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1. Introduction

Continuous systems, such as beams, membranes, plates,
shells, and other structural/mechanical components, rep-
resent fundamental elements of mechanical systems in any
field of engineering: Aerospace, Aeronautics, Automation,
Automotive, Civil, Nuclear, Petroleum, and Railways.

#e modern designer is required to optimize structural
elements to improve the performance-to-cost ratio, produce
lightweight machines, and improve the efficiency. Such op-
timizations easily lead to amagnification of vibration/dynamic
problems such as resonances, instabilities, and nonlinear
behaviors. #erefore, the development of new methods of
analysis, testing, and monitoring is greatly welcome.

#is special issue focuses on sharing recent advances
and developments of theories, algorithms, and applica-
tions that involve the dynamics and vibrations of con-
tinuous systems.

#e contributions to this special issue include innovative
theoretical studies, advanced numerical simulations, and
new experimental approaches to investigate and better
understand complex dynamic phenomena; more specifi-
cally, methods and theories for beams, membranes, plates,
and shells; numerical approaches for structural elements;
fluid-structure interaction; nonlinear acoustics; identifica-
tion, diagnosis, friction models, and vehicle dynamics.

Seventeen contributions have been received from all over
the world: Canada, China, Kazakhstan, Italy, Macau, Spain,
and USA. #is shows the generalized interest on the topic.

#e following short description of the special issue
content is organized by grouping the contributions in co-
herent subtopics.

2. Nanoscience: Nonlinear Dynamics

M. Strozzi and F. Pellicano present a study on the dynamic
properties of nanotubes, a continuous shell model is con-
sidered for investigating the interactions of double modes,
which are present in nanotubes due to the symmetry. J. Fan
and J. Huang develop an approach based on the Haar wavelet
discretization method (HWDM) for the nonlinear vibration
analysis of carbon nanotube-reinforced composite beams.
#ese two studies represent two different viewpoints in the
field of nanoscience, i.e., nanoscale and macroscale analysis.

3. NonlinearDynamics: AxiallyMoving Systems

M. Shao et al. investigate axially moving membranes, fo-
cusing the attention to the chaotic response of the system: a
deep bifurcation analysis is carried out showing several
interesting dynamic behaviors, chaos, quasi-periodicity, and
subharmonic response. D. Adair et al. investigate axially
moving beams through a new decomposition method: free
nonlinear vibrations were analyzed.

4. Modelling

J. Zhao et al. develop a simplified finite element for mul-
tilayer plates. E. F. Joubaneh et al. present a generalized
differential quadrature approach for sandwich beams.

5. Fluid-Structure Interaction

J. Wang et al. analyze the nonlinear response of a liquid
partially filled rigid cylindrical container with a rigid annular
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baffle; the study is based on experimental and numerical
approaches. M. T. T. Sastre and C. Vanhille analyze the
dynamics and resonances of a cavity filled with a nonlinear
biphasic medium made of a liquid and gas bubbles.

6. Identification, Nonlinear Time-Series
Analysis, Diagnosis, and Structural Integrity

C. Li et al. use the ensemble empirical mode de-
composition together with fractal dimension analysis to
extract characteristic quantities for fault diagnosis of
turbine bearings. P. Fang et al. apply the principle of
Poincare ́ mapping and the periodicity ratio methods for
identifying the dynamic characteristics of high-
dimensional nonlinear systems. C. Huang et al. present
a fault diagnosis method based on the combination of the
complete ensemble empirical mode decomposition, peri-
odic segment matrix, and singular value decomposition.

7. Miscellaneous

K. Wang et al. present a study on wagons derailments, in
particular the influence factors of derailment during dy-
namic braking. Z. Li et al. present a paper focusing on
identification of road roughness through acceleration
measurements. X.-F. Zhong et al. present a paper focusing
on active car suspension control. J. Li et al. investigate the
nonlinear vibrations of gas journal bearings. A. Hadji and
N. Mureithi are concerned with friction models and their
validation within finite elements models. J. Li et al. present
an analytical model for structural integrity assessment in oil
industry applications.

8. Conclusion

We hope that the content of this special issue will be useful to
the community of engineers and researchers working on the
field of mechanical vibrations.

Conflicts of Interest

#e editors declare that they have no conflicts of interest
regarding the publication of the special issue.

Acknowledgments

#e guest editors would like to thank all the authors for their
interest in this special issue. #e editors thank the anony-
mous reviewers for their deep analysis of the manuscripts,
their comments, and suggestions. Eventually, the editors
thank the publisher and in particular the assistant editors for
their valuable support in the editorial process.

Francesco Pellicano
Matteo Strozzi

Konstantin V. Avramov

2 Shock and Vibration



Research Article
Nonlinear Resonance Interaction between Conjugate
Circumferential Flexural Modes in Single-Walled
Carbon Nanotubes

Matteo Strozzi 1 and Francesco Pellicano 2

1Department of Sciences and Methods for Engineering, University of Modena and Reggio Emilia,
Via Giovanni Amendola 2, 42122 Reggio Emilia, Italy
2Department of Engineering “Enzo Ferrari”, University of Modena and Reggio Emilia, Via Pietro Vivarelli 10/1,
41125 Modena, Italy

Correspondence should be addressed to Matteo Strozzi; matteo.strozzi@unimore.it

Received 5 September 2018; Revised 6 February 2019; Accepted 13 February 2019; Published 24 April 2019

Academic Editor: Itzhak Green

Copyright © 2019Matteo Strozzi and Francesco Pellicano.-is is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in anymedium, provided the original work is
properly cited.

-is paper presents an investigation on the dynamical properties of single-walled carbon nanotubes (SWCNTs), and nonlinear
modal interaction and energy exchange are analysed in detail. Resonance interactions between two conjugate circumferential
flexural modes (CFMs) are investigated. -e nanotubes are analysed through a continuous shell model, and a thin shell theory is
used to model the dynamics of the system; free-free boundary conditions are considered. -e Rayleigh–Ritz method is applied to
approximate linear eigenfunctions of the partial differential equations that govern the shell dynamics. An energy approach, based
on Lagrange equations and series expansion of the displacements, is considered to reduce the initial partial differential equations
to a set of nonlinear ordinary differential equations of motion.-emodel is validated in linear field (natural frequencies) by means
of comparisons with literature. A convergence analysis is carried out in order to obtain the smallest modal expansion able to
simulate the nonlinear regimes. -e time evolution of the nonlinear energy distribution over the SWCNTsurface is studied. -e
nonlinear dynamics of the system is analysed by means of phase portraits. -e resonance interaction and energy transfer between
the conjugate CFMs are investigated. A travelling wave moving along the circumferential direction of the SWCNT is observed.

1. Introduction

Carbon nanotubes (CNTs) were first discovered in 1991 by
Iijima in the laboratories of the NEC Corporation in Japan.
-ese “helical microtubules of graphitic carbon” were ob-
served in the form of needles comprising several coaxial
tubes of graphitic sheets by means of a transmission electron
microscopy (TEM). -ey were grown on the negative end of
the carbon electrode used in the arc-discharge synthesis of
fullerenes and were detected by high-resolution electron
micrographs [1].

Starting from their discovery, CNTs have attracted in-
creasing interest from researchers all over the world because
of their outstanding mechanical properties, in particular,
very high Young’s modulus (of the order of 1-2 TPa) and
tensile strength (up to 100GPa) [2–4].

-e combination of the two previous mechanical
properties allows CNTs to reach natural vibration fre-
quencies of the order of THz: these ultrahigh frequencies
have led to experiment the application of CNTs and their
composites as ultrahigh sensitivity resonators within nano-
electro-mechanical-systems (NEMS), such as oscillators,
sensors, and charge detectors [5–10].

Several methodologies have been adopted in order to
better investigate the mechanical properties of CNTs
and their application in many industrial fields. Experimental
tests, numerical simulations, and continuum mechanics
studies have been performed. Single-walled and multi-
walled carbon nanotubes (MWCNTs) have been considered.

Experiments based on the resonant Raman spectroscopy
(RRS) technology have been carried out to obtain atomic
structure and chirality of SWCNTs considering the frequency
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spectrum of the CNTand applying the theory of the resonant
transitions. -is method starts from the measurement of the
SWCNT diameter obtained by means of atomic force mi-
croscopy (AFM) and investigates natural frequency and en-
ergy of the SWCNT radial breathing mode (RBM) [11–15].

However, owing to their high technological complexity and
costs, experimental methods cannot be considered as efficient
approaches to investigate the mechanical behaviour of CNTs.

Molecular dynamics simulations (MDS) have been
performed to get numerically the time evolution of SWCNT
as a system of atoms treated as point-like masses interacting
with one another according to an assumed potential energy
which describes the atomic bond interactions along the
CNT. -e vibrations of the free atoms of the SWCNT are
recorded for a certain duration at fixed temperature and the
corresponding natural frequencies are computed by the
Discrete Fourier Transform (DFT) [4, 16–19]. Modelling the
SWCNTas an equivalent space frame-like discrete structure,
on the basis of atomistic structural mechanics (MDS), is
computationally very expensive and this method cannot be
easily applied to the structural simulation of CNTs, which
incorporate a large number of atoms.

-eoretical models based on continuum mechanics are
computationally more efficient than MDS. In such kind of
modelling, CNTs are treated as continuous homogeneous
structures, ignoring their intrinsic atomic nature; this allows
the achievement of a strong reduction of the number of
degrees of freedom. In order to investigate the vibration
properties of SWCNTs and MWCNTs, both beam-like
[20–32] and shell-like [33–37] equivalent continuous
models have been proposed in the past.

In particular, the analogy between circular cylindrical
shell and CNTnanostructures led to extensive application of
continuous shell models for the CNT vibration analysis. To
deepen the knowledge on shells, the fundamental books of
Leissa [38] and Yamaki [39] are suggested to the reader. In
these works, nonlinear dynamics and stability of shells with
different shapes, material properties, and boundary condi-
tions are treated; the most important thin shell theories
(Donnell, Sanders-Koiter, Flugge-Lur’e-Byrne) are reported,
numerical and experimental results are described.

In order to study the CNTdynamics through continuous
models, equivalent mechanical parameters (i.e., Young’s
modulus, Poisson’s ratio, and mass density) must be applied.
Indeed, we are going to simulate the intrinsically discrete
CNTwith its continuous twin: a circular cylindrical shell; in
order to be dynamically equivalent all shell parameters must
be suitably set, this was achieved comparing the equations of
the classical shell theory for tensile and bending rigidity with
the MDS results [40].

One of the most controversial topics in modelling the
discrete CNTs as continuous cylindrical shells is denoted by
the inclusion of the size effects, i.e., surface stresses, strain
gradients, and nonlocalities, into the elastic shell theory
considered. It was found in the literature [41] that the size
effects influence the vibration characteristics of the CNTs in
the higher region of their frequency spectrum (vibration
modes with relatively high number of longitudinal half-
waves). -erefore, to obtain relatively high resonant

frequencies correctly, nonlocal elastic shell models were
developed, where the size effects are taken into account in
the stress-strain relationships [42–44].

Both theoretical and experimental aspects of nonlinear
dynamics and stability of shells are widely explored in the
literature [45–49]. In these works, the effect of the geometry,
boundary conditions, fluid-structure interaction, material
distribution, geometric imperfections, and external loads on
the nonlinear vibrations of circular cylindrical shells is in-
vestigated. Particular attentionwas paid to the choice ofmodes
used in the expansion of the displacements; the general goal is
to simulate the nonlinear dynamic behaviour of the shell with
a minimum number of degrees of freedom: these models were
obtained by means of convergence analyses of the nonlinear
response of the system, see [50–52] for more details.

It must be stressed that the application of the CNTs and
their composites as ultra-high-sensitivity resonators within
NEMS requires deep investigation of the nonstationary dy-
namics phenomena, i.e., energy transfers, internal resonances,
and propagating waves, in the CNTs, considered as strongly
nonlinear systems. To this aim, the nonlinear resonance in-
teraction and energy exchange between vibration modes in
SWCNTs were extensively studied in the literature [53–57].

An interesting nonstationary dynamic phenomenon, a
travelling wave response, was observed both numerically and
experimentally in circular cylindrical shells, with and without
fluid-structure interaction [58, 59].-is phenomenon is due to
the coexistence of three specific conditions: (i) axisymmetric
structure, (ii) nonlinear vibrations, and (iii) conjugate modes.
Shells with circular cylindrical geometry are symmetric with
respect to the longitudinal axis; in presence of large amplitude
displacements, they are subjected to nonlinear vibrations;
conjugate modes are couples of modes having the same mode
shape and frequency, but angularly shifted of a quarter of
period in circumferential direction. -erefore, in circular
cylindrical shell, the nonlinear resonance interaction between
conjugate modes can give rise to a pure travelling wave
moving along the circumferential direction of the shell. To the
authors’ best knowledge, the present paper is the first work in
which the travelling wave response in SWCNT, considered as
“graphene sheet rolled into a seamless tube” [1], is observed in
nonlinear field. Other relevant linear and nonlinear dynamic
phenomena of CNTs can be found in [60–62].

In this paper, the nonlinear oscillations and energy dis-
tribution of SWCNTs are investigated. -e resonance in-
teraction between two CFMs having the same natural
frequency and with mode shapes shifted of π/4 (conjugate
modes) is analysed.-e Sanders-Koiter shell theory is applied
tomodel the nonlinear dynamics of the system in case of finite
amplitude vibration. -e CNTdeformation is given in terms
of longitudinal, circumferential, and radial displacement field.
Free-free boundary conditions are considered. In the linear
analysis, the three displacements are expanded by using a
double mixed series and the Rayleigh–Ritz method is applied
to get approximated eigenfunctions. In the nonlinear analysis,
the three displacements are re-expanded by considering the
approximated eigenfunctions of the linear analysis, and an
energy method based on the Lagrange equations is used to
reduce the partial differential equations of motion to a system
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of ordinary differential equations, which is then solved by
means of the implicit Runge–Kutta numerical scheme. -e
model is validated by comparing the natural frequencies with
the results of experiments and molecular dynamics simula-
tions found in the literature. A convergence analysis is carried
out to select the vibration modes to be added to the two
directly excited CFMs providing a proper description of the
nonlinear response of the system.-e evolution in time of the
nonlinear energy distribution of the conjugate CFMs over the
SWCNT surface is studied. Phase portraits describing the
nonlinear dynamics of the system are found. -e effect of the
conjugate mode resonance interaction on the nonlinear be-
haviour of the SWCNT is investigated. -e participation of
both conjugate modes gives a pure travelling wave moving
circumferentially around the CNT.

2. Sanders-Koiter Shell Theory

In this work, the Sanders-Koiter elastic thin shell theory is
used to model the SWCNT dynamics.

It must be stressed that in the present paper, the con-
tribution of the size effects (surface stresses, strain gradients,
and nonlocalities) is not taken into account in the stress-
strain relationships.

Since size effects have a relevant influence in the higher
region of the SWCNT frequency spectrum (vibration modes
with relatively high number of longitudinal half-waves and
resonant frequencies), then they can be neglected in this
manuscript, which is focused on the lower region of the
SWCNTfrequency spectrum (conjugate CFMs with relatively
low number of longitudinal half-waves and resonant fre-
quencies).-erefore, in the present work, the local continuum
mechanics neglecting the size effects can be applied correctly
without loss of accuracy (see ref. [41] for more details).

In Figure 1(a), a picture of a discrete SWCNT is added to
better describe the transition from the actual atomistic
structure of the CNT to the equivalent continuous shell
model adopted in this work.

In Figures 1(b) and 1(c), a circular cylindrical shell having
radius R, length L, and thickness h is represented; a cylindrical
coordinate system (O; x, θ, z) is considered where the origin O
of the reference system is located at the centre of one end of the
shell. In Figures 1(b) and 1(c), three displacements are repre-
sented: longitudinal u (x, θ, t), circumferential v (x, θ, t), and
radialw (x, θ, t); the radial displacementw is considered positive
outward; x and θ are the longitudinal and angular coordinates of
an arbitrary point on the middle surface of the shell; z is the
radial coordinate along the thickness h; t is the time.

2.1. Strain-Displacement Relationships. Since one of the
most important issues of CNTcontinuummodelling is given
by the infinitesimal dimensions, which cause very fast time
scales and therefore induce hard computational troubles
during numerical integration, then, in this work, the gov-
erning parameters, i.e., shell displacements and time, are
transformed into dimensionless form.

-e dimensionless displacement field (u, v, w) of the
shell can be written in the form [37]

u �
u

R
,

v �
v

R
,

w �
w

R
,

(1)

where (u, v, w) is the dimensional displacement field and R

is the radius of the shell.
-e Sanders-Koiter shell theory is based on Love’s first

approximation, which considers the following five hy-
potheses [38]: (i) the thickness of the shell is very small in
comparison with the other dimensions, (ii) the deformations
are small, (iii) the transverse normal stress is small with
respect to the other stresses and can be neglected (σz � 0),
(iv) the normal to the reference undeformed shell surface
remains straight and normal to the deformed shell surface,
and (v) the normal to the reference undeformed surface
suffers no extension during deformation, i.e., no thickness
stretching is present (Kirchhoff–Love kinematic hypothesis).

-e consequences of the last two assumptions are that
the transverse shear the deformations of the shell are
neglected (cxz � cθz � 0); in addition, also the rotary inertia of
the shell is neglected.

-e dimensionless middle surface strains of the shell
(εx,0,εθ,0, cxθ,0) are expressed as [54]

εx,0 � α
zu

zη
  +

1
2
α2

zw

zη
 

2

+
1
8

α
zv

zη
−

zu

zθ
 

2⎧⎨

⎩

⎫⎬

⎭,

(2)

εθ,0 �
zv

zθ
+ w  +

1
2

zw

zθ
− v 

2

+
1
8

zu

zθ
− α

zv

zη
 

2⎧⎨

⎩

⎫⎬

⎭, (3)

cxθ,0 �
zu

zθ
+ α

zv

zη
  + α

zw

zη
z w

zθ
− v  , (4)

where the linear terms are inserted into square brackets, the
nonlinear terms are inserted into curly brackets, η� x/L is
the dimensionless longitudinal coordinate of the shell and
α�R/L.

-e separation of the linear and nonlinear terms in
equations (2)–(4) can be useful in order to properly insert
the strain contributions into the equation of the di-
mensionless elastic strain energy of the shell in the following
linear and nonlinear vibration analyses.

-e dimensionlessmiddle surface changes in curvature and
torsion of the shell (kx, kθ,

kxθ) are linear terms given by [54]

kx � −α2
z2 w

zη2
,

kθ �
zv

zθ
−

z2 w

zθ2
,

kxθ � − 2α
z2 w

zη zθ
+
3
2
α

zv

zη
−
1
2

zu

zθ
.

(5)
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2.2. Force and Moment Resultants. -e dimensionless force
( Nx, Nθ,

Nxθ,
Qx, Qθ) and moment ( Mx, Mθ,

Mxθ) re-
sultants per unit length of the shell are expressed as [37]

Nx �
1

1− ]2( )
εx,0 + ]εθ,0 ,

Nθ �
1

1− ]2( )
εθ,0 + ]εx,0 ,

Nxθ �
1

2(1 + ])
cxθ,0,

(6)

Mx �
β

12 1− ]2( )
kx + ]kθ ,

Mθ �
β

12 1− ]2( )
kθ + ]kx ,

Mxθ �
β

24(1 + ])
kxθ,

(7)

Qx �
β2

12 1− ]2( )
α kx,x + ]kθ,x  +

(1− ])

2
kxθ,θ ,

Qθ �
β2

12 1− ]2( )

(1− ])

2
αkxθ,x + kθ,θ + ]kx,θ ,

(8)

where ] is Poisson’s ratio of the shell and β� h/R. -ese
expressions of the dimensionless force and moment re-
sultants will be used into the equations of the natural-type
boundary conditions.

2.3. Elastic Strain Energy. In the case of homogeneous and
isotropic material, the dimensionless elastic strain energy U

of a cylindrical shell, by neglecting the transverse normal

stress σz (Love’s first approximation), can be written as a
function of the dimensionless strains (εx,0,εθ,0, cxθ,0) and
(kx, kθ,

kxθ) in the form [37]

U(η, θ, τ) �
1
2

1
1− ]2( )

 
1

0

2π

0
ε2x,0 + ε2θ,0 + 2]εx,0εθ,0

+
(1− ])

2
c
2
xθ,0dη dθ +

β2

12

1

0

2π

0
k

2
x + k

2
θ

+ 2]kx
kθ +

(1− ])

2
k
2
xθdηdθ,

(9)

where the first term of the right-hand side of equation (9) is
the membrane energy (also referred to stretching energy)
and the second one is the bending energy.

Another relevant issue of the thin-shell modelling of
SWCNTs is given by the choice of an isotropic or anisotropic
model; indeed, CNTs are discrete systems, i.e., they are
intrinsically nonisotropic. However, it was proven in the
past that the use of isotropic models for SWCNTs does not
lead to significant errors. -erefore, in the present work, an
isotropic elastic shell model is considered.

2.4. Kinetic Energy. -e dimensionless time variable τ is
defined introducing a reference dimensional circular fre-
quency ω0 (i.e., the lowest extensional circular frequency of a
ring in plane strain) in the form [56]

τ � ω0t,

ω0 �

����������
E

1− ]2( )ρR2



,
(10)

R

z h

h

O

u

w

R

L

v

θ

x

(b)

(a) (c)

Figure 1: Equivalent continuum structure of a SWCNT. (a) Discrete SWCNT [19]. (b) Geometry of the equivalent circular cylindrical shell.
(c) Cross section of the circular cylindrical shell surface.
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where t is the dimensional time and E and ρ are Young’s
modulus and mass density of the shell, respectively.

-e dimensionless velocity field (u′, v′, w′) of the shell is
given by [56]

u′ �
du

dτ
�

_u

Rω0
,

v′ �
dv

dτ
�

_v

Rω0
,

w′ �
dw

dτ
�

_w

Rω0
,

(11)

where ( _u, _v, _w) is the dimensional velocity field.
-e dimensionless kinetic energy T of a cylindrical shell

(rotary inertia is neglected) is [56]

T(η, θ, τ) �
1
2

c 
1

0

2π

0
u′2 + v′2 + w′2 dη dθ, (12)

where c � ρR2ω2
0/E.

2.5. Total Energy. -e dimensionless total energy ~E of the
shell can be expressed as the sum of the dimensionless elastic
strain energy ~U and kinetic energy T in the following form:

E(η, θ, τ) � U(η, θ, τ) + T(η, θ, τ). (13)

3. Vibration Analysis

In order to study the linear and nonlinear vibrations of the
shell, a two-step energy based procedure is adopted: (i) in the
linear analysis, the three displacements are expanded by
using a double mixed series, the potential and kinetic en-
ergies are developed in terms of the series free parameters,
and the Rayleigh–Ritz method is considered to obtain ap-
proximated eigenfunctions; (ii) in the nonlinear analysis, the
three displacements are re-expanded by using the approx-
imated eigenfunctions of the linear analysis, the potential
and kinetic energies are developed in terms of modal co-
ordinates and the Lagrange equations are applied to obtain a
system of nonlinear ordinary differential equations of mo-
tion, which is solved numerically.

3.1. Linear Vibration Analysis. -e linear vibration analysis
is carried out by considering only the quadratic terms in the
equation of the dimensionless elastic strain energy (9) and
adopting the same procedure of [37, 45].

A modal vibration, i.e., a synchronous motion, can be
formally written in the form [37]

u(η, θ, τ) � U(η, θ)f(τ),

v(η, θ, τ) � V(η, θ)f(τ),

w(η, θ, τ) � W(η, θ)f(τ),

(14)

where u(η, θ, τ), v(η, θ, τ), w(η, θ, τ) are the three di-
mensionless displacements of the cylindrical shell; U(η, θ),

V(η, θ), W(η, θ) describe the corresponding dimensionless
mode shape; and f(τ) is the dimensionless time law,
which is supposed to be the same for each displacement in
the modal vibration analysis (synchronous motion
hypothesis).

-e dimensionless mode shape ( U, V, W) is expanded by
considering a double mixed series in terms of m-th order
dimensionless Chebyshev polynomials T

∗
m(η) along the

longitudinal direction and harmonic functions (cos nθ,

sin nθ) along the circumferential direction; following [37],
the expansion reads

U(η, θ) � 

Mu

m�0


N

n�0

Um,n
T
∗
m(η)cos nθ, (15)

V(η, θ) � 

Mv

m�0


N

n�0

Vm,n
T
∗
m(η)sin nθ, (16)

W(η, θ) � 

Mw

m�0


N

n�0

Wm,n
T
∗
m(η)cos nθ, (17)

where T
∗
m(η) � Tm(2η− 1), m denotes the degree of the

Chebyshev polynomial and n is the number of nodal
diameters.

It must be noted that ( Um,n, Vm,n, Wm,n) are unknown
dimensionless coefficients which are found by imposing the
boundary conditions, i.e., by applying constraints to the
expansions (15)–(17).

Due to the axial symmetry and the isotropy of the
system, in the absence of imperfections and in the case of
axisymmetric boundary conditions (e.g., simply, clamped,
and free), the harmonic functions are orthogonal with re-
spect to the linear operator of the shell in the circumferential
direction θ and the mode shapes are characterized by a
specific number of nodal diameters n; therefore, the double
series of equations (15)–(17) can be reduced to a single series
and the linear mode shape can assume the following sim-
plified expression [50]:

U(η, θ) � 

Mu

m�0

Um,n
T
∗
m(η)cos nθ,

V(η, θ) � 

Mv

m�0

Vm,nT
∗
m(η)sin nθ,

W(η, θ) � 

Mw

m�0

Wm,nT
∗
m(η)cos nθ, n � 0, 1, 2, . . . , N.

(18)

-e dimensionless mode shape ( Uc,
Vc,

Wc) of the
corresponding conjugate mode is given by

Uc(η, θ) � 

Mu

m�0


N

n�1

Um,n
T
∗
m(η)sin nθ, (19)

Vc(η, θ) � − 

Mv

m�0


N

n�1

Vm,n
T
∗
m(η)cos nθ, (20)
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Wc(η, θ) � 

Mw

m�0


N

n�1

Wm,n
T
∗
m(η)sin nθ. (21)

From expansions (19)–(21), it can be noted that the
mode shape of the conjugate mode is rotated by an angle
equal to π/(2n) with respect to the mode shape described in
expansions (15)–(17). Moreover, expansions (19)–(21) do
not include the axisymmetric modes (n� 0), which are taken
into account in the previous ones (15)–(17).

3.2. Boundary Conditions. Free-free boundary conditions
are given by the following equations [37]

Nx � 0,

Nxθ +
Mxθ

R
� 0,

Qx +
1
R

z Mxθ

zθ
� 0,

Mx � 0, for η � 0, 1,

(22)

where the expressions of the dimensionless force
( Nx, Nxθ,

Qx) and moment ( Mx, Mxθ) resultants per unit
length are given in equations (6)–(8).

It can be observed from equations (22) that the free-free
boundary conditions are of natural type, i.e., they involve
forces and moments only. -erefore, it is not strictly nec-
essary that the expansions (15)–(17) respect such constraints;
indeed, it is well known that the Rayleigh–Ritz method can
be properly applied to obtain approximated eigenfunctions
even if the natural boundary conditions are not respected.

In the present paper, focused on free-free SWCNTs, no
boundary equations are imposed and no constraints are
applied to the unknown coefficients of expansions (15)–(17).

3.3. Rayleigh–Ritz Method. -e maximum number of var-
iables needed for describing a vibration mode with n nodal
diameters is Np � Mu +Mv +Mw + 3− p, where Mu � Mv �

Mw denotes the degree of the Chebyshev polynomials and p
describes the number of equations needed to satisfy the
boundary conditions.

In this paper, since no boundary equations are imposed
for the free-free SWCNTs, p is taken equal to zero. Moreover,
a specific convergence analysis is carried out in order to
select the degree of the Chebyshev polynomials: degree 11 is
found suitably accurate (Mu � Mv � Mw �11). -erefore, in
the present paper, it is imposed Np � 36.

For a multi-mode analysis including different values of
nodal diameters n, the number of degrees of freedom of the
system is computed by the relation Nmax �Np × (N+ 1),
where N represents the maximum value of the nodal di-
ameters n considered.

Equations (14) are inserted into the expressions of elastic
strain energy (9) and kinetic energy (12) to compute the
Rayleigh quotient R(q), where q is a vector containing the
unknown coefficients of expansions (15)–(17) [45]

q �

⋮
Um,m

Vm,n

Wm,n

⋮

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (23)

After imposing the stationarity to the Rayleigh quotient,
the eigenvalue problem is obtained [45]:

−ω2 M + K q � 0, (24)

which furnishes approximate natural frequencies (eigen-
values ωj) and mode shapes (eigenvectors qj), with j� (1, 2,
. . ., Nmax).

-e approximated mode shape of the j-th mode is given
by the equations (15)–(17) where coefficients Um,n, Vm.n,

Wm,n are substituted with U
(j)

m,n, V
(j)

m,n, W
(j)

m,n, which denote the
components of the j-th eigenvector qj of the equation (24).

-e approximation of the j-th eigenfunction vector of
the original problem is given by [45]

W(j)
(η, θ) �

U
(j)

(η, θ)

V
(j)

(η, θ)

W
(j)

(η, θ)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (25)

-e j-th eigenfunction vector (25) can be normalized, as
shown, for example, in [45], imposing the following:

max max U
(j)

(η, θ) , max V
(j)

(η, θ) , max W
(j)

(η, θ)   � 1.

(26)

-e previous normalization has the following simple
physical meaning. Suppose that the dominant direction of
vibration of the j-th mode shape is along the thickness h
of the shell (radial direction w); then, the third component
of the j-th eigenfunction vector (25) has a maximum am-
plitude higher than the other two components. -erefore, if
the j-th eigenfunction vector is normalised in order to obtain
a maximum amplitude equal to unity, then the di-
mensionless time law (modal coordinate) associated to the
third component of the j-th mode shape gives the maximum
amplitude of vibration along the radial direction of the
cylindrical shell.-is normalization results to be particularly
useful in the nonlinear vibration analysis, where the non-
linearity appears when the amplitude of the radial vibration
is of the order of the thickness, i.e., the dimensionless
amplitude is of the order of 1; in such situation, all La-
grangian variables are of the order of 1 or less, and this
strongly improves the numerical accuracy and efficiency.

3.4.NonlinearVibrationAnalysis. In the nonlinear vibration
analysis, the full expression of the elastic strain energy (9)
(quartic terms leading to cubic nonlinearity) is applied and
the same procedure of Refs. [54, 56] is followed.

-e three dimensionless displacements u(η, θ, τ), v(η,

θ, τ), w(η, θ, τ) are re-expanded by using the linear mode
shapes U

(j,n)
(η, θ), V

(j,n)
(η, θ), W

(j,n)
(η, θ), and their
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conjugates U
(j,n)

c (η, θ), V
(j,n)

c (η, θ), W
(j,n)

c (η, θ), which are
now available from the modal analysis of the previous
section

u(η, θ, τ) � 

Nu

j�1


N

n�1

U
(j,n)

(η, θ)fu,j,n(t) + U
(j,n)

c (η, θ)fu,j,n,c(t) ,

(27)

v(η, θ, τ) � 

Nv

j�1


N

n�1

V
(j,n)

(η, θ)fv,j,n(τ) + V
(j,n)

c (η, θ)fv,j,n,c(τ) ,

(28)

w(η, θ, τ) � 

Nw

j�1


N

n�1

W
(j,n)

(η, θ)fw,j,n(τ) + W
(j,n)

c (η, θ)fw,j,n,c(τ) ,

(29)

where the dimensionless time laws (fu,j,n(τ), fu,j,n,c(τ),
fv,j,n(τ), fv,j,n,c(τ), fw,j,n(τ), fw,j,n,c(τ)) are unknown func-
tions, the index j is used for ordering the modes with in-
creasing natural frequency and the index n indicates the
number of nodal diameters of the mode shape of the shell.

From expansions (27)–(29), it can be observed that, in
the nonlinear analysis, the time synchronicity is relaxed: for
each mode j and for each component (u, v, w), different time
laws f(τ) are allowed.

3.5. Lagrange Equations. -e expansions (27)–(29) are
inserted into the equations of dimensionless elastic strain
energy (9) and kinetic energy (12); the dimensionless
Lagrange equations of motion, in the case of free vibrations,
can be expressed in the form

d

dτ
zT

zqi
′  +

z U

zqi

� 0, i ∈ 1, Nmax , (30)

where the maximum number of degrees of freedom Nmax
depends on the number of vibration modes considered in
the expansions (27)–(29).

-e dimensionless Lagrangian coordinates (qi, qi
′, qi
″)

can be written as

qi �
qi

R
,

qi
′ �

dqi

dτ
�

_qi

ω0R
,

qi
″ �

dqi
′

dτ
�

€qi

ω2
0R

, i ∈ 1, Nmax ,

(31)

where qi correspond to the previous dimensionless modal
coordinates (fu,j,n(τ), fu,j,n,c(τ), fv,j,n(τ), fv,j,n,c(τ),
fw,j,n(τ), fw,j,n,c(τ)), and (qi, _qi, €qi) are the dimensional
Lagrangian coordinates.

By substituting the dimensionless vector functions
F(qi) � z U/zqi and Mqi

″ � d/(zT/zqi
′)/dτ in equation (30),

where M is the dimensionless mass matrix, it can be obtained
that (see [56])

Mqi
″ + F qi(  � 0, i ∈ 1, Nmax . (32)

Introducing the vector function Fx,i � M−1F(qi) in the
equation (32), the equations of motion for free vibrations
can be expressed in the following form:

qi
″ + Fx,i � 0, i ∈ 1, Nmax . (33)

-e set of nonlinear ordinary differential equations (33),
completed by the modal initial conditions on displacements
and velocities, is then solved numerically by means of the
implicit Runge–Kutta iterative method with proper accu-
racy, precision, and number of steps.

4. Numerical Results

-e numerical analyses carried out in this section are ob-
tained considering the equivalent mechanical parameters
listed in Table 1 (see [40]).

In Tables 2 and 3, the vibrational approach adopted in
this paper, based on the Sanders-Koiter thin shell theory and
the equivalent mechanical parameters reported in Table 1, is
validated in the linear field (natural frequencies) by means of
comparisons with experimental studies and numerical
simulations from the pertinent literature. From these
comparisons, it can be observed that the present continuous
model is in very good agreement with the results of RRS [11]
and MDS [17].

It must be underlined that this validation in linear field
confirms the correctness of the continuous shell model
proposed in the present paper with regard to the choice of
the values of the equivalent mechanical parameters and to
the previously assumed hypotheses (no size effects, isotropic
shell).

In Table 4 and Figures 2–4, natural frequencies and
mode shapes of the free-free SWCNTof Table 1 with radius
R� 0.39 nm and length L� 3.0 nm obtained by applying the
Sanders-Koiter thin shell theory are reported.

In the following, a further index is used for defining a
mode shape and its longitudinal feature, i.e., the index m,
which indicates the number of nodal circumferences. It
should be reminded that the mode shapes with m� 0 (no
longitudinal half-waves) and m� 1 (one-half longitudinal
half-wave) of Figure 4 correspond to the Rayleigh and the
Love inextensional modes, respectively [38].

In Figures 5 and 6, mode shapes of four different pairs
of conjugate modes of the free-free SWCNT of Table 1
having radius R � 0.39 nm and length L� 3.0 nm are re-
ported; the conjugate modes have the same natural fre-
quency and mode shape angularly shifted by π/2n. In
particular, the conjugate modes (m,n) � (1,2), (m,n) �

(1,2,c) with natural frequency f� 1.21558THz and the con-
jugate modes (m,n)� (3,2), (m,n)� (3,2,c) with natural fre-
quency f� 2.32386THz have the respective mode shapes
rotated by π/4, while the conjugate modes (m,n)� (1,4),
(m,n)� (1,4,c) with natural frequency f� 6.42757THz and the
conjugate modes (m,n)� (3,4), (m,n)� (3,4,c) with natural
frequency f� 6.9507THz have the respective mode shapes
rotated by π/8.
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4.1. Linear Analysis. In order to better understand the
nonlinear effect of the resonance interaction between the
conjugate CFMs considered, an initial linear study is carried
out by taking into account only the linear terms of the
dimensionless middle surface strains (2)–(4) into the ex-
pression of the dimensionless elastic strain energy (9).

-e three displacements u(η, θ, τ), v(η, θ, τ), w(η, θ, τ)

are expanded considering the approximated linear mode
shapes U

(j,n)
(η, θ), U

(j,n,c)
(η, θ), V

(j,n)
(η, θ), V

(j,n,c)
(η, θ),

W
(j,n)

(η, θ), W
(j,n,c)

(η, θ) of the two conjugate modes (1,2),
(1,2,c) and the following linear modal expansion is obtained:

u(η, θ, τ) � U
(1,2)

(η, θ)fu,1,2(τ) + U
(1,2,c)

(η, θ)fu,1,2,c(τ),

v(η, θ, τ) � V
(1,2)

(η, θ)fv,1,2(τ) + V
(1,2,c)

(η, θ)fv,1,2,c(τ),

w(η, θ, τ) � W
(1,2)

(η, θ)fw,1,2(τ) + W
(1,2,c)

(η, θ)fw,1,2,c(τ),

(34)

where fu,1,2(τ), fu,1,2,c(τ), fv,1,2(τ), fv,1,2,c(τ), fw,1,2(τ),
fw,1,2,c(τ) are unknown linear modal coordinates and the
maximum number of degrees of freedom is Nmax � 6.

-e modal initial conditions fu,1,2(0), fu,1,2,c(0),
fv,1,2(0), fv,1,2,c(0), fw,1,2(0), fw,1,2,c(0) imposed on the
linear modal coordinates are given by

fu,1,2(0) � 0.1,

fv,1,2(0) � 0.1,

fw,1,2(0) � 0.1,

fu,1,2,c(0) � 0.05,

fv,1,2,c(0) � 0.05,

fw,1,2,c(0) � 0.05.

(35)

It should be highlighted that, in the present analysis, the
initial velocities are taken equal to zero (the modal initial
conditions are imposed only on the displacements).

-e system of linear ordinary differential equations of
motion (33), completed with the initial conditions (35), is
then solved through an implicit Runge–Kutta numerical
method in order to obtain time histories, frequency spectra,
and phase portraits describing the linear steady-state dy-
namic response of the SWCNT.

Table 1: Equivalent mechanical parameters of the free-free
SWCNT [40].
Young’s modulus E (TPa) 5.5
Poisson’s ratio ] 0.19
Mass density ρ (kg/m3) 11700
-ickness h (nm) 0.066

Table 2: Natural frequencies of the radial breathing mode (m� 0,
n� 0) of the free-free SWCNT of Table 1 for different values of
radius R and same value of aspect ratio L/D. Comparisons between
Sanders-Koiter elastic shell theory (SKT) (present model) and
experimental resonant Raman spectroscopy (RRS) [11].

Radius Aspect
ratio

Natural frequency (THz) Difference
(%)R (nm) L/D SKT (present model) RRS [11]

0.509 10 6.905 7.165 3.63
0.518 10 6.785 7.105 4.50
0.527 10 6.669 6.865 2.85
0.569 10 6.177 6.295 1.87
0.705 10 5.025 5.276 4.76
0.708 10 4.964 5.216 4.83
0.718 10 4.895 5.066 3.37
0.733 10 4.788 4.947 3.21
0.746 10 4.711 4.917 4.19
0.764 10 4.594 4.797 4.23
0.770 10 4.559 4.737 3.76
0.782 10 4.494 4.677 3.91
0.799 10 4.393 4.617 4.85
0.814 10 4.318 4.527 4.62
0.822 10 4.271 4.437 3.74
0.847 10 4.150 4.317 4.04

Table 3: Natural frequencies of the beam-like mode (m� 0, n� 1)
of the clamped-free SWCNT of Table 1 for same value of radius R
and different values of aspect ratio L/D. Comparisons between
Sanders-Koiter elastic shell theory (SKT) (present model) and
numerical molecular dynamics simulations (MDS) [17].

Radius Aspect
ratio

Natural frequency (THz) Difference
(%)R (nm) L/D SKT (present model) MDS [17]

0.339 5.26 0.217 0.212 2.36
0.339 5.62 0.191 0.188 1.60
0.339 5.99 0.169 0.167 1.20
0.339 6.35 0.151 0.150 0.67
0.339 6.71 0.136 0.136 ≤0.01
0.339 7.07 0.123 0.123 ≤0.01
0.339 7.44 0.112 0.112 ≤0.01
0.339 7.80 0.102 0.102 ≤0.01
0.339 8.16 0.094 0.094 ≤0.01
0.339 8.52 0.086 0.086 ≤0.01
0.339 8.89 0.080 0.080 ≤0.01
0.339 9.25 0.074 0.074 ≤0.01
0.339 9.61 0.069 0.069 ≤0.01
0.339 9.98 0.064 0.064 ≤0.01
0.339 10.34 0.060 0.060 ≤0.01
0.339 10.70 0.056 0.056 ≤0.01
0.339 11.06 0.053 0.053 ≤0.01

Table 4: Natural frequencies of the free-free SWCNT of Table 1
with radius R� 0.39 nm and length L� 3.0 nm.

Vibration mode (m,n) Natural frequency (THz)
(0,2) 1.17609
(1,2) 1.21558
(2,2) 1.52195
(3,2) 2.32386
(0,4) 6.37264
(1,4) 6.42757
(2,4) 6.61777
(3,4) 6.95070
(0,0) 9.04466
(1,0) 9.28746
(2,0) 8.60968
(3,0) 8.79534
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4.1.1. Time Histories, Frequency Spectra, and Phase Portraits.
-e natural frequency and dimensionless time period of
the two conjugate modes (1,2), (1,2,c) are f(1,2) � f(1,2,c) �

1.21558THz and τ(1,2) � τ(1,2,c) � 2× π × f(0,2)/f(1,2) � 6.07905,
respectively, where f(0,2) � 1.17609 THz is the natural fre-
quency of the reference (i.e., lowest frequency) mode (0,2).

-e time histories of the two conjugate modes (1,2),
(1,2,c) are reported in Figure 7(a); this figure clearly proves
that the vibration is a periodic motion, i.e., the CNT is vi-
brating in linear conditions.

-e corresponding frequency spectra are shown in
Figure 7(b), where the horizontal axis represents the
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Figure 2: Mode shapes of the free-free SWCNTof Table 1 with radius R� 0.39 nm and length L� 3.0 nm. (a) Mode (m,n)� (0,2). (b) Mode
(m,n)� (1,2). (c) Mode (m,n)� (2,2). (d) Mode (m,n)� (3,2).
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normalised circular frequency ω/ω(0,2). -e spectra are
perfectly clean, with a single spike at the frequency corre-
sponding to the eigenfrequency of the selected mode, as it is
expected in linear field.

It must be stressed that these analyses were performed in
order to compare the results of the linear vibrations with the
following results of the nonlinear vibrations.

-e two-dimensional phase portrait of the mode (1,2) in
the plane displacement-velocity is shown in Figure 8(a). By
calculating the first (lowest) root of the equation fw,1,2(τ) �
fw,1,2(0) � 0.1, the time τ � 6.07905 is found, which is equal
to the time period τ(1,2) (the motion is periodic).

Similarly, the two-dimensional phase portrait of the
conjugate vibration mode (1,2,c) in the plane displacement-
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Figure 3: Mode shapes of the free-free SWCNTof Table 1 with radius R� 0.39 nm and length L� 3.0 nm. (a) Mode (m,n)� (0,4). (b) Mode
(m,n)� (1,4). (c) Mode (m,n)� (2,4). (d) Mode (m,n)� (3,4).
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velocity is reported in Figure 8(b). Calculating the first
(lowest) root of the equation fw,1,2,c(τ) � fw,1,2,c(0) � 0.05,
the same time τ � 6.07905 of the mode (1,2) is obtained (the
conjugate modes have the same time period).

4.1.2. Total Energy Distribution. -e evolution in time of
the total energy distribution ~E (η, τ) of the conjugate

modes (1,2), (1,2,c) in the linear field along the SWCNT
axis, by assuming the circumferential coordinate θ � 0,
is shown in Figure 9. An initial energy is imposed on
the edge sections along the SWCNTaxis (η� (0,1)): it can
be noted that this energy is preserved in amplitude
throughout the time.

-e total energy distribution ~E (η, θ, τ) of the conjugate
modes (1,2), (1,2,c) over the CNT surface (η, θ) for different
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Figure 4: Mode shapes of the free-free SWCNTof Table 1 with radius R� 0.39 nm and length L� 3.0 nm. (a) Rayleigh inextensional mode
(m,n)� (0,0). (b) Love inextensional mode (m,n)� (1,0) [38]. (c) Mode (m,n)� (2,0). (d) Mode (m,n)� (3,0).
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time values throughout the time period τ(1,2) is shown in
Figures 10 and 11. From these figures, it can be observed that
the total energy distribution over the carbon nanotube
surface is periodic along the circumferential direction θ and
symmetric along the longitudinal direction η.

4.1.3. Total Energy Conservation. After integration along
the longitudinal η and circumferential θ coordinates, the
evolution in time of the elastic strain and kinetic energy of
the conjugate CFMs (1,2), (1,2,c) is found, see
Figure 12(a). -e evolution in time of the total energy is
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Figure 5: Mode shape comparisons of the free-free SWCNTof Table 1 with radius R� 0.39 nm and length L� 3.0 nm. (a) Conjugate modes
(m,n)� (1,2), (b) (m,n)� (1,2,c): natural frequency f� 1.21558 THz, mode shapes rotated by π/4, (c) conjugate modes (m,n)� (3,2), and (d)
(m,n)� (3,2,c): natural frequency f� 2.32386 THz, mode shapes rotated by π/4.
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shown in Figure 12(b): since no damping is included in
this model, then the dynamical system is conservative over
the time.

In the following, the previous analyses carried out for the
conjugate CFMs (1,2), (1,2,c) in the linear field will be ex-
tended to the nonlinear field: nonlinear time histories,

frequency spectra, and phase portraits will be found.
Moreover, the nonlinear total energy distribution over the
CNT surface in the time will be obtained. -e aim of these
analyses is the investigation of the phenomena arising in
presence of nonlinear resonance interaction and energy
exchange between the two conjugate CFMs.
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Figure 6: Mode shape comparisons of the free-free SWCNTof Table 1 with radius R� 0.39 nm and length L� 3.0 nm. (a) Conjugate modes
(m,n)� (1,4), (b) (m,n)� (1,4,c): natural frequency f� 6.42757 THz, mode shapes rotated by π/8, (c) conjugate modes (m,n)� (3,4), and (d)
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Figure 10: Contour plot of the total energy distribution ~E (η, θ, τ) of the conjugate modes (1,2), (1,2,c) over the SWCNT surface (η, θ) for
different time values throughout the reference period τ(1,2). (a) τ � 0, (b) τ � τ(1,2)/11, (c) τ � 2× τ(1,2)/11, (d) τ � 3× τ(1,2)/11, (e) τ � 4× τ(1,2)/
11, (f ) τ � 5× τ(1,2)/11, (g) τ � 6× τ(1,2)/11, (h) τ � 7× τ(1,2)/11, (i) τ � 8× τ(1,2)/11, (j) τ � 9× τ(1,2)/11, (k) τ � 10× τ(1,2)/11, (l) τ � τ(1,2).
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Figure 11: Continued.
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4.2. Nonlinear Analysis. In the nonlinear vibration analysis,
the full expression of the dimensionless elastic strain energy
(9), containing terms up to the fourth order (cubic non-
linearity), is considered.

4.2.1. Convergence Analysis. -e first step of the nonlinear
study is the convergence analysis in terms of the modal
expansion (27)–(29): it is carried out by selecting the
vibration modes to be inserted into the modal expansion
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Figure 12: Evolution in time of the energy of the conjugate modes (1,2), (1,2,c). (a) Comparison of the two energies. (b) Total energy
conservation.
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Figure 11: 3D plot of the total energy distribution ~E (η, θ, τ) of the conjugate modes (1,2), (1,2,c) over the SWCNT surface (η, θ) for
different time values throughout the reference period τ(1,2). (a) τ � 0, (b) τ � τ(1,2)/11, (c) τ � 2 × τ(1,2)/11, (d) τ � 3 × τ(1,2)/11,
(e) τ � 4 × τ(1,2)/11, (f ) τ � 5 × τ(1,2)/11, (g) τ � 6 × τ(1,2)/11, (h) τ � 7 × τ(1,2)/11, (i) τ � 8 × τ(1,2)/11, (j) τ � 9 × τ(1,2)/11, (k) τ � 10 × τ(1,2)/11,
and (l) τ � τ(1,2).

18 Shock and Vibration



providing an accurate description of the actual nonlinear
behaviour of the SWCNT.

In particular, the aim of this convergence analysis is to
find a modal expansion with the minimum number of
degrees of freedom that allows the nonlinear behaviour of
the sum of the time histories of the two conjugate modes
(1,2), (1,2,c) to be correctly described.

An initial two-mode approximation involving only the
conjugate modes (1,2) and (1,2,c) is applied (6 dof model);
the convergence is then checked by adding suitable modes
to the conjugate ones, i.e., asymmetric and axisymmetric
modes, in the modal expansion (27)–(29), as shown in
Table 5.

-e modal initial conditions fu,j,n(0), fv,j,n(0), fw,j,n(0)

applied in this convergence analysis are
fu,1,2(0) � 0.1,

fv,1,2(0) � 0.1,

fw,1,2(0) � 0.1,

fu,1,2,c(0) � 0.05,

fv,1,2,c(0) � 0.05,

fw,1,2,c(0) � 0.05,

fu,j,n(0) � 0.001,

fv,j,n(0) � 0.001,

fw,j,n(0) � 0.001.

(36)

-e convergence is reached by means of a 22 dof model,
described in Table 5, which is assumed as a reference model;
the percentage root mean square error in the time domain
(ERRORRMS%) with respect to the reference model is used as
a comparison parameter for the other nonlinear models.

In Figure 13, the nonlinear convergence analysis of the
sum of the time histories of the conjugate modes (1,2), (1,2,c)
obtained applying the nonlinear modal expansion (27)–(29)
with the modal initial conditions (36) for the different
nonlinear models of Table 5 is shown. -e 22 dof nonlinear
model is assumed as a reference model.

From this convergence analysis, it can be found that the
smallest model able to predict the nonlinear dynamics of the
system with an acceptable accuracy is the 14 dof model
(ERRORRMS%� 4÷ 5). -e main weakness of the 6–8 dof
models is the insufficient number of asymmetric and axi-
symmetric modes, which are very important for properly
modelling bending deformation (asymmetric modes) and

circumferential stretching (axisymmetric modes) during the
modal vibration, see [51, 52].

Since the 14 dof model provides accurate results with the
minimal computational effort, then, in the following, this
model will be used for studying the nonlinear oscillations of
the two conjugate modes (1,2), (1,2,c). By inserting the
following into modal expansion (27)–(29), the resulting
nonlinear modal expansion is written in the form (37):

(i) modes (1,2), (1,2,c), (1,4), (1,4,c), (1,0) along the
longitudinal displacement u

(ii) modes (1,2), (1,2,c), (1,4), (1,4,c) along the cir-
cumferential displacement v

(iii) modes (1,2), (1,2,c), (1,4), (1,4,c), (1,0) along the
radial displacement w

u(η, θ, τ) � U
(1,2)

(η, θ)fu,1,2(τ) + U
(1,2,c)

(η, θ)fu,1,2,c(τ)

+ U
(1,4)

(η, θ)fu,1,4(τ) + U
(1,4,c)

(η, θ)fu,1,4,c(τ)

+ U
(1,0)

(η, θ)fu,1,0(τ),

v(η, θ, τ) � V
(1,2)

(η, θ)fv,1,2(τ) + V
(1,2,c)

(η, θ)fv,1,2,c(τ)

+ V
(1,4)

(η, θ)fv,1,4(τ) + V
(1,4,c)

(η, θ)fv,1,4,c(τ),

w(η, θ, τ) � W
(1,2)

(η, θ)fw,1,2(τ) + W
(1,2,c)

(η, θ)fw,1,2,c(τ)

+ W
(1,4)

(η, θ)fw,1,4(τ) + W
(1,4,c)

(η, θ)

· fw,1,4,c(τ) + W
(1,0)

(η, θ)fw,1,0(τ),

(37)

where the longitudinal and radial displacements have five
terms, the circumferential displacement has four terms, and
the total number of degrees of freedom of the model is equal
to (Nmax � 14).

4.2.2. Modal Initial Conditions. In this section, the mini-
mum value of the modal initial conditions (36) which ac-
tivates the nonlinear response of the conjugate mode (1,2,c)
is investigated. -e nonlinear modal expansion (37) is used
(14 dof model). -e initial energy on the modes (1,2), (1,4),
(1,4,c), (1,0) is fixed. -e value of the initial energy imposed
on the mode (1,2,c) is increased until its nonlinear activation,
see Table 6.

In Figure 14, the time histories of the conjugate modes
(1,2), (1,2,c) are shown. In Figures 14(a)–14(c) (cases A, B, C

Table 5: Nonlinear convergence analysis of the sum of the time histories of the two conjugate modes (1,2), (1,2,c). Nonlinear modal
expansion (27)–(29). Modal initial conditions (36). 22 dof reference model. ERRORRMS% in the time domain for the 6 dof model, 8 dof
model, 14 dof model, and 20 dof model. Free-free SWCNT of Table 1.

(j,n) (1,2) (1,2,c) (1,4) (1,4,c) (3,2) (3,2,c) (1,0) (3,0) ERRORRMS%
6 dof model u, v, w u, v, w — — — — — — 12.8
8 dof model u, v, w u, v, w — — — — u, w — 8.63
14 dof model u, v, w u, v, w u, v, w u, v, w — — u, w — 4.54
20 dof model u, v, w u, v, w u, v, w u, v, w u, v, w u, v, w u, w — 2.23
22 dof model u, v, w u, v, w u, v, w u, v, w u, v, w u, v, w u, w u, w —
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Figure 13: Nonlinear convergence analysis of the sum of the time histories of the two conjugate modes (1,2), (1,2,c). Nonlinear modal
expansion (27)–(29). Modal initial conditions (36). Nonlinear models of Table 5. 22 dof reference model. (a) 6 dof model vs. 22 dof model,
(b) 8 dof model vs. 22 dof model, (c) 14 dof model vs. 22 dof model, (d) 20 dof model vs 22 dof model, (e) Comparisons, and (f)
Comparisons.
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of Table 6), the mode (1,2,c) is not activated. In
Figures 14(d)–14(e) (cases D, E of Table 6), a weak activation
of the mode (1,2,c) arises after suitable long time. In
Figure 14(f) (case F of Table 6), the nonlinear response of the
mode (1,2,c) is strongly activated and it vibrates with a large
amplitude: this is caused by an energy transfer probably due
to a nonlinear resonance interaction between the two
conjugate CFMs.

From Table 6 and Figure 14, it is obtained that the modal
initial conditions activating the nonlinear response of the
conjugate mode (1,2,c) are given by (Case F)

fu,1,2(0) � 0.1,

fv,1,2(0) � 0.1,

fw,1,2(0) � 0.1,

fu,1,2,c(0) � 0.005,

fv,1,2,c(0) � 0.005,

fw,1,2,c(0) � 0.005,

fu,j,n(0) � 0.001,

fv,j,n(0) � 0.001,

fw,j,n(0) � 0.001.

(38)

4.2.3. Time Histories, Frequency Spectra, and Phase Portraits.
-e time histories of the conjugate modes (1,2), (1,2,c) of the
CNT are shown in Figure 15(a), the corresponding fre-
quency spectra are presented in Figure 15(b). -ese plots
clearly demonstrate that the vibration is a chaotic motion
(no time period), i.e., the CNT is vibrating in nonlinear
conditions, where the resonance interaction gives rise to
strong energy exchange between the conjugate CFMs.

Phase portraits of the mode (1,2) for different times are
shown in Figure 16. By calculating the first (lowest) root of
the equation fw,1,2(τ) � fw,1,2(0) � 0.1, the time τ � 0.77834
is obtained, which is not a time period.

Similarly, phase portraits of the conjugate mode (1,2,c) for
different times are reported in Figure 17. Calculating the first
(lowest) root of the equation fw,1,2,c(τ) � fw,1,2,c(0) � 0.005,
the time τ � 0.78436 is found, which is different from the time
value previously obtained for the mode (1,2).

From Figures 16 and 17 (phase portraits), it is confirmed
the non-periodicity of the motion of the CNT in nonlinear

field (i.e., chaotic motion) observed in Figure 15 (time
histories and frequency spectra).

4.2.4. Total Energy Distribution. -e evolution in time of the
total energy distribution ~E (η, τ) of the conjugate modes
(1,2), (1,2,c) along the SWCNT axis, considering the cir-
cumferential coordinate θ� 0, is shown in Figure 18. An
initial energy is imposed on the edge sections of the SWCNT
(η� (0,1)): differently from the linear case (Figure 9), this
energy is not preserved in amplitude throughout the time.

4.2.5. Travelling Wave Response. In the present section, the
energy exchange between the conjugate CFMs (1,2), (1,2,c) is
studied. By considering the time histories of the two modes
in the time range τ � (80, 90) (Figure 19(a)), it can be ob-
served the presence of the phase difference Δϕ� π between
the two nonlinear responses in the specific time range
τ � (84.27, 85.17), see the enlargement of Figure 19(b).

-e evolution of the total energy distribution ~E (η, θ, τ)
of the two conjugate CFMs (1,2), (1,2,c) over the CNTsurface
(η, θ) in the time range τ � (84.27, 85.17) is reported in
Figures 20–25: differently from the linear case (Figures 10
and 11), the total energy distribution over the SWCNT
surface evolves in the time in a complex pattern, where the
total energy symmetry along the longitudinal direction and
periodicity along the circumferential direction are still
preserved.

From Figures 20–25, it can be observed that the non-
linear resonance interaction between the two conjugate
modes, in presence of the phase difference Δϕ� π, gives rise
to an energy transfer between the two modes which gen-
erates a pure travelling wave moving circumferentially
around the CNT. In Figures 20 and 23, the forward travelling
wave from θ� 0 to θ � 2π in the time range τ � (84.27, 84.57),
corresponding to the initial ascending part of the nonlinear
time history of the mode (1,2) of Figure 19(b), is presented.
In Figures 21 and 24, the backward travelling wave from
θ� 2π to θ � 0 in the time range τ � (84.57, 84.87), corre-
sponding to the intermediate descending part of the non-
linear time history of the mode (1,2) of Figure 19(b), is
described. In Figures 22 and 25, the forward travelling wave
from θ� 0 to θ� 2π in the time range τ � (84.87, 85.17),
corresponding to the final ascending part of the nonlinear
time history of the mode (1,2) of Figure 19(b), is shown.

It is reported in the literature for the circular cylindrical
shells that the presence of one couple of modes having the

Table 6: Modal initial conditions imposed on the conjugate modes (1,2), (1,2,c).

Case Modal initial conditions on the modes (1,2), (1,2,c) Modal initial condition ratio
A fw,1,2(0) � 0.1 fw,1,2,c(0) � 0 fw,1,2(0)/fw,1,2,c(0) �∞
B fw,1,2(0) � 0.1 fw,1,2,c(0) � 0.00005 fw,1,2(0)/fw,1,2,c(0) � 2000
C fw,1,2(0) � 0.1 fw,1,2,c(0) � 0.0001 fw,1,2(0)/fw,1,2,c(0) � 1000
D fw,1,2(0) � 0.1 fw,1,2,c(0) � 0.0005 fw,1,2(0)/fw,1,2,c(0) � 200
E fw,1,2(0) � 0.1 fw,1,2,c(0) � 0.001 fw,1,2(0)/fw,1,2,c(0) � 100
F fw,1,2(0) � 0.1 fw,1,2,c(0) � 0.005 fw,1,2(0)/fw,1,2,c(0) � 20
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same mode shape but different angular orientation (such as
the conjugate modes (1,2), (1,2,c) of the present paper), the
first one described by cos nθ (see radial displacement (17),
directly excited mode), the second one described by sin nθ

(see radial displacement (21), slightly perturbed mode), in
case of nonlinear resonance interaction between the modes,
can lead to the appearance of a pure travelling wave moving
along the circumferential direction of the shell. -is
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Figure 14: Nonlinear time histories of the conjugate modes (1,2), (1,2,c) corresponding to the different modal initial conditions listed in
Table 6. Nonlinear modal expansion (37). 14 dof model. (a) Case A: fw,1,2(0) � 0.1, fw,1,2,c(0) � 0, (b) Case B: fw,1,2(0) � 0.1,
fw,1,2,c(0) � 0.00005, (c) Case C: fw,1,2(0) � 0.1, fw,1,2,c(0) � 0.0001, (d) Case D: fw,1,2(0) � 0.1, fw,1,2,c(0) � 0.0005, (e) Case E:
fw,1,2(0) � 0.1, fw,1,2,c(0) � 0.001, (f ) Case F: fw,1,2(0) � 0.1, fw,1,2,c(0) � 0.005.
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Figure 16: Continued.
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Figure 16: 2D and 3D phase portraits of the mode (1,2). Free-free SWCNT of Table 1. Nonlinear modal expansion (37). Modal initial
conditions (38). (a) Time τ � 5. (b) Time τ � 20. (c) Time τ � 50.
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Figure 17: 2D and 3D phase portraits of the conjugate mode (1,2,c). Free-free SWCNTof Table 1. Nonlinear modal expansion (37). Modal
initial conditions (38). (a) Time τ � 5. (b) Time τ � 20. (c) Time τ � 50.
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phenomenon, which was observed also experimentally, is
due to the axial symmetry of the structure and it occurs only
in nonlinear field (that is a relevant difference vs. linear
vibrations), see [58, 59] for more details. To the authors’ best

knowledge, the travelling wave phenomenon was not still
observed for the SWCNTs, which are modelled in the
present paper as continuous circular cylindrical shells in the
framework of a thin shell theory.
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Figure 20: Contour plot of the total energy distribution ~E (η, θ, τ) of the conjugate modes (1,2), (1,2,c) over the SWCNT surface (η, θ).
Forward travelling wave from θ� 0 to θ� 2π in the time range τ � (84.27, 84.57). (a) τ � 84.27, (b) τ � 84.33, (c) τ � 84.39, (d) τ � 84.45, (e)
τ � 84.51, (f ) τ � 84.57.
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5. Concluding Remarks

In the present paper, the nonlinear resonance
interaction between two conjugate CFMs of a SWCNT
with free-free boundary conditions is analysed. -e

Sanders-Koiter shell theory is used to model the dy-
namics of the shell. -e Rayleigh–Ritz method is applied
to obtain approximated eigenfunctions. -e Lagrange
equations are used to get the system of nonlinear or-
dinary differential equations of motion, which is
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Figure 21: Contour plot of the total energy distribution ~E (η, θ, τ) of the conjugate modes (1,2), (1,2,c) over the SWCNT surface (η, θ).
Backward travelling wave from θ� 2π to θ� 0 in the time range τ � (84.57, 84.87). (a) τ � 84.57, (b) τ � 84.63, (c) τ � 84.69, (d) τ � 84.75, (e)
τ � 84.81, and (f) τ � 84.87.
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numerically solved by means of the implicit Runge–
Kutta iterative method.

(1) Numerical results from the linear analysis

-e model proposed in this paper is validated in linear
field by comparing the natural frequencies obtained with
data retrieved from the pertinent literature: from these
comparisons, it can be observed that the present model is in
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Figure 22: Contour plot of the total energy distribution ~E (η, θ, τ) of the conjugate modes (1,2), (1,2,c) over the SWCNT surface (η, θ).
Forward travelling wave from θ� 0 to θ� 2π in the time range τ � (84.87, 85.17). (a) τ � 84.87, (b) τ � 84.93, (c) τ � 84.99, (d) τ � 85.05, (e)
τ � 85.11, and (f) τ � 85.17.
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very good agreement with the results of experimental an-
alyses (RRS) and structural simulations (MDS).

-e time histories, frequency spectra, and phase portraits
obtained demonstrate a periodic vibration of the SWCNT in
linear field.

-e total energy distribution over the carbon nanotube
surface is periodic along the circumferential direction and
symmetric along the longitudinal direction, where the

initial energy imposed on the edge sections of the SWCNT
is preserved in amplitude throughout the time; the total
energy conservation of the considered undamped system is
verified.

(2) Numerical results from the nonlinear analysis

A convergence analysis is carried out to select the vi-
bration modes to be added to the two directly excited CFMs
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Figure 23: 3D plot of the total energy distribution ~E (η, θ, τ) of the conjugate modes (1,2), (1,2,c) over the SWCNTsurface (η, θ). Forward
travelling wave from θ� 0 to θ� 2π in the time range τ � (84.27, 84.57). (a) τ � 84.27, (b) τ � 84.33, (c) τ � 84.39, (d) τ � 84.45, (e) τ � 84.51,
and (f) τ � 84.57.
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providing an accurate description of the actual nonlinear
behaviour of the SWCNT.

-e modal expansion obtained involves, in addition
to the conjugate modes (1,2) and (1,2,c), also the con-
jugate asymmetric modes (1,4), (1,4,c) and the axisym-
metric mode (1,0) (14 dof model): it is confirmed the

fundamental role of the additional asymmetric and axi-
symmetric modes to properly predict the nonlinear dy-
namics of the system.

-e modal initial conditions activating the nonlinear re-
sponse of the mode (1,2,c) are investigated: this activation gives
rise to an energy exchange between the two conjugate CFMs.
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Figure 24: 3D plot of the total energy distribution ~E (η, θ, τ) of the conjugate modes (1,2), (1,2,c) over the SWCNTsurface (η, θ). Backward
travelling wave from θ� 2π to θ� 0 in the time range τ � (84.57, 84.87). (a) τ � 84.57, (b) τ � 84.63, (c) τ � 84.69, (d) τ � 84.75, (e) τ � 84.81,
and (f) τ � 84.87.
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-e time histories, frequency spectra, and phase portraits
obtained demonstrate a chaotic vibration of the SWCNT in
nonlinear field.

-e total energy distribution over the nanotube surface
evolves in a complex pattern, maintaining symmetry
along the longitudinal direction and periodicity along the

circumferential direction, where the initial energy on the
edge sections of the CNTis no longer preserved in amplitude
in the time.

-e energy exchange between the two conjugate CFMs
generates a pure travelling wave moving circumferentially
around the SWCNT.
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Figure 25: 3D plot of the total energy distribution ~E (η, θ, τ) of the conjugate modes (1,2), (1,2,c) over the SWCNTsurface (η, θ). Forward
travelling wave from θ� 0 to θ� 2π in the time range τ � (84.87, 85.17). (a) τ � 84.87, (b) τ � 84.93, (c) τ � 84.99, (d) τ � 85.05, (e) τ � 85.11,
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An accurate analysis of casing stress distribution and its variation regularities present several challenges during hydraulic
fracturing of shale gas wells. In this paper, a new analytical mechanical-thermal coupling method was provided to evaluate casing
stress. For this new method, the casing, cement sheath, and formation (CCF) system was divided into three parts such as initial
stress field, wellbore disturbance field, and thermal stress field to simulate the processes of drilling, casing, cementing, and
fracturing. -e analytical results reached a good agreement with a numerical approach and were in-line with the actual boundary
condition of shale gas wells. Based on this new model, the parametric sensitivity analyses of casing stress such as mechanical and
geometry properties, operation parameters, and geostress were conducted during multifracturing. Conclusions were drawn from
the comparison between new and existing models. -e results indicated that the existing model underestimated casing stress
under the conditions of the geostress heterogeneity index at the range of 0.5–2.25, the fracturing pressure larger than 25MPa, and
a formation with large elastic modulus or small Poisson’s ratio.-e casing stress increased dramatically with the increase of in situ
stress nonuniformity degree.-e stress decreased first and then increased with the increase of fracturing pressure. -icker casing,
higher fluid temperature, and cement sheath with small modulus, large Poisson’s ratio, and thinner wall were effective to decrease
the casing stress.-is newmethod was able to accurately predict casing stress, which can become an alternative approach of casing
integrity evaluation for shale gas wells.

1. Introduction

During the multistage fracturing process, fracturing fluids
are pressed into a borehole with a high pump rate and
pressure. -e complex downhole environments—high
pressure and large temperature variation—increase the risk
of casing deformation. -e volume fracturing technique
effectively reconstructs shale reservoirs; however, frequent
and serious casing deformation failures occur [1]. -ere
were over 36 wells with casing deformation (including 112
horizontal wells by 2017) during fracturing process in some
shale gas plays. Drilling tools were blocked, and serious
deformation sections were abandoned before fracturing
operation completion [2–4]. -erefore, casing integrity has
always been themain issue in designing shale gas wells under

harsh conditions, and accurately calculating casing stress
becomes primary to guarantee the casing safety. A casing
stress analysis presents several challenges regarding the
drilling, completion, and fracturing phases of shale gas wells.
Many scholars have predicted the casing stress by simpli-
fying the actual situations.

Analytical solutions have been developed under dif-
ferent conditions for casing-cement sheath-formation
system. In-plane and out-of-plane analyses for the stress
field around an internally pressurized, cased, cemented,
and remotely loaded circular hole were developed [5].
Taking the in situ stresses and well trajectory into account,
the mechanical model of casing in the directional well
under in situ stresses is established [6]. Other scholars gave
a comprehensively analytical solution of the stress
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distribution in a casing-cement-formation system under an-
isotropic in situ stresses. Fang et al. [7] developed a multilayer
cemented casing system in the directional well under aniso-
tropic formation to investigate the collapse resistance of casing
under nonuniform in situ stress and anisotropic formation.
Based on the stress function method, a three-dimensional
model of the casing-cement sheath-formation (CCF) system
was proposed subjected to linear crustal stress, and then an
analytical solution of the model was obtained [8].

A finite element method (FEM) had been proposed to
achieve a better understanding of the ultimate collapse
strength of casing [9]. Using this method, casing stress was
better analyzed, subjected to external and nonuniform
loading caused by void and pressure [10]. -e results of a
series of finite element studies of the cemented casing under
a variety of stress conditions for both burst and collapse were
presented, demonstrating the inadequacy of accepted design
equations under many cemented conditions [11]. A
purpose-built finite element model was applied to simulate
the radial displacement of a casing string constrained within
an outer wellbore [12]. Casing stress on the inner wall under
the condition of elliptic casing was calculated and analyzed
to improve the designing and correction of casing strength
[13]. -e main controlling factor to the plastic limit load of
defective casing was analyzed by the combination of high
temperature and high steam injection pressure [14].

However, the above analytical or FEM solutions are
obtained by setting the casing and cement together instantly
at the beginning of the analysis. -e strains induced by the
initial stress are included in the model, which is not in-line
with the actual situation. In fact, initial stress has already
existed in the formation before wellbore excavation. -e
wellbore stress redistributed after removing the rocks that
originally occupied the borehole volume and just affected the
stress and displacement near wellbore zones. In view of this,
more sophisticated solutions have been developed with
additional parameters and appropriate assumptions re-
garding the drilling, completion, and fracturing phases.

Pattillo and Kristiansen [15] developed a finite model
starting with the virgin reservoir, which considered pre-
wellbore depletion, drilling the wellbore, installation of casing
and cement, and subsequent draw down. Behavior of various
configurations during subsequent draw down permitted them
to be ranked according to the life expectancy of the resulting
completion. Gray et al. [16] presented a staged-finite element
procedure during the well construction which considered
sequentially the stress states and displacements at and near the
wellbore. But, temperature, flow, and poroelasticity effects
were not included. Mackay and Fontoura [17] carried a
numerical analysis to determine the effect of salt creep and
contacts amongst the materials before, during and after
drilling the well, focusing on the drilling of the wellbore and
on the hardening of the cement. Zhang et al. [18] used the
staged-finite element modeling approach to simulate the well
construction processes and injection cycle, using a “realistic”
bottom-hole state of stress to simulate the microannuli
generation by the tensile debonding of the cement-formation
interface. Simone et al. [19] developed an analytical solution
of single and double casing configurations to assess the

stresses during the drilling, construction, and production
phases. But the nonuniform boundary stress was not con-
sidered in this model. Liu et al. [20] presented an analytical
method for evaluating the stress field within a casing-cement-
formation system of oil/gas wells under anisotropic in situ
stresses in the rock formation and uniform pressure within
the casing. However, the temperature was not considered in
this model.

In this work, to evaluate the thermal and mechanical
stresses of casing, an analytical model of casing-cement
sheath-formation system was established considering well-
bore construction. -e boundary stresses in the wellbore
coordinate system were obtained through three-dimensional
rotations from principal in situ stresses.-e casing stress was
obtained by dividing the model into three parts such as
initial stress field, disturbance stress field, and thermal stress
field. -e continuous homogeneous isotropy and linear
elasticity were taken into consideration. Solutions were
validated by a finite element method. Sensitivity analyses
were conducted to estimate the influence of different factors
on casing stress such as property of cement sheath and
casing, fracturing pressure, fluid temperature, and initial
geostress. Useful countermeasures were put forward to
decrease casing stress during the fracturing operation.

2. Method and Basic Conditions Analysis

2.1. Method Comparison

2.1.1. Existing Method. For existing method, the casing,
cement sheath, and formation were set together at the be-
ginning of analysis. -en, temperature boundary and loads
were added to the system to calculate wellbore stress dis-
tribution as shown in Figure 1.-is method did not consider
the process of wellbore construction and hydraulic frac-
turing. So, the wellbore stress distribution could not accu-
rately be calculated under the condition of formation strain
induced by the initial in situ stress.

2.1.2. New Method. To exactly predict the wellbore stress
distribution, a casing-cement sheath-formation model using
a new analysis method was provided. -e analysis process
was divided into four steps (Figure 2). Before drilling, the
initial stresses such as normal stress and shear stress were
loaded in the model and initial strains were produced. -e
constrained boundary conditions were assigned to the entire
model which reached initial mechanical equilibrium. During
drilling, the rock was excavated, causing stress concentration
around the borehole. -e drilling mud pressure Pm was
applied to the internal face of the wellbore. During casing
and cementing, casing and cement sheath elements were
added simultaneously to the model and the cement hard-
ening procedure was not considered. Initial stress and strain
in casing and cement sheath were ignored.-e cement slurry
pressure Pc was applied to the internal casing wall. During
fracturing, a low temperature Tn and the fracturing pressure
Pf were assigned in the internal casing wall. -e wellbore
stress field was obtained under the condition of thermal-
mechanical coupling.
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2.2. Stress Transformation. -e stress state and coordinate
transformation system are shown in Figure 3. -e co-
ordinate rotation processes from the principal in situ stress
coordinate system to the wellbore coordinate system
are shown as XHYhZy⟶ X′Y′Z′ ⟶ X″Y″Z″ ⟶
X″′Y″′Z″′ ⟶ XYZ: first, rotating anticlockwise φ around
the Zv-axis and rotating clockwise β around the Zv-axis;
second, rotating anticlockwise α around the Y″ axis (after
the second time rotation); and finally, rotating anticlockwise
90° around the Z″′ axis (after the third time rotation).

In the principal stress coordinate system, the principal
horizontal stress matrix is σ0, whose components are maxi-
mum principal stress, σH; the minimum principal stress, σh;
and the overburden pressure, σv, shown in equation (2). -e
stress matrix in the wellbore coordinate system is σ.
According to the right-hand rule, the direction cosine ma-
trices rotating around X-axis, Y-axis, and Z-axis are shown in
equation (1) [21]. -e wellbore boundary stress is obtained by
the three-dimensional rotations from the principal in situ
stress coordinate system shown in equation (3):

Cxαx �

1 0 0

0 cos αx sin αx

0 −sin αx cos αx

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

Cyαy �

cos αy 0 −sin αy

0 1 0

sin αy 0 cos αy

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Czαz �

cos αz sin αz 0

−sin αz cos αz 0

0 0 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

(1)

σ0 �

−σH 0 0
0 −σh 0
0 0 −σv

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (2)

σ � Cz90CyαCzβCzjσ
0CT

zjC
T
zβC

T
yαC

T
z90, (3)
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Figure 2: Loading process of the new method. Outer boundary temperature, Tf; inner boundary temperature, Tn; normal stress, σx and σy;
shear stress, τxy; drilling mud pressure, Pm; cement slurry pressure, Pc; fracturing pressure, Pf.
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Figure 1: Loading process of the existing method. Outer boundary temperature, Tf; inner boundary temperature, Tn; normal stress, σx and
σy; shear stress τxy.
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where Cxαx, Cyαy, and Czαz are the coordinate rotation
matrices of the x, y, and z directions; σ0 and σ are the stress
matrices in the principal stress coordinate and local wellbore
coordinate systems; and αx, αy, and αz are the rotation angles
in a counterclockwise direction when looking towards the
origin coordinate.

2.3. BasicHypotheses. A thermo-pressure coupling model of
casing-cement sheath-formation (CCF) system was estab-
lished (Figure 4). -e boundary stresses of σx, σy, and τxy
were obtained by using equation (3). Compared to the
longitude of the well, the radial dimension was very small
and a long cylindrical model was loaded by forces that were
perpendicular to the axial line and did not vary in length.
Both the geometric form of the object and the external loads
exerted on the object did not change along the longitudinal
(z-axis) direction and that the length of the object might be
treated as an infinite one. -ere were no additional re-
strictions on the external loads. -e wellbore stress was
obtained under this kind of stress state called the plane strain
problem [22, 23].

For simplicity, some assumptions have been made [24]:

(1) Geometry: the casing, cement, and borehole were
concentric circles, which were assumed to be per-
fectly bonded to each other at each interface. -e
perfect bonding mathematically indicated that the
continuity of radial stress and displacement was
satisfied at each interface.

(2) -ermal effect: the stress induced by wellbore
temperature variation was assumed to be steady state
and the time effect was ignored.

(3) Material: to simplify the complex property of strong
anisotropy and well-developed bedding planes of
shale formation [25], the formation was assumed to
be a linear elastic material with an infinite radius (R4
⟶ ∞). -e cement sheath was also a complex
material. -e 3D images revealed the evolution of a

large connected pore network with characteristic
widths on the micrometer scale as hydration pro-
ceeded [26]. It was assumed to be an elastic material
neglecting the complex microstructure. It is gener-
ally accepted that the casing was an elastic-plastic
material, and the casing yielding had nothing to do
with hydrostatic pressure. In the model, it was as-
sumed that the deformation of the casing was within
the elastic range.

2.4. Stress Superposition. -e boundary compression normal
stresses (−σx, −σy) were decomposed into uniform stress (p0)
and deviator stress (s) expressed as equation (4) in the
Cartesian coordinate system. -e other boundary stress was
shear stress (τxy):

−σx 0

0 −σy

⎡⎣ ⎤⎦ �
−p0 0

0 −p0
  +

−s 0

0 s
 , (4)

where the uniform stress p0 � (σx + σy)/2 and the deviator
stress s � (σx − σy)/2.

According to the basic hypotheses in Section 2.2, the
deformation history of all phases in the CCF system was
independent with each other. -e principal of the linear
superposition for the stress was applied as shown in the
following equation:

σi
stress � σ′iUniform−stress + σ″iDeviator−stress + σ″′iShear−stress

+ σTi
Thermal−stress.

(5)

-e stress distribution of the thermal-pressure cou-
pling model around a wellbore was decomposed into four
parts as shown in Figure 5. -e stress field of the first part
was induced by the uniform stress and inner casing
pressure. -e second one was induced by the deviator
stress, and the third one was induced by the shear stress.
-ermal stress of the fourth part was induced by the
temperature variation.

Wellbore trajectory

σv

σh

σH

Y″

Y′h (East)

X′h (North)

Y″, Y‴, X
X″

X″

Z″, Z‴, Zv
Z‴, Z

X‴

Z″

Y

O
β

α

φ

Xh

XH

Principle in-situ stress

Figure 3: -e coordinate rotation processes: (a) stress state of a horizontal well and (b) coordinate transformation system. Principal in situ
stress coordinate system, XHYhZy; geodetic coordinate system, X′Y′Z′; coordinate system, X″Y″Z″ after the second time rotation;
coordinate system, X″′Y″′Z″′ after the third time rotation; local wellbore coordinate system, XYZ; wellbore deviation angle, α; wellbore
azimuth angle, β; the maximum horizontal stress azimuth angle, φ.
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It was convenient to convert the Cartesian coordinate
system into the polar coordinate system to calculate wellbore
stress. -e normal boundary stresses in the polar coordinate
system were expressed as follows under the conditions of the
infinite outer boundary radius of R4:

σ′30r

r�∞ � −p0 − s cos(2θ),

τ′30rθ

r�∞
� s sin(2θ),

⎧⎪⎨

⎪⎩
(6)

where σ′30r and τ′30rθ are the initial normal and shear stresses in
the formation, respectively.

Since temperature and stress were coupled, the stress
distribution around a cased wellbore induced by tempera-
ture variation was hard to solve in the closed form. However,
the steady-state condition made the temperature and stress
decouple and the problem analytically solvable [27].

3. Stress Distribution around Wellbore

3.1. Stress Induced byUniformStress. Under the condition of
the uniform internal pressure and external stress, the stress

and displacement in a thin wall cylinder were obtained by
using the following equations shown in Figure 6:

u′
i

r �
1
2Gi

1− 2μi( Ai
′r + Ci
′1
r

 qi

+
1
2Gi

1− 2μi( Bi
′r + Ci
′1
r

 qi+1 − rε′i0r ,

(7)

σ′ir � Ai
′ −Ci
′ 1
r2

 qi + Bi
′ −Ci
′ 1
r2

 qi+1,

σ′iθ � Ai
′ + Ci
′ 1
r2

 qi + Bi
′ + Ci
′ 1
r2

 qi+1,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(8)

where σ′ir , σ′iθ , and u′
i

r are the radial stress, tangential stress,
and radial displacement, respectively; σ′i0r , σ′i0θ , and u′

i0
r are

the initial radial stress, tangential stress, and displacement; Ei
is the material elastic modulus; μi is the material Poisson’s
ratio; Gi � Ei/((1 + μi)/2) is the material shear modulus; qi,
qi+1 were the interfacial pressure, positive in the radial in-
crease direction, i� 1, 2, 3 represented the casing, cement

Y
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σx

Tn
Pf σx
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X

τyx

τyx

τxy
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Z

X

Foramtion
Casing

Cement sheath
Fluid

Figure 4: CCF composite assembly. Formation boundary temperature, Tf; internal casing temperature, Tn; internal casing pressure, Pi;
radius, Ri, i� 1, 2, 3, 4 present the radii of the internal casing wall, outer casing wall, internal wellbore, and formation boundary, respectively;
the counterclockwise angle from the x-direction to the calculated point, θ.
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Figure 5: Stress decompositions. Inner casing pressure, Pi; thermal stress, σT.
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sheath, and formation, respectively; Ai
′ � R2

i /(R2
i+1 −R2

i );
Bi
′ � R2

i+1/(R2
i+1 −R2

i ); Ci
′ � Ai
′R2

i+1 are the constants, Ri (i� 1,
2, 3, 4) is the radii of internal casing wall, external casing
wall, external cement sheath wall, and formation boundary,
respectively.

3.1.1. Formation Stress. Before drilling the borehole, the
initial geostress field already existed in the formation. When
the rock was removed from the borehole, the wellbore stress
field redistributed to produce a disturbance field, which only
affected the near-wellbore zones [28]. So, the model was
decomposed into two parts such as the original field and the
disturbance field. -e original field had initial stress and
displacement.-e disturbance field was induced by drilling a
wellbore and mud pressure. In view of this, the actual stress
field of F1 in the formation induced by the uniform stress,
and internal pressure was decomposed into three parts as
shown in Figure 7. -ey were the original stress field of A1,
the excavation disturbance field of B1 induced by drilling of
a wellbore and the interface disturbance field of C1 induced
by the fluid column pressure.

In the polar coordinate system, the initial conditions of
A1 were σ30r � σ30θ � −p0, ε′30r � p0/2G3(1− 2μ3), and
boundary stress conditions of B1 andC1 were σ′3r |r�R3 ,B1 � p0
and σ′3r |r�R3 ,C1 � −p3′. Substituting the initial and boundary
conditions into equations (7) and (8), the displacement and
stress in formation were obtained as shown below. Because
R4 approached to infinity, A3′ � 0 and C3′ � R2

3 were
obtained:

u′
3

r (r) �
1

2G3

R2
3

r
p3′ −p0( ,

σ′3r (r) � −p0 −
R2
3

r2
p3′ −p0( ,

σ′3θ (r) � −p0 +
R2
3

r2
p3′ −p0( ,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(9)

where u′3r was the radial displacement in formation and u′3r
and σ′3θ were the radial and tangential stresses in formation,
respectively.

3.1.2. Casing and Cement Sheath Stress. -e pressures at
casing-cement sheath interface and cement sheath-
formation interface were p2′ and p3′, respectively, (Fig-
ure 8). -e initial stresses of the casing and the cement
sheath were σ′i0r � σ′i0θ � 0 and ε′i0r � 0. -e boundary stress
conditions were σ′2r |r�R3

� −p3′ and σ′2r |r�R2
� −p2′,

σ′1r |r�R1
� −pi.

Substituting these initial and boundary conditions
in equations (7) and (8), the displacement and stress in
casing and cement sheath were obtained as follows. Sub-
scripts 1 and 2 represent the casing and cement sheath,
respectively:

u′1r �
1

2G1
1− 2μ1( A1′r + C1′

1
r

 pi

+
1

2G1
1− 2μ1( B1′r + C1′

1
r

  −p2′( ,

u′2r �
1

2G2
1− 2μ2( A2′r + C2′

1
r

 p2′

+
1

2G2
1− 2μ2( B2′r + C2′

1
r

  −p3′( ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(10)

σ′1r � A1′ −C1′
1
r2

 pi + B1′ −C1′
1
r2

  −p2′( ,

σ′1θ � A1′ + C1′
1
r2

 p2′ + B1′ + C1′
1
r2

  −p2′( ,

σ′2r � A2′ −C2′
1
r2

 p2′ + B2′ −C2′
1
r2

  −p3′( ,

σ′2θ � A2′ + C2′
1
r2

 p2′ + B2′ + C2′
1
r2

  −p3′( .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(11)

According to the hypotheses that cement sheath-
formation interface and casing-cement sheath interface
were perfectly bonded to each other, the interfacial dis-
placement continuity conditions were expressed in the
following equation:

u′1r
r�R2

� u′2r
r�R2

,

u′2r
r�R3

� u′3r
r�R3

.

⎧⎪⎨

⎪⎩
(12)

Substituting equation (10) into equation (12), the binary
equations were obtained as

AAp2′ −BBp3′ � CCpi,

DDp2′ −EEp3′ � FFp0,

⎧⎨

⎩ (13)

Ri

q
i

Ri + 1

qi + 1

Figure 6: Stress induced by the uniform stress.
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where

AA �
1

2G1
1− 2μ1( B1′R2 + C1

1
R2

 

+
1

2G2
1− 2μ2( A2′R2 + C2′

1
R2

 ,

BB �
1

2G1
1− 2μ1( B1′R2 + C1

1
R2

 ,

CC �
1

2G1
1− 2μ1( A1′r + C1′

1
R2

 ,

DD �
1

2G2
1− 2μ2( A2′R3 + C2′

1
R3

 ,

EE �
1

2G1
1− 2μ1( B1′R3+C1

1
R3

  +
1

2G3
R3 ,

FF � −
R3

2G3
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(14)

-e interfacial pressures p2′ and p3′ could be calculated by
using equation (14). Substituting them into equation (11),
the stresses induced by uniform stress were obtained
subsequently.

3.2. Stress Induced by Deviator Stress. -e deviator stress
boundary conditions are shown in Figure 9. To calculate the
stress distribution induced by deviator stress, the stress
function was defined as

ϕ � A″i r
4

+ B″i r
2

+ C″i +
D″i
r2

 cos(2θ). (15)

-e stress and strain under the condition of nonuniform
stress are

σ″ir � − 2B″i +
4C″i
r2

+
6D″i
r4

 cos 2θ,

σ″iθ � 12A″i r2 + 2B″i +
6D″i
r4

 cos 2θ,

τ″irθ � 6A″i r2 + 2B″i −
2C″i
r2
−
6D″i
r4

 sin 2θ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε″ir � −
1 + μi

Ei

12υiA
″
i r

2
+ 2B″i + 1− μi( 

4C″i
r2

+
6D″i
r4

 

· cos 2θ− ε″i0r ,

ε″iθ �
1 + μi

Ei

12 1− μi( A″i r
2

+ 2B″i + μi

4C″i
r2

+
6D″i
r4

 

· cos 2θ− ε″i0θ ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(16)
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Figure 7: Wellbore stress components under the condition of uniform stress.
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Figure 9: Stress induced by deviator stress. Outer stress, s cos 2θ;
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where σ″ir and σ″iθ are the radial and tangential stresses;
ε″i0r and ε″i0θ are the initial radial and tangential strains; and
A″i , B″i , C″i , andD″i were the constants, i� 1, 2, 3 represented
the casing, cement sheath, and formation.

From the geometric equations,

ε″ir �
zu″

i
r

zr
,

ε″iθ �
1
r

zu″
i

θ
zθ

+
u″

i
r

r
.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(17)

-e radial displacement u″
i

r and tangential displacement
u″

i

θ were obtained as

u″
i

r � −
1 + μi

Ei

4μiA
″
i r

3
+ 2B″i r− 1− μi( 

4C″i
r
−
2D″i
r3

 

· cos 2θ− rε″i0r ,

u″
i

θ �
1 + μi

2Ei

4 3− 2μi( A″i r
3

+ 4B″i r− 1− 2μi( 
4C″i

r
+
4D″i
r3

 

· sin 2θ + r  ε″i0r − ε″
i0
θ dθ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε″i0r �
1 + μi

Ei

1− μi( σ″i0r − μiσ″
i0
θ ,

ε″i0θ �
1 + μi

Ei

1− μi( σ″i0θ − μiσ″
i0

r ,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(18)

where σ″i0r and σ″i0θ were the initial radial and tangential
stresses.

3.2.1. Formation Stress. Similar to that of uniform stress, the
actual stress field, F2 in the strata induced by the non-
uniform stress, was decomposed into three parts: the
original stress field, A2; the disturbance field, B2 induced by
the wellbore excavation; and the interface pressure, C2 in-
duced by the interface pressure (Figure 10).

In the polar coordinate system, initial stresses were
σ″30r � −s cos(2θ), σ″30θ � s cos(2θ), and τ″30rθ � s sin(2θ);
initial strains were ε″30r � −(1 + μ3)/E3 · s cos(2θ) and
ε″30θ � (1 + μ3)/E3 · s cos(2θ); and the boundary stresses were
σ″3r |r�∞ � −s cos(2θ), σ″3θ � s cos(2θ), and τ″3rθ |r�∞ �

s sin(2θ). Substituting the initial and boundary conditions
into (14) and (15), it was obtained that A″3 � 0 andB″3 � S/2.
-e displacements and stresses in formation were expressed as
shown in the following equations:

u″3r � −
1

G3
− 1− μ3( 

2C″3
r
−

D″3
r3

 cos 2θ,

u″3θ �
1

G3
− 1− 2μ3( 

C″3
r

+
D″3
r3

 sin 2θ,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(19)

σ″3r � − s +
4C″3
r2

+
6D″3
r4

 cos 2θ,

σ″3θ � s +
6D″3
r4

 cos 2θ,

τ″3rθ � s−
2C″3
r2
−
6D″3
r4

 sin 2θ.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(20)

3.2.2. Casing and Cement Sheath Stress. For casing and
cement sheath in the polar coordinate system, initial stresses
were σ″i0r � σ″i0θ � 0 and initial strains were ε″i0r � ε″i0θ � 0.
Substituting the initial and boundary conditions into
equations (14) and (15), the displacements and stresses were
obtained as follows:

u″
i

r � −
1
Gi

2μiA
″
i r

3
+ B″i r− 1− μi( 

2C″i
r
−

D″i
r3

 cos 2θ,

u″
i

θ �
1
Gi

3− 2μi( A″i r
3

+ B″i r− 1− 2μi( 
C″i
r

+
D″i
r3

 sin 2θ,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(21)

σ″ir � − 2B″i +
4C″i
r2

+
6D″i
r4

 cos 2θ,

σ″iθ � 12A″i r2 + 2B″i +
6D″i
r4

 cos 2θ,

τ″irθ � 6A″i r2 + 2B″i −
2C″i
r2
−
6D″i
r4

 sin 2θ.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(22)

-e interfacial displacement and stress continuity and
boundary conditions were expressed in the following
equation:

σ″1r

r�R1
� 0,

τ″1rθ

r�R1
� 0,

⎧⎪⎪⎨

⎪⎪⎩

σ″1r

r�R2
�σ″2r

r�R2
,

τ″1rθ

r�R2
� τ″2rθ

r�R2
,

⎧⎪⎪⎨

⎪⎪⎩

σ″2r

r�R3
�σ″3r

r�R3
,

τ″2rθ

r�R3
� τ″3rθ

r�R3
,

⎧⎪⎪⎨

⎪⎪⎩

u″1r

r�R2
� u″2r

r�R2
,

u″
1
θ

r�R2
� u″

2
θ

r�R2
,

⎧⎪⎪⎨

⎪⎪⎩

u″2r

r�R3
� u″3r

r�R3
,

u″
2
θ

r�R3
� u″

3
θ

r�R3
.

⎧⎪⎪⎨

⎪⎪⎩

(23)
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Substituting equations (20)–(23) into the following
equation, equations were obtained as

−2B″1 −
4C″1

R2
1
−
6D″1

R4
1

 cos 2θ � 0,

6R2
1A
″
1 + 2B″1 −

2
R2
1
C″1 −

6
R4
1
D″1 sin 2θ � 0,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(24)

− 2B″1 +
4C″1

R2
2

+
6D″1

R4
2

  + 2B″2 +
4C″2

R2
2

+
6D″2

R4
2

  � 0,

6A″1R
2
2 + 2B″1 −

2C″1

R2
2
−
6D″1

R4
2

 

− 6A″2R
2
2 + 2B″2 −

2C″2

R2
2
−
6D″2

R4
2

  � 0,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(25)

− B″2 +
2C″2

R2
3

+
3D″2

R4
3

  +
2C″3

R2
3

+
3D″3

R4
3

� −s,

3A″2R
2
3 + B″2 −

C″2

R2
3
−
3D″2

R4
3

  +
C″3

R2
3

+
3D″3

R4
3

� s,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(26)

−
1

G1
2μ1R

3
2A
″
1 + R2B

″
1 − 1− μ1( 

2
R2

C″1 −
1

R3
2
D″1 

+
1

G2
2μ2R

3
2A
″
2 + R2B

″
2 − 1− μ2( 

2
R2

C″2 −
1

R3
2
D″2  � 0,

1
G1

3− 2μ1( R
3
2A
″
1 + R2B

″
1 − 1− 2μ1( 

1
R2

C″1 +
1

R3
2
D″1 −

1
G2

· 3− 2μ2( R3
2A
″
2 + R2B

″
2 − 1− 2μ2( 

1
R2

C″2 +
1

R3
2
D″2  � 0,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(27)

−
1

G2
2μ2R

3
3A
″
2 + R3B

″
2 − 1− μ2( 

2
R3

C″2 −
1

R3
3
D″2 

+
1

G3
− 1− μ3( 

2
R3

C″3 −
1

R3
3
D″3  � 0,

1
G2

3− 2μ2( R
3
3A
″
2 + R3B

″
2 − 1− 2μ2( 

1
R3

C″2 +
1

R3
3
D″2 

−
1

G3
− 1− 2μ3( 

1
R3

C″3 +
1

R3
3
D″3  � 0,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(28)

where the constants of A″1, B″1, C″1, D″1, A″2, B″2, C″2, D″2, C″3,

andD″3 were calculated by the total 10 equations in equa-
tions (24)–(28). -en, wellbore stress distribution induced
by deviator stress was obtained by substituting these 10
constants and A″3 andB″3 into equations (19)–(22).

3.3. Stress Induced by Shear Stress. -e stress induced by
shear stress was u″′

i
r , u″′

i

θ , σ″′ir , σ″′iθ , and τ″′irθ , i� 1, 2, 3 repre-
sented the casing, cement sheath, and formation, re-
spectively, (Figure 11). -e angle of Ω between σx and x-
direction was calculated by using equation (29). -en, the
principal stresses were obtained as follows [29]:

Ω �
1
2
arctan −

2τxy

σx − σy

  �
π
4

, (29)

σπ/4 � τxy,

σ−π/4 � −τxy.
 (30)

It could be found that the stress distribution induced by
shear stress was similar with that by deviator stress when
counterclockwise rotating the angle of π/4. -e stresses and
displacements were obtained by substituting the reference
variable θ � θ′(−π/4) into the stress induced by deviator
stress discussed in Section 3.2.

3.4. Stress Induced by Temperature Variation. -e thermal
field was obtained by using the steady temperature distri-
bution model to calculate the thermal stress. When frac-
turing fluids were pumped into a wellbore with a high pump

A2 B2 F2C2

–scos2θ

–scos2θ

Ri
Ri+1

scos2θ

Ri
Ri + 1

pcos2θ
Ri

Ri + 1

–scos2θ

pcos2θ

Ri
Ri + 1

Figure 10: Formation stress components under the nonuniform stress condition.
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rate, they were always in the turbulent state. -e heat
transfer coefficient between casing and fluid was calculated
using the Marshall model [30] shown in the following
equation:

h �
Stkm

D
� 0.0107

km

D

ρaDeff 4Q/πD2( 

K((3n + 1)/4n)n 32Q/πD3( )
n−1 

0.67

·
K((3n + 1)/4n)n 32Q/πD3( 

n−1
Cm

km
 

0.33

,

(31)

where h is the heat transfer coefficient (W·m−2·°C−1), St is the
Stanton number, Pr is the Prandtl number, Reg is the
Reynolds number, μw,app is the fluid apparent viscosity, D is
the inner diameter (m), Deff is the equivalent diameter (m),
ρa is the fluid density (kg·m−3), n is the liquidity index, K is
the consistency coefficient (Pa·sn), v is the fluid velocity, Q is
the fracturing pump rate (m3·min−1), km is the coefficient of
heat conductivity (W·m−1·°C−1), and Cm is the fluid specific
heat capacity (J·kg−1·°C−1).

-e temperature distribution among casing, cement
sheath, and formation is shown in Figure 12. In the cylin-
drical coordinate system of CCF, the differential equation
of steady heat conduction of the cylinder is expressed as [31]

d2T

dr2
+
1
r

dT

dr
� 0. (32)

Temperature field distribution solutions were obtained
according to integral and boundary conditions kidT/dr �

hn(Ti −Tn), T|r�Ri
� Ti, T|r�Ri+1

� Ti+1 shown in the follow-
ing equation:

T
i
(r) � A

T
i ln r + B

T
i , (33)

AT
i �

Ti+1 −Tn

ln Ri+1/Ri(  + i2/2( )−(5i/2) + 3( )ki/Rih
,

BT
i �

Tn lnRi+1 −Ti+1 lnRi + i2/2( −(5i/2) + 3(  ki/Rih( Ti+1

ln Ri+1/Ri(  + i2/2( )−(5i/2) + 3( ) ki/Rih( 
,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(34)

where Ti is the temperature (°C); Ti is the temperature at the
interface (°C); Tn is the fluid temperature (°C); ki is the
material thermal conductivity (W·m−1·°C−1); Ri is the radius

(m); and AT
i andBT

i were the constants, i� 1, 2, 3 represented
casing, cement sheath, and formation, respectively.

-e heat flow density continuity conditions were
expressed as

ki

dTi(r)

dr

r�Ri+1

� ki+1
dTi+1(r)

dr

r�Ri+1

. (35)

-e temperatures at interfaces of casing-cement sheath
and cement sheath-formation system were defined as T2 and
T3 and were calculated by using the following equation:

1 + β1( T2 − β1T3 � T1,

−T2 + 1 + β2( T3 � β2T4,
 (36)

where

β1 �
k2

k1

ln R2/R1(  + k1/R1h( 

ln R3/R2( 
,

β2 �
k3

k2

ln R3/R2( 

ln R4/R3( 
 .

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(37)

Interfacial temperature of Ti was obtained by solving
equation (36). -e steady-state temperature field around the
wellbore could be calculated by substituting Ti into equa-
tions (33) and (34). According to thermal elastic mechanics,
constitutive equations for a plane strain problem were
expressed as

εT
r �

1 + μi

Ei

1− μi( σT
r − μiσ

T
θ  + 1 + μi( αiT,

εT
θ �

1 + μi

Ei

1− μi( σT
θ − μiσ

T
r  + 1 + μi( αiT,

εT
z � 0,

cT
rθ �

2 1 + μi( 

Ei

τT
rθ.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(38)

-e actual thermal stress field, F3 in the strata induced
by the temperature changes, was decomposed into two

Shear stress field

R3 R3

R4

R2 R2R1 R1

R4

Y Y
σπ/4 = –τxy

σπ/4 = τxy

XX

τyx

τxy

Stress transformation

Figure 11: Stress distribution induced by shear stress.

Casing
Cement sheath
Formation

R4 R3 R2 R1

T4 T3 T2 T1

Figure 12: -e distribution of interface temperatures.
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parts: the original stress field, A3, and the disturbance field,
B3 induced by the temperature variation shown in
Figure 13.

-e initial stresses were σTi0
r � σTi0

θ � 0, and the initial
strains were εTi0

r � εTi0
θ � 0. -e stresses and displacements

induced by thermal variations were expressed as

u
Ti
r �

1 + μi( 

1− μi( 

αi

r


r

Ri

rΔTi
dr + C

Ti
1 r +

CTi
2
r
− rεTi0

r , (39)

σTi
r � −

αiEi

1− μi

1
r2


r

Ri

rΔTi
dr +

Ei

1 + μi

CTi
1

1− 2μi

−
CTi
2

r2
 ,

σTi
θ �

αiEi

1− μi

1
r2


r

Ri

rΔTi
dr +

Ei

1 + μi

CTi
1

1− 2μi

+
CTi
2

r2
 

−
αiEi

1− μi

ΔTi
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(40)

where CTi
1 andCTi

2 are the constants, σTi
r and σTi

θ are the radial
and tangential stresses (Pa), uTi

r is the radial displacement
(m), ΔTi is the temperature changes (°C), pi is the interface
pressure (Pa), and αi is the material thermal expansion
coefficient, i� 1, 2, 3 represented casing, cement sheath, and
formation, respectively.

-e temperatures were known, and the boundary was
free at internal casing and external formation. So, radial
stress at inner and outer boundaries equals to zero, and
radial displacement at the outer boundary equals to zero as
well. -e boundary and interfacial displacement continuity
conditions were expressed as

uT1
r

r�R2
� uT2

r

r�R2
,

uT2
r

r�R3
� uT3

r

r�R3
,

⎧⎪⎨

⎪⎩

σT1
r

r�R2
�σT2

r

r�R2
,

σT2
r

r�R3
�σT3

r

r�R3
,

⎧⎪⎨

⎪⎩

σT1
r

r�R1
� 0,

σT3
r

r�R4
� 0.

⎧⎪⎨

⎪⎩

(41)

Substituting equations (39) and (40) into the following
equation, the equations were obtained as

CT1
1 R2 +

CT1
2

R2
−C

T2
1 R2 −

CT2
2

R2
� −

1 + μ1( 

1− μ1( 

α1
R2


R2

R1

rT
1
dr,

CT2
1 R3 +

CT2
2

R3
−C

T3
1 R3 −

CT3
2

R3
�

1 + μ2( 

1− μ2( 

α2
R3


R3

R2

rT
2
dr,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(42)

E1

1 + μ1

CT1
1

1− 2μ1
−

CT1
2

R2
2

 −
E2

1 + μ2

CT2
1

1− 2μ2
−

CT2
2

R2
2

 

�
α1E1

1− μ1
1

R2
2


R2

R1

rΔT1
dr,

E2

1 + μ2

CT2
1

1− 2μ2
−

CT2
2

R2
3

 −
E3

1 + μ3

CT3
1

1− 2μ3
−

CT3
2

R2
3

 

�
α2E2

1− μ2
1

R2
3


R3

R2

rΔT2
dr,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(43)

C1
1R1 +

C1
2

R1
� 0,

C3
1R4 +

C3
2

R4
� −

1 + μ2( 

1− μ2( 

α2
R4


R4

R3

rT dr.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(44)

-e constants of CT1
1 , CT1

2 , CT2
1 , CT2

2 , CT3
1 , andCT3

2 were
obtained by equations (42)–(44). -e wellbore stress was
obtained by substituting these constants into equation (40).

-e total stresses were obtained using the following
equation:

σi
r � σ′ir + σ″ir + σ″′ir + σTi

r ,

σi
θ � σ′iθ + σ″iθ + σ″′iθ + σTi

θ ,

σi
z � μi σi

r + σi
θ( ,

τi
rθ � τ″irθ + τ″′irθ ,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(45)

where σi
r is the radial stress, σ

i
θ is the tangential stress, σ

i
z is

the axial stress, and τi
rθ is the shear stress.

3.5. Estimation ofWellbore Integrity. It is generally accepted
that the yield of isotropic material such as casing has nothing
to do with hydrostatic pressure, while hydrostatic pressure is
not considered in vonMises yield criterion. So, this criterion
was adopted to determine the casing failure:

f J2, k(  �
��
J2


− k � 0,

J2 �
1
6

σ11 − σ22( 
2

+ σ22 − σ33( 
2

+ σ33 − σ11( 
2

 

+ σ212 + σ223 + σ231,
(46)

where J2 is the second stress partial tensor; k is the critical
value of failure; and σij is the stress components, i, j� 1, 2, 3
represented the three directions of the system, respectively.

For uniaxial tension,
��
J2


� σ/

�
3

√
, the von Mises stress

could be expressed as follows in the polar coordinate:
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σMises �

������������������������������������������������
1
2

σr − σθ( 
2

+ σθ − σz( 
2

+ σz − σr( 
2

  + 3τ2rθ + 3τ2θz + 3τ2zr.



(47)

4. Model Validation

From 2009 to 2017, PetroChina has drilled 141 fracturing
wells (including 112 horizontal wells) in the Changning-
Weiyuan National Shale Gas Demonstration Area. -e
geometrical dimensions of the CCF model were a wellbore
diameter of 8.5 in, casing diameter of 5.5 in, and casing
thickness of 9.17mm. According to the Saint-Venant
principle, a formation boundary dimension should be
five to six times larger than that of the wellbore geometry
to avoid the influence of boundary effect on wellbore
stress. In view of this, the model geometry was
2,000 × 2,000mm, while the corresponding wellbore di-
ameter was 215.9mm. -e direction of horizontal in situ
stress was N120°E. -e well deviation angle was 90°, and
the wellbore azimuth was N30°E, indicating that the
horizontal trajectory was along the minimum in situ stress
direction. -e internal casing pressure was calculated from
the pump pressure plus the downhole hydrostatic fluid
pressure. -e external boundary stress was obtained from
the geostress data of the shale reservoir. -e thermal and
mechanical properties of different materials are presented
in Table 1. -e casing stress and displacement were cal-
culated and analyzed considering thermal-pressure
coupling.

-e applied maximum horizontal stress σH was 82MPa,
the minimum horizontal stress σh was 55MPa, the vertical
stress σv was 57MPa, the inner casing pressure Pi was
75MPa, the boundary temperature T4 was 100°C, the fluid
temperature Ta was 20°C, and the convective heat transfer
coefficient was obtained by using equation (20) (1
890W·m−2·°C−1) at the pump rate of 20m3/min.

-e finite element analysis method was adopted to
validate the results of the analytical models. A steady-state
thermal analysis followed by a static structural analysis
was conducted to calculate the stress considering thermal-
pressure coupling. -e solutions of radial stress, cir-
cumferential stress, and Mises stress are compared in
Figure 14.

-e analytical solutions of radial stress, circumferential
stress, and Mises stress were in good agreement with the
results obtained by a finite element method, which indicates

the validity of the analytical method. -e maximum de-
viation between analytical and finite element results was
1.4–13.9%, indicating that the analytical model could pro-
vide an accurate calculation of stress distribution for the
CCF system.

From Figures 14(a) and 14(b), the radial stress in-
creased with the increase of radius in casing and cement
sheath, but decreased in the formation. -e absolute value
of radial stress calculated by the new model was smaller
than that of the existing model.-is was mainly because the
new model excluded the strain induced by the initial stress.
From Figures 14(c) and 14(d), the circumferential stress
decreased with the increase of radius in the casing and
cement sheath and increased slowly to a constant value in
the formation. -e interfacial stress at the internal casing
wall was larger than that at the external casing wall. -e
solutions calculated by the new model were larger than
those by the existing model. From Figure 14(e), casing
Mises stress obtained by the newmodel was larger than that
of the existing model. It could be explained that circum-
ferential stress was larger than radial stress and had a main
influence on Mises stress.

-e radial displacements along the 0° direction calcu-
lated by the new model and existing model under the same
conditions were shown in Figure 15. -ere was an obvious
difference for two models, especially at the outer boundary.
-e displacements of new model approached zero when the
outer boundary was infinite, which reached an agreement
with the actual boundary condition. However, the dis-
placements obtained by the existing model increased linearly
in the formation. So, only the new model could reflect the
actual situation.

5. Sensitivity Analysis

-e sensitivity analyses were carried out to study the in-
fluences of cement sheath properties, geostress, fracturing
pressure, fluid temperature, casing thickness, and cement
sheath thickness on casing stress. During analyzing, only one
parameter was variable and others were constants. Unless
otherwise mentioned, the parameters were set as mentioned
in Section 4.

A3

R3

R4

B3 C3

R4

R3

T3
T4T4 T4 T3 T4p3 p3

R3

R4

(a)

Casing Cement sheath Formation

p2 p3

(b)

Figure 13: -ermal stress field. (a) Formation stress components. (b) Interface pressures. pi is the interface pressure, i� 2, 3 represented the
casing-cement sheath interface and cement sheath-formation interface.
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Figure 14: Continued.

Table 1: -ermal and mechanical Parameters of fluid-casing-cement sheath-formation system.

Property Casing Cement sheath Formation Fluid
Elastic modulus, Ei (GPa) 210 5 35 —
Poisson’s ratio, μi 0.3 0.15 0.25 —
Coefficient of thermal expansion, αi (10−5·°C−1) 1.5 1.0 1.0 —
-ermal conductivity, ki (W·m−1·°C−1) 58.2 1.0 1.0 1.73
Specific heat, Cpi (J·kg−1·°C−1) 460 1830 1043 3935
Density, ρi (kg·m−3) 7850 1800 2500 1080
Note: properties in parenthesis were used in the parametric study.
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5.1. Influence of Elastic Modulus. Cement sheath properties
is crucial for casing safety. To evaluate the effect of elastic
modulus on casing stress, the cement sheath elastic modulus
of E2 was set at the range from 2GPa to 50GPa, and the
formation elastic modulus of E3 was set as 5 and 35GPa to
simulate a soft and hard formation. -e Mises stresses at
internal casing are shown in Figure 16.

From Figures 16(a) and 16(c), the maximum Mises stress
appeared at the angles of 0° and 180° for the new model and
90° and 270° for the existing model when the formation

modulus was small. However, the maximum stress all
appeared at the angles of 0° and 180° for the new and existing
models when the formation modulus was large. From
Figure 16(b), in a soft formation (a modulus of 5GPa), with
the increase of the cement sheath modulus, the maximum
casing stress increased first, and then decreased for existing
model, while decreasing all the time for the new model. From
Figure 16(b), in a hard formation (modulus of 35GPa), the
maximum casing stress always decreased with the increase of
the cement sheath modulus for two models. In the soft
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Figure 14: Comparison of numerical and analytical solutions. (a) Radial stress along the radial directions of 0° and 90°. (b) Radial stress at
the internal casing wall. (c) Circumferential stress along the radial directions of 0° and 90°. (d) Circumferential stress at the internal casing
wall. (e) Mises stress at inner and outer casing walls.
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formation, the stress calculated by the new model was smaller
than that by the existing model. However, the stress obtained
by the newmodel was larger than that by the existingmodel in
a hard formation. According to the fact that shale formation
had a large elastic modulus, the existing model under-
estimated casing stress during the fracturing operation.

5.2. Influence of Poisson’s Ratio. To evaluate the effect of
Poisson’s ratio on casing stress, cement sheath Poisson’s
ratio, μ2, with a range from 0.05 to 0.45, was adopted and the
formation Poisson’s ratio, μ3, was set as 0.05 and 0.45 to

simulate a hard and soft formation.-e casingMises stresses
are shown in Figure 17.

From Figures 17(a) and 17(b), the maximum Mises
stress decreased with the increase of cement sheath Pois-
son’s ratio for two models. In a hard formation (Poisson’s
ratio of 0.05), the maximum stress obtained by the new
model was larger than that by the existing model. However,
in a soft formation (Poisson’s ratio of 0.45), it was a little
smaller than that by the existing model. According to the
fact that shale formation had a small Poisson’s ratio, the
existing model underestimated casing stress during the
fracturing process.
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Figure 16: Casing Mises stress. (a, b) E3 � 5GPa and (c, d) E3 � 35GPa.
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5.3. Influence of In Situ Stress Nonuniformity. During the
multifracturing operation for shale gas wells, the fracturing
fluid was pressed into the formation and the in situ stress
field changed abruptly to increase the nonuniformity of the
stress around the wellbore. To evaluate the effect of in situ
stress nonuniformity on casing stress, the nonuniformity
index was defined as δ � σH/σv. Different δ with a range of
0.1–3.0 was adopted. -e casing Mises stresses calculated by
two models are shown in Figure 18.

As seen from Figure 18(a), for δ smaller than 1.0, the
maximumMises stresses appeared at 90° and 270° directions.
However, for δ larger than 1.0, the maximum Mises stresses
appeared at 0° and 180° directions. For δ of 1.0, the casing
Mises stress around the wellbore was at a uniform state.
From Figure 18(b), the maximum casing stress increased
dramatically with the increase of δ from 1.0 or decrease of δ
from 1.0. -e solution obtained by the new model was larger
than that by the existing model for δ between 0.5 and 2.25.
When δ was larger than 2.25 or smaller than 0.5, the casing
stress obtained by the existing model was larger than that by
the new model.

5.4. Influence of Fracturing Pressure. A fracturing fluid with
high pressure was used to fracture a shale formation. -e
high pressure depended on the formation regional tectonic
stress; the larger the tectonic stress, the higher the pressure.
Moreover, a high fracturing pressure posed a great potential
challenge to casing failure. Different fracturing pressures
with a range of 5–105MPa were adopted to evaluate the
effect of fracturing pressure on casing stress. -e maximum
casing Mises stresses are shown in Figure 19.

It can be seen from Figure 19 that the casing stresses
calculated by the two models decreased first and then in-
creased with the increase of fracturing pressure. -e min-
imum stress appeared at 15MPa for the new model;
however, it appeared at about 25MPa for the existing model.

In addition, the casing Mises stress obtained by the existing
model was larger than that by the new model for pressure
lower than 25MPa and smaller than that by the new model
for pressure higher than 25MPa. During fracturing oper-
ation, pressure must be large enough to fracture the for-
mation, so the existing model underestimated the casing
stress.

5.5. Influence of Fluid Temperature. During the cycle in-
jection of fracturing fluid, the heat transfer coefficient h was
calculated using equation (20) with a pump rate of 20m3/
min. -e corresponding casing internal Mises stress was
calculated under different fluid temperatures at a range of
10–100°C to evaluate the effect on casing stress. Figure 20
presented the maximum casing stress over temperature and
the comparison of the results obtained by the existing model
and new model.

From Figure 20, the maximum Mises stress decreased
with the increase of the injection fluid temperature, in-
dicating that a fracturing fluid with high temperature was
effective to decrease casing stress. Furthermore, the stress
obtained by the existing model was smaller than that by the
new model. It revealed that the existing model under-
estimated the casing Mises stress.

5.6. Influence of ickness. -e thickness of cement sheath
and casing was curial for casing safety. To evaluate the effect
of thickness on the casing stress, the cement thickness was
set at a range of 2–50mm and the casing thickness was set at
a range of 5–15mm. -e comparisons of maximum casing
Mises stress obtained by the two models are shown in
Figure 21.

As shown in Figure 21, the maximum casing Mises stress
increased with the increase of cement sheath thickness and,
however, decreased with the increase of casing thickness. So,
a thicker casing wall and thinner cement sheath were
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Figure 17: Casing Mises stresses for different Poisson’s ratios. (a) μ3 � 0.05. (b) μ3 � 0.45.
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effective to ensure the casing integrity. Meanwhile, casing
stress obtained by the existing model was smaller than that
by the new model indicating that the existing model
underestimated casing stress.

6. Conclusions

A new analytical model considering drilling construction
was established to assess the casing stress under different
conditions considering thermal-pressure coupling. -e so-
lutions were obtained by dividing the model into three parts
such as initial stress field, wellbore disturbance field, and
thermal stress field. Sensitivity analyses of different factors
were conducted to evaluate the influences on casing stress.

Some conclusions were drawn from the comparisons be-
tween new model and existing model:

(1) -e results of radius stress, tangential stress, and
casing Mises stress calculated by the analytical
method were in good agreement with the solutions
by a finite element solution. -e minor deviations
did not exceed 13.9%. Moreover, the analytical so-
lutions were in-line with the actual boundary con-
ditions of shale gas wells.

(2) -e casing stress calculated by the existing model
was smaller than that by the new model for hard
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Figure 18: Casing Mises stress for different stress nonuniformity indexes: (a) casing internal stress and (b) maximum casing stress.
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formation with larger modulus or low Poisson’s
ratio, geostress heterogeneity index at a range of
0.5–2.25, and fracturing pressure larger than
25MPa.

(3) -e casing stress increased with the increase of the in
situ stress nonuniformity index. With the increase of
fracturing pressure, casing stress decreased first and
then increased.

(4) Cement sheath with appropriate modulus and larger
Poisson’s ratio, thinner cement sheath, thicker cas-
ing, and higher fluid temperature were effective to
decrease the casing stress.

In conclusion, the new analytical model can accurately
predict casing stress and become an alternative method of
casing integrity evaluation for shale gas wells. It is a useful
and efficient method for a preliminary design, being capable
of simulating the actual situations in order to assess the
casing stresses and integrity.
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Nonlinear vibration characteristics of a moving membrane with variable velocity have been examined..e velocity is presumed
as harmonic change that takes place over uniform average speed, and the nonlinear vibration equation of the axially moving
membrane is inferred according to the D’Alembert principle and the von Kármán nonlinear thin plate theory. .e Galerkin
method is employed for discretizing the vibration partial differential equations. However, the solutions concerning to dif-
ferential equations are determined through the 4th order Runge–Kutta technique. .e results of mean velocity, velocity
variation amplitude, and aspect ratio on nonlinear vibration of moving membranes are emphasized..e phase-plane diagrams,
time histories, bifurcation graphs, and Poincaré maps are obtained; besides that, the stability regions and chaotic regions of
membranes are also obtained. .is paper gives a theoretical foundation for enhancing the dynamic behavior and stability of
moving membranes.

1. Introduction

Membrane materials are extensively used in the packaging
and printing industry; together with this, it is also used in
mechanical instruments, aerospace, biomedical science, and
some other fields. In engineering activities, the membrane is
not strictly possessing a uniform motion; for instance, the
disturbance appears during the rotation of a guide roller in
the printing process, it would result in the change in
membrane velocity, and the vibration characteristics of the
membrane would become highly complex; in certain cases,
the nonlinear vibration perhaps results in printing failure
(e.g., snap or tear). .us, the nonlinear vibration of the
membrane with variable velocity should be taken into
account.

In current years, various researchers have reviewed
more regarding nonlinear vibrational issues pertaining to
axial structure of strings, plates, and beams with variable
velocities. Nevertheless, the transverse nonlinear vibration
of membranes with variable velocities has obtained

attention by few scholars. Wickert and Mote [1, 2] in-
vestigated transverse vibrations of axially moving strings
and beams..e dynamic response of an axially accelerating
string was investigated by Pakdemirli and Ulsoy [3], the
method of multiple scales was applied to solve the partial
differential system. Ravindra and Zhu [4] analyzed non-
linear dynamics of one-mode approximation of an axially
moving continuum, the system was modeled as a beam
moving with varying speed, and the low-dimensional
chaotic response of the system was studied by Melni-
kov’s method. Pakdemirli and Öz [5] and Öz et al. [6]
studied a beam with a time-varying axial velocity by using
perturbation analysis. Suweken and Van Horssen [7, 8]
studied transversal vibrations of a conveyor belt with a low
and time-varying velocity. Pellicano [9] reviewed some
recent numerical and experimental results regarding the
complex dynamics of axially moving systems. .e response
of axially moving systems was studied by using recent
techniques of the nonlinear time series analysis. Pellicano
and Vestroni [10] studied nonlinear dynamics and
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bifurcation of a simply supported beam subjected to an
axial transport of mass by the Galerkin method. .e dy-
namic response of a simply supported travelling beam
subjected to a transverse load in the supercritical speed
range was investigated by Pellicano and Vestroni [11].
Periodic oscillations were studied by means of continuation
techniques, while nonstationary dynamics were in-
vestigated through direct simulations. .e velocity was
presumed as harmonic change that takes place over uni-
form average speed, which was assumed by Ghayesh [12]
and Chen et al. [13], and they used the method of multiple
scales and examined nonlinear vibration properties and
stability of an axially accelerating string. .e findings in-
dicated that the speed changing amplitude and the average
speed both had effects on the frequencies and amplitudes.
For determining the solution of equations of an axially
moving string with time-dependent velocity, two time-
scales perturbation method and Laplace transformation
technique were used [14]. Ghayesh and Amabili [15] ex-
amined the bifurcation diagrams of an axially moving
beam, and it was figured out that when the mean axial speed
and amplitude of the speed fluctuations changed, the in-
tervals of periodic, quasi-periodic, and chaotic motions
took place. Lv et al. [16] used the method of multiple scales
and Galerkin truncation for examining the nonlinear dy-
namic behavior of moving viscoelastic sandwich beams
with variable velocities. .e effects of average speed, initial
tension, and moving speed amplitude on unstable regions
and amplitude-frequency response curves were empha-
sized; consequently a time-dependent speed cannot be
ignored in the mathematical modeling. Nguyen et al. [17]
considered axial transporting speed as a control input and
provided a fresh control algorithm for reducing the in-
fluence of transverse vibration through regulating the axial
translating speed. Liu et al. [18] presented an ideal deferred
feedback control technique for suppressing the nonlinear
vibration of an elastic beam with the actuator and piezo-
electric sensor. Gong et al. [19] examined the effects of
feedback gains, excitation voltage, and damping on the
nonlinear vibration properties and amplitude-frequency
response of a nanobeam vibrational system. Rezaee and
Lotfan [20] evidently expressed that the variation occurring
in the axial speed has influence on the slope of “frequency-
response” curvatures, when the small-scale effects of axially
moving nanoscale beams were considered. Yan and co-
workers [21], Mao et al. [22], and Ding et al. [23] examined
bifurcation and chaos of a translating beam with pulsating
axial velocity, particularly the solution method and mod-
eling were provided. However, 4th order Runge–Kutta
algorithm and Galerkin truncation technique were used by
them for analyzing the effects of parameter variables on
nonlinear behavior of an accelerating viscoelastic beam.
Ding and Chen [24] applied the finite difference method to
study nonlinear response of axially moving viscoelastic
beams. Gafsi et al. [25] analyzed the large deflections of a
flexible beam, and a novel strategy was proposed to control
the nonlinear vibrations. Breslavsky and Avramov [26]
analyzed the effects of boundary condition nonlinearities
on free nonlinear vibrations of thin rectangular plates.

Avramov and Raimberdiyev [27] investigated lateral vi-
brations of the beams with two breathing cracks. .e
stability and bifurcations were also studied. Strozzi and
Pellicano [28] studied nonlinear vibrations of functionally
graded material (FGM) circular cylindrical shells, and the
effects of the geometry (thickness, radius, and length) and
material properties on nonlinear dynamics of the shell were
highlighted. Liu et al. [29] examined the stability and bi-
furcations of an axially variable speed plate with large
transverse deflections, and the nonlinear dynamic behav-
iors were studied according to Poincaré map andmaximum
Lyapunov exponent. Tang and Chen [30, 31] investigated
the influence of average in-plane moving speed, viscosity
coefficient, in-plane moving speed variation amplitude, and
the nonlinear coefficient on the nonlinear vibration of
accelerating viscoelastic plates.

Besides, the literature linked to dynamics of amembrane is
in abundance, although there is limited literature referring to
the nonlinear vibration behavior of the membrane with
variable velocity. Marynowski [32, 33] reviewed the nonlinear
behavior of the paper web through employing 4th order
Runge–Kutta method with the Galerkin method; the visco-
elastic beam theory was used to establish the paper webmodel,
and the viscous damping was considered, but the influence of
velocity fluctuation was neglected. Lin and Mote [34] for-
mulated the large deflection vibration equations of a moving
web; it was shown that the deflection increased with the in-
crease of the translating speed. Luo [35] introduced that
nonlinear concept regarding continuous deformational webs
and the theory can be used for examining the wrinkling
stability of the deformational webs. Banichuk et al. [36] and
Ma et al. [37] examined small vibrations and stability of a
moving web with nonuniform tension. .e undamped
nonlinear vibrational response of pretension quadrilateral
orthotropic membranes was examined by mathematical and
analytical methods in Reference [38]. Soares and Gonçalves
[39] investigated the nonlinear dynamic analysis of a stretched
hyperelastic membrane subjected to a transversal harmonic
force using the shooting method and the finite element
technique. Li et al. [40] reviewed the nonliner dynamic re-
sponse of a membrane under impact load based on the
perturbation method and von Kármán’s large deformation
theory. Free linear vibration properties and stability of a
printing paper with variable velocity were discovered by Wu
and coworkers [41]; it is shown that the amplitude of pulse
speed had influence on the stable region, as well as unstable
region of the web. In printing, a time-dependent velocity will
affect the printing quality of a membrane, although few au-
thors were attentive towards the effects of variable velocity of
membranes on the nonlinear vibration. .us, our report is
focused on the examination of nonlinear parametric vibration
of membranes with variable velocity.

In the current research work, the nonlinear vibration
characteristics regarding an axially moving membrane with
varying velocity are explored through employing the 4th
order Runge–Kutta technique and Galerkin method. In
addition, chaos and bifurcation behavior of the membrane
due to change of mean velocity and velocity pulsation
amplitude together with aspect ratio are examined.
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2. Establishment of Nonlinear
Vibration Equation

Figure 1 is exhibiting the moving membrane with varying
velocity, where x is the membrane moving direction, y is
the direction that is indicating the width of the membrane,
and the z direction is indicating the lateral vibration di-
rection. Axial velocity vx is assumed as small simple
harmonic variations about a constant average axial ve-
locity. Transverse vibration displacement of a membrane
is w(x, y, t), t represents the time, a is representing the
length of a membrane, b is representing the membrane
width, Ty and Tx both are the tensions along with
membrane’s unit length at the edges along y and x di-
rections, p cosωt is indicating in-plane cosine external
excitation per unit area in the z direction, p represents the
amplitude of external excitation, the surface density is
denoted by ρ.

During the instant when lateral vibration of a
moving membrane is generated, the absolute velocity vector
at all the points within the membrane can be determined as
follows:

V � vxi +
dw

dt
k, (1)

where dw/dt is the speed in the direction of lateral vibration
and i and k both are indicating the unit vectors along the x
and z directions, correspondingly.

.e differential operator is expressed as

d

dt
�

z

zt
+ vx

z

zx
. (2)

.e velocity in the transverse vibration direction is
expressed as

v(t) �
dw

dt
�

zw

zt
+ vx

zw

zx
. (3)

.ereafter, the lateral acceleration is obtained:

a �
dv

dt
�

z (zw/zt) + vx(zw/zx)( 

zt
+ vx

z (zw/zt) + vx(zw/zx)( 

zx

�
z2w

zt2
+ 2vx

z2w

ztzx
+ v

2
x

z2w

zx2 +
dvx

dt
·
zw

zx
.

(4)

.e equilibrium differential equations are given by
[36, 42]

zNx

zx
+

zNxy

zy
� 0,

zNy

zy
+

zNyx

zx
� 0.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(5)

where Nx, Ny, and Nxy are the membrane inner forces/unit
length.

Elastic surface differential equation is defined as [42]

ρ
z2w

zt2
+ 2vx

z2w

zxzt
+ v

2
x

z2w

zx2 −Nx

z2w

zx2

−Ny

z2w

zy2 − 2Nxy
z2w

zxzy
� 0.

(6)

.e membrane is subjected to an external force p cosωt

in the z direction, and the damping effect is taken into
account; the forced vibration differential equation of a
moving membrane with variable velocity is obtained
according to the D’Alembert principle [43]:

ρ
z2w

zt2
+ 2vx

z2w

zxzt
+ v

2
x

z2w

zx2 +
dvx

dt
·
zw

zx
 −Nx

z2w

zx2

−Ny

z2w

zy2 − 2Nxy

z2w

zxzy
+ λ

zw

zt
� p cosωt,

(7)

where λ is denoting the damping coefficient.
.e axial speed of a moving membrane has a simple

harmonic fluctuation about the constant mean velocity
[29, 30] which can be expressed as follows:

vx � v0 + v1 sinΩt, v0, v1 > 0( , (8)

where v0 is denoting the axial average velocity, v1 represents
the change of amplitude with respect to axial velocity, that is,
speed pulsation amplitude, and Ω is denoting the frequency
of axial velocity.

.e nonlinear vibration equation concerning themoving
membrane with varying velocity is attained by using von
Kármán nonlinear thin plate theory [30]:

ρ
z2w

zt2
+ 2vx

z2w

zxzt
+ v

2
x

z2w

zx2 +
dvx

dt
·
zw

zx
 −Nx

z2w

zx2

−Ny

z2w

zy2 − 2Nxy

z2w

zxzy
+ λ

zw

zt
−p cosωt � 0,

z2Nx

zy2 +
z2Ny

zx2 − μ
z2Nx

zx2 − μ
z2Ny

zy2

� Eh
z2w

zxzy
 −

z2w

zx2
z2w

zy2 ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(9)
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Figure 1: Moving membrane with variable velocity.
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where E is used to denote the elasticity modulus and μ is
denoting Poisson’s ratio.

.e internal force of the membranes Nx, Ny, and Nxy
can be represented with help of the Airy stress function Φ
[36]:

Nx �
z2Φ
zy2 ,

Ny �
z2Φ
zx2 ,

Nxy � −
z2Φ

zxzy
.

(10)

.e equilibrium differential equations of the membrane
units are independent from each other, the membrane is soft
and homogeneous, and the effect of shear stress on the
vibration of the membrane is smaller; therefore, we can
assume Nxy � 0, so the boundary conditions of the mem-
brane are obtained:

Nx x�0,a

 � Tx,

Ny y�0,b

 � Ty,

Nxy � 0.

(11)

.en, equation (9) can be defined as follows:

ρ
z2w

zt2
+ 2vx

z2w

zxzt
+ v

2
x

z2w

zx2 +
dvx

dt
·
zw

zx
 

−
z2Φ
zy2

z2w

zx2 −
z2Φ
zx2

z2w

zy2 + λ
zw

zt
� p cosωt,

z4Φ
zx4 +

z4Φ
zy4 � Eh

z2w

zxzy
 

2

−
z2w

zx2
z2w

zy2
⎡⎣ ⎤⎦.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(12)

Substituting equation (8) into equation (12) yields

ρ⎡⎣
z2w

zt2
+ 2 v0 + v1 sinΩt( 

z2w

zxzt
+ v0 + v1 sinΩt( 

2z
2w

zx2

+Ωv1 cosΩt
zw

zx
⎤⎦−

z2Φ
zy2

z2w

zx2 −
z2Φ
zx2

z2w

zy2

+ λ
zw

zt
−p cosωt � 0,

z4Φ
zx4 +

z4Φ
zy4 � Eh

z2w

zxzy
 

2

−
z2w

zx2
z2w

zy2
⎡⎣ ⎤⎦.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(13)

Let the dimensionless quantities be expressed as

ξ �
x

a
,

η �
y

b
,

w �
w

h
,

τ � t

����
Eh3

ρa4



,

c � v

����

ρa2

Eh3



,

c1 � v1

����

ρa2

Eh3



,

r �
a

b
,

f �
Φ

Eh3,

Ω � Ω

����

ρa4

Eh3



,

p � p
a4

Eh3,

ω � ω

����

ρa4

Eh3



,

c � λ

����
a4

ρEh3



,

(14)

where r is the aspect ratio, c is the dimensionless average
speed, c1 is representing the dimensionless amplitude of
pulsating speed, and p is the dimensionless external exci-
tation amplitude. .e dimensionless nonlinear governing
equations of the axially accelerating moving membrane can
be achieved as follows:

z2w

zτ2
+ 2 c + c1sinΩτ( 

z2w

zξzτ

+ c2 + 2cc1 sinΩτ + c21 sin
2Ωτ( 

z2w

zξ2
+Ωc1 cosΩτ

zw

zξ

− r2
z2f

zη2
z2w

zξ2
− r

2z
2f

zξ2
z2w

zη2
+ c

zw

zτ
� p cosωτ,

z4f

zξ4
+ r

4z
4f

zη4
� r

2 z2w

zξzη
 

2

− r
2z

2w

zξ2
z2w

zη2
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(15)

.e boundary conditions of nonlinear vibration mem-
brane can be determined as [44]
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z2f

zη2

ξ�0,1
� 1,

z2f

zξzη

ξ�0,1
� 0,

w � 0,

z2f

zξ2

η�0,1
� 1,

z2f

zξzη

η�0,1
� 0,

w � 0.

(16)

3. Separation of the Variables

.e displacement function satisfying the boundary condi-
tions can be expressed as follows:

w(ξ, η, τ) � 

Mi

i�1


Mj

j�1
qij(τ) sin(iπξ) sin(jπη). (17)

It is sufficient for reflecting the response characteristics
of the system when Mi � 2 and Mj � 1 [29, 45]:

w(ξ, η, t) � 
2

i�1
qi1(τ) sin(iπξ) sin(πη)

� q11(τ) sin(πξ) sin(πη) + q21(τ) sin(2πξ) sin(πη).

(18)
.e inner force function satisfying the boundary con-

ditions can be expressed as follows [45]:

f(ξ, η, τ) �
ξ2

2
+
η2

2
+ 

Mi

i�1


Mj

j�1
fij(τ) sin2(iπξ) sin2(jπη), (19)

where fij(τ) is the undetermined coefficient.
When i � 1 and j� 1 and i � 2 and j� 1, the inner force

function f(ξ, η, t) can be determined as follows [45]:

f(ξ, η, τ) �
ξ2

2
+
η2

2
+ f11(τ) sin2(πξ) sin2(πη)

+ f21(τ) sin2(2πξ) sin2(πη),

(20)

where f11(τ) and f21(τ) are the undetermined coefficients.
According to the Galerkin method, substituting equa-

tions (18) and (20) into equation (15) produces


1

0

1

0

z4f

zξ4
+ r

4z
4f

zη4
− r

2 z2w

zξzη
 

2

+ r
2z

2w

zξ2
z2w

zη2
⎡⎣ ⎤⎦sin2(iπξ)

· sin2(jπη)dξ dη � 0.

(21)
Performing two integrations on (21) when i� 1 and j� 1

and i� 2 and j� 1, correspondingly, then we obtain

6 + 6r
4

 f11(τ) + 4r
4
f21(τ) + r

2
q
2
11(τ)

+ 2r
2
q
2
21(τ) � 0,

8r
4
f11(τ) + 192 + 12r

4
 f21(τ) + r

2
q
2
11(τ)

+ 8r
2
q
2
21(τ) � 0.

(22)

f11(τ) and f21(τ) are signified as follows:

f11(τ) �
− 96r2 + 4r6( q211(τ)− 192r2 − 4r6( q221(τ)

20r8 + 612r4 + 576

� β α11q
2
11(τ) + α12q

2
21(τ)  ,

f21(τ) �
r6 − 3r2( q211(τ)− 16r6 + 24r2( q221(τ)

20r8 + 612r4 + 576

� β α21q
2
11(τ) + α22q

2
21(τ) ,

(23)

where

α11 � − 96r
2

+ 4r
6

 ,

α12 � 4r
6 − 192r

2
,

α21 � r
6 − 3r

2
,

α22 � − 16r
6

+ 24r
2

 ,

β �
1

20r8 + 612r4 + 576
.

(24)

Substituting equations (18) and (20) into equation (15)
generates the subsequent equations by employing the
Galerkin method:


1

0

1

0


z2w

zτ2
+ 2 c + c1 sinΩτ( 

z2w

zξzτ

+ c
2

+ 2cc1 sinΩτ + c
2
1 sin

2Ωτ 
z2w

zξ2
+Ωc1 cosΩτ

zw

zξ

− r
2z

2f

zη2
z2w

zξ2
− r

2z
2f

zξ2
z2w

zη2
+ c

zw

zτ
−p cosωτ

· sin(mπξ) sin(πη)dξ dη � 0.

(25)

.e state equations of the moving membrane system
with varying velocity whenm� 1 andm� 2 can be described
as follows:

€q11 + G11 _q21 + c _q11 + k11q11 + k12q21 + k13q
3
11

+ k14q11q
2
21 � Q cos(ωt),

(26)

€q21 + G21 _q11 + c _q21 + k21q11 + k22q21

+ k23q
3
21 + k24q

2
11q21 � 0,

(27)
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where

G11 � −
16 c + c1sinΩτ( 

3
,

k11 � 2π2r2 − π2 c
2

+ 2cc1sinΩτ + c
2
1 sin

2Ωτ ,

k12 � −
8Ωc1 cosΩτ

3
,

k13 � −
π4r2β
2

3α11 + α21( ,

k14 � −
π4r2β
2

3α12 + α22( ,

Q �
16p
π2

,

G21 �
16 c + c1 sinΩτ( 

3
,

k21 �
8Ωc1 cosΩτ

3
,

k22 � 5π2r2 − 4π2 c
2

+ 2cc1 sinΩτ + c
2
1 sin

2Ωτ ,

k23 � −2π4r2β α12 + 3α22( ,

k24 � −2π4r2β α11 + 3α21( .

(28)

Introducing the following parameter variables:

X1 � q11,

X3 � q21,

X2 � _X1,

X4 � _X3,

(29)

Equations (26) and (27) can be expressed as follows:
_X2 � −G11X4 − cX2 − k11X1 − k12X3 − k13X

3
1

− k14X1X
2
3 + Q cos(ωt),

_X4 � −G21X2 − cX4 − k21X1 − k22X3 − k23X
3
3 − k24X3X

2
1,

(30)

where c is representing the dimensionless damping
coefficient.

4. Numerical Analysis

.e 4th order Runge–Kutta technique was used for math-
ematically solving the state equation of the moving mem-
brane structure. In this way, the association between
dynamic characteristics of the system, velocity pulsating
amplitude, average velocity, and aspect ratio are obtained.
For the purpose of revealing the nonlinear dynamic char-
acteristics of the system, Poincaré maps, bifurcation graphs,
phase-plane diagrams, and time histories were used
[32, 33, 46]. .e study is based on the commonly used
parameters of the printing membrane.

4.1. Effects of Velocity Pulsation Amplitude on Nonlinear
VibrationCharacteristics. As it is exhibited in Figure 2, the
displacement bifurcation graph of dimensionless velocity
pulsation amplitude when the frequency of dimensionless
velocity Ω � 2, average speed c � 0.5, dimensionless ex-
citation frequency ω� 1, dimensionless external excita-
tion amplitude p � 10, and dimensionless damping
constant c � 0.05, the aspect ratio r � 0.5, and the initial
values are [0.01, 0, 0.01, 0], the range of velocity pulsation
amplitude is 0.01≤ c1 ≤ 0.35. Figure 2 indicates that when
0.01≤ c1 < 0.195, the bifurcation graph resembles fewer
points, the membrane is in a periodic motion, and it is
demonstrated that the membrane is in stable motion in
this region. When 0.195≤ c1 ≤ 0.35, the bifurcation graph
is showing the irregular dense point, and it is observed
that membrane is in chaotic motion, and membrane is in
the unstable motion state at these points. .erefore, as
there is larger dimensionless velocity pulsation amplitude,
eventually it gives rise to the more obvious nonlinear
vibration phenomenon and results in easier instability.
Generally, the system moves from periodic motion to
chaotic motion.

Figure 3 shows the displacement bifurcation graph of
dimensionless velocity pulsation amplitude when the pa-
rameters are Ω� 2, c= 0.5, ω= 1, p= 10, c= 0.05, r= 0.5, and
the initial value is [0.05, 0, 0.05, 0]. As it can be observed
from Figures 2 and 3, the system motion process is re-
markably different because of different initial values. It is
found that the nonlinear vibration characteristics of
membranes are sensitive to the initial conditions.

4.2. Effects of Mean Velocity on Nonlinear Vibration
Characteristics. Figure 4 shows the displacement bifurcation
graph of dimensionless average velocity when the parameters
areΩ� 2, c1=0.05, ω=1, p = 10, c=0.1, r=0.5, and the initial
value is [0.01, 0, 0.01, 0]..e range of dimensionless velocity is
0.01≤ c≤ 1. Figure 4 shows that when 0.01≤ c< 0.66 and
0.67< c< 0.71, the bifurcation graph resembles fewer points,
and it is specified that membrane is in stable motion in these
regions. When 0.66≤ c≤ 0.67 and 0.71< c≤ 1, the bifurcation
graph shows the dense points, and it is observed that the
membrane is in chaotic motion, and the membrane is un-
stable in these regions. .erefore, as there is larger di-
mensionless velocity, faster would be the instability.

Figures 5–7 are all about phase-plane diagrams, Poincaré
maps, and time histories when c� 0.65, c� 0.658, and
c� 0.665, correspondingly.

.e phase-plane curve has a steady sealed graphic when
c� 0.65, and the Poincaré map possesses two points; it is
shown that the overall structure is in the periodic motion.
.e phase-plane curve possesses many steady sealed
graphics, whereas the Poincaré map has a circle of discrete
points, when c� 0.658, and it is shown that the system is in
quasi-periodic motion. When c� 0.665, the phase-plane
curve is not closed, the Poincaré maps possess lots of un-
stable dense points, and it is observed that the overall system
is in chaotic motion. It summarizes that, with the rise of
dimensionless velocity c, the system from the periodic
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motion transforms into quasi-periodic motion and later on
enters into chaotic motion.

4.3. Effects of Aspect Ratio on Stability. It is displayed in
Figure 8 that the bifurcation diagram of dimensionless dis-
placement and aspect ratio when the frequency of di-
mensionless velocity Ω � 2, dimensionless velocity pulsation
amplitude c1 � 0.05, dimensionless excitation frequency ω� 1,
dimensionless damping constant c � 0.05, dimensionless
speed c� 0.5, dimensionless external excitation amplitude
p � 10, and the initial values are [0.01, 0, 0.01, 0], the range of
variation of aspect ratio is 0.2≤ r≤ 2. As it is shown in
Figure 8, when 0.305< r< 0.355 and 0.395< r≤ 2, the bi-
furcation diagram has fewer points, and it is specified that the
membrane is in stable motion in these regions; thus the
membrane is in steady working range. When 0.2≤ r≤ 0.305,
0.355≤ r≤ 0.395, the bifurcation figure has the dense points,

and it is observed that membrane is in chaotic motion. .us,
in these regions, the nonlinear vibrational incidence is ap-
parent, and the membrane is in the unstable state. In sum-
mary, when the aspect ratio will increase, the membrane will
become more stable.

5. Conclusions

.e nonlinear vibration characteristics of the membrane in
motion with varying velocity are reviewed. .e results are
discussed as follows:

(1) .e nonlinear vibration characteristics of a mem-
brane are sensitive to the initial motion conditions.

(2) When dimensionless velocity pulsation amplitude is a
control parameter, the membrane is supposed to be in
the stable working condition in the region of
0.01≤ c1 < 0.195; the membrane is unstable in the
region of 0.195≤ c1 ≤ 0.35. Besides, the chaos is
prominent with the increase of the dimensionless
velocity pulsation amplitude, together with this irreg-
ularity can take place easily; therefore, we can efficiently
control the chaos phenomenon through reducing the
dimensionless velocity pulsation amplitude.

(3) When the dimensionless average velocity is variable,
the membrane is supposed to be in the condition of
steady working region, in the regions of
0.01≤ c< 0.66 and 0.67< c< 0.71, and the membrane
is unstable in the regions of 0.66≤ c≤ 0.67 and
0.71< c≤ 1. Furthermore, the higher the di-
mensionless average velocity is, the more prominent
will be the chaos motion, and the instability can take
place with relative ease; thus, we can efficiently
control the chaos phenomenon through reducing the
dimensionless average velocity.

(4) When the aspect ratio is used as a control parameter,
the membrane is supposed to be in the stable
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Figure 4: .e displacement bifurcation graph of mean speed
(Ω� 2, ω� 1, c � 0.1, r� 0.5, p � 10, c1 � 0.05, and the initial value is
[0.01, 0, 0.01, 0]).
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Figure 3: .e displacement bifurcation graph of velocity pulsation
amplitude (Ω� 2, ω� 1, c � 0.05, r� 0.5, p � 10, c� 0.5, and the
initial value is [0.05, 0, 0.05, 0]).
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Figure 2: .e displacement bifurcation graph of velocity pulsation
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initial value is [0.01, 0, 0.01, 0]).

Shock and Vibration 7



5.023 5.0235 5.024 5.0245 5.025 5.0255 5.026 5.0265
–3

5.027

–2

–1

0

1

2

3

τ ×104

X 1

(a)

–3 –2 –1 0 1 2 3
–4

–3

–2

–1

0

1

2

3

4

X1

X 2

(b)

X1

2.6274 2.6274 2.6274 2.6274 2.6274 2.6274 2.6274
–0.6893

–0.6893

–0.6893

–0.6893

–0.6893

–0.6893

X 2

(c)

Figure 5: .e periodic motion (Ω� 2, ω� 1, c � 0.1, r� 0.5, p � 10, c1 � 0.05, and c� 0.65). (a) Time histories. (b) Phase-plane diagrams.
(c) Poincaré maps.
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working condition in regions of 0.305< r< 0.355 and
0.395< r≤ 2, and the membrane is unstable in the
regions of 0.2≤ r≤ 0.305 and 0.355≤ r≤ 0.395. .e
findings indicated that the system is highly unstable
with the decrease of the aspect ratio. .us, with the
increase in the aspect ratio, we can efficiently control
possible stability issues owning to stronger nonlinear
phenomenon.

(5) Note that, in this paper, there are truncation errors
(formula (17)). In practical applications, the limited
terms of formula (17) are retained for different needs
of the problem. However, we should discuss that how
accurately the numerical results for the ODEs are
approximating the solutions of the PDEs and these
are hard questions.
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)e dynamic behavior of nonlinear systems can be concluded as chaos, periodicity, and the motion between chaos and
periodicity; therefore, the key to study the nonlinear system is identifying dynamic behavior considering the different values
of the system parameters. For the uncertainty of high-dimensional nonlinear dynamical systems, the methods for identifying
the dynamics of nonlinear nonautonomous and autonomous systems are treated. In addition, the numerical methods are
employed to determine the dynamic behavior and periodicity ratio of a typical hull system and Rössler dynamic system,
respectively. )e research findings will develop the evaluation method of dynamic characteristics for the high-dimensional
nonlinear system.

1. Introduction

With the development of science and technology, the study
to the dynamics of low-dimensional nonlinear dynamic
systems can hardly satisfy the requirements of actual en-
gineering [1, 2]. To explore the exact dynamics in nonlinear
systems, it is necessary to study the identification method of
dynamic behavior for high-dimensional nonlinear systems
[3–5]. Nowadays, the principal method for identifying the
dynamic behavior of the nonlinear system includes the
Lyapunov index method, Poincaré mapping method, bi-
furcation theory, etc. )e Lyapunov index method is an
important method for identifying chaotic signals of non-
linear dynamical systems. )e important characteristic of
the nonlinear dynamical systems is that the final value of the
system is sensitively depended on the initial value; therefore,
the Lyapunov index method represents the average expo-
nential rates of divergence or convergence of closed orbits of
the vibrating object in phase space of a dynamic system. )e
Lyapunov exponent is an efficient tool for estimating
whether a dynamic system is periodic or chaotic. However,
the Lyapunov exponent is not suitable for determining the

dynamic behavior that is neither periodic nor chaotic. )e
Poincaré mapping method can diagnose the dynamic
characteristics of the nonlinear system based on the fixed
points in the Poincaré section; however, it is unsuitable to
determine the global dynamics and periodicity [6]. Although
global bifurcation and local bifurcation theory can discern
the dynamic characteristics of higher-dimensional dynam-
ical systems, the prerequisite for this approach is BP nor-
malization for the dynamic systems [7–10]. )eoretically
speaking, we can calculate the canonical form of any order
from a given dynamical system. Actually, it is very difficult to
calculate the high order normal form for the higher-
dimensional dynamical system because the process of the
normalization computation is complex. For the limitations
of identifying characteristics of the dynamic system based on
the methods above, Dai and Singh proposed a periodicity
ratio method to distinguish the dynamic characteristics of
one-dimensional nonlinear dynamic system [11–14].
However, the identification method of the dynamic char-
acteristics for high-dimensional nonlinear system is re-
ported in the recent years. Mahmoud introduced a new
theorem used to construct approximate analytical solutions
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for n-dimensional strongly nonlinear dynamical system, and
then passive control method is also used to control n-di-
mensional chaotic complex nonlinear systems [15–17].

In this paper, considering the principle of Poincaré
mapping, the periodicity ratio methods for diagnosing the
dynamic characteristics of the high-dimensional nonlinear
systems are proposed. )is method is employed to de-
termine the dynamics and periodicity of the hull and Rössler
system, respectively. )e research findings will develop the
evaluation method of dynamic characteristics for the high-
dimensional nonlinear dynamic system.

2. The Periodicity Ratio of
Nonautonomous Systems

Consider the following second order of the n-dimensional
nonautonomous system,

€x � f( _x, x, t), x ∈ Rn
. (1)

Suppose that the system is subjected to an external
excitation with period time T, meanwhile, x is the periodic
solution of the differential system above, i.e., x �

[x1, x2, . . . , xn]T. Usually, x is the solution of the harmonic
vibration related to multiple period of T satisfying the fol-
lowing relationship:

x t0(  � x t0 + jT( , (2)

where t0 is the reference time and j is the number of period
points of the system in the Poincaré section. For a com-
pletely periodic nonautonomous dynamic system, no
matter how long the vibration is sustained, only j finite
points are appeared in Poincaré section x − _x(xr − _xr,

(r � 1, 2, . . . , n)). If the phase points are infinite in Poincaré
section x − _x, the n-dimensional nonautonomous system is
aperiodic.

According to equation (2), the overlapping points in n
Poincaré sections can describe the periodicity of n-di-
mensional nonautonomous dynamic system.)e number of
overlapping points in the rth Poincaré section can be de-
termined by

Xr,ki � xr t0 + kT( − xr t0 + iT( , (3a)

_Xr,ki � _xr t0 + kT( − _xr t0 + iT( , (3b)

where k and i are integers; k ∈ [1, j], i ∈ [1, m]. Equation
(3a) represents the displacement difference between phase
point i and k in the Poincaré section when the phase tra-
jectories pass through the rth section. Equation (3b) de-
scribes the velocity difference between phase point i and k in
the Poincaré section when the phase trajectories pass
through the rth section. m is the sum of the phase points in
the Poincaré section, including the overlapping and non-
overlapping points. )erefore, the total number of phase
points in the Poincaré section can be denoted as

Sa � n · m. (4)

According to the above definition, the following con-
clusions are stressed:

(1) In the Poincaré section, the so-called overlapping
phase points i(xi, _xi) and j(xj, _xj) represent xi � xj

and _xi � _xj.
(2) According to the overlapping property of the phase

points, the phase points of the nonlinear periodic
system in the rth Poincaré section should satisfy the
following conditions:

Xr,ki � 0, (5a)

_Xr,ki � 0. (5b)

(3) If the phase point in arbitrary Poincaré sections
cannot satisfy equation (5), the phase points is
nonoverlapping.

Applying equations (5a) and (5b), the total number ζ(k)

of the kth overlapping phase piont in the rth Poincaré
section can be expressed as follows:

ζr(k) � 
n

i�k

Q Xr,ki Q _Xrki 
⎧⎨

⎩

⎫⎬

⎭P 
n

i�k

Q Xr,ki Q _Xr,ki  − 1⎛⎝ ⎞⎠,

(6)

where ζr(k) is applied to calculate the number of all phase
points overlapping to the kth phase point. Q and P are step
functions as follows:

Q(y) �
1, if y � 0,

0, if y≠ 0,


p(z) �
1, if z � 0,

0, if z≠ 0.


(7)

Considering equation (6), after the total number k of the
overlapping phase points is determined, the number of the
jth visible point corresponding to overlapping point can be
calculated. Assign Nr as overlapping points in the rth
Poincaré section; thus Nr can be expressed by

N � Nr(1) + 
n

k�2
ζr(k)P 

k−1

l�1
Xr,kl + _Xr,kl ⎞⎠,⎛⎝ (8)

where  is the symbol for multiplication and P(·) is the
step function as defined previously. )is equation ensures
that the duplicate includes in the calculations for Nr or
missing in any overlapping point is prevented. If the re-
sponse of a dynamic system is completely periodic, all the
points in the Poincaré map must be overlapping, and the
corresponding Nr can be simply expressed in the following
form:

Nr � 

j

k�1
ζr(k). (9)

For periodicity of the nonlinear dynamics system, Nr

represents the overlapping phases points in the rth Poincaré
section. )erefore, the total number of overlapping points
and phase points in n-dimensional space can be in-
dependently denoted by
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S � 
n

r�1
Nr, (10a)

Sa � 
n

r�1
Sr, (10b)

where Sr is the number of phase points in the rth Poincaré
section. )erefore, the periodicity ratio of the nonlinear
nonautonomous system with n-dimensional space can be
denoted by

c � lim
Sa⟶∞

S

Sa

. (11)

It can be known that the number of the overlapping
points is less than or equal to the all phase points,
i.e., 0≤ S≤ Sa, in this case, 0≤ c≤ 1. If the dynamic responses
of the nonlinear system are periodic, all the phase points in
the Poincaré section must be overlapping, and periodicity
ratio c is equal to 1. If the dynamic responses of the non-
linear system are chaotic, all the phase points in the Poincaré
section must be nonoverlapping, and periodicity ratio c is
equal to zero.)rough the definition for the periodicity ratio
c of the nonlinear dynamic system, it is easy to find that
periodicity ratio c can describe the periodicity of the
nonlinear dynamic system.

3. ThePeriodicityRatioofAutonomousSystems

Consider the following second order of the n-dimensional
autonomous system:

_x � f(x), x ∈ Rn
. (12)

As the system is an autonomous system without external
excitation, the phase points in the Poincaré section cannot be
determined by equation (2). For the n-dimensional non-
linear autonomous system, nomatter how long the vibration
of the system is sustained, only j finite phase points are
appeared in Poincaré section xr−1 − xr(r � 2, 3, . . . , n).
)erefore, the periodicity of the nonlinear system can be
described by n− 1 Poincaré sections. If there are infinite
phase points in the n− 1 Poincaré sections, the nonlinear
dynamic system is nonperiodic.

If the vibration behavior of the autonomous system is
periodic, period T1 of x1 can be estimated with the maxi-
mum method. As numerical solutions of x1 are a series of
points related to time, i.e., x1(τ) � x1(tτ), τ � 1, 2, 3, . . . ,∞.
)us, the search procedure can be employed to determine
the maximum value of x1. If x1(τ) satisfy the following
condition:

x1(τ−1) >x1(τ), x1(τ) >x1(τ+1), . . . , x1(τ+1) >
1
2

x1(τ) + x1(τ+2) ,

(13)

x1(τ) is the maximum point of x1, and the point of x2
corresponding to x1(τ) in this time is x2(τ). )us, the phase
point of the first Poincaré section is expressed by
(x1(τ), x2(τ)). )e amount of the overlapping phase points in
the first Poincaré section is written by

N1(k) � ζ(1) + 

n

k�2
ζ1(k)P 

k−1

l�1
x1(τ),kl

⎞⎠,⎛⎝ (14)

where x1(τ),kl � |x1(τ),k −x1(τ),l|. )erefore, the period ratio
can be determined through the phase point in the first
Poincaré section:

c1 � lim
Sa⟶∞

N1

S1
. (15)

If c1 � 1, the period T of the system can be confirmed as
the following:

(1) Assume that the number of the visible phase
points in the first Poincaré section is j. Choosing
the kth visible point of j, the number of the
overlapping points is q, and so the span of average
time between two arbitrary adjacent points can be
expressed as

η �
tk,q − tk,1

q− 1
, (16)

where tk,q represents the time of the qth overlapping
points in the kth visible points and tk,1 represents the
time of the qth overlapping points in the first visible
points. If all the overlapping points are periodic,
parameter η is equivalent to the vibration period of
the dynamic system.

(2) To improve the accuracy and reliability for identi-
fying the periodicity of the dynamic system, iden-
tification parameter ρ is defined as

ρ2 �


q−1
1 tk,i+1 − tk,i − η 

q− 1
, i � 1, 2, 3, . . . , q. (17)

From the equation above, it follows that when the
identifying parameter ρ � 0, the vibration behavior
of the dynamic system is periodic. In this case, the
period T1 of the system can be expressed by

T1 � tk,i+1 − tk,i. (18)

)erefore, the number of overlapping points in the
rth Poincaré section can be determined by

Xr,ki � xr t0 + kT1( −xr t0 + iT1( , (19a)

Xr+1,ki � xr+1 t0 + kT1( −xr+1 t0 + iT1( , (19b)

where k and i are integers, k ∈ [1, j], i ∈ [1, m].
Equation (19) represents the displacement dif-
ference between phase points i and k. m is the
number of the phase points in an arbitrary
Poincaré sections. In this case, the total number of
the phase points for the n-dimensional system can
be denoted by

Sa � (n− 1) · m. (20)

According to the definition above, the following
conclusions can be stressed:
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(1) )e so-called overlapping phase points represent
xi � xj and xi+1 � xj+1.

(2) According to the characteristics of the over-
lapping points, the phase points of the periodic
system satisfy the following conditions:

Xr,ki � 0, (21a)

Xr+1,ki � 0. (21b)

(3) If equation (19) is not satisfied, these phase points
cannot be overlapping.

Employing equations (21a) and (21b), the amount ζ(k)

of the phase points overlapping with the kth phase point can
be determined with

ζr(k) � 
n

i�k

Q Xr,ki Q Xr+1,ki 
⎧⎨

⎩

⎫⎬

⎭P

· 
n

i�k

Q Xr,ki Q Xr+1,ki  − 1⎛⎝ ⎞⎠.

(22)

According to equation. (22), the overlapping points in
the rth Poincaré sections can be defined by

Nr � Nr(1) + 
n

k�2
ζr(k)P 

k−1

l�1
Xr,kl + Xr+1,kl ⎞⎠,⎛⎝ (23)

where  is multiplication and P(·) is step function. If the
responses of the nonlinear dynamic system are periodic, Nr

can be simply expressed by

Nr � 

j

k�1
ζr(k). (24)

)erefore, the amount of the overlapping point and the
all points in the Poincaré section can be represented by

S � 
n−1

r�1
Nr, (25a)

Sa � 
n−1

r�1
Sr, (25b)

where Sr represents the amount of the phase points in
the rth Poincaré section. )erefore, the periodicity ratio
of the n-dimensional nonlinear autonomous system is
written by

c � lim
Sa⟶∞

S

Sa

. (26)

4. Numerical Analysis

4.1. Periodicity of the Nonautonomous System. In the second
section, the computation method of periodicity ratio for
the nonlinear autonomous system is described. Here, the

4th order Runge–Kutta method is employed to determine
the periodicity ratio of the hull system, as shown in
equation (27). )is model is applied to describe the non-
linear coupling characteristics of the pitching and rolling of
the hull [1].

€x1 + 2μ1 _x1 + ω2
1x1 � α1x1x2 + F(cosωt),

€x2 + 2μ2 _x2 + ω2
2x2 � α2x2

1 + F(cosωt).

⎧⎨

⎩ (27)

Consider F and ω as control parameters, and the initial
value of the system is assumed to be x1(0) � 0.1,
_x1(0) � 0.2, x2(0) � 0.3, and _x2(0) � 0.4. )e other pa-
rameters of the system are defined by μ1 � 0.1, μ2 � 0.1,
α1 � 0.5, ω1 � 5.5, and ω2 � 5.5. Figure 1 shows the peri-
odicity ratio when the parameters of the system satisfy
α2 � 1.0, α2 � 1.5, α2 � 2.0, and α2 � 2.5. )e red region in
this figure represents that the dynamic characteristics of the
system are periodic, i.e., c � 1; the blue region denotes that
the dynamic characteristics of the system are chaotic,
i.e., c � 0; and the other color region signifies that the dy-
namic characteristics of the system are neither periodic nor
chaotic, i.e., 0< c< 1. )e figure reveals the dynamic be-
havior of the system with the change of system parameters.
As shown in this figure, when ω is located in region of (0, 2],
the vibration behavior of the system is transferred from
chaos to periodicity with the increase of the external exci-
tations; when ω is located in region of (5.2, 5.8], the
probability of nonperiodic vibration of the system is in-
creased with the increase of coupling coefficient α2; when ω
is located in the other region, the vibration behavior of the
system is periodic. It can be seen that the system is super near
resonance, near resonance, sharp resonance, and far reso-
nance when ω ∈ (0, 2], ω ∈ (2, 5.2], ω ∈ (5.2, 5.8], and
ω ∈ (5.8, 10], respectively. It can be concluded that the
dynamic characteristics are chaotic when the system is sharp
resonance or super near resonance.

As shown in Figure 1(d), the system parameters are
located in the blue region when ω � 0.2, α2 � 2.5, and
F � 0.9, and the vibration behavior is chaotic because of
c � 0; the system parameters are located in the red region
when ω � 8, α2 � 2.5, and F � 20, and the vibration behavior
is chaotic because of c � 1. )e vibration characteristics of
the hull is shown in Figure 2 when ω � 0.2, α2 � 2.5, and
F � 0.9. Figures 2(a) and 2(c) follow that the trajectory of the
system is periodic in x1 direction; and the trajectory is
chaotic in x2 direction as shown in Figures 2(b) and 2(d).
)erefore, the vibration characteristics of the system are
chaotic in the condition of ω � 0.2, α2 � 2.5, and F � 0.9. As
a result, the vibration characteristics of the system are
chaotic in the condition of ω � 0.2, α2 � 2.5, and F � 0.9.
Figure 3 shows the vibration characteristics of the hull
system considering ω � 8, α2 � 2.5, and F � 20. It can be
seen that the trajectory of the system is periodic in x1 and x2
directions. And so the vibration characteristics of the system
are periodic in the condition of ω � 8, α2 � 2.5, and F � 0.9.
According to the analysis above, if the vibration charac-
teristics in the all dimensionality are periodic, the system is
periodic or deterministic. Conversely, it is an uncertain
system.
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4.2. Periodicity of the Autonomous System. Consider the
famous Rössler system, shown in the following equation:

_x1 � −x2 − x3,

_x2 � x1 + ax2,

_x3 � b + x1 − c( x3.

⎧⎪⎪⎨

⎪⎪⎩
(28)

Assuming b and c to be control parameters, the peri-
odicity of the Rössler system can be determined with the
method in Section 4. Considering the initial value of the
system as x1(0) � 0.1, x2(0) � 0.1, and x3(0) � 0.3, Figure 4
shows the periodicity of the Rössler system with different
values of a. )e red region in this figure represents that the
dynamic characteristics of the system is periodic, i.e., c � 1;
the blue region denotes that the dynamic characteristics of the
system are chaotic, i.e., c � 0; the other color region signifies
that the dynamic characteristics of the system are neither
periodic nor chaotic, i.e., 0< c< 1. )e figure can intuitively
determine the process of the dynamic behavior changed with
parameters of the system. Because of the nonlinear charac-
teristics of Rössler system, the dynamic characteristics of the
system are sensitive to the system parameters.

As shown in Figure 4(d), the parameters are located in the
red regionwhen a� 0.20, b� 0.20, and c� 3.50, and in this case,

the vibration characteristics of the system are periodic; when
a� 0.20, b� 0.20, and c� 5.50, the parameters are located in the
blue region, and in this case, the vibration characteristics of the
system are chaotic. Figure 5 shows the periodic vibration of the
Rössler system. It can be found that the phase trajectory is
periodic when a� 0.20, b� 0.20, and c� 3.50, as shown in
Figure 5(e), and the number of the visible points in the
Poincaré sections of x1-x2 and x2-x3 is two, respectively.
However, the phase trajectory is chaotic when a� 0.20, b� 0.20,
and c� 5.50; therefore, the number of the visible points in the
sections of x1-x2 and x2-x3 is infinite, as shown in Figure 6.

5. Conclusions

)rough the discussions of theoretical research and nu-
merical analysis, it can be found that periodicity ratio is an
effective tool to identify the dynamic behavior of high-
dimensional nonlinear systems. )e conclusions of the
study on the periodicity ratio are as follows:

(1) If the dynamic responses of the nonlinear system are
periodic, the phase points in the Poincaré sections
are overlapping. In this case, the value of the peri-
odicity ratio is equal to 1.
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Figure 1: Periodicity of hull dynamic system. (a) α2 � 1.0. (b) α2 � 1.5. (c) α2 � 2.0. (d) α2 � 2.5.
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Figure 2: Vibration characteristics of hull dynamic system for ω � 0.2, α2 � 2.5, and F � 0.9. (a) Phase diagram in x1 direction. (b) Phase
diagram in x2 direction. (c) Poincaré map in x1 direction. (d) Poincaré map in x2 direction.
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Figure 3: Continued.
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Figure 3: Vibration characteristics of hull dynamic system for ω � 8, α2 � 2.5, and F � 20. (a) Phase diagram in x1 direction. (b) Phase
diagram in x2 direction. (c) Poincaré map in x1 direction. (d) Poincaré map in x2 direction.
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Figure 4: Periodicity of Rössler dynamic system. (a) a� 0.05. (b) a� 0.10. (c) a� 0.15. (d) a� 0.20.
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Figure 5: Vibration characteristics of Rössler dynamic system for a� 0.20, b� 0.20, and c� 3.50.
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Figure 6: Vibration characteristics of Rössler dynamic system for a� 0.20, b� 0.20, and c� 5.50.
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(2) If the dynamic responses of the nonlinear system are
chaotic, the phase points in the Poincaré sections are
nonoverlapping. In this case, the value of the peri-
odicity ratio is equal to 0.

(3) For a nonlinear dynamic system, there may exist an
infinite number of nonperiodic solutions, which are
neither periodic nor chaotic. For these nonperiodic
solutions, the corresponding periodicity ratio values
are in the range of 0< c< 1. )e larger value of the
periodicity ratio represents the dynamic character-
istics close to periodic motion, and the smaller value
of the periodicity ratio represents the dynamic
characteristics close to chaotic motion.
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Analytical solutions describing free transverse vibrations with large amplitude of axially loaded Euler–Bernoulli beams for various
end restrains resting on a Winkler one-parameter foundation are obtained using the Adomian modified decomposition method
(AMDM).)e AMDM allows the governing equation to become a recursive algebraic equation, and, after some additional simple
mathematical operations, the equations can be cast as an eigenvector problem whose solution results in the calculation of natural
frequencies and corresponding closed-form series solution of the mode shapes. Important to the use of the Adomian modified
decomposition method is the treatment of the nonlinear Fredholm integral coefficient, which forms part of the governing
equation. In addition to the calculation of natural frequencies and mode shapes, investigations are made of the effects on the free
vibrations of the Winkler parameter and of increasing the axial loading.

1. Introduction

Uniform slender beams resting on an elastic foundation,
while subjected to axial loading, are common in structural
systems undergoing actual operating conditions. Analysis of
such systems, both linear and nonlinear, has been of interest
to civil and railway engineering. For example, when ambient
temperatures increase, rails and concrete slabs, often used in
urban transport systems, tend to expand, so causing com-
pressive in-plane forces, leading to changes in natural fre-
quencies and eventually to buckling. In-plane compressive
forces are also found in prestressed beams. If the amplitudes
of the vibrations remain small, the governing equation is
usually in the form of a linear differential equation which is
relatively simple to solve. However for large amplitude vi-
bration, nonlinear terms are introduced into the governing
equation which needs to be treated. Rails and concrete slabs
often rest on foundations generally classified as elastic,
viscoelastic, Winkler, and Pasternak.

Boundary value problems (BVPs) have been the subject
of several analytical methods, recently developed, to cal-
culate beams with relatively simple configurations. )e
variational iteration method (VIM) often attributed to He
[1] is a modification of a general Lagrange multiplier method
and has been used as a powerful tool for solving ordinary
differential equations [2, 3]. Another recent method de-
veloped is the homotopy perturbation method (HPM) [4, 5]
which has been used for problems involving nonlinear
differential equations. Less recent methods used to in-
vestigate the vibration problem for nonuniform Euler–
Bernoulli beams have been the Rayleigh–Ritz method [6],
closed-form solutions [7], and Green’s function method [8].
Several methods have used the Frobenius series [9] and also
by discretizing the beam into beam elements [10].)ere have
been some early studies of vibrating beams under axial
loading [11–13], where the effect of increasing the axial
loading on the mode shapes and natural frequencies of the
beam was investigated. )ere has been some work already
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done for large amplitude vibration. Bhashyam and Prathap
[14] used the Galerkin finite element method to study
nonlinear vibration, and Özkaya [15] calculated the response
of a beam mass system with clamped ends by applying a
method known as the method of multiple scales.

For beams resting on foundations, an understanding of
the beam-foundation interaction is needed. )e foundation
increases resistance to movement and can significantly
change the modal characteristics of the beam. Many prac-
tical cases in engineering related to foundation-beam in-
teraction can be modelled by assuming the beam resting on
an elastic foundation with the Winkler elastic foundation
model [16] used extensively. )is model assumes the
foundation to be made up of an infinitely many closed-
spaced linear springs and is a one-parameter model. A
limitation of this model is the assumption that there is no
interaction between the springs. To overcome this defect,
several two-parameter models have been suggested, such as
Filonenko–Borodich, Pasternak, and Vlasov and Leontiev
foundation models [17]. Studies using a constant Winkler
foundation can be found in the literature [18–20].

In the present work, the adomian modified de-
composition method [21, 22] is utilized to calculate free
transverse vibration characteristics of axially loaded
Euler–Bernoulli beams with various end restrains, resting on
a Winkler one-parameter foundation. )e method is chosen
as it has proved efficient and accurate [23, 24] for solving
linear and nonlinear differential equations, and it has the
advantage of computational simplicity. In addition, it does
not involve linearization, discretization, perturbation, or a
priori assumptions, which may alter the physics of the
problem considered [21]. For the AMDM, the solution is
considered to be the sum of an infinite series with rapid
convergence [25]. Using the AMDM, the governing dif-
ferential equation becomes a recursive algebraic equation
and the boundary conditions become simple algebraic fre-
quency equations, which are suitable for symbolic compu-
tation. After some simple algebraic operations on the
frequency equations for any ith natural frequency, the
closed-form series solution of any ith mode shape can be
obtained. Calculations are made for clamped-free and
clamped-clamped boundary conditions together with an
investigation of the effects of increasing the axial loading and
Winkler parameter on the natural vibrations.

2. Principle of Adomian Modified
Decomposition Method (AMDM)

)e basic theory of AMDM is briefly stated here. Consider
the equation

Fy(x) � g(x), (1)

where F represents a general nonlinear ordinary differential
operator involving both linear and nonlinear parts and g(x) is
a given function. )e linear terms in Fy are decomposed into
Ly + Ry, where L is an invertible operator, which for AMDM
is taken as the highest-order derivative, andR is the remainder
of the linear operator. Equation (1) can now be written as

Ly + Ry + Ny � g, (2)

where Ny represents the nonlinear terms of Fy and
equation (2) represents an initial value or boundary value
problem.

On solving for Ly, equation (2) can be transformed to

y � Φ + L
−1

(g)−L
−1

(Ry)− L
−1

(Ny), (3)

where Φ is the integration constant and LΦ � 0 is satisfied.
To use the AMDM, y is decomposed into the infinite sum of
a convergent series:

y � 
∞

m�0
Cmx

m
, (4)

and the nonlinear term is decomposed using Adomian
polynomials, Am:

Ny � 
∞

m�0
x

m
Am C0, C1, . . . , Cm( . (5)

)e function g(x) can also be decomposed as

g(x) � 

∞

m�0
gmx

m
. (6)

Putting equations (4)–(6) into equation (3) gives

y � 
∞

m�0
Cmx

m
� Φ + L

−1


∞

m�0
gmx

m⎛⎝ ⎞⎠

−L
−1

R 

∞

m�0
Cmx

m⎛⎝ ⎞⎠

−L
−1



∞

m�0
x

m
Am C0, C1, . . . , Cm( ⎛⎝ ⎞⎠.

(7)

)e coefficient Cm can be calculated using a recurrence
relation and the power series solutions of linear homoge-
neous differential equations in initial value problems yield
simple recurrence relations for the coefficient Cm. In
practice, the coefficients cannot be determined exactly, and
the solutions can only be approximated by a truncated series


n−1
m�0Cmxm.

3. Mathematical Formulation

In this work, a uniform beam under axial load while resting
on a Winkler foundation is considered. As shown in Fig-
ure 1, the beam has a length, l, a uniform rectangular cross
section, A, a cross-sectional moment of inertia, I, and the
beam is considered as made of isotropic material with a
modulus of elasticity, E, and density, ρ.

)e model for the foundation is the relatively simple
Winkler model whose stiffness changes along the beam
length and is a function of the spatial coordinate along the
beam in the x direction.

According to the theory of structural vibrations [26, 27],
on using the Euler–Bernoulli beam model, the strain energy
induced by a large displacement amplitude is given by

2 Shock and Vibration



U �
1
2


l

0
EI

z2w(x, t)

zx2 

2

dx

+
1
2


l

0
EA

zu(x, t)

zx
+
1
2

zw(x, t)

zx
 

2
⎛⎝ ⎞⎠

2

dx

+
1
2


l

0
kw(x)w(x, t)

2
dx.

(8)

)e large amplitude of the vibrations necessitates the
inclusion of the nonlinear term shown in equation (8).

Here, u and w are the axial and transverse displacements,
respectively, and kw(x) is the foundation stiffness co-
efficient. )e kinetic energy is given by

T �
1
2


l

0
ρA

zw(x, t)

zt
 

2

dx. (9)

)e external work done by the axial load is

W �
P

2


l

0

zw(x, t)

zx
 

2

dx. (10)

By invoking Hamilton’s principle and using the La-
grangian of the system,

δ
t2

t1

(T−U + W) dt � 0. (11)

On substituting equations (8)–(10) into equation (11),
the following governing equation can be obtained after
eliminating axial displacement:

EI
z4w(x, t)

zx4 + ρA
z2w(x, t)

zt2
+ P

z2w(x, t)

zx2

+ kw(x)w(x, t)−
EA

2l

z2w(x, t)

zx2 
l

0

zw(x, t)

zx
 

2

dx � 0,

(12)

where k0 is a constant and g(x) is a function of the spatial
coordinate along the beam length.

According to modal analysis for harmonic-free vibra-
tion, w(x, t) can be separable in space and time as

w(x, t) � ϕ(x)h(t), (13)

where ϕ(x) is the modal deflection and h(t) is a harmonic
function of time t. If ω denoted the circular frequency of

h(t), then z2w(x, t)/zt2 � −ω2ϕ(x)h(t) and the eigenvalue
problem of equation (12) reduces to

EI
d4ϕ(x)

dx4 + P
d2ϕ(x)

dx2 −
EA

2l

d2ϕ(x)

dx2


l

0

dϕ(x)

dx
 

2

dx + kwϕ(x)− ρAω2ϕ(x) � 0.

(14)

Equation (14) is now made nondimensional using

X �
x

l
,

ϕ(X) �
ϕ(x)

l
,

P �
Pl2

EI
,

K0 �
kwl4

EI
,

λ �
ρAω2l4

EI
,

(15)

and becomes
d4ϕ(X)

dX4 + P
d2ϕ(X)

dX2 −
1
2

d2ϕ(X)

dX2


1

0

dϕ(X)

dX
 

2

dX + K0 − λ( ϕ(X) � 0.

(16)

4. Boundary Conditions

Two cases are considered in this work, namely, beams which
are clamped-clamped and clamped-free, respectively:

For the clamped-clamped case, the boundary conditions
at X � 0 and X � 1 are

ϕ(X) �
dϕ(X)

dX
� 0. (17)

For the clamped-free case, the boundary conditions at
X � 0 and X � 1 are

ϕ(0) �
dϕ(0)

dX
� 0,

d2ϕ(1)

dX2 � 0,

d3ϕ(1)

dX3 + P
dϕ(1)

dX
� 0.

(18)

It is convenient for the AMDM to describe boundary
conditions in terms of rotational and translational flexible
ends as shown in Figure 2.

)e boundary conditions can be written in the di-
mensionless form as

z

x
P P

Figure 1: Beam under axial loading while resting on an elastic
foundation.
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d2ϕ(0)

dX2 − κL0
dϕ(0)

dX
� 0,

d3ϕ(0)

dX3 + κL1ϕ(0) � 0,

d2ϕ(1)

dX2 + κR0
dϕ(1)

dX
� 0,

d3ϕ(1)

dX3 + P
dϕ(1)

dX
− κR1ϕ(1) � 0,

(19)

where the coefficients are nondimensionalized as

κL1 �
kL1l

3

EI
,

κR1 �
kR1l

3

EI
,

κL0 �
kL0l

EI
,

κR0 �
kR0l

EI
.

(20)

5. Application of the Adomian Modified
Decomposition Method (AMDM)

According to the AMDM, ϕ(X) in equation (16) can be
expressed as an infinite series, i.e.,

ϕ(X) � 
∞

m�0
CmX

m
, (21)

where the unknown coefficients, Cm, are determined re-
currently. If a linear operator G ≡ d4/dX4 is used, then the
inverse operator of G is a four fold operator defined as

G
−1

� 
x

0


x

0


x

0


x

0
(· · ·)dX dX dX dX. (22)

Equation (16) now can be written as

ϕ(X) � Φ(X)−G
−1

P
d2ϕ(X)

dX2 −
1
2

d2ϕ(X)

dX2

· 
1

0

dϕ(X)

dX
 

2

dX + K0 − λ( ϕ(X),

(23)

where Φ(X) is a polynomial depending on the boundary
conditions.

5.1. Nonlinear Fredholm Integral Coefficient. )e terms in
equation (23) are linear except for the nonlinear Fredholm
integral coefficient shown in equation (24). Before con-
tinuing with the main solution method, the nonlinear term
will be treated first through the use of appropriate Cauchy
products. Consider

1
2


1

0

dϕ(X)

dX
 

2

dX⎛⎝ ⎞⎠
d2ϕ(X)

dX2 . (24)

Use is now made of the term

ϕ(X) � 
∞

m�0
Cm X−X0( 

m
. (25)

Differentiating

dϕ(X)

dX
� 
∞

m�0
(m + 1)Cm+1 X−X0( 

m
� 
∞

m�0
bm X−X0( 

m
,

d2ϕ(X)

dX2 � 

∞

m�0
(m + 1)(m + 2)Cm+2 X−X0( 

m
.

(26)

On setting X0 � 0,

d2ϕ(X)

dX2 � 
∞

m�0
(m + 1)(m + 2)Cm+2(X)

m
� 
∞

m�0
bmX

m
.

(27)

So

dϕ(X)

dX
 

2

� 

∞

m�0
bm X−X0( 

m⎛⎝ ⎞⎠ 

∞

l�0
bl X−X0( 

l⎛⎝ ⎞⎠

� 

∞

m�0
Bm X−X0( 

m
,

(28)
where Bm � 

m
l�0blbm−l.

So

1
2


1

0

dϕ(X)

dX
 

2

dX �
1
2


1

0


∞

m�0
Bm X−X0( 

m
dX

�
1
2



∞

m�0

1

0
Bm X−X0( 

m
dX

�
1
2



∞

m�0
Bm

X−X0( 
m+1

m + 1
⎡⎣ ⎤⎦

X�1

X�0

.

(29)

As X0 � 0 in the current analysis, then

1
2


1

0

dϕ(X)

dX
 

2

dX � 
∞

m�0

Bm

2(m + 1)
� 
∞

m�0
αm. (30)

Combining the two strands of analysis gives

kL0

kL1

l
kR1

kR0E, I, ρ, A
z

x

Figure 2: Boundary condition described by rotational and
translational flexible ends.
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1
2


1

0

dϕ(X)

dX
 

2

dX⎛⎝ ⎞⎠
d2ϕ(X)

dX2 � 

∞

m�0
αm 

∞

l�0
βlX

m

� 
∞

m�0
X

m


m

l�0
αlβm−l

� 
∞

m�0
ζmX

m
,

(31)

where

ζm � 
m

l�0
αlβm−l. (32)

5.2. Linear and Nonlinear Terms Combined. Using the
analysis of the last subsection and ϕ(X) � 

∞
m�0CmXm,

equation (23) now becomes

ϕ(X) � Φ(X) + G
−1

−P 
∞

m�0
(m + 1)(m + 2)Cm+2X

m

+ 

∞

m�0
ζmX

m − K0 − λ(  

∞

m�0
CmX

m
,

(33)

where Φ(X) � 
3
m�0CmXm � ϕ(0) + ϕ′(0)X + ϕ″(0)X2/2+

ϕ‴(0)X3/6 is the initial term.)e recurrence relation for the
coefficients Cm can now be stated as

C0 � ϕ(0),

C1 � ϕ′(0),

C2 �
ϕ″(0)

2
,

C3 �
ϕ‴(0)

6
,

(34)

and for m≥ 4 as

Cm �
1

m(m− 1)(m− 2)(m− 3)



m−4

j�0
−P(j + 1)(j + 2)Cj+2 + ζj − K0 − λ( Cj .

(35)

)e coefficients Cm can be found from the recurrence
equations (34) and (35), and the solution for ϕ(X) is cal-
culated using equation (33). )e series solution is
ϕ(X) � 

∞
m�0CmXm, although all of the coefficients Cm

cannot be determined, and thus, the solutions must be
approximated by the truncated series 

n−1
m�0CmXm and

successive approximations are ϕ[n](X) � 
n−1
m�0CmXm, as n

increases and the boundary conditions are met.
)us, ϕ[1](X) � C0, ϕ[2](X) � ϕ[1](X) + C1X,

ϕ[3](X) � ϕ[2](X) + C2X
2, and ϕ[4](X) � ϕ3(X) + C3X

3

serve as approximate solutions with increasing accuracy as

n⟶∞. )e four coefficients Cj(j � 0, 1, 2, 3) depend on
the boundary conditions used (either equation (17) or
(18)). For example, for the clamped-free boundary con-
ditions at X � 0, the two coefficients C0 and C1 can be
chosen as arbitrary constants, and the other two co-
efficients C2 and C3 can be expressed as functions of C0 and
C1. )us, from equations (19) and (34), the following is
obtained:

C2 �
κL0

2
C1,

C3 � −
κR0

6
C0.

(36)

)us the initial term Φ(X) is only a function of C0 and
C1, and from the recurrence relation of equation (36), the
coefficients Cm(m≥ 4) are functions of C0, C1, and λ. By
substituting ϕ[n](X) into the boundary conditions of
equation (19) when X � 1, we have

f
[n]
r0 (λ)C0 + f

[n]
r1 (λ)C1 � 0, r � 1, 2. (37)

For nontrivial solutions of C0 and C1, the frequency
equation is given as

f[n]
10 (λ) f[n]

11 (λ)

f[n]
20 (λ) f[n]

21 (λ)




� 0. (38)

)e ith estimated eigenvalue λ[n]
(i) corresponding to m

is obtained from equation (38), i.e., the ith estimated di-
mensionless natural frequencyΩ[n]

n(i) �
���
λ[n]

(i)


is also obtained

and n is determined by

Ω[n]
n(i) −Ω

[n−1]
n(i)



≤ ε, (39)

where Ω[n−1]
n(i) is the ith estimated dimensionless natural

frequency corresponding to n− 1 and ε is a preset sufficiently
small value. If equation (39) is satisfied, then Ω[n]

n(i) is the
ith dimensionless natural frequency Ωn(i). By substituting
Ω[n]

n(i) into equation (37),

C1 � −
f[n]

r0 Ω
[n]
n(i) 

f[n]
r1 Ω

[n]
n(i) 

C0, r � 1, 2, (40)

and all of the other coefficients Cm can be obtained
from equations (34) and (35). Furthermore, the ith mode
shape ϕ[n]

i corresponding to the ith eigenvalue Ω[n]
n(i) is

obtained by

ϕ[n]
i (X) � 

n−1

m�0
C

[i]
m X

m
, (41)

where C[i]
m (X) is Cm(X) in which λ is substituted by λi and

ϕ[n]
i is the ith eigenfunction corresponding to the ith ei-

genvalue λi. By normalizing equation (41), the ith normalised
eigenfunction is defined as

ϕ[n]

i (X) �
ϕ[n]

i (X)
��������������


1
0 ϕ[n]

i (X) 
2

dX

 , (42)
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where ϕ[n]

i (X) is the ith mode shape function of the
beam corresponding to the ith natural frequency
ω[n]

i �

�����������

λ[n]
i

�������
EI/ρAl4



� Ω[n]
n(i)

�������
EI/ρAl4


.

)is general theory is now applied to a uniform
Euler–Bernoulli beam under different boundary conditions.

6. Numerical Results

6.1. Clamped-Free Uniform Beam. )e first case considered
is the clamped-free uniform beam resting on an elastic
foundation and experiencing axial compressive force )e
case was chosen to test (validate) the accuracy of the AMDM.

)e boundary conditions are as given in equations (18)
and (19) with the spring constants becoming κL0⟶
∞, κR0⟶ 0, κL1 �∞, κR1 � 0.

When X � 0, the first two boundary conditions of
equation (19) yield the relationships shown in equation (36),
and when X � 1 by substituting ϕ[n](X) � 

n−1
m�0CmXm into

the last two boundary conditions of equation (19), the
following two algebraic equations (written in full) involving
C0 and C1 are obtained:



n−3

m�0
(m + 1)(m + 2)Cm+2 + κR0 

n−2

m�0
(m + 1)Cm+1

� f
[n]
11 (λ)C0 + f

[n]
12 (λ)C1 � 0,



n−4

m�0
(m + 1)(m + 2)(m + 3)Cm+3 + P 

n−2

m�0
(m + 1)Cm+1

− κR1 

n−1

m�0
Cm � f

[n]
21 (λ)C2 + f

[n]
22 (λ)C3 � 0.

(43)

)e case of the clamped-free uniform beam without an
elastic foundation support or without any axial force and
with small vibration amplitude was first chosen to test
(validate) the accuracy of the AMDM as comparisons can
be made with what is already given in the literature. For
this, the values of P, K0, and nonlinear term in equation
(16) were set to zero. )e first five natural frequencies,
(Ωn(i), i � 1, . . . , 5) are shown in Table 1 and compared
with those obtained by Reference [9]. Excellent agreement
was found.

)e results are shown in Table 2, with, and without, the
nonlinear term given in equation (16). Here, Ωnon(i) are the
results with the nonlinear term used andΩn(i) are the results
when the nonlinear term was not used.

It can be seen from Table 2 that the results agree with
those of Reference [27] fairly well where the nonlinear term
is absent although generally the present results are slightly
higher than those calculated by Chen [27]. Also shown in
Table 2 are the results calculated for large amplitudes. )is
was effected through the inclusion of the nonlinear term of
equation (16). )e ratio of results calculated with and
without the inclusion of the nonlinear term is also given in
Table 2. )e presence of the nonlinear terms increases quite
substantially the natural frequencies, and it can be seen that
this increase grows in line with increasing the mode number.

Figure 3 presents the variation of natural frequency
modes with increase in axial force and the foundation
stiffness. During the variation of the axial force the elastic
stiffness, K0, was held constant and for the variation of the
elastic stiffness, the axial force, P, was held constant. It is
noticeable that the first mode is significantly affected by both
variations in comparison with the higher modes, and in
particular, the first mode natural frequency is greatly affected
by increasing in axial force.

By substituting the converged Ω[n]
n(1) into equations (21)

and (35) and normalizing the result using equation (42), a
polynomial can be obtained to describe the first mode
shape function. )e same procedure can be employed for
other natural frequencies to find the mode shapes for
higher mode numbers. )e variation of the first and third
mode shapes for various Winkler parameters is illustrated
on Figure 4. Here, the axial force was set to zero. )e
changes in the mode shape were not too significant until the
value of K0 became reasonably large. It can be seen from
the results for the third mode that the increase in elastic
stiffness affects both the amplitude and the phase of the
shape function.

A similar exercise was carried out to ascertain the trends
for the mode shapes when the axial force was increased or
when the beam was tensioned as opposed to being com-
pressed.)e effects on the first and third modes are shown in
Figure 5. Here, the elastic stiffness was held constant at one.
It can be seen that the greatest effect was on the first mode
and, except at the extrema, increasing the axial load had very
little effect on higher modes.

Important to this study was the speed of obtaining ac-
curate converged solutions. An example of the rate of
convergence is given in Figure 6 for the case of clamped-free
boundary conditions with P � 0 and K0 � 1. As can be seen,
the AMDM method was fast converging with results for the
first mode obtained after a very few iterations. Convergence
for higher modes took longer, although not prohibitively.

6.2. Clamped-Clamped Uniform Beam. For this case, the
boundary conditions are as given in equations (17) and (19)
with the spring constants becoming κL0⟶∞,

κR0⟶∞, κL1⟶∞, and κR1⟶∞:

C2 �
κL0

2
C1,

C3 � −
κL1

6
C0,



n−1

m�0
Cm � f

[n]
11 (λ)C0 + f

[n]
12 (λ)C1 � 0,



n−2

m�0
(m + 1)Cm+1 � f

[n]
21 (λ)C0 + f

[n]
22 (λ)C1 � 0.

(44)

Calculations were made for the clamped-clamped beam
of the natural frequencies with no axial force and for two
values of foundation stiffness as shown in Table 3.)e results
for the present method compare well with those reported in
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Table 1: First five natural frequencies (Ωn(i), i � 1, . . . , 5) for the small vibration amplitude.

Method Ωn(1) Ωn(2) Ωn(3) Ωn(4) Ωn(5)

Present 3.516010 22.034484 61.697213 120.901920 199.859536
Reference [9] 3.5160 22.0345 61.6972 120.902 199.860

Table 2: Natural frequencies of the cantilever beam on an elastic foundation with P � 0 and K0 � 1.

Mode (i) Reference [27] Ωn(i) Present Ωn(i) Present Ωnon(i) Present Ωnon(i)/Ωn(i)

1 3.66 3.6712 3.9869 1.089
2 22.22 22.2343 24.4049 1.098
3 62.69 62.7421 69.1014 1.101
4 124.29 124.3811 138.0632 1.111
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Figure 3: Variation of frequency modes with axial force and foundation stiffness.
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Figure 4: (a) First and (b) third mode shapes for various stiffness parameters with P � 0.
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the literature.)ese results were obtained with the nonlinear
term of equation (16) not used.

Table 4 shows results for the first four modes with and
without the nonlinear term present. Again Ωnon(i) is the
result when the nonlinear term is used, andΩn(i) is the result
when the nonlinear term is not used. It can be seen that the
present calculated values of Ωn(i) are in good agreement
although again most of the results are slightly higher than
those calculated by Chen [27]. When the nonlinear term is
included, the results for the natural frequencies increase with

the ratio of increase found to be similar in magnitude to
those reported by Mei [30].

Again polynomials were obtained to describe the first
three mode shape functions for the clamped-clamped beam.
)e first three mode shapes for the clamped-clamped beam
are shown in Figure 7 after normalization and compared well
with those reported in the literature.

Finally, the present method of calculation was validated
using a backbone curve for the clamped-clamped beam as
shown in Figure 8. )e first mode results reported by Gupta
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Table 3: Natural frequencies of the clamped-clamped beam on an elastic foundation with P � 0 and without the nonlinear term.

K0 � 0 K0 � 100
Present Reference [28] Reference [29] Present Reference [28] Reference [29]

Ωn(1) 4.73004 4.7314 4.73 4.95246 4.9515 4.95
Ωn(2) 7.85320 7.8533 7.854 7.91103 7.9044 7.904
Ωn(3) 10.9955 10.9908 10.996 11.0121 11.0096 11.014
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et al. [31] were chosen with reasonable agreement found with
a similar trend found between the two result sets, as illustrated
in Figure 8. Here, the value of the foundation stiffness was set
at zero.

7. Conclusions

A fast, efficient, and accurate method of solution, namely,
the Adomian modified decomposition method (AMDM)
was developed to calculate natural vibrations of an
Euler–Bernoulli beam with large amplitude resting on a
Winkler foundation. )e method is free of linearization,
discretization, perturbation, or a priori assumptions and
nonlinear terms are relatively easily treated. A practical
advantage of the AMDM is the ease of applying the
boundary conditions where the vibrational analysis for
different boundary conditions simply involves changing
the values of the corresponding parameters with no need to
change the solution procedures or the algorithms
employed.

)e numerical comparisons for both boundary condi-
tions used here indicate that the current numerical results
are in satisfactory agreement with those found by other
methods, with perhaps some of the results found here better
than some reported.
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.e multilayer plate has a great potential for automotive and aerospace applications. However, the complexity in structure and
calculation of the response impede the practical applications of multilayer plates. To solve this problem, this work proposes a new
plate finite element and a simplified finite element (FE) model for multilayer plates..e proposed new plate finite element consists
of the shear and extension strains in all layers. .e multilayer structure with the proposed new plate finite element is regarded as a
reference to calculate the reference value of the transverse response..e simplified FEmodel of multilayer plates is proposed based
on the equivalent bending stiffness by curve fitting of the reference value of the transverse response. Numerical study shows that
this approach can be used to set up the simplified FE model of multilayer plates.

1. Introduction

In recent decades, the multilayer plates have been demon-
strated to be promising engineering structures for auto-
mobiles and aerospace vehicles [1–4]. A typical multilayer
plate has three layers, including the constraint layer,
damping layer, and base layer. .e multilayer plate structure
is mainly used for vibration suppression with the con-
sumption of the strain energy since the damping layer would
deform with the relative motion of the constraint layer and
base layer [5–8]. .erefore, the strain in all layers should be
well considered when modeling the multilayer plates.

In the literatures, extensive investigations have been
conducted on the modeling of the multilayer plates
[4, 6, 9–11]. However, an assumption is usually made that
only shear train exists in the core layer and extension strain
exists in the constraint layer and base layer [12]. .is as-
sumption is not valid for certain structures and condi-
tions. Moreover, majority of researchers have studied the
multilayer plate structure by presenting the analytical so-
lutions using the modal superpositionmethod. However, the

analytical solution is quite complex and not accurate [13–
15]. On the other hand, the finite element (FE) modeling is a
good numerical method which has been extensively and
efficiently applied to investigate the vibrational behavior of
structures including the viscoelastic material [13, 14, 16–18].
However, when modeling this plate structure using the FE
method, the plate is meshed into many finite elements and
the degrees of freedom should be well defined with full
consideration of the shear, compression, and extensional
damping. For the complex modeling problem, the beam
finite element presented by Zapfe and Lesieutre with 11
degrees of freedom (DOFs) can be referred with a very good
FE model [19]. Moreover, the plate structure is an extension
of beam structure. Considering the efficiency of FE method
and accuracy of the structure of plates, the work tries to
develop a new plate finite element consisting of the shear and
extension strains in all layers as an extension of Zapfe’s beam
element.

Even though the plate structure with new plate finite
element method can develop a good FE model, there are still
plenty of DOFs involved, which makes the FE modeling of
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multilayer plate structures complicated, especially for the
plate structure with a quite thin damping layer. To ease the
computational burden and consumption cost, a simplified
method should be developed. In [20], a simplified FEmodel
for beam structures with three layers is presented by using
single-layer equivalent FE method. .e equivalent material
properties are calculated and then a regular beam is
constructed. Considering the simplicity and accuracy, this
work also attempts to develop a simplified FE model for
multilayer plates by curve fitting the equivalent bending
stiffness.

In this research, a new plate finite element for multi-
layer plate is developed, and a simplified FE model of
multilayer plates is proposed based on the equivalent
bending stiffness by curve fitting the response values cal-
culated from the multilayer plate structure with new plate
finite element. .e rest of this paper is organized as follows.
Section 2 presents the proposed new plate finite element as
an extension of Zapfe’s beam element with validation.
Subsequently, the simplified FE model for multilayer plates
is described in Section 3. Finally, conclusions are given in
Section 4.

2. NewPlate Finite Element forMultilayer Plate

.is section presents a new plate finite element for multi-
layer plate for FE modeling. First, the new plate finite ele-
ment is proposed with the analysis of degree of freedom
(DOF), and then a validation is conducted by comparison
with the published data.

2.1. Proposed New Plate Finite Element for Multilayer Plate.
.e element formulated in the work of Zapfe and Lesieutre
was used as the reference in the curve fitting of a transfer
function of the multilayer beam [19]. .is element can be
extended to constrained layer damped plates. .e basic
formulations in the work of Zapfe and Lesieutre can be
followed to develop the new plate elements with more de-
grees of freedom [19]. Figure 1 gives the multilayer plate
studied in this work. It consists of three layers. Layer 1, layer
2, and layer 3 are the base layer, damping layer, and con-
straining layer, respectively. Figure 2 shows the DOFs of the
new plate element. Each of the four nodes in every corner
has eight longitudinal degrees of freedom and one transverse
degree of freedom. Note that there are five additional
midnodes in the element in order to avoid shear locking.
.ese five midnodes have only one transverse degree of
freedom.

As described in Figure 1, the DOF vector of each node
can be given in the following equations. For nodes m, k, p,
and q, there are four DOFs in the u and v directions, re-
spectively, and one DOF in the w direction. For nodes 1, 2, 3,
4, and 5, only one DOF exists in the w direction. To fully
characterize the shear strain and extension strain and clearly
represent the transverse displacement at each location of the
plate, the DOF vectors Uj(j � m, k, p, k, 1, 2, 3, 4, 5) are
represented as

Um � um1, um2, um3, um4, vm1, vm2, vm3, vm4, wm ,

Uk � uk1, uk2, uk3, uk4, vk1, vk2, vk3, vk4, wk ,

Up � up1, up2, up3, up4, vp1, vp2, vp3, vp4, wp ,

Uq � uq1, uq2, uq3, uq4, vq1, vq2, vq3, vq4, wq ,

U1 � w1,

U2 � w2,

U3 � w3,

U4 � w4,

U5 � w5.

(1)

By combining all of the DOFs of each node, the DOF
vector of the proposed new finite element for the multilayer
plate can be expressed in the following equations:

U � Um,U1,Uk,U2,U3,U4,Up,U5,Uq 

� um1, um2, um3, um4, vm1, vm2, vm3, vm4, wm, w1, uk1, uk2,

· uk3, uk4, vk1, vk2, vk3, vk4, wk, w2, w3, w4, up1, up2, up3,

· up4, vp1, vp2, vp3, vp4, wp, w5, uq1, uq2, uq3, uq4, vq1, vq2,

· vq3, vq4, wq.

(2)

It can be found that each finite element for the multilayer
plate has 41 DOFs. During the FEmodeling, the multilayer is
meshed into many elements with nx and ny nodes in the
longitudinal directions. .e overall DOF in the multilayer
plate structure can be expressed as

nDOF � 9nxny + 3nx − 2(  ny − 1  + nx − 1. (3)

For each meshed element, a shape function matrix
N(N ∈ R3×12) for each layer can be defined as

N �

P1

P2

P3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ �

n1 0 0 n2 0 0 n3 0 0 n4 0 0

0 n1 0 0 n2 0 0 n3 0 0 n4 0

0 0 n1 0 0 n2 0 0 n3 0 0 n4

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

(4)

where the shape function in matrix N can be written as n1 �

y/ly −xy/lxly, n2 � xy/lxly, n3 � 1− x/lx −y/ly+ xy/lxly,
and n4 � x/lx −xy/lxly. .e variables x and y are the lon-
gitudinal coordinates; lx and ly are the length and width of
each meshed element, respectively. By calculating the dif-
ferences of matrices P1, P2, and P3, a new shape function
B(B ∈ R5×12) can be obtained:

B �
zP1

zx
;

zP2

zy
;

zP1

zy
+

zP2

zx
;

zP3

zx
;

zP3

zx
 . (5)

Layer 3
Layer 2

Layer 1

Figure 1: Multilayer plate.
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Meanwhile, a modulus matrix Ec(Ec ∈ R5×5) with
Young’s modulus E and shear modulus G can be for-
mulated as

Ec �

E 0 0 0 0

0 E 0 0 0

0 0 E 0 0

0 0 0 G 0

0 0 0 0 G

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (6)

.en, the corresponding stiffness matrix KK and mass
matrixMM of eachmeshed element in each layer can be set as

MM � ρPTP,

KK � BTEcB,
(7)

where ρ is the density of the plate. Since the multilayer plate
is meshed in many plate finite elements, the stiffness matrix
K and mass matrix M can be obtained by integrating the
stiffness matrix KK and mass matrixMM of each plate finite
element in the plate structure. By exciting a given force
vector, the response can be obtained according to the
Lagrange formula [21]:

M €X + KX � F,

X � F K−ω2M 
−1

,
(8)

where F stands for the excited force vector; ω represents the
inherent frequency of the multilayer plate structure; andX is
the responsematrix of themultilayer plate withmeshed plate
finite elements. .e response matrix X can be obtained by
combining the matrix U in each plate finite element.

2.2. Validation of Proposed New Plate Finite Element.
After the plate element is formulated, it should be validated
to illustrate its effectiveness. In the existing literature, Kung
and Singh provided some results calculated by the analytical
model developed for the beam element in their work [22].
Naturally, these data can be used here to validate the plate
element. Table 1 gives the configuration of a plate to be
validated which is simply supported along all four edges.

.e comparison of the frequency and loss factor be-
tween the published data [22] and the data calculated by
the new plate element is presented in Tables 2 and 3,
respectively. From Tables 2 and 3, it can be seen that the
new plate element provides close results to the published
data in the work of Kung and Singh by predicting the
natural frequencies and loss factors. .e difference of
frequency between the data in Kung and Singh and new
plate finite element at each mode is less than 9%, while the
difference of loss factor is less than 16%. .e biggest
differences of frequency and loss factor are 8.8% and
15.9%, respectively. .e biggest difference appears at the
mode (1, 1) with the lowest frequency and highest loss
factor. Moreover, both the differences of frequency and
loss factor decrease along with the increase of the mode.
.us, the proposed new finite element matches well with
the published data, especially for high modes. As a result,
the multilayer with the proposed new finite element can be
used as the reference to regress the equivalent plate
bending stiffness as described.

3. Simplified FE Model for Multilayer Plates

.is section presents the simplified FE model for multilayer
plates. First, the equivalent bending stiffness is derived by
using curve fitting method. .en, a simplified FE model is
developed and simulated by applying the equivalent bending
stiffness to a regular single-layer plate element.

3.1. Identification of Equivalent Bending Stiffness. Since there
is no closed-form solution for the multilayer plate structure,
an example is given here based on the curve fitting of the

Table 1: Plate parameters for validation.

Properties Layer 1 Layer 2 Layer 3
Density (kg/m3) 7800 2000 7800
Young’s modulus (Pa) 207e9 12e6 207e9
Shear modulus (Pa) 80e9 4e6 80e9
.ickness (m) 0.002 0.002 0.002
Length (m) 0.4 0.4 0.4
Width (m) 0.4 0.4 0.4
Loss factor 0 0.38 0

p q

m k1

2 3 4

5

(a)

w

u

v

w

Nodes m, k, p and q:

Nodes 1, 2, 3, 4 and 5:

(b)

Figure 2: Analysis of DOF for the proposed new plate finite element for multilayer plate. (a) Proposed new plate finite element for
multilayer plate. (b) Analysis of DOF for each node for multilayer plate.
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response, instead of the transfer function, in order to derive
the equivalent plate bending stiffness. At first, the transverse
vibration response can be calculated analytically by using a
modal superposition method [23]. .en, this response can be
regressed according to the reference value calculated by the
proposed new plate element in Section 2. For a clamped
multilayer plate considered here, Table 4 gives the parameters.
A unit amplitude harmonic force is applied on the center of
the multilayer plate, as shown in Figure 3. Figure 4 shows the
response at the center of the multilayer plate under different
frequencies. .is response is used as the reference to regress
the response calculated by the analytical modal superposition
method. In this work, an undampedmultilayer plate is used in
the numerical example of regression of the equivalent bending
stiffness of the plate structure.

.e approach for obtaining equivalent properties is de-
scribed in the following. .e analytically calculated response
is regressed based on the reference value at the first two
resonances. Subsequently, with equation (8), the equivalent
bending stiffness can be calculated with corresponding
stiffness matrix. In this example, the resonances are selected at
the frequencies of around 75Hz and 285Hz. .en, a line/
curve can be obtained by fitting the two obtained equivalent
bending stiffness at the two resonant frequencies. Figure 5
demonstrates how a smooth curve fits to the two resonant
frequencies in order to determine bending stiffness. It should
be noted that this example just shows the basic idea of
extracting equivalent properties. In reality, the curve fitting
should be conducted for more resonant frequencies.

3.2. Development and Simulation of Simplified FE Model.
After the equivalent multilayer plate bending stiffness is de-
rived, it is applied to the regular single-layer plate structure to
set up the simplified FE model. For the single-layer plate
structure, the same nodes are used to present the DOF as the
multilayer plate structure, as shown in Figure 6. By combining
all of the DOFs of each node, the DOF vector of the proposed
new finite element for single-layer plate can be expressed in
the following equations:

Us � Ums,U1s,Uks,U2s,U3s,U4s,Ups,U5s,Uqs 

� ums1, um2, vms1, vms2, wms, ws1, usk1, usk2, vks1, vks2, wsk,

· ws2, ws3, ws4, ups1, ups2, vps1, vps2, wps, ws5, uqs1, uqs2,

· vqs1, vqs2, wqs.

(9)

Based on the defined DOF vectors, it can be seen that
each finite element for the single-layer plate has 25 DOFs.
For the meshed multilayer plate structure, the overall DOF is

Table 4: Plate parameters for curve fitting.

Properties Layer 1 Layer 2 Layer 3
Density (kg/m3) 7800 2000 7800
Young’s modulus (Pa) 2e11 2e6 2e11
Shear modulus (Pa) 8e10 8e5 8e10
.ickness (m) 0.001 0.001 0.001
Length (m) 0.4 0.4 0.4
Width (m) 0.4 0.4 0.4
Loss factor 0 0 0

Unit amplitude
harmonic force

Figure 3: Unit amplitude harmonic force applied on the center of
the multilayer plate.

Table 2: Comparison of frequency between the data in Kung and
Singh [22] and new plate finite element.

Mode Results of Kung and
Singh [22] New element Difference (%)

(1, 1) 975Hz 889Hz 8.8
(1, 2) 2350Hz 2207Hz 6.1
(2, 1) 2350Hz 2207Hz 6.1
(2, 2) 3725Hz 3511Hz 5.7

Table 3: Comparison of loss factor between the data in Kung and
Singh [22] and new plate finite element.

Mode Results of Kung and
Singh [22] New element Difference (%)

(1, 1) 0.044 0.051 15.9
(1, 2) 0.019 0.021 10.5
(2, 1) 0.019 0.021 10.5
(2, 2) 0.012 0.013 8.3

0
10–9

10–8

10–7

10–6

10–5

10–4

10–3

10–2

10–1

50

Re
sp

os
ne

 o
f t

he
 ce

nt
er

 o
f t

he
 p

la
te

 (m
)

100 150
Frequency (Hz)

200 250 300

Figure 4: Response of the center of the multilayer plate calculated
with the new plate element.
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nsDOF � 5nxny + 3nx − 2(  ny − 1  + nx − 1. (10)

After defining the DOF vector of the proposed new finite
element for the single-layer plate, the corresponding stiffness
matrix and mass matrix can be set based on the boundary
conditions and equivalent multilayer bending stiffness. With
the given stiffness matrix andmass matrix, the response of the
regular single-layer plate structure can be obtained according
to the Lagrange formula presented in equation (4).

3.3. Simulation of Simplified FE Model. Figure 7 shows the
comparison between the reference and the response cal-
culated with a simplified FE model. It can be seen that they
match well in most frequency ranges except in the frequency
range of antiresonance. .e frequencies of resonances cal-
culated by a simplified FE model are in good agreement with
the reference. .e difference of frequency at the anti-
resonance is less than 10%. Even though the frequency of
antiresonance is a little different, the response values ob-
tained by two methods are almost the same. .e goal of this
example is to show the possible solution of setting up the
simplified FE model for multilayer plates. As a result, this
approach can be used to effectively set up the simplified FE
model of multilayer plates. Besides, the approach can be

improved by curve fitting over more resonances or deriving
approximate solutions of the plate transverse displacements
in order to derive the transfer function. .e latter can be

p q
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2 3 4
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w
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Nodes m, k, p and q:

Nodes 1, 2, 3, 4 and 5:

(b)

Figure 6: Analysis of DOF for the proposed new plate finite element for the single-layer plate. (a) Proposed new plate finite element for the
single-layer plate. (b) Analysis of DOF for each node for the single-layer plate.
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Figure 5: Equivalent bending stiffness obtained for simplified FE model.
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Figure 7: Comparison between the responses calculated with the
simplified FE model and the reference value calculated with the
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better because the transfer function contains more structural
characteristics than the simple response, so it will be con-
sidered as a future work.

4. Conclusions

.is paper proposes a new plate finite element as an ex-
tension of Zapfe’s beam element and a simplified FE model
of multilayer plates. First, the new plate finite element is
developed as a reference. .en, the curve fitting approach is
applied to multilayer plates with the reference value to derive
the equivalent bending stiffness. Finally, a simplified FE
model of multilayer plates is proposed by applying the
derived equivalent bending stiffness to a regular single-layer
plate structure. .e numerical example shows that this
approach can be used to effectively set up the simplified FE
model of multilayer plates.

In terms of applications, the proposed method can
provide guidance in model development for the active vi-
bration control of high-performance light weight smart
structures, such as wind turbine, helicopter and aircraft
structures, and so on. In addition, the approach can be
further improved by curve fitting over more resonances or
deriving approximate solutions in the future. Also, the plates
with different boundary conditions and loading modes
should be studied in future works. In addition, the simplified
modeling of the multilayer plate with rotation will be further
investigated.
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Nonlinear response of liquid partially filled in a rigid cylindrical container with a rigid annular baffle subjected to lateral excitation
is studied. A semianalytical approach is presented to determine the natural frequencies and modes of the liquid sloshing.
Introducing the generalized time-dependent coordinates, the surface wave height and the velocity potential are expressed in terms
of the natural modes of liquid sloshing. Based on the Bateman–Luke variational principle, the infinite-dimensional modal system
is given by the variational procedure. .e infinite-dimensional modal system is reduced by using the Moiseev asymptotic re-
lations. .e resultant hydrodynamic force and moment of the liquid pressure acting on the container mainly depend on the
position vector of the mass center of the liquid. Expanding the integral about the weighted position coordinates into the Taylor
series about the surface wave height at the unperturbed free surface gives the formula of the position vector of the mass center,
which depends only on the generalized time-dependent coordinates. Excellent agreements have been achieved by comparing the
present results with those obtained from Gavrilyuk’s solution and SPH solution. Finally, the surface wave height, resultant
hydrodynamic force, and hydrodynamic moment for a container subjected to harmonic lateral excitation are discussed in detail.

1. Introduction

Liquid sloshing can cause a serious problem in liquid
containers subjected to lateral excitation. For instance, the
failure of the floating roof and the fire of the oil storage
containers due to liquid sloshing were observed in some
earthquake disasters [1]. As is well known, the baffle
mounted in a partially liquid-filled container could provide
the energy dissipation of the liquid [2], which reduces the
sloshing amplitude. As a fringe benefit, the baffles could
enhance the stiffness of the container.

Subjected to excitations, the linear dynamic response of
liquid in a container equipped with baffles was investigated.
Abramson [3] conducted some experiments to study the
response of the liquid in a baffled fuel container, which is
subjected to pitching and lateral excitations, respectively.
Using the boundary elementmethod, Gedikli and Ergüven [4]
simulated the seismic response of the rigid liquid-filled

container with an annular baffle. Isaacson and Premasiri
[5] studied the dynamic damping due to baffles in a liquid-
filled rectangular container or reservoir undergoing hori-
zontal excitation. Using the finite element method, Biswal
et al. [6] studied the effect of an annular baffle on the dynamic
response of a partially liquid-filled cylindrical container.
Based on the velocity potential formulation and linearization
theory, Goudarzi et al. [7] developed an analytical model to
estimate the dynamic damping ratio of liquid sloshing due to
baffles in a liquid-filled rectangular container subjected to
lateral excitation.Wang et al. [8, 9] developed a semianalytical
method to solve the natural frequencies and modes of the
liquid sloshing in the cylindrical container with single or
multiple baffles. Based on the natural frequencies and modes
obtained, the linear dynamic response of the liquid in a baffled
container subjected to lateral excitation was analyzed [10, 11].

Generally, the nonlinear sloshing problems of liquid are
described by the Navier–Stokes equations and the dynamic
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and kinematic conditions on the free surface [12]. .e
problems are usually investigated by the experimental and
numerical methods [13–15]. Carra et al. [16] investigated the
linear and geometrically nonlinear dynamical response of a
thin plate in contact with liquid. .ey proposed the ex-
perimental method to study the behavior of the liquid’s free
surface during the nonlinear vibration of the thin plate
undergoing harmonic excitations. Wu et al. [17] developed a
time-independent finite difference scheme with fictitious cell
technique to investigate viscous liquid sloshing in two-
dimensional containers with baffles. However, this de-
scription creates some mathematical and computational
difficulties. Due to these difficulties, a lot of researchers are
interested in using the potential principle as described by
Zhou et al. [18].

Based on the potential formulations, there are two different
approaches to study the nonlinear problems of liquid sloshing.
.e first is the numerical method [19, 20]. Hugo et al. [21]
proposed the numerical method to investigate the sloshing
response of cylindrical containers subjected to earthquake
groundmotion. Cho and Lee [22] andCho et al. [23] simulated
the large amplitude liquid sloshing in a two-dimensional
baffled rectangular container under lateral excitation. Using
the finite element method, Biswal et al. [24] studied the two-
dimensional nonlinear sloshing in both rectangular and cy-
lindrical containers equipped with rigid baffles.

.e second is the multimodal method, namely, the free
surface and velocity potential are expressed in terms of the
generalized Fourier expansion. Substituting the expansions
into the original free-boundary value equations yields the
modal system. .e linear and nonlinear multimodal
methods, which can be used to conduct the analytical in-
vestigations of resonant sloshing regimes, secondary reso-
nance, and chaos, are presented in [25]. It also includes the
nonlinear multimodal method developed by Faltinsen et al.
[26]. Using the Bateman–Luke variational statement, they
derived the infinite-dimensional modal system for the
nonlinear sloshing of liquid in a container. Based on the
Narimanov–Moiseev asymptotic relations, the infinite-
dimensional modal system can be reduced to the finite-
dimensional modal system. .e method is applicable to
arbitrary excitations and a broad class of the container
shapes [27–30]. Lukovsky [31] developed the five-
dimensional modal system for the nonlinear sloshing in
the upright circular cylindrical container, which was vali-
dated by the experiments. Using the asymptotic modal
method, Gavrilyuk et al. [32, 33] investigated the nonlinear
resonant sloshing of liquid in a rigid circular cylindrical
container with a rigid annular baffle. Raynovskyy and
Timokha [34] studied the damped steady-state resonant
sloshing in a circular base container by the nonlinear
multimodal system, which is equipped with linear damping
terms associated with the logarithmic decrements of the
natural sloshing modes. It should be mentioned that the
research on the multimodal system of containers equipped
with baffles is insufficient.

Using the variational multimodal method, Zhou et al. [18]
investigated the nonlinearity of the free sloshing of the liquid
in a baffled container caused by some initial displacement of

the free surface from the viewpoint of no external excitation.
.is calculation focused on the surface wave height as an
indicator of the liquid sloshing. However, the hydrodynamic
forces due to the liquid sloshing were not at all investigated.
.is can be a problem because if the excitation frequency is
close to the natural frequency of the liquid, the resonant-
amplified impact force may cause damage to the container.
.us, the proposed study focuses on the nonlinear response of
the forced sloshing of the liquid in a baffled container sub-
jected to lateral harmonic or seismic excitation. By applying
Taylor series expansion to the integral of the weighted po-
sition coordinates of the surface wave height, we derive
formulae for the resultant hydrodynamic force and the
moment of liquid pressure acting on the baffled container.
Parametric analysis is applied to the resultant hydrodynamic
force and moment, and the distribution of liquid pressure on
the container wall is discussed. We also conduct steady-state
analysis in the frequency domain.

2. Multimodal Method

A rigid cylindrical container with a thin rigid annular baffle,
which is partially filled with inviscid, incompressible, and
irrotational liquid, is depicted in Figure 1, where Ox′y′z′ is
the absolute coordinate system and Orθz is the relative cy-
lindrical coordinate system fixed at the container. .e origin
of Orθz is located at the center of the bottom of the container,
and the z-axis is orthogonal to the bottom of the container.
.e inner radius of the container is r2, and the inner radius of
the baffle is r1. z1 and z2 denote, respectively, the positions of
the baffle and the unperturbed (hydrostatic) free surface. .e
thickness of the baffle is very small compared with the inner
radius of the container. .e density of the liquid is ρ. .e
time-dependent liquid domain Ω is bounded by the free
surface , the wet container wall Sw, the container bottom Sb,
and the baffle surface Sp. .e potential formulation of the
nonlinear sloshing problem is given as follows [25]:

Δϕ � 0 in Ω(t), (1)

zϕ
zn

� v0 · n + ω · (r × n) on Sb ∪ Sp ∪ Sw, (2)

zϕ
zn

� v0 · n + ω · (r × n) +
_f

��������

1 +|∇f|2
 on , (3)

zϕ
zt

+
∇ϕ · ∇ϕ

2
−∇ϕ · v0 + ω × r( − g · r0′ + r(  � 0 on ,

(4)


Ω(t)

dΩ � const, (5)

z � f(r, θ, t)|t�0 � f0(r, θ),

ϕ(r, θ, z, t)|t�0 � ϕ0(r, θ, z),
(6)

where n is the outer normal of the boundary of the liquid
domain Ω, z � f(r, θ, t) + z2 is the time-dependent shape
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equation of the free surface , v0 is the translation velocity
vector of the origin O related to the coordinate system
Ox′y′z′,ω is the angular velocity vector of the container, r′ is
the position vector with respect to O′, r0′ is the position vector
of the point O with respect to O′, r is the position vector with
respect to O, and g is the gravity acceleration vector, and
equation (6) denotes the initial conditions. In the cylindrical
coordinate system Orθz, the unit vectors codirectional with
the longitudinal axis (θ � 0) and the z-axis (Oz) are e1 and e3,
respectively. .e unit vector e2 is given by e2 � e1 × e3. .en,
the vectors in equations (1)–(6) can be written as

r � r1e1 + r2e2 + r3e3,

ω � ω1e1 + ω2e2 + ω3e3,

v0 � v01e1 + v02e2 + v03e3,

_v0 � _v01e1 + _v02e2 + _v03e3.

(7)

When no overturning wave occurs, the continuum
problem is reduced to a discrete conservative mechanical
system with infinite degrees of freedom..is implies that the
free surface and velocity potential can be expressed as

f(r, θ, t) � 
∞

p�1
βp(t)ηp(r, θ),

ϕ � v0 · r + ω · Θ + 
∞

q�1
Rq(t)Φq(r, θ, z),

(8)

where the vector function Θ denotes the Stokes–Zhukovsky
potential, which was defined in [25], βp(t) and Rq(t) are the
generalized coordinates, the set ηp(r, θ)  is a Fourier basis
on the unperturbed free surface, and the set Φq(r, θ, z) 

should be complete in the unperturbed liquid domain. .e
variational procedure gives the generalized form of the
infinite-dimensional modal system [18], which is the
complete analog of the original free-boundary problem
given by equations (1)–(6) as follows:

dAq

dt
− 
∞

q′�1
Rq′Aqq′ � 0, (9)



∞

q�1

zAq

zβp

_Rq + 

∞

q�1


∞

q′�1

zAqq′

zβp

RqRq′ + _ω1
zI21

zβp

+ _ω2
zI22

zβp

+ _ω3
zI23

zβp

+ ω1
zI31

zβp

+ ω2
zI32

zβp

+ ω3
zI33

zβp

−
d

dt
ω1

zI31

z _βp

+ ω2
zI32

z _βp

+ ω3
zI33

z _βp

⎛⎝ ⎞⎠

+ _v01 + ω2v03 −ω3v02 −g1( 
zI11

zβp

+ _v02 + ω3v01 −ω1v03 −g2( 
zI12

zβp

+ _v03 + ω1v02 −ω2v01 −g3( 
zI13

zβp

−
ω2
1
2

zJ11

zβp

−
ω2
2
2

zJ22

zβp

−
ω2
3
2

zJ33

zβp

−ω1ω2
zJ12

zβp

−ω1ω3
zJ13

zβp

−ω2ω3
zJ23

zβp

� 0,

(10)
where I1κ, I2κ, I3κ, Aq, and Aqq′ are the integrals over the
time-dependent domain Ω(t) and only depend on βp and
_βp. .eir explicit formulations are given by Zhou et al. [18].
For the forced sloshing of liquid along the longitudinal axis
(θ � 0), equation (10) can be rewritten as



∞

q�1

zAq

zβp

_Rq + 
∞

q�1


∞

q′�1

zAqq′

zβp

RqRq′ +
zI11

zβp

€x(t) + g
zI13

zβp

� 0.

(11)

.e mode shapes of the linear sloshing solutions are
Φq(r, θ, z) . According to the Moiseev asymptotic relations
[25], we have

Φ1 � Φ11 cos θ,

Φ2 � Φ11 sin θ,

Φ3 � Φ01,

Φ4 � Φ21 cos 2θ,

Φ5 � Φ21 sin 2θ,

η1 �Φ11
z�z2

cos θ,

η2 �Φ11
z�z2

sin θ,

η3 �Φ01
z�z2

,

η4 �Φ21
z�z2

cos 2θ,

η5 �Φ21
z�z2

sin 2θ,

(12)

where Φmn (m � 0, 1, 2; n � 1) are the mode shapes of liquid
sloshing and can be obtained by the semianalytical approach,
which was developed by Wang et al. [9]. Wang et al. [9]
divided the liquid domain within a baffled container into
several subdomains to ensure that the liquid velocity potential
for each subdomain is of class C1 and could be calculated with

z′

y′

x′

θ

θ = 0

O′

r

Z1

Z2

r2

r1

O

x (t)

Figure 1: .e partially liquid-filled rigid cylindrical container with
an annular rigid baffle subjected to the lateral excitation.
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continuity boundary conditions, as shown in Figure 2. .e
analytical solution for the velocity potential in each sub-
domain can be obtained using separation of variables. .e
eigenfrequency equation is obtained by expanding the free
surface and artificial interface conditions into the Fourier
series in the direction of the liquid height and the Bessel series
in the radial direction. Obviously, the partition of the liquid
domain is different from that applied by Gavrilyuk et al. [32],
who determined the natural frequencies and modes using the
Galerkin method, which is based on Green’s function. Wang
et al. [9] compared the natural frequencies obtained from
these two different methods and found that the difference
between the results obtained by twomethods is less than 0.2%.
Figure 3 shows that the natural modes calculated by Wang
et al. [9] are in good agreement with those calculated by
Gavrilyuk et al. [32].

In the following study, the perturbation parameter ε is
introduced, which denotes the ratio of the excitation
amplitude and the inner radius of the container. .e
nonlinear modal system assumes that the forcing ampli-
tude is sufficiently small. Miles [35, 36] demonstrated that
generalized coordinates for Φ1 and Φ2 are dominating and
are O(ε1/3). .e generalized coordinates for Φ3, Φ4, and Φ5
are O(ε2/3) and the other higher modes are O(ε) or o(ε). In
addition, Miles [35, 36] showed that the other higher modes
contribute <1% to the response. Lukovsky [31] derived the
five-dimensional nonlinear modal system. .e results for
the surface wave height and hydrodynamic forces are in
good agreement with the experimental results. .e higher-
order terms than O(ε) will be neglected in the perturbation
procedure, which means the perturbation parameter ε
should be very small, i.e., the nonlinear analysis is con-
sidered. Substituting equation (8) in equations (9) and (11)
and keeping terms up to O(ε), one has the following as-
ymptotic modal system:

€β1 + σ211β1 + K1 β1 _β
2
1 + €β1β

2
1 + β1 _β

2
2 + β1β2€β2 

+ K2
€β1β

2
2 + 2 _β1 _β2β2 − β1 _β

2
2 − β1β2€β2 

+ K3
€β1β4 + _β1 _β4 + €β2β5 + _β2 _β5 −K4 β1€β4 + β2€β5 

+ K5
€β1β3 + _β1 _β3  + K6β1€β3 −

€x(t)r32π
3

� 0,

(13)

€β2 + σ211β2 + K1 β2 _β
2
2 + €β2β

2
2 + β2 _β

2
1 + β1β2€β1 

+ K2
€β2β

2
1 + 2 _β1 _β2β2 − 2β2 _β

2
1 − β1β2€β1 

+ K3
€β1β5 + _β1 _β5 − €β2β4 − _β2 _β4 −K4 β2€β4 − β1€β5 

+ K5
€β2β3 + _β2 _β3  + K6β2€β3 � 0,

(14)

€β3 + σ201β3 + K8
_β
2
1 + _β

2
2  + K10 β1€β1 + β2€β2  � 0 (15)

€β4 + σ221β4 + K7
_β
2
2 − _β

2
1  + K9 β2€β2 + β1€β1  � 0 (16)

€β5 + σ221β5 − 2K7
_β1 _β2 −K9 β2€β1 + β1€β2  � 0 (17)

where the explicit expressions of Ki (i� 1, . . ., 9) have been
given by [18] and σmn (m� 0, 1, 2; n� 1) denotes the natural
sloshing frequencies.

3. Resultant Hydrodynamic Force and Moment

.e liquid velocity potential in each subdomain has the
continuous boundary conditions of class C1. .e liquid
domain with a single baffle can be divided into 4 subdomains
(Ω1,Ω2,Ω3,Ω4) with 3 artificial interfaces (Γ1, Γ2, Γ3) as
shown in Figure 4, namely,

ϕ(r, θ, z, t) �
ϕi(r, θ, z, t), (r, θ, z) ∈ Ωi (i � 1, 2),

ϕi(r, θ, z, t), (r, θ, z) ∈ Ωi (i � 3, 4).

⎧⎨

⎩

(18)

Obviously, Ωi (i � 1, 2) and Γk (k � 1, 2) are time-
independent; Ωi (i � 3, 4) and Γk(k � 3) are time-
dependent (it should be noted that Ω3 and Ω4 have the
free surfaces 1 and 2, respectively.). As shown in Figure 5,
the unperturbed (hydrostatic) liquid domain Ω can also be
divided into 4 subdomains (Ωi, i � 1, 2, 3, 4) with three
artificial interfaces (Γk, k � 1, 2, 3), namely,

Φmn(r, z) � Φi
mn(r, z), (r, θ, z) ∈ Ωi, (19)

where Ω3 and Ω4 have the unperturbed free surfaces 1 and
2, respectively. .e resultant hydrodynamic force of the
liquid pressure acting on the container can be obtained by
the formula [31]:

F � Mlg−Ml _v0 + ω × v0 + ω × ω × rC(  + _ω × rC
+ 2ω × rC + €rC,

(20)

where Ml is the liquid mass and rC is the position vector with
respect to the mass center of the liquid in the relative cy-
lindrical coordinate system Orθz. .e container is subjected
to the lateral ground movement, and the resultant hydro-
dynamic force can be rewritten as

F � Mlg−Ml _v0 + €rC( . (21)

.e hydrodynamic moment about the origin O due to
the liquid pressure acting on the container can be obtained
as follows:

MO � MlrC × g− _v0( . (22)

In the cylindrical coordinate system Orθz, the vectors in
equations (21) and (22) can be represented as

F � F1e1 + F2e2 + F3e3,

M � MO1e1 + MO2e2 + MO3e3,

g � g1e1 + g2e2 + g3e3,

rC � r
1
Ce1 + r

2
Ce2 + r

3
Ce3,

(23)
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Figure 2: Partition of the liquid domain developed by Wang et al. [9].
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Figure 3: Comparison of the natural modes calculated by Wang et al. [9] and Gavrilyuk et al. [32].

∑

Sw

Ω

Sb

Sp

(a)

∑1

Ω3

Ω1 Ω2

Ω4

∑2

Sw2

Sw1

Sb1 Sb2

Γ3

Γ1

Γ2

(b)

Figure 4: Cross section, subdomains, and artificial interfaces of the
time-dependent liquid domain Ω.
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unperturbed liquid domain Ω.
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where Fκ, MOκ, gκ, and rκC (κ � 1, 2, 3) are the projections of
the vectors on the unit vectors e1, e2, e3, respectively.
According to equations (21) and (22), we have

Fκ � Mlgκ −Ml _v0κ + €r
κ
C( , (24)

MO1 � Ml r
2
C g3 − _v03( − r

3
C g2 − _v02(  ,

MO2 � Ml r
3
C g1 − _v01( − r

1
C g3 − _v03(  ,

MO3 � Ml r
1
C g2 − _v02( − r

2
C g1 − _v01(  .

(25)

.e mass center of the liquid is the unique point in the
liquid domain with the property that the summation of the
weighted position vectors relative to this point is zero.
Hence, the position vector rC of the mass center satisfies

rC � ρl
Ω

rdv

Ml
. (26)

From equation (24), one obtains

r
κ
C �


2
i�1Ωi

rκdv + 
4
i�3Ωi

rκdv 

V
,

(27)

where V denotes the volume of the liquid.
If the surface wave height is small compared to the inner

radius of the container, the integrals over Ωi can be ex-
panded into the Taylor series about the surface wave height
at the unperturbed (hydrostatic) free surface (z � z2). .e
Taylor expansions for rκC (κ � 1, 2, 3) can be written as

r
1
C �


4
i�1Ωi

r1dv + 
4
i�3Σi−2

ηr cos θ ds 

V
,

(28)

r
2
C �


4
i�1Ωi

r2dv + 
4
i�3Σi−2

ηr sin θ ds 

V
,

(29)

r
3
C �


4
i�1Ωi

r3dv +
1
2


4
i�3Σi− 2

η2ds 

V
.

(30)

Substituting equations (8) and (12) into (28)–(30) gives

r
1
C � β1


r1

0 Φ
3
11 r, z2( r2dr + 

r2

r1
Φ411 r, z2( r2dr

z2r
2
2

, (31)

r
2
C � β2


r1

0 Φ
3
11 r, z2( r2dr + 

r2

r1
Φ411 r, z2( r2dr

z2r
2
2

, (32)

r
3
C � β21 + β22 


r1

0 Φ
3
11 r, z2( ( 

2
r dr + 

r2

r1
Φ411 r, z2( ( 

2
r dr

2z2r
2
2

+ β23


r1

0 Φ
3
01 r, z2( ( 

2
r dr + 

r2

r1
Φ401 r, z2( ( 

2
r dr

z2r
2
2

+ β24 + β25 


r1

0 Φ
3
21 r, z2( ( 

2
r dr + 

r2

r1
Φ421 r, z2( ( 

2
r dr

2z2r
2
2

+
z2

2
.

(33)

Taking the second derivative of rκC, we can obtain

€r
1
C � €β1


r1

0 Φ
3
11 r, z2( r2dr + 

r2

r1
Φ411 r, z2( r2dr

z2r
2
2

, (34)

€r
2
C � €β2


r1

0 Φ
3
11 r, z2( r2dr + 

r2

r1
Φ411 r, z2( r2dr

z2r
2
2

, (35)

€r
3
C � _β

2
1 + β1€β1 + _β

2
2 + β2€β2 

·


r1

0 Φ
3
11 r, z2( ( 

2
r dr + 

r2

r1
Φ411 r, z2( ( 

2
r dr

z2r
2
2

+ 2 _β
2
3 + β3€β3 

·


r1

0 Φ
3
01 r, z2( ( 

2
r dr + 

r2

r1
Φ401 r, z2( ( 

2
r dr

z2r
2
2

+ _β
2
4 + β4€β4 + _β

2
5 + β5€β5 

·


r1

0 Φ
3
21 r, z2( ( 

2
r dr + 

r2

r1
Φ421 r, z2( ( 

2
r dr

z2r
2
2

+
z2

2
.

(36)

Substituting equations (31)–(36) into (24) and (25) gives
the resultant hydrodynamic force and moment, respectively.
.e container is subjected to the lateral ground movement
x(t) along the longitudinal axis (θ � 0), namely, r1 � x(t).
Owing to the symmetry of the system, the resultant hy-
drodynamic force along θ � 0 axis (F1) and the resultant
hydrodynamic moment about θ � π/2 axis (MO2) are more
significant than the other components. In the present
analysis, we concentrate on the analysis of F1 and MO2.

4. Comparison Study

For checking the validity of the present method, the forced
nonlinear sloshing of liquid in a rigid circular cylindrical
container with a rigid annular baffle is studied, re-
spectively, by using the Gavrilyuk’s modal system [33], the
smoothed particle hydrodynamics (SPH), and the present
method. .e radius of the container is fixed at r2 �1m..e
position of the unperturbed free surface is taken as
z2 �1m. .e container is subjected to the harmonic ex-
citation, i.e., x(t) � X0 sin ωt, where the amplitude of the
container movement is X0 � 0.02m. .e liquid started
movement from rest. According to equation (8), the initial
condition for the modal system is taken as

β1 � 0,

β2 � 0,

β3 � 0,

_β1 � 0,

_β2 � 0,

_β3 � 0.

(37)
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In the first case, the baffle is positioned at z1 � 0.75m and
the inner radius of the baffle is taken as r1 � 0.4m. .ree
different excitation frequencies are considered: ω� 4 rad/s,
5 rad/s, and 6 rad/s. .e surface wave heights on the wall at
θ� 0 obtained by the present modal system are compared
with those obtained by Gavrilyuk’s modal system, as shown
in Figures 6–8. It is seen from Figures 6–8 that the present
results are in good agreement with those from the Gav-
rilyuk’s modal system.

In the second case, the baffle is positioned at z1 � 0.5m
and the inner radius of the baffle is r1 � 0.5m. .e excitation
frequency is ω� 6.28 rad/s. .e SPH analysis is carried out
by using the commercial software ABAQUS. .e surface
wave profiles across the container (at θ� 0) at four different
times (t� 0.5 s, 1.5 s, 2.5 s, and 3.5 s) are compared with those
obtained by the SPHmethod, as shown in Figure 9. It is seen
that good agreement is achieved between the SPH solution
and the present solution.

To verify the correctness of the present multimodal
system under seismic excitation, the present results of free
surface wave height are compared with the experiment
results reported by Hosseinzadeh et al. [37]. A scaled steel
container with 0.002m wall thickness was used in the ex-
periment. .e diameter of the container was 1.2m. .e
liquid filling height was 0.6m. .e baffle was positioned at
z1 � 0.5m, and the inner radius of the baffle was 0.55m. .e
Tabas earthquake record (Iran, 1978), scaled to PGA� 0.4 g,
was considered as the base excitation. In Figure 10, the free
surface wave heights at the wall are compared with the
experiment ones. As seen from Figure 8, the present results
are in good agreement with the experiment ones. .e typical
nonlinear phenomenon can be observed from the results: the
peak value of the free liquid surface is always larger than the
trough value.

5. Parametric Study

.e effects of baffle parameters (position and inner radius)
and excitation parameters (amplitude and frequency) on
nonlinear response of liquid in a container are discussed in
detail. .e container is subjected to a lateral harmonic ex-
citation x(t) in the form of sinusoidal wave having the
amplitude X0 and the frequency ω. .e radius of the con-
tainer is fixed at r2 �1m, and the liquid height is taken as
z2 �1m.

5.1. Effect of Position of the Baffle. .e inner radius of the
baffle is fixed at r1 � 0.5m. .e amplitude of the container
movement is X0 � 0.03m, and the exciting frequency is
ω� 6 rad/s. Under the given lateral excitation, the maximum
amplitudes of nonlinear responses are presented in Table 1.
fmax denotes the maximum amplitude of the surface wave
height. Fmax and Mmax denote the maximum amplitudes of
the resultant hydrodynamic force and moment, respectively.
It is shown that fmax decreases as the baffle is positioned
towards the free surface. In contrast, Fmax increases with the
increase of baffle position z1. As the bafflemoves up from the
bottom, Mmax decreases to the lowest point at z1 � 0.6m.

However, when the baffle further moves up to the free
surface from z1 � 0.6m,Mmax tends to increase. For different
baffle positions z1 � 0.1m, 0.3m, 0.5m, and 0.7m, the wall-
pressure distribution (at θ� 0) resulting in the maximum
resultant hydrodynamic force and moment is shown in
Figure 11. It is observed from Figure 11 that the wall pressure
above the baffle decreases with the increase of z1..e change
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Figure 6: Time history of the surface wave height on the wall at
θ � 0 for ω � 4 rad/s.
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Figure 7: Time history of the surface wave height on the wall at
θ � 0 for ω � 5 rad/s.
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of the wall pressure below the baffle versus the position of the
baffle is relatively small. Fu and Mu denote the resultant
hydrodynamic force and the resultant moment of the liquid
above the baffle. Fd and Md denote the resultant hydrody-
namic force and the resultant moment of the liquid below
the baffle. .e variations of Fu, Fd, Mu, and Md resulting in
the maximum resultant hydrodynamic force and moment
with respect to the position of the baffle are given in Table 2.
It is seen from Table 2 that Fu and Mu decrease with the
increase of z1 while Fd and Md increase with the increase of

z1. It is seen from Table 2 that the increase rate of Fd exceeds
the decrease rate of Fu. .is results in the increase of the
maximum resultant hydrodynamic force (Fmax � Fu + Fd)
with the increase of z1. .e increase rate ofMd is slower than
the decrease rate of Mu when z1< 0.6m. However, the in-
crease rate of Md exceeds the decrease rate of Mu when
z1> 0.6m. .is results in the nonmonotonic variation of the
maximum resultant moment (Mmax �Mu +Md).

To investigate the effect of the baffle’s position on
nonlinearity, the present nonlinear response is compared
with the linear response [10, 11] within the first 30 seconds.
Four different positions of the baffle are, respectively,
considered: z1 � 0.1m, 0.3m, 0.5m, and 0.7m. .e time
histories of the surface wave height fwall on the wall at θ� 0,
the resultant hydrodynamic force F1 in the θ� 0 direction,
and the resultant hydrodynamic moment MO2 about the
θ� π/2 axis are depicted in Figures 12–14, respectively. It is
seen from Figures 12–14 that the nonlinearity increases with
the time and the nonlinearity decreases as the baffle moves
close to the free surface. According to equations (1)–(6), the
nonlinearity only appears on the free surface. .erefore, the
nonlinearity decreases as the maximum surface wave height
decreases.

5.2. Effect of Inner Radius of the Baffle. .e baffle is fixed at
z1 � 0.5m. .e amplitude of the container movement is
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Figure 9: Surface wave profiles across the container at different times for ω� 6.28 rad/s. (a) t � 0.5 s. (b) t � 1.5 s. (c) t � 2.5 s. (d) t � 3.5 s.
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X0 � 0.03m, and the exciting frequency is ω� 6 rad/s. .e
maximum amplitudes of the nonlinear response versus the
inner radius of the baffle are given in Table 3. It is seen from
Table 3 that fmax and Mmax increase with the increase of the
inner radius of the baffle. However, Fmax decreases with the
increase of baffle inner radius r1. For r1 � 0.2m, 0.4m, 0.6m,
and 0.8m, the wall-pressure distribution (at θ� 0) resulting
in the maximum resultant hydrodynamic force and moment
is shown in Figure 15. It is observed that the wall pressure
above the baffle increases with the increase of r1 and the wall
pressure below the baffle decreases with the increase of r1.
.e variations of Fu, Fd,Mu, andMd with respect to the inner
radius of the baffle are given in Table 4. It is seen that Fu and
Md increase with the increase of r1 while Fd decreases with
the increase of r1. Mu increases with the increase of r1 when
r1< 0.6m. However, Mu decreases with the increase of r1
when r1> 0.6m. .e variation rates of Fd and Md are sig-
nificantly faster than those of Fu and Mu, respectively.

To study the effect of the baffle’s inner radius on the
nonlinearity, the nonlinear response is compared with the
linear response within the first 30 seconds. Four different
inner radii of the baffle are considered: r1 � 0.2m, 0.4m,
0.6m, and 0.8m, respectively. .e time histories of the
surface wave height fwall on the wall at θ� 0, the resultant
hydrodynamic force F1 in the θ� 0 direction, and the re-
sultant hydrodynamic moment MO2 about the θ� π/2 axis
are depicted in Figures 16–18. It is observed that the non-
linearity increases with the increase of the inner radius r1.

5.3. Effect of Excitation Amplitude. .e inner radius of the
baffle is fixed at r1� 0.8m, and the baffle is positioned at
z1� 0.7m. Four different excitation amplitudes are considered:

X0� 0.01m, 0.02m, 0.03m, and 0.04m, respectively. .e
circular frequency is taken as ω� 6 rad/s. Under the lateral
excitation, the maximum amplitudes of liquid response are
given in Table 5. It is seen that the maximum amplitudes of
liquid response increase with the increase of the excitation
amplitude. To investigate the effect of the excitation amplitude
on the nonlinearity of response, the present results are
compared with the linear ones within the first 30 seconds. .e
time histories of fwall, F1, andMO2 are plotted in Figures 19–21,
respectively. It is seen that the nonlinearity increases with the
increase of the excitation amplitude.

5.4. Effect of Excitation Frequency. .e inner radius of the
baffle is fixed at r1 � 0.7m, and the baffle is positioned at
z1 � 0.7m. .e fundamental frequency of the liquid is
3.77 rad/s. .e container is undergoing the lateral harmonic
excitation, and the amplitude is fixed at X0 � 0.02m. Using
the method developed by Faltinsen and Timokha [25], the
steady-state analysis in the frequency domain for the
equations (13)–(17) is conducted. Considering the harmonic
excitation, the generalized coordinates for the two dominant
modes can be assumed as follows:

β1(t) � A sin(ωt) + A cos(ωt) + o ε1/3 , (38)

β2(t) � B sin(ωt) + B cos(ωt) + o ε1/3 . (39)

Substituting equations (38) and (39) into (13)–(17), we
have

β3(t) � c11 + c12 cos(2ωt) + c13 sin(2ωt) + o ε2/3 ,

β4(t) � c21 + c22 cos(2ωt) + c23 sin(2ωt) + o ε2/3 ,

β5(t) � c31 + c32 cos(2ωt) + c33 sin(2ωt) + o ε2/3 ,

(40)

where cij (i � 1, 2, 3; j � 1, 2, 3) satisfies

c11 � l0 B
2

+ B
2

+ A
2

+ A
2

 ,

c12 � h0 B
2 −B

2 −A
2

+ A
2

 ,

c13 � 2h0(BB + AA),

c21 � l2 B
2

+ B
2 −A

2 −A
2

 ,

c22 � h2 B
2 −B

2
+ A

2 −A
2

 ,

c23 � 2h2(BB−AA),

c31 � −2l2(BA + AB),

c32 � 2h2(BA−BA),

c33 � −2h2(AB + AB),

(41)

where l0, h0, l2, and h2 satisfies

Table 1: .e maximum amplitudes of the nonlinear response versus the position of the baffle for r1 � 0.5 m.

Maximum amplitudes of the nonlinear response
.e position of the baffle z1 (s)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
fmax (m) 0.230 0.224 0.214 0.205 0.188 0.171 0.147 0.099
Fmax (N) 2532.4 2563.2 2596.3 2615.9 2651.2 2662.7 2817.8 2923.1
Mmax (N·m) 1843.1 1832.4 1808.8 1762.7 1725.6 1616.4 1718.8 1723
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Figure 11: Wall-pressure distributions (at θ � 0) resulting in the
maximum amplitudes Fmax andMmax for r1 � 0.5m and z1 � 0.1 m
(a), 0.3m (b), 0.5m (c), and 0.7m (d), respectively.
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h0 �
K10 + K8

2 σ201 − 4( 
,

h0 �
K9 + K7

2 σ221 − 4( 
,

l0 �
K10 −K8

2σ201
,

l2 �
K9 −K7

2σ221
,

σmn �
σmn

ω
.

(42)

.e initial displacements and velocities for the free
surface are assumed to be zero (i.e., the liquid is in a static
state at the initial time). According to Faltinsen and Timokha
[25], one can conclude the existence of the only type of
motion: planar waves (i.e., B � B � A � 0). For this case, the
generalized coordinate A satisfies

A σ211 − 1 + d1A
2

  �
X0r

3
2π

3
, (43)

where d1 satisfies

Table 2: .e resultant hydrodynamic force and moment from liquid below/above the baffle versus the position of the baffle for r1 � 0.5 m.

Resultant force and moment from
liquid below/above the baffle

.e position of the baffle z1 (m)
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Fu (N) 2215.5 1924.5 1632.9 1326.8 1038.5 752.3 557.9 336
ΔFu (N) / −291 −291.6 −306.1 −288.3 −286.2 −194.4 −221.9
Fd (N) 316.9 638.7 963.4 1289.1 1612.7 1910.4 2259.9 2587.1
ΔFd (N) / 321.8 324.7 325.7 323.6 297.7 349.5 327.2
Mu (N·m) 1783.9 1722.6 1615.1 1451.7 1264.3 979 857.9 612.8
ΔMu (N·m) / −61.3 −107.5 −163.4 −187.4 −285.3 −121.1 −245.1
Md (N·m) 59.2 109.8 193.7 311 461.3 637.4 860.9 1110.2
ΔMd (N·m) / 50.6 83.9 117.3 150.3 176.1 223.5 249.3
ΔFu, ΔFd, ΔMu, and ΔMd denote the increments of the resultant force and moment from liquid below/above the baffle for the increment of the inner radius of
the baffle Δz1 � 0.1m.

0.3

0.2

0.1

0

–0.1

–0.2

–0.3
0 5 10 15 20 25 30

f w
al

l (
m

)

Time (sec)

Nonlinear
Linear

(a)

0

0 5 10 15 20 25 30

0.3

0.2

0.1

–0.1

–0.2

–0.3

f w
al

l (
m

)

Time (sec)

Nonlinear
Linear

(b)

0 5 10 15 20 25 30

0.3

0.2

0.1

0

–0.1

–0.2

–0.3

f w
al

l (
m

)

Time (sec)

Nonlinear
Linear

(c)

0 5 10 15 20 25 30

0.3

0.2

0.1

0

–0.1

–0.2

–0.3

f w
al

l (
m

)

Time (sec)

Nonlinear
Linear

(d)

Figure 12: Time history of the surface wave height at the container wall under the lateral harmonic excitation for r1 � 0.5m and z1 � 0.1 m
(a), 0.3m (b), 0.5m (c), and 0.7m (d), respectively.
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Figure 13: Time history of the resultant hydrodynamic force in the θ � 0 direction under the lateral harmonic excitation for r1 � 0.5m and
z1 � 0.1 m (a), 0.3m (b), 0.5m (c), and 0.7m (d), respectively.
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Figure 14: Continued.
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Figure 14: Time history of the resultant hydrodynamic moment about the θ � π/2 axis under the lateral harmonic excitation for r1 � 0.5m
and z1 � 0.1 m (a), 0.3m (b), 0.5m (c), and 0.7m (d), respectively.

Table 3: .e maximum amplitudes of the nonlinear response versus the inner radius of the baffle for z1 � 0.5 m.

Maximum amplitudes of the nonlinear response
.e inner radius of the baffle r1 (m)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
fmax (m) 0.168 0.170 0.172 0.178 0.188 0.199 0.215 0.227
Fmax (N) 2707.8 2706.9 2704.7 2680.6 2651.2 2640.2 2598.1 2568.2
Mmax (N·m) 1667.3 1678.6 1690.4 1701.5 1725.6 1778.4 1806.5 1852.4
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Figure 15: Wall-pressure distributions (θ � 0) corresponding to the maximum amplitudes Fmax and Mmax for z1 � 0.5m and r1 � 0.2m,
0.4m, 0.6m, and 0.8m, respectively.

Table 4: .e resultant hydrodynamic force and moment from liquid below/above the baffle versus the inner radius of the baffle for
z1 � 0.5 m.

Resultant force andmoment from liquid below/above
the baffle

.e inner radius of the baffle r1 (m)
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Fu (N) 1012.7 1016.5 1030.4 1031.6 1038.5 1073.7 1085.9 1130.1
ΔFu (N) / 3.8 13.9 1.2 6.9 35.2 12.2 44.2
Fd (N) 1695.1 1690.4 1674.3 1649 1612.7 1566.5 1512.2 1438.1
ΔFd (N) / −4.7 −16.1 −25.3 −36.3 −46.2 −54.3 −74.1
Mu (N·m) 1251.3 1256.5 1262 1262.5 1264.3 1277 1239.8 1194.5
ΔMu (N·m) / 5.2 5.5 0.5 1.8 12.7 −37.2 −45.3
Md (N·m) 416 422.1 428.4 439 461.3 501.4 566.7 657.9
ΔMd (N·m) / 6.1 6.3 10.6 22.3 40.1 65.3 91.2
ΔFu, ΔFd, ΔMu, and ΔMd denote the increments of the resultant force and moment from liquid below/above the baffle for the increment of the inner radius of
the baffle Δr1 � 0.1m.
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Figure 16: Time history of the surface wave height at the container wall under the lateral harmonic excitation for z1 � 0.5m and r1 � 0.2 m
(a), 0.4m (b), 0.6m (c), and 0.8m (d), respectively.
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Figure 17: Continued.
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d1 � K5
h0

2
− l0 −K3

h2

2
− l2 − 2K6h0 − 2K4h2 −

K1

2
.

(44)

.e response curves in the frequency domain, which are
illustrated in Figure 22, can be obtained from equation (43).

As shown in Figure 22, there are two branches in the
(ω, |A|)-plane, which have soft-spring behavior. According
to the stability conditions for the planar waves given by
Faltinsen and Timokha [25], the unstable planer waves are
associated with points on the branches that are located
between the two auxiliary curves cd1

(σ211 − 1 + d1A
2 � 0)

and c3d1
(σ211 − 1 + 3d1A

2 � 0).
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Figure 17: Time history of the resultant hydrodynamic force in the θ � 0 direction under the lateral harmonic excitation for z1 � 0.5m and
r1 � 0.2 m (a), 0.4m (b), 0.6m (c), and 0.8m (d), respectively.
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Figure 18: Time history of the resultant hydrodynamic moment about the θ � π/2 axis under the lateral harmonic excitation for z1 � 0.5m
and r1 � 0.2 m (a), 0.4m (b), 0.6m (c), and 0.8m (d), respectively.
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Figure 19: Time history of the surface wave height at the container wall under the lateral harmonic excitation forω� 6 rad/s and X0 � 0.01m
(a), 0.02m (b), 0.03m (c), and 0.04m (d), respectively.
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Figure 20: Continued.

Table 5: .e maximum amplitudes of the nonlinear response versus the excitation amplitude for r1 � 0.8 m and z1 � 0.7 m.

Maximum amplitudes of the nonlinear response
Excitation amplitude X0 (m)

0.01 0.02 0.03 0.04
fmax (m) 0.065 0.137 0.214 0.293
Fmax (N) 860.2 1722.8 2593.1 3490.3
Mmax (N·m) 600.7 1208.0 1820.8 2457.8
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6. Conclusions

Based on the multimodal method carried out in a recent
paper [18], the nonlinear response of the liquid partially
filled in a rigid cylindrical container with a rigid annular
baffle and subjected to lateral excitation is investigated.
According to Raynovskyy and Timokha [34], the significant

damping can be caused by the vortex shedding at the sharp
edges of the baffles. In the subsequent study, we will
quantitatively study this damping based on experimental
and numerical methods and then introduce it into the
multimodal system. In the present study, the surface wave
height, resultant hydrodynamic force, and moment with
respect to the position and inner radius of the baffle and the
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Figure 20: Time history of the resultant hydrodynamic force in the θ � 0 direction under the lateral harmonic excitation for ω� 6 rad/s and
X0 � 0.01m (a), 0.02m (b), 0.03m (c), and 0.04m (d), respectively.
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Figure 21: Time history of the resultant hydrodynamic moment about the θ � π/2 axis under the lateral harmonic excitation for ω� 6 rad/s
and X0 � 0.01m (a), 0.02m (b), 0.03m (c), and 0.04m (d), respectively.
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parameters (amplitude and frequency) of the excitation
are discussed in detail. .e following observations are
highlighted:

(1) .e resultant hydrodynamic force increases as the
baffle moves towards the free surface and increases
with the decrease of inner radius of the baffle

(2) .e surface wave height decreases as the baffle is
positioned towards the free surface and decreases
with the decrease of inner radius of the baffle

(3) .e nonlinearity increases with the increase of the
exciting amplitude and the accumulation of the
sloshing time
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[4] A. Gedikli and M. E. Ergüven, “Seismic analysis of a liquid
storage tank with a baffle,” Journal of Sound and Vibration,
vol. 223, no. 1, pp. 141–155, 1999.

[5] M. Isaacson and S. Premasiri, “Hydrodynamic damping due
to baffles in a rectangular tank,” Canadian Journal of Civil
Engineering, vol. 28, no. 4, pp. 608–616, 2001.

[6] K. C. Biswal, S. K. Bhattacharyya, and P. K. Sinha, “Dynamic
response analysis of a liquid-filled cylindrical tank with an-
nular baffle,” Journal of Sound and Vibration, vol. 274, no. 1-2,
pp. 13–37, 2004.

[7] M. A. Goudarzi, S. R. Sabbagh-Yazdi, and W. Marx, “In-
vestigation of sloshing damping in baffled rectangular tanks
subjected to the dynamic excitation,” Bulletin of Earthquake
Engineering, vol. 8, no. 4, pp. 1055–1072, 2009.

[8] J. D. Wang, D. Zhou, and W. Q. Liu, “Sloshing of liquid in
rigid cylindrical container with a rigid annular baffle. Part I:
free vibration,” Shock and Vibration, vol. 19, no. 6,
pp. 1185–1203, 2012.

[9] J. D. Wang, S. H. Lo, and D. Zhou, “Liquid sloshing in rigid
cylindrical container with multiple rigid annular baffles: free
vibration,” Journal of Fluids and Structures, vol. 34, no. 4,
pp. 138–156, 2012.

[10] J. D. Wang, D. Zhou, and W. Q. Liu, “Sloshing of liquid in
rigid cylindrical container with a rigid annular baffle. Part II:
lateral excitation,” Shock and Vibration, vol. 19, no. 6,
pp. 1205–1222, 2012.

[11] J. D. Wang, S. H. Lo, and D. Zhou, “Sloshing of liquid in rigid
cylindrical container with multiple rigid annular baffles:
lateral excitations,” Journal of Fluids and Structures, vol. 42,
pp. 421–436, 2013.

[12] M. R. Ansari, R. D. Firouz-Abadi, and M. Ghasemi, “Two
phase modal analysis of nonlinear sloshing in a rectangular
container,” Ocean Engineering, vol. 36, no. 11-12, pp. 1277–
1282, 2011.

[13] Y. Kim, “Experimental and numerical analyses of sloshing
flows,” Journal of Engineering Mathematics, vol. 58, no. 1–4,
pp. 191–210, 2007.

[14] B. Godderidge, S. Turnock, M. Tan, and C. Earl, “An in-
vestigation of multiphase CFD modelling of a lateral sloshing
tank,” Computers & Fluids, vol. 38, no. 2, pp. 183–193, 2009.

[15] X. Zheng, Q. W. Ma, and W. Y. Duan, “Incompressible SPH
method based on Rankine source solution for violent water
wave simulation,” Journal of Computational Physics, vol. 276,
pp. 291–314, 2014.

[16] S. Carra, M. Amabili, and R. Garziera, “Experimental study of
large amplitude vibrations of a thin plate in contact with
sloshing liquids,” Journal of Fluids and Structures, vol. 42,
pp. 88–111, 2013.

[17] C.-H. Wu, O. M. Faltinsen, and B.-F. Chen, “Numerical study
of sloshing liquid in tanks with baffles by time-independent
finite difference and fictitious cell method,” Computers &
Fluids, vol. 63, pp. 9–26, 2012.

[18] D. Zhou, J. D. Wang, and W. Q. Liu, “Nonlinear sloshing of
liquid in rigid cylindrical container with a rigid annular baffle:
free vibration,” Nonlinear Dynamics, vol. 78, no. 4,
pp. 2557–2576, 2014.

[19] C. Z. Wang and B. C. Khoo, “Finite element analysis of two-
dimensional nonlinear sloshing problems in random exci-
tations,” Ocean Engineering, vol. 32, no. 2, pp. 107–133, 2005.

3.5 3.6 3.7 3.77 3.9 4 4.1 4.2 4.3 4.4 4.5

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0
�e fundamental frequency

ω (rad/s)

|A
| (

m
)

γ3d1

γd1

Stable steady-state planar sloshing
Unstable steady-state planar sloshing
Auxiliary curves

Figure 22: Steady-state planar wave amplitude response (ω, |A|) in
the frequency domain for X0 � 0.02m.

Shock and Vibration 17



[20] V. Sriram, S. A. Sannasiraj, and V. Sundar, “Numerical
simulation of 2D sloshing waves due to horizontal and vertical
random excitation,” Applied Ocean Research, vol. 28, no. 1,
pp. 19–32, 2006.

[21] H. B. Hugo, H. Z. Ernesto, and A. A. R. Alvaro, “Nonlinear
sloshing response of cylindrical tanks subjected to earthquake
ground motion,” Engineering Structures, vol. 29, no. 12,
pp. 3364–3376, 2007.

[22] J. R. Cho and H. W. Lee, “Numerical study on liquid sloshing
in baffled tank by nonlinear finite elementmethod,”Computer
Methods in Applied Mechanics and Engineering, vol. 193,
no. 23–26, pp. 2581–2598, 2004.

[23] J. R. Cho, H. W. Lee, and S. Y. Ha, “Finite element analysis of
resonant sloshing response in 2-D baffled tank,” Journal of
Sound and Vibration, vol. 288, no. 4-5, pp. 829–845, 2005.

[24] K. C. Biswal, S. K. Bhattacharyya, and P. K. Sinha, “Nonlinear
sloshing in partially liquid filled containers with baffles,”
International Journal for Numerical Methods in Engineering,
vol. 68, no. 3, pp. 317–337, 2006.

[25] O. M. Faltinsen and A. N. Timokha, Sloshing, Cambridge
University Press, Cambridge, UK, 2009.

[26] O. M. Faltinsen, O. F. Rognebakke, I. A. Lukovsky, and
A. N. Timokha, “Multidimensional modal analysis of non-
linear sloshing in a rectangular tank with finite water depth,”
Journal of Fluid Mechanics, vol. 407, pp. 201–234, 2000.

[27] O. M. Faltinsen and A. N. Timokha, “Asymptotic modal
approximation of nonlinear resonant sloshing in a rectangular
tank with small fluid depth,” Journal of Fluid Mechanics,
vol. 470, pp. 319–357, 2002.

[28] O. M. Faltinsen, O. F. Rognebakke, and A. N. Timokha,
“Classification of three-dimensional nonlinear sloshing in a
square-base tank with finite depth,” Journal of Fluids and
Structures, vol. 20, no. 1, pp. 81–103, 2005.

[29] O. M. Faltinsen and A. N. Timokha, “A multimodal method
for liquid sloshing in a two-dimensional circular tank,”
Journal of Fluid Mechanics, vol. 665, pp. 457–479, 2010.

[30] O. M. Faltinsen and A. N. Timokha, “Multimodal analysis of
weakly nonlinear sloshing in a spherical tank,” Journal of
Fluid Mechanics, vol. 719, pp. 129–164, 2013.

[31] I. A. Lukovsky, Nonlinear Dynamics: Mathematical Models for
Rigid Bodies with a Liquid, De Gruyter, Berlin, Germany, 2015.

[32] I. Gavrilyuk, I. Lukovsky, Y. Trotsenko, and A. Timokha,
“Sloshing in a vertical circular cylindrical tank with an an-
nular baffle. Part 1. Linear fundamental solutions,” Journal of
Engineering Mathematics, vol. 54, no. 1, pp. 71–88, 2006.

[33] I. Gavrilyuk, I. Lukovsky, Y. Trotsenko, and A. Timokha,
“Sloshing in a vertical circular cylindrical tank with an an-
nular baffle. Part 2. Nonlinear resonant waves,” Journal of
Engineering Mathematics, vol. 57, no. 1, pp. 57–78, 2006.

[34] I. Raynovskyy and A. Timokha, “Steady-state resonant
sloshing in an upright cylindrical container performing a
circular orbital motion,” Mathematical Problems in Engi-
neering, vol. 2018, Article ID 5487178, 8 pages, 2018.

[35] J. W. Miles, “Internally resonant surface waves in a circular
cylinder,” Journal of Fluid Mechanics, vol. 149, no. 1, pp. 1–14,
2006.

[36] J. W. Miles, “Resonantly forced surface waves in a circular
cylinder,” Journal of Fluid Mechanics, vol. 149, no. 1,
pp. 15–31, 2006.

[37] N. Hosseinzadeh, M. Kaypour Sangsari, and H. T. Tavakolian
Ferdosiyeh, “Shake table study of annular baffles in steel
storage tanks as sloshing dependent variable dampers,”
Journal of Loss Prevention in the Process Industries, vol. 32,
pp. 299–310, 2014.

18 Shock and Vibration



Research Article
Validation of FrictionModel Parameters Identified Using the IHB
Method Using Finite Element Method

Abdallah Hadji and Njuki Mureithi
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A hybrid friction model was recently developed by Azizian and Mureithi (2013) to simulate the friction behavior of tube-support
interaction. However, identification and validation of the model parameters remains unresolved. In previous work, the friction
model parameters were identified using the reverse harmonic method, where the following quantities were indirectly obtained by
measuring the vibration response of a beam: friction force, sliding speed of the force of impact, and local displacement at the
contact point. In the present work, the numerical simulation by the finite element method (FEM) of a beam clamped at one end
and simply supported with the consideration of friction effect at the other is conducted. *is beam is used to validate the inverse
harmonic balance method and the parameters of the friction models identified previously. Two static friction models (the
Coulomb model and Stribeck model) are tested. *e two models produce friction forces of the correct order of magnitude
compared to the friction force calculated using the inverse harmonic balance method. However, the models cannot accurately
reproduce the beam response; the Stribeck friction model is shown to give the response closest to experiments. *e results
demonstrate some of the challenges associated with accurate friction model parameter identification using the inverse harmonic
balance method. *e present work is an intermediate step toward identification of the hybrid friction model parameters and,
longer-term, improved analysis of tube-support dynamic behavior under the influence of friction.

1. Introduction

*e friction model is an essential element in the detailed
analysis of the dynamics of steam generator tubes in the
nuclear industry [1]. Most of the friction models currently
used to simulate tube-support interaction are cited in [2].
*ese are special cases of static friction models. *e velocity-
limited friction model (VLFM) [3] is a continuous Coulomb
model without Stribeck effects [4]. *e force balance friction
model (FBFM) [5] and the spring damper friction model
(SDFM) [6] are two models based on springs and dampers.
*e principle of the Karnopp friction model [7] is used in the
FBFM friction model. Recently, a hybrid friction model [1, 8]
has been developed to model tube-support interaction. In the
hybrid model, all the properties and benefits of other friction
models are included, namely, the dynamics of the Dahl model
[9] (i.e., hysteresis effect), the dynamics of bristles [10], and
the Stribeck effect [4] (transition from the static friction

limitation to the kinetic friction limitation). *is model also
indirectly takes into account the distribution of the stresses in
the contact area according to the principle of Cattaneo–
Mindlin [11] to model the presliding phenomenon.

In finite element modeling (FEM) codes, the Coulomb
friction model and the decay friction model are widely
used; these are combined with the principle of the velocity
limit [3] to model the presliding (sticking) regime [12].
Most of the numerical algorithms for analyzing dynamic
friction in FEM codes are presented by Oden and Martins
[13]. Diehl [14] has also numerically investigated the
friction effect of a circular rigid body in sliding contact with
a flexible beam.

In the present work, we validate the friction coefficient
identified experimentally in previous work [15] using the
finite element method (FEM) using the Abaqus software.

Four standard friction model parameters have been
identified by direct friction force measurement. In the present
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ongoing work an indirect approach, based on acceleration
measurement, has been proposed [15–17]. To identify the
friction model parameters experimentally using this indirect
method, accurate nonlinear normal modes are needed.
Nonlinear normal modes (NNMs) and the principle of in-
verse harmonic balance (IHB) based on the harmonic balance
(HB) method [18] were developed and presented in previous
work [15–17].

In the previous work [15–17], the parameters of the Dahl
[9] and LuGre [19] friction models, which are, respectively,
based on Coulomb and Stribeck friction models were re-
ported. In this paper, therefore, we analyze these two friction
models to validate their friction coefficients identified also in
the work [15], where the basic friction models identified
parameters have been used to identify the parameters of the
more complex models.

2. Principle of the Inverse Harmonic Balance
(IHB) Method

Figure 1 shows a schematic of the test rig used to extract the
contact force (friction and impact) and displacement. *e
specimen is a beam simply supported at one end (but
allowing sliding hence friction effects) and clamped at the
other. In Figure 2 all the forces acting at the contact point are
represented; for more details see [15–17, 20].

*e beam equation of motion is

ρA €y(x, t) + EIy″″(x, t)−T(t)y″(x, t) � F(t)δ x−Xf( ,

(1)

with the following boundary conditions:

x � 0 :

y(0, t) � 0,

y′(0, t) � 0,

⎧⎪⎪⎨

⎪⎪⎩

x � L :

EIy″(L, t) � r +
e

2
 T(t),

EIy‴(L, t) � −N(t) + m €y(L, t).

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(2)

*e characteristics of the beam are presented in Table 1
below. *e beam response is measured by six accelerome-
ters, where their type and position are cited in the previous
works [15–17].

Based on modal superposition, the response of the
system may be written in the following form:

yj xj, t  � 
n

i�1
ϕi xj qi(t), (3)

where qi(t) (i � 1, 2, . . . , n) are the generalized co-
ordinates, ϕi(x) (i � 1, 2, . . . , n) are the normal modes of
the system.

Using the modal superposition principle, equation
(3), the boundary conditions equations, equation (2), and
the Galerkin method, equation (1) can be rewritten as
follows:

€qi(t) + ω2
i qi(t)−F(t)ϕi Xf( 

� −N(t)ϕi(L) + ⎡⎣rϕ′i(L) + 
n

j�1
qj(t)

· 
L

0
ϕ″j(x)ϕi(x)dx−ϕ′i(L)ϕj(L) ⎤⎦T(t),

i � 1− n,

(4)

where N(t) � P−R(t)

Modal orthogonality may be expressed as follows:

ρA 
L

0 ϕi(x, a)ϕj(x, a)dx + mϕi(L, a)ϕj(L, a) � δij,

EI 
L

0 ϕ
″
ı̀ (x, a)ϕ″j(x, a)dx � ω2

i δij,

⎧⎪⎨

⎪⎩

(5)

and m is the half cylinder mass (contact element).
In our previous work, different methods were proposed

to identify the nonlinear normal modes (NNMs). Here, we
present only a summary of the most accurate method,
where the NNMs are computed based on the coupled
subharmonic approach. *e NNMs are calculated in the
following manner:

y

x

P
F (t) r

L

Xf

E, I, ρ

Figure 1: Schematic of a nonlinear beam [17].

x

M V

P
Y(x,t)

R(t)
T(t)

r

Figure 2: Forces acting at the contact point [17].

Table 1: Finite element model characteristics.

Property Symbol Quantity Units
Young’s modulus E 210 GPa
Density ρ 7800 kg/m3

Length L 606 mm
Width l 38.88 mm
*ick e 4.78 mm
Radius r 5 mm
Damping ratio ζ1 0.01 %
Proportional mass damping α1 0.06
Normal force N 83 N
Excitation force amplitude Fex 6.5 N

2 Shock and Vibration



Firstly, the Fourier series of the response signal is written
as follows:

yj xj, t  � 
n

r�1
αrj xj cos r · ωextt( 

+ 
n

r�1
βrj xj sin r · ωextt( .

(6)

Next this equation is written as

yj xj, t  � 

n

r�1

ϕir1 xj cr1 cos r · ωextt( 

+ 
n

r�1

ϕir2 xj cr2 sin r · ωextt( ,

(7)

€qir1(t) � cr1 cos r · ωextt( ,

€qir2(t) � cr2 sin r · ωextt( ,

⎧⎪⎨

⎪⎩
(8)

ϕir1 xj  �
αrj xj 

cr1
,

ϕir2 xj  �
βrj xj 

cr2
,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(9)

where ϕir1 is the first subharmonic form (or cosines sub-
harmonic form) and ϕir2 is the second subharmonic form (or
sine subharmonic form). *e modal equation of motion
(equation (4)) becomes



n

s�1
arsk

€qisk(t) + arsl
€qisl(t)  + brsk

qik(t) + brsl
qil(t)( 

−F(t)ϕirk Xf(  � −N(t)ϕirk(L) + ⎛⎝ 

n

s�1

qis1(t)

· 
L

0

ϕ
″

is1(x)ϕirk(x)dx +(r +(e/2))ϕ
′

irk(L)

+ 

n

s�1

qis2(t) 
L

0
ϕ″is2(x)ϕirk(x)dx

−⎛⎝ 

n

s�1

ϕ
′

is1(L)qis1(t)

+ 
n

s�1

ϕ
′

is2(L)qis2(t)⎞⎠ϕirk(L)⎞⎠T(t)
r�1−n

,

(10)

where k and l are the subharmonic form indices; k rep-
resents the subharmonic form index used to normalize the
modal equation of motion (equation (10)) (as the test
function of Galerkin method [21]), and l is the second
subharmonic form. *e values of k and l can be chosen as
follows: k � 1 (first subharmonic form), l � 2 (second
subharmonic form) or k � 2, l � 1. In the present work, k �

1 and l � 2 were chosen. *e modal orthogonality equation
(5) becomes

ρA 
L

0
ϕisk(x, a)ϕirk(x, a)dx + mϕirk(L, a)ϕisk(L, a) � arsk,

EI 
L

0
ϕ
″

ı̀rk(x, a)ϕ
″

isk(x, a)dx � brsk,

⎧⎪⎨

⎪⎩

(11)

ρA 
L

0
ϕisk(x, a)ϕirl(x, a)dx + mϕirk(L, a)ϕisl(L, a) � arsl,

EI 
L

0
ϕ
″

ı̀rk(x, a)ϕ
″

isl(x, a)dx � brsl,

⎧⎪⎨

⎪⎩

(12)

where
arrk � δrs,

arrl � δrs.
 (13)

Equations (8) and (9) are used to calculate cr1 and cr2 by
the normalization of ϕirk from αrj and βrj. Equation (13) is
used in the harmonic forms normalization.

Finally, the nonlinear normal modes ϕir1(x) and ϕir2(x)

can be represented by a natural smoothing spline or a series
of trigonometric functions (equation (14)):

ϕir(x) � 
n

k�1
aik1 sin βikx(  + aik2sinh βikx(  + aik3 cos βikx( 

+ aik4cosh βikx( ,

(14)

where n is chosen equal to 3 to minimize the fitting error.

3. Friction Models

Coulomb and decay friction models are widely used in
finite element (FEM) software. In previous work [22], we
analyzed these two friction models and validated the
friction coefficient identified experimentally in the works
[16, 17] using a 1D element. *e results showed that the
1D element is not capable of modeling the contact
problem with friction. Following the improvement of the
inverse harmonic balance method [15], five new param-
eters of the hybrid friction model were reidentified using
the newly calculated experimental results. In the present
work, we analyze the different implementations of these
models to validate the friction coefficient identified ex-
perimentally in [15] using a plane stress element. Firstly,
we present the principles and formulation of FEM friction
models.

3.1. Coulomb Friction Model. In the Coulomb friction
model, the friction force is computed in an analytical
formulation:

T �
μcN(−sig(v)), if v≠ 0,

RT, if v � 0,
 (15)

where μc is the kinetic friction coefficient, N is the resultant
of the normal forces at the contact point, v the velocity at the
contact point, and RT is the resultant of the tangential force
at the contact point in the sliding direction.
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Generally, in the sticking regime, the resultant of the
tangential force RT is less than the kinetic friction force μcN.
*e sliding regime begins when the resultant of the tan-
gential force reaches and surpasses this limit (RT≥ μcN).
*is formulation is computed using the Lagrange method in
the FEM software Abaqus [12, 23]. *e formulation of the
Coulomb friction model using the penalty method in
Abaqus is similar in form to the Karnopp friction model [7]
or the velocity-limited friction model [3]. *e latter is used
to model the sticking (or presliding) regime (called the
“elastic slip” regime in Abaqus [12, 24]). *e Coulomb
friction model with a FEM penalty formulation is given by

T �

ksu, if u≤ ucrit,

μcN(−sig(v)), if u> ucrit,

⎧⎪⎨

⎪⎩
(16)

ks �
Tcrit

ucrit
, (17)

Tcrit � μcN, (18)

where Tcrit is the critical friction force and ucrit the critical
elastic slip.

In general, ks or ucrit is defined by the user in most FEM
software. However, in Abaqus, there are two options to
define the limiting values: in the first, ks or ucrit are defined
by the user (as above), while in the second, automatic option,
ucrit is calculated during the simulations using the formula:

ucrit � Ff li, (19)

where li is the characteristic contact surface length and Ff is
the slip tolerance; the default value, Ff � 0.005 [12].

*e slip tolerance Ff is also defined as the maximum
allowable “elastic slip” (presliding displacement),
expressed as a fraction of a characteristic length. *e
characteristic length is the average length of the contact
surface elements (half cylinder). A value of 0.5% is
considered typical and used by default in the code. Al-
ternatively, an absolute value (e.g., based on known ex-
perimental values) of the characteristic length may be
specified. Note that the “elastic slip” is, strictly, not slip at
all but rather refers to a relative presliding displacement
between the contact surfaces. *e relative surface dis-
placement is possible due the contact area asperities which
deform elastically without breaking. Gross slip occurs
once all the asperities are broken.

3.2. Decay Friction Model (Stribeck Friction Model). *e
decay friction model is a special case of the Stribeck friction
model [4] (equation (20)), with the exponent δ is equal to
one. Equation (20) represents the general Stribeck friction
model [4] in the slip regime. However, in the presliding (or
elastic slip) regime, the friction force takes the same value in
equations (16)–(18) with the replacement of μc by μs in these
equations (16) and (18):

T � N μc + μs − μc( e
− v/]s( )

δ

 (−sig(v)), (20)

where μs is the static friction coefficient, vs is the Stribeck
velocity, and δ is the Stribeck exponent.

To validate the friction model parameters using a FEM
code, we must validate the other parameters used as well
as the contact algorithms (surface to surface or nodes to
surface) and the slip tolerance Ff . In the present work, the
surface-to-surface contact algorithm with the hard contact
model is considered. One of the important parameters in-
vestigated is the slip tolerance Ff .

3.3.HybridFrictionModel. *is paper presents intermediate
results in a longer-term project on hybrid friction model
parameter identification and validation using the simple
friction models used to create the general hybrid friction
model.

In the previous work [15], five parameters of the hybrid
friction model were identified using Dahl [9] and LuGre
friction models [19]. Some of these parameters are the same as
those of the Coulomb and decay (Stribeck) friction model.
Starting then with these simpler models, some of the chal-
lenges associated with FEM-based parameter identification
have been highlighted. Importantly, it is clear that friction
models, as implemented in commercial FEM codes, should be
used with caution. When quantities intimately related to the
details of the friction model are considered, the resulting
physical outputsmay be significantly affected and far from true
values. For instance, the slip tolerance is an adjustable pa-
rameter that is found in the numerical friction models. *is
parameter has, however, been found to have little effect on the
computed friction force and displacement when physically
realistic values are used.

*e hybrid friction model [1, 8] (Figure 3) is based on the
principle of the LuGre model [19]. All properties and benefits
of other frictionmodels are included, namely, the dynamics of
the Dahl model [9] (i.e., hysteresis effect), the dynamics of
bristles [10], and the Stribeck effect [4]. *is model also takes
into account the distribution of the stresses in the contact area
according to the principle of Cattaneo–Mindlin [11] to model
the presliding phenomenon.

*e formulation of the hybrid friction model [1] is
represented in the following equations:

T � keze + cp _zp + cs _zs,

keze + kep ze − zp  � 0,

kep zp − ze  + kps zp − zs  + cp _zp � 0,

kps zp − zs  + cz _zs − _x(  + cs _zs � 0,

(21)

where ze, zp, and zs are, respectively, the elastic, plastic, and
partial slip relative displacements. *e presliding or sticking
regime is modeled by stiffness ke, plastic damping cp and
presliding damping cs, and two transition stiffness co-
efficients, elastic-plastic kep and plastic presliding kps, and
the slip regime is modeled by the coefficients of the Stribeck
damping cz which is given by
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cz �
σ0g( _x)

_x
, (22)

σ0g( _x) � N μc + μs − μc( e
− _x/]s( )

2

 , (23)

where g( _x) is the Stribeck function (or Stribeck friction
model [4]), μc is the kinetic friction coefficient, μs is the static
friction coefficient, and vs is the Stribeck velocity.

4. Numerical Simulation

4.1. Finite Element Modeling. In previous work [22], a 1D
FEM model (Figure 4(a)) was used to validate the friction
coefficient identified experimentally in the works [16, 17].
*is model was also compared and validated using the 2D
and 3D models. However, in this work, the beam of
Figure 1 is modeled by 2D elements FEM model
(Figure 4(b)). *en, in conjunction with the friction
models presented above, it is used to validate the friction
coefficient identified experimentally in the previous work
[15]. *e beam is discretized using 2D plane strain ele-
ments. *e validation of this FEM model is done using a
multistep mesh analysis. *is includes (i) cantilever beam
end static deflection calculation, (ii) modal analysis, and
(iii) model size optimization. However, only the modal
analysis and the model size (calculation time) were used in
the choice of the meshing method and the element size of
the half-cylinder (contact element). *e results of this
analysis are presented in Figures 5 and 6. *e description
of the elements presented in legend of those figures is
defined in Table 2.

In general, the triangular elements are the most com-
monly used to mesh the cylindrical form because of geo-
metrical compatibility. On the other hand, we have solved
the problem of the quadrilateral elements’ incompatibility
for this geometry type by dividing the circular section of the
cylinder into four parts. *is means that our contact ele-
ment (half cylinder) should be divided in two parts (two
quarter cylinders) (Figure 4(b)). *e other contacting
surface is a rigid surface for both models.

4.2. Finite Element Model Validation. *ese analyses are
necessary in this work to optimize our model mesh to reduce
the simulation time. For example, using our optimal mesh
(Figure 4(b)), the simulation for each iteration (one fre-
quency excitation of 1.2 seconds using direct implicit dy-
namic integration) takes 90 minutes using a PC having an
Intel i7 3GHz CPU and 24GB RAM. To obtain one case of
parameters analysis results this translates to 30 hours.

Figures 5 and 6 show that the quadrilateral elements give
better results than triangular elements, in both objectives
cases analysis (deflection the beam free end, and a modal
analysis) using the cantilever beam. *e CPS4I (4-node
bilinear quadrilateral with incompatible modes) element is
the best among all the elements for both cases. For this
reason, the element type was chosen to model the beam and
the half cylinder (the contact element). *e triangular ele-
ment form is the most commonly used to model the cy-
lindrical structure. In the half cylinder element (contact
element) meshing analysis, the solutions adopted to obtain
the best results are to divide the half cylinder in two parts
making it possible to use the CPS4I element for this ge-
ometry, and maintain a space ratio less than two to optimize
the number of elements with bias mesh controller con-
centrated in the contact zone.

*e characteristics of the beam modeled by FEM are
presented in Table 1. *e friction model parameters are
presented in Table 3. *e parameters μc, μs, and vs in
equation (23) were identified experimentally using the Dahl
friction model [9] and LuGre friction model [19]. *ese
models are detailed in the previous works [15–17]. *e
objective function previously used for parameter identifi-
cation is that given in equation (24). Optimization based on
an objective function is used to validate the simulation
results here as well. *e objective function is more general
than the more commonly used simpler form employed
previously in [17]. *is objective function is more useful to
compare signals with different behaviors such as the ap-
pearance of the beating phenomenon in one response signal
or of signals having different offsets (difference between the
min/max values).
Obj

�
max Texp. −min Texp. 



−
max( Tsuml.−min( Tsuml.

 

2
,

(24)

where Obj is the objective function, Texp. the experimental
friction force, and Tsuml. the simulated friction force.

All the results are obtained at the excitation force am-
plitude of 6.5 N. A proportional (Rayleigh) damping is used
to model the beam structural damping. *e mass pro-
portional damping coefficient αn is given by the following
equation:

αn � 2ωnζn, (25)

where ωn is the angular natural frequency of mode n and ζn

the corresponding damping ratio.

Cp

Cz

Cs

ke kep

kps

Zp

Ze

Zs

X

Figure 3: Schematic of the hybrid friction model [8].
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*e value of the damping ratio ζ in Table 1 is identified
experimentally using an impact test and the logarithmic
decrement method.

5. Parameter Validation

All the results of the simulation are obtained using the
software Abaqus version 6.12-3. Simulations are carried out
for 1.2 seconds, with a 10−4 second fixed time step, using the
implicit integration method. Data storage was done in 8 ×

10−4 second time intervals in order to optimize the total
simulation time. Two models were tested, the Coulomb
friction model with two different formulations and Lagrange
and Penalty formulations, and the decay friction model. We
begin by presenting the modal analysis results.

Table 4 presents the first resonance frequency. *e sim-
ulations using the two Coulomb (Lagrange and penalty)

models give approximately equal first resonance frequencies
(with a difference of 0.2Hz); the predicted frequencies are
approximately 3Hz higher than the experimental frequency
of 50Hz. However, the decay friction model is closest to the
experimental results when compared to the Coulombmodels.
For the resonance frequency, the Lagrange formulation is
better than penalty formulation, while the decay friction
model frequencies are the closest to the experimental values.

In the following figures, from Figures 7–13, the simu-
lations of two cases for each Coulomb friction model for-
mulation are presented. For the Lagrange formulation,
simulations using the two friction coefficients identified via
Coulomb and LuGre friction models (Table 3) are presented.
However, for the penalty formulation, we present the
simulation results obtained using the friction coefficient
identified via the Coulomb model with two values of the slip
tolerance (Ff ): the default value (0.005) and the optimal

(a)

(b)

Figure 4: Beam meshing: (a) 1D model; (b) 2D model.
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value (0.0015) identified during this analysis using the beam
response envelope validation criterion.

Figure 7 presents the first nonlinear normal mode
(NNM). Simulation results are compared with the experi-
mental normal modes identified using the inverse harmonic
balance method (IHB) and the linear normal mode (LNM)
of the clamped-simply supported beam. *e simulation
results using both friction models have approximately the
same NNMs; the NNM form is also very close to the first
NNM identified experimentally using the IHB. However, the

NNMof the simulation results using the penalty formulation
are even closer to the experiments NNM compared to the
Lagrange formulation results.

Note that while the simulated 1st nonlinear modes
(NNMs) appear similar to the experimental NNM, the small
difference is important. *is is because the modal spatial
derivatives are particularly critical for accurate determination
of the friction dynamics at the contact point; this is evident in
equation (10). Hence, even though the NNMs look similar,
the slight differences lead to significantly different responses
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Figure 5: Cantilever beam end deflection (b); zoom-in of the superimposed lines in (a).
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Figure 6: Computed 1st natural frequency (b); is a zoom-in of the superimposed lines in (a).
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(Figure 8).*is is largely due to the importance of the first and
the second derivatives of the mode form at the contact point
which directly affects the resulting computed friction force
T(t) in equations (4) and (10).

To better compare the results, we can use data shown in
Figure 8. In this figure, the beam response envelopes
(maximal deflections) using both formulations of the
Coulomb friction model are presented. From Figure 8(a),
Coulomb friction model with the Lagrange formulation, we
find that the friction coefficient identified using the LuGre
model μc � 0.49 yields the closer results to experiments than
the value identified using the Coulomb friction model.
Contrarywise for the penalty formulation (Figure 8(b)), the
value identified using the Coulomb friction model
(μc � 0.52) gave the best results but with the optimal value of
the slip tolerance(Ff � 0.0015). *e default value of the slip
tolerance is unable to produce the correct results.

To provide more details on the beam response, the
frequency response (FRF) of the system at the driving point
(position 555mm from the clamped end) is presented in
Figure 9 for the Coulomb and decay friction models.
Similarly to the observations made from Figure 8, the case
with μc � 0.49 for the Coulomb friction model with

Lagrange formulation (Figure 9(a)) and the case with (μc �

0.52, Ff � 0.0015) for the penalty formulation (Figure 9(b))
are the closest results to the experimental response. *ese
two cases can be considered as the optimal cases (having
optimal parameters) for each model formulation.

From Figure 9, we can also observe that the penalty for-
mulation gives smooth system response (without multiple-
resonance peaks phenomenon), in the interval 45–56Hz,
compared to the Lagrange formulation, where this phe-
nomenon is not observed experimentally in the interval (from
45Hz up to the second natural frequency (160Hz)). However,
for both formulations, there are other resonances above
56Hz, while not presented in the results, we can see the
beginning of a second possible resonance after the 1st natural
frequency in Figure 9(b). Furthermore, the experimental
response occurs over a wider frequency bandwidth. *e
large response predicted by the Coulomb friction model
with both formulations shows that the models do not
correctly capture the energy dissipation due to friction.
*is is partly expected due to the known inadequacies of
the Coulomb friction model.

Note, however, that there is gradual improvement in the
predictive behavior between the more basic Coulomb and
the improved decay friction model.*e preliminary result of
decay friction model peak frequency, in general, is closer to
the experimental resonance frequency value than Coulomb
model (Table 3); however, the beam response amplitude
(Figure 9(c)) is higher than the experimental result. *e
results of Figure 9(c) are obtained using the optimal pa-
rameters of the penalty formulation (μs � 0.52, Ff � 0.0015)

and the optimal value of μc � 0.16 presented in Table 3 from
the previous work [15] with the Abaqus decay friction
model. In the next step, a complete analysis of the decay and
Stribeck models must be done to improve our decay friction
model.

Figures 10 and 11 present the slip displacement and slip
velocity at the contact point. For both formulations, the
simulated resonance slip displacement (Figure 10) of the
optimal parameters defined above: (μc � 0.49) for Lagrange
formulation and (μc � 0.52, Ff � 0.0015) for penalty for-
mulation, leads to the closest values to experimental results.
However, all the simulated resonance slip velocities at the
contact point (Figure 11), for both formulations, are higher
than the experimental values. *is may come from the
integration and the derivative methods used in Abaqus
and/or due the inability of the Coulomb friction model to
represent the real behavior of friction especially in the
sticking condition. *us, for both formulations at low
frequencies, below the resonance, the system is in the
sticking condition (zero slip displacement for the Lagrange
formulation and slip displacement equal to the critical
displacement for the penalty formulation). For the higher
frequencies above the 1st resonance frequency, the slip
displacement (Figure 10) values are closer to the experi-
mental values. *e slip velocity (as shown in Figure 11) for
the Lagrange formulation is higher than the penalty for-
mulation case. Both formulations thus give higher results
with the penalty formulation being 1.5 times the experi-
mental values.

Table 2: Abaqus plane strain elements type.

Element
symbol Descriptions

CPS4 4-node bilinear quadrilateral element

CPS4R 4-node bilinear quadrilateral element with reduced
integration

CPS4I 4-node bilinear quadrilateral with incompatible modes
CPS8 8-node biquadratic quadrilateral element

CPS8R 8-node quadrilateral biquadratic element with reduced
integration

CPS3 3-node triangle bilinear
CPS6 6-node triangle biquadratic
CPS6M 6-node modified biquadratic triangle element

Table 4: 1st resonance frequency.

Test 1st resonance frequency (Hz)
Experimental 50
Coulomb–Lagrange formulation 52.8
Coulomb-penalty formulation 53
Stribeck (δ � 1) friction model 51.6

Table 3: Friction models parameters (6.5 N) [15].

Parameter
Coulomb
friction
model

Dahl
friction
model

Stribeck
friction
model

LuGre
friction
model

μc 0.520 0.500 0.161 0.160
μs — — 0.477 0.492
vs (m/s) — — 6.101 10−4 7.152 10−4

ucrit (m) — — 4.146 10−6 4.060 10−6

σ0 (N/m) — 1.003 10+7 — 1.140 10+4

σ1 (N·s/m) — — — 347.030
σ2 (N·s/m) — — — 0.000
δ 2

8 Shock and Vibration



We can also make the same observations in Figure 8,
where for the beam frequency response at the driving point,
for the low frequencies, the difference between the simu-
lations and the experimental results is quite large. However,
for the higher frequencies (above the resonance frequency),
there is a good match between the simulations and the
experimental results. We conclude that the Coulomb
friction model is valid and applicable only for the cases with
slipping conditions. Despite the penalty formulation im-
provement, the Coulomb friction model accuracy remains
insufficient to represent the real behavior of the sticking or
presliding condition.

Figures 12 and 13 present the contact force, tangential
(friction) force, and normal (impact) force results. *e
friction force results, Figure 12, support the conclusion
above for both formulations. *e simulated friction force
levels at the resonance frequency have closest values to the
experimental results when the optimal parameters defined

above are used. However, the simulated normal force levels
obtained using the optimal parameters (Figure 13) at the
resonance frequency are slightly higher than the experi-
mental values, with an error of 4.39N (4.93%) for the
Lagrange formulation and 3.56N (4%) for the penalty
formulation. *us, even when the results of the friction
force, the system response, and the slip displacement are
close to the experimental values, both formulations of the
Coulomb model lead to slightly different values for the
normal force. *e continuous nature of the penalty for-
mulation slightly improves the normal force result com-
pared to the discontinuous Lagrange formulation.

Finally, we can use these results (Figures 8, 9, and 11) to
obtain the optimal Coulomb friction model parameters for
the FEM model. *e optimal parameters are (Ff between
0.0015 and 0.005 with μc � 0.52) for the penalty formulation.
For the Lagrange formulation, μc is less than 0.49 for the
response system validation criterion and between 0.52 and
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Figure 7: 1ST Nonlinear normal mode: (a) Lagrange formulation; (b) penalty formulation.
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0.49 for the others validation criteria. In conclusion, we note
that the accurate optimal parameters of the different Cou-
lomb frictionmodel formulations affect the system response,
the friction force, and the slip displacement in the same
manner and differently to the normal force.

6. Parameter Sensitivity Analysis

In this section, we investigate the parameter sensitivity of the
two Coulomb frictionmodel formulations. In Figures 14–19,
we present the simulation results using the parameters of the
two cases presented in Figure 7 to Figure 13 plus other cases
near the optimal parameters of both formulations. However,
we present only the figures (or the validation criteria) where
the parameter variation effect is clear. Furthermore, the
sensitivity of the two parameters in the penalty formulation
is presented separately: subpart “b” in Figures 14–19 for the
slip tolerance Ff analysis and subpart “c” in Figures 14–19
for the friction coefficient μc analysis.

In the Lagrange formulation (Figure 14(a)), when the
optimal parameter (μc � 0.49) is increased by 2%, the beam
response envelope decreases by 17% relative to the optimal
parameter response. However, the beam response envelope
increases by 28% of the optimal parameters response when
μc is decreased by 2% below the optimal value μc � 0.49.

For the penalty formulation (Figures 14(b) and 14(c)),
firstly, the slip tolerance Ff sensitivity was tested by fixing
the friction coefficient μc at 0.52 (Figure 14(b)). It was found
that the beam response envelope increased with increasing
slip tolerance Ff (which means with increasing critical dis-
placement ucrit). Additionally, it was noted that the optimal
slip tolerance Ff could be improved within the interval
(0.0011 to 0.0015) by using the experimentally identified
μc � 0.52. *e friction coefficient μc sensitivity was also
tested (Figure 14(c)) by fixing the slip tolerance Ff to two
values: the default value (Ff � 0.0050) and the optimal
value (Ff � 0.0015). *ese two cases are analyzed to un-
derstand the behavior of the μc variation. It was found that
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Figure 9: FRF at driving point, Coulomb friction model: (a) Lagrange formulation, (b) penalty formulation, and (c) decay friction model.
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the beam response envelope increased with decreasing μc
for both cases.

*e same approach was used to analyze the other criteria
presented in Figures 13–17.

For the following two criteria, FRF at driving point
(Figure 15) and slip displacement (Figure 16), the obser-
vations of the parameters sensitivity are similar to the beam
response envelope (Figure 14) where, the simulation result
values increase with decreasing μc for both criteria using
both formulations (Figures 15(a), 15(c), 16(a), and 16(c)),
and the simulated values increase with increasing Ff for

the penalty formulation. Furthermore, for the penalty for-
mulation, using the slip tolerance optimal value Ff � 0.0015,
the simulation result approaches the experimental value,
unlike the case using the default value (Ff � 0.0050), with
the appearance of a multi resonance, confirming the stability
response of the slip tolerance Ff optimal value.

For the slip velocity criterion (Figure 17), the observa-
tions of the parameters sensitivity are similar as the FRF at
driving point (Figure 15) and slip displacement (Figure 16)
for the penalty formulation (Figures 17(b) and 17(c)).
However, for the Lagrange formulation, the simulated slip
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tolerance (Figure 17(a)) behaves differently around the
optimal friction coefficient, μc � 0.49. *e simulated value
increases away from the experiment at value for increasing
or decreasing friction coefficient μc. *is is another con-
firmation that μc � 0.49 is the optimal value for the Lagrange
formulation.

For the following two criteria, the friction force (Fig-
ure 18) and the normal force (Figure 19), the simulation
values decrease for decreasing μc in the Lagrange formu-
lation (Figures 18(a) and 19(a)) and also by decreasing Ff
using the penalty formulation (Figures 18(b) and 19(b)).
Furthermore, for the penalty formulation, using the default

slip tolerance Ff leads to values far from the experiments,
and there is a small difference for the values around the
optimal value Ff � 0.0015. For the penalty formulation, the
friction force (Figure 18(c)) increases with increasing fric-
tion coefficient μc. However, the normal force (Figure 19(c))
decreases with increasing μc using the optimal value
μc � 0.52, which leads to the closest values in experiments
for both criteria.

Finally, we conclude from this analysis that using the op-
timal parameter values (μc � 0.49 for the Lagrange formulation
and Ff � 0.0015 with μc � 0.52 for the penalty formulation)
yields the smoothest (the most stable) simulated results and
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Figure 12: Friction force: (a) Lagrange formulation; (b) penalty formulation.
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Figure 14: Beam response envelope (deflation maximal): (a) Lagrange formulation and penalty formulation; (b) Ff sensitivity; (c) μc
sensitivity.
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Figure 15: FRF at driving point: (a) Lagrange formulation and penalty formulation; (b) Ff sensitivity; (c) μc sensitivity.
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Figure 16: Slip displacement: (a) Lagrange formulation and penalty formulation; (b) Ff sensitivity; (c) μc sensitivity.
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Figure 17: Slip velocity: (a) Lagrange formulation and penalty formulation; (b) Ff sensitivity; (c) μc sensitivity.
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Figure 18: Continued.
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Figure 18: Friction force: (a) Lagrange formulation and penalty formulation; (b) Ff sensitivity; (c) μc sensitivity.
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Figure 19: Contact normal force: (a) Lagrange formulation and penalty formulation; (b) Ff sensitivity; (c) μc sensitivity.
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the closest to experimental values for the six validation crite-
ria presented above. *is validates and confirms the accuracy of
the friction model parameters identified using the inverse
harmonic balance method IHB with LuGre model for the
Lagrange formulation and with Coulomb friction model for
the penalty formulation. We can conclude also that the accu-
rate optimal parameters of the different Coulomb friction
model formulations affect the system response, the slip dis-
placement, and the slip velocity in the samemanner.*e friction
force and normal forces are affected differently.

We can use the results of Figures 7–18 to obtain the best
(optimal) Coulomb friction model parameters for the FEM
model. *e optimal parameters are for Ff between 0.0015
and 0.0020 with μc � 0.52 for the penalty formulation and μc
between 0.48 and 0.49 for the Lagrange formulation.

*e friction coefficient identified experimentally using
the Coulomb model is the optimal value for the penalty
formulation of the Coulomb model. However, the friction
coefficient identified experimentally, using the LuGre fric-
tion model, is the optimal value for the Lagrange formu-
lation of the Coulomb model. *is can be generalized only
after testing different cases in future work.

Modeling the Stribeck effect also significantly improves
the resonance frequency prediction. *e next step involves
moving to more sophisticated models—the Dahl, LuGre,
and, eventually, the Hybrid friction models. Prior to this, the
role played by the numerical implementation of these
models in the FEM codes needs to be verified. *is is im-
portant because the implementation of the frictionmodels in
FEM codes is not mathematically trivial and involves ad-
justments and additional parameters.

Finally, a word concerning the slip displacement: this
displacement is an important quantity used to calculate the
wear work rate (26). *e slip displacement value at the
contact point is plotted versus frequency in Figures 10 and
16 for the Coulomb model. *e values of the slip dis-
placement generated by the Coulomb friction model are
close to the experimental ones at resonance and too small
(even equal to zero for the Lagrange formulation) for fre-
quencies lower than the resonance frequency. *is leads to
smaller computed work rates compared to the experimental
values in this frequency interval.

_W �


t

0 N(t) · _u(t)dτ


t

0 dτ
, (26)

where _W is the work rate, N(t) is the normal force, _u(t) is
the sliding velocity, and t is the duration of contact.

7. Conclusion

*is paper presents the first step to validate, using 2D plane
strain FEM elements, the parameters identified in previous
work [15] using the inverse harmonic balance method re-
sults and the basic models of the hybrid friction model.

*e accuracy of the friction model parameters identified
using the inverse harmonic balance method (IHB) with the
LuGre model is validated using the Lagrange formulation.
*e parameters identified with Coulomb friction model are

validated using the penalty formulation. *e accuracy of the
optimal parameters of the different Coulomb friction model
formulations affects the system response, the slip displace-
ment, and the slip velocity in the same manner but differ-
ently from the friction and normal forces.

Both models produce friction forces, normal forces, and
slip displacements of the correct order of magnitude
compared to the friction force calculated using the inverse
harmonic balance method at the resonance frequency.
However, their FRF bandwidths are significantly far from
the experimental results. Furthermore, Coulomb and decay
friction models yield modal parameters (resonance fre-
quency and NNMs) that are close to those of the experi-
ments. *e decay friction model yields the results closest to
experiments for the NNMs and resonance frequency.

*e Coulomb friction model is valid and applicable
only for cases with slipping conditions. Despite the im-
provement gained using the penalty formulation in the
Coulomb friction model, it remains insufficiently accurate
to represent the real physical behavior for sticking or
presliding condition.

*e present work demonstrates that both static friction
models produce results closest to the experiments at reso-
nance in the slipping regime, but are incapable of accurately
representing all the behaviors of friction, especially in the
sticking regime, ultimately leading to incorrect work rate
estimates in the complete frequency range. *e results
presented here represent a part of ongoing work aimed at
modeling the detailed physics underlying friction.

Nomenclature

A: Area of the cross section of the beam
E: Young’s modulus
F: Excitation force by a shaker
Fc: Kinetic friction force limitation
Fex: Excitation force amplitude
Ff : Slip tolerance (fraction of characteristic contact

surface length)
Fs: Static friction force limitation
I: Quadratic bending moment
L: Length of the beam
N: Resultant of the normal force
Obj: Optimization objective function
P: Static load to ensure permanent contact between the

beam and support
R: Support reaction (“impact” force)
RT: Resultant of the force at the contact point in the

sliding direction
T: Frictional force
Tcrit: Critical friction force
Texp.: Experimental friction force
Tsuml.: Simulated friction force
Xf : Position of the excitation point
_W: Work rate

cp: Plastic damping
cs: Presliding damping
cz: Stribeck damping
e: *ickness of the beam
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g( _x): Stribeck function
ke: Elastic stiffness
kep: Elastic-plastic stiffness
kps: Plastic presliding stiffness
li: Characteristic contact surface length
m: Half cylinder mass (contact element)
n: Mode index
qi: Linear generalized coordinates
qi: Nonlinear generalized coordinates
r: Radius of the contact element (half cylinder)
(t): Time dependence
u: Displacement at the contact zone
ucrit: Elastic slip
xj: Position of the accelerometer j
(x): Position dependence
y: System response (beam deflection)
yj: System response of the accelerometer j
ze: Elastic slip relative displacements
zp: Plastic slip relative displacements
zs: Partial slip relative displacements
α: Proportional mass damping
αn: Proportional mass damping of mode n

δ: Stribeck exponent
ζ: Damping ratio
ζn: Damping ratio of mode n

μc: Kinetic friction coefficient
μs: Static friction coefficient
ρ: Density of the beam material
v: Velocity at the contact area
ϕi
: Linear normal modes

ϕi
: Nonlinear normal modes

ϕir1
: First subharmonic form or cosines subharmonic

form
ϕir2: Second subharmonic form or sine subharmonic

form
ωn: Natural frequency of mode n.
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-is paper studies the nonlinear resonance of a cavity filled with a nonlinear biphasic mediummade of a liquid and gas bubbles at
a frequency generated by nonlinear frequency mixing. -e analysis is performed through numerical simulations by mixing two
source signals of frequencies well below the bubble resonance. -e finite-volume and finite-difference based model developed in
the time domain simulates the nonlinear interaction of ultrasound and bubble dynamics via the resolution of a differential system
formed by the wave and Rayleigh–Plesset equations. Some numerical results, consistent with the literature, validate our procedure.
Other results reveal the existence of a frequency shift of the cavity resonance at the difference-frequency component, which rises
with pressure amplitude and evidences the global changes undergone by the bubbly medium under finite amplitudes. Finally, this
work shows the enhancement of the amplitude of the difference-frequency component generated by parametric excitation using
the nonlinear resonance shift, which is more pronounced when the second primary frequency is constant, the first one is varied to
match the nonlinear resonance, and both have the same amplitude.

1. Introduction

Adding bubbles to a liquid modifies its acoustic properties
[1–5].-e nonlinear parameter increases by several orders of
magnitude. -e sound speed, attenuation coefficient,
compressibility, and nonlinear parameter acquire dispersive
dependence on bubble resonance. -e nonlinear interaction
of ultrasound and bubble oscillations must be understood to
take advantage of these properties in different applied
frameworks such as sonochemistry [6], medicine [7], and
others [8, 9]. Lauterborn, in [10], studies the nonlinear
behavior of a single bubble in an acoustic field to analyze the
effect of the pressure amplitude on the bubble resonance and
concludes that a shift of the bubble resonance exists and is
dependent on pressure amplitude.

-e nonlinearity of the medium is responsible for
the generation of harmonics from the fundamental fre-
quency and generates combinations of frequencies by
nonlinear frequency mixing (sum frequency and difference

frequency) when several ultrasonic signals travel through
the medium [11]. -ese effects have multiple applications.
Medical imaging can be generated from higher harmonic
components [12]. Underwater exploration or transmission
and nondestructive testing are fields where the difference-
frequency signal has a huge interest because of its low
attenuation, good directivity, and high penetration [13, 14].
Characterization and detection of bubbles are also at-
tractive applications of the frequency mixing phenomenon
[15–18].

Several studies based on linear models have been per-
formed to understand the behavior of ultrasonic waves in
bubbly liquids inside a cavity [19–21]. Omta studied the
behavior of a bubbly liquid cloud in [22] showing that the
nonlinear response emitted from the cloud, much lower than
the bubble resonance, is determined mainly its total gas
content. Other studies that analyze the behavior of standing
ultrasonic waves are based on nonlinear models [23, 24]. In
those papers, both the sound speed and the resonance
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frequencies are calculated without taking into account the
amplitude of the waves [2, 3]. In this paper, we aim at
showing that the pressure amplitude of the signal changes
the resonance of the cavity (and the sound speed).

-e dependence of the resonance frequency on drive
amplitude has been observed in solids, for which the
nonlinear features of ultrasound are used in areas as damage
diagnostics in materials [25], granular media and dynamic
earthquake triggering [26], and fluids in closed tubes of
variable cross section [27]. Omta also analyzed in [22] the
signal emitted from a bubbly liquid cloud as a function of the
amplitude of the acoustic perturbation, concluding that the
frequency of this signal undergoes a variation that is am-
plitude dependent. Up to our knowledge, that paper, and
more specifically its Figures 4–6, was the very first dem-
onstration of the shift of the resonance of a bubbly cloud
with pressure amplitude. Matsumoto and Yoshizawa, in
[28], also detected the shift with pressure amplitude of the
resonance of a cluster containing a bubbly liquid. -is effect
has also been studied in bubbly liquids for a resonance
frequency associated to the multiple scattering of bubbles
that changes as a function of the amplitude of an incident
Gaussian pulse [29].

-e objective of this work is to study the variation with
pressure amplitude of the resonance of a one-dimensional
resonator filled with a fluid made of a liquid and gas bubbles
when working at nonlinear regime by mixing two finite-
amplitude continuous excitation signals. Frequencies well
below the bubble resonance are used to take advantage of the
nonlinearity of the dispersive medium with a relative low
attenuation.

In Section 2, we present the physical problem and the
corresponding mathematical model used in this work.
Several numerical experiments performed by varying the
amplitude at the source are shown in Section 3.-ey allow us
to observe the nonlinear resonance phenomenon of the
cavity at the difference-frequency component generated by
nonlinear frequency mixing. -is resonance frequency shift
is used to maximize its amplitude. Similarities with classic
results are also commented. Section 4 gives the conclusions
of this work.

2. Materials and Methods

We consider a one-dimensional cavity of length L filled with
a mixture of water and air bubbles. Under the Rayleigh–
Plesset approximation, we suppose that, among others, the
bubbles are spherical and have the same size.We also assume
that they are evenly distributed in the liquid. -e model
assumes that bubbles are the only source of attenuation,
dispersion, and nonlinearity. -e buoyancy and Bjerknes
and viscous drag forces are not considered in this work. -e
interaction between the acoustic pressure p(x, t) and the
volume variation of the bubbles v(x, t) � V(x, t)− v0g is
modeled by the wave equation, Equation (1), and a
Rayleigh–Plesset equation, Equation (2) [3, 30], where x is
the one-dimensional space coordinate, t is the time, V is the
current volume of the bubble, and v0g � 4/3πR3

0g is the initial
bubble volume, with R0g as the initial radius.

z2p

zx2 −
1
c20l

z2p

zt2
� −ρ0lNg

z2v

zt2
,

0<x< L, 0< t<Tt,

(1)

z2v

zt2
+ δω0g

zv

zt
+ ω2

0gv + ηp � av
2

+ b 2v
z2v

zt2
+

zv

zt
 

2
⎛⎝ ⎞⎠,

0≤ x≤ L, 0< t<Tt.

(2)

In Equation (1), c0l and ρ0l are the sound speed and the
density at the equilibrium state of the liquid. Ng is the density
of bubbles, i.e., the bubble number per m3. In Equation (2),
δ � 4]l/ω0gR

2
0g is the viscous damping coefficient of the

bubbly fluid, in which ]l is the cinematic viscosity of the liquid
and ω0g �

�����������
3cgp0g/ρ0lR2

0g


is the resonance frequency of

the bubbles, where cg is the specific heats ratio of the gas,
p0g � ρ0gc20g/cg is its atmospheric pressure, and ρ0g and c0g are
the density and sound speed at the equilibrium state of the
gas. -e parameter η � 4πR0g/ρ0l and the nonlinear co-
efficients a � (cg + 1)ω2

0g/2v0g and b � 1/6v0g are constant.
-e numerical experiments last a total time Tt. In the fol-
lowing studies, Section 3, the value of this parameterTt is high
enough to ensure that the steady state of the waves is reached.
-e system is closed by supposing that the liquid and the
bubbles are unperturbed at the onset of the studies:

p(x≠ 0, 0) � 0,

v(x, 0) � 0,

zp

zt
(x≠ 0, 0) � 0,

zv

zt
(x, 0) � 0, 0≤ x≤ L,

(3)

and the resonator is excited by a time-dependent pressure
source s(t) placed at x � 0:

p(x � 0, t) � s(t), 0≤ t≤Tt, (4)

and a free-wall condition is imposed at the reflector:

p(L, t) � 0, 0≤ t≤Tt. (5)

To solve this differential system, we use a numerical
model developed in [24] based on a finite volume method in
the space dimension and a finite difference method in the
time domain. -e frequency components of the time-
dependent solution used in the next section are obtained
by applying a fast Fourier transform.

3. Results

-e objective of this section is, using the phenomenon
known as nonlinear frequency shift [22, 28, 29], to show the
enhancement of the difference-frequency component gen-
erated in a cavity that contains a bubbly liquid by nonlinearly
mixing two signals of different frequencies.
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-e following data for the bubbly liquid are set into
themodel: c0l � 1500 m/s, ρ0l � 1000 kg/m3, and ]l � 1.43 ×

10−6 m2/s for the liquid (water) and c0g � 340 m/s,
ρ0g � 1.29 kg/m3, and cg � 1.4 for the gas (air). We use
bubbles of radius R0g � 2.5 μm, and the bubble density
is Ng � 5 × 1011 m−3.

Although very few studies exist in the literature, the
dependence of the resonance of a bubble cloud on pressure
amplitude is a phenomenon, known as nonlinear frequency
shift, that has been observed previously in seminal papers by
Omta [22], Matsumoto and Yoshizawa [28], and Doc et al.
[29]. In Appendix, we show some results obtained with the
model described in the above section that corroborate the
conclusions of these papers: (i) the increase of pressure
amplitude induces the nonlinear frequency shift of the cavity
resonance; (ii) this effect relies on the softening of the bubbly
liquid, that is due to the variation of the average volume of
bubbles; and (iii) this nonlinear effect is more pronounced at
higher void fraction in the cavity.

We focus now on the discussion on the application of the
softening behavior of the bubbly liquid by taking advantage of
the nonlinear frequency shift to strengthen the amplitude of
the difference-frequency component generated in the context
of the nonlinear frequency mixing of two signals of different
frequencies [1, 31]. To this purpose, the analysis is performed
by means of a comparison of several numerical experiments
for which we search the highest response by parametric
emission, i.e., the maximal response of the system at the
difference frequency fd � f2 −f1: (1) by setting the first
primary source frequency f1 at a constant value and moving
the second primary source frequency f2, with the same
constant source amplitude for both the first and the second
primary signals p01 � p02; (2) by settingf1 at a constant value
and moving f2 and considering two subcases, (a) a constant
p02 and a varied p01 and (b) a constant p01 and a varied p02;
(3) by setting f2 at a constant value and moving f1, with the
same constant value p01 � p02.

To this end, in this section the pressure source we use is
s(t) � p01 sin(ω1t) + p02 sin(ω2t), where ω1 � 2πf1 and
ω2 � 2πf2. -e cavity length is set to fit the linear resonance
at the difference frequency fdL � 200 kHz, L � λdL/2 �

0.0031 m, where λdL � cdL/fdL is the wavelength and cdL �

1222.8 m/s is the sound speed in this biphasic and dispersive
medium at this frequency [3]. We study the nonlinear res-
onance shift of the difference-frequency component of the
signal pressure in the cavity. For each numerical experiment 1
to 3, simulations are performed varying the source amplitude.
For each amplitude, we apply a frequency sweep, in such a
way that the difference frequency fd is around the linear
resonance fdL, by increments δf � 10 Hz to evaluate the
highest difference-frequency pressure amplitude reached in
the cavity pdm at each frequency, and themaximal value pdmax
over the frequency range is then localized. Note that we work
at primary frequencies chosen to be close to half the resonance
frequency of the bubbles since the nonlinearity is high at this
frequency in the dispersive medium [3].

Case 1. -e first primary frequency is constant,
f1 � 700 kHz, whereas the second primary source

frequency f2 is moved from 896 kHz up to 902 kHz. -e
source amplitude is varied from p01 � p02 � 1 kPa up to
p01 � p02 � 6.5 kPa. Figure 1 shows the result, i.e., pdm as a
function of frequency (around fdL) over the amplitude
range. It is seen here that the behavior of the difference-
frequency component is assimilated to others previously
observed through other frequencies, i.e., it shows the same
main properties when amplitude is raised as the ones de-
scribed in the literature and in Appendix [22, 28, 29], which
means that the amplitude-dependent behavior of the me-
dium can also be characterized by the behavior of fd. -e
resonance of the cavity at the difference frequency clearly
undergoes a dependence on pressure amplitude, i.e., a
nonlinear frequency shift exists.-is means that the softening
of the bubbly liquid in the cavity with pressure amplitudes
also affects the difference-frequency component. In this case,
at p01 � p02 � 6.5 kPa, the resonance is at fd � 197.6 kHz,
denoted by fdNL, the frequency shift is ΔfdNL � 2.4 kHz,
and the highest value is pdNL � 19.794 kPa, which is 304.5%
of the source amplitude. Since L is constant, this frequency
shift means that the sound speed in the medium is cdNL �

2LfdNL � 1208.12 m/s. Also, the symmetry of the curves
around the linear resonance observed at the lowest ampli-
tudes is lost when the latest rise, the nonlinear attenuation
reduces the ratio of pdmax to source amplitude.

Figure 2 presents the frequency shift Δf obtained as a
function of pressure amplitude at the source p01 � p02 (a), as
a function of average bubble volume increase Δv (b), and the
maximal value of difference-frequency pressure amplitude
reached in the cavity pdmax over the frequency range as a
function of pressure amplitude at the source p01 � p02 (c).
-e fitting curves are also displayed (green color). A 4th
degree polynomial fit is obtained for Figure 2(a). -is means
that the frequency shift increases hugely as the pressure
amplitude rises.-e linear dependence of the frequency shift
observed in Figure 2(b) proves that the softening of the
medium is due to the increase of the mean bubble volume
that raises the compressibility, and thus, the nonlinearity of
the bubbly medium. Figure 2(c) is a consequence of the two
other diagrams, and a 3rd degree polynomial fit is obtained,
which means that the nonlinearity of the medium due to the
increase of the pressure amplitude generates a huge
difference-frequency amplitude.

-e source amplitude for this study is p01 �

p02 � 6.5 kPa, and we analyze the difference-frequency
generation by comparing the results when we do take
into account the nonlinear resonance frequency shift and
when we do not. -e study is thus performed at two dif-
ference frequencies, fdL � 200 kHz, which is the linear
resonance, and fdNL � 197.6 kHz, which is the nonlinear
resonance found above at this source amplitude (Figure 1),
i.e., the frequency that produces the highest response by
parametric emission in this case. -e primary frequencies at
the source are set at f1L � 700 kHz and f2L � f1L + fdL �

900 kHz for the linear resonance case and at
f1NL � 700 kHz and f2NL � f1NL + fdNL � 897.6 kHz for
the nonlinear resonance case. Figure 3 shows the pressure
amplitude distribution along the cavity of the primary
frequencies f1L, f2L, the difference frequency fdL
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Figure 2: Fitting curves in Case 1 of frequency shift Δf vs. pressure amplitude at the source p01 � p02, denoted by p0 in (a) and vs. average
volume increase Δv (b) and maximal value of difference-frequency pressure amplitude pdmax over the frequency range vs. pressure
amplitude at the source p01 � p02, denoted by p0 in (c).
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Figure 1: Maximum difference-frequency pressure amplitude in the cavity pdm vs. frequency (around fdL) for different source amplitudes
in Case 1.
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(continuous lines), the primary frequencies f1NL, f2NL, and
the difference frequency fdNL (dashed lines). Different
amplitudes are observed for fdL and fdNL. -e response at
the difference frequency is much better by taking into ac-
count the nonlinear frequency shift. Whereas the maximum
pressure for fdL is pdL � 9.217 kPa (141.8% of the source
amplitude), the corresponding value for fdNL is pdNL �

19.794 kPa (304.5% of the source amplitude, which is a very
high value for parametric emission). -e benefit drawn in
terms of difference-frequency amplitude is 162.7%. It is also
interesting to note that by moving one of the primary source
frequencies, f2 from f2L to f2NL, its amplitude decreases,
pf2NL
<pf2L

, whereas the amplitude of the other primary
signal increases, pf1NL

>pf1L
. -is results clearly shows that,

by taking into account the resonance frequency shift, the
second source frequency is the one that undergoes a strong
loss of energy to feed the difference-frequency component
that acquires intensity and becomes much stronger,
pdNL >pdL. -is behavior is most likely due to the fact that
f2 is closer to the bubble resonance (see Case 3).

Case 2. -e first primary frequency is constant,
f1 � 700 kHz, whereas the second primary source fre-
quency f2 is moved from 896 kHz up to 902 kHz. Two
configurations are considered here. For the first one, the
source amplitude of the second primary component is
constant, p02 � 6.5 kPa, whereas the source amplitude of the
first primary component is varied from p01 � 6.5 kPa up to
p01 � 8.125 kPa. Figure 4(a) shows pdm as a function of
frequency (around fdL) for three amplitude values. At
p01 � 8.125 kPa, the resonance is at fdNL � 196.54 kHz, the
frequency shift is ΔfdNL � 3.46 kHz, and the highest value is
pdNL � 22.276 kPa, which is 274.2% of the source amplitude.
Since L is constant, this frequency shift means that the sound
speed in the medium is cdNL � 2Lf � 1201.65 m/s. For the

second configuration, the source amplitude of the first
primary component is constant, p01 � 6.5 kPa, whereas the
source amplitude of the second primary component is varied
from p02 � 6.5 kPa up to p02 � 8.125 kPa. Figure 4(b) shows
pdm as a function of frequency (around fdL) for three
amplitude values. At p02 � 8.125 kPa, the resonance is at
fdNL � 196.24 kHz, the frequency shift is ΔfdNL �

3.76 kHz, and the highest value is pdNL � 23.674 kPa, which
is 291.4% of the source amplitude. Since L is constant, this
frequency shift means that the sound speed in the medium is
cdNL � 2LfdNL � 1199.81 m/s.

It must be noted that the nonlinear curves are not
symmetric. Also, the maximal values obtained for Case 2 are
lower, relatively to the source amplitude (even at more
source amplitude), than the one obtained for Case 1, for
which the same amplitude at the source is applied to both
primary frequencies.

Case 3. -e second primary frequency is constant,
f2 � 900 kHz, whereas the first primary source frequency
f1 is moved from 698 kHz up to 704 kHz. -e source
amplitude is set at p01 � p02 � 6.5 kPa. Figure 5 shows the
comparison of pdm as a function of frequency (around fdL)
over the amplitude range in this case and in Case 1. -e
general behavior observed in Case 1 becomes apparent here
as well, especially a clear nonlinear frequency shift of res-
onance at the difference frequency compared to the linear
resonance. However, the efficiency of the mixing-frequency
process is higher in Case 3, giving a higher amplitude
of the difference-frequency component, pdNL � 20.825 kPa
(320.4% of the source amplitude, at fdNL � 197.38 kHz with
ΔfdNL � 2.62 kHz) instead of pdNL � 19.794 kPa (304.5% of
the source amplitude, at fdNL � 197.6 kHz with ΔfdNL �

2.4 kHz) in Case 1. In Case 3, the sound speed in the
medium is cdNL � 2LfdNL � 1206.83 m/s instead of cdNL �

2LfdNL � 1208.12 m/s in Case 1.
-is effect is the most likely due to the following. At finite

amplitude, the bubble resonance also undergoes a variation
from its linear value, f0g � ω0g/(2π) � 1.34 MHz, toward
lower frequencies, and this frequency shift increases with
amplitudes [10]. -us, when f2 is constant, at high am-
plitudes the difference between the nonlinear bubble reso-
nance and the primary frequency f2 is significantly reduced,
whereas when f1 is constant that difference depends on f2
that is moving (toward lower values when fitting the non-
linear resonance). Since the primary frequency f2 is the one
that gives most energy to the difference-frequency com-
ponent [24], the f2 component of the source then tends to
excite the bubbles with more intensity in such a way that the
bubbles oscillate around a mean volume that is higher in
Case 3 than in Case 1. -e softening of the bubbly medium
that takes place in the cavity is thus more pronounced in
Case 3 than in Case 1 (see Appendix and Refs. [22, 28, 29]),
and this gives way to a frequency shift of the difference
frequency in the cavity that is higher and produces more
intensity in Case 3 than in Case 1.

-e results obtained in this section suggest the following
new points that are of great interest in the framework of
nonlinear ultrasound in bubbly liquids: the nonlinear
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Figure 3: Pressure amplitude distribution of frequency compo-
nents along the resonator in Case 1 at p01 � p02 � 6.5 kPa:
f1L � 700 kHz, f2L � 900 kHz, fdL � 200 kHz (blue, green, and
red continuous lines, respectively) and f1NL � 700 kHz,
f2NL � 897.6 kHz, fdNL � 197.6 kHz (blue, green, and red dashed
lines, respectively).
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frequency shift of the cavity resonance (decrease of sound
speed, softening of the medium by increase of the effective
bubble volume with pressure amplitude) can be applied to the
mixing of two signals of different frequencies to strengthen
the nonlinear generation of the difference frequency com-
ponent; the comparison of Cases 1 and 2 and Cases 1 and 3
performed above, with primary frequencies well below the
bubble resonance, evidences that the enhancement of the
difference-frequency component at the nonlinear resonance
is very effective (in relation to the source amplitude) when the
second primary frequency is constant, whereas the first one is
varied to match the nonlinear resonance, and both primary
component amplitudes are set at the same value; an un-
balanced contribution, in terms of amplitudes, of the primary
signals limits the necessary equilibrium to maximize the
difference frequency but promotes the generation of har-
monics of the strongest primary signal; and a variation of the
second primary frequency instead of the first one limits the
efficiency of the nonlinear mixing frequency.

4. Conclusions

-is work shows that a frequency shift, which grows with
pressure amplitudes (nonlinear resonance effect), of a sys-
tem composed by a bubbly liquid in a cavity exists at the
difference-frequency component generated by nonlinear
frequency mixing of two primary signals at frequencies well
below the bubble resonance. -is numerical study also
analyzes different ways to enhance the intensity of the
difference-frequency signal using this nonlinear resonance
effect and suggests the use at the source of a constant second
primary frequency combined with a varied first primary
frequency to adjust the difference frequency at the nonlinear
resonance, both at the same amplitude.

Appendix

In this appendix, we study the nonlinear resonance shift in
the cavity for a single-frequency excitation around f �

200 kHz with the bubble density Ng2 � 5 × 1011 m−3. -e
pressure source used is s(t) � p0 sin(ωft) where p0 is the
amplitude, ωf � 2πf. -e length of the cavity is set to be
resonant at L � λ/2, where λ � cf/f is the wavelength
and cf is the sound speed in this biphasic and dispersive
medium at this frequency [3]. At f � 200 kHz, cf �

1222.8 m/s and L � cf/2f � 0.0031 m. We perform sim-
ulations varying p0 from 1 Pa up to 250 Pa, and at each
amplitude, a frequency sweep around f is done (with in-
crement δf � 10 Hz) to localize the frequency at which the
maximum pressure amplitude is reached in the cavity pm.
Figure 6(a) shows the result. For the lowest amplitudes
(linear case), the curve is perfectly symmetric, and pmax �

113 Pa � pL corresponds to the linear resonance fL �

200 kHz for p0 � 1 Pa. By increasing p0, pmax corresponds
to lower frequencies (the nonlinear resonance and the
frequency shift are amplitude dependent), and it is also
reduced in relation to p0 due to the nonlinear attenuation,
and the symmetry around the resonance is lost. Similitude
about the behavior of the frequency shift from the linear
resonance with the frequency variation undergone by the
single bubble resonance shown by Lauterborn exists [10].

f (Hz) ×105
1.96 1.97 1.98 1.99 2 2.01 2.02

p d
m

 (P
a)

×104

0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

2
2.2
2.4

p01 = 6500Pa
p01 = 7800Pa
p01 = 8125Pa

(a)

×104

p d
m

(P
a)

0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

2
2.2
2.4

f (Hz) ×105
1.96 1.97 1.98 1.99 2 2.01 2.02

p02 = 6500Pa
p02 = 7800Pa
p02 = 8125Pa

(b)

Figure 4: Maximum difference-frequency pressure amplitude in the cavity pdm vs. frequency (around fdL) in Case 2 (constant f1, varied
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For p0 � 250 Pa, the resonance is at fNL � 198.74 kHz (the
frequency shift is ΔfNL � 1.26 kHz). Since L remains the
same at all amplitudes, the resonance shift means a change
of sound speed in the medium with amplitudes. -is value
here is cNL � 2LfNL � 1215.1 m/s. -us, the medium ex-
periences a modification of its acoustic properties when
amplitudes change, not only on a local basis (velocity of
particles) when nonlinear distortion occurs (e.g., as for a
shock wave), but on a global basis. It undergoes a softening
process when pressure amplitudes are raised, due to the
increase of the effective bubble volume. At nonlinear regime,
the positive volume variations prevail over the negative
values, and the bubble oscillations are then produced around
a mean volume that is bigger than the initial one, v+

0g > v0g,
which lowers the sound speed in the effectivemedium [3].-e
effect of the variation of bubble density in the cavity on its
nonlinear resonance shift is briefly described in the following.
-e sound speed and resonator length are cf � 1314.1 m/s
and L � cf/2f � 0.0033 m for Ng1 � 3 × 1011 m−3, cf �

1222.8 m/s and L � cf/2f � 0.0031 m for Ng2, and cf �

1148.2 m/s and L � cf/2f � 0.0029 m for Ng3 � 7×

1011 m−3. We keep the same amplitude sweeping range as
above. Figure 6(b) represents the resonance frequency vari-
ation from the linear resonance at f � 200 kHz as a function
of pmax for each bubble density, including the 3rd degree
polynomial fitting of the resonance frequency variation,
where Δf is expressed in Hz and pmax in Pa. For the same
amplitude, the frequency shift is more pronounced at higher
bubble density, since the nonlinear acoustic parameter is
higher. Moreover, at constant amplitude, Δf seems to have a
pseudolinear behavior vs. bubble density, which is qualita-
tively coherent with the results given by Brennen [5]. Nev-
ertheless, note that for the same source amplitude, the
maximum pressure reached is higher when the bubble density
is lower, since there is less attenuation in the medium.
Figure 6(c) shows the frequency shift as a function of the
average volume increase Δv for each bubble density. -e
frequency shift increases (higher maximum pressure,
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Figure 6(b)) with Δv, i.e., when the effective bubble volume is
higher, following a linear fit, where Δf is expressed in Hz and
Δv in m3. -ese conclusions are in concordance with other
results published in the literature [22, 28], which results in a
qualitative validation of our model and procedure.
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According to nonlinear characteristics of vibration signals measured on the turbine used in the aircraft environment control
system (ECS), the ensemble empirical mode decomposition (EEMD) together with fractal dimension analysis is investigated in the
paper to extract characteristic quantities for the goal of fault diagnosis of turbine bearings. Firstly, in order to filter noise signal
vibration and advance signal-to-noise signals under different statements of bearings, including normal bearing, inner ring fault,
outer ring fault, and cage fault, are decomposed by EEMD. (en correlation dimension of those signals phase is calculated,
contrasted, and analyzed after space reconstruction. (e experimental result shows that the correlation dimension, as nonlinear
geometric invariants, can be used as the characteristic quantity of ECS turbine bearing on running state. Moreover, this method
can accurately and effectively identify the running state of the bearing.

1. Introduction

(e environmental control system (ECS) of the aircraft can
ensure the comfort of the plane cabin and the safety of the
whole flight process [1]. Bearing, as the key component of
the ECS turbine, plays a vital role in the normal operation of
the whole system. (e vibration signals produced in the
bearing operation contain a lot of information. (e running
state of the bearing can be learned through the extraction
and analysis of the eigenvalues of the signals. It further
predicts the trend of state change, discovers, and eliminates
trouble in time.

Due to the large number of excitation sources in the
working environment of bearings, the vibration signals are
strongly nonlinear and nonstationary. (e traditional
classical signal processing method including time domain,
frequency domain, and time-frequency domain analysis take
time domain eigenvalue, such as root-mean-square, peak
value, and so on and Fourier transform as the foundation
mainly [2–5]. All of the methods assuming that the signal is
stationary and linear are evidently not in conformity with

the reality, which produce errors. To solve the problem, the
theory of nonlinear dynamics like fractal theory has been
developed rapidly. Fractal dimension, which is widely used
in quantitative description of nonlinear system behavior, can
quantitatively characterize chaotic attractors [6] because
different running conditions can cause different geometric
structures of vibration signals, which is in favour of dis-
tinguishing bearing states [7]. Some articles have demon-
strated the validity of fractal theory in instrument state
recognition [8–10].

Before analysis of the fractal dimension, it is necessary to
preprocess the original signal to reduce the adverse effect of
noise signal. In this research, a novel feature extraction
method based on ensemble empirical model decomposition
(EEMD) and correlation dimension is proposed and its
application for rolling bearing fault diagnosis is described.
Firstly, the original vibration signals decomposed into a
series of intrinsic mode function (IMF) that contain the
characteristics of the signal are selected to calculate its
correlation dimension. Finally, the bearing state is judged
according to the trend of dimension change.
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2. Ensemble Empirical Mode Decomposition

In 1998, Huang [11] et al. proposed a data-driven adaptive
decomposition, empiricalmode decomposition (EMD)method,
which greatly improved the analysis effect of the nonlinear and
nonstationary signal. However, in practical applications, there is
a general problem of model mixing that is a single IMF con-
taining the characteristic signal with maximum frequency dif-
ference or a signal with similar frequencies decomposed into
different IMF in the method. (e main reason for the model
aliasing is that the abnormal events in the signal have an adverse
effect on the selection of the extreme points which results in the
uneven distribution of the extreme points to bring about the
phenomenon of “overshoot” and “undershoot” in EMDprocess.
To solve this problem,Wu [12] et al. put forward the method of
EEMD.(emethod is to add the Gauss white noise of the finite
amplitude to the decomposed signal and use the characteristic of
Gauss white noise in the time frequency domain to smoothen
the abnormal events, so as to reduce the adverse effects of
abnormal events on the extreme point selection in the EMD
process to achieve the purpose of the distribution of the extreme
value point of the uniform signal. Finally, the white noise zero
mean value is used to cancel the noise repeatedly.

(e EEMD decomposition steps are summarized as
follows:

(1) Gauss white noise ni(t) with a mean value of 0 and a
constant amplitude standard deviation is added N
times in the original signal x(t), respectively:

xi(t) � x(t) + ni(t), (1)

where i � 1∼N.
(2) EMD decomposition of xi(t) is carried out,

respectively. K IMF components and a remainder
ri(t) are obtained at each decomposition:

xi(t) � 
K

j�1
cij(t) + ri(t). (2)

Among which, cij(t) is the j-th IMF obtained
through EMD decomposition after the i-th adding
Gauss white noise, j � 1∼N.

(3) According to the principle that the mean value of the
uncorrelated random sequence is 0, the total average
operation of the IMF corresponding to the above steps
is used to eliminate the effect of repeated Gauss white
noise on real IMF. (en, the IMF and the remainder
r(t) after the EEMD decomposition are obtained:

cj(t) �
1
N



N

i�1
cij(t),

r(t) �
1
N



N

i�1
ri(t),

(3)

where cj(t) is the j-th IMF obtained through EEMD
decomposition of original signal.

Finally, K IMF components and a remainder r(t) are
gained:

x(t) � 
K

j�1
cj(t) + r(t). (4)

In order to verify the effectiveness of EEMD for over-
coming model aliasing, a high frequency pulse signal was
added to a low frequency sine signal to synthesize a sim-
ulation signal as shown in Figure 1.

(en, the simulation signal was decomposed by EMD
and EEMD, respectively, to get a series of IMF components
as shown in Figures 2 and 3. It can be clearly seen from
Figure 2 that model mixing was caused by EMD de-
composition because not only c1 but also c2 contained both
the pulse signal and the sinusoidal signal. At the same time,
the sinusoidal signal was decomposed into different IMF,
which made the decomposition result lose the physical
meaning seriously and not reflecting the essence of the
signal. In contrast, the average number of times in the
EEMD decomposition process was 50 times, and the added
Gauss white noise amplitude was 0.02 times the standard
deviation of the original signal. It can be clearly seen from
Figure 3 that the decomposition result avoided the model
mixing effectively in which the pulse signal decomposed into
the c1, and the sinusoidal signal decomposed into the c3 and
the c2 caused by the signal modulation.

3. Correlation Dimension

Dimension refers to the number of independent coordinates
used to describe the location of a point in space. In classical
geometry, the dimensions are all integers, while the fractal
theory extends the dimension to the fractions. (ese frac-
tions are called fractal dimensions. As a fractal dimension,
correlation dimension is very sensitive to the change of the
attractor’s mechanism and can effectively reflect the non-
linear behavior of the system.

(eG-P algorithm is an effectivemethod for calculating the
correlation dimension of the system according to time series
based on the embedding theorem and the phase space re-
construction theory, which mainly consists of two steps: phase
space reconstruction and correlation dimension calculation.

3.1. Phase Space Reconstruction. Phase space reconstruction,
proposed by R Mane and F Takens, is the delay embedding
principle which constructs the one-dimensional time xi  �

x1, x2, · · · , xN  into multidimensional phase space to show
the parting characteristics of the internal structure of the
data.(e reconstructed phase space can be shown as follows:

Xn×m �

x1 x1+τ · · · x1+(m−1)τ

x2 x2+τ · · · x2+(m−1)τ

⋮ ⋮ ⋱ ⋮

xn xn+τ · · · xn+(m−1)τ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�

X1

X2

⋮

Xn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (5)

where N is the number of time series, n is the number of
vectors of reconstructed phase space and n � N− (m− 1)τ,
m is embedding dimension, and τ is embedded time delay
parameter, integer times of sampling time interval Δt.
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3.2.CorrelationDimensionCalculation. In the reconstructed
phase space Xn×m, the space distance between any two points
is calculated by using vectors Xi as points:

Sij � Xi −Xj



 �

����������������


m−1

k�0
xi+kτ − xj+kτ 

2




, (6)

where i, j � 1, 2, · · · , n.(e distance between any two points in
the phase space is reconstructed to form the following matrix:

Sn×n �

s11 s12 · · · s1n

s21 s22 · · · s2n

⋮ ⋮ ⋱ ⋮

sn1 sn2 · · · snn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (7)
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Figure 1: Simulation signal.
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Figure 2: EMD decomposition results.
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Figure 3: EEMD decomposition results.
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(ematrix is a symmetric matrix of 0 diagonal lines.(e real
number r is in the interval [smin, smax] in which smax is the
maximum of the matrix and smin is minimum. (e ratio of
the number of elements in the matrix smaller than r to the
total number of elements is recorded as follows:

C(r) �
1
n2 

n

i,j�1
H r− sij , (8)

where H(r− sij) is unit step function.
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Figure 4: (e correlation integral map of 5 IMFs under normal condition. (a) IMF1. (b) IMF2. (c) IMF3. (d) IMF4. (e) IMF5.

4 Shock and Vibration



H r− sij  �
1, r≥ sij,

0, r< sij.

⎧⎨

⎩ (9)

(e value of r is changed arbitrarily in the interval
[smin, smax] to get the corresponding value C(r) and make a
double logarithmic coordinate curve lnC(r)− ln(r). (e
interval of a better linear relationship in the curve is called
scale-free region, whose slope is the correlation dimensionD
of one-dimension time series:

D � lim
r⟶0

lnC(r)

ln(r)
. (10)

3.3. Selection of Key Parameters. In the whole calculation
process, there are three main parameters: time delay τ,
embedding dimension m, and distance reference value r to
consider.

Time delay can separate signal data to expose its internal
fractal characteristics. If it is too big, the correlation of data
will become weaker, which causes the reconstructed time
series not reflecting the overall information of the system. If
it is too small, the correlation of data will become redundant,
which causes the information of the system not expose
easily. (is paper used autocorrelation function to de-
termine the value of time delay τ.

(e autocorrelation function of vibration signal time
series xi  is defined as follows:

R(τ) �
1

N− τ


N−τ

i�1
x(i)x(i + τ), (11)

where R(0) is the largest. When R(τ) is reduced to 1− 1/e
times of R(0) for the first time, τ is the best delay for phase
space reconstruction.

Embedding dimension m refers to the minimum phase
space series that can completely contain attractors of state
transition. In 1980, Takens proved that it should be greater
than 2d + 1, where d is the dimension of the space in which
the attractor of the original state space. Meanwhile, when r
tends to 0, the selection of m should make the correlation
dimension tending to be stable. If the embedding dimension
is too small, the reconstructed phase space can not reflect the
dynamic characteristics of the original system. If the em-
bedding dimension is too large, the amount of computation
will increase, while the excess phase space dimension will
enlarge the noise effect of the original time series.

In this paper, the embedding dimension m is 3 and
gradually increased to 20. (e phase space of the bearing vi-
bration signal is reconstructed, respectively, and the correlation
integral map of 5 IMFs under normal condition, shown in
Figure 4, with different embedding dimensions is made.

As we can see from the graph, there is a strongly linear
scale-free region on the curve between the two red dotted
lines. When the m value is small, the slope of the scale-free
zone is small and the interval is large. With the increase of
m, the slope is also increasing, the interval decreases, and
finally reaches saturation state. At the time m> 12, the
straight line of scale-free zone tended to be parallel, that is,

the correlation dimension tended to be stable. Overall
consideration, the m of this experimental data is 12 which is
more reasonable. Other working conditions are similar.

It can be obtained by Formula (10) that the distance
reference value r directly affects the correlation dimension. If
r is too small, the number of the distance of two points in the
reconstructed phase space is too less. C(r) is close to 0,
which can not reflect the internal relationship of signal data.
On the contrary, if r is very large, C(r) is close to 1, which is
also of no practical significance.

4. Experimental Analysis

(e experimental platform consisted of rotor system and data
acquisition system as shown in Figure 5.(e rotor systemwas
composed of the driving system module, the spindle system
module, the tooling module, and the lubricating system
module, which can simulate the characteristics of the actual
ring control system. (e driving system module is composed
of an asynchronous motor with rated speed of 2800 r/min and
rated power of 750W. (e rolling bearings of four different
working conditions (normal condition, inner ring fault, outer
ring fault, and cage split) were placed in the specimenmodule,
and the vibration signals were measured by eddy current
sensor with a sensitivity of 1.3V/mm.

(e inner ring fault and outer ring fault were all 2mm
width scratches by spark cutting. (e speed of the motor is
2400 r/min. (e sampling frequency of the data acquisition
system is 4000Hz. One set of data were collected at each
condition.(e sampling time last for one second, which means
there are 4000 values in each group. (e time-domain of vi-
bration signals under 4 working conditions are shown in
Figure 6.

From Figure 6, we can see that a large number of vi-
bration signals were generated when the bearings were
running and eddy current sensors can accurately collect
these signals. It is difficult for us to distinguish the working
state of the bearing from the time domain diagram. Each
group of vibration signal was decomposed by EEMD in
order to calculate correlation dimension, and the results are
shown in Figure 7.

Since EEMD decomposition is a principle component
separation method, that is, the most important information
contained in the original signal, it is extracted firstly. As can
be seen from Figure 7, the main components of the vibration
signal of the bearing are concentrated in the first 5 IMFs, and

Figure 5: Experimental platform.
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Figure 7: Continued.
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Figure 6: (e time-domain of original vibration signals in 4 working states.
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the environmental noise is separated to the low frequency
part.(e above correlation dimension algorithm was used to
calculate these IMFs to distinguish different working states.
(e result is shown in Figure 8. It can be seen that the
correlation dimension of IMF in four working states is
different. Furthermore, the number decreases in turn with
the modal decomposition of all signals except in case of
outer ring fault, in which the dimension of fourth layers of
IMF increases suddenly. (is situation can be also seen from
Figure 9, the correlation integral diagram of the fourth layer
IMF.

In Figure 9, the dashed line 1 is approximate to the scale-
free area under normal working sate, line 2 to the outer ring
fault, and line 3 to the inner ring fault and the cage split. It is
obvious that the slope of line 2 larger than that of the other
two.

In Figure 8, the coincidence degree and trend of the
signal under unknown condition and the signal in outer ring
fault is higher than the other two states. (erefore, it is
possible to determine the unknown condition as the outer
ring fault, which also proves the feasibility of bearing fault
diagnosis combined with EEMD and correlation dimension.
(e method is reasonable. Meanwhile, the slope of No. 2
dotted line is obviously greater than that of No. 1 and No. 3.
(is phenomenon confirms the sudden increase of the
correlation dimension of IMF4 in the outer ring fault signal
in Figure 8.

5. Conclusion

(e complexity of the vibration signal of the ECS turbine
bearing under different working conditions is different. As a
nonlinear analysis method, fractal theory is of general
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Figure 7: EEMD decomposition results of vibration signals in 4 working states. (a) Normal condition. (b) Outer ring fault. (c) Inner ring
fault. (d) Cage split.
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significance in measuring the complexity of time series.
(erefore, the fractal dimensions are very suitable for the
analysis of various states of bearing vibration. Correlation
dimension as a fractal dimension can be used to characterize
the vibration signal. (is paper uses EEMD instead of EMD
to decompose the signal to avoid the appearance of modal
aliasing. (en, the first 5 IMFs including the main com-
ponents of the vibration signal are selected to draw the
correlation dimension curve. (e fault type of unknown
signal can be accurately identified by comparing the co-
incidence degree and changing trend of the curve in the
experiment. So this is a valuable method.
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A novel fault diagnosis method, named CPS, is proposed based on the combination of CEEMDAN (complete ensemble
empirical mode decomposition with adaptive noise), PSM (periodic segment matrix), and SVD (singular value de-
composition). Firstly, the collected vibration signals are decomposed into a set of IMFs using CEEMDAN. Secondly, the
PSM of the selected IMFs is constructed. )irdly, singular values are obtained by SVD conducted on the space of PSM.
Fourthly, the impulse components are enhanced by the singular value reconstruction with the first maximal singular value.
Finally, the squared envelope spectra of the reconstructed signals are used to diagnose the wheelset bearing faults. )e
effectiveness of the proposed CPS has been verified by simulations and experiments. Compared to the well-known Hankel-
based SVD, the proposed CPS performs better at extracting the weak periodic impulse responses from the measured signals
with strong noise and interferences.

1. Introduction

)e wheelset bearing, a key rotating component in high-
speed trains, not only supports the weight of a train but also
bears various dynamic loads [1]. During the long-term
operation of high-speed trains, dynamic loads will aggra-
vate fault production and further expand. As a result,
wheelset bearing faults will inevitably affect the quality of
high-speed train service and endanger its running safety.
)erefore, conducting wheelset bearing fault diagnosis is of
great significance.

Vibration-based fault diagnosis is a feasible solution due
to low cost and convenient installation [2]. However, the
vibration signals induced by bearing faults are a type of
nonlinear and nonstationary signal [3, 4]. In addition, the
energies excited by the early faults are fairly weak and often
submerged by strong measured noise and other vibration
interferences [5]. )erefore, extracting the weak fault in-
formation from measured vibration signals has been
challenging.

Many advanced signal processing techniques for ana-
lysing nonstationary signals with strong noise have been

developed. A well-known technique is empirical mode de-
composition (EMD). EMD is a powerful time-frequency
analysis technique [6] that can decompose a signal to be
analysed into a set of intrinsic mode functions (IMFs). )e
decomposition procedure of EMD is fully automatic and
adaptive and does not require predetermined kernels, as does
wavelet decomposition [6]. )erefore, EMD is fairly suitable
for processing nonlinear and nonstationary signals. EMD has
also been widely applied in the field of rotation machinery
diagnosis [7–11], as overviewed in Ref. [12]. However, the
main shortcoming of EMD is mode mixing. As a result, an
IMF can include several resonant frequencies, or a resonant
frequency can be decomposed into different IMFs. To reduce
the adverse influences of mode mixing on extracting fault
information, various variations of EMD have been proposed
in succession, such as ensemble empirical mode de-
composition (EEMD) [13], complementary EEMD (CEEMD)
[14], and complete ensemble empirical mode decomposition
with adaptive noise (CEEMDAN) [15, 16]. CEEMDAN is the
enhanced version of CEEMD.

Two main improvements of CEEMDAN are the avoid-
ance of spurious modes and the reduction of the amount of
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noise in the modes [16]. Because CEEMDAN has excellent
performance for decomposing nonstationary signals, it is used
to analyse signals collected from a fault wheelset bearing
system. However, the research studies show that IMFs ob-
tained by CEEMDAN cannot increase the periodic impulse
responses caused by bearing faults considerably to extract
fault features effectively. To enhance the periodic impact
components in an IMF, singular value decomposition (SVD),
as an effective method, has been widely utilized [11, 17–19].

)e essential step of SVD is constructing the trajectory
matrix. In SVD with IMFs [11, 17–19], a Hankel matrix is
often constructed as the trajectory matrix. However,
a Hankel matrix, as a trajectory matrix, has been shown to be
unsuitable for strengthening periodic impulse responses
induced by bearing faults. )e embedding dimension of
a Hankel matrix cannot be easily determined [20–22]. Since
the agglomeration of singular values in a Hankel matrix is
extremely low, the signal reconstructed by using the pre-
vious larger singular values usually contains a large amount
of noise, and effective singular values to reconstruct the
signal cannot be easily selected [23–25]. )erefore, a novel
trajectory matrix, the periodic segment matrix (PSM), is
constructed instead of a Hankel matrix. )e rank of the PSM
of periodic signals is equal to one.)us, a PSMwith excellent
singular value agglomeration can accurately isolate the
periodic impact components from the IMF with noise.

Here, based on the combination of CEEMDAN, PSM,
and SVD, a novel fault diagnosis method, CPS, is proposed.
Firstly, the collected vibration signals are decomposed into
a set of IMFs using CEEMDAN. Secondly, the PSM of the
selected IMFs is constructed. )irdly, singular values are
obtained using SVD on the space of the PSM. Fourthly, the
impulse components are enhanced by singular value re-
construction with the first maximal singular value. Finally,
the envelope spectra of the reconstructed signals are used to
diagnose the wheelset bearing faults [26]. Compared to
another combination—namely, CEEMDAN, a Hankel
matrix, and SVD—the proposed method, CPS, has better
performance for extracting periodic impulse responses
caused by bearing faults.

)e remainder of this paper is organized as follows.
CEEMDAN and its limitations are introduced in Section 2.
Section 3 illustrates PSM-based SVD. )e novel fault di-
agnosis method, CPS, is proposed in Section 4.)e proposed
method, CPS, is verified by simulation in Section 5. An
experiment validation of CPS is conducted in Section 6.
Finally, Section 7 concludes the paper.

2. CEEMDAN and Its Limitations

2.1. %eory of CEEMDAN. CEEMDAN was proposed to
solve the averaging problem of CEEMD [15]. CEEMDAN
was further improved to address the presence of residual
noise in the modes and the existence of spurious modes [16].
)e calculation steps are summarized as follows:

Step 1: let k � 1 and initialize rk−1 � x.
Step 2: for every i � 1, . . . , I, add the kth mode denoted

by Mk(w(i)) decomposed with each w(i) by EMD to rk−1, i.e.,

x
(i)

� rk−1 + βk-1Mk w
(i)

 . (1)

Step 3: calculate the first mode of X(i), denoted by
M1(X(i)), to obtain the kth residue:

rk �
1
I



I

i�1
x

(i) −M1 x
(i)

  . (2)

Step 4: calculate the kth IMF:

IMFk � rk−1 − rk. (3)

Step 5: go to Step 2 with k � k + 1 until the stoppage
criterion is met, where w(i) is white Gaussian noise with zero
mean and unit variance and βk−1 is the standard deviation of
the noise to add. βk � εk std(rk)/std(Mk+1(w(i))), if k≥ 0, εk

is a normalization of βk. εk � 0.2, and the ensemble number
is I � 1000 in this paper. In the CEEMDAN approach, signal
x is decomposed in terms of IMFs, i.e.,

x � 
K

k�1
IMFk + rK+1, (4)

where rK+1 is the residue of signal x after K IMFs are
extracted.

2.2. Limitations ofCEEMDAN. When CEEMDAN is used to
analyse the simulation signals in Section 5, the fault char-
acteristic frequency fp1 � 90.09Hz and its harmonics are
successfully demodulated in the squared envelope spectrum
of IMF3 in Figure 1(g), but the fault characteristic fre-
quencies fp2 � 100Hz and fp3 � 113.64Hz are not discov-
ered. Although the fault characteristic frequency fp1 is
extracted, it is still disturbed by strong background noise, as
shown in Figure 1(g). )ere is only one second harmonic of
fp1 in the spectrum, and fp2 does not have an obvious
harmonic. Meanwhile, significant interference frequencies
are generated due to the differences in the two fault fre-
quencies in the demodulation process.

)e energy and amplitude of the fault signals associated
with fp2 and fp3 are less than in other fault signals related to
fp1. As a result, the low-amplitude vibration signal is
submerged in the IMFs decomposed by CEEMDAN, pre-
venting the fault features from being effectively extracted.
)erefore, a method for enhancing periodic impact com-
ponents in an IMF is expected.

3. PSM-Based Singular Value Decomposition
and Reconstruction

3.1. Singular Value Decomposition. SVD has been widely
utilized as an effective method for enhancing periodic im-
pact components [11, 17–19]. For an arbitrary real m × n

matrix Y, SVD can be expressed as [27]

Ym×n � Um×mDm×nV
T
n×n, (5)

where Um×m � [u1, u2, · · · ,um], Vn×n � [v1, v2, · · · , vn],

and Dm×n�
Cq×q O
O O , Cq×q� diag(σ1, σ2, · · · , σq),
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q � min(m, n), and diagonal elements σi(i � 1, · · · , q) are the
singular values of Y, and σ1 > σ2 > · · · > σq.

3.2. Periodic Segment Matrix. In Equation (5), the previous
step of SVD is constructing trajectory matrix Y with the
IMFs decomposed by CEEMDAN. Many methods can be
used to construct the matrix. One of the most famous
methods is the Hankel matrix [20–22]. However, the Hankel
matrix is unsuitable for strengthening the periodic impulse
responses induced by bearing faults in this paper. First, the
embedding dimension of a Hankel matrix cannot be easily
determined [20–22]. Second, since the agglomeration of
singular values of a Hankel matrix is extremely low, the
reconstructed signal by using the previous larger singular
values usually contains a large amount of noise. Further-
more, effective singular values for reconstructing the signal
cannot be easily selected [23–25]. )erefore, the novel
trajectory matrix, PSM, without accumulative error [28], is
used as the trajectory matrix of SVD in this paper. )e
trajectory matrix Y with PSM properties can be expressed as

Y �

s c1 + 1(  s c1 + 2(  · · · s c1 + l( 

s c2 + 1(  s c2 + 2(  · · · s c2 + l( 

⋮ ⋮ ⋱ ⋮

s ca + 1(  s ca + 2(  · · · s ca + l( 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (6)

where s is any periodic impulse component of the
IMFs obtained by CEEMDAN, a is the number of
periods, and l is the embedded dimension. l � <p> ,
ci � <(i− 1)p> , i ∈ [1, a], l, a ∈ N∗, l≥ 2, a≥ 2, and
ca + l≤N, where <·> is a rounding operator, p is h times T,
and h ∈ N∗. T is the period length of the periodic impulse
component and can be determined by the singular value
ratio (SVR) spectrum [29, 30]. Peaks at higher multiples of
this length must be monitored [29]. )erefore, the em-
bedding dimension l can be expressed as

l � <p> � <hT>, (7)

Naturally, the row number a of Y is also determined as
a � argmax

a

<(a− 1)hT> + <hT>. (8)
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Figure 1: Waveforms (a–d) and envelope spectra (e–h) of the first four IMFs (εk � 0.2 and I � 1,000).
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For the optimization of noise reduction, the noise en-
ergies must be distributed into more singular values. )is
requirement is proven in Appendix. )erefore, h can be
obtained by maximizing the rank of matrix Y, i.e.,

h � argmax
h

rank(Y), (9)

where rank(Y) is the rank of matrix Y and is equal to
min(a, l).

3.3. Matrix Reconstruction and Signal Recovery. Because the
rank of trajectory matrix Y of a pure periodic signal is
rank(Y) � 1 [29], the trajectory matrix Y can be recon-
structed by using the first maximal singular value, i.e.,

Y � σ1u1v
T
1 . (10)

Finally, the periodic impact components s are extracted
by the inverse process of Y in Equation (6).

4. Proposed CPS

A novel fault diagnosis method, CPS, is proposed based on
CEEMDAN and PSM-based SVD. )e flowchart of CPS is
shown in Figure 2. CPS is comprised of four main steps:

Step 1: the vibration signals collected from an acceler-
ation sensor installed on an axle box are decomposed into
IMFs by CEEMDAN. )en, the effective IMFs containing
fault information are selected based on the rule that the
kurtosis of the SVR (KSVR) spectrum of the IMF is greater
than 4. In this paper, the ensemble number I is set equal to
1,000, the normalized standard deviation εk of the added
noise is set equal to 0.2, and the range of the SVR spectrum is
set from 10 to 1,000 with a step size of 0.1.

Step 2: the period lengths of each IMF are obtained by
calculating the SVR spectrum. )e embedding dimension of
the trajectory matrix Y can be determined using Equations
(7)–(9). )e PSM related to an IMF is constructed using

Step 1.
CEEMDAN

Steps 2~3.
PSM-based SVD

and MSR

Start

Input signal x(t)

CEEMDAN

IMF1 IMF2 ···

KSVR>4

PSM

SVD

MSR

d1,i

EA

r1,i
=r1,i–1–d1,i
Let i= i+1

Let i=1,
initialize

r1,i–1=IMF1

KSVR>4

PSM

SVD

MSR

d2,i

EA

r2,i
=r2,i–1–d2,i
Let i= i+1

Let i=1,
initialize

r2,i–1=IMF2

IMFK

KSVR>4

PSM

SVD

MSR

dK,i

EA

rK,i
=rK,i–1–dK,i
Let i= i+1

Let i=1,
initialize

rK,i–1=IMFK

Step 3.
Envelope
analysis

End

Figure 2: Flowchart of the proposed CPS.

Table 1: Parameters related to simulation signals.

i Ai ςi fci(Hz) fpi(Hz)

1 1.2 0.1 800 90.09
2 0.8 0.1 800 100.00
3 1 0.1 3500 113.64
4 0.1 — 3450 —
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Figure 3: Simulation signals: (a) s1(t); (b) s2(t); (c) s3(t); (d) s4(t); (e) noise signals; (f ) s(t).
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Equation (6). PSM-based SVD is conducted. )e trajectory
matrix Y is reconstructed by Equation (10). )e periodic
impact components s are extracted.

Step 3: the periodic impact components are subtracted
from the resulting IMF. If the kurtosis of the SVR (KSVR)
spectrum of the residue is greater than a constant value (4 in
this paper), continually execute Step 2, and the periodic
impact components contained in an IMF can be extracted;
otherwise, go to Step 4.

Step 4: the squared envelope spectra of the extracted
impulse components are used to evaluate the wheelset
bearing faults.

5. Simulation Validation

In order to verify the effectiveness of the proposed CPS,
a compound of simulation signals containing multiple faults
is constructed and is expressed as

s � 
4

i�1
si(t) + ξ(t), (11)

where ξ(t) is Gaussian white noise whose variance is de-
termined by the signal-to-noise ratio (SNR) and si(t), i �

1, 2, 3 is a periodical impact signal written as [31]

si(t) � Ai exp −ςi/
�����

1− ς2i


2πfci mod t, f
−1
pi  cos 2πfcit( ,

(12)

where Ai is the amplitude of the ith periodic impulse
component, fci is the ith resonance frequency, fpi is the ith
fault frequency, ςi is the damping coefficient, and
mod(t, f−1pi

) is the remainder of t divided by f−1pi
. )e fourth

signal component is a sinusoidal interference signal, which is
expressed as

s4(t) � A4 cos 2πfc4t( . (13)

)e parameters related to the simulation signal are listed
in Table 1.

When the sampling frequency is 10 kHz, the sequence
length is 40,000, and the SNR is set equal to −10 dB. )e
time-domain waveforms of the simulation signals are
shown in Figure 3. )e Fourier and squared envelope
spectra of the simulation signal in Figure 3(f ) are shown in
Figure 4. Only one fault characteristic frequency fp1 and
its three harmonics are clearly extracted. )e other two
fault characteristic frequencies, fp2 and fp3, are not
extracted.

To extract all the fault characteristic frequencies, the
proposed CPS is used to analyse the same simulation signals
in Figure 3(f). According to the flowchart of the proposed
CPS in Figure 2, the simulation signals in Figure 3(f ) are
decomposed into seventeen IMFs by CEEMDAN. For
brevity, the first four IMFs and their envelope spectra are
shown in Figure 1. )e KSVRs of the IMFs are shown in
Figure 5. From the KSVR in Figure 5, the first, third, and
fourth IMFs meet the KSVR criterion. )e SVR spectrum of
the first IMF is calculated and shown in Figure 6. )e
kurtosis of the obtained SVR spectrum is 9.50, which is

greater than 4. )erefore, the first IMF is selected to extract
the fault information. )e period length of the periodic
impulse component in the first IMF is 88 points in Figure 6.
Next, the embedding dimension and number of rows of the
trajectory matrix PSM are computed using Equations (7)–
(9) and are 176 and 227, respectively. )e resulting PSM is
constructed in Equation (6), and the PSM-based SVD is
conducted in Equation (5). Finally, the first periodic impact
signals are recovered from the trajectory matrix PSM
reconstructed in Equation (10) and are shown in Figure 7(a).
Because the kurtosis of the SVR spectra of the resulting
residue is less than 4, IMF processing is completed. Similarly,
the SVR spectra of the other fourteen IMFs are less than 4,
except for the third and fourth IMFs, which are not shown to
save space. From the processing results, the periodic impact
components in the third and fourth IMFs are the same.
)erefore, the processing results of the fourth IMF are not
shown to save space. )e third IMF is further analysed. )e
kurtosis of the SVR spectra of the third IMF is 51.11. )e
number of rows and columns in the trajectory matrix PSM is
180 and 222, respectively. )e first periodic impact signals
are extracted and shown in Figure 7(d). )e kurtosis of the
SVR spectra of the resulting residue is 50.7. )e numbers of
rows and columns in the trajectory matrix PSM are 200 and
200, respectively. As a result, the second periodic impact
signals are extracted from the residue and shown in
Figure 7(g). )e kurtosis of the SVR spectra of the final
obtained residue is less than 4. )us, the processing of the
third IMF is completed. In Figures 7(c), 7(f), and 7(i), the
three fault characteristic frequencies and their harmonics are
clearly extracted for diagnosing bearing faults, demonstrating
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40

20

As can be seen from the processing results,
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Since 5th to 17th IMFs
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that the proposed CPS is fairly effective for bearing fault
diagnosis.

In order to illustrate the advancement of the proposed
CPS, the well-known Hankel matrix [11, 17–19] is used as
the trajectory matrix of SVD to analyse the first and third
IMFs obtained by CEEMDAN. According to the rule [23],
the numbers of rows and columns of the Hankel matrix are
set equal to 10,001 and 10,000, respectively, and the effective
singular values are selected by the coordinate of the maxi-
mum peak of difference spectrum. )e results obtained by
Hankel-based SVD are shown in Figure 8. Although the fault
characteristic frequency fp3 and its fifth harmonics are
extracted in Figure 8(c), they are disturbed by other complex
spectra lines. )e other two characteristic fault frequencies
fp1 and fp2 are confused and are not discovered. )erefore,
the performance of the proposed CPS for diagnosing bearing
faults is superior compared to the results obtained by
Hankel-based SVD in Figure 8.

6. Experiment Validation

To further verify the effectiveness of the proposed CPS,
a fault experiment rig was built, as shown in Figure 9(a).

)ree defects on the surface of the outer race and two
defects on the surface of the rolling elements are shown in
Figures 9(b) and 9(c), respectively. )e parameters of the
tested bearing are listed in Table 2.

)e fault-related characteristic frequencies are expressed
as follows:

Ball pass frequency over outer race, fBPFO:

fBPFO �
fr

2
1−

d

D
cos α . (14)

Fundamental train frequency, fFTF:

fFTF �
fr

2
1−

d

D
cos α . (15)

Ball spin frequency, fBSF:

fBSF �
Dfr

2d
1−

d

D
cos α 

2
⎡⎣ ⎤⎦⎛⎝ ⎞⎠, (16)

where fr is the rotational frequency of the wheelset. When
the rotation frequency of the tested bearing is equal to
10.28Hz, the fault characteristic frequencies are calculated
as shown in Table 3.
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6.1.OuterRaceFaultExperiment. Awheelset bearingwith three
defects on the surface of the outer race, as shown in Figure 9(b),
was tested. )e fault signals were collected at a sampling rate of

10 kHz and are shown in Figure 10(a). Its squared envelope
spectra are shown in Figure 10(b).)e outer race fault frequency
fBPFO and its harmonics cannot be discovered in Figure 10(b).
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Figure 8: Results obtained by Hankel-based SVD: (a) extracted signals from the first IMF; (b) Fourier spectrum of (a); (c) envelope spectrum
of (a); (d) extracted signals from the third IMF; (e) Fourier spectrum of (d); (f ) envelope spectrum of (d).
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Figure 9: Fault test rig and bearing defects: (a) fault test rig; (b) three defects on the surface of outer race; (c) two defects on the surface of the
rolling elements.
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)e proposed CPS is used to analyse the experiment
signals in Figure 10(a). First, the measured signals are
decomposed into sixteen IMFs using CEEMDAN. )e
KSVR of each IMF obtained by CEEMDAN is shown in
Figure 11, also the first seven of whose KSVR are greater than
4. )us, these IMFs are executed by the proposed CPS. )e
IMFs from the 8th to 16th fail to meet the KSVR criteria
proposed in Section 3; they are not processed further. )e
processing results show that only the rotation frequency and
50 Hz interferences are extracted from the 1st to 2nd IMFs
and from the 4th to 7th IMFs. To save space, the processing
results of these six IMFs are not shown. Finally, the 3rd IMF
and the resulting squared envelope spectra are shown in
Figure 12.

)e outer race frequency cannot be detected in the
squared envelope spectra of the outer race fault signal and its
IMFs. However, the kurtosis of the SVR spectrum of the
third IMF is 259.2, greater than 4.)e third IMF is processed
further. However, the kurtosis of the SVR spectrum of the
first IMF is 6.60, greater than 4. )e first IMF must be
processed further. )e period determined by its SVR
spectrum is 969. )e embedding dimension and the number
of rows of the trajectory matrix PSM computed using
Equations (7)–(9) are 969 and 41, respectively. )en, the
resulting PSM is constructed using Equation (6), and PSM-
based SVD is conducted using Equation (5). Finally, the first
periodic impact signal is recovered from the trajectory
matrix PSM reconstructed using Equation (10) and is shown
in Figure 12(b). Its squared envelope spectrum is counted in
Figure 12(e). Similar to the process mentioned above, the
size of the trajectory matrix PSM constructed by the residual
signal is 835.1 and 47, respectively.)en, the second periodic

impact signal is recovered and shown in Figure 12(c). Its
squared envelope spectrum is counted in Figure 12(f ). )e
rotation frequency and its harmonics are clearly observed in
Figure 12(e), and the outer race fault characteristic fre-
quency, which was overwhelmed by heavy noise and rota-
tion frequency, is observed in Figure 12(f ). In summary,
although the energy of the measured signals is mainly
concentrated in the rotation frequency and its harmonics,
the weak outer race fault characteristic frequency can be
extracted by the proposed CPS.

For illustrating the advancement of the proposed CPS,
the Hankel matrix is used as the trajectory matrix of SVD to
analyse the same IMFs obtained by CEEMDAN. )e em-
bedding dimension of the Hankel matrix and the selection of
the effective singular values are based on the conclusion in
Ref. [23].

)e results obtained by Hankel-based SVD are shown in
Figure 13. )e rotation frequency and its harmonics are

Table 2: Specifications of the tested bearing.

Roller diameter, d (mm) Pitch diameter, D (mm) Number of rollers, Z Contact angle, α (radian)
26.9 180 19 π/20

Table 3: Characteristic frequencies.

Fault type Characteristic frequency (Hz)
Ball pass frequency over outer race (fBPFO) 83.23
Ball spin frequency (fBSF) 33.93
Fundamental train frequency (fFTF) 4.39
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Figure 10: Bearing outer race fault signal and squared envelope spectrum: (a) time-domain waveform; (b) squared envelope spectrum.
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discovered. However, the outer race fault characteristic
frequency and its harmonics are not extracted. Compared to
the results obtained by Hankel-based SVD in Figure 13, the
performance of the proposed CPS for diagnosing outer race
faults is superior to that of Hankel-based SVD.

6.2. Roller Fault Experiment. A wheelset bearing with
two defects on the surface of two rolling elements in
Figure 9(c) was tested. )e fault signals are collected at
a sampling rate of 10 kHz and shown in Figure 14(a). )e
envelope spectra are shown in Figure 14(b). )e roller
fault signatures, including the double ball spin frequency
(2fBSF) and the fundamental train frequency (fFTF) and
their harmonics, must be detected. Moreover, sidebands
with a spacing of fundamental train frequency fFTF
around the double ball spin frequency 2fBSF and their
harmonics are also expected to be detected. However, only
2fBSF can be discovered in Figure 14(b), and its harmonics
cannot be detected.

)e proposed CPS is used to analyse the experiment
signals in Figure 14(a). First, the measured signals are
decomposed into seventeen IMFs using CEEMDAN. )e
KSVR of each IMF obtained by CEEMDAN is shown in
Figure 15. )e first eight IMFs meet the KSVR criteria;

thus, they are selected to be processed. )e processing
results show that the double ball spin frequency 2fBSF and
its harmonics can be found in the squared envelope
spectra of the periodic impact components extracted
from the first three IMFs. From the processing results of
the third to eighth IMF, the rotation frequency in-
formation and 50 Hz interferences can be extracted.
Because of the limitation of space, taking the second IMF
as an example, the processing results are shown in
Figure 16. )e double ball spin frequency 2fBSF and
quadruple ball spin frequency 4fBSF are detected in
the squared envelope spectrum of IMF 2 shown in
Figure 16(g), but the higher harmonics tend to smear over
each other due to the random speed fluctuations of the
rolling elements [32, 33]. )e first and second periodic
impact signals separated from IMF 2 are plotted in
Figures 16(b) and 16(c), and their squared envelope
spectra are shown in Figures 16(h) and 16(i). From the
squared envelope spectra in Figures 16(h) and 16(i), the
double ball spin frequency 2fBSF, the fundamental train
frequency fFTF, and their harmonics are clearly detected.
Moreover, sidebands with a spacing of the fundamental
train frequency fFTF around the double ball spin fre-
quency 2fBSF and their harmonics are also observed.

M
ag

ni
tu

de
15

0

–15
0 1 2 3 4

t (s)

(a)

M
ag

ni
tu

de

12

0

–12
0 1 2 3 4

t (s)

(b)

M
ag

ni
tu

de

4

0

–4
0 1 2 3 4

t (s)

(c)

M
ag

ni
tu

de

1.2

0.6

0.0
0 50 100 150 200

f (Hz)

2fr
4fr fBPFO

2fBPFO

(d)

M
ag

ni
tu

de

1.5

1.0

0.5

0.0
0 25 50 75 100

f (Hz)

2fr
4fr

6fr

(e)

M
ag

ni
tu

de
0.4

0.2

0.0
0 100 200 300 400

f (Hz)

fBPFO

2fBPFO 3fBPFO
4fBPFO

(f )

Figure 12: Results obtained by the proposed CPS for a bearing outer race fault signal: (a) IMF 3; (b) first periodic impact component
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)ese roller fault signatures are more abundant and
clearer than in Figure 16(g). From the locally zoomed
figures shown in Figures 16(d)–16(f ), the two groups of
impacts in IMF 2 which are excited by two rolling ele-
ments defects, respectively, are separated. Due to the
random sliding of the rolling elements and the cage, there
is a slight difference in the average periods of the impulses

excited by the two rolling element defects. )erefore, the
characteristic frequencies detected in the envelope
spectra shown in Figures 16(h) and 16(i) are different,
i.e., 66.25 Hz and 66.75 Hz, respectively. In fact, a further
analysis is executed using higher frequency resolution
data (0.1 Hz frequency resolution), and it is found that the
more accurate characteristic frequencies are 66.4 Hz and
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Figure 13: Results obtained by Hankel-SVD for a bearing outer race fault signal: (a–d) envelope spectra of IMF 1, IMF 2, IMF 3, and
IMF 4.
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66.7 Hz, respectively, which is consistent with the results
shown in Figures 16(h) and 16(i).

)e results obtained by Hankel-based SVD are shown in
Figure 17. )e roller fault signatures cannot be detected. )e
performance of the proposed CPS for diagnosing roller
faults is superior to the results obtained by Hankel-based
SVD in Figure 17.

6.3. Compound Fault Experiment. A wheelset bearing with
three defects on the surface of the outer race (shown in
Figure 9(b)) and with two defects on the surface of two
rolling elements (shown in Figure 9(c)) was tested. )e fault
signals were collected at a sampling rate of 10 kHz and are
shown in Figure 18(a). Its envelope spectra are shown in
Figure 18(b). However, only the outer race fault frequency
fBPFO and its harmonics can be discovered in the envelope
plotted in Figure 18(b).

)e proposed CPS is used to analyse the compound
fault signals in Figure 18(a). First, the measured signals are
decomposed into sixteen IMFs using CEEMDAN. )e
KSVR of each IMF obtained by CEEMDAN is shown in
Figure 19.)e first eight IMFs meet the KSVR criteria; thus,
they are selected to be processed. Since, the 9th to 16th
IMFs do not meet the KSVR criteria proposed in Section 3,
they are not processed further. )e processing results show
that the outer race ball pass frequency fBPFO and its
harmonics can be detected in the squared envelope spectra
of the periodic impact components extracted from the first
four IMFs and that the double ball spin frequency 2fBSF
and its harmonics can be found in the squared envelope
spectrum of the periodic impact components extracted
from the second IMF.)e IMFs from the third to the eighth

contain the shaft rotation information and 50 Hz in-
terference. Since the second IMF contains both types of
fault information, it is exemplified, and its results are
shown in Figure 20. Because of the limitation of length, the
results of the other IMFs are not displayed. )e second
IMF and its squared envelope spectrum are shown in
Figures 20(a) and 20(d). )e outer race fault frequency
fBPFO and its harmonics are easily detected. However, the
roller fault signatures are not detected. By employing the
proposed CPS method, two periodic impact components
are separated from IMF 2, which are shown in Figures 20(b)
and 20(c), respectively. )e outer race fault signatures and
the roller fault signatures are detected from the envelope
spectra of the two components, as shown in Figures 20(e)
and 20(f ), respectively.

)e results obtained by Hankel-based SVD are shown in
Figure 21. )e outer race fault signatures can be clearly
observed. However, the roller fault signatures in IMF 2
cannot be detected in the squared envelope spectra in
Figure 21(b). Because the outer race fault component has a
dominant role in the compound fault signal, it can be
successfully extracted by Hankel-SVD. However, the roller
fault signatures cannot be extracted by Hankel-SVD due to
the disturbance of the outer race fault information. )ere-
fore, compared to the results obtained by Hankel-based SVD
in Figure 21, the proposed CPS is more effective in di-
agnosing compound fault signals.

7. Conclusions

In this paper, a novel fault diagnosismethod, CPS, is proposed
based on the combination of CEEMDAN, PSM, and SVD.
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Figure 14: Bearing roller fault signal and squared envelope spectrum: (a) time-domain waveform; (b) squared envelope spectrum.
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Figure 16: Results obtained by the proposed CPS for a bearing roller fault signal: (a) IMF 2; (b) first periodic impact component extracted
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CEEMDAN is used to avoid spurious modes and improve the
signal-to-noise ratio. PSM-based SVD is used to enhance the
periodic impact components and isolate different impulse
responses with different resonance frequencies. )e details of
determining the embedded dimension and number of rows of
the PSM by SVR are discussed. Simulations and experiments

are used to verify the effectiveness of the proposed CPS.
Compared to the Hankel-based SVD, CPS is more effective in
extracting weak periodic impulse responses from the mea-
sured complex vibration signals with strong noise and in-
terferences. )erefore, CPS is suitable for extracting the fault
features of a wheelset bearing.
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Figure 17: Results obtained by Hankel-SVD for a bearing roller fault signal: (a–d) envelope spectra of IMF 1, IMF 2, IMF 3, and IMF 4,
respectively.
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Figure 18: Bearing compound fault signal and squared envelope spectrum: (a) waveform; (b) squared envelope spectrum.

KS
V

R

800

600

400

200

0
1612840

Order of IMF

The first eight IMFs meet the KSVR criteria;
thus they are selected to be processed.

Since the 9th to 16th IMFs
do not meet the

KSVR criteria,they are not
further processed

Figure 19: Kurtosis of the SVR spectra of the IMFs obtained by CEEMDAN for a compound fault signal.

14 Shock and Vibration



M
ag

ni
tu

de

25

0

–25
0 1 2 3 4

t (s)

(a)

M
ag

ni
tu

de

10

0

–10
0 1 2 3 4

t (s)

(b)

M
ag

ni
tu

de

20

0

–20
0 1 2 3 4

t (s)

(c)

M
ag

ni
tu

de

1.4

0.7

0.0
0 100 200 300

f (Hz)

fBPFO

2fBPFO 3fBPFO

(d)

M
ag

ni
tu

de

1.4

0.7

0.0
0 100 200 300

f (Hz)

fBPFO
2fBPFO

3fBPFO

(e)

M
ag

ni
tu

de
0.8

0.4

0.0
0 100 200 300

f (Hz)

fTFT
2fBSF 4fBSF

6fBSF

(f )

Figure 20: Results obtained by the proposed CPS for a bearing compound fault signal: (a) IMF 2; (b) first periodic impact
component extracted from (a); (c) second periodic impact components extracted from (a); (d, f ) squared envelope spectra of (a–c),
respectively.
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Figure 21: Results obtained by Hankel-SVD for a bearing compound fault signal: (a–d) envelope spectra of IMF 1, IMF 2, IMF 3, and IMF 4,
respectively.
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Appendix

Logarithmic Relationship between the Matrix Rank and
Enhancement SNR. )e SNR enhancement equation can be
written as

ΔSNR � 10 log
‖X‖22

‖r‖22
− 10 log

‖X‖22

‖R‖22
, (17)

where R is the noise in the raw signal and r is the residual
noise in the denoised signal.

)e singular values for the PSM can be obtained by SVD,
which is constructed by Gaussian white noise with zero
mean and unit variance. )e energy of the recovered signal
for each singular value can be calculated using the square of
the singular value [29].)erefore, the energies of R and r can
be written as

‖r‖
2
2 � σ21, (18)

‖R‖
2
2 � 

q

i�1
σ2i . (19)

For convenience, the singular values are approximately
expressed as a linear equation:

σi � σ1 +
σq − σ1
q− 1

(i− 1). (20)

Let α � σq/σ1. Clearly, 0< α< 1. By substituting Equation
(19) into Equation (20), ‖R‖22 can be expressed as

‖R‖
2
2 �

qσ21
6(q− 1)2

α2 + 1 (2q− 1)(q− 1) + 2α(q + 2)(q + 1) .

(21)

Considering Equations (17), (18), and (21)

ΔSNR � 10 log
‖X‖22

‖r‖22

� 10 log
q

6(q− 1)2
α2 + 1 (2q− 1)(q− 1) + 2α(q + 2)(q + 1) .

(22)

When PSM is a square matrix, the last singular value σq

is very small or approximately zero. Simplified with α� 0,
the previous equation is expressed as

ΔSNR � 10 log
q(2q− 1)

6(q− 1)
. (23)

As q approaches infinity, ΔSNR can be further simplified
with an operation of sequence limit, which is expressed as

ΔSNR � 10 log(λq), (24)

where λ is the coefficient for the rank and λ� 1/3. )e
singular values do not obey strict linear relationships.
)erefore, the theoretical value (λ�1/3) is not identical to
the simulated value. Figure 22 illustrates the simulation
results and a fitting curve with a slope of λ equals to 1/4.

Both the simulation and theoretical calculations indicate
the logarithmic relationship between the rank of matrix and

enhancement SNR, which provides a reference of the se-
quence length for analysis. Moreover, the noise energies
must be distributed into more singular values to optimize
the noise reduction.

Nomenclature

x(t): Signal decomposed by
CEEMDAN

I: Number of iterations
w(i) (i� 1, ... , I): A zero mean unit variance

Gaussian white noise
rk: kth residue
rK+1: Residue of signal x
βk: Standard deviation of added

noise
εk: Normalization of βk

IMFk: kth IMF
Mk(·): Operator to calculate the kth

mode by EMD
Ym×n: Arbitrary real m × n matrix: left

singular matrix, for Y
u1,u2, · · · , um: Left singular vectors, for Y
Vn×n: Right singular matrix, for Y
v1, v2, · · · , vn: Right singular vectors, for Y
Dm×n�

Cq×q O
O O : Characteristic singular matrix,

which is rectangular with the
same dimensions as Y

Cq×q� diag(σ1, σ2, · · · , σq): Symmetric matrix, the diagonal
entries of which are the singular
values, for Y

q: Number of singular values, forY
σi(i � 1, · · · , q): Singular values, for Y
s: Any periodic impulse

component of IMFs obtained by
CEEMDAN

a: Number of periods l: embedded
dimension

T: Period length of the periodic
impulse component

<·> : Rounding operator
rank(Y): Rank of matrix Y Um×m

||R||22
||r||22 ||R||22

||r||22

350

250

150

50

–50
0 250 500 750 1000

Rank (q)

1
4
q=

Simulating calculation
Curve fitting

Figure 22: Simulation results and its curve fitting.
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Y: Reconstructed trajectory matrix
s: Signal recovered from Y
ξ(t): Gaussian white noise with zero

mean
s(t): Compound of simulation

signals
si(t): ith simulation signal

component of s(t)
Ai: Amplitude of si(t)
fci: ith resonance frequency of si(t)
fpi: ith fault frequency of si(t)
ςi: ith damping coefficient of si(t)
d: Rolling element diameter
D: Bearing pitch diameter
Z: Number of rolling elements
α: Angle of load from the radial

plane
fr: Rotation frequency
fBPFO: Ball pass frequency, outer race
fBSF: Ball (roller) spin frequency
fFTF: Fundamental train frequency

(cage speed).

Data Availability

)e bearing test adopts the double-row tapered roller
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-is paper presents the effects of the surface waviness on the nonlinear dynamic performance of a gas bearing-rotor system. -e
coupled vibration with the elastomer is taken into consideration to fit the actual engineering application. -e effects of the
directions, the amplitudes, and the numbers of waves to the nonlinear dynamic performance are investigated. -e results show
that the existence of the surface waviness in the circumferential direction can improve the stability of the system obviously. But the
surface waviness in the axial direction is damage to the system.-e nonlinear dynamic performance of the system is insensitive to
the number of surface waviness. -e increase of the amplitude of the waviness in circumferential direction can improve the
stability of the system.

1. Introduction

Bearing is an essential component of most rotating
machines. -ey provide the load capacity and stiffness to
support shafts against static loads and dynamic forces.
Gas lubricating journal bearings have many advantages
of less heat generation, more environment friendly,
higher accuracy, and longer lives by comparing with
traditional oil bearings. -us, the gas lubricating
bearing-rotor system is widely used in engineering ap-
plications such as turboexpanders in large-scale cryo-
genic systems, superprecision machine tools, and high-
speed machines [1, 2]. However, the inherent charac-
teristic of compressibility and low viscidity of gas may
cause instability to the gas bearing-rotor system which
limits the range of the application of gas bearings.
Furthermore, the low viscosity of gas makes a thin gas
film generally lower than 50 micrometers. As the result,
the assumption of the journal bearing is that the smooth
surface is far from bearing practical application espe-
cially for bearing-rotor system operating under a rela-
tively small film thickness [3].

Manufacturing error may cause some waves on the
surfaces of bearing. -ese waves can change the thickness
distribution of the gas film which can significantly influence
the static and dynamic performance of the gas bearing-rotor
system. During the past years, authors have published many
articles about the effects of the surface waviness on the
performance of the bearing. Dimofte [4] compared the
three-waved journal bearing with both the three-wave-
groove bearing and three-lobe bearing [5], they concluded
that the load capacity of the wave bearing is better than other
types, and the performance of the wave bearing is dependent
on the parameters and position of waves. Rasheed [3]
studied the influence of circumferential, axial, and combined
surface waviness on the performance of plain cylindrical
bearings. -ey noted that the circumferential waviness can
increase the load capacity and decrease the friction variable
when the wave number is below 9, and the axial waviness has
the adverse effects on load capacity and friction. Kwan and
Post [6] studied the influence of manufacturing error of
rectangular thrust bearing on the static load and stiffness
performance. -ey concluded that the load capacity and
stiffness are sensitive to the manufacturing errors. Nagaraju
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et al. [7] studied the combined influence of bearing flexibility
and surface roughness on the characteristics of the journal
bearing system. -e results indicated that the longitudinal
roughness pattern of the bearing can improve the load
capacity. Ene et al. [8] used both the transient and small
perturbationmethods to investigate the dynamic behavior of
three-wave journal bearing system. -e results showed the
influence of the wave amplitude and oil supply pressure on
the threshold of stability. Sharma and Kushare [9] in-
vestigated the influence of surface roughness on the per-
formance of two-lobe journal bearing. -e results indicated
that the performance of the bearing system is significantly
affected by the orientation of roughness. And thus, the
performance of bearing can be enhanced by the proper
selection of the roughness pattern parameter. Wang et al.
[10] studied the influence of the waves of bearing surface on
the static and dynamic performance of the aerostatic journal
bearing. -e results showed that the wave amplitudes sig-
nificantly affect the static and dynamic performance of the
bearing.

-e stability is the most important character for the
bearing-rotor system. Large number of articles has been
published to investigate the stability of gas-lubricant
bearing-rotor system. Among these papers, two different
approaches were published to analyze the dynamic stability
of the rotor-bearing system: one is the linear small per-
turbation analysis and another is the nonlinear transient
analysis.

Linear small perturbation theory assumes that the
journal obit whirls around its equilibrium position with
a small perturbation. -is assumption makes the dynamic
stiffness, and dynamic damping coefficients can be com-
puted. And then, the whirl frequency and critical mass can
be computed by these dynamic coefficients.-is method can
provide the instability boundary. -us, the stability of the
system can be estimated by the threshold. However, this
method cannot present the characters of the motion.

Gross and Zachmanoglou [11] studied the performance
of the self-acting journal bearing with infinite length by
using the small perturbation method. -e calculation results
are valid for other types of bearings with high accuracy.
Belforte et al. [12] investigated dynamic coefficients of self-
acting gas bearing, they used the developed mathematical
model, and the results were in good agreement with the
results using the nonlinear distribution parameter model.
Yang et al. [13] studied the dynamic coefficients of self-
acting tilting pad gas bearing, and the results showed the
relationship between dynamic coefficients and tilting pad
perturbation. Yu et al. [14] used numerical simulations and
experiments to investigate the influence of perturbations on
the dynamic stiffness for aerostatic bearings. -e results
revealed that the dynamic stiffness coefficients are more
sensitive to the frequency of perturbation than the ampli-
tude; thus, they concluded that the dynamic stiffness can be
enhanced through active control which can generate
perturbations.

In nonlinear transient analysis, the time-dependent
Reynolds equation is solved to get the transient forces,
and then, the transient journal center obits are obtained by

solving the motion equations. -e stability of the system can
be judged by the shape of obits. -e nonlinear dynamic
characters are available by using this method which is dif-
ferent from the perturbation analysis.

Kim and Noah [15] coupled harmonic balance with
alternating frequency technique to obtain synchronous and
subsynchronous whirling motions of a Jeffcott rotor-bearing
system. -e results showed that as the parameters of the
system changed the boundary of flip bifurcation were ob-
tained. Wang et al. [16–20] investigated the bifurcation
performance of rigid rotor and flexible rotor supported by
a pair of gas bearing, and the results presented a better
understanding to the nonlinear dynamic characters of the
gas bearing-rotor system. From the calculation results, we
can also find that the dynamic behavior of the rotor center is
very complex which includes periodic and subharmonic
response. Rashidi et al. [1, 2] presented the effect of operating
parameters on nonlinear dynamic performance for non-
circular journal gas-lubricated bearing-rotor system. -e
complex nonlinear dynamic behaviors such as periodic, KT-
periodic, and quasiperiodic responses were analyzed by
using dynamic trajectory, the Poincare maps, and bi-
furcation diagrams. Hassini and Arghir [21] used the dy-
namic coefficients to analyze the nonlinear characteristics,
and the results were in good agreement with the results
calculated by nonlinear transient Reynolds equations.
Abbasi et al. [22] studied the vibration control of the rotating
machine with a high-static low-dynamic stiffness suspen-
sion. In their study, the complex nonlinear dynamic be-
havior was showed, and the results present that the method
can suppress the nonperiodic behavior in the considered
speed range.

Generally speaking, the vibrations of most manufacture
machines are inevitable which will cause the surface to be
unsmooth. -e effects of waves on static performances and
dynamic coefficients of bearing are investigated in most
previous published articles. However, few papers have
mentioned the effects of waves on the stability and nonlinear
dynamic performance of the gas bearing.-us, in this paper,
the effects of surface waviness in circumferential and axial
directions on the nonlinear dynamic characteristics of the
rotor-gas bearing system have been investigated. -e
method used in this paper is nonlinear transient approach
which is similar to the previous articles [18, 23], but our
focuses are different. In practical engineering, the elastomers
are mounted between bearing and shaft; thus, the elastomer
suspension is taken into consideration. -e results in this
paper can provide guidance on the design and manufacture
of the gas bearing system.

2. Numerical Solution of Gas
Pressure Distribution

-e model in this paper is a massless shaft with a disk
supported by a pair of self-acting gas journal bearings.
Generally speaking, the manufacture precision of rotors is
always better than that of bearings, so, the waves on the
surface of rotors can be neglected [22]. In this paper, the
journal bearings used for calculation include axial and
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circumferential surface waviness which is shown in Figure 1.
Before numerical simulation, some design assumptions are
given as follows [16–18, 23]:

(1) Isothermal flow: due to the heat conductivity ability
of the bearing material (copper) is much bigger than
that of gas, the heat generation in the gas film will
conduct away quickly.-us, the temperature of gas is
constant.

(2) Curvature insensitive: the gas film thickness is much
smaller than the diameter of the shaft. So, the change
of velocity caused by the curvature is neglected.

(3) Constant viscosity: due to the viscosity of gas is
insensitive to the changes of pressure, we assume it as
a virtually constant.

(4) -e side flow of the bearing can be neglected.

To simplify the model of surface waves, we assume that
the form of waves fits the function of sinusoidal; thus, the
waviness in circumferential direction can be described as the
following form [10, 24]:

δ � A sin
2πR

λ
θ . (1)

-e waves in axial direction of the bearing can be
denoted as

δ � A sin
2π
λ

y . (2)

Based on the assumption above, the pressure distribu-
tion of the gas film can be described by the Reynolds
equation:
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(3)

where h is the gas film thickness and can be denoted as

h � Cr(1 + ε cosφ)− δ. (4)

Some dimensionless parameters are defined as follows to
transform Equation (3) into polar coordinate and
nondimensionalized:

P �
p
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,

U � Rϖ,
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Λ �
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(5)

Taking the dimensionless parameters above into Equa-
tion (3), the dimensionless Reynolds equation is obtained
and can be written as
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-e finite difference method is used to get the pressure
distribution of the gas film. -e discretized scheme of the
Reynolds equation was derived by using the central differ-
ence method in circumferential and axial directions and the
implicit backwards method in time τ. -e methods used in
this paper are similar to the previous articles [18, 23], and the
discretized version can be described as
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(7)

where S � P2; i � 1, 2, . . ., N; j � 1, 2, . . ., M.
-e film thickness distribution is depended by the

position of the rotor. For parameter Pn+1
i,j , the equation is

a quadratic equation with one unknown and determined
by the pressure of the surrounding four nodes (i− 1, j),
(i + 1, j), (i, j + 1), and (i, j− 1).

-e pressure distribution of the gas film between the
rotor and bearing enables the estimation of the supporting

force which is acting on the rotor. -e supporting force can
be described as

fgx � PaR
2


L/R

−(L/R)

2π

0
P(θ, η) cos θ dθ dη,

fgy � PaR
2


L/R

−(L/R)

2π

0
P(θ, η) sin θ dθ dη,

(8)
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where P(θ, η) is the pressure distribution in the di-
mensionless coordinate system.

3. Rotor Dynamic Equations and Obits
Calculation Procedure

In this paper, we use the nonlinear transient approach to
investigate the stability of the rotor-bearing system. -e
model for calculation is a massless rotor with a disk, and it
was supported by a pair of self-acting gas bearings. In
engineering reality, the elastic dampers such as O-rings are
mounted between bearings and shell to improve its sta-
bility, shown in Figure 2. -e damping force of the elas-
tomer obeys the viscous damping law which is one of the
simplest and most widely used. -is model is expressed as
[25–27]

fd � sign _xb( c _xb



c
, (9)

where c is the damping exponent; sign() is the signum
function. -e case c � 1 is chose which indicates the linear
viscous damping model and used for calculation.

-us, the equation of motion of the rotor and bearing in
transient state can be written as

ms
d2xs

dt2
� fex −fgx + mseubw

2 sin(wt),

ms
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c
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-e nondimensional groups can be defined as follows:
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,
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(11)

Substituting Equation (11) into Equation (10), we will get
the dimensionless dynamic equations as follows:

Bearing

Rotor
L

e

d D

ω

Figure 1: Model of self-acting gas journal bearing with surface waviness.
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(12)

As we get acceleration of the rotor and bearing in
horizontal and vertical directions, the center obits of rotor
and bearing can be acceptable by using the following
equation:

Vsx � Vsx0 + AsxΔτ,

Vsy � Vsy0 + AsyΔτ,

Vbx � Vbx0 + AbxΔτ,

Vby � Vby0 + AbyΔτ,

Xs � Xs0 + VsxΔτ +
1
2
AsxΔτ

2
, Ys

� Ys0 + VsyΔτ +
1
2
AsyΔτ

2
, Xb

� Xb0 + VbxΔτ +
1
2
AbxΔτ

2
, Yb � Yb0 + VbyΔτ +

1
2
AbyΔτ

2
.

(13)

Computation of the center trajectory of rotor and
bearing is an iterative procedure. -e procedure begins with
the initial equilibrium state. -e initial position of the rotor
(X0, Y0) is a static balance position which is defined by the
external loading and rotational speed. To estimate the in-
fluence of the initial condition, the first 600 periodic cal-
culation data can be ignored and the nonlinear behavior
analysis is based on the data after the vibration is stable. -e
initial velocities of the rotor in two different directions are
assumed to be zero.

4. Results and Discussion

In order to verify the correctness of the program, the attitude
angle φ and supporting force F of a self-acting journal gas
bearing with smooth surface are calculated and compared

Rotor Journal bearing

Elastomer suspension

ωOs

Ob Dd
e

(a)

Rotor

Elastomer suspension

Journal bearing

Disk

(b)

Figure 2: Schematic of a rigid rotor (massless shaft and disk) in journal bearing with elastic damper.
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with previous investigations [23, 28], as is shown in Figure 3.
-e results in this paper are in good agreement with the
previous investigations; thus, the validity of the program is
verified.

-e rotor unbalance mass is an important parameter for
rotating machine which influence the response of the rotor-
bearing system [28, 29]. In this paper, what we focused on is
the influence of the surface waviness to the nonlinear dy-
namic response. So, the single rotor unbalance value
(0.15 μm) is selected in this study. -e rotor-bearing system
is used in the turbomachine with a superhigh speed. -us,
the mass of the rotor is usually quite small, less than 0.5 kg.

In the numerical integration, the aspect ratio (L/D) of
self-acting journal gas bearing for calculation is chosen as
1.44. -e lubricant in the film is air. -e parameters of
elastomer are set as follows: k � 4e6N/m, ξ � 0.005, and c � 1.
To show the influence of the surface waviness to the non-
linear dynamic response clearly, the bifurcation diagrams of
the rotor-bearing system with flat surface are plotted, which
is presented in Figure 4. From the results, we can conclude
that when the half mass of the rotor is equal or less than
0.18 kg, the rotor center presents a regular periodic motion.
But, motion loses its regularity and becomes irregular when
the half mass of the rotor increased to 0.19 kg.

Figure 5 shows the bifurcation diagrams of the rotating
system with circumferential surface waviness. In this cal-
culation, we assume that the surface waviness is only in-
cluded in the circumferential direction of the bearing, and
the number of waves is equal to 5, and the amplitude of the
waves is 1 micrometer. Compared with the results in Fig-
ure 4, the discrete point of the system with circumferential
waviness is much bigger than the system with flat surface
which indicated that the waviness in circumferential di-
rection can increase the stability of the system obviously.

In order to show nonlinear dynamic performance of the
system clearly, a set of maps such as the rotor center obits,

phase portraits, logarithmic spectra maps in two directions,
and Poincare maps are used to analyze the nonlinear dy-
namic performance in different conditions.

Figures 6(a)–13(a) are the obits of the rotor center in the (X,
Y) plane; Figures 6(b)–13(b) and 6(c)–13(c) are phase portraits
in (X, _X) and (Y, _Y) planes, respectively; Figures 6(d)–13(d)
and 6(e)–13(e) are the logarithmic spectra of the non-
dimensional displacement in horizontal and vertical, re-
spectively; Figures 6(f)–13(f) are Poincare maps in the (X, Y)
plane.

From Figures 6–8, when the half mass of the rotor is less
than 0.75 kg, the vibration is mainly caused by the mass
unbalance, the frequency of rotating is much bigger than
subharmonic frequency; thus, the rotor center obits show
a regular periodic motion. When the half mass of the rotor is
in the range of 0.75 kg and 1 kg, the amplitude of sub-
harmonic vibration increased and cannot be ignored. -e
motion losses its periodic motion, and subharmonic peri-
odic motion appears. However, the amplitude of motion is
also small. When the half mass of the rotor is bigger than
1.0 kg, shown in Figures 8 and 9, the amplitude of vibration
becomes much bigger and a closed curve occurs in the
Poincare map, which indicated that quasiperiodic motion
appears.

-e effects of the number of waviness in the circum-
ferential direction on the nonlinear dynamic performance of
the system are analyzed in which different numbers of
waviness (N � 3, 5, and 7) with ms � 1.0 kg, ξ � 0.005, k �

4e6N/m are used for calculation. Figures 8–11 show the
obits, logarithmic spectrum maps, and Poincare map with
surface waviness (N � 3, 5, and 7), respectively. -e com-
parison between different numbers of waviness in circum-
ferential direction shows that the number of waviness do not
change the nonlinear dynamic performance of the system,
but the amplitude of the vibration declines slightly with the
increase of the number of waviness (shown in the
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logarithmic spectrum maps). -e increase of the number of
waves can only improve the static and dynamic performance
of the bearing slightly which is not enough to change the
nonlinear dynamic behavior of the system.

Figures 8, 12, and 13 display the obits, logarithm am-
plitude spectrum maps, and Poincare maps of the rotor
center with different surface waviness amplitudes in cir-
cumferential direction. In this solution, three cases (A � 1, 2,
and 3) with other parameters such as ms � 1 kg, ξ � 0.005,
and k � 4e6N/m are used and compared. -e nonlinear

dynamic performance changes from quasiperiodic motion
(A � 1) to regular periodic motion (A � 4). -is means the
large amplitude of the waviness can increase the stability of
the system, but the amplitude of the waviness is restricted by
the gas clearance. From the obits and logarithm spectrum
maps in these pictures above, we can find that the increase of
the amplitude of the surface waviness in circumferential
direction can decline the amplitude of the subharmonic
frequency.-at is because the increase of the amplitude of the
waviness can increase the static and dynamic performance.
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Figure 14 displays the bifurcation maps of the surface
waviness in the axial direction. In this solution, ms � 1 kg, ξ �
0.005, k � 4e6N/m, and A � 1μm are used. By comparing
with the flat surface bearing system, we can conclude that the
nonlinear dynamic performance of the system with axial
surface waviness is similar to that of the system with flat
surface. -e discrete point of the system with axial surface
waviness is 0.2 kg, a little bigger than that of the system with
flat surface (0.19 kg). But the existence of surface waviness
results in the decrease of the minimum gas film which easily
causes the collision friction between rotor and bearing.

5. Conclusions

In this paper, the effects of surface waviness in circumfer-
ential and axial direction to the nonlinear dynamic char-
acteristics of the rotor-bearing system with elastomer
suspension have been investigated. -e nonlinear dynamic

behaviors under different conditions have been investigated
by inspecting the rotor center obits, logarithm spectrum
maps, and Poincare maps. -e results of this study are more
applied to the practical engineering and can provide a for-
ward guidance of the manufacture for the bearing.

By comparing with the rotor-bearing system with flat
surface, the surface waviness in circumferential direction
does raise the stability of the system. For rotor-bearings
system with surface waviness in circumferential direction
(N � 5 and A � 1μm), the discrete point in the bifurcation
diagram (0.75 kg) is much bigger than that of flat surface
system (0.18 kg).

-ree values (N � 3, 5, and 7) of the number of surface
waviness are investigated and compared. -e nonlinear
dynamic performance is insensitive to the number of the
waviness in circumferential direction. With the increase of
the number of the waviness, the amplitude of the vibration
declines slightly.
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Figure 10: Obits, Poincare map, and amplitude spectrum of rotor center (ms � 1 kg, ξ � 0.005, k � 4e6N/m, A � 1μm, and N � 3).
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Figure 11: Obits, Poincare map, and amplitude spectrum of rotor center (ms � 1 kg, ξ � 0.005, k � 4e6N/m, A � 1μm, and N � 7).
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Figure 12: Obits, Poincare map, and amplitude spectrum of rotor center (ms � 1 kg, ξ � 0.005, k � 4e6N/m, A � 2μm, and N � 5).
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-e increase of the amplitude of the surface waviness in
circumferential can improve the static and dynamic per-
formance of the bearing obviously. With the increase of the
amplitude, the motion of the system is changed from
quasiperiodic motion to regular periodic motion. -us, the
large amplitude can increase the stability of the system.

-e effect of waviness in the axial direction is in-
vestigated by comparing with the flat surface. -e axial
surface waviness cannot change the nonlinear dynamic
performance of the system. But the existence of the waviness
can reduce the minimum gas clearance which is damage for
the bearing.

Nomenclatures

A: Amplitude of the waves on the surface, m
Asx, Asy: Dimensionless horizontal and vertical

acceleration of rotor
Abx, Aby: Dimensionless horizontal and vertical

acceleration of bearing
Cr: Average gas film clearance, m

d: Diameter of the rotor, m

eub: Mass eccentricity of the rotor, m

fgx,fgy: Supporting forces in horizontal and vertical
directions, N

fex, fey: External forces in horizontal and vertical
directions, N

fd: Damping force of elastomer, N

Fgx, Fgy: Dimensionless supporting forces in horizontal
and vertical directions

F: Defined as
��������
F2
gx + F2

gy



φ: Defined as tan−1(Fgx/Fgy)

Fex, Fey: Dimensionless external forces in horizontal and
vertical directions

H: Dimensionless film thickness between shaft and
bearing

h: Film thickness, m

k, c: Stiffness(N/m) and damping(N·s/m)of elastic
damper

c: Damping exponent
K, C: Dimensionless stiffness and damping of damper
ξ: Dimensionless damping coefficient of elastomer,

ξ � c/2
����
kmb



L: Length of journal bearing, m

ms: One-half mass of rotor, Kg

mb: Mass of bearing, Kg

Ms, Mb: Dimensionless mass of rotor and bearing
N: Number of waviness
p: Pressure, N/m2

P: Dimensionless pressure
Pa: Atmosphere pressure, N/m2

R: Radius of shaft, m

t: Time, s

τ: Dimensionless time, ϖt

U: Peripheral speed of rotor in dynamical state, m/s
μ: Fluid kinematic viscosity, Pa·s
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Figure 13: Obits, Poincare map, and amplitude spectrum of rotor center (ms �1 kg, ξ � 0.005, k � 4e6N/m, A � 3μm, and N � 5).
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Vsx, Vsy: Dimensionless horizontal and vertical velocity of
rotor

Vbx, Vby: Dimensionless horizontal and vertical velocity of
bearing

ϖ: Angular speed of rotor, rad/s
x, y: Horizontal and vertical coordinates, m

Xs, Ys: Dimensionless horizontal and vertical
displacement of rotor

Xb, Yb: Dimensionless horizontal and vertical
displacement of bearing

Xj, Yj: Dimensionless displacement of rotor relative to
the bearing in horizontal and vertical directions
(Xj � Xs −Xb; Yj � Ys −Yb)

Λ: Bearing number
ε: Eccentricity ratio of the system
δ: Height distribution of waviness, m
λ: Wavelength of surface waviness, m
θ, η: Dimensionless coordinate in circumferential and

axial directions
n: Time level
i, j: Grid location in circumferential and axial

directions
b: Parameters of bearing
s: Parameters of rotor
0: Initial parameter.
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[27] F. Rüdinger, “Optimal vibration absorber with nonlinear
viscous power law damping and white noise excitation,”
Journal of Engineering Mechanics, vol. 132, no. 1, pp. 46–53,
2006.

[28] R. D. Brown, P. Addison, and A. Chan, “Chaos in the un-
balance response of journal bearings,” Nonlinear Dynamics,
vol. 5, no. 4, pp. 421–432, 1994.

[29] G. Adiletta, A. R. Guido, and C. Rossi, “Chaotic motions of
a rigid rotor in short journal bearings,” Nonlinear Dynamics,
vol. 10, no. 3, pp. 251–269, 1996.

16 Shock and Vibration



Research Article
Haar Wavelet Method for Nonlinear Vibration of Functionally
Graded CNT-Reinforced Composite Beams Resting on Nonlinear
Elastic Foundations in Thermal Environment

Jianyu Fan and Jin Huang

Key Laboratory of Electronic Equipment Structure Design, Ministry of Education, Xidian University, Xi’an 710071, China

Correspondence should be addressed to Jianyu Fan; xdfjy1990@126.com and Jin Huang; jhuang@mail.xidian.edu.cn

Received 13 June 2018; Accepted 26 August 2018; Published 3 October 2018

Academic Editor: Matteo Strozzi

Copyright © 2018 Jianyu Fan and Jin Huang. -is is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

-is paper presents a simple and effective approach based on the Haar wavelet discretization method (HWDM) for the nonlinear
vibration analysis of carbon nanotube-reinforced composite (CNTRC) beams resting on a nonlinear elastic foundation in
a thermal environment. Material properties are assumed to be functionally graded (FG) in the thickness direction and
temperature-dependent and are evaluated through the extended rule of mixture. Based on the first-order shear deformation beam
theory in conjunction with the von Kármán nonlinearity, the nonlinear governing equations of CNTRC beams on nonlinear
elastic foundations are derived as well as the related boundary conditions. Moreover, the initial thermal stress due to uniform
temperature rise is considered in this study. To evaluate the nonlinear natural frequencies, the obtained equations are discretized
into a set of nonlinear algebraic equations through HWDM and then the direct iteration technique is employed to solve the
resulting algebraic equations.-e convergence and comparison studies are carried out, and the results indicate that the numerical
rate of convergence of the proposed method is in agreement with the convergence theorem, and good accuracy of the present
results is observed. Studies on the effects of different parameters such as CNT volume fraction, distribution type of CNTs,
foundation stiffness coefficients, boundary condition, slenderness ratio, temperature rise, and initial thermal stress on the linear
frequencies and the nonlinear frequency ratios are also reported. -is study offers an insight into the vibration behaviors of
CNTRC beams resting on nonlinear elastic foundation subjected to the uniform temperature rise.

1. Introduction

Owing to their extraordinarymechanical, thermal, and electrical
properties, carbon nanotubes (CNTs) have been considered to
be an ideal reinforcement material for high performance
composites. Structural applications of carbon nanotube-
reinforced composites (CNTRCs) may include aviation, auto-
motive, military, and space-related parts, in which the material
with high strength, stiffness, and light weight is required. In the
past decades, extensive numerical and experimental studies
have focused on the mechanical properties of CNTRCs. An
analytical study on axial Young’smodulus of single-walled CNT
arrays with diameters ranging from nanometer to meter scales
was conducted by Sun et al. [1]. -eir results showed that the
mechanical properties of CNTs outperform those of carbon
fibers. Gojny et al. [2] presented the effects of different types
of CNT fillers on mechanical properties of epoxy-based

nanocomposites. -ey found that the strength and stiffness
of the resulting CNT/epoxy composite can be remarkably
enhanced. Omidi et al. [3] showed that only a 3wt.% addition of
multiwalled CNTs increases Young’s modulus and the tensile
strength of epoxy-based composites up to 43.1% and 55.2%,
respectively.-e above researches have proved that the addition
of CNTs into the matrix leads to significant improvements in
the strength and stiffness of the composite.

Functionally graded materials (FGMs) are a class of
novel materials with properties that vary spatially according
to a given nonuniform distribution of the reinforcement
phase. Inspired by the concept of FGMs, Shen [4] first
proposed CNT-based FGMs, namely, functionally graded
carbon nanotube-reinforced composites (FG-CNTRCs). In
his study, CNTs were distributed linearly along the plate’s
thickness directions into an isotropic matrix and the results
showed that the nonlinear bending behavior of CNTRC plates
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can be considerably improved through the FG distribution of
CNTs. Recently, using a powder metallurgy route, Kwon et al.
[5] successfully fabricated functionally graded CNT-reinforced
aluminummatrix composites, which proved the feasibility of the
concept of FG-CNTRCs. After the pioneering work of Shen,
extensive investigations about FG-CNTRC beams, plates, and
shells were carried out to explore their mechanical properties,
such as static bending behaviors [6], elastic buckling and
postbuckling characteristics [7–10], and linear and nonlinear
free vibration features [11–14]. For more details, a compre-
hensive review on the mechanical analysis of FG-CNTRC
structures has been presented by Liew et al. [15].

Composite beams are extensively used in many engi-
neering applications where higher strength to weight ratio is
desired, such as aircraft structures and space vehicles. In recent
years, researches on the mechanical properties of FG-CNTRC
beams have been increasing rapidly. Ke et al. studied the
nonlinear free nonlinear [16] and dynamic stability [17] of FG-
CNTRC beams and found that the natural and excitation
frequencies of FG-CNTRC beams with symmetrical distri-
bution of CNTs are higher than those of beamswith uniformor
unsymmetrical distribution of CNTs. Wu et al. investigated
extensively nonlinear vibration [18], mechanical, and thermal
postbuckling [19, 20] behaviors of FG-CNTRC beams with
various geometric imperfections. -eir results indicated that
geometric imperfections have a considerable effect on the
mechanical behaviors of the FG-CNTRC beams. Ansari et al.
[21] examined nonlinear forced vibration behaviors of FG-
CNTRC Timoshenko beams using the GDQM and pseudoarc
length technique. Beams resting on an elastic foundation often
come across in engineering practice. So far, some studies have
been conducted on the mechanical behaviors of FG-CNTRC
beams on the elastic foundation. Using a two-step perturbation
technique, Shen and Xiang [22] dealt with the linear and
nonlinear free vibration, nonlinear bending, thermal buckling,
and thermal postbuckling of simply supported FG-CNTRC
beams resting on a linear elastic foundation. Free vibrations
and buckling of FG-CNTRC beams resting on the linear elastic
foundation were carried out by Yas and Samadi [23] using the
generalized differential quadrature method (GDQM). -eir
results found that both the natural frequency and the critical
buckling load increase with the use of an elastic foundation.

From the above literature review, it is noted that the
aforementioned researches only considered the mechanical
behaviors of FG-CNTRC beams resting on linear elastic
foundations. However, with the increase in the applied external
load, the beam’s transverse deflection will influence the axial
force and the resulting governing equations become coupled
and nonlinear. In this case, the linear elastic subgrade model is
inadequate to describe the real behavior of the foundation and
hence the use of a more sophisticated nonlinear one becomes
inevitable. However, to the best knowledge of the authors, no
research has examined the mechanical behaviors of FG-
CNTRC beams interacting with nonlinear elastic founda-
tions.Moreover, composite structures made of FGMs are often
operated in a thermal environment and the initial thermal
stresses due to the temperature change will occur, which tends
to affect the mechanical behaviors of structures [24]. However,
from the aforementioned studies, only the temperature

dependence of material properties was considered and the
influence of initial thermal stresses was neglected.

Wavelet methods have been developed as a new powerful
tool for mathematical analysis and engineering computation in
recent years. Different types of wavelets have been employed in
numerical approximations, such as Chebyshev [25], Legendre
[26], Daubechies [27], and Haar wavelets [28]. Among them,
the Haar wavelet has gained extensive attention due to its
unique properties such as simple applicability, orthogonality,
and compact support. Hence, Haar wavelet methods have been
widely applied for solving differential, integral, and integro-
differential equations [28–32]. Moreover, the Haar wavelet
discretization method (HWDM) introduced in Ref. [34] was
adopted successfully for analysis of wide class of solid me-
chanics problems. For instance, free vibration of composite
laminated cylindrical, conical, and annular plate structures was
studied by Xie et al. bymeans of theHWDM[33, 34]. Hein and
Feklistova [35] utilized the HWDM to analyze vibration be-
haviors of axially FG beams with various boundary conditions.
Majak et al. [36] investigated the accuracy issues of theHWDM
for solving the transverse vibration problem of the FG beam,
and they found that the numerical order of convergence of the
HWDM is equal to two and is in good agreement with the
theoretical value. Recently, Majak et al. developed a new higher
order Haar wavelet method (HOHWM) for FGM structures,
and their results showed that using the proposed method al-
lows to improve the order of convergence of the HWDM from
two to four and to reduce the absolute error by several orders of
magnitude [37]. It can be seen from the aforementioned lit-
erature review that most of researches on the application of the
Haar wavelet approach for the analysis of composite structures
are concerned with linear problems, such as free vibration.
However, lots of scientific problems in solid mechanics
problems are inherently nonlinear. Hence, study on the use of
the Haar wavelet method to the nonlinear problem in com-
posite mechanics is extremely necessary.

In the present work, an attempt is made to employ the
Haar wavelet method to analyze the nonlinear vibration be-
havior of FG-CNTRC beams in a thermal environment. -e
considered beam is fixed on a three-parameter nonlinear
elastic foundation with cubic nonlinearity and a shearing layer
and meanwhile subjected to a uniform temperature rise. -e
temperature-dependent material properties and the initial
thermal stress due to the uniform temperature rise are both
taken into consideration. Based on the first-order shear de-
formation theory (FSDT) in conjunction with the von Kármán
nonlinearity, the nonlinear governing equations of CNTRC
beams are derived via Hamilton’s principle. -e resultant
governing equations and corresponding boundary conditions
are first discretized into nonlinear algebraic equations using
the HWDWand then solved by a direct iteration technique to
obtain the linear and nonlinear frequencies of FG-CNTRC
beams. To validate the convergence and accuracy of the
proposedmethod, some numerical examples are conducted to
compare the results obtained from the proposed method with
those available in the open literature. A detailed parametric
study is carried out to examine the effects of the CNTvolume
fraction, distribution type of CNTs, foundation stiffness co-
efficients, boundary condition, and slenderness ratio on the
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nonlinear vibration behavior of FG-CNTRC beams. More-
over, the influences of the temperature and initial thermal
stress are also investigated.

2. Theoretical Formulations

2.1. System Description. Consider an FG-CNTRC beam
resting on a three-parameter nonlinear elastic foundation with
cubic nonlinearity and a shearing layer, as shown in Figure 1.
-e geometric sizes of the beam are the length L and the
thicknessH.-e reference surface of the nanocomposite beam
is taken to be at its midplane where an orthogonal coordinate
system (x, z) with the origin at one end of the beam is fixed
and the x- and z-axes are taken along the length and thickness
directions, respectively. -e nonlinear elastic foundation is
assumed to be made up of massless springs with shear in-
teraction among the beam and them, and no part of the beam
lifts off the foundation during its large amplitude vibration.
-e load-displacement relationship of the mechanical model
of the foundation considered here is given as [38]

F0 � kLw + kNLw
3 − kS

z2w

zx2 , (1)

where F0 denotes the reaction force of the nonlinear elastic
foundation; kL (N/m3) and kNL (N/m) indicate linear and
nonlinear coefficients of the Winkler elastic foundation,
respectively; kS (N/m) represents the coefficient of the shear
stiffness of the elastic foundation; and w is the displacement
component in the z direction.

-e CNTRC beam adopted here is assumed to be made of
a mixture of uniaxially aligned SWCNTs and isotropic ma-
trices. -e CNTs are distributed into the matrix material in
a functionally graded (FG) or uniform form along the beam
thickness direction. In this study, two types of FG distribu-
tions are considered, FG-X and FG-O. Meanwhile, as
a counterpart, the uniform distribution (UD) is also treated.
Various CNTdistribution types in the composite are depicted
graphically in Figure 2, and the volume fraction of CNTs
VCNT for each distribution pattern can be expressed as [23]

UD : VCNT � V
∗
CNT,

FG-X : VCNT � 2V
∗
CNT 2

|z|

H
 ,

FG-O : VCNT � 2V
∗
CNT 1− 2

|z|

H
 ,

(2)

where V∗CNT denotes the total CNT volume fraction given by

V
∗
CNT �

wCNT

wCNT + ρCNT/ρm( − ρCNT/ρm( wCNT
, (3)

where wCNT denotes the mass fraction, ρCNT and ρm rep-
resent the mass densities of the CNT and matrix, re-
spectively. It should be noted that the total mass fractions in
FG-X, FG-O, and UD CNTRC beams are the same.

-e effective material properties of CNTRCs vary con-
tinuously in the beam thickness direction and are calculated
using the extended rule of mixtures as [4]

E11 � η1VCNTE
CNT
11 + VmE

m
,

η2
E22

�
VCNT

ECNT
22

+
Vm

Em ,

η3
G12

�
VCNT

GCNT
12

+
Vm

Gm,

(4)

where ECNT
11 ,ECNT

22 , andGCNT
12 are Young’s modulus and shear

modulus of SWCNTs, respectively, and Em and Gm indicate
the corresponding properties of the isotropic matrix. -e
coefficients η1, η2, and η3 are the efficiency parameters to
explain the scale-dependent material properties and are
evaluated by matching the effective properties of CNTRC
obtained from the MD simulations with those from the rule
of mixtures [39]. Moreover, in Equation (4), VCNT and Vm
indicate the volume fractions of CNTs and matrix phases,
respectively, which satisfy the condition VCNT + Vm � 1. It
can be seen from Equation (4) that the effective material
properties of CNTRC beams are position dependent.

-e mass density, effective Poisson’s ratio, and thermal
expansion coefficient of the CNTRC composite can also be
obtained according to the rule of mixtures as follows [22]:

ρ � VCNTρ
CNT

+ Vmρ
m

,

v12 � VCNTv
CNT
12 + Vmv

m
,

α11 �
VCNTECNT

11 αCNT11 + VmEmαm

VCNTECNT
11 + VmEm

,

(5)

in which vCNT12 and vm are the Poisson ratios of SWCNTs and
the matrix, respectively, and αCNT11 and αm denote the cor-
responding thermal expansion coefficients.

x, u

z, w

L FG-CNTRC
beam

Shearing layer (ks)

Nonlinear spring
layer (kL, kNL)

H

Figure 1: Geometry and notations of the FG-CNTRC beam
interacting with nonlinear elastic foundations.

(a) (b) (c)

Figure 2: Different CNT distribution types in the CNTRC com-
posite structure: (a) UD, (b) FG-X, and (c) FG-O.
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2.2. Governing Relations and Equations. Based on the first-
order shear deformation beam theory, the displacement field
of a CNTRC beam is expressed as

ux � u(x, t) + zϕ(x, t),

uz � w(x, t),
(6)

where (ux, uz) indicate the displacement components of an
arbitrary point (x, z) in the beam; (u, w) denote the dis-
placement components of the point on the midplane; ϕ
denotes the rotation of the beam cross section; and t is the
time. -e von Kármán-type nonlinear strain-displacement
relationships associated with the thermal effect can be
written as [40]

εxx �
zu

zx
+ z

zϕ
zx

+
1
2

zw

zx
 

2

− α11ΔT,

cxz �
zw

zx
+ ϕ,

(7)

where ΔT is the temperature change with respect to a ref-
erence temperature. It is assumed that the considered beam
is initially stress-free at the reference temperature T0 and
then subjected to a uniform temperature rise ΔT � T−T0,
where T is the current temperature.

-e force and moment resultants of the CNTRC beam
based on the linear constitutive relationship are given by [40]

Nx � A11
zu

zx
+ B11

zϕ
zx

+
1
2
A11

zw

zx
 

2

−N
T
x, (8a)

Mx � B11
zu

zx
+ D11

zϕ
zx

+
1
2
B11

zw

zx
 

2

−M
T
x, (8b)

Qxz � κA55
zw

zx
+ ϕ , (8c)

where Nx, Mx, and Qxz are the axial force, bendingmoment,
and shear force, respectively. Here, κ is the shear correction
factor and is taken as κ � 5/6 in this study. -e stiffness
components are defined as

A11, B11, D11  � 
H/2

−H/2
Q11(z, T) 1, z, z

2
  dz,

A55 � 
H/2

−H/2
Q55(z, T) dz,

(9)

where Q11(z, T) � E11(z, T)/[1− v12(z)v21(z)] and
Q55(z, T) � G12(z, T). Here, NT

x and MT
x are the thermal

force and moment resultants,

N
T
x, M

T
x  � 

H/2

−H/2
Q11(z, T)α11(z, T) 1, z{ } dz. (10)

By means of Hamilton’s principle, the governing dif-
ferential equations of a FG-CNTRC beam resting on
a nonlinear elastic foundation in a thermal environment can
be derived as follows [20, 23]:

zNx

zx
� I0

z2u

zt2
+ I1

z2ϕ
zt2

, (11a)

zQxz

zx
+

z

zx
Nx

zw

zx
 − kLw− kNLw

3

+ kg

z2w

zx2 � I0
z2w

zt2
,

(11b)

zMx

zx
−Qxz � I1

z2u

zt2
+ I2

z2ϕ
zt2

, (11c)

where I0, I1, I2  � 
H/2

−H/2
ρ(z) 1, z, z

2
 dz are the inertia

terms.
Substituting Equations (8)–(10) into Equation (11), the

nonlinear governing equations of the considered beam in
terms of displacements can be obtained as

A11
z2u

zx2 + B11
z2ϕ
zx2 + A11

zw

zx

z2w

zx2 � I0
z2u

zt2
+ I1

z2ϕ
zt2

,

(12a)

κA55
z2w

zx2 +
zϕ
zx

  + A11
z2u

zx2
zw

zx
+

zu

zx

z2w

zx2 

+ B11
z2ϕ
zx2

zw

zx
+

zϕ
zx

z2w

zx2 

+
3
2
A11

zw

zx
 

2
z2w

zx2 −N
T
x

z2w

zx2

− kLw− kNLw
3

+ kg

z2w

zx2 � I0
z2w

zt2
,

(12b)

B11
z2u

zx2 + D11
z2ϕ
zx2 + B11

zw

zx

z2w

zx2 − κA55
zw

zx
+ ϕ 

� I1
z2u

zt2
+ I2

z2ϕ
zt2

.

(12c)

In the present study, the boundary conditions at the two
ends of the beam can be considered as either a clamped end
or a hinged end, which are given by

Clamped(C)end : u � w � ϕ � 0, atx � 0 or L,

(13a)

Hinged(H)end : u � w � Mx � 0, atx � 0 or L. (13b)

In the harmonic vibration analysis, the displacements
can be expressed as

u(x, t) � U(x)e
iωt

,

w(x, t) � W(x)e
iωt

,

ϕ(x, t) � Φ(x)e
iωt

,

(14)

where ω is the natural frequency and i �
���
−1

√
; U(x), W(x),

andΦ(x) denote the unknown displacement functions to be
determined. Substituting Equation (14) into Equation (12)
and introducing the following normalized variable ξ � x/L,
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we can obtain the nonlinear governing equations in terms of
a single nondimensional variable ξ as follows:

L1
d2U

dξ2
+ L2

d2Φ
dξ2

+ G1
dW

dξ
d2W

dξ2
� −ω2

I0U−ω
2
I1Φ,

(15a)

L3
d2W

dξ2
+ L4

dΦ
dξ

+ G1
d2U

dξ2
dW

dξ
+

dU

dξ
d2W

dξ2
 

+ G2
d2Φ
dξ2

dW

dξ
+

dΦ
dξ

d2W

dξ2
  + G3

dW

dξ
 

2
d2W

dξ2

−GTΔT
d2W

dξ2
− kLW− kNLW

3

+
kg

L2
d2W

dξ2
� −ω2

I0W,

(15b)

L2
d2U

dξ2
+ L5

d2Φ
dξ2

+ L6
dW

dξ
+ L7Φ + G2

dW

dξ
d2W

dξ2

� −ω2
I1U−ω

2
I2Φ,

(15c)

where the Li, Gi, and GT are the constant coefficients defined
in Appendix A. It should be noted that the variable ξ satisfies
ξ ∈ [0, 1] so that the Haar wavelet method can be directly
used to solve the given equations.

3. Solution Methodology

In this section, a simple and effective numerical approach
based on the Haar wavelet discretization method (HWDM)
will be adopted to solve the nonlinear governing equations
of the CNTRC beam. -e HWDM is an effective approach
for solving differential, integral, and integro-differential
equations [28, 41] and will be used to discretize the de-
rivatives in the governing equations and the boundary
conditions.

3.1. 4e Haar Wavelet Functions and 4eir Integrals. -e
Haar wavelet is known as one of the simplest orthonormal
wavelets with a compact support. Mathematically, the Haar
wavelet family hi(ξ) is defined as a group of square waves in
ξ ∈ [0, 1] with magnitude ±1 in given intervals and zero
elsewhere, which is expressed as [35, 42]

hi(ξ) �

1, ξ ∈ ξ1(i), ξ2(i) ,

−1, ξ ∈ ξ2(i), ξ3(i) 

0, elsewhere.

⎧⎪⎪⎨

⎪⎪⎩
, (16)

where ξ1(i) � k/m, ξ2(i) �(k + 0.5)/m, and ξ3(i) �(k + 1)/m.
-e integer m � 2j(j � 0,1, ..., J) indicates the factor of scale,
where J is the maximal level of resolution. -e parameter k

denotes the translation parameter (k � 0,1, ..., m−1). -e
index i is defined as i � m + k + 1, and the maximal value is
i � 2M (M � 2J); theminimal value i � 2 is reached whenm �

1 and k � 0. It should be noted that case i � 1 corresponds to
the scaling function h1(ξ) ≡ 1.

Let us assume that f(ξ) is a square integrable and finite
function in the interval [0, 1] and it can be expanded into the
Haar wavelet series with infinite terms. In practice, the series
need to be truncated, and only the finite terms of the Haar
wavelet series are considered. Hence, the function f(ξ) can
be expressed as a finite-term series, that is,

f(ξ) � 
2M

i�1
aihi(ξ), (17)

where ai (i � 1, . . . , 2M) denote unknown wavelet
coefficients.

To solve differential equations using the HWDM, the
integrals of the Haar wavelet functions (16) are required
which can be calculated analytically as follows [36]:

pn,i(ξ) �
ξn

n!
, for i � 1, (18a)

pn,i(ξ) �

0, ξ ≤ ξ1(i),

1
n!

ξ − ξ1(i)( 
n
, ξ1(i)< ξ ≤ ξ2(i),

1
n!

ξ − ξ1(i)( 
n − 2 ξ − ξ2(i)( 

n
 , ξ2(i)< ξ ≤ ξ3(i),

1
n!

ξ − ξ1(i)( 
n − 2 ξ − ξ2(i)( 

n
+ ξ − ξ3(i)( 

n
 , ξ > ξ3(i),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

for i> 1, (18b)

where n indicates the integral order of the Haar wavelet
function. In the case n � 0, the function hi(ξ)will be obtained.

Let us divide the interval [0, 1] into 2M subintervals of
equal length, Δξ � 1/2M; the coordinates of the collocation
points are given as

ξl �
(l− 0.5)

2M
, l � 1, 2, ..., 2M. (19)

Substitution of the collocation points in Equation (19)
into Equations (16) and (18) leads to the Haar coefficient
matrixH and the integral coefficient matrices P(n) as follows:
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H(i, l) � hi ξl( , (20a)

P(n)
(i, l) � pn,i ξl( , (20b)

where H and P(n) are 2M × 2M matrices and will be used to
discretize the given governing equations in the next section.

3.2. Solution Procedure. Firstly, according to the HWDM
[34], the highest-order derivatives of the unknown dis-
placement functions with respect to the normalized variable
ξ in Eq. (15) can be expanded by the truncated Haar wavelet
series. Hence, it is assumed that these functions can be
expressed as

d2

dξ2
U(ξ), W(ξ),Φ(ξ){ } � 

2M

i�1
ai, bi, ci hi(ξ), (21)

where ai, bi, and ci are the unknown wavelet coefficients and
hi(ξ) indicates the Haar wavelet function defined in
Equation (16). Integrating Equation (21) and substituting
Equation (19) leads to the following expressions:

d

dξ
U(ξ), W(ξ),Φ(ξ){ } � 

2M

i�1
ai, bi, ci p1,i(ξ)

+
d

dξ
U(0), W(0),Φ(0){ },

U(ξ), W(ξ),Φ(ξ){ } � 
2M

i�1
ai, bi, ci p2,i(ξ)

+ ξ
d

dξ
U(0), W(0),Φ(0){ }

+ U(0), W(0),Φ(0){ },

(22)

where d U(0), W(0),Φ(0){ }/dξ and U(0), W(0),Φ(0){ } are
the integrating constants to be determined.

-e evaluation of Equations (21) and (22) at the given
collocation points can be written in matrix form as

d2U

dξ2
� Ha,

d2W

dξ2
� Hb,

d2Φ
dξ2

� Hc,

(23a)

dU

dξ
� P(1)a + Q1d,

dW

dξ
� P(1)b + Q1e,

dΦ
dξ

� P(1)c + Q1f ,

(23b)

U � P(2)a + Q2d,

W � P(2)b + Q2e,

Φ � P(2)c + Q2f ,

(23c)

where a � a1 a2 · · · a2M 
T, b � b1 b2 · · · b2M 

T,
c � c1 c2 · · · c2M 

T, d � dU(0)/dξ U(0) 
T,

e � dW(0)/dξ W(0) 
T, f � dΦ(0)/dξ Φ(0) 

T, and

Q1 �
1 1 · · · 1
0 0 · · · 0 

T

2×2M

, Q2 �
ξ1 ξ2 · · · ξ2M

1 1 · · · 1 

T

.

Substituting Equation (23) into Equation (20) with some
simple manipulation, the governing equations of the
CNTRC beam can be converted into the following nonlinear
algebraic equations which are expressed in the matrix form
as

Ks
ddXd + Ks

bdXb −ΔTK
t
ddXd + Kg

ddXd

+ Kg
bdXb � ω2 Mg

ddXd + Mg
bdXb ,

(24)

where Xd � a b c 
T and Xb � d e f 

T. -e matrices
Ks

dd, K
s
bd, K

t
dd, M

g
dd, and Mg

bd are constant matrices, but Kg
dd

and Kg
bd are dependent on the displacement component W,

which are given in Appendix B.
-e discretization of the boundary conditions can be

carried out in the same way. For example, for a clamped
beam in both ends, the boundary conditions can be
expressed using HWDM as

U(0) � 
2M

i�1
aip2,i(0) + U(0) � 0,

U(1) � 
2M

i�1
aip2,i(1) +

dU(0)

dξ
+ U(0) � 0,

W(0) � 
2M

i�1
bip2,i(0) + W(0) � 0,

W(1) � 
2M

i�1
bip2,i(1) +

dW(0)

dξ
+ W(0) � 0,

Φ(0) � 
2M

i�1
cip2,i(0) +Φ(0) � 0,

Φ(1) � 
2M

i�1
cip2,i(1) +

dΦ(0)

dξ
+Φ(0) � 0.

(25)

Equation (25) can also be written in the matrix form as

Ks
dbXd + Ks

dbXb + Kg
dbXd + Kg

bbXb � 0, (26)

where Ks
db, K

s
db, K

g
db, and Kg

bb are listed in Appendix B. It
should be noted that the matrices Ks

db, K
s
db, K

g
db, and K

g
bb are

varied for the different boundary conditions.
Assembling of Equations (24) and (26) leads to the global

equations of the nonlinear vibration of the FG-CNTRC
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beam resting on the elastic foundation in a thermal envi-
ronment, which are written as

Ks −ΔTKt
+ Kg

(X) X−ω2MX � 0, (27)

where

X �
Xd

Xb
 ,

Ks
�

Ks
dd Ks

bd

Ks
db Ks

bb
 ,

Kt
�

Kt
dd 0

0 0
 ,

Kg
�

Kg
dd Kg

bd

Kg
db Kg

bb

⎡⎣ ⎤⎦,

M �
Mdd Mbd

0 0
 ,

(28)

where X is the unknown displacement vector. Ks, Kg(X),
Kt, and M denote the linear and nonlinear stiffness ma-
trices, the stiffness matrix due to the uniform temperature
rise, and the mass matrix, respectively. It should be noted
that the coefficient matrices above are all dependent on
the current temperature T. Moreover, it can be seen that
the solution of Equation (27) is essentially a nonlinear
eigenvalue problem.

An direct iterative method adopted by Mirzaei and Kiani
[43] is used to solve the system of nonlinear eigenvalues in
Equation (27). First, to solve this equation, the nonlinear
terms Kg(X) are set to zero and the resulting linear ei-
genvalue problem is solved to obtain the linear nature
frequencies ωL and the corresponding linear eigenvectors
XL. -en, the linear eigenvectors are used to evaluate the
nonlinear coefficient matrix Kg(X). -e eigenvalue problem
is solved again to obtain the nonlinear nature frequencies
ωNL and eigenvectors XNL, and subsequently the nonlinear
coefficient matrix is reevaluated using the obtained non-
linear eigenvectors XNL. -e iterative procedure continues
until the frequency values from the two subsequent itera-
tions “r” and “r+ 1” satisfy the prescribed convergence
criteria

ωr+1
NL −ωr

NL




ωr
NL ≤ ζ0

, (29)

where ζ0 is a small-value number and, in the present study, it
is taken to be 0. 01%.

4. Results and Discussion

In this section, firstly, the convergence and accuracy of the
present method are demonstrated by comparing the ob-
tained results with those available in the open literature.
-en, parametric studies are conducted to show the in-
fluences of the CNTvolume fraction, CNTdistribution type,
slenderness ratio, boundary condition, and elastic founda-
tion coefficients on the nonlinear vibration behavior of the
FG-CNTRC beams resting on a nonlinear elastic foundation.

In addition, the effects of the temperature rise and the initial
thermal stress are also discussed.

In what follows, otherwise specified, the CNTRC beam
considered here is made of the PMMA matrix and (10, 10)
armchair SWCNT reinforcements. -e material properties
of the PMMA matrix are assumed to be temperature-
dependent and are given by

E
m

� (3.52− 0.0034T)GPa,

ρm � 1190 kg/m3
 ,

v
m

� 0.3,

αm � 45(1 + 0.0005ΔT) × 10−6/K,

(30)

whereT � T0 + ΔT andT0 is the room temperature, which is
assumed to be T0 � 300K and those of SWCNTs at the given
temperatures are listed in Table 1. To establish a tempera-
ture-dependent relationship, a third-order interpolation is
used to estimate the material properties of SWCNTs as
a function of temperature. For 300≤T≤ 1000, the variations
of the material properties of SWCNTs with respect to the
temperature are as follows:

E
CNT
11 � 6.15145− 2.6591 × 10−3T + 3.882 × 10−6T2

− 2.093095 × 10−9T3
(TPa),

E
CNT
22 � 7.71322− 3.3355 × 10−3T + 4.870 × 10−6T2

− 2.626071 × 10−9T3
(TPa),

G
CNT
12 � 1.86037 + 4.1425 × 10−4T− 4.961 × 10−7T2

+ 1.66548 × 10−10T3
(TPa),

αCNT11 � −1.12092 + 2.2888 × 10−2T− 2.881 × 10−5T2

+ 1.13223 × 10−8T3
×10−6/K ,

v
CNT
12 � 0.175,

ρCNT � 1400 kg/m3
.

(31)

For three different CNT volume fractions, the CNT ef-
ficiency parameters ηi (i �1, 2, 3) are as follows: η1 � 0.137,
η2 � 1.022, and η3 � 0.715 for V∗CNT � 0.12; η1 � 0.142,
η2 � 1.626, and η3 � 1.138 for V∗CNT � 0.17; η1 � 0.141,
η2 � 1.585, and η3 � 1.109 for V∗CNT � 0.28.

For simplicity, the letters C and H are used to denote
clamped and hinged boundary conditions, respectively. For
instance, C-H represents the beam with one end clamped
and the other end hinged. -e dimensionless stiffness co-
efficients of the elastic foundation are defined as follows:

KL �
kLL2

A110
,

KNL �
kNLH4

A110
,

KS �
kS

A110
,

(32)
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where A110 � Em0H/[1− (]m)2], where Em0 is the value of
Em at room temperature.

4.1. Convergence and Comparison Studies. In this sub-
section, the convergence of the proposed method for the
vibration analysis of FG-CNTRC beams is first examined to
establish the maximal level of resolution J of the truncated
Haar wavelet series to achieve accurate results. Table 2
presents the linear fundamental frequency parameters ΩL
of C-C FG-CNTRC beams with varying maximal level of
resolution J. -e linear fundamental frequency parameters
ΩL are defined as ΩL � ωLL

���������
ρmH/A110


. -e geometrical

sizes are H � 0.1m and L/H � 25. -e material properties
used are defined in Equations (30) and (31) at room
temperature. As a comparison, the results available in Ref.
[18] are also included in Table 2. It can be seen from this
table that, by increasing the maximal level of resolution J,
the numerical results converge stably and the converged
values are in close agreement with those of Ref. [18]. In
addition, based on the obtained frequency results for three
successive values of J, the numerical rate of convergence
can be estimated as follows [36]:

ki �
log Ri−2 −Ri−1( / Ri−1 −Ri( ( 

log(2)
, (33)

where Ri is the obtained result in the case of J � i. Here,
the estimated rates of convergence are also listed in
Table 2 and it is observed that the numerical rates of
convergence tend to two for all the cases, which is in
agreement with the theoretical result given in Ref. [44].
Moreover, it can be noted that the results obtained are
nearly unchanged with the increase in J when it reaches
a certain value of J � 7. -us, unless otherwise stated, the
maximal level of resolution is chosen as J � 7 in the
following examples.

A comparison study is presented in the next example for
H-H FG-CNTRC beams resting on linear elastic foundations
with various elastic foundation coefficients. -e first three
linear frequency parametersΩi � ωiL

���������
ρmH/A110


(i �1, 2, 3)

are evaluated and compared with the available results in the
open literature, as shown in Table 3. -e material properties
used are taken from Ref. [23], and the geometrical pa-
rameters are H � 0.1m and L/H � 15. It can be seen that the
obtained frequency parameters are in good agreement with
the available results in the open literature [23].

In the next example, the nonlinear frequency ratios
ωNL/ωL at different dimensionless vibration amplitude
W∗max are given in Table 4 for UD-CNTRC beams with
different boundary conditions and compared with those
given by the open literature. -e dimensionless vibration
amplitude W∗max is defined as W∗max � Wmax/H, where
Wmax denotes the vibration amplitude. -e material
properties used are the same with those given by Ke et al.
[16]. As can be seen, our results are in excellent agree-
ment with those obtained by Ke et al. [16] and Lin et al.
[45].

-e convergence and comparison studies show the ex-
cellent convergence and accuracy of the proposed Haar
wavelet method for the nonlinear vibration analysis of FG-
CNTRC beams.

4.2. Parametric Studies. In this subsection, parametric
studies will be presented to examine the nonlinear vibration
behaviors of FG-CNTRC beams resting on a nonlinear
elastic foundation. In the rest of the manuscript, the material
properties of CNTRC are taken as the values in Equations
(30) and (31).

As a first case, the effects of the distribution and
volume fraction of CNTs together with the boundary
condition on the nonlinear vibration behaviors of FG-
CNTRC beams are examined. Table 5 presents the linear
fundamental frequency parameters and nonlinear fre-
quency ratios ωNL/ωL at different dimensionless vibration
amplitude with various distribution types of CNTs, var-
ious CNT volume fractions, and different boundary
conditions. -ree kinds of boundary conditions (C-C,
C-H, and H-H) are considered. Tabulated results are
given for CNTRC beams with H � 0.1 m and L/H � 25
resting on a nonlinear elastic foundation at room tem-
perature. -e stiffness coefficients of the foundation are
KL � 10, KNL � 0.1, and KS � 0.02. It is seen from the table
that the nonlinear frequency ratio increases with an in-
crease in vibration amplitude, showing the well-known
“hard spring” vibration behavior. Among the CNT dis-
tributions considered here, FG-X leads to the highest
linear fundamental frequency, followed by UD and FG-O,
but for the nonlinear frequency ratios ωNL/ωL, FG-O
yields the highest value, followed by UD and FG-X.
-is can be explained by the fact that the CNT re-
inforcements distributed close to the top and bottom are
more efficient than those distributed near the midplane
for increasing the stiffness of CNTRC beams. Besides, for
all the boundary conditions considered, the C-C beam has
the highest linear fundamental frequency but lowest
nonlinear frequency ratios, followed by C-H and then
H-H beams. It can also be seen that the linear fundamental
frequency increases with an increase in the CNT volume
fraction, but it is unexpected that the CNTRC beams with
V∗CNT � 0.17, rather than V∗CNT � 0.12, have the lowest
frequency ratio. -is phenomenon was also found by Wu
et al. [18].

Table 1: Temperature-dependent material properties of (10, 10)
armchair SWCNTs.

T

(K)
ECNT
11

(TPa)
ECNT
22

(TPa)
GCNT
12

(TPa)
αCNT11

(×10−6/K)
300 5.6466 7.0800 1.9445 3.4584
500 5.5308 6.9348 1.9643 4.5361
700 5.4744 6.8641 1.9644 4.6677
1000 5.2814 6.6220 1.9451 4.2800
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-e influences of the slenderness ratio on the linear
fundamental frequency parameters and nonlinear frequency
ratios ωNL/ωL of the FG-CNTRC beams with and without
elastic foundation are investigated in Table 6. -e results are
provided for the FG-X CNTRC beam with V∗CNT � 0.17 and
H � 0.1m subjected to the H-H boundary condition at room
temperature. It is found that the linear fundamental fre-
quency parameter decreases with an increase in the slen-
derness ratio. For the beam without the elastic foundation,
the increase in the slenderness ratio yields a decrease in the
nonlinear frequency ratio, but, for the beam resting on the
nonlinear elastic foundation, the nonlinear frequency ratio
firstly decreases and then increases with an increase in the
slenderness ratio.

Next, the effects of the stiffness coefficients of the
nonlinear elastic foundation on the nonlinear vibration
behaviors of FG-CNTRC are studied. -e variations of the
nonlinear frequency ratio of FG-X CNTRC beams against
the dimensionless vibration amplitude are displayed in
Figure 3 for different stiffness coefficients. -e corre-
sponding dimensionless linear fundamental frequencies are

also shown in Figure 3.-e obtained results are given for the
H-H beam with H � 0.1m and L/H � 25 resting on a non-
linear elastic foundation at room temperature. -e volume
fraction of CNTs is taken as V∗CNT � 0.28. It can be seen from
Figure 3(a) that the linear fundamental frequency increases
and the nonlinear frequency ratio decreases with an increase
in the linear stiffness coefficient KL. -e same trend is also
observed from Figure 3(c) for the shear stiffness coefficient
KS. It can be noted that, different from the above two linear
elastic coefficients, an increase in the nonlinear stiffness
coefficient KNL leads to a larger nonlinear frequency ratio,
but the linear fundamental frequency remains constant.

In the following, the effects of the temperature rise and
initial thermal stress on the nonlinear vibration behavior of
FG-CNTRC beams on nonlinear elastic foundations are
discussed.

In Figure 4, the variations of the dimensionless linear
fundamental frequency against the temperature rise with
and without considering the initial thermal stress are
compared. -ree kinds of elastic foundations are con-
sidered. It can be seen from Figure 4 that as the

TABLE 2: Convergence of linear fundamental frequency parameters ΩL for C-C FG-CNTRC beams (H � 0.1m, L/H � 25, and
KL � KNL � KS � 0; the number in parenthesis indicates the estimated rate of convergence).

V∗CNT Type
Present

Ref. [18]
J � 4 J � 5 J � 6 J � 7 J � 8

0.12
FG-X 1.175828 1.173992 1.173533 (2.000) 1.173417 (1.984) 1.173389 (2.051) 1.1733
UD 1.073922 1.071476 1.070863 (1.996) 1.070709 (1.993) 1.070671 (2.019) 1.0706
FG-O 0.887362 0.883423 0.882435 (1.995) 0.882188 (2.000) 0.882126 (1.994) 0.8821

0.28
FG-X 1.691824 1.689592 1.689034 (2.000) 1.688894 (1.995) 1.688859 (2.000) 1.6887
UD 1.536038 1.533217 1.532510 (1.996) 1.532333 (1.998) 1.532289 (2.008) 1.5322
FG-O 1.297611 1.292688 1.291453 (1.995) 1.291144 (1.999) 1.291067 (2.005) 1.2911

Table 3: Comparison of the first three dimensionless linear frequency parameters for CNTRC beams resting on linear elastic foundations
(V∗CNT � 0.12, L/H � 15, H � 0.1m, and KNL � 0; boundary condition: H-H).

Type (KL � 0, KS � 0) (KL � 0.1, KS � 0) (KL � 0.1, KS � 0.02)
Ω1 Ω2 Ω3 Ω1 Ω2 Ω3 Ω1 Ω2 Ω3

UD Present 0.9739 2.8641 4.8515 1.0229 2.8811 4.8616 1.1132 3.0120 5.0371
Ref. [23] 0.9753 2.8728 4.8704 1.0241 2.8898 4.8804 1.1144 3.0203 5.0552

FG-X Present 1.1129 3.0702 5.0473 1.1560 3.0860 5.0570 1.2367 3.2087 5.2261
Ref. [23] 1.1150 3.0814 5.0695 1.1581 3.0972 5.0791 1.2386 3.2194 5.2474

FG-O Present 0.7521 2.4507 4.4175 0.8145 2.4705 4.4285 0.9253 2.6216 4.6200
Ref. [23] 0.7527 2.4562 4.4320 0.8150 2.4760 4.4430 0.9258 2.6268 4.6338

Table 4: Comparison of nonlinear to linear frequency ratios ωNL/ωL for UD-CNTRC beams with different boundary conditions
(V∗CNT � 0.17, H � 0.1m, and L/H � 10).

W∗max
H-H C-C C-H

Ke et al. [16] Lin et al. [45] Present Ke et al. [16] Lin et al. [45] Present Ke et al. [16] Lin et al. [45] Present
0.1 1.0259 1.0261 1.0260 1.0136 1.0136 1.0136 1.0187 1.0188 1.0188
0.2 1.1000 1.1005 1.1004 1.0533 1.0537 1.0535 1.0727 1.0731 1.0731
0.3 1.2135 1.2144 1.2144 1.1165 1.1175 1.1173 1.1570 1.1580 1.1581
0.4 1.3565 1.3579 1.3577 1.2001 1.2016 1.2015 1.2657 1.2671 1.2670
0.5 1.5206 1.5227 1.5223 1.3036 1.3019 1.3022 1.3922 1.3953 1.3950
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temperature rise increases, the linear fundamental fre-
quency parameter decreases monotonically to zero. In the
case considering the initial thermal stress, the decrease in
the linear fundamental frequency parameter is much
rapider than that without considering the initial thermal
stress. -e zero values of the dimensionless linear fun-
damental frequency represent the onset of instability or
buckling of the beams, and the corresponding tempera-
ture is the critical temperature at which the beam begins to
be instable or buckled. Besides, it is found that, by in-
creasing the linear and shear stiffness coefficients, both the
linear fundamental frequency and the critical temperature
increase.

Figure 5 presents the variations of the nonlinear frequency
ratio of FG-CNTRC beams against the dimensionless vi-
bration amplitude under different temperature rises. Both the
case with and without the initial thermal stress are taken into
consideration. It is found that the nonlinear frequency ratio
increases with an increase in the temperature rise. In addition,
when the initial thermal stress is considered, the nonlinear
frequency ratio increases.

As can be seen from Figures 4 and 5, the initial thermal
stress has remarkable effects on the nonlinear vibration
behavior of FG-CNTRC beams and hence cannot be
neglected when CNTRCs are operating in a thermal
environment.

5. Conclusion

-e nonlinear vibration behavior of FG-CNTRC beams
resting on a nonlinear elastic foundation in a thermal en-
vironment was investigated in this paper using the HWDM.
-e FSDT together with the von Kármán nonlinearity was
adopted to model the kinematic relationships. Both the
initial thermal stress and the temperature dependence of the
material properties were considered in the theoretical
modeling. -e nonlinear governing equations of CNTRC
beams on nonlinear elastic foundations were derived and
then solved using the HWDM in conjunction with the direct
iteration technique to obtain the linear and nonlinear
natural frequencies. -e convergence and accuracy studies
were conducted, and the results revealed that the numeri-
cally estimated rate of convergence of the proposed method
tends to two, which is consistent with the convergence
theorem, and good accuracy of the proposed method is
confirmed by comparing the present results with those
available in the literature. Finally, parametrical studies were
carried out to explore the influences of the volume fraction
of CNTs, distribution type of CNTs, slenderness ratio,
boundary conditions, foundation stiffness coefficients,
temperature rise, and initial thermal stress on the nonlinear
vibration behavior of FG-CNTRC beams. -e following
conclusions can be carried out:

Table 5: Nonlinear frequency ratio ωNL/ωL of FG-CNTRC beams resting on the nonlinear elastic foundation with different boundary
conditions (H � 0.1m, L/H � 25, KL � 10, KNL � 0.1, KS � 0.02, and T � 300 (K).

B.C. Type V∗CNT ΩL
W∗max

0.1 0.2 0.3 0.4 0.5

C-C

UD
0.12 1.7914 1.0252 1.0976 1.2097 1.3522 1.5160
0.17 2.2691 1.0209 1.0815 1.1762 1.2976 1.4409
0.28 2.4750 1.0258 1.1001 1.2147 1.3598 1.5299

FG-X
0.12 1.8346 1.0241 1.0936 1.2015 1.3389 1.4983
0.17 2.3411 1.0198 1.0771 1.1670 1.2826 1.4192
0.28 2.5831 1.0239 1.0926 1.1991 1.3346 1.4919

FG-O
0.12 1.6944 1.0279 1.1078 1.2309 1.3859 1.5643
0.17 2.1302 1.0236 1.0915 1.1971 1.3315 1.4869
0.28 2.3952 1.0273 1.1057 1.2263 1.3775 1.5529

C-H

UD
0.12 1.6120 1.0314 1.1208 1.2567 1.4263 1.6464
0.17 2.0163 1.0269 1.1039 1.2219 1.3708 1.5408
0.28 2.2349 1.0321 1.1231 1.2609 1.4315 1.6333

FG-X
0.12 1.6817 1.0290 1.1116 1.2380 1.3967 1.5848
0.17 2.1223 1.0243 1.0942 1.2022 1.3390 1.5013
0.28 2.3713 1.0286 1.1101 1.2346 1.3908 1.5685

FG-O
0.12 1.4697 1.0379 1.1442 1.3032 1.4988 1.7438
0.17 1.8160 1.0333 1.1274 1.2692 1.4450 1.6678
0.28 2.0742 1.0373 1.1419 1.2985 1.4909 1.7407

H-H

UD
0.12 1.4598 1.0385 1.1465 1.3078 1.5056 1.7281
0.17 1.7909 1.0342 1.1308 1.2763 1.4558 1.6588
0.28 2.0430 1.0385 1.1465 1.3075 1.5037 1.7279

FG-X
0.12 1.5712 1.0333 1.1276 1.2701 1.4469 1.6464
0.17 1.9521 1.0289 1.1111 1.2366 1.3936 1.5730
0.28 2.2273 1.0325 1.1246 1.2637 1.4357 1.6308

FG-O
0.12 1.2490 1.0522 1.1956 1.4037 1.6525 1.9255
0.17 1.5018 1.0483 1.1817 1.3763 1.6099 1.8698
0.28 1.7611 1.0515 1.1930 1.3981 1.6431 1.9131
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(a) -ebeamswith FG-XCNTdistribution have the highest
linear fundamental frequency but lowest nonlinear
frequency ratios, followed by UD and then FG-O beams

(b) -e C-C beam has the highest linear fundamental
frequency but lowest nonlinear frequency ratios,
followed by C-H and then H-H beams

KL = 0.5, ΩL = 2.2702
KL = 1.0, ΩL = 2.3728 KL = 2.0, ΩL = 2.5657

KL = 1.5, ΩL = 2.4712

1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

ω N
L/
ω L

0.1 0.2 0.3 0.4 0.50

W∗

max

(a)

KL = 0.00, ΩL = 2.1630
KL = 0.01, ΩL = 2.1630 KL = 0.03, ΩL = 2.1630

KL = 0.02, ΩL = 2.1630

1

1.2

1.4

1.6

1.8

2

ω N
L/
ω L

0.1 0.2 0.3 0.4 0.50

W∗

max

(b)

KL = 0.1, ΩL = 2.3702
KL = 0.2, ΩL = 2.5611 KL = 0.4, ΩL = 2.9052

KL = 0.3, ΩL = 2.7386

1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

ω N
L/
ω L

0.1 0.2 0.3 0.4 0.50

W∗

max

(c)

Figure 3: Nonlinear frequency ratios versus dimensionless vibration amplitude of H-H FG-CNTRC beams for different values of elastic
foundation coefficients (H � 0.1m, L/H � 25, V∗CNT � 0.28, FG-X, and T � 300K): (a)KL (KNL � KS � 0); (b)KNL (KL � KS � 0); (c)Ks
(KL � KNL � 0).

Table 6: Effects of the slenderness ratio on ωNL/ωL of H-H FG-X CNTRC beams with and without the elastic foundation (V∗CNT � 0.17,
H � 0.1m, and T � 300 (K).

L/H
Without the elastic foundation (KL � KNL � KS � 0) With the elastic foundation (KL � 10, KNL � 0.1, KS � 0.02)

ΩL
W∗max ΩL

W∗max

0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
10 2.2986 1.1000 1.3566 1.6999 2.0864 2.4935 2.3606 1.0957 1.3424 1.6740 2.0478 2.4409
20 2.0271 1.0332 1.1270 1.2680 1.4424 1.6395 2.0971 1.0343 1.1310 1.2760 1.4544 1.6622
30 1.7316 1.0204 1.0791 1.1706 1.2877 1.4242 1.8130 1.0283 1.1093 1.2330 1.3888 1.5671
40 1.4749 1.0158 1.0619 1.1345 1.2289 1.3406 1.5698 1.0371 1.1415 1.2984 1.4924 1.7117
50 1.2681 1.0137 1.0538 1.1174 1.2007 1.3001 1.3772 1.0581 1.2169 1.4459 1.7201 2.0237
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(c) -e linear fundamental frequency increases with an
increase in the CNT volume fraction or a decrease in
the slenderness ratio

(d) -e linear fundamental frequency increases and the
nonlinear frequency ratio decreases with an increase
in the linear or shear stiffness coefficients of the
foundation; the increase in the nonlinear stiffness
coefficient of the foundation yields larger nonlinear
frequency ratio, but the linear fundamental fre-
quency remains constant

(e) By increasing the temperature rise, the linear fun-
damental frequency decreases, yet the nonlinear
frequency ratio increases

(f ) -e initial thermal stresses have significant effects on
the nonlinear vibration behavior of CNTRC beams
and cannot be neglected

-is study offers an insight into the nonlinear vibration
behaviors of CNTRC beams resting on nonlinear elastic
foundations in a thermal environment.

Appendix

A. Detailed Expressions of the Constant
Coefficients in the Governing Equations

-e coefficients in Equation (15) are given by

L1 �
A11

L2 ,

L2 �
B11

L2 ,

L3 �
κA55

L2 ,

L4 �
κA55

L
,

L5 �
D11

L2 ,

L6 � −
κA55

L
,

L7 � −κA55,

G1 �
A11

L3 ,

G2 �
B11

L3 ,

G3 �
3A11

2L4 ,

GT � 
h/2

−h/2
Q11(z, T)α11(z, T)dz.

(A.1)

With thermal stress
Without thermal stress

KL = 0, KS = 0
KL = 0.1, KS = 0
KL = 0.1, KS = 0.02

0

0.2

0.4

0.6

0.8

1

1.2

1.4
Ω

L

100 200 300 400 500 600 7000
ΔT (K)

Figure 4: -e effect of the temperature rise together with the
initial thermal stress on the dimensionless linear fundamental
frequency of FG-CNTRC beams with various elastic founda-
tions (H � 0.1m, L/H � 25, KNL � 0, and V∗CNT � 0.17, FG-X;
boundary condition: H-H).

ΔT = 100K and 1
ΔT = 200K and 1
ΔT = 300K and 1

ΔT = 100K and 2
ΔT = 200K and 2
ΔT = 300K and 2

With thermal stress Without thermal stress

1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

ω N
L/
ω L

0.1 0.2 0.3 0.4 0.50

W∗

max

1 2

Figure 5: -e effect of the temperature rise together with the
initial thermal stress on the nonlinear frequency ratio of
FG-CNTRC beams (H � 0.1m, L/H � 25, KL � 10, KNL �

10, KS � 0.1, and V∗CNT � 0.17, FG-X; boundary condition:
H-H).
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B. Detailed Expressions of the Submatrices in
the Mass and Stiffness Matrices

-e coefficient matrices defined in Equation (24) are given
by

Ks
dd �

L1H 0 L2H

0 L3H− kLP2 +
kS

L2 H L4P1

L2H L6P1 L5H + L7P2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Ks
bd �

0 0 0

0 −kLQ2 L4Q1

0 L6Q1 L7Q2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Kt
dd �

0 0 0

0 GTH 0

0 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Kg
dd �

0 G1
dW

dξ
⊗H 0

G1
dW

dξ
⊗H +

d2W

dξ2
⊗ P1  G3

dW

dξ
 

2

⊗H− kNLW2 ⊗ P2 G2
dW

dξ
⊗H +

d2W

dξ2
⊗ P1 

0 G2
dW

dξ
⊗H 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Kg
bd �

0 0 0

G1
d2W

dξ2
⊗Q1 −kNLW2 ⊗Q2 G2

d2W

dξ2
⊗Q1

0 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Mdd � −

I0P2 0 I1P2

0 I0P2 0

I1P2 0 I2P2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Mbd � −

I0Q2 0 I1Q2

0 I0Q2 0

I1Q2 0 I2Q2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(B.1)
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where ⊗ stands for the product of a vector and a matrix and
is defined as follows:

C � a ⊗ B � aiBij 
N×M

, for a � ai N×1 andB � Bij 
N×M

.

(B.2)

-e coefficient matrices of a clamped beam at both ends
defined in Equation (26) can be expressed as

Ks
db �

C1 0 0

0 C1 0

0 0 C1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

Ks
db �

C2 0 0

0 C2 0

0 0 C2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

Kg
db � 0,

Kg
bb � 0,

(B.3)

where

C1 �
p2,1(0) p2,2(0) · · · p2,2M(0)

p2,1(1) p2,2(1) · · · p2,2M(1)
 ,

C2 �
0 1

1 1
 .

(B.4)
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Suspension control systems are in need for more information of road roughness conditions to improve their performance under
different roads. Existing methods of gauging road roughness are limited, and they usually involve visual inspections or special
vehicles equipped with instruments that can gauge physical measurements of road irregularities. *is paper proposes data
collection for a period of a time from accelerometers fixed on unsprung mass and uses the mean square values of this datasets
divided by vehicle speed to classify the roughness conditions of a section of a road.*is approach is possible due to the existence of
relationships between the power spectral densities of the road surface, unsprung mass accelerations via a transfer function, and
vehicle speed. *is paper gave the relationship between the resolution of road roughness classification and the length of time-
window and suggestions about choosing the appropriate time-window length on the balance of road roughness resolution and
classification delay. Moreover, to enhance the stability of classification, the influence of damping parameters of vehicle suspension
on the classification output is studied, and a classification method of road roughness is proposed based on neural network and
damping coefficient correction.

1. Introduction

Detection of road surface condition is important for numerous
reasons, such as to improve the performance of some control
systems [1, 2] and to apply different judgments on vehicle’s
actuators in different road conditions [3–5]. With the devel-
opment of the vehicle control systems, it is becoming common
practice that accelerometers are being installed on the sus-
pension to upgrade suspension performance and to increase
ride comfort. *ese accelerometers can measure the acceler-
ation responses of vehicle unsprung and sprung masses to the
road incentives. In this context, the acceleration data can be
used to classify the average road conditions when vehicle
suspension system is determined.

Existing methods for estimating road roughness can be
divided into three categories [6]: direct measurements [7–
11], noncontact measurements [12–15], and system
response-based estimation [16–21].

Researchers who tried to measure and evaluate road
roughness with direct measurements usually need either

a special vehicle or sensors, which makes the method poor in
portability. Recently, Japanese researchers Nuer-
aihemaitijiang Abulizi et al. had proposed a road roughness
estimator based on compact road profiler and ArcGIS [7],
which services for the road management instead of systems
on the vehicle; Russians researchers Lushnikov and Lush-
nikov used a profilometer that can measure the longitudinal
microprofile of the road surface to assess the road surface
roughness coefficients accurately [8]; Balaram and Mostert
presented the results of road roughness measurements on
a gravel road in KwaZulu-Natal collected with a Rough-
ometer III [9], while Kumar et al. chose to use mobile laser
scanning data to estimate the road roughness [10]. All the
methods above need special sensors attached on the vehicles,
but Zhang et al. developed a real-time roughness evaluation
approach based on the durable in-pavement strain sensors
that build in pavement panels [11]. Among these direct and
noncontact measurements, they require either specific ve-
hicles or sensors, which cause poor transplant ability and
restrict their practical applications.

Hindawi
Shock and Vibration
Volume 2018, Article ID 5131434, 13 pages
https://doi.org/10.1155/2018/5131434

mailto:zhxli@ujs.edu.cn
http://orcid.org/0000-0002-9742-1543
http://orcid.org/0000-0002-9671-8652
http://orcid.org/0000-0002-9461-4315
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2018/5131434


In the noncontact measurement method, Laubis et al.
proposed a road condition estimation based on extended
floating car data, which solves the problem of utilizing mea-
surements from heterogeneous sources and can reduce the
sensing frequencies while keep the performance [12];
Douangphachanh and Oneyama used smartphone sensors to
estimate road roughness condition by frequency domain
analysis, and an experiment had been conducted to support
this method [13]; Tudon-Martinez et al. proposed a method of
road profile estimation based on not only frequency but also
amplitude estimation through an H∞ robust observer, which
shows only 16.97% error in the test [14]. Li et al. developed
a method to detect the road based on airborne LiDAR point
clouds, but LiDAR is very costly [15]. All the methods pro-
posed need either large calculation to do frequency domain
analysis or costly, which makes it difficult to make a low-cost
scheme.

*e last method is often used to estimate road excitation,
and the estimation results can be further applied to adaptively
changing control parameters, but usually they need a model
with sufficient accuracy. Like Ngwangwa et al. used an artificial
neural network simulation and vehicle dynamic response to
classify road roughness and tested this method on the real
measured data [16, 17]; Du et al. demonstrated a method using
Z-axis acceleration with a one-wheel linear model and two-
wheel model fitted tomeasure the road roughness [18]; Tudon-
Martinez et al. proposed a method based on the Q-parame-
terization approachwith vertical position of the sprungmass as
the input and an adaptive observer estimating the road signal,
a Fourier analysis to compute online road roughness [19, 20];
Gaspar et al. presented an identification method for the pa-
rameters of a quasilinear parameter varying medal and based
on which, an autoregressive-moving average model structure
was used to estimate road roughness [21].

Researches related to the road roughness estimation have
been carried out in either time or frequency domains. But
among those methods, the calculation is large, which requires
too much computing time, and the relationship between ac-
curacy and time consuming is not clear, or sensitive to the
variety of suspension parameters. Estimating the road
roughness is not the ultimate goal of this topic, but the meeting
of other control systems’ requirements on the vehicles. *us,
using specific sensors or equipment to measure the road
roughness is undesirable; meanwhile, the estimation method
should be oriented to different types of vehicles rather than
a particular type of vehicle with small amount of calculation
and convenient to arrangement.

In this paper, a novel method to classify road roughness
based on unsprung mass acceleration is proposed, which
overcomes the problems mentioned above and cater for those
demands of the suspension control systems. *is paper se-
lected a classification parameter and proved the high corre-
lation between this parameter and road roughness theoretically
and then showed the contradiction of time consuming and the
resolution of road roughness classification with this parameter
for the convenience to choose the weight of them in practical
application; next, the influence of sprung mass and damping
coefficient were discussed, and a correct method was proposed
for enhancing the transplant ability; finally, the results of using

this parameter to classify was studied when applied to a vehicle
with Sky-Hook controlled semiactive suspension on the
condition of different road roughness coefficients.

2. Analysis of the Relationship between
Unsprung Mass Acceleration and Road
Roughness Coefficient

According to the International standard “ISO/TC
108/SC2N67,” all kinds of road roughness with different
grades are formulated and classified. *e classification
identifies eight-road roughness levels ranging from class A
to H in increasing roughness order, where the first five
classes (A∼E) are important in practice. In the ISO (In-
ternational Standards Organization) classification, the sta-
tistical characteristic of the road can be described by PSD,
and the spatial frequency PSD Gq(n) in m3 can be ap-
proximated by

Gq(n) � Gq n0( 
n

n0
 

−W

, n> 0, (1)

where n is the spatial frequency in m−1, which indicates the
number of waves in every meter; n0 is spatial reference fre-
quency inm−1, and usually, it equals to 0.1m−1;Gq(n0) is road
roughness coefficient in m3, which ranges from 16×10−6 to
262144×10−6 [22]; and its relationship with road roughness
levels shown in Table 1. W is the frequency exponent. And
usually, W equals 2 in road spectrum classification.

According to the vehicle speed, the spatial frequency
PSD Gq(n) can be converted into the circle frequency PSD
Gq(ω). When the vehicle passes through a road with a spatial
frequency of n (m−1) at a certain speed v (m/s), the input
circle frequency ω (rad/s) is as

ω � 2πnv. (2)

Assuming that the cut-off circle frequency is ω0, we have,

Gq(ω) � (2π)
2
Gq n0( n

2
0

v

ω2 + ω2
0
. (3)

*e displacement PSD is usually calculated from the
measurement of surface roughness described by vertical
ordinates at an equally spaced point along the road. How-
ever, in the absence of such measurements, the circle fre-
quency PSD of Gq(ω) can be generated as the response of
a first-order linear system excited by white noise:

H(jω) �
a

b + jω
, (4)

Gq(ω) � |H(jω)|
2
Sω, (5)

where H(jω) is the first-order linear system and a and b are
unknown parameters of this system. Sω is the frequency PSD
of white noise. According to Equations (3)–(5), the first-
order linear system can be solved as

H(jω) �
2πn0

�������
Gq n0( v



ω0 + jω
. (6)
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*erefore,

Gq(ω) �
2πn0

�������
Gq n0( v



ω0 + jω





2

Sω �
2πn0( 

2
Gq n0( v ω2 + ω2

0( 

ω2 −ω2
0( 

2 Sω.

(7)

Forω � 2πf, the frequency PSDGq(f) can be described by

Gq(f) �
n2
0Gq n0( v f2 + f2

0 

(2π)2 f2 −f2
0 

2 Sω, (8)

where f0 is cut-off frequency. It approximated to a linear
system when we discuss the vehicle vibration.

Because of the filtering effect of suspension system and
frequent changes of sprung mass, the unsprung mass ac-
celerations are chosen to be the data sources of this clas-
sification method, and in the quarter vehicle model, the PSD
response of the unsprung mass acceleration Ga1(f) has the
following simplified relationship with the road displacement
PSD Gq(f) as

Ga1(f) � |H(f)|
2
a1∼qGq(f), (9)

where H(f)a1∼q is the frequency response of unsprungmass
acceleration system a1 to input road displacement q, and
|H(f)|2a1∼q is the model of this frequency response, namely,
the amplitude-frequency characteristics.

Since the probabilities of the positive and negative re-
sponses of the vibration are the same, the mean value is ap-
proximately zero. *us, variance, the statistical characteristic
value of these quantities, equals mean square value σ2 and can
be obtained by integrating the PSD for the frequency as

σ2 � 
∞

0
Ga1(f) df � 

∞

0
|H(f)|

2
a1∼qGq(f) df. (10)

Based on the road displacement PSD Gq(f) given by
Equation (8), the mean square value of unsprung mass
acceleration can be described by

σ2 � 
∞

0
|H(f)|

2
a1∼q

n2
0Gq n0( v f2 + f2

0 

(2π)2 f2 −f2
0 

2 Sω

df �
Gq n0( n2

0v

(2π)2

∞

0

|H(f)|2a1∼q f2 + f2
0 

f2 −f2
0 

2 Sω df.

(11)

Obviously, the mean square of unsprung mass accelera-
tion is strongly influenced by the road roughness coefficient
Gq(n0) and the vehicle speed v when the parameters of vehicle
system are determined.

2.1. Full Vehicle Model and Road Roughness Classification
Parameters. To demonstrate the relationship between
unsprung mass acceleration and road roughness co-
efficient under different vehicle speeds, a simplified
linear pitch-plane 7 DOF (seven-degree of freedom)
model was built for modeling the entire system, which
comprises the vertical, roll, and pitch movement of the
body and vertical movement of four wheels as shown in
Figure 1.

Where, Zcg is the vertical displacement of the body
centroid; lf and lr are the distances from front and rear
axles to the body centroid; Mb is the mass of the body; Ir is
the rotational inertia of the body around the X-axis; Ip is
the rotational inertia of the body around Y-axis; φ is the
body roll angle, which is assumed positive when the body
rolls toward the right side; θ is the body pitch angle, which
is assumed to be positive when the body bends forward; K

is the stiffness of each spring; c is the damping of each
suspension; Zti(i � 1, 2, 3, 4) are the vertical displace-
ments of four wheels; Mt is the mass of each tire; Kt is the
vertical stiffness of each tire; qi(i � 1, 2, 3, 4) are the
vertical displacement excitations of four wheels re-
spectively; and Bf , Br are the distances between front and
rear wheel tread, respectively.

*e equation of motion of this linear vehicle model can
be written as follows:

Mb
€Zcg � F1 + F2 + F3 + F4 −Mb · g,

Ir
€ϕ �

Bf F2 −F1( 

2
−

Br F4 −F3( 

2
,

Ip
€θ � F3 + F4( lf − F1 + F2( lr,

Mt
€Zt1 � Kt q1 −Zt1( −F1 +

Mb · g · lf

2 lf + lr( (
,

Mt
€Zt2 � Kt q2 −Zt2( −F2 +

Mb · g · lf

2 lf + lr( (
,

Mt
€Zt3 � Kt q3 −Zt3( −F3 +

Mb · g · lr

2 lf + lr( (
,

Mt
€Zt4 � Kt q4 −Zt4( −F4 +

Mb · g · lr

2 lf + lr( (
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(12)

Table 1: Classification standards of road roughness.

Road roughness level Gq(n0) value (m3), geometric average
A 16×10−6

B 64×10−6

C 256×10−6

D 1024×10−6

E 4096×10−6

F 16384×10−6

G 65536×10−6

H 262144×10−6
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In which,

Fi � K · fdi + c · _fdi(i � 1, 2, 3, 4),

fd1 � Zt1 − Zcg − lfθ + ϕ ·
Bf

2
 ,

fd2 � Zt2 − Zcg − lfθ−ϕ ·
Bf

2
 ,

fd3 � Zt3 − Zcg + lrθ + ϕ ·
Br

2
 ,

fd4 � Zt4 − Zcg + lrθ−ϕ ·
Br

2
 .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(13)

*e 7 DOF model is simulated under
MATLAB/Simulink environment. Based on the equations
above, a full car simulation model is built, and its parameters
are set according to a test bench as Table 2.

According to the road displacement PSD and its’ transfer
function given in Equations (6) and (7), the differentials can
be calculated and described as

_q(t) � 2πn0

�������

Gq n0( v



· w(t)−ω0q(t), (14)

where q(t) is the time domain signal of Gq(ω); w(t) is time
domain signal of white noise. According to this differential
equation, time domain road quarter model can be estab-
lished in the Simulink environment.

When the vehicle is moving, the left and right wheels are
inspired by a different road, but which are not independent
of each other.

In [23], Dieter Ammon presents a widely used method
for calculating the coherence of left and right road c(n) as

c(n) � 1 +
nTαr

w
np

 

2
⎡⎣ ⎤⎦

−pr

, (15)

where αr is the influence range of wheel track on the density
of coherence function; np is the slope at the inflection point
of the coherence function; and pr is the position of this
point, respectively. Tw is wheel track.

When the road at the front left wheel is determined, the
right side of the road can be calculated by the transfer
function whose means values equal to the coherence
function above. If ignoring the turning condition, it can be
considered that the rear wheels passing through the road are
the same with the front wheels. According to hysteresis
between the front and rear wheels, the rear side of the road
can also be calculated. So, the vertical displacement exci-
tations of four wheels can be written as follows:

_q1(t) � 2πn0

�������
Gq n0( v


· w(t)−ω0q1(t),

q2(t) � L−1 H(s)L q1(t)(  +(1−H(s))Sω ,

q3(t) � L−1 e−(ls/v)L q1(t)(  ,

q4(t) � L−1 e−(ls/v)L q2(t)(  ,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(16)

where l is wheelbase in m, v is vehicle speed in m/s, and L and
L−1 mean Laplace transform and inverse Laplace transform.

Figure 2 shows the generated random road profiles at each
wheel classified by ISO as “A” using Equation (16). And the
smoothed PSD of roads on the front left wheel and front right
wheel are illustrated in log-log scale in Figure 3, which also
contains the roughness indices information classified by ISO.

According to Equation (11), the mean square value of
unsprung mass acceleration is related to the road roughness

Zcg
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Y
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Figure 1: A physical model of vehicle body and wheels for vertical vibration.

Table 2: Parameters for the full car model.

Parameter Value
Body mass Mb 2039 kg
Wheel mass Mt 53.64 kg
X-axis rotational inertial Ir 586 kg·m2

Y-axis rotational inertial Ip 3492 kg·m2

Tire stiffness Kt 260 kN/m
Front wheel tread Bf 1.515m
Rear wheel tread Br 1.515m
Distance from centroid to rear axle lr 1.321m
Distance from centroid to front axle lf 1.417m
Damping coefficient in compression travel cup 1800N·s/m
Damping coefficient in stretch travel cdn 2800N·s/m
Spring stiffness K 140 kN/m
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and the vehicle speed. And if the sampling frequency is
infinite and sampling time is infinitely long, the PSD of white
noise is supposed to be equal to 1 at the arbitrary frequency.
Based on this, when the vehicle parameters are determined,
the mean square of unsprung mass acceleration divided by
vehicle speed should have obviously positive correlation
relationship with road roughness. *erefore, the mean
square of unsprung mass acceleration divided by vehicle
speed can be used as the parameter to classify the road
roughness, which records as ADV (acceleration divided by
velocity) here.

But in reality, the sampling frequency and sampling time
are limited. *erefore, the PSD of white noise cannot be
identically equal to 1, and its value is closely related to the
sampling frequency and time. Considering the inherent
amplitude-frequency characteristics of the vehicle suspen-
sion, the ware number ratios of the road studied in this paper
range between 0.01 and 10m−1. In the case of vehicle speed
ranging from 10 to 30m/s, the time-frequency range is
0.3∼300Hz. *is range is sufficient to cover the important
frequencies of the vehicle.*erefore, the sampling frequency
here should be higher than 600Hz according to Shannon
theorem. In consideration of the simulation environment,
the sampling frequency is decided to be the reciprocal of
simulation’s fundamental sample time as 1000Hz. *is is
also a sampling frequency which many single-chip AD
conversions can easily reach.

3. Relationship between ADV Values
and Time-Window

*e ADV values can be calculated by the following equation
with a moving window:

ADV �
1
k



k

i�1

1
ftv



N

n�N−ft

€Zti(n)
2
, (17)

where f is sampling frequency that has already been de-
termined as 1000Hz and t is the time-window length in s.
*e ADV values are calculated by a window length of f × t

points and a window overlap of f × t− 1 points. k is the
number of vehicle wheels. And here, all unsprung mass
accelerations are taken into consideration for they can be
used as a simple mean filter to offset some effect of small
stones or pits of the road in practical application, and in this
paper, k is equal to 4. As it can be seen from the equation,
this calculation uses the mean values of unsprung mass
acceleration of four suspensions and then computes the
ADV values using all the data points during time-window t.
It can be predicted that when the time-window t becomes
shorter, the ADV values will fluctuate more greatly, because
the uncertainty of PSD values of white noise under each
frequency corresponding to the data covered by time-
window is larger.

Figure 4 shows the ADV values which are calculated with
different time-windows ranging from 1 to 8 seconds under
the same condition with Figure 2.

It clearly shows that the ADV values fluctuate more
sharply with narrower time-window. Moreover, the length
of time-window has little effect upon the mean values of
ADV while significantly increases the response hysteresis of
ADV values on road roughness, which presents as a slow
climb curve at the beginning of the figure.

For further revealing the influence of time-window on
the fluctuation of ADV values, simulations under different
time-windows lasting 1000 seconds were carried out. After
abandoning the initial date of hysteresis sections, the dis-
tributions of ADV values of the 1000 seconds are calculated.
*e results are shown in Figure 5.

As it can be seen from Figure 5, the length of time-
window has no effect on the mean values of ADV. In this
case, under A class road condition, no matter what the time-
window is, the mean values of ADV always equal 0.5947 for
a sufficiently long period of simulation. Figure 6 shows how
the mean values and RMS (root mean square) values at
different time-windows of ADV change when the road
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roughness coefficientGq(n0) changes. In Figure 6, which was
set as log-log axes, it is easy to find that both the mean values
and RMS values of ADV have a high linear relationship with
road roughness coefficient Gq(n0).

Also, time-window has a significant influence on the
RMS values of ADV, the RMS values of ADV decreases with
the extension of time-window. As the square of RMS values,
the mean square values of ADV have the same rule. Given
the road elevation obeys normal distribution, the unsprung
mass acceleration as the response to road elevation should
also obey the normal distribution. *erefore, the mean
square values of unsprung mass acceleration should obey χ2
distribution. But when the sample size is large enough, it can
be considered as a normal distribution. *erefore, to reduce
the calculation, the mean square values of unsprung mass
acceleration are regarded as a normal distribution here.

In a normal distribution, about 68% of values drawn
from a normal distribution are within one standard de-
viation σ away from the mean; about 95% of the values lie
within two standard deviations, and about 99.7% are within
three standard deviations. *is fact is known as the 3-sigma
rule. *erefore, if the output value of ADV at a certain time
is in the section (μ− 3σ, μ+ 3σ), there should be a 99.7%
certainty that the current road roughness coefficient is the
coefficient corresponding to mean value µ, assuming an
ADV computing system, in which the mean values of ADV
corresponding to two road roughness coefficients that are μ1
and μ2 (μ1< μ2), and the root mean square values are σ1 and
σ2. If μ1 + 3σ1< μ2− 3σ2, it can be considered “significantly”
that this system is able to distinguish between two road
roughness coefficients.

For further elaboration, the road roughness coefficients
are chosen as 16×10−6 and 20×10−6m3 and the ADV values
are calculated with 2 s and 32 s time-windows in simulation.
*e results are shown in Figure 7 as follows.

If a calculated ADV value is 0.65 at one time, in a system
that using 2 seconds’ time-window of data to calculate ADV
values to classify the road roughness, it will not be able to
judge whether the vehicle is driven on the road with
roughness coefficient of 16×10−6 or 20×10−6m3. Because
the probability of value 0.65 appearing in both cases is
significantly large, it is difficult to say exactly what level the
road roughness is corresponding to. In another word, in this
situation, a system that working on a 2 seconds’ time-
window cannot distinguish 25% differences between road
roughness coefficients. But the system that is working on
a 32 seconds’ time-window of data to calculate ADV values
to estimate the road roughness can easily determine that the
current road roughness coefficient is not at 16×10−6m3

level. In other words, the longer the time-window is, the
more accurate the system will classify the road roughness
coefficient and the higher the resolution will be.

*e above-discussed content explains that it is necessary
to choose the time-window when using the ADV values to
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classify the road roughness. However, there is a contradic-
tion in time-window: the longer the time-window, the
higher the accuracy of estimation, but the delay will be
intensified and the shorter the time-window, the faster the
reaction is, but less the accuracy will be.

Considering the road roughness coefficients array in
exponential form and the road roughness classification has
the contradiction to classify accuracy, it is necessary to divide
the original road roughness into more accuracy levels in
exponential form to satisfy the requirements of vehicle control
systems asking for accurate road roughness level information.
For “A” and “B” classes of road, they can be divided into two
sections whose central roughness coefficient is 16×10−6 and
64×10−6m3 or divided into three sections whose central
roughness coefficient is 16×10−6, 32×10−6, and 64×10−6m3,
or divided into four sections, etc. *e more sections the road
roughness is divided into, the smaller the gap between each
section will be and the longer the time-window should be.
According to the 3-sigma rule, the time-window lengths that
can divide “A” and “B” classes of the road into 2∼5 sections
and can be distinguished by 99.7% probability are calculated.
*e results are shown in Figure 8.

In Figure 8, the black solid line is a set of data points that
represent the sum of μ0 and 3σ0, in which μ0 and σ0 are mean
and mean square values of ADV calculated under road
roughness coefficient Gq(n0) � 16×10−6m3 with different
time-windows from 0.1 to 10 seconds in step length 0.1
seconds. *e lines in points are differences of μ and 3σ, in
which μ and σ are mean and mean square values of ADV
calculated under different road roughness coefficients with
same time-windows above, and those road roughness co-
efficients are the minimum coefficient numbers that the
classification system should distinguish with road roughness
coefficient of 16×10−6m3 if dividing “A” and “B” classes of

road into 2∼5 sections by geometric progression. *e gray
“∗” marks point out where the black solid line has a cross
with those point lines. And the corresponding lateral axis
numbers of gray “∗” marks are the minimum time-window
lengths that a classification system should use to distinguish
each section by 99.7% probability. In operational applica-
tion, the time-window length can be chosen as long as 0.5
seconds, 1.8 seconds, 4.0 seconds, or 7.5 seconds for accurate
classification according to Figure 8 and the final time-
window length can be decided on the balance between
the control systems’ demands of accuracy and tolerances of
delay. In this paper, the 7.5 seconds of time-windows length
is selected on the purpose of discovering the accuracy
performance of this method. Because the first five classes
(A∼E) of roads are important in practice and the “F,” “G”
and “H” classes of roads are rarely see, this method is only
applied on “A”∼“E” classes of roads, and if “A” to “B” classes
of roads are divided into 5 sections by geometric progres-
sion, the whole “A” to “E” classes of road can be divided into
17 sections by geometric progression and 7.5 seconds of
time-windows length is long enough to make a distinction
between each of those sections according to Figure 8.

4. Analysis of the Variation of ADV Values with
Suspension Parameters

In this paper above, some studies on how to calculate the
ADV values and how to choose the sampling frequency and
time-window are conducted. But according to Equation (11),
it can be found that the mean square values of unsprung
mass acceleration of vehicle suspension system are not only
related to road roughness, sampling frequency, and time-
window in reality, but also has a direct relationship with the
amplitude-frequency characteristics of vehicle suspension
itself.
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With wide use of semiactive suspension, in a vehicle
suspension system, only the sprung mass, spring stiffness,
and damping coefficient can be changed considerably.
Among the three of them, the variation of the spring
stiffness is only possible for the semiactive suspensions with
air spring capable of height adjustment. However, variable
damping coefficient is easier to achieve and common in
semiactive suspension, and the variation of damping co-
efficient is very large. Also, the variation of sprung mass of
vehicle itself is significant. *erefore, this paper tempo-
rarily overlooks the situation that in a vehicle equipped
with air spring in which the stiffness of air spring changes
when vehicle height changes, further study is done on the
relationship of ADV values with sprung mass and damping
coefficient only. *e mean values and RMS values of ADV
are calculated under A∼D classes of road when the sprung
mass ranges from 2039 to 4078 kg, which is wide enough to
cover the no-load and full-load condition of this test bench.
*e results show as follow.

Where Mb0 is initial sprung mass 2039 kg, Mb is current
sprung mass in kg, μ0 and σ0 are mean and RMS values of
ADV under initial sprungmass at A∼D classes of road, μ and
σ are mean and RMS values of ADV under current sprung
mass at A∼D classes of road.

Figure 9 shows that both mean values and RMS values
have little to do with sprung mass. Even when the sprung
mass becomes two times of original sprung mass, the
difference between mean and RMS values’ changes is less
than 1%. Considering the influence of sprung mass on
ADV values is very small, no further research was carried
out on this topic.

As for damping coefficient, the variation range is much
larger. *is paper involves dampers with damping co-
efficients ranging from 1800 to 9300N·s/m. Based on this,
the mean and RMS values of ADV are calculated under A∼D
classes of road. Figure 10 shows the relationship between
damping coefficient and ADV values.

As it can be seen from Figure 10, when the damping
coefficient becomes larger, the mean values of ADV are
gradually reduced, and the changing amplitude is large. *e
damping coefficients and the mean values of ADV seem to
have a certain inverse proportion relationship.

By calculating the transfer function of the suspension,
the influence of damping coefficient on ADV values can be
determined, but it requires a large amount of calculation
and involves many parameters. *erefore, it is burdensome
in actual operation. In consideration of this and to ensure
the stability of calculated ADV values in the case of large
variation of damping coefficient and the positive re-
lationship with road roughness, the relationship between
damping coefficient and ADV values is fitted. And based on
the fitted function, the correction function of ADV is
determined to ensure the ADV values stay constant when
the damping ranges.

Taking the line drew under Gq(n0) � 16×10−6m3 as
a benchmark, using the curve fitting tool in MATLAB,
choosing “Rational” method with numerator degree and
denominator degree equal to 1.*e fitting result is as follows
with correlation coefficient equal to 1.

μ �
0.01917c + 1252

c− 66.74
. (18)

Accordingly, the modified ADV values can be calculated
as

ADVmod �
c− 66.74

0.01917c + 1252
ADVμ0, (19)

where μ0 is mean value of ADV calculated under
Gq(n0) � 16×10−6m3 and c � 1800N·s/m condition.
According to Equation (19), the modified ADV values can be
calculated.

To verify the feasibility of this method, Figure 11 shows
the errors of mean values μ and RMS values σ of modified
ADV compared with μ0 and σ0. Figure 11 shows that the
mean values of modified ADV change a little with the
damping coefficient. Basically, the variation level is only
0.7%. Meanwhile, the RMS values of modified ADV keep
decreasing with the increase of damping coefficient. It is
good news that the classification system can reduce the
probability of making the first kind of error.

In suspension system researches, it is usually assumed
that the pressure and stiffness of tire are not changing. But
the tire pressure can change about ±5% between summer
and winter, that makes the tire stiffness can change about
±5%, which can obviously affect the accuracy of classifica-
tion results. *us, another correction function can be cal-
culated by the same way as damping’s, and the actual tire
pressures of each tire can be obtained via TPMS (Tire
Pressure Monitoring System) in realty. But doing the same
thing twice is not necessary, so this work is left to be done for
the researchers who want to take the tire stiffness into
consideration.

All the preliminary work has been completed on how to
use the ADV value to classify road roughness. *e sampling
frequency and time-window length are determined to
1000Hz and 7.5 seconds, and the correction function can be
used to calculate the appropriate ADV values under the
change of damping coefficient.

In addition, according to the resolving power of mod-
ified ADV values calculated under above conditions, the
road roughness is divided into 17 sections, as shown in
Figure 12 in the log-log scale.

In Figure 12, the red parts are the intersection of ADV
values and corresponding road roughness. *e green lines
indicate the center of each road roughness section while the
blue lines represent the ADV values section’s center.

5. Online Road Roughness
Classification System

*e road roughness and ADV values have obvious linear
mapping relationship as shown in Figure 12. A neural
network is adopted as road roughness classificationmapping
module in this paper to improve the adaptability and ex-
pansibility of classification.

Because the road roughness is divided into 17 sections
according to the resolving ability of chosen ADV values, the
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training data can be generated by generating different ADV
values and determining which section it belongs to. Support
Vector Machine (SVM) or k-Nearest Neighbor (kNN) are
good classifiers but need quite amount of calculation, which
will reduce the stability and accuracy of this system con-
siderably. *us, a neural network is chosen to be a suitable
classifier to get the linking between ADV values and road
roughness. In MATLAB/nprtool environment, a two-layer
feed-forward network with sigmoid output neurons can be
trained with the training data.

A test was designed to evaluate the performance of the
neural network classifier on road roughness among 17

sections. Each road roughness section has a duration of 3600
seconds at constant vehicle speed at 20m/s with damping
coefficient in compression travel and stretch travel 1800 and
2800N·s/m. *e classification error times of this trained
network at each road roughness section are shown in Table 3.

From Table 3, it can be seen that the neural network
works well on different kinds of roads, and its classification
error degrees are mostly less than 0.3%, an error degree limit
that is within the designed range. It preliminarily proves that
this online road roughness neural network classifier can
work smoothly under the fixed working condition and its
accuracy is guaranteed.
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Figure 10: How damping coefficient affects ADV values.
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To evaluate the performance of this classifier under
variable conditions, a road with random roughness among
17 sections was established, and each section has a du-
ration of 600 seconds. Also the vehicle speed ranges from
10 to 30m/s in sine law with a cycle of 2000 s/cycle, while
all the dampers are controlled by Sky-Hook controller
with first-level damping coefficients in compression travel
and stretch travel being 1800 and 2800 N·s/m and second-
level damping coefficients in compression travel and
stretch travel being 4800 and 9300 N·s/m. Figure 13(a)
shows the classification condition including the road el-
evations at the left front wheel of each section, vehicle
speed, and a fragment of damping coefficients of left front
damper that are controlled under Sky-Hook. Figure 13(b)
shows the ADV values that are calculated under the
working conditions shown in Figure 13(a) and the upper
and lower limits of ADV values for different sections of

road roughness. *e road roughness classification results
and corresponding road roughness levels are shown in
Figure 13(c).

Figure 13 shows that under changing circumstances, the
stability and reliability of neural network that using ADV to
classify road roughness level are still acceptable. In the
process of variable speed driving, this system can still well
classify the road roughness level.

6. Conclusions

*is paper has developed a method for stable online road
roughness classification so that some of the control systems
on the vehicles can acquire necessary road information to
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Figure 11: *e characteristics of modified ADV values compare with the original.
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Table 3: Error times of road roughness classification at different
roughness sections in percentage.

Gq(n0)× 10−6m3, geometric
average

Underestimate
%

Overestimate
%

16 0.10 0
23 0.00 0.18
32 0.05 0.29
45 0.03 0.22
64 0.11 0.22
91 0.05 0.21
128 0.08 0.18
181 0.08 0.24
256 0.07 0.17
362 0.05 0.17
512 0.00 0.23
724 0.13 0.18
1024 0.03 0.19
1448 0.09 0.17
2048 0.04 0.21
2896 0.00 0.18
4096 0.06 0.15
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improve the performance of vehicles in different road
conditions. *e theoretical analysis shows that the mean
square values of unsprung mass acceleration divided by
vehicle speed have an obvious linear relationship with road
roughness coefficient.*e use of unsprungmass acceleration
offers some advantages as the quality of unsprung mass is
constant, and the variation of sprung mass or vehicle body
height has little influence on it. Also, using unsprung mass
acceleration divided by vehicle speed as information source
makes the classification and vehicle speed decouple.

Based on this, the sampling frequency as 1000Hz of
unsprung mass acceleration was selected in consideration of
inherent amplitude-frequency characteristics of the vehicle
suspension and feasibility, and the equation with a sliding

window for calculating ADV values was given. *e re-
lationship between the length of time-window, the distri-
bution, and statistical parameters were studied. According to
the distribution and 3-sigma rule, a suggestion of the
shortest time-windows lengths under different classification
accuracies is given, and a 7.5 seconds long time-window was
chosen as a performance indicator to show the accuracy
performance of this methods. To just distinguish each level
of roads in ISO standard in the expense of accuracy re-
quirement of road roughness classification, the time-
windows length can be set as short as 0.5 seconds, while
the correct distinguishing probability stays at 99.7%.

After determining how to calculate the ADV values, the
relationships between the suspension parameters (sprung
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mass and damping coefficient) and the statistical parameters
(mean and RMS values) of ADV were analyzed. Accord-
ingly, a correction function was determined to ensure the
ADV values remain when the damping ranges. After the
correction, the modified ADV values showed a good stability
toward varying damping coefficient.

Since the modified ADV values are none related to vehicle
speed and suspension parameters, a neural network classifier
was established. *e performance of the neural network
classifier has been demonstrated for varying vehicle speed, road
roughness levels, and different damping coefficients controlled
by Sky-Hook control. *e classifier performance remains
stable, and the sum of its overestimate errors and un-
derestimate errors is mostly smaller than it was designed to be.

Data Availability

*e data used to support the findings of this study are in-
cluded within the article.

Conflicts of Interest

*e authors declare that they have no conflicts of interest.

Acknowledgments

*e authors acknowledge the support from the National
Natural Science Foundation of China (Nos. 51575241 and
51305111); the Six Talents Peak Foundation of Jiangsu
Province (No. 2012-ZBZZ-030); the Natural Science
Foundation of Jiangsu Province (No. BK20131255); Key
Research and Development Plan of Hunan Province (No.
2017GK2204); and Hengyang Science and Technology De-
velopment (No. 2017KJ158).

References

[1] S. Yongjun, L. Xiandong, and Y. Shaopu, “Research on the
application of optimal control theory on parameters optimi-
zation of vehicle suspension,” Journal of Low Frequency Noise,
Vibration and Active Control, vol. 22, no. 4, pp. 253–263, 2003.

[2] J. C. Tudón-Mart́ınez, S. Fergani, S. Varrier et al., “Road
adaptive semi-active suspension in an automotive vehicle
using an LPV controller,” IFAC Proceedings Volumes, vol. 46,
no. 21, pp. 231–236, 2013.

[3] R. Burdzik, “Identification of structure and directional dis-
tribution of vibration transferred to car-body from road
roughness,” International Congress on Telecommunication
and Applications Icta, vol. 16, no. 1, pp. 324–333, 2014.

[4] B. Goenaga Silvera, L. G. Fuentes, and O. Mora, Effect of Road
Roughness and Vehicle Speed on Dynamic Load Prediction and
Pavement Performance Reduction, *e National Academies of
Sciences, Engineering, and Medicine, Washington, DC, USA,
2017.

[5] P. Liu, B. Liu, T. Dong et al., “Road roughness identification
and shift control study for a heavy-duty powertrain,” Energy
Procedia, vol. 105, pp. 2885–2890, 2017.

[6] Y. C. Qin, L. Reza, and L. Gu, “*e use of vehicle dynamic
response to estimate road profile input in time domain,” in
Proceedings of ASME Dynamic System Control Conference
(DSCC), San Antonio, TX, USA, October 2014.

[7] N. Abulizi, A. Kawamura, K. Tomiyama, and S. Fujita,
“Measuring and evaluating of road roughness conditions with
a compact road profiler and ArcGIS,” Journal of Traffic and
Transportation Engineering, vol. 3, no. 5, pp. 398–411, 2016.

[8] N. Lushnikov and P. Lushnikov, “Methods of assessment of
accuracy of road surface roughness measurement with pro-
filometer,” Transportation Research Procedia, vol. 20,
pp. 425–429, 2017.

[9] Y. Balaram and M. Mostert, “Lessons learnt from the mea-
surement of gravel road roughness in Kwazulu-Natal,” in
Proceedings of 5th SARF/IRF Regional Conference, 2014,
Pretoria, South Africa, September 2014.

[10] P. Kumar, P. Lewis, C. P. McElhinney, and A. A. Rahman, “An
algorithm for automated estimation of road roughness from
mobile laser scanning data,” De Photogrammetric Record,
vol. 30, no. 149, pp. 30–45, 2015.

[11] Z. Zhang, F. Deng, Y. Huang, and R. Bridgelall, “Road
roughness evaluation using in-pavement strain sensors,”
Smart Materials and Structures, vol. 24, no. 11, article
115029, 2015.

[12] K. Laubis, V. Simko, A. Schuller et al., “Road condition es-
timation based on heterogeneous extended floating car data,”
in Proceedings of the 50th Hawaii International Conference on
System Sciences, Waikoloa Village, HI, USA, January 2017.

[13] V. Douangphachanh and H. Oneyama, “Estimation of road
roughness condition from smartphones under realistic set-
tings,” in Proceedings of 2013 13th International Conference on
ITS Telecommunications (ITST), pp. 433–439, IEEE, Tampere,
Finland, November 2013.

[14] J. C. Tudon-Martinez, S. Fergani, O. Sename et al., “Online
road profile estimation in automotive vehicles,” in Proceedings
of 2014 European Control Conference (ECC), pp. 2370–2375,
IEEE, Strasbourg, France, June 2014.

[15] Y. Li, B. Yong, H.Wu, R. An, andH. Xu, “Road detection from
airborne LiDAR point clouds adaptive for variability of in-
tensity data,” International Journal for Light and Electron
Optics, vol. 126, no. 23, pp. 4292–4298, 2015.

[16] H. M. Ngwangwa and P. S. Heyns, “Application of an ANN-
based methodology for road surface condition identification
on mining vehicles and roads,” Journal of Terramechanics,
vol. 53, pp. 59–74, 2014.

[17] H. M. Ngwangwa, P. S. Heyns, H. G. A. Breytenbach, and
P. S. Els, “Reconstruction of road defects and road roughness
classification using Artificial Neural Networks simulation and
vehicle dynamic responses: application to experimental data,”
Journal of Terramechanics, vol. 53, pp. 1–18, 2014.

[18] Y. Du, C. Liu, D. Wu, and D. Jiang, “Measurement of in-
ternational roughness index by using-axis accelerometers and
GPS,” Mathematical Problems in Engineering, vol. 2014, Ar-
ticle ID 928980, 10 pages, 2014.

[19] J. C. Tudon-Martinez, S. Fergani, O. Sename, J. J. Martinez,
R. Morales-Menendez, and L. Dugard, “Adaptive road profile
estimation in semiactive car suspensions,” IEEE Transactions on
Control Systems Technology, vol. 23, no. 6, pp. 2293–2305, 2015.

[20] M. Doumiati, J. Martinez, O. Sename, L. Dugard, and
D. Lechner, “Road profile estimation using an adaptive
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-e derailments of empty wagons of long freight trains frequently occurred around the world, which caused tremendous losses
every year. Aiming at an actual derailment of empty wagons on straight line during dynamic braking, the field investigation was
conducted to find the reasons of the accident. According to the investigation results, the large coupler yaw angle and coupler force,
the special connection mode by drawbars, as well as the poor conditions of wheel treads and flanges were supposed to be
responsible for the accident. -e simulaiton model composed of 3 C80-type gondolas, and two RFC-type drawbars is established,
the accuracy of which is validated by the field experimental test. When the wheel-rail friction coefficient is set to be 0.7 and the
coupler forces are set to be 350 kN with a coupler yaw angle of 7 degrees, the simulation results are consistent with the field
investigation results. Simulation results indicate that the coupler yaw angle, coupler force, and wheel-rail friction coefficient have
significant influences on the derailment. -e increasing coupler yaw angle and coupler force will increase the risk of derailment.
For the wagon units adopting the drawbars, the riskiest wagon changes from the middle wagon to the front one as the lateral
components of the coupler forces increase. A large wheel-rail friction coefficient can raise the risk of derailment. However, an
overlarge friction coefficient will decrease the derailment risk. According to the field investigation and simulation results, the
wheel-rail friction coefficients should be limited below 0.5 to ensure the running safety of empty wagons. Besides, the operations of
the train should be optimized to avoid large coupler yaw angle and coupler force.

1. Introduction

Railways is recognised worldwide as one of the safest
transportation. However, derailment accidents occur occa-
sionally, which cause tremendous casualties and property loss
around the world every year. Statistics fromAustralia revealed
that the freight trains account for vast majority of mainline
derailments [1]. Moreover, the empty condition is much
riskier than the loaded condition on the consideration of the
derailment issue for the freight train, especially in the braking
mode [2]. Researchers carried out a great deal of studies on
that, but the factors that resulted in derailment remained to be
investigated currently. It is of great significance to conduct
investigation on derailment of empty wagons.

Since Nadal proposed the derailment evaluation criterion
(the Nadal limit) in 1896, the scholars all over the world have
studied the train derailment and got great achievements. Based
on Nadal’s research work, Weinstock [3] comprehensively

considered the lateral force to vertical force ratio of two wheels
on the same axle and put forward a less conservative criterion
which was adopted as an evaluation criterion of derailment by
ARR (Association of American Railroads). Researchers at JNR
(Japanese National Railway) conducted a series of theoretical
and experimental research on derailment. -e derailment
evaluation criterion of JNR distinguishes the climb derailment
from jump derailment by the duration of lateral force impulse
[4]. Zhai [5] simulated single-wheelset derailment and full-scale
freight vehicle derailment based on vehicle-tack coupled dy-
namics theory. According to the simulation results, Zhai
suggested a modified derailment evaluation criterion based on
the derailment coefficient and rate of wheel load reduction by
introducing the duration that the indexes exceed the limits.
Besides, amethod for evaluating the wheel derailment based on
the variation of wheel vertical rise was proposed [6]. Apart
from the derailment evaluation criterion, derailment mecha-
nism and preventive measures are also research hotspots. Zeng
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et al. [2, 7] put forward a new set of theory for train derailment
analysis based on the theory of random energy analysis and
made significant achievements. Nagase et al. [8] conducted
a model experiment according to the wheel climb derailment
on the steep curve at low speeds. -e influence of adhesion
coefficient on the wheel climb derailment was analysed. Zeng
et al. [9, 10] studied the wheel flange climb derailment based on
theoretical analysis and a single-wheelset test stand. It was
revealed that large wheel lateral force and reduced vertical force
were responsible for the wheel climb derailment. By means of
simulations and experiments, Wang et al. [11–15] optimized
the coupler structures and suspension parameters to enhance
the running safety and stability of long freight trains. Cole and
Wu et al. [16–18] focused on the longitudinal dynamics per-
formance of the long freight train and had done excellent work
on longitudinal dynamics simulation. Durali and Shadmehri
[19] established a nonlinear comprehensive model to predict
derailment in different operating conditions. Hung et al. [20]
developed a technique for detecting the early signs of the
derailment of a railway vehicle. Besides, postderailment devices
were designed to limit the extent of derailment, and relevant
experiments were carried out to validate its effectiveness
[21, 22].

-e previous research mainly concentrated on the de-
railment of a single-wheelset or vehicle; however, the in-
fluence of coupling devices on running performance of
vehicle cannot be neglected. Based on an actual derailment
accident, this paper focuses on the empty wagons of a long
freight train and studies the influence factors of derailment
during dynamic braking. Firstly, the field investigation re-
sults of the accident are presented, and the theoretical
analysis for potential causes of derailment is conducted.
-en, the derailment simulation model considering the
coupling devices has been established, and the field test
results are adopted to validate the accuracy of the simulation
model. Finally, the influence laws of the coupler yaw angle,
coupler force, and wheel-rail friction coefficient on the
derailment are analysed based on the simulation model.

2. Field Investigation on the Derailment

2.1. Background. A derailment accident occurred on a train
consisting of 2 double-unit SS4-type locomotives and 105 C80-
type gondolas during dynamic braking. -e wagons were
empty when the accident occurred. -e accident region is
located at a downhill section with the gradient ranging from
−0.28% to −0.14%. -e dynamic braking was applied with
60% braking forces at the initial braking velocity of 73 km/h
while the train just entered a sharp curve with a radius of 400
meters. Under the continuous braking forces, the train passed
through the curve and a turnout area successively before
reaching the accident site. -e accident wagons derailed on
a straight track while the velocity of the train was reduced to
36 km/h. As a result, the fifth wagon behind the locomotives
climbed onto the top of the railhead and derailed subsequently
and then pulled the adjacent wagons out of the track.

Figure 1(a) shows the main condition of accident site. It
is seen that the train suffered tremendous destruction, and
the bogies were separated from the car bodies. Figure 1(b)

shows the coupler of the accident wagon, and obvious crack
on coupler yoke is observed. -e yellow zones in Figure 1(c)
show clear moving traces of the wheel on rail surface. It is
seen that the wheel climbed onto the rail along the inside
surface gradually and moved forward on the top of the
railhead for a short distance and then derailed.

2.2. Structural Characteristics of the Train. It is aforemen-
tioned that the train consisted of 2 double-unit SS4-type
locomotives and 105 C80-type gondolas, where every three
C80-type gondolas composed a 3-pack connected by RFC-
type drawbars. -e 3-packs were connected by interlock
couplers, which were composed of No. 16 rotary coupler and
No. 17 nonrotary coupler.

2.2.1. C80-Type Gondola. -e C80-type gondolas are widely
applied in Chinese heavy haul railways, mainly for the
transport of coals. -e car body of the wagon is the double-
bathtub structure and has the characteristics of low dead load,
large volume, as well as high load-carrying capacity.-e load-
carrying capacity reaches approximately 80 tons. -e gondola
is equipped with two K6-type bogies. -e bogie is a typical
three-piece bogie, which is mainly made up of two wheelsets,
two side frames, one bolster, suspension system, and at-
tachments. -e suspension system of the bogie is primarily
composed of coil spring groups with two-stage stiffness and
wedge friction damper. Besides, the rubber blankets are
mounted on the adapters to provide adequate locating stiff-
ness, and the cross-sustaining device is equipped to enhance
the diamond-resistant rigidity and hunting stability. -e
detailed structures of the K6-type bogie are shown in Figure 2.

2.2.2. +e Coupling Devices. -e interlock couplers, com-
posed of the No. 16 rotary coupler and the No. 17 nonrotary
coupler, are specially designed for the 10,000-ton train. -e
cooperation of these two couplers enable the wagons to rotate
180 degrees around the longitudinal centre line of the cou-
plers without decoupling, which can dramatically improve the
unloading efficiency. Figures 3(a) and 3(b) show the struc-
tures of the No. 16 rotary coupler and the No. 17 nonrotary
coupler, respectively. -e two couplers have the same coupler
head, but the coupler shanks of the two couplers are different.
-e coupler tail of the No. 17 nonrotary coupler is a spherical
structure with an adjusting shoulder. -e shoulder provides
the coupler with self-centring ability. Unlike the No. 17
coupler, the adjusting shoulder of the No. 16 coupler is
abolished to ensure the flexible rotation of the coupler. Be-
sides, the shank of No. 16 coupler is designed to be cylindrical
to reduce rotational resistance.

For a long freight train, it is difficult to eliminate the
longitudinal impulse arose from the traction and braking
operations because of the existence of the coupler slacks. -e
drawbars replace the couplers with a bar-shape casting to
eliminate the coupler slack, which can dramatically improve
the longitudinal dynamics performance of the train. To
balance the curve negotiation and longitudinal dynamics
performance of the train, only a part of couplers is substituted
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with drawbars. -e RFC-type drawbars are specially designed
to exchange the interlock couplers. -e end structures of the
drawbars are designed the same as the corresponding
structures of No. 16 and No. 17 couplers; thus the drawbars
can exchange the interlock couplers without any auxiliary
devices; the structure of the drawbar is shown in Figure 3(c).

-e couplers (or drawbars) can only implement the con-
nection of the adjacent wagons (or locomotives). To get better
coupling performance, the draft gear is indispensable.-eMT-
2 draft gear, a typical spring friction draft gear, is adopted. -e
main parameters of the MT-2 draft gear are listed in Table 1.

2.3. Analysis of the Accident Causes. It is seen in Figure 1(a)
that the structures of the main components of the bogies are
basically undamaged without obvious cracks. -erefore, the
possibility that the structural failure caused the derailment
could be eliminated preliminarily. As aforementioned that
the derailment happened during dynamic braking, it is
known that the dynamic braking forces were only applied to
the locomotives, which led to inevitable longitudinal im-
pulse, especially for the long freight train. Moreover, the
dynamic braking was applied as the train just entered a sharp
curve, which might cause large coupler yaw angles affected by
the coupler forces and track irregularities. Under the effect of
the continuous braking forces, the couplers could not get back
to centring position even when the train left the curved track.
As the train moved forward into the turnout area, the lateral
wheel/rail impact in switch rails and frogs would have caused
the yaw motion of the car bodies, which might increase the

coupler yaw angles. Besides, the back-up braking system
came into operation when the train velocity was reduced
to 36 km/h. -e braking current fluctuated a lot, which
resulted in the fluctuation of braking forces. -e longi-
tudinal impulse of the train was intensified, which affected
the safety and stability of the vehicles remarkably. It is
seen in Figure 1(b) that there exists an obvious crack on
the coupler yoke, which demonstrates that the coupler
yaw angle reached its maximum, and large lateral force
was applied on the coupler yoke during derailment. It can
be speculated that the large coupler yaw angles and coupler

K6-type bogie 

C80-type gondola

(a)

Crack

(b)

Wheel moving traces

(c)

Figure 1: -e field investigation: (a) the scene of derailment accident; (b) crack on coupler yoke; (c) wheel moving traces.
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Figure 2: Structure diagram of K6-type bogie.
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forces may be one of the most critical influence factors for the
accident.

As introduced, the internal connection of the 3-pack is
accomplished using the drawbars. Comparing with the
couplers, the drawbars have stronger constraints on the lateral
and vertical degree of freedoms (DOFs) of the middle wagon.
Moreover, the wagons were empty when the derailment
happened. Under the effect of large longitudinal impulse, the
nontread contact and wheel lift are more likely to happen to
themiddle wagon of the 3-pack.-is is regarded as the second
potential influence factor for the accident.

Investigations on accident wagons revealed that the poor
conditions of wheel treads and flanges might be the third
important influence factor of the accident. Figure 4(a) shows
abrasion marks on the wheel flange and tread surface. -e
red zones appear to have material loss, which may result
from postderailment dynamics behaviour. -e yellow zones
show obvious contact traces, which demonstrate the intense
interaction between the wheel flange and rail. Besides, the
wheel tread and flange surface of the accident wagons were
rougher in comparison with that of the normal wagon, as
shown in Figure 4(b). -e further investigation shows that
the wheel truing was just completed not long before the
accident. Relevant research studies indicate that the cutting
traces caused by wheel truing can increase the wheel surface
roughness, which may raise the risk of flange climb de-
railment [23]. -e surface condition of wheel tread and
flange affect the contact status between the wheel and rail
remarkably.-e rougher wheel tread and flange will result in
a higher coefficient of friction at wheel-rail, which enables
the rail to provide adequate climbing force for the wheel.
According to the Nadal single-wheel L/V limit criterion [24],
the critical value of the derailment coefficient (L/V) in static
equilibrium state can be calculated by

L

V
�

tan δ − μ
1 + μ tan δ

, (1)

where L is the lateral force applied to the wheel, V is the
vertical force applied to the wheel, μ is the wheel-rail friction
coefficient, and δ is the wheel flange angle. It is obvious that
the critical value of the derailment coefficient will decrease as

the friction coefficient μ increases, which means that the
wheel is riskier to climb onto the top of the railhead.

According to the abovementioned analysis, it was
concluded that when the train was running on a sharp curve,
the synthetic action of the dynamic braking operation and
track irregularities caused large coupler yaw angles; fur-
thermore, the lateral wheel/rail impulse in the turnout area
led to the further increase of the coupler yaw angles. When
the longitudinal force was transmitted to the coupler, a large
lateral component force was generated. -e lateral com-
ponent force caused a large wheelset lateral force, which
made the wheel flange approach the rail and contact it
subsequently. Under the comprehensive effects of the
continuous large components of the lateral coupler forces,
the poor conditions of wheel treads and flanges, and the
limitation of the drawbars on lateral and vertical DOFs of the
middle wagon, the middle wagon of the 3-pack climbed onto
the rail gradually and moved forward on the top of the
railhead for a short distance, and then derailed.

3. Simulation Model

In order to validate the above analysis and to study on the
influence of the potential factors on derailment of empty
wagons, a derailment simulation model considering the
coupling devices was established based on multibody dy-
namics theory. -e model was composed of the longitudinal
dynamics model and 3-pack model. Since the coupler forces
cannot be obtained when the accident happened, the lon-
gitudinal dynamics model of the train was employed to
calculate the coupler forces firstly, and then the coupler
forces were applied on car bodies of the 3-pack model.

(b)

(c)(a)

Dra� key Rotating cover Coupler yoke RFC-type drawbar

No.16 rotary coupler No.17 nonrotary couplerFollower Dra� gear

Figure 3:-e structure diagram of coupling devices and draft gear system: (a) no. 16 rotary coupler; (b) no. 17 non-rotary coupler; (c) RFC-
type drawbar.

Table 1: -e main parameters of MT-2 draft gear.

Items Value Unit
Maximum impedance force 2000∼2300 kN
Draft gear stroke 83 mm
Draft gear capacity 54∼65 kJ
Absorbed energy 46∼55 kJ
Absorption ratio ≥80 %
Mass 175 kg
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3.1. Longitudinal Dynamics Model

3.1.1. Longitudinal Train Model. According to prior research
studies [16–18], the train model is established, as shown in
Figure 5. Each wagon (or locomotive) is considered as a de-
tached body with only the longitudinal DOF. -e total DOFs
of the longitudinal dynamics model are equal to the sum of
the locomotives and wagons. Both interlock couplers and
drawbars are modelled as a nonlinear stiffness and damper
with a gap element for the coupler slack. It should be noted
that the gap should be set as zero for the drawbars.

In Figure 5, m� vehicle mass, kg; FC � coupler force, N;
FW � sum of retardation forces, N; FTE � traction force from
a locomotive unit, N; FDB � dynamic brake force from
a locomotive unit, N; FB � air brake force, N; X� vehicle
displacement,m; and α� track grade.-e sum of retardation
forces, FW, is composed of rolling resistance, curving re-
sistance, air resistance, and gravity force components due to
the track grade and starting resistance.

According to the train model, the longitudinal dynamic
differential equations are developed as [18]:

For the lead vehicle

m1
€X1 � FC1 −FW1 + FTE1 −FDB1 −FB1. (2)

For the ith vehicle

mi
€Xi � FCi−1 −FCi −FWi + FTEi −FDBi −FBi. (3)

For the nth or last vehicle

mn
€Xn � FCn−1 −FWn + FTEn −FDBn −FBn, (4)

where i is the number of the wagon (or locomotive).

3.1.2. Vehicle Connection Model. As the most important
components in longitudinal dynamics model, the modelling
of connection elements between wagons (or locomotives)
determines the accuracy of simulation results. Research
studies conducted by Cole and Wu et al. indicate that the
impendence forces appear to have evident differences be-
tween the loading and unloading process (called hysteresis
characteristics) [16–18]. In the vehicle connectionmodel, the
nonlinear hysteresis characteristics of the draft gear are
intensively considered. -e current models of the friction-
type draft gear consider the detailed frictional characteristic
according to the real structures. -e model is usually
complicated with several parameters, and the accuracy of
simulated results is remarkably affected by the values of the
parameters. Generally, the values of the parameters need to
be modified according to a serial of experiments. In this
paper, a universal simplified velocity-dependent model of
draft gear is employed, as shown in Figure 6(a), and the
accuracy of the model in longitudinal dynamics simulation
has been validated by Liu et al. [25].-e impedance forces of
loading and unloading processes are defined as fl(Δx) and
fu(Δx), respectively, where Δx is the draft gear stroke
(Δx � 0 for drawbars). -e discontinuity point appears when
the draft gear switches between loading and unloading
processes; therefore, a velocity-dependent impedance force,
Fc(Δx,Δv), is defined as follows [26]:

Fc(Δx,Δv) �

fl(Δx), (Δv≥ ev),

fm(Δx) + fl(Δx)−fm(Δx) 
Δv
ev

sign(Δv), (−ev<Δv< ev),

fu(Δx), (Δv<−ev),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

fm(Δx) �
fl(Δx) + fu(Δx)

2
,

(5)

Abrasions

(a)

Accident wheel Normal wheel

(b)

Figure 4: Wheel surface condition: (a) the abrasions on wheels of the accident wagon; (b) the comparison of the accidental and normal
wheels.
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where Δv is the change rate of draft gear stroke, and ev is the
switch velocity which determines the switch between loading
and unloading processes. It should be noted that the di-
rection of the resistance force of the draft gear is always
opposite to that of the relative motion; hence, the function
sign (Δv) is introduced to describe the characteristics.

-e nonlinear hysteresis characteristics of the QKX100
draft gear for the locomotive and the MT-2 draft gear for
wagons are shown in Figures 6(b) and 6(c), respectively. -e

loading and unloading characteristics,fl(Δx) andfu(Δx), as
well as the switch velocity ev are acquired by measurements
[8]. -e margins between the loading and unloading curves
illustrate the nonlinear hysteresis characteristics which ca-
pacitate the graft gear to absorb vibration energy [14].

3.2.DynamicModel of the3-Pack. -e 3-pack model consists
of 3 C80-type gondolas and 2 RFC-type drawbars as well as

35 triplet units

C80 gondola car RFC-type drawbar

2 double-unit SS4 locomotivesCoupler

Travel direction

Front wagon Middle wagonRear wagon

Locomotive
1A

Locomotive
2B

FTEi

FCi-1

FWi

FDBi

FCi

FBi

α

Xi

Locomotive
2A

Locomotive
1B

mi

Figure 5: -e longitudinal train model.
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Figure 6: Draft gear: (a) the velocity-dependent model; (b) the nonlinear hysteretic characteristics of the QKX100 graft gear; (c) the
nonlinear hysteretic characteristics of the MT-2 graft gear.
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assorted draft gears, which is established using the multi-
body dynamics software SIMPACK, as shown in Figure 7.

3.2.1. Single C80-Type Gondola Dynamic Simulation Model.
-e single C80-type gondola model has 62 DOFs, and each of
the car body, the side frame, and the wheelset has six DOFs,
while the adapters are connected to the axles with only one
rotational DOF around the Y-axis, and the bolster is allowed
to move vertically and to yaw relative to the car body. -e
friction between the side bearings and centre plates are
simulated using the No. 100 nonlinear friction force element
of the SIMPACK. -e friction force is calculated based on
Coulomb’s friction law.

FT �

−μ0FN, vr ≤−vf ,

vr




vf
μ0FNsign vr( , −vf < vr < vf

μ0FN, vr > vf ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

, (6)

where FT is the friction force, μ0 is the friction coefficient
between the contact surfaces, FN is the normal contact force,
vr is the relative velocity of contact region, and vf is the
critical velocity of the static friction. -e wedge suspensions
are one of the most important components in the wagon.
Figure 8(a) shows the wedge suspension structures of the
K6-type bogie. In this paper, the wedge suspension is de-
tailed modelled according to its structures, as shown in
Figure 8(b). It is composed of wedges, column wear plates,
bolster, central springs, and damping springs. -e column
wear plates are fixed together with the side frame.-e bolster
and wedges are connected with the side frame by the central
springs and damping springs, respectively. -e friction
between the bolster the wedges is modelled using the No. 100
nonlinear friction force element, so does the friction between
the wedges and column wear plates. -e coil spring groups
with two-stage stiffness are modelled as spring elements with
variable stiffness using the No. 5 force element. Figure 8(c)
shows the details of the wedges and the coil spring groups.
Each side of the wedge suspension contains nine spring sets.
-e seven spring sets in the red zone are named central
springs, and the other two spring sets are called damping
spring. For the front and rear wagons, the coupler forces are
applied on the places where the couplers are installed using
the No. −98 marker, which follows the track at the position
of a track joint with the defined offsets. -emain parameters
of empty C80-type gondola model are listed in Table 2.

3.2.2. Model of the RFC-Type Drawbar and Draft Gear
System. -e model of the RFC-type drawbar and draft gear
system consists of the drawbar with spherical contact sur-
faces, the followers, MT-2 draft gears, and the coupler yokes.
-e drawbar has the freedom to move longitudinally, to yaw,
and to pitch.-e follower has only 1 DOF in the longitudinal
direction.-eMT-2 draft gear is modelled as a force element
with hysteresis characteristics as in Figure 7 using the No.
104 nonlinear element. It is noted that the coupler slack

should be set as zero. -e coupler yoke is modelled as
a restoring moment with stop characteristics using the No.
13 force element. -e restoring moment, Tr, is described as

Tr �
0, |c|< cfree,

l c− cfree · sign(c)  · Ktr, |c|≥ cfree,
 (7)

where c is the rotation angle of the drawbar, cfree is the
maximum free rotation angle, l is the longitudinal distance
between the two pin holes of the drawbar, and Ktr is the
angular stiffness of the modelled torsional spring, 108N/rad.
Both yaw and pitch stoppers are set at drawbar tails, where
the maximum free angles of yaw and pitch are 13° and 6°,
respectively. Besides, the No. 18 contact force element and
the No. 100 nonlinear friction element are employed to
simulate the contact between the follower and drawbar tail.

3.2.3. Validation of the 3-Pack Model. It is significant to
validate the simulationmodel before further analysis. Hence,
the field test results are adopted to compare with the sim-
ulation results.

-e experimental test was performed on a straight ballast
track in the Dazhun Railway.-e test section adopts Chinese
60 kg/m rails, and the gauge is 1435mm. -e test train is
composed of 2 double-unit SS4-type locomotives and 105
empty C80-type gondolas. -e middle wagon of the first 3-
pack behind the locomotives has been chosen as the test
wagon. -e displacement sensors are installed on the side
frame of the test wagon to detect the dynamic displacements
of the car body and the bogie. -e acceleration sensor is
installed on the centre sill of the car body underframe to
measure the acceleration of the car body. -e employed
sensors in this test are illustrated in Figure 9.

During the test, the dynamic braking was applied at the
initial velocity of 78 km/h, while the whole train was located
on a straight track. -e braking force increased gradually
from 0% to 70%. -e simulation conditions are set to be
consistent with the tested one.-e initial velocity of the train
is set to be 78 km/h, and the wheel-rail friction coefficient is
set to be 0.3. -e American 5-level track irregularities are
adopted. -e coupler forces are determined by simulation as
shown in Figure 10, and the coupler yaw angle is set to be
zero. Figure 11 shows the comparatives of the simulation
and the test results. It is seen in Figures 11(a) and 11(b) that
the simulated and the tested acceleration of the car body
are basically consistent in time domain, and acceleration

Rear wagon

Middle wagon

Front wagon

F

F

X

Y

Z

Figure 7: Dynamic model of the 3-pack.
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amplitudes do not differ a lot. -e vertical accelerations are
predominantly within 0∼0.3 g, while the lateral accelerations
are within 0∼0.1 g. Figures 11(c) and 11(d) show the
comparisons of the lateral and vertical relative displacement
between the side frame and the car body, respectively. Both
the tested and simulated lateral displacements are mainly
distributed in −2∼2mm, and the distribution range of the
vertical displacement is close to it. However, the maximums

of the vertical displacement approach 4mm, which is around
twice of the maximal lateral displacements.

It should be noted that the true track irregularities have
randomness, and the differences between the adopted
American 5-level track irregularities and the true conditions
cannot be avoided. According to the above analysis, it can be
concluded that the simulation model can simulate the dy-
namic behaviour of the 3-pack during dynamic braking.

Wedge Column wear plate

Bolster

Central springs

(a)

Wedge
Column 

wear plate

Bolster

Central springs

Damping springs

(b)

Wedges

Central springs

Damping springs

(c)

Figure 8: Wedge suspension of the K6-type bogie: (a) structure diagram; (b) dynamic model; (c) details of the wedges and the coil spring
groups.

Table 2: -e main parameters of empty C80-type gondola.

Item Value Unit
Wagon mass 10297 kg
Axle load 25 t
Wheel base 1.83 m
Bogie distance 8.2 m
Length over pulling faces of couplers 12 m
Coupler height 0.88 m
Wheel radius 0.42 m

Primary suspension stiffness (signal adapter)
Longitudinal 13 MN/m

Lateral 11 MN/m
Vertical 160 MN/m

Secondary suspension stiffness (one side in a bogie)
Longitudinal 1.818 MN/m

Lateral 1.818 MN/m
Vertical 2.233 MN/m

Axial stiffness of the cross-sustaining device 14.8 MN/m
Prepressure of side bearings 19.8 kN

Displacement sensors

Car body

Side frame

(a)

Car body underframe

Acceleration sensor

(b)

Figure 9: Instruments of the sensors: (a) displacement sensors on the side frame; (b) acceleration sensor on the car body.
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4. Results of Derailment Simulation

4.1. Longitudinal Dynamic Simulation. According to the
field investigation results, the dynamic braking operation is
applied with 60% braking force at the initial velocity of
73 km/h. Figure 12 shows the velocity and the coupler forces
of the second 3-pack during the dynamic braking. -e train
velocity does not change immediately, and the coupler forces
fluctuate a lot at the initial 13 seconds.-en the train velocity
decreases linearly, while the coupler forces increase rapidly
over time. It is seen that the train velocity reaches 36 km/h at
around the 68th second, while the front and rear coupler
forces are about 350.1 kN and −346 kN, respectively.

4.2. Derailment Simulation and Analysis

4.2.1. Calculation Conditions. -e process of derailment is
very short; hence, the velocity and coupler forces of the 3-
pack are assumed to be constant. According to the field
investigation results, the velocity is set as 36 km/h. Based on
the longitudinal dynamics simulation, the coupler forces are
determined as 350 kN when the velocity decreases to
36 km/h. -e straight track with the American 5-level track
irregularities is used. As previously analysed that the coupler
yaw angle might be an important influence factor, however,
the real coupler yaw angle during the derailment cannot be
obtained. -e field test was conducted to measure the
coupler yaw angle of the 3-pack, and the displacement
sensors were installed on the car body to detect the variation
of the angle as shown in Figure 13(a). -e accident section
was chosen as the test section, and the train passed through it
in the traction mode at around 70 km/h. It can be seen in
Figure 13(b) that when the train passed through the sharp
curve and the turnout area successively, the maximal coupler
yaw angle in the curve and turnout area reached 4.35 degrees
and 5.72 degrees, respectively. Moreover, the yaw angle of
the drawbar in the braking mode is supposed to be larger
than that in the traction mode in general. Comprehensively
considering the above factors and the fact that the wagons
derailed, the coupler yaw angle is assumed to be 7 degrees. In
the model of the 3-pack, two equal coupler forces are applied
on both ends of the 3-pack in the opposite direction with
a constant yaw angle of 7 degree.-e coupler forces are set to

increase linearly from 0 to 350 kN (t� 5∼10 s) and keep
constant (t� 10∼15 s).

Besides, the abnormal roughness of the wheel tread
and flange is taken into account by increasing the wheel-rail
friction coefficient of the 3-pack. It can be seen from
Figure 4(b) that there exist obvious cutting traces on the
wheel tread and flange of the accident wheel, and the
surface of the normal wheels is very smooth. -us, the
wheel-rail friction coefficient of the accident wagon is
larger than that of the normal. According to Japanese
research studies, the normal wheel-rail friction coefficient
ranges from 0.3 to 0.5 under the conditions of low velocity
and dry environment [27]. Since the real wheel-rail friction
coefficient is difficult to be measured, the friction coefficient
is assumed to be 0.7 in the calculation. For the wheel
profile, the measured profile cannot represent the real
condition of wheel profile because of the intense wear
during the derailment process. As aforementioned that the
wheel truing was completed not long before the accident,
the standard LM-type wheel tread is adopted.

4.2.2. Derailment Evaluation Criterion. Research studies
indicate that the derailment can only occur under the cir-
cumstance of continuous severe wheel-rail interaction
[28, 29], and the commonest Nadal single-wheel L/V limit
criterion is proved to be conservative for evaluating de-
railment [23]. A new method for evaluating derailment
based on the variation of wheel vertical rise was adopted in
this paper [6].-e wheel vertical rise is defined as the vertical
distance between the nominal contact point of the wheel
tread and the highest point on the top of the railhead. -e
wheel vertical rise Zup is composed of the climb height Z1
and the jump height Z2 (only when the wheel is separated
from the wheel) as shown in Figure 14. -e derailment
evaluation criterion based on the wheel vertical rise is de-
fined as

Zup < hf , (8)

where hf is the wheel flange height. -e flange height of the
Chinese LM-type tread is 27mm. It is noted that derailment
of a wheelset is generally accompanied with a large lateral
wheelset displacement. If the wheel vertical rise exceeds the
wheel flange height under the condition of small lateral
displacement, the wheel will fall back to the rail affected by
gravity and the derailment will not happen [2]. Hence, the
wheel vertical rise and lateral wheelset displacement must be
taken into account simultaneously for evaluation of de-
railment. According to Durali’s research [30], the critical
value for allowable lateral wheelset displacement of the
Chinese LM-type tread is 54mm. When the lateral wheelset
displacement exceeds the limitation, the lateral constraint of
rails disappears, and the trend of derailment is irreversible.

4.2.3. Analysis of the Derailment Simulation. Figure 15
exhibits the wheel vertical rises and the lateral wheelset
displacements of the 3-pack. -e dash dot lines in the figure
represent the wheel flange contact limitation (half of the play
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between wheel flange and rail). As the lateral wheelset
displacement exceeds the limitation, the wheel flange will
contact the rail. Figure 15(a) shows the variations of the
lateral wheelset displacement, the wheel vertical rise, as well
as wheel-rail contact geometry relationships of the middle
wagon. It is seen that the simulation period can be roughly
divided into three phases:

Phase 1: t� 0∼10 s. -e coupler forces increase linearly
from 0 to 350 kN during t� 5∼10 s. Affected by the in-
creasing lateral component of the coupler forces, the wheel
approaches the rail; the wheel vertical rise and lateral
wheelset displacement fluctuate a little and increase grad-
ually to about 3mm and 7.5mm, respectively. -e wheel
flange does not contact the rail.

Phase 2: t� 10∼13.5 s. -e coupler forces keep constant
at 350 kN. Under the integrated effects of coupler forces and
track irregularities, the wheel vertical rise and lateral
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wheelset displacement fluctuate a lot. -e lateral wheelset
displacement exceeds the limitation, and the wheel flange
contacts the rail. -e maximums of the lateral wheelset
displacement and the wheel vertical rise are 16.8mm and
5.7mm, respectively.

Phase 3: t� 13.5∼15 s. -e lateral wheelset displacement
increases rapidly, while the wheel vertical rise increases
sharply to the critical value (about 27mm) at around
t� 14.8 s firstly, and then decreases sharply. It can be seen
from the figures of wheel-rail contact geometry relationship,
the wheel climbs onto the top of the railhead gradually and
moves forward for a while, and then gets away from the rail.

It is seen in Figures 15(b) and 15(c) that the lateral
wheelset displacements and wheel vertical rises of the front
and rear wagons have the similar trend. -e lateral wheelset
displacements fluctuate in a small range in the initial 8
seconds, and the wheel flanges do not contact the rails.
Meanwhile, the wheel vertical rises are very small. -en the
lateral wheelset displacements increase rapidly to more than
10mm, and the wheel flanges contact the rails. During
t� 10∼13.5 s, the lateral wheelset displacements and the
wheel vertical rises fluctuate a lot due to the intense wheel-
rail interaction, while the lateral displacements keep below
20mm, and the maximums of the wheel vertical rises are less
than 15mm. As the simulation time exceeds 13.5 seconds,
the lateral wheelset displacements and the wheel vertical
rises increase sharply. -e lateral wheelset displacement of
the front wagon reaches its maximum at around t� 14 s, and
then decreases, while the wheel vertical rise has the same
tendency of changes. For the rear wagon, the lateral wheelset
displacement and wheel vertical rise increase linearly. -e
maximal lateral wheelset displacements of the front and rear
wagons are less than 28mm, and themaximums of the wheel
vertical rises are about 21mm. It can be concluded that the
front and rear wagons rise along the rails for a distance, but
the wheels do not climb onto the top of the railhead.

Figure 16 shows the derailment coefficients, lateral and
vertical wheel/rail forces, in the simulation period. It is seen

that the three indexes present the same change law before the
middle wagon derails. Under the individual effect of track
irregularities, the vertical wheel/rail forces fluctuate more
wildly than lateral forces in the initial 5 seconds. Corre-
spondingly, the derailment coefficients vary in a small range.
Affected by the increasing coupler forces, all the indexes tend
to increase during t� 5∼10 s, where the index values of the
front and rear wagons are generally large than that of the
middle wagon. -e lateral wheel/rail forces of the front and
rear wagons have balanced a part of the lateral components
of the coupler force, so the lateral forces applied on the car
body of the middle wagon are less than that of the front and
rear wagons. As the simulation time exceeds 10 seconds, the
index values of different wagons fluctuate within a small
range and do not differ a lot. At around t� 14.8 s, the de-
railment coefficient as well as the vertical and lateral
wheel/rail forces of the middle wagon decrease sharply to
zero, which means the derailment of the middle wagon. It
can be seen that the derailment coefficients of all the three
wagons have reached the critical value (1.0) in the simulation
period; however, only the middle wagon derails, which
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exactly demonstrates the conservatism of Nadal single-wheel
L/V limit criterion.

As mentioned previously, the wagons are connected by
drawbars which apply a strong constraint on lateral and
vertical DOFs of the middle wagon. Under the synthetic
actions of continuous large coupler forces and track irreg-
ularities, the wheel of the middle wagon has a higher
probability to climb onto the rail than the front and rear
wagons. Under the effect of increasing coupler forces with
constant yaw angle of 7 degrees, the wheel flange of the
middle wagon approaches the rail and contacts it sub-
sequently. -e wheel flange cannot separate from the rail
because of the strong constraints of drawbars and the
continuous lateral forces applied by the drawbars. Under the

excitation of the random irregularities, the wheel climbs
onto the top of the railhead quickly, and then moves away
from the rail. Based on the above analysis, it can be con-
cluded that the simulation results are consistent with the
field investigation results.

5. Parameter Influence on Derailment

To understand the effects of the coupler yaw angle, couple
force, and wheel-rail friction coefficient on derailment, the
values of the three parameters are assumed to vary. -e
simulation of parameter influence on derailment is
conducted.
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5.1. Coupler Yaw Angle. As the coupler yaw angle is hy-
pothetical in the derailment simulation, it is significant to
conduct further study on it.-e coupler yaw angle is set to be
5, 6, 7, 8, and 9 degrees, meanwhile, the coupler force is set to
increase linearly from 0 to 350 kN (t� 5∼10 s) and keep
constant (t� 10∼15 s), and the wheel-rail friction coefficient
is set to be 0.7.

Figure 17 shows the maximum derailment coefficient,
wheel vertical rise, and lateral wheelset displacement under
different coupler yaw angles. It should be noted that when the
lateral wheelset displacements reach or exceed the critical
value (54mm), the maximums are recorded as 54mm.

It can be seen from Figure 17(a) that the derailment
coefficients of the 3-pack are less than 0.9 when the coupler
yaw angle is 5 degrees. As the yaw angle reaches 6 degrees or
above, the maximal derailment coefficients remain around
1.0. Figures 16(b) and 16(c) show that the lateral wheelset
displacements and wheel vertical rises of the 3-pack are small
when the coupler yaw angle is below 7 degrees. As the
coupler yaw angle is set to be 7∼8 degrees, the maximal
lateral wheelset displacement of the middle wagon exceeds
the limitation, while the displacements of the front and rear
wagons are less than the critical value. Meanwhile, the
maximal wheel vertical rises of the middle wagon reach
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27mm, and the wheel vertical rises of the front and rear
wagons are 24.8mm and 23.6mm, respectively. It is in-
dicated that the middle wagon has derailed. When the yaw
angle is increased to 9 degrees, the lateral wheelset dis-
placements of middle and rear wagons are below 30mm,
while the maximal lateral wheelset displacement of the front
wagon exceeds the limitation. -e maximal wheel vertical
rise of all the wagons exceeds 20mm, but only the wheel
vertical rise of the middle wagon reaches the critical value. It
means that the front wagon has derailed.

It is concluded that under 350 kN coupler force and 0.7
wheel-rail friction coefficient condition, increasing the
coupler yaw angle will increase the risk of derailment. When
the coupler yaw angle is between 7 and 8 degrees, the middle
wagon of the 3-pack derails; however, the front wagon
becomes the most dangerous one as the coupler yaw angle
increases to 9 degrees.

5.2.CouplerForce. By longitudinal dynamics simulation, the
coupler force of derailment simulation condition was de-
termined; however, the actual coupler force during de-
railment remained to be unknown. To study the influence of
coupler force on derailment, the coupler force is set to
increase linearly from 0 to 250, 300, 350, 400, and 450 kN
(t� 5∼10 s), respectively, and keep constant (t� 10∼15 s).
Meanwhile, the coupler yaw angle is fixed at 7 degree, and
the wheel-rail friction coefficient is set to be 0.7.

Figure 18 shows the maximum derailment coefficient,
wheel vertical rise and lateral wheelset displacement, under
different coupler force.

When the coupler force is set below 350 kN, the max-
imums of the derailment coefficient increase as the coupler
forces increase and are less than 1.0. As the coupler force
increases to 350 kN and above, the maximal derailment
coefficients stay around 1.0, as shown in Figure 18(a). It is
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seen in Figures 18(b) and 18(c) that the lateral wheelset
displacements and the wheel vertical rises are very small when
the coupler forces are set to be 250 kN and 300 kN, which
means low risks of derailment. When the coupler force is set
to be 350 kN, the maximal lateral wheelset displacements of
the front and rear wagons are about 27mm, and the lateral
wheelset displacement of the middle wagon exceeds the
limitation. -e maximal wheel vertical rise of the middle
wagon reaches the critical value, while the wheel vertical rises
of the front and rear wagons still stay in the allowable range. It
can be judged that the middle wagon has derailed. As the
coupler forces reach 400 kN and above, both the lateral
wheelset displacement and wheel vertical rise of the front
wagon reach the danger level, while the corresponding values
of the middle and rear wagons are less than the critical values.

It can be concluded that under 7 degree coupler yaw
angle and 0.7 wheel-rail friction coefficient condition,

increasing the coupler force will increase the risk of de-
railment significantly. When the coupler force is kept below
300 kN, the risk of derailment is very small. When the
coupler force is 320 kN, the middle wagon has a higher risk
of derailment; however, the front wagon becomes the
riskiest one when the coupler force reaches 400 kN and
above.

5.3. Wheel-Rail Friction Coefficient. Considering the ex-
treme situation, the wheel-rail friction coefficient of the 3-
pack is set to vary from 0.1 to 0.9 with an interval of 0.1. -e
coupler force is set to increase linearly from 0 to 350 kN
(t� 5∼10 s) and keep constant (t� 10∼15 s).

Figure 19 shows the maximums of the derailment co-
efficient, wheel vertical rise and lateral wheelset displace-
ment under different wheel-rail friction coefficients.
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Figure 18: Effects of coupler force on (a) derailment coefficient, (b) lateral wheelset displacement, and (c) wheel vertical rise.
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It is seen in Figure 19(a) that the maximal derailment
coefficients of the 3-pack under the condition of different
wheel-rail friction coefficients do not differ a lot, which stay
around 1.0. Both the differences of the maximal lateral
wheelset displacements and wheel vertical rises are small
when μ≤ 0.5. Figures 19(b) and 19(c) show that when µ is set
to be 0.6 and 0.7, the maximal wheel vertical rises of all the
three wagons exceed 20mm, and the wheel vertical rises of
the middle wagon reach the critical value. -e maximal
lateral wheelset displacements of the front and rear wagons
are between 25mm and 35mm. Meanwhile, the lateral
wheelset displacements of the middle wagon exceed the
limitation, which means that the middle wagon has derailed.
As µ exceeds 0.7, the maximal lateral wheelset displacements
of the 3-pack decrease to below 25mm. -e maximal wheel
vertical rises of the rear wagon are about 3mm, while the
corresponding values of the front and middle wagons are
between 10mm and 20mm.

It can be concluded that under 350 kN coupler force with
7 degrees yaw angle, the wheel-rail friction coefficient affects
the risk of derailment remarkably. When μ≤ 0.5, the de-
railment risk is small because the rail cannot provide adequate
climbing force.When µ is increased to 0.6∼0.7, the rail applies
a large tangential force on the wheel under the effect of large
lateral coupler forces, which enables the wheel to climb onto
the rail. Moreover, the constraints of the drawbars contribute
to it a lot. When μ≥ 0.8, the overlarge wheel-rail friction
coefficient hinders the relative sliding between the wheel and
rail, and the wheel cannot climb onto the rail. Hence, the
lateral wheelset displacement and the wheel vertical rise are
limited, and the derailment risk decreases. -e large wheel-
rail friction coefficient will exacerbate the wear of wheels and
rails and reduce its service life. To balance the running safety
and the service life, the friction coefficient should be con-
trolled below 0.5, and the lubrication is proved to be an ef-
fective approach to control it [31, 32].
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6. Conclusions

Aiming at an actual derailment accident, the influence
factors of derailment of empty wagons are investigated. -e
3-pack model composed of 3 C80-type gondolas and two
RFC-type drawbars is established. -e field test results are
adopted to validate the accuracy of the model. Based on the
simulation model, the derailment process has been recon-
structed, and the influence analysis of potential factors on
derailment of empty wagons has been completed. -e
conclusions are drawn as follows:

(1) According to the field investigation results, the large
coupler yaw angle and coupler force, the special
connection mode by drawbars, and the poor con-
ditions of wheel treads and flanges are supposed to be
responsible for the accident.

(2) -e simulation model is validated to simulate the
dynamic braking on a straight track. -e model can
reflect the dynamic behaviour of the empty wagon
during dynamic braking.

(3) Under the condition of 0.7 wheel-rail friction coefficient
and 350kN coupler forces with a coupler yaw angle of 7
degrees, the middle wagon of the 3-pack climbs onto
the rail and moves forward for a short distance on the
top of the railhead and derails subsequently, which is
consistent with the field investigation results.

(4) -e parameter influence analysis reveals that the
coupler yaw angle, coupler force, and wheel-rail
friction coefficient have significant influence on
derailment. Increasing the coupler yaw angle and
coupler force will increase the risk of derailment.
Moreover, the derailed wagon will change from the
middle wagon to the front one as the lateral com-
ponent of the coupler force increases. When the
friction coefficient is between 0.6 and 0.7, the middle
wagon of the 3-pack derails, but the risk decreases as
the friction coefficient reaches 0.8 and above.

(5) In order to enhance the running safety of the empty
wagons, the wheel-rail friction coefficient should be
no more than 0.5, as well as the operations of the
train should be optimized to avoid an overlarge
coupler yaw angle and a coupler force.

It should be noted that the above conclusions only have
reference significance to the long freight train which is
composed of the 3-pack units adopting drawbars.
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Generalized differential quadrature (GDQ) method is used to analyze the vibration of sandwich beams with different boundary
conditions.The equations of motion of the sandwich beam are derived using higher-order sandwich panel theory (HSAPT). Seven
partial differential equations of motions are obtained through the use of Hamilton’s principle. The GDQmethod is utilized to solve
the equations of motion. Experiments are conducted to validate the proposed theory.The results from the analytical model are also
compared to those from the literature and finite element method (FEM). Parametric studies are conducted to investigate the effects
of different parameters on the natural frequency and response of the sandwich beam under various boundary conditions.

1. Introduction

Many engineering applications in aerospace, aeronautics,
and robotics use multibody systems that consist of flexible
appendages containing sandwich panels. These appendages
experience large deflections due to vibration excitations.
Sandwich panel structures with soft cores made of foam or
low strength honeycomb, like aramid or nomex, are used in
various industrial applications.They consist of two composite
ormetallic layers that are separated by a thick and lightweight
core.The types of cores in sandwich beam can vary fromhon-
eycomb, web core, and balsa wood to foamed polymer. Such
configurations in sandwich panels result in high stiffness,
light weight characteristics, and high energy absorption capa-
bility. These kinds of properties make sandwich structures
very useful in aerospace application. Herrmann et al. gave a
brief overview on sandwich beam, explaining the importance
of sandwich panels in the aerospace industry [1]. Vinson also
reviewed the advantages of sandwich beam construction and
its role in many applications [2].

The behavior of sandwich panels can be described using
various theories based on the type of core. In the analysis of

sandwich panels with very rigid cores, it is a commonpractice
to neglect the transverse deformation of the core. Several
authors have investigated these types of sandwich panels.
An early theory of sandwich structures, known as the first-
order shear deformation theory (FSDT), employs the plate
theory by taking the shear rigidity of the core into account
but assumes that the longitudinal deformation is linear in the
thickness coordinate and that the core is infinitely rigid in
the transverse direction. Although this model is simple, the
assumptions made are validated by the fact that the sandwich
core is statically loaded and stiff in the thickness coordi-
nate.

In reality, the cores of modern sandwich panels are
flexible in all directions. Hohe et al. acknowledged this
phenomenon by investigating the effect of the transverse
compressibility of the core of sandwich beams on the tran-
sient dynamic response of structural sandwich panels under
rapid loading conditions [3]. Many modified theories take
into consideration different assumptions to more effectively
model the stress, strain, and displacement distributions along
the thickness coordinate. Among the modified theories are
two different higher-order sandwich panel theory (HSAPT)
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models for sandwich structures. The first model is HSAPT
(mixed) in which the displacements of the face sheets
along with the shear stresses in the cores are considered to
be unknown. Using various computational models, Frostig
and Baruch investigated the free vibration of unidirectional
sandwich panels of two core types, compressible and incom-
pressible, using the HSAPT (mixed) model [4]. Frostig et al.
also studied the behavior of sandwich panels using HSAPT
(mixed) for compressible cores while neglecting in-plane
stresses [5].TheHSAPT approach has also been used in other
investigations [6–8].

The second model is HSAPT (displacement), which
assumes cubic longitudinal displacement and quadratic ver-
tical displacement through the thickness of the sandwich
beam. The formulation of this model considers shear strain
instead of shear stress. Regardless of axial stress in the core
and according to the static equilibrium equation, the second
model will consider a constant shear distribution within
the core thickness. This type of approximation for sand-
wich beam construction with a soft core is appropriate for
static problems. Experimental investigations have shown that
HSAPT accurately predicts displacements and axial strain at
the surface, points of support, and regions of concentrated
loading. In certain regions of the core, using HSAPT, results
are acceptable approximations for shear stress and axial
strain values through thickness distributions that are away
from points of support and areas of concentrated loading.
In contrast, obtaining the same values in regions of the
core adjacent to concentrated loading and points of support
using HSAPT yields inaccurate approximations of the same
values mentioned previously. Since axial stress through the
length of the core in HSAPT is neglected, this theory can
be used for the study of composite beams and composite
plates with soft cores possessing only lateral stress. Frostig
et al. studied the free vibration of a unidirectional sandwich
panel, which consists of compressible and incompressible
core by using various computational models [10]. His study
also included both displacement and mix HSAPT formula-
tion.

Different methods can be used to solve equations of
motion of HSAPT models. The most common methods are
dynamic stiffnessmethod (DSM) andGDQmethod.Daman-
pack and Khalili investigated the higher-order free vibration
of sandwich beams with flexible cores using DSM [11].
Tornabene andViola examined general higher-order theories
of doubly curved laminated composite shells and panels using
the local GDQ method [15]. Hong et al. examined thermal
induced vibration of a thermal sleeve using GDQ method,
which was used to obtain numerical results of two-layer
cross-ply laminated tubes under thermal vibration [16]. The
classical finite element method has also been used in numer-
ousworks to examine the vibration of sandwich beam [17–21].
Similar to the FEMmethod, the quadrature element method
(QEM) has also been examined by numerous investigators to
study sandwich structures [13, 14, 22–25]. It should be noted
that the GDQmethod is much accurate and computationally
less intensive than the classical finite element method [26].
This makes the GDQ method more appealing than other
methods.

Figure 1: Geometry of sandwich beam.

The GDQ method is adopted in this paper. The objective
is to (1) show that HSAPT displacement based model is
sufficient for predicting the dynamic behavior of a sandwich
beam with soft core under various boundary conditions; (2)
conduct experiments to validate the proposed formulation;(3) compare the performance of the GDQ to that of QEM,
HQEM, and FEM ABAQUS for a sandwich beam under var-
ious boundary conditions; and (4) carry out forced vibration
analyses to determine the effect of key design variables on
the frequency response curves. To this end, the governing
partial differential equations of motion are derived using
Hamilton’s principle and then the GDQmethod is employed
to reduce the partial differential equations to ordinary differ-
ential equations. Natural frequencies and vibration responses
obtained from the analytical model are compared to results
from the literature. In addition, finite element analyses are
conducted using SolidWorks software to assess the validity
of the obtained analytical solutions. Experiments were also
performed on sandwich beams with different thicknesses and
the results were compared to those obtained using the GDQ
method. Parametric studies are carried out to study the effects
of various parameters on the natural frequency and response
of different sandwich beams.

2. Derivation of the Governing Equations

Figure 1 depicts a schematic of a cantilever sandwich beam,
with length 𝐿 and width 𝑏. This beam is composed of three
layers: two thin stiff face sheets with thickness ℎ𝑓 and a thick
soft core with thickness ℎ𝑐.

The general assumptions for the derivation of the govern-
ing equation of motion are as follows [11]:

(i) All deformations and strains are very small.

(ii) The face sheets and the core of the beam are made of
isotropic and homogeneous materials.

(iii) The sandwich beam is assumed to be symmetric.

(iv) Transverse normal strains are negligible in the face
sheets.

(v) There is no slippage between layers.

(vi) The face sheets are modeled by Euler-Bernoulli beam
theory and the core is modeled using 2D elasticity
theory.
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It should be noted that the core is more soft through
thickness in comparison with the face sheets and the normal
stress of the core is negligible. The axial and transverse
displacements of a point on the middle of the top face sheet
are 𝑢𝑡(𝑥, 𝑡) and𝑤𝑡(𝑥, 𝑡), respectively.The transverse and axial
displacements of a point on the middle of the bottom face
sheets are 𝑢𝑏(𝑥, 𝑡) and 𝑤𝑏(𝑥, 𝑡), respectively. The axial and
transverse displacements of a point on the middle of the core
layer are 𝑢𝑐(𝑥, 𝑡) and 𝑤𝑐(𝑥, 𝑡), respectively. 𝜑1 is the slope at
the centroid of the core; 𝜑2 and 𝜑3 are unknown in-plane
rotations of the core. 𝜓1 and 𝜓2 are unknown transverse
rotation of the core. The displacement field for the sandwich
beam can be expressed as

𝑋 :
{{{{{{{{{{{{{{{{{{{

𝑢𝑡 − 𝑦𝑤𝑡 −ℎ𝑓2 < 𝑦 < ℎ𝑓2
𝑢𝑐 + 𝜑1𝑦 + 𝜑2𝑦2 + 𝜑3𝑦3 −ℎ𝑐2 < 𝑦 < ℎ𝑐2
𝑢𝑏 − 𝑦𝑤𝑏 −ℎ𝑓2 < 𝑦 < ℎ𝑓2

𝑌 :
{{{{{{{{{{{{{

𝑤𝑡 −ℎ𝑓2 < 𝑦 < ℎ𝑓2𝑤𝑐 + 𝜓1𝑦 + 𝜓2𝑦2 −ℎ𝑐2 < 𝑦 < ℎ𝑐2
𝑤𝑏 −ℎ𝑓2 < 𝑦 < ℎ𝑓2

(1)

HereX andY are displacement fields in x and y directions.
By using the compatibility conditions given as

𝑋 :
{{{{{{{{{

𝑋𝐶𝑜𝑟𝑒 (𝑦 = ℎ𝑐2 ) = 𝑋𝑇𝑜𝑝𝑓𝑎𝑐𝑒 (𝑦 = −
ℎ𝑓2 )

𝑋𝐶𝑜𝑟𝑒 (𝑦 = −ℎ𝑐2 ) = 𝑋𝐵𝑜𝑡𝑡𝑜𝑚𝑓𝑎𝑐𝑒 (𝑦 =
ℎ𝑓2 )

𝑌 :
{{{{{{{{{

𝑌𝐶𝑜𝑟𝑒 (𝑦 = ℎ𝑐2 ) = 𝑌𝑇𝑜𝑝𝑓𝑎𝑐𝑒 (𝑦 = −
ℎ𝑓2 )

𝑌𝐶𝑜𝑟𝑒 (𝑦 = −ℎ𝑐2 ) = 𝑌𝐵𝑜𝑡𝑡𝑜𝑚𝑓𝑎𝑐𝑒 (𝑦 =
ℎ𝑓2 )

(2)

the displacement fields becomes

𝑋 :
{{{{{{{{{{{{{{{

𝑢𝑡 − 𝑦𝑤𝑡 −ℎ𝑓2 < 𝑦 < ℎ𝑓2
𝑢𝑐 + 𝜑1𝑦 + (𝑢𝑡 + 𝑢𝑏 + ℎ𝑓2 𝑤𝑡 −

ℎ𝑓2 𝑤𝑏 − 2𝑢𝑐) 2𝑦
2

ℎ𝑐2 + (𝑢𝑡 − 𝑢𝑏 +
ℎ𝑓2 𝑤𝑡 +

ℎ𝑓2 𝑤𝑏 − ℎ𝑐𝜑1) 4𝑦
3

ℎ3𝑐 −ℎ𝑐2 < 𝑦 < ℎ𝑐2
𝑢𝑏 − 𝑦𝑤𝑏 −ℎ𝑓2 < 𝑦 < ℎ𝑓2

𝑌 :
{{{{{{{{{{{{{{{{{

𝑤𝑡 −ℎ𝑓2 < 𝑦 < ℎ𝑓2
𝑤𝑐 + (𝑤𝑡 − 𝑤𝑏) 𝑦ℎ𝑐 + (𝑤𝑡 + 𝑤𝑏 − 2𝑤𝑐) 2𝑦2ℎ𝑐2 −ℎ𝑐2 < 𝑦 < ℎ𝑐2
𝑤𝑏 −ℎ𝑓2 < 𝑦 < ℎ𝑓2

𝑍 (𝑓𝑜𝑟 𝑎𝑙𝑙 𝑙𝑎𝑦𝑒𝑟𝑠) : 0

(3)

Here 𝑤𝑡 and 𝑤𝑏 are the rotational displacements of top
and bottom face sheets. Z defines the displacement field in z
direction, which is assumed to be zero. Potential energy for
sandwich beam 𝑈 is given as

𝑈 = 12 (∫𝑉𝑡 𝐸𝑓𝜀
2
𝑥𝑑𝑉𝑡 + ∫

𝑉𝑐

(𝐸𝑐𝜀2𝑦 + 𝐺𝑐𝛾2𝑥𝑦) 𝑑𝑉𝑐
+ ∫
𝑉𝑏

𝐸𝑓𝜀2𝑥𝑑𝑉𝑏)
(4)

Here, 𝐸𝑓 and 𝐸𝑐 are modulus of elasticity of face sheets
and the core, respectively, and 𝐺𝑐 is the shear modulus of the
core. 𝜀𝑥 and 𝜀𝑦 are normal strains in x and y directions and 𝛾𝑥𝑦
is the shear strain of the core.𝑉𝑡,𝑉𝑏, and𝑉𝑐 are volume of the
top, bottom, and core layers, respectively. 𝐴 𝑡, 𝐴𝑏, and 𝐴𝑐 are
the area of top, bottom, and core layers. By substituting the
strain displacement equation (3) in (4), the potential energy
becomes [11]

𝑈 = 12 ∫
𝐿

0
{∫
𝐴𝑡

𝐸𝑓 (𝑢𝑡 − 𝑦𝑤𝑡 )2 𝑑𝐴 𝑡 + ∫
𝐴𝑏

𝐸𝑓 (𝑢𝑏 − 𝑦𝑤𝑏 )2 𝑑𝐴𝑏 + ∫
𝐴𝑐

𝐸𝑐 [(𝑤𝑡 − 𝑤𝑏) 1ℎ𝑐 + (𝑤𝑡 + 𝑤𝑏 − 2𝑤𝑐)
4𝑦ℎ2𝑐 ]
2 𝑑𝐴𝑐

+ ∫
𝐴𝑐

𝐺𝑐 [(𝜑1 + 𝑤𝑐) + (𝑢𝑡 + 𝑢𝑏 + 2ℎ𝑓 + ℎ𝑐4 𝑤𝑡 − 2ℎ𝑓 + ℎ𝑐4 𝑤𝑏 − 2𝑢𝑐) 4𝑦ℎ2𝑐 𝑑𝐴𝑐 + ∫𝐴𝑐 (𝑢𝑡 − 𝑢𝑏 +
3ℎ𝑓 + ℎ𝑐6 𝑤𝑡 + 3ℎ𝑓 + ℎ𝑐6 𝑤𝑏 − ℎ𝑐𝜑1 − ℎ𝑐3 𝑤𝑐) 12𝑦

2

ℎ3𝑐 ]
2 𝑑𝐴𝑐}𝑑𝑥

(5)
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The kinetic energy is given as

𝑇 = 12 (∫𝑉𝑡 𝜌𝑓 ( ̇𝑥𝑡
2 + ̇𝑦𝑡2) 𝑑𝑉𝑡

+ ∫
𝑉𝑏

𝜌𝑓 ( ̇𝑥𝑏2 + ̇𝑦𝑏2) 𝑑𝑉𝑏 + ∫
𝑉𝑐

𝜌𝑐 ( ̇𝑥𝑐2 + ̇𝑦𝑐2) 𝑑𝑉𝑐)
(6)

where 𝜌𝑓 is the face sheets density and 𝜌𝑐 is the core den-
sity. ̇𝑥𝑡, ̇𝑥𝑏, and ̇𝑥𝑐 are velocities of top and bottom face sheets
and core in x direction. ̇𝑦𝑡, ̇𝑦𝑏, and ̇𝑦𝑐 are velocities of top and
bottom face sheets and core in y direction. By substituting the
displacement equations into (5) and (6), the governing partial
differential equations ofmotion and boundary conditions can
be obtained from Hamilton’s principle as

𝛿∫𝑡2
𝑡1

(𝑇 − 𝑈) 𝑑𝑡 = 0 (7)

where 𝛿 is the first variation operation and 𝑡1 and 𝑡2
are defined as the time period. The governing equations of
motion are obtained by dividing and factoring the coefficients
of 𝛿𝑢𝑡, 𝛿𝑢𝑏, 𝛿𝑤𝑡, 𝛿𝑤𝑏, 𝛿𝑢𝑐, 𝛿𝜑, 𝛿𝑤𝑐 in (7). The following
equation is one of the seven obtained equations of motion.
The rest of the equations are presented in the Appendix.

𝑚𝑓 (�̈�𝑡) + 𝑚𝑐 [ 120 (�̈�𝑡 + �̈�𝑏) + 128 (�̈�𝑡 − �̈�𝑏) + 115 �̈�𝑐
+ 170ℎ𝑐 ̈𝜑1 + 140ℎ𝑓 (�̈�𝑡 − �̈�𝑏) + 156ℎ𝑓 (�̈�𝑡 + �̈�𝑏)]
− 𝐸𝑓𝐴𝑓𝑢𝑡 + 𝐺𝑐𝐴𝑐ℎ2𝑐 [43 (𝑢𝑡 + 𝑢𝑏) + 95 (𝑢𝑡 − 𝑢𝑏)
− 83𝑢𝑐 − 45ℎ𝑐𝜑1 + (23ℎ𝑓 + 13ℎ𝑐) (𝑤𝑡 − 𝑤𝑏)
+ ( 910ℎ𝑓 + 310ℎ𝑐) (𝑤𝑡 + 𝑤𝑏) + 25ℎ𝑐𝑤𝑐] = 0

(8)

where 𝑚𝑐 is the core’s mass, 𝑚𝑓 is the surface layers’ mass,𝐼𝑓 is the surface moment of inertia, 𝐴𝑐 is the core’s cross
section, and 𝐴𝑓 is the surface layers’ cross section. �̈�𝑡 and�̈�𝑏 are also the accelerations at the middle of the top and
bottom face sheets and �̈�𝑐 is the acceleration at the middle of
the core. 𝑢𝑡 defines the variation of normal strain related to
middle of the top face sheet in x direction.

3. GDQ Method

TheGDQmethod is applied in order to discrete the equation
of motion and boundary condition along the length of the

beam. Applying GDQmethod to the equation of motion (see
(8)) yields

[𝑚𝑓 + 𝑚𝑐 ( 120 + 128)]
N∑
𝑗=1

𝐶(0)𝑖𝑗 �̈�𝑡 (𝑥𝑗)

+ 𝑚𝑐 ( 120 − 128)
𝑁∑
𝑗=1

𝐶(0)𝑖𝑗 �̈�𝑏 (𝑥𝑗) + 𝑚𝑐 ( 115)

⋅ 𝑁∑
𝑗=1

𝐶(0)𝑖𝑗 �̈�𝑐 (𝑥𝑗) + 𝑚𝑐ℎ𝑐 170
𝑁∑
𝑗=1

𝐶(0)𝑖𝑗 ̈𝜑1 (𝑥𝑗)

+ 𝑚𝑐 ( 140 + 156) ℎ𝑓
𝑁∑
𝑗=1

𝐶(1)𝑖𝑗 �̈�𝑡 (𝑥𝑗)

+ 𝑚𝑐 (− 140 + 156) ℎ𝑓
𝑁∑
𝑗=1

𝐶(1)𝑖𝑗 �̈�𝑏 (𝑥𝑗)

− 𝐸𝑓𝐴𝑓 𝑁∑
𝑗=1

𝐶(2)𝑖𝑗 𝑢𝑡 (𝑥𝑗) + 𝐺𝑐𝐴𝑐ℎ2𝑐 (43 + 95)

⋅ 𝑁∑
𝑗=1

𝐶(0)𝑖𝑗 𝑢𝑡 (𝑥𝑗) + 𝐺𝑐𝐴𝑐ℎ2𝑐 (43 − 95)
𝑁∑
𝑗=1

𝐶(0)𝑖𝑗 𝑢𝑏 (𝑥𝑗)

− 𝐺𝑐𝐴𝑐ℎ2𝑐 (83)
𝑁∑
𝑗=1

𝐶(0)𝑖𝑗 𝑢𝑐 (𝑥𝑗)
+ 𝐺𝑐𝐴𝑐ℎ2𝑐 [(23ℎ𝑓 + 13ℎ𝑐) + ( 910ℎ𝑓 + 310ℎ𝑐)]

⋅ 𝑁∑
𝑗=1

𝐶(1)𝑖𝑗 𝑤𝑡 (𝑥𝑗)
+ 𝐺𝑐𝐴𝑐ℎ2𝑐 [− (23ℎ𝑓 + 13ℎ𝑐) + ( 910ℎ𝑓 + 310ℎ𝑐)]

⋅ 𝑁∑
𝑗=1

𝐶(1)𝑖𝑗 𝑤𝑏 (𝑥𝑗) + 𝐺𝑐𝐴𝑐ℎ2𝑐 (25ℎ𝑐)
𝑁∑
𝑗=1

𝐶(1)𝑖𝑗 𝑤𝑐 (𝑥𝑗)

− 𝐺𝑐𝐴𝑐ℎ2𝑐 (45ℎ𝑐)
𝑁∑
𝑗=1

𝐶(0)𝑖𝑗 𝜑1 (𝑥𝑗)

(9)

The solution of the system is achieved by employing a
local version of the well-known GDQ method. With respect
to the global form, this local approach considers localized
interpolating basis function. The numerical technique in
GDQ is able to evaluate the 𝑛th derivative at a generic point
of a sufficiently smooth function 𝑓(𝑥) as a weighted linear
sum of the function values at some chosen grid points in x
direction. These grid points can be distributed through the
thickness of the sandwich beam too [14].

𝑑𝑛𝑓 (𝑥)𝑑𝑥𝑛 (𝑥𝑖) ≅
𝑗=𝑁∑
𝑗=1

𝐶(𝑛)𝑖𝑗 𝑓 (𝑥𝑗) 𝑓𝑜𝑟 𝑖 = 1, 2 . . . , 𝑁 (10)
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where 𝐶(𝑛)𝑖𝑗 is the weighting coefficient associated with the
nth-order derivative and 𝑁 is the number of grid points in
x direction. It should be noted that the GDQ is quite different
from QEM and HQEM. GDQ method uses Chebyshev grid
points distribution and employs Lagrange function for all
displacement fields, namely, 𝑢𝑡, 𝑢𝑏, 𝑢𝑐, 𝜑1, 𝑤𝑡, 𝑤𝑏, 𝑤𝑐, and𝜑1. The QEM, on the other hand, uses expanded Chebyshev
grids and employs Hermit functions for 𝑤𝑡, 𝑤𝑏, and 𝑤𝑐 and

Lagrange function for displacement fields 𝑢𝑡, 𝑢𝑏, 𝑢𝑐, and 𝜑1.
HQEM, which is an extended version of the QEM, employs
nodes on both longitudinal and through the thickness (trans-
verse) directions, whereas the GDQ method and QEM only
use nodes in the longitudinal direction. The GDQ method is
adopted in this paper; as such, using Lagrange interpolated
polynomials for all displacements, the function 𝑓(𝑥) can be
written as

𝑓 (𝑥) = 𝑗=𝑁∑
𝑗=1

(𝑥 − 𝑥1) (𝑥 − 𝑥2) . . . (𝑥 − 𝑥𝑗−1) (𝑥 − 𝑥𝑗+1) . . . (𝑥 − 𝑥𝑁)
(𝑥𝑗 − 𝑥1) (𝑥𝑗 − 𝑥2) (𝑥𝑗 − 𝑥𝑗−1) . . . (𝑥𝑗 − 𝑥𝑁) 𝑓 (𝑥𝑗) (11)

Taking the derivative of (11) with respect to x yields

𝑓 (𝑥) = 𝑗=𝑁∑
𝑗=1

{(𝑥 − 𝑥1) (𝑥 − 𝑥2) . . . (𝑥 − 𝑥𝑗−1) (𝑥 − 𝑥𝑗+1) . . . (𝑥 − 𝑥𝑁)(𝑥𝑗 − 𝑥1) (𝑥𝑗 − 𝑥2) (𝑥𝑗 − 𝑥𝑗−1) . . . (𝑥𝑗 − 𝑥𝑁) }


𝑓 (𝑥𝑗) (12)

The coefficient of 𝑓(𝑥𝑗) calls𝐶(1)𝑖𝑗 , which can be written as
𝐶(1)𝑖𝑗 = 𝑀(1) (𝑥𝑖)(𝑥𝑖 − 𝑥𝑗)𝑀(1) (𝑥𝑗)
𝐶(1)𝑖𝑖 = − 𝑁∑

𝑗=1,𝑗 ̸=𝑖

𝐶(1)𝑖𝑗
(13)

where

𝑀(1) (𝑥𝑗) = 𝑁∏
𝑘=1,𝑘 ̸=𝑗

(𝑥𝑗 − 𝑥𝑘) (14)

The higher-order derivatives are obtained as

𝐶(𝑚)𝑖𝑗 = 𝑚[
[
𝐶(1)𝑖𝑗 𝐶(𝑚−1)𝑖𝑖 − 𝐶(𝑚−1)𝑖𝑗𝑥𝑖 − 𝑥𝑗]]

𝑖, 𝑗 = 1, 2, . . . , 𝑁, 𝑚 = 2, 3, . . . , 𝑁 − 1, 𝑖 ̸= 𝑗
𝐶(𝑚)𝑖𝑖 = − 𝑁∑

𝑗=1,𝑗 ̸=𝑖

𝐶(𝑚)𝑖𝑗
(15)

There are also different arrangements of grid points
which are used in GDQ method. It has been shown in the
literature that using equal spacing sample of grid points gives
inaccurate results. Therefore, the Chebyshev-Gauss-Lobatto
distribution is employed to discretize the spatial domain as
follows [27]:

𝑥𝑖 = 𝐿2 [1 − cos( 𝑖 − 1𝑁 − 1𝜋)] , 𝑖 = 1, . . . , 𝑁 (16)

Other grid distributions such as expandedChebyshev [13,
14] can also be used.

4. Numerical Results and Discussion

Theproperties of the sandwich beam used for conducting the
numerical simulation are listed in Table 1. Numerical results
are presented for the free and forced vibration analyses of
sandwich beams with various boundary conditions including
cantilever (C-F), clamped-clamped (C-C), simply-simply (S-
S), free-free (F-F), and simply-clamped (S-C).

4.1. Free Vibration. To examine the validity of the present
formulation, Table 2 compares the results of theGDQmethod
for the simply supported case to those of [11, 12]. The results
show excellent agreement with the closed-form solution
employed in [11]. Table 2 also indicates that the GDQmethod
performs better than the method used in [12]. The validation
of the rest of the boundary conditions, namely, C-F, C-C, S-S,
F-F, and S-C, is shown in Table 3. The natural frequency of
the sandwich beam for GDQmethod is compared to those of
the QEM, harmonic quadrature element method (HQEM),
and finite element method of ABAQUS. The results show
very good agreement for all five boundary conditions. In
general, it can be observed from Table 3 that the results of the
GDQmethod and the HQEM are closer to those of ABAQUS
than the QEM. This is an indication that the GDQ is more
accurate than the QEM.The first twomode shapes for C-F, S-
S, and C-C boundary conditions are shown in Figure 2. The
results show that the plottedmode shapes are similar to those
obtained in [14].

4.2. Forced Vibration. This section discusses the time and
frequency responses of the sandwich beam with various
boundary conditions. All the numerical simulations in this
section are based on a harmonic applied load 𝐹 at the tip of
the sandwich beam defined as 𝐹 = 0.4 × 103 sin(𝜔𝑡) and the
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Table 1: Parameters of sandwich beam.

References 𝐸𝑓 (𝐺𝑃𝑎) 𝐺𝑐 (𝑀𝑃𝑎) 𝜌𝑓 (𝑘𝑔/𝑚3) 𝜌𝑐 (𝑘𝑔/𝑚3) ℎ𝑓 (𝑚𝑚) ℎ𝑐 (𝑚𝑚) 𝑏 (𝑚𝑚) 𝐿 (𝑚𝑚)
[11] 210 22.1 7900 60 1.9 34.8 59.9 260
[12] 36 20.0 4400 52.1 0.5 20.0 20.0 300
[13] 13.6 12.8 1800 58.5 5 19 20 152
Experiment 210 22.1 7900 60 1.9 15 and 25 59.9 260

Table 2: The five low natural frequencies for a simply supported sandwich beam (rad/s).

Mode Present method (GDQ) Exact [11] Model (C) [12]
1 2048.46 2048.41 2048.19
2 5189.73 5189.67 5183.37
3 8250.24 8250.19 8224.06
4 11225.32 11225.27 11159.63
5 14139.22 14139.19 14009.12

material property from [11] listed in Table 1. Figure 3 shows
the time response of the cantilever sandwich beam for three
excitation frequencies, namely, 𝜔 = 0.1𝜔1, 𝜔 = 0.87𝜔1, and𝜔 ≃ 1𝜔1. Here 𝜔1 is the first natural frequency of sandwich
beam. Beating phenomenon is observed when the excitation
frequency is 𝜔 = 0.87𝜔1 and resonance phenomenon is
demonstrated when the excitation frequency matches the
fundamental frequency of the sandwich beam, that is, 𝜔 ≃1𝜔1. Figure 3 also shows much smaller vibration amplitude
when the fundamental frequency is far from the excitation
frequency, 𝜔 = 0.1𝜔1.

The validation of the forced vibration analysis is demon-
strated in Figure 4 by comparing the results of the GDQ
method (Case: (a), (c), (e)) to those of SolidWorks simulation
(Case: (b), (d), (f)). It should be noted that this figure shows
the time response measured at the tip of the cantilever
sandwich beam with varying thickness and width. For each
case, the cantilever sandwich beam is excited with its cor-
responding fundamental frequency, since natural frequency
changes with beam thickness/width.The results in this figure
show very good agreement between the GDQ method and
SolidWorks simulations.

It is also observed in Figure 4 that the vibration amplitude
decreases with increasing core thickness and/or increasing
face sheet thickness. This is expected as increasing thickness
increases bending stiffness, thus resulting in lower deflection.
Figure 4 also shows the role of the beam width on the
time response. The results show that the vibration amplitude
decreases with increasing beam width. This is also expected
as the width increases with bending stiffness. Although both
thickness and width affect the vibration amplitude, only the
thickness affects the natural frequency of the beam. This
observation is in agreement with literatures [28, 29].

Figures 5, 6, and 7 show the role of geometry parameters
on the frequency response curves for cantilever, simply-
simply supported, and clamped-clamped boundary condi-
tions, respectively. Similar trends are observed for all three
boundary conditions. The frequency response curves are
significantly affected by the core and face sheet thicknesses
as well as the width of the sandwich beam. Increasing

any of these geometry parameters obviously decreases the
vibration amplitude. The peaks corresponding to the exci-
tation frequency change with varying thickness but remain
constant with varying width. The natural frequency in gen-
eral increases with increasing core thickness for all studied
boundary conditions. As for the face sheet thickness, the
natural frequency can increase or decrease with varying face
sheet thickness. The reason for this can be attributed to
the core thickness having more effect on the stiffness than
the mass, whereas the sheet thickness has similar effect on
both mass and stiffness. The beam width shows no effect
on the natural frequency for all boundary conditions. This
observation is also in agreement with earlier discussion about
the role of the beam width on the natural frequency.

5. Experimental Analysis and Discussion

An experiment is conducted to determine the frequency
response curve of two cantilever sandwich beams with dif-
ferent core thicknesses. The material properties of the tested
sandwich beams are listed in Table 1. A schematic of the
experimental setup is depicted in Figure 8. The cantilever
beam is installed on a VDL shaker (B &KV830-335-SPA16K)
using a head plate and a fixture, both made of aluminum.

To reduce experimental error, the fixture is designed in
SolidWorks such that its fundamental frequency is well above
the maximum excitation frequency. A signal generated from
the controller (Laser USB, 1.4V) is fed to the power amplifier
(LSD SPA 16K) and then to the vibration shaker. The signal
is fed back to the controller to ensure precise measurement.
Two accelerometers (B & K 8325) are employed for input and
output measurements. One is placed at the top of the fixture
to measure the input acceleration and the other is placed
at the tip of the beam to measure the output response. The
test is carried out with a constant velocity of 2 mm/s and a
sine sweep is performed for a frequency range of 10 to 2000
Hz. Measurements are sent to the data acquisition system
through a signal analyzer. The frequency response plots are
obtained and the frequencies corresponding to the peaks of
these plots are the natural frequencies of the tested sandwich
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(a) (b)

(c) (d)

(e) (f)

Figure 2: The first two mode shapes of sandwich beam with cantilever ((a) and (b)), simply-simply ((c) and (d)), and clamped-clamped ((e)
and (f)) supported edges.

beams. The experimental results are shown in Figure 9,
which also illustrates the role of the core thickness on the
frequency response curve. The results clearly indicate that
natural frequency increases with increasing thickness, while

vibration response decreases with increasing thickness. This
observation is in agreement with the results obtained using
the GDQ method. Table 4 compares natural frequencies
obtained experimentally and numerically (GDQmethod) for



8 Shock and Vibration

Figure 3: Tip deflection of free edge of cantilever sandwich beam (𝜔𝑡) for applied frequency 𝜔/𝜔1 = 0.1, 𝜔/𝜔1 = 0.87, and 𝜔/𝜔1 ≃ 1 [9].

Table 3: The five low natural frequencies for different boundary conditions (Hz).

BCs Mode 1 2 3 4 5

C-F

ABAQUS [14] 327.40 1079.1 2138.0 2175.3 2216.4
GDQ 329.18 1083.22 2152.54 2201.58 2258.15

QEM [13] 329.66 1088.43 2164.59 2183.78 2225.72
HQEM (full [M]) [14] 327.82 1082.4 2153.9 2175.9 2217.9

C-C

ABAQUS [14] 839.92 1956.7 2255.6 2702.6 3477.8
GDQ 844.17 1976.58 2274.56 2709.82 3541.27

QEM [13] 848.71 1988.13 2262.66 2725.13 3563.96
HQEM (full [M]) [14] 844.03 1978.1 2257.1 2717.5 3547.5

S-S

ABAQUS [14] 618.56 1349.1 1503.3 2170.4 2358.4
GDQ 619.05 1348.25 1508.81 2212.64 2413.09

QEM [13] 622.22 1352.86 1515.45 2176.86 2369.77
HQEM (full [M]) [14] 618.91 1349.3 1508.2 2171.2 2362.3

F-F

ABAQUS [14] 1290.2 1366.9 2153.7 2169.2 2214.6
GDQ 1292.10 1366.87 2197.87 2203.86 2245.86

QEM [13] 1299.19 1372.39 2162.80 2176.40 2225.19
HQEM (full [M] [14] 1291.8 1367.6 2154.2 2170.1 2215.2

S-C
ABAQUS [14] 715.45 1714.4 2196.4 2514.4 3117.1

GDQ 717.25 1725.64 2233.9 2541.3 3157.28
HQEM (full [M]) [14] 717.18 1725.8 2197.5 2521.2 3160.7

Table 4: The natural frequencies (Hz) for cantilever beam with two different thicknesses.

Modes ℎ𝑐 = 15 mm ℎ𝑐 = 25 mm
GDQmethod Experiment GDQ method Experiment

1 118.00 111.19 143.92 143.02
2 381.00 364.60 452.27 475.21
3 719.84 680.80 821.86 824.33
4 1141.94 1063.50 1261.56 1323.81
5 1675.51 1652.07 1800.17 1772.60
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(a) The effect of core by GDQmethod (b) The effect of core by SolidWorks

(c) The effect of face sheets by GDQmethod (d) The effect of face sheets by SolidWorks

(e) The effect of width by GDQmethod (f) The effect of width by SolidWorks

Figure 4: The effect of geometric parameters on the time response at the tip of the cantilever sandwich beam.
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(a) The effect of core thickness (ℎ𝑐) (b) The effect of face sheets thickness (ℎ𝑓)

(c) The effect of width (𝑏)

Figure 5: Vibration amplitude at the tip of the cantilever beam with respect to applied frequency.

a core thickness of 15 and 25 mm. The results in this table
also show very good agreement.This is also an indication that
the present formulation for both free and forced vibration
analyses of sandwich beams is accurate.

6. Conclusions

This paper presents the vibration analysis of sandwich beams
with various boundary conditions. The governing equations
of motion are derived using Hamilton’s principle. The GDQ
method is utilized for solving the problem. SolidWorks
simulation and experimental analyses are conducted to assess
the validity of the GDQ method and the results show
very good agreement. Parametric studies are conducted to
examine the role of geometric properties on the time and
frequency response curves.The results indicate that vibration
amplitude decreases with increasing both core and face
sheet thicknesses, whereas natural frequency increases with
increasing core sheet thickness but can increase or decrease
with varying face sheet thickness. The results also show that
vibration amplitude decreases with increasing beam width,
whereas no effect is observed on the natural frequency for

varying the width of the beam. Numerical examples also
demonstrate that all studied boundary conditions exhibit
similar effect with varying the aforementioned geometric
properties. The findings in this paper are anticipated to be
appealing to research communities because of the experi-
mental and FEM validation of the GDQ method for the
free and forced vibration analyses of sandwich beams under
various boundary conditions.

Appendix

The rest of the six equations of motion are given as follows:

𝑚𝑓 (�̈�𝑏) + 𝑚𝑐 [ 120 (�̈�𝑡 + �̈�𝑏) − 128 (�̈�𝑡 − �̈�𝑏) + 115 �̈�𝑐
− 170ℎ𝑐 ̈𝜑1 + 140ℎ𝑓 (�̈�𝑡 − �̈�𝑏) − 156ℎ𝑓 (�̈�𝑡 + �̈�𝑏)]
− 𝐸𝑓𝐴𝑓𝑢𝑏 + 𝐺𝑐𝐴𝑐ℎ2𝑐 [43 (𝑢𝑡 + 𝑢𝑏) − 95 (𝑢𝑡 − 𝑢𝑏)
− 83𝑢𝑐 + 45ℎ𝑐𝜑1 + (23ℎ𝑓 + 13ℎ𝑐) (𝑤𝑡 − 𝑤𝑏)



Shock and Vibration 11

(a) The effect of core thickness (ℎ𝑐) (b) The effect of face sheets thickness (ℎ𝑓)

(c) The effect of width (𝑏)

Figure 6: Vibration amplitude at the middle of the simply-simply supported edges sandwich beam with respect to applied frequency.

− ( 910ℎ𝑓 + 310ℎ𝑐) (𝑤𝑡 + 𝑤𝑏) − 25ℎ𝑐𝑤𝑐] = 0
(A.1)

𝑚𝑓 (�̈�𝑡 − 112ℎ2𝑓�̈�𝑡 ) + 𝑚𝑐 [− 140ℎ𝑓 (�̈�𝑡 + �̈�𝑏)
− 156ℎ𝑓 (�̈�𝑡 − �̈�𝑏) − 130ℎ𝑓�̈�𝑐 − 1140ℎ𝑐ℎ𝑓 ̈𝜑1
− 180ℎ2𝑓 (�̈�𝑡 − �̈�𝑏 ) + 112 (�̈�𝑡 − �̈�𝑏)
− 1112ℎ2𝑓 (�̈�𝑡 + �̈�𝑏 ) + 120 (�̈�𝑡 + �̈�𝑏) + 115�̈�𝑐]
+ 𝐸𝑓𝐼𝑓𝑤𝑡 + 𝐺𝑐𝐴𝑐ℎ2𝑐 [− (23ℎ𝑓 + 13ℎ𝑐) (𝑢𝑡 + 𝑢𝑏)
− ( 910ℎ𝑓 + 310ℎ𝑐) (𝑢𝑡 − 𝑢𝑏) + (43ℎ𝑓 + 23ℎ𝑐) 𝑢𝑐
+ (25ℎ𝑓ℎ𝑐 + 215ℎ2𝑐) (𝜑1)

− ( 920ℎ2𝑓 + 310ℎ𝑐ℎ𝑓 + 120ℎ2𝑐) (𝑤𝑡 + 𝑤𝑏 )
− (13ℎ𝑓ℎ𝑐 + 13ℎ2𝑓 + 112ℎ2𝑐) (𝑤𝑡 − 𝑤𝑏 )
− (15ℎ𝑓ℎ𝑐 + 115ℎ2𝑐)𝑤𝑐 ] + 𝐸𝑐𝐴𝑐ℎ2𝑐 [43 (𝑤𝑡 + 𝑤𝑏)
+ (𝑤𝑡 − 𝑤𝑏) − 83𝑤𝑐] = 0

(A.2)

𝑚𝑓 (�̈�𝑏 − 112ℎ2𝑓�̈�𝑏 ) + 𝑚𝑐 [ 140ℎ𝑓 (�̈�𝑡 + �̈�𝑏)
− 156ℎ𝑓 (�̈�𝑡 − �̈�𝑏) + 130ℎ𝑓�̈�𝑐 − 1140ℎ𝑐ℎ𝑓 ̈𝜑1
+ 180ℎ2𝑓 (�̈�𝑡 − �̈�𝑏 ) − 112 (�̈�𝑡 − �̈�𝑏)
− 1112ℎ2𝑓 (�̈�𝑡 + �̈�𝑏 ) + 120 (�̈�𝑡 + �̈�𝑏) + 115�̈�𝑐]
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(a) The effect of core thickness (ℎ𝑐) (b) The effect of face sheets thickness (ℎ𝑓)

(c) The effect of width (𝑏)

Figure 7: Vibration amplitude at the middle of the clamped-clamped edges sandwich beam with respect to applied frequency.

+ 𝐸𝑓𝐼𝑓𝑤𝑏 + 𝐺𝑐𝐴𝑐ℎ2𝑐 [(23ℎ𝑓 + 13ℎ𝑐) (𝑢𝑡 + 𝑢𝑏)
− ( 910ℎ𝑓 + 310ℎ𝑐) (𝑢𝑡 − 𝑢𝑏) − (43ℎ𝑓 + 23ℎ𝑐) 𝑢𝑐
+ (25ℎ𝑓ℎ𝑐 + 215ℎ2𝑐) (𝜑1)
− ( 920ℎ2𝑓 + 310ℎ𝑐ℎ𝑓 + 120ℎ2𝑐) (𝑤𝑡 + 𝑤𝑏 )
+ (13ℎ𝑓ℎ𝑐 + 13ℎ2𝑓 + 112ℎ2𝑐) (𝑤𝑡 − 𝑤𝑏 )
− (15ℎ𝑓ℎ𝑐 + 115ℎ2𝑐)𝑤𝑐 ] + 𝐸𝑐𝐴𝑐ℎ2𝑐 [43 (𝑤𝑡 + 𝑤𝑏)
− (𝑤𝑡 − 𝑤𝑏) − 83𝑤𝑐] = 0

(A.3)

𝑚𝑐 [ 815 �̈�𝑐 + 115 (�̈�𝑏 + �̈�𝑡) + 130ℎ𝑓 (�̈�𝑡 − �̈�𝑏)]
+ 𝐺𝑐𝐴𝑐ℎ𝑐2 [−83 (𝑢𝑡 + 𝑢𝑏) + 163 𝑢𝑐
− (43ℎ𝑓 + 23ℎ𝑐) (𝑤𝑡 − 𝑤𝑏)] = 0

(A.4)

𝑚𝑐 [ 2105ℎ2𝑐 ̈𝜑1 + 170ℎ𝑐 (�̈�𝑡 − �̈�𝑏)
+ 1140ℎ𝑓ℎ𝑐 (�̈�𝑡 + �̈�𝑏)] + 𝐺𝑐𝐴𝑐ℎ𝑐2 [−45ℎ𝑐 (𝑢𝑡 − 𝑢𝑏)
+ 45ℎ2𝑐𝜑1 + 415ℎ2𝑐𝑤𝑐
− ( 215ℎ2𝑐 + 25ℎ𝑐ℎ𝑓) (𝑤𝑡 + 𝑤𝑏)] = 0

(A.5)
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Figure 8: Schematic of experimental setup.

Figure 9: Vibration amplitude of cantilever sandwich beam for
different core thicknesses by experiment.

𝑚𝑐 [ 815�̈�𝑐 + 115ℎ𝑐 (�̈�𝑏 + �̈�𝑡)]
+ 𝐺𝑐𝐴𝑐ℎ𝑐2 [−25ℎ𝑐 (𝑢𝑡 − 𝑢𝑏) − 415ℎ2𝑐𝜑1
− ( 115ℎ𝑓ℎ𝑐 + 115ℎ2𝑐) (𝑤𝑡 + 𝑤𝑏 ) − 815ℎ2𝑐𝑤𝑐 ]
+ 𝐸𝑐𝐴𝑐ℎ2𝑐 [−83 (𝑤𝑡 + 𝑤𝑏) + 163 𝑤𝑐] = 0

(A.6)

The essential and natural boundary conditions related to the
clamped-free case are given as

𝑢𝑡 (0, 𝑡) = 0,
𝑃𝑡 (𝑙, 𝑡) = 0
𝑤𝑡 (0, 𝑡) = 0,
𝑉𝑡 (𝑙, 𝑡) = 0
𝑤𝑡 (0, 𝑡) = 0,
𝑀𝑡 (𝑙, 𝑡) = 0
𝑤𝑐 (0, 𝑡) = 0,
𝑉𝑐 (𝑙, 𝑡) = 0
𝑢𝑏 (0, 𝑡) = 0,
𝑃𝑏 (𝑙, 𝑡) = 0
𝑤𝑏 (0, 𝑡) = 0,
𝑉𝑏 (𝑙, 𝑡) = 0
𝑤𝑏 (0, 𝑡) = 0,
𝑀𝑏 (𝑙, 𝑡) = 0

(A.7)

where the left side of sandwich beam is clamped and the right
side is free.

The axial forces 𝑃𝑡,𝑏(𝑥, 𝑡), the shear forces 𝑉𝑡,𝑏,𝑐(𝑥, 𝑡), and
the bending moments𝑀𝑡,𝑏(𝑥, 𝑡) are obtained as

𝑃𝑡 = −𝐸𝑓𝐴𝑓 𝜕𝑢𝑡𝜕𝑥 (A.8)

𝑃𝑏 = −𝐸𝑓𝐴𝑓 𝜕𝑢𝑏𝜕𝑥 (A.9)

𝑉𝑡 = − 112𝑚𝑓ℎ2𝑓�̈�𝑡 + 𝑚𝑐840 [−36ℎ𝑓�̈�𝑡 − 6ℎ𝑓�̈�𝑏
− 28ℎ𝑓�̈�𝑐 − 6ℎ𝑓ℎ𝑐 ̈𝜑1 + 3ℎ2𝑓�̈�𝑏 − 18ℎ2𝑓�̈�𝑡)
+ 𝐸𝑓𝐼𝑓𝑤𝑡 + 𝐺𝑐𝐴𝑐840ℎ2𝑐 [(196ℎ𝑓 − 28ℎ𝑐) 𝑢𝑏
− (1316ℎ𝑓 + 532ℎ𝑐) 𝑢𝑡 + (560ℎ𝑐 + 1120ℎ𝑓) 𝑢𝑐
+ (28ℎ2𝑐 − 98ℎ2𝑓 + 28ℎ𝑓ℎ𝑐)𝑤𝑏
− (112ℎ2𝑐 + 658ℎ2𝑓 + 532ℎ2𝑓 + 532ℎ𝑓ℎ𝑐)𝑤𝑡
+ (336ℎ𝑓ℎ𝑐 + 112ℎ2𝑐) 𝜑1
− (56ℎ2𝑐 + 168ℎ𝑓ℎ𝑐)𝑤𝑐]

(A.10)

𝑉𝑏 = − 112𝑚𝑓ℎ2𝑓�̈�𝑏 + 𝑚𝑐840 (36ℎ𝑓�̈�𝑏 + 6ℎ𝑓�̈�𝑡
+ 28ℎ𝑓�̈�𝑐 − 6ℎ𝑓ℎ𝑐 ̈𝜑1 + 3ℎ2𝑓�̈�𝑡 − 18ℎ2𝑓�̈�𝑏)
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+ 𝐸𝑓𝐼𝑓𝑤𝑏 + 𝐺𝑐𝐴𝑐840ℎ2𝑐 [(−196ℎ𝑓 + 28ℎ𝑐) 𝑢𝑡
+ (1316ℎ𝑓 + 532ℎ𝑐) 𝑢𝑏 − (560ℎ𝑐 + 1120ℎ𝑓) 𝑢𝑐
+ (28ℎ2𝑐 − 98ℎ2𝑓 + 28ℎ𝑓ℎ𝑐)𝑤𝑡
− (112ℎ2𝑐 + 658ℎ2𝑓 + 532ℎ2𝑓 + 532ℎ𝑓ℎ𝑐)𝑤𝑏
+ (336ℎ𝑓ℎ𝑐 + 112ℎ2𝑐) 𝜑1
− (56ℎ2𝑐 + 168ℎ𝑓ℎ𝑐)𝑤𝑐]

(A.11)

𝑉𝑐 = 𝐺𝑐𝐴𝑐840ℎ2𝑐 [−336ℎ𝑓 (𝑢𝑡 − 𝑢𝑏) − (224ℎ
2
𝑐) 𝜑1

− (56ℎ2𝑐 + 168ℎ𝑓ℎ𝑐) (𝑤𝑡 − 𝑤𝑏) − 448ℎ2𝑐𝑤𝑐]
(A.12)

𝑀𝑡 = −𝐸𝑓𝐼𝑓𝑤𝑡 (A.13)

𝑀𝑏 = −𝐸𝑓𝐼𝑓𝑤𝑏 (A.14)

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.
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The road disturbance rejection problem for vehicle active suspension involving the nonlinear characteristics is researched in this
paper. A continuous-time state space of nonlinear vehicle active suspension is established first, in which the road disturbance
is generated from the output of an introduced exosystem based on the ground displacement power spectral density. After that,
based on the dynamics of road roughness and the internal model principle, a disturbance compensator with zero steady-state error
is designed, which is related to the dynamic characteristics of road disturbance and independent of the control system model.
By combining the vehicle active suspension system and the designed road disturbance compensator, an augmented system is
obtained without explicit indication of road disturbance. Then by solving a series of decoupled nonlinear two-point-boundary-
value problem and employing an iterative computing algorithm, an approximation optimal road disturbance rejection controller
is obtained. Finally, the simulation results illustrate that the proposed approximation optimal road disturbance rejection controller
can reduce the values of sprung mass acceleration, tire deflection, suspension deflection, and energy consumption and compensate
the nonlinear behaviors of vehicle active suspension effectively.

1. Introduction

With the development of advanced actuator technologies,
vehicle active suspension provides the basic support for active
safety technology of ground vehicle [1, 2]. In general, the
road-induced vibration can be isolated from the vehicle body
by using the springs and dampers installed in the passive
vehicle suspension. However, the passive vehicle suspension
cannot satisfy the soaring performance requirements, such
as reducing the sprung mass acceleration to improve ride
comfort, providing the small suspension deflection to keep
the tire contract with ground, and reducing the displacement
between the sprung component and unsprung component
to obtain the small suspension deflection. Meanwhile, the
above performance requirements are usually contradictory

[3–5]. As an effective component of ground vehicle for active
safety technology, many research efforts have been devoted
to developing the technology of vehicle active suspensions in
recent years from flexible structure design and control strate-
gies to satisfy the different performance requirements [6,
7]. Due to the contradiction among the above performance
requirements, the developing control optimal algorithms
have significantly contributed with small energy consump-
tion as the core part of vehicle active suspension, such as
linear quadratic optimal and risk-sensitive vibration control
method [8], preview active vibration control method [9], and
stochastic optimal active disturbance attenuation controller
[10].

Vehicle active suspension is usually a typical nonlinear
system. While designing the control strategies, the tire
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lift-off phenomenon, the spring nonlinearity, and the piece-
wise linear behavior of the damper must be taken into
consideration [11, 12]. In order to avoid the deterioration
of ride comfort and even structural damage caused by
nonlinear responses, various nonlinear compensation control
strategies have been designed for nonlinear vehicle active
suspension. An adaptive control scheme was designed for
nonlinear vehicle active suspension based on driving state
in [13]; an approximation optimal vibration controller for a𝑇 − 𝑆 fuzzy networked nonlinear vehicle suspension with
random actuator time delay was proposed in [5]; a systematic
and novel frequency-domain linear feedback control method
was established for nonlinear vehicle active suspension by
designing the nonlinear characteristic output spectrum in
[14]; considering the varying sprung, unsprung masses, and
the unknown actuator nonlinearity, a 𝑇 − 𝑆 fuzzy sliding-
mode control scheme was designed in [15] for nonlinear
active suspension vehicle systems; a novel adaptive hybrid
controller was designed for a nonlinear vehicle seat suspen-
sion based on the sliding-mode controller and 𝐻∞ control
technique in [16]. While applying the optimal vibration
control theory to the nonlinear vehicle active suspension,
a Hamilton-Jacobi-Bellman (HJB) equation with no exact
analytical solution will be introduced [17–19]. However, it is
difficult to seek the solution under the external disturbance
and nonlinear dynamics while designing the optimal road
disturbance rejection controller.

From the perspective of isolating the road-induced vibra-
tion, the precise estimated information of road disturbance
plays an important role in designing the feedforward com-
ponent of control strategies [20–22]. In general, the road
disturbance is related to the road surface roughness directly.
Taken the random feature of road roughness into consid-
eration, the power spectrum density is usually employed to
describe the road disturbance. Various methods have been
employed to reconstruct the road roughness, such as artificial
neural network [23] and new cubic spline weight neural
network [24]. Actually, if an accurate model for describing
the road disturbance could be established, the good perfor-
mance of disturbance rejection can be obtained [25, 26] by
employing the disturbance compensator with zero steady-
state error. Meanwhile, due to the random characteristics
of road disturbances, the actuators need to pull down or
push up together with the suspension motions. The actuator
energy consumption must be taken into consideration while
designing the road disturbance rejection controller.

Based on the above analysis, this paper studies the opti-
mal road disturbance rejection problem for nonlinear vehicle
active suspension. The contribution of this paper includes
twofold. On the one hand, the road disturbance rejection
problem is formulated as a nonlinear two-point-boundary-
value problem for an augmented system,which is constructed
by combining a designed road disturbance compensator and
a nonlinear vehicle active suspension. On the other hand,
by solving a series of decoupled two-point-boundary-value
problem, an approximation optimal disturbance rejection
control scheme is proposed for the augmented system, which
includes feedback component and nonlinear compensation
component. Finally, simulation results are given to illustrate

Figure 1: The simplified structure of quarter vehicle active suspen-
sion.

the effectiveness of improving the control performance and
compensating the nonlinear behaviors of vehicle active sus-
pension.

The rest of the article is organized as follows. The
nonlinear vehicle active suspension model is established
under persistent road disturbance in Section 2. In Section 3,
the road disturbance rejection problem is formulated based
on a designed disturbance compensator. An approximation
optimal disturbance rejection controller is given in Section 4.
In Section 5, simulation results are given to illustrate the
effectiveness of the proposed control law by employing a
vehicle active suspension. Concluding remarks are drawn in
Section 6.

2. Modeling of Quarter Vehicle
Active Suspension

In this paper, a simplified structure of quarter vehicle active
suspension with an ideal active actuator is considered, which
is presented in Figure 1. The global dynamic equations of the
vehicle active suspension can be described as

𝑐𝑠 [�̇�𝑠 (𝑡) − �̇�𝑢 (𝑡)] + 𝑘𝑠 [𝑧𝑠 (𝑡) − 𝑧𝑢 (𝑡)]
+ 𝜀1𝑘𝑠 [𝑧𝑠 (𝑡) − 𝑧𝑢 (𝑡)]3 + 𝑚𝑠�̈�𝑠 (𝑡) = 𝑢 (𝑡) ,

𝑐𝑠 [�̇�𝑢 (𝑡) − �̇�𝑠 (𝑡)] + 𝑘𝑠 [𝑧𝑢 (𝑡) − 𝑧𝑠 (𝑡)]
+ 𝑐𝑡 [�̇�𝑢 (𝑡) − �̇�𝑟 (𝑡)] + 𝑘𝑡 [𝑧𝑢 (𝑡) − 𝑧𝑟 (𝑡)]
− 𝜀2𝑘𝑡 [𝑧𝑢 (𝑡) − 𝑧𝑟 (𝑡)]3 + 𝑚𝑢�̈�𝑢 (𝑡) = −𝑢 (𝑡) ,

(1)

where 𝑚𝑠 and 𝑧𝑠(𝑡) stand for the mass and displacement
of sprung components; 𝑚𝑢 and 𝑧𝑢(𝑡) denote the mass and
displacement of unsprung components, respectively; 𝑐𝑠 and 𝑘𝑠
stand for the damping and stiffness of the passive suspension
components; 𝑘𝑡 and 𝑐𝑡 are the compressibility and damping of
the pneumatic tire. 𝑢(𝑡) is the control force generated from an
ideal hydraulic actuator; 𝑧𝑟(𝑡) ∈ 𝑅𝑞 is the road displacement
acting on the vehicle active suspension.
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Defining

𝑥1 (𝑡) = 𝑧𝑠 (𝑡) − 𝑧𝑢 (𝑡) ,
𝑥2 (𝑡) = 𝑧𝑢 (𝑡) − 𝑧𝑟 (𝑡) ,
𝑥3 (𝑡) = �̇�𝑠 (𝑡) − 𝑧𝑢 (𝑡) ,
𝑥4 (𝑡) = �̇�𝑢 (𝑡) ,

(2)

and denoting

𝑥 = [𝑥1 𝑥2 𝑥3 𝑥4]𝑇 , (3)

then the continuous-time state space of nonlinear vehicle
active suspension (1) can be written as

�̇� (𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑢 (𝑡) + 𝑓 (𝑥 (𝑡)) + 𝐷V (𝑡) ,
𝑦𝑐 (𝑡) = 𝐶𝑥 (𝑡) + 𝐸𝑢 (𝑡) ,
𝑦𝑚 (𝑡) = 𝐶1𝑥 (𝑡) ,
𝑥 (0) = 𝑥0,

(4)

where 𝑥(0) is the initial state, V(𝑡) = �̇�𝑟(𝑡) denotes the road
disturbance, 𝑦𝑐(𝑡) and 𝑦𝑚(𝑡) are the controlled output and the
measurable output, and

𝐴 =
[[[[[[[[
[

0 0 1 −1
0 0 0 1

− 𝑘𝑠𝑚𝑠 0 − 𝑐𝑠𝑚𝑠
𝑐𝑠𝑚𝑠𝑘𝑠𝑚𝑢 − 𝑘𝑡𝑚𝑢

𝑐𝑠𝑚𝑢 −𝑐𝑠 + 𝑐𝑡𝑚𝑢

]]]]]]]]
]
,

𝐵 =
[[[[[[[[[
[

0
0
1𝑚𝑠

− 1𝑚𝑢

]]]]]]]]]
]

,

𝐶1 =
[[[[[
[

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]]]]]
]
,

𝐷 =
[[[[[[[
[

0
−1
0𝑐𝑡𝑚𝑢

]]]]]]]
]
,

𝐶 = [[[[
[

− 𝑘𝑠𝑚𝑠 0 − 𝑐𝑠𝑚𝑠
𝑐𝑠𝑚𝑠1 0 0 0

0 1 0 0
]]]]
]
,

𝑓 =
[[[[[[[[[
[

0
0

−𝜀1𝑘𝑠𝑥31𝑚𝑠𝜀1𝑘𝑠𝑥31 + 𝜀2𝑘𝑡𝑥32𝑚𝑢

]]]]]]]]]
]

,

𝐸 = [[[
[

1𝑚𝑠0
0
]]]
]
,

(5)

in which 𝜀1 is the stiffness nonlinear coefficient of spring and𝜀2 denotes the spring nonlinearity, respectively.
It is assumed that the road disturbance V(𝑡) is acted on

the vehicle active suspension in the vertical direction. Based
on the following ground displacement power spectral density,
which is described as

𝐺𝑑 (Ω) =
{{{{{{{
𝐺𝑑 (Ω0) ( ΩΩ0)

−𝑛1 , Ω ≤ Ω0,
𝐺𝑑 (Ω0) ( ΩΩ0)

−𝑛2 , Ω > Ω0,
(6)

then the road disturbance V(𝑡) can be generated from the
following equation:

V (𝑡) = �̇�𝑟 (𝑡) =
𝑝∑
𝑗=1

𝑗𝜔0𝜙𝑗 cos (𝑗𝜔0𝑡 + 𝜃𝑗) , (7)

where Ω is a spatial frequency and Ω0 = 1/2𝜋 is a reference
frequency with road roughnesses 𝑛1 and 𝑛2; the stack number𝑝 ∈ ((𝜔2 −𝜔1)/𝜔0 + 1, (𝜔2 −𝜔1)/𝜔0 + 2] is used to restrict the
frequency range with [𝜔1, 𝜔2] = [𝛽1𝜔𝑛, 𝛽2𝜔𝑛], where 𝜔𝑛 =√𝑘𝑠/𝑚𝑠 and 0 < 𝛽1 < 1 < 𝛽2; 𝜙𝑗 = √2𝐺𝑑(𝑗ΔΩ)ΔΩ withΔΩ = 2𝜋/𝑙, where 𝑙 is the length of road segment, and the
initial phase 𝜃𝑗 ∈ [0, 2𝜋) is a random phase.

By designing the road disturbance state as the vector𝑤(𝑡) = [𝜉1(𝑡), ⋅ ⋅ ⋅ , 𝜉𝑝(𝑡), ̇𝜉1(𝑡), ⋅ ⋅ ⋅ , ̇𝜉𝑝(𝑡)]T, the road distur-
bance V(𝑡) can be formulated as the output of the following
exosystem, which is described as

�̇� (𝑡) = 𝐺𝑤 (𝑡) ,
V (𝑡) = 𝐹𝑤 (𝑡) , (8)

where

𝐺 = [0 𝐼
𝐺 0] ,

𝐹 = [0, ⋅ ⋅ ⋅ , 0,⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑝

1, ⋅ ⋅ ⋅ , 1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑝

] ,
𝐺 = diag {−𝜔20 , ⋅ ⋅ ⋅ , − (𝑝𝜔0)2} ,

(9)
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in which diag{−𝑤20 , ⋅ ⋅ ⋅ , −(𝑝𝑤0)2} represents a diagonal
matrix with elements −𝑤20 , ⋅ ⋅ ⋅ , −(𝑝𝑤0)2 as its diagonal ele-
ments, and 𝐼 denotes the unit matrix.

Remark 1. While designing the optimal disturbance rejection
controller, the performance requirements of vehicle active
suspension must be taken into account, including the sprung
mass acceleration �̈�𝑠(𝑡), the tire deflection 𝑧𝑢(𝑡) − 𝑧𝑟(𝑡), and
the suspension deflection 𝑧𝑠(𝑡)−𝑧𝑢(𝑡). Therefore, the value of
controlled output 𝑦𝑐(𝑡) must be small enough to ensure the
good control performance of vehicle active suspension.Then
the controlled output 𝑦𝑐(𝑡) is designed.

To obtain the main results, the following assumptions are
given first.

Assumption 2. The pair (𝐴, 𝐵) is completely controllable.

Assumption 3. Each eigenvalues 𝜆𝑘(𝐺) of matrix 𝐺 satisfy

rank[𝜆𝑘 (𝐺) 𝐼 − 𝐴 𝐵
𝐶 0] = 7, 𝑘 = 1, 2, . . . , 2𝑝, (10)

where 𝐼 denotes the unit matrix.

3. Road Disturbance Rejection
Problem with Zero Steady-State Error via
Disturbance Compensator

In order to compensate the road disturbance, the following
disturbance compensator is designed by using the internal
model principle, which is described as

̇𝜂 (𝑡) = 𝐺𝜂 (𝑡) − 𝑦𝑚 (𝑡) ,
𝜂 (0) = 𝜂0. (11)

Combining the nonlinear vehicle active suspension (4) with
the designed disturbance compensator (11), the following
augmented system can be obtained:

�̇� (𝑡) = 𝐴𝑧 (𝑡) + 𝑓 (𝑧 (𝑡)) + 𝐵𝑢 (𝑡) + 𝐷V (𝑡) ,
𝑦𝑐 (𝑡) = 𝐶𝑧 (𝑡) + 𝐸𝑢 (𝑡) ,
𝑦𝑚 (𝑡) = 𝐶2𝑧 (𝑡) ,

(12)

where

𝑧 (𝑡) = [𝑥 (𝑡)𝜂 (𝑡)] ,

𝐴 = [ 𝐴 0
−𝐶1 𝐺] ,

𝑓 (𝑧 (𝑡)) = [𝑓 (𝑥 (𝑡))0 ] ,

𝐵 = [𝐵0] ,

𝐷 = [𝐷0] ,
𝐶 = [𝐶 0] ,
𝐶2 = [𝐶1 0] .

(13)

By integrating the dynamic model of road disturbance
into the augmented system (12), the road disturbance V(𝑡)
could be set as 0 while designing the optimal controller to
improve the control performance of vehicle active suspension
(4). Meanwhile, as stated in Remark 1, the following infinite-
time quadratic performance index is introduced, which is
given by

𝐽 = 12 ∫
∞

0
[𝑦𝑇𝑐 (𝑡) 𝑄𝑦𝑐 (𝑡) + 𝑢𝑇 (𝑡) 𝑅𝑢 (𝑡)] 𝑑𝑡, (14)

where 𝑄 is positive-semidefinite matrix and 𝑅 is positive-
definite matrix.

Then, the road disturbance rejection problem for vehicle
active suspension is formulated to find an optimal road
disturbance rejection controller 𝑢∗(⋅), which makes the
quadratic performance index (14) reach the minimum value
under the constrains of the augmented system (12).

Based on the necessary conditions of optimal control
theory, the following nonlinear two-point-boundary-value
problem for the above road disturbance rejection problem
can be formulated as

�̇� (𝑡) = (𝐴 − 𝐵�̃�−1𝐸𝑇𝑄𝐶) 𝑧 (𝑡) + 𝑓 (𝑧 (𝑡))
− 𝐵�̃�−1𝐵𝑇𝜆 (𝑡) ,

−�̇� (𝑡) = (𝐶𝑇𝑄𝐶 − 𝐶𝑇𝑄𝐸�̃�−1𝐸𝑇𝑄𝐶) 𝑧 (𝑡)
− 𝐶𝑇𝑄𝐸�̃�−1𝐵𝑇𝜆 (𝑡)
+ (𝐴𝑇 + 𝑓𝑧 (𝑡)𝑇) 𝜆 (𝑡) ,

𝑧 (0) = 𝑧0,

(15)

𝜆 (∞) = 0, (16)

where 𝜆(𝑡) denotes the Lagrangian vector. Then the optimal
road disturbance rejection controller for the vehicle active
suspension can be designed as

𝑢∗ (𝑡) = −�̃�−1 (𝐸𝑇𝑄𝐶𝑧 (𝑡) + 𝐵𝑇𝜆 (𝑡)) , (17)

where �̃� = 𝑅 + 𝐸𝑇𝑄𝐸.
However, it is difficult to solve the analytical solution𝑢∗(𝑡) (17) based on the above nonlinear two-point-boundary-

value problem (15). In this paper, an approximation optimal
road disturbance rejection controller for the vehicle active
suspension is designed based on the iterative calculation
approach to seek the approximation optimal solution of the
nonlinear two-point-boundary-value problem (15).
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4. Design of Approximation Optimal Road
Disturbance Rejection Controller

In order to design the approximation optimal road distur-
bance rejection controller, the following lemma is introduced
first.

Lemma 4. The nonlinear system is described as

�̇� (𝑡) = 𝐴 (𝑡) 𝑥 (𝑡) + 𝑓 (𝑥 (𝑡)) , 𝑡 ∈ 𝑡𝑇 = (𝑡0, 𝑡𝑓] ,
𝑥 (𝑡0) = 𝑥0, (18)

where 𝑡0 is the initial time, 𝑡𝑓 denotes the terminate time, 𝑥
is the system state vector, and 𝑥0 is the initial state vector.
The following vector function sequences {𝑥(𝑘)(𝑡)} uniformly
converge to the solution of system (18), which is described as

𝑥(0) (𝑡) = Φ (𝑡, 𝑡0) 𝑥0,
𝑥(𝑘) (𝑡) = Φ (𝑡, 𝑡0) 𝑥0

+ ∫𝑡
𝑡0

(Φ (𝑡, 𝑟) 𝑓 (𝑥(𝑘−1) (𝑟))) 𝑑𝑟,
𝑥(𝑘) (𝑡0) = 𝑥0, 𝑘 = 1, 2, . . . , 𝑡 ∈ 𝑡𝑇 = (𝑡0, 𝑡𝑓] ,

(19)

where Φ(𝑡, 𝑡0) is the state transfer matrix with respect to the
matrix 𝐴(𝑡).

Then the approximation optimal road disturbance rejec-
tion controller is given in the following theorem.

Theorem 5. Consider the road disturbance rejection problem
for a nonlinear vehicle active suspension (4) and road distur-
bance (8) with respect to quadratic performance index (14); the
approximation optimal road disturbance rejection controller is
designed as follows:

𝑢 (𝑡)
= −�̃�−1 ((𝐸𝑇𝑄𝐶 + 𝐵𝑇𝑃) 𝑧 (𝑡) + lim

𝑘→∞
𝐵𝑇𝑔(𝑘) (𝑡)) , (20)

where 𝑃 is the unique solution of the following Riccati matrix
equation:

𝑃 (𝐴 − 𝐵�̃�−1𝑁𝑇) + (𝐴 − 𝐵�̃�−1𝑁𝑇)𝑇 𝑃 − 𝑃𝐵�̃�−1𝐵𝑇𝑃
− 𝑁�̃�−1𝑁𝑇 + 𝐶𝑇𝑄𝐶 = 0 (21)

with 𝑁 = 𝐶𝑇𝑄𝐸. The adjoint vector sequence of {𝑔(𝑖)(𝑡)} is
the nonlinear compensation component, which can be obtained
from

𝑔(0) (𝑡) = 0,
̇𝑔(𝑘) (𝑡) = (𝑃𝐵�̃�−1𝐵𝑇 + 𝑁�̃�−1𝐵𝑇 − 𝐴𝑇) 𝑔(𝑘) (𝑡)

− 𝑓𝑇𝑧 (𝑧(𝑘−1) (𝑡)) (𝑔(𝑘−1) (𝑡) + 𝑃𝑧(𝑘−1) (𝑡))

− 𝑃𝑓 (𝑧(𝑘−1) (𝑡)) ,
𝑔(𝑘) (∞) = 0, 𝑘 = 1, 2, 3, . . . ,

(22)

where the adjoint vector sequence of {𝑧(𝑖)(𝑡)} is the approxima-
tion optimal solution of the fist formula of (15), which can be
obtained from

𝑧(0) (𝑡) = 0,
�̇�(𝑘) (𝑡) = (𝐴 − 𝐵�̃�−1𝐸𝑇𝑄𝐶 − 𝐵�̃�−1𝐵𝑇𝑃) 𝑧(𝑘) (𝑡)

+ 𝑓 (𝑧(𝑘−1) (𝑡)) − 𝐵�̃�−1𝐵𝑇𝑔(𝑘) (𝑡) ,
𝑧(𝑘) (0) = 𝑧0, 𝑘 = 1, 2, 3, . . . .

(23)

Proof. In order to solve the nonlinear two-point-boundary-
value problem (15), the following vector sequences are intro-
duced, which is described as

𝜆(0) (𝑡) = 𝑓 (𝑧(−1) (𝑡)) = 0,
−�̇�(𝑘) (𝑡) = (𝐶𝑇𝑄𝐶 − C𝑇𝑄𝐸�̃�−1𝐸𝑇𝑄𝐶) 𝑧(𝑘) (𝑡)

+ (𝐴𝑇 − 𝐶𝑇𝑄𝐸�̃�−1𝐵𝑇) 𝜆(𝑘) (𝑡)
+ 𝑓𝑇𝑧 (𝑧(𝑘−1) (𝑡)) 𝜆(𝑘−1) (𝑡) ,

𝜆(𝑘) (∞) = 0,
𝑧(−1) (𝑡) = 0,
�̇�(𝑘) (𝑡) = (𝐴 − 𝐵�̃�−1𝐸𝑇𝑄𝐶) 𝑧(𝑘) (𝑡) + 𝑓 (𝑧(𝑘−1) (𝑡))

− 𝐵�̃�−1𝐵𝑇𝜆(𝑘) (𝑡) ,
𝑧(𝑘) (0) = 𝑧0,

(24)

where the adjoint vector sequence of {𝑧(𝑖)(𝑡)} is introduced for
obtaining the approximation solution of the second formula
in (15) and the vector sequence of {𝜆(𝑖)(𝑡)} is designed for
obtaining the approximation solution of the second formula
in (15). After that, we will seek the approximation solutions of𝜆(𝑡) and 𝑧(𝑡).

It should be pointed that, at the 𝑘th iteration process, the
value of 𝑧(𝑘−1) is with known value and viewed as the external
incentive item.Then the adjoint vector sequence of𝑢(𝑘)(𝑡) can
be described as

𝑢(𝑘) (𝑡) = −�̃�−1 (𝐸𝑇𝑄𝐶𝑧(𝑘) (𝑡) + 𝐵𝑇𝜆(𝑘) (𝑡)) . (25)

Defining the following vector sequence for {𝜆(𝑖)(𝑡)}:
𝜆(𝑘) (𝑡) = 𝑃𝑧(𝑘) (𝑡) + 𝑔(𝑘) (𝑡) , (26)

where 𝑃 is the unique solution of the following Riccati
matrix equation, 𝑔(𝑘)(𝑡) is the adjoint vector sequence vector
of the nonlinear compensation component. Calculating the
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derivative of (26) and arranging the second formula in (24),
we have

− 𝜆(𝑘) (𝑡) = (𝐶𝑇𝑄𝐶 − 𝐶𝑇𝑄𝐸�̃�−1𝐸𝑇𝑄𝐶) 𝑧(𝑘) (𝑡) + (𝐴𝑇
− 𝐶𝑇𝑄𝐸�̃�−1𝐵𝑇) 𝜆(𝑘) (𝑡) + 𝑓𝑇𝑧 (𝑧(𝑘−1) (𝑡)) 𝜆(𝑘−1) (𝑡)
= (𝐶𝑇𝑄𝐶 − 𝐶𝑇𝑄𝐸�̃�−1𝐸𝑇𝑄𝐶
+ (𝐴𝑇𝐶𝑇𝑄𝐸�̃�−1𝐵𝑇)) 𝑧(𝑘) (𝑡) + (𝐴𝑇
− 𝐶𝑇𝑄𝐸�̃�−1𝐵𝑇) 𝑔(𝑘) (𝑡) + 𝑓𝑇𝑧 (𝑧(𝑘−1) (𝑡)) 𝜆(𝑘−1) (𝑡) .

(27)

Meanwhile, by combining the fifth formula in (24), we have

�̇�(𝑘) (𝑡) = 𝑃�̇�(𝑘) (𝑡) + ̇𝑔(𝑘) (𝑡)
= 𝑃 (𝐴 − 𝐵�̃�−1𝐸𝑇𝑄𝐶) 𝑧(𝑘) (𝑡)
+ 𝑃𝑓 (𝑧(𝑘−1) (𝑡))
− 𝑃𝐵�̃�−1𝐵𝑇 (𝑃𝑧(𝑘) (𝑡) + 𝑔(𝑘) (𝑡)) + ̇𝑔(𝑘) (𝑡) .

(28)

By comparing the parameters of (27) and (28), the Riccati
equation (21) and the adjoint vector sequence of {𝑔(𝑘)(𝑡)} in
(22) can be obtained.

Noting the values of 𝑃, 𝑧(𝑘)(𝑡), 𝑓(𝑧(𝑘)(𝑡)), and 𝑓𝑧(𝑧(𝑘)(𝑡)),
it can be found that (22) is a nonhomogeneous linear
differential equation. Then the adjoint vector sequence of{𝑔(𝑘)(𝑡)} in (22) is the solution of the following equations:

𝑔(0) (𝑡) = 0,
𝑔(𝑘) (𝑡) = ∫∞

0
Φ (𝑡, 𝑟) {𝑓𝑇𝑧 (𝑧(𝑘−1) (𝑟))

× (𝑔(𝑘−1) (𝑟) + 𝑃𝑧(𝑘−1) (𝑟)) + 𝑃𝑓 (𝑧(𝑘−1) (𝑟))} 𝑑𝑟,
𝑔(𝑘) (∞) = 0, 𝑘 = 1, 2, 3, . . . ,

(29)

where 𝑟 denotes the calculus variable and Φ is the transfer
matrix of (𝑃𝐵�̃�−1𝐵𝑇 + 𝑁�̃�−1𝐵𝑇 − 𝐴𝑇).

Therefore, in the 𝑘th iteration process, the optimal road
disturbance rejection controller can be described as

𝑢(𝑘) (𝑡)
= −�̃�−1 ((𝐸𝑇𝑄𝐶 + 𝐵𝑇𝑃) 𝑧(𝑘) (𝑡) + 𝐵𝑇𝑔(𝑘) (𝑡)) . (30)

Then, (23) can be obtained. The solution of (23) can be
described as

𝑔(0) (𝑡) = 0,
𝑔(𝑘) (𝑡)
= ∫∞
0
𝜓 (𝑡, 𝑟) {𝑓𝑇𝑧 (𝑧(𝑘−1) (𝑟)) − 𝐵�̃�−1𝐵𝑇𝑔(𝑘) (𝑟)} 𝑑𝑟,

𝑔(𝑘) (∞) = 0, 𝑘 = 1, 2, 3, . . . ,

(31)

where 𝜓 denotes the transfer matrix of (𝐴 − 𝐵�̃�−1𝐸𝑇𝑄𝐶 −𝐵�̃�−1𝐵𝑇𝑃).
Based on Lemma 4, the approximation optimal road

disturbance rejection controller (20) can be obtained. The
proof is completed.

Due to the infinite item lim𝑘→∞𝑔(𝑘)(𝑡), the approximation
optimal road disturbance rejection controller (20) is unfea-
sibility. Then the feasible controller at the 𝑀th iteration is
chosen as the final controller, which is described as

𝑢(𝑀) (𝑡)
= −�̃�−1 ((𝐸𝑇𝑄𝐶 + 𝐵𝑇𝑃) 𝑧(𝑀) (𝑡) + 𝐵𝑇𝑔(𝑀) (𝑡)) . (32)

Based on the difference of the performance index value in
(14) between two conjoint iteration processes, the iteration
number𝑀 can be decided from the following algorithm.

Algorithm 6.
Step 1. Initialization: calculate the matrix 𝑃 by solving the
Riccati equation (21), define the iteration number as 𝑖 = 1,
set the sequences vectors of 𝑔(0)(𝑡) = 𝑧0(𝑡) = 0, and define a
small positive threshold constant 𝜀.
Step 2. Calculation of the nonlinear compensation compo-
nent at 𝑖th iteration process: make𝑀 = 𝑖, and calculate the
value of adjoint vector 𝑔(𝑀)(𝑘) from (22).

Step 3. Calculation of the controller value at the 𝑖th iteration
process: calculate the adjoint sequence vector 𝑧(𝑀)(𝑘) from
(23) and then obtain the value of 𝑢(𝑀)(𝑡) from (30).

Step 4. Calculation of the performance index value in the 𝑖th
iteration process: obtain the performance index value 𝐽𝑀 of
(14) in the𝑀th iteration process, which is described as

𝐽(𝑀) = 12 ∫
∞

0
{(𝑧(𝑀) (𝑡))𝑇𝐶𝑇𝑄𝐶𝑧(𝑀) (𝑡)

+ 2 (𝑧(𝑀) (𝑡))𝑇𝐶𝑇𝑄𝐸𝑢(𝑀) (𝑡)
+ (𝑢(𝑀) (𝑡))𝑇 �̃�𝑢(𝑀) (𝑡)} ,

(33)

Step 5. Judge whether the algorithm is over: if |(𝐽𝑀 − 𝐽𝑀−1)/𝐽𝑀| < 𝜀, then stop and output the controller 𝑢(𝑀)(𝑘); else go
to Step 6.

Step 6. Let 𝑖 = 𝑖 + 1, and return to Step 2.

5. Simulation Results

By employing the approximation optimal road disturbance
rejection controller (32) to a vehicle nonlinear active suspen-
sion, the control performance and energy consumption are
discussed in this section.The parameters of nonlinear vehicle
active suspension are listed in Table 1 [27].
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Table 1: Parameters of active vehicle suspension.

Parameters Variable Symbol Value Unit
Mass of Sprung 𝑚𝑠 972.2 𝑘𝑔
Mass of Unsprung 𝑚𝑢 113.6 𝑘𝑔
Damping of Passive Suspension 𝑐𝑠 1095 𝑁𝑠/𝑚
Stiffness of Passive Suspension 𝑘𝑠 42719.6 𝑁/𝑚
Compressibility of Pneumatic Tire 𝑘𝑡 101115 𝑁/𝑚
Damping of Pneumatic Tire 𝑐𝑡 14.6 𝑁𝑠/𝑚
Stiffness coefficient of Spring 𝜀1 1 -
Spring Nonlinearity 𝜀2 1 -

Table 2: Parameters of random road roughness.

Variable 𝑛1 𝑛2 𝛽1 𝛽2 𝑤𝑛 V0 𝑙
Value 2 1.4 0.45 5 2.12 20𝑚/𝑠 400𝑚

Then the matrices of nonlinear vehicle active suspension
in (5) are displayed as follows:

𝐴 = [[[[[
[

0.0000 0.0000 1.0000 −1.0000
0.0000 0.0000 0.0000 1.0000
−4.4838 0.0000 −0.1149 0.1149
38.3727 −90.8362 0.9836 −0.9967

]]]]]
]
,

𝐶 = [[
[
−4.4838 0.0000 −0.1149 0.1149
1.0000 0.0000 0.0000 0.0000
0.0000 1.0000 0.0000 0.0000

]]
]
,

𝐵 = 10−3 × [[[[[
[

0.0000
0.0000
0.1050
−0.8982

]]]]]
]
,

𝐷 = [[[[[
[

0.0000
−1.0000
0.0000
0.0131

]]]]]
]
,

𝐸 = 10−3 × [[
[
0.1050
0.0000
0.0000

]]
]
.

(34)

Meanwhile, the parameters of road disturbance V(𝑡) in (7)
are given in Table 2.

According to the road displacement 𝑧𝑟(𝑡) in (7) and
the road disturbance V(𝑡) in (8), the curves of the road
displacement and the road disturbance are displayed in
Figures 2 and 3, respectively. The control performance index
(14) is selected as 𝑄 = 107 × diag{1, 2, 4}, 𝑅 = 215.07.

Applying the proposed approximation optimal road dis-
turbance rejection controller (32) and the designed Algo-
rithm 6 to the above nonlinear vehicle active suspension,

 Road Displacement

2 4 6 8 10 12 14 16 18 200
Time (sec)

−0.03

−0.02

−0.01

0

0.01

0.02

0.03

Figure 2: The curve of the road displacement 𝑧𝑟(𝑡).
Road Disturbance

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

2 4 6 8 10 12 14 16 18 200
Time (sec)

Figure 3: The curve of the road disturbance V(𝑡).
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 Sprung Mass Acceleration

M=6
M=4
M=2

M=1
without control

2 4 6 8 10 12 14 16 18 200
Time (sec)

−0.25

−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0.2

Figure 4: The curve of the sprung mass acceleration �̈�𝑠(𝑡).

M=6
M=4
M=2

M=1
without control

Suspension Deflection

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

2 4 6 8 10 12 14 16 18 200
Time (sec)

Figure 5: The curve of the suspension deflection 𝑧𝑠(𝑡) − 𝑧𝑢(𝑡).

the termination condition is satisfied in the iteration process
at 𝑀 = 6. In order to show the effectiveness of the
proposed approximation optimal road disturbance rejection
controller more clearly, the curves of the sprung mass
acceleration �̈�𝑠(𝑡), the suspension deflection 𝑧𝑠(𝑡) − 𝑧𝑢(𝑡),
the tire deflection 𝑧𝑢(𝑡) − 𝑧𝑟(𝑡), and the control force are
displayed in Figures 3–6, in which the simulation results
in the iteration processes at 𝑀 = 1, 2, 4, and 6 under

Tire Deflection

−0.03

−0.02

−0.01

0

0.01

0.02

0.03

0.04

2 4 6 8 10 12 14 16 18 200
Time (sec)

M=6
M=4
M=2

M=1
without control

Figure 6: The curve of the tire deflection 𝑧𝑢(𝑡) − 𝑧𝑟(𝑡).

0

Control Energy Consumption
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u

2 4 6 8 10 12 14 16 18 200
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Figure 7: The curve of the control energy consumption 𝑢(𝑡).

proposed control scheme are compared with the open-loop
one.

By analyzing Figures 4–7, the control performance is
improved effectively under the approximation optimal dis-
turbance rejection controller (32). Meanwhile, the energy
consumption of the approximation optimal road disturbance
rejection controller (32) is with small value. Therefore, the
approximation optimal road disturbance rejection controller
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can compensate the nonlinear dynamic of vehicle active sus-
pension, satisfy the control requirements, and eliminate the
road disturbances effectively with small energy consumption.

6. Conclusions

An approximation optimal disturbance road rejection con-
troller was proposed for a nonlinear vehicle active suspension
under persistent road disturbance, which constitutes of the
feedback terms and the compensation terms for nonlinear
behaviors. First, a disturbance compensator with zero steady-
state error was introduced based on the ground displacement
power spectral density. After that, an augmented system was
designed without explicit indication of road disturbance by
combining the vehicle active suspension and the designed
disturbance compensator. By solving a decoupled nonlin-
ear two-point-boundary-value problem, an approximation
optimal road disturbance rejection controller was obtained
from a Riccati equation and a vector sequence of nonlinear
compensation terms. Applying the proposed approximation
optimal road disturbance rejection controller to a nonlinear
vehicle active suspension, the performance requirements
were satisfied significantly with small energy consumption.

Themain contribution of this paper is under the assump-
tion that the actuator of vehicle active suspension is idealized
and the dynamic road disturbance can be obtained from
a road roughness with known values. One aspect of our
future work will focus on the vibration controller for vehicle
active suspension considering the dynamic behaviors of
actuator. On the other hand, the intelligent sensors for road
disturbance will be designed based on the road recognition
methods by using intelligent pattern recognition theory.

Data Availability

The simulation results are from MATLAB. Readers can
request the results of this article by emailing the correspond-
ing author.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This work is supported by the Natural Science Foun-
dation of Shandong Province (ZR2017MF044), the Shan-
dong Province Key Research and Development Program
(2018GGX101016, 2018GGX101048, and 2017GGX10144), the
Shandong Province Higher Educational Science and Tech-
nology Program (J17KA047, J16LN07, J16LB06, and J15LN13),
and the Natural Science Foundation of China (61671220 and
61702217).

References

[1] H. E. Tseng and D. Hrovat, “State of the art survey: active and
semi-active suspension control,” Vehicle System Dynamics, vol.
53, no. 7, pp. 1034–1062, 2015.

[2] J. Cao, H. Liu, P. Li, and D. J. Brown, “State of the art in vehicle
active suspension adaptive control systems based on intelligent
methodologies,” IEEE Transactions on Intelligent Transportation
Systems, vol. 9, pp. 392–405, 2008.

[3] S. Han, G. Tang, Y. Chen, and X. Yang, “Optimal vibration
control for vehicle active suspension discrete-time systems with
actuator time delay,” Asian Journal of Control, vol. 15, no. 6, pp.
1579–1588, 2013.

[4] H. Li, J. Yu, C. Hilton, and H. Liu, “Adaptive sliding-mode
control for nonlinear active suspension vehicle systems using T-
S fuzzy approach,” IEEE Transactions on Industrial Electronics,
vol. 60, no. 8, pp. 3328–3338, 2013.

[5] S.-Y. Han, C.-H. Zhang, and G.-Y. Tang, “Approximation
Optimal Vibration for Networked Nonlinear Vehicle Active
SuspensionwithActuator TimeDelay,”Asian Journal of Control,
vol. 19, no. 3, pp. 983–995, 2017.

[6] A. Chamseddine, H. Noura, and M. Ouladsine, “Design of
minimal and tolerant sensor networks for observability of vehi-
cle active suspension,” IEEE Transactions on Control Systems
Technology, vol. 17, no. 4, pp. 917–925, 2009.

[7] W. Sun, H. Pan, Y. Zhang, and H. Gao, “Multi-objective
control for uncertain nonlinear active suspension systems,”
Mechatronics, vol. 24, no. 4, pp. 318–327, 2014.

[8] P. Brezas and M. C. Smith, “Linear quadratic optimal and
risk-sensitive control for vehicle active suspensions,” IEEE
Transactions on Control Systems Technology, vol. 22, no. 2, pp.
543–556, 2014.

[9] C. Gohrle, A. Schindler, A. Wagner, and O. Sawodny, “Design
and vehicle implementation of preview active suspension con-
trollers,” IEEE Transactions on Control Systems Technology, vol.
22, no. 3, pp. 1135–1142, 2014.

[10] Z. Ming, N. Hong, and R. Zhu, “Stochastic optimal control
of flexible aircraft taxiing at constant or variable velocity,”
Nonlinear Dynamics, vol. 62, no. 1-2, pp. 485–497, 2010.

[11] J. Lei, Z. Jiang, Y.-L. Li, and W.-X. Li, “Active vibration control
for nonlinear vehicle suspension with actuator delay via I/O
feedback linearization,” International Journal of Control, vol. 87,
no. 10, pp. 2081–2096, 2014.

[12] J. Zhu,M. Spiryagin, and L.Wang, “Nonlinear control of vehicle
active suspensions,” International Journal of Digital Content
Technology and its Applications, vol. 6, no. 2, pp. 94–101, 2012.

[13] G. Koch and T. Kloiber, “Driving state adaptive control of an
active vehicle suspension system,” IEEE Transactions on Control
Systems Technology, vol. 22, no. 1, pp. 44–57, 2014.

[14] Z. Xiao and X. Jing, “Frequency-Domain Analysis and Design
of Linear Feedback of Nonlinear Systems and Applications in
Vehicle Suspensions,” IEEE/ASME Transactions on Mechatron-
ics, vol. 21, no. 1, pp. 506–517, 2016.

[15] S. Wen, M. Z. Q. Chen, Z. Zeng, X. Yu, and T. Huang, “Fuzzy
Control for Uncertain Vehicle Active Suspension Systems via
Dynamic Sliding-Mode Approach,” IEEE Transactions on Sys-
tems, Man, and Cybernetics: Systems, vol. 47, no. 1, pp. 24–32,
2017.

[16] M. Moradi and A. Fekih, “Adaptive PID-sliding-mode fault-
tolerant control approach for vehicle suspension systems sub-
ject to actuator faults,” IEEE Transactions on Vehicular Technol-
ogy, vol. 63, no. 3, pp. 1041–1054, 2014.

[17] J. Lei, “Optimal vibration control for uncertain nonlinear
sampled-data systems with actuator and sensor delays: Appli-
cation to a vehicle suspension,” Journal of Dynamic Systems,
Measurement, and Control, vol. 135, no. 2, Article ID 21021, 2013.



10 Shock and Vibration

[18] G.-Y. Tang, “Suboptimal control for nonlinear systems: a suc-
cessive approximation approach,” Systems and Control Letters,
vol. 54, no. 5, pp. 429–434, 2005.

[19] S.-Y. Han, D. Wang, Y.-H. Chen, G.-Y. Tang, and X.-X. Yang,
“Optimal tracking control for discrete-time systems with mul-
tiple input delays under sinusoidal disturbances,” Journal of
Control, Automation, and Systems, vol. 13, no. 2, pp. 292–301,
2015.

[20] M. Bohner, T. S. Hassan, and T. Li, “Fite-Hille-Wintner-type
oscillation criteria for second-order half-linear dynamic equa-
tions with deviating arguments,” Indagationes Mathematicae,
2017.

[21] L. Wang, B. Yang, Y. Chen, X. Q. Zhang, and J. Orchard,
“Improving neural-network classifiers using nearest neighbor
partitioning,” IEEE Transactions onNeural Networks and Learn-
ing Systems, 2016.

[22] Z. Yu, Y. Liu, X. Yu, and K. Q. Pu, “Scalable distributed
processing of k nearest neighbor queries over moving objects,”
IEEE Transactions on Knowledge and Data Engineering, vol. 27,
no. 5, pp. 1383–1396, 2015.

[23] H. M. Ngwangwa, P. S. Heyns, F. J. J. Labuschagne, and
G. K. Kululanga, “Reconstruction of road defects and road
roughness classification using vehicle responses with artificial
neural networks simulation,” Journal of Terramechanics, vol. 47,
no. 2, pp. 97–111, 2010.

[24] J. Lin, “Identification of Road Surface Power Spectrum Density
Based on a New Cubic Spline Weight Neural Network,” Energy
Procedia, vol. 17, pp. 534–539, 2012.

[25] S.-Y. Han, Y.-H. Chen, and G.-Y. Tang, “Fault diagnosis and
fault-tolerant tracking control for discrete-time systems with
faults and delays in actuator and measurement,” Journal of The
Franklin Institute, vol. 354, no. 12, pp. 4719–4738, 2017.

[26] S.-Y. Han, Y.-H. Chen, and G.-Y. Tang, “Sensor fault and
delay tolerant control for networked control systems subject to
external disturbances,” Sensors, vol. 17, no. 4, article no. 700,
2017.

[27] H.Du andN. Zhang, “𝐻∞ control of active vehicle suspensions
with actuator time delay,” Journal of Sound and Vibration, vol.
301, no. 1-2, pp. 236–252, 2007.


