𝑥𝑖 + 𝑥𝑖, 𝜃 + 𝜃) . (12)

We have a picture here very similar to the coherent state
representation above with basis vectors labeled by the coset
coordinates 𝑥𝑖 such that𝑒𝑖𝜃 𝑥𝑖⟩ = 𝑈 (𝑥𝑖, 𝜃) |0⟩ , (13)

where 𝑈 (𝑥𝑖, 𝜃) ≡ 𝑒𝑖𝜃𝐼𝑒−𝑖𝑥𝑖�̂�𝑖 , (14)
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operators on the Hilbert space spanned by all of the three-
parameter set of |𝑥𝑖⟩ vectors. Much the same as before, �̂�𝑖
generates translations in 𝑥𝑖, while 𝐼 is the identity operator
effectively generating only a phase rotation of a vector on the
Hilbert space spanned by all |𝑥𝑖⟩. Following the coset action,
we can see again the action of the unitary representation for
the full group of𝐻𝑅(3). In particular, we see that𝑒𝑖𝑝𝑖�̂�𝑖𝑒𝑖𝜃 𝑥𝑖⟩ = 𝑒𝑖(𝑝𝑖𝑥𝑖+𝜃) 𝑥𝑖⟩ , (15)

thus illustrating that the vectors |𝑥𝑖⟩ are really the usual
position eigenstates. The unitary representation constructed
here from the coset space describing the quantum analog
of the free particle configuration space, or physical space, is
the configuration analog along the lines of the phase space
construction. It is however equivalent to that of the latter as a
Hilbert space.

3. Newtonian Limit from
a Symmetry Contraction

A naive way of interpreting the coset representations given
above as quantum analogs of the classical (configuration)
space and phase space is suggested by simply replacing the
generator 𝐼 with zero and dropping the variable 𝜃 from
consideration. A symmetry contraction, however, gives a
solid mathematical way to formulate the classical theory
as an approximation to the quantum theory. Consider the
contraction [5] of the above Lie algebra, given by the 𝑘 → ∞
limit under the rescaled generators 𝑋𝑐𝑖 = (1/𝑘)𝑋𝑖 and 𝑃𝑐𝑖 =(1/𝑘)𝑃𝑖.The 𝐽-𝑃𝑐 and 𝐽-𝑋𝑐 commutators are the same as those
of 𝐽-𝑃 and 𝐽-𝑋; however, we have[𝑋𝑐𝑖 , 𝑃𝑐𝑗 ] = 𝑖𝑘2 𝛿𝑖𝑗𝐼 → 0, (16)

giving the commuting classical position and momentum.
The contracted Lie algebra gives, with the 𝐻 generator
included, the Galilean relativity symmetry with a trivial
central extension, in which 𝐼 is decoupled. The symmetry
contraction applied to the above representations also gives
exactly the classical phase space, as well as Newtonian space,
as we will see.

The algebra element should first be written in terms of the
rescaled generators as −𝑖((1/2)𝜔𝑖𝑗𝐽𝑖𝑗 + 𝑝𝑖𝑐𝑋𝑐𝑖 − 𝑥𝑖𝑐𝑃𝑐𝑖 + 𝜃𝐼). It is
important to note that the parameters 𝑝𝑖𝑐 = 𝑘𝑝𝑖 and 𝑥𝑖𝑐 = 𝑘𝑥𝑖
are to be taken as finite even in the 𝑘 → ∞ limit. They are
then parameters of the contracted algebra. The coset space of(𝑝𝑖, 𝑥𝑖, 𝜃) should be described in terms of (𝑝𝑖𝑐, 𝑥𝑖𝑐, 𝜃) with the
representation rewritten as

(𝑑𝑝𝑖𝑐𝑑𝑥𝑖𝑐𝑑𝜃0 )

= (
(

𝜔𝑖𝑗 0 0 𝑝𝑖𝑐0 𝜔𝑖𝑗 0 𝑥𝑖𝑐− 12𝑘2 𝑥𝑐𝑗 12𝑘2𝑝𝑐𝑗 0 𝜃0 0 0 0))
(𝑝𝑗𝑐𝑥𝑗𝑐𝜃1)

= (
(

𝜔𝑖𝑗𝑝𝑗𝑐 + 𝑝𝑖𝑐𝜔𝑖𝑗𝑥𝑗𝑐 + 𝑥𝑖𝑐12𝑘2 (𝑝𝑐𝑗𝑥𝑗𝑐 − 𝑥𝑐𝑗𝑝𝑗𝑐) + 𝜃0 )
)

.
(17)

This gives only 𝑑𝜃 = 𝜃 in the limit; hence, 𝜃 becomes
an absolute parameter not affected by the transformations,
except its own translation generated by 𝐼. Note that 𝑑𝑝𝑖𝑐 and𝑑𝑥𝑖𝑐 are also 𝜃-independent. This reflects exactly what we
mean when saying that 𝐼 decouples. The 𝜃 parameter has
nothing to do with anything else any more. It may as well
simply be dropped from consideration. The (𝑝𝑖𝑐, 𝑥𝑖𝑐) space is
exactly the classical phase space. We have a parallel result for
the other coset; explicitly

(𝑑𝑥𝑖𝑐𝑑𝜃0 ) = ( 𝜔𝑖𝑗 0 𝑥𝑖𝑐1𝑘2𝑝𝑐𝑗 0 𝜃0 0 0)(𝑥𝑗𝑐𝜃1)
= ( 𝜔𝑖𝑗𝑥𝑗𝑐 + 𝑥𝑖𝑐1𝑘2𝑝𝑐𝑗𝑥𝑗𝑐 + 𝜃0 ) , (18)

giving only 𝑑𝑥𝑖𝑐 = 𝜔𝑖𝑗𝑥𝑗𝑐 + 𝑥𝑖𝑐 and 𝑑𝜃 = 𝜃.
We can also apply the symmetry contraction to the

unitary representations given on the above Hilbert space(s).
We first look at the latter as a representation of the algebra of
observables, based on 𝑋𝑐𝑖 and �̂�𝑐𝑖 (and 𝐼) at finite 𝑘. The set
of |𝑝𝑖, 𝑥𝑖⟩ states should be relabeled as |𝑝𝑐𝑖 , 𝑥𝑐𝑖 ⟩, with 𝑝𝑐𝑖 and𝑥𝑐𝑖 characterizing the expectation values of 𝑋𝑐𝑖 and �̂�𝑐𝑖 . Note
that 𝑝𝑐𝑖 and 𝑥𝑐𝑖 do not directly correspond to 𝑝𝑖𝑐 and 𝑥𝑖𝑐 above.
From (7) and (8) then, we have⟨𝑝𝑐𝑖 , 𝑥𝑐𝑖  𝑋𝑐𝑖 𝑝𝑐𝑖 , 𝑥𝑐𝑖 ⟩= (𝑥𝑐𝑖 + 𝑥𝑐𝑖 ) − 𝑖 (𝑝𝑐𝑖 − 𝑝𝑐𝑖 )2 ⟨𝑝𝑐𝑖 , 𝑥𝑐𝑖 𝑝𝑐𝑖 , 𝑥𝑐𝑖 ⟩ ,⟨𝑝𝑐𝑖 , 𝑥𝑐𝑖  �̂�𝑐𝑖 𝑝𝑐𝑖 , 𝑥𝑐𝑖 ⟩= (𝑝𝑐𝑖 + 𝑝𝑐𝑖 ) + 𝑖 (𝑥𝑐𝑖 − 𝑥𝑐𝑖 )2 ⟨𝑝𝑐𝑖 , 𝑥𝑐𝑖 𝑝𝑐𝑖 , 𝑥𝑐𝑖 ⟩ ,

(19)

where the state overlap has the second, real, and negative
exponential factor, written in terms of 𝑝𝑐𝑖 , 𝑥𝑐𝑖 , 𝑝𝑐𝑖 , and 𝑥𝑐𝑖 ,
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proportional to 𝑘2. This therefore gives a vanishing result
in the contraction limit, so long as the coherent states are
not the same. Thus, we can see that �̂�𝑐𝑖 and 𝑋𝑐𝑖 are diagonal
on |𝑝𝑐𝑖 , 𝑥𝑐𝑖 ⟩ with 𝑝𝑐𝑖 and 𝑥𝑐𝑖 as eigenvalues. The Hilbert space,
as a representation for the Heisenberg-Weyl symmetry and
that of the algebra of observables described as functions (or
polynomials) of �̂�𝑐𝑖 and 𝑋𝑐𝑖 , is therefore reducible. It reduces
to a direct sum of one-dimensional representations of the ray
spaces of each |𝑝𝑐𝑖 , 𝑥𝑐𝑖 ⟩.That is to say, the only admissible states
are the exact coherent states, and not any linear combinations.
These are really the classical states, though we are not used to
describing classical mechanics in the Hilbert space language.
Actually, this kind of description has been available for a long
time [6]. The latter may be particularly useful in establishing
the more involved dynamical picture of what we discussed
here. Note that �̂�𝑐 and 𝐽𝑐𝑖𝑗 as classical observables would also
be diagonal on |𝑝𝑐𝑖 , 𝑥𝑐𝑖 ⟩. However, in getting the contracted
symmetry algebra, the generators 𝐽𝑖𝑗 (and 𝐻) are not to be
rescaled by 𝑘 and maintain all their nonzero commutators.
The transformations they generate still take one state to
another, as they should in the classical picture. As they
always take a coherent state to a coherent state anyway,
they do not support linear combinations either. The set of
coherent states essentially gives just the classical coset/phase
space. Readers may find interest in an explicit expression of
the generator for dynamical/time evolution on the Hilbert
space of |𝑝𝑐𝑖 , 𝑥𝑐𝑖 ⟩ states in terms of the classical Hamiltonian
[6].

The story for the contraction of the Hilbert space as
the quantum configuration space is somewhat less obvious.
The basis vectors are eigenvectors of transformations in
the 𝑊 group. But we know that this space serves as a
representation for the Heisenberg algebra, and hence the
algebra of observables, onwhich the action of the �̂�𝑖 operators
for the momentum observables have eigenstates being linear
combinations of the basis |𝑥𝑖⟩ states. It is exactly for such
considerations of momentum-dependent observables that
one needs to go beyond the coset to the full Hilbert space.
At the contraction limit, however, the Heisenberg algebra
is trivialized. �̂�𝑐𝑖 commuting with 𝑋𝑐𝑖 means that they have
to share the same eigenvectors |𝑥𝑐𝑖 ⟩, now labeled by the 𝑋𝑐𝑖
eigenvalues. Again the Hilbert space as a representation for
the algebra of observables reduces and only the latter vectors
are relevant, not linear combinations or even the phases. The
result is the Newtonian three-dimensional space.

Readers should have realized that our rescaling parameter𝑘 for the implementation of the symmetry contraction corre-
sponds to 1/√ℏ, so that the contraction is really the ℏ → 0
limit. The latter of course corresponds to taking the classical
approximation. In fact, the quantum symmetry algebra is
quite commonly written with an ℏ within each commutator.
Our version first refers to the natural quantum units ofℏ = 1, in which the 𝐽𝑖𝑗 are dimensionless. The contraction
limit is obtained as described, which is the same as taking
only the ℏ in the 𝑋𝑐-�̂�𝑐 commutator to zero. Otherwise, all
commutators would be killed. If one is taking the algebra
as describing relations among the classical observables, this
is great; however, considering it as the relativity symmetry

algebra, this is a disaster. The algebra of observables is
really not the one for the relativity symmetry, but rather the
algebra of functions of 𝑋𝑐 and �̂�𝑐, and as such a specific
representation of the relativity algebra. Nevertheless, we still
need to reintroduce the nonzero ℏ in the rest of the relativity
algebra to have 𝐽𝑖𝑗 (and 𝐻) being described in the classical
units, if we want to match them to the observables 𝐽𝑐𝑖𝑗 and�̂�𝑐. Generators of the relativity symmetry are not to be
identified with the operators representing the observables in
the Hilbert space picture of classical mechanics [6, 7]. The
contraction is not concerned with the units. In the classical
picture after the contraction, it is no longer unnatural to have
units for position and momentum chosen as independent,
hence their product having a nontrivial unit.That unit would
have fundamental significance in telling when the classical
theory is a good approximation to the better quantum theory.
The contraction is a mathematical procedure for getting the
approximate theory characterized by a small scale [5]. The
classical scale is the one which is small compared to the
contraction parameter 𝑘, hence with smallness described by
the ℏ value. ℏ serves as the fundamental unit with which we
reexpress physical quantities.

The coset space pictures at least illustrate well that
quantum space is different from Newtonian space in much
the same way as the quantum phase space is different from
the classical one. The analysis of the (equivalent) infinite-
dimensional unitary representations and their reductions
upon the symmetry contraction gives the full, solid results.

4. Concluding Remarks

We physicists should not endow a vague common sense
concept like physical space with any particular mathematical
model as a given.We are supposed to learn from experiments
what constitutes a good/correct theoretical/mathematical
model of any physical concept, and physical space should
not be an exception. We have by now roughly a century
of experimental results saying that the classical/Newtonian
model of physical space does not serve this purpose so well,
especially not as the configuration space of quantum particle
motion. We should not be reluctant to modify it. What could
the notion of (classical/Newtonian) space, described in any
inertial frame, be other than the configuration space of (free)
particlemotion under arbitrary initial conditions?What kind
of coordinates would be more natural for space besides the𝑞𝑖 variables acting as the angle coordinates, with 𝑝𝑖 as action
coordinates, for free particle motion as described on the
phase space? Looking at physical space as it can possibly be
understood frompractical physics, the space of all 𝑞𝑖 values as
the configuration variables is essentially the only picture we
should have, so long as nonrelativistic “particle” mechanics,
classical or quantum, are concerned.

It is known that the projective Hilbert space, as the true
quantum phase space, is an infinite-dimensional symplectic
manifold. An expansion of a state in terms of an orthonormal
basis in the form |𝜙⟩ = ∑(𝑞𝑛 + 𝑖𝑝𝑛)|𝑛⟩ gives 𝑞𝑛 and 𝑝𝑛 as a
set of real homogeneous coordinates of the projective space
on which the Schrödinger equation is equivalent to the set
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of Hamilton equations of motion for 𝑞𝑛 and 𝑝𝑛 as pairs of
configuration and momentum variables with Hamiltonian
function 𝐻(𝑝𝑛, 𝑞𝑛) = (2/ℏ)⟨𝜙|�̂�|𝜙⟩. It suggests thinking
about a Lagrangian submanifold, like the space of 𝑞𝑛, as the
quantum configuration space. One can also take the real
and imaginary part of the values of a wavefunction at the
various points (of the classical space model) as a similar set
of symplectic coordinates. However, our perspective of the
quantum relativity symmetry has a complex phase rotation
of the state generated by the 𝑋-𝑃 commutator which mixes
the configuration andmomentum coordinates. Hence, unlike
the classical case, the position/configuration space and the
momentum space are no longer irreducible components
of the relativity symmetry. The quantum phase space is
an irreducible representation, though the classical one is
reducible. We get a quantum (position) space model that is
equivalent to the phase space model. The projective Hilbert
space is also to be a Kahlër manifold [8, 9] and hence has a
natural metric, though the latter notion may not be feasible
on a generic symplectic manifold.

The analysis in this article is simple and straightforward,
with results hardly totally new or unexpected for the phase
space picture. What is new and important is the way they are
pieced together consistently to illustrate the basic perspective
and that the application of the latter suggests looking at
familiar notions in quantum physics in a very different way.
In particular, it gives a picture of the not quite discussed
notion of the configuration space in quantum mechanics as
a model of physical space beyond the usual one, which is
nothing but the Newtonian model. This is the first step in
justifying a new perspective regarding (quantum) physical
space, the adoption of whichmay also help clarify some issues
in quantum physics and beyond.

Symmetry is the single most important organizing prin-
ciple in the theory of modern physics. What we performed in
the above analysis is an attempt to see how the fundamental
symmetry of something like free particle motion informs
us about the nature of the phase space, configuration space,
and hence our physical space. These types of symmetries
are relativity symmetries. Different fundamental theories
have different relativity symmetries, which correspond to
different pictures of physical space and time, just like the
fact that Einsteinian (special) relativity gives Minkowski
space-time. In fact, the mathematical relation of the latter
to the Newtonian one can be described exactly using the
corresponding coset space picture as representations of the
relativity symmetries through the symmetry contractionwith𝑐 as the parameter [10] (see also [11] for a detailed pedagogical
introduction). The above symmetry contraction is really the
necessary, proper, and quite subtle, mathematical way to
describe the Newtonian limit as an approximation to the
better Einsteinian or quantum theory. We give the analogous
mathematical description of the quantum to classical case
here and use it to illustrate a picture of quantum space. In
this case ℏ, or rather 1/√ℏ, takes the place of 𝑐. Neither ℏ
nor 1/𝑐 is really zero: nonzero values of both are key funda-
mental constants. The symmetry contraction limit provides
the necessary subtle approach to successfully describe the
Newtonian approximation.

Given the basic perspective of looking for a picture of
quantum space as described by the symmetry structure of
the theory instead of the corresponding classical notion, the
considerations and analysis presented here are necessarily
simple and somewhat naive. As such, it is definitely not the
“final” answer in the general setting of quantum physics.
Invariance under Einsteinian special relativity, for example,
has not been incorporated. Our key point of interest here
is exactly in showing how this basic perspective provides
us with a notion of quantum space(time) beyond classical
space(time), yet giving rise to the latter when the proper limit
is taken, even for the simplest, ordinary and conventional
theory of quantummechanicswithout any extra assumptions.
Hence, we are not interested here in putting in extra notions
beyond the bare minimum, no matter how natural one may
argue for them to have a part in quantum physics. In fact,
the basic perspective, we believe, can take us much beyond
the simple results in this article. Our study on quantum
space-time, given by the work presented here, is therefore
necessarily incomplete. Moreover, our discussion has been
entirely restricted to kinematics; analysis of the full dynamical
picture will be given in a separate publication [12]. There are
two main reasons for separation of the two. Conceptually,
as seen in the Newtonian example, the constructions of
the notion of particle configuration space and phase space,
as well as that of physical space, require only kinematical
considerations. Besides this, as to be reported in [12], the
dynamical picture should firstly be considered as one on the
algebra of observables rather than the configuration space or
phase space. Otherwise, the Schrödinger equation applied to
the set of coherent states is known to be equivalent to the
classical dynamics on the states taken as classical ones. That
is all that is relevant so long as the dynamics of the pure states
of the quantum Hilbert space is concerned. A further source
of incompleteness lies in the fact that field theory issues are
not discussed here either. Note that practical field theories
are either quantum or at least (Einstein) relativistic. It goes
without saying that we have the big task at hand of extending
this framework to the fully deformed/stabilized fundamental
quantum relativity. We hope that the simple analysis here can
help make our basic perspective more accessible to general
readers, beyond those who have more experience with space-
time physics and the foundations of quantum mechanics, as
well as new developments in these areas.

Our group has worked on a notion of a quantum relativity
for deep microscopic quantum space-time [13], from much
the same theoretical perspective as that which lies behind
the current analysis. The basic starting point there is the old
idea of relativity deformations [14–18] to which contraction
of the relativity symmetries is the reverse process, so long as
one stays within the Lie group/algebra framework. While we
have presented some picture of the physics from a sequence of
contractions [10], we are currently working on the details of
the descriptions of an alternative contraction scheme, via an
approach that naturally incorporates symmetries like 𝐻𝑅(3)
and 𝐺(3). The results here are really part of that work. The
“final” symmetry is considered to have noncommuting 𝑋𝑖
and 𝑃𝑖 [13], to which no real number picture of space-time
is expected to work. Within the domain of simple quantum
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mechanics investigated here, the physical space picture still
looks like a real manifold, albeit of infinite dimension. The
results here may also serve as the crucial first link from the
bottom-up to any theoreticalmodel of space-time beyond the
level of simple quantum mechanics.

A fair question is if it is too conservative to stay within the
Lie group/algebra framework.While we sure encourage other
alternative bold approaches within the deformed relativity
picture, what we want to emphasize is that our chosen
framework is a very powerful one. The 𝐻𝑅(3), or 𝐺(3),
group obviously corresponds to an observable algebra which
is quantum/noncommutative. In fact, the latter is more or
less just the group 𝐶∗ algebra [12], which is a completion
of the group algebra [19]. The quantum Hilbert space is
naturally a cyclic irreducible representation of the algebra
corresponding to its space of pure states [12]. The theory of
noncommutative geometry [20] says any (noncommutative)
algebra has amatching topological/geometric spacewhichwe
see as essentially the projective Hilbert space in our case. It
is then indeed quite plausible that the picture of relativity
symmetries as Lie groups is a good enough starting point
to formulate the noncommutative geometries of quantum
space-time. Again, the representation contraction picture
gives the setting to build kinematic and dynamic models
which can be systematically traced back to those of well-
known physics.

To look at the dynamical picture at the quantum
level under a formulation completely in line with our
approach here is mathematically involved.TheWeyl-Wigner-
Groenewold-Moyal formalism has to first be rewritten with
the coherent state basis or wavefunctions ⟨𝑝𝑖, 𝑥𝑖 | 𝜙⟩ as the
starting point and fully matches to a representation picture of
the group 𝐶∗ algebra, though restriction of the latter to that
of the Heisenberg-Weyl subgroup is good enough. Thanks
to the semidirect product structure, a representation of the
subgroup and its𝐶∗ algebra serves as a representation the full
group (𝐶∗ algebra) in which elements beyond the subgroup
act as inner automorphisms [12].Theobservable algebra is the
representation of the group 𝐶∗ algebra. Naively summarized,
so long as the contraction to the classical limit is concerned,
it is just the reverse of the standard deformation quantization
in the ℏ → 0 limit. A generator of the full relativity
symmetry group 𝐺𝑠 is represented by a function 𝐺𝑠(�̂�𝑖, 𝑋𝑖)
with 𝐺𝑠(�̂�𝑖, 𝑋𝑖)⋆ = 𝐺𝑠(𝑝𝑖⋆, 𝑥𝑖⋆), as an operator acting on the
Hilbert space of wavefunctions and the observable algebra
itself, in which ⋆ is the standard Moyal star product. The
latter action is the left regular representation of the algebra
on itself, and there is a corresponding right action. However,
the corresponding automorphisms of the observable algebra
which match with the unitary transformations on the Hilbert
space are really generated by the difference of the left and
the right action. This can be written as {𝐺𝑠(𝑝𝑖, 𝑥𝑖), ⋅}⋆, that
is, in terms of the Moyal bracket. In the ℏ → 0 limit,
formulated here as the 𝑘 → ∞ limit as described above,
the 𝐺𝑠(𝑝𝑖⋆, 𝑥𝑖⋆) action reduces to the classical multiplicative
action of 𝐺𝑠(𝑝𝑖, 𝑥𝑖), as all classical observables commute.
The generators for the automorphisms as symmetry trans-
formations in the Heisenberg picture, however, reduce to the

classical Liouville operator, hence giving the Poisson algebra
structure. Time evolution is just the symmetry transforma-
tion generated by theHamiltonian operator/function. Hence,
one retrieves classical dynamics. The separate notion of a
function as a multiplicative operator and its corresponding
Liouville operator have been studied in the Koopman-von
Neumann formalism [7], which is really a Hilbert space
picture for the mixed states. All of this can be retrieved as the
contraction limit [12], except the naive Schrödinger picture
of dynamics. We have seen above that the quantum Hilbert
space of pure states reduces to essentially that of the classical
phase space. In the Hilbert space picture, the classical pure
states are essentially disconnected vectors/rays. It is then no
surprise at all that one does not have a Schrödinger dynamics
for the classical pure states as the contraction limit. Classical
dynamics is really one of the Heisenberg picture. For details,
readers are referred to [12].

Somewhat after the posting of the first version of this
paper, another study of the notion of model for the physical
space behind quantummechanics [21] cameup.Theapproach
there has nothing to do with the theme of relativity symmetry
contraction/deformation here. Nevertheless, it may be in the
interest of the readers for us to give a comparison between
their approach and ours in this paper and beyond. As stated
with emphasis in their introductory section, [21] is focused
on “quantum systems with a built-in length scale.” We sure
share the idea that some fundamental scale(s) being built
into the basic formulationwould indeed be an important part
of any theory of deep microscopic quantum space-time. We
have the relativity symmetries for simple quantummechanics
and classical Newtonian mechanics as retrieved from the
proper (contraction) limits of the such a quantum relativity
symmetry [13]. The limits provide the setting within which
the fundamental scales can be neglected. No matter how
natural the idea of having fundamental quantum scales may
sound to many of us, saying that it is a part of the ordinary
(formulation of) quantum mechanics may really be pushing
it too much. Our analysis here is particularly interested in
developing a notion of quantum space without putting such
kinds of extra theoretical structure into ordinary quantum
mechanics. Reference [21] illustrates how their notion of
modular space-time is arguably a natural part of quantum
mechanics with a fundamental (length) scale, which is cer-
tainly of great interest. It is, however, beyond the setting of
ordinary quantummechanics.There is however an important
difference between our perspectives on quantum space-time
in general. The “point of view that any choice of a maximally
commutative ∗-subalgebra of the Heisenberg algebra can be
thought of as defining our concept of quantumEuclidean space”
[21] is to be contrasted against our point of view that the
full quantum noncommutative algebra of observables can be
thought of as defining a concept of quantum space(time),
which is generally noncommutative [20]. As discussed in [13],
fundamental scales are supposed to characterize noncom-
mutativity of the classical notion of space-time coordinates
as well as momentum coordinates. This perspective is the
key that gives, even in the current (limited) setting without
fundamental scales, a notion of quantum space beyond the
classical one. The notion of “quantum Euclidean space” in
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[21] will likely be retrievable from proper limits of our idea of
noncommutative quantum space-time from the full relativity
symmetry with fundamental scales incorporated, which is
still to be constructed (It is interesting to note the following:
the fundamental quantum relativity symmetry of [13] can be
written as [𝑋𝜇, 𝑋]] = 𝑖𝑀𝜇],[𝑃𝜇, 𝑃]] = −𝑖𝑀𝜇],[𝑋𝜇, 𝑃]] = 𝑖𝜂𝜇]𝐹,[𝑋𝜇, 𝐹] = −𝑖𝑃𝜇,[𝑃𝜇, 𝐹] = −𝑖𝑋𝜇,

(20)

𝜂𝜇] = 𝑑𝑖𝑎𝑔 {−1, 1, 1, 1}, with all fundamental scales taken as
unity. On an eigenspace of𝑀𝜇] and 𝐹 of integral eigenvalues,
as a representation space, the set of 𝑒2𝜋𝑖𝑋𝜇 and 𝑒𝑖𝑃𝜇 behaves
like the commuting set of𝑈 and𝑉 of the “Heisenberg group”
discussed in the modular picture of [17].).

We have not touched on the measurement problem so
far. A couple of comments on this issue are in order. To
the extent that we do not have any dynamical theory to
describe a measurement process, leaving such issues on the
sideline is justified (the theory of decoherence should be
noted on the subject matter; see, for example, [22–25]). We
sure do not see the quantum space picture here as, in any
sense, “final,” andwe do not aim at describingmeasurements.
We want to note, however, that most if not all, discussions
aboutmeasurements are really about classical measurements,
as Bohr did a good job in elaborating. They are about
extracting pieces of classical information, as represented by
numbers, from a quantum system. It is not surprising that
the nature of the information/physical attributes of the system
being quantum does not fit in well with such measurements.
If the quantum position is to be described by infinitely
many real numbers, our decision to “get” one or three real
numbers reads to the so-called probabilistic results. Only
statistics from many such measurements can give a better
approximation of those infinite coordinate values. Actually,
we essentially only obtain values of any measurements by
comparison. For example, position or distance between two
positions is measured by comparing it to a length standard,
admitting some uncertainty. The nature of that “ratio” being
a piece of classical information, a real number, is never more
than a mathematical model or an assumption. With devel-
opment of quantum information theory, physicists in the
future may be proficient in handling quantum information
and true quantummeasurementsmay then be the rule, rather
than the exception. We would like to advance the notion
of measurements as possibly extracting quantum, non-real-
number, information from a system which describes some
of its properties. Even the idea of a “definite” position in
physical quantum space may plausibly be useful for that
kind of position information. However, we are certainly not
defending the classical notion of being able to extract full
information about a dynamical state without disturbing it at

all. It is not our intent either to take a stand in that kind
of philosophical debate about realism here, which we see as
beyond, and not at all necessary to, the study of physics.
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Using the geometrical thermodynamic approach, we study phase transition of Brans–Dicke Born–Infeld black holes. We apply
introduced methods and describe their shortcomings. We also use the recently proposed newmethod and compare its results with
those of canonical ensemble. By considering the new method, we find that its Ricci scalar diverges in the places of phase transition
and bound points. We also show that the bound point can be distinguished from the phase transition points through the sign of
thermodynamical Ricci scalar around its divergencies.

1. Introduction

General relativity is accepted as a standard theory of grav-
itation and is able to pass more observational tests [1].
Although this theory is successful in various domains, it
cannot describe some experimental evidences such as the
accelerating expansion of the Universe [2–4]. Moreover,
the general relativity theory is not consistent with Mach’s
principle nor Dirac’s large number hypothesis [5, 6]. In
addition, one needs further accurate observations to fully
confirm (or disprove) the validity of general relativity in the
high curvature regime such as black hole systems and other
massive objects. Therefore, in recent years, more attentions
have been focused on alternative theories of gravity.Themost
considerable alternative theories of gravity are the scalar-
tensor theories. One of the good examples of these theories
is Brans–Dicke (BD) theory which was introduced in 1961
to combine Mach’s principle with Einstein’s theory of gravity
[7]. It is worthwhile to mention that BD theory is one of
the modified theories of general relativity which can be
used for several cosmological problems like inflation, cosmic
acceleration, and dark energy modeling [8–10]. Also, it has a
customizable parameter (𝜔) which indicates the strength of
coupling between the matter and scalar fields. The action of
4-dimensional BD theory can be written as

𝑆 = 116𝜋 ∫𝑑4𝑥√−𝑔(Φ𝑅 − 𝜔Φ (∇Φ)2) , (1)

where 𝑅 and Φ are, respectively, the Ricci scalar and self-
gravitating scalar field. It is interesting to note that 4-
dimensional stationary vacuum BD solution is just the Kerr
solution with a trivial scalar field [11]. In addition, Cai and
Myung proved that 4-dimensional solution of BD-Maxwell
theory reduces to the Reissner–Nordström solution with a
constant scalar field [12–15]. However, the solutions of BD-
Maxwell gravity in higher dimensions will be reduced to the
Reissner–Nordström solutions with a nontrivial scalar field
because of the fact that higher dimensional stress energy
tensor of Maxwell field is not traceless (conformally invari-
ant). One of the most prominent problems which makes BD
theory nonstraightforward is the fact that the field equations
of this theory are highly nonlinear. To deal with this issue, one
could apply conformal transformation on known solutions
of other modified theories like dilaton gravity [16]. For
instance, nonlinearly charged dilatonic black hole solutions
and their BD counterpart in an energy dependent space-time
have been obtained by applying a conformal transformation
[17].

The first attempt for modifying the Maxwell theory to a
consistent theory for describing point charges was made in
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1912 by Mie [18, 19]. After that, Born and Infeld introduced
a gauge-invariant nonlinear electrodynamic model to find
a classical theory of point-like charges with finite energy
density [20]. Born–Infeld (BI) theory was more interesting
since it was obtained by using loop correction analysis of
Quantum Field Theory. Recently, Tseytlin has shown that
BI theory can be derived as an effective theory of some
string theory models [21–26]. Nowadays, the effects of BI
electrodynamics coupled to various gravity theories have
been considered bymany authors in the context of black holes
[27–51], rotating black branes [14, 52–57], wormholes [58–
61], superconductors [62–67], and other aspects of physics
[68, 69].

On the other side, black hole thermodynamics became an
interesting topic after the works of Hawking and Bekenstein
[70–75]. Besides, based on the AdS/CFT correspondence,
black hole thermodynamics was considered as the first step
for constructing quantum gravity. In recent years, phase
transition and critical behavior of the black holes have
attracted more attention among physicists. Generally, at the
critical point where phase transition occurs, one may find a
discontinuity of state space variable such as heat capacity [76].
In addition to heat capacity, there are various approaches for
studying phase transition. One of such interesting methods
is based on geometrical technique. Geometrical thermo-
dynamic method was started by Gibbs and Caratheodory
[77]. Regarding this method, one could build a phase space
by employing thermodynamical potential and its corre-
sponding extensive parameter. Meanwhile, divergence points
of Ricci scalar of thermodynamical metric provide infor-
mation about phase transition points of thermodynamical
systems.

For the first time, Weinhold introduced a new metric
on the equilibrium thermodynamical phase space [78, 79]
and after that another thermodynamical metric was defined
by Ruppeiner from a different point of view [80, 81]. It is
worthwhile to mention that there is a conformal relation
between Ruppeiner and Weinhold metrics with the inverse
of temperature as a conformal factor [82]. None of Wein-
hold and Ruppeiner metrics were invariant under Legen-
dre transformation. Recently, Quevedo [83, 84] removed
some problems of Weinhold and Ruppeiner methods by
proposing a Legendre invariant thermodynamical metric.
Although Quevedo could solve some problems which pre-
vious metrics were involved with, it has been confronted
with another problems in some specific systems. To solve
these problems, a new method was proposed in [85–87]
which is known as HPEM metric. It was shown that HPEM
metric is completely consistent with the results of the heat
capacity in canonical ensemble in different gravitational
systems.

In this paper, we are going to consider black hole solutions
of BD-BI aswell as Einstein-BI-dilaton gravity and study their
phase transition based on geometrical thermodynamicmeth-
ods. We compare our results with those of other methods
such as extended phase space thermodynamics.

2. Field Equation and
Conformal Transformations

The (𝑛 + 1)-dimensional BD-BI theory action containing
a scalar field Φ and a self-interacting potential 𝑉(Φ) is as
follows:

𝐼BD-BI = − 116𝜋 ∫
𝑀
𝑑𝑛+1𝑥

⋅ √−𝑔(Φ𝑅 − 𝜔Φ (∇Φ)2 − 𝑉 (Φ) +L (F)) , (2)

where 𝜔 is a coupling constant and L(F) is the BI theory
Lagrangian

L (F) = 4𝛽2(1 − √1 + F2𝛽2) , (3)

in which 𝛽 and F = 𝐹𝜇]𝐹𝜇] are BI parameter and Maxwell
invariant, respectively. It is worthmentioning thatL(F)will
be reduced to the standard Maxwell form L(F) = −F as𝛽 → ∞. The field equations of gravitational, scalar, and
electromagnetic fields can be obtained by varying the action
(2):

𝐺𝜇] = 𝜔Φ2 (∇𝜇Φ∇]Φ − 12𝑔𝜇] (∇Φ)2) − 𝑉 (Φ)2Φ 𝑔𝜇]
+ 1Φ (∇𝜇∇]Φ − 𝑔𝜇]∇2Φ) + 2Φ ( 𝐹𝜇𝜆𝐹]𝜆√1 +F/2𝛽2
+ 14𝑔𝜇]L (F)) ,

(4)

∇2Φ = 12 [(𝑛 − 1) 𝜔 + 𝑛] ((𝑛 − 1)Φ𝑑𝑉 (Φ)𝑑Φ
− (𝑛 + 1)𝑉 (Φ) + (𝑛 + 1)L (F) + 4F√1 +F/2𝛽2),

(5)

∇𝜇( 𝐹𝜇]√1 +F/2𝛽2) = 0. (6)

It is not easy to solve (4)–(6) because there exists second
order of scalar field in the denominator of field equation (4).
In order to overcome such a problem, we can use a suitable
conformal transformation and convert the BD-BI theory
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to the Einstein-BI-dilaton gravity. The suitable conformal
transformation is as follows:

𝑔𝜇] = Φ2/(𝑛−1)𝑔𝜇],
Φ = 𝑛 − 34𝛼 lnΦ,
𝛼 = (𝑛 − 3)√4 (𝑛 − 1) 𝜔 + 4𝑛 .

(7)

The Einstein-BI-dilaton gravity action and its related field
equations can be obtained from the BD-BI action and its
related field equations by applying the mentioned conformal
transformation [17]:

𝐼𝐺 = − 116𝜋 ∫
M

𝑑𝑛+1𝑥
⋅ √−𝑔{R − 4𝑛 − 1 (∇Φ)2 − 𝑉 (Φ) + 𝐿 (F, Φ)} , (8)

R𝜇] = 4𝑛 − 1 (∇𝜇Φ∇]Φ + 14𝑉 (Φ) 𝑔𝜇]) − 1𝑛 − 1⋅ 𝐿 (F, Φ) 𝑔𝜇]
+ 2𝑒−4𝛼Φ/(𝑛−1)√1 + 𝑌 (𝐹𝜇𝜂𝐹𝜂] − F𝑛 − 1𝑔𝜇]) ,

(9)

∇2Φ = 𝑛 − 18 𝜕𝑉 (Φ)𝜕Φ
+ 𝛼2 (𝑛 − 3) ((𝑛 + 1) 𝐿 (F, Φ) + 4𝑒−4𝛼Φ/(𝑛−1)F√1 + 𝑌 ) , (10)

∇𝜇(𝑒−4𝛼Φ/(𝑛−1)√1 + 𝑌 𝐹𝜇]) = 0, (11)

where ∇ is the covariant differentiation with respect to the
metric 𝑔𝜇] and R is its Ricci scalar. The potential 𝑉(Φ) and
the Lagrangian 𝐿(𝐹,Φ) will take the following forms [17]:

𝑉(Φ) = Φ−(𝑛+1)/(𝑛−1)𝑉 (Φ) , (12)

𝐿 (F, Φ) = 4𝛽2𝑒−4𝛼(𝑛+1)Φ/[(𝑛−1)(𝑛−3)](1
− √1 + 𝑒16𝛼Φ/[(𝑛−1)(𝑛−3)]F2𝛽2 ).

(13)

In the limits of 𝛽 → ∞ and 𝛽 → 0, the Lagrangian will be𝐿(F, Φ) = −𝑒−4𝛼Φ/(𝑛−1)F and 𝐿(F, Φ) → 0, respectively, as

expected. In previous equations, we have used the following
notations:𝐿 (F, Φ) = 4𝛽2𝑒−4𝛼(𝑛+1)Φ/[(𝑛−1)(𝑛−3)]𝐿 (𝑌) ,

𝐿 (𝑌) = 1 − √1 + 𝑌,
𝑌 = 𝑒16𝛼Φ/[(𝑛−1)(𝑛−3)]F2𝛽2 .

(14)

By considering the conformal relation between these two
theories, it can be understood that if (𝑔𝜇], 𝐹𝜇], Φ) are the
solutions to the field equations of Einstein-BI-dilaton gravity
(9)–(11), then the solutions of BD-BI theory could be obtained
by the following form:

[𝑔𝜇], 𝐹𝜇], Φ]
= [exp(− 8𝛼Φ(𝑛 − 1) (𝑛 − 3))𝑔𝜇], 𝐹𝜇], exp( 4𝛼Φ𝑛 − 3)] . (15)

2.1. Black Hole Solutions in Einstein-BI-Dilaton Gravity
and BD-BI Theory

2.1.1. Einstein Frame. In this section, we briefly obtain the
Einstein-BI-dilaton gravity solutions and then by using the
conformal transformation, we calculate the solutions of BD-
BI theory [88]. We assume the following metric with various
horizon topology:

𝑑𝑠2 = −𝑍 (𝑟) 𝑑𝑡2 + 𝑑𝑟2𝑍 (𝑟) + 𝑟2𝑅2 (𝑟) 𝑑Ω2𝑘, (16)

where 𝑑Ω2𝑘 is an (𝑛 − 1)-dimensional hypersurface of
Euclidean metric with constant curvature (𝑛 − 1)(𝑛 − 2)𝑘 and
volume 𝜛𝑛−1 with the following explicit form:

𝑑Ω2𝑘

=
{{{{{{{{{{{{{{{{{{{{{

𝑑𝜃21 + 𝑛−1∑
𝑖=2

𝑖−1∏
𝑗=1

sin2𝜃𝑗𝑑𝜃2𝑖 𝑘 = 1
𝑑𝜃21 + sinh2𝜃1𝑑𝜃22 + sinh2𝜃1𝑛−1∑

𝑖=3

𝑖−1∏
𝑗=2

sin2𝜃𝑗𝑑𝜃2𝑖 𝑘 = −1
𝑛−1∑
𝑖=1

𝑑𝜙2𝑖 𝑘 = 0.
(17)

In order to obtain consistent solutions, we should con-
sider a suitable functional form for the potential,V(Φ). It was
shown that the proper potential is a Liouville-type one with
both topological and BI correction terms, as [17]

V (Φ) = 2Λ exp( 4𝛼Φ𝑛 − 1)
+ 𝑘 (𝑛 − 1) (𝑛 − 2) 𝛼2𝑏2 (𝛼2 − 1) exp( 4Φ(𝑛 − 1) 𝛼)
+ 𝑊(𝑟)𝛽2 .

(18)



4 Advances in High Energy Physics

It is notable to mention that, in the limit of 𝛼 → 0
(absence of dilaton field) and 𝛽 → ∞, V(Φ) reduces to2Λ, as expected [13]. Now, regarding the field equations
(9)–(11), metric (16), and the potential V(Φ), it is a matter of
calculation to show that𝐹𝑡𝑟 = 𝐸 (𝑟)

= 𝑞𝑒(4𝛼Φ(𝑟)/(𝑛−1))[𝑟𝑅 (𝑟)](𝑛−1)√1 + 𝑒(8𝛼Φ(𝑟)/(𝑛−3))𝑞2 [𝑟𝑅 (𝑟)]−2(𝑛−1) /𝛽2 ,
Φ = (𝑛 − 1) 𝛼2 (1 + 𝛼2) ln(𝑏𝑟) ,
𝑊 (𝑟) = 4𝑞 (𝑛 − 1) 𝛽2𝑅 (𝑟)(1 + 𝛼2) 𝑟𝛾𝑏𝑛𝛾 ∫ 𝐸 (𝑟)𝑟𝑛(1−𝛾)−𝛾 𝑑𝑟

+ 4𝛽4𝑅 (𝑟)2(𝑛+1)/(𝑛−3) (1 − 𝐸 (𝑟) 𝑅 (𝑟)(𝑛−3)𝑞𝑟1−𝑛 )
− 4𝑞𝛽2𝐸 (𝑟)𝑟𝑛−1 (𝑟𝑏)𝛾(𝑛−1) ,

𝑍 (𝑟) = −𝑘 (𝑛 − 2) (𝛼2 + 1)2 (𝑟/𝑏)2𝛾(𝛼2 + 𝑛 − 2) (𝛼2 − 1) + ((1 + 𝛼2)2 𝑟2(𝑛 − 1) )
⋅ 2Λ (𝑟/𝑏)−2𝛾(𝛼2 − 𝑛) − 𝑚𝑟(𝑛−1)(1−𝛾)−1
− 4 (1 + 𝛼2)2 𝑞2 (𝑟/𝑏)2𝛾(𝑛−2)(𝑛 − 𝛼2) 𝑟2(𝑛−2) ( 12 (𝑛 − 1)ϝ1 (𝜂)
− 1𝛼2 + 𝑛 − 2ϝ2 (𝜂)) ,

𝑅 (𝑟) = exp( 2𝛼Φ𝑛 − 1) = (𝑏𝑟)𝛾 ,

(19)

where 𝑚 is an integration constant related to mass and 𝑏 is
another constant related to scalar field, andϝ1 (𝜂)

= 2𝐹1 ([12 , (𝑛 − 3) Υ𝛼2 + 𝑛 − 2] , [1 + (𝑛 − 3) Υ𝛼2 + 𝑛 − 2] , −𝜂) ,ϝ2 (𝜂)
= 2𝐹1 ([12 , (𝑛 − 3) Υ2 (𝑛 − 1) ] , [1 + (𝑛 − 3) Υ2 (𝑛 − 1) ] , −𝜂) ,

Υ = 𝛼2 + 𝑛 − 22𝛼2 + 𝑛 − 3 ,
𝜂 = 𝑞2 (𝑟/𝑏)2𝛾(𝑛−1)(𝑛−5)/(𝑛−3)𝛽2𝑟2(𝑛−1) ,
𝛾 = 𝛼21 + 𝛼2 .

(20)

It is worthwhile to mention that the dilatonic Maxwell
solutions [89] can be achieved from the obtained solutions in

the limit of 𝛽 → ∞. The divergencies of scalar curvatures at
the origin guarantee the existence of singularity. We interpret
such a singularity as black hole since it is covered by an event
horizon [17].

2.1.2. Jordan Frame. To obtain the black hole solutions of BD-
BI theory, first, by using the conformal transformation (12),
V(Φ) would be

V (Φ) = 2ΛΦ2
+ 𝑘 (𝑛 − 1) (𝑛 − 2) 𝛼2𝑏2 (𝛼2 − 1) Φ[(𝑛+1)(1+𝛼2)−4]/[(𝑛−1)𝛼2]
+ Φ(𝑛+1)/(𝑛−1)𝑊(𝑟)𝛽2 .

(21)

Also, by considering the following (𝑛 + 1)-dimensional
metric,

𝑑𝑠2 = −𝐴 (𝑟) 𝑑𝑡2 + 𝑑𝑟2𝐵 (𝑟) + 𝑟2𝐻2 (𝑟) 𝑑Ω2𝑘, (22)

one can find the following solutions through conformal
transformation:

𝐴 (𝑟) = ( 𝑟𝑏)4𝛾/(𝑛−3) 𝑍 (𝑟) ,
𝐵 (𝑟) = ( 𝑟𝑏)−4𝛾/(𝑛−3) 𝑍 (𝑟) ,
𝐻 (𝑟) = ( 𝑟𝑏)−𝛾((𝑛−5)/(𝑛−3)) ,
Φ (𝑟) = ( 𝑟𝑏)−2𝛾(𝑛−1)/(𝑛−3) .

(23)

It is notable that, like Einstein frame, these solutions can
be interpreted as black holes which are covered by event
horizon.

3. Thermodynamic Properties: Dilatonic-BI
versus BD-BI Black Holes

3.1. Thermodynamic Quantities. In the following, we give a
brief review regarding thermodynamic quantities of the black
hole solutions in both frames. The Hawking temperature of
the black hole can be obtained by using the surface gravity
interpretation (𝜅) through the following relation:

𝑇 = 𝜅2𝜋 = 12𝜋√−12 (∇𝜇𝜒]) (∇𝜇𝜒])

= {{{{{{{{{{{

𝑍 (𝑟+)4𝜋 , dilatonic BI

14𝜋√ 𝐵 (𝑟)𝐴 (𝑟)𝐴 (𝑟+) , BD-BI,

(24)
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in which 𝜒 = 𝜕/𝜕𝑡 is the time like null Killing vector. It is
easy to show that the Hawking temperature in both frames is
uniform as

𝑇 = (𝛼2 + 1)2𝜋 (𝑛 − 1) [−𝑘 (𝑛 − 2) (𝑛 − 1)2 (𝛼2 − 1) 𝑟+ ( 𝑏𝑟+)
−2𝛾

− Λ𝑟+ ( 𝑏𝑟+)
2𝛾 + Γ+] , dilatonic BI & BD-BI, (25)

where

Γ+ = −(𝛼2 + 1)2 𝑞22𝜋 (𝑛 − 1) (𝑟+𝑏 )2𝛾(𝑛−2) 𝑟3−2𝑛+ ϝ1 (𝜂+) . (26)

Following [12, 17], the finitemass and entropy of the black
hole in both Einstein and Jordan frames are

𝑀 = 𝜛𝑛−1𝑏(𝑛−1)𝛾16𝜋 ( 𝑛 − 11 + 𝛼2 )𝑚,
𝑆 = 𝜛𝑛−1𝑏(𝑛−1)𝛾4 𝑟(𝑛−1)(1−𝛾)+ . (27)

In addition, the electric charge𝑄 of the black holes can be
obtained via Gauss’s law

𝑄 = 𝑞4𝜋 . (28)

Also, one can obtain the electric potential as

𝑈 = (𝑟+𝑏 )4𝛾+1 𝑏𝛽 (𝛼
2 + 1)(5𝛼2 + 1) 2𝐹1 ([12 , 5𝛼2 + 16 (2𝛼2 + 1)] ,

[ 17𝛼2 + 76 (2𝛼2 + 1)] , 𝛽2𝑏6𝑞2 (𝑟+𝑏 )6𝛾+6) .
(29)

It is straightforward to show that the mentioned con-
served and thermodynamical quantities satisfy the first law
of thermodynamics as

𝑑𝑀 = 𝑇𝑑𝑆 + 𝑈𝑑𝑄. (30)

3.2. Heat Capacity and Thermal Stability. Here, we want
to investigate thermal stability of the black holes. Due to
the set of state functions and thermodynamic variables of
a system, one may study the thermodynamic stability from
different points of view through various ensembles. One of
the common methods to study phase transition is regarding
the canonical ensemble. In this ensemble, thermal stability of
a systemwill be ensured by positivity of the heat capacity. One
can obtain the heat capacity relation with fixed charge as

𝐶𝑄 = (𝜕𝑀/𝜕𝑆)𝑄(𝜕2𝑀/𝜕𝑆2)𝑄 = 𝑀𝑆𝑀𝑆𝑆 = 𝑇( 𝜕𝑆𝜕𝑇)𝑄 , (31)

where𝑀𝑆 = 𝜕𝑀/𝜕𝑆 and𝑀𝑆𝑆 = 𝜕2𝑀/𝜕𝑆2.
From the nominator of heat capacity, it is evident that

the temperature (𝑀𝑆) has crucial role on the sign of 𝐶𝑄. In

addition, divergence points of heat capacity are indicating
second-order phase transition. Hence, these divergencies are
utilized for calculating critical values and investigating the
critical behavior of the black hole. Now, for studying phase
transition, we introduce various geometrical thermodynamic
methods and compare their results with those arisen from the
heat capacity.

3.3. Geometrical Study of the Phase Transition. One of the
basic motivations for considering the geometrical thermo-
dynamics comes from the fact that this formalism helps
us to describe in an invariant way the thermodynamic
properties of a given thermodynamical system in terms of
geometric structures. Also, thismethod is a strongmachinery
for describing phase transition of the black holes. Another
motivation is to give an independent picture regarding ther-
modynamical aspects of a system. In addition to some useful
information about bound points, phase transitions, and ther-
mal stability conditions, this method contains information
regarding molecular interaction around phase transitions for
thermodynamical systems. In other words, by studying the
sign of thermodynamical Ricci scalar around phase transition
points, one can extract information whether interaction is
repulsive or attractive. Based on such motivations, it will be
interesting to investigate black hole phase transition in the
context of geometrical thermodynamics, as an independent
approach.

In order to study the phase transition, one can employ
thermodynamical quantities to build geometrical space-time.
There are several metrics in the context of geometrical
thermodynamics which one can use to study phase transition
and critical behavior.Thewell-known thermodynamicalmet-
rics are Weinhold, Ruppeiner, Quevedo, and HPEM as the
recently proposedmethod.Aswementioned, in some specific
types of systems, the Weinhold, Ruppeiner, and Quevedo
metrics are not applicable and they will face some problems.
Here, we want to discuss these thermodynamical metrics and
their possible mismatched problems.

Thermodynamical metric was first introduced by Wein-
hold [78, 79]. This thermodynamical metric is given by

𝑑𝑆2𝑊 = 𝑔𝑊𝑎𝑏𝑑𝑋𝑎𝑑𝑋𝑏, (32)

where 𝑔𝑊𝑎𝑏 = 𝜕2𝑀(𝑋𝑐)/𝜕𝑋𝑎𝜕𝑋𝑏, 𝑋𝑎 ≡ 𝑋𝑎(𝑆,𝑁𝑖), and 𝑁𝑖
denotes other extensive variables of the system. By calculating𝑀 as a function of extensive quantities (such as entropy and
electric charge) and usingWeinholdmetric (32), one can find
the Ricci scalar. It is expected that the singular points of the
Weinhold Ricci scalar match the root or divergence points of
the heat capacity, to indicate the bound point or the phase
transition ones.We plot Figure 1 to investigate the mentioned
behavior.

After that, Ruppeiner [80, 81] has defined another ther-
modynamical metric with the following form:

𝑑𝑆2𝑅 = 𝑔𝑅𝑎𝑏𝑑𝑋𝑎𝑑𝑋𝑏, (33)

where 𝑔𝑅𝑎𝑏 = −𝜕2𝑆(𝑋𝑐)/𝜕𝑋𝑎𝜕𝑋𝑏 and𝑋𝑎 ≡ 𝑋𝑎(𝑀,𝑁𝑖).
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Figure 1: Weinhold metric. R (continuous line), 𝐶𝑄 (dotted line), and 𝑇 (dot dashed) versus 𝑟+ for Λ = −1, 𝑛 = 4, 𝑞 = 0.1, 𝑏 = 1, 𝜔 = 10,
and 𝛽 = 1.5. “Note: all three panels are plotted with the same parameters, but different regions and scales.”
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Figure 2: Ruppeiner metric.R (continuous line), 𝐶𝑄 (dotted line), and 𝑇 (dot dashed) versus 𝑟+ for Λ = −1, 𝑛 = 4, 𝑞 = 0.1, 𝑏 = 1, 𝜔 = 10,
and 𝛽 = 1.5. “Note: both panels are plotted with the same parameters, but different regions and scales.”

In the Ruppeiner metric, thermodynamical potential is
entropy. It is worthwhile mentioning that these two metrics
are conformally related to each other [82]. We plot Figure 2
to show that the Ruppeiner Ricci scalar divergencies are not
matched with those of heat capacity.

As we have shown, calculating thermodynamical Ricci
scalar of these two thermodynamical metrics indicates that
the results were not completely consistent with the results of
heat capacity in the canonical ensemble. In order to remove
some failures of the Weinhold and Ruppeiner metrics,
recently, anothermetric which is Legendre invariant has been
introduced by Quevedo [83, 84].TheQuevedometric has the
following form:

𝑑𝑠2𝑄 = Ω(−𝑀𝑆𝑆𝑑𝑆2 +𝑀𝑄𝑄𝑑𝑄2) , (34)

where the conformal coefficient Ω isΩ = (𝑆𝑀𝑆 + 𝑄𝑀𝑄) . (35)

Considering Figures 1–3, we find that, by using these three
well-known metrics, there is at least a mismatch between
heat capacity divergencies and thermodynamical Ricci scalar
divergencies (of these threemetrics).Therefore, thesemetrics
are not appropriate tools for investigation of our black hole
phase transitions and related critical behavior. In otherwords,
the method of geometrical thermodynamics which has been
reported in [90] is not an applicablemethod in the scalar field
theory.

Very recently, a new metric was proposed by Hendi et
al. (HPEM metric) to solve this problem. This method is
applied for various gravitating systems and it is shown that
the root and divergence points of the heat capacity coincide
with the divergence points of the HPEM Ricci scalar (see
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Figures 4–6, for more details).The generalized HPEMmetric
with 𝑛 extensive variables (𝑛 ≥ 2) has the following form [85–
87]:

𝑑𝑠2HPEM = 𝑆𝑀𝑆(∏𝑛𝑖=2 (𝜕2𝑀/𝜕𝜒2𝑖 ))3 (−𝑀𝑆𝑆𝑑𝑆2
+ 𝑛∑
𝑖=2

(𝜕2𝑀𝜕𝜒2𝑖 )𝑑𝜒2𝑖 ) , (36)

where 𝜒𝑖’s (𝜒𝑖 ̸= 𝑆) are extensive parameters. It is notable
that HPEM metric is the same as that presented by Quevedo
(with the same “−, +, +, . . .” signature), but with different con-
formal factor, and therefore it is expected to enjoy Legendre
invariance. In what follows, we will investigate the stability
and phase transition of the physical BD-BI black holes in the
context of the heat capacity and geometrical thermodynamics
by using HPEMmetric.

As the first significant point which must be taken into
deep consideration, one should regard the sign of the
temperature. The positivity of the temperature denotes a
physical black hole, whereas the negativity of 𝑇 represents
a nonphysical system. The temperature behavior has been
shown in the figures, too. As we can see, there is a lower
bound for the horizon radius (𝑟0), in which for 𝑟+ < 𝑟0, we
encounter a nonphysical black hole, owing to negative sign of
temperature. In contrast, in the case of 𝑟+ > 𝑟0, we confront
a physical system due to the positivity of the temperature.
In other words, the horizon radius of physical black holes is
located in this region.

Figure 4 shows that, for the special values of the electric
charge, nonlinearity parameter, and BD-coupling coefficient,
we can obtain three characteristic points. One of them
refers to the root of heat capacity (or temperature) which
is known as 𝑟0 and others are related to the divergence
points of heat capacity which are denoted as 𝑟𝑑

1

and 𝑟𝑑
2

(𝑟𝑑
1

< 𝑟𝑑
2

). We also find that all divergence points of the

Table 1: Critical points of BD-BI theory for 𝑞 = 0.1,Λ = −1,𝜔 = 10,𝑏 = 1, and 𝛽 = 1.5.
𝑛 𝑟0 𝑟𝑑1 𝑟𝑑2
5 0.2052 0.3820 2.5814
6 0.2842 0.4772 3.5605
7 0.3422 0.5390 4.7619

Ricci scalar (for HPEM metric) coincide with these three
points. Here, we use some tables to study the influences
of different parameters (dimensions, nonlinearity parameter,
andBD-coupling coefficient) on thementioned characteristic
points.

These tables provide information regarding the lower
bound of horizon radius, two points of phase transition (for
the case of BD-BI), and their dependencies to the variation
of dimensions, nonlinearity parameter, and coupling coef-
ficient. Regarding the tables and Figures 4–7, it is evident
that one root and two divergence points for the heat capacity
are almost observed. It is worthwhile to mention that the
region of 𝑟0 < 𝑟+ < 𝑟𝑑

1

(positive sign of heat capacity)
shows the stability of the system. In contrast, one can find
that, for the region of 𝑟𝑑

1

< 𝑟+ < 𝑟𝑑
2

, the heat capacity has
negative signwhich indicates instability. In addition, at region𝑟+ > 𝑟𝑑

2

, the system is in the stable state due to the positive
sign of heat capacity (see Figures 4–6 for more details).
According to Table 1, one can conclude that the lower bound
radius and two divergence points are increasing functions
of the dimensions. Also, according to Table 2, the lower
bound of horizon radius and the first divergence point (𝑟𝑑

1

)
will increase by increasing 𝛽 (the nonlinearity parameter),
whereas the second point of divergency remains steady over
this change. Considering figures andTable 2, it is obvious that,
by increasing 𝛽, root and the first divergence point of heat
capacity will increase up to a point and then any increment in
this parameter would have negligible effect on these values.
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Figure 4: HPEM metric.R (continuous line), 𝐶𝑄 (dotted line), and 𝑇 (dot dashed) versus 𝑟+ for Λ = −1, 𝑛 = 4, 𝑞 = 0.1, 𝑏 = 1, and 𝜔 = 10.𝛽 = 1 (a) and 𝛽 = 5 (b). “Note: both panels in the same line are plotted with the same parameters, but different regions and scales.”

To put in other words, it can be interpreted that, in large𝛽, we will face the Brans-Dicke-Maxwell behavior [91]. For
large 𝛽, the obtained values for lower bound horizon radius
and divergence point are the same as the obtained values
for the Brans-Dicke-Maxwell case [91]. It is notable that the
unstable region (between two divergencies, where the heat
capacity is negative) is larger in small 𝛽 than the large one
(Brans-Dicke-Maxwell case) as it would be expected, which
is due to the nature of nonlinearity that would cause the
instability of system to increase. Meanwhile, 𝑟0 and 𝑟𝑑

1

have
ascending functions and 𝑟𝑑

2

will be declined by increasing 𝜔
(see Table 3). Generally, fromwhat has been discussed above,
dimensionality 𝑛 and BD-coupling coefficient 𝜔 are playing
the main role in changes of the location of larger divergence
point.

Table 2: Critical points of BD-BI theory for 𝑞 = 0.1,Λ = −1,𝜔 = 10,𝑏 = 1, and 𝑛 = 4.𝛽 𝑟0 𝑟𝑑1 𝑟𝑑2
0.1 0.0056 0.0112 1.7512
1.0 0.0604 0.1251 1.7512
1.5 0.0902 0.1996 1.7512
5.0 0.2056 0.3523 1.7512
100.0 0.2400 0.3600 1.7512
200.0 0.2400 0.3600 1.7512

4. Conclusion

In this paper, the main goal was studying thermodynamical
behavior of the BD-BI and Einstein-BI-dilaton black hole
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Figure 5: HPEM metric.R (continuous line), 𝐶𝑄 (dotted line), and 𝑇 (dot dashed) versus 𝑟+ for Λ = −1, 𝑛 = 4, 𝑞 = 0.1, 𝑏 = 1, and 𝛽 = 1.5.𝜔 = 0.2 (a) and 𝜔 = 200 (b). “Note: both panels in the same line are plotted with the same parameters, but different regions.”

Table 3: Critical points of BD-BI theory for 𝑞 = 0.1, Λ = −1, 𝑛 = 4,𝑏 = 1, and 𝛽 = 1.5.
𝜔 𝑟0 𝑟𝑑1 𝑟𝑑2
0.2 0.0482 0.1132 1.9022
2 0.0742 0.1658 1.8038
200 0.0974 0.2128 1.7318

solutions. Since both of these solutions had very similar
thermodynamical behavior in the context of geometrical
thermodynamics, we have just considered the BD-BI ones.
We have investigated the stability and phase transition in
the canonical ensemble through the use of heat capacity. We
have found that, for having a physical black hole (positive
temperature), there should be a restriction on the value of

the horizon radius, which leads to a physical limitation point.
This point was a border between nonphysical and physical
black hole horizon radius. Moreover, investigating the phase
transition of the black holes exhibited that there exist second-
order phase transition points. In other words, the heat
capacity had one real positive root and two divergence points.
It was shown that these points (the root and divergence
points of heat capacity) were affected by variation of the
BI parameter, BD-coupling constant, and dimensions. From
the presented tables and figures, we have found that the
effect of dimensions on the larger divergence point was more
than other factors and in contrast, the BI parameter had
no sensible effect on this value. The effect of BD-coupling
constant on these three points was so small in a way that, by
applying a dramatic change in this constant, we observed a
small change in the value of such characteristic points.
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It was illustrated that in the context of thermal stability
there exist four regions, specified by the root and two
divergence points of the heat capacity. The root of heat
capacity was referred to as the lower bound of horizon
radius that separated the nonphysical black holes from the
physical ones. Between the two divergencies, we encountered
an unstable state and after the second divergence point black
hole obtained a stable state. It is notable that, for small 𝛽,
because of the nonlinearity effect, the unstable region is larger
than the Maxwell case (large 𝛽) [91].

Eventually, we employed the geometrical thermodynamic
method to study the phase transition. We have shown that
Weinhold, Ruppeiner, and Quevedo metrics failed to provide
a consistent result with the heat capacity’s result. In other
words, their thermodynamical Ricci scalar’s divergencies did
not match the root and divergencies of the heat capacity,
exactly. In some of these methods, we encountered extra
divergency which did not coincide with any of the phase
transition points.

At last, using the HPEM metric, we achieved desirable
results. It was shown that all the divergence points of the

Ricci scalar of thementionedmetric covered the divergencies
and root of the heat capacity. It is worth mentioning that
the behavior of the curvature scalar was different near its
divergence points. In other words, the divergence points of
the Ricci scalar related to root of the heat capacity could
be distinguished from the divergencies related to phase
transition points based on the curvature scalar behavior.

Regarding the used method of this paper, it is interesting
to extend obtained results to an energy dependent space-time
anddiscuss the role of gravity’s rainbow [92–95].We leave this
issue for future work.
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[42] O. Mišković and R. Olea, “Thermodynamics of Einstein-Born-
Infeld black holes with negative cosmological constant,” Physi-
cal Review D, vol. 77, no. 12, 2008.

[43] I. Z. Stefanov, S. S. Yazadjiev, andM. D. Todorov, “Scalar-tensor
black holes coupled to Born-Infeld nonlinear electrodynamics,”
Physical Review D. Particles, Fields, Gravitation, and Cosmology,
vol. 75, no. 8, Article ID 084036, 084036, 6 pages, 2007.

[44] S. Fernando, “Thermodynamics of Born-Infeld—anti-de Sitter
black holes in the grand canonical ensemble,” Physical Review
D, vol. 74, no. 10, Article ID 104032, 2006.

[45] R.-G. Cai, D.-W. Pang, and A. Wang, “Born-Infeld black holes
in (A)dS spaces,” Physical Review. D.Third Series, vol. 70, no. 12,
Article ID 124034, 124034, 9 pages, 2004.

[46] M. a. Aiello, R. Ferraro, and G. Giribet, “Exact solutions of
Lovelock-Born-Infeld black holes,” Physical Review. D. Third
Series, vol. 70, no. 10, Article ID 104014, 104014, 7 pages, 2004.

[47] T. Kumar Dey, “Born-Infeld black holes in the presence of
a cosmological constant,” Physics Letters. B. Particle Physics,
Nuclear Physics and Cosmology, vol. 595, no. 1-4, pp. 484–490,
2004.

[48] T. Tamaki, “Black hole solutions coupled to Born-Infeld elec-
trodynamics with derivative corrections,” Journal of Cosmology
and Astroparticle Physics, vol. 4, no. 5, article 004, 2004.

[49] S. Fernando and D. Krug, “Charged black hole solutions in
Einstein-Born-Infeld gravity with a cosmological constant,”
General Relativity and Gravitation, vol. 35, no. 1, pp. 129–137,
2003.

[50] M. Wirschins, A. Sood, and J. Kunz, “Non-Abelian Einstein-
Born-Infeld black holes,” Physical Review D, vol. 63, no. 8, 2001.
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This article addresses the issue of possible gravitational phase transitions in the early universe.We suggest that a second-order phase
transition observed in the Causal Dynamical Triangulations approach to quantum gravity may have a cosmological relevance. The
phase transition interpolates between a nongeometric crumpled phase of gravity and an extended phase with classical properties.
Transition of this kind has been postulated earlier in the context of geometrogenesis in theQuantumGraphity approach to quantum
gravity. We show that critical behavior may also be associated with a signature change in Loop Quantum Cosmology, which occurs
as a result of quantum deformation of the hypersurface deformation algebra. In the considered cases, classical space-time originates
at the critical point associated with a second-order phase transition. Relation between the gravitational phase transitions and the
corresponding change of symmetry is underlined.

1. Introduction

Accumulating results of theoretical investigations indicate
that the gravitational field exists in different phases. First
indications supporting such an idea came from considera-
tions of three-dimensional Euclidean quantum gravity [1]. By
means of Monte Carlo simulations it was possible to explore
the configuration of the gravitational field under various
conditions. For four-dimensional Euclidean gravity, gravity
exhibits two phases: the crumpled phase and the branched
polymer phase [2]. This result has since been generalized
to the case of four-dimensional gravity with an imposed
causality condition, formulation known as Causal Dynamical
Triangulations (CDT). The causality condition turned out
to be essential for the correct phase structure of gravity,
leading to emergence of the four-dimensional space-time [3].
Generation of such extended phase in the Euclidean approach
introducing a nontrivial path integral measure remains an
interesting possibility [4]. Furthermore, similarly to a phase
structure of the Lifshitz scalar [5], the critical surface of
CDT has been divided into three regions separated by the
first- and second-order transition lines [6]. Interestingly, a
theory describing gravity at a triple point (Lifshitz point) of
the phase diagram has been constructed and shown to be

power-counting renormalizable [7]. Further evidence for the
nontrivial phase structure of gravity comes from Quantum
Graphity [8].This approach utilizes the idea of geometrogene-
sis: a transition between geometric and nongeometric phases
of gravity.

The basic question one can ask, assuming the existence
of the different phases of gravity, is where can the other
phases be found? A natural place to search for them is high
curvature regions such as interiors of the black holes and
the early universe. Because of a horizon, a possibility of
relating phase change inside of black holes with astronomical
observations is a difficult task. Nevertheless, gravitational
phase transitions occurring under the black hole horizon,
including the signature change transition, have been a subject
of theoretical studies (see, e.g., [9, 10]). Perhaps empirically
more promising is a search for signatures of the gravitational
phase transitions which took place in the early universe. We
will focus on this direction here.

So far, there has been very little attention devoted to this
issue in the literature. Most studies of the phase transitions
in the early universe were dedicated to the matter sector,
rather than gravity [11, 12]. Among the few studies on the
gravitational phase transitions in the early universe, the work
of [13, 14] is especially noteworthy. In [13] a specific model
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of geometrogenesis, through a second-order phase transition,
has been proposed. It was shown that, by assuming the
holographic principle to be fulfilled in the high temperature
phase, it is possible to generate a power spectrum of pri-
mordial perturbations that is in agreement with observations.
In [14] the cosmological relevance of second-order phase
transitions is discussed. Arguments supporting generation of
“inflationary” power spectrum from critical behavior of the
gravitational field have been presented.

In what follows we attract attention to the fact that a
second-order gravitational phase transition has recently been
observed within Causal Dynamical Triangulations [15]. The
transition takes place exactly between the phases of the
form discussed in [8, 13]. Therefore, CDT gives a concrete
realization of the scenario of geometrogenesis. We also show
that gravitational phase transitionmay be associated with the
deformation of general covariance, recently observed in the
context of Loop Quantum Cosmology (LQC). In both cases,
the phase transition is of second order, suggesting a critical
nature of the emergence of classical space-time in the early
universe.

2. Causal Dynamical Triangulations

Analysis performed within four-dimensional CDT with a
positive cosmological constant indicates the presence of three
different phases of the gravitational field, called A, B, and C
[6]. The phases are separated by the first- (A-C) and second-
order (B-C) transition lines presumably intersecting at the
triple point. The order of the A-B phase transition has not
been determined so far.

At large scales, phase C forms the four-dimensional de
Sitter space [16]. The phase is, however, not fully classical
since it exhibits dimensional reduction to two dimensions
at short scales [17]. This can be shown by investigating
properties of the spectral dimension, defined via a diffusion
process. Nevertheless, the phase C can be associated with
the “usual” phase of gravity. The two remaining phases
are fundamentally different from this phase. Phase A is
characterized by a vanishing interaction between adjacent
time slices. Phase B, resembling the crumpled phase in
Euclidean gravity, is characterized by a large (tending to
infinity in the ∞− volume limit) Hausdorff and spectral
dimension. Phase B shares features of the high temperature
phase postulated in QuantumGraphity. Moreover, this phase
is separated with the low energetic phase C by the second-
order phase transition. This is in one-to-one correspondence
to the QuantumGraphity case. Based on this observation, we
hypothesize the following.

Hypothesis 1. In the early universe, there was a second- (or
higher) order phase transition from the high temperature
nongeometric phase to the low temperature geometric phase
of gravity. The transition is associated with a change of the
connectivity structure between the elementary chunks of
space.

The change of connectivity can be inferred from the
considerations of the spectral dimensions of the phases B and

C. In order to see it explicitly let us consider a toy model of
the universe composed of the𝑁 chunks of space.They will be
represented by the nodes of a graph. A structure of adjacency
is represented by the links.

In phase C, which is a geometric phase, the degree of
vertices is low. In our toy model it equals 2 and the resulting
space is represented by the Ring graph (see Figure 1(a)). The
spectral dimension of this graph can be found by determining
spectrum (eigenvalues 𝜆𝑛) of the Laplace operatorΔ ≡ 𝐴−𝐷,
where 𝐴 is an adjacency matrix and 𝐷 is a degree matrix. By
using the expression for the trace of the heat kernel𝐾 one can
find that

𝑑𝑆 ≡ −2𝜕 log tr𝐾𝜕 log𝜎 = −2𝜎∑𝑁𝑖=1 𝜆𝑛𝑒𝜆𝑛𝜎∑𝑁𝑖=1 𝑒𝜆𝑛𝜎 , (1)

where 𝜎 is a diffusion time.
In Figure 2 we plot function (1) for the Ring graph,

for which the eigenvalues are 𝜆𝑛 = 2(cos(2𝜋𝑛/𝑁) − 1).
At intermediate diffusion times the spectral dimension is
equal to one, as expected classically. The short time behavior,
corresponding to dimensional reduction observed in the
four-dimensional case, is due to the discrete nature of the
network. Furthermore, at large diffusion times the spectral
dimension is again falling to zero due to the compactness of
space (not visible in Figure 2).

Let us now model the high temperature nongeometric
phase B by assuming, for computational simplicity, amaximal
degree of nodes. The resulting Complete graph is shown
in Figure 1. The assumption of completeness allows one to
determine spectrum of the Laplace operator analytically and
enables the simplification of (1) to

𝑑𝑆 = 2𝑁𝜎 (𝑁 − 1)𝑒𝑁𝜎 + (𝑁 − 1) . (2)

We plot this function in Figure 2, comparing it with the
low temperature case. As we see, the spectral dimension is
now peaked at small diffusion times. The maximal value of
the spectral dimension grows with the number of nodes as𝑑𝑆,max ≈ 2𝑊(𝑁/𝑒), where 𝑊(𝑥) is the Lambert function.
This behavior is in qualitative agreement with the numerical
computations performed in four-dimensional CDT [6].

3. Loop Quantum Cosmology

Recent developments in LQC indicate that the hypersurface
deformation algebra (HDA) is deformed due to the quantum
gravitational effects [18]. This means that the general covari-
ance is quantum deformed, but not broken.

In condensed matter physics, a change of symmetry is
often associated with the occurrence of a phase transition. By
extrapolating this observation to the sector of gravitational
interactions, we make the following hypothesis.

Hypothesis 2. Phases of gravity are distinguished by different
types of hypersurface deformation algebras.

In order to support this hypothesis we present an example
based on holonomy corrections in LQC. In this case, HDA
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Geometric phase (low temperature)

(a)

Nongeometric phase (high temperature)

(b)

Figure 1: (a) Ring graph being a toy model of the low temperature geometric state of gravity. (b) Complete graph being a model of high
temperature nongeometric state of gravity.
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Figure 2: Spectral dimensions for the Ring graph (geometric phase)
and the Complete graph (nongeometric phase) with𝑁 = 20 nodes.
is deformed such that {𝑆, 𝑆} = Ω𝐷, where 𝑆 are scalar
constraints and 𝐷 is a diffeomorphism constraint, and the
remaining brackets are unchanged [19].TheΩ = 1−2(𝜌/𝜌𝑐) is
a deformation factor, 𝜌 denotes energy density of matter, and𝜌𝑐 is a maximal energy density expected to be of the order of
the Planck energy density.

At low energy densities, the classical Lorentzian HDA
with Ω = 1 is recovered, while at 𝜌 = 𝜌𝑐, Ω = −1
corresponding to Euclidean space. Approaching the Planck
epoch is therefore associated with the signature change from
Lorentzian space-time to Euclidean four-dimensional space
[20]. Interestingly, at 𝜌 = 𝜌𝑐/2 the HDA reduces to the
ultralocal form ({𝑆, 𝑆} = 0) describing a state of silence [21].
This state shares properties of phase B in CDT, giving a first
indication for the relationship between the phase of gravity
and deformation of HDA. This is, in particular, because the
ultralocal limit is characterized by collapse of light-cones
(𝑐 → 0). In CDT, the length of time links becomes dominant
over the length of the spatial links while approaching the

B phase, which can be interpreted as an effective decrease
of the speed of light. Furthermore, in the B phase the
space points collapse into the crumpled configuration with
no spatial extension. Such behavior is in agreement with
properties of the ultralocal limit. Therefore, one can presume
that the geometrogenesis related to the second-order phase
transition from phase B to phase C is associated with the
change of the HDA from the ultralocal one ({𝑆, 𝑆} = 0)
to the one characterizing classical gravity ({𝑆, 𝑆} = 𝐷).
The phase change is, therefore, reflected by an appropriate
change of symmetry, which is embedded in the form ofHDA.
Surprisingly, the deformation of HDA observed in LQC (i.e.,{𝑆, 𝑆} = Ω𝐷) continuously interpolates between the ultralocal
and geometric phases.

Worth stressing is that besides the classical limits with
either Ω = 1 (Lorentzian manifold) or Ω = −1 (Euclidean
manifold), the geometry associated with the deformed HDA
is poorly understood. It is known that the deformed algebra
leads to gauge transformations which do not commute with
the Lie derivatives. This indicates that the standard notion
of an invariant metric has to be generalized appropriately
and the geometry has non-Riemannian character [22]. This
concerns both the deformations observed in the cosmo-
logical sector (LQC) as well in the spherical symmetric
case. Nevertheless, even if the standard metric loses its
meaning in the intermediate regime, Hamiltonian dynamics
remains well defined and the structure of causality can be
inferred based on analysis of equations of motions and the
corresponding characteristic equations (see [23]). This, in
particular, concerns the ultralocal state which interpolates
between the regions of negative and positive values of the
deformation factorΩ.

Further evidence supporting Hypothesis 2 comes from
a simple model of the signature change as a spontaneous
symmetry breaking (SBB) associated with a second-order
phase transition [23]. The symmetry breaking is from 𝑆𝑂(4)
to 𝑆𝑂(3) at the level of an effective homogeneous vector
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Figure 3:Modulus of the filed 𝜙𝜇 as a function of the energy density𝜌. The region 𝜌 > 𝜌𝑐 is forbidden within the model.

field 𝜙𝜇. This translates to a symmetry change from 𝑆𝑂(4)
to 𝑆𝑂(3, 1), experienced by the field living on a geometry
described by the metric 𝑔𝜇] = 𝛿𝜇] − 2𝜙𝜇𝜙].

Let us assume that the free energy for the model with a
massless scalar field V is

𝐹 = ∫𝑑𝑉(𝛿𝜇] + 2𝜙𝜇𝜙]1 − 2 →𝜙2)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟ 𝜕𝜇V𝜕]V
𝑔𝜇]

+ 𝛽[( 𝜌𝜌𝑐 − 1) →𝜙2 + 12 →𝜙4]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑉(𝜙𝜇 ,𝜌)

,
(3)

where |→𝜙| = √𝛿𝜇]𝜙𝜇𝜙] and 𝛽 is a constant. Due to the
symmetry breaking kinetic factor, the expression for the free
energy is not explicitly 𝑆𝑂(4) invariant. Treating this term as
a perturbation (which is valid for sufficiently small values of
V), the equilibrium is obtained by minimizing value of the
potential 𝑉(𝜙𝜇, 𝜌).

At energy densities 𝜌 > 𝜌𝑐 the vacuum state maintains
the 𝑆𝑂(4) symmetry, leading to |→𝜙| = 0. The metric elements
are therefore 𝑔00 = 1 and 𝑔𝑖𝑖 = 1, representing the
four-dimensional Euclidean space. This region is, however,
forbidden due to the constraint 𝜌 ≤ 𝜌𝑐 present in LQC. In
turn, below the critical energy 𝜌 ≤ 𝜌c, the minimum of the
potential is located at |→𝜙| = √1 − 𝜌/𝜌𝑐 in some spontaneously
chosen direction (see Figure 3). Without loss of generality, let
us assume that the SSB takes place in direction 𝜙0, for which
𝑔00 = 1 − 2𝜙0𝜙0 = 1 − 2(1 − 𝜌𝜌𝑐) = −1 + 2 𝜌𝜌𝑐 = −Ω,𝑔𝑖𝑖 = 1, (4)

leading to the effective speed of light 𝑐2eff = Ω. As a
consequence, the equation of motion for the scalar field V
takes the form

𝑔𝜇]𝜕𝜇𝜕]V = − 1𝑐2eff 𝜕
2𝜕𝑡2 V + ΔV = 0, (5)

manifesting 𝑆𝑂(4) symmetry at the critical point (Ω = −1)
and 𝑆𝑂(3, 1) symmetry in the low temperature limit (Ω =1). The form of (5) agrees with the one derived from the
holonomy deformations of the HDA [18].

In LQC, energy densities above 𝜌𝑐 cannot be reached.
Therefore, the evolution starts at the critical point located at𝜌𝑐. An interesting possibility is that the systemhas beenmain-
tained at the critical point before the energy density started
to drop.This may not require a fine-tuning if the dynamics of
the system exhibited Self-Organized Criticality (SOC) [24],
which is observed in various complex systems. Interestingly,
this concept has already been applied to quantum gravity,
however, in order to describe classical configuration of space
[25]. Furthermore, it is possible that the region 𝜌 > 𝜌𝑐
is described by a nongeometric phase of gravity, whose
properties cannot be captured within the presented model.

4. Conclusions

We have shown that CDT offers a concrete realization of
geometrogenesis, having a second-order gravitational phase
transition between the nongeometric and geometric phase.
We have explained howmeasurements of the spectral dimen-
sion are related in this case with connectivity of the chunks
of space. The critical nature of the emergence of classical
space-time in the early universe may give a first possibility
of testing CDT. However, this would require more detailed
investigations of the properties of the second-order phase
transition in CDT. In LQC, which is an alternative to CDT,
a gravitational second-order phase transition may explain
a signature change in the Planck epoch. In the presented
toy model, the universe originates just at the critical point.
Furthermore, we have indicated that the phase transition
from the nongeometric phase B in CDT to the phase C can be
reflected by the deformation of the hypersurface deformation
algebra observed in LQC. Interestingly, the latest results in
CDT indicate the existence of a new subphase of the phase C
[26], characterized by a “bifurcation” of the kinetic term.This
behavior resembles the signature change observed in LQC.
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We study massive and massless conical defects in Minkowski and de Sitter spaces in various space-time dimensions. The energy
momentum of a defect, considered as an (extended) relativistic object, is completely characterized by the holonomy of the
connection associatedwith its space-timemetric.The possible holonomies are given by Lorentz group elements, which are rotations
and null rotations for massive and massless defects, respectively. In particular, if we fix the direction of propagation of a massless
defect in 𝑛+ 1-dimensional Minkowski space, then its space of holonomies is a maximal Abelian subgroup of the AN(𝑛 − 1) group,
which corresponds to the well known momentum space associated with the 𝑛-dimensional 𝜅-Minkowski noncommutative space-
time and 𝜅-deformed Poincaré algebra.We also conjecture thatmassless defects in 𝑛-dimensional de Sitter space can be analogously
characterized by holonomies belonging to the same subgroup.This shows how group-valued momenta related to four-dimensional
deformations of relativistic symmetries can arise in the description of motion of space-time defects.

1. Introduction

Conical space-time defects were first introduced by Staru-
szkiewicz [1] as point particles coupled to gravity in 2 + 1
space-time dimensions. Several years later, Deser et al. [2]
generalized this result to configurations of many arbitrary
particles. The peculiarity of such systems is that particles
are represented by topological defects, due to the lack of
local degrees of freedom for gravity in three space-time
dimensions, and thus strictly speaking they do not interact
gravitationally. The same kind of particle solution was also
shown to exist for nonzero cosmological constant, corre-
sponding to 2+1-dimensional de Sitter or anti-de Sitter space
[3].

In 3 + 1 dimensions, a conical defect can be obtained
simply by replacing the point-like singularity with a singular
one-dimensional object. Such linear defects are known under
the name of cosmic strings and first turned out to be possibly
generated during a spontaneous gauge symmetry breaking in
the early universe [4]. They were then studied in cosmology
as a possible source of primordial density fluctuations [5],
where their contribution was subsequently constrained by
observations of the cosmic microwave background (see,

e.g., [6]). Cosmic “superstrings” can be also produced in
string inflation models [7]. At a more abstract level, ’t Hooft
has recently employed cosmic strings as ingredients of his
piecewise flatmodel of gravity [8]. In full analogy with a point
particle in 2 + 1 dimensions, the strings he considers are
infinitely thin and straight. The generalization of the concept
of a codimension two conical defect to an arbitrary number
of space-time dimensions is then completely straightforward:
a straight line is replaced by a hyperplane. Such idealized
defects are also the focus of our paper.

A somewhat surprising feature of the description of a
point particle in 2 + 1 gravity (with vanishing cosmological
constant) is that its extended momentum space is actually
a Lie group, SO(2, 1), which as a manifold has the form of
three-dimensional anti-de Sitter space [9]. Interestingly, a
nontrivial geometry of momentum space is also one of the
effects of (quantum) deformations of relativistic symmetries
in four space-time dimensions, which are at the basis of the
so-called doubly special relativity framework [10, 11] and of its
most recent incarnation: the relative locality program [12–14].
In this context, the role of deformed symmetries within 2 + 1
gravity has been studied in various approaches since the late
1990s [15–21].
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One might wonder whether conical defects in higher
dimensional (Minkowski) spaces possess properties
similar to the three-dimensional case and, in particular,
if their motion can be parametrized by some Lie group
related to deformations of relativistic symmetries. To
this end, let us recall that the best studied example of
deformed relativistic symmetries in four dimensions is
given by the 𝜅-Poincaré (Hopf) algebra [22], associated
with the noncommutative 𝜅-Minkowski space [23]. The
momentum space corresponding to such a deformation
is given by the Lie group AN(3), which is a subgroup
of the five-dimensional Lorentz group SO(4, 1) [24, 25].
Therefore, it is of interest to investigate whether this group
plays any role in the characterization of space-time defects.
We argue here that, at least to a certain extent, this is
indeed the case when one considers light-like or massless
defects.

A massless conical defect can be obtained by boost-
ing a (timelike) massive defect to the speed of light. In
order to achieve a nontrivial limit, one usually applies
the boost following a prescription of Aichelburg and Sexl,
which was first proposed to derive the gravitational field
of a photon from the Schwarzschild metric [26]. This
method was subsequently extended to other singular null
objects, in particular massless cosmic strings [27–29]. Some
of the null sources coexist with impulsive gravitational
waves but this is not the case for the straight strings
[29]. Moreover, since 3 + 1-dimensional (anti-)de Sitter
space can be represented as a hyperboloid embedded in
the 4 + 1-dimensional flat space-time, the Aichelburg-
Sexl boost can also be utilized [30, 31] to obtain mass-
less particle solutions in (anti-)de Sitter space from the
Schwarzschild (anti-)de Sitter solution (with particles gen-
erating impulsive gravitational waves). The same approach
was applied to derive null particle solutions in 2 + 1-
dimensional (anti-)de Sitter space [32]. Since in 2 + 1
dimensions there are no propagating degrees of freedom,
in this case, particles are not accompanied by gravitational
waves.

In this work, we analyze how momenta of massless
defects in 𝑛 + 1-dimensional Minkowski space can be
described by null rotations belonging to the AN(𝑛−1) group,
the momentum space corresponding to the 𝑛-dimensional
noncommutative 𝜅-Minkowski space. We also discuss the
relation between massless defects in Minkowski space and
the same defects in de Sitter space of one dimension less. The
structure of the paper is as follows. In Section 2, we beginwith
a discussion of massive conical defects generalized to 4 + 1-
dimensional Minkowski space. Static defects are presented
first and then we turn to moving defects. In particular, we
describe how such defects are characterized by holonomies
of the metric connection, which encode their energy and
momentum. In Section 3, we explain how massless defects
in 𝑛 + 1 dimensions are parametrized by elements of
the AN(𝑛 − 1) group, especially for a fixed direction of
propagation. In Section 4, we discuss both massive and
massless defects in de Sitter space, focusing on the 3 +1-dimensional case. We conclude with a summary of our
analysis.

2. Conical Defects in Minkowski Space

An intuitive picture of a conical space-time defect is obtained
by considering Minkowski space with a wedge removed and
the faces of the wedge “glued together” to form a cone.
The gluing is realized by identifying the opposite faces via
a rotation by the deficit angle characterizing the defect. One
can generalize this construction to include identifications of
the two faces (not necessarily forming a wedge) via a general
Poincaré transformation, thus producing defects known as
“dislocations” and “disclinations,” adopting the terminology
used in the classification of defects in solidmedia (see [33] for
an extended discussion).

As we will discuss below, conical defects are curvature
singularities. Thus, a given defect carries some mass/energy
on its infinitely thin hyperplane. In 2+1-dimensional gravity,
when one works with units 𝑐 = 1, Newton’s constant 𝐺 has
the dimension of inverse mass (it is the inverse Planck mass)
and hence provides a natural mass scale for the theory. The
quantity 𝜇 fl 𝐺𝑚 is the dimensionless “rest energy per point,”
which is proportional to the deficit angle of a particle at rest𝛼 = 8𝜋𝐺𝑚. If we generalize this picture to 𝑛 + 1 dimensions,𝐺 will have the dimension of length to the power 𝑛 − 2 times
inverse mass. Similar to the three-dimensional case, we can
then define the dimensionless energy density 𝜇 fl 𝐺𝜌, where𝜌 is the mass per unit of volume of the defect’s hyperplane
(e.g., length of the string in 3 + 1 dimensions).

The metric of a conical defect can be written in terms of
cylindrical coordinates, in which its geometric properties are
most transparent. Here, we focus on a defect in 4 + 1 space-
time dimensions, for reasons which will become clear in the
following, but an extension to any number of dimensions is
straightforward. In analogy with a conical defect in 2 + 1 [2]
and 3 + 1 dimensions [29], in the five-dimensional case, the
metric has the form𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑧2 + 𝑑𝑤2 + 𝑑𝑟2 + (1 − 4𝜇)2 𝑟2𝑑𝜙2. (1)

This metric describes an infinite, flat “cosmic brane” iden-
tified with the 𝑧𝑤-plane. The brane can be thought of as
the “tip” of a conical defect whose deficit angle 𝛼 = 8𝜋𝜇 is
determined by the (dimensionless) rest energy density of the
brane 𝜇 ∈ (0, 1/4). The surrounding space-time is locally
isometric to Minkowski space. Indeed, as one can verify
by a straightforward calculation, the Riemann curvature
vanishes everywhere outside the brane’s world volume, which
is the 𝑡𝑧𝑤-hyperplane. Consequently, the result of the parallel
transport of a vector along an arbitrary loop encircling the
defect depends only on the conical curvature singularity and
the loop’s winding number. The parallel transport around a
loop 𝛾(𝜆) is measured by the holonomy of the Levi-Civita
connection given by(ℎ𝛾)𝜇] = P exp(−∫

𝛾
Γ𝜇𝜎] 𝑑𝛾𝜎𝑑𝜆 𝑑𝜆) , (2)

where P denotes the path ordering and Γ𝜇𝜎] are Christoffel
symbols associated with metric (1). One may notice that in
four space dimensions it is possible to take a loop around
a two-dimensional plane due to the fact that closing a path
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around a given hyperplane requires at least two directions
orthogonal to it. Holonomy (2) of a loop containing the
defect is a nontrivial Lorentz transformation, which can be
understood as a result of the presence of a delta-peaked
curvature on the defect’s world volume [34]. Not surprisingly,
this Lorentz transformation is also gluing the faces of the
defect’s wedge [9].

A generalization of holonomy (2) can be used to charac-
terize both position and momentum of a (moving) defect.
This is achieved by considering the parallel transport of
a coordinate frame instead of just a vector. If the defect
is displaced from the frame’s origin, the resulting Poincaré
holonomy in addition to a Lorentz transformation contains
also a translation, carrying information about the defect’s
position [8, 35]. However, here we will restrict our considera-
tions to Lorentz holonomies (2), which completely describe
the energy-momentum density of a moving defect, as it
was first shown for 2 + 1 dimensions [9]. Let us start by
explaining how the rest energy density 𝜇 appearing in the
conical metric is encoded in the Lorentz holonomy of a static
defect. We do this by deriving the explicit form of holonomy
(2) corresponding to metric (1).The calculation is most easily
carried out by picking a simple loop, for example, a circle
parametrized by 𝑟 = (1 − 4𝜇)−1, 𝜙 = 2𝜋𝜆, and 𝑡, 𝑧, 𝑤 = 0. The
result written in terms of Cartesian coordinates 𝑥 = 𝑟 cos𝜙
and 𝑦 = 𝑟 sin𝜙 is given by

ℎ𝑅 (𝛼) =((
(
1 0 0 0 00 cos (𝛼) − sin (𝛼) 0 00 sin (𝛼) cos (𝛼) 0 00 0 0 1 00 0 0 0 1

))
)
. (3)

Such a holonomy is simply a rotation (an elliptic Lorentz
transformation) by the deficit angle 𝛼 = 8𝜋𝜇 around the
origin in the 𝑥𝑦-plane.

The metric of a moving defect can be obtained [29] by
“boosting” the staticmetric (1) in Cartesian coordinates using
an ordinary boost in a direction which lies in the 𝑥𝑦-plane.
Indeed, metric (1) is obviously invariant under boosts in the

directions 𝑧 and 𝑤 and therefore the defect can only move
in the plane perpendicular to itself, like a point particle in2 + 1 dimensions. For simplicity, we may take a boost in the𝑥 direction: 𝑡 → 𝑡 cosh𝜒 + 𝑥 sinh𝜒,𝑥 → 𝑥 cosh𝜒 + 𝑡 sinh𝜒, (4)

where 𝜒 is the rapidity parameter. Introducing light-cone
coordinates 𝑢, V via 𝑡 = (V−𝑢)/√2, 𝑥 = (V+𝑢)/√2, we obtain
the metric𝑑𝑠2 = 2𝑑𝑢𝑑V + 𝑑𝑦2 + 𝑑𝑧2 + 𝑑𝑤2 − (1 − (1 − 4𝜇)2)

⋅ (𝑒𝜒 (𝑢𝑑𝑦 − 𝑦𝑑𝑢) + 𝑒−𝜒 (V𝑑𝑦 − 𝑦𝑑V))2𝑒2𝜒𝑢2 + 𝑒−2𝜒V2 + 2 (𝑢V + 𝑦2) , (5)

describing amassive brane traveling with velocity𝑉 = tanh𝜒
in the direction 𝑥. It can be shown after a simple calculation
[35] that the deficit angle𝛼 of amoving defect becomeswider
than the deficit angle 𝛼 at rest and that they are related by the
formula tan(𝛼/2) = tan(𝛼/2) cosh𝜒. Here, we observe that,
in the limit of small 𝛼 and 𝛼, the latter simplifies to𝛼 = 𝛼 cosh𝜒, (6)

which can be interpreted as the familiar expression for the
relativistic energy density. Namely, as we already explained,
the rest energy density E0 = 𝜇 ∼ 𝛼, while the factor
cosh𝜒 = (1 − 𝑉2)−1/2 and hence the total energy density
E0(1 − 𝑉2)−1/2 = E ∼ 𝛼.

One can also notice that, due to the nontrivial parallel
transport of frames, the presence of a conical singularity in
the otherwise flat space-time introduces an ambiguity in the
direction of a boost as perceived by different observers. To
resolve this issue, we have to consistently choose one frame
for defining boosts (e.g., such one that the defect’s wedge lies
symmetrically behind the boost’s direction). On the other
hand, the whole problem can be avoided by directly boosting
holonomy (3).This is achieved by acting on the rotation ℎ𝑅(𝛼)
by a boost 𝑏(𝜒) via the conjugation 𝑏−1(𝜒)ℎ𝑅(𝛼)𝑏(𝜒). The
resulting Lorentz holonomy

ℎ𝑅 (𝛼, 𝜒) =((
1 + 2 sinh2 (𝜒) sin2 (𝛼/2) − sinh (2𝜒) sin2 (𝛼/2) − sinh (𝜒) sin (𝛼) 0 0

sinh (2𝜒) sin2 (𝛼/2) 1 − 2 cosh2 (𝜒) sin2 (𝛼/2) − cosh (𝜒) sin (𝛼) 0 0− sinh (𝜒) sin (𝛼) cosh (𝜒) sin (𝛼) cos (𝛼) 0 00 0 0 1 00 0 0 0 1
)
)

(7)

is thus an element of the conjugacy class of rotations by the
angle 𝛼, which fully characterizes the motion of a defect
described at rest by metric (1).

2.1. Massless Defects. So far, we have dealt with massive
defects. Not surprisingly, it is also possible to consider

massless (light-like) defects, moving with the speed of light.
This can be achieved by deriving the theoretical limiting
case of the calculation described above, which consists in
performing an “infinite” boost via the prescription first
introduced by Aichelburg and Sexl [26] in the case of the
Schwarzschild metric. The trick is to keep the quantity
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as can be shown by a simple calculation [29]) while taking
the limit of the rapidity 𝜒 → ∞. If we use the well known
distributional identity

lim
𝑏→0

𝑏𝑎2 + 𝑏2 = 𝜋𝛿 (𝑎) , (8)

metric (5) in the Aichelburg-Sexl limit becomes𝑑𝑠2 = 2𝑑𝑢𝑑V + 𝑑𝑦2 + 𝑑𝑧2 + 𝑑𝑤2 − √2 𝑦 𝛿 (𝑢) 𝑑𝑢2 (9)

and it describes the geometry of a massless cosmic brane.
One might be worried about the distributional nature of this
metric. However, solutions to Einstein equations involving
distributions have a long history and have been extensively
studied (see, e.g., [36]). Metric (9) corresponds to a 𝑧𝑤-plane
moving along the null direction V. Space-time is still flat
outside the defect’s world volume and hence the holonomy of
a loop around the defect reflects the presence of a curvature
singularity at the hyperplane 𝑢, 𝑦 = 0. In the considered
coordinates, it is convenient to take a square loop with 𝑢, 𝑦 ∈[−1, 1] and transform the associated holonomy to Cartesian
coordinates, which gives

ℎ𝑃 () =(((((
(

1+ 22 −22 − 0 022 1 − 22 − 0 0−  1 0 00 0 0 1 00 0 0 0 1
)))))
)
. (10)

This holonomy is a null rotation by the deficit angle  with
respect to the null axis V in the 𝑢𝑦-plane. Such Lorentz
transformations are called parabolic since their orbits are
parabolas on a given light-like plane (i.e., open curves) in
contrast to the circular orbits of usual rotations.Null rotations
can be expressed by the homogeneous combinations of boosts
and usual rotations, as we will discuss in detail in the next
section.

An alternative construction of the metric of a massless
defect, free from the “ambiguity” associated with performing
a boost in the conical space-time, was given in [29]. As
mentioned above, one can perform a boost 𝑏(𝜒) of the
holonomy describing a static defect (3) via the conjugation𝑏−1(𝜒)ℎ𝑅(𝛼)𝑏(𝜒). If we take the Aichelburg-Sexl limit, the
resulting Lorentz group element will be a null rotation
(10). The metric leading to such a holonomy can be then
reconstructed following the example of a massive defect (1).
The geometries will be similar but now the deficit angle has to
be cut out from a null plane instead of a spacelike one. To this
end, we need cylindrical-like light-cone coordinates, which
can be derived starting fromusual light-cone coordinates and
making a transformation to 𝑞 = V + (1/2)𝑦2𝑢−1, 𝜑 = 𝑦𝑢−1.
However, the “angular” coordinate𝜑 has an infinite range and
therefore the cut cannot be introduced by a simple rescaling

of it, like it is done for 𝜙 in (1). One rescales 𝜑 only in the
region 𝑢 > 0, obtaining the metric of the form𝑑𝑠2 = 2𝑑𝑢𝑑𝑞 + 𝑑𝑧2 + 𝑑𝑤2+ (1 − 𝑓 (𝜑)Θ (𝑢))2 𝑢2𝑑𝜑2,∫∞

−∞
𝑓 (𝜑) 𝑑𝜑 = √2, (11)

where a smooth function 𝑓(𝜑) < 1with the compact support
is the analog of the rescaling factor 4𝜇 in (1). As one can
verify, thismetric has the same holonomy as (9) and thus they
are equivalent. Furthermore, (11) has the advantage of being
smooth away from the 𝑢 = 0 hyperplane and it shows that
a massless conical defect is not accompanied by gravitational
waves (see [29] for details).

In the next section, we will focus on the group theoretic
structure needed to characterize the motion of a massless
defect. This will lead us to a suggestive connection with
the momentum space of certain widely studied models of
deformed relativistic symmetries.

3. Momentum Space of Massless Defects and
the AN(𝑛) Lie Group

As discussed in the previous section, the motion of a
conical defect in Minkowski space (with a given number
of dimensions) is completely characterized by the Lorentz
holonomy associated with a loop encircling the defect. Thus,
the space of all possible holonomies can be thought of as
energy-momentum space of the defect. In order to describe
this momentum space in more detail in the case of massless
defects, we will now parametrize such a defect using space-
time vectors, as it is customarily done for a moving point
particle. To get an intuitive picture, we start from familiar
defects in 3+1 dimensions and then generalize the discussion
to higher dimensional cases and in particular to 4 + 1
dimensions, which we are especially interested in.

Let us first consider a massless cosmic string in four-
dimensional Minkowski space that is oriented along the
spacelike direction given by the vector d = (0, 0, 0, 1) and
moving in the null direction n = (1, 1, 0, 0) (in Cartesian
coordinates 𝑡, 𝑥, 𝑦, 𝑧). Its motion is completely captured by
the holonomy (cf. (10))

ℎ𝑃 () =((
(
1+ 22 −22 − 022 1 − 22 − 0−  1 00 0 0 1

))
)
. (12)

The Lorentz group element (12) is a null rotation by the angle with respect to the null axis n, in the plane spanned by the
light-like vector (1, −1, 0, 0) and spacelike vector (0, 0, 1, 0).
In general, a massless string in 3 + 1 dimensions can be
completely characterized by 4 parameters [35]. Indeed, one
needs to specify a parabolic angle , carrying the defect’s
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energy density, a light-like vector n, along which the defect
propagates, and a spacelike vector d, which is the direction
of the spatial extension of the defect, with the orthogonality
condition n ⋅ d = 0 (a defect is invariant under boosts acting
along d). The overall scaling of n and d is irrelevant. In the
end, one has 2 + 2 − 1 + 1 = 4 independent coefficients,
which parametrize all possible holonomies. Thus, the space
of holonomies/momenta of a massless string is bigger than
momentum space of a massless particle in 3 + 1 dimensions,
which is only three-dimensional. The reason is that conical
defects in space-time with more than three dimensions are
extended objects and the holonomies must account for their
nontrivial orientation in space.

The full space of momenta described above can be
restricted in two simple ways. Firstly, we may fix the spatial
orientation of a string d. Then, however, the defect effectively
behaves like a point particle in 2 + 1 dimensions, since it can
onlymove in two directions perpendicular to itself. Secondly,
we may choose to fix the direction of motion n. It turns
out that this case is more interesting. To be specific, let us
introduce a complete orthogonal set of null vectors n(𝑥) =(1, 1, 0, 0), n(𝑦) = (1, 0, 1, 0), and n(𝑧) = (1, 0, 0, 1), as well
as a set of orthonormal spacelike vectors d(𝑥) = (0, 1, 0, 0),
d(𝑦) = (0, 0, 1, 0), and d(𝑧) = (0, 0, 0, 1). Suppose that we fix
the direction of defect’s velocity as n = n(𝑎), 𝑎 ∈ {𝑥, 𝑦, 𝑧}.
Then, the spatial orientation of a defect is orthogonal to n(𝑎)
and is a linear combination of two vectors d(𝑗), 𝑗 = 1, 2,
which can be chosen to be d(𝑏), 𝑏 ̸= 𝑎. For example, for n(𝑥),
we may take d(1) ≡ d(𝑧) and d(2) ≡ d(𝑦). We observe that,
for a given n(𝑎), the space of holonomies of a massless defect
is a subgroup of the Lorentz group SO(3, 1) determined by
the generators of null rotations 𝑋(𝑎)𝑗 fl 𝐽𝑏𝑡 + 𝐽𝑏𝑎, with each𝑗 corresponding to one of the spatial indices 𝑏 ̸= 𝑎 (see also
(20)).The holonomy of a defect characterized by n(𝑎) and d(𝑗)
is obtained by exponentiating such a generator toℎ(𝑎)𝑗 (𝑘𝑗) = 𝑒𝑖𝑘𝑗𝑋(𝑎)𝑗 , 𝑎 = 𝑥, 𝑦, 𝑧, 𝑗 = 1, 2 (13)

(no summation in the exponent), while the parabolic angle ≡ 𝑘𝑗 parametrizes the family of holonomies. For example,
if the defect moves along n(𝑥), we have two generators𝑋(𝑥)1 =𝐽𝑦𝑡 − 𝐽𝑦𝑥 and𝑋(𝑥)2 = 𝐽𝑧𝑡 + 𝐽𝑧𝑥, which can be written in a four-
dimensional matrix representation as

𝑋(𝑥)1 = 𝑖( 0 0 −1 00 0 −1 0−1 1 0 00 0 0 0),
𝑋(𝑥)2 = 𝑖( 0 0 0 −10 0 0 −10 0 0 0−1 1 0 0 ).

(14)

Holonomy (12) in this picture is given by the group elementℎ(𝑥)1 = 𝑒𝑖𝑘1𝑋(𝑥)1 , where  ≡ 𝑘1, as can be verified by a direct
calculation.

To obtain the holonomy of a defect with a fixed n(𝑎) but
an arbitrary d, we just take the productℎ(𝑎)1 (𝑘1) ℎ(𝑎)2 (𝑘2) = 𝑒𝑖𝑘𝑗𝑋(𝑎)𝑗 (15)

and then the (normalized) spacelike vector is a linear combi-

nation d = √𝑘21 + 𝑘22−1(−𝑘2d(1) + 𝑘1d(2)), while the parabolic
angle is given by  ≡ √𝑘21 + 𝑘22, as one can straightforwardly
calculate. Therefore, the defect’s energy density is naturally
expressed in terms of group coordinates 𝑘1 and 𝑘2, which also
specify the defect’s orientation.This agrees with the counting
of degrees of freedom discussed above since the choice of n
fixes two parameters and another two remain free.

Let us now notice that the generators 𝑋(𝑎)1 and 𝑋(𝑎)2
commute and thus span amaximal Abelian subalgebra of the
Lorentz algebra so(3, 1). To complete the picture, we may
additionally consider the boost generator 𝑋(𝑎)0 fl 𝐽0𝑎, which
in our matrix representation for 𝑎 = 𝑥 is given by

𝑋(𝑥)0 = −𝑖(0 1 0 01 0 0 00 0 0 00 0 0 0). (16)

(The representations of generators for other choices of n(𝑎)
are collected in Appendix A.) Group elements generated by a
given𝑋(𝑎)0 , namely,𝑔(𝑎)0 = 𝑒𝑖𝑘0𝑋(𝑎)0 , 𝑎 = 𝑥, 𝑦, 𝑧, (17)

form a one-dimensional subgroup of hyperbolic Lorentz
transformations in the direction of the spatial component of
n(𝑎), which can be seen as complementary with respect to null
rotations generated by 𝑋(𝑎)1 and 𝑋(𝑎)2 . Acting on a holonomyℎ(𝑎)𝑗 (𝑘𝑗) via the conjugation𝑔(𝑎)0 ℎ(𝑎)𝑗 (𝑘𝑗) (𝑔(𝑎)0 )−1 = ℎ(𝑎)𝑗 (𝑒𝑘0𝑘𝑗) , (18)

one rescales the parabolic angle  ≡ 𝑘𝑗 by the factor of𝑒𝑘0 , while preserving the orientation of the defect. Thus, the
effect of a boost is to red- or blue-shift the defect’s energy
density. We should stress that the boost, analogously to the
case of massive defects, has to act via conjugation since such
an action preserves the trace of a Lorentz group element and
consequently the property that the holonomy belongs to the
parabolic conjugacy class.

Finally, we notice that the generator 𝑋(𝑎)0 does not
commute with𝑋(𝑎)1 and𝑋(𝑎)2 , and the respective commutators
are given by [𝑋(𝑎)0 , 𝑋(𝑎)𝑗 ] = −𝑖𝑋(𝑎)𝑗 , 𝑗 = 1, 2. (19)

TheLie algebra generated by𝑋(𝑎)0 ,𝑋(𝑎)1 , and𝑋(𝑎)2 (with a trivial
commutator between 𝑋(𝑎)1 and 𝑋(𝑎)2 ) is usually denoted by
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an(2) and called the (three-dimensional) Abelian nilpotent
algebra, since it possesses an Abelian subalgebra spanned by
the generators 𝑋(𝑎)1 and 𝑋(𝑎)2 , which are also nilpotent (e.g.,(𝑋(𝑎)𝑗 )3 = 0) in a four-dimensional matrix representation.

The generalization of the above picture to any number
of space-time dimensions is conceptually straightforward. In𝑛 + 1 dimensions, we have 𝑛 independent null directions,
corresponding to 𝑛 families of generators of null rotations and
complementary boosts, labeled by 𝑎 = 1, . . . , 𝑛:𝑋(𝑎)0 = 𝐽0𝑎,𝑋(𝑎)𝑗 = 𝐽𝑗0 + 𝐽𝑗𝑎,𝑗 ̸= 𝑎 = 1, . . . , 𝑛, (20)

where 𝐽𝜇] are generators of the Lorentz group SO(𝑛, 1). More
precisely, 𝐽0𝑎 generates boosts in the 𝑥𝑎-direction, 𝐽𝑗0 boosts
in one of the directions 𝑥𝑗 orthogonal to 𝑥𝑎, and 𝐽𝑗𝑎 rotations
in the plane spanned by 𝑥𝑎 and 𝑥𝑗. Similar to the generators
appearing in (19), families (20) are actually representations of
the generators 𝑋0 and 𝑋𝑗 (with nilpotent generators satisfy-
ing (𝑋𝑗)3 = 0 in an (𝑛 + 1) × (𝑛 + 1) matrix representation)
of the an(𝑛 − 1) algebra, a subalgebra of the Lorentz algebra
so(𝑛, 1).

Quite interestingly, the Lie algebra an(𝑛 − 1) is very
popular in the noncommutative geometry community, where
it is known as the 𝜅-Minkowski space-time (first introduced
in the four-dimensional version in [23]) and the gener-
ators 𝑋(𝑎)0 and 𝑋(𝑎)𝑗 , after the appropriate rescaling by a
dimensionful constant, are identified with time and space
coordinates, respectively. Furthermore, the group AN(𝑛 − 1)
generated by an(𝑛 − 1) can be obtained from the (local)
Iwasawa decomposition of the Lorentz group [37] and, in
the field theoreticmodels on 𝜅-Minkowski space, coordinates
on this group are momentum variables determined by a
quantum group Fourier transform [20, 38, 39] of functions
of noncommuting space-time coordinates.Thesemomentum
coordinates transform under the nonlinear boosts and cor-
respond to translation generators of a quantum deformation
of the Poincaré algebra known as the 𝜅-Poincaré Hopf
algebra [22, 40]. From the geometric point of view, the
Lie group manifold AN(𝑛 − 1) is given by half of the 𝑛-
dimensional de Sitter space [24, 25] and thus the momentum
space of such a model is curved, which is a characteristic
feature of the recently proposed “relative locality” approach
to modeling phenomenological aspects of quantum gravity
[12, 13].

Inmore than 3+1 dimensions, to completely characterize
a given massless defect, it is enough to take a parabolic
deficit angle, carrying its energy density, and two vectors that
determine a two-form normal to the defect’s world volume
(which is of codimension 2) [35]. The vectors (one light-like
and one spacelike) are mutually orthogonal, and their scaling
is irrelevant, and thus in 𝑛+1 dimensions we deal in total with2𝑛 − 2 parameters, which should be encoded in the defect’s
holonomy. If we now consider the restriction imposed on
a defect by fixing its direction of motion, as we did in the

3 + 1-dimensional case, then the holonomy will have 𝑛 − 1
parameters less and hence only 𝑛 − 1 parameters will remain.
Therefore, momentum space of a restricted defect is always
given by themaximal Abelian subgroup of AN(𝑛−1), formed
by null rotations.

The most interesting is the 4 + 1-dimensional case,
corresponding to (a subgroup of) the AN(3) group, which
is the momentum space associated with the 𝜅-Poincaré
algebra in 3 + 1 space-time dimensions. The holonomy of
an arbitrary massless cosmic brane with the fixed velocity
vector n (we drop here the superscript (𝑎)) can be written
as ℎ (𝑘1, 𝑘2, 𝑘3) = ℎ1 (𝑘1) ℎ2 (𝑘2) ℎ3 (𝑘3) , (21)

where ℎ𝑗, 𝑗 = 1, 2, 3, are defined analogously to their four-
dimensional counterparts (13) and (17). As can be shown after
some calculations, the energy density of a brane characterized
by this holonomy is given by  = √𝑘21 + 𝑘22 + 𝑘23. The brane’s
spatial plane is spanned by two perpendicular vectors, which
can be put in the form d𝐼 = 𝑛d(1) + 𝑛d(2) + d(3), d𝐼𝐼 =𝑛d(1) − (1 + 𝑛𝑛)(𝑛)−1d(2) + d(3), where the coefficients𝑛 = (𝑘2 − 𝑘3)/(𝑘1 − 𝑘2), 𝑛 = (𝑘3 − 𝑘1)/(𝑘1 − 𝑘2), and𝑛 = (𝑘2(𝑘2 − 𝑘1) + 𝑘3(𝑘3 − 𝑘1))/(𝑘1(𝑘1 − 𝑘3) + 𝑘2(𝑘2 − 𝑘3))
and the vectors d(𝑗), 𝑗 = 1, 2, 3, form an orthonormal set
orthogonal to n(𝑎). Thus, there are three parameters 𝑛, 𝑛, 𝑛
specifying the brane as an extended physical object but one of
them is irrelevant since d𝐼 and d𝐼𝐼 give a purely geometrical
internal construction, while it is enough to know a single
spacelike vector that is orthogonal to the defect’s world
volume.

In the section below, we extend our discussion to (mass-
less) defects in 3 + 1-dimensional de Sitter space, with
cosmological constant Λ > 0, showing how their space-time
metric is strictly related to the metric of defects in 4 + 1-
dimensional Minkowski space.

4. Conical Defects in de Sitter Space

We look here at a generalization of the derivation of a
massless conical defect as it was done in 2 + 1-dimensional
de Sitter space [32]. (In Appendix B, we have included a
similar discussion for defects in anti-de Sitter space.) We
begin with a static massive conical defect in 3 + 1 dimensions
[41, 42], analogous to a point particle in 2 + 1 dimensions
[3], whose metric in static de Sitter coordinates has the
form 𝑑𝑠2 = − (1 − 𝜆𝑟2) 𝑑𝜏2 + (1 − 𝜆𝑟2)−1 𝑑𝑟2+ 𝑟2 (𝑑𝜃2 + (1 − 4𝜇)2 sin2𝜃𝑑𝜙2) , (22)

(where we denote 𝜆 ≡ Λ/3) and describes a cosmic string of
rest energy density 𝜇, corresponding to the deficit angle 8𝜋𝜇.
Let us observe that the above metric can be written in terms
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of embedding Cartesian coordinates of the 4+1-dimensional
Minkowski space𝑡 = √𝜆−1 − 𝑟2 sinh (√𝜆𝜏) ,𝑤 = ±√𝜆−1 − 𝑟2 cosh (√𝜆𝜏) ,𝑥 = 𝑟 cos𝜙 sin 𝜃,𝑦 = 𝑟 sin𝜙 sin 𝜃,𝑧 = 𝑟 cos 𝜃,

(23)

subject to the (4, 1)-hyperboloid condition 𝜆−1 = −𝑡2 +𝑥2 + 𝑦2 + 𝑧2 + 𝑤2. Transformed (22) turns out to have an
identical form to metric (1) of a defect in 4 + 1-dimensional
Minkowski space. There are only two obvious subtleties in
the de Sitter case: space-time coordinates are constrained
by the hyperboloid condition and the interpretation of 𝜇
has to be adjusted according to the number of dimensions,
since it now represents the linear energy density rather than
energy per surface. A consequence of this situation is that we
could indirectly apply the derivation of light-like defects from
Section 2 to the de Sitter case. Nevertheless, it may be more
illuminating to stick to the approach of [32] and see whether
we will obtain in this way the same metric as (9).

Our goal is to derive a massless defect. Therefore, for
convenience, we first rescale the radial coordinate 𝑟 to 𝑟/(1 −4𝜇) and expand the metric to the first order in 𝜇, which gives𝑑𝑠2 ≈ 𝑑𝑠2𝑑𝑆+ 8𝜇 (𝜆𝑟2𝑑𝜏2 + (1 − 𝜆𝑟2)−2 𝑑𝑟2 + 𝑟2𝑑𝜃2) , (24)

where 𝑑𝑠2𝑑𝑆 is the pure de Sitter metric 𝑑𝑠2𝑑𝑆 = −(1 −𝜆𝑟2)𝑑𝜏2+(1−𝜆𝑟2)−1𝑑𝑟2+𝑟2(𝑑𝜃2+sin2𝜃𝑑𝜙2).We subsequently
transform (24) to embedding coordinates (23) and perform a
boost 𝑡 → 𝑡 cosh𝜒 + 𝑥 sinh𝜒, 𝑥 → 𝑥 cosh𝜒 + 𝑡 sinh𝜒, with
the rapidity parameter 𝜒, obtaining
𝑑𝑠2 = 𝑑𝑠2𝑑𝑆 + 8𝜇(𝑇2 − 𝑤2)2 ((𝜆−1 + 𝑇2 − 𝑤2) (𝑤𝑑𝑇 − 𝑇𝑑𝑤)2+ 𝜆−2 (𝑇𝑑𝑇 − 𝑤𝑑𝑤)2𝜆−1 + 𝑇2 − 𝑤2 ) + 8𝜇
⋅ (𝑧 (−𝑇𝑑𝑇 + 𝑧𝑑𝑧 + 𝑤𝑑𝑤) + (𝜆−1 + 𝑇2 − 𝑧2 − 𝑤2) 𝑑𝑧)2(𝜆−1 + 𝑇2 − 𝑤2) (𝜆−1 + 𝑇2 − 𝑧2 − 𝑤2) ,

(25)

where 𝑇 ≡ 𝑡 cosh𝜒 − 𝑥 sinh𝜒 (and 𝑑𝑠2𝑑𝑆 is now given in
embedding coordinates). The metric 𝑑𝑠2𝑑𝑆 is preserved by
the boost since the latter belongs to the isometry group of
de Sitter space. To proceed further, we introduce light-cone
coordinates 𝑢 = (𝑥 − 𝑡)/√2 and V = (𝑥 + 𝑡)/√2 and
employ the Aichelburg-Sexl boost prescription, taking 𝜒 →∞ and keeping the laboratory energy density  fl 8𝜋𝜇 cosh𝜒

constant. Using the distributional identity [30]

lim
𝜒→∞
𝑓 (𝑇2) cosh𝜒 = 1√2𝛿 (𝑢) ∫+∞−∞ 𝑓 (𝑇2) 𝑑𝑇, (26)

we finally obtain𝑑𝑠2 = 2𝑑𝑢𝑑V + 𝑑𝑦2 + 𝑑𝑧2 + 𝑑𝑤2 − √2 𝑦 𝛿 (𝑢) 𝑑𝑢2. (27)

Metric (27) corresponds to a conical defect at the hypersur-
face 𝑢, 𝑦 = 0, 𝑧2+𝑤2 = 𝜆−1, that is, a light-like, circular string
on a meridian of the cosmological horizon of de Sitter space
(for an observer on the worldline 𝑦, 𝑧, 𝑤 = 0, 𝑥 = 𝑥(𝑡) > 𝜆−1,
the future/past horizon is the sphere 𝑦2 + 𝑧2 + 𝑤2 = 𝜆−1,𝑥 ± 𝑡 = 0). Such a result is qualitatively different from2 + 1 dimensions, where there is a pair of massless particles
(similar to the massive solution [3]) on the opposite points
of the horizon [32]. However, it can simply be seen as the
dimensional reduction of a circle to the degenerate case of a
pair of points.

The string can be better visualized in a different coordi-
nate system, defined in analogy with [31]. To this end, we first
make the following transformation of coordinates:𝑡 = 12𝜂 (𝜆−1 − 𝜂2 + (𝑋 + 𝜆−1/2)2 + 𝑌2 + 𝑍2) ,𝑥 = 1√𝜆𝜂 (𝑋 + 𝜆−1/2) ,𝑦 = 1√𝜆𝜂𝑌,𝑧 = 1√𝜆𝜂𝑍,𝑤 = 12𝜂 (𝜆−1 + 𝜂2 − (𝑋 + 𝜆−1/2)2 − 𝑌2 − 𝑍2) ,

(28)

and then we set 𝑋 = 𝜌 cos𝜙 sin 𝜃, 𝑌 = 𝜌 sin𝜙 sin 𝜃, and 𝑍 =𝜌 cos 𝜃, so that metric (27) takes the form𝑑𝑠2 = 1𝜆𝜂2 (−𝑑𝜂2 + 𝑑𝜌2 + 𝜌2 (𝑑𝜃2 + sin2𝜃𝑑𝜙2))− √𝜆 sin𝜙 sin 𝜃⋅ (𝛿 (𝜂 − 𝜌) (𝑑𝜂 − 𝑑𝜌)2 + 𝛿 (𝜂 + 𝜌) (𝑑𝜂 + 𝑑𝜌)2) .
(29)

As one can observe, this metric describes a light-like circular
string lying at the great circle 𝜙 = 0, 𝜋, 𝜃 ∈ [0, 𝜋] on the
cosmological horizon 𝜌 = |𝜂| of de Sitter space, whose metric
is in the first line. The first term containing the Dirac delta is
responsible for the string at times 𝜂 ≥ 0 and the other at times𝜂 ≤ 0.

The form of (27) is exactly the same as metric (9) of
a light-like cosmic brane in 4 + 1-dimensional Minkowski
space, as could be expected from the analogous situation for
(22). This result easily generalizes to an arbitrary number
of dimensions and thus we might say that a conical defect
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in the 𝑛 + 1-dimensional de Sitter space is a “projection”
of the corresponding defect in the embedding (𝑛 + 1) + 1-
dimensional Minkowski space. The projection is understood
in simple geometric terms: the 𝑛−1-dimensional hyperplane
of a Minkowski defect is cutting through the 𝑛-dimensional
sphere of a de Sitter spatial slice, determining the 𝑛 − 2-
dimensional sphere of the projected defect.

5. Summary

In this work, we have provided an exploration of the relation
between the holonomies of conical defects inmore than three
space-time dimensions and group-valued momenta, which
appear in scenarios of deformed relativistic symmetries. Our
motivation was the well established fact that momentum
space of point particles in 2 + 1 gravity, treated as conical
defects, is a Lie group. We started by recalling how the
motion of massive conical defects can be characterized by
their holonomies, belonging to the Lorentz group. Gener-
alizing the discussion to massless defects, we observed that
holonomies describing such defects in 𝑛 + 1-dimensional
Minkowski space, given by null rotations, are elements of
the maximal Abelian subgroup of the AN(𝑛 − 1) group. In
particular, for a fixed direction of propagation, the space
of all possible holonomies of a massless defect is exactly
the above subgroup. Since the full AN(𝑛 − 1) group plays
the role of momentum space associated with 𝑛-dimensional𝜅-Minkowski space, this fortunate coincidence provides a
partial “physical” rendition of the group-valued momenta
emerging in the context of deformed relativistic symmetries,
which were originally introduced as rather formalmathemat-
ical structures. At the same time, groupmomentum space (or,
more broadly, momentum space with a nontrivial geometry)
is a crucial ingredient of doubly special relativity and relative
locality approaches to the problem of quantum gravity. Both
of these frameworks are based on heuristic assumptions
and often use classical and quantum 2 + 1 gravity as a
toy model for their concepts. Thus, our analysis of massless
defects offers a practical setting to explore such ideas in a
higher number of dimensions and in the context of the well
studied 𝜅-Minkowski space, though only to a certain extent
(a subgroup of AN(𝑛 − 1) will correspond to a subset of 𝜅-
Minkowski space). Furthermore, similar group momentum
spaces are most likely associated with defects coupled to the
BF theory [43], a topological field analog of gravity in more
than three dimensions. It remains to be investigated how the
space of holonomies generalizeswhen one considers spinning
defects, which is a somewhat problematic case, leading to the
occurrence of closed timelike curves [35]. In this paper, we
also discussed the case of massless conical defects in 3 + 1-
dimensional de Sitter space, showing how they can be seen as
closed light-like strings and how theirmetric is strictly related
to the one ofmassless defects in 4+1-dimensionalMinkowski
space. This led us to conjecture that the same holonomies,
belonging to the AN(3) group, which characterize the latter,
could completely capture themotion ofmassless defects in de
Sitter space and that such a statement could be generalized
to more space-time dimensions. A proof of this conjecture is
postponed to future studies.

Appendix

A. Representations of 𝜅-Minkowski Generators
in 3 + 1 Dimensions

For the purpose of illustration, we write down here the
three independent 4 × 4 matrix representations of the an(2)
generators that can be used to reconstruct holonomies of
massless defects for our choice of vectors n(𝑎) and d(𝑏), 𝑎, 𝑏 =𝑥, 𝑦, 𝑧, which we introduced in Section 3. Defects with the
vectors n(𝑥) and d(1) ≡ d(𝑧), d(2) ≡ d(𝑦) correspond to the
representation 𝑋(𝑥)0 = 𝐾𝑥, 𝑋(𝑥)1 = 𝐾𝑦 − 𝐽𝑧, 𝑋(𝑥)2 = 𝐾𝑧 + 𝐽𝑦,
where

𝑋(𝑥)0 = −𝑖(0 1 0 01 0 0 00 0 0 00 0 0 0),
𝑋(𝑥)1 = 𝑖( 0 0 −1 00 0 −1 0−1 1 0 00 0 0 0),
𝑋(𝑥)2 = 𝑖( 0 0 0 −10 0 0 −10 0 0 0−1 1 0 0 );

(A.1)

the vectors n(𝑦) and d(1) ≡ d(𝑧), d(2) ≡ d(𝑥) correspond to𝑋(𝑦)0 = 𝐾𝑦,𝑋(𝑦)1 = 𝐾𝑥 + 𝐽𝑧,𝑋(𝑦)2 = 𝐾𝑧 − 𝐽𝑥, where
𝑋(𝑦)0 = −𝑖(0 0 1 00 0 0 01 0 0 00 0 0 0),
𝑋(𝑦)1 = 𝑖( 0 −1 0 0−1 0 1 00 −1 0 00 0 0 0),
𝑋(𝑦)2 = 𝑖( 0 0 0 −10 0 0 00 0 0 −1−1 0 1 0 );

(A.2)
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the vectors n(𝑧) and d(1) ≡ d(𝑦), d(2) ≡ d(𝑥) correspond to𝑋(𝑧)0 = 𝐾𝑧,𝑋(𝑧)1 = 𝐾𝑥 − 𝐽𝑦,𝑋(𝑧)2 = 𝐾𝑦 + 𝐽𝑥, where
𝑋(𝑧)0 = 𝐾𝑧 = −𝑖(0 0 0 10 0 0 00 0 0 01 0 0 0),
𝑋(𝑧)1 = 𝑖( 0 −1 0 0−1 0 0 10 0 0 00 −1 0 0),
𝑋(𝑧)2 = 𝑖( 0 0 −1 00 0 0 0−1 0 0 10 0 −1 0).

(A.3)

𝐽𝑎 and 𝐾𝑎, 𝑎 = 𝑥, 𝑦, 𝑧, respectively, denote the generators of
rotations and boosts.

B. Conical Defects in Anti-de Sitter Space

For completeness, let us also discuss conical defects in anti-
de Sitter space, with Λ < 0. In this case, the situation is very
similar to the de Sitter case and therefore wewill be very brief.
We again study the generalization of a massless defect from2 + 1 dimensions [32] to 3 + 1 dimensions.

For brevity, we set Λ = −3. Then, the metric of a static
massive defect in 3 + 1 dimensions [44, 45], analogous to
a particle in 2 + 1 dimensions [3], in static anti-de Sitter
coordinates has the form𝑑𝑠2 = − (1 + 𝑟2) 𝑑𝜏2 + (1 + 𝑟2)−1 𝑑𝑟2+ 𝑟2 (𝑑𝜃2 + (1 − 4𝜇)2 sin2𝜃𝑑𝜙2) (B.1)

and describes a cosmic string of rest energy density 𝜇 and the
deficit angle 8𝜋𝜇. One may expand it to the first power in 𝜇
and transform to embedding coordinates𝑡 = √1 + 𝑟2 sin 𝜏,𝑤 = ±√1 + 𝑟2 cos 𝜏,𝑥 = 𝑟 cos𝜙 sin 𝜃,𝑦 = 𝑟 sin𝜙 sin 𝜃,𝑧 = 𝑟 cos 𝜃,

(B.2)

which satisfy the (2, 3)-hyperboloid condition−1 = −𝑡2+𝑥2+𝑦2 + 𝑧2 − 𝑤2. We subsequently perform the Aichelburg-Sexl
boost, obtaining eventually (there is no difference forΛ ≠ −3)𝑑𝑠2 = 2𝑑𝑢𝑑V + 𝑑𝑦2 + 𝑑𝑧2 − 𝑑𝑤2− √2 𝑦 𝛿 (𝑢) 𝑑𝑢2. (B.3)

The above metric corresponds to a curvature singularity at
the hypersurface 𝑢, 𝑦 = 0, −𝑧2 + 𝑤2 = 1, that is, a light-
like hyperbolic string. The hyperbola has two branches but
these actually belong to the same worldsheet, analogously to2 + 1 dimensions [32] (in contrast to the de Sitter case), and
therefore it is a single defect. Moreover, the form of (B.3)
is different from metric (9) of a massless defect in 4 + 1-
dimensional Minkowski space. For an additional insight, we
change the coordinates to𝑡 = 12𝑍 (1 − 𝜂2 + (𝑋 + 1)2 + 𝑌2 + 𝑍2) ,𝑥 = 1𝑍 (𝑋 + 1) ,𝑦 = 12𝑍 (1 + 𝜂2 − (𝑋 + 1)2 − 𝑌2 − 𝑍2) ,𝑧 = 1𝑍𝑌,𝑤 = 1𝜂𝑍

(B.4)

and once more to 𝑋 = 𝜌 cos𝜙 sin 𝜃, 𝑌 = 𝜌 sin𝜙 sin 𝜃, and𝑍 = 𝜌 cos 𝜃. Restoring Λ ̸= −3, we find that𝑑𝑠2 = 3|Λ| 𝜌2cos2𝜃 (−𝑑𝜂2 + 𝑑𝜌2+ 𝜌2 (𝑑𝜃2 + sin2𝜃𝑑𝜙2)) − √ 3|Λ|⋅ sin𝜙 sin 𝜃
cos2𝜃 (𝛿 (𝜂 − 𝜌) (𝑑𝜂 − 𝑑𝜌)2+ 𝛿 (𝜂 + 𝜌) (𝑑𝜂 + 𝑑𝜌)2) .

(B.5)

The string lies on the surface 𝜌 = |𝜂|, which is a hyperboloid
in anti-de Sitter space. Again, one term with the Dirac delta
is responsible for the defect at times 𝜂 ≥ 0 and the other at
times 𝜂 ≤ 0.
Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

Acknowledgments

The authors would like to thank M. van de Meent for the
very useful correspondence and J. Kowalski-Glikman for
comments on themanuscript.The work ofMichele Arzano is
supported by a Marie Curie Career Integration Grant within
the 7th EuropeanCommunity FrameworkProgramme and in
part by a grant from the John Templeton Foundation. Tomasz
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It was recently realized that Planck-scale momentum-space curvature, which is expected in some approaches to the quantum-
gravity problem, can produce dual-curvature lensing, a feature whichmainly affects the direction of observation of particles emitted
by very distant sources. Several gray areas remain in our understanding of dual-curvature lensing, including the possibility that it
might be just a coordinate artifact and the possibility that itmight be in some sense a by-product of the better studied dual-curvature
redshift. We stress that data reported by the IceCube neutrino telescope should motivate a more vigorous effort of investigation of
dual-curvature lensing, and we observe that studies of the recently proposed “𝜌-Minkowski noncommutative spacetime” could be
valuable from this perspective. Through a dedicated 𝜌-Minkowski analysis, we show that dual-curvature lensing is not merely a
coordinate artifact and that it can be present even in theories without dual-curvature redshift.

1. Introduction

There has been considerable interest (see, e.g., [1–7]) over
the last decade for the possibility that Planck-scale structures
might have observably large implications for particle prop-
agation over cosmological distances. We shall here focus on
one of the scenarios for the quantum-gravity realmwhich can
motivate such studies, the scenario such that the character-
istic scale of quantum gravity (usually assumed to be of the
order of the Planck scale) plays the role of scale of curvature
of momentum space [8–11]. The most studied effect of this
sort is “dual-curvature redshift” [12], an effect such that two
ultrarelativistic (massless or effectively massless) particles of
different energies emitted simultaneously at a distant source
reach a detector at different times (earlier discussions of
this effect, before the curved-momentum-space perspective
emerged, can be found, e.g., in [1–5]). Recently it became
clear that Planck-scale curvature of momentum space can
also produce the effect of “dual-curvature lensing” [13–15]
(or “dual-gravity lensing” (the effect is better known as dual-
gravity lensing, but actually it is present also in absence
of momentum-space geometrodynamics: momentum-space

curvature is sufficient for producing the effect. We also
note that all models with Planck-scale-curved momentum
space developed so far indeed do not have momentum-
space geometrodynamics, but rather have a fixed background
curved momentum-space geometry. We reserve the charac-
terization of effects as “gravitational” only when geometro-
dynamics is present)), an effect such that two ultrarelativistic
particles of different energies emitted by the same distant
source reach a detector from different directions.

The understanding of dual-curvature lensing has not yet
reached the level of our understanding of dual-curvature
redshift. Most notably previous studies establish that dual-
curvature redshift is a truly physical (observable) effect but
leave the possibility that dual-curvature lensing might be just
a coordinate artifact open.Moreover, these previousworks do
not clarify whether dual-curvature lensing is just some sort
of by-product of dual-curvature redshift or instead one could
have theories without dual-curvature redshift but with dual-
curvature lensing.

This state of affairs became recently more disappoint-
ing since data reported by the IceCube telescope [16]
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open a potentially powerful observational window on dual-
curvature lensing, and actually a first exploratory analysis
gave preliminarily encouraging results [17].

We here focus on the recently proposed “𝜌-Minkowski
noncommutative spacetime” [14], using it as a concep-
tual laboratory for dual-curvature lensing. We show that
𝜌-Minkowski produces dual-curvature lensing, but dual-
curvature redshift is absent. Most importantly we establish
that in𝜌-Minkowski dual-curvature lensing is a truly physical
effect, not merely a coordinate artifact.

2. 𝜌-Minkowski and Its Relativistic Properties

We start by characterizing the relativistic properties of the
𝜌-Minkowski noncommutative spacetime. 𝜌-Minkowski is a
3D noncommutative spacetime, characterized by the follow-
ing commutation relations among spacetime coordinates:

[𝑥𝑖, 𝑥0] = 𝜌𝜖𝑖𝑗𝑥𝑗,
[𝑥𝑖, 𝑥𝑗] = 0,

(1)

where 𝑖 ∈ {1, 2}.
As usual for this sort of noncommutative spacetime,

in order to have an explicit description of the relativistic
properties one must adopt an ordering convention for the
basis of exponentials. We find that it is convenient to adopt
time-to-the-right ordering, so that elements of the basis of
exponentials are written as follows:

𝑒𝑖𝑝𝑗𝑥𝑗𝑒𝑖𝑝0𝑥0 . (2)

Relying again on experience gained working with other
similar noncommutative spacetimes, we infer the form of the
law of composition of momenta by studying the properties
of products of elements of the basis of exponentials. We have
that

𝑒𝑖𝑝𝑗𝑥𝑗𝑒𝑖𝑝0𝑥0𝑒𝑖𝑞𝑙𝑥𝑙𝑒𝑖𝑞0𝑥0
≈ (1 + 𝑖𝑝𝑗𝑥𝑗) (1 + 𝑖𝑝0𝑥0) (1 + 𝑖𝑞𝑙𝑥𝑙) (1 + 𝑖𝑞0𝑥0)
≈ (1 + 𝑖 (𝑝𝑗 + 𝑞𝑗 − 𝜌𝑝0𝜖𝑗𝑙𝑞𝑙) 𝑥𝑗) (1 + 𝑖 (𝑝0 + 𝑞0) 𝑥0) ,

(3)

where we used (1) and we focused on the leading correction
in 𝜌.

Result (3) suggests that, at leading order in 𝜌, the law of
composition of momenta in 𝜌-Minkowski should take the
form:

(𝑝 ⊕ 𝑞)0 = 𝑝0 + 𝑞0,
(𝑝 ⊕ 𝑞)𝑖 = 𝑝𝑖 + 𝑞𝑖 − 𝜌𝑝0𝜖𝑖𝑗𝑞𝑗.

(4)

We shall here establish that 𝜌-Minkowski allows the
formulation of a DSR-relativistic theory, in the sense first
introduced in [18, 19] (also see [20, 21]), that is, a relativis-
tic theory with two nontrivial relativistic invariant, also a
momentum scale, in this case 𝜌−1, in addition to the speed-of-
light scale (which we set to unity by choice of dimensions but

can be easily brought back into the picture by dimensional
analysis). The label “DSR” refers to the fact that this class
of relativistic theories was at first called “doubly special
reactivity.”

The DSR-compatibility of the setup requires that the
action of boosts on momenta is introduced by requiring that
the deformed momentum-conservation law is covariant. In
order to ensure this it suffices to require that a vanishing
composed momentum for observer Alice, 𝑝 ⊕ 𝑞 = 0, also
vanishes for observer Bob, boosted with respect to Alice:

{𝑁[𝑝⊕𝑞]𝑖 , 𝑝 ⊕ 𝑞}𝑝⊕𝑞=0 = 0. (5)

Taking the description of boosts in the rather similar 𝜅-
Minkowski noncommutative spacetime as guidance [22–24],
in the case of 𝜌-Minkowski we are led to the following
description of the action of boosts on composed momenta,
when given in terms of the action of boosts on single-particle
momenta:

𝑁[𝑝⊕𝑞]𝑖 = 𝑁[𝑝]𝑖 + 𝑁[𝑞]𝑖 − 𝜌𝑝0𝜖𝑖𝑗𝑁[𝑞]𝑗 . (6)

For the action of boosts on single-particle momenta we
introduce a 6-parameter ansatz:

{𝑁𝑖, 𝑝0} = 𝑝𝑖 + 𝜌𝐴𝑝0𝑝𝑖,
{𝑁𝑖, 𝑝𝑗} = 𝛿𝑖𝑗𝑝0 + 𝜌 (𝐵𝑝20 + 𝐶 →𝑝

2) 𝛿𝑖𝑗
+ 𝜌 (𝐷𝑝20 + 𝐸 →𝑝

2) 𝜖𝑖𝑗 + 𝜌𝐹𝜖𝑖𝑙𝑝𝑙𝑝𝑗.
(7)

The parameters appearing in (7) can be of course determined
by making use of (6) and (7) in the compatibility condition
(5), finding that the compatibility condition is satisfied by
the following form of the action of boosts on single-particle
momenta:

{𝑁𝑖, 𝑝0} = 𝑝𝑖,
{𝑁𝑖, 𝑝𝑗} = 𝛿𝑖𝑗𝑝0 + 𝜌2 (𝜖𝑖𝑗

→𝑝
2 − 𝜖𝑖𝑘𝑝𝑘𝑝𝑗) .

(8)

Building on these starting points it is easy to complete the
description of the relativistic symmetries of 𝜌-Minkowski by
simply insisting that all relevant Jacobi identities are satisfied.
This leads one to the conclusion that the only other needed
deformation is in the Poisson bracket between two boosts,

{𝑁𝑖, 𝑁𝑗} = −𝑅𝜖𝑖𝑗 + 𝜌2 𝜖𝑖𝑗𝑁𝑖𝑝𝑖, (9)

while all other remaining Poisson brackets are undeformed.
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We conclude that the full description of the relativistic
symmetries of 𝜌-Minkowski is given in terms of the following
Poisson brackets:

{𝑝0, 𝑝𝑖} = 0,
{𝑝𝑖, 𝑝𝑗} = 0,
{𝑅, 𝑝0} = 0,
{𝑅, 𝑝𝑖} = 𝜖𝑖𝑗𝑝𝑗,
{𝑅,𝑁𝑖} = 𝜖𝑖𝑗𝑁𝑗,
{𝑁𝑖, 𝑝0} = 𝑝𝑖,
{𝑁𝑖, 𝑝𝑗} = 𝛿𝑖𝑗𝑝0 + 𝜌2 (𝜖𝑖𝑗

→𝑝
2 − 𝜖𝑖𝑘𝑝𝑘𝑝𝑗) ,

{𝑁𝑖, 𝑁𝑗} = −𝜖𝑖𝑗𝑅 + 𝜌2 𝜖𝑖𝑗𝑁𝑎𝑝𝑎.

(10)

Notably the ordinary special-relativistic mass Casimir,

𝐶 = 𝑝20 − →𝑝
2 , (11)

is still a Casimir also of the deformed symmetry algebra (10).

3. Dual-Curvature Lensing with
Commuting Coordinates

As for most other studies of the implications of Planck-
scale momentum-space curvature, we shall here focus on
the implications of the associated DSR-deformed relativistic
symmetries at the level of the trajectories of particles in
the classical limit. Previous related studies [25] have shown
that while the noncommutativity of coordinates plays evi-
dently a crucial role in establishing the form of the DSR-
relativistic symmetries, the truly physical content of the
analysis of classical trajectories is the same whether one uses
noncommuting coordinates or commuting ones. In these
cases it turns out to be convenient to perform computations
both using commuting and using noncommuting coordi-
nates, since this facilitates establishing which properties are
truly physical (properties which are coordinate artifacts will
change from one formulation to the other). We therefore
study dual-curvature lensing in this section using commuting
coordinates, while in the next section we perform the same
study using coordinates with 𝜌-Minkowski Poisson brackets.

The symplectic structure adopted for this section is

{x𝑖, x0} = 0,
{x𝑖, x𝑗} = 0,
{𝑝0, x0} = 1,
{𝑝𝑖, x0} = 0,
{𝑝0, x𝑖} = 0,
{𝑝𝑖, x𝑗} = −𝛿𝑖𝑗.

(12)

It is useful to start by noticing that in terms of this symplectic
structure the relativistic-symmetry generators introduced in
the previous section admit the following representation:

𝑝𝜇 = 𝑝𝜇,
R = 𝜖𝑖𝑗x𝑖𝑝𝑗,
N𝑖 = x𝑖𝑝0 − x0𝑝𝑖 + 𝜌2 𝜖𝑖𝑎 (x𝑎

→𝑝
2 − 𝑝𝑎→x ⋅ →𝑝) .

(13)

From this representation one finds that the Poisson brackets
between rotations and the spacetime coordinates are the
standard ones, while the Poisson brackets between boosts and
spacetime coordinates are deformed:

{N𝑖, x0} = x𝑖 {𝑝0, x0} = x𝑖,
{N𝑖, x𝑗} = −x0 {𝑝𝑖, x𝑗}

+ 𝜌2 𝜖𝑖𝑎 (x𝑎 {
→𝑝
2 , x𝑗} − 𝑝𝑎→x ⋅ {→𝑝, x𝑗})

= x0𝛿𝑖𝑗 + 𝜌2 𝜖𝑖𝑎 (𝑝𝑎x𝑗 − 2x𝑎𝑝𝑗) +
𝜌
2 𝜖𝑖𝑗𝑥𝑙𝑝𝑙.

(14)

We can of course derive the equations of motion using the
mass Casimir (11) as Hamiltonian of evolution in an affine
parameter, finding

ẋ0 = {C, x0} = {𝑝20 − →𝑝
2 , x0} = 2𝑝0,

ẋ𝑖 = {C, x𝑖} = {𝑝20 − →𝑝
2 , x𝑖} = 2𝑝𝑖,

�̇�𝜇 = {C, 𝑝𝜇} = {𝑝20 − →𝑝
2 , 𝑝𝜇} = 0,

(15)

where ̇𝑞 denotes the derivative of 𝑞 with respect to the affine
parameter. Momenta are constant of motion and a generic
solution of the equations for the world line can be written as

x𝑖 − x𝑖 = 𝑝𝑖
𝑝0 (x0 − x0) , (16)

where x𝜇 is a point of the world line.
Our analysis of dual-curvature lensing starts by consid-

ering an observer Alice that emits from its spacetime origin
two massless particles of different energies. The relevant two
massless particles have spatial momenta →𝑝 𝑠 = (𝑝1𝑠, 0) and→𝑝ℎ = (𝑝1ℎ, 0), with 𝑝1𝑠 > 0, 𝑝1ℎ > 0, and the one with
momentum→𝑝ℎ is “hard” while the onewithmomentum→𝑝 𝑠 is
“soft,” meaning that 𝑝1𝑠 ≪ 𝑝1ℎ. From (16), we have that Alice
describes the two particles with the same world line

x𝐴1,𝑠 = x𝐴1,ℎ = x𝐴0 ,
x𝐴2,𝑠 = x𝐴2,ℎ = 0.

(17)

Alice is the observer at the source. The main feature of
dual-curvature lensing will be manifest in the description
given by a distant detector, with direction-discriminating
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capabilities, of these two particles emitted at Alice. The next
step of our analysis is to consider an observer Bob, which
is related to Alice by a pure translation with parameters
𝑏𝜇 = (𝑏, −𝑏, 0). Since Bob and Alice are related by a pure
translation with parameters 𝑏𝜇 = (𝑏, −𝑏, 0), one has of course
the following relationship between Alice’s coordinates and
Bob’s coordinates:

x𝐵0 = x𝐴0 + 𝑏𝜇 {𝑝𝜇, x𝐴0 } = x𝐴0 + 𝑏,
x𝐵1 = x𝐴1 + 𝑏𝜇 {𝑝𝜇, x𝐴1 } = x𝐴1 + 𝑏,
x𝐵2 = x𝐴2 + 𝑏𝜇 {𝑝𝜇, x𝐴2 } = x𝐴2 .

(18)

This leads us immediately to Bob’s description of the world
lines of the two particles emitted by Alice:

x𝐵1,𝑠 = x𝐵1,ℎ = x𝐵0 ,
x𝐵2,𝑠 = x𝐵2,ℎ = 0,

(19)

for which we also used the fact that momenta are invariant
under pure translations.

Evidently the map between Alice and Bob, purely trans-
lated with respect to Alice, remains trivial and unaffected
by the curvature of momentum space. We shall not report
explicitly the directional analysis for Bob, but the triviality
of the map clearly implies that there is no dual-curvature
lensing in the picture involving these two observers, Alice
and Bob. We shall find that a truly physical feature (not a
coordinate artifact) of dual-curvature lensing is found in 𝜌-
Minkowski when the source and the detector are not just
purely translated but rather are related by a composition of a
translation and a boost. It is therefore appropriate to consider
at this point a third observer Camilla, purely boosted with
respect to Bob. Observer Camilla is therefore obtained from
Alice by first acting with a translation with parameters 𝑏𝜇 =
(𝑏, −𝑏, 0) and then with a boost with parameters 𝜉𝑖 = (𝜉1, 0)

x𝐶𝜇 = 𝑇𝜉𝑖 (𝑇𝑏𝜇 (x𝐴𝜇 )) = 𝑇𝜉𝑖 (𝑥𝐵𝜇) ,
𝑝𝐶𝜇 = 𝑇𝜉𝑖 (𝑇𝑏𝜇 (𝑝𝐴𝜇 )) = 𝑇𝜉𝑖 (𝑝𝐵𝜇) .

(20)

As a first step toward writing the world lines of the soft and
the hard particle in Camilla’s reference frame, we give the
transformation laws for momentum between Camilla’s frame
and Alice’s frame, specialized to the case of our interest (in
which 𝑝𝐴𝜇 = (𝑝𝐴0 , 𝑝𝐴1 , 0)):

𝑝𝐶0 = 𝑝𝐴0 + 𝜉1 {N1, 𝑝𝐴0 } = 𝑝𝐴0 + 𝜉1𝑝𝐴1 ,
𝑝𝐶1 = 𝑝𝐴1 + 𝜉1 {N1, 𝑝𝐴1 } = 𝑝𝐴1 + 𝜉1𝑝𝐴0 ,
𝑝𝐶2 = 𝑝𝐴2 + 𝜉1 {N1, 𝑝𝐴2 } = 𝜉1 (𝜌2 (𝑝

𝐴
1 )2) .

(21)

Here one sees that the 𝜌-Minkowski deformation of boost
transformations is such that while for Alice the spatial parts
of the momenta of the soft and hard particles are both
directed along the x1-axis, in Camilla’s frame the momenta

have a component also along the x2-axis, proportional to the
energies of the particles in Alice’s frame.

Our next step is to determine which coordinates Camilla
assigns to the origin of Alice, so we consider x𝐶𝜇 =
𝑇𝜉𝑖(𝑇𝑏𝜇(x𝐴𝜇 = (0, 0, 0))), finding that

x𝐶0 = 𝑏 + 𝜉1𝑏,
x𝐶1 = 𝑏 + 𝜉1𝑏,
x𝐶2 = 0,

(22)

which is valid both for the soft particle and for the hard
particle. We note that after computing the Poisson brackets
we used that 𝑝𝐴2ℎ = 0 and that 𝑇𝑏𝜇2 = 0.

We are now ready to give the world lines of the particles
according to Camilla. For the soft particle Camilla has

x𝐶1,𝑠 = x𝐶0 ,
x𝐶2,𝑠 = 0,

(23)

where we neglected the deformation effects (the soft particle
is a low-energy particle, and the deformation here of interest
grows with energy), while Camilla’s description of the world
line of the hard particle is

x𝐶1,ℎ = x𝐶0 ,
x𝐶2,ℎ = 𝜌

2𝑝
𝐶
0,ℎ𝜉1x𝐶0 .

(24)

This establishes that both the soft particle and the hard par-
ticles go through the spacetime origin of Camilla’s reference
frame, but we are evidently most interested in what measure-
ment results Camilla would get for the direction of the two
particles. For this purpose it is important to notice that a good
measurement procedure for directions involves the setup of
a rigid nonpoint-like detector: we establish the direction of
a particle by seeing that the particle went through two (or
more) points of the rigid extended detector. Since we are
thinking of possible applications of our results to the analysis
of IceCube-telescope data, it is nice to notice that IceCube
establishes directions exactly in this way. From a relativist
perspective the notion of an extended detector is a bit cum-
bersome, since it is standard practice to abstract the notion of
a point-like detector in association with the equally abstract
notion of relativistic observer. We can however still rely
on these standard abstractions by viewing a rigid extended
detector as a network of point-like detectors in rigid motion.
The results will bemore transparent by introducing a different
relativistic observer for each of the point-like detectors
composing the extended detector, so that each of these many
observers has a point-like detector in the spatial origin of its
reference frame.

These conceptual considerations translate in the technical
challenge for our computations of introducing two more
observers which we will simply denote with 𝐷 and 𝐷. Both
the soft particle and the hard particle go through the origin
of Camilla’s reference frame, so if we find that the soft (hard)
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particle also goes through 𝐷 (𝐷) then we will have enough
information for establishing the direction of the soft (hard)
particle. It is appropriate to take 𝐷 as an observer, at rest
with respect to Camilla, whose origin of the reference frame
coincides with the point which for Camilla has coordinates
x𝐶𝜇,𝐷 = (𝛿, 𝛿, 0). The observer 𝐷 is related to Camilla by a
translation with parameters 𝛿𝜇 = (𝛿, −𝛿, 0), so that

x𝐷0 = x𝐶0,𝐷 + 𝛿𝜇 {𝑝𝜇, x𝐶0,𝐷} = x𝐶0,𝐷 + 𝛿,
x𝐷1 = x𝐶1,𝐷 + 𝛿𝜇 {𝑝𝜇, x𝐶1,𝐷} = x𝐶1,𝐷 + 𝛿,
x𝐷2 = x𝐶2,𝐷 + 𝛿𝜇 {𝑝𝜇, x𝐶2,𝐷} = x𝐶2,𝐷.

(25)

This straightforwardly leads us to the description given by
observer 𝐷 of the world lines of the soft particle and of the
hard particle:

x𝐷1,𝑠 = x𝐷0 ,
x𝐷2,𝑠 = 0,
x𝐷1,ℎ = x𝐷0 ,
x𝐶


2,ℎ = 𝜌
2𝑝
𝐷
0,ℎ𝜉1 (x𝐷0 − 𝛿) ,

(26)

where 𝑝𝐷0,ℎ = 𝑝𝐶0,ℎ, since observer Camilla and observer𝐷 are
connected by a pure translation. Notice that these equations
for the world lines show in particular that the soft particle
goes through the origin of observer 𝐷 but the hard particle
does not.

Next it is convenient to consider another observer 𝐷,
also at rest with respect to Camilla, whose origin of the
reference frame coincides with the point which for Camilla
has coordinates x𝐶𝜇,𝐷 = (𝛿, +𝛿, +(𝜌/2)𝑝𝐶0,ℎ𝜉1𝛿). The observer
𝐷 is related to Camilla by a translation with parameters 𝛿𝜇 =
(𝛿, −𝛿, −(𝜌/2)𝑝𝐶0,ℎ𝜉1𝛿), so that we have

x𝐷


0 = x𝐶0,𝐷 + 𝛿𝜇 {𝑝𝜇, x𝐶0,𝐷} = x𝐶0,𝐷 + 𝛿,
x𝐷


1 = x𝐶1,𝐷 + 𝛿𝜇 {𝑝𝜇, x𝐶1,𝐷} = x𝐶1,𝐷 + 𝛿,
x𝐷


2 = x𝐶2,𝐷 + 𝛿𝜇 {𝑝𝜇, x𝐶2,𝐷} = x𝐶2,𝐷 + 𝜌2𝑝
𝐶
0,ℎ𝜉1𝛿.

(27)

Therefore according to observer𝐷 the world lines of the soft
particle and of the hard particle are described by

x𝐷


1,𝑠 = x𝐷


0 ,
x𝐷


2,𝑠 = 𝜌
2𝑝
𝐷

0,ℎ𝜉1𝛿,
x𝐶


1,ℎ = x𝐷


0 ,
x𝐶


2,ℎ = 𝜌
2𝑝
𝐷

0,ℎ𝜉1x𝐷0 ,

(28)

where 𝑝𝐷0,ℎ = 𝑝𝐷0,ℎ = 𝑝𝐶0,ℎ, since the observers Camilla, 𝐷, and
𝐷 are all connected by a pure translation. Notice that these

equations for the world lines show in particular that the hard
particle goes through the origin of observer 𝐷 but the soft
particle does not.

So we found that the soft particle goes through 𝐷 and
Camilla, while the hard particle goes through𝐷 andCamilla.
This is the dual-curvature lensing that we were looking for:
the particles are emitted by the same source but their detec-
tion manifests a different direction of propagation. From the
fact that the soft particle goes through𝐷 and Camilla and the
hard particle goes through 𝐷 and Camilla one easily finds
that the angle 𝜃 characterizing the difference in their observed
directions of propagation is given by

tan 𝜃 ≃ 𝜌
2𝑝
𝐶
0,ℎ𝜉1. (29)

4. Dual-Curvature Lensing with 𝜌-Minkowski
Commuting Coordinates

As announced earlier, we shall redo, now assuming 𝜌-
Minkowski Poisson brackets, the analysis done in the pre-
vious section with “commutative” Poisson brackets. We shall
find the same physical result for dual-curvature lensing, but
several details of the derivation will be different.

So we now adopt the following symplectic structure:

{𝑥𝑖, 𝑥0} = 𝜌𝜖𝑖𝑗𝑥𝑗,
{𝑥𝑖, 𝑥𝑗} = 0,
{𝑝0, 𝑥0} = 1,
{𝑝0, 𝑥𝑖} = 0,
{𝑝𝑖, 𝑥0} = 0,
{𝑝𝑖, 𝑥𝑗} = −𝛿𝑖𝑗 + 𝜌𝜖𝑖𝑗𝑝0.

(30)

The fact that the physical results cannot depend on the
choice between this symplectic structure and the symplectic
structure used in the previous section is clear upon notic-
ing that these two symplectic structures are connected by
a simple momentum-dependent redefinition of spacetime
coordinates:

x0 = 𝑥0,
x𝑖 = 𝑥𝑖 − 𝜌𝜖𝑖𝑗𝑥𝑗𝑝0,

(31)

where x𝜇 are the “commutative” coordinates used in the
previous section, while 𝑥𝜇 are used in this section.

In terms of the 𝑥𝜇 coordinates the representation of the
generators of the relativistic symmetries is

𝑝𝜇 = 𝑝𝜇,
R = 𝜖𝑖𝑗𝑥𝑖𝑝𝑗 − 𝜌𝑝0→𝑥 ⋅ →𝑝,
N𝑖 = 𝑥𝑖𝑝0 − 𝑥0𝑝𝑖

+ 𝜌2 𝜖𝑖𝑗 (𝑥𝑗
→𝑝
2 − 𝑝𝑗→𝑥 ⋅ →𝑝 − 2𝑥𝑗𝑝20) .

(32)
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Accordingly we then have that

{R, 𝑥0} = {𝜖𝑖𝑗𝑥𝑖𝑝𝑗 − 𝜌𝑝0𝑥𝑖𝑝𝑖, 𝑥0} = 0,
{R, 𝑥𝑖} = {𝜖𝑎𝑏𝑥𝑎𝑝𝑏 − 𝜌𝑝0𝑥𝑎𝑝𝑎, 𝑥𝑖} = 𝜖𝑎𝑏𝑥𝑎 {𝑝𝑏, 𝑥𝑖}
− 𝜌𝑝0𝑥𝑎 {𝑝𝑎, 𝑥𝑖} = 𝜖𝑎𝑏𝑥𝑎 (−𝛿𝑏𝑖 + 𝜌𝜖𝑏𝑖𝑝0)
+ 𝜌𝑝0𝑥𝑎𝛿𝑎𝑖 = 𝜖𝑖𝑎𝑥𝑎 + 𝜌 (−𝑥𝑖𝑝0 + 𝑝0𝑥𝑖) = 𝜖𝑖𝑎𝑥𝑎,

{N𝑖, 𝑥0} = {𝑥𝑖𝑝0 − 𝑥0𝑝𝑖
+ 𝜌2 𝜖𝑖𝑎 (𝑥𝑎

→𝑝
2 − 𝑝𝑎→𝑥 ⋅ →𝑝 − 2𝑥𝑎𝑝20) , 𝑥0}

= 𝑥𝑖 {𝑝0, 𝑥0} + 𝑝0 {𝑥𝑖, 𝑥0} − 𝜌2 𝜖𝑖𝑎2𝑥𝑎 {𝑝
2
0 , 𝑥0} = 𝑥𝑖

− 𝜌𝜖𝑖𝑗𝑥𝑗𝑝0,
{N𝑖, 𝑥𝑗} = {𝑥𝑖𝑝0 − 𝑥0𝑝𝑖
+ 𝜌2 𝜖𝑖𝑎 (𝑥𝑎

→𝑝
2 − 𝑝𝑎→𝑥 ⋅ →𝑝 − 2𝑥𝑎𝑝20) , 𝑥𝑗}

= −𝑥0 {𝑝𝑖, 𝑥𝑗} − 𝑝𝑖 {𝑥0, 𝑥𝑗} + 𝜌2 𝜖𝑖𝑎 (𝑥𝑎 {
→𝑝
2 , 𝑥𝑗}

− 𝑥𝑏 {𝑝𝑎𝑝𝑏, 𝑥𝑗}) = −𝑥0 (−𝛿𝑖𝑗 + 𝜌𝜖𝑖𝑗𝑝0) + 𝜌𝜖𝑗𝑘𝑥𝑘𝑝𝑖
+ 𝜌2 𝜖𝑖𝑎 (−2𝑥𝑎𝑝𝑗 + 𝑥𝑏 (𝛿𝑏𝑗𝑝𝑎 + 𝛿𝑎𝑗𝑝𝑏)) = 𝛿𝑖𝑗𝑥0
+ 𝜌(12 (𝜖𝑖𝑎𝑝𝑎𝑥𝑗 + 𝜖𝑖𝑗𝑥𝑎𝑝𝑎) + 𝜖𝑗𝑘𝑥𝑘𝑝𝑖 − 𝜖𝑖𝑎𝑥𝑎𝑝𝑗
− 𝜖𝑖𝑗𝑝0𝑥0) .

(33)

It is equally straightforward to see that the equations of
motion take the form

�̇�0 = {C, 𝑥0} = {𝑝20 − →𝑝
2 , 𝑥0} = 2𝑝0,

�̇�𝑖 = {C, 𝑥𝑖} = {𝑝20 − →𝑝
2 , 𝑥𝑖} = −2𝑝𝑎 {𝑝𝑎, 𝑥𝑖}

= 2𝑝𝑖 + 2𝜌𝜖𝑖𝑗𝑝𝑗𝑝0,
�̇�𝜇 = {C, 𝑥0} = {𝑝20 − →𝑝

2 , 𝑥0} = 0.

(34)

This implies that momenta are constant of motion and that a
generic world line can be written as

𝑥𝑖 − 𝑥𝑖 = ( 𝑝𝑖𝑝0 + 𝜌𝜖𝑖𝑗𝑝𝑗) (𝑥0 − 𝑥0) , (35)

where 𝑝𝜇 is the momentum of the particle and x𝜇 is a point of
the world line.

Of course we shall focus again on the same two massless
particles emitted at Alice already considered in the previous
section. With the choice of coordinates made in this section

one has that Alice’s description of the relevant twoworld lines
is

𝑥𝐴1,𝑠 = 𝑥𝐴0 ,
𝑥𝐴2,𝑠 = 0,
𝑥𝐴1,ℎ = 𝑥𝐴0 ,
𝑥𝐴2,ℎ = −𝜌𝑝0𝑥𝐴0 ,

(36)

where 𝑝0 denotes the energy of the hard particle (𝑝0 ≡ 𝑝0,ℎ)
while in the equation for 𝑥𝐴2,𝑠 we neglected a term going with
the energy of the soft particle (we are assuming again that for
the soft particle the 𝜌-dependent effects will be negligible).
Notice that even though the two particles have 𝑝2,𝑠 = 𝑝2,𝑠 =0, in the coordinatization used in this section one gets that
𝑥2 changes over time (visible in (36) for the hard particle,
neglected for the soft particle). This is just a coordinate
artifact due to the symplectic structure (30), and indeed even
in this coordinatization the particles reach Bob (the observer
already introduced in the previous section, which is purely
translated with respect to Alice along the 𝑥1 direction). In
order to verify this important fact we start by characterizing
the transformation between Alice’s coordinates and Bob
coordinates, using the coordinatization of this section, taking
into account the fact that again the translation parameters
connecting Alice and Bob are 𝑏𝜇 = (𝑏, −𝑏, 0):

𝑥𝐵0 = 𝑥𝐴0 + 𝑏𝜇 {𝑝𝜇, 𝑥𝐴0 } = 𝑥𝐴0 + 𝑏,
𝑥𝐵1 = 𝑥𝐴1 + 𝑏𝜇 {𝑝𝜇, 𝑥𝐴1 } = 𝑥𝐴1 + 𝑏,
𝑥𝐵2 = 𝑥𝐴2 + 𝑏𝜇 {𝑝𝜇, 𝑥𝐴2 } = 𝑥𝐴2 − 𝜌𝑏𝑝𝐴0 .

(37)

Equipped with this one easily arrives at Bob’s of the world
lines of the soft particle and of the hard particle:

𝑥𝐵1,𝑠 = 𝑥𝐵0 ,
𝑥𝐵2,𝑠 = 0,
𝑥𝐵1,ℎ = 𝑥𝐵0 ,
𝑥𝐵2,ℎ = −𝜌𝑝𝐵0,ℎ𝑥𝐵0 .

(38)

This shows that indeed both the soft particle and the hard
particle go through Bob’s spacetime origin. With the “𝜌-
Minkowski coordinates” we are using in this section there
is a coordinate artifact apparently attributing to the particles
a motion also along the 𝑥2 direction, but physically our two
particles just move along the 1 direction and indeed they are
emitted at Alice and they are detected at Bob, with Bob purely
translated with respect to Alice along the 1 direction.

The next step toward our goal of characterizing dual-
curvature lensing with 𝜌-Minkowski coordinates is again
the introduction of observer Camilla, the observer Camilla
which is purely boosted with respect to Bob (and therefore
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obtained fromAlice by performing first a translation and then
a boost):

𝑥𝐶𝜇 = 𝑇𝜉𝑖 (𝑇𝑏𝜇 (𝑥𝐴𝜇 )) = 𝑇𝜉𝑖 (𝑥𝐵𝜇) ,
𝑝𝐶𝜇 = 𝑇𝜉𝑖 (𝑇𝑏𝜇 (𝑝𝐴𝜇 )) = 𝑇𝜉𝑖 (𝑝𝐵𝜇) ,

(39)

where 𝑏𝜇 = (𝑏, −𝑏, 0) and 𝜉𝑖 = (𝜉1, 0).
The transformation laws for momenta between Alice’s

frame and Camilla’s frame, specialized to the case of our
interest, in which the spatial momentum of the particles
does not have a component along the 𝑥2 direction, take the
following form:

𝑝𝐶0 = 𝑝𝐴0 + 𝜉1 {N1, 𝑝𝐴0 } = 𝑝𝐴0 + 𝜉1𝑝𝐴1 ,
𝑝𝐶1 = 𝑝𝐴1 + 𝜉1 {N1, 𝑝𝐴1 } = 𝑝𝐴1 + 𝜉1𝑝𝐴0 ,
𝑝𝐶2 = 𝑝𝐴2 + 𝜉1 {N1, 𝑝𝐴2 } = 𝜉1 (𝜌2 (𝑝

𝐴
1 )2) .

(40)

Then proceeding just with the same steps of derivation
discussed in the previous section one easily arrives at the
description of the world lines according to Camilla:

𝑥𝐶1,𝑠 = 𝑥𝐶0 ,
𝑥𝐶2,𝑠 = 0,
hard 𝑥𝐶1,ℎ = 𝑥𝐶0 ,

𝑥𝐶2,ℎ = −𝜌𝑝𝐶0,ℎ𝑥𝐶0 + 𝜉
1

2 𝜌𝑝
𝐶
0,ℎ𝑥𝐶0 .

(41)

Importantly both the soft particle and the hard particle go
through the spacetime origin of Camilla’s reference frame.

Toward our goal of describing dual-curvature lensing
with 𝜌-Minkowski coordinates, we are left with only the final
step, the one involving the observers 𝐷 and 𝐷. The steps
of derivation are the same as in the previous section. Some
formulas take a different form but the conclusions for the
physical feature of dual-curvature lensing are unchanged.
One easily finds that according to observer𝐷 the world lines
take the form

𝑥𝐷1,𝑠 = 𝑥𝐷0 ,
𝑥𝐷2,𝑠 = 0,
𝑥𝐷1,ℎ = 𝑥𝐷0 ,
𝑥𝐷2,ℎ = −𝜌𝑝𝐷0,ℎ𝑥𝐷0 + 𝜌2 𝜉

1𝑝𝐷0,ℎ𝑥𝐷0 − 𝜌2 𝜉
1𝛿𝑝𝐷0,ℎ,

(42)

which again show that the soft particle goes through the
spacetime origin of observer 𝐷, while the hard particle does
not.

Observer𝐷 describes the same world lines as follows:

𝑥𝐷1,𝑠 = 𝑥𝐷0 ,
𝑥𝐷2,𝑠 = 𝜌

2𝑝
𝐷

0,ℎ𝜉1𝛿,
hard 𝑥𝐷1,ℎ = 𝑥𝐷0 ,

𝑥𝐷2,ℎ = −𝜌𝑝𝐷0,ℎ𝑥𝐷0 + 𝜌2 𝜉
1𝑝𝐷0,ℎ𝑥𝐷0 ,

(43)

which again show that the hard particle goes through the
spacetime origin of observer 𝐷, while the soft particle does
not.

Finally reasoning just as done at the end of the previ-
ous section one finds from these results that the angle 𝜃
characterizing the difference in their observed directions of
propagation is given by

tan 𝜃 ≃ 𝜌
2𝑝
𝐶
0,ℎ𝜉1. (44)

This is the same result found at the end of the previous
section. While some intermediate steps of derivation do
depend on the choice of coordinatization, the result for dual-
curvature lensing is the same independently on whether one
uses “commuting coordinates,” as done in the previous sec-
tion, or “𝜌-Minkowski coordinates,” as done in this section.

5. Closing Remarks

We here made some significant steps toward the under-
standing of dual-curvature lensing, most notably estab-
lished as a truly physical effect. The noncommutative 𝜌-
Minkowski turned out to be ideally suited for investigating
dual-curvature lensing at the classical-mechanics level, and it
should naturally provide a good option for exploring quan-
tummanifestations of dual-curvature lensing, in the sense of
studies of dual-curvature redshift such as the one reported in
[26]. Of course, ultimately the most significant applications
will concern phenomenology. In this respect it is notewor-
thy that for 𝜌-Minkowski we found dual-curvature lensing
amounting to a mismatch of directions given by an angle 𝜃
of order 𝜌𝑝0𝜉, with 𝜌 being the noncommutativity scale, 𝑝0
being the energy difference between the two particles, and 𝜉
being the boost between the (distant) observers at the source
and at the detector. We expect that the quantification of dual-
curvature lensing might be different in different spacetimes,
so, in order to give guidance to the relevant phenomenology,
it would be important to find other quantum spacetimes, in
addition to 𝜌-Minkowski, to be used in the exploration of the
realm of possibilities for dual-curvature lensing.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

References

[1] G.Amelino-Camelia, J. Ellis, N. E.Mavromatos,D.V.Nanopou-
los, and S. Sarkar, “Tests of quantum gravity from observations
of big gamma-ray bursts,” Nature, vol. 393, pp. 763–765, 1998.



8 Advances in High Energy Physics

[2] R. Gambini and J. Pullin, “Nonstandard optics from quantum
space-time,” Physical ReviewD, vol. 59, no. 12, Article ID 124021,
1999.
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In the last decades, noncommutative spacetimes and their deformed relativistic symmetries have usually been studied in the context
of field theory, replacing the ordinaryMinkowski backgroundwith an algebra of noncommutative coordinates. However, spacetime
noncommutativity can also be introduced into single-particle covariant quantum mechanics, replacing the commuting operators
representing the particle’s spacetime coordinateswith noncommuting ones. In this paper, we provide a full characterization of awide
class of physically sensible single-particle noncommutative spacetime models and the associated deformed relativistic symmetries.
In particular, we prove that they can all be obtained from the standardMinkowskimodel and the usual Poincaré transformations via
a suitable change of variables. Contrary to previous studies, we find that spacetime noncommutativity does not affect the dispersion
relation of a relativistic quantum particle, but only the transformation properties of its spacetime coordinates under translations
and Lorentz transformations.

1. Introduction

In recent years, a sizeable literature has been devoted to
exploring the physical consequences of assuming nontrivial
commutation relations among spacetime coordinates. Much-
studied examples include the so-calledΘ-Minkowski [1] and𝜅-Minkowski [2] spacetimes, defined by

[𝑥], 𝑥�휆] = 𝑖ℓ2Θ]�휆, (1)

[𝑥], 𝑥�휆] = 𝑖ℓ (𝑥]𝛿0�휆 − 𝑥�휆𝛿0]) , (2)

respectively. This research program is based on the idea that,
regardless of the specific form a fully-fledged theory of quan-
tum gravity may take, the quantization of the gravitational
field should result in ordinary spacetimemanifolds becoming
some kind of noncommutative manifolds [3].This possibility
is particularly intriguing from a phenomenological point
of view, because it could provide corrections to known
physics before even addressing the problem of quantum
gravity, by merely adapting existing physical theories to the
new noncommutative framework. In particular, ordinary
Poincaré symmetries of flat spacetime could be broken or

deformed by noncommutativity, thereby leading to poten-
tially observable quantum gravity effects even in the absence
of strong gravitational fields [4].

So far, most studies in this field have focused on devel-
oping suitable formal tools to deal with classical or quantum
fields propagating on noncommutative backgrounds [1, 5–7].
In this context, ordinary Lie algebras have proved ill-suited
to deal with deformed spacetime symmetries and have been
replaced by more general structures called Hopf algebras [8].
While this generalization makes sense and is indeed quite
natural at the level of symmetry generators, it leads to puz-
zling results about infinitesimal symmetry transformations,
such as the noncommutativity of transformation parameters
and the impossibility of arbitrarily assigning their values [7].

In this paper, we advocate a completely different point
of view about spacetime noncommutativity, pioneered to
some extent in [9, 10]. We argue that noncommutative
coordinates should be regarded as single-particle operators,
like in standard, nonrelativistic quantum mechanics, rather
than spacetime indices of classical or quantum fields. In this
framework, symmetries are described as automorphisms of
a canonical algebra, like in ordinary quantum mechanics,
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and there is no need for Hopf-algebraic concepts. We study
generic spacetime noncommutativity of the form

[𝑥], 𝑥�휆] = 𝑖ℓΓ]�휆�훼𝑥�훼 + 𝑖ℓ2Θ]�휆 (3)

and provide a full characterization of the corresponding
single-particle quantummodels and the associated deformed
relativistic symmetries. In particular, we prove that they can
all be obtained from the commutativemodel and the standard
Poincaré transformations by means of a suitable change of
variables, thereby finding an explicit expression for the action
of the deformed symmetries on the canonical variables.

Thepaper is structured as follows. In Section 2, we discuss
the physical import of spacetime noncommutativity and state
our fundamental assumption. In Section 3, we quickly review
single-particle covariant quantummechanics [11]. In Sections
4 and 5, we introduce spacetime noncommutativity into this
framework and find all possible deformed Poincaré symme-
tries which preserve the nontrivial commutation relations
among the particle’s coordinates. In Section 6, we discuss the
general features of our models and compare our approach
with the usual one based onHopf algebras. In the last section,
we make some conclusive remarks.

2. Which Noncommutative Coordinates?

In theoretical physics, we can refer to two distinct concepts
when talking about spacetime coordinates. On the one hand,
we can mean arbitrary real functions defined on a spacetime
manifold, like in differential geometry. These coordinates
are just mathematical labels used to distinguish spacetime
points and are not physical observables. A good example
is given by spacetime coordinates in quantum field theory.
In this context, observables are smeared field operators
and coordinates only serve as a means of describing their
relationships and tracing their dynamics. In fact, we canwrite
quantum field theories with respect to arbitrary coordinate
systems by changing variables in the equations of motion.
The same can be said of classical general relativity, where
the equations of motion are even covariant under general
coordinate transformations. Let us call this first kind of
coordinates “background coordinates.” On the other hand,
we can refer to the observable spacetime position of some
actual event with respect to some physical reference frame. In
this case, coordinates are genuine dynamical quantitieswhose
values can be theoretically computed and experimentally
measured. A good example is given by the inertial Cartesian
spatial coordinates of a point particle at time 𝑡0 in nonrela-
tivistic quantum mechanics. It is clear that formal changes of
variables can have no effects on such objects. Let us call this
second kind of coordinates “particle coordinates.”

Schrödinger quantum field theory, that is, second-
quantized nonrelativistic quantum mechanics, provides us
with an explicit expression of inertial particle spatial coor-
dinates 𝑥�푖 at time 𝑡0 in terms of inertial background spatial
coordinates 𝑧�푖, thereby making manifest the deep conceptual

difference between the two. Let a quantum field �̂�(𝑧, 𝑡) be a
solution of the Schrödinger equation:

𝑖ℏ𝜕�푡�̂� (𝑧, 𝑡) = (− ℏ22𝑚∇2�푧 + 𝑉 (𝑧, 𝑡)) �̂� (𝑧, 𝑡) , (4)

and let H1 be the Hilbert space of one-particle states |1; 𝛼⟩,
defined by

�̂� |1; 𝛼⟩ = ∫ �̂� (𝑧, 𝑡)† �̂� (𝑧, 𝑡) 𝑑3𝑧 |1; 𝛼⟩ = |1; 𝛼⟩ . (5)

Then it is easy to verify that the observable

𝑥�푖 (𝑡0) = ∫ 𝑧�푖�̂� (𝑧, 𝑡0)† �̂� (𝑧, 𝑡0) 𝑑3𝑧, (6)

when restricted to H1, is the 𝑖th particle coordinate at
time 𝑡0 of standard Heisenberg quantum mechanics. In this
simple example, we clearly see that particle coordinates, being
smeared field operators, are genuine observables, whereas
background coordinates are mathematical labels devoid of
direct physical meaning. In particular, we could write the
theory in any background coordinate system and get back the
same observable 𝑥�푖(𝑡0) by changing variables in the integral.

In the last decades, noncommutative spacetime coordi-
nates have been proposed as an effective way of taking into
account some quantum properties of the gravitational field
without having to solve the full quantum gravity problem.
The naı̈ve idea is that, even when gravitational dynamics can
be neglected and spacetime is Minkowski at large scales, the
mere quantization of the gravitational degrees of freedom
should result in spacetime points becoming fuzzy at scales of
the order of the Planck length

𝐿�푃 = √ℏ𝐺𝑐3 , (7)

in the same way as the mere quantization of single-particle
degrees of freedom 𝑞 and 𝑝 results in phase space points
becoming fuzzy at scales of the order of the Planck constant ℎ.
Drawing on this analogy, it is then natural to effectivelymodel
spacetime fuzziness through the introduction of nontrivial
commutation relations among spacetime coordinates. In the
light of our previous discussion, however, it is important to
ask whether we are talking about background coordinates or
particle coordinates. In order to make the vague suggestion
of spacetime noncommutativity into a workable physical
hypothesis, we must first of all give a definite answer to this
question.

Most papers about noncommutative spacetime physics
are based on the assumption of noncommutative background
coordinates [1, 5–7]. In these studies, classical or quantum
field theories are defined and characterized after replacing
the ordinary Minkowski background with some noncom-
mutative algebra of coordinates. Unlike nontrivial commu-
tation properties of quantum observables, which reflect the
incompatibility of the corresponding physical quantities, this
kind of background noncommutativity does not admit a
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straightforward physical interpretation and appears therefore
somewhat removed from the näıve intuition described above.
Of course there are good reasons to explore this scenario, such
as its actual relevance in 3D quantum gravity [12], but we
feel that the alternative point of view has not been sufficiently
worked out for all its intuitive appeal and direct applicability
to phenomenology.

In this paper, we will therefore assume that spacetime
noncommutativity is a property of particle coordinates. The
obvious analogy with nonrelativistic quantum mechanics
and the well-established physical interpretation of non-
commuting quantum observables make this, in our view,
the most natural and straightforward assumption. Adopting
this perspective, we will study the deformation of Poincaré
symmetries induced by spacetime noncommutativity and
eventually provide a full characterization of the resulting
covariant quantum models.

3. Covariant Quantum Mechanics

In order to introduce spacetime noncommutativity into a
single-particle quantum model, we must first of all address
one fundamental problem. In the standard formulation of
quantum mechanics, time is a classical evolution parameter.
In particular, it is not an observable of the theory and it does
not make mathematical nor physical sense to consider its
commutation relations with the particle spatial coordinates.
This serious obstruction undermined most attempts at mod-
elling spacetime noncommutativity from a single-particle
point of view and provided a strong reason for focusing on
field theory and noncommutative background coordinates.

In the last decades, however, a covariant formulation of
quantum mechanics has been developed which puts time
and particle spatial coordinates on the same footing [11].
In this context, the extended phase space of the particle,
including time 𝑥0 and its conjugate momentum −𝑝0, is
quantized and canonical coordinates (𝑝�휇, 𝑥]) become self-
adjoint operators (𝑝�휇, 𝑥]) on a kinematical Hilbert space K
satisfying canonical commutation relations:

[𝑝�휇, 𝑝�휏] = 0, (8)

[𝑝�휇, 𝑥]] = 𝑖ℏ𝛿�휇], (9)

[𝑥], 𝑥�휆] = 0. (10)

Starting fromK and the extended canonical algebraV gen-
erated by 𝑝�휇 and 𝑥], standard Heisenberg quantum mechan-
ics is then recovered specifying a self-adjoint Hamiltonian
constraint𝐻(𝑝�훼, 𝑥�훼) ∈ V. In particular, the physical Hilbert
space P is given by the (improper) kernel of 𝐻 equipped
with a suitably modified scalar product, while the usual
algebra of Heisenberg observables is identified requiring that
it commutes with𝐻. The special constraint

𝐻�푛�푟 (𝑝�훼, 𝑥�훼) = 𝑝0 − 𝐻0 (𝑝�푘, 𝑥�푘) (11)

reproduces standard nonrelativistic quantummechanics with
Hamiltonian 𝐻0, but the covariant formalism is obviously

more powerful. For example, the dynamics of a free relativis-
tic scalar particle of mass 𝑚 is described by the quadratic
constraint

𝐻�푟 (𝑝�훼, 𝑥�훼) = 𝑝�훼𝑝�훼 − 𝑚2𝑐4. (12)

Since both time and particle spatial coordinates are
represented by self-adjoint operators at the kinematical level,
covariant quantummechanics is the ideal tool for introducing
arbitrary commutation relations among spacetime coordi-
nates into a single-particle setting. It is sufficient to replace the
trivial commutation rules (10) with more general ones. This
realization, in the special case of 𝜅-Minkowski spacetime,
was the main ingredient of a pioneering but somewhat
underappreciated work by Amelino-Camelia et al. [9] and is
in fact the starting point of the present paper. In the following,
as anticipated in the introduction, wewill study commutation
rules of the form

[𝑥], 𝑥�휆] = 𝑖ℓΓ]�휆�훼𝑥�훼 + 𝑖ℓ2Θ]�휆, (13)

where ℓ is a fundamental length of the order of the Planck
scale, while Γ]�휆�훼 andΘ]�휆 are constant dimensionlessmatrices
antisymmetric in the indices ] and 𝜆. These are the most
general commutation relations which trivialize in the limitℓ → 0 and are analytic in both the spacetime coordinates 𝑥]
and the deformation parameter ℓ. They include the popularΘ-Minkowski (1) and 𝜅-Minkowski (2) as particular cases.

4. Deformed Canonical Algebra

First of all, we must redefine the extended canonical algebra
in the noncommutative models. Taking the canonical com-
mutation relations (8)–(10) and replacing (10) with (13), we
obtain

[𝑝�휇, 𝑝�휏] = 0, (14)

[𝑝�휇, 𝑥]] = 𝑖ℏ𝛿�휇], (15)

[𝑥], 𝑥�휆] = 𝑖ℓΓ]�휆�훼𝑥�훼 + 𝑖ℓ2Θ]�휆. (16)

These commutation rules are not consistent in general,
because the Jacobi identities for 𝑝�휇, 𝑥], and 𝑥�휆 are violated.
To take care of this problem, we allow for a momentum-
dependent deformation of the Heisenberg relations (15) and
write

[𝑝�휇, 𝑝�휏] = 0, (17)

[𝑝�휇, 𝑥]] = 𝑖ℏ[Δ (ℓ𝑝)]�휇], (18)

[𝑥], 𝑥�휆] = 𝑖ℓΓ]�휆�훼𝑥�훼 + 𝑖ℓ2Θ]�휆. (19)

A priori, the dimensionless matrix Δ �휇] could also depend
on ℓ−1𝑥], but we are ruling out this possibility in order
to avoid nonanalyticity in either the spacetime coordinates𝑥] or the deformation parameter ℓ. We are also leaving
(17) undeformed because we are assuming that gravity is
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negligible and spacetime is flat. In order for (17)–(19) to be
consistent and reduce to (8)–(10) in the commutative limit,Δ �휇] must satisfy [Δ(0)]�휇] = 𝛿�휇] and

ℓΓ]�휆�훼Δ �휇�훼 + ℏΔ �훼]𝜕�훼Δ �휇�휆 − ℏΔ �훼�휆𝜕�훼Δ �휇] = 0, (20)

where we have set 𝜕�훼 = 𝜕/𝜕𝑝�훼. Since these conditions
do not determine Δ �휇] uniquely, we must conclude that
the modified commutation relations (13) are not sufficient
to fully characterize spacetime noncommutativity in our
covariant single-particle setting, but must be complemented
by a compatible deformation of the Heisenberg relations.
It is worth explicitly pointing out that different choices ofΔ �휇] are not physically equivalent, because they determine
different uncertainty relations between particle coordinates
and momenta.

Assuming that Δ �휇] is an invertible matrix, we can define
a set of deformed self-adjoint coordinates 𝑞] as
𝑞] = 12 {[𝑥�훼 − ℓΣ�훼 (ℓ𝑝)] [Δ−1 (ℓ𝑝)]�훼] + h.c.}

= 𝑥�훼[Δ−1 (ℓ𝑝)]
�훼

] + 12 𝑖ℏ[Δ (ℓ𝑝)]�훾�훼𝜕�훾[Δ−1 (ℓ𝑝)]�훼]
− ℓΣ�훼 (ℓ𝑝) [Δ−1 (ℓ𝑝)]

�훼

]

= [𝑥�훼 − ℓΣ�훼 (ℓ𝑝) − 𝑖ℓΩ�훼 (ℓ𝑝)] [Δ−1 (ℓ𝑝)]
�훼

],

(21)

where Σ�훼 is a still unspecified vector depending on the
momenta and we have introduced the shorthand notation

Ω�훼 (ℓ𝑝) = ℏ2ℓ𝜕�훾[Δ (ℓ𝑝)]�훾�훼. (22)

Inverting the previous relations, we can express 𝑥] as func-
tions of 𝑞] and 𝑝�휇:

𝑥] = 12 {𝑞�훼[Δ (ℓ𝑝)]�훼] + ℓΣ] (ℓ𝑝) + h.c.}
= 𝑞�훼[Δ (ℓ𝑝)]�훼] + ℓΣ] (ℓ𝑝) + 𝑖ℓΩ] (ℓ𝑝) .

(23)

This change of variables is useful because we canmake𝑝�휇 and𝑞] satisfy canonical commutation relations by appropriately
choosing Σ�훼. In fact, computing the relevant commutators,
we find

[𝑝�휇, 𝑞]] = 𝑖ℏ𝛿�휇], (24)

irrespectively of Σ�훼, and
[𝑞], 𝑞�휆] = 12 {(Δ−1)�훼](Δ−1)�훽�휆 [(𝑖ℓΓ�훼�훽�훾Δ �휇�훾
+ 𝑖ℏΔ �훾�훼𝜕�훾Δ �휇�훽 − 𝑖ℏΔ �훾�훽𝜕�훾Δ �휇�훼) 𝑞�휇 + (𝑖ℏℓΔ �훾�훼𝜕�훾Σ�훽
− 𝑖ℏℓΔ �훾�훽𝜕�훾Σ�훼 + 𝑖ℓ2Γ�훼�훽�훾Σ�훾 + 𝑖ℓ2Θ�훼�훽)] + h.c.} .

(25)

The first term in square brackets vanishes because of the
identities (20), and the second can be put to zero by choosingΣ�훼 such that

𝑖ℏΔ �훾�훼𝜕�훾Σ�훽 − 𝑖ℏΔ �훾�훽𝜕�훾Σ�훼 + 𝑖ℓΓ�훼�훽�훾Σ�훾 + 𝑖ℓΘ�훼�훽 = 0. (26)

Therefore, we can describe our deformed canonical algebra(𝑝�휇, 𝑥]) as just a standard canonical algebra (𝑝�휇, 𝑞]) equipped
with momentum-dependent functions Δ �휇] and Σ�훼 satisfying
(20) and (26), respectively. Noncommutative coordinates 𝑥]
are then given by (23). This description of (𝑝�휇, 𝑥]) is a
generalization of the concept of pregeometric representation
introduced and developed in [5] and [9], respectively. Since
conditions (26) are not sufficient to univocally determine Σ�훼,
different choices ofΣ�훼 are associatedwith different, physically
equivalent representations of the deformed canonical algebra.
Commutative coordinates 𝑞]Σ and 𝑞]Σ+�훿Σ corresponding to
representations Σ�훼 and Σ�훼 + 𝛿Σ�훼 via (21) are related by

𝑞]Σ+�훿Σ = 𝑞]Σ − ℓ𝛿Σ�훼[Δ−1]�훼]. (27)

5. Deformed Poincaré Symmetries

Weare now ready to discuss deformed relativistic symmetries
in our single-particle framework. In covariant quantum
mechanics, continuous groups of kinematical symmetries
are described by continuous groups of automorphisms of
the extended canonical algebra V. Such transformations
can always be unitarily implemented on K and are fully
characterized by a set of self-adjoint generators 𝑔�푖 ∈ V. Kine-
matical symmetries which leave invariant the Hamiltonian
constraint𝐻 are automatically automorphisms of the algebra
of Heisenberg observables and can therefore be identified
as actual physical symmetries like in ordinary quantum
mechanics. A Poincaré transformation (Λ, 𝑎), for example, is
described by the following map:

𝑥] → Λ]
�훼𝑥�훼 + 𝑎], (28)

𝑝�휇 → Λ �휇�훽𝑝�훽, (29)

which obviously preserves canonical commutation relations
(8)–(10). This group of automorphisms is generated by the
self-adjoint operators 𝑝�휇 and �̂��휌�휎, where

�̂��휌�휎 = 𝑥�휌𝑝�휎 − 𝑥�휎𝑝�휌. (30)

If we impose the Poincaré-invariant constraint 𝐻�푟 given
in (12), 𝑝�휇 and �̂��휌�휎 become constants of motion and the
resulting model, describing a free relativistic scalar particle,
is Poincaré-symmetric.

When we introduce spacetime noncommutativity,
Poincaré transformations are not kinematical symmetries
anymore. In fact, the modified commutation rules (13) are
not preserved in general by the action (28)-(29). There are
two alternative attitudes we can take towards this breaking
of standard relativistic symmetries. On the one hand,
we can view it as evidence of the failure of the relativity
principle and the existence of preferred reference frames.
On the other hand, we can just take it as an indication
that ordinary Poincaré transformations are inadequate to
describe relativistic symmetries in this regime and must be
deformed to accommodate the new fundamental scale ℓ, in
the same way as Galileo transformations had to be deformed
to accommodate the universal speed constant 𝑐. We adopt
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this second perspective, usually referred to as DSR in the
literature [13], and assume that our noncommutative models
admit deformed relativistic symmetries which reduce to
Poincaré transformations in the limit ℓ → 0.

A priori, the kinematical symmetry group could be dis-
continuous in the presence of spacetime noncommutativity.
If this were the case, though, we could not even speak of
symmetry generators and the commutative limit would be
exceedingly singular to be dealt with. Therefore, we will rule
out this possibility and assume that deformed relativistic
symmetries are described by a 10-dimensional Lie group of
automorphisms of the deformed canonical algebra (17)–(19),
like in the commutative case. Even requiring that these
transformations reduce to standard Poincaré symmetries in
the limit ℓ → 0, the problem is obviously underconstrained
andwe expect to findmanypossible deformations of the usual
relativistic symmetries for any given noncommutative single-
particle model (17)–(19). Our aim is to characterize as sharply
as we can these possibilities.

First of all, we observe that deformed translationsmust be
generated by 𝑝�휇, because momenta are physically defined as
the generators of spacetime translations. Let us then denote
the deformed Lorentz generators with �̂��휌�휎, like in the com-
mutative case. The deformed symmetry algebra generated by
(𝑝�휇, �̂��휌�휎) must contract to the Poincaré algebra in the limitℓ → 0. However, it is a well-known result by Levy-Nahas
[14] that the only Lie algebra deformations of the Poincaré
algebra are the de Sitter and anti-de Sitter algebras. Since we
are assuming that spacetime is flat, we can conclude that 𝑝�휇
and �̂��휌�휎 must satisfy their usual commutation relations, that
is,

[𝑝�휇, 𝑝�휏] = 0, (31)

[𝑝�휇, �̂��휌�휎] = 𝑖ℏ (𝑔�휌�휇𝑝�휎 − 𝑔�휇�휎𝑝�휌) , (32)

[�̂��휇], �̂��휌�휎]
= 𝑖ℏ (𝑔�휌]�̂��휇�휎 − 𝑔�휇�휌�̂�]�휎 + 𝑔�휎]�̂��휌�휇 − 𝑔�휇�휎�̂��휌]) , (33)

even in the noncommutative case. This means that deformed
Poincaré symmetries have their usual action (29) on
momenta, with the deformation only affecting the transfor-
mation (28) of spacetime coordinates.

To complete our analysis, it is convenient to choose
a representation Σ�훼 and express �̂��휌�휎 as functions of the
canonical variables (𝑝�휇, 𝑞]Σ). It now follows from (32) that �̂��휌�휎
must be linear in 𝑞]Σ, so that we can generically write

�̂��휌�휎 = [𝑞Σ�휌 + ℓΦ�휌 (ℓ𝑝)] 𝑝�휎 − [𝑞Σ�휎 + ℓΦ�휎 (ℓ𝑝)] 𝑝�휌. (34)

Requiring that �̂��휌�휎 satisfy the last commutation rules (33), we
obtain the following conditions on Φ�휌:

𝑔�휎�훾𝜕�훾Φ�휌 − 𝑔�휌�훾𝜕�훾Φ�휎 = 0. (35)

If we make the substitution

Φ�휌 = 𝛿Σ�훼(Δ−1)
�훼

�휌, (36)

a tedious but straightforward calculation shows that Φ�휌
satisfy (35) if and only if 𝛿Σ�훼 satisfy the homogeneous version
of (26). As a consequence, Σ�훼 = Σ�훼 − 𝛿Σ�훼 defines another
representation of the deformed canonical algebra. Writing�̂��휌�휎 in terms of the canonical variables (𝑝�휇, 𝑞]Σ), we obtain
at last

�̂��휌�휎 = 𝑞Σ�휌𝑝�휎 − 𝑞Σ�휎𝑝�휌. (37)

In other words, we have proved that it is always possible
to find a unique set of commutative coordinates 𝑞]

Σ
which

transform like standard 4-vectors under the action of the
deformed Lorentz symmetries. This means that the corre-
sponding representation Σ�훼 univocally determines the action
of the deformed Lorentz transformations on the deformed
canonical algebra and is therefore physically distinguished
from the others.

We can finally provide a complete and very compact
characterization of all possible single-particle quantummod-
els of spacetime noncommutativity (13) and their deformed
relativistic symmetries.They are all obtained from a standard
canonical algebra (𝑝�휇, 𝑞]) by specifying an invertible matrix[Δ(ℓ𝑝)]�휇] and a vector Σ�훼(ℓ𝑝) satisfying (20), (26), and
the boundary conditions [Δ(0)]�휇] = 𝛿�휇]. Noncommutative
spacetime coordinates 𝑥] are defined via (23) and the action
of deformed relativistic symmetries (Λ, 𝑎) is given by the ordi-
nary Poincaré action on the standard canonical coordinates(𝑝�휇, 𝑞]):

𝑞] → Λ]
�훼𝑞�훼 + 𝑎],

𝑝�휇 → Λ �휇�훽𝑝�훽. (38)

This results in a deformed action on the spacetime coordi-
nates 𝑥], given by

𝑥] → 𝑥�훾[Δ−1 (ℓ𝑝)]
�훾

�훽Λ�훼�훽[Δ (ℓΛ𝑝)]�훼]
+ 𝑎�훼[Δ (ℓΛ𝑝)]�훼] + ℓ [Σ] (ℓΛ𝑝) + 𝑖Ω] (ℓΛ𝑝)]
− ℓ [Σ�훾 (ℓ𝑝) + 𝑖Ω�훾 (ℓ𝑝)]
⋅ [Δ−1 (ℓ𝑝)]

�훾

�훽Λ�훼�훽[Δ (ℓΛ𝑝)]�훼].
(39)

The deformed symmetry group is generated by the momenta𝑝�휇 and the self-adjoint operators

�̂��휌�휎 = 𝑞�휌𝑝�휎 − 𝑞�휎𝑝�휌, (40)

and the corresponding infinitesimal variations of the coordi-
nates 𝑥] are given by

𝛿�휀𝑥] = 1𝑖ℏ𝜀�휇 [𝑝�휇, 𝑥]] = 𝜀�휇[Δ (ℓ𝑝)]�휇],
𝛿�휑𝑥] = 1𝑖ℏ𝜑�휌�휎 [�̂��휌�휎, 𝑥]]



6 Advances in High Energy Physics

= 2𝜑�휌�휎 {𝑥�훾[Δ−1 (ℓ𝑝)]
�훾

�훼 (𝑔�훼[�휌[Δ (ℓ𝑝)]�휎]]
+ 𝑝[�휌𝜕�휎][Δ (ℓ𝑝)]�훼]) − ℓ [Σ�훾 (ℓ𝑝) + 𝑖Ω�훾 (ℓ𝑝)]
⋅ [Δ−1 (ℓ𝑝)]

�훾

�훼 (𝑔�훼[�휌[Δ (ℓ𝑝)]�휎]]
+ 𝑝[�휌𝜕�휎][Δ (ℓ𝑝)]�훼]) + ℓ𝑝[�휌𝜕�휎] [Σ] (ℓ𝑝)
+ 𝑖Ω] (ℓ𝑝)]} ,

(41)

where little square brackets denote antisymmetrization.
In order to obtain a complete covariant quantum model,

we must still specify a Hamiltonian constraint which is
invariant under deformed Poincaré symmetries and reduces
to the usual one in the commutative limit. In the light of
our previous findings, however, the problem is trivial. In fact,
since momenta have their usual transformation properties,
the undeformed relativistic constraint (12) is invariant under
deformed symmetries and is therefore the only natural
choice.

6. Discussion and Comparison with
Other Approaches

Having obtained a precise characterization of all possible
single-particle quantum models of spacetime noncommu-
tativity (13), we can now discuss their general features and
comment on other approaches.

Our main result is that spacetime noncommutativity has
the only effect of deforming the relation between the particle
spacetime coordinates𝑥] and the conjugate variables 𝑞] of the
corresponding momenta, replacing the simple identification

𝑥] = 𝑞] (42)

with the general momentum-dependent formula

𝑥] = 12 {𝑞�훼[Δ (ℓ𝑝)]�훼] + ℓΣ] (ℓ𝑝) + h.c.} . (43)

In particular, the momentum space of our models is not
affected by the noncommutativity and the dispersion relation
is undeformed. This negative result is quite relevant from a
phenomenological point of view, because modified relativis-
tic dispersion relations have been the main target of recent
searches for observable quantum gravity effects [4]. It is also
at odds with what was proposed for 𝜅-Minkowski in the
pioneering papers [9, 10], which actuallymotivated our study.
On the positive side, our models exhibit deformed Heisen-
berg relations, that is, nontrivialΔ �휇], whenever Γ]�휆�훼 ̸= 0.This
deformation generally affects the translation properties of
both the particle’s physical position and the associated quan-
tum uncertainty. We expect the resulting effects to include
features of relative locality [15] such as those reported in
[10, 16], which could provide interesting targets for quantum
gravity phenomenology. Even when Γ]�휆�훼 = 0, the deformed
commutation rules among �̂��휌�휎 and 𝑥] should give rise

to relative locality effects under Lorentz transformations.
Since our framework allows for physical amplitudes to be
computed at any order in the deformation parameter ℓ, this
phenomenology can be quantitatively characterized beyond
the previous qualitative remarks.We postpone such a detailed
analysis to a forthcoming study.

As discussed in the first section, spacetime noncom-
mutativity is usually introduced in a field-theoretical set-
ting, replacing the usual Minkowski background with a
noncommutative algebra of coordinates. In this context,
continuous groups of kinematical symmetries are described
by continuous groups of diffeomorphisms of the background
manifold, which are generated by a set of derivation operators
acting on the spacetime coordinates. Poincaré transforma-
tions (Λ, 𝑎), for example, are described by the background
diffeomorphisms

𝑥] → Λ]
�훼𝑥�훼 + 𝑎], (44)

which are generated by the differential operators

𝑃�휇 = 𝑖ℏ 𝜕𝜕𝑥�휇 ,
𝑀�휌�휎 = 𝑖ℏ (𝑥�휌 𝜕𝜕𝑥�휎 − 𝑥�휎 𝜕𝜕𝑥�휌) .

(45)

In order to fully characterize this symmetry group, it is
sufficient to specify the action of the generators on the
coordinate basis 𝑥]:

𝑃�휇 ⊳ 𝑥] = 𝑖ℏ𝛿�휇],
𝑀�휌�휎 ⊳ 𝑥] = 𝑖ℏ (𝑥�휌𝛿�휎] − 𝑥�휎𝛿�휌]) , (46)

and require that

𝑃�휇 ⊳ 𝑧 = 0,
𝑀�휌�휎 ⊳ 𝑧 = 0, (47)

for every 𝑧 ∈ C. In fact, the action of the generators on
arbitrary analytic functions of 𝑥] can then be computed by
repeated application of the Leibniz rules

𝑃�휇 ⊳ 𝑓 (𝑥) 𝑔 (𝑥)
= [𝑃�휇 ⊳ 𝑓 (𝑥)] 𝑔 (𝑥) + 𝑓 (𝑥) [𝑃�휇 ⊳ 𝑔 (𝑥)] ,

𝑀�휌�휎 ⊳ 𝑓 (𝑥) 𝑔 (𝑥)
= [𝑀�휌�휎 ⊳ 𝑓 (𝑥)] 𝑔 (𝑥) + 𝑓 (𝑥) [𝑀�휌�휎 ⊳ 𝑔 (𝑥)] .

(48)

This minimal characterization of symmetries is purely alge-
braic and could in principle make sense even in the non-
commutative case, where the standard notion of derivation
is not available. However, in order to preserve the nontrivial
commutation relations among spacetime coordinates, one
cannot proceed as we have done before and deform the
action of the generators. In fact, we have proved in our
single-particle setting that all possible deformations of this
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kind must mix particle coordinates and momenta. Since they
do not admit a restriction to real space, they cannot be
implemented in a field-theoretical context, where there are no
particle momenta and the algebra of background coordinates
must be mapped onto itself. The only possibility is then to
deform the Leibniz rule, turning the ordinary Lie algebra
of generators into a Hopf algebra with nontrivial coproduct
[8]. This modification is the reason why it is necessary to
introduce noncommutative transformation parameters [7].
The nontrivial coproduct can also affect the commutation
properties of symmetry generators and thus lead to deformed
relativistic wave equations and dispersion relations. In the
special case of 𝜅-Minkowski, for instance, a popular choice
of the coproduct [2] induces nonlinear commutation rules
among momenta and boost generators and consequently
determines a deformed Casimir operator. This description of
the 𝜅-Poincaré Hopf algebra is actually the starting point of
our main reference [9] and the source of our disagreement.

All the difference between our treatment and the usual
approach can be traced back to our assumption that deformed
Poincaré symmetries are standard quantum symmetries
described by a Lie algebra of generators.Without this hypoth-
esis, we would have obtained a much wider class of models,
including those explored in the seminal works [9, 10], and we
too would probably have relied on Hopf-algebraic consider-
ations to identify the relevant ones. A general classification
of this kind is actually available in the literature. In a recent
paper [17], a variety of noncommutative spacetimes and the
corresponding Hopf symmetries have been characterized in
terms of nonlinear realizations of the Heisenberg algebra.
Even if the authors adopt a field-theoretical point of view
based on Hopf algebras, it is straightforward to recast their
results in our single-particle framework and obtain a formal
generalization of our models.

The problem with these generalized models is that their
symmetry generators do not admit a clear physical inter-
pretation. In fact, nonlinear commutation relations among
the generators, as found in [9], cannot hold if the group
of finite symmetry transformations is continuous. But if it
was discontinuous, then there would be no well-defined
infinitesimal transformations to begin with, and symmetry
generators would lose their usual physical meaning. By
assuming standard quantum symmetries, we found all covari-
ant single-particle models which are not affected by such
interpretive difficulties and can directly provide interesting
phenomenology. Our approach has the additional advantage
of being entirely independent of Hopf-algebraic concepts,
thereby avoiding all the problems associated with noncom-
mutative transformation parameters.

7. Conclusions and Outlook

For various reasons, not least because of the problem of
time in standard quantum mechanics, spacetime noncom-
mutativity has so far mostly been studied from a field-
theoretical point of view, replacing Minkowski spacetime
with some noncommutative algebra of background coordi-
nates. In this paper, inspired by the pioneering works [9,
10], we advocated and explored the alternative approach of

introducing nontrivial commutation relations among particle
coordinates into covariant quantum mechanics, providing
a full characterization of deformed relativistic symmetries
in this framework. In particular, assuming that deformed
symmetries admit a standard Lie-algebraic description, we
proved that they are just ordinary Poincaré transformations
acting on some undeformed canonical variables 𝑝�휇 and𝑞](𝑝�휇, 𝑥]). This means that momenta retain their usual
transformation properties and the Hamiltonian constraint,
that is, the relativistic dispersion relation, is undeformed.
Spacetime noncommutativity only affects the transformation
properties of spacetime coordinates𝑥] under translations and
Lorentz transformations.

A notable feature of our models is the possibility of
computing physical amplitudes at any order in the defor-
mation parameter ℓ. This means that their phenomenology
can be quantitatively explored along the lines of [10]. We
have postponed a detailed phenomenological analysis to a
forthcoming study.

In this paper, we have considered for simplicity momen-
tum-independent deformation matrices Γ]�휆�훼 and Θ]�휆, but
our analysis also applies with little changes to momentum-
dependent commutation relations

[𝑥], 𝑥�휆]
= 12 𝑖 (ℓ[Γ (ℓ𝑝)]]�휆�훼𝑥�훼 + ℓ2 [Θ (ℓ𝑝)]]�휆 + h.c.) . (49)

Therefore, our results can be readily extended to include
the much-studied Snyder noncommutative spacetime [18]
and similar examples. A further generalization to curved
noncommutative spacetimes would be very interesting from
a phenomenological point of view, but it is beyond the reach
of our framework at the present stage of development. Before
attempting to deal with curved noncommutative spacetimes,
it is necessary to better understand the physics of covariant
quantum mechanics on ordinary curved spacetimes.

Being independent of Hopf-algebraic concepts, our
approach could shed some light on the nature of the puz-
zling noncommutative transformation parameters associated
with Hopf symmetry generators. In the simple case of 𝜅-
Minkowski, it is actually possible to express these objects in
terms of single-particle momenta [9]. Our framework could
be used to find such a representation for generic spacetime
noncommutativity.
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