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Covariance matrices, known as symmetric positive definite (SPD) matrices, are usually regarded as points lying on Riemannian
manifolds. We describe a new covariance descriptor, which could improve the discriminative learning ability of region covariance
descriptor by taking into account the mean of feature vectors. Due to the specific geometry of Riemannian manifolds, classical
learning methods cannot be directly used on it. In this paper, we propose a subspace projection framework for the classification
task on Riemannian manifolds and give the mathematical derivation for it. It is different from the common technique used for
Riemannian manifolds, which is to explicitly project the points from a Riemannian manifold onto Euclidean space based upon a
linear hypothesis. Under the proposed framework, we define a Gaussian Radial Basis Function- (RBF-) based kernel with a LogEuclidean Riemannian Metric (LERM) to embed a Riemannian manifold into a high-dimensional Reproducing Kernel Hilbert
Space (RKHS) and then project it onto a subspace of the RKHS. Finally, a variant of Linear Discriminative Analyze (LDA) is recast
onto the subspace. Experiments demonstrate the considerable effectiveness of the mixed region covariance descriptor and the
proposed method.

1. Introduction
Image classification is an important and prevalent topic in
pattern recognition and computer vision research. Particularly when the object detecting [1] and visual tracking [2, 3]
are widely developed, these technologies have been effectively
applied to numerous real world scenarios [4–8].
Feature representation is one of the fundamental steps
for the detection, tracking, and classification task. The raw
pixel value is the simplest choice. This has been used in many
traditional classification methods such as Nonparametric
Discriminant Multimanifold Learning (NDML) [9] and Discriminant Analysis with Local Gaussian Similarity Preserving
(DA-LGSP) [10]. However, the descriptor is usually limited by
the high-dimensional representation, and it is not robust to
noise.
A natural extension of raw pixel values is to search
for more useful information, such as histogram of image
gradients and edges, colors. Using information about primary

colors (Red, Green, and Blue), Marcin et al. calculate values
of Hue-Saturation-Brightness (HSB) and build models of
input image regions by the HSB in some practical application
scenes [11, 12]. However it is nonuniversal to describe objects
features only in color space. Histogram-based representations
such as Scale-Invariant Feature Transform (SIFT) descriptor [13] and Histogram of Oriented Gradients (HOG) [14]
descriptor are more robust and discriminative. Nevertheless,
these descriptors are difficult to handle regarding occlusion.
Model the object appearance using multiple features is
another choice, but it requires a large amount of data [15, 16].
Recently, covariance descriptors [17, 18] have attracted
increased attention in computer vision and pattern recognition applications. Tuzel et al. [17] first propose representing
image regions by a nonsingular covariance matrix of dfeatures such as location, intensity, higher order directional
derivatives, and edge orientation. The dimensionality of the
covariance descriptor is independent of the image size and
has only 𝑑 × (𝑑 + 1)/2 different values due to symmetry.
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Furthermore, the covariance matrix does not have any information regarding the ordering and the number of points,
which implies a certain scale and rotation invariance in
different images. But, region covariance descriptor neglects
the mean of feature vectors, while we think the mean vector
could increase discriminative validity to some extent. For this
reason, we propose a new region descriptor by considering
the mean vector of d-features.
Covariance matrices lie on Riemannian manifolds, not on
Euclidean space. It is not adequate to neglect the nonlinear
geometry and directly use most of the conventional machine
learning methods. This often yields undesirable effect such
as the swelling of diffusion tensors [19]. One of the key
issues is how to develop efficient discriminative learning
algorithms on Riemannian manifolds. A popular choice is
mapping points of a manifold onto the tangent space at a
particular point and then designing the classification there
[20]. This has been applied to pedestrians detecting [1], action
classification [21] and multiclass classification problems [22].
However, flattening a manifold through tangent spaces may
generate inaccurate modeling, especially for the regions far
away from the tangent pole. Another framework follows the
idea of the kernel method in Euclidean space [23]. Kernelbased methods embed the manifold into a high-dimensional
Reproducing Kernel Hilbert Spaces (RKHS) and further
project the elements in RKHS onto Euclidean space by an
explicit mapping. Benefiting from the explicit mapping, many
classification methods originally proposed on Euclidean
space can be extended to Riemannian manifolds [24–29].
Riemannian Locality Preserving Projections (RLPP) [30] is
a more recent kernel-based method that has been proposed
for the visual classification task. Modeling images as region
covariance matrices, RLPP proposes mapping a Riemannian
manifold onto Euclidean space by a Riemannian pseudo
kernel, and then exploiting Locality Preserving Projection
(LPP) for discriminative learning. Considerable results on
visual recognition tasks have been achieved. However, the
Riemannian pseudo kernel derived from Affine-Invariance
Riemannian Metric (AIRM) [31] is not guaranteed to be
positive definite. Besides, RLPP is a supervise method, but
we argue that RLPP fails to take full advantage of the labels.
Jayasumana et al. [32] present a framework on Riemannian
manifolds to identify the positive definiteness of Gaussian
RBF kernel and utilize the Log-Euclidean Gaussian kernel
to Kernel Principal Component Analysis (KPCA) for the
recognition task.
Based on the related works, we propose a discriminative
learning method, Mixed Region Covariance Discriminative
Learning (MRCDL) for image classification. The main contributions within this paper are as follows:
(1) We propose a novel region descriptor, which is more
discriminative than the region covariance descriptor.
(2) To address the classification task, we proposed a
subspace projection framework for Riemannian manifolds.
The previous framework projects the elements of Riemannian
manifolds onto Euclidean space based upon a linear hypothesis, but the final feature space in our framework is a subspace
of RKHS, which is isomorphic to Euclidean space. We give
the well-founded derivation of the subspace mapping.
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(3) We exploit KLDA on the final low-dimensional
subspace to adapt to the subspace projection framework.
The rest of the paper is organized as follows: we briefly
review the Riemannian geometry and the properties of RKHS
in Section 2. Section 3 presents the related works of our
proposed method. In Section 4, we present the proposed
MRCDL in detail. In Section 5, the experimental results
are depicted to demonstrate the effectiveness of MRCDL
and mixed region covariance. Conclusions are made in
Section 6.

2. Preliminaries
In this section, we briefly review the geometry of Riemannian
manifolds and the properties of RKHS.
2.1. Riemannian Geometry on SPD Matrices. The space of 𝑑 ×
𝑑 real SPD matrices, denoted by 𝑆𝑦𝑚+𝑑 , is a connected Riemannian manifold. A Riemannian manifold is a differentiable
manifold endowed with a symmetric positive definite and
smoothly second order tensor field. So-called tensor is a
multilinear functional on linear space. The tensor at a given
point on a differentiable manifold is the tensor on the tangent
space at the point. The tensor fields map the points on the
manifold to the tensors on the tangent space at the points.
Once we define a symmetric positive definite and smoothly
second order tensor field on a differentiable manifold, we
define a smoothly varying inner product on each tangent, vice
versa. The family of symmetric positive definite and smoothly
second order tensor fields is known as the Riemannian
metric of the manifold. It enables us to induce the geodesic
distance between two points on the manifold. The geodesic
distance between two points is the length of the shortest curve
connecting the two points. This is the most suitable measure
of distance on a Riemannian manifold. In the following,
we discuss some popular Riemannian metrics proposed on
𝑆𝑦𝑚+𝑑 .
The affine-invariant geodesic distance induced by AIRM
[31] is the most natural measure of dissimilarity between two
points lying on a Riemannian manifolds. The distance of
AIRM between 𝑋𝑖 and 𝑋𝑗 is defined as


𝐷𝐴𝐼 (𝑋𝑖 , 𝑋𝑗 ) = log (𝑋−1/2
𝑋𝑗 𝑋−1/2
)𝐹
𝑖
𝑖

(1)

where log(⋅) is an ordinary matrix operator which is computed through singular value decomposition, and ‖ ⋅ ‖𝐹
denotes the matrix Frobenius norm.
The AIRM enjoys several useful theoretical properties;
however, this metric has the drawback of high time complexity in practice. The Log-Euclidean geodesic distance [33]
is the distance between two SPD matrices measured on
the tangent space of 𝑆𝑦𝑚+𝑑 at the identity matrix. The LogEuclidean geodesic distance between 𝑋𝑖 and 𝑋𝑗 is given by


𝐷𝐿𝐸 (𝑋𝑖 , 𝑋𝑗 ) = log (𝑋𝑖 ) − log (𝑋𝑗 )𝐹

(2)

This distance is a lower bound on the actual geodesic distance.
It is more efficient than the affine-invariant geodesic distance
on computation.
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The Jensen-Bregman LogDet Divergence (JBLD) [34] can
be understood as a proxy of the geodesic distance based on
matrix divergence. This divergence is also much faster to
compute and turns out to be empirically very effective. The
JBLD between 𝑋𝑖 and 𝑋𝑗 is defined as
1/2
 𝑋 + 𝑋 
1


 𝑖
𝑗 
(3)




𝐷𝐽𝐾 (𝑋𝑖 , 𝑋𝑗 ) = (log 
 − log 𝑋𝑖 𝑋𝑗 )
 2  2
where | ⋅ | denotes the determinant of a matrix.
This measure does not require matrix eigenvalue computations or logarithms and at the same time enjoys many of
the properties of AIRM. But JBLD is not the true geodesic
distances and can lead to poor accuracy.

2.2. RKHS. Let 𝑆(Ω) = {𝑓 | 𝑓 : Ω → 𝑅, ∫Ω |𝑓(𝑥)|2 < +∞}
be a function space equipped with an inner product ⟨∙, ∙⟩
which could induce a complete inner product space, then
𝐻 = (𝑆(Ω), ⟨∙, ∙⟩) [35] is a Hilbert space of functions. If there
exists a function 𝑘 : Ω × Ω → 𝑅,
(1) for all 𝑥 ∈ Ω, 𝑘𝑥 (∙) = 𝑘(∙, 𝑥) ∈ 𝑆(Ω)
(2) for all 𝑥 ∈ Ω and 𝑓 ∈ 𝑆(Ω), 𝑓(𝑥) = ⟨𝑓, 𝑘(∙, 𝑥)⟩

= 𝑘 (𝑥, 𝑦)

(4)

Hilbert space can be generated from a kernel function. A
function 𝑘(𝑥, 𝑦) : Ω×Ω → 𝑅 can be called a kernel function
if it satisfies the following:
(1) Symmetric: for all 𝑥, 𝑦 ∈ Ω, 𝑘(𝑥, 𝑦) = 𝑘(𝑦, 𝑥)
(2) Square integrable: for all 𝑥 ∈ Ω, 𝑘𝑥 = 𝑘(∙, 𝑥) is square
integrable
(3) Positive definite: for all positive integers 𝑛 ∈ 𝑁 and all
𝑥1 , ⋅ ⋅ ⋅ , 𝑥𝑛 ∈ Ω, the matrix 𝐾 = [

where 𝐼(𝑥, 𝑦) is the image intensity of the pixel; 𝐼𝑥 = |𝐼(𝑥 +
1, 𝑦) − 𝐼(𝑥, 𝑦)| and 𝐼𝑦 = |𝐼(𝑥, 𝑦 + 1) − 𝐼(𝑥, 𝑦)| are the first
order derivatives of intensities in the 𝑥 and the 𝑦 directions,
respectively. Suppose there are ℎ pixels in height and 𝑤 pixels
in width in 𝑅. Let 𝑧𝑘 be the d-dimensional feature vectors of
points inside 𝑅, where 𝑘 = 1, ⋅ ⋅ ⋅ , ℎ×𝑤. The region covariance
Σ ∈ 𝑅𝑑×𝑑 of 𝑅 can be computed by
Σ=

1 𝑛
𝑇
∑ (𝑧 − 𝜇) (𝑧𝑘 − 𝜇)
𝑛 − 1 𝑘=1 𝑘

(6)

where 𝑛 = ℎ × 𝑤; 𝜇 = (1/𝑛) ∑𝑛𝑘=1 𝑧𝑘 ∈ 𝑅𝑑 denotes the mean of
the points.

then 𝐻 is called Reproducing Kernel Hilbert Space and
𝑘(𝑥, 𝑦) is the reproducing kernel of 𝐻.
Let 𝜙 : Ω → 𝐻 be a mapping defined by 𝑘(𝑥, 𝑦), for all
𝑥 ∈ Ω, 𝜙(𝑥) = 𝑘(∙, 𝑥) = 𝑘𝑥 ∈ 𝐻. It can be induced that
⟨𝜙 (𝑥) , 𝜙 (𝑦)⟩ = ⟨𝑘𝑥 , 𝑘 (∙, 𝑦)⟩ = 𝑘𝑥 (𝑦) = 𝑘 (𝑦, 𝑥)

Let 𝑅 be the input image or the rectangular region in the
input image. For each pixel inside 𝑅, it can be represented
by a feature vector including pixel coordinates, intensity or
colors, the first and the second order derivatives of intensities
in the 𝑥 and 𝑦 directions, etc. For example, we can extract the
features from the pixel located in the 𝑥-th row and the 𝑦-th
column in a given image region:
   
𝑧 = [𝑥, 𝑦, 𝐼 (𝑥, 𝑦) , 𝐼𝑥  , 𝐼𝑦 ]
(5)

𝑘(𝑥1 ,𝑥1 ) ⋅⋅⋅ 𝑘(𝑥1 ,𝑥𝑛 )
..
..
] is positive
.
d
.
𝑘(𝑥𝑛 ,𝑥1 ) ⋅⋅⋅ 𝑘(𝑥𝑛 ,𝑥𝑛 )

definite.
According to Moore–Aronszajn Theorem [35], as long
as a kernel function is defined, a unique RKHS as well as
its reproducing kernel is also defined. Therefore, a kernel
function can be used to represent a RKHS.
The success of many state-of-the-art computer vision
algorithms arises from the use of kernel methods on
Euclidean spaces. One of the advantages of kernel methods
is that it transforms the nonlinear space to a linear space by
embedding a manifold into RKHS. In addition, we never need
to compute the actual vectors since the inner products in the
RKHS can be evaluated by means of the kernel function.

3. Related Work
3.1. Region Covariance Descriptor. The region covariance
descriptor, as a special case of SPD matrices, proposes a natural way of fusing multiple features that might be correlated.

3.2. RLPP. Next, we briefly introduce the implementation of
RLPP [30]. Suppose there are N training images belonging
to c classes. RLPP characterizes input images as covariance
matrices by using the region covariance descriptor. Let 𝜒 =
{𝑋1 , 𝑋2 , . . . , 𝑋𝑁} ⊆ 𝑀 denote the N training samples; each
𝑋𝑖 is a SPD matrix corresponding to an input image region (or
image), and let 𝑙 = {𝑙1 , 𝑙2 , . . . , 𝑙𝑁} denote the corresponding
labels. As mentioned above, covariance matrices are SPD
matrices lying on a Riemannian manifold. Classical learning
algorithms cannot be directly utilized on the manifolds. Thus
RLPP exploits a Riemannian pseudo kernel to map the 𝑆𝑦𝑚+𝑑
from 𝑀 onto a linear space 𝑀 . The Riemannian pseudo
kernel defined in RLPP is formulated as

2
𝑘𝑖𝑗 = 𝑘 (𝑋𝑖 , 𝑋𝑗 ) = exp {−𝜎−1 log (𝑋−1/2
𝑋𝑗 𝑋−1/2
)𝐹 } (7)
𝑖
𝑖
RLPP implements the visual recognition task in an
extrinsic manner by confining the solution to be linear. Given
a SPD matrix 𝑋𝑖 as the input, its projection 𝑦𝑖 on the feature
space is obtained by
𝑦𝑖 = 𝐴𝐾𝑖𝑇

(8)

where 𝐴 is the projection matrix and 𝐾𝑖 = [𝑘𝑖1 ⋅ ⋅ ⋅ 𝑘𝑖𝑁].
The aim of RLPP is to optimize 𝐴 by preserving the local
geometrical structure of the original space, which can be
modeled by a similarity graph 𝑊. The binary graph 𝑊 incurs
a heavy penalty if points from the same class are mapped far
away in the mapped feature space:
{1
𝑊𝑖𝑗 = {
0
{

𝑖𝑓 𝑙𝑖 = 𝑙𝑗
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(9)

The optimized mapping is obtained by minimize the
following objective function:
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Figure 1: Overview of the proposed MRCDL.
2
1
∑ (𝑦𝑖 − 𝑦𝑗 ) 𝑊𝑖𝑗 = ∑𝐴𝑇 𝐾𝑖 𝐾𝑖𝑇𝐴𝑊𝑖𝑖
2 𝑖,𝑗
𝑖

− ∑𝐴𝑇 𝐾𝑖 𝐾𝑖𝑇 𝐴𝑊𝑖𝑗
𝑖,𝑗

(10)

= 𝐾𝐷𝐾𝑇𝐴 − 𝐴𝑇 𝐾𝑊𝐾𝑇𝐴
= 𝐴𝑇 𝐾𝐿𝐾𝑇 𝐴
Therefore, the minimization problem reduces to finding:
arg min
𝐴

𝑠.𝑡.

𝐴𝑇 𝐾𝐿𝐾𝑇 𝐴
(11)
𝑇

𝑇

𝐴 𝐾𝐷𝐾 𝐴 = 1

The optimal 𝐴 is given by the generalized eigenvectors
corresponding to the m smallest nonzero eigenvalues of
𝐾𝐿𝐾𝑇𝐴 = 𝜆𝐾𝐷𝐾𝑇𝐴. Then, the recognition task over
Riemannian manifolds is reduced to classification problem
in vector space. The N training samples can be projected to
𝑀 and explicitly represented by a series of m-dimensional
vectors through (7). As such, for any given testing image, the
corresponding covariance matrix 𝑋𝑡 and the kernel vector
𝐾𝑡 = [𝑘𝑡1 ⋅ ⋅ ⋅ 𝑘𝑡𝑁] are firstly compute through (6) and (7)
respectively. According to (8), the test image is also projected
to 𝑀 . Nearest Neighbor (NN) classification or support
vector machine is then conducted in this m-dimensional
vector space.

4. The Proposed Method
In this section, we give a detail description of the proposed
MRCDL.
4.1. Framework. Generally speaking, the learning framework
of training can be viewed as a four-stage procedure. The
first step is to represent the N labeled training samples with
the proposed mixed region covariance descriptor, denoted
as the covariance matrices as 𝜒 = {𝑋1 , 𝑋2 , . . . , 𝑋𝑁} ⊆ 𝑀.
The second step is to embed the SPD matrices from the

Riemannian manifold 𝑀 into a high-dimensional RKHS
𝐻 with the Gaussian RBF kernel induced by LERM. As
previously stated, RKHS is high-dimensional inner product
space of functions rather than vectors, which means that
the discriminant analysis cannot be utilized directly. Thus,
our third step is to project the elements in the RKHS onto
a subspace of the RKHS, which is isomorphic to Euclidean
space 𝑅𝑚 . Benefiting from the notion of inner space and the
properties of subspace, the mapping from the Riemannian
manifold to the final linear subspace can be achieved by
an explicit mapping. The subspace projection framework is
novel although it is similar to the method in [18, 30, 36].
Finally, discriminative learning based LDA is conducted to
obtain the optimized subspace 𝐻 . Then, the samples are
mapped to this low-dimensional discriminant subspace 𝐻 .
The projections of N training samples can be denoted as
𝑦1 , ⋅ ⋅ ⋅ , 𝑦𝑁. An overall illustration of training stage is shown
in Figure 1.
For the testing stage, using the mixed region covariance
matrices of test images as input, we project them onto the
discriminant subspace by the explicit mapping learned from
the training stage. The classification task can be realized
in terms of K-Nearest-Neighbor (KNN) classifier on the
subspace.
4.2. Mixed Region Covariance Descriptor. As depicted in
Section 3.1, given a rectangular image region 𝑅, we can extract
the feature vectors such as intensity, color, gradients and filter
responses for each pixel. Let {𝑧𝑘 }𝑘=1,⋅⋅⋅ ,𝑛 be the d-dimensional
feature vectors of the n pixels inside 𝑅. Firstly, we compute
the region covariance descriptor Σ𝑖 ∈ 𝑅𝑑×𝑑 as (6) and the
mean vector 𝜇𝑖 = (1/𝑛) ∑𝑛𝑘=1 𝑧𝑘 ∈ 𝑅𝑑 . By employing the
information geometry theory [37, 38], the mean vector and
covariance matrix of 𝑅 can be embedded into a SPD matrix,
and then the image region 𝑅 is represented as a 𝐷 × 𝐷 SPD
matrix:


𝑇
 −1/(𝑑+1) Σ𝑖 + 𝜇𝑖 𝜇𝑖 𝜇𝑖 
𝑋𝑖 = Σ𝑖 
(12)


 𝜇𝑖 𝑇
1 
where 𝐷 = 𝑑 + 1.
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The mixed region covariance descriptor inherits the
advantages of the region covariance descriptor, namely, good
robustness, antinoise capability, and low dimensionality. Furthermore, the mean vectors could improve the discriminative
learning ability. Increased performance can be proved by the
result of experiments in Section 5.
It is worth noting that the proposed mixed region covariance descriptor totally differs from Gaussian Mixture Model
(GMM), which is a parametric statistical model under the
assumption of Gaussian distribution for images [39] or image
sets [38]. The images are assigned to Gaussian components
with respect to a posterior probability. While mixed region
covariance descriptor represents images in a global manner,
it makes no assumptions about the data distribution. The
mean vector and region covariance are computed with feature
vector of pixels rather than Gaussian components.
4.3. Gaussian Kernel and Subspace Projection of RKHS. It is
known that Gaussian kernel is effective in Euclidean spaces.
We derive a Gaussian kernel on Riemannian manifolds by
replacing Euclidean distance with geodesic distance induced
by LERM, which could conserve the geometric properties of
manifold and avoid high time complexity. Most importantly,
it yields a positive definite kernel, which is a necessary
condition for reproducing kernel. The kernel is defined
as
𝑘𝑖𝑗 = 𝑘 (𝑋𝑖 , 𝑋𝑗 ) = exp {−

𝑑2𝐿𝐸 (𝑋𝑖 , 𝑋𝑗 )
2𝜎2

}

(13)

where 𝑑𝐿𝐸 (𝑋𝑖 , 𝑋𝑗 ) = ‖ log(𝑋𝑖 ) − log(𝑋𝑗)‖𝐹 is the LogEuclidean distance.
Let (𝐻, 𝑘) be the RKHS generated by the reproducing
kernel defined in (13). We can define a mapping from 𝑆𝑦𝑚+𝑑
to RKHS 𝐻:
𝜑 (𝑋𝑖 ) = 𝑘 (∙, 𝑋𝑖 ) ∈ 𝐻

(14)

The maps of the input covariance matrices 𝑋1 , ⋅ ⋅ ⋅ , 𝑋𝑁
on the RKHS can be denoted as 𝜑(𝑋1 ), ⋅ ⋅ ⋅ , 𝜑(𝑋𝑁). Although
each 𝜑(𝑋𝑖 ) in the RKHS is a function rather than a vector, the
inner product of the Hilbert space can be evaluated by the
property of kernel function:
⟨𝜑 (𝑋𝑖 ) , 𝜑 (𝑋𝑗 )⟩ = 𝑘 (𝑋𝑖 , 𝑋𝑗 )

(15)

Next, we construct an m-dimensional subspace in RKHS
𝐻. Let 𝜙𝑖 = ∑𝑁
𝑗=1 𝑤𝑖𝑗 𝜑(𝑥𝑗 ), 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑑; the set {𝜙1 , ⋅ ⋅ ⋅ , 𝜙𝑑 }
could be an orthogonal basis of 𝐻, only if it is orthonormal,
1 𝑖=𝑗
which means that ⟨𝜙𝑖 , 𝜙𝑗 ⟩ = { 0 𝑖=𝑗̸ . We have
𝑁

𝑁

𝑝=1

𝑞=1

⟨𝜙𝑖 , 𝜙𝑗 ⟩ = ⟨ ∑ 𝑤𝑖𝑝 𝜑 (𝑥𝑝 ) , ∑ 𝑤𝑗𝑞 𝜑 (𝑥𝑞 )⟩
𝑁

𝑝=1 𝑞=1
𝑁

𝑁

𝑇
= ∑ ∑ 𝑤𝑖𝑝 𝑤𝑗𝑞 𝑘 (𝑥𝑝 , 𝑥𝑞 ) = 𝑊𝑖𝑅𝑜𝑤 𝐾𝑊𝑗𝑅𝑜𝑤
𝑝=1 𝑞=1

𝑊:

=

(16)

[

=

[

𝑊1𝑅𝑜𝑤
..
.
𝑊𝑑𝑅𝑜𝑤

], 𝐾

=

Then, we can get the constraint of the projection matrix
⟨𝜙1 , 𝜙1 ⟩ ⋅ ⋅ ⋅ ⟨𝜙1 , 𝜙𝑚 ⟩
]
[
]
[
..
..
𝐼𝑚 = [
]
.
d
.
]
[
,
𝜙
⟩
⋅
⋅
⋅
⟨𝜙
,
𝜙
⟩
𝑚 𝑚 ]
[⟨𝜙𝑚 1
𝑇
𝑇
𝑊1𝑅𝑜𝑤 𝐾𝑊1𝑅𝑜𝑤
⋅ ⋅ ⋅ 𝑊1𝑅𝑜𝑤 𝐾𝑊𝑚𝑅𝑜𝑤
[
]
[
]
..
..
=[
]
.
d
.
[
]
𝑇
𝑇
[𝑊𝑚𝑅𝑜𝑤 𝐾𝑊1𝑅𝑜𝑤 ⋅ ⋅ ⋅ 𝑊𝑚𝑅𝑜𝑤 𝐾𝑊𝑚𝑅𝑜𝑤 ]

(17)

= 𝑊𝐾𝑊𝑇
where 𝐼𝑚 is the 𝑚-dimensional identity matrix. Thus, we
know that {𝜙1 , ⋅ ⋅ ⋅ , 𝜙𝑚 } could span a subspace 𝐻 of 𝐻 only if
the constraint 𝑊𝐾𝑊𝑇 = 𝐼𝑚 is satisfied.
We further project 𝜑(𝑥1 ), ⋅ ⋅ ⋅ , 𝜑(𝑥𝑁) onto the subspace
spanned by {𝜙1 , ⋅ ⋅ ⋅ , 𝜙𝑚 }. The projection of 𝜑(𝑥1 ), ⋅ ⋅ ⋅ , 𝜑(𝑥𝑁)
on 𝑠𝑝𝑎𝑛{𝜙1 , ⋅ ⋅ ⋅ , 𝜙𝑚 } is
𝑁

[ ⟨𝜑 (𝑥𝑖 ) , ∑𝑤1𝑗 𝜑 (𝑥𝑗 )⟩ ]
[
]
⟨𝜑 (𝑥𝑖 ) , 𝜙1 ⟩
𝑗=1
[
]
]
] [
[
..
[
]
]
[
.
..
𝑦𝑖 = [
]
]=[
.
]
] [
[
[
]
𝑁
[
]
)
,
𝜙
⟩
⟨𝜑
(𝑥
𝑖
𝑚 ]
[
[⟨𝜑 (𝑥 ) , ∑𝑤 𝜑 (𝑥 )⟩]
𝑖
𝑚𝑗
𝑗
𝑗=1
[
]
𝑁

[ ∑𝑤1𝑗 ⟨𝜑 (𝑥𝑖 ) , 𝜑 (𝑥𝑗 )⟩ ]
[ 𝑗=1
]
[
]
[
]
.
.
[
]
=[
.
]
[
]
[𝑁
]
[
]
∑𝑤𝑚𝑗 ⟨𝜑 (𝑥𝑖 ) , 𝜑 (𝑥𝑗 )⟩
[𝑗=1
]

(18)

𝑁

[ ∑𝑤1𝑗 𝑘 (𝑥𝑖 , 𝑥𝑗 ) ]
𝑊
𝐾𝑇
[ 𝑗=1
]
[
] [ 1𝑅𝑜𝑤 𝑖𝑅𝑜𝑤 ]
[
] [
..
]
..
]=[
=[
]
.
.
[
] [
]
[
]
[𝑁
]
𝑇
[
] [𝑊𝑑𝑅𝑜𝑤 𝐾𝑖𝑅𝑜𝑤 ]
∑𝑤𝑚𝑗 𝑘 (𝑥𝑖 , 𝑥𝑗 )
[𝑗=1
]
𝑇
= 𝑊𝐾𝑖𝑅𝑜𝑤
;

𝑁

= ∑ ∑ 𝑤𝑖𝑝 𝑤𝑗𝑞 ⟨𝜑 (𝑥𝑝 ) , 𝜑 (𝑥𝑞 )⟩

𝑤11 ⋅⋅⋅ 𝑤1𝑁
..
.
. d .. ]
𝑤𝑚1 ⋅⋅⋅ 𝑤𝑚𝑁
𝑘(𝑋1 ,𝑋1 ) ⋅⋅⋅ 𝑘(𝑋1 ,𝑋𝑁)
𝐾1𝑅𝑜𝑤
..
.. ]
]
=
[
[
.
d
d
.
𝐾
𝑘(𝑋𝑁,𝑋1 ) ⋅⋅⋅ 𝑘(𝑋𝑁,𝑋𝑁 )
𝑁𝑅𝑜𝑤

where 𝑊

𝑖 = 1, ⋅ ⋅ ⋅ , 𝑁

Thus, we can project the points 𝑋1 , ⋅ ⋅ ⋅ , 𝑋𝑁 from a Riemannian manifold onto a low-dimensional linear subspace
under the constraint of 𝑊𝐾𝑊𝑇 = 𝐼𝑚 . Let 𝑌 = [𝑦1 ⋅ ⋅ ⋅ 𝑦𝑁] ∈
𝑅𝑚×𝑁 be the low-dimensional embedding of 𝑋1 , ⋅ ⋅ ⋅ , 𝑋𝑁; we
have
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𝑇
𝑇
𝑌 = [𝑊𝐾1𝑅𝑜𝑤
] = 𝑊𝐾𝑇
⋅ ⋅ ⋅ 𝑊𝐾𝑁𝑅𝑜𝑤

(19)

The subspace projection framework is different from the
mapping in [18, 30, 36], which claims that the points on a
Riemannian manifold can be mapped onto Euclidean space
directly or indirectly based upon a linear hypothesis, but
they have not given the justification, while in the proposed
subspace projection framework, the constraint of 𝑊𝐾𝑊𝑇 =
𝐼𝑚 is an important precondition.
4.4. Discriminative Learning on Riemannian Manifolds. A
finite dimensional linear space must be isomorphic to the
same dimensional Euclidean space [37]; thus the subspace
𝐻 of RKHS 𝐻 is isomorphic to 𝑚-dimensional Euclidean
space 𝑅𝑚 . The proposed MRCDL recast LDA [40] from
Euclidean space to the subspace 𝐻 and develop a variant of LDA to seek the optimal subspace. The LDA is
well known for its effectiveness to learn discriminant subspaces. In order to make the points from the same class
be more compact and the points from different classes to
be further separated, LDA seeks for a projection matrix
such that the ratio of the between-class scatter matrix
and the within-class scatter matrix is maximized after the
projection.
Suppose the input data come from 𝐶 classes. We denote
the data of the 𝑐-th class as 𝑌𝑐 , and 𝑌𝑐 can be represented as
𝑌𝑐 = [𝑦𝑐1 ⋅ ⋅ ⋅ 𝑦𝑐𝑁𝑐 ] = 𝑌𝑆𝑐 = 𝑊𝐾𝑇𝑆𝑐 ;

𝑐 = 1, ⋅ ⋅ ⋅ , 𝐶 (20)

where 𝑆𝑐 is the selection matrix such that 𝑌𝑐 = 𝑌𝑆𝑐 ; 𝑁𝑐 is the
number of images in the 𝑐-th class.
We denote the mean and the centralization of 𝑌𝑐 as 𝑚𝑐
̂𝑐 , respectively, and they can be computed by
and 𝑌
𝑚𝑐 =

1
1
𝑌𝑐 Γ𝑁𝑐 =
𝑊𝐾𝑇𝑆𝑐 Γ𝑁𝑐
𝑁𝑐
𝑁𝑐

(21)

̂𝑐 = [𝑦𝑐 − 𝑚𝑐 ⋅ ⋅ ⋅ 𝑦𝑐 − 𝑚𝑐 ] = 𝑌𝑐 𝐸𝑁
𝑌
1
𝑁𝑐
𝑐
= 𝑊𝐾𝑇𝑆𝑐 𝐸𝑁𝑐

(22)

where Γ𝑁𝑐 ∈ 𝑅𝑁𝑐 is a 𝑁𝑐 dimensional vector whose elements
𝑇
are all 1; 𝐸𝑁𝑐 = 𝐼𝑁𝑐 − (1/𝑁𝑐 )Γ𝑁𝑐 Γ𝑁
is the centralized matrix.
𝑐
The between-class measure of the 𝑐-th class can be
computed by
𝑁𝑐

𝑇

̂𝑐 𝑌
̂𝑇
∑ (𝑦𝑐𝑖 − 𝑚𝑐 ) (𝑦𝑐𝑖 − 𝑚𝑐 ) = 𝑌
𝑐
𝑖=1

= 𝑊𝐾

𝑇

𝑆𝑐 𝐸𝑁𝑐 𝐸𝑇𝑁𝑐 𝑆𝑇𝑐 𝐾𝑊𝑇

= 𝑊𝐿 𝑐 𝑊

(23)
𝑇

where 𝐿 𝑐 = 𝐾𝑇𝑆𝑐 𝐸𝑁𝑐 𝐸𝑇𝑁𝑐 𝑆𝑇𝑐 𝐾.
Then the between-class scatter matrix can be represented
as
𝑆𝑊 =

𝐶

𝐶

1
1
∑𝑊𝐿 𝑐 𝑊𝑇 = 𝑊 ( ∑𝐿 𝑐 ) 𝑊𝑇 = 𝑊𝐿 𝑊𝑊𝑇 (24)
𝐶 𝑐=1
𝐶 𝑐=1

where 𝐿 𝑊 =

(1/𝐶) ∑𝐶𝑐=1

𝐿 𝑐.

Let 𝑀 = [𝑚1 ⋅ ⋅ ⋅ 𝑚𝐶]; we have
𝑀=[

1
1
𝑊𝐾𝑇𝑆1 Γ𝑁1 ⋅ ⋅ ⋅
𝑊𝐾𝑇 𝑆𝐶Γ𝑁𝐶 ]
𝑁1
𝑁𝐶

1
1
𝑆 Γ ] = 𝑊𝐾𝑇𝑆
= 𝑊𝐾 [ 𝑆1 Γ𝑁1 ⋅ ⋅ ⋅
𝑁1
𝑁𝐶 𝐶 𝑁𝐶

(25)

𝑇

where 𝑆 = [(1/𝑁1 )𝑆1 Γ𝑁1 ⋅ ⋅ ⋅ (1/𝑁𝐶)𝑆𝐶Γ𝑁𝐶 ].
The between-class scatter matrix can be formulated as
𝑆𝐵 = 𝑀𝐸𝐶𝐸𝑇𝐶 𝑀𝑇 = 𝑊𝐾𝑇 𝑆𝐸𝐶𝐸𝑇𝐶 𝑆𝑇𝐾𝑊𝑇 = 𝑊𝐿 𝐵 𝑊𝑇 (26)
𝑇
where 𝐸𝐶 = 𝐼𝑁 − (1/𝑁)Γ𝑁Γ𝑁
and 𝐿 𝐵 = 𝐾𝑇 𝑆𝐸𝐶𝐸𝑇𝐶 𝑆𝑇𝐾.
The MRCDL seeks to solve the following optimization
under the constraint of 𝑊𝐾𝑊𝑇 = 𝐼𝑚 :

𝑊 = argmax (𝑆𝐵 -𝑆𝑊) = argmax 𝑊 (𝐿 𝐵 -𝐿 𝑊) 𝑊𝑇
𝑊

𝑠.𝑡.

𝑊

(27)

𝑇

𝑊𝐾𝑊 = 𝐼𝑚

The optimal 𝑊 is given by the m largest eigenvectors
of the eigenproblem: (𝐿 𝐵 -𝐿 𝑊)𝑊 = 𝜆𝐾𝑊. We can get the
m-dimensional embedding of the training samples by (19).
Given a test example 𝑋𝑡 ∈ 𝑆𝑦𝑚+𝑑 , its m-dimensional projection 𝑦𝑡 in the discriminant subspace is obtained likewise.
Then the class of test region can be predicted by KNN
classification in the m-dimensional vector space.
The proposed MRCDL is presented in Algorithm 1.
4.5. Computational Complexity. The complexity of computing the covariance of rectangular region mainly focuses on
the computation of region covariance. A fast computation of
the region covariance descriptor can be realized based on the
integral image [1, 6], and the computational cost for any input
image region is 𝑂[𝑑2 (𝑛 + 1)]. Considering the properties of
the LERM, we perform the matrix logarithm operate on each
mixed region covariance matrix; it can be computed in 𝑂[𝐷3 ]
time. The complexity of computing the descriptor and matrix
log operation is linear in N.
Neglecting the complexity of the exponential in kernel
functions and considering the symmetry of kernel matrix, the
complexity of computing kernel matrix is 𝑂[(𝑁(𝑁−1)/2)𝐷2 ].
The optimization of the projection matrix involves the calculation of within-scatter, the calculation of between-class
scatter, and the eigenvalue decomposition. The complexity
of computing within-class scatter and between-class scatter
is 𝑂[∑𝐶𝑐=1 𝑚𝑁𝑐2 ] and 𝑂[𝑚𝐶2 ], respectively. The complexity of
the eigenvalue decomposition is 𝑂[𝑚3 ].
In summary, the entire computational complexity of the
MRCDL is
𝑂 [𝑁 (𝑑2 (𝑛 + 1) + 𝐷3 ) +
𝐶

𝑁 (𝑁 − 1) 2
𝐷
2

+ 𝑚 ((∑𝑁𝑐2 ) + 𝐶2 + 𝑚2 )]
𝑐=1

(28)
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Input:
(i) The mixed region covariance descriptors {𝑋1 , 𝑋2 , . . . , 𝑋𝑁} of the 𝑁 image regions for
training and the corresponding labels {𝑙1 , 𝑙2 , . . . , 𝑙𝑁 }.
(ii) The number of images in the 𝑐-th class 𝑁𝑐 , ∑𝐶𝑐=1 𝑁𝑐 = 𝑁.
(iii) The mixed region covariance descriptor 𝑋𝑡 of the test image region.
Processing:
1: Calculate the matrix logarithm log(𝑋𝑖 ) for all 𝑋𝑖 ,
2: for each point 𝑋𝑖 do
3: for each point 𝑋𝑗 do
4:
Calculate the log-Euclidean distance 𝑑𝐿𝐸𝐷(𝑋𝑖 , 𝑋𝑗 ) between 𝑋𝑖 and 𝑋𝑗 (2),
5: end for
6: end for
7: Calculate the kernel matrix 𝐾 (13),
8: for each class 𝑌𝑐 do
̂𝑐 (22),
9: Calculate the mean 𝑚𝑐 (21) and the centralized matrix 𝑌
10: end for
11: Calculate the within-class scatter matrix 𝐿 𝑊 (24),
12: Calculate the between-class scatter matrix 𝐿 𝐵 (26),
13: Solve the eigen-problem: (𝐿 𝐵 -𝐿 𝑊 )𝑊 = 𝜆𝐾𝑊. The eigenvectors corresponding to the 𝑚
largest eigenvalues of 𝐾−1 (𝐿 𝐵 -𝐿 𝑊 ) form 𝑊,
14: Calculate the projections 𝑦1 ⋅ ⋅ ⋅ 𝑦𝑁 of {𝑋1 , 𝑋2 , ⋅ ⋅ ⋅ , 𝑋𝑁} (19),
15: Calculate the projection 𝑦𝑡 of the testing matrix 𝑋𝑡 (18),
16: The label 𝑙𝑡 of the test region is determined by KNN classifier between 𝑦𝑡 and 𝑦1 ⋅ ⋅ ⋅ 𝑦𝑁 ,
Output:
(i) The class of the test region 𝑙𝑡 .
Algorithm 1

5. Experiment
Experiments are performed on the recognition and categorization tasks. Several state-of-the-art approaches for image
classification are adopted for comparison. The performance
of the mixed region covariance and the proposed MRCDL
can be verified in this section. All of the methods were
implemented on an Intel(R) Core(TM) i5-4670K (3.40GHz)
PC, using Matlab R2014.
5.1. Datasets and Experimental Settings. We used the COIL20 (Columbia Object Image Library) dataset [41] and the
ETH80 dataset [42] for the object categorization task. The
COIL-20 consists of 20 different objects; for each object
there are 72 images of different viewpoints. The images are
manually cropped and are normalized to 128 × 128 pixels. To
calculate the mixed region covariance descriptor of an image,
each pixel in the image was mapped onto a 5-dimensional
feature space 𝐹(𝑥, 𝑦) = [𝐼, |𝐼𝑥 |, |𝐼𝑦 |, |𝐼𝑥𝑥 |, |𝐼𝑦𝑦 |], where 𝐼
is the image intensity and 𝐼𝑥 , 𝐼𝑦 , 𝐼𝑥𝑥 , 𝐼𝑦𝑦 are the first and
the second order derivatives of intensities in the 𝑥 and the
𝑦 directions, then each image was described by a 6 × 6
covariance matrix. We randomly selected 10 images per class
for training and the remaining 62 images for testing.
ETH80 dataset contains 8 categories including apples,
pears, tomatoes, cars, cows, cups, dogs, and horses. Each
category comprises pictures of 10 object instances and
41 images per object. Images in the dataset are manually
cropped and are rescaled to 128 × 128 pixels. Each pixel
was mapped onto a 10-dimensional feature vector 𝐹(𝑥, 𝑦) =
[𝑥, 𝑦, 𝑅𝑥,𝑦 , 𝐺𝑥,𝑦 , 𝐵𝑥,𝑦 , 𝐼𝑥,𝑦 , |𝐼𝑥 |, |𝐼𝑦 |, |𝐼𝑥𝑥 |, |𝐼𝑦𝑦 |] to

calculate the mixed region covariance matrix, where 𝑥
and 𝑦 are pixel locations, 𝑅𝑥,𝑦 , 𝐺𝑥,𝑦 , 𝐵𝑥,𝑦 represent the
corresponding RGB color values, 𝐼𝑥,𝑦 is the intensity, and
𝐼𝑥 , 𝐼𝑦 , 𝐼𝑥𝑥 , 𝐼𝑦𝑦 are the first and the second order derivatives
of intensities in the 𝑥 and the 𝑦 directions. The descriptor
for each image therefore was a 11 × 11 dimensional SPD
matrix. In each experiment, this database was split into the
training one and the testing one, where each category had 5
objects for training and the remaining 5 objects for testing.
We randomly chose 20 images per object in the training
objects and the testing objects. That is to say, there were
100 images for training and 100 images for testing in each
category. The test images and the training images came from
different object instances even in the same categories. The
KNN classifier was adopted to predict the labels of the input
testing images.
We conduct the texture classification task on the Brodatz
dataset, which consists of 111 textures of size 640 × 640
[43]. Each image is divided into four 320 × 320 images,
half of which are used for training and the remaining for
testing. In each training image, the mixed region covariance
descriptors of 50 randomly chosen image regions of size
128×128 were computed from a 5-dimensional feature vector
[𝐼𝑥,𝑦 |𝐼𝑥 |, |𝐼𝑦 |, |𝐼𝑥𝑥 |, |𝐼𝑦𝑦 |]. For a given test image, we
computed 100 covariance matrices from randomly selected
image regions of size between 16 × 16 and 128 × 128. We used
the KNN classifier (k=5) for the classification of each input
region; thus we obtained 100 labels for each image. The classes
of the testing images were predicted using majority voting
among the 100 labels.
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Table 1: Recognition rates (%) comparisons of different methods.

Methods
NDML
DA-LGSP
KPCA
KPCA+MRC
RLPP
RLPP+MRC
RCDL
MRCDL

COIL-20
90.05
91.98
81.05
83.79
85.89
88.79
95.21
96.7

ETH80
58.13
64.18
72.61
73.7
74.08
75.63
79.81
81.88

Brodatz
\
\
94.14
95.05
95.5
96.85
97.75
99.1

Table 2: Computation time (seconds) of different methods on COIL-20 dataset.
NDML
1.121

DA-LGSP
1.448

KPCA
5.035

KPCA+MRC
5.274

The proposed MRCDL is compared with KPCA [32],
RLPP [30], NDML [9], and DA-LGSP [10]. To validate the
effectiveness of the mixed region covariance, the proposed
MRCDL is also conducted under the original region covariance descriptor, denoted by RCDL. The KPCA and the
RLPP are also conducted under the mixed region covariance descriptor, denoted by KPCA+MRC and RLPP+MRC,
respectively. In NDML and DA-LGSP, we preserve nearly 95%
image energy to select the number of principal components.
The KNN (𝑘 = 8) search is used for constructing the
neighborhood graphs, as well as RLPP. The parameter 𝜎
in Gaussian kernel of KPCA, RLPP, and MRCDL is set to
the average value of distances. Besides, the 5NN classifier is
adopted to predict the labels of the testing images (or image
regions).
5.2. Performance Comparison with Other Methods. The performance of the methods is compared on the recognition
rates and the computation time. The recognition 𝑟𝑎𝑡𝑒 ∈ [0, 1]
is the ratio between the number of correct identifying tests
and the number of the total testing images. To overcome
the randomness of experiments, the recognition rate is the
average of 20 rounds of tests. We present the recognition
rates in Table 1. Since NDML and DA-LGSP require uniform
dimensions of the input data, the texture recognition task
cannot be realized by the two methods.
As shown in Table 1, our proposed MRCDL not only
makes a considerable improvement against RLPP, but also
achieves the best recognition rate in the compared methods. This is because the use of class labels provides more
between-class and within-class information for discriminative learning. In addition, the recognition rates of RCDL,
RLPP and KPCA are lower than the recognition rates of the
corresponding methods, namely MRCDL, RLPP+MRC, and
KPCA+MRC. This result demonstrates the performance of
the mixed region covariance descriptor.
On COIL-20 dataset, we compared the computational
time of different methods. The time cost for each method is
listed in Table 2. The NDML and DA-LGSP are faster than
the methods based on covariance descriptors, since the cost
of matrix logarithm operation is time-consuming. But our

RLPP
182.172

RLPP+MRC
182.411

RCDL
5.669

MRCDL
5.908

1
0.95
0.9
Recognition Rate

Methods
Time
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Figure 2: The recognition rates versus different dimensionalities on
COIL-20 database.

method is much faster than RLPP. The justification for this
big difference is that the geodesic distance induced by LERM
is more efficient than AIRM.
5.3. Analysis of Parameter m. Parameter m represents the
dimensionality of the projecting subspace space, which has
a certain influence on the recognition rates. In this part,
the recognition rates versus different dimensionality are discussed. We present the results in Figures 2, 3, and 4. It can be
found that the curve of each method shows increasing trend
with the increase of dimensionality. Each curve almost keeps
unchanged when the recognition rate achieves its maxima.
The effectiveness of mixed region covariance has been proved
again by the best recognition rates on all of the three datasets.
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5.4. Analysis of the Kernel Width 𝜎. In the statistical model
of a Gaussian distribution, the parameter 𝜎 determines the
bandwidth of the distribution. As shown in (13), as long as
the Riemannian metric is fixed, the parameter 𝜎 plays an
important role in Gaussian kernel. For small values of 𝜎, the
neighborhoods of points on the RKHS are small. When 𝜎
becomes bigger, the dissimilarity of points tends ambiguous.
Note that 𝜎 = ∞ corresponding to the case when all
of the elements of kernel matrix are set to 1. We suggest
making 𝑘𝑖𝑗 moderately sensitive to distances and choosing
the average value of distances as the value of 𝜎. Experiments
are conducted on COIL-20 dataset and ETH80 dataset to
demonstrate the effect of 𝜎. The recognition rates under
different times of the average value are presented in Figure 5.
It is shown that the method performs much better when 𝜎 is
set to 0.5 to 5 times of the average value of distances.

6. Conclusions
In this paper, we proposed an image classification method
called mixed region covariance discriminative learning
(MRCDL) on Riemannian manifolds. Image regions are represented by the proposed mixed region covariance descriptors. The descriptor could improve the discriminative learning ability of covariance descriptors. This method employed

80

90 100

MRCDL
RCDL
MRC+RLPP
RLPP
MRC+KPCA
KPCA

Figure 4: The recognition rates versus different dimensionalities on
Brodatz dataset.
1

Figure 3: The recognition rates versus different dimensionalities on
ETH-80 database.

0.9
Recognition Rate

Moreover, we can find that the dimensionality corresponding
to the maxima of MRCDL and RCDL is smaller than other
methods especially on Brodatz dataset, which indicates that
the proposed method obtains good performance even in
lower dimensionality.

40 50 60 70
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0.8
0.7
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0.5
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COIL-20
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10
20
30
40
50
100

Figure 5: The recognition rates under different times of the average
of the distance matrix.

a Log-Euclidean Gaussian kernel to embed Riemannian
manifolds into RKHS and further projected the points onto
a subspace of the RKHS. The kernel version of LDA is
conducted on the low-dimensional subspace. Compared with
other methods, the proposed method always outperforms
other methods, even with low dimensionality. The justification comes from the advantages of covariance descriptors, the
within-class and between-class information. Unfortunately
the proposed method still suffers several drawbacks: first of

10
all, the computational cost of our method is not as fast as
NDML and DA-LGSP; nevertheless, the time increment is
relatively low. Secondly, our method is a supervised method,
which means that all of the training samples should be labeled
beforehand.
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As a specific case of image recognition, zero-shot image classification is difficult to solve since its training set cannot cover all the
categories of the testing set. From the view point of human vision recognition, the objects can be recognized through the visible and
nameable description to the properties. To be the semantic description of the object property, attributes can be taken as a bridge
between the seen and unseen categories, which are capable of using into zero-shot image classification. There are mainly binary
attributes and relative attributes for zero-shot classification, where the relative attributes have the ability to catch more general
sematic relationship than the binary ones. But relative attributes do not always work in zero-shot classification for those categories
having similar relative strength attributes. Aiming at solving the defect of the relative attributes in describing the similar categories,
we propose to construct the Hybrid Relative Attributes based on Sparse Coding (SC-HRA). First, sparse coding is implemented
on low-level features to get nonsemantic relative attributes, which are the necessary complement to the existing relative attributes.
After that, they are integrated with the relative attributes to form the hybrid relative attributes (HRA). HRA ranking functions
are then learned by the relative attribute learning. Finally, the class label is obtained according to the predicted ranking results of
HRA and the ranking relations of HRA among the categories. To verify the effectiveness of SC-HRA, the extensive experiments are
conducted on the datasets of faces and natural scenes. The results show that SC-HRA acquires the higher classification accuracy
and AUC value.

1. Introduction
Image recognition has attracted the attention of many
researchers and made a lot of progress in recent years. In
general, the methods applied to image recognition problems
include supervised learning, semisupervised learning and
unsupervised learning. However, due to the high cost of the
procedure of labeling images, it is not enough to cover all
the categories to discriminate merely by the labeled images.
Also no labeled image can be obtained. Zero-shot image classification is therefore proposed to solve the problem where
the unseen categories of the training set exist in the testing
set. To solve zero-shot classification problems, traditional
image recognition approaches build the relations between
low-level features and object category labels. However, the
recent approaches prefer to use semantic attributes.
As it is well known, attribute [1] is the property that can
be described by semantics or tagged by persons (e.g., with
wings, black hair). Thus, attribute and feature are used to

describe image contents from different levels. In low-level
description of the image content, feature can be recognized
by machines but cannot be understood by humans. However,
attribute is the high-level description of the image content
which can be understood by humans as well as machines.
This is because attribute learning has shown excellent characteristic in describing objects, usability in face recognition
[2], image retrieval [3, 4], image description [5, 6], and image
classification [7, 8]. An object usually has various properties.
For example, the hawks have wings, Asians have black hair,
the road is open, and high-heeled shoes have high heel, etc.
Through these attributes, people can recognize the objects’
appearance and describe them in a semantic way. Besides,
different categories may have the same attributes which can
be regarded as the middle level description of objects in
the classifier to be shared between different categories. In
this way, the known knowledge can be transferred from one
category to other new categories to make classifiers identify
the categories even without any training samples.
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The relative attribute [9], also named semantic relative
attribute, indicates the attribute strength in an image compared to that in other image. The range of relative attribute
is (−∞, +∞), while the absolute value of it has no meaning
because of its comparability between different categories.
In such a way, relative attribute has many visual applications to help visual tasks understand the image contents as
humans prefer to understand objects in the comparative way.
Compared to the binary attribute, relative attribute has a
richer language description for objective contents. Therefore,
relative attribute has a strong ability in image description and
human-computer interaction, which can effectively bridge
the semantic gap between the low-level image feature and the
high-level semantic feature.
Owing to the advantage of comparative description ability, relative attributes are used to zero-shot image classification [10–13]. Parikh et al. [9] demonstrated that the relative
attribute learning could acquire higher classification accuracy
in zero-shot image classification than the binary attributes. In
relative attributes-based zero-shot classification, the relative
strengths of the attributes are considered, which comparatively describe the samples in attributes like “greater than”,
“less than”, or “equal to”. By this way, the sample has distinguishable location in the attribute space, and the class label
of the sample can be further determined. However, for those
categories whose attributes have similar relative strengths
(that is the attribute locations are close to each other in the
attribute space), it is difficult to distinguish them only by the
relative attributes. To solve this problem, a hybrid relative
attribute model is constructed using sparse coding. Firstly,
the model utilizes sparse coding to reconstruct the low-level
feature of the image [14] and then obtain the low dimensional
and compact representation of the image. Furthermore,
the relative relations among the reconstructed features are
regarded as a new kind of relative attributes. Due to its no
semantic character, the reconstructed feature is named as
nonsemantic relative attribute, which can be taken as the
complement of the relative attributes and further increase
the distinguishability of the relative attributes. Therefore,
it is easy to distinguish the categories with the attributes
having the similar relative relation strengths [15]. Finally, the
constructed hybrid relative attributes are used to improve the
performance of zero-shot image classification.
The rest of the paper is organized as follows. The related
works are reviewed in Section 2. Section 3 describes the
hybrid relative attribute learned by sparse coding in detail.
In Section 4, the experiments are implemented on the zeroshot image classification. Finally, the conclusion is given in
Section 5.

2. Related Works
Among the image recognition problems, zero-shot classification is comparably difficult to deal with. As training set and
testing set have different label space, some researchers considered it as a special case of transfer learning [16] and then find
the sharable low-level feature subspace by minimizing the
discrimination between training set and testing set. On the
other aspect, images naturally have rich linguistic meaning.
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For the cases without labeled training samples, the visual
attributes bridge the gap between low-level features and
labels. Attribute learning has excellent performance on object
description [12] and knowledge transfer [17], which can be
successfully applied to zero-shot image classification.
Attribute learning mainly contains binary attribute learning and relative attribute learning. The binary attribute learning focuses on those attributes with Boolean values 0 and 1.
0 denotes the absence of the attribute in an object, whereas 1
means the existence of the attribute in the object. Commonly,
support vector machine [18] is used to train the binary classifier. For the images with plural attributes, the binary classifier
is trained on the extracted low-level feature for each attribute,
where the binary attributes could assist the classifier to
semantically understand image contents. However, humans
always learn about the objects in a relative way. For example,
Karen and Mark are smiling and Karen is smiling more than
Mark, which covey different information. Therefore, even a
simple relative statement about an attribute could convey
distinguishable meaning and abundant information of the
image content [19]. Generally, the relative attribute mainly
focuses on comparatively describing images through the
relative strengths of the attribute in different samples [9]. The
relative attribute has been used to search images using the
feedback mechanism. Once the image search started, the
relevance function was updated, and the image pool was
reranked based on the accumulated constraints [20]. Moreover, the attribute feedback was used in active learning, which
further prompted its classification ability [21]. Sandeep et al.
[22] proposed the local parts instead of global description
to jointly represent pairs of images. The part was a block
around the detected point by the domain specific method.
Taking “smiling” as an example, the area of mouth should
be located as the significant part with important information
to distinguish images since it is highly correlated with image
categories. But for “eyes-open”, the best local part is definitely
different from “smiling”. However, neither binary attributes
nor relative attributes make sense all the time. Thus, they
could be used together to learn the relationship between
attributes and the statements in a more natural way [19].
In general, the relative attributes can describe the objects
more naturally, which conform to human language. In the
case of the attributes having similar relative strengths, the
relative attribute learning does not work. Inspired by the
landmark point of local part, it is feasible to implement sparse
coding on the low-level feature to acquire more important
information as the nonsemantic attributes for the zeroshot image classification. Therefore, we propose the hybrid
relative attribute model to get the compact representation of
images. Combining the semantic and nonsemantic attributes,
the zero-shot classification is prompted to get the higher
performance.

3. SC-HRA Model Based Zero-Shot
Image Classification
SC-HRA model for zero-shot image classification is mainly
divided into IV stages. Stage I is to construct the hybrid
relative attributes. The nonsemantic attributes of training
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and testing samples are obtained by sparse coding based
on the training and testing samples, respectively. And the
relationship between the nonsemantic relative attribute and
the class label is obtained simultaneously. Then the semantic
relative attributes and the nonsemantic relative attributes are
integrated as the hybrid relative attributes. Stage II is to
learn the ranking function for each hybrid relative attribute.
We use the ranking SVM to train the ordered pairs of the
attributes as well as the unordered pairs of the attributes.
Thus, each hybrid relative attribute has its own ranking
function. Stage III is to build the Gaussian class model.
For the training category, the ranking functions learned by
stage II are used to build the Gaussian class model. But,
for the testing category, the Gaussian class model is built
by the relationship between the hybrid relative attributes
of the training category and those of the testing category.
Then, in terms of the established Gaussian class models, all
categories can be located in the attribute space, which assist to
distinguish the relative strength of the attributes in different
categories. In Stage IV, the zero-shot image classification is
implemented. The hybrid relative attributes of the testing
samples are predicted by the attribute ranking functions of
stage II. Then, Maximum Likelihood Estimation (MLE) is
used to calculate the similarity between the hybrid relative
attributes of the testing samples and the Gaussian models of
each category to predict the class label of the testing sample.
In order to implement SC-HRA model based zero-shot
image classification, the key points of the above five stages
are to construct the hybrid relative attributes by learning the
nonsemantic relative attributes and learn the ranking functions for hybrid relative attributes. The detailed realization is
described in this section.
3.1. Hybrid Relative Attributes. In this section, we take the
Outdoor Scene Recognition (OSR) [23] dataset as an example

to explain the construction of the hybrid relative attribute.
As shown in Figure 1, five semantic relative attributes
(𝑟1 , 𝑟2 , 𝑟3 , 𝑟4 , 𝑟5 ) ∈ 𝑅 are given to describe 3 categories, which
are “Tall building”, “Street”, and “Coast”. “Tall building”
and “Street” have similar ranks on all the semantic relative
attributes except the attribute “Perspective”. So the generative
model [9] of “Tall building” built on the semantic attributes
is extremely similar to that of “Street”. Therefore, when the
generative model is used to classify the zero-shot images, it
is difficult to distinguish “Tall building” and “Street” by the
classifier only depending on the semantic relative attributes.
But for the category “Coast”, the semantic relative attributes
are far different from those describing “Tall building” and
“Street”. Thereby, the generative model of “Coast” is obviously distinguished from those of “Tall building” and “Street”.
Naturally, it is easy for the classifier to identify “Coast”
from “Tall building” and “Street”. Therefore, considering the
limitation of the semantic relative attributes, the nonsemantic
relative attributes (𝑒1 , 𝑒2 , 𝑒3 ) ∈ 𝐸 acquired by sparse coding
are taken as the supplement of the semantic attributes
to construct the hybrid relative attributes 𝐻 = {𝑅; 𝐸},
which aim at classifying those categories with high similarity. On the other hand, the auxiliary nonsemantic relative
attributes cannot mislead the classifier which has obtained
the correct results by the semantic relative attributes, such as
“Coast”.
3.2. Nonsemantic Relative Attribute Learning Based on Sparse
Coding. The main idea of the nonsemantic attribute learning
by sparse encoding is described in this part. At first, the
features of the unlabeled training samples are used to learn
a set of basis vectors. After, the features of all the training
samples can be linearly represented by the learned basis
vector set. Besides, the features of the testing samples can also
be encoded by the learned basis vectors.
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Input: the low level features 𝑥 of the training samples and the testing samples, the weight attenuation coefficient 𝜆.
Output: the non-semantic relative attributes 𝑒 of the training samples and the testing samples.
(1) Step 1: bring the low level features 𝑥 of the training samples into Equation (1), and initialize the basis vector 𝜑;
(2) Repeat;
(3)
Fix the basis vector 𝜑 in the last step, update the activation value 𝑒 to minimize Equation (1).
(4)
Fix the activation value 𝑒 in the last step, update the basis vector 𝜑 to minimize Equation (1).
(5)
Repeat the above procedure till convergence is reached, obtain the basis vector 𝜑 to represent the sample
features well.
(6) Step 2: bring the basis vector 𝜑 and the low level feature 𝑥 of the testing samples into Equation (2).
(7) Step 3: adjust the activation value to minimize Equation (2), the adjusted activation value 𝑒 is the non-semantic relative
attributes of the testing sample.
Algorithm 1: Nonsemantic relative attribute learning based on sparse coding.

𝑋 = (𝑥1 , 𝑥2 , . . . , 𝑥𝐾 ) ∈ 𝑅𝑑×𝐾 is a set of input vectors,
where 𝑥𝑖 Τ ∈ 𝑅1×𝑑 , 𝑖 = 1, 2, . . . , 𝐾 denotes the 𝑖th input vector
and 𝑑 is its dimensions. Basis vectors Φ = {𝜑1 , 𝜑2 , . . . , 𝜑𝑁} are
learned by sparse coding, which are used to reconstruct the
̃𝑖 ≈ ∑𝑁 𝑒𝑗 𝜑𝑗 later. 𝑒𝑗 is the activation
initial input features 𝑋
𝑗=1
value, which is named as the nonsemantic attribute in this
paper. Generally, sparse coding has two steps: training and
coding.
In the training stage, a set of basis vectors are generated
using the training samples. Then, the linear combination
of the set of basis vectors is used to express input vectors.
Thus, the generation of the basis vectors can be regarded
as an optimization problem, which can be described by the
following objective function [24]:
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where 𝑒𝑖,𝑗 is the jth sparse coding representation of the training sample 𝑥𝑖 . 𝜆 denotes the weight attenuation coefficient.
|𝑒𝑖𝑗 | can be taken as a sparse regularization term, which
potentially obliges the constraint function to have the unique
solution and ensures the distinct features to represent it. By
solving the optimization problem in (1), we can obtain the
activation value 𝑒𝑖,𝑗 and the basis vector 𝜑𝑗 of the input feature
vector 𝑥𝑖 . When 𝑒𝑖,𝑗 and 𝜑𝑗 vary simultaneously, the objective
function is not always the convex optimization problem,
whereas, with the basis vector 𝜑𝑗 fixed, it turns to be the
convex optimization problem about the activation value 𝑒𝑖,𝑗 .
If 𝑒𝑖,𝑗 is fixed, it becomes the convex optimization problem
about the basis vector 𝜑𝑗 . Therefore, it is feasible to implement
the sparse coding as the alternately iterative optimization
problem, which can fix one variable to get the solution of
the other variable [25, 26]. Each iteration has two steps. The
first step is to fix the basis vector 𝜑 and adjust the activation
value 𝑒 to minimize (1). The second step is to fix the activation
value 𝑒 and adjust the basis vector 𝜑 to minimize the objective
constraint function. Till it is converged, the set of basis vectors
can be obtained.
The coding stage is to calculate the sparse representation
of a new sample. As the basis vector 𝜑 has been obtained in
𝑠.𝑡.

Om
Sm

Figure 2: Ordered pairs and unordered pairs.

the training stage, in order to obtain the sparse representation
of the new sample, it is just needed to adjust the activation
value 𝑒𝑖,𝑗 to minimize (2). Hence, the activation vector
(𝑒1 , 𝑒2 , . . . , 𝑒𝑁) is the sparse representation of the sample,
which is the nonsemantic relative attributes as well.
2
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𝑁
𝐾 𝑁



 + 𝜆∑ ∑ 𝑒 

(2)
𝑥
min
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−
∑
𝑒
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𝑒


𝑖=1 
𝑗=1
𝑖=1
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After that, the relative relations of 𝑁 nonsemantic
attributes among the different samples are determined by
comparing the nonsemantic relative attributes 𝑒 = (𝑒1 , 𝑒2 ,
. . . , 𝑒𝑁) between the different samples. Algorithm 1 shows
the specific procedure to obtain the nonsemantic relative
attributes by sparse coding.
3.3. Ranking Function Learning Based on Hybrid Relative
Attributes. The ranking functions are learned based on the
hybrid relative attributes {ℎ1 , ℎ2 , . . . , ℎ𝑓 } = {𝑟1 , 𝑟2 , . . . , 𝑟𝑀 ,
𝑒1 , 𝑒2 , . . . , e𝑁}. For each hybrid relative attribute ℎ𝑓 (𝑓 =
1, 2, . . . , 𝑀 + 𝑁) of the training samples, the ordered pairs of
attributes 𝑂𝑓 = {(𝑖, 𝑗)} and the unordered pairs of attributes
𝑆𝑓 = {(𝑖, 𝑗)} are given, respectively, where (𝑖, 𝑗) ∈ 𝑂𝑓 ⇒ 𝑖 > 𝑗
means image 𝑖 has a stronger presence of attribute ℎ𝑓 than
image j and (𝑖, 𝑗) ∈ 𝑆𝑓 ⇒ 𝑖 ≈ 𝑗 means that image 𝑖 and
𝑗 have the similar relative strengths of ℎ𝑓 . As an example
“open” shown in Figure 2, 𝑂𝑚 denotes the ordered pairs. And
the pair of the images above correspondingly is an example of
the ordered pairs, where the left image looks opener than the
right. 𝑆𝑚 denotes the unordered pairs. The image pair below
is hard to say which image is much more enlarged.
In order to obtain the relative relations between the
attributes, we use Ranking SVM to learn the ranking functions 𝜃𝑓 (𝑥𝑖 ) of (𝑀 + 𝑁) attributes [27]:
𝜃𝑓 (𝑥𝑖 ) = 𝑤𝑓𝑇𝑥𝑖 ,

𝑓 = 1, 2, . . . , 𝑀 + 𝑁

(3)
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where 𝑤𝑓 is the projection vector. For 𝑓 = 1, 2, . . . , 𝑀 + 𝑁,
the conditions shown in (4) and (5) should be satisfied:
∀ (𝑖, 𝑗) ∈ 𝑂𝑓 : 𝜃𝑓 (𝑥𝑖 ) > 𝜃𝑓 (𝑥𝑗 )

(4)

∀ (𝑖, 𝑗) ∈ 𝑆𝑓 : 𝜃𝑓 (𝑥𝑖 ) ≈ 𝜃𝑓 (𝑥𝑗 )

(5)

Learning the ranking attribute functions is to find the optimal
projection direction in the low-level feature space, so that all
the samples have the right orders in the projection direction.
Consequently, (4) and (5) are transformed into
∀ (𝑖, 𝑗) ∈ 𝑂𝑓 : 𝑤𝑓𝑇 (𝑥𝑖 − 𝑥𝑗 ) > 0

(6)

∀ (𝑖, 𝑗) ∈ 𝑆𝑓 : 𝑤𝑓𝑇 (𝑥𝑖 − 𝑥𝑗 ) = 0

(7)

As shown in (5) and (6), the ranking relation 𝑖 > 𝑗
between the samples can be represented as (𝑖−𝑗). The ordered
relation between any two samples in the sharable feature
space can be represented by the new vector (𝑥𝑖 − 𝑥𝑗 ) and its
corresponding new label, which is shown in
𝐿

{𝑥𝑖 − 𝑥𝑗 , 𝑔}𝑖,𝑗=1 ,

{+1
g={
−1
{

𝑖𝑓 𝑖 > 𝑗
otherwise

(8)

Therefore, we can correctly rank attributes by solving the
standard binary classification in (8), where its optimization
objective is shown as
∗

𝑤 = argmin

𝑠.𝑡.

expressed into three cases based on the “seen” 𝑐𝑖(𝑠) and 𝑐𝑘(𝑠) :
A in the case of 𝑐𝑖(𝑠) > 𝑐𝑗(𝑢) > 𝑐𝑘(𝑠) , the mean value of the

1  2
( 𝑤𝑓 2 + 𝐶 (∑𝜉𝑖𝑗2 + ∑𝜌𝑖𝑗2 ))
2
𝑖,𝑗
𝑖,𝑗

𝑇
{
{𝑤𝑓 (𝑥𝑖

− 𝑥𝑗 ) ≥ 1 − 𝜉𝑖𝑗 ; ∀ (𝑖, 𝑗) ∈ 𝑂𝑓
{
{ 𝑇

𝑤𝑓 (𝑥𝑖 − 𝑥𝑗 ) ≤ 𝜌𝑖𝑗 ;
∀ (𝑖, 𝑗) ∈ 𝑆𝑓
{


{
{
{
𝛾𝑖𝑗 ≥ 0
{𝜉𝑖𝑗 ≥ 0;

(9)

(𝑢)
(𝑠)
(𝑠)
= (1/2)(𝜇𝑓,𝑖
+ 𝜇𝑓,k
), and the covariance of the
model is 𝜇𝑓,𝑗

𝐾
(𝑠)
(𝑠)
> 𝑐𝑗(𝑢) ,
model is Σ(𝑢)
𝑗 = (1/𝐾) ∑𝑖=1 Σ𝑖 ; B in the case of 𝑐𝑖
(𝑢)
(𝑠)
= 𝜇𝑓,𝑖
− 𝑑(𝑠)
the mean value of the model is 𝜇𝑓,𝑗
𝑓,i , and the
(𝑠)
= (1/𝐾) ∑𝐾
covariance of the model is Σ(𝑢)
𝑖=1 Σ𝑖 ; Cin the
𝑗

Herein, 𝜉𝑖𝑗 is the nonnegative relaxation factor of the
ordered pairs 𝑂𝑓 = {(𝑖, 𝑗)}; 𝜌𝑖𝑗 is the nonnegative relaxation
factor of the unordered pairs 𝑆𝑓 = {(𝑖, 𝑗)}; and 𝐶 is a trade-off
constant to balance between the maximization of the margin
distance and the satisfaction of the relative relation of the
attribute pair. By maximizing the ranking margin 1/‖𝑤𝑓 ‖ and
minimizing the relaxation factors 𝜉𝑖𝑗 and 𝜌𝑖𝑗 simultaneously,
we can obtain the optimal projection vector 𝑤𝑓∗ . Then, the
attribute ranking function is represented as
𝜃𝑓 (𝑥𝑖 ) = 𝑤𝑓∗𝑇 ⋅ 𝑥𝑖

3.4. Zero-Shot Image Classification Based on SC-HRA. Due
to the zero-shot learning without known samples, the classification model is built based on the relative relations of
the attributes between the training and testing samples by
the method in [9]. Specifically, the images are given from 𝑄
categories, of which 𝐾 categories are the “seen” categories
as the training samples to learn the ranking functions of the
hybrid relative attributes, and 𝐿 = 𝑄 − 𝐾 categories are the
“unseen” categories as the testing samples not involved in
learning the ranking functions. In the modelling procedure,
(𝑢) (𝑢)
(𝜇(𝑠) , Σ(𝑠)
𝑖 ) and (𝜇 , Σ𝑖 ) are used to represent the models of
the training category and the testing category, respectively.
The procedure of zero-shot image classification is
explained in the following.
(1) Building the model of the training category: first,
𝑓
the attribute ranking scores (𝜃𝑖1 , 𝜃𝑖2 , . . . , 𝜃𝑖 , . . . , 𝜃𝑖𝑀+𝑁) of the
training samples are predicted by the ranking functions of
𝑓
the hybrid relative attributes, in which 𝜃𝑖 is the ranking
score of the f th hybrid relative attribute in the ith training
sample. After that, based on the ranking scores of the hybrid
relative attributes in the training samples, the mean value
𝜇𝑖(𝑠) ∈ 𝑅𝑀+𝑁 and the covariance matrix Σ(𝑠)
𝑖 are estimated
for the training categories. Finally, the Gaussian model of the
training category is obtained, which is 𝑐𝑖(𝑠) ∼ 𝑁(𝜇𝑖(𝑠) , Σ(𝑠)
𝑖 ),
𝑖 = 1, . . . , 𝐾.
(2) Building the model of the testing category: for the
hybrid relative attribute ℎ𝑓 , the testing category 𝑐𝑗𝑢 can be

(10)

As to our knowledge of machine learning, binary classifier is to perfectly separate the positive and negative samples,
where the margin restriction is to maximize the distance of
the nearest two samples from the two different categories,
whereas learning the ranking functions is to rank the training
samples in terms of the attribute strengths, so its margin
restriction is to maximize the distance of the nearest two
samples during the ranking [28, 29]. Therefore, the ranking
functions are better to reflect the relationships of the relative
strengths between the attributes of the different categories.

(𝑢)
(𝑠)
= 𝜇𝑓,𝑘
+
case of 𝑐𝑗(𝑢) > 𝑐𝑘(𝑠) , the mean value of the model is 𝜇𝑓,𝑗

𝐾
(𝑢)
(𝑠)
𝑑(𝑠)
𝑓,𝑗 , and the covariance of the model is Σ𝑗 = (1/𝐾) ∑𝑖=1 Σ𝑖 .
(𝑠)
(𝑠)
= (1/𝐿) ∑𝐿𝑖=1 𝜃𝑓,𝑖
represents the
From the above, 𝜇𝑓,𝑖

mean value of the f th hybrid relative attribute, and 𝑑(𝑠)
𝑓,𝑖 =

(𝑠)
(𝑠)
−𝜇𝑓,𝑖
) represents the average difference among
(1/𝐿) ∑𝐿𝑖=1 (𝜃𝑓,𝑖
the ranking scores of the hybrid relative attributes in the
training category. It is reasonable to assume that the relation
distributions of the hybrid relative attributes of all the
categories are same.
In the testing, we first compute the attribute ranking score
𝜃𝑖 of the ith testing sample by the ranking function of the
hybrid relative attribute. Then, the class label is given by
the similarity between 𝜃𝑖 and the category models, which is
shown as

𝑐∗ = arg min𝑝 (𝜃𝑖 | 𝜇𝑗 , Σ𝑗 )
𝑗∈{1,...,𝑁}

(11)

We also concludes the implementation of zero-shot
image classification based on SC-HRA, which is shown as
Algorithm 2.
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Input: the attribute ranking scores of the training and testing samples
Output: the label of the testing sample
(1) Building of the training models;
𝑓
(2) Calculate mean value 𝜇𝑖(𝑠) and covariance matrix Σ(𝑠)
𝑖 based on 𝜃𝑖 of training sample,
(𝑠)
(𝑠)
(𝑠)
obtain 𝑐𝑖 ∼ 𝑁(𝜇𝑖 , Σ𝑖 )
(3) Building of the testing models;
(𝑢)
(4) If 𝑐𝑖(𝑠) > 𝑐𝑗(𝑢) > 𝑐𝑘(𝑠) is satisfied, then the mean value of model is 𝜇𝑓,𝑗
=
𝐾
(𝑠)
(𝑠)
(𝑠)
(1/2)(𝜇𝑓,𝑖 + 𝜇𝑓,𝑘 ), and the covariance matrix is Σ𝑗 = (1/𝐾) ∑𝑖=1 Σ(𝑠)
𝑖 .
(𝑠)
(𝑢)
(𝑢)
(𝑠)
(5) If 𝑐𝑖 > 𝑐𝑗 is satisfied, then the mean value of model is 𝜇𝑓,𝑗 = 𝜇𝑓,𝑖
− 𝑑(𝑠)
𝑓,𝑖 , and
𝐾
(𝑢)
(𝑠)
the covariance matrix is Σ𝑗 = (1/𝐾) ∑𝑖=1 Σ𝑖 .
(𝑢)
(𝑠)
= 𝜇𝑓,𝑘
+ 𝑑(𝑠)
(6) If 𝑐𝑗(𝑢) > 𝑐𝑘(𝑠) is satisfied, then the mean value of model is 𝜇𝑓,𝑗
𝑓,𝑗 , and
𝐾
(𝑢)
(𝑠)
the covariance matrix is Σ𝑗 = (1/𝐾) ∑𝑖=1 Σ𝑖 .
(7) Testing;
(8) By calculating the attribute ranking score 𝜃𝑖 of the testing sample, the class label is
determined as 𝑐∗ = arg min𝑗∈{1,...,𝑁} 𝑝(𝜃𝑖 | 𝜇𝑗 , Σ𝑗 )
Algorithm 2: Zero-shot image classification based on SC-HRA.

Table 1: Description of the relative attributes of OSR dataset.
Attribute name
natural
open
perspective
Large-objects
Diagonal-plane
Depth-close

Relative attribute
T<I∼S<H<C∼O∼M∼F
T∼F<I∼S<M<H∼C∼O
O<C<M∼F<H<I<S<T
F<O∼M<I∼S<H∼C<T
F<O∼M<C<I∼S<H<T
C<M<O<T∼I∼S∼H∼F

4. Experiments
4.1. Experimental Datasets. In this section, the proposed
method is evaluated on OSR dataset and Public Figure Face
(Pub Fig) [9, 30] dataset. The two datasets are from the
distinctive areas of landscape and human faces, which can
sufficiently validate the effects of the proposed method. OSR
dataset contains 2688 images, 6 attributes, and 8 scenes (tall
building (T), inside-city (I), street (S), highway (H), coast (C),
Open-country (O), mountain (M), and forest (F)), and use
512-dimensional gist [31] descriptor to represent the images.
In the paper, 2648 images of images are selected as testing
set. Pub Fig dataset consist of 772 images with 11 semantic
attributes from 8 identities (Alex (A), Clive (C), Hugh (H),
Jared (J), Miley (M), Scarlett (S), Viggo (V), and Zac (Z)),
which is 512-dimensional gist descriptor and 30-dimensional
global color features extracted from each image [32]. 560
images from Pub Fig dataset are selected as the testing set.
According to the empirical values, the parameters 𝜆 and 𝑐 are
set as 0.5 and 1, respectively.
Tables 1 and 2 show the relative attribute rankings and
the description of OSR and Pub Fig datasets, respectively. The
relative attributes can be ranked by the relative strengths.
4.2. Attribute Ranking Prediction. To verify the effects of the
hybrid attributes on the ranking performance, we predict the
ranking scores of 2648 testing images from OSR dataset and

Table 2: Description of the relative attributes of Pub Fig dataset.
Attribute name
Masculine-looking
White
Young
Smiling
Chubby
Visible-forehead
Bushy-eyebrows
Narrow-eyes
Pointy-nose
Big-lips
Round-face

Relative attribute
S<M<Z<V<J<A<H<C
A<C<H<Z<J<S<M<V
V<H<C<J<A<S<Z<M
J<V<H<A∼C<S∼Z<M
V<J<H<C<Z<M<S<A
J<Z<M<S<A∼C∼H∼V
M<S<Z<V<H<A<C<J
M<J<S<A<H<C<V<Z
A<C<J∼M∼V<S<Z<H
H<J<V<Z<C<M<A<S
H<V<J<C<Z<A<S<M

560 testing images from Pub Fig dataset. For each pair (𝑖, 𝑗)
of one attribute, we calculate 𝜃𝑓 (𝑥𝑖 ) to get the strengths of
attributes. 𝑖 > 𝑗 means that the strength of 𝑖 is higher than
that of 𝑗, while 𝑖 < 𝑗 denotes the strength of 𝑖 is smaller
than 𝑗. In this section, 6 learning methods are compared with
the proposed method, which are B-SVM [33], RFUA [34],
HAP [35], CSHAP𝐻 , CSHAP𝐺 [35], and RA [9]. The attribute
rankings predicted by the different methods are compared
with the truly relative relations of the samples. Based on the
comparisons of the predicted relations with the real ones, the
attributes’ ranking accuracy can be calculated.
Tables 3 and 4 illustrate the performance of attribute
ranking prediction by different methods. Table 3 shows the
comparisons of attributes’ ranking accuracy on OSR dataset.
Specifically, SC-HRA obtains the best ranking accuracy for
all the attributes. Table 4 shows the comparisons of attributes’
ranking accuracy on Pub Fig dataset. The attribute ranking
accuracy on Pub Fig is higher than other methods except
for the attributes “young” and “Visible Forehead”, which are
not as good as than RA but better than others. Moreover, the
average accuracy of ranking prediction is 89.15% and 82.29%,
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Table 3: Comparisons of attributes’ ranking accuracy on OSR dataset (%).

Natural
Open
Perspective
Large
Diagonal
Close
Average

B-SVM
88.23
87.15
80.02
77.28
63.43
85.29
80.23

RFUA
86.66
83.22
83.42
81.1
83.94
80.05
83.065

HAP
87.04
83.6
83.26
80.49
83.87
81.29
83.26

CSHAPH
88.12
84.68
84.7
82.47
84.95
82.01
84.49

CSHAPG
87.72
83.38
83.58
81.26
84.10
81.61
83.61

RA
90.68
87.33
86.54
85.21
87.06
84.57
86.90

SC-HRA
91.94
89.78
90.02
86.43
90.33
86.41
89.15

RA
85.10
80.25
82.56
75.96
71.49
90.03
69.95
81.78
75.32
74.67
78.61
78.70

SC-HRA
90.34
88.72
81.15
80.75
75.92
87.76
74.57
84.16
78.35
78.89
84.54
82.29

Table 4: Comparisons of attributes’ ranking accuracy for Pub Fig dataset (%).

Male
White
Young
Smiling
Chubby
Visible Forehead
Bushy Eyebrows
Narrow Eyes
Pointy Nose
Big Lips
Round Face
Average

B-SVM
80.41
71.03
74.62
70.59
58.45
68.92
63.22
80.53
70.19
68.97
75.56
71.14

RFUA
80.92
76.93
78.45
71.48
68.78
84.92
67.72
77.82
70.29
71.55
74.12
74.82

HAP
81.6
77.91
79.42
72.46
69.71
85.28
66.46
78.82
71.28
72.52
75.11
75.51

respectively. As compared to the performance of other methods, SC-HRA gets the best performance on attribute ranking
prediction, which confirms the advantage of HRA during the
attribute ranking.
4.3. Zero-Shot Image Classification Results. In this part, the
effects of SC-HRA on the zero-shot image classification are
checked. In each dataset, a series of experiments are carried
out on zero-shot image classification. And for each experiment, selected are the different training (“seen”) and testing
(“unseen”) categories to realize the classification. We adopt
𝐶𝑡𝑇 fold cross-validation (T is the total number of the dataset
categories, and 𝑡 is the number of the training categories) to
eliminate the influence of the experiment randomness. So, the
results based on the cross-validation are reliable since all the
samples are almost considered during training. Specifically, 5
cross-validation experiments are implemented on the bench
mark datasets, which are 𝐶68 = 28 fold, 𝐶58 = 56 fold, 𝐶48 = 70
fold, 𝐶38 = 56 fold, and 𝐶58 = 28 fold.
Figure 3 shows the results of the different number of
the training categories 𝑡 as we increase the nonsemantic
relative attribute dimension N, where N ranges from 0 to
14. In general, the classification accuracy declines with the
training categories 𝑡 decreasing. The reason is that, when
the number of the training categories 𝑡 reduces, the fewer
ordered pairs and unordered pairs are used to learn the
ranking functions of the hybrid relative attributes, which

CSHAPH
82.91
78.6
80.72
73.77
69.03
87.48
67.67
79.59
73.13
72.83
76.42
76.56

CSHAPG
81.39
77.62
79.47
72.97
69.5
86.15
66.97
78.61
72.15
72.58
75.44
75.71

impacts the ranking accuracy of the hybrid relative attributes.
Thus, too low proportion of the training category can result
in the worse performance of zero-shot classification. Besides,
with the training categories reducing, the proportion of the
categories to build “unseen” model also decreases, which is
another factor for the worse performance of the classifier.
Without nonsemantic relative attribute (that is, 𝑁 = 0), HRA
and RA are equivalent.
An additional phenomenon in Figure 3 is that all the
curves grow first and then decline. And in the condition of
t=6, the proposed method obtains the better performance on
both OSR dataset and Pub Fig dataset than the other cases
(t=2, t=3, t=4, t=5). Next, we calculate the average accuracy of
zero-shot classification shown as Tables 5 and 6 to concretely
analyse that fact. With the increase of the nonsemantic
relative attribute dimension N, the average classification
accuracy on OSR dataset grows to 48.02% at N = 10 firstly and
then declines. On the other hand, the average classification
accuracy of Pub Fig dataset reaches to 47.33% at N=6 and
then reduces, too. As to the reason, the nonsemantic relative
attributes contribute to the difference of the relative attribute
space, which impacts on the classification accuracy. However,
due to the increase of the nonsemantic relative attribute
dimension N, too many nonsemantic relative attributes make
the relative attributes redundant, which results in the decrease
of the classification accuracy. Therefore, according the analysis based on the experiments, parameter N is set as 10 for OSR
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Figure 3: Zero-shot learning performance of training categories t as the nonsemantic relative attribute dimension N increases.

Table 5: Average accuracy of zero-shot image classification on OSR
dataset.

Table 6: Average accuracy of zero-shot image classification on Pub
Fig dataset.

Model
RA

Model
RA

SC-HRA

N=1
N=2
N=3
N=4
N=5
N=6
N=7
N=8
N=9
N=10
N=11
N=12
N=13
N=14

Average Accuracy (%)
42.75
43.24
43.77
44.40
44.95
46.00
46.46
47.19
47.55
47.73
48.02
47.32
46.03
45.56
44.95

dataset and 6 for Pub Fig dataset when 𝑡 equals 6, which can
acquire the highest average accuracy.
Although the proportion of the correct classified samples
to the whole testing set can be illustrated by the classification
accuracy, it neglects the relation between false positive rate
(the probability of negative samples wrongly categorized as
positive) and true positive rate (the probability of positive
samples correctly categorized as negative). Therefore, we

SC-HRA

N=1
N=2
N=3
N=4
N=5
N=6
N=7
N=8
N=9
N=10
N=11
N=12
N=13
N=14

Average Accuracy (%)
44.38
45.05
45.59
46.04
46.69
47.05
47.33
47.14
46.59
45.97
45.21
44.71
44.35
44.11
43.86

further use AUC (Area Under Curve) [36, 37] to evaluate the
classification performance. AUC denotes the area under the
receiver operating characteristic (ROC) curve which provides
another way to evaluate the performance of the proposed
model. If the model is ideal, its AUC value equals 1. The
AUC value of a random model equals 0.5. On the other hand,
regarding the results of Tables 5 and 6, SC-HRA acquires
the highest classification accuracy on OSR dataset at N=10.
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Figure 4: AUC value of zero-shot image classification.

When 𝑁 equals 6, SC-HRA acquires the highest average
classification accuracy on Pub Fig dataset. When 𝑁 rises to
14, the classification accuracy of SC-HRA on both OSR and
Pub Fig is lower than that of SC-HRA with other 13 different
𝑁 values. Even worse, it is lower than that of RA. Thus,
we choose the representative results of SC-HRA as well as
RA, which are N=6, N=10, and N=14. Figure 4 shows the
AUC values of zero-shot classification on OSR and Pub Fig
datasets. In general, all the three cases of SC-HRA (N=6,
N=10, and N=14) illustrated in Figure 4 have higher AUC
values than the random tested AUC value (0.5) on OSR
dataset as well as Pub Fig dataset. Specifically, as to N=6
and N=10, AUC values of SC-HRA are higher than RA. But
as to N=14, the AUC value decreases since the redundant
nonsemantic relative attributes deteriorate the performance
of zero-shot image classification.
Next, we demonstrate the proposed method using the
confusion matrix. Figures 5 and 6 show the classification performance of RA and SC-HRA on OSR and Pub Fig illustrated
by confusion matrix. In the confusion matrix, the blocks
distributed on the diagonal line denote the number of the
samples correctly classified. The darker the color of the block,
the larger the number of the correctly classified samples.
As shown in Figure 5, due to the high similarity of the
semantic relative attributes between Tall building and Street,
it is difficult for RA to distinguish them. For example, 260
images of Tall building are mistaken as Street category. When
the nonsemantic relative attributes are introduced into zeroshot classification, SC-HRA can distinguish Tall building and
Street partially, which is better than RA. Concluded from
Figures 5 and 6, in the case of 𝑁 = 6 and 𝑁 = 10, the samples
correctly classified by SC-HRA are more than those correctly

classified by RA on the diagonal lines of OSR and Pub Fig
confusion matrix. The reason is that a certain amount of
nonsemantic relative attributes can improve the performance
of the classifier. In the case of 𝑁 = 14, the number of samples
correctly classified by SC-HRA decreases, which is caused by
the redundant nonsemantic relative attributes. Therefore, a
certain amount of nonsemantic relative attributes can benefit
zero-shot classification to ameliorate its performance, yet too
many of them bring much redundant information that may
confuse the classification procedure.
4.4. Comparisons of Zero-Shot Image Classification Methods.
To further verify the classification performance of the proposed method, we compare the zero-shot image classification
accuracy of it with the other 6 methods, which are DAP
[38], RFUA-SRA, HAP-SRA, CSHAP𝐻 -SRA, CSHAP𝐺-SRA,
and MLE-RA. The baseline DAP is a direct attribute prediction model. Based on RA approach, RFUA-SRA (RFUA
score-based relative attributes) replaces rank values with
the RFUA classifier output score; HAP-SRA (HAP scorebased relative attributes) replaces rank values with the HAP
classifier output score; CSHAP𝐻-SRA (CSHAP𝐻 score-based
relative attributes) replaces rank values with the RFUA classifier output score; and CSHAP𝐺-SRA (CSHAP𝐺 score-based
relative attributes) replaces rank values with the CSHAP𝐺
classifier output score. MLE-RA utilizes maximum likelihood
estimation to predict the testing sample label.
To avoid the randomness during the simulations, the
cross-validation is adopted to compare the proposed model
with other baseline models. The comparisons are illustrated
as Tables 7 and 8. As the proportion of training category
decreases, the classification accuracies of all the models
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Figure 5: Classification results on OSR dataset represented as confusion matrix.

Table 7: Comparisons of zero-shot image classification accuracies on OSR dataset (%).
Taining categories
6
5
4
3
2
Average

DAP
54.15
37.64
27.37
24.48
20.80
32.888

RFUA-SRA
55.29
44.41
38.14
27.02
22.30
37.432

HAP-SRA
56.87
46.99
40.63
27.69
23.52
39.14

decline. Thus, each model can obtain the highest accuracy
when the number of training category is 6. Further, as we
expected, our method significantly outperforms DAP, RFUASRA, HAP-SRA, CSHAP𝐻 -SRA, and CSHAP𝐺-SRA and
slightly exceeds the baseline model MLE-RA. This validates
the power of the hybrid relative attribute jointly combined
semantic relative attribute and nonsemantic attribute for
zero-shot image classification.

5. Conclusions
Zero-shot image classification primarily solves the challenge
of how to identify the “unseen” categories accurately when
the labeled samples cannot cover all the objective categories.
In that the semantic relative attributes become the key to solve

CSHAPH -SRA
58.16
48.28
42.01
29.87
24.90
40.644

CSHAPG -SRA
57.11
47.32
40.69
28.29
23.58
39.40

MLE-RA
60.50
50.71
43.99
31.76
26.79
42.75

SC-HRA
62.92
54.97
47.04
35.65
29.13
45.94

zero-shot image classification. However, the existing zeroshot image classifiers based on semantic relative attributes
ignore the low-level features. In other words, the class labels of
the samples in the testing categories are decided only depending on the semantic relative attributes of the samples. But
for the categories having similar semantic relative attributes,
it is difficult to distinguish them. Therefore, considering the
restriction of the semantic relative attributes, the nonsemantic relative attributes are obtained by sparse coding the lowlevel features of the samples and treated as the supplement
of the semantic relative attributes to construct the hybrid
relative attributes. Further, the hybrid relative attributes are
applied to zero-shot image classification. So a zero-shot
image classification based on the hybrid relative attributes
is proposed. The proposed SC-HRA is demonstrated and
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Figure 6: Classification results on Pub Fig dataset represented as confusion matrix.

Table 8: Comparisons of zero-shot image classification accuracies on Pub Fig dataset (%).
Taining categories
6
5
4
3
2
Average

DAP
63.40
46.91
37.18
21.01
16.80
37.06

RFUA-SRA
61.57
48.15
40.60
28.44
19.94
39.74

HAP-SRA
62.83
49.49
41.24
29.62
20.58
40.75

CSHAPH -SRA
63.72
51.48
42.31
30.48
20.69
41.74

CSHAPG -SRA
62.57
50.12
41.43
29.65
20.77
40.91

MLE-RA
65.92
54.50
44.80
33.13
23.54
44.38

SC-HRA
66.24
55.12
47.47
34.85
24.35
45.61

compared with the baseline methods by the experiments on
OSR and Pub Fig datasets. The experimental results validate
that SC-HRA has powerful ranking and classification ability
in zero-shot learning due to the distinguishability of the
nonsemantic relative attributes in classification.
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Image denoising is an important problem in many fields of image processing. Boosting algorithm attracts extensive attention in
recent years, which provides a general framework by strengthening the original noisy image. In such framework, many classical
existing denoising algorithms can improve the denoising performance. However, the boosting step is fixed or nonadaptive; i.e.,
the noise level in iteration steps is set to be a constant. In this work, we propose a noise level estimation algorithm by combining
the overestimation and underestimation results. Based on this, we further propose an adaptive boosting algorithm that excludes
intricate parameter configuration. Moreover, we prove the convergence of the proposed algorithm. Experimental results that are
obtained in this paper demonstrate the effectiveness of the proposed adaptive boosting algorithm. In addition, compared with the
classical boosting algorithm, the proposed algorithm can get better performance in terms of visual quality and peak signal-to-noise
ratio (PSNR).

1. Introduction

of weak denoisers to achieve strong ones. A general boosting
algorithm [11] for image denoising can be expressed as

Image denoising is a fundamental problem in image processing, computer vision, pattern recognition, and so on.
Consider a noisy image y modeled as
y = x + 𝜖,

(1)

where x is a clean image and 𝜖 is added white Gaussian
noise with zero-mean and standard deviation 𝜎. The goal of
denoising is to resolve the clean image x in (1). To this end,
many technique and methods, such as spatial adaptive filters, transform-domain methods, sparse representation, and
processing of local patches have been explored to study this
problem, which leads to state-of-the-art denoising algorithms
(denoisers), including the NLM [1], K-SVD [2], EPLL [3],
BM3D [4], BM3D-SAPCA [5], and LSSC [6].
Although the algorithms mentioned above are effective
in denoising application, the performance can be improved
by employing some specific techniques, such as “Twicing”,
Bregman iteration, and SAIF. In this paper, we focus on
boosting skills originally used in machine learning, which
improve denoising performance by multiple reusing [7–10]

x̂𝑘+1 = x̂𝑘 + 𝐷𝜎 (y − x̂𝑘 ) ,

(2)

where 𝐷𝜎 (⋅) is a denoiser and x̂𝑘 is the denoised image of
the 𝑘th iteration. Essentially, the boosting algorithm (2) is to
repeatedly denoise the residuals, y − x̂𝑘 , and add them back
to the denoised image. However, Talebi et al. [10] pointed out
that the number of iterations must be tuned carefully since
the sequence obtained by (2) is not always convergent to the
best restoration.
To conquer this problem, Romano et al. [7] proposed
another boosting algorithm, called SOS, which can be
expressed as
x̂𝑘+1 = 𝐷𝜎 (y + x̂𝑘 ) − x̂𝑘 .

(3)

SOS strengthens the noisy image by adding portion of the
denoised image x̂𝑘 to the noisy image y before operating the
next iteration denoiser and subtracting the same portion of
the outcome. SOS has excellent performance in denoising
application. In addition, it is guaranteed to converge to an
optimal solution, which enables us to obtain stopping criteria
easily.
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We note that the denoisers 𝐷𝜎 (⋅) in (2) and (3) are
invariant operators. In other words, the parameter 𝜎 in the
denoisers is fixed regardless of the noise levels in the different
iteration steps. The authors in [7] predefine a constant 𝜎̃ to
estimate the initial noise level of y and then set 𝜎 = 𝑡(̃
𝜎)̃
𝜎
with 𝑡(̃
𝜎) > 1 to estimate the noise level of y + x̂𝑘 . In the
following weaker denoising steps, the constant parameter 𝜎
is used in denoisers 𝐷𝜎 (⋅). Obviously, such scheme is not
precise since x̂𝑘 s are the progressively restoring images which
lead to a decreasing noise level estimation of y + x̂𝑘 with 𝑘
increasing. To solve this problem, in this paper we propose an
adaptive boosting algorithm for image denoising application.
Adaptive denoisers 𝐷𝜎𝑘 (⋅) are used in boosting rather than an
invariant operator 𝐷𝜎 (⋅), where the parameter 𝜎𝑘 is a noise
level estimator of y + x̂𝑘 .
The estimation of the noise level plays a key role in
our adaptive boosting algorithm. In the last decades, many
methods on noise level estimation have been proposed [12–
20]. Among these methods, the blind evaluation of noise
level in textured images was widely studied [15, 16], which
leads to many noise level estimation methods that were wildly
used in processing the highly textured images. Different from
the methods that were reported in [15, 16], in this paper,
we focus on patch-based methods which have received a lot
of attention due to the sound theoretical basis and promise
performance, such as PCA [17], WT [18], and others [19, 20].
Chen et al. [19] pointed out that PCA and WT methods
could lead to an underestimation of the noise level by using
the Blom’s theorem [21]. Jiang et al. [20] proposed a noise
level estimation method (called JZ in the following) based
on the eigenvalues of covariance matrix of the flat patches.
We in this paper prove that JZ method is an overestimation
of the noise level. Combining WT underestimation and JZ
overestimation, we propose a new estimator to obtain higher
accurate estimation. The main contributions of this paper are
as follows:
(i) We propose an adaptive boosting algorithm for image
denoising application, in which an adaptive weaker
denoiser 𝐷𝜎𝑘 (⋅) is introduced rather than an invariant
operator 𝐷𝜎 (⋅) often used in the traditional boosting.
(ii) We prove that JZ method is an overestimation of the
noise level by using Blom’s theorem. In addition, combining WT underestimation and JZ overestimation,
we propose a new estimator to obtain higher accurate
estimation.
(iii) We prove the convergence of the proposed adaptive
boosting algorithm. And some experiments are conducted to validate the proposed algorithm.
This paper is organized as follows: in Section 2, we
present some related works concerning noise level estimation
and image quality assessment. In Section 3, a noise level
estimation algorithm and an adaptive boosting algorithm for
image denoising application are proposed. In Section 4, the
experiment procedure and the trial comparison between the
proposed method and the initial denoising algorithm are
described in detail. We summarize, conclude, and discuss the
directions of future research in Section 5.

2. Previous Related Work
2.1. Eigenvalues and Noise Level. Liu et al. [18] gave a noise
level estimation algorithm based on weak textured patches.
According to their algorithm, the noise level of the image is
estimated as follows:
𝜎𝑤2 = min (𝑒𝑖𝑤 ) ,

(4)

1⩽𝑖⩽𝑁

where 𝑒𝑖𝑤 is the ith eigenvalues of ΣP𝑤 , in which P𝑤 is a set of
weak textured patches that are selected by Algorithm 1 that
was reported in [18], and ΣP𝑤 is the covariance matrix of P𝑤 .
By selecting flat patches P𝑓 in noisy image, Jiang et al. [20]
gave another noise level estimation as follows:
𝜎̂ =

min1⩽𝑖⩽𝑁 (𝑒𝑖𝑓 )
√𝜌

,

(5)

where 𝑒𝑖𝑓 denotes the ith eigenvalues of ΣP𝑓 and ΣP𝑓 is the
covariance matrix of P𝑓 . In. (4) and (5), 𝑁 is the element
number of each patch. The basis of the above two methods is
to extract a set of patches with Gaussian distribution. Chen et
al. [19] proved the following theorems about the distribution
of the eigenvalues.
Lemma 1 (see [19]). Given a set of random variables {y𝑡 [𝑖]}𝑠𝑡=1 ,
with each element following Gaussian distribution 𝑁(0, 𝜎2 )
independently, the distribution of the noise estimation 𝜎̂𝑖2 =
(1/𝑠) ∑𝑠𝑡=1 y𝑡 [𝑖]2 converges to the distribution 𝑁(𝜎2 , 2𝜎4 /𝑠)
when 𝑠 becomes sufficiently large.
𝑥

2

Lemma 2 (see [19]). Let Φ(𝑥) = (1/√2𝜋) ∫−∞ 𝑒−𝑡 /2 𝑑𝑡 denote
the cumulative distribution function of a standard Gaussian
distribution. Given that 𝑁 independent random variables 𝑥1 ,
𝑥2 , . . . , 𝑥𝑁 generated from the normal distribution 𝑁(𝜎2 , ]2 )
with order 𝑥1 ≥ 𝑥2 ≥ ⋅ ⋅ ⋅ ≥ 𝑥𝑁, then the expected value of 𝑥𝑖
can be approximated by E(𝑥𝑖 ) ≈ 𝜎2 + Φ−1 ((𝑁 − 𝛼 + 1 − 𝑖)/(𝑁 −
2𝛼 + 1))] with 𝛼 = 0.375.
2.2. Natural Image Quality Evaluator (NIQE). The denoising
algorithm is usually an iterative process in which the number
of iterations needs to be selected such that the denoised
image can achieve the best visual effect. For this problem, noreference/blind image quality assessment models [22–26] are
introduced. Recently, Mittal et al. [25] proposed a blind image
quality assessment model called NIQE. In this method, the
quality of a given image y is expressed as follows:
𝑇

𝐷𝑛𝑖𝑞𝑒 (y) = √ (]1 − ]2 ) (

Σ1 + Σ2 −1
) (]1 − ]2 ),
2

(6)

where ]1 , ]2 and Σ1 , Σ2 are the mean vectors and covariance
matrices of the natural MVG model and the distorted image’s
MVG model. Compared with other methods, NIQE does
not have to train on large databases of human opinions of
distorted images and has low computation complexity. Thus,
it is suited for determining the optimal numbers of iterations.
More details about NIQE can be found in [25].
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3. The Proposed Method
In this section, we discuss the theoretical foundation of
the noise level estimation algorithm and give an estimation
that linearly combines the overestimated and underestimated results to evaluate the noise levels. Then an adaptive
boosting algorithm for image denoising is proposed. The
details of these steps are presented in the following subsections.
3.1. Noise Level Estimation. Using Lemmas 1 and 2 we can
establish the following result.
Corollary 3. The estimation of 𝜎𝑤2 in (4) satisfies 𝜎𝑤2 < 𝜎2 .
Particularly, if 𝑖0 = 𝑁 − 𝛼 + 1 − Φ((𝜌 − 1)√𝑠/2)(𝑁 − 2𝛼 + 1),
then 𝜎𝑓2 > 𝜎2 , where
𝜎𝑓2
=

𝜎2 + √2𝜎4 /𝑠Φ−1 ((𝑁 − 𝛼 + 1 − ⌊𝑖0 ⌋) / (𝑁 − 2𝛼 + 1))
,
𝜌

(7)

Proof. If 𝑖 > (𝑁 + 1)/2, then 𝑁 + 1 − 2𝑖 < 0. By adding
𝑁 − 2𝛼 + 1 to both sides, we have 2𝑁 − 2𝛼 + 2 − 2𝑖 <
𝑁 − 2𝛼 + 1; that is, (𝑁 − 𝛼 + 1 − 𝑖)/(𝑁 − 2𝛼 + 1) < 1/2.
Then, we have Φ−1 ((𝑁 − 𝛼 + 1 − 𝑖)/(𝑁 − 2𝛼 + 1)) < 0. Thus
𝜎2 + Φ−1 ((1 − 𝛼)/(𝑁 − 2𝛼 + 1))] < 𝜎2 , with ] = √2𝜎4 /𝑠 and
𝑖 = 𝑁. In (4), the last eigenvalue is selected as the noise level; it

follows that 𝑖 = 𝑁. From Lemma 2, the following relationship
holds:
𝜎𝑤2 = 𝜎2 + Φ−1 (

1−𝛼
) ].
𝑁 − 2𝛼 + 1

Thus 𝜎𝑤2 < 𝜎2 .
Note that (𝑁+1)/2 ⩽ ⌊𝑖0 ⌋ ⩽ 𝑁−𝛼+1−Φ((𝜌−1)√𝑠/2)(𝑁−
2𝛼 + 1). Then 𝑁 − 𝛼 + 1 − ⌊𝑖0 ⌋ > Φ((𝜌 − 1)√𝑠/2)(𝑁 − 2𝛼 + 1);
that is, (𝑁 − 𝛼 + 1 − ⌊𝑖0 ⌋)/(𝑁 − 2𝛼 + 1) > Φ((𝜌 − 1)√𝑠/2).
Because Φ is a monotonic function, we can obtain Φ−1 ((𝑁 −
𝛼 + 1 − ⌊𝑖0 ⌋)/(𝑁 − 2𝛼 + 1)) > (𝜌 − 1)√𝑠/2. Then, Φ−1 ((𝑁 − 𝛼 +
1 − ⌊𝑖0 ⌋)/(𝑁 − 2𝛼 + 1))√2/𝑠 > 𝜌 − 1. Finally, we multiply both
sides of the above equation by 𝜎2 and simplify it to obtain
𝜎𝑓2 = (𝜎2 + √2/𝑠𝜎2 Φ−1 ((𝑁 − 𝛼 + 1 − ⌊𝑖0 ⌋)/(𝑁 − 2𝛼 + 1)))/𝜌 >
𝜎2 .
Theorem 4. If 𝑖0 = 𝑁 − 𝛼 + 1 − Φ((𝜌 − 1)√𝑠/2)(𝑁 − 2𝛼 + 1),
then noise level can be estimated by
𝜎2 =

𝑑1 𝜎𝑓2 + 𝑑2 𝜎𝑤2
𝑑1 + 𝑑2

,

(9)

where 𝑑1 = −Φ−1 ((1 − 𝛼)/(𝑁 − 2𝛼 + 1))√2/𝑠 and 𝑑2 = ((1 −
𝜌) + Φ−1 ((𝑁 − 𝛼 + 1 − [𝑖0 ])/(𝑁 − 2𝛼 + 1))√2/𝑠)/𝜌.
Proof. From (7) and (8), we obtain the following:

𝜎2 − 𝜎𝑤2
−Φ−1 ((1 − 𝛼) / (𝑁 − 2𝛼 + 1)) √2/𝑠𝜎2
=
.
𝜎𝑓2 − 𝜎2 (((1 − 𝜌) + Φ−1 ((𝑁 − 𝛼 + 1 − [𝑖0 ]) / (𝑁 − 2𝛼 + 1)) √2/𝑠) /𝜌) 𝜎2

Let 𝑑1 = −Φ−1 ((1 − 𝛼)/(𝑁 − 2𝛼 + 1))√2/𝑠, 𝑑2 = ((1 − 𝜌) +
Φ−1 ((𝑁 − 𝛼 + 1 − [𝑖0 ])/(𝑁 − 2𝛼 + 1))√2/𝑠)/𝜌. Then, (10)
becomes
𝜎2 − 𝜎𝑤2
𝑑
= 1.
𝜎𝑓2 − 𝜎2 𝑑2

(11)

Therefore, 𝜎2 can be solved by (11), that is,
2

𝜎 =

𝑑1 𝜎𝑓2 + 𝑑2 𝜎𝑤2
𝑑1 + 𝑑2

.

(12)

The collection of weak textured patches P𝑤 and the flat
patches P𝑓 may not be the same. We extract the flat patches
from the weak textured patches and denote it by P. Then,
both (7) and (8) hold on the collection P, and the proposed
algorithm for noise level estimation can be described in
Algorithm 1. In experiment, we set 𝐾 = 3 to ensure the
efficiency of Algorithm 1 and obtain more accurate noise
level. The results of the corresponding proof experiments can
be seen in Section 4.1. In the following section, Algorithm 1
will be plugged in a new adaptive boosting algorithm.

(8)

(10)

3.2. Adaptive Boosting Algorithm. Based on the analysis for
denoiser in (3), the noise level is the main parameter in the
iteration. We show that the denoiser can be improved by the
following boosting procedure:
(1) Strengthen the signal by accumulating the previous
denoised image to the noisy input image.
(2) Estimate the noise level 𝜎𝑘 of the strengthen image.
(3) Project the strengthen image to the range less than
1; i.e., divide the strengthen image by its infinite norm
(maximum).
(4) Operate the denoiser 𝐷𝑐𝜎𝑘 on the project image and
back-project the range of the outcome to match the clean
image x.
The main equations that describe the above procedure can
be written as
̂y𝑘 = ŷ𝑘−1 + 𝜆̂x𝑘−1 ,
x̂𝑘 =

   
𝐷𝑐𝜎𝑘 (̂y𝑘 / ŷ𝑘 ∞ ) ŷ𝑘 ∞
(1 + (𝑘 − 1) 𝜆)

,

(13)

where the infinite norm ‖ ⋅ ‖∞ represents the maximum value
of all elements, 𝜎𝑘 is the noise level of ̂y𝑘 , the parameter 𝑐
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Input: Noisy image y.
Output Noise level 𝜎̂2 .
Initialize Estimate the initial noise level 𝜎0 , maximum number of iterations 𝐾.
While 𝑘 < 𝐾do
1: 𝑘 = 𝑘 + 1;
2: Using Algorthm 1 in [18] to select weak textured patches P𝑤 .
3: For P𝑤 , use Algorithm 1 in [20] to select flat patches P.
4: For all the patches in P, calculate 𝜎𝑓2 using Eq. (7).
5: For all the patches in P, calculate 𝜎𝑤2 using Eq. (8).
2
using Eq. (9).
6: Calculate 𝜎̂𝑘+1
End while
Return Noise level 𝜎̂2 .
Algorithm 1: Estimating the noise variance.

Input: Noisy image y, denoising operator 𝐷(⋅).
Output: x̂𝑘 An estimate for x
Initialize: y0 = y, 𝑘 = 0, 𝑐, 𝜆, 𝐷𝑛𝑖𝑞𝑒 (̂x0 ) = 𝐷𝑛𝑖𝑞𝑒 (y), x̂0 = 0.
Main Iteration: Increment 𝑘 by 1 and perform the following steps
1. ̂y𝑘 = ̂y𝑘−1 + 𝜆̂x𝑘−1 .
2. 𝜎𝑘 = the noise level of ŷ𝑘 and it is estimated by Algorithm 1.
̂𝑘 = 𝐷𝑐𝜎𝑘 (̂y𝑘 / ‖ ŷ𝑘 ‖∞ ).
3. u
u𝑘 ‖ ̂y𝑘 ‖∞ )/(1 + (𝑘 − 1)𝜆).
4. x̂𝑘 = (̂
Stopping Rule: If 𝐷𝑛𝑖𝑞𝑒 (̂x𝑘 ) > 𝐷𝑛𝑖𝑞𝑒 (̂x𝑘−1 ), stop. Otherwise, apply main iteration.
Return: ̂x𝑘 is obtained after 𝑘 iterations.
Algorithm 2: Adaptive boosting algorithm for image denoising.

controls the strength of the denoiser, and 𝜆 controls the signal
emphasis. Our full image denoising algorithm is given in
Algorithm 2.
3.3. Convergence Analysis of Algorithm 2. In this section,
bounded denoiser and linear denoiser are introduced and
some proposition are analysed, then the convergence of
Algorithm 2 is proved.
Definition 5 ((bounded denoiser) [27]). A bounded denoiser
with a parameter 𝜎 is a function 𝐷𝜎 (x) : R𝑛 → R𝑛 such that
for any input x ∈ R𝑛 ,

2
𝐷𝜎 (x) − x2
≤ 𝐺𝜎2 ,
𝑛

(14)

Proof. Since 𝐷𝜎 (x) is a bounded denoiser, we have ‖𝐷𝜎 (x) −
𝐷𝜎 (x)‖2 = ‖𝐷𝜎 (x) − x − 𝐷𝜎 (x) + x‖2 ⩽ ‖𝐷𝜎 (x) − x‖2 +
‖𝐷𝜎 (x) − x‖2 ⩽ √𝑛𝐺(𝜎 + 𝜎 ).
In iterative equation (13), x̂𝑘 is the 𝑘th iterative approximation of x. Denote the error between x̂𝑘 and x by 𝜖𝑘 ; that
is, x̂𝑘 = x + 𝜖𝑘 . Then it follows from the iterative equation
̂y𝑘+1 = ŷ𝑘 + 𝜆̂x𝑘 that
ŷ𝑘 = y + 𝜆 (̂x𝑘−1 + ⋅ ⋅ ⋅ + x̂1 ) .

Definition 6 (linear denoiser). For the given constants 𝜎, 𝛼,
𝛽, the denoiser 𝐷𝜎 (x) is a linear operator, if
(15)

Milanfar [8] pointed out that many denoisers satisfy
Definitions 5 and 6. Based on this, Romano et al. [7] proved
the convergence of SOS algorithm by neglecting the nonlinear term. According to these definitions and the following
properties, we prove the convergence of Algorithm 2.

(16)

Substituting y = x + 𝜖 and x̂𝑘 = x + 𝜖𝑘 into (16), we can get
ŷ𝑘 = [1 + 𝜆 (𝑘 − 1)] x + [𝜖 + 𝜆 (𝜖𝑘−1 + ⋅ ⋅ ⋅ + 𝜖1 )] .

for some universal constant 𝐺 independent of 𝑛 and 𝜎.

𝐷𝜎 (𝛼x + 𝛽y) = 𝛼𝐷𝜎 (x) + 𝛽𝐷𝜎 (y) .

Proposition 7. For the given 𝜎 and 𝜎 , ‖𝐷𝜎 (x) − 𝐷𝜎 (x)‖2 ⩽
√𝑛𝐺(𝜎 + 𝜎 ).

(17)

Denote 𝜖̂𝑘 = 𝜖+𝜆(𝜖𝑘−1 +⋅ ⋅ ⋅+𝜖1 ). And let 𝜖̂ = lim𝑘→∞ 𝜖̂𝑘 . Using
the central limit theorem, 𝜖̂ is a normal random variable with
E(̂
𝜖) = 0. Furthermore, we denote the standard deviation
of 𝜖̂ by 𝜎. This implies that ŷ𝑘 in (17) can be considered as
clean portion [1 + 𝜆(𝑘 − 1)]x and a zero-mean Gaussian
white noise with standard deviation 𝜎. Thus, the noise level
of ŷ𝑘 estimated by Algorithm 1 is bounded. Then, we have the
following proposition.
Proposition 8. There exists a constant 𝑀 satisfying ‖𝜎𝑘 ‖ ⩽ 𝑀.
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Proposition 9. For all 𝑘, ‖̂x𝑘 ‖∞ ⩽ ‖y‖∞ and ‖̂y𝑘 ‖∞ ⩽ (1 +
𝑘𝜆)‖y‖∞ .
Proof. Since x̂1 = 𝐷𝑐𝜎1 (̂y1 /‖̂y1 ‖∞ )‖̂y1 ‖∞ , we have ‖̂x1 ‖∞ =
‖𝐷𝑐𝜎1 (̂y1 /‖̂y1 ‖∞ )‖̂y1 ‖∞ ‖∞ , for 𝐷𝑐𝜎𝑘 (̂y𝑘 /‖̂y𝑘 ‖∞ ) ∈ [0, 1]. Then
‖̂x1 ‖∞ ⩽ ‖̂y1 ‖∞ = ‖y‖∞ .
Assume ‖̂x𝑘 ‖∞ ⩽ ‖y‖∞ . Then ‖̂x𝑘+1 ‖∞ = ‖(𝐷𝑐𝜎𝑘+1 (̂y𝑘+1 /
‖̂y𝑘+1 ‖∞ )‖̂y𝑘+1 ‖∞ )/(1 + 𝑘𝜆)‖∞ ⩽ ‖̂y𝑘+1 ‖∞ /(1 + 𝑘𝜆). Furthermore, noting that ̂y𝑘+1 = ŷ𝑘 + 𝜆̂x𝑘 , we can get
 y + 𝜆 (̂x + ⋅ ⋅ ⋅ + x̂ ) 



1
𝑘 

x̂𝑘+1 ∞ ⩽ 

1 + 𝑘𝜆

∞
y + 𝜆 (x̂1  + ⋅ ⋅ ⋅ + x̂𝑘  )
 ∞
 ∞
(18)
⩽  ∞
1 + 𝑘𝜆
 
 
y + 𝑘𝜆 y∞  
⩽  ∞
= y∞ .
1 + 𝑘𝜆

Since (1 + (𝑘 − 1)𝜆)/(1 + (𝑘 − 2)𝜆) < 1 − 𝜆, then we have
 
 
 
̂y𝑘 2 ⩽ y2 + 𝑛𝜆 (1 + 𝜆) (𝑘 − 1) y∞ .

(25)

This completes the proof.
Next, we further consider the convergence of Algorithm 2.
Theorem 11. If 𝐷𝜎 (⋅) is bounded and linear denoiser, then the
main iterations of Algorithm 2 are convergent; that is, ‖̂x𝑘+1 −
x̂𝑘 ‖2 → 0 as 𝑘 → ∞.
Proof. It is easy to obtain




𝐷𝑐𝜎𝑘 (̂x𝑘 ) = 𝐷𝑐𝜎𝑘 (̂x𝑘 ) − x̂𝑘 + x̂𝑘 

2
2 
  

⩽ 𝐷𝑐𝜎𝑘 (̂x𝑘 ) − x̂𝑘 2 + x̂𝑘 2 .

(26)

Therefore, the mathematical inductive method enables us to
get ‖̂x𝑘 ‖∞ ⩽ ‖𝑦‖∞ .
Since ŷ𝑘 = ŷ𝑘−1 + 𝜆̂x𝑘−1 , we have ‖̂y𝑘 ‖∞ = ‖̂y𝑘−1 +
𝜆̂x𝑘−1 ‖∞ ⩽ ‖̂y𝑘−1 ‖∞ + 𝜆‖̂x𝑘−1 ‖∞ ⩽ ‖̂y𝑘−2 ‖∞ + 𝜆‖̂x𝑘−2 ‖∞ +
𝜆‖y‖∞ ⩽ ⋅ ⋅ ⋅ ⩽ (1 + 𝑘𝜆)‖y‖∞ .

Further applying Definition 5 and substituting (22) into (26),
we have

Proposition 10. For any positive integer 𝑘 ∈ 𝑍+ , the following
inequalities hold:

Similarly,

𝑛 (1 + 𝑘𝜆)  
 
x̂𝑘 2 ⩽
y ,
1 + (𝑘 − 1) 𝜆  ∞
 
 
 
𝑎𝑛𝑑 ŷ𝑘 2 ⩽ y2 + 𝑛𝜆 (1 + 𝜆) (𝑘 − 1) y∞ .





𝐷𝑐𝜎𝑘 (̂y𝑘 ) = 𝐷𝑐𝜎𝑘 (̂y𝑘 ) − ŷ𝑘 + ŷ𝑘 
2

2 
  

⩽ 𝐷𝑐𝜎𝑘 (̂y𝑘 ) − ŷ𝑘 2 + ŷ𝑘 2 .

(19)

Proof. For any given ̂y𝑘 ∈ R𝑛 , ̂y𝑘 = (𝑦̂𝑘1 , 𝑦̂𝑘2 , . . . , 𝑦̂𝑘𝑛 ), it holds
that 𝑦̂𝑘𝑖 /‖̂y𝑘 ‖∞ ∈ [0, 1]. Therefore, for all noise level 𝜎𝑘 , we
have


ŷ


𝐷𝑐𝜎𝑘 (  𝑘 ) ⩽ 𝑛.
(20)


ŷ𝑘 

 ∞ 2
Noting that
    

 𝐷𝑐𝜎𝑘 (̂y𝑘 / ̂y𝑘 ∞ ) ̂y𝑘 ∞ 
 

x̂𝑘 2 = 


1 + (𝑘 − 1) 𝜆
2

(21)


̂y𝑘

1
  
𝐷 (
=
) ŷ  ,
1 + (𝑘 − 1) 𝜆  𝑐𝜎𝑘 ̂y𝑘 ∞ 2  𝑘 ∞
and employing (20) and Proposition 9, we have
𝑛 (1 + 𝑘𝜆)  
 
x̂𝑘 2 ⩽
y .
1 + (𝑘 − 1) 𝜆  ∞


𝑛 (1 + 𝑘𝜆)  

𝐷𝑐𝜎𝑘 (̂x𝑘 ) ⩽ √𝑛𝐺𝑐𝜎𝑘 +
y .
2

1 + (𝑘 − 1) 𝜆  ∞

(22)

Using the iteration ̂y𝑘+1 = ŷ𝑘 + 𝜆̂x𝑘 , we have ŷ𝑘 = ŷ + 𝜆(̂x𝑘−1 +
⋅ ⋅ ⋅ + x̂1 ). Then
 
 

 

(23)
̂y𝑘 2 ⩽ y2 + 𝜆 (x̂𝑘−1 2 + ⋅ ⋅ ⋅ + x̂1 2 ) .
Substituting (22) into (23), we get
 
𝑛 [1 + (𝑘 − 1) 𝜆] y∞
 
 
̂y𝑘 2 ⩽ y2 + 𝜆 {(
1 + (𝑘 − 2) 𝜆
(24)
 
𝑛 [1 + (𝑘 − 2) 𝜆] y∞
 

+
+ ⋅ ⋅ ⋅ + 𝑛 (1 + 𝜆) y∞ } .
1 + (𝑘 − 3) 𝜆

(27)

(28)

Applying Definition 5 and substituting (25) into (28), we
obtain


𝐷𝑐𝜎𝑘 (̂y𝑘 ) ⩽ √𝑛𝐺𝑐𝜎𝑘 + y2

2
(29)
 
+ 𝑛𝜆 (1 + 𝜆) (𝑘 − 1) y∞ .
On the other hand, the iteration ̂y𝑘+1 = ŷ𝑘 + 𝜆̂x𝑘 leads to
 1

1


𝐷𝑐𝜎𝑘 (̂y𝑘+1 ) −
𝐷𝑐𝜎𝑘 (̂y𝑘 )

 1 + 𝑘𝜆
2
1 + (𝑘 − 1) 𝜆
 1

𝐷 (̂y + 𝜆̂x𝑘 )
= 
 1 + 𝑘𝜆 𝑐𝜎𝑘 𝑘

 1
1


𝐷𝑐𝜎𝑘 (̂y𝑘 ) = 
𝐷 (̂y )
−
2  1 + 𝑘𝜆 𝑐𝜎𝑘 𝑘
1 + (𝑘 − 1) 𝜆

1
𝜆

𝐷𝑐𝜎𝑘 (̂x𝑘 ) −
𝐷𝑐𝜎𝑘 (̂y𝑘 )
+
2
1 + 𝑘𝜆
1 + (𝑘 − 1) 𝜆
 1

1


𝐷𝑐𝜎𝑘 (̂y𝑘 ) −
𝐷𝑐𝜎𝑘 (̂y𝑘 )
⩽ 
 1 + 𝑘𝜆
2
1 + (𝑘 − 1) 𝜆
+

𝜆 

𝐷 (̂x )
1 + 𝑘𝜆  𝑐𝜎𝑘 𝑘 2

=


𝜆

𝐷𝑐𝜎𝑘 (̂y𝑘 )

2
(1 + 𝑘𝜆) [1 + (𝑘 − 1) 𝜆]

+

𝜆 

𝐷𝑐𝜎𝑘 (̂x𝑘 ) .

2
1 + 𝑘𝜆

(30)
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2
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(a) Relationship among 𝜆, 𝑐, and PSNR

0.8

1 0.2
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0.8

1

c

(b) Relationship among 𝜆, 𝑐, and iterations

Figure 1: Demonstration of the effect of 𝜆 and 𝑐 on the proposed algorithm outcome for the BM3D (𝜎 = 20).

Substituting (27) and (29) into (30), we have

+

 1

1


𝐷𝑐𝜎𝑘 (̂y𝑘+1 ) −
𝐷𝑐𝜎𝑘 (̂y𝑘 )

 1 + 𝑘𝜆
2
1 + (𝑘 − 1) 𝜆

+

(31)

(1 + 𝑘𝜆) [1 + (𝑘 − 1) 𝜆]

 
𝜆 (√𝑛𝐺𝑐𝜎𝑘 + (𝑛 (1 + 𝑘𝜆) / (1 + (𝑘 − 1) 𝜆)) y∞ )
1 + 𝑘𝜆

.

Finally,
 1



𝐷
(̂y )
x̂𝑘+1 − x̂𝑘 2 = 
 1 + 𝑘𝜆 𝑐𝜎𝑘+1 𝑘+1
−


 1
1

𝐷𝑐𝜎𝑘 (̂y𝑘 ) = 
𝐷
(̂y )
2  1 + 𝑘𝜆 𝑐𝜎𝑘+1 𝑘+1
1 + (𝑘 − 1) 𝜆

−

1
1
𝐷𝑐𝜎𝑘 (̂y𝑘+1 ) +
𝐷 (̂y )
1 + 𝑘𝜆
1 + 𝑘𝜆 𝑐𝜎𝑘 𝑘+1

−


1

𝐷𝑐𝜎𝑘 (̂y𝑘 )
2
1 + (𝑘 − 1) 𝜆

⩽

1 

𝐷
(̂y ) − 𝐷𝑐𝜎𝑘 (̂y𝑘+1 )2
1 + 𝑘𝜆  𝑐𝜎𝑘+1 𝑘+1

(32)

 𝐷 (̂y )
𝐷𝑐𝜎𝑘 (̂y𝑘 ) 
 𝑐𝜎𝑘 𝑘+1
 .
−
+ 
 1 + 𝑘𝜆
1 + (𝑘 − 1) 𝜆 2

Applying Proposition 7 and substituting (31) into (32), we
obtain
√𝑛𝐺𝑐 (𝜎𝑘+1 + 𝜎𝑘 )


x̂𝑘+1 − x̂𝑘 2 ⩽
1 + 𝑘𝜆
+

 
𝜆 (√𝑛𝐺𝑐𝜎𝑘 + (𝑛 (1 + 𝑘𝜆) / (1 + (𝑘 − 1) 𝜆)) y∞ )
1 + 𝑘𝜆

(1 + 𝑘𝜆) [1 + (𝑘 − 1) 𝜆]

.

(33)

 
 
𝜆 (√𝑛𝐺𝑐𝜎𝑘 + y2 + 𝑛𝜆 (1 + 𝜆) (𝑘 − 1) y∞ )

⩽

 
 
𝜆 (√𝑛𝐺𝑐𝜎𝑘 + y2 + 𝑛𝜆 (1 + 𝜆) (𝑘 − 1) y∞ )

From Proposition 8 both 𝜎𝑘+1 and 𝜎𝑘 are all bounded. And
since ‖y‖2 and ‖y‖∞ are finite, we can get ‖̂x𝑘+1 − x̂𝑘 ‖2 → 0
as 𝑘 → ∞, by taking the limit on both sides of (33).
3.4. Parameters Configuration. In Algorithm 2, we select the
state-of-the-art algorithms: BM3D and BM3D-SAPCA. The
source code of these algorithms can be obtained from the
original authors and we use the default parameters. When
the denoiser is given, the parameters in Algorithm 2 are 𝜆
and 𝑐. In the remainder of this section, we mainly discuss the
influence of 𝜆 and 𝑐 on the final results.
Considering 𝜆 ∈ [0.3, 0.9] and 𝑐 ∈ [0.2, 0.8] and discreting [0.3, 0.9]×[0.2, 0.8] by using a step-size 0.1×0.1, we get
the parameters set {(𝜆 𝑖 , 𝑐𝑗 )}. Then, we introduce these parameters into the proposed Algorithm 2 and apply the proposed
algorithm to noisy image. Figure 1(a) shows the relationship
between (𝜆, 𝑐) and PSNR defined as 20 log10 (255/√𝑀𝑆𝐸),
where MSE is the mean squared error between the original
image and its denoised version. The relationship between
(𝜆, 𝑐) and optimizing truncation iteration number is shown in
Figure 1(b). It can be seen from Figure 1, when the parameters
𝜆 and 𝑐 are small, we can get the smallest PSNR and the largest
iteration number. In this case, the efficiency of the denoising
is the lowest. When both 𝜆 and 𝑐 achieve the highest value,
the number of the iteration is the minimum, but the PSNR
is not the maximum value. It is obvious that the PSNR has
some volatility with 𝜆. The iteration number of the 𝜆 − 𝑐
area corresponding to the optimal PSNR value maintains
consistency. In order to get the best denoising performance
and reduce the computation complexity, suitable parameters
𝜆 and 𝑐 must be determined. According to the results that
are present in Figure 1, the PSNR is highest and the number
of iterations is acceptable when 𝜆 = 0.635 and 𝑐 =
0.472. Therefore, we select (0.635, 0.472) in the following
experiment.
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Figure 2: Visualization of the test images.
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Figure 3: Noise level estimation on TID2008. (a) Noise level estimation results. (b) The evaluation performance of the noise level estimation,
accuracy, reliability, and overall performance.

4. Results
4.1. Noise Level Estimation Results. Usually, the value of Bias,
Std, and RMSE are used to evaluate the noise estimation performance. We use well-known criteria: accuracy, reliability,
and overall performance which have been considered in most
literatures. In detail,
𝐵𝑖𝑎𝑠 (𝜎̂) = E |𝜎 − E (𝜎̂)| ,

(34)

𝑆𝑡𝑑 (𝜎̂) = √E [𝜎 − E (̂
𝜎)]2 ,

(35)

𝜎).
𝑅𝑀𝑆𝐸 (𝜎̂) = √𝐵𝑖𝑎𝑠2 (𝜎̂) + 𝑆𝑡𝑑2 (̂

(36)

and

We test our method on Tampere image datasets
(TID2008) [28] which contains 25 images of size 512 × 384.
All images in this datasets are disturbed by zero-mean
Gaussian noise with different standard deviations 𝜎 = 5, 10,
15, 20, 25, 30, 40, 50, 60, 70, 80, 90, and 100. According to
Figure 3(a), the estimated results are almost as same as the

true noise level. As shown in Figure 3(b), the value of Bias,
Std, and RMSE are all close to zero, which illustrates the
accuracy of the Algorithm 1.
4.2. Denoising Results
4.2.1. Objective Measurement Results. In this section, we
provide detail results of the proposed methods. Based on the
completely blind image quality assessment method NIQE,
we always consider the following stopping rule: 𝐷𝑛𝑖𝑞𝑒 (̂x𝑖 ) <
𝐷𝑛𝑖𝑞𝑒(̂x𝑖−1 ), 𝑖 = 1, 2, . . . , 𝑘−1, and 𝐷𝑛𝑖𝑞𝑒(̂x𝑘 ) > 𝐷𝑛𝑖𝑞𝑒 (̂x𝑘−1 ). The
final outcome of Algorithm 2 is x̂𝑘 . We evaluate the competing
methods on standard image processing test dataset (SIPTD)
including Forman, Lena, House, Fingerprint, and Peppers,
whose scenes are shown in Figure 2. These images are
extensively tested in image processing. Thus it is convenient
to compare our method with other methods under the same
condition. All the test images are corrupted by an additive
zero-mean Gaussian noise with a variance 𝜎2 . The denoising
performance is evaluated by using the PSNR, structural
similarity (SSIM) [29], and dissimilar index (DSI) [30]. All
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Table 1: Comparison among the denoising results (PSNR, SSIM, and DSI) of BM3D and the proposed algorithm.

𝜎
10

20

25

50
𝜎
10

20

25

50

𝜎0
37.24
0.9375
2.1859
34.43
0.9061
3.3650
33.44
0.8922
3.6520
30.04
0.8310
4.7899
𝜎0
32.46
0.9690
0.7034
28.81
0.9305
6.2994
27.70
0.9121
10.310
24.34
0.8253
35.098

Forman
SOS
37.24
0.9368
2.3486
34.43
0.9085
3.7503
33.46
0.8978
4.2599
30.13
0.8453
5.3656
Fingerprint
SOS
32.46
0.9690
0.7205
28.81
0.9281
6.4851
27.70
0.9072
10.657
24.36
0.8143
34.955

OURS
37.24
0.9368
1.7016
34.50
0.9067
3.6073
33.60
0.8983
4.3283
30.18
0.8454
6.6166
OURS
32.51
0.9682
0.4263
28.82
0.9308
5.3902
27.69
0.9122
10.260
24.53
0.8367
27.840

BM3D(𝜆 = 0.635, 𝑐 = 0.472)
Lena
𝜎0
SOS
35.87
35.87
0.9149
0.9141
3.1644
3.3521
32.98
32.99
0.8764
0.8751
4.7598
5.2280
32.02
32.04
0.8599
0.8591
5.4374
6.1221
28.78
28.81
0.7860
0.7926
10.191
10.757
Pepper
𝜎0
SOS
34.58
34.64
0.9274
0.9267
2.5305
2.6643
31.23
31.27
0.8849
0.8855
5.7494
6.1046
30.15
30.16
0.8667
0.8678
7.6232
8.1311
26.32
26.38
0.7700
0.7797
18.296
18.521

results obtained by competing denoising method are shown
in Tables 1 and 2. The results that appear in the 𝜎0 column are
obtained by applying the BM3D or BM3D-SAPCA on y using
the accurate noise standard deviation. The results that appear
in the SOS and “OURS” columns are obtained by applying
SOS that was reported [7] and the proposed Algorithm 2,
respectively. The best results for each image and noise level are
highlighted. In contrast, Algorithm 2 achieves higher PSNR
and SSIM than those of the other schemes. Compared with
BM3D, PSNR obtained by Algorithm 2 achieves about 0.45dB
improvement on the image Peppers with the noise level 50.
The results presented in Table 3 indicate that the proposed
approach achieves the highest average improvement of the
PSNR and SSIM among all compared methods. Hence, for
SIPTD dataset, the proposed algorithm is effective.
Moreover, we perform Algorithm 2 on all the grass
images from the MeasTex texture dataset [31] which contain
rich texture features. The comparison results are presented
in Table 4. Compared with SOS methods, the average
improvements of PSNR and SSIM demonstrate significant
comparative advantages for almost all noise levels. It is
clear that the proposed algorithm offers better restoration of
texture images.

OURS
35.87
0.9154
2.8190
33.01
0.8771
5.0152
32.07
0.8619
6.2237
29.04
0.8014
11.867

𝜎0
36.65
0.9187
2.7045
33.67
0.8684
4.4826
32.79
0.8566
4.9677
29.38
0.7998
7.7156

OURS
34.59
0.9264
2.0317
31.27
0.8859
4.8925
30.19
0.8681
7.0077
26.83
0.7952
18.802

𝜎0
35.36
0.9336
2.2577
32.22
0.8933
4.9312
31.22
0.8775
6.3980
27.77
0.8024
15.218

House
SOS
36.65
0.9163
2.8983
33.69
0.8657
4.9408
32.80
0.8555
5.5707
29.42
0.8057
8.3724
Average
SOS
35.37
0.9326
2.3968
32.24
0.8926
5.3018
31.23
0.8775
6.9482
27.82
0.8075
15.594

OURS
36.65
0.9220
2.0538
33.67
0.8663
5.0619
32.85
0.8558
5.9420
29.79
0.8159
9.3492
OURS
35.37
0.9338
1.8065
32.25
0.8934
4.7934
31.28
0.8793
6.7523
28.07
0.8189
14.895

Finally, we use DSI (the Matlab realization of the DSI metric are available at http://ponomarenko.info/flt.htm.) which
obtains the largest spearman rank order correlation coefficient values to mean opinion scores to evaluate the visual
quality of the denoised images. According to the results
present in Tables 3 and 4, the proposed Algorithm 2 obtained
lower average DSI value for each denoiser on the considering
datasets in most case.
4.2.2. Detail Contrast. In this section, we compare the performance of considered denoising algorithms in preserving
image details. Figure 5 shows the fragments of noisy (𝜎 = 25)
Baboon image and the corresponding images denoised by
different denoisers. The first row is the original image and
its noisy version. The second row shows the denoised result
corresponding to different parameters: exact 𝜎, SOS, and 𝑜𝑢𝑟𝑠
by using the denoiser BM3D. The third row is the denoised
result obtained by the denoiser BM3D-SAPCA. The enlarge
fragments in each subfigure are helpful for demonstrating
the good quality of the denoised images of faithful detail
preservation. Figures 5(f) and 5(i) show more details close to
the original image.
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Table 2: Comparison among the denoising results (PSNR, SSIM, and DSI) of BM3D-SAPCA and the proposed algorithm.

𝜎
10

20

25

50
𝜎
10

20

25

50

Forman
SOS
37.54
0.9397
2.0052
34.62
0.9060
3.8614
33.77
0.8935
4.3223
30.50
0.8430
5.7885
Fingerprint
SOS
32.66
0.9704
0.7795
28.96
0.9329
7.1170
27.83
0.9146
12.163
24.55
0.8360
39.1979

𝜎0
37.52
0.9396
1.8436
34.62
0.9054
3.4477
33.69
0.8917
3.8153
30.32
0.8402
5.2345
𝜎0
32.64
0.9703
0.7503
28.94
0.9328
6.8078
27.81
0.9145
11.629
24.53
0.8354
36.143

OURS
37.54
0.9398
1.5171
34.68
0.9055
3.8084
33.81
0.8935
4.5121
30.71
0.8497
7.3369
OURS
32.69
0.9706
0.8502
29.00
0.9329
7.4005
27.86
0.9135
13.8800
24.48
0.8286
52.0200

BM3D-SAPCA(𝜆 = 0.635; 𝑐 = 0.472)
Lena
𝜎0
SOS
OURS
36.02
36.05
36.02
0.9168
0.9168
0.9166
3.0206
3.2788
3.2277
33.19
33.23
33.19
0.8796
0.8804
0.8808
4.9624
5.5129
5.5065
32.22
32.22
32.23
0.8644
0.8656
0.8659
5.9266
6.5503
6.8346
29.05
29.09
29.26
0.8022
0.8053
0.8080
9.6687
10.7764
13.6531
Peppers
𝜎0
SOS
OURS
34.94
34.95
34.96
0.9284
0.9284
0.9280
2.2488
2.4581
3.2900
31.55
31.56
31.59
0.8868
0.8875
0.8884
5.3362
5.9814
5.9419
30.43
30.44
30.49
0.8692
0.8699
0.8706
7.2262
7.8891
8.0591
27.00
27.05
27.06
0.7945
0.7982
0.8005
16.5315
17.2333
20.4961

𝜎0
37.01
0.9274
2.2578
33.90
0.8727
4.6415
32.96
0.8588
5.4209
29.53
0.8045
7.5772
𝜎0
35.63
0.9365
2.0242
32.44
0.8955
5.0391
31.42
0.8797
6.8035
28.09
0.8154
15.031

House
SOS
36.95
0.9268
2.4728
33.91
0.8719
5.0781
32.92
0.8581
6.0023
29.63
0.8095
7.9921
Average
SOS
35.63
0.9364
2.1989
32.46
0.8957
5.5102
31.44
0.8803
7.3855
28.16
0.8184
16.198

OURS
37.01
0.9279
2.2514
33.92
0.8735
5.0674
33.02
0.8585
6.1307
29.88
0.8162
9.72155
OURS
35.64
0.9366
2.2273
32.48
0.8962
5.5449
31.48
0.8804
7.8833
28.28
0.8206
20.646

Table 3: Comparison of average improvement between SOS and Algorithm 2 on SIPTD dataset.
BM3D
PSNR
𝜎
SOS
Ours

10
0.01
0.01

20
0.01
0.03

SOS
Ours

0.0005
0.0007

0.0002
0.0003

SOS
Ours

0.1390
-0.4513

0.3705
-0.1379

25
0.01
0.06

50
0.05
0.30

10
0.01
0.27

0.0009
0.0018

0.0051
0.0165

0.0001
0.0202

0.5502
0.3543

0.3759
-0.3234

0.1747
0.2031

SSIM

DSI

Figure 6 shows the fragments of noisy (𝜎 = 20)
fingerprint image and the corresponding images denoised
by different denoisers. According to Figure 6, our approach
outperforms BM3D, SOS, and BM3D-SAPCA, numerically
and visually.
Fragments of noisy (𝜎 = 50) and denoised Foreman are
shown in Figure 7. For this relatively high level of noise, the
proposed Algorithm 2 attains a good preservation of sharp

BM3D-SAPCA
PSNR
20
25
0.02
0.02
0.22
0.01
SSIM
0.0003
0.0006
0.0193
0.0001
DSI
0.4710
0.5819
0.5058
1.0797

50
0.07
0.04
0.0031
0.0008
1.1667
5.6146

details, such as the lines on the wall in Foreman image.
Meanwhile the smooth regions, such as the hat in Foreman
image, are also of a good preservation. All the denoised
images obtained by using the proposed Algorithm 2 have the
fewest disturbing artifacts.
4.2.3. Computational Time. We discuss the efficiency of the
proposed algorithm in this section. SOS and Algorithm 2 in
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Table 4: Comparison of average improvement between SOS and Algorithm 2 on MeasTex-grass dataset.
BM3D
PSNR

𝜎
SOS
Ours

10
0.01
0.01

20
0.01
0.02

25
0.01
0.05

50
0.03
0.24

10
0.01
0.01

0.0009
0.0018

0.0051
0.0165

0.0001
0.0001

0.5502
0.3543

0.3759
-0.3234

0.0393
-0.1778

SSIM
SOS
Ours

0.0005
0.0007

0.0002
0.0003

SOS
Ours

0.1390
-0.4513

0.3705
-0.1379

DSI

BM3D-SAPCA
PSNR
20
25
0.02
0.02
0.04
0.06
SSIM
0.0003
0.0006
0.0008
0.0007
DSI
0.3872
0.6542
-0.4219
-0.1181

50
0.07
0.19
0.0031
0.0052
1.2431
4.9756
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Figure 4: The comparing of stopping criterion. (a) The smallest NIQE value gives the optimal PSNR. (b) The smallest |𝑥𝑘+1 − 𝑥𝑘 | does not
give the optimal PSNR.

this paper need several iterations during the denoising application because these two algorithms may cost more time than
the initial denoiser. Table 5 shows the results of computational
time between SOS and Algorithm 2. Compared with SOS
algorithm, Algorithm 2 has a certain advantage in processing
time for higher noise level while BM3D is selected as the
denoiser. According to the results presented in Table 5, the
processing time of Algorithm 2 in this paper is lower than
SOS for each noise level when the denoiser BM3D-SAPCA
is used. Furthermore, the average processing time spent per
image of Algorithm 2 is less than that of SOS.

5. Conclusion and Discussion
In this paper, we proposed a new adaptive boosting denoising
algorithm by plugging an accurate noise level estimation.
Experience shows that the algorithm can improve performance of denoising algorithm which depended on noise level

and can also keep the image’s edges and detail information
well. Though it is a convenient tool for improving various
denoising algorithm, there are still serval directions that we
are interested in future works. Firstly, in order to get optimal
output image, we use NIQE algorithm to assess the quality of
output image x𝑘 . When 𝐷𝑛𝑖𝑞𝑒(x𝑘 ) are no longer decreasing,
the final result of Algorithm 2 is given by (x𝑘+1 ). Figure 4(a)
shows the result; the highest PSNR is obtained when 𝐷𝑛𝑖𝑞𝑒 (x𝑘 )
first increase. By using Theorem 11, a straightforward stopping
criterion (|̂x𝑘+1 − x̂𝑘 | is sufficiently small) can be obtained.
Although this straightforward stopping criterion avoid the
output of Algorithm 2 back to y, the PSNR does not always
increase when |̂x𝑘+1 − x̂𝑘 | decrease. Figure 4(b) shows the
relationship between PSNR and |̂x𝑘+1 −̂x𝑘 | with 𝑘; the smallest
|̂x𝑘+1 − x̂𝑘 | does not give the optimal PSNR. Compared with
Figure 4(a) and 4(b), we can find that the stopping rule in
Algorithm 2 is helpful for determining the optimal numbers
of iterations. Secondly, there are two main parameters 𝜆 and
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(a) Original image

(b) Clean patch

(c) Noise patch

(d) BM3D, 𝜎0 , 25.43

(e) BM3D, SOS, 25.40

(f) BM3D, ours, 25.50

(g) BM3D-SAPCA, 𝜎0 , 25.68

(h) BM3D-SAPCA, SOS, 25.66

(i) BM3D-SAPCA, ours, 25.73

Figure 5: Visual and PSNR comparisons between standard denoising and proposed method of a 120 × 120 cropped region from noisy image
Baboon (𝜎 = 25). (a, b, c) are the original image and its noisy version, and (d–i) are the results when using the denoisers BM3D and BM3DSAPCA, respectively.
Table 5: Comparison of computational time (second) between SOS and Algorithm 2.

𝜎
SOS
OURS

10
8.47
9.92

SOS
OURS

181.3
118.0

SIPID dataset
BM3D
20
25
8.95
9.05
10.73
11.11
BM3D-SAPCA
175.3
169.9
112.7
110.8

50
14.66
10.89

Ave.
11.43
10.10

10
15.53
15.92

253.5
133.0

202.4
114.3

234.8
268.5

MeasTex-grass dataset
BM3D
20
25
50
17.22
17.87
29.56
19.62
20.82
22.68
BM3D-SAPCA
310.3
285.4
456.3
242.9
228.8
290.6

Ave.
22.13
19.16
363.2
248.6
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(a) Original image

(b) Clean patch

(c) Noise patch

(d) BM3D, 𝜎0 , 28.81

(e) BM3D, SOS, 28.81

(f) BM3D, ours, 28.82

(g) BM3D-SAPCA, 𝜎0 , 28.94

(h) BM3D-SAPCA, SOS, 28.96

(i) BM3D-SAPCA, ours, 29.00

Figure 6: Visual and PSNR comparisons between standard denoising and proposed method of a 120 × 120 cropped region from noisy image
fingerprint (𝜎 = 20). (a, b, c) are the original image and its noisy version and (d–i) are the results when using the denoisers BM3D and
BM3D-SAPCA, respectively.

𝑐 in the boosting method. How to select these parameters for
optimal denoising results needs further research. Finally, we
hope that other image restoration problems, such as image
deblurring/inpainting, can use similar embedding method.
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(a) Original image

(b) Clean patch

(c) Noise patch

(d) BM3D, 𝜎0 , 30.04

(e) BM3D, SOS, 30.13

(f) BM3D, ours, 30.18

(g) BM3D-SAPCA, 𝜎0 , 30.32

(h) BM3D-SAPCA, sos, 30.50

(i) BM3D-SAPCA, ours, 30.71

Figure 7: Visual and PSNR comparisons between standard denoising and proposed method of a 120 × 120 cropped region from noisy image
Foreman (𝜎 = 50). (a, b, c) are the original image and its noisy version and (d–i) are the results when using the denoisers BM3D and BM3DSAPCA, respectively.
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Ensemble methods, such as the traditional bagging algorithm, can usually improve the performance of a single classifier. However,
they usually require large storage space as well as relatively time-consuming predictions. Many approaches were developed to
reduce the ensemble size and improve the classification performance by pruning the traditional bagging algorithms. In this article,
we proposed a two-stage strategy to prune the traditional bagging algorithm by combining two simple approaches: accuracy-based
pruning (AP) and distance-based pruning (DP). These two methods, as well as their two combinations, “AP+DP” and “DP+AP”
as the two-stage pruning strategy, were all examined. Comparing with the single pruning methods, we found that the two-stage
pruning methods can furthermore reduce the ensemble size and improve the classification. “AP+DP” method generally performs
better than the “DP+AP” method when using four base classifiers: decision tree, Gaussian naive Bayes, K-nearest neighbor, and
logistic regression. Moreover, as compared to the traditional bagging, the two-stage method “AP+DP” improved the classification
accuracy by 0.88%, 4.06%, 1.26%, and 0.96%, respectively, averaged over 28 datasets under the four base classifiers. It was also
observed that “AP+DP” outperformed other three existing algorithms Brag, Nice, and TB assessed on 8 common datasets. In
summary, the proposed two-stage pruning methods are simple and promising approaches, which can both reduce the ensemble
size and improve the classification accuracy.

1. Introduction
Aiming at improving the predictive performance, ensemble
methods with bagging [1] and boosting [2, 3] as representatives are in general constructed with a linear combination
of a set of fitting models, instead of a single fit of a base
classifier or learner [4, 5]. It is well known that an ensemble
is usually much more accurate than a single (weaker) learner
[1, 6, 7]. Numerous fitting models are generated to reduce the
classification error as small as possible with a large ensemble
size [8]. As a result, this potentially requires large space
for storing the ensemble models, which are often relatively
often time-consuming for practical application [9]. On the
other hand, these drawbacks can be resolved by removing
a part of base classifiers (learners or models) from the
original ensemble without loss of predictive performance,
which is called ensemble pruning [9–13]. An obvious benefit
of ensemble pruning is to fit a relatively small-scale ensemble,

which can not only reduce the storage space and improve the
computational efficiency, but also increase the generalization
of the pruned ensemble when compared with the original one
[5].
The traditional bagging algorithm (also known as bootstrap aggregating) [1], as representatively the simplest ensemble method, is composed of two key ingredients, bootstrap
and aggregation. Specifically, a number of data subsets for
training base learners are independently generated from the
original training dataset using the bootstrap sampling [14]
with replacement. Then, the bagging algorithm aggregates
the outputs of all base learners using voting strategy for
classification tasks [5]. Although different sampling strategies
have been proposed, for instance, neighborhood sampling in
bagging [15], they always lead to large space requirement for
storing the base learners and time-consuming computational
cost for predictions. In the past decade, therefore, several
studies have drawn attention to the bagging pruning for
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reducing the ensemble size as well as retaining or improving
the classification performance [16]. For example, Hothorn
and Lausen (2003) [17] proposed a double-bagging method to
deal with the problems of variable and model selection bias.
This approach combined linear discriminant analysis and
classification trees to generate ensemble machines. Furthermore, Zhang et al. (2009) [10] extended their work by using
boosting to prune the double-bagging ensembles. Zhang
and Ishikawa (2007) [18] used a hybrid real-coded genetic
algorithm to prune the bagging ensemble. Hernández-Lobato
et al. (2011) adopted either semidefinite programming or
ordered aggregation strategies to identify an optimal subset of
regressors in a regression bagging ensemble. Xie et al. (2012)
[8] introduced an ensemble pruning method, called MADBagging. It utilized the margin distribution based classification loss as the optimization objective. Chung and Kim
(2015) [19] suggested a PL-bagging method that employed
positive Lasso to assign weights to base learners in the
combination step. Over recent years, Galar et al. (2016) [20]
designed an ordering-based ensemble pruning for imbalanced datasets. Zhang et al. (2017) [21] introduced a novel
ensemble pruning techniques called PST2E to obtain smaller
but stronger variable selection ensembles. Jiang et al. (2017)
[22] proposed a novel strategy of pruning forest to enhance
ensemble generalization ability and reduce ensemble size.
Onan et al. (2017) [23] proposed a hybrid ensemble pruning
approach based on consensus clustering and multiobjective
evolutionary algorithm. Guo et al. (2018) [24] presented
a margin and diversity based ordering ensemble pruning.
Although these pruning methods for bagging can improve
the performance of the traditional bagging, the majority of
them are relatively complicated and not intuitive for practical
use. Furthermore, there are even no suitable model (learner)
selections for unknown samples with specificity.
In this work, we proposed a two-stage bagging pruning
approach, which is actually composed of two independent
methods: accuracy-based pruning (AP) and distance-based
pruning (DP). These two methods can be performed by a
combination way in any order that finally comprised the
two-stage strategy. The former, i.e., the AP procedure, used
similar rule as the nice bagging [25] and the trimmed bagging
[26] by excluding the worst classifiers and aggregated the
rest. Specially, for all models established in the traditional
bagging, those base models that had the highest prediction
performance measured using accuracy (or the lowest error
rates) validated on their out-of-bag samples were selected and
retained. For the latter, i.e., the DP procedure, we utilized
the specificity of a test sample to select a part of fitting
models in the ensemble. This kind of specificity is simply
measured as the Euclidean distance between the test sample
and the center of the out-of-bag samples corresponding to
each model in the traditional bagging. The models closer
to the test sample (with smaller distance values) were collected to establish the final ensemble for label prediction.
Unlike other existing pruning methods, we adopted these
two simple and intuitive rules to implement the two-stage
bagging pruning strategy aiming at building a novel ensemble
method with reduced ensemble size and higher prediction
performance.
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The remainder of this paper is organized as follows:
Section 2 briefly introduced traditional bagging algorithms
and measures to evaluate the classification performance.
Section 3 described our proposed algorithms for the bagging
pruning methods. In Section 4, experimental results and
analysis were reported on twenty-eight real datasets. The
conclusion was drawn in Section 5.

2. Preliminaries
In this section, we first introduce the traditional bagging
algorithm as well as some basic concepts including accuracy,
relative improvement, and cross validation for classification
task.
2.1. Traditional Bagging Algorithm. Ensemble learning refers
to a combination of several relatively weak classifiers to
produce a stronger classifier, which can ensure the diversity
of weak classifiers and improve the generalization ability.
Bagging is one of the basic algorithms for ensemble learning
[27], which usually can effectively realize the advantage of an
ensemble model [28, 29].
The traditional bagging algorithm is composed of two key
ingredients, i.e., bootstrap and aggregation. Firstly, a number
of subsets are randomly and independently sampled from the
original training set using bootstrap sampling strategy [14]
with replacement. Secondly, the bagging algorithm aggregates the outputs of all base models using a voting strategy
for classification task [5]. The algorithm for the traditional
bagging is briefly described as Algorithm 1. Suppose that the
training set for a C-class classification problem is given as 𝐷 =
{(𝑥𝑖 , 𝑦𝑖 ) | 𝑥𝑖 ∈ 𝑅𝑑 , 𝑦𝑖 ∈ {1, 2, . . . , 𝐶}, 𝑖 = 1, 2, . . . , 𝑁}, where
(𝑥𝑖 ,𝑦𝑖 ) represents a sample encoded by the 𝑑-dimensional
feature vector 𝑥𝑖 with class label 𝑦𝑖 , and 𝑁 is the number of
samples in the training set. In addition, assume that 𝐸𝑆 is
the original ensemble size which equals to the number of the
sampled subsets as well as the number of base classifiers, 𝐿
is the base classifier, 𝐵 represents the ensemble model built
with the bagging algorithm, and 𝐵𝑜𝑜𝑡𝑠𝑡𝑟𝑎𝑝 (𝐷) returns a
bootstrapped subset generated from the original training set
𝐷.
2.2. Performance Evaluation. To evaluate the prediction performance of the proposed pruning methods, we adopted two
measures accuracy and relative improvement to assess the
classification results.
2.2.1. Accuracy. When a model trained based on a training
set is applied to predict a test set, the following measure,
called accuracy defined as follows, is used to assess the total
classification performance on the test set:
𝐴𝑐𝑐 =

𝐶𝑜𝑟𝑟𝑒𝑐𝑡𝑙𝑦 𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑎𝑚𝑝𝑙𝑒𝑠
𝑡𝑜𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑎𝑚𝑝𝑙𝑒𝑠
× 100%

(1)
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Input: 𝐷-training set, 𝐸𝑆- number of the sampled subsets or base models, 𝐿- base learner
Output: 𝑀-a set of base models, 𝐵- bagging ensemble
1 Initialize 𝑀 = 0.
2 for 𝑖 ∈ {1, 2, . . . , 𝐸𝑆} do:
3
Randomly generate a subset 𝐷𝑖 = 𝐵𝑜𝑜𝑡𝑠𝑡𝑟𝑎𝑝(𝐷)
4
Base model 𝑚𝑖 = 𝐿(𝐷𝑖 ) is established using base classifier 𝐿 trained on the subset 𝐷𝑖
5
𝑀 = 𝑀 ∪ {𝑚𝑖 }
6 The outcome 𝐵(𝑥) of a test sample 𝑥 predicted by the ensemble model 𝐵 is given as follows:
𝐵(𝑥) = majority class in {𝑚𝑖 (𝑥)}𝑖=1,2,...,𝐸𝑆
Algorithm 1: Traditional bagging algorithm.

2.2.2. Relative Improvement. In this work, we proposed four
types of pruning algorithms to reduce the ensemble size
and improve the classification performance of the original
bagging. We also compared our methods with other three
variations of bagging algorithms in Section 4.4. To gain a
consistent comparison among these variations or pruned
bagging methods, we utilized the same measure as in Croux
et al. (2007) [26], called relative improvement. It was defined
in terms of the error rate (ER) as follows:
𝑅𝑒𝑙𝑎𝑡𝑖V𝑒 𝑖𝑚𝑝𝑟𝑜V𝑒𝑚𝑒𝑛𝑡
=

𝐸𝑅𝑡𝑟𝑎𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑏𝑎𝑔𝑔𝑖𝑛𝑔 − 𝐸𝑅𝑝𝑟𝑢𝑛𝑒𝑑 𝑏𝑎𝑔𝑔𝑖𝑛𝑔
𝐸𝑅𝑡𝑟𝑎𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑏𝑎𝑔𝑔𝑖𝑛𝑔

× 100%

(2)

where 𝐸𝑅𝑡𝑟𝑎𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑏𝑎𝑔𝑔𝑖𝑛𝑔 means the error rate of the traditional bagging, which is actually equal to 1- Acc. Sometimes,
the performance improvement can also be computed as
the relatively accuracy improvement of the pruned bagging
with respect to the traditional bagging for comparison and
evaluation:
𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 𝑖𝑚𝑝𝑟𝑜V𝑒𝑚𝑒𝑛𝑡
=

𝐴𝑐𝑐𝑝𝑟𝑢𝑛𝑒𝑑 𝑏𝑎𝑔𝑔𝑖𝑛𝑔 − 𝐴𝑐𝑐𝑡𝑟𝑎𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑏𝑎𝑔𝑔𝑖𝑛𝑔
𝐴𝑐𝑐𝑡𝑟𝑎𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑏𝑎𝑔𝑔𝑖𝑛𝑔

× 100%

(3)

Consequently, in this work, relative improvement is
referred to the definition in terms of error rate and accuracy
improvement means the relative increase on accuracy.
2.2.3. Cross Validation. To avoid the overfitting problem
in the computational simulations, we used cross validation
method to verify the performance of the classifiers or the
proposed pruning algorithms. Cross validation [30, 31] is
a procedure that divides the training dataset into several
subsets and that has three categories [32]: hold-out, K-fold
cross validation, and leave-one-out cross validation. However, the way using hold-out is not entirely convincing [33, 34]
and the procedure using leave-one-out cross validation is
time-consuming for large-scale datasets [33]. Thus, in this
work, we adopted K-fold cross validation to evaluate the
classification performance of the proposed bagging pruning
methods. The K-fold cross validation divides the original
dataset into K subsets with even number of samples. Then

one subset is used for test and all the remaining subsets
are combined as a training dataset. Repeat such procedure
for each subset and calculate the classification performance
in each fold. The average accuracy over K folds is finally
computed as the classification performance of the proposed
method. In this work, fivefold cross validation was applied to
all computational experiments.

3. Two-Stage Pruning Algorithms for Bagging
We presented two-stage pruning methods according to certain rules to reduce the ensemble size of the traditional
bagging algorithm. The proposed two-stage pruning methods
are composed of two individual pruning procedures with
different rules. The first one is accuracy based, denoted by
AP stage, and the second is distance based, named as DP
stage. The combinations of these two pruning approaches,
called two-stage pruning methods, can be in two forms, i.e.,
“AP+DP” and “DP+AP”. The form “AP+DP” means that
the traditional bagging is firstly pruned using the (accuracybased) AP pruning method and then DP pruning (distance
based) is furthermore performed to reduce the subset of
base models derived by AP pruning stage, vice versa for
“DP+AP”. The flow diagrams of the two-stage pruning
methods “AP+DP” and “DP+AP” were depicted in Figures
1(a) and 1(b), respectively. In this section, we described the
algorithms for all of these pruning methods, including AP,
DP, “AP+DP”, and “DP+AP”.
3.1. Accuracy-Based Pruning Method (AP). The AP procedure
adopted similar reduction rule as nice bagging (Nice) [25]
and trimmed bagging (TB) [26] in which only good or “nice”
bootstrap versions of the base models validated on out-ofbag samples were aggregated. Specially, those base models
generated in the traditional bagging, which performed better
than the rest ones according to certain decile value 𝑡𝑎, were
retained to comprise the final reduced set of base models.
The main difference among AP, Nice and TB is that different
threshold strategy is used to aggregate the “nice” base models.
The AP procedure in detail was described as Algorithm 2.
Briefly, we firstly collect the subsets of out-of-bag samples
for each base model 𝑚𝑖 in the traditional bagging, named as
𝑂𝐵𝑖 = 𝐷 −𝐷𝑖 (𝑖 = 1, 2, .., 𝐸𝑆). Then the accuracy 𝐴𝐶𝑖 for each
base model 𝑚𝑖 tested on the subset 𝑂𝐵𝑖 (𝑖 = 1, 2, . . . , 𝐸𝑆) was
calculated. The decile value 𝑡𝑎 can be viewed as a parameter
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An ensemble of base models
generated by the traditional bagging

An ensemble of base models
generated by the traditional bagging

Accuracy based pruning(AP)

Distance based pruning(DP)

Distance based pruning(DP)

Accuracy based pruning(AP)

A reduced subset of base models

A reduced subset of base models

(a) “AP+DP”

(b) “DP+AP”

Figure 1: The flow diagrams of the proposed two-stage ensemble pruning methods: (a) “AP+DP” and (b) “DP+AP”.

Input: 𝐷-training set, {𝐷𝑖 }-bootstrap subsets from 𝐷, 𝐸𝑆- number of base models or subsets, {𝑚𝑖 }- a set of base models
Output: 𝑅𝑀-a reduced set of base models, 𝑃𝐵- a pruned bagging ensemble
1 Initialize 𝑅𝑀 = 0.
2 Collect the subsets of out-of-bag samples as 𝑂𝐵𝑖 = 𝐷 − 𝐷𝑖 , 𝑖 = 1, 2, .., 𝐸𝑆.
3 Calculate the accuracy 𝐴𝐶𝑖 for each base model 𝑚𝑖 tested on the 𝑂𝐵𝑖 , 𝑖 = 1, 2, . . . , 𝐸𝑆.
4 Given a parameter 𝑡𝑎 ∈ {0, 1, 2, . . . , 9}, compute the threshold 𝑇, which is the 𝑡𝑎-th decile value of the set
{𝐴𝐶𝑖 | 𝑖 = 1, 2, . . . , 𝐸𝑆}
5 for 𝑖 ∈ {1, 2, . . . , 𝐸𝑆} do:
6
if 𝐴𝐶𝑖 ≥ 𝑇:
7
𝑅𝑀 = 𝑅𝑀 ∪ {𝑚𝑖 }
8 The outcome 𝑃𝐵(𝑥) of a test sample 𝑥 predicted by the pruned ensemble 𝑃𝐵 is given as follows:
𝑃𝐵(𝑥) = majority class in {𝑏𝑚(𝑥) | 𝑏𝑚 ∈ 𝑅𝑀}
Algorithm 2: Accuracy based pruning for bagging algorithm.

that takes integer values in {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}. If 𝐴𝐶𝑖 is
less than a threshold 𝑇, which is calculated as the 𝑡𝑎-th decile
value of the set 𝐴𝐶 = {𝐴𝐶𝑖 | 𝑖 = 1, 2, . . . , 𝐸𝑆}, the base model
𝑚𝑖 is then removed from the original bagging ensemble. For
example, 𝑇 equals the 30th percentile when 𝑡𝑎 = 3. For a
given parameter 𝑡𝑎, it is easy to know that ⌊(𝑡𝑎/10) × 𝐸𝑆⌋ base
models will be excluded out of the original ensemble and the
size of the reduced classifier set is equal to 𝐸𝑆−⌊(𝑡𝑎/10)×𝐸𝑆⌋.
3.2. Distance-Based Pruning Method (DP). This DP method
is based on the distance of the test sample to the center of the
out-of-bag sample set 𝑂𝐵𝑖 associated with base model 𝑚𝑖 . The
procedure was in detail presented in Algorithm 3. Briefly, we
first computed the center of an out-of-bag sample set 𝑂𝐵𝑖 as
follows:
𝐶𝑖 =

1
∑ 𝑝,
𝑛𝑖 𝑝∈𝑂𝐵

𝑖 = 1, 2, . . . , 𝐸𝑆

(4)

𝑖

where 𝑛𝑖 = |𝑂𝐵𝑖 | is the size of the out-of-bag sample set 𝑂𝐵𝑖 .
For any new test sample 𝑥, the Euclidean distance 𝑑𝑖 from the

test sample 𝑥 to each center of 𝑂𝐵𝑖 was calculated as


𝑑𝑖 = 𝑥 − 𝐶𝑖 

(5)

Similarly as the AP procedure, the selection of base models was executed according to a decile parameter 𝑡𝑑 ∈
{1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. If 𝑑𝑖 is larger than a threshold 𝑇,
which is calculated as the 𝑡𝑑-th decile in the set 𝐷𝐼𝑆 = {𝑑𝑖 |
𝑖 = 1, 2, .., 𝐸𝑆}, the base model 𝑚𝑖 will be excluded out of the
original bagging ensemble; otherwise, it will be retained.
3.3. Two-Stage Pruning on the Bagging Algorithm. The above
two individual pruning methods, including AP and DP
procedures, can be carried out in a combination way, called
two-stage pruning. There are two ways for combining AP
and DP procedures. One combination firstly applies the AP
stage to prune the traditional bagging algorithm, and then
the DP stage was performed to further prune the reduced
set of base models generated by the AP procedure, which is
denoted by “AP+DP”. The other one is similar but the two
methods AP and DP were mixed in an opposite way, named
as “DP+AP”. The algorithms for “AP+DP” and “DP+AP” are
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Table 1: List of 28 datasets from UCI Machine Learning Repository and their brief descriptions.
Abbr.
Aba
Adult
Aus
Bcw
Bld
Cmc
Col
Cre
Der
Ger
Gla
Hea
Hep
Ion
Kr-vs-kp
Mam
Pid
Spe
Tel
Veh
Vot
Vow
Yea
Spambase
Tictacto
Wdbc
Wpbc
Spect

Name of the dataset
Abalone
Adult
Australian Credit
Breast cancer Wisconsin
Liver Disorders
Contraceptive Method Choice
Horse Colic
Credit Approval
Dermatology
German Credit
Glass
Statlog(Heart)
Hepatitis
Ionosphere
Chess End-Game
Mammographic Mass
Pima Indians Diabetes
SPECTF heart
MAGIC gamma telescope
Vehicle Silhouettes
Congressional Voting Records
Vowel Recognition
Protein Localization Sites
SPAM E-MAIL
Tic-Tac-Toe Endgame
Wisconsin Diagnostic Breast Cancer
Wisconsin Prognostic Breast Cancer
SPECT Heart

#Ins.
4177
48842
690
699
345
1473
368
690
366
1000
214
270
155
351
3196
961
769
267
19020
846
435
990
1484
4601
958
569
198
267

#C
3
2
2
2
2
3
2
2
6
2
6
2
2
2
2
2
2
2
2
4
2
11
10
2
2
2
2
2

#V
8
14
14
10
6
9
27
15
34
24
9
13
19
34
36
5
8
44
10
18
16
10
8
57
9
30
31
22

Note. #Ins., #C, and #V mean the number of instances, the number of classes, and the number of variables for the dataset, respectively.

Input: 𝐷-training set, {𝐷𝑖 }- subsets sampled from 𝐷, {𝑚𝑖 }- a set of base models, 𝐸𝑆- number of base models
or subsets, 𝑥-feature vector representing a test sample
Output: 𝑅𝑀-a reduced set of base models, 𝑃𝐵- a pruned bagging ensemble
1 Collect the subsets of out-of-bag samples as 𝑂𝐵𝑖 = 𝐷 − 𝐷𝑖 , 𝑖 = 1, 2, .., 𝑚𝑎𝑥𝑖𝑡𝑒𝑟.
2 Calculate the center of each 𝑂𝐵𝑖 as 𝐶𝑖 , 𝑖 = 1, 2, .., 𝑚𝑎𝑥𝑖𝑡𝑒𝑟
3 Calculate the Euclidean distance 𝑑𝑖 = ‖𝑥 − 𝐶𝑖 ‖ from the test sample 𝑥 to each center of 𝑂𝐵𝑖 , 𝑖 = 1, 2, . . . , 𝐸𝑆.
4 Given a parameter 𝑡𝑑 ∈ {1, 2, . . . , 10}, compute the threshold 𝑇, which is the td-th decile value of the set
𝐷𝐼𝑆 = {𝑑𝑖 | 𝑖 = 1, 2, .., 𝐸𝑆}
5 Initialize 𝑅𝑀 = 0.
6 for 𝑖 ∈ {1, 2, . . . , 𝐸𝑆} do:
7
if 𝑑𝑖 ≤ 𝑇:
8
𝑅𝑀 = 𝑅𝑀 ∪ {𝑚𝑖 }
9 The outcome 𝑃𝐵(𝑥) of a test sample 𝑥 predicted by the pruned ensemble 𝑃𝐵 is given as follows:
𝑃𝐵(𝑥) = majority class in {𝑏𝑚(𝑥) | 𝑏𝑚 ∈ 𝑅𝑀}
Algorithm 3: Distance based pruning for bagging algorithm.

described in Algorithms 4 and 5, respectively. Additionally,
the number of base models in the reduced set 𝑅𝑀 generated
by the first stage whatever it is AP or DP was denoted by 𝑃,
and the corresponding index set of the base models in 𝑅𝑀
with respect to the original set was named as {𝑖1 , 𝑖2 , . . . , 𝑖𝑃} =
{𝑖 | 𝑚𝑖 ∈ 𝑅𝑀}.

4. Analysis of Experimental Results
In order to evaluate the proposed bagging pruning methods,
including AP, DP, “AP+DP”, and “DP+AP” procedures,
we collected 28 real datasets from UCI Machine Learning
Repository [35] to implement the computational experiments
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Table 2: Comparison of the classification performance on the 28 datasets between the single classifier DT, bagging using DT as the base
learner, and the proposed corresponding pruning methods including AP, DP, “AP+DP” and “DP+AP”. The values in parentheses represent
the optimized parameters ta for AP, td for DP, and (ta, td) for “AP+DP” and “DP+AP” with the best classification performance achieved by
the corresponding pruning method.
Dataset
Aba
Adult
Aus
Bcw
Bld
Cmc
Col
Cre
Der
Ger
Gla
Hea
Hep
Ion
kr-vs-kp
Mam
Pid
Spe
Tel
Veh
Vot
Vow
Yea
Spambase
Tictacto
Wdbc
Wpbc
Spect

DT
49.44
81.06
80.00
93.99
62.32
47.32
82.88
77.68
94.26
67.60
68.22
72.59
77.42
89.17
99.28
75.23
68.79
71.54
81.65
68.68
93.56
79.90
48.58
91.57
88.31
92.62
61.11
72.66

Bagging
53.96
85.32
87.10
96.14
71.30
51.12
86.96
85.65
96.45
76.90
73.36
81.48
81.29
94.02
99.53
77.11
76.20
80.90
87.88
74.00
94.71
90.30
59.16
94.57
96.56
96.49
73.74
79.78

AP
54.61(1)
85.35(1)
87.39(2)
96.28(7)
71.88(7)
51.60(8)
86.96(0)
86.23(5)
96.45(3)
77.30(2)
73.36(9)
82.22(2)
82.58(9)
94.02(8)
99.53(6)
77.52(5)
76.46(3)
81.27(9)
87.94(1)
74.11(6)
95.40(3)
90.40(2)
60.44(6)
94.57(9)
96.56(3)
97.36(8)
75.25(6)
80.15(9)

by performing and comparing four types of base classifiers.
These datasets are listed in Table 1 with brief descriptions
about their names, the numbers of instances, classes, and
variables (features). The four types of base classifiers include
decision tree (DT), Gaussian naive Bayes (GNB), K-nearest
neighbors (KNN), and logistic regression (LR), which have
been already implemented in the machine learning platform,
called scikit-learn [36]. In addition, we adopted fivefold cross
validation on any dataset for the proposed pruning methods.
For the sake of the simplicity and the consistency, we set
the original ensemble size 𝐸𝑆 equal to 200 in the traditional bagging algorithm; i.e., 200 subsets were randomly
generated from the training dataset using bootstrap sampling
strategy.
4.1. Optimization of AP and DP Procedures. The parameter
𝑡𝑎 or 𝑡𝑑 with the highest accuracy may be varied with the
corresponding dataset. On each dataset, we adopted grid
search to optimize the parameters 𝑡𝑎 and 𝑡𝑑 of AP and DP
procedures, respectively. The value of 𝑡𝑎 in the AP procedure
is ranged from 0 to 9 with step size of 1, and the parameter

“AP+DP”
55.09(7,5)
85.35(1,10)
87.54(8,4)
96.42(3,7)
73.33(3,2)
52.48(8,5)
87.23(2,9)
86.67(2,5)
96.45(5,7)
77.30(2,10)
73.83(8,8)
82.22(2,10)
83.87(2,7)
94.59(2,3)
99.62(7,6)
77.94(7,3)
76.72(3,2)
82.40(8,3)
87.94(4,8)
75.89(4,2)
95.86(6,5)
90.81(1,9)
60.78(5,8)
94.61(9,7)
96.76(2,6)
97.36(8,8)
76.26(7,2)
81.27(8,4)

DP
54.68(7)
85.35(6)
87.10(10)
96.28(9)
73.62(3)
52.68(1)
87.50(7)
86.09(3)
96.72(1)
77.00(8)
74.30(4)
81.48(10)
83.23(2)
94.30(3)
99.53(10)
77.21(3)
76.59(5)
82.77(1)
87.94(7)
76.24(2)
95.86(3)
90.61(7)
60.11(7)
94.61(8)
97.18(6)
96.66(8)
74.24(1)
80.52(3)

“DP+AP”
54.68(2,7)
85.35(1,6)
87.10(0,10)
96.42(3,8)
73.62(0,3)
52.89(5,1)
87.50(1,7)
86.81(5,9)
96.72(5,1)
77.10(3,9)
74.30(5,4)
81.48(9,4)
83.87(5,6)
94.59(2,3)
99.56(9,2)
78.46(8,3)
76.72(2,1)
82.77(0,1)
87.97(2,7)
76.24(3,2)
95.86(1,3)
90.61(0,7)
60.11(9,7)
94.63(2,6)
97.18(1,6)
96.84(9,9)
76.26(8,5)
81.65(3,4)

𝑡𝑑 in the DP procedure is taken to be an integer from 1 to 10
with step size of 1. All possible values of the parameter 𝑡𝑎 and
𝑡𝑑 were examined with paying special attentions to cases in
which the accuracy values were achieved by the best.
In AP or DP procedure, given a base classifier on the same
dataset, different parameter 𝑡𝑎 (𝑡𝑎 ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9})
or 𝑡𝑑 (𝑡𝑑 ∈ {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}) may result in different
ensemble size as well as different accuracy value. For a given
base classifier, we examined the value of parameter 𝑡𝑎 or 𝑡𝑑
when the accuracy value was achieved by the highest. As
shown in Figure 2 for a given 𝑡𝑎 and Figure 3 for a given
𝑡𝑑, we counted the number of datasets where the accuracy
values were achieved by the best in AP and DP procedures,
respectively.
It can be observed that the AP procedure behaved the
best in the case of the parameter 𝑡𝑎 equal to 9. Specially, for
a parameter 𝑡𝑎 of 9, there are 5, 21, 7, and 14 datasets that the
best classification can be achieved when the types of the base
classifiers are DT, GNB, KNN, and LR, respectively. For any
integer 𝑡𝑎 less than 9, the corresponding amounts of datasets
on which the accuracy values are achieved by the highest were
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Table 3: Comparison of the classification performance on 28 datasets between the single classifier GNB, bagging using GNB as the base
learner, and the proposed corresponding pruning methods including AP, DP, “AP+DP”, and “DP+AP”. The values in parentheses represent
the optimized parameters ta for AP, td for DP, and (ta, td) for “AP+DP” and “DP+AP” with the best classification performance achieved by
the corresponding pruning method.
Dataset
Aba
Adult
Aus
Bcw
Bld
Cmc
Col
Cre
Der
Ger
Gla
Hea
Hep
Ion
kr-vs-kp
Mam
Pid
Spe
Tel
Veh
Vot
Vow
Yea
Spambase
Tictacto
Wdbc
Wpbc
Spect

GNB
51.59
81.52
79.57
93.56
54.78
48.54
36.68
80.43
88.25
72.70
39.72
84.07
58.71
89.46
62.58
78.67
75.03
69.66
72.66
43.85
94.48
67.68
14.42
81.72
69.62
93.85
62.12
55.43

Bagging
51.81
81.51
79.57
93.56
54.78
48.20
36.68
80.87
88.80
72.00
39.72
83.33
58.71
89.46
62.67
78.56
75.42
71.54
72.64
44.56
94.48
68.18
17.12
81.70
69.62
93.85
64.14
58.43

AP pruning

25
number of datasets

AP
52.21(9)
81.76(9)
80.58(8)
93.56(8)
61.16(9)
50.24(9)
38.86(9)
81.88(9)
91.80(9)
73.80(8)
51.40(9)
84.44(9)
67.74(9)
90.03(9)
64.99(8)
79.29(9)
75.81(9)
72.28(9)
72.77(9)
46.57(7)
94.71(9)
69.90(6)
44.00(9)
82.03(9)
70.67(9)
93.85(5)
67.17(9)
63.67(9)

20
15
10
5
0

0

1

2

3

4

5

6

7

8

9

ta
DT
GNB

KNN
LR

Figure 2: The distribution of the number of datasets with varying
parameter ta when the accuracy values were achieved by the highest
in the AP procedure.

all smaller than those of cases with 𝑡𝑎 equal to 9. When the
parameter 𝑡𝑎 is set to be 9, it means that 90% of all base models

“AP+DP”
52.55(9,1)
81.93(9,1)
80.58(8,10)
93.85(9,1)
62.03(9,1)
50.51(9,1)
45.65(9,1)
82.32(9,5)
95.36(9,1)
73.80(7,8)
53.74(9,8)
85.19(8,2)
69.03(9,1)
90.03(8,2)
64.99(8,6)
79.40(6,6)
76.59(9,4)
73.03(9,1)
72.87(9,3)
46.81(9,2)
94.71(9,4)
70.10(9,9)
44.34(9,8)
82.48(9,1)
70.67(9,10)
94.38(6,1)
71.72(9,1)
67.04(9,3)

DP
51.90(7)
81.52(2)
79.57(9)
93.56(4)
55.94(5)
48.74(6)
37.23(2)
81.01(2)
89.07(1)
72.20(9)
41.12(7)
84.44(2)
58.71(2)
90.03(8)
62.86(2)
78.77(4)
75.55(9)
71.91(3)
72.67(7)
44.56(10)
94.48(1)
68.18(9)
19.07(1)
81.72(3)
69.62(7)
94.02(2)
64.14(6,10)
60.30(2,10)

“DP+AP”
51.90(2,7)
81.89(9,1)
79.57(9,8)
93.71(9,1)
61.45(9,1)
48.88(8,2)
66.30(8,1)
82.32(9,6)
89.07(5,1)
74.00(8,9)
41.12(5,7)
85.19(5,2)
70.97(9,1)
90.31(9,4)
63.67(9,1)
79.29(6,6)
76.20(9,5)
74.91(9,1)
72.86(9,2)
44.92(7,6)
94.71(8,1)
68.18(0,9)
34.30(3,1)
82.42(9,3)
69.73(3,8)
94.20(9,1)
76.26(8,1)
62.17(9,3)

in the traditional bagging algorithm will be trimmed off. The
empirical results implied that the accuracy-based pruning
(AP) method tended to be able to reduce the ensemble size
by a large amount, especially for the GNB and LR classifiers.
Therefore, we can conclude that the AP pruning under any
type of the four base classifiers is an efficient method to reduce
the ensemble size of the traditional bagging.
Similarly, we also counted the number of the datasets with
the varying parameter 𝑡𝑑 where the accuracy values reached
the highest for the DP procedure. In general, the classification
performance was achieved by the best at a different parameter
𝑡𝑑 for different dataset, and four base classifiers including DT,
GNB, KNN, and LR showed distinct distributions about the
numbers of datasets on which the DP procedure performed
by the best. As can be observed from Figure 3, when the base
classifier type is DT and 𝑡𝑑 is set to be 3, there are 6 datasets
on which the classification performed the best; when the base
classifier type is GNB and 𝑡𝑑 equals 2, the best classification
can be achieved based on 9 datasets; when using KNN and
𝑡𝑑 to be 2 or 6, seven datasets were found on which the DP
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Table 4: Comparison of the classification performance on the 28 datasets between the single classifier KNN, bagging using KNN as the base
learner, and the proposed corresponding pruning methods including AP, DP, “AP+DP”, and “DP+AP”. The values in parentheses represent
the optimized parameters ta for AP, td for DP, and (ta, td) for “AP+DP” and “DP+AP” with the best classification performance achieved by
the corresponding pruning method.
Dataset
Aba
Adult
Aus
Bcw
Bld
Cmc
Col
Cre
Der
Ger
Gla
Hea
Hep
Ion
kr-vs-kp
Mam
Pid
Spe
Tel
Veh
Vot
Vow
Yea
Spambase
Tictacto
Wdbc
Wpbc
Spect

KNN
52.91
81.54
66.52
94.71
61.74
50.10
80.71
77.68
96.99
67.80
73.36
77.78
83.23
82.62
95.09
77.42
72.69
74.91
82.35
65.60
94.94
95.05
53.98
90.00
82.36
93.32
70.20
78.28

AP
53.60(7)
81.95(4)
67.83(2)
94.42(6)
64.64(9)
51.05(4)
82.07(3)
78.84(9)
97.27(7)
68.30(9)
75.70(1)
79.63(8)
81.94(4)
84.90(9)
96.31(7)
78.46(4)
73.60(8)
75.28(8)
83.00(3)
65.60(4)
94.94(9)
95.56(4)
56.74(3)
91.02(7)
84.34(9)
93.32(0)
72.73(9)
80.52(5)

8
6
4
2
0

1

2

3

4

5

6

7

8

9

DP
53.32(4)
81.97(8)
69.86(1)
94.28(8)
63.48(10)
50.51(4)
81.79(2)
78.99(4)
97.27(2)
68.00(2)
73.36(6)
78.89(6)
83.23(6)
82.91(1)
96.31(6)
79.08(2)
73.60(2)
75.28(2)
83.04(3)
66.08(6)
95.17(2)
95.66(6)
56.67(7)
90.94(6)
84.13(7)
93.32(9)
74.24(1)
81.27(1)

“DP+AP”
53.48(8,4)
81.99(4,9)
69.86(1,1)
94.56(5,8)
66.09(9,8)
50.64(8,5)
82.07(3,6)
79.71(9,5)
97.27(5,2)
68.80(7,2)
73.36(5,6)
80.37(9,4)
83.87(9,8)
84.33(9,8)
96.34(9,7)
79.50(5,3)
74.51(4,3)
76.40(8,1)
83.07(5,8)
66.08(3,6)
95.40(2,2)
95.66(0,6)
56.67(9,7)
91.15(6,3)
84.45(7,1)
93.32(7,1)
76.26(8,1)
81.65(9,1)
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td
DT
GNB

“AP+DP”
53.72(5,6)
81.98(4,9)
70.43(6,1)
94.42(6,3)
65.80(9,8)
51.26(1,8)
82.88(6,2)
79.13(3,5)
97.81(7,1)
68.90(6,2)
75.70(6,7)
80.00(9,5)
83.87(6,6)
84.90(9,10)
96.40(1,7)
79.29(3,2)
74.51(8,4)
76.40(8,4)
83.08(2,4)
66.90(9,3)
95.40(2,2)
95.66(2,6)
56.87(2,8)
91.22(9,8)
84.45(1,3)
93.50(4,8)
74.75(9,2)
82.40(3,1)

numbers of datasets counted in all cases mentioned above
for a given parameter 𝑡𝑑 are the largest when compared with
those counted for other possible values of the parameter td.
In the DP procedure, much more number of base classifiers
will be excluded if smaller parameter 𝑡𝑑 is taken. The
empirical results showed that this DP pruning method tends
to reduce the ensemble size by a large amount, although
it is not so much significant when compared with the AP
procedure.

DP pruning

10
number of datasets

Bagging
53.27
81.95
67.83
94.13
63.48
50.51
81.52
78.41
97.27
68.00
71.50
78.15
81.94
82.91
96.21
78.46
72.69
74.53
82.99
65.37
94.94
95.35
56.40
90.74
84.13
93.32
70.71
79.78

KNN
LR

Figure 3: The distribution of the number of datasets with varying
parameter td when the accuracy values were achieved by the highest
in the DP procedure.

procedure can perform the best; when the base learner LR
is adopted and the parameter 𝑡𝑑 is set to be 2, we observed
that the best classification can be achieved on 6 datasets. The

4.2. Result Analysis for Two-Stage Pruning Methods. As
mentioned above, we further combined the AP and DP
procedures that generated two strategies for two-stage
pruning and examined their classification performance by
varying the parameters 𝑡𝑎 of AP and 𝑡𝑑 of DP based
on 28 datasets. The first two-stage pruning method is
“AP+DP”. The computational experiments were carried out
according to Algorithm 4 by simultaneously varying 𝑡𝑎 ∈
{0, 1, 2, 3, 4, 5, 6, 7, 8, 9} and 𝑡𝑑 ∈ {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}.
We also counted the numbers of datasets on which the
classification performance measured using accuracy value
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Figure 4: The distributions of the numbers of datasets with varying ta and td when the classification performance was achieved by the best
for “AP+DP” pruning. The number of datasets corresponding to a pair of ta and td is represented as the size of a colored solid circle. The
types of all solid circles and their corresponding values are listed at the bottom of the figure.

was optimized with the varying parameters 𝑡𝑎 and 𝑡𝑑. The
distributions for four different base classifiers (i.e., DT, GNB,
KNN, and LR) were shown in Figure 4, where the number
of datasets corresponding to certain pair of 𝑡𝑎 and td was
represented as the size of a colored circle, each color meaning
a positive integer. It can be easily found that GNB tends to
be the most efficient base classifier for reducing the ensemble
size when compared with other three base classifiers (DT,
KNN, and LR). Specially, given GNB as the base classifier,
it is somewhat surprising that there are 11 out of 28 datasets
on which the accuracy was achieved by the best with the
parameters 𝑡𝑎 = 9 and 𝑡𝑑 = 1. In these cases, 90% of the

base models were excluded by the AP procedure and further
90% of the reduced set of base models of AP were trimmed off
after the DP stage. The second efficient one on reducing the
ensemble size is LR, since majority of datasets were counted
at the parameters 𝑡𝑎 ∈ {5, 6, 7, 8, 9} and 𝑡𝑑 ∈ {1, 2, .., 7}. Other
two types of classifiers DT and KNN showed relatively weaker
ability to reduce the original ensemble size, since they held
much more diverse distribution of the numbers of datasets
with varying parameter 𝑡𝑎 and 𝑡𝑑.
The second two-stage pruning experiment is “DP+AP”
performed in terms of Algorithm 5. Similarly as the first twostage method “AP+DP”, the distributions of the numbers
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Figure 5: The distributions of the numbers of datasets with the varying parameters ta and td when the classification performance was achieved
by the best for “DP+AP” pruning. The number of datasets corresponding to a pair of ta and td is represented as the size of a colored solid
circle. The types of all solid circles and their corresponding values are listed at the bottom of the red.

of datasets with varying parameters 𝑡𝑑 and 𝑡𝑎 for four base
classifiers when the classification performance was optimized
were plotted as shown in Figure 5. The distributions generated
by “DP+AP” pruning method are relatively more diverse
for all cases of the four base classifiers when compared
with the “AP+DP”. However, it is consistent that GNB
exhibited the most apparent tend to the ability to reduce
the ensemble size by a large amount. As a result, both
“AP+DP” and “DP+AP” are generally effective in reducing
the size of the original ensemble, although these two methods
showed distinct ability to the extent to the ensemble size
reduction.

4.3. Performance Comparison among Single Base Classifier,
Bagging, and the Proposed Pruning Methods. We compared
the experimental results performed by a single classifier, the
corresponding bagging, and the proposed pruning methods
including AP, DP, “AP+DP”, and “DP+AP”. The accuracy
values based on fivefold cross validation were calculated
based on 28 datasets and listed in Tables 2, 3, 4, and 5 for DT,
GNB, KNN, and LR, respectively. For the pruning methods
including AP, DP, “AP+DP”, and “DP+AP”, we only reported
the accuracy values together with the optimized parameters
𝑡𝑎 and 𝑡𝑑, which were listed in parentheses. In addition, the
highest accuracy value among the single classifier, bagging,
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Table 5: Comparison of the classification performance on the 28 datasets between the single classifier LR, bagging using LR as the base
learner, and the proposed corresponding pruning methods including AP, DP, “AP+DP”, and “DP+AP”. The values in parentheses represent
the optimized parameters ta for AP, td for DP, and (ta, td) for “AP+DP” and “DP+AP” with the best classification performance achieved by
the corresponding pruning method.
Dataset
Aba
Adult
Aus
Bcw
Bld
Cmc
Col
Cre
Der
Ger
Gla
Hea
Hep
Ion
kr-vs-kp
Mam
Pid
Spe
Tel
Veh
Vot
Vow
Yea
Spambase
Tictacto
Wdbc
Wpbc
Spect

LR
54.73
84.00
86.09
94.13
60.00
50.10
79.35
82.90
97.81
76.40
56.07
79.26
80.65
85.75
90.74
75.13
75.16
78.65
78.96
61.82
93.79
48.69
54.92
88.96
69.83
94.73
77.27
83.15

Bagging
54.63
84.01
86.38
93.85
60.00
50.44
79.89
82.90
98.09
76.70
56.54
80.00
80.00
85.75
90.80
75.13
75.68
78.65
78.96
61.58
93.79
50.00
54.85
88.94
69.94
94.73
77.27
83.52

AP
55.14(8)
84.02(6)
86.52(5)
93.99(9)
62.32(9)
51.05(9)
80.98(7)
83.48(9)
98.09(9)
77.10(8)
60.28(8)
80.37(9)
81.29(9)
86.32(8)
91.18(6)
75.65(9)
75.81(9)
78.65(4)
78.99(9)
63.12(8)
94.02(9)
52.22(9)
55.39(9)
89.11(5)
70.56(4)
94.90(9)
77.27(0)
83.52(5)

“AP+DP”
55.37(8,9)
84.03(1,2)
86.52(8,9)
93.99(6,1)
63.77(8,5)
51.12(9,7)
80.98(9,6)
83.62(8,8)
98.36(7,1)
77.40(4,2)
61.21(9,6)
81.11(8,1)
81.94(9,1)
86.61(1,3)
91.18(6,10)
75.65(9,10)
76.98(9,1)
79.03(9,2)
79.03(9,5)
63.36(8,4)
94.25(9,4)
52.32(9,9)
55.39(9,10)
89.11(5,10)
70.77(3,6)
95.25(9,1)
77.27(9,1)
84.27(2,6)

DP
54.80(6)
84.02(3)
86.52(5)
94.13(8)
60.29(1)
50.85(1)
80.16(1)
82.90(8)
98.09(1)
77.10(1)
57.01(9)
80.37(5)
80.65(2)
86.32(7)
90.80(10)
75.13(10)
75.68(9)
78.65(8)
78.96(10)
62.06(9)
93.79(7)
50.00(10)
54.85(8)
88.98(3)
69.94(2)
94.73(7)
77.27(1)
84.27(6)

“DP+AP”
54.92(5,2)
84.04(9,1)
86.52(9,8)
94.13(9,3)
63.77(8,4)
50.85(2,1)
80.43(9,4)
83.77(8,9)
98.09(5,1)
77.40(9,2)
57.01(5,9)
81.48(8,1)
81.94(9,1)
86.61(7,3)
90.89(7,8)
75.34(5,1)
76.46(8,1)
79.03(9,5)
78.99(8,3)
62.29(7,9)
94.25(9,4)
50.00(0,10)
54.85(9,8)
89.09(1,2)
70.46(9,5)
94.73(9,1)
77.27(9,2)
84.27(9,6)

Input: 𝑅𝑀-a reduced set of base models generated by the AP procedure, 𝑃- number of base models in 𝑅𝑀,
{𝑖1 , 𝑖2 , . . . , 𝑖𝑃 }- index set of base models in 𝑅𝑀, 𝑥-feature vector of a test sample
Output: 𝑅𝑀2-a reduced set of base models, 𝑃𝐵2- a pruned bagging ensemble
1 Given a parameter 𝑡𝑑 ∈ {1, 2, . . . , 10}, compute the threshold 𝑇, which is the td-th decile value of the set
𝐷𝐼𝑆 = {𝑑𝑘 | 𝑘 ∈ {𝑖1 , 𝑖2 , . . . , 𝑖𝑃 }}.
2 Initialize 𝑅𝑀2 = 0.
3 for 𝑘 ∈ {𝑖1 , 𝑖2 , . . . , 𝑖𝑃 } do:
4
if 𝑑𝑘 ≤ 𝑇:
5
𝑅𝑀2 = 𝑅𝑀2 ∪ {𝑚𝑘 }
6 The outcome 𝑃𝐵2(𝑥) of a test sample 𝑥 predicted by the pruned ensemble 𝑃𝐵2 is given as follows:
𝑃𝐵2(𝑥) = majority class in {𝑏𝑚(𝑥) | 𝑏𝑚 ∈ 𝑅𝑀2}
Algorithm 4: Two-stage pruning for “AP+DP”.

and the proposed pruning methods on each dataset was
highlighted using bold font.
In general, the traditional bagging performed better
than the corresponding single classifier. However, sometimes,
there is no improvement even decrease on classification
performance when comparing bagging with the underlying

single classifier. For example, as shown in Table 3, the
accuracy value of bagging using GNB as the base classifier
on the Ger dataset is 72.00%, which is lower than that of the
single GNB classifier equal to 72.70%. Such cases are marked
with underlined italic fonts in Tables 2–5. Several authors,
e.g., Dietterich [6] and Croux et al. [26], also pointed out
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Table 6: Relative improvement of the proposed bagging pruning methods and existing other three variations with respect to the traditional
bagging using DT as the base classifier. The values in parentheses represent the optimized parameters ta for AP, td for DP, and (ta, td) for
“AP+DP” and “DP+AP” with the best classification performance achieved by the corresponding pruning method.
Dataset
Aba
Adult
Aus
Bcw
Bld
Cmc
Col
Cre
Der
Ger
Gla
Hea
Hep
Ion
kr-vs-kp
Mam
Pid
Spe
Tel
Veh
Vot
Vow
Yea
Spambase
Tictacto
Wdbc
Wpbc
Spect

Brag
NA
NA
1.15
-1.37
NA
0.00
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
1.12
-8.47
3.53
2.22
-1.08

Nice
NA
NA
-10.34
-12.33
NA
-2.08
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
1.12
6.78
-67.06
-18.89
-5.38

TB
NA
NA
-3.45
-5.48
NA
-2.08
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
1.12
6.78
-5.88
1.11
-3.23

AP
1.41(1)
0.20(1)
2.25(2)
3.63(7)
2.02(7)
0.98(8)
0.00(0)
4.04(5)
0.00(3)
1.73(2)
0.00(9)
4.00(2)
6.89(9)
0.00(8)
0.00(6)
1.79(5)
1.09(3)
1.94(9)
0.50(1)
0.42(6)
13.04(3)
1.03(2)
3.13(6)
0.00(9)
0.00(3)
24.79(8)
5.75(6)
1.83(9)

“AP+DP”
2.45(7,5)
0.20(1,10)
3.41(8,4)
7.25(3,7)
7.07(3,2)
2.78(8,5)
2.07(2,9)
7.11(2,5)
0.00(5,7)
1.73(2,10)
1.76(8,8)
4.00(2,10)
13.79(2,7)
9.53(2,3)
19.15(7,6)
3.63(7,3)
2.18(3,2)
7.85(8,3)
0.50(4,8)
7.27(4,2)
21.74(6,5)
5.26(1,9)
3.97(5,8)
0.74(9,7)
5.81(2,6)
24.79(8,8)
9.60(7,2)
7.37(8,4)

DP
1.56(7)
0.20(6)
0.00(10)
3.63(9)
8.08(3)
3.19(1)
4.14(7)
3.07(3)
7.61(1)
0.43(8)
3.53(4)
0.00(10)
10.37(2)
4.68(3)
0.00(10)
0.44(3)
1.64(5)
9.79(1)
0.50(7)
8.62(2)
21.74(3)
3.20(7)
2.33(7)
0.74(8)
18.02(6)
4.84(8)
1.90(1)
3.66(3)

“DP+AP”
1.56(2,7)
0.20(1,6)
0.00(0,10)
7.25(3,8)
8.08(0,3)
3.62(5,1)
4.14(1,7)
8.08(5,9)
7.61(5,1)
0.87(3,9)
3.53(5,4)
0.00(9,4)
13.79(5,6)
9.53(2,3)
6.38(9,2)
5.90(8,3)
2.18(2,1)
9.79(0,1)
0.74(2,7)
8.62(3,2)
21.74(1,3)
3.20(0,7)
2.33(9,7)
1.10(2,6)
18.02(1,6)
9.97(9,9)
9.60(8,5)
9.25(3,4)

Note. “NA” means not available.

Input: 𝑅𝑀-a reduced set of base models generated by DP procedure for a specific test sample 𝑥, 𝑃- number of
base models in 𝑅𝑀, {𝑖1 , 𝑖2 , . . . , 𝑖𝑃 }- index set of base models in 𝑅𝑀
Output: 𝑅𝑀2-a reduced set of base models, 𝑃𝐵2- a pruned bagging ensemble
1 Given a parameter ta∈ {0, 1, 2, . . . , 9}, compute the threshold 𝑇, which is the ta-th decile value of the set
{𝐴𝐶𝑘 | 𝑘 ∈ {𝑖1 , 𝑖2 , . . . , 𝑖𝑃 }}.
2 Initialize 𝑅𝑀2 = 0.
3 for 𝑘 ∈ {𝑖1 , 𝑖2 , . . . , 𝑖𝑃 } do:
4 if 𝐴𝐶𝑘 ≥ 𝑇:
5
𝑅𝑀2 = 𝑅𝑀2 ∪ {𝑚𝑘 }
6 The outcome 𝑃𝐵2(𝑥) of a test sample 𝑥 predicted by the pruned ensemble 𝑃𝐵2 is given as follows:
𝑃𝐵2(𝑥) = majority class in {𝑏𝑚(𝑥) | 𝑏𝑚 ∈ 𝑅𝑀2}
Algorithm 5: Two-stage pruning for “DP+AP”.

that there was no guarantee that bagging will improve the
performance of any base classifier. Nevertheless, there is at
least one of the proposed pruning methods that performed
better than both the single classifier and the bagging for such
cases. This implied that our proposed pruning methods were
effective on all 28 datasets.

As shown in Tables 2–5, for the base classifiers DT, GNB,
KNN, and LR, there are, respectively, 20, 26, 21, and 24
(71.43%,92.86%,75%, and 85.71%) out of 28 datasets on which
the classification performance of the single AP stage was
increased when compared with the traditional bagging. The
accuracy value of AP pruning was increased by 0.39%, 3.05%,
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Table 7: Relative improvement of the proposed bagging pruning methods with respect to the traditional bagging using GNB as the base
classifier. The values in parentheses represent the optimized parameters ta for AP, td for DP, and (ta, td) for “AP+DP” and “DP+AP” with the
best classification performance achieved by the corresponding pruning method.
Dataset
Aba
Adult
Aus
Bcw
Bld
Cmc
Col
Cre
Der
Ger
Gla
Hea
Hep
Ion
kr-vs-kp
Mam
Pid
Spe
Tel
Veh
Vot
Vow
Yea
Spambase
Tictacto
Wdbc
Wpbc
Spect

AP
0.83(9)
1.35(9)
4.94(8)
0.00(8)
14.11(9)
3.94(9)
3.44(9)
5.28(9)
26.79(9)
6.43(8)
19.38(9)
6.66(9)
21.87(9)
5.41(9)
6.21(8)
3.40(9)
1.59(9)
2.60(9)
0.48(9)
3.63(7)
4.17(9)
5.41(6)
32.43(9)
1.80(9)
3.46(9)
0.00(5)
8.45(9)
12.61(9)

“AP+DP”
1.54(9,1)
2.27(9,1)
4.94(8,10)
4.50(9,1)
16.03(9,1)
4.46(9,1)
14.17(9,1)
7.58(9,5)
58.57(9,1)
6.43(7,8)
23.26(9,8)
11.16(8,2)
24.99(9,1)
5.41(8,2)
6.21(8,6)
3.92(6,6)
4.76(9,4)
5.24(9,1)
0.84(9,3)
4.06(9,2)
4.17(9,4)
6.03(9,9)
32.84(9,8)
4.26(9,1)
3.46(9,10)
8.62(6,1)
21.14(9,1)
20.71(9,3)

0.61%, and 0.65% on average over all 28 datasets when the
base classifier was DT, GNB, KNN, and LR, respectively.
Similarly, the DP procedure can improve the classification
performance of the traditional bagging on 25 (89.29%), 20
(71.43%), 21 (75%), and 15 (53.57%) out of the 28 datasets
for the base classifiers DT, GNB, KNN, and LR, respectively.
Moreover, the accuracy improvement when comparing the
DP pruning with the traditional bagging using DT, GNB,
KNN, and LR as base classifier is on average 0.65%, 0.39%,
0.58%, and 0.19%, respectively. When comparing AP and
DP based on the relative improvement, AP is much more
powerful than DP although the improvement in case of DT
as the base classifier using AP procedure is relatively lower
than that using DP procedure.
Moreover, using AP procedure as the first pruning stage,
the two-stage pruning method “AP+DP” resulted in increase
of classification accuracy on 27 (96.43%), 28 (100%), 28
(100%), and 27 (96.43%) out of 28 datasets for the base
classifiers DT, GNB, KNN, and LR, respectively, when compared with the traditional bagging. The average accuracy
improvements of the “AP+DP” method with respect to

DP
0.19(7)
0.05(2)
0.00(9)
0.00(4)
2.57(5)
1.04(6)
0.87(2)
0.73(2)
2.41(1)
0.71(9)
2.32(7)
6.66(2)
0.00(2)
5.41(8)
0.51(2)
0.98(4)
0.53(9)
1.30(3)
0.11(7)
0.00(10)
0.00(1)
0.00(9)
2.35(1)
0.11(3)
0.00(7)
2.76(2)
0.00(6,10)
4.50(2,10)

“DP+AP”
0.19(2,7)
2.06(9,1)
0.00(9,8)
2.33(9,1)
14.75(9,1)
1.31(8,2)
46.78(8,1)
7.58(9,6)
2.41(5,1)
7.14(8,9)
2.32(5,7)
11.16(5,2)
29.69(9,1)
8.06(9,4)
2.68(9,1)
3.40(6,6)
3.17(9,5)
11.84(9,1)
0.80(9,2)
0.65(7,6)
4.17(8,1)
0.00(0,9)
20.73(3,1)
3.93(9,3)
0.36(3,8)
5.69(9,1)
33.80(8,1)
9.00(9,3)

the traditional bagging using DT, GNB, KNN, and LR are
0.88%, 4.06%,1.26%, and 0.96%, which further improved the
classification accuracy values of both AP and DP methods.
Moreover, if the first stage is DP, the proposed two-stage
pruning approach “DP+AP” gained the improvement of
classification performance on 26 (92.86%), 26 (92.86%), 26
(92.86%), and 20 (71.43%) out of 28 datasets for the base classifiers DT, GNB, KNN, and LR, respectively, when compared
with the traditional bagging. The corresponding average
accuracy improvements are 0.90%, 3.52%, 1.08%, and 0.57%,
respectively. In addition, there are 9 (32.14%), 19 (67.86%),
15 (53.57%), and 15 (53.57%) out of 28 datasets on which
“AP+DP” performed better than “DP+AP”, and the average
accuracy improvements of “AP+DP” when compared with
“DP+AP” are -0.01%, 0.54%, 0.17%, and 0.39%, respectively,
for DT, GNB, KNN, and LR. As a result, the classification
performance of “AP+DP” using DT as the base learner
is overall very close to that of “DP+AP”, and “AP+DP”
performed better than “DP+AP” on majority of 28 datasets
when using other three methods GNB, KNN, and LR as the
base classifiers.
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Table 8: Relative improvement of the proposed bagging pruning methods with respect to the traditional bagging using KNN as the base
classifier. The values in parentheses represent the optimized parameters ta for AP, td for DP, and (ta, td) for “AP+DP” and “DP+AP” with the
best classification performance achieved by the corresponding pruning method.
Dataset
Aba
Adult
Aus
Bcw
Bld
Cmc
Col
Cre
Der
Ger
Gla
Hea
Hep
Ion
kr-vs-kp
Mam
Pid
Spe
Tel
Veh
Vot
Vow
Yea
Spambase
Tictacto
Wdbc
Wpbc
Spect

AP
0.71(7)
0.00(4)
0.00(2)
4.94(6)
3.18(9)
1.09(4)
2.98(3)
1.99(9)
0.00(7)
0.94(9)
14.74(1)
6.77(8)
0.00(4)
11.64(9)
2.64(7)
0.00(4)
3.33(8)
2.94(8)
0.06(3)
0.66(4)
0.00(9)
4.52(4)
0.78(3)
3.02(7)
1.32(9)
0.00(0)
6.90(9)
3.66(5)

“AP+DP”
0.96(5,6)
0.17(4,9)
8.08(6,1)
4.94(6,3)
6.35(9,8)
1.52(1,8)
7.36(6,2)
3.33(3,5)
19.78(7,1)
2.81(6,2)
14.74(6,7)
8.47(9,5)
10.69(6,6)
11.64(9,10)
5.01(1,7)
3.85(3,2)
6.66(8,4)
7.34(8,4)
0.53(2,4)
4.42(9,3)
9.09(2,2)
6.67(2,6)
1.08(2,8)
5.18(9,8)
2.02(1,3)
2.69(4,8)
13.79(9,2)
12.96(3,1)

From above, we can conclude that the proposed pruning
methods are able to improve the classification performance
when compared with the traditional bagging. Furthermore,
the two-stage pruning method is much more powerful than
the single pruning approach. Although “DP+AP” using DT
as the base classifier performed very slightly better than
“AP+DP”, it is obvious that the computation performed
by “AP+DP” will be much faster than that of “DP+AP”.
Therefore, from the view of the current bagging pruning
framework, we recommend using “AP+DP” to prune the
traditional bagging for reducing the ensemble size and
improving the classification performance for base classifiers
DT, GNB, KNN, and LR.
4.4. Comparison with Other Existing Bagging Algorithms.
We compared the proposed pruning methods with other
three variations of the bagging algorithm including Brag
(Bootstrap robust aggregating) [37], Nice (Nice Bagging)
[25], and TB (Trimmed Bagging) [26]. Brag is actually not
a bagging pruning method and calculates the median of
the outcomes of all the bootstrapped classifiers instead of
computing an average like the traditional bagging. Nice [25]

DP
0.11(4)
0.11(8)
6.31(1)
2.56(8)
0.00(10)
0.00(4)
1.46(2)
2.69(4)
0.00(2)
0.00(2)
6.53(6)
3.39(6)
7.14(6)
0.00(1)
2.64(6)
2.88(2)
3.33(2)
2.94(2)
0.29(3)
2.05(6)
4.55(2)
6.67(6)
0.62(7)
2.16(6)
0.00(7)
0.00(9)
12.05(1)
7.37(1)

“DP+AP”
0.45(8,4)
0.22(4,9)
6.31(1,1)
7.33(5,8)
7.15(9,8)
0.26(8,5)
2.98(3,6)
6.02(9,5)
0.00(5,2)
2.50(7,2)
6.53(5,6)
10.16(9,4)
10.69(9,8)
8.31(9,8)
3.43(9,7)
4.83(5,3)
6.66(4,3)
7.34(8,1)
0.47(5,8)
2.05(3,6)
9.09(2,2)
6.67(0,6)
0.62(9,7)
4.43(6,3)
2.02(7,1)
0.00(7,1)
18.95(8,1)
9.25(9,1)

averaged over the outcomes of the bootstrapped classifiers
that performed better than the initial base classifier, while TB
[26] excluded the 25% “worse” classifiers and aggregated the
rest. Both Nice and TB as well as the AP method presented
in this work are bagging pruning methods using a similar
rule by excluding “bad” classifiers validated on the out-ofbag samples. The relative improvement of different bagging
variations with respect to the traditional bagging under four
base classifiers DT, GNB, KNN, and LR is listed in Tables 6,
7, 8, and 9, respectively. As shown in these tables, we only
showed the available results (“NA” means not available as
shown in Tables 6 and 9) for Brag, Nice, and TB on 8 datasets
where their relative improvement values listed in Tables 6 and
9 were all derived from the work by Croux et al. [26] However,
this work [26] did not perform the bagging methods that used
GNB or KNN as the base classifier.
From the view of relative improvement, it can be easily
found that the proposed two-stage pruning methods, such
as “AP+DP” and “DP+AP”, performed overall better than
other bagging methods including Brag, Nice, TB, AP, and
DP. The difference between “AP+DP” and “DP+AP” is small
on average. DP performed slightly better than AP when
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Table 9: Relative improvement of the proposed bagging pruning methods and existing other three variations with respect to the traditional
bagging using LR as the base classifier. The values in parentheses represent the optimized parameters ta for AP, td for DP, and (ta, td) for
“AP+DP” and “DP+AP” with the best classification performance achieved by the corresponding pruning method.
Dataset
Aba
Adult
Aus
Bcw
Bld
Cmc
Col
Cre
Der
Ger
Gla
Hea
Hep
Ion
kr-vs-kp
Mam
Pid
Spe
Tel
Veh
Vot
Vow
Yea
Spambase
Tictacto
Wdbc
Wpbc
Spect

Brag
NA
NA
0.00
0.00
NA
0.00
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
0.00
0.00
0.00
0.00
0.00

Nice
NA
NA
-1.00
0.00
NA
1.00
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
8.33
0.00
-23.73
-15.15
-2.35

TB
NA
NA
-1.00
-3.23
NA
0.00
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
1.04
0.00
-16.95
-1.01
-7.06

AP
1.12(8)
0.06(6)
1.03(5)
2.28(9)
5.80(9)
1.23(9)
5.42(7)
3.39(9)
0.00(9)
1.72(8)
8.61(8)
1.85(9)
6.45(9)
4.00(8)
4.13(6)
2.09(9)
0.53(9)
0.00(4)
0.14(9)
4.01(8)
3.70(9)
4.44(9)
1.20(9)
1.54(5)
2.06(4)
3.23(9)
0.00(0)
0.00(5)

“AP+DP”
1.63(8,9)
0.13(1,2)
1.03(8,9)
2.28(6,1)
9.43(8,5)
1.37(9,7)
5.42(9,6)
4.21(8,8)
14.14(7,1)
3.00(4,2)
10.75(9,6)
5.55(8,1)
9.70(9,1)
6.04(1,3)
4.13(6,10)
2.09(9,10)
5.35(9,1)
1.78(9,2)
0.33(9,5)
4.63(8,4)
7.41(9,4)
4.64(9,9)
1.20(9,10)
1.54(5,10)
2.76(3,6)
9.87(9,1)
0.00(9,1)
4.55(2,6)

DP
0.37(6)
0.06(3)
1.03(5)
4.55(8)
0.72(1)
0.83(1)
1.34(1)
0.00(8)
0.00(1)
1.72(1)
1.08(9)
1.85(5)
3.25(2)
4.00(7)
0.00(10)
0.00(10)
0.00(9)
0.00(8)
0.00(10)
1.25(9)
0.00(7)
0.00(10)
0.00(8)
0.36(3)
0.00(2)
0.00(7)
0.00(1)
4.55(6)

“DP+AP”
0.64(5,2)
0.19(9,1)
1.03(9,8)
4.55(9,3)
9.43(8,4)
0.83(2,1)
2.69(9,4)
5.09(8,9)
0.00(5,1)
3.00(9,2)
1.08(5,9)
7.40(8,1)
9.70(9,1)
6.04(7,3)
0.98(7,8)
0.84(5,1)
3.21(8,1)
1.78(9,5)
0.14(8,3)
1.85(7,9)
7.41(9,4)
0.00(0,10)
0.00(9,8)
1.36(1,2)
1.73(9,5)
0.00(9,1)
0.00(9,2)
4.55(9,6)

Note: “NA” means not available.

using DT as the base classifier. In addition, when the base
learner GNB or KNN was applied to the bagging, as shown
in Tables 7 and 8 we can conclude that “AP+DP” performed
the best, followed by DP+AP, AP, and DP. In the context of the
base classifier LR, our proposed two-stage pruning methods
performed better than the other three approaches including
Brag, Nice, and TB on majority of the 8 datasets. Even, when
one of the methods Brag, Nice, and TB performed worse than
the traditional bagging (i.e., negative relative improvement),
our two-stage pruning methods including “AP+DP” and
“DP+AP” can still improve the classification performance
when compared with the traditional bagging.
4.5. Comparison of Classification Performance between Different Base Classifiers. In this section, we reported the best
results according to the types of base classifiers on all datasets.
The highest classification accuracy value on each dataset for
every base classifier reported in Tables 2–5 was collected
into Table 10. The best result for each base learner was
represented by the highest classification accuracy among the

proposed pruning methods including AP, DP, “AP+DP”, and
“DP+AP”.
On 19 out of 28 (67.86%) datasets, the proposed pruning
methods using DT as the base classifier gained the highest
classification accuracy compared with other base learners
GNB, KNN, and LR. Otherwise, the pruning methods using
three base classifiers GNB, KNN, and LR performed by
the best on 3.57%, 10.71%, and 21.43% datasets, respectively.
From the above experimental results, we recommend that
DT of these four base classifiers should be the first choice
for pruning the traditional bagging when given data source.
However, it cannot be ensured that DT always performs the
best on any dataset. GNB, KNN, and LR are also the possible
choice.

5. Conclusion
In this work, we proposed two-stage bagging pruning methods that are composed of two simple pruning methods called
AP and DP. The two-stage bagging methods, “AP+DP” and
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Table 10: The highest classification accuracy values on 28 datasets when using four types of base classifiers DT, GNB, KNN, and LR.

Dataset
Aba
Adult
Aus
Bcw
Bld
Cmc
Col
Cre
Der
Ger
Gla
Hea
Hep
Ion
Kr-vs-kp
Mam
Pid
Spe
Tel
Veh
Vot
Vow
Yea
Spambase
Tictacto
Wdbc
Wpbc
Spect

DT
55.09
85.35
87.54
96.42
73.62
52.89
87.50
86.81
96.72
77.30
74.30
82.22
83.87
94.59
99.62
78.46
76.72
82.77
87.97
76.24
95.86
90.81
60.78
94.63
97.18
97.36
76.26
81.65

“DP+AP”, are implemented by combining the individual
AP and DP in two forms. They outperformed the one-stage
methods AP and DP that were evaluated on 28 datasets
using four types of base classifiers DT, GNB, KNN, and
LR. Overall, the method “AP+DP” performed better than
the other one called “DP+AP”. Although the latter behaved
very close to or even slightly better than the former when
using DT as the base classifier, the computational implementation of “AP+DP” was much faster than “DP+AP”.
Therefore, we strongly recommend the two-stage pruning
method “AP+DP” as the final pruning approach for any
type of base classifiers including DT, GNB, KNN, and
LR.
The proposed pruning method given DT as the base
classifier usually outperformed ones with other base learners, such as GNB, KNN, and LR, on majority of the 28
datasets. This implied that DT should be the first choice of
base classifiers for the proposed bagging pruning methods.
In addition, given GNB or LR as the base learner, the
two-stage pruning method “AP+DP” can greatly reduce
the ensemble size and improve the classification performance. As a summary, the proposed two-stage pruning
methods are promising approaches that can efficiently
reduce the ensemble size as well as the computational

GNB
52.55
81.93
80.58
93.85
62.03
50.51
66.30
82.32
95.36
74.00
41.12
85.19
70.97
90.31
64.99
79.40
76.59
74.91
72.87
46.81
94.71
70.10
44.34
82.48
70.67
94.38
76.26
67.04

KNN
53.72
81.99
69.86
94.71
66.09
51.26
82.88
79.71
97.81
68.90
75.70
80.37
83.87
84.90
96.40
79.50
74.51
76.40
83.08
66.90
95.40
95.66
56.87
91.22
84.45
93.50
76.26
82.40

LR
55.37
84.04
86.52
94.13
63.77
51.12
80.98
83.77
98.36
77.40
61.21
81.48
81.94
86.61
91.18
75.65
76.98
79.03
79.03
63.36
94.25
52.32
55.39
89.11
70.77
95.25
77.27
84.27

prediction cost, but also can improve the classification
performance.

Data Availability
In this study, the authors used 28 public real datasets
from UCI Machine Learning Repository to implement the
computational experiments. See a brief description as shown
in Table 1 in the manuscript. All of these 28 datasets
can be downloaded from UCI’s website: http://archive.ics
.uci.edu/ml/index.php.

Conflicts of Interest
The authors declare that they have no conflicts of interest.

Acknowledgments
This work was supported by the Zhejiang Provincial Natural
Science Foundation of China (Grants nos. LY19F020003 and
LY18F020006) and the National Natural Science Foundation of China (Grant no. 61672459) to Hua Zhang and by

Mathematical Problems in Engineering
National Institutes of Health (Grants nos. 5U54GM104944
and P20GM103440) to Guogen Shan.

References
[1] L. Breiman, “Bagging predictors,” Machine Learning, vol. 24, no.
2, pp. 123–140, 1996.
[2] Y. Freund and R. E. Schapire, “A decision-theoretic generalization of on-line learning and an application to boosting,” Journal
of Computer and System Sciences, vol. 55, no. 1, part 2, pp. 119–
139, 1997.
[3] R. E. Schapire, “The Boosting Approach to Machine Learning:
An Overview,” in Nonlinear Estimation and Classification, pp.
149–171, Springer, New York, NY, USA, 2003.
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bagging ensembles,” Pattern Recognition Letters, vol. 28, no. 1,
pp. 156–165, 2007.
[10] C.-X. Zhang, J.-S. Zhang, and G.-Y. Zhang, “Using boosting to
prune double-bagging ensembles,” Computational Statistics &
Data Analysis, vol. 53, no. 4, pp. 1218–1231, 2009.
[11] C. Tamon and J. Xiang, “On the Boosting Pruning Problem,” in
Machine Learning: ECML 2000, pp. 404–412, Springer, Berlin,
Heidelberg, Germany, 2000.
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Machine translation needs a large number of parallel sentence pairs to make sure of having a good translation performance.
However, the lack of parallel corpus heavily limits machine translation for low-resources language pairs. We propose a novel method
that combines the continuous word embeddings with deep learning to obtain parallel sentences. Since parallel sentences are very
invaluable for low-resources language pair, we introduce cross-lingual semantic representation to induce bilingual signals. Our
experiments show that we can achieve promising results under lacking external resources for low-resource languages. Finally, we
construct a state-of-the-art machine translation system in low-resources language pair.

1. Introduction
Parallel corpus is one of the most invaluable resources for
many multilingual natural language processing applications.
Especially statistical machine translation (SMT) and neural
machine translation (NMT) and parallel corpora play a
pivotal role in those applications. Thus, many approaches
have been proposed to obtain bilingual corpus automatically.
Those can be roughly divided into two categories: (i) the first
method is to directly crawl web content and use multifeatures
to filter parallel webpages content. Those features mainly
contain tokens in URLs, anchor around link, image alt,
HTML tags [1–5]. The method recognizes parallel pages by
computing the similarity of those features (ii) the other select
parallel sentences by building classifiers. Those classifiers
mainly consist of maximum entropy, Bayesian, SVM, and
neural networks [2, 6–10]. The two methods have been
demonstrated promising to obtain bilingual corpus in some
language pairs. However, the methods only adapt some
specific website or no-low resources languages pairs. Then
low-resources languages have still been underachieving to
harvest bilingual corpus.
We believe that two major challenges limit obtaining
bilingual parallel corpus for low-resources languages. First,

dynamic websites have a more complicated structure and
it is difficult to filter parallel corpus by recognizing multifeatures. For example, previous work obtains parallel main
language corpus from Wikipedia and Twitter [4, 11]. However,
many news websites have a more complicated structure than
Wikipedia and Twitter. Second, although the classifier is a
good solution to select parallel corpus from numerous noise
data, the number of parallel sentences has an impact on the
classifier [6, 12]. There is not enough training parallel corpus
to construct a classifier in low-resource language pairs.
Recently, with the surge of continuous vector representation and extensive application of deep learning, an
interesting approach is induce bilingual semantic clues from
monolingual data with the new neural-network inspired
vector representation. Following those methods, we could
alleviate the limit of low-resource language pair to obtain
parallel bilingual corpus. In this paper, we use this continuous word embedding to induce bilingual representation
by establishing cross-lingual mapping. Then, using those
bilingual representations find some parallel sentences. This
step avoids the effect of HTML structure as the current
website is developed into dynamic modules. Finally, we
construct a bidirectional recurrent neural network (LSTMBiRNN) classifier to extract parallel sentences. We use the
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Figure 1: The architecture of obtaining parallel sentences.

parallel corpus obtaining in word-overlap model to train
this classifier and perform extracting process. To justify the
effectiveness of the proposed approach, we obtain UyghurChinese parallel corpus from multilingual websites to train
SMT systems and show improvements in BLEU (BLEU:
bilingual evaluation understudy) scores. Our experiments
also show that we can achieve promising results by removing
the need of any specific feature engineering or external
resources.

2. Related Works
The amount of information available on the Internet is
expanding rapidly, and many works attempt to construct
training corpus for machine translation from websites. A
variety of approaches have been proposed to extract parallel
sentences from web. Those approaches can be divided into
two strategies.
First, many approaches treat collecting parallel sentences
as a text classification problem [6, 13, 14], such as SVM
classifier and neural network classifier. For example, [6]
proposed a latest siamese bidirectional recurrent neural
network to construct a state-of-the-art classifier and detect
parallel sentences. They remove the need of any domain
specific feature engineering or relay on multiples models and
only raw parallel sentences. However, parallel sentences also
are a very invaluable corpus for some low-resources language
pairs. So this excellent method maybe is not suitable for some
low-resources applications.
Second, many other works use the HTML structure of the
web pages, URLs and image alt et al to detect possible parallel
sentences [1, 3, 15] . For instance, [7] use the links between
translated articles in Wikipedia to crawl parallel sentences or
words. These methods have proven to be useful for specific
website, the real challenge is to find strategies that allow to
extend them to crawl the Web in an unsupervised fashion.
Esplà-Gomis et al. developed an excellent tool, namely,
Bitextor, a free/open-source tool for harvesting parallel data
from multilingual websites. It is highly modular and is aimed

at allowing users to easily obtain segment-aligned parallel
corpora from the Internet. It mainly obtained parallel sentences by comparing HTML structure of the documents and
the number of aligned words in bilingual lexicon. The users
only provide a bilingual lexicon, and the system can contrast
parallel data quickly automatically. The real challenge is that a
bilingual lexicon is not easy to obtain for some low-resources
language pairs.

3. Methodology
The first step of obtaining parallel corpus is harvesting source
of data. We use a web crawler to harvest monolingual data
and construct the continuous word representation. Following
works of [3], we use multifeatures to get the candidate data.
Then, we extend the works of [16, 17] to learn bilingual signal.
With the help of bilingual signal, we can induce parallel
sentences. The general architecture of obtaining parallel
corpus is presented in Figure 1.
3.1. Crawling Web-Data and Candidate Documents. The first
step of harvesting bilingual parallel corpus is using webcrawler to download data. However, unlike the pervious
works that downloaded a mirror of a webpage, we only
download texts that do not contain html tags. As the current
website is developed into module, the same theme pages
usually have the same HTML structure.
When we perform the process of downloading, we use the
Scrapy toolkit (https://pypi.python.org/pypi/Scrapy) (it is
written in Python). It is an excellent toolkit that allows user set
specific content to crawl. The next step is selecting candidate
document pair. As we all know, a website contains hundreds
of thousand documents, and if we match the whole website,
the matching procedure is very low and imprecise. In order
to solve this problem, we borrow the idea of [2] that adds
a window of time. The main characteristic of news website
is time, and every webpage has publication time. The same
topic documents often are reported in a period by different

Mathematical Problems in Engineering

3

language. Thus, we use a heuristic with which we assume it
is more possible that documents with similar content have
publication dates that are close to each other. Therefore, each
query is fact run only against source documents published
within a window of some days around the publication date of
the target query document. In this procedure, we set the size
of window as three. Then, each query can search only fewer
documents and get a higher precision. In next section, we will
introduce how to identify two multilingual documents that
are parallel.
3.2. Inducing Bilingual Signal. In this paper, we follow works
of [16, 17] that induce bilingual lexicon from non-parallel
data. In order to learning bilingual lexicon from monolingual
corpus, we must construct bilingual semantic representation.
However, unlike the usual task that learns a precise bilingual
lexicon, our objective is harvesting more bilingual signal from
multilingual data. In this step, we care more about recall
rather than precision. Our objective function is
𝑗

T (𝑊𝑉𝑖 𝑠 , 𝑊𝑉𝑡 ) = 𝛼T𝑚𝑜𝑛𝑜 + 𝛽T𝑚𝑎𝑡𝑐ℎ

(1)

where 𝑊𝑉𝑖 𝑠 is the one word in vocabulary of 𝑉𝑠 , while the
𝑗
reverse direction follows by symmetry for 𝑊𝑉𝑡 . At the same
𝑗
time, in order to normalize T(𝑊𝑉𝑖 𝑠 , 𝑊𝑉𝑡 ), we set the sum of 𝛼
and 𝛽 as 1. Parameters 𝛼 and 𝛽 mainly explain the influence
of the monolingual and bilingual components.
Unlike the usual monolingual term T𝑚𝑜𝑛𝑜 explaining
regularities in monolingual corpora, we use the term explain
the translation probability of two words each other. Since
similar words in semantic are closer in distance, we can reveal
more translation pairs by measuring distance of two words
from seeds. If the two words are closer from one seed in
distance, it is more likely translated each other:
T𝑚𝑜𝑛𝑜 =

T𝑠𝑚𝑜𝑛𝑜

+

T𝑡𝑚𝑜𝑛𝑜

(2)



T𝑠𝑚𝑜𝑛𝑜 = min 𝑊𝑉𝑖 𝑠 − 𝑊𝑉𝑠𝑠𝑠 
⟨𝑠𝑠,𝑡𝑡⟩∈d

(3)



T𝑡𝑚𝑜𝑛𝑜 = min 𝑊𝑉𝑖 𝑡 − 𝑊𝑉𝑡𝑡𝑡 
⟨𝑠𝑠,𝑡𝑡⟩∈d

(4)

Our monolingual term T𝑚𝑜𝑛𝑜 encourages embeddings of
word translation pairs from a seed lexicon d to move closer.
𝑊𝑉𝑖 𝑠 and 𝑊𝑉𝑠𝑠𝑠 are the two source words in the seed lexicon.
T𝑠𝑚𝑜𝑛𝑜 computed the semantic similarity between the words
i and ss. For the target, we have the same definition.
Our matching term T𝑚𝑎𝑡𝑐ℎ can expose how source-totarget words translate. The matching term actually can induce
T𝑚𝑎𝑡𝑐ℎ = arg max [M𝑠𝑡 ] cos (𝑊𝑉𝑠 𝑠 , 𝑊𝑉𝑡 𝑡 )
𝑠∈𝑉𝑠 𝑎𝑛𝑑 𝑠∉d

(5)

As we learn bilingual signal from monolingual corpus, it
means that source word vector and target word vector are
trained independently each other. The two vectors are not in
one vector space. In order to solve this problem, we follow
the method of [18] to convert the monolingual vector space

to a share space. Our objective is optimizing the cross-lingual
matching regulizer:

2
M𝑠𝑡 = ∑∑𝑎𝑖𝑗 𝑤𝑖𝑠 − 𝑤𝑗𝑡 
𝑖

𝑗

⊤

= (R𝑆 − R𝑇 ) 𝐴 (R𝑆 − R𝑇 )

(6)
(7)

In above formula, we use 𝐴 as the similarity matrix of two
words, where 𝑎𝑖𝑗 encodes the translation score of word 𝑖 in
source with word 𝑗 in target. 𝑤𝑖𝑠 is the K-dimensional word
embedding which is stacked to form a (V,K)-dimensional
matrix R.
Using a simple example to explain this procedure, assume
that we have an English lexicon {perform, believe, talk} and
a Chinese lexicon {zhixing, shixing, jiaotan}, an EnglishChinese lexicon {conduct: jinxing}. Assuming that it
have already conducting the step (1)(2), we can calculate
that {perform} is closer with{conduct} in source and
{zhixing, shixing} are closer with {jinxing} in target. We
can add {perform: zhixing, perform: shixing} into original
lexicon.
3.3. Parallel Sentences Identification. For our particular situation that is seriously low-resource language pairs, although
classifier is good method to identify parallel sentence, we have
not enough parallel sentences to train this classifier. So in
the initial stage, we use a word-overlap model filter to select
parallel sentences. The word-overlap model must borrow a
bilingual lexicon, and the parallel sentences can be identified
by the number of co-occurring word pairs. This process can
be represented:
score (d𝑠 , d𝑡 ) =

d𝑠 ∩ d𝑡
min (d𝑠 , d𝑡 )

(8)

From the above, we could conclude that inducing bilingual signal is an important step. Using bilingual lexicon, we
can quickly calculate the alignment word for two sentences.
In order to ensure getting massive parallel sentences, we
must get a high coverage bilingual lexicon. However we may
not get a large coverage bilingual lexicon, and the result
is that we can only get a little parallel corpus using wordoverlap model. We can also watch this in the experiments by
Section 4. In order to get a large parallel sentences and high
accuracy, we use classifier to get more parallel data in next.
The classifier already has proved that it is an excellent method
to extract parallel sentences. We follow the work of [6] to train
a BiRNN (bidirectional recurrent neural network) classifier.
Our neural network architecture is illustrated as Figure 2.
Like the most previous approaches that train neural
network classifier using parallel sentences, our method also
convert the sentences into vectors. However, unlike using
word vector as input, we use fixed-size sentences vectors as
input. For the ReLu layer, we can define as
x𝑖 = sigm (w𝑖 s𝑖 + b)

(9)
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Table 1: Experiment set statistics.
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Figure 2: Architecture for bidirectional recurrent neural networks.
The fully connected layers predict the probability of parallel sentence
pair.

For the BiRNN layer, it contains feed-forward and feedbackward neural networks layer. This can be described by
𝑓

𝑓

ℎ𝑖 = 0 (𝑤𝑥ℎ 𝑥𝑖 + 𝑤ℎℎ ℎ𝑖−1 + 𝑏𝑓 )

(10)

𝑏
𝑏
𝑥𝑖 + 𝑤ℎℎ
ℎ𝑖−1 + 𝑏𝑏 )
ℎ𝑏𝑖 = 0 (𝑤𝑥ℎ

(11)

𝑓

h = ℎ𝑖 + ℎ𝑏𝑖

(12)

For prediction, a sentence pair can be identified as parallel
if the probability exceeds a threshold. We can compute as
follows:
{1
𝑦̂ = {
0
{

#sentences
3,839,000
427,000
5,500,000
590,000
641,000
324,000

f

xi

𝑓

#webpages
249,238
48,907
451,972
99,578
44,046
27,419

ℎn

＠
Ｑxℎ

x1

languages
Chinese
Uyghur
Chinese
Uyghur
Chinese
Uyghur

𝑖𝑓 𝑝 (y = 1 | h) > 𝜎
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(13)

4. Experiments
To assess the effectiveness of our method, we compare it
in different setting against the baseline. As we mainly pay
attention to solve low-resource problem and construct lowresource language pair translation system. As an instantiation
of this goal, we conduct a detailed study on Uyghur-Chinese.
4.1. Experiment Setup
4.1.1. Data. In our experiments, the actual systems obtain
bilingual parallel corpus from three multilingual website:
TianShan (http://www.ts.cn/), RenMin (http://www.people
.com.cn/) and KunLun (http://www.xjkunlun.cn/) website. We only retain those webpages of documents having more than 20 words. The statistics of the preprocessed
corpora is given in Table 1. Pay attention that we only
select the length of sentence that exceeds 10 words. The data
of our experiment is available at https://pan.baidu.com/s/
1EePrHOjhuN-jTb-vNiSgTA.

4.1.2. Evaluations and Ground Truth. In order to carry out
an objective evaluation for obtained parallel sentences, we
perform two methods to evaluate. The first is translation
accuracy, which is the proportion of truly parallel sentence
pairs among all obtained sentences pairs. As we obtain data
from open data platform, we can’t get a standard translation language pairs to compute the translation accuracy of
obtained parallel sentences. So we use manually evaluate
the accuracy of a random sample of the obtained parallel
sentences. In experiments, we randomly select 500 obtained
parallel sentences to conduct manual evaluation. Another is
that use obtained parallel sentences to construct machine
translation system and the BLEU score as an evaluation
metric.
4.1.3. Baseline. For comparison, we use a parallel sentences
extraction system Bitextor. The system is a free/open-source
tool for harvesting parallel data from multilingual websites.
User is required to provide one or more URLs of websites
to be processed, the two languages for which the parallel
corpus will be produced, and a bilingual lexicon in these
two languages. This system can automatically analyze the
structure of webpages and obtain parallel data by bilingual
lexicon. Thus, we alter various size bilingual lexicons to test
how it affects the obtaining of parallel sentences.
Another problem is evaluating classifier. We all know
that we must use parallel sentences to train classifier and
using the classifier predicts parallel sentences. The size of
parallel sentences affects the classifier performance. So we,
respectively, select different number of parallel sentences to
train classifier and test it.
4.2. Effect of Bilingual Lexicon Size. In order to investigate the
effectiveness of our system for obtaining parallel sentences
in low-resource language pairs, we respectively run ours
and Bitextor with different bilingual sice. As the Bitextor
does not use the time window as a feature to select parallel
data, we use this feature in our system. So we use the time
window to filter the results of Bitextor in order to keep
experimental consistency. We record the performance by
varying the lexicon size to conduct training process, shown
in Table 2. The table is for Uyghur-Chinese.
In experiments, we use {600; 1, 500; 5, 000; 10, 000}
entries of lexicon to conduct the obtaining parallel sentences
process. From Figures 3 and 4 we can immediately see
the important role the bilingual lexicon plays in obtaining
parallel sentences process. We observe that Bitextor does not
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Table 2: The size and accuracy of obtaining parallel sentences in different number of training corpus.
Model
size
accuracy
size
accuracy

LSTM
C-BiRNN

The number of training parallel sentences
5,000
10,000
20,000
33,000
65,000
92,000
0.71
0.78
0.81
28,000
58,000
86,000
0.63
0.68
0.70

2,000
13,000
0.6
14,000
0.58

0.90

Precision

0.85
0.80
0.75
0.70

2000

4000

6000
Lexicon

8000

10000

Bitextor
Ours

40,000
126,000
0.82
121,000
0.72

600, ours can get a very objective number and accuracy of
parallel sentences. This result, combined with the inadequate
performance of the baseline, conforms to our expectation
that obtain parallel sentences for low-resources language
pairs.
From Figures 3 and 4, we can obtain a lot of parallel
sentences with a high accuracy. However, we still find that
we can’t obtain enough parallel sentences for actual natural
language processing such as SMT. We analyze two factors
affecting the number of obtaining parallel sentences: (1)
despite constructing word embeddings and using methods
in Section 3, we can find more bilingual signals. However,
we only retain words that occur at least 1,000 times (Lower
times threshold make the accuracy very low and low time
word cannot get a fine word embedding.), and it seriously
limits obtaining the size of bilingual signal. (2) We set a
time window to filter noisy, it makes large candidate not be
obtained in final parallel sentences.

Figure 3: Precision of result as the entries of bilingual lexicon.

70000
60000

Size

50000
40000
30000
20000
10000
2000

4000

6000
Lexicon

8000

10000

Bitextor
Ours

Figure 4: Size of result as the entries of bilingual lexicon.

obtain parallel sentences when the size of bilingual lexicon
is very small. However, we see that our system can get a
very objective result under low resources. We can easily find
that Bitextor has a very unstable performance with different
lexicon size. However, ours can keep relatively stable results
no matter the number and accuracy of obtaining parallel
sentences. When the lexicon entry only is a little such as

4.3. Effect of Parallel Sentences for Classifier Experiments.
Using bilingual signal, we can obtain a certain number of
parallel. From Section 4.2, we can see that the number of
obtaining parallel sentences is not large enough. Constructing bilingual classifier is a good method to filter bilingual
parallel sentences from monolingual corpus. In this section,
we will discuss the classifier how affect the obtaining parallel
sentences and which factor affects the processing of obtaining
parallel sentences.
In this experiment, we construct based on LSTM and classical bidirectional recurrent neural network (C-BiRNN) classifiers to filter parallel sentences from monolingual corpus. At
the same time, we use {2,000; 5,000; 10,000; 20,000; 40,000}
number of parallel sentences to train classifier. Table 2 shows
the results of the tested systems for Uyghur-Chinese. We can
observe that the two neural work to have a different performance for size and accuracy of obtaining parallel sentences.
From the table, the LSTM have a better result than the other
no matter the size and accuracy. We attribute it to the fact that
LSTM have a better neural network structure to remember
more information than the classical bidirectional recurrent
neural network (C-BiRNN). Another interesting finding is
that the size of training corpus plays a big role to filter
bilingual parallel sentences. When the number of training
parallel sentences is only 2,000, the two testing systems only
obtain a few results and the most unacceptable is that the
result has a very low accuracy so that the result cannot use
any natural language process tasks. However, as the training
parallel sentences increase, the size and accuracy have a
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Table 3: Statistics of the size and precision of parallel sentences extracted from multilingual websites.

Model
Bitextor&LSTM
Ours&LSTM

Training corpus
30,000
40,000
30,000
40,000

Table 4: BLEU scores on Uyghur-Chinese SMT using different
training corpus.
Model
Bitextor&LSTM &SMT(baseline)
Ours &LSTM &SMT

BLEU
5.6
15.81

#sentences
100,000
100,000

great improvement no matter C-BiRNN and LSTM. We can
conclude that the number of training parallel sentences has a
big influence on the performance of classifier. This conclusion
can present the importance of our inducing bilingual signal.
Only by the methods detailed in Section 3.2 and experiment
in Section 4.2 can we obtain enough parallel sentences to train
an state-of-the-art classifier.
4.4. Machine Translation Evaluation. Our final objective of
obtaining parallel sentences is training a machine translation
system to perform translation task for low-resource language
pair. In order to justify the effectiveness of our methods, we
obtain parallel sentences to construct a machine translation
system in low-resources Uyghur-Chinese language pair and
evaluate its quality by measuring the BLEU score on SMT
system. We use an state-of-the-art free/open source Moses
[19] to train phrase-based translation system.
In our experiment, we use the Bitextor and ours method
to obtain training parallel sentences, and the classifiers all
use LSTM neural network. The reason of using Bitextor is
that we need a baseline system to measure. For two methods,
we select {30,000; 40,000} sentence pairs as training corpus
to construct classifier and obtain enough training corpus
to train machine translation system. The first experiment is
selecting enough number of parallel sentences (see Table 3).
We can see that ours exceed Bitextor under using same
classifier. Although the two can get many of candidate
parallel sentences, the results of Bitextor have a low precision.
We attribute the reason that the Bitextor needs an enough
bilingual lexicon and ours does not.
In next section, we will use the collocated extraction
procedure described in Section 3 to train some machine
Uyghur-Chinese translation systems. As the baseline SMT
system, we use parallel sentences obtained by Bitextor to train
a classifier to obtain final training corpus for SMT system.
Table 4 shows the BLEU scores for the different SMT systems.
We can see that our approach can get a higher BLEU
score than the baseline. In the experiment, we all use 30,000
sentence pairs to train classifier. Combining Table 3 with
Table 4, we can believe that the baseline cannot get a very high
accuracy of parallel sentences and makes SMT system have
a low performance. As we all know, the quality of training

#sentences
117,900
124,200
120,200
127,900

#precision
0.70
0.70
0.81
0.82

corpus heavily affects the performance of SMT system. We
further analyze the Bitextor need of a bilingual lexicon to
guarantee a high accuracy of parallel corpus. Although it is
an excellent system to obtain parallel corpus, it will show
a poor performance for low-resources language pairs. This
experiment clearly indicates the benefit of obtaining parallel
sentences using our method. It is important to note that
we can construct a machine translation system with lowresources language pairs.

5. Conclusion
In this paper, we present a new minimal supervision method
to obtain parallel sentences for solving low-resources problem in natural language processing. Our experiments show
that our approach outperforms the traditional system to
obtain parallel corpus from multilingual websites for lowresources language pairs.
Our methods mainly contain three steps. First, we use
Word2vec to train two monolingual word embeddings. By
a small bilingual lexicon about hundreds of words, we can
induce more bilingual signals. Then, using a word-overlap
model finds some parallel sentences. This step avoids the
effect of HTML structure as the current website is developed
into dynamic modules. Finally, we construct a LSTM-BiRNN
classifier to extract parallel sentences. We use the parallel
corpus obtaining in above step to train this classifier and
perform extracting process. We use the final obtaining parallel sentences to construct a Uyghur-Chinese SMT system
to measure our method. The experiments indicate that our
method can get state-of-the-art results in low-resources
language pair.
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Human activity recognition (HAR) has become a popular topic in research because of its wide application. With the development
of deep learning, new ideas have appeared to address HAR problems. Here, a deep network architecture using residual bidirectional
long short-term memory (LSTM) is proposed. The advantages of the new network include that a bidirectional connection
can concatenate the positive time direction (forward state) and the negative time direction (backward state). Second, residual
connections between stacked cells act as shortcut for gradients, effectively avoiding the gradient vanishing problem. Generally,
the proposed network shows improvements on both the temporal (using bidirectional cells) and the spatial (residual connections
stacked) dimensions, aiming to enhance the recognition rate. When testing with the Opportunity dataset and the public domain
UCI dataset, the accuracy is significantly improved compared with previous results.

1. Introduction
In real life, many problems can be described as time series
problems. Indeed, human activity recognition (HAR) is of
value in both theoretical research and actual practice. It can
be used widely, including health monitoring [1, 2], smart
homes [3, 4], and human–computer interactions [5, 6]. For
example, long short-term memory (LSTM) networks are a
good choice for solving HAR problems. Unlike traditional
algorithms, LSTM is able to catch relationship in data on the
temporal dimension without mixing the time steps together
as convolutional neural network (CNN). As more of what is
commonly called “big data” emerges, LSTM network offers
great performance and many potential applications.
More specifically, HAR is a process of obtaining action
data with sensors. It symbolizes action information and
then allows understanding and extraction of the motion
characteristics, which is what activity recognition refers to.
Because of the spatial complexity and temporal divergence
of behavior, there is no unified recognition method. A
public domain benchmark of HAR has been introduced, and

different methods of recognition have been analyzed [7].
The results showed that the K-nearest neighbor (KNN) algorithm outperformed other algorithms in most recognition
tasks. Support vector machine (SVM) is another outstanding
algorithm. A multiclass hardware-friendly support vector
machine (MC-HF-SVM), which uses fixed-point arithmetic
for HAR instead of the typical floating-point arithmetic, has
been proposed for sensor data [8]. Unlike the manual filtering
features in previous algorithms, a systematic feature learning
method that combines feature extraction with CNN has also
been proposed [9]. Subsequently, Deep ConvLSTM networks
outperformed previous algorithms in the Opportunity Challenge by an average of 4% of the F1 score [10].
Although researchers have made great strides in HAR,
room for improvement remains. Inspired by previous neural
networks, we describe a novel deep residual bidirectional
long short-term memory LSTM (Res-Bidir-LSTM) network.
The deep architecture has improved learning ability and,
despite the time required to reach maximum accuracy, shows
good accuracy early in training. It is especially suitable for
complex, large-scale HAR problems where sensor fusion is
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Figure 1: The unfolded structure of one-layer baseline LSTM is shown. Baseline LSTM structure operating through the time axis, from left
to right.

required. Residual connections and bidirectional communication through time are available to ensure the integrity of
information flowing deeply through the neural network.
In recent years, deep learning has shown applicability to
many fields, such as image processing [11, 12], speech recognition [13–15], and natural language processing [16, 17]. In
ILSVRC 2012, AlexNet, proposed by Krizhevsky [18], took
the first place. Since then, deep learning has been considered
to be applicable to solving real problems and has done so
with impressive accuracy. Indeed, deep learning has become
a popular area for scientists and engineers.
Another event in 2016 that drew considerable attention
was the century man–machine war at the end of the game
in which AlphaGo achieved victory. This event also demonstrated that deep learning, based on big data, is a feasible way
to solve the nondeterministic polynomial problem.
LSTM netowrk, first proposed by Juergen Schmidhuber
in 1997 [19], is variants of recurrent neural networks (RNNs).
It has special inner gates that allow for consistently better
performance than RNN for time series. Compared with
other networks, such as CNN, restricted Boltzmann machine
(RBM), and auto-encoder (AE), the structure of the LSTM
renders it especially good at solving problems involving time
series, such as those related to natural language processing,
speech recognition, and weather prediction, because its
design enables gradients to flow through time readily.
Section 2 presents the theory of baseline LSTM, BidirLSTM, and residual networks. In Section 3, we provide an
explicit introduction to the preprocessing in HAR and describe Res-Bidir-LSTM. Several experiments are performed

with HAR benchmarks: the public domain UCI dataset and
the Opportunity dataset. We compare the accuracy of recognition of our algorithm with those of other algorithm. Finally,
we summarize the research and discuss our future work.

2. Background
2.1. Baseline LSTM. LSTM [18] is an extension of recurrent
neural networks. Due to its special architecture, which
combats the vanishing and exploding gradient problems, it is
good at handling time series problems up to a certain depth.
In Figure 1, we define the input set as {𝑥0 , 𝑥1 , . . .,
𝑥𝑡 , 𝑥𝑡+1 , . . .}, the output set as {𝑦0 , 𝑦1 , . . . , 𝑦𝑡 , 𝑦𝑡+1 , . . .}, and
hidden layers as {ℎ0 , ℎ1 , . . . , ℎ𝑡 , ℎ𝑡+1 , . . .}. Then, 𝑈, 𝑊, 𝑉
denote weight metrics from the input layer to the hidden
layer, from the hidden layer to the hidden layer, and from
the hidden layer to the output layer, respectively. The transfer
process of the network can be described as follows: the input
tensor is transformed, along with the tensor of the hidden
layer (at the last stage), to the hidden layer by a matrix
transformation. Then, the output of the hidden layer passes
through an activation function to the final value of the output
layer.
Formally, outputs of the hidden layer and output layer can
be defined as follows:
𝑖=0
𝑔 (𝑈𝑥𝑖 + 𝑏𝑖ℎ )
ℎ𝑖 = {
ℎ
𝑔 (𝑈𝑥𝑖 + 𝑊ℎ𝑖−1 + 𝑏𝑖 ) 𝑖 = 1, 2, . . .
𝑦𝑖 = 𝑔 (𝑉ℎ𝑖 +

𝑦
𝑏𝑖 )

𝑖 = 0, 1, . . .

where 𝑔(⋅) represents tanh function.

(1)
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Figure 2: Comparison between a RNN and a LSTM cell. Notations are operators and arrows are information flows. The three 𝜎 operators
from left to right are forget gate, input gate, and output gate, respectively. All the three gates have the same operator in form and the same
inputs. But they have different weights and biases, which also leads to different values of forgot information 𝑓𝑡 , input information 𝑖𝑡 , and
output information 𝑜𝑡 . More details are described in text and (2).

In theory, RNN can estimate the output of current time
based on past information. However, Bengio [20] found that
RNN could remember the information for only a short time,
because of the vanishing and exploding gradient problems.
When backpropagation with a deep network is used, gradients will vanish rapidly if preventative measures that permit
gradients to flow deeply are not taken. Compared with the
simple input concatenation and activation used in RNNs,
LSTM has a particular structure for remembering information for a longer time as an input gate and a forget gate
control how to overwrite the information by comparing the
inner memory with the new information arriving. It enables
gradients to flow through time easily.
As shown in Figure 2, the input gate, the forget gate, and
the output gate of LSTM are designed to control what information should be forgotten, remembered, and updated. Gating is a method to selectively pass the information that is
needed. It consists of a sigmoid function and an element-wise
multiplication function. The output value is within [0, 1] to
allow the multiplication to then happen to let information
flow or not. It is considered good practice to initialize these
gates to a value of 1, or close to 1, so as to not impair training
at the beginning.
In the LSTM cell, each parameter at moment 𝑡 can be
defined as follows:
𝑓𝑡 = 𝜎 (𝑊𝑓 [ℎ𝑡−1 , 𝑥𝑡 ] + 𝑏𝑓 )
𝑖𝑡 = 𝜎 (𝑊𝑖 [ℎ𝑡−1 , 𝑥𝑡 ] + 𝑏𝑖 )
̃𝑡 = tanh (𝑊𝑐 [ℎ𝑡−1 , 𝑥𝑡 ] + 𝑏𝐶)
𝐶
̃𝑡
𝐶𝑡 = 𝑓𝑡 𝐶𝑡−1 + 𝑖𝑡 𝐶

𝑜𝑡 = 𝜎 (𝑊𝑜 [ℎ𝑡−1 , 𝑥𝑡 ] + 𝑏𝑜 )
ℎ𝑡 = 𝑜𝑡 tanh (𝐶𝑡 )
(2)
The information process of LSTM cell is described in
(2). First, there is a need to forget old information, which
involves the forget gate. The next step is to determine what
new information needs to keep in memory with an input gate.
From that, it is possible to update the old cell state, 𝐶𝑡−1 , to the
new cell state, 𝐶𝑡 . Finally, it decides which information should
be output to the layer above with an output gate.
2.2. Bidirectional LSTM. In real life, human trajectories are
continuous. Baseline LSTM cells predict the current status
based only on former information. It is clear that some
important information may not be captured properly by the
cell if it runs in only one direction.
The improvement in bidirectional LSTM is that the
current output is not only related to previous information
but also related to subsequent information. For example, it
is appropriate to predict a missing word based on context.
Bidirectional LSTM [21] is made up of two LSTM cells, and
the output is determined by the two together.
→

In Figure 3, there are forward sequences ℎ and backward
←

sequences ℎ in the hidden layer. For the moment 𝑡(𝑡 =
0, 1, 2 . . .), the hidden layer and the input layer can be defined
as follows:
→

→

 𝑥𝑡 + 𝑊→
 ℎ 𝑡−1 + 𝑏→
)
ℎ 𝑡 = 𝑔 (𝑈→
ℎ
ℎ
ℎ
←

←

 𝑥 + 𝑊←
ℎ
)
+ 𝑏←
ℎ 𝑡 = 𝑔 (𝑈←
ℎ 𝑡
ℎ 𝑡−1
ℎ
→

←

 ℎ 𝑡 + 𝑉←
 ℎ + 𝑏𝑦 )
𝑦𝑡 = 𝑔 (𝑉→
ℎ
ℎ 𝑡

(3)
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Figure 3: Standard bidirectional LSTM structure. For a bidirectional layer, it gets information from vertical direction (lower layer) and
horizontal direction (past and future) and finally outputs the processed information for the upper layer.

Our bidirectional LSTM cell differs slightly from this.
We concatenate the results of the two ℎ𝑡 to then reduce
the number of features in half with a ReLU fully connected
hidden layer as follows:
→
 ←

𝑦𝑡 = 𝑅𝑒𝐿𝑈 (𝑊 ∗ 𝑐𝑜𝑛𝑐𝑎𝑡 ( ℎ 𝑡 , ℎ 𝑡 ) + 𝑏) ,

(4)

where 𝑐𝑜𝑛𝑐𝑎𝑡(⋅) means concatenating sequences.
2.3. Residual Network. The Microsoft research Asia (MSRA)
team built a 152-layer network, which is about eight times that
of the VGG network [22]. Due to its excellent performance,
they took first place in the 2015 ILSVRC competition owing to
an absolute advantage in image classification, image location,
and image detection.
As the network deepens, the research emphasis shifts to
how to overcome the obstruction of information and gradient
transmission. The MSRA uses residual networks. The main
idea is that it is easier to optimize the residual mapping than
to optimize the original, unreferenced mapping. Compared
to highway network [23], residual network has no gates but
residual connections. So the network is parameter-free and
the shortcut will never close. In addition, all information is
always passed through with additional residual functions to
be learned.
An important advantage of residual networks is that they
are much easier to train because the gradients can be passed
through the layers more directly with the addition operator
that enables them to bypass some layers that would have

otherwise been restrictive. It enables both better training
and a deeper network, because residual connections do not
impede gradients and still contribute to refining the output of
several stacked layers composed of such residual connections.
On top of a collection of residual connections is a bottleneck
where the next layers stop being residual and where batch
normalization is generally applied to normalize and restrict
the usage of the feature space represented by the layer [24].
A residual network is shown in Figure 4. The lower information can transmit to upper layer directly through shortcut
connection, which increases the freedom of the information
flowing. The shortcut connects many supplementary 𝑛(𝑛 =
0, 1, 2, . . .) layers in height before the bottleneck. When 𝑛
equals 0, there is no residual connection: it becomes like the
baseline deep-stacked LSTMs layers. In Figure 4, 𝑛 is 0, and
the output of the hidden layer 𝑖(𝑖 = 1, 2, . . . , L) can be defined
as follows:
ℎ1 = 𝜎 (𝑊1 𝑥 + 𝑏1 )

𝑖=1

ℎ𝑖 = 𝜎 (𝑊𝑖 ℎ𝑖−1 + 𝑏𝑖 ) + ℎ𝑖−2

𝑖 = 2, 3, . . . , 𝐿 − 1

𝑦 = 𝜎 (𝑊𝑦 ℎ𝑖 + 𝑏𝑦 ) + ℎ𝑖−1

𝑖=𝐿

(5)

In the code implementation, indexing in the configuration file starts at 1 rather than 0, because we include the
count of the first layer that acts as a basis before the residual
cells. The same counting rule applies for indicating how many
blocks of residual connection stacked one on top of the other.
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Figure 4: Isolated residual neural network.

3. Our Model: Deep Residual
Bidir-LSTM Network

best in-training metrics and the final metrics obtained are
kept for comparison.

3.1. Process Pipeline for HAR. The process pipeline of HAR
can be divided into three parts: preprocessing, training, and
testing. In our case, testing is modified in parallel with
training. First, testers perform activities of daily living with
wearable sensors and gathered information to form the raw
dataset. The missing data is interpolated and normalized to a
mean of zero and standard deviation of 0.5. We then reshape
the data to fit the designed network, with windows of 128
time steps. The dataset is split into training and testing datasets.
Second, a training tensor is added to the designed network so it could output a prediction. The difference between
the predicted value and the real value is compared with a
sigmoid cross entropy loss with L2 weight decay to backpropagate errors backward into the network layer by layer with
the Adam optimizer [25]. Thus, we could adjust the hyperparameters in networks, such as the learning rate and L2
weight decay, to reduce the difference.
Finally, during testing, we add the testing tensor to the
neural network without affecting the learned parameters, so
as to not corrupt the test. Testing does not affect the training.
Predictions obtained from the neural network are compared
with the real values. The metrics of accuracy and of the F1
score of HAR are calculated throughout learning. Both the

3.2. Architecture of Deep Res-Bidir-LSTM Network. Inspired
by the networks in Section 2, we propose the Res-Bidir-LSTM
to deal with HAR. Although residual connections for CNN
have been used [22], the methodology is also available for
LSTM.
Similar to building blocks, we select modules and combine them to build a network based on our mission. The input
of HAR should be a time series, and the basic structure of the
LSTM guarantees that it can preserve the characteristics on
the temporal dimension.
Additionally, a large network can be optimized correctly
for a problem with sufficient regularization, such as L2 weight
decay and dropout. However, if no regularization is used,
results trend to overfitting and bad operations on the test set.
Complexity is good but only if countered with regularization.
Too many layers and cells per layer will increase the computational complexity and waste computational resources. When
the layer number and cell number reach a certain scale, the
recognition accuracy will remain at a certain scale instead
of increasing. By adding more depth, regularization is then
needed to avoid overfitting while still improving accuracy.
Our deep LSTM neural network is limited in terms
of how many data points it can access: it has access to
only 128 time steps when making its predictions. Especially

6
when deepened, the next forward/backward duo will see
output from the other pass “in advance”, because, logically,
a backward pass for our bidirectional LSTM reverses the
input and the output before the concatenation. Thus, the
Bidir-LSTM has the same input and output shape as the
baseline LSTM. But at a given time step, it has access
to more information in advance because of the backward
passes.
In general, gradient vanishing is a widespread problem for
deep networks. The residual, bidirectional, and stacked layers
(hence, the name “Deep Residual Bidir-LSTM”) help counter
this problem, because some bottom layers would otherwise
be too hard to optimize when using backpropagation. Combined with batch normalization on the top of each residual
layer, residual connections act as shortcut for gradients. It
prevents restrictions in the hidden layer feature space from
being too complex and avoids outlier values at test time,
against overfitting.
In Figure 5, the information flows in the horizontal
direction (temporal dimension) and in the vertical direction
(depth dimension). With the exception of the input and
output layers, there are 2 hidden layers which have residual
connection inside (hence, called “residual layer”). Moreover,
each residual layer contains 2 bidirectional layers. The network in Figure 5 has 2 × 2 architecture, which can also be
thought of as 8 LSTM cells in sum. In our network, the
activity function is unified with ReLU, because it always
outperforms tanh with deep networks to counter gradient
vanishing. Although the output is a tensor for a given time
window 𝑇, the time axis has been crunched by the neural
network. That is, we need only the last element of the output
and can discard the others. Thus, only the gradient from the
prediction at the last time step is applied. This also causes
a LSTM cell to be unnecessary: the uppermost backward
LSTM in the bidirectional pass. Hopefully, this is not of
great concern because TensorFlow should evaluate what to
compute and what not to compute. Additionally, the training
dataset should be shuffled during the training process. The
state of the neural network is reset at each new window for
each new prediction.
3.3. Tricks for Optimization. Our Res-Bidir-LSTM for HAR
makes it possible to see that the accuracy during testing is
much worse than that during training. Overfitting is likely
to occur, and balancing the regularization hyper-parameters
becomes difficult because they are so numerous. The L2 norm
of the weights for weight decay is added in the loss function.
Also, dropout is applied between each layer on the depth
axis or, sometimes, just at the output, depending on what is
specified in the configuration file, which is another hyperparameter. Dropout refers to the fact that parts of tensors
that are output by the hidden layer are shut down to a zero
value to a certain probability for each value in each training
epoch, while other values scale up accordingly to keep the
same geometric norm of the tensor’s values. The inoperative
nodes can be regarded as dead nodes (or neurons) that are
temporarily not in the network, which means that the weights
and biases behind these dead notes temporarily neither learns
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nor contributes to the predictions during that training step for
a batch. The weights are kept intact.
To avoid a sudden leveling off in the accuracy during
learning, gradient clipping [24] is added with a maximal gradient step norm of 15. The threshold, V(V > 0), for the gradient
helps not to overshoot the weight update during training due
to having sharp cliffs in the weight space, a characteristic of
RNNs:
 
if 𝑔 > V

𝑔V
𝑔 ←   ,
𝑔
 

(6)

where 𝑔 is the gradient and ‖𝑔‖ is normed gradient.
Batch normalization [26] can also be useful in training
residual connections. The fundamental idea of batch normalization is that layers are simply normalized by mean and
variance such that they have a mean of zero and a standard
deviation of 1 over the whole batch. One big rescaling factor
multiplies the whole batch, and one big bias is also added. The
result is then normalized and offset in a linear fashion. The
scaling multiplier 𝛼 and the offset parameter 𝛽 are learned to
rescale inputs in a custom way, and 𝛽 is initialized to 1, as is
commonly done. The formula can be defined as follows:
𝑥̂(𝑘) =

𝑥(𝑘) − 𝐸 [𝑥(𝑘) ]
√var [𝑥(𝑘) ]

(7)

𝑦(𝑘) = 𝛼(𝑘) 𝑥̂(𝑘) + 𝛽(𝑘) ,
where 𝑥(𝑘) means the 𝑘𝑡ℎ parameter in the parameters vector
and 𝑦(𝑘) is normed value of 𝑥(𝑘) .
We add many tricks to the network to provide better
results. Generally, L2 norm for weight decay and dropout
are used to prevent overfitting, and gradient clipping and
batch normalization are used to prevent gradient vanishing
or explosion as well as overshooting the learning updates.

4. Experiments
We test the Res-Bidir-LSTM network with the public domain
UCI dataset [27] and the Opportunity dataset [7]. It also
compares with the outcome of other methods. The computer
for testing has an i7 CPU with 8 GB RAM as well as an
NVIDIA GTX 960m GPU. The GPU and CPU are used
alternatively depending on the size of the neural network,
which sometimes exceeded the available amount of memory
on the graphics card during training.
4.1. Datasets. The research objects of recognition are activities in daily life. The benchmark for HAR should meet two
conditions. First, it should contain most behavioral classes
to reflect real life. Second, it should abstract features and
labels for modeling and calculations. Human actions can be
divided into several layers in terms of granularity, such as the
gesture layer (including left-arm lift, trunk-back), the action
layer (including jumping, running, sitting), and the behavior
layer (such as drinking water, typing, and sleeping). A good
HAR benchmark should include a clear understanding of
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Figure 5: Unfold Res-Bidir-LSTM network architecture. “ReLU” represents the full connection layer and a ReLU function followed. And
“BN” is short for batch normalization.

the hierarchy. There are several open datasets that can be
benchmarked, such as the public domain UCI [27], the
Opportunity [7], and the KTH datasets [28]. Many studies
have used these benchmarks. We choose the public domain

UCI and the Opportunity datasets for our experiments. The
neural network should be readily adaptable to a new dataset
with an architecture module and a changeable configuration
file that also loads the dataset.
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Public Domain UCI Dataset. Experiments are carried out
with a group of 30 volunteers aged 19–48 years. Each person
performs six activities (WALKING, WALKING UPSTAIRS,
WALKING DOWNSTAIRS, SITTING, STANDING, and
LAYING DOWN) wearing a smart phone (Samsung Galaxy
S II) on the waist. Using its embedded accelerometer and
gyroscope, we are able to make three-axial linear acceleration
and three-axial angular velocity available at a constant rate of
50 Hz and trim into windows of 128 time steps for a 2.56second window. It is enough to capture two steps, in the case
of walking, for the classification. The experiments are videorecorded to label the data manually and obtain balanced
classes. The dataset obtained is partitioned randomly into two
sets: 70% of the volunteers are selected for generating the
training data, and the others are selected for generating the
testing data. Each sample has 561 linear (time-independent)
hand-made, preprocessed features from signal analysis (e.g.,
window’s peak frequency), but only nine features are used in
our study: triaxial gravity acceleration from the accelerometer
(from a 0.3 Hz Butterworth low-pass filter) and triaxial
body acceleration and triaxial angular velocity from the
gyroscope. These are raw signals with a time component. The
sensor data are preprocessed by applying denoising median
filters, clipping the approximately 20 Hz mark. They are then
sampled in fixed-width sliding window of 2.56 seconds. The
window is provided with an overlap of 50% to ease training.
Additionally, all features are prenormalized and bound within
[−1, 1].
Opportunity Dataset. The Opportunity dataset for human
activity recognition from wearable, object, and ambient
sensors is a dataset devised to benchmark human activity
recognition algorithms. A subset of this dataset is used for
the “OPPORTUNITY Activity Recognition Challenge”. From
then on, the subset has been used by numerous third party
publications [29–31]. In order to compare with benchmark
methods, we use the same subset, which has 3 subjects and
6 runs per subject. The testing set is composed of Run 4
and Run 5 for Subjects 2 and 3, and the others are left
for training set. The activities of the user in the scenario
were annotated on different levels. Notably, among others,
17 mid-level gesture classes are identified and used for our
predictions; this group included the “NULL” class, which is
common, for a total of 18 classes. Due to the use of wireless
sensors to transfer data, there may be missing data. We use
linear interpolation to fill in the missing data. Also, the data
is provided with a custom scale and different value ranges and
resolutions for each feature. There are sometimes magnitudes
of difference according to the cell used. Our architecture use
mean and variance (standard deviation) normalization on the
z-score scale with a standard deviation of 0.5. Such a small
standard deviation is often useful in deep learning [32]. The
transition function was defined as follows:
𝑥∗ =

𝑥−𝜇
,
𝜎

(8)

where 𝜇 is mean value and 𝜎 is the standard deviation.
To summarize, we use only a subset of the full dataset to
simulate the conditions of the competition, using 113 sensor

channels and classifying the 17 categories of output (and the
NULL class). Our LSTM’s inner representation is always reset
to 0 between series. We use mean and variance normalization
rather than min-to-max rescaling.
Because of class imbalance in the Opportunity dataset, we
use F1 score as a measurement of recognition. The F1 score is
defined as follows:
𝐹1 = 2∑
𝑐

𝑁𝑐 𝑝𝑟𝑒𝑐 × 𝑟𝑒𝑐𝑎𝑙𝑙
,
𝑁𝑡𝑜𝑡𝑎𝑙 𝑝𝑟𝑒𝑐 + 𝑟𝑒𝑐𝑎𝑙𝑙

(9)

where 𝑝𝑟𝑒𝑐 and 𝑟𝑒𝑐𝑎𝑙𝑙 indicate precision and recall, respectively. 𝑁𝑐 is the sample count of class 𝑐, and 𝑁𝑡𝑜𝑡𝑎𝑙 is the total
sample count of the dataset.
4.2. Hyper-Parameters Setting. The hyper-parameters in the
Res-Bidir-LSTM network affect the final result. Generally
used methods of tuning parameters include experimental
methods, grid searches [33], genetic algorithm (GA) [34], and
particle swarm optimization (PSO) [35, 36]. As experimental
methods involve approximating the value by running many
experiments, these methods are time consuming. GA and
PSO are heuristic algorithms, and they are limited to dealing
with large-scale network. We use grid search, which involved
dividing hyper-parameter values into several steps to create
a grid of a certain range and then traversing all points of the
grid to find the best values for these parameters.
Our LSTM’s inner representation is always reset to 0
between series. As shown in Figure 6, for n channels’ data,
a new sample consisted of a window length series of T. Then,
T is moved with a step size to form the next sample, using
50% overlap, which adds some redundancy during training
and testing. Repeating the operation above yields a dataset
suitable for training. Missing values between labels refer to
the Null class. The last moment of the time window is chosen
as a label for each sample’s classification. Thus, if the class
changes throughout the series, only the last time step will
account for the classification for training and testing, and the
50% overlap account for learning some of the label changes.
The label of the last moment is better at reflecting the intent as
well as the possibly current behavior. Through a slide window
process, the shape of the dataset 𝑆𝑒𝑞𝑢𝑒𝑛𝑐𝑒𝑁𝑢𝑚 × 𝑐ℎ𝑎𝑛𝑛𝑒𝑙𝑠
is converted to 𝑠𝑎𝑚𝑝𝑙𝑒𝑁𝑢𝑚 × 𝑤𝑖𝑛𝑑𝑜𝑤𝑆𝑖𝑧𝑒 × 𝑐ℎ𝑎𝑛𝑛𝑒𝑙𝑠 with
overlap.
4.3. Results. MultiClass Hardware Friendly SVM (MC-HFSVM) was proposed by Davide Anguita [8]. It allows better
preservation of the life of a smart phone battery than the
conventional floating-point-based formulation while maintaining comparable system accuracy levels. The performances
of Bidir-LSTM and Res-LSTM are almost the same, both
better than baseline LSTM. A brief explanation is that BidirLSTM can get information in both forward and backward
passes, and Res-LSTM uses shortcut to transmit information
directly. Among the algorithms in Table 1, Res-Bidir-LSTM
achieves the best F1 score, 93.5%, because of residual and
bidirectional connections. The accuracy and F1 score are
almost the same for each model. It seems that class imbalance
makes little difference with the dataset. Res-Bidir-LSTM is
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Figure 6: Sliding window. The ground truth represents labels for the classification.
Table 1: Accuracy and F1 score for each algorithm with the public domain UCI dataset. The best result in each column is highlighted in bold.
Algorithm
MC-HF-SVM
Baseline LSTM
Bidir-LSTM
Res-LSTM
Res-Bidir-LSTM

Accuracy
89.3%
90.8%
91.1%
91.6%
93.6%

F1 score
90.8%
91.1%
91.5%
93.5%

Table 2: Matrix confusion on test dataset using Dee-Res-Bidir-LSTM. WK, WU, WD, ST, SD, and LD for the public domain UCI
dataset (representing WALKING, WALKING UPSTAIRS, WALKING DOWNSTAIRS, SITTING, STANDING, and LAYING DOWN,
respectively).

WL
WU
WD
ST
SD
LD
Precision

WL
476
20
14
0
0
0
93.3%

WU
1
429
8
5
0
0
96.8%

WD
20
21
398
0
0
0
90.7%

fine-tuned with 3 layers, 28 units/layer, and dropout is set
as 0.8. The best hyper-parameter combination is chosen by
grid search. We also test Res-Bidir-LSTM without dropout. It
shows that the best F1 score is 92.8% and always gets at early
epoch.
Table 2 shows the confusion matrix of Res-Bidir-LSTM
with testing data. The values of prediction in six classes are in
the range of 87.3% to 99.3%, and the values of recall are in the
range of 88.4% to 100%. The integral accuracy reached 93.6%.
An intuitive confusion matrix is shown in Figure 7. The color
from blue to red represents the increasing percentage. It can
be seen that the LAYING DOWN class is recognized best,

ST
0
0
0
426
62
0
87.3%

SD
0
0
0
33
473
0
93.5%

LD
0
0
0
4
0
537
99.5%

Recall
95.8%
91.3%
94.8%
91.1%
88.4%
100%
93.6%

likely because triaxial acceleration and triaxial angular velocity are quite different from the values in other classes. Standing and sitting are sometimes misrecognized as each other;
both involve static behavior. In fact, they are seemingly almost
the same from the point of view of a device placed on the belly,
which is how the dataset is gathered. Similarly, WALKING,
WALKING UPSTAIRS, and WALKING DOWNSTAIRS all
involve dynamic behavior, and there is some confusion
among them. However, it is still possible to see a little
clustering among these three classes in the matrix.
In Table 3, we compare proposed model with previous
model and variants of LSTM. The best result is written in bold,
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Figure 7: Normalized-to-percent matrix confusion on the test dataset using Dee-Res-Bidir-LSTM for the public domain UCI dataset. The
columns represent the predicted classes, and the rows represent the actual classes.

Table 3: F1 score with the NULL class of each algorithm with the Opportunity dataset.
Algorithm
1NN [7]
CNN [9]
Baseline LSTM
Bidir-LSTM
Res-LSTM
Res-Bidir-LSTM

which achieves 90.5%. Generally speaking, LSTM models
outperform others in the experiment. It is because LSTM
is good at dealing with time series. It keeps the relation of
input sequence while the other models do not. Among LSTM
models, both Res-LSTM and Bidir-LSTM are better than the
vanilla one. As for the Res-Bidir-LSTM, it performs like an
ensemble method lead to the best result. The model has 3
layers, 128 units/layer, and dropout is set as 0.6. We find that
dropout seems to benefit little improvement, but the number
of layer plays an import role. No matter layers increased or
decreased, the F1 score will sharply decrease.
Figure 8 shows the F1 score trend with the training data
and testing data for each model. Generally, when training is
finished, both the training and testing results oscillate around
a fixed value. Moreover, the results in the four groups are
convergent. The amplitude of baseline LSTM is significantly
higher than those of the others. Res-Bidir-LSTM achieves the
best F1 score, ∼0.9. Convergence rate can be arranged from
slow to fast as baseline LSTM, Bidir-LSTM, Res-Bidir-LSTM,

F1 score
87%
85.1%
88.2%
89.2%
90.2%
90.5%

and Res-LSTM. However, the difference between Res-BidirLSTM and Res-LSTM is very small, and both are obviously
different from the others. The results also show that residual
connection is outstanding in convergence.

5. Conclusions
In this paper, the significance of HAR research is analyzed,
and an overview of emerging methods in the field is provided.
LSTM networks have been used in many innovations in
natural language processing, speech recognition, and weather
prediction. The technology is adapted to the HAR task.
We propose the novel framework of the Res-Bidir-LSTM
network. The deep network can enhance learning ability for
faster learning in early training. It also guarantees the validity
of information transmission through residual connections
(on the depth dimension) and bidirectional cells (on the
temporal dimension). In our experiments, the proposed
network is able to improve the accuracy, by 4.8%, for the
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Figure 8: F1 score trends of algorithms for the Opportunity dataset. The blue line shows test data, and the red one indicates training data.
(a)–(d) show baseline LSTM, Bidir-LSTM, Res-LSTM, and Res-Bidir-LSTM, respectively.

public domain UCI dataset and increase the F1 score, by 3.7%,
for the Opportunity dataset in comparison with previous
work.
We also find that window size is a key parameter. Too
small window does not guarantee continuity of information,
and too large window causes classification errors. Usually, 500
ms to 5000 ms will be appropriate for the window size. During
model training, the architecture of the network, such as the
layers and the cells in each layer, should be determined first,
followed by the optimization of hyper-parameters, such as
learning rate and the L2 weight decay multiplier. The values
of hyper-parameters should be determined according to the
specific architecture. For example, 28 cells are sufficient for
the public domain UCI dataset, but 128 cells are better for the

Opportunity dataset because it has more features and labels
and, thus, increased overall complexity.
Future work will explore a more efficient way to tune
parameters. Although the grid search is workable, the searching range must be changed manually, and the values are
always fixed. It will be important to find an adaptive way
to automatically adjust the searching process and also make
the neural network’s architecture evolve, such as by automatically reshaping, adding, and removing various layers. Also,
exploring the effect of mixing 1D time-based convolution at
one or some points in the LSTM cells might improve results.
Finally, applying the Res-Bidir-LSTM network to other fields
could be revealing. A good model should have outstanding
generalization. Indeed, focusing on time series prediction
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problems has value. Problems such as stock prediction and
trajectory prediction may be explored.
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This paper addresses the problem of predicting human actions in depth videos. Due to the complex spatiotemporal structure of
human actions, it is difficult to infer ongoing human actions before they are fully executed. To handle this challenging issue, we first
propose two new depth-based features called pairwise relative joint orientations (PRJOs) and depth patch motion maps (DPMMs)
to represent the relative movements between each pair of joints and human-object interactions, respectively. The two proposed
depth-based features are suitable for recognizing and predicting human actions in real-time fashion. Then, we propose a regressionbased learning approach with a group sparsity inducing regularizer to learn action predictor based on the combination of PRJOs
and DPMMs for a sparse set of joints. Experimental results on benchmark datasets have demonstrated that our proposed approach
significantly outperforms existing methods for real-time human action recognition and prediction from depth data.

1. Introduction
Predicting ongoing human actions based on incomplete
observations plays an important role in many real-world
applications such as surveillance, clinical monitoring, and
human-robot interaction. Despite significant research efforts
in the past decade, it is still a challenging task to represent human actions for action prediction due to the complex articulated essence of human movements performed
under a variety of scenarios. In addition, some actions
may include human-object interactions in the environment,
which increases the difficulty of action representation.
Recently introduced cost-effective depth cameras largely
ease the task of action representation due to the availability
of 3D joint locations of human skeleton and depth map
data describing actions. It has already run into a common
view that knowing the 3D joint locations is helpful for
describing the articulated nature of human actions. With the
3D locations of skeletal joints, skeletal action representation
can be performed by characterizing their variations over time.
The skeletal action representation has resulted in an interest
in skeletal human action prediction.
Most of existing skeletal action prediction methods focus
on predicting human actions using orientation of joint

movements. However, these skeletal features model actions
simply as the motion of individual joints, which is limited
in capturing complex spatiotemporal relations among joints.
Moreover, it is insufficient to use the 3D joint locations
without local appearance to fully model a human action,
especially when the action involves the interactions between
human and external objects. Although many appearance
features extracted from depth map data have been proposed
in recent years, these features do not provide real-time
processing times.
This paper presents a novel action prediction approach
with a depth camera in real-time fashion. The flowchart of the
proposed approach is illustrated in Figure 1 (left panel). We
first propose two new depth-based features called pairwise
relative joint orientations (PRJOs) and depth patch motion
maps (DPMMs) extracted from skeletal and depth map
data. The PRJOs and DPMMs are used to represent the
relative movement between each pair of joints and local
depth appearance of interactions between human and environmental objects over the duration of a human action. These
two features complement each other as a bundle for each
individual joints and are suitable for real-time prediction.
Then, we associate these two features for each individual
joint as a bundle and propose the sparse regression-based
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Figure 1: The flowchart of the proposed approach (left panel) and skeletal joints captured by the depth camera (right panel).

learning model which utilizes the group sparsity to select the
associated features of active joints for each action class and
utilize them to learn predictor for real-time action prediction.
Our main contributions include three aspects: (1) We propose a group sparse regression-based learning model as a new
way to learn action predictor using selected discriminative
features for different action classes. (2) We propose a skeletal
feature called pairwise relative joint orientations (PRJOs) to
describe the relative movement between each pair of joints.
Different from other existing skeletal features for real-time
action prediction, the PRJTs can encode the complex spatiotemporal relations among joints. (3) We propose a depth
appearance-based feature called depth patch motion maps
(DPMMs) to characterize human-object interactions. The
DPMMs are more efficiently computed than other common
appearance features.
After a brief review of the related work in Section 2, the
two depth-based features are described in Section 3. Section 4
presents the group sparse regression-based learning model
and its learning method. Section 5 presents the experimental
evaluations. The conclusions are provided in Section 6.

2. Related Work
We first review human action prediction methods based on
RGB data. Then, we review existing feature representations
extracted from depth videos.
2.1. Action Prediction in RGB Videos. Recent efforts on
human action prediction are mainly focusing on predicting
actions based on RGB videos. Hoai et al. [1] introduced an
online Conditional Random Field method for human intent
prediction. Ryoo et al. [2] presented a dynamic Bag-of-Words
(BoW) method for action prediction. In this method, the
entire BoW sequence is divided into subsegments to find the
structural similarity between them. Based on a Nave–BayesNearest-Neighbor classifier, Yang et al. [3] proposed an action
classification approach which can achieve similar levels of
accuracy after seeing only 15-20 frames of an action sequence
as opposed to the full action observation. This method is in
essence used to predict actions. Ryoo et al. [4] designed a
method for early recognition of human actions from streaming videos. Wang et al. [5] developed a Markov-based method

for early prediction of human actions, aimed at human-robot
interaction. Cao et al. [6] predicted actions from unfinished
videos based on a set of completely observed training video
action samples. Kong et al. [7, 8] extended the SVM and built
multiple temporal scale templates to predict actions. Xu et al.
[9] intended to mine discriminative patches to autocomplete
partial videos for action prediction. Kitani et al. [10] predicted
destinations of pedestrian based on semantic scene understanding method. Li et al. [11] performed action prediction
through capturing the causal relationships between constituent actions and the predictable characteristics of actions.
Walker et al. [12] introduced an unsupervised approach to
predict the possible change of scene with time. These methods
predict human actions from RGB sequences. Although they
have made significant advance in action prediction, they
cannot capture rich spatiotemporal information of actions
very well due to the limitation in capturing highly articulated
motions from RGB data.
2.2. Action Analysis in Depth Videos. Recently, action analysis
with depth cameras have attracted significant attention from
many researchers. In the literature, how to mine a powerful
depth-based feature representation for action analysis is one
of the most fundamental research topics [13–16]. Depthbased features can be classified into two major classes. The
first are skeletal features, which extract information from
the provided 3D locations of joints on each frame of the
depth sequence. The skeletal features make it easier to
represent an articulated motion as a set of movements of body
parts according to locations of joints. However, most existing skeletal features are extracted for action classification.
Although Reily et al. [17] proposed skeletal features for action
prediction, their skeletal features cannot model the complex
structure among joints in motion. The readers are referred to
[18] for a systematic review of action analysis methods based
on skeletal representation, respectively. The other group
consists of depth appearance features which are extracted
proposed directly from depth map data. A lot of depth
appearance features have been proposed in recent years [19–
23]. These features mainly focus on off-line computation. Different from the previous depth-based features, in this paper,
we propose the pairwise relative joint orientations (PRJOs)
and depth patch motion maps (DPMMs) to characterize
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the spatiotemporal relations among joints and the depth
appearance of human-object interaction for real-time action
prediction. Moreover, we associate the PRJOs and DPMMs
into different feature groups according to different joints and
learn the group weights based on group spare regulation,
which was not considered in the previous work. The resulting
group sparse weight matrices help to select the discriminative
feature structures for real-time action prediction.

3. Depth-Based Feature Construction
In this section, a detailed description of two proposed depthbased features is given: the PRJTs and the DPMMs. These
features can characterize the spatiotemporal relations among
joints and the depth appearance of human-object interaction,
respectively.
3.1. Pairwise Relative Joint Orientations. For a human action
in depth video, suppose that 𝑆 joint locations of a human body
are detected by the skeleton detector provided by Shotton
et al. [31]. Let 𝑙𝑖 (𝑡) = (𝑥𝑖 (𝑡), 𝑦𝑖 (𝑡), 𝑧𝑖 (𝑡)) (1 ≤ 𝑖 ≤ 𝑆, 1 ≤
𝑡 ≤ 𝑇) be the 3D coordinates of 𝑖-th joint at frame 𝑡. The
human body represented by 15 skeletal joints is shown in
Figure 1 (right panel). The coordinates are normalized so that
the motion is invariant to the absolute body position, the
body size, and the initial body orientation. The trajectory of
each joint in 3D space is spatially decomposed into three
2D joint trajectories, through projecting the original 3D
joint trajectory onto orthogonal Cartesian planes. In our
consideration, inspired by the observation of human skeletal
actions, the relative movements between various skeletal
joints provide a more meaningful description than their
absolute movements (clapping is more intuitively described
using the relative movements between the two hand joints).
Hence, we describe the 2D trajectory of one joint relative to
another instead of 2D trajectory of individual joint on each
plane to capture the spatiotemporal variations between each
joint pair. This relative joint trajectory is represented using a
histogram of the oriented angles between temporally adjacent
𝑗
direction vectors. Let 𝑑𝑖 (𝑡) = 𝑙𝑖 (𝑡) − 𝑙𝑗 (𝑡) be the direction
vector of 𝑖-th joint 𝑙𝑖 relative to 𝑗-th joint 𝑙𝑗 at frame 𝑡 in an
orthogonal Cartesian plane; the oriented angles of temporally
𝑗
adjacent 𝑑𝑖 (𝑡) is given by
𝑗

𝑗

𝑑 (𝑡) ⋅ 𝑑 (𝑡 + 1)
𝑗
𝜃𝑖 (𝑡) = arccos  𝑗𝑖   𝑖𝑗
,
𝑑 (𝑡) 𝑑 (𝑡 + 1)
 𝑖   𝑖


𝑡 = 1, . . . , 𝑇,

(1)

cannot accurately record the interactions between human
and object. As a result, another depth-based feature is
designed to describe the depth appearance of human-object
interaction. DMMs proposed by Yang et al. [10] can effectively
encode the shape and motion cues of a depth sequence. In this
paper, based on DMMs, we propose the depth patch motion
maps (DPMMs) to describe the temporal dynamics of the
depth appearances of human-object interaction according to
3D locations of joints.
First, in sake of computational simplicity, we project
depth frames onto three orthogonal Cartesian planes as in
Yang et al. [20]. More specifically, the three 2D projected
maps correspond to front, side, and top views, denoted by
mapV , where V ∈ {𝑓, 𝑠, 𝑡}. Different from Yang et al. [20],
each projected map is divided into different local patches
according to the locations of joints on each frame (Figure 2
(right panel)), and the motion energy is computed without
thresholding.
Then, for a depth sequence with 𝑇 frames, the depth patch
motion map (DPMM) of joint 𝑙𝑖 under projection view V is
given by stacking the motion energy across an entire depth
sequence as follows:
𝑏


DMM𝑖V = ∑ map𝑖V (𝑡 + 1) − map𝑖V (𝑡) ,

(2)

𝑡=𝑎

where 𝑎 ∈ {1, . . . , 𝑇} and 𝑏 ∈ {1, . . . , 𝑇}. DMM𝑖V represents
the temporal dynamics of the depth appearances around
joint 𝑙𝑖 . Since the HOG descriptors of the DPMMs are not
calculated as done in [20] and image resizing process is
applied to DPMMs but not to each projected map as done in
[20], the computational complexity of the feature extraction
is greatly reduced.
3.3. Combination of Depth-Based Features. For each joint 𝑙𝑖 ,
we use the concatenation of the PRJOs feature and DPMMs
̂ 𝑖 ; DMM𝑖 } to denote the overall depth-based
feature 𝐺𝑖 = {Θ
V
̂ 𝑖 is the
feature vector of its corresponding joint 𝑙𝑖 , where Θ
𝑖
PRJOs feature and DMMV is the DPMMs feature.

4. Group Sparse Regression-Based
Learning Model
In this section, we propose a group sparse regression-based
learning model for human action prediction with a depth
camera.

𝑗

where 𝜃𝑖 (𝑡) ∈ (−𝜋, 𝜋] (Figure 2 (left panel)). Then,
𝑗
Θ𝑖 (𝑡) = {𝜃𝑖 (𝑡) | 𝑗 ∈ {1, . . . , 𝑆}} is given as a histogram
of the oriented angles calculated to represent spatiotemporal
relations between joint 𝑙𝑖 and the other joints. Moreover,
in order to encode long-term temporal relationships, Θ𝑖 (𝑡)
is processed using the Fourier temporal pyramid (FTP)
proposed by Wang et al. [5]. As a result, we obtain the pairwise
̂𝑖.
relative joint orientations (PRJOs) feature Θ
3.2. Depth Patch Motion Maps. While the PRJOs features
can characterize the relative movement between joints, they

4.1. Model Formulation. To train a human action predictor,
we divide each completed training sequence into 𝑀 segments
as in [7, 8]. Let X𝑚 = [x𝑚,1 , . . . , x𝑚,𝑁] be the feature matrix
based on the concatenation of PRJOs and DPMMs for 𝑁
training samples of the 𝑚-th segment, in which x𝑚,𝑛 ∈ R𝑑
and operator 𝜙 partitions each x𝑚,𝑛 into 𝑆 parts according to
the number of joints in each frame. Labeling a subsequence
as the label of its full sequence could make confusing. To
solve this problem, we learn a label for each subsequence and
define the label of the 𝑚-th subsequence of full sequence.
The corresponding labels of x𝑚,𝑛 for 𝐶 action classes are
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v

y
j
di (t

+ 1)
front view

j

i (t)

side view

j
di (t)

0
0

x

u

z

top view

𝑗

Figure 2: The oriented angle 𝜃𝑖 (𝑡) in the 𝑢 − V orthogonal Cartesian plane ({𝑢, V} ⊂ {𝑥, 𝑦, 𝑧}) (left panel) and the local patches according to
the locations of hand joint in the three 2D projected depth maps of the 3D depth map (right panel).
Input: 𝜆, X𝑚 ∈ R𝑑×𝑛 , Y𝑚 ∈ R𝐶×𝑛 .
Output: W𝑚
1: Let 𝑡=1. Initialize W𝑚 (𝑡) ∈ R𝑑×𝐶.
2: while not converge do
𝜙𝑠
3:
Calculate the block diagonal matrix D𝑚 (𝑡), where the 𝜙𝑠 -th diagonal block of D𝑚 (𝑡) is (1/2‖w𝑚
(𝑡)‖2 )I𝜙𝑠 .
−1
𝑇
𝑇
4:
Update 𝑊𝑚 with W𝑚 (𝑡 + 1) = (X𝑚 X𝑚 + 𝜆D𝑚 (𝑡)) X𝑚 Y .
5:
𝑡=𝑡+1
6: end while
Algorithm 1: Our approach for optimizing the objective function in (3).

𝑛
Y𝑚 = [y𝑚,1 , . . . , y𝑚,𝐶] with y𝑚,𝑐 ∈ {0, 1}𝑁 and ∀𝑛 : ∑𝐶𝑐=1 𝑦𝑚,𝑐
=
1. To obtain the weight matrix set {W1 , . . . , W𝑀} as action
predictor based on mining the discriminative features of each
type of input samples with 𝑀 segments, we propose a group
sparse regression-based learning model as follows:
𝑀

𝐶 𝑁

𝑀

𝐶

 𝑇
𝑛 
 + 𝜆 ∑ ∑ w 
min ∑ ∑ ∑ w𝑚,𝑐
𝑥𝑚,𝑛 − 𝑦𝑚,𝑐

 𝑚,𝑐 2,1|𝜙 . (3)


{W𝑚 }
𝑚=1 𝑐=1 𝑛=1

𝑚=1 𝑐=1

4.2. Model Optimization. To optimize predictor W𝑚 , we can
obtain
−1

𝑇
+ 𝜆D𝑚 ) X𝑚 Y𝑇
W𝑚 = (X𝑚 X𝑚

(4)

in which D𝑚 is a block diagonal matrix with the 𝜙𝑠 -th
𝜙𝑠
diagonal block as (1/2‖w𝑚
‖2 )I𝜙𝑠 , I𝜙𝑠 is an identity matrix, and
𝜙𝑠
w𝑚 is the 𝑠-th part of W𝑚 obtained by operator 𝜙 in which
𝜙𝑠
𝑠 ∈ {1, . . . , 𝑆}. Since w𝑚
is dependent on W𝑚 , we give an
iterative algorithm described in Algorithm 1.
4.3. Activity Prediction. Given an ongoing action sequence,
we first extracted the depth-based feature 𝑥 based on the

PRJOs and DPMMs. Then, based on 𝑊𝑇 𝑥 as final feature
representation, a linear SVM classifier is employed to make
the final prediction decision.

5. Experiments
In this section, we evaluated our approaches on three public
benchmarks. Throughout our experiments, we apply the
LIBSVM software provided by Chang et al. [32] with our final
feature representation to train our linear SVM classifier.
5.1. Experimental Setting. According to its intraclass variations and choices of action classes, MSR-Daily Activity
dataset [5] is one of the most challenging benchmarks for
human action recognition. This dataset contains 16 types of
actions: drink, eat, read book, call cell phone, write on a
paper, use laptop, use vacuum cleaner, cheer up, sit still, toss
paper, play electronic game, lie down on sofa, walk, play
a guitar, stand up, and sit down. A skeleton has 20 joint
positions. The total number of the action samples is 320.
Most of the actions involve human-objective interactions.
UTKinect-Action dataset [27] consists of depth sequences
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Table 1: Comparisons with other real-time existing methods.
MSR-Daily Activity dataset
Dynamic temporal warping [5]
Actionlet ensemble [5] (skeletal feature only)
Fourier temporal pyramid [5]
Distinctive canonical poses [24]
Relative position of joints [25]
Moving pose [26]
BIPOD representation [17]
Our approach (skeletal feature only)
Our approach

54.0
68.0
78.0
65.7
70.0
73.8
79.7
85.6
88.2
UTKinect-Action dataset

HOJ3D [27]
Histogram of Direction vectors [28]
BIPOD representation [17]
Our approach (skeletal feature only)
Our approach

90.9
92.0
92.8
94.3
95.1
SYSU 3D HOI dataset

ST-LSTM(Tree)+Trust Gate [29]
Part-aware LSTM [30]
BIPOD representation [17]
Our approach (skeletal feature only)
Our approach

captured using a single stationary Kinect. The 3D locations of
20 joints are provided with the dataset. This dataset contains
action types: walk, sit down, stand up, pick up, carry, throw,
push, pull, wave hands, and clap hands. There are 10 subjects;
each subject performs each action twice. The SYSU 3D HOI
dataset [33] is a new challenging action recognition dataset.
This dataset contains 12 action types: drinking, pouring,
calling phone, playing phone, wearing backpacks, packing
backpacks, sitting chair, moving chair, taking out wallet,
taking from wallet, mopping, and sweeping. The 3D locations
of 20 joints are associated with each frame of the human
action sequence.
For the MSR-Daily Activity dataset, UTKinect-Action
dataset, and SYSU 3D HOI dataset, we first investigate the
performance of our approach for recognizing human actions
in real-time fashion using complete observations. We follow
the same experiment setting as other related works. For the
three datasets, we use half of the subjects for training and
the other half for testing. Then, we perform evaluation of
our approach for real-time action prediction on the three
datasets.
5.2. Experimental Results. As shown in Table 1, for the
MSR-Daily Activity dataset, UTKinect-Action dataset, and
SYSU 3D HOI dataset, the proposed approach achieves high
accuracies, which are much better than the reported results
of other real-time state-of-the-art methods. Besides, it is
clear that, only using skeletal feature, our approach can also
perform better than other methods, since our PRJOs feature
can capture the spatiotemporal relations among joints and

76.5
76.9
77.3
79.1
80.7

our group sparse learning model can mine discriminative
features according to the sparse joint set. Although deep
learning models have achieved great progress in action
recognition, they cannot model the spatial complex structure
among skeletal joints very well. Moreover, the experimental
results also show the benefit of the combination of our skeletal
feature and depth appearance feature.
Figure 3 shows the confusion matrices for the MSR-Daily
Activity dataset (left panel), the UTKinect-Action dataset
(middle panel), and the SYSU 3D HOI dataset (right panel).
We can see that our approach works very well. The confusions
occur when the two actions are highly similar to each other
like “drinking” and “calling phone” in the case of SYSU 3D
HOI dataset (right panel), or the similar actions with slight
movements such as “sit still” and “play electronic game” in
the case of MSR-Daily Activity dataset (left panel).
Figure 4 shows the accuracy rates for early prediction
of human actions for our proposed method and BIPOD
representation method based on the MSR-Daily Activity
dataset (left panel), the UTKinect-Action dataset (middle
panel), and the SYSU 3D HOI dataset (right panel). From
Figure 4, it is clear that our proposed method has pretty good
performance in early action prediction. This is because our
regression model makes use of the segments that contains
partial action executions for obtaining a reliable predictor.

6. Conclusions
This paper presents a novel sparse regression learning
approach for real-time depth-based action prediction. We
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Figure 3: The confusion matrices for the MSR-Daily Activity dataset (left panel), the UTKinect-Action dataset (middle panel), and the SYSU
3D HOI dataset (right panel).
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Figure 4: The accuracy rates showed for early prediction of human actions for our proposed method and BIPOD representation on the
MSR-Daily Activity dataset (left panel), the UTKinect-Action dataset (middle panel), and the SYSU 3D HOI dataset (right panel).

first introduce the pairwise relative joint orientations (PRJOs)
and depth patch motion maps (DPMMs) to construct the
associated depth-based feature for describing each individual
joints. Then, a group sparse regression-based learning model
is proposed to learn action predictor by mining a sparse combination of the associated depth-based features for discriminatively representing all the available human action classes.
Finally, an SVM classifier is trained for action prediction
decision based on the learned feature representation. Stateof-the-art results are achieved in different experiments, which
shows the effectiveness of our proposed approach.
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Correlation filter based trackers have received great attention in the field of visual target tracking, which have shown impressive
advantages in terms of accuracy, robustness, and speed. However, there are still some challenges that exist in the correlation filter
based methods, such as target scale variation and occlusion. To deal with these problems, an improved kernelized correlation filter
(KCF) tracker is proposed, by employing the GM(1,1) grey model, the interval template matching method, and multiblock scheme.
In addition, a strict template update strategy is presented in the proposed method to accommodate the appearance change and
avoid template corruption. Finally, some experiments are conducted. The proposed method is compared with the top state-of-theart trackers, and all the tracking algorithms are evaluated on the object tracking benchmark. The experimental results demonstrate
obvious improvements of the proposed KCF-based visual tracking method.

1. Introduction
Visual tracking is one of the most fundamental tasks in
the field of computer vision, which has several practical
applications including unmanned aerial vehicles, traffic control, human computer interaction, and video surveillance
[1–4]. There are various issues that should be considered
in designing a tracking system, such as real-time tracking,
adaptivity, and robustness [5]. In recent years, although the
visual tracking technology has progressed significantly [6],
it remains challenging for long-term visual object tracking
due to a mass of factors, such as occlusion, deformation,
illumination variation, scale variation, and fast motion of
targets [7, 8].
Various methods have been proposed to deal with the
visual tracking problem. For example, Ma et al. [9] proposed a
joint blur state estimation and multitask reverse sparse learning framework to solve the motion blur problem in visual
tracking. Zhang et al. [10] presented a robust correlation
tracking algorithm with discriminative correlation filters to
handle target scale variations in complex scenes. The popular

tracking algorithms can be categorized into generative and
discriminative methods [11]. The generative method focuses
on learning a perfect appearance model to represent the target
and then to find the most similar candidate by matching
[12, 13]. Among these methods, KLT [14] and NCC [15] are
the original methods. They are simple and efficient; however,
they tend to drift as the search area enlarges. Different
from the generative method, the discriminative method
formulates the tracking problem as a binary classification
task and distinguishes the target from the background by
using a discriminative classifier [16]. Usually, the classifier
is trained and updated by positive and negative samples. In
particular, the correlation filter based discriminative method
has been proven to have high efficiency and recently attracted
a considerable amount of research attention [17]. But there are
also a lot of limitations in the correlation filter based method
[18], such as the scale variation and occlusion.
To deal with the problems existing in the correlation
filter based method, many improved methods have been
proposed. For example, Henriques et al. [19] presented the
Circulant Structure tracker with Kernels (CSK), which solved
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the expensive computation of dense sampling through a
cyclically shifted sampling method. This study also proved
that the kernel matrix of the samples also had circulant
structure. Based on CSK, the kernelized correlation filter
(KCF) is proposed, which adds multichannel features to the
correlation filter pipeline [20]. The KCF method adopts HOG
features instead of the raw pixel values used in CSK, which
makes the tracking results more accurate. Additionally, many
algorithms are designed to handle the target scale variation in
tracking. For example, the Discriminative Scale Space Tracker
(DSST) [21] uses a feature pyramid and a 3D correlation filter
to estimate scale. The Scale Adaptive with Multiple Features
tracker (SAMF) [22] uses a fixed scaling pool to sample
the candidates at different sizes. These methods can deal
with some limitations of the correlation filter based trackers.
However, there are still some problems that are not solved
very well, such as the speed and occlusion issue.
In this paper, an improved KCF-based visual tracking
method is proposed, which is focused on the problems associated with occlusion and scale variation in the correlation
filter based trackers. The main contributions of this paper
are summarized as follows. (1) A general long-term motion
model is established based on the interval template matching
in redetection. (2) A surveyed area is proposed for the
detector searching. In addition, the GM(1,1) model is used
to estimate the position of the target. When a full occlusion
occurs, the GM(1,1) model is also used to predict the position
of the target based on the previous behaviors of the target.
(3) Two scale variables of the target are defined to measure
the scale variation during the tracking. Then a novel method
is proposed to estimate the scale variables by using a partbased model. (4) Aiming at the problem of the offset of target
position which will reduce the precision and success rate in
the process of tracking, the edge information of target and
the maximum response value are utilized to correct the target
position.
This paper is organized as follows. The proposed KCFbased tracker is described in Section 2. Section 3 gives out the
experiments and the results analysis. Some discussions on the
performance of the proposed approach are given in Section 4.
Finally, Section 5 contains our conclusions.

2. The Proposed Approach
In this paper, the problem of visual tracking based on KCF
method is studied, and an improved method is proposed.
The work flow of the proposed method is shown in Figure 1,
where the KCF tracker is the key part, and another two
important parts are the long-term tracking method and the
scale estimation method. The general KCF tracking algorithm
has been presented in other literature (see [20, 23] for details),
so here only the necessary description of the KCF-based
method and the improvements of it will be given out.
2.1. The Proposed Long-Term Tracking Method. The general
KCF tracking algorithm includes two main phases, namely,
the training and detection phases. In the training phase, it
involves training classifier 𝑦 = 𝑓(x) with a set of samples X =
[x1 ⋅ ⋅ ⋅ x𝑛 ]𝑇 . In detection phase, a new sample 𝑧 is detected by
∧

∧

𝑓 (z) = F−1 ((kxz ) ⊙ 𝛼)

(1)

∧

where kxz is the kernel correlation of x and z, 𝛼 is a parameter
of 𝑓, and ∧ stands for the Fourier transform operation.
In this paper, the success of the tracking result is determined based on the maximum response value in 𝑓(z) and a
flag 𝐹𝑙𝑎𝑔1 is defined, namely,
If max 𝑓 (z) ≤ 𝑇𝑎 Then 𝐹𝑙𝑎𝑔1 = 1

(2)

where 𝑇𝑎 is a predefined threshold and 𝐹𝑙𝑎𝑔1 = 1 means that
the target was not tracked successfully.
To deal with the problem of tracking failure, the target
position for the KCF tracker is reinitialized using the grey
prediction model GM(1,1) and the interval template matching
method. The basic idea of the proposed long-term tracking
method is as follows. (1) The grey model GM(1,1) is used to
predict the target’s position in the first five frames when the
target is lost, and the forecast position is used to update the
KCF tracker. (2) If the KCF tracker still cannot accurately
track the target after the update, then the template matching
is performed. In this study, the detector searches for the
target in a surveyed area instead of in the whole image. (3)
When a full occlusion is occurring, neither KCF tracker nor
the detector can find the target. Because the full occlusion
usually takes place for a short time, the position of the
target can be estimated based on its previous position by the
GM (1, 1) method. After leaving the occlusion situation, the
target can be found by the detector again and the tracking
process is continued. The details of the proposed method are
introduced as follows.
2.1.1. The Position Estimation Based on GM(1,1). The grey
model GM(1, 1) is a forecast model in grey system, which has
a series of characteristics including less data, low computational complexity, and accurate forecasting [24, 25]. So it is
suitable for the real-time visual target tracking. In the grey
prediction model, the initial data set is defined as
𝑥(0) = (𝑥(0) (1) , 𝑥(0) (2) , . . . , 𝑥(0) (𝑛))

(3)

where 𝑛 is the total number of the initial data set. The 1-AGO
(accumulated generating operation, AGO) is defined as
2

𝑛

𝑘=1

𝑘=1

𝑥(1) = (𝑥(0) (1) , ∑ 𝑥(0) (𝑘) , . . . , ∑ 𝑥(0) (𝑘))

(4)

According to GM (1, 1), the first-order grey differential
equation is donated:
𝑑𝑥(1)
+ 𝑎𝑥(1) = 𝑢
𝑑𝑡

(5)

where 𝑎 and 𝑢 are the grey parameters, which can be solved
by the least-square method, namely,
−1

(𝑎, 𝑢)𝑇 = (𝐵𝑇 𝐵) 𝐵𝑇 𝑌

(6)
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Figure 1: Flow diagram of the improved KCF-based approach for target tracking.

where the coefficient vector 𝑌 and the accumulated matrix 𝐵
are expressed by

∧

−0.5 (𝑥(1) (2) + 𝑥(1) (1))

1
[
]
(1)
(1)
[ −0.5 (𝑥 (3) + 𝑥 (2)) 1]
[
]
]
𝐵=[
[
..
.. ] ,
[
]
.
.
[
]
(1)
(1)
[−0.5 (𝑥 (𝑛) + 𝑥 (𝑛 − 1)) 1]
𝑥(0) (2)

𝑥(0) (𝑘) = (𝑥(0) (1) −

(7)

Then the solution of (4) is obtained as follows:

𝑥

𝑢
𝑢
(𝑘) = (𝑥(0) (1) − ) 𝑒−𝑎(𝑘−1) +
𝑎
𝑎

𝑢
) (1 − 𝑒𝑎 ) 𝑒−𝑎(𝑘−1) ,
𝑎

(𝑘 > 1)

(9)

∧

[ (0) ]
[𝑥 (3)]
[
]
]
𝑌=[
[ .. ]
[ . ]
[
]
(0)
𝑥
(𝑛)
[
]

∧
(1)

By applying the inverse accumulated generation operation,
the predicted equation will be obtained:

(8)

where 𝑥(0) (k) is called the predicted value of the GM(1,1)
model.
In the proposed approach, if the target cannot be
tracked successfully based on the ordinate and horizontal
coordinates of the target in the previous four frames, the
corresponding horizontal coordinate prediction model 𝑥(0) =
(𝑥(0) (1), 𝑥(0) (2), 𝑥(0) (3), 𝑥(0) (4)) and the ordinate coordinate
prediction model 𝑦(0) = (𝑦(0) (1), 𝑦(0) (2), 𝑦(0) (3), 𝑦(0) (4))
are respectively established, and then two models are used
to realize the prediction of the horizontal and ordinate
coordinates of the target. The center position of the target
(𝑥𝑝 , 𝑦𝑝 ) can be expressed by
(0)
(0)
{(𝑥 (5) , 𝑦 (5))
(𝑥𝑝 , 𝑦𝑝 ) = {
(𝜇 , 𝜇 )
{ 𝑥, 𝑦

𝜎𝑥 > 𝑇𝑏 & 𝜎𝑦 > 𝑇𝑏
else

(10)
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Figure 2: The detection strategy: (a) exhaustive search, (b) based on the proposed surveyed area.

where 𝑥(0) (5) and 𝑦(0) (5) are the GM(1,1) model prediction
values by using the position of the target in the previous four
frames, 𝜎𝑥 and 𝜎𝑦 are the variance of 𝑥(0) and 𝑦(0) , 𝑇𝑏 is a
threshold to estimate the magnitude of the change in several
numbers in 𝑥(0) (𝑘) and 𝑦(0) (𝑘), and 𝜇𝑥 and 𝜇𝑦 are the average
of 𝑥(0) and 𝑦(0) , respectively.
2.1.2. Occlusion Handling Based on Interval Template Matching Method. Redetection involves recovering the tracker
when it fails. If the object is lost, the detector facilitates the
reinitialization of the target position for the KCF tracker, so
the performance of the KCF tracker is improved for longterm visual object tracking in challenging conditions. In
the proposed method, the detector is based on a sliding
window approach and template matching approach. In order
to implement the proposed algorithm in real time, the grey
model GM(1,1) is used to predict the target’s position in the
first five frames after the target is lost, and then the forecast
position is used to update the KCF tracker.
If the KCF tracker still cannot accurately track the target
after the update, then template matching is performed. In
this paper, the Bhattacharyya coefficient 𝐵𝐶(𝑇, 𝐶) is used
to calculate similarity between the target and the candidate
model during the template matching process, namely [26],
𝐵𝐶 (𝑇, 𝐶) = ∑ √𝑇 (𝑥) 𝐶 (𝑥)
𝑥∈𝑋

(11)

where 𝑇, 𝐶 stand for the feature vector of grayscale histogram
of the target model and the candidate model, if the original
image is grayscale. Otherwise, they are the reconstruction
feature vectors of 𝑅, 𝐺, 𝐵 channel histograms of the target
model and the candidate model. The value of 𝐵𝐶(𝑇, 𝐶) is
within the range of [0, 1], and the larger it is, the more similar
the two models are.
In the template matching process, if the detector performs
the search on the entire area of an image, it will take a
significant amount of time to find the target. Hence, it is
indispensable to detect only on a small region instead of the
entire region of an image. And the detector should extract
an area with high probability of containing the target. Based
on the statistical information obtained from the GM (1, 1)

model introduced above, a surveyed area 𝑆 𝐴𝑟𝑒𝑎 is defined
as follows:
𝑆 𝐴𝑟𝑒𝑎 = (𝑥𝑝 − 0.5 ∗ 𝐻 : 𝑥𝑝 + 0.5 ∗ 𝐻, 𝑦𝑝 − 0.5
∗ 𝑊 : 𝑦𝑝 + 0.5 ∗ 𝑊)

(12)

where 𝐻 and 𝑊 are the height and width of the matching
template. The detection strategy based on the proposed
surveyed area is shown in Figure 2.
2.2. Scale Estimation Using Multiblock Scheme. In visual
tracking, one of the main drawbacks of the KCF tracker is
that it does not address the issue of the target scale variation.
When the target scale changes, the KCF tracker is prone to
drift and cannot efficiently locate the target. To deal with
this problem, a part-based model to estimate the target scale
is proposed. In the proposed method, a global block is first
used to cover the entire target. Then the main four parts are
divided out from the global block (see Figure 3). The splitting
direction is simply determined by the height, width, and the
modified position of target, and two scale variables (𝑥1 and
𝑥2) are defined to estimate the height and width variation of
the target, respectively, which are calculated by
𝑥1 =

(𝑥𝑢 + 𝑥𝑑)
2

(𝑥𝑟 + 𝑥𝑙)
𝑥2 =
2
where 𝑥𝑢, 𝑥𝑑, 𝑥𝑟, and 𝑥𝑙 are defined as
𝑐𝑜𝑢𝑢𝑡
𝑥𝑢 =
𝑐𝑜𝑢𝑢𝑡−1
𝑥𝑑 =

𝑐𝑜𝑢𝑑𝑡
,
𝑐𝑜𝑢𝑑𝑡−1

𝑥𝑟 =

𝑐𝑜𝑢𝑟𝑡
𝑐𝑜𝑢𝑟𝑡−1

𝑥𝑙 =

𝑐𝑜𝑢𝑙𝑡
𝑐𝑜𝑢𝑙𝑡−1

(13)

(14)

where 𝑐𝑜𝑢𝑢, 𝑐𝑜𝑢𝑑, 𝑐𝑜𝑢𝑙, and 𝑐𝑜𝑢𝑟 are the number of pixel
points in the top, bottom, left, and right four blocks, respectively. If there are more black pixels than white pixels, the
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Figure 3: The procedure of the proposed multiblock scheme.

𝑐𝑜𝑢𝑢, 𝑐𝑜𝑢𝑑, 𝑐𝑜𝑢𝑙, and 𝑐𝑜𝑢𝑟 are the number of black pixel
points; otherwise, they are the number of white pixel points.
The basic work flow is as follows. When a new frame comes,
the 𝑡-th frame image patches are captured in several scale
spaces based on the (𝑡 − 1)-th frame image patches. The
four blocks are converted into binary image blocks, and the
number of black and white pixel points in the four blocks is
figured out. In the 𝑡-th frame, the larger the target, the more
black pixel points are counted in the four blocks. Therefore,
𝑥1 and 𝑥2 not only reflect the scale change of target but also
can be used to update the height and width of the target
separately. In this paper, the following rule is used to judge
whether there is a scale change of the target:
If 𝑇𝑐 < 𝑥1 < 𝑇𝑑
and 𝑇𝑐 < 𝑥2 < 𝑇𝑑

(𝑥1 ≠ 1)
(𝑥2 ≠ 1) ,

(15)

where 𝑇𝑐 and 𝑇𝑑 are two predefined parameters, and 𝐹𝑙𝑎𝑔2 =
1 means the scale change occurs. In order to more accurately
estimate the change of the target scale, a new position
𝑝𝑜𝑠𝑓𝑙 (𝑥, 𝑦) is constructed as
(16)

where 𝑝𝑜𝑠𝑒𝑔(𝑥, 𝑦) is the average value of each pixel point
which is detected by using the Sobel operator on target [27],
𝛽 is the learning rate, and 𝑝𝑜𝑠𝑚V (𝑥, 𝑦) is the target position
detected by the KCF tracker. Then, the height 𝑠𝑐𝑎𝑙𝑒 ℎ𝑡𝑡 and
width 𝑠𝑐𝑎𝑙𝑒 𝑤𝑡𝑡 of target can be updated by
𝑠𝑐𝑎𝑙𝑒 ℎ𝑡𝑡 = 𝑥1 × 𝑠𝑐𝑎𝑙𝑒 ℎ𝑡𝑡−1
𝑠𝑐𝑎𝑙𝑒 𝑤𝑡𝑡 = 𝑥2 × 𝑠𝑐𝑎𝑙𝑒 𝑤𝑡𝑡−1

Step 1. Deploy the Sobel operator to modify the center
position of target.
Step 2. Determine the multiblock scheme by the height,
width, and the modified position of target.
Step 3. Calculate two scale variables by using the multiblock
scheme.
Step 4. Judge whether there is a scale change of the target.
Step 5. Update the scale of the target recursively in every
frame, if the scale of the target changes.

then 𝐹𝑙𝑎𝑔2 = 1

𝑝𝑜𝑠𝑓𝑙 (𝑥, 𝑦) = 𝛽𝑝𝑜𝑠𝑒𝑔 (𝑥, 𝑦) + (1 − 𝛽) 𝑝𝑜𝑠𝑚V (𝑥, 𝑦)

By the proposed approach, the target scale can be estimated recursively in every frame during the tracking. The
procedure of the proposed target scale estimation based
on the multiblock scheme is abstracted as follows and an
example of it is shown in Figure 3.

(17)

2.3. Model Updating for Tracker. In the KCF tracker, to ensure
that the tracking process can adapt to the target variations at
∧

∧

the following input frames, the parameter 𝛼 and the feature x
in (1) should be updated as follows:
∧

∧

∧

∧

∧

∧

𝛼 (𝑡 + 1) = (1 − 𝜑) 𝛼 (𝑡) + 𝜑 𝛼

(18)

x (𝑡 + 1) = (1 − 𝜑) x (𝑡) + 𝜑 x
In the detector model, the target model describes the
similarity between the candidate model and the target.
Therefore, the target model should also be constantly updated
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Load the initial the parameters;
For t= 1 to N % N is the number of frames in the sequence.
If t = =1 then
∧
∧
Get 𝑝𝑎𝑡𝑐ℎ1 ; Set 𝛼1 and x1 ;
Get 𝑐𝑜𝑢𝑟1 , 𝑐𝑜𝑢𝑙1 , 𝑐𝑜𝑢𝑢1 and 𝑐𝑜𝑢𝑑1 ;
End
If t >1, then
Calculate max 𝑓(z);
Get 𝑐𝑜𝑢𝑟𝑡 , 𝑐𝑜𝑢𝑙𝑡 , 𝑐𝑜𝑢𝑢𝑡 and 𝑐𝑜𝑢𝑑𝑡 ;
Calculate 𝑥1 and 𝑥2 ;
If T c <x1 <T d (𝑥1 ≠ 1) and T c <x2 <T d (𝑥2 ≠ 1), then
Flag2=1, and update the target position and scale;
End
If max 𝑓(z) <=T a , then
M=M+1; Call GM (1, 1) %Prediction and update KCF tracker’s target position.
If mod(M,5)= =0, then
Call GM(1,1);
Set up the surveyed area; Call Tem matching( );
Get max(𝐵𝐶(𝑇, 𝐶)) and update KCF tracker’s target position;
End
End
∧
∧
Update 𝑝𝑎𝑡𝑐ℎ𝑡+1 , 𝛼𝑡+1 and x𝑡+1 ;
End
End
Algorithm 1: The pseudocode of the proposed tracking method.

Table 1: The parameters of the proposed method.
Parameters
𝜑
𝛽
𝜂
𝑇𝑎
𝑇𝑏
𝑇𝑐
𝑇𝑑

Values
0.02
0.1
0.9
0.25
5
0.95
1.05

Remarks
The initial learning rate (see (18))
The learning rate (see (16))
The update rate (see (19))
The threshold in (2)
The threshold in (10)
The value of the parameter in (15)
The value of the parameter in (15)

to strictly represent the target. In this paper, the target model
𝑝𝑎𝑡𝑐ℎ𝑡 is updated by the following rule:
𝑝𝑎𝑡𝑐ℎ𝑡
{(1 − 𝜂) 𝑝𝑎𝑡𝑐ℎ𝑡−1 + 𝜂𝑝𝑎𝑡𝑐ℎ1
={
𝑝𝑎𝑡𝑐ℎ𝑡−1
{

max 𝑓 (z) > 𝑇𝑎

(19)

otherwise

where 𝜂 is the update rate and 𝑝a𝑡𝑐ℎ1 is the initial template of
the target.
The pseudocode of the proposed tracking method is
summarized in Algorithm 1

3. Evaluation of the Proposed Method
In this section, the proposed method is evaluated on the
object tracking benchmark OTB50 [28, 29]. These sequences
are recorded in various scenarios and contain different

challenges such as scale variation, background clutter, illumination variation, and occlusion. The experiments are
implemented with MATLAB, on a computer with Intel Core
i7-6500U and 2.50GHz CPU with 4.096GB RAM. In this
paper, the HOG cell size is 4∗4 and the number of orientation
bins is nine. To mitigate the boundary effect, the extracted
features are multiplied by a cosine window. The parameters
of the proposed method are listed in Table 1.
To objectively evaluate the proposed algorithm (SLKCF),
which is compared with other state-of-the-art tracking methods, including the Multistore Tracker (MUSTER) [30], Discriminative Scale Space Tracker (DSST) [21], Scale Adaptive
with Multiple Features tracker (SAMF) [22], KCF tracker
[20], CSK tracker [19], Struck [31], Tracking-LearningDetection method (TLD) [32], Compressive Tracker (CT)
[33], and Distribution Fields for Tracker (DFT) [34].
3.1. Quantitative Evaluation. In this study, three performance
criteria often used in other literature are chosen to evaluate
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Table 2: The distance precision of different trackers in eleven representative videos.
The tested
sequences
Girl
walking2
car4
carScale
football
freeman1
freeman4
Shaking
Soccer
woman
Jogging1
Average

SLKCF
100
100
100
97.22
100
93.25
90.81
95.62
92.86
95.98
99.35
96.83

KCF
87.40
63.40
94.99
80.56
79.56
39.26
53.00
2.74
27.55
93.80
23.13
58.67

DSST
92.80
100
100
75.79
79.83
38.34
95.76
99.73
69.39
93.80
23.13
78.96

SAMF
100
77.00
100
76.59
80.11
38.96
25.80
4.11
79.08
93.80
97.39
70.26

The methods
CSK
MUSTER
55.40
99.00
46.80
100
35.51
100
65.08
76.19
79.83
79.83
55.52
89.26
18.73
91.17
56.44
98.36
13.52
46.17
24.96
93.97
22.80
95.44
43.14
88.13

CT
60.80
43.20
28.07
71.83
79.83
39.57
6.36
4.66
21.94
20.44
23.13
36.35

TLD
91.80
42.60
87.41
85.32
80.39
53.99
40.99
40.55
11.48
19.11
97.39
59.18

Struck
100
98.20
99.24
64.68
75.14
80.06
37.46
19.18
25.26
100
24.10
65.76

DFT
29.60
40.20
26.25
65.08
84.25
94.17
30.04
83.01
22.45
95.14
21.50
53.79

Struck
98
43.4
39.76
43.25
66.02
21.47
15.55
16.71
15.56
93.47
22.48
43.24

DFT
25.2
38.2
25.8
44.84
84.25
17.79
18.02
82.47
21.94
93.47
21.5
43.04

Table 3: The success rate of different trackers in eleven representative videos.
The tested
sequences
Girl
walking2
car4
carScale
football
freeman1
freeman4
Shaking
soccer
woman
Jogging1
Average

SLKCF
96
98
90.74
96.83
85.36
23.01
28.98
91.23
47.19
91.96
97.07
76.94

KCF
83.2
41.4
36.42
44.44
70.17
16.26
18.37
1.37
23.21
93.63
22.48
41.00

DSST
67
41.4
39.91
44.84
72.65
15.03
38.16
96.99
33.16
93.47
22.48
51.37

SAMF
100
51
100
59.92
67.68
28.22
16.61
1.37
33.93
91.96
96.74
58.86

these trackers. The first one is the distance precision (DP),
which is defined as the ratio of the number of correctly
tracked frames to the total number of frames for a range of
distance thresholds at 20 pixels in the sequence. If the distance
precision is higher at low thresholds, it means that the results
are more accurate. The second one is the success rate (SR),
which shows the percentage of successfully tracked frames.
The standard for successful tracking is that the bounding
box overlap between the tracked object and the groundtruth is bigger than a threshold value (which is set to 0.5
in this study). The third one is the tracking speed, which is
also a vital criterion to evaluate a tracker. If a tracker can
obtain a speed of 25 frame per second (FPS), this tracker is
regarded to run in real time. In the quantitative evaluation
experiments, eleven representative videos are selected from
the object tracking benchmark OTB50 and used to show the
performances of the proposed approach. The average distance
precision and success rate plots of one-pass evaluation (OPE)
in these eleven videos are shown in Figure 4. The precision

The methods
CSK
MUSTER
39.8
58
38.8
100
27.62
100
44.84
73.81
65.75
62.71
14.42
62.27
16.96
29.68
58.08
98.9
13.78
16.58
24.46
93.3
22.48
94.79
33.36
71.82

CT
17.8
38.4
27.47
44.84
78.45
10.12
0.35
4.11
20.15
15.91
22.48
25.46

TLD
76.4
34
79.21
43.65
41.16
21.17
26.86
40
12.24
16.58
96.74
44.36

and the success rate of all compared trackers in these eleven
videos are listed in Tables 2 and 3. To further test the proposed
approach, all the sequences of OTB50 are used to compare the
deferent methods and the results are listed in Table 4.
The results of Figure 4 show that the proposed method
(SLKCF) achieves outstanding performance in the distance
precision and the success rate, which indicate that the SLKCF
tracker has the best overall performance using both the
two metrics. Also the results in Figure 4 show that the
proposed approach significantly outperforms the traditional
KCF tracker. The results in Tables 2 and 3 reveal that the
proposed occlusion handling model and scale estimation
using multiblock scheme can help the KCF tracker achieve
outstanding performance. The average precision of the proposed approach is 96.83% but only 58.67% of the standard
KCF method. The average rate of the proposed approach is
76.94% but only 41.00% of the standard KCF method. Table 4
shows the proposed approach has the best performance with
DP=86.29% and SR=78.31% for all the sequences of OTB50.
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Table 4: The performances of different trackers in all videos of OTB50.

Average
value
DP
SR
FPS

SLKCF
86.29
78.31
85.46

KCF
70.97
60.30
168.41

The methods
CSK
MUSTER
54.46
86.13
44.26
77.98
235.62
5.83

SAMF
75.65
67.33
14.79

Precision plots of OPE

1
0.9

0.9
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0.8
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0.7
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0.2

0.2

0.1

0.1
5

10

15 20 25 30 35
Location error threshold

SLKCF [0.968]
MUSTER [0.881]
DSST [0.790]
SAMF [0.703]
Struck [0.658]

40

45

50

TLD [0.592]
KCF [0.587]
DFT [0.538]
CSK [0.431]
CT [0.363]

Struck
65.61
55.93
17.89

DFT
49.6
44.38
7.97

Success plots of OPE

0.4
0.3

0

TLD
60.75
52.09
22.53

0.5

0.3

0

CT
40.57
34.13
43.87

1

Success rate

Precision

DSST
72.60
58.91
35.18

0

0

0.1

0.2

0.3

0.4 0.5 0.6 0.7
Overlap threshold

SLKCF [0.769]
MUSTER [0.718]
SAMF [0.589]
DSST [0.514]
TLD [0.444]
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0.8

0.9

1

Struck [0.432]
DFT [0.430]
KCF [0.410]
CSK [0.334]
CT [0.255]

(b)

Figure 4: The average distance precision and success rate plots of OPE in eleven representative videos.

Though the proposed method is slower than the KCF and the
CSK tracker, it is faster than the other trackers and can also
track the target in real time.
3.2. Qualitative Evaluation. In order to evaluate the proposed
algorithm more intuitively in comparison with other trackers,
Figure 5 displays the results of different trackers for several
representative sequences. In Figure 5(a), the sequences of
jumping show the original images are grey and the scene with
fast motion due to the target. Owing to the integration of
the GM(1,1) grey model and the interval template matching
method, the proposed SLKCF obtains good performance.
The KCF tracker does well when the target moved smoothly
but drifts when fast motion occurs. Figure 5(b) shows a full
occlusion in which the target overlaps with the pole. Before
the full occlusion, the target can be tracked by every tracker
successfully. However, when the full occlusion is occurring,
only the proposed method tracks the target. At this moment,
the GM(1,1) model helps correct the tracking process. In
Figure 5(c), the results are obtained when background clutter,
illumination changes, motion blur, occlusion are presented.
At this moment, the proposed SLKCF tracker can also deal
with these challenging factors well like other methods. And
the proposed mechanisms in this study make it more efficient
and consume less computational time. The sequences in

Figure 5(d) depict scale variation accompanied with partial
occlusion. The ratio of the maximal target size to the minimal
one is more than 30 when the target vehicle approaches
the camera from far away. DSST, SAMF, MUSTER, and the
proposed method can adapt to the target scale change. It is
obvious that the four trackers above work well when the scale
changes slightly. After the second hundredth frame, DSST,
SAMF, and MUSTER only can capture part of the car. In
contrast, the proposed method in this paper can accurately
track the entire car. The results in Figures 5(e)-5(f) show that
the proposed approach can deal with the problem efficiently
so that the target undergoes scale variation, illumination
changes, and occlusion.

4. Discussion
The videos in the object tracking benchmark are annotated
with different attributes, which represent challenges in each
video. The attributes include the occlusion (OCC), illumination variation (IV), deformation (DEF), scale variation
(SV), fast motion (FM), background clutter (BC), in-plane
rotation (IPR), out-of-plane rotation (OPR), and out of view
(OV). In order to further discuss the validity of the proposed
algorithm in these challenging situations, some experiments
are conducted. The results of distance precision for the
challenging attributes are shown in Table 5 and Figure 6.
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SLKCF
KCF
DSST
SAMF
CSK

MUSTER
CT
TLD
Struck
DFT

(a)

SLKCF
KCF
DSST
SAMF
CSK

MUSTER
CT
TLD
Struck
DFT

(b)

SLKCF
KCF
DSST
SAMF
CSK

MUSTER
CT
TLD
Struck
DFT

(c)

SLKCF
KCF
DSST
SAMF
CSK

MUSTER
CT
TLD
Struck
DFT

(d)

SLKCF
KCF
DSST
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CSK

MUSTER
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Struck
DFT

(e)

SLKCF
KCF
DSST
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MUSTER
CT
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(f)

Figure 5: The tracking results of different trackers on six videos.
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Table 5: The distance precision of the different trackers in nine challenging attributes.

SLKCF
0.954
0.962
0.944
0.977
0.961
0.957
0.97
0.961
0.962
0.961

KCF
0.673
0.366
0.607
0.585
0.548
0.529
0.635
0.541
0.603
0.565

The methods
CSK
MUSTER
0.345
0.721
0.499
0.748
0.192
0.701
0.239
0.947
0.326
0.846
0.492
0.829
0.409
0.852
0.436
0.855
0.413
0.882
0.372
0.82

SAMF
0.832
0.544
0.864
0.956
0.692
0.578
0.787
0.662
0.661
0.731
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Figure 6: Performance of 10 trackers in nine challenging attributes (the legend contains the distance precision score at a threshold of 20 for
each tracker in OPE).
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The results show that the proposed approach ranks the first
with a large margin comparing to other trackers. These
promising results show that the proposed tracker (SLKCF)
is more effective than the other tracker for these challenging
attributes.

5. Conclusion
In this paper, the target tracking task is studied and an
improved KCF-based tracking algorithm that can be implemented in real time is proposed. In the proposed approach,
the KCF tracker is combined with the GM(1,1) grey model,
the interval template matching method, and part-based
model, which enable the proposed algorithm to track the
target in challenging environments containing occlusion and
object scale variation successfully. These performances of
the proposed approach above are superior to the traditional
KCF-based tracker. The experimental results show that the
proposed method outperforms the other trackers in terms
of distance precision and success rate. In future work, the
tracking speed of the proposed approach should be further
improved and some novel intelligent methods will be studied
to improve the performance of the tracking algorithm.
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Generation of scene graphs and natural language captions from images for deep image understanding is an ongoing research
problem. Scene graphs and natural language captions have a common characteristic in that they are generated by considering
the objects in the images and the relationships between the objects. This study proposes a deep neural network model named the
Context-based Captioning and Scene Graph Generation Network (C2SGNet), which simultaneously generates scene graphs and
natural language captions from images. The proposed model generates results through communication of context information
between these two tasks. For effective communication of context information, the two tasks are structured into three layers:
the object detection, relationship detection, and caption generation layers. Each layer receives related context information from
the lower layer. In this study, the proposed model was experimentally assessed using the Visual Genome benchmark data set.
The performance improvement effect of the context information was verified through various experiments. Further, the high
performance of the proposed model was confirmed through performance comparison with existing models.

1. Introduction
Image understanding is one of the core elements of computer vision and has been extensively researched. Traditional
subjects of image understanding research include image
classification, object detection, and semantic segmentation
[1]. Previous studies have focused on superficial information
such as identification of objects included in images and
their locations. However, these data are insufficient for
expressing image content and have, therefore, been used
as basic modules for solving complex image understanding
problems such as visual question answering (VQA) [2–4]
and referring expression comprehension [5]. Recently, there
has been increased research interest on deeper understanding of images, in contrast to traditional studies on image
understanding. Thus, efforts have been made to achieve more
specific high-level image expressions by obtaining image
captions, scene graphs, etc. [6–10].
Figure 1 shows examples of captions and scene graphs
generated for an input image. Here, “A woman is riding
a horse” is part of an image caption, and <woman riding
horse> is part of a scene graph. The image captions expressed
in natural language sentences and the formal knowledge

expressed in scene graphs for the same image scene have
complementary characteristics. Image captions expressed in
natural sentences have the advantage of being in a form that
can be most easily understood by humans; however, they
have high complexity as a learning problem as they also
include linguistic elements such as grammar in addition to
the core elements of the scene. Meanwhile, simple sentence
knowledge in triple form, consisting of subject, predicate,
and object, as in a scene graph, requires transformation into
another form for real-world application. For example, transformation to natural language sentences could be required.
However, compared to natural language sentences that may
be vague, scene graphs can clearly express the relationships
among the objects, which are the core elements of image
scenes. Further, the scene graph approach has lower difficulty
as a learning problem, because there is no need to consider
complex grammatical structures. Moreover, the knowledge
graphs acquired from images can be easily combined with
numerous existing background datasets and prior knowledge
datasets and can potentially exert power in more application
areas [11–13]. Image captions and scene graphs have common
characteristics in that they are generated with consideration
of the objects in the images and the relationships between
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those objects. In view of this characteristic, Li et al. [14]
attempted to generate image captions and scene graphs
simultaneously from images. This method had the effect of
solving two different problems in a complementary manner.
For high-level image understanding, the present study
proposes the Context-based Captioning and Scene Graph
Generation Network (C2SGNet), which is a deep neural
network model that simultaneously generates natural language captions and scene graphs from input images. The
proposed model consists of three layers in total: the object
detection, relationship detection, and caption generation
layers. Each layer attempts to predict an accurate scene
graph or image caption using the context information of the
lower layer. Furthermore, the dependence relations between
layers are trained through delivery of features via the context
information. To analyze the performance of the proposed
model, various experiments are conducted using the Visual
Genome benchmark dataset [15].

2. Related Work
In general, the scene graph generation process consists of
the object detection step, which detects the objects in the
image, and the relationship detection step, which detects the
relationships between the objects. In many studies, objects
in images have been found using object detectors based on
the convolutional neural network (CNN) approach, with the
relationships between the objects then being predicted by
extracting various features of each object pair. To generate
accurate scene graphs, an object detector with high prediction
accuracy is required. Among the available object detectors,
the high-accuracy Faster R-CNN [16] is mainly used [17–
19]. In some studies [20–22], attempts have been made to
increase the object classification performance by adopting
unconventional methods. In those works, the object regions
were predicted using only the region proposal network
(RPN) of Faster R-CNN, with object classification then
being performed using various features. In the present study,
the proposed model is based on Faster R-CNN for more
accurate object detection, with the region prediction and
object classification processes being separately trained.

In previous studies on scene graph generation, the effective features were obtained from detected objects and used for
relationship detection. For example, Lu et al. [23] employed
language features with consideration of the visual features of
the objects and the semantic similarity of the object words
and relation words. Further, Dai et al. [17] and Liao et al. [24]
used spatial features (the location information of individual
objects) to more accurately identify the location relations.
Zhang et al. [25] and Newell et al. [26] converted different
region features into comparable features of embedding space.
Predictions were then made based on the distances between
features. However, in all the above works, a sequential
pipeline was essential to predict the relationships between the
objects based on the detection results for individual objects.
This criterion generates the limitation that the relationship
detection performance is highly dependent on the individual
object detection performance, i.e., the prior process.
Recently, attempts have been made to perform object
detection and relationship detection in a complementary
manner [14, 20, 22]. In those studies, a neural network model
was designed that allows the context information acquired
in both processes to be shared through a message-passing
system. Simultaneously, the individual object detection process and the relationship detection process for object pairs are
implemented. These complementary models have stabilized
the unstable performance of individual object detection and
also helped improve the relationship detection performance.
Furthermore, Li et al. [14] have proposed a deep neural network model that can simultaneously generate scene graphs
and image captions, by newly adding caption generation
to this model and expanding the message-passing system
with existing object detection and relationship detection
processes. However, in the techniques presented in the above
studies, subcontext features related to the object of prediction
are obtained, with the simple sum or average of these features
then being used as the context information. Therefore, these
methods are limited because it is impossible to know the
related element for which each subcontext feature provides
context information.
Furthermore, the visual features of images have been
extracted through CNN in studies on general image caption
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Figure 2: Overall framework of the proposed C2SGNet model.

generation; hence, appropriate sentences for the visual features were generated using a recurrent neural network (RNN)
[27]. Among the RNN methods, long short-term memory
(LSTM) has mainly been used, which easily processes timeseries data. Previously, Johnson et al. [8, 9, 28] investigated
the problem of caption generation for various partial regions
of images, in contrast to the existing image captioning
problem that treats the image as a whole. This technique
involves prediction of candidate regions for captioning from
the image, as well as caption generation for each region.
However, it is difficult to focus on object information using
the technique presented in [28], because the features of the
object elements included in the caption candidate regions are
not used. Instead, only the total visual features are used.
The present paper proposes the C2SGNet model, which
generates both natural language captions and scene graphs
in a complementary manner for improved accuracy. For this
purpose, the model separates the object detection, relationship detection, and caption generation processes and predicts
the results using the context information corresponding to
each process. For detection of interobject relationships, the
context information for the corresponding two objects is
used. For caption generation, the context information for
objects in the caption regions and their relationships is
used. Furthermore, to overcome the limitations of previous
studies, an effective context information extraction method
for related elements of the prediction object is proposed.

3. Image Captioning and Scene Graph
Generation Model
3.1. Model Outline. This study proposes C2SGNet, a deep
neural network model that simultaneously generates natural
language captions and scene graphs for input images using
context information.
Figure 2 shows the overall framework of the proposed
model. The C2SGNet model is largely composed of three layers: the object detection, relationship detection, and caption
generation layers. In addition, the process consists of four

steps: candidate region proposal, region feature extraction,
context feature extraction, and scene graph generation and
captioning. First, in the candidate region proposal step, the
candidate regions in the image that are needed for each layer
are generated using a visual feature map, which is extracted
from the input image by the VGG-16. In the region feature
extraction step, the unique features of each layer are extracted
from the candidate regions. In the context feature extraction
step, the context information to be used in the upper layer
is extracted from the lower layer through the relationship
context network (RCN) and the caption context network
(CCN). Finally, in the scene graph generation and captioning
step, captions are generated that consist of scene graphs
composed of triples in <subject predicate object> form as well
as natural language sentences; this is achieved by combining
the region features of each layer and the context features
obtained from the lower layer. Whereas the natural language
captions of the input image are directly obtained as a result
of the top caption generation layer, the scene graphs are
obtained by combining the results of the two lower layers, i.e.,
the object detection and relationship detection layers.
3.2. Candidate Region Proposal. As shown in Figure 2(a),
C2SGNet generates candidate regions for object detection,
relationship detection, and caption generation, respectively,
for scene graph generation and captioning. Hereafter, the
object region 𝑅𝑜𝑏𝑗 indicates the candidate region of an
individual object. The relationship region 𝑅𝑟𝑒𝑙 indicates a
candidate region that includes two object regions that have
a relationship. Finally, the caption region 𝑅𝑐𝑎𝑝 indicates the
candidate region for caption generation. In this paper, we
define the form of region R as shown in (1). A region R
consists of four values which indicate center coordinates,
width, and height of region R.
𝑅 = (𝑥𝑚𝑖𝑑 , 𝑦𝑚𝑖𝑑 , w, ℎ)

(1)

In C2SGNet, the individual object region and caption
region are generated through RPN𝑜𝑏𝑗 and RPN𝑐𝑎𝑝 , respectively. These two RPNs have the same network structure,
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but are trained differently in accordance with their role. The
proposal process of these two regions is illustrated in Figure 3.
To generate the regions, the visual feature V𝑖𝑚𝑔 of the input
image I is extracted through VGG-16, which is a CNN, as
shown in (2). The extracted V𝑖𝑚𝑔 is used as the input feature
of the two RPNs, as shown in (3) and (4). Sharing the image
features allows reduction of the model size and increased
model prediction speed.
V𝑖𝑚𝑔 = VGG16 (𝐼)

(2)

𝑅𝑜𝑏𝑗 = RPN𝑜𝑏𝑗 (V𝑖𝑚𝑔 )

(3)

𝑅𝑐𝑎𝑝 = RPN𝑐𝑎𝑝 (V𝑖𝑚𝑔 )

(4)

The RPN predicts the bounding box value of the region
and the region score through the convolution layer. The
region score consists of two probabilities. A first probability
indicates a correctness of region, whereas a second probability indicates an incorrectness of region. The sum of two
probabilities is always 1. Therefore, only a first probability
is used to judge the bounding box includes a correct target.
In RPN𝑜𝑏𝑗 , the target will be an object. If a bounding box is
close to a perfect object region, the correctness score will be
high. Similarly, in RPN𝑐𝑎𝑝 , the target will be a caption region
that could be used to generate a proper caption. The region
scores of RPN𝑜𝑏𝑗 and RPN𝑐𝑎𝑝 are illustrated as object score
and caption score in Figure 3. If the correctness score of a
region is greater than a predefined threshold, the region is
selected as the candidate region.
The relationship region consists of subjects and objects.
Therefore, as shown in Figure 4, the relationship region is
generated as a combination of predicted object regions. From
the object regions predicted through the RPN, two object
pairs are created. Then, the minimum-sized rectangular
region wrapping around each object region (𝑅𝑜𝑏𝑗 , 𝑅𝑜𝑏𝑗 ) is

defined as the 𝑅𝑟𝑒𝑙 for the corresponding object pair. This is
expressed as follows:
𝑥𝑚𝑖𝑛 = 𝑥𝑚𝑖𝑑 −

𝑤
,
2

(5)

ℎ
𝑦𝑚𝑖𝑛 = 𝑦𝑚𝑖𝑑 −
2
𝑤
𝑥𝑚𝑎𝑥 = 𝑥𝑚𝑖𝑑 + ,
2
𝑦𝑚𝑎𝑥

(6)

ℎ
= 𝑦𝑚𝑖𝑑 +
2




𝑅
𝑅
union (𝑅, 𝑅 ) = (min (𝑥𝑅𝑚𝑖𝑛 , 𝑥𝑅𝑚𝑖𝑛 ) , min (𝑦𝑚𝑖𝑛
, 𝑦𝑚𝑖𝑛
),








max (𝑥𝑅𝑚𝑎𝑥 , 𝑥𝑅𝑚𝑎𝑥 ) − min (𝑥𝑅𝑚𝑖𝑛 , 𝑥𝑅𝑚𝑖𝑛 ) ,

(7)

𝑅
𝑅
𝑅
, 𝑦𝑚𝑎𝑥
) − min (𝑦𝑚𝑖𝑛
, 𝑥𝑅𝑚𝑖𝑛 ))
max (𝑦𝑚𝑎𝑥

𝑅𝑟𝑒𝑙 = union (𝑅𝑜𝑏𝑗 , 𝑅𝑜𝑏𝑗 )

(8)

3.3. Region Feature Extraction. For the generated candidate regions, C2SGNet extracts the unique region features
(𝑟𝑜𝑏𝑗 , 𝑟𝑟𝑒𝑙 , 𝑟𝑐𝑎𝑝 ) for object detection, relationship detection,
and caption generation, respectively, in each layer, as shown
in Figure 2(b). This process is detailed in Figure 5.
Each layer performs region of interest (RoI) pooling for
each candidate region (of various sizes) and determines the
visual features (V𝑜𝑏𝑗 , V𝑟𝑒𝑙 , V𝑐𝑎𝑝 ) of the same size. Here, all three
layers use the preextracted visual features of the image as the
features for pooling. Then, the region features appropriate for
each layer are determined through two fully connected layers.
𝑓𝑜𝑏𝑗 and 𝑓𝑐𝑎𝑝 region features are extracted as follows:
𝑓𝑜𝑏𝑗 = 𝑊2𝑜 ⋅ 𝑊1𝑜 ⋅ V𝑜𝑏𝑗

(9)

𝑓𝑐𝑎𝑝 = 𝑊2𝑐 ⋅ 𝑊1𝑐 ⋅ V𝑐𝑎𝑝

(10)
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In the case of the relationship detection layer, the region
features 𝑓𝑟𝑒𝑙 are determined by inputting the two bounding

boxes (𝑏𝑜𝑏𝑗 , 𝑏𝑜𝑏𝑗
) of the two objects comprising the relationship region, as well as the visual features, to the fully
connected layer, as shown in (11). This aids identification of
the spatial relationship (e.g., a relationship indicated by an
“in” or “on” preposition) through the locational relationships
between the two objects. The region features of each layer
determined through this process are defined as object features, relationship features, and caption features.

𝑓𝑟𝑒𝑙 = 𝑊2𝑟 ⋅ 𝑊1𝑟 ⋅ [V𝑟𝑒𝑙 , 𝑏𝑜𝑏𝑗 , 𝑏𝑜𝑏𝑗
]

(11)

3.4. Context Feature Extraction. The region features of each
layer include the visual features of each candidate region
only and do not include structural information on the
scene of the corresponding image. Therefore, the relationship detection and caption generation layers additionally
require the core elements comprising the relationships or
scenes, as well as the context information indicating their
combination structures besides the visual features of the
candidate region. For example, the relationship detection
layer requires additional context information on the two
objects comprising the relationships in order to effectively
determine the relationships between object pairs. On the
other hand, the caption generation layer requires additional

context information on the relationships between object pairs
to be included in the natural language captions. To overcome
this problem, in this study, the context features (𝑐𝑟𝑒𝑙 , 𝑐𝑐𝑎𝑝 )
required in the relationship detection and caption generation
layers are extracted through the RCN and CCN, respectively,
as shown in Figure 2(c).
Figure 6 shows the RCN and CCN, which are the
networks for extracting the relationship contexts and caption
contexts, respectively. To overcome the above-mentioned
limitations of the existing techniques, context features are
generated by combining the region features of the two core
components before and after the region feature of the candidate region. To extract the relationship context feature 𝑐𝑟𝑒𝑙 , the
RCN uses the region features 𝑡𝑟𝑒𝑙 of the three components of
<subject, relationship, object > form. Here, 𝑡𝑟𝑒𝑙 is expressed as

𝑡𝑟𝑒𝑙 = (𝑓𝑜𝑏𝑗 , 𝑓𝑟𝑒𝑙 , 𝑓𝑜𝑏𝑗
)

(12)

To extract the caption context features 𝑐𝑐𝑎𝑝 , the CCN uses
the regions and context features of the three components
of <relationship, caption, relationship context> form. Meanwhile, as one caption region can include multiple relationship
regions, the proposed model selects the relationship region
having the highest intersection over union (IoU) with the
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caption region and uses it for extraction of caption context
features. Here, 𝑡𝑐𝑎𝑝 is expressed as
𝑡𝑐𝑎𝑝 = (𝑓𝑟𝑒𝑙 , 𝑓𝑐𝑎𝑝 , 𝑐𝑟𝑒𝑙 )

(13)

To effectively combine the three input features, the RCN
and CNN are composed of two bidirectional LSTM (BiLSTM) layers. Bi-LSTM is a bidirectional RNN, as apparent
from the following relations:
ℎ𝑖 = BiLSTM1,𝑖 (𝑡𝑖 , ℎ𝑖−1 )

(14)

𝑐𝑖 = BiLSTM2,𝑖 (ℎ𝑖 , 𝑐𝑖−1 )

(15)

The aim here is to extract context features by sufficiently
considering the combination sequence of the relationship and
caption components. In this study, for effective expression of
context information, 𝑐1 is selected as the context feature, being
dependent on the input features on both sides (see (15)).
3.5. Scene Graph Generation. The scene graph for an image
is expressed as a triple set of <subject predicate object>
form, which consists of subject, object and the relationships
between them. To generate this scene graph, the object detection layer detects the objects and the relationship detection
layer predicts the relationships between object pairs.
Figure 7 shows the scene graph generation network
and process, which corresponds to Figure 2(d). The two
layers input the features extracted in the previous process
into the fully connected layer and predict the probability
distribution of the objects or relationship classes. The object
detection layer uses only the object feature 𝑓𝑜𝑏𝑗 as the input
feature, whereas the relationship detection layer uses both
the relationship feature 𝑓𝑟𝑒𝑙 and the relationship context
feature 𝑐𝑜𝑏𝑗 . The predicted probability distribution represents
the individual probability for predefined types. Therefore,

the type having the highest probability is selected as the
predicted result of the corresponding region. This process is
expressed in the following equations, where 𝑙𝑜 and 𝑙𝑟 indicate
the predicted object type and relationship type, respectively:
𝑙𝑜 = arg max (𝑊𝑜 ⋅ 𝑓𝑜𝑏𝑗 )

(16)

𝑙𝑟 = arg max (𝑊𝑟 ⋅ [𝑓𝑟𝑒𝑙 , 𝑐𝑜𝑏𝑗 ])

(17)

In the case of the object region, not only the probability
distribution, but also the delta value of the bounding box is
predicted, which is used to tune the predicted object region
more accurately.
To generate the scene graph at a later stage, the detected
objects are expressed as nodes of the scene graph and the
relationship between the two detected objects is indicated by
the edges of the scene graph. Here, each edge is connected
from the subject node to the object node.
3.6. Region Captioning. To create captions for partial regions
of images, C2SGNet uses LSTM, which is an RNN method.
The specific caption generation process is illustrated in
Figure 8.
First, to generate captions from the LSTM, the hidden
state ℎ0 of the LSTM is initialized using 𝑓𝑐𝑎𝑝 and 𝑐𝑐𝑎𝑝 , which
are extracted from the previous stage. Then, the word feature
ℎ𝑖 is extracted by inputting the <start> word token to the
LSTM. Here, ℎ𝑖 is input to the fully connected layer and used
to predict the word probability distribution. The word having
the highest value in the probability distribution is selected as
the newly created word 𝑙𝑐,𝑖 and is input to the LSTM through
the embedding layer, as shown in (18) and (19). This process
is repeated until the LSTM generates the <end> word token,
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and region captions are generated until the repetition finishes.
𝑒𝑖 = Embed (𝑊𝑒 , 𝑙𝑐,𝑖 )

(18)

ℎ𝑖 = LSTM𝑖 (𝑒𝑖 , ℎ𝑖−1 )

(19)

𝑙𝑐,𝑖 = arg max (𝑊𝑐 ⋅ ℎ𝑖 )

(20)

4. Performance Evaluation
4.1. Dataset. In this study, the Visual Genome benchmark
dataset was used for the experiment to evaluate the performance of the proposed C2SGNet. The Visual Genome dataset
has definitions of various objects and relationships for each
image it contains, and includes natural language captions
for partial image regions. For appropriate model training, a
partial set of the Visual Genome dataset proposed by Li et al.
[14] was used in this experiment. For this dataset, 150 object
types and 50 relationship types with high frequencies in the
Visual Genome dataset were selected and very small object
regions were removed. Among the images in the acquired
dataset, 70,998 were used as training data and 25,000 were
taken as test data.
4.2. Model Training. Before the experiment, CS2GNet was
implemented using PyTorch, which is the Python deep

learning library in the Ubuntu 16.04 LTS environment.
The model training and experiment were performed in a
hardware environment with an installed GeForce GTX1080
Ti GPU card.
In the approach presented in this study, the model is
trained in two steps for greater efficacy. In the first step, only
the two RPNs used for proposal of the object region and
caption region are trained in advance. In the second step, the
total network including the two pretrained RPNs is trained.
First, to train the two RPNs, the smooth L1 loss function 𝐿 𝑙𝑜𝑐
and the cross entropy loss function 𝐿 𝑐𝑒 of Faster R-CNN [16]
are implemented as follows:
1 2
{
{2𝑥 ,
𝑠𝑚𝑜𝑜𝑡ℎ 𝐿1 (𝑥) = {
1
{
|𝑥| − ,
{
2
𝐿 𝑙𝑜𝑐 (̃𝑏, 𝑏) =

∑

𝑖𝑓 |𝑥| < 1

𝑠𝑚𝑜𝑜𝑡ℎ 𝐿1 (̃𝑏𝑖 − 𝑏𝑖 )

𝑖∈{𝑥,𝑦,𝑤,ℎ}

(21)

otherwise
(22)

𝑘

̃ 𝑦) = ∑𝑦𝑡 log 𝑦̃𝑡
𝐿 𝑐𝑒 (𝑦,

(23)

𝑡=0

Consequently, the loss functions of the two RPNs, 𝐿 𝑜𝑏𝑗 𝑅𝑃𝑁
and 𝐿 𝑐𝑎𝑝 𝑅𝑃𝑁, are independently trained and both have the
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Table 1: Model performance with and without context information.
SGGen

Model
Baseline
Baseline + RCN
Baseline + CCN
Baseline + RCN + CCN

R@50
10.71
12.21
10.90
12.66

R@100
12.96
14.57
13.12
14.85

following structure:
̃ 𝑦) + 𝐿 𝑙𝑜𝑐 (̃𝑏, 𝑏)
𝐿 𝑅𝑃𝑁 = 𝐿 𝑐𝑒 (𝑦,

(24)

Note that 𝑦̃ and ̃𝑏 in (24) indicate the region score and
bounding box value predicted for the object, respectively,
while 𝑦 and 𝑏 indicate the sign of the region in the actual
dataset and the bonding box value, respectively. A region is
regarded as positive if the IoU value between the predicted
and real regions is higher than 0.7, and as negative if this
value is lower than 0.3. The other regions are excluded from
training.
In the second step, each layer of C2SGNet has different
loss functions. In the case of the object detection layer, the
loss function consists of the smooth L1 loss function for
the delta value of the bounding box and the cross entropy
loss function for the object classification result, as shown in
(25). The relationship detection layer has a cross entropy loss
function for the classification result, as shown in (26). The loss
function of the caption generation layer is the sum of the cross
entropy loss values for the generated words, as shown in (27).
𝐿 𝑜𝑏𝑗 = 𝐿 𝑐𝑒 (̃
𝑦𝑜𝑏𝑗 , 𝑦𝑜𝑏𝑗 ) + 𝐿 𝑙𝑜𝑐 (𝑏̃
𝑑𝑒𝑙𝑡𝑎 , 𝑏𝑑𝑒𝑙𝑡𝑎 )

(25)

𝐿 𝑟𝑒𝑙 = 𝐿 𝑐𝑒 (̃
𝑦𝑟𝑒𝑙 , 𝑦𝑟𝑒𝑙 )

(26)

𝑠𝑡𝑒𝑝

𝐿 𝑐𝑎𝑝 = ∑ 𝐿 𝑐𝑒 (𝑦̃
𝑐𝑎𝑝,𝑖 , 𝑦𝑐𝑎𝑝,𝑖 )

(27)

𝑖=0

The total loss function of C2SGNet, which is defined as
the sum of the loss values of the two RPNs and the loss value
of each layer, is expressed as follows:
𝐿 𝑡𝑜𝑡𝑎𝑙 = 𝐿 𝑜𝑏𝑗 𝑅𝑃𝑁 + 𝐿 𝑐𝑎𝑝 𝑅𝑃𝑁 + 𝐿 𝑜𝑏𝑗 + 𝐿 𝑟𝑒𝑙 + 𝐿 𝑐𝑎𝑝

(28)

In the experiment conducted in this study, the Adam
optimization algorithm was used to minimize the above loss
function. The initial learning rate was set to 0.01 and the
learning rate decay method was used, which multiplies the
existing learning rate by 0.1 whenever one epoch finishes.
4.3. Metric. To evaluate the scene graph generation performance and caption generation performance of the proposed
model, the SGGen and Meteor mAP rating scales were used
[14, 28]. SGGen measures the recall of triples comprising
the scene graph; that is, it measures the number of positive
triples that can be found in a given image. In SGGen, a triple
is determined as positive if the object pair and relationship
comprising the triple match the positive values and the two

Meteor
mAP
5.30
5.61
5.62
5.71

detected object regions have an IoU of 0.5 or higher with
the positive object region. Furthermore, Meteor mAP, which
is an extension of the single-caption Meteor rating scale
[29], is a scale for evaluating multiple captions generated
from one image. To calculate Meteor mAP, only the captions
having a Meteor rating above a certain value are determined
as positive. Meteor mAP then represents the mean ratio of
the captions determined as positive among the generated
captions.
4.4. Experiments. The first experiment performed in this
study analyzed the effects of the RCN and CCN, i.e., the proposed context information extraction networks, on the scene
graph generation and captioning performance using the
SGGen and Meteor mAP scales. For scene graph generation
in particular, SGGen values for the top 50 (R@50) and 100
(R@100) results were measured. Table 1 lists the evaluation
results depending on usage of the RCN and/or CCN. The
baseline was the C2SGNet model structure excluding both
the RCN and CCN. As apparent from the experiment results
listed in Table 1, the model employing both the RCN and CCN
exhibited the highest performance for both scene graph generation and captioning. Furthermore, higher performance
was achieved for the cases using context information through
application of the RCN or CCN compared to the baseline. As
regards comparison of the RCN and CCN, the RCN yielded
better performance improvement than the CCN for scene
graph generation, but the opposite was observed for caption
generation. This seems to be because the RCN delivers the
context information to the relationship detection process,
which is a core element of the scene graph procedures,
whereas the CCN delivers it to the caption generation
process.
The second experiment compared the performances of
the proposed C2SGNet model and the existing state-of-theart models. As apparent from the experiment results listed
in Table 2, the proposed C2SGNet model exhibited better
performance compared to the existing models for both scene
graph generation and captioning. This experiment result
confirms the excellence of the proposed C2SGNet model,
which can effectively employ context information.
Figure 9 presents the qualitative evaluation results of the
C2SGNet model. The left column shows the input images
and the objects detected by the model. The results in the
right column consist of the scene graphs and image captions
generated by the model. The results for Figures 9(a) and
9(b) are examples of appropriate scene graph and image
caption generation for the given image, whereas the result for
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Table 2: Performance comparison with state-of-the-art models.
SGGen

Model

R@50
0.08
7.09
10.72
12.66

DenseCap [28]
LP [23]
ISGG [20]
MSDN [14]
C2SGNet

Meteor
mAP
4.41
5.39
5.71

R@100
0.14
9.91
14.22
14.85

Input Image & Detected Objects

Scene Graph

player

Region Caption

wearing

shirt

wearing

pant

wearing

shoe

a baseball player swinging a bat
a man wearing a black helmet
a baseball player on a ﬁeld
a black helmet on a man
the man is wearing a black shirt
white letters on the wall
a man wearing a black and white hat
green and white wall behind the man
a man wearing a helmet
people watching the game of tennis match
a man wearing a helmet
the man is wearing white shoes
the catcher is wearing black and white shoes

wearing
helmet
on
man

wearing

helmet

line

on

field

(a)

Input Image & Detected Objects

Scene Graph

Region Caption
a ﬁeld of green grass
zebra standing in the grass
the grass is tall and dry
trees in the background
the grass is tall and green
zebra grazing in the grass
head of a zebra
trees in the background
the sky is blue and clear
a tree in a ﬁeld
green leaves on the tree
a zebra in the ﬁeld
the head of a zebra

of
tail
having
zebra

having
head
of

behind
having

stripe

tree

(b)

Input Image & Detected Objects

Scene Graph
on
hat
wearing
pant
on
shirt

behind
wearing
fence

Region Caption
a baseball player swinging a bat
a baseball player on a ﬁeld
a man playing baseball
the pants are white in color
a boy wearing a blue shirt
a tall chain link fence
the man is wearing a black glove
a chain link fence behind the man
a fence in the background
a man wearing a helmet
a man playing baseball
a man wearing a white shirt
a fence in the background
the man is wearing a baseball glove

(c)

Figure 9: Scene graph generation and region captioning using CS2GNet.
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Figure 9(c) is an example of an inappropriate outcome. Examination of the results for Figures 9(a) and 9(b) confirms that
the proposed model correctly detected even detailed object
regions. Furthermore, the generated scene graphs show that
the relationships between objects were also predicted properly. The region captions show that various expressions were
generated depending on the image complexity. In the case of
Figure 9(c), although various partial objects in the image were
found, the person, who was the key element of the image,
was not detected. As a result, the main triple representing
the image could not be generated. This reveals the limitation
that the scene graph generation is greatly dependent on the
object detection performance. Furthermore, examination of
the scene graph shows that inappropriate triples such as <pant
wearing hat> were created. This suggests that the model was
trained to predict relationships with large emphasis on the
spatial relationships between object pairs.

5. Conclusion
In this paper, we propose a method to solve high-level
image understanding problem using existing low-level image
understanding model. This method can be used to solve
problems that demand high-level image understanding such
as referring expression comprehension, image retrieval,
and visual question answering. This paper suggested the
C2SGNET deep neural network model, which can simultaneously generate scene graphs and natural language captions
from input images for high-level image understanding. This
model uses features related to each task as context information, based on the characteristic that scene graphs and
natural language captions can be generated from objects and
the relationships between objects. For an effective prediction
result and model training, these two tasks are structured
into three layers: the object detection, relationship detection,
and caption generation layers. The results are predicted
through four steps: candidate region proposal, region feature extraction, context feature extraction, and scene graph
generation and captioning. In particular, Bi-LSTM, which is
a bidirectional RNN, is used to effectively extract context
features.
In this study, to evaluate the performance of the proposed model, experiments were conducted using the Visual
Genome dataset. The experiment results confirmed that
context information is helpful for performance improvement.
Furthermore, a performance comparison with existing models confirmed the high performance of C2SGNet. However,
the proposed model has a limitation that the context information of each layer is obtained only from the lower layer, but
not from the higher layer. Future research will be proceeded
to overcome the limitation and make full use of the entire
context information.
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Recently, face datasets containing celebrities photos with facial makeup are growing at exponential rates, making their recognition
very challenging. Existing face recognition methods rely on feature extraction and reference reranking to improve the performance.
However face images with facial makeup carry inherent ambiguity due to artificial colors, shading, contouring, and varying skin
tones, making recognition task more difficult. The problem becomes more confound as the makeup alters the bilateral size and
symmetry of the certain face components such as eyes and lips affecting the distinctiveness of faces. The ambiguity becomes even
worse when different days bring different facial makeup for celebrities owing to the context of interpersonal situations and current
societal makeup trends. To cope with these artificial effects, we propose to use a deep convolutional neural network (dCNN) using
augmented face dataset to extract discriminative features from face images containing synthetic makeup variations. The augmented
dataset containing original face images and those with synthetic make up variations allows dCNN to learn face features in a variety
of facial makeup. We also evaluate the role of partial and full makeup in face images to improve the recognition performance. The
experimental results on two challenging face datasets show that the proposed approach can compete with the state of the art.

1. Introduction
With the long-time evolution of social media, collection of
face photos of celebrities has shown promising potential to
develop face recognition algorithms. The development of
such datasets allows the researchers to conduct the research in
a variety of ways, such as age invariant face recognition [1–3].
However, subjects in these datasets are public figures and use
facial makeup to accentuate their appeal and attractiveness.
The resulting cosmetic effects include artificial face colors,
shading, contouring, and varying skin tones. Such images
differ greatly from the original face images and pose several
challenges in recognition tasks [4]. Furthermore, the makeup

wearing increases bilateral size and symmetry of the facial
components such as eyes and lips leading to a decreased
characteristic distinctiveness of faces [5]. Face recognition
systems aim to match query face against gallery faces and
this task becomes more difficult in case query face image
contains the inherent cosmetic effects which cause absence
of discriminative features such as scars, moles, tattoos, microtexture, wrinkles, and pores. For example, some instant skin
smoother finishing creams help to reduce the appearance of
wrinkles, lines, and pores, altering the quality and color of
skin [6]. More precisely, such cosmetic effects can alter the
facial shape, perceived size and color of facial parts, location
of eyebrows, etc. [4]. Figures 1(a) and 1(b) show an example
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(a)

(b)

Figure 1: Example face image (a) before cosmetic application and (b) after cosmetic application (image taken from [9]).

face image before and after application of cosmetic to left side
of the face to hide moles.
Keeping in view the substantial ability of makeup to
change facial appearance, a number of approaches attempted
to achieve makeup-invariant face recognition. Most of the
existing methods such as [4, 7, 8] attempt to extract local
features from face images to match query faces with gallery.
In most of these methods, hand-crafted features like local
binary patterns (LBP) Gabor wavelets, and other local and
global features. However, these hand-crafted features have
two major shortcomings: (i) first, the conventional local
features employ hand-crafted mapping, which is not optimal
for visual feature representation; (ii) second, some useful
information may be compromised in thresholding stage.
To fight the shortcomings of hand-crafted features, deep
learning methods have been proposed owing to their ability
to learn high level discriminative features automatically. The
authors in [11] suggested a weakly supervised method for
makeup-invariant face verification. They used a pretrained
CNN on Internet videos and fine-tuned small makeup
datasets. A voting strategy is then employed to achieve better
face verification results across makeup variations. Although
CNN are known to be capable of learning the most discriminative features in face images, a frequent problem faced when
training CNNs is that there is lack of sufficient data required
to maximize the generalization capability of CNNs. This
problem becomes even worse in case of makeup-invariant
face recognition tasks where existing datasets are quite small.
There are many techniques to address this including dropout,
transfer learning, and data augmentation. However, not all
of these methods will improve the performance, if used
intuitively.
The objective of our work is to assess how the discriminative capabilities offered by dCNNs are enhanced when face
images with different cosmetic effects are presented to them
through an effective data augmentation strategy. We offer the
following contributions in this work:
(1) Assess the representation capabilities of dCNNs for
makeup wearing face images compared to handcrafted features
(2) Attempt to enhance face recognition performance
using an appropriate data augmentation strategy not
reported in the literature before

(3) Determine the individual impact of two distinct
data augmentation strategies, namely, the celebrityfamous makeup styles and semantic preserving transformations
(4) We compare the results of our study with existing
methods to show the efficacy of the proposed method
The remainder of this paper is organized as follows. Section 2
overviews the existing approaches to makeup-invariant face
recognition. The proposed method is presented in Section 3.
Experiments and results are presented in Section 4, while
results related analysis is presented in Section 5. The last
section concludes the study along with future research directions.

2. Related Works
The existing methods to makeup-invariant face recognition
can be grouped into two categories with respect to features
they used to represent face images, as described in the
following subsections.
2.1. Hand-Crafted Feature Based Approaches. Hand-crafted
feature based approaches extract local or global features
from query and gallery faces to perform matching. The
representative works in this category include [4, 7, 8, 12–
14]. In [4], authors extracted LBP and Gabor features to
capture micropatterns and shape and texture information,
respectively. Wang and Kumar [7] used LBP with biometric
and nonbiometric blocks. Matching is performed using only
the biometric blocks to achieve superior accuracies. In [8],
support vector machine (SVM) classifier is trained on depth
and texture features to recognize makeup wearing face
images. In [12], Gabor wavelets and LBP descriptors are used
as shape and texture descriptors respectively, for automatic
facial makeup detection with application in face recognition.
Similarly, a cosmetic detection approach is presented in [13]
by leveraging a multiscale local-global technique. Guo et al.
[14] proposed a makeup-invariant face verification strategy
based on the feature correlation between original and makeup
wearing faces. Additionally, the hand-crafted feature has used
other fields of image processing and computer vision such
as [15]. The main limitations of hand-crafted features are
their fixed encoding and nonoptimal feature limiting the
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recognition accuracies. Due to these inherent limitations,
hand-crafted features are getting out of style especially after
it was shown that CNNs can automatically learn the best
features for a given tasks.
2.2. Deep Learning Based Approaches. The dCNNs have
shown promising performance in face recognition problems
such as [2, 3, 11, 16–19]. In [2], external features are injected
into fully connected layer of a dCNN to achieve better
verification accuracies across large age gaps. A triplet deep
network is presented in [11] to verify face images across
makeup variations. Coupled autoencoders have been used
in [16] for face recognition across aging variations. dCNNs
along with LBP descriptors have been used for face verification task in [17]. However, most of these approaches
focus on age invariant face recognition. Liu et al. [3] proposed deep learning architecture to model aging process
and face verification across aging variations. Sun et al. [18]
hybrid CNN-Restricted Boltzman Machine (RBM) for face
verification in the wild. Li et al. [19] suggested synthesizing
nonmakeup images from makeup ones and then using the
synthesized nonmakeup images for further verification task.
More recently, PairedCycleGAN have been used in [20]
to automatically transfer the makeup style of source face
image to the target face image. More specifically, the authors
suggested a forward and a backward function to apply and
remove an example-based makeup style respectively. A patchbased learning approach has been given in [21]. In this
approach, the authors used face image patches to encode a set
of feature descriptors. An ensemble learning is then followed
using random subspace linear discriminant analysis to make
the face recognition robust against cosmetic variations.
Although dCNNs are powerful architectures capable
of yielding competitive performance across a variety of
classification tasks, yet their performance is limited by the
unavailability of enough training data. A prominent example
in this regard is makeup wearing face images datasets which
are relatively smaller datasets. The existing deep models to
makeup-invariant face verification studies mainly rely on
transfer learning such [11] as or face synthesis [19] to cope the
negative effects of facial cosmetics on verification accuracy.
However, we believe that transfer learning and face synthesis
approaches are not suitable to fight appearance variations.
This is because, in case of transfer learning, it is difficult
to extract identity specific features from CNN layers in
the presence of cosmetic effects. Similarly, face synthesis
results in pseudofaces with inferred content of lower quality,
resulting in lower verification accuracies. Therefore, in the
presence of different makeup styles, it is more convenient
to use makeup style-aware data augmentation to achieve
invariance across cosmetic variations. Our idea is to augment
the training dataset in a way that produces the competitive
results for makeup-invariant face verification task through
the intelligent creation of celebrity-famous makeup styles.
2.3. Makeup Styles-Aware Data Augmentation. The efficacy
of dCNNs is known to be strongly dependent on availability
of sufficient training dataset. Not having enough diverse and
quality data in training will result in overfitting which means
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that dCNN is highly biased to the training data and will
generate errors in the testing stage. To address overfitting,
data augmentation is an effective approach which aims to
expand the training data by applying transformations to existing samples resulting in new samples as additional training
data. It has been shown that intelligent data augmentation
during training phase can improve the generalization ability
of dCNNs. However, the choice of augmentation strategy can
be more important than the type of network architecture
used [22]. Many existing methods suggest how to augment
datasets while training dCNNs. For example, Simard et al.
[23] suggested different augmentation techniques suitable
for variety of classification tasks. Similarly, [24] suggests
random flip, rotate, and scale face images to achieve data
augmentation. In [25], the authors leverage neural networks
to learn optimal data augmentation suitable for image classification. The above methods suggest that data augmentation
is performed according to the desired task. Like the above
augmentation methods, the proposed makeup styles-aware
data augmentation attempts to address the issue of limiting
training data in facial makeup datasets to fight overfitting
and improve regularization. In this work, we propose to
use a more advanced method to augment the training data
by makeup transformations aimed at allowing dCNNs to
learn features robust to different cosmetic variations. More
precisely, training data is augmented by developing different
makeup styles for a given face image in the training dataset.
This will allow dCNNs to learn features across a variety of
makeup styles. Since the subject-specific cosmetic variations
can change significantly according to the occasions, we
propose to develop six different celebrity-famous makeup
styles [9, 26], namely, (i) Everyday: it is a casual light facial
enhancement makeup for daily use; (ii) Professional: it is an
event-specific makeup wearing; (iii) Smoky: it is usually suggested for night time events and parties; (iv) Asian: it involves
alluring and sultry eye and lips makeup; (v) Disco: it includes
light blue eyeshadow and bold eyelashes for enhancement;
(vi) Gothic: the gothic look is a dark makeup style and a
favorite among teenagers. In addition to six different makeup
styles, we also augment data by using detexturized, decolorized and edge map of each original face image. In this way,
we develop total 9 variants for each original face image in the
augmented dataset. The makeup style images will allow the
dCNN to learn variety of features across face images wearing
cosmetics. Detexturized face images will allow dCNN to learn
discriminative features in the presence of foundation makeup
used to cover facial flaws, such as moles, scars, and open
pores. Decolorized face images will allow them to be matched
with the images wearing black-and-white Halloween makeup.
Finally, the edge map of a given face image will enable the
dCNN to learn facial lines to be matched with make wearing
images with contouring. Contouring involves giving certain
shape to facial components such as nose bridge and lips [6].
The six makeup styles are implemented using a publicly
available makeup synthesis tool called TAAZ [10]. The TAAZ
facilitates the application of symmetric makeup to a given
face image. The available options to apply synthetic makeup
include various accessories, complete looks, Halloween, etc.
For example, the tool allows applying four unique symmetric
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Figure 2: Four unique symmetric blush patterns used in TAAZ (image taken from [10]).

Original face image
Augmentation

Everyday

Professional

Smoky

Asian

Disco

Celebrity-famous makeup transformations

Gothic

De-colorized De-texturized Edge enhanced
Semantic preserving transformations

Figure 3: Data augmentation using original face image and 6 celebrity-famous makeup and 3 semantic preserving transformations.

blush patterns to a given face image with different options
shown in Figure 2. The tool box also allows choosing among
three different levels including light, medium, and dark for
foundation and concealer.
The decolorized face images are obtained by transforming
color face images into gray scale by using a luminance model
adopted by NTSC and JPEG [27]. In a similar fashion, detexturized images are obtained by using anisotropic diffusion
approach [28], which aims to remove texture by preserving
edges and smooth homogeneous regions. We use unsharp
masking for edge enhancement. The augmented set for a
given original face image is shown in Figure 3.

3. Deep Makeup-Invariant Face Verification
The proposed makeup-invariant face verification method
consists of the following steps: (i) preprocessing; (ii) data
augmentation; (iii) face verification. The details of each step
are given in the following subsections.
3.1. Preprocessing. To alleviate the unwanted illumination
and translational variations, the face images are preprocessed
as described below.
(1) Face images are aligned according to the centers of two
such that they are vertically upright.
(2) To eliminate the illumination variations, Difference of
Gaussian (DoG) filtering has been used [29].
(3) Finally, the face images are cropped and resized to
200x200 pixels size.

3.2. Data Augmentation. During the training phase, we use
dCNNs to perform face verification task. Our objective is to
train the dCNNs for the specified task while there are not
enough representative face images in the given dataset. To do
so, we use data augmentation suitable for makeup-invariant
face recognition task. Training data is augmented by developing six celebrity-famous makeup styles for each original face
image using state-of-the-art TAAZ application. Additionally,
three semantic preserving variants are developed. Recently,
such variants have been effectively utilized in deep learning
based visual search [30]. It is worthwhile to mention that
labels remain unchanged after applying the makeup style
or semantic preserving transformations. The only constraint
of the proposed data augmentation is that each face image
should follow the suggested makeup and semantic preserving
transformations. In the final dataset, each original face image
has 9 other versions which sufficiently enlarge the dataset
suitable for training the dCNNs.
3.3. Face Verification. Face verification aims to distinguish
whether a pair of face images has the same identity [31].
Recently, there is growing interest and significant progress
in face verification owing to various applications [3, 17, 18].
In this work, we propose to use dCNN model to learn the
discriminative face features in the presence of facial makeup
variations. Using the facial features of each face image as
ground-truth, the dCNN is trained using augmented dataset.
Given a makeup wearing image as input, a parallel dCNN
will extract the discriminative features to decide the identity
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Figure 4: The architecture of the VGGNet.

of the test image. To this end, we first review some basic
concepts of the proposed dCNN model and then go ahead
to our proposed face verification methodology.
Recently, dCNNs have emerged as powerful architectures
capable of learning discriminative features automatically.
They have shown competitive performance in recognizing
face images across different challenges such as aging, pose,
and makeup [3, 11, 16, 32]. However, their application to
existing datasets is limited by overfitting owing to small
number of face images. To handle this challenge, data
augmentation is an effective approach. A typical dCNN
is a hierarchical architecture composed of different data
processing layers such that output of a layer becomes the
input of following layer and so on. The most prominent
layers include the convolutional layers and pooling layers. The
convolutional layers apply learned kernels to the input data
and generate feature maps representing the discriminative
features. The convolutional layers are followed by the pooling
layers which aim to extract the most abstract information
from the underlying feature maps. Often the dCNN ends with
fully connected layers which model the higher level features.
In this study, we propose to use visual geometry group
(VGG) deep network architecture [33]. The choice of network
is motivated by its better performance for the selected
makeup-invariant face recognition task. We use the variant
called VGG-19 containing 16 convolutional (C), 5 pooling (P)
and 3 fully connected (f) layers. Each stack of convolutional
layers is followed by a pooling layer. The depths of first three
stacks of convolutional layers are 64, 128, and 256 respectively,
while last two convolutional stacks have depth of 512 each.
The size of each fully connected layer is 4096. Finally, the
softmax layer produces the similarity score for a given pair
of face images. The VGGNet uses filter size of 3x3. The
combination of two 3x3 filters results in a receptive field of 5x5
retaining the benefits of smaller filters. The network is famous
for its deeper yet simpler architecture as shown in Figure 4.
We train the chosen dCNN model on augmented dataset
for face verification task, where our purpose is to predict
whether a pair of face images belongs to same person or not.
During the training stage, our goal is to train the dCNN
model to perform the desired face verification task while
there are not enough training samples in the given dataset. To
solve this problem, we use the suggested data augmentation.
For a given original face image in the training dataset, we
develop 6 celebrity-famous makeup styles and 3 semantic
preserving transformations as shown in Figure 3. Such data
augmentation has the advantage that the dCNN can learn
the possible cosmetic variations caused by wearing facial

makeup. The dCNN model used in this study has been
trained using stochastic gradient decent (SGD) and standard
backward propagation [34].

4. Experiments and Results
We evaluate our data augmentation-assisted makeup-invariant approach on 2 standard datasets including YouTube
Makeup Database (YMU) Database [4], and Virtual Makeup
(VMU) Database [4]. The YMU dataset contains the original
and makeup wearing face images of 99 Caucasian women.
The dataset is collected from YouTube video tutorials. The
VMU dataset contains face images of 51 Caucasians before
and after applying synthetic makeup. The dataset contains
three synthetic makeup styles including only lipstick wearing,
eye makeup and full makeup. Figure 5 shows example face
image pairs from these datasets.
4.1. Experiments on the YMU and VMU Datasets. In this
subsection, we present 5 distinct techniques to conduct face
recognition experiments on YMU and VMU datasets.
4.1.1. Experiment 1. In this experiment, we examine the
suitability of the proposed data augmentation strategy to
verify original face images against natural makeup wearing
face images. To this end, we train VGGNet from scratch for
face verification task. In training stage, the initial learning
rate is set at 0.001 which is decreased by a factor of 10 after
every 100 epochs. For each original face images we develop
6 celebrity-famous makeup styles and 3 semantic preserving
transformation. In this way, we develop a total 9900 face
images for 99 original face images in the augmented dataset.
Similarly, we generate an augmented dataset for VMU dataset
resulting in 5500 face images for 55 original subjects. We
apply 200x200 RGB face images as input to the network
which outputs the similarity of a pair of face images using a
binary softmax classifier. More precisely, we train the dCNN
model using augmented YMU dataset. The makeup wearing
face images from both datasets are used as test sets to judge
the efficacy of the proposed approach. The test accuracies for
this series of experiments are shown in Table 1. We use the
results of this experiment to create a baseline against which
results from other methods can be compared.
For the same experimental setup, we report the test
accuracies for the following experiments.
4.1.2. Experiment 2. In this series of experiments, we train
the dCNN model without data augmentation. We use original
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(a)

(b)

Figure 5: Example face image pairs from (a) YMU; (b) VMU dataset. In each pair, image on left side is original while right sided image is
wearing facial makeup.
Table 1: Comparison of the proposed techniques.
Experiment
No.

Augmentation

Dataset

Test
accuracy

1

6 celebrity-famous makeup styles + 3 semantic preserving transformation (the proposed
augmentation-assisted approach)

YMU
VMU

90.04
92.99

2

No data augmentation is used

YMU
VMU

56.00
57.85

3

6 celebrity-famous makeup styles

YMU
VMU

75.61
78.19

4

3 semantic-preserving transformations

YMU
VMU

67.66
68.05

5

Transfer learning without data augmentation

YMU
VMU

86.37
88.48

face from YMU and VMU datasets in training while makeup
wearing face images are used in testing. The test results are
shown in Table 1.
4.1.3. Experiment 3. In the third series of experiments,
we train the dCNN model with data augmentation using
celebrity-famous makeup styles only. To this end, we develop
an augmented dataset consisting of 693 face images for YMU
dataset and 350 face images for VMU dataset using the
chosen celebrity-famous makeup styles. Makeup wearing face
images are then tested with results reported in Table 1.
4.1.4. Experiment 4. In this series of experiments, the chosen
dCNN model is trained on data augmentation using semantic
preserving transformations only. For this purpose we expand
the training datasets of YMU and VMU datasets using three
sematic preserving methods for each original face image.
This results in 396 and 200 face images for YMU and VMU
training sets respectively. The facial makeup wearing face
images are presented to the VGGNet for testing. The test
results are reported in Table 1.

4.1.5. Experiment 5. In the last series of experiments, we
pretrain the VGGNet on a large dataset called the Cross
Age Celebrity Dataset (CACD) [1] and fine tune on makeup
datasets including YMU and VMU. The motivation behind
this series of experiments is to answer the question if transfer
learning is helpful in recognizing makeup wearing face
images. In transfer learning, we learn the knowledge by
training the dCNN on some large dataset to avoid overfitting.
The learned knowledge is then used to solve recognition
task on small datasets more effectively. In our case, the
large dataset is CACD, while smaller datasets are YMU and
VMU. It is worthwhile to note that the CACD dataset have
been collected for 160000 face images of more than 2000
celebrities. Since the celebrities use facial makeup frequently,
therefore we want to know whether transfer learning via
fine tuning can be helpful in recognizing face images of
the celebrity photos present in the small datasets including
YMU and VMU. When fine tuning, the last fully connected
layer of VGGNet is replaced by a binary softmax classifier.
Face verification experiments are then conducted on facial
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Table 2: Comparison of the EER for the proposed and existing methods.
EER (%)

Approach

YMU
15.89
11.24
9.61

Local Gabor Binary Patterns [4]
Data augmentation using GAN [35]
Proposed data augmented-assisted approach

VMU
5.42
4.99
2.97

1
0.9

Training loss with proposed augmentation

0.8

Training loss without augmentation

0.7

Test loss with proposed augmentation

Loss

0.6

Test loss without augmentation

0.5
0.4
0.3
0.2
0.1
0

0

100

200

300

400

500

Epochs

Figure 6: Training and test losses for experiments 1 and 2 on YMU dataset.

makeup wearing face images collected from YMU and VMU
test sets. The test results for this series of experiments are
presented in Table 1.
4.2. Comparison with Existing Methods. We also compare the
results of the proposed approach with the closest competitor
approach presented in [4]. We calculate and compare the
equal error rates (EER) for the proposed approach with those
presented in the existing study. It is worthwhile to mention
that equal EER is a measure to evaluate the performance of
face recognition algorithms. Since the choice of augmentation
strategy directly affects the matching accuracy of face images,
we also compare the EER of the proposed approach data
augmentation approach with generative adversarial network
(GAN) [35] based data augmentation. More precisely, the
GAN is used to synthesize face images with suggested
makeup variations. Classically, the GAN structure consists
of a generator and a discriminator in an adversarial environment. The discriminator is used to discern the samples
from model and training data. In contrast, the generator aims
to maximally confuse the discriminator. For each original
face image, 6 makeup wearing face images are generated
using GANs. The generated face images are then used to
train the CNN for face recognition task. Table 2 compares
the corresponding results for the experimental protocol given
in [4] when original face images are matched with makeup
wearing photos, both for YMU and VMU datasets.

5. Analysis
In this section, we give an analysis of the results presented in
the previous section as follows:

(i) The impact of proposed data augmentation strategy is
analyzed by tracing the training and test losses for 500 epochs
for both the YMU and VMU datasets as shown in Figures 6
and 7 respectively. It is obvious that the overfitting becomes
reduced when the proposed data augmentation strategy is
applied. In contrast, there is massive overfitting when no data
augmentation was applied to train the dCNN. The smaller
difference between training and test losses caused by the
proposed augmentation method shows how this strategy
is helpful for the dCNN to learn the most discriminative
features for the desired task. More precisely, the dCNN learns
the celebrity-famous makeup styles and semantic preserving
features in training stage. In testing stage, a face image
wearing an arbitrary makeup can be easily recognized based
on this aggressive training. This suggests the effectiveness
of the method to prevent the dCNN from overfitting and
gives superior performance to recognize face images wearing
makeup.
(ii) We observe an improvement in accuracy from 56.00%
to 90.04% when proposed augmentation is employed in case
of YMU dataset. In case of VMU dataset an improvement
from 57.85 to 92.99% is observed. These results show a
significant improvement in test accuracy which can be
attributed to the task-specific features learned by the dCNN
using the proposed augmentation strategy. The cause of poor
accuracies of the experiments without data augmentation is
the massive overfitting caused by smaller datasets.
(iii) From experimental results reported in Table 1, we can
see that, among the proposed data augmentation techniques,
the combination of celebrity-famous makeup styles and
semantic preserving transformations in data augmentation
exhibits the highest test accuracies. In contrast, the individual data augmentation is using only the celebrity-famous
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Figure 7: Training and test losses for experiments 1 and 2 on VMU dataset.
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Figure 8: Part-to-whole comparison of test accuracies for chosen
augmentation strategies for YMU and VMU datasets.

makeup styles or semantic preserving transformations. This
is because, semantic preserving transformations adds additional cosmetic related information to the augmented dataset.
More precisely, among three semantic transformations, the
decolorized images compensate for the Charcoal and gray
makeup [9]. The detexturized face images compensate for the
application of foundation makeup only not covered under
6 celebrity-famous makeup styles [4]. Finally, the edgeenhanced face images can compensate for facial countering
used by celebrities to shape the facial components like
nose bridge and lips [9], thus combining celebrity-famous
makeup styles with semantic preserving transformations in
data augmentation results in superior accuracies.
(iv) Figure 8 shows the part-to-whole comparisons of
the percentage accuracies achieved by the celebrity-famous
makeup styles and semantic preserving transformations
for the proposed augmented-assisted makeup-invariant face
recognition task. One can observe the dominant role of
celebrity-famous makeup style compared to the semantic preserving transformations in recognizing face images wearing
makeups. This is because the celebrity-famous makeup styles
are more frequently followed by the subjects present in the
makeup datasets. In contrast, comparatively lesser number of

subjects follow the semantic preserving makeup transformations. This also suggests the popularity of celebrity-famous
makeup styles among the celebrities compared to the later
makeup variant.
(v) From the comparisons shown in Table 1, it is obvious that our method surpasses the accuracies achieved by
the transfer learning strategy. Compared to the accuracies
of 86.37% on YMU and 88.48% on VMU datasets for
transfer learning approach, the proposed method achieves
test accuracies of 90.04% and 92.99% on YMU and VMU
datasets respectively. In transfer learning the knowledge
learned on a large dataset (CACD in this study) is used
to solve the new problem (recognizing face images from
YMU and VMU datasets) effectively. Recall that for transfer
learning experiment, we used VGGNet pretrained on CACD
dataset. Although the CACD dataset contains celebrities
face images but does not necessarily contains face images
with semantic transformations. This results in poor feature
learning and subsequent discriminative knowledge transfer
when VGGNet is fine-tuned for smaller datasets including
YMU and VMU. This suggests the superiority of the proposed
data augmentation strategy over transfer learning approach
for the desired task of makeup-invariant face recognition.
(vi) Comparison of the test accuracies on two selected
datasets suggests better results for VMU compared to YMU
dataset across all the reported techniques in our study. This
is because YMU is more challenging dataset containing
celebrity photos with real makeups. In contrast, VMU contains original photos with synthetic makeups with only three
makeup variations.
(vii) The comparative results presented in this study
suggest that the proposed approach is effective in recognizing
face images across a variety of facial makeup variations
including both the real and synthetic makeup variations.
(viii) In Table 2, we compared the EER of the proposed
method with an existing method for similar experimental
setup. One can observe that the proposed approach exhibits
fairly low error rates on both the YMU and VMU dataset.
The superior performance of the proposed approach can
be attributed to: (i) the effective data augmentation strategy
suitable for recognizing makeup wearing face images, and
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(ii) the automatically learned deep face features compared
to the hand-crafted features employed in [4]. The proposed
approach also gives superior performance compared the
augmentation strategy based on GANs. This is because,
face images generated using GANs are pseudofaces of lower
quality containing the inferred content. The pseudofaces
result in poor matching accuracy due to poor quality [36].
This results in higher EER for GAN based generated face
images. In contrast, the proposed approach uses the original
face images of high quality without any inferred content.

6. Conclusions
In this paper we presented a new data augmentationassisted makeup-invariant face recognition approach. The
proposed approach has shown promising results on two
standard datasets. Particularly we discussed data augmentation approach based on celebrity-famous makeup styles and
semantic preserving transformations suitable for makeupinvariant face recognition. We focused on training a dCNN
model to effectively learn the discriminative features in the
presence of cosmetic variations and to fight the frequently
occurring problem of overfitting in dCNNs. The different
approaches presented in this study suggest that two presented
data augmentation strategies together can yield superior test
accuracies. The experimental results on YMU and VMU
datasets suggest that the makeup-aware data augmentation
is better than the transfer learning through fine tuning a
dCNN for the desired task. The experimental results suggest
that celebrity-famous makeup styles is frequently followed
by the subjects present in the chosen datasets. Finally, the
comparative results show that the proposed approach can
compete with the existing methods well.
Future studies may include more sophisticated data augmentation learning strategies to fight both the overfitting and
makeup variations.
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The availability of wearable cameras in the consumer market has motivated the users to record their daily life activities and post
them on the social media. This exponential growth of egocentric videos demand to develop automated techniques to effectively
summarizes the first-person video data. Egocentric videos are commonly used to record lifelogs these days due to the availability of
low cost wearable cameras. However, egocentric videos are challenging to process due to the fact that placement of camera results
in a video which presents great deal of variation in object appearance, illumination conditions, and movement. This paper presents
an egocentric video summarization framework based on detecting important people in the video. The proposed method generates
a compact summary of egocentric videos that contains information of the people whom the camera wearer interacts with. Our proposed approach focuses on identifying the interaction of camera wearer with important people. We have used AlexNet convolutional
neural network to filter the key-frames (frames where camera wearer interacts closely with the people). We used five convolutional
layers and two completely connected hidden layers and an output layer. Dropout regularization method is used to reduce the
overfitting problem in completely connected layers. Performance of the proposed method is evaluated on UT Ego standard dataset.
Experimental results signify the effectiveness of the proposed method in terms of summarizing the egocentric videos.

1. Introduction
The introduction of wearable cameras in 1990s by Steve Mann
has revolutionized the IT industry and created a deep impact
in our daily lives. The availability of low cost wearable cameras
and social media has resulted in an exponential growth of
the video content generated by the users on daily basis. The
management of such a massive video content is a challenging
task. Moreover, much of the video content recorded by the
camera wearer is redundant. For example, narrative clip and
GoPro cameras record a large amount of unconstrained video
that contains much of the insignificant/redundant events
beside the significant events. Therefore, video summarization
methods [1, 2] have been proposed to address the issues associated with handling such a massive and redundant content.

Egocentric videos are more challenging to address for
summarization due to the presence of jitter effects experienced because of camera wearer’s movement. Accurate feature tracking, uniform sampling, and broad streaming data
with very refined boundaries are the additional challenges to
lifelogging video summarization. To address the aforementioned challenges associated with the egocentric videos, there
exists a need to propose effective and efficient methods to
generate the summary of full-length lifelogging videos. Some
distinctive egocentric video recording gadgets are shown in
Figure 1. The focus of these egocentric video recordings is on
activities, social interaction, and user’s interests. The objective
of the proposed research work is to exploit these properties
for summarization of egocentric videos. Egocentric video
summarization has useful applications in many domains, i.e.,
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Google Glass

Autographer

SenseCam

Lifelogger

Figure 1: Egocentric wearable devices [1].

law enforcement [1, 3], health care [4], surveillance [5], sports
[6], and media [7, 8].
The generation and transmission of vast amount of
egocentric video content in the cyberspace have motivated
the researchers to propose effective video summarization
techniques for wearable camera data. Existing frameworks
[9–12] have used supervised as well as unsupervised methods
for egocentric video summarization.
Existing methods have used supervised learning techniques for summarization based on activity detection [13–
17], object detection [18], and significant events detection
[19]. The goal of egocentric video synopsis is to detect
significant events of the lifelogging video data and generate
the summarized video. Kang et al. [20] proposed a technique to identify new objects encountered by the camera
wearer. Ren et al. [21] proposed a bottom up motion-based
approach to segment the foreground object in egocentric
videos to improve the recognition accuracy. Hwang et al. [22]
proposed a summarization technique based on identifying
important objects and individuals interacted with the camera
wearer. Similarly, Yang et al. [23, 24] analyzed the lifelogging
video data to summarize the daily life activities of camera
wearer. The summarized video contains the frames of user’s
interaction with important people and objects. Choi et al.
[25] presented a video summarization method to identify
some common human activities (i.e., talking) based on crowd
perception. Lee et al. [26–28] have proposed egocentric video
summarization techniques to detect the excited events of
a camera wearer’s entire day. These approaches [18, 26–30]
have used the region cues (i.e., nearness to hands, gaze, and
recurrence of event) to detect the key-events. These cues are
used to evaluate the relative significance of any new region.
Egocentric video summarization methods have also used
unsupervised learning to categorize sports actions [7], scene
discovery [31], key-frame extraction, and summarization [29,
32]. Choudhury et al. [33] presented a pattern of influence
among the people that builds on the social network. This
algorithm [33] is used to find the interaction between people
during the conversation. A “sociometers” wearable sensor
package is used to measure face to face interaction. Yu et al.
[34, 35] proposed an eigenvector analysis method to address
the issue of automated face recognition. This method named
as “decision modularity cut” is used to evaluate the performance in terms of social network. Fathi et al. [17] presented an
approach to detect and recognize the social collaboration in a
first-person video. The locality and direction information are
used to compute the pattern of attention of various persons
followed by assigning different roles. Finally, roles and locality
information are analyzed to determine the social interactions.

In the last few years, Convolutional Neural Networks
(CNNs) have been heavily explored due to its ability to
learn remarkably well to understand the image content and
immense scale video characterization [36–38]. Supported
by the achievement of CNNs, few research works [39, 40]
adopted deep learning features (e.g., CNN features) to perceive long-term activities and achieved significant implementation progress. Poleg et al. [39, 41] applied a compact 3D
Convolution Neural Network (CNN) architecture for longterm activity detection of the egocentric lifelogging video
data. It is a common practice to use a large and diverse dataset
for CNN training in video summarization applications [42–
45]. The training process has used only restricted amount
of task-specific training data. Jain et al. [46, 47] used CNN
features for visual detection tasks, for example, object localization, scene identification, and classification. Alom et al.
[40] used cellular simultaneous recurrent networks (CSRNs)
for feature extraction. CNN features computed from the
supervised learning are translated-invariant.
Egocentric video recordings are inadequate with regards
to a suitable structure and unconstrained in nature. Generally, there is no emphasis on the important things the
user needs to record. Most important consideration in
egocentric vision has concentrated on activity recognition,
identification and video summarization. We proposed an
effective egocentric video summarization method based on
identifying the interaction of camera wearer with important
people. The proposed research work aims to produce more
informative summaries with minimum redundancy. The
representative key-frames for the summary are selected on
the basis of people interaction with the camera wearer. Our
video summary focuses on the most important people that
interact with camera wearer while neglecting other content.
We consider interactions, such as having a discussion with
the people, and fully connected with each other that are
important moments. Performance of the proposed technique
is evaluated on a standard egocentric video dataset “UT
Ego” [24, 30, 48]. Experimental results show the effectiveness
of the proposed method in terms of identifying important
people for egocentric video summarization. Our method
provides superior detection performance and generates more
useful summaries with minimum redundancy as compared
to existing state-of-the-arts.
The rest of the paper is organized as follows. Section 2
demonstrates the proposed framework for egocentric video
summarization. Section 3 provides the results of different
experiments performed on the proposed method along-with
the discussion on the results. Finally, Section 4 concludes the
paper.
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Figure 2: Summarization process of original video.

2. Materials and Methods
The proposed egocentric video summarization framework
is presented in this section. Our method takes the fulllength egocentric video as an input and generates a concise
video that contains the most interesting segments (i.e., people
interaction with camera wearer). The flow of the proposed
summarization method of first-person video data is shown
in Figure 2.
We trained a regression model to compute the scores of
region’s likelihoods. The input video is partitioned into series
of n sub-shots, 𝑉 = {𝑠1 , . . . , 𝑠𝑛 }. We trained the AlexNet
CNN model for classification. The details of our classification
model are provided in Section 2.1. The architecture of the
proposed framework is provided in Figure 3.
2.1. AlexNet Architecture. The proposed technique contains
8 transformation trainable layers, five convolutional layers
supported by the two completely linked hidden layers and an
output layer. We utilized ReLu activation function in all the
trainable layers, except the last fully connected layer where we
applied the Softmax function. Moreover, our system contains
three pooling layers, two normalization layers, and a dropout
layer. The AlexNet architecture of the proposed framework is
demonstrated in Figure 4.
In the first convolutional layer, relatively large convolutional kernels of size 11 x 11 are used. For next layer, the size of
convolutional kernel is reduced to 5×5, and for third, fourth
and fifth layers we applied the convolutional kernels of size
3×3. In addition, first, second, and fifth convolutional layers
use overlapping pooling operations with a pool size of 3×3
and stride of 2×2. Our proposed architecture has eight fullyconnected layers with 4096 nodes. The last fully connected
layer is supported to one thousand-way softmax function
that makes dispersion over the 1000 class labels. The details
of convolutional and fully connected layers are provided in
Figure 5.

2.2. ReLu Non-Linearity. In recent years, the Rectified Linear
Unit has recognized into a popular unit because it takes
less time for training as compared to other units. Saturating
nonlinearities are much slower with the non-saturating in
training time with gradient descent. We used rectified linear
unit function to train the network. The scope of ReLu is
[0, inf] which implies that it can explode the activation. The
following describes the Relu activation function:
𝑓 (𝐼) = max (0, 𝐼)

(1)

where I representS the input image. If I < 0 the output will
be zero, whereas it provides a linear function when I ≥ 0. It
is also used as a classification function. tanh is a hyperbolic
tangent function that works like the sigmoid function. tanh
function lies in the range of (-1,1) and computed as follows:
tanh (𝐼) =

sinh (𝐼)
cosh (𝐼)

(2)

In this manner negative input values to the tanh will guide
to negative output. The following represents the sigmoid
function that lies in the range of (0,1) and computed as
follows:
𝑓 (𝐼) = (1 + 𝑒−𝐼 )

−1

(3)

tanh function takes more time to train a network than ReLUs
and deep convolutional neural networks. As demonstrated
in Figure 6, sigmoid and tanh are computationally more
complex for training purposes as compared to ReLU.
2.3. Softmax Function and Response Normalization. In the
proposed architecture, we employed the softmax function as
a nonlinear function at the output layer. This activation function transforms the output values into soft class possibilities.
We used normalization scheme in first two layers. The activity
of a neuron is computed with the aid of kernel 𝑖 at position
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Figure 3: Architecture of the proposed egocentric video summarization framework.
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Figure 4: AlexNet architecture of the proposed method.
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(q, p) after applying the ReLU nonlinearity. The responsenormalized activity is computed as follows:
𝑏𝑖 𝑞,𝑝 =

𝑎𝑖 𝑞,𝑝

2 𝛾

𝑖
(V + 𝛼 ∑min(𝑁−1,𝑖+𝑛/2)
𝑗=max(0,𝑖−𝑛/2) (𝑎 𝑞,𝑝 ) )

(4)

𝑎𝑖 𝑞,𝑝 represents the activity of a neuron computed by using
kernel i at position (q, p) and 𝑏𝑖 𝑞,𝑝 represents the responsenormalized activity, where the sum runs over n “adjacent”
kernels and N is the total range of kernels within the layer. The
constants V, n, 𝛼, and 𝛾 are hyperparameters and their values
are determined by applying a validation set. The response
normalization scheme is used to reduce the test error rate of
the proposed network.
2.4. Pooling Layer. We applied the overlapping pooling in the
entire system. In CNN, output summary of the neighbouring
groups of neurons is obtained through pooling layers in the
same kernel map as these pooling units do not overlap. It

requires two hyperparameters that are spatial extent w and
the stride h. More specifically, this pooling layer is like a
network of pooling units spaced h pixels apart. At the point of
pooling unit, it summarizes a neighbourhood of size w × w. If
we set h = w then we acquire the traditional local pooling as
used in CNNs. By setting ℎ < 𝑤, we have overlapping pooling
situation where we experience lower error rate after detailed
experimentation of our framework. Therefore, we used the
overlapping pooling in the entire network with ℎ = 2 and
𝑤 = 3. This overlapping scheme significantly reduces the
computational cost by decreasing the size of the network as
well as error rate.
2.5. Dropout. When the number of iterations roughly doubles in our network, we need to converge through the dropout
method. If they are “dropped out,” the neurons do not
participate in forward pass and back propagation. We used
dropout in the initial two completely connected layers as the
dropout process reduces the over fitting substantially in our
proposed framework.
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3. Results and Discussion
This section provides a comprehensive discussion on the
results obtained through different experiments that are
designed for performance analysis of the proposed framework. The details of the standard dataset used for classifier
training and testing are also provided in this section. In
addition, we also discussed the evaluation metrics used for
measurement.
3.1. Dataset. We used a standard dataset UT Ego for performance evaluation of the proposed method. UT Ego [24, 30,
48] is specifically designed to measure the performance of
egocentric video summarization approaches. UT Ego dataset
comprises of four egocentric videos that are captured in
uncontrolled environments. The dataset videos are of 3-5
hours in length having resolution of 320×480 and frame rate
of 15 fps. These videos capture different daily life activities that
includes eating, purchasing, attending a lecture in faculty,
and driving a car. UT Ego dataset is divided into two classes,
one where camera wearer interacts with the people and other
where the camera wearer interacts with other objects.
3.2. Training and Implementation Details. The input frame
is resized into 227x227 for training purposes. We used
stochastic gradient descent to train our network. It has the
minimum batch size of 10, momentum of 0.9, and weight
decay of 0.0005 for framework to learn. The weight decay
parameter value of 0.0005 reduces the error rate of our model
during training. The update rule for weight 𝜔 is generated as
follows:
𝑚𝑖+1fl0.9.𝑚𝑖 −0.0005.𝜖.𝜔𝑖−𝜖.((𝜕𝐿/𝜕𝑤)|𝑤 )𝐷

(5)

𝜔𝑖+1 fl 𝜔𝑖 + 𝑚𝑖+1

(6)

𝑖

𝑖

where I, m, and 𝜖 represent the iteration index, momentum
variable, and learning rate, respectively. ((𝜕𝐿/𝜕𝜔)|𝜔𝑖 )𝐷𝑖 is
the common over the ith batch Di of the derivative of the
objective with respect to 𝜔 evaluated at 𝜔𝑖 . The weights in
each layer are introduced by zero-mean Gaussian distribution
with standard deviation of 0.01. Neuron biases within the
second, fourth, and fifth convolutional layers are initialized
with 1. Due to this type of initialization, learning will be
fast at early stages by imparting the ReLUs with fine inputs.
The remaining neuron biases are initialized with 0. All
layers in our network have equal learning rate which can be
adjusted during the training stage. The details of training and
implementation are provided in Figure 6. The learning rate
was fixed at 0.01 for more reliable training and then gradually
decreased to 0.0001 as the optimization stage takes more
time.
3.3. Evaluation on the Validation Set. The output feature maps
of our convolution layers are obtained through drop-out
regularization and batch normalization. We used layer by
layer dropout regularization and batch normalization. Our
model will overfit if we use drop-out layer before the output
layer. It has been observed that the validation set achieves
better accuracy if we increase the learning features. It has

to be generalized by using drop-out in each convolution
layer. We used 70% images of the entire dataset for training
purposes and remaining 30% for validation. Few snapshots
of the training sample images, training progress, and four
sample validation images along-with their predicted labels
are shown in Figure 7.
3.4. Evaluation Metrics. To evaluate the performance of
proposed method, three objective evaluation metrics such
as precision, recall, and accuracy are used. The details of
these metrics computation are provided in this subsection.
Precision represents the ratio of correctly labelled images
for positive class (i.e., people interaction with camera wearer)
to the total retrieved images of positive class. Precision is
calculated as follows:
𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛 =

𝑇𝑟𝑢𝑒 𝑃𝑜𝑠𝑖𝑡𝑖V𝑒
𝑇𝑟𝑢𝑒 𝑃𝑜𝑠𝑖𝑡𝑖V𝑒 + False Positive

(7)

where true positive (TP) represents the frame having people
interaction with the camera wearer correctly detected by
the classifier. And, false positive (FP) represents the frame
misclassified as positive (i.e., people interaction detected)
that belongs to the negative class (i.e., frames without people
interact with the camera wearer).
Recall represents the ratio of true detection of people
interaction frames against the actual number of people
interaction frames in the video and computed as
𝑅𝑒𝑐𝑎𝑙𝑙 =

𝑇𝑟𝑢𝑒 𝑃𝑜𝑠𝑖𝑡𝑖V𝑒
𝑇𝑟𝑢𝑒 𝑃𝑜𝑠𝑖𝑡𝑖V𝑒 + False Negative

(8)

where false negative (FN) in (8) represents the positive class
images that are misclassified.
Accuracy represents the ratio of correctly labelled images
of positive (i.e., images having people interact) and negative
classes (i.e., images without people interaction) and computed as
𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 𝑅𝑎𝑡𝑒 =

𝑇𝑟𝑢𝑒 𝑃𝑜𝑠𝑖𝑡𝑖V𝑒 + 𝑇𝑟𝑢𝑒 𝑁𝑒𝑔𝑎𝑡𝑖V𝑒
𝑃𝑜𝑠𝑖𝑡𝑖V𝑒 + 𝑁𝑒𝑔𝑎𝑡𝑖V𝑒

(9)

where in (9) Positive and Negative represent the total number
of positive and negative samples of our dataset.
3.5. Performance Evaluation. Performance of the proposed
egocentric video summarization approach is evaluated on
UT Ego dataset. The results obtained on the UT Ego dataset
are provided in Table 1. The proposed method obtains an
average precision of 97%, recall of 95%, and accuracy of 96%.
It can be clearly observed from Table 1 that the proposed
approach can be used to generate informative summaries of
egocentric videos. Our method performs better as it reduces
the overfitting through the dropout layer and extract high
level features as compared to other classifiers, i.e., SVM, KNN,
etc.
3.6. Performance Evaluation of Different Classifiers for Egocentric Video Summarization. In our second experiment, we
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Figure 7: Training sample images, training progress, and sample validation images with predicted labels.

Table 1: Detection performance of proposed method.
Videos
Video1
Video2
Video3
Video4
Average

Length (hours)
3:51:51
5:07:37
2:59:16
4:59:00

compare the overall performance of egocentric video summarization using different classifiers that are Support Vector
Machine (SVM) [51], Extreme Learning Machine (ELM) [52,
53], K-Nearest Neighbor (KNN) [54], Regularized Extreme
Learning Machine (RELM) [55], and Decision Trees [56].
In addition, we also compared the results obtained on these
classifiers against the proposed method. The objective of this
experiment is to obtain the best classification model that
achieves best accuracy for egocentric video summarization
based on people interaction.
We used three different feature descriptors that are
Histogram of oriented gradients (HoG), local binary patterns
(LBPs) and local tetra patterns (LTrPs) to train all these classifiers individually (i.e., SVM, KNN, ELM, RELM, and decision
trees). More specifically, we trained each classifier (i.e., SVM)
using HoG descriptor in the first phase followed by using LBP
and LTrP in the second and third phase respectively. Finally,
the results obtained in each phase are combined to achieve the
average precision, recall, and accuracy as shown in Figure 8.
For feature extraction, we employed HoG, LBP, and LTrP
on the input video frame and represent each frame in the form
of feature vector for training.
For HoG descriptor representation, we decomposed input
image into 64x64 sized window. A histogram of the orientated gradient is computed for each window and then
normalized. The feature extraction process for HoG is shown
in Figure 9.
For LBP representation, we divided the input image into
small square blocks of size 3 x 3 for processing. As we know

Precision
95.9
96.6
97.7
97.9
97%

Recall
94.8
93.9
95.2
96.9
95%

Accuracy
97.4
95.1
96.9
95.8
96%

LBP is computed by comparing the centre pixel value with the
neighbouring pixel values as follows:
𝑛

𝐿𝐵𝑃 = ∑2𝑖−1 × 𝐼 (𝑔𝑖 − 𝑔𝑐 )

(10)

𝑖=1

{1,
𝐼 (𝑥) = {
{0,

𝑥≥0
𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(11)

where 𝑔𝑐 and 𝑔𝑖 represent the grayscale value of centre pixel
and neighbouring pixels, respectively. n represents the total
number of neighbours that is set to 8 in our case. Once the
local binary patterns are computed for all blocks then the
entire image is represented through creating the histogram
as
𝐻=

𝑀 𝑁
1
∑ ∑𝑓 (𝐿𝐵𝑃 (𝑘, 𝑙) , 𝑞)
𝑀 × 𝑁 𝑘=1 𝑙=1

{1,
𝑓 (𝑥, 𝑦) = {
{0,

(12)

𝑖𝑓 𝑥 = 𝑦
𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(13)

where M × N represents the size of the image. The
entire process of LBP feature extraction is demonstrated in
Figure 10.
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of 75%, recall of 74%, and accuracy of 73% are achieved. As
mentioned in the previous experiment, the proposed method
achieves an average precision of 97%, recall of 95%, and
accuracy of 96%. From the results, it can be clearly observed
that the proposed method provides superior performance as
compared to SVM, KNN, decision trees, ELM, and RELM
classifiers. It is concluded from the results gathered that the
proposed method is very effective in terms of generating
informative summaries of a full-length lifelogging video data.
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Figure 8: Accuracy, Precision and Recall rates of different classifiers.

For LTrP representation, we first resize the input image I,
convert into grayscale and then calculate first-order derivatives along 0∘ and 90∘ directions as follows:

3.7. Receiver Operating Characteristics Curves Analysis. In our
third experiment, we designed receiver operating characteristic (ROC) curves to evaluate the performance of different
classifiers along-with the proposed method. ROC curves are
plotted using the false positive rate (FPR) against the true
positive rate (TPR) which are computed as
𝑇𝑃𝑅 =

𝑃𝑜𝑠𝑖𝑡𝑖V𝑒 𝑠𝑎𝑚𝑝𝑙𝑒𝑠 𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑙𝑦 𝑐𝑙𝑎𝑠𝑠𝑖𝑓𝑖𝑒𝑑
𝑇𝑜𝑡𝑎𝑙 𝑝𝑜𝑠𝑖𝑡𝑖V𝑒 𝑠𝑎𝑚𝑝𝑙𝑒𝑠

(16)

𝐹𝑃𝑅 =

𝑁𝑒𝑔𝑎𝑡𝑖V𝑒 𝑠𝑎𝑚𝑝𝑙𝑒𝑠 in𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑙𝑦 𝑐𝑙𝑎𝑠𝑠𝑖𝑓𝑖𝑒𝑑
𝑇𝑜𝑡𝑎𝑙 𝑛𝑒𝑔𝑎𝑡𝑖V𝑒 𝑠𝑎𝑚𝑝𝑙𝑒𝑠

(17)

(15)

In the proposed method, each frame is assigned a discrete
class label. A (FPR, TPR) pair is obtained for each discrete
classification approach that indicates a single point in ROC
curve. Each point located on the curve line illustrates a pair
of sensitivity and specificity values. ROC curves for SVM,
KNN, decision trees, ELM, RELM, and proposed method are
plotted in Figure 11. From the results we can observe that
the proposed technique achieves best ROC curve among the
comparative classifiers. In addition, SVM and KNN provide
reasonable classification accuracy due to the fact that we
have a binary classification problem. From the results we can
argue that the proposed method is very effective in terms
of detecting people’s interaction with the camera wearer to
generate more informative video summaries.

Depending on first order derivatives, (15) generates four
directions. The values of the four directions are 1, 2, 3, and
4. Finally, a tetra bit pattern is generated by checking all the
neighbouring pixels and direction of center pixel X c . Once
we obtain the LTrP we represent the entire image through
histogram as shown in (12).
After representing the frames into feature vectors, we
train the classifiers one by one using each of these three
descriptors. We divided the dataset into two halves, the first
half is used for training the classifiers and the remaining half
is for testing. To be precise, we used 152165 frames each for
training and validation. For SVM classification, we obtained
an average precision of 88%, recall of 85%, and accuracy of
86%. For KNN, an average precision, recall, and accuracy
of 86%, 84%, and 81% respectively are achieved. For ELM
classification, we obtained an average precision of 75%, recall
of 74%, and accuracy of 67%. For RELM classification, we
obtained an average precision of 76%, recall of 75%, and accuracy of 68%. Similarly, for decision trees an average precision

3.8. Performance Comparison of the Proposed Framework with
Existing State-of-the-Art Approaches. In our last experiment,
we examine the performance of the proposed method against
recent existing state-of-the-art methods [23, 30, 49] for
egocentric video summarization. Aghaei et al. [49] proposed
a technique in the field of egocentric photo-streams captured
through a low temporal resolution wearable camera. This
technique [49] was deployed for multi-face detection, social
signals interpretation and social interaction detection (i.e.,
presence or absence of people interaction). Hough-Voting
for F-Formation (HVFF) and Long-Short Term Memory
(LSTM) approaches were used for social interaction detection. Yang et al. [23] proposed an egocentric summarization technique for social interaction using some common
interactive features like head movement, body language,
and emotional expression during communication. Moreover,
Hidden Markov support vector machine (HM-SVM) was
used to summarize the video. Aghaei et al. [30] proposed an
approach based on Long Short-Term Memory (LSTM) for
detection, categorization, and social interaction of the people.
A regression model was trained to detect interacting group

𝐼01∘ = 𝐼 (𝑋ℎ − 𝑋𝑐 )
1
𝐼90
∘ = 𝐼 (𝑋V − 𝑋𝑐 )

(14)

where 𝑋ℎ and 𝑋V denotes the horizontal and vertical neighbourhoods of the central pixel 𝑋𝑐 .
1
{
{
{
{
{
{
{2
1
(𝑋𝑐 ) = {
𝐼𝐷𝑖𝑟
{
{
3
{
{
{
{
{4

1
𝐼01∘ (𝑋𝑐 ) ≥ 0 𝑎𝑛𝑑 𝐼90
∘ (𝑋𝑐 ) ≥ 0
1
𝐼01∘ (𝑋𝑐 ) < 0 𝑎𝑛𝑑 𝐼90
∘ (𝑋𝑐 ) ≥ 0
1
𝐼01∘ (𝑋𝑐 ) < 0 𝑎𝑛𝑑 𝐼90
∘ (𝑋𝑐 ) < 0
1
𝐼01∘ (𝑋𝑐 ) ≥ 0 𝑎𝑛𝑑 𝐼90
∘ (𝑋𝑐 ) < 0
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Table 2: Performance comparison of the proposed and existing state-of-the-methods.

Techniques
Aghaei et al. [49]
Yang et al. [23]
Aghaei et al. [30]
Su et al. [50]
Proposed Method

Length (hours)

Frame Rate

Resolution

Quantity

F1-Score

Not specified
Not specified
Not specified
14
13

2fpm
30fps
30fps
15fps
15fps

Not specified
Not specified
1920x1080
640x480
320x480

20.000 images
800 videos
125200 images
27 videos
4 videos

0.77
0.91
0.87
0.82
0.95

1
0.9
0.8
SENSITIVITY

0.7
0.6
0.5
0.4
0.3
0.2
0.1
0

0

0.2

0.4
0.6
1-SPECIFICITY

Proposed Method
KNN
ELM

0.8

1

SVM
Decision Tree
RELM

Figure 11: ROC curve analysis.

produces the summary on the basis of people interaction with
the camera wearer. The proposed scheme combines the ideas
from deep convolutional neural networks and completely
connected conditional random fields for key-frame extraction. The proposed method achieves an average accuracy of
96% on the challenging egocentric videos that signify the
effectiveness of our method. In our experiments, we specifically used different combinations of feature descriptors on
different classifiers and compared the results with our method
in terms of precision, recall, and accuracy. In addition, the
proposed method is also compared with existing state-of-theart egocentric video summarization methods in terms of F1score. Experimental results clearly indicate that the proposed
technique is superior among the existing state-of-the-art
techniques in terms of generating useful video summaries.
Currently, we are looking to design our own egocentric video
dataset with a motivation to increase the diversity of the
dataset. We intend to investigate the performance of our
method on a more diverse egocentric video dataset in the
future.

Data Availability
and estimate the distances between the people and camera
wearer. This method [30] used low temporal resolution image
sequences to detect the social interactions. Su et al. [50]
proposed a video summarization approach to detect the
engagement using long-term ego-motion cues (i.e., gaze).
This approach [50] consists of three stages that are frame
prediction, interval prediction, and classification with the
trained model.
The classification performance of the proposed and comparative methods is presented in Table 2. F1-score metric is
used for performance comparison as the F1-score is a reliable
parameter for performance comparison in cases where some
methods have better precision but lower recall and vice versa.
The detailed statistics of the datasets used by each of the
comparative methods are also provided in Table 2, which
includes the information of video length, format, frame rate,
resolution, and quantity. From Table 2, we can observe that
the proposed framework shows remarkable performance and
achieves encouraging results as compared with the existing
methods.

The authors have used standard dataset UT Ego that
is publicly available at http://vision.cs.utexas.edu/projects/
egocentric data/UT Egocentric Dataset.html.
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As one of the most prevalent cancers among women worldwide, breast cancer has attracted the most attention by researchers. It has
been verified that an accurate and early detection of breast cancer can increase the chances for the patients to take the right treatment
plan and survive for a long time. Nowadays, numerous classification methods have been utilized for breast cancer diagnosis.
However, most of these classification models have concentrated on maximum the classification accuracy, failed to take into account
the unequal misclassification costs for the breast cancer diagnosis. To the best of our knowledge, misclassifying the cancerous patient
as non-cancerous has much higher cost compared to misclassifying the non-cancerous as cancerous. Consequently, in order to
tackle this deficiency and further improve the classification accuracy of the breast cancer diagnosis, we propose an improved costsensitive support vector machine classifier (ICS-SVM) for the diagnosis of breast cancer. In the proposed approach, we take full
account of unequal misclassification costs of breast cancer intelligent diagnosis and provide more reasonable results over previous
works and conventional classification models. To evaluate the performance of the proposed approach, Wisconsin Breast Cancer
(WBC) and Wisconsin Diagnostic Breast Cancer (WDBC) breast cancer datasets obtained from the University of California at
Irvine (UCI) machine learning repository have been studied. The experimental results demonstrate that the proposed hybrid
algorithm outperforms all the existing methods. Promisingly, the proposed method can be regarded as a useful clinical tool for
breast cancer diagnosis and could also be applied to other illness diagnosis.

1. Introduction
Breast cancer is one of the most prevalent cancers among
women all over the world [1, 2]. According to the American
Cancer Society (ACS), an estimation of 252,710 cases have
been diagnosed with breast cancer and more than 40,610
women were estimated to die from this cancer in 2017 [3].
In China, breast cancer was listed the sixth leading cause of
death among women, and it has been estimated that 214,360
women had died from breast cancer by 2008, and the number
of death will reach up to 2.5 million by 2021 [4]. However, it
has been verified that an early detection of breast cancer can
greatly increase the chances of taking the right decision on
a successful treatment plan and ensure a longterm surviving
for the patients [5] Consequently, increased attention should

be paid to the choice of diagnosis method for the breast
cancer. To the best of our knowledge, the common methods
for detecting breast cancer are mammography and fine needle
aspiration cytology (FNAC), but these diagnostic techniques
have demonstrated relatively low reliability for the detection
of malignant tumors [6]. Therefore, it is absolutely necessary
to develop a reasonable scientific method to distinguish
malignant lesions from breast tumor lesions.
In recent years, more and more machine learning techniques have been applied for medical diagnosis, which can
provide useful knowledge from huge amount of medical data
and thereby assist clinical physicians in making correct and
effective decisions. To the best of our knowledge, breast cancer diagnosis has been attributed to classification problems.
But traditional classification algorithms, such as the Naı̈ve
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Bayesian [7], Neural Network [8], Support Vector Machine
(SVM) [6], or other hybrid algorithms [9–12], usually aim
only to maximize the classification accuracy and fail to take
into account the unequal misclassification costs between
different categories. However, in most cases, especially in the
field of medical diagnosis, the misclassification cost between
different categories may vary greatly. Take breast cancer
diagnosis as an example; the cost associated with missing
a cancer case (false negative) is clearly much higher than
that of mislabeling a benign one (false positive). Therefore,
standard classifiers inevitably result in an inferior decision
making system. In order to overcome this deficiency, in this
work we proposed an improved cost-sensitive support vector
machine (ICS-SVM) classifier for breast cancer diagnosis,
which employs information gain (IG) to select the optimal
input feature, which is set to maximize the discrimination
capability and fed the selected optimal feature subset into the
improved CS-SVM classifier performing for classification.
Herein, the motivation for performing feature selection by
IG algorithm and SVM performance for classification will be
discussed.
To the best of our knowledge, feature selection is the
process of selecting the best subset of the input feature to
maximize the discrimination capability [13], which seeks to
identify significant features and eliminate irrelevant ones to
build a good learning model. In this work, the main reason
we perform feature selection before breast cancer diagnosis
is that it can reduce patients’ waiting time without sacrificing
the detection accuracy of the breast tumor. Moreover, it could
reduce the costs associated with unnecessary biopsies for
pathological analyses. Among other feature selection methods, IG has attracted the most attention, which can effectively
quantify the correlations between feature and category and
it is not sensitive to noise or outlier data [14]. Additionally,
it often acts as an important measurement for the features
and thereby constructs the optimal feature subset that has
the same discriminating ability as the original set of features,
leading to a better predictive accuracy. As noted before, in
our work, we applied SVM as our underlying classifier, which
had two main advantages for breast cancer diagnosis. On the
one hand, SVM has a strong generalization performance and
classification precision compared with other classification
approaches [15]. On the other hand, we can take advantage
of its structure and introduce different penalty factors, which
we mark 𝐶+ and 𝐶− , respectively, for the positive and negative
SVM slack variables during the process of training and testing
[16].
In this research, we proposed an improved breast cancer
intelligent diagnosis approach, which utilizes IG performance for feature selection and CS-SVM performance for
breast cancer classification. We expected that our proposed
approach would have a competitive performance for breast
cancer diagnosis compared to other classification algorithms.
The remainder of this manuscript is organized as follows:
Section 2 presents literature review on breast cancer intelligent diagnosis. Section 3 introduces backgrounds and preliminaries of our proposed hybrid algorithm. Section 4 proposes
the framework of our proposed approach. Section 5 presents
experimental analysis of our proposed algorithm. Section 6
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discusses experimental results. Finally, the conclusions of this
research are summarized in Section 7.

2. Literature Review
In the literature, various models have been designed to
diagnosis breast cancer. In this section, we briefly review
the previous studies for breast cancer intelligent diagnosis,
such as artificial neural networks (ANNs) and decision tree
analysis, which have been utilized for breast cancer diagnosis
mostly due to their efficiency and high prediction accuracy.
In 2002, Hussein A. Abbass proposed an approach named
Memetic Pareto Artificial Neural Network (MPANN) for
breast cancer diagnosis, and the experimental results have
shown that MPANN has better generalization and lower computational cost than other comparative methods [17]. After
that, Marcano-Cedeño, A., J. Quintanilla-Dominguez, and D.
Andina proposed an approach called Artificial Metaplasticity
Multilayer Perceptron (AMMLP) algorithm to diagnosis of
breast cancer, and the experimental results demonstrated
that the proposed algorithm can obtain 99.26% classification
accuracy, which performed better than other comparative
methods [18]. In 2009, Liu et al designed a decision tree
prediction model for breast cancer survivability and adopted
undersampling method to balance the training data; the
results demonstrated that when the ratio is equal to 15%,
the AUC of the model is 0.7484 [19]. However, the performance of single learning classification algorithm cannot
reflect the interactive factors of the breast cancer survival
and recurrence rate [20]. Therefore, in order to overcome
the drawbacks brought by single algorithm, many hybrid
algorithms have been proposed. In 2009, Akay presented Fscore method for feature selection and SVM for breast cancer
prediction [21]. On top of that, another hybrid algorithm was
presented by Chen et al (2011) that designed a hybrid classifier
with rough set for feature selection and SVM for classification
[6]. In 2014, Zheng et al. proposed K-means and SVM hybrid
algorithm for breast cancer diagnosis, K-means method for
breast cancer feature extraction, and SVM for classification
[22]. In another study, Onan designed a hybrid intelligent classification model for breast cancer diagnosis, which
consists of fuzzy-rough for instance selection, consistencybased for feature selection, and fuzzy-rough nearest neighbor
algorithm for breast tumor classification [23]. Additionally,
Sheikhpour (2016) proposed PSO and nonparametric kernel
density estimation (KDE) based classifier to diagnose breast
cancer [24]. To summarize, their results have shown that
the proposed hybrid model can achieve high classification
accuracy with fewer feature variables. On top of that, some
researchers proposed ensemble learning techniques for breast
cancer diagnosis. In 2017, Rasti et al. proposed mixture
ensemble of convolutional neural networks (ME-CNN) to
discriminate between benign and malignant breast tumors,
and the experimental results demonstrated that the proposed
approach achieved an accuracy of 96.39%, a sensitivity of
97.73%, and a specificity of 94.87%, which has competitive classification performances compared to three existing
single-classifier methods and two convolutional ensemble
methods [2]. In 2018, Wang et al. designed an ensemble
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algorithm fusion SVM for breast cancer diagnosis which
emphasizes model structure, and the results demonstrated
that the proposed model can achieve the maximum classification accuracy compared to other ensemble models [20].
In summary, as outlined in our literature review, most works
focuses on either high classification accuracy or performing
feature selection to obtain better data representation for
breast cancer diagnosis. However, these studies did not
put high emphasis on minimum misclassification cost and
maximum classification accuracy with a compact feature
subset. Due to this deficiency, in our work, we construct an
improved hybrid classifier, which can take full account of
feature selection and unequal misclassification costs of breast
cancer intelligent diagnosis.

Positive cases

Maximal Margin

Support Vectors

Optimal Separating Hyperplane
Negative cases

Separating Hyperplane

3. Backgrounds and Preliminaries
In this study, we utilized IG algorithm to select a compact feature subset with maximal discriminating ability and applied
improved CS-SVM algorithm perform for classification. To
the best of our knowledge, when we apply SVM method
for classification, whose critical point is how to choose the
optimal input feature subset and the optimal parameter, it
plays a crucial role in building a classification model with the
high classification accuracy and stability [25]. In this work,
we applied IG algorithm to select a compact feature subset
with the maximal discriminative capability and applied metaheuristic algorithm of simulated annealing particle swarm
optimization (SAPSO) to optimize the parameters of CSSVM classifier. In this regard, this section presents some
preliminaries of this hybrid algorithm.

Figure 1: Support vectors and decision boundaries of a linear SVM.

which sample A has a value of 𝑎𝑖 . Let 𝑛𝑖 contain 𝑛𝑖𝑗 samples of
class. The expected 𝐶𝑖 formation for this division according
to attribute A is called the entropy of attribute A.
𝑛

𝑛1𝑖 + ⋅ ⋅ ⋅ + 𝑛𝑡𝑖
𝐼 (𝑛1𝑖 + ⋅ ⋅ ⋅ + 𝑛𝑡𝑖 )
𝑁
𝑖=1

𝐸 (𝐴) = ∑

(3)

The information gain is defined in (4)
3.1. The Theory of IG Algorithm. In this work, we introduce IG
algorithm to select a compact feature subset with the maximal
discriminative capability [26]. To the best of our knowledge,
the value of IG of each feature can represent its relevance
to the category; a higher IG value means that the attribute
contributes more information to the category [27]. For the
classification system, the information gain of the feature is
with respect to class 𝐶 by counting the number of samples
of a feature 𝑛 in category 𝐶 [28]. The IG is a measure based
on the entropy of a system which can be calculated as follows
[29]:
𝑘

𝐸𝑛𝑡𝑟𝑜𝑝𝑦 (𝑁) = −∑𝑃 (𝐶𝑖 , 𝑁) × log 𝑃 (𝐶𝑖 , 𝑁)

(1)

𝑖=1

There are 𝑡 classes in the training sample. Let 𝑁 include 𝑛𝑖
samples for class 𝐶𝑖 ; 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑡; an arbitrary sample belong
to class 𝐶𝑖 for the possibility of 𝑃(𝐶𝑖 | 𝑥) = 𝑛𝑖 /𝑁; and 𝑁
denote the total number of training samples. Thus, the desired
information for a given set of training samples is presented as
follows:
𝑡

𝑛𝑖
𝑛
log2 𝑖
𝑁
𝑖=1 𝑁

𝐼 (𝑛1 + ⋅ ⋅ ⋅ + 𝑛𝑡 ) = ∑

(2)

For any of feature 𝐴 = (𝑎1 , 𝑎2 , ⋅ ⋅ ⋅ , 𝑎𝑛 ), the sample set is
divided into (𝑛1 , 𝑛2 , ⋅ ⋅ ⋅ , 𝑛𝑛 ), where 𝑛𝑖 contains samples for

𝐼𝑛𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛𝐺𝑎𝑖𝑛 (𝐴) = 𝐼 (𝑛1 + ⋅ ⋅ ⋅ + 𝑛𝑡 ) − 𝐸 (𝐴)

(4)

3.2. CS-SVM for Classification. SVM was originally developed by Boser and Vapnik, and it has been deemed as
an excellent classifier with high generalization ability and
structure risk minimum (SRM) for a long time and utilized
by many machine learning researchers [30–34]. As can be
observed in Figure 1, it presented the support vectors and
decision boundaries of SVM classification method. In this
paper, we use the LIBSVM toolkit [35] and choose the Radial
Basis Function (RBF) kernel.
In our work, we take into consideration the unequal
misclassification costs of breast cancer diagnosis and introduce different penalty factors, namely, 𝐶+ and 𝐶− which
denote the costs of a false negative and those of a false
positive, respectively. Generally, breast cancer diagnosis can
be considered as a binary classification problem, where the
sample space can be represented as {𝑥𝑖 , 𝑦𝑖 }, 𝑖 = 1, 2, . . . , 𝑛.
y𝑖 ∈ {−1, 1}. 𝑥𝑖 ∈ 𝐹𝑑 , 𝑥𝑖 are breast tumor samples,
and 𝑦𝑖 is corresponding label. The samples space has been
separated with a hyperplane given by 𝑤𝑇 𝑥 + 𝑏 = 0, where
𝑤 is a d-dimensional coefficient vector that is normal to
the hyperplane and b is the offset from the original. In
our work, we integrated different penalty factors into the
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objective function. And the primal problem of CS-SVM has
been changed into solving the following optimization task:
min

1
2
+
−
‖𝑤‖ + 𝐶 ∑ 𝜉𝑖 + 𝐶 ∑ 𝜉𝑖
2
𝑖|𝑦 =+1
𝑖|𝑦 =−1
𝑖

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜

𝑖

𝑦𝑖 [(𝑤𝑇 𝑥(𝑖) + 𝑏)] ≥ 1 − 𝜉𝑖 ,

(5)
𝑖 = 1, 2, . . . , 𝑛

𝜉𝑖 ≥ 0;
In formula (5), 𝐶+ and 𝐶− denote the unequal misclassification costs of a false negative and those of a false
positive, respectively, 𝜉𝑖 is a slack factor, and 𝑏 is the threshold
for the SVM decision boundary. According to the Lagrange
function, the optimization problem can be represented as
𝐿 (𝑤, 𝑏, 𝐶) =

1
2
‖𝑤‖ + 𝐶𝑖 ∑𝜉𝑖
2
𝑇 (𝑖)

+ ∑ 𝛼 [1 − 𝜉𝑖 − 𝑦𝑖 (𝑤 𝑥 + 𝑏)]
(6)

− ∑ 𝛽𝑖 𝜉𝑖
{𝐶
𝐶𝑖 = {
𝐶𝑓 × 𝐶
{

𝑖 ∈ {𝑖 | 𝑦i = 1}
𝑖 ∈ {𝑖 | 𝑦i = −1}

In our study, we set benign tumor as negative samples
and malignant tumor as positive samples and set the value
of false positive much higher than that of false negative and
then readjust the parameters of 𝐶+ and 𝐶− , as presented in
formula (6). In formula (6), 𝐶𝑓 is the corresponding ratio of
the two unequal misclassification costs of the breast cancer
diagnosis.
In order to solve the problem of formula (6), we set the
derivatives of L with respect to 𝑤, b, and 𝜉 to be zero and
obtain the dual problem as presented in formula (7).
arg max
𝛼

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜

the breast cancer diagnosis model, 𝑓 : 𝑋 → 𝑌 is a typical
nonlinear modeling problem. Therefore, we use the Radial
Basis Function (RBF) kernel function, which exhibits stable
performance and other characteristics:

2
𝐾 (𝑥 ∗ 𝑥𝑖 ) = exp (−𝑔 𝑥 − 𝑥𝑖  )

In formula (9), ‖𝑥 − 𝑥𝑖 ‖ is the two-norm distance and
𝑔 is the kernel function parameter (𝑔 > 0). Generally, the
SVM method using the RBF kernel function must determine
two important parameters: the penalty parameter of C and
the kernel function parameter of 𝑔. To the best of our
knowledge, the different parameter pair of (𝐶, 𝑔) may have
a great influence on the final results. Due to this, in our study,
we applied SAPSO algorithm to optimize the parameters
of SVM; the details of SAPSO algorithm are presented in
Section 3.3.
3.3. SAPSO Algorithm. PSO is a stochastic population-based
metaheuristic algorithm which is based on the simulation of
the social behavior of organisms, such as birds flying within
a flock [36]. Each particle has its own position and velocity
to represent its direction and current step, respectively. The
position of each particle is modified based on its best position
and the best position of the particle swarm [37]. PSO is an
efficient optimization algorithm, but the PSO algorithm can
easily fall into the local optimum and undergo premature
convergence in the global search process. Additionally, the
effect of random oscillation is slowed down during the later
stage of convergence [38, 39]. Taking this information into
account, we present SA algorithm to optimize PSO, which
can overcome the drawbacks of PSO algorithm and help
the particle jump out of the local optimal and converge to
global optimal solution. The formulas of SAPSO algorithm
are presented as follows:
𝑉𝑖𝑑 (𝑘 + 1) = 𝛾 × [𝑉𝑖𝑑 (𝑘) + 𝑐1 × 𝑟1

𝐿 (𝑤, 𝑏, 𝜉)

× (𝑃𝑖𝑑 (𝑘) − 𝑋𝑖𝑑 (𝑘)) + 𝑐2 × 𝑟2

1
= ∑𝛼𝑖 − ∑∑𝛼𝑖 𝛼𝑗 𝑦𝑖 𝑦𝑗 𝐾 (𝑥(𝑖) , 𝑥(𝑗) )
2 𝑖 𝑗
𝑖

× (𝑃𝑖𝑑 (𝑘) − 𝑋𝑖𝑑 (𝑘))]
(7)

According to KKT condition, we can convert inequality
constraints into equality constraints, and the problem of
breast cancer diagnosis based on CS-SVM can be transformed into solving the following minimum objective function:
𝑛

𝑓𝑜 (𝑥) = sign {∑𝑦𝑖 𝛼𝑖 𝐾 (𝑥 ∗ 𝑥𝑖 ) + 𝑏𝑜 }

𝑋𝑖𝑑 (𝑘 + 1) = 𝑋𝑖𝑑 (𝑘) + 𝑉𝑖𝑑 (𝑘 + 1)
2
𝛾 = 
,
2 − 𝐶 − √𝐶2 − 4𝐶



{∑𝛼𝑖 𝑦𝑖 = 0
{𝑖
{0 ≤ 𝛼𝑖 ≤ 𝐶𝑖

(8)

𝑖=1

In formula (8), 𝐾(𝑥 ∗ 𝑥𝑖 ) is a linear kernel function that
effectively avoids the dimensionality problem. Considering

(9)

(10)

(𝑑 = 1, 2, . . . , 𝑛)

(𝐶 = 𝑐1 + 𝑐2 , 𝐶 ≥ 4)

(11)
(12)

Formula (10) and formula (11) describe the location and
speed update formulas of the particles, and formula (12)
describes the convergence factor. 𝑋𝑖𝑑 (𝑘) and 𝑉𝑖𝑑 (𝑘) are the
current position and velocity of the particle, respectively;
𝑋𝑖𝑑 (𝑘+1) and 𝑉𝑖𝑑 (𝑘+1) are the updated position and velocity,
respectively. 𝑐1 and 𝑐2 are nonnegative constants, called
the acceleration factor; 𝑟1 and 𝑟2 are the random numbers
belonging to (0, 1); and 𝛾 is the convergence factor, which
can balance the global and local search capabilities. 𝑃𝑖𝑑 (𝑘) is
the local best position, and 𝑃𝑖𝑑 (𝑘) is the global best position.
In SAPSO algorithm, we applied Meteopolis criterion of SA
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Set the initial input parameters of SAPSO algorithm

Breast cancer
datasets

Initialize particle position and velocity
and initialize the annealing temperature

Data preprocessing
Calculate values of the fitness function
Calculate the IG of each feature
Search for simulated annealing field of
local optimal fitness
Rank the features according to
their importance
Update the local optimal fitness and
global optimal fitness

Divide the input samples into 70-30%
training testing partition

Iteration number plus 1

Update the position and velocity

Train CS-SVM on the training set with the
optimal parameter pair

Predict the test set utilizing the optimal
CS-SVM model

Calculate Δf

Average the prediction results on the three
independent test sets

N

exp(−Δf/T)>rand?
or Δf < 0

Results analysis

Y
Accept new position and velocity

End

Temperature operation Tj+1 = 0.95k × Tj

Tj < Tend

N

Y
Output the optimal parameters

CSSVM parameter optimization

Figure 2: Flowchart of our proposed algorithm.

algorithm to improve PSO and set the acceptance probability
of a new solution as follows:
{1,
{
{
𝑃𝑑 = {
𝑓 (𝑥 ) − 𝑓 (𝑥)
{exp [−
{
],
𝑇
{

𝑓 (𝑥 ) < 𝑓 (𝑥)
𝑓 (𝑥 ) ≥ 𝑓 (𝑥)

(13)



In formula (13), 𝑥 is the current solution, and 𝑥 is the new
solution. 𝑓(∙) is the fitness function of our algorithm; and
T is the current temperature. Additionally, in the iteration
process, the annealing temperature follows the criterion
below:
𝑇 = 0.95𝑘 𝑇0

(14)

In formula (14), 𝑇 is the current temperature and 𝑇0 is the
initial temperature. 0.95𝑘 represents the temperature decay
coefficient and k is the number of iterations.

4. The Framework of the Proposed Hybrid
Algorithm for Breast Cancer Diagnosis
This study proposes a novel breast cancer intelligent diagnosis
approach which employs IG algorithm for feature selection
and extracting the top 𝑛 optimal feature utilizing the CSSVM algorithm, and the resultant of our proposed intelligent diagnosis model can adaptively determine the two key
hyperparameters for CS-SVM. The general framework of our
proposed method is demonstrated in Figure 2. The proposed
model is primarily comprised of three procedures: the feature
importance ranking according to IG algorithm, the CS-SVM
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Table 1: The cost matrix used by the classifiers.
Predicted

True

Benign/majority class
0
cos 𝑡𝑀𝐵

Benign/majority class
Malignant/minority class

inner parameter optimization, and the outer classification
performance evaluation. At the first step, we rank the features
according to their importance and then select the optimized
feature subset using CS-SVM classifier. During this process,
the parameters of CS-SVM are dynamically adjusted by the
SAPSO technique via the 5-fold cross validation analysis.
Then, the obtained optimal feature subset and the optimal
parameter pair are fed to the prediction model to perform the
classification task for breast cancer diagnosis in the outer loop
using the 3×5-fold cross validation analysis (i.e., performing
5-fold cross-validation three times).
The classification accuracy and misclassification cost are
taken into account in designing the fitness. In this work, we
take the average misclassification cost (AMC) and average
classification error (ACE) into consideration and construct
the following fitness function:
𝑓 = 𝑎V𝑔𝐴𝑀𝐶 + 𝑎V𝑔𝐴𝐶𝐸
=
𝐴𝑀𝐶 =
𝐴𝐶𝐸 =

[(∑𝑘𝑖=1 𝑡𝑒𝑠𝑡𝐴𝑀𝐶𝑖 ) + (∑𝑘𝑖=1 𝑡𝑒𝑠𝑡𝐴𝐶𝐸𝑖 )]

(15)

𝑘
(∑𝑘𝑖=1

((𝑛𝑀𝐵 cos 𝑡𝑀𝐵 + 𝑛𝐵𝑀 cos 𝑡𝐵𝑀) /𝑛))
𝑘

(∑𝑘𝑖=1

((𝑛𝑀𝐵 + 𝑛𝐵𝑀) /𝑛))
𝑘

Malignant/minority class
cos 𝑡𝐵𝑀
0

consequences. The first case may lead the patients to miss the
best treatment time and cause the disease to deteriorate, and
even worse it may be life-threatening. The second case may
lead the patients to take the wrong drugs and cause some
side effects. This study completely considers the different scenarios as described above and quantifies the misclassification
costs of this two scenarios; then we set 𝑐𝑜𝑠𝑡𝑀𝐵 = 10 and
𝑐𝑜𝑠𝑡𝐵𝑀 = 1.
The framework of our proposed hybrid classification
algorithm is presented in Figure 2. Herein in this work, we
utilized WBC and WDBC breast cancer datasets from UCI
machine learning repository. The details of these two datasets
are presented in Section 5.1. Here in order to evaluate the
performances of our proposed method comprehensively, we
set the 70-30% training testing partitions, and the final results
are the average results of 3 × 5-fold cross validation with
the test set. The main steps of our proposed approach are
described below.
Step 1 (data preprocessing). Delete the missing cases and
normalize the input samples.

(16)

Step 2. Calculate the value of IG for each feature, and rank
the features according to their importance.

(17)

Step 3. Randomly initialize input samples, and then divide
the input samples into 70-30% training testing partitions.

where 𝑎V𝑔𝐴𝑀𝐶 represents the average misclassification
cost achieved by the SVM classifier via 5-fold cross validation and 𝑎V𝑔𝐴𝐶𝐸 represents the average classification error
achieved by the SVM classifier via 5-fold cross validation. 𝑛𝑀𝐵
represents the number of samples of misclassifying mailignant tumors as benign ones in the test set. 𝑐𝑜𝑠𝑡𝑀𝐵 represents
the value of misclassification cost of the malignant tumors
diagnosed as benign tumors; 𝑛𝐵𝑀 represents the number of
samples of misclassified benign tumors as mailignant ones in
the test set. 𝑐𝑜𝑠𝑡𝐵𝑀 represents the value of misclassification
cost of the benign tumors diagnosed as malignant ones. The
cost matrix is presented in Table 1. As for breast cancer
diagnosis, the value of 𝑐𝑜𝑠𝑡𝑀𝐵 is obviously much higher than
that of 𝑐𝑜𝑠𝑡𝐵𝑀.
In our study, in order to compare the misclassification
costs for the different classification models conveniently,
we set the value of the correct classification cost as 0,
and the misclassification cost had to further consider two
scenarios: the first scenario is misclassifying malignant tumor
as benign ones and missing the best treatment time. The
second scenario is misclassifying benign breast tumors as
malignant ones resulting in wrong treatment for the patients.
The two scenarios as described above may lead to different

Step 4 (training CS-SVM classifier on the training set with the
optimal parameter pair). During this process, we obtained
the optimal input parameter pair by using the SAPSO algorithm, and the details of the SAPSO algorithm are presented
in Figure 2.
Step 5. Predict the test sets utilizing the optimal CS-SVM
model.
Step 6. Average the reported results obtained by 5-fold cross
validation.
Step 7. Results’ analysis and discussion.

5. Experimental Analysis
In order to examine the effectiveness and rationality of
mutual information feature selection method and further
to verify the performance of our proposed classification
model, we conduct empirical analysis and the experiment
was implemented on MATLAB 2016a platform, and the
performance parameters of the executing host were Win 10,
Inter (R) 1.80 GHz Core (TM) i5-8250U, X64, and 16 GB
(RAM).

Mathematical Problems in Engineering

7
Table 2: Details of the two datasets.

Data set
WBC
WDBC

Number of attribute
10
32

Number of cases
699
569

Table 3: Summary of attributes for WBC dataset.
Attribute
Clump Thickness
Uniformity of Cell Size
Uniformity of Cell Shape
Marginal Adhesion
Single Epithelial Cell Size
Bare Nuclei
Bland Chromatin
Normal Nucleoli
Mitoses

Domain
1∼10
1∼10
1∼10
1∼10
1∼10
1∼10
1∼10
1∼10
1∼10

Mean
4.44
3.15
3.22
2.83
3.23
3.54
3.45
2.87
1.60

Standard error
2.82
3.07
2.99
2.86
2.22
3.64
2.45
3.05
1.73

5.1. Datasets. To evaluate the performance of the proposed
methods, an experiment was conducted based on WBC and
WDBC datasets from the UCI repository [40]. The details of
the two datasets are presented in Table 2. The class distributions of B and M represent benign tumor and malignant ones,
respectively. Additionally, the details of attribute information
are presented in Tables 3 and 4.
5.2. Evaluation Measures. To evaluate the performance of
our proposed hybrid algorithm, the classification accuracy
(ACC), misclassification cost (AMC), and G-mean are utilized as the evaluation approaches. ROC analysis is a widely
utilized method for analyzing the performance of binary
classifiers and the G-mean is the geometric mean of true
positive rate (TPR) and true negative rate (TNR) which is
proposed to evaluate the performance of the classifier on
imbalanced data. The calculation formulas are presented as
follows:
𝐴𝐶𝐶 =

𝑇𝑃 + 𝑇𝑁
× 100%
𝑇𝑃 + 𝐹𝑁 + 𝐹𝑃 + 𝑇𝑁

(18)

𝐴𝑀𝐶
=

𝑁𝑢𝑚𝑏𝑒𝑟𝐹𝑃 × cos 𝑡𝑀𝐵 + 𝑁𝑢𝑚𝑏𝑒𝑟𝐹𝑁 × cos 𝑡𝐵𝑀
𝑇𝑃 + 𝐹𝑁 + 𝐹𝑃 + 𝑇𝑁

𝐺 − 𝑚𝑒𝑎𝑛 = √

𝑇𝑃
𝑇𝑁
×
𝑇𝑃 + 𝐹𝑁 𝑇𝑁 + 𝐹𝑃

(19)

(20)

𝑆𝑒𝑛𝑠𝑖𝑡𝑖V𝑖𝑡𝑦 =

𝑇𝑃
𝑇𝑃 + 𝐹𝑁

(21)

𝑆𝑝𝑒𝑐𝑖𝑓𝑖𝑐𝑖𝑡𝑦 =

𝑇𝑁
𝑇𝑁 + 𝐹𝑃

(22)

The evaluation methods are based on the confusion
matrix, which is shown in Table 5. In Table 5, TP is the
true positives case, which represents “positive” cases that are
correctly classified as “positive.” FN represents the “positive”

Class distribution(B/M)
458/241
357/212

Missing value
16
0

cases that are misclassified as “negative.” TN is the true
negative cases, which represents “negative” cases that are
correctly classified as “negative”; and FP is the false positive
cases, which represents “negative” cases that are misclassified
as “positive.” In this work, we set the positive cases as benign
tumors, whereas we set the negative cases as malignant
tumors.
5.3. Experimental Procedure. This section presents the
detailed experimental procedure of our proposed approach.
In the experiments, we utilized 3 × 5-fold cross validation
method to obtain the final results. In each fold, training
dataset is first fed to the IG feature selection algorithm,
generating different feature subsets. In this work the results
of IG for the two datasets are presented in Tables 6 and 7.
Training dataset with the selected feature subset is then used
to train outer CS-SVM classifier, and during this process the
best parameter pairs of CS-SVM algorithm were obtained
by the inner SAPSO algorithm. The main parameters of
SAPSO algorithm are presented in Table 8. Finally, the
performance of the test dataset is obtained for evaluating
our selected features by the optimal CS-SVM model. The
final results have been achieved by averaging the results
of 5-fold cross validation method with the test set. In this
scheme, the test datasets are randomly partitioned into 5
equal sized partitions. Each time, one of the partitions is
used for validation and the remainder of the partitions is
utilized for training. This process is repeated five times and
the average results are reported. As can be observed from
Figures 3 and 4, it presents the best results of our proposed
method based on WBC and WDBC datasets. And Figures
5 and 6 present the ROC of our proposed approach. From
these two figures, we can obviously see that the results of
our proposed approach can achieve the promising results for
breast cancer diagnosis.
In order to verify the superiority of our proposed method,
we conduct two test sequences. First, our approach was
compared with some previous works proposed by other
authors; the results are presented in Table 9. The second
sequence is to compare our proposed method with some
conventional classification approaches. The results of these
classification models are presented in Table 10. The source
codes employed in this work for all the conventional classification models were implemented in MATLAB 2016a, with
the help of LIBSVM toolkit [35]. In addition, to examine
the performances of different classification models, ACC,
AMC, G-mean, sensitivity, and specificity are utilized as
the evaluation measures. Moreover, in order to verify the
superiority of feature selection proposed in our approach, we
also compare the running time of our proposed method with
those of other two classification models and the results are
presented in Figure 7.
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Table 4: Summary of attributes for WDBC dataset.

Attribute
Radius
Texture
Perimeter
Area
Smoothness
Compactness
Concavity
Concavity points
Symmetry
Fractal dimensional

Mean
6.98∼28.11
9.71∼39.28
43.79∼188.50
143.50∼2501.00
0.053∼0.163
0.019∼0.345
0.000∼0.427
0.000∼0.201
0.106∼0.304
0.050∼0.097

Standard error
0.112∼2.873
0.36∼4.89
0.76∼21.98
6.80∼542.20
0.002∼0.031
0.002∼0.135
0.000∼0.396
0.000∼0.053
0.008∼0.079
0.001∼0.030

Maximum
7.93∼36.04
12.02∼49.54
50.41∼251.20
185.20∼4354.00
0.071∼0.223
0.027∼1.058
0.000∼1.252
0.000∼0.291
0.157∼0.664
0.055∼0.208
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Figure 3: Classification results of our proposed method with WBC test set.

Table 5: Confusion matrix.
Actual positive
Actual negative

Predicted positive
True positive(TP)
False positive(FP)

Predicted negative
False negative(FN)
True negative (TN)

Table 6: The order of features based on IG for WBC dataset.
Rank No.
1
2
3
4
5
6
7
8
9

Feature name
Mitoses
Clump Thickness
Marginal Adhesion
Normal Nucleoli
Single Epithelial Cell Size
Bland Chromatin
Bare Nuclei
Uniformity of Cell Shape
Uniformity of Cell Size

5.4. Experimental Results and Analysis. The final results are
obtained by 3 × 5-fold cross validation method, and the
results are reported by the average results of the 5-fold cross
validation. As can be observed form the results listed, the
proposed classification model is the most suitable method
for breast cancer diagnosis, which obtains promising results

and achieves classification accuracies of 98.04% for the
WBC dataset and 98.83% for the WDBC dataset. In order
to assess the actual situation of breast cancer diagnosis,
we introduce misclassification cost as the measurement to
evaluate the unequal costs of different categories for breast
cancer diagnosis. As can be observed from the results listed
in Table 9, our proposed approach performs well for breast
cancer diagnosis, which takes full account of the unequal
misclassification costs and obtains promising results for
breast cancer diagnosis. As can be observed in Table 9, it
obviously indicates that our proposed approach obtains the
promising results, which make the breast cancer intelligent
diagnosis more reasonable than previous literatures. As
can be observed in Table 10, it presents the classification
results of different conventional classification models, which
obviously indicate that our proposed method has superior
performances compared to other conventional classification
methods, which obtains the classification accuracy of 98.04%
for the WBC dataset and 98.83% for the WDBC dataset. The
details of the results are shown in Figures 3 and 4, where, in
these two figures, symbols of “1” and “2” represent benign
tumors and malignant ones, respectively. To further evaluate
the effectiveness of the proposed approach, we applied the
performance of ROC curve for evaluation, and the results of
area under the curve (AUC) are shown in Figures 5 and 6.
Form these two figures we can see that the AUC of WBC and
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Table 7: The order of features based on IG for WDBC dataset.
Rank No.
1
2
3
4
5
6
7
8
9
10

Feature name
Texture 04
Radius 04
Compactness 06
Concavity 01
radius 02
smoothness 02
symmetry 02
fractal dimension 02
radius 01
texture 01

Rank No.
11
12
13
14
15
16
17
18
19
20

Feature name
symmetry 01
area 01
concave points
compactness 05
symmetry 03
compactness 04
concavity 02
texture 03
radius 03
compactness 02

Rank No.
21
22
23
24
25
26
27
28
29
30

Feature name
smoothness 01
perimeter
area 03
fractal dimension 01
perimeter
compactness 03
concavity 03
compactness 01
texture 02
area 02

Table 8: The main parameters of SAPSO algorithm.
Parameter
Objective function
Maximum number of evolutions
maximum number of populations
Acceleration factor of c1
Acceleration factor of c2
The maximum value of individual speed
The minimum value of individual speed
Initial temperature

Value
Fitness value obtained by formula (15)
300
20
1.9
1.9
0.5
-0.5
100

Breast cancer diagnosis using IG-CSSVM based on WDBC dataset
2

Target class
Output class

1.9
1.8
Output value

1.7
1.6
1.5
1.4
1.3
1.2
1.1
1

0

20

40

60

80
100
Input data size

120

140

160

Figure 4: Classification results of our proposed method with WDBC test set.

WDBC datasets are 0.9564 and 0.9578, respectively, which
yield promising results on these two breast cancer datasets.
Moreover, to confirm the superiority of feature selection
of our proposed approach, we also compare the running
time of our proposed approach with other two comparison
methods and the results are presented in Figure 7. From
the experimental results we can obviously deduce that our
proposed approach has higher calculation efficiency than
other two comparative models.

6. Discussion
In this section, we will provide a discussion on the performance of our proposed approach. The proposed approach is

a hybrid method based on the IG for feature selection and
the ICS-SVM performance for classification. As mentioned
in advance, algorithm to be utilized in the feature selection
stage, the classifier to be utilized for classification, and
the meta-heuristic algorithm to be employed for searching
the optimal parameter pairs of the proposed classifier are
essential factors in building our classifier.
In this regard, an extensive experimental analysis has
been implemented on WBC and WDBC breast cancer
datasets. In order to evaluate the performances of our
proposed approach, we implemented two test sequences. The
first is to compare our proposed method with some previous
works, and the results are presented in Table 9, from Table 9

2018

—

Wang[20]

Proposed

Cost-sensitive SVM with IG for feature selection

SVM-based ensemble learning algorithm

Model
Neural network classification with association rules for reducing the dimension.
Support vector machine algorithms with K-means for feature extraction
Rough set indiscernibility relation method and the backpropagation neural network

Note: the symbol of “∗” represent the optimal value for each performance.

Year
2009
2014
2015

Author
Karabatak[41]
Zheng[22]
Nahato[42]

Dataset
WBC
WBC
WBC
WBC
WDBC
WBC
WDBC

ACC(%)
95.60
97.38
98.61
97.10
97.68
98.74∗
98.83∗

Table 9: Comparison of our proposed approach with previous works.
AMC
—
—
—
—
—
0.064
0.129

G-mean(%)
—
—
98.60∗
97.17
97.09
98.13
97.35

Sen(%)
—
—
98.76
97.11
94.75
97.88
99.01∗

Spec(%)
—
—
98.57
97.23
99.49
98.38
95.71
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Table 10: Comparison of our proposed method with conventional classification models.
Method

Dataset
WBC
WDBC
WBC
WDBC
WBC
WDBC
WBC
WDBC
WBC
WDBC
WBC
WDBC
WBC
WDBC
WBC
WDBC

SVM(RBF)
PSO-SVM(RBF)
BP neural network
LVQ neural network
3-NN
Decision Tree
Random Forest
Proposed

ACC(%)
96.58
95.91
95.61
97.66
94.11
94.72
91.56
92.75
91.10
92.60
96.64
95.65
96.49
97.53
98.04∗
98.83∗

AMC
0.132
0.251
0.307
0.234
0.324
0.526
0.627
0.724
0.485
0.602
0.162
0.304
0.140
0.145
0.064∗
0.129∗

G-mean(%)
96.67
95.15
94.37
97.05
92.20
92.93
87.88
90.26
90.90
91.42
96.63
95.27
96.49
96.82
98.13∗
97.35∗

Sen(%)
96.35
97.37
97.82
100∗
93.30
100∗
96.55
100∗
92.50
97.50
97.84
97.50
96.33
97.82
97.88
99.01

Spec(%)
97.05
92.98
91.04
94.20
91.30
86.41
80.00
81.48
89.30
85.71
95.45
93.10
96.66
95.83
98.38∗
95.71

Note: the symbol of “∗” represent the optimal results for each performance.

ROC curve for breast cancer intelligent diagnosis based on
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Figure 5: ROC curve of our proposed intelligent classification
method based on WBC dataset.

Figure 6: ROC curve of our proposed intelligent classification
method based on WDBC dataset.

we can obviously see that our proposed approach can achieve
best performances in terms of ACC and AMC. Additionally,
from Table 9 we can obviously see that the previous works
have not considered the unequal misclassification cost for
breast cancer diagnosis, and it is not inconsistent with the
actual situation for breast cancer diagnosis. Consequently,
in our proposed approach we take full account of misclassification cost and construct an improved CS-SVM classifier
for breast cancer diagnosis, and the results from Table 9
verified that our proposed approach can be utilized as the best
classifier for breast cancer intelligent diagnosis. In order to
verify the superior performances of our proposed approach,

we also compared our proposed method with some conventional classification methods, and the results are presented in
Table 10. Form Table 10, we can see that when we compared
our proposed approach with SVM(RBF), PSO-SVM(RBF),
BP neural network, LVQ neural network, 3-NN, decision
tree, and random forest methods, the results demonstrated
that our proposed approach can obtain the optimal values
in terms of ACC, AMC, and G-mean. In the experimental
analysis, we implement 3 × 5-fold cross validation method,
and the best results of classification accuracy are 98.04%
for WBC dataset and 98.83% for WDBC dataset. And the
results of the highest classification accuracies are presented
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400

proposed approach can yield promising results for breast
cancer diagnosis in comparison to some previous works and
conventional classification methods (i.e., SVM (RBF), PSOSVM (RBF), BP neural network, LVQ neural network, 3-NN,
decision tree, and random forest). The main objective of this
work was to construct an effective classifier for breast cancer
diagnosis and expect our research to be utilized in real clinical
diagnostic system and thereby assist clinical physicians in
making correct and effective decisions in the future.

350

Running time (s)

300
250
200
150
100

Data Availability

50
0
SVM(RBF)
PSO-SVM(RBF)
Proposed
Differnent classiﬁcation models
Running time for WDBC dataset
Running time for WBC dataset

Figure 7: Comparison of running time for different classification
models.

All the datasets we utilized in this paper are all come from the
UCI Machine Learning Repository.
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in Figures 3 and 4, and the corresponding ROC curves are
presented in Figures 5 and 6; from these two figures, we
can obviously see that the AUC of our proposed approach
based on WBC and WDBC datasets are 0.9564 and 0.9578,
respectively, which achieved promising results for breast
cancer diagnosis.
To highlight the importance of utilizing IG for feature
selection in our proposed approach, we also compared our
proposed method with other two alternative methods. One
is utilizing the grid-search method to handle the SVM’s
parameter pair, and the other is utilizing the PSO algorithm
to optimize the SVM’s parameter pair. The results of these
comparison methods are presented in Table 10, and the
running time of these three models is presented in Figure 7.
From the results of these three models, we can deduce that
utilizing IG for feature selection can decrease the dimension
of feature space and improve the computation efficiency.
From the empirical results based on WBC and WDBC
breast cancer datasets, we can deduce that our proposed
approach is the most suitable method for breast cancer diagnosis, which can produce excellent performances and only
requires a minimum computational cost for solving breast
cancer classification problem. Promisingly, our proposed
approach may be adapted to other diseases’ diagnosis.

7. Conclusion
In this study, an improved CS-SVM classifier is proposed
for breast cancer diagnosis. The proposed approach not
only takes full account of unequal misclassification cost of
breast cancer diagnosis, but also employs IG for features
selection and utilizes meta-heuristic method to optimize
the classifier. In order to verify the performances of our
proposed approach, the proposed improved classifier was
evaluated by several experiments on WBC and WDBC
datasets and the experimental results demonstrated that our
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3D face recognition is an important topic in the field of pattern recognition and computer graphic. We propose a novel approach
for 3D face recognition using local conformal parameterization and iso-geodesic stripes. In our framework, the 3D facial surface
is considered as a Riemannian 2-manifold. The surface is mapped into the 2D circle parameter domain using local conformal
parameterization. In the parameter domain, the geometric features are extracted from the iso-geodesic stripes. Combining the
relative position measure, Chain 2D Weighted Walkthroughs (C2DWW), the 3D face matching results can be obtained. The
geometric features from iso-geodesic stripes in parameter domain are robust in terms of head poses, facial expressions, and
some occlusions. In the experiments, our method achieves a high recognition accuracy of 3D facial data from the Texas3D and
Bosphorus3D face database.

1. Introduction
Face recognition has been investigated for many years. The
related applications of face recognition includes biometric
analysis, security system, and information management. Traditional face recognition methods construct the recognition
framework based on 2D facial images. The facial data in
image are convenient to be achieved and the requirements
for data acquisition devices are relatively low. However, there
are many factors which influence the recognition rate of the
methods such as illuminations, cosmetics, blur, facial expressions, different kind of occlusions (glasses, hair, and hand),
and head poses. Such influence factors should be processed
in a robust framework which increase the computation cost
and complexity of algorithm. Some works attempt to research
3D facial data for face recognition.
The new technologies of 3D data scanning are developing
fast in recent years. Comparing the traditional 3D scanning
methods, the new scanning methods does not require complexity devices with strict conditions. Using a mobile phone

with an additional scanning camera or function of structured
light acquisition, the geometric information of a 3D face can
be obtained. Based on the new scanning technologies, the
3D face recognition methods are proposed which extract
the facial features from 3D geometric information. The
advantages of the methods are obviously as follows: (1)
robust to texture information of face; (2) providing a possible
solution to remove the impact of head poses; (3) providing
more geometric information to remove the impacts of facial
expressions and different kinds of occlusions.
Based on the 3D facial data, we propose a novel face
recognition method which map the 3D facial surface into
the 2D parameter domain and extract the geometric features
from the iso-geodesic stripes. In 2D parameter domain, the
geometric features of 3D facial triangular meshes remained
relative and the head pose influences to 3D face are degenerated into 2D scene. Combining the alignment of isogeodesic stripes and expressions robustness measurement
of geometric features, the face recognition result can be
achieved with a simple way from 2D parameter domain. More
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concretely, our face recognition framework includes three
steps: (1) detecting the facial landmarks in 3D facial data and
using the landmarks to extract the iso-geodesic stripes, which
can be regarded as a preprocess; (2) mapping the 3D facial
surface into the 2D parameter domain by local conformal
parameterization and achieve a facial representation; (3)
computing the geometric features from the iso-geodesic
stripes in 2D parameter domain. The features’ measure, we
called Chain 2D Weighted Walkthroughs (C2DWW), is used
to represent the geometric information of a 3D face and
construct the face measurement function. The pipeline of our
method is shown in Figure 1. In summary, our contributions
are as follows:
(1) We propose a pipeline of 3D face recognition which
extract the facial features and compare different facial
data in an automatically system.
(2) We propose a measurement method called Chain
2D Weighted Walkthroughs (C2DWW) to compare
different facial data, which is robust to different facial
expressions and head poses.
(3) We propose 2D facial representation using local
conformal parameterization. The representation can
be regarded as the facial geometric features which
remove the influence of different head poses.
The remainder of our paper is organized as follows. In
Section 2, we introduce some related works. In Section 3,
we introduce the pre-process of our method. In Section 4,
we discuss the 2D facial area distortion representation construction. In Section 5, we illustrate construction of C2DWW.
The public facial databases, Texas 3D and Bosphorus3D, were
used in our experiment and the evaluation of face recognition
by different methods are discussed in Section 6.

2. Previous Work
For face recognition framework, the important problems are
removing the influence of different factors such as head poses,
facial expressions, cosmetics, illuminations, and occlusions.
Extracting the discrimination and robustness facial features
from the input facial data which decide the facial recognition
performance. According to different kinds of facial features,
the face recognition methods can be divided into different
classes: image features based, facial surface analysis based,
local shape descriptors based, and partial face based.
The image features based method was constructing the
face recognition framework based on facial images. The
challenge task was using the single training sample per person
in face recognition process. The facial features included
discriminative features based on image patches [1], sparse
representation features to build variation dictionary [2],
expression subspace representation [3], sparse representation
based on illumination transfer [4], local generic representation [5], and sparse discriminative multimanifold embedding
features [6]. Such methods attempted to reconstruct the
highly discrimination facial features from single facial image
to cover the different influence factors. In order to achieve the
high face recognition rate, the feature extraction algorithm

was complicated. Without global geometric features, the
methods were limited by some facial images with extremely
head poses, blur in image, and occlusions.
Based on the 3D facial surface, the global geometric
features were used to construct face recognition framework.
The classical thought was extracting facial features from the
surface directly. Some methods constructed the parameter
representation from the facial surface in Euclidean space such
as canonical form [7] and iso-geodesic stripes [8]. Based
on non-Euclidean space, some researchers propose different
frameworks to represent the facial features such as Ricci flow
mapping [9], elastic measure based on radial curves [10, 11],
and spherical harmonic features match [12]. The methods
extracted the facial feature from facial surface to construct
the global face match and achieved the accurate recognition
result. However, the methods required the accurate facial
surface data from the 3D face scan which limited the field
of applications. The quality of raw face scan was affected
by scanning devices, distance of the object and different
of occlusions (hair, glasses, or hand) which increased the
difficult of triangular mesh reconstruction.
Local shape descriptors based methods extracted discrete facial features from facial data to construct the face
recognition framework. The discrete facial features included
point cloud set [13], 3D key points based [14–17], and
local surface analysis [18–20]. The discrete facial features
such as surface points and local geometric descriptors did
not require complex preprocess for face cropping and high
quality triangular meshes of 3D face. Some images based
learning frameworks were convenient to be employed for
such discrete facial features [18, 21]. However, such methods
were limited by the local shape features representation. To
achieve the global facial data analysis result, the learning
frameworks of local shape features required large cost of
computation and complex structure to remove the influence
of facial expressions, different kinds of occlusions, and head
poses.
Partial face based methods extracted facial features from
partial face regions to construct face recognition framework.
The methods selected local facial surface around eyes [22,
23] and nose [24, 25] which was not affected by different
facial expressions. Such methods provided a simple solution
to remove the influence factors in face recognition which
did not require the complexity algorithm for facial feature
extraction. For accurate face matching application, such
method did not provide the global facial data analysis. In our
method, we propose an improvement scheme for partial face
based method. The iso geodesic strips around the nasal region
are extracted and mapped into the 2D parameter domain. The
influence of facial expressions and head poses can be removed
in 2D parameter domain.

3. Preprocess for 3D Face
To construct 3D face recognition framework, we should
extract the facial features from the 3D facial data at first. In
our framework, the preprocess of facial features extraction
includes two steps: facial landmarks detection and isogeodesic stripes extraction. Facial landmarks are needed to
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3D face recognition based on 2D facial representation and C2DWW
Achieve 2D facial
reflection

Pre-process of 3D facial data
Facial landmarks
detection

Nasal bridge
curve

Iso geodesic stripe regions

Using C2DWW to compare
different faces

Local conformal
parameterization

Figure 1: The pipeline of our face recognition framework.

(a)

(b)

(c)

(d)

Figure 2: The facial landmarks and nasal bridge curve (a); the iso-geodesic stripe regions in 3D face (b–d).

achieve geometric features and align different faces. In 3D
face data, using shape analysis to detect special points is an
enabling method discussed in recent research [26]. We apply
the idea to achieve the positions of the nasal tip and eyebrows
tip. For iso-geodesic stripes extraction, we compute the
geodesic of the two landmarks to define a confirm direction
and a normalized distance. The geodesic path is extracted by
[27]. Combining the landmarks with the direction and the
distance, we can achieve iso-geodesic stripes.
In [8], iso-geodesic stripes have been defined. In facial
surface, the stripes represent different banding areas that
satisfy specific geodesic distances from points in areas to the
nasal tip. The banding areas are adjacent to each other and
represent different regions of the face. In Function (1), the
iso-geodesic stripe is represented. S is the face surface, and
p is the point in S. Every point in S has a geodesic distance to
the nasal tip p𝑛𝑜𝑠𝑒 . Using different geodesic distances, we can
achieve different banding areas c𝑛 .
𝑐𝑛
= {𝑝 | 𝑝 ∈ 𝑆, 𝑔𝑒𝑜𝑑𝑒𝑠𝑖𝑐𝐷𝑖𝑠 (𝑝, 𝑝𝑛𝑜𝑠𝑒 ) ∈ threshold (𝑐𝑛 )}

(1)

In Function (1), the centre of iso-geodesic stripe is nasal tip.
The strip does not cover the global facial surface and the nasal
region is not considered seriously. The geometric features
from single stripe region are insatiable in face recognition.

Following the geodesic path between nasal tip and eyebrows
tip (nasal bridge curve), we extract different stripe regions by
different centres. In Figure 2, we show the facial landmarks,
nasal bridge curve, and different iso-geodesic stripe regions
in face surface.

4. Construction of 2D Face Representation
The iso-geodesic stripes divide facial surface into different
regions which are following the nasal bridge. Some methods
[8, 24, 28] extract the facial features from the stripes directly
to construct 3D face recognition framework. However, the
influence of head poses are not removed from the stripes
which reduce the accurate of facial features in the stripes.
In our framework, we map the 3D facial surface into a 2D
parameter domain using local conformal parameterization
method. In 2D parameter domain, the facial data are convenient to be aligned by two facial landmarks. Based on the
face reflection in 2D parameter domain, we present the 2D
face representation which correct the distortion of triangular
meshes from 3D facial surface to 2D facial reflection.
4.1. Local Conformal Parameterization. Local conformal
parameterization is used to construct a parameter representation of 3D object, which can be applied in texture mapping
and 3D object alignment. In our framework, the method
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Figure 3: Conformal parameterization between 3D data and 2D
reflection.

4.2. 2D Face Representation. Ideally, the triangular meshes
from 3D face to 2D facial reflection remain the complete
geometric information using local conformal parameterization. However, the Gauss curvature of each points in 3D
facial data are not the same, which express the change
of the first fundamental form and the area distortions are
produced in triangular meshes. Therefore, the facial features
cannot be extracted from the 2D facial reflection directly.
To correct the area distortions of triangular meshes in 2D
facial reflection, we propose a 2D face representation which
remain the area scaling rate. The area scaling rate is the
area ratio between triangular mesh in 3D face and 2D facial
reflection, which can be regarded as the “density” in different
triangular meshes. For instance, S𝑡 is the 3D facial surface,
3D triangular mesh. Here 𝑆𝑡 = {𝑡1 , . . . , 𝑡𝑘 }, 𝑡𝑖 is a triangle and
k is the number of triangles. 𝑆𝑡𝑐 is the 2D facial reflection
of 𝑆𝑡 , 𝑆𝑡𝑐 = {𝑡𝑐1 , . . . , 𝑡𝑐𝑘 , 𝐴 𝑡 } and 𝑡𝑐𝑖 is the 2D triangle. 𝐴 𝑡 is
the area distortion representation, 𝐴 𝑡 = {𝛿1 , . . . , 𝛿𝑘 }, 𝛿𝑖 =
area(𝑡𝑖 )/area(𝑡𝑐𝑖 ). In Figure 5, we show the area distortions
of the 2D face representation. The area distortion is more
obvious and the colour is deeper.

5. Chain 2D Weighted Walkthroughs
Figure 4: The 2D mapping result of 3D facial surface by local
conformal mapping.

is employed to map the 3D facial data into 2D parameter
domain and the reflection preserves the intrinsic characteristics. The parameterization process can be transferred to
optimize two kinds of transfer energy: Dirichlet Energy 𝐸𝐴
(2) and Chi Energy 𝐸𝜒 (3) [29].
𝐸𝐴 =

∑
𝑜𝑟𝑖𝑒𝑛𝑡𝑒𝑑 𝑒𝑑𝑔𝑒𝑠(𝑖,𝑗)


2
cot 𝛼𝑖𝑗 𝑢𝑖 − 𝑢𝑗 

(cot 𝛾𝑖𝑗 + cot 𝛿𝑖𝑗 )
2
(𝑢𝑖 − 𝑢𝑗 )

2
𝑥𝑖 − 𝑥𝑗 
𝑗∈𝑁(𝑖)



𝐸𝜒 = ∑

(2)

(3)

where 𝑥𝑖 and 𝑥𝑗 are the points in 3D facial surface, 𝑢𝑖 and
𝑢𝑗 are points in 2D mapping result, 𝑁(𝑖) means the adjacent
points of i, and the angles 𝛼𝑖𝑗 , 𝛾𝑖𝑗 , and 𝛿𝑖𝑗 are shown in
Figure 3. We achieve the local conformal parameterization
result by computing the extreme value from the two energy
functions in a linear equation group [29].
The 2D reflection of face in 2D parameter domain can be
achieved from the local conformal parameterization result.
The border of the reflection is the outermost geodesic circle
of the iso-geodesic stripe and the centre is the point in nasal
bridge. Each triangular mesh in 3D facial surface is mapped
into the 2D parameter domain. The meshes construct a new
circle in the domain. In Figure 4, we achieve the 2D reflection
result with iso-geodesic stripes. The facial landmarks are
mapped into the 2D parameter domain. Connecting the nasal
tip and eyebrows tip to achieve a direction vector and rotate
the 2D reflection to make the vector point to the top, the
influence of head poses can be removed.

Based on the 2D face representation, we propose a facial
surface measure method, Chain 2D Weighted Walkthroughs
(C2DWW). C2DWW is based on the 2DWW [30], which
is used to measure the relative positions in different isogeodesic stripes from different nasal regions. In Section 3,
we have introduced that, based on different centres, the isogeodesic stripes can be obtained. A stripe region is defined
by a set of iso-geodesic stripes which have same centre.
Following the nasal bridge, we change the centre and achieve
different stripes regions. Such regions can be regarded as a
chain that cover the whole nasal region. Comparing different
stripe regions from two faces, the face matching result can be
achieved. The C2DWW can be divided into two levels: stripes
measure in the same stripe region and stripe regions measure.
5.1. Stripes Measure in Same Stripe Region. The iso-geodesic
stripes in our framework are represented by discrete point set.
The stripes measure method is based on the discrete points’
relative positions. The relative positions are represented by
different codes in Figure 6 and (4). 𝑃1 (𝑥1 , 𝑦1 ) and 𝑃2 (𝑥2 , 𝑦2 )
are the points in the stripes. In each axis, there are three
conditions of the relative positions. On the horizontal axis,
the three conditions are right, left, and near. On the vertical
axis, the three conditions are above, below, and adjacent.
The threshold determines which conditions of the points
are near. Using the appropriate threshold can reduce the
influence of area change in conformal mapping. The weight
code is proposed for certain relative positions measure. In
(5), we show the computation of weight code. 𝐶𝐴 and 𝐶𝐵
are two iso-geodesic stripes from one face surface and A
and B are indexes of the stripes. N(𝐶𝐴) and N(𝐶𝐵) means
density point numbers of stripes 𝐶𝐴 and 𝐶𝐵 . The density point
number is determined by discrete the area of the stripes. The
detail algorithm is described in the following. First, we set a
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Figure 5: Area Distortion of 2D facial representation.

in triangular mesh. In Figure 7, we show the computation
process instance of 𝑤𝑖𝑗 .

Y


−1,
{
{
{
{
𝑖 = {0,
{
{
{
{+1,


X

𝑥2 − 𝑥1 < −threshold


𝑥2 − 𝑥1  <= threshold
𝑥2 − 𝑥1 > threshold,

(4)

−1, 𝑦2 − 𝑦1 < −threshold
{
{
{
{


𝑗 = {0,
𝑦2 − 𝑦1  <= threshold
{
{
{
{+1, 𝑦2 − 𝑦1 > threshold
Figure 6: The two points in the stripes. Using (11) (i = 1, j = -1).

Y



HAB
HB

LB
LAB

=

Y
TA



L2

CB

1
𝑁 (𝐶𝐴 ) ∗ 𝑁 (𝐶𝐵 )

(5)

∗ ∫ ∫ 𝑁𝑖𝑗 ((𝑥𝑎 , 𝑦𝑎 ) , (𝑥𝑏 , 𝑦𝑏 )) 𝑑𝑥𝑏 𝑑𝑦𝑏 𝑑𝑥𝑎 𝑑𝑦𝑎

L1CA
X

𝑤𝑖,𝑗 (𝐶𝐴, 𝐶𝐵 )

𝐶𝐴

TB

X

Figure 7: The computation process instance of 𝑤𝑖𝑗 . 𝑇𝐴 and 𝑇𝐵 are
triangular meshes from the stripes 𝐶𝐴 and 𝐶𝐵 . The blue points are
density points. The red points are centres of the triangular meshes.
The point pairs’ number is six (3∗2). Using the centres point’s relative
position to represent the density points. 𝐿 1 > 𝐿 2 > threshold.
𝑁(𝑇𝐴) ∗ 𝑁(𝑇𝐵 ) = 6. 𝑁1,−1 = 6, 𝑤1,−1 = 1. 𝑁𝑖𝑗 = 0, 𝑤𝑖𝑗 = 0 (i ≠ 1, j
≠ -1).

constant d to fix point numbers in 𝐶𝐴 and 𝐶𝐵 . Second, we
assign the points to each triangle mesh according to area ratio
between the mesh and the stripes. The area of the mesh and
the stripes are corrected by area distortion representation.
Finally, we compute the points number of stripes 𝐶𝐴 and 𝐶𝐵 .
𝑁𝑖𝑗 are the number of points’ pairs that satisfy the encode
condition (i, j). The process is based on density point numbers

𝐶𝐵

According to different combinations of i and j, we achieve a
3∗3 measure matrix of two stripes. In [30], 𝑤𝑖𝑗 of different
directions should multiply corresponding parameter to represent different degree of the distribution. In (6), we add the
parameters to correct the measure matrix.
𝑤−1,1 𝜆 2 𝑤0,1 𝑤1,1
[
]
𝑤 (𝐶𝐴 , 𝐶𝐵 ) = [𝜆 1 𝑤−1,0 𝜆 0 𝑤0,0 𝜆 1 𝑤1,0 ]
[ 𝑤−1,−1 𝜆 2 𝑤0,−1 𝑤1,−1 ]
𝑤−1,1

[
= [ 𝑤−1,0

𝑤0,1
𝑤0,0

𝑤1,1

(6)

]
𝑤1,0 ]

[𝑤−1,−1 𝑤0,−1 𝑤1,−1 ]𝑛𝑒𝑤
𝜆 0 = √𝑁 (𝐶𝐴) × 𝑁 (𝐶𝐵 ),
𝜆1 =

𝑁 (𝐶𝐴 ) × 𝑁 (𝐶𝐵 )
,
𝐿 𝐵 × 𝐿 𝐴𝐵 × 𝐻𝐴𝐵

𝜆2 =

𝑁 (𝐶𝐴 ) × 𝑁 (𝐶𝐵 )
.
𝐻𝐵 × 𝐿 𝐴𝐵 × 𝐻𝐴𝐵

(7)
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5.2. Stripe Regions Measure. Combining different 𝑤𝑖𝑗 from
the different stripes of 2D face representation, we propose the
stripe regions measure. In (8), 𝐶1 and 𝐶2 are the stripes in
face F and 𝐶1 and 𝐶2 are the stripes in face 𝐹 . We achieve
the similarity of 𝐹 and 𝐹 by measuring the stripes.
𝐷 (𝐹, 𝐹 ) = 𝐷 (𝑤 (𝐶1 , 𝐶2 ) , 𝑤 (𝐶1 , 𝐶2 ))

(8)

𝐷𝑠 (𝑤, 𝑤 ) = 𝜆 𝐻𝑑𝐻 (𝑤, 𝑤 ) + 𝜆 𝑉𝑑𝑉 (𝑤, 𝑤 )
+ 𝜆 𝐷𝑑𝐷 (𝑤, 𝑤 ) + 𝜆 𝐻0 𝑑𝐻0 (𝑤, 𝑤 )

(9)

+ 𝜆 𝑉0 𝑑𝑉0 (𝑤, 𝑤 ) + 𝜆 00 𝑑00 (𝑤, 𝑤 )


𝑑𝐻 = (𝑤1,1 + 𝑤1,−1 ) − (𝑤 1,1 + 𝑤 1,−1 )


𝑑𝑉 = (𝑤−1,1 + 𝑤1,1 ) − (𝑤 −1,1 + 𝑤 1,1 )


𝑑𝐷 = (𝑤−1,−1 + 𝑤1,1 ) − (𝑤 −1,−1 + 𝑤 1,1 )


𝑑𝑉0 = (𝑤−1,0 + 𝑤1,0 ) − (𝑤 −1,0 + 𝑤 1,0 )


𝑑𝐻0 = (𝑤0,−1 + 𝑤1,0 ) − (𝑤 0,−1 + 𝑤 0,1 )


𝑑00 = (𝑤0,0 ) − (𝑤 0,0 )

(10)

In fact, there are not only two iso-geodesic stripes in a
strip region. Therefore, we extend (8) to (11). The similarity
measure of (11) is mathematical metric. It is determined by
(9). 𝜆 𝑖𝑗 means the weight of the stripes 𝐶𝑖 and 𝐶𝑗 in face
similarity measure. The index of the stripes i and j should
be adjacent. The reason is that the adjacent stripes’ relative
positions are robust to facial expressions (see (12)). △𝐸 means
the change of the points in stripes by facial expression.
𝐹 = (𝐶1 , . . . , 𝐶𝑘 ) ,
𝐹 = (𝐶1 , . . . , 𝐶𝑘 )


𝐷 (𝐹, 𝐹 ) =

𝑘

∑
𝑖=0,𝑗=0
𝑖=𝑗,𝑗−𝑖=1
̸

(11)
𝜆 𝑖𝑗 𝐷 (𝑤 (𝐶𝑖 , 𝐶𝑗 ) , 𝑤 (𝐶𝑖 , 𝐶𝑗 ))

𝑤 (𝐶𝑖 , 𝐶𝑗 ) ≈ 𝑤 (𝐶𝑖 + △𝐸, 𝐶𝑗 + △𝐸) ,



𝑖 − 𝑗 ≤ 1

(12)

Based on the similarity measure between two stripe regions,
the C2DWW measure result can be computed. We have
introduced that the different stripe regions can be extracted
from the nasal regions using different centres. Following the
nasal regions, we extract different stripe regions and achieve
the similarity measure result from corresponding stripes of
two faces, which can be regarded as a “chain” measurement.
In (13), the computation of C2DWW measure is proposed.
𝐶2𝐷𝑊𝑊 means the C2DWW measure results between two
faces F and 𝐹 . 𝐷𝑞 is stripe region measure of two faces and
the stripes region is constructed based on the centre q.
C2𝐷𝑊𝑊 (𝐹, 𝐹 ) = ∑ 𝐷𝑞 (𝐹, 𝐹 )

(13)

6. Experiments
Using the C2DWW measure, the face match results are
achieved which can be used in face recognition directly.
We evaluate the accurate of face recognition in this part.
Two public facial databases, Texas3D and BosphorusDB, are
used to evaluate our method identification rate. In Texas3D,
there are 1149 scans from 118 persons with different facial
expressions. Basically, the facial data in Texas3D are frontal
face scans. In BosphorusDB, there are 4666 scans from
105 persons with different facial expressions, head poses,
and occlusions. The experiments are constructed by three
parts. Firstly, some parameters should be determined in
our framework. Secondly, we evaluate the identity rate of
different face recognition methods in public facial databases.
Finally, we evaluate the identity rate in special facial data with
different head poses and occlusions.
6.1. Parameter Conﬁguration. In our framework, some
parameters influence the accuracy of the facial surface measure method which determines the structure constructing
performance. The number of the iso-geodesic stripes and the
weights is shown in (11) and the stripe regions’ number is
shown in (13).
Naturally, different numbers of iso-geodesic stripes in
a stripe region influence the performance of the method.
The additional stripes can improve the precision, but the
time complexity of the algorithm will increase. When stripes
are more than one certain quantity, the improvement of the
precision is not obviously. Two dense stripes are increasing
sensitivity by facial expressions. On the contrary, insufficient
quantity of the stripes cannot address the requirement for
facial similarity measure. We select about 200 scans from
100 persons to be the gallery set and 100 scans to be probe
set in Texas3D. In Figure 8, we show receiver operating
characteristic curves (ROC) results with different number of
the stripes (S3 = 3, S4 = 4, S5 = 5, S6 = 6, S7 = 7). For the
weights of (9), we choose a set of value (𝜆 𝑉 = 1/3, 𝜆 𝑉 =
𝜆 𝐷 = 1/4, 𝜆 𝑉0 = 𝜆 𝐻0 = 1/12) [30]. We use single strip region
which is constructed from the nasal tip. For the weights of
(11), the general way is using the learning framework such as
linear regression to optimal a set of weights. We just use the
same weights in our frameworks because the weights from the
learning methods may produce the locally optimal results. In
certain applications, the weights can be computed according
to the actual situation.
Another parameter that should be determined is the
number of the stripe regions. Following the centre points
in nasal bridge, the different number of stripe regions can
be selected in the face recognition framework. In Section 3,
we have introduced that the centres are achieved from the
geodesic path between nasal tip and eyebrows tip which can
be regarded as the nasal bridge curve. We divide the curve
into equal segments; the equal points can be regarded as the
centres. In Figure 9, we also show facial recognition ROC
results in Texas3D with different number of the equal points
(P1 = 1, P2 = 2, P3 = 3, P4 = 4, P5 = 5, P6 = 6. P1 means there
have only one strip region in face and the centre is nasal tip. P2
means there are two stripe regions and the centres are nasal
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Table 1: Evaluation of face recognition for different methods (Rank 1 and FAR0.1).
Texas3D

Method

Rank 1
0.68
0.89
0.93
0.83
0.94

Drira 2009
Berretti 2010
Amor 2014
Ahdid 2016
Our method

BosphorusDB
FAR0.1
0.78
0.88
0.92
0.81
0.93

Rank 1
0.61
0.84
0.89
0.81
0.91

1

1

0.8
true accept rate

0.8
true accept rate

FAR0.1
0.79
0.85
0.90
0.78
0.92

0.6

0.6

0.4
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Figure 8: The ROC result with different number of the stripes in
Texas3D.
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Figure 9: The ROC result with different number of the stripes in
Texas3D.

tip and eyebrows tip. Pn means there are n stripe regions and
the centres include nasal tip, eyebrows tip, and n-2 end points
in nasal bridge curve). In summary, the parameters with best
identification rate are achieved (S5 and P4).

CMC and ROC results by different methods in the test set
of BosphorusDB. In Table 1, we show the evaluation results
for different methods. The results show that our method can
achieve better recognition performance for the facial data
with different expressions.

6.2. Facial Identiﬁcation in Diﬀerent Facial Expressions. In
face recognition, the influence of facial expressions should be
considered seriously. We evaluate the identification performance of our framework to other methods ([8, 11, 24, 28]),
which also use the geodesic stripes or geodesic curves to
construct the face recognition framework. The test sets are
constructed from Texas3D and BosphorusDB. For Texas3D,
we select the same test set which is introduced in parameter
configuration part. For BosphorusDB, we select 6 samples
from each person (totally 630) with different expressions to
be the gallery set and 2 samples from each person (totally 210)
without obvious facial expressions to be the probe set. We
compute the Cumulative Matching Characteristics (CMC)
and ROC result using different methods in the test sets. In
Figure 10, we show the CMC and ROC results by different
methods in the test set of Texas3D. In Figure 11, we show the

6.3. Facial Identiﬁcation in Diﬀerent Head Poses and Occlusions. For facial data in BosphorusDB, there are different
influence factors such as head poses and occlusions (hand
and hair). Such influence factors should be considered in
face recognition framework. For some facial scans with large
head poses and occlusions, the facial data just have half
facial surface for recognition process. In our framework, the
C2DWW can achieve reasonable measure result from half
face. The reason is that the face data has symmetry character
and the relative positions in half face have similar value to
whole face. We construct a subtest set from BosphorusDB
to evaluate the performance of our method in half face. We
select 6 scans from each person in BosphorusDB (totally 630)
which include different head poses and occlusions to be the
probe set and gallery set which are discussed in previous part.
We extract the half face data from the probe set to evaluate the
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Figure 10: The CMC and ROC results for identification by different methods in Texas3D (the left picture is CMC result; the right picture is
ROC result).
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Figure 11: The CMC and ROC results for identification by different methods in BosphorusDB (the left picture is CMC result; the right picture
is ROC result).

identification performance. In Figure 12, we show the CMC
and ROC results.
The test set is constructed from Texas3D and BosphorusDB. In Table 2, we show the evaluation results for different
methods in subtest set. The results show that our method
can achieve better recognition performance for the facial data
with different head poses and occlusions.
6.4. Performance Evaluation. In this part, we evaluate the
performance of face matching speed by different methods.

The methods [11, 24, 28] extract geodesic curves from facial
surface to be facial features directly. The time cost of different
curves matching is huge for face recognition process in a
large facial database. The method [8] constructs geodesic
stripes in facial surface and computes the relative positions of
vertexes in different stripes. The geometric features are coded
into a low dimensional feature vector and the face match
process can be transferred to linear vectors computation.
Our framework inherits the advantage of fast computation
from method [8] and removes the influence of head poses
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Table 2: Evaluation of face recognition for different methods in
subtest set of BosphorusDB (Rank 1 and FAR0.1).
Method
Drira 2009 26
Berretti 2010 9
Amor 2014 12
Ahdid 2016 13
Our method

BosphorusDB (Head poses and occlusions)
Rank 1
FAR0.1
0.56
0.57
0.78
0.80
0.83
0.84
0.62
0.66
0.90
0.91

Table 3: Average face searching time cost by different methods in
different facial databases (second).
Method
Drira 2009
Berretti 2010
Amor 2014
Ahdid 2016
Our method

Texas3D
23.5s
5.6s
19.7s
25.7s
6.2s

BosphorusDB
33.5s
7.8s
26.4s
38.6s
9.7s

and some occlusions. In Table 3, we show the average face
searching time cost by different methods in different facial
databases (the time cost do not include the preprocess time
consume).

extract the facial features from the 2D face representation
and use the C2DWW to achieve the face match results. The
advantages of our method are robust to different head poses,
facial expressions, and some kinds of occlusions. However,
the biggest limitation of our method is sensitive to occlusions
in nasal region. The occlusions in nasal region break the
nasal geometric features which affect the accurate of local
conformal parameterization.
In future work, we will find a solution to solve the problem
such as using a face modeling reconstruction to repair the
geometric information of nasal region. We will consider more
facial information such as eyes’ region and mouth’s region in
face recognition framework. We will attempt to find more
convenient facial features to construct face representation
which does not require the facial surface searching such as
geodesic path computation.
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7. Conclusion
We propose a 3D face recognition method which is based
on local conformal parameterization and iso-geodesic stripes
analysis. Using the local conformal parameterization, we
achieve the 2D face representation which remove the influence of head poses. Based on the iso-geodesic stripes, we
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Similar to social animals in nature, UAV swarm is also a complex system that can produce emergent behavior. The emergent behavior
of UAV swarm in specific airspace is undoubtedly the act that the defense side does not expect to see; therefore, recognition
and suppression of the emergent behavior of UAVs swarm are needed. Based on the analysis of the UAV swarm emergent
behavior mechanism, by adopting 𝑓-divergence method, UAV swarm emergent behavior was quantified, and a rapid recognition
mechanism of emergent behavior has been established, thus, making preparation for the suppression of the emergent behavior.
In the academic circle, for the first time, in accordance with heuristic rules governing the algorithms of UAV swarm suppression,
principle of emergent behavior suppression has been proposed, failure judgment model of UAV swarm control under interference
conditions has been constructed, the stability of UAV swarm has been analyzed, and the combat command process of UAV swarm
based on OODA loop has been put forward. Through the simulation, the comparison of information entropy and 𝑓-divergence
based emergence measurement method has been made, and 𝑓-divergence based method has some advantages for measuring the
emergence of UAV swarm. From the analysis and discussion of the inhibitory effect on swarm flocking behavior under different
interference intensity and timing, conclusion has been drawn that comprehensive suppression on the premise of correct recognition
of flocking behavior is the best strategy fighting against UAV swarm emergent behavior.

1. Introduction
A complex system, the individuals within it interacting with
one another according to certain rules, at the macro level,
exhibits a totally different function which the sum of all
individual functions does not possess (such as structure of
time, space, and function), known as emergence, resulting
in emergent behavior. Whether in nature or in human
society, emergent behavior can often be seen in all kinds
of complex systems, such as migratory birds, foraging fish
stocks, traffic networks, and the Internet. However, some
kinds of emergent behavior are not what we expect, such
as traffic jam and cyber-attack. We need to understand the
laws and mechanisms behind emergent behavior and seek
appropriate ways to manage them, so as to achieve the
inhibition of harmful emergent behavior.

Most of the scholars [1–3] once stated that the emergent
behavior is produced by a number of local interactions among
individuals. Forrest [4] also made the following definition:
“a group of individuals create incidental phenomenon at
macro level during interaction process, and the incidental
phenomenon is explained by computation results”. The whole
process is called emergence computation. It is necessary
to recognize emergent behavior in a computation manner
before inhibiting harmful emergence. Presently, the computation methods of recognizing emergent behavior are
mainly variable based, formal language based, and event
based methods [5]. It needs to be emphasized that there
is no uniform computation method to measure emergence
at present, and it is necessary to make specific analysis on
different complex systems. At the same time, some input

2
variables in certain computation methods can be the individual property parameters in other complex systems, such
as in the measurement of emergence of complex systems,
Angelis, Birdsey, and Szabo et al. [6–8], respectively, put
forward a logical operator and Hausdorff distance, the degree
of interactivity, and other specific metric variables; these
variables should be calculated with the knowledge of the
interaction radius between individuals within the system.
Through the following analysis and discussion, we can see
that these methods do not apply to the specific application
environment studied in this article. The emergence measurement method in this paper is to study the emergent behavior
from observer’s perspective; based on the data collected by
external sensor as original data, a statistical analysis is used
to compare the differences in spatial structure of the objects
at different time, so as to recognize emergent behavior and
create prerequisites for subsequent suppression of emergent
behavior.
The swarm of UAV is a branch of swarm robotics. Its
design is inspired by the living habits of social animals. Such
robots have no structure for centralized control. Through
local interaction between UAVs and the interaction between
UAVs and external environment, the group behavior presents
group action like the emergent behavior of flocking birds
as designers expected. Therefore, the UAV swarm can also
be regarded as a complex system with the characteristics of
emergence.
Presently, UAV swarm technology has been highly considered by countries around the world. In the military field,
the Department of Defense Advanced Research Planning
(DARPA), the Strategic Capabilities Office (SCO), Navy,
Air Force, and other departments have started the “Gremlins”, “Perdix”, the Low-Cost UAV Swarming Technology
(LOCUST), Offensive Swarm-Enabled Tactics (OFFSET),
and other projects, each of which complementing and focusing on their functions [9–11]. At the same time, terrorism
organizations also began to use UAV swarm technology to
carry out terrorism attacks on important targets. Just around
the new year, Russian Ministry of Defense claimed that it had
successfully resisted terrorist attacks of dozens of unmanned
aerial vehicles (UAVs) carried out by terrorists on its naval
base in Syria, marking the arrival of the era of UAVs swarm
attack [12].
As a new technology, UAV swarm is a double-edged
sword. Attacker can gain overwhelming advantage due to its
low cost and various ways of application, while the defense
side needs to disintegrate the swarm from the mechanism
perspective and reduce the advantage of large-scale group
combat superiority so as to protect the important target of
its own. For the defense side, the emergent behavior of UAV
swarm is no doubt harmful. It needs to be recognized and
suppressed on the basis of the quantification of its emergence.
No matter how changeable the application of UAV swarm
is, group flight control is indispensable to UAV swarm, and
the control of this kind of mass behavior is called flocking
control, which is the core method to produce emergent
behavior. In recent years, scholars at home and abroad have
created many algorithms about flocking control. Inspired
by the migration and foraging behavior of the fish, birds,
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and ants in nature, early in 1987, Reynolds [13] proposed a
group behavior model to simulate the swarm movement and
explained that all the individuals within the swarm should
follow three heuristic rules, namely, cohesion, separation, and
alignment. Subsequently, Vicsek, Couzin, Gazi, and other
experts put forward their own models on the basis of the
research work of Reynolds. Vicsek [14] applied statistical
mechanics to the study of the permutation of particle swarm
in two-dimensional space and gave a classical swarm motion
model description. Couzin et al. [15], with the assumption of
individual’s constant speed movement in three-dimensional
space, defined three zones affecting individual movement
mode, namely, attraction zone, repulsion zone, and orientation zone, successfully achieving the simulation of four kinds
of collective behavior. Similar to Couzin’s model, Gazi et al.
[16] introduced attractiveness and repellent function in the
network of swarm and constructed attraction/repulsion cluster model of swarm in two-dimensional space. In addition to
the above classical algorithms, Olfati-Saber [17] also proposed
the most typical framework in the field of flocking control
at present. According to Lyapunov’s stability theory, OlfatiSaber made the mathematical definition of swarm, and the
flocking rules proposed by Reynolds were embedded in these
algorithms. It is worth noting that flocking control is a specific
application scene of consensus theory, which can guide
multiagent system to reach a consensus on a certain state,
such as flying in huge flocks like birds. The previous studies
on consensus theory mainly focus on the effect of node
states on the consensus of multiagent system. However, the
effect of interaction states among nodes on the consensus of
system is usually ignored, namely, the effect of edge dynamics
on multiagent system. Subsequently, some scholars found
that edge dynamics played an important role in structural
controllability and dynamic evolution predication of complex
network [18]. At present, Su’s research team [19, 20] from
Shanghai Jiao Tong University has made an initial exploration
about this filed. They proposed a new concept named positive
edge-consensus and gave the mathematical derivation of
sufficient and necessary condition reaching positive edgeconsensus. They also pointed out that the control input of
positive linear system is allowed to be negative. Therefore,
positive edge-consensus lays foundation for establishing
effective close-loop control of positive linear system. In the
future, edge-consensus methods may be useful for flocking
control research.
The above algorithms can effectively control group flight
of the UAV swarm under ideal conditions, but when confronted with human interference, the above algorithms fail to
consider possible destruction of the network topology of the
swarm. Thus, from the perspective of defense side, this paper
proposed the suppression principle of the emergent behavior
of the UAV swarm on the basis of the inherent control
mechanism hidden behind the flocking control algorithm
and established the failure judgment model of the flocking
control of UAV swarm under the condition of interference.
At present, the research work on emergent behavior control
or inhibition is relatively rare; the main reason is that there
is yet no consensus on the definition of the emergence of
complex system in academic circle, as there are various ways

Mathematical Problems in Engineering

(a) DJI quadcopter

3

(b) Rough fixed-wing UAV

Figure 1: UAV platforms used by terrorist organizations.

of measuring and computing the emergence, so we can only
find a suitable entry point for specific application areas to
study the emergence. In the field of robots swarm research,
based on the analysis of the characteristics of the UAV swarm
technology, this paper takes the lead in the research on the
recognition and suppression of the emergent behavior of the
UAV swarm, which lays foundation for the follow-up research
of the UAV swarm theory and technology.
This article proceeds as follows: Section 2 describes UAV
swarm system and explains how the emergent behavior of
UAV swarm is generated. Section 3 is devoted to constructing 𝑓-divergence based emergence measurement method
according to swarm motion state information. From the
nature of the self-organizing process, Section 4 adopts two
measurement indexes to reflect the orderliness or disorderliness of swarm state before and after interference. In
Section 5, based on the heuristic rules that flocking control
algorithm follows, the suppression principle of the orderly
movement of swarm is proposed, the failure judgment model
of flocking control of UAV swarm under the condition of
interference is constructed, the stability of UAV swarm is
analyzed, and OODA loop based operational command and
control (C2) process for downing UAV swarm is put forward.
In Sections 6 and 7, against the background of antiterrorism
combat, a prototype system simulating attack and defense of
UAV swarm is established; the advantages and disadvantages
of information entropy and 𝑓-divergence based emergence
measurement method are pointed out with the simulation
results generated by the prototype system; the effect of
interference intensity and timing on the emergence of swarm
is analyzed and discussed; and the empirical conclusions
guiding antiterrorism combat are obtained. Finally, we summarize the theories and methods put forward in this paper
and make expectation for future research work in Section 8.

2. UAV Swarm and Its Emergence Mechanism
2.1. UAV Swarm System. UAV swarm is composed of multiple
homogeneous or heterogeneous micro or small UAVs, and
every swarming UAV has its own payload, such as active or
passive radar seeker, optical infrared device, and electronic
jammer. They often adopt their own sensors to detect external

environment, and share target information through interaction among them. UAV swarm is used to carry out diversified
tasks in highly complex and confrontational conditions, such
as wide area surveillance, close reconnaissance, or saturation
attack. For terrorism organizations, they generally prefer lowcost, consumer-level UAV equipped with GPS navigation
devices and improvised explosive devices, achieving the purpose of penetrating and attacking high value targets through
the superiority of quantity. Figure 1 shows a DJI quadcopter
used by IS, adopting small ammunition FPV telecontrol
tactics at early stage, and a fixed-wing UAV, attacking the
Russian air force base in Syria recently [21, 22].
2.2. Emergence of Swarm’s Flocking Behavior. As shown in
Figure 2, the flocking behavior of swarm is formed through
interaction among individuals within it, and these swarming
UAVs often exchange control information of flight state with
each other, such as respective position, speed, and heading.
At the same time, every individual needs to follow the same
rules: (1) separation, avoiding collision with its neighboring
UAVs; (2) cohesion, keeping tight with its neighboring UAVs;
(3) alignment, keeping the same speed with its neighboring
UAVs. At the micro level, all swarming UAVs act on their
behavior rules. At the macro level, the entire swarm takes on
an orderly movement group clustered in a certain space.

3. Emergent Behavior Recognition
Since emergent behavior cannot be divided into individual
behavior at the micro level, before recognizing the emergent
behavior of complex systems, it is necessary to observe
the complex system from a macro perspective. The defense
side ought to use its own distributed sensor network to
detect, identify, and track adverse UAV swarm in order
to obtain the motion state information, such as position,
speed, and heading. It is necessary to use these information
as the original data from the macro perspective to make
the analysis of emergence behavior, to calculate the degree
of the emergence of the system at different time, namely,
emergence measurement. By setting up the threshold of
emergent behavior recognition, it is determined whether the
system is in the phase of producing emergence. In the phase,
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spatial cluster

interactions
feedback

Figure 2: The mechanism for swarm’s emergent behavior generation.

swarming UAVs will communicate with their neighboring
UAVs, which open the timing window so that the defense
side can take some countermeasures to counter UAV swarm.
Therefore, recognizing emergent behavior of swarm creates
prerequisites for subsequent suppression.
In probability theory, 𝑓-divergence is an indicator function of measuring the divergence degree of two probability
distributions. For the UAV swarm, 𝑓-divergence is used to
compare the difference of spatial distributions of swarm at
different time, so as to analyze the emergent behavior of
swarm at the macro level. Therefore, in the academic circle,
we firstly put forward the 𝑓-divergence based emergence
measurement method for UAV swarm.
3.1. 𝑓-Divergence. Equation (1) shows the definition formula
about emphf-divergence, proposed by Csiszar and Ali [23,
24]:
𝑝 (𝑥)
𝐷𝑓 (𝑃 (𝑥) | 𝑄 (𝑥)) = ∫ 𝑓 (
) 𝑞 (𝑥) 𝑑𝜇 (𝑥)
(1)
𝑞 (𝑥)
Ω
where P(x), Q(x) are two probability distributions over
probability space Ω, and they are both absolutely continuous
with respect to a reference distribution 𝜇. Accordingly, 𝑝(𝑥),
𝑞(𝑥) are their probability densities which satisfy 𝑑𝑃(𝑥) =
𝑝(𝑥)𝑑𝜇(𝑥) and 𝑑𝑄(𝑥) = 𝑞(𝑥)𝑑𝜇(𝑥).
For convenience of calculation, the discrete form of 𝑓divergence is often used in engineering applications; namely,
𝑁

𝐷𝑓 (𝑃 (𝑥) | 𝑄 (𝑥)) = ∑𝑞𝑖 𝑓 (
𝑖=1

𝑝𝑖
)
𝑞𝑖

(2)

where 𝑝𝑖 and 𝑞𝑖 are probability value of probability distribution sets 𝑃 = {𝑝1 , 𝑝2 , . . . , 𝑝𝑁} and 𝑄 = {𝑞1 , 𝑞2 , . . . , 𝑞𝑁} over
corresponding space Ω, and 𝑝𝑖 and 𝑞𝑖 satisfy
𝑁

∑𝑝𝑖 = 1,
𝑖=1
𝑁

∑𝑞𝑖 = 1,
𝑖=1

𝑝𝑖 ≥ 0
(3)
𝑞𝑖 ≥ 0

Referring to [25], we choose Hellinger divergence and
Jensen-Shannon divergence as measurement function whose
formulas are
𝑁

𝐷𝑓 (𝑃 (𝑥) | 𝑄 (𝑥)) = 1 − ∑√𝑝𝑖 𝑞𝑖

(4)

𝑖=1

𝐷𝑓 (𝑃 (𝑥) | 𝑄 (𝑥))
𝑁

= ∑ (𝑝𝑖 ln
𝑖=1

2𝑝𝑖
2𝑞𝑖
+ 𝑞𝑖 ln
).
𝑝𝑖 + 𝑞𝑖
𝑝𝑖 + 𝑞𝑖

(5)

3.2. Multivariate Kernel Density Estimation. For UAV swarm,
the key to applying 𝑓-divergence to emergence measurement
̂
is to estimate its spatial distributions 𝑝(𝑥)
and 𝑞̂(𝑥) over
probability space at specific time. Without prior information and assumption about observation sample data, we
employ nonparametric multivariate kernel density estimation
̂ and 𝑞̂(𝑥), as shown below:
method [26] to estimate 𝑝(𝑥)
x − X𝑖
1 𝑁
𝑓̂ℎ (x) = ∑𝐾 (
)
𝑁 𝑖=1
ℎ

(6)

where 𝑓̂ℎ (𝑥) is probability density function to be estimated, X1 , X2 , . . . , X𝑁 are samples of d-dimensional random
variables, h is smoothing coefficient, N is sample size,
and 𝐾(⋅) is kernel function; namely, 𝐾((x − X𝑖 )/ℎ) =
∏𝑑𝑘=1 (1/√2𝜋ℎ)exp(−(x − X𝑖𝑘 )2 /2ℎ2 ).
In the specific engineering application, probability space
needs to be discretized, assuming that the probability density
value in the discretized cell is constant. In practice, probability space is divided into multiple subregions that will be
converted into corresponding probability value. Thus, we can
calculate the joint probability distribution of the probability
space, such as 𝑃 = {𝑝1 , 𝑝2 , . . . , 𝑝𝑁}. Figure 3 shows the
aforementioned concrete steps.
3.3. Mechanism of Slide Time Window. During the automatic
identification of UAV swarm’s emergent behavior, we need to
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Figure 3: The schematic diagram of joint probability distribution conversion.
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Figure 4: Two sliding time window mechanisms.

continuously sense every swarming UAV’s movement state in
order to generate observed samples with time stamp. According to the sample data, we can estimate spatial distribution
of swarm at different time. As shown in Figure 4, Fisch
[27] established two sliding time window mechanisms to
measure emergence. Because every swarming UAV’s position
will change greatly at long observation time series, we choose
the second sliding time window mechanism as shown in
Figure 4(b) in order to compare the difference of spatial
swarm distribution in the context of fixed duration.

4. Orderliness
Haken [28] once defined orderliness, when he put forward
synergetics theory, as consisting “of many subsystems, system
form self-organizing structure taking on some functions by
nonlinear interaction and coordination among subsystems.
When the system presents an orderly structure of space, time,
or function at the macro level, it will be in the new orderly
state.” In order to maintain the morphology of flocking flight,
swarming UAVs need to interact with their neighboring
UAVs, which can achieve the transition from disorderly
space-time structure to orderly one at the macro level. This
indicates that UAV swarm possesses the characteristics of

orderliness just as Haken said, in addition to emergence as
we mentioned above. Generally, order parameters are used to
describe the degree of orderliness, and their values are used
to measure the difference of individual orderliness. Thus,
order parameters can reflect the orderly state changes of UAV
swarm before and after suppression of its flocking behavior, so
as to assistedly evaluate the effectiveness with which defense
sides suppress the emergent behavior of adverse UAV swarm.
As shown in (7) and (8), we adopt two order parameters
[14, 29], including heading consistency and average relative
distance, so as to measure the orderliness of swarm flight.


1  𝑁 k𝑖 
(7)
𝜙=
∑   
𝑁 𝑖=1 k𝑖  
𝑑𝑎V𝑔 =


1 𝑁 𝑁 
∑ ∑ X − X𝑗 
𝑁 𝑖=1 𝑗=1  𝑖

(8)

where k𝑖 is the 𝑖th swarming UAV’s velocity vector, and
other symbols have the same meaning as above. Apparently,
𝜙 ∈ [0, 1]. When 𝜙 = 0, swarm is in a full disorder
state. The larger the heading consistency 𝜙 is, the higher
the orderliness of swarm is. When 𝜙 → 1, swarm will
achieve a stable and orderly state, and value of average relative
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(a) Before suppression

(b) After suppression

Figure 5: The principle diagram of swarm’s emergent behavior suppression.

distance 𝑑𝑎V𝑔 is nearly constant. When the emergent behavior
of swarm is suppressed, value of heading consistency 𝜙 begins
to decrease, and the value of average relative distance 𝑑𝑎V𝑔
becomes greater.

5. Principles for Suppressing
Emergent Behavior
5.1. Suppression Mechanism. Qu [25, 30] pointed out that
environmental stimulus is the extrinsic cause of emergence,
while interaction among individuals is the intrinsic cause
of emergence. The most obvious technical defect in UAV
swarm is its serious dependency on information transmission
system, with which stimulus information can spread the
entire network of swarm. It is said that communication is
the cornerstone of swarm’s emergent behavior. By contrast,
the interference with swarm communication network will
inevitably lead to the suppression on the emergence of flocking behavior. Most of classical flocking algorithms [13, 17, 31,
32] follow the three heuristic rules proposed by Reynolds,
indicated in more detail in Section 2.2. As shown in Figure 5,
when communication receiver of certain UAV is jammed,
UAV will not receive movement state information from its
adjacent UAVs and fail to cooperate with its adjacent UAVs
in movement, such as cohesion, separation, and alignment.
When the entire communication network of the swarm is
fully suppressed, internal navigation control of the swarm will
be in disorder, and the swarm will also be disintegrated.
5.2. Failure Judgment Model. Currently, in the research field
of multiagent swarm control, the algorithm proposed by
Olfati-Saber [17] is the most representative one, from which a
series of significant and practical multiagent flocking tracking
control algorithms [31, 33, 34] derive in the research field
of distributed mobile sensor networks. The algorithm has
become a standard flight control model framework of UAV
swarm. Therefore, based on this algorithm, a model of flocking control for UAV swarm under interference conditions was
put forward, namely, failure judgment model.
For simplicity of notation, the UAV swarm is abstracted as
a complex network, and every UAV is a node in this network.
Communication between UAVs is symbolized as 𝐸𝑖𝑗 . The set

of all swarming UAVs is marked as 𝑉 = {𝑉1 , 𝑉2 , . . . , 𝑉𝑁}, and
the set of edges in the network is marked as 𝐸 = {𝐸𝑖𝑗 =
(𝑉𝑖 , 𝑉𝑗 : 𝑉𝑖 , 𝑉𝑗 ∈ 𝑉)}. Thus, these jammed UAVs are marked
as 𝐷 and 𝐷 ⊆ 𝑉. The set of adjacent UAVs of the 𝑖th UAV is
denoted as 𝑁𝑖 = {𝑉𝑗 ∈ 𝑉 : (𝑖, 𝑗) ∈ 𝐸}.
The collective flight control algorithm framework presented by Olfati-Saber consists of three control terms; that is,
𝑔
𝛾
𝑔
u𝑖 = u𝑖 + u𝑑𝑖 + u𝑖 . Among these terms, u𝑖 is called location
control term, which controls separation and cohesion of
swarming UAVs; u𝑑𝑖 is called velocity control term, which
𝛾
keeps pace with other swarming UAVs; and u𝑖 is called
feedback guidance term, which guides UAV to target. The
concrete expressions of aforementioned algorithm are shown
in (9) and (10), and the meaning of every symbol in the
equations can be seen in [17].


𝑔
u𝑖 = ∑ 𝜙𝛼 X𝑗 − X𝑖 𝜎
𝑗∈𝑁𝑖

X𝑗 − X𝑖
2
√ 1 + 𝜖 X𝑗 − X𝑖 



(9)

u𝑑𝑖 = ∑ 𝑎𝑖𝑗 (X) (k𝑖 − k𝑗 )
𝑗∈𝑁𝑖

𝛾

u𝑖 = 𝑐1 (X𝑟 − X𝑖 ) + 𝑐2 (k𝑟 − k𝑖 )
Ẋ 𝑖 = k𝑖

(10)

k̇𝑖 = u𝑖

When partial swarming UAVs’ communication devices
are jammed, they cannot exchange flight control information
with other swarming UAVs and would return to the initial
waypoint. According to (9), we set up the failure judgment
model of flocking control, as shown in (11).


u𝑖 = ∑ 𝜙𝛼 (X𝑗 − X𝑖 𝜎 )

X𝑗 − X𝑖

2
√ 1 + 𝜖 X𝑗 − X𝑖 


⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑗∈𝑁𝑖 /𝐷

𝑔

u𝑖

+ ∑ 𝑎𝑖𝑗 (X) (k𝑖 − k𝑗 ) +
𝑗∈𝑁𝑖 /𝐷
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
u𝑑𝑖

(11)
𝛾
u𝑖
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where u𝑖 represents the flocking control vector of the 𝑖th
UAV not jammed. Under this condition, it can only exchange
position and speed information with other swarming UAVs
not jammed. With the decrease in the number of nodes
exchanging information, correspondingly, the possibility of
realizing cooperative motion with other swarming UAVs also
reduces.
5.3. Stability Analysis. For nonlinear dynamic systems, such
as UAV swarm, we could adopt LaSalle’s invariance principle
[35] to carry out stability analysis of them. According to
mathematical expressions of three control terms shown in
(9), we make the definition of the total energy of UAV swarm
system; namely,
1𝑁
𝑄 = ∑ (𝑈𝑖 + 𝐾𝑖 )
2 𝑖=1

(12)

where 𝑈𝑖 is the 𝑖th UAV’s total potential energy, namely, 𝑈𝑖 =
𝑇
∑𝑁
𝑗=1,𝑗=𝑖̸ Ψ𝛼 (‖X𝑗 − X𝑖 ‖𝜎 ) + 𝑐1 (X𝑖 − X𝑟 ) (X𝑖 − X𝑟 ), and 𝐾𝑖 is
relative kinetic energy between the 𝑖th swarming UAV and
virtual leader, namely, 𝐾𝑖 = (k𝑖 − k𝑟 )𝑇 (k𝑖 − k𝑟 ).
̃𝑖 = X𝑖 − X𝑟 , k̃𝑖 = k𝑖 − k𝑟 , we substitute X
̃𝑖 ,
Then, setting X
k̃𝑖 into (9), (10), and (12), respectively, resulting in (13), (14),
and (15).
̃ 
ũ𝑖 = − ∑ ∇X̃𝑖 Ψ𝛼 (X
k𝑖 − ̃k𝑗 )
𝜎 ) − ∑ 𝑎𝑖𝑗 (X) (̃
𝑖𝑗 
𝑗∈𝑁𝑖
𝑗∈𝑁𝑖
(13)
̃
− (𝑐1 X𝑖 + 𝑐2 k̃𝑖 )
̃̇ 𝑖 = k̃𝑖
X

(14)

̃𝑖
k̃̇ 𝑖 = u
𝑄=

𝑁
̃ 
1𝑁
̃𝑇X
̃ ̃𝑇k̃𝑖 )
∑ ( ∑ Ψ𝛼 (X
𝜎 ) + 𝑐1 X
𝑖𝑗 
𝑖 𝑖+k
𝑖
2 𝑖=1 𝑗=1,𝑗=𝑖̸

(15)

Due to the symmetry of potential function Ψ𝛼 and adjacency
matrix 𝐴, as shown in
̃ 
̃ 
̃ 
𝜕Ψ𝛼 (X
𝜕Ψ𝛼 (X
𝜎 ) 𝜕Ψ𝛼 (X
𝜎 )
𝜎 )
𝑖𝑗 
𝑖𝑗 
𝑖𝑗 
(16)
=
=−
̃𝑖𝑗
̃𝑖
̃𝑗
𝜕X
𝜕X
𝜕X
we can obtain partial derivative of total potential energy 𝑄;
𝑁
̃
̇
̇
namely, 𝑄̇ = (1/2) ∑𝑁
̃𝑖 Ψ𝛼 (‖X𝑖𝑗 ‖𝜎 )+
𝑖=1 (𝑈𝑖 + 𝐾𝑖 ) = ∑𝑖=1 (∑𝑗∈𝑁𝑖 ∇X
𝑇̃
𝑇 ̇
𝑐1 ̃k𝑖 X𝑖 + k̃𝑖 ̃k𝑖 ). According to (13) and (14), we get
𝑄̇ = −̃k𝑇 [(𝐿 (𝑡) + 𝑐2 𝐼𝑁) ⊗ 𝐼𝑁] k̃

(17)

where k̃ = col(̃V1 , ̃V2 , . . . , ̃V𝑁) and 𝐼𝑁 is identity matrix.
Because 𝐿(𝑡) is a positive semidefinite matrix, 𝐿(𝑡) +
𝑐2 𝐼𝑁 is also a positive semidefinite matrix. Thus, 𝑄̇ ≤ 0;
correspondingly, 𝑄(𝑡) is a nonincreasing function. For any
̃
time 𝑡 ≥ 0, there exists 𝑄(𝑡) ≤ 𝑄0 (𝑄0 = 𝑄(X(0),
k̃(0))).
Therefore, the energy of UAV swarm system decreases by
time, and it is shown that system is stable.

Orient
fuse

Observe

identify
emergence

Decide

perceive
effect

Act

generate
strategy

Environment

Figure 6: OODA loop based operational C2 process.

At present, due to good robustness and strong adaptability of flying ad hoc networks (FANET) protocol [36],
it is often used for network UAV swarm. When partial
swarming UAVs are jammed, FANET protocol can reorganize
these communication nodes not jammed, so as to maintain
communication network of swarm. Simultaneously, wireless
communication scheme based on WiFi technology may
be applied to UAV swarm, which leads to covering all
communication nodes in certain airspace, since maximum
communication distance of UAV exceeds 1 kilometer [37].
Therefore, UAVs not jammed still continue to flight in
cohesive manner followed by flocking control rules, except
that the scale of current swarm will reduce. Then, 𝑁 shown in
(16) is substituted by 𝑁 , where 𝑁 is the number of UAV not
jammed. As a result, stability of swarm will not be affected.
5.4. OODA Loop Based Operational C2 Process. When combating large-scale UAV swarm attacks launched by terrorism
organization, how to quickly identify air threats and establish
an effective response mechanism are the most important
for successfully completing counterterrorism mission. The
Observe, Orient, Decide, Act (OODA) loop model proposed
by Boyd [38], the US Air Force Colonel, can succinctly
describe every stage of C2 process in dynamic and complex
environment. The model has the advantages of cyclicity,
timeliness, and recursiveness, which is very suitable for
describing the C2 process of antiterrorism operations in the
context of large-scale UAV swam attacks.
Figure 6 shows the flow chart of OODA loop based operational C2 process for countering UAV swarm. In the stage of
observation, we can use various types of sensors to detect and
observe surrounding targets, especially low, slow, and small
(LSS) targets, and then collect target information, including
their position, state, and attributes. In the stage of orientation,
we can fuse all kinds of information and intelligence collected
in the previous stage so as to form the current UAV swarm’s
threat status, recognize emergent behavior, and make relevant
analysis. In the stage of decision, we can formulate action
plan according to current situation, such as the determination
of optimal communication interference strategy for UAV
swarm. In the stage of action, we can take measure to suppress
the communication network of the UAV swarm according to
the action plan. After cyclic iteration, the suppression of UAV
swarm flocking behavior would be finally achieved.
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Figure 7: The scenario of antiterrorism.

6. Simulation Experiments
By applying the C++ language, we constructed the UAV
swarm attack and defense prototype system and built the
simulation model of the UAV, the swarm flock control,
the communication, and the communication interference.
In order to dynamically display the suppression process of
UAV swarm’s emergent behavior, we set a scene as shown
in Figure 7. The terrorists Group A attempted to destroy
Country B’s important military infrastructure. (Red denotes
Group A, while Blue denotes Country B). The Red had got
exact position of the Blue’s important military infrastructure
in advance through its intelligence network. Dozens of Red
UAVs took off at a distance of 100 km away from the targets
and formed a swarm of UAV in specific airspace to implement
saturated attacks on Blue’s targets. Blue relied on some sensors
deployed nearby its own highly protected targets to monitor
peripheral airspace. Once ill-disposed UAVs found, Blue
would immediately take countermeasures against them.
Initial simulation scene was set as shown in Figure 7,
Red UAVs were randomly deployed in the airspace located
at (34∘ 42 52 N, 86∘ 43 32 W). The flight speed of Red UAVs
was 50 m/s, and flight height was 1000 m. Meanwhile, Blue’s
important military targets were located at (34∘ 28 33 N,
86∘ 35 32 W), and Blue’s communication jammers were
deployed at (34∘ 28 29 N, 86∘ 36 51 W). Blue’s low altitude
blind compensation radars were deployed in the front position to monitor the surrounding airspace. Other simulation
parameters were set as follows, 𝑟 = 110m, 𝑑 = 100m, 𝑎 = 𝑏 =
5, 𝜖 = 0.1, ℎ = 0.6, 𝑐1 = 0.02, 𝑐2 = 0.2, and 𝑑𝑠𝑙𝑖𝑑𝑒 = 7.5s.
In order to compare it with aforementioned 𝑓-divergence
based emergence measurement method, we also introduced
information entropy based method into simulation experiments, so as to validate the effectiveness and performance
of these methods. At present, information entropy based
method mainly includes discrete entropy difference (DED)

method proposed by Minf [39] and continuous entropy
difference (CED) method by Cheng [40]. The essence of
two methods is that degree of emergence is calculated by
entropy difference. Generally, the former method calculates
entropy value by discrete estimation, such as histogram
method, while the latter method calculates entropy value by
precise continuous estimation, like kernel density estimation.
Readers interested in the two methods may refer to [39, 40].
It is noteworthy that DED measurement method requires
measuring the emergence of every attribute for multiattribute
systems. As shown in Figure 8, DED-X and DED-Y represent
measurement of emergence of UAV swarm in 2-dimensional
space.
As can be seen from Figure 8, without communication
interference, the values of Hellinger and Jensen-Shannon
divergence obviously increase after 𝑡 = 20s. This means the
swarm’s emergent behavior is forming under the condition
of local interactions among UAVs. Moreover, the swarm
spatially presents a similar form of birds’ gathering flight.
When the UAV swarm continued the flight for a period of
time (after 𝑡 = 30s), the values of Hellinger and JensenShannon divergence would reach the maximum and tend
to be stable. It is shown that spatial distributions of swarm
at different time keep invariant. In this case, swarm forms
a stable and orderly flight formation. Figure 9 showed the
spatial distributions of swarm at different time. We can see
the whole transition process from disorderly to orderly state
of swarm. The result agrees with the simulation results in
Figure 8.
As shown in Figure 8, DED and CED methods could
not effectively recognize the emergent behavior of swarm.
The fundamental reason is that the modes of emergence
measured by information entropy and 𝑓-divergence based
emergence measurement method are different. Information
entropy based method is inclined to measure emergence
from the perspective of orderliness. However, orderliness is
not absolutely equated with emergence. This view is still
in dispute in the academic circle, and some scholars hold
that orderliness of complex system will appear along with
emergence phenomenons [1]. It is a remarkable fact that
the measurement of entropy of multiattribute system is
closely related to characteristics of practical system. Then, the
comprehensive assessment of degree of emergence of multiattribute system could not be obtained only by simple methods,
such as weighted average method. This is also limitation of
DED method. For 𝑓-divergence based method, it is inclined
to measure emergence from the perspective of statistical
distributions, and degree of emergence is calculated by the
difference of distributions of observed samples. This method
is not affected by the multiattribute problem; therefore, it is
more natural in measuring the emergence of UAV swarm.
Obviously, compared with information entropy based
method, 𝑓-divergence based method performs well on the
aspect of measurement of UAV swarm’s emergence. However,
we still empirically set the threshold of the “warming point”
to judge the emergence of swarm’s flocking behavior, such as
𝑒𝐻𝑒𝑙 = 0.15, 𝑒𝐽𝑆 = 0.2. Only in this way, we can find the best
time window to counter UAV swarm.
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Figure 8: The measurement curves of different scale swarms’ emergence.

Due to different weapon and equipment performance
of the attack and defense sides, practical defense effect
will also vary. To achieve desired suppression effect on
swarm communication network, we need to complete the
space alignment, frequency alignment, and energy alignment. To simplify complex model constructing work, we
use a probabilistic model to simulate actual communication
countermeasure effect. Figure 10 shows the suppression effect
of swarm emergent behavior when the rate of jamming
is 20%, 50%, or 75%, respectively. Because UAV swarm is
a highly redundant self-organizing combat network, some
UAVs not jammed could still interact with each other and
then achieve spatial cohesion and cooperative flight in an

orderly manner, as shown in the black circles in Figure 10.
Meanwhile, other UAVs would return to the initial waypoint
due to the long time communication jamming, and then they
become isolated combat units, as shown in the black squares
in Figure 10.

7. Discussion
It can be seen from the above simulation experiments that
the 𝑓-divergence based emergence measurement method
provides a judgment mechanism for the defense side to
automatically recognize swarm’s emergent behavior. This also
provides the defense side opportunity to take electronic
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(a) 𝑡=7s

(b) 𝑡=30s

Figure 9: The contrast diagram of swarm’s emergent behavior generation.

(a) 𝑃𝑗𝑎𝑚 = 0.2

(b) 𝑃𝑗𝑎𝑚 = 0.5

(c) 𝑃𝑗𝑎𝑚 = 0.75

Figure 10: The effect diagram of swarm’s emergent behavior suppression in condition of different jamming intensity.
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Figure 11: The effect of early suppression on the emergent behavior.

countermeasures against the swarm. Next, we will explore the
effects of early and hysteretic suppression on the UAV swarm’s
emergent behavior.
7.1. Early Suppression Effect. In fact, in the launching phase of
swarming UAV, the swarm has not yet formed, and most of
swarming UAVs are always in disorderly state. If the defense
side can find out the situation at this stage, they could manage
to launch an electronic attack on adverse swarm in advance
to kill emergent behavior in the cradle. For this case, we
also carried out corresponding simulation experiments. The
starting time of communication jamming 𝑡𝑗𝑎𝑚 was set as 5
seconds. As shown in Figure 11, Hellinger divergence value
basically kept steady. Heading consistency value was around
0.063, while the value of average relative distance 𝑑𝑎V𝑔 became
greater and greater. This case showed that the swarm was
always in disorderly state. It should be noted that although the
jamming effect is theoretically better in this way, considering

that the swarming UAVs are more spatially dispersed at this
stage, we need to dispatch more jamming resources to achieve
desired jamming effect. Compared with the aforementioned
jamming strategy, taking communication jamming measures
after identification of swarm’s emergent behavior will receive
a better effect practically.
7.2. Hysteretic Suppression Effect. If the defense side takes
countermeasures relatively late, the swarm has been in a
relatively stable flight formation, and we assume that every
swarming UAV still fly to the mission area even though
they are jammed, what is the consequence in this condition?
Theoretically, every swarming UAV’s heading, speed, and
relative position shall be basically consistent after the swarm
reaches steady state, and swarming UAVs no longer need to
exchange more motion state information. At this time, it is
futile to apply electronic suppression to the swarm’s emergent behavior. As shown in Figure 12, the flight formation
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Figure 12: The effect of hysteretic suppression on the emergent behavior.

of swarm has not been disturbed. However, from the perspective of information fusion, the jammed swarming UAVs
cannot transmit the information acquired by its own sensors
to its neighboring UAVs, which lead to the failure of establishing information sharing mechanism. Consequently, the
swarming UAVs would take “go-it-alone” approach and fail
to implement saturated attacks on important targets. We also
noticed that this jamming strategy is meaningful to certain
extent, but this goes beyond the scope of this article. In
the future, we will continue to investigate the effect of local
interaction on the evolutionary dynamics of self-organizing
systems.
In summary, it is necessary to apply appropriate jamming
strategy in face of a large number of UAV swarm attacks.
Either too early or hysteretic countermeasure is not an ideal
scheme. Furthermore, the measurement method based on 𝑓divergence can utilize the motion state information of UAV
swarm to recognize emergent behavior, which lays foundation for establishing a rapid antiswarm response mechanism, opening optimal coping time window. Considering

the highly redundant self-organizing combating network of
UAV swarm, the function failure of single UAV can cause
damage to the complex system, but it would not destroy the
function of the whole system instantly; that is, the emergence
of UAV swarm would not disappear immediately. We should
use more electronic interference assets to suppress the UAV
swarm. Only in this way, UAVs within the swarm can be
isolated, and the operational superiority of swarm’s collective
attack can also be reduced to some extent.

8. Conclusion
Based on the actual antiterrorism demands, we analyzed
the induced mechanism of UAV swarm’s emergent behavior
and employed 𝑓-divergence based measurement method to
recognize the emergent behavior of swarm. According to the
heuristic rules followed by common flocking control algorithms, we put forward the suppression principle of swarm
collective motion, constructed a failure judgment model of

Mathematical Problems in Engineering
swarm’s flocking control under interference conditions, and
analyzed the stability of UAV swarm. Through simulation
experiments, we made a comparison of information entropy
and 𝑓-divergence based emergence measurement method
and analyzed and discussed the effect of interference intensity
and interference timing on the swarm emergence behavior.
It is also pointed out that comprehensive suppression on
the emergent behavior of UAV swarm should be based on
the premise of correctly recognizing the emergent behavior
of UAV swarm, which helps to achieve the optimal counterstrategy. To sum up, we completed the modeling, observation, calculation, prediction, and control of the dynamic
emergent behavior of UAV swarm and realized the effective
identification and suppression of the emergence of UAV
swarm, which laid a theoretical and technical foundation
for the antiterrorism combat department to formulate counteracting scheme. In this paper, the defense side discusses
the recognition method of emergent behavior based on the
comprehensive detection of the motion state information of
the UAV swarm with its distributed sensors network, which
is essentially an emergence measurement method based on
complete information. In the future, we will further discuss
the method of emergence measurement under incomplete
information, which is closer to reality.

Data Availability

13

[4]

[5]

[6]

[7]

[8]

[9]

The data used to support the findings of this study are
available from the corresponding author upon request.

[10]

Conflicts of Interest

[11]

The authors declare that they have no conflicts of interest.
[12]

Acknowledgments
This work was supported by the Natural Science Foundation of Jiangsu Province under Grant No. BK20150721,
BK20161469; China Postdoctoral Science Foundation under
Grant No. 2015M582786, 2016T91017; Engineering Research
Center of Jiangsu Province under Grant No. BM2014391;
Primary Research & Development Plan of Jiangsu Province
under Grant BE2015728, BE2016904; and National Key
Research and Development Program 2016YFC0800606.

References
[1] T. De Wolf and T. Holvoet, “Emergence Versus SelfOrganisation: Different Concepts but Promising When Combined,” in Engineering Self-Organising Systems, vol. 3464 of
Lecture Notes in Computer Science, pp. 1–15, Springer, Berlin,
Germany, 2005.
[2] V. Singh, G. Singh, and S. Pande, “Emergence, self-organization
and collective intelligence - Modeling the dynamics of complex
collectives in social & organizational settings,” in Proceedings
of the UKSim 15th International Conference on Computer Modelling and Simulation, UKSim 2013, pp. 182–189, UK, April 2013.
[3] Z. Li, C. Sim, and M. Hean Low, “A Survey of Emergent Behavior
and Its Impacts in Agent-based Systems,” in Proceedings of the

[13]

[14]

[15]

[16]

[17]

[18]
[19]

[20]

2006 IEEE International Conference on Industrial Informatics,
pp. 1295–1300, Singapore, August 2006.
S. Forrest, “Emergent computation: self-organizing, collective,
and cooperative phenomena in natural and artificial computing
networks,” in Proceedings of the International Conference of the
Center for Nonlinear Studies on Self-Organizing, Collective, and
Cooperative Phenomena in Natural and Artificial Computing
Networks on Emergent Computation, vol. 42, pp. 1–11, 1990.
E. O’Toole, V. Nallur, and S. Clarke, “Towards Decentralised
Detection of Emergence in Complex Adaptive Systems,” in
Proceedings of the 2014 8th IEEE International Conference on
Self-Adaptive and Self-Organizing Systems, SASO 2014, pp. 60–
69, UK, September 2014.
F. L. D. Angelis and G. D. M. Serugendo, “A logic language for
run time assessment of spatial properties in self-organizing systems,” in Proceedings of the IEEE 9th International Conference on
Self-Adaptive and Self-Organizing Systems Workshops, SASOW
2015, pp. 86–91, USA, September 2015.
L. Birdsey and C. Szabo, “An architecture for identifying
emergent behavior in multi-agent systems,” in Proceedings of
the 13th International Conference on Autonomous Agents and
Multiagent Systems, AAMAS 2014, pp. 1455-1456, France, May
2014.
C. Szabo and Y. M. Teo, “Formalization of weak emergence
in multiagent systems,” ACM Transactions on Modeling and
Computer Simulation (TOMACS), vol. 26, no. 1, p. 6, 2015.
Y. Z. Zhao, “The Current Situation and Trend of Foreign UAV
Swarm Systems,” (cited 23 April 2017), http://mp.weixin.qq.com/
s/A3uCXsQ67jqe6aQGbnqa8A.
US Army Carried Out A Experiment on the Formation Flying
of Coyote UAV to Attack Aegis Destroyers, (cited 27 July 2017)
http://mp.weixin.qq.com/s/ZoZ0S4RnLvQMXCqd7gHBEA.
“The Raytheon Coyote Will Carry Out the Next Stage Test
of Swarm,” (cited 2 August 2016), http://mp.weixin.qq.com/s/
SXLXd SWC7lz8Xnmq2E-g.
“Russian New Electronic Warfare System can Suppress and
Seize the Control of UAV,” (cited 2 December 2016), http://mp
.weixin.qq.com/s/r9PmFxF2lGdnWsov9cj73Q.
C. W. Reynolds, “Flocks, Herds and Schools: A Distributed
Behavioral Model,” ACM SIGGRAPH Computer Graphics,
ACM, vol. 21, no. 4, pp. 25–34, 1987.
T. Vicsek, A. Czirk, E. Ben-Jacob, I. Cohen, and O. Shochet,
“Novel type of phase transition in a system of self-driven
particles,” Physical Review Letters, vol. 75, no. 6, pp. 1226–1229,
1995.
I. D. Couzin, J. Krause, R. James, G. D. Ruxton, and N. R. Franks,
“Collective memory and spatial sorting in animal groups,”
Journal of Theoretical Biology, vol. 218, no. 1, pp. 1–11, 2002.
V. Gazi and K. M. Passino, “Stability analysis of swarms,”
Institute of Electrical and Electronics Engineers Transactions on
Automatic Control, vol. 48, no. 4, pp. 692–697, 2003.
R. Olfati-Saber, “Flocking for multi-agent dynamic systems:
algorithms and theory,” IEEE Transactions on Automatic Control, vol. 51, no. 3, pp. 401–420, 2006.
T. Nepusz and T. Vicsek, “Controlling edge dynamics in complex networks,” Nature Physics, vol. 8, no. 7, pp. 568–573, 2012.
H. Su, H. Wu, X. Chen, and M. Z. Chen, “Positive Edge Consensus of Complex Networks,” IEEE Transactions on Systems, Man,
and Cybernetics: Systems, pp. 1–9, 2017.
H. Wu and H. Su, “Discrete-Time Positive Edge-Consensus for
Undirected and Directed Nodal Networks,” IEEE Transactions

14

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]
[29]

[30]

[31]

[32]

[33]

[34]

[35]
[36]

[37]

[38]

[39]

Mathematical Problems in Engineering
on Circuits and Systems II: Express Briefs, vol. 65, no. 2, pp. 221–
225, 2018.
“Anti-UAV System for UAV detection and neutralization.mp4,”
(cited 18 January 2018), https://www.youtube.com/watch?v=
qWBnyC4iLIY.
Poisson Technology, “The Brief Analysis About the First Example Battle of UAV Swarm: Swarm Made a Figure in the Syrian
Battlefield,” (cited 12 January 2018), https://mp.weixin.qq.com/
s/K2PWY7oRsZ5J34OQ7HTOuQ.
I. Csiszar, “Information type measures of differences of probability distribution and indirect observations,” Studia Scientiarum Mathematicarum Hungarica, vol. 2, pp. 299–318, 1967.
S. M. Ali and S. D. Silvey, “A general class of coefficients of
divergence of one distribution from another,” Journal of the
Royal Statistical Society. Series B (Methodological), vol. 28, pp.
131–142, 1966.
Q. Qu, X. H. He, and W. L. Lu, “A New Approach to Measure the
Emergence of Complex System Based on f-Divergence,” Journal
of Academy of Armored Force Engineering (Chinese), vol. 31, no.
3, pp. 106–110, 2017.
Z. I. Botev, J. F. Grotowski, and D. P. Kroese, “Kernel density
estimation via diffusion,” The Annals of Statistics, vol. 38, no. 5,
pp. 2916–2957, 2010.
D. Fisch, M. Jänicke, C. Müller-Schloer, and B. Sick, “Divergence Measures as a Generalised Approach to Quantitative
Emergence,” in Organic Computing-A Paradigm Shift for Complex Systems, pp. 53–66, 2011.
H. Haken, “Synergetics,” Physics Bulletin, vol. 28, no. 9, pp. 412–
414, 1977.
M. Liu, P. Yang, X. Lei, and Y. Li, “Self-Organized Fission
Control for Flocking System,” Journal of Robotics, vol. 2015,
Article ID 321781, 10 pages, 2015.
Q. Qu, X. H. He, and Z. X. Liu, “Essential Factors and Dynamic
Mechanism of the System Emergence,” Journal of system science
(Chinese), no. 3, pp. 25–29, 2017.
H. Wang, T. Luo, and T. F. Xu, “Multi-Target Pinning Flocking
Algorithm Combined with Local Adaptive Tracking,” Journal of
Computer Application (Chinese), vol. 34, no. 12, pp. 3428–3432,
2014.
D. Gu and Z. Wang, “Leader-follower flocking: Algorithms and
experiments,” IEEE Transactions on Control Systems Technology,
vol. 17, no. 5, pp. 1211–1219, 2009.
H. Su, X. Wang, and W. Yang, “Flocking in multi-agent systems
with multiple virtual leaders,” Asian Journal of Control, vol. 10,
no. 2, pp. 238–245, 2008.
X. F. Wang, X. Li, and J. H. Lu, “Control and Flocking of Networked Systems via Pinning,” IEEE Transactions on Automatic
Control, vol. 54, no. 2, pp. 293–307, 2009.
H. K. Khalil, Noninear Systems, Prentice-Hall, New Jersey, NJ,
USA, pp. 111-132, 1996.
O. K. Sahingoz, “Networking models in flying ad-hoc networks
(FANETs): Concepts and challenges,” Journal of Intelligent &
Robotic Systems, vol. 74, pp. 513–527, 2014.
K. P. Valavanis and G. J. Vachtsevanos, “Noninear Systems,”
in Handbook of Unmanned Aerial Vehicles, p. 154, Springer,
Dordrecht, Netherlands, 2014.
J. Boyd, “The Essence of Winning and Losing,” Briedfing Slides,
vol. 23, 2017, (cited 23 December 2017), https://danford.net/
boyd/essence.htm.
M. Mnif and C. Müller-Schloer, “Quantitative Emergence,” in
Organic Computing–A Paradigm Shift for Complex Systems, vol.

1 of Autonomic Systems, pp. 39–52, Springer, Basel, Switzerland,
2011.
[40] J. Cheng, T. M. Zhang, J. Tang, and H. S. Kong, “Emergence
Quantitative Analysis of Complex Adaptive Systems Based
on Shannons Information Entropy,” Journal of Information
Engineering University (Chinese), vol. 15, no. 3, pp. 270–274,
2014.

Hindawi
Mathematical Problems in Engineering
Volume 2018, Article ID 6025680, 10 pages
https://doi.org/10.1155/2018/6025680

Research Article
The Improved Combination Rule of D Numbers and Its
Application in Radiation Source Identification
Xin Guan, Haiqiao Liu , Xiao Yi, and Jing Zhao
Department of Electronic and Information Engineering, Naval Aviation University, Yantai 264001, China
Correspondence should be addressed to Haiqiao Liu; 2357127651@qq.com
Received 17 April 2018; Revised 1 July 2018; Accepted 12 July 2018; Published 9 September 2018
Academic Editor: Ayed A. Salman
Copyright © 2018 Xin Guan et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
The D numbers theory is a novel theory to express uncertain information. It successfully overcomes some shortcomings of
Dempster-Shafer theory, such as the conditions of exclusiveness hypothesis and completeness constraint. However, the combination
rule of D numbers does not satisfy the associative property, which leads to limitations in practical application for D numbers. In this
paper, the improved D numbers theory is proposed to overcome the weakness based on the analysis of D numbers’ combination
rule. A new algorithm is constructed with the strict proof to simplify the combination rule. The similarities and differences among
DS theory, D numbers, and the improved D numbers are introduced with the numerical analysis. An illustrative example of the
radiation source identification is presented to demonstrate the effectiveness of the improved method.

1. Introduction
In real applications, uncertainty reasoning is widely applied
to information fusion, risk assessment, pattern recognition,
artificial intelligence, decision-making, and so forth. Many
methods such as fuzzy sets theory, Dempster-Shafer theory,
and possibility theory, have been proposed to model uncertain information.
Dempster [1] proposed the upper and lower probabilities
that are induced by a multivalued mapping in the 1960s. His
student Shafer introduced the concept of belief function and
published the book [2], which is the sign of the formation of
evidence theory. During the application process of evidence
theory, many related problems have been studied in depth,
such as the acquisition of basic probability assignments [3–6],
information fusion of reliable sources [7, 8], conflict representation model [9, 10], and decision rule [11, 12]. Compared
with the traditional Bayesian theory, DS theory, also called an
evidence theory, needs weaker conditions and handles uncertain and incomplete information effectively, so it is often
regarded as an extension of Bayesian theory. However, DS
theory still has some shortcomings. When evidences acquired
from different sources are highly conflicting, DS combination
rule is defective in resolving evidence combination problem
[13]. In addition, there are some strong hypotheses on the

frame of discernment. For example, the elements in the frame
of discernment require mutual exclusiveness and the frame
must be complete. To handle the existing shortcomings in the
DS theory, a new theory is proposed by Deng [14], which is
called D numbers.
The DS evidence theory combination rule cannot effectively deal with high-conflict information [9, 15]. A typical
example is the zero trust paradox case proposed by Zadeh
[13]; that is, 0 has one vote veto. For this problem, a large
number of improved algorithms [16–21] made by relevant
scholars are mainly divided into two categories: one is the
improvement of combination rules and the other is the
improvement of data sources [22–32]. The improvement of
the combination rules is mainly divided into three categories.
One is to recognize the multiplicative principle of the DS
evidence theory and to study how to allocate the amount of
conflict, such as Smets [25, 26], Yager [27, 28], and PCR16 [29–31]. The second type is the multiplicative rule of DS
evidence theory, which gives additive combination rules,
such as Murphy combination rules [32]. The third category
is to change the recognition framework and extend to the
generalized power set. On this basis, new combination rules
are given, such as the DSmT combination rule [31], which
extends the recognition framework to the power set framework. The D number theory is a generalization of evidence
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theory. It cancels the assumption that the propositions in the
recognition framework are mutually independent. Related
scholars have done lots of research on it. Li [33] proposed a
novel distance function of D numbers. Deng [34] introduced
the difference between D numbers and DS theory based on
generalized evidence theory.
On the application side, Zuo [35] analyzed investment
decision, Deng [36] analyzed bridge condition assessment,
and Deng [37] analyzed environmental impact assessment.
Meanwhile, some methods were modified or extended by
D numbers and have been applied to engineering field. Fei
and Bian [38, 39] analyzed human resources selection and
failure mode based on D numbers and TOPSIS. Su, Deng,
and Fan [40–42] proposed the dependence assessment in
human reliability analysis, supplier selection, and curtain
grouting efficiency assessment based on D numbers and
AHP. Deng and Zhou [43, 44] proposed the D-CFPR and
D-DEMATEL theory based on D numbers. Liao [45] introduced transformer condition assessment using game theory
and modified evidence combination extended by D numbers. Wang [46] introduced a multicriteria decision-making
method based on fuzzy entropy and evidential reasoning with
linguistic D numbers.
Though D numbers theory overcomes some defects of DS
theory and is widely used in different fields, the combination
rule of D numbers does not satisfy the associative property. In
order that multiple D numbers can be combined correctly and
efficiently, a combination operation for multiple D numbers
is developed in [37]. But it does not change the fact that D
numbers’ combination rule does not preserve the associative
property. In this paper, the improved D numbers theory is
proposed based on the analysis of D numbers’ combination
rule which satisfies the associative property. An illustrative
example about radiation source identification is given to show
the effectiveness of the proposed method.
The remainder of this paper is organized as follows. A
brief introduction about the DS theory and D numbers is
given in Section 2. Then, the concept of improved D numbers
is depicted in Section 3. In Section 4, the similarities and
differences among DS theory, D numbers, and the improved
D numbers are represented. After that, an illustrative example
is given to show the effectiveness of the proposed method in
Section 5. Finally, conclusions are given in Section 6.

Definition 1. A mass function is a mapping 𝑚 from 2Ω to
[0, 1], formally defined by
𝑚 : 2Ω → [0, 1] ,
which should satisfy the condition:
𝑚 (𝜙) = 0

𝑋𝑖 ∩ 𝑋𝑗 = 𝜙,

∀𝑖, 𝑗 = {1, ⋅ ⋅ ⋅ , 𝑁} , 𝑖 ≠ 𝑗

(1)

𝐴∈2𝑈

A mass function is also called a basic probability assignment
(BPA), which measures the support degree of the proposition
𝐴.
In real applications, for the same problem, there may be
many different sources that acquire various evidences.
Definition 2. Considering two pieces of evidence from different and independent information sources, denoted by two
BPAs 𝑚1 and 𝑚2 , the combination rule of DS theory is used
to derive a new BPA from two BPAs, which is represented by
𝑚12 = 𝑚1 ⊕ 𝑚2 , and defined as follows:
𝑚12 (𝐶) = 𝑚1 ⊕ 𝑚2
∑
𝑚 (𝐴 ) 𝑚 (𝐵 )
{
{ 𝑖,𝑗,𝐴 𝑖 ∩𝐵𝑗 =𝐶 1 𝑖 2 𝑗
={
1−𝑘
{
0
{

𝐶 ≠ 𝜙

(5)

𝐶=𝜙

with
𝑘=

∑

𝑚1 (𝐴 𝑖 ) 𝑚2 (𝐵𝑗 ) < 1,

𝑖,𝑗,𝐴 𝑖 ∩𝐵𝑗 =𝜙

(6)

where 𝑘 is the conflict coefficient of two BPAs. Note that the
combination rule of DS theory is only applicable to such two
BPAs which satisfy the condition 𝑘 < 1.
Definition 2 . Multiple pieces of evidence from different information sources 𝑚𝑗 (𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑛) also can be combined
with the following formula. The result is a new piece of
evidence, which incorporates the joint information acquired
from various sources.
𝑚 (𝐶) = 𝑚1 ⊕ 𝑚2 ⊕ ⋅ ⋅ ⋅ ⊕ 𝑚𝑛
∑
∏ 𝑚 (𝐴 )
{
{ ∩𝑖 𝐴 𝑖 =𝐶 𝑘 𝑘 𝑖
={
1−𝑘
{
0
{

𝐶 ≠ 𝜙

(7)

𝐶=𝜙

with
𝑘 = ∑ ∏𝑚𝑘 (𝐴 𝑖 ) < 1.
∩𝑖 𝐴 𝑖 =𝜙 𝑘

The power set of Ω is indicated by 2Ω , and each element of 2Ω
is regarded as a proposition. It can be defined as

(4)

∑ 𝑚 (𝐴) = 1

2. Materials and Methods Preliminaries
2.1. DS Theory. Let Ω = {𝑋1 , 𝑋2 , ⋅ ⋅ ⋅ , 𝑋𝑁} be a set of
exhaustive and exclusive hypotheses, satisfying,

(3)

(8)

(2)

The factor 𝑘 indicates the amount of evidential conflict. If 𝑘 =
0, it shows that the sources are completely compatible. If 𝑘 =
1, it shows that the sources are completely contradictory, and
it is no longer possible to combine them.

Based on the two conceptions, mass function is defined as
below.

2.2. D Numbers. D numbers theory is more suitable to the
framework and is defined as follows.

2Ω = {𝐴 | 𝐴 ⊆ Ω}
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Definition 3. Let Ω be a finite nonempty set, and 𝐷 number
is a mapping 𝐷 : Ω → [0, 1], with

or simply denoted as
𝐷 = {(𝑏1 , V1 ) , (𝑏2 , V2 ) , ⋅ ⋅ ⋅ , (𝑏𝑖 , V𝑖 ) , ⋅ ⋅ ⋅ , (𝑏𝑛 , V𝑛 )}

𝐷 (𝜙) = 0
∑ 𝐷 (𝐴) ≤ 1

(9)

𝐴∈Ω

The structure of the expression seems to be similar to mass
function. However, the elements of Ω do not require to
be mutually exclusive, and D numbers theory is suitable to
incomplete information.
Let Ω = {𝑏1 , 𝑏2 , ⋅ ⋅ ⋅ , 𝑏𝑛 }, 𝑏𝑖 ∈ 𝑁+ , and a special form of D
numbers can be defined as follows.

where V𝑖 > 0 and ∑𝑛𝑖=1 V𝑖 ≤ 1.
Like the mass function, D numbers theory also has the
combination rule to combine two D numbers.
Definition 4. Let 𝐷1 𝐷2 be two D numbers, indicated by
𝐷1 = {(𝑏11 , V11 ) , ⋅ ⋅ ⋅ , (𝑏𝑖1 , V1𝑖 ) , ⋅ ⋅ ⋅ , (𝑏𝑛1 , V1𝑛 )}

𝐷 ({𝑏1 }) = V1

𝐷2 = {(𝑏12 , V21 ) , ⋅ ⋅ ⋅ , (𝑏𝑖2 , V2𝑖 ) , ⋅ ⋅ ⋅ , (𝑏𝑛2 , V2𝑛 )}

𝐷 ({𝑏2 }) = V2
..
.
𝐷 ({𝑏𝑖 }) = V𝑖

(10)

𝑏=
V=

𝑏𝑖1 + 𝑏𝑗2
2

(12)

The combination of 𝐷1 , 𝐷2 , indicated by 𝐷 = 𝐷1 ⊕ 𝐷2 , is
defined by

..
.

𝐷 (𝑏) = V

𝐷 ({𝑏𝑛 }) = V𝑛 ,

(11)

(13)

with

,

(V1𝑖 + V2𝑗 ) /2
𝑐

(14)
,

𝑚 𝑛
V1𝑖 + V2𝑗
{
{
),
∑∑ (
{
{
{
2
{
𝑗=1𝑖=1
{
{
1
2
{
𝑚
{
V1𝑐 + V2𝑗
{ 𝑚 𝑛 V𝑖 + V𝑗
{
{
)
+
),
∑
∑
(
∑
(
{
{
2
2
{𝑗=1𝑖=1
𝑗=1
𝑐={𝑚 𝑛
𝑛
{
V1𝑖 + V2𝑗
V1𝑖 + V2𝑐
{
{
{
)
+
),
∑
∑
(
∑
(
{
{𝑗=1𝑖=1
2
2
{
𝑖=1
{
{
{
𝑚 𝑛
𝑛
𝑚
{
V1𝑖 + V2𝑗
V1𝑐 + V2𝑗
{
V1 + V2𝑐
V1 + V2𝑐
{
{
) +∑( 𝑖
)+ ∑(
)+ 𝑐
,
{∑ ∑ (
2
2
2
2
𝑖=1
𝑗=1
{𝑗=1𝑖=1

𝑛

𝑚

𝑖=1
𝑛

𝑗=1

∑V1𝑖 = ∑ V2𝑗 = 1
𝑚

∑V1𝑖 < 1, ∑V2𝑗 = 1
𝑖=1
𝑛

∑V1𝑖
𝑖=1
𝑛
∑V1𝑖
𝑖=1

= 1,
< 1,

𝑗=1
𝑚

∑V2𝑗
𝑗=1
𝑚
∑V2𝑗
𝑗=1

(15)
<1
< 1,

while, for 𝐷1 ⊕ [𝐷2 ⊕ 𝐷3 ],

where
𝑛

V1𝑐 = 1 − ∑V1𝑖
𝑖=1
𝑚

(16)

V2𝑐 = 1 − ∑V1𝑗 .
𝑗=1

The combination operation does not preserve the associative
property. Based on formula (15), it is clear that, for [𝐷1 ⊕𝐷2]⊕
𝐷3 ,
𝑏=

((𝑏𝑖1 + 𝑏𝑗2 ) /2) + 𝑏𝑘3
2

(17)

𝑏=

𝑏𝑖1 + ((𝑏𝑗2 + 𝑏𝑘3 ) /2)
2

(18)

As a result, a combination operation for multiple D numbers
should be developed. Paper [17] represents a multiple D
numbers’ rule of combination.
Definition 5. Let 𝐷1 , 𝐷2 , ⋅ ⋅ ⋅ , 𝐷𝑘 , ⋅ ⋅ ⋅ , 𝐷𝑛 be 𝑛 𝐷 numbers, 𝜇𝑗
is an order variable for each D number 𝐷𝑗 , indicated by tuple
⟨𝜇𝑗 , 𝐷𝜇𝑗 ⟩, and then the combination operation of multiple 𝐷
numbers is a mapping 𝑓𝐷
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𝑓𝐷 (𝐷1 , 𝐷2 , ⋅ ⋅ ⋅ , 𝐷𝑖 , ⋅ ⋅ ⋅ , 𝐷𝑛 )

D1

(19)

= [⋅ ⋅ ⋅ [𝐷𝜆 1 ⊕ 𝐷𝜆 2 ] ⊕ ⋅ ⋅ ⋅ ⊕ 𝐷𝜆 𝑛 ]

D2

where 𝐷𝜆 𝑖 is 𝐷𝜇𝑗 of the tuple ⟨𝜇𝑗 , 𝐷𝜇𝑗 ⟩ which have the 𝑖th
lowest 𝜇𝑗 .

···

Dn

D1

D2

···

Dn

D1⊕2
..
.

In the meanwhile, for the special D number, an aggregation operator is defined as follows.
Definition 6. Let 𝐷 = {(𝑏1 , V1 ), (𝑏2 , V2 ), ⋅ ⋅ ⋅ , (𝑏𝑖 , V𝑖 ), ⋅ ⋅ ⋅ ,
(𝑏𝑛 , V𝑛 )} be a D number, and the integration representation
of the D number is defined as
𝑛

𝐼 (𝐷) = ∑𝑏𝑖 V𝑖 .

(20)

D

D

Figure 1: The combination rule of D numbers and improved D
numbers.

𝑖=1

Theorem 7. The parameter 𝑐 of formula (15) can be rewritten
as

3. An Improved Combination Rule of
D Numbers

𝑐=

As a novel theory to express uncertain information, D
numbers’ combination rule does not preserve the associative
property. For n D numbers, there are 𝑛! outcomes. Formulas
(17) and (18) can be extended to multiple D numbers, and the
outcome 𝑏 can be indicated by
𝑏=

𝑏𝜆 1 + 𝑏𝜆 2

+

2𝑛−1

𝑏𝜆 3

2𝑛−2

𝑏𝜆 𝑛

+ ⋅⋅⋅ +

1
1
1
1
(22)
+
+
+⋅⋅⋅+ = 1
2𝑛−1 2𝑛−1 2𝑛−2
2
The main reason for the imbalance of weight is that formula
(15) involves addition and multiplication, which do not satisfy
the associative property. In the meanwhile, the combination
rule uses serial method to combine multiple 𝐷 numbers, as
shown in Figure 1.
3.1. An Improved Algorithm for D Number Theory. In order for
D numbers’ combination rule to satisfy the associative property, in this paper, the improved D numbers’ combination rule
with parallel structure is proposed.
Before that, a novel algorithm  is proposed to facilitate
the elaboration of the problem. Let
𝑉1 =
𝑉2 =

(V21

+

V12

V1𝑛1 )

+ ⋅⋅⋅ +

+

V22

+ ⋅ ⋅ ⋅ + V2𝑛2 )

(23)

be two summation formulas. With the new operation , the
combination of 𝑉1 , 𝑉2 can be indicated by
𝑉1 𝑉2 =

(V11

+

𝑛2 𝑛1

= ∑∑
𝑖2 𝑖1 =1

V12

+⋅⋅⋅+

(V1𝑖1

+

V1𝑛1 )  (V21

+

V22

+ ⋅⋅⋅ +

V2𝑛2 )

V2𝑖2 )

Then, the following valid theorem can be acquired.

(24)

(25)

where
𝑛

V1𝑐 = 1 − ∑V1𝑖
V2𝑐

(21)

2
where 𝑑𝜆 𝑖 is the 𝜆 𝑖 th parameter of the D numbers. From
formula (21), it can be seen that the weight of the first
combination number b is lower, which is 1/2𝑛−1 . And the
weight of the latter combination number b is higher, which is
1/2. The analysis shows that the weight is normalized, namely,

(V11

1 1
(V + V12 + ⋅ ⋅ ⋅ + V1𝑛1 + V1𝑐 )  (V21 + V22 + ⋅ ⋅ ⋅ + V2𝑛2 + V2𝑐 )
2 1

=1−

𝑖=1
𝑚

(26)

∑V1𝑗
𝑗=1

2
1
2
Proof. When ∑𝑛𝑖=1 V1𝑖 = ∑𝑚
𝑗=1 V𝑗 = 1, then V𝑐 = V𝑐 = 0, and

1 1
(V + V12 + ⋅ ⋅ ⋅ + V1𝑛1 )  (V21 + V22 + ⋅ ⋅ ⋅ + V2𝑛2 )
2 1
𝑛 𝑛
𝑛2 𝑛1
V1𝑖1 + V2𝑖2
1 2 1 1
2
);
= ∑ ∑ (V𝑖1 + V𝑖2 ) = ∑ ∑ (
2 𝑖2 =1𝑖1 =1
2
𝑖2 =1𝑖1 =1

𝑐=

(27)

2
1
when ∑𝑛𝑖=1 V1𝑖 < 1, ∑𝑚
𝑗=1 V𝑗 = 1, then V𝑐 = 0, and

𝑐
=

1 1
(V + V12 + ⋅ ⋅ ⋅ + V1𝑛1 + V1𝑐 )  (V21 + V22 + ⋅ ⋅ ⋅ + V2𝑛2 )
2 1

=

2
1
2
1
( ∑ ∑ (V1𝑖1 + V2𝑖2 ) + ∑ (V1𝑐 + V2𝑖2 ))
2 𝑖2 =1𝑖1 =1
𝑖2 =1

𝑛

𝑛

𝑛

V1𝑖1 + V2𝑖2

𝑛2 𝑛1

= ∑∑(

2

𝑖2 =1𝑖1 =1

𝑛2

)+ ∑(
𝑖2 =1

V1𝑐 + V2𝑖2
2

(28)

);

2
2
when ∑𝑛𝑖=1 V1𝑖 = 1, ∑𝑚
𝑗=1 V𝑗 < 1, then V𝑐 = 0, and

𝑐
=

1 1
(V + V12 + ⋅ ⋅ ⋅ + V1𝑛1 )  (V21 + V22 + ⋅ ⋅ ⋅ + V2𝑛2 + V2𝑐 )
2 1

=

2
1
1
1
( ∑ ∑ (V1𝑖1 + V2𝑖2 ) + ∑ (V2𝑐 + V1𝑖1 ))
2 𝑖 =1𝑖 =1
𝑖 =1

𝑛

𝑛

𝑛

2

1

1

𝑛2 𝑛1

= ∑∑(
𝑖2 =1𝑖1 =1

V1𝑖1 + V2𝑖2
2

𝑛1

)+ ∑ (
𝑖1 =1

V2𝑐 + V1𝑖1
2

);

(29)
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2
when ∑𝑛𝑖=1 V1𝑖 < 1, ∑𝑚
𝑗=1 V𝑗 < 1, then

2
when ∑𝑛𝑖=1 V1𝑖 = 1, ∑𝑚
𝑗=1 V𝑗 < 1, then

1 1
(V + V12 + ⋅ ⋅ ⋅ + V1𝑛1 + V1𝑐 )  (V21 + V22 + ⋅ ⋅ ⋅ + V2𝑛2
2 1

𝑐=

𝑛

𝑛

𝑐= ∑∑(

𝑛

𝑛1

= ∑ (𝑛2

𝑛1

(30)

𝑖1 =1

= ∑∑(

2

𝑖2 =1𝑖1 =1
𝑛1

+∑(

V2𝑐 + V1𝑖1
2

𝑖1 =1

𝑛2

)+ ∑ (

V1𝑐 + V2𝑖2
2

𝑖2 =1

)+(

𝑗=1
𝑛𝑖

𝑛2

= 𝑛1 ∑ (

𝑖2 =1

V2𝑖2

𝑖2 =1

) = ∑ (𝑛1

2

𝑖2 =1𝑖1 =1

V2𝑖2
2

𝑛1

+∑(

𝑐= ∑∑(

2

𝑖2 =1𝑖1 =1
𝑛2

= ∑ (𝑛1
𝑖2 =1

V2𝑖2
2

)+ ∑ (

𝑛1

+∑(
𝑖1 =1

𝑛2

= ∑ ((𝑛1 + 1) ⋅
𝑖2 =1

𝑛2

= (𝑛1 + 1) ⋅ ∑ (
𝑖2 =1

2

𝑖2 =1

V2𝑖2
2
V2𝑖2

V1𝑖1
2

)+

V1𝑐 + V2𝑖2
2

∑𝑖11=1 V1𝑖1 + V1𝑐
2
𝑛

)
(35)

2

)

𝑛

𝑛2

𝑛1

𝑖2 =1

𝑖1 =1
𝑛1

+∑(

𝑛2

)+ ∑ (

)+(

V1𝑖1 + V2𝑖2
2

V2𝑐 + V1𝑖1
2

V1𝑐 + V2𝑖2
2

V1𝑐 + V2𝑐
)
2

)+

)+(

)

V1𝑐 + V2𝑖2
2

)

V1𝑐 + V2𝑐
)
2

𝑛1
𝑛1
V2𝑖2
V2𝑖2
V2𝑐 + V1𝑖1
1
)
= ∑ ( + ∑ ( )+ )+ ∑ (
2
2
2
𝑖2 =1 2
𝑖1 =1
𝑖1 =1

𝑖1 =1

V1𝑖1
2

))

+(

(33)

V1𝑐

+
2

V2𝑐

(36)

)
2

𝑛

2
V𝑖
V
1
= ∑ ( + (𝑛1 + 1) 2 ) + (𝑛1 + 1) 𝑐
2
2
𝑖2 =1 2

+∑(
𝑖1 =1

)

V1𝑖1
2

)+(
𝑛

=

(34)
)

2
𝑛 + 𝑛2 + 1
1
)+ ∑( )= 1
;
2
2
2
𝑖2 =1

2

V1𝑐
)
2
2

2

2
V𝑖
V
1
1
𝑛2 + (𝑛1 + 1) ∑ ( 2 ) + (𝑛1 + 1) 𝑐 +
2
2
2 2
𝑖 =1
2

)

𝑛

+

∑𝑖22=1 V2𝑖2 + V2𝑐

𝑖2 =1

2

𝑖1 =1

𝑛1

V1𝑐 + V2𝑖2

2

𝑛2

𝑛

𝑛2

2

V2𝑐 + V1𝑖1

)

1
𝑛 + 𝑛2 + 1
1
)+ ∑( )= 1
;
2
2
2
𝑖1 =1

V2𝑐 + V1𝑖1

𝑖1 =1

2
𝑛 + 𝑛2
1
)+ ∑( )= 1
;
2
2
2
𝑖2 =1

V1𝑖1 + V2𝑖2

+∑(

< 1.

2
when ∑𝑛𝑖=1 V1𝑖 < 1, ∑𝑚
𝑗=1 V𝑗 = 1, then
𝑛2 𝑛1

)+

V1𝑖1

2

𝑖2 =1𝑖1 =1

(32)

∑V𝑖𝑗
𝑗=1

V2𝑖2

+

2

V1𝑖1 + V2𝑖2

= ∑ (∑ (

2
Proof. When ∑𝑛𝑖=1 V1𝑖 = ∑𝑚
𝑗=1 V𝑗 = 1, then

𝑐= ∑∑(

𝑛2 𝑛1

𝑐= ∑∑(
𝑛1

𝑛𝑖

2

2
when ∑𝑛𝑖=1 V1𝑖 < 1, ∑𝑚
𝑗=1 V𝑗 < 1, then

(31)

∑V𝑖𝑗 = 1

V2𝑐 + V1𝑖1

𝑛

V1𝑖1

𝑖1 =1

where

𝑛2

𝑖2 =1

𝑛1

𝑛  + 𝑛2 
𝑐= 1
,
2

V1𝑖1 + V2𝑖2

2

= (𝑛2 + 1) ⋅ ∑ (

Theorem 8. The parameter 𝑐 of formula (25) can be further
simplified, indicated by

𝑛2 𝑛1

𝑛2

𝑖1 =1

In summary, expression (25) and expression (15) are completely equivalent.

)+ ∑(

+∑(

𝑛1

)

𝑛1

𝑖1 =1

= ∑ ((𝑛2 + 1) ⋅

V1𝑐 + V2𝑐
)
2

{
{
𝑛𝑖
{
{
{

𝑛𝑖 = {
{
{
{
{𝑛𝑖 + 1
{

V1𝑖1

𝑖1 =1

+ ∑ (V2𝑐 + V1𝑖1 ) + (V1𝑐 + V2𝑐 ))
V1𝑖1 + V2𝑖2

2

𝑖2 =1𝑖1 =1

2
1
2
1
+ V2𝑐 ) = ( ∑ ∑ (V1𝑖1 + V2𝑖2 ) + ∑ (V1𝑐 + V2𝑖2 )
2 𝑖2 =1𝑖1 =1
𝑖2 =1

𝑛2 𝑛1

V1𝑖1 + V2𝑖2

𝑛2 𝑛1

=

1
1
1
(𝑛2 + 1) + (𝑛1 + 1) = (𝑛1 + 𝑛2 + 2)
2
2
2

In summary, expression (25) can be further simplified by
expression (31).
Definition 9. The improved D numbers’ combination rule is
defined as follows.
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be 𝑚 D numbers. The combination of 𝑚 D numbers,
indicated by 𝐷 = 𝐷1 ⊕ 𝐷2 ⊕ ⋅ ⋅ ⋅ ⊕ 𝐷𝑚 , is defined by

Let
𝐷1 = {(𝑏11 , V11 ) , ⋅ ⋅ ⋅ , (𝑏𝑖1 , V1𝑖 ) , ⋅ ⋅ ⋅ , (𝑏𝑛11 , V1𝑛1 )}
𝐷2 = {(𝑏12 , V21 ) , ⋅ ⋅ ⋅ , (𝑏𝑖2 , 𝑏𝑖2 ) , ⋅ ⋅ ⋅ , (𝑏𝑛22 , 𝑏𝑛22 )}
𝑚 𝑚
𝑚
𝑚
𝐷𝑚 = {(𝑏1𝑚 , V𝑚
1 ) , ⋅ ⋅ ⋅ , (𝑏𝑖 , 𝑏𝑖 ) , ⋅ ⋅ ⋅ , (𝑏𝑛𝑚 , 𝑏𝑛𝑚 )}

𝑐=

𝑏𝑖11 + 𝑏𝑖22 + ⋅ ⋅ ⋅ 𝑏𝑖𝑚𝑚
𝑚

,

(V1𝑖1 + V2𝑖2 + ⋅ ⋅ ⋅ + V𝑚
𝑖𝑚 ) /𝑚
𝑐

(39)
,

1 1
𝑚
𝑚
2
(V + V12 + ⋅ ⋅ ⋅ + V1𝑛1 + V1𝑐 )  (V21 + V22 + ⋅ ⋅ ⋅ + V2𝑛2 + V2𝑐 ) ⋅ ⋅ ⋅  (V𝑚
1 + V2 + ⋅ ⋅ ⋅ + V𝑛𝑚 + V𝑐 ) ,
𝑚 1

𝑛

𝑘
where V𝑘𝑐 = 1 − ∑𝑖=1
V𝑘𝑖 .
When 𝑚 = 2, then formula (40) can be reduced to
formula (25).

 


∑𝑚
𝑖=1 (𝑛1 𝑛2 ⋅ ⋅ ⋅ 𝑛𝑚 /𝑛𝑖 )

𝑚

=

𝑛1  𝑛2  ⋅ ⋅ ⋅ 𝑛𝑚  𝑚 1
⋅∑ 
𝑚
𝑖=1 𝑛𝑖

(41)

∑V𝑖𝑗 = 1

𝑗=1

(44)

(45)

(46)

It can be obtained by formula (40) that

3.2. Evidence Combination of Time Series Based on Improved
D Number Theory. In the case of obtaining n D numbers at
the same time, the proposed method is able to satisfy the
associative law. Unfortunately, the more common situation in
practical engineering applications is that we first get a part
of D numbers and then obtain the others and calculate their
fusion results step by step. The following is a study of the D
number combination rule for time series evidence.
In order to facilitate the explanation of the problem, it is
worthwhile to record the parameter 𝑏 ≜ [𝑏]12⋅⋅⋅𝑚 , (V1𝑖1 + V2𝑖2 +
⋅ ⋅ ⋅ + V𝑚
𝑖𝑚 )/𝑚 ≜ [V𝑢 ]12⋅⋅⋅𝑚 , 𝑐 = [𝑐]12⋅⋅⋅𝑚 in formula (40) in which
the m pieces of evidence are combined by the D number.
Then, formula (40) can be simplified as
[𝑐]12⋅⋅⋅𝑚

[V𝑢 ]12⋅⋅⋅𝑛
.
[𝑐]12⋅⋅⋅𝑛

𝐷 ([𝑏]12⋅⋅⋅𝑛 ) =

∑V𝑖𝑗 < 1;

[V𝑢 ]12⋅⋅⋅𝑚

,

and the evidence at the nth moment,

(42)

when 𝑚 = 2, then formula (41) can be reduced to formula (31).
The proof of Theorem 10 can be carried out in a similar manner.

𝐷 ([𝑏]12⋅⋅⋅𝑚 ) =

[𝑐]12⋅⋅⋅(𝑛−1)

Solving the result of the D number combination rule at the
first n time,

𝑛𝑖

𝑗=1
𝑛𝑖

[V𝑢 ]12⋅⋅⋅(𝑛−1)

𝐷 ([𝑏]12⋅⋅⋅(𝑛−1) ) =

𝐷𝑛 = {(𝑏1𝑛 , V𝑛1 ) , ⋅ ⋅ ⋅ , (𝑏𝑖𝑛 , 𝑏𝑖𝑛 ) , ⋅ ⋅ ⋅ , (𝑏𝑛𝑛2 , 𝑏𝑛𝑛2 )}

where
{
{
𝑛𝑖
{
{
{

𝑛𝑖 = {
{
{
{
{𝑛𝑖 + 1
{

(40)

So, the problem of studying the D number combination rule
of the time series evidence is converted to the known D
number combination rule of the first n-1 moments,

Theorem 10. Similarly, the parameter 𝑐 of formula (40) can be
further simplified, indicated by
𝑐=

(38)

with

𝑏=
V=

𝐷 (𝑏) = V,

(37)

..
.

.

(43)

[𝑏]12⋅⋅⋅𝑛 =
=
=

𝑏𝑖11 + 𝑏𝑖22 + ⋅ ⋅ ⋅ 𝑏𝑖𝑛𝑛
𝑛
(𝑏𝑖11

+ 𝑏𝑖22 + ⋅ ⋅ ⋅ 𝑏𝑖𝑛−1
) / (𝑛 − 1) ⋅ (𝑛 − 1) + 𝑏𝑖𝑛𝑛
𝑛−1
𝑛

[𝑏]12⋅⋅⋅(𝑛−1) ⋅ (𝑛 − 1) + 𝑏𝑖𝑛𝑛
𝑛

(47)

.

Similarly,
[V𝑢 ]12⋅⋅⋅𝑛 =
=
=

(V1𝑖1

+

V1𝑖1 + V2𝑖2 + ⋅ ⋅ ⋅ + V𝑛𝑖𝑛
𝑛
V2𝑖2

𝑛
+ ⋅ ⋅ ⋅ + V𝑛−1
𝑖𝑛−1 ) / (𝑛 − 1) ⋅ (𝑛 − 1) + V𝑖𝑛

𝑛
[V𝑢 ]12⋅⋅⋅(𝑛−1) ⋅ (𝑛 − 1) + V𝑛𝑖𝑛
𝑛

.

(48)
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Table 1: Similarities and differences of D numbers and DS theory.

Differences

The elements in the frame of
discernment
Basic probability assignment
Major application fields
Combination rule

Similarities

DS theory

D numbers

Mutually exclusive

\

Complete
An extension of probability
theory and Bayesian theory

\
Multiattribute decision-making

Satisfies the associative property

Doesn’t satisfy the associative
property

A theory to express uncertain information

For the parameter 𝑐, it can be obtained by formula (24) that
the multiplication-sum operation satisfies the commutative
law. And so,

[𝑐]12⋅⋅⋅𝑛 =

1 1
𝑛−1
(V + V12 + ⋅ ⋅ ⋅ + V1𝑛1 + V1𝑐 )  (V21 + V22 + ⋅ ⋅ ⋅ + V2𝑛2 + V2𝑐 ) ⋅ ⋅ ⋅  (V𝑛1 + V𝑛2 + ⋅ ⋅ ⋅ + V𝑛𝑛𝑛 + V𝑛𝑐 ) =
[𝑐]12⋅⋅⋅(𝑛−1)  (V𝑛1 + V𝑛2 + ⋅ ⋅ ⋅ + V𝑛𝑛𝑛 + V𝑛𝑐 )
𝑛 1
𝑛

By formulas (47)-(49), a general flow chart of the combination rule of the D number of time series evidence is given, as
shown in Figure 2.

4. The Relationship among DS Theory,
D Numbers, and Improved D Numbers
4.1. The Relationship between DS Theory and D Numbers.
Though the D numbers derive from DS theory, the two
theories solve different problems. The specific similarities and
differences of the two theories are summarized as shown in
Table 1.
Example 11. To make a comprehensive assessment of a
student, we can get the following basic probability assignment
based on DS theory.
𝑚 ({𝑎1 }) = 0.3
𝑚 ({𝑎2 }) = 0.6

(50)

𝑚 ({𝑎1 , 𝑎2 , 𝑎3 }) = 0.1,

4.2. The Contrast between D Numbers and Improved D
Numbers. As we can see from formulas (17) and (18), the D
numbers’ combination rule does not satisfy the associative
property. However, for the improved D numbers, 𝐷1 ⊕ [𝐷2 ⊕
𝐷3 ] and [𝐷1 ⊕ 𝐷2 ] ⊕ 𝐷3 have the same expression.
𝑏=

𝑏𝑖11 + 𝑏𝑖22 + 𝑏𝑖33
3

,

(52)

namely,
𝐷1 ⊕ [𝐷2 ⊕ 𝐷3 ] = [𝐷1 ⊕ 𝐷2 ] ⊕ 𝐷3 .

(53)

From formula (21), it can be seen that the weight of the first
combination number b is lower, which is 1/2𝑛−1 , and the
weight of the latter combination number b is higher, which
is 1/2. However, for the improved D numbers, the weights
of the first combination number and the latter combination
number b are the same, which is 1/𝑛.
Example 12. Let

where {𝑎1 } is [0, 30), {𝑎2 } is [30, 70), {𝑎3 } is [70, 100],
and {𝑎1 , 𝑎2 , 𝑎3 } is the frame of discernment. The elements
{𝑎1 } {𝑎2 } {𝑎3 } are mutually exclusive.
If we apply the D numbers theory to analyze the problem,
we can get the expression as follows.
𝐷 ({𝑏1 }) = 0.3
𝐷 ({𝑏2 }) = 0.5

(49)

(51)

𝐷 ({𝑏1 , 𝑏2 , 𝑏3 }) = 0.1,
where {𝑏1 } is [0, 35), {𝑏2 } is [30, 80), {𝑏3 } is [70, 100], and
{𝑏1 , 𝑏2 , 𝑏3 } is the frame of discernment. It is clear that the
elements {𝑏1 } {𝑏2 } {𝑏3 } are not mutually exclusive.

𝐷1 = {(0.6, 0.5) , (0.7, 0.2) , (0.8, 0.3)}
𝐷2 = {(0.7, 0.7) , (0.5, 0.1) , (0.6, 0.2)}

(54)

𝐷3 = {(0.2, 0.5) , (0.1, 0.4) , (0.0, 0.1)}
be 3 D numbers.
Then, we use the combination rules of D numbers and the
improved D numbers separately to calculate the combined D
number’s integration representation 𝐼(𝐷). And the results are
shown in Table 2.
It can be seen from Table 2 that the algorithm can satisfy
the commutative law, and the original D number theory does
not satisfy the commutative law.
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D1

D3

D1⊕2

[b]12 [ u ]12 [c]12
Bring into formula (43)

Dn

Table 3: The decision matrix of multiple source.

D2

[b]123 [ u ]123 [c]123

···
..
.

[b]12···n [ u ]12···n [c]12···n

D1⊕2⊕3

Attributes
𝐴1
𝐴2
𝐴3
𝐴4

D⊕

Table 2: Combined D number’s integration representation.
D numbers
0.1719
0.2267
0.2302

𝑆1
𝐶2
0.3
0.5
0.1
0.1

𝐶3
0.4
0.2
0.1
0.3

𝐶1
0.2
0.4
0.0
0.4

𝑆2
𝐶2
0.5
0.4
0.1
0.0

𝐶3
0.6
0.1
0.1
0.2

𝐶1
0.2
0.1
0.5
0.2

𝑆3
𝐶2
0.7
0.0
0.1
0.2

𝐶3
0.2
0.7
0.1
0.0

Table 4: The weights of different sources.

Improved D numbers
0.4756
0.4756
0.4756

5. An Application in the Radiation
Source Identification
In this section, in order to illustrate the application of the
improved D numbers, a simple example about radiation
source identification is given.
Radiation source identification mainly includes the analysis and decision-making of the detected signals. The
detected signals of radiation source are radio frequency
information, which have added up the noise and been modulated by the atmosphere. As a result, the radiation source
identification can be regarded as an uncertainty reasoning
process.
There are many theories to express uncertain information. In this paper, we will use the improved theory to identify
the source of radiation. The problem is described in detail
below.
There are 3 sources of information to investigate the
target separately, indicated as 𝑆1 𝑆2 𝑆3 . The 3 sources give
corresponding decision based on different attributes. Among
them, the measurable attributes of the source 𝑆1 have distance
𝐶1 , direction 𝐶2 , and speed 𝐶3 . The measurable attributes
of the source 𝑆2 have carrier frequency 𝐶1 , pulse width 𝐶2 ,
and pulse repetition period 𝐶3 . The measurable attributes
of the source 𝑆3 have data chain 𝐶1 , the frequency of
communication 𝐶2 , and modulation 𝐶3 . Those three sources
make enemy plane 𝐴 1 , friend plane 𝐴 2 , passenger plane 𝐴 3 ,
and unknown plane 𝐴 4 decisions. The decision results are
shown as Table 3.
The accuracy and detection range of the source can
vary with the battlefield environment and climate conditions.
Table 4 shows the weights of sources in a specific time period.

𝑆1
0.4
0.3
0.3

𝐶1
𝐶2
𝐶3

Figure 2: Flowchart of evidence D combination rule flow chart.

𝐼 (𝐷)
[𝐷1 ⊕ 𝐷2 ] ⊕ 𝐷3
𝐷1 ⊕ [𝐷2 ⊕ 𝐷3 ]
𝐷2 ⊕ [𝐷1 ⊕ 𝐷3 ]

𝐶1
0.5
0.4
0.1
0.0

𝑆2
0.6
0.1
0.3

𝑆3
0.5
0.4
0.1

Table 5: The expression of D numbers for 𝐴 1 .
𝐴1
𝑆1
𝑆2
𝑆3

D numbers
𝐷𝑆𝐴11 = {(0.5, 0.4) , (0.3, 0.3) , (0.4, 0.3)}
𝑆
𝐷𝐴21 = {(0.2, 0.6) , (0.5, 0.1) , (0.6, 0.3)}
𝑆
𝐷𝐴31 = {(0.2, 0.5) , (0.7, 0.4) , (0.2, 0.1)}

In this paper, we use the improved D numbers to solve
this problem. The application process is presented as follows.
Step 1. Express these assessment results of Table 3 in the
forms of D numbers.
Take alternative 𝐴 1 as an example. For 𝐴 1 , in the opinion
of source 𝑆1 , the assessment results are indicated as 𝑏, and the
weights of attributes are indicated as V. Then apply formula
(11) to express these assessment results in the forms of D
numbers. The expression is denoted by
𝑆

𝐷𝐴11 = {(0.5, 0.4) , (0.3, 0.3) , (0.4, 0.3)} .

(55)

Other sources’ expressions can be required similarly, listed in
Table 5.
Step 2. Apply the improved D numbers’ combination rule to
combine the D numbers of Table 5. The fusion results are
listed in Table 6.
Step 3. Apply formula (20) to calculate the integration repre𝐸
𝐸
𝐸
sentation of 𝐷𝐴 1 = 𝐷𝐴11 ⊕ 𝐷𝐴21 ⊕ 𝐷𝐴31 .
Step 4. Calculate and rank the integration representations
of 𝐷𝐴 2 𝐷𝐴 3 𝐷𝐴 4 similarly. The ranking results are listed in
Table 7.
Step 5. Analyze the data of Table 5 and make decisions.
According to Table 7, the ranking of alternative is obtained,
which is 𝐴 1 ≻ 𝐴 2 ≻ 𝐴 4 ≻ 𝐴 3 , where ≻ represents “better
than”. It is clear that the target is the enemy plane 𝐴 1 .
From Table 7 it can be seen that the target 𝐴 1 𝐴 3 of
the original D number theory has similar results. As can be
seen from the raw data, goal 𝐴 1 is more likely to be the
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𝑆

𝑆

𝑆

Table 6: The results of 𝐷𝐴11 ⊕ 𝐷𝐴21 ⊕ 𝐷𝐴31 .
𝑏
0.3000
0.4667
0.3000
0.4000
0.5667
0.4000
0.4333
0.6000
0.4333

V
0.0556
0.0519
0.0407
0.0370
0.0333
0.0222
0.0444
0.0407
0.0296

𝑏
0.2333
0.4000
0.2333
0.3333
0.5000
0.3333
0.3667
0.5333
0.3667

Table 7: The ranking of decisions.
𝐴1
𝐴2
𝐴3
𝐴4

D number theory Ranking Proposed algorithm Ranking
0.2314
1
0.3956
1
0.1210
3
0.2963
2
0.2012
2∼1
0.1378
4
0.0984
4
0.1704
3

final decision result. The improved algorithm proposed in this
paper can effectively identify the target.

6. Conclusions
In this paper, the improved D numbers theory is proposed
for radiation source identification. In the improved theory, a
novel combination rule of D numbers theory is represented
to satisfy the associative property. Meanwhile, a new algorithm is constructed with the strict proof to simplify the
combination rule. For the application of radiation source
identification, the novel theory is simpler and more effective.
An illustrative example has shown the improved theory’s
effectiveness.
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Classification is one of the most challenging tasks of remotely sensed data processing, particularly for hyperspectral imaging
(HSI). Dimension reduction is widely applied as a preprocessing step for classification; however the reduction of dimension
using conventional methods may not always guarantee high classification rate. Principal component analysis (PCA) and its
nonlinear version kernel PCA (KPCA) are known as traditional dimension reduction algorithms. In a previous work, a variant
of KPCA, denoted as Adaptive KPCA (A-KPCA), is suggested to get robust unsupervised feature representation for HSI. The
specified technique employs several KPCAs simultaneously to obtain better feature points from each applied KPCA which includes
different candidate kernels. Nevertheless, A-KPCA neglects the influence of subkernels employing an unweighted combination.
Furthermore, if there is at least one weak kernel in the set of kernels, the classification performance may be reduced significantly.
To address these problems, in this paper we propose an Ensemble Learning (EL) based multiple kernel PCA (M-KPCA) strategy.
M-KPCA constructs a weighted combination of kernels with high discriminative ability from a predetermined set of base kernels
and then extracts features in an unsupervised fashion. The experiments on two different AVIRIS hyperspectral data sets show that
the proposed algorithm can achieve a satisfactory feature extraction performance on real data.

1. Introduction
Hyperspectral imaging (HSI) provides simultaneously spatial and high resolution spectral data and helps to classify/recognize the materials that are challenging to discriminate with conventional imaging techniques [1]. However, it
suffers from the curse of dimensionality. For instance, the
curse of dimensionality causes increase in cost of storage,
transmission, and processing of hyperspectral images. To
overcome such challenges, dimensionality reduction techniques have been applied to hyperspectral data in the existing
literature [2]. In general, HSI has spectral redundancy in
many spectral channels. For this reason, dimension reduction
or compression is possible and even necessary, especially for
these bands.
Even though there are several dimension reduction approaches in the literature, including manifold learning [3, 4]
and tensors [5], principal component analysis (PCA) [6] is

the one among the popular techniques [7–9]. PCA is the
discrete form of the continuous Karhunen-Loève Transform
and it projects the data into a subspace so that the variance
retained is maximized and the least square reconstruction
error is minimized [10]. Use of PCA for dimensionality reduction in HSI is a computationally suitable approach and it helps
preserve the most of the variance of the raw data. Although
PCA has some theoretical inadequacies [11, 12] for use on
remote sensing data, particularly hyperspectral images [13],
the practical applications show that the results obtained using
PCA are still competitive for the purpose of classification [14,
15]. The ability of PCA is limited for high-dimensional data
since it relies on only second-order statistical information.
The nonlinear version of the PCA, denoted as kernel PCA
(KPCA), has been proposed to overcome these limitations
[16].
Since the KPCA involves the higher-order statistics, it
provides more information from the original data [17] and

2
so it is employed in many applications including remote
sensing data due to its satisfactory performance. In [18],
classification performance of an artificial neural network
has been demonstrated to outperform the classical approach
using kernel principal components. Fauvel et al. [19] showed
that the KPCA is better than the classical PCA in terms of
classification accuracies. A general overview of feature reduction techniques for classification of hyperspectral images is
presented in [9]. They performed comparative experiments
between the unsupervised, e.g., PCA and KPCA, and supervised techniques, e.g., double nearest proportion (DNP)
[20] and kernel nonparametric weighted feature extraction
(KNWFE) [21]. Since the supervised learning techniques generally focus on improving class separability, these methods
are expected to produce better results in terms of classification performance. The comparative results with KNWFE
indicate that PCA and KPCA are still preferable to reduce
dimensionality of hyperspectral images.
Fundamentally, KPCA is a version of PCA whose performance is greatly affected by the choice of the kernel and
parameters. Namely, the selection of the optimal kernel and
parameters is crucial for KPCA to achieve good performance.
However, the application results show that no single kernel
function can be best for all kinds of machine learning problems [22] and, therefore, learning of optimum kernels over a
kernel set is an active research area nowadays [23–27]. Li and
Yang presented an ensemble KPCA method with Bayesian
inference strategy in [28]. They exploited only Gaussian
radial basis function (RBF) with different scale parameters as
subkernels. Zhang et al. [29] have developed a method for
unsupervised kernel learning in the KPCA, dubbed as AKPCA, and applied the new method for object recognition
problems.
The A-KPCA learns the kernels via an unsupervised
learning approach. The 1D input vectors, e.g., feature vectors,
are transformed into 2D feature matrices by different kernels.
Each column of the feature matrix comes from corresponding
1D input vector. Nonlinear feature extraction (FE) is obtained
from one set of projective vectors corresponding to the
column direction of the feature matrices. The set of projective
vectors corresponding the row direction of the 2D feature
matrices is utilized for searching optimal kernels combination simultaneously. Despite having superior performance
compared to KPCA, the A-KPCA has some critical limitations. Specifically, A-KPCA works completely unsupervised,
and it is thus incapable of enhancing the class separability
and it has no kernel preselection process. These are the main
motivations of our work.
In this paper, a novel framework is introduced for hyperspectral FE and classification based on multiple KPCA models with an Ensemble Learning (EL) strategy in a semisupervised manner. EL is a process of combining multiple models,
called experts, to set up a strong model for a specific machine
learning problem [30]. Strong discriminative ability of individual experts and high diversity among them are required to
produce satisfactory models [31, 32]. An acceptable classification performance highly depends on the class separability
of features that is directly related to the discriminative ability.
Inspired by EL, we extend the A-KPCA method by employing
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multiple kernels such that subkernels possessing higher discrimination ability are highlighted. The proposed approach,
multiple kernel PCA (M-KPCA), learns an ensemble of
multiple kernel principal components on an available labeled
data set, and the final features are extracted via a weighted
combination of all subkernels according to their separability
performance. The early purpose of this paper is the utilization
of the KPCA and A-KPCA in hyperspectral images and to
determine impact of using nonlinear versions of PCA on
classification performance. The further contributions and
novelties in this paper can be summarized as follows: (1) a
novel multikernel PCA strategy is presented by exploiting
Ensemble Learning to evaluate and select the kernels; (2) MKPCA acquires the superior classification results than PCA,
KPCA, and A-KPCA by highlighting the subkernels with a
class separability based weighting strategy; (3) M-KPCA produces better or competitive classification performance with
other popular unsupervised FE methods like locality preserving projections (LPP) [33], random projections (RP) [34],
and t-distributed stochastic neighbor embedding (t-SNE)
[35]. After FE with all mentioned methods, the popular and
robust support vector machines (SVMs) classifier is used
for supervised classification. Since SVMs consider samples
close to the class boundary, called support vectors, they show
great performance even in high-dimensional data with small
training samples [36, 37].
The paper is outlined as follows. Section 2 reviews the
related work. In Section 3, the proposed framework of MKPCA is presented. Next, a series of experiments are carried
out on real data sets for verifying our method’s effect in
Section 4. Finally, Section 5 concludes this paper.

2. Related Work
2.1. KPCA Background. The raw data is projected into the
feature space by a nonlinear mapping function and the useful
information is concentrated into some principal components
corresponding to the larger eigenvalues [19]. Define a learning set as 𝑥𝑘 (𝑘 = 1, 2, . . . , 𝑁), 𝑥𝑘 ∈ R𝑑 . Let 𝜑 : R𝑑 →
R𝑋 be a nonlinear mapping from the input space to a highdimensional feature space H. The inner product in feature
space is calculated by the kernel function in the original input
space:
⊤

𝐾 (𝑥𝑖 , 𝑥𝑗 ) = 𝜑 (𝑥𝑖 ) 𝜑 (𝑥𝑗 )

(1)

where the superscript ⊤ represents the transpose operation. Denote Φ = (𝜑(𝑥1 ), 𝜑(𝑥2 ), . . . , 𝜑(𝑥𝑁)) and 𝜑 =
(1/𝑁) ∑𝑁
𝑘=1 𝜑(𝑥𝑘 ). Assuming 𝜑 = 0, i.e., data are centered in
H, then the total scatter matrix can be defined as S𝑡 = ΦΦ⊤ .
To compute the projective vector 𝑣 for optimal solution, the
KPCA employs the following norm:
𝑁

2
𝐽 (𝑣) = ∑ 𝑣⊤ 𝜑 (𝑥𝑘 ) = 𝑣⊤ S𝑡 𝑣.

(2)

𝑘=1

Computation of optimal projective vector 𝑣 provides
solution for the eigenvalue problem: 𝜆𝑣 = S𝑡 𝑣 in which 𝜆 ≥ 0
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and eigenvectors 𝑣 ∈ H. Hence, (2) can be rewritten as an
equivalent problem:

̃L, L ∈ R𝑁×𝑡 is obtained.
written instead of 𝜓. Hence, M = 𝜓
These calculations allow us to rewrite (6) as (7):

𝜆𝑧 = K𝑧,

𝑁

2
̃⊤ 𝜓𝑘 N ,
𝐽 (L, N) = ∑ L⊤ 𝜓
𝐹

(3)

𝑘=1

⊤

where K = Φ Φ is the kernel matrix. Solutions of (3) are
{𝑧1 , 𝑧2 , . . . , 𝑧𝑐 } corresponding to the largest 𝑐 eigenvalues;
then 𝑣𝑘 = Φ𝑧𝑘 is the solution vector of (2). The KPCA based
FE does not include the nonlinear mapping 𝜑 as any kernel
method, and it only needs a kernel function in the input
space. To obtain better performance with KPCA, the parameters of the kernel are optimized. However, this optimization cannot produce adequate solutions for every application or data sets because of the nature of the kernel itself [22].
To overcome this drawback, an adaptive kernel combination
technique is introduced in [29].
2.2. Adaptive KPCA (A-KPCA). As pointed out in Section 1,
the performance of KPCA is notably affected by the selection
of kernels and its parameters. Therefore, it needs some
extensions. Let 𝜓𝑖 (𝑥) ∈ F𝑖 , 𝑖 ∈ {1, 2, . . . , ℎ} be a set of
nonlinear mappings. As mentioned in Section 2.1, the inner
products in F𝑖 are described as the kernels. Using definition
⊤
⊤
of 𝜓𝑖 , 𝜓̂𝑖 : 𝑥 → 𝜓̂𝑖 (𝑥) = (0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
. . . 0⊤ , 𝜓𝑖 (𝑥)⊤ , 0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
. . . 0⊤ )⊤ ∈ F
1...𝑖−1

𝑖+1...ℎ

can be written. In this equation, F is the Hilbert space as the
direct sum of F𝑖 and the inner product in F can be defined as
𝜓̂𝑖 (𝑥)⊤ 𝜓̂𝑗 (𝑦) = 0

(𝑖 ≠ 𝑗) ,

𝜓̂𝑖 (𝑥)⊤ 𝜓̂𝑖 (𝑦) = 𝜓𝑖 (𝑥)⊤ 𝜓𝑖 (𝑦) = 𝐾𝑖 (𝑥, 𝑦) .

(4)
(5)

To construct a 2D feature matrix, a sample of learning set
𝑥𝑘 is transformed to high-dimensional feature space and then
𝜓𝑘 = (𝜓̂1 (𝑥𝑘 ), 𝜓̂2 (𝑥𝑘 ), . . . , 𝜓̂ℎ (𝑥𝑘 )) is obtained. Here, each
column of 𝜓𝑘 corresponds to a nonlinear mapping generated
by 𝜓̂𝑖 ’s. Thus, vector-based data is converted to matrix based
format. Assuming 𝜓𝑘 ’s have zero means, i.e., 𝜓 = 0, 𝜓 =
1/𝑁 ∑𝑁
𝑖=1 𝜓𝑖 can be written. Equation (6) includes generated
𝜓1 , 𝜓2 , . . . , 𝜓𝑁 feature vectors. Appropriate M and N matrices
must be determined to optimize
𝑁

2
𝐽 (M, N) = ∑ M⊤ 𝜓𝑘 N𝐹 ,

(6)

𝑘=1

where M = (𝑚1 , 𝑚2 , . . . , 𝑚𝑡 ) are projective vectors corresponding to columns of 𝜓𝑘 while N = (𝑛1 , 𝑛2 , . . . , 𝑛𝑝 )
corresponding to rows of 𝜓𝑘 . The purpose of M is to extract
features, while the purpose of N is kernel selection. In other
words, the unsupervised kernel learning and nonlinear FE are
simultaneously realized according to projective vectors which
are included in M and N. ‖ ∙ ‖𝐹 is the Frobenius norm of
matrix, i.e., ‖A‖2𝐹 fl 𝑡𝑟(AA⊤ ) = ∑𝑖,𝑗 (A𝑖𝑗 )2 , where 𝑡𝑟 denotes
the trace of a matrix. It can be defined as M = 𝜓L, where
𝜓 = (𝜓1 , 𝜓2 , . . . , 𝜓𝑁). Since the size of original 𝜓 is very large,
̃ = (∑ℎ𝑖 𝜓̂𝑖 (𝑥1 ), ∑ℎ𝑖 𝜓̂𝑖 (𝑥2 ), . . . , ∑ℎ𝑖 𝜓̂𝑖 (𝑥𝑁)) can be
i.e., (ℎ×𝑁), 𝜓

𝑁

(7)


2
= ∑ L⊤ K𝑘 N𝐹 .
𝑘=1

where the constrains of (7) are L ∈ R𝑁×𝑡 , L⊤ L = I and N ∈
̃⊤ 𝜓 is 𝑁 × ℎ sized kernel matrix
Rℎ×𝑝 , N⊤ N = I. Here K𝑘 = 𝜓
and it is constructed as follows:
K𝑘 (𝑖, 𝑗) = 𝐾𝑗 (𝑥𝑖 , 𝑥𝑘 ) .

(8)

To solve this optimization problem, inspired by Ye’s work
[38], an iterative procedure is presented by the following
theorem [29].
Theorem 1. Let L and N be the optimal solution to (7): then
(i) 𝑡 eigenvectors corresponding to the largest 𝑡 eigenvalues of
⊤ ⊤
the matrix AL = ∑N
k=1 Kk RR Kk form L for a given N; (ii) 𝑝
eigenvectors corresponding to the largest 𝑝 eigenvalues of the
⊤ ⊤
matrix AN = ∑N
k=1 Kk LL Kk create N for a given L.
After computing L and N, these matrices can be used to
extract the nonlinear features for a test instance 𝑧 ∈ R𝑑 .
Kernel matrix K𝑡𝑒𝑠𝑡 (𝑖, 𝑗) = 𝐾𝑗 (𝑥𝑖 , 𝑧) is constructed and then
projected according to C = L⊤ K𝑡𝑒𝑠𝑡 N, so the nonlinear
features are contained in C. The A-KPCA method is given in
Algorithm 1.

3. Multiple Kernel PCA (M-KPCA)
In Section 2, we have demonstrated that A-KPCA manipulates more than one subkernels. A mapping rule transforms
input data samples into corresponding Reproducing Kernel
Hilbert Space. Each kernel thus acquires a particular type of
information from a given data set, thereby providing a partial
description of view data. The value of this specific information may vary according to different machine learning tasks
such as classification, clustering, dimensionality reduction,
etc. For instance, in a classification problem, high discrimination ability of kernels yields the better results. Hence,
we add this capability to A-KPCA with ideas of EL. Our
proposed technique learns new representation for a hyperspectral image exploiting all available training data. It is thus
independent of the classifier.
As seen in formulation (8) and Theorem 1, there are not
any coefficients to quantify the contribution of subkernels
in classification. In other words, the A-KPCA utilizes the
unweighted summation. Nevertheless, the discriminative
ability of kernels in FE plays significant role for the separability of the classifier. If we add a weighting coefficient on right
side of (8), then it becomes
K𝑘 (𝑖, 𝑗) = 𝛼𝑗 𝐾𝑗 (𝑥𝑖 , 𝑥𝑘 ) .

(9)

The discriminative ability of a kernel can be measured by
an ideal kernel in a given classification task. Cristianini et al.

4

Mathematical Problems in Engineering

Input: Given training set 𝑥𝑘 (𝑘 = 1, 2, . . . , 𝑁).
(a) Create the kernel matrix K𝑘 for each 𝑥𝑘 .
(b) Get initial N0 and 𝑖 ← 1.
(c) For given N𝑖−1 , calculate the 𝑡 eigenvectors of AL corresponding to the largest 𝑡 eigenvalues.
(d) For given L𝑖 , calculate the 𝑝 eigenvectors of AN corresponding to the largest 𝑝 eigenvalues.
(e) 𝑖 ← 𝑖 + 1, goto step (c) until convergence.
Output: L and N.
Algorithm 1: A-KPCA Algorithm.

[23] introduced a measure of similarity between two arbitrary
kernels or between a kernel and an ideal kernel called kernel
alignment (KA). The alignment between two regular kernels
is given as
𝐴 (K1 , K2 ) =

⟨K1 , K2 ⟩𝐹
√⟨K1 , K1 ⟩𝐹 ⟨K2 , K2 ⟩𝐹

(10)

where the Frobenius product ⟨., .⟩𝐹 of two Gram matrices A
and B is defined as ⟨A, B⟩𝐹 = 𝑡𝑟(AB) [23, 39]. This measure
can be viewed as the cosine of the angle between K1 and K2 , so
it fluctuates between {−1, 1} for arbitrary matrices. However,
since we consider only positive semidefinite Gram matrices
in KA, the score is lower bounded by zero. The alignment
can also be adopted to capture the degree of agreement
between a kernel and the target label matrix, also considered
as ideal kernel. A larger value of KA indicates the higher
discriminative ability and it is one of the main strengths for
a subclassifier such that they improve the ensemble effect
in an EL strategy [40, 41]. An idealized kernel for a binary
classification problem can be composed of the dot product of
target labels, i.e., 𝑦𝑦⊤ , and the alignment between a kernel
and the ideal kernel is written as
𝐴 (K, 𝑦𝑦⊤ ) =

⟨K, 𝑦𝑦⊤ ⟩𝐹

 .
‖K‖𝐹 𝑦𝑦⊤ 𝐹

(11)

Our goal is to construct an A-KPCA based algorithm
which has improved separability of multiclass patterns. Here,
kernel class separability (KCS) measure based on scatter
matrix is employed to measure the class separability of
training samples in feature space. The KSC is a general form
of KA and it can be written in the form [42]:
𝐽𝜑 =
𝜑

𝜑

𝑡𝑟 (S𝐵 )

(12)

𝜑

𝑡𝑟 (S𝑊)

𝜑

where S𝐵 and S𝑊, respectively, stand for between-class scatter
matrix and within-class scatter matrix in kernel space and the
traces of them are obtained as
𝜑

𝑐

𝜑

⊤

𝜑

𝑡𝑟 (S𝐵 ) = ∑𝑛𝑖 [(𝑚𝑖 − 𝑚𝜑 ) (𝑚𝑖 − 𝑚𝜑 )]
𝑖=1

𝜑
𝑡𝑟 (S𝑊)

𝑐

𝑛𝑖

= ∑ ∑ [(𝜑 (𝑥𝑖𝑗 ) −
𝑖=1 𝑗=1

(13)
𝜑 ⊤
𝑚𝑖 ) (𝜑 (𝑥𝑖𝑗 )

−

𝜑
𝑚𝑖 )]

where 𝑛𝑖 (𝑖 = 1, . . . , 𝑐) denotes the number of training
samples in the 𝑖th class, 𝑁 = ∑𝑐𝑖=1 𝑛𝑖 , and 𝑥𝑖𝑗 is the 𝑗th sample
in the related class. 𝑚𝑖 and 𝑚 are the mean vector for 𝑖th class
and the mean vector for all training samples, respectively.
𝜑 is the mapping function from the input space to the
feature space as described in the beginning of Section 2.1. A
larger value of 𝐽𝜑 signifies superior class separability in the
training set. A maximization problem may thus be created
to obtain optimal kernels and their parameters or eliminate
weak kernels [43], but, in this paper, we directly exploit the
value of (12) as the measure of discriminability; hence
𝛼𝑗 = 𝐽𝜑𝑗 ,

(14)

where 𝜑𝑗 (𝑥)⊤ 𝜑𝑗 (𝑦) = 𝐾𝑗 (𝑥, 𝑦).
After all, we extend the noniterative A-KPCA algorithm
using kernel class separability measure with a semisupervised
strategy. The proposed noniterative M-KPCA technique is
given in Algorithm 2.

4. Experiments
In this section, we investigate the performance of the proposed M-KPCA algorithm compared with a number of conventional and state-of-the-art techniques on two Airborne
Visible/Infrared Imaging Spectrometer (AVIRIS) hyperspectral data sets. Our experiments are conducted on a machine
with an Intel Core i5-2410M CPU at 2.30GHz and 8GB DDRIII RAM.
4.1. Data Sets and Experimental Setup. The first set is an airborne remote sensing data captured by the AVIRIS sensor
over northwest Indiana on June 12, 1992. Indian Pines data
has 16 labeled classes and 145 lines/scene and 145 pixels/line.
Originally, the scene has 220 spectral bands (10 nm spectral
bandwidth from 0.4 to 2.5 𝜇m); after discarding the water
absorption and noise bands, based on [44, 45], only 159 bands
were used in the experiments.
Airborne hyperspectral data is acquired by AVIRIS sensor
at 18 m spatial resolution over Kennedy Space Center (KSC)
during March 1996 and has been employed as a second data
source. Noisy bands and water absorption bands are removed.
The remaining of the HSI data has 176 bands for 13 wetland
and upland classes. Figure 1 shows the RGB image of Indian
Pines and false color image of the KSC. Table 1 lists the
summary of the data sets in our experiments. All samples in
each data are adjusted in the range [0, 1], as suggested in [46].
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Input: Given training set 𝑥𝑘 (𝑘 = 1, 2, . . . , 𝑁) with labels 𝑦𝑘 ∈ {1, 2, . . . , 𝑐}.
(a) Obtain 𝛼𝑗 ’s for corresponding pre-selected kernels using Eqs. (12) and (13).
(b) Create the kernel matrix K𝑘 for each 𝑥𝑘 as in Eq. (9).
⊤
(c) Calculate the eigenvectors {V𝑖 } and eigenvalues {𝜆 𝑖 } of AL = ∑𝑁
𝑘=1 K𝑘 K𝑘 . Sort the eigenvectors according to
the decreasing order of 𝜆 𝑖 and select first 𝑡 eigenvectors (V1 , . . . , V𝑡 ).
𝑁
(d) Calculate the eigenvectors {𝑟𝑖 } and eigenvalues {𝛿𝑖 } of AN = ∑𝑘=1 K⊤𝑘 K𝑘 . Sort the eigenvectors according to
the decreasing order of 𝛿𝑖 and select first 𝑝 eigenvectors (𝑟1 , . . . , 𝑟𝑝 ).
(e) The final subspaces are L = (V1 , . . . , V𝑡 ) and N = (𝑟1 , . . . , 𝑟𝑝 ).
Output: L and N.
Algorithm 2: M-KPCA Algorithm.

(a)

(b)

Figure 1: AVIRIS data sets: (a) RGB image of Indian Pines obtained from default bands {R:24, G:14, B:8} and (b) false color composite
image of KSC obtained from bands {R:40, G:29, B:20}.

Table 1: Information for Indian Pines and KSC data sets.
No
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
Total

Indian Pines
Class name
Alfalfa
Corn-no till
Corn–min till
Corn
Grass-pasture
Grass-trees
Grass-past. moved
Hay-windrowed
Oats
Soybean-no till
Soybean-min till
Soybean-clean till
Wheat
Woods
Bldg-Grass-Tree
Stone-steel towers

Samples
Train
14
359
209
59
124
187
6
122
5
242
617
154
53
324
95
24
2594

Test
40
1075
625
175
373
560
20
367
15
726
1851
460
159
970
285
71
7772

KSC
Class name
Scrub
Willow swamp
Cabbage hamm
Cabbage palm
Slash pine
Oak
Hardwood swamp
Graminoid marsh
Spartina marsh
Cattail marsh
Salt marsh
Mud flats
Water
—
—
—

Samples
Train
190
61
64
63
40
57
264
108
130
101
105
126
232

Test
571
182
192
189
121
172
791
323
390
303
314
377
695

1541

3670
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Table 2: Employed kernel functions.

Kernels

Formula


2
𝑥 − 𝑦
𝐾𝑅𝐵𝐹 (𝑥, 𝑦) = exp (− 
)
2𝜎2


𝑥 − 𝑦
𝐾𝐿𝑎𝑝 (𝑥, 𝑦) = exp (− 
)
𝜎
1
𝐾𝐶𝑎𝑢 (𝑥, 𝑦) =

2
(1 + 𝑥 − 𝑦 /𝜎2 )

RBF
Laplacian
Cauchy

𝑁

Histogram Intersection (HIST)

𝐾𝐻𝐼𝑆𝑇 (𝑥, 𝑦) = ∑ min (𝑥𝑖 , 𝑦𝑖 )
𝑖=1

The PCA and KPCAs are implemented using the SIMFEAT toolbox [47]. In each experiment, a single kernel is
selected for the KPCA. In addition to Gaussian radial basis
function (RBF) kernel which is formulated as 𝐾(𝑥, 𝑦) =
exp(−‖𝑥 − 𝑦‖2 /2𝜎2 ), we have employed three more kernels
(see Table 2). Before solving the eigenvalue problem, the
parameter 𝜎 ∈ R+ in the RBF, Laplacian and Cauchy kernels
should be selected or optimized. Unless otherwise stated the
kernel parameter is set to
𝜎=√


2
∑𝑁 𝑥𝑘 − 𝑥
𝑁

,

(15)

where 𝑥 is the centroid of the total 𝑁 training data [48].
The kernel parameter 𝜎 is nonoptimized and same for each
exploited kernel given in Table 2. However, the aim of combination of nonoptimized kernels is to yield a better FE technique for classification.
The valuable parts of the obtained cumulative eigenvalues
after eigen-decomposition for each method are shown in
Figure 2. According to the cumulative eigenvalues of PCA,
two principal components reach 99% of total variance for
Indian Pines case. Nevertheless, in KSC case, three principal
components are needed to reach 99% of information. According to these results, the new dimensions of Indian Pines and
KSC for classification experiment are, respectively, defined
as 2 and 3. However, hyperspectral information cannot be
represented utilizing only the second-order statistics as it is
pointed out in Section 1. From Figure 2, it can be derived
that more kernel principal components (KPCs) are needed to
realize the same amount of variance as for PCA. Note that
the total number of components with PCA is equal to the
number of bands, i.e., 159 for Indian Pines, while it is equal
for KPCA to the size of the number of training samples, i.e.,
2594, which is significantly higher. For the Indian Pines data
set, the first 11, 51, 31, and 33 KPCs are needed to accomplish
99% of the cumulative variance with RBF, Laplacian, Cauchy,
and histogram intersection (HIST) kernels, respectively. We
observe that 8 KPCs are needed with the RBF, 56 with the
Laplacian, 18 with the Cauchy, and 55 with the HIST kernel
to achieve same amount of information considering to KSC
results. In the case of A-KPCA and M-KPCA, p is set to 1 for
kernel selection. For the Indian Pines data set, 35 adaptive
KPCs and 20 multiple KPCs contain 99% of information and
only 14 adaptive KPCs and 12 multiple KPCs for the KSC.

In order to demonstrate the first principal components
(PCs) more efficiently, a subimage of size 100 × 100 in the
KSC hyperspectral cube is selected. The first PCs for all of the
methods are depicted in Figure 3.
After FE, SVM classifier has been employed for classification. For nonlinear SVMs, we have used the RBF kernel
which is formulated in Table 2. The classification experiments
and the optimization of parameters, C and 𝜎, of SVMs are
achieved using LIBSVM [49] with 5-fold cross validation
technique. Since SVMs are designed to solve binary problems,
various approaches have been proposed for multiclass situations such as remote sensing applications. The most popular
approaches for multiclass classification are one-against-all
(1AA) and one-against-one (1A1). In this paper, we have
applied the 1AA strategy for each class. Each test sample is
finally labeled as the class whose output score is maximum.
Finally, we compare the proposed M-KPCA algorithm
against five state-of-the-art dimension reduction algorithms,
i.e., linear discriminant analysis (LDA) [50], LPP, probabilistic PCA (pPCA) [51], RP, and t-SNE. LDA, LPP, pPCA, and
t-SNE are implemented using the MATLAB toolbox [52]
for dimensionality reduction, and RP algorithm is designed
based on Wang’s work [53].
4.2. Comparison with KPCA and A-KPCA. The original data
sets, termed as raw, are also classified for comparisons. Tables
3 and 4 compare the performance of all models numerically
(class accuracies and overall accuracy (OA) in percentages)
and statistically (kappa test) for the Indian Pines and the KSC
data sets, respectively.
Inspection of Table 3 reveals A-KPCA outperforms PCA
and all the four KPCAs. Further analysis shows that the
KPCA performs significantly better than the conventional
PCA. Regarding the OAs, it is clear that the M-KPCA based
classification produces more accurate results when compared
to the A-KPCA based classification. RBF kernel gives the best
results for KPCA among the other kernel functions as seen in
Table 3.
The results for the KSC data set are reported in Table 4.
Regarding the PCA and KPCA results, FE does not improve
the accuracies significantly. The comparison between KPCA
and PCA shows that KPCA performs better than the PCA
in terms of classification accuracies. Moreover, classification
of the A-KPCA features is more precise that the one yielded
employing the all KPCs. As with the previous experiment,
the best results are obtained with the M-KPCA. Figures 4
and 5 represent the available labeled scenes and classification
maps of all models for the Indian Pines and KSC data sets,
respectively.
In the last experiment, we increase the number of KPCAs
in both A-KPCA and M-KPCA utilizing different scale
parameters in the same kernel. Tables 3 and 4 show that the
best single kernel for each data set is different. Therefore,
we, respectively, adopt the seven RBF and Cauchy kernel
functions for Indian Pines and KSC such as their scale parameters in the range [𝜎0 /8, 8𝜎0 ]. The central parameter (𝜎0 ) is
determined by (15). The SVM is again employed for classification after FE. The selection of eigenvalues for each method
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Figure 2: Percentages of cumulative variances of the initial data retained in the components of the new representation for the two data sets:
(left to right) first row: PCA and KPCA𝑅𝐵𝐹 ; second row: KPCA𝐿𝑎𝑝 and KPCA𝐶𝑎𝑢 ; third row: KPCA𝐻𝐼𝑆𝑇 and A-KPCA; bottom: M-KPCA.
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(a) Original

(b) 1st PC

(e) 1st KPC𝐶𝑎𝑢

(f) 1st KPC𝐻𝐼𝑆𝑇

(c) 1st KPC𝑅𝐵𝐹

(d) 1st KPC𝐿𝑎𝑝

(g) 1st A-KPC

(h) 1st M-KPC

Figure 3: (a) False color image of KSC subscene and most informative principal components (PCs) for the subimage of KSC data: (b) 1st PC;
(c) 1st KPC𝑅𝐵𝐹 ; (d) 1st KPC𝐿𝑎𝑝 ; (e) 1st KPC𝐶𝑎𝑢 ; (f) 1st KPC𝐻𝐼𝑆𝑇; (g) 1st A-KPC; (h) 1st M-KPC.

Table 3: Overall accuracy, OA (%), and Kappa statistic, 𝜅, of the Indian Pines data set with different models. The best scores for each class
are highlighted in bold face font, and the second best is underlined.
Feature
# of features
SVM
C
params
𝜎
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
OA
𝜅

Raw
159
430.5
2.18
87.04
88.77
86.09
92.31
98.19
98.93
92.31
99.39
90.00
89.67
91.90
94.30
99.06
97.30
80.00
92.63
92.47
0.9130

PCA
2
279.17
15.22
33.34
40.59
06.95
35.90
58.95
91.43
30.77
95.50
00.00
66.32
73.30
21.01
73.58
86.79
15.53
90.53
59.78
0.5399

KPCARBF
11
534.67
13.37
88.89
86.82
86.81
91.03
97.79
98.39
92.31
98.98
95.00
91.12
93.27
95.11
99.06
98.07
77.11
94.74
92.69
0.9210

KPCALap
51
663.98
13.28
74.07
75.80
65.47
68.38
88.73
97.59
88.46
97.75
90.00
80.58
86.95
80.78
98.11
96.91
53.42
94.74
83.92
0.8215

KPCACau
31
663.98
13.27
77.78
82.08
82.61
81.62
95.77
97.99
92.31
98.98
85.00
90.50
91.13
90.88
98.58
97.99
70.26
91.58
90.16
0.8967

KPCAHIST
33
663.98
13.28
90.74
83.19
78.30
82.48
90.74
96.52
84.62
97.34
90.00
88.74
89.55
88.27
97.64
96.52
58.95
90.53
88.30
0.8749

A-KPCA
35
603.46
16.59
90.74
89.82
88.49
91.45
97.59
99.06
92.31
99.39
95.00
91.22
93.11
95.44
99.06
97.84
82.63
90.53
93.44
0.9317

M-KPCA
20
346.67
4.74
94.44
89.96
88.60
96.58
98.59
99.33
96.15
99.59
95.00
91.84
94.25
95.60
99.53
97.60
88.95
94.74
94.28
0.9348
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Table 4: Overall accuracy, OA (%), and Kappa statistic, 𝜅, of the KSC data set with different models. The best scores for each class are
highlighted in bold face font, and the second best is underlined.
Feature
# of features
SVM
C
params
𝜎
1
2
3
4
5
6
7
8
9
10
11
12
13
OA
𝜅

Raw
176
534.66
3.77
97.50
94.24
93.75
78.17
77.64
75.11
93.34
96.29
99.04
100
99.05
99.06
100
95.51
0.9522

PCA
3
279.17
9.87
92.64
84.77
89.84
49.21
56.52
50.66
73.33
78.65
97.50
91.58
97.85
81.11
99.89
86.53
0.8493

KPCARBF
8
430.54
34.95
97.50
93.83
93.36
80.16
60.87
58.08
89.52
94.20
98.65
99.75
99.05
96.82
100
93.78
0.9347

KPCALap
56
663.98
5.58
95.66
90.12
91.80
71.43
55.28
55.02
91.43
90.26
96.73
97.77
98.09
95.23
99.89
91.65
0.9106

KPCACau
18
181.02
10.69
96.58
91.77
93.75
78.17
61.49
75.11
90.48
95.13
98.65
99.26
99.05
97.42
99.89
94.34
0.9407

KPCAHIST
55
346.69
5.58
96.32
91.36
93.75
75.40
57.76
58.95
91.43
91.18
97.50
97.77
98.81
95.63
99.89
92.59
0.9213

A-KPCA
14
117.38
5.61
98.03
94.24
93.36
81.35
78.88
82.53
94.29
96.75
99.23
100
99.05
99.01
99.89
96.14
0.9601

M-KPCA
12
165.69
5.01
98.29
95.47
97.26
93.25
88.82
86.90
95.24
96.28
99.61
99.26
99.28
99.20
100
97.52
0.9724

Table 5: Overall accuracy, OA (%), and Kappa statistic, 𝜅, of SVMs with different features. The best scores for each data set are highlighted
in bold face font, and the second best is underlined.
Data
Indian Pines
KSC

Kernel
RBF
Cauchy

Metric
OA
𝜅
OA
𝜅

𝜎0 /8
83.54
0.8006
91.83
0.9089

𝜎0 /4
88.69
0.8703
93.78
0.9307

𝜎0 /2
90.52
0.8918
93.24
0.9247

is defined in 99% confidence interval. Table 5 summarizes
the classification accuracies of this experiment. The results
show that the M-KPCA-based features are better than the
individual KPCAs and A-KPCA features on all data sets, no
matter which kernel parameter is applied.
4.3. M-KPCA versus Other Dimension Reduction Algorithms.
In this section, we compare our method (M-KPCA) with the
five FE methods, i.e., LDA, LPP, pPCA, RP, and t-SNE. MKPCA is constructed with the subkernels indicated in Table 2,
and kernel parameters are determined from (15). Different
values of the dimensionality number of the new subspaces are
tested for the SVM classifier across the two data sets. A set of
values {1, 2, 5, 10, 20, 50} are independently generated for the
subspace dimension. The classification accuracy is reported
for each model, and we plot the results in Figure 6.
Inspection of Figure 6 reveals that proposed method
regularly outperforms the competing FE methods for multiclass classification in higher dimensions. For instance, if the
number of extracted features is set to 50, M-KPCA improves
over the best competing method RP by 5.19% in terms of OA
on Indian Pines and by 3.78% on KSC. It can be also found
from Figure 6 that t-SNE method is highly stable against any

KPCA
𝜎0
92.69
0.9202
94.34
0.9409

2𝜎0
57.80
0.5036
80.27
0.7794

4𝜎0
52.41
0.4405
72.54
0.6918

8𝜎0
19.47
0.1267
69.76
0.6605

A-KPCA

M-KPCA

94.09
0.9327
95.93
0.9547

96.03
0.9459
96.36
0.9574

dimensional changes. On comparison of methods, we also
observe that the performance of LDA and pPCA is limited for
both data sets. Considering the lower dimensions (i.e., when
the number of new dimension is assigned a value smaller than
10), the best features are produced by the t-SNE which is also
the most time-consuming method. The rest of the methods
are sorted as RP, LDA, LPP, pPCA, and M-KPCA in ascending
order according to the average computation times.

5. Conclusion
In this paper, a novel semisupervised KPCA framework
named multiple KPCA (M-KPCA) is proposed for effective feature extraction of hyperspectral images. It applies
ensemble strategy to favor good candidate kernels during
nonlinear projections. A noniterative algorithm is developed
to simultaneously feature extraction and kernel combination
based on a kernel class separability criteria. In terms of
the number of kernels, KPCA uses only one base kernel
with predefined parameter(s) (if existing). In terms of the
kernel quality, A-KPCA has no measurement procedure to
evaluate the efficiency of kernels. M-KPCA overcomes these
drawbacks of both KPCA and A-KPCA.
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(a) Labeled scene

(b) Raw

(c) PCA

(d) KPCA𝑅𝐵𝐹

(e) KPCA𝐿𝑎𝑝

(f) KPCA𝐶𝑎𝑢

(g) KPCA𝐻𝐼𝑆𝑇

(h) A-KPCA

(i) M-KPCA

Figure 4: Classification results obtained with the Indian Pines: (a) labeled scene and classification maps using the (b) raw data; (c) PCA; (d)
KPCA𝑅𝐵𝐹 ; (e) KPCA𝐿𝑎𝑝 ; (f) KPCA𝐶𝑎𝑢 ; (g) KPCA𝐻𝐼𝑆𝑇; (h) A-KPCA; (i) M-KPCA. The classification was done by SVM with an RBF kernel.

Dimension reduced HSI data is classified by nonlinear
SVMs to compare classification performance for several
models. Experiments on two real HSI data sets demonstrate
that the best kernel type varies according to data (see

Tables 3 and 4). In the first test, KPCA presents better
performance compared to the conventional PCA. Overall
evaluation for dimension reduction performance of PCA,
KPCAs, A-KPCA, and M-KPCA techniques shows that the
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(a) Labeled scene

(b) Raw

(c) PCA

(d) KPCA𝑅𝐵𝐹

(e) KPCA𝐿𝑎𝑝

(f) KPCA𝐶𝑎𝑢

(g) KPCA𝐻𝐼𝑆𝑇

(h) A-KPCA

(i) M-KPCA

Figure 5: Classification results obtained with the KSC: (a) labeled scene and classification maps using the (b) raw data; (c) PCA; (d) KPCA𝑅𝐵𝐹 ;
(e) KPCA𝐿𝑎𝑝 ; (f) KPCA𝐶𝑎𝑢 ; (g) KPCA𝐻𝐼𝑆𝑇; and (h) A-KPCA; (i) M-KPCA. The classification was done by SVM with an RBF kernel.

M-KPCA is more successful than the others. In the second
experiment, we have employed seven candidate kernel functions using different kernel parameters for each data. These
KPCAs are then utilized to construct the A-KPCA and MKPCA. Experiments on the AVIRIS data sets confirm that
the M-KPCA outperforms the individual KPCAs and the AKPCA in terms of both OA and Kappa coefficient. Moreover,

the comparative results in Section 4.3 demonstrate that MKPCA experimentally accomplished superior or competitive
classification accuracy more than the other unsupervised
state-of-the-art FE methods.
The results clearly validate that semisupervised learning
of kernels with M-KPCA increases the robustness of nonoptimized KPCAs. One and probably most important limitation
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Figure 6: Classification results of SVM on the two data sets for varying subspace dimension produced by six FE methods.

of the M-KPCA is its computational complexity, related to the
number of samples used for constructing the kernel matrix.
Therefore, our future work aims to address the problem of
reducing the complexity. It is also possible to extend the
proposed method to a selective approach which eliminates
weak kernels before feature extraction.

Data Availability
The Indian Pines and KSC data that support the findings of
this study are, respectively, available in https://engineering
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.php?title =Hyperspectral Remote Sensing Scenes.
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Text classification and generation are two important tasks in the field of natural language processing. In this paper, we deal with
both tasks via Variational Autoencoder, which is a powerful deep generative model. The self-attention mechanism is introduced to
the encoder. The modified encoder extracts the global feature of the input text to produce the hidden code, and we train a neural
network classifier based on the hidden code to perform the classification. On the other hand, the label of the text is fed into the
decoder explicitly to enhance the categorization information, which could help with text generation. The experiments have shown
that our model could achieve competitive classification results and the generated text is realistic. Thus the proposed integrated deep
generative model could be an alternative for both tasks.

1. Introduction
Text classification is one of the most basic and important
tasks in the field of natural language processing, in which
one should assign predefined categories to the text. The
result of classification is often used as the input for other
tasks; thus an efficient and accurate classification algorithm
is of great benefit. Traditional classification models combined
with traditional representation of the text such as support
vector machine base on the bag-of-word vectors or other
classical methods have been able to achieve good results in
some simple application scenarios [1–4].
In recent years, deep learning models based on neural
networks have achieved remarkable results in various tasks,
such as computer vision [5] and speech recognition [6]. Obviously, the above models have also played a significant role
in the field of natural language processing. A considerable
part of the task is based on the word vector representations,
which are learned through neural language models [7–10].
These word vector representations, also known as word
embeddings, are transformed by a deep neural network such
as convolutional neural network (CNN) or recurrent neural
network (RNN) to obtain more abstract features about the
text [11–14]. Thus we could perform the text classification

based on these features. Such methods often lead to more
advanced results on larger dataset[15].
On the other hand, text generation is also an important
task of concern. Many works about neural language models or
sequence to sequence models have been made to improve the
quality of the generated text for a variety of purposes [16–18].
Compared with other models, deep generative models have
stronger expressive power, have the potential to handle more
types of data, and have the natural advantage of being able to
generate sample from the models, indicating their potential
to deal with the above task.
Variational Autoencoder (VAE), which is a powerful
deep generative model, has attracted the attention of many
researchers in recent years [19, 20]. It consists of a probability
encoder and a probability decoder and takes advantages of the
variational inference. A variational lower bound is optimized
instead of the traditional log-likelihood.
Variational Autoencoder has proved its ability, both in
theory and in practice, thus could be chosen to perform
the text generation task. What is more, the encoder of the
VAE could be regarded as a feature extractor, which could be
utilized to perform the classification task. In this paper,
we propose an integrated model based on VAE to handle
both generation and classification tasks. Although VAE has
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shown impressive advances in visual domain, such as image
classification and image generation, its application in natural
language processing has been relatively less studied [21]. In
our work, we use a modified version of VAE to extract
global features about the text, while using the text label to
facilitate the generation of text during the decoding stage. The
influence of the label information is enhanced by explicitly
feeding label to the decoder at each time step. For text
classification, we train a classifier based on neural network
and integrate it with the VAE. Experiments have shown that
our model can handle text classification and text generation
problems at the same time and could achieve ideal results.
The remainder of the paper is structured as follows.
In Section 2 we review the important architecture of VAE,
which is the foundation of our method and experiments.
In Section 3 we introduce the basic RNN structure. In
Section 4 we elaborate the details of the proposed method.
In Section 5 we introduce some related works. We provide
the experimental evaluation and show the results in Section 6.
Finally we make a conclusion in Section 7.

2. Review of VAE
In this section, we review the basic VAE model as the foundation of our work.
Variational methods provide an optimization-based alternative to the sampling-based Monte Carlo methods in learning the complex latent variables models. Variational methods
try to approximate the true posterior distribution by minimizing the Kullback-Leibler divergence between the true
posterior distribution and a simple probability distribution
which may be predefined and tractable. For instance, meanfield variational method [22] approximate the true posterior distribution with a fully factorized set of distributions.
Recently, some stochastic variational inference methods have
been proposed to update the variational parameters directly
by sampling from the variational posterior distribution [23–
25].
Variational Autoencoder (VAE)[19, 26] has proved to be
one of the most successful probabilistic generative models,
which combines the variational learning framework and
deep neural network. It could be regarded as a generative
model that is based on a regularized version of the standard
autoencoder.
In VAE, the deterministic encoder 𝜑𝑒 𝑛𝑐 is replaced by
a learned posterior recognition model 𝑞𝜙 (z | x). Similarly,
there is a probabilistic decoder 𝑝𝜃 (x | z).
The objective function is the same as the Evidence Lower
Bound (ELBO) in variational learning, which takes the
following form:
𝑝 (x, z)
log 𝑝𝜃 (x) = log ∑𝑝𝜃 (x, z) = log ∑𝑞𝜙 (z | x) 𝜃
𝑞
z
z
𝜙 (z | x)
≥ ∑𝑞𝜙 (z | x) log
z

𝑝𝜃 (x, z)
𝑞𝜙 (z | x)

= ∑𝑞𝜙 (z | x) log 𝑝𝜃 (x, z) + 𝐻 (𝑞) = 𝐸𝐿𝐵𝑂
z

where H(⋅)is the entropy.

(1)

The ELBO could be reformulated as
−𝐷𝐾𝐿 (𝑞𝜙 (z | x) ‖ 𝑝𝜃 (x)) + E𝑞𝜙 (z|x) [log 𝑝𝜃 (x | z)]

(2)

In practice, the prior over the latent variables is usually
chosen to be the centered isotropic multivariate Gaussian
𝑝𝜃 (z) = N(z; 0, I). The variational approximate posterior is
chosen to be a multivariate Gaussian with a diagonal covariance structure whose distribution parameters are computed
from z with a fully connected neural network with a single
hidden layer:
log 𝑞𝜙 (z | x(𝑖) ) = log N (z; 𝜇(𝑖) , 𝜎2(𝑖) I)

(3)

where 𝜇(𝑖) and 𝜎(𝑖) are outputs of the encoding MLP.
In the traditional stochastic variational learning framework, the Evidence Lower Bound is optimized with respect
to both the generative parameters 𝜃 and the variational
parameters 𝜙. The gradient with respect to 𝜃 could be
calculated by
∇𝜃 L (𝑥) = 𝐸𝑞𝜙 (z|x) [∇𝜃 log 𝑝𝜃 (x, z)]
∇𝜃 L (𝑥) ≈

1 𝑛
∑∇ log 𝑝𝜃 (x, z(𝑖) )
𝑛 𝑖=1 𝜃

(4)
(5)

while the gradient with respect to 𝜙 could be calculated by
∇𝜙 L (𝑥) = 𝐸𝑞𝜙 (z|x) [∇𝜃 log 𝑝𝜃 (x, z) − log 𝑞𝜙 (z | x)]
= 𝐸𝑞𝜙 (z|x) [(log 𝑝𝜃 (x, z) − log 𝑞𝜙 (z | x)) ∇𝜙

(6)

⋅ log 𝑞𝜙 (z | x)]
∇𝜙 L (𝑥) ≈

1 𝑛
∑ (log 𝑝𝜃 (x, z(𝑖) ) − log 𝑞𝜙 (z(𝑖) | x))
𝑛 𝑖=1

(7)

× ∇𝜙 log 𝑞𝜙 (z(𝑖) | x)
Unfortunately, this gradient estimator exhibits high variance, and some other methods should be used to alleviate it.
In VAE, the so-called reparameterization trick is used
to solve the above problem. Assume that z is a continuous
random variable and could be sampled by z ∼ 𝑞𝜙 (z | x).
Then z sometimes could be expressed as a deterministic
variable z = 𝑔𝜙 (𝜖, x), where 𝜖 is an auxiliary variable with
independent marginal 𝑝(𝜖) and 𝑔𝜙 (⋅) is some vector valued
function parameterized by 𝜙.
Given z = 𝑔𝜙 (𝜖, x), we have
𝑞𝜙 (z | x) ∏𝑑𝑧𝑖 = 𝑝 (𝜖) ∏𝑑𝜖𝑖
𝑖

𝑖

(8)

∫ 𝑞𝜙 (z | x) 𝑓 (z) 𝑑z = ∫ 𝑝 (𝜖) 𝑓 (z) 𝑑𝜖
(9)
= ∫ 𝑝 (𝜖) 𝑓 (𝑔𝜙 (𝜖, x)) 𝑑𝜖;
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thus we could construct the estimator by
∫ 𝑞𝜙 (z | x) 𝑓 (z) 𝑑z ≃

1 𝐿
∑𝑓 (𝑔𝜙 (𝜖(𝑙) , x))
𝐿 𝑙=1

(10)

where 𝜖(𝑙) ∼ 𝑝(𝜖).
For instance, assume that 𝑧 ∼ 𝑝(𝑧 | 𝑥) = N(𝜇, 𝜎2 ). Then
𝑧 could be reparameterized by 𝑧 = 𝜇 + 𝜎𝜖, where 𝜖 ∼ N(0, 1).
We have
EN(𝑧;𝜇,𝜎2 ) [𝑓 (𝑧)] = EN(𝜖;0,1) [𝑓 (𝜇 + 𝜎𝜖)]
≃

1 𝐿
∑𝑓 (𝜇 + 𝜎𝜖(𝑙) )
𝐿 𝑙=1

(11)

where 𝜖(𝑙) ∼ N(0, 1)

3. Recurrent Neural Network
Neural networks have been applied to a variety of tasks in the
field of natural language processing. In particular, recurrent
neural networks with long short-term memory (LSTM) [27,
28] cells or gated recurrent units (GRU)[29] have proven
successful at tasks including machine translation [16–18],
machine comprehension, and many others. These models are
especially suitable for handling sequential data.
Due to the vanishing and exploding gradient problems,
it is widely believed that learning long-range dependencies
with recurrent neural networks is challenging. To deal with
this issue, LSTM introduces a more complex interaction
structure. The recurrent computations in LSTM can be
represented by
𝑓𝑡 = 𝜎 (𝑊𝑓 ⋅ [ℎ𝑡−1 , 𝑥𝑡 ] + 𝑏𝑓 )

(12)

𝑖𝑡 = 𝜎 (𝑊𝑖 ⋅ [ℎ𝑡−1 , 𝑥𝑡 ] + 𝑏𝑖 )

(13)

̃𝑡 = tanh (𝑊𝐶 ⋅ [ℎ𝑡−1 , 𝑥𝑡 ] + 𝑏𝐶)
𝐶

(14)

̃𝑡
𝐶𝑡 = 𝑓𝑡 ∗ 𝐶𝑡−1 + 𝑖𝑡 ∗ 𝐶

(15)

𝑜𝑡 = 𝜎 (𝑊𝑜 ⋅ [ℎ𝑡−1 , 𝑥𝑡 ] + 𝑏𝑜 )

(16)

ℎ𝑡 = 𝑜𝑡 ∗ tanh (𝐶𝑡 )

(17)

where 𝑥𝑡 is the input, ℎ𝑡 is the cell’s state, 𝐶𝑡 is the cell’s mem̃𝑡 is the cell’s candidate memory, 𝑓𝑡 , 𝑖𝑡 , 𝑜𝑡 are the state of
ory, 𝐶
the corresponding gate, and 𝑊𝑓 , 𝑊𝑖 , 𝑊𝐶 , 𝑊𝑜 , 𝑏𝑓 , 𝑏𝑖 , 𝑏𝐶 , 𝑏𝑜 are
parameters of the cell.
It should be noted that there are many variants of LSTM,
but throughout this paper, we always use the standard LSTM.

4. Details of the Model
In this section, we introduce the structure of the model in
detail.
4.1. The Probabilistic Encoder. In VAE, the encoder would
encode the input into the hidden code. To handle text data,

we use LSTM as the main part of the encoder. Given a
sequence consisting of N words {𝑥1 , 𝑥2 , . . . , 𝑥𝑁}, we first
convert each word into an embedding vector 𝑤𝑖 ∈ R𝑑𝑒𝑚𝑏 . The
embeddings are encoded by column vectors in an embedding
matrix 𝑊𝑒𝑚𝑏 ∈ R𝑑𝑒𝑚𝑏 ×|𝑉| , where 𝑑𝑒𝑚𝑏 is the dimension of
the embedding and |𝑉| is the size of the vocabulary. Each
column corresponds to the embedding of the i-th word in the
vocabulary. The matrix 𝑊𝑒𝑚𝑏 is a parameter to be learned and
the dimension of the embedding is a hyperparameter to be
chosen by the user.
The embeddings of the words are then fed into the
LSTM cell step by step, and finally we get the hidden state
ℎ1 , ℎ2 , . . . , ℎ𝑁 of all the N timesteps. Unlike the vanilla
sequential VAE[21], here we prefer to use bidirectional LSTM
and introduce the self-attention mechanism to more efficiently extract the information from the entire text. The variational posterior represented by the encoder would be a
multivariate Gaussian with a diagonal covariance structure,
where the mean and the standard deviation of the posterior
are set to be the outputs of the MLP. Formally, we have
H𝑓𝑤 = 𝐿𝑆𝑇𝑀𝑒𝑛𝑐 (𝑥1 , 𝑥2 , . . . , 𝑥𝑁; 𝜙𝑒𝑛𝑐 )

(18)

H𝑏𝑤 = 𝐿𝑆𝑇𝑀𝑒𝑛𝑐 (𝑥𝑁, 𝑥𝑁 − 1, . . . , 𝑥1 ; 𝜙𝑒𝑛𝑐 )

(19)

H𝑓𝑢𝑙𝑙 = [H𝑓𝑤 ; H𝑏𝑤 ]
a = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 (𝑤𝑠2 tanh (𝑊𝑠1 H𝑇𝑓𝑢𝑙𝑙 ))
ℎ𝐶 = a𝑇 H𝑓𝑢𝑙𝑙

(20)
(21)
(22)

𝜇 = 𝑠𝑖𝑔𝑚𝑜𝑖𝑑 (𝑊0 ℎ𝐶 + 𝑏0 )

(23)

𝜎 = 𝑠𝑖𝑔𝑚𝑜𝑖𝑑 (𝑊1 ℎ𝐶 + 𝑏1 )

(24)

𝑞 (z | x) = N (z; 𝜇, 𝜎2 I)

(25)

where 𝜙𝑒𝑛𝑐 , 𝑊𝑠1 , 𝑤𝑠2 , 𝑊0 , 𝑊1 , 𝑏0 , 𝑏1 are parameters to be
learned. In the above procedure, H𝑓𝑤 , H𝑏𝑤 ∈ R𝑁×ℎ𝑑𝑖𝑚
represent all the hidden state of the forward and backward
directions of LSTM. H𝑓𝑢𝑙𝑙 ∈ R𝑁×2ℎ𝑑𝑖𝑚 is the concatenation
of H𝑓𝑤 and H𝑏𝑤 . a ∈ R𝑁 is the weight vector used in selfattention mechanism. ℎ𝐶 ∈ R2ℎ𝑑𝑖𝑚 is the weighted average of
all the hidden state, also called the context state vector.
4.2. The Text Classifier. Since text classification is one of our
aims, we can use the hidden code 𝑧 as the extracted abstract
feature of text. Ideally, we assume that the hidden code
contains important information about the input text, such as
semantics, length, and sentiment. Based on these features, we
can use traditional classifiers, such as SVM and AdaBoost to
classify texts. It is important to note that the categorization
of text is only one of our goals and our other goal is the
generation of text, while the class information about the
text helps the latter. Therefore, we consider integrating the
classifier into the VAE model and train the neural network
as classifier.
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Figure 1: The framework of the proposed model.

The hidden code is fed into a fully connected layer
followed by a softmax layer, and the output is a vector
indicating the probability of each class. Formally, we have
𝑞𝑐 (y) = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 (𝑊𝑐 z + 𝑏𝑐 )

̂
𝑥𝑡 ∼ 𝑝 (𝑥𝑡 )

log 𝑝𝜃 (𝑥) ≥ E𝑞𝜙 (𝑧|𝑥) [log 𝑝𝜃 (𝑥 | 𝑧, 𝑦)]

(27)

− 𝐷𝐾𝐿 (𝑞𝜙 (𝑧 | 𝑥) ‖ 𝑝𝜃 (𝑧)) = −L𝑔 (𝑥)

(31)

(29)

(30)

The remaining steps are the same as before.
4.4. The Objective Function. As our model needs to take into
account both text classification and generation, the objective

(32)

where 𝐷𝐾𝐿(𝑞 ‖ 𝑝) is the Kullback-Leibler divergence between
the distribution 𝑞 and 𝑝.
The loss of the classifier could be expressed as
L𝑐 (𝑥, 𝑦) = −∑𝑝𝑒 (𝑦) log 𝑞𝑐 (𝑦 | 𝑥)
𝑦

(28)

where 𝜃𝑑𝑒𝑐 , 𝑊𝑜 , 𝑏𝑜 are parameters to be learned.
Recall that we have the categorization information for
the text. Thus we may use the label to help controlling the
generation progress. A natural idea is to condition on both the
hidden code and the label at the beginning of the decoding
procedure. Unfortunately, this often does not achieve good
performance in practice. As the sequence gets longer, the
signal provided by the class label gets weaker rapidly. To make
full use of the label, we concatenate on the word embedding
and the one-hot label vector at each timestep, and the hidden
state of each timestep could be represented by
ℎ𝑡 = 𝐿𝑆𝑇𝑀𝑑𝑒𝑐 (𝑥1 , 𝑥2 , . . . , 𝑥𝑡−1 , 𝑧, 𝑦; 𝜃𝑑𝑒𝑐 )

𝑡

and the Evidence Lower Bound could be expressed as

4.3. The Probabilistic Decoder. The decoder would generate
the word sequentially, conditioned on the information provided by the encoder. We again use LSTM as the main part
of the decoder. The procedure of word embedding remains
unchanged. Decoding of timestep 𝑡 could be expressed as

𝑝 (𝑥𝑡 ) = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 (𝑊𝑜 ℎ𝑡 + 𝑏𝑜 )

𝑝𝜃 (x | z, 𝑦) = ∏𝑝𝜃 (𝑥𝑡 | x<𝑡 , z, 𝑦)

(26)

where 𝑊𝑐 , 𝑏𝑐 are parameters to be learned.

ℎ𝑡 = 𝐿𝑆𝑇𝑀𝑑𝑒𝑐 (𝑥1 , 𝑥2 , . . . , 𝑥𝑡−1 , 𝑧; 𝜃𝑑𝑒𝑐 )

function we need to optimize also consists of two parts. Given
a labeled data pair (x, 𝑦), we have

(33)

where 𝑝𝑒 (𝑦) represents the empirical distribution of the
ground truth label.
The final objective function for the entire dataset is
L𝑡𝑜𝑡𝑎𝑙 = ∑ (L𝑔 (𝑥) + 𝛼L𝑐 (𝑥, 𝑦))
(𝑥,𝑦)

(34)

where 𝛼 is the hyperparameter controlling the trade-off
between these two parts.
The reparameterization trick and sampling method could
be used to calculate the gradient with respect to each
parameter. Then the optimization would be applied.
The framework of our model is shown in Figure 1.

5. Related Works
In recent years, VAE has proved to be a powerful deep
generative model. The first work to combine VAE with text
generation is [21]. They use the vanilla LSTM as both the
encoder and the decoder. They introduced some tricks for
training VAE such as word drop and KL annealing, which
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Table 1: Details about the used datasets.

Dataset
IMDB
SST1
SST2

number of classes
2
5
2

we also used in our work. But their work do not include
the classification task. At the same time, their model cannot
generate text for a given category by controlling the label.
There are some similar works on the same topic such as
[36, 37]. In [36], they use the vanilla LSTM as the encoder of
VAE, and the hidden code of the VAE is transformed from
the hidden state of the last timestep in the LSTM. This means
that the LSTM should compress the information into the last
hidden state as much as possible, which is hard due to the
sequential structure of the vanilla LSTM. In fact, the information of the previous timesteps is often lost. In contrast, our
model use bidirectional LSTM as the encoder, which could
capture more contextual information than the vanilla one.
More importantly, we introduced the self-attention mechanisms [38, 39]; the final context state vector would be derived
from all the hidden state in the LSTM rather than just the last
hidden state. The extracted feature would contain more global
information and could be used to improve the performance
of both the classification and generation tasks. What is more,
although they use a modified version of CNN-based decoder,
they do not explicitly take advantage of the label during
decoding stage, and the categorical signal may not be strong
enough to guide the generation procedure, while our method
explicitly uses the label information during decoding and it
would help controlling the generation progress. In [37], they
also use the vanilla LSTM as encoder, which would be less
robust and less efficient.

6. Experiments
In this section we show the experimental results on several
datasets to demonstrate the performance of the proposed
method. First we would introduce the dataset we used in the
experiments; then we would describe the details of the experiments; finally we would show the results of the experiment
from two perspectives, text classification and text generation.
6.1. Datasets. We performed the model on three different
benchmarks: IMDB dataset, SST1, and SST2.
The IMDB dataset is a benchmark for sentiment classification [30]. The task is to determine if the movie reviews
are positive or negative. The Stanford Sentiment Treebank
(SST) dataset consists of movie reviews with one sentence
per review [35]. In SST1, the fine-grained labels are provided,
including very positive, positive, neutral, negative, and very
negative. The SST2 dataset is the same as SST1 but with
neutral reviews removed and binary labels. Details about the
dataset are shown in Table 1.
6.2. Experimental Setup. For all the experiments, the vocabulary size is set to 15000; the word out of the dictionary is

training
25000
8544
6920

validation
10000
1101
872

testing
15000
2210
1821

Table 2: The classification error rate (%) on the IMDB dataset of
each method. Lower is better.
Methods
SVM + bow(baseline)
WRRBM+bow[30]
SVM+bow2+NB[31]
NB-LM + bow3[32]
LSTM
VAE+NN(ours)

Error rate on IMDB
11.55
10.77
8.78
8.13
13.50
8.86

replaced by the < 𝑢𝑛𝑘 > token. In practice, it is unlikely
to handle sentences of arbitrary length; thus we would set
the max length of the sentence to be 35. We would truncate
the sentence if the length exceeds the maximum, and we
would pad the sentence with the < 𝑝𝑎𝑑 > token to make the
length of sentences in each minibatch consistent. During the
decoding procedure, we would add the < 𝑏𝑜𝑠 > and < 𝑒𝑜𝑠 >
token at the beginning and end of the sentence, respectively.
We use the pretrained GloVe vectors [40] with 300 dimensions as the initialization of the word embedding. During
training, these embeddings are optimized as part of the
parameters of the model. The hidden size of the LSTM cell
is set to 128. The size of the hidden code 𝑧 is also set to 128.
The batch size is set to 64. The classifier is a neural network
with two hidden layers, and the size of each layer is set to 200
and 400.
We implemented the model with Tensorflow. The model
is trained end-to-end using the ADAM optimizer, with
learning rate of 4𝑒 − 3.
In order to better train the VAE model, the cost annealing
trick is adopted to smooth the training by gradually increasing the weight of the KL divergence from zero to one. With
this trick, we would avoid vanishingly small KL term in the
VAE module. We also use word dropout to regularize the
model. In other words, the tokens fed into the decoder would
be replaced by the < 𝑢𝑛𝑘 > token with a certain probability.
We set this ratio to 0.25 during training, while in the decoding
stage, this trick would not be used.
All the other hyperparameters, such as the trade-off
between the two terms in the cost function, are chosen based
on the performance on the development set.
6.3. Classification Performance. To evaluate the proposed
model, we first train a SVM classifier based on the bag of
words feature as a baseline model on each dataset. These
models are implemented by LIBSVM. We also compared our
model with a few previous best methods.
The classification results on IMDB dataset are shown in
Table 2. Some previous best supervised results are contained.
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Table 3: The classification error rate (%) on the SST dataset of each method. Lower is better.

Methods
SVM + bow(baseline)
RAE[33]
MV-RNN[34]
RNTN[35]
DCNN[13]
VAE+NN(ours)

Error rate on SST1
61.4
56.8
55.6
54.3
51.5
55.3

For instance, the NB-LM bow3 method first generates binary
bag of n-gram vectors, multiplies the component for each ngram with the NB weight, and then trains a logistic regression
classifier.
We found that although our model does not outperform
some best methods, the proposed model could still get a
competitive result, which indicates that the feature extracted
by the encoder is meaningful. We emphasize that the best
models are specially optimized for classification task, while
our model also needs to consider the task of text generation.
Therefore, simply using the result of classification as the basis
of judgement does not fully demonstrate the ability of our
model.
We also carried out a series of similar experiments on the
SST dataset. The results are shown on Table 3. This time we
compared some best methods based on neural networks, such
as the Recursive Autoencoders (RAE) with pretrained word
vectors from Wikipedia, Matrix-Vector Recursive Neural
Network (MV-RNN) with parse trees, Recursive Neural Tensor Network (RNTN) with tensor based feature function and
parse trees, and Dynamic Convolutional Neural Network
(DCNN) with k-max pooling. Once again, we found that
our model far outperforms the baseline and could achieve
competitive results.
6.4. Generation Performance. We then conducted additional
experiments to demonstrate the ability of our model on text
generation. In order to make full use of the label information
to generate the corresponding category of text, we explicitly
feed the label into the decoder. In other words, the word
embedding and the one-hot label vector are concatenated at
each timestep as the input.
We used the model trained on the IMDB dataset to
generate text corresponding to different categories. The
results are shown on Table 4. We found that the generated text is realistic while corresponding the correct label,
that is, including different positive and negative emotions.
To make the experiments more complete, we also evaluated the performance of text generation on SST dataset.
The samples are shown on Table 5. We found that the generated text is shorter and simpler compared with the text
generated from the IMDB dataset. This is because the
IMDB dataset is larger and our model would learn more
complex structures. The results have demonstrated that our
model could consistently achieve good generative performance.

Error rate on SST2
22.8
17.6
17.1
14.6
12.2
16.9

Table 4: Samples of the text learned from the IMDB dataset.
Positive samples:
Lynch has a similar sense of humor in the movie
The music score itself is somewhat touching memorable
He left a deep impression on us and more elements would describe
the movie
This movie did get serious as well and had some really emotional
moments as well
It was entertaining and I still had great fun in watching it
Negative samples:
Imagination is not enough
Honestly those fans would not like to see some aspects of movies
It didn’t really stick out that much
The CG is not advanced enough to make the animated dogs real
This is only a disturbing, superficial entertainment
Table 5: Samples of the text learned from the SST dataset.
Positive samples:
Emotional movie
Theatrical foreign love
The film is the very good story
She was definitely a unique film
He does a wonderful performance as well
Negative samples:
This movie is not worth the fare
It is very disappointing
Empowerment life into a depression era
There are many meaningless scenes
There was too much of what we have seen before

7. Conclusion
In this paper, we have proposed an integrated deep generative
model to deal with both the text classification and generation.
We use bidirectional LSTM and introduce the self-attention
mechanism to enhance the encoder of VAE. We then extract
the feature of the text and use the neural network classifier
to perform the classification based on the global feature.
What is more, the categorization information is explicitly
fed into the decoder to help controlling the generation
progress. The experiments have shown that our model could
achieve competitive results on both tasks. While our work
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has enhanced the encoder of VAE for better performance,
we have not modified the main structure of the decoder. In
fact, some new mechanisms can be introduced to enhance
the decoder, such as coverage probability. What is more, some
constraint functions could be introduced to produce more
controllable text after modifying the objective function. We
leave them as our future work.
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data/sentiment/ and http://nlp.stanford.edu/sentiment/.
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Machinery fault diagnosis is pretty vital in modern manufacturing industry since an early detection can avoid some dangerous
situations. Among various diagnosis methods, data-driven approaches are gaining popularity with the widespread development of
data analysis techniques. In this research, an effective deep learning method known as stacked autoencoders (SAEs) is proposed
to solve gearbox fault diagnosis. The proposed method can directly extract salient features from frequency-domain signals and
eliminate the exhausted use of handcrafted features. Furthermore, to reduce the overfitting problem in training process and improve
the performance for small training set, dropout technique and ReLU activation function are introduced into SAEs. Two gearbox
datasets are employed to conform the effectiveness of the proposed method; the result indicates that the proposed method can not
only achieve significant improvement but also is superior to the raw SAEs and some other traditional methods.

1. Introduction
As one of the most vital components of rotating machinery,
gearboxes are widely used in various industrial fields, such
as vehicles and machine tools [1]. Due to the complexity
structure of gearbox and various working conditions interference, gears always cause fault quite easily. If the fault is not
detected in time, it can result in the crash of entire system
and serious loss of property. So it is challenging to conduct
effective fault diagnosis system. In modern industries, datadriven systems have revolutionized manufacturing through
enabling computers to collect a massive amount of data from
monitored machines [2]. At the same time, machines have
also been more precise than ever before, and machinery
fault diagnosis has sufficiently embraced multifault diagnosis
revolution in condition monitoring system. Contrasted with
top-down modeling proposed by the physics-based fault
diagnosis systems, data-driven systems provide a bottomup model to detect the occurrence of machinery faults [3].
As is well-known, the physics-based methods are unable
to be updated online with measured data and also cannot
deal well with large-scale data. On the other hand, with the

fast-developing computer systems and sensors, data-driven
based fault diagnosis systems have drawn increasing public
attentions.
The basic framework of data-driven system usually consists of four consecutive stages: data acquisition, feature
extraction, model training, and model testing [4]. Conventional data-driven methods are usually trying to design a
right set of features and then put them into some shallow
machine learning models such as Naive Bayes (NB) [5],
Support Vector Machines (SVM) [6], and logistic regression [7]. But these works usually focus on manual feature
extraction (statistical features, frequency, and time-frequency
features) that always need plenty of human labor and cannot
update online [8]. Meanwhile, the selection of these features
could not leave prior knowledge and feature engineering.
So it is really a tough problem for these methods to extract
intrinsic features behind the raw time-series data. As the
hottest subfield of machine learning, deep learning has
been regarded as a powerful solution for the intelligent
fault diagnosis system to extract salient features through
multilayer architecture, such as artificial neural networks
(ANN) [9, 10], autoencoders [11, 12], restricted Boltzmann
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machine (RBM) [13, 14], and convolutional neural networks
(CNN) [15, 16]. Compared with traditional methods, deep
learning methods do not need human labor and expert
knowledge for feature extraction. All the hyperparameters in
model training and pattern classification modules are able to
be trained jointly. Therefore, deep learning can be employed
to address machinery fault diagnosis in a very general way.
As one of the widely used deep learning techniques,
stacked autoencoders (SAEs) have attracted considerable
attention in fault diagnosis. It has been investigated as a
common component of DNN by Bengio et al. [17]. Jia et al.
[18] proposed a SAEs based DNNs for roller bearing and
planetary gearbox fault diagnosis with input as frequency
spectra after Fourier transform. Guo et al. [19] employed
multidomain statistical features of the raw vibration signals
as the input of SAEs, which can be viewed as a kind of feature
fusion. Liu et al. [20] fed the normalized spectrograms created
by STFT into SAEs for rolling bearing fault diagnosis. In the
work presented in [21], the nonlinear soft threshold approach
and digital wavelet frame were used to process the measured
signal and then fed into SAEs for rotating machinery diagnosis. Jia et al. [22] constructed a local connection network
based on normalized sparse autoencoder, and L1 norm was
employed to find sparse features.
Inspired by the prior researches, a new framework based
on SAEs is proposed to resolve the gearbox fault diagnosis.
Furthermore, to overcome the deficiency of overfitting problem in the training process and improve the performance
for small training set, dropout technique [23] and ReLU
activation function are introduced into SAEs. Rest of the
paper is organized as follows. Section 2 briefly introduces the
algorithms of SAEs, dropout, and ReLU activation function.
Section 3 is dedicated to detailing the content of the proposed
method. In Section 4, the multifault gearbox dataset is
adopted to validate the effectiveness of the proposed method.
Furthermore, the superiority of the proposed method is
exhibited by comparing with the other traditional methods.
Finally, some conclusions are drawn in Section 5.

2. Theoretical Background
2.1. Stacked Autoencoders. Autoencoder is a kind of unsupervised learning structure that owns three layers: input layer,
hidden layer, and output layer as shown in Figure 1. The
process of an autoencoder training consists of two parts:
encoder and decoder. Encoder is used for mapping the input
data into hidden representation, and decoder is referred to
reconstructing input data from the hidden representation.
m×1
Given the unlabeled input dataset {xn }N
,
n=1 , where xn ∈ R
hn represents the hidden encoder vector calculated from xn ,
and x̂n is the decoder vector of the output layer. Hence the
encoding process is as follows:
hn = f (W1 xn + b1 )

(1)

where f is the encoding function, W1 is the weight matrix of
the encoder, and b1 is the bias vector.
The decoder process is defined as follows:
x̂n = g (W2 hn + b2 )

(2)

where g is the decoding function, W2 is the weight matrix of
the decoder, and b2 is the bias vector.
The parameter sets of the autoencoder are optimized to
minimize the reconstruction error:
1 n
𝜙 (Θ) = arg min ∑L (xi , x̂i )
n i=1
𝜃,𝜃

(3)

where L represents a loss function L(x, x̂) = ‖x − x̂‖2 .
As shown in Figure 2, the structure of SAEs is stacking n
autoencoders into n hidden layers by an unsupervised layerwise learning algorithm and then fine-tuned by a supervised
method. So the SAEs based method can be divided into three
steps:
(1) Train the first autoencoder by input data and obtain
the learned feature vector;
(2) The feature vector of the former layer is used as the
input for the next layer, and this procedure is repeated until
the training completes.
(3) After all the hidden layers are trained, backpropagation algorithm (BP) is used to minimize the cost function and
update the weights with labeled training set to achieve finetuning.
2.2. Dropout. Dropout is an effective strategy that has been
proved to reduce overfitting in the training process of neural
networks. The overfitting problem always happens when the
training set is small, which would result in a low accuracy on
the test set. Dropout can randomly affect the neurons of the
hidden layer to lose power in the training process as shown
in Figure 3, but the weights of those neurons are preserved.
Furthermore, the neurons can recover to work when the next
sample is input. Technically, dropout is able to be achieved by
setting the output date of some hidden neurons to 0 and then
these neurons cannot be related to the forward propagation
process. Many researches have tested the effect of dropout
on reducing the overfitting problem for the small training
set [28], and this paper will also employ it to enhance the
feature extraction ability and classification accuracy of SAEs
for multifault gearbox fault diagnosis.
2.3. ReLU. For traditional activation functions (sigmoid
and hyperbolic tangent functions), the gradients decrease
quickly with training error propagating to forward layers. The
rectified linear units (ReLU) activation function has received
extensive attention in recent years, since its gradient will not
decrease with the independent variables increasing. So the
network with ReLU does not suffer from gradient diffusion
or vanishing. The ReLU function is shown in (4) and the
structure is displayed in Figure 4.
fr (x) = max (0, x)

(4)

3. Proposed Framework
This section details the proposed intelligent fault diagnosis
method. In the method, SAEs are combined with dropout
to achieve multifault gearbox fault diagnosis. The framework
and illustration of the proposed method are displayed in Figure 5. SAEs combined with dropout model are applied to train
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Figure 1: Structure of autoencoder.
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Figure 2: Structure of stacked autoencoders.

Figure 3: Dropout neural net model. Left: a standard neural net. Right: an example of a thinned net produced by applying dropout.

the weight matrix from frequency spectra of vibration signals.
Specifically, the procedure can be described as follows:
(1) The spectra of vibration signals are composed the
training set {Xi , li }M
i=1 , where M is the number of samples,
j
N×1
is the ith sample containing N Fourier coefficients,
X ∈R
and li is the health label of Xi .

(2) Build the DNNs by SAEs, and then employ the
unlabeled training set {Xi }M
i=1 to pretrain the DNNs layer-bylayer.
(3) Utilize BP algorithm to update the weights and fineturn the parameters of the SAEs with labeled training set
{Xi , li }M
i=1 .
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Figure 5: Flowchart of the proposed method.

(4) The testing set is adopted to validate the effectiveness
of the proposed method.

4. Experiments
4.1. Case 1: Fault Diagnosis of a Multifault Gearbox
4.1.1. Data Description. Gear faults including distributed fault
(worn) and localized faults (broken, pit), as well as coupled
fault in power train, perhaps cause catastrophic accidents.
Therefore, an early recognition of the gear faults is critical
for normal operation of a gearbox. Our paper focuses on
investigating the multifault gearbox. In this section, a mulifault gearbox experimental dataset is employed to validate
the effectiveness of the proposed method [29]. The vibration
signals were collected on a specially designed bench which
consisted of a one phase input and three-phase output
motor (the nominal power is 0.75 kW and nominal rotation
frequency is 880 rpm), a gearbox, the shaft supporting seats,
a flexible coupling, and a magnetic powder brake as show
in Figure 6. The sensor is a piezoelectric accelerometer
(DH131E) mounted on the flat surface of gearbox and the
sampling frequency is 5120 Hz. The gearbox includes two

gears (pinion and wheel gear) and the gear parameters are
displayed in Table 1. There are six health conditions under
three loads: normal, a single worn pinion, a single pit of
wheel, a single broken tooth of wheel, coupled fault of broken
wheel and worn pinion, and coupled fault of wheel pit and
worn pinion. For brevity, the six fault types of gear are
named as Type-1, Type-2, Type-3, Type-4, Type-5, and Type6, respectively. 100 data samples are collected from each fault
type under one load by an overlapped manner, so a total of
1800 samples are obtained from the designed bench and each
sample contains 1000 data points. Considering the rotation
frequency of shaft is 880 rpm, so each period of rotation
contains 350 data points. For avoiding the influence of speed
fluctuation, each sample collects almost three periods of
rotation data (1000 data points). The frequency spectra are
also adopted as input data, and each sample contains 500
Fourier coefficients. The major reason of using frequency
spectra is that the frequency spectra can show the distribution
of constitutive components with discrete frequencies and
more clarity information about the state of rotating machines
[18]. Here we randomly select 4 samples from the normal type
of gear, and obtain their Fourier coefficients by FFT as shown
in Figure 7. It is easy to find that the time-domain features of
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Table 1: Gear parameters.

Gear
Pinion
Wheel

Teeth
55
75

Module(mm)
2
2
Shaft supporting seat

Pressure angle (deg.)
20
20

Flexible couplings

Gearbox

Materials
S45C
S45C

Magnetic powder brake

Three-phase motor

Tooth-shaped belt

Figure 6: Bench of multifault gearbox.
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Figure 7: Comparison of time-domain and frequency-domain coefficients.

each sample are different, but the frequency spectra features
are becoming regularity with each other. The structure of the
designed DNNs is 500, 200, 100, and 6, respectively.
4.1.2. Diagnosis Results. The parameter of dropout rate 𝛼 is
changed from 0 to 0.7 with a step size of 0.1, and 15 trials are
carried out for the experiment in order to reduce the effective
of randomness. 10% of samples are randomly selected to train
the model, and the rest are used for testing. The diagnosis
accuracies are shown in Figure 8. It is clearly seen that when 𝛼
is 0.3, the diagnosis accuracy is the highest and the standard

deviation is the lowest, so 0.3 is chosen as the dropout rate in
this experiment.
To classify the six health conditions of the gears, 10%
samples are employed to train the proposed model and the
rest are used for testing. The learning rate is 0.01 and the
iteration number is 100. The training and testing accuracies of
15 trials are displayed in Figure 9 and the average training and
testing accuracies are 100% and 99.34% ± 0.25% respectively,
which indicates that the proposed model can also distinguish
the six health conditions of gear with a high accuracy. To
illustrate the process concretely, the classification results of
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Figure 9: Diagnosis result using the proposed method.

the 14th testing trial are drawn in Figure 10. It can be seen that
3 of the testing samples are misclassified, yielding the success
rates 99.44%. Among them, 1 sample of type-3 is misclassified
as type-4, 2 samples of type-4 are misclassified as type-3,
and 1 sample of type-5 is misclassified as type-6, respectively.
To further display the ability of the proposed method, tdistributed stochastic neighbor embedding (t-SNE) [30] is
employed to visualize the learned features. Therefore, the 100dimension feature vector is embedded into a 3-dimension
feature vector. The classification result is shown in Figure 11.
It is easy to find that the same types of samples are gathered
together and different types are separated excellently.
For comparison, several diagnosis methods are presented
and the diagnosis results are displayed in Table 2. Li et
al. [24] proposed a method combining 19 time-domain
and frequency-domain features with self-organizing map,
when their method was adopted to classify the six types of
the gearbox dataset and achieved 92.51% ± 4.23% testing
accuracy. In [25], wavelet multifractal features and SVM
model were used to represent the six gear fault types, and
finally obtained 87.65%±5.37% classification accuracy. Lin et
al. [26] proposed a fault diagnosis method using multifractal
detrended fluctuation (MFDFA) and here achieved 96.23% ±
1.69% accuracy. Lou et al. [27] applied multiple domain
features and ensemble fuzzy ARTMAP neural networks
to distinguish the health conditions and 98.83% ± 0.42%

accuracy was obtained. Furthermore, the raw stacked autoencoders without dropout (Raw SAEs) are also adopted for
comparison, and the testing accuracy is just 93.16% ±
3.78% which exhibits the effectiveness of dropout in feature
extraction. Compared with the methods above, it shows that
the proposed method can not only automatically distinguish
the six health conditions of gearbox, but also achieve a higher
accuracy with a lower percentage of training samples.
To further investigate the learned features in the proposed
model, another experiment is conducted as shown in Figures
12 and 13. As a result, two level features can be obtained from
two hidden layers of the DNNs which can be called learned
features, so 200- and 100-dimensional learned feature vectors
of each sample are obtained, respectively. For achieving a
good view on the visualization, all the learned feature vectors
of the same type test samples are gathered together [31].
Figure 12 displays the learned 100-dimensional features of
gearbox dataset using the raw SAEs without dropout, and
Figure 13 shows the learned 100-dimension features using the
proposed method. It can be clearly seen that all the learned
feature vectors of one health condition by the proposed
method are almost the same trend with each other. By
contrast, the feature vectors of each health condition by the
raw SAEs method are mixed with each other and can not find
a unit tendency. And also, the amplitudes of feature vectors
by the two methods are different, the proposed method is
able to learn more distinguished feature vectors that own
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Table 2: Comparison of classification accuracy.

Method

Training samples

Testing accuracy

[24]

40%

92.51% ± 4.23%

[25]

75%

87.65% ± 5.37%

[26]
[27]

N/A
50%

96.23% ± 1.69%
98.83% ± 0.42%

Raw SAEs

10%

93.16% ± 3.78%

Proposed

10%

99.34% ± 0.25%
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4.2. Case 2: Fault Diagnosis of a Motorcycle Gearbox. To
further validate the proposed method, a motorcycle gearbox
dataset [32] is taken as the second case analysis. Figure 14
displays the gearbox being referred to; besides the gearbox, there are an electrical motor with the rotation speed
1420 rpm, a data acquisition system, a tachometer, a triaxial
accelerometer, and a load mechanism. The sample frequency
was 16384 Hz. There are four health types of gear as shown
in Figures 14(b)–14(c): normal condition (NC), slightly worn
(SW), medium worn (MW), and broken tooth (BT). In
Figure 14(e), the gears, which have 24 teeth and 29 teeth
(tested gear), are a pair of driven and driving gears. The
vibration signals of four gear health types are depicted in
Figure 15. It can be easy to find that the NC and BT are easily
distinguished, but the SW and MW are hardly discriminated.
50 samples of NC and 100 samples of SW, MW, and BT are
collected, and each sample contains 1000 data points.
Similarly, 10% samples are employed to train the proposed
model and the rest are used for testing, and the parameter set
is the same as Case 1. The training and testing accuracies of 15
trials are displayed in Figure 16 and the average training and
testing accuracies are 100% and 99.26% ± 0.41% respectively,
which also indicates that the proposed model can distinguish
the four health types of the motorcycle gearbox with a high
accuracy. Then, the classification results of the 3rd testing trial
are displayed in Figure 17. Only 2 samples are misclassified;
i.e., 1 sample of SW is misclassified as MW, and 1 sample
of MW is misclassified as SW, respectively. Meanwhile, the
visualization of the 2-dimensional feature vectors mapped
by t-SNE is shown in Figure 18. The excellent classification
result is also obtained which illustrates the robustness of the
proposed method.

5. Conclusions
90

100

Figure 13: Learned features of gearbox dataset using the proposed
method.

larger amplitudes than the raw SAEs method. Therefore, the
proposed method can effectively mine the main variations in
a high order space from different fault signals than the raw
SAEs method without dropout.

An intelligent fault diagnosis method based on SAEs is
presented for gearbox fault diagnosis. In order to reduce
overfitting problem and improve the performance of traditional SAEs for small training set, the dropout technique and
ReLU activation function are both adopted. As illustrated
in the experimental study, the proposed method can extract
useful features from different fault gear types and achieve
a high diagnosis accuracy. Comparison studies show that
the proposed method outperforms the raw SAEs method
and some other traditional methods. On the other hand, the
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exhibition of the learned features illustrates that with the
help of dropout technique and ReLU activation function, the
proposed method can capture salient features and obtain a
higher diagnosis result than the raw SAEs method. Meanwhile it can clearly describe the process on how DNNs deal
with mechanical signals, which is worth further study in fault
diagnosis. In future work, a wide range of experiments will
be investigated to evaluate the robustness of the proposed
method.
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Periodic surveys of asphalt pavement condition are very crucial in road maintenance. This work carries out a comparative study on
the performance of machine learning approaches used for automatic pavement crack recognition. Six machine learning approaches,
Naı̈ve Bayesian Classifier (NBC), Classification Tree (CT), Backpropagation Artificial Neural Network (BPANN), Radial Basis
Function Neural Network (RBFNN), Support Vector Machine (SVM), and Least Squares Support Vector Machine (LSSVM), have
been employed. Additionally, Median Filter (MF), Steerable Filter (SF), and Projective Integral (PI) have been used to extract useful
features from pavement images. In the feature extraction phase, performance comparison shows that the input pattern including
the diagonal PIs enhances the classification performance significantly by creating more informative features. A simple moving
average method is also employed to reduce the size of the feature set with positive effects on the model classification performance.
Experimental results point out that LSSVM has achieved the highest classification accuracy rate. Therefore, this machine learning
algorithm used with the feature extraction process proposed in this study can be a very promising tool to assist transportation
agencies in the task of pavement condition survey.

1. Introduction
The acceptable level of road serviceability is very crucial to
ensure the economic growth and the safety of passengers.
Therefore, transportation agencies periodically survey and
collect the pavement condition data. Accurate and timely
recognition of pavement distress as well as pavement health
monitoring measures has increasingly become an integral
part of the regional road maintenance system [1]. It is because
early detection of pavement distress can help to develop costeffective rehabilitation methods and prevent the reduction in
service life of pavement structures [2].
Cracks are widely considered to be an important indicator of road surface degradation. The causes of cracks in
asphalt pavement can be vehicle overload, inclement climatic
conditions, and aging of road structure [3]. Detection of
cracks in pavement surface is highly useful for the task of

road maintenance. The reason is that if cracks are recognized
timely and accurately, the maintenance cost of road can be
saved significantly [4].
In developing countries, roads are usually surveyed manually by human inspectors. This traditional approach of road
inspection is time-consuming and subjected to variation in
assessment outcomes. Therefore, automatic pavement condition inspection and evaluation have become a common
desire of transportation agencies. To construct automatic
pavement assessment systems, researchers and practitioners
extensively rely on image processing techniques within which
2-dimensional images are the input information. Various
intelligent methods are then employed to enhance and transform the images to highlight the objects of interest which are
pavement cracks [5]. Instead of analyzing the whole image, a
set of useful features can be extracted from the image to detect
the status of crack and to distinguish the type of cracks [2, 6].

2
During the last three decades, various research works
have dedicated to establishing pavement crack detection
models. Kaseko et al. [7] performed a comparative evaluation
of neural network classifier and the traditional classifiers
of the Bayes classifier and the k-nearest neighbor (k-NN);
this work highlighted the potential of neural network in
pavement crack classification. Lee and Kim [8] proposed a
simple method for feature extraction used for crack class
categorization; this method is based on the concept of Crack
Type Index. Edge detection methods that employed Canny
and Sobel algorithms have been used for crack detection
[9]. Wang et al. [10] attempted to use wavelet transform
approaches to recognize the existence of cracks and observed
promising outcomes. Ying and Salari [11] applied the beamlet
transform-based technique to extract linear features of crack
objects; this technique has the advantage of crack feature
extraction in the presence of noise.
Gavilán et al. [12] established an adaptive road crack
detection system which employed Support Vector Machine
(SVM) ensembles. Ouma and Hahn [4] constructed an
automatic recognition approach of linear cracks based on the
wavelet-morphology and circular Radon transform methods. Mokhtari et al. [13] utilized artificial neural network
(ANN), decision tree, and k-nearest neighbors to classify
pavement images into “Crack” and “No Crack” labels; the
ANN was proved to be superior to the decision tree and knearest neighbors. Tiled fuzzy Hough transform was applied
to detect near straight segments of cracks embedded in
pavement textures [14]; this study confirms that the fuzzy
Hough transform is effective in diminishing the contribution
of texture and noise pixels. Li et al. [3] constructed an
automatic method used for both detection and segmentation
of pavement cracks using the steerable matched filtering and
an active contour model. Fujita et al. [15] proposed a linear
SVM based classification model that uses a set of handcrafted features extracted from digital images.
Cubero-Fernandez et al. [6] extracted the characteristics
of images using various techniques including logarithmic
transformation, bilateral filter, Canny algorithm, a morphological filter, and Projective Integral method; a Classification
Tree is then utilized and applied to categorize the images
containing cracks. Zhang et al. [16] and Gopalakrishnan et
al. [1] relied on the Convolutional Neural Network (CNN) to
classify crack patterns; CNN is the approach that incorporates
the feature extraction and the image classification process.
However, CNN requires a significant amount of training samples to construct a robust classifier and therefore consumes a
considerable computational cost. A SVM based method that
takes into account the information of neighboring pixels has
been recently introduced by Ai et al. [17]. Hoang and Nguyen
[2] employed the image processing methods of Steerable
Filters and Projective Integral for the feature extraction task
as well as machine learning for classification task. Although
the machine learning based method proposed in Hoang and
Nguyen [2] has a good performance, this method cannot
effectively recognize diagonal crack patterns.
Based on recent review works, the trend of applying
automatic methods for pavement condition assessment is
increasingly observed in the academic community due to
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the affordable cost of image acquisition equipment and the
rapid advancements of image processing techniques [18, 19].
Nevertheless, automatic crack detection and classification
still face significant challenges including the complexity of the
pavement texture, unexpected objects, nonuniform illumination, weak signals of crack patterns, the inhomogeneity of
cracks, and the diversity of crack patterns [2, 5, 15]. Therefore,
more studies should be dedicated to improving the effectiveness of pavement classification models. This improvement
can be achieved either through the enhancement of the
feature extraction phase or through the identification of more
suitable machine learning approaches.
Based on such motivations, this study proposes an alternative tool for automatic pavement crack classification that
employs image processing and machine learning methods.
The current study extends the body of knowledge in the
following aspects:
(i) To deal with the complex and noisy texture of the
pavement background, image processing techniques
including Median Filter, Steerable Filter, and Projective Integral are used in the feature extraction phase.
(ii) Six machine learning algorithms including Naı̈ve
Bayes Classifier, Classification Tree, Backpropagation
ANN, radial basis function ANN, SVM, and Least
Squares SVM are employed to categorize pavement
images into five classes: alligator crack, diagonal
crack, longitudinal crack, noncrack, and transverse
crack. This study compares the performances of these
classifiers to identify the most appropriate one.
(iii) In addition, to specifically improve the accuracy of
detecting diagonal cracks, a rotated Projective Integral method is employed.
The subsequent part of the article is organized as follows:
The second section reviews the research methodology; the
third section presents the processes of image acquisition
and feature extraction followed by the experimental result
and comparison; the last section summarizes the study with
several remarks.

2. Research Methodology
2.1. Image Processing Techniques
2.1.1. Median Filter (MF). MF, a nonlinear image filtering
technique, is an effective approach to noise removal. This
image filtering technique is widely used in the field of image
processing because it has the advantage of edge preservation.
Basically, MF replaces each pixel in the image with the median
of its neighboring pixels [20]. The number of the neighboring
pixels is determined by the window size (e.g., 3x3 or 5x5
pixels). As demonstrated by Arias-Castro and Donoho [21],
MF can be better than Gaussian blur at noise removal and
edge preservation edges for a fixed window size. Rababaah
[22] experimentally compared the performances of several
image denoising techniques and found that MF is the most
suitable method for processing asphalt pavement images.
Figure 1 illustrates the effects of MF on denoising a pavement
image with different window sizes.
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Figure 1: Median filtering of a pavement image with different window sizes.

2.1.2. Steerable Filter (SF). The Steerable Filter (SF) [23] is
essentially an image enhancement technique that employs
orientation-selective convolution kernels. As demonstrated
in the previous works of Cubero-Fernandez et al. [6] and
Hoang and Nguyen [2], this image enhancement technique is
particularly useful for differentiating the crack patterns and
the background texture of asphalt pavement. In addition to
crack detection, SF has been successfully employed in other
tasks of the computer vision field such as object tracking, text
classification, and distress recognition [3, 24–26].
It is noted that, in the SF algorithm, a linear combination
of Gaussian second derivatives is used as a basic filter. For
an image I(x,y), a 2D Gaussian distribution at a certain pixel
coordination is expressed as follows:
𝐺 (𝑥, 𝑦, 𝑟) =

(𝑥2 + 𝑦2 )
1
)
exp (−
√2𝜋𝑟
2𝑟2

(1)

where r denotes a tunable parameter of the Gaussian function
variance.
The SF formulation with the orientation of 𝜃 is expressed
as follows:
𝐹 (𝑥, 𝑦, 𝑟, 𝜃) = 𝐺𝑥𝑥 cos2 (𝜃) + 2𝐺𝑥𝑦 cos (𝜃) sin (𝜃)
2

+ 𝐺𝑦𝑦 sin (𝜃)

𝐺𝑦𝑦 (𝑥, 𝑦, 𝑟) =

(𝑥2 − 𝑟2 ) exp (− (𝑥2 + 𝑦2 ) /2𝑟2 )
√2𝜋𝑟5
(𝑦2 − 𝑟2 ) exp (− (𝑥2 + 𝑦2 ) /2𝑟2 )
√2𝜋𝑟5

(3)

(4)

𝐺𝑥𝑦 (𝑥, 𝑦, 𝑟) = 𝐺𝑥𝑦 (𝑥, 𝑦, 𝑟)
=

𝑥𝑦 exp (− (𝑥2 + 𝑦2 ) /2𝑟2 )

𝑅 (𝑥, 𝑦) = 𝐹 (𝑥, 𝑦, 𝜎, 𝜃) ∗ 𝐼 (𝑥, 𝑦)

(5)

√2𝜋𝑟5

It is worth noticing that when the value of the Gaussian
function variance (r) is fixed, the final filter response is a
combined result of SF with an orientation set 𝜃. The value of

(6)

where “∗” is the convolution operator.
2.1.3. Projective Integral (PI). In the image processing field,
PI is a simple yet effective method to characterize the shape
as well as the texture within an image. This method has
been widely utilized in the field of face or facial emotion
recognition [27]. PI has recently demonstrated its important
role in pavement distress classification and recognition [2, 3,
6].
With a digital image I(x,y), the horizontal and vertical
PIs are commonly employed. The formulas used to compute
these two aforementioned PIs are shown as follows:
𝐻𝑃 (𝑦) = ∑ 𝐼 (𝑖, 𝑦)
𝑖∈𝑥𝑦

𝑉𝑃 (𝑥) = ∑ 𝐼 (𝑥, 𝑗)
(2)

where G𝑥𝑥 , G𝑥𝑦 , and G𝑦𝑦 represent the Gaussian second
derivatives and their formulas are shown below:
𝐺𝑥𝑥 (𝑥, 𝑦, 𝑟) =

𝜃 is selected from a set of Θ = [0 : 30 : 360]. The SF response
of an asphalt pavement image containing cracks is illustrated
in Figure 2 with different value of the parameter r. The final
SF response at the pixel location of (𝑥, 𝑦) in the image I is
computed as follows:

𝑗∈𝑦𝑥

(7)
(8)

where HP and VP represent the horizontal and vertical PIs,
respectively. x𝑦 and y𝑥 denote the set of horizontal pixels
at the vertical pixel y and the set of vertical pixels at the
horizontal pixel x, respectively.
As shown in the previous work of Hoang and Nguyen [2],
HP and VP are highly useful for the task of recognizing the
alligator crack, longitudinal crack, noncrack, and transverse
crack. The reason is that an alligator crack case and a
noncrack case are often characterized by relatively stable PIs
in both horizontal and vertical axes; however, the average
value of the first case is higher than the latter case. On the
other hand, a longitudinal crack case and a transverse crack
case ideally feature one peak of intensity in VP and HP,
respectively.
However, these two PIs are not sufficient to identify the
diagonal crack. An example of image analysis using PI is
provided in Figure 3. It is clearly shown that HP and VP of
an image with an alligator crack are very similar to those of
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Figure 2: The SF responses of a pavement image with different values of Gaussian’s standard derivation (r).

an image with a diagonal crack. Therefore, to obtain a more
discriminative PI-based feature, this study employs the PI in
the two diagonal directions, denoted as diagonal projections
(DPs) 1 and 2. As can be seen in Figure 3(b), the PI of an
image containing a diagonal crack has relatively stable HP
and VP; however, one of its two DPs features a peak of
intensity.

𝐷

2.2. Machine Learning Approaches Used for
Pavement Crack Classification

𝑃 (𝑋 | 𝐶𝑚 ) = ∏ 𝑃 (𝑋𝑗 | 𝐶𝑚 )

𝑃 (𝑋 | 𝐶𝑚 ) × 𝑃 (𝐶𝑚 )
(9)
𝑃 (𝑋)
where 𝑃(𝐶𝑚 | 𝑋) denotes the posterior probability of the
class C𝑚 . 𝑃(𝑋 | 𝐶𝑚 ) is the likelihood which is the classconditional probability density function of the input pattern
X. 𝑃(𝐶𝑚 ) is the prior probability of the class C𝑚 . 𝑃(𝑋) denotes
the evidence factor.
The evidence factor 𝑃(𝑋) is basically a scale factor
employed to guarantee that the posterior probabilities sum
to one [30]. 𝑃(𝑋) is calculated as follows:
𝑃 (𝐶𝑚 | 𝑋) =

𝑀

𝑚=1

(11)

𝑗=1

2.2.1. Naı̈ve Bayes Classifier (NBC). NBC is a simple method
used for pattern classification. For a two-class problem, this
algorithm assigns the input pattern to one of two-class C𝑚 (m
= 1, 2). The class label of the input pattern is computed in the
following manner [28, 29]:

𝑃 (𝑋) = ∑ 𝑃 (𝑋 | 𝐶𝑚 ) × 𝑃 (𝐶𝑚 )

In addition, it is usually shown that the input pattern X is
a D-dimensional vector. Thus, each element of X is denoted
as X 𝑗 where j = 1, . . ., D. To compute 𝑃(𝑋 | 𝐶𝑚 ), NBC
relies on the assumption that the probability distributions of
attributes X 𝑗 , within each class, are independent of each other
[29]. Hence, the class-conditional density is expressed in the
following manner:

(10)

where 𝑃(𝑋𝑗 | 𝐶𝑚 ) is the probability distribution of the
attributes X 𝑗 in a particular class C𝑚 . Moreover, the density
𝑃(𝑋𝑗 | 𝐶𝑚 ) is assumed to be a Gaussian distribution.
2.2.2. Classification Tree (CT). CT, proposed in Breiman
et al. [31], is a popular method for data classification [32,
33]. This algorithm is a method for discovering structural
patterns in data and presenting the data in the form of
a tree-like structure. In the training phase, a CT model
is established by splitting subsets of the collected data set
using all input variables to build two child nodes [34]. The
most appropriate input variable is selected via an impurity
function. The CT algorithm aims at creating data subsets
which are as homogeneous as possible for each class label. The
Gini impurity function is often employed to quantify the data
homogeneous property; this function is expressed as follows
[35]:
𝑃 = 𝐺1 𝐺2

(12)
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Figure 3: Continued.
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Figure 3: Projection integral of pavement images: (a) alligator crack, (b) diagonal crack, (c) longitudinal crack, (d) transverse crack, and (e)
noncrack.

where a Gini impurity index of data subset 𝑘 is calculated in
the following manner [36]:
𝑛𝑘𝑐

2
.
𝐺𝑘 = 1 − ∑𝑝𝑘𝑖

(13)

𝑖=1

Here 𝑛𝑘𝑐 denotes the number of classes and 𝑝𝑘𝑖 represents the
ratio of presence of class 𝑖 in this set.
After being constructed, a CT model consists of a root
node, a set of internal nodes, and a set of terminal nodes
(also called leaves). Each node in the tree represents a binary
decision that separates the input variable into either one of
the two class labels. Therefore, the data classification process
is performed in a top-down manner from the root node to
the terminal node.

2.2.3. Backpropagation Artificial Neural Network (BPANN).
BPANN is a machine learning based classifier inspired
from biological neural networks. This algorithm simulates
the knowledge acquisition and inference processes of the
human brain [37]. Based on previous studies [38–41], BPANN
is proved to be highly effective in dealing with complex
nonlinear data modeling problems. A BPANN consists of the
input, hidden, and output layers. The hidden layers contain a
set of artificial neurons; the interconnected artificial neurons
play the crucial role of identifying the structure in the data to
compute the class labels of each data instance in the output
layer.
Using BPANN, a data classification problem boils down
to establishing a discrimination function𝑓 : 𝑋 ∈ 𝑅𝐷 → 𝑌 ∈
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𝑅𝑂 where D is the number of input patterns and O denotes
the number of class labels.
The BPANN model used for pattern classification is given
as follows [42]:
𝑓 (𝑋) = 𝑏2 + 𝑊2 × (𝑓𝐴 (𝑏1 + 𝑊1 × 𝑋))

(14)

where W 1 and W 2 denote weight matrices of the hidden layer
and the output layer, respectively; N is the number of artificial
neurons in the hidden layer; b1 = [b11 , b12, . . ., b1𝑁] and b2
denotes a bias vector of the hidden layer and of the output
layer, respectively. f 𝐴 represents an activation function (e.g.,
log-sigmoid function).
The value of N should be selected appropriately to ensure
the predictive capability of BPANN. As suggested by Heaton
[43], N can be roughly selected to be 2𝐷/3 + 𝑂; moreover,
an BPANN model with 𝑁 > 3𝐷/2 often brings about no
predictive improvements. It is noted that model parameters
of BPANN, stored W 1 , W 2 , b1 , and b2 , are adapted via the
backpropagation process [44, 45].
2.2.4. Radial Basis Function Neural Network (RBFNN). A
RBFNN [46] is a feedforward neural network model that
employs radial basis functions as activation functions. Its
structure is organized into an input layer, a hidden layer, and
one output layer. A RBFNN carries out pattern classification
by measuring the similarity between the query inputs with a
set of prototypes stored in this model. In essence, each of the
N 𝑁𝑅 neurons in the hidden layer represents a prototype used
for performing classification. A prototype is characterized by
a centroid in the learning space.
The data similarity is dependent on the Euclidean distance between the two data points and computed via the
radial basis function [47]. The radial basis function 𝜙(.) is
expressed as follows:


𝑧𝑗 (𝑥) = 𝜙 (𝑥 − 𝑐𝑗 )

(15)

where c𝑗 is the coordination of the 𝑗th centroid, x denotes an
input pattern, and ‖𝑥 − 𝑐𝑗 ‖ is the norm between the input data
and the centroid.
In the final model, the RBFNN output is calculated
through a sum product of the network’s weight and the input
vector [48]:
𝑀

𝑦 = ∑ 𝑤𝑗 .𝑧𝑗 (𝑥)

(16)

𝑗=1

where 𝑤𝑗 is the network weight which can be adapted via the
orthogonal least squares learning algorithm [49] used in the
network training phase.
2.2.5. Support Vector Machine (SVM). SVM, proposed by
Vapnik [50], is a binary classification method which originates from the statistical learning theory. Generally, the task
at hand is to construct a decision boundary that separates the
data into two classes. This decision boundary is generalized
from a set of training data points {𝑥𝑘 , 𝑦𝑘 }𝑁
𝑘=1 with input data
𝑥𝑘 ∈ 𝑅𝑛 and a set of class labels 𝑦𝑘 ∈ {−1, +1}. The SVM first

employs a nonlinear mapping function and the kernel trick to
increase the data dimension [51]. Subsequently, this method
constructs a hyperplane that plays the role of a decision
boundary.
The SVM training phase boils down to solving the
following optimization problems:
1
1 𝑁
Minimize 𝐽𝑝 (𝑤, 𝑒) = 𝑤𝑇 𝑤 + 𝑐 ∑ 𝑒𝑘2
2
2 𝑘=1
Subjected to

𝑦𝑘 (𝑤𝑇 𝜙 (𝑥𝑘 ) + 𝑏) ≥ 1 − 𝑒𝑘 ,

(17)

(18)

𝑘 = 1, . . . , 𝑁, 𝑒𝑘 ≥ 0
where 𝑤 ∈ R𝑛 is a normal vector to the hyperplane and b∈ R
denotes the model bias;𝑒𝑘 > 0 is a slack variable; c represents
a penalty constant; and 𝜙(𝑥) is a nonlinear mapping from the
input space to the high-dimensional feature space.
Based on the kernel trick, it is not necessary to find an
expression of 𝜙(𝑥). It is only required to compute the dot
product of 𝜙(𝑥) in the input space; this dot product is called
a kernel function expressed as follows:
𝑇

𝐾 (𝑥𝑘 , 𝑥𝑙 ) = 𝜙 (𝑥𝑘 ) 𝜙 (𝑥𝑙 )

(19)

The widely employed kernel function is the radial basis
function (RBF) [52, 53]. Find the optimal solution; the
optimization problem in (17) is converted into its dual form
which is essentially a quadratic programming problem [51].
Accordingly, the SVM model employed for classification
problem is compactly shown as follows:
𝑆𝑉

𝑦 (𝑥𝑙 ) = sign ( ∑ 𝛼𝑘 𝑦𝑘 𝐾 (𝑥𝑘 , 𝑥𝑙 ) + 𝑏)

(20)

𝑘=1

where 𝛼𝑘 denotes the solution of the dual form of the
optimization problem given in (17). SV is the number of
support vectors which is actually the number of positive 𝛼𝑘 .
2.2.6. Least Squares Support Vector Machine (LSSVM). First
described by Suykens and Vandewalle [54], LSSVM is a
powerful approach for data classification. This machine
learning method can be considered to be a least squares
version of the standard SVM proposed by Vapnik [50]. A
significant advantage of LSSVM is that its training phase is
accomplished by solving a system of linear equations instead
of the quadratic programming problem required by SVM.
This fact considerably enhances the computational efficiency
of LSSVM and superior performance of this machine learning
algorithm has been reported in various applications [55, 56].
The LSSVM learning process can be described as follows:
1
1 𝑁
Minimize 𝐽𝑝 (𝑤, 𝑒) = 𝑤𝑇 𝑤 + 𝛾 ∑ 𝑒𝑘2
2
2 𝑘=1
Subjected to

𝑦𝑘 (𝑤𝑇 𝜙 (𝑥𝑘 ) + 𝑏) = 1 − 𝑒𝑘 ,
𝑘 = 1, . . . , 𝑁

(21)

(22)
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where 𝑤 ∈ 𝑅𝑛 is the normal vector to the classification
hyperplane, and 𝑏 ∈ 𝑅 denotes the bias; 𝑒𝑘 ∈ 𝑅 is error
variable; 𝛾 > 0 represents a regularization constant.
To solve the above constrained optimization, the
Lagrangian is applied as follows:
𝐿 (𝑤, 𝑏, 𝑒; 𝛼) = 𝐽𝑝 (𝑤, 𝑒)
𝑁

− ∑ 𝛼𝑘 {𝑦𝑘 (𝑤𝑇 𝜙 (𝑥𝑘 ) + 𝑏) − 1 + 𝑒𝑘 }

(23)

𝑘=1

where 𝛼𝑘 denotes a Lagrange multiplier; 𝜙(𝑥𝑘 ) is a nonlinear
mapping function.
Using the KKT conditions for optimality, the previous
optimization is equivalent to solving a linear system [57].
Accordingly, the LSSVM model for binary classification can
be attained as follows:
𝑁

𝑦 (𝑥) = sign ( ∑ 𝛼𝑘 𝑦𝑖 𝐾 (𝑥𝑘 , 𝑥𝑙 ) + 𝑏)

(24)

𝑘=1

where 𝛼𝑘 and b are the solution of the aforementioned
constrained optimization problem. 𝐾(𝑥𝑘 , 𝑥𝑙 ) is the kernel
function which is applied in a similar manner to the standard
SVM.

3. Acquisition of Pavement Images and
the Feature Extraction Process
3.1. Pavement Image Acquisition. Because all the six machine
learning methods (NBC, DT, BPANN, RBFNN, SVM, and
LSSVM) are supervised algorithms, a data set of asphalt
pavement images with the corresponding ground truth labels
must be prepared to construct and validate the machine
learning based crack classification models. To establish the
data set, images of asphalt pavement have been collected
during field surveys in Da Nang city (Vietnam). Image
samples are captured using digital camera at the distance of
about 1.2m above the road surface.
To accelerate the computational process, the images are
resized to be 100x100 pixels. There are five classes of pavement
condition, namely, alligator crack (AC), diagonal crack (DC),
longitudinal crack (LC), noncrack (NC), and transverse crack
(TC). Each class label contains 300 image samples; therefore,
the total number of data instances in the collected data set is
1500. In this study, medium and large cracks are the objects
of interest. The image data sets are illustrated in Figure 4. For
the purposes of model construction and verification, the data
set has been divided into two subsets: the training set (80%)
and the testing set (20%). The training set is employed to
construct the six-machine learning model and the testing set
plays the role of novel input patterns to exhibit the predictive
performance of the crack classification model.
3.2. Image Feature Extraction. This step aims at creating a
set of features used by the machine learning approaches in
the task of pavement crack classification. The acquired input
image is transferred through a series of processing steps

to enhance its representation; the whole feature extraction
process is presented in Figure 5. The digital image is first
processed by MF to remove the unwanted dot noise and partially diminish the background texture of asphalt pavements.
The smoothed image is then enhanced by the SF algorithm
which has the purpose of highlighting the crack patterns. The
map created by the SF response is employed to construct four
PIs, namely, HP, VP, and two DP (DP1 and DP2). The DP1
and DP2 are specifically used to deal with diagonal crack
recognition. To compute these two DPs, the map of the SF
response is rotated with the angles of +45 and -45 to create
two rotated SF maps (demonstrated in Figures 6 and 7). The
two DP1 and DP2 are obtained by computing the HPs of the
two rotated SF maps. As can be shown in Figure 6, if the
angle between the crack line and the horizontal axis is +45∘ ,
the intensity of DP2 has one peak value. On the contrary, the
DP1 features one peak value of intensity if the angle between
the crack line and the horizontal axis is -45∘ (demonstrated
in Figure 7).
Since the image size is 100x100, the number of features
created by the four PIs is 400. This number of features is
relatively large and can impose certain difficulty for the six
machine learning algorithms due to the curse of dimensionality [58]. Therefore, it can be beneficial to reduce the size
of the feature set. To contract the features obtained from
the PIs, a simple moving average technique is applied. More
specifically, the average value of W consecutive values along
the PIs is computed to create PIs with fewer data points (see
Figure 8). For instance, if W = 10 then the total number
of features in the contracted PIs is reduced from 400 to
40. Observably, the contracted PIs still preserve important
characteristics of the original PIs. Moreover, the moving
average technique can be useful to diminish local fluctuations
appearing in the original PIs. The reduced set of PI-based
features then serves as input pattern to characterize the four
types of cracks (AC, DC, LC, and TC) as well as the state of
no detected cracks (NC).

4. Experimental Result and Classification
Performance Comparison
As stated previously, the data set including 1500 image
samples is used to create and verify the performance of the
six machine learning models. The data set is divided into a
training set (80%) and a testing set (20%). The first set is
employed in the model construction phase; the second set
is used to demonstrate the model generalization capability.
Since a single run may not reflect the true performance of
each machine learning approach due to the randomness in
the data selection process, this study repetitively performs
the training and testing processes 30 times. The model
performance is then evaluated by averaging the outcomes
obtained from 30 times of training and testing data sampling
processes.
In the feature extraction phase, based on several trialand-error runs, the most suitable window size of MF, the
Gaussian function variance parameter (r) used in SF, and the
window size (W) of PI-based feature dimension reduction are
chosen to be [5, 5], 1.5, and 10, respectively.
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Figure 6: Rotated projection integrals: diagonal crack with angle = +45∘ .
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Figure 7: Rotated projection integrals: diagonal crack with angle = -45∘ .

It is noted that six classification models (NBC, DT,
BPANN, RBFNN, SVM, and LSSVM) are employed in the
experiment. Besides the two models of BPANN and RBFNN
which can be directly used for multiclass classification, the
two-class classification versions of NBC, DT, SVM, and
LSSVM are extended with one-versus-one (OvO) strategy
[59] to deal with the multiclass nature of the pavement crack
classification at hand. This strategy is selected due to its
good performance; the OvO strategy also helps to avoid the
problems of imbalanced data sets [58, 60].
The NBC, DT, BPANN, RBFANN, and SVM models are
implemented in MATLAB environment via the Statistics and
Machine Learning Toolbox [61]. The LSSVM performs its

training and predicting phases via the toolbox developed
by [62]. To employ the DT, BPANN, RBFANN, SVM, and
LSSVM models, it is necessary to select their tuning parameters. In this section, the tuning parameters that lead to the
best testing performance of models are selected. For the DT
model, the minimal number of observations per tree leaf is
selected to be 1 as suggested by the MATLAB toolbox [61]. The
crucial parameter of BPANN is Nr (the number of neurons in
the hidden layer). In the experiment, as suggested by Heaton
[43], this parameter of BPANN is allowed to vary from 2/3D
+ O to 1.5D (where D is the number of input variables and O
is the number of the output classes). In addition, the Scaled
Conjugate Gradient algorithm with the maximum number of
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Figure 8: Smoothed PIs with different values of window size (W).

training epochs = 3000 is employed to construct the BPANN
model. In the case of RBFANN, the number of neurons in
the hidden layer (M) and a spread parameter (SP) must be
specified [61]. For the data set in this study, the suitable
value of M is searched in the ranges of [100, 300] with an
interval of 50 and the possible values of SP are within the
set of [0.1, 0.25, 0.5, 0.75, 1, 2.5, 5, 7.5, 10]. The regularization
parameter and the kernel function parameter of SVM and
LSSVM are set via the grid search process described in the
previous work of Hoang and Bui [63].
Moreover, to quantify the predictive capability of the
six machine learning models, the classification accuracy rate
(CAR) for a particular class i is calculated as follows:
𝐶𝐴𝑅𝑖 =

𝑅𝐶𝑖
× 100 (%)
𝑖
𝑅𝐴

(25)

𝑖
represent the number of data samples in the
where 𝑅𝐶𝑖 and 𝑅𝐴
class ith being correctly recognized and the total number of
data samples in the class ith, respectively.
The overall classification accuracy rate (CAR) for all the
five class labels is computed as follows:

𝐶𝐴𝑅𝑂V𝑒𝑟𝑎𝑙𝑙 =

∑5𝑖=1 𝐶𝐴𝑅𝑖
5

(26)

The pavement crack classification results of the six
machine learning algorithms obtained from the repeated
sampling of data with 30 runs are summarized in Table 1.
Focusing on the average values of CARs, LSSVM has obtained
the highest overall CAR (92.62%), followed by SVM (91.91%),
BPANN (84.79%), CT (76.84%), NBC (75.54%), and RBFNN
(74.81%). The average CARs of LSSVM in predicting data
in the classes of AC (95.33%), DC (94.00%), NC (91.17%),
and TC (94.94%) are also the most desired outcomes. Only
for the data in the LC class, SVM (88.06%) is better than
LSSVM (87.67%). LSSVM (91.17%), SVM (91%), RBFNN
(87.94%), NBC (87.94%), and BPANN (85.44%) show good
performances in predicting the NC class. When predicting
the data with the ground truth label of NC, only the CAR of
CT is lower than 80%. In addition, Figure 9 shows the box
plots of prediction results of the six machine learning models.
Moreover, to better verify the statistical difference
between each pair of machine learning models used in the
task of multiclass pavement crack classification, the Wilcoxon
signed-rank test (WSRT) is used. It is noted that WSRT is
a nonparametric statistical hypothesis test that is commonly
employed for confirming the statistical difference of models’
predictive capability. Herein, the significance level of the test
is set to be 0.05. Using WSRT, the p values are calculated
based on the 30 runs of experiment with each model. If p
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Table 1: Prediction result comparison.

NBC

Pavement Crack Classification Models
CT
BPANN
RBFNN

SVM

LSSVM

Average

AC
DC
LC
NC
TC
Overall

65.89
66.94
78.78
87.94
78.17
75.54

81.72
68.28
73.89
79.67
80.67
76.84

80.33
84.44
82.94
85.44
90.78
84.79

70.17
70.28
74.94
87.94
70.72
74.81

93.78
92.17
88.06
91.00
94.56
91.91

95.33
94.00
87.67
91.17
94.94
92.62

Standard
Deviation
(Std.)

AC
DC
LC
NC
TC
Overall

7.18
3.48
4.75
4.24
4.53
1.90

4.09
6.38
6.21
5.24
4.96
2.19

5.94
5.88
4.08
5.57
3.27
2.32

8.07
5.03
5.28
4.37
6.60
2.44

4.17
3.31
4.78
3.65
3.36
1.53

3.46
3.02
4.48
3.56
2.08
1.46

Statistical
Measure

CAR (%)

Note: AC: alligator crack; DC: diagonal crack; LC: longitudinal crack; NC: noncrack; TC: transverse crack.

Table 2: p values of pairwise comparison of machine learning models.
Model

Model

LSSVM
-0.105
0.000
0.000
0.000
0.000

LSSVM
SVM
BPANN
CT
NBC
RBFNN

SVM
0.105
-0.000
0.000
0.000
0.000

BPANN
0.000
0.000
-0.000
0.000
0.000

Overall CAR (%)

95
90
85
80
75
70
LSSVM

SVM

BPANN
CT
Prediction Models

NBC

RBFNN

Figure 9: Box plots of prediction results of the machine learning
models.

value of the test is smaller than 0.05, it is confident to state
that the predictive performances of the two machine learning
models are statistically different. The p values obtained from
the hypothesis test are reported in Table 2. It is clearly shown
that the performances of LSSVM and SVM are significantly
better than BPANN, CT, NBC, and RBFNN. The result of
BPANN is statistically better than those of CT, NBC, and
RBFNN. In addition, the CT model is superior to NBC (p
= 0.023) and RBFNN (p = 0.002). NBC and RBFNN have
competitive performances (p = 0.304) in modeling the data
set at hand.

CT
0.000
0.000
0.000
-0.023
0.002

NBC
0.000
0.000
0.000
0.023
-0.304

RBFNN
0.000
0.000
0.000
0.002
0.304
--

Moreover, this study also analyzes the effect of the
window size parameter (W), used in reducing the size of
the PI-based feature set, on the performance of the machine
learning model. Since LSSVM has the highest overall CAR,
this algorithm is selected in this analysis. The values of W = 10,
5, 4, 2, 1 result in the feature number (FN) = 40, 80, 100, 200,
400, respectively. It is noted that W = 1 means that the data
set contains all 400 original features obtained from the four
PIs. The prediction results corresponding to different sizes of
the feature set are reported in Table 3. It can be observed that
the reduction of FN by means of moving average method has
not deteriorated the prediction accuracy. In fact, as confirmed
by WSRT reported in Table 4, the reduction in FN leads to
improvements in the model performance. The model using a
data set of 40 features has a better CAR (92.62%) than that
obtained from the model employing the original 400 features
(90.88%). There is only a small difference between the results
obtained from LSSVM models that use 40 and 80 features (p
= 0.923). However, there are statistical differences between
the aforementioned results with those obtained from models
using 100, 200, and 400 features (p < 0.05).
In addition, it is beneficial to investigate the effect of
the DPs on the model performance. Herein, the feature set
that contains DPs is compared to the feature set that has
no DPs. The latter feature set, used in the previous works
of Cubero-Fernandez et al. [6] and Hoang and Nguyen [2],
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Table 3: Prediction results of LSSVM with different value of feature number.
Statistics

CAR (%)

Number of features
80
100

40

200

400

Average

AC
DC
LC
NC
TC
Overall

95.33
94.00
87.67
91.17
94.94
92.62

96.72
94.89
86.56
90.17
94.28
92.52

96.94
92.67
84.39
90.39
92.83
91.44

95.22
90.83
86.17
89.83
93.83
91.18

96.33
90.56
85.56
89.33
92.61
90.88

Standard Deviation (Std.)

AC
DC
LC
NC
TC
Overall

3.46
3.02
4.48
3.56
2.08
1.46

2.29
3.58
4.79
3.29
3.78
1.71

2.15
3.38
5.00
3.57
3.79
1.46

2.43
3.78
4.80
3.37
2.44
1.46

1.88
3.64
4.88
4.21
3.71
1.75

Table 4: p values of the LSSVM models with different feature number.
Feature Number

40
-0.923
0.003
0.002
0.000

40
80
100
200
400

Feature Number
100
0.003
0.021
-0.564
0.132

80
0.923
-0.021
0.001
0.001

200
0.002
0.001
0.564
-0.401

400
0.000
0.001
0.132
0.401
--

100.00
95.00
90.00
CAR (%) 85.00
80.00
75.00
70.00
Not Using DPs
Using DPs

AC
87.89
95.33

DC
87.17
94.00

LC
81.11
87.67

NC
86.61
91.17

TC
92.06
94.94

Overall
86.97
92.62

Crack Type

Figure 10: Comparison of the LSSVM model results with DPs and without DPs. Note: AC: alligator crack; DC: diagonal crack; LC: longitudinal
crack; NC: noncrack; TC: transverse crack.

only consists of the horizontal and vertical PIs. The LSSVM
model is also used in this analysis for result comparison. The
performances of the LSSVM that uses and does not use DPs
are shown in Figure 10. Notably, focusing on the DC class, the
result of the model using DPs (94.00%) is significantly better
than that without the inclusion of DPs (87.17%). Moreover,
it is interesting to observe that the model using DPs also
outperforms that not using DPs in classifying data of other
class labels (AC, LC, NC, and TC).

5. Conclusion
To improve the accuracy of the pavement crack classification
task, this study constructs an intelligent model that combines
image processing and machine learning approaches. The
image processing techniques of MF, SF, and PI are used to
extract features from digital images. A data set of 1500 images
with five class labels of AC, DC, NC, LC, and TC has been
prepared. The six machine learning algorithms NBC, CT,
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BPANN, RBFNN, SVM, and LSSVM have been employed to
construct pavement classification models from the collected
data set. Experimental results point out that LSSVM and
SVM are the most capable machine learning algorithms for
classifying the current data set of pavement images. The
performance of LSSVM is slightly better than that of SVM.
The overall classification accuracy rates of LSSVM and SVM
are 92.62% and 91.91%, respectively. In addition, experiments
with LSSVM show that the inclusion of DPs can clearly
improve the prediction performance of the machine learning
model. Accordingly, the LSSVM using the feature extraction
method proposed in this study can be a promising alternative
for assisting transportation agencies in the task of pavement
condition survey.

Data Availability
The data used to support the findings of this study are
available from the corresponding author upon request.
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