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The SIRDV (Susceptible, Infected, Recovered, Death, Vaccinated) compartmental model along with time-varying parameters is
used to model the spread of COVID-19 in the United States. Time-varying parameters account for changes in transmission rates,
people’s behaviors, safety precautions, government regulations, the rate of vaccinations, and also the probabilities of recovery and
death. By using a parameter estimation based on the simplex algorithm, the system of differential equations is able to match real
COVID-19 data for infections, deaths, and vaccinations in the United States of America with relatively high precision.
Autoregression is used to forecast parameters in order to forecast solutions. Van den Driessche’s next-generation approach for
basic reproduction number agrees well across the entire time period. Analyses on sensitivity and elasticity are performed on the
reproduction number with respect to transmission, exit, and natural death rates in order to observe the changes from a small
change in parameter values. Model validation through the Akaike Information Criterion ensures that the model is suitable and

optimal for modeling the spread of COVID-19.

1. Introduction

The Kermack-McKendrick SIR-type model and its variants
have become one of the most useful tools for modeling the
spread of infectious diseases. Much research has been done
on exploring the capabilities and extensions of SIR-type
models through applications in many infectious diseases [1].
The SIR and SEIR model variants are commonly used to
analyze the spread of infectious diseases in population. The
SIR model divides the population into three compartments:
Susceptible (S), ilnfected (I), and Recovered (R). It assumes
that individuals can be categorized into one of these com-
partments, with recovered individuals gaining lifelong im-
munity. The model tracks the transitions between
compartments, such as susceptible individuals becoming
infected and infected individuals recovering. The SEIR
model expands on this by adding an Exposed (E)

compartment to represent individuals in the incubation
period. It accounts for the fact that individuals can transmit
the infection before showing symptoms [2]. Both models
help researchers understand disease dynamics, evaluate
interventions, and make predictions. While these models
simplify real-world complexities, they provide valuable in-
sights into how diseases spread and can inform public health
strategies.

Due to COVID-19, mathematical epidemiology, par-
ticularly the use of the SIR model, has gained popularity and
is used by many researchers throughout the world who are
interested in studying the topic [3-13]. Since COVID-19 is
a disease with a latent period, some include the exposed
compartment in the SIR model [2]. SEIR models are also
suitable and popular amongst epidemiologists to study the
outbreak of COVID-19 in different countries and regions
[8]. On December 31, 2020, WHO issues its first emergency
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use validation for a COVID-19 vaccine [14]. The vaccinated
compartment, along with other compartments such as
quarantined and death, is added to the SEIR or SIR model
[15]. However, while the models previously mentioned are
able to simulate and match real COVID-19 data for a rela-
tively short span of time of around a few weeks to months,
they fail to compare to the data over a long period of time
due to many factors changing and affecting the disease.
These models often assume constant, time-independent
parameters for transmission, death, and recovery rates,
which would be sufficient for a short time span; however, it is
not realistic due to the changes in safety regulations set by
the government, the behavior of people, the ability to cure
COVID-19 patients, and the rate at which people are getting
vaccinated.

There are several publications with similar interests in
modeling the spread of COVID-19 over a long period of
time using varying parameters. An example of a model using
time-varying parameters for a longer time span include
Nastasi’s use of nine different time-dependent transmission
frequency parameter values throughout the span of 400 days
in order to account for different policy measures in Great
Britain and Israel [16]. Similarly, Girardi and Gaetan apply
the concept of time-varying parameters to the transmission
rate, which is able to qualitatively describe the number of
cases over the span of several months in three different
countries [17]. Another research explores the same notion of
time-varying parameters in the sense of parameter esti-
mation through deep learning on the transmission rate and
deceased rate [18]. Furthermore, a study involving the es-
timation of the time-varying reproduction number has been
done based on various cities in China [19]. From these
works, it can be seen that the time-varying parameters are
what make SIR-type models capable of modeling COVID-19
over a longer period of time, accounting for changes that
affect the spread of the disease.

The objective of this research is to use an SIRDV model
to match the United State’s real COVID-19 data with high
precision. The compartments compared with real data are
infected (I), death (D), and vaccinated (V). In order to
achieve high precision, this model varies the transmission
rate 3, death probability p, and vaccination rates ¢ on a daily
basis. The method used for parameter estimation is de-
veloped based on MATLAB’s fminsearch function and the
simplex algorithm. Specifically, the fiminsearch function in
MATLAB utilizes the Nelder-Mead simplex algorithm,
a derivative-free optimization method, to find the minimum
value of a given function. It constructs a simplex in the
parameter space, iteratively updating its vertices based on
function evaluations, aiming to converge towards the
minimum. fminsearch is particularly useful for optimizing
functions without readily available derivative information or
in cases where computing derivatives is challenging. Since
the simplex algorithm is lightweight and fast, all three pa-
rameters with over 800 final values each after 10 attempts of
optimization are able to be obtained in under 6 minutes. The
solutions are plotted against real active cases data from
Worldometer [20], deaths, and fully vaccinated people on
Our World in Data [21].

Journal of Mathematics

The parameters obtained by the method are used to
compute time-varying basic reproduction numbers and are
compared to reproduction rates presented by Our World in
Data [21]. Sensitivity analysis is performed by day since
different parameter values yield different values for sensi-
tivity. Elasticity values are calculated in order to observe the
basic reproduction numbers’ response to each parameter.
Error analysis is performed, and Akaike Information Cri-
terion (AIC) values are also computed on a daily basis in
order to show that the model is indeed valid when compared
to similar models [22].

2. Model

The constructed SIRDV model is similar to a typical SIR-
type model, with the same compartments being susceptible
(S), infected (I), and recovered (R); however, with the
addition of deaths (D) due to COVID-19 and vaccinated
(V), the infected class has the same exit rate for recovery and
death, with the difference being the death probability p. It is
allowed for recovered people to become susceptible again at
the rate of a and for fully vaccinated people to become
infected, but with a probability factor of r. The diagram and
the nonlinear differential equation for the SIRDV model are
represented in Figure 1 and equations (1)-(5), respectively.

%z‘uN—p%—(a+‘u)S+ocR, (1)
%:%+r%—(y+y)l, (2)
R _ (1-p)yI - (a+ @R, (3)
dt

= (4)

When the vaccinated compartment is considered, there
are two differential equations used for vaccinations, (5) and
(6). When optimizing for compartments other than V,
equation (5) is used. Since the vaccination data are only
a count of who has received the vaccine (not accounting for
people who are infected or died after the vaccination),
equation (6) must be used for optimizing the vaccination
compartment. Equation (6) is a modification of equation (5),
where all negative terms denoting the population exiting the
vaccination compartment are omitted.

v BVI
P — 5
=N TS MY (5)
dv

_= . 6
5 =S (6)

The term N denotes the current population, in which
only the alive population takes into account, thus excluding
people in compartment D.

N=S+I+R+V. (7)
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F1GURE 1: Diagram of the SIRDV model.

3. Parameter Estimation

3.1. Parameters. Constant parameters are kept as a single
value throughout the simulation under the assumption that
there are no significant changes in the values over the entire
time span. It is assumed that the average exit rate from
infectious, recovery to susceptible, natural death rate, and
probability of infection from being vaccinated do not change
over the entire time span. Constant parameter values are
listed in Table 1; meanwhile, varying parameters will attain
many different values upon optimization, their values will
not be presented within Table 1.

3.2. Time-Varying Parameter Estimation. Constant param-
eter values are not realistic due to the changes in safety
regulations set by the government, behavior of people, ability
to cure COVID-19 patients, and vaccination rate; hence,
there are many previous studies implementing the time-
varying parameters in the models [16-19]. Therefore, the
time-varying parameter estimation is an essential technique
to optimize the parameter in the SIRDV model. Parameters
y, &, 4, and r are kept constant throughout all time steps, as
there are no reported significant changes in the rate at which
people recover, become susceptible again, die of other
causes, or change in the probability of being infected after
being fully vaccinated. The transmission rate, probability of
death, and vaccination rate are expected to change
throughout the course of the pandemic, and will also have
the greatest impact when attempting to match the solutions
of the model to the real data. Therefore, only parameters f3, p,
and o vary with time and undergo the parameter estimation
method.

MATLAB’s built-infminsearch function which is based
on the simplex algorithm is used to minimize the sum of
squared errors (SSE) of the solution computed by MAT-
LAB’s ode45 based on the Runge-Kutta numerical scheme
and the real data in time steps of a single day by one pa-
rameter at a time. In MATLAB, ode45 is a numerical in-
tegration algorithm used to solve ODEs. It employs
a variable step-size, Runge-Kutta method of order 4(5),
meaning it combines the fourth and fifth-order Run-
ge-Kutta methods to achieve higher accuracy. ode45 sub-
divides the integration interval into smaller intervals and
approximates the solution by iteratively computing in-
termediate values using the Runge-Kutta formulae. It

dynamically adjusts the step-size based on the estimated
error, aiming to maintain accuracy while efficiently in-
tegrating the ODE. ode45 is a popular choice for solving
a wide range of ODE problems due to its balance between
accuracy and computational efficiency.

The fminsearch function in MATLAB is a numerical
optimization algorithm that aims to find the minimum value
of a given function without requiring derivative information.
It utilizes the Nelder-Mead simplex algorithm, which
constructs a geometric figure called a simplex in the pa-
rameter space. The algorithm iteratively adjusts the simplex’s
vertices based on function evaluations, such as reflecting,
expanding, contracting, or shrinking, in order to converge
towards the minimum. By iteratively updating the simplex,
fminsearch searches for the optimal solution within the
parameter space, making it useful for optimizing functions
where derivatives are not readily available or difficult to
compute.

In the parameter estimation method in Figure 2, the
initial parameter value guesses are improved upon via the
simplex algorithm, leading to the optimal parameter values
by minimizing the error between the real data and the
numerical solution. The parameters can be estimated in any
order and will yield the same results; however, choosing the
order from left to right in the model results in less time and
optimization attempts are needed. After performing the
optimization algorithm for one time step, the optimized
parameter value and its corresponding solution value are
then stored in the parameters and solution arrays, re-
spectively. The process is then repeated by taking the
endpoint of the solution array as the initial condition for
when the dynamical system is to be solved and optimized
again, and the next initial guess for the parameter is reset
to 0.

The fminsearch function is highly efficient, however
unconstrained; therefore, it may return values that are in-
valid for being less than 0 or greater than 1 for certain
parameters. In order to avoid negative parameters, a lower
bound condition is placed such that the dynamical system is
solved with the assumption that the parameter is 0 if the
optimal parameter returned by the algorithm is negative. An
upper bound condition is also in place for p and o, since
those parameters must be strictly less than 1. Since fmin-
search operates by searching for a local minimum in the
neighborhood of the initial guess, the initial guess for every
parameter is 0. The optimization procedure is applied
multiple times to yield the best results for all classes.

3.3. Results of Estimated Parameters. The values of 3, p,and ¢
obtained from the parameter estimation technique are
plotted starting from January 1st, 2020, in Figure 3, in order
to demonstrate the change in people’s behavior over the time
span, as well as to observe any trends that may be present.

The estimated parameter values appear to generally
follow a nonlinear trend with very few outliers, which lead to
the ability to analyze people’s behavior over the course of the
pandemic. The transmission rate 3 appears to take a drop
significantly during the months of COVID-19 lockdown,
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TaBLE 1: Parameter interpretation and values.

Parameters Description Values (day™!) Types
B Transmission rate — Varying
y Infectious exit rate 1/14 Constant
o Recovery to susceptible rate 1/30 Constant
p Probability of death — Varying
o Vaccination rate — Varying
7 Natural death rate 0.0000248 Constant
r Probability of infection after vaccinated 0.01 Constant

Time step ¢ is less than

time period T

(t<T)

Parameter is

set to upper
bound

Parameter is greater
than upper bound

Time-varying | Firstattempt Initial Store solution Time step ¢
parameters set only nitia " ODE45 with and parameter 'nclreaesesg 1
to zeros for parameter FMINSEARCH in designated ! Y

guess mateix (t=t+1)

initial guess

Reset time step £ to
initial time step ¢0
(t = t0). Choose new
parameter to optimize

Parameter is less than
lower bound

Parameter

Parameters
become initial

value is set to
lower bound

parameter

guesses for
next attempt

Time step ¢ is equal to

time period T

(t=1)

FIGURE 2: Parameter estimation flowchart.

Plot of Parameter {3

Plot of Parameter p

Plot of Parameter o
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1.5 095 5 0012
p 02 0.01
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0.5 N 0.1 0.004
k‘_—__/,_/ 0.002

0 0 AR
5 10 15 20 25 30 10 15 20 25 30 0 5 10 15 20 25 30

Time in Months

Time in Months
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FIGURE 3: Plots of parameters used in order to attain optimized solutions.
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which is around late March to late May of 2020 (dates of
lockdown vary by state). The parameter § steadily increases
between March 2021 and February 2022, then rapidly in-
creases after, which corresponds well to the real behavior of
people practicing strict safety precautions during lockdown,
then gradually increasing transmission, and currently having
little to no safety precautions after month 25. The death
probability p was initially high in the first few days of
COVID-19, then quickly dropped to less than 0.05 and
eventually converged to 0 around May 2020. The vaccination
rate increases rapidly from around January until May 2021,
which was when vaccines were first issued to the public in
the United States.

The first peak in the vaccination rate likely corresponds
to when the COVID-19 vaccines were first released to the
public, where large numbers of people were receiving the
vaccines at around the same time. Following that first peak,
there are smaller peaks that follow, which suggests that there
are people who became vaccinated in the months following
the period in which the vaccines were first rolled out. The
vaccination rate in later months was significantly lower than
the vaccines that were first available, suggesting that ev-
eryone who wanted the vaccine had received it. The pa-
rameter values yielded from the parameter estimation
method correlate well with people’s behavior over the course
of the pandemic.

4. Basic Reproduction Number

The basic reproduction number denoted by %, is the ex-
pected number of cases from one infected case. Since the
parameters are functions of time, the basic reproduction
number is also computed as a function of time. Here, &, is
computed using two different methods, one based on the
transmission rate and mean infectious time, while the other
uses Van den Driessche’s next-generation approach [23]. It
is able to be observed that the next-generation approach
yields better results when compared to the reproduction rate
data [21].

4.1. Computing Basic Reproduction Number with Trans-
mission Rate and Infectious Period. The basic reproduction
number %, is often approximated using the simple defi-
nition of the transmission rate multiplied by the exit rate
from the infectious compartment.

R, = B, (8)
where
T=(y+p) " 9)

The &, values obtained from the transmission rate and
mean infectious time agree with the reproduction rate data
up until around month 15 in Figure 4. Its inability to match
the trend of the data throughout the entire time span
suggests another method may be able to yield results closer
to the data.

5
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FIGURe 4: Plot of basic reproduction number obtained by the
transmission rate and the mean infectious time.

4.2. Basic Reproduction Number (Van den Driessche and
Watmough Next Generation). In the attempt to obtain better
results for %,, Van den Driessche’s next-generation ap-
proach is used [23]. Let & denote the terms entering the
infected compartment and V' be the exiting terms from the
infected compartment.

F =/JE+ rm,
7 =(y+wl

Let F and V be partial derivatives with respect to the
active infected cases I at initial value x,.

po 97 (%) _BS BV
ol N N

07 (%)

===

where %, is defined as FV — 1. Therefore, substituting F and
V yields

(11)

14 (y+p),

gozpv—lzw (12)

N(y+up)

The R, values obtained from the transmission rate and
mean infectious time in Figure 5 are able to agree with the
reproduction rate data for only around the first year. The
next-generation approach, however, agrees well with the
reproduction rate data throughout the entire two years. The
dynamical system is solved repeatedly with different pa-
rameters at each time step; the initial values S; and V, are
considered to be the endpoints of the previous solution
values. Since the £, values from the next-generation
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FiGURre 5: Plot of the basic reproduction number obtained by Van
den Driessche’s next-generation approach.

approach agree well with the data, it can be stated that the
estimated values of the time-varying parameter 8 and the
chosen constant parameters r, y, and p are suitable.

5. Results and Discussion

5.1. Numerical Solutions and Data Comparison. The data for
active infected cases, deaths from COVID-19, and vacci-
nations are available by day; therefore, numerical results of
compartments I, D, and V are able to be compared to
real data.

After obtaining the solutions for active infected cases,
deaths, and vaccinations, each class is plotted against their
respective real data for visual comparison (Figure 6). The
solutions for all three compartments seem to agree well with
the real data across the entire time span. The major ad-
vantage of varying parameter values by day is the ability to
capture every detail such as small and large peaks in active
infected cases and to account for sudden increases or de-
creases. It can also be seen that the plots for vaccinations and
deaths are able to capture changes in rates despite being
monotonically increasing solutions. The plot of vaccinations
here is the count for the number of vaccinations, which
neglects the population that has exited the compartment and
has become infected or died (from reasons other than
COVID-19) after vaccinations.

5.2. Numerical Solutions for All Compartments. The solutions
for all compartments are plotted in the same figure in order
to compare the populations in each compartment and the
magnitude of each trajectory relative to one another.
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The numerical solutions shown in the plot of all solu-
tions (Figure 7) are representative of the population cur-
rently in each class. It should be noted that the solution curve
for the vaccinated class V here represents the number of
vaccinated people who have not become infected after
vaccination, not to be confused with the vaccinated plot
previously shown (Figure 6), which is the count of the
number of people who are fully vaccinated. Similarly, the
solution curve for the recovered class R represents the
number of people who have recently recovered and are not
yet susceptible to reinfection.

The rapid decline of the solutions to the susceptible class
S suggests that the number of susceptible people will soon
approach 0, which suggests the number of COVID-19 in-
fections would likely also reach 0 at around the same time.
Although the vaccinated class V is similar to the susceptible
class S in the way that people in both compartments are able
to become infected, the plots show that significantly more
people are protected by the vaccine, since at the moment the
solution for V is significantly higher than the solution for S.

Despite the high number of deaths, the magnitude of the
solution curve for deaths is relatively low throughout the
entire time span when compared to solutions of the other
compartments. The curve of recovered class R follows the
same trends as the curve of infected class I, confirming the
fact that most people who are infected with COVID-19 do
indeed recover, keeping in mind that R is continuously
losing its population to S at the rate of a.

6. Forecasting Parameters and Solutions

6.1. Forecasting Parameters. An autoregressive (AR) model
based on MATLAB’s ar function is used on the parameters
B, p>and o in order to predict the future parameter values for
the next 365days based on all past respective parameter
values. Previous research utilizing the AR model used the
method directly on the solutions of the dynamical system
[24]. Meanwhile, in this research, it is applied to the pa-
rameters, which are then used when solving the dynamical
system. White noise is then added to the forecasted pa-
rameters in order to simulate the noise present in the pa-
rameter values obtained through the parameter estimation
method.

6.2. Forecasting Solutions. Past parameter values and fore-
casted parameter values are shown together on the same
plots in Figure 8. The forecasted parameter values are then
used in the model in order to forecast the solutions for I, D,
and V. The prediction shows that all parameter values will
eventually converge rapidly to 0.

Additional data corresponding to these compartments
are added in order to evaluate the performance of the
forecasting method in Figure 9. From the plot of active
infected cases, it is able to be observed that the solution using
the forecasted parameters follows the same trend as the real
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data, except the real data decrease at a slightly faster rate. The
predictions for deaths and vaccinations suggest that both
classes will no longer increase due to the parameter values
for p and o being 0 in the forecast.

7. Sensitivity and Elasticity Analysis

7.1. Sensitivity. The objective of the sensitivity analysis is to
determine which parameters are most influential on the
solution of the model. Sensitivity is defined as follows:
5=
oP
In which the sensitivity of quantity Q is being analyzed
with respect to the parameter P. The reproduction number
R, obtained by the next-generation method is the quantity
whose sensitivity is chosen to be analyzed. Let the disease-
free equilibrium be & = (8*,I*,R*,D*,V*) = (N, 0,0,0,0).
The reproduction number at disease-free equilibrium is

(13)

= P . (14)
Yty

Taking the partial derivative of %, with respect to each
parameter yields

R

IR B
¥4 0

S I (15)
POy (prw)?

OF B
u 0

. P | (16)
P ou (p+p?
po_0R _ 1
%, = 3B Y+[l. (17)

Since § 4 B only depends on constant parameters, it may

sP = 0.9998.

be easily computed as a constant scalar value.

(18)

However, &4y and 4 u depend on f3, which is
0 0
a variable parameter which can be a wide range of values.
Many different values of sensitivity will arise from this
simple formula. Therefore, a range of sensitivity values may
be observed.
Y Y in, &Y
maxgSg <8y <mingsg , (19)
maxﬁ<5°P"%0 < oS’fé/zo < minﬁé’uﬁﬁ.

Since §'g y = 8 4, ¢, upon substituting with appropriate
values for sensitivity formulae (15) or (16), yields the sen-
sitivity range

~473.2930< Y, , St <O0. (20)
The average values of &'y y and &g u are obtained by
letting 8 be the mean value of all the 8 values.

st 8y =-18.6214. (21)

0 0

In order for the model to match the data towards the
beginning of the pandemic, the transmission rate 3 had to be
significantly higher due to the small initial infected pop-
ulation I,,. Therefore, when computing §g y and Sg
which depend on f, the sensitivity spikes all the way to
—473.2930. To demonstrate the sensitivity of each parameter,
a perturbation of +0.001 is applied to one parameter (f3, y, or
(), while the other parameters, both variables and constants,
are kept at their original values after optimization. The
solutions using the perturbed parameter values are then
plotted in Figure 10 against the real data for all three classes
in order to observe the effects of the perturbation.

The active cases and deaths are greatly affected by the
small changes in parameter values. Vaccinations, however,
experience slight changes throughout perturbations of all
three parameters, although they are still visually observable.
As expected, the solutions exhibit the same characteristics as
the original parameter values, although they increase and
decrease at different rates.
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7.2. Elasticity. Since the sensitivity analysis is local, it does
not take into account the range of values that can be input as
parameters [2]. Therefore, the more useful concept elasticity
is computed, where elasticity is defined as follows:

0= ?,_(13 P (22)
Q
Using the results previously obtained from the section on
sensitivity, elasticity may be computed. Since formulae
obtained for elasticity are dependent only on constant pa-
rameters, singular scalar values for elasticities may be
obtained.

0%
A Y A S S Y
0 ay @0 ()}+‘u) %0 y+u
0%
g, =% # p BB araxi07
Coou Ry (yrw Aoy

B %P _ 1 B
T 0B Ry (y+u) R

(23)

The value obtained for Eg f3 is 1, which is expected. The
R, observes a 0.9998% decrease after a 1% increase in y.
Similarly, %, decreases by 2.4794 x 10~ 4% after a 1% in-
crease in p. The impacts of f and y are very similar,
meanwhile y has a significantly less significance (Figure 11).

8. Model Validation

Model validation is used in order to check accuracy and
performance of a certain model. Since the nature of this
research is able to be interpreted as a model solved separately
over small time steps or as one large model covering a long
period of time, the validation process is performed using
both interpretations.

8.1. Error Analysis. In order to measure the error between
the solution and the data, some basic regression analysis
techniques are used [25]. The sum of squared errors (SSE)
and the sum of squared total (SST) are computed. Points
where there are no data present are excluded from the
computation of SSE. Let x; denote the value of the class at
time step i and X; denote corresponding data at the same
time step. Furthermore, let X be the mean of the corre-
sponding data. The time step i is a single day.

N

SSE=) (x;,- %),

i=1

N
SST = (x;- %),
i=1

(24)
vy - SSE
©SST’
R*=1-FVU.

Table 2 shows the SSE, SST, R?, and FVU of infected,
deaths, and vaccinated compartments. The SSE values
computed for each class are notably high for infected and
vaccinated classes, which is contributed by several different
factors. The model handles very large populations; therefore,
relatively small errors between the solutions and the real data
are in reality quite large when compared to models that work
with smaller populations. The model covers a long time span
and therefore contains more data, which are prone to having
higher SSE values. The parameter estimation also has lim-
itations, as the optimized solution is the best possible so-
lution obtained by fminsearch, which is inferior to more
sophisticated optimization techniques in machine learning.
The R? values, however, are approximately 1 for all classes,
with the fraction of variance unexplained (FVU) being
insignificantly small.

8.2. Single Time Step AIC. The Akaike Information Criterion
(AIC) is applied to the model and data in order to determine
the validity of the model. Since the model is solved multiple
times in small time steps, the SSE and AIC values are cal-
culated for every time step j. Let m denote the number of
data points and k denote the number of parameters. For
a single time step, m =2 and k = 7.

SSE.
AIC; =m log<]> + 2k. (25)
m

From the plot of AIC values (Figure 12), the range of AIC
values from where the spread of COVID-19 started in the
United States appears to be in the typical range of AIC values
for SIR-type models [2].
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FIGURE 11: Solutions after perturbing each parameter value by +0.001: (a) perturbation of j3, (b) perturbation of y, and (c) perturbation of u.

TaBLE 2: Error.

Class SSE SST R? FVU

Infected 3.3845 x 101! 3.7574 x 106 1.0000 9.2507 x 10~

Deaths 6.3502 x 107 7.1267 x 1013 1.0000 8.9103 x 1077
9.1546 x 10'8 1.0000 7.1663 x 1077

Vaccinated

6.5550 x 1012
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TaBLE 3: Total AIC.
Class Total AIC
Infected 20826
Deaths 13897
Vaccinated 23191

8.3. Total AIC. The total AIC is calculated using the SSE
between the solutions and respective data over the entire
time span previously calculated in Section 7.1, along with the
total number of parameters used, which account for every
single value for each varying parameter. For total AIC, m =
805 and k = 3(805) + 4 = 2410 (3 sets of varying parameters
and 4 constant parameters).

The total AIC values are similar to those calculated based
on the study of dynamic epidemic models via iterated fil-
tering [26]. The AIC values for all three in Table 3 are
significantly high due to the large sample size and number of
parameters used in total.

9. Conclusion

By allowing the parameters to vary, the numbers of in-
fections, deaths, and vaccinations are able to be matched
relatively well to the real data on a daily basis for over two
years by a very simple model and optimization technique. A
major advantage of using the simplex algorithm for opti-
mization of many thousand parameter values is its ability to
yield satisfactory results within merely a few minutes on
a personal machine. The basic reproduction number cal-
culated based on the parameter values obtained by the
parameter estimation method agrees well with the re-
production rate data. However, the model may be vulnerable
to data overfitting, as the solutions depend heavily on the
parameter values, where future parameter values may not be
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precisely determined, possibly leading to the future solutions
being inaccurate.

Performing the sensitivity analysis shows that there is
a wide range of sensitivity due to the many values of the
transmission rate 3. Elasticity may be computed as singular
scalar values due to not depending on any variable pa-
rameters. The SSE along with the AIC values falls within the
typical range for models of similar nature. From the results,
it can be concluded that the model along with the parameter
estimation algorithm is able to handle the United States’
COVID-19 data well and therefore should be able to handle
simulating the spread of other infectious diseases with more
intricate behavior, in which models with constant param-
eters are unable to. A limitation worth mentioning is that the
model is designed around COVID-19 data in the
United States, which makes the use of this model applicable
only to similar types of data. The model may be modified and
adjusted accordingly in order to be applied to other in-
fectious diseases that are similar in nature.
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In this article, our goal is to study the system of extended nonlinear mixed variational-like inequalities (in short, SENMVLI) with
a nonconvex functional in the setting of real Hilbert spaces and discuss the existence of solution of our considered problem. We
propose a three-step iterative algorithm to calculate the approximate solutions of SENMVLI and investigate the convergence
analysis as well as stability analysis of the proposed algorithm. Furthermore, we also study the proximal dynamical system for
SENMVLI and prove that the trajectory of the solution of the extended proximal dynamical system converges globally expo-
nentially to a unique solution of SENMVLI. Our suggested iterative algorithm and results have become the significant im-
provement, enhancement, and generalization of many previously known results in the literature.

1. Introduction

In prior 1960s, the concept of variational inequality origi-
nated by Hartmann and Stampacchia [1] has appeared as
a fruitful and methodical mechanism to study a wide range
of applications in economics, finance, pure and applied
sciences, and optimization, see, e.g. [2-5]. Using novel and
regenerated techniques, several extensions and generaliza-
tions of variational inequalities have been explored and
developed in recent years. The functional, pivotal, and ap-
plicable generalizations of variational inequalities are
variational-like inequalities and mixed variational-like in-
equalities which have significant applications in nonconvex
optimizations and mathematical programming problems.
For details, we refer to [6-8] and references therein.

In classical variational inequality theory, ones have been
failing to exploit the projection method and its modified
forms to analyze the existence of solutions of mixed
variational-like inequalities involving the nonlinear term. To
vanquish this flaw, it is assumed that the nonlinear term
involving the mixed variational-like inequalities is a proper,

convex, and lower-semicontinuous functional. It is well-
known that the subdifferential of a proper, convex, and
lower-semicontinuous functional is a maximal monotone
operator. This characterization enables to define the re-
solvent operator associated with the maximal monotone
operator. The resolvent operator technique is used to es-
tablish the equivalence between the mixed variational-like
inequalities and fixed point problems. Such type of methods
is called the operators splitting methods. For recent devel-
opment of the subject, we refer to [9-12]. Noor [13, 14] has
used the resolvent operator technique to propose and study
some two-step forward-backward splitting methods. It has
been noticed that the convergence of such type of splitting
algorithms needs relatively relaxed strong monotonicity,
which is a weaker constraint than cocoercivity. Glowinski
and Tallec [15] and many authors have suggested and an-
alyzed some three-step forward-backward splitting methods
for solving various classes of variational inequalities by using
the Lagrangian multipliers and auxiliary principle tech-
niques. They have shown that three-step splitting methods
are numerically more efficient and handy as compared with
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one-step and two-step splitting methods. They have studied
the convergence of these splitting methods under the as-
sumption that the underlying operators are monotone and
Lipschitz continuous. For the convergence analysis of
iterative-type splitting methods and their applications, we
refer to [16-19] and references therein.

The dynamical system has appeared as a feasible substitute
for solving variational inequalities with a specific interest on
optimization problems. Dupuis and Nagurney [20], Friesz et al.
[21], Noor [22], and many authors introduced and studied
many projected dynamical systems associated with variational
inequalities. In these dynamical systems, discontinuity appears
due to the discontinuity of the projection operator which
occurs on the right side of the ordinary differential equation.
The novel importance of projected dynamical systems is that
the set of stationary points of the projected dynamical systems
is the set of solutions of the associated variational inequalities
and all those problems which can be studied in the structure of
variational inequalities. Since proximal dynamical systems are
generalization of projected dynamical systems, therefore clearly
the results enhance to global stability of modified projected
dynamical systems. Moreover, a vast category of optimization
problems can be considered as special cases of mixed varia-
tional inequalities (variational-like inequalities) and, therefore,
can be solved by using the proximal dynamical systems.

Inspired and motivated by the research works mentioned
above, in this article, we introduce and study a system of
extended nonlinear mixed variational-like inequalities in real
Hilbert space and discuss the existence of solution of our
problem. Next, we propose and analyze a new three-step it-
erative scheme for solving the system of extended nonlinear
mixed variational-like inequalities. The convergence and sta-
bility analysis for the system of extended nonlinear mixed
variational-like inequalities are established. We also study
proximal dynamical system associated with the system of
extended nonlinear mixed variational-like inequalities. Finally,
we show that the trajectory of the solution of extended non-
linear mixed variational-like proximal dynamical system
converges globally exponentially to a unique solution of system
of extended nonlinear mixed variational-like inequalities.

2. Preliminaries

Throughout this article, we assume that 7 is a real Hilbert
space whose norm and inner product are denoted by | - ||
and {,-), respectively.

"Ai (P1>Pas -+ Picts Pis Pisto - -

(ii) o-strongly monotone in the i"-argument if, there
exists a constant g >0 such that

CAi(P1>Pas- > Picts Pis Pisis - - -5 Pm) = Ai (P1> Do - - -

s Pm) = Ai (PP - -

> Pi1> Pis Piv1s> - - -
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Let us recall the following well-known concepts and
results.

Definition 1 (see [9, 23]). Let g, T: # — X and (: H %
H — F be the single-valued mappings. Then,

(i) ( is said to be 7-Lipschitz continuous if, there exists
a constant 7> 0 such that

IC(pli<tlp—4gl, Vp.qe. (1)

(ii) ¢ is said to be J-strongly monotone if, there exists
a constant § >0 such that

&(parp-qy20lp-ql’, Vp.qe . (2)

(iii) g is said to be p -strongly monotone if, there exists
a constant y, >0 such that

GP)-9@.p-D=zpllp-ql’, Vpqex. ()

(iv) g is said to be Ag-Lipschitz continuous if, there
exists a constant A s>0 such that

lg(p)—g@I<Ap—ql., Vp.qeZ. (4)

(v) T is said to be (-relaxed Lipschitz continuous if,
there exists a constant « >0 such that

(T(P)-T(@{(p.g) < -alp-ql’, Vpqgex. (5)

(vi) T is said to be pp-strongly monotone with respect to
g if, there exists a constant y; >0 such that

(T(g(p)-T(g()g(p)-g(q)

) (6)
>urlp-ql°, Vp.qe .

Definition 2 (see [9]). For each i=1,2,...,m, let
hi: #; — X;and A;: 12, % ; — % ; be the single-valued
mappings. Then, A; is said to be
(i) y-Lipschitz continuous in the i"-argument if, there
exist a constant y >0 such that

s Dict> Dis Pisto - - - >Pm)niS Y"Pi - ﬁi"p VpiDi € X (7)

s Pm) Pi = P 2 QHPi - IA’IH,Z) Vp,pi € ¥
(8)
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(iii) p, -strongly monotone with respect to g; in the
i-argument if, there exists a constant y g,> 0 such
that
CAi(P1> P25 Picts Pir Pist - - Pm) = Ai (P> Pas - > Pict> P Pisto - -» P )> 9i () = 9 (Pi)) ©)
~ 2 —~
Zﬂgi”gi (p:) = 9:(P)|;> Vpibi€ X,

Definition 3 (see [24]). A functional f: ' xZ — R is
said to be 0-diagonally quasi-concave (inshort,0 — DQCV)
in p if, for any finite set {p,, p,,..., p,} € # and for any

q=Yit;p; witht;>0and Y t; =1,
min f (p;,q) <0. (10)
5w (o) :{f* e {f.{@p)=<vy(g-
¢ @,

Definition 5 (see [12]). Let y: # — R U {+00} be a proper,
(-subdifferential (may not be convex) functional,
HXH — H, T: H — H be the mappings, and
I: # — J be an identity mapping. If for any given z € #
and p >0, there exists a unique point p € # satisfying

(I-T)p-24(qp)zpy(p)-py(q), VqeZ,
(13)

then the mapping z—— p, denoted by j Y (2), is said to be

relaxed  {-proximal operator of y. We have
z— (I -T)p € poy(p), and it follows that
T4 @) =[A=T)+pay] ' ( (14)

Definition 6 (see [25]). Let S,T: # — H be the single-
valued mappings, p, € # and

Prrr = S(T, pp)s (15)

defines an iterative sequence which yields a sequence of
points {p,} in #. Suppose that Fix(T) ={pe #: Tp=
pt# D and {p,} converges to a fixed point p* of T. Let
{u,} ¢ # and

9, =t = S(To,)]- (16)

If lim, 9, = 0, which implies that u, — p*, then
the iterative sequence {p,} is said to be T-stable or stable
with respect to T.

Theorem 1 (see [12]). Let {: # x H —> F be a §-strongly
monotone and t-Lipschitz continuous mapping such that
C(p.q) =—-((q,p), for all p,qe H. Let T: H —> H be
(-relaxed Lipschitz continuous mapping with constant o and
I: H— H be an identity mapping. Let y: # — RU

Definition 4 (see [24]). Let {: # x H —> H be a mapping
and y: # — RU{co} be a proper functional. A vector
f* € H is called an (-subgradient of y at p € domy if

S58gpy<v(@ —v(p), VYqeX. (11)

Each y can be associated with the following map d,v,
called (-subdifferential of y at p, defined by

v(p),VqeH, pedomy,

12
p ¢ domy. (12

{+oo} be a proper, lower-semicontinuous, (-subdifferential
functional which may not be convex, and for any z, p € X,
the mapping f (q, p) = {z — (I - R)p, (g, p)) is 0-DQCV in
q. Then, for any p >0, and any z € X, there exists a unique
p € such that p= j ol V(2), and hence, the relaxed
(-proximal operator J,; ‘ of v is well-defined and
(T/(a + 8))-Lipschitz contznuous ie.,

|75 (p) - 735 (@] <

lp—aql, Vp.qe . (17)

" (a +5)

Lemma 1 (see [26]). Let {g,},{v,}, and {g,} be nonnegative
real sequences satisfying the following condition: there exists
a natural number ny such that

@)@, + V@, + 0, Yn=ny, (18)

Enr1 = (1 -
where @ € [0,1],Y02®@, = 00,lim,_, v, =0,Y.20, < 0o.
Then, lim =0.

n*?OOKJn

3. Formulation of the Problem and
Existence Result

For each i € A ={1,2,3,...,m}, let #,; be a real Hilbert
space equipped with the norm |.[;, and let
hy, g, Ty H; — F ), (G H,xH;, — I, and
A H # ; —> ; be the nonlinear single- valued map-
pings, respect1vely Let y;: #; x #; —> R U {+0o} be such
that for each fixed p; € 7, y; ( p;) is lower semicontinuous,
(;-subdifferential, proper functional on %; x #; (may not
be convex) satisfying h; (;) N dom(al//(i (-, p;)) # D, where
oy, (-, p;) is a {;-subdifferential of y; (-, p;). We consider the
following system of extended nonlinear mixed variational-
like inequalities (in short, SENMVLI).



For each p; >0, find (py, s, - - - ) € [1 2 %; such that
h;(p;) € dom (9, y; (-, p;)) and for all g; € Z;

[ By (pr) = (91 (p1) = P1 AL (P1 Pos - -
(hy (p2) = (92(P2) = P2 A (P1s P - -

Equivalently, for each i € A, above system can be written
as

Chi(pi) = (9:(pi) = piAi (P1> P2 - - -
>p.y; (i (p)> pi) = pivi (@i Pi)-

s P))> Ci (@i 1y (P2)))

(20)
Some special cases of problem (19) are as follows:

(i) If p; =1,y; =0, h;, g; = I; (identity mappings) and
v, (g pi) = v;(g;), for each i € A, then problem (20)
reduces to the problem of finding (py, py>- - -> P) €
[T%,%; such that

(Ai(p1> P+ P> Ci (@i 1)) 2 ¥ (i) — i (4))-

(21)
Problem (21) was considered and studied by
Balooee [27].

(ii) If p; = 1,9, = 0, h;, g; = I; (identity mappings), and
(; (g5 hi (p) = q; — p;» for each i € A, then problem

(19) reduces to the problem of finding
(P1> P2 - Pm) € [112,%; such that

A (P1>Pr -5 Pm)s @1 — P1) 20,

Ay (P1>Pas- -+ Pm)> G2 — P20 20,

1 A3 (P1s o> > P ) G5 — P30 20, (22)

[ CA (1> Pos -+ > Pon)> G = P 20

Problem (22) was considered and studied by Tang
et al. [28].

By taking suitable choices of the mappings g;, ;, T}, ¥, (;
and the space 7, for each i € A, in above problem (19), one
can easily obtain the problems considered and studied in
[9, 13, 14, 22, 29, 30] and references therein.

Example 1. Let R = (-00,00), #; = [a, b]. Let
G(py> P2 - - -» P) be a continuous real m-variable function
with G e CW(%,). Then, there exists an element

Po = (Po1s Po2s- -+ Pom) € [112,%; such that
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s Pm)) C1 (@0, By (P1))) 2 o1 vy (e (1) P1) = Pavs (40 1)
s Pm))> 2 (@2, 1y (P2))) 2 pa¥2 (B2 (P2) 2) = P2V (95 P2)s
1 <3 (p3) = (g5 (P3) = P3 A3 (P1 P2 -+ > Pm)) $5 (95, B3 (P3))) 2 p3 w5 (B3 (p3), p3) — p3¥s (a5, 3)s (19)

L <hm (pm) - (gm (pm) _pmAm (pl>p2> cee >Pm))’(m (qm’hm (Pm))> ZPmV¥m (hm (pm)>pm) ~PmVm (qm’pm)'

min € [[#:G(p),pr---sPm).

"pO,m =
) (pvprobm) il

G(Po,1> Pogs--
(23)

This element p, must be a solution of the following
system of variational inequalities:

(,0G
<_ > sec s P ) - >20)
op, (PrPo 2 Pn) @i =P

oG
<7 > secs P ) - >20,
op, (P1 P2 [N

1 ,9G (24)
- s Prse e ,q3 — >0,
<ap3 (P12 Pm) s — P3> 2
oG
_ <67m (P1>P2-- > Pi)sGm — Pm? 20.
If fact, we have
= O’ pO,i € (a) b))
oG
o, (1> P2+ Pm) Y 20, p0; = @ (25)
<0, pg; = b,
for all i = 1,2,...,m. Hence, p, must satisfy (24). In ad-

dition, the system of variational inequalities (24) is equiv-
alent to

(gradG(p),q - py =0, (26)

where grad G(x) = ((0G/op,), (0G/dp,), ..., (dG/9p,,)).
This example is special case of a practical background of
problem (19), where A; = (0G/0p;),h;,g; =1;,p; =1 and
y;=0,foralli=1,2,...,m and grad G(x) = A*.

The following lemma ensures the equivalence between
the system of extended nonlinear mixed variational-like
inequalities (19) and fixed point problem.
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Lemma 2. For eachi € A, let (py, pys---»Pp) € [110y%; is  variational-like  inequalities (19) if and only if
a solution of the system of extended nonlinear mixed — (py, P, ..., P,,) satisfies the following equation:
_ i (p) (27)
hi(pi) = I o, [9:(Pi) = (T (hi (1) + piAi (P1> s - -5 Pn)) )

where %, Sudilp) = [(I; )+p18(1//l( P Y T, is (-re-
laxed szschztz contznuous mapping with constant o, and I is
the identity mapping onJ ;.

h(p) = 728 O (g, (p) = (T, (1 (£)) + iy (P o

since 750" = [(1; = T) + pid, (- p)] ', the above
equality holds if and only if
i(pi) = (T;(hi (p;) + PiAi (P> P>+ > P
gz(p1) ( ( (p1)) Pi z(pl b p )) (29)

€h; ( ) T; (h (pz))+pla(ll/1(h (Pt) pl)

By using the definition of {;-subdifferential of vy, (., p;),
the above relation holds if and only if

(i (pi) = PiAi (1> Pas -+ -5 Pm)) = i (P2) Ci (g i (1))

<pvi (@ pi) = pivi (hi (P:)> Pi)-
(30)
Hence, we have
Chi(pi) = (9:(p:) = piAi (P1s P> - - -5 P))> G (@i 1y ()
>pw; (b (p;), pi) = Pivi (s> Pi)s
(31)
e, (p1> P2 --->Pm) is a solution of system of extended
nonlinear mixed variational-like inequalities (19). O

In the next theorem, we discuss the existence and
uniqueness of the solution of the SENMVLI (19).

Theorem 2. For each ic A, let g,h,T; X, — X},
(o Hx H; —> Ky, and A [, H; — F; be the non-
linear single-valued mappings such that g; is A, -Lipschitz
continuous and p,-strongly monotone, h; is Ay -Lipschitz
continuous and  p, -strongly  monotone  such  that
hi(#) =%, T; is Ap-Lipschitz continuous, relaxed
a;-Lipschitz continuous and pr -strongly monotone with
respect to h, {; is 1,-Lipschitz continuous, and {; is 8;-strongly
monotone such that (;(p,q;) =-C (g, pi)s for each
Pi»qi € Zi» A is A -Lipschitz continuous in the i*"-argument

¢i(P1>P2>--~er)=Pi— 1( )+fpfxw:(pr)[

forall (py, pss-- . P) € [12; % ;. Define ||.|l, on [1%,%; by

gi(pi) -

Proof. Assume that (p, p,,. .-
lation (27), i.e.,

s ) € [T, % satisfies re-

(28)

D))

and v, ;-Lipschitz continuous in the j' argument for each
j € Ai#j, and p, -strongly monotone in the i it"-argument
with respect to i respectively. Let
v H;x H; — RU{+oo} be such that for each fixed
pi € ' v, (-, p;) is lower-semicontinuous, {;-subdifferential,
proper functional on I; x F; (may not be convex) satisfying
h (%) ndom (y, (-, p))) # D, where oy, (-, p;) is a (-
subdifferential of y; (-, p;). Suppose that there exist constants
p; >0, & >0 such that for each z; € Z;

72 -2 e <tlp-al o

and the following conditions are satisfied:

Tk Pk
0. =&, k
! El+ (xk+8k

(1 _Zl“hi+)‘ii) + Vi <1,

keAk#i

T; \/ (/\;i

2, <1+ A,

= 2pipha, + Pl‘z)‘iﬁ) < [ (1-6;) (o +6;) - Ti)LT,/\h,]’

| 200, <Ay, +PING,
(33)

Then, the SENMVLI (19) admits a unique solution
(1> P25 Pr)-

Proof. By Lemma 2, it is sufficient to prove that there exist
(P> P35> -+ p,) which satisfying (27). For each i € A, we
define ¢;: [, #; — #; by

(T; (hi () + piAi (1> Pos - -> )]s (34)
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m m It is easy to see that ([, % |.l.) is a Hilbert space.
= Z lpills ¥ (PrPas- -2 P) € H%i' Also, define G: [}, #; — ], #; as follows:
i=1 i=1

(P12 P35> - )

(35)

G(pPo-- > Pm) = (81 (P1> P25 P )s 2 (P Poo - 5 Pin)s -+ > b (P1> P2+ P))s (36)
for all (py, pys---» Pp) € [1i, ;. First of all, we prove that Let  (p1>Par--> Pm)s (P1s>Pos-- o> D) € [0/ #;  be
G is a contraction mapping. given. By using (32) and (34) and Theorem 1, for each i € A,

we have
”¢i(PpPz>->-’Pm)‘¢i(i71»ﬁz ----- ﬁm)";
1l med ¢ 22800 - T (0 9 (0] [p () + 725 0, (B) - (.0 (B)) + A (BB B ))]H\
<065~ (.~ @I 7550 02D = (T, )0 (Bro s 2] = 7558 7 L) = (o) 00 (v D],
+ ]i(;(P) [9:(p;) = (T: (i ()42 A ((P1> P2 - - - )] - ]aw (#) [9:(P;) = (T: (h; (B:)+piAi (P> Pos - - > )] iS " (pi=hi(p;) - (pi - hi(ﬁi))"i + ‘fi"Pi - ﬁi",
| P 0, 0) - 1,00, 00) 0 o2 - 70 P a5) - (T 0 ) +p,-A,-(ﬁl,ﬁz,u.,ﬁm))1H,
+ ‘TX ” [9:(p;) = (T: (b (P:) + PiA; (P1> s - 5 P))] = [9: (Bi) = (T (i (B) + piAi (P> Pos - - - ]" ” = hi(p:)) - (B — b (P2) " +§ "Pr Px”
a; + 0,
+ x :_x 5 ”[(.‘7: (1) = 9: () = (T; (b (£:)) = Ti (B (P = PilAi (1> Pos - -+ Pics P> Pivis -+ > Pm) = Ai(P1> Do+ > Picts P Pivi -+ > Pm)]"i
PiT; |: 1||Ai(P1>Pz>< -5 Pict> Pi> Pist> - - > Pim) = Ai(P1>P2s -+ > Pict> Pis Pivt> -+ > ﬁm)"m ‘*’"Ai (P1>P2s - > Pict> Pis Pisto -+ > D) = Ai(P1sP2s - > Picts Pis Pisto -+ > pm)"m,l
o+ +||Ai (P1>P2s -+ > Picts Pis Pisto -+ - D) = Ai(P1s Do -+ Picts Pis Pists -+ > Pm)||m—2”'+"Ai (P1>P2s - > Pict> Pis Pisto -+ - Pm) = Ai(Prs Do+ > Dicts Pis Pist> -+ » i’m)"l
<l (ei = bi(p) = (B = b (B + &l i - Bl
+ opjd" [(9:(p) = 9:(B:) = (T; (hi (p.)) = Ti (b (B)))] = il Ai(Pr> Pos -+ Piots Pis Pisrs -+ Pm) = Ai(Pr Pos- -5 Pits Pis Pisis -+ > Pl
% Z <||Ai(P1’P2) < Pjv Pp Pjrs- o> Pm) *Ai(Pvav ~)Pj—1)13j)Pj+1 ----- " ) " pi= D)~ (hi(pi) = Hy (f’f))",v*ff"]’i *i’i",
i i jeNitj
a " 5 [" (p) - (i)z))", +" (9:(Pi) = 9:(P) = PilAi (P1> P2o - > Pict> Pi> Pivt> -+ > Pm) = Ai(P1> P2+ -5 Picts Pis Pisto -+ > Pm)]",]
. f’& ,EA,¢J(||A’(p1’pz"”’p"’l’pj’Pj” <<<<< Pu) = Apu PPy By Py B ) <= B = (i (p) = BB, + &l ~ Bl
+0¢. +ié‘. [/\T,Ah,"Pi - }3;‘",-*'" (9:(p:) = 9:(P:)) = pilAi (P1> Pas - - +> Pict> P Pisis- - - Pm) = A (P> P2r- -5 Picts P Pivts -+ > Pm)]”,-]
a ey > (JApre P os P Py Prors o P) = APrs s s By Py ) ):
i jeNitj

(37)

It follows from p, -strongly monotonicity and Ay, -Lip-
schitz continuity of h; that

|p: = i = (hi (i) = by (f’z))“;z =|pi - f’z“zz =2 (p) = b (1), p; = Do + |1 (pi) — P @1)"12
<llpi = B} - 221 B} + 4 o B, 9
= (1= 2, + 2 )lpi - Bl
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ie., By using the A, -Lipschitz continuity of A; and
{4 -strongly monotonicity of A; with respect to g; and
HP:’ = b — (i (pi) = b (P1))

< \/(1 - 2w, + Aii) H Di— f)lH A, -Lipschitz continuity of g;, respectively, we evaluate
1 1

(39)

1(9:(22) = 95 (B2)) = i LA (P1> Das - > Picss Pio Prets -+ Pon) = A4 (P P2 P> B Pivto > P

<|(9: (2:) = 9 BN = 20iCA (P> Pas- > Pits Pis P> > Pn) = Ai(P1s Pas- 5 Picts Pis Pists 5 P (95 (p3) = 9 (P)))
+ A (Prs Pas 5 Picts Po Pists > Pn) = Ai(P1s Pos- > Pits Pos Pisrs -+ P

<A [pi = Bill = 20iCA (1> as > Picts P Privts - Pon) = A4 (P> P 5 Pyt B Pivrs - > P 9 (P1) = 9 (Bi))
+ Pf)‘iﬁ lp: - f’i"iz

s Az,. lp: - f’z"zz —2pu || pi - 131"12 + Piz/\zzﬁ,-,» |pi - 131"12

=(N5, = 20, + P12, )i - Bl

(40)
which implies that
” (9:(p:) = 9:(P:)) = il Ai (1> P> - - -5 Picys Pis Pivt> -+ +» Pm) _Ai(p1>p2>'"’pifl’i)i’piﬂ"'"Pm)]"i (1)
< \/(A; = 2piip, + Pfli,.,.)llpi - il
Since for i € A, A, is v; ;-Lipschitz continuous in the i
argument (j € A, j#i), we have
"Ai(Pl’Pz) <+ P Pp Pjsrs - - - ’Pm) - Ai(PpPz’ s Pj1s P Pt - - ’Pm),-S Vi,j"Pj - IA’]‘]-- (42)
Substituting (39)-(42) in (37), for i € A, we deduce that
Ti<ATiAhi + \/(/12,, = 2pifa, t Pl'z)‘,zqii) )
||‘/5z‘(171>172’-~~’Pm)_‘/51‘(131)132>--->ZA7m)",-S |:€i+ \/(I—thi+)tfli) + fx-+5- "Pi_f’i"i
i i (43)
TiPi -~
+ viilpi = Pill »
‘xi+6i je/g#j ]" J J"]
ie.,
|6 (P> P25 - > Do) = 0 (Prs Pos - - -5 Pon)||: < O i = Pis + Tl—pla Z viilp; =Pl > (44)
G+ 0i N ;

J
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F 36) and (42), t
where 0, =& +/(1-2u, +)th) + 7, Op Ay + rom (36) and (42), we ge
O = 20,400, + p103) Ve + 8,

||G(P1>P2> . ~-’Pm) _G(‘f’ppzv“’ﬁm) T Z|l¢z (Plezv ‘-»Pm) - ¢ (Z’pf’z’ e ’pm)"i
i=1

<®i pi- f’j"j)

= (61 + Z ﬁ%c,l)"pl _P1"1

k=2

<

™Mz

I
—_

= Ti Pi
pi_pi”i+‘x +P8 Z Vi,j

i i jeMi#j

R ) L R e e T
2 ‘xk+8k k,2 j 23 P22 m & ‘xk+6k k,m Pm Pmm

keAk#+2

m
Smax{®i+ Z kP, iiieA}Z”Pi_f’ini’
i=1

k,
kenk#i %k T Ok
(45)

ie.,

"G(Pl’Pzw "’pm) _G(f)l’f)z" ’f)m)"* SQ” (pl’p2>""pm) - (f)l’ﬁz" "’f)m)"*’ (46)

where Q= max {©; + Yien s (Tpi)! (0 + S v i € AL T2, such that G(p},p5,..., p5) = (Pi>P3s- - D)
The condition (33) guarantees that 0<Q < 1. By the in- From (34) and (36), it follows that (p], p5, ..., p;,) satisfies

equality (44), we note that G is a contraction mapping. in equation (27), i.e., for each i € A,

Therefore, there exists a unique point (p}, p5,...,p;) €
]’l * _ 3(,-% ()P,*) * T h * A * * * (47)
i(pi) = S o, [9:(p;) = (Ti(h; (p;)) + PiAi (P15 Po> - - Po))]-

By Lemma 2, we conclude that (p},p5,...,p}) € Definition 7 (see [9]). A nonlinear mapping Q: # —  is
[TZ,%; is a unique solution of SENMVLI (19). This com-  said to be

letes the proof. O . . . o .
P b (i) generalized Lipschitzian if, there exists a constant

4. Proximal Iterative Schemes and k >0 such that

Stability Analysis IQ(p) - QI <k (Ip—gll +1), ¥p,qe, (48)

In this section, we first recall some definitions related to (ii) uniformly k-Lipschitzian if, there exists a constant

nearly uniformly Lipschitzian mapping. Furthermore, we k>0 such that for each 7 € N,

use a nearly uniformly Lipschitzian mapping Q;,i € A, to

define a self-mapping S = (Q;,Q,,...,Q,,) on [[1,%;, by IQ"(p)-Q" (@) <klp-ql, Vp.qe, (49)
using the equivalent alternative formulation (27) to suggest

and analyze some proximal iterative algorithms for finding (iii) nearly Lipschitzian with respect to the sequence
an element of the set of the fixed points of S which is the {a,} if, for each n € N, there exists a constant x,, >0

unique solution of the problem SENMVLI (19). such that
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[Q"(x)-Q" W <x,(lp-4ql +a,), Vp.qgeZ,
(50)
where {a,} is a fixed sequence in [0,00] with
o, — 0 as n — oo.

For an arbitrary, but fixed n € N, the infimum of
constants k, in (50) is called nearly Lipschitz
constant and it is denoted by S(Q"). Notice that

. |IQ"(p)-Q"(9)] }
= — P, I, .
B(Q") sup{ p-dlra,  PAcTPHd
(51)
S(P1> P25 Pm) = (QuP1> Qupss -

Then, S=(Q;,Qy....Q,): [0, #; — 15,7, s
a nearly uniformly max {K;: i € A}-Lipschitzian mapping
with the sequence {Zzlli,n}ml with respect to the norm ||.|,

n=

[8*(P1> £2s - P) = S" (P1s Pas -+ Bin)

m

—

i=

<max{K;: i € A} Z (lp; = pill; + li,n>
i=1

:maX{Ki: i€ A}("(pl’PZ"'"pm)_(pl’f)b""f)m)"* +Zli,n>'

We denote the sets of all the fixed points of Q;,7 € A and
S by Fix(Q;) and Fix(S), respectively, and the set of all the
solutions of SENMVLI (19) by SENMVLI(Z,g;,h
T, v, A;yi € A). In view of (52), for any (p;, pa» - -
12, % (p1> Pas- - > P) € Fix(S) if and

> D) €
only if

* ] * * a»i -,,-* * * * *
P =Qps = ol = (p) + 2o P (g (1) = (T (1 (9)) + pids (9} 5

=Q[pi - m(o)) + 75 0] - (T (0)) + i (025 23]

The fixed point formulation (54) enables us to suggest
the following proximal iterative algorithm with mixed errors
for finding an element of the set of the fixed points of the
nearly uniformly Lipschitzian mapping
S=1(Q;,Q,,...,Q,,) which is also a unique solution of
SENMVLI (19).

.= (@p,Qps -
= "(QTPl -Qp1, QP —Qopys - -

Definition 8 (see [9]). A nearly Lipschitzian mapping
Q: # — Z with the sequence {(«a,, $(Q"))} is said to be
nearly uniformly K-Lipschitzian mapping if, 8(Q") < K, for
all n € N. In other words, «,, = K, for all n € N.

For eachi € A, let Q;: #; — % ; be a nearly uniformly
K;-Lipschitzian mapping with the sequence {li)n}. We define
the self-mapping S of [[, %, by

QP Y (1> Pos -5 P) € [ [ 7 (52)
i-1
in [, 7. To see this fact, let

(P1> P2 > P)s (P1s Pas - > D) € [112,Z; be given. Then

for any n € N, we have

Q) pm) — (D1, QP - - -

»QuPrm)
’Q:;pm - Qnmﬁm)”*

*

= Z IQ! pi - QP < Z,Ki(“.pi -pili+ li,n)

(53)

i=1

p; € Fix(Q)),i € A, e,
H:leiX (Qz)

If (pt,ph,...,pr) € Fix(S) NSENMVLI(%,, g;, h;, T,
V;, A;,i € A), then by using Lemma 2, one can easily to see
that for each i € A and for all n € N,

Fix(S) = Fix(Q,,Q, . ..,Q,,) =

)]

(54)

Iterative Algorithm 1. For eachi € A, let #;, 9, h;, T, v, (;
and p; >0 be the same as in SENMVLI (19). For any given
(Pr1>Pots-- > Pmy) € [12, %, compute the iterative se-
quences {pi’n}:zl = {(pl,n, DPans- - ,pm,n)}:il <i>, <[>

00 00 . . 0o
{”i,n}nﬂ = {(ul’n, Uy oo - - ,um)n)}n:1 <i>, <[i> {Vi’”}nzl =
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0 . . 0
,vm)n)}n=1 </i>, < [li> {Si,n}n=1 =

by the following iterative process:

{(Vl,n’ VZ,n’ e {(Sl,n’SZ,n’

L] Sm,n)}zzl

Pin1 = (1 — 0, = Sn)pi,n +0, [Q?(ui,n - hi(ui, ) aIW ( " )[ ( ) ( ( 1( i,n)) +PiAi(u1,n’ Upps - -

Journal of Mathematics

’um,n))]) + ’1i,nj| + £n9i,n T i

Upp = (1 - O'rll - grlt)pi,n + orlt[Q:l(vi,n 1( 1n) + ja(w ( o) [gi(vi,n) _(Ti(hi<vi,n)) + PiAi(Vl,n’ Voo« - o> Vm,n))]) + q;,n] + 84‘9211 + r;’,w

Vin = (1 - 0:1, - ergl)pi,n + Ur,l, [an(prn (P:n) + j {W ( P )[ i(pi,n) _(Ti(hi(pi,n)) +piAi(p1,n> Pows - - ’pm,n))]) + ﬂlt,n] + Sr,[gz’n

o o
>Zm>n>}n:p{5an}n-1 {510

Let {zi,n}:zl = {(zl)n,zz)n, -
= {(tl,n’tZ,n’ . mn)}n 1 be

0 o
Syps e s S hners and {ti)n}n=1

Pin = l

:(1_

where S;: #; — ;i € A is nearly uniformly Lipschitzian
mapping, and the sequences {0,},{¢,}, {o '} {e '} {0"}, and
{s"} satisfy the conditions 0<a, +¢,0, +¢,0. +¢ <1,
Y o€n <00, and Y00, = co. For eachi € {1,2,...,m} and
foralln e N, {Si,n}, {9:-,,[}, and {gi,n} are bounded sequences

Now, we establish the following strong convergence result
for the sequences generated by the proximal iterative Algo-
rithm 1 and stability analysis under some suitable conditions.

Theorem 3. Foreachie€ A, let %;,g;,h;, T;,v;,(; and p; >0
be the same as in Theorem 2, and let all the conditions of
Theorem 2 hold. For each i € A, suppose that Q;: #; — X ;
is a nearly uniformly K;-Lipschitzian mapping with the se-
quence {li)n}, and S: [ #; — [12,%; is a nearly uni-
formly max{K;: i € A}-Lipschitzian mapping with the
sequence {Zgllm’i}f::l defined by (52) such that
Fix (S)NSENMVLI(Z;, g;, h;, T, v;, Ay i € A) # D. Suppose

Zips1 ~ [ (1 —0, = 8w)zi,n + Un(Q?(Si,n - hi(si ) a(W ( ) [gr
0’;; - 8r’l)zi,n + O'rlz[Q:l(ti,n - hi(ti,n) + il;{' ) [ 1( ) (Tr
ti)n:(]—o'r’l’—g)z +0y, [Q (Zzn z( zn)+jaZW(z )[gz( zn) (

an) ( (1( i,n))+piAi(sl,n’52,n"")
1i(t1n)) * P10t

1(hz( )) +pi z(zl 2o e ’Zm,n))]) + ﬂrzr,njl + 87’1,911,n + rtn’

(55)

the sequences in [],#; and define {goi,n}:zl =
{((Pl,n’ ¢2,n’ e (Pm,n)}zzl by

Sm,n))] + Wi,n)) +&,9, + ri,n] >

i
o tm,n))]) + ”:’,n] + 8;;'9:’,71 + r;,n’

(56)

. ! ) ! n
in #, and {Wi,n}’ {ﬂi,n}’ {ﬂi,n}’ {ri,n}’ {ri,n}’ and {Ti,n
sequences in #; to take into account the possible inexact
computation satisfying the following conditions:

} are six

. = — / _ —=n
’71’,71_ni,n+;7i)n”7in_ﬂ1n+’11n’r]1n rlzn+’71n’
ol 7 = lim | (71,075 M)l = lim o I =0
Mo Moo -+ > M . ’71,n’ Mo+ s M Jlls = ’71n’ Moo+ > M -
n—> 00 %
00 00 (57)
< - = — - —1 —n —n
(ﬂl,n”’]Z,n""”’]m,n)”*<OO’Z (ﬂl,n”b,n""’”m,n)”*<OO’Z (’71n”72n"“’17m,n)”*<00’
= n=1 n=1
[ 00 00
l i ! " " "
Piw Voo Tn )l <00, Tl Top s Vi)l <00, TinsTams s Ton s <00.
L n=1 n=1 n=1

that Q < min {1, 1/K;}, for each i € A, where Q) is same as in
(44). Then,

(i) the iterative sequence {(pl’n, Daws+ s Pm n)} gen-
erated by Algorithm 1 converges strongly to a umque
element  of  Fix(S)NSENMVLI(¥;, g;» h;» T}
Y, Ayi€A)

(ii) Furthermore, if 0<k<o, then lim,

(zl,n’ZZ,n’ c ’Zm,n) = (pl*’p;’ e ’p:n) llel’ld Ol’lly lf
lim, o, (37 9;,) = 0, where g, is given in (55); i.e.,

the sequence {(plyn,pz,n,...,pm’n)}:i1 generated by
(55) is [‘W'( P stable, for each i € A
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(i) Suppose (p],p5>--.»p,,) is a unique solution of

Proof
SENMVLI (19). For each i € A, we have

h(p1) = 750 g () = (T (1) + ity 1 o 3] | (59)

1zn

Since SEMVLI(#;, g;, h;, T;, v;, Aji € A) is a sin- p; € Fix(Q;). Hence, for each n € N and for each
gleton set and Fix(S)NSEMVLI(#;, g;, h;, T, i € A, we can write
v, A;i € A) + O, we conclude that for each i € A,

pi = (1-0,-e)p; + o, Qb ~ (o)) + 70 1,0~ (. ) + 207 23 o 23| 00
v Qi =) + 25 a6 = (T (60 + 2P i P )| + e
[Q n ., *x

(b1 =)+ 20 00 (p) = (T (0)) + A (7 o] )| +
(59)

=(1-0,-¢)p;

=(1-0,-¢,)p; +o,

where the sequences {6,}, {e.}, {oz} {el}, lo1}, and {sup1 I8, — pili € A]. Using Algorithm 1 and
{e,} are same as in Algorithm 1. (44), it follows that

Now, let L =max {sup@lll&n pilli€ A} L=
/ * .
max {supn21||9i’n -pilie A} and L' =max

[(1 -0, = )pm + 0, (Q (uyn hr( 1n) + j,i(;{/ ( " )[gi(uf»") _(Ti(hi(uix")) +piAi<u"”’ uz’“ """ um’"))]) + r]i,n) * 8,[9;’,, * ri,n:|
|pines = £7 1 =
L= a—edpr +af@(pr - er) + 750 1,00 - (T (20) + 21 (01 3P| + 200 ,,
Q;l(ui,n hz( zn) + j?;{ ( o ) [gi(ufx") _(Ti(hf(ui:")) + PiAi(ulx”’uzr” """ um”))])
S(lianisﬂ)”pi,nipz'*"i+o-n (
Qi (pr = (o) + 2 0 (0) ~ (T (0) + A (o2 )]) ||
N0 = 27l + oulltinl il
(0= 1) + 700 [0, 010) = (T (1) + i (i1 0,))] )
< (1 7Gn7£n)||Pi,n7p;"i+o-nKi +l1""
{pr = m o)+ 70 10 (00 - (T (o) + 2 552 D]) |
N9 = 27l + oulltinl il
(0= o) + 7500 g1 = (T 11)) + iAo 0))] )

< (1_o-n_sn)”Pi,n_p:"i-"o-nKi ( )
{ bt - o)+ 73 a0 - (T (s (01)) + i (01 P52 23]

+0,Kl;,+¢,L+o0 (||;1,-,n||,-+||ﬁ,-,n||,-) +||r,-,n||i

iin
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< (1 — 0y = Sn)"Pi,n - P: ;T UnKi<®i"ui,n - f’i”,- + %Tfla Z Vi,j“”j,n - ﬁ]'|l>

i jeMi#j

+ UnKili,n + enL + Un("ﬁi,n”i"’”ﬁi,n”i) +“ri,n”i

(60)
<(l-o,- sn)"Pi,n - Pi*”i + UnKi<®i"ui,n - f’i”i + TI—PIS Z Vi,j“”j,n - IA’]“ >
%t 0i jeiitj !
+0,Kil;, + an("ﬁi,n"i+"ﬁi,n”i) +||”i,n||,- +¢,L.
Using the similar arguments of (60), we can establish
that for each i € A,
||”i,n+1 -p; “, <(l-0,- sr’l)npi,n = pi |+ 0uK; <®i||"i,n -pi |+ al‘rflé\ Z Vi,j| Vin~ IA)JN]>“ﬁ;n"1 +l|ﬁ;,n"i +||”;',nl|i + Sr’lL,’
i jeNitj
(61)
* * * T:P; -~
[Voros = pil (1= 02 = Dl = il + 01K <@i||p,»,n ~pilegly 2 i pj||j> -

+ 03Kl + o | 4T+l + 2L

ni|=n
n

Let K = max {K;: i € A}. Combining (60)-(62), we
obtain

“(pl,m—l’pZ,nH """ Pm,n+1)—(PT)P; """ p;;)"*S (1_0n_5n) (Pl,n’pZ,n """ Pm,n)—(PLP; """ P;)

*

uj,n_f)j"j>

= TiPi
Uy — Pilli + Y v,
in pl”l « +8 i,j

i i jeMi#]

m
+0,K Z <®i
i=1

m
+ GnK z li,n + 0o, Krlhn’ Moo - -+ nm,n) *
i=1
+|Kﬁ1,n’ﬁ2,n """ ﬁm,n) * +||r1,n r2,n ””” rm,n %
* * *
+m£nL=(1_0n_€n) (Pl,n>P2,n """ Pm,n)_(PpPz """ pm) «
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+

moo p i}
<®1 + Z ockk+ I:Skka)”uL” — P “1

k=2

m m—1
ver(onr P - pilhos (00 B o Y i
k

keAk+#2 - o + O
m
+ anK Z li,n +0, Kﬁl,n’ ﬁZ,n """ ﬁm,n) « + "ﬁl,n’ ﬁz,n """ ﬁm,n"* + ”(rl,n’ Toms e es rm,n) « + H’lé‘nL
i=1
m m
= (1 _Un_sn) (pl,n’pZ,n """ pm,n)_(pf’p; """ pr*n)“* +0nKQZ||ui,n_p;||i+0nKzli,n (63)
i=1 i=1
+ Oy ‘(ﬁl,n’ ﬁz,n """ ﬁm,n) « + "ﬁl,n’ ﬁz,n """ ﬁm,n"* + “(rl,n’ r2,n """ T'm n) + mSnL
=(1_0n_8n) (pl,n’pZ,n """ Pm)n)_(pr’P; """ p:n)"*
m
+ UnKQ"(ul,n’ uZ,n """ um,n) - (PI> p; """ P;)"* + UnK Z li,n
i=1
+ Oy ‘(ﬁl,n’ ﬁz,n """ ﬁm,n) « + "ﬁl,n’ ﬁZ,n """ ﬁm,n"* + ‘Krl,n’ rZ,n """ rm,n) ¥ + msnL'
Applying equivalent logics of (63), we can compute
that
'|(u1,n+1’u2,n+1 ))))) um,n+l) - (P> P2 P:n)”* <(l-0,-¢) (pl,wPZ,n ----- Pm,n) = (P1> P2 Pm)"
+GnKQ'|(V1n Voo os Vm,n)_(PT’P; """ P:n) %
i < =1 =1 =~/ (64)
+ UnKZ li,n + On (nl,n’ ’72,71 """ nm,n) «
i=1
+ “(ﬁll,n’ ﬁZ’,n’ T ﬁrr;,n) " + ”rll,n’ r2,,n """ rn;,n"* + msr'lL,,
”(Vl,nﬂ’vz,m—l """ Vm,n+l)_(pf’p;< """ p:n)“*S (1 _Ur/zl_srll) (Pl,n’pZ,n """ pm,n) _(pT’P; """ p:ﬂ)"*
+U;1,KQ'|(p1,n’P2,n """ pm,n) _(PT)P; """ P:;/z) %
" S nll=n  =n =1 (65)
+ O'nKZ li,n + 0o, Krll,n’ Moo - oo nm,n) *
i=1
+ 'Kﬁ;,,n > ﬁg,n """ ﬁr’r’un> « + rlljn > rZ,,’n """ rr/‘;,n " + msrll,L

Since (1 - o, (1 - KQ)) <1, therefore (65) becomes



Journal of Mathematics

'l(vl,n+1’v2,n+l’ s ’Vm,n+1) - (Pf) P; T ’P:n)"* S (1 - 0:[(1 - K‘Q))”(pl,w Pos - - ’pm,n) - (Pf) P;; te ’p:n)

*

=

m
n n I =1
+0"Kzli’”+0” '*+| ﬂl,n’rIZ,n""’nm,n)
i=1

~Il =N 1
’11,n’ r/2,n’ st ”m,n

*

n !

! n
d [

" n
s Tnll, +me, L

P Pas s Pon) = (B} oo )] + 0K D I,
i=1

"
+0,

—n —=n —n
% + ’11,71’112,71" . "nm,n)

" n
+me, L .
*

PN/ ~1
’11,71’ r]Z,n’ R nm,n

*

" " "
+||1’1’n,1’2’n, e Pn

(66)

Since (1 - 0, (1 — KQ)) < 1, therefore using (64) and
(66) becomes

* s *
“(”1,n+1’”2,n+1> e ’um,n+1) = (P1>P3> > P)

| <(-0,-¢)

(pl,n>p2,n" . "pm,n) - (pf’p;’ s ’p:n)

*

+ o'rllKQ[”(pl,n’pln’ e ’Pm,n) - (pik’p;’ . ’p:n)

*

—=n =

P
« +||’11,n’ ’72,71’ R ’1m,n "*

m
n n n n
+0,K z L, +||(r1’n, Pops--os rm’n)
i=1

+0

ml=n =n ~1
n r/l,n’ 712,n’ ] ﬂm,n

" n
| +me, L
.

m
+0,K Z li,+o0,
i=1

~1 =1 ~ 1 —! =1 — !
ﬂl,n’ﬂln""’ﬂm,n *+ nl,n’nZ,n""’nm,n

*
' ' ' 1!
+”r1’n, Tom-e» rm’n"* + me, L
! * * *
= (1 - Un(l - KQ))”(pl,wPZ,n’ s ’pm,n) - (pl’pZ’ ce ’pm) «
m
rn ~Il = 1 12
+ ananKQ“(rll,n’ 112,71’ ] rlm,n) '* + UnanK Q Z li,n
i=1
/ " " " ! —n —=n —n
+ anKQ”(an, Toms- - ,rm’n) |* + onKQ”ql’n, Tams > Mmn ||*
m
! i=r =1 P [y — — 1
+ GnK Z li,n + Un ’11,11’ ’72,11’ ] ﬂm,n) « +|Kr]1,n’ ’12,n’ ] r]m,n) ¥
i=1

' ' ' ' " 1!
+ ”rm, Toms e+ o> rm,n"* +mo,e, KOL +me,L

< ”(pl,n’pz,n" . "pm,n) - (P;k’p;’ . ’p:n)

*

r_n PPN 1
+ O-no'nKQ“(nl,n’ ’12,n’ ] nm,n)

n

m
12
'* +0,0,K QZZM
i=1

! n n n
+anKQ'Kr1,n,r2,n,.. r )

> imn

! —n = —n
|* + UnKQl|771,n’ ’12,n’ o r/m,n

*

~1 =1 ~ 1
’11,n> ;72,11’ R r]m,n)

*

m
+0,K Z li,+o0,
i=1

' ’ ' o " 1!
+||r1 S SO ,rmn"* +mo,e, KQOL +me,L.

(67)

(o T - Tomen)

Using (63) and (67) becomes
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NP Pansrs o o) = (P1s P35 )] < (1= 0 = &) (Prs Pas -5 P = (P15 P55 23]

+ 0,0 K*Q z i+ OaKO(r s s o)

NP1 oo+ Prs) = (@1 255 P2, + aoW KO T W 5] L+ KOs s Tl

"

, War mr o S o

+ 03K Y L it e o) Wb oo - Tim)| o Thao - ol + mOned KQL" + ey L
i=1

"
+ 0K Y b+ (T T 5T+ 10 Pa - Pl + e L
i=1

< (1= 0,01 = KO)|(Pros Do -+ Prsa) = (123 23]

0oy KO s B )

O[T T )|, + KL s s s Tl + KOl T s )|, + KU o T+ Tl

1

+0,(1-KQ) m

i g - . +(o'o”K Q%+ 0lK2Q + K) Z Ly + ma,:e,','KzﬂzL" + ms,lKQL'

i=1

ro '
+ KQ‘Kan, Tom--s rm,n) .

+|Kﬁ1,nxﬁz,n ----- ﬁm,n) . +nrl,n> Tom o> Tmn “* +me, L.
(68)
On setting,
Pne1 = ||(P1,n+1’p2)n+l’ Tt ’pm,n+1) - (PT’P; e ’P;z) |*; (Dn = an(l - KQ);
(69)
n = |Kﬁl,n’ ﬁZ,n’ te ﬁm,n) % + “rl,n’ rZ,n’ cr rm,n“* + mgnL’

O’Y/KO’V/‘,KZQZW’I’?K”,?]\Z", T /’:’Zm) . + o‘r’zKZQZH(ﬁﬁn’ﬁg,n’ te ’ﬁﬁln)”* + o‘rlxKZQZH(rll,ln’ rZ,,,n’ T rr’t;n)”*

welg lm) + KOl e+ Fimn e+ KO T T+ KOl i st G oo || (70
o0, K°Q” + 0, K*QK) Y I, + mojen K Q'L + me,KQL
i=1
Equation (68) can be written as Pmns1) oy generated by Algorithm 1 converges
strongly to the only element (p§, p3,...,p;,) of the
P S (1= @), + 9,0, + 71 singleton set Fix(S)NSEMVI(¥;, g;, h, T;, v, A

where O = max {@i + Yrenseni (T )l (@ + 8) v i € A). This completes the part (I).

ieA}. Since lim, I, =0,foreachi € A, and (ii) Next, we prove the second conclusion. Let H (p;) =
m . . : Vlt( p; * *

Yre, <00, in view of (57), it follows that the St (pt —hy (pi)+ jp:, lg;(p?)— (T, (b, (p})) +

conditions of Lemma 1 are satisfied. Therefore, using
Lemma 1 and (68), we deduce that (p;,,i,
pZ,n+1""’Pm,n+1)—> (Pik’p;”p:n)’ as n—

co, and so the sequence {(Py,i1> Ponitsr-- >

PiA; (P1s D3> s pm))]). Using (59) and Algorithm 1,

we have

||Zi,n+1 - pz* ”1 < “Zi,m—l - [ (1 —0p— sn)zi,n + an(H(si,n) + ni,n) + sn‘9i,n + ri,n]

+||[(1_ - Z ntO (H(Si,n)+’7i)n)+5n9i,n+ri,n _[(1_01'1_“"r1)p;F +anH(p:)+snp;] i
. (72)
S%’,n’*’(l_an_ "Zzn pz“+0K ®||Stn p’"+oc+8 e z]"]n P]
eNi#j

+ 0uKiliy + 0u[fiiall; + [Fill; +|7il; + €aL-
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On similar manner of (73), we can deduce that

" Sinrr = P; i< (1= 0, - gr:)"zi,n - pilli +0,K; <®i"ti,n - p; |+ i

t _ *
i+ 0, [P = Pj
1 b jeAi#j

! > (73)

+0,Kl., +0,

n-rtivnLn

— ' 1!
’11,n i +||’7i,n"i+||ri,n”i + snL >

”m+1 pl||<(1—(7 _8 ||Zlﬂ_Pl aflé‘ Z v"zj,n_ i

n *
) @"p. -/l I
l " Z< e o b ojeNi#j J (74)
~1

+ oy Kby, + ol |+ il + en L

Using the similar arguments of (63) and combining
(72)-(74), we obtain that

||(Zl,n+1’2:2,n+l ~~~~~ mn+l) (P P2 P,
N T i
SZ (Pi,n+(1_ S)Hzm p; " +0nK1 ®||51n p; " +(X+8 z]' Sin P]
i=1 JEAi# ]
+ GnKili,n + an“ﬁi,n“i +||ﬁi,n"i+”ri,n”i + gnL]
m
< Z¢i,n+(l_an_ n (zl,n’ZZ,n """ Zm,n)_(PT’P; """ p:rl) « (75)
i=1
m
+ GnKQ"(Sl,n’ SZ,n """ Sm,n) - (pf’p; """ pr*n)H* + UHKZ li,n
i=1
+ an (ﬁl,n’ ﬁln """ ﬁm,n)"*"’ (ﬁl,n’ ﬁZ,n """ ﬁm,n)”*
+ "(r1 Y Y ' n) , T me,L.
Similarly, we have
|'(sl,n+1’52,n+1>" mn+1) (pl’PZ """ p:n) *S(l_o-r,l_sii) (zl,n’zl,n """ Zm,n)_(pik’p;""’p:n) %
+O‘r’1KQ“(t1,n’t2,n """ tm,n)_(pr’p;""’p:n %
! < i =r =1 =~/ - — (76)
+ anK Z li,n + an '(nl,n’ ’72,11 """ ’/Im,n) « + "nl,n’ ’72,n """ r’m,n *
i=1
+”(r1'n, Towo s Tun)| + MERL
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Since (1 -0, (1 - KQ)) <1, therefore we obtain

* n * * *®
“(tl,nﬂ’ t2,n+1 """ mn+1) (Pl Pz """ pm)“* < (1 n (Zl,n’ Zops+ s Zm,n) - (pl ’Pz """ pm *
n * * *
+ anKQ'|(Zl,n’ Zoms+ s Zm,n) - (Pl)Pz """
m
" nll(=m  =n = —n—n
F 0K Y Ly 0 s s T )|, s o> T
i=1
" " " HL”
(71 T s rmn) , T me,
n * * *
= (l_an(l_KQ))||(Zl,n>z2,n """ Zm,n)_(pl’pZ """ Pm) «
nlly=r  =n ~n - —n
+ Un ’71,11’ ’72,71 """ ﬂm,n) « +|l’71,n’ ’72,n """ nm,n ”*
m n
noon " n "
+'Kr1,n, Toms e rm)n) Lt anKZ I, +me, L
i=1
* * *
< (21 2200 > Zonn) = (P13 23|
m
" nll(=m  =n ~n —n —n
+ anK Z li,n + Un Kﬂl,n’ ’72,71 """ ﬂm,n) % +||’71,n’ ’72,71 """ ﬂmn "
i=1
noon " "
+'Kr1,n,r2)n ..... rmn) +me, L
(77)
Since (1 - 0,,(1 - KQ)) < 1, therefore using (76) and
(77) becomes
* < * * *
(Sl,n+1’ ol mn+1) (pl P2 """ Pm) P (Zl,n’ Zogps+ Zm,n) - (pl ’PZ """ Pm) %
m
r_n PPN = r_n
+0,0 KQ|K;7M, Tops -+ qm,n) +00/K*Q Zli)n
i=1
n ! —n o —n —n
+0 KQ“( Tl oy T )|, + OKQT s T - T (78)
! M= = —
+ GnKZ li,n + Jn ’11,;1’ ;72,;1 """ ﬂmn |K’71 n> rlZn """ r]m,n) %
i=1
! i / 1o " 1y’
+ ”rl)n, (P rm’n"* +mo,e, KOL +me,L.

Using (77) and (78), (75) implies that
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”(Zl,ml’zl,nﬂ ----- mn+l) (P1>ps>e o Pm)" Z‘/’m (1-0,-¢,) (Zl,n’zl’n ----- Zm,n)’(P;»P; ----- Pm) N
(o2 s 2) = (B e ea B, + 010K Tl 17| + 020 KPQ Y,
+0,KQ -
m
+ 0 KO(r 12t |, + OK U s Tl + 0K Y i+ Ot inn o Foma) |+t s s Thally + (o T, + mosel KOL + mey L’
i=1
+ 0K Y b+ 0| (i M | (s T+ T+ i, L
i=1
< (l—on(l—KQ))"(z,yn,zzyn ,,,,, Zpun) = (P15 P3- s p;)‘]'+an(1—KQ)
O KA Wi T )|, + oKL T T )|, + oK@ s s + 0Kt B Tt + KT T3l
2 Pin 1
=5 m
(1-KQ)  (1-KQ) + KQ|Kr1’M, Fhoeeos rm’,,,)"* o - Tl + (0200 Q2 + 0, K2Q + K) Y 1y, + mojes KL + meyKOL'
i=1
+‘Kﬁl,n’7l2,n >>>>> ﬁm,n) R +||rl,n‘r2,n >>>>> rm,n"* +me,L,
(79)
Since it is given that lim,_,>" ¢, , = 0, therefore, Conversely, assume that lim, . (Z) 1,251
lim, (21415 Z2ps10 - -2 Zmme) = (PT 5P5 -+ o5 s Zpe) = (P> P53 -5 Pr). From (59) and
p;,)> and the result follows. lim, I, =0, we have

Pin = ”Zi)nﬂ - [ (1 —0p— sn)zi,n + 0 ( ( ) + ”n) + ‘sn‘gi,n + rn] i
£)Zzn-f_o-< ( )+’1n)+£n9i,n+rn]_p:1
< “Zi,n+1 - pl* |i +|| [ (1 — 0y~ £n)zi,n + 0n<H(ti,n) + ’171) + £;11‘91‘,71 + rn] - [ (1 — 0y = Sn)pj + OnH (pl*) + Snpj]||i (80)

(ti,n) - H(pl*

< “Zz n+1 pl

: ||Zi,n+1 - P;"l + (1 -0, = sn)"Zi,n - Pl* i
+ Ol + il + 2all9i = 271 + il

i

i

By using (80), we have

z Din < Z ”Zi,nH - Pl* H; + (1 0= en)”Zi,n - Pz* “; + 0y H(ti,n) - H(pz*
i=1 i=1

i
—~ — ‘9 *
+(0n“’li,n"i+||’1i,n"i + sn” in— Pi ||i+||”i,n"i)
* * *

”(zl,n+1>z2,n+l’ = ’Zm,n+1) =(P1> P25 P,
+(l-0,(1- KQ))“(an,zz,n, . .,zm’n) —(p1 o>

I 22 a1 I
+ 0n<0nUnK Q ”(’71,11’ 112,11’ ] ﬂm,n) ¥
+0/K*Q ” ﬂln’ﬁgn""’ﬁm,n)" +0/K*Q “ PlpsT 2n’~--)7;;,n)||*

A -~ ~ 1

+ anKQ" ’71,n’ ’72,n’ s ﬂmn)”*
i i i

+ KQ"(rl)n, Tom e s rm,n)| .

IN

(81)

(ﬁl,n’ ﬁZ,n’ te ’ﬁrrll,n)"*

(Fivans Tz - > T

+ (0,00 K°Q% + 0,K°Q + K) i L,
a

+moe' KL + ms,',KQL,)

+ ”(ﬁl,n’ ﬁZ,n’ t ’ﬁm,n)”*'*’ |(r1,n’ Fopseees rm,n)"* + msnL’
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which implies that lim, ., (37", ¢;,) = 0.

Hence, the sequence {(pl,n,pz)n, e ,pm,n)}:zl gen-

erated by (56) is ji“TV‘ ) _ stable, for each i € A.
This completes the proof. O

5. Proximal Dynamical System

In this section, we consider the proximal dynamical system
technique to study the existence and uniqueness of the

%,(p) = () = 72 P [, (p) = (T, (1 (2)) + A (p1s P

It is evident form Lemma 2 that SENMVLI (19) has
a solution (py,py...»p,) € [14%; if and only if
(P15 P2>- - -» Pw) 1s @ zero of the equation

Z:(p;) = 0,foreachi € A. (83)

dp; _
FT w0, %, (p;)
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solution of SENMVLI (19). In Section 3, we have shown that
the SENMVLI (19) is equivalent to a fixed point problem. By
using this equivalent result, we suggest and analyze the
following proximal dynamical system associated with the
SENMVLI (19). For each i € A, we define the residue vector
as follows:

(82)

D))

Using the residue vector equations (82) and (83) and
fixed point formulation (27), we suggest the following
proximal dynamical system:

(84)

- wi{jfa)ff;‘,,i Cr) [9:(pi) = (Ti(hi (P;) + piAi (P> Pas - - P))] — i (pi)}’pi (to) =c; € X

associated with SENMVLI (19), where w; > 0 is parameter. We
call the proximal dynamical system (84) as extended nonlinear
mixed variational-like proximal dynamical system. Here, the
right hand side is related to the proximal operator and is
discontinuous on the boundary of ;. From the definition, it is
definite that the solution of the extended nonlinear mixed
variational-like proximal dynamical system (84) belongs to the
constraint set #;. This points out that the approximate results
such as the existence, uniqueness, and continuous dependence
of the solution of (84) can be investigated.

To state our results, we need the following well-known
concepts.

Definition 9 (see [23]). The dynamical system is said to be
converge to the solution set I'* of the problem (19), if,
irrespective of the initial point, the trajectory of the dy-
namical system satisfies

lim dist(p; (),T") =0, (85)

where dist (p; (£),I") = inf,_ -l p; — g;l-
If the solution set T'* has a unique solution
(p1>p5>--spi) €12, %, then (84) implies that

lim, oo (py (0, P ()5« 5 P (D) = (D5 P3P

Definition 10 (see [23]). The dynamical system is said to be
globally exponentially stable with degree 0 at p*, if, irre-
spective of the initial point, the trajectory of the dynamical

system satisfies

exp (—-0(t —t,)), Vt > t,,
(86)

lp@® -p|<colp® - p°

where ¢, and 0 are positive constants, independent of the
initial point.

Lemma 3 (see [23]). Let p and g be real-valued nonnegative
continuous functions with domain {t: t>t\} and let
a(t) = ay (|t —t,l), where ap is a monotone increasing
function. If, for all t >t,

PO <al) + Jt 5()3(s)ds, (87)

holds, then

(1) <a(t) exp {L Q(s)ds}. (88)

The existence and uniqueness of the solution of
SENMVLI (19) is shown in Theorem 2. Now, by combining
Lemma 3 and Theorem 2, we obtain the unique solution of
extended nonlinear mixed variational-like proximal dy-
namical system (84).

Theorem 4. Foreachi € A, let #;, 9,0, Ty w3, (o and p; >0
be the same as in Theorem 2 and let all the conditions of
Theorem 2 hold. For each i€ A, suppose that
Q;: #; — H;K;-Lipschitzian mapping with the sequence
{li’n}, and S: 12, % ;isanearly uniformly — [], %, is
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a nearly uniformly max{K;: i € A}-Lipschitzian mapping
with the sequence {Zﬁllm}ml defined by (52) such that

Fix(S) N SEMVLL(%, gy, b, T W Api € A)#D.  Suppose

Journal of Mathematics

variational-like proximal dynamical system (84) with
p;i(ty) = c; over [ty,00].

O,y (5p;)

that Q< min {1, 1/K;}, for eachi € A, where Q) is the same as P;OOJ; By Lemrr;a 2, we have h;(p;) =, I [gi (pi) _f
in (42). Then, there exists a unique continuous solution (T (A (pi)) + piAi (P1> P> - - Pi))] s a 8o ution o
(p1 @), py ()., P () of extended nonlinear mixed SgENIl\_[/IXL;f ﬁ??%p bfror each i€A, we define
it Llim i i
O, (-pi
Fi(P1> P2 P3o- s P) = wi{jpf,T, () [9:(Pi) = (T (hi () + piAi (P1> Pas - P))] — i (Pi)}’ (89)

forall (py, pss---> P) € [12, % ;. Define |||, on [12, % by

It is easy to see that ([]2, %, |.l.) is a Hilbert space.
Also, define G: [}, #; — [, #; as follows:

(o1 22 P35 L. = X N 2illo ¥ (1> P2 -5 ) € [ [
i=1 i=1
(90)
C(P1>Pr- > Pm) = (F1(P1> P25 i)y Fa(P1sPos -5 Pn)s -+ o> Fon (P1s Pas - -5 Pn) s (91)

for all (py, pys---s p) € [0
To prove that & (p;, p,,---» P,,) is a locally Lipschitz
continuous mapping, suppose that (p;,py - > Pm)

|7: (1> ps -

o

—(fi:;/’ ("E) [gi (f’z) - (Ti (hi (f’l)) +pid; (1311132’ .- rf)m))] —h; (i)’))”z]

»Pm) = Fi (P> Do -

(P1>P2>---»> D) € 112, ; are given. By using (32) and (34)
and Theorem 1, for each i € A, we have

P

(7587 131 (p) = (T, 0 () + iy i v D] = ()

-~ O, vi (i
B wi"Pi - pilli + wi"(pi —hi(p;) + pfiT‘lji () [9:(p:) = T; (h: (p;))

#p (pr P 2] (B = (B0 + 25 7 9, () - (T ()

+p;A; (P Pos -+ 5 )i

Using the same technique of (35)-(39) and (42) and (92)
becomes

”9:1' (P> P2+ Pm) = Fi(P1> Py - - > IA’m)”l

= = TiPi =
<opi - pil+ <®f"Pi -l oy > lei- Pj||j>’
i T O jenis
(93)
where O,=¢++(1- 2uy, +/\f,‘) + (7 (ATi

A + Wé,- = 2pitha, + pPAG ) (0 + 8).
similar arguments of (36) and (44), we have

Applying  the

(92)
“g(Pl»sz s P) =G (P1> P+ -5 Pm) N
= Z "91 (1> P2 > D) = Fi(P1s Pas -+ > Pl
-1
<max {w;: i € A}<Z |py = 1|, + max {©;
i-1 (94)

oy TPy, e A} > loi - Bl

keAk#i

cof Sln-lroS -2
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ie.,

H?(P1>P2)-~-’Pm) ~G(P1>Py- > Pl s@(1+ Q)" (P1> P> - - -

where Q= max {®; + Yyeppp (T pi)/ (g + )y ;0 i € A}
and w = max {w;: i € A}. Therefore, & is a locally Lipschitz

s Pm) = (Pr Pas - -

21

s D)l (95)

(84), defined in an interval t, <t <9 with the initial con-
dition p; (t,) = ¢;, for each i € A. Suppose that [t,, FB] is the

continuous mapping. Hence, for each  maximal interval of the existence of the solutions of (84).
(c1,¢55---5C,) € 102, %, there exists a unique and con-  Now, we have to show that 9% =oco. For any
tinuous solution (p, (t), p,(t),..., p,, (t)) of the extended (P1>P2>-- > Pm) € [112,;» we have
nonlinear mixed variational-like proximal dynamical system
dp;
2] =17 (p1o -2,
Vi Px
= a7 g, (0) - (T, (9)) + 2 (B oo 2] = (01|
9 vi (-pi)
Swll7, [9:(pi) = (T (hi () + piAi (P1> P2s - - Pim))]
O, (-P] * * _— *
=70 0100 = (T (1)) + iy o ]
+wlpi - pil
(96)

<1730 " 91 () = (T (p) + piAs (1o -

o v (op!
2t ) g (p) -

122D (g (p) = (T (1 (£)) + Pidds (P s -

O, vi (-p7)

7 g, (p7) -

-pilli+

colpi- p,||+w<

lpl
o; +0; Z

I ojeNi#j

Now, we calculate

(T; (h: (p;) + piAi (P1> P2 - - -

(T; (ki (p])) + piAi (P1> P35 - - -

p,—p}fllj)

)]
s D))l
YN
Il
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“?(Pl’pz" o Pl = Z "971‘(1’1’1’2’ e
in1

> pm)"z = z
i=1
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m

dpi“
dt |;

N * * Ti Pi *
<3 wl(upi ~pils (@,-np,» TSl p) ))
i=1 1 L ojeNi#j
<max{w;: i € A}<§: |p; = p|; + max {®,
i=1
Tk Pk . S -
— V. A =D
’ ke/é#i g +5kvk’l He };”P] Pill (97)
Sw<lePi—pZ‘ +Q) |pi-pf i)
i1 i1
<w(1+9)) |- P}l
i=1
=01+ Q)| (pi:par- -2 Pm) = (P12 P20+ P,

<w(1+Q)|(p1> po-- > L)l + @1+ Q| (P> 55> )

and therefore,

[Py (0, 2 ()2 (D))

« S "(Pl (t0)> P2 (t0)s - - -5 P (t0))|..
+jt 1Z (91 (5), P2 (s 2 Py ()]s

(98)
< (“(Pl (to), P2 (to)s - +» Pm (to))"* +ky (- to))
vk L (21 (51, P> (5)s -+ P ()] s
wherek; = w(1+ Q)(pT, p5>- > Pl and k, = w(1 + Q).
Using Lemma 3, we have
[ o1, 20, P O < ([(P1 (80 22 (Ee)s - P (8], + Ky (£ = £) )€™ (-1) vy ¢ [to,.%’]>. (99)

Hence, the solution is bounded for t € (t,, %), if B is
finite. Thus, 9 = co. This completes the proof. O

Applying the approach of Xia and Feng [31, 32], we now
show that the trajectory of the solution of extended non-
linear mixed variational-like proximal dynamical system
(84) converges to a unique solution of SENMVLI (19).

Theorem 5. For each ieA, let %, g,h,T,v,(,
and p;>0 be the same as in Theorem 2 and let all the

conditions of Theorem 2 hold. If the following conditions
are satisfied:

_Fibi DY
«; + 9 b

i jeNit]

Xi =W, +

Ti\/(/\zi = 2pig, Pizfli,.,-) < [ (6 = §:) (a; + ;) - TiAT,Ah,]’
(100)
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then, the extended nonlinear mixed variational-like proximal
dynamical system (84) converges globally exponentially to
a unique solution of SENMVLI (19).

Proof. In Theorem 2, we prove the existence of a unique
solution (pj, p3,...,p;,) of the problem SENMVLI (19).

By Lemma 2, we have h(p])= jii,;fj(.,ﬁ )
(g:(p}) — (T; (hi (p})) + pAi (P} 5 --> Pi))]. Also, in

23

view of Theorem 4, the extended mixed variational-like
resolvent dynamical system (82) has a unique solution
(p1 (@), py (1), ..., P,y (1)) OVer [ty, B] for any fixed ¢; € #;,
for each ie€A. Let (pr (), py (), s P (1)) =
(p1 (ttg5¢1)s po (805 €2)5 - - o5 P (B85 €,,,)) e the solution
of the initial value problem (84) with p;(t,) = ¢;, for each
i € A. Now, we consider the Lyapunov function Z defined
on [[i2,%; by

L(P1s P2 P) = NP1 P2 s ) = (01 93 DI Y (P15 P25 P) € [ [ (101)
i=1
For eachi € A, from (82), (91)-(95), and (101), and using
pp, ~strongly monotonicity of h;, we have
oZ dp; . dp;
api dt _2<pi(t) pi’ dt >i
® O ¥i (-pi
= 20,0 = 51, 70 ) [0,2) — (T, (9)) + A (P12 )] = i (),
= =2w;{p; (t) = p;» by (p:) = hi (P )
% or Y (-pi *
+ 2w {p; (t) - p; ’fpj,’;"’i () [9:(pi) = (T (h; (P;) + piAi (P> Pas - - > P))] = B (D7 )i
5 * or.Y; (-pi
< - 2‘”1‘.‘411,.“1’1‘ () - p; ",2 +2w;]|pi (1) - p; | 'fpfhv:,. N )gi (p:) = (T; (h: (p;))
a[,“Vi (~>Pi*) * * * * * (102)
+piAi (P1> P25 Pm) — I o, 9:(p;) = (T;(hi(p7)) + PiAi (P1> P> - - > Po))l
Ei (‘Xi + 61) + Ti</1T,~Ah,~ + \/(/\; - 2P,‘,“A”. + P?Ai‘u) ) 112
< =20, py, - P Ip; (£) = p; IIll;
Ti Pi = 12
Ly villp; — Pl
o + 6, jegﬂ jUE;— Pjllllj
< =20, Ofpi 0 - pIIE+ LN ) - PN
= i il £ i Il “i+6i e Li|£7 P

where D; = py, = §i (o + 6;) + 7, (A )y,
+\/%i —2puy, + pgaiﬁ) )/ (a; + 8;). By using (102), we have
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dZ 0Z; dp, R dp;
dar Zl op; d Zl PGy
N 2 TiPi =7
< —2;: w0, ®;|p: (1) = pi | g+, Vij 'Pj—Pj"j s (103)
i= JEMNI#
(D T‘Pl s z %12
< —2wmax i+oc+8 Z vii=12 Z“pi(t)—pi"i,
bojeNi#j i=1
ie.,
d % % * 2 * * * 2
1o ) = (P1 P PIIE S = 208 (p1s oo s P) = (P15 P35 PN (104)
where A = max {q) + (1, p)) (; +6)Z]5A1¢] (i€ A} and
w = {w;: i € A}. Therefore, we have
[((P1s Pos- s Pr) = P1 D3 s oL <[ (1o P+ ) = (1o P i)l € (), (105)

Using the conditions (32) and (100), we conclude that
A>0. Hence, the trajectory of the solution of extended
nonlinear mixed variational-like proximal dynamical system
(84) converges globally exponentially to a unique solution of
SENMVLI (19). This completes the proof. O

6. Conclusion

In this work, we have studied a new system of extended
nonlinear mixed variational-like inequalities involving dif-
ferent nonlinear mappings in the setting of real Hilbert
spaces. Using the proximal operator technique, we have
shown that the system of extended nonlinear mixed
variational-like inequalities is equivalent to the corre-
sponding fixed point problem, and applying this equivalent
result, we have proved the existence and uniqueness of
solution of the system of extended nonlinear mixed
variational-like inequalities. Making use of equivalent fixed
point formulation and nearly uniformly Lipschizian map-
ping, we have proposed a new three-step iterative algorithm
with mixed errors to examine the convergence and stability
analysis of the suggested iterative algorithm under some
suitable conditions. Finally, we have analyzed and suggested
a proximal dynamical system associated with the system of
extended nonlinear mixed variational-like inequalities. We
have shown that the trajectory of the solution of the
proximal dynamical system converges globally exponentially
to a unique solution of the considered problem. We would
like to emphasize that the problem considered in this article
can be further investigated from different aspects such as
sensitivity analysis, well-posedness, approximation, and
numerical analysis. The concepts and method of the

proposed operator splitting scheme may be extended for
solving the system of quasi variational-like inequalities,
system of equilibrium problems, and other related gener-
alized systems.
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The goal of this paper is to find the best of two sixth-order methods, namely, RK-Huta and RK-Butcher methods for solving the
fuzzy hybrid systems. We state a necessary definition and theorem in terms of consistency for convergence, and finally, we
compare the obtained numerical results of two different methods with analytical solution using two different numerical examples.
In addition to that, we generalize the solutions obtained by RK-6 Huta and RK-6 Butcher methods (same order different stage
methods) for both the problems we handled. We are proposing these two methods in order to reduce the error in accuracy and to
establish these two methods are better than any other existing numerical methods. The best of two sixth-order methods are found
by the error analysis study for both the problems. Also, we show whether the change in number of stages of same order methods

affects the accuracy of the approximation or not.

1. Introduction

The hybrid systems are the dynamic systems which in-
volve both continuous and discrete actions. We shall
discuss about the hybrid systems in detail. The term
hybrid is not a new thing to the world. We are using the
term hybrid everywhere knowingly or unknowingly. The
botanist often used this term while some plants, fruits,
and vegetables are produced by the technique of hy-
bridization. This hybrid plantation is quite common in all
the developing countries. The people are used to compare
these hybrid products and original organic products
though some of the hybrid products are even organic. The
industrialists often use this term hybrid in making of
innovative technologies. Nowadays, we are offered to use
the hybrid cars which are making use of two different
fuels as a combination of liquid fuel and electric motor.

Now, in mathematics, it is used to call some functions as
hybrid functions. The system which is involving two or
more functions are termed as hybrid systems. The
functions which are both continuous and discrete
depending upon the interval of time being considered as
hybrid functions. Sometimes, we have to call a function as
a hybrid function when it exhibits continuous disconti-
nuities such as modulus functions and trigonometric
functions.

The hybrid system is often modeled with the aid of
differential equations. Obviously, we can easily grasp that
it should be a nonlinear equations. Since it is tedious to
obtain the exact solutions, we prefer to apply the concept
of numerical techniques to adopt the solutions. After
achieving the approximate solutions, it is our prior most
duty to assure the readers that our method is providing
the better approximations. For that, we can take two


https://orcid.org/0000-0002-3152-1592
https://orcid.org/0000-0003-1336-6696
https://orcid.org/0000-0002-8832-3036
https://orcid.org/0000-0002-1385-5345
https://orcid.org/0000-0003-0267-110X
mailto:bundit.un@wu.ac.th
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2023/7865973

different methods but one can easily say higher order
method will automatically provide better approximation.
So instead of taking two different order methods, we are
using same sixth-order methods and going to compare
them in order to find the method providing better
approximations.

These dynamic behaviors with Zadeh’s fuzzy theory
[1] paved a way to fuzzy differential equations [2-5] and
tuzzy hybrid differential equations (FHDEs) [5-15]. In
the present paper, two sixth-order methods called RK-
Huta and RK-Butcher, respectively, having eight stages
and seven stages are used to obtain approximate solutions
of FHDE. Since they are the higher-order methods, the
solution converges rapidly to exact solutions than any
other numerical methods. Numerical solutions of FHDE
are studied over a period of time using various methods
such as Euler and Runge-Kutta, by various authors like
Pederson and Sambandham [16, 17] and Jayakumar and
Kanagarajan [18, 19]. Other than them, Salahshour along
with Allahviranloo and Ahmadian et al. made remarkable
contributions in hybrid fuzzy differential equations
[20, 21]. The readers are encouraged to go through the
various applications of numerical methods to solve
various types of differential equations through
[4-15, 22-24].

We are eager to present one such study of FHDE for the
benefit of the authors. Two different sixth-order methods
such as RK-Huta and Bucher methods are presented and
compared while solving these types of nonlinear differential
equations.

The whole study was split as four sections in which FHDE
and two RK-6 methods such as Huta and Butcher methods are
presented in Section 2. Section 3 contains numerical examples,
and finally, the study is concluded in Section 4.

2. Fuzzy Hybrid Differential Equations (FHDEs)
and RK-6 Methods

The picture of the hybrid system is shown in Figure 1 in
a way as P.B. Dhandapani et al. showed it in the disconti-
nuity between continuity or continuity between disconti-
nuity in [15].

Following the preliminaries of [16], the hybrid systems
are treated via the continuous and discrete parameters.

1 Ay, (&) = 8(t v wi(vm,))

A7 () = 8(t, v (s, )

[yy (5 a), vy (£;a)] is a fuzzy number, and also the solu-
tions of the parametric form given by the following equation:
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E" represents the set of yy: R* — [0,1] in the fol-
lowing manner:

(i) yy is always normal, as there exists an f, € R" such
that yp (£,) =1

(ii) yy is convex under fuzzy definitions, as for
tty yy € R"and 0<a<1

yu (aty + (1 = a)ty) =min [y (t,), yu ()] (1)

(iii) yy is always upper-semi continuous

(iv) [yH]O = the closure of [teR™ y,(t)>0] is
compact

For 0 <a<1, we define [y (2t)]* = [t € R": yy () > a].
The a— level sets of y; (¢) throughout the paper are given by
the following equation:

yu (6@ =y, (60, Yy (5 0)]. (2)

Here, H is used to represent the association of hybrid
systems in the system. Since we are dealing with fuzzy
functions, we are defining below the minimum and maxi-
mum of yy (t), ie.,

yH(t; a) =[0.75 + 0.25a] yy; (1), )

- 3
Yy () =[1.125 = 0.125a] y 5 (1).

Consider the FHDE, similar to [16, 18, 19]

Ay (t) = 5(1" yu (£), wk(ka))’ t € [tiotin]s
Vi (te) = Y,
0, ifk=0,
(1) _{ w ifkef{l,2,..},
(4)

where A denotes Seikkala’s differentiation, 0<t,<t,
< e <tr< ""tr — 00,

8 € C[R" x E' xE',E'|,w, € C[E", E']. (5)

We may alter (4) by an equivalent system

Pi(ts i Vi) v () = i

(6)

Qk(t’ y_H’yH)’y_H(tk) = Vup
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F1Gure 1: Hybrid systems.

Ayy (ta) = Pk[t,hlk(t;a),yH(t;a)], Ayy (t;a) = &k((x),

(7)

Ayy (ta) = Qk[t,y_Hk(t; ), yy (t; a)], Vi (t @) = yg, (@), a € [0,1],

where P [f, VH, (t;0), yg ()] and  Qlt, Yu, (t; @),
V5 (t; )] are the parametric forms to represent the
function.

2.1. Convergence. From the notes of [25], the general single-
step method for (4) is given by y,..1 = ¥, + ¢ (£, Vs B)s
m=0,1,...,M—1. Here, ¢(t,,y,,,h) is the increment
function. The true value of y(t,,) will satisfy y(¢t,,,) =
y(t,) +he(t,,y (t,),W+T,n=0,1,2,...,N - 1. Here,
T, is the truncation error.

Definition 1 (see [25]). The general single-step method
Vi1 = VY + Ot Vs ),m =0,1,...,M -1 is said to be
consistent if ¢ (t, y,0) = w(t, y)

Theorem 1 (see [25]). A necessary and sufficient condition
for the convergence of a single step method which is regular of
order p>1 is consistency.

Proof 1. According to Jain [25],“there exist a unique solu-
tion y(t) on [ty,h] where a<t,<t<t,+h<b and also
y(t) € CP*[t,,b], for p>1. The solution y(t) can be ex-
panded in a Taylor series about any point ¢,

PO = p(6,) 4 (- )0y (6) + 51~ 1,8y (1) +

(e =1, A"y (2, )e, f.
(8)

This expansion holds good for ¢ € [t),b],t,<e<t.
Substituting t = ¢,,,, in (8), we obtain the following equation:

+$a—afwva»+

1
(p+1)

s WP
Y (i) = y (6) + By (8,) + 1Ny (8,) +-- + Ay (L)

(9)

and h¢(t,, y(t,),h) is to be obtained from h¢ (t,, y(t,), h)
by using an approximate value y,, in place of the exact value
y(t,). We compute y, ., =y, + h¢(t,, y,,h),n=0,1,2,...,
N -1 to approximate y(t,,,). This is called Taylor’s series
method of order p. When p = 1, the Taylor series method
becomes Euler’s method as y,,,=y,+hf(t,y,).n=
0,1,2, ...N — 1. The values of & (y(t,) and higher de-
rivatives can be computed by substituting ¢ = ¢,,.. Therefore,
we can compute y(t,,,) with an error

hp+1
(p+ Dy (e,)

By which consistency could be established since
number of terms in Taylor’s series is fixed by means of
permissible error. From the theorem, the result ensures
that the approximate solution converges to the exact
solution since the convergence of Euler’s method and
Runge-Kutta method for hybrid fuzzy differential
equations are proved by Pederson et al., [16, 17]. Also
from the theorem of [16, 17], the point-to-point con-
vergence for all k in « is fixed. O

tn<6n<tn+1' (10)

2.2. Numerical Methods. In order to get better clarity about
the terms involved in Runge-Kutta methods, we shall
present here the fourth-order Runge-Kutta method. When
the hybrid term involves, the representation will change
accordingly which will be shown on following sixth-order
RK-Huta method.

2.3. Fourth-Order Runge-Kutta Method for ODE. For non-
fuzzy ODE,

{ Ay (t) = 8(t, y (1)t € [trotr]s

(11)
y(t) = Yo
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TaBLE 1: Sixth-order RK-Huta [25].
1/9 1/9
1/6 1/24 3/24
1/3 1/6 -3/6 4/6
1/2 -5/8 27/8 —24/8
2/3 221/9 -981/9 867/9 -102/9 1/9
5/6 -183/48 678/48 —472/48 —66/48 80/48 3/48
1 716/82 -2079/82 1002/82 834/82 —454/82 -9/82 72/82
41/840 0 216/840 27/840 272/840 27/840 216/840 41/840
TaBLE 2: Sixth-order RK-Butcher [25].
1/3 1/3
2/3 0 2/3
1/3 1/12 1/3 -1/12
1/2 -1/16 9/8 -3/16 -3/8
1/2 0 9/8 -3/8 -3/4 1/2
1 9/44 -9/11 63/44 18/11 0 -16/11
11/120 0 27/40 27/40 —-4/15 —-4/15 11/120
we have Since it is too complex to show these two sixth-order
k, = ho(t, yi), methods in stage form involving terms like yy (),
VHgp (), and k; (which is explained previously), we are just
giving the coefﬁaents involved in these two sixth-order
h5<t 5 Vk +>’ methods, namely, Huta method and Butcher method from
the study of [25]. With the belief that the reader may be familiar
with conversion from the coefficient form to the stage form of
=hé(t ( >kt —), (12) " numerical methods, we present that coefficient terms involved
in sixth-order RK-Butcher and RK-Huta methods. The readers
may refer basic studies like [18, 25] given in reference. Tables 1
=h8(t+h y +ks), and 2 represent the Sixth Order RK-Huta and Butcher values,
1 which can be expanded as the following equation:
Vnir = Vnt ¢ (ky + 2k + 2k5 + ky),
8
where k;,k,,... represents stages. y, represents previous Y, (a) - Vi (a) = Z Viki(tk,m ka‘n(a)),

stage when y,,,, represents present iteration. The number of
iterations to move from y, to y,,,, is decided by the factor
called step size h; i.e., if we take h=0.1., then to reach y (1)
from y(0), we have 11 iterations such that y(0), y(0.1),
y(0.2),...y(1).

i=1 (13)

8
%k,m (o) - y_Hk,n () = Z V"Ei(tk)"; VH,, (a))’
i=1
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where v,,v,, 3, V4, V5, ¥, V7, and vg are constants and

Ky (tes i, (@) = min{hd(ty 1 0 (1))
ue [@A‘"(a),ﬁm(a)],uk € [&KO(”)) (rx)”»,
Ky (s v, (00) = max{ oty 0y (14))|
ue [&“(or),ﬁk‘”(rx)],uk S [}V_Hk(,("‘)’%k,u(“)””

kz(fk,n? yH,(v,,(o‘)) = min{hka(tkm + éhk»“, Wi (“k))

ue [gk‘(tk,n’yH,m(“)))Zk,(tk,n’ka'”(“))]’“k € [@M(“),}THN,W)] }

Ez(tk,n? )’Hk',,(“)) = max{hka(tk,n + %hk' u, W (”k))‘

€ (84t 11, @), Tt 11, @) 0 € [@Mm),m‘,(a)] }

k (tkn,ka (a) mm{h,ﬁ(tm + éhk,u, “’k(“k))’

[ kz(fkw)’Hm("‘))-zkz(fkm’ymn('))]’“k € [&A,ﬂ("‘)’ﬁk‘u(“)”’
k. (tkn,ka (a) max{h (tk,n +éhk,u, w (uk))‘

€ (8, @) 8 (000, @) [ 1, @05, @] |
k4(tkmka (0‘) mm{hk (tk,n‘féhk»%“’k(“k))’

€ (8 Ok, @) 810, 0) i € [ 0, @7, 0|
k. (tkn Vi, (@) :max{hk (tk.n"'%hk’“v“’k(”k))‘

€ [0 (tiom iy, (@):Ta (b1 v, )| € [@kvo(amw(a)”,
k. (t,\n Vi, (Ot) mm{hk (tk,n*'%hlo% wk(uk)>’

€ (8, @) B (0, 0) i € [, @5, 0]
k (tkmka (r) :max{hk (tk.n+%hk’”'wk(”k))‘

[cké(rkn I, (a)),fk,,(tk,myﬁkv,,(r))]mk € [ yu, (@), y:k,,(a)”

2
k (tkn VH,, (Ot) mm{h <tk,n+§hk>u> wk(uk))

5 [6 b @)t 0) i € [y, @07, 0

k (tkn Yy, (Ot) mm{h <tkrn+§hk,u,wk(uk))
[ ks(t > VHy, (“)) @ (tkn > VHy,, (T))] U € [&k,o(a)’y_H“’(a):”’

2
Ko(tem: yay, (@) max{h (fk,n‘rghk’”,wk (“k))

€ [ G (b v, (@) Tt v, (@) o1 € [ a, ﬂ(a))y_%,(a)] }
k(11 i, (1)) = min (zkﬁghk,u,wk(uk))’
€ [éké(rk,n,ym,,<a)),fkﬁ(rk,n, yHMm))],uk e [ u, (@), m“,w)”,
€ [éks(rk,n,yuk,,<a>),Ekﬁ(rk,n,yum<a>)],uk E [ v, (@), mw] }
%ot v, (00) max{h (tkln+§hk,u,wk(uk))‘
€ [ G (tim v, (@) T (b1 v, (@) ]t € [ﬁ‘ vu(axy:k,‘,(a)”,
Ks(tis i, (@) = min{hd(ty,, + b, 0 (1))
&[G (tim v, (@): T (ti0 v, (@) ]t € [yH (@, yHN(a)”
Ks(thns i1, (@) = max{ iy d(tx,, + o 16,03 (11))]

€ € i, @) i, @) s €y, @73, @)

(14)
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Next, we are defining

1
YH, (@) + 2k, (tk,n’ YH,, (0‘)))

(k tkn ka “) 9

1

1-
Y, (@) + _kl(tk,n’ YH,, (‘X))’

kl temw Vi, ( 9

kz(tk nw YH,, (0‘)))

tk,n’ yH,m (T)) 24~

1
JH,, (0‘) 247(

2

Fii (1) + ot 210, () + ot i, (1)

t ka

k,

( )=
( ®) =
e (tim e, (@)
T (thow i, (@)
G (tiw i, (@) = yu_ (N + gi_cl (i v, (@)
= 2Kt vy, (@) + s (b v, (@),
Tt i1, (@) = T, (@ + (072, (@)

- Zﬁz(tw Yo, (@) + %E(tk,w Vi, (@),
S (B v, (@) = yu, (@ - gkl (tew ya,, (@)

#2010, (@) = Kb Vit (@) + (10 i1, (@)
(bt i, (@) = T, (00 = st 31, ()

+ 2§7E2(tk,n’ i, (@) - %E3(tk,n’ i, (@) + g&(tk,n; i, (@),
(b 211, (@) = 311, (@ + 22 (1 i1, (@) = g et it ()

# 2 (b it (@) = g (b i, (@) + ghs (71, (@), 5
G 10, (@) = T, (@ % 2R (710, (@) + g (71, (@)

# 2R (b it (@) g Rt i, (@) st i, (@),
G (10, (@) = Y11, () = s (b it (@) + (B i, )

= T2 (b i1, (@) = S it (@) + 55 (0 i, (@)

+ okt i, (),
G (tom yir, (@) =Yg (@) + f;k (tem Vi, (@) + %E (tkw Vi, (@)

+ TR (b Vi, (09) + S 10, (@) 3 (i, (@)

+ @ks(fk,n) Vi, (@),
Gty (@) = yyy (@)= %kl(tk,n»ym (@)

=2kt it @) g Kt i, (09) + (b1, (@)
- 71&5(tk wi Vi, (@) = %ks(tk,rﬁ yu,, (1) + ;%k7(tk,n§ Vi, (@),

Gt 311, () = T, (00 + R (31, ()

2079~ 1002-- 834
— e ot Vi, (@) + =K (i i, () Kt v, (@)
454

= SRt Y11, (@) = et Y, (@) + 2Rt i, (@)
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Next, we define

Sk [tk’”’y—Hk,n (@), ym,, (oc)] = 41k, + Ok, + 216k, + 27k, + 272ks + 27k + 216k, + 41k,

T, [tk,,,,y_Hm (), v, ((x)] = 41k, + Ok, + 216k, + 27k, + 272ks + 27k + 216k, + 41kg,

where k;,k,,... represents the stages involved in Run-
ge-Kutta methods. The exact solution at t; ,,, is given by

1 _
Yy (@=yn @+ S |:tk,n’ v, (@) vy, (@) ]

— I 1 —
YHk,ml (a) = ka’n (a) + %Tk |:tk,n’ y_HkM (), ka’n (0()]

(17)

The approximate solution is given by

1 _
Yu, (@ =yu () + S [tk,n, v, (@), yy,, (@) ]

_ _ 1 _
Vi, (@) = yy, (@) + %Tk [tk,n, Yu,, (@), yn,, (oc)]-

(18)

Ay (1) = yy () + &y (Dwyp (1),

(16)

In the similar fashion of RK-Huta expansion, we can also
expand RK-Butcher method. As it is similar, we are not
providing the expansion here. These methods are fuzzified
and treated for fuzzy hybrid differential equations as fol-
lowed by Pederson and Sambandham in [16, 17]. Then, from
theory of [18, 19], we solve a numerical example from which
these two RK-6 methods can be easily understood.

3. Numerical Example

Example 1. Similar to [16], the fuzzy hybrid IVP is taken.

te€ [tttk =kk=0,1,2,3,...,

(19)

125«
)], 0<a<l,

3.1. Numerical Solution by RK-Butcher. For numerically
solving the Fuzzy Hybrid IVP (19), let &: [0,00)
xR x R — R be given by the following equation:

(0: ) [( 750 +2500() (1125
) = , _
Yr 1000 1000 1000 1000
where
10 5
—(1-t¢ d1), fort dl)>—,
s ( (mod 1) or t(mod 1) T
fH (t) =

? (t (mod 1)),

0,
wy (ug) = {

uk, ifk € {1,2,...}.

5
for t(mod1)<—,
10

ifk=0,

(20)

In (19), yy (t) + &y (t)wy (v (#4) is continuous func-
tion of ¢, y and wy (yy (£).

{ Ay (8) = yy (8) + & (Daog (¥ (1),
yu (t) = Ve

t€ [ttty =k

(21)

Ayp (t) has a continuous solution on [ty, ., ].

8(t vy w (i (t))) = yu () + & (D (v (8))s

(22)
tk=k,k=0,l,2,...,

where w;: R — R is given by the following equation:

0, ifk=0,

(23)
Yu (tk)’ ifk € {1,2,}

) 0 -

By example 3 of [2], (19) gives

(10 )_[( 750+250¢x)(D e (1125 1250c)(D )10]
YE\10°%) T 1\1000 T 1000/\7) *\1000 ~ 1000\ 710/ |

(24)

Now, we define
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Lk[tk»"’ﬁm (oc),y_Hkyn(oc)] = 11k, + Ok, + 810k, — 32k, + 11k,

(25)
M, [tk,n,ﬁkﬁ (), yg,, (oc)] = 11k, + Ok, + 810k, — 32k, + 11ks.
From which, we obtain
<11 ) (10 >+ IL[IO (10 >_(10 )
—a) = —a )+ —Li—, —a)ygl o)
Y10’ SLARTY 120 %10 22:\10'* ) Y1\ 10’ (26)
— /11 \ (10 L[ 10 \ — (10
i (157%) = 75 15°9) * 1M g 2557 7 ) |
To obtain yy ((20/10); ),
& odt @ A d
D10=1+d+d2+—+—+— —_— -,
: 3 24 120 720 2160
P A L SR LR
D1=d2+—+—+—+—+—,
3 12 60 360 1080
, 4d® s5d* ed® 7d° s d°
D,=3d"+—+—+—+ —+——-——,
3 12 60 360 540 1080
7d> 3d* 11d° 13d° 4 4P
D3:5d2+—+—+—+—+———,
3 4 60 360 216 540
, 10d° 134" 4d® 194° 47 4
D,=7d"+ —+—+—+——+— - —,
3 12 60 360 135 360
, 13 17d* 747 5d° 1ud 4P
D:=9d"+ —+—+—+—+———,
3 12 20 72 1080 270
sdt 5d® 4 4 4 (27)
Dg=2d-10d - 5d° - — - — - — ——+

& d¢ d N 48
2 10 60 180°
7d* 74> 7d° 74’ 748
D8=2d—14d2—7d3————____+_ ,
3 12 60 360 1080

8d* sd® d° 4 4°
Dy=2d-16d" - 8d> - — - - — - —_ 4+,
3 12 12 72 216

sd* 5?45 4 4
Dyy=2d-10d> -5d" - — - - -4+ |
3 12 12 72 216

—a) = - N ———— s 1=1,24,..., >
ru\10° 1000~ 1000/\ 7 1%/°\1000 1000/\ 10

ym(ﬁ); a) =(Dyp) +(D1y) " (Diyo)vi = 11,12,....,20.
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3.2. Numerical Solution by RK-Huta. To numerically solve = where w,: R — R is given by the following equation:
the Fuzzy Hybrid IVP (19), 0 ifk=0

Ot iy (30 (1)) = 7 (0 + £ O O () () = { wp ke (1,2} 29
t,=k,k=0,1,2,...,

By example 3 of [2], (19) gives

10 750  250c 10 /1125 125« 10
—a)=|[=—+ D (———) D ] 30
yH‘(lO > [(1000 1ooo>( 1’0) 1000 1000( 1’0) (30)

where

& & d @ 4L d d®
Dy=l+d+—+—+—+—+-——+—+—>,
’ 2 6 24 120 720 4480 483840

<11 > <1o )+ 15[10 (10 >7<10 )] (31)
o) =yy () Sl ym (o) ve (i) |

Yu\10°%) = 28\ 10°%) " ga0>* 10 2E\10°* )V \ 10

_<11_ >__<10. >+ L, [10_ (10. >_(10. )]

Ya\10'%) T Vm\10°%) T 820" K10 28\ 10° %) Y\ 10° %) |

To obtain v, ((20/10); ), i = 1,2,3,4,5

i—1

i , 3i-2)n  (4i-3)d*
ZH(1+E;04):ZH(1+ 10;a>D1’0+[(21—1)d2+( ) +( )

3 12

N (5i — 4)d° N (6i — 1)d®  (56i — 47)d’ N (108i — 107)d®
60 360 20160 241920

N (5i - 5)d° (10. )
120060 |2#\10°%)

. 1
yH<1 +11—0;a> = yH(l +1W§“>D1,0 +[(2i - l)d2 +

(32)
(Gi-2)d> (4i-3)d*
T

L 5i- 4H)d® , (6i 1d® , (56i - 4a7d’ , (108i - 107)d®
60 360 20160 241920

+(5i_75)d9 EV2 <9 (X>
120060 |”H\10'%/)"

Then, for i =6,7,8,9, 10,
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L, - i-1 1 . 2 s 3
XH(IJFE’“) —&(1+,0¢>D1,0+[5—((21—2)d +(-1)d +

10
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(i-1)d*
3

Gi-1Dd° (-1d* (-1Dd” @G-1d®
+ + + +

12 60

(i-1d’

360 2240

_ i\ i-1 L RN S N
yH<1+E,oc>—yH<l+ T ,a>D1,0+[5 ((21 Qb +(-1h +

(33)

1 (i- DK
3

G-Dk @G-Dh® G-DH (- 1DH
+ + + +

12 60

+ (i—l)h9 Yy (905
241920 ) |"H\10°

3.3. Exact Solution. The analytically obtained solution of (19)
for t € [1,1.5] is
vy (ta) = vy (15 0c)(3et_1 - Zt), 0<a<l,
Yy (L5a) =y (L;a)(3+/e —=3),0<a<]1.
Then, yy(1.5;1) is nearly approximate to
5.290221725637059, and yy (1.5,1) is approximately nearer
to 5.290221725881617.
Since the exact solution of (19) for t € [1.5,2] is
yu () = yy (La)(2t -2+¢ 7 (3ve - 4)),0<a<.
(35)

(34)

{ Ayy (1) = y(t) + EDweyy ()

where &(t) = |sin(nt)], k=0,1,2,...,
( ) { 0, ifk=0, (37)
w =
R =, ke {12,

Then, yy (¢) + &4 (H)wy (yy (t,) is continuous function
oft, y and wy (y (t;). Therefore, by example 6.1 of Kaleva [3],
for each k =0,1,2, ..., the fuzzy IVP

{ Ayy () = yy () + &y Ow (g (te)st € [t tin [ te = &
¥ (te) = Ya,
(38)

has a unique solution on [ty, ;]

3.4. Numerical Solution by RK-Butcher. For numerically
solving the hybrid fuzzy IVP (36), we will apply the
RK-Butcher method of order six for hybrid fuzzy differential

360 2240

)

Therefore, y;; (2.0;a) = vy (1;a) (2 + 3e — 4+/e ).

Then, yyz(2.0;1) is nearly approximate to
9.67697567235778, and yy (2.0;1) is nearly approximate to
9.676975672823584.

The approximate solution by RK-Huta is plotted at
t € [0,2], @ € [0, 1] (see Figure 2), and the error analysis has
also been shown (see Table 3). The comparison of ap-
proximately obtained solutions by sixth-order methods and
exact solutions are plotted at t = 2, € [0, 1] (see Tables 4
and 5 and Figure 3).

Next, consider the following hybrid fuzzy IVP.

Example 2

t€ [tttk =kk=0,1,2,3,...,
vy (0,a) =[(0.75 + 0.25a), (1.125 — 0.125a)],

(36)
0<ac<l,

equations with N = 10. To obtain VH, (2.0, @), VH, (2.0; ) is
approximated. Let §: [0,00) x R X R — R be given by the
following equation:

8(t vy Wi (yu (t))) = yu () + & (D (v ()

(39)
ty=kk=01,2,...,

where w;: R — R is given by the following equation:

) { 0, ifk=0, )
w; \Uu =
UM w, ifke{l2,.. )

By example 3 of [2], (36) gives
10 10
yu, (1.0, ) = [ (0.75+0.250)(D, ), (1125 - 0.1250)(D, ) ]

(41)
Then,
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FIGURE 2: Approximate solution by sixth-order RK-Huta method (for #=0.1) in Example 1.
TaBLE 3: Approximate solutions by RK-Butcher and RK-Huta in Example 1.
Sixth-order RK-Butcher method Sixth-order RK-Huta method
a
Yu (t;; @) Y (t;0) Yu (t; ) Vi (t;0)
0 7.25773174395989 10.8865976159398 7.25773175461769 10.8865976319265
0.1 7.49965613542523 10.7656354202072 7.49965614643828 10.7656354360162
0.2 7.74158052689056 10.6446732244745 7.74158053825887 10.6446732401059
0.3 7.98350491835588 10.5237110287418 7.98350493007946 10.5237110441956
0.4 8.22542930982121 10.4027488330092 8.22542932190005 10.4027488482854
0.5 8.46735370128655 10.2817866372765 8.46735371372064 10.2817866523751
0.6 8.70927809275187 10.1608244415439 8.70927810554123 10.1608244564648
0.7 8.95120248421720 10.0398622458112 8.95120249736182 10.0398622605545
0.8 9.19312687568253 9.91890005007852 9.19312688918240 9.91890006464417
0.9 9.43505126714786 9.79793785434586 9.43505128100300 9.79793786873388
1.0 9.67697565861319 9.67697565861319 9.67697567282358 9.67697567282358
TaBLE 4: Exact solution in Example 1.
Exact solution
«
Yy ;@) Y (t;9)
0 7.25773175426834 10.8865976314025
0.1 7.49965614607728 10.7656354354980
0.2 7.74158053788623 10.6446732395936
0.3 7.98350492969517 10.5237110436891
0.4 8.22542932150411 10.4027488477846
0.5 8.46735371331306 10.2817866518801
0.6 8.70927810512201 10.1608244559757
0.7 8.95120249693095 10.0398622600712
0.8 9.19312688873989 9.91890006416673
0.9 9.43505128054884 9.79793786826225
1.0 9.67697567235778 9.67697567235778
TaBLE 5: Error in sixth-order RK-Butcher method and sixth-order RK-Huta method in Example 1.
Sixth-order RK-Butcher method Sixth-order RK-Huta method
a _ _
Y, (ti§ o) Yy (ti§a) Y, (t,-; o) Yy (t,-; 9)

0 1.03085 x 1078 1.54627 x 1078 3.49350 x 10710 5.24000 x 10710
0.1 1.06520 x 1078 1.52908 x 10~8 3.61000 x 10710 5.18201 x 10710
0.2 1.09957 x 10~ 8 1.51191 x 1078 3.72641 x 10710 5.12301 x 10710
0.3 1.13393 x 1078 1.49473 x 1078 3.84290 x 10710 5.06500 x 10~ 1°

0.4

1.16829 x 10~8

1.47754 x 1078

3.95939 x 10710

5.00799 x 1010
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TaBLE 5: Continued.

Journal of Mathematics

Sixth-order RK-Butcher method

Sixth-order RK-Huta method

04 — —
ZH (t,-; o) YH (ti:, o) XH (l’,-; o) YH (t,-; 0‘)

0.5 1.20265 x 1078 1.46036 x 10~8 4.07580 x 10710 4.95000 x 10710
0.6 1.23701 x 10~8 1.44318 x 10°8 4.19220 x 10710 4.89100 x 10710
0.7 1.27138 x 108 1.42600 x 108 4.30870 x 10710 4.83301 x 10710
0.8 1.30574 x 1078 1.40882 x 10~8 4.42510 x 10710 4.77440 x 10710
0.9 1.34010 x 108 1.39164 x 108 4.54159 x 10710 4.71630 x 10710
1.0 1.37446 x 1078 1.37446 x 1078 4.65800 x 10710 4.65800 x 10710

Comparing two Sixth Order Methods

7 7.5 8 8.5 9 9.5 10 105 11

* RK-Huta
o RK-Butcher
— Exact

F1GURE 3: Comparison of approximate solution with exact solution (for #=0.1) in Example 1.

1 _
Yu, (1.1; @) = Yu, (1.0; @) +—Lk[1.0,ﬁ1 (1.0; @), VH, (1.0;04)],

120
(42)
— — 1 —
yu, (L1 a) = yy (1.0;a) +ka[l.0;y_H1 (1.0; &), yp, (1.0; oc)].
To obtain Y, (2.0; ) for h=0.1, let
yH1<1’—0; oc) =(Dyg)i=1,2,...,10
yH1<ll—0, a) :(Dl,o)i +(D1)0)10(sin<1 + 7>n> (4,) 7<sin(1 + k)n) (4;) +(sin<1 + —)n) (A3) + (sin(1 + b)) (Ay)i = 11
y1<11—0; oc) =(Dyp) +((Dw)1°) (Dy 10)i = 12,13,...,20 (43)
D, o = sin((1+ (i - 11)h)m)B, + sin((l + w)”>32 N sin<<1 N w>ﬂ>33+

i~ 8+2j)h
sin<<1 +M)n>A3 +sin((1+ (i — 10)W)m)A, fori =i=11,12,...,20,j = i — 12,
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fori=11,12,...,20, j =i- 12 where 3.5. Numerical Solution by RK-Huta. For numerically solving
the hybrid fuzzy IVP (36), we will apply the RK-Huta method of
27h 9K 3h o R order six for hybrid fuzzy differential equations with N' = 10. To
1= 20 " 20 " 20 T20 T 120 T 720 obtain y, (2.0;«), ¥(2.0;a) is approximated. Let J: [0, c0)
XR x R — R be given by the following equation:
8h 4w I
O(t, Y, w t =y(t)+&tw t)),
T AR T (& ym w0 (¥ ())) = ¥ (0 (8) (45)
t=kk=01,2,...,
27h 9h2 3h3 W o , '
3 20 T 20 T30 " 180 where w;: R — R is given by the following equation:
L () {0, ifk =0, (46)
11 Wi \Ug) =
=— 44 i
1= 720 (44) u, ifke{l,2,...}
. M_F " L " h4 W 5 e X K % By example 3 of [2], (36) gives
1 =20 120 t 220 T 60 280 360 T 2160 Vi, (1.0,0) = [ (0.75 +0.250) (D, )", (1.125 - 0.12504)(D1,0)10],
_27h 9K 3K KW K’ (47)
2730 T30 T80 20 120 720 where
-8h 4n’ I’
By=—-—"_"
15 15 15

wWor n w W n
Dy=1l+h+—+—+—+—+-——+—+——,
’ 2 6 24 120 720 4480 483840

Y, (1.1;0) = y, (1.0; ) +%Sk[1.0,z1 (1.0;a), yp, (LO;oc)], (48)

1
71 (1L150) = 7, (1.0;0) + o T [1.0; y, (1.0; @), 7, (1.0; ).

To obtain y, (2.0;a) for h=0.1, let

D, = 23616k + 23616h° + 5328h° + 7920h* + 1872h5 — 264h6 + 99K’ + h°,

D, = -5292h° + 864h° + 99K,

D, = 124416h + 103680h” + 67392h° + 432h* + 7344h° + 721°,

D, = 15552k + 103680h° — 28512h° + 11664h* + 108K,

Ds = 156672h + 78336h> + 35136h° + 144h",

Dy = 15552h + 5184h” + 12961°,

D, = 124416h + 20736h,

Dy =23616h, (49)
1

y (La) = y (1L0;0)(Dyo) + e s

.o LT .o
[D2 sin —+ D;sin —+ D, sin —,
90 60 30

5m
+ D, sin —

1.0; @),
%0 y( ;o)

U . 21
—+ Dgsin —

+ D5 sin
20 30

+ Dg sin —

y(1 l'oc)—_(IO'oc)(D )+;[D sinl+D sin£+D sinl
YARLO =T O ) T e3ga0 |2 g T3 o T :

30

5
+ D, sin — + Dg sin ] (1.0; ).

4 2
—+ Dg sin — 0

+ Ds sin
20 30
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Then, for i=1, 2, 3, ..., 10,

i i—-1 1 o G-Dm (9 -8)r
Z(l +1—0; cx) = X(l +—10 §“>(D1,o) + 183840 [Dl sin 10 + D, smi90

6i—5 3i—-2 2i—1
+D3 sinw + D4 sinM + DS sinM
60 30 20
3i-1 6i—1 j
#Dgsin VT b n DT D7 y (1.0;a),
30 10
(50)
_<1+i ) _<1+i—1 )(D )+ 1 D. si (i—l)n+D . (9 -8)m
—a)= ——a sin sin———
N1 70 T 0 )\ ) Tgagan | 10 2 90
. (6i-5)m o (Bi-2)m o 2i-Dnm
+D;sin—————+ D, sin———+ D5 sin———
60
3i-1 6i—1 j
#Dsin VT b in DT b in D5 (0w,
30 10
Let
10
10 -k 1 o (k=Dm . (9k -8)m
D,, = (Dl,o) + kz:; (Dl,o) 183340 [Dl sin o + D, sin BT —
6k -5 3k -2 2k -1
+D3sinu+D4sing+Dssinu (51)
3k-1 6k -1 k
+ Dy sinu + D, sing + Dy sinm .
30 10
Then,
Y20a = D2oy1(1.0;0)
10 10 (52)
=D, (0.75+0.250)(Dy ) D, (1.125 - 0.125a)(D, ) ] 0<ac<l,
for t € [1,2]. 3.6. Exact Solution. The exact solution of (36) satisfies
mcos(mt) + sin(mt) bis
(t; ) = (1; @) +e 1+ ,
Li i +1 7+ 1
(53)

yH(t;a):yH(l;a)[ncos(n2)+lsin(nt)+et1<1+ s )]
n+
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FIGURE 4: Approximate solution by sixth-order RK-Huta method (for #=0.1) in Example 2.

TABLE 6: Approximate solutions by RK-Butcher and RK-Huta in Example 2.

15

Sixth-order RK-Butcher method

Sixth-order RK-Huta method

vyt 0) Y (t; @) Iy @) Y (t;9)
0 7.73275073110805 11.5991260966621 7.73275073776977 11.5991261066547
0.1 7.99050908881165 11.4702469178103 7.99050909569543 11.4702469276918
0.2 8.24826744651526 11.3413677389585 8.24826745362109 11.3413677487290
0.3 8.50602580421886 11.2124885601067 8.50602581154675 11.2124885697662
0.4 8.76378416192246 11.0836093812549 8.76378416947241 11.0836093908033
0.5 9.02154251962606 10.9547302024031 9.02154252739807 10.9547302118405
0.6 9.27930087732966 10.8258510235513 9.27930088532373 10.8258510328777
0.7 9.53705923503326 10.6969718446995 9.53705924324938 10.6969718539149
0.8 9.79481759273686 10.5680926658477 9.79481760117504 10.5680926749520
0.9 10.0525759504405 10.4392134869959 10.0525759591007 10.4392134959892
1.0 10.3103343081441 10.3103343081441 10.3103343170264 10.3103343170264
TaBLE 7: Exact solution in Example 2.
Exact solution
o —
Yy (t;a) Y, (t;0)
0 7.73275073803317 11.5991261070497
0.1 7.99050909596760 11.4702469280825
0.2 8.24826745390204 11.3413677491153
0.3 8.50602581183648 11.2124885701481
0.4 8.76378416977092 11.0836093911809
0.5 9.02154252770536 10.9547302122137
0.6 9.27930088563980 10.8258510332464
0.7 9.53705924357424 10.6969718542792
0.8 9.79481760150867 10.5680926753120
0.9 10.0525759594431 10.4392134963448
1.0 10.3103343173776 10.3103343173776
TaBLE 8: Error in sixth-order RK-Butcher method and sixth-order RK-Huta method in Example 2.
Sixth-order RK-Butcher method Sixth-order RK-Huta method
o — —
Yo(t;a) Yy (t;a) Yo(t;e) Y, (t;a)

0 6.92512x 107 1.03876 x 107 2.63400 x 107" 3.95001 x 107"
0.1 7.15595 x 10~ 1.02722 x 1078 2.72171 x 10710 3.90699 x 10710
0.2 7.38678 x 107 1.01568 x 107 2.80950 x 107" 3.86299 x 107"

0.3

7.61762 x 10~°

1.00414 x 1078

2.89729 x 10710

3.81910 x 10710
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TaBLE 8: Continued.
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Sixth-order RK-Butcher method

Yy, (t,'S )

Yy (t;a)

Sixth-order RK-Huta method

Yy (t;0

Y, (t;; )

0.4
0.5
0.6
0.7
0.8
0.9
1.0

7.84846 x 107°
8.07930 x 10~°
8.31014 x 107°
8.54098 x 10~°
8.77181 x 107°
9.00260 x 107°
9.23350 x 10~

9.92600 x 10~
9.81060 x 10~°
9.69510 x 107°
9.57970 x 107°
9.46430 x 1077
9.34890 x 10~
9.23350 x 10~°

2.98510 x 10710
3.07290 x 10710
3.16071 x 10710
3.24858 x 10710
3.33630 x 10710
3.42400 x 10710
3.51200 x 10710

3.77600 x 10710
3.73200 x 10710
3.68699 x 10710
3.64300 x 10710
3.60000 x 10710
3.55600 x 10710
3.51200 x 10710

* RK-Huta
0 RK-Butcher
— Exact

FIGURE 5: Comparison of approximate solution with exact solution (for #=0.1) in Example 2.

Sixth Order Runge
Kutta (RK)-Methods

RK-Huta RK-Butcher

8-Stage 7-Stage
Minimum Error Maximum Error
Best Approximation Least Approximation

FIGURE 6: Flowchart of Conclusion: maximum stage maximum accuracy.

Stage Methods

Equations by Same Order Different

Evaluation of Fuzzy Hybrid Differential

mpmp
HLR
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Therefore,

y(L;a) = [(0.75 + 0.25a)e, (1.125 — 0.125a)e],

(54)
7 +e(1+ 7 ))y(l'oc).
1 o+ 1 ’

y(2;0) =(ﬂ2+

Then, y(2.0;1) is nearly approximate to
10.310334317377553, whereas y, (2.0;1) is nearly approxi-
mate to 10.310334317026362. The approximate solution by
RK-Huta is plotted at t € [0, 2], « € [0, 1] (see Figure 4), and
the error analysis has also been shown (see Table 6). The
comparison of approximately obtained solutions by sixth
order methods and exact solutions are plotted at
t =2,a € [0,1] (see Tables 7 and 8 and Figure 5).

4. Conclusion

We can show our conclusion simply via the flow chart in
Figure 6.

For clarifying the readers about convergence of numerical
results, we stated the theorem by means of consistency. We
solved famous-two problems of fuzzy hybrid systems and found
numerical solution by sixth order eight stage RK-Huta method
and sixth order seven stage RK-Butcher method and gener-
alized them for both the problems by which the future readers
can extend the numerical solution to next stage even without
solving the problem. Comparison of solutions shows that sixth
order RK-Huta method gives better results than sixth order
RK-Butcher method for solving any fuzzy hybrid differential
equations by the application of error analysis study (see Tables 3
and Table 6). As a part of our study, we are also arriving at the
following results:

(1) When comparing two numerical methods of dif-
ferent order, the higher order will give better ac-
curacy. For example, fourth order Runge-Kutta
method will give better accuracy of approximation
than Euler method.

(2) When comparing two numerical methods of same
order, the higher stage will give better accuracy. The
result was obtained by our research in this paper as we
had shown sixth order 8 stage method (RK-Huta
method) gives better accuracy than sixth order 7 stage
method (RK-Butcher method) in numerical solutions.

(3) Previously many authors did their work on fuzzy
hybrid systems found big errors in accuracy [16-21].
These errors are highly reduced by the above-given
two sixth-order methods.

(4) As far as the numerical solution is concerned, these
two methods are better than any other existing
numerical methods, in fact RK-Huta of order 6-stage
8 is still best from our study but the thing may change
when compare them with approximate analytical
methods which will be our future work.
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The main objective of this article is to propose two novel parallel methods for solving common variational inclusion and common
fixed point problems in a real Hilbert space. Strong convergence theorems of both methods are established by allowing for some
mild conditions. Moreover, numerical studies of the signal recovery problem consisting of various blurred filters demonstrate the
computational behavior of the proposed methods and other existing methods.

1. Introduction

Throughout this article, a real Hilbert space is denoted by 7
with inner product ¢-, -) and associated norm ||. It is defined
that [K]:={1,2,...,K} is the index set for any positive
integer K. Let R and N be the sets of real numbers and
nonnegative integers, respectively. The problem of identi-
fying a point v € # such that

0 € (F; +G;)v, (1)

is called the common variational inclusion problem (CVIP),
where F;: # — % 1is a single valued mapping and
G;: # — 27 is a multivalued mapping for all i € [K]. If
[K] = {1}, then the CVIP (1) becomes the variational in-
clusion problem (VIP). The VIP is widely acknowledged as
a fundamental aspect of nonlinear analysis, and it plays
a pivotal role in numerous mathematical models, such as

composite minimization problems, variational inequality
problems, split feasibility problems, and convex pro-
gramming. Its broad range of applications extends to various
areas, including machine learning, signal and image re-
covery, and beyond (see [1-7]). To solve the VIP, several
splitting algorithms have been created and refined; one of the
most prominent splitting algorithms is the forward-
backward splitting method (see [8, 9] for more in-
formation). Chen and Rockafellar [10] used this method in
1997 to obtain a weak convergence result. Later, Tseng [11]
created a modification of the forward-backward splitting
method, known as the forward-backward-forward method
or Tseng’s method. This approach makes use of an adaptive
line-search rule and relaxes the assumptions of [10] in order
to prove weak convergence. In 1964, Polyak [12] introduced
the inertial extrapolation technique as a means to expedite
the convergence of iterative algorithms, commonly known
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as the heavy ball method. This powerful optimization al-
gorithm has since demonstrated its efficacy in accelerating
the rate of convergence of the classical gradient descent
method and found applications in various fields, such as
machine learning, computer vision, and control theory.
Padcharoen et al. [13] recently presented a splitting method
for solving the VIP in %, which was developed from Tseng’s
method with the inertial extrapolation technique. Weak
convergence of this method was established under usual
assumptions. This method also solved the problems of image
deblurring and image recovery. Some recent results for the
VIP and related problems are stated in the studies of [14-25].
In order to solve the VIP when both the operators are
multivalued maximal monotone mappings, two of the most
often wused splitting algorithms include the Peace-
man-Rachford splitting algorithm [26] and the Dou-
glas-Rachford splitting algorithm [27]. These splitting
algorithms have been extensively studied, see [28-30].

In many practical situations, it is necessary to identify
a solution that satisfies multiple constraints. Such con-
straints can be expressed in terms of a nonlinear functional
model. In this paper, our focus is on the investigation of
common variational inclusion and common fixed point
problems. The motivation for this study arises from their
potential utility in addressing real-world challenges, such as
signal and image recovery problems, wherein a diverse set of
blur filters may be present, see [31, 32]. Furthermore, in
Section 4, we demonstrate the applicability of our proposed
method in solving signal recovery problems using a variety
of blurred filters. This problem consists of finding a point
X € J such that

0¢ (F,+G;)xand X = S/, (2)

where G;: % — 2% is a multivalued mapping and F,, S; are
single valued mappings on # for all i € [K]. Suantai et al.
[31] proposed a parallel algorithm based on the shrinking
projection method of a finite family of G-nonexpansive
mappings in # with directed graphs to identify a common
fixed point. This approach has been applied to solve signal
recovery problems in scenarios where the noise type is
unknown. Similarly, Suparatulatorn and Chaichana [32]
investigated the problem of image recovery using CVIP (1)
as the mathematical model, specifically for multiple blurred
filters. Chang et al. [33] introduced an algorithm based on
the viscosity approximating scheme to obtain strong con-
vergence for solving CVIP in a uniformly convex and
g-uniformly smooth Banach space. In a recent study,
Mouktonglang et al. [34] proposed a parallel algorithm that
utilizes the inertial Mann iteration process to demonstrate
a weak convergence result for solving problem (2) subject to
certain control conditions in #. Numerous intriguing
findings have been reported in the literature concerning
problem (2) and related problems. For further details, see
[35-39].

Motivated by these results, we develop two parallel al-
gorithms based on Tseng’s method, the viscosity approxi-
mating scheme, and the inertial extrapolation technique for
solving the problem (2) in 7. Strong convergence results of
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the proposed methods are provided under standard and
mild conditions. As applications, we apply our algorithms in

order to solve the signal recovery problem using a variety of
blurred filters.

2. Preliminaries

We refer to — and —, respectively, as weak and strong
convergence. We then gather the definitions and lemmas re-
quired to support our key results. Let C be a nonempty, closed,
and convex subset of a real Hilbert space 7. The metric pro-
jection P from 7 onto C is defined by the following equation:

Pz == argmin llz = wl, (3)
weC

for all z € . From this definition, it follows that
(z — Poz,w — P-z) <0, (4)
forany z € # and w € C. It is important to mention that the

following equalities and inequality hold true in inner
product spaces. Assume z,w € %,

Iz + wi* =llzl* + 2<z, w) +|wl?, (5)
Iz + wl® < llzI* + 2¢w, z + w), (6)

laz + (1 - a)wl® = alzl* + (1 - a)[wl*~a(1 - a)lz - wl’,
(7)

for any a € R. Assume that G: % — 27 is a multivalued
mapping and S: ' — F is a self-mapping.

Definition 1. S is considered to be

(i) &-Lipschitz continuous if there is & > 0 such that
for all z,w € #,

ISz = Swll < Z|z - wl. (8)

(ii) nonexpansive if S is 1-Lipschitz continuous,

(iii) p-demicontractive [40, 41] if Fix (S) # & and there is
p p € (0,1) such that for all p € Fix(S) and all
zeX,

ISz - pI* <lz - plI* + ullz - SzI* (9)

Definition 2. G is considered to be
(i) monotone if for all (x,z), (y,w) € graph(G) (the
graph of mapping G), {z —w,x - y) >0,
(ii) maximal monotone if for every (x,z) € # x %,
(z-w,x—y)=0 for all (y,w) € graph(G) if and
only if (x,z) € graph(G).

Definition 3 (See [42]). Suppose that Fix(S) # &. Then, I - S
is considered to be demiclosed at zero if for any {v;} c #Z,
the following statement is valid:

(I - 8S)v,— 0and v,—v=ve Fix(S). (10)
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Lemma 4 (See [43]). S+ G is maximal monotone mapping,
where S is a Lipschitz continuous and monotone mapping,
and G is a maximal monotone mapping.

Lemma 5 (See [44]). Let G be a maximal monotone map-
ping. If T,:= (I+yG) '(I-yS) and y>0, then
Fix(T,) = (S+G)™' (0).

Lemma 6 (See [45]). Suppose that S is a y-demicontractive
mapping with Fix(S)# & and let S, = o + (1 - «)S, where
ae (wl). Then |Siz-pl*<lz-pl*- (1 -a)(a-p)
ISz - z|* for all p € Fix(S) and all z € 7.

Lemma 7 (See [46]). Let {b,} denote a sequence of real
numbers such thatlim sup,__ b, <0, and let {a,} and {c} be
nonnegative sequences of real numbers such that Y >, ;. < 00.
If for any k € N such that

A1 < (1= p)ag + yiby + co (11)
where {y,} is a sequence in (0, 1) such that Y2, y; = 0o, then
limk_“)oak =0.

Lemma 8. (See [47]) Let {I'\} denote a sequence of real

numbers such that there exists a subsequence {qu}qu of {T}

satisfying Iy <I ., for all q€N. Suppose {v (k) }oge s
a sequence of integers defined by

y(k) = max{n<k: T,<T,,} (12)

Then, {y (k)};.;- is a nondecreasing sequence such that
lim,_, (k) =00, and for all k>k*, we have that
Fw(k) < rw(k)+1 and Fk < I‘w(k)ﬂ.

3. Convergence Analysis

This section aims at presenting Algorithms 1 and 2 for
coping with the problem (2). Let us begin by introducing
some assumptions that will be required for the ensuing
convergence analysis, for all i € [K].

Assumption 9. F;: # — X is £;-Lipschitz continuous and
monotone mapping.

Assumption  10. G;: % —2”7 is maximal monotone
mapping.

Assumption 11. S;: # — H is y;-demicontractive map-
ping and ¢: # — R is a differentiable function.

Assumption 12. ¥: = 0 (F; +G)H(0)N N e Fix (S;)
is nonempty.

Assumption 13. {6} c (0,1), {&c} < (0,00) and
{ai} c (u ;) € (0,1), for some @, > 0.

Assumption  14. {1t} ¢ [1,7;]  (0,1/%)), for
7;,7; > 0.

some

Assumption 15. I —S; is demiclosed at zero.

Assumption 16. lim_, 0 =lim,_, & /60 vi — vl =
0, Y1260 =00 and ®: = V¢ is contraction with constant
p € (0,1), where {v,} is defined in Algorithms 1 and 2.

Lemma 17. Let S; X — X be a mapping and
Fi: # — X be a Z;-Lipschitz continuous mapping for all
i € [K]. If Assumption 10 holds, 7; > 0 and p; = hj, = S,ji for
all i € [K] in Algorithms 1, then p, € V.

Proof. From pj = hj, we have that, for all i € [K],
Pk = (I * T};Gi)_l(l - T;cFi)Pk- (13)

Using Lemma 5, we get that p; € N ;g (F; + G,)" ' (0).
Because of the Lipschitz condition of F, it is evident that, for
all i € [K],

I = il < miiler = il (14)

Since T};Sfi >0and p; = hi, it follows that kj = ji and so
pr=h.=j.=Sj. for al ie[K]. That @Iis,
Pk € NicirFix(S;). Therefore, p, € V. O

Lemma 18. Assume that Assumptions 9-14 are satisfied.
Then, we have

o= v + (1 = ae) (e = )i = i+ [1 = G2 lpi = Bl < o= (15)

”];c -l < (L +7,.2)|pi - Z" (16)
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Initialization: Select arbitrary elements v, v, € # and set k= 1.
Iterative Steps: Create {v;} through the following process:
Step 1. Set
Pr = Vi + O (@ (vi) = i) + & (Vi = v )
and calculate, for all i € [K],
W= (I+7.G)" " (I - TLF)py.
Step 2. Compute, for all i € [K], _ 4 .
Ji=hy - Tk(F h = Fip) andu, = S, = o (Si i = ji)-
If pp = hk = §,;jj for all i € [K], then stop and p, € V. Otherwise, go to Step 3.
Step 3. Evaluate
Vipr = argmax{[lul — pill: i € [K]}.
Replace k by k + 1 and go back to Step 1.

ALGORITHM 1: Inertial Tseng Mann parallel algorithm 1.
orallveV¥ and i€ [K]. Proof. Letv e W. Using (5) with the conditions of 7° and F,,
g k i

it follows that, for all i € [K],

ik = VI = = VI = 275 <Hi = v Eiic = Fipy> +(20) | = Fopil

=i = pull” = 24} = pio = > + 245 = pyo e = ) + o~ o]

o . e (17)
~274(hj, = v, F;ly — Fip> + (T2 M — pe|
< ”Pk - v” - [1 -(7.%) ]”Pk hk” —2{H, —v,p, — h} - ( Pr — Fih};))
, Fily + gl by = v) 20, 20
The definition of 4 implies that for all i € [K], il + oo i =v) 2 (20)
(I B T;;Fi)/)k c (I + T;;Gi)h;;' (18) implying tha‘f for all i € ,[K]’, |
e = vopie = By = T(Fypy — Fii )y 2 0. (21)

This implies that there is gi € G;h, such that
This combined with (17) yields that for all i € [K],

L= <loe— v -[1- G2 ]l - W @2

for all i € [K]. The maximally monotonic nature of F; + G; This follows from Lemma 6 that for all i € [K],
leads us to the conclusion that for all i € [K],

i1 P
9k = ] (Pk -h - TkFiPk)> (19)
k

o =1 < D=1 = (= ) (= S il

2 . S (23)
<o =" -[1 - @2 o= il (1 - ) (et - 1)

. .2
Sk = i -

Furthermore, using the inequality (14) with the condi-  Proof. Applying the inequality (16) with
tion of 74 and triangle inequality, we derive that inequality ~ lim,, oollPk, hk [ =0 for all ie[K], we get that
(16) is true. O hmmﬁoonpk k || =0 for all i€ [K]. It follows that

]k —7foralli e [K], which together with lim,,,_, |IS; ]k
Lemma 19. Assume that Assumptions 9-15 hold. If there is  j; || = 0and Assumption 15 1nd1cates that7e N,k le(S )
a subsequence 1}' } of {px} such that pk —7e % and  Next, we exhibit 7e Nicixy (F; +G,) ' (0). For alli € [K], let
lim,, o lpe, k., || =lim,,_, IIS; ]k —]k || =0 for all (v;,u;) € graph(F; + G;) be equivalent to u; — F;v; € G;v;.
i € [K]. Then, 7 V. This implies, based on the definition of K, that I/Tk (pr, —
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h;{m -1 Fipy ) € G,-h};m for all i € [K]. By the maximal
monotonicity of G;, we have that, for all i € [K],
i 1 i i
v =y vy = Fyv; = 0 (Px, = i, = 7, Fipr,, ) 2 0.
k

m

(24)

4 . 1
<Vi - h;cm, ul> > <Vi - h;(m’FiVi + -
T

5
So, for all i € [K],
(P, - h;;m - T;;mFiPkm)>
=(v, =Wy ,Fv; = Fhi Y +(v;—hi ,F;h, —F;p; 3
(25)

k

m

>(v;—hy Fih -

This can be deduced from the Lipschitz continuity of F;,

lim,,, o llp, —H || =0 and 7, € [7,7;] that

vy =Ty = lim (v, —hy ,u;) >0, (26)
m-— 00 m

For all i € [K], when considered together with the

maximal monotonicity of F; + G;, leads to the conclusion

that 0e (F;+G;)r for all ie [K], is equivalent to

7€ Nicxy (F; + G;) ' (0). As a result, 7 € . O

1 . .
+Ti_ v - h;m’Pkm - h;cm>

1 i i
Fipg, > + E Vi =My s pr, = i)

k

m

Theorem 20. If Assumptions 9-16 hold, then the sequence
{vi} generated by Algorithms 1 converges strongly to
vi= (Py o D).

Proof. Let p e¥. From limy_, & /0 llvi —vi_i | = 0, we
obtain the following equation:

Eellvie = vier || < 6kRy. (27)

for some R, > 0. Since ® is contraction with constant p € [0,
1) and using (27), we have to compute the following
expression:

”Pk - P" = "Vk + 0 (@ (ve) = vie) + & (Vi = vier) — P“
<O (ve) = p| + (1 = O)|vic = Pl + Eillvi = vie |

<O ]| @ (vi) = @ (p)]| + 6 (1P (p) — pll + R,) + (1= 6)|vi - 1|
< (L=yo)|vi - pll + 7R,

< max {"Vk - rl; RZ}’

where y. = 6, (1-p) and R, = [|®(p) — pll + R;/1 - p. Us-
ing the inequality (15) with the definition of v,,, and As-
sumptions 13 and 14 implies that

[veer = 2l <l =

Therefore, we can conclude that
IVisr — pll <max {[lv, — pll, R,} for any k € N. Consequently,
{vi} is bounded sequence. Moreover, the sequence {® (v;)}
is bounded. Since the set ¥ is nonempty, closed and convex,
there is a unique v € ¥ such that v = (Py o ®)v. By (4), we
also get that for any y € V¥,

(29)

(28)

(D (v)-v,y—-v)<0. (30)

Now, for each k € N, set &, := ||v; — v||>. Applying (28),
we have the following equation:

lox - U||2 < ( (L =y — v + YkRz)z
= (1- )" B + Yk(ZRz (1=y)|ve — o] + VkRg)
< Ek + VkR3,
(31)

for some R; > 0. This follows from (15) that



Initialization: Let vy, v, € %, A, >0 and Tﬁ € (0,1/%;) for all i € [K], and set k: = 1.
Iterative Steps: Create {v;} through the following process:
Step 1. Set
Pr = Vi + O (P (v) = vp) + & (v = i)
and calculate, for all i € [K],
h = (I+7.G) "' (I - T.F))py.
Step 2. Compute, for all i € [K],
Jic = b~ 7 (Eih ~ Fip) and u, = S, — (S, ~ o).
If py = hy = S;jj, for all i € [K], then stop and p, € ¥. Otherwise, go to Step 3.
Step 3. Evaluate
Vier = argmax{[luj — pill: i € [K]}
and update, for all i € [K], ‘ ) )
i | min{ Ol = BINE p ~ D5}, i Fipy# Fib,

T otherwise.
Replace k by k + 1 and go back to Step 1.

ALGORITHM 2: Inertial Tseng Mann parallel algorithm 2.

(1 B oc;;)(oc;'c B #i)"sz‘j;c B ].2“2 suc}fc;}rlaatll i € [K]. It implies by (32) that there is i, €

+[1= @) o = il | < Bl = ol + v
(32)

(1 - "‘Z‘)("‘Z - Hik) Sika( - J'Z( ’ + [1 ‘(fikgik)z] "Pk - h;f “2 <EBj = By +YiRs

lim [p, - K| = Tim s, ji - ji] =o.
Case 21. Assume that there exists an integer N' € N such that kﬁoonpk k “ k—»oo“ we = Ji ”

B < B for all k> N. This together with the boundedness
of {8}, it is convergent. Since lim;_, y; =0 and using

Assumptions 13 and 14, and by (33),

This combined with (16) yields that for all i € [K],

”Vk+1 _Pk” 6 “Vkﬂ - ];cl(” +||.];<k _Pk"

< (1 - oc}f) S,»kj;f - ];f" +(1 + ?ikgik) Pr — h;f” —0ask— co.
This can be deduced from the definition of v, that for all i € [K]. Using (15) again, we have
li ~u| =0,
Jim o = (36)

(1~ ) (o = )i = el + [1 = @) Yo~ Bl <l = o ~ [k o

< Rylpx — i

— || < 6D - vl
foralli € [K] and for some R, > 0. From the combination of “pk Vk" k“ () Vk" * fknvk Tk 1“
this with (35) using Assumptions 13 and 14, we can derive B Gk(”q) (Vi) = Vk” + Rl) —0asn—o0.

that for all i € [K], This togeth ith (35) implics that
. ; . P is together wi implies tha
Jim o =Bl = tim [[S7 - il =0 (38)
e e klim Vi = vie| = 0.
From the definition of p;, the inequality (27) and e
lim,_, 0, =0, we have
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Moreover, because {v;} is bounded, there is7 € # such ~ Lemma 19 implies that 7€ V. By (30), it is easy to dem-
that v, —7 as m— oo for some subsequence {vk } of {v;}.  onstrate that
From (39), we get P, — T as m—> 0. Then using (38) with

hmsup(d)(v)—u,vk—v)— 11m (CD(U)—U Vi, -v)y ={®(v) —v,7—v) <0. (41)

k—00

Thus, we have by combining this with (40) that

lim sup{® (v) — v, v;;; — v) < lim sup{ P (v) — v, Vi, — V) + lim sup{D (v) — v, v, — v) <0. (42)

k—00 k—00 k—00

Hence, from the assumption on @, (6), (7) and (29), we

obtain
B <o - v

=[6 (@ (ve) = ® ) + (1= ) (Ve = ) + & (Ve = Vi) + 6 (@ () = )

<6k (@ (vie) = @ (v)) + (1= ;) (v _U)" + 28 (Vi = viey) + 0 (@ (V) = ), gy — V)

<O () = @ )| + (1 = B8 + 266V = Veps Veas — 0D + 204D (V) = v, gy — 1)

2o - (43)
<Op" B + (1= ) B + 26 |vic = vi | |Viess — v]) + 26,4@ (v) = v, v,y — )
< OkpEi + (1 = 0,) By + 26, - % [vi = v [visr = o]| + 26:<P (0) = v, vy, — 0)
k
- fk 2
< (1= y) Bk + ¥x ng— vi = via|| + 15 (D (V) =0,V — U |
K p

for some Rs >0. As a consequence of applying this to the klE»noo”p"’(k) ~Hya " - kh—r>noo||sij"’(k) ~ Iy ” =0, (449

inequality (42) with Lemma 7, it can be inferred that for all i € [K] and
lim, 5 = 0.

li O (v) v, -v) <0.
Case 22. We can find a subsequence {Ek } of {Ek} such that lkm_?gop< (V) =0, Vy g1 — 0 (45)
_.k <Ej , for all g € N. The inequality 2 Ey (k1 18

derived by applying Lemma 8, where y: N —> N is defined Finally, from &y i) < 8y (1 and by (43), forall k= &, we

by (12), and k> k* for some k* € N. By similar arguments as obtain
in Case 21, we obtain that
Ey ik 2
By < (1= Yy ) By * W(k)[Rse " Vyto ~ w(k)—ln 1o, (D) =0 vy a1 — ) |- (46)

Some simple calculations yield



TaBLE 1: Numerical comparison of four algorithms.
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m nonzero elements

m = 100 m =200 m = 300
Algorithm 2.2 Number of iterations 1183 1271 1326
CPU time (s) 10.0271 10.2887 10.7556
Algorithm 3 Number o.f iterations 381 433 481
CPU time (s) 6.3097 6.9989 7.5401
Algorithm 1 Number of iterations 159 180 198
CPU time (s) 3.9039 4.1992 4.5897
Algorithm 2 Number of iterations 169 193 212
CPU time (s) 4.1950 4.5258 49377

Original signal
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0 ltL HJ | II [ Llh] HI L l L, 1‘ ‘
N RN U IR J
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(| f
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FIGURE 1: From top to bottom: the original signal and the measurement by using A,, A,, and A;, respectively, with m = 100.

Sy
g <R -
(k) s Vv
I
This implies that limsup;_ By ). <0. Thus,
lim_, o8y ()1 = 0. In addition, by Lemma 8,
lim |_4k< llm "‘w(k)+l =0. (48)

k— o0

Therefore, it can be concluded that v, — v as k— co0.

Theorem 23. Assume that Assum ptions 9-16 are satisfied.
Then, the sequence {v,} generated by Algorithm 2 converges
strongly to v: = (Py o ®)u.

Proof. Employing the same methodology as in the proof of
([48], Lemma 3.1), we conclude that
{ri} ¢ [min {7, 1,/ Z;}, 711 € (0,1/%)) for all i € [K], that

2
_1” + E (D (v) -0, Vy(o+1 — V).

(47)

is, Assumption 14 holds. The rest is similar to the proof of
Theorem 20. O

4. Application to Signal Recovery Problem

Signal recovery is a fundamental challenge in diverse sci-
entific and engineering domains, and recent developments
in signal recovery algorithms have resulted in substantial
enhancements in the accuracy and efficacy of signal pro-
cessing applications. Efficient signal recovery techniques are
critical for numerous tasks, such as image and audio
analysis, data compression, and communication systems.
Consequently, sustained research and development efforts
aimed at advancing signal recovery algorithms are
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FIGURE 2: From top to bottom: the original signal and the measurement by using A;, A,, and A;, respectively, with m = 200.
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FIGURE 3: From top to bottom: the original signal and the measurement by using A,, A,, and A;, respectively, with m = 300.
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FIGURE 4: From top to bottom: the reconstructed signals by four algorithms for m = 100.
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FIGURE 5: From top to bottom: the reconstructed signals by four algorithms for m = 200.

imperative to further enhance the performance and capa- b= Ax+e¢ (49)
bilities of these applications.

The signal recovery problem involving diverse blurring ~ where b; € RM is the observed signal with noise ¢;, x € RN is
filters can be mathematically expressed as follows: the original signal and A; € R (M <N) is filter matrix
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Recovered signal with Algorithm 2.2
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FIGURE 6: From top to bottom: the reconstructed signals by four algorithms for m = 300.
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FiGgure 7: Plots of E; over iter when m = 100.
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FIGURE 9: Plots of E; over iter when m = 300.
TABLE 2: Numerical results of Algorithms 1.
m nonzero elements
Inputs
m =50 m = 100 m =150
A Number of iterations 2373 3143 4474
1 CPU time (s) 3.4571 4.4129 6.2303
A Number of iterations 2328 3407 4297
2 CPU time (s) 3.1495 4.8879 5.8837
A Number of iterations 2334 3162 4316
3 CPU time (s) 3.1203 4.2016 6.1732
A A Number of iterations 581 564 762
12 CPU time (s) 2.0524 1.9764 2.9730
A A Number of iterations 548 589 685
LA CPU time (s) 2.8591 2.0762 3.5921
A A Number of iterations 598 629 644
243 CPU time (s) 2.3680 2.1654 2.9194
A A A Number of iterations 138 145 154
12253 CPU time (s) 0.8413 0.7845 0.8708
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(=}

40
20

-20
-40

FIGUure 11: From top to bottom: the original signal and the measurement by using A,, A,, and A;, respectively, with m = 100.
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FIGURE 12: From top to bottom: the original signal and the measurement by using A,, A,, and A;, respectively, with m = 150.
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FIGURE 13: From top to bottom: the reconstructed signals by using each input for m = 50.
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FIGURE 14: From top to bottom: the reconstructed signals by using each input for m = 100.
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FIGURE 15: From top to bottom: the reconstructed signals by using each input for m = 150.

15



16

10
10° | 1
10"
107
103
10*

0 20 40 60 80 100 120

Number of iterations
— A, — ALA,
—— A, o ALA,
A, — ALALA,

- Al’ Az

FIGURE 16: Plots of E; over iter when m = 50.
10"
10° - 1
10! 1
107 1
10° 1
10+ 1

140

0 50 100

Number of iterations

- Al T Al’ A3
— A, — AL A,

A, —— ALALA,
— ALA

FiGgure 17: Plots of E; over iter when m = 100.

150

Journal of Mathematics



Journal of Mathematics

17

10!
10° -

100

10°F

0% -

0 20 40 60

80 100 120 140 160

Number of iterations

A,

— AL A,
A, A,
— ALALA

) i i ]

FIGURE 18: Plots of E; over iter when m = 150.

for all i € [K]. Subsequently, we direct our attention toward
the following problem:

1 2
min - ||A;x = b, |5 +|x
min 14, = by I} + il
.1 2
min —[|A,x = b,ll5 +[xl,
xeRN 2

1 2
min —||A;x = bs|l5 +x]l,
xeRNZ” 3 sl +lxll (50)

1 2
min = |Arx — be |5 +x
xER‘\’z” K kIl +lxly

foralli e [K]. According to Proposition 3.1 (iii) presented in
[49], the problem at hand can be recast as problem (2)
through the following settings: ¥ = RN,
S,‘ ()= PIOXy 11, I- (,‘Vh,‘) ) Gi ()=o(- "1) and F, = Vhi;
where {;>0, h,(-) = 1/2|A;(-) = b,|3 for all i € [K]. Tt is
known that S; is nonexpansive mapping for {; € (0,2/[|A;[|5)
and hence O0-demicontractive. Besides, G; is maximal
monotone mapping, and F; is monotone and || 4; ||§—Lipschitz
continuous mapping.

In this part, we perform two numerical experiments to
present the computational efficiency of Algorithms 1 and 2
for signal recovery problems consisting of various blurring
filters. All computations were performed using Matlab
R2021a on an iMac equipped with an Apple M1 chip and
16 GB of RAM.Experiment (***) During the first experi-
ment, we provide the numerical comparison of Algorithms 1
and 2 with Algorithm of Corollary 2.2 in [31] (Algorithm
2.2) and Algorithm 3 in [50]. Select the signal size to be N =
4000 and M = 2000. Set the original signal x is generated by
the uniform distribution in [-2, 2] with #1 nonzero elements

and A; be the Gaussian matrix generated by command
randn (M, N). Let the observation b; be generated by white
Gaussian noise with signal-to-noise ratio SNR=40, the
initial points be the vectors generated randomly and {; =
1/||A,-||§ for all i € {1,2,3}. Measuring the accuracy of the
restoration using the mean-squared error, which is defined
as:E, = 1/N|v, - xllg <5x 107°. The control parameters are
defined in the following manner:

(i) Algorithm 2.2: of = 0.5;
(ii) Algorithm 3: A, = 0.5,¢(-) = 0.9(-), ¥, = 9/10 || A, ]2,
ap = l/k +1, bk = 99k/100(k + 1) and fk =

min {1/ (k+ D)™ max {lag =l Do = 1151, 0.25) i g #10
0.25 otherwise;

(iii) Algorithm 1: af =0.25,®(-) =0.9(:), 7} = 9/10

A3, 0, = 1/k+1 and & =

min {1/ (k + D)™ max {llv, = vi_yllp, v = vy, 131,025} if v vy

0.25 otherwise;
(iv) Algorithm 2: A; = 0.5,af = 0.25,®(-) =0.9(:), 7} =
9101415, 0, = 1k + 1 and & =

min {1/(k + 1)1'1 max{\lvk = Vil v = qu”é})()-ZS} if v #vp_ 5

0.25 otherwise;

The following results are shown.

The numerical results of Experiment (**%) clearly
demonstrate that both proposed algorithms are more ef-
fective than the two previous algorithms, as indicated in
Table 1 and Figures 1-9.

EEEY

Experiment 24. In the second experiment, we present the
numerical results obtained via Algorithm 1 for solving
problem (4.1) with multiple inputs A;. The signal size is set to
be N = 2000 and M = 1000, with the original signal x being
generated via a uniform distribution over the interval
[-2,2], featuring m nonzero elements. The matrices A; are
Gaussian matrices generated using the command
randn (M, N). For i € {1,2, 3}, the observations b; are gen-
erated via the addition of white Gaussian noise ¢ with
variance o7, with initial points being randomly generated
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and {; =1/ ||Ai||§. Measuring the accuracy of the restoration
using the mean-squared error, which is defined as follows:
Ep = 1/Nl|lvy —x|5<5x107°.  For Algorithm 1, let
0; = 0.01(i), &k = 0.25,D(-) = 0.9(-), 7t = 9/10l 415, 6, = 1/
k+1 and & =
Vi — vieq |I§}, 0.25}if v; # v_;50.250therwise; The ensuing
section depicts the results.

Based on the numerical results obtained from Experi-
ment 24, it is evident that incorporating all three Gaussian
matrices (A, A,, and A;) into Algorithm 1 leads to more
effective outcomes in terms of time and number of itera-
tions, as compared to the usage of only one or two of the
matrices. These results are presented in Table 2 and
Figures 10-18.

min {1/ (k+ 1M max {[v = vi_1 [l

5. Conclusions

In this research, we obtain strong convergence results for
common variational inclusion and common fixed point
problems using two new parallel methods. Our results ex-
tend and generalize several previously published findings,
and the numerical results indicate that our suggested ap-
proaches to the signal recovery problem including multiple
blurring filters outperform the two preceding approaches.
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The plant-pollinator model is a common model widely researched by scholars in population dynamics. In fact, its complex
dynamical behaviors are universally and simply expressed as a class of delay differential-difference equations. In this paper, based
on several early plant-pollinator models, we consider a plant-pollinator model with two combined delays to further describe the
mutual constraints between the two populations under different time delays and qualitatively analyze its stability and Hopf
bifurcation. Specifically, by selecting different combinations of two delays as branch parameters and analyzing in detail the
distribution of roots of the corresponding characteristic transcendental equation, we investigate the local stability of the positive
equilibrium point of equations, derive the sufficient conditions of asymptotic stability, and demonstrate the Hopf bifurcation for
the system. Under the condition that two delays are not equal, some explicit formulas for determining the direction of Hopf
bifurcation and some conditions for the stability of periodic solutions of bifurcation are obtained for delay differential equations
by using the theory of norm form and the theorem of center manifold. In the end, some examples are presented and corresponding
computer numerical simulations are taken to demonstrate and support effectiveness of our theoretical predictions.

1. Introduction

It is estimated that there are about 3,50,000 plant species in
the nature world, which are classified as seed plants,
bryophytes, ferns, and algae. Until 2004, almost certainly
over 2,87,655 species had been identified, including 2,58,650
flowering plants, 16,000 bryophytes, 11,000 ferns, and 8000
green algae. Obviously, the flowering plants, accounting for
about 90%, make up the majority of the identified plants. It
indicated that most of flowering plants rely on some certain
medium to transmit pollen, and 90% of medium are animals,
especially insects, except for a few by wind and water.
Therefore, the research on the interaction between plants
and pollinators has important application value in bio-
diversity conservation and agriculture.

Pollinators are an important part of the ecosystem; their
species composition, quantity change, and pollination ob-
jects directly or indirectly reflect the ecological environment
and its development trend. In addition, they also provide
important ecological services for the ecosystem, which plays
an important role in maintaining the dynamic balance and

relative stability of the ecosystem. The plant pollinator
population system, as an important branch of population
ecology, has been a hot issue in the field of biomathematics
for half a century. Discussing about the dynamic charac-
teristics between plants and pollinators has real significance
in biodiversity conservation, species origin and formation
mechanism, and agricultural production. It suggested that
the species categories and ecological evolution processes of
organisms are diverse. There are complex interactive re-
lationships between plants and pollinators, including reci-
procity, hostility, and defense that are generally expressed by
differential equation models.

It is a hot topic on the plant-pollinator population dy-
namics for a half century. As early as 1976, considering about
saturation effects of the benefits that the plant derives from
the pollinator, May proposed a model of an obligate re-
lationship between a plant and its pollinator and discussed
the curvilinear isoclines with stabilizing effect [1, 2]. In 1981,
Soberon et al. presented a mathematical model describing
the dynamics of the plant-pollinator dynamical interaction
with function response. They mainly considered the effects
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of two parameters on the stability of their system, including
the nectar reward provided by plants to pollinators and the
specificity of pollinators to plants [3]. In 1955, Lundberg and
Ingvarsson [4] generalized an earlier model of the in-
teractions between plants and pollinators and analyzed the
equilibrium points of the system. It showed that there is
a threshold standard in the system, which would not last
long when it is lower than the standard, and the impact of the
existence of the threshold standard on the persistence of
plants was further discussed.

After then, some dynamic models of three population
interactions appeared, such as the herbivore-plant-
pollinator interactions proposed by Jang [5] and the plant-
pollinator-robber system raised by Wang et al. [6, 7]. In [5],
by analyzing the parameter energy reward and the specificity
of pollinators to plants, Jang et al. considered the effect of
herbivores on the pollinator’s flower visiting rate and further
discussed the possible mechanism of herbivores accompa-
nying pollinators to increase the pollinator’s flower visiting
rate. The results showed that this mechanism could promote
the persistence of the interaction between the three pop-
ulations. The literature [6, 7] focused on the factors that led
to the widespread occurrence and stability of interaction by
analyzing the mathematical model of plant-pollinator-
robber coexistence and dynamic properties by using the
relevant theory of the dynamic system. Fishman and Hadany
formulated and discussed a multigeneration population
dynamics model for plants’ interaction with central place
pollinators [8]. In [9], Wang et al. investigated a plant-
pollinator model with diffusion and analyzed the uniqueness
and stability of positive steady state solution by using the
regular perturbation theorem and the monotone dynamical
system theory. However, in these existing mathematical
models, most researchers did not consider the time delay
factor. Due to its inevitability and importance, the influence
of time delay on dynamic behavior has been adequately
considered in some models, such as the predator-prey model
[10-14], the competition and cooperation model of two
enterprises [15-19], the neuron network model [20-22], the
competition model of internet [23, 24], the chemical re-
action model [25, 26], and the epidemic model [27-31]. The
introduction of the delay factor can more accurately reflect
the objective facts and development laws of things. There-
fore, most of the scholars tend to be more interested in
analyzing the delay differential system when analyzing the
differential equation model.

In [7], Wang et al. derived a classical plant-pollinator
model.

dN a, NN
d—tlz N, +#11+5NZ_[51N1N2 -d,N/?,
% _ % NN, —d,N,,
dt 1+aN,+bN,

(1

where a, b, r|, 1, d;, d,, a5, and «a,; are the positive
constants. N, (t) denotes the population densities of plants,
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N, (t) denotes the population densities of pollinators, r;
represents the intrinsic growth rate of plants, d, is the self-
incompatible degree, a is the effective equilibrium constant
for plant-pollinator interactions, b is the intensity of ex-
ploitation competition among pollinators, «,, represents the
plants efficiency in translation plant-pollinator interactions
into fitness, a,; is the corresponding value for the polli-
nators, 3; denotes the per-capita negative effect of polli-
nators on plants, and d, is the per-capita mortality rate of
pollinators.

Recently, Huang et al. [32] considered the following
plant-pollinator model with a diffusion term and a time
delay:

oN, a1aN;

—=N +———-pB,N,-d,N, |,

ot 1[” 1+aN, +bN, AN, —d\N,

ON, ay N, (t—1,x)
—==D,AN, + N -d, |,
ot 272 2[1+aN1(t—r,x)+19N2(t—r,x) 2

(2)

where 7> 0 is a time delay, A is the Laplacian operator, and
D, >0 is a diffusion coefficient. By analyzing eigenvalues of
the linearized equation, Huang et al. gave some conditions
about the stability of the positive constant steady state and
existence of spatially homogeneous and spatially in-
homogeneous periodic solutions.

Based on (1) and (2), we incorporate two different delays
into the model to reflect the dynamical behaviours
depending on the histories. We shall consider the following
system:

'le ap NN, 2
oy N +—1212 g NN, -d,N,%
dt L 1+aN, +bN, BININ, L
dN, ay Ny (t-1)

dr 2 1+aN1(t—Tl)+bN2(t—Tz)_dz]’

N (8) = (6. N, (1) = y (Bt € [—ggg{ri}ﬁ],

(3)

where 7;>0(i = 1, 2) denotes the delay effects in the process
when the pollinators translate plant-pollinator interactions
into the fitness.

The present article is organized as follows: In Section 2,
by selecting two different varying delays 7, (i = 1,2) as the
bifurcation parameters and considering the distribution of
corresponding characteristic roots, we shall give the con-
ditions on the stability of the positive equilibrium and the
existence of Hopf bifurcation of system (3). In Section 3,
based on the normal form method and the center manifold
reduction used by Hassard et al. in [33], we shall derivate
some formulas for deciding the stability and the directions of
periodic solutions and Hopf bifurcation. In Section 4, some
numerical simulations are carried out to illustrate the val-
idity of the main results.
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2. Model Description

In this section, we shall mainly analyze the local stability of
the positive constant steady state and the existence of Hopf
bifurcation of system (3) by using the methods in
(32, 34, 35].

According to [32], for the existence and uniqueness of
the positive equilibrium of (3), we have the following result:

Lemma 1. Assume that one of the following conditions holds:
(A1) oy, > ad,,a,<0,a,% - 4aya, = 0;
(A2) ay, >ad,,4aya, <0;
where a, = bB,/(ay, — ad,) + d,d,b*/ (e, — ad,)’, a, =
(B, = br))/ (e, —ad,) + 2d,d,b/ (ay, — ad,)*~ a;,/ay,, and
o d,d,

(3, = adz)Z.

a, = (4)

a,, —ad,

ap, (up + N3)

Then, (3) has two boundary equilibria, E;(0,0) and
E,(r/d,0), and a unique positive equilibrium,
E* (N7, N3), where

N 2a,d, — a,bd, + bd,\|a,” - 4aya,

b 2a, (“21 - adz) ’ 5)
N -a; + \lalz —4aya,
2 2a, '

Let u; = N, — Ny and u, = N, — Nj, then (3) can be
rewritten as follows:

du, _

du

= N;
dt (1, + 1)[Tl +1+a(u1 +N7)+b(u, + N

@y (4 (t—1,) + Ny)

B N - (u1+Nr>],

*

Thus, the positive equilibrium point E* (N7, N3) of

system (3) coincides with the zero equilibrium of system (6).

= 08 R N )

ayy (4, + N3)

u (1) =¢ () - Nj,uy(t) =y (t) - N,,t € |:—Iir_lﬁ§{‘[i},0:|.

£ (uy103) = (1 + Ni‘)[rl ;

Tra(u + N )+ b(u, 1 N7) P

a; (uy + NY)

£ () = (w+ N;‘)[

For i,j,1 € Ny ={0,1,2,...}, we define f{’(i+j=1)

and fl.(ﬁ) (i+j+1>1) as follows:

w _ V00 o 970,00

1+a(u; + N7)+b(u, + N;)

i — [ = — (8)
T3 ou\ou g ou' dulow'
. a,aN N,
% = l((l))z_dl 1 12*1 2*2
(1+aNj +bN3;)

y=f2 = ay N3 (1+bN3)
LT (14 aNT + BN

By Taylor expansion, (6) can become as follows:

_ (2 _
»Y2 = Jowo =

(6)
Let
(up + Ny) =dy (uy + NY) |,
(7)
-d,|.
in particular.
N7 (1+aN; .
<0,a, = éi)z %12 1(* a i)z_ﬁlNl’
(1+aNj +bNj;)
)

ba, NiN,

<0.
(1+aN; +bN;)’
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(10)

1 ; .
i!j!l!ff(fi)”ll (t—1)uw,’ (t - Tz)”zl (1),

4
du 1 ; )
d—tl = ayuy () + ayu, (1) + ZZW i(jl)ul Oy’ (1),
+]2
du,
TRk (t—1)+yup (t-1) + Z
and u (t) =¢(t) =N, u,(t) =y(t) - N3, t €

[~ max{z;}, 0].
It is easy to see that system (10) about the equilibrium
point (0, 0) yields the following linear system:
du,
5 -t (t) + ayu, (1),

(11)

du
d_t2 =yt (E = 77) + pathy (t = 73).

The corresponding characteristic equation of the system
(11) is as follows:

Aty

A - ad = (yh - )’2"‘1)‘3_}”2 e =0 (12)

We use the following Lemma in [35] to investigate the
distribution of roots of the transcendental equation (12).

Lemma 2. For the transcendental equation,

P11, e ) < 27 O 014 0
+[pA 4 pUA 4 pV]e
ot [pIAT e pA e p ]

=0.
(13)
As (1), Ty, T3, - - - » T,y,) Vary, the sum of orders of the zeros
of P(A,e*",...,e"") in the open right half plane can

change only if a zero appears on or crosses the
imaginary axis.
Now, we shall consider the following different cases:

Case 1. 7, = 7, = 0. Then, (12) becomes

A2 - (ay +p2)A +y0, =y, = 0. (14)

Since &, <0,y, <0, —(a; +7y,) >0 holds. It is obvious that
when 7, = 7, = 0, the condition that all roots of (14) have
negative real parts is given in the following form:

(H1): yy00 —p0,>0 (15)

Thus, we have the following result:

Lemma 3. Assume that (H1) holds. Then, for T, = 7, = 0, the
positive equilibrium point E* of (3) is asymptotically stable.

Case 2. 7,>0,7, = 0. Then, (12) becomes

A - (a1 +P2)A +y,0 = Ylo‘ze_hl =0. (16)
Suppose that 7, >0,7, =0 and A = iw, (w, >0) are roots of

(16). Then, we have

- ‘012 —iw; (a7 + ;) +y2

(17)
-y, (cosw, 7, —isinw,7;) = 0.

Separating the real and imaginary parts of (17), we can
obtain

2
{ Wy = Y0y = —Y16, COS W Ty, (18)
w; (@ +9,) = y1ay sinw; 7.
By simple calculation, we can have
of +(@® 9,7 )o; + (1) - ()’ =0 (19)
Let z = w?, then (19) becomes
2+’ +9 )2+ (o) - (ne)’ =0, (20)

Notice that a, +y,2>0. If the following condition (H2):
(y2a1)2 - (ylocz)2 >0 holds, then (20) has no positive so-
lution. Thus, all solutions of (16) have negative real parts
when 7, >0 under (H2). So, we have the following result:

Theorem 1. Let 7, = 0 and (A1) or (A2) holds. When (H2)
holds, the positive equilibrium point E* of (3) is asymptoti-
cally stable for all T, > 0.

However, if the condition (H3): (y2a1)2 - (y1a2)2 <0
holds, then (20) has a unique positive root.

= ah =3 [{“12 w0 \/(“f ) e’

(21)

Thus, w;, = {1/2[- (&% + y,%) + \/(ocf 3% + 4y 20,2 112,
and (16) has a pair of purely imaginary roots tiw,.
Substituting w,, into (18), we can get

1 2= 2j
T, = —arccos{w} tlil (j € Ny). (22)
V1% Wio

Let

F(A7)= A - (@ +P2)A +pr0 + Vl‘xze_hl- (23)
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Then, F(iiww,rlj) = 0. Suppose A(7;) = a(7;) +iw(71y) is
a root of (16) near 7, = 7y; and a(7y;) =0, w(7y;) = wyo.
From the function differential equation (FDE) theory, for
every 7;; (j = 0,1,2,...) there exists £ > 0, such that 1 (1) is
continuously differentiable at 7, for |7, -7 [<e
Substituting A(7,) into the left-hand side of (16) and dif-
ferentiating with respect to 7,, we can have

AN
dr,

TI=Tyj

Noting that,

{d(ReA)}_l 2wt
dr, (V1“2)2

> 0. (26)

TI=Ty;

From the above discussions, we can get d (Rel)/dr, |T1:T1j >0
and derive the following theorem:

Theorem 2. For 7, = 0, we assume that (A1) or (A2) holds.
Assume further that (H3) holds. The following conclusions are
true:
(i) If T, € [0, 1), then the positive equilibrium E* of (3)
is asymptotically stable
(ii) If T, > 1., then the positive equilibrium E* of (3) is
unstable
(iii) If 7, = 1,9, then system (3) undergoes a Hopf bi-
furcation at the positive equilibrium E*

Case 3. 7, =0,7,>0. Then, (12) becomes

2= d=y0, = (1 -y, )e 7 = 0. (27)

5
-1 Aty
d_/\ _ [2A = (o) +y,)]e”" _ﬂ' (24)
dr, Ay, A
Hence,
[2iw; — (o) + yz)](cos WoTy; +i8in wwrl]-) Ty (25)
—iw) o) &, iwg

Similar to the second case, we suppose that 7, = 0, 7, >0 and
A =iw, (w, > 0) is a root of (27). Through some calculations,
we can get

z* +(“12 +2y,0, - Yzz)z + (Ylfxz)z - (Vz“l)z =0, (28)

where z = w,?. It is easy to see that if the condition (H4):
a? + 27,4, — 9,% >0, (y,0,)” = (y,4,)* >0 holds, (28) has
no positive solution. Thus, all solutions of (27) have negative
real parts when 7, >0 under (H4).

Theorem 3. Let 7, = 0 and (A1) or (A2) holds. When (H4)
holds, then the positive equilibrium E* of system (3) is as-
ymptotically stable for all T, > 0.

However, if the condition
(H5): a,2 +2y,0, — 1,2 >0, (y,0,)° = (y,%,)* <0
holds, then (28) has a unique positive solution z, = w?,

and (27) has a pair of purely imaginary roots tiw,,
where

1

At this time, we have

12
‘(0‘12 +2y,0, — Yzz) + \/(0‘12 +2y,0, = Yzz)z —4(yie? - y%ay?) ]} . (29)

Let F(L1,) =A"—ad+y,0 + (—p,A + p,a,)e A7,
then F (+iw,, 7,;) = 0.

Suppose A(1,) = a(7,) +iw(7,) is a root of (27) near
7, = T,;and a(7,;) = 0, then w (7,;) = w,. Substituting
A(1,) into (27) and differentiating with respect to 7,, we
can obtain
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d_Tz (200 = y2A)A A
(ﬁ)l  (Ziwy, - a)(cos Ty +isinwyTy;) — 7, T {d(Re/\»)}_1 2y -y, )+ 20 0
dr, — (2001 = iwagy, Jiwyg iwy | dry )=1 yzz(wé + ocf) '
(31)

Therefore, we can easily get d (ReA)/dT,|, _, > 0. Based
on the above analysis, we have the following theorem:

Theorem 4. For 7, =0, assume that (Al) or (A2) holds.
Assume further that (H5) holds. The following results are true:

(i) If T, € [0, 7,), then the positive equilibrium E* of (3)
is asymptotically stable

(ii) If T, > 15, then the positive equilibrium E* of (3) is
unstable

(iii) If 1, = 14y, then system (3) undergoes a Hopf bi-
furcation at the positive equilibrium E*

Case 4. 17,>0,1, € [0,1,5]. We consider (12) with 7, in its
stable interval. Regarding 7, as a parameter, without loss of

generality, we consider system (3) under assumption (A1) or
(A2) and Case 3. Let iw(w>0) be a root of (12), by cal-
culating, we can obtain

w* + k0 + kyw + kyw +k, =0, (32)

where k, =2y, sinwty, ky =y, + a2 ky = 2y,a,%
sinwty, ky = (1,00) = (y,0,)%

Denoting H(w) = 0* + k@’ + k0 + kyo + k;,  we
make the assumption that

(H6): equation (32) has finite positive roots
Wy, Wy, . ..,w,, and for every fixed w;,i=1,2,...,k, there
exists a sequence {Téi |j=0,1,2,.. .}, such that (32) holds,
where

() (@) (@)

N2
i . .
i 1 ~(w§)) + 9,00 COSW; T, = Y,w; SINW3°T, 27

T3 — arccos

NG
w3

Let

T3O=min{‘r§i'i=1,2,...,k;j=0,1,2,...}. (34)

When 7, = 73y, (12) has a pair of purely imaginary roots
tiw* for 1, € [0,7y]. In the following, we further
assume that (H7): [d(ReA)/dTI]TI:Tm#O. By the general
Hopf bifurcation theorem for FDE, we have a result on the
stability and Hopf bifurcation for system (3).

Theorem 5. For system (3), we assume that (Al) or (A2)
holds and assume further that (H5), (H6), and (H7) are
satisfied, and T, € [0, T,,). Then, the positive equilibrium E*
is asymptotically stable for 1, € (0, 75,) and is unstable for

0Y1 wéi) ' (33)

i=1,2,...,kj=012,...

T, € (T4, +00). System (3) undergoes a Hopf bifurcation at
the E* for 1, = T4,

Case 5. 17,>0,7, € [0,7,,]. We consider (12) with 7, in its
stable interval. Regarding 7, as a parameter, without loss of
generality, we consider system (3) under assumption (A1) or
(A2) and Case 2. Let iw(w >0) be a root of (12), by cal-
culating, we can obtain

w* +k0® + kyw+k; =0, (35)

where ky = a,® = p,2 + 2y a, cos wTy, ky = 2y, 0,05
sinwt), ks = (y,4,)* = (y,a,)>.  Denoting H (w) = w*+
k,w? + kyw + k;, we make the assumption that (HS8):
equation (35) has finite positive roots w;, w,, . . ., w,,, and for
every fixed w;,i=1,2,...,k, there exists a sequence
{Tfﬁ [j=0,1,2,.. } such that (35) holds, where
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N2 .
. 1 —(wi’)) + y,0, cosw,” T, — yzwil

j =
Ty; = — arccos

@ ) sinwf)‘r2 27j

o0

Let
uozmm{ﬂﬁiszwn,hj=a1g,“} (37)

When 1, = 7,, (12) has a pair of purely imaginary roots
tiw* for 7, € [0,7y]. In the following, we further
assume that (H9): [d (Re/l)/d‘rz]TZ:Tm #0 Similarly, we have
a result on the stability and Hopf biturcation for system (3).

Theorem 6. For system (3), assume that (A1) or (A2) holds
and further assume that (H8) and (H9) are satisfied, and
7, € [0,7y). Then, the positive equilibrium E* is asymptot-
ically stable for 71, € (0,74) and is unstable for
T, € (T49,+00). System (3) undergoes a Hopf bifurcation at
the E* for 1, = 1y,

3. Direction of Hopf Bifurcation and Stability of
Bifurcating Periodic Solution

In the previous section, we have obtained stability and
existence of Hopf bifurcation of system (3) at the positive

¢, (0)
L, (¢) = (49 + 1) B< >+C

¢, (0)

and nonlinear operator F(y,-): RxC — R by
F($) = (70 + ) (f1 £2)" (40)

where

$(0) = (¢,(0),0,(0)" eC, B= <“1 a )

0 0
00 00
C-= , D= , and
<0V2> (Y10>

%Y1 wf) . (36)

i=1,2,...,kj=012,...

equilibrium E* by taking delay 7; (i = 1, 2) as the bifurcation
parameter and applying the linearization method. In the
present section, we will discuss the direction of Hopf bi-
furcation and the stability of bifurcation periodic solutions
by employing the normal form method and the center
manifold theorem by Hassard et al. [33]. We always assume
that system (3) undergoes Hopf bifurcation at the positive
equilibrium E* for 1, = 7,), and *iw* denotes the corre-
sponding purely imaginary roots of the characteristic
equation at E*.

Without loss of generality, we assume 7} <74, where
77 € (0,74) and 74, is defined by (37). For convenience, let
u; (1) =u; (71), u; (1) =N;(t) =N/, (i=1,2), 7, =14+
and u € R, then y = 0 is the Hopf bifurcation value of (3).
Thus, (3) can be rewritten as an FDE in C = C([-1, 0], R?) as
follows:

u(t) =L, (u)+F(wu) (38)

where u (t) = (uy (), u, ()" € C and u, (0) =u(t+0).
Define the linear operator L,: C — R by

()
! T4 ¢, (-1)
+D< > , (39)
T* ¢2 (_1)
o)

1 Lo
fr= Y 35f 9 04, 0),
irj=2 BT

(41)

fzz Z

i+j+l 22

I o, i j 7] I
l'_]'l' ijl (/)1 (_1)¢2 _?40 (/)2 (O)
Based on the Riesz representation theorem, we know
that there is a matrix function with bounded variation

components 7 (8, u) and 6 € [-1,0], such that



0
L,(¢) = J_l dn (6, (6),$(6) € C([-1,0,R?).  (42)

In fact, we can take

[ (149 +u)(B+C+D), 6

o[
Ty

I
[}

(T4 +1#)(C + D),

n(6:p) = 1
(740 + #)D, 0 e (_ >_T_l>
Ty
0. 0=-1.
(43)
_dy(s)
ds

ATy(s) =

Journal of Mathematics

In the sequel, we define the operators A () and R (u) by

d¢ ()
0,0 € [-1,0)
> R((’l)(/) = °

70 ,0 ¢ [-1,0)
F(u,¢),0=0

A(ue =
0
| ansme(s.0-0
(44)

Then, (38) can be further rewritten into the following
equation:

u(t) = A(wu, + R(wu,, (45)

where u, (0) =u(t+0),0 € [-1,0]. For
y € C([0,1], (R*)"), we define

,s € (0,1],

(46)

JO dn (£, 0)y (=), 5 = 0.
-1

For ¢ € C([-1,0], (R?)") and v € C([0,1], (R»)*), we
define the bilinear inner product.

[V
WS 00> =TOpO - [ [ - 0)dn (@),
47)

where 7 (0) = %(0,0). Let A = A(0), then Aand A* are a pair
of adjoint operators. Since +iw* 1, is a pair of eigenvalues of
A (0), it follows that they are also a pair of eigenvalues of A*.

Suppose that q(60) = (1,a) e’ 70f is an eigenvector of
the operator A(0) corresponding to the eigenvalues iw* 1,
and g*(s) = M (1,a")e ™ is an eigenvector of A*(0)
corresponding to —iw*7,,, where M = 1/K. From the defi-
nitions of A, L,¢, and 1 (6, u), we can obtain

0" —a -a, 1 0
e ) )
A T Oy AV AN

Based on discussions in the last section, we can see

iw" —a, -a,
det N —0. (49)
—ATy sk -1,
—ye iw* —y,e

Therefore, we «can take
af = () (iw* + ocl)/yle’i“’*f40.

Let KeC and q*(s)=M(1,a*)e ™ such that
{q*(s),q(0)) = 1. Then, we can see that g* (s) is still an
eigenvector of the operator A* corresponding to the ei-
genvalue —iw* 7.

From the bilinear inner product of (47), we can get

a = (iw* —a;)/a, and
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@ a0 =7 ©a)- [ [ 7 E-0dn@1g@de
JR— 0 6 JR— P ¥ ;oK
_ M(l,a* (I,OC)T _J J- M(I,R* e i@ T4o(§*9)d,1(9)(1)(x)Tezw T4ofd€
-1 ) =0
- o 0 8 .
- M(La) (Lo - M(La" I J dn (8) (1, o) e ™0
-1 J)&=0
o
- M(La) (1) —M(I,R*)j 86 ™0 dy (6) (1, a)" (50)
-1
=M(L,a") (Lo -MQ,a" [T4OB¢(0) + 140c¢<—:—1> + T4OD¢(—1)] (1"
40
L L 00 7 . 00 .
=M(L,a") (L) —M(1,(x*)[r40 (__l)e"" N e ’w] (La)"
0y, Fa0 Y1 0
=M(1+a@")+Mrlyaae ™™ + My, @e ™,
_ -iw'{q", ) ={q", Ay ={A"q",]) =(-iw"q",q)
Thus, we can choose K as follows: 19 144 19 14 (52)

Pk
—iw* T,

- —* * —k _—iw*T] —*
K=1+aax + 71 p00 ¢ U+ Ty @ e ,

K=1+aa" +p,aa’t)e’ " +y 190 " ™.

In  addition, from (y,A¢) = A"y, ¢)
Aq(0) = —iw*q(0), we can get

(51)

and

=iw*{q", ).

Hence, {q* (0),5(60)) = 0.

Next, using the algorithms given in [4], we can calculate
the projection system of (3) on the center manifold C, when
u = 0. For the solution u, of (38), let z(t) = {(g*,u,), and
then by (45) and (47), we can have

2(t) =4(q", 1) =4q", A(0)u, + R(0)u,) =<{q", A(0)u,) +{q", R(0)u)

=(A"(0)q",u,) +q (0)F(0,u,)

- _
=iw 1,92 + g(2,2),

where  g(z,z) =G (0)F(0,u,) = gy (0)2%/2 + gy, (0)2Z +

902 (0)Z°/2 + g5, (0)2%2/2 - - .
Let

W (t,0) =u, (0) —z(t)q(0) —z(t)g(0)
= u, (6) - 2Re{z (t)9(0)}.

Then, on the center manifold C,, we can have

W(t,0) =W (z(t),z(1),0),

(54)

(55)

(53)

where

2 =2
W (2,2, 0) = W,y (0) % W, (0)2Z + Wy, (0) %
(56)
Z3
+W3o(9)€+"')

where z and z are local coordinates for the center manifold
C, in the directions of ¢* and g*. Noting that W is real if u, is
real. We consider only real solution. From (54), we can see
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u, (6) = W (t,0) + 2Re{z (t)q(0)} = W (t,0) + z (t)q(6) + Z (£)g (6)

2
~ (1, oc)Teiw*T‘mez +(1, a)Te—iw*uo@E + Wy, (0) % + Wy, (0)zz (57)

=2 3
z z
+W02(9)?+W30(6)€+"'.

Therefore, u,, (0), 1y, (0), ty, (=1), ttye (=1), 1y, (=71 /T49),
and u,, (-77/74) can be obtained.

2 =2
z z
u,(0)=z+z+ W§5’(0)?+ w02z + W) O+,

2 =2
z z
Uy, (0) = za + Z& + W2 (0) -+ w2 (0)zz + W O+

=2

2
it o z z
uy (=1) = ze 0 4 20 L W) (-D5+ W (-Dzz+ W (D5 +-s

: (58)

2 —
—io* i z _ z
Uy, (-1) = zae ' ™ + Zae' " +W2(§)(—1)?+Wﬁ)(—l)zz +Wé§)(—1)?+--~,
T* ) ) T* ZZ T* T* 22
up —L ) =ze T 4z W[ L) WD L)+ WD L) T+,
T40 Ty) 2 T40 Ty) 2

* * 2 * * =2
T ot o 7\ 2 0\ 71\ Z
u2t<——1> =zae " +zZae” "+ Wé(z,)(——l) —+ Wg)(——1>zz + Wé§)<——l> —
2 T T 2
T40 T40 40 40

Furthermore, we can get g (2, 2), 920> 911> 902> and g5, as
follows:
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9(z,2) =q" (0)F(0,u,) = M (1,a")F(0,u,)
1
20143 0) 4 35285, (0) + f 11t (01 (0)

@), 2
200411

=M(La )ty 2 ) +_f020 Zt(_T_) fooz 2 (0) + f (Tt (<1)

( ) " f101“1t( Dz (0) + f011“2t (0)u2t<_T—1)
Fao T40

() 2

— 1 1
1) 2 (2) —2i 2,72
920=2MT40[§f20 +5f0 o +f11"‘+"‘ (5 200€ e g fozo i 57 002

iw Ty —iw*T] —iw* 1, (2) 2 —iw*ty \ |,
+f1100“3 e +f101 e + fonae ;

gu —MT40[f2 f(l)““+f11)(“+“)+“ (fz fozo““+f002““+f110< Tl ! T Tl)

+ f ((xe W0 4 e T‘“’) + fon(oaxe W e Tl))],

— 1
( (g2 4 @ i ) 322
Jo2 = 2MT40[§fz + fo f11 @+ (5 200€ o fozo e

(2)=2 (2) = iw*1,y iw*T} (2) — iw* 1y, (2) =2 iw*t}
* fooz“ +f1100ce e€" 1+ fioae + fo 110‘ e

gy = 2MT4O[ (lwgy ) +wh (0)) + f“)< aw sy (0) + aw P (0)> + i (—W§$ (0)

_ 1 —* iw" Ty —10" Ty
+Ewgwm+mﬁpwm+m4ﬂm)+ ( m44vg(1> 0w (C1)e Tﬂ

L )Eeiw*ﬁ + Wﬁ)(—T—l>ae_i“’*Tr) + < “aw ) (0) + aw| (0)>
T

1
(2) (2)
+ W -
f020<2 20 ( Ty 0
T* —iw* 1, 1 (1) — Wt} (1)
e +§W20 (-1ae +aW,’ (-1)

*

@f _T1 | o'z @) 1

110<_W20 ( —)e Y+ Wy (__
T4 T4
(2)

011

(0) —iw' Ty W (0) 0" Ty +20‘W2(0 (-1)+ (XW (_1)> +f

2)-wi(2)

PP | P
W (0)e T + —aw D (0)e T + —aw
2 2 T4

mﬁ>+fl<

(59)



12

Next, we compute W, (0) and W, (0) in g,, by using

the method in [8, 9, 32]. From (38) and (53), we have

W=7/"t_z.q_?q:{

where

2 =2
H(z,%,0) = H20(0)%+H11(6)z2+H02(6)%+--~.

AW - 2Re{g" (0)F (0,u,)q(6)},
AW —2Re{g" (0)F (0,u,)q(0)} + F(0,u,),

Journal of Mathematics

0 e [-1,0) _
o 0éAW+H(z,z,9), (60)

From (56), we can get

2 -2
AW (1,0) = AW, () % + AW, (0)2Z + AW, (6) %

(61) s
z
Thus, we have + AW, (0) < +ee,
, _ z (63)
AW (t,0) - W = —H (2,%,6) = —H,, (6) =
2 and
(62)
_ z
_Hll(e)ZZ_HOZ(G)E_""
. . . Zz
W=W_z+W;zZ=Wy(0)zz+W,,(0)(2Z + 22) + -+ = 20" 1,)W, (6)7 +oeel (64)

Therefore, we can get
(A= 2iw"140)W 0 (0) = —H,y (), AW, (6) = —H , (6).
(65)
For 0 € [-1,0), we have
H(2,2,6) = —q (0)F (04,)q(8) —q" (OF (0,1,)3 (6)
=-9(2,2)9(0) - g(z,2)q(0).

(66)

Comparing coefficients of (66) with (61), we can obtain
H,,(6) = (9209 (0) + 90,9 (0)), (67)

Hy; (0) = ~(9119(0) + 114 (0)). (68)

From (66) and (68), and the definition of A, we can get
Wy () = 2iw* T,0Wa0 (0) + 9209 (0) + GG (0).  (69)
Noticing that g(0) = q(O)eiw*an = (1, ) el 00,
By computing (69), we can get
i
W20 (9) — g20

iw* 1?02 — —iw*1,,0
r— 0 e’w a0 + 0)e 10
w T40q( ) 3wt 1(0)

(70)

;o
2iw* 7400
b

+Ee

where E| = (E(l),El(z)) € R? is a constant vector.

Similarly, from (66) and (68) and the definition of A, we
can get

W, (6) = g,,q(0) +7,,9(6), (71)

i iw*T,
‘/V11 (0) — _w.*g;l q(O)e W 740
40
_ (72)
l:?ll q(o)eﬂw*‘rw@ +E2,

+
T4

where E, = (E(l),Ez(z)) € R? is a constant vector.

In what follows, we shall seek appropriate E;, E, in (70)
and (72), respectively. From the definition of A and (65), we
can have

0
J_l dn (OW 5, (6) = 2i0" T,gWp, (0) = Hoyy (0),  (73)

0

[ antow, )= -, o (74)
Thus,

Hy(0) = =59 (0) — G9q (0) + 274 (PI’PZ)T’ (75)

H,,(0) = -91,9(0) = 91,9 (0) + 74 (erQz)T’ (76)
where P, = 12 + 12f Yo + fVa and
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P 7f20()) —2iw* Ty + f() 2 —Zzw 77 + féé% 2 +f1100(€ iw* Twg —iw" T}
+f101“ o T4U+f011 i,
1 ) — 1 _
Q = fV+ fhaa+ £ (a+ @), (77)
Q= fz + fo oo + fooz““ + f11o(_ STl “eiw*noe_iw*r;)
+ 1@ (oce Wi 4 el T“) + fOII(oc&e_i“’*TT + oc&ei“’*fr).
Noting that,
o, 9 0 iw* T 0
(iw*r401 - J T dq(G))q(O) _ o, (—iw*T4OI - I e T d11(9)>q(0) _ 0. (78)
-1 -1

Substituting (71) and (75) into (73), we can have

o .
(Ziw*T4OI - J lezw T4°9d11(0))E1 =21, (P, P,)",

(79)
, 2iw* — o -, (P
Le., (_yle—Ziw*T; 21(0* _ yze—Ziw*Ho )El - 2( P2 .
It follows that,
A A
(1) 11 (2) 12
EV =L EY =1, (80)
1 Al 1 Al
where A = det( 21 Zz ), Ay = 2det< il 22 ),
3 My 2 My
_ my P, TS _
A, = 2det< m, P, ), my = 2iw* - ay, my = —a,,

my = —ye ' and m, = 2iw* — y,e” ¢ w0,

Similarly, substituting (72) and (74) into (76), we can
have

0
J’71 dn(0)E, = —14 (Qsz)T’ (81)
. o A, Q,
.e., E, = .
' (Yl Yz) 2 (Qz)
It follows that,

ED _ Ay B - Ay
2 AZ AZ

where A, = det %) A, = 2det Q , and
Y1 V2 Q 7,

A,, = 2det[ “ Ql).
2 <V1 Q,

(82)

From (70), (72), (75), and (83), we can calculate g,, and
derive the following values:

51(0)——(920911 2'911| - |goz| >+ 59215

~ Re{c, (0)} ’
Re{)t, (140)}

Bz = 2Refe, (OO},

T, =—
W Ty

(Im{c1 0)} + ‘uzlm{A, (140)}>.
(83)

Now, the main result in this section is given.

Theorem 7. For system (3), suppose that (A1) or (A2) holds,
and conditions (H1), (H3), (H8), and (H9) hold. The periodic
solution is supercritical (resp. subcritical) if u, >0 (resp.
U, <0).The bifurcating periodic solutions are orbitally as-
ymptotically stable with an asymptotical phase (resp. un-
stable) if B, <0 (resp. 3, >0).The period of the bifurcating
periodic solutions increases (resp. decreases) if T, >0 (resp.
T,<0).

4. Numerical Simulations

In this section, we shall present some examples and cor-
responding numerical simulations to verify above men-
tioned theoretical results.
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FIGURE 1: Behavior and phase portrait of the system (84) with 7, = 0,7, = 10 (a,; = 6).
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FIGURE 2: Behavior and phase portrait of the system (84) with 7, = 0,7, = 100 («a,, = 6).

Example 1. We consider system (3) under Case (2). First, we

dN, 3NN, s
choosea=1,b=4,r,=d,=1,d,=,=0.1,and o}, = 3, at l+m_0'1N1N2_0'1N1 ’
and then the system (3) is

dN, _ o Ny (t = 7)N,

- - N,,
dt ~1+N,(t-1)+4N,(t-1,) °*
(84)
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FIGURE 4: Behavior and phase portrait of the system (84) with 7, = 0,7, = 7.5 (ay; = 7).

where the initial value is (1,1). Let a,; = 6, and by com-
putations, we can obtain the unique positive equilibrium
E* = (7.2568,8.8210) of system (84). When 7, >0, 7, =0,
(A1) or (A2) and (H2) hold, i.e. the conditions of Theorem 1
are satisfied, the positive equilibrium E* of (84) is asymp-
totically stable for all 7; > 0. In particular, we set 7; = 10 and
7, = 100, and the corresponding numerical simulation re-
sults are given in Figures 1 and 2.

Then, we consider system (84) with a,; =7 and keep
other parameters unchanged when 7, >0, 7, =0, (Al) or
(A2), and (H3) hold, i.e. the conditions of the Theorem 2 are
satisfied. By computations, we can get the unique positive
equilibrium E* = (6.6066,9.6598), w,, =0.3351, and
Tyo = 6.9828. If 1, € [0, 7,), then the positive equilibrium
E* of (84) is locally asymptotic stable under 7, = 0, while it
becomes unstable when 7, is gradually greater than this
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critical value through Hopf bifurcation. The corresponding dN, 5NN, 0.005N . N- — 0.005N 2
numerical simulation results are given in Figures 3 and 4. dt 1H 77 2N, +2N, 1N, = 1>
Example 2. We consider system (3) under Case (3) and Case

(4). First, we choose a=b=2, r, =1, d, =, =0.005, dN, - ay N, (t - 7))N, - 0.5N,,

d, = 0.5, and «;, = 5, and then the system (3) is dt 142N (t-1,)+2N,(t-1,)

(85)
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where the initial value is (120,490). Let a,; = 3.8, and by
computations, we can obtain the unique positive equilib-
rium E* = (149.6003,418.3809) of system (85). When
7, =0,7,>0,(Al) or (A2), and (H4) hold, i.e. the conditions
of the Theorem 3 are satisfied, the positive equilibrium E* of
(85) is asymptotically stable for all 7, > 0. In particular, we set
7, =10 and 7, = 100, and the corresponding numerical
simulation results are given in Figures 5 and 6.

Then, we consider system (85) with a,, = 2, whose initial
value is (400,400) and keep other parameters unchanged.
When 7, =0, 7,>0, (Al) or (A2), and (H5) hold, the
conditions of the Theorem 4 are satisfied. By computations,
we can get the unique positive equilibrium
E* = (224.9722,224.4722), w,, = 0.2495, and T,, = 7.4321.
If 7, € [0, 7,;), then the positive equilibrium E* of (85) is
locally asymptotic stable, while it becomes unstable when 7,
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is gradually greater than this critical value through Hopf
Bifurcation. The corresponding numerical simulation results
are given in Figures 7 and 8.

Furthermore, we consider Case (4) of system (85) with
a,; = 2.We fix 7, = 7< 1y, and take 7, as a parameter. By
computations, these parameters satisfied conditions (A1) or
(A2), (H5), (H6), and (H7) of the Theorem 5, and we can get
T30 = 0.6768. If 7, € [0, 75;), then the positive equilibrium

E* of (85) is locally asymptotic stable, while it becomes
unstable when 7, is gradually greater than this critical value
through Hopf bifurcation. The corresponding numerical
simulation results are given in Figures 9 and 10.

Example 3. We consider system (3) under Case (5). Based
on system (84) with «a,; =7 in example 1, we further fix
T, = 6.5 < 1), and take 7, as a parameter. By computations,
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these parameters satisfied conditions of Theorem 6, and we
can get T, =0.1740. If 7, € [0,7,), then the positive
equilibrium E* of (84) is locally asymptotic stable, while it
becomes unstable when 7, is gradually greater than this
critical value 7,, through Hopf bifurcation (see Figures 11
and 12). In addition, we can get ¢, (0) = —0.0431 — 1.9649i,
Y, = 12.9315>0, and f, = —0.0862 < 0. Hence, when 7, >0
and 1, € (0,74), the Hopf bifurcation of system (84) is

supercritical and the corresponding bifurcation periodic
solutions are asymptotically stable.

Remark 1. In this paper, the dynamic properties of a plant-
pollinator model with multiple delays are discussed by re-
garding different delays as bifurcating parameters; partic-
ularly, the theory of stability for its equilibrium point is
analyzed in detail. The results of these aspects are
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comprehensive and satisfactory. We admit that only one
case is implemented in the analysis of Hopf bifurcation for
the reason that the remaining cases are similar to the one we
discussed.

Remark 2. The main novel contributions are reflected as
follows:

(1) The existing problems of bifurcations mainly focus
on differential systems with unique delay or multiple
identical delays owing to the fact that the stable
regions with multiple different delays are difficult to
determine. What merits further study in this work is
that the dynamic properties of differential systems
with multiple opposite delays are discussed in detail,
which will stimulate us to further explore the bi-
furcating problems of the systems with multiple
different delays.

(2) The bifurcating theories about the same delay in [32]
are extended to multiple versions of different delays.
The results are more accurate and less conservative.

(3) The exact bifurcating conditions caused by two
different delays are derived by breaking through the
difficulty of analyzing the characteristic equation.

Meanwhile, the challenges that accompany us in the
future are how to design an appropriate controller to im-
prove the stability for systems with multiple delays and how
to extend the available system with integral order to the
fractional order and continue to consider its dynamic
properties, especially regarding the order as a bifurcating
parameter, what may be a very meaningful topic.

5. Conclusions

In this paper, we considered the stability and Hopf bi-
furcation of a kind of a plant-pollination model with two
delays. Taking the different combinations of the two delays
7, and 7, as the bifurcation parameters, we obtained the
sufficient conditions for the local asymptotic stability and
Hopf bifurcation of the positive equilibrium point E* of the
system model by using the Hopf bifurcation theorem. When
7, =0 and the parameters satisfy (H2) or 7, =0 and the
parameters satisfy (H4), the positive equilibrium E* of the
model is asymptotically stable for any delay 7, >0 or 7, > 0.
It is found that when 7, = 0 and the parameters satisfy (H3),
there exists a critical value 7, so that the positive equilib-
rium of the system is stable for 7, € [0, 7,;), and it would be
unstable for 7; € (7,4, +00) and Hopf bifurcation at occurs
E* for 7, = 7y,. Similarly, when 7, = 0 and the parameters
satisfy (H5), there exists a critical value 7,, so that the
positive equilibrium of the system is stable for 7, € [0, 7,),
and it would be unstable for 7, € (7,3, +00) and Hopf bi-
furcation occurs at E* for 7, = 7,,. Furthermore, when
T, € [0,7y) is fixed and 7, is taken as the bifurcation pa-
rameter, we obtain that there exists a critical value 75, such
that the positive equilibrium E* of the system is stable for

Journal of Mathematics

7, € [0, 75), and it would be unstable for 7, € (75,, +00) and
undergoes Hopf bifurcation at E* for 7; = 75,. Analogously,
when 7, € [0, 7y,) is fixed and 7, is taken as the bifurcation
parameter, we gain that there exists a critical value 7,, such
that the positive equilibrium E* of the system is stable for
7, € [0, 74), and it would be unstable for 7, € (7,y, +00) and
undergoes Hopf bifurcation at E* for 7, = 7,,. In a word,
when 7 crosses through a series of critical values including
the above, the system can bifurcate a series of nontrivial
periodic solutions from the positive equilibrium point. In
addition, according to the normal form theory and the
central manifold theorem of delay differential equations,
some explicit formulas for determining Hopf bifurcation
direction and stability of bifurcation periodic solutions are
achieved. At last, some numerical simulations are conducted
to demonstrate corresponding theoretical results. Our future
work will focus on the following meaningful and promising
aspects of researches:

(1) Extending the integral-order model to the fractional-
order model. Fractional calculus has more advan-
tages in describing some materials and processes
with memory and genetic properties and can de-
scribe complex systems more concisely and clearly
which has more potential to achieve some results that
cannot be achieved by integral calculus.

(2) Further studying the dynamic properties of the
fractional-order system with delays, which is a col-
orful project. As a bifurcation parameter, the bi-
furcating behavior caused by delay is worthy of our
study, which is also a hot issue in recent years. So
what results will be produced when order is used as
a bifurcation parameter to study the bifurcation
problem of the fractional-order model with delay?
This is a topic worthy of our further discussion, and
of course, it is also a challenging frontier issue.
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In real Hilbert spaces, let the CFPP indicate a common fixed-point problem of asymptotically nonexpansive operator and
countably many nonexpansive operators, and suppose that the HVI and VIP represent a hierarchical variational inequality and
a variational inequality problem, respectively. We put forward Mann hybrid deepest-descent extragradient approach for solving
the HVI with the CFPP and VIP constraints. The proposed algorithms are on the basis of Mann’s iterative technique, viscosity
approximation method, subgradient extragradient rule with linear-search process, and hybrid deepest-descent rule. Under
suitable restrictions, it is shown that the sequences constructed by the algorithms converge strongly to a solution of the HVI with

the CFPP and VIP constraints.

1. Introduction

Suppose that P is the nearest point projection from H onto
C, where H is a real Hilbert space with the inner product
{++y and induced norm | - ||, and C is a convex closed set
with @+#C c H. Let Fix(T) be the fixed-point set of an
operator T: C— H and R be the real-number set. We use
the notations — and—to denote the weak convergence and
strong one in H, respectively. A self-mapping T on C is said
to be of asymptotical nonexpansivity iff 3{6,} ¢ [0, +00] s.t.
lim_ , 6, =0 and

(1+ 6l — vl = | T*u - T Vv e k=1 (1)

In case 8, =0 for each k, T is said to be of non-
expansivity. Given an operator A: H— H. We consider
problem of seeking x*eC such that
(Ax*,y—x*)>0,Vy € C, which is called the classical
variational inequality one (VIP). We denote by VI(C, A) the
solution set of the VIP. In particular, if the VIP is defined

over C which is the solution set of another problem, then the
VIP is called the hierarchical variational inequality (for
short, HVI) over the solution set C. It is well known that the
extragradient approach is one of the most effective methods
for settling the VIP, which is proposed in Korpelevich [1],
that is, for any starting p, € C, {p,} is fabricated below:

{ dk = Pc (P — 4APk)s

2
Pir1 = Pc(pr — #Aqi), Yk 20, @
where p € (0,1/L) and L is the Lipschitzian coefficient of A.
In case VI (C, A) is nonempty, {p,} converges weakly to an
element in VI(C, A). At present, the vast literature on
Korpelevich’s extragradient technique reveals that numer-
ous scholars have given wide attention to it and improved it
in different manners (refer to [1-28]).
In 2018, Thong and Van Hieu [20] first invented the
inertial-type subgradient extragradient rule, i.e., for any
starting po, p; € H, {pi} is fabricated below:
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Wy = px + % (P — Pr-1)s

v = Pe (wy — pAwy), (3)
Ci ={v € H: {wy — pAwy — v, v, — v) >0},

Prs1 = Po (wy — pAvy), Yk 2 1,

where y € (0,1/L) and L is the Lipschitzian coefficient of A.
Via mild assumptions, they showed that {p,} converges
weakly to a pointin VI(C, A). Besides, due to the importance
and applicability of inertial technique, some new inertial
iterative algorithms were recently introduced and analyzed
(see [29-32] for more details). Recently, the hybrid inertial-
type subgradient extragradient rule with linear-search
process in [23] was proposed for settling the VIP with the
operator A satisfying both pseudomonotonicity and Lip-
schitz continuity and the common fixed-point problem
(CFPP) of finite nonexpansive operators {T;}., and as-
ymptotically nonexpansive operator T in H. Let f: H— H
be a contractive map with coefficient & € [0,1], and
F: H—H be an operator satisfying both #-strong
monotonicity and k-Lipschitz continuity, such that § < 7: =
1-~1-pQ2n-px?) for 0<p<2n/x*. Suppose that
{o} < [0,1] and {Bi}, {yi} € (0,1) s.t. By +yi <1,Vk. Be-
sides, one writes T: =T, . 45 for each k>1 with the
mod function taking values in {1,2,...,N}, i.e, in case k =
jN + g for some j>0 and 0<g<N, one has that T = Ty
forq=0and T, =T, for 0<g<N.

Under suitable assumptions, they proved the strong
convergence of the sequence {x;} to a point in
Q = VI(C, A)n (N, Fix(T;)) where Ty: = T. On the other
hand, Reich et al. [25] put forth the modified projection-type
rule for handling the VIP with the operator A satisfying both
pseudomonotonicity and uniform continuity. Let
{o} € (0,1) and suppose that f: C—C is a contractive
map with coefficient § € [0, 1].

Under mild assumptions, they proved strong conver-
gence of the sequence {x;} to an element of VI(C, A).

In real Hilbert spaces, let the CFPP stand for a common
fixed-point problem of asymptotically nonexpansive oper-
ator and countably many nonexpansive operators. Let the
HVI indicate a hierarchical variational inequality. We put
forward Mann hybrid deepest-descent extragradient ap-
proach for solving the HVI with the CFPP and VIP con-
straints. The proposed algorithms are on the basis of Mann’s
iterative technique, viscosity approximation method, sub-
gradient extragradient rule with linear-search process, and
hybrid deepest-descent rule. Under suitable restrictions, it is
shown that the sequences constructed by the algorithms
converge strongly to a solution of the HVI with the CFPP
and VIP constraints.

The structure of the article is arranged as follows. Basic
notions and tools are given in Section 2. The convergence
analysis of the suggested algorithms is discussed in Section 3.
Section 4 provides an illustrated instance to demonstrate the
applicability and implementability of our suggested algo-
rithms. It is worth pointing out that the theorems in this
article enhance and develop those associated results with
[21, 23, 25] because our algorithms involve solving the VIP
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with the operator satisfying both pseudomonotonicity and
uniform continuity and the CFPP of asymptotically non-
expansive operator and countably many nonexpansive
operators.

2. Basic Concepts and Tools

Assume @ #C C H, where C is convex and closed in a real
Hilbert space H. For given sequence {u,} ¢ H, the notations
u,—u and u,— u indicate the weak convergence and
strong convergence of {u,} to u, respectively. For each
y,z € C, a mapping T: C— H is said to be

(1) x-Lipschitzian (or of «-Lipschitz continuity) iff
Fk>0s.t Ty -Tzll<xly -zl
(2) Of monotonicity iff (Ty —-Tz,y —z) >0

(3) Of pseudomonotonicity iff <(Ty,z-y)>0=

(Tz,z-y)=>0
(4) Of p-strong monotonicity
(Ty-Tz,y-zyzaly - z|?

it Iy>0 st

(5) Of sequentially weak continuity iff for each {y,} in C,
one has that y,—y=Ty, =Ty

Note that the class of pseudomonotone operators
properly includes the class of monotone operators. Given
any y in H, we know that 3| (nearest point) z € C, written as
z =Poy, st |ly —z[| <lly — x| for each x in C. P, is called
a nearest point (or metric) projection from H onto C.
According to [33], for each y,z € H, the statements below
are valid:

(1) {y =2, Pcy - Pcz) 2||Pcy - Pzl

(2) {y =Pcy,x—Pry)y<0,¥x e C

() lly = xI>>lly = Peyll® + llx = Peyl’,Vx € C
@) Iy —zl” = Iyl* = lzl* - 2¢y - z,2)

(5) Iy + (1= Vzl® = Ayl* + (1= V2l -
A(1=Dlly -2l VA € [0,1]

Definition 1 (see [34]). Let {£,}72, ¢ [0, 1] and suppose that
{T,}.2, is a sequence of nonexpansive operators of C into
itself. For each n, the operator W,: C— C is constructed
below:

Un,rH—l =1,
Un,n = fnTnUn,nJrl + (1 - 5n)I’
Un,n—l = En—lTn—lUn,n + (1 - 5,1_1)[,

1 (4)
Ui =§T U, + 1-&)1,

Upp = 6T,U, 5 + (1-&)1,
Wn = Un,l = flTlUn,Z + (1 - El)I

Such an operator W, is nonexpansive and is known as
the W-mapping constructed by T,...,T, and &,...,§, ;.
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Iterations: Compute x;,; below:

T e {p,ptpe?, .. ) st Tl Aw, -
Step 2. Calculate zi = Pc, (wy -

Avi |l < pllwg — vl

Again set k: =k +1 and go to Step 1.

Initialization: Given any starting x,,x, € H. Let y € (0,1),Z € (0,1),y>0.
Step 1. Put wk =Tixp + o (Tex — Trx_,) and calculate v, = Pe(wy — 1, Awy), with 7, being picked to be the largest

1. Av) with Ci: = {v € H: {wy — 1, Aw; -
Step 3. Calculate x;,, = ﬂkf (%) + Yexe + (1 = p)I = BepF)Trz,..

Vi Vi — v) 2 0}

ALGORITHM 1: Hybrid inertial subgradient extragradient rule (see [23]).

Iterations: Compute x;,, below:

Step 1. Calculate v, = P (x; —AAx) and ry (x;): = x;
goes to Step 2.

Step 2. Calculate wy = x; — 747y (x,), with 7
(Ax — A(x = 1) (%)), 1y (%)) <pl2]lry (xp)l.

Step 3. Calculate x;,; = o f () + (1 — o) P, (%), with Cy:
Again set k: =k + 1 and go to Step 1.

= ffk

Initialization: Given any starting x;, € C. Let A € (0,1/u),¢ € (0,1),u>0.
— v In case ry (x;) = 0, one stops; x; lies in VI(C, A). In case ry (x;) # 0, one
and j, is the

={veC: h (v)<0} and Ay (v) =

smallest nonnegative integer j satisfying

(Awg, v — x) + 7./2A ||y, (xk)||2.

ALGORITHM 2: Modifed projection-type rule (see [25]).

Proposition 1 (see [34]). Let [{,}r2, € 0,1] and suppose
that {T,} >, is a sequence of nonexpansive operators of C into
itself such that N2, Fix(T,)+ &. Then,

(a) W, is of nonexpansivity and Fix(W,)= N2,
Fix(T;),Vn

(b) lim, U, u exists for allu € C and i>1

(c) The mapping W defined by Wu: =lim,_, W, u=
lim, _, U, ,u,Vu € C is nonexpansive operator such
that Fix(W) = N2, Fix(T,), and W is known as the
W-operator constructed by T,,T,,... and &,&,,...

Proposition 2 (see [35]). Let {£,},2, c (0,¢) for certain
¢ € (0,1) and suppose {T,,}°, is a sequence of nonexpansive
operators of C into itself such that N2 Fix(T,)# . Then,
lim,_, sup,cpllW,u—Wul =0,V (bounded) D c C.

In what follows, one always assumes that {£,}2, < (0,¢)
for certain ¢ € (0,1). Using the subdifferential inequality of
|- 11?72, we have the relation below:

Iy + 2l < |yI* + 2¢z. y + 2), ¥y, 2z € H. (5)

Later, we will exploit the lemmas below to derive our
main theorems.

Lemma 1 (see [26]). Let H, and H, be two real Hilbert
spaces. Suppose that A: H, — H, is uniformly continuous
on bounded subsets of H, and M is a bounded subset of H,.
Then, A(M) is bounded.

Lemma 2 (see [36]). Let h be a real-valued function on H
and define K: = {x € C: h(x) <0}. IfK is nonempty and h is
Lipschitz continuous on C with modulus 0>0, then
dist (x, K) >0 ! max {h(x),0},Vx € C, where dist(x,K) de-
notes the distance of x to K.

Lemma 3. Suppose that A: C— H is of both pseudomo-
notonicity and continuity. Given a point z* € C. Then,
(Az*,y—z")=20Vy e Ce&(Ay,y—z")=0Vy € C.

Proof. It is easy to check that the conclusion is valid. O

uch that
b both
c [0,1]

or

Lemma 4 (see [8]). Suppose that {a,} c [0,00] su
Ay < (1=0)a, + (b, Vn=>1, with {{,} and {E
being real sequences satisfying the conditions: (i) {(,, }
and YR (, =00, and (ii) limsup, b,<
> 1{,b,| < c0. Then, lim,__,  a, = 0.

Lemma 5 (see [37]). Suppose that @+ C c X where C is
convex and closed in a Banach space X admitting a weakly
continuous duality mapping. Let the operator T: C— C be of
asymptotical nonexpansivity such that Fix(T) # &. Then, I - T
is of demiclosedness at zero, that is, for each {u,} c C with
u,—u € C, the relation holds: (I - T)u,— 0= (I - T)u =0,
with I being the identity mapping of X.

Lemma 6 (see [38]). Suppose that {I,,} is a real sequence
which does not decrease at infinity in the sense that

H{ij} c{r,} st 1, < Vjz 1 Let {n(m)} be

m=my
formulated by n(m) = max {]<m I, <F]+1} with my>1

st.{m<mgy: I, <T,.}# 3. Then, the statements below are
valid:

(i) n(my) <n(my+1)<---
(11) Fr’(m) SF”(M)Jrl and Fm

and 1 (m) — oo

r/(m +1’VM>m0

Lemma 7 (see [7, Lemma 8]). Suppose that A lies in (0,1],T
is a nonexpansive self-mapping on C, and T*: C— H is the
mapping formulated by T'x: = (I - \pF)Tx,Vx € C, with
F: C— H being of both x-Lipschitz continuity and n-strong



monotonicity. Then, T is a contractive map for
p € (0,27/K%), e, [T'y - T'z|| < (1 - AD)|ly - 2|, Vy,z € C,

with T=1-+/1-pQ2y-px?) € (0,1).
3. Algorithms and Convergence Analysis

Let @ #C c H, with the feasible set C being convex and
closed in a real Hilbert space H.

Condition 1. The following conditions are valid.

(C1) {T,},2, is a sequence of nonexpansive oper-
ators of C into itself and T: C— C is asymptotical
nonexpansivity operator with {6,}.

(C2) w,
T.,...,T, and &,,.
certain ¢ € (0, 1).

is the W-mapping constructed by
> &, with {172, < [0,¢] for

(C3) A: H—H is of both pseudomonotonicity
and  uniform  continuity on C, st
[|Az| <liminf, [lAu,| for each {u,} c C with
U, —z.
(C4) f: C—H is a contractive map with co-
efficient § € [0,1], and F: C—H 1is of both
n-strong monotonicity and «-Lipschitz continuity
s.t. 70 =1-+/1-p(2y—-px?)>4 with
0<p<2n/Kt.
(C5) Q=VI(C,A)N (N2 Fix(T,)+@ where
Ty: =T.
(C6) {yu}>{B,} c (0,1) and {o,} c [0,1] s.t.

() 1>, +f, and 52,6, = co.

(ii) B,—0 and 0,/f,— 0 as n—> 0.

(iii) 1>limsup,_,0,2liminf, o, >0.

(iv) 1>limsup, .y, =liminf, _yp,>0.

Lemma 8. The Armijo-type search process (Algorithm 1) is
formulated — well, and the relation is  valid:
lIry (W )I? <A Aw,,, 1) (w,)).

Proof. Using the uniformly continuity of A on C, from
le€ (0,1), one has limj_mo(Awn -A(w, —Vry(w,)), 1
(w,)) = 0.In case ry (w,) = 0, it is clear that j, = 0. In case

[~ T2 < o = Sl + s -
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ry (w,) #0, there exists j, >0 meeting (Algorithm 1). Since
P. is firmly nonexpansive, we obtain that
u—Pevyu—v) =|u-— PCV||2,VM € C,v € H. Settingu = w,,
and v=w,-AAw,,  one gets A{Aw, w,— P,
(w, - Aw,)) = |w, — Pc(w,, - )LAwn)IIZ, which attains the
desired result. O

Lemma 9. Let p € Q and h, be formulated as in (Algo-
rithm 1). Then, h,(p)<0 and h,(w,) = 1,/2A|r, (W,
Particularly, in case 1y (w,) #0, one has h,(w,) > 0.

Proof. It is clear that h,(w,) = 7,/2A|r, (wn)llz. In what
follows, we claim h, (p) <0. Indeed, in terms of Lemma 3,
one gets (At,,t, — py > 0. Hence, one has h,, (p) = (At,,t, -
w,) + (At p—t,) +1,/2A Iy (WI* < = 7,{At,, 7,
(w,)) +1,/2A|r, (wn)llz. Using (Algorithm 1) and Lemma 8,
one gets (At,,r,(w,)) = Aw,, 1 (w,)) —u/2|r, (w)*=
(/A = ul2)|Ir,, (wn)llz, which hence arrives at
h,(p)< —1,/2(1/A = wlr, (wn)llz. Therefore, the claim is

valid. O
Lemma 10. Suppose that the sequences {z,},
{y.} {x,} {w,} fabricated in Algorithm 3, are of bound-
edness. Assume  that x,.,—x,—0,x,—-w,—0,

n+1 n
y,-w,—0,z,—-w,— 0 and T"'x,-T"x,—0.

Then, w, ({x,}) cQ, with
w, ({x,}) = {z € H: x,, —z for certain {xnk} c {x,}}.
Proof. Take a fixed ze€ w,({x,}) arbitrarily. Then,

El{xnk} C {x,} st. x, —z € H. Owing to x,, — w,—0, one
knows that El{wnk} € {w,} s.t. w, —z € H. In what follows,
we claim zeQ. In  fact, observe  that
x, —w, = 0,(x, - W,x,),Vn. Thus, lx, —w,ll = o,
lx,, — W, x,|. Using the assumptions liminf, o, >0 and
x, —w,— 0, we have
Jim [, =W, | = 0 (6)
Putting v,: =B,f(x,) +y,.x, + ((I-y,)I-B,pF)T"

z,, by Algorithm 3 we obtain that x,,, = Pov, and

n

v,—T"z, = B.f (x,) +y,(x,—T"z,) — B,pFT"z,, which
immediately yields
T"z,| < || %, - -T"
2l <[ = xna | +v = T2 -

=< %0 = Xaur [+ BallE k)| + vallxa = T4 + Bo [P FT 2,

Hence, one gets ||x,,,; — x,| + B, (I f (x,)I+ |pFT"z,,[I) >
(1=yIT"z,,— x,l. Since x,,,; —x,—0,8 —0,
lim inf (1-v,)>0and {x,},{z,} are of boundedness,

one gets lim, |, [T"z,-x,]=0. We claim that
lim,_, lx, — Tx,| = 0. Indeed, since T is of asymptotical
nonexpansivity, we obtain
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Initial Step: Given any starting x; € C. Let u>0,A € (0,1/u),1 € (0, 1).
Iterations: Given the current iterate x,, calculate x,,,, below:
Step 1. Compute w, = (1 -0,)x, + 0,W,x,, ¥, = Pc (w, — AAw,) and ) (w,): =w, — y,,.
Step 2. Compute t,, = w, — 7,7} (W,), where 7,,: = I» and the integer j, is the smallest nonnegative one j
s.tul2lr, (w)I? = <A (w, — Ury (w,)) - Aw,, y, — w,>
Step 3. Calculate
Xps1 = PC [ﬁnf (xn) T VnXn t+ ((1 - yn)I - ﬁon)T”Zn]
with z, = P¢ (w,), C,: = {u € C: h,(u)<0} and h, (1) = (At,,u—w,) +1,/2AIr, (W)
Set n: =n+1 and go to Step 1.
ALGORITHM 3: The 1st Mann hybrid deepest-descent extragradient rule.
I, = Tx,| |0 = T2, || +|T"2, = T"x,| +|T"x, = T x| +[ T %, = T2, |
+|T" 2, - Tx, | ®
< (24 0)|x, = T2, + (2 + 6, + 0,1 |2 — x| +[|T"x, = T" ' x,.|
1
<(2+6)|x, =Tz, ||+ (2+6,+6,, (“zn - w,| +|w, - xn") +|T"x, = T" ' x,|.
Ay, ,x =y, ) +6; >0Vk>m (12)
Noticing x, —w,—0, z, - w,—0, and " nk /
x, = T"z,—0, we obtain Noticing the fact that {cj} is decreasing, we can readily
lim "xn - Txn" =0. (9) see that {mj} is increasing. From Aymj;EO, Vj (owing to
n—oo

Also, we claim lim, ,[|Wx, —x,|| =0. In fact, it is

clear that lx, —w,ll = o,lx, = W,x,l. Since
liminf, 0,>0 and x,-w,—0, one has
lim, | IW,x, —x,ll = 0. Note that [|[Wx, — x| <[Wx, -

Xl + IW,x, = x| < supeplWu = Woull +IW,,x,— x,[l,

where D = {x,;: n>1}. Using Proposition 2, we obtain

Jim W, x| = o (10)

Now, we claim z € VI(C, A). Indeed, because C is of
both convexity and closedness, using {w,} ¢ C and w, —z,
one has that z lies in C. In case Az = 0, it is easily known that
z € VI(C, A) due to (Az,x —z) >0,Vx € C. In case Az+0,
combining w, - y,—0 and w, —z yields y, —z as
k—00. By the condition imposed on A, one gets
0<||Az| <lim infk_,oollAynkII. So, we may presume
||Aynk|| #0, Vk. In addition, using y, = P (w, — AAw,), one
has {w, - AAw, - y,,x - ¥,> <0,¥x € C, and hence

<Awn, X = wn> 2 <Awn’ Yn— wn>

(11)
1
+X<wn
Since A is uniformly continuous on C, {Aw,} is of
boundedness (owing to Lemma 1). Note that {y,} is
bounded as well. Thus, wusing (11), one gets
lim 1nf<Aw X —w, »>0,Vx € C. Itis clear that (Ay,, x
Py (Ayn Awn,x w,) + (Aw,, x —w,)+ {Ay,w
y,». Thus, using y, —w,—0, one gets Aw, —Ayn—>0
and hence attains lim inf koo SAY > X = ¥, 2 20,Vx € C.

In what follows, one picks {g}c (0,1) s.t
¢;10 (j—>00). For any j>1, one writes by m; the smallest
natural number s.t.

— Y X— Y0, Vx €C.

{Aymj} C {Aynj}), one puts 7, = Aymj/IIAyijIZ, and one
has (Aym,vm> =1,Yj. Thus,
(Aym 2 X+ GV = Y, >>0,Vj. Also, since A is pseudo-
monotone, one has (A(x + GV, ), x + SiVm, = Y, ) =0,Vj,

using (12), one gets

which hence yields

(Ax,x—ymj>2(Ax— <x+c] ) X+ GV,

- c]-(Ax, vml_).

=V

(13)

Let us show lim

m, = 0.1In fact, using w, —z € C
and y, -

obtains y, —z. oticing
J

deduces that

j—005m
w,—0, one
{ym}} C {yn]} and chO, one
O<limsup; ., ||Cijj|| = lim supcj/IIAyijI <

j—o00
|4y, [l =0
GjVm,—0as j—00. So, it follows that the right-hand side

lim sup; E:cj/liminf o Hence, we get

of (13) tends to zero by the uniform continuity of A and the

boundedness of {ym}, {vm,}, and hmjﬁooc] =0.
J ]

Therefore,

(Ax,x —z) =liminf. , (Ax,x - ymj> >0,Vx € C. Using

Lemma 3, one has z € VI(C, A). Last, we claim z € Q. In

fact, using x,, — w, — 0 and w, =2, one gets x,, —z. Note

that (9) guarantees x,, — Tx,, — 0. By Lemma 5, one knows
7 J

that I — T is of demiclosedness at zero. Thus, using Xp =2

one gets (I —T)z =0, that is, z € Fix(T). Besides, we claim
z € Fix(W) = N2, Fix(T,). Actually, noticing Xy =2 and

- Wx, —0 (due to (10)), from Proposition 1 and



Lemma 5, we obtain that I — W is demiclosed at zero. This
hence yields z € Fix(W) = N2, Fix(T;). Consequently,
z € VI(C,A)n (N2, Fix(T))) = Q. O

Lemma 11. Let {w,} be the sequence fabricated in Algo-
rithm 3. Then,

7,r1 (w,)|f — 0= 3, — w,—0. (14)

Proof. Assume limsup, |y, - w,|=a>0. Picking
{m}  {n}, one has lim__ w, -y, |l =a>0. Note that
limk_mrnkllm (wnk)ll2 =0. Consider two cases. If
liminf, 7, >0, one may presume that 3d>0 s.t.
7, 2d>0,Vk. So, one knows that |w, — ynkll2 =1/1, 7,
lw, -y, I°<  Vd-7,llw, -y, *=1/d-7, lIr, (w,)I*
which  immediately 0<a®=lim,_ .,
lw,, =y, I* <lim__ {1/d -7, lry(w,)I’} = 0. This rea-
ches a contradiction.

Ifliminf, 7, =0, there exists a subsequence of {Tnk},

leads to

still denoted by {Tnk}, s.t. limg_,7, =0. We now put
Q= Ul y, + (1= Ut w, =w, -1, (W, —,).

Then, from limkﬁmrnkurl (wnk)ll2 =0, we deduce that
limy__, I, —w, I* =lim;__ 1/P7, -7, |y, —w,|*=0.
Using (6), one obtains
(Aw, - Aq,,w, =y, >p2|w, - ynkllz. Since A is uni-
formly continuous on bounded subsets of C, this ensures
that lim,_[|Aw, —Aq, [l =0, which hence yields
limg__lly, —w, Il =0. This reaches a contradiction.
Therefore, y, —w,— 0 as n— oo. O

Journal of Mathematics

Theorem 1. Let {x,} be the sequence fabricated in Algo-
rithm 3. Assume T"'x, — T"x,— 0. Then, {x,} converges
strongly to x* € Q, which is only a solution to the VIP:
(f —pF)x*,x—x*)<0,Vx € Q.

Proof. Thanksto 1>limsup, . 0,>liminf, _ o,>0and

6,/B,— 0, one may presume that (0,1) > [a,b] > {0,} and
B, (r1-08)/2>0,YVn. It is easy to check that
Po(I-pF+ f):C—C is a contractive map. Thus,
Jlx* € C s.t. x* = P (I - pF + f)x*. Hence, 3|x* € Q sat-
isfying the VIP:

((f-pF)x",x—x")<0,Vx € Q. (15)

Next in the rest of the proof, we divide it into
a few steps. O

Step 1. One claims that {x,} is of boundedness. Indeed,
choose any p € Q = VI(C, A)n (N R, Fix(T})). Then, Tp =
pand W, p = p,Vn. Let us show the relation below:

—dist? (w,,, C,)) +|w, - p* = |2 - p| . ¥p e Q. (16)

In fact, one has
Iz, — pl* = IPc w, - Pl <w, - pl* - dist’ (w,, C,),
which hence yields

lz. - p|| < |w, - p||, ¥n= 1. (17)

Using the formulation of w,, one gets
lw, - pl< (1 -0,)lx, - pll + 0,IW,x, - pll <lx, - pl,
which together with (17) yields

Iz - 2l < |w, - p|| <|*. - p| ¥n> 1. (18)

Noticing 1>y, + 8,,, from (18) and Lemma 7, we obtain

[%ner = P < |Baf (x4) + v + ((1 = y)I = BpF)T"2,, - ]|
=B, (f (%) = £ (P)) + v (%, = ) + (1 = 7,)
[(I = B,/1 = y,pF)T"z, = (I - B,/1 = y,pF)p] + B, (f - pF)p|
<Bubl|xs = | + ¥ul s — 2 + (1 =72 (19)
X (1= B/ = y,7) (1 +6,)2, — || + Bull (f = Pl
< [Bu8 + ¥+ (1 =y, = Bu7) + 6], = | + Bull (f ~ pF)pI
<max {|x, - p|.21(f - pP)pli/z - 8}.

Using the induction, we get |x, — pll <max {llx; - pl,
21 (f = pF)pl/T - 8}, ¥n>1. Hence, {x,} is of boundedness.
Therefore, the sequences {w,},{y,} {z.}{f (x)}. {At,},
{W,x,},{T"z,} are of boundedness as well.

Step 2. One claims that |lv, - x,,lI>< - |, — pI*+
lx, - pI* + B,M, for certain M,>0. In fact, using
Lemma 7 and the convexity of g(s) = s%,Vs € R, we obtain
that
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e = 217 <170 = P =10 = nea | = 180 (F (x) = £ (P)) + ¥ (%, = ) + (1= 7,)

[(H%w)T (Ilﬁ—wF)P] #Buf = PP = v = 0|

< {ﬂn"f(xn) - f(P)“ + Yn"xn - P” + (1 - Yn)

(20)
2
X (1 1 [_;ny PF>T"Zn _(I_ 1 fgny pF)p } +2B,{(f =pF)p,v, — ) _""n —x,,+1||2
< "xn - P"2 + Yn”xn - p“2 + [ (1 VY~ ﬁnT) + 6n]“zn - p"2
+2B,((f = pPIP v = Y = [vu = xpa [
where v,: =B, f(x,) +y,x, + ((1-y,)I - B,pF)T"z, and Substituting (21) into (20), one gets
X,.1 = Pc(v,). Furthermore, according to Algorithm 3, we
obtain
lzw = ol lwn = 2 ~lwo ~ 2" = (1 = @)%~
+ 02||ann - p"2 -0,(1- on)"ann - anZ —“wn - zn"z.
(21)
“xn+1 - P"2 Sﬁn(S"xn - PH2 + Yn“‘xn - p“Z + [ (1 ~VYn— ﬁnT) + en] {len - P||2]
- n(l - an)|lwnxn - xn||2 _“wn - Zn“z} + 2ﬁn<(f - PF)P) Vi — P> _“Vn - xn+1”2
< [1 - ﬁn (T - 6)/2]"3(5,1 - p|l2 - [ (1 ~Vn _ﬁnT) + en]{an (1 - 0n)||ann - xnnz (22)
tw, = 2} +28.4CF = pPIprv, = P [ = %[
= "xn - p”2 - [ (1 = Vn _ﬁnT) + en]{an(l - 0n)||ann - xn"2
#w, =20} + BML == 2l
2 2 T, 27? 23
where sup,,.; 2l (f - pF)plllv, — pl <M, for some M, >0. |z = Pl <. - 2| - [m““ (w,)] ] : (23)

This immediately attains the claim.
Since the sequence {At,} is bounded, there exists L>0
Step 3. One claims that [(1-y,-p,7)+0,][r,/ such that |Af, <L, ¥n>1. This ensures that
2AL[ry (WP < lIx, = plI* = %01 — PIP + B,M,. In fact, |k, (u) - h,(v)| = |{At,,u - v)| < Llu - v|Vu,v € C,, which
let us show that 3L >0 s.t. hence implies that h,, (-) is L-Lipschitz continuous on C,,. By
Lemmas 2 and 9, we obtain
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. 1 T, 2 Combining (16) and (24), we get
dist (1, C) = pha () = yglra (- G g <, — plP ~ [, /20Ll (PP
From (18), (20), and (23), it follows that

“'xn+1 - p"z Sﬁrz"é\xn - P||2 + le”xn - p"2 + [(1 ~VYn— ﬁnT) + en”'zn - P”2
+2ﬁn<(f _pF)p’ Vau _p>

T, 2
B8l = oI+ yallxu = I +[(1 =7, = B7) +6,] {Ilwn - ol [l )l } (25)
+ 2ﬁn<(f —PF)P, V= p>
T, 2
< "xn - P"2 - [ (1 ~VYun— ﬁnT) + 911] [mnrl (wn)nz] + ﬁan'
This immediately yields the claim. Step 4. We show that
2<( _F) >V — > 971 M
"xn+1_p“23[1_ﬁn(T_8)]"xn_P||2+ﬁn(T_6)|: f i_{; P +E‘T—8 > (26)
for some M > 0. In fact, from (20), one obtains
"xn+1 - P"z < "Vn - p“z Sﬁnauxn - p"2 + yn”xn - p“2 + (1 “VYn— ﬁnT + en)
x|z = pII* +2B,<(f = PF)p, v, ~ P 27)
<( - F) > Vn - > en M
<[, (= 0Nl — ol + B, e~ 2L TP TP gl
where sup,., ||z, — pll* <M for some M > 0. Step 5. One claims that x, — x* € (), which is only a so-

lution of the VIP (15).
In fact, setting p = x* in (26), one obtains

2{(f-pF)x",v,-x")y 6, M 2

* 2 *
B, (t-98) 5 +E.T—(S +(1—ﬁn(r—8))||xn—x 2||xn+1—x (28)
Setting T, =[x, — x~ I, we demonstrate the conver- Case 1. Presume that In;>1 s.t. {T,,} is nonincreasing.
gence of {I',} to zero via the two cases below. Then, lim,,_, I, =h< +oc0andT,-T,,; —0(n—>00).
Setting p = x*, from Step 2 and {0,}  [a,b] C (0,1), we
obtain
2 2 2
[(1= 7= ) + 6,1 (L= Bhal, =W+l = w, P} 4, = 2 )

< "xn - 'x*"2 _Hxnﬂ -x" "2 + ﬁan = rn - 1—‘n-f—l + ﬁan,

Because liminf, . (1-y,)>0, 8,—0,5,—0, and

I, —T,—0, one has

n
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Initial Step: Given any starting x; € C. Let 4 >0,1 € (0,1/p),l € (0,1).

Iterations: Given the current iterate x,, calculate x,,,, below:

Step 1. Compute w,, = (1 -0,)x, + 0,W,x,,, ¥, = Pc (w, — AAw,) and r; (w,): =w, — y,.
Step 2. Compute

t, =w, - 7,7, (w,), with 7,: =U» and integer j, being the smallest nonnegative j
s.t.ul2llry (w)I? = (A (w, - Ury (w,)) - Aw,, ¥, — w,»

Step 3. Calculate

Xpel = pC [ﬁnf (xn) T VnWy + ((1 - Yn)I _ﬁnPF)Tnzn]

with z, = P¢ (w,), C,: = {u € C: h,(u) <0} and h, (u) = (At,,u —w,) + 7,/2A|r, (w,)|.
Put n: =n+1 and return to Step 1.

It is worthy to mention that Lemmas 8-11 remain true for Algorithm 4.

ALGorITHM 4: The 2nd Mann hybrid deepest-descent extragradient rule.

lim |x, - W,x,| = lim |z, -w,|= lim |Jv,-x,.|=0. (30)

n—aoo n— 00 n—aoo

Also, noticing f3,(f (x,) - pFT"z,) + (1-y,) (T"z, -
x*)+ y,(x, - x") =v, —x", one gets

||xn+1 - x*"2 = "xn+1 —VytV, - x" ’
= "Yn (xn - x*) + (1 - Yn) (Tnzn - x*) +ﬁn (f(xn) _pFTnZn) + Xy — Vn"2
"xn - x*"2 + (1 - Yn) [1 + (2 + en)en]"xn -x" 2 - (1 - yn))/n"Tnzn - xn"2

(31)
+ 24, (I Gl +1FT"2, ) + 61 = vallHlna - x7]
”xn - X* ’ + (2 + en)en"xn - x* ? - (1 - yn)}/nnTnZn - xn||2
+2{B,(Ilf el +1PFT"2,])) + %1 = Vil Hlwsr = %71
which immediately arrives at
Yn (1 - Yn)"xn - Tnznuz (32)
€T, =T 0,2+ 0,0, + 2{8, (1 ol T ]) s ~ w112
Because 1>liminf, y,>liminf, _y,>0, and (30) that
6,—0,8,—0,T,,, -T,—0, and v, — x,,,, —0, from lx, —w,l =o,lx, - W, x,l <lx, -W,x,| —0
the boundedness of {I"z,},{f(x,)}, one obtains (n—> 00), and
lim, , [IT"z, - x,|l = 0. So, we know from Algorithm 3

e = all < er = vall v =
= ”xn+l - Vn” +||/5nf (xn) + (1 - Vn) (Tnzn - xn) - ﬂonTnzn“ (33)
< s = vall #1772 = L+ BoIf (o) +[pFT "2, ) — 0 (r— 00).
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Setting p = x*, in terms of Step 3, one has [(1 -1y, -

B,7) +0,][7,/2AL|r) (w)I*]*< T,-T,,, +p,M,. Since
O<liminf, . (1-1y,), 0,—0,p3,—0, and
T, —T,—0, one gets lim, _ [7,/2ALllr) (w,)|*]* =

Hence, by Lemma 11, we deduce that

Journal of Mathematics

lim ||yn —w ” = (34)

n—aoo

Since {x,} is bounded, we deduce that El{xnk} c {x,} s.t.

limsup{ (f - pF)x", x,, — x") = lim__ . ((f - pF)x", x,, —x"). (35)

00

According to the reflexivity of H and boundedness of
{x,}, one may presume that x,, —X. Hence, by (35), one gets

limsup{(f - pF)x",x, —x") ={(f - pF)x", X = x").

(36)

So, we know from x,, —X and x,, — w, — 0 that w, —X.

Because X —%X,—0,x, —w,—0,y,— wy,

limsup{ (f - pF)x", v, —x")

n—00

=limsup[{(f - pF)x",v, — x

Note that 8, (7 - 6) € [0,1]Vn, Y2, B, (T — 8) = 0o, and
limsup, . [2{(f -pF)x*,v,—x*YIt-6 +6,/3, M/t
-0] <0. So, using Lemma 4 to (28), we have
lim x, - x*>=0

n—>oo"

n+l + Xnt1

0,z, - w,—0, and T"'x, - T"x,— 0, from Lemma 10,
we infer that X lies in Q. Consequently, using (15) and (36),
we obtain

limsup{ (f - pF)x",x,, —x") ={(f - pF)x", X — x") <0.

n—00

(37)
This along with (30)-(33) arrives at

(38)
—x,) +{(f - pF)x",x, - x")] <0.

Case 2. Suppose that EI{ c{l,}st. T, <L, ., Vk e,
with /" being the set of all natural numbers. Let nN—N

be defined as #(n): = max {] <n:T;< l"j+1}. Using Lemma
6, one obtains that I',<T,,,, and T, <T,,,,. Putting
p =x*, from Step 2, we have

2
[(1 “Vum ~ ﬁﬂ(n) ) + 911(" ]{(1 - b)a"xn(n) - W'v(n)xﬂ(n)
2 2
+'|Zn<n) ~ Wy } +||Vn<n) ~ Xy (39)
< ||x11(n) - ” _||x11(n)+1 - X H + ﬁq(n)Ml < I‘11(11) - rn(n)ﬂ +ﬂ11(n)M
This hence leads to lim, ., llx, ) =W, X, mll =
hl’nn_“x)llzq(n) - wq(n)” = limn_>oo”‘l/,1(n) ,1(” " =0.
Setting p = x*, in terms of Step 3, one gets
[(1 LI0) _ﬁn(n) ) + 611(n ][2/1]4 1(n) “ ] (n)+1 +ﬁq(n)M1’ (40)
02 limsup{ (f — pF)x", v,y — X"). (41)

which hence leads to lim,_, [1,7(”)/2)LL||1’)L (w,1(n))||2]2 =
Using the same inferences as in the proof of Case 1, one
obtains that lim Wyl = lim
l|lx Wy () | = lim | =0, and

n—»oo”yq(n) -
llx

n—- 00

n(m) = Xy(m+l

n—> 00

n(m) —

00

Furthermore, using (28), one has
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/5?1(71) (r- 6)rt7(n) S 1—‘11(n) - 1—‘r7(n)+1 + ﬁq(n) (r- 6)|:

11

2<(f—pF)x*,V71(n)—X*> +6f1(n) M ]

-6 By T-9
(42)
2{(f = pP)x",v, (y—X"> 0 M
—<B i (T-0) P 1 (n) iGN )
7n) -0 By T—9
which hence arrives at
2{(f - pP)X vy —x") O M
limsup T, < limsup f-r n(n) ntm <0. (43)
7—00 7—00 ) ﬁﬂ(n) -0
Thus, lim,, T, () = 0. Also, observe that
12
”xn(n)ﬂ —-X
2 * *
= Hxn(n)ﬂ =Xy 21 = Xy X ) — XD +|'x,1(n) -x (44)
2 . 2
< '|x}1(n)+1 - x,,l(n) + Z“Xrl(n)+1 - Xrl(n) +||x’1(n) - X || +||x,1(n) - X
Owing to T, <T', (,,1, we get
*|2 *|?
“xn X " < ||xr/(n)+1 -x
5 5 (45)
< ||xr/(n>+1 Xl T 2'|xr/<n)+1 X |xf1(n) -x ” +||xf1(n) -X " —0 (n—00).

Consequently, lim, _, |lx, — x*||* = 0.

w, =(1-0,)x, +0,W,x,,
Yn = PC (wn - /‘Awn)’

tn = (1 - Tn)wn T TV

Theorem 2. Suppose that T is a nonexpansive self-mapping
on C and {x,} is fabricated by the modification of Algo-
rithm 3, i.e., for any starting x, € C,

(46)

xn+1 = PC [ﬁnf ('xn) + ynxn + ((1 - Yn)I _/';nPF)TPCn (wn)]’vn2 1’

where for any n, C,, and t,, are picked as in Algorithm 3. Then,
{x,} converges strongly to x* € Q, which is only a solution to

the VIP: {(f — pF)x*,x —x") <0,Vx € Q.

Proof. We write z,;: = P¢ (w,), and divide the proof into
a few steps.
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Step 1. One claims that {x,} is of boundedness. In fact,
via the similar inferences to those in Step 1 of the proof
of Theorem 1, one attains the claim.

(1= yu =B (1= 0 )0ullx, = W, [+l = w, '+ = 5

Journal of Mathematics

Step 2. One claims that

(47)
2 2
< "xn _p” _||xn+l _p" + 2ﬁn<(f_pF)p’vn _p>’
where v, =f,f(x,) +v,x,+ (1 =y, -B,pF)Tz,. Step 3. One claims that
In fact, via the similar inferences to those in Step 2 of
the proof of Theorem 1, one attains the claim.
T, 21? 2 2
(1=~ B0 grglrs @] <l = £l =l =PI + 28,4 F = pPIpv, = 3, (48)
In fact, via the similar inferences to those in Step 3 of Step 4. One claims that
the proof of Theorem 1, one attains the claim.
2{(f =pF)p:v, — P>
e = ol < 11, (= O, + 8, (- 8y 2L ZLORLa P2, (49)
In fact, via the similar inferences to those in Step 4 of =~ Proof. Because 1> limsupo, > liminfo, >0 and

the proof of Theorem 1, one attains the claim.

Step 5. One claims that x, — x* € Q, which is only
a solution of the VIP (15). In fact, via the similar in-
ferences to those in Step 3 of the proof of Theorem 1,
one attains the claim.

Next, we introduce modified hybrid deepest-descent
extragradient approach. O

Theorem 3. Let {x,} be the sequence fabricated in Algo-
rithm 4. Assume T"'x, — T"x,— 0. Then, {x,} converges
strongly to x* € Q, which is only a solution to the VIP:
(f —pF)x*, x—x*)<0,Vx € Q.

6,/B,— 0, one may presmhat (0,1) > [a,b] > {0,} and
B, (r—=08)/2>0,YVn. It is easy to verify that
Po(I-pF+ f): C—C 1is a contractive map. Hence,
F|x* e Cst x* =Py(I-pF+ f)x*. Thus, J|x* € Q sat-
isfying the VIP (15).

In what follows, in the rest of the proof, we divide it into
some steps.

Step 1. One claims that {x,} is of boundedness. In fact,
using the similar inferences to those in Step 1 of the
proof of Theorem 1, we obtain that relations (16)-(30)
hold. Thus, using (30) and 1 > y,, + 8,,, one deduces that

||xn+1 _p" = "ﬁn (f(xn) _f(p)) + Yn(wn _P) +(1 _Vn)

X[(I_ﬁn/l _yon)Tnzn_(I_ﬁn/l _anF)P] +/5n(f_pF)p"

< [Bud+ ¥, + (1 =y, = Bu) +6,]|x, — | + Bl (f = pP)pll

Smax{"xn— o, 1S =pDpI|

T—0

Using the induction, one obtains
I, — pll < max {llx, - pll, 2 (f - pF)pl/7 - 6}, Vn.

(50)

Hence, {x,} is bounded, and so are the sequences

{wah b {zuh A e b {AL ] (W} T2,
Step 2. One claims that
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[(1 “VYn— ﬁnT) + en]{ (1 - an)an"xn - ann"2+||zn - wn||2} +||Vn - xn+1"2

) 5 (51)
=< =[x =P+ = P+ BuM;
for certain M, >0, where v, = f,,f (x,,) + y,w, + ((1 -
) — B.pF)T"z, and x,,, = P-v,. To prove this, we
first note that
"xn+1 _p”zgﬁn(f(xn) _f(p)) + Yn(wn _p) + (1 - YH)
x [ (I - ﬂn/l - YnPF)TnZn - (I _/311/1 - YnPF)p] +ﬁn (f - PF)p”2 _“Vn - xn+1“2 (52)
Sﬁn(S”xn - pnz + YH“‘xi’l - p"2 + [ (1 “Vn— ﬁnT) + en]"zn - pn2
+2B,4(f = pF)p.v = p) = [ = x|
Furthermore, via the similar reasoning to that in (21),
we get
A I L A N A e s AN (53)
Substituting (38) into (37), one gets
"xn+1 - P"Z Sﬁna"xn - pl'z + Vn”xn - P"2 + [ (1 “Vn— ﬁnT) + Gn]{“xn - p"Z
- (1 - On)an||xn - ann||2 _"Zn - wn"2} + Zﬁn< (f - PF)P’ Vi — P> _"Vn - xn+1||2 (54)
< "xn - puz - [ (1 ~Vn _ﬁnT) + Gn]{ (1 - Un)0n||xn - annnz +||Zn - wn”z} + ﬁan
_"Vn - xn+1n2'
with sup,.; 2|l (pF — f)plllv, — pll <M, for certain Step 3. One claims that
M, >0. This immediately arrives at the claim.
2
[(1= 9= o)+ 8,] [ r/2ALs ()| < = £l = s = £ + B, (55)
2
In fact, via the similar inferences to those in (27), one "zn - p||2 < “wn - p"2 - [TH/ZAL“U (wn)nz] . (56)

obtains that for certain L >0,
From (39), (30), and (43) we know that
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||xn+1 - P”2 Sﬁnénxn - P||2 + ynnxn - P||2 + [ (1 “Vn— /SnT) + en]"‘zn - P"2 + ﬁan
<B. 01— oI + vallwa = P +100= v, = 1) + 6,1, - pIf

2 (57)
_ [TH/ZAL 2 (wn)"Z] ]» + B,M,
2 272
which hence yields the claim. B, (1=8)[2{(f - pF)p,v,— p)IT-6+0,/B, - M/T-
Step 4 One claims that 6] for some M > 0. In fact, using Lemma 7 and (30), one

1%, — pI* < [1 = B, (z = ]lx, — pl* + has

lwes = I < v = 21 = Ba (f () = £ (P) + 7w, = p) + (1= 7,)
(1= Bo/1 = yp )T 2, = (1= By/1 = y, pF)p] + B, (£ = pFp?
~<Bodla ~ b + vl — Bl + (L -y = BT+ 6,) (58)
= x|z =PI + 2B, (F - pPIp,v, ~ P
—<[1-Ba(r=O)|xa —p| +Ba (x = O[2¢(F = pP)p, v,y — pY/7 = 8 + 6,8, - M/7 - 8],
where sup,,., llx,, — plI* <M for certain M > 0. Step 5. One claims that x, — x* € Q which is only

a solution of the VIP (15). In fact, setting p = x*, in
terms of Step 4, one deduces that

[0 = %" P < [1= B, (r = O]|x, = x*I? + B, (x = O) [2{(f - pF)x", v, = x" Y7 = 8+ 6,1, - M/7 - ]. (59)

Setting T, = ||lx, — x*||>, one demonstrates the con- Case 3. Presume that 3n;>1 st. {I,} is nonincreasing.

vergence of {I,} to zero via the two cases below. O  Then, lim I, =h< +00 and I, -T,,;—0 (n—>00).
Setting"p = x*, from Step 2 and {o,} ¢ [a,b] c (0,1), we
obtain

[(1= 9.~ Bur) + 0,{ (1 = Dhalx, =W+, =, } v = 5,0

~< 1=y Bar) + 0,1 (1= 0o = Woxal s = wall |+ = 0 (60)
- SI-‘n - 1—‘nJrl + ﬁan’
which hence yields
lim len - ann” = lim ”zn - wnn = lim ||vn - xnﬂn =0. (61)

n—aoo n—aoo n—aoo
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Putting p = x*, from Step 3, we obtain [(1 -y, — 8,7) +
0,17, /2AL |ry (w)I**<T, ~T,,, + B,M,, which imme-
diately leads to lim,_,  [7,/2AL|lry (w,)[*]* = 0. Using the
similar reasoning to that in Case 1 of the proof of Theorem 1,
one  deduces  that lim, ., llw, - y,l=1lim,_
lw, — x|l =lim,_, lx,.; —x,l =0, and
limsup,_{(f —pF)x",v,—x*) <0. Accordingly, using
Lemma 4 to (59), we attain lim llx, — x*|*=o0.

n— oo

Case 4. Presume that EI{I‘nj} c {T,} s.t. L, <L, Vjed,
with 4/ being the set of all natural numbers. Let : /' — A

w, =(1-0,)x, +0,W,x,,

Yn= PC (wn - AAwn)’
tn = (1 - Tn)wn T TV
X1 = Pe [ﬁnf (xn) T YWy + ((1

where for any n, C, and t,, are picked as in Algorithm 4. Then,
{x,} converges strongly to x* € Q, which is only a solution to
the VIP: {(f — pF)x*,x —x*)<0,Vx € Q.

Proof. One writes z,: = P (w,) and divides the proof of
the theorem into a few steps.

(1 “VYn— ﬁnr){ (1 - Un)0n||xn - ann||2 +”Zn - wn”Z} +||Vn - xrﬁ-l"2

15

be defined as #(n): = max {an: I <1“j+1}. Using Lemma

6, one gets I, ,) <T) (41 and I, <T, (5, In the rest of the

n(n)+
proof, applying the similar reasoning to that in Case 2 of the

proof of Theorem 1, one obtains the claim.
Theorem 4. Suppose that T is a nonexpansive self-mapping

on C and {x,} is fabricated by the modification of Algo-
rithm 4, i.e., for each starting x, € C,

(62)

~ ) = B.pF)T P, (w,)]. Vn>1,

Step 1. One claims that {x,} is of boundedness. In fact,
via the similar inferences to those in Step 1 of the proof
of Theorem 3, one obtains the claim.

Step 2. One claims that

(63)

<[ = pI* =% =PI + 2B, (F = PF)p. v, — P,

with v, = B, f (x,) + y,w, + ((1 =y, ) - B,pF)Tz,. In
fact, via the similar inferences to those in Step 2 of the
proof of Theorem 3, one obtains the claim.

2
(1 =10~ B.0) 2Ly ) | <%, = oI =[%001 = 2 + 28,4 = pPIpu v = ).

In fact, via the similar inferences to those in Step 3 of
the proof of Theorem 3, one obtains the claim.

Step 4. One claims that |x,,, - pII2 <[1-p,
(= 0lx, - pI*+ B, (t=8)-2{(f - pF)p,v, - py/
7 — §. Indeed, via the similar inferences to those in Step
4 of the proof of Theorem 3, one obtains the claim.

Step 5. One claims that x, — x* € Q which is only
a solution of the VIP (15). In fact, via the similar

Step 3. One claims that

(64)

inferences to those in Step 5 of the proof of Theorem 3,
one obtains the claim. O

4. Applicability and Implementability

In this section, we provide an illustrated instance to dem-
onstrate the applicability and implementability of our
proposed algorithms. Put p=2A=l=yu=
1/2,0,=1/3,8,=1/3(n+1), and y, = 1/3(n + 1).
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We first provide an example of Lipschitz continuous and
pseudomonotone mapping A, asymptotically nonexpansive
mapping T, and countably many nonexpansive mappings
{T,}72, with Q=VI(C,A) N (N%,Fix(T;))#& where
Ty: =T.Put C = [-3,3] and H = R with the inner product
{a,b) = ab and induced norm || - || = | - |. The starting point
X is arbitrarily selected in C. Put
f(x)=F(x)=1/2x,Vx € C s..

[[Av — Aull <
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6=1/2<T=1—ﬂ1—p(211—p1c2)=1.

Assume that A: H—H and T,T,: C—C are for-
mulated as Av: =1/1+|sinv|—1/1+|v|, Tv: =3/5sinv,
and T,,v = Sv =sinv,Vv € C,n>1. We now claim that A is
of both pseudomonotonicity and Lipschitz continuity. In-
deed, for each v,u € H, one has

(65)

[ vl =l ) | lsinv —[lsinu] |
L(L+lul) (L +IvIDE 1L+ lisinadl) (1 +lsin vi))]
(66)
[[v =yl [lsinv —sin ul|
-= ; - <2|v-ul.
(T +al) (T +lvl) -~ (1 +lsinul) (1 +[sin v]))
nonexpansivity with 0, = (3/5)",vVn, s.t.

Accordingly, A is of Lipschitz continuity. In what fol-
lows, one claims that A is of pseudomonotonicity. For any
v,u € H, it is clear that {(Av,u—v) = (1/1 + |sinv| — 1/1+
lul)(u—v)=20=>C(Au, u—v) = (1/1 + [sinu| = 1/1 + |u]) (u
—v) > 0. Moreover, it is easy to check that T is of asymptotical

[T, = T, < (315)"H|[TPx, = T, | = (3/5)"!

It is clear that Fix(T) = {0} and
lim, ,0,/B, =1im(3/5)"/1/3(n+1),_,., = 0. Addition-
ally, it is readily known that T,, = S is of nonexpansivity and
Fix(S) = {0}. Thus, Q= VI(C,A)NnFix(S)NFix(T) =
{0}#@. So, from W,=S and (1-y,)I-B,pF=
(1-n/3(n+1))I-1/ 3(n+1)2-1/21 =2/31, we reduce
Algorithm 3 to the following:

Xy = =——— =X, + an + %T”Pc (w,),Vn>1,
3(n+1) 2 3(n+1) 3 "

(68)
where for any n, C, and 7, are picked as in Algorithm 3.

Then, by Theorem 1, one deduces that {x,} converges to
0 € Q = VI(C, A) N Fix(S) N Fix (7).

IT"x, — T x, | — 0 as n—> 00. In fact, one observes that
n n

1T — Tl <3/5|T" v = T | < --- < (3/5)" |lv—-ul|<
(1+6,)lv-ul, and

3. . 3\"

Ssin (Tx,) - 3/5sinx, §2<§) —0. (67)

Particularly, noticing the fact that Tu: = 3/5sinu is of
nonexpansivity, we also present the modification of Algo-
rithm 3, ie,

n 2
S Ly - Vn>1,
T 1) 2 3 1) 3 c, (wy), ¥n

(69)

where for any n, C,, and 1, are picked as above. Then, by
Theorem 2, one infers that {x,} converges to
0 € Q = VI(C, A) NFix(S) N Fix (T).

5. Concluding Remarks

Compared with the associated theorems of Kraikaew and
Saejung [21], Ceng and Shang [23], and Reich et al. [25], our
theorems enhance, extend, and develop them in the fol-
lowing ways.
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(i) The issue of seeking a point of VI(C, A) in [21] is
developed into our issue of seeking a point of
VI(C, A)n (N2 Fix(T;)) with T, being of non-
expansivity for any n and T,=T being of
asymptotical nonexpansivity. The Halpern sub-
gradient extragradient rule for settling the VIP in
[21] is developed into our Mann hybrid deepest-
descent extragradient approach for handling
a HVI with the CFPP and VIP constraints, which
is on the basis of Mann’s iterative technique,
viscosity approximation method, subgradient
extragradient rule with linear-search process, and
hybrid deepest-descent rule.

(ii) The issue of seeking a point of VI(C, A) in [25] is
developed into our issue of seeking a point of
VI(C,A)n (NP Fix(T;)) with T, being of non-
expansivity for any n and T, = T being of asymp-
totical nonexpansivity. The modified projection-
type rule with linear-search process for settling
the VIP in [25] is developed into Mann hybrid
deepest-descent extragradient approach for settling
a HVI with the CFPP and VIP constraints, which is
on the basis of Mann’s iterative technique, viscosity
approximation method, subgradient extragradient
rule with linear-search process, and hybrid deepest-
descent rule.

(iii) The  issue of  seeking a  point of
VI(C, A)n (N2 Fix(T;)) with Lipschitz continuity
and sequentially weak continuity mapping A in [23]
is developed into our issue of seeking a point of
VI(C,A)n (N2 Fix(T;)) with A being uniform
continuity mapping satisfying || Az| < h,ﬂigf |Ax,l

for any {x,} cC with x,—z e C. The hybrid
inertial-type subgradient extragradient rule with
linear-search process in [23] is developed into Mann
hybrid deepest-descent extragradient approach, e.g.,
the original inertial-type iteration
"w, =T,x, +a&,(T,x, —T,x, ,) is replaced by
Mann-type iteration "w, = (1 - 0,)x, + 0,W,x, »
and the original viscosity iteration
”xn+1 = ﬁnf (xn) T VnXn t ((1- Yn)I - ﬁon)TnZn”
is replaced by our hybrid viscosity iteration
“Xni1 = PelBuf (x,) +ypx, + ((L=p, )] = B,p

F)T"z,].” It is worthy to point out that the defi-
nition of z, in the former formula of x,,, is quite
different from the definition of z, in the latter

formula of x,,, ;.
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The damped parametric driven nonlinear pendulum equation/oscillator (NPE), also known as the damped disturbed NPE, is
examined, along with some associated oscillators for arbitrary angles with the vertical pivot. For analyzing and solving the current
pendulum equation, we reduce this equation to the damped Duffing equation (DDE) with variable coefficients. After that, the
DDE with variable coefficients is divided into two cases. In the first case, two analytical approximations to the damped undisturbed
NPE are obtained. The first approximation is determined using the ansatz method while the second one is derived using He’s
frequency formulation. In the second case, i.e., the damped disturbed NPE, three analytical approximations in terms of the
trigonometric and Jacobi elliptic functions are derived and discussed using the ansatz method. The semianalytical solutions of the
two mentioned cases are graphically compared with the 4™-order Runge-Kutta (RK4) approximations. In addition, the maximum
error for all the derived approximations is estimated as compared with the RK4 approximation. The proposed approaches as well
as the obtained solutions may greatly help in understanding the mysteries of various nonlinear phenomena that arise in different

scientific fields such as fluid mechanics, plasma physics, engineering, and electronic chips.

1. Introduction

The complex pendulum is a paradigm for investigating
oscillations and numerous other physical problems and
nonlinear dynamical phenomena [1, 2]. Several models for
the nonlinear pendulum oscillators (NPOs) have been uti-
lized for investigating numerous physical and engineering
problems, e.g., the oscillations in chips and electrical circuits,
Bose-Einstein condensates, image processing, the move-
ment of satellites, oscillations in different plasma models,
and many other problems in several fields [3-5]. Moreover,
many evolution equations to the pendulum oscillators have
been utilized as a physical model to study several natural
problems related to different oscillations, bifurcations, and

chaos [6-8]. For instance, He et al. [9] modified the structure
of the pendulum oscillations on a dynamical system by using
a device with electromagnetic harvesting to control the
kinematics of a spring-pendulum system. Based on
Lagrange’s equations, the authors derived the governing
kinematics equations of the NPOs and solved them ana-
Iytically using the multiple-scale method (MSM). In that
investigation, the authors explained various behaviors,
which control the mentioned model, such as the stability of
fixed points, amplitudes, phases, and the (in)stability re-
gions. Besides that, they motioned that this model is utilized
to control sensors in building transportation and industrial
sectors. The auto-parametric system of three degrees of
freedom consisting of a damped spring pendulum was
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demonstrated in the study of [10]. The analytical solution to
the motion equations up to the third approximation was
obtained using the MSM. Furthermore, the stability and
instability zones were analyzed and investigated. In the study
of [11], the authors investigated the periodic property of
a rotating pendulum model. The governing equation for
this model was solved analytically using He’s homotopy
perturbation method (He’s HPM). The accuracy of the
obtained results was verified by comparing the obtained
solution with the numerical one based on the 4™-order
Runge-Kutta (RK4) method and with He’s frequency
formulation (He’s FF). HPM and its family succeeded more
than other methods in analyzing pendulum equations
without both linear and negative-linear terms [12] and
many other NPOs [13-15]. He’s FF has developed rapidly
since its inception; where many researchers have developed
this method to give good results for many complicated
nonlinear problems without any restrictions [16-21]. The
hybrid forced Rayleigh-Van der Pol-Duffing oscillator
with higher-order nonlinearity has been solved using the
Poincaré-Lindstedt approach. The researchers discovered
that the approximate solution and the RK4 numerical
solution are in good agreement. The authors found that
there is a high agreement between the analytical and nu-
merical approximations [22]. Also, the homotopy analysis
method (HAM) has been employed for analyzing the
damped Duffing oscillator (DDO) [23]. The Laplace
transform, modified differential transform method
(MDTM), and Padé approximants have been applied for
analyzing and investigating the approximations to many
NPOs such as the forced DDO and forced damped van der
Pol oscillator [24]. Both damped and undamped Helm-
holtz-Duffing (H-D) oscillators have been studied and
analyzed using the ansatz method with the moving
boundary technique to obtain high-accurate approxima-
tions [25]. The authors [25] made a comparison between
both approximate analytic and numeric solutions to prove
the accuracy of the analytic approximations, and it was
found that the obtained results were in agreement with
each other to a large extent. Moreover, the (un)damped
quadratic nonlinear Helmholtz oscillator (HO) have been
investigated using ansatz method and the exact solution for
the undamped oscillator as well as the approximate solu-
tion to the damped oscillator have been derived in terms of
the Weiersrtrass elliptic functions [26]. There have been
few attempts to solve and analyze damped NPOs while
taking friction forces into account [27]. The analytical
approximations to some damped NPOs have been derived
in terms of the Jacobi elliptic functions [27]. There are
many other physical forces, such as periodic and perturbed
forces in addition to friction force, that can affect the
behavior of pendulum oscillators. For instance, the damped
parametric nonlinear pendulum equation/oscillator (NPE/
NPO) or known as the damped disturbed NPE/NPO has
been discussed and solved numerically using implicit
discrete mappings [28, 29]. Also, the parametric NPE with
both frictional and excited forces has been solved analyt-
ically using the ansatz method and He’s FF as well as solved
numerically via the Galerkin method [30]. The comparison
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with the RK4 approximation revealed that the derived
analytical and numerical solutions were extremely accu-
rate. Also, utilizing a variety of analytical and numerical
techniques, the parametric NPE as well as certain related
oscillators have been solved [31]. The authors used the
ansatz method for deriving high-accurate approximations
to the unforced damped parametric NPE in terms of an-
gular Mathieu functions. Also, the authors applied the
ansatz method to find some approximations to the damped
(un)forced parametric NPE in terms of trigonometric
functions. Moreover, He’s FF was applied to obtain some
approximations for both undamped and damped para-
metric NPE. Furthermore, HPM was carried out for ana-
lyzing both forced undamped and forced damped
parametric NPE. Also, the authors applied the Kry-
lov-Bogoliubov Mitropolsky method (KBMM) for ana-
lyzing forced damped parametric NPE. Finally, the authors
made a comparison between all obtained approximations
with numerical approximations using both RK4 method
and the hybrid Padé-finite difference method. In current
work, the parametric (un)disturbed NPE and many other
related oscillators will be investigated in detail and some
innovative approximations using several effective tech-
niques will be derived using the ansatz method. The present
study is divided into two main parts: in the first part, some
semianalytical solutions (analytical approximations) to the
damped undisturbed NPE will be derived using the ansatz
method and He’s FF [17, 18, 32]. For the second part, the
damped disturbed NPE will be solved analytically via
different approaches based on the ansatz method. Fur-
thermore, the comparison between all obtained analytical
approximations for the two studied cases and the RK4
numerical approximation will be investigated graphically
and numerically.

The rest of the present work is organized as follows. In
Section 2, a glimpse about the equation of motion of the
parametric pendulum equation and its solution is recovered.
In Section 3, two-different analytical approximations
(sometimes are called semianalytical solutions) to the
damped undisturbed NPO are obtained using a suitable
ansatz method and He’s FF. In Section 4, some semi-
analytical solutions to the damped parametric driven NPO
are discussed in detail. In this section, three-different for-
mulas for the semianalytical solutions are derived. The re-
sults and discussion are introduced in Section 5. We
summarized and introduced the most important results in
Section 6.

2. The Damped Disturbed NPE and Its Solution

In this section, we construct the differential equation that
describes the behavior of the parametric driven NPE on the
pivot vertical. A simple mathematical parametric pendulum
system is modeled by a point mass m in kg unit, hanging at
the end of a massless wire with length I in m unit and fixed to
a supporting point “O,” swinging to and from in a vertical
plane. It is assumed that the end of the massless wire is
moving harmonically with a small harmonic disturbance
[28]: y(t) = + ecos(yt) (the motion of the vibrating base),
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where ¢ is a dimensionless small parameter and y represents
the frequency of harmonic motion. By analyzing the pen-
dulum motion, we obtain the following equation:

1x(t) = Isin g,

(1)
y(t) = —lcos ¢+ ecos(yt),

where ¢ denotes the angular displacement about downward
vertical.
Accordingly, the velocities in (x, y)-directions read

{ x(t) = ¢l cos ¢,

. _ : (2)
y(t) = + @lsing — eysin(yt).

Using the Lagrangian method, the equation of motion
could be obtained taking damping force of the medium into
account [28]:

R, =¢+2Bp+¢(t)sing =0, (3)

where ¢(t) = w + Qycos(yt), w, =+/g/l denotes the
eigenfrequency of the system, S = u/(2ml) indicates the
coefficient of the damping term, Q, = ew, is the excitation
amplitude, and w, = y*/I. Here, g represents the gravita-
tional acceleration in unit m/s?, g = 9.8m/s*. More details
about the deriving (3) can be found in the studies of [28, 29].

As a particular case, in the absence of the dissipative
(friction) forces, i.e., for § =0, the parametric pendulum
equation reduces to the undamped disturbed nonlinear
pendulum equation:

¢+ ¢(t)sing = 0. (4)

For ¢ =0 and undamping =0, the parametric pen-
dulum equation reduces to the simple pendulum equation:

¢+w§sinq):o. (5)

In the following sections, we proceed to solve and an-
alyze all the mentioned cases in detail.

3. Analytical Approximations to the Damped
Undisturbed NPE

It is supposed that € = 0, then (3) reduces into the damped
simple pendulum equation:

{R25¢+2ﬁ¢+wgsinq):0, ©)
¢ (0) = ¢y and ¢ (0) = @,.
For the Chebyshev approximation

sing =~ (332/333)¢p — (13/85)¢°, the initial value problem
(i.v.p.) (6) can be rewritten in the following damped Duffing
iv.p. [33]:

{kz¢+2ﬁ¢+pq)+qq)3=0, o

¢(0) = gyand ¢ (0) = ¢,.
where p = (332/333)w} and q = — (13/85)w}.

3.1. First Formula: Trigonometric Solution. Now, we seek
a solution in the following ansatz:

¢ =exp (—pt)[Asin(f (t)) + Beos(f ()], (8)

where the coefficients A and B are undetermined coeflicients
which can be obtained the initial conditions (ICs) ¢ (0) = ¢,
and ¢ (0) = ¢, and f = f(£), £(0) = 0 is a function to be
determined later. Applying the mentioned ICs, the values of
A and B are obtained as

A=+ +

2 © N2
4p* + \/(—4/52 +4p +3q9;) +489 (B, + ¢o)” —4p — 399,

B = ¢,.

The substitution of (8) into (7) gives us

69 ’ 9)

k=S sin(f)+S,sin(3f)+S;cos(f) +S,cos(3f),
(10)



with
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R ( —3A°q - 3AB’q + 4A(f)2e* 2ﬂt>
e >

S = ——
Y\ gape 4 4ap2 1 4B
eH ,
S, =—(Aq—-3AB"g),
»=— (4% q) an
o3 ) )
S; = e ( —3A’Bq - 4Af e 3B°q + 4B(f)2€2ﬁt - 4Bpezﬁt + 4,BZBe2ﬁt),
oW \
S4 = _T (3A Bq - B q)
The ODE for the function f could be obtained by For 8 — 0, the function f reduces to
eliminating f from the system
F=Ap+Gm)(a®+B)L. (16)

S, = 0&S, =0. (12)
The ODE to be solved is
{ f= \/(3/4)q(A2 + Bz)e*zﬁf - +p,
f(0)=0.
The solution to the ODE (13) reads

o b [T AR 2y - @)

(13)

Example 1. Let (f,wy) = (0.1,1), then we obtain the fol-
lowing equation:
¢ +0.2¢ +sing =0,
¢(0) = 0and ¢ (0) = 0.25.

(17)

According to the above analysis, the approximate ana-
Iytical solution reads

(14)
with
0=\ LF _andr=4 —4f? +3(A2+ B)
3(A*+ B’)q P G
(15)
5.4/3.94799 — 0.0292721¢ ¥
Papprox = ~0.252583¢ ' sin| +(-9.93477i)sin" " (11.6134"") | (18)

The comparison between the approximation (18) and the
RK4 numerical approximation is carried out as shown in
Figure 1. Also, the maximum distance error (MDE) L, to
the approximation (18) as compared to the RK4 approxi-
mation is estimated:

Loy = MaXqeycs0|approx — Pric| = 0.00134826.  (19)

+(21.3316 + 15.60551)

It is clear from the value of the MDE L, that the an-
alytical approximation (8) is characterized by the high-
accuracy as compared to the RK4 numerical approxima-
tion, which enhances the effectiveness of this solution.

3.2. Second Approach: He’s Frequency Formulation (He’s FF).
In order to apply He’s FF, the following i.v.p.
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FIGURE 1: A comparison between the approximation (18) and the
RK numerical approximation to the iv.p. (17).

{R25¢+2ﬁ¢fw(2)sin$o=0, (20)
¢ (0) = g and ¢ (0) = ¢,

replaces by the iv.p.

{ b+ 280+ f(9) =0, on

#(0) = gyand ¢ (0) = ¢,

where the function f(¢) = f (x) can be obtained from the
Chebyshev approximation as

2
f(x)= a)é sinx = wé(x - Bxs). (22)
According to He’s FF, we state
¢=Ae" cos<w(t) + arccos(%)), (23)

with

w(t) = py (f (x)/x) and x = \/TEAe*Pf, (24)

which leads to

(1) = (1 - (3126)A% " )wl. (25)

Solving the ODE (25) using the initial condition (IC)
w(0) = 0, we have

t
w(t)=p JO \/(1 - %Aze_z”t>w§dr,

V26 p

. ( VY (0)w) ~\Y (D) T wlesc (V726) A)

pVY (0)aS . (26)

Ae"'\[3A% - 26" \lY(t)w(z) csc_l(\/ (3/26) Ae_pt)

p(3A%-26¢")

>

with The value of the coeflicient A can be obtained by using
_ a2 2t t_he Valqe of w(t) (given in (26)) and applying the IC

Y () =(26 - 3A%7"). @D G0 = g,
T = (3475 + 3A" - 26A% + 26B” )i w; + 2605p" + 5290p@, + 269, = 0. (28)

Using command Solve [I' == 0, A] in MATHEMATICA,
we finally get the value of A as follows:

A=+

\j + < \/9(,03[42603 - 156(p§ng - 3124)31)2 - 6249,p9, + 676‘uzwg - 3124)3 /ptwO) + 3go§ +26

(29)

V6



Here, p and y are free parameters that are chosen in
order to optimize the approximate solution, i.e., minimize
the residual error.

Example 2. We can apply He’s FF (23) on Example 1, which
is given in equation (20). The approximation (23) and the
RK4 numerical approximation are compared with each
other as shown in Figure 2 and the error L, is estimated at
the best values of (p, ) = (0.104,0.99) as

Ly, = maxgq30
Loy = MaXg_yo30|@ue's_pr () — @pg (£)] = 0.00531151.
(30)

@ approx — Pric| = 0.00136089.

It is clear from the errors of both trigonometric solution
(8) and He’s FF (23) for the same values of parameters that
the Trigonometric solution (8) is better than the solution of
He’s FF (23). However, for higher-order Chebyshev ap-
proximation to the function f (x):

fx)= a)é sinx = wé(x -—x ——x5>. (31)

We cannot get more accuracy but in this case the third-
order Chebyshev approximation is better than the fifth-
order Chebyshev approximation.

4. Some Analytical Approximations to the
Damped Disturbed NPE

Some different formulas to the analytical approximations to
the following i.v.p. will be discussed in detail:
R, =¢+2Bp+¢(t)sing =0,
J[ 1=¢+2fp+¢(W)sing (32)

¢ (0) = ¢, and ¢ (0) = @,.

In the next section, three different formulas with high
accuracy are investigated.
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FIGURE 2: A comparison between the He’s FF approximation (23)
and the RK numerical approximation to the i.v.p. (6).

where A, = (332/333) and A, = (13/85). Note that the values
of sing = (1,9 — 1,¢°) are obtained from the Chebyshev
approximation.

Now, we seek approximate analytic solution to the i.v.p.
(33) in the following ansatz form:

Plapprox(1) = €xp (=p1)0(f (1)), (34)
where 0 = 0(t) is a solution to the following i.v.p.:
0+1(10 - 1,6°) =0,
{ 0(0) = 6, and 0(0) = 6,,

(35)

where x = (0} — ew,).
The solution of the i.v.p. (35) can be expressed in the
following form:

Bycn (V@ tm) +(90/vw )dn(@t|m)sn(@t|m)

(1) = ,
4.1. First Formula: Jacobi Elliptic Form. Taking the ap- 1 +(P + 4995~ w/2w)sn(\/ﬁt|m)2
proximation (13) into account and with the help of the (36)
approximation sin ¢ = (A9 — 1,¢?), the i.v.p. (32) reduces )
to the following variable coefficients damped Duffing i.v.p.. ~ With
{[R = ¢ +2Bp+d()(Ap - 119’ ) =0, 33)
¢(0) = ¢gand ¢ (0) = ¢,
1
p=/\ox,q=—)tlk,w=l_L,andm=E 1- P - (37)
V(o +a62)’ + 208,

The function f = f(t) is to be determined later, sn
(\/wt|m) is the elliptic sine, cn (v/wt|m) is elliptic cosine,
dn (\/wt|m) is the delta amplitude, and 0<m< 1.

Inserting solution (8) into the iv.p. (33), we have the
following equation:
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B + Aok ()2 + Agew, cos (yt) — Agwp = 0. (38)

The solution of (38) gives the value of f(t)
\/33 (y 2)pew, )

E 39

£ o Vo =B St (39)

We can choose the solution with plus sign, then f(0) = 0

and f(O) = \/—(/3 /Aok) + 1.

Now, we must determme the values of 6, and 9 using
the conditions ¢ (0) = ¢, and ¢ (0) = ¢,. The requlred values
are given by the following equation:

0(f (@) =

Bocn (V@ f (©)m) +(6 /\/_)dn(\/_f(t)lm)sn(\/_f(t)lm)

by = ——=—=0, = 9. (40)

Inserting f (¢) given in (39) into solutions (34) and (36),
we get the solution of the iv.p. (33):
exp (=pt)(f (1)), (41)

(P|Approx(l)

with

(42)

4.2. The Second Formula: Jacobi Elliptic Solution. Here, we
can use another approximation to sin ¢ ~ (¢ — 2/13¢%), then
the i.v.p. (32) reduces to the damped Duffing i.v.p. with
variable coefficients:

. . 2
Q= <p+2ﬁ(p+¢(t)(go—Bg03> =0,
(43)
¢(0) = ¢, and ¢ (0) = ¢,

Let us consider the solution of the i.v.p. (43) is defined by
the following ansatz:

(t)lAPme(z) N cn(w(t) +C,m). (44)

Inserting the ansatz (44) in the iv.p (43), we finally
obtain the following equation:

{ 13ma (t)* + pie P (1) =
Cm-1)a ()’ - +¢(t) =

Eliminating m from system (45), we obtain the following
equation:

o(t) = \($(0(13 - 205¢ *F) - 1367/13),
w(0) =0.

(45)

(46)

Equation (46) is not integrable, thus it solved numeri-
cally in order to get the value of w ().
Furthermore, the solution (44) could be written as

1+(p+q(p§—w/2w)sn Vw f (£)lm)*

(PlApprox(Z) = ‘Poé tﬁcn(w(t) +C, m)

oo B + bysndn (47)
Yo 1+ bysn’

with
sn=sn(w(t)m)=V1- o’
cn = cn(w (t)Im), (48)
dn = dn(w Olm) =1 = m(1 - cr’) |
By inserting (46) and (47) into the i.v.p. (43) and after

straightforward and simply calculations, finally, the values of
b, and b, could be obtained as follows:

b, = V13 (Bpo + 95)

\-138> - &S, ’ (49)

and for ¢, #0

< —-169S, — 265¢,¢, >
%o
b, = ’; 3 +4K(pg - 52K(p§ ,
20,(13p° + 8,)
+13 sin((po)(13/32 + KSI)
(50)

while 9y = 0, we obtain b, = 0, where S, = (2¢ — 13) and
S, = (ﬁ - K).



By substituting equations (49)-(53) into the iv.p. (43)

and solving the obtained solution, we finally obtain the value

of “m” for ¢, +0 as follows:

—26Kp,@, COS (q)o)(IS»S2 + 2K<p§)2

Journal of Mathematics

+ 261 sin () (269,BS, + 3¢,(138, + 2xp; ) — 2Pxgy ) (138, + 2y )

~156PKpyp( 138, + 2kp; )

~13y%ew,S, (13, + 2xqp )+

P90 2 2 2 4 2 (51)
8”9 (7895S, — 5078, + 4Kg; ) — 8788S,
+
(PO 8 2 4 2 2 2 2
K(p0(507(ﬁ - K ) + 2K (39 - 2goo)go0)+
-, 13y°ew, S, (138, + 2xqp ) +

8788xS-

. 3
8¢, (Bpo + %)(1352 + 2’“/’(2))

For ¢, = 0, the value of the modulus “m” given in (51)
reduces to

2
EW
m= T (52)

8(p* - )

4.3. Third Formula: Trigonometric Approach. Another ap-
proximation in terms of trigonometric function to the i.v.p.
(43) can be determined by inserting the following ansatz:

P
Pl approx(3) = Aexp (—pt) cos(f + arccos(f)), (53)

into the i.v.p. (46) which leads to
L 2 5
Q= (p+2ﬁ<p+¢(t)<¢-§<p )

_ 23 3 3t —pt
= 13A cos” (B)e” P ¢ (t) + Ae”* cos(6) (54)
(P = 2Bp+ (1) - ()

+ Ae P sin(0) (2(B - p) f+),

where f = f(t), f(0) =0, and p is an optimal parameter.
For vanishing the coefficient of cos(6), we obtain the
following equation:

(P> - 2Bp+¢(t) = (f)*) = 0,and f(0) = 0. (55)
Solving (55) with f(0) = 0 yields

¢ 24/11
fzjo \p> = 2Bp + ¢ (t)dr = \/y_‘)E(%t zr?o‘)), (56)

with I1, = (p? - 2fp + w§ — Qy) and E((y/2)t, - (2Qy/11y))
represents the elliptic integral of the second kind.

Applying the ICs ¢ (0) = ¢, and ¢ (0) = ¢,, we obtain the
following equation:

Aot \/2/’9"0' $o * ‘P(z)(Ho +P2> + ¢ ’ (57)
o VI '

The number p is a free arbitrary parameter that we
choose in order to get as small residual error as possible.

5. Results and Discussion

In this section, we proceed to analyze all obtained ap-
proximations. The discussion can be divided into several
cases as follows.

Case 1. For the following numerical example
(Bs wgr @y, & 1> 9 (0), ¢ (0)) = (0.1,1,0.5,0.2,0.2,0,0.1)

R=¢+02¢+¢(t)(lo-19")=0,
o(t) = w(z) —ew, cos(yt) =1-0.1cos(0.2t), (58)
¢(0) =0 and ¢(0) =0.1.

The analytical approximations to the damped disturbed
NPO (58) according to the first formula (44), second for-
mula (50), and third formula (56) are compared with the
RK4 numerical solution and the He’s HPM approximation

as illustrated in Figure 3. Also, the MDE L, for the men-
tioned approximations is estimated:
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FIGURE 3: A comparison between the RK numerical approximation and the different types of the analytical approximations to the i.v.p. (33):
(a) the Jacobi elliptic solution (44), (b) the Jacobi elliptic solution (50), (c) the trigonometric solution (56), and (d) the He’s HPM ap-

proximation. Here, (w,,¢,) = (1,0).

Loo|Appmx(1) = max0£t£30|(P|Approx(1) - (PRK| = 000114366’

Loo|APprox(2) = max05t530|‘P|Appmx(2) - ‘PRK| = 0.00139714,

L00|Approx(3) = maxOsts30|(P|Approx(3) - ‘PRK| = 0.000432514,

LoolHe’s HPM — max0£t£30|¢|He’s—HPM - ‘PRKl = 0.0246647.

It is observed that the exact congruence between the
analytical approximations (41), (47), (53), and the RK4
numerical solution. Also, it is clear that the derived

(59)

approximations show high accuracy as compared to the He’s

HPM approximation. Henceforth, for He’s HPM approxi-
mation, we used A, =1 and A, = 1/6.
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FIGURE 4: A comparison between the RK numerical approximation and the different types of the analytical approximations to the i.v.p. (33):
(a) the Jacobi elliptic solution (44), (b) the Jacobi elliptic solution (50), (c) the trigonometric solution (56), and (d) the He’s HPM ap-

proximation. Here, (w,,¢,) = (0,0).

Case 2. 'The approximations (41), (47), and (53) can recover
the solutions to the damped undisturbed NPO (32) for

w, =0, i.e, the iv.p. (7). Now, by considering the values
(B, wg> w,, 9 (0), 9 (0)) = (0.1,1,0,0,0.1), the i.v.p. (7)

{

¢+0.2<p+p<p+q<p3:0,

(60)
¢(0) =0and ¢(0) =0.1.

Loo|sol_ ®) = maxogsw"l’ ()01,

The analytical approximations (8), (41), (47), (53), and
the RK4 approximation and the He’s HPM approximation to
the i.v.p. (60) are graphically introduced in Figure 4. Also,
the MDE L, is computed for all mentioned approximations

(8) — Prx (1)| = 0.000555229,

L00|Appr0x(1) = maXOStS3O'¢(t)|Approx(1) — PRk (t)l = 0.000714541,
1 Lo approx(2) = M@Xoct<30| (Dl appros 2) — Prc (£)| = 0000121574,

Lo approx(3) = M8¥ocr30|9 (D appros(3) — Pric (£)] = 0.000120303,

| L00|He'SHPM = maxogt530|‘P|He’s—HPM - §"RK| =0.00189472.

(61)
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FIGURE 5: A comparison between the RK numerical approximation and the different types of the analytical approximations to the i.v.p. (62):
(a) the Jacobi elliptic solution (44), (b) the Jacobi elliptic solution (50), (c) the trigonometric solution (56), and (d) the He’s HPM ap-

proximation. Here, (w,,¢,) = (0, 7/4).

Case 3. For (5, wy, w,, ¢(0),9(0)) = (0.1,1,0,7/4,0.2), the
numerical form to the i.v.p. (7) reads

¢+O.2¢+p(p+q(p3:0,

(62)
9(0) = g and §(0) = 0.2.

The trigonometric solution (8) as well as the Jacobi el-
liptic solutions (41) and (47) in addition to the RK4 nu-
merical solution and the He’s HPM approximation to the

i.v.p. (62) are graphically plotted as shown in Figure 5 and
their MDE L, is estimated as follows:



[ Loolsor. s = MXocrc30l9 (B)lsor ) — @ric (£)] = 0.0116904,

Lo | approx(1y = M@Xocrs0|® ()l approx(1) — Pric (£)] = 0.0806987,
1 Leolapprox(2) = MX0ctea0|9 (Dl appros (2) — Pric (£)] = 0.0422837,
Lo | approx(3) = MXocr30|® () approx () — Pric (£)] = 0.0807087,

L L00|He'sHPM = maxoggso|¢|He’s—HPM - ‘PRK| = 0.0528277.
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(63)

It is observed that the trigonometric approximation (8) is
better than all other approximations for arbitrary angles with
the pivot vertical. Despite this, all the obtained approxi-
mations give satisfactory results and have good accuracy.

Furthermore, all analytical approximations (41), (47),
and (53) can be recovered the undamped disturbed non-
linear pendulum oscillation (B = 0\&w, #0) and the un-
damped undisturbed nonlinear pendulum oscillation
(B = w, = 0) for arbitrary angles with the vertical pivot. In
addition, the obtained solutions can be used for investigation
the nonlinear oscillations in different plasma models which
most evolutions equations that governed the dynamics of
plasma waves and oscillations can be reduced to a pendulum
equations (25) and (26).

6. Conclusions

In the current work, the parametric pendulum oscillatory
equation and some related oscillatory equations have been
solved using different analytical and numerical techniques.
In this investigation, two-cases called the damped un-
disturbed nonlinear pendulum equation/oscillator (NPE/
NPO) and the damped disturbed NPE have been discussed.
The following list provides a concise summary of the most
significant findings:

(i) For the first oscillator, i.e., damped undisturbed
NPO, this oscillator has been reduced to the constant
coefficients damped Duffing equation, and its ana-
lytical approximations have been derived in terms of
the trigonometric functions

(a) Both ansatz method and He’s frequency for-
mulation were employed to find some approx-
imations for the damped undisturbed NPE

(b) The outcomes of comparing the obtained ap-
proximations and the numerical solutions
revealed the great correctness of the obtained
solutions

(ii) In the second oscillator, i.e., damped disturbed NPO,
this oscillator has been reduced to the variable co-
efficients damped Duffing oscillator in order to fa-
cilitate the solution process

(a) Three different formulas for the analytical ap-
proximations to the damped Duffing equation
with variable coefficients in terms of Jacobi el-
liptic and trigonometric functions have been
derived in detail.

(b) In the first-formula, the modulus of Jacobi el-
liptic solution has been taken as zero while in the
second formula, the modulus of Jacobi elliptic
solution was taken as arbitrary value.

(¢) In the third formula, a new ansatz in terms of the
trigonometric function was employed to find
a high-accurate approximation in terms of
trigonometric function.

(d) It was found that the three-formulas to the
analytical approximations to the damped dis-
turbed NPO can be recovered different cases for
the pendulum oscillators. Consequently, we
discussed several cases for the nonlinear pen-
dulum oscillators for small and arbitrary angles
with the vertical pivot, e.g., the damped dis-
turbed NPE (B+0&w,+0) and the damped
undisturbed nonlinear pendulum oscillation
(B#0&w, = 0). Also, the obtained approxima-
tions can be recovered the undamped disturbed
nonlinear pendulum oscillation (8 = 0 & w, #0)
and the undamped undisturbed nonlinear
pendulum oscillation (S = w, = 0) for arbitrary
angles with the vertical pivot.

Finally, the obtained results were compared with the
RK4 numerical approximation and the He’s HPM ap-
proximation. It was found that the derived anlaytical ap-
proximations are distinguished by their great precision and
more stable across the whole time domain, especially the
third formula. Many equations of motions that govern the
various pendulum oscillations can be solved using all pro-
posed techniques. In addition, the obtained solutions aid in
the investigation of nonlinear oscillations in different plasma
physics.

Data Availability

All data generated or analyzed during this study are included
within the article and more details are available from the
corresponding author upon request.

Additional Points

Future Work. The study of stability analysis to the present
pendulum oscillator is one of the most important topics, but
it is out of the scope of the present study and it will be
addressed in the next work. Also, the differential transform
method (DTM) with the Padé approximation in addition
can be used for analyzing the present oscillator [34].
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The split feasibility problem (SFP) in Hilbert spaces is addressed in this study using an efficient iterative approach. Under mild
conditions, we prove convergence theorems for the algorithm for finding a solution to the SFP. We also present numerical
examples to illustrate that the acceleration of our algorithm is effective. Our results are applied to solve image deblurring and
signal recovery problems. Furthermore, we show the use of the proposed method to generate polynomiographs.

1. Introduction

Let € and @ be nonempty closed convex subsets of real
Hilbert spaces #'; and %,, respectively. The split feasibility
problem (SFP for short) can be formulated as finding a point
u* in € with the property

du” € @, (1)

where of: | — #, is a bounded linear operator.

For modeling inverse problems, Censor and Elfving [1]
proposed the SFP in finite-dimensional Hilbert spaces. Later
on, the SFP can also be applied to medical image re-
construction and signal processing; see, e.g., [2-10].

The SFP (1) can be written as a fixed point problem by
using

Pg|TI —yd™ (I - Po)du" =u", (2)

where Py, and P, are the (orthogonal) projections onto €
and @, respectively, y >0 is any positive constant, and &/*
denotes the adjoint of &/. That is, u* solves the SFP (1) if and
only if u* solves the fixed point equation (2) (see [11]). For

more effective, the readers can see [8, 12-22]. In [7], Byrne
proposed the €@ algorithm by

Uy = Py | I —yd™ (I = Po)dl |u, k=20, (3)

where 0 <y <2/||?, o*: H; — F is the adjoint of o,
and Py and P, are the projections onto € and @, re-
spectively. The € @-algorithm (3) has been a useful in-
strument for solving the SFP due to its own virtues-simple
computation, and many variants of the €@-algorithm have
been employed in several literature, such as [8, 9], and so on.

The three-step procedures were first introduced by Noor
[23]. This method is applied to many problems. For example,
see [24-26].

Recently, the following three step iteration method used
to solve the SFP was defined by Dang and Gao [27]:

wy, = (1 - yn)un + Yn‘@% [ (1 - /\n)%]un’
Sn = (1 _ﬁn)un +ﬁn‘@%[(l _An)%]wn’ (4)
Upi = (1 - “n)un + Ocn‘@%[(l - )Ln)%]gn’
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whete % = .5 yat" (5~ P )t and {a,}u {8} (b (1)
are real sequences in (0, 1). Strong convergence theorems are
studied for (4) under some parametric controlling condi-
tions. In addition, Thakur et al. [28] proposed the new three-
step iterative method for solving fixed points of non-
expansive mapping.

Motivated by Dang et al., we propose an efficient iter-
ative method which generates a sequence {u,} by

w}’l = (1 - le)un + Yngun’
Cn:(l_ﬁn)wn+ﬁngwn’ (5)

Uy = (1 - (xn)gun + ‘xngcn’

where I = '@% ['] - Yd* (j - g)@)d] and {(xn}’ {ﬁn}’ {Yn}
are real sequences in (0, 1).

2. Preliminaries

Let Z be a real Hilbert space with inner product ¢-,-) and
induce norm |.||. I denotes the identity operator in #Z. We
will denote the set of fixed points of: # — # by
F(9) ={u € #: Tu = u}. For the sequence {u,} tou in 7,
the strong convergence and the weak convergence are
denoted by u,, — u and u,—u, respectively. An operator 7
on Z is nonexpansive if, for each u,v € %,

1Tu—-Tv|<llu-vl, (6)

T is said to be A-Lipschitz continuous, if each u, v € %,
we have

1Fu— T <Mu -l (7)

for a constant A>0. Assume ¢>0. Then, I is called
@-inverse strongly monotone (¢-ism), if each u,v € #, we
have

U=-vTu-Ivy=9|Tu- I (8)

Recall that 1-ismJ is also know as being firmly non-
expensive, that is, for each u,v € 7,

u=v,Tu—-Ivy=>|Tu- T~ (9)

Let the solution set Q = {u € €: Juc @ =EnAd '@
of the SFP (1) be a closed, convex, and nonempty set. Let P,
denote the projection from # onto a nonempty closed
convex subset € of # that is, P, (1) = argmin, o [lu — v|.
Suppose that d(u, €) = inf {|u — v|: v € €}. We have the
following important lemma due to Feng et al. [29]:

Lemma 1. If I =P,[F —ypd*(F - Pgy)d], where

0<y <2/ then T is a nonexpansive map.

Lemma 2 (see [30]). Let {u,} be a sequence of Hilbert space
Z. If {u,} converges weakly to u, then for any v € & and
v#u, we have lim infllu, — ull < lim,__, infllu, — v|.

n—:o0

Lemma 3 (see [30]). Let € be a closed, convex, and non-
empty subset of real Hilbert space #, and T: € — G be
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a nonexpansive mapping. Then, F — T is demiclosed at zero,
ie, if u,—~u €€ and u,— Ju, — 0, then u =T u.

Lemma 4 (see [31]). Let X be a uniformly convex Banach
space and 0< p<t,<q<1 foralln € N. Let {u,,} and {v,} be
two sequences of X such that limsup, . lu,l<r,
limsup,,__, v, | <7 and limsup,__, |t u, + (1 —¢t,)v, |l =7
hold for some r > 0. Then, limsup,__,[lu, —v,|l = 0.

3. Convergence Results

Lemma 5. Let {u,} be generated by (5) and
T =Py I —ypd* (F - Pp)d]. Then, lim o, — u*||
exists for any u* € F(9).

n—~oo

Proof. Given u* € F(J). By nonexpansiveness of J and
using (5), we have

lw, = = (1 =y ) + yuTu, - 1|
< (1 =y )|, —u"| + y,||Tu, -7 (10)
< (U= vyt ="+ vl = 7]
=|u, - |,
and so
e = =11 - Bw, + BT w, - |
<(1-B,)|w, - | + Ba|Tw, —u"|
< (1= B)wn =] + B, v’ (11)
= [wn -]
<, - u"|
Using (10) and (11), we have
leter = || =] (1 = &) Tu,, + 2, T g, — "
<(1-a,)|Tu, —u'|| + a,|Ts, —u"
<(1-a,)|u, — | + @, — v (12)

< (1-a,)|u, — || + o, — "

_ *
oy —

Since u* is chosen arbitrarily in F (J), one deduces that
{llu,, — u*|l},, is decreasing. It follows that lim,,_,[lu, — u*||
exists for any u* € F(J). This completes the proof. O

Lemma 6. Let {u,} be generated by (5). and T = Py
[F -y (F — Pp)d]. Then, lim lu, — Tu,l =0.

n—00

Proof. By Lemma 5, we see that lim
any u* € F(9). Assume that

N—>00 "un - M* " eXiStS fOI'

lim |u, -u'||=c (13)

n— 0o

We take the lim sup of (10) and (11), and we get
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limsup||w, - u"| <c, (14)
and
limsupncn - u*" <c (15)

In addition, by nonexpensiveness of 7, we have

ar * *
|70, <,

*
,||.07wn—u

(16)

<, - e, - 'l < o, - ']

Again, by taking the lim sup on both sides, we get

limsup“?/“un -u’ || < (17)
n— oo
limsup".ofwn - u*" < (18)
n— 0o

and
limsup|Tg, — u| <c. (19)
n— 0o

In addition,

. *
c= lim ||un+1—u ||
n— oo

= lim |(1-a,)(Tu,-u")-a,(Tc,-u")| 20
n— co
Using (17)-(19) and Lemma 4, we have
JJim [T, - 76, = 0. (21)

In addition,

s =] =] (1 = @) (Tw, = ") + 0, (T, -7
<(1-a)|Tu, —u"| + || T, —u"
<(1-a,)|Tu, - v |+ a,|Tu, - Tc,|

+ o, | Tu, -
P T |
(22)

and taking the lim inf on both sides in this inequality, we
have

c < liminf||Tu, - u*|. (23)

n—— oo

Using (17) and (23), we have

Jim [T, —u'] = c. (24)

Since,
|7, - | <|Tuw, - T, +|Te, -

. (25)
<|7u, - 7o+l -w]

Using (21) and (24) and take the lim inf of (25), and we
get

3
c< lim inf|g, - u"|. (26)
From (15) and (26), we get
dim o, -] =< (27)
In addition,
c= lim |¢,-u"
T . ) (28)
= » hiPOOH (1 _ﬁn) (wn -u ) +ﬁn (gwn —u )"
By (14), (18), and (28) and Lemma 4, we have
lim ||,7wn - wn" =0. (29)
In addition,
"cn - M* = ” (1 - ﬁn)wn + ﬁngwn - u* “
<(1 —ﬂ,,)"wn - u*" +ﬁn||9wn - u*"
<(1 —ﬁn)"wn—u* +/3n||9wn—wn|| (30)

+ By|w, —u*
= [wn =+ BT w, — i
Using (27) and (29) and take the lim inf of (30), and we
get

c< liminf”wn -u’ (31)

n—=aoo

From (14) and (31), we get

lim |w, -u"

n— oo

=c. (32)

By using (32), we have

. *
c= lim ||wn—u

n— oo

= lim "(1_Vn)(un_u*)+)/n(9un_u*)'

n— oo

(33)

It follows from (13), (17), and (33) and Lemma 4 that

lim ||9un - un“ =0. (34)

n— oo

Additionally, the solution set, denoted by (, is the same

as the fixed point set, denoted by T, ie
Q=F(T)=¢nAd'Q+D (see [I11, 12]) for more
details. O
Theorem 1. Let {u,} be generated (5) and
T =Pyl I —yd* (F —Pg)d]. Then, {u,} converges

weakly to a point in Q.

Proof. Since ) =F (9) # . Then, we only need to show that
the sequence {u,} converges weakly to a point in F(J).
Taking u* € F(J), using Lemma 5, lim,,_,[lu, — u*| ex-
ists. We show that the subsequences of {u,} only have a weak

limit in F (97). Suppose that subsequences {un’_} and {unj} of

{u,} converge weakly to £ and ¢, respectively. From Lemma
6, we have



-Ju

=0= lim
n— 00

lim -Ju
n— 00

u

n; U

, = Tu[ 39)

It follows from Lemma 3 that ¢, ¢ € F(9). Next, we show
that the weak limit is unique. Since I = Py [I-
ypd* (F — Py)9] is nonexpansive mapping. Using Lemma
5, we have lim,_  llu, —u*| exists. Suppose that &+#¢.

Using Lemma 2, we have

lim ”un - 5“ = lim |u, - E” < lim fu, - c”
n— o0 n — o0 n; — o0
= lim ||un - c" = lim |u, — c"
n— oo nj —> 00 J
< lim |u, - E“ = lim ||u,, - 5"
nj — oo ] n— oo

(36)

This is clearly contradictory, hence, £ = ¢. Therefore, {u,,}
converges weakly to a point in F(J). Thus the sequence
{u,}, converges weakly to a point in Q.

Mapping 7 in # is called averaged if there exist
a € (0,1) and a nonexpansive operator S such that
T =(1-a)F +aS. Set

g =3 |((F - 2)Tylucs 37

We consider

find ming (u). (38)

By [32], the gradient of gis Vg = T (F — P ;)T , where
I is the adjoint of 7. Since ¥ — P, is nonexpansive, it
follows that Vq is L-Lipschitzian with L = |7 ||>. Therefore,
Vqis 1/L — ism and for any 0 <y < 2/L, .5 — uVq is averaged.
Therefore, the composition Py (F — uVq) is also averaged.
Set 7 == Pg (F — uVq). Note that the solution set of SEP is
F(9). The following new three-step can be used to find
solutions of SFP: O

Theorem 2. Assume that SFP is consistent. Suppose {«.},
{B.} and {y,} are sequences in [8,1 — 8] for all n € N and for
some & in (0, 1). Let {u,} be a sequence in € generated by

w, = (1 - Yn)un + yn‘@‘g (J - .qu)un,
Cn = (1 - ljn)wn + ﬁn‘@%” (‘j - #Vq)ww
Uy = (1= 0,)Pog (I = uV @i, + 0, P (I = V)5, m € N,
(39)

where 0<u<2/|T|*. Then, {u,} converges weakly to a so-
lution of SFP.

Proof. Since T = Py (F —uVq) is nonexpansive, from
Theorem 1.
Next, we prove the strong convergence results. O

Theorem 3. Let {u,} be generated by (5) and
T =Pyl I —yd* (I - Pg)d]. Then, {u,} converges
strongly to a point in Q if and only if
liminf d(u,, Q) =0.

n—-=00
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Proof. 1f the sequence {u,} has a strong convergence to
a point in (), then it follows that liminf, | d (u,, Q) = 0. To
get to the converse, suppose that liminf, , d(u,,Q) = 0.
Since F(9)=Q+@. It follows that liminf, | d
(u,, F(7)) =0. Let u* € F(J). Using Lemma 5, we have
lim, ,llu, —u*| exists. Thus, lim d(u,, F(9)) exists
and lim, , d(u,,F(9))=0.

Next, we show that {u,} is a Cauchy sequence in €. Since
lim, ,  d(u,,F(9)) =0, given &> 0, there exists a natural

number #, such that for all n>nyd(u,, F(T))<e/2.
Meanwhile,
inf {

So, we can find v* € F(9) such that llu,,, = v* |l < &/2. For
n>n, and m> 1, we have

n—~oo

t, —u' | e F@f <2, (40)

Upim — Un| S Uppm —V || H|Un —V
|| I<| N =
< uno—v*||+ uno—v*" (41)
& &€
<—+-=-=
2 2

This shows that {u,} is a Cauchy sequence in %. From &
is a closed subset in . Then, there exists £ € € such that
lim, , u, =& Now lim, , d(u,,F(J))=0 gives that
d(é,F(9)) =0. Note that F(J) is closed. Therefore,
£ € F(J). Again, using F(J) = Q, we have & € Q. Thus,
{u,} converges to a point in Q. This completes the proof.

A mapping I satisfy Condition A (see [33]) if there
exists a nondecreasing function f: [0,+0c0) — [0, +00)
with f(0) =0 and f(r)>0 for all r € (0,+00) such that

e — Tull = AN (u, F(T)), (42)

for all u € 6.

Next, we can prove strong convergence of (5) under
Condition A, which is weaker than the compactness of the
mappings’ domain. O

Theorem 4. If T satisfies Condition A, then the sequence
{u,} defined by (5) converges strongly to a point in Q.

Proof. Using Lemma 6, we also get
im Ju, - Tu,| = 0. (43)
Since I is a given, it follows that

" linoof(d (u, F(9)) < " hi?oo””n - ,‘714”" =0 (44)

Now f: [0,+00) — [0,+00) with f(0)=0 and
f(r)>0 for all r € (0, +00), gives that

limd(u,, F(9)) =0, (45)

and it follows that

lim d(u,,Q)=0. (46)



Journal of Mathematics

From Theorem 3, we have {u,} converges strongly to
a point in Q. This completes the proof.

4. Numerical Examples

In this part, we study and compare numerical results of the
proposed algorithm (5) with the Dang algorithm (4) to
declare that the proposed algorithm is more effective.

Example 1. Suppose that #,=%,=R>, € ={ucR*:
lull <1}, G = {u € R Jul <2}, and Tu = Mu.

31 2
M=|-10 11 (47)
1 2 -1

and take an initial point u, = {0.6,0.5, 1.1}.

Example 2. Suppose that %, =%, =R, € ={ucR*:
lull <1}, @ = {u € R®: |lul| <2}, and Tu = Mu.

2 -1 0
M=|-1 2 -1}, (48)
0 -1 2

and take an initial point u, = {1.2,0.6,0.4}.
The projections Py, and P, of u onto sets € and @ are as
follows:

[ u, |lull <1,
g% (u) = < u
oo "Li" = 1»
L [l
(49)
[ u, |ul| <2,
@@ (u) = 4 u
T lull = 2.
L [l
Meanwhile, choose
(xn = ﬁf’l
=Yn
_on
Tn+1 (50)
=0.99 and
B 1
S

for Dang and proposed methods. We take
4,1 — t4,,]l < 1071 as the standard of stopping in the process
of calculation. All codes were written in MATLAB 2019b. By
computing, we obtain the iteration steps and CPU time of
these three comparing algorithms in converging to the
solution of Examples 1 and 2 as shown in Table 1.

Tables 2 and 3 show the convergence of comparing
sequences of Examples 1 and 2 generated by Dang and
proposed methods. It can be found from the computing
results of Tables 1-3 that, under the same conditions, the
results of the proposed method are highly effective com-
pared with Dang method.

5. Applications

This section is devoted to some applications by using the
proposed algorithm (5).

5.1. Image Restoration Problems. Assume that B is a matrix
with 7 rows and 7 columns that represents the degraded
representation of the true image X. The restoration model
can be obtained by stacking the columns of B and X into two
long vectors, b and u, both of which have lengths of n = .
The following linear equation system may be used to de-
scribe the restoration model as a one-dimensional vector:

b = Mu, (51)

where the true image is represented by u € R", the observed
image is represented by b € R”, and the blurring matrix is
represented by M € R™".

Issue (52) is a least squares (LS) problem that needs to be
resolved in order to resemble the true image on the resto-
ration model (51).

1
min ~b - Mull};. (52)
u 2

We will use our key findings for resolving the restoration
model (51) by setting the following by using g (u) as above
equation. And the following methods are used to resolve the
image restoration problem.:

z, = (1 - Yn)un + Yn(un - HMT (Mun - b))’
Yu = (1 - ﬁn)zn +ﬁn(zn - ."IMT (Mzn - b))’
Wy = (1 - “n)(un - A“MT (Mun - b))

+ an(Yn - nuMT (MYn - b))

The problem (51) is solved using (53), using the pa-
rameter (50) and y = 1/]|MT M|,.

To illustrate the viability of the suggested algorithm, the
true RGB (color image) is presented in Figure 1. Peak signal-
to-noise ratio (PSNR) is a quantitative metric that is used to
assess how well the contrasting algorithms at u, work during
the image deblurring process. Moreover, we employ the
following formula:

(53)

“un B u"oo (54)
lall,

to measure the figure error, which is called the relative
figure norm.

We then show how to restore photos that have been
damaged by the matrices M (Gaussian blur of filter size
9 x 9 with standard deviation sigma = 4), M (out focus



TaBLE 1: Iteration steps and CPU time of the Dang method (4) and
proposed method (5) for the numerical experiment of Examples 1
and 2.

Iterations number CPU time (sec)

Algorithm

Example 1 Example 2 Example 1 Example 2
Dang (4) 111 112 7.973e—04 9.648¢—04
Proposed (5) 2 2 3.985e—-04 4.091e—04

TaBLE 2: Comparative sequences of the Dang method (4) and
proposed method (5) for the numerical experiment of Example 1
with three decimal places.

Example 1

Dang (4)
(0.600, 0.500, 1.100)
(0.561, 0.467, 1.028)
(0.534, 0.445, 0.979)
(0.514, 0.428, 0.943)
(0.499, 0.416, 0.915)

Iteration number
Proposed (5)

(0.600, 0.500, 1.100)
(0.444, 0.370, 0.815)

LU R W N

29 (0.444, 0.370, 0.815)

111 (0.444, 0.370, 0.815)

TaBLE 3: Comparative sequences of the Dang method (4) and
proposed method (5) for the numerical experiment of Example 2
with three decimal places.

Example 2
Dang (4) Proposed (5)
(1.200, 0.600, 0.400)  (1.200, 0.600, 0.400)
(1117, 0.557, 0.979)  (0.857, 0.428, 0.285)
(1.054, 0.527, 0.943)
(1.010, 0.505, 0.915)
(0.977, 0.488, 0.815)

Iteration number

LU R W N

28 (0.857, 0.428, 0.285)

112 (0.857, 0.428, 0.285)

blur with radius » = 6), and M, (motion blur specifying
with 21 pixels of motion length) (see Figure 2). The
reconstructed RGB image shown in Figures 3-5 employs
three blurring matrices M, M, and M, for 50", 1,000,
and 20,000?" iterations to address the restoration problem.
These figures show that the quality of restored images uti-
lizing (53) for solving (51) improve for the three types of
degraded images.

Additionally, employing the suggested algorithms with
100,000*" iterations, the behavior of the relative figure error
and the PSNR quality of the deteriorated RGB image are
exhibited.

It is interesting to note that the relative errors plot of the
suggested technique decreases with the number of iterations.
As the number of iterations increases, their graphs also grow,
according to the PSNR plots in Figure 6. It can be said that
the suggested approach improves the quality of the three
distinct types of real RGB images.

Journal of Mathematics

FIGURE 1: True images (243 x 349 x 3).

5.2. Signal Recovering Problems. Compressed sensing can be
defined in signal processing given by

y = Au+, (55)

where u € R” is the original signal, » is the noise, y € R™ is
the observed signal with noisy, and A € R™" is a degraded
matrix. Solving the LASSO problem, (56) can be thought of
as finding solutions to previously determined linear equa-
tion systems.

1 .
lrlrelélg 3 ||y - Au||||§ subject to ||u1 <t, (56)

where £ >0 is a given constant. We can use our strategy to
solve the issue (56) by putting I = Py (F — uVq), where
q(u)=y- AuIIII%/Z and Vg (u) = AT (Au -y). We demon-
strate how to use our approach in signal recovery issues (55).
Let {u,} generated by C = {u € R": |lul|, <t}, we acquire
techniques for solving

W, = (1 - Yn)un + Yn‘ojun’
z, = (1 _ﬁn)wn +ﬂngwn’ (57)

Uy = (1 - ‘xn)gun + “n‘G]er

where p € (0,2/|A'All,) and a,,, 8, ,, € (0,1), Vn e N.

Following that, various experiments are shown to
demonstrate the convergence and usefulness of algorithm
(50).y; = Aju+v;,i = 1,2,3 with m = 512 is generated by u
with # = 1024 formed by the uniform distribution in the
range [-2,2] with 70 nonzero items. The original signal is
shown in Figure 7.

The procedure begins when the begin data u, with n =
1024 is chosen at random and t is the number of nonzero
elements (see Figure 8).

The observation signal y; is shown in Figure 9.

A, formed by the normal distribution with mean of zero
and variance of one and white Gaussian noise v;,i =1,2,3
(see Figure 10).

The convergence features of algorithm (57) with the
permutation of the blurring matrices A;, A,, and A; are
illustrated and analyzed. The relative inaccuracy is calculated
by using |lu, — u,/|lu,. The signal-to-noise ratio (SNR) is
used to quantify the performance of the recovered signal at
the »" iteration (SNR). In addition, the comparative
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FIGURE 2: True images are blurred by matrices Mg, M, and M, respectively.

algorithms’ parameters «,, 3,, and y,, are set to the default
parameter (50).

Figure 11 depicts the behavior of relative signal error and
SNR quality of the proposed approach with the blurring
matrices A, A,, and A;.

The relative signal error plot reduces until it converges to
some fixed value, which is impressive. The SNR quality plot
of the provided approach shows that the SNR value grows
until it also converges to a constant number.

FIGURE 5: Rebuilt images degraded by blurred matrices M, being 50, 1,000%, and 20,000% used iterations.

Figures 12-14 demonstrate the recovered signal using
the proposed techniques with the group of operator and
noise A; and v;,i = 1,2, 3. The improvement of SNR quality
for the recovering signals based on 5,000, 10,000", and
20,000" number of iterations are also shown on these fig-
ures. As illustrated in Figures 12-14, the proposed algo-
rithms (57) to solve the signal recovery problem have been
shown to improve the quality of recovered signals for three
different types of degraded signals.
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5.3. Polynorr_uogmphy. In 2005, polynomiography is deﬁnefi 1 r(v,)
by Kalantari (see, e.g. [34-40]). The formula for Newton’s T O T >
. ey P (va)
method of calculating the roots of a complex polynomial P is
as follows:
plw
p(z ) Zp = (1 _ﬂn)wn +ﬁn(w - p;((wn)) > (59)
S e - »n=0,1,2,..., (58) "
p'(z)

where z; € C is an initial point. Here, we have (59) by using
(58). Consider a Hilbert space # =C, v, = (x,, ¥,), and
{a,},{B} {yu} € (0,1). The following formula generates
polynomiographs:

P (V)

P (@)) i ( )

where {a,}, {8,},{y,} are real sequences in (0, 1).

Pl
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FIGURE 9: Degraded signals y,, y,, and ys.

x1073
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FiGure 10: Noise signals v;, v,, and v;.

This subsection shows some examples of the poly-  5.3.1. Polynomiographs with Real-Valued Parameters of
nomiographs obtained by using (59) with real and complex-  Iferations. Polynomiographs for complex polynomial
valued parameters using different color maps. equation p,(z)=2z>-3z>+1 and p,(z) =z +2z> -1 are
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presented in Figures 15 and 16, respectively. Polynomio-
graphs were generated by resolution 500 x 500 pixels,
number of iterations n =15, accuracy € =0.001, and
A = [2,2]% The following parameters were fixed in the it-
erations: a, = 0.35, 3, = 0.65, and y = 0.55.

5.3.2. Polynomiographs with Complex-Valued Parameters of
Iterations. Polynomiographs for complex polynomial

500
SNR =35dB

1 1
600 700 800 900

12: Recovering signals based on the SNR quality for the degraded signal with operator A, and noise v,.

equations, p; (z) =z> —3z* + land p,(z) = z* + 2> - 1, are
presented in Figures 17 and 18, respectively. Polynomio-
graphs were generated by resolution 500 x 500 pixels,
number of iterations n =15, accuracy e =0.001, and

A = [2,2]% The following parameters were fixed in the it-
erations: , = 0.35 +0.3i, B, =0.65+ 0.4, and
y = 0.55 + 0.75i.

Figures 15 and 16 show how real parameter components
affect symmetry, whereas Figures 17 and 18 show how



Journal of Mathematics

L5 T T T T T T T T T T
| L '
0.5 |- —
0 |‘|l M\Hﬁ\whl J Ah‘llh I|‘VLJ‘|'J|“|W‘MM"‘\ AIHW |'1|I mi.\“m ‘h"“‘!
ost T ‘ " | [
1Lk _
-15 L L L L L L L 1 1 1
100 200 300 400 500 600 700 800 900 1000

SNR=5dB
2 T T T T T T T T T T
1.5 -
1Lk _
gt Lol Ll b L

0 L | - - |

0S[ H | ’I ] |\\| REE
qL _
_lhg_ 1 1 1 1 1 1 1 ]
100 200 300 400 500 600 700 800 900 1000

SNR =24 dB
2 T T T T T T T T T T
1.5+ -
1 N P VI ' | T E
0'8 B ! | ‘ L ‘ “ | ‘M - ‘ |1
0 f H\ |’| T T BEE
a1k _
-1.5 4
-2 L L L L L L L 1 1 1
100 200 300 400 500 600 700 800 900 1000

SNR =38 dB

FIGURE 13: Recovering signals based on the SNR quality for the degraded signal with operator A, and noise v,.

L5 T T T T T
| Il |
0.5+
0 - |‘ I\‘ll L, le \‘ L J ‘ |\ \ el |\‘ I “ l"H‘ || | - | ‘ '\‘ ) ‘i‘\\ ‘ H ‘l i ‘lll” il |HI [ H “l“l’ I“ — o
ost | ‘ ‘ ’ AR ‘ V
1k 4
-1.5 1 1 1 1 1 1 1 1 1 1
100 200 300 400 500 600 700 800 900 1000
SNR =6 dB
2 T T T T T T T T T T
1.5+ 4
i N P TR ‘I | T E
0'8 i | ‘ : : | ! = ‘ “ ‘ | ‘H | | | ‘\ ]
ST T T
-1.5 .
-2 1 1 1 1 1 1 1 1 1 1
100 200 300 400 500 600 700 800 900 1000
SNR =30dB
2 T T T T T T T T T T
1.5 —
1 T O T ' | T E
08 ] | ‘ I | | I : ‘ ‘ “ | “\| [ | ‘ “ T
-0.5 o
E T T T
-1.5 4
2 1 1 1 1 1 1 1 1 1 1
100 200 300 400 500 600 700 800 900 1000
SNR =42 dB

FIGURE 14: Recovering signals based on the SNR quality for the degraded signal with operator A; and noise v;.



12

Journal of Mathematics

350
400
450
500

FIGURE 16: Examples of polynomiographs of different color maps for p, with real-valued parameters of (59).
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FIGURE 18: Examples of polynomiographs of different color maps for p, with complex-valued parameters of (59).
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imaginary parameter components produce asymmetric
twisting of the polynomiographs and affect the statics or
dynamics of the pictures.
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The assumption of Hall current and ion slip is extremely crucial in several industrial and manufacturing processes, such as MHD
(magneto hydrodynamics) accelerators, preservation coils, transmission lines, electric converters, and heating elements. Keeping
this in view, the main aim of this article is to present a computational analysis of MHD ion Hall current with nonlinear thermal
radiation on the sloping flow of shear thinning fluid through a porous medium on a stretching sheet that allows fluid suction and
injection. The major mathematical modelling of governed problems is converted into a system of nonlinear ODEs (ordinary
differential equations) by means of appropriate similarity relations. The influence of all relative physical parameters on velocity
and temperature is studied through graphs and discussed in a detailed physical manner. Some beneficial mathematical quantities
from the practical engineering and industrial point of view, such as skin friction factor and heat transfer rate at the porous surface,
are calculated numerically and presented through graphs. It has been observed that flow may become unstable when M is small
and the existence of a magnetic field and a porous ground contributes to a highly rough flow over the stretching surface. Suction is
actually a resistive force which results in higher skin friction that is beneficial in controlling flow separation. Temperature of the
fluid rises with stronger magnetic field and higher thermal radiation effects. The local heat flux decreases as the magnetic field

strength and permeability parameter increase.

1. Introduction

Engineers, scientists, and mathematicians face an enormous
challenge while dealing with nonlinear rheology of working
fluids. There are number of means through which such types
of nonlinearity can be confronted. One of the simplest ways
in which viscoelastic fluids have been classified is the
methodology given by Rivlin and Ericksen [1]. Noll and
Truesdell [2] presented stress tensor as a symmetric tensor
with velocity gradient and its derivatives in constitutive
equations. In this modern era, researchers like [3] have made
a lot of contribution in the field of non-Newtonian fluid
flows, due their high-tech implication in industries. It is also
noteworthy that these types of fluids exhibit very stimulating

mathematical features in their governed flow equations.
Oblique stagnation point non-Newtonian fluid flow studies
become a more exciting challenge for researchers and in-
vestigators due to its wide applications in industries. The
fluid flow over a stretched surface is highly significant in so
many manufacturing practices. Lok et al. [4] studied time-
independent viscid incompressible fluid flow impinging at
some arbitrary angles of incidence on a stretching panel.
Labropulu et al. [5] developed the study of oblique
stagnation-point flow of non-Newtonian fluid towards
a stretching surface. Mahapatra et al. [6] analysed a time
independent 2D radiative oblique stagnation-point flow
with heat transfer characteristics on a shrinking sheet. Sadiq
et al. [7] described MHD features of oscillatory oblique
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stagnation point flow of micropolar nanofluid. Some more
studies developing different physical effects on non-
orthogonal stagnation point flows dealing with several non-
Newtonian models may be found in [8-10].

The nonlinear radiative electrically conducting fluid flow
in manifestation of magnetic field is widely beneficial into
electrical control generators, cosmological flows, stellar and
lunar power control machinery, planetary automobile re-
entry, fissionable production plants, and many other engi-
neering areas. At great operational temperatures, nonlinear
thermal radiation becomes more vital and obvious, partic-
ularly under nonisothermal conditions. Nonlinear thermal
radiation is highly significant when polymer extrusion
procedure is monitored by thermally controlled environ-
ment. The influence of linear as well as nonlinear thermal
radiation on Newtonian as well as non-Newtonian fluid
flows in the presence as well as absence of magnetic field has
already been discussed by numerous researchers and sci-
entists [11, 12].

Hall and ion currents in influence with magnetic field is
the most noteworthy phenomena in modern research due to
its intensive, keen-sighted, and immense implications in
abundant engineering fields such as power control origi-
nators, MHD generators, preservation coils, broadcast
ranks, electrical converters, and boiler essentials. By ap-
plying Ohm’s law directly, mostly the required results are
unattainable due to weak magnetic strength but it can be
enhanced by adding Hall and ion slip effects in this law.
When applied magnetic field is in the direction of magneto
hydrodynamics force in combination with Hall ion slip
currents, then it becomes tremendously noteworthy in
modern research because Hall and ion currents have strong
influence on size and track of existing density and sub-
sequently on the magnetic meter.

Ibrahim and Anbessa [13] scrutinized the 3D nanofluid
flow of Casson fluid in the presence of applied magnetic field
with ion Hall currents and mixed convection over an ex-
ponentially stretching surface. Krishna et al. [14] in-
vestigated combined effects of Hall and ion slips on MHD
spinning stream of ciliary momentum of miniscule bacte-
rium over absorbent intermediate. Rajakumar et al. [15]
deliberated the flow of Casson fluid in their research, and
they explored the influences of free convection with eftects of
radiation and viscid indulgence in existence with magnetic
fields and Hall ion effects. Kumar and Vishwanath [16]
established a scientific arrangement of non-Newtonian fluid
flow over a permeable surface with a uniform distribution of
magnetic field with Hall current and ion slip effects. Shah
et al. [17] defined the flow of micropolar nanofluid in
presence of thermally radiative rotating disks for in-
vestigation of mass flux and heat flux. Few more related
studies on the said topic can be found from the references
[18-22].

For continuity of fluid flow, suction/injection is highly
recommended, particularly in boundary layer flows. Mainly
these types of flows have applications in field of aero-
dynamics and planetary fields where the use of minimum
drag forces is ensured. Suction is used for improvement in
efficiency of diffusers. Shojaefard et al. [23] investigated the
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control flow of fluid on the surface of a subsonic aircraft by
using suction/injection. Braslow [24] showed that fuel
ingesting and pollution caused by subsonic aircraft as well as
price of commercial aircrafts can be reduced to a good extent
only with the help of suction/injection.

Stagnation point flows under influence of suction in-
jection have become one of the great interests for modern
researchers. Zeeshan and Majeed [25] inspected the char-
acteristics of Jeffery fluid past a stretched plate under in-
fluence of attractive dipole with suction/injection. Similarly,
El-Arabawy [26] studied the impact of radiative heat transfer
with suction and injection on a constant rotating sheet for
a micropolar fluid. Chamkha et al. [27] examined the
properties of chemical species and heat and mass trans-
mission on a stretched surface in a permeable medium.
Pandey and Kumar [28] categorized the viscid dissipation
with the presence of suction/injection on MHD flow of
ananofluid in a porous medium. Rundora and Makinde [29]
discussed third-grade fluid with assumptions of time- and
temperature-dependent variable viscosity findings in pres-
ence of suction/injection in a porous station. Similar type of
studies may be seen in [30-36].

The all cited works of numerous researchers and sci-
entists depicted that inclined flow of non-Newtonian fluid in
existence with a strong magnetic field with ion and Hall
currents and nonlinear thermal radiation in porous medium
with suction injection influence is highly suitable in many
engineering problems and found to be new in this combi-
nation, although many researchers in this modern era of
research have explored these types of problem but not yet
this one. The novelty of governed fluid problem is stated as
follows:

(i) A picture of the inclined Casson fluid stagnation
point flow on a stretched horizontal plate is
captured

(ii) Suction injection phenomenon is taken into con-
sideration, and the horizontal stretched plate is
supposed to be permeable.

(iii) The body force on this bioconvective nanofluid flow
is the magneto hydrodynamic force with ion slip
and Hall currents

(iv) Nonlinear thermal radiation is supposed to be
added with convective boundary conditions

The current findings and implications are presented by
including graphs of fluid distributions that reveal all new
impacts of various parameters. Morevoer, validation of
current results with previously existing literature for New-
tonian case is provided.

2. Mathematical Scheme

The mathematical model is constructed by using assump-
tions of two-dimensional, steady oblique flow of MHD
Casson fluid along with Hall and ion slip conditions with
suction injection and nonlinear thermal radiation. To keep
surface stretched, two equal balanced forces are applied in
opposite directions along the x-—axis, and the origin is
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FIGURE 1: Geometrical description of the governed fluid model.
maintained fixed as shown in Figure 1. The basic funda-
mental laws in component forms as per stated assumptions
are [37-39]
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The consistent boundary conditions are [39]
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where u* and v* are the velocity components in x and y
directions, and v, p*, p, T*, q,, ¢,, T, k™, c,a,b, and B =

pg (\2m /p,) are the kinematic viscosity, pressure, density,
temperature, nonlinear radiative heat flux, specific heat,
ambient fluid temperature, thermal coefficient, the con-
stants, and Casson fluid parameter, respectively. J x B is
defined as generalised Ohm’s law, where J, 0, and E are the
current density, electrical conductivity, and electric field
intensity, respectively. Equations (1)-(8) are transformed
into nondimensional form [37-39]:
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Over consuming stream-function transformation as
defined in [38] into equations (15)-(18) and after integration

once,
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(14)

(12)
where f,, B, Pr, s, 0,,, Bi, MQ, (a/b), and (b/c) represent
the Hall parameter, ion parameter, Prandtl number, suction
(s, >0)/injection (s, <0) parameter, temperature ratio
parameter, Biot number, magnetic field parameter, per-
(13) meability parameter, stretching ratio parameter, and
obliqueness of the flow, respectively.
By stream-function transformation as defined [38] in
equations (9)-(14) with p,, = p .
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3. Physical Quantities of Interest

Skin friction coefficients at surface and the local heat flux [37]
are the physical quantities of interest that have extensive use in
numerous engineering and manufacturing productions.

1 " b "
Tw=(1+B)[Xf (0)+zh (0)],

(31)
4w = -6 (0).
The stagnation points x; are
x, = POk (0) (32)
f (0

4. Numerical Scheme

The mathematical form of governed problems (26)-(30) is
the system of coupled highly nonlinear set of ordinary

1 ’
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¥6(0) = a3, y3(0) = 0,

¥9(0) = ay,

where «;,i = 1...4, are the shooting factors with assump-
tion of three decimal places tolerance level.

5. Results and Physical Discussion

Comprehensive computational calculations have been
conducted and demonstrated by graphs herein segment. The
numerical investigation of oblique stagnation point flow of
MHD ion Hall current with suction injection of non-
Newtonian fluid along with nonlinear thermal radiation
in porous medium is presented in this segment. Figures 2-10
are settled to attain the norms and standards of this theo-
retical research.

Figure 2 is constructed to note the influence of per-
meability constraint O on fluid’s normal and tangential
velocity f (), b (y), and temperature 6(y) of fluid with
suction/injection. Figure 2(a) presents normal velocity f ()
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differential equations. To solve such system of equations by
shooting technique, first of all, make them into set of first-

order initial value problem by wusing following
transformation.
f, 1
! _| 7 1=,
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shrinkages for rising values of permeability parameter
Q =0.1,3.0,5.0,7.0, and it is quite evident that the existence
of permeable surface becomes the reason of strong re-
striction to flowing of fluid, so the velocity becomes de-
celerate. Also, it is worth mentioning here that the
magnitude of suction (s, > 0) is greater than the magnitude
of injection (s, <0) for this case, higher suction becomes
more effective in porous surface as it delays the boundary
layer separation and flow becomes more and more stable.
Figure 2(b) indicates other component of velocity ' ()
upswings nearby surface since a high permeability allows
fluids to pass through more freely, and after inflection point,
it reverses its behaviour and comes to decline far off from
sheet because of higher inspiration of porousness parameter
0 =0.1,3.0,5.0,7.0 and behaves extremely resistive. It is
noted in this graph that close to wall injection (s, <0) is
higher than suction but away from the wall effect of suction/
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FIGURE 2: (a) Velocity distribution f "( ¥), (b) velocity distribution W ( ¥), and (c) temperature distribution 6(y) for permeability parameter

Q.

injection reversed. Figure 2(c) describes the effect of per-
meability parameter Q = 0.1, 3.0, 7.0, 10.0 on temperature of
fluid, when permeability parameter Q) rises so that the
temperature distribution with thermal boundary layer in-
creases. This happens because permeable surface slows down
the motion of fluid flow, and this restriction in flowing of
fluid becomes responsible to enhance the temperature of
governed fluid. Figure 2(c) also depicts the stronger influ-
ence of suction (s, >0).

Figure 3 describes the impact of ion slip constraint 3; on
fluid’s velocities f ( y) and h (y) as well as on temperature
0(y) of fluid with suction/injection. Conductivity of fluid
increases when values of ion slip constraint
B; = 0.1,3.0,6.0, 10.0 escalates and as a reaction, restraining
energy comes down and fluid’s molecules freely moves and
fluid’s velocity raises as noted in Figure 3(a). Figure 3(b) is
plotted to show similar kind of increasing behaviour for f3; =
0.1,2.0,4.0, 6.0 away from the surface but at surface velocity

reverses its behaviour and declines at wall because at wall
fluids have resistance which opposes the flow. Figure 3(c)
displays that temperature 0(y) of fluid declines; also, the
thermal boundary layer becomes thinner for ion slip pa-
rameter f; = 0.1,2.0,5.0,8.0, due to dropping of damping
energy in the direction of flow. It is worth mentioning here
that velocity profile for suction (s, >0) is greater than in-
jection (s, <0). Strong influence of suction is highly useful
to reduce the drag in boundary layer flow.

Figure 4 is planned to recognize the enactment of both
velocities f ( ¥), h( y), and temperature 6(y) of fluid for
Hall parameter f3,. Since the resistance is produced by
magnetic field when Lorentz force is strong enough, but due
to the presence of Hall parameter j3,, the resistive force
becomes weak due to decline in conductivity, so fluid’s
normal velocity f (y) proliferates with the rise in Hall
parameter 3, = 0.1,0.3,0.6,1.0. as mentioned in 4(a), and
for suction (s, >0), velocity is greater, but for injection
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(s, <0), velocity of fluid is smaller. Figure 4(b) expresses the
significance of Hall constraint 8, = 0.1,0.3,0.6,1.0, and it
governs when fluid is far away from surface and fluid’s
tangent component of velocity, k' (y) intensificates away
from wall, but near to surface, it takes differing conduct and
contracts. Given that the Hall parameter is calculated as the
sum of the frequency and the time of electron collisions. An
increase in this parameter indicates an increase in the fre-
quency of electrons, the duration of electron collisions, or
both. Figure 4(c) shows that temperature 6(y) drops down
when Hall parameter 5, = 0.1, 1.0, 2.0, 5.0 increases; because
of weak resistive force, there is decline in thermal con-
ductivity and as a result the temperature profile declined.
The effect of suction (s,, > 0) is stronger in these graphs, and
it is more applicable in practical world problems/models and
useful for situation where to increase output of diffusers of
governed fluid through reducing separation drag. Boundary
layer suction particular in porous media close to trailing

edge is useful to maximize the lift and minimize the drag
force of automobiles, aerofoils, and jet planes.

Figure 5 is intended to show the effect of magnetic field
on fluid’s velocity and fluid’s temperature, every time. The
existence of magnetic field means that there is birth of
Lorentz strength. Lorentz force is defined as a resistive drag
force, so normal velocity f (y) of fluid descents for M =
0.1,1.0,3.0,6.0 as seen in Figure 5(a). But for tangential
velocity, h' (y) case is opposite and grows up close to surface
but reverses its behaviour when it moves away from the
surface for M =0.1,1.0,3.0, 6.0, see Figure 5(b). This hap-
pens due to the presence of magnetic field. Figure 5(c)
contrives to implement the connection of temperature
with magnetic field. It shows that temperature 8( y) increases
for higher values of magnetic field M =0.1,3.0,7.0,10.0
because of frictional stress which arise because of Lorentz
force, so there occurs increment in thermal conductivity, so
in temperature of fluid.
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Figure 6 is plotted for inspecting the performance of
radiation parameter Rd, Biot number Bi, and Prandtl
number Pr on temperature distribution. Fluid’s tem-
perature 9(y) enlarged for rising numbers of radiation
parameter Rd =0.1,0.5,1.0,1.5 because larger radiation
parameter implies more heat is provided to the fluid, so
thermal boundary layer becomes thick and temperature
of fluid rises as illustrated in Figure 6(a). In addition to
being utilised to produce power, radiation is also used in
academia, industry, and medical. Radiation is also useful
in many other fields, including mining, law enforcement,
space exploration, agriculture, archaeology (carbon
dating), and many others. Figure 6(b) shows that tem-
perature of fluid becomes higher with growth in Biot
number Bi = 1.0,1.5,2.0,3.0. Because when convective
heat conversation at the surface rises (Bi > 1.0), then there
is enhancement in thermal boundary layer thickness as
with a higher heat transfer coefficient, and more heat is
transferred from the surface to the fluid. The rate of heat

transmission increases with greater estimates of Bi. Bi
can, therefore, be used as a cooling operator in complex
operations. Figure 6(c) shows the thermal boundary layer
thicknesses shrinkage extremely when there is rise in
Prandtl number Pr = 1.0,1.5,2.0, 3.0; so, there is escala-
tion in the wall temperature gradient. This phenomenon
occurs because of higher values Prandtl number, and then,
fluid has moderately little thermal conductivity that lessens
the occurrence of conduction and reduces the thickness of
thermal boundary layer; hence, temperature of fluid de-
clines. Small Prandtl values are a suitable choice for heat-
transmitting liquids since they are free-flowing liquids with
strong thermal conductivity. Prandtl number (Pr <1.0)
specifies fluids with huge thermal conductivity which crops
denser thermal boundary layer as compared to the thermal
boundary layer for higher Prandtl number (Pr >1.0).
Suction is more prominent than injection in all these plots,
and it is an efficient source for laminar boundary layer flow,
it reduces the contact losses at surface and suction becomes
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FIGURE 5: (a) Velocity distribution f "( ¥), (b) velocity distribution h( y), and (c) temperature distribution 6 ( y) for magnetic field parameter

M.

more stable in laminar boundary layer, and it becomes thin
and remains laminar throughout. These physical quantities
are of great worth due to its large and high scales appli-
cations in many industrial and engineering arenas, specif-
ically areas of aerodynamics and astronomical, and highly
beneficial in controlling flow separation.

Figure 7(a) launches that skin friction coefficient at surface
K (0) increases when permeability parameter Q = 0.1, 0.3, 0.7
rises with suction (s, >0) and injection (s, <0), and also, it
upsurges when the values of magnetic field M raised for both
cases. It is worth noting in this plot that suction is smaller than
injection. Figure 7(b) develops the decreasing influence of local
heat transfer rate —0 (0) rises for permeability parameter Q =
0.1,0.3,0.7 and for magnetic field parameter M for both cases
of suction (s, >0) as well as for injection (s, <0). Also,
suction (s,, >0) is smaller than injection (s, <0).

Figure 8(a) indicates skin friction coefficient at wall Q)
shrinkages when both Hall parameter 8, = 0.1,0.5,1.0 and

ion slip parameter f3; increase. Figure 8(b) displays that local
heat flux —6' (0) grows up for increasing values of Hall
parameter 3, = 0.1,0.5,1.0; on the other hand, it remained
fixed for ion slip parameter 5; on local heat flux for both
cases of suction as well as for injection but influence of
suction is smaller than injection in these two plots.

In Figure 9, it is found that effect of radiation parameter
Rd =0.1,0.3,0.7 is downward for heat transfer rate at
surface -0 (0) but have opposite behaviour for Biot number
Bi. Also, this figure exhibits that injection is stronger and
enhancing than suction. The fluid flow in the channel is
controlled by suction or injection phenomenon. Figure 10
shows flow pattern through stream lines for suction (s, > 0)
and injection (s, <0) in the presence and absence of per-
meability parameter Q. Figure 10(a) reveals the flow pattern
with and without permeability for injection (s, <0) and for
suction (s,, > 0) in Figure 10(b). Figure 10(c) simultaneously
shows the stream lines pattern for both suction (s, >0) as
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TaBLE 1: Consequences of local heat flux -6 (0) for restrictive case
when Bi — oo.

Pr Existing values ani\l/lilizcﬁ 0] I;};z;n[zrll]d Wang [42]
0.2 0.1696 0.1691 0.1691 0.1691
0.7 0.4541 0.4539 0.4539 0.4539
2.0 09113 09114 09113 09113
7.0 1.8950 1.8954 1.8954 1.8954
20.0 3.3533 3.3539 3.3539 3.3539
70.0 6.4620 6.4622 6.4621 6.4621

well as injection (s, <0). The stream contour y touches the
partition y = 0, at stagnation point x, and zero skin friction.

Table 1 provides the comparison of numerical values of
local heat flux with previously published results in literature,
so that to authenticate the current computational results. For
this purpose, the findings of Makinde and Aziz [40], Khan
and Pop [41], and Wang [42] are compared with present
values of heat transfer rate in Table 1. Here, the as-
sumptions that are made for comparison are fixed tem-
perature with very large Biot number (Bi — ©0) in BCs
also with negligence of permeability parameter and
suction/injection effects. These values depicted in the
table that the current results of heat flux at surface —0 (0)
against several numerical figures of Prandtl number Pr
took upto 3 decimal places with those values of heat flux
presented in [40-42].

6. Concluding Remarks

The major presentation of this type of existing research is
particularly in the field of aerodynamics and astral, plan-
etary, cosmological, and astrophysical disciplines so that
drag may minimize to reduce the loss of energy. So, in this
respect, the prevailing article inspects the blend suction

injection in permeable surface for non-Newtonian fluid
with MHD Hall and ion slip effects over a nonlinear
thermally radiative stretched surface. The nonlinear radi-
ative electrically conducting fluid flow in manifestation of
magnetic field is widely bump into electrical control
generators, cosmological flows, stellar and lunar power
control machinery, planetary automobile re-entry, fis-
sionable production plants, and many other engineering
areas.

(i) Permeability Q developed the cause to decline in
both velocities but enhances temperature of fluid
as this happens in fluids due to high permeability
so it allows fluids to pass through more freely. This
can be helpful in materials such as aquifers, pe-
troleum reservoirs, cements, and ceramics.

(ii) Ion and Hall slip parameters ; and 5, are the
causes for rise in velocities. Several engineering
issues including those involving power generators,
magneto hydrodynamic accelerators, refrigeration
coils, transmission lines, electric transformers, and
heating used these types of currents.

(iii) Velocities for magnetic field parameter M falls down
for M > 1. But for temperature distribution, it rises.
Also, both velocities for magnetic field parameter with
suction (s, >0) is recognized more superior than
occurrence of injection (s, <0). The discovery that
the interaction of a plasma with a magnetic field could
take place at far greater temperatures than were
feasible in a spinning mechanical turbine served as the
initial catalyst for interest in MHD power generation.

(iv) Influence of radiation parameter Rd and Biot
number Bi on temperature of fluid is more
dominant, but for Prandtl number Pr, it became
subservient. Several different applications, such as
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thermal management, spectroscopy, optoelec-
tronics, and energy-conversion devices, depend on
the capacity to control heat radiation.

(v) Local heat flux is enormous for ion and Hall slip
parameter §; and 3, with injection as compared to

suction

(vi) Heat transfer rate at surface drops down in the
presence of radiation parameter Rd, while it
flourishes against different values of Biot number
Bi, injection in this case is more prominent than
suction. Suction/injection is a mechanical phe-
nomenon that is used to control the fluid flow in
the channel and reduce surface drag in order to
reduce energy losses in the boundary layer

region.

(vii) A solid confirmation is obtained in tabular format of
numerical figures with present existing literature. An
outstanding agreement is attained for restrictive case.

(viii) A strong convective boundary condition indicated
that for numerous figures of Prandtl number, local
heat flux at surface upturns
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Free stream temperature
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Nonlinear radiative heat flux
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Boundary conditions
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Heat transfer coeflicient
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In the context of y-weighted Caputo—Fabrizio fractional derivatives, we develop and extend the existence and Ulam—Hyers
stability results for nonlocal implicit differential equations. The fixed-point theorems due to Banach and Krasnoselskii are the
foundation for the proof of existence and uniqueness results. Additionally, the Ulam—Hyers stability demonstrates the assurance
of the existence of solutions via Gronwal inequality. Also, we offer an example as an application to explain and validate the
acquired results. Finally, in terms of our outcome, we designate a more general problem for the [y, w]-Caputo—Fabrizio fractional
system that includes analogous problems to the problem at hand.

1. Introduction

It is noteworthy that fractional calculus (FC) has received
considerable attention from researchers due to its wide
variety of applications in several scientific domains. The
significant concepts and definitions of FC have been in-
troduced by Osler [1] and Kilbas et al. [2]. Samko et al. [3]
and Diethelm and Ford [4] provided some basic history of
FC and its applications in engineering and various fields of
science.

Many classes of fractional differential equations (FDEs)
have been extensively investigated and analyzed in the past
decades; for instance, theories involving the existence of
unique solutions have been notarized in [5-7] and references
therein. Numerical and analytical methods are developed
with the aim of solving such equations then tracked as useful
in modeling some real-world problems, as shown in [8-10].

The qualitative properties of solutions address an in-
dispensable piece of the theory of FDEs. The beforehand
previously mentioned district has been investigated well for
classical DEs. Regardless, for FDEs, there are various aspects
and viewpoints that require further investigation and

analysis. The existence and uniqueness have been intensively
studied by using Riemann-Liouville (R-L), Caputo, Hilfer,
and other FDs, as shown in [11-16] and references therein.

Generalized FDs and integrals and their applications
were discussed by several authors. For example, Kilbas et al.
[2] introduced some nice properties of y-Reiman—-Liouville
FD. The y-Caputo FD has been defined by Almedia [17].
Then, Sousa and Oliveira proposed another generalization in
the Hilfer sense [18].

In the previously mentioned derivatives, there exists a
singular kernel. In this manner, as of late, some authors
presented some new kinds of FDs in which they have
supplanted a singular kernel with a nonsingular kernel, as
shown in [19-21]. The nonlocal FDs with nonsingular
kernels have been demonstrated as a decent tool to model
real-world problems in various areas of engineering and
science, as shown in [22-25].

On the other hand, Jarad et al. [26] introduced the
concept of weighted FDs. Some recent papers dealt with the
theory of existence and Ulam—Hyers (UH) (and Generalized
Ulam-Hyers (GUH)) stability of different types of FDEs due
to their importance in many areas of exploration; for
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instance, Shaikh et al. [27] established the existence and
uniqueness results of the following CF-type Cauchy
problem:

{eFDY, v60) = fO6v60), % € [0,1,0<9<1,0(0) = v,. (1)

The existence and UH stability results in the following
CF fractional implicit equation:

Dy v () = f(% 000, Do (). € [0,T],0<9< L. (2)

v(0) = vy and av (0) + av(T) = c were investigated by Abbas
et al. [28] in b-metric spaces and by Salim et al. [29] in
Banach spaces, respectively. The equation (2) with 0<9<2
was considered by Gul et al. [30].

On the other hand, Abdo et al. [31], considered the
following weighted Caputo problem:

{CDIY p(0) = 9, p(2)),0<9<1,p(0) = py.  (3)

In this regard, Al-Refai and Jarrah [32], introduced the
concept of the [y, w]-Caputo—Fabrizio FD, where y(x) is a
monotone function and w () is a weight function. They also
obtained the uniqueness result of the Cauchy problem.
Motivated by studies [31, 32], we consider the following
weighted implicit nonlocal FDE:

{ DL p (0 = 9(3p 00, "D p 00 p(a) = c + g (p),  (4)

and the following [y, w] type implicit nonlocal FDE:
[FDEY p (0 = 9(36,p (%), DY P 0)), p(a) =c+ g (p),  (5)

where 0<pu<1, xne0: =[a,b], ceR, geC(0), ¢: U x
R xR — R is a given function, and “*D*V is a [y, w]-
Caputo—Fabrizio FD, and w, y € C' (0) with w,w’, ¥ >0 on
0.

We pay attention to the topic of the novel weighted
operators with another function. As far as we are aware, no
studies using the [y, w]-Caputo—Fabrizio FDs have been
published that address the qualitative aspects of the afore-
mentioned problems. Consequently, to enhance and enrich
the literature on this new trend, which is extremely restricted
right now, we develop and extend the existence, and
Ulam-Hyers stability results for problems (4) and (5) based
on Banach’s fixed point theorem, Krasnoselskii’s fixed point
theorem, and Gronwal inequality. Besides, we also give a
more general problem as a system, that covers the problems
at hand.

Remark 1

(i) If w (%) = %, then problem (5) reduces to problem
(4)

(ii) If y(u) =%, w=1, and g =0, then problem (5)
reduces to the implicit problem (2), as shown in
(28, 29]

(iii) If w(») =, w=1, and g =0, then problem (5)
reduces to the Cauchy problem (1) without implicit
term, as shown in [27]
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(iv) Our current results for the problem (5) stay avail-
able on problem (4)

(v) With different values of y, our current problems
cover many problems associated with less general
operators; for instance, the operator presented by
Caputo and Fabrizio [19]

The accessories of this paper are arranged as follows:
Section 2 gives some fundamental results about advanced
EC. Our key findings for the problems (4) and (5) are ob-
tained in Section 3. A comprehensive example that verifies
the validity of the theories is provided in Section 4. Section 5
includes the conclusions of the work.

2. Primitive Results

In this section, we begin by giving some notations and basic
nomenclature. Let O: = [a,b], a <b < 00, and R be the set of
real numbers. C[a, b] and AC]|a, b] denote the set of con-
tinuous and absolutely continuous functions, respectively,
on U, endowed with the usual supremum norm. Let y (%)
and w(x) be the monotone and weight function, respec-
tively, with w, v € C! (0) and w,w’,y' >0 on O.

Definition 1 (see [32]). Let0<9<1,and p € AC[T, R]. The
left [y, w]-Caputo—Fabrizio FD is defined as

Py N(#) 1 J” L oo~y 4
D (%) = w00 e a (wp) (DS, (6)
where A, = /1 -y, and X(p) is a normalization function
satisfying N(0) = N(1) = 1.

The previous operator can be written as

R () e v

CFmyusy —
De: ()_1—‘u w(xn)

j Wy (© ((wp)(()d( (7)

Definition 2 (see [32]). Let0<9<1,and p € AC[T, R]. The
left [y, w]—Caputo—FabriZio FI is defined as

j“ v (QwQp(Odl.  (8)

CFy/ _ 1
b 00 = N()P(’ R 209

Lemma 1 (see [32]). Let p € AC[O,R]. Then,
DL () = p (o),

w(a)p(a)

w0

CFID" WCFI]M Wp(%) =p(x) -

In particular, if p(a)
p(»).

=0, we have “"DE¥ CFIEY p (3) =

Lemma 2 (see [32]). Let 0<9<1, and p € AC[D,R] with
f(a) = 0. Then, the following FDE:
CFDH WCFI]/A 17

f060,
p(a) =c

wp (00 = (10)
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has the unique solution

w(a)

P(%)zw(%)c

For our forthcoming analysis, we need Banach’s con-
traction map [33] and Krasnoselskii’s fixed point theorem
[34].

Lemma 3 (Gronwall’s Lemma [35]). Let a,b>0, and d >0.
Let’s assume that functions z, y: 0 — R are continuous if

c()<d+ ry(()z(f)d(,V% co. (12)

Then,

z(0)<d equ:y(()d(),v% €. (13)

3. Main Results

In this section, we give some qualitative analyses of [y, w]
-Caputo—Fabrizio type problems (4) and (5).

Lemma 4. Let 0<9<1, p € AC[U,R] and g € C[D,R] be
continuous with f(a) = 0. Then, the following y-weighted
FDE:

{CFIDHWp(M)—f(%)xefjp(a)—c+g(p) (14)

- L
R(u )f<) ™

3
w65 |V Ou©s@axes. (1)
has the unique solution
p(n) = ZEZ; [c+g(p)]+a,f ()
(15)

b/‘v
- )j v QwQfQdlx € B,

where a, =1 - y/R (), and b, = u/R (w).

Proof. Let’s assume that p satisfies the first equation of (14).
From Corollary 2.1 in [32], the equation®” DEYp () = f (%)
implies that

w(a)p(a)
w(%) (0)

So, by the nonlocal condition p (a) = ¢ + g (p), we obtain

pn) =

j v QuQFOd. (16)

200 =D 14 g(p)] + a,f (0

w(
w(a)
(17)
I
vt v ouorod
which is (15).
Conversely, if p satisfies (15), then by Lemma 1, we have

) b
P o) = D W< EZ; [+ g(p)]) ' CFDz;*"( af 00+ s [ v ouwo f({)d()
CFI]y WCFD/A V/f(%) (18)
= f (),
(a)
where CFID’;;”) (w(a)w()[c+g(p)]) () =0. Moreover, (Zp) () = Z(Z) lc+g(p)]+a,p,00
pla)=c+g(p). O (20)

Hence, we can deduce the next corollary:

Corollary 1. Let 0<9<1, ¢ € AC[U,R] and g € C[U,R]

with q)p(O) = 0. Then, the problem (5) is equivalent to
_w(a)
p(n) = 200 [c+g(p)]+a,p,(n)

(19)

[ v @, 0axes,

w(%)

where ¢, € C[O, R] with P, n): = (p(%,p(x),(pp (%)).

We define the operator #: AC[U,R] — ACI[U, R] by

b
s | v @@, 0 < .

Then, the fixed point of operator F# is equivalent to the
solution of the [y, w]-type problem (5).
The first result is based on Banach FPT [33].

Theorem 1. assume that:
(Hy;): There exists Ly, M,>0 such that

lo (v, w) — @ (%, 7, )| SL(PIU -7+ Mq,lw -wl, (21)

for each x € O, v, w, v, we R.



(Hy,): There exists L,>0 such that 0<L,<1 and

lg (v) — g(w)] nglv— w|, for v,w € C[O, R].
If
w(b) "
Ly,+|a,+ byw [y (b) —y(a)] M, <L (22)

Then, the [y, w]-type problem (5) has a unique solution
on AC[O, R].

Proof. Let $,(0) = 9 (1, p (%), 9, (%)) and 00 = 90
p(»), (pﬁ(x)). Then, by (Hy,), we have

(%500, 9; ()|
<Llp () = p (0l + M|, 00 - g5 0)|,

|2, 00 = 95 00| =|o(%. p 00, 9, ) ~ (23)

which implies

(Hp) (%) - (W)(n)|<sup{ Eilg(p) 9P+ aylp, 00 - 95 00| +

<L,lp-pl+ ? -l +
gl =Pl + a7 Mq)llp P+

- [Lg +< +2O% 1) - w(a)])

w(a)

As the condition (22), & is a contraction and by the
Banach’s fixed point theorem, % has a unique fixed point
which is unique solution of (5). O

Next, we give existence results based on the Krasnoselskii
fixed point theorem [34].

Theorem 2. Let 9 OxRxR—R, and
g: C[0,R] — R be continuous satisfying (Hy;) and (Hy,).
In addition, we assume that

(Hys): There exist constants
0<s,<1 such that

|‘P(“’P1’P2)lgnw+m¢|lol|+5¢|P1|’ (28)

Ngs My Sy > 0 with

for each n € U, py,p, € R.

(Hys): 1g (p)] Syglpl, for p € C[U,R], and py>0.
Then, the [y, w]-type problem (5) has a least one so-
lution if

w (b) My
wia) vtV - y(a)] 1_5¢<1. (29)

‘I/lg+ a
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|00 = 95 00| <5 ;"% PGO-pOIL  (24)

Since ¢/, w > 0, and applying the mean value theorem for
integrals, we obtain

j% V' (Qw(Odl = w(o) j V(O = w) [y 60 - y (@),
(25)
for some a < x < b, then

r ¥ (Qw(Ddl<w(®) [y (b) -y (a)]. (26)

We suppose p(u),p(n) € AC[T,R],
(Hy,), (24), and (26) that

we have from

j ¥ Qu(Olp, (O - ¢p<o|dc}

il E; [y (b) - v (a)] 27)

L, -
=M, lo = Il

Proof. From (20), we define  the
K1, K, AC[O,R] — AC[T,R] by

w(a)
w(n)

operators

(F1p) 1) = [c+9g(P)]+a,p,00,% €T, (30)

and

b
(Hp) 00 = s [ ' Ow(Og, @t s, (D

where (F,p+ F,p)(w) = (Kp)(n). Let wus define
F,=1{p € AC[O,R]: |lpl <r}. We choose
Lol +(a, + w®)w(ab, [y (b) - y(@)])n,/1 s, (32)

1—p, + [“H +w(b)/w(a)b, [y (b) - w(a)]]m(pn - S(p.

For ¢, (0)
to get

= ¢((,p(0), 9,({)), we use assumption (Hys)

|0, O] =|e(¢ (0, 0, (0)]

(33)
<n, +mylp (Ol + 5,0, (0|

which implies
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n, +mylp Q)] For any p,p* € &, we have
o, (O] s (34)
[
(F1p+ Hap™) 00| < [(H1p) 0O +[(F2p") ()]
< sup{ w(a) [c+lg(Pll +a |(p (M)|]>
ned ( ) “re
+ d
iﬂé’{ - j v Qu©lg, ©) c} -
<lel + ol + 0, P ot el 0@, 1) g
9 1 — Sy 1-s, w(a) ¥
w(b) m w(b) 0
s(yg [a + v )b#[ v (b) 1//(61)]]1_5 >r+|c|+(a + v )bﬂ[ y(b) w(a)])l_ ) r.
Due to (29), we deduce that | ,p + F,p*| <r. Step 2: &, is uniformly bounded. By (31) we have
Since ¢ and g are continuous, we show that % is a
contraction operator. For each p(x),0(») € AC[T, R], and |%2p (%)| < sup|(3i’2p) (%)|
for any » € U, we have "o (38)

| 1p (%) — 10 ()|
w(a)
< il:g{m[lg(/?)—g(cf)ll +a#|¢P(%)_(P"(%)'} (36)

a,l
e (p llp = all.
9’

sLollp—oll+—r

Hence,

[0 - o< (L4222 Vip-al. 37
- K0\ < +———|lp - all.
1P 1 9 12 M, P (37)
From (22),
contraction.
Next, to prove that %, is a compact and continuous
operator, we provide the following steps:

Ly+a,L,/1-M,<1. So, F, is a

Step 1: %, is continuous. Let {p, },,. , be in 9B, such that
p, — p in %B,. Then, |K,p, (1) = F,p(x)| — 0, as
n — 00, due to continuity of ¢, ¥ and w.

gsup{ b( )j v <ow<o|¢p(z>ldc}

ned

From (26) and (34), and for any p € &, (38) becomes

) ()
EFIE i‘g‘f‘;’{w(’;) J v (O(Pi‘”ﬂ}
"y + m¢||P"b w(b) [y (0) - y(a)]

1-s, Fw(a)

B (nq, + mwr)b” w(b)

1- Sg w(a) [y (b) -

y(a)<r
(39)

Thus, %, is uniformly bounded on #,.

Step 3: #, is compact. Let p € F,, and » € O with
% < ug € O. Then,



|(F2p) (5) = (H2p) ()]

<| e [ v w0 -
lU(%a) a P
b, b,
= lwle)  wix)
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b j v (Ow(Dg, (O
Pp

w(%e) a

[ v @ulg, @l

e [y Quls, 0fat

w(%e) He

<bw i) ~wOe)| [ v ©w©le, Ol

(40)

b |" v 0wl @l

w(%)

s|w(na)—w(xe)|(n :iﬂsr

¢ ¢ )b.“
71“(%6)[#](%6) - 1[/(61)]

. (nq) + mq,r)b,, w (%) [ (%s) = v (%))

1-s,  w(x)

Since

j“s ¥ QA <w () [w(5) - w ()],
(41)

[ v ©0u@drcwea v - v

due to mean value theorem for integrals. Consequently, (40)
gives

|(H2p) (45) = (H2p) ()] — Oas5 = — 0. (42)

Thus, &, is equicontinuous on %,. As per preceding
steps, &, is relatively compact on &, , and by the Arze-
la—Ascoli theorem, %, has at least one fixed point. By virtue
of Krasnoselskii’s theorem [34], the y -weighted problem (5)
has a least one solution. O

3.1. UH Stability Analysis. In this section, we give the UH
stability and generalized UH stability results for the v
-weighted problem (5).

Definition 3. (5) is UH stable if there exists a Xo>0 such that
for each £¢>0 and each solution o € AC[U,R] of the
inequality

'CFIDZIIZU(%) _ (P(M> 0_(%), CFDZ’Z’}O-(M)M <g&u €O, (43)
there exists a solution p € AC[T, R] of (5), satisfying
[o (%) — p ()] <X (44)

Remark 2. 0 € AC[0, R] satisfies (44) if and only if there
exists @ € AC[D, R] with

(i) l@()l<e, n e T,
(ii) For all » € O,

CFDZ;Z}O'(M) = (p(n, O'(%),CFDZ;KU(M)) +@(xn). (45)

Lemma 5. Let 0<u<1, and 0 € AC[U,R] be a solution of
(43). Then, o satisfies

b % b
000 =l ()~ [ v g, )< sb#% [y(®) - y(@x €D, (46)
where and ¢, () = ¢ (t,w (1), 9, (n)).
oA, (0) = = w(a) [c + g(0)] +a,0, (%), (47)  Proof. Let o be a solution of (43). It follows from (ii) of
w(x) “ Remark 2 that
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{CF DY o (%) =

Then, the solution of problem (48) is

o(x) =

b
o )j v QwOg, () +@(]d,x e 5. (49)

Once more by (i) of Remark 2, we get

() -, (%) - !
o(x - ()

["v@w@e,© d:]

e j v (Qw(Od

b,
a)

b, [y (b) - (a)]
O

Theorem 3. Assume that the conditions of Theorem 1 are
fulfilled. Then, the solution of the y-weighted problem (5) is
UH and generalized UH stable.

Proof. Let o € AC[O,R] be a solution of (43), and
p € AC[0U, R] be a unique solution of y-weighted problem
€

[FD4 p (0 = (06 p (00, T DELp (0)p (@) = 0 (a).  (51)

From Corollary 1, we get

_d b
p (%) (0 + ()

[ v @uwog@axes <

(M,G(%),CFDZEZ/)O'(X)) +@ ()0 (0) =c+g(o). (48)

where o/, (%): =w(a)/w()[c+g(p)]l+a,p,(n). Clearly,
if p(a) = o(a), then g(p) = g(0). Also, by (Hy,) and (Hy,)
along with (24), we have

( )

2|9, 00 = 9, ()|
(53)

L
<a ? lp—all.
”l—Mq,

From (22), we get d, (%) = o, (n). Hence, (52) becomes

p(n) =, (n) + b( )

Using Lemma 5, (Hy,), and (Hy,), we have

[ v @, 0ixes o

b
s [ (C)w(()rpp(()df‘

lo () —p (0| =

<lo(xn) -

( )

[ (Ow(o%(()d(‘

j Y Owlp, (-9, (59)

w(M)
E ;b [y (b) - v (a)]

+a

T T A CTICIGR LI

Using Gronwall’s Lemma [35], we obtain

w(b) {4 )
lo (%) = p ()] Sew(a)by[v/(b) - w(a)]eXp<a,41 M, L 1 (()w(()df)
(b) L w(b) (56)
<e (a)bﬂ[t//(b)—1//(a)]exp(ap,1 u ( ) ,4[ v(b) - w(a)])
= £X(p’
where
w(b) L (b)
X :mbﬂ[vf(b)—w(a)]exp<aﬂ @l v ® - (a)]). (57)



Hence, (5) is UH stable. Moreover, if there exists a
nondecreasing function ¢: R* — R* such that ¢(¢) = e.
Then, from (56), we have
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4. Example

Here, we provide an example to illustrate the obtained
results.

lo () —p (Il <x,p (€)% € O, (58)
with ¢ (0) = 0, which proves (5) is GUH stable. O Example 1. c<.)n31der the following [y, w]-Caputo—Fabrizio
type problem:
3 o3 . |CFmy1/4,%/2 3 n
Va2 (x — 1) sinlp ()| + sm| Do+ 53 p(%)| (x-1) 1
{ Dy P0Y = 15 S tg one L2 v =2+ ;dip(ui)- (59)
Clearly, p=1/4, v () =n/2, wx)=u/3, a=1, b=2, g(p) = ZdiP (), p € [0, 00). (61)
c=1/3, 1<%, =1.5< .- <x,<2 =0, and d; are positive =1
constants with Y| d; <2/5. Set
s, . (I) Application of Theorem 1: Note that
06 py o) = 1 (sinlpl #sinlo] (1) g ¢(1,p(1),0(1)) =0. Now, let xe[1,2], and
10 5+x 2 p,0,p",0* € [0,00). Then,
for » € [1,2], p,0 € [0,00), and
o (0, p,0) =9 (6, p",07)|
(- 1’ |sinlp| + sinjo]| sin|p”| + sin|0*||
10 5+% 5+ %
(x-1)° [sinlpl — sin|p*| sinlo| - sin|0*||
< +
10 54 % 5+% (62)
1 X *
<s(p=pl+lo=0"])
n n n 2
19(p) = g (@) =| 3 dip () = X dio ()| < Y dilp - ol <Zlp - ol
i=1 i=1 i=1
(x—1) sinlp| (x-1)sinla] (x-1)°
Thus, (Hy;) and (Hy,) hold with L, = M, = 1/70, lg (%, p,0)| = 10 5+x’ 10 5+x 20
and L,=2/5.1In addition, the condition (22) holds.
Indeed, we have R () = 1, a, = 3/4, b, = 1/4 and < =17  (x—1)° s -1y o
, s 200 105+ P 1005 + %)
Lla +5, O e vl | — =B (63
9t Hw(a) 1-M, 345 1 1 1
52*0+%|P| +%|0|,
Thus, Theorem 1 shows that (59) has a unique
solution on [1,2]. z z 2
=) dip(n)|< ) dilpl<=1vl.
(1) Application of Theorem 3: For e>0 with g @) ; ip () ; P! 5 i
Xo = 1/8 §/e>0. It follows from Theorem 3 that (64)
(59) is HU and GUH stable.
(IIT) Application of Theorem 2: For x € [1,2], and Consequently, (Hy;) and ((Hy,) hold with

p> 0 € [0,00), we have n, = 1/20,m, = s, = 1/70 and p, = 2/5. Also, we have
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- ()
s, 345

w(b) m
g+ @t by O) -y @] |

Thus, all the assumptions of Theorem 2 are satisfied.
Hence, (59) has a solution on [1, 2].

{ DL pi () = 9,06 p; 00, T Dhil p; (). x € Tpi(@) = ¢ + g (pi), i=1,...

where 0 < y; < 1, ¢F D4 is the generalized Caputo—Fabrizio
FD of order y;.

Remark 3. consider a more general problem as a system that
contains a number of problems similar to our current
problem (5) as follows:

,n €N, (66)

The system (66) can be written as

[CFDLY P () = @36, P (%), “"DEL P (w) ), € T, P (a) = C + g (P), (67)
where

[p1 (00 ] ‘Pl("‘>P1 (0, CFDZ{;gpl (%))

P () = Pz_(%) (%, P (%), DY P () = #2(% 1 (“)’C'FDgﬁifpl 00) ,
P (0. 9u(%:p1 00, DL Py 00)) (68)
[p1(a)] o 12}

o@D o] ly=|*]
Lp,(a) ] o tn

By using Corollary 1, the system (67) has the following
solution:
_w(a)
Pn) = w00 [C+g(P)] +ayDgs(x)
(69)

b %

" w(i() L ¥ (Quw({)Pg (), % € D,
where @, (%) = ® (%, P (%), Dg (%)), ay = 1 -~ Y/R(Y), and
by = YIR(Y).

Remark 4. Following the methodology of proof used in the
preceding parts, we can obtain the same results (Theorems
1-3) for the nonlinear system (67) in view of the formula
(69).

5. Conclusions

In this regard, Al-Refai and Jarrah [32] defined the weighted
Caputo—Fabrizio FD of the Caputo sense. As an extra
contribution to this topic, we developed and extended the
existence, uniqueness, and UH stability results for nonlocal
implicit equations involving [y, w] -Caputo—Fabrizio FDs.

Our approach has been based on Banach’s and Krasno-
selskii’s fixed point theorem. As an application, we have
given a convenient example that validates the theoretical
results. Finally, in light of our present results, a more general
problem for the nonlocal implicit system has been presented
that contains similar problems to the problem considered.

In the future direction, it will be interesting to study the
current systems under [y, w]-Atangana—Baleanu of the
Caputo sense, introduced recently in [21, 36].
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The residual power series method is effective for obtaining solutions to fractional-order differential equations. However, the
procedure needs the (n — 1)@ derivative of the residual function. We are all aware of the difficulty of computing the fractional
derivative of a function. In this article, we considered the simple and efficient method known as the Laplace residual power series
method (LRPSM) to find the analytical approximate and exact solutions of the time-fractional Black-Scholes option pricing
equations (BSOPE) in the sense of the Caputo derivative. This approach combines the Laplace transform and the residual power
series method. The suggested method just needs the idea of an infinite limit, so the computations required to determine the
coeflicients are minimal. The obtained results are compared in the sense of absolute errors against those of other approaches, such
as the homotopy perturbation method, the Aboodh transform decomposition method, and the projected differential transform
method. The results obtained using the provided method show strong agreement with different series solution methods,
demonstrating that the suggested method is a suitable alternative tool to the methods based on He’s or Adomian polynomials.

1. Introduction

Fractional calculus (FC) deals with fractional derivatives and
integrations. The pioneers of FC were two mathematicians,
Leibniz and L’'Hospital, and the date September 30, 1695, is
regarded as its exact birthday. Many scientists and re-
searchers have been drawn to FC in recent decades because it
is commonly used in scientific contexts such as engineering,
image processing, physics, biochemistry, biology, fluid
mechanics, and entropy theory [1-5]. Although fractional
derivatives can be defined in a variety of ways, not all of them
are generally used. The Atangana-Baleanu, Rie-
mann-Liouville (R-L), Caputo-Fabrizio, Caputo, and con-
formable operators are the most frequently used [6-12]. In
some cases, fractional derivatives are preferable to integer-
order derivatives for modeling because they can simulate
and analyze complicated systems having complicated

nonlinear processes and higher-order behaviors. There are
two main causes of this. First, we can select any order for the
derivative operator, rather than being restricted to an integer
order. Second, depending on both the past and current
circumstances, noninteger order derivatives are advanta-
geous when the system has long-term memory. The primary
components of FC, which is the generalized version of
classical calculus and has piqued the interest of numerous
academics and scientists due to its wide range of applica-
tions, are fractional order differential equations (FODEs).
The FODE:s are frequently used for their logical support in
the mathematical framework of physical problems, in-
cluding technology, healthcare, monetary markets, and
decision theory. As a result, the solutions provided by the
FODE:s are significant and useful. Applications regularly face
FODE:s that are too complex for close-form solutions. Under
the specified initial and boundary conditions, numerical
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methods present a potent alternative tool for solving FODEs.
Several numerical techniques, including the Shehu de-
composition approach [13], the differential transform
method [14], the variational iteration method [15], the
operational matrix approach [16], the homotopy analysis
technique [17], the Aboodh transform decomposition
method [18], the finite difference method [19], the fractional
power series method [20], the Chebyshev polynomials
method [21], the residual power series method [22], and the
natural transform homotopy perturbation method [23],
have been developed in recent years for solving FODEs.

It is efficient to obtain approximate analytical solutions
to FODEs using the residual power series method (RPSM).
However, the algorithm requires the (n— 1)@ derivative of
the residual function. We are all aware of how difficult it is to
calculate a function’s fractional derivative. As a result, the
use of conventional RPSM is somewhat constrained. To
overcome the limitations of the RPSM, Eriqat et al. in-
troduced a new technique called LRPSM [24]. Several
FODEs have been solved through the recommended method
[24-29]. The provided equation is transformed into the
Laplace transform (LT) space in accordance with the set of
rules for this novel approach; the solution to the new form of
the problem is established; the solution to the original
equation is then achieved by applying the inverse LT.

The pricing of financial derivatives is a topic that has
generated a great deal of interest and literature. A financial
derivative is an asset whose price is based on the value of
another asset. Frequently, a stock or bond serves as the

®w (3, 0) . %’ 'w (%, Q)
a® 2

where @ is the order of the Caputo derivative (CD), w(x, {)
is the European offer’s value at the fundamental market cap
of x and time , the fluctuation component of the company’s
shares, often referred to as ¢, quantifies the variance of the
stock’s return, Y is the expiration date, and J ({) is the risk-
free interest rate. w,(x, () and w, (%, (), correspondingly,
stand for the call and put values on European options. Then,
the payoff functions are given by w, (%, {) = max(x — U, 0)
and w,, (%, {) = max(U — x,0), where U indicates the ter-
mination price for the option and the function max(x,0)
gives the larger value between » and 0. The important fi-
nancial view of the BS equation is that it minimizes risk by
allowing for the prudent selection of purchasing and selling
the stock under scrutiny. It is a sign that, according to the BS
financial model, there is only one correct price for the
option. The important financial view of the BS equation is
that it minimizes risk by allowing for the prudent selection of
purchasing and selling the stock under scrutiny. It is a sign
that, according to the BS financial model, there is only one
correct price for the option. In this article, a fractional model
that may be used to model the pricing of various financial
derivatives is presented.

W + 3 (On
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underlying asset. Financial derivatives are not a completely
novel concept. It is generally agreed that Charles Castelly’s
work, which was published in 1877, was the first attempt at
contemporary derivative pricing, despite some historical
controversy regarding the exact year of the birth of financial
derivatives [30]. Although it lacked mathematical rigor,
Castell’s book served as a general introduction to ideas such
as hedging and speculative trading.

The first widely used mathematical method to calculate
the theoretical value of an option contract using prevailing
equity markets’ predicted dividends, the option’s strike
price, projected interest rates, time till the cessation, and
expected unpredictability was the Black-Scholes (BS) model,
developed in 1997 by Fischer Black, Robert Merton, and
Myron Scholes. The Pricing of Options and Corporate Li-
abilities by Black and Scholes, published in the Journal of
Political Economy in 1973, provided the initial formulation
of the equation. Robert C. Merton contributed to the editing
of that document. Later that year, he wrote his own work,
“Theory of Rational Option Pricing,” expanding the model’s
mathematical capabilities and applications while also
coining the term “BS theory of options pricing” [31]. One of
the most significant mathematical representations of a fi-
nancial market is the BS equation. The value of financial
derivatives is controlled by a second-order parabolic partial
differential equation. Many different commodities and
payout structures have been used in the BS model for pricing
stock options. The following equation describes the BS
model for the value of an option [32]:

ow (1, ()
o

-3 (Qw(,0) =0, (1)

Numerous techniques have been used to examine the
time-fractional BSOPE [33-40]. Each of these techniques
has specific restrictions and flaws. These techniques involve
a lot of computing work and a long running time. In this
article, we considered LRPSM, which is a simple and efficient
technique to solve BSOPE. The advantage of the recom-
mended method over the homotopy perturbation method
(HPM) and the Adomian decomposition method (ADM) is
its strength in handling problems without the use of He’s and
Adomian polynomials. The advantage of this approach is
that the problem does not involve any physical parameter
assumptions, no matter how big or small. For a series such as
the RPSM, the coefficients must be determined each time
using the fractional derivative. Since LRPSM just needs the
idea of an infinite limit, the computations required to de-
termine the coefficients are minimal. The LRPSM results are
also compared to those of other approaches, including the
projected differential transform method (PDTM) [34], the
Aboodh transform decomposition method (ATMD) [35],
and the homotopy perturbation method (HPM) [36]. The
results obtained using the suggested method show strong
agreement with numerous methodologies, proving that the
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LRPSM is a useful substitute for approaches using He’s or
Adomian polynomials. Additionally, error functions are
used to compare the exact and approximative solutions
graphically and numerically. The higher degrees of accuracy
and convergence rates were confirmed by the error analysis,
demonstrating the suggested method’s efficacy and re-
liability. The process is rapid, exact, and simple to use, and it
produces excellent results.

The article’s structure is as follows: In Section 2, we use
anumber of important definitions and conclusions from the
theory of FC. The main concept of LRPSM is examined in
Section 3 in order to establish and determine the solution of
the time-fractional BSOPE. Section 4 investigates the po-
tential, capability, and simplicity of the suggested approach
using three numerical models. In Section 5, graphics and
tables are used to investigate the numerical outcomes and
discussion. Section 6, towards the end, has the conclusion.

2. Preliminaries

In this section, we examine several common definitions,
properties, and some useful consequences that we used in
this article.

Definition 1 (see [24]). We assume that the function w (%, {)
is of exponential order § and piecewise continuous. Then,
the LT of w(x, () for (>0 is formulated as

Llw66 0] =W (0 s) = ro w06 e Sde, 530, (2)
0

and the inverse LT is defined by

h+100
W (3, 5)ds, h
h—100 (3)

= Re(s) > hy,

LW (9)] =w(x,c>=j

where hy lies in the right half plane of the absolute con-
vergence of the Laplace integral.

Lemma 1 (see [24-29]). Let w, (%, {) and w, (%, () be
piecewise continuous on [0,00 and be of exponential order.
We assume that Z[w; (1, {)] =W, (), ZLw,( )] =
W,(x,s), and c,, ¢, are constants. Then, the properties
mentioned as follows are valid:

(i) Lcyw, (1, () + c,w, (16, ()] = ;W (3, 5) + c, W,
(%, 5)

(i) L7 e, W, (1, 5) + ¢, W, (6, 5)] = cqw, (6, () + c,w,
(,0)

(iii) ¢y (%) = 513100 sW(n,s) =w(x0)

Diw (%) - f(w(x, 0,

Step 2: by considering LT on both sides of equation (8),
we obtain the following:

*n**w (%, )
200°

(iv) Z[D

SJ ®+1

w(%, O] = "W (n,8) = Y _Ow(f) (%, 0)/
-1<®<n,neN
(v) Q[D”‘Dw(% O] = "W (n, s) —

Df w(% 0),0<d<1

Zn L .@(n-j-1

Definition 2 (see [41]). The fractional derivative of w (%, {) I
order @ in the CD sense is defined as follows:

D?w(%, 0= j?fmw(”) (16,0, (>0, n-1<d<n, (4)

where 777 is the R-L integral of w(x, ().

Theorem 1 (see [24]). We assume that the multiple frac-
tional power series (MFPS) representation for the function
ZLlw(, )] =W (xn,s) is given by

%
W (5) = Z b2l 550, (5)
then we have
¢, () = D{"w (x,0), (6)
where D?‘D = D‘?.D? .. .D? (n — times).

The conditions for the convergence of the MFPS are
determined in the following theorem.

Theorem 2 (see [24]). Let L[w(,{)] = W (x,s) can be
denoted as the new form of MFPS explained in Theorem 1. If
|sZ[D (]“)Qw(%, ONZE, on 0<s<v with 0<® <1, then
the remainder R; (, s) of the new form of MFPS satisfies the
following inequality:

Z
|R (% S)|_W,O<SSV. (7)

3. Methodology for the LRPSM for the Time-
Fractional BSOPE

This section examines the steps for using the suggested
method to find solutions to BSOPEs. Running the LT on the
BSOPE and then considering MFPS as the BSOPE’s new
space solution constitute the main idea of LRPSM. The way
in which the coefficients of this series utilize the limit idea is
the main difference between the LRPSM and the RPSM. The
generated consequents are then transformed into real space
using the inverse LT. The guidelines for using the LRPSM to
find solutions are as follows:

Step 1: Equation (1) should be changed as follows:

S0 o) S (Qwi, o) ~o. (8)
W(u,s)-w(’s"o)-i@F(u,s)=o, (9)
S



where

W0 s) = Z w0l (10)

222
F(us) = sz[f (0 X 2(.;:2("’ 0

Step 3: we assume that the solution of equation (9) is the
following series:

W(u,s):z%,s>0. (12)
n=0

Step 4: we obtained the following as a result of using
Lemma 1(iii):

¢y () = lim sW(x,s) =w(%,0) =0. (13)

Step 5: we define the kth-truncated expansion of
W (x,s) as

no+1 °
S

$o () ¢, (%)
Wi, s) =——= 14
(a0 (14)
Step 6: we introduce Laplace residual function (LRF) of
equation (9) and the kth-LRF, respectively, as follows:

%(M)—%F(s), (15)
N S

Z[Res(n,s)] =W (xn,s) —

$09 _ LR (6
N S

Z[Resy (3, 5)] = Wi (n,5) -

Step 7: we use the expansion form of W (x,s) into
Z[Res; (1, 5)].

Step 8: we multiply both sides of & [Res; (%, s)] with
kao+1
SR

Step 9: by utilizing the fact in equation (16), we solve the
following sequence of algebraic equations for ¢, (%),
where n =1, 2, 3,..., k, step by step:

lim (SQHS[Resk(x, s)]) =0,k=1,2,3, ... (17)

3

We suppose that the expansion of W (i, s) is as follows:
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and

S (Ow 06 0w 06 0, F (O O)]. (11)

on

Step 10: we use the attained values of ¢,, (x) into the kth
-truncated expansion of W(x,s) for each
n=1,2,3,..., k to attain the kth-approximate solu-
tion of the algebraic equation in equation (9).

Step 11: we apply the inverse LT on the final form of
W, (%, s) to attain kth-approximate solution, wy (%, ()
of the suggested problem.

4. Some Illustrated Problems

In this section, three time-fractional BSOPE in the CD sense
are solved in order to assess the effectiveness and suitability
of the suggested approach.

Problem 1. consider the time-fractional BSOPE that follows
[34]:

® 2
a w(ga () + %28 LU(l;(, () + Oskaw(%’{) _ LU(%, ()
o¢ on on (18)
=0,0<d<1,
under the following initial conditions:
3 % foru>0,
w(xn,0) = max(x ,0) = (19)
0 forx<O.

We will examine the case when x> 0. Applying LT on
both sides of equation (18), we have

Fwind) Dwkd) o wel)

N0 o ax

w(x, ()] =0. (20)

Making use of the process outlined in Section 3, we get
the findings from equation (20) as follows:

W(n,s) = %T - %Manug[w(u, O] - %O.SMDug[w(x, O]+ %Z[w(%, Ol (21)
s s s
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$o () = Slﬂ:nOO sW(s) =w(%,0) = Y (24)

o
n (1)
W(06s) =) ‘/’Wl : (22)
i As a result, the kth-truncate expansion of equation (21)
The kth-truncated expansion is given as follows: is as follows:
k 3k
n (%)
WeGos) = Y 2209 (23) W Go9) =2 Y 920 (25)
n=0 n=19S
We obtained the following as a result of using Lemma The LRF of equation (21) is as follows:
1(ii):
w1
Z[Res(n,8)] =W (n,s) — —+ Qx ’D,, W (%5) + (0 5mD,W (%, s) - W(%,s). (26)
The kth-LRF of equation (21) is as follows:
w1 1
Z[Res (3, 5)] = Wi (1,8) —— + DLW 068) + 5 @ (0 5D, W, (%) — Wk (%, 5). (27)

We expand the characteristics of the RPSM to highlight
the following details [42, 43]:

(i) Z[Res(x,s)] =0 and klim ZL[Res; (1, 5)]
(ii) lim sZ[Res(x,s)] = 0_30 lim sZ[Res; (1,s)]
547300 $s—00

(iii) lim "1 Z[Res(x,s)] = lim s***1 . Z[Res; (x,s)]
Z0,°where k=1, 2, 3,.... T0 determine the first
unknown co-efficient¢, (%) in (25), we have to use
the 1st truncated series W, (%, s) = %3/s+ ¢, (%)/s®*!
into the 1st-LRF, Z[Res,; (%, s)], to obtain

3 3
lRes, 009 = [+ 800 2 Lop L0 Loy, [ AU L AL
s s s s s s
s®*1 is used on both sides of equation (28):
" Z[Res, (1,5)] = ¢, (x) +°D,,, |:}t3 + i ((Dx):| +(0.5)D,, [%3 + ] EDM) - |:}t3 + i ((Dx)]. (29)
s s s
¢, (%) = —6.5. (31)

We use the fact that

lim s**' 2 [Res; (3,5)] = 0, fork = 1. (30)
As a result, we obtained as follows:
% e
e 0, 0

+—(05) D [

@+1
N

(%) 0] 1[x (%)
¢1 . +f§a)ﬁ:|_s_®|:%?+ Sa)+1 +(€§coi{1 :|

Similarly, to find out values of the second undefined
coefficient ¢, (1), we have to use the 2nd-truncates series
W, (1,8) =13 Is + ¢y (0)/s®! + ¢, (0)/s*®*! into the 2nd
-LRF to obtain

¢1(%)

@+1
N N

3
by

20+1

+ i@xsz[ ¢ (x)]
S S S

(32)
¢, (1)




Using s***! on both sides of equation (32), we get the

following equation:

3
Ol p [Res, (3, 5)] = s°¢; (30) + ¢, (%) + SQHKZDW [K? +

+s1(0.5)D, | — +
N

o+1
S

Again, we use the fact that
lim skmlg[Resk (%,5)] =0, fork = 2.

§—00

(34)

As a result, we obtained the 2nd coefficient ¢, (%) in the
following form:

¢, (%) = (6.5)"°. (35)

Therefore, the 2nd-approximate LRPS solution of
equation (21) is

1, 65 5 (657,

W,(n,8) = ——5 o - (36)
S s s

Typically, to find the coefficients ¢, (), first we use the
kth-truncated series in equation (25), then we utilize it in the
kth-LRF, equation (27), we multiply & [Res; (%, s)] by s<®*1,
and then we solve the algebraic equation as follows:

lim s**' 2 [Resy (%, )] = 0, for ¢y (). (37)
§—00

20+1
N
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$.00) ¢, (%)]

o+1 20+1
N S

(33)

@+1 20+1
S S

x $,09 ¢2<u>]_so+l[x_3+¢l<n) %(m]'
S

We get the following results by utilizing the previous
procedure:

5 0 = ~(6.5)%,
¢y (0) = (6.5),
¢s () = —(6.5)°%".

(38)

The approximate solution of equation (21) is obtained by
five iterations as follows:
® 650 (6.5 (6.5)0°% (6.5
Ws (%, 5) = s Jarl T 3041 T

(6.5)°%°
50+1 °

s
(39)

By applying the inverse LT to equation (39), we are able
to approximate the fifth step solution in the original feature
space:

5 65000 (65)%°7° (6.5 (6.5 (6.5)°°
ws(1,() =% - + - - : (40)
ro+1) TQRa+1) TG +1) I'(4o +1) IrGo+1)
When we use @ =1 in equation (40), we get the fol-
lowing form:
2 3 4 5
w00 |14 CO50 (6507 (650° (650" | (-650°] )

1! 2!

which are the first six terms of the expansion 3’e™ %% and,
thus, is the exact solution of equations (18) and (19) at @ = 1.

(0]
aL;T(m%’() +0.08(2 + sin )¢

’w(x%,{)
72+

3! 4! 5!

Problem 2. consider the following time-fractional BSOPE
[35]:

0.06x (42)

aw(Z’ O 0.06w0e0), 0<@<1,

0
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subject to the following initial conditions:

w(xn,0) = max(x —25¢ 06, 0). (43)

1 _
W(n,s) = —max(% —25¢7 006, 0)
s

We describe the expansion solution of the algebraic
equation (44). So, we suppose that the series of W (3, s) is as
follows:

W (3 5) = Z A (45)

n®+1

The kth-truncated series of the expansion of W (x, s) is as

1
~ 50.08(2 + sin%)*%* D, W (x,5) —
N

First, we perform LT on both sides of equation (42), we
use the initial condition from equation (43), and then we
format the resulting equation as follows:

6 ——D, W (xn,s) +%W(x,s) (44)

We obtained the following as a result of using Lemma
1(iii):

¢y () = sh;nw sW(n,s) =w(x,0) = max(% — 25006, 0).
(47)

So, the kth-truncated expansion becomes as follows:

. k
follows: W, (n,s) = —max(u 25¢” 0‘06,0) + Z ¢Z§? (48)
k -
%
WeGos) = Y 90 (46) |
=0 S The LRF of (44) is as follows:
1 1
Z[Res(n,8)] = W(xn,s) — ;max(% - 25e_0'06,0) +—50.08(2 + sin %)*% D W (n,s) + D W (n,s) - —W(% s).
s s©
(49)
The kth-LRF of equation (44) is designed as follows:
1 1
Z[Resi (n,8)] = Wy (n,5) - ;max(% —25¢ %0, 0) +—50.08(2 +sin M)ZMZDWWk (%, )
s
(50)
2 06"1) W 065) — g6wk(u, s).

To determine the first unknown coeflicient ¢, (%) in
equation (46), we have to use lst-truncated expansion
W, (%, 5) = 1/smax (x — 25¢” %%, 0) + ¢, (%)/s®*! into the 1st
-LRF Z[Res; (%, s)], then we multiply by s®*! on both sides,
and then we use the following fact hm s P[Res, (1,5)] =
0 to obtain

o, () = —0.06[% - max(n — 25¢ %06 0)] (51)

W, (%, s) =

(max(% 25¢7%,0)) -

(0.06)*

T 20+1
s

Similarly, to establish the value of the second undefined
coeflicient ¢, (%), we have to utilize the 2nd truncated ex-
pansion W, (x,s) = 1/smax (x — 25¢~%%,0) + ¢, (%)/s*1+
¢, (%)/s*®*! into the 2nd-LRF and use the following fact

lim s***!Z[Res, (%, )] = 0, we have

$, () = —(0.06)*» — max(% - 25¢~**,0). (52)

Therefore, the approximate solution derived from the
2nd iteration of equation (44) is as follows:

0.06

"o+l
S

(x max(x 25¢ 0‘06, 0))
(53)
(n - max(x —25e” 0‘06, 0))



To determine the 3rd, 4th, and 5th unknown coefficients,
we repeat the same process. We get as follows:

¢ (n) = —(0.06)3(14 - max(x — 25¢ %0, 0)),

Journal of Mathematics

Therefore, the approximate solution derived from the
5th iteration of equation (44) is as follows:

¢, 50) = =(0.06)" (3 — max(x — 25¢” ", 0)), (54)
¢s (n) = —(0.06)5(% - max(% —25¢ 00, 0))
2 3 4 5
W (n,s) = % (max(% —25¢ 008 0)) - 0@% (Ozgfl) (03;)?1) (Oz;gfl) (Osgfl) (% - max(% — 25¢ 006, 0)) (55)
s s s s s

By utilizing the inverse LT on both sides of equation (55),
the approximate solution derived from the 5th iteration by
LRPSM of equations (42) and (43) is as follows:

@ @)\2 @)\3 @\4 D\5
(0.06¢%) (0.06¢°) N (0.06¢°) N (0.06¢°) N (0.06¢°)

ws (1, () = max(% —25¢ 006, 0) - [

When @ =1 is used in equation (56), we get as follows:

ws (1, () = max(% —25e” 0'06,0) —-10.06{ +

As a result, the following is the exact solution of
equations (42) and (43) for ® = 1:

wn () = max(x - 256*0'06,0) +(1 B eo,oez)

58
(x - max(% - 25e70'06, 0)) 59

Problem 3. consider the following time-fractional BSOPE
[36]:

Pwn()  Fwie ()
ol

+(A-1) _awg:, 0

(59)
“Aw(, (), 0<d<1,

1 1
W (%, s) = —max (e — 1,0) + 5D, W (%,5) +
s s

T@+1) T2o+1) TGa+l) T@Ed+1)

](n — max(x - 25¢_*%,0)).

(5o +1)

(56)
0.060)*>  (0.060)° (0.060)* (0.06()°
TR T TR Y
! ! ! ! (57)
(% - max(n — 25¢ %08 0))

subject to the initial condition:

w (%, 0) = max (e - 1,0). (60)

First, we perform LT on both sides of equation (59),
using the initial condition from equation (60), and then
format the resulting equation as follows:

L 5 l)D%W(%, s) - %W(u, s).
S

N
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We describe the expansion solution of the algebraic The kth-truncated expansion of equation (61) is as
equation (61). Therefore, we assume that the expansion of  follows:
W (%, s) is as follows:

Q ¢, (%) Wi (n,s) = —max(e -1,0) Z ¢”®(ﬁ) (63)

Wees) = ) S5 (62) =R
The LRF of equation (61) takes the following form:

ZF[Res(,5)] = W (3,s) ——max(e -1,0) - @ D,, W (%) — - ) s) + iW(u, s). (64)
s®
Accordingly, the kth-LRF takes the following form:
1 i} A-1) A
Z[Resy (1, 5)] = Wi (n,s) - | max (e°-1,0) - @ D, W (%, s) ———5—D,W, (5 5) + W (%,5). (65)
s s

We substitute the kth-truncated series equations (63) solve the equation lim s*®*!.Z[Res; (x,s)] = 0, where k =
. . . . ko+1 §—00
into (64), multiply the resulting equation by s*°*', and then 1,2, 3, 4, 5, for ¢, () gives

¢o (%, s) = max(e* - 1,0),

¢, (6, s) = A[max(e”,0) — max (e - 1,0)],
¢, (6, 5) = —A*[max (¢*,0) — max (¢* - 1,0)],
66
¢5 (%, 5) = A* [max (€*,0) — max (¢* - 1,0)], (66
¢, (1, 5) = —A"[max(e”,0) — max (e - 1,0)],
¢s (6, 5) = A [max (e*, 0) — max (¢ - 1,0)].
Therefore, the approximate solution derived from the
5th iteration of equation (61) is as follows:
1 . ) . ; g y «
Wi (n,s) = ;max(e -1,0) t o [max (€*,0) — max (e* - 1,0)] ~ [max (e*,0) — max(e* —1,0)]
(67)

5 A A
+—z7 [max (", 0) — max (¢* - 1,0)] — =7 [max(e*,0) - max (e - 1,0)] + =5 [max(¢*,0) — max(e* - 1,0)].
s s s

By utilizing the inverse LT on both sides of equation (67),
the approximate solution derived from the 5th iteration by
LRPSM of equations (59) and (60) is as follows:
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©
ws (%, ) = max(e* - 1,0) +m [max (€*,0) — max(e* - 1,0)]
AZ(Z(D 3(3(3
ToorD [max(e”,0) — max(e* - 1,0)] + TGo+D [max(€*,0) — max(e* - 1,0)] (68)
A4(4® 5(5@
TaorD [max (€”,0) — max(e* - 1,0)] +m [max (e”,0) — max(e* - 1,0)].
When @ =1 is used in equation (68), we get as follows:
/\ AZ 2 A?’ 3 /\4 4 A.S 5
ws (%, () = max (e - 1,0) + 1—?— 2—? + 3—? - 4—? + 5—? [max(e*,0) — max(e” - 1,0)]. (69)

As a result, the following is the exact solution of
equations (59) and (60) for @ = 1:

w(%, ) = max (e - 1,0)e ™ + max(e",O)(l - ef’w).
(70)

5. Numerical Simulation and Discussion

The findings of the results of the models presented in
Problems 1-3 are evaluated graphically and numerically in
this section. Error functions can be used to evaluate the
numerical method’s correctness and competency. It is im-
portant to provide the errors of the approximation analytical
solution that the LRPSM offers in terms of an infinite
fractional power series. We used the absolute and recurrence
error functions to demonstrate the accuracy and strength of
LRPSM.

The 2D graphs of the comparative analysis of the exact
and approximative solutions derived by the suggested
method in Problems 1-3 are shown in Figures 1(a)-1(c).
These figures display the 2D plots of the precise solution and
the approximate solution attained from the fifth iteration
attained by LRPSM for Examples 1-3 when
® =0.6,0.7,0.8,0.9, and 1.0 in the range of { € [0, 0.5].
These graphs indicate that when @ — 1.0 is applied, the
approximative solution converges to the precise solution.
The precise result and the approximation overlap at ® = 1.0,
demonstrating the efficacy and accuracy of the recom-
mended method.

Figures 2(a)-2(c) display the 2D curve of calculating the
similarity with the help of absolute error of the approxi-
mation formed in the fifth step and the precise solution
found by the suggested technique for Examples 1-3, re-
spectively, for ® = 1.0 in the range of { € [0,0.5]. The article
has shown that the fifth-step approximation solution of the
recommended approach is very close to the exact solution.
By showing the absolute error of the precise and approxi-
mate outputs on a graph, LRPSM’s precision is proven.

The comparison article using the 3D curve is shown in
Figures 3(a)-3(c) in the sense of the absolute error of the

approximate finding from the fifth iteration and the exact
finding found using the suggested method to Examples 1-3,
respectively, at ® = 1.0 in the ranges of { € [0,0.2] and
@ € [0,0.2]. The article has revealed that the fifth-step ap-
proximation of the recommended approach is very similar
to the precise result. The absolute error of the precise and
approximation findings on 3D graphs serves as a demon-
stration of the precision of LRPSM.

In Tables 1-6, the numerical convergence of the ap-
proximation to the precise solution has been demonstrated
by |[w*(%,{) - w® (%, ()| and |w® (%, () —w* (%, ()| in the
range ( € [0,0.1]. Tables 1-6 shows that w*(x,{) and
w’ (%, () obtained by the suggested method quickly ap-
proaches the w(x,{) when ® — 1.0. We can see from
Tables 1, 3, and 5 that all of the test problems for the fourth
stage have very low recurrence errors. The recurrence error
will further decrease if we take into account the fifth-step
approximation shown in Tables 2, 4, and 6. The approxi-
mation is rapidly approaching the exact solution as a result
of the accuracy of our suggested strategy being demonstrated
by the recurring error process. We arrived at the conclusion
that the suggested approach is a feasible and efficient
technique for solving particular classes of FODEs with fewer
calculations and iteration steps.

For appropriately selected points, |w(x,{) — w® (x, )
and |w (%, {) — w” (%, () in the range { € [0,0.1] obtained by
LRPSM at ® =1.0 in Examples 1-3 are displayed in
Tables 7-12 for comparison article in the sense of the ab-
solute error of the approximate and the exact finding. We
can see from Tables 7, 9, and 11 that approximate solutions
derived from the 6th iteration for all of the test problems
have very low errors. The absolute error will further decrease
if we take into account the 7th-step approximation shown in
Tables 8, 10, and 12. By quantitatively comparing the ab-
solute inaccuracy of the precise and approximative findings,
LRPSM’s precision is shown.

Tables 13-15 also compares the absolute error of the
approximations from the fifth iteration obtained by the
LRPSM of Examples 1-3 at plausible short-listed grid points
in the range { € [0,0.1] with the absolute error of the fifth-
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F1Gure 1: The approximate result of five iterations, as well as the exact result of w (%, {) for various values of @ in the range { € [0, 0.5] for
(a) Problem 1, when % = 0.002, (b) Problem 2, when » = 1.0, and (c) Problem 3, when » = 1.0 and A = 2.0.
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FIGURE 2: In Figure 2, the 2D curve of |w (%, {) — w’ (%, {)| in the range { € [0,0.5], when @ = 1.0 for (a) Problem 1, when » = 0.002,
(b) Problem 2, when » = 1.0, and (c) Problem 3, when » = 1.0 and A = 2.0.
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0.20

FiGure 3: In Figure 3, the 3D curve of |w (3, {) — w® (%, {)| in the ranges { € [0,0.2] and @ € [0,0.2], when @ = 1.0 for (a) Problem 1,
(b) Problem 2, and (c) Problem 3, when A = 2.0.

TasLE 1: [w* (%, {) — w? (%, {)| of Problem 1 at different values of @ at % = 0.002 determined by LRPSM at plausible locations in the range

{ €[0,0.1].

¢ @=0.7 @=0.8 @@ =09 @=1.0

0.01 7.64160 x 1012 7.32938 x 10713 6.73357 x 1014 5.95021 x 1071
0.02 5.32192 x 10~ 1 6.73539 x 10712 8.16495 x 10713 9.52033 x 10~ 14
0.03 1.65624 x 10710 2.46522 x 10~ 11 3.51465 x 10~ 12 4.81967 x 10713
0.04 3.70640 x 10710 6.18955 x 10~ 11 9.90060 x 10~ 12 1.52325 x 10712
0.05 6.92309 x 10710 1.26407 x 10710 2.21074 x 10711 3.71888 x 10~ 12
0.06 1.15347 x 107° 2.26543 x 10710 4.26177 x 10~ 11 7.71147 x 10712
0.07 1.77606 x 10~° 3.71006 x 10710 7.42333 x 1071 1.42865 x 107!
0.08 2.58129 x 10~° 5.68794 x 10710 1.20052 x 10~ 10 2.43721 x 10~ 11
0.09 3.58974 x 1077 8.29169 x 10710 1.83450 x 10710 3.90393 x 10~ 1
0.1 4.82152 x 107° 1.84106 x 10710 3.37478 x 10~ 5.95021 x 1012

TaBLE 2: [w® (3, {) — w* (3, {)| of Problem 1 at different values of @ at x = 0.002 determined by LRPSM at plausible locations in the range

(€ [0,0.1].

¢ @=0.7 @=0.8 @=0.9 ®@=10
0.01 7.98018 x 10~ 13 3.86764 x 10714 1.77337 x 10715 7.73527 x 10717
0.02 9.02854 x 10712 6.18822 x 10713 4.01268 x 10~ 2.47529 x 10~ 1°
0.03 3.73196 x 10~ 11 3.13278 x 10712 2.48797 x 10713 1.87967 x 10~ 14
0.04 1.02146 x 10710 9.90115 x 10~ 12 9.07967 x 10713 7.92092 x 1014
0.05 2.23053 x 10710 2.41727 x 1071 2.47836 x 10712 2.41727 x 10713
0.06 422223 x 10710 5.01246 x 10~ ! 5.62964 x 1012 6.01495 x 10~ 13
0.07 7.24195 x 10710 9.28619 x 10~ 1.12653 x 10~ 1 1.30007 x 10~ 12
0.08 1.15565 x 107° 1.58418 x 10710 2.05449 x 10~ 11 2.53469 x 10712
0.09 1.74526 x 107° 2.53756 x 1010 3.49053 x 10~ 1 4.56760 x 10712
0.1 2.52355x 1077 3.86764 x 10710 5.60790 x 10~ 11 7.73527 x 10712
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TasLE 3: [w* (%, {) — w? (3, {)| of Problem 2 at different values of @ at x = 1.0 determined by LRPSM at plausible locations in the range

{ €[0,0.1].

¢

® =07

®=0.38

®=0.9

®=1.0

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.1

6.93499 x 10~ 12
4.82981 x 10~
1.50309 x 10710
3.36367 x 10710
6.28292 x 10~10
1.04681 x 10~°
1.61183 x 107°
2.34260 x 107°
3.25780 x 107°
4.37568 x 107°

6.65164 x 10713
6.11258 x 10~ 12
2.23726 x 10~ 11
5.61721 x 10~
1.14718 x 10~10
2.05595 x 10710
3.36699 x 10710
5.16198 x 107 1°
7.52497 x 10710
1.05421 x 10~°

6.11093 x 10~ 14
7.40995 x 10~ 13
3.18965 x 10~ 12
8.98510 x 10~ 12
2.00632 x 10~ 11
3.86769 x 10~
6.73690 x 10~ 11
1.08951 x 1010
2.50264 x 107°
2.43280 x 10710

5.40000 x 10~ 1
8.64000 x 10~ 14
4.37400 x 10713
1.38240 x 10712
3.37500 x 1012
6.99840 x 1012
1.29654 x 10~ 1!
2.21184 x 10~ 1
3.54294 x 10~ 1
5.40000 x 10~

TaBLE 4: |w’ (%, {) — w* (%, {)| of Problem 2 at different values of ® at » = 1.0 determined by LRPSM at plausible locations in the range

{ €[0,0.1].

¢

® =07

®=0.38

®=0.9

®=1.0

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.1

6.68516 x 10~ 1%
7.56340 x 10714
3.12634 x 10713
8.55701 x 1013
1.86856 x 10~ 12
3.53705 x 10~ 12
6.06674 x 10712
9.68115 x 10712
1.46205 x 10~ 1!
2.11403 x 10~ 1

3.24000 x 10~ 1°
5.18400 x 1015
2.62440 x 10714
8.29440 x 10~
2.02500 x 10~ 13
4.19904 x 10~ 13
7.77924 x 10713
1.32710 x 10~ 12
2.12576 x 10712
3.24000 x 10~ 12

1.48559 x 10~ 17
3.36151 x 1071¢
2.08423 x 10~ 1%
7.60623 x 1071
2.07618 x 10714
4.71607 x 10714
9.43715x 10714
1.72109 x 10~ 13
2.92409 x 10713
4.69785 x 10713

6.48000 x 10~ 1°
2.07360 x 1017
1.57464 x 10~ 1¢
6.63552 x 10716
2.02500 x 10~ 1°
5.03885 x 1071
1.08909 x 10~ 14
2.12337 x 10714
3.82638 x 10714
6.48000 x 10~ 14

TaBLE 5: |[w* (%, {) — w? (3, )| of Problem 3 at different values of @ at % = 0.002 when A = 2.0 determined by LRPSM at plausible locations in

the range { € [0,0.1].

¢

®=0.7

®=0.38

® =09

®=1.0

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.1

1.71234 x 1073
1.19254 x 1074
3.71134 x 10~4
8.30537 x 10~4
1.55134 x 1073
2.58472 x 1073
3.97984 x 1073
5.78419 x 1073
8.04396 x 1073
1.08042 x 1072

1.64238 x 107 °
1.5092810x~°
5.52410 x 10~°
1.38697 x 10~ *
2.83255 x 1074
5.07642 x 104
8.31357 x 1074
1.27456 x 1073
1.85802 x 1073
2.60300 x 1073

1.50887 x 10~7
1.82962 x 10°6
7.87569 x 10~°
2.21854 x 10°°
4.95386 x 10~°
9.54985 x 10~°
1.66343 x 1074
2.69015 x 1074
4.11079 x 1074
6.00692 x 1074

1.33333 x 10°8
2.13333x 1077
1.08000 x 10~
3.41333 x 107
8.33333 x 107°
1.72800 x 10~°
3.20133 x 107°
5.46133 x 107>
8.74800 x 107°
1.33333 x 1074

TaBLE 6: |w® (%, {) — w* (3, {)| of Problem 3 at different values of @ at % = 0.002 when A = 2.0 determined by LRPSM at plausible locations in

the range { € [0,0.1].

¢

® =07

®=0.38

@ =09

®=1.0

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.1

2.75110 x 1077
3.11251 x 10°°
1.28656 x 10~°
3.52140 x 10~°
7.68955 x 107>
1.45558 x 1074
2.49660 x 10~4
3.98401 x 10~*
6.01665 x 1074
8.69973 x 10~ 4

1.33333 x 1078
2.13333 x 1077
1.08000 x 10~
3.41333 x 107°
8.33333 x 107°
1.72800 x 10~°
3.20133 x 107"
5.46133 x 107°
8.74800 x 107>
1.33333 x 1074

6.11355 x 10~ 1°
1.38334 x 10~ 8
8.57707 x 1078
3.13014 x 1077
8.54394 x 1077
1.94077 x 1076
3.88360 x 107°
7.08269 x 10~6
1.20333 x 1077
1.93327 x 10™°

2.66667 x 1071

8.53333 x 10710
6.48000 x 10~°
2.73067 x 1078
8.33333 x 1078
2.07360 x 1077
4.48187 x 1077
8.73813 x 1077
1.57464 x 1076
2.66667 x 107°
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TABLE 7: |w (%, {) — w® (%, )| of Problem 1 at % = 0.003 when @ = 1.0 determined by LRPSM at plausible locations in the range { € [0,0.1].
¢ w (%,0) w® (%, () [wb (%,§) —w (%, Q)|

0.01 2.53008 x 108 2.53008 x 10~8 2.60496 x 10~20
0.02 2.37086 x 1078 2.37086 x 10~ 8 3.30768 x 10718
0.03 2.22165 x 10°8 2.22165 % 1078 5.60646 x 10717
0.04 2.08184 x 10°8 2.08184 x 10°8 4.16685 x 10716
0.05 1.95082 x 108 1.95082 x 1078 1.97128 x 10~ 15
0.06 1.82805 x 1078 1.82805 x 10~8 7.00821 x 10~ 15
0.07 1.71301 x 108 1.71301 x 1078 2.04572 x 10714
0.08 1.60521 x 1078 1.60521 x 1078 5.16919 x 10~
0.09 1.50419 x 108 1.50420 x 1078 1.16989 x 10713
0.1 1.40952 x 10~8 1.40955 x 1078 2.42728 x 10713

TaBLE 8: [w (%, {) — w” (3, ()| of Problem 1 at » = 0.003 when @ = 1.0 determined by LRPSM at plausible locations in the range { € [0, 0.1].

{ w (M> () w7 (%) () |w (M> () - w7 (%) ()'
0.01 2.53008 x 1078 2.53008 x 1078 2.11758 x 10722
0.02 2.37086 x 1078 2.37086 x 1078 5.38461 x 10~20
0.03 2.22165 x 1078 2.22165 % 1078 1.37022 x 1018
0.04 2.08184 x 10°8 2.08184 x 10°8 1.35902 x 10~17
0.05 1.95082 x 10~8 1.95082 x 10~8 8.0436 x 10717
0.06 1.82805 x 10~8 1.82805 x 1078 3.43448 x 10716
0.07 1.71301 x 10~ 8 1.71301 x 1078 1.17061 x 10~ 1°
0.08 1.60521 x 10~8 1.60521 x 10~8 3.38332x 107 1°
0.09 1.50419 x 10~ 8 1.50418 x 10~ 8 8.62135 x 10~ 1°
0.1 1.40952 x 108 1.40952 x 10°8 1.98913 x 10~ 4

TaBLE 9: |w (%, {) — w® (3, {)| of Problem 2 at » = 1.0 when @ = 1.0 determined by LRPSM at plausible locations in the range { € [0,0.1].

( w (%) () w6 (%: {) |lU (%> () - w6 (%) ()'
0.01 —-0.00060018 —-0.00060018 2.95987 x 1077
0.02 -0.00120072 -0.00120072 4.42354 x 10717
0.03 -0.00180162 -0.00180162 7.69784 x 10717
0.04 —-0.00240288 —-0.00240288 7.19910 x 10~
0.05 -0.00300450 -0.00300450 5.46438 x 1017
0.06 -0.00360649 -0.00360649 1.00614 x 10~ 1¢
0.07 —-0.00420883 —-0.00420883 5.72459 x 10~ 17
0.08 -0.00481154 —-0.00481154 3.12250 x 10717
0.09 —-0.00541461 —-0.00541461 7.28584 x 10717
0.1 -0.00601804 -0.00601804 5.89806 x 10~ 17

TaBLE 10: |w (%, {) — w” (%, {)| of Problem 2 at % = 1.0 when @ = 1.0 determined by LRPSM at plausible locations in the range { € [0,0.1].

( ‘lU(M, C) w7 (M) () |lU (M> () - LU7 (%3 C)'
0.01 —-0.00060018 —-0.00060018 2.94903 x 1077
0.02 —-0.00120072 —-0.00120072 4.40186 x 10717
0.03 -0.00180162 -0.00180162 7.67615 x 10717
0.04 -0.00240288 —-0.00240288 7.15573 x 1077
0.05 -0.00300450 —-0.00300450 5.50775 x 10~17
0.06 -0.00360649 -0.00360649 1.00614 x 10~ 1¢
0.07 —-0.00420883 —-0.00420883 5.63785 x 10717
0.08 -0.00481154 -0.00481154 3.12250 x 1017
0.09 —-0.00541461 —-0.00541461 7.28584 x 1077
0.1 —-0.00601804 —-0.00601804 5.89806 x 10~ 17
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TaBLE 11: |w (%, {) — w® (%, ()| of Problem 3 at % = 1.0 and A = 2.0 when @ = 1.0 determined by LRPSM at plausible locations in the range
{ €[0,0.1].

( w (M> () w6 (%) () |lU (%> () - w6 (M9 ()'
0.01 1.73808 1.73808 2.22045 x 10716
0.02 1.75749 1.75749 3.24185x 10714
0.03 1.77652 1.77652 5.51115x 10~ 13
0.04 1.79517 1.79517 4.11982 x 10712
0.05 1.81344 1.81344 1.95961 x 10~ 11
0.06 1.83136 1.83136 7.00426 x 10~ !
0.07 1.84892 1.84892 2.05550 x 10710
0.08 1.86614 1.86614 5.22144 x 10710
0.09 1.88301 1.88301 1.18793 x 10~°
0.1 1.73808 1.89955 2.47757 x 107°

TaBLE 12: [w (%, {) — w” (3, ()| of Problem 3 at x = 1.0 and A = 2.0 when @ = 1.0 determined by LRPSM at plausible locations in the range
{ €[0,0.1].

C w (M> () LU7 (M» () |lU (Ma () - LU7 (%3 C)'
0.01 1.73808 1.73808 0.0

0.02 1.75749 1.75749 0.0

0.03 1.77652 1.77652 4.21885x 107 1>
0.04 1.79517 1.79517 4.10783 x 104
0.05 1.81344 1.81344 2.45359 x 10713
0.06 1.83136 1.83136 1.05249 x 10712
0.07 1.84892 1.84892 3.60423 x 1012
0.08 1.86614 1.86614 1.04659 x 10~ 11
0.09 1.88301 1.88301 2.67941 x 10~ 1
0.1 1.73808 1.89955 6.21085 x 10~

TaBLE 13: |w (3, {) — w® (%, {)| in different approaches for Problem 1 at » = 0.002 when @ = 1.0 at plausible locations in the range { € [0, 0.1].

¢ Abs.error Abs.error
[LRPSM] [PDTM] [34]

0.01 8.30269 x 10~ 1° 8.30269 x 10~
0.02 5.26512 x 10717 5.26512 x 1017
0.03 5.94281 x 1071° 5.94281 x 10716
0.04 3.30894 x 10~ 13 3.30894 x 10715
0.05 1.25095 x 10~ 14 1.25095 x 10~ 14
0.06 3.70206 x 10~ 14 3.70206 x 10~ 14
0.07 9.25270 x 10~ 9.25270 x 1014
0.08 2.04357 x 10713 2.04357 x 10713
0.09 410678 x 10713 4.10678 x 10713
0.1 7.66068 x 10~ 13 7.66068 x 10~ 13

TaBLE 14: |w (%, {) — w’ (%, {)| in different approaches for Problem 2 at » = 1.0 when ® = 1.0 at plausible locations in the range { € [0, 0.1].

¢ Abs.error Abs.error
[LRPSM] [ATDM] [35]

0.01 2.94903 x 10717 2.94903 x 10~ 17
0.02 4.40186 x 10~V 4.40186 x 10717
0.03 7.67615 x 10~ 7 7.67615 x 10717
0.04 7.11237 x 1077 7.11237 x 1077
0.05 5.63785 x 1077 5.63785 x 10717
0.06 1.03216 x 107 1¢ 1.03216 x 107 1¢
0.07 6.41848 x 10”17 6.41848 x 10717
0.08 1.47451 x 10~V 1.47451 x 10717
0.09 1.07553 x 10~ 1¢ 1.07553 x 107 1¢
0.1 1.23165 x 10716 1.23165 x 10716
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TaBLE 15: |w (%, {) — w’ (%, {)| in different approaches for Problem 3 at » = 1.0 and A = 2.0 when @ = 1.0 at plausible locations in the range

{ €[0,0.1].
¢ Abs.error Abs.error
[LRPSM] [HPM] [36]

0.01 8.88178 x 10714 8.88178 x 10~
0.02 5.65636 x 10712 5.65636 x 10~ 12
0.03 6.42488 x 10~ 6.42488 x 10~
0.04 3.59969 x 10710 3.59969 x 10710
0.05 1.36929 x 10~° 1.36929 x 10~°
0.06 4.07716 x 107° 4.07716 x 107°
0.07 1.02521 x 108 1.02521 x 108
0.08 2.27795 x 1078 2.27795 x 1078
0.09 4.60513 x 10°8 4.60513 x 10°8
0.1 8.64113 x 1078 8.64113 x 1078

step approximations obtained by various methods, including
the PDTM [34], ATDM [35], and HPM [36]. Strong
agreement between the results produced using the suggested
method and various series solution techniques shows that
the LRPSM is a useful substitute for approaches based on
He’s or Adomian polynomials.

6. Conclusion

In this article, we used the LRPSM to solve time-fractional
BSOPE in the sense of CD. The effectiveness of the LRPSM
has been demonstrated by results in both graphs and nu-
merically. The approximate solutions achieved using LRPSM
are in perfect agreement with the corresponding exact so-
lutions, as can be seen from the graphs and tables. The
numerical evidence for the convergence of the approxi-
mative solution to the exact solution is presented in
Tables 1-6. The comparison article is established in
Tables 7-12 in terms of the absolute error of the approximate
and exact solutions. The results of these numerical ap-
proaches are also compared with the PDTM, ATDM, and
HPM in terms of absolute errors in Tables 13-15.

The results obtained using the suggested approach,
which demonstrates excellent agreement with PDTM,
ATDM, and HPM, show that LRPSM is a suitable re-
placement tool for He’s or Adomian polynomial-based
methods used to solve FODEs. When determining the co-
efficients for a series such as the RPSM, the fractional de-
rivative needs to be determined each time. However, LRPSM
just needs the idea of an infinite limit. As a result, the
computations required to determine the coefficients are
minimal. The results led us to the conclusion that our
technique is easy to use, accurate, flexible, and effective.
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The representation of mathematical models via piecewise differential and integral operators for dynamic systems has this potential
to capture cross-over behaviors such as a passage from deterministic to randomness which can be exhibited by different systems.
A 3D mathematical model, similar to the prey-predator system, of tumor-immune interaction with piecewise differential and
integral operators is developed and analyzed. Three different scenarios, namely, cross-overs from deterministic to randomness,
the Mittag-Leftler law to randomness, and a cross-over behavior from fading memory to the power-law and a random process,
are considered. The existence, uniqueness, positivity, and boundedness of the solutions of the systems are proved via the linear
growth and Lipschitz conditions. The numerical approximations by Toufik, Atangana, and Araz are used for approximation of
solutions and simulation of the piecewise models in different scenarios. From the nondimensionalized version of the 3D model
representation, it is shown that the parameter values have an impact on the growth of tumor cells, and activating the
proliferation of the resting cells has negatively affected the development of tumor cells. Moreover, the dynamics of tumor-
immune interaction exhibited a cross-over behavior, and this behavior is exposed by the piecewise modeling approach used for
the representations.

1. Introduction

The classical differential equations (ordinary and partial dif-
ferential equations) were developed based on the concept of
rate of changes, and it has been used and investigated for sev-
eral decades. They have been used in developing several math-
ematical models representing real-world problems and are
effectively used to make their analysis. Nevertheless, some
drawbacks with the classical differential equations were
observed. The classical differential equations are not efficient
in replicating observed realities. For instance, some cases
require randomness and cannot be captured by the classical

differential equations, and as a result, the stochastic differential
equations came into being and have been used successfully.
In the same way, there are some problems in real world
that cannot be captured by stochastic differential equations,
and this led to the development of different concepts of frac-
tional derivatives and integrals. Different concepts of frac-
tional operators have been used to capture trends including
nonlocalities, power-law processes, memory effects, fractal
processes, and some other real-world problems. Though
there are different endeavors made by mathematicians to
capture different real-world problems using mathematical
models, the issue of capturing dynamic systems that display
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multiple behaviors is not fully addressed (see [1] and the ref-
erences therein). With this understanding and to solve the
problem of capturing dynamics of real-world problems with
cross-over behaviors, Atangana and Araz [1, 2] developed a
novel concept named piecewise modeling that involves dif-
ferential and integral operators.

In this study, the notion of piecewise modeling is consid-
ered to develop different piecewise mathematical models for
tumor-immune interaction using the classical, stochastic,
and fractional derivative concepts.

There are several studies conducted on tumor-immune
interaction by using different mathematical models based
on classical and fractional derivative concepts. A few of them
are reviewed as follows: Kaur and Ahmad [3] developed a
mathematical model of tumor-immune interaction by
including the Michaelis-Menten function in the model.
The authors used the classical derivative and showed that
the inclusion of the Michaelis-Menten function helped in
achieving stability of the dynamical system and increased
the rate of growth of resting cells. A seven-dimensional
dynamical model of the tumor-immune system equipped
with the Reimann-Liouville fractal-fractional operator with
the Mittag-Leffler-type kernel was considered by Farman
et al. [4]. The results showed that the IL-12 cytokine and
anti-PD-L1 inhibitor increased the immune system and
decreased the cancer cells. Ahmed et al. [5] applied ABC
fractal-fractional operators to develop a mathematical model
and visualize the tumor-immune relationship. Various
mathematical models addressing different cancer treatments
such as cytotoxic chemotherapy, immunotherapy, and their
combination are investigated by Depillis et al. [6].

Wilkie [7] discussed different mathematical models with
the classical derivatives of tumor growth in the presence of
an immune response, and the findings suggest that feedback
from the tumor to the immune response induces the exis-
tence of dormant cancer cells. A mathematical model incor-
porating three types of immunotherapy and focusing on the
inhibitory role of Tregs in the tumor-immune system is
developed and analyzed by Zhongtao et al. [8]. A mathemat-
ical model describing how cancer cell progresses and sur-
vives an encounter with the immune cell population is
developed and discussed in [9]. The chaotic dynamics of a
tumor-immune interaction model with delay are considered
in [10]. Kuznetsov et al. [11] developed a tumor-immune
interaction mathematical model and described the response
of effector cells to the growth of an immunogenic tumor.
There are many other studies made on the tumor-immune
interaction (see for instance [12-16]).

As the concept of piecewise differential and integral
operators is relatively new, hence, little literature is avail-
able. The concept of the piecewise derivative and integral
operator is used with different fractional derivatives to
investigate an SIR mathematical model of COVID-19 in
[17]. Zeb et al. [18] investigated a five-dimensional com-
partmental model of COVID-19 with the concept of piece-
wise derivative and integral operators combining the
Caputo-Fabrizio, classical, and stochastic differential equa-
tions. A mathematical model representing an interaction
in a food web is considered, and the concept of piecewise
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differential and integral operator is imposed for investiga-
tion in [19]. A mathematical model of the third wave of
COVID-19 is developed and considered with the concept
of piecewise differential and integral operators [2]. The
concept of piecewise differentiation and integral operator
is applied to a CAR-T cells-SARS-2 virus model [20]. Of
course, different concepts of fractional derivatives have
been used by several authors for investigation of different
dynamical systems and different applications (see for
instance [21-28] and the references therein).

To the best of the researchers’ knowledge, there is no
single study conducted on a Tumor-immune interaction
mathematical model in the sense of piecewise differential
and integral operators. The concept of piecewise deriva-
tives and integrals in capturing real-world problems with
multiple behaviors is a novel result as it empowers
researchers in the area to use different concepts of deriva-
tive and integral operators at the same time to study mul-
tiple behaviors of a given dynamic system which may not
otherwise be possible.

This study, therefore, focuses on discovering different
cross-over behaviors in a mathematical model of tumor-
immune interaction in the sense of the piecewise differential
and integral operators developed by Atangana and Seda. The
classical differential equations, stochastic differential equa-
tions, and different concepts of fractional operators are
included in the formation of the piecewise differential and
integral operators. Accordingly, three different scenarios of
the mathematical models were developed: a cross-over from
deterministic to randomness, a cross-over from Mittag-
Leffler law to randomness, and a cross-over from exponen-
tial decay to power-law and random process.

The remaining part of this paper is organized as follows:
The formulation and description of the model, the parame-
ters and their description, and the formulation of three
piecewise models representing the system are considered in
Section 2. Section 3 is devoted to the existence, uniqueness,
positivity, and boundedness of the piecewise models.
Numerical approximations of the piecewise models are con-
sidered in Section 4 followed by simulations in Section 5.
The conclusion is provided in Section 6 followed by the list
of references in the last section.

2. Formulation of Models

In this section, the tumor-immune mathematical model
used in this study is described. The system comprises three
nonlinear differential equations that modify to different con-
cepts of fractional operators and stochastic differential equa-
tions. The model involves the concentration of tumor cells at
time t, represented by X(¢), the concentration of hunting
predator cells at timet, represented by Y(¢), and the
concentration of resting predator cells at time ¢, represented
by Z(t). The hunting and resting predator cells are normal
tissue cells. The model is similar to the prey-predator system
and originally developed by Kaur and Ahmad [3] describing
the growth, death, and interaction among this population
and is given as shown in:
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. X
X=A+r1X(1—k—> -0 XY,
1

Y=BYZ-dY-a,YX, (1)
erzZ(l - 5) _pyz-dz+ PXZ
k X+

2

where all the parameters in (1) are nonnegative and the ini-
tial conditions are

X(0)>0,Y(0)>0,Z(0) >0,and k; > k,. (2)

The first equation of (1) describes the rate of growth of
concentration of tumor cells. It is assumed that tumor cells
follow the logistic growth in the absence of any immune
intervention (hunting and resting predator CTL cells). The
extinction of hunting cells and tumor cells is proportional
to the densities of both the cells, in line with the law of mass
action. The proliferation of the resting cells is also assumed
to follow the logistic growth function in the absence of
tumor cells. The multiplying of the resting cells is enhanced
by the tumor cells characterized by the term pXZ/(X +1#)
called the Michael-Menten function which indicates the sat-
uration effect of the resting predator cells, with a rate of pro-
liferation p and a half-saturation constant #. The resting cells
are converted to hunting cells by direct contact with them or
by fast diffusing substance (cytokines) produced by hunting
cells at the rate 8. It is worth mentioning that inactivated
hunting cells will not get back to the resting stage once over.
The parameters of the model and their description used in
this study are summarized in Table 1.

Following the work in [1], let us use the following
dimensionless variables in the system:

t* = Atlk, X* = XIk,, Y* = ak, YIA, Z* = ZIk,.  (3)

After applying the dimensionless variables in (2) to the
systems (1), we obtain

X=1+¢X(1-X)-XY,

Y=6,YZ-cY - YX, (4)
. X7
Z=c¢Z(1-2Z)-cYZ-c,Z+ XS?
where
_ rik _ Bk ke, _ dk, _ “2k%

AT AT T 8T 4T g
_ ok B dyk, Pk, k=1

C5= ——,C= —>,C; = ——,Cg = —
A 7T AT A k,

()

In this study, the nondimensionalized mathematical model
(4) is considered in the sense of piecewise differential and inte-
gral operators using classical, stochastic differential equations
and different concepts of fractional and integral operators.

2.1. Preliminaries. The basic definitions of different frac-
tional derivatives and integral operators used in the study
are recalled as follows.

Definition 1 (see [30-32]). Let € (0,1], and f € C'(0,1).
The fractional ABC (with Mittag-Leftler kernel), Caputo
(with the power-law kernel), and Caputo-Fabrizio (with
exponential decay kernel) derivatives are, respectively,
defined as follows:

enlyt = PO [ LI |- e
D)= (11_ m JO Loty ta,
gFDf’f(t) = f(_mjzi_f(r) exp [_ju(t_ r)} dr,

where G(u) =1 - p + p/T (p) is the normal operator, E,(.) is
the Mittag-Leffler function, and I'(.) is the Euler Gamma
function.

The fractional integrals of the Caputo, Caputo-Fabrizio,
and ABC types are, respectively, given by

CIf (1) = ﬁj;a ) (p)dp,

t

CFIf (1) = %f(t) v ﬁjoﬂp)dp,

SRS} = s fO+ G | S P e
)

2.2. Equilibrium Points. Four equilibrium points of the sys-
tem (4) are given below:

1 4
E = (— <1+1/1+—>,0,0>,
2 o

E, = (X10,2,),

1 1 1 X
whereX, = - [1+,/1+ — |, Z,= — [ —¢, + S ,
2 ¢ Cs X, +K

E; = (X;,Y3,0), where X5 = 5 <0,

Cy
(8)
E, = (X, Y,, Z,) is the interior equilibrium point, 9)
where
C;X; + C, X5 + C, X, +Cy =0, (10)
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TaBLE 1: Parameters of the model and their descriptions.
Parameter Description Dimensional values  Source
A The rate of conversion of normal tissue cells to malignant (cancerous) cells (fixed input) 1000000/cell/day ~ Assumed
r The growth rate of the tumor cells X. 0.18/day [14]
r, The growth rate of the resting cells Z 0.1045/day [29]
B The rate of conversion of resting cell Z to hunting cell Y 4.32x1078/cell/day
k, Carrying capacity of tumor cells X 5x 10%/cell
k, Carrying capacity of resting cells Z 3% 10° cell [14]
p The proliferation rate of resting cell Z 0.49545/day
n The value at which the growth rate of resting immune cells Z gets half of its maximum value. 1000000
d, Apoptotic or natural death rate of the hunting cells Y. 0.0412/day
d, Apoptotic or natural death rate of the resting cells Z . 0.0412/day
-7 (29]
o The rate of inactivation of tumor cell T by hunter cells Y. 1101 Xdi())r feell
a, The rate of inactivation of hunting cell Y by tumor cell X 2.2%x107® /cell/day

and C, = ¢;K — (¢,K + (c563K/cy) + c5(c; K + 1)),

c
Cy=cs—cy+c5— C—S(c3+c4K)—c1c6(1—K), (11)
2

c4C
Csy=cic5— %,CO:—CGK<O. (12)
2
2.3. Formulation of Piecewise Model. In this subsection, we
formulate three different scenarios of piecewise differential
operator representations for the tumor-immune interaction
model given in (4).

Scenario 1. In this case, we consider a piecewise model that
involves a passage from the deterministic to a random process:
For 0<t<t,X(0)=X,,,Y(0)=Y,,, Z(0) = Z,s,

X=1+¢X(1-X)-XY,
Y=6,YZ-cY -, YX, (13)

. o XZ
Z=cZ(1-2)-¢c.YZ-cZ+ =2
csZ( )~ ¢ (% X+K

>

fort; <t<T,X(t))=X,, Y(t)) =Yy, Z(t)) = Z,3,

dX = (1+¢,X(1 - X) - XY)dt + 0, (X)dB, (1),
dY = (,YZ - ;Y — ¢,YX)dt + 0,(Y)dB,(t),

s XZ
dzZ= (CSZ(I —Z)—cYZ-c,Z+ h) dt +05(Z)dB,(t).
(14)

The mathematical model (10) has a deterministic char-
acter, and it is extended to the stochastic model described
in (11) by adding a white noise-type perturbation to the sys-
tem. The parameters 0, 0,, 05 are positive constants and are
the intensities of the random disturbances. B, = (B (¢), B, (¢
), B5(¢)) is the white noise process.

Scenario 2. In this case, we have considered a piecewise
model involving a passage from the Mittag-Leffler law to a
random process:

For 0<t<t,X(0)=X;,,Y(0)=Y,,,Z2(0) =23,

ABCDIX =1+ ¢,X(1-X) - XY,
AECDYY = ,YZ — ¢,Y — ¢, YX, (15)

g XZ
X+K’

ABCD 7 = e Z(1-2) = ¢ YZ — ¢;Z +

for 1) <t <y, X(t) =Xy, Y(ty) = Y0, Z(1)) = Z53,

dX = (1+¢,X(1 - X) - XY)dt + 0, (X - X,)dB, (),
dY = (,YZ - &Y — ¢, YX)dt + 0, (Y — Y, )dB,(t),

cgX.

VA
az = Z1-2)-¢.YZ—-c,Z
(Cs ( )~ 57 +X+K

)dt +05(Z - Z,)dBy(t).
(16)

Scenario 3. In this case, we consider a piecewise model from
fading memory to the power-law and then to a random process:
For 0<t<t,X(0)=X,,Y(0)=Y,,,Z(0)=Z,,
SFDIX =1+¢,X(1-X) - XY,
SEDYY =6, YZ - ;Y — ¢, YX, (17)

4 X7
SEDZ=cs2(1-2) ~csYZ ~ c,Z + X8+K’
=Z

for t; <t<t,, X(t))=X,,, Y(t;) = Yy, Z(t,) 23>

DX =1+¢X(1-X)-XY,
(24
SDY =,YZ - ;Y — ¢, YX, (18)

g XZ
X+K’

SD/Z=c,Z(1-Z) = csYZ~c,Z +
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fort,<t<T,X(t,) =X5, Y(t,) = Y3, Z(t,) = Z53,

dX=(1+¢X(1-X)-XY)dt+0,(X)dB,(t),
dY = (,YZ - ¢;Y — ¢,YX)dt + 0,(Y)dB,(t),

c XZ
dZ=c.Z2(1-2)-¢.YZ-c.Z + 2
(Cs ( )= ¢ ¢ X+K

)dt+ 05(Z)dBy (1)
(19)

3. Existence, Uniqueness, Positivity, and
Boundedness of the Solutions

This section proves the existence and uniqueness of a solu-
tion to the system in Scenario 3.

Theorem 2. Let Q={(X,Y,Z) € R? : max {|X|, |Y], |Z|} <
L}. For each initial condition U, = (X,;, Y, Z,;) € Q, there
exists a unique solution of (17) for all t > 0.

Proof. Let 0 < t; < 00. We want to find a sufficient condition
for the existence and uniqueness of the solution of (17) in
the domain Q x (0, t,].

Suppose that G is a mapping such that G(W) =
(H, (W), Hy(W), Hy(W)), W=(XY,2)" W=
x', v, zH"

where

, and

H(X,Y,Z)=1+¢X(1-X)-XY,
H),(X,Y,Z)=c,YZ - ;Y — ¢, YX, (20)

s XZ

H. (X, Y, Z\=c:Z(1-2)—-¢.YZ - ¢, Z + .
3( ) =¢sZ( )~ ¢ ¢ X+K

Now for any W, W'eQ, we have

Jow)-o(w)

| <Xy -x'Y'|+|(vZ-Y'2")
+ c3(Y’ - Y) + c4(Y’X’ - YX>|
+e|Y'Z' = YZ| +¢)|2" - Z| + |2 - Z'||

L X2 X'Z'
X+K Xx'+K

<|x'Y' - XY|

+6|YZ-Y'Z |+ ¢|Y = Y| +c,|Y'X
—YX|+|c|Y'Z - YZ| +¢,|Z' - Z|

XCiXK <Z - Z/)
KegZ'

+—(X—X'>|
(X’+K>(X+K)
< (L+KLcg)|X' = X| + (L +¢5 + ¢, L)|Y
—Y’|+(66L+c7+268)|Z—Z'|
<Y[W-W'|,<y|[w-w'

+eg|Z-Z' ||+

>

(21)

where Y =max {L+KLcg, ¢,L +¢5+c4L, csL + ¢, +2¢4}

Thus, the mapping G satisfies the Lipschitz condition
with respect to W. This proves that the system (17) has a
unique solution. O

Theorem 3. The solution of (17) is invariant in the set ]Rfr
={WeR*: W20and W(t)=(X,Y,Z)"}.

Proof. By referring to the system (17), we can observe that
SEDIX ()50 2 0, 5" DY (1), 2 0,6° D Z(1)],_, 20, and
then the mentioned system is nonreducing which proves
the invariance of the system in R} and the feasible region
is O={(X,Y,Z) e R’ : max {|X|,|Y|,|Z|} <L >0}.

Thus, in Theorems 2 and 3, we find that the system (17)
has a unique solution for each initial condition in the feasi-
ble set Q. The existence and uniqueness of the solution of
the system (18) can be shown similarly for the domain Q
X [t 1]

We shall now show the existence and uniqueness of the
solution for the stochastic differential equation given in
(19) based on Theorem 3. Let us first write the system (19)
in a Volterra type of integrals for all t in [t,, T].

For simplicity, let us write (19) in the form

dX = H,(X, Y, Z)dt + G, (t, X)dB, (t),
dY = H,(X, Y, Z)dt + G, (t, Y)dB,(t), (22)
dZ = Hy(X, Y, Z)dt + G (£, Z)dBy (1),

where t, <t < T, and the initial condition is given by X(¢,)
=X3,Y(t,) =Y, Z(t,) =Z33, H;i=1,2,3 are defined in
(20) and G;(t,Z2) =0,(2), G,(,Y) =0,(Y), G, (t, X) =0, (X
),and E, = (X,,Y,,Z,) is the interior equilibrium point of
(4).

We shall now show the existence and uniqueness of the
solution for all ¢ such that t € (¢, T). Indeed, by referring
to (19), we want to show the following items:

(I) Lipschitz condition: for all W, W/ € R? and t € [t,, T]

max {|H,.(W, ) —H,.(w’, t) |2, |Gi(W, ) - G,.(w’, t) |2}1’<)W— W' i= 1,2,3}

(23)

for some positive constant k

(I) Linear growth condition: for all (W, t) € R} x [t,, T]

max {[H,(W, )% |G(W,6)[’} <k(1+|W]*),i=1,2,3},
(24)



Journal of Mathematics

for some positive constant k,where W= (X,Y, Z)T, W' = N 2 2 o 12
o) T ‘GZ(W)—G2<W)‘ =Y =Y <ad|y-Y'[,
x, v, z)". O
, (25)
2
Proof. From the inequalities ‘G3(W) —G3(W') = |Z—Z/’2 <o3|z-Z'|".
2 2 2
’GI(W)—Gl(W')’ = |X-X[<a?x-X'[, We have
i 2_ ' ' / 2_ ' 2 2
‘HI(X)—HI(X) —‘(CIX(I—X)—XY)— (ch (1—X ) X Y)’ = c1+Y+c1<X +X>’ x-x'|
! !
& +26, (1Y% + 11X + e [X [, + XYl + [ VX', ) 2 (26)
< X -X'I,
+ct (X112, + X212, + 21 xx)12)
(o) (0]
where ||®||2, = sup |@|%. with the condition of 1/X3 <1
telt,,T]
Thus, we have , , 1,
G, (W) =03|Y - Y, > <oyi( 1+ —|Y
G, (W) 2 4l 2V Y421| | (31)
2 _
‘HI(X)—HI(X')’ <k|x-x'[, (27) <oy Vi(1+[Y]*),
with the condition of 1/Y3 < 1, and
where
1
o 2 | (G(W)F =323z 2, 503 (14 12 ) sazi(1e 2P,
k=26 (1Y 2 + a1 X g+ e[ X] o+ 1XY [y ' )

# VX)) + (1K1 + X212, + 20X )-
(28)

Similarly

k,= (cf +2¢,¢4 + 26,65) 12112, + 2¢5¢4]|X]] o
ky = (5 + ¢+ o) (14 G| Y15, + 266 Y| o)
+& (1215 + 1215,) + 202112

00}

+ (265(cs+ ¢+ ) + 26566 Y ) (12000 + 112 )
(29)

Now, by choosing k = max {02, k;, i = 1,2, 3}, we can see
that the Lipschitz condition (I) is satisfied. Similarly, we
obtain

1
G, (W)P=c}X-X 2s02X2<1+X2)
|G (W)] il 4] X4 Xﬁ' | (30)

<oiXi(1+|XP),

with the condition of Z} < 1.
2 2 2
<[+ 6 X) oo + (e X+ Y) [l | X[ <
X+ V) xPss s <

Moreover,
[(1+¢,X)

2
lloo

H\(X,Y,Z)P =[1+¢,X(1-X)-XY]?,
<1+20X +aX? + X +20,X°Y + (XY)?
<|J (14 X)? ||+ [[(eX + V)| IXTP

X+Y)?
<k (1 + Mpqz) <k (1+XP),

(1 +c1X)2||

(0]

(33)

where  k =|[(1+¢,X)*|,,  with the condition

[(e,X + Y)?*|| 7k, < 1. Also

|H,(X, Y, Z)‘z =[YZ-Y - C4YX|2 = ((C%HZHoo)
+ 26561l + (o] X7, ) + )|V
<k, (1+]Y?),
(34)
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Time (days)

——  X(t): tumor cells
—— Y(¢): hunting cells
Z(t): resting cells

FIGURE 1: Time series trajectories of the piecewise systems (10) and (11) for ¢; =0.9, ¢, =0.65,¢; =0.21,¢, = 0.55,¢; =0, ¢4 =0.39,¢c, =0

21,¢4=2.48,K=0.2.

where k, = ((G1|Z]lo) + 26564 X[ o + (4] X*[l o) + 5), and

s XZ |?

X+K
(et~ 6) +&|1Z|I3, 2P
+(cé +2¢5¢6 + c§ + 2c2) 1Z]| o + 266651 Y || oo
<k (1+2),

|Hy(X, Y, Z)]* = |csZ(1 = Z) = ¢sYZ - ¢; Z +

<

(35)

where k; = (c5 + ¢g — ¢,)7 + || Z||2, + (& + 2¢5¢4 + 3 + 2¢,)
1Z]lo +2¢6¢8[1 Y] oo

Now, by choosing k = max {02X2, 02Y2, 0272, k;, k,, ks
}, we can see that the linearity condition (II) is satisfied.
Thus, the system (19) has a unique solution with the initial
conditions X(t,) = X5, Y(t,) = Y3,, Z(t,) =Z35. We can
then conclude that the piecewise differential equation con-
sidered in Scenario 3 has a unique solution for all ¢ € [0, T].

By following the same method, the existence and
uniqueness of solutions for the mathematical models
described in Scenarios 1 and 2 are proved. O

4. Numerical Approximations

Based on the work studied in [33], we can show that the
numerical approximation of the system in Scenario 1 is
given as follows:

For all t € [0, t,]

23h 5h

Wi 1) = W)+ 2o H (W () + S0 H(W(n~2)
- W)
(30

where

W=(X,Y,Z),h=At, W, =X, W, =Y, W, =Z,i=1,2,3,
(37)

and H,, H,, H; are defined in (20).
For all t € [t, T], we have

X(n+1)=X(n)+ %HI(X(n), Y(n),Z(n))
+ %HI(X(n -2),Y(n-2),Z(n-2))

4h
e
+ 2 (By(t(n=1) = By(t(n~ )0, (X(n~2)

- H (X(n-1),Y(n—-1),Z(n-1))]
- X,) = 5 (By(1(n) = By(t(n = 1))or (X(n - 1)

“Xg)+ 2 (By(t(n+ 1) - By () (X(m) - Xy),
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0 10 20 30 40 50 60 70 80 90 100
Time (days)

——  X(t): tumor cells
—— Y(t): hunting cells
Z(t): resting cells

FIGURE 2: Time series trajectories of the piecewise systems (10) and (11) for ¢; =0.9, ¢, =0.65,¢; =0.21, ¢, =0.55,¢5 =0.52, ¢, = 0.39, ¢,
=0.21,¢4=2.48,K=0.2.

0 10 20 30 40 50 60 70 80 920 100
Time (days)

——  X(t): tumor cells
— Y(¢): hunting cells
Z(t): resting cells

FiGure 3: Time series trajectories of the piecewise systems (10) and (11) for ¢; =0.9, ¢, =0.65,¢; =0.21, ¢, = 0.55, ¢5 = 0.62, ¢, = 0.39, ¢,
=0.21,c4=2.48,K=0.2.
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0 10 20 30 40 50 60 70 80 920 100
Time (days)
——  X(t): tumor cells
—— Y(t): hunting cells
Z(t): resting cells

FIGURE 4: Time series trajectories of the piecewise systems (10) and (11) for ¢; =0.9, ¢, =0.65,¢; =0.21,¢, =0.55,¢; =0.92, ¢, = 0.39, ¢,
=0.21,c5=2.48,K=0.2.

254 L SR SR SR R ;-

0 10 20 30 40 50 60 70 80 920 100
Time (days)
—— X (t): tumor cells
— Y (t): hunting cells
Z (t): resting cells

FIGURE 5: Time series trajectories of the piecewise systems (10) and (11) for ¢; =0.9, ¢, =0.65,¢; =0.21, ¢, =0.55,¢5 =0.52, ¢, = 0.39, ¢,
=0.21,¢4=0,K=0.2.
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Time (days)

—— X (t): tumor cells
— Y (t): hunting cells
Z (t): resting cells

FIGURE 6: Time series trajectories of piecewise systems (10) and (11) for ¢; =0.9,¢, =0.65,¢c; =0.21, ¢, =0.55,¢5; = 0.52, ¢, = 0.39, ¢, =
0.21,¢4=1.6,K=0.2.

Time (days)

—— X (t): tumor cells
— Y (t): hunting cells
Z (t): resting cells

FIGURE 7: Time series trajectories of the piecewise systems (10) and (11) for ¢; =0.9, ¢, =0.65,¢; =0.21, ¢, = 0.55, ¢; =0.52, ¢, = 0.39, ¢,
=021,c4=2,K=0.2.

Y(n+1)=Y(n)+ %HZ(X(H), Y(n), Z(n)) Zn+1)=Z(n)+ %HJX(H), Y(n),Z(n))
+ i—}lez(X(n -2),Y(n-2),Z(n-2)) + %H3(X(n -2),Y(n-2),Z(n-2))
- %[HZ(X(n -1),Y(n-1),Z(n-1))] - % [Hy(X(n—-1),Y(n—-1),Z(n-1))]
+ %(Bz(t(n -1)=B,(t(n-2))o,(Y(n-2) + %(B3(t(n - 1)=B;(t(n—-2))o3(Z(n—-2) - Z,)
~ ) = 5 (Balt(n) = By(e(n = 1)V (- 1) - S (B(H0n) = By(t(n- 1)) (2(n - 1) - Z)

23

—Yy)+ g(Bz(t(” +1) = By(t(n))or(Y(n) = Yy), + 5 (Bs(t(n+ 1) = By(t(m))o5(Z(n) = Z,).

(38)
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Y (t): hunting cells
—— ¢5=0.52, ABC ¢5 = 0.62, Stochastic
—— ¢5=0.52, Stochastic —— ¢5=0.92, ABC
¢5=0.62, ABC ¢5 = 0.92, Stochastic

FIGURE 8: Phase portrait of the piecewise systems (15) and (16) projected onto the YZ plane for the parameter values of ¢; =0.9, ¢, =
0.65,¢;=0.21,¢, = 0.55, ¢ = 0.39, ¢, = 0.21, ¢g = 2, K = 0.2, for the derivative order of 4 = 1, and the different values of ¢;

Z (t): resting cells

[
w
1

(38
1

—
w
1

—
1

(=]
v
1

(=]

o
—
)
w
S
9]
o
~
®

Y (t): hunting cells

— u=1,ABC u = 0.98, Stochastic
—— p =1, Stochastic — p=0.95,ABC
—— p=0.98, ABC u =0.95, Stochastic

FIGURE 9: Phase portrait of the piecewise systems (15) and (16) projected onto the YZ plane for the parameter values of ¢, =0.9, ¢, =
0.65,¢; =0.21, ¢, =0.55, c; =0.52, ¢g = 0.39, ¢, = 0.21, ¢g = 2, K = 0.2, and different values of fractional order u.



12 Journal of Mathematics

Y (t): hunting cells

0 0.5 1 1.5

X (t): tumor cells

—— u=0.95ABC @ = 0.98, Stochastic
—— p=0.95, Stochastic — u=1,ABC
— u=0.98, ABC —— u =1, Stochastic

FiGure 10: Phase portrait of the piecewise systems (15) and (16) projected onto the XY plane for the parameter values of ¢; =0.9, ¢, =
0.65,c; =0.21, ¢, =0.55, ¢5 = 0.52, ¢ = 0.39, ¢, = 0.21, ¢g = 2, K 0.2, and different values of fractional order p.

—_ 8]
(S5} \S} v
L L L

Z (t): resting cells

—
]

054.--

1.5

0.5
. i 0
Y (t): hunting cells 0 X (t): tumor cells
— pu=1,ABC u =0.98, Stochastic
u =1, Stochastic — u=0.95ABC
— p=0.98,ABC —— p=0.95, Stochastic

FIGURE 11: Phase portrait of the piecewise system (15) & (16) projected onto the XYZ plane for the parameter values of ¢; =0.9, ¢, =
0.65,¢c; =0.21,¢, =0.55, c5 = 0.52, ¢ = 0.39, c; = 0.21, ¢g = 2, K = 0.2,and different lues of fractional ordery.



Journal of Mathematics 13

Z (t): resting cells

X (t): tumor cells

— ©=0.95ABC —— u=0.98, Stochastic
—— p=0.95, Stochastic — u=1,ABC
— u=098, ABC u =1, Stochastic

FIGURE 12: Phase portrait of the piecewise systems (15) and (16) projected onto the XZ plane for the parameter values of ¢; =0.9, ¢, =
0.65,c; =0.21, ¢, =0.55, ¢5 = 0.52, ¢ = 0.39, ¢, = 0.21, ¢g = 2, K = 0, and different values of fractional order p.

24
E
g 154...--~
g
NI
054 . ff
1
) 0.6 0.8
Y (t): hunting cells 0 0.2 04
’ & X (t): tumor cells
— u=098,CF u =1, Stochastic
— 4=098,C 4t =095, CF
u = 0.98, Stochastic — pu=095C
— u=1CF —— p=0.95, Stochastic
u=1,C

FIGURE 13: Phase portrait of the piecewise systems (17)-(19) projected onto the XYZ plane for the parameter values of ¢; =0.9, ¢, =0.65
,63=0.21,¢,=0.55, c5 =0.52, ¢ = 0.39, c; = 0.21, ¢g = 2, K = 0.2, and different values of fractional order p.



14

0.6 .

0550 ...

Z (t): resting cells

o
wn

0451

37 N0
3.6
3.5

34 N
33 N

Y (t): hunting cells

—— u=098,CF
— u=098,C

u = 0.98, Stochastic
— u=1CF

u=1C

00y 0225 023 0235 024 0.24

Journal of Mathematics

5 025 0.255 0.26 0.265 0.27

X (t): tumor cells

u =1, Stochastic
u=0.95,CF

— u=095C
—— pu=0.95, Stochastic

FIGURE 14: Zooming in on the inner part of Figure 13.

By referring to Scenario 2 and applying the numerical
method developed in [34], the approximate solution of the
ABC fractional derivative part for all ¢ € [0, ¢,] is given by

n

_ Lpty b
Wiltun) = Wi(0) + s Hi(W(t)) + FW(#);
<Hi<W<rk>)>

I(u+2)

xh[(n+1-k)f(n-k+2+p)— (n-k)¥(n—k+2+2u))

)

X B (n+ 1=k = (n=k)H(n=j+1+u))
(39)

where

W=(X,Y,Z),h=At, W, =X, W, =Y, W, =Z,i=1,2,3,
(40)

andH,, H,, H; are defined in (20).
By referring to Scenario 3 and based on the work studied
in [29], we can show that the numerical approximation of

the system for the Caputo-Fabrizio fractional differential
equation for t € [0, t,] is given as follows:

W 1) = W) + B (W () = W= 1)
s [ HAW(-2) = S (W (1)
+ HHW)|

(41)
where

W=(X,Y,Z),h=At, W, =X, W, =Y, W, =Z,i=1,2,3,
(42)

and H,, H,, H; are defined in (20).

By referring to Scenario 3 and based on the work studied
in [29], we can show that the numerical approximation of
the system for the Caputo fractional differential equation
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for t € [t;,1,] is given as follows:

-1, W(i-1)

J
—Hi(t(j=2), W(j-2)) x[(n—j+1)*(n—j+3+2u)

) . [ ) )
—(n=jf(n-j+3+3u)]+ m;Hz(tU) W(j))
—2H;(t(j-1), W(j—-1)) + Hy(t(j-2), W(j - 2))

("[2(n = j)* + (Bu+10)(n - j) + 24> + 9p+12]

—(”[2(n—j)2+(5;4+10)(n—j)+6;42+18;4+12] ’

(43)

where
W=(X,Y,2),h=At, W, =X, W, =Y, W, =7,
i=1,2,3,and H,, H,, H; are defined in (20).

5. Numerical Simulations and Discussion

In this section, some of the numerical simulations of three
different scenarios are depicted. Based on the dimensional
parameter values given in Table 1 and the relationship
between parameters given in (5), the following nondimen-
sional parameter values of the system (4) are used for the

numerical simulations: ¢; =0.9, ¢, =0.65,¢; =0.21,¢, =0.55
,65=0.52,¢,=0.39,¢, =0.21,cg = 2.48, K = 0.2.

By using the above parameter values, the interior equi-
librium point given by expression (9) is calculated to be E,
= (X, Yy, Z,) =(0.308,3.87,0.580) with the corresponding
eigenvalues of the system given by {-3.78,—0.22 + 0.88i,—
0.22 - 0.88i}. Thus, the equilibrium point E, is stable.

Let us consider the simulation of Scenario 1 for different
values of the parameters ¢; =r,k;/A=0.52,0.62,0.92 and
cg = pk,/A=0,1.6,2.

It can be observed from Figures 1-4 that when the
values of ¢; increase from 0, the hunting cells get activated
and seem to increase and continue to oscillate with con-
vergence for the deterministic part and cross-overs to ran-
domness. The hunting cells can increase as indicated in
the figures when the value of ¢, is different from zero
and gets larger and larger. In Figures 1-4, the tumor cells
remain mitigated.

It can be inferred from Figures 5-7 that by increasing the
parameter values of ¢g from zero, the number of tumor cells
reduces significantly as shown in both deterministic and sto-
chastic parts of the figures. It means that the proliferation of
the resting cells enhanced by the tumor cells characterized
by the term ¢;XZ/X + K (see Equation (4)) has a positive
effect on the mitigation of the tumor cells. It can be inferred
from this result that proliferation of the hunting cells has a
positive effect on mitigating the tumor cells which seems
good news for treating the disease.
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Some of the phase portraits for Scenario 2 which is the
case for a cross-over from ABC fractional derivatives to the
random process of systems in (15) and (16) are depicted in
Figures 8-12. In these figures, the effect of different parame-
ter values of ¢ (Figure 8) and the effect of different values of
the fractional orders u (Figures 9-11) are shown.

It can be observed from Figure 8 that by increasing the
parameter values of ¢;, the memory effect of the ABC frac-
tional derivative increases. This effect led to a slow increment
of the resting cells Z(t), when the number of hunting cells Y
(t) is less than one unit, and later on, as the number of hunting
cells increased, the number of resting cells decreases until both
of them begin decreasing at the same time as shown in
Figure 8. This process repeats, and the trajectories spiral
inwards and cross-over to randomness.

Some of the simulation results of Scenario 3 are
described by piecewise systems (17)-(19); a cross-over from
fading memory (Caputo-Fabrizio fractional derivative) to
the power-law (Caputo fractional derivative) and then to
the random process is depicted in Figures 13-15. These fig-
ures show the impact of different fractional orders (Figure 13
and zooming in shown in Figure 14 and different values of
the parameter ¢; (Figure 15 and zooming in shown in
Figure 16) on the dynamics of the piecewise system
described in Scenario 3.

6. Conclusions

The piecewise mathematical model representation of cancer-
immune interaction used in this study has exposed a property

that has never been considered or observed in earlier studies
using mathematical models based on the classical or different
fractional derivatives. The cancer-immune interaction, for
instance, showed a cross-over behavior from deterministic to
stochastic as shown in the Scenario 1 of this study. We argue
that the approach of piecewise mathematical model represen-
tation of different real-world dynamic systems is an eye-
opener for researchers as the approach has the potential of
uncovering hidden properties in the dynamics of a system.
In this study, it would have been better to compare the model
results with the actual data; it is what the researchers are sup-
posed to consider in future work. It can be contested that the
piecewise mathematical model approach is better closer to
reality as compared to using only one classical or fractional
derivative representation of a dynamic system. This is because
of this fact that different dynamical systems have the property
that cross-over behaviors cannot be cached without a piece-
wise mathematical model representation of the system. It is
observed from the result of this study that (Scenario 1) the
proliferation of the resting cells enhanced by the tumor cells
characterized by the term ¢ XZ/X + K is a good target for
treatment of the diseases as is shown in Figures 1-5.
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