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In structural applications, past few decades have seen out-
standing advances in the use of composite materials includ-
ing Functionally Graded Materials (FGM). Most structures,
whether they are used in civil, marine, or aerospace engineer-
ing, are subjected to dynamic loads during their operation.
Therefore, Dynamic and Stability Analysis is receiving much
attention in academia and industries. Recent advances in
Dynamic and Stability Analysis have led to the development
of macro-, micro-, and nanolaminated composites and FGM
plates.

In M.-S. Park et al.’s paper, the authors investigated the
safety evaluation of a hybrid substructure for offshore wind
turbine. Towers and rotor-nacelles are being enlarged to
respond to the need for higher gross generation of the wind
turbines. However, the accompanying enlargement of the
substructure supporting these larger offshore wind turbines
makes it strongly influenced by the effect of wave forces. In
the present study, the hybrid substructure is suggested to
reduce the wave forces by composing a multicylinder having
different radii near free surface and a gravity substructure
at the bottom of the multicylinder. In addition, the reaction
forces acting on the substructure due to the very large dead
load of the offshore wind turbine require very firm foun-
dations. This implies that the dynamic pile-soil interaction
has to be fully considered. Therefore, ENSOFT Group V7.0
is used to calculate the stiffness matrices on the pile-soil
interaction conditions.These matrices are then used together
with the loads at TP (Transition Piece) obtained from GH-
Bladed for the structural analysis of the hybrid substructure
byANSYSASAS.The structural strength anddeformation are

evaluated to derive an ultimate structural safety of the hybrid
substructure for various soil conditions and show that the
first few natural frequencies of the substructure are heavily
influenced by the wind turbine.Themodal analysis is carried
out through GH-Bladed to examine the resonance between
the wind turbine and the hybrid substructure.

The relationship between imperfections and shear buck-
ling resistance of web plates with sectional damage caused by
corrosion is studied. To examine the imperfection effect on
the shear buckling resistance of a web plate with sectional
damage, a series of a nonlinear finite element (FE) analyses
were carried out for a web plate with sectional damage, which
was assumed as local corrosion damage. For considering
imperfections of the web plate in the girder, initial out-of-
plane deformation was introduced in the FE analysis model.
Using the FE analysis results, the changes in the shear buck-
ling resistance of the web plate with sectional damage were
quantitatively examined and summarized according to the
aspect ratio, boundary conditions, and height of the damaged
section of the web plate. The effects of web imperfections
on the shear buckling resistance were evaluated to be little
compared to that of the web plate without sectional damage.
The shear buckling resistances were shown to significantly
change in the high-aspect-ratio web plate. A simple evalua-
tion equation for the shear buckling resistance of a web plate
with sectional damage was modified for use in the practical
maintenance of a web plate in corrosive environments.

The rapid advances in high tech industries and the
increased demand for high precision and reliability of their
production environments call for larger structures and higher
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vertical vibration performance for high technology facilities.
Therefore, there is an urgent demand for structural design
and vertical vibration evaluation technologies for high tech
facility structures. For estimating the microvibration perfor-
mance for a clean room unit module in high technology
facilities, this study performs the scale modeling experiment
and analytical validation. First, the 1/2 scale model (width
7500mm, depth 7500mm, and height 7250mm) for a clean
room unit module is manufactured based on a mass-based
similitude law which does not require additional mass. The
dynamic test using an impact hammer is conducted to obtain
the transfer function of 1/2 scale model.The transfer function
derived from the test is compared with the analytical results
to calibrate the analytical model. It is found that, unlike
static analyses, the stiffness of embedded reinforcement must
be considered for estimating microvibration responses. The
similitude law used in this study is validated by comparing
the full-scale analytical model and 1/2 scale analytical model
for a clean room unit module.

In the present work, the vibration and buckling analysis
of Functionally Graded Material (FGM) structures, using a
modified 8-node shell element that allows for the effects of
transverse shear deformation, was improved. The properties
of FGM vary continuously through the thickness direction
according to the volume fraction of constituents defined
by sigmoid function. The finite element is improved by
the combined use of different sets of collocation points for
interpolation of the strain components and assumed natural
strains.Themodified 8-ANS shell element has been employed
to study the effect of power law index on dynamic analysis of
FGM plates with various boundary conditions and buckling
analysis under combined compressive, tensile, and shear
loads and interaction curves of FGMplates subjected to com-
bined loading is carried out. To overcome shear and mem-
brane locking problems, the assumednatural strainmethod is
employed. In order to validate and compare the finite element
numerical solutions, the reference results of plates based on
Navier’s method and the series solutions of sigmoid FGM (S-
FGM) plates are compared. Results of the present study show
good agreement with the reference results. The solutions of
vibration and buckling analysis are numerically illustrated in
a number of tables and figures to show the influence of power
law index, side-to-thickness ratio, aspect ratio, types of loads,
and boundary conditions in FGM structures.

Based on the finite element softwareABAQUSand graded
element method, we developed a dummy node fracture ele-
ment, wrote the user subroutinesUMATandUEL, and solved
the energy release rate component of Functionally Graded
Material (FGM) plates with cracks. An interface element
tailored for the virtual crack closure technique (VCCT) was
applied. Fixed cracks and moving cracks under dynamic
loads were simulated. The results were compared to other
VCCT-based analyses. With the implementation of a crack
speed function within the element, it can be easily expanded
to the cases of varying crack velocities, without convergence
difficulty for all cases. Neither singular element nor collapsed
element was required. Therefore, due to its simplicity, the
VCCT interface element is a potential tool for engineers

to conduct dynamic fracture analysis in conjunction with
commercial finite element analysis codes.

These papers represent an exciting, insightful observation
into the state of the art as well as emerging future topics,
in this important interdisciplinary field. We hope that this
special issue would attract a major attention of the peers.
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Towers and rotor-nacelles are being enlarged to respond to the need for higher gross generation of the wind turbines. However,
the accompanying enlargement of the substructure supporting these larger offshore wind turbines makes it strongly influenced
by the effect of wave forces. In the present study, the hybrid substructure is suggested to reduce the wave forces by composing a
multicylinder having different radii near free surface and a gravity substructure at the bottom of the multicylinder. In addition, the
reaction forces acting on the substructure due to the very large dead load of the offshore wind turbine require very firm foundations.
This implies that the dynamic pile-soil interaction has to be fully considered. Therefore, ENSOFT Group V7.0 is used to calculate
the stiffness matrices on the pile-soil interaction conditions.These matrices are then used together with the loads at TP (Transition
Piece) obtained from GH-Bladed for the structural analysis of the hybrid substructure by ANSYS ASAS. The structural strength
and deformation are evaluated to derive an ultimate structural safety of the hybrid substructure for various soil conditions and
show that the first few natural frequencies of the substructure are heavily influenced by the wind turbine.Therefore, modal analysis
is carried out through GH-Bladed to examine the resonance between the wind turbine and the hybrid substructure.

1. Introduction

Offshore wind energy has gained attention inmany countries
as an alternative and reliable energy source since its potential
has been recognized for long and mostly associated to the
concept of nondestructive renewable energy.Therefore,many
offshore wind farms are in the planning phase like in Europe,
where wind farms will be established at greater water depths
with larger turbines. In addition, towers and rotor-nacelles
are being enlarged to respond to the need for higher gross
generation of wind turbines. However, the accompanying
enlargement of the substructure supporting these larger
offshore wind turbines makes it strongly influenced by the
effect of wave forces, which requires adopting new concepts
for the substructure. Various substructures are available for
the offshore wind turbines, such as the monopole, gravity-
based structure, tripod, suction bucket, jacket, and floating
platform. The type of substructure for the offshore wind tur-
binemainly depends on thewater depth, turbine size, and soil
conditions and has been studied by many researchers [1–6].

So far, less than twenty tripods have been installed in
Europe. Thirty jacket foundations will also be installed at
the Ormonde wind farms. Zaaijer [7] analyzed different
substructures for a 6MW wind turbine in 20m water depth.
Føreland et al. [8] designed mono-pile, gravity-based struc-
ture, jacket, and three-pile fixed support structures for 2.5,
5, and 10MW wind turbines for different water depths to
quantify the economic differences provided by different wind
turbine foundation systems for the environmental conditions
of the North Sea.

The southwestern coast of the Korean peninsula is one
of the most suitable places for the construction of offshore
wind turbines. However, it is difficult to determine a proper
substructure type because of the water depth range between
20 and 30m and the very soft clay layer constituting the
seabed in this area. This implies that a new substructure
type suitable for the environmental characteristics of the
southwestern coast of Korea must be developed.

In the present study, the hybrid substructure is sug-
gested for the offshore wind turbines to be installed in
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Figure 1: Geometrical configuration of the hybrid substructure.

the Korean southwest offshore wind project by composing a
multicylinder having different radii near free surface and a
gravity substructure at the bottom of themulticylinder [9]. In
addition, the reaction forces acting on the substructure due to
the very large dead load of the offshore wind turbine require
very firm foundations. Therefore, the pile-soil interaction
model should be adequately chosen according to the analysis
type by performing sensitivity analysis. Some guidelines such
asDNV,API, andGL recommend the use of the full nonlinear
model for extreme load cases and foundation design. In
this study, the ENSOFT Group V7.0 is used to calculate the
stiffness matrices for the pile-soil interaction conditions and
these matrices are then used together with the loads at TP
(Transition Piece) obtained from GH-Bladed for the struc-
tural analysis of the hybrid substructure byANSYSASAS.The
structural strength and deformation are evaluated to derive
an ultimate structural safety of the hybrid substructure for
various soil conditions and show that the first few natural
frequencies of substructure are heavily influenced by the
wind turbine. Therefore, the first natural frequency of the
substructure must be within the soft-stiff range in between
the rotor frequency (1P) and the blade passing frequency (3P).
Therefore, modal analysis is carried out through GH-Bladed
to investigate the resonance between the wind turbine and
the hybrid substructure. It is found that the suggested hybrid
substructure can be effective for reducing the hydrodynamic
effects and construction costs in the southwestern sea of
South Korea.

Table 1: Details of 3.0MW wind turbine model.

Turbine parameters Unit Value
Rated power MW 3.0
Configuration — 3 blades
Design wind class — IEC IA
Rotor diameter m 91.3
Hub height m 80
Cut-in speed m/s 3
Cut-out speed m/s 25
Rated wind speed m/s 13
Rated rotor speed rpm 15.7

2. Numerical Model and
Environmental Conditions

2.1. Wind Turbine and Substructure Model. In the present
study, the 3.0MW wind turbine model of Doosan Heavy
Industries is selected for the structural safety analysis of the
hybrid substructure. The details of this wind turbine are
provided in Table 1.

The height of the hybrid substructure is 37.5m from
seabed and the water depth (MSL) is 20.0m as shown in
Figure 1. Since the water particle velocity is the largest near
free surface, the hybrid substructure is composed of a multi-
cylinder having different radii near free surface to reduce the
wave forces acting on the substructure and a gravity-based
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Table 2: Dimensions of multicylinder (mm).

Multicylinder Cylinder part Joint part
Diameter Thickness Diameter Thickness

Side cylinder 1220 30 1224 32
Center cylinder 2000 25 2024 37
Brace 600 20 624 32

Table 3: Properties of materials.

Steel Concrete
Density (kg/m3) 7850 2500
Young’s modulus (N/m2) 2.0 × 1011 3.0 × 1010

Shear modulus (N/m2) 7.692 × 1010 1.271 × 1010

substructure at the bottom of the multicylinder to increase
the stability against overturning moment. The multicylinder
and the gravity-based substructure are, respectively, made of
steel and concrete with 0.5m thickness.Themain dimensions
and characteristics of the hybrid substructure are listed in
Tables 2 and 3.

2.2. Design Load Cases and Environmental Conditions. The
structural safety analysis adopts design code IEC 61400-3 [10]
and is carried out according to the ultimate design load cases
(DLC) presented in Table 4.

The wind and wave for the southwestern sea of South
Korea are presented in Table 5. In Table 5, FLS stands for
fatigue limit state and ULS for ultimate limit state.The data at
the selected site measured from July, 1979, to December, 2010,
are used to estimate the extreme wind and wave conditions
with return period of 50 years according to IEC61400-1 design
standard. The extreme current velocities at free surface and
seabed are 1.05m/s and 0.54m/s, respectively.

2.3. Stiffness for Pile-Soil Interaction. The interaction between
the superstructure and foundation system intensifies with
larger mass of the substructure. This indicates that this inter-
action contributes increasingly to the structural response
of the total system increases. Based on the soil condition
at the selected site, the stiffness matrices for the pile-soil
interaction conditions are calculated using ENSOFT Group
V7.0. The corresponding stiffness for the pile-soil interaction
foundation system is provided in Tables 7–10.

3. Numerical Results and Discussion

3.1. Natural Frequencies and Resonance. For a modern wind
turbine, the design criterion for the natural vibration char-
acteristics of the offshore wind turbine is the so-called soft-
stiff design. In this case, the lowest natural frequencies of the
complete system fore-aft or side-to-side are adjusted so that
they remain above the rotational frequency (1P) and below
the blade passing frequency (3P) for the entire operating
range of the turbine [11]. In order to evaluate the resonance
between the wind turbine and the hybrid substructure,

modal analysis is carried out throughGH-Bladed for pile-soil
interaction and fixed foundation system.

Table 11 and Figure 2 arrange, respectively, the natural
frequencies and the mode shapes of the hybrid substructures
considering pile-soil interaction and fixed foundation. The
difference in the first mode frequency between pile-soil inter-
action and fixed condition is about 4.3%. Since the coupled
stiffness between forces and moments is not considered in
this study, the difference becomes larger for higher modes. In
addition, the dynamic responses of the hybrid substructure
are slightly influenced by this effect. Figure 3 plots the
natural frequency of the hybrid substructure system obtained
from modal analysis with respect to the spectrum density
of the turbine and the wave condition. It is found that the
natural frequency of the hybrid substructure system stands
between the turbine’s natural frequency (1P) and the blade’s
passing frequency (3P). Accordingly, there is no possibility of
resonance to occur between the wind turbine and the hybrid
substructure.

3.2. Wave Force Evaluation. Figures 4 and 5 compare, respec-
tively, the wave forces and the wave moments of the hybrid
substructure and themono-pile for various water depths.The
properties of the mono-pile are based on Espinosa’s model
[12] and its diameter is 6m. The water depths corresponding
to the lowest still water level (LSWL), mean sea level (MSL),
and highest still water level (HSWL) are 15.44m, 20.00m,
and 24.56m, respectively. In the comparison, the calculated
total wave forces are divided by the incident wave amplitude
(H/2) and the wave moments are calculated at seabed. Since
the wave force is closely related to the wetted surface of the
substructure and the largest water particle velocity occurs
near free surface, the wave forces andmoments on themono-
pile increase gradually with larger water depth. The largest
wave forces on the hybrid substructure are observed at LSWL
because the gravity-based substructure is located at seabed.
However, the wave forces on the hybrid substructure decrease
gradually with larger water depth due to the reduction of
the wave forces acting on the gravity-based substructure with
increasing water depth.This indicates that installing the mul-
ticylinder near free surface can be effective for decreasing the
wave forces.Thepeakwave forces atMSL andHSWLdecrease
by about 19% and 32% compared to the peak value at LSWL.
Moreover, the suggested hybrid substructure appears to be
very effective for increasing the stability against overturning
moment since the hybrid substructure experiences extremely
small variation compared to the large variation encountered
by the mono-pile.

3.3. Structural Results. Thedynamic responses of the offshore
wind turbine supported by the hybrid substructure are
investigated for various design load cases (DLC) based on
IEC 61400-3 [10] design code. The loads at TP (Transition
Piece) obtained from GH-Bladed are presented in Table 12.
In the present study, the values at TP for DLC 6.2ja-2 (idling
with grid loss condition) are used because they are the largest
among all the DLC. Figures 6 and 7 show the time histories
of the forces and the moments at TP.
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Table 4: Design load cases (DLC) for ultimate limit state.

DLC Condition Wave Wind
1.1 Power production Normal Normal
1.3 Power production Normal Extreme
1.4 Power production Normal Extreme
1.5 Power production Normal Extreme
1.6a Power production Severe Normal
2.1 Power production + control system fault Normal Normal
2.2 Power production + occurrence of fault Normal Normal

2.3 Power production + loss of electrical grid
connection Normal Extreme

4.2 Normal shut-down + deterministic gust Normal Extreme
5.1 Emergency shut-down Normal Normal
6.1a Idling Extreme Extreme
6.2a Idling with grid loss Extreme Extreme
6.3a Idling with extreme yaw misalignment Extreme Extreme
7.1a Idling with pitch failure Extreme Extreme
8.1 Transport, assembly, maintenance, and repair Normal 15m/s

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5

Pile-soil

Fixed

Figure 2: Comparison of mode shapes of hybrid substructure.



Advances in Materials Science and Engineering 5

1P 3P

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Frequency (Hz)

Wave (Bretschneider)

Pile-soil

Fixed

Figure 3: Comparison of hybrid substructure on the spectrum density of wind turbine and wave.

5 10 15 20 25
0

200

400

600

800

1000

1200

1400

W
av

e f
or

ce
/A

 (k
N

/m
)

Wave period (sec)

Mono-pile
HSWL 
MSL 
LSWL

Hybrid substructure
HSWL 
MSL 
LSWL

Figure 4: Comparison of wave forces for various water depths.

Table 5: Environmental conditions.

Wind Wave Limit state

Normal 6.90m/s 𝐻
𝑠
= 1.48m,
𝑇
𝑝
= 6.25 sec FLS

Extreme 42.99m/s 𝐻
𝑠
= 6.87m,
𝑇
𝑝
= 13.70 sec ULS

Extreme design 42.99m/s 𝐻
𝑑
= 12.78m,
𝑇
𝑝
= 13.70 sec ULS

Using the wind loads at TP and the stiffness matrices
for pile-soil foundation system, the structural analysis of the
hybrid substructure is carried out for various water depths
using ANSYS ASAS. The 9th-order stream function wave
theory is adopted to model the design wave that is regular
wave with 𝐻 = 12.78m and 𝑇 = 13.76 sec. The structural
results are summarized in Table 13. A safety factor of 1.35
is applied for all cases. The displacements with pile-soil

condition are larger than those with fixed condition but
the results exhibit very different patterns. The displacement
and the bending moment at MSL are largest in all cases
since the middle brace is strongly influenced by the wave
forces.The combined stress is concentrated at the connecting
part between the multicylinder and the concrete cone and
shows also large variation. Therefore, this connecting part
should be examined explicitly in order to achieve reliable
design of the substructure. The structural displacement and
the bending moment at MSL are plotted in Figures 8–11 for
various soil conditions. Since the loads at TP are larger than
the wave forces acting on the substructure, the time histories
of the displacement and bending moment do not present
regular pattern, which means that the substructure is mainly
influenced by the wind forces acting on the offshore wind
turbine.

The JONSWAP wave spectrum is used to model irregular
wave condition with H = 6.87m and T = 13.70 sec. The
JONSWAP wave spectrum was developed during the Joint



6 Advances in Materials Science and Engineering

Table 6: Soil conditions.
Depth
(m)

SPT
(N)

Density
(kN/m3)

Adhesion
(kPa)

Internal friction
angle (∘)

Silty sand 0.0∼7.5 5/30∼16/30 19.0 — 27
Silty clay 7.5∼10.5 4/30∼12/30 18.5 44.5 —
Silty sand 10.5∼24.3 24/30∼50/27 19.0 — 38
Weathered soil 24.3∼27.0 50/15 19.0 25 31
Weathered rock 27.0∼34.0 50/7∼50/3 21.0 34 32
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Figure 5: Comparison of wave moments for various water depths.

Table 7: Stiffness for 𝐹
𝑥
versus 𝑈

𝑥
(𝐹
𝑦
versus 𝑈

𝑦
).

Displacement, 𝑈
𝑥
(m) Load, 𝐹

𝑥
(N)

0 0
0.0015 1.127 × 106

0.00319 2.255 × 106

0.00494 3.382 × 106

0.00672 4.510 × 106

0.00852 5.637 × 106

0.0103 6.764 × 106

0.0122 7.892 × 106

0.014 9.019 × 106

0.0159 1.015 × 107

0.0179 1.127 × 107

North SeaWaveProject byHasselmann et al. [13] based on the
fact that the wave spectrum is never fully developed. These
authors suggested using the family of JONSWAPwave spectra
in the design of an offshore structure in a fetch limited area.
Therefore, the JONSWAP wave spectrum is applicable to this
study. Here also, a safety factor of 1.35 is applied for all cases.
The structural results for various water depths are summa-
rized in Table 14. The largest displacement is observed at
HSWL.The difference in the displacement at HSWL between
pile-soil interaction condition and fixed condition is about

Table 8: Stiffness for 𝐹
𝑧
versus 𝑈

𝑧
.

Displacement, 𝑈
𝑧
(m) Load, 𝐹

𝑧
(N)

0 0
3.47 × 10−4 2.063 × 106

6.93 × 10−4 4.126 × 106

0.00105 6.189 × 106

0.00142 8.252 × 106

0.00178 1.031 × 107

0.00214 1.238 × 107

0.0025 1.444 × 107

0.00286 1.650 × 107

0.00323 1.857 × 107

0.00359 2.063 × 107

0.0077m and is smaller than the minimum displacement
under pile-soil interaction condition.The dynamic responses
exhibit different patterns according to the wave depth and
the displacement is strongly influenced by the soil conditions.
The structural displacement and the bending moment at
HSWL are plotted in Figures 12–15 for various soil conditions.

The structural members and the joints connecting two
or more structural members should be checked according to
recognized standard. In the present study, ISO 19902 [14] is
used for the check of the hybrid substructure under extreme
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Figure 7: Wind moments at TP for DLC 6.2ja-2.

Table 9: Stiffness for𝑀
𝑥
versus 𝑅

𝑥
(𝑀
𝑦
versus 𝑅

𝑦
).

Displacement, 𝑅
𝑥
(rad) Load,𝑀

𝑥
(Nm)

0 0
1.31 × 10−4 2.200 × 107

2.65 × 10−4 4.401 × 107

4.01 × 10−4 6.601 × 107

5.47 × 10−4 8.801 × 107

6.99 × 10−4 1.10 × 108

9.41 × 10−4 1.32 × 108

0.0012 1.54 × 108

0.00153 1.76 × 108

0.00189 1.98 × 108

0.00225 2.20 × 108

Table 10: Stiffness for𝑀
𝑧
versus 𝑅

𝑧
.

Displacement, 𝑅
𝑧
(rad) Load,𝑀

𝑧
(Nm)

0 0
1.0 2.21 × 109

design condition and a value of 250MPa is adopted for the
yield stress of steel. Tables 15–18 show the member unity
checks and the joint unity checks for various water depths.
The values under regular wave are larger than those under
irregular wave. The values with pile-soil condition are larger
than those with fixed condition for regular wave but happen
to be smaller in case of irregular wave. The values at MSL are
the largest for regular wave condition and the values atHSWL
are the largest for irregular wave condition. This means that
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Unit: (m)
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Min

0.08028 max

0.072692

0.065105

0.057517

0.04993

0.042342

0.034755

0.027167

0.01958

0.011992 min
(a) Pile-soil condition

Max

Min
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Figure 8: Comparison of displacements with regular wave at MSL.
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Figure 9: Maximum displacements with regular wave at MSL.

Table 11: Natural frequencies of hybrid substructure (Hz).

Mode Pile-soil
interaction

Fixed
condition Difference (%)

1 0.375 0.392 4.3
2 0.377 0.394 4.3
3 0.867 1.209 28.2
4 0.886 1.873 52.6
5 1.534 1.873 18.0
6 1.534 2.043 24.9
7 1.888 2.256 16.3
8 2.060 4.330 52.4
9 2.641 5.179 49.0
10 2.641 5.179 49.0

the dynamic response of the hybrid substructure is strongly
influenced by the wave conditions.Themember unity checks
for yield 2 at MSL and the joint unity checks for combined
(axial + bending) at HSWL are plotted in Figures 16 and 17,
respectively. Noting that a value less than 1.0 indicates the
satisfaction of the recognized standard, it appears that the
structural members and the joints of the hybrid substructure
system satisfy the ULS design condition in all cases.

4. Conclusions

The hybrid substructure for 3MW offshore wind turbine is
newly suggested to reduce the wave forces acting on the
substructure and to increase the stability against overturning
moment. The comparison of the wave forces and moments
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Table 12: Extreme values at TP due to extreme wind.
Load case 𝑀

𝑧
(kN⋅m) 𝑀

𝑦
(kN⋅m) 𝑀

𝑥
(kN⋅m) 𝐹

𝑧
(kN) 𝐹

𝑦
(kN) 𝐹

𝑥
(kN) Safety factor

𝑀
𝑥

Max DLC2.2cc+6 9456.5 18087 13125 −3827.3 225.9 −318.4 1.10
𝑀
𝑥

Min DLC2.2cc+6 −10008 −8834.0 −22000 −3665.7 −378.1 138.2 1.10
𝑀
𝑦

Max DLC6.2cc-6 1866.1 51227 9174.7 −3738.2 214.1 −927.3 1.10
𝑀
𝑦

Min DLC6.2ja-2 −1830.9 −52925 −1609.6 −3749.0 −38.1 969.4 1.10
𝑀
𝑧

Max DLC1.4af2 283.4 3677.1 46109 −4652.0 729.5 −8.73 1.35
𝑀
𝑧

Min DLC1.4bf2 −2726.2 −10127 −47158 −4580.9 −629.8 177.0 1.35
𝑀
𝑦𝑧

Max DLC6.2ja-2 −1830.9 −52925 −1609.6 −3749.0 −38.1 969.4 1.10
𝑀
𝑦𝑧

Min DLC2.2da+7 47.3 0.16 2.11 −3726.7 15.4 −1.03 1.10
𝐹
𝑥

Max DLC7.1aa6-5 −5.34 −192.6 11270 −3510.0 236.5 −9.91 1.10
𝐹
𝑥

Min DLC1.1k-2 3983.2 4726.5 29063 −5254.3 460.3 −11.2 1.50
𝐹
𝑦

Max DLC1.1g-1 −419.8 2944.5 44202 −5152.8 756.1 −4.80 1.50
𝐹
𝑦

Min DLC1.4bf4 −3216.8 −10304 −46468 −4557.8 −654.2 179.2 1.35
𝐹
𝑧

Max DLC6.2ja-2 −1831.3 −52815 −1962.0 −3755.3 −45.4 970.4 1.10
𝐹
𝑧

Min DLC6.2dc-3 1928.2 50715 −1722.4 −3789.9 −2.68 −942.4 1.10
𝐹
𝑦𝑧

Max DLC6.2ja-2 −1831.3 −52815 −1962.0 −3755.3 −45.4 970.4 1.10
𝐹
𝑦𝑧

Min DLC2.1ab3+6 17.8 −89.3 −505.1 −4597.6 −0.015 0.013 1.35

Table 13: Structural results under regular wave condition.

LSWL MSL HSWL
Pile-soil Fixed Pile-soil Fixed Pile-soil Fixed

Displacement (m) Max 0.0620 0.0508 0.0802 0.0686 0.0728 0.0615
Min 0.0115 0.0000 0.0119 0.0000 0.0117 0.0000

Axial force (MN) Max 2.8239 2.824 2.8254 2.8264 2.8364 2.8364
Min −74.888 −74.888 −93.499 −93.489 −113.01 −113.01

Shear force (MN) Max 8.0512 11.496 7.8327 10.838 9.779 9.7793
Min 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Bending moment (MN⋅m) Max 84.369 89.679 109.07 110.93 97.144 97.147
Min 0.0000 0.0002 0.0001 0.0001 0.0000 0.0000

Torsional moment (MN⋅m) Max 2.3783 2.3783 3.0623 3.0932 2.699 2.4025
Min −2.3166 −2.3166 −3.0115 −3.0412 −2.6511 −2.372

Unit: (Nm)
1.0907e8 max

9.6951e7

8.4832e7
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0.0001079 min
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Unit: (Nm)
1.1093e8 max
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8.6276e7
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6.1626e7

4.9301e7
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1.2325e7
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0.00013564 min
Max

Min

(b) Fixed condition

Figure 10: Comparison of bending moments with regular wave at MSL.
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Table 14: Structural results under irregular wave condition.

LSWL MSL HSWL
Pile-soil Fixed Pile-soil Fixed Pile-soil Fixed

Displacement (m) Max 0.0340 0.0251 0.0378 0.0305 0.0437 0.0359
Min 0.0093 0.0000 0.0084 0.0000 0.0092 0.0000

Axial force (MN) Max 2.2824 2.8266 2.2828 2.8335 2.847 2.847
Min −82.77 −82.767 −10.092 −10.091 −119.06 −119.06

Shear force (MN) Max 7.2287 10.787 6.1829 9.1615 8.0996 8.0999
Min 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Bending moment (MN⋅m) Max 34.109 46.133 33.927 42.136 45.724 45.727
Min 0.0000 0.0001 0.0000 0.0000 0.0000 0.0000

Torsional moment (MN⋅m) Max 2.3784 2.3785 2.3786 2.379 2.38 2.38
Min −2.3167 −2.3168 −2.317 −2.3174 −2.3185 −2.3185
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Figure 11: Maximum bending moments with regular wave at MSL.

Unit: (m)
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0.024582
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0.016923
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Unit: (m)
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Figure 12: Comparison of displacements with irregular wave at HSWL.
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Table 15: Member unity checks for regular wave.

LSWL MSL HSWL
Pile-soil Fixed Pile-soil Fixed Pile-soil Fixed

Axial 0.14359 0.14354 0.14295 0.14269 0.13998 0.13998
Shear 0.19755 0.19487 0.27729 0.27351 0.24710 0.24710
Bending 0.52860 0.51713 0.61652 0.60624 0.53309 0.53309
Torsion 0.02232 0.02232 0.02232 0.02232 0.02232 0.02232
Yield 1 0.39809 0.39115 0.58153 0.57361 0.50640 0.50640
Yield 2 0.59662 0.58563 0.68441 0.67472 0.59856 0.59857
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Figure 13: Maximum displacements with irregular wave at HSWL.
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Figure 14: Comparison of bending moments with irregular wave at HSWL.

between the hybrid substructure and the mono-pile revealed
that installing the multicylinder near free surface can be
effective for decreasing the wave forces and installing the
gravity-based substructure at the seabed can be very effective
for increasing the stability against overturning moment. The

structural analysis of the hybrid substructure was carried out
by ANSYS ASAS for various wave conditions using the wind
forces obtained from GH-Bladed and the stiffness matrices
for pile-soil foundation system and showed that the dynamic
responses of the hybrid substructurewere strongly influenced
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Table 16: Member unity checks for irregular wave.

LSWL MSL HSWL
Pile-soil Fixed Pile-soil Fixed Pile-soil Fixed

Axial 0.15328 0.15321 0.15296 0.15275 0.15154 0.15154
Shear 0.10457 0.10489 0.13127 0.13303 0.16796 0.16797
Bending 0.23846 0.24313 0.29839 0.30532 0.34586 0.34586
Torsion 0.02626 0.02626 0.02626 0.02626 0.02626 0.02626
Yield 1 0.26791 0.26798 0.26823 0.26844 0.35680 0.35680
Yield 2 0.30494 0.30978 0.36472 0.37194 0.41247 0.41247

Table 17: Joint unity checks for regular wave.

LSWL MSL HSWL
Pile-soil Fixed Pile-soil Fixed Pile-soil Fixed

Axial 0.05868 0.05920 0.03708 0.03753 0.02884 0.02884
In-plane bending 0.75487 0.74347 0.94235 0.94135 0.92134 0.92134
Out-of-plane bending 0.11832 0.11895 0.11375 0.01131 0.09605 0.09605
Combined (axial + bending) 0.69249 0.67478 0.96058 0.96008 0.94048 0.94049
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Figure 15: Maximum bending moments with irregular wave at HSWL.
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Figure 16: Member unity checks for yield 2 at MSL.
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Table 18: Joint unity checks for irregular wave.

LSWL MSL HSWL
Pile-soil Fixed Pile-soil Fixed Pile-soil Fixed

Axial 0.02433 0.02420 0.02161 0.02181 0.02121 0.02121
In-plane bending 0.37216 0.37455 0.48123 0.48824 0.61702 0.61703
Out-of-plane bending 0.06896 0.07041 0.06833 0.06973 0.07128 0.07128
Combined (axial + bending) 0.20636 0.20991 0.30202 0.30911 0.44869 0.44870

0.94048 max

0.83598

0.73148

0.62698

0.52249

0.41799
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0 min

Max
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0.19942

0.14956

0.09971
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Figure 17: Joint unity checks for combined (axial + bending) at HSWL.

by the soil conditions (Table 6) and the wave conditions.
The hybrid substructure system was also seen to secure
structural safety with respect to ULS (ultimate limit state)
design condition for all wave conditions. In addition, the
comparison of the first natural frequency with 1P and 3P
frequencies showed that the hybrid substructure exhibited
soft-stiff design properties and indicated that resonance
between the wind turbine and the hybrid substructure would
not occur. Consequently, the suggested hybrid substructure
can be effective for reducing the hydrodynamic effects and
construction costs for the future wind turbines to be installed
in the southwestern sea of South Korea.
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This study deals with the relationship between imperfections and shear buckling resistance of web plates with sectional damage
caused by corrosion. To examine the imperfection effect on the shear buckling resistance of a web plate with sectional damage, a
series of nonlinear finite element (FE) analyses were carried out for a web plate with sectional damage, which was assumed as local
corrosion damage. For considering imperfections of the web plate in the girder, initial out-of-plane deformation was introduced
in the FE analysis model. Using the FE analysis results, the changes in the shear buckling resistance of the web plate with sectional
damage were quantitatively examined and summarized according to the aspect ratio, boundary conditions, and height of the
damaged section of the web plate. The effects of web imperfections on the shear buckling resistance were evaluated to be little
compared to that of the web plate without sectional damage.The shear buckling resistance was shown to significantly change in the
high-aspect-ratio web plate. A simple evaluation equation for the shear buckling resistance of a web plate with sectional damage
was modified for use in the practical maintenance of a web plate in corrosive environments.

1. Introduction

For steel girder bridges, the structural member at the end
girder near the support can be easily exposed to rain water,
high humidity, and wet depositions, which are causes of
atmospheric corrosion. Thus, research related to corrosion
problems, focused on end girders, has been conducted to
determine the residual strength and behaviors of corroded
end girders to improve their strengthening methods and
maintenance. For the end girder part, the lower region of
the web panel, the stiffener on the bearing, and the lower
flange on the sole plate have been considered to be the regions
vulnerable to corrosion due to their atmospheric corrosion
environment, which consists of high humidity caused by

poor air circulation, sediments, and rainwater (antifreeze) [1–
5]. Corroded lower flanges in end girders have a relatively
smaller effect on the flexible resistance of a girder due to
their structural behaviors under applied moment conditions.
Therefore, the lower region of a web panel and a stiffener on
a bearing are the main components that should be examined
for residual strength or local structural behaviors when con-
ducting research on corrosion problems focused on end gird-
ers. A lot of research on the structural behaviors of web panels
with lower regional sectional damage has been carried out
to examine the shear buckling resistance and shear buckling
behaviors [1–12]. Many researches were conducted in Japan,
where there are severe corrosion environments and many
old structures [2, 4, 10, 11]. The research mainly dealt with
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the shear buckling resistance and behaviors of web panels
using experimental and numerical methods [3–5]. The shear
buckling strength of aweb panel is affected by the geometrical
properties of the web panel. Imperfections and residual stress
also affect its shear buckling strength. However, most of the
previously conducted research deals with the corroded area
and level of web plate as the main parameters affecting shear
buckling resistance [3–6]. Imperfections such as eccentric
deformation and residual stress were partially considered [13,
14].Therefore, they were not evaluated to examine the change
in their effect on shear buckling resistance.The residual stress
of a web panel cannot be clearly determined until after its
long service period. In contrast, the eccentric deformation
of a web plate can occur during its service period. Therefore,
the imperfection effect of eccentric deformation on the shear
buckling strength can be considered to determine the lower
boundary of the shear buckling resistance of a web panel with
local sectional damage caused by corrosion. In this study,
therefore, the imperfection effects of eccentric deformation
on the shear strengths of web panels with local sectional
damage were examined using finite element (FE) analysis.
An allowable imperfection level suggested by the design
guidelines for the steel structure was considered to identify
the shear buckling behaviors of web panels. After identifying
a shear buckling analysis model incorporating imperfections,
parametric studies were conducted to quantitatively evaluate
the shear buckling strengths and the modified shear buckling
reduction factor for the damaged web section with imperfec-
tions.

2. FE Analysis Model of Sectional Damaged
Web Plate with Imperfections

In previous studies, Kim et al. conducted a shear loading
test of a web plate with artificial sectional damage to exper-
imentally examine the shear buckling resistant behaviors
[3]. FE analyses on shear buckling behaviors of a sectional
damaged web plate caused by corrosion were conducted to
suggest changes in the residual shear buckling strength based
on geometrical properties of the web and corrosion level
[4]. The shear buckling failure mode of the web plate was
also examined considering the corrosion pattern [5]. In
previous studies, however, imperfection effect as eccentric
deformation was not considered in suggesting its residual
shear bucking strength. In this study, an FE analysis model
including imperfections was made based on previous models
[3, 4].

2.1. Geometrical Properties of Web Plates. In this study,
imperfection was considered as a main parameter. Eccentric
deformation of the web plate was considered as the ini-
tial imperfection. Thus, three different initial imperfection
magnitudes of 𝐻/100,000, 𝐻/500, and 𝐻/100 were used to
examine the imperfections of the web panel, where 𝐻 is
the web height of the web panels. An arbitrary small initial
imperfection level of 𝐻/100,000 was incorporated in an
attempt to find a bifurcation-type buckling load.𝐻/100 is the
maximum imperfection level allowed by the Bridge Welding
Code [15], and 𝐻/500 is an intermediate level between the

two values. For web plate models, a two-web-panel plate
girder was selected that had a height of 800mm, a flange
width of 200mm, a flange thickness of 16mm, and a web
thickness of 6mm. These dimensions are similar to previous
studies [3]. Figure 1 shows the basic dimensions of the FE
analysis model.

For the sectional area damaged by corrosion, a damaged
area was selected from the lower flange to 100mm and
200mm, as shown in Figure 1. For the selected corroded area,
web thickness was decreased from the design thickness for
both of the web plates. To consider the aspect ratio of the web
plate and the boundary conditions based on the deterioration
of the support (bearing) due to corrosion and depositions
around the support, the aspect ratios were also changed to 1.0,
1.25, and 1.50, and their boundary conditions were changed
from a simply supported case to a hinge-supported case.

The following describe the numerical parameters in this
study:

(1) Imperfection levels (initial eccentric deformation): 0,
𝐻/100,𝐻/500, and𝐻/100,000.

(2) Sectional damaged web height (ℎ
𝑐
): 100mm to

200mm from the lower flange.

(3) Web plate thickness (ℎ
𝑐
): changed to 1mm from the

design thickness.

(4) Web plate aspect ratio (𝑙
𝑤
/ℎ
𝑐
): 1.0, 1.25, and 1.50.

(5) Boundary condition: simply supported model and
hinge-supported model (with deterioration of sup-
port).

2.2. FE Analysis Model. To numerically examine the shear
buckling strength of web panels, eigenvalue and incremental
nonlinear analyses were conducted. MARC Mentat 2010 was
used as the numerical FE program and the web plate model
was constructed using a four-node shell elementwith a 10mm
mesh size, as shown in Figure 2 [16].Theweb plate model was
assumed to exhibit elastic, perfectly plastic behavior, and the
von Mises yield criterion was used for material plasticity. An
incremental load was applied at the center span of the upper
flange. Its material was determined to have Young’s Modulus
of 206,000MPa, a nominal yield stress of 359MPa, and
Poisson’s ratio of 0.3 [3]. To consider the imperfection effect
in the FE analysis model, artificial eccentric deformation was
applied to the center of the web plate girder model according
to each imperfection level. For the previously mentioned
boundary condition cases of the FE analysis models, the
left and right supports were changed to hinges or rollers,
depending on the supported conditions, as shown in Table 1.
Lateral translations and rotations of both supports were
restricted, and longitudinal translation of the center of the
lower flange was also restricted.

2.3. FEModel Comparison. To validate the FE analysismodel,
an FE analysis model of the shear loading test specimen in
the previous study [3, 4] was also constructed for comparison
with the FE analysis results from this study. In cases of
shear loading tests, out-of-plane deformation can be a major
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Table 1: Boundary conditions.

Boundary condition Boundary 𝑢
𝑥

𝑢
𝑦

𝑢
𝑧

𝑟
𝑥

𝑟
𝑦

𝑟
𝑧

Simple support
Boundary A Movable Fixed Fixed Fixed Fixed Movable
Boundary B Movable Fixed Fixed Fixed Fixed Movable
Boundary C Fixed Movable Movable Movable Movable Movable

Hinge support
Boundary A Fixed Fixed Fixed Fixed Fixed Movable
Boundary B Fixed Fixed Fixed Fixed Fixed Movable
Boundary C Movable Movable Movable Movable Movable Movable

20 100 200 100 20

Load

y

x

z

Corroded webCorroded web

Stiffener, t = 12mm

h
w

;8
00 Web, t = 6mm

lwlw

Flange, width = 200mm, t = 16mm

h
c

Figure 1: Dimensions of FE analysis model (unit: mm).

A

B
C

Corroded web
Corroded web

Z X

Y

Figure 2: FE analysis model.

concern in shear buckling behaviors of web panels.Thus, out-
of-plane displacements of each test specimen were directly
compared with those of the constructed FE analysis model.
In previous shear loading tests and analysis studies, corrosion
conditions were considered as a main parameter and initial
eccentric deformations were not identified. Therefore, initial
imperfection effects were not considered in previous studies
[3, 4]. In the validation model, three initial eccentric defor-
mations of the web plate were considered as imperfections,
and both supports were considered as hinge supports, like the
support conditions of previous shear loading tests [3, 4].

Figure 3 shows the out-of-plane displacement compari-
son at the web center between the shear buckling test results
and the FE analysis results under varying initial eccentric

deformations (imperfectionmagnitudes) of theweb panel. As
shown in the figure, if there is no initial imperfection in the
web panel, out-of-plane displacement does not occur before
elastic shear buckling of the web panel. After elastic shear
buckling of the web panel, out-of-plane displacement appears
laterally in the FE analysis results without initial imperfec-
tions, as in the previous study [4]. In the results of the shear
loading test specimens [3], their out-of-plane displacements
could be directly found without the lateral resistance of the
web plate after applying shear load to all test specimens.
Table 2 and Figure 4 summarized the comparison of shear
buckling strengths of test specimens and FE analysis results.
For the Ch00T6 specimen without sectional damage, its out-
of-plane displacement behavior shows that it is similar to that
of the analysis model, excluding the𝐻/100,000 cases, in that
the test results were similar to the analysis model as initial
imperfection magnitude increased. For the 𝐻/500 case, the
tendency toward out-of-plane displacements was shown to
be in agreement with those of the test results. The shear
buckling strength of FE analysis result was also shown to be
close to those of the test results for 𝐻/100, although it was
stiffer than the other cases in the Ch00T6 specimen. Thus,
the initial eccentric deformation of the Ch00T6 specimen
could be thought to be about 1.6mm. Other specimens
with sectional damage also showed similar results to the
analysis results of the Ch00T6 specimen. They also had
about 1.6mm of initial eccentric deformations (imperfection
magnitudes). Their shear buckling strength test results were
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Figure 3: Out-of-plane displacement comparisons at center web of shear buckling test specimens.

approximately 110% of the FE analysis results. From the FE
analysis results, their shear buckling strengths were shown
to slightly decrease, depending on the increase in the initial
eccentric deformations.

For the shear loading test specimens, typical shear failures
of the webs with a tension field band were shown from the
shear resistant behavior of the web, as shown in Figure 5(i)
[3]. In particular, for the specimen with sectional damage,
the tension field bands were larger and extended into the
sectional damaged web plate. An additional pronounced
shear-bending tension field occurred in the sectional dam-
aged web [3]. To evaluate the differences between the shear
failure modes of the web plate with sectional damage more
clearly, the failure modes were also compared according to

their initial eccentric deformation. Since the out-of-plane
displacements of the𝐻/500 and𝐻/100 cases were shown to
be similar to the test results, the representative shear failure
modes of the test results were compared with those of the FE
analysis, as shown in Figure 5. Their comparison showed a
typical diagonal tension field, as well as a pronounced shear
tension field in the sectional damaged web plate regardless
of their initial eccentric deformation levels, although the
point of the maximum out-of-plane displacement slightly
decreased. This is shown in Figure 5.

By comparing their out-of-plane displacement behavior,
the FE analysis model with initial eccentric deformation was
considered to well simulate the shear buckling behaviors of
a web plate with an initial imperfection. An initial eccentric
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Table 2: Shear buckling strengths of test specimens and FE analysis results.

Corroded height (mm) Corroded thickness (mm) Corroded volume ratio (%) Shear buckling strength (𝑃
𝑢
), kN

Tests 𝐻/0 𝐻/10000 𝐻/500 𝐻/100
Ch00T6 00 0/00 00 1286.54 1160.0 1160.0 1160.0 1140.0
Ch10T4 100 2 4.17 1275.75 1120.0 1120.0 1120.0 1100.0
Ch20T4 200 2 8.33 1152.46 1080.0 1080.0 1080.0 1060.0
Ch10T2 100 4 8.33 1186.37 1060.0 1060.0 1060.0 1040.0
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Figure 4: Comparison of test and FE analysis results.

deformation of the web plate could slightly affect the shear
buckling strength. Therefore, the FE analysis model and FE
analysis parameters are suitable for evaluating the shear buck-
ling strength of aweb platewith initial eccentric deformations
and for examining the relationship between imperfections
and shear buckling strength of a web plate with sectional
damage.

3. Discussion of FE Analysis Results

3.1. Shear Buckling Resistance Depending on Imperfection

3.1.1. Relationship between Imperfection and Corrosion Height.
Imperfection effects on shear buckling strengths of a web
plate with sectional damage caused by corrosion were com-
pared using an FE analysis model and shear loading test
results. Three different initial eccentric deformations of
𝐻/100,000, 𝐻/500, and 𝐻/100 in an 800 × 1200mm web
plate were compared for simple supported conditions. As
their shear buckling behaviors were shown to be similar
according to test results and model comparisons, the change
in the shear bucking strength was examined based on the
initial eccentric deformations of theweb at each damagedweb
height (100mm and 200mm). Table 3 summarizes the shear
buckling strengths of web panels with sectional damage based
on their imperfection conditions.Using the data fromTable 3,
Figure 6 shows the change in the shear buckling strengths of

a web plate with imperfections with varying damaged web
thickness and corrosion volume. Inweb panels with a 100mm
sectional damaged web plate, the shear buckling strengths
without imperfection changed from 1160.0 to 959.9 kN, and
the shear buckling strengths with an 𝐻/00 eccentric defor-
mation changed from 1140.0 to 940.0 kN. In web panels
with a 200mm sectional damaged web plate, the strengths
without imperfection changed from 1160.0 to 779.9 kN, and
the strengths with an 𝐻/00 eccentric deformation changed
from 1140.0 to 779.9 kN.These results showed that the height
of the sectional damaged web plate affected the decrease
in the shear buckling strengths of web panels from 17.54%
to 32.77% due to the decreased shear resistance of the web
plate, as shown in Table 3 and Figure 6. These results were
similar to the decrease in the shear buckling strengths of
web panels with increasing sectional damaged web plate
thickness and height found in the previous study [4]. For
𝐻/100,000 and𝐻/500 eccentric deformations of web panels,
their effects were shown to be similar to those of the web plate
without eccentric deformation, as shown in the out-of-plane
displacement relationship comparisons of the shear loading
test in Figure 3 andTable 2. In particular, in the case of𝐻/100,
its values decreased slightly more than in the other cases, and
its values were evaluated to be 2% of the values of the web
plate without eccentric deformation.Thus, it was determined
that the effect of the initial eccentric deformation of a web
plate is relatively less than that of the sectional damaged web
plate.

3.1.2. Relationship between Imperfections and Boundary Con-
ditions. In the previous study [4], the critical shear buckling
value of a web plate was affected by the boundary condi-
tions, and shear buckling resistance was steadily decreased
according to sectional damage related to web corrosion. The
boundary conditions had very little effect on shear buckling
strengths [4]. In this study, the effect of initial eccentric
deformation on shear strength was also examined to deter-
mine the relationship between shear strength and boundary
condition. The same initial eccentric deformations and sec-
tional damaged height conditions as the imperfection model
cases were applied to the FE analysis model, and the model
boundary conditions were only changed by incorporating a
hinge considered to be a deteriorated boundary. Table 4 and
Figure 7 summarize the shear buckling strengths of a web
plate with sectional damage based on their imperfection and
boundary conditions. With regard to the imperfection levels,
the shear buckling strengths were evaluated to be similar
to values of the simply supported condition regardless of
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(i) Failure mode of test model

(iii) Out-of-plane displacement contour with H/500
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(ii) Out-of-plane displacement contour without imperfection

(iv) Out-of-plane displacement contour with H/100
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(iii) Out-of-plane displacement contour with H/500
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Figure 5: Failure mode comparisons of shear buckling test specimens depending on imperfection.
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Table 3: Shear buckling resistance of a web plate with imperfection (kN).

Web corroded condition Imperfection (initial eccentric deformation)
Height (mm) Corroded thickness (mm) Corroded volume (%) 0 𝐻/100000 𝐻/500 𝐻/100

100

0 0 1160.0 1160.0 1160.0 1140.0
1 2.08 1160.0 1160.0 1160.0 1140.0
2 4.17 1140.0 1140.0 1140.0 1120
3 6.25 1100.0 1100.0 1100.0 1080.0
4 8.33 1060.1 1060.1 1060.1 1039.9
5 10.42 1020.0 1020.0 1020.0 1000.0
6 12.50 959.9 959.9 959.9 940.0

200

0 0 1160.0 1160.0 1160.0 1140.0
1 2.08 1160.0 1160.0 1160.0 1140.0
2 4.17 1119.9 1119.9 1119.9 1100.0
3 6.25 1039.9 1039.9 1039.9 1020.0
4 8.33 959.9 959.9 959.9 940.0
5 10.42 920.0 920.0 920.0 900.1
6 12.50 779.9 779.9 779.9 779.9
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Figure 6: Shear buckling resistance ratios with roller support.

the boundary conditions, as shown in Table 4 and Figure 7.
The shear buckling strengths steadily decreased at the same
level as those of the simply supported cases. Thus, it was
determined that boundary condition effect is not related to
the relationship between imperfection and shear buckling
strength of a web panel with sectional damage.

3.1.3. Relationship between Imperfection andAspect RatioCon-
dition. In this study, an 800 × 1200mm web plate was used,

because the FE model was based on the shear loading test
specimen. Three aspect ratios were considered as analysis
parameters to examine the relationship between imperfec-
tions and shear buckling strength, as the aspect ratio can be
related to the web resistant properties for the shear loading
condition. The effects of the aspect ratios were compared
to the values of each analysis condition for corrosion level
and corrosion height. Table 5 and Figure 8 summarize the
FE analysis results. In web panels with an aspect ratio of
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Table 4: Shear buckling resistance of web plate with imperfection at hinge boundary (kN).

Web corroded condition Imperfection (initial eccentric deformation)
Height (mm) Corroded thickness (mm) Corroded volume (%) 0 𝐻/100000 𝐻/500 𝐻/100

100

0 0 1160.0 1160.0 1160.0 1140.0
1 2.08 1140.0 1140.0 1140.0 1120.0
2 4.17 1120.0 1120.0 1120.0 1110.0
3 6.25 1080.0 1080.0 1080.0 1060.1
4 8.33 1039.9 1039.9 1039.9 1020.0
5 10.42 1020.0 1020.0 1020.0 1000.0
6 12.50 940.0 940.09 940.0 920.0

200

0 0 1160.0 1160.0 1160.0 1140.0
1 2.08 1140.0 1140.0 1140.0 1120.0
2 4.17 1080.0 1080.0 1080.0 1060.1
3 6.25 1020.0 1020.0 1020.0 1000.0
4 8.33 959.9 959.9 959.9 940.0
5 10.42 920.0 920.0 920.0 900.1
6 12.50 779.9 779.9 779.9 779.9
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Figure 7: Shear buckling resistance ratios with hinge support.

1.0, the shear buckling strength steadily decreased to 79% of
the shear buckling strength of web panels without corrosion.
For a 1.25 aspect ratio, the strength decreased to 73% of
the shear buckling strength of web panels without sectional
damage caused by corrosion. For a 1.50 aspect ratio, the
strength decreased to 67% of the shear buckling strength
of web panels without sectional damage. The changes in
the shear buckling strengths presented similar tendencies to
the other cases and previous study [4], and they showed a

relatively significantly greater change with a higher aspect
ratioweb panel. Although their web aspect ratiowas changed,
the values of the web plate with the 𝐻/100 eccentric defor-
mation were also affected by approximately 2% compared
to those without eccentric deformation, like in the other
analysis cases. Therefore, it is thought that the aspect ratio
of a web plate is not related to the relationship between
imperfection and shear buckling strength of a web panel with
corrosion.
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Figure 8: Shear buckling resistance ratios depending on aspect ratio.

3.2. Expanded Equation for Shear Buckling Resistance Factor

3.2.1. Expanded Shear Buckling Resistance Factor Equations.
In a web plate with sectional damage caused by corrosion,
it is difficult to determine the shear resistant coefficient for
calculating the design strength of the web plate according to
design specifications since it has local sectional loss caused
by corrosion, and its sectional loss is difficult to measure due
to its irregular surface. Thus, a simple estimation method is
needed to determine the sectional loss of a web plate with

corrosion. In previous studies [4], the change in the shear
buckling strength was assessed from a parametric study,
and the residual shear resistant equation was suggested
based on the corroded volume of the web section, using its
reduction factor to easily estimate shear buckling resistance.
As mentioned before in this study, it was evaluated that the
initial eccentric deformation of a web plate with corrosion
has a relatively small effect on the reduced shear buckling per-
formance of the web. Shear buckling strengths of web panels
with corrosion were shown to steadily decrease, depending
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Table 5: Shear buckling resistance of a web plate with imperfection depending on aspect ratio (kN).

Web damaged condition Imperfection (initial eccentric
deformation)

Aspect ratio Height (mm) Corroded thickness (mm) Corroded volume (%) 0 𝐻/100

1.0 100

0 0 1320.1 1299.9
1 2.08 1320.1 1299.9
2 4.17 1299.9 1299.9
3 6.25 1299.9 1281.0
4 8.33 1280.0 1260.0
5 10.42 1280.0 1240.1
6 12.50 1220.1 1180.0

1.0 200

0 0 1320.1 1299.9
1 2.08 1320.1 1299.9
2 4.17 1281.0 1281.0
3 6.25 1260.0 1220.1
4 8.33 1240.1 1199.9
5 10.42 1180.0 1150.0
6 12.50 1100.0 1039.9

1.25 100

0 0 1260.0 1220.1
1 2.08 1240.1 1220.1
2 4.17 1220.1 1220.1
3 6.25 1199.9 1199.9
4 8.33 1180.0 1160.0
5 10.42 1140.1 1119.9
6 12.50 1080.0 1060.1

1.25 200

0 0 1260.0 1220.1
1 2.08 1240.1 1220.1
2 4.17 1199.9 1180.0
3 6.25 1140.1 1140.1
4 8.33 1100.0 1080.0
5 10.42 1060.1 1020.0
6 12.50 920.0 920.0

1.50 100

0 0 1160.0 1140.0
1 2.08 1140.0 1120.0
2 4.17 1120.0 1100.0
3 6.25 1080.0 1060.1
4 8.33 1039.9 1020.0
5 10.42 1020.0 1000.0
6 12.50 940.0 920.0

1.50 200

0 0 1160.0 1140.0
1 2.08 1140.0 1120.0
2 4.17 1080.0 1060.1
3 6.25 1020.0 1000.0
4 8.33 959.9 940.0
5 10.42 920.0 900.1
6 12.50 779.9 779.9
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on web corrosion conditions, regardless of geometrical and
boundary conditions. The decreased shear buckling strength
tendency could be explained by volume loss caused by cor-
rosion. Thus, FE analysis results were combined with FE
analysis results of a previous study to expand the shear
buckling resistance factor equation, including the effect of
imperfections in a web plate on its shear strength. To expand
the shear buckling strength relationship, theweb volume ratio
(𝐶V) and the shear strength reduction factor (RSf ) are defined
in (1) as in the previous study:

𝐶V =
𝐶
𝑐

𝐶
𝑠

RSf =
𝑈
𝑐

𝑈
𝑠

,

(1)

where 𝐶
𝑠
is the total volume of the web, 𝐶

𝑐
is the sectional

damage volume of the web plate, 𝑈
𝑠
is the shear buckling

strength of the web without sectional damage, and 𝑈
𝑐
is the

shear buckling strength of the web with sectional damage
caused by corrosion.

From the FE analyses of a web plate without an initial
eccentric deformation, its shear buckling reduction factor
equation was derived as (2), using the damaged web volume
ratio (sectional damaged volume ratio, 𝐶V). From the FE
analysis data in this study, the shear buckling reduction factor
equation was suggested as (3). Equation (3), derived by the
FE analysis results with an initial eccentric deformation,
shows a slightly different distributed shape compared to the
distributions of the FE analysis results of the previous study.
However, some FE analysis data of the previous study showed
some differences when compared to (3) derived from the FE
analysis data of this study. In addition, almost all of the FE
analysis results with an initial eccentric deformation were
within the 95% prediction band derived from the regression
curve in the previous study as the initial eccentric deforma-
tion effect on the shear buckling strength is not high. As
shown in Figure 9, in the case of low sectional damage caused
from corrosion, the variation of the reduction in the shear
buckling resistance had little effect on the sectional damage.
In the case of higher sectional damage caused from corrosion,
however, its variation in the same corrosion was greatly
apparent. If corrosion volume was used as a performance
parameter and not a structural sectional parameter, as in this
study and the previous study, it could be necessary to evaluate
more conservatively by including various damage conditions
and imperfections. In the case of the lower boundary, its 95%
prediction band, derived in the previous study using (4), was
satisfied conservatively, except for some results. Therefore,
(4) can be used to conservatively evaluate the shear buckling
reduction factor of a web plate with corrosion when unable
to estimate the exact section damage caused by corrosion:

RSf = 0.7368 +
0.2859

1 + 𝑒−((𝐶V−8.8318)/−3.4666)
(2)

RSf = −0.5806 +
1.8005

1 + 𝑒−((𝐶V−47.4707)/−24.1883)
(3)

RSf = 0.6246 +
0.2997

1 + 𝑒−((𝐶V−8.9931)/−3.6791)
. (4)
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Figure 9: Shear buckling reduction factor equation.
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Figure 10: Comparison of test results with suggested shear buckling
equation.

3.2.2. Example for Calculation of Shear Buckling Resistance of
a Web Plate with Sectional Damage. To verify the expanded
shear buckling reduction factor for maintenance and inspec-
tion of web panels, the sectional damage of the web plate
used in shear loading tests was calculated and compared
to the suggested shear buckling resistance equations [3, 12].
Figure 10 shows the comparison between the suggested shear
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buckling resistance equations and the test results. As shown
in the figure, the test results are similar to (2) and (3) for
relatively little sectional damage of the web plate. For shear
loading tests, sectional damage was exactly calculated; thus,
the shear buckling strengths were very similar to the values
calculated using (2) and (3).However, it is difficult to calculate
exact sectional damage caused by corrosion in the field.
Therefore, (4) can be used to conservatively estimate the shear
buckling strength for a web plate when the exact amount of
sectional loss due to corrosion is unknown, such as in the
field.

4. Conclusions

This study carried out a series of a nonlinear finite element
(FE) analyses of a web plate pane to examine the relationship
between imperfections and shear buckling resistance of a web
plate with sectional damage caused by corrosion. To examine
the imperfection effect on the shear buckling resistance of
a web plate with sectional damage, an initial out-of-plane
deformation was considered as a main parameter, and the
shear buckling resistance of the sectional damaged web plate
was examined based on aspect ratio, boundary condition, and
the sectional damaged height of the web plate from the lower
flange.

The shear buckling resistance of a sectional damaged web
panel with 𝐻/100,000 and 𝐻/500 imperfections was shown
to be similar to that of a web plate without imperfections.
However, for web panels with an 𝐻/100 imperfection, their
shear resistance values decreased to approximately 2% of
those of the web plate without sectional damage. In terms of
sectional web damage thickness, the shear resistance values
decreased according to the sectional damage web height from
the lower flange, but they were also shown to significantly
decrease in the web panel that had a lower sectional damage
web height compared to the sectional damage volume ratio.
For the sectional damaged web plate with different aspect
ratios, their resistance to change exhibited a similar tendency,
and it markedly changed in the higher aspect ratio web. The
equation for shear buckling resistance of a web plate with
sectional damage was modified based on a comparison of the
previous study results for use in the practical maintenance of
corrosion damaged web plates.
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The rapid advances in high tech industries and the increased demand for high precision and reliability of their production
environments call for larger structures and higher vertical vibration performance for high technology facilities. Therefore, there
is an urgent demand for structural design and vertical vibration evaluation technologies for high tech facility structures. For
estimating the microvibration performance for a cleanroom unit module in high technology facilities, this study performs the scale
modeling experiment and analytical validation. First, the 1/2 scale model (width 7500mm, depth 7500mm, and height 7250mm)
for a cleanroom unit module is manufactured based on a mass-based similitude law which does not require additional mass. The
dynamic test using an impact hammer is conducted to obtain the transfer function of 1/2 scale model.The transfer function derived
from the test is compared with the analytical results to calibrate the analytical model. It is found that, unlike for static analyses, the
stiffness of embedded reinforcement must be considered for estimating microvibration responses. Finally, the similitude law used
in this study is validated by comparing the full-scale analytical model and 1/2 scale analytical model for a cleanroom unit module.

1. Introduction

Advances in information communication technology and
production technology in recent years have increasingly
sophisticated high technology products, such as semiconduc-
tors, liquid crystal displays (LCD), and optical microscopes.
Demands for these products are predicted to rise further as
they make our lives more convenient.

Semiconductors, LCD, and optical microscopes require
high precision, and thus their production equipment and
facilities must satisfy stringent terms. Vertical vibration
that occurred must be strictly controlled because vertical
vibration exposure during production increases production
error and results in defects. Therefore, manufacturers of the
production equipment conduct vibration tests and disclose
vibration specifications for their equipment [1].

Vibration performances provided by manufacturers are
based on vibration testing in an environment controlled for
vibration, temperature, and humidity. Therefore, to exhibit

the vibration performance of a piece of equipment, an
environment with extremely limited vibrations is required.
However, it is difficult to satisfy such stringent conditions
in regular production environments. A variety of vibration
sources (e.g., traffic, personnel activities, and motion of
motor in equipment) are present in high technology facili-
ties that produce vibration-sensitive products, and resulting
vibrations are transferred to the high technology equipment
via the structures consisting of the facility (e.g., columns,
beams, and floor plates), ultimately undermining the preci-
sion of the production process. Hence, strict management
of vibration performance of structures consisting of high
technology facilities as well as high technology equipment is
demanded.

The vibration performance of structures is evaluated
using generic vibration design criteria, rather than specific
criteria for each piece of equipment [2–6]. The criteria
take the form of a set of one-third-octave band velocity
spectra labeled vibration criterion curves VC-A through
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VC-E and are known as the BBN Criterion Curves [4]. These
curves have been used for evaluations of microvibration
performance of various structures within high technology
facilities [7–10].

For general structures, the structural design strategy that
the structures are more flexible so as to buffer the shocks of
lateral loads such as earthquakes is employed [11–13]. This is
because a flexible structure has a lower risk for resonance,
whichwould reduce vibration resonance. However, this is not
the solution for microvibration of high technology facility
structures. These structures cannot be simply designed to be
flexible because the types and frequencies of vibrations that
affect the floor—upon which high technology equipment is
installed—are diverse. Furthermore, while specific vibration
frequencies or regions are dominant in general buildings,
those are not dominant in the floor structural systems. For
these reasons, it is difficult to avoid the resonance frequency
through designing floor structures flexibly.

Thus, the problems of microvibration in the high tech-
nology facility structures are addressed by maximizing the
stiffness of the structures to prevent resonance below a certain
vibration frequency [14]. It is necessary that stiffness of the
structures be increased because the high accuracy equipment
generally is more sensitive to low frequencies. The primary
natural frequency of vertical vibrations in the floor structures
of general office buildings ranges from 5 to 10Hz while that
of structures within high technology facilities ranges from 10
to 20Hz.

Microvibration performance in the high technology facil-
ity structure is affected by the size and arrangement of
structural members, story height, and span length, so these
should be taken into consideration during the design process
[14–17]. Despite such significance, research literatures on the
structural design andmicrovibration performance evaluation
of the high technology facility structure have been relatively
limited. One reason is that design data for high technology
facility are generally not open to the public.

Furthermore, experimental data and structural analy-
sis modeling techniques are required to develop structure
design and performance evaluation technologies. However,
high technology facility structures are bound to be large-
scale in terms of story height, span length, and cross-
sectional size of members compared to those of general
buildings because of production and environmental equip-
ment as well as vibration performance requirements. The
problems of costs and space induced by such large sizes
have crippled research efforts on experimental evaluations
and structural analysis modeling of high technology facil-
ity structures. However, the rapid advances in high tech
industries and the increased demand for high precision
and reliability of their production environments call for
larger structures and higher vibration performance for high
technology facilities. Therefore, there is an urgent demand
for structural design and vibration evaluation technologies
for high tech facility structures, which in turn call for
more vigorous experimental and analytical studies on this
matter.

Studies in various aspects of high tech facility structures
are required. But most of all, we must verify the vibration

performances of these facilities as designedwith conventional
techniques. Performance evaluations for vibration should be
conducted at the building level because a variety of building
members and conditions affect vibration performance. By
and large, a vibration analysis is performed to evaluate
vibration response to be reflected on the design of high
tech plants that require stringent management of microvi-
bration. However, the theoretical and practical limitations
of structural analysis technology generate a gap between the
actual vibration and the computed vibration of the structure.
Therefore, more experimental studies are required to develop
and improve structural design techniques for high tech
facility structures.

Experimenting with the full-scale structures would pro-
duce the most accurate results with regard to the vibration
properties of a specific structure, but such experiments
are practically impossible due to spatial limitations as well
as cost and time inefficiency. Therefore, scale models are
usually manufactured for experiments. Existing studies using
scale models mostly focused on the evaluation of seismic
performance or wind performance of structures [18–23],
and experimental studies to evaluate the microvibration
performance of high tech facility structures have rarely been
reported.

This study seeks to conduct an experiment to analyze
the differences in the actual and analytical measurements
so as to develop data for future references for designing
microvibration control in high tech facility structures. To this
end, we manufactured the 1/2 scale model according to the
mass-based scaling method. It is quite difficult to predict
the performance of the actual structure by experimenting
with a scale model. Hence, the existing scale model studies
employ the similitude law, which defines the scale effects
in physical terms. However, scaling down a structure is
associatedwith a variety of variables, and some factors cannot
be quantitatively scaled down. In other words, it is impossible
to apply an identical similitude for all variables. Hence,
an appropriate scaling method should be selected to meet
specific experimental objectives and conditions. This study
selects the mass-based scaling method for microvibration
evaluation of high tech facility structures by analyzing the
general scaling methods (i.e., mass-based, time-based, and
acceleration-based). The mass-based scaling method does
not require additional masses. The others require additional
masses where it is difficult to conduct the scale model
experiment of high tech facility structures.

The dynamic experimental test using an impact hammer
is performed on the scaled-down model, and the transfer
function is found based on this data. Transfer functions
include the dynamic characteristic information for higher-
order modes (e.g., 1st, 2nd, and 3rd) and thus are the most
popular index in identifying structural properties [24]. In
the present study, the transfer function acquired from the
experiment is used as a comparative index to validate the
analytical modeling technique. It is known that nonstructural
components such as partition walls, infilled walls, external
walls, and elevator shafts as well as the structural components
affect the stiffness and frequencies of buildings [25, 26].These
effects should be considered to obtain the simulation model
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<Unit module>

<FAB floor>

<R/P floor>

Steel
members

Concrete
members

Main column

Small column

Figure 1: The example of the unit module consisting of high tech facility structures.

that shows the good agreement with the behaviors of real
structures.

A small-scale model must be able to generate results that
reliably mock the prototype’s behaviors. To validate these
results, a full-scale model in addition to the small-scale
model must be manufactured to compare and analyze the
results with identical experimental methods. In particular,
because the scale model used in this study is a complex
structure comprising steel members and reinforced concrete
(RC) members, the similitude of the scale model must be
validated. However, manufacturing a full-scale model of high
tech facility structures is realistically impossible as their long
span lengths and high story heights require considerable
costs, large spaces, and risky experiments. Therefore, we
additionally performan analyticalmodeling for the prototype
using an analytical modeling technique verified via the 1/2
scale model experiment. To validate the similitude law used
in this study, the analytic results obtained from both the scale
model and prototype are compared.

2. Cleanroom in High Tech Facility Structures

Industrial facilities that produce high-precision products,
such as semiconductors, LCD, and optical microscopes,
are equipped with a space called a cleanroom [27–29]. A
cleanroom is an environmentally controlled space in which
contaminants such as airborne dusts or hazardous gases are
regulated to meet stringent standards.

Cleanrooms require air conditioning equipment tomain-
tain a clean air environment. Airflow within a cleanroom can
be divided into vertical laminar airflow, horizontal laminar
airflow, and turbulent airflow. Despite high initial costs and
maintenance fees, vertical laminar airflow is the mostly
widely used type because it can maintain a highly clean
environment with minimal influence from personnel.

As shown in Figure 1, vertical laminar airflow is arranged
such that a unit module comprising a fabrication (FAB)
level and return plenum (R/P) level is continuously repeated.
Production equipment is installed on the FAB level and the
R/P level refers to the space in the lower section of FAB level
to circulate air injected from the ceiling of the FAB level. Sup-
ply/exhaust duct, cable, and pipe are installed on theR/P level.
The FAB level must meet stringent vibration specifications as
high technology production activities are performed at this
level. Therefore, the FAB level must be highly stiff, which
is achieved by densely positioning small columns between
the FAB and R/P levels. The main columns that support the

FAB level are relatively widely spread. Small columns are
only built in the lower sections of the FAB level and do not
interfere with equipment arrangement; however, the main
columns limit the arrangement of production equipment. It is
critical to quickly construct plants for productions in the high
technology industry owing to rapid technological advances
and fierce competition.Therefore, to reduce the construction
period of cleanrooms, the floor of the FAB level and small
columns are built with steel frames while the floor of the R/P
level and main columns are built with reinforced concrete.

The requirements with regard to cleanliness of air and
environmental conditions have become more stringent with
increased precision of production facilities andmeasurement
equipment. This has led to larger production equipment, air
conditioning units, and ducts, which in turn caused the span
lengths and story heights to increase. However, the vibration
performance of structures generally is weakened as the span
lengths and story heights of structures increases. To design
and construct the larger high tech facility structures while
satisfying the stringent vibration performance condition, it
is necessary to develop and improve the experimental and
analytic techniques for those.

3. Similitude Law

3.1. Overview. The similitude law is a rule for determining
the desired physical measurements for an experiment based
on dimensional analysis and defines the scale effects of a
prototype in physical ratios. For general dynamic problems,
length (𝐿), mass (𝑀), and time (𝑇) are set as the basic
dimensions, and the other parameters are determined based
on a combination of the basic dimensions. For example, if the
similitude for a prototype and small-scale model is defined
as “𝑆,” then the similitude relationship between the two
structures is induced as shown in Table 1. Table 1 categorizes
the similitudes based on acceleration, mass, and time, which
signifies that all of the parameters cannot be appropriately
scaled at once. For instance, if the similitude is 𝑆, the basic
scale for length would be 𝑆. If the similitude for time cannot
be adjusted or time (or frequency) effect should be equal
in both the scale model and prototype, the similitude for
time must be 1. Then, the similitude for acceleration, which
incorporates both length and time as per 𝐿𝑇−2, becomes 𝑆.
However, if the experiment is influenced by the acceleration
of gravity, this rule cannot be applied as the acceleration of
gravity cannot be manipulated.
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Table 1: Scale factor according to the parameters.

Parameter Range Scale factor
Mass-based Time-based Acceleration-based

Length 𝐿 𝑆 𝑆 𝑆

Mass 𝑀 𝑆
3

𝑆 𝑆
2

Time 𝑇 𝑆 1 𝑆
0.5

Stress 𝑀𝐿
−1

𝑇
−2

1 1 1

Velocity 𝐿𝑇
−1

1 𝑆 𝑆
0.5

Acceleration 𝐿𝑇
−2

1/𝑆 𝑆 1

Force 𝑀𝐿𝑇
−2

𝑆
2

𝑆
2

𝑆
2

Stiffness 𝑀𝑇
−2

𝑆 𝑆 𝑆

Damping 𝑀𝑇
−1

𝑆
2

𝑆 𝑆
3/4

Natural frequency 𝑇
−1

1/𝑆 1 1/𝑆
0.5

(i) Acceleration-Based Scaling. The acceleration ratio should
be defined as 1 in order to accurately represent the gravity and
inertia of a structure because even though the acceleration on
amass can be controlled, the acceleration of gravity cannot be
manipulated. In this case, the similitudes for mass and time
are proportional to 𝑆2 and 𝑆0.5, respectively, and added mass
and time compression are required to conduct a dynamic test.

(ii) Time-Based Scaling. Time ratio can be set to 1 when the
influence of gravity can be ignored.Then the frequency effect
would be conserved for the prototype and scale model, which
allows the researcher to acquire quantitative information
about the internal performance of a structure. In this case,
mass is proportional to 𝑆, so added mass is required for a
dynamic test.

(iii)Mass-Based Scaling.When the influence of gravity cannot
be ignored, the mass can be adjusted to be proportional to 𝑆3.
In this case, this ratio is applied to the scale model for the
dynamic testing. However, researchers must take note that
time is proportional to 𝑆.

3.2. Selection of Scaling Method for Similitude of High Tech
Facility Structures. Each of the three types of similitude
explained above has distinct properties, so researchers should
select whichever is more appropriate for their research objec-
tive. If acceleration-based scaling is chosen, the similitude
for mass becomes 𝑆2. The similitude for length is 𝑆 and the
mass of the scale model is reduced by 𝑆3, in which case an
additional mass (𝑆2 − 𝑆3) should be added to the model. For
example, if the similitude is 𝑆 = 1/2 as used in this study,
each member is scaled down by 1/2, and the mass ratio for
the small-scale becomes (1/2)3. However, themass ratio as per
the similitude must be (1/2)2, which means that we need to
add a mass equal to 1/8 (= 1/4 − 1/8) of the prototype. This
means that we need an added mass equal to the scale model.
Because the high tech facility structures are generally large,
1/2 scale model of it is heavy and has the long span length and
high story height. Thus, the added mass makes it difficult to
set up and conduct the experimental test for high tech facility
structures.

If time-based scaling method is chosen because the
frequency effect is considered as themost important variable,
the similitude for mass becomes S. This signifies that the size
of the added mass becomes (𝑆 − 𝑆3), which is a larger value
than that required for the acceleration-based scaling (𝑆2−𝑆3).

In the present study, 𝑆 = 1/2 is chosen. Therefore, we
must add a mass greater than the scale model itself when
we choose acceleration-based or time-based scaling method.
On the other hand, if we choose the mass-based scaling
method, the similitude for mass becomes 𝑆3. This would
be automatically satisfied if we apply a similitude of 𝑆 to
the member measurements, so added mass would not be
required. For this reason, the present study uses the mass-
based scaling method.

4. Experimental Test

4.1. One-Half-ScaleModel. Wemanufacture a 1/2 scalemodel
for the unit modules of the cleanroom as shown in Figure 2.
The width, depth, and height for themodel are 7.20m, 7.20m,
and 7.25m, respectively.The FAB level and the small columns
are arranged in an H-shape, and the R/P level and the
main columns are constructed with concrete. The members
for the steel H-shape should be manufactured by applying
the similitude as steel is a homogenous material, but the
members in the scale model are very thin, which would
induce deformation when welded and would undermine
constructability.Therefore, we chose rolled shape as a similar
alternative. The strengths and section sizes of the materials
used are shown in Table 2.

For the scale model design, when reducing the member
sizes according to the scale factor (𝑆), the axial loads and
moments of the section designs for the two structures have
to be matched with the scale factor. Moreover, when the
properties of the materials used are different, the strains of
the concrete and steel frame have to be considered. In this
study, since the same materials are used, the strains are not
considered and the amounts of reinforcements are planned
by applying the scale factor (𝑆3) for the moment only, while
neglecting the scale regarding the axial load effect, which has
the smallest impact on the dynamic behavior of the structure.
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Figure 2: 1/2 scale model manufactured by using mass-based scaling method.
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Table 2: Specifications of prototype model and 1/2 scale model.

Category Prototype model 1/2 scale model
Member dimensions (unit: mm)

R/P floor beams
800 × 1200
700 × 1200
1400 × 1600

400 × 600
350 × 600
700 × 800

Main column 1000 × 1000 500 × 500
FAB floor beam 𝐻-440 × 300 × 11 × 18 𝐻-220 × 150 × 6 × 9
Small column 𝐻-300 × 300 × 15 × 10 𝐻-150 × 150 × 7 × 10
Slab Thk. = 180 Thk. = 90

Span 14400mm × 14400mm 7200mm × 7200mm

Story heights First floor: 9000mm
Second floor: 5500mm

First floor: 4500mm
Second floor: 2750mm

Damping ratio 3% 3%

Material strengths
27MPa concrete
500MPa rebar

400MPa section steel

27MPa concrete
500MPa rebar

400MPa section steel

Impact hammer Accelerometer

DATA acquisition

Data physics: DP440

DATA analyzer, modal analysis
DP440, STAR

Figure 3: Equipment component used for the impact hammer test.

4.2. Impact Hammer Test. We perform an impact hammer
test on the scale model to acquire data required for the
validation of the analyticalmodeling technique.The objective
of the impact hammer experiment in this study is to derive
a transfer function for the prototype. To this end, impact
hammer experiment is performed using the equipment
shown in Figure 3. First, we strike the structure with the
impact hammer to induce vibration. The exciting force 𝑓(𝑡)
and response 𝑥(𝑡) from the structure are measured by the
sensor on the impact hammer and accelerometer installed on
the structure, respectively. The collected data is analyzed via
the data analyzer. The exciting force 𝑓(𝑡) and response 𝑥(𝑡)
are functions of time but can be converted into functions
of frequency using the Fourier transform. The transformed
response 𝑋(𝜔) and exciting force 𝐹(𝜔) are used to derive a
transfer function 𝐻(𝜔) as shown in (1). A transfer function
is a unique property of a structure that represents the size of

response for a unit exciting force. Hence, it is an appropriate
comparative index for the evaluation of the accuracy of
modeling by the analytical modeling technique:

𝐻(𝜔) =
𝑋 (𝜔)

𝐹 (𝜔)
. (1)

5. Analytical Validation

5.1. Comparison of Transfer Functions Using Data from Scale
Model Experiment. We produce an analytical model for the
1/2 scale model as shown in Figure 4. In the analytical model,
the sizes of the members are determined by the design values
shown in Table 2. The modulus of elasticity for concrete is
set to the standard value based on the concrete strength.
Although the damping value should vary depending on the
mode, a uniform value is used for the analysis because it
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Table 3: Rebar ratios of beam members.

Type of
beams 400 × 600 350 × 600 700 × 800

Section

4-HD25

STR. HD10@250

8-HD25

4-HD25

STR. HD10@250

8-HD25

8-HD25

STR. HD10@150

16-HD25

Rebar
ratios 0.0253 0.0290 0.0217

Table 4: Comparison of the simulated and measured frequencies.

Mode Frequencies by an experimental test (Hz)
Frequencies simulated without

the consideration for the stiffness of
rebars

Frequencies simulated with
the consideration for the stiffness of

rebars
(Hz) Error rate (%) (Hz) Error rate (%)

1st 16.25 13.90 16.91 16.11 0.87
2nd 27.75 33.80 17.90 27.34 1.50
3rd 30.50 39.50 22.78 31.25 2.40

Figure 4: Perspective view of the analytical model.

requires a damping value for frequencies that cannot be
empirically calculated.

The simulation indicates about 20% error for natural
frequency compared to the results of the experiment. To
reduce this error, we examined the potential effects of various
parameters and input values and found that considering the
effect of reinforcement embedded in concrete would reduce
error the most. In general, safety evaluations using static
analysis of reinforced concrete structures can assume that the
members of a structure are constructed purely with concrete
without considering the effects of embedded reinforcement
because the stiffness ratio for themembers ismore important.
However, it is shown that analysis of microvibrations should
consider the effects of reinforcement because the stiffness of
each member has a considerable impact on the structure’s
dynamic behavior.

Therefore, we considered the effects of embedded rein-
forcement during our modeling of the concrete members. To
this end, we applied the transformed area concept, in which

As is the total cross-sectional area of reinforcements
n is the ratio of reinforcements to concrete

b

h
d

h/2

b

(n − 1)As

y

Figure 5: The transformed area concept.

the cross-sectional area of the steel is transformed into that of
concrete with equivalent axial stiffness as shown in Figure 5.
Applying this concept to beam members with rebar ratios
in Table 3 produced similar results with the experiment as
shown in Figure 6. It is confirmed that two transfer functions
from the experiment and numerical analysis show the good
agreement.

Figure 7 and Table 4 show the mode shapes and frequen-
cies of the experimental and analytic models. It is shown that
the difference errors of the first, second, and third frequencies
obtained from the simulatedmodelwith the consideration for
the stiffness of rebars are reduced from 16.91%, 17.90%, and
22.78% to 0.87%, 1.50%, and 2.40%, respectively.

The size of a mesh in finite element analysis influences
the accuracy [30, 31]. It is necessary to check whether the
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Figure 6: Comparisons of transfer functions from the experiment and numerical analysis.
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Figure 7: Comparison of the mode shapes obtained from the experimental and analytic models.
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Table 5: Comparison of natural frequencies from the prototype model and 1/2 scale model.

Mode 1/2 scale model Prototype model Ratio of response amplitude
1st 13.9 6.9 2.01
2nd 33.8 16.9 2
3rd 39.5 19.7 2
4th 78.5 39.7 1.97
5th 97.4 48.7 2
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Figure 8: Comparisons of response results from the prototype model and 1/2 scale model.

size of a mesh is appropriate. The fine mesh is employed to
investigate the local behaviors or the higher mode effects of a
structure. Otherwise, it is known that when global response is
of primary interest, the coarse-mesh model is attractive [32].
Because the mass participation factor of low-rise buildings
for the first mode is generally more than 90%, the coarse-
mesh model can be considered for the vibration analysis of
low-rise buildings. It was shown that the mass participation
factor of the first mode for the target structure used in this
study was 99.45% and the difference between the first natural
frequencies from the experimental and simulated results in
Table 4 was 0.87%. Because the acceptable error rate was
obtained, there was no necessity to modify the size of mesh
employed in this study. If it is necessary to improve the
accuracy of vibration analysis, the effects of the mesh size,
nonstructural components, and so on can be considered [25,
26, 30, 31].

5.2. Validation of Similitude. In order to validate the simil-
itude law used for designing and manufacturing the small-
scale model, we create an analytical model for the prototype
using the analytic technique suggested in Section 5.1. The
analytical model for the prototype is compared with the
small-scale analyticalmodel, which is validated by comparing
its results with that of the small-scale modeling experi-
ment, in order to validate the similitude law. The analytical

modeling technique that is applied to the small-scale analyti-
cal model and prototype analytical model is validated via the
data from scale modeling experiment, so it is thought that
verifying the similitude via a comparison of the two analytical
models is valid.The design data for the prototype is shown in
Table 2.

The comparison of the two analytical models is shown
in Table 5 and Figure 8. As shown in Table 1, if mass-based
scaling (similitude of 𝑆) is applied, the natural frequency of
the small-scale model should be 1/𝑆 of that of the prototype.
The results showed that the frequencies of a scalemodel that is
considered are double those of the prototype, signifying that
the mass-based similitude law is indeed valid.

6. Conclusion

As a preliminary study for the development of technology
for microvibration designs for cleanroom structures, this
study performed a scale modeling experiment and analytical
validation of the scaling. First, we manufactured a 1/2 small-
scale model for the unit modules of a cleanroom based on
the mass-based similitude law and tested the model for its
dynamic properties.The experimental results were compared
with those of the analysis to acquire an improved analytical
modeling.

During the process of fitting with the experimental
results, it was found that considering the contributions from
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the stiffness of the embedded reinforcement in the concrete
would generate more accurate analytical results. In other
words, microvibration response, which is considered highly
important in evaluating performance for high technology
facilities, is sensitive to the stiffness of each member of
the structure. Therefore, it is necessary that evaluations
of microvibration in high technology facilities take into
account the impact of reinforcement. Such analytical mod-
eling technique can contribute to improving the technology
for microvibration designs by validating various ideas and
examining the effects of design parameters.

Meanwhile, we compared the results produced by the
prototype analytical model and small-scale analytical model
for cleanroom unit modules to validate the mass-based
similitude law used in this study. The results were found to
be in line with theory. We expect these outcomes to be used
for reference in planning scale model experiments for high
technology facilities as well as other large structures in the
future.
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I investigate the vibration and buckling analysis of functionally graded material (FGM) structures, using a modified 8-node shell
element.The properties of FGM vary continuously through the thickness direction according to the volume fraction of constituents
defined by sigmoid function. The modified 8-ANS shell element has been employed to study the effect of power law index on
dynamic analysis of FGM plates with various boundary conditions and buckling analysis under combined loads, and interaction
curves of FGM plates are carried out. To overcome shear and membrane locking problems, the assumed natural strain method is
employed. In order to validate and compare the finite element numerical solutions, the reference results of plates based on Navier’s
method, the series solutions of sigmoid FGM (S-FGM) plates are compared. Results of the present study show good agreement with
the reference results. The solutions of vibration and buckling analysis are numerically illustrated in a number of tables and figures
to show the influence of power law index, side-to-thickness ratio, aspect ratio, types of loads, and boundary conditions in FGM
structures.This work is relevant to the simulation of wing surfaces, aircrafts, and box structures under various boundary conditions
and loadings.

1. Introduction

Functionally graded material (FGM) is a special kind of
composites in which the material properties vary continu-
ously and smoothly from one surface to the other. One of
the main advantages of FGM is that it mitigates acute stress
concentrations and singularities at intersections between
interfaces usually presented in laminated composites. Chung
and Chi [1] proposed a sigmoid FGM, which is composed
of two power law functions to define a new volume fraction
and indicated that the use of a sigmoid FGM can significantly
reduce the stress intensity factors of a cracked body. Recent
work on the bending, vibration, buckling, and transient
analysis of FGM plates can be founded in Han et al. [2, 3]
and Jung andHan [4]. Recently, the works on FGM and shear
deformation theories with the thickness stretching effect are
employed and developed by researchers (Belabed et al. [5],
Hamidi et al. [6], Lee et al. [7], and Han et al. [8]).

It should be noted that they only investigated structural
behaviors of simply supported FGM plates. Thus, needs exist
for the development of shell finite element which is simple

to use for vibration and buckling analysis FGM plates with
arbitrary boundary conditions.

When compressive loads are applied ontomost structures
including FGM plates, they tend to buckle or are subjected
to dynamic loads during their operation. Understanding the
natural frequency and buckling behavior is an important
issue fromdesign perspective. Consequently, numerous stud-
ies on vibration and buckling of various plates can be found in
literatures. For proper use of FGMplates as various structural
components, their dynamic and stability response should be
studied. To the best of the author’s knowledge, there are
no solutions for structural stability response of FGM plates
under combined compressive, tensile, and shear loads based
on shear deformation theory of plate.

Bucalem and Bathe [9] improved the MITC8 shell ele-
ments [10] and concluded that while it performed quite effec-
tively in some cases, in a few analyses the element presented a
very stiff behavior rendering. In 8-node shell element [11, 12],
the keeping of locking phenomena was found to continue
through numerical solutions on the standard test problem
of Macneal and Harder [13]. In order to improve the 8-node
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Figure 1: Kinematics of the first-order shear deformation theory.

ANS shell element, a new combination of sampling points is
adopted. Recently, Han et al. [14] presented modified 8-ANS
shell element using the new interpolation functions and com-
bination of sampling points for the assumed natural strain.

However, a few literatures have been found on the
dynamic analysis of FGM plates with various boundary
conditions and structural stability analysis under combined
compressive, tensile, and shear loads. In the present work
modified 8-ANS shell element has been employed to study the
effect of power law index on dynamic analysis of FGM plates
with various boundary conditions and buckling analysis
under combined compressive, tensile, and shear loads. To val-
idate the present 8-ANS shell element models, the numerical
examples are studied and compared with those results from
the references. The solutions of vibration and buckling
analysis are numerically illustrated in a number of tables and
figures to show the influence of power law index, side-to-
thickness ratio, aspect ratio, types of loads, and boundary
conditions in FGM structures.

2. Modified 8-ANS Finite Element

2.1. Kinematics of Shell. The displacement u of an arbitrary
point of the shell (see Figure 1) for the first-order shear
deformation theory can be expressed

u (𝜉𝛼) = u (𝜉𝛼) + 𝜉
3
𝜑 (𝜉𝛼) , (1)

where 𝜑 is vector of rotation at the midsurface of shell.
A three-dimensional Green’s strain tensor in the linear

case (infinitesimal strain theory) is given by

2𝐸
𝑖𝑗
= u
,𝑖
⋅ g
𝑗
+ u
,𝑗
⋅ g
𝑖
, (2)

where a comma ( )
,𝑖

= 𝜕/𝜕𝜉𝑖 is partial differentiation and
g
𝑖
is a triad of base vectors for the spatial coordinates 𝜉𝑖

at the surfaces (𝜉
3
= const.) parallel to the midsurface of

shell. If the displacement equation (1) is substituted into (2),
the strain-displacement relations are obtained. From these
strain-displacement relations, kinematics in different curvi-
linear coordinates can be acquired and expressed through the
physical components in the matrix form

E = BU, (3)

where U are physical components of displacement u and
rotation 𝜑 as follows:

U𝑇 = [𝑢
1
, 𝑢
2
, 𝑢
3
, 𝜙
1
, 𝜙
2
, 𝜙
3
] . (4)

The shell theory presented above is the so-called first-
order shear deformation theory with six degrees of freedom.

2.2. Various Enhanced Strain Interpolation Patterns. In this
study, the ordinary 8 nodes of Lagrangian displacement inter-
polations are used and the various combinations of assumed
natural strain interpolation functions are employed for the
very efficient 8-node shell element. Figure 2 shows various
patterns of sampling points that can be used for membrane,
in-plane shear, and out-of-plane shear strain interpolations
for the new 8-ANS finite element. Based on Figure 2, the 𝛽
pattern is used formembrane and the𝛿pattern and 𝛾∗

6
pattern

are used for in-plane and out-of-plane shear, respectively.The
interpolation functions by Polit et al. [16] are used in the 𝛾∗

6

patterns. In the 𝛾∗
6
patterns, the strain component of center

point is replaced by the mean of the components at points 𝑆
1

and 𝑆
2
(Bathe and Dvorkin, [10]).

3. Material Properties of the FGM

An FGM can be defined by the variation in the volume
fractions. In this paper, the sigmoid function is used for
FGM structures. The volume fraction using two power law
functions which confirm smooth distribution of stresses is
defined by

𝑉1
𝑓
(𝑡) = 1 −

1

2
(
ℎ/2 − 𝑡

ℎ/2
)
𝑝

for 0 ≤ 𝑡 ≤
ℎ

2
, (5a)

𝑉2
𝑓
(𝑡) =

1

2
(
ℎ/2 + 𝑡

ℎ/2
)
𝑝

for −
ℎ

2
≤ 𝑡 ≤ 0, (5b)

where subscripts 1 and 2 represent the twomaterials used and
𝑝 is the power law index, which indicates the material vari-
ation profile through the thickness. The material properties
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Figure 2: Four possible patterns of sampling points for 8-node ANS shell element.

of the S-FGM using the rule of mixture can be expressed as
follows:

𝐻(𝑡) = 𝑉1
𝑓
(𝑡)𝐻
1
+ (1 − 𝑉1

𝑓
(𝑡))𝐻

2
for 0 ≤ 𝑡 ≤

ℎ

2
, (6a)

𝐻(𝑡) = 𝑉2
𝑓
(𝑡)𝐻
1
+ (1 − 𝑉2

𝑓
(𝑡))𝐻

2

for −
ℎ

2
≤ 𝑡 ≤ 0.

(6b)

4. Equilibrium Equation

By using virtual work principle, the equilibrium equation
is obtained based on the membrane (N), bending (M), and
transverse shear resultant forces (Q) as follows:

∫(𝛿 (𝐸𝑚
𝛼𝛽
)
𝑇

N + 𝛿 (𝐸𝑏
𝛼𝛽
)
𝑇

M + 𝛿 (𝐸𝑠
𝛼3
)
𝑇Q)𝑑𝐴

≡ 𝛿u𝑇K
𝐿
u = ∫ f ⋅ 𝛿u 𝑑𝑉,

(7)
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Table 1: Results of patch test under bending, shear, and tension.

Patch tests Bending Shear Tension

Reference solutions 𝜃
𝑦
=

𝑀𝐿

𝐸𝐼
= 0.12 × 10−4 𝑤 =

6𝑆𝐿

5𝐺𝐴
= 0.312 × 10−5 𝑢 =

𝑇𝐿

𝐸𝐴
= 1.0 × 10−6

Normalized solutions 1.000 1.000 0.992

where 𝐸𝑚
𝛼𝛽
, 𝐸𝑏
𝛼𝛽
, and 𝐸𝑠

𝛼3
are membrane, bending, and

transverse shear strain components, K
𝐿
is the linear stiffness

matrix, and f is the body force.

5. Buckling and Vibration Analysis

When the equation is employed to estimate buckling loads,
the stability condition may be simplified by

K
𝐿
u𝑎 + 𝜆crGu

𝑎 = 0, (8)

where u𝑎 is the vector of the nodal value of the displacements,
𝜆cr is the buckling load parameter and denotes the propor-
tional increase in load needed to reach neutral equilibrium,
andG is the geometric stiffnessmatrix. Applying to the struc-
ture a reference loading 𝑁ref and carrying out a generalized
linear static analysis, (8) represents the standard eigenvalue
problem. The lowest eigenvalue 𝜆cr in (8) is associated with
buckling load. Therefore, the buckling load can be obtained
by

𝑁cr = 𝜆cr𝑁ref . (9)

The consistent mass is used to formulate the mass matri-
ces for the FGM shell element.Themassmatrix is determined
using interpolation functions as follows:

𝑀 = ∫
𝑉

𝜌𝑁𝑇𝑁𝑑𝑉, (10)

where𝑁 is a matrix of shape functions.
Unlike (8), the governing equations of motion for free

vibration analysis are of the form

K
𝐿
u𝑎 +𝑀ü𝑎 = 0, (11)

where the superposed dot denotes differentiation with
respect to time.

6. Numerical Results

6.1. Patch Test. Firstly, the patch tests proposed by Simo et
al. [15] are investigated. In Figure 3, the boundary conditions
and loading types are presented, simultaneously.The normal-
ized solutions of nodal displacements on the right edges are
shown in Table 1. The nondimensional form is expressed as
follows:

Normalized solution =
Present solution

Reference solution
. (12)

6.2. Vibration Analysis

6.2.1. Simply Supported Rectangular FGM Plate. To validate
the present 8-ANS finite element with FGM, a sigmoid FGM
plate with geometrical properties is shown in Figure 4. The
material properties are given by

𝐸
1
= 151 × 109 Pa,

𝜌
1
= 3000 kg/m3,

𝐸
2
= 70 × 109 Pa,

𝜌
2
= 2707 kg/m3,

]
1
= ]
2
= 0.3,

(13)

where 𝐸
1
, 𝜌
1
, ]
1
and 𝐸

2
, 𝜌
2
, ]
2
express the property of the top

and bottom faces of the plate, respectively. Equation (13) is
used in computing the numerical values of all cases.

The nondimensional form of the results is defined by

𝜛 = 𝜛(
𝑎2

ℎ
√

𝜌
1

𝐸
2

) . (14)

Table 2 shows the nondimensional natural frequency of
S-FGM simply supported plates for convergence test. It is
noticed that present 8-ANS finite element shows an excellent
agreement to the result by analytical solution.

It is shown that the natural frequency of pure metal plate
is smaller than that of pure ceramic plate in Table 3. The
natural frequencies of the functionally graded material plates
are intermediate to that of the metal and ceramic plates.
Table 3 shows that numerical results of vibration analysis are
reduced by increasing the power law 𝑝.

Table 4 shows the numerical results of FGM plate for
which 𝑝 = 10. In this example, the natural frequency is
normalized with respect to the plate width 𝑎, thickness ℎ,
density 𝜌

1
, and elastic modulus 𝐸

2
for various rectangular

plate aspect ratios. As the plate aspect ratio increases, the
natural frequency reduces and approaches 3.69.

6.2.2. FGM Plate with Arbitrary Edges. For convenience,
a four-letter notation is used to describe the boundary
conditions of the edges (see Figure 5). For example, CFSF
indicates that first edge is clamped (C), second edge is free
(F), third edge is simply supported (S), and the last is free (F).
The natural frequencies of FGM CFFF plates are investigated
and presented in Table 5. The results are expressed in the
nondimensional form using (15). Numerical results show that
the natural frequencies are reduced by increasing the power
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Table 2: Normalized nondimensional natural frequency of S-FGM plate (power law index: 𝑝 = 10).

Nodes per side 4-node shell element (see [2])b Ratio ([2]/exact) Present Ratio (present/exact)
5 8.076 1.105 7.717 1.056
9 7.517 1.029 7.351 1.006
17 7.366 1.008 7.323 1.002
33 7.329 1.003 — —
Analytical solutiona 7.307 — — —
aResult is computed using Navier’s method with first-order shear deformation theory, independently.
bResults are computed using the quasi-conforming 4-ANS finite element, independently.
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Figure 3: Mesh for patch test (Simo et al. [15]). Length of the square 𝐿 = 10; Young’s modulus 𝐸 = 1.0 × 107; Poisson’s ratio ] = 0.3; and
thickness ℎ = 1.0 and boundary displacement conditions for patch tests.

law index 𝑝. The results also confirm that power law index
has significant effect on the dynamic response of FGM plates:

𝜛 = 𝜛(
𝑎2

ℎ
√

𝜌
1

𝐸
2

) × 10. (15)

In Table 6, the natural frequencies of FGM plates with
arbitrary boundary conditions are presented. Four arbitrary
values of the power law index 𝑝 are examined. As expected,

results show that the natural frequencies are reduced by
increasing the power law index 𝑝.

Based on present study, comprehensive results of natural
frequency of FGM plates are also illustrated in Figure 7 for
different boundary conditions. In each boundary condition,
five different power law indices are considered. In Figure 8,
two different values of side-to-thickness ratio are examined.
In addition, five arbitrary values of the power law index are
examined.These new results can be used for comparisonwith
further FG plate models.
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Table 3: Nondimensional natural frequency of simply supported FGM plates (𝑎/ℎ = 100).

Material
parameter (𝑝) Navier solution

Mode number
1 2 3

Ref. [2] Present Ref. [2] Present Ref. [2] Present
Pure ceramic 8.992a 9.041a 8.772 22.705a 21.940 22.705a 21.940
𝑝 = 1 7.518 7.555 7.526 18.992 18.819 18.993 18.820
𝑝 = 2 7.419 7.457 7.430 18.745 18.575 18.747 18.576
𝑝 = 5 7.333 7.373 7.348 18.533 18.365 18.535 18.367
𝑝 = 10 7.307 7.348 7.323 18.470 18.302 18.472 18.304
Pure metal 6.123a 6.148a 6.287 15.459a 15.726 15.459a 15.726
aResults are calculated by 𝜌 = (𝜌

1
+ 𝜌
2
)/2.

z
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Figure 4: Geometry of FGM plates.
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Figure 5: Geometry of FGM cantilever plates.

6.3. Buckling Analysis

6.3.1. Simply Supported Rectangular FGM Plate. For valida-
tion, the stability analysis results of S-FGM simply supported
plates (see Figure 4) using Navier’s method are compared
with present 8-ANS finite element. The material properties
and nondimensional form are used as shown in Section 6.2.1
and (14), respectively. It is shown that the pure ceramic plate
has the largest buckling load and the pure metal plate has the

Table 4: Nondimensional fundamental frequency of simply sup-
ported FGM plates with various aspect ratio (𝑝 = 10).

Solutions Aspect ratio (𝑏/𝑎)
0.5 2.0 5.0 10.0

Navier solution 18.258 4.568 3.800 3.691
Ref. [2] 18.346 4.593 3.817 3.706
Present 18.276 4.577 3.803 3.692

y

x
x

a

b

Nxy Nx (+) Nx(−)

Figure 6: FGM cantilever plates under combined loads.

smallest one in Table 7.The buckling loads of the FGM plates
are intermediate to that of the metal and ceramic plates.

The buckling loads versus the plate aspect ratio are
presented in Table 8. There, for large plate aspect ratios (i.e.,
𝑏/𝑎 ≥ 2.0), the plate buckles into a single half wave in the 𝑥-
direction. As the plate aspect ratio decreases, the plate buckles
with increasing half waves in the 𝑥-direction.

6.3.2. FGM Cantilever Plate. In Table 9, the stability analysis
results of S-FGM cantilever plates (see Figure 6) with various
aspect ratio are presented. The results are presented in
the nondimensional form. Numerical results show that the
buckling loads are reduced by increasing the power law
index 𝑝. The results also confirm that power law index has
significant effect on the buckling loads of FGM cantilever
plates.The stability analysis results of S-FGMcantilever plates
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Table 5: Nondimensional natural frequency of FGM CFFF plates (𝑎/ℎ = 100).

Material
parameter (𝑝)

Mode number
1 2 3 4

Ref. [2] Present Ref. [2] Present Ref. [2] Present Ref. [2] Present
Pure ceramic 15.814a 15.430 38.767a 37.780 97.148a 94.570 124.28a 120.80
𝑝 = 1 13.222 13.228 32.415 32.389 81.236 81.074 103.92 103.56
𝑝 = 2 13.047 13.052 31.986 31.960 80.166 80.000 102.54 102.19
𝑝 = 5 12.896 12.901 31.617 31.590 79.244 79.073 101.36 101.00
𝑝 = 10 12.851 12.856 31.507 31.480 78.969 78.797 101.01 100.65
Pure metal 10.767a 11.060 26.395a 27.079 66.144a 67.785 84.615a 86.584
aResults of [2] are calculated by 𝜌 = (𝜌

1
+ 𝜌
2
)/2.

Table 6: Nondimensional natural frequency of FGM plates (𝑎/ℎ = 100).

Material parameter (𝑝) Boundary conditions
CFFF SSFF SSSS CCFF CCSS

Pure ceramic 15.430 54.302 87.718 98.502 128.59
𝑝 = 1 13.228 46.643 75.264 84.446 110.25
𝑝 = 2 13.052 46.078 74.304 83.327 108.79
𝑝 = 5 12.901 45.591 73.478 82.364 107.53
𝑝 = 10 12.856 45.446 73.231 82.077 107.15
Pure metal 11.060 38.922 62.873 70.603 92.176

Table 7: Nondimensional buckling loads of FGM simply supported
plates (𝑁cr = 𝑁cr𝑏

2/𝐸
2
ℎ3).

Material parameter (𝑝) Navier solution Ref. [2] Present
Pure ceramic 7.794 7.828 7.797
𝑝 = 1 5.448 5.484 5.466
𝑝 = 2 5.305 5.346 5.331
𝑝 = 5 5.183 5.229 5.216
𝑝 = 10 5.147 5.195 5.182
Pure metal 3.613 3.629 3.615

Table 8: Nondimensional buckling loads of FGM simply supported
plates (𝑁cr = 𝑁cr𝑏

2/𝐸
2
ℎ3, 𝑝 = 10).

Solutions Aspect ratio (𝑏/𝑎)
0.5 2.0 5.0 10.0

Navier solution 5.138 8.043 34.800 131.28
Ref. [2] 5.211 8.127 34.969 131.87
Present 5.165 8.110 34.859 131.37

under various loading types are investigated in Table 10. As
expected, numerical results show that the buckling loads are
reduced by increasing the power law index𝑝 and also confirm
that loading types have very significant effect on the buckling
loads of FGM cantilever plates.

Based on present study, comprehensive results of buck-
ling loads of FGM plates under combined loads are also
illustrated in Figures 9 and 10 for CFFF boundary conditions.
The influence of in-plane load direction on the relationship
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Figure 7: Effect of power law index on the nondimensional natural
frequency of FGM plate with arbitrary edges.

between critical shear and in-plane loading is studied, when
acting in combination. It is noticed that the tension may pro-
duce positive stiffness and the FGM plate becomes stronger
than when it is subjected to compression.

In Figure 10, the natural frequencies of FGM plates under
combined loading are investigated. Four arbitrary values of
the power law index 𝑝 are examined. As expected, results
show that the buckling loads are increased by decreasing the
power law index 𝑝.
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Table 9: Nondimensional buckling loads of FGM plates (𝑁cr = (𝑁cr𝑏
2/𝐸
2
ℎ3) × 10).

Material
parameter (𝑝)

Aspect ratio (𝑏/𝑎)
1 2 5 10

Ref. [2] Present Ref. [2]∗ Present Ref. [2]∗ Present Ref. [2]∗ Present
Pure ceramic 4.693 4.679 9.551 19.040 24.160 120.75 48.449 485.42
𝑝 = 1 3.281 3.271 6.677 13.310 16.890 84.411 33.872 339.32
𝑝 = 2 3.194 3.185 6.501 12.959 16.445 82.185 32.981 330.38
𝑝 = 5 3.121 3.111 6.351 12.660 16.067 80.293 32.224 322.77
𝑝 = 10 3.099 3.090 6.307 12.572 15.955 79.733 32.000 320.52
Pure metal 2.176 2.169 4.428 8.8265 11.200 55.979 22.460 225.03
∗Results of [2] are calculated by𝑁cr = (𝑁cr𝑎

2

/𝐸
2
ℎ
3

)(𝑏/𝑎) × 10.

Table 10: Nondimensional buckling loads of FGM plates (𝑁cr = (𝑁cr𝑏
2/𝐸
2
ℎ3) × 10).

Material parameter (𝑝)
Types of combined loading

Compression Shear + comp. Pure shear Shear + tension
Present Present Present Present

Pure ceramic 4.679 4.279 15.135 95.116
𝑝 = 1 3.271 2.991 10.580 66.495
𝑝 = 2 3.185 2.912 10.302 64.745
𝑝 = 5 3.111 2.845 10.065 63.257
𝑝 = 10 3.090 2.826 9.9946 62.816
Pure metal 2.169 1.984 7.0163 44.094
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Figure 8: Effect of power law index on the nondimensional natural
frequency of CCFF FGM plate with variation of side-to-thickness
ratio.

7. Concluding Remarks

The natural frequency and buckling response have been
studied for FGM plates. Extensive results obtained from
computations refer to different loading, different geometry,
different boundaries, and different power law indices. The
advanced finite element analysis based on the modified 8-
node ANS formulation shows the significance of various
boundary conditions and loading conditions for FGM plates.
From this study, a number of conclusions have been founded.
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Figure 9: Buckling load of FGM plates: combined compressive,
tensile, and shear loading.

(1) It is shown that the natural frequencies are reduced
by increasing the power law index 𝑝. The results also
confirm that power law index has significant effect on
the dynamic response of FGM plates.

(2) Dynamic response of FGM plates is affected by its
boundary conditions. Clamped edges always produce
a higher performance of the FGM plates than simply
supported edges.

(3) It is noticed that the tension may produce positive
stiffness and the FGM plate becomes stronger than
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Figure 10: Buckling load of FGM plates with various power law
index: combined compressive and shear loading.

when it is subjected to compression. For combined
shear and compressive loading the stability envelopes
are symmetric about the line𝑁

𝑥𝑦
.

(4) The suitable selection of sampling point used in ANS
method is very important for vibration and buckling
behavior of FGM plates. It is noticed that locking
phenomenon occurs in the results of reference when
the plates become very thin. This phenomenon may
lead us to a conclusion that the suitable selection of
sampling points prevents the locking problem from
occurring in vibration and buckling analysis of either
thick FGM plates or very thin ones.

In order to design the FGM plates under the in-plane shear
loading, the present formulation and results may serve as
benchmark for future guidelines and may be extended to
dynamic instability analysis of various FGM structures. The
numerical results of present study may serve as benchmark
for future guidelines in designing FGM plates under com-
pressive, tension, shear, and combined loading with arbitrary
boundary conditions. Also, the present theory should provide
engineers with the capability for the design of various FGM
plates and shells.
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Based on the finite element software ABAQUS and graded element method, we developed a dummy node fracture element, wrote
the user subroutines UMAT and UEL, and solved the energy release rate component of functionally graded material (FGM) plates
with cracks. An interface element tailored for the virtual crack closure technique (VCCT) was applied. Fixed cracks and moving
cracks under dynamic loads were simulated. The results were compared to other VCCT-based analyses. With the implementation
of a crack speed function within the element, it can be easily expanded to the cases of varying crack velocities, without convergence
difficulty for all cases. Neither singular element nor collapsed element was required. Therefore, due to its simplicity, the VCCT
interface element is a potential tool for engineers to conduct dynamic fracture analysis in conjunction with commercial finite
element analysis codes.

1. Introduction

Functionally graded materials (FGMs) are composites
formedof two ormore constituent phaseswith a continuously
variable composition. They are attractive in potential
applications owing to their numerous advantages, including
the reduction of in-plane and transverse through-the-
thickness stresses and stress intensity, and the improvement
in residual stress distribution, thermal properties, and
fracture toughness. There are a number of reviews dealing
with various aspects of FGMs in recent years [1–3]. For
instance, an embedded crack in an orthotropic FGM layer
is considered in the case of mechanical loading [4]. Diverse
areas relevant to the theory and applications of FGMs are
reflected in [5], including homogenization of particulate
FGM, heat transfer, stress, stability and dynamic analyses,
manufacturing and design, applications, and fracture. Many
aspects of FGMs such as free vibration [6], shear deformation
[7], thermal buckling [8], and stress intensity factor [9] have
been investigated. Moreover, the fracture toughness of

functionally graded (FG) sections is of interest especially
for a material with elastic behavior [10, 11]. Using a plate
bending finite element based on FOST, Singha et al. studied
the nonlinear behaviors of FG plates under transverse load,
considering the physical/exact neutral surface position and
assuming the power law gradation of material properties in
the thickness direction [12]. Isogeometric analysis was also
very promising to be applied to a wide range of practical
mechanics problems such as laminated composite and
sandwich plates based on inverse trigonometric shear
deformation theory, functionally graded plates based on
generalized shear deformation theory [13]. Until now, FGM is
one predominant mode of material and has been investigated
extensively.

In recent years, there are growing concerns on how
cracked functional material body responds to collision under
impulse loading. To accurately evaluate the fracture mechan-
ics under dynamic loading, researchers proposed dynamic
fracture parameters, such as dynamic stress intensity factor
(DSIF) and strain energy release rate (SERR). The dynamic
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fracture parameter of simple geometric model, ideal material
model, or special load model can be determined by the
analytical method. However, this method is not applica-
ble to complex structure or boundary conditions, and its
experimental measurements are very expensive and time-
consuming. Nevertheless, this type of problems can be well
resolved by numerical calculations.

At present, the finite element method (FEM) is widely
used for fracture analysis in FGMs. For instance, a pair of
FEM-based elastodynamic contour integrals was developed
to calculate the elastodynamic asymptoticmixed-mode stress
field for plane elastic materials containing a stationary notch
tip [16]. Graded finite elements can be used in fracture anal-
ysis in FGMs where the elastic moduli are smooth functions
of spatial coordinates, which are integrated into the element
stiffness matrix. The stress intensity factors for mode I and
mixed-mode two-dimensional problems can be compara-
tively evaluated through three FGMs-tailored approaches:
path-independent J-integral, modified crack closure integral,
and displacement correlation [17]. The feasibility of FEM in
cracked or uncracked FGM plates was studied. The J contour
integral of ABAQUS was used to calculate stress intensity
factors for an edge crackedFGMplate [18].Matthews used the
finite element analysis (FEA) for large displacement J-integral
test to analyze mode I interlaminar fracture in composite
materials [19]. The dynamic crack tip fields were determined,
and the crack propagation of anisotropic materials was also
characterized [20]. These previous works are important;
however, they only focus on the dynamic cracks of isotropic
and orthotropic materials, but not on the direction of crack
propagation.

The methods used to resolve the fracture parameters
include J-integral, M-integral, extrapolation, and virtual
crack closure technique (VCCT). Among all fracture param-
eters, SERR is used increasingly in conjunction with linear
elastic fracture mechanics (LEFM) and can be computed by
VCCT together with FEA. VCCT requires a preexisting crack
with a sharp neat tip within a material for crack initiation as
well as conditions of small-scale yield to hold. With material
nonlinearity at the crack tip (small process zone) ignored,
LEFM-based approaches were proven effective in predicting
crack initiation and subsequent growth [21, 22].

VCCT was proposed for 2D crack configurations [23]
and extended to 3D-VCCT later [24]. Recently, the VCCT
formulation for kinking cracks was proposed [25]. Krueger
summarized historical developments and discussed different
applications [26]. Combining 2D-VCCT and FEA, Sun and
Qian compared the SERRs of interfacial cracks between two
isotropic materials [27]. As reported, the SERRs for the
delamination between the face sheet and the core material
of sandwich structures were calculated [28, 29]. Glaessgen
et al. calculated SERRs to evaluate the suppressing effect
of stitching on debonding [30]. VCCT was also applied to
electronic packaging [31–33]. Leski used VCCT to study the
interface crack propagation [34]. Ramu used a differential
transform method (DTM) to study free transverse vibra-
tion of isotropic rectangular plates resting on a Winkler
foundation [35]. Modified crack closure integral technique
was extended to the element-free Galerkin method [36].

A cohesive theory assumes the presence of a process zone
in front of the crack tip whose fracture properties consist
of upper and lower surfaces controlled by the cohesive
traction-displacement discontinuity relationship and allows
non-self-similar crack propagation [37]. An automated frac-
ture procedure implemented in the large-scale, nonlinear,
and explicit, finite element code DYNA3D can be used to
simulate dynamic crack propagation in arbitrary directions
[38]. Manolis et al. used boundary element method (BEM) to
analyze the dynamic fracture of a smoothly inhomogeneous
and defective plane [39]. Solving crack growth problems,
the recent approach on smoothed finite element methods
is really a good candidate [40, 41]. The DSIF around the
antiplane crack in an infinite strip FGMunder impact loading
was investigated [42]. FG cracked plates under different
loads and boundary conditions were numerically simulated
using NURBS-based XIGA [43]. XIGA has been applied to
stationary and propagating cracks in 2D [44], plastic collapse
load analysis of cracked plane structures [45], and cracked
plate/shell structures [46].

At present, the emerging computing method is strongly
pertinent, nonversatile, and difficult to promote. Analysis of
dynamic crack problems based on secondary development
of ANSYS, ABAQUS, and so on is mainly focused on
homogeneous materials, but it should be further expanded
into FGMs.

In this study, based on the commercial FEA software
ABAQUS and graded element method, we developed a
dummy node fracture element, wrote the user subroutines
UMAT and UEL, and solved the energy release rate compo-
nent of cracked FGM plates.

2. FGMs

FGMs are often formed by two or more materials whose
volume fractions change continuously along certain dimen-
sions of the structure (Figure 1) [22]. The effective moduli
of two constituents are homogenized by the rule of mixture
or the Mori-Tanaka models which are used to evaluate
the effective elastic properties of the grade composite. The
effective property is expressed by a power law of volume
fraction exponent as follows:

𝑀(𝑧) = 𝑀
𝑚
𝑉
𝑐
+ 𝑀
𝑐
𝑉
𝑚
; 𝑉
𝑚

= 1 − 𝑉
𝑐

(1)

𝑉
𝑐
= (0.5 +

𝑧

ℎ
)

𝑛

(−
ℎ

2
≤ 𝑧 ≤

ℎ

2
, 0 ≤ 𝑛 ≤ ∞) , (2)

where subscripts 𝑚 and 𝑐 refer to the metal and ceramic
components, respectively; 𝑧 is the thickness coordinate and
varies from −ℎ/2 to ℎ/2; 𝑛 is the power law index; 𝑀

𝑚
and

𝑀
𝑐
denote the material properties of ceramic and metal,

respectively, including Young’s modulus, Poisson’s ratio, and
density. Equation (1) denotes the volume fraction variation
versus nondimensional thickness (𝑧/ℎ) with different 𝑛.
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Figure 1: NiCoCrAlY functionally graded material [14].
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2
FGM plate computed by the rule of mixture (in solid line) and the Mori-Tanaka model (in dash

dot line) [15].

However, the rule of mixture does not reflect the interac-
tions among the twomaterials [47, 48].Meanwhile, theMori-
Tanaka model [49] is assumed to calculate their interactions
through the effective bulk and shear modulus given by

𝐾
𝑒
− 𝐾
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.

(3)

The effective Youngmodulus 𝐸
𝑒
and Poisson’s ratio V

𝑒
are,

respectively, now written as

𝐸
𝑒
=

9𝐾
𝑒
𝜇
𝑒

3𝐾
𝑒
+ 𝜇
𝑒

,

V
𝑒
=

3𝐾
𝑒
− 2𝜇
𝑒

2 (3𝐾
𝑒
+ 𝜇
𝑒
)
.

(4)

Figure 2 illustrates comparison of the effective Young
modulus of Al/ZrO

2
FGM plate calculated by the rule of

mixture and the Mori-Tanaka scheme via the power index
𝑛. Note that with homogeneous material the two models
produce the same values. For inhomogeneous material, the
effective property through the thickness of the former is



4 Advances in Materials Science and Engineering

y

x

X

Y
3

1

4

2

5

Δa

Δc

𝜃

𝜃

Crack
element

Figure 3: Fracture dummy node element.

higher than that of latter.Moreover, increasing in power index
𝑛 leads to decrement of the material property due to the
rise of metallic volume fraction. In this paper the power law
distribution of constituent materials along the plate thickness
is assumed, and the effective homogeneous properties are
calculated by the rule of mixture [15].

Graded elements were implemented by directly sampling
the properties at theGauss points of each element [50, 51].The
graded finite element stiffness matrix relations can be written
as follows [52]:

K𝑒U𝑒 = F𝑒, (5)

where U𝑒 is a nodal displacement vector, F𝑒 is a load vector,
and

K𝑒 = ∫

𝑒

Ω

(B𝑒)𝑇D𝑒 (x)B𝑒𝑑Ω
𝑒

, (6)

where B𝑒 is the strain-displacement matrix which contains
the gradients of the interpolating functions; D𝑒(x) is a
constitutive matrix variable; Ω𝑒 is the domain of element 𝑒.
In the present work, the elasticity matrix D𝑒(x) = D𝑒(𝑥, 𝑦)
was assumed to be a function of spatial coordinates.

The integral in (6) was evaluated by Gauss quadrature,
and D𝑒(x) was specified at each Gaussian integration point.
Thus the integral for two-dimensional problems becomes

K𝑒 =
𝑛

∑

𝑖=1

𝑛

∑

𝑖=1

(B𝑒)𝑇D𝑒 (x)B𝑒 𝐽𝑖𝑗

𝑤
𝑖
𝑤
𝑗
, (7)

where the subscripts 𝑖 and 𝑗 refer to the Gaussian integration
points, |𝐽

𝑖𝑗
| is the determinant of the Jacobian matrix, and 𝑤

𝑖

is the Gaussian weight.
D𝑒(x) can be determined by interpolation, wherein the

elastic modulus 𝐸 and Poisson’s ratio ] can be expressed as

𝐸 =

𝑚

∑

𝑖=1

𝑁
𝑖
𝐸
𝑖
,

] =

𝑚

∑

𝑖=1

𝑁
𝑖
]
𝑖
,

(8)

where𝑁
𝑖
is the shape function of FEM.

This part was written by UMAT in ABAQUS�. The
file .inp should include the following statements:

∗MATERIAL, NAME=FGM
∗Depvar

1,

∗User Material, constants=2

200000., 0.3

where 200000 and 0.3 are the initial values of 𝐸 and ],
respectively.

3. VCCT Interface Element

Figure 3 shows the definition andnode numbering of a typical
VCCT interface element for 2D fracture problems.Thedetails
for the VCCT interfacial element can be found in [36–38].
Specifically, each element has five nodes. Such an element is
placed in a way that nodes 1 and 2 are located at the crack tip,
while nodes 3 and 4 are behind and node 5 is ahead of the
crack tip. The element contains two sets of nodes: a top set
(nodes 1, 3, and 5) and a bottom set (nodes 2 and 4). A very
stiff spring is placed between nodes 1 and 2 to compute the
crack tip nodal forces as follows:

𝐹
𝑥
= 𝐾
𝑥
(𝑢
1
− 𝑢
2
) ,

𝐹
𝑦
= 𝐾
𝑦
(V
1
− V
2
) ,

(9)

where (𝑢
1
, V
1
) and (𝑢

2
, V
2
) are the displacement components

of nodes 1 and 2, respectively, under the global coordinate
system (𝑋, 𝑌); 𝐾

𝑥
and 𝐾

𝑦
are the 𝑋- and 𝑌-direction spring

stiffness, respectively. Initially, they are assigned with large
numbers [37], but once the crack is predicted to grow, they
are set to zero.

Dummynodes 3, 4, and 5 donot contribute to the stiffness
matrix and are introduced only to extract the information
of displacement opening behind the crack tip and the crack
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jump length ahead of the crack tip. For nodes 3 and 4 behind
the crack tip, the displacement openings are

Δ𝑢 = 𝑢
3
− 𝑢
4
,

ΔV = V
3
− V
4
,

(10)

where (𝑢
3
, V
3
) and (𝑢

4
, V
4
) are the displacement components

of nodes 3 and 4, respectively, under the global coordinate
system (𝑋,𝑌). Therefore, the crack jump length, which is the
distance between nodes 1 and 5, is calculated as follows:

Δ𝑎 = √(𝑥
5
− 𝑥
1
)
2

+ (𝑦
5
− 𝑦
1
)
2

, (11)

where (𝑥
1
, 𝑦
1
) and (𝑥

5
, 𝑦
5
) are the global coordinates of nodes

1 and 5, respectively. If they are updated at each step, the crack
orientation is also updated.This is of particular interest when
large deformation cannot be neglected [45].

In order to separate the fracture modes (modes I and II),
we computed the SERRs (𝐺I and𝐺II) with respect to the local
coordinate system (𝑥, 𝑦) attached to the crack tip as shown in
Figure 1. The included angle between 𝑋 and 𝑥 is determined
as follows:

cos 𝜃 =
𝑥
5
− 𝑥
1

Δ𝑎
,

sin 𝜃 =
𝑦
5
− 𝑦
1

Δ𝑎
.

(12)

Then the nodal forces and the displacement openings in
(9) and (10) are projected into the local coordinate system
(𝑥, 𝑦) as follows:

𝐹
𝑥
= 𝐹
𝑥
cos 𝜃 + 𝐹

𝑦
sin 𝜃,

𝐹
𝑦
= −𝐹
𝑥
sin 𝜃 + 𝐹

𝑦
cos 𝜃,

Δ𝑢 = Δ𝑢 cos 𝜃 + ΔV sin 𝜃,

ΔV = −Δ𝑢 sin 𝜃 + ΔV cos 𝜃.

(13)

Based on 2D-VCCT, the SERRs can be approximated as
follows:

𝐺I =
𝐹
𝑦
ΔV

2𝐵Δ𝑎
,

𝐺II =
𝐹
𝑥
Δ𝑢

2𝐵Δ𝑎
,

(14)

where 𝐵 is the body thickness.
For the fixed crack problem under dynamic loading,

the relationship between DSIF 𝐾
dyn
I (𝐾dyn

II ) and SERR 𝐺
dyn
I

(𝐺dyn
II ) is expressed as follows:

𝐾
dyn
I (𝑡) = sign (𝐹

𝑦
)√𝐸𝐺

dyn
I (𝑡),

𝐾
dyn
II (𝑡) = sign (𝐹

𝑥
)√𝐸𝐺

dyn
II (𝑡),

(15)

where plane stress 𝐸 = 𝐸
tip; plane strain 𝐸 = 𝐸

tip
/(1− (]tip)2);

𝐸
tip and ]tip are the modulus of elasticity and Poisson’s ratio

in the crack tip, respectively.

This part was written by UEL in ABAQUS. The .inp file
should include the following statements:

∗USER ELEMENT, NODES=5, TYPE=U600, PROP-
ERTIES=3, COORDINATES=2, VARIABLES=9
1,2
∗ELEMENT, TYPE=U600, ELSET=CRACKTIP
60001, 13, 9013, 12, 9014, 14
∗UEL PROPERTY, ELSET=CRACKTIP
200.0E6, 200.0E6, <B>

In the above statements, 60001 is the element number;
13, 9013, 12, 9014, and 14 are the node numbers, 200.0E6,
200.0E6, and <B> are the 𝑥-direction spring stiffness, 𝑦-
direction spring stiffness, and thickness of the plate, respec-
tively.

For dynamic running cracks with constant velocity 𝐶,
theirDSIFs are related to the corresponding SERRs as follows:

𝐾
dyn
I (𝐶) = √

2𝜇
tip

𝐴 I (𝐶)
𝐺
dyn
I (𝐶),

𝐾
dyn
II (𝐶) = √

2𝜇
tip

𝐴 II (𝐶)
𝐺
dyn
II (𝐶),

(16)

where 𝜇 is shear modulus. The crack speed functions are

𝐴 I (𝐶) =

𝛽
1
(1 − 𝛽

2

2
)

𝐷 (𝐶)

𝐴 II (𝐶) =

𝛽
2
(1 − 𝛽

2

2
)

𝐷 (𝐶)
,

(17)

where

𝛽
2

1
= 1 −

𝐶
2

𝐶
2

𝑑

,

𝛽
2

2
= 1 −

𝐶
2

𝐶2
𝑠

,

𝐷 (𝐶) = 4𝛽
1
𝛽
2
− (1 + 𝛽

2

2
)
2

,

(18)

where

𝐶
𝑑
= √

(𝜅
tip

+ 1) 𝜇
tip

(𝜅tip − 1) 𝜌tip
,

𝐶
𝑠
= √

𝜇
tip

𝜌tip
,

(19)

where𝐶
𝑑
is the dilatational speed;𝐶

𝑠
is the shear wave speed;

𝜅
tip = 3 − 4]tip for plane strain which is the case in examples

2 and 3; 𝜌tip is material density at the crack tip.
The above procedure for the VCCT interface element

regarding dynamic crack propagation was implemented into
ABAUQUS with its user subroutine UMAT and UEL. DSIFs
are directly outputted throughABAQUS state variable “SDV”
and thus can be determined simultaneously during FEA on
ABAQUS without any postprocessing.
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Figure 4: Center-crack functionally graded plate under impact
loading.

This part was written by UEL in ABAQUS. The .inp file
should include the following statements:

∗USER ELEMENT, NODES=5, TYPE=U600, PROP-
ERTIES=11, COORDINATES=2, VARIABLES=9
1,2
∗ELEMENT, TYPE=U600, ELSET=CRACKTIP
60001, 13, 9013, 12, 9014, 14
∗UEL PROPERTY, ELSET=CRACKTIP
74.588E12, 74.588E12, <B>, 0.0, <C>, 0.0, 2, 0.0, 32.0,
12.8, 44.8

In the above statements, 0.0, <C>, and 0.0, 2 are the
amount of crack propagation, speed of crack propagation,
initial crack length, and number of propagation steps; 0.0
and 32.0 are the 𝑥- and 𝑦-direction coordinates of the initial
crack, respectively; 12.8 and 44.8 are the 𝑥- and 𝑦-direction
coordinates of the final crack, respectively.

4. Numerical Results

4.1. Example 1. The rectangular panel with a central crack is
the first example of a convergence study in this field.As shown
in Figure 4, two FGMs Y-TZP and 𝛾-TiAl were used. The
components were subjected to (1)-(2), where the shape factor

o

𝜎
(t

)

𝜎0 = 0.4GPa

t

Figure 5: Heaviside step function type impulsive loading.
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Figure 6: The convergence of the normalized DSIFs 𝐾I at 𝑡 = 7 𝜇s.

𝑛 = 0, 0.2, 0.5, 1.0, and 5.0 and the elasticmoduli of Y-TZP and
𝛾-TiAl are 𝑀

𝑚
= 200GPa and 𝑀

𝑐
= 186GPa, respectively;

Poisson’s ratios ] of two materials are both 0.3 and the mass
density 𝜌= 5× 103 kg/m3.The load form is plotted in Figure 5,
the amplitude 𝜎

0
= 0.4GPa, undamped.

In order to study the convergence of the present method,
a discrete model of four grids (I: 100 × 200 elements, II:
200 × 400 elements, III: 400 × 800 elements, and IV: 500
× 1000 elements) is simulated to the normalized DSIFs
𝐾I. The body geometry was modeled with two-dimensional
ABAQUS standard plane strain elements such as “CPE4.”
Neither special singular elements nor the collapsed element
technique was used at the crack tip.

The SERR solved by VCCT is converted to DSIFs, which
are normalized by

𝐾I =
𝐾

dyn
I (𝑡)

𝜎
0
√𝜋𝑎

. (20)

The dimensionless DSIFs 𝐾I of FGM plate of four differ-
ent grid models solved by our method at 𝑡 = 7 𝜇s are plotted
in Figure 6, when the shape factor 𝑛 = 0.0, 0.2, 0.5, 1.0, and
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Figure 7: Inclined-crack functionally graded plate under impact
loading.

5.0. At 𝑛 = 0, material gradient does not change at all, and the
FGM is only Y-TZP.Then the result was compared with FDM
and [53]. Clearly, at 𝑛 = 0, the result of ourmethod is basically
the same as in [53], and well consistent with the calculation
of FDM.The result proves the accuracy of our method.

4.2. Example 2. The second example is a 60mm long and
30mm wide rectangular plate containing a 14.14mm long
central crack inclined at an angle 𝛼 = 45

∘ (Figure 7). Two
types of FGMsY-TZP and 𝛾-TiAl were used.The components
were subjected to (1)-(2), where the shape factor 𝑛 = 0, 0.2,
0.5, 1.0, and 5.0, the elastic moduli of Y-TZP and 𝛾-TiAl are
𝑀
𝑚

= 200GPa and 𝑀
𝑐

= 186GPa, respectively; Poisson’s
ratios ] of two materials are both 0.3, and the mass density
𝜌 = 5 × 103 kg/m3. The load form is plotted in Figure 5,
the amplitude 𝜎

0
= 0.4GPa, undamped. The normalized

DSIFs 𝐾I(𝑡) and 𝐾II(𝑡) of the right crack tip are plotted in
Figures 8 and 9, respectively. The solutions obtained by the
two methods are similar to those of Xie and Biggers Jr. [53]
who used the VCCT and finite differencing method (FDM).
Figure 10 shows the mesh before deformation and at several
time points.

The dimensionless DSIFs𝐾I and𝐾II of FGM plate solved
by our method are plotted in Figures 8 and 9, respectively,
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Figure 8: Dynamic stress intensity factor 𝐾I of inclined-crack
functionally graded plate with different shape factors.
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Figure 9: Dynamic stress intensity factor 𝐾II of inclined-crack
functionally graded plate with different shape factors.

when the shape factor 𝑛 = 0.0, 0.2, 0.5, 1.0, and 5.0. At
𝑛 = 0, material gradient does not change at all, and the
FGM is only Y-TZP.Then the result was compared with FDM
and [53]. Clearly, at 𝑛 = 0, the result of our method is
basically the same as in [53], and well consistent with the
calculation of FDM. The result further proves the accuracy
of our method. Besides high precision and simplicity, the
new method puts forward relevant information to calculate
DSIF with the help of ABAQUS, and it endows the program
with strong commonality and large extension space. The
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Figure 10: Different time steps of deformation figures of inclined-crack functionally graded plate.

deformation patterns of inclined-crack functionally graded
plate in different methods and time steps are plotted in
Figure 10. Visibly, the new method is correct and effective.

4.3. Example 3. The third example is a rectangular panel
with a central crack as shown in Figure 11. Two FGMs Y-
TZP and 𝛾-TiAl were used. The components were subjected
to (1)-(2), where the shape factor 𝑛 = 0, 0.2, 0.5, 1.0, and
5.0 and the elastic moduli of Y-TZP and 𝛾-TiAl are 𝑀

𝑚
=

200GPa and 𝑀
𝑐

= 186GPa, respectively. The initial crack
starts to propagate in a self-similar manner along the dashed
line shown in Figure 11. The plate was subjected to a time-
independent tensile stress at the edges. The constant crack

velocity was 𝐶 = 1000m/s. The normalized DSIF solution
computed here is shown in Figure 12. The results developed
here at 𝑛 = 0 (Figure 12) are found to be nearly identical to the
numerical solutions by Xie et al. [54].The load form is plotted
in Figure 5, at the amplitude 𝜎

0
= 0.1GPa, undamped. The

normalized 𝐾I(𝑡) is plotted in Figure 12 and compared with
Xie et al. [54].The solutions obtained by the twomethods are
similar. Figure 13 shows the mesh before deformation and at
several time sets.

The body geometry was modeled with two-dimensional
ABAQUS standard plane strain elements such as “CPE4.”
Neither special singular elements nor the collapsed element
technique was used at the crack tip. The VCCT interface
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Figure 11: Central-crack functionally graded plate under impact loading.
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Figure 12: Dynamic stress intensity factor 𝐾I of central-crack functionally graded plate with different shape factors.

elementswere placed along the crack path (dashed line in Fig-
ure 11) and used as easy as the ABAQUS standard elements.
An implicit dynamic analysis procedure was employed,
without encountering convergence difficulty. No damping
was included in the model. Variations of normalized DSIFs
during the crack propagations at 𝐶 = 1000m/s are shown in
Figure 12. Clearly, the normalized𝐾I remains almost constant
throughout the crack propagation, while the normalized 𝐾I
gradually decreases. Moreover, the DSIFs drop immediately
after the crack propagation begins. Figure 13 shows the
deformation during the dynamic crack propagation.

4.4. Example 4. An FGM plate with a slanted edge crack
shown in Figure 14 was used as an example of mixed-mode
dynamic crack propagation to illustrate the new method

of VCCT interface element. The initial crack (𝑎
0
cos 𝜃
0

=

0.4𝑊, 𝑊 = 32mm) starts to propagate in a self-similar
manner along the dashed ling shown in Figure 14. The plate
was subjected to a time-independent tensile stress at the
edges. The crack velocity was constant at 𝐶 = 0.2Cs. The
components were subjected to (1)-(2), where the shape factor
𝑛 = 0, 0.2, 0.5, 1.0, and 5.0 and the elasticmoduli of Y-TZP and
𝛾-TiAl are 𝑀

𝑚
= 200GPa and 𝑀

𝑐
= 186GPa, respectively;

Poisson’s ratios ] of two materials are both 0.3, and the mass
density is 𝜌 = 5 × 103 kg/m3.The body geometry wasmodeled
with 2D ABAQUS standard plane strain elements such as
“CPE4” and “CPE3.” Neither special singular elements nor
the collapsed element techniquewas used at the crack tip.The
VCCT interface elements were placed along the crack path
(dashed line in Figure 14) and used as easily as the ABAQUS
standard elements. An implicit dynamic analysis procedure
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Figure 13: Deformed body for dynamic crack propagation at different crack length (𝐶 = 1000m/s).
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Figure 14: Geometry and boundary conditions for dynamic crack propagation under time-independent loading.

was employed, without encountering convergence difficulty.
No damping was included in the model.

Variations of normalized DSIFs during the crack propa-
gation at 𝐶 = 0.2Cs are shown in Figures 15 and 16. Clearly,

the normalized 𝐾II remains almost constant throughout
the crack propagation, while the normalized 𝐾I gradually
decreases. Moreover, the DSIFs drop immediately upon the
crack propagation. Figure 17 shows the deformation during
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Figure 15: Normalized stress intensity factors𝐾I(𝑡) for propagating crack (𝐶 = 0.2Cs).
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Figure 16: Normalized stress intensity factors 𝐾II(𝑡) for propagating crack (𝐶 = 0.2Cs).

the dynamic crack propagation. The results obtained by the
newmethod agree well with those by Qian and Xie [38] using
moving singular elements.

5. Conclusions

A2D-VCCT interface element based on graded finite element
method was presented for dynamic fracture analysis. The
element was implemented into commercial FEA software
ABAQUS via the user element subroutine UMAT and
UEL. This new method was evaluated with three examples.
The results agree well with the available numerical and

experimental results in previous studies. With this interface
element, fracture mechanics can be directly applied to crack
growth problem on commercial FEA software. The element
has several significant advantages, such as no need of extra
postprocessing to extract fracture parameters, and no special
burden on definition of body mesh. It can be applied in
conjunction with conventional finite elements. Finally, the
interface element proven reliable in a variety of cases can
be employed potentially in other cases of dynamic fracture.
In summary, the new 2D-VCCT interface element is simple,
efficient, universal, and robust. This element method is a
potential tool for structure-level analysis of dynamic crack
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Figure 17: Deformed body for dynamic crack propagation at different crack length (𝐶 = 0.2Cs).
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propagation problems by resorting to the commercial FEA
codes with user subroutines.
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