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System complexity depends on the number of design param-
eters in a system as well as the dynamic characteristics of
design parameters in the time domain. Complex systems
are generally featured as a large number of design param-
eters, residential dynamic environments, strongly coupled
system behaviors, and the needs of multiple design criteria.
Modern systems are becoming more and more complex due
to numerous factors such as the involvement of multidis-
ciplinary behaviors, increasing functionalities and compo-
nents, growing amount of information associated with system
interactions, and the uncertainties and changes involved in
systems.

Multidisciplinary design optimization (MDO) is essential
to the design and operation of a complex system. MDO takes
into consideration all relevant disciplines simultaneously to
find the global optimum which is superior to a solution from
a sequence of local optimizations in individual disciplines.
MDO has been successfully applied in the designs of many
complex systems such as aircrafts, automobiles, shipbuilding,
computers, and civic infrastructures. However, a simultane-
ous consideration of multiple disciplines increases the com-
plexity of design problems, and the products or systems in
future tend to be even complicated. Continuing research and
development efforts are in demand to advance the theories
and methodologies of MDO. This special issue is dedicated
to the recent progresses on theories, methodologies, and
applications of MDO. The paper solicitation has received
numerous responses from the researchers in the field, and,

through a rigorous peer-review process, 13 papers have been
accepted to represent the recent advancement of design
theories, methodologies, and case studies related to MDO.
These papers can be roughly classified into two catalogues:
solving strategies and applications.

R. A. Borges et al. discussed the formulation and solu-
tion of a system optimization using heuristic methods.
Three bioinspired algorithms (Bees Colony algorithm, Firefly
Colony algorithm, and Fish Swarm algorithm) are applied
and compared to maximize the suppression bandwidth of
a nonlinear damped system. MDO involves multiple design
criteria, and two alternative ways to deal with the confliction
of objectives in linear programming are Pareto set and Data
Envelopment Analysis (DEA). M. Li provided a new repre-
sentation of the Pareto set, which is generic to optimization
problems with multi-design criteria. This representation was
applied in Data Envelopment Analysis (DEA) models which
simplified the derivation and acquisition of the properties
associated with the Pareto set. . W. Wang et al. presented
a new algorithm with an integration of the Particle Swarm
Optimization and predatory search strategy. The new algo-
rithm was compared with others and showed its advantages
in tackling the balance of exploitation and exploration in
optimization. The heuristic algorithms can generally deal
with any optimization problems; however, they have the
limitations of inconsistency and low convergence rate; in
particular, it is challenging to be applied in an optimization
with expensive fitness functions. A surrogate model can be



integrated to alleviate these limitations. T. Kunakote and
S. Bureerat proposed to integrate the Pareto evolutionary
algorithm with several surrogate models. Different integra-
tion scenarios were considered for eight structural design
problems. Computation and time are the critical measures for
the efficiency of optimization methodologies. Time relates to
the number of iterations in the solving process. E. Devendorf
and K. Lewis discussed the estimation of the number of
iterations for distributed design processes; the game theory
is integrated with the conventional discrete system theory for
approximation.

B. Li et al. developed a methodology to design stiffened
plate structures using evolutionary algorithms. X. Liang et
al. investigated the effect of shock wave on a plate and
associated fluid-structure interaction and thickness effects.
An analytical approach was proposed for the transient anal-
ysis of a homogenous rectangular plate; the Mindlin plate
theory and the Navier solution were integrated with Laplace
inversion technique. W. Huang and S. K. Oh proposed
the new fuzzy inference systems based on a multiobjec-
tive opposition-based space search algorithm (MOSSA); the
developed systems are used for system identification to
enhance the flexibility of fuzzy models. The MOSSA is a
space search algorithm with an opposition-based learning
method; this new method employs an “opposite numbers”
mechanism to accelerate the convergence in optimization.
T. Yifei et al. formulated an energy model of bridge cranes,
and the Finite Element Method was used for the structure-
level optimization. Time dependence is an important issue
in the design optimization. K. Meruva et al. tackled the
formulation of optimization with a consideration of the
fatigue life, and solved the design problem with an integration
of analytical models and numerical approaches. This work
has its significance at both aspects of design and optimization
of components and large scale complex system. C. Liu et
al. designed a new variable reluctance (VR) resolver for
the angle measurement. The models for the structure and
output voltages of signal windings are formulated, and Finite
Element Analysis (FEA) was applied to predict the machine
performance. In optimizing a planetary gear system, Q.
Huang et al. proposed a dynamic model, which took into
account time-varying mesh stiffness, excitation fluctuation,
and gear backlash nonlinearities. The developed nonlin-
ear differential equations were solved by variable step-size
Runge-Kutta algorithm, and an optimization model was
developed to minimize the system vibration. V. V. Kumar
et al. discussed the support of the optimization involved in
design of fixtures and product lines; they presented a web-
based framework to perform fixture design and assembly
line production concurrently. The framework was capable
of dealing with the spatial and generational varieties, and
computer-assisted tools were embedded to select suppliers
and optimize fixtures.

We wish the collected works are helpful to the readers
in the field of MDO. Due to the time constraint, we are not
able to include more papers covering other important issues
such as the formulation of complex optimization systems and
the MDO applications in large-scale systems. Readers are
encouraged to submit their new contributions to this journal.
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The present work focuses on the optimal design of nonlinear mechanical systems by using heuristic optimization methods. In this
context, the nonlinear optimization problem is devoted to a two-degree-of-freedom nonlinear damped system, constituted of a
primary mass attached to the ground by a linear spring and a secondary mass attached to the primary system by a nonlinear spring.
This arrangement forms a nonlinear dynamic vibration absorber (nDVA), which is used in this contribution as a representative
example of a nonlinear mechanical system. The sensitivity analysis of the suppression bandwidth, namely, the frequency range
over which the ratio of the main mass displacement amplitude to the amplitude of the forcing function is less than unity, with
respect to the design variables that characterize the nonlinear system based on the first order finite differences is presented.
For illustration purposes the optimization problem is written as to maximize the suppression bandwidth by using three recent
bioinspired optimization methods: Bees Colony Algorithm, Firefly Colony Algorithm, and Fish Swarm Algorithm. The results are

compared with other evolutionary strategies.

1. Introduction

In various mechanical design contexts, engineers have to
deal with nonlinear systems in which the dynamic response
depends on a number of physical parameters. An example
of such a system is the so-called dynamic vibration absorber
(DVA). The DVA is used to reduce noise and vibration in
various types of engineering systems, such as compressors,
robots, ships, power lines, airplanes, and helicopters. Much
of the knowledge available to date is compiled in the original
patent by Frahm [1], in the books by Hartog [2] and Koronev
and Reznikov [3] and in some review works such as the
one by Steffen Jr and Rade [4]. In the last two decades, a
great deal of effort has been devoted to the development
of mathematical models for characterizing the mechanical
behavior of nonlinear dynamic vibration absorbers (nDVAs)

accounting for their typical dependence on design param-
eters that influence the nonlinear behavior of the system.
A particular type of nDVA is the so-called viscoelastic
neutralizer as studied by Espindola and Bavastri [5]. Borges et
al. [6] proposed and determined the robust optimal design of
an nDVA combining sensitivity analysis and multiobjective
optimization. Different techniques have been proposed to
design viscoelastic vibration absorbers [7, 8]. Besides the
well-known complexity of the modeling strategy involved
in nonlinear dynamics, some general methodologies have
been suggested and have been shown to be particularly
suitable to be used in combination with structural systems
discretization. This aspect makes them very attractive for
the modeling of nonlinear dynamic vibration absorbers.
Among these strategies, the theoretical study proposed by
Nissen and coworkers [9] and Pai and Schulz [10] should



be mentioned, in which techniques to improve the stability
and efliciency of nDVAs into a frequency band of interest
have been proposed, leading to refined nDVAs. Also, Rice
and McCraith [11] and Shaw and coworkers [12] suggested
optimization strategies to be applied to the design of nDVAs
by applying an asymmetric nonlinear Duffing-type element
incorporated in the suspension for narrow-band absorption
applications.

Nowadays, different approaches based on optimization
methods have been proposed to solve mechanical design
problems. Cao and Wu [13] proposed a cellular automata
based genetic algorithm applied to mechanical systems
design. In this algorithm, the individuals in the population
are mapped onto a cellular automata to realise the locality
and neighbourhood. The mapping is based on the individuals’
fitness and the Hamming distances between individuals.
The selection of individuals is controlled based on the
structure of cellular automata, to avoid the fast population
diversity loss and improve the convergence performance
during the genetic search. He and coworkers He, Prempain,
and Wu [14] proposed an improved particle swarm optimizer
(PSO) associated with the fly-back mechanism to maintain
a feasible population. This optimization strategy was applied
to mechanical systems design involving problem-specific
constraints and mixed variables such as integer, discrete,
and continuous variables. In this sense, biological systems
have contributed significantly to the development of new
optimization techniques. These methodologies, known as
Bioinspired Optimization Methods (BiOMs), are based on
strategies that seek to mimic the behavior observed in species
found in the nature to update a population of candidates
to solve optimization problems [15, 16]. These systems have
the capacity to notice and modify their environment in
order to seek for diversity and convergence. In addition,
this capacity makes possible the communication among the
agents (individuals of population) that capture the changes in
the environment generated by local interactions [17].

In this context, nature-inspired algorithms have con-
tributed significantly to the development of new optimization
techniques. Among the most recent bioinspired strategies
stand the Bees Colony Algorithm (BCA) [18], the Firefly
Colony Algorithm (FCA) [19], and the Fish Swarm Algorithm
(FSA) [20]. The BCA is based on the behavior of bees colonies
in their search of raw materials for honey production.
According to Lucic and Teodorovic [21], in each hive groups
of bees (called scouts) are recruited to explore new areas in
search for pollen and nectar. These bees, returning to the
hive, share the acquired information so that new bees are
indicated to explore the best regions visited in an amount
proportional to the previously passed assessment. Thus, the
most promising regions are best explored and eventually
the worst end up being discarded. Every iteration, this cycle
repeats itself with new areas being visited by scouts. The FCA
mimics the patterns of short and rhythmic flashes emitted by
fireflies in order to attract other individuals to their vicinities.
The corresponding optimization algorithm is formulated by
assuming that all fireflies are unisex, so that one firefly will be
attracted to all other fireflies. Attractiveness is proportional
to their brightness, and for any two fireflies, the less bright

Mathematical Problems in Engineering

will attract (and thus move to) the brighter one. However,
the brightness can decrease as their distance increases and if
there are no fireflies brighter than a given firefly it will move
randomly. The brightness is associated with the objective
function for optimization purposes [19]. Finally, the FSA is
a random search algorithm based on the behaviour of fish
swarm observed in nature. This behavior can be summarized
as follows [20]: random behavior—in general, fish looks at
random for food and other companion; searching behavior—
when the fish discovers a region with more food, it will
go directly and quickly to that region; swarming behavior—
when swimming, fish will swarm naturally in order to avoid
danger; chasing behavior—when a fish in the swarm discovers
food, the others will find the food dangling after it; leaping
behavior—when fish stagnates in a region, a leap is required
to look for food in other regions.

In this way, the present work is dedicated to presenting
alternative techniques for the optimal design of a nonlinear
dynamic vibration absorber (nDVA) by using heuristic opti-
mization methods to maximize the suppression bandwidth.
For this aim, this contribution focuses on the theoretical
study and numerical simulation of a two-degree-of-freedom
nonlinear damped system, constituted of a primary mass
attached to the ground by a linear spring and a secondary
mass attached to the primary system by a nonlinear spring
(nDVA). A previous contribution regarding this type of
mechanical system can be found in Borges et al. [6]. Then,
the three previously mentioned optimization techniques are
applied to the design of an nDVA for illustration purposes;
however, they are intended to be general in the sense that
they can be applied to design different types of nonlinear
mechanical systems. This work is organized as follows. The
mathematical formulation of the nonlinear dynamic system
and sensitivity analysis are presented in Sections 2 and 3,
respectively. A review of the BCA, the FCA, and FSA are pre-
sented in Section 4. The results and discussion are described
in Section 5. Finally, the conclusions and suggestions for
future work conclude the paper.

2. Mathematical Modeling of the Nonlinear
Dynamic System

Consider the two-degree-of-freedom (d.o.f.) model shown in
Figure 1.

This device consists of a damped primary system attached
to the ground by a suspension that includes either a linear or
anonlinear spring, and a damped secondary mass coupled to
the primary system by a spring with nonlinear characteristics.
The external force applied to the primary system is given by
the following expression:

F, = pcos(wt). 1)
The constitutive forces of the springs are given by
1 (%) = Kix; + k?lx? i=1,2, (2)

where x; represents the displacement of the primary system
with respect to the ground, and x, is the displacement of
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FIGURE 1: Two degree-of-freedom damped system [6].

the DVA with respect to the primary system. In the model
above, the dampers are linear, however springs have nonlin-
ear characteristics, where K; and k™ represent, respectively,
the linear and nonlinear coefficients of the springs.

With the aim of obtaining the dimensionless normalized
equations of motion for the nonlinear system, the displace-
ments are normalized with respect to the length of a given
vector x, [22] according to the following expression:

Yi=—- (3)

In addition, one introduces the following relations to the
system:

2 _ ki (=G
- > i >
m; 2+km;
2 k?lxg
; = 2Q,w;, i = w;» & = >
2
m;w
(4)
_ W p= 4
Y - 2 5
W mw X,
w m
Q=—, =2
wy m

By applying Newton’s second law, and after some algebraic
manipulations, the following normalized equation of motion
of the nonlinear dynamic system can be expressed under the
following matrix form:

My (¢) + Cy () + Ky (t) = £ (t), (5)

where the normalized mass, damping and stiffness matrices
are expressed, respectively, by the following relations:

1+p y] [61 0]
M= 5 C= >
[ op 0 ud,
. (6)
m
K= .
[0 ’72]

The normalized displacement and force vectors are given
by:

3
_ )’1] (o [Pcos(r)slyl] . 7
Y [)’2 e,y :

It is important to emphasized that the present contribu-
tion is dedicated to maximize the suppression bandwidth.

2.1. Steady-State Response of the Nonlinear System. In this
paper, the Krylov-Bogoliubov method [23] is used to inte-
grate the matrix equation of motion (1). This method leads to
an approximate solution of nonlinear differential equations.
The process is based on the following transformation of
variables:

y =u(r)cos (1) +v(r)sin(r), (8)

where T = wt is the time dependence of u = (uluz)T, and
v = (v,,)" is assumed to be small for high-order terms, such
as the vectors u and v.

After mathematical manipulation, a nonlinear algebraic
system with four equations and four variables u;, u,, v; and
v, is obtained as follows:

(1 +y- wf)ul + puy - 20,0,y

2, .2
3¢ (“1 + V1) u;

2
2 + Bw; =0,

2, .2
puy + ([/l - ‘upzwf) U, — U <2(2pwfv2 + w>
3¢, (12 +v2)v
(wf -1 _.”) vy — vy = 20 w00y + % =0,
vy + (up’) = ) v,

) 3e, (ug + vi) v\
- u| 28 pwiu, - — )" 0.
)

The system represented by (9) should be numerically
solved. Then, the values of u,, u,, v; and v, can be calculated
and the vibration amplitudes of the primary and secondary
masses of the nonlinear DVA are obtained. The amplitude
values are given by X; and X, according to the following
equation:

0.5
X; = (ul2 + vf) i=1,2 (10)

3. Sensitivity Analysis of Structural Responses

In a mechanical system, the parameters of mass, stiffness, and
damping establish the dependence with respect to a set of
design parameters, which includes physical and geometrical
characteristics and the parameters that are associated with
the nonlinearities [24]. Such functional dependence can be
expressed in a general form as follows:

r=r (M (P)’C (P),K (P)) > (11)

where r and p designate vectors of structural responses and
design parameters, respectively.
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(8) End while

(1) Initialize population with random solutions

(2) Evaluate fitness of the population

(3) While (stopping criterion not met)

(4) Select sites for neighborhood search

(5) Recruit bees for selected sites and evaluate fitnesses

(6) Select the fittest bee from each site

(7) Assign remaining bees to search randomly and evaluate their fitnesses

ALGorIiTHM I: Basic step in the Bees Colony Algorithm [18].

The sensitivity of the structural responses with respect to
a given parameter p; evaluated for a given set of values of
the design parameter p° is defined as the following partial
derivative:
or

55, AEIEO [R, +R,], (12)

where

. r(M (p} + Ap;),C(p! + Ap;) . K(p{ + Ap;))
1= Ap, ,

1

g, - T(MR2). Cp1) K (7))
Ap;

1

(13)

where Ap; is an arbitrary variation applied to the current
value of parameter p?, while all other parameters remain
unchanged. The sensitivity with respect to p; can be estimated
by finite differences by computing successively the responses
corresponding to p; = p; and p; = p; + Ap;. Such procedure
is an estimated approach enabling to calculate the sensitivity
of the dynamic system responses with respect to small modi-
fications introduced in the design parameters. Moreover, the
results depend upon the choice of the value of the parameter
increment Ap,. Another strategy consists in computing the
analytical derivatives, if possible, of the structural responses
with respect to the parameters of interest. However, this
approach is not considered in the present paper.

4. Bioinspired Algorithms

Algorithms based on swarm intelligence principles are com-
mon in the literature due to the ability to find global solution
in mono- and multiobjective contexts, different from algo-
rithms based on gradients. According to Andrés and Lozano
[25], swarm-based intelligence is artificial intelligence tech-
nique based on the study of collective behaviour in self-
organizing systems, composed of a population of individuals,
which takes effect between each other and environment.
Although these systems do not have any central control of the
individual behaviour, interaction between individuals and
simple behaviour between them usually lead to detection of
aggregate behaviour, which is typical for whole colony. This
could by observed by ants, bees, birds, or bacteria in the
nature. By inspiration of these colonies were develop algo-
rithms called swarm-based intelligence and are successfully

applied for solving complicated optimization problems [26].
In this contribution, three recent bioinspired optimization
methods, Bees Colony Algorithm, Firefly Colony Algorithm,
and Fish Swarm Algorithm, are considered as optimization
strategies.

4.1. Bee Colony Algorithm. This optimization algorithm is
based on the behavior of a colony of honey bees. The
colony can extend itself over long distances and in multiple
directions simultaneously to exploit a large number of food
sources. In addition, the colony of honey bees presents as
characteristic the capacity of memorization, learning, and
transmission of information, thus forming the so-called
swarm intelligence [27].

In a colony, the foraging process begins by scout bees
being sent to search randomly for promising flower patches.
When they return to the hive, those scout bees that found
a patch which is rated above a certain quality threshold
(measured as a combination of some constituents, such as
sugar content) deposit their nectar or pollen and go to the
waggle dance.

This dance is responsible for the transmission (colony
communication) of information regarding a particular flower
patch: the direction in which it will be found, its distance from
the hive, and its quality rating (or fitness) [27]. The waggle
dance enables the colony to evaluate the relative merit of
different paths according to both the quality of the food they
provide and the amount of energy needed to harvest it [28].
After waggle dancing, the dancer (scout bee) goes back to the
flower patch with follower bees that were waiting inside the
hive. More follower bees are sent to more promising patches.
This allows the colony to gather food quickly and efficiently.
While harvesting from a patch, the bees monitor its food level.
This is necessary to decide upon the next waggle dance when
they return to the hive [28]. If the patch is still good enough as
a food source, then it will be advertised in the waggle dance,
and more bees will be recruited to that source. In this context,
Pham et al. [18] proposed an optimization algorithm inspired
by the natural foraging behavior of honey bees (Bees Colony
Algorithm (BCA)) as presented in Algorithm 1.

The BCA requires a number of parameters to be set,
namely, the number of scout bees (1), number of sites selected
for neighborhood search (out of n visited sites) (1), number
of top-rated (elite) sites among m selected sites (e), number
of bees recruited for the best e sites (nep), number of bees
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recruited for the other (m — e) selected sites, neighborhood
search (ngh), and the stopping criterion.

The BCA starts with the n scout bees being placed
randomly in the search space. The fitnesses of the sites visited
by the scout bees are evaluated in step 2.

In step 4, bees that have the highest fitnesses are chosen
as selected bees, and sites visited by them are chosen for
neighborhood search. Then, in steps 5 and 6, the algorithm
conducts searches in the neighborhood of the selected sites,
assigning more bees to search near to the best e sites. The bees
can be chosen directly according to the fitnesses associated
with the sites they are visiting.

Alternatively, the fitness values are used to determine
the probability of the bees being selected. Searches in the
neighborhood of the best e sites, which represent more
promising solutions, are made more detailed by recruiting
more bees to follow them than the other selected bees.
Together with scouting, this differential recruitment is a key
operation of the BCA.

However, in step 6, for each patch only the bee with
the highest fitness will be selected to form the next bee
population. In nature, there is no such restriction. This
restriction is introduced here to reduce the number of points
to be explored. In step 7, the remaining bees in the population
are assigned randomly around the search space scouting for
new potential solutions.

In the literature, various applications using this bioin-
spired approach can be found, such as modeling combinato-
rial optimization transportation engineering problems [21],
engineering system design [15, 29], mathematical function
optimization [18], transport problems [30], dynamic opti-
mization [31], optimal control problems [32], and parameter
estimation in control problems [16, 33] (http://mf.erciyes.edu.
tr/abc/).

4.2. Firefly Colony Algorithm. The FCA is based on the
characteristic of the bioluminescence of fireflies, insects
notorious for their light emission. According to Yang [19],
biology does not have a complete knowledge to determine all
the utilities that firefly luminescence can bring to, but at least
three functions have been identified: (i) as a communication
tool and appeal to potential partners in reproduction, (ii)
as a bait to lure potential prey for the firefly, and (iii) as a
warning mechanism for potential predators reminding them
that fireflies have a bitter taste.

In this way, the bioluminescent signals are known to serve
as elements of courtship rituals (in most cases, the females
are attracted by the light emitted by the males), methods of
prey attraction, social orientation, or as a warning signal to
predators [34].

It was idealized some of the flashing characteristics of
fireflies so as to develop firefly-inspired algorithms. For
simplicity the following three idealized rules are used [35]:

(1) all fireflies are unisex so that one firefly will be
attracted to other fireflies regardless of their sex;

(2) attractiveness is proportional to their brightness; thus,
for any two flashing fireflies, the less brighter will
move towards the brighter one. The attractiveness is

proportional to the brightness and they both decrease
as their distance increases. If there is no brighter one
than a particular firefly, it will move randomly;

(3) the brightness of a firefly is affected or determined
by the landscape of the objective function. For a
maximization problem, the brightness can simply be
proportional to the value of the objective function.

According to Yang [19], in the firefly algorithm there are
two important issues: the variation of light intensity and the
formulation of the attractiveness. For simplicity, it is always
assumed that the attractiveness of a firefly is determined by
its brightness, which in turn is associated with the encoded
objective function.

This swarm intelligence optimization technique is based
on the assumption that the solution of an optimization
problem can be perceived as agent (firefly) which glows
proportionally to its quality in a considered problem set-
ting. Consequently, each brighter firefly attracts its partners
(regardless of their sex), which makes the search space being
explored more efficiently. The algorithm makes use of a
synergic local search. Each member of the swarm explores
the problem space taking into account results obtained by
others, still applying its own randomized moves as well. The
influence of other solutions is controlled by the attractiveness
value [34].

According to Lukasik and Zak [34], the FCA is presented
in the following. Consider a continuous constrained opti-
mization problem where the task is to minimize the cost
function f(x) as follows

f(x7) = minf (x). (14)

Assume that there exists a swarm of m, agents (fireflies)
solving the above mentioned problem iteratively, and x;
represents a solution for a firefly i in algorithm’s iteration
k, whereas f(x;) denotes its cost. Initially, all fireflies are
dislocated in S (randomly or employing some deterministic
strategy). Each firefly has its distinctive attractiveness A which
implies how strong it attracts other members of the swarm. As
the firefly attractiveness, one should select any monotonically
decreasing function of the distance r; = d(x;,x;) to the
chosen firefly j, for example, the exponential function

A=A, exp (—yrj) , (15)

where A, and y are predetermined algorithm parameters:
maximum attractiveness value and absorption coefficient,
respectively. Furthermore, every member of the swarm is
characterized by its light intensity I, which can be directly
expressed as an inverse of a cost function f(x;). To effectively
explore considered search space S, it is assumed that each
firefly i is changing its position iteratively taking into account
two factors: attractiveness of other swarm members with
higher light intensity, for example, I; > I, for all j =
1,...,m,, j#i which is varying across distance, and a fixed
random step vector u;. It should be noted as well that if no
brighter firefly can be found, only such randomized step is
being used.



Thus, moving at a given time step t of a firefly i toward a
better firefly j is defined as

xﬁ = xf_l +A (x;._1 - xf_l) + o (rand — 0.5), (16)

where the second term on the right side of the equation
inserts the factor of attractiveness, A while the third term,
governed by « parameter, governs the insertion of certain
randomness in the path followed by the firefly, rand is a
random number between 0 and 1.

In the literature, few works using the FCA can be found.
In this context, is emphasized application in parameter
estimation in control problems [16], continuous constrained
optimization task [34], multimodal optimization [36], solu-
tion of singular optimal control problems [37], and economic
emissions load dispatch problem [38].

4.3. Fish Swarm Algorithm. In the development of the FSA,
based on fish swarm and observed in nature, the following
characteristics are considered [20, 39]: (i) each fish represents
a candidate solution of optimization problem; (ii) food
density is related to an objective function to be optimized (in
an optimization problem, the amount of food in a region is
inversely proportional to the objective function value); (iii)
the aquarium is the design space where the fish can be found.

As noted earlier, the fish weight at the swarm repre-
sents the accumulation of food (e.g., the objective function)
received during the evolutionary process. In this case, the
weight is an indicator of success [20, 39].

Basically, the FSA presents four operators classified into
two classes: “food search” and “movement.” Details on each
of these operators are shown in the following.

4.3.1. Individual Movement Operator. This operator con-
tributes to the movement (individual and collective) of fishes
in the swarm. Each fish updates its position by using

x; (t+1) = x; () + rand X 5,4, 17)

where x; is the final position of fish i at current generation,
rand is a random generator, and s, 4 is a weighted parameter.

4.3.2. Food Operator. The weight of each fish is a metaphor
used to measure the success of food search. The higher the
weight of a fish, the more likely this fish will be in a potentially
interesting region in the design space.

According to Madeiro [39], the amount of food that a fish
eats depends on the improvement in its objective function in
the current generation and the greatest value considering the
swarm. The weight is updated according to

Wyt +1) = W)+ —Ji 18)

max (Af)’

where W;(t) is the fish weight i at generation ¢, and Af; is
the difference found in the objective function between the
current position and the new position of fish i. It is important
to emphasize that Af; = 0 for the fish in the same position.
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4.3.3. Instinctive Collective Movement Operator. This opera-
tor is important for the individual movement of fish when
Af; #0. Thus, only the fish whose individual execution of
the movement resulted in improvement of their fitness will
influence the direction of motion of the swarm, resulting in
instinctive collective movement. In this case, the resulting
direction (1), calculated using the contribution of the direc-
tions taken by the fish, and the new position of the ith fish are
given by

Y AxAf,
YN Af (19)
X (t+1)=x, () + 1, ().

I (t) =

It is worth mentioning that in the application of this
operator, the direction chosen by a fish that located the largest
amount of food exerts the greatest influence on the swarm.
Therefore, the instinctive collective movement operator tends
to guide the swarm in the direction of motion chosen by the
fish who found the largest amount of food in its individual
movement.

4.3.4. Noninstinctive Collective Movement Operator. As noted
earlier, the fish weight is a good indication of success in the
search for food. In this way, the swarm weight is increasing,
this means that the search process is successful. So, the
“radius” of the swarm should decrease to other regions to be
explored. Otherwise, if the swarm weight remains constant,
the radius should increase to allow the exploration of new
regions.

For the swarm contraction, the centroid concept is used.
This is obtained by means of an average position of all fish
weighted with the respective fish weights, according to

Y W ()

B(t) = .
Zfil W, ()

(20)

If the swarm weight remains constant in the current
iteration, all fish update their positions by using

x(t) - B(t)

x(t+1) = 2 (0) = sq xrand x o T

(1)

where d is a function that calculates the Euclidean distance
between the centroid and the current position of fish, and s,
is the step size used to control fish displacements.

In the literature, few works using the FSA can be found. In
this context, parameter estimation in control problems [16],
feed forward neural networks [40], parameter estimation in
engineering systems [41], combinatorial optimization prob-
lem [42], augmented Lagrangian fish swarm based method
for global optimization [43], forecasting stock indices using
radial basis function neural networks optimized [44], and
hybridization of the FSA with the Particle Swarm Algorithm
to solve engineering systems are examples of successful appli-
cations [45].
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TaBLE 1: Nominal values of design variables.
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FIGURE 2: Sensitivity of H(w, p) with respect to p.

5. Results and Discussion

The following numerical example, studied in [6], is presented
to illustrate the application of the proposed methodology
to obtain the optimal design of a nDVA. As previously
mentioned, the nDVA is used in the present contribution
to represent a large class of nonlinear mechanical systems.
Figure 1 depicts the test structure consisting of a primary
mass attached to the ground by a nonlinear spring and
coupled with an nDVA. The nominal values of the design
parameters used to generate the dynamic responses of the
nonlinear system are illustrated on Table 1. The computations
performed consist in obtaining the driving point frequency
responses associated to the displacement x;.

5.1 Sensitivities of the Frequency Response with respect to
Structural Parameters. To illustrate the computation proce-
dure for the sensitivity of dynamic responses, numerical tests
were performed by using the system configuration illustrated
in Figure 1. As previously mentioned, the computations are
devoted to obtaining the sensitivities of the driving point
frequency responses, which are given by the elements of
H(w, p).
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In this example, the normalized structural parameters {;,
(5, €5 &, B, 4, and p are considered as the design variables
in the computation of the normalized sensitivities of the
frequency responses with respect to a given parameter p,
SN(w,p). The normalized real parts of the approximated
complex sensitivity functions calculated by finite differences
(according to (17)) are shown in Figures 2, 3, 4, and 5, for
which a variation of 20% of the nominal values of each
design parameter was adopted. Also, in the same figures, the
real parts of the frequency responses H(w, p), multiplied by
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FIGURE 6: Representation of the objective function (maximize the
suppression bandwidth).

convenient scale factors (SF), are shown. The sensitivity func-
tions, denoted by S}(«w, p), have been normalized according
to the following scheme:

_ 0Sy (w, p)
op

Po

. 2
(wpy) H (@, P) =

sﬁ (w,p)

Based on the amplitudes and signs of the sensitivity
functions, one can evaluate the degree of influence of the
design variables upon the suppression bandwidth, in the
frequency band of interest. In addition, the sensitivity analysis
enables to decide among the design parameters those that
will be retained in the optimization process. The parameters
{y, (5, and & do not have a significant influence on the
evaluation of the suppression bandwidth [6]. Consequently,
these parameters are not considered as design variables in the
optimization run. However, as shown in Figures 2, 3, 4, and 5,
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the degrees of influence of the parameters ¢,, 4, and p on the
suppression bandwidth are significant and will be considered
as design variables in the optimization process.

After having verified the influence of each design variable
on the dynamic response of the nonlinear system, the interest
now is to maximize the suppression bandwidth, as illustrated
in Figure 6, using the bioinspired algorithms.

In these simulations, the following ranges are considered
for the design parameters: 0.9 < p < 1.2,0.04 < u < 0.06,
0.09 < f<1.2,and 0.009 < &, < 0.012.

In order to evaluate the performance of the three tech-
niques proposed above (BCA, FCA, and FSA), the following
parameters were used in the algorithms:

(1) BCA parameters: number of scout bees (10), number
of bees recruited for the best e sites (5), number of
bees recruited for the other selected sites (5), number
of sites selected for neighborhood search (5), number
of top-rated (elite) sites among m selected sites (5),
neighborhood search (ngh) [1072 107 107°], and gen-
eration number (50);

(2) FCA parameters: number of fireflies (15), maximum
attractiveness value (0.9), absorption coefficient [0.7
0.9 1.0] and generation number (50);

(3) FSA parameters: number of fish (15), weighted pa-
rameter value (1), control fish displacements [107!
1072107%], and generation number (50).

In order to examine the quality of the solution method-
ology considered, the Genetic Algorithm (GA) and the
Particle Swarm Optimization (PSO) have been performed.
The parameters used by GA and PSO are as follows:

(1) GA parameters: population size (15), crossover rate
(0.8), mutation rate (0.01), and generation number
(50);

(2) PSO parameters: population size (15), inertia weight
(1), cognitive and social parameters (0.5), constric-
tion factor (0.8), and generation number (50).

The stopping criterion used was the maximum number
of iterations. Each case study was computed 20 times before
calculating the average values. It should be emphasized that
1510 objective function evaluations for each algorithm are
necessary.

In Table 2 the results (best (B), average (A) and worst
(W)) obtained for the design of the nonlinear vibration
absorber are presented.

This table shows that the three algorithms presented good
estimates for the unknown parameters when compared with
the GA and PSO. When the BCA is analyzed in terms of the
neighborhood search parameter, the best result is obtained
by using 107, for example, a search region with smaller
distances to exploit a large number of food sources. When
the FCA is analyzed in terms of the absorption coefficient,
the best result is found by using y = 1.0, for example,

thus emphasizing the local search. Finally, when the FSA is
analyzed in terms of the control fish displacements, the best

result is found by using s,,; = 107",
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TABLE 2: Results obtained by BCA, FCA, FSA, GA, and PSO to design the nonlinear vibration absorber (OF = objective function).
p 4 B & OF

B 1.165 0.053 0.110 0.017 0.236

1073 A 1.189 0.055 0.102 0.015 0.230

w 1.027 0.058 0.091 0.011 0.218

B 1.099 0.056 0.103 0.010 0.230

BCA 107 A 1.134 0.058 0.095 0.011 0.224
w 0.916 0.045 0.103 0.011 0.224

B 1.134 0.058 0.095 0.011 0.224

107° A 0.981 0.046 0.095 0.010 0.218

w 0.961 0.050 0.105 0.011 0.218

B 1.158 0.054 0.110 0.017 0.230

0.7 A 1.158 0.054 0.110 0.017 0.230

w 1.157 0.053 0.110 0.017 0.228

B 1.148 0.055 0.110 0.018 0.230

FCA 0.9 A 1.148 0.055 0.110 0.018 0.230
w 1.148 0.055 0.110 0.018 0.230

B 1.156 0.056 0.111 0.017 0.232

1.0 A 1.148 0.055 0.110 0.018 0.230

w 1.151 0.057 0.109 0.015 0.214

B 1.166 0.052 0.109 0.016 0.235

107! A 1.191 0.050 0.101 0.016 0.232

w 1.019 0.053 0.092 0.010 0.219

B 1.101 0.054 0.099 0.099 0.232

FSA 1072 A 1.135 0.060 0.094 0.011 0.225
w 0.921 0.048 0.102 0.011 0.225

B 1135 0.061 0.099 0.010 0.226

107 A 0.993 0.049 0.096 0.010 0.219

w 0.971 0.051 0.111 0.010 0.214

B 1.101 0.054 0.099 0.098 0.233

GA A 1.136 0.062 0.092 0.012 0.226
w 0.932 0.044 0.110 0.012 0.228

B 1.101 0.053 0.099 0.099 0.233

PSO A 1.132 0.061 0.095 0.010 0.224
w 0.918 0.049 0.103 0.011 0.225

6. Conclusions

In this work, the Bees Colony Algorithm, the Firefly Colony
Algorithm, and the Fish Swarm Algorithm were proposed
as alternative techniques to obtain the optimal design of a
nonlinear mechanical system. For illustration purposes they
were applied in the design of a nonlinear dynamic vibration
absorber. The system nonlinearity was introduced in the
springs that connect the primary mass to the ground and the
absorber to the primary mass, respectively.

As observed in Table 2, the algorithms led to satisfac-
tory results in terms of the effectiveness of the optimal
nDVA configuration and the number of objective function
evaluations, when compared with GA and PSO strategies.
However, the results obtained by the algorithms need yet
to be better analyzed, so that more definitive conclusions
can be drawn, for example, new mechanisms for diversity
exploration should be studied.

The choice of the design variables is based on previous
knowledge regarding their sensitivities with respect to the
suppression bandwidth. It is worth mentioning that these
parameters are directly associated with the effectiveness of the
nDVA.

In terms of the system resolution, the equations of motion
of the nonlinear two d.o.f. system were numerically inte-
grated by using the so-called average method that provides
an approximate solution to nonlinear dynamic problems.
The nonlinear algebraic equations obtained were solved
numerically enabling to determine the roots of the nonlinear
algebraic equations.

It is worth mentioning that the nonlinearity factor is an
important parameter to be investigated during the design
procedure of nDVAs, due to its contribution to the reduction
of the vibration level. However, care must be taken with high
values of nonlinearity because of the instabilities introduced
in the system. This point motivates an important aspect
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regarding the proposed methodology: obtaining the optimal
spring nonlinear coefficient that guarantees the best stable
solution for a given system.

Finally, the optimization techniques used in this paper
can be successfully applied in the design of a great number
of nonlinear mechanical systems.

As further work, we intend to extend the algorithms to
the multiobjective context and assess the sensitivity of the
parameters with respect to the effectiveness of the solution.

Nomenclature

B: Weight matrix

BCA:  Bees Colony Algorithm

BiOM: Bioinspired Optimization Methods

C: Damping matrix

Gt Damping coefficients

d: Euclidean distance

DVAs: Dynamic vibration absorbers

e: Number of top-rated sites

f: Objective function

f: Force vector

F;: Force applied to the primary system

FCA:  Firefly Colony Algorithm

FSA:  Fish Swarm Algorithm

H(w, p): Sensitivities of the driving point frequency
responses

I Light intensity

I, Fishes movement direction

K: Stiffness matrix

K;: Linear coefficients of the springs

kM Nonlinear coefficients of the springs

M: Mass matrix

m Number of sites selected for neighborhood
search

my: Number of fireflies

my: Primary mass

my: Secondary mass

n: Number of scout bees

nep: Number of bees recruited for the best e
sites

ngh: Neighborhood search

p: Design parameters

P: Normalized reference value

r: Vectors of structural responses

1 Constitutive forces of the springs

R;: Auxiliary variables vector

T Distance function

S: Design space

Sy Sensitivity function

Sind: Weighted parameter

Syl Control fish displacements

w Auxiliary variables vector

v: Auxiliary variables vector

X Displacement of the primary system with
respect to the ground

X, Displacement of the DVA with respect to

the primary system
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Ry

Design variables

: Displacement reference value

: Vibration amplitudes
Normalized displacements

: Fish weight
Insertion of randomness
Normalized force parameter
Normalized reference value
Normalized reference value
Attractiveness

: Maximal attractiveness
Normalized reference value
Normalized frequency value
Normalized coefficient of the damping
Normalized mass ratio
Normalized frequency ratio
Dimensionless time
Absorption coeflicient
Normalized nonlinear coefficient of the
springs.
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The work in this paper proposes the hybridisation of the well-established strength Pareto evolutionary algorithm (SPEA2) and some
commonly used surrogate models. The surrogate models are introduced to an evolutionary optimisation process to enhance the
performance of the optimiser when solving design problems with expensive function evaluation. Several surrogate models including
quadratic function, radial basis function, neural network, and Kriging models are employed in combination with SPEA2 using real
codes. The various hybrid optimisation strategies are implemented on eight simultaneous shape and sizing design problems of
structures taking into account of structural weight, lateral bucking, natural frequency, and stress. Structural analysis is carried out
by using a finite element procedure. The optimum results obtained are compared and discussed. The performance assessment is
based on the hypervolume indicator. The performance of the surrogate models for estimating design constraints is investigated. It

has been found that, by using a quadratic function surrogate model, the optimiser searching performance is greatly improved.

1. Introduction

Since they have been invented for several decades, the
implementation of evolutionary optimisers on a wide variety
of real-world design problems has successfully been made in
numerous fields. The algorithms are attractive and popular as
they can responsd to unavoidable disadvantages of classical
mathematical programming. The evolutionary algorithms
(EAs) can deal with almost all kinds of design problem as
their search mechanisms, to some extent, rely on randomi-
sation and need no function derivatives, for example, [1-
4]. Recently, single-objective evolutionary methods that have
outstanding performance in several applications are real-
code ant colony optimisation (ACOR) [5], covariance matrix
adaptation evolution strategy (CMA-ES) [6], and differential
evolution (DE) [7]. The methods are robust and capable
of reaching global optima. Most importantly, for multiple-
objective design cases, they can be used to explore a Pareto
optimal front of the problem within one simulation run.
However, EAs have some unacceptable drawbacks that are
a complete lack of consistency and low convergence rate.
As a result, the obtained design results are considered near

local optima for single objective cases and approximate Pareto
fronts for multiobjective design [8].

With those aforementioned shortcomings, it is difficult or
even impossible to employ the methods for solving the design
problems with expensive function evaluation or limited
number of function values available. Such obstructions can
however be alleviated by introducing a surrogate model (SM)
to an evolutionary optimisation procedure. With the use of
such a model, an approximate function can be constructed,
and inexpensive function prediction can be achieved. The
hybridisation of EAs and SM for design optimisation has
been studied since the last decade, and it has been found to
greatly enhance the performance of EAs. Many researchers
and engineers have focused their efforts on this research issue.
The design problems can have single or multiple design objec-
tives, for example, in [9-14] while mostly the demonstration
problems are unconstrained or box-constrained. The hybrid
EAs with SMs have been implemented on a wide variety
of engineering application, for example, aerodynamics [15-
17], heat and mass transfer [18-20], and structures [13,
14, 21-23]. Design problems requiring a surrogate-assisted
optimisation may be roughly categorised to have 9 classes



as given in [10]. Surrogate-assisted EAs not only employ
function approximation but also use some mathematical
programming to enhance the searching performance [24, 25].
A comprehensive survey on the surrogate models used for
enhancing EAs performance can be found in [26-29].

The surrogate models commonly employed include poly-
nomial regression techniques [11, 20, 22, 26, 27, 30], radial
basis function interpolation (RBF) [9, 11, 12, 16, 18, 27],
artificial neural network (ANN) [9, 15, 23, 26], support
vector machines [31], moving least square method [32], and
Gaussian process model (Kriging model) [10, 16, 25-27].
Recent alternative surrogate-based approaches are concerned
with the approximation of field vectors (such as velocity and
pressure fields for computational fluid dynamics and dis-
placement and stress fields for structural analysis) rather than
approximating objective and constraint functions directly.
The proper orthogonal decomposition (POD) technique is
employed for this task [33-35]. With this concept, a designer
can deal with more complicated design problems such as
design optimisation when aeroelasticity is taken into consid-
eration. Apart from that, there exist optimisers with the use of
grid-based computing integrating nongeneration evolution-
ary algorithms, surrogate models, local search, and Lamarck-
ian learning process together. This approach is termed asyn-
chronous metamodel-based evolutionary algorithms [36, 37].
A technique used in the design of computer experiment phase
is usually a Latin hypercube sampling technique. Recently,
there have been several papers focusing on the development
of optimum Latin hypercube sampling [38, 39]. Another
interesting approach is an infill sampling technique [40].

The most challenging task for surrogate-based optimi-
sation is to improve the convergence rate. To the authors’
best knowledge, the work in the literature mostly demon-
strated applying the design approaches to unconstrained or
box-constrained optimisation which is simple to handle by
using EAs. Nevertheless, there are usually many nonlinear
constraints in the real-world design problems particularly
in structural optimisation. The approximation of objective
function, although being inaccurate, can lead to real optima
(referred to as “Blessing of Uncertainty” in [11]). On the other
hand, in estimating constraint functions, the approximate
function needs to be as precise as possible so that the
evolutionary search can land in the real feasible region.
Inaccurate constraint function approximation can lead the
optimiser to an undesirable design space.

In this paper, the hybridisation of the well-established
multiobjective evolutionary algorithm (MOEA), namely,
strength Pareto evolutionary algorithm [41] and some pop-
ular surrogate models is developed. The work is concerned
with the studies of using several SMs for performance
enhancement of multiobjective evolutionary algorithms in
solving structural constrained optimisation. A number of
surrogate models including quadratic function, radial basis
function, neural network, and Kriging models are employed
in combination with SPEA2 using real codes. The various
hybrid optimisation strategies are implemented on eight
simultaneous shape and sizing design problems of a structure
having design functions as structural weight, lateral bucking,
natural frequency, and stress. Structural analysis is carried out
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by using finite element analysis (FEA). The optimum results
obtained are compared and discussed. The performance of
SMs for estimating design constraints is investigated. It has
been found that, by using a quadratic surrogate model, the
searching performance of SPEA2 is greatly improved.

2. Hybridisation of SPEA2 and
a Surrogate Model

There have been several ways to properly integrate SMs into
EAs. The hybrid algorithm proposed in this paper is similar
to what is presented in [18]. The SPEA2 with real codes
is employed as the main MOEA procedure. The surrogate-
assisted SPEA is illustrated in Figure 1. The computational
steps in the figure can be separated into two parts as the
main SPEA procedure and the SPEA subproblem that uses
an approximation model. The main SPEA is slightly modified
from the original version presented in [41]. The real code
recombination and mutation are similar to the work pre-
sented in [18]. The procedure starts with an initial population,
an (empty) Pareto archive, and some other predefined param-
eters, for example, an external archive size and recombination
and mutation rates. The fitness of the individuals in the
population is then assigned by performing actual function
evaluation. The current population and their corresponding
fitness values are brought to the surrogate environment as
some of them are picked to build a surrogate model. Having
such an approximation model, the SPEA is employed to
solve the optimisation problem with approximate function
evaluation.

The nondominated solutions from this stage are put
back to the main SPEA procedure where their actual fit-
ness values are determined. The current population, the
external archive, and the nondominated solutions from
performing a surrogate-based optimisation are put together
while their nondominated solutions are determined. The
external archive is then updated by replacing it with these
nondominated solutions. In case that the number of the
nondominated solutions exceeds the predefined archive size,
some of them will be removed from the archive by means
of the nearest neighbourhood method [41]. Subsequently, the
so-called binary tournament selection is performed to select
some members in the newly updated archive to reproduce a
set of offspring. The algorithm goes back to the step of fitness
function evaluation and is repeated until the termination
criterion is fulfilled.

Design solutions are selected from a current population to
build a surrogate model based upon the idea that they should
be evenly distributed throughout the design space. The
proposed approach is operated on the domain of objective
functions, which is somewhat similar to the adaptive grid
algorithm, a Pareto archiving technique used in the Pareto
archive evolution strategy [8]. The procedure to select the
solutions for surrogate modelling is illustrated in Figure 2.
On the objective domain, all of the design points in the
current population are plotted, and a proper grid is generated
covering all the points. A solution that is the closest to the
centre of each mesh is selected for function estimation.
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FIGURE 1: Flowchart for surrogate-assisted SPEA.

3. Surrogate Models

Let y = f(x) are a function of a design vector x sized
n x 1. Given a set of design solutions (or sampling points)
X = [x},...,x"] and their corresponding function values Y =
[¥1>...>¥n] selected during an evolutionary optimisation
process, a surrogate or approximation model is constructed
by means of curve fitting or interpolation. Approximation
models used in this study are as follows.

3.1. Polynomial Regression. The most commonly used poly-
nomial surrogate model or a response surface model (RSM)
is of the second-order polynomial or quadratic model, which
can be expressed as

y=p+ Z Bix; + Z Bixix > €]

where f3; fori = 0,...,(n + 1)(n + 2)/2 are the polynomial
coefficients to be determined. The coefficients can be found
by using a regression or least square technique [26].

3.2. Kriging Model. A Kriging model (also known as a
Gaussian process model) used in this paper is the famous
MATLAB toolbox named design and analysis of computer
experiments (DACE) [42]. The estimation of function can be
thought of as the combination of global and local approxima-
tion models, that is,

y(x) = fX)+Zx), )

where 7(x) is a global regression model while Z(x) is a
stochastic Gaussian process with zero mean and nonzero
covariance representing a localised deviation. In this work,
a linear function is used for a global model, which can be
expressed as

f=B+ Zﬁixi = p'f, 3)
i=1
where B = [By,..., 3,)", f = f(x) = [1,x,,%,,...,x,]". The
covariance of Z(x) is expressed as
Cov (Z (xp) . Z (xq)) =o¢’R [R (xp,xq)] (4)
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FIGURE 2: Selection of sampling points for constructing a surrogate
model.

for p,g = 1,...,N where R is the correlation function
between any two of the N design points, and R is the
symmetric correlation matrix size N x N with the unity
diagonal [26]. The correlation function used herein is

R(xf,x7) = exp (—(xp ~xN)'0(x" - xq)) , (5)

where 0; are the unknown correlation parameters to be
determined by means of the maximum likelihood method.
Having found f and 6, the Kriging predictor can be achieved
as

y=f@B+r’ R (y-Fp), (6)
where F = [f(xl),f(xz), ... ,f(x”)]T and rT(x) = [R(x,x}),
R(x,X%), ..., R(x,x™)]. For more details, see [42].

3.3. Radial Basis Function Interpolation. The radial basis
function interpolation has been used in a wide range of appli-
cations such as integration between aerodynamic and finite
element grids in aeroelastic analysis [43]. The use of such
a model for surrogate-assisted evolutionary optimisation is
said to be commonplace [9,18, 27]. The approximate function
can be written as

N
7 ) = Yok (=), @)
i=1

where «; are the coefficients to be determined, and K is a
radial basis kernel. (Here it is set to be linear splines.) The
coefficients can be found from the N sampling points as
detailed in Srisomporn and Bureerat 2008 [18].

3.4. Neural Network. Artificial neural network (ANN) is
developed in response to the need to use complicated func-
tion expression rather than a simple quadratic or radial basis
function. The model consists of interconnecting neurons or
nodes that somewhat mimic the constructs of biological
neurons as shown in Figure 3. ANN has been implemented
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TABLE 1: Design variables and bounds for F1-Fé.

Design variables Bounds (mm)

x, =1, 0<1l;<60
x, =1, 100 <1, <200
X3 =1y 15<r, <35
Xy =Tp 15<r, <30
x5 = th 3<th<45

Neuron or node

\
=y

1 T

Output |
Input layer uiputiayer

4

®o o

Hidden layer

F1GURE 3: Neural network.

on a wide variety of real world applications. The use of
ANN for surrogate-assisted optimisation can be found in
the literature [9]. The neural network model used in this
paper is the feedforward multilayer perceptrons. The details
of the network in this work are the learning algorithm =
backpropagation and network training function = Levenberg-
Marquardt backpropagation.

In this work, a simple heuristic algorithm is used to
construct a network topology. The procedure starts with a
network with two hidden layers while the number of nodes
Ny on each layer is randomly chosen with the bound Ny €
[15,50]. The transfer function for the hidden layer can be
either hyperbolic tangent sigmoid or logarithmic sigmoid based
on randomisation. If the termination criterion (training goal)
is not met, randomly increase a number of nodes in the layers.
If the number of nodes reaches the upper bound Ny = 50,
add the third hidden layer to the network where a transfer
function and node number are randomly chosen. In case that
the stopping criterion is not fulfilled, increase the number of
nodes. The algorithm repeats until the stopping criterion is
met.

4. Testing Problems

Six testing multiobjective design problems are posed to
design a torque arm [44] structure shown in Figure 4. Since
it is a plate-like structure under inplane loading, design
criteria to be taken into consideration are weight, stress,
buckling, and natural frequency. The function calculation
can be carried out by using FEA where shell elements are
employed. The design variables and their bound constraints
are given in Table 1 where other dimensions are set as [; =

30mm, /, = 190 mm, r,; = 26 mm, and r,,, = 27 mm.
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L =420mm

Iy = 100 mm

R, =542

r; = 40mm

th = platethickness

boundary
conditions

5066 N

r, = 25mm R, = 42mm

F1IGURE 4: Torque arm.

The six biobjective optimisation problems are termed FI,
F2, F3, F4, F5, and F6, respectively, and can be expressed as:

objective function:

min f; (x), max f, (x)

Fl: f, (x) =w, L =w

F2: fi(x) = w, L =A

F3: fi(x) = w, fl(x)=/1+w%
subject to

Oyon — :—;’ <0

1-1<0,
objective function:

min f; (x), max f, (x)

F4: f, (x) = w, L) =w

F5: f; (x) = w, Lx) =2

F6: fi(x)=w,  fr(X)=A+—

Wo

subject to

Oyon — Z—;’ <0

1-1<0

w—wy, <0,

(8)

where w = structural weight, @ = first mode natural fre-
quency, A = lateral bucking factor (it is the ratio of critical
load to applied load herein), o,,, = maximum von Mises
stress on the structure, and w, = 7.2688 rad/s. Furthermore,
material properties are Young’s modulus E = 60 x 10° N/cm?,
Poisson’s ratio v = 0.3, yield stress o, = 80000 N/ cm?, density

p = 0.00718 kg/cm’, and safety factor S = 1.5.

In fact, the F1, F2, and F3 problems are similar to the F4,
F5, and F6 problems, respectively, except for the introduction
of natural frequency constraints to the last three problems.
This means that the performance of several surrogate models
in estimating a natural frequency during an optimisation

procedure can be examined. The bound constraints in Table 1
are not presented in the design problems as they can be dealt
with in the SPEA procedure. It should be noted that the
finite element analysis for these design studies is not time
consuming as the work focuses on a comparative study of the
several multiobjective optimisers.

Since the F1-F6 problems are small-scale, other two test
problems are posed so as to investigate the capability of those
surrogate models when dealing with large-scale problems.
Two design problems of a simple wing-box displayed in
Figure 5 are expressed as

objective function:

min f; (x), max f, (x)

F7: fi®=w,  f,(x)=-1

B8: i) =w,  f,(0)=—(w++ws5) (g
subject to

Gyon — 0y < 0

1-1<0,

where w; is the ith mode natural frequency of the wing-box.
The wing-box is made up of Aluminium with Young modulus
E =70 GPa, Poisson’s ratio v = 0.34, density p = 2700 kg/m3,
and yield strength o, = 100 MPa. The structure consists of 2
spars, 4 ribs, and 4 skins (front, rear, top, and bottom skins)
resulting in 52 wing segments as shown. The thickness of each
segment is assigned to be a design variable; therefore, there
are 52 design variables with the lower and upper bounds being
0.002m and 0.010 m respectively. This can be classified as a
large-scale sizing optimisation problem. The wing is subject
to static loads on the front spar as shown in Figure 5. Shell
elements are used for finite element analysis similarly to F1-
Fé.

The multiobjective optimisers used in this paper are
named as follows:

(i) SPEA-O the original SPEA2 without using a surrogate
model,

(ii) SPEA-Q SPEA using a quadratic response surface
model,
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FIGURE 5: Simple wing-box.

(iii) SPEA-R SPEA using the radial basis function interpo-
lation,

(iv) SPEA-N SPEA using a neural network model,
(v) SPEA-K SPEA using a Kriging model.

Each evolutionary algorithm is employed to solve each
problem ten runs with 30 generations (50 for F7-F8) and a
population size of 20 (50 for F7-F8) for SPEA-O. For the
algorithms using an approximation model, the number of
generations and population size used in the main procedure
is 15 (25 for F7-F8) and 20 (50 for F7-F8), respectively, while
on each generation additional 20 (50 solutions for F7-F8)
solutions are taken from optimising a surrogate subproblem.
In the surrogate subproblem, the number of generations
and population size is set to be 100 and 100, respectively.
The external Pareto archive size is set to be 100. During
the optimisation process, constraints are handled by using
the approach presented in [45]. It should be noted that
there have been a number of techniques used to handle
design constraints in evolutionary optimisation [46]. We
choose the aforementioned technique because it is simple and
sufficiently effective.

5. Results and Discussion

The performance comparison of the five MOEAs for solving
the eight design problems is based on the hypervolume indi-
cator. Two types of performance assessment are conducted as
detailed in Tables 2—4. In Table 2, each cell is the normalised
mean value of 10 nondominated front hypervolumes obtained
from using the optimiser on the corresponding column for
solving the problem on the corresponding row. For each
design problem, the best and worst mean values are nor-
malised to be “1” and “0”, respectively. The total normalised
mean values given in the table are used for evaluating the
overall performance of the surrogate-assisted SPEAs. From
the results, the best algorithm for F1 is SPEA-R while the
second best is SPEA-Q. SPEA-Q is the best for F2 while the
second best is SPEA-N. The best optimisers for F3, F4, F5, and
F6 are SPEA-K, SPEA-R, SPEA-K, and SPEA-K, respectively,
whereas the second best for those 4 design problems is SPEA-
Q. SPEA-O without using a surrogate model is the worst
performer for F2, F5, and F6 while SPEA-N is the worst
performer for Fl, F3, and F4. The overall best performer
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TaBLE 2: Comparison of normalised average hypervolume.

SPEA-O SPEA-Q SPEA-R SPEA-N  SPEA-K
F1 0.429 0.704 1.000 0.000 0.523
F2 0.000 1.000 0.052 0.917 0.692
F3 0.577 0.995 0.745 0.000 1.000
F4 0.457 0.916 1.000 0.000 0.497
F5 0.000 0.976 0.640 0.161 1.000
F6 0.000 0.673 0.243 0.007 1.000
> F1-F6 1.463 5.264 3.679 1.084 4.713
F7 0.811 1.000 0.724 N/A 0.000
F8 0.337 1.000 0.453 N/A 0.000
> F7-F8 1.148 2.000 1.177 N/A 0.000

TABLE 3: Performance matrix of F1.

SPEA-O SPEA-Q SPEA-R  SPEA-N  SPEA-K
SPEA-O 0 0 1 0 0
SPEA-Q 0 0 1 0 0
SPEA-R 0 0 0 0 0
SPEA-N 1 1 1 0 1
SPEA-K 0 0 1 0 0
Total 1 1 4 0 1
Ranking 2 2 1 5 2

TABLE 4: Comparison of ranking scores by ¢-test.

SPEA-O SPEA-Q SPEA-R SPEA-N  SPEA-K
F1 2 2 1 5 2
F2 4 1 4 1 1
F3 1 1 1 5 1
F4 3 1 1 5 3
F5 4 1 3 4 1
F6 3 2 3 3 1
> F1-F6 17 8 13 23 9
F7 1 1 1 N/A 4
F8 2 1 2 N/A 4
YF-FS 3 1 3 N/A 8

based on the evaluation is SPEA-Q whereas the second best
is SPEA-K. For the large-scale problems, only SPEA-Q can
surpass SPEA-O. SPEA-R is said to be equal to SPEA-O while
SPEA-K gives that worst performance. Note that SPEA-N
cannot be applied to these problems as it takes excessively
long running time for network training. It can be said that
only the quadratic response surface model is useful for the
large-scale wing-box design.

The second performance assessment is based on the
statistical t-test. For each design problem, to compare the 5
MOEAs, a performance matrix T sized 5 x 5 whose elements
are full of “0” is generated. For the element Tij of the matrix,
if the mean value of the 10 hypervolumes obtained from
method j is significantly larger than that obtained from
method i based on the statistical ¢-test at 95% confidence
level, the value of T}; is set to be one. Table 3 shows the
performance comparison of the problem F1. Having had the
performance matrix, the 6th row on the table displays the
total scores of each optimiser. The ranking is made in such
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a way that the best method is ranked as 1 while the worst is
ranked as 5. The overall performance assessment based on the
t-test is given in Table 4 where the last row on the table shows
the total score of all the MOEAs. The lower the score the better
the performer. Similar to the first assessment, the overall best
method for F1-F6 based on this assessment is SPEA-Q while
the close second best is SPEA-K. The worst method is SPEA-O
without using a surrogate model. For the large-scale test
problems, the only surrogateassisted method that is superior
to the non-surrogate SPEA is SPEA-Q.

Figures 6 and 7 show the search history as plots of
hypervolume against the number of function evaluations of
SPEA-O and SPEA-Q for solving F7 and F8, respectively. The
values of front hypervolume can fluctuate due to the use of a
Pareto archiving technique to remove some nondominated
solutions from the Pareto archive. From the figures, it can
be seen that SPEA-Q requires approximately half of the total
number of function evaluations employed by SPEA-O to have
equally good nondominated fronts.

The best approximate Pareto front of F1 obtained after
numerous optimisation runs of the surrogate-assisted SPEAs
is chosen and plotted in Figure 8 whereas the structures of
some selected design points are shown in Figure 9. Figure 10
displays the best front of the F2 problem where some selected
design solutions are illustrated in Figure 11. The best front and
some selected optimal structures of the design problem F3 are
displayed in Figures 12 and 13, respectively. Similarly, the best
approximate fronts and some selected design solutions of F4,
F5, and F6 are illustrated in Figures 14, 15, 16, 17, 18, and 19.
Figures 20 and 21 show the best fronts obtained from using
the various SPEAs for solving F7 and F8, respectively. It can
be seen that the best fronts are from SPEA-Q, and SPEA-O.
The SPEA-Q front does not totally dominate that of SPEA-
O but they overlap each other while the SPEA-Q front has
obviously, greater front extension.

According to the aforementioned performance assess-
ments, it can be said that SPEA-R is the best algorithm in

F8
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FIGURE 7: SPEA-O versus SPEA-Q for F8.
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FIGURE 8: Approximate Pareto front of F1.

the cases of the F1 design problem while the close second
best is SPEA-Q. When adding a natural frequency constraint
to F1 becoming the F4 problem, the overall best and second
best methods are still SPEA-R and SPEA-Q, respectively.
For the F2 case and the F5 design problem which is F2
with additional natural frequency constraint, the top two
performers are SPEA-Q and SPEA-K. The same can be said
for the case of F3 while SPEA-K outperforms the others for
the F6 design problem. The surrogate models, that is, the
quadratic response surface model, the radial basis function
interpolation, and the Kriging model, are said to enhance the
searching performance of SPEA for the small-scale problems.
The addition of constraints to the design problems can cause
the searching performance of the hybrid algorithms. The
SPEA using ANN is inferior to the other surrogate-assisted
methods or even the original SPEA2 without using a sur-
rogate model because it requires efficient network topology
optimisation before being used to estimate functions while
in this paper the simple heuristic approach is employed.
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FIGURE 11: Selected design solutions from Figure 10.
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More investigation on this issue would greatly improve the
performance of SPEA-N. In cases of large-scale problems,
only SPEA using a quadratic function is superior to the
nonsurrogate SPEA.

6. Conclusions

The use of multiobjective evolutionary algorithm for the
design of a torque arm leads to multiple optimum structures
for decision making. The hybridisation of SPEA and several
surrogate models is developed. The various surrogate models
including the quadratic regression technique, the radial
basis function interpolation, and the Kriging model can
help improving the searching performance of the strength
Pareto evolutionary algorithm. For a design problem having
mass and natural frequency as objective functions and stress

and buckling as constraints, SPEA using RBF is the best
method. The SPEA using a quadratic regression is the best
for the design case of F2. For the other multiobjective design
problems, the best and the second best performers are SPEA
using the Kriging model and the quadratic RSM, respectively.
Nevertheless, when considering all of the design problems the
overall top performer is SPEA2 using the quadratic regression
while the close second best uses the Kriging model. Moreover,
SPEA using a quadratic response surface model is the only
strategy that is useful for solving large-scale problems. The
use of ANN for approximating constrained optimisation
problems is not effective as a proper network topology
optimisation needs to be constructed before entering the
surrogate subproblem. It is however possible to enhance
the performance of the ANN-based optimiser if an efficient
network topology optimisation is performed during the
optimisation process.
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This paper presents a web-based framework for interfacing product designers and fixture designers to fetch the benefits of early
supplier involvement (ESI) to a reconfigurable assembly system (RAS). The interfacing of the two members requires four steps,
namely, collaboration chain, fixture supplier selection, knowledge share, and accommodation of service facilities so as to produce
multiple products on a single assembly line. The interfacing not only provokes concurrency in the activities of product and fixture
designer but also enables the assembly systems to tackle the spatial and generational variety. Among the four stages of interfacing,
two steps are characterized by optimization issues, one from the product customer side and the other from the fixture designer
side. To impart promptness in the optimization and hence the interaction, computationally economic tools are also presented in

the paper for both of the supplier selection and fixture design optimization.

1. Introduction

In the current scenario, immense pressure faced by manu-
facturing firms to meet the precariously varying demand is a
fait accompli. This is so because the market always demands
a very large product variety among different products man-
ufactured by any firm. The varying trend of the product
variety in a product family is sought not only across different
market segments (spatial variety) but also across different
generations of the same product (generational variety) [1].
Obviously, these trends of product variety are valid for
almost every kind of product development process, assembly
systems not being the exception. Meeting the challenges
posed by two kinds of variety is even higher in the case
of assembly systems as it may require huge investments in
different assembly lines or imparting reconfigurability to a
single assembly line.

In multistation assembly processes, fixtures play the
central role as most of the assembly faults are related to
them. Moreover, to impart the desired product variety and to
ensure unhampered product development of a product family

being assembled on a single line, the assembly fixtures are
required to possess certain sophistications. These sophisti-
cations include reconfigurability [2], stability [3], and fault
diagnosability [4].

Reconfigurable assembly fixtures are those on which
production of multiple parts can be carried out. That is, a
fixture is sought to possess reconfigurability so as to produce
multiple products in a single reconfigurable assembly system
[2]. Most of the previous research on assembly fixtures is
concerned with fault diagnosis [5-7] owing to the fact that
most of the faults occurring in assembly parts are due to
failures of locating pins, clamps, or supports of the fixture.
This is so because during ramp up, launch fixtures are most
prone to failures [8]. However, reconfigurability is also a
topic worth paying attention as it can drastically alleviate
the set-up and processing costs by processing multiple parts
on the same fixture [9]. This helps the firm to realize the
spatial variety at lower cost and at the same time enables
the firm to face severe market diversity. Further, in order
to reduce the overall product development time and hence
to obtain higher market share, the tool designers (such as



die or fixture designers) are severely affected. This is so
because these tool designers decide the moment start of serial
production [10]. A firm using assembly lines also desires to
reduce the total number of tool designers involved in the
production of the product. That is, a company might be
using 10 to 20 fixtures for the production of a car body, but
later it may come up with a strategy to reduce it to 5 or 10
fixtures [11]. Thus, in order to meet the quest for obtaining
higher market share, globalization and distribution, it is
necessary to develop cooperative supply chains with lesser
lead times. Keeping in mind the globalization and importance
of a supply chain, a firm might prefer to buy the assembly
fixtures from the outside or inside fixture suppliers; those
are basically fixture designers, so that the fixture suppliers
design the assembly fixtures as per demanded by the product
customers. In such case, it is beneficial for the firm to reduce
the number of fixture suppliers as well to a small number of
system specialists. Referring to the industrial contexts, Audi
has reduced its tooling suppliers by more than half over four
years [12]. Thus, to meet the market diversity and varying
trends, it is necessary to develop a cooperative relationship
between the fixture designers and the product customers.
Research addressing the collaborative relationship between
fixture designing and product development is essential in the
context of a reconfigurable assembly system (RAS).

This paper addresses the problem of developing collab-
orated fixture design and product development processes
by adopting a web-based framework. The developed web-
based framework presents a strategy to impart a coop-
erative approach to concurrently perform fixture design
and assembly line production. The paper opens a way to
integrate the process chains of the product development and
fixture designers through the web for a RAS. The web-based
framework presented hereby is termed as cyberdesigning of
RASs.

Traditionally, the product development in assembly sys-
tem and fixture making is resolved separately. However,
for developing a product family on a single assembly line
the fixture design must be in cooperation with product
design; enabling a fixture to be suitable for multiple part
models needs reconfigurability of the fixture [13, 14]. The
collaboration between product and fixture designers enables
the assembly system to excel in the longer run because
locating and clamping elements in the fixtures and their
positions depend upon the work-piece design [15, 16].
Recently, concurrent engineering has emerged to be a great
tool for reviewing and coordinating different aspects in the
product life cycle. Several researchers have laid emphasis
on the coordination requirements in product development.
However, most of their work is directed towards coordinating
activities: machining processes [17, 18], stamping product
development [10], and sheet metal forming [19]. Though
few researchers have proposed that activities in product
development and tool designing can be coordinated through
intelligent systems [20], computer aided design [21], and so
forth, the coordination of activities with reference to the
context of product design and fixture design remains sparsely
attended.
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Recently, a few researchers have advocated the use of
the internet in coordination of various activities thorough
knowledge exchange, e-bidding, online communication, and
so forth, thus making the internet more than an information
display system. For example, product design and manufac-
ture roles can be resolved using web technology [22-24].
Thus, it is established in the literature that web technology
can be a useful tool for carrying out concurrent and intelligent
decision making to provoke early supplier involvement.

Utilizing the utility of web technology, this paper presents
a web-based interfacing strategy to enable an assembly
system to (1) efficiently take care of the desired spatial and
generational variety in the product family developed in an
assembly system; (2) impart reconfigurability to the assembly
system so as to produce multiple products on a single line;
(3) receive uninterrupted assistance from fixture designers at
various level of product development; (4) provide a tool for
optimal supplier selection in stipulated time frame; (5) create
a web interface for mandatory knowledge share between
the assembly system and fixture designer; and (6) present
a heuristic for optimizing fixture design in stipulated time
frames.

The rest of the paper is organized as follows. Section 2
explains various quests, scopes, and advantages of coordi-
nating product development in assembly system and fixture
design. It is followed by the web-based interfacing framework
for product customer and fixture designers in Section 3. Later,
Section 4 illustrates the optimization issues in the web-based
interaction. Finally, the paper is concluded in Section 5.

2. Inspecting Collaborated Fixture Design
and Product Development Processes

2.1. Integration of Fixture Design and Product Development.
The overall process chain for developing a product on an
assembly comprises of product design, assembly process
planning, fixture design, and manufacturing planning. The
design of the assembly fixture determines whether it can
support multiple parts or not. For any assembly line, the
product development activities and fixture design are closely
related, and in the case of RASs, it is even more crucial
[2]. As changing characteristics of parts alters the design of
fixtures, so the reconfigurability of assembly systems mainly
depends upon the reconfigurability of the fixtures. Thus, the
link between the product development and fixture design is
in fact the link between product design and serial production.
Figure 1 portrays the interrelationship between the activities
of product design and fixture design.

In this paper, it is assumed that the fixture supplier
realizes the design of the fixtures as per the demands of
the product customer. The fixture supplier cum designer
will be generically called fixture designer throughout this
paper. In the reconfigurable assembly system, sequential
order processing is carried out where finished and prepared
documents are formerly transferred to an internal or exter-
nal fixture designer after the completion of the product
development. In fact, the fixture designer has to design
and build a manufacturing resource without perturbing the
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FIGURE 1: Relationship between product development and fixture development.

fixture-based design of the product. This aspect portrays
that a missing communication between the product and
fixture development may cause various inconsistencies. These
inconsistencies include poor assembling properties of the
part in spite of the functional ability, expensive assembling of
the part, and suitability of the fixture for multiple parts, and
so forth.

The integrated fixture design and product development
can reduce the development cycle time. This is possible as
performing preliminary designing of the assembly part and
selection of assembly fixtures concurrently instead of waiting
for the complete design of the assembly part can save an
enormous amount of time. Moreover, improvement in devel-
opment quality also becomes viable due to consideration of
potential quality problems at earlier design stages. Though
integrated fixturing and product development are promising,
itrequires very close cooperation between part assembler and
fixture designer. Figure 2 portrays integration schema for the
product and fixture design.

2.2. Synergizing Relationship between Product Customer and
Fixture Designer. Considering the importance of commu-
nication between reconfigurable assembly systems and the
external or internal fixture designers, the information regard-
ing the parts to be assembled on the fixture, such as number
of parts and tooling configuration of each part, are crucial
for both the product developers and the fixture designers.
Once this information is received by the fixture designers,
they utilize it to design the assembly fixtures. However, they
also tend to optimize the design of the assembly fixtures,
as discussed in the next section, which further increases
the criticality of the cooperation. Moreover, the assembly
process carried out in an RAS is a complex process requiring
large interaction between assembly process variables such
as deciding assembly robots, welding guns, and grouping
of tasks. This is so because in RASs, two similar parts (say
car windows for two different car models) may require an
assembly robot while the other may require a welding gun
for a particular process. This and other implications of RASs

imply that developing products on reconfigurable assembly
lines requires extensive knowledge of various processes, their
capabilities, and limitations. That is, it is difficult to impart
reconfigurability by a product designer without comprising
with the product development processes, because of extensive
requirement of knowledge and experience required, which is
very unlikely in practical situations. At the same time, the
fixture designers or fixture experts (designer cum suppliers)
often use heuristics based on extensive experience and
knowledge and can ultimately assist to carry out product
development of a product family on an assembly line in a
relatively short time. Hence, the cooperation between the
fixture designers and the product development processes
for an RAS can lead to critical savings in the product
development time.

Making the fixture designers an arranging partner in
the entire process chain of product development can result
in efficient integration of product development and fixture
development, if partnered with an early and active involve-
ment. This scope can minimize the cost, time, and design
faults leading to advantageous situations for both the cus-
tomer and the fixture designers. Several researchers support
this aspect; particularly Tang [11] and Eversheim [12] have
proposed the active involvement of die makers in the case that
stamping product development can lead to much improved
results, thus, making the active cooperation between fixture
designers and product development in RASs even more
promising. Early integration of the customer process may
lead to an earlier start of the fixture designing activities as
well as a shift between the activities in the activities processed.
However, an early integration is not an easy job in the context
of global manufacturing, that is, when the fixture designers
are geographically dispersed at large distances. In such cases,
the cooperation between the fixture designers (designers cum
suppliers) with the product designers and hence the concur-
rent performance of preliminary product design processes
and fixture designer selection can be accomplished using a
web-based environment. This paper presents a web-based
framework termed “cyberdesigning of RASs” for cooperating
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FIGURE 2: Integrated assembly fixture and part development.

and integrating the activities of fixture design and product
development in an RAS as discussed in the next section.

3. Cyberdesigning of RASs

The web-based framework “cyberdesigning of RASs” is devel-
oped to conceptualize a cooperative integration of fixture
designers with the product development of a product family
on a single assembly line. In this framework, the activities
in fixture design or the activities of fixture designers are
juxtaposed with product development activities regarding the
product family on the assembly line. This juxtaposition is
accomplished by interfacing the product customer and fixture
designer through the framework “cyberdesigning of RASs” as
shown in Figure 3.

This framework performs the following functions for
interfacing the product customers and fixture designer’s
activities.

(a) Collaboration chain: The collaboration between prod-
uct customer and fixture designer can be done using
a bill-of-materials-based partnership chain.

(b) Fixture designer selection: A fixture designer (designer
cum supplier) selection module can be developed to
select appropriate fixture designers.

(c) Information sharing: Information sharing includes
facilities for know-how, data, and experience ex-
change between the RAS and the fixture designers.

(d) Service facilities: The cyberenvironment for fixture
design and product assembly can be well supported by
providing different functions such as user login man-
agement, online information exchange, and website
administration.

All of these functions together constitute the job accom-
plished by the web-based interface “cyberdesigning of RASs.
The descriptions of the different tasks of this interface are
discussed in the following subsections.

3.1. Collaboration Chain. The collaboration chain can be
defined as a partial supply chain model, consisting of basic
interface between the fixture designer and the product
customer. This two-stage supply chain can be represented
using the notion of the generic bill of material (GBOM) of
the involved product family. Though the market desires a
very diverse product family, huge savings in manufacturing
costs can be obtained via commonalizing some parts and
differentiating others. For example, in a car body assembly
system, the manufacturer can choose to differentiate the part
“car bonnet” for different market segments, whereas it can
offer the same part “car window” to each of the market
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segments. Consequently, the need for the reconfigurable
assembly fixture is due with the differentiated part types only.

Figure 4 portrays a GBOM employed for the collabora-
tion chain process. In the collaboration chain process, first
the customer requirements are obtained and the members
of product family are planned. Then, reconfigurable and
nonreconfigurable fixtures are decided as per the common
or different part models to be assembled on a fixture. This
is followed by the selection of individual fixture designers.
For this purpose, web-based frameworks such as WeBid exist

in the literature which uses BOM-based product models to
ensure early supplier involvement [25, 26]. Though BOM-
based collaboration chains can bring about early supplier
involvement in general product development, in case of
reconfigurable assembly systems it is very complex. This is
because of the very high level of responsibility and execu-
tion for technical and organizational coordination with the
customers. In such case, selection of adequate fixture and
tool suppliers requires advertisement for each tool or fixture.
Moreover, the amendments in initially planned schedule may
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raise the costs in case of multiple fixtures considered at a time,
thus making the job of customer cumbersome as the number
of fixture increases.

Moreover, the numbers of fixtures or tool suppliers are
desired to be reduced, particularly in the automobile industry
[10], so as to alleviate the costs incurred in the procurement
of fixtures and other tools. An endeavour in this direction
inspired from Eversheim [12] can be brought about by
decreasing the number of suppliers in direct communication
with the product manufacturer. This can be done by involving
intermediate fixture and tool suppliers.

This paper utilizes the notions of system supplier, recon-
figurable fixture designer cum supplier, and nonreconfig-
urable fixture designers cum supplier together forming a
virtual supplier as shown in Figure 5. A system supplier is a
reconfigurable assembly fixture designer meant for differenti-
ated part types across the product family, whereas subsystem
suppliers are the nonreconfigurable fixture designers meant
for common part types across the product family. The sub-
system suppliers together with the system suppliers constitute
a virtual supplier by simultaneously contributing in the
complete fixture development. It results in two improvements
in the product manufacturer-fixture designer relationship.
These improvements include reduction in the number of
directly interacting fixture designers and transfer of overall
job of fixture designing from the product manufacturer to the
system supplier.

3.2. Fixture Designer Selection. For early supplier involve-
ment, the selection of the right fixture designer is a critical
issue. The criticality in the fixture designer selection lies in
that a set of conflicting criteria are to be considered to realise
the effective selection. These criteria range mainly in the form
of technical requests along the process chain of development,
fixture design and tool production, assembly, optimization,
and so on. The fixture designer selection problem addressed
in this paper is a multiple supplier selection problem to obtain
an optimal set of fixture designers in the multilevel collabo-
ration chain. The fixtures to be used in RAS are classified, as
mentioned earlier, into reconfigurable and nonreconfigurable
fixtures required, respectively, for differentiated and common
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part types such as components of car bodies. The two kinds of
fixtures are supplied, respectively, by system and subsystem
supplier. The complexity of this problem may vary from
problem instance to problem instance as there may be several
alternative fixture designers for the same fixture or one fixture
designer may develop more than one fixture. Nonetheless, the
fixture maker selection problem in this paper is concerned
with the selection of the sequence of the suppliers.

The formulation of the fixture designer selection problem
is inspired form Gupta and Nagi [27], Sha and Che [28], and
Lin and Wang [29]. The criteria considered in the supplier
selection problem can be cost, lead time, service level, quality,
and so forth. The contribution of these criteria with respect
to the optimality in the supplier sequence depends upon the
weight or priority assigned to these criteria. They proposed
heuristics based on explicit enumeration which can be used
to find the optimal combination of system and subsystem
assembly fixture suppliers.

Let Sljk be the set of parts for which the Ith fixture

designer develops the fixture at the plant j' for fixture type k'.
Fixture type means reconfigurable, nonreconfigurable, large
size, medium size, or small size fixtures. Then, the fixture
maker selection problem can be formulated as

Maximize z": [w1 . C;k (Sljk) +w, - F;k (Sljk)
I=1

. a
+ws - Qi (Sie) + ] )

Subject to

(Si'k) n (Sﬂ) =9

n(v) (2)
Card ( U (Sljk)> ,

I=1

where w;, w,, and w; are the priorities or weights of the
different criteria considered in the objective function. Solving
the above formulated problem means finding a feasible
combination of fixture designer defined by

(RS G)

with “n” being the total number of the of fixture designers in
the Vth combination. C;k(Sljk), FJ’:k(S;k) and Q;k(Si.k) are the
ranks of the /th fixture designer with respect to cost, lead time,
and quality, respectively. For enumerative purposes, each of
the criteria, whether qualitative or quantitative, needs to be
quantified. For this purpose, a normalized rank or rating
is used to convert the quantitative or qualitative criteria as
follows:

V-LL
V-Lh) criteria are to be maximised
(UL-LL)
R= (4)
UL-V
WL-V) criteria are to be minimised,
(UL - LL)
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TABLE 1: Brief sketch of knowledge share components between part designer and fixture designer.

Fixture design activities

Part design activities Material cost Fixture cost Process Fixture design Fixture model
estimation estimation planning optimization design

Requirements of each market segment

Commonality/differentiation decision

Material selection X X

Concept generation X

Individual parts configuration X X X

Tooling elements and clamps characterization X X X X

Dimension specification X X X

Generation of part/parts for assembly X

where R is the normalized rank or rating and V is the
estimated value of the quantitative or qualitative criteria
converted to a quantitative value. UL is the upper limit and
LL is the lower limit.

3.3. Knowledge Sharing

3.3.1. Need for Knowledge Sharing. For effective realization of
early supplier involvement in the process chain, the knowl-
edge share between the product designer and the fixture
maker is the key factor. The term knowledge sharing includes
both the design knowledge as well as design information
sharing. The product development cycle comprises of differ-
ent steps such as conceptual design steps, embodied design
steps, and detailed design stage. Table 1 reveals knowledge
sharing components between the part designer and fixture
designer. The emphasis utilizing ESI should be to have fixture
designer involvement at as many steps as possible. During
the conceptual design steps, the lack of exhaustive product
information may trigger the fixture designer to hesitate
to specify all the workholding devices and tools that are
required, thus making it difficult to perform exact fixture cost
calculation. The fixture designers can help at different stages
of product development cycle in the following way.
In the proposed web-based framework,

(a) the customers’ verbal instructions are utilized in
making a conceptual sketch of or model to generate
concept parts (differentiated or common) and mate-
rial selection. The involvement of fixture designers at
this stage can help in identifying the most suitable
material as per the sheet metal properties, forming
qualities, and cost requirements.

(b) At the embodiment design stage, that is, during
the part configuration processes, the assessment of
fixture’s cost, part’s fastening properties, and utiliza-
tion of previously made sketches can be well aided
by the fixture designers. The cost evaluation of the
previously designed part sketch is the most crucial
part which is done on the configuration level.

(c) During the detailed design stage, part shape refine-
ment, dimension specification, tolerance specifica-
tions, and clamping or tooling location specification is

done. The part geometry is the most important aspect
to be attended to from the side of the part designer.
This is because, in assembly systems, the geometry
features determine not only assembling properties
but also the functional requirements of the part. For
example, holes in the parts are used for different
purposes such as fastening, guiding and aligning, or
reducing the weight of the part. For fixture design-
ers, part design determines the configuration of the
assembly fixture designed by them. In the case of
system suppliers, they have to make reconfigurable
fixtures for which they require tooling or clamping
specifications. They tend to minimize the fixture
workspace envelope (FWE) for which they may use
several alternative heuristics. The minimization of
FWE during the fixture designing not only saves costs
incurred during physical development of the fixture
but also takes lesser space in the assembly systems.
Moreover, it is also sought that the part design should
be functionally acceptable as well as compatible with
selected assembly processes so as to yield lower cost,
shorter lead times, and higher quality.

The achievement of aforementioned objectives requires
the consideration of the fixture type, number of parts assem-
bled on a fixture, number of fixtures, and fixture development
cost with respect to the part feature traits such as feature form
complexity, number of tool locating elements, size, tolerance,
and so forth. This requires a sound knowledge sharing
between the product designer and the fixture designer. The
proposed framework strives to resolve this issue by adopting
any of the two knowledge sharing techniques as discussed
below.

3.3.2. Mode of Knowledge Sharing. After selection of the
right fixture designer for the assembly system, the early
supplier involvement gets initiated from the organizational
point of view. What remains yet to be materialized is to create
a cooperative environment between the product designer
and fixture designer. The next step in this direction, in the
cyberdesigning of RASs, which follows the fixture supplier
selection, is the knowledge share the quest for which is
mentioned in the previous subsection. The knowledge share
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between the fixture designer and the product designer can
be accomplished by either using knowledge bases furnished
by fixture designers or by availing an online communication
environment for messaging and data exchange between
product designers and fixture designers. The former mode
of knowledge share is called asynchronous knowledge share,
while the latter one is known as synchronous knowledge
share.

In the asynchronous knowledge share, the fixture
designer provides its knowledge in web-based knowledge
bases. The knowledge base can contain knowledge such as
rules, case studies, heuristics, and demonstrations. Moreover,
web-based design services can also be availed through the
knowledge for concept design and evaluation, part design
evaluation, assembly process design and evaluation, fixture
set selection, and so forth, for analyzing different stages in
developing the product family at the reconfigurable assembly
line. Several design problems can be handled using the
web-based services equipped with the knowledge base of the
fixture designers. During part geometry design, the product
designer can receive various options and consequences for
cost, processes, and fixture design for reconfigurable as well
as nonreconfigurable fixtures. These design services can
be utilized to integrate the fixture designer with product
development on a reconfigurable assembly system. High level
information about knowledge object known as the metadata
can be used to perform knowledge mining, searching and
navigation. The search and navigation can be performed by
adding keywords to the metadata so that specific searches
can also be done. The user can browse through the keywords
and explore into the knowledge base. For this purpose, Java
Applet can be utilized to provide an interface for realizing
the knowledge share between the product designer and the
fixture designer which is clearly a future scope of research.

The mechanism of asynchronous knowledge share is shown
in Figure 6.

In synchronous knowledge share, an agent communica-
tion platform based on Java Agent Template Lite [30] can be
built to enable online communication between the product
designer and the fixture designer. A basic infrastructure is
fetched by JATLite where an agent registration is done with
agent registration route (AMR) by the way of name and
passwords. The agent also transfers files and invokes other
programs or actions on the computer. Moreover, it can also
accomplish the tasks of wrapping existing part and fixture
design programmes by enabling an automatic communi-
cation with other programs via a front end. This research
recommends that while utilizing synchronous knowledge
share between the product designers for RASs and the
corresponding fixture designers, the construction of agents
can be facilitated by JATLite. The agent can send and receive
knowledge query and manipulation language (KQML) and
extensible markup language (XML) languages by sending a
KQML message with XML contents to the receiving agent for
its main applications. The receiving agent performs required
operations according to the content of the message. It does
so by interpreting the XML-based message content followed
by its use of the related data for system application so as to
minimize the data communication errors.

The part designers, via an agent, can use the features
of the differentiated parts or the common parts across the
product family as design units to be used by the fixture
designers and configuration and evaluation units in the
fixture design. The part features such as number of tooling
elements or tool locators and parts’ clamping configurations
can be defined through appropriate feature templates. Mean-
while, XML document can be used to describe the part
features. The fixture designer through an agent can read
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and analyse the part feature information via KQML/XML
parser. After analyzing the part features, the fixture designer
evaluates the part model for evaluation at design stages. The
evaluations include reconfigurable evaluation, cost and space
evaluation of the part design and hence the fixture. If the
part model contains any design flaw, then the part designer
is informed through the part design agent. Otherwise, the
fixture designer starts developing the assembly fixture. The
fixture designer will try to optimize the FWE of the fixture in
case of reconfigurable as well as nonreconfigurable fixtures
so as to minimize the fixture design and development costs
incurred on his side. The optimization of fixture design not
only fetches benefit to the fixture designer but also to the
product development processes in the RAS. This is so because
better space utilization of space in the assembly system and
economic fixture will be availed for the RAS. Few heuristics
existin the literature, for optimizing fixture design. This paper
also incorporates optimization aspects for fixture design as
per the parts’ design. Extended heuristics are presented in
this paper that can be used by the fixture designer once the
part design information is obtained, evaluated, and approved
by the fixture designers. The next subsection discusses the
optimization aspect of fixture development.

Thus, the cyberdesigning of RASs contains two opti-
mization aspects, one prior to the knowledge share that is
the fixture design selection and the other posterior to the
knowledge share that is the fixture design optimization as per
the requirements of parts’ design. These optimization aspects
are discussed with adopted heuristics and examples in the
next section.

4. Optimization Issues in Cyberdesigning
of RASs

As discussed in the previous section, the function modules
of “cyberdesigning of RASs” include collaboration chain,
fixture designer selection, knowledge share, service facilities,
and supplementing tools. The functions of service facilities
include aiding users’ registrations who are nobody but the
product customer and fixture designer. The service facilities
are planned so that the customer/user can view the infor-
mation of the supplier but cannot manipulate it; likewise is
true for the fixture designer. The supplementing tools such
as JATLite agents and KQML and XML languages are used
to accomplish the function of online interaction between
product customer and fixture designer through discussion,
messaging, information upload and download, and so forth.

Among the above recited functions of “cyberdesigning of
RASs,” the first function module, namely, collaboration chain
characterization, does not ask severely for optimization.
Rather, it involves the provision of developing a skeleton
of collaboration chain by the customers during the earlier
interaction between the customer and the designer. GBOM
representation of the product family involved can be used to
present a graphical navigation of the collaboration skeleton
so that it provides a crucial deciding point not only to the
customer but also to the fixture designers. Via the help
of the products GBOM, fixturing bids are invited by the

customer and are evaluated by the fixture designer. The
evaluation by the fixture designer involves capturing of the
customer requirements and identification of his own role in
the collaboration. The customer requirements include the
description of parts such as number of tool locators, clamps,
and supporters for the part. The latter part of evaluation refers
to realization of the fact that whether the fixture designer can
play the role of a system or subsystem supplier depending
on differentiated or common part, and hence reconfigurable
or nonreconfigurable fixtures are to be developed. After
the characterization of collaboration chain by the customer,
different fixture designers submit their bids. The evaluation
of bids of the entire potential fixture design by the customer
is next realized.

Thereafter, supplier selection from the potential fixture
designers is to be done. This requires the optimization of dif-
ferent conflicting criteria for which sophisticated techniques
and heuristics are needed, particularly for large size problems.
This optimization issue is discussed later.

4.1. Prior-to-Knowledge Share Optimization. As discussed in
the previous section, several criteria compete for considera-
tion while accomplishing the supplier selection in an optimal
way (1). Previously, the multiple-supplier selection problem,
similar to our context, has been solved using explicit enu-
meration techniques. However, in cases involving a very large
number of suppliers to be selected, it may be a cumbersome
job to find the optimal solution in computationally feasible
time. This paper proposes a random search metaheuristics,
namely, artificial immune system (AIS) which is discussed
below.

4.1.1. Artificial Immune System. Despite AIS’s recent emer-
gence, it has well established itself as a potential optimization
algorithm backed by superior results it has yielded [31].
AIS incorporates clonal selection and evolutionary principles
altogether so as to impart learning among individuals, or in
computational terms, the random solutions [32].

It is a population-based strategy which starts with the
maintenance of a population P of antibodies. Each antibody
is a random solution string encoding the sequence of feasible
suppliers as given by (3). Obviously, the representation
schema is a permutation schema encoding the index of the
selected supplier and arranged in the sequence.

This population of antibodies undergoes cloning wherein
each individual is cloned or copied based on its antigenic
affinity (or objective function given by (1)). That is, more
clones are generated for antibodies with higher affinity and
vice versa. The antigenic affinity refers precisely to the
string’s fitness in terms of objective function or constraint
satisfaction.

Thereafter, all the clones have undergone a maturation
process through hypermutation whereby the stochastic rate
of hypermutation is made dependent on the fitness. Precisely,
rate of hypermutation is kept higher for clones with lower
fitness and vice versa. The difference between hypermutation
(AIS) and mutation (GA) lies in the fitness dependency of the
mutation rate in case of AIS. From the hypermutated clones
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population, P, best individuals are selected stochastically and
the whole procedure of cloning and hypermutation is iterated.
AIS is shown to accomplish a search with a fair trade off
between exploration and exploitation [31].

4.1.2. Implementation over a Case Study. An implementation
of artificial immune system over a problem taken from Tsai
[33] and converted to our context (the suppliers being fixture
designer cum supplier) is presented in this section. The
criteria considered in the problem are cost, lead time, delivery
ability, service, and flexibility so that the objective function is
given by

Maximize a, = i [w1 'C;k (Sljk)
=1

rwy T (Si) +ws - Qe (Si) (5

+wy - Dy (Si) +ws - P (S5

+ ws - Fy (85)]

where quantity represented by (5) is the assessment index
of the vth sequence of the fixture designers cum suppliers.

Ci'k is the cost rating, F;k is the lead time rating, Q' is the

quality rating, p;k is the service rating, and F;k represents the

« :l»

flexibility rating of the /th supplier at plant “j” and fixture
type “k”

Table 2 shows mandatory fixture designs required for
parts of a car body panel. The search space for this problem
can be represented by a search tree. The weights considered
hereby are taken to be 0.449, 0.133, 0.129, 0.028, 0.203,
and 0.059, respectively, for cost, lead time, quality, delivery,
service, and flexibility. The solution space for the problem
can be represented via a search tree, and the optimal solution
for this problem varies from combination to combination of
the weight of the six criteria. For the abovementioned AIS
algorithm is coded over this problem on C++ compiler and
run till the optimal result is obtained. The optimal sequence
found is (1, 1, {LEP 01,LEP 02}),. (6, 2, {MIP 04}),. (2, 3,
{SIP 03, SIP 05}),.

The solution for this problem is found after 100 iterations
and is more promising on large data sets as compared to
explicit enumeration in terms of computational time.

4.2. Posterior-to-Knowledge Share Optimization. Once the
fixture designer is selected and part design, fixture designer
capabilities, and so forth get realized through knowledge
share, the selected fixture designers optimize the design
of the fixture as per the parts associated with the fixture.
Information like part configuration (tooling elements, tool
locators) is utilized for this purpose. However, in order to
reduce fixture development cost, fixture workspace envelope,
and so forth, the fixture designer tends to optimize the fixture
design. With reference to speedy and compact interaction to
enable web-based cooperation, the viability of the heuristics
to yield optimal fixture design used by the fixture designer in
a stipulated time frame is a crucial issue. This paper extends
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TABLE 2: Fixture designer alternatives for a car body panel.

Part Fixture configuration type Fixture designer options
LEP 01 1 (reconfigurable fixture) L3

LEP 01 1 (reconfigurable fixture) 1,6

SIP 03 3 (nonreconfigurable fixture) 2,4,6

MIP 04 2 (nonreconfigurable fixture) 5,6,7

SIP 05 3 (nonreconfigurable fixture) 2,8,9

a deterministic heuristic to optimize fixture configuration
that can be used by the fixture designer via agent or other
software to yield quality solutions in real time. The following
subsection presents the extended stochastic metaheuristics
for obtaining a near optimal/optimal fixture design.

4.2.1. Stochastic Procrustes-Based Pairwise Optimization. Lee
etal. [34] has presented a genetic algorithm-based workspace
synthesis analysis for fixturing of a stamping part family.
They proposed to minimize the space required by each
locator to produce a part family and thereby synthesizing the
single fixture workspace. Though their approach substantially
reduces the fixture workspace an analytical elimination of
unlikely sets of solutions is missing that may impart swiftness
to the workspace minimization. Moreover, the number of
variables involved in minimization is directly proportional
to the number of locators and parts causing the algorithm to
consume very large amounts of time.

Kong and Ceglarek [2] proposed a methodology con-
taining Procrustes and pairwise optimization. They utilized
Procrustes analysis for workspace synthesis by obtaining best
superposition of different configurations corresponding to
different parts. The Procrustes analysis uses a least squares
method with isotropic scaling, rigid translation, and rotation.
It accomplishes preliminary fixture configuration design by
best matching one configuration (set of points with multi-
dimensions) to the others. For multiple parts, generalized
Procrustes analysis is applied where different pairs from N
number of parts (each with k number of tooling elements) are
formed and superimposed to each other through translation
and rotation in a Cartesian coordinate system to minimise
the residual error or accumulative difference between two
fixture configurations in the pair. In order to speed up the
optimization, pairing is done such that a pair comprises of
a part and the centroid of the remaining N — 1 parts.

Once the optimal superimposition of different configura-
tions is obtained, the diameter of fixture workspace envelope
(FWE) is determined by minimizing the diameter of the
largest circle (out of k circles) containing N tooling elements
(locating points) corresponding to each part. The diameter
of the largest circle is minimized through making N pairs,
each with one locating point and centroid of the rest of the
N —1locating points and conducting search optimization for
this configuration pair to minimize the diameter of the largest
circle (say ith one).

The objective function for the fixture configuration opti-
mization is given by

Min(Max C;) 1<i<k. (6)
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Though this deterministic Procrustes-based pairwise
optimization achieves the optimization of fixture design, the
absence of proper ordering of pair formation in each iteration
impacts the computational time severely. An unplanned
ordering strategy for each search optimization to compress
the two members of the pair would result in the exact
optimal solution at the cost of computational time. In order
to impart further momentum to early supplier involvement,
the computational time should be given priority over exact
optimality of the solution. For this purpose, this paper
randomizes the search procedure as follows.

(a) During each iteration of Procrustes analysis, the
pair formation is generated by randomly selecting a
locating point and taking the centroid of N—1locating
points. It is ensured, in each of the iterations, that the
point which is once selected should not be selected
again. Once N pair formations is followed by sum of
squares of each pair of configuration, one iteration is
completed. Repeating Procrustes analysis in this way
yields a near optimal/optimal superimposition of part
configuration.

The sum of squares of each pair of configuration [2] is
given by

D(X,X,..., X,)

N N (7)
_ %,Z 3R+ 5T - (XR; + KT

i=1j=i+1

where X; is the configuration matrix, R; and T; are the
rotation and translation vectors, and [, is the matrix
with all the tooling elements of a part configuration.

(b) After determination of the superimposition of
the part configuration, the diameter of the largest
circle containing N parts is minimized. This is accom-
plished by pairwise optimization [2] as told above.
Computational economy with respect to time can
be brought about to this procedure by stochastically
selecting a part while doing any pair formation in
each of the iterations. This can be done by calculating
the distance of locating elements from the centre
of the circle and normalizing them. The normalized
distance of a locating point is used in deciding
selection of a point for the pair formation with the
rest of N — 1 points. That is, a point with lesser value
normalized distance is selected first for pair formation
and that with higher value is selected later.

This extends the Procrustes-based pairwise optimization
by imparting to it a stochastic outlook. This helps in obtaining
a sub optimal solution in a stipulated time frame.

The extended Procrustes-based pairwise optimization is
implemented over an example taken from Kong and Ceglarek
[2], and the stopping criterion for the algorithm is kept
as the maximum number of generation. Different trials are
preformed, and the diameter obtained versus trial number
plot is drawn as is shown in Figure 7.

1

4.3
4.28
4.26
4.24
4.22

4.2
4.18
4.16

Diameter

Trial number

FIGURE 7: Performance of stochastic Procrustes-based pairwise
optimization for stipulated number of iterations or time frame.

As reflected from the figure, for most of the trials the
diameter of the largest circle is between what is found by Lee
et al’s approach or Kong and Ceglarek approach. Moreover,
only once the diameter value found by stochastic Procrustes-
based pairwise optimization is equal to 4.29 otherwise it
is near to 4.16 units. Thus, the stochastic Procrustes-based
pairwise optimization algorithm results in a viable solution
in stipulated time.

5. Conclusions and Future Research

This paper attempts to conceptualize the product develop-
ment of a product family in a reconfigurable assembly system
in which product development is performed concurrently
with fixture design. The fixture design is accomplished as per
the parts’ requirements by internal or external suppliers, and
active interaction is simulated through a web-based interface
so as to have early supplier involvement. The proposed web-
based interface involves four steps of interaction where two
of them are concerned with optimization issues. The first
optimization problem is related to fixture designer selection
by the product designers, while the latter one is optimization
of fixture design by the fixture designer. To simulate prompt-
ness to the interaction between the two members, both of
the optimizations can be aided with stochastic optimization
algorithm.

Though the cooperation and integration of the product
designer and fixture designer activities promise to maximize
the market share, this aspect is not analyzed explicitly by this
paper, thus being a future scope of research. Moreover, agents
can be utilized more compactly to imbue sophistications and
intelligence in the communication.

As synchronous knowledge share, an agent communica-
tion platform based on Java Agent Template Lite is built to
enable online communication between the product designer
and the fixture designer, and being used by a user group
without any complain so far, the efficacy of the proposed
digital interface can be established. At the same time the
multiple-supplier selection problem is also demonstrated to
be near optimally solved using a sophisticated algorithm
in realistic computational time. Holistically, we are encom-
passing both of the products dependent and nonproduct
dependent part in general. A more discreet and decisive
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model for reconfigurable or nonreconfigurable models is an
area of further research.
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The variable reluctance (VR) resolver is usually used to measure the shaft angle of motor. A novel VR resolver with asymmetric teeth
on the stator is proposed to achieve the minimal number of active teeth and eliminate the amplitude imbalance of the output voltages
of SIN and COS coils by bringing the fifth compensating tooth. The structure and the total output voltages of signal windings are
explicated theoretically in detail. The topology of such a machine just requires 2D finite element analysis (FEA) to accurately predict
the machine performance. Results of FEA and principle of VR resolver with asymmetric teeth are in good agreement, and several
special relevant problems are studied. Finally, experimental results validate the theoretical analysis and FEA of the proposed VR

resolver.

1. Introduction

When vector control, direct torque control, and other control
strategies are applied in AC governor system with high
dynamic performance, the rotor angular position is required
necessarily [1-4]. As electromagnetic rotor position sensor of
motor, variable reluctance (VR) resolver, which has simple
structure, small axial dimension, high reliability, high ampli-
tude of output voltage, low cost, and relatively high precision,
is widely used to realize commutation and control algorithms
in numerous applications especially in electric vehicle [5-10].

The conventional VR resolver adopts the sophisticated
sinusoidal distributed windings placed on the stator and has
slots in both stator and rotor to output two quadrature signals
[11]. However, the turns of reference winding and signal
windings should be an integral number, and thus the angle
measurement accuracy will be reduced [12, 13]. Therefore, the
novel VR resolver has concentrated windings used for SIN
and COS coils and rotor with several salient poles to induce
voltages containing the information of the rotor angle [14-
16]. Several researches also focus on the resolver models and
new-type resolver [17, 18].

Usually, for a conventional 4 pairs of pole VR resolver, the
number of teeth on stator is selected as at least 8 or the integer

multiple of 8. Unfortunately, when VR resolvers are applied
in a small and narrow space; for example, when the stator
diameter is less than 30 mm, it is of great difficulty to insert
coils because thin copper wires are too fragile and the space
inside the resolver for inserting coils manually is too limited
to accomplish accurately and conveniently. Thus, a novel VR
resolver with asymmetric teeth on the stator, which has a
minimal number of active teeth and the simplest structure,
is proposed to reduce the size and cost of the device while
simplifying its construction without loss of accuracy.

This paper is organized as follows. Firstly, the construc-
tion and work principle of novel VR resolver with asym-
metric teeth on the stator are introduced in Section 2. The
expressions of air-gap permeance and the output voltages of
signal windings are deduced. Section 3 shows results of FEA
to validate the analysis of novel VR resolver with asymmetric
teeth. Related problems including the difference between
SIN and COS compensating coils and arbitrariness of the
location chosen for the compensating tooth are emphasized.
The prototype and test bench are developed based on the
analysis and computation results above; the performance
of VR resolver with asymmetric teeth is investigated in
Section 4, including the output voltages of signal windings
and zero-error. Conclusions are summarized in Section 5.
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FIGURE I: Structure of novel VR resolver with asymmetric teeth on
the stator: 1-rotor, 2-shaft, 3-SIN coil, 4-reference winding, 5-stator,
6-COS coil, 7-COS compensating coil, 8-compensating tooth, 9-SIN
compensating coil, 10-air.

2. Principle of Novel VR Resolver with
Asymmetric Teeth on the Stator

2.1 Structure of VR Resolver with Asymmetric Teeth. The
novel variable reluctance resolver, which is completely differ-
ent from conventional multipole VR resolver, has reference
winding and signal windings placed on the stator and several
salient poles on the rotor. Thus, due to salient pole effects,
with the rotation of the rotor, the inductance of signal
windings varies, and the voltages of SIN and COS coils,
which contain the information of the rotor angle, can be
induced. When the rotor rotates one revolution, the period
number of the output signals will be the same as the rotor
salient pole number. Normally the higher the rotor pole
number is, the more position accuracy the VR resolver can
achieve. The stator pole number z should be the times of
four to form two symmetrical phases. Moreover, the reference
coils are connected in series to form z poles. The polarity
of coils will be positive/negative alternatively. In order to
make the teeth number be the minimum, four active teeth
with reference windings are put on the stator. Another fifth
asymmetric tooth, nonactive, is proposed to eliminate the
average component from the induced voltage.

The SIN signal should be always in quadrature with COS
signal, that is, the SIN winding and the COS winding must be
mechanically displaced 90 electrical degrees from each other
in the stator. And, the principle of slot-pole combination
of VR resolver should be followed strictly. As a result, the
number of teeth on the stator is selected as five; the rotor
pole number p is chosen as four and the angle-interval of the
neighboring tooth « on the stator should be 67.5 mechanical
degrees. The structure of novel VR resolver with asymmetric
teeth on the stator is shown as Figure 1.

It can be seen that the reference windings and the signal
windings are placed together in the stator, and the polarity
of reference windings and SIN and COS coils are posi-
tive/negative alternatively. GCAACGGATCATCATGTAA
The two concentrated coils, called compensating coils, are
placed on the compensating tooth and, respectively, con-
nected with SIN and COS coils in series. The stator is not
complex and can be manufactured by simply using normal
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FIGURE 2: Waveform of air-gap permeance beneath the first tooth.
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FIGURE 3: Harmonic components of air-gap permeance.

silicon steel and concentrated coils. To form the salient poles
more precisely, the rotor may be a little more complicated
to be fabricated by wire-electrode cutting. Thus, the novel
VR resolver is named as VR resolver with asymmetric teeth
for the reason that the angle-interval between the first four
neighboring slots is 67.5 mechanical degrees and the fifth is
90 mechanical degrees. The shape of the compensating tooth
is just like the other four teeth, and the main difference is that
there is no reference winding on it.

2.2. Analysis of the Air-Gap Permeance of VR Resolver with
Asymmetric Teeth. The air-gap permeance waveform deter-
mines the output voltage waveforms of SIN and COS coils
directly. Invariably, the magnetic flux closes along the path
where the permeance is the maximum. The main magnetic
circuit contains stator yoke, stator teeth, rotor, and air-gap.
So, analysis of the permeance under four active teeth should
be taken as the principal thing.

According to the general analysis method for a VR
resolver, the higher harmonics can be neglected [14]; thus, the
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FIGURE 4: Magnetic flux distribution in the VR resolver with asymmetric teeth on the stator.
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1.74377E — 3/1.91812E - 3
1.91812E — 3/2.09246E — 3
2.09246E — 3/2.2668E — 3
2.2668E — 3/2.44115E — 3
2.44115E — 3/2.61549E — 3
2.61549E — 3/2.78984E — 3

FIGURE 5: Magnetic flux density in the VR resolver with four teeth.

permeance versus rotor-position angle 0 can be expressed as
follows:

Ay =Ayg+A cosp@+k-a), @

where A is the average permeance, A is the amplitude of
the fundamental component, 0 is the rotating angle, p is the
salient pole pair number of the rotor, « is the mechanical
degree of the neighboring tooth, and k is the number of the
stator teeth. For example, the number of the teeth at the top is
1, and then other teeth are numbered by a counterclockwise
rotation.

Thus, the sum of the air-gap permeance can be expressed
as:

4 3
ZAZk = 4N+ ZAlcos pO+k-a)=4A, (2)
k=1 k=0

Therefore, the sum of the air-gap permeance remains
unchanged when the rotor rotates. Then, the reactance of
the reference winding is a constant, and the amplitude of the
induced voltage of reference winding which is excited by a
constant voltage power supply is invariable so that no error
will be brought in.

On the condition that reference winding is excited by a
constant voltage power supply, the following equation should
be followed when calculating the sum of the magneto motive
force:

4 4
)
Z = —Zk‘l 2k _ const,

zk — 4 (3)
Zkzl Azk

k=1

where 22:1 ®,, is the sum of the air-gap magnetic flux.
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FIGURE 6: Total output voltages of signal windings.

Then, the air-gap magnetic flux of each tooth can be
expressed as:

O =F A=y +Dcosp@+k-a), (4)

where @, is the average magnetic flux and @, is the amplitude
of the fundamental component.

2.3. Analysis of the Output Voltages of SIN and COS Coils. To
simplify the problem, it is assumed that

(1) the permeance of stator and rotor iron are infinite;

(2) the iron losses are omitted.

The output voltage of SIN coil will turn out to be

4
E = ) 444fN,cosknd, (n=1,2), (5)
k=2n

where Nj is the turns of each SIN coil, which is the concen-
trated coil like the reference winding, f is the frequency of
the reference signal, and cos kr represents the N/S polarity of
reference coils.

Just like the air-gap permeance and the magnetic flux,
the output voltage of SIN coil contains average component
and fundamental component. The average component, which
only varies with time and without the rotation of the rotor, is
expressed as:

4
Ely= ) 444fN,coskn®, = 0. (6)
k=2n

Nevertheless, the average value of signal windings cannot
be neglected because of the following reasons.

(1) The reference winding and signal windings are put
together on the stator tooth and magnetic coupling
exists inevitably.
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(2) There will be direct coupling between the windings
due to the stray capacitance effect.

(3) The slot leakage flux will induce voltages irrelevant to
the position signal.

(4) The magnetic circuit of VR resolver with asymmetric
teeth is typically asymmetrical.

(5) The compensating effect of the signal windings in
series will be little in that there exists only four active
teeth.

Therefore, the average component of SIN coil should be
revised as:

ESO = stNs(D0> (7)

where Q, is the voltage coefficient of SIN coil and can be
calculated by FEA.
The fundamental component will turn out to be

4
E = Z 444 fN, @, coskmcos [p0 + (k- 1) ]
k=2n (8)

= 8.88 fN®, sin po.

Thus, the output voltage of SIN coil could be expressed in
a more distinct way as:

E, = Ey + E,; = Q,fNs®, + 8.88 fNs®, sin p.  (9)

Similarly, the output voltage of the COS coil will turn out
to be

E.=Eq+E, = Q.fN,®, + 888 fN.®, cos pf,  (10)

where N, is the turns of each concentrated COS coil and Q, is
the voltage coefficient of COS coil and can also be calculated
by FEA.

It can be clearly seen from (9) and (10) that the output
voltages of VR resolver with asymmetric teeth contain aver-
age component and fundamental component. The average
component will definitely cause function error and amplitude
imbalance when the resolver measures the angle of the rotat-
ing shaft. Therefore, the output voltages of VR resolver with
asymmetric teeth must be in series with compensating coils
to eliminate the average value and obtain higher precision.

2.4. Analysis of the Total Output Voltages of Signal Windings.
To simplify the issue, it is assumed that the magnetic flux
in the air-gap under the compensating tooth is zero because
there is no reference winding placed on it.

Then, based on the principle of continuity of magnetic
flux, at any time, the algebraic sum of the magnetic flux in the
compensating tooth and the other four active teeth should be
zero.

Thus, the magnetic flux in the compensating tooth will
turn out to be

D, =) Dy (1)
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The average component of the output voltage of the SIN
compensating coil can be expressed as:

4
E., = —4.44fN_ <Zc1>o> = -17.76 fN®,,  (12)
k=1

where N, is the turns of the SIN compensating coil.

The function of the compensating coils is to eliminate the
average value from the induced voltages of SIN and COS coils,
and the turns of compensating coils can only be calculated by
FEA accurately.

The fundamental component of output voltage of the SIN
compensating coil will turn out to be

4
E =—444fNy ) @, cos[46 + (k- 1) ] = 0.
k=1

(13)

Thus, by connecting the SIN coil with the SIN compensating
coil in series, the total output voltage will be
E! = E;+ E,, = 8.88 fN,®, sin p0. (14)
Similarly, the total output voltages of the COS coil and the
COS compensating coil will be
El =E.+E, = 888fN.®, cos po. (15)
Obviously, after the compensating tooth and compensat-
ing coils are proposed, the total output voltages of the signal
windings will only contain fundamental component and vary
with the rotation of the rotor strictly, which can naturally

obtain a higher precision to a great extent. This is the principle
of novel VR resolver with asymmetric teeth on the stator.
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TABLE 1: Specification of VR resolver with asymmetric teeth.

Items Units Specification
Exciting reference voltage Vrms 7
Exciting frequency kHz 10
Salient pole pair 4
Minimum air-gap height mm

Axial length mm 15
Stator outer diameter mm 28
Turns of each reference coil 20
Turns of each signal coil 20
Turns of the SIN compensating coil 17
Turns of the COS compensating coil 42
Voltage ratio 0.072
Rotating speed rpm 1000
Calculation time instant ys 2.5

3. Finite Element Analysis

FEA is used to simulate the performance of novel VR
resolver with asymmetric teeth on the stator. The calculation
time instant is related to exciting frequency and number
of samples. The specification of novel VR resolver with
asymmetric teeth is shown in Table 1.

3.1 Calculation of Air-Gap Permeance. The output voltages of
signal windings depend on the air-gap permeance waveform.
So, the calculation of air-gap permeance should be in the
first place. Figure 2 shows the waveform of air-gap permeance
beneath the first tooth. The harmonic components are shown
in Figure 3, and the total harmonic distortion (THD) is 1.84%.
Results of the calculation of permeance validate the analysis
of the air-gap permeance of VR resolver with asymmetric
teeth on the stator.
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TaBLE 2: Calculated results of the total output voltages of signal
windings.

Items Units Specification
Max1mum voltage value of total SIN v 07186
winding

Minimum voltage value of total SIN winding V -0.7232
Average value of total SIN winding \% 0.0072
Ma)ﬂmum voltage value of total COS v 07154
winding

M1n1mum voltage value of total COS v —07136
winding

Average value of total COS winding Vv 0.0182

Electrical error Degree 0.6

3.2. Calculation of the Total Output Voltages of Signal Wind-
ings. Figure 4 presents the magnetic flux distribution in the
VR resolver with asymmetric teeth at 2.5 us. It can be clearly
seen from Figure 4 that the main magnetic circuit is asym-
metrical, which will induce null voltages irrelevant to the
position signal in the output windings to some extent. There
exists a little amount of the slot leakage flux compared with
the main flux and no magnetic flux under the compensating
tooth. The magnetic flux density is shown in Figure 5, and the
flux density is relatively low, which will not cause saturation
in the stator and rotor. The magnetic flux density in the
compensating tooth is lower than the other four teeth as a
result of no reference winding on it.

The total output voltages of signal windings are almost
equal between the positive and negative half of voltage cycle,
as presented in Figure 6. After bringing the compensating
tooth, the average value and amplitude imbalance can be
reduced significantly and the precision will be improved
effectively. Figure 7 shows the envelope curve and harmonic
components of total voltage of SIN winding. Figure 8 displays
the envelope curve and harmonic components of total voltage
of COS winding.

Calculated results of the total output voltages of signal
windings are shown in Table 2. Total SIN winding here
includes SIN coil and SIN compensating coil and so does total
COS winding.

It can be seen from Table 2 that the average value of
voltage of total SIN winding and that of total COS winding
are different because the turns of SIN and COS compensating
coils are not equal. It should be noted that the average
components can never be zero because the turns of the
compensating coils should be an integral number. The expla-
nation for the reason why SIN and COS compensating coils
are not equal will be demonstrated in Section 3.3.

3.3. Explanation for the Difference between SIN and COS
Compensating Coils. The turns of SIN compensating coil
equal 17 and that of COS compensating coil are 42, as shown
in Tablel. Figure 9 presents the magnetic flux density in
the compensating tooth versus radial displacement along the
symmetric line of compensating tooth. It is supposed that the
magnetic flux in the air gap under the compensating tooth
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FIGURE 11: VR resolver which the angle-interval between the fourth tooth and compensating tooth is 78.75 mechanical degrees.

should be zero. The magnetic flux density in the compen-
sating tooth varies with displacement along the symmetric
line of compensating tooth. The amplitude of magnetic flux
density will increase when the radial displacement is closer
to the stator yoke. The turns of COS compensating coil
is more than that of SIN compensating coil because COS
compensating coil is farther away from the stator yoke.

3.4. Arbitrariness of the Location Chosen for the Compensating
Tooth. Based on the principle of continuity of magnetic flux,

expression (11) shows that the magnetic flux in the compen-
sating tooth is irrelevant to the location of the fifth tooth.
Therefore, the location chosen for the compensating tooth is
arbitrary. Two typical examples are researched to validate the
analysis above. Figure 10 shows the construction and output
voltages of signal windings of one example which the angle-
interval between the fourth tooth and compensating tooth is
90 mechanical degrees. The structure and output voltages of
signal windings of another example which the angle-interval
between the fourth tooth and fifth tooth is 78.75 mechanical
degrees are shown in Figure 11.



FIGURE 12: Prototype of novel VR resolver with asymmetric teeth on
the stator.

FIGURE 13: Experiment setup: 1-oscilloscope probe, 2-turntable, 3-
prototype.

Both two calculation examples are able to output two
quadrature and amplitude-equal signals. The only difference
between the three resolvers is that the turns of SIN and
COS compensating coil are not invariable because of the
distinctions of slot leakage flux distribution and the magnetic
flux density in the compensating tooth.

4. Experiment and Error Analysis

4.1. Prototype. Based on the analysis and computations
above, a prototype has been made as shown in Figure 12, with
four active teeth and one nonactive tooth on the stator and
four salient poles on the rotor.

4.2. Output Voltages of Signal Windings Measurement.
Figure 13 presents the test bench for output voltages of
signal windings measurement. The stator was fixed on the
support, and the rotor was rotating with the shaft fixed on the
turntable, and thus their relative positions can be changed.
The output voltages of signal windings are measured by TEK
oscilloscope, as shown in Figure 14. The experimental results
prove the validities of the analysis and results of FEA above.

4.3. Zero-Error Measurement. Figure 15 shows the zero-error
within a mechanical cycle which is measured by high-
precision digital grating optical dividing head.

It can be seen that the maximum zero-error of SIN
winding is +0.66° and that of COS winding is +0.71°. The
zero-error changes in a zigzag fashion at different zero posi-
tions because noneffective voltages exist in output signals.
Compared with electrical error computed by FEA, results
of the experiment is larger for the reason that it is difficult
to make the stator and rotor absolutely concentric in the
experiment.
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5. Conclusions

The following conclusions can be drawn from the analysis of
the novel VR resolver with asymmetric teeth on the stator.

(1) The fifth asymmetric tooth, nonactive, called com-
pensating tooth, plays a pivotal role in the new
topology of VR resolver. The induced voltages of
compensating coils can eliminate the average value
from the voltages of SIN and COS coils so that the
precision will be improved substantially.

(2) The calculated electric error of the proposed VR
resolver can approach +0.7°. Several relevant special
issues caused by special construction are researched
in detail. Computations of FEA are consistent with the
principle analysis of the proposed VR resolver.

(3) Experimental results show that the novel VR resolver
has equivalent precision (+0.5°) compared with the
same type of conventional top VR resolvers. However,
it is confirmed that the novel VR resolver with
asymmetric teeth on the stator is advantaged with
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reliability and cost due to the simple manufacturing
process and structure of stator. It is more cost effec-
tive, so, as position sensor, it is very useful for low cost
drives or electric vehicles.
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A nonlinear purely rotational dynamic model of a multistage closed-form planetary gear set formed by two simple planetary stages
is proposed in this study. The model includes time-varying mesh stiffness, excitation fluctuation and gear backlash nonlinearities.
The nonlinear differential equations of motion are solved numerically using variable step-size Runge-Kutta. In order to obtain
function expression of optimization objective, the nonlinear differential equations of motion are solved analytically using harmonic
balance method (HBM). Based on the analytical solution of dynamic equations, the optimization mathematical model which aims
at minimizing the vibration displacement of the low-speed carrier and the total mass of the gear transmission system is established.
The optimization toolbox in MATLAB program is adopted to obtain the optimal solution. A case is studied to demonstrate the
effectiveness of the dynamic model and the optimization method. The results show that the dynamic properties of the closed-form
planetary gear transmission system have been improved and the total mass of the gear set has been decreased significantly.

1. Introduction

Planetary gear sets have been widely used in engineering
including automotive transmissions, aviation transmissions,
and crane gearboxes as well as other marine and industrial
power transmission systems. Planetary gear trains have many
advantages over fixed-center counter-shaft gear systems.
The flow of power via multiple-gear meshes increases the
power density and helps to reduce the overall size of the
transmission train. The ability of multistage planetary sets
in providing multiple speed reduction ratios has been the
main reason for their extensive use in automatic transmission
applications. Closed-form planetary trains are obtained from
a number of single-stage differential planetary gear sets
and one quasi-planetary stage whose central members are
connected according to a given power flow configuration.
Input, output, and fixed member assignments are made to
certain central members to achieve a given gear ratio.

Because of complexity of structure, most of the ear-
lier published studies on the planetary gear systems were

confined to single-stage planetary. In addition, these early
models were of linear time-invariant type, so that the eigen
solutions and model summation techniques were used to pre-
dict the natural modes and the forced response [1-3]. Kahra-
man [4] employed a purely rotational dynamic model for all
possible power flow configurations of complex compound
planetary gear sets. He classified the natural model in two cat-
egories: asymmetric planet modes and axi-symmetric overall
modes. Sun and Hu [5] investigated the frequency response
of nonlinear planetary transmission system with multiple
clearances using single-term harmonic balance method and
focusing only on a single power flow configuration, in
which the ring gear was fixed. Al-shyyab and Kahraman
[6] developed a rotational single-stage nonlinear dynamic
model of a simple planetary gear set and provided a semi-
analytical forced response solution using multiterm HBM
and showed that these HBM solutions in well agreement with
direct numerical integration solution. Also, a recent study
by Al-shyyab [7] investigated a compound planetary gear set
formed by any number of simple planetary stages, and each
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FIGURE 1: (a) A closed-form planetary gear system; (b) A discrete model of closed-form planetary gear system.

planetary stage has a distinct fundamental mesh frequency
and any number of planets spaced in any angular positions
using multiterm HBM.

Those studies cited previously are mainly aimed at the
modeling of planetary gear trains, the analysis of dynamic
response as well as the analysis of parameters stability, and
so on. Whereas, the studies on nonlinear dynamic optimi-
zation design of planetary transmission system with multiple
clearances are still very limited. Zeng Bao [8] and Guan
Wei [9] investigated multistage helical gear trains and single-
stage planetary gear train taking the dynamic properties
as objective functions, respectively. But, in their studies
the design variables of optimization were limited to these
parameters: the number of gears, the pitch-cycle helical-
angle, and the modification coefficients. This study aims at
providing numerical solutions and analytical solutions for the
dynamic response of a closed-form planetary gear train hav-
ing three planets spaced equally position angle using Runge-
Kutta numerical integration and HBM, respectively. Based
on the analytical solution, the optimization mathematical
model that focused on minimizing the vibration acceleration
of structure and the total mass of the gear transmission
system is established. Some key design parameters such as the
number of each gear, the module of each stage planetary, the
transmission ratio of each stage planetary and the pressure
angle are chosen as design varies. This study is available for
the designing of closed-form planetary gear sets of both min-
imum weight and best dynamic characteristic for reference.

2. Dynamic Model of System

2.1. Model and Assumptions. The closed-form planetary gear
train consists of a single-stage differential planetary (low-
speed stage) and a single-stage quasi-planetary (high-speed
stage, carrier is fixed) in this study, as shown in Figure 1. Each
stage is comprised of three central elements: the sun gear
(s1,5,), the ring gear (r,,1,), and carrier (¢, ¢,). Each stage

FIGURE 2: Lumped parameter dynamic model of single-stage plane-
tary gear set.

planetary has n planet gears. The parameter n representing the
number of planet gears is taken as 3 throughout this paper.
The planets of each stage are free to rotate with respect to
their common carrier. All the gears are mounted on their rigid
shafts supported by rolling element bearings. The two rings
are connected by torsional linear springs of stiffness k,q,,,
as shown in Figure 2. Likewise, the other central elements
¢ ¢ and s, s, are constrained by torsional linear springs
of stiffness k4, k, and kg, k,,,,, respectively. In order to
establish the mathematical model of the transmission system,
anumber of simplified assumptions are introduced in the case
of speed reduction in the closed-form planetary gear set, as
shown in Figure 1.
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(1) All of the gears in the set are assumed to be rigid and
the flexibilities of each gear teeth at the gear mesh
interface are modeled by an equivalent spring having
time-varying stiffness acting along the mesh direc-
tions. These periodically time-varying mesh stift-
nesses are subject to piece-linear functions represent-
ing gear backlashes.

(2) Because the bending stiffness of shafts in the set is
very large, the deflection of these shafts can be ne-
glected. Thus, the transverse displacements of gears
are not considered.

(3) Because the damping mechanisms at the gear meshes
and bearings of a planetary gear set are not easy to give
a description of mathematical model, viscous gear
mesh damping elements are introduced to represent
energy dissipation of the transmission system.

2.2. Equivalent Displacements. In order to establish the equa-
tions of motion easily, all of torsional angular displacements
are unified on the pressure line in terms of equivalent
displacements. The equivalent transverse displacements in
the mesh line direction caused by rotational displacements
are written as follows:

0

u.=r.0 u,.=r,0 u; =r.0 pin = Tpi0im

cj cjrej? rj rjzrj sj sjsj?

j=1,2 n=1,2,3,
@)

u

where 0 and r (subscripts ¢j, j, sj, jn; j = h,,n = 1,2,3)
are angular displacements and base circle radius of the parts,
respectively. While r (subscripts c1, c2) is the equivalent base
circle radius of the carriers defined as follows:

rg t rph =1a— =71 CoSa,

-
g ®)

Ty + rpl =T~ rp

| =Ty COS K.

With the symbol U is used to represent the relative
displacements in the direction of pressure line, the relative
displacements are obtained according to the meshing relation
and the equivalent displacements as follows. The positive
direction of the relative displacements is assumed to be the
same direction of the compressive deformation. The relative
displacements of the parts in the pressure line direction are
written as follows:

Uslphi =Ta (931 - 051) ~'ph (Ghi + 9c1)

(32)
=71405 — 740, cosa — rphehi’
Urlphi = Tpn (Ohi + 0c1) e (erl + ecl)
(3b)
= ”phehi =710, cosa =110,
UclsZ =Ta (61:1 - 652) Cos &, (3C)
UC2 = rc29c2 cos «, (3d)

3
UsZpli =T (652 - 662) Tl (eli + 062)
(3e)
= 52652 - r520c2 cos & — rpleli’
Usapli = Ty (0 +0:) =112 (0,5 +6,5)
(3f)
= pleli - rc29c2 cos«a — rr26r2’
Urlrz =Tn (071 - 6r2) . (3g)

2.3. Equations of Motion. The closed-form planetary gear
system consists of four different kinds of gear pairs, the
external gear pair, that is, the sun gear/planet gear-i pair
(subscripts s1, phi and s2, pli), and the internal gear pair,
that is, the ring gear/planet gear-i pair (subscripts r1, phi
and 72, pli). The mesh of gear j (si or ri,i = 1,2) with a
planet pi (i = h,l) is represented by a periodically time-
varying stiffness element k;,,(t) subjected to a piecewise
linear backlash function g that includes a clearance of gap
width 2b;,;. Accordingly, the dynamic model of a closed-form
gear set with » planets includes 2n clearances. In this closed-
form planetary gear system, damper is described by constant
viscous damper coefficient c;,;. This is a rather simplified
mesh contact model; in reality these contacts are subjected to
the hydro-elastic-dynamic regime of lubrication [10]. In this
paper, it is supposed that all planets pi (i = h,l) and their
respective meshes with gear j (s1, s2 or r1, r2) are identical
so that kj,;(t), bj,;, and c;,,; are the same for each jpi mesh,
except the phase angles of k;,;(t) which differ according to
planet phasing conditions.

Thus, the nonlinear dynamic differential equations of
motion of closed-form planetary gear set can be established
using the Lagrange principle as follows:

jpi

M ucl + CclsZ cls2

Mw

(Csln siphi + Crin rlphz) +kaoUas

i=1 (4a)
3
Z [ sln sl phi + krln rlphz] =0,
i=1
M lurl + Cr1r2 rlr2
-)C +k
Z rln rlphz r1r2 rlr2 (4b)
Zkrln rlphl
k Tin
Mg, + chln siphi T Z s1nUsi phi = = (40)
i=1 sl
Mphi’lhn Csln slphn + Crln rlphn
(4d)
ksln lphn + krln 1phn =0 (}’l = 1) 2: 3) >



Mc2ut:2 + CCZUCZ

3
Z( s2n sZplz + Cr2n r2plz) + kaUCZ

i=1 (4e)
- Z [k52n sZplz anU 2pll] =0,
Mrzﬁrz - CrerU 1r2

r2

— C U e
Z r2n 2plz r1r2 1r2r (4f)

r2

k T ~out
r2n erlt - >
r2

. Te COS O
Mty = CoyoUpip
52
7o COS &
+ ZCSZn s2pli — clsZU 1s2 - (4g)
+ ZkSZn 2plz

M luln C52n s2pln + Cr2n r2pln

(4h)
ksZn s2pln + kr2n r2pln — =0 (I’l =12 3) 4

where, I, = I + 3mphrf1 is the equivalent mass moment
of inertia of the carrier including planet gears in high-speed
stage; I/, is the inertia of the carrier in high-speed stage;
m,, is the actual mass of planet-gear in high-speed stage;
and r, is the distribution circle radius of the planet gears.
I, = M,r},, M, is the equivalent mass of the carrier in
high-speed stage with respect to the its equivalent base circle
radius; ., is equivalent base circle radius of the carrier in
high-speed stage; rp.; = r,;cos & I, = M,;r7,, and M, is the
equivalent mass of the ring in low-speed stage with respect to
its base circle radius; I,; = M 7, and M, is the equivalent
mass of the sun gear in low-speed stage with respect to its
base circle radius; I, = Mphr;h, and M, is the equivalent
mass of the planet-gear in high-speed stage with respect toits
equivalent base circle radius; I, = I, + 3my, 12, and I, is the
moment of inertia of the carrier in low—speed stage.

Dynamic model of motion of transmission has consider-
able difficulties in its solution procedure as follows. (1) As a
semidefinite system, its first-order natural frequency is zero
corresponding to a rigid body motion. (2) The piecewise-
linear function g represents the gear backlash, and the
number of variables is even different according to the external
and internal gear pairs. (3) As both linear and nonlinear
restoring forces exist in the equations, it is not possible
to write out the governing equation in matrix form, while
a general solution technique applicable to the systems of
multiple degrees of freedom must be based on matrix form.
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Therefore, (4a)-(4h) are simplified further by introducing
a set of new variables:

Uslphn = Ug — U — Upy (52)
Urlphn = Upy — Uy — Uy (5b)
¥, COS &
Ueigg = they = ——— U, (5¢)
s
U = tep, (5d)
Usthn = Uy — Uy — Upys (5e)
Ur2phn = Uy — U — Ups (5f)
U =y -
rlr2 — url ur2' (Sg)
L£%)

The new coordinate variables defined previously not only
have intuitional physical meaning, but also eliminate the rigid
body motion. Furthermore, the piecewise-linear backlash
function g can be written as a set of functions with a single
variable according to (5a)-(5g).

In addition, nondimensional parameters of (4a)-(4h) can
be obtained by a characteristic length b and frequency w,, =

vVkg,/ Mg, such that
t=w,t. (6)

Hence, a set of simplified equations of motions of the
transmission system is obtained by substituting (5a)-(5g) and
(6) into (4a)-(4h):

1 > Csan slphi Crln rlphi
Uslphn + ) Z M + M
wn i=1 slcl cl
+ i Csanslphn - Cran rlphn
wft Mph
_CclszU 1s2
Mcl
1 3 slng( slphz) krlng( rlpht)
wft i=1 Mslcl Mcl
+ 1 slng( slphn) - krlng( rlphn)
wfz Mph
clsZg( 152)
Mcl
T.
=—__ (n=1,23),
rslMslbwn

(7a)
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Cran rlphn —

U 1 Csan slphn
rlphn + anl M

ph

CrerUrer
Mrl

_CCISZUCISZ _
M,

i i sln lphz Cran 1phi
w2 M

clrl

ii slng( slphz) + krlng( rlpht)
M M

cl clrl

i krlng( rlphn) kslng( slphn)

2
(,On Mph

1r2)

kr1r2g (
Mrl

clsZg( 152)
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M w?
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Uc152
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CsZnU 2plt c1 oS
MsZTSZ

152)
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2

CclsZ rep cosa U C]SZg(
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san Ts2

2
+ kg ( clsz) ( Tepcosa
M, w?

n T'sp
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‘ Mczwﬁ
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2
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Msz
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kc152
My,
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Mc2
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1 i san( 52pll)+kr2ng( r2plz)
’ ; MCZ
+ erng( r2plz)
Mr2
-T " a
= m (n=1,2,3),
(7f)

CrerUrer
2
M@,

—Z<

nzl

Ur1r2 +

C

ran’r1 rln
Ur2plz U rlphi
Myt

+ kr1r2g( r1r2)
2
Mr1r2wn

—Z r2n rlg( r2plz> _ krlng (Urlphi)
MrZTrZ Mrl

nzl
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_ out’ rl
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<

slcl

1 1
=t (®)
Mclrl Mcl Mrl

1 1 T
= +—1
Mrlrz Mrl Mr2rr2

Equations (7a)-(7g) can be written in matrix form as
U+CU+Kg(U) =T, 9)

where, the piecewise-linear backlash function is defined as

U; () ~by U;>by
g [Uij (t)] =-1do, —b,] <U;<b;  (10)
U; () +by Uj;<-b;

3. Solution of Dynamic Equations

3.1. Dynamic Response Using the Numerical Integration.
In this section, the mathematical model will be solved
numerically by the variable step-size Runge-Kutta integration
method firstly. The parameters of the closed-form planetary
gear set shown in Figure 1 are given in Tables 1 and 2. In this
work, the values of the gear mesh damping coefficients C;; are
assumed to be constants as 0.01 [11].

By resolving the dynamic differential equations of
motions, the dynamic responses (displacement and speed) of
low-stage carrier are gained as shown in Figure 3.
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3.2. The Acquisition of Analytical Solutions. In order to estab-
lish the optimization mathematical model of the dynamic
behavior of the closed-form planetary gear set, it is necessary
to obtain the analytical solutions of model using the harmonic
balance method. For limiting the number of algebraic balance
equations, only the fundamental frequency harmonic of the
mesh stiffness functions are considered in this case. Similarly,
external torque functions is also considered to be in the form
of mesh stiffness functions. And then, attention is paid to the
periodic vibrations of system under the harmonic excitation.
The procedure of solving (7a)-(7g) using HBM [5] includes
some aspects as follows.

(1) According to the assumption previously mentioned,
the external excitations that represent fundamental frequency
pulsations can be written in the form

T=T,, +T,cos(Qt +¢;), 1)

where T,,; is the mean component of torque and T,; is the
amplitude of the alternating component of the fundamental
frequency mesh force. ¢; is the phase angle.

(2) According to the harmonic excitations given in
(11), the harmonic balance method solution to (7a)-(7g) is
assumed in the same form

U=U,, + U, cos(Qt +¢,), (12)

where U,,; and U,; are the mean and alternating components
of the steady state response, respectively, and ¢; is the phase
angle.

(3) For relative mesh displacements, the piecewise-linear
function in (4a)-(4h) can be written in a unified form:

9 (U;) = NiUyi + NU,; cos (Qf + ¢;) (13)

where

Npi=1+ 57 [G () -G (u)],
. (14)
Ny =1-5[H(p)-

H (p)].
The expressions of G and H are given in the Appendix.

(4) Considering the mean value and the fundamental
harmonic value of periodically time-varying mesh stiffness
in Figure 2, the elements of stifftness matrix K in (9) can be
written as

kij = ki +k

mij aij

cos (Q‘r + go,]) (15)

So, the stiffness matrix K is written in terms of two separate
matrices for mean stiffness and alternating stiffness as

K=K, +AK, (16)

where

m = [kmij]nxn’
17)
AK = [kmj cos (QT + 9011)]

nxn’
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TABLE 1: Geometric parameters of the closed-form planetary gear set.
High-speed stage Low-speed stage
Sun gear Planet gear Ring gear Sun gear Planet gear Ring gear
Number of teeth 16 38 92 16 24 62
Module (mm) 3 3
Pressure angle (deg) 21.5° 21.5°
Modification coefficient 0.3 0.12 0.54 0.475 0.471 0.309
Face width (mm) 22 20 20 34.5 30 32
TABLE 2: Physical parameters of the closed-form planetary gear set.
High-speed stage Low-speed stage
Sun Planet Ring Carrier Sun Planet Ring Carrier
Inertia (kg«mmz) 88.54 827 68883.72 6800.79 339.59 462.92 110213.96 9400.9
Rotation radius (mm) 11.07 32.78 113 57.25 23.28 31.12 113 28
Mean mesh stiffness (N/mm) K,,=K,, =2¢ K, =K, =2¢
Torsional stiffness (N/mm) K, =2¢ K,,,, = 10¢/, K, = 10¢®
Total mass 69kg

By substituting (9)-(14) into (7a)-(7g) and balancing the like
harmonic terms, the algebraic equations of system can be
gained

Kiyys; Ky,

KmYm + 2 + 2 - Tm = {O}nxl’

KmYS + KlYm - QZYI - QCYZ - Tl = {O}nxl’ (18)

K, ys + Ky, — QZYz +CQy, = T, = {0},

wherey, = {q,cos@i}nis V2o = Aquisingilg, ¥3 =
{Nuidai €08 @itur> Ya = (Naiai SN @il Yin = ANmihmitnr»
T, = {Thcosdila, T, = {Tusingl,g K =
{Kaij €08 §jjh ey and Ky = {ky;sin gy} g

The matrices k,,, and C are given in the Appendix.

4. Optimization of the Transmission System

4.1. Variables and Objective Function of Optimization. A
number of key design parameters have great influence on
the dynamic characteristics of the gear transmissions, so
they can be chosen as design variables, such as number
of each gear, module, gear width, and pressure angle. To
simplify optimization process, the module of each stage m,,
m,, number of sun gears of each stage z, z,, and pressure
angle of each stage «;, «, are chosen as optimization variables
in this study. So, the recurrence variables vector for this
optimization procedure can be written as
T
x = [mymy,zg, 20,00, 05] 19)
The dynamic characteristics standards of the gear trans-
mission include maximum dynamic loads, dynamic load
factor, stiffness, and displacement/velocity/acceleration of
vibration, each of these standards can be chosen as opti-
mization objective. Considering that the rotation center
of the planets in low-stage is unfixed, and reducing the

total weight of the transmission system simultaneously, the
displacement of rotational vibration of the low-stage carrier
and total mass of the gear set are chosen as optimization
objective. According to the basic idea of the multiobjective
optimization, two optimization objective functions unified
using the normalized weighting method [11] can be written
in form

f=MA+A0 (20)

where A, and A, are weighting coeflicient, here, A; = 0.3
and A, = 0.7 [12]. f, and f, are the ampler of the rotational
vibration displacement of the low-stage carrier and total
mass of the gear set, respectively. Due to limited space, the
expressions of f; and f, are not given in detail.

4.2. Constraints

(1) Distributing the number of teeth of each gear: con-
centric conditions, adjacent conditions, and assembly
conditions;

(2) contact fatigue strength and bending fatigue strength
constraints

SH (1) > SHmin’ SF (l) = SFmin’

(21)
i=5,,8,, 1,1y ph, pl,
(3) contact ratio constraints
&j2 1.5, i=sp,5,r,1, j=ph,pl (22)

(4) transmission ratio without loop-power conditions

=32 <i, +1i, —iyi, < =30,
L —hh (23)
iy + iy — i,

0< <1,
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TABLE 3: Parameters of structure after optimization.
High-speed stage Low-speed stage

Sun gear Planet gear Ring gear Sun gear Planet gear Ring gear
Number of teeth 17 40 97 18 23 66
Module (mm) 2 3
Pressure angle (deg) 20° 20°
Total mass (kg) 63.5kg

Displacement of low-stage carrier

Nondimensional displacement

0 5 10 15 20
Time (s)

(a) Displacement of low-speed stage carrier

25

Speed of low-stage carrier

1.5

Nondimensional speed

0 5 10 15 20 25
Time (s)

(b) Speed of low-speed stage carrier

FIGURE 3: Response of low-speed stage carrier without optimization.
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15 Speed of low-stage carrier
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~15 L L L L y
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(b) Speed of low-speed stage carrier

FIGURE 4: Response of low-speed stage carrier after optimization.

-5 L L L L )
0 5 10 15 20 25
Time (s)
(a) Displacement of low-speed stage carrier
where
Z
i,=-—", n=12, (24)
an
(5) minimum tooth thickness constraints
Sai 204m;,  i=sp,5,,1,1,, ph,pl j=1,2. (25)

5. Results and Discussions

Some more logical parameters of the closed-form planetary
gear set are obtained according to optimization constraints
conditions previously mentioned: m, = 2,m, = 3, Z, = 17,
Z, = 18, ¢ = a, = 20°. Further, other parameters of
transmission can be computed as shown in Table 3. Total
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mass of gear set is 63.5kg. Comparing the results between k(2,i) = ]ﬂ (L n L) =13,
before and after the optimization, it is clear that transmission w: \M,, M,
system reduces the total mass of 8.6% and the dynamic B
characteristic significantly improves as well. It is also evident k(2,7) = ——<2_
from the comparison of Figure3 with Figure4 that the aw,
displacement of each structure significantly reduces at the
same time. It is obvious that the scope of the amplitude of kg, [ 1 1 1
. o - k2,2)=—=|—+—+—,
displacement of low-stage carrier is —3 to 3 in Figure 4(a), ‘Urz; M, M, Mph
while that in Figure 3(a) is =5 to 3.
k2i) = o5, =46,

6. Conclusions e1%n
Considering the gear backlash, time-varying mesh stiffness k(2,5) = ko (11

. . . . . > 2 >
and excitation fluctuation, and so forth, a discrete nonlinear w, \ M, My,
dynamic model of a two stages closed-form planetary set was
proposed in this study. In order to facilitate the analysis and .k 1 1 )

t Y k(2,i) = = + i=1,3
comparison of system response between before and after opti- ’ w: \My, M, )’ >
mization, nonlinear differential equations of motion of the
dynamic model were solved using a Runge-Kutta numerical k 1 1 1

sln
integration method. For optimization of transmission system, k(2,2) = 2\t )
the analytical solutions were obtained. The total optimization " st ot ph
objective function is obtained using the normalized weights k
method. k(2,i) = r—lnz, i=4,6,
A case shows that the total mass of transmission system M,
has significantly reduced and dynamic characteristic has dis- K
tinctly improved. Effectiveness of the dynamic model and the k(2,5) = i ( P ) ,
dynamic optimization mathematic model is demonstrated. wy \ My My,
Appendix k@7) = a2
M, w?
Consider the following: k 1 1
k(3,i) = “2"< + ) i=12,
2 Wy Msl Mcl
. -1 5
— sin”p+ 41— >, <1
G(u) = <ﬂ> (H 3 K )l kgo [ 11 1
78 lul > 1, k(3,3)=-75 Yo T )
Wy Msl Mcl Mph
1 u<-1 (A1) .
2\ (. > k(3,i)= —"=,  i=4,5,
H(p) = <;><sm ptA1—p ), lul <1, M, w?
1, > 1.
Iz k(36):krln<1 1 )
> 2 M M >
The elements of the stiffness matrix k,, are given as follows " <t ph
k
k(3,7) = ——42_
k 1 1 1 :
k(l,l)=s—12"( + +_)’ M, w,
Wy Msl Mcl Mph k ) 1
kw (11 k1) = SIZn( __)’
k(1,i) = 51”(—+—), i=2,3, w, \ Moy My,
wrzl Msl Mcl
k
k(4i)=—2, =23,
k(1,4) = kr12n < - L>> 9 M, w;
@y Mcl Mph
k
. k 1 . k (4) 7) = _ﬁ>
k(l,l) = M;Z)Z’ 1= 516) Mclwﬁ
k 1 1 1
k(L,7)= - a2 k<4,4)=r—12"(—+ R )
M, w;, wy Mph M, M,
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1 1
k(4 l)— rln (_+_>) i:5>6)
n Mcl Mrl

k(4,15) = -2

rlwﬁ’
k
k(5,i)=—" i=13,
Mclwﬁ
1 1
3 O
k(sa 2) - 2 (M M ):
n ph
k 1 1
k(5,i) = ”"(— —) i=5,6,
wn M, M
k 1 1 1
k(5,5) = -1 (— + + ),
wn Mph Mcl Mrl
k(5 7) - _ kclsZ
M, w?
k
k(5,15) = ——12,
Mrl n
k
k(6,i)=—1_ i=12,
M, w?
k(6 3) ksln( 1 _L)
w, Mcl Mph
k 1

1
k(6,1) = ”2”( + ) i=4,5,
wy Mcl Mrl

k<6,6)=k“2”(L+ o )

Mcl ﬁ’
k
k(6, 15) — r1r22)
M, w;
k
k(7,i) = ——"=, =123,
Mcl n

k
k(7,i)=-—""_ i=4,56,

Mclwﬁ,
2
k(7,7) = ”;2 [i + i(—rcl COS“) ]
wy Mcl MsZ Ty
) Kon, Tecosa |
k(7,i) = ——2 A 22 i=9,10,11,
Msan s
k(8,8) = ,
(8,8) = - "

2%n

k
k(8,i) = —MS—Z”Z, i=9,10,11,
c2wn

Mathematical Problems in Engineering
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The elements of k,, not listed previously are taken as zeros.
The matrix C is in the similar form of k,,, and no longer is
listed in detail here.

Notations

HBM: Harmonic balance method

Half of clearance (backlash)

Gear mesh stiffness

Ring gear

Discontinuous displacement function
Polar mass moment of inertia
Transmission ratio

Carrier

Actual mass

Dimensional time

Actual equivalent transverse displacement in
the direction of pressure line

Relative equivalent transverse displacement
in the direction of pressure line

Sun gear

Number of planet

Torque

Angular displacement

Damping coefficient

Number of gear

Base cycle radius

Equivalent mass

Nondimensional time

Pressure angle.
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Time is an asset of critical importance in a multidisciplinary design process and it is desirable to reduce the amount of time
spent designing products and systems. Design is an iterative activity and designers consume a significant portion of the product
development process negotiating a mutually acceptable solution. The amount of time necessary to complete a design depends on
the number and duration of design iterations. This paper focuses on accurately characterizing the number of iterations required for
designers to converge to an equilibrium solution in distributed design processes. In distributed design, systems are decomposed
into smaller, coupled design problems where individual designers have control over local design decisions and seek to achieve
their own individual objectives. These smaller coupled design optimization problems can be modeled using coupled games and
the number of iterations required to reach equilibrium solutions varies based on initial conditions and process architecture. In this
paper, we leverage concepts from game theory, classical controls, and discrete systems theory to evaluate and approximate process
architectures without carrying out any solution iterations. As a result, we develop an analogy between discrete decisions and a

continuous time representation that we analyze using control theoretic techniques.

1. Introduction

The design of complex systems presents both technical
and logistical challenges to organizations. In some cases,
organizations do not have the requisite technical expertise
to overcome design challenges or meet design requirements.
However, even when an organization possesses sufficient
technical expertise, there are many cases where inadequate
logistical control can inhibit the application of this design
expertise in a meaningful manner. The logistical challenges
facing organizations are becoming increasingly significant
as the size and sophistication of modern engineered prod-
ucts increase. This growth in sophistication and size leads
to the decomposition of design systems as a means to
reduce system complexity. Although system decomposition
reduces the technical complexity of each subsystem’s indi-
vidual design problems by reducing their size, it intro-
duces significant logistical challenges. Also, it often requires
significant approximation of nonlocal behavior, interfaces,
and solutions. These decomposed systems are often large

and multidisciplinary in nature, with diverse subsystems
governed by unique objectives and constraints.

To effectively manage decomposed design problems, it is
important to understand how their constituent subsystems
interact with one another. One approach to capture and
analyze these interactions is to model the collection of
subsystems as a distributed design process. In distributed
design, understanding subsystem interactions is fundamental
to predicting the system equilibrium properties and transient
response. To predict these systems equilibrium proper-
ties, which include location and stability, a game theoretic
approach was introduced in [1]. This analysis was further
supported using an analogy to the cobweb model and proven
using mathematical induction in [2]. For large systems, a
discrete time linear system approach was used in [3] and
was generalized to handle different process configurations in
[4, 5]. In this paper, the linear system model developed in [6]
is used as the basis for the approximation and analysis of the
transient response of distributed design processes.



Transient response refers to the dynamic behavior of a
distributed design system, beginning with the first design
iteration and ending when the subsystems reach equilibrium.
The transient response possesses two properties: (1) the
convergence shape and (2) the convergence time [7]. The con-
vergence shape depends on the properties of the distributed
design process and could be sinusoidal, exponential, or some
combination of responses. Examining the convergence shape
is a topic of future work. This paper focuses on convergence
time and develops an approach to estimate an upper bound
for the number of design iterations required for a distributed
design process to converge to an equilibrium solution.

Other work has been done to characterize and approx-
imate the solutions to certain types of two-person games
including bimatrix games characterized by nonsymmetrical
fuzzy approximations [8-10], multiplayer congestion games
[11, 12], and discontinuous games [13]. However, in this
work, we do not focus on the approximation of the solution
to particular games, but rather the convergence process to
arrive at such a solution, if it exists. We focus on two-
player continuous games, as they provide a characterization
of coupled optimization problems frequently occurring in
complex design problems.

The intellectual merit of this work is based on its
insight into the dynamics of distributed design processes.
The linear system model used in previous work to assess
stability is refined to analyze both system stability and
transient response. Through the refinement of this model,
it is demonstrated that the uniquely discontinuous nature
of any decentralized decision network must be considered
when they are modeled using systems theory. Furthermore,
several control theory principles are shown to be valid when
analyzing distributed design processes.

As an initial context for this investigation, we focus on
distributed design problems with unconstrained quadratic
objective functions. These types of problems are well modeled
using linear system theory, but it is recognized that many
design problems cannot easily be converted into uncon-
strained problems and/or do not have quadratic objective
functions. While techniques in metamodeling exist to repre-
sent higher-order systems using quadratic response surfaces
[14], it is desirable to analyze systems in their native mathe-
matical form. We examine quadratic systems in this paper in
order to fully understand their fundamental principles before
applying the concepts to higher-order systems. As a result,
this work represents a critical first step towards leveraging
linear system analysis techniques to understand and analyze
the behavior of distributed design systems.

This work has broader impacts in any scenario where the
decentralization of decisions is present. These scenarios can
range from product design to coordinating disaster relief.
It provides a deeper understanding of the decision-making
process and enables a greater level of process control. This
enables decision makers to reach iterative solutions quicker
and to set realistic deadlines or timetables. It represents a
unique and effective approach to find an upper bound for
the time it takes a distributed design process to converge to a
stable equilibrium. Furthermore, it provides insight into how
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to best configure these processes to minimize the maximum
number of iterations required to reach equilibrium.

The following sections provide background into con-
cepts foundational to the examination of decentralized deci-
sion networks. In Section 2 an overview of stability and
convergence concerns in multidisciplinary optimization is
presented along with the basic tenets of distributed design
processes. Based on the tenets outlined in Section 2, a
linear systems approach to examine the transient response of
distributed design systems is examined in Section 3. Finally,
these results are summarized and areas of future work are
identified in Section 4.

2. Materials and Methods

MDO problems have two classifications based on the process
used to complete the design [15]. From a structural perspec-
tive, the simplest method to solve an MDO problem is to
apply an all-at-once approach. In an all-at-once approach
designers from different disciplines work as system analyzers
to determine objective function and constraint values for a
single optimization problem [16, 17]. There are significant
advantages to organizing an MDO system to solve a single
centralized optimization problem. In a centralized problem,
all designers are working towards the exact same objective
and information about the entire system is available to
designers.

Although these advantages make centralization attrac-
tive, it is almost impossible to centralize the design of complex
systems. Three major design approaches, Systematic Design,
Total Design, and Axiomatic Design, are all structured with
the understanding that some level of system decomposi-
tion is often desirable to speed development times through
parallelization, to reduce system complexity, and to reduce
computational time [18-20]. Recognizing this, it is likely
that decomposition will remain an important and necessary
aspect of product design processes in the near future.

Fortunately for designers a wide range of approaches have
been developed to aid in system decomposition. The system
decomposition process can be broken into two fundamental
steps: (1) identify the necessary subsystems, (2) establish a
framework to govern subsystem interactions. The first step
in this process is not the topic of this paper, but it is by
no means a trivial task. Subsystems can be created based
on object decomposition, aspect decomposition, sequential
decomposition, and model-based decomposition [21]. A
survey of the relative merits of these subsystem creation
approaches was performed by Sobieszczanski-Sobieski and
Haftka [15].

The second step in system decomposition is the cre-
ation of a design framework. MDO frameworks specify the
mechanics of how the design problem is solved including
the subsystem objective functions, communication protocols,
design variable control, and the other coordination proce-
dures required for the subsystems to effectively iterate to a
solution. There are a wide range of MDO frameworks which
handle these issues differently while making certain guar-
antees about system convergence and the optimality of the
final converged solution. These approaches include analytic
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target cascading [22], concurrent subspace optimization [23,
24], bilevel integrated system synthesis [25] and collaborative
optimization [26].

Each of these frameworks has its own advantages. For
example, analytic target cascading guarantees that the decen-
tralized system converges and that the converged value is
globally optimal [27]. It also provides for traceability and
facilitates the integration of marketing, business, and design
systems [28, 29].

There are several reasons why an MDO framework may
not be applied to a complex design problem. Applying
a framework requires a significant level of coordination
between subsystems and a high level of management exper-
tise [15]. Furthermore, the engineering and design personnel
involved must all agree to some extent to the proposed
decomposition and framework. There are also some cases that
do not naturally lend themselves to formal decomposition or
where the parties involved cannot agree on an appropriate
framework. In these cases subsystems often act exclusively
in their own self interest, attempting to most effectively solve
their individual optimization formulations, and communica-
tion between subsystems is dictated by the required exchange
of design information. When these conditions exist, design
problems can be well modeled as distributed design pro-
cesses. Even when there is communication between design
teams, a distributed design process can often be used to model
these systems. The assumptions and mechanics governing
distributed design problems are discussed in Section 2.1.

2.1. Conditions for Distributed Design Processes. Distributed
design processes are iterative and can be cooperative, non-
cooperative, or a hybrid of the two. This work examines
noncooperative distributed design processes where design
subsystems often have conflicting objectives or organizational
barriers that prevent them from fully cooperating syn-
chronously. Even when subsystems share the same aggregate
design goals, there are cases where they will compete with
one another for design resources [30] due to the underlying
scarcity of such resources.

In addition to being categorized based on cooperation,
distributed design systems can be broken into hierarchical
and non-hierarchical realizations. In this work, it is assumed
that a design process can be adequately modeled as a non-
hierarchical process. This assumption is not overly restrictive
in scenarios where distributed design processes are applied,
since these scenarios typically lack a strong system level
presence. We elaborate the non-cooperative protocol used in
this paper in Section 2.2 and discuss criteria for equilibrium
stability and transient response in Sections 2.3 and 2.4,
respectively. The concept of solution process architecture is
introduced in Section 2.5.

2.2. Criteria for Noncooperation in Repeated Games. Efforts
to model and analyze subsystem interactions have led to
the development of many different models for distributed
design processes. One of the first models for distributed
design applied mathematical notions of game theory to
model design subsystems as players in a non-cooperative

game. These players act independently of one another and
through successive plays of the game, they eventually reach
an equilibrium solution [31]. This model forms the basis for
the analysis of distributed design systems in this work and
is foundational to the application of other distributed design
process models. These assumptions have been defined for
distributed design in [2] and are as follows.

(1) Subsystems have knowledge of only their own local
objectives;

(2) Subsystems act unilaterally in accordance with their
own objectives;

(3) Subsystems have complete control over specific local
design variables;

(4) Subsystems communicate by sharing the current
value of their local design variables.

The applicability of these assumptions to decentralized
design problems is discussed in various contexts in [32-
35] using examples that include the design of passenger
aircraft, automotive engines, semiconductor chips, and steam
turbines. Distributed design problems can also emerge as
iterative subproblems in a larger MDO process. For example,
in [36, 37] the ordering of decomposed design systems was
examined and iterative loops emerged due to subsystem
coupling of concurrently executed tasks.

Subsystems in distributed design processes have their
own specific objectives they are attempting to achieve. They
have complete control over a set of local design variables
which appear in their own objective formulation. These
variables also act to couple subsystems in a manner that
restricts the ability of a subsystem to independently achieve
its objectives. The influence of this coupling has been inves-
tigated using network theory to model distributed design
processes [38]. The examination of such coupling using game
theory to define, identify, and classify system equilibrium is
the focus of Section 2.3.

2.3. Equilibrium Stability for Noncooperative Processes. De-
termining if a design system converges to a stable solution
is of critical importance to understanding the system. Con-
vergence stability in distributed problems has been a topic of
research for some time with the first work being performed by
Vincent [31] for two designers, two design variables problems.
Vincent introduced the game theory model for distributed
design processes, which was investigated further by Lewis
[39]. In Vincent’s work each player alternates minimizing his
or her local objective function value and communicates the
associated design variables to the other player. Each step in
this alternating process is a play in a sequential game. After
repeated playing of the sequential game, the players either
converge to a solution or diverge and continue playing indefi-
nitely. When the players converge, they converge to a specific
point called the Nash, or non-cooperative equilibrium [40].



Design space

41 RRS1

y value

TRRS2 T 1>

x value

FIGURE 1: Two subsystems—Nash equilibrium.

Mathematically, in a two-player game a set of solutions
described by the vector pair (x;,x,) are a Nash solution,
(%1 5> X,n), if they fulfill the requirements outlined in (1) as

Fy (%15, %n) = H}CinFl (%1 %) »
@

F,y (x5 %on) = n}cin F, (x5 %,) -

In (1), F, and F, are the objective functions for player 1 and
player 2 who control design variables x; and x,, respectively.
A solution pair (x;,x,) that meets the criteria in (1) is a
Nash solution because the pair is a minimum for both F; and
F,. Although in game theory the participants in a game are
called players, in engineering design they are typically called
designers or subsystems. In this work, the term subsystem
is used more generally, reflecting the linear system basis of
the work. The relationship demonstrated in (1) can be under-
stood qualitatively as the point at which no subsystem can
unilaterally improve his or her objective function [41]. This
expression identifies Nash solutions through an optimization
formulation, but they can also be expressed as the intersection
of two sets defined by (2) as

(2185 X2n) € Xynv (2n) X Xon (218) »

Xin (%) = {xIN | Fy (x5, %,) = n}(inFl (xpxz)} ©(2)
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The sets X, and X, are the rational reaction sets (RRS)
or best response sets [42], which embody all the possible
reactions or responses a subsystem may have towards a
decision made by another subsystem. While determining the
RRSs is not a trivial task, methods have been developed
to approximate them for large systems [43]. One of these
techniques is to calculate the RRS by taking the gradient of the
subsystem’s objective function with respect to its local design
variables. This calculation is shown in (3) for the two designer
problem studied by Vincent [31] as

F1=x2+xy—3x,

F
%:2x+y—3:0,

gy . (3)
F, =0.5y" — xy,

OF,

=y—-x=0.
Syyx
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These RRSs are plotted with respect to the design vari-
ables, x and y, in Figure 1 along with an illustration of how the
solution process converges to the Nash equilibrium at (1, 1).
We have included the dotted line in Figure 1 to demonstrate
the order of the decisions made by the two subsystems. The
subsystems iterate sequentially and begin with the initial
conditions set to (1,4). The x’s in Figure 1 shows the actual
discrete decision occurring through the repeated decisions,
identical to the plays of a sequential game. In Figure 1,
subsystem 1 adjusts the value of x and subsystem 2 responds
by adjusting y. For the decision making process in Figure 1,
the design variable values converge to the Nash equilibrium,
defined by the intersection of the players RRSs. For two
subsystem problems, Vincent defined stability criteria based
on the subsystems’ RRSs [31]. This work was extended by
Chanron and Lewis to examine convergence more generally
when there are more than two players controlling multiple
design variables [3]. Convergence was shown to be a function
of the relative slope of the designer’s rational reaction sets and
linear system theory was applied for large scale problems [3-
6]. Work by Smith and Eppinger has demonstrated the same
principle using a different set of fundamental principles [44].

In this work, distributed design processes are modeled
using linear system theory, using the same approach devel-
oped by Chanron and Lewis. Similar to game theoretical
models, each subsystem is assumed to solve its optimization
problem at distinct and discrete instants in times that are
identical for every iteration based on the process configura-
tion. We assume that a state space model has already been
developed for the distributed design systems analyzed in this
paper. A detailed description of how to create these models
can be found in [3]. The general formulation for a subsystem’s
objective function using nomenclature from linear system
theory is shown in (4).

F,=X"AX+Y'BY + X'"CY + DX +EY +F.  (4)

In this representation of the nth subsystem’s quadratic
objective function, F,, X is a vector of length i which contains
the i local design variables while Y is a vector of length j
which contains j nonlocal design variables. The coefficients
associated with the second-order elements of F, for the
local design variables are contained in the diagonal i x i
matrix A while the coefficients associated with the non-local
design variables are contained in the j x j matrix B. In
this representation the A matrix is formulated as a diagonal
to decouple the subsystem’s local design variables from one
another. This guarantees that each design variable value can
be determined independently and a specific RRS can be
formulated for each design variable. When these variables are
coupled, the design system can still be represented using the
form in (4). However, to do so, a change in variables must
be performed to decouple the values from one another. The
representation in (4) is examined in more depth in [3].

Although the local design variables must be decoupled,
it is acceptable for the local and non-local design variables
to be coupled together through the coefficients in the i x
j C matrix. The remaining two vectors in (4) capture the
linear elements of the system for the local and non-local
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design variables and have length i and j, respectively. The
term F is simply a scalar and does not play a significant role
when analyzing the system stability or transient response.
The important elements in (4) emerge when the gradient is
taken with respect to the local design variables. Setting this
gradient equal to zero results in i decoupled equations that
represent the subsystem’s RRS. After the RRSs are found for
each subsystem, there are m equations, where m is the total
number of design variables controlled by subsystems. The
RRS is shown in vector form in (5) as

SF
— —2AX+CY+D=0. (5)
8X

Equation (5) specifies how this subsystems will respond
and suggests the system’s overall transient response is related
to the matrices A, C, and D for each subsystem. Using these
matrices, Chanron developed the discrete state-space-based
representation to model the design systems using the update
relationship and stability criteria in (6)-(9) as

X - oxk i, (6)
T T
At 0 0o Cl,..cCl.
1 -1 T N
= 4 Cu 0 , (7)
2 i : .
0 Al . :
maLch, ... 0
— T
1 AllDl
I'=-- : . (8)
2 —1. T
AmDm

In (6), the subscript s denotes that X f is a vector of all the
system design variables and the superscript denotes the iter-
ation number which is consistent with linear system theory.
Since (6) describes the relationship between the subsystems,
X**1islength m containing all the design variables controlled
by the subsystems. The design variable values at the (k + 1)th
iteration are a function of the previous design variables at
the kth iteration; they are expressed as Xf multiplied by a
matrix ® plus a constant I'. The derivations for @ and I' can
be found in [3] and are summarized in (7) and (8). Equation
(6) was generalized in [5] to be applicable to scenarios where
decisions are made asynchronously.

The matrix ® captures design variable interactions
between quadratic elements found in the A and C matrices
while the vector I' captures interactions between quadratic
and linear elements found in the A and D matrices, respec-
tively. To populate @ and T, the appropriate A, C, and D
matrices must be used and can be determined by examining
which subsystem controls the design variable associated with
the row being populated. The resulting dimensions for ® and
I' are m x m and m x 1, respectively. When examining system
stability, only the ® matrix needs to be considered, and if the
condition described by (9) is met then the system is stable

ry (@) < 1. 9)

In (9), r,(®) is the spectral radius, or magnitude of the
largest eigenvalue of the matrix ® [45]. The relationship in
(9) specifies that for stable systems, ® must have a spectral
radius less than 1. This is the same stability criteria used
for the closed loop state space representations of discrete
control systems [46]. In addition to the examination of linear
system stability, a case for nonlinear RRSs has also been
investigated in [47] using similar criteria. Another extension
of this convergence work was performed by Gurnani and
Lewis who demonstrated that the introduction of “mistakes”
into the design process could cause some inherently unstable
problems to converge to a solution [48].

Analyzing system stability is the first step to character-
izing transient response. In this paper, we examine configu-
rations that (9) identifies as stable and develop an approach
to differentiate between them based on their convergence
time. In the next section, examining the transient response
of distributed design systems is discussed and the idea of
solution process architecture is introduced as a key factor
determining the transient response of a distributed design
system.

2.4. Transient Response of Distributed Design Systems. The
transient response of a distributed design process has two
principle aspects. The first is the shape of the transient
response. This shape depends on the eigenvalues of the system
being analyzed and could be sinusoidal, exponential, or some
combination of responses. An example transient response
shape is shown in Figure 2, which plots the value of design
variables x and y from (3).

Since design decisions occur at a specific instant in
time, the design variable plots in Figure 2 are staircase
plots representing discrete design variable values. Figure 2(a)
tracks the value of x while Figure 2(b) tracks y. In this case,
both variables exhibit a decaying sinusoidal response as they
approach their equilibrium value at (1,1) from a starting
location of (1,2). Identifying the shape of the convergence
curve for a distributed design process is an important area
of future research, but this work focuses on examining the
second aspect of transient response, convergence time.

The convergence time in this work is measured by the
number of iterations required for the subsystem to reach an
equilibrium solution. We use iterations to evaluate conver-
gence time because they are a dimensionless characterization
of the system that can be easily translated to the time
domain by either mapping estimated task times directly
or by leveraging the work transformation matrix approach
used in [44]. Although a significant amount of rigor has
been brought to the analysis of the stability characteristics
of distributed design processes, the convergence time of
these processes or of MDO processes in general has focused
more on practical implementation than investigating con-
trolling features. Techniques like the critical path method
[49] and project evaluation and review technique [50] are
the foundational approaches used in network-based project
planning. The techniques for network-based project planning
provide approaches to organize and execute the design tasks
inherent to MDO processes. In the context of distributed
design processes, there are tools to specify the ordering or
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organization of the process which is discussed in Section 2.5.
These techniques have been refined to introduce technology
like Monte Carlo simulation in [51] to account for random
task duration, graph theory in [52] to enable probabilistic
organization, and feedback and precedence relationships in
[53] to account for required work flow.

More recent formulations have leveraged advances in
computing power to prescribe the fastest converging process
organization. One of these techniques is an extension of
the Design Managers Aid for Intelligent Decomposition
(DeMAID) method and is used to reduce the time required
for designers to converge to a final solution. In this extension,
Rogers utilizes the global sensitivity equations [54] with a
weighting scheme to predict an optimal ordering of designers
in iterative design loops [55]. The approach taken by Rogers
succeeded in reducing the overall design time required for
iterative loops in DeMAID when designers are ordered
sequentially. This ordering was partially based on an analysis
of design structure matrices (DSMs), which were developed
in [56] as a means to organize and visualize the coupling
between design tasks.

DSMs were also used to minimize the number of feedback
loops for sequential processes in [57]. An approach using
DSMs to represent the probability of task repetition and
durations with Markov chains was presented in [58] and a
case was made for estimating the stability and convergence
rate of concurrent tasks in [44]. In this work, a DSM-
based transformation matrix was used to link design tasks
based on the amount of rework tasks generated for one
another. An eigenvalue analysis was used to determine the
strength of these links and the task coupling. While this
approach examines the basic mechanics of the distributed
system, it does not account for changes in the ordering

of design systems and does not provide sensible bounding
conditions for the amount of time required for the system
to converge. Although these techniques suggest orderings for
the design process, only [44] provides a prediction for the
overall convergence time. Simulation-based techniques have
predicted the convergence time for concurrent engineering
in [59], for overlapping tasks in [60] and for using DSMs in
[47] which was further refined in [36].

A general convergence model for use in specifying archi-
tectures was presented in [61]. Simulation has also been used
to tie process architecture to solution quality and suggest
strategies to realize better products in [62]. Another approach
attributed design process delays to incomplete sharing of
design information and provides a dynamic work transfor-
mation model to determine when incomplete sharing occurs
in [63]. A case was made for ordering design tasks to reduce
the amount of uncertainty inherent to the problem in [64].
An analytical technique derived specifically for distributed
design processes examined the relationship between the
system transient response and the ordering of the solution
process in [65] for two-subsystem systems.

This work differentiates itself from other techniques by
providing an approach to determine the upper bound for
the number of iterations required for a distributed design
process to reach equilibrium. It does not require simulation
to evaluate a proposed architecture and provides estimates
based on the coupling of the system’s component subsys-
tems. This provides a computationally inexpensive initial
evaluation of process architectures where the most promis-
ing architectures can be evaluated using more expensive,
time consuming techniques. It differentiates itself from [65]
through its applicability to large design systems and from
previous work by requiring no system simulation. Before
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diagram illustrates the iterative process for a purely sequen-
tial architecture, a purely simultaneous architecture, and a
hybrid approach which utilizes both sequential and parallel
elements.

Each of the three process architectures described in
Figure 3 represents a single iteration of the solution process.
Repeated iterations of the architecture are used to solve a
specific design process. These iterations can be further broken
down and a single subsystem or a set of subsystems arranged
in parallel with one another is called a stage. The difference
between iteration, stage, and subsystem is shown for the
hybrid architecture in Figure 3. The number of stages in pro-
cess architectures depends on the number of subsystems and
the process architecture chosen. For purely sequential process
architectures, the number of process stages is always equal
to the total number of subsystems. In contrast simultaneous,
or parallel, process architectures always consist of a single
stage. The number of process stages for sequential and parallel
process architectures provide an upper and lower bound,
respectively, for the number of stages in hybrid process
architectures. For example, the hybrid process architecture in
Figure 3 has two stages.

The stability criteria developed by Chanron and Lewis
and shown in (7) is applicable to the parallel process architec-
ture in Figure 3. In a recent extension, this criteria was refined
to encompass simultaneous and hybrid systems as well [5].
This extension represents the design system in the same form
as (6) but makes some allowances for process architecture
changes. It was also demonstrated that process architecture

FIGURE 4: Two subsystem—parallel design architecture.

has a significant impact on both the system stability, and the
transient response. The location of the equilibrium, however,
remains unchanged.

Some approaches have also utilized process architectures
with partial overlapping between subsystems, where a new
subsystem begins solving its optimization problem after
another has already begun but not finished its optimization
[60]. Since this is an initial investigation, we consider the
three architectures shown in Figure 3 and assume that all
subsystems begin a stage simultaneously with no overlapping.

To illustrate the relationship between process architecture
and convergence time, the system described in (3) is simu-
lated using a sequential process architecture in Figure 1. Since
the equilibrium design variable values are known a priori, the
process is said to have converged if all the design variables
values are within 2% of their final values. Given this criterion,
convergence takes 26 iterations for a sequential architecture.
In contrast, the convergence plot for a parallel architecture for
the two subsystem problem is shown in Figure 4.

A comparison of the dotted line representing the con-
vergence path in Figures 1 and 4 demonstrates very different
paths from the same starting location at (1,4) to the same
Nash equilibrium at (1, 1). This difference is caused by the
way the designers share design variables. The difference in the
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path taken by the designers also translates to a difference in
solution time, with the parallel system requiring only 22 itera-
tions to converge using the same criteria as used in Figure 1. A
more comprehensive examination of the differences between
these two architectures has been summarized in a study of
convergence time in distributed design systems found in [65].

In a two-designer system, there are only two potential
design architectures. However, as the number of designers
increases, there are a large number of potential design archi-
tectures that fall into the category of hybrid. These hybrid
architectures can have a significant impact on the system
stability and convergence time. For larger systems, there
are a wide range of architecture options with very different
associated convergence times. This can be demonstrated
by considering the same problem used in [3] to study the
stability of large systems. This problem is an unconstrained
five-designer problem with sixteen unique design variables.
The convergence times for the different randomly generated
architectures simulated from a variety of initial starting
locations are plotted in Figure 5.

In Figure 5 the architectures are grouped into bins
based on the number of iterations required to converge,
demonstrating the wide range of convergence times that can
be obtained by changing the process architecture. The height
of the bars indicates the number of process architectures with
a specified range of convergence times, shown on the x-axis.
The mean convergence time for the simulated architectures is
25 iterations with the fastest convergence of 14 iterations and
the slowest convergence of 42 iterations.

Although all of the process architectures studied in
Figure 5 have a stable Nash equilibrium, there are some
cases when changing the process architecture can change
the system stability. This is because changing the process
architecture also changes the system eigenvalues as shown
in [5]. The influence of architecture, called topology, on
convergence, stability, and equilibrium is also studied for
real systems in [66, 67]. Where Braha and Bar-Yarn develop
a descriptive approach to characterize decision networks
in their work, this paper analyzes normative models to
characterize convergence rate. Since system stability can
be assessed by analyzing the system eigenvalues, it is pro-
posed in this work that the eigenvalues associated with
process architectures can be used to evaluate those systems’
transient response. Examining the relationship between the
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TABLE 1: Spectral radius experiment parameters.

Parameter Value
Number of designers 4t010
Number of design variables 4to15
A -20to0 20
C -20to0 20

system eigenvalues and the transient response is the focus of
Section 3.

3. Results and Discussion

Since an eigenvalue analysis is used to determine the stability
of specific solution process architectures, it is natural to
examine eigenvalues to determine the architectures’ conver-
gence times. Existing linear systems theory evaluates system
eigenvalues to determine settling time, natural frequency,
modal response, system damping, and a number of additional
properties. Furthermore, empirical evidence in Figure 6
suggests a relationship exists between the spectral radius of
a distributed design system and the convergence rate.

The data in Figure 6 was generated by evaluating the
spectral radii associated with ten different solution process
architectures for five randomly created distributed design
systems. The data used to create these systems is shown in
Table 1 and the systems themselves are in the form of (7) and
(8). In order to reduce the number of possible parameters in
the experiment that may bias the result, the values in the D
vector were set to zero to guarantee all the design systems
had equilibrium solutions at the origin. Also, each subsystem
was given local control of one design variable while the
remaining variables were randomly allocated to the different
subsystems.

The process architectures with spectral radii greater than
1 were not included in Figure 6 because they had unstable
equilibrium solutions. To minimize the impact of starting
location on the convergence behavior, each data point in
Figure 6 is the average of twenty simulations started from
a set of different points. Similar to the previous simulation,
the process is defined to converge when the design variables
are all within 2% of their final values. Although there is some
correlation between the spectral radius and the mean number
of iterations to converge, the circled architectures demon-
strate that this mapping is not monotonic as some previous
work has suggested [3]. Systems with the same spectral radius
can have very different convergence times. This variation is
demonstrated less dramatically across several of the other
architectures with smaller spectral radii as well. Even when
design systems have the same convergence time, the spectral
radii of those systems can vary significantly. The systems
generated in this section are used to experimentally support
the approach outlined in this paper.

As demonstrated in Figure 6, the spectral radius is insuffi-
cient to quantify the convergence time of a distributed design
process. For linear control systems, the real and imaginary
components of the eigenvalues are used to determine the
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natural frequency and damping ratio of the system. Using
these quantities, an upper bound can be determined for the
overall system convergence time. This approach is adapted
in this work to quantify convergence time in decentralized
design systems. However, determining the natural frequency
and damping ratio for distributed design processes is chal-
lenging and is the focus of the remainder of this paper.

Since decision networks are inherently discrete systems,
they are modeled as discrete time state space systems. To
determine the natural frequency and damping ratio of general
discrete time systems, they are converted to continuous
time approximations. However, distributed design processes
are unique because they do not possess any underlying
continuity. A continuous time model is, therefore, a true
abstraction of the actual behavior.

In this paper, two techniques are examined to convert
between the continuous and discrete time domain. These
techniques are the zero-order hold and the bilinear, or
Tustin, approximation. These two techniques are chosen
because they are commonly used in the systems literature
and the Tustin approximation is generally acknowledged as
the preferred technique for this type of conversion [46].
This paper is not an exhaustive analysis of techniques that
can be used to transform discrete distributed design systems

into continuous time representations. Instead, it examines
two prevalent approximations and identifies the one which
results in a continuous time model that can exactly reproduce
subsystem decisions at the appropriate discrete point in time.

Before any of these analyses can be conducted, however,
a discrete time state space model must first be created to
accurately represent the system. Creating these state space
models is the topic of [3, 5] and in this paper all state space
models are created using these processes. The fundamental
difference between discrete time and continuous time state
space models is that their eigenvalues are plotted in the z-
plane rather than the s-plane. The transforms required to plot
these eigenvalues are discussed in the following section.

3.1 Laplace and Z Transforms for Distributed Design Models.
The primary challenge in quantifying the convergence time
of distributed design processes is successfully transforming
them to the continuous time domain. The advantage of a
continuous time representation of a system is that it enables
the eigenvalues to be plotted in the s-plane to capture the
frequency response characteristics of the system. However, to
plota system in the s-plane, it must first be represented as a set
of algebraic equations in a single value, typically s, by taking
the system’s Laplace transform.

The roots, poles, or eigenvalues of these algebraic equa-
tions have both real and imaginary components and are
plotted in the complex s-plane where the real components
are plotted on the x-axis while the imaginary components
are plotted on the y-axis. The basic information provided in
this plot is a system’s natural frequencies, damping ratios, and
stability characteristics. Furthermore, these properties can
often be determined through inspection. A representation
of the s-plane generated using the sgrid() command in
MATLAB which includes lines of constant natural frequency
and damping is shown in Figure 7.

In Figure 7, the lines radiating outward from the origin
into the second and third quadrants are lines of constant
damping ratio, {. The concentric arcs in Figure 7 centered
at the origin and extending through the second and third
quadrant are curves of constant damped natural frequency,
w,,. Systems with eigenvalues located on the left hand side
of the y-axis are stable and settle to an equilibrium value
in finite time, while systems with eigenvalues located on the
right hand side of the y-axis are unstable and diverge. If the
eigenvalues are on the y-axis in the s-plane, they are saddle
points and the system oscillates forever, without moving
closer or further away from the equilibrium value.

In the same way, an s-plane representation captures the
characteristics of a continuous time system, and the z-plane
can be used to capture characteristics of discrete time systems.
To represent a system in the z-plane, the z transform of the
system’s time-invariant difference equations is taken to create
an analytical expression in terms of a single variable, z. Once
again the roots of this expression are plotted, this time in the
z-plane. Although the s-plane and z-plane are both complex
planes, the z-plane’s properties are significantly different. A
plot showing contours with constant natural frequency and
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damping in the z-plane was generated using the MATLAB
command zgrid() and is shown in Figure 8.

The stable region of the z-plane is shown in Figure 8
and corresponds to the region circumscribed by the unit
circle, which graphically shows the stability criteriain (9). The
region outside the unit circle is unstable and the unit circle
itself is the set of saddle points. The region inside the unit
circle has two sets of contours. The contours originating from
the x-axis at (1, 0) are curves of constant damping ratio. The
other set of contours, perpendicular to the unit circle, are arcs
of constant natural frequency.

Examination of the z-plane explains why eigenvalues,
which correspond to roots of the z transform, with the
same magnitude have a wide range of convergence times
in Figure 6. Although these eigenvalues have the same
magnitude, they map to very different natural frequencies
and damping ratios. The damping ratio and natural frequency
of a system can be used to determine the system’s convergence
time. For a second order, linear time invariant system, the
convergence time, called the settling time, can be related to
the damping ratio and natural frequency using (10) [68] as

t, < 4.67,

1 (10)
T=—.
@,¢

In (10), ¢, is the settling time, which is defined to be the
time required for a system to converge to within 2% of its
final value as measured from its initial value. The variable
T is the system’s time constant which is the inverse of the
natural frequency, w,, multiplied by the damping ratio, {. In
this paper, we examine the applicability of (10) to systems that
are not inherently continuous and use it to create an upper
bound for their convergence time.

To apply (10), the natural frequency and damping ratio
associated with the system roots is required. Unlike an s-
plane representation, this value cannot be read directly from
a plot in the z-plane and it depends on the sampling period
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for the discrete system. This sampling period is also critical
to map system roots between the z-plane and the s-plane,
which is a desirable transformation since the analysis of
system transient response is often conducted in the frequency
domain represented by the s-plane. The relationship in (10) is
an example of an approach to approximate the convergence
time of a continuous time system. The relationship between
the complex variables in the z- and s-planes is mathematically
expressed in (11) [46] as

z=e". (11)

In (11), z is a complex number representing a root in the
z-plane while s is the associated root in the s-plane. The value
T is the sampling period for the system, usually measured
in seconds. Since T can be any positive value, a single point
in the z-plane can be mapped to many values in the s-plane
depending on the sampling rate. The entire left hand side of
the s-plane is represented by the unit circle in the z-plane
because both encompass the entirety of the stable regions for
a linear system.

The relationship expressed in (11) maps points between
the z- and s-planes and can be applied to points in discrete
time systems sampled at the appropriate rate. It is leveraged
later in this work to transform eigenvalues of distributed
design systems. However, to this point it has not been used
to map poles of distributed design processes from the z- to
s-plane because T has remained indeterminate. To facilitate
this mapping, an analogy for the sampling rate of distributed
design processes is discussed in the next section and the
zero-order hold and bilinear transformation are presented
to transform discrete systems into continuous systems and
determine T.

3.2. Distributed Design Sampling Rates and Transformations.
Distributed design systems are unique because they are truly
discrete systems. A distributed design process is composed of
a set of point discontinuities that represent specific decisions
made at an instant in time. Since the process is governed by
discrete iterations, there is no underlying continuity between
decision points. This contrasts with most other systems
that are fundamentally continuous, but sampled in time to
create a discrete representation. The sampling rate for these
continuous time systems is of critical importance, because
low sample rates can inhibit the accurate reproduction of
the continuous time signal. Furthermore, relationships used
to analyze and reconstruct the signal for discrete systems
generally require a specific sampling rate. To capture the
system’s transient response for this reconstruction, it must be
sampled at a minimum rate called the Nyquist frequency [68].

When a continuous time system is sampled at a rate
above the Nyquist frequency, the resulting set of points is
an abstraction of the actual continuous time system. Since
distributed design processes are by their nature discrete,
creating a signal in the continuous time domain is not a
reconstruction of the signal but an abstraction of the system’s
true behavior. This distinction restricts which linear system
tools and techniques can be used to analyze and model
distributed design processes. In this work, the zero-order
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TABLE 2: Eigenvalues associated with system approximation.

Approximated eigenvalues

Zero-order hold method Tustin approximation

-0.367 -0.363
—0.482 + 1.33i —0.740 £+ 1.43i
-1.62 -1.34

hold and the Tustin, or bilinear, approximation are used to
construct a continuous time representation for distributed
design processes to determine T. A simulated annealing
algorithm was used to determine the sampling rates that led
to the most accurate overall representation. The objective
function for the simulated annealing algorithm was the
distance between the discrete time points and the continuous
time curve as measured using an L, norm. The design
variable in the optimization formulation shown in (12) is T

k m ) )
Minimize: f(T) = Z Z (xf - g{ (T))2

i=1im1 (12)
Subject to: T > 0.

In (12), xf is the design variable value for the ith design

variable at the kth iteration. The term g/(k) is the ith
design variable value as determined from the continuous time
model generated using either the zero-order hold or Tustin
approximation at the jth iteration. Finally, T, the sampling
rate, is the design variable value for the optimization and is

used to develop the continuous time expression g{ (k). From
this experiment, it is found that a sample rate of 1 sample per
second most accurately represented the discrete time system
in continuous time for both the Tustin approximation and
zero-order hold.

Even though both transformations used the same sam-
pling rate, the zero-order hold and Tustin approximation did
not construct identical continuous time representations. As
an example, the four largest eigenvalues for one of the sim-
ulated systems are summarized in Table 2 for both the zero-
order hold representation and the Tustin approximation.

Both approximations result in models with different
continuous time eigenvalues. Examination of the eigenvalues
in Table 2 shows that both methods identify almost the
same first eigenvalue for the design system. However, the
second eigenvalue identified is significantly different for each
method.

When determining the appropriate sampling rate, the
zero-order hold representations are more accurate when
considering the distance between the continuous and discrete
time points as measured using the objective function in (12).
The difference between these two representations is more
obvious when plotted. The curves generated for the first
design variable of the system summarized in Table 2 are
plotted in Figures 9 and 10, respectively.

In Figures 9 and 10, time is plotted on the x-axis
and the systems reach their equilibrium value after eleven
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iterations. The design variable value is plotted on the y-
axis, starting from an initial value of one and converging
to a value of 0. Both plots show the first design variable
for the simulated system and are created using the initial()
function in MATLAB. The actual discrete design variables,
as determined through simulation, are marked by x’s in both
Figures 9 and 10.

The curve in Figures 9 and 10 is the continuous time
approximation for the discrete system. Inspection of the two
figures shows that the approximation based on the zero-order
hold passes through every discrete design variable value. This
representation is more desirable because each discrete design
variable represents an actual decision in the design process.
The Tustin approximation does not pass through every design
point in Figure 10 and does not accurately reproduce the
design process.

The zero-order hold produces an accurate continuous
time model for the system because its assumptions match
extremely well to the fundamental mechanics of distributed
design processes. The zero-order hold converts a discrete
time signal to continuous time by holding a single sample’s
values constant over the sampling period. This signal recon-
struction technique mirrors distributed design processes,
where each subsystem assumes constant non-local design
variable values when solving their local optimization problem
for a single decision step in the process.
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Using the zero-order hold to transform a discrete state
space model of a distributed system enables the analysis of the
system using classical control techniques. The identification
of the appropriate sample rate for these models makes the
transformation from the z-plane to the s-plane simpler as
well. In the next section, an analytical relationship based on
these findings is introduced to transform discrete time eigen-
values to their continuous time equivalents. These continuous
time equivalents are then analyzed using control theoretic
relationships and the results are validated experimentally.

3.3. Analyzing the Convergence Time of Distributed Design
Processes. In this section, the concept of the system time
constant is examined for distributed design processes and
its applicability to discrete time systems is demonstrated
empirically. The mathematical relationship for continuous
time systems between the natural frequency, damping ratio,
and time constant is summarized in (10). It is demonstrated
using the zero-order hold that it is possible to model dis-
tributed design processes as continuous time systems, and
it is proposed that the relationship in (10) can be used to
create an upper bound on the convergence time of distributed
design processes as well. Since (10) requires only information
about the damping ratio and natural frequency, a complete
continuous time model of the system is not required. Instead,
a simpler relationship can be used to determine these prop-
erties from the discrete time eigenvalues. These relationships
are provided in (13) and (14) [46] as follows:

(1), )

In (13) and (14), ¢ is the damping ratio, and w, is the
natural frequency. To determine |z|, and /z it is assumed that
the z-plane form of the eigenvalues is z = a + bi, with a being
the real part of z and b being the imaginary part. Usinga and b
the magnitude, |z| is the vector sum of a and b while /z is the
arctan(b/a). The parameter T in (14) is the sampling period
for the system. Recall that this does not have a direct analogy
for distributed design systems but is discussed in Section 3.2
and is 1 sample per iteration.
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Equations (10), (13), and (14) are used to evaluate the
convergence time for 250 distributed design systems using
the parameters outlined in Table 1. The settling time for each
system is analytically determined and plotted in Figure 11
against the actual settling time for the system as determined
by simulation.

The line in Figure 11 is shown as a reference to com-
pare the convergence time determined by simulation to the
analytical convergence rate predictions. It has a slope of one
to differentiate between cases where the approach over and
under predicted the system convergence time. For almost
all the systems, the analytical results, determined using the
settling criterion from (10), provide an upper bound for the
convergence time of the design systems. Approximately 7.6%
of the systems are above the solid line in Figure 11, which
means that the approach underestimated the convergence
time. The furthest system above the line exceeded the pre-
dicted maximum convergence time by 6 iterations, which
is 10% of its convergence time. All other points, however,
are at most 2 design iterations greater than their predicted
value which means that the prediction was very close to the
simulated convergence time.

One advantage to this approach is its efficiency, since it
only considered the largest pole of the system, required no
simulation, and is independent of the starting location. The
dynamic behavior of many of the systems may have been
understated with this simplification. For example, the system
whose convergence was underpredicted by 6 iterations was
composed of 6 unique subsystems collectively controlling 32
unique design variables. To capture the dynamics of more
sophisticated design problems using a single eigenvalue may
be insufficient to appropriately model the system.

In spite of only considering one eigenvalue, the approx-
imation provides an upper bound for many of the systems.
One reason for this may be the discrete nature of distributed
design processes. A continuous time model for a truly
discrete system overestimates the settling time because the
gaps between discrete time points enable it to skip past the
peaks of the continuous time curve. These peaks may remain
outside of the 2% settling time longer than the discrete points
unless a discrete time point is located on a peak. Additional
areas of future work to increase the effectiveness of this
approach for large systems are discussed in the next section.

4. Conclusions

In this paper, the transient response of distributed design
processes, as modeled as a two-player continuous game,
is characterized. An eigenvalue analysis formed the basis
for this examination and concepts native to continuous
control theory are used to evaluate and approximate the
transient response of distributed design systems. The tran-
sient response is broken down into two components: shape
and convergence rate. This paper focuses on the convergence
rate of distributed design processes and it is shown that
the convergence rate cannot be assessed using only the
magnitude of the system’s largest eigenvalue.

Instead of examining eigenvalue magnitudes, this paper
modeled inherently discrete distributed design processes as



Mathematical Problems in Engineering

continuous time systems. Two commonly used approxima-
tions, the zero-order hold and Tustin approximation, are
evaluated to determine the parameters required to ana-
lyze distributed design processes in continuous time. Both
approximations suggest that the best sampling period, a key
parameter in the conversion between discrete and continuous
time systems, is 1 sample per iteration. It is also shown
that the Tustin approximation does not provide an accurate
reproduction of distributed design processes in continuous
time. On the other hand, the zero-order hold provides a good
approximation for these systems because its assumptions
match well with the fundamental mechanics of distributed
design processes.

By using a continuous time approximation, the con-
vergence rate aspect of a transient response is evaluated.
This analysis uses a second-order approximation for the
system. It is demonstrated that for many systems a second-
order approximation provides a reliable upper bound for the
number of iterations required for a design system to converge
to an equilibrium solution. In cases where the approach is
unable to provide an accurate estimate of the system transient
response, the prediction remained in the neighborhood of the
time required for the system to converge as determined by
simulation.

One of the major contributions of the approach presented
is that it enables the evaluation of different design process
architectures without the need to simulate the distributed
design system. Another contribution of this approach is that
it validates an extension of the linear system theory analogy
used to model distributed design systems. It identifies the role
of sampling in the overall system response and emphasizes
the truly discrete nature of distributed design problems.
For systems with dominant closed loop poles the approach
provides a mathematically provable upper bound for the
system convergence time. Even when this criterion is not
met, the approach is able to bound the convergence time
for most cases without the computational costs associated
with simulation. This provides a filter to identify potential
process architectures that are worth committing additional
resources to investigating. Finally, it provides a basis for the
analysis of increasingly complex distributed design systems
by examining the basic challenges to predicting system
transient response.

Future work will focus on extending the approach to ana-
lyze large systems by considering more than one eigenvalue.
Performing this analysis will require the identification of the
most influential closed loop poles to create a higher-order
model of the system. This model will provide greater fidelity
and predictive ability while reducing the computational costs
to simulate the system. Another area of future work is in
the application of model reduction techniques to reduce the
size of the models for distributed design systems. Currently
distributed design models require a number of states equal
to the number of shared design variables. Reducing the
model will minimize the computational cost to analyze these
systems both with respect to their stability and transient
response characteristics. Incorporating our technique with a
comprehensive simulation-based approach to evaluate pro-
cess architecture is another area of future work. Combining
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the fidelity of simulation-based techniques with the initial
response characterization from this work will reduce the
computational burden to identify preferred process architec-
tures.

Finally, the expanded applicability of control theory
techniques demonstrated in this work provides a foundation
to investigate principles used to analyze nonlinear systems.
Translating these principles into techniques that provide
meaningful evaluations of convergence times will enable the
analysis of a broader class of distributed design problems.
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Bridge crane is one of the most widely used cranes in our country, which is indispensable equipment for material conveying in the
modern production. In this paper, the framework of multidisciplinary optimization for bridge crane is proposed. The presented
research on crane multidisciplinary design technology for energy saving includes three levels, respectively: metal structures level,
transmission design level, and electrical system design level. The shape optimal mathematical model of the crane is established for
shape optimization design of metal structure level as well as size optimal mathematical model and topology optimal mathematical
model of crane for topology optimization design of metal structure level is established. Finally, system-level multidisciplinary
energy-saving optimization design of bridge crane is further carried out with energy-saving transmission design results feedback
to energy-saving optimization design of metal structure. The optimization results show that structural optimization design can
reduce total mass of crane greatly by using the finite element analysis and multidisciplinary optimization technology premised on

the design requirements of cranes such as stiffness and strength; thus, energy-saving design can be achieved.

1. Introduction

Empirical design is often used for the structure design of
bridge crane, which determines the design parameters of
bridge crane and furthermore improves the performance.
The traditional design method cannot work out accurate
performance data resulting in the safe coefficient of crane
over the design requirements greatly, which leads to the waste
of materials and energy consumption, and so forth [1].

At present, a simplified structure to reduce the weight
and lightweight design-based heuristic algorithm is usually
adopted to achieve energy saving, most of which focus
on single structural design improvement. With the rapid
development of finite element analysis (FEA) technique [2, 3],
the traditional design method is gradually replaced by finite
element analysis and design. There is quite a lot of finite
element analysis software such as ANSYS, ABAQUS, and
HyperWorks [4, 5]. However, purely from structural design,
to reduce the weight of the crane has been very limited,
and blindly to reduce the weight would be a security risk.

On the other hand, crane is a complex system composed
of many subsystems, among which there exist weak or
strong coupling relationships. Thus, crane energy-saving
design is a multidisciplinary coupling engineering problem
involving structural design, mechanical transmission, and
electrical control, which is not a simple superposition and
permutations of various disciplines design. Therefore, it is of
urgent need from multidisciplinary point of view of structure,
mechanical transmission, and electrical control to study the
system-level energy-saving design of crane.

The present work was carried out in order to obtain
simulation data of the bridge crane. In the next section,
the framework of multidisciplinary optimization design is
proposed. In Section 3, FE model of double girder crane
is developed using commercial program HyperWorks, and
the loading and the results of finite element analysis are
given and discussed. Topology optimization and size opti-
mization are further carried out, and the results of metal
structural optimization are analyzed. In Section 4, system-
level multidisciplinary energy-saving optimization design



of bridge crane is further carried out with transmission-
level design results feedback to energy-saving optimization
design of metal structure. Finally, research conclusions are
summarized.

2. Multidisciplinary Optimization Design
Framework for Bridge Crane Energy Saving

The presented research on crane multidisciplinary design
technology for energy saving includes three levels,
respectively: energy-saving design of metal structures,
energy-saving transmission design, and energy-saving
electrical system design. Energy-saving design of metal
structure involves structural lightweight design and arch
curve design of beam; energy-saving transmission system
design involves dynamic loading, transmission efficiency, and
components lightweight, and energy-saving electric system
design involves power loss.

In addition, optimal design of lifting findings dynamic
loading and components lightweight are feedback to struc-
ture lightweight design for further design optimization. Also,
arch curve can reduce climbing energy consumption, thereby
reducing motor power losses. The arch curve optimization
results need feedback for electrical energy saving. The multi-
disciplinary optimization design can be illustrated as shown
in Figure 1.

3. Energy-Saving Optimization Design of
Metal Structure Level of Bridge Crane

3.1 Development of FE Model of Double Girder Crane. Take a
bridge crane used in a practical project as the research object,
which is a 50t-31.5m double girder crane whose material
parameter and usage are as follows:

(i) material: ordinary carbon steel Q235;
(ii) length of the crane (I): 31.5m;
(iii) maximum lifting height: 12 m;
(iv) hoisting speed: 7.8 m/min;

(v) moving speed of the car: 38.5 m/min;

(vi) moving speed of the cart: 87.3 m/min.

And according to the GBT 3811-2008 “crane design
standard,” the working level of car is M5, and the working
level of cart is M6 [6].

3.2. Geometric Modeling of Double Girder Crane. According
to the engineering drawing, geometric model of the bridge
crane is established by PRO/E, whose structure components
include the up and down plates of end girders, the side plates
of end girders, up and down plates of main girders, the side
plates of main girders, multiple belly boards, feet frame, and
various connection boards. The simplified geometric model
is shown as Figure 2.

3.3. Model Processing. Import the geometric model of bridge
crane into HyperMesh and clear it. Owing to that each plate
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is thin, partition the plates with shell elements for finite
element simulation analysis. The shell elements should be
created on the middle surface of the geometry. A group of
middle surfaces should be constructed by using “midsurface”
panel. The imported model contains some connectivity error
or some other defects, so the operations as follows should be
carried out after importing file model.

(1) Delete the unsheared surfaces.

(2) Fill the gaps (repair the missed surfaces).

(3) Set the tolerance values of geometric cleaning.
(4) Combine the red free edges with “equivalence.”

(5) Delete the repeated surfaces.

3.4. Mesh Partitioning of Double Girder Crane. Welds con-
nections between each board are taken place of the rigid
connections, and mesh elements are created on extraction
midsurface [7]. The calculation capacity and calculation effi-
ciency must be considered when mesh partitioning. The finer
the elements meshed are, the more accordant the partitioned
model is with the actual condition, while computing time and
memory usage will be increased largely. After taking all the
above factors into account synthetically, set the element size
as 50 mm x 50 mm for finite element analysis. The spot welds
are used to simulate the connections between the end and
main girders [8].

Due to that the bridge crane structure is symmetrical, take
half of the model as research object in order to reduce the
computing time and memory usage. The FE model of bridge
cranes is shown in Figure 3.

3.5. Loading and Static Analysis. Both end girders and main
girders are processed as simply supported beams [9-11].
Loading is illustrated as in Figure 4.

Constraint loadings of the crane are described as follows:

the movement in x, y, z directions and the rotation in
z direction of position 1 are restrained;

the movement in y, z direction and the rotation in z
direction of position 4 are restrained;

the movement in z direction and the rotation in x, y
direction of positions 2, 3 are restrained because of the

symmetry.
The loadings on both of the main girders are as follows:
(i) rated hoisting loading: P, = 50 t;
(ii) the car mass is 15.765 t;
(iii) self-vibration load factor @, = 1.1;
(iv) lifting dynamic load factor @, = 1.14;

(v) horizontal inertial force of crane as volume force:
acceleration is 0.32 m/s;

(vi) cart gravity as volume force.

L0, L1, L2, L3, and L4 denote the loadings on different
positions of one main girder, respectively, called five work
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| Energy-saving design of bridge crane |
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FIGURE 1: Multidisciplinary optimization design framework for energy saving.
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TaBLE 1: Five work conditions description.
Work Cart gravity Car mass Self-vibration . qulzontal Rated loading  Lifting move Load
o 2 inertial force of -
conditions (m/s”) (t) factor 2 (t) load factor position
crane (m/s”)
1 9.8 15.765 11 032 50 " Middle of the
beam
2 9.8 15.765 L1 0.32 50 114 Left end of
the beam
3 9.8 15.765 11 032 50 14 Right end of
the beam
4 9.8 15.765 L1 0.32 50 114 Left 1/4 of the
beam
5 9.8 15.765 11 032 50 L4 Right 1/4 of
the beam

FIGURE 2: Geometric model of double girder crane.

FIGURE 3: Finite element model.

conditions, and the magnitude of the loadings (L0, L1, L2, L3,
and L4) is 322.2485 KN. Five work conditions are calculated
in finite analysis as in Table 1.

According to the requirements of the crane design in
GBT 3811-2008, “crane design” combined with actual usage,
requirements for the stiffness of the crane girder are as
follows:

1
f < %S, (1)

where f is the deflection displacement, s is the span of the
crane [12].

And requirements for the stress of the crane girder are as
follows:

(i) material: Q235;
(ii) yield stress o: 235 MPa;

(iii) allowable stress [0] < 100 MPa defined by engineer-
ing design.

A

FIGURE 4: Loadings illustration.

After loading on different locations of the main girder, the
results of finite element analysis are shown in Figures 5 and 6.

Analyz and compar different conditions of loads to obtain
the conclusions that when loading on the middle of the main
girder the maximum displacement of 40.3 mm appears on
the middle of the main girder, and the maximum stress of
91.6 MPa occurs on the middle of the main girders. According
to the results of FEA, the total mass of the initial model is
18.9t.

3.6. Structural Optimization of Double Girder Crane

3.6.1. Shape Optimization. The shape optimal mathematical
model is established as follows which takes the minimum
volume as objective function, the height and width of the
crane as design variables, and the scopes of stress, strain
energy, and modal as constraints:

Min V' (X) = V' (Height', Width')

-5 < Height' < 20

Design variables: _5 < Width' < 20
Ci=sulf;<LIx107] j=1..5 ()
273/
st. Ku=f
o <100 MPa
F >3,
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SUB39-load0
Displacements

>3.59e+01

<3.59¢+01
“ . <3.15¢+01
<2.71e+01

<2.27e+01
<1.83e+01
<1.40e+01
<9.56e+00
<5.17e+00
<7.85e-01

Max = 4.03e+01
Min = 7.85e-01

Min node 1033975

Max node 39096

FIGURE 5: Displacement cloud.

where V'(X) denotes the volume fraction; C; denotes the
total strain energy of the crane under the jth load; K
denotes the stiffness matrix of the system; f denotes the
load; u denotes the node displacement vector under the load
f; o denotes the stress; F denotes the natural frequency.
Objective function V'(X), constraint function C,, and ¢ can
be obtained from structural response of the finite element
analysis.

Use OptiStruct Solver to optimize the girder by selecting
morph optimization tool; the optimization results of the main
girder are shown as follows:

Volume = 2.27E + 09 mm®, Mass = 179t
Height' = —0.36, Width' = 1.2.
After shape optimization:

Height =1724 mm + 0.36 x 50 mm = 1742 mm
Width = 600 mm — 1.2 x 50 mm = 540 mm
Height/Width =1724/540 = 3.19.

By analyzing the results of finite element analysis, the
structure performance (including strength, stiffness, and
modal) after topology optimization meets the requirements
of crane design specifications greatly, which are shown in
Figures 7 and 8.

Analyze and compare different conditions of loads to
obtain the conclusions that when loading on the middle of the

SUB39-load0

Von Mises stress
>8.15e+01
<8.15e+01
<7.13e+01
<6.11e+01
<5.10e+01
<4.08e+01
<3.06e+01
<2.05e+01
<1.03e+01
<1.23e-01

Max = 9.16e+01
Min = 1.23e-01

Min node 76938

Max node 37752

FIGURE 6: Stress cloud.

main girder, the maximum displacement of 42.9 mm appears
on the middle of the main girder and the maximum stress of
98.6 MPa occurs on the middle of the main girders. The total
mass of the model after shape optimization is 17.9 t, which has
reduced by 5.3%.

Compare the maximum displacement and maximum
stress before and after topology optimization the result is
given as in Table 2.

The analysis results shown in Table 2 show that structure
performance of the various plates, some materials of which
have been reasonably removed, meets the design require-
ments as well. Meanwhile, the total mass of structure is 17.9t,
which has reduced by 1t.

3.6.2. Size Optimization. Furth optimizing of the structure
after shape optimization was carried out in our research.
Taking the minimum volume as the objective function, the
thicknesses of the plates as the design variables, the scopes
of the stress, strain energy, and modal as constraints, the size
optimal mathematical model is established as follows:

Min V(X)) =V (x, %5 ..., %)

L 7.
S.T. Cjzgujfjsl.lxm] j=1...,5
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$39-loado0 [10]
Displacements
>3.83e+01
<3.83e+01
<3.36e+01
<2.89%+01
<2.42e+01
<1.96e+01
<1.49¢+01
<1.02e+01
<5.53e+00
<8.50e-01
Max = 4.29¢+01
Min = 8.50e-01

Min node 1033975

Max node 22190

FIGURE 7: Displacement cloud.

$39-loado0 [10]

Von Mises stress
>8.74e+01
<8.74e+01
<7.65e+01
<6.56e+01
<5.47e+01
<4.38e+01
<3.29e+01
<2.20e+01
<1.11e+01
<1.52e-01

Max = 9.84e+01
Min = 1.52e-01

Min node 76938

Max node 30255

FIGURE 8: Stress cloud.

Ku=f
o < 100 MPa

F>3,
©)

where X = x,x,,...,x;53 denotes the thicknesses of plates,
V(X) denotes the total volume of the crane, the rest of variable
parameters are denoted as above. Use the OptiStruct Solver to
optimize girders by size optimization tool. The optimization
results of the thicknesses of the plates are shown in Table 3.

By analyzing the results of size optimization, the struc-
ture performance (including strength, stiffness, and modal)
after topology optimization meets the requirements of crane
design specifications greatly. The results of finite element
analysis after size optimization are shown in Figures 9 and
10.

The maximum displacement of 44.1 mm appears on the
middle of the main girder, and the maximum stress of 99 MPa
occurs on the end of the main girders. The total mass of the
model after size optimization is 17.3 t, which has reduced by
8.5%.

The comparison of initial model and final model is shown
in Table 4.

From the analysis results shown in Table 4, it can be
found easily that the structure performance after shape and

size optimization meets the requirements of crane design
specifications greatly. Moreover, after size optimization, the
total mass of the main girder changes into 17.3 t which has
been reduced by 1.6 t.

3.6.3. Topology Optimization. Furth optimizing of the struc-
ture after shape and size optimization was carried out.
The topology optimal mathematical model is established
as follows which takes the minimum volume fraction as
objective function, the material density of each element as
design variables, and the scopes of stress, strain energy, and
modal as constraints:

Min V' (X) =V’ (x),%,,...,x,)

1 T 7 .
C].:Eujfjg 1.1x10] j=1,...,5

st. Ku=f )
o <100 MPa
F >3,
where X = x, x,, ..., x,, denotes the material density of each

element are and the rest of variable parameters are denoted
as above.
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TABLE 2: Comparison of the stress and displacement.
Load step Before . After .
Stress (MPa) Displacement (mm) Stress (MPa) Displacement (mm)
LO 91.6 40.3 98.6 429
L1/1.2 80.2 87.2
L3/L4 74.5 74.4

TaBLE 3: Comparison of the thicknesses before and after optimiza-
tion.

Main optimal size Before (mm) After (mm)
Upper plates 24 20.7
Under plates 24 23.4
Inside plates 6 6
Outside plates 6 6
Small ribbed plates 8 9.5

Big ribbed plates 8 5.6

Use OptiStruct Solver to optimize the girder by selecting
topology optimization tool; the optimization results of the
main girder are shown in Figures 11 and 12.

By analyzing the results of topology optimization, the
structure performance (including strength, stiffness and
modal) after topology optimization meets the requirements
of crane design specifications greatly. The results of finite
element analysis after topology optimization are shown in
Figures 13 and 14.

Analyze and compare different conditions of loads to
obtain the conclusions that when loading on the middle of the
main girder, the maximum displacement of 39.9 mm appears
on the middle of the main girder and the maximum stress of
99 MPa occurs on the end of the main girders. The total mass
of the model after topology optimization is 15.8 t, which has
reduced by 16.4%.

Compare the maximum displacement and maximum
stress before and after topology optimization; the result is
given as in Table 5.

The analysis results shown in Table 5 show that structure
performance of the various plates, some materials of which
have been reasonably removed, meets the design require-
ments as well. Meanwhile, the total mass of structure is 15.8 t,
which has reduced by 3.1t.

3.7 Overall Stability Analysis of Main Girder. According
to the requirements of “the crane design manual” for box
section structure, “when aspect ratio (height/width) denoted
by h/b<3 or 3<h/b<6 & l/b < 95(235/0,), the lateral
buckling stability of the flexural components do not need
verify”

In our research, the results are as follows:

before optimization: & =1724 mm, b =600 mm, h/b =
2.87,50 h/b<3;

after optimization: h=1742mm, b=540 mm, h/b=
3.19, and [=31500 mm, I/b=58.3, o, = 253 MPa, so
3<h/b<6 &I1/b <95(235/0,).

Therefore, lateral buckling stability conforms to the
design requirements.

4. System-Level Multidisciplinary
Energy-Saving Optimization Design of
Bridge Crane

Energy-saving transmission design is researched by our
research group in dynamic simulation and speed regulation
of hoisting mechanism as well as optimization and innovation
of transmission mechanism scheme reported in the literature
[13, 14]. Thus, self-vibration load factor in Section 3.4 is
reduced from 114 to L1 under VVVE and the car mass
in Section 3.4 is reduced from 15.765t to 14.4t. System-
level multidisciplinary energy-saving optimization design
of bridge crane can be further carried out with energy-
saving transmission design results feedback to energy-saving
optimization design of metal structure. By repeating the
above modelling and analysis in Section 3, the system-
level multidisciplinary energy-saving optimization results are
shown in Table 6.

5. Conclusions

The framework of multidisciplinary energy-saving optimiza-
tion design of bridge crane is proposed. And the structure-
level optimization design of bridge crane by using finite
element analysis technology is discussed in this paper in
detail. This research seeks to get more reasonable, lightweight,
and energy-saving structure on the basis of insuring the
performances of crane and to provide the design reference
for bridge crane. The main results of this research can be
concluded as follows:

(1) the results of finite element analysis show that the
concentrated stress occurs on the middle of main
girders under full load;

(2) for the cranes which meet the design requirements,
shape optimization is researched. The total mass
of the structure after shape optimization changes
into 17.9t/17.6 t (optimization design of metal struc-
ture/system-level multidisciplinary energy-saving
optimization), and it is reduced by 1t/1.3t compared
with the initial model;

(3) size optimization is researched after shape optimiza-
tion. The total mass of the structure after size opti-
mization changes into 17.3 t/16.7 t, and it is reduced by
1.6t/2.2¢;
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TABLE 4: Comparing the stress and displacement.

Load step Initial model Final model

Stress (MPa) Displacement (mm) Stress (MPa) Displacement (mm)
Lo 91.6 40.3 99 44.1
L1/L2 80.2 84.4
L3/L4 74.5 88.3

TaBLE 5: Comparison of the stress and displacement.

Load step Before After

Stress (MPa) Displacement (mm) Stress (MPa) Displacement (mm)
Lo 91.6 40.3 97.6 43.9
L1/L2 80.2 90
L3/L4 74.5 108

TABLE 6: System-level multidisciplinary energy-saving optimization results.
Optimization method Mass after optimization (t) Percentage decrease
18.9

Shape optimization 17.6 6.88%
Size optimization 16.7 11.64%
Topology 158 16.40%
optimization

53 1o 5

Displacements

>3.93e+01
<3.93e+01
<3.45e+01
<2.97e+01
‘ <2.50e+01
<2.02e+01
<1.54e+01
<1.06e+01

<5.80e+00
<1.01e+00

SA Max = 4.41e+01

Max node 22190] ~ Min = 1.01e+00

FIGURE 9: Displacement cloud.

Min node 76938 $39-loado [3]

Von Mises stress

>8.80e+01
<8.80e+01
<7.70e+01
e g <6.60e+01
e <5.50e+01
<4.40e+01
<3.31e+01
<2.21e+01
<1.11e+01

‘ <1.06e-01

Max = 9.90e+01
Max node 30255 Min = 1.06e-01

FIGURE 10: Stress cloud.
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4955 nodes share min
First min 4438

/K@ 43388 nodes share max
First max 146

F1GURE 11: Density graph of the side plate.

4936 nodes share min

First min 4251

/K@ ‘ 44093 nodes share max
First max 146

FIGURE 12: Density graph of the belly board.

Min node 1033975

T< Max node 1187371

FIGURE 13: Displacement cloud.

Max node 1192098

FIGURE 14: Stress cloud.

Design [32]
Element density

>8.90e-01
<8.90e-01
<7.80e-01
<6.70e-01
<5.60e-01
<4.50e-01
<3.40e-01
<2.30e-01
<1.20e-01
<1.00e-02

Max = 1.00e+00
Min = 1.00e-02

Design [32]

Element density
>8.90e-01
<8.90e-01
<7.80e-01
<6.70e-01
<5.60e-01
<4.50e-01
<3.40e-01
<2.30e-01
<1.20e-01
<1.00e-02

Max = 1.00e+00
Min = 1.00e—-02

$39-loado0 [37]

Displacements
>3.91e+01
<3.91e+01
<3.43e+01
<2.96e+01
<2.48e+01
<2.00e+01
<1.53e+01
<1.05e+01
<5.73e+00
<9.69¢e—01

Max = 4.39¢+01
Min = 9.69¢-01

S47-load2 [37]

Von Mises stress
>9.62e+01
<9.62e+01
<8.42¢+01
<7.22e+01
<6.0le+01
<4.81e+01
<3.61e+01
<2.41e+01
<1.20e+01
<1.46e-06

Max = 1.08e+02
Min = 1.46e-06
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(4) topology optimization based on density methodology
is used after shape and size optimization. The total
mass of the structure after topology optimization
changes into 15.8 t/15.8 t, and it is reduced by 3.1t/3.1t
compared with the initial model;

(5

~

multidisciplinary optimization design by means of
finite element analysis and dynamic simulation not
only can assure stiffness, strength, and other perfor-
mances requirements of the crane but also can greatly
reduce the use of materials by lightweight design.
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It is often in the interest of a designer to know the transient state of stress in a plate subjected to an underwater explosion. In this
paper, an analytical method based on Taylor’s fluid-solid interaction (FSI) model, Mindlin plate theory, Laplace transform, and
its inversion is proposed to examine the elastic dynamic response of a plate subjected to an underwater explosion. This analytical
method includes shear deformation, the moments and membrane stress in the plate, and the FSI effect and considers a full profile
of possibilities. The results of the response-time histories and the response distribution on the plate in terms of displacements and
stresses from the analytical method are compared with finite element analysis (FEA) to validate this method, and the comparison
indicates good agreement. Comparison of the acceleration at the center of an air-backed plate between the analytical method and
the experiment from relevant literature, shows good agreements, and the analytical method and its FSI model are validated. The
influence of the FSI is investigated in detail. All extreme values of the response-time histories decrease as the thickness increases

for the non-FSI case. The results can be used as benchmark solutions in further research.

1. Introduction

Plate element is one of the basic elements of every class
of ship and apparatus and may be subjected to underwater
explosions. It is in the interest of a ship designer to know
the transient state of stress in advance that develops in
a plate during an underwater explosion. For low-intensity
explosions, the stresses developed within a plate are usually
within the material’s elastic range [1-3].

The classical plate theory (CPT) has been used to solve
the response in thin plates to an underwater explosion. An
orthotropic and simply supported plate reinforced by stiff
particles embedded in a matrix offers the potential for simple,
economically functional grading and enhanced response.
Genin and Birman [4] obtained a solution for the response
of this plate under a uniform and time-varying overpressure
using the Kirchhoff plate theory and a convolution integral.
However, the shear deformation through the thickness is
neglected within CPT, and the effect of fluid-solid interaction
(FSI) was not considered in this research.

Some of recent research on this subject have been
devoted to the extension of linear to nonlinear response by
involving von Kdrmadn thin plate theory and employing the
extended Galerkin and the Runge-Kutta methods. Hause [5]
investigated the nonlinear response of a functionally graded
plate with two constituent phases exposed to a Friedlander
explosive air blast within the classical plate theory, but the
effect of fluid-solid interaction (FSI) was not considered
in this research. Librescu et al. [6-9] have developed a
three-dimensional sandwich model which is used in the
investigation of the dynamic responses of a sandwich plate
subjected to underwater explosions by employing Hayman’s
ESI model [6, 7]. In the sandwich model, core layer can only
carry transverse shear stresses, while the transverse shear
effects are neglected for the face sheets. In general, all of above
research concerning the nonlinear response are numerical
but not analytical.

The phenomenon of FSI significantly influences the
dynamic response of a structure during an underwater explo-
sion. The influence of FSI is typically investigated by finite



element analysis (FEA) which provides a detailed picture
depending on the level of complexity of the model [10-13].
The discretization used both for spatial derivation and time
integration, however, affects spurious oscillations and the
accuracy of a numerical solution [14].

Taylor [15] proposed a one-dimensional FSI model for
a planar shock wave impinging on a freestanding plate and
considered the momentum transmitted to the plate by the
shock wave. Liu and Young [16] extended Taylor’s air-backed
FSI model to a water-backed FSI model and systematically
investigated the influence of the back conditions on the
interaction between the fluid and the structure. Utilizing
Taylor’s FSI model, the energy method, and considering
the conditions of the air-backed and water-backed cases,
Rajendran et al. [1-3] derived one-dimensional, semian-
alytical models to predict the elastic strains in circular
and rectangular plates subjected to underwater explosions.
Good agreement was found between the model and the
experimental results. However, these solutions considering
the FSI effect are one-dimensional and ignore moment and
membrane stress in the plate. In addition to elastic method,
plastic dynamic analytical solutions for the response of a
three-layered sandwich plate with a soft core to UNDEX have
also formed the subject of recent studies [11, 17-20], in which
the existing plastic solution procedure generally comprises
three stages. However, the velocity is assumed to be uniform
for the front and back faces of the sandwich plate except
for the boundaries in the FSI phase, with the FSI differences
between the different positions on front and back faces of
plate being ignored, that is to say, only one-dimensional FSI
effect is considered.

A comprehensive review on the methods for the response
of plates to underwater explosion is present above. It is
worthy noted that the analytical methods mentioned above
do not consider the FSI differences between the different
positions on front and back faces of plate. The purpose of this
paper is to fill this gap by proposing an analytical method to
determine the elastic dynamic response of a plate subjected
to an underwater explosion based on Taylor’s FSI model,
Mindlin plate theory, Laplace transform, and its inversion.
This method considers the full profile of possibilities, such
as non-FSI, air-backed, and water-backed cases. Section 1
introduces the solution methods. In Section 2, the problem
is described and Taylor’s FSI model, the air-backed, and the
water-backed cases are introduced. Section 3 introduces the
governing equations of motion for Mindlin plate theory. In
Section 4, analytical solutions for the three cases are derived
by Fourier transform, Laplace transform, and their inversion.
In Section 5, the analytical results are validated by being
compared with those from the FEA and the experiment
record, and the influences of the FSI and material thickness
are investigated. The conclusions are discussed in Section 6.

2. Problem Description and
Fluid-Solid Interaction

Consider a rectangular plate of length a, width b, and a
uniform thickness 4, as shown in Figure 1. The plate is
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FIGURE 1: A rectangular plate subjected to an underwater explosion
showing dimensions and the Cartesian coordinate system.

subjected to an underwater explosion from an explosive
charge W (TNT equivalent weight in kg) located at a distance
S (in m) from the center of the plate.

Taylor [15] proposed a one-dimensional FSI model for
a planar shock wave impinging on a free-standing plate,
including the momentum transmitted to the plate by the
shock wave. This FSI model has been widely used in analytical
methods modeling the plastic response of plates subjected to
an underwater explosion [17, 19, 20] and is briefly reviewed
below.

Adopting the planar wave assumption, the water pressure
ps(x, y,t) at the front face (z = —h/2) comprises the
incident wave p;(x, y,t), theidealized perfectly reflected wave
Pr1(x, ¥,t), and the rarefaction wave pressure p,,(x, y,t),
respectively, as follows [15]:

Py 3.t) = p; (%6 3,1) + Py (%, 958) + Py (30, 358)

t . h
=2p,, exp —a = PuCuW x,y,z=—5,t )
)

where w denotes the deflection of the plate and the dots over
a quantity stand for time derivatives.

The peak pressure p,, and the time parameter t,; of the
incident wave are given as follows [1, 21]:

W1/3 1.13
P = 52.16 X ( S ) MPa,
)
-0.22
_ w'?
t; =965 x 10 3XW1/3X<T msec.

Two backing condition categories are water-backed and
air-backed. For an air-backed plate, the water pressure at the
back face (z = h/2) is [1]

Py (% y,t) =0, (3)

and for a water-backed plate, the pressure at the back face is

(1]

h
pﬁ%%ﬂ=—m&@<%%z=5J> (4)
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To compare the two cases with the FSI effects between
the plate and the water, a non-FSI case (ignoring FSI effects)
is also discussed. The water pressures at both front and back
faces can be expressed as follows [1]:

t
pr (% 3:t) = pyexp (T)’
d
Py (%, y,t) = 0.

©)

3. Fundamental Equations

Considering an orthotropic material, the Mindlin plate the-
ory implies that the displacements are distributed in the plate
as follows:

U=-2Yy,,
V= _Zu/yp (6)
w = wy,

where wj, is the vertical displacement at the middle surface.
The moment and shear force resultants can be written in
terms of the displacements as

M1 s fen ap 0 :zx“
M, =1 |2 @ 0 _( yj’y ) >
Mxy 0 0 Cos lrllxz,y 1rl/yz,x (7)
2
82t 2l
Qx 2 0 Css wO,x_v/xz ’

where y,; and y,,, are the rotations about the x- and y-axes,
respectively, h is the thickness of the plate, x is the shear
correction factor (taken as 5/6), and ¢, ¢;5> Cyp» Caa> G55, and gg
are the elastic constants. Throughout the paper, a comma after
a quantity denotes a particular differentiation with respect to
the spatial coordinates.

The normal stresses are distributed as

12zM,
Gxx = h3 4

12zM, (8)
Ty =73
o, =0,

and the shear stresses are distributed as

12zM,,
ox)’ = h3 >
3(1-42°/0%)Q,
O = — (57> )
(2h)
3(1-42/17)Q,
o - —_—

yz (2h)

The von Mises stress 0,,, can be expressed as

o \j [(cxx - ayy)z + (0 —0..)" + (0, - 0’22)2 +6(0%, +0%, + a}z,z)]
m 2 .
(10)
The governing equations of motion for the Mindlin plate

theory are

Mx,x + Mxy,y + pphpxz =Q,
Mxy,x + My,y + ppjll}yz = Qy, (11)
Qux+Qy, - pphll')o + Pt pp=0,

where J = h*/12.
Substituting (7) into (11) allows (11) to be rewritten as

h3 [2 (Cllll/xz,xx + ClZV’yz,xy) + Go6 (V/xz,yy + Wyz,xy)]

24
(12)
3 .
_ h ppllsz + CSSK:h (wO,x B I//xz) -0,
12 2
h3 [2 (CIZsz,xy + olZWyz,yy) + Coo (ijz,xy + 1//yz,xx)]
24
(13)
_ h3pplpyz + C44Kh (wO,y - 1//;vz) -0
12 2 o
Pphwo —xh [655 (wO,xx - 1l/xz,x) + Gy (wO,yy - Wyz,y)]
2 (14)

=Pr+ Py

Assuming the plate is simply supported, the edge condi-
tions are given as

x=0, arwy=vy,,=M,=0,

(15)
y=0, biwy=vy,, =M, =0.
The following Fourier series expansions for the displace-

ments satisfy (15):

Mg
M8

wy = w, sin &, x sin f8,,y,

1

3
o
3
I

o0 0
Vo 3 STocosaasingy (0
m=1n=1
o0 o0
Y, = Z Zl//yz sin a,,,x cos 3,7,
m=1n=1
where
mrr nm
&, = 7, ﬁn = 7; (17)

and m,n = 1,2... are the number of half waves in the x and
y directions, respectively, and the overscript (") denotes the
transformed function in the Fourier domain.



According to the plane wave assumption, the incident
wave and the idealized perfectly reflected wave can also be
expanded in Fourier series form as

[ee]

p;sina,,xsin f,y, (18)

=
1l
DM
il Nk

a b 4 X
= 4 j J p;sina,xsin B, ydxdy = LP,, (19)
0 Jo ab

P = Z Zﬁrl sin e, x sin 3,7, (20)

m=1n=1
— At , Ampr
Pn=— L L P, sina,,xsin B, ydx dy = ’7;—51, (21)

where

[+ DT -1+ (D)
= (mnm?) ’ (22)

4. Solutions Procedure

The analytical solutions in the Fourier and Laplace trans-
formed domains are derived for the three cases, respec-
tively. The final solutions to the displacement distributions
are obtained by the inversion of the Fourier and Laplace
transforms. The inversion of Laplace transform is carried out
analytically.

4.1. Non-FSI. For the non-FSI case, by substituting (5) and
(16)-(19) into (12)-(14), the fundamental equation can be
rewritten in the Fourier transformed domain as follows:

h3pp._11’./xz — hS (ZCHOCan + C66ﬁi) CSShK
5 TV +
12 24 2 (23)
23
N (2612 + cg6) h3“m/3n¢yz csshkwye,, 0
24 2 -7
3 -
h Po¥y2 LT K (CGG(xfn + Zczzﬂi) . Cyuhx
12 yE 24 2
(24)
+ (2C12 + C66) h3“mﬁn¢xz _ C44th0ﬁn —
24 2 ’
ho S + hxw, (655063,, * C44ﬁ;21) B CsshKat, ¥,
pp 0 2 2
(25)

- CuheBy _4nyp,, exp (~t/t,)

2 ab

The Laplace transform of the function f(¢) is defined as

(o0}

LIFO] = F(s) = I Fetar, (26)

0

where s is the parameter of the Laplace transform and
the overscript (7) denotes the transformed function in the
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Laplace domain. Applying the Laplace transform to (23)-(25)
yields:

W (2c11(xfn + Coe B2 + Zszpp) Csshic | =
+ Yz

24 2
(27)
Ha, B, (2c15 + cg) Ve cshia,w, o
24 2 o
K (666(X72n + 20,85 + 252Pp) cuhk | =
+
24 2 yE
(28)
+ o, (2612 + Gos) Y B CyshieB, W, _
24 2 ’
hﬁo (csskocﬁ1 + c44xﬁfl +2s° pp) - CSShK(xmixz
2 2
_ (29)
B C44hK/5nWyz _ 4’71tdpm
2  lab (1 +sty)]

Solutions in the Fourier and Laplace transformed
domains for the non-FSI case can be derived from (27)-(29)
as follows:

= 16p,,tam (’7§ - ’72’14)

T T Tab (r st
V.= 8hicpytatty (CuaPulls = Cs5%uMa) (30)
* [ab (1 + sty) 1] )
? _ 8HKP,t gty (G553 = CaaBatln)
e [ab (1 + st ) 6] ’
where
hxcss K (2C11(xr2n + cooB + 252Pp)
M = 5 + Y )
_ I (2615 + Gg) QP
3 o )
_ hkey, K (c660cfn + 2022&21 + 252pp)
=T 24 : 31
h (Kc550¢fn + KB + 252pp)
M5 = >

2
Ne = Wi [C44:Bn (caaBul, = 26550,,173) + Cszs%znm]
+ 4 (s = 1) s

4.2. Air-Backed. Considering the FSI effects for an air-
backed plate case and substituting (1), (3), and (16)-(19)
into (12)-(14), the fundamental (12)-(13) that are rewritten in
the Fourier transformed domain are the same as (23)-(24).
These rewritten equations in both the Fourier and Laplace
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transformed domains are the same as (27)-(28), respectively.
Moreover, (14) can be rewritten as follows:

CwPwlWyo + hp,Wy — csshice, v/, , cuhef iy,

2 2 (32)
. hiy (cssoty, + iy ) _ 8mpmexp (t/ty)
2 ab
Applying the Laplace transform to (32) yields:
~ |h (cssxocfn +Cuk B+ 2$2pp)
w, 5 +SCuPy | — Gsshra,,
_ (33)
y @ B C44hKﬁn¢yz _ 8Mmtyipm
2 2 [ab(sty;+1)]

Solving (27), (28), and (33) yields the analytical solutions
in the Fourier and Laplace transformed domains for an air-
backed plate:

= 32pmtd’71 (’7% - ’12’14)
P lab (L sty) g

= _ 16hKp,,t 11y (CaaButls = Cs5%Ma) (34)
xz [ab (1 + sty) 7s]

16hKp,,t 411y (Cs50,713 = CaaButl)
[ab (1 + sty) g]

l//yz = 4

where

2 2 52
h (Kcss‘xm + ke B, + 25 pp)
2

7 = + SCwPuw>

35
Hg = Wi [644ﬁn (CaaButl, = 26550,173) + Cszso‘rzn’h] (35)

+4(n3 = 1) -

4.3. Water-Backed. Similarly to the air-backed case, for the
water-backed plate case, the fundamental (12)-(13) are rewrit-
ten in both Fourier and Laplace transformed domains and are
the same as (27)-(28). Moreover, by substituting (1), (4), and
(16)-(19) into (14), this equation can be rewritten as

2Cwa$0 + thﬁo - CSShK(me_/xz C44hKﬁ"¢yz
2 2

(36)

) hicy (ess0, + i) 811, py exp (<t/1,)
2 - ab ’
Applying the Laplace transform to (36) yields:

= h (cssxocfn +Cugk B+ Zszpp)

o 5 +25¢,p, | — Gsshxa,,

% @ _ C44hK:Bn¢yz _
2 2

Sﬂltdpm
[ab(sty;+1)]

(37)

Solving (27), (28), and (37) yields the analytical solutions
in the transformed domains:

— 32ptany (1~ M)

Wy = 5
© 7 [ab(1+sty) )
= _ 161K, t 4111 (C4a BTy — C55%1a) (38)
¥ [ab (1 + sty) 1]
= _ 16hKp,, t gty (Cs5%mls — CaaPalla)
- [ab (1 + sty) 10]
where
h(xceso, + xcuu 2 + 25°
Ho = ( > L Pp) + 25C, Py

2

39
Mo = i [544ﬁn (caaPutly = 26550,173) + Cszs“yzn’h] (39)

+4 (15 = s M-

At this point, the analytical solutions for the three cases
in the transformed domains have been obtained, and subse-
quently, the final solutions for the displacement distributions
are obtained by the inversion of Fourier and Laplace trans-
forms. The Fourier inversion can be carried out by utilizing
(16), and the Laplace inversion can be carried out by adopting
an analytical inversion method, which is expressed as follows
[23-25].

The solutions for the displacements in (30), (34), and (38)
can be rewritten in a general and simpler form as

Al(s)
B(s)’

fs)= (40)

where f(s) denotes a displacement solution in the Laplace
transformed domain, both functions A(s) and B(s) are in
form of polynomials, and the degree of A(s) is less than that
of B(s).

If all the roots of B(s) are simple, then the original
function is [23-25]

f)= ;% exp (sit). (41)

When B(s) has complex roots, the original function becomes
[23-25]

()
exp (s;t) + 2Re J; o (s]]

n, A (Si) exp (S]t) ,

fO=25 )

~—

(42)

where sy, s;, and s; are the roots, the real roots, and the com-
plex roots with positive imaginary parts of B(s), respectively,

n, n,, and n are the numbers of s, s;, and s, respectively, the

superscript (') stands for the derivative with respect to s, and
Re stands for the real part of the complex number.
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TABLE 1: The parameters of the underwater explosion, geometry for the analytical and FEA methods, and the Fourier transform parameters.

W(kg) S(m) p,(MPa) t,(ms) a(m) b(m) h(m) p, (kg/m3) ¢, (m/s)  x., (M) y.,(m) z,m) m, "
1 5 8.46 0.137 1 1 0.15 1000 1500 0.025 0.025 0.025 1 1
ol TaBLE 2: The elastic constants of the plate material.
|
|
T 3 ST €2 2 Cay Gs5 Co6
! Pr R8/M) (Gpa)  (GPa) (GPa) (GPa) (GPa) (GPa)
-1
- 7850 215.54 18.48 61.58 55.26 161.54 161.54
/\Solid,x g
N element ; \ TABLE 3: Geometry and elastic parameters of the aluminum plate.
L |
" \Damping > i >
5 Flelement Length Width Thickness Youngs POISS.OHS Density
E a (m) b (m) 1 (m) modulus ratio p (kg/m’)
y y = E (GPa) u
|
L 1 1 0.01 70 0.3 2700
it i
X Tz

FIGURE 2: The model used for the FEA.

5. Results and Discussions

A Mathematica package was developed for the analytical
method described herein. First, for an air-backed plate, the
results of the analytical method are validated by a comparison
with a finite element analysis (FEA) performed using the
commercial software ANSYS. Subsequently, the influences of
the FSI and the thickness are investigated.

5.1. Validation of the Analytical Method by Comparing with
FE Method. For an air-backed plate, the analytical method
is validated by comparing the results of this method with
those obtained by the FEA. A simply supported plate is shown
in Figure 1, and the corresponding FEA model is shown in
Figure 2. The plate is simulated by solid45 elements, and
Combinl4 damping elements are used to the damping term
in (1). The elastic properties, explosive characteristics, and
geometric parameters are listed in Tables 1 and 2, where x;,,
and y,., are the element lengths in the x and the y directions,
respectively, of the FEA model for the laminated plate. The
variable z;.,, is the element length in the z direction, and m,,,
and n,,,, are the maximum values of m and #, respectively.

In Figure 3, the response-time histories ofw, 0., 0, 0,
Oyz» Oy, and oy, of the back face (z = h/2) and middle face
(h =0)atNa(x = y = 0.5m), Nb (x = y = 0.3m), and
Nc (x = y = 0.1 m) are calculated by the analytical and the
FEA methods for the air-backed case and are compared. In
Figure 4, the distributions of the deflection w and the von
Mises stress 0, on the back face of the plate when ¢ = 0.45 ms
are calculated by the analytical and the FEA methods for the
air-backed case and are compared. The time-histories and
the distributions of the responses between the two solution
methods correspond closely.

5.2. Validation of the Analytical Method by Comparing with
Experiment Results. In this section, the analytical method is

validated by comparing the acceleration of the air-backed alu-
minum plate calculated by this method with those obtained
by the Hung et al’s underwater explosion experiment result
[26]. Hung performed the experiment within a 4 x 4 x 4m
water tank. The isotropic aluminum target plate was fixed
to an empty steel casing, known as a “shock rig”, and the
button of which was fixed to a steel base. In this paper, it is
assumed that the plate is simply supported. The geometry and
elastic properties of the plate is shown in Table 3. 1g charge
(W = 1g) was located on the normal line through the center
of the plate. An accelerometer was placed in the center of the
plate and operated at a sampling rate of 2.0 MHz. Four tests,
with different standoff distances, were carried out, although
only the case with a standoff distance of 0.7m (S = 0.7 m)
was used for the comparisons made here. The water density
is p,, = 1000 kg/m?, and the shock wave (acoustic) velocity in
the water is ¢, = 1500 m/s.

Figure 5 compares the acceleration time histories at the
center of the plate between analytical method and experiment
[26]. Obviously, the time histories by the two methods
agree with each other closely in the overall trend. There
are some differences between the two time history curves.
The acceleration peak value of analytical method is 25.6
percent greater than that of experiment. The growth can
be attributed to the fact that the pressure precursor is
ignored in the incident wave profile. It is understandable
since the pressure precursor significantly decreases the peak
of incident pressure according to [27]. In addition, there are
some high-frequency vibrations in the experiment record,
which are missing in the curve by the analytical method.
The difference may be caused by the FSI model formulated
by Taylor used here which ignores the bubble impulsive
pressure. In general, the analytical method proposed in this
paper and its FSI model have been validated.

5.3. The Influence of the Fluid-Solid Interaction and the
Thickness. In this section, the effects of the FSI and the
thickness are investigated by the analytical method. Five
different thicknesses (h = 0.05m, 0.10 m, 0.15m, 0.20 m,
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FIGURE 3: Comparisons of the response-time histories calculated by both the analytical and the FEA methods for the air-backed cases: (a)
the time histories of the deflection w of the back face at Na, Nb, and Nc¢; (b) the time histories of the membrane normal stress o, of the back
face at Na, Nb, and Nc; (c) the time histories of the membrane normal stress o y of the back face at Na, Nb, and N¢; (d) the time histories of
the membrane shear stress Oyy of the back face at Na, Nb, and Nc; (e) the time histories of the transverse shear stress o, of the middle face

at Na, Nb, and Ng; (f) the time histories of transverse shear stress o, of the middle face at Na, Nb, and Nc¢; and (g) the time histories of the
von Mises stress o,,, of the back face at Na, Nb, and Nc.
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FIGURE 4: Comparisons of the responses of the plate calculated by both the analytical and the FEA methods for the air-backed case when
t = 0.45 ms: (a) the deflection w of the back face of the plate calculated by the analytical method; (b) the deflection w of the back face of the
plate calculated by the FEA method; (c) the von Mises stress o,,, of the back face of the plate calculated by the analytical method; and (d) the
von Mises stress g,,, of the back face of the plate calculated by the FEA method.

Acceleration (x10* G)

-2 L L L L
0.45 0.5 0.55 0.6 0.65 0.7
t (ms)
~~~~~~ Experiment
—— Analytical

FIGURE 5: Comparisons of the acceleration time histories at the
center of the plate between analytical method and experiment [26].

0.25m, and 0.30m) and three cases, including the non-
FSI, air-backed, and water-backed cases, are considered. The
elastic properties, explosive characteristics, and geometric
parameters, except for the thickness, are listed in Tables
1 and 2. In Figure 6, the extreme values of the response-
time histories of w, o,,, and o, of the different thicknesses
and the FSI cases are compared. The thickness and FSI
effects significantly influence the reaction of the laminated
plate.

As shown in Figures 6(a), 6(d), and 6(g), all of the extreme
values of the response-time histories for the non-FSI case
decrease as the thickness increases. As shown in Figures
6(b), 6(c), and 6(e), the deflection, w, and the membrane
normal stress o, in the air-backed and water-backed cases
also decrease as the thickness increases. However, as shown
in Figures 6(f), 6(h), and 6(i), the peak values of the response-
time histories for the case of i = 0.05 m are less than those of
h=0.10m.
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0, (MPa)

FIGURE 6: Comparisons of the responses of the plate for five different thicknesses: (a) the time history of the deflection w for the plate at
x =a/f2,y =b/2,and z = h/2 for the non-FSI case; (b) the time history of the deflection w for the plate at x = a/2, y = b/2, and z = h/2 for
the air-backed case; (c) the time history of the deflection w for the plate at x = a/2, y = b/2, and z = h/2 for the water-backed case; (d) the
time history of the membrane normal stress o, for the plate at x = a/2, y = b/2, and z = h/2 for the non-FSI case; (e) the time history of
the membrane normal stress o, for the plate at x = a/2, y = b/2, and z = h/2 for the air-backed case; (f) the time history of the membrane
normal stress 0., for the plate at x = a/2, y = b/2, and z = h/2 for the water-backed case; (g) the time history of the transverse shear stress
o0, for the plate at x = 0,y = 0.5, and z = 0 for the non-FSI case; (h) the time history of the transverse shear stress o, for the plate at
x =0,y =0.5,and z = 0 for the air-backed case; and (i) the time history of the transverse shear stress o, for the plate at x = 0, y = 0.5, and

z = 0 for the water-backed case.

6. Conclusions

It is in the interest of designers to know the transient state
of stress in advance that develops in a plate during an
underwater explosion. However, to the best of the authors’
knowledge, the analytical method in the relevant literature
for the dynamic response of plates to underwater explosion
does not consider the FSI differences between the different
positions on front and back faces of plate. The purpose of this
paper is to fill this gap. Involving the planar wave assumption,
an analytical method was proposed based on the FSI model
formulated by Taylor [15], the Mindlin plate theory, Laplace
transform, and its inversion to model the elastic dynamic
response of a plate subjected to an underwater explosion. This
new analytical method builds upon the Reissner-Mindlin
plate theory and includes the shear deformation and the
FSI (fluid-solid interaction) effect. Additionally, the new
method is three-dimensional, considers the moment and the
membrane stress in the plate, and examines the full profile of
possibilities, such as the non-FSI, the air-backed, and water-
backed cases.

The response-time histories and the response distribu-
tions on the plate in terms of displacements and stresses
between the analytical method and the FEA method were
compared to validate the analytical method, and good agree-
ment was found. Subsequently, the simplified method for
fluid-solid interaction as well as the analytical method are
validated by comparison of the acceleration at the center
of an air-backed plate between analytical method and the
experiment performed by Hung et al. [26].

The thickness and FSI effects significantly influence the
reaction of the laminated plate. All of the extreme values of

the response-time histories for the non-FSI case decrease as
the thickness increases. However, considering the FSI effects
for the air-backed and water-backed cases, some peak values
of the response-time histories for the & = 0.05 m case are less
than those of & = 0.10 m.

The inclusion of FSI effects in designs for plates is vital for
a full understanding of the dynamic response, and the results
can be used as benchmark solutions in further research.
In addition, several types of fluid-solid interaction effects
during UNDEX near the plate are coupled in the present
method, including Taylor’s FSI effects, bending-stretching
effects, and simply boundary effects [12]; the respective effect
of each type is not presented here and will be discussed
elsewhere.
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Biological structures with preeminent performance in nature endow inexhaustible inspiration for creative design in engineering. In
this paper, based on the observation of the natural morphogenesis of leaf veins, we put forward a simple and practical multidiscipline
topology optimization method to produce the stiffener layout for plate/shell structures. This method simulates the emergence of
complex branching patterns copying the self-optimization of leaf veins which always try to grow into a configuration with global
optimal performances. Unlike the conventional topology optimization methods characterized by “subtraction mode,” the proposed
method is based on the “addition mode,” giving great potential for designers to achieve more clear stiffener layout patterns rather
than vague material distributions and, consequently, saving computational resources as well as enhancing availability of design
outputs. Numerical studies of both static and dynamic problems considered in this paper clearly show the suitability of the proposed

method for the optimal design of stiffened plate/shell structures.

1. Introduction

To satisfy the ever-increasing demands of resource and
energy savings, products with light-weight design are desir-
able in manufacturing industries. One common and cost-
effective approach is the application of stiffened plate/shell
structures. For example, load-bearing components in large-
scale equipments, such as the bed of machine tool, crossbeam
of crane, ship hull, and automobile body, are usually box
structures filled with stiffener plates distributed horizontally
and vertically. It is no doubt that the mechanical perfor-
mances of the load-bearing components, including stiffness,
strength, and dynamic characteristics, are dependent on the
layout pattern of internal stiffener plates to a great extent; thus
considerable efforts have been devoted to the optimal design
of stiffer layout patterns.

Following the advancement of the numerical calculation
technique, the structural topology optimization design has

gotten fast development over the last two decades, offering
great potential for better solutions to stiffener layout design.
Luo and Gea [1, 2] developed a systematic topology opti-
mization approach to assist the optimal stiffener design of
a 3D plate/shell structure, in which both stiffener location
and orientation were considered to deal with static as well as
eigenvalue problems. Krog and Olhoft [3] dealt with topol-
ogy optimization of externally rib-stiffened and internally
stiffened honey comb and sandwich Mindlin plates by an
improved homogenization approach. Bojczuk and Sztele-
blak [4] presented and validated a computationally efficient
method to calculate the sensitivity of stiffener introduction
with respect to arbitrary objective functional of displace-
ments, strains, stresses, and resonant frequencies, which can
be used to determine the optimum stiffener location. Ansola
etal. [5] proposed a global optimality criteria method for the
presentation of both the geometry of the shell mid-plane and
the layout of surface stiffeners on the shell structure. Other



approaches and contributions can be found in the literature
[6-10].

Since the time when the idea of stiffener layout design has
been transformed into a searching problem of optimal mate-
rial distribution, the subject has been continuously developed
for more and more complicated structures, such as the pack-
aging structures [11], hull structures [12, 13], and aeronautical
structures [14, 15]. The previous engineering practices in
topology optimization can be deemed as a “subtraction-
mode-” based procedure, because the resulting layout is ex-
tracted from the design domain by eliminating redundant
material iteratively. However, such kind of subtraction mode
approaches can only produce a vague material distribution;
the exact information about the stiffener location and ori-
entation is not available. Therefore, expensive computational
efforts and additional postprocessing treatment are required
which make the design process tedious, not effective, and
time consuming.

To overcome these difficulties, it would be a meaningful
way to borrow some experiences from nature. Using bio-
inspired approach to improve the quality of structure design
has attracted increasing attention in academic and engineer-
ing field. Actually, problems on how to define the optimal
load-bearing topologies are not confined to those mechan-
ical components in machine tool, airplane, or automobile.
Elaborate structures in organs in living system also provide
interesting problems such as the growth of leaf veins which
enable leaves to withstand the self-weight and environmental
loads. It would be very natural to presume that biological
configurations are formed almost deterministically so that
load-bearing functions needed in organs are created effi-
ciently. With the inspiration of branching patterns in nature,
the optimal design of stiffener layout can be interpreted
as an analog to a growth process of leaf veins, in which
the genes of plant leaf yield a potential capability for their
tissue cells to branch and to degenerate adaptively so as
to grow into a steady self-optimum structure. In this end,
the emergence of stiffener layout for engineering design
is definitely an “addition-mode-” based procedure that is
completely opposite to the subtraction mode employed in
conventional approaches.

Stiffener optimal design based on the imitation of branch-
ing patterns in nature has first been introduced by Ding and
Yamazaki in 2004 [16], and since then, is extensively applied
[17-19]. The main idea is inspired by the observation that
natural branching patterns such as the leaf venation, root,
and axis system of plants always grow in such a manner
that global optimal performances can be achieved. Although
Ding’s method can be easily implemented, its application
depends primarily on an empirical formula, in which several
key parameters are selected based on designer’s experience.
This is not very helpful especially when searching for the
best design in the case of multiobjective and multiconstraint
scenarios. Questions associated with the optimization param-
eters have been left basically not answered. So there is a clear
need to develop models that can expand and deepen our
understanding of the principles, properties, and mechanisms
of the emergence of branching patterns in natural systems
and that can also foster simple and practical methodologies
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for engineering design. In this regard, the present study
explores the analytical laws and their corresponding equa-
tions that underlie morphogenesis phenomena in nature so
as to devise a paradigm to simulate the generation process of
branching patterns for topology optimization in engineering.

The paper is organized as follows. After this introduction,
we briefly present the elements of branching patterns of
leaf veins and their geometrical characteristics which are
pertinent to the present study. Following this description,
a well-founded mathematical explanation for the adaptive
growth of branching patterns is derived from the Kuhn-
Tucker conditions, leading to a novel optimality criterion that
can serve engineering purpose for stiffener layout design.
With the suggested method, we illustrate the application in
static, dynamic, and multidiscipline design problems. Finally,
we conclude the paper with the main findings of the present
work.

2. Parametric Characterization of
Leaf Veins in Nature

2.1. Geometrical Modeling of Leaf Veins. After billions of
years of evolution, nature has created complex and ingenious
topologies for solving engineering problems and improving
design methods. A remarkable class of such topologies is
the branching configuration existed in numerous biological
systems whose evolution and function have fascinated and
engaged scientists and engineers for centuries. Despite the
advancement of computational techniques, the process of
finding analytical laws that represent the growth process of
branching patterns in nature still remains uncertain. Repro-
duction of biological growth faces challenging problems as
the experimental data can only tell us what is happening, but
not why it happens, and the databases of simulation results
tend to be dynamic, incomplete, redundant, and very large.

Since the general approach to modeling such kind of
common growth mechanism is not expected at the present
stage, it would make sense to conduct case studies for some
typical prototypes, in which their geometrical configurations
and physical functions are described mathematically and
certain relations are discussed between them. The leaf vena-
tion treated here is a living organ that not only possesses
the physiological functions, but also adapts to the complex
environmental loads by evolving itself into an optimum
structure with two major structural patterns: (1) medial axis
pattern and (2) closed loop pattern, as shown in Figure 1.

The morphogenesis of leaf veins can be deemed as (1) a
continuous growth process including sprouting, branching,
and degenerating activities which can finally form a com-
plicated dichotomous hierarchical system; (2) a continuous
optimization process in which both the growth rate and
growth direction are adjusted dynamically so as to make
it possible for the layout of leaf venation to the dependent
on the growth environment. In order to apply the growth
optimality to practical engineering design, our first priority
is to establish a refined leaf model with venation systems so
that the biological growth procedure can be simulated in a
more realistic way.
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FIGURE 1: Leaf vein’s branching patterns in different scales.
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FIGURE 2: Geometrical modeling of leaf venation.

Although the morphologies and the growth environ-
ments of various leaf veins differ from each other, the
geometrical characteristics of leaf venation can be commonly
classified into two categories: one is the geometrical prop-
erties of the leaf vein itself, that is, its location, orientation,
length, and thickness; the other is those of a region in the
leaf blade governed by a branch, that is, its contour shape
and volume. Based on this, the growth of leaf venation can
be simulated as a generation process for stiffeners on a base
plate as shown in Figure 2.

It can be found that the geometrical model includes both
the base plate and candidate stiffeners. The base plate is
utilized to model a certain region in the leaf blade governed
by a new branch, the material modulus of which is defined as
E,. The plate center is assumed as the sprouting point, around
which several candidate stiffeners are located symmetrically
representing various possible sprouting directions of the new
branch. The material modulus of the candidate stiffener is
denoted as E,. In this preliminary study, we first fix the value
of E,/E, at 1, and the cross-sectional shape of the stiffener is
supposed to be a rectangle whose width (t,) is the same as the
thickness of the base plate (/). Therefore, the weight of the
stiffener, which will be regarded as a design variable in the
simulation process, is changed only depending on the height
of the stiffener (h,).

2.2. Numerical Observation of Growth Competition. As is
known, competition among candidate stiffeners during
growth takes place by nonoptimal stiffeners being defeated
and finally eliminated. Before the calculation continues, sev-
eral assumptions are made with regard to simulating the
growth competition, and they are as follows (1) an arbitrary
branching point along the leaf vein is selected as a sprouting
point, around which the local leaf blade is modeled as a
simply supported square plate with a ratio of length to
thickness of I, /h;, = 1000. (2) The environmental loads are
illustrated in Figure 3, where the base plate is divided into
four regions, and two diagonal regions are applied with
the same magnitude of the pressure. The ratio of the lower
pressure to the higher pressure is defined as 0.2. (3) A certain
kind of nutrition is presumed to be distributed over the base
plate, which can be deemed as the distribution of the auxin
carrier proteins in the mesophyll when a new leaf vein began
to grow. In this model, the spatial distribution of the strain
energy is simulated as the nutrient distribution, driving the
new vein to sprout and branch. (4) A very small initial height
(hy = 0.0lmm) is introduced so as to create the seedling
stiffeners, whose stiffness is a very small fraction of the whole
stiffness and confirmed to have little effect on the structural
performance of the base plate in the initial growth period.

It should be noted that those parameters defined above
may not be accurate, yet the purpose of these assumptions
is to reveal the secret design rules derived in nature. In
this section, a parametric study focusing on the relationship
between the height of candidate stiffeners and the plate strain
energy is performed by numerical calculation based on the
finite element method.

In Figure 3, the palettes of changing histories of the plate
strain energy are shown 