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The flourishing field of fixed point theory started in the early
days of topology with seminal contributions by Poincare,
Lefschetz-Hopf, and Leray-Schauder at the turn of the 19th
and early 20th centuries. The theory vigorously developed
into a dense and multifaceted body of principles, results, and
methods from topology and analysis to algebra and geometry
as well as discrete and computational mathematics. This
interdisciplinary theory par excellence provides insight and
powerful tools for the solvability aspects of central problems
in many areas of current interest in mathematics where topo-
logical considerations play a crucial role. Indeed, existence for
linear and nonlinear problems is commonly translated into
fixed point problems; for example, the existence of solutions
to elliptic partial differential equations, the existence of closed
periodic orbits in dynamical systems, and more recently the
existence of answer sets in logic programming.

The classical fixed point theorems of Banach and Brouwer
marked the development of the two most prominent and
complementary facets of the theory, namely, the metric fixed
point theory and the topological fixed point theory. The metric
theory encompasses results and methods that involve prop-
erties of an essentially isometric nature. It originates with the
concept of Picard successive approximations for establishing
existence and uniqueness of solutions to nonlinear initial
value problems of the 1st order and goes back as far as Cauchy,
Liouville, Lipschitz, Peano, Fredholm, and most particularly,
Emile Picard. However, the Polish mathematician Stefan
Banach is credited with placing the underlying ideas into
an abstract framework suitable for broad applications well
beyond the scope of elementary differential and integral
equations. Metric fixed point theory for important classes of
mapping gained respectability and prominence to become

a vast field of specialization partly and not only because
many results have constructive proofs, but also because it
sheds a revealing light on the geometry of normed spaces,
not to mention its many applications in industrial fields such
as image processing engineering, physics, computer science,
economics, and telecommunications.

A particular interest in fixed points for set-valued oper-
ators developed towards the mid-20th century with the
celebrated extensions of the Brouwer and Lefschetz theorems
by Kakutani and Eilenberg-Montgomery, respectively. The
Banach contraction principle was later on extended to mul-
tivalued contractions by Nadler. The fixed point theory for
multivalued maps found numerous applications in control
theory, convex and nonsmooth optimization, differential
inclusions, and economics. The theory is also used promi-
nently in denotational semantics (e.g., to give meaning to
recursive programs). In fact, it is still too early to truly
estimate the importance and impact of set-valued fixed point
theorems in mathematics in general as the theory is still
growing and finding renewed outlets.

This special issue adds to the development of fixed point
theory by focusing on most recent contributions. It includes
works on nonexpansive mappings in Banach and metric
spaces, multivalued mappings in Banach and metric spaces,
monotone mappings in ordered spaces, multivalued map-
pings in ordered spaces, and applications to such nonmetric
spaces as modular spaces, as well as applications to logic
programming and directed graphs.

Mohamed A. Khamsi
Hichem Ben-El-Mechaiekh
Bernd Schroeder
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We obtain a new Suzuki type coupled fixed point theorem for a multivalued mapping T from X x X into CB(X), satisfying a
generalized contraction condition in a complete metric space. Our result unifies and generalizes various known comparable results
in the literature. We also give an application to certain functional equations arising in dynamic programming.

1. Introduction and Preliminaries

In 2008, Suzuki [1] introduced a new type of mappings which
generalize the well-known Banach contraction principle [2],
and, further, Kikkawa and Suzuki [3] proved a Kannan [4]
version of mappings.

Theorem 1 (see [3]). Let (X, d) be a complete metric space. Let
T:X — X beaselfmap and let ¢ : [0,1) — (1/2,1] be
defined by

1 if0<r<—,
=1, , N M

i
1+r 2

Leta € [0,1/2) and r = a/(1 — &) € [0, 1). Suppose that

¢(r)d(x,Tx) < d(x,y) implies
2)
d(Tx,Ty) < a(d (x,Tx) +d (y,Ty))

forall x,y € X. Then, T has a unique fixed point z, and
lim,, T"x = z holds for every x € X.

Let (X,d) be a metric space. We denote by CB(X) the
family of all nonempty, closed bounded subsets of X. Let H be
a Hausdor{f metric; that is,

H (A, B) = max {supd (a,B),supd (A, b)l> (3)
acA beB

for A, B € CB(X), where d(x, B) = infyeBd(x, ¥).

Nadler [5] proved multivalued extension of the Banach
contraction principle as follows.

Let (X,d) be a complete metric space and let T be a
mapping from X into CB(X). Assume that there exists r €
[0, 1) such that

H(Tx,Ty) <rd(x,y) (4)

for all x,y € X. Then, there exists z € X such that
z € Tz. Many fixed point theorems have been proved by
various authors as a generalization of Nadler’s theorem [6-
9]. One of the general fixed point theorems for a generalized
multivalued mapping appears in [10].
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Theorem 2 (see [11]). Let (X, d) be a complete metric space
and let T be a mapping from X into CB (X). Assume that there
exists a function ¢ from [0, 1) into (0, 1] defined by

1
1 1f0S1’<—;
$(r) = T2 5)

—<r<l,
zf2

such that
¢ (r)d(x,Tx) < d(x,y) implies (6)

H (Tx,Ty) < r max {d (x,9),d(x,Tx),d(y, Ty),
7)

d(x,Ty) +d(y,Tx)}
2

forall x, y € X. Then, there exists z € X such that z € Tz.

Bhaskar and Lakshmikantham [12] introduced the con-
cept of coupled fixed point for a mapping F from X x X
to X and established some coupled fixed point theorems in
partially ordered sets. As an application, they studied the
existence and uniqueness of solution for a periodic boundary
value problem associated with a first order ordinary differen-
tial equation.

Definition 3. Let (X, d) be a metric spaceand F : X x X —
2%, An element (x, y) € X x X is called a coupled fixed point
of Fifx € F(x, y)and y € F(y, x).

The aim of this paper is to obtain coupled fixed point for
a multivalued mapping T : X x X — CB(X) which satisfies
the generalized contraction condition in complete metric
spaces. Our results unify, extend, and generalize various
known comparable results in the literature.

2. Main Results

Now, we shall prove our main result.
Firstly, we define a nonincreasing function ¢ from [0,1)
into [0,1) by

r ifOSr<l,
¢(r) = 1 2 (8)

1-r if-<r<l1.
2

Theorem 4. Let (X, d) be a complete metric space and let T be
a mapping from X x X into CB(X). Assume that there exists
r € [0, 1) such that

d)[d(T(x,y)+dwTwv)] <d(@xu)+d(y,v)
©)

Abstract and Applied Analysis
implies
H(T(x,y),T (u,v))

< gmax <ld(x,u) +d(y,v),d(xT(x,y))

+d (3T (3,%x)),d T W) +d (v T (v,u),

daTwv)+d(y, T (v,u))
5 ,

d(wT(xy)+d(vT(yx)) }
2

(10)

for all x, y,u,v € X. Then, there exist z,z' € X such that
ze€T(z,z)andz € T(Z,z).

Proof. Let r; be a real number such that 0 < r < r; < 1, and
X1, ¥, € X such that x, € T(xy, y;) and y, € T(y;, x;). Since
x, € T(xy, y;) and y, € T(yy, x1), then

d (x5, T (%, ,)) < H(T (%1, 1), T (%3, ) »
d(y T (92,%,)) <H (T (51, %1),T (35, %)),

and, as ¢(r) < 1,

¢ (1) (d (x5, T (x5, 32)) +d (92, T (15, %))
<d(x, T (x5, 2)) +d (32 T (2, %2)) (12)

<d(x3,%3) +d (¥ 1) -

Thus, from assumption (10), we have

d (x5, T (x5, ,))
SH(T (x1, 1), T (%2, 1,))

r
< e {d 172) 0 01022) (50 T 5 )

+d()ﬁ»T()’17x1))xd(x2>T(x,)’2)) (13)
+d (92T (¥, %3)) >

d(x,T (x5 9,)) +d (¥, T (3, %,))
5 ,

d(x,, T (%1, 1)) +d (35, T (1, %)) }
3 ,
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d (%, x3)
r
< Lo {d(r5) + O 2)- )

+d (y1,32)>d (x5, %3) +d (¥, 3) 5 (14)
d(xy,%35) +d (y1, y3)
2 bl

d (x5, %) +d (2, y2) }
2 b

d(yT (5 %,))
<H(T (y1,%1), T (2, %,))

,
< Lo {d (15 + ) T 52 20)

+d (y,. T (y1,%,))d (x5, T (%, 3,)) (15)
+d (92T (¥, %3))

d(x, T (x5, 9,)) +d (31, T (¥, %,))
> ,

d (x5, T (x1, 1)) +d (92, T (31, %)) }
5 ,

d (5 ys)
r
< Lo {d(r5) + O 2)- )

+d (y1,32)-d (x5, %3) +d (¥, 3) 5 (16)
d(xy,%35) +d (y1, y3)
2 b

d (x5, %,) +d (5, y,) } _
2

Adding (14) and (16), we have

d (x5, %3) +d (5 y3)

< rmax {d(xl)xz) +d(y1,95),d (%2, %3) +d (12, 3) 5

d(xy,%3) +d (y1, y3)
5 )
(17)

If max{d(x;,x,) + d(y,y,),d(xy%x3) + d(¥y, ¥3),
(d(xy, x3) + d(yy, v3))/2} = d(x,,x35) + d(y,, 5), then we

have d(x,,x5) + d(y,, y3) < r(d(x,,x3) + d(y,, y3)) asr < 1;
a contradiction. Therefore,

d (x5, %3) +d (y2 y3)

d(x1,x3) + d(J’l))’3)} .
2

< r max {d (xl,xz) +d (J’l’)’z) >
(18)

Again, if max{d(x;,x,) + d(y, y,), (d(x,x3) + d(y;,
y3))/2} = d(x,, x,) +d(yy, y,), we get

d (x5, %3) +d (¥ y3) < v (d (%, %,) +d (y1,95))  (19)
and if max{d(x,, x,) + d(y,, ¥,), (d(x}, x3) + d(y;, ¥3))/2} =
(d(x1,x3) +d(yy, ¥3))/2, we get

d(xy,%35) +d (1, y3) (20)

d(xy,%3) +d(ypy3) <7 5 .

Using triangle inequality, we obtain
d (x5, %3) +d (¥, )

< rd(xl,xz) +d (x5, %3) +d (y1,3,) +d (2 y3)
< 5 .

(21
This implies
r
d (x5, %3) +d (5 y3) < (E) d(x1,%) +d (y1,2).
(22)

Hence, there exist x5, y; € X with x; € T(x,, y,) and
y3 € T(y,,x,) such that

d(xy,%3) +d (yp y3) < r(d (%, %) +d (11, 95)),  (23)
d (x5, %3) +d (5 y3) < (i) d(x,x,) +d (¥, 32)-
(24)

Thus, we construct such sequences {x,} and {y,} in X
such that x,,,; € T(x,, ¥,)> Vus1 € T(y,» x,,), and

d (xn’xn+1) +d (yn’ yn+l) =T (d (xn—l’xn) +d (yn—l’yn)) ’
d(xn’an) +d(yn’yn+l)

.
< (55 )G +d (uoro).

(25)
Then, we have
(d (xn’ xn+1) + d (yn’ yn+1))
n=1
< Z”n (d (%1, %,) +d (31, 9,)) < 00,
n=1
(26)

(d (xn’ xn+1) +d (yw yn+1))

18

=
]
—

= i(Ziry (d(xl’XZ) +d(y1,y2)) < 0.

n=1



Hence, we conclude that in both cases the sequences {x,,}
and {y,} are Cauchy sequences. Since X is complete, there
are some points z and z' in X such that lim,,_, . x, = z and
lim,_, .y, =2

Now, we shall show that

d(z,T(x,y))+d (z', T (y, x))

< r max {d (z,x)+d (z', y) , (27)
d(xT(x,y)+d(nT (y.x)) |
for all x € X/{z} and y € X/{z'}. Since x, — xand
¥, — ¥, there exists n, € N such that d(z, x,,) + d(z', y,) <
(1/3)(d(z, x) + d(Z', y)) for all n > n,. Therefore
¢ () d (xp T (X ¥,)) + A (Yo T (Y X))
=r (d (xn+1’xn) +d (yn+1’yn))
< d (xn’ Z) + d (Z’ xn+1) + d (yn’ Z,) + d (Z” yn+1)

<d(x,z) +d(yn,z') +d(z,%,41) +d(z',yn+1)

< % (d(x,z)+d(y,z')).

(28)
Thus,
() d (%, T (X ) + d (¥ T (Vo x,1))
2 . (29)
< 3 (d(x,z) +d(y,z ))
Since
2 ,
3 (d(x,z) +d(y,z ))
= (d@2) +d(3.2) - 5 (A2 +d (1))
< (d (x,2)+d (y, z')) - (d (x,,2) +d (yn,z'))
<d(xpx) +d (¥ y),
(30)
from (29) we have
() d (%, T (X ) +d (3o T (V0 x,1))
(31)

<d(x,,x) +d (3, ).

Abstract and Applied Analysis

Then, from (10) we have
H (T (5,3, T (5.7)
< % max a5 3) 40502020 (50T (502

+d (Y T (Y X)) d (%, T (x, y))
+d(y,T(y,x)),
d(x,,T(x,9) +d(y, T (y, X)),

2
d (6T (% y,) +d (1T (y %)) }
5 ,
(32)
H(T (y,,x,),T (3, %))
< g max {d (xn"x) +d (yn’ y) ’ d ('xn’T (xn’ yn))
+d (3T (Yp x,)),d (%, T (x, y))
#d(5T (1), oY
d(x, T () +d (¥ T (3, %))
5 ,
d (6T (X y,) +d (1 T (Y X)) }
5 .
By adding, (32) and (33), we get
d (%01, T (%)) + d (Ypsrs T (3, %))
< s (500) 0 2), G55
+ d(yn’ yn+1) ’d(x’T(x’ y))
+d(3T (1), ey
d(x, T (x,9)) +d (T (3, %))
5 ,
d (.X', xn+1) +d (y’ yn+1)
5 :
Letting # tends to co, we obtain
d(z,T(x,y))+d (z', T (y, x))
< r max {d (z,x)+d (z’,y) ,d (x,T(x,9))
(35)

+d (T (y,x)),

d(z,T(x,y))+ d(z',T(y,x))]> .

2
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Hence, we have:

d(z,T(x,y))+d (z', T (y, x))

< r max {d (z,x)+d (z', y) ,d(x,T(x,y)) (36)

+d (3, T (3,x)) }

Now, we shall prove that z € T(z, ZNandz € T(Z,z).

Case 1. First, we consider the case 0 < r < 1/2. Suppose,
on contrary, that z ¢ T(z, ZYand 2/ ¢ (2',2). Leta €
T(z,z') and b € T(2', z) be such that 2r{d(a, z) + d(b,z')} <
d(z,T(z,2") + d(z',T(Z,z)). Since a € T(z,z') and b €
T(Z',2) implya#zand b+ Z', from (10), we have

d(z,T (b)) +d (2, T (b,a))

< rmax{d(z,a)+d(z,b),d (@ T (ab))+d (b,T (b,a))} .
(37)

On the other hand, since ¢(r)d(z, T(z, 2 +dZ, T,
2) <d(z,T(z,2)) +d(z',T(Z,2)) < d(z,a) + d(z',b), from
(10), we get

H(T (z, z'),T(a,b))

<

o=

max {d (z,a)+d (z', b) ,d (Z,T (z, z’))

+d (z', T (z', z)) ,d (a,T (a,b))

+d (b, T (b,a)), (38)

d(z,T(ab)+d (2, T (b,a))
> ,

d(aT(2))+d(bT()2)) } |

2

H(T(z.2),T (b,a))

<

max {d (z,a)+d (z', b) ,d (z, T (z, z'))

N =

+d(2',T(2,2)),d (a,T (a,b))

+d (b, T (b,a)), (39)

d(zT(ab)+d (2, T (b,a))
> ,

d(a,T(z, z')) + d(b,T(z',z)) } .

2

By adding, (38) and (39), we have

d(a, T (a,b)) +d (b, T (b,a))

< r max {d(z,a) +d(2,b),d (a,T (a,b))

(40)
+d b, T (b,a)),

d(zT(ab)+d(2,T (b,a))
5 .
This implies
d(a,T (a,b)) +d (b, T (b,a))
(41)
<r {d(z,a) + d(z',b)} <d(z,a)+ d(z',b).
And, from (40), we have

d(zT(ab)+d (2, T (®a)<r{d(za) +d(<,b)}.
(42)

Therefore, we obtain
d(z.T(z2))+d(,T(<.2))
<d(z,T(a,b) + H(T (a,b),T (z.2"))
+d(z, T (b)) +H(T (b,a),T(2',2)) (43)
<2r(d(z,a)+d(z,b))
<d(zT(z2"))+d(<,T(<,2)).

This is a contradiction. As a result, we have z € T(z,z")
! !
andz' € T(z',z).

Case 2. Now, we consider the case 1/2 < r < 1. We shall first
prove that

H(T (x,y),T(z,z')) +H(T(y,x),T(z',z))
< r max {d(x,z) +d(y,z'),d(x,T(x,y))

+d(»,T (y,x)) ,d(z,T(z,z'))

+d (z',T (z',z)) >

d(x,T(z,z')) +d (y,T(z',z))
5 )

d(z,T(x,y))+ d(z',T(y,x))]>

2

(44)

forall x,y € X.Ifx = zand y = 2, then the previous
equation (44) obviously holds. Hence, let us assume x#z



and y+#z'. Then, for every n € N, there exist sequences
t, € T(x, y) and t; € T(y, x) such that

d(zt,) +d (Z” t;)
<r{d@T ) +d( T} )
1 !
+-d(zx) +d(,y).

Then for all n € N, we have
d(xT(x,y))+d(y.T(y,x))

<d(xt,) +d(y, t;)
<d(x,z)+d(zt,)+ d(y,z') +d(z',t;)

< d(x,z)+d(y,z') +d(z,T(x,y))+d(z',T(y,x))

1 !
+ - (d(x,z)+d(y,z ))
< d(x,z)+d(y,z')
+rmax{d(x,z) +d(y,z'),d(x,T(x,y))
+d(y,T(y,x))}+ % (d(x.2)+d(3.2")).

(46)

Ifd(x,z) + d(y, Z") > d(x, T(x, ) +d(y, T(y,x)), then
we get

d(xT(x y))+d(yT(yx))

<(1+r+2)(@dena +d(12)).

Lettingn — 00, we have

d(x,T(x,y)+d (». T (y,x))<(1 +71) (d (x,2)+d (y, z')).
(48)

(47)

Thus
¢ () (d(xT(x, ) +d(yT(y.x)))
<(1-7)(d(xT(xy)+d(yT(yx)))

(5T (62) +d (T (32))

< (d(x,z) +d(y,z')),

and, from (10), we obtain (44). If d(x, z)+d(y,z') < d(x, T(x,
) +d(y, T(y,x)), then

d(xT(x,y)) +d(y.T (y,x))
< (d (x,2) +d(y,z'))
+r{d (%, T (x,y)) +d (5. T (y,x))}

1 /
+;(d(x,z)+d(y,z ))

(49)
<

(50)
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And, therefore
(1= (d(xT(xy))+d(y,T(y.x)))

| , (51)
<(1+2)(@d2+d(n2)).
Lettingn — 00, we have
¢ (d(xT(xy)+d(»T(yx)))
(52)

< (d (x,2) + d(y,z')),

and, thus from condition (56), we obtain (44).
Finally, from (44), we obtain

d (z, T (z, z')) +d (z', T (z',z))

= nanéo (d (an,T (z, z')) +d (ynH,T (z',z)))
< lim rmax {d (x,,2)+d (yn, z') ,d (%, X,01)

+d () d (2.7 (2.2)))

+d (z',T (z',z)) ,

d(x,T(22)) +d (T (2))
2 ,

d(z>xn+l) + d(z,’ yn+1) }
2

< r max {d (z,2) + d(z',z') ,d(z,T(z, z'))

+d (z',T(z',z))}

=rd (z,T (z, z')) +d (z',T (z',z)) .

(53)

Hence, as < 1, we obtain
d(z,T(z,z')) +d(z',T(z',z)) =0. (54)
This implies that z € T(z, ZYandz € T(Z,z). O]

Corollary 5. Let (X, d) be a complete metric space and let T
be a mapping from X x X into CB (X). Assume that there
exists r € [0, 1) such that ¢(r)[d(x, T(x, y)) + d(u, T(u,v))] <
(d(x,u) + d(y,v)) implies

H (T (x,), T ()

<

max {d (x,u) +d (y,v),d (x, T (x, y))

N =

+d (3T (y,x)),
dw,T (u,v))+dw,T (v,u)) }

for all x, y,u,v € X, where the function ¢ is defined as in
Theorem 4. Then, there exist z,z € X such that z € T(z,z")
andz' € T(Z',2).
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Corollary 6. Let (X,d) be a complete metric space and let T
be a mapping from X x X into CB (X). Assume that there
exists r € [0, 1) such that ¢(r)[d(x, T(x, y)) + d(u, T(u,v))] <
(d(x,u) + d(y,v)) implies

H(T(x’y)’T(u>V))

<

N

max {d(x,u) +d(y,v),d(x,T(x,y))

+d(0. T (%)), d W, T (,v))+d (v, T (v, ),

dwT(xy)+d(wT(yx)) }
2

(56)

for all x, y,u,v € X, where the function ¢ is defined as in
Theorem 4. Then, there exist z,z' € X such that z € T(z,2)
andz' € T(Z',2).

3. An Application

The existence and uniqueness of solutions of functional equa-
tions and system of functional equations arising in dynamic
programming have been studied by using various fixed point
theorems. In this paper, we shall prove the existence and
uniqueness of a solution for a class of functional equations
using Corollary 6.

In this section, we assume that U and V are Banach
spaces. W ¢ U, D c V, and R is a field of real numbers.
Let B(W) denote the set of all the real valued functions on W.
It is known that B(W) endowed with the metric

dg (h, k) = sup |h(x) - k (x)],

xXEW

h,k (S B(W), (57)

is a complete metric space. According to Bellman and Lee, the
basic form of the functional equation of dynamic program-
ming is given as

p(x) = sup H (. y.p(r(x,9))), (58)

where x and y represent the state and decision vectors,
respectively, 7 : W x D — W represents the transformation
of the process, and p(x) represents the optimal return func-
tion with initial state x. In this section, we study the existence
and uniqueness of a solution of the following functional
equation:

p () = sup [9(6»)+G(xy.p(r(xy))]. (59

where g : WxD — RandG: WxDxR — Rare
bounded functions. In this section, we study the existence
and uniqueness of a solution of (59) in the following new

form. Let a function ¢ be defined as in Theorem 4 and let the
mapping T be defined by

T (h, k) (x)
= sup [9(x.») +G(x, . h (7 (x,¥)), k(7 (x, )],
ye
x € W.
(60)

Theorem 7. Suppose that there exists v € [0, 1) such that for
every (x,y) € W x D, h,k, W, k' € BW), and t,s € W, the
inequality

¢ (r) [dp (T (h (1), k() +dg (K, T (K (s), K (1)))]
<d(h(t),h (s))+d(k(s), kK (1))

(61)
implies
G (. (7 (%, 7)) k (7 (x,9))
~G(xph (1(63) K (T (x2)|] (6
<M (h(),k(s), ' (s).k (),
where

M (h(t),k (), (s),K (1))

= max { [ (t) =1 ()] + [k (s) - K (8],

lh(t) =T (h(t), k() +1k(s) =T (k(s),h ()],
|n(s) =T (W (), K )
+ K@ -T (K ©),0 ()|,

W (5), T (h(6), k()] + | K (1) = T (k (), h (1)) }
. .

(63)

Then, the functional equation (59) has a unique bounded solu-
tion in B(W).

Proof. Note that T is a map from B(W) x B(W) onto B(W)
and that (B(W), dp) is a complete metric space, where dj is
the metric defined in (57). Let A be an arbitrary positive real
number, and b, h', k, k' € B(W).For arbitrary x € W and y €
D so that

T (h k) (x) < [g(xy)+G(x k(1) k()] + A, (64)

T(h',k') (x) < [g (x, y) + G(x,y,h' (1), K (Tl))] +A.
(65)



From the definition of mapping T', we have
T (hk) (x) 2 [g(x,9) + G (x, p,h () . k(71))],  (66)
T, k') (x) 2 [g(x ) + G (x 3K (1,),K ())]. (67)
If inequality (61) holds, then from (64) and (67), we get
T (hk) (x) - T (W, k") (x)
<G (% .h(1)),k(1,))-G (%, p. 1 (1), K (1,))+A
<|G (% 3,1 (1), k(1)) -G (x, y, B (1,) K (z,))] + A

<M (h(t),k(s),h' (s),k' (t) + A.

(68)
Similarly, (65) and (66) implies that
T (K, k') (x) = T (h, k) (x)
(69)
<M (h(t),k(s),h (s),k (1)) + M.
Hence, from (68) and (69), we have
|T (h, k) (x) - T (W, K") ()]
(70)

<M (h(t),k(s),h' (s),k' (t) + A.

Since inequality (70) is true for any x € W and arbitrary A >
0, then (61) implies

dp (T (h (), k (), T (W (),K (1))
< rmax{ | (&) =1 ()] + [k () - K (8],

|h(t) =T (h(t),k(s))l

+ |k (s) =T (k(s),h ()l
|[n(s) =T (W (), K )]

+ K& -1 (K ©),H ()],

W (), T (h (1), k()] + |k (1) = T (k (5), h (1))
. .
(71)

Therefore, all the conditions of Corollary 6 are met for the
mapping T, and hence the functional equation (59) has a
unique bounded solution. O
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Some fixed point theorems for p-expansive mappings in modular spaces are presented. As an application, two nonlinear integral
equations are considered and the existence of their solutions is proved.

1. Introduction

Let (X, d) be a metric space and B a subset of X. A mapping
T:B — X issaid to be expansive with a constant k > 1 such
that

d(Tx,Ty) > kd (x,y) Vx,y€B. (1)

Xiang and Yuan [1] state a Krasnosel'skii-type fixed point
theorem as follows.

Theorem1 (see [1]). Let (X, |I-||) be a Banach spaceand K ¢ X
a nonempty, closed, and convex subset. Suppose that T and S
map K into X such that

(I) S is continuous; S(K) resides in a compact subset of X;
(II) T is an expansive mapping;
(II) z € S(K) implies that T(K) +z > K, where T(K) + z =
{y+z| yeT(K).

Then there exists a point x* € K with Sx* + Tx" = x*.

For other related results, see also [2, 3].

In this paper, we study some fixed point theorems for S+T,
where T is p-expansive and S(B) resides in a compact subset
of X ,, where Bis a closed, convex, and nonempty subset of X,
andT,S: B — X,. Our results improve the classical version
of Krasnosel'skii fixed point theorems in modular spaces.

Finally, as an application, we study the existence of a
solution of some nonlinear integral equations in modular
function spaces.

In order to do this, first, we recall the definition of
modular space (see [4-6]).

Definition 2. Let X be an arbitrary vector space over K = (R
or C). Then we have the following.

(a) A functional p : X — [0, 00] is called modular if

(i) p(x) = 0if and only if x = 0;
(i) plax) = p(x) for « € K with || = 1, for all
x € X;
(iil) plax + By) < p(x) + p(y) ifa, f 20, + f =11,
forall x, y € X.
If (iii) is replaced by

(iil) plax+By) < ap(x)+Bp(y) fora, f = 0,0+ =
1, for all x, y € X, then the modular p is called
a convex modular.

(b) A modular p defines a corresponding modular space,
that is, the space X, given by

X,={xeX|p(ax) — 0asa— 0}. (2)

(c) If p is convex modular, the modular X, can be
equipped with a norm called the Luxemburg norm

defined by
; f{ 0; <—> 1} . 3
||x||p =infJja > 0; p < (3)

Remark 3. Note that p is an increasing function. Suppose that
0 < a < b; then property (iii), with y = 0, shows that p(ax) =
p((a/b)(bx)) < p(bx).
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Definition 4. Let X, be a modular space. Then we have the
following.

(a) A sequence (x,,),,cy I X, is said to be

(i) p-convergent to x if p(x,, —x) — Oasn — ©0;
(ii) p-Cauchy if p(x, — x,,) — Oasn,m — oo.

(b) X, is p-complete if every p-Cauchy sequence is p-
convergent.

(c) A subset B C X, is said to be p-closed if for any
sequence (x,,),eny € Band x,, — x then x € B.

(d) A subset B C X, is called p-bounded if (SP(B) =
sup p(x — y) < oo, for all x, y € B, where 6P(B) is
called the p-diameter of B.

(e) p has the Fatou property if
p(x-y) <liminfp (x, - y,), (4)

whenever x, — xand y, — yasn — oo.

(f) p is said to satisfy the A,-condition if p(2x,) — 0
whenever p(x,) — 0asn — oo.

2. Expansive Mapping in Modular Space

In 2005, Hajji and Hanebaly [7] presented a modular version
of Krasnosel’skii fixed point theorem, for a p-contraction and
a p-completely continuous mapping.

Using the same argument as in [1], we state the modular
version of Krasnosel’skii fixed point theorem for S + T, where
T is a p-expansive mapping and the image of Bunder S ; that
is, S(B) residesin a compact subset of X S where Bis a subset
of X,,.

Due to this, we recall the following definitions and
theorems.

Definition 5. Let X, be a modular space and B a nonempty
subset of X ,. The mapping T : B — X, is called p-expansive

mapping, if there exist constants ¢, k,! € R" such thatc > I,
k> 1and

p(I(Tx~Ty)) 2 kp(c(x - y)), (5)
forall x, y € B.

Example 6. Let X, = B = R" and consider T : B — B with
Tx = x"+4x +5forx € Bandn € N. Then for all x, y € B,
we have

|Tx —Ty| = |x" = y" +4(x - y)]

:'(x—y)(x"_1+yx ~ +-~+y”_1)+4(x—y)|

24|x—y|.
(6)

Therefore T is an expansive mapping with constant k = 4.
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Theorem 7 (Schauder’s fixed point theorem, page 825; see [1,
8]). Let (X, |- |I) be a Banach space and K C X is a nonempty,
closed, and convex subset. Suppose that the mapping S : K —
K is continuous and S(K) resides in a compact subset of X. Then
S has at least one fixed point in K.

We need the following theorem from [6, 9].

Theorem 8 (see [6,9]). Let X, be a p-complete modular space.
Assume that p is a convex modular satisfying the A ,-condition
and B is a nonempty, p-closed, and convex subset of X,. T :
B — B is a mapping such that there exist c,k,l € R" such
thatc > 1,0 < k < 1 and for all x, y € B one has

p(c(Tx-Ty)) <kp(I(x~y)). 7)

Then there exists a unique fixed point z € B such that Tz = z.

Theorem 9. Let X, be a p-complete modular space. Assume
that p is a convex modular satisfying the A ,-condition and B is
a nonempty, p-closed, and convex subset of X ,. T : B — X is
a p-expansive mapping satisfying inequality (5) and B C T(B).
Then there exists a unique fixed point z € B such that Tz = z.

Proof. We show that operator T is a bijection from B to T'((B).
Let x, and x, be in B such that Tx; = Tx,; by inequality (5),
we have x; = x,;alsosince B ¢ T(B) it follows that the inverse
of T : B — T(B) exists. For all x, y € T(B),

ple(fx=f)) < 1o (1x -y, ®

where f = T™'. We consider f = T™'|; : B — B, where
T~'|; denotes the restriction of the mapping T~" to the set B.
Since B ¢ T(B), then f is a p-contraction. Also since Bisa p-
closed subset of X, then, by Theorem 8, there exists az € B
such that fz = z. Also z is a fixed point of T'.

For uniqueness, let z and w be two arbitrary fixed points
of T; then

ple(z-w) = pl(z-w) = p(I(Tz - Tw))
>kp(c(z-w));
hence (k — 1)p(c(z —w)) < 0and z = w. ]

€

We need the following lemma for the main result.
Lemma 10. Suppose that all conditions of Theorem 9 are

fulfilled. Then the inverse of f .= 1-T : B — (I - T)(B)
exists and

Pl Mx=r"y) s (U (x-). (0

forall x, y € f(B), wherel' = al and « is conjugate of c/I; that
is, (I/c) + (1/a) = 1 and ¢ > 2I.

Proof. Forallx, y € B,
p((Tx-Ty)) = p(((x - fx) - (y- 7))
<ple(x=p)+p(ad(fx—fr))s )
kp(c(x=y))=plc(x=y)) <plal(fx-fy)),
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then
k=-Dplx-y)<p(l'(fx-fr). @

Now, we show that f is an injective operator. Let x, y € B
and fx = fy; then by inequality (12), (k — 1)p(c(x — y)) <0
and x = y. Therefore f is an injective operator from B into
f(B), and the inverse of f : B — f(B) exists. Also for all
x,y € f(B),wehave f'x, f 'y € B. Thenforallx, y € f(B),
by inequality (12) we get

Pl M) s el e=0)-

Theorem 11. Let X, be a p-complete modular space. Assume
that p is a convex modular satisfying the A ,-condition and B
is a nonempty, p-closed, and convex subset of X ,. Suppose that

S :B — X, is a p-continuous mapping and S(B)
resides in a p-compact subset of X ;;
(DT : B — X, is a p-expansive mapping satisfying
inequality (5) such that ¢ > 2I;
(III) x € S(B) implies that B C x + T(B), where T(B) + x =
{y+x]|yeT(B)

There exists a point z € B such that Sz + Tz = z.

Proof. Letw € S(B) and T,, = T + w. Consider the mapping
T, : B — X,; then by Theorem 9, the equation Tx + w = x
has a unique solution x = #(w). Now, we show that 7 is a
p-contraction. For w;,w, € S(B), T(n(w,)) + w, = n(w,)
and T'(n(w,)) + w, = n(w,). Applying the same technique in
Lemma 10,

(k=1 p(c(n(w)-nw)) <p(l'(w -w,)), (14)

where I’ = al. Then

plelrw) ~n(w) < 7o (1 (w,-w).  (9)

Therefore, mapping # : S(B) — B is a p-contraction and
hence is a p-continuous mapping. By condition (I),#S : B —
B is also p-continuous mapping and, by A,-condition, #S
is | - IIP—continuous mapping. Also #S(B) resides in a || - IIP—
compact subset of X o Then using Theorem 7, there exists a
z € Bsuch that z = #(S(z)) which implies that Tz + Sz =
z. O

The following theorem is another version of Theorem 11.

Theorem 12. Let X, be a p-complete modular space. Assume
that p is a convex modular satisfying the A ,-condition and B
is a nonempty, p-closed, and convex subset of X ,. Suppose that

(DS : B — X, isa p-continuous mapping and S(B)
resides in a p-compact subset of X ,;
DT : B —» X,orT : X, — X, isa p-expansive
mapping satisfying inequality (5) such that ¢ > 2I;
(II1) 8(B) ¢ (I - T)(X,) and [x = Tx + Sy, y € B implies
that x € B] or S(B) c (I — T)(B).

Then there exists a point z € B such that Sz + Tz = z.

Proof. By condition (III), for each w € B, there exists x € X

such that x — Tx = Sw. If S(B) ¢ (I — T)(B), then x € B;if
S(B) ¢ (I -T)(X,), then by Lemma 10 and condition (III),
x=U-T)"'SweB.Now(I-T) " isa p-continuous and so
(I -T)"'Sisa p-continuous mapping of B into B. Since S(B)
resides ina p-compact subset of X, so (I ~T)"'S(B) resides in
a p-compact subset of the closed set B. By using Theorem 7,
there exists a fixed point z € Bsuch thatz = (I - T)'Sz. O

Using the same argument as in [2], we can state a new
version of Theorem 11, where S is p-sequentially continuous.

Definition 13. Let X, be a modular space and B a subset of
X,. AmappingT: B — X, is said to be

(1) p-sequentially continuous on the set B if for every
sequence {x,} ¢ Band x € Bsuchthat p(x,-x) — 0,
then p(Tx, — Tx) — 0;

(2) p-closed if for every sequence {x,} < B such that
p(x, —x) — 0and p(Tx, — y) — 0,thenTx = y.

Definition 14. Let X, bea modular space and B, C two subsets
of X,. Suppose that T : B — X ,and §: C — X, are two
mappings. Define

F={xeB:x=Tx+Sy forsomeyeC}. (16)

Theorem 15. Let X, be a p-complete modular space. Assume

that p is a convex modular satisfying the A ,-condition and B is
a nonempty, p-closed, and convex subset of X ,. Suppose that
(D) §: B — X, is p-sequentially continuous;
(DT : B — X, is a p-expansive mapping satisfying
inequality (5) such that ¢ > 2I;
(II) x € S(B) implies that B C x + T(B), where T'(B) + x =
y+xlyeTB)}
(IV) T is p-closed in F and F is relatively p-compact.

Then there exists a point z € B such that Sz + Tz = z.

Proof. Let w € B, and Ty, = T + Sw. One considers the
mapping T, : B — X,; by Theorem 9, the equation

Tx+Sw=x 17)

has a unique solution x = n(Sw) € B.
Now, we show that #S = (I - T) ™" exists. For any w;, w, €
B and by the same technique of Lemma 10, we have

o (! (- w)), (9

p(c(n (Swy) = n(Swy))) <

where I' = al. This implies that nS=«=1- T)™" exists and for
allw e B,ySw = (I - T) 'Sw and nS(B) c F.

We show that #S is p-sequentially continuous in B. Let
{x,} be a sequence in B and x € B such that p(x,, — x) — 0.
Since #S(x,,) € F and F is relatively p-compact, then there
exists z € B such that p(#Sx,, — z) — 0. On the other hand,
by condition (I), p(Sx,, — Sx) — 0. Thus by (17), we get

T (7Sx,,) + Sx,, = 7Sx,3 (19)



then

(T (nSx,) — (z — Sx) ) ( (nSx, — Sx,) — (z — Sx) )
P =p

2 2

< p(1Sx, —2) + p(Sx, — Sx);
(20)

therefore when n — 00, condition (IV) implies that Tz =
z — Sx; that is, z = #Sx and

p (nSx, —nSx) — 0; (21)

then #S is p-sequentially continuous in F. By A ,-condition,
nSis |- | P-sequentially continuous. Let H = col»F, where

o'l denotes the closure of the convex hull in the sense of
I-ll,- Then H c B and is a compact set. Therefore #S is
- p—sequentially continuous from H into H. Then using
Theorem 7, #S has a fixed point z € H such that #Sz = z.
From (17), we have

T (1Sz) + Sz = nSz; (22)
thatis, Tz + Sz = z. O

The following theorem is another version of Theorem 15.

Theorem 16. Let X, be a p-complete modular space. Assume
that p is a convex modular satisfying the A ,-condition and B is
a nonempty, p-closed, and convex subset of X ,. Suppose that

(D) §: B — X, is p-sequentially continuous;
(IDT : B — X, is a p-expansive mapping safisfying
inequality (5), such that ¢ > 2I;
(IIT) S(B) c (I — T)(Xp) and [x = Tx + Sy, y € B] implies
that x € B (or S(B) c (I - T)(B)).

(IV) T is p-closed in F and F is relatively p-compact.

Then there exists a point z € B such that Sz + Tz = z.

Proof. By (III) for each w € B, there exists x € X, such
that x — Tx = Swandx = (I - T)'Sw € B. By the
same technique of Theorem 15, (I — T)™'S : B — Bis p-
sequentially continuous and there exists a z € B such that
z=(I-T)"'Sz ]

3. Integral Equation for p-Expansive Mapping
in Modular Function Spaces

In this section, we study the following integral equation:

x®)=¢ @t x()+ Ltt//(t,s,x(s))ds, xeC(LL?),
(23)

where L? is the Musielak-Orlicz space and I = [0,b] C R.
C(I, L?) denote the space of all p-continuous functions from
I to L? with the modular o(x) = sup,.;p(x(t)). Also C(I, L?)
is a real vector space. If p is a convex modular, then o is a
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convex modular. Also, if p satisfies the Fatou property and
A ,-condition, then ¢ satisfies the Fatou property and A ,-
condition (see [9]).

To study the integral equation (23), we consider the
following hypotheses.

() ¢ : IxL? — L7 is a p-expansive mapping; that is,
there exist constants ¢, k,I € R* such thatc > 2,k > 2
and forall x, y € L?

p(ptx)-¢(Ly) zkp(c(x-y))  (24)

and ¢ is onto. Also for t € I, ¢(t,-) : L? — L% is p-
continuous.

(2) y is a function from I x I x L? into L? such that
y(t,s,") : x — y(t,s, x) is p-continuous on L? for
almost all t,s € I and w(t,-,x) : s — w(t,sx)
is measurable function on I for each x € L? and
for almost all t+ € I. Also, there are nondecreasing
continuous functions 3,y : I — R" such that

lim B (1) jo y(s)ds =0, o

plc(y(t,s,x)) <B)y(s),

forallt,s € I,s<tand x € L?.

(3) There exists measurable functionn : I x I x I — R"
such that

p(w(t,s,x)—w(rsx)<n(tr,s), (26)

for all t,r, s € I and x € L% also

lim, _,, Job n(t,r,s)ds = 0.
(4) ply(t,s,x) —yl(t,s, ¥)) < p(x — y) forallt,s € I and
x,y €L’

Remark 17 (see [7]). We consider L?, the Musielak-Orlicz
space. Since p is convex and satisfies the A ,-condition, then

||xn—x||p—>0<=>p(xn—x)—>0, (27)

asn — oo on L?. This implies that the topologies generated
by [l - |l o and p are equivalent.

Theorem 18. Suppose that the conditions (1)-(4) are satisfied.
Further assume that L? satisfies the A ,-condition. Also w(t) =

B(t) jot y(s)ds and w(0) = 0; also sup{p(c(¢(t,v))),t € I,v €
L?} < w(t). Then integral equation (23) has at least one
solution x € C(I, L?).

Proof. Suppose that

Tx(t) = ¢ (5 x (1)),
t (28)
Sx (t) = J v (t,s,x(s)) ds.

0

Conditions (1) and (2) imply that T and S are well defined
on C(I, L?). Define the set B = {x € C(I, L?); p(c(x(¢))) <
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w(t) for all t e I}. Then B is a nonempty, p-bounded,
p-closed, and convex subset of C(I,L?). Equation (23) is
equivalent to the fixed point problem x = Tx + Sx. By
Theorem 12, we find the fixed point for T' + S in B. Due to
this, we prove that S satisfies the condition (I) of Theorem 12.
For x € B, we show that Sx € B. Indeed,

ple(Sx (1) = p(c(ﬂw(t,s,x@»ds»

t
st@wu@x@»ws 00

SJ B)y(s)ds
0
=w(f);

then Sx € B. Since S(B) ¢ B and B is p-bounded, S(B) is
o-bounded and by A ,-condition || - || ,-bounded.

We show that S(B) is p-equicontinuous. For all t,r € I
and x € LY such thatt < r,

Sx (t) —Sx (r) = Lt y(t,s,x(s))ds— Jor y(r,s,x(s))ds;

(30)
then by condition (3),
b
p(Sx () —Sx(r)) < J n(t,r,s)ds; (31)
0
since lim,_,, Iob n(t,r,s)ds = 0, then S(B) is p-

equicontinuous. By using the Arzela-Ascoli theorem,
we obtain that S is a o-compact mapping. Next, we show
that S is o-continuous. Suppose that € > 0 is given; we find a
0 > 0 such that o(x — y) < 6, for some x, y € B. Note that

¢ ¢
Sx(t)—Sy(t) = L v (t,s,x(s))ds - L v (t,s y(s))ds;
(32)

also

px(9=y@)ds< | olxp)ds
(33)

p(sx -5y () <

0

then

b
a(Sx—Sy)SI o(x-y)ds<e (34)
0
therefore S is o-continuous.

Since ¢ is p-continuous, it shows that T transforms
C(I, L?) into itself. In view of supremum p and condition (1),
it is easy to see that T' is o-expansive with constant k > 2. For
X,y € B,

p(I(Tx (t) - Ty (1))
<plc(x®)-y®)) (35)

+pd(I-T)xO)-I-T)y®)));

then
p(ad (I-T)x (O~ -T) y(®))
>(k-1Dp(c(x®)-y®)),
where a is conjugate of ¢/I. Let r = af; since k > 2, then
pr(I-T)x(t) 2 (k-1)p(c(x(t)) = p(c(x(£). (37)

Now, assume that x = Tx + Sy for some y € B. Since ¢ > 2I,
thenr < ¢, and

plcx®) <prI-T)x®)=p(r(Sy®))
<p(c(Sy®)) <w(®),

which shows that x € B. Now, define a map T, as follows:

(38)

T,:C(I,L?) — C(I,L?), (39)
for each z € C(I, L?); by
Tx(t) = Tx (t) + 2 (1), (40)
for all x, y € C(I, L?),
p((Tx(t) - T,y (1)) = p(I(Tx (t) - Ty (1))
2kp(c(x(t)-y(1));

therefore
o ((T,x~T,y)) 2 ko (c(x~)); (42)

then T, is o-expansive with constant k > 2 and T, is onto. By
Theorem 9, there exists w € C(I, L?) such that T,w = w; that
is, I —= T)w = z. Hence S(B) ¢ (I — T)(L?) and condition
(IIT) of Theorem 12 holds. Therefore by Theorem 12, S+ T has
a fixed point z € Bwith Tz + Sz = z; that is, z is a solution to
(23). O

Now, we consider another integral equation.

Let L? be the Musielak-Orlicz space and I = [0,b] C R.
Suppose that p is convex and satisfies the A ,-condition. Since
topologies generated by | - ||, and p are equivalent, then we

consider Banach space (L%, | - || ) and C(I, L?) denote the
space of all || - || p-continuous functions from I to L? with the

modular [|x], = supteIIIx(t)IIP; also C(I, L?) is a real vector
space. Consider the nonlinear integral equation

x () = ¢t x (1))

+ A (t, x (t)) J w(t,s)y(s,x(s))ds, (43)

0
xeC(IL?),
where

D¢:IxL? - Lisa]|- ll,-expansive mapping; that
is, there exists constant I > 2 such that

o, %) = de. |, = x - ¥, (44)



for all x, y € L? and ¢ is onto; also for ¢ € I, ¢(t,-) :
L — L?is| - | ,-continuous;

(2) y is function from I x L? into L? such that y(¢,-) :
LY — Lfisa|- I ,-continuous and t — y(t, x)
is measurable for every x € L?. Also, there exist
functions 8 € L'(I)and a nondecreasing continuous
function y : [0,00) — (0, 00) such that

lwie.0l, < By (Ix,). (45)

forallt € Tand x € L?. Also fort € I, x — w(t,x) is
nondecreasing on L?;

(3) A is function from I x L? into L? such that A(t,-) :
L? — L?is| - | p-continuous and there existsaa > 0
such that

||)L(t, x) — Alt, y)“P < a||x - y”P, (46)

forallt € I and x € L?; also for x € LY, t — A(t,x)
is nondecreasing on I and for t € I, x — A(t,x) is
nondecreasing on L%;

(4) wis function from I x I into R*. For each t € I, w(t, s)
is measurable on [0, t]. Also w(t) = esssup |w(t, s)| is
bounded on [0, b] and r = sup |w(£)]. The map w(:,$) :
t — w(t,s) is continuous from I to L*°(I). Also for
sel,t — w(t,s)is nondecreasing on I.

Theorem 19. Suppose that the conditions (1)-(4) are satisfied
and there exists a constant k > 0 such that for all t € I,

! k o
L Fds < T Jo O 47)

where h = sup{[|A(t, x)llp,t € ILx € L% and also
sup{llp(t, x)llp,t € I,x € L?} < k. Then integral equation (43)
has at least one solution x € C(I, L?).

Proof. Define
B={xeC(LL?);|x (0, <k Vtel}; (48)

then B is a nonempty, | - | P—bounded, Il P—closed, and
convex subset of C(I, L?). Consider

Tx (t) = ¢ (t’ X (t)) >

t (49)
Sx(t) = A (t, % () J () W (s, x () ds.

0

It is easy that by the hypothesis T' and S are well defined on
C(I, L?).
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For x € B, we show that Sx € B. Consider
Isx @),

= II/\ (t, x (t)) Jt w(t,s)y(s,x(s))ds

0

P

= II(A (t,x () = A (£,0) + A (£,0)) Jt w (t,5)y (s, x(s)) ds

0

p
t
< (alx @l +1)r | BOY(IxO,)ds
< (ak+h)rJ:/3(s)y(k)ds
b ky()
<(@k+h)r L @k +hyroy 0™
<k
(50)

Let x € B and assume that ¢ > 7 € I such that |t — 7| < §, for
a given positive constant §. We have

1S () = Sx (D),

= H)t (t, x (t)) Jt w(t,s)y(s,x(s))ds

0

T

A (1, x (1)) J w(T,8) ¥ (s, x(s))ds

0

P

t
= HA (t,x (t)) Jo w(t,s)y(s,x(s))ds

+ A (t,x (t)) Jt w(T,8) Y (s, x(s))ds
0

t

i/\(T,x(T))J. W (1,8) Y (s, % (s)) ds

0

-A(1, x (1)) Jl) w(T,8) (s, x(s))ds S

P

<

t
A(t, x (1)) (Jo w(t,s)y(s,x(s)ds

- Jt w (T,8) ¥ (s, x(s)) ds)

0

P

+ | (A (7, x (1)) - A (7, x (1))

X Jt w(T,8) Y (s, x(s))ds
0

P

+

A, x (1)) Jt w (T,8) Y (s,x(s))ds

>

P
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since

At x (1)) <L w (t,s)y(s,x(s))ds

- Itw(r, s)w(s,x(s))ds)
0

1%

t
= H/\ (t, x (t)) (L (w(t,s) —w(T,s)y(s,x(s) ds>

P

<

A(t,x (1)) = A(1,0) + A (7,0))

X <J: (w(t,s)—w(T,s)y(s,x(s)) ds)

P

< (ak + 1) o (,0) - @ (1, 0)|,_ L B(s)y (k) ds
< élw(t, 0) —w(7,0), >

H(A (t,x(t)) — A (1, x (1)) L w(T,8) Y (s,x(s))ds

P
t

Atx(@®)-A(T,x(D)r J B(s)y(k)ds

0

<

P
k
ak +h

<

(IA & x (8) = A (&, x ()],

+HIA (7, x (1)) = A (6 x (D))

<~ (alx ) - x @I, +h),

HA (1, x (1)) Jt w (T,8) Y (s, x(s))ds

P

= " A(r,x (1)) = A(1,0) + A (7,0))

X Jt w(T,8) (s, x(s))ds

P

< (ak+h)rrﬁ(s)y(k)ds

< |t_T|a

S

(52)

then S(B) is || - || p-equicontinuous. By using the Arzela-Ascoli
Theorem, we obtain that Sisa | - || ,-compact mapping.

We show that Sis || - || ,-continuous. Suppose that € > 0 is
given. We find a § > 0 such that ||x — y|| , < 8. We have

|Sx (£) — Sy (t)||p
= HA (t, x (¢)) Jo w(t,s)y(s,x(s))ds

Aty (1)) Jo w(t,s)y (s y(s))ds

p

<

(6 x () = A (6 y ©)) JO O (t,5) v (s, x (s)) ds

P

t
Aty (®) jo ( (5x(5) (5 7 () ds

+

P

t
<K t)-y ), + @k + yr L I (5) = y )] ds

T ak+h

<

ka
=y, + ak Wy bl -y,
<é&.
(53)

Since ¢ is || - | p-continuous, it shows that T transforms
C(I, L?) into itself. In view of supremum || - || , and condition
(1), it is easy to see that T is || - || ,-expansive with constant
I>2.

For x, y € B,

|ITx (t) - Ty (t)||p
(54)
<lx® -y, +[I-1)x®) - -T)y @),
then

|- D)xt) - (1 -T)y)], = A= |x ) - y )] 5 (55)
since [ > 2, then

I - T)x@)l, = (- D IxOl, = IOl (56)

Now, assume that x = Tx + Sy for some y € B. Then

Ix®ll, < 1T -Dx®l, = |Sy®], <k (57)

which shows that x € B. Now for each z € C(I, L?) we define
amap T, as follows:

T,:C(I,L*) — C(I,L%); (58)
by
T,x(t) = Tx (t) +z (t); (59)
forall x, y € C(I, L),

IT.x(®) - T.y®)|, = [Tx(#) - Ty®)] , = l]}x &) - y ()

K
(60)

therefore

IT.x =Ty, = 1lx -y, (61)

then T, is || - || ,-expansive with constant > 2 and T, is onto.
By Theorem 9, there exists w € C(I, L?) such that T,w = w;
that is, (I - T)w = z. Hence S(B) ¢ (I — T)(L?). Therefore by
Theorem 12, S + T has a fixed point z € B with Tz + Sz = z;
that is, z is a solution of (43). O

Finally, some examples are presented to guarantee Theo-
rems 18 and 19.



Example 20. Consider the following integral equation:

C9x(t) (f 5¢t(1+s) \Vx(s)
=Tiet L arctan((1 e (1 . x(s)))ds’

x (t)
(62)

where LY = R*, I = [0, 1].
For x, y € R and t € I, we have

9x 9y
1+t 1+t

9
6%~ ¢ (t.7)]| = | > 2fx-yl. (6)

Therefore by Theorem 18, the integral equation (62) has at
least one solution.

Example 21. Consider the following integral equation:

_ 9x (t)

x (t
® 1+1t2

t
+ 1 arcsin x (t) J Lx (s)ds, (64)
8 ot+s

where ¢(t, x) = (9x/(1+tH), Mt, x) = (1/8) arcsin x, w(t, s) =
t/(t +s),and y(t, x) = x. Also LY = R", I = [0, 1]. Therefore
by Theorem 19, the integral equation (64) has at least one
solution.
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We prove a generalized result on the existence of equilibria for a monotone set-valued map defined on noncompact domain and
take its values in an order of topological vector space. As consequence, we give a new variational inequality.

1. Introduction

In the literature, the notion of an equilibrium point (or
equilibrium problem) has been firstly introduced by Kara-
mardian in [1] and Allen in [2]. By using the well-known
KKM principle, they proved that for a real valued function
f defined on a product of two sets X and Y, there exists an
element x of X, which will be called an equilibrium point,
satistying for all y € X:

fxy)=o0. 6))

The classical hypothesis used to prove this type of
equilibrium result concerns the convexity and compactness
of the domain X, the monotonicity, the convexity, and the
continuity of f and all extensions of this result obtained in
the literature are about these hypotheses. In a recent work (see
[3]), this result was extended to the noncompact case by using
a coercivity type condition on a bifunction f. In this context
the function f is supposed to take its values in a topological
vector space endowed with an order defined by a cone
C in the same way that has been used by [4-7]. Note that
the result on the existence of equilibrium points proved in [3]
was obtained via a result on the existence of what we called
weak equilibrium points, that is, a point X € X, satisfying the
following condition:

f(xy) ¢ -intC, VyeX, (2)

where int C denotes the interior of the cone CinY.
In this paper, we investigate the extension of equilibrium
points to set-valued maps F in the same context. Generally,

we have many choices to formulate the notion of equilibrium
point. In fact, if P is a closed convex cone of a topological
vector space Y with nonempty interior, (P#Y), and F : X x
X — Y isaset-valued map, then the equilibrium point for a
set-valued map can be extended in several possible ways (see
[8,9]) as follows: F(x, y) € P; F(x, y)N—intP = 0; F(x, y) €
—int P; F(x, y)NP # 0. In this paper, we select the one that will
be more adapted technically to our arguments. We will put a
“moving” order on Y by a cone and the notions of convexity
and continuity are naturally extended in our setting. We will
use the pseudomonotonicity condition on F borrowed from
[10]. As an application, we prove a variational inequality. The
results obtained in this paper generalize the corresponding
one in [9, 10].

2. Preliminaries

We extend the notions of convexity, monotonicity, and
continuity given previously to set-valued maps. If X and Y are
two sets, a set-valued map F : X — 2Y, where 2% denotes
the family of all subsets of X, is a map that is assigned to each
x € X, asubset F(x) € Y. Note that for the notation of set-
valued maps, we will simply write F : X — Y instead of
F:X - 2"

We firstly need to define an order on the codomain of
set-valued maps as it has done for single valued maps. If X
is a subset of some real topological vector space E, let Y be
another real topological vector space, and let C € Y be a
closed convex cone (not necessarily pointed) with nonempty
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interior and C#Y. Then C defines an ordering “>” on Y by
means of

yx0e=yeC, y>0& yecintC. (3)
We extend this notation to arbitrary subset S C Y by setting

S>>0 ScC, S>>0 ScintC,

(4)

$§X0&e=Sc-C, S§S<0&Sc-intC.
By using this order, we naturally extend the notion of
convexity for set-valued maps as follows.

Definition 1. Given a set-valued map F : X — Y defined
on a vector space X with values in a vector space Y endowed
with an order defined by a convex cone C € Y, we say that F
is convex with respect to C if forall x, y € X and « € [0, 1]:

Flax+(1-a)y)<aF(x)+(1-a)F(y), (5)
which means that
Flax+(1-a)y)caF(x)+(1-a)F(y)-C. (6)

Note that in particular, if X = Y = Rand C = R, we
obtain the standard definition of convex set-valued maps.

As in the case of single valued maps, we can find many
kinds of monotonicity for set-valued maps in the literature.
We will use the notion of pseudomonotonicity defined in [10]
which in turn extends the corresponding one defined in [7]
for single valued maps.

Definition 2. Let E and Y be two real topological vector
spaces, let X ¢ E be a nonempty closed and convex set, and
let C : X — Y be a set-valued map such that for every
x € X,C(x)isaclosed and convex cone in Y with int C(x) # 0.
Consider a set-valued map F : X x X — Y. F is said to be
pseudomonotone if, for any given x, y € X,

F(xy) ¢-intC(x) = F(y,x) < -C(y). (7)

We recall the classical notions of continuity for set-valued
maps as follows.

Definition 3. Given a set-valued map F: X — Y defined on
a vector space X with values in a vector space Y. Then

(1) F is said to be lower semicontinuous (l.s.c) at x, € X
if, for every open set V C Y with F(x,) NV #0, there
exists a neighborhood U € X of x with F(x) NV #0
for all x € U. F is said to be l.s.c. on X if F is L.s.c. at
every x € X.

(2) F is said to be upper semicontinuous (u.s.c) at x, € X
if, for every open set V' € Y with F(x,) < V, there
exists a neighborhood set U € X of x with F(x) € V
for all x € U. F is said to be u.s.c. on X if F is u.s.c. at
every x € X.

(3) A set-valued map which is both lower and upper
semicontinuous is called continuous.
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In this paper, we will use the definition of coercing family
borrowed from [11].

Definition 4. Consider a subset X of a topological vector
space and a topological space Y. A family {(C;, K;)};; of pair
of sets is said to be coercing for a set-valuedmap F: X — Y
if and only if

(i) for each i € I, C; is contained in a compact convex
subset of X and K; is a compact subset of Y;

(ii) for each, j € I, there exists k € I such that C; | JC; €
Ck;
(iii) for eachi € I, there exists k € I with ﬂxeCk F(x) cK,.

Remark 5. Definition1 can be reformulated by using the
“dual” set-valued map F* : Y — X defined forall y € Y
by F*(y) = X \ F'(y). Indeed, a family {(C,,K;)},.; is
coercing for F if and only if it satisfies conditions (i), (ii) of
Definition 4, and the following one:

Viel, Jkel, VyeY\K;, F (y)nCi#0. (8)

Note that in the case where the family is reduced to one
element, condition (iii) of Definition 4 and in the sense of
Remark 5 appeared first in this generality (with two sets K
and C) in [12] and generalized condition of Karamardian
[1] and Allen [2]. Condition (iii) is also an extension of the
coercivity condition given by Fan [13]. For other examples
of set-valued maps admitting a coercing family that is not
necessarily reduced to one element, see [11].

The following generalization of KKM principle obtained

in [11] will be used in the proof of the main result of this paper.

Proposition 6. Let E be a Hausdor{f topological vector space,
Y a convex subset of E, X a nonempty subset of Y, and F : X —
Y a KKM map with compactly closed values in'Y (i.e., for all
x € X, F(x) N C is closed for every compact set C of Y). If F
admits a coercing family, then (),cx F(x) # ¢.

3. The Main Result

As it is mentioned in the introduction, at an abstract level all
possible extension of equilibria can be handled equally well.
But there are great practical differences if we try to replace the
resulting abstract conditions by simpler, verifiable hypotheses
like convexity or semicontinuity. This is even more so if we
admit a “moving” ordering cone P(x) (see [10]). For these
reasons we choose to consider here the following generalized
equilibrium problem.

Definition 7. Let X be a nonempty convex subset of some real
topological vector space E, Y a real topological vector space,
and P : X — Y aset-valued map such that for any x € X,
P(x) is a closed convex cone with int P(x) # 0 and P(x)+Y.
Let F : X x X — Y be a set-valued map. The generalized
equilibrium problem is to find X € X such that
F(x,y)¢-intP(x) VYyeX; 9)

in this case, x is said to be an equilibrium point.
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Theorem 8. Let E and Y be real topological vector spaces (not
necessarily Hausdorff). Let a nonempty, convex set X € E and
three set-valued mappings F : X x X — Y,C: X — Y, and
D : X — Y begiven. Suppose that the following conditions are
satisfied.

(1) For all x,y € X, F(x,y) ¢ C(x) implies F(y,x) <
D(y) (pseudomonotonicity).

(2) Forall y € X, {x € X : F(y,x) € D(y)} is closed in X.

(3) Forallx € X, {y € X : F(x, y) € C(x)} is convex.

(4) Forall x € X, F(x,x) ¢ C(x).

(5) There exists a family {(C;, K;)};c; satisfying conditions
(i) and (ii) of Definition 4 and the following one: for
eachi € I, there exists k € I such that

[xeX:F(y,x)cD(y),Vy € G} €K, (10)
Then there exists X € X such that F(y,x) € D(y) forall y € X.

Proof. Let us consider a set-valued map S : X — Y defined
for every y € X by

S(y)={xeX:F(y.x) cD(y)}. (11)

Then we can see firstly that S is a KKM map; that is, for
every finite subset {y,, ..., y,} of X there holds

S(y)- (12)

-

Il
—

O {ysees yuk €

1

Infact,letz € co{y,,..., y,} and assume by contradiction
that z ¢ J., S(3); it means that z = Y, .; A;3; with A; > 0,
YA = land z ¢ S(y;) for all i. Then F(y;,z) ¢ D(y;)
for all 4, hence from condition (1) F(z, y;) € C(z) for all i.
It follows from condition (3) that F(z, Y;.; A;¥;) € C(z), and
then F(z, z) € C(z), which contradicts condition (4); thus S is
a KKM map.

It is also clear from condition (2) that, for all y € X, S(y)
is closed.

In addition, we can verify that condition (5) implies that
the family {(C;, K)},; satisfies the following condition: for all
i € I there exists k € I with

ﬂ S(y) K, (13)

y€Cy

We deduce that S satisfies all hypothesis of Proposition 6,
so we have

(1S (y) #0. (14)

yeX

Therefore there exists x € X such that forany y € X, x €
S(y). Hence

F(y,x)cD(y), VyeX (15)
O

Theorem 9. Let E, Y, X, F, C, and D satisfy the assumptions
of Theorem 8 and the additional following conditions.

(6) Forall x,y € X with y#x andu € (x, y) if F(u,x) €
D(u) and F(u, y) € C(u), then F(u,v) € C(u) for all
v e (x,y).

(7) Forall x,y € X with y#x, {u € [x,y] : F(u,y) ¢
C(u)} is open in [x, y].

Then there exists x € X such that F(x, y) € C(x) for all
y e X.

Proof. By Theorem 8, there exists x € X with F(y,x) € D(y)
for all y € X. Assume that F(X, y) € C(x) for some y € X;
then y#Xx by (6) and from (7) there exists u € (x, y) such
that F(u, y) € C(u). Since F(u,x) < D(u), we deduce that
F(u,u) < C(u), but this contradicts (6) and the theorem is
proved. O

The following result, which corresponds to Theorem 1 in
[10], can be deduced from the two previous theorems.

Corollary 10. Let F, C, D satisfy hypothesis (1-4) of
Theorem 8, (6, 7) of Theorem 9 and the following condition.

(5') There exists a nonempty compact set A ¢ X and a
compact convex set B € X such that for every x € X\ A
there exists y € B with F(x, y) € C(x).

Then there exists x € A such that F(x,y) ¢ C(x) for all
yeX.

Proof. By taking for all i € I, C; = B, which is convex
compact set, and K; = A, which is compact set, and by using
hypothesis (5'), we can see that S admits a coercing family in
the sense of Remark 5; that is, for all x € X\ A, S*(x) N B+0.
Suppose, per absurdum, that there exists x, € X \ A with
S*(xg) N B = 0. Henceforall y € B, y ¢ S*(x;). This means
that for all y € B, y € S'(x,) and so x, € S(y). Therefore,
there exists x, € X \ A such that for all y € B, we have

F(y,x) < D(y). (16)

Then by Theorem 9, we deduce that there exists x, € X\ A
such that forall y € B

F(xg,y) € C(x,), (17)
but this contradicts hypothesis (5"). O

Corollary11. Let F: X x X — Y be a set-valued map satisfy
the following conditions.

(1) Forallx, y € X, F(x, y) € —int P(x) implies F(y, x) C
—P(y).

(2) Forall y € X, F(y,-) is lower semicontinuous.

(3) For all x € X, F(x,-) is convex with respect to P(x).

(4) The map int P(x) has open graph in X x Y.

(5) Forall x,y € X, F(-, y) is upper semicontinuous and
compact valued on [x, y].

(6) Forall x € X, F(x,x) ¢ —int P(x).



(7) There exists a family {C;, K;},¢; satisfying conditions (i)
and (ii) of Definition 4 coercing and the following one.
For each i € I, there exists k € I such that

{xeX:F(y,x) c-P(y),VyeC} <K,  (18)

Then there exists x € X such that F(x, y) € —int P(x) for all
yeX.

Proof. Following [10], if the map F(y, -) is lower semicontin-
uous and D(y) is closed, then condition (7) of Theorem 9
is satisfied. Furthermore and also by [10], condition (7) of
Theorem 9 is fulfilled, if for all x € X, the map F(:, x) is upper
semicontinuous along line segments [x, y] € X with compact
values, and the map C(-) has open graph in X x Y. O

Now let L : X — Z denote the space of all continuous
linear operators X — Z. For ¢ € L(X, Z), we write (¢, x) :
¢(x) and for ® € L(X, Z), we write (D, x) := {{(¢,x) : ¢ € O}.
The following result is a variational inequality formulation of
our main result.

Corollary12. Letamap ® : K — L(X, Z) be given such that
for all x € K, D(x) is nonempty. Suppose the following.

(1) Forall x,y € K, (®(x), y — x) € —intP(x) implies
(O(y), x — y) < —P(y).
(2) The map int P(-) has open graph in K x Z.

(3) Forallx,y € K, (D(-), y — x) is upper semicontinuous
on [x, y] and compact valued.

(4) There exists a family {C;, K;};.; satisfying conditions (i)
and (ii) of Definition 4 and the following one: for each
i € I, there exists k € I such that

[xeX:(P(y),x-y)c-P(y),Vy e C,} € K;.  (19)

Then there exists x € X such that (O(x), y — X)) € —int P(x)
forall y € K.

Proof. Take F(x, y) := (®(x), y — x), C(x) := —int P(x), and
D(x) := —P(x). Then conditions (1) and (5) of Theorem 9
are clearly satisfied. (2) holds since each member of ®(y) is
continuous and D(y) is closed. (4) is satisfied since F(x, x) =
{0} and P(x) # Z. (3) and (6) hold since for all « € [0, 1]:

F(x,ay; +(1-a)y,) CaF (x, )+ (1—a) F(x, y,).
(20)

To verify hypothesis (7), we have to show that R = {u €
[x, y] : (®(u),y — u)} is closed in [x, y]. Let {1;} be a net
in R converging to u € [x, y]; we may assume u # y, since
y € R, and we may assume u; # y for all i as well. Thus y—u =
My —x)with A#0and y —u; = A;(y — x) with A; #0. For
every i, there exists w; € (®(u;), y —u;) with w; ¢ —int P(u;);
then z; = A;'w; € (®(y;), y — x). We conclude as above that
there is a subnet z; converging to some z € (O(u), y—x). The
corresponding w; converges to w = Az(®(u), y — u), since
—int P(-) has open graph; we obtain w ¢ —int P(u); hence
u €R. O

Abstract and Applied Analysis

Note that Corollaries 11 and 12 extend, respectively, Corol-
laries 1 and 2 in [10] obtained in noncompact case since our
coercivity condition is more general.
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Using the concepts of G-metric, partial metric, and b-metric spaces, we define a new concept of generalized partial b-metric space.
Topological and structural properties of the new space are investigated and certain fixed point theorems for contractive mappings
in such spaces are obtained. Some examples are provided here to illustrate the usability of the obtained results.

1. Introduction and Mathematical
Preliminaries

The concept of a b-metric space was introduced by Czerwik in
[1,2]. After that, several interesting results about the existence
of fixed point for single-valued and multivalued operators in
(ordered) b-metric spaces have been obtained (see, e.g., [3-
13]).

Definition I (see [1]). Let X be a (nonempty) setands > 1a
given real number. A functiond : X x X — R isa b-metric
on X if, for all x, y, z € X, the following conditions hold:

(b)) d(x,y) =0ifand onlyif x = y,

(b) d(x, y) = d(y, x),

(by) d(x,2) < s[d(x, y) +d(y, 2)].

In this case, the pair (X, d) is called a b-metric space.

The concept of a generalized metric space, or a G-metric
space, was introduced by Mustafa and Sims [14].

Definition 2 (see [14]). Let X be a nonempty set and G : X x
X x X — R" afunction satisfying the following properties:
(G1) G(x, y,2) =0ifx = y = 2;
(G2) 0 < G(x, x, y), for all x, y € X with x # y;
(G3) G(x,x,y) <G(x, y,2), forall x, y,z € X with z # y;

(G4) G(x, y,z) = G(p{x, y,z}), where pisany permutation
of x, ¥, z (symmetry in all the three variables);

(G5) G(x, y,z) < G(x,a,a)+G(a, y,z),forall x, y,z,a € X
(rectangle inequality).

Then, the function G is called a G-metric on X and the
pair (X, G) is called a G-metric space.

Aghajani et al. in [15] introduced the class of generalized
b-metric spaces (G,-metric spaces) and then they presented
some basic properties of G,-metric spaces.

The following is their definition of G, -metric spaces.

Definition 3 (see [15]). Let X be a nonempty setands > 1 a
given real number. Suppose that a mapping G : X x X x X —
R* satisfies

(G,1) G(x, y,2) =0ifx =y =2,

(Gp2) 0 < G(x, x, y) forall x, y € X with x # y,

(Gy3) G(x, x, ) <G(x, y,z) forall x, y,z € X with y #z,

(Gy4) G(x, y,2) = G(pix, y,z}), where p is a permutation

of x, y, z (symmetry),

(G,5) G(x, y,2) < s[G(x,a,a)+G(a, y,z)] forall x, y,z,a €
X (rectangle inequality).

Then G is called a generalized b-metric and the pair (X, G)
is called a generalized b-metric space or a G,-metric space.
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On the other hand, Matthews [16] has introduced the
notion of a partial metric space as a part of the study
of denotational semantics of dataflow networks. In partial
metric spaces, self-distance of an arbitrary point need not to
be equal to zero.

Definition 4 (see [16]). A partial metric on a nonempty set X
is a mapping p : X x X — R" such that, forall x, y,z € X:

(p1) x = yifand only if p(x, x) = p(x, y) = p(y, y)s
(p,) p(x,x) < px, y),

(p3) p(x, y) = p(y, %),

(Ps) P(x,y) < p(x,2) + p(2, y) - p(z, 2).

In this case, (X, p) is called a partial metric space.

For a survey of fixed point theory, its applications, and
comparison of different contractive conditions and related
results in both partial metric spaces and G-metric spaces
we refer the reader to, for example, [17-27] and references
mentioned therein.

Recently, Zand and Nezhad [28] have introduced a new
generalized metric space (G,-metric spaces) as a generaliza-
tion of both partial metric spaces and G-metric spaces.

We will use the following definition of a G ,-metric space.

Definition 5 (see [29]). Let X be a nonempty set. Suppose that
amapping G, : X x X x X — R satisfies

G)x=y=z2 ipr(x, .2) = Gy(z,2,2) = Gy, 3, y) =
G, (x, %, x);

(GPZ) Gp(x, X, X) < Gp(x, x,y) < Gp(x, y,z) forallx, y,z €
X with z # y;

(Gp3) Gp(x, ¥,2) = Gp(p{x, ¥,z}), where p is any per-
mutation of x, y, andz (symmetry in all the three
variables);

(GP4) Gp(x, 9,2) < Gp(x, a,a) +Gp(a, V,2) — Gp(a, a,a) for
all x, y,z,a € X (rectangle inequality).

Then Gp is called a Gp—metric and (X, Gp) is called a G,-
metric space.

As a generalization and unification of partial metric and
b-metric spaces, Shukla [30] presented the concept of a partial
b-metric space as follows.

Definition 6 (see [30]). A partial b-metric on a nonempty set
X isamapping p, : XxX — R such that, forallx, y,z € X:
(pp1) x = yifand only if p,(x, x) = p,(x, ¥) = p,(y, ¥),
(Pr2) Pu(x, %) < py(x, y),
(Pe3) Pu(%,¥) = pp(y, %),
(Pos) Po(% ¥) < s[pp(x,2) + py(2, Y)] = (2, 2).
A partial b-metric space is a pair (X, p;) such that X is a

nonempty set and p, is a partial b-metric on X. The number
s > 1 is called the coefficient of (X, py,).
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In a partial b-metric space (X, p,), if x,y € X and
Pp(x, ¥) = 0, then x = y, but the converse may not be true. It
is clear that every partial metric space is a partial b-metric
space with coefficient s = 1 and every b-metric space is a
partial b-metric space with the same coefficient and zero self-

distance. However, the converse of these facts needs not to be
hold.

Example 7 (see [30]). Let X = R*, g > 1 a constant, and
Py X x X — R defined by

po () = [max )]+ = 5! VayeX. ()

Then (X, p,) is a partial b-metric space with the coefficient
s = 2771 > 1, but it is neither a b-metric nor a partial metric
space.

Note that in a partial b-metric space the limit of a
convergent sequence may not be unique (see [30, Example
2]).

In [31], Mustafa et al. introduced a modified version of
ordered partial b-metric spaces in order to obtain that each
partial b-metric p, generates a b-metric d,, .

Definition 8 (see [31]). Let X be a (nonempty) setands > 1a
given real number. A function p, : X x X — R is a partial
b-metric if, for all x, y,z € X, the following conditions are
satisfied:

(Pp1) x =y © pp(x,x) = pp(x, ¥) = pp(y, ¥)s
(Pr2) Pu(x, %) < py(x, ¥),

(pb3) Pb(x’ )’) = Pb(y; x))

(Poar) Po(xy) < s(py(x,2) + pu(z, ¥) = pyp(z,2)) + ((1 -
$)/2)(py(x, x) + pp (¥ ¥)).

The pair (X, p,) is called a partial b-metric space.
Since s > 1, from (p,,), we have

Py (%, 9) <s(py (x,2) + py (2, y) — pp (2, 2))
<s(py (,2) + P, (2,9)) = Py (2,2) .

Hence, a partial b-metric in the sense of Definition 8 is also a
partial b-metric in the sense of Definition 6.

The following example shows that a partial b-metric on X
(in the sense of Definition 8) is neither a partial metric nor a
b-metric on X.

Example 9 (see [31]). Let (X,d) be a metric space and
pp(x,¥) = d(x,y)? + a, where ¢ > 1 and a > 0 are real
numbers. Then p, is a partial b-metric with s = 297",

Proposition 10 (see [31]). Every partial b-metric p, defines a
b-metric d,, , where

dp, (x,7) =20, (%, 3) =P () =P, (1) (3)
forallx,y e X.
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Hence, the importance of our definition of partial b-
metric is that by using it we can define a dependent b-metric
which we call the b-metric associated with p,.

Now, we present some definitions and propositions in a
partial b-metric space.

Definition 11 (see [31]). Let (X, p,) be a partial b-metric space.
Then, for an x € X and an € > 0, the p,-ball with center x
and radius € > 0 is

B, (x,€)={y e X | p, (%, y) < pp(x,x) +€}.  (4)

Lemma 12 (see [31]). Let (X, p,) be a partial b-metric space.
Then,

(A) if py(x, y) = 0, then x = y;
(B) if x # y, then p,(x,y) > 0.

Proposition 13 (see [31]). Let (X, p,) be a partial b-metric
space, x € X, ande > 0. If y € B, (x,€) then there exists
aé > 0 such that pr(y, d) ¢ B, (x,¢€).

Thus, from the above proposition the family of all open
pb—balls
A={B

pb(x,r)IxEX,r>0} (5)

isabase ofa Tj-topology 7, on X which we call the p,-metric
topology.
The topological space (X, p,) is T, but need not be T;.
The following lemma shows the relationship between
the concepts of p,-convergence, p,-Cauchyness, and p,-
completeness in two spaces (X, p,) and (X, d,, ).

Lemma 14 (see [31]). (1) A sequence {x,} is a p,-Cauchy
sequence in a partial b-metric space (X, p,) if and only if it is a
b-Cauchy sequence in the b-metric space (X, d,, ).

(2) A partial b-metric space (X, py) is p,-complete if and
only if the b-metric space (X,d,,) is b-complete. Moreover,
lim, _, ood,, (x, x,) = 0 if and onl; if

Jim py, (x,x,) = Tim py (%, %) = Py (6,%) . (6)

Now, we introduce the concept of generalized partial b-
metric space, a G, -metric space, as a generalization of both
partial b-metric space and G-metric space.

Definition 15. Let X be a nonempty set. Suppose that the
mapping G, @ X x X x X — R satisfies the following
conditions:

(prl)x = y = zifGPh(x,y,z) = G
Gy, (0,9, ¥) = Gy, (%, X, x);

(GPhZ) pr(x, x,x) < Gph(x, x,y) < Gph(x, y,2) for all
x,y,z € Xwithz # y;

0, (52:2) =

(G,,3) G, (x, 3, 2) = G,, (pix, y,2}), where p is any permu-
tation of x, y, or z (symmetry in all three variables);

(Gp4) Gy, (%, 3,2) < slGy (x,a,0) + G (a,y,2) -
pr(a, a,a)] + ((1 _S)/3)[pr(x’ X, X) + pr(y, ¥V, ¥)+
pr(z, z,z)] for all x, y,z,a € X (rectangle inequal-
ity).

Then G,, is called a G, -metric and (X, pr) is called a
G, -metric space.

Sinces > 1,so from G, 4 we have the following inequality:
b

G, (x,,2) < [pr (x,a,a) + G, (a,9,2) -G, (a,a, a)] :
@)

The G, -metric space G, is called symmetric if

pr (x, X,y) = pr (x: Vs )’) (8)

holds for all x, y € X. Otherwise, G,
metric.
Now we present some examples of G, -metric space.
b

is an asymmetric G, -

Example 16. Let X = [0,+co) and let G, : X - R*
be given by pr(x, y,z) = [max{x, y,z}]¥, where p > 1.
Obviously, (X,G,,) is a symmetric G, -metric space which
is not a G-metric space. Indeed, if x = y = z > 0, then
G, (%, ,2) = xP > 0. It is easy to see that G, 1-G,,3 are
satisfied. Now we show that G, 4 holds. For each x, y,z,a €
X, we have

xP+ yP 4+ 2P
3

< [max {x, y,2}]?, 9)

SO

-1
[max {x, y,2}]" + ST (x? + yP + 2P) + sa

p

< [max {x, y,2}]7 + (s - 1) [max {x, y,2}]? + sa (10)

P p

= s[max {x, y,z}]" + sa

< s[max {x, a}]? + s[max {a, y,z}]’.

Thus,
[max {x, y,2}]"

< s (Imax {x,a})” + [max{a, y.2})" =a*)

+?(xp+yp+zp)
which implies the required inequality

G,, (x,1.2)
<s [pr (x,a,a) + G, (a,y,2) -G, (a,a, a)]
1-s
t [pr (x,x,x)+ G, (1,5,9) +G,, (2,2, z)] .
(12)



Example 17. Let X = {0, 1,2, 3}. Let
A ={(1,0,0),(0,1,0),(0,0,1),(2,0,0),(0,2,0),
(0,0,2),(3,0,0),(0,3,0),(0,0,3),(1,2,2),
(2,1,2),(2,2,1),(2,3,3),(3,2,3),(3,3,2)},

B=1{(0,1,1),(1,0,1),(1,1,0),(0,2,2),(2,0,2), )
(2,2,0),(0,3,3),(3,0,3),(3,3,0),(2,1,1),
(1,2,1),(1,1,2),(3,2,2),(2,3,2),(2,2,3)} .

Define G,,, : X’ — R" by
’g, ifx=y=2z#2,
0, ifx=y=2z=2,
G, (% 3,2) = 1 25, if (x,5,2) €A, (14)
> if (x,y,2) €B,
|3, otherwise.

It is easy to see that (X,G,,) is an asymmetric G, -metric
space with coefficient s > 6/5.

Proposition 18. Every G, -metric space (X, G,,) defines a b-
metric space (X, dez, ), where

dg, (x,7) =Gy, (x,3,¥) + Gy, (3, %, x)
(15)
=G, (%,%,%) =G, (1,9, 9)

forallx,y € X.
Proof. Let x, y,z € X. Then we have
dcpb (x,7)
=G, (%9, ¥) + G, (1,%,x) = G, (%, %, x)

Gy, (5, 3:)
<s (pr (x,2,2) +G,, (2,9, 9) - G,, (2.2, z))

+ ( 1- S) (Gph (x, %, x) + 2G,, (y,y,y))

3
G,, (z,z, z))

+ (?) (2pr (x,%,x) +G,, (y, y, y))

=Gy, (6%,%) =Gy, (3,3, 7)

+5(G,, (352,2) + G, (2, %,%) -

=s [pr (x,2,2) + G,, (z,x,x) — G, (%, x, x)
-G, (2,2,2) +G, (2,7, ¥)
+G,, (1,2,2) -G, (2,2,2) -G, (, y,y)]

=s [deb (x,2) + dGPb (z, y)] .
(16)
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With straightforward calculations, we have the following
proposition.

Proposition 19. Let X be a G, -metric space. Then for each
X, y,z,a € X it follows that

(1) pr(x, ¥,z2) < stb(x, a,a) + szGPb(y, a,a) +
sszb(z, a,a) —(s+ sz)pr(a, a,a);

(2) G, (x,3,2) < slG, (6xy) + G (xx2) -
pr(x, x x)] +((1 —5)/3)[pr(x, X, X) +Gph(y, v, ¥)+
G, (2,2,2)];

()G (x 9, 9) < ZSGP (txy) + (1 -
45)/3)G (x,x x) +(2/3)(1 - s)G (y,y, ¥);

(4) pr(x y,z) < slG,(x,a,2) + pr(a,y,z) -
G, (a a,a)] +((1 —s)/3§)G b(x,x x)+G b(y,y,y)+
G (z,z z)],a+z.

Lemma 20. Let (X, Gph) bea G, -metric space. Then,

(A) if G, (x,y,2) = 0, thenx = y = z;
(B) if x# y, then G,, (x, y, ) > 0.

Proof. If G, (x,y,2) = 0, then from G,2 we have
G, (x,x x) pr(y,y,y) G, (z,z,2z) = 0, s0 fromG 1
we ‘obtain (A). To prove (B), on the contrary, if G, (x ¥, y)

0, then from (A) we have x = y, a contradlctlon O

Definition 21. Let (X, pr) bea pr—metric space. Then for an
x € X and an € > 0, the pr—ball with center x and radius
€>0is

Bpr (x,€) = {y €X |G, (xxy) <G, (x,x,x) +e}.
(17)

By motivation of Proposition 4 in [31], we provide the
following proposition.

Proposition 22. Let (X,G,,) be a G, -metric space, x € X,
ande > 0.Ify € BG (x,¢€), then there exists a8 > 0 such that

Bg, (,9) < Bg, (x,).

Proof. Let y € Bg, (x,€); if y = x, then we choose
b

0 = e. Suppose that y+#x; then, by Lemma 20, we have

G,, (x, x, ¥) # 0. Now, we consider two cases.

Casel. IfGPb(x, x,y) = G,, (x, x, x), then for s = 1 we choose
d = €. If s > 1, then we consider the set

A= {n eN | pr (x, x, x)} . (18)

€
n+1 _ <
2™ (s — 1)

By Archmedean property, A is a nonempty set; then by
the well ordering principle, A has a least element m. Since
m—1 ¢ A, wehave G, (x,x,x) < (e/(2s™(s — 1))) and we
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choose § = €/2s™"!. Let z € Bg, (y,6); by property G, 4 we
b
have

s(G,, (,%,9) + G, (3.3.2) - G,, (3, ¥))

<s (pr (%, x, x) + 8)

G,, (x,x,2) <

€ €
oy (6 ,X) + — + —
2¢8m 2™

€

=G, (x, %, x) + o
<Gy, (x, x,x) + €.

(19)

Hence, Bpr (y,9) ¢ Bpr (x,€).

Case 2. If pr (x,x,y)# pr(x, X,x), then, from property
Gp,2, we have pr(x, X, x) < pr(x, x, y), and. for s = 1, we
consider the set

B= {n eN| — <G, (x,x,y) -G, (x,x, x)} . (20)

2n+3

Similarly, by the well ordering principle there exists an
element 1 such that pr(x, X, ¥) - pr(x, x,x) < €/2™2, and
we choose 8 = €/2™"*. One can easily obtain that BG% (y,6) <
BGPb (x,€).

For s > 1, we consider the set

C={reN| 255 <Gy (620) - 16, mxm] @D

2s n+2

and by the well ordering principle there exists an element m
such that pr(x, x,y) — (1/5)pr(x, x,x) < /28" and we
choose § = €/25™". Let z € BGPb (y,6). By property G, 4 we
have

G,, (x,x,2) <'s (pr (6. %, 9)+G,, (9, 9.2) =G, (1,3, y))

(22)
Hence, Bpr (y,6) BGm, (x,€). O

Thus, from the above proposition the family of all open
G, -balls

F= {Bpr (x,€) | x € X, e > 0} (23)

is a base of a T,-topology TG, on X which we call the G, -

metric topology.
The topological space (X, G,,) is Ty, but need not be T;.

Definition 23. Let (X, pr) bea pr—metric space. Let {x,} be
a sequence in X.

(1) A point x € X issaid to be alimit of the sequence {x,,},
denoted by x,, — x, if lim G, (%, X, X)) =
pr(x, X, X).

7, — 00

(2) {x,} is said to be a pr—Cauchy sequence, if
lim,,,,, 0 Gp, (X5 X,p,5 X,,) €xists (and is finite).

3) (X, pr) is said to be pr-complete if every G,,-
Cauchy sequence in X is G, -convergent to an x € X.

Using the above definitions, one can easily prove the
following proposition.

Proposition 24. Let (X, G,, ) be a G, -metric space. Then, for
any sequence {x,} in X and a point x € X, the following
statements are equivalent:

D) {x,} is G,,

(2) pr(xn,xn,x) — pr(x, X,X), ds 1 — 00.

-convergent to X.

3) pr(xn,x, x) — pr(x, X,X), ds 1 — 00.

Based on Lemma 2.2 of [27], we prove the following
essential lemma.

Lemma 25. (1) A sequence {x,} is a pr—Cauchy sequence in
a G, -metric space (X,G,,) if and only if it is a b-Cauchy
sequence in the b-metric space (X dG )

2) A G, -metric space (X, G, ) is G, -complete if and
only if the b metric space (X, deb) is b-complete. Moreover,

lim dG (x,x,) = 0 if and only if

Jim G, (x,x,,x,) = lim G, (x,, X, x)

n—>oo

= lim G, (x,, X, x,,

n,m— 0o

) =G, (x,%,%).
(24)

Proof. First, we show that every G, -Cauchy sequence in
(X,G,,) is a b-Cauchy sequence in (X, de ). Let {x,} be a
b

pr—Cauchy sequence in (X, pr). Then, there exists &« € R
such that, for arbitrary ¢ > 0, there is n, € N with

|pr (x'l’ Xm>

for all n, m > n,. Hence,

|dGPb (x"’xm)|

&
x,) —af < (25)

= Gy, (% X X)) + G, (X5 X X,,)
=Gy, (% X, %) = Gy (X0 X0 X1)
= |pr (%> X > X)) — X + X — G,, (%> %> X,,)
+Gp, (X X X,,) =+ A= Gy (X0 X,y xm)|
< |pr (%0 X > X,1) —oc| + by (X X0 X,
+ |pr (% Xy X,) — oc' + |oc =G, (X X, xm)'
<e

(26)



for all n,m > n,. Hence, we conclude that {x,} is a b-Cauchy
sequence in (X, de )-
Next, we prove that b-completeness of (X, de ) implies
b

pr—completeness of (X,pr). Indeed, if {x,} is a G,,-

Cauchy sequence in (X,G, ), then it is also a b-Cauchy
sequence in (X, deb)' Since the b-metric space (X, deb) is
b-complete we deduce that there exists y € X such that
lim, | OOdeb (y,x,) = 0. Hence,

Jim [Gp, (% 3 3) = Gy, (3230 9) + Gy, (3%, %,) (27)
7

-G, (xn,xn,xn)] =0,

therefore; lim,, _, [G,, (x,., ¥, ¥) = G, (3, ¥, ¥)] = 0.
On the other hand,

n,rllil—l:looGPb (xn’ Xm> y)
< lim G, (x,,7,9)+ lim sG, (%, 7,)
=5G,, (9, 9,7)

Iim G

nm—oo Pb

(%> %, X,) (28)

+ lim_ G, (X Xpo X,)

+G,, (7.7.7)

=Gy, (13 y).

Also, from (prz)’

Gy, ysy) < lim Gy (%, X, ). (29)

n,m—

Hence, we obtain that {x,} is a G, -convergent sequence in
(X,Gp,)-

Now, we prove that every b-Cauchy sequence {x,} in
(X, deb) isa pr—Cauchy sequence in (X, pr). Lete = 1/2.
Then, there exists 1, € N such that de (x> x,,) < 1/2 for all

b
n,m > n,. Since

GPb (X > x"o’ x"lo) - GPb (xno’ x"o’xno) s deb (x”’xno) < %’
(30)
then
Gp, (X %, x,) < dg, (xn,xno) +G, (xn,xno,xno)
(31)

1
< z + GPh ('xno’x”o’x”o) :
Consequently, the sequence {G, (x,, X, x,,)} is bounded in
R and so there exists a € R such that a subsequence

{G,, (x> X, > X, )} is convergent to a; that is,

klingoGPb (x"k’ x"k’ x"k) =a. (32)
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Now, we prove that {G, (x,, x,, x,)} is a Cauchy sequence in
R. Since {x,} is a b-Cauchy sequence in (X, de ), for given
b

€ > 0, there exists n, € N such that de (x,, x,,) < & for all
b
n,m > n,. Thus, for all n,m > n,,

pr (xn’ X xn) - pr (xm’ Xm> xm)

< pr (xn’ xm’xm) - pr (xm’ xm’xm) (33)

<dg, (%, %) < &

Therefore, lim,, _, oopr(xn’ X, X,,) = 4.
On the other hand,

'pr (%> X > X ) — a|

- 'pr (X X %) = Gy, (%2 %1 )
(34)
+Gp, (% X, X,,) = a'

< dGPb (xm’xn) + |pr (xn’xn’ xn) - Cl' >

for alln,m > n,. Hence, lim,,,, , oG, (X, X, X,,,) = @, and
consequently {x,} isa pr-Cauchy sequence in (X, G, ).
Conversely, let {x,} be a b-Cauchy sequence in (X, de ).
b
Then, {x,} is a pr-Cauchy sequence in (X, pr) and so it is

G,,-convergent to a point x € X with

lim G

Jim G, (x,x,,x,) = lim G, (x,, %, x)

= lim G, (x,x,,x,) =G, (x,x,x).

n,m —
(35)
Then, for given & > 0, there exists n, € N such that
€
Gy, (%%, x,) = G, (%, %, x) < "
. (36)
G, (X %,%) = G, (5,2, %) < "
Therefore,
ld, ()|
= |pr (xn’ X X) - pr (xn’ Xy xn)
+Gp, (%, X, X) = G, (%, %, x)'
(37)

< |pr (xn: X, x) - pr (x, X, x)|
" |pr (o, x, ) = GPb (xn’xn’ xn)|
+ |pr (xn) xn) x) - pr (x, X, x)| <&,

whenever n > n,. Therefore, (X, de ) is b-complete.
b
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Finally, let lim,, _, OOdeh (x,,x) = 0.So

Jim [pr (% %,%) = G, (%, xn,xn)]
+ lim [pr (%, X, X) — G, (x,x, x)] =0,
nleréo [pr (%, %, x) — G,, (%, x, x)]

+ nleréo [pr (‘xn’ Xn> x) - GP;, (xn’ X x”)] =0.
On the other hand,

m G, (X Xy Xp) = G, (%, X, X)

<s [nangopr (%, %, %) + mlgtlmpr (%, X > X)

1-5s

- Gph (x, x, x)] +

X [nIeréopr (X X, x,) + 2 1im G, (xm,xm,xm)]

-G, (x,x,x) =0.
(39)
O

Definition 26. Let (X, pr) and (X ',G;b) be two generalized
. . ! !
partial b-metric spaces and let f : (X, pr) - (X ,pr)
be a mapping. Then f is said to be G, -continuous at a
point a € X if, for a given ¢ > 0, there exists § > 0
such that x € X and pr(a, a,x) < 6+ pr(a, a,a) imply

that G, (f(a), f(a), f(x)) < e+ G, (f(a), f(a), f(a)). The
mapping f is G, -continuous on X if it is G, -continuous at
all a € X. For simplicity, we say that f is continuous.

From the above definition, with straightforward calcula-
tions, we have the following proposition.

Proposition 27. Let (X, pr) and (X', G;,h) be two generalized
partial b-metric spaces. Then a mapping f: X — X' is G-
contz:nuous at a point x € X ifand only‘zfit is G, sequentially
continuous at x; that is, whenever {x,} is G, -convergent to x,

{f(x,)}is G;h-convergent to f(x).

Definition 28. A triple (X, %,G,,) is called an ordered gener-
alized partial b-metric space if (X, <) is a partially ordered set
and G, is a generalized partial b-metric on X.

We will need the following simple lemma of the G, -
convergent sequences in the proof of our main results.

Lemma 29. Let (X,G,,) be a G, -metric space and suppose
that {x,}, {y,} and {z,} are G, -convergent to x, , and z,
respectively. Then we have

1

1
5—3pr (x,y,2) - 5_2pr (x, x, X)

1
_ ;pr (v, y,y) - G,, (z,2,2)

7
<liminfG,, (%> Y 2) < lianSiP Gp, (X Y 24)
<s°G,, (x,9,2) +5G,, (x,%,x) +5°G,, (3,3, y)
+ s3pr (z,2,2).
(40)

In particular, if {y,} = {z,} = a are constant, then
1
;pr (x,a,a) — G, (x, x, x)
<liminf G, (x,,a,a) <limsupG, (x,,a,a) (41
n—00 n— oo

<sG,, (x,a,a) + G, (X, %, ).

Proof. Using the rectangle inequality, we obtain

Gp, (%, 7,2) < 5Gp, (%, %, %) + 5°Gpp (95 Yoo )

+ S3Gph (Z, Z,, Zn) + 53Gph (xn’ yn’Zn) 4

Gy, (%> Y Zn) < 5G,, (%%, %) +5°G, (30 5 ¥)

+ 53pr (z,p2,2) + 53pr (x,,2).
(42)

Taking the lower limit as # — oo in the first inequality and
the upper limitasn — oo in the second inequality we obtain
the desired result.

If {y,} = {z,} = a, then

G,, (x,a,a) < sG, (x,x,,x,) + G, (x,,a,a), )
G,, (xpa,a) < G, (x,, %, %) + 3G, (x,a,a).

O

Let © denote the class of all real functions f3 : [0, +00) —
[0, 1) satisfying the condition

B(t,) — limplies t, — 0, asn — co. (44)

In order to generalize the Banach contraction principle,
Geraghty proved the following result.

Theorem 30 (see [32]). Let (X,d) be a complete metric space
andlet f : X — X be a self-map. Suppose that there exists
B € © such that

d(fx, fy) < B(d(x,y))d (x, y) (45)

holds for all x, y € X. Then f has a unique fixed point z € X
and for each x € X the Picard sequence { f"x} converges to z.

In [33], some fixed point theorems for mappings sat-
istying Geraghty-type contractive conditions are proved in
various generalized metric spaces.

Asin [33], we will consider the class of functions %, where
peFif:[0,00) — [0,1/s) and has the property

1
B(t,) — — implies t, — 0, asn — co. (46)
s



Theorem 31 (see [33]). Lets > 1and let (X, D, s) be a complete
metric type space. Suppose that a mapping f : X — X satisfies
the condition

D(fx, fy) < B(D(x.y)) D (x. ) (47)

forall x,y € X and some B € . Then f has a unique
fixed point z € X and for each x € X{f"x} converges to z
in (X, D,s).

The aim of this paper is to present certain new fixed
point theorems for hybrid rational Geraghty-type and y-
contractive mappings in partially ordered G, -metric spaces.
Our results improve and generalize many comparable results
in literature. Some examples are established to prove the
generality of our results.

2. Main Results

Recall that & denotes the class of all functions 3 : [0,00) —
[0, 1/s) satistying the following condition:

1
B(t,) — N implies t, — 0, asn — oo. (48)

Theorem 32. Let (X, <X) be a partially ordered set and suppose
that there exists a generalized partial b-metric G, on X such
that (X,G,,) is a G, -complete G, -metric space and let f :
X — X be an increasing mapping with respect to < with x, <
f(x,) for some x, € X. Suppose that

Gy, (S [ 2) < B(Gp, (5, 7:2)) M (5, 7,2)  (49)
for all comparable elements x, y,z € X, where

M(x, y,2)

= max <|pr (%, 9,2),

Gy, (5 )Gy, (1, 9) Gy, (22 f2) } |
1+ [sGPh (fx, fy, fz)]2
(50)

If f is continuous, then f has a fixed point.

Proof. Put x,, = f"(x,). Since x, = f(x,) and f is an
increasing function we obtain by induction that

xOﬁf(xo)ﬁfz(xo)ﬁ"'5fn(x0)§fn+l(x0)5... .
(51)

Abstract and Applied Analysis

Step 1. We will show that lim, _, G, (%> X415 Xi2) = 0.
Since x,, < x,,,, for each n € N, then by (49) we have

Spr (xn, Xpi1> xn+2)
= 5Gp, (fXuo1> [ fX 1)
<p (pr (%15 xn,xn+1)) M (X, 15 Xy Xpy1) (52)
< %pr (Xpe1> X X1
< Gy, (Xop X Xp41) »

because
M (%,,_1> X X41)
= max {pr (%15 %> X41) »
(pr (%15 X1 [X1) Gp, (%> X, f)
x G, (Xneranr]’fanrl))

X (1 + [SGph(fxn—hfxn’ fxn+l)]2)71}
(53)
= max {pr (xn—l’ Xy xn+1) >

(pr (xn—l’ Xn-1> xn) pr (xn’ Xn> xn+1)
X pr (xn+1’ Xp+1> xn+2))
% (14 15Gp, (% X1 %)) |
= Gy (510 ).
Therefore, {G,, (x> X141, X,42)} is decreasing. Then there

exists 7 > 0 such that lim Gy, (%> X415 X15) = 1. Letting
n — oo in (52) we have

n— 00

sr<r. (54)
Since s > 1, we deduce that » = 0; that is,
nli_{%opr (xw xn+1’xn+2) =0. (55)

Step 2. Now, we prove that the sequence {x,} is a G, -Cauchy
sequence. By rectangular inequality and (49), we have

Gy, (% X> X,1)
< sG, (%5 X5 Xpy1) + 52pr (% 1> X 1> X1 )
+ sszb (X ps15 X> Xpm)
< $Gp, (% X1 Xp1) + 5P (pr (%0 X5 xm))

x M (xn’xm’ xm) + Sszb (merl’ Xm> xm) .
(56)
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Letting m,n — oo in the above inequality and applying
(55) we have

Iim G

mn—o0  Po (xn’xm’xm)

S Sn,rlligooﬁ (pr (x”’ xm’ xm)) n,r}llr—r»looM (xn’ xma xm) .
(57)
Here,
pr (xn’ Xm> xm)

S M (xn’ xm’ xm)

= max {pr (xn, xm,xm) >

G, (%o X £ (50)) [y, G X £ ()] }
1+ [sGPb (fx,, fxm,fxm)]2

= max {pr (xn, xm,xm) >

2
pr ('xn’ Xn> xn+1) [pr (xm’ Xm> xm+1)] }

2
1+ [Spr (xn+1>xm+1’xm+l)]
(58)

Letting m,n — o0 in the above inequality we get

leLnOOM (xrv Xm> xm) = m}ligoopr (xn’ Xm> xm) . (59)

Hence, from (57) and (59), we obtain

m}}LnOOpr (xn’ Xm> xm)

<s lim B (pr (%, Xyp0> xm)) im G, (Xpp> X > X 1)

—

(60)
and so we get
1 .
S ,lim_ B (Gph (% X s xm)) . (61)
Since 8 € F we deduce that
im Gy (X X, X,,) = 0. (62)

Consequently, {x,} is a G, -Cauchy sequence in X. Thus,
from Lemma 25, {x,} is a b-Cauchy sequence in the b-
metric space (X, deh ). Since (X, pr) is pr—complete, then,
from Lemma 25, (X, de ) is a b-complete b-metric space.
b
Therefore, the sequence {x,} b-converges to some u € X; that
is, lim,, _, OOdGP (x,,u) = 0. Again, from Lemma 25 and (62),
b

lim G, (u,x,,x,) = Jim G, (%> X > X)
(63)
=G, (,u,u) = 0.

Step 3. Now, we show that u is a fixed point of f. Suppose to

the contrary; that is, fu# u; then, from Lemma 20, we have
pr(u, u, fu) > 0.
Using the rectangular inequality, we get

Gy, (wu, fu) < sG, (fu, fx,, fx,) +sG,, (fx, uu).
(64)

Lettingn — oo and using the continuity of f and (63), we
get

Gy, (wu, fu) <s lim G, (fu, fx,» fx,)

+s lim G, (fx,,uu) = sGp, (fu, fu, fu).
(65)

Note that, from (49), we have
sG,, (fu, fu, fu) < B(G,, (,u,u)) M (w,u,1),  (66)
where by (65)

M (u, u, u)

= max {pr (u,u,u),

G,, (wu, fu) G, (uu, fu)G,, (uu, fu) }
1+ [sGPb (fu, fu, fu)]2

<G, (wu, fu).

(67)
Hence, as S(t) < 1 for all t € [0,00), we have
sGPb(fu, fu, fu) < pr(u, u, fu). Thus, by (65) we obtfiin
that sG,, (fu, fu, fu) = G, (u,u, fu). But then, using
(66), we get that pr(u,u,fﬁ) = sG, (fu, fu, fu) <
ﬂ(pr(u, u, u))M(u, u,u) < pr(u, u, fu), which is a contra-
diction. Hence, we have fu = u. Thus, u is a fixed point of

1. O

Now we replace the continuity of f in Theorem 32 by the
regularity of the space to get the required conclusion.

Theorem 33. Under the same hypotheses of Theorem 32,
instead of the continuity assumption of f, assume that, when-
ever{x,} is a nondecreasing sequence in X such thatx, — u,
one has x,, < u for alln € N. Then f has a fixed point.

Proof. Repeating the proof of Theorem 32, we construct an
increasing sequence {x,} in X such that x, — u € X. Using
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the assumption on X we have x, < u. Now, we show that

u = fu. By Lemma 29 and (63)
1
s [;pr (u, fu, fu) - G, (u,u, u)]

< slimsup G, (%11, fu, fu)

(68)
< lim sup (/3 (Gph (x,o 1, u)) M (x,,u, u))

< Llim supM (x,,, u, u),

S n—oo
where

Jim M (x,,, u, u)

= lim max <|Gph (x,uyu),

(Gy, (0%, £,), G (w10, fu)]” }
1+ [Spr (fx,, fu, fu)]2

n— 00

= lim max<|G (%, Xy 1) 5

(G, (X % X1 )+ G, (1114, f1)]] }
+ [5G, (Kpurs fut fur)]”

= max {pr (u,u,u), 0} =0 (see(55)and (63)).
(69)

Therefore, we deduce that pr(u, fu, fu) < sGPb(u, u,u) = 0.
Hence, we have u = fu. O

If in the above theorems we assume (t) = r, where 0 <
r < 1/s, we obtain the following corollary.

Corollary 34. Let (X, <) be a partially ordered set and suppose
that there exists a G, -metric on X such that (X, G, ) isa

GP -complete pr “metric space, and let f : X — X be an

increasing mapping with x, < f(x,) for some x, € X. Suppose
that

sGp, (fx, fy, fz) <M (. y,2) (70)

for all comparable elements x, y,z € X, where 0 <+ < 1/s and

M (x, y,2)

= max <|pr (x,,2),

Gy, (5 [2) Gy, (1, 9) Gy, (2.2 f2) } |

1+ [Spr (fx, v, fz)]2
(71)

Abstract and Applied Analysis

If f is continuous or for any nondecreasing sequence {x,} in X
such that x,, — u € X one has x,, < u foralln € N, then f
has a fixed point.

Corollary 35. Let (X, <) be a partially ordered set and suppose
that there exists a G, -metric space G, on X such that (X, pr)
is a G, -complete G, -metric space, and let f : X — X be an
increasing mapping with respect to < such that there exists an
element x, € X with x;, < f(x,). Suppose that

sGp, (fx. [y, f2)
< aG,, (% y,2)
(72)
,Sn (x,x, fx) G, (9,3, fy) G, (2.2, f2)
2
1+ [Spr (fx fy, fz)]
for all comparable elements x, y,z € X, where a,b > 0 and

a+b<l/s.

If f is continuous or for any nondecreasing sequence {x,,}
in X such that x, — u € X one has x,, < u for alln € N, then
f has a fixed point.

Proof. Since

(x,x, fx) G, (9,3, fy) G, (2.2, f2)

aG,, (x,y,z) +b S
1+ [Spr (fx fy, fz)]

<(a+b)

X max {pr (%, ,2),

G,, (x.x, fx)G,, (30 3. ) Gy, (2.2, f2) }

1+ [stb (fx, fy, fz)]2
(73)

taking r = a + b, all the conditions of Corollary 34 hold and
hence f has a fixed point. O

Let ¥ be the family of all continuous and nondecreasing
functions y : [0,00) — [0, 00) such that

Jim " () = 0 (74)

for all ¢ > 0. It is known that, if ¢ € V, then y(0) = 0 and
y(t) < tforallt > 0.

Theorem 36. Let (X, <) be a partially ordered set and suppose
that there exists a generalized partial b-metric G, on X such
that (X,G,,) is a G, -complete G, -metric space, and let f :
X — X be an increasing mapping with x, < f(x,) for some

X, € X. Suppose that

sGy, (fx fy, fz) <y (M (x, . 2)), (75)



Abstract and Applied Analysis

where

M (x,y,2)

=max 1G, (x,1,2),

G,, (%% £x) Gy, (130 ) Gy, (2,2 f2)
+[sG,, (fx fy f2)]

(76)

forall comparable elements x, y,z € X. If f is continuous, then
f has a fixed point.

Proof. Since x, < f(x,) and f is an increasing function we
obtain by induction that

xo =% fx0) 2 fP () 2 =< M (x0) < " (3g) 2+ .
(77)

Putting x,, = f"(x,), we have
W X Xy S (78)

If there exists 1, € N such that x,, = x, ,; thenx, = fx,

0 0 0 0
and so we have nothing to prove. Hence, for all n € N, we
assume that x, # x

nl:
Step 1. We will prove that
im G, (%, X,1115 X,12) = 0. (79)
Using condition (75), we obtain
Gy, (%> Xne1> Xpi2) < SGp, (X X1 X112

= SGph (fxn—l’ fxw fxn+1) (80)

< ‘/’ (M ('xn—l’ Xn> xn+1)) .
Here,

M (X115 %> X1
= max {pr (Xpo1> X Xp41) »
X (Gph (%15 Xpops fX1) Gy, (%5 Xp> fX,,)
XGp,, (xn+1’ xn+1’fxn+l))
x (14 [Gpy (Ft1s S f0)]) |

= pr (xn—l’ Xn> xn+1) :
(81)

Hence,

Gph (xn’ Xn+1> xn+2) < Spr (xn’ Xn+1> xn+2)
(82)

<y (GPh (xn—l’ xn’xn+1)) .

1

By induction, we get that
pr ('xn+2’ Xnt1> xn) < 14 (pr ('xn+l’ X xn—l))
< 1//2 (pr (xn’ xn—l’xn—Z)) < (83)
<y" (pr (%3, x15 xo)) :
Asy € ¥, we conclude that
nli_p(l)oGph (xn’ xn+1’xn+2) =0. (84)

Step 2. We will prove that {x,} is a G, -Cauchy sequence.

Suppose to the contrary that {x,} is not a G, -Cauchy
sequence. Then there exists ¢ > 0 for which we can find
two subsequences {xmi} and {xni} of {x,} such that n; is the
smallest index for which

n>m; >i, G, (xmi,x,,i,xnx_) > e (85)
This means that
Gy, (xm,»’xni—1>xni—1) <e. (86)

From (85) and using the rectangle inequality, we get

S GPb (xmi’ Xnp> x"i) < SGPh (xmi’xmi"'l’ xmi+1)

(87)
+5G,, (xm,-+1’ xn,_,xni) .
Taking the upper limit asi — ©0, we get
€ .
. <limsup G, (xmiﬂ, Xy xni) . (88)
1— 00

From the definition of M(x, y) we have

M (X, % 1%, 1)
= max {pr (X X 15 %1 ) »
(G, (> X )
% [Gy, (%1 %010 f2 1))
(1[G, (P S i)'}
= max Gy, (X X %y)
(Gpy (%m> X X
% (G (5rr g )]

-1
X (1 + [SGPb (xmi"'l’x”i’x"i)]Z) }

(89)
and ifi — oo, by (84) and (86), we have

lim sup M (xmi, Xy 1> xni_l) <e. (90)

i— 00
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Now, from (75) we have
SGPb (xmi+1’ x”i’ x”i) = SGPb (fxmi’ fxni_l’ fx”i_l)

sy (M (xm,-’ Xn=1> X, )) ’

Again, ifi — oo by (88) we obtain

e=s <f> < <slim sup G, (xmiﬂ,xni,xni))
$ (92)

<y(e) <s

which is a contradiction. Consequently, {x,} is a G-

Cauchy sequence in X. Thus, from Lemma 25 we have

proved that {x,} is a b-Cauchy sequence in the b-metric

space (X, deb)' Since (X,G,) is G, -complete, then, from

Lemma 25, (X, de ) is a b-complete b-metric space. There-
b

fore, the sequence {x,} b-converges to some u € X; that is,

lim, _, oodeb (x,, u) = 0. Again, from Lemma 25 and (62),

Jlim G, (u, x,, x,,) = olim G, (%> X > X)) )
93

=G, (w,u,u) =0.

Step 3. Now we show that u is a fixed point of f. Suppose
to the contrary, that fu # u; then, from Lemma 20, we have
G, (u,u, fu) > 0.

Using the rectangle inequality, we get

G,, (uu, fu) < sG, (fu, fx,, fx,) + G, (fx,uu).

(94)
Lettingn — o0 and using the continuity of f, we get
G,, (uu, fu) < sG, (fu, fu, fu). (95)
Note that, from (75), we have
sG,, (fu, fu, fu) <y (M (u,u,u)), (96)
where
M (u,u, u)

= max {pr (u,u,u),

G,, (wu, fu) G, (wu, fu) G, (uu, fu) }
1+ [Spr (fu, fu, fu)]2
<Gy, (wu, fu).
97)

Hence, as y is nondecreasing, we have sG,, (fu, fu, fu) <
G,, (1, u, fu). Thus, by (95) we obtain that

G,, (uu, fu) = sG, (fu, fu, fu). (98)

Equation (96) yields that G,, (u,u, fu) < y(M(u,u,u)) <
¥(G,, (u, u, fu)). This is impossible, according to our assump-
tions on y. Hence, we have fu = u. Thus, u is a fixed point of

1. O
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Theorem 37. Under the hypotheses of Theorem 36, instead of
the continuity assumption of f, assume that, whenever {x,} is
a nondecreasing sequence in X such that x, — u € X, one
has x,, X u for alln € N. Then f has a fixed point.

Proof. Following the proof of Theorem 36, we construct an
increasing sequence {x,} in X such that x, — u € X. Using
the given assumption on X we have x, < u. Now, we show
that u = fu. By (75) we have

sGp, (fus fu,x,) = Gy, (fu, fu, fx,1)

<y (M (uux,.)),
where

M (w1 x,,,)

= max <|pr (1, x,1),

(G, (114, )| G, (s %15 Fn) }
1+ [sGPh (fu, fu, fxn_l)]2

(100)
Lettingn — oo in the above, from (93), we get
Jim M (u,u,x,_1) = 0. (101)

Again, taking the upper limit as# — oo in (99) and using
Lemma 29 and (101) we get

1
s ;pr (u, fu, fu) = G, (u,u,u)

< slimsup G, (x,,, fu, fu) (102)
n— 00
<limsupy (M (u,u,x,_,)) = 0.
So we get G, (u, fu, fu) = 0. Thatis, fu = u. O

Corollary 38. Let (X, X) be a partially ordered set and suppose
that there exists a generalized partial b-metric G, on X such
that (X,G,,) is a G, -complete G, -metric space, and let f :
X — X be an increasing mapping with x, < f(x,) for some

x, € X. Suppose that
sG,, (fx, fy, fz) <kM(x, y,2),

where0 < k < 1/s and

(103)

M (x,y,2)

= max {pr (%, y,2),

G, (x.% fx)G,, (y. 3. %) G,, (2.2 f2) }

1+ [Ssz, (fx, fr, fz)]2
(104)
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for all comparable elements x, y,z € X. If f is continuous or,
for any nondecreasing sequence {x,} in X such that x, — u €
X, we have x,, < u for alln € N, then f has a fixed point.

We conclude this section by presenting some examples
that illustrate our results.

Example 39. Let X = [0,1] be equipped with the usual
order and G, -metric function G,, given by G, (x, y,2z) =
[max{x, y, z})? = max{xz,yz,zz} with s = 2. Consider the
mapping f : X — X defined by f(x) = (1/4)x(e_xz)1/2
and the function 8 € & given by (t) = (1/2)e”", t > 0, and
B(0) € [0, 1/2). Itis easy to see that f isan increasing function
on X and 0 < f(0) = 0. We show that f is G, -continuous
on X. By Proposition 27 it is sufficient to show that f is
G,,sequentially continuous on X. Let {x,} be a sequence in
X such that lim pr(xn, X, X) = pr(x, X, X), s0 we have
limnﬁoomax{xfl,xz} = x2 equally max{limnﬁooxﬁ, X} =
x*, and hence lim,,_, ,,x> = a < x*. On the other hand we
have

n— 00

lim G, (fx,, fx, fx)

Tim max {( )2 ()}

: 1 x? 1 2 —x?
lim max{—xne ", —x"e }
n— 00 6 16

1 2 1 2
max { — lim x?e ™, —6x2e x } (105)

1 -« 1 2 —xz} 1 2 —x?
=maxy—ae ,—Xe = —Xe

16 16 16

1 2 —x* 1 2 —x* 1 2 —xz}
=maxy —xe ,—Xe ,—Xe

16 16 " 16
=G, (fx fx, fx).

So f is G, sequentially continuous on X.

For all comparable elements x, y,z € X and the fact that
2
g(x) = x*¢™™ is an increasing function on X we have

_ I 52 1 5 1 ~2*
stb(fx,fy,fz)—Zmax{l—6xe ,1—6ye Bze }

1 R R - B
gmax{xex,yey,zez}

l e max{x?,y*,z°}

8

2 2 2
maxix~, y,z

16_ max{x?, y2 z°}

2
= B(Gy, (%,:2)) G, (x. 3, 2)

<P (pr (x, v, z)) M (x,y,2).

IN

ax{xz,yz,zz}

(106)

Hence, f satisfies all the assumptions of Theorem 32 and thus
it has a fixed point (which is u = 0).
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Example 40. Let X = [0,1] be equipped with the usual

order and G, -metric function G,, given by G, (x, y,2z) =
[max{x, y, Z})* = max{xz,yz,zz} with s = 2. Consider the
mapping f : X — X defined by f(x) = (1/4)VIn(x? + 1)
and the function y € V¥ given by w(t) = (1/8)t,t > 0. It is
easy to see that f is increasing function and 0 < f(0) = 0.
Now we show that f is G, -continuous function on X.

Let {x,}] be a sequence in X such that
limnﬂoopr(xn, X, X) = pr(x, X,X), SO we have
lim,, _, o, max{x’,x’} = x°, equally max{lim,_, x>, x°} =
x%, and hence lim x2 = a < x*. On the other hand we

have
nleréopr (fx"’fx’ fx)
= nango max {(fxn)2> (fx)z}

n— 00

= Jim max [ 1n (<2 +1), I (¢ +1)}
iéln(x2 + 1)}

(1) = (1)

(x4 1))

_ 1 .2

= max{1—61n<nlgroloxn + 1),
1 1

=max{—ln((x+ 1), —1In
16 16

=max{%ln(x2+1),i6ln(x2+l),

=G, (fx, fx, fx).
(107)

So f is G, -sequentially continuous on X.
For all comparable elements x, y,z € X, we have

sG,, (fx, fy, f2)
= 2 max {(}lwln (22 + 1))2, (zll In(y? + 1))2,
(i In (2% + 1))2}

=2max{%ln(x2+1),%ln(y2+l),

(1)

%max {ln (x2 + 1),ln (y2 + 1),1n (z2 + 1)}
% max {xz,yz,zz} =y (pr (%, z))

(%.3,2)) -

IN

<y(M
(108)

Hence, f satisfies all the assumptions of Theorem 36 and thus
it has a fixed point (which is u = 0).
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The quasidifferential of a quasidifferentiable function in the sense of Demyanov and Rubinov is not uniquely defined. Xia proposed
the notion of the kernelled quasidifferential, which is expected to be a representative for the equivalence class of quasidifferentials.
Although the kernelled quasidifferential is known to have good algebraic properties and geometric structure, it is still not very
convenient for calculating the kernelled quasidifferentials of — f and min{ f; | i € a finite index set I}, where f and f; are kernelled
quasidifferentiable functions. In this paper, the notion of adjoint kernelled quasidifferential, which is well-defined for — f and
min{f; | i € I}, is employed as a representative of the equivalence class of quasidifferentials. Some algebraic properties of the
adjoint kernelled quasidifferential are given and the existence of the adjoint kernelled quasidifferential is explored by means of the
minimal quasidifferential and the Demyanov difference of convex sets. Under some condition, a formula of the adjoint kernelled

quasidifferential is presented.

1. Introduction

Quasidifferential calculus, developed by Demyanov and
Rubinov, plays an important role in nonsmooth analysis
and optimization. The class of quasidifferentiable functions
is fairly broad. It contains not only convex, concave, and
differentiable functions but also convex-concave, D.C. (i.e.,
difference of two convex), maximum, and other functions.
In addition, it even includes some functions which are not
locally Lipschitz continuous. Quasidifferentiability can be
employed to study a wide range of theoretical and practical
issues in many fields, such as in mechanics, engineering, and
economics nonsmooth analysis and fuzzy control theory (see,
e.g., [1-13]).

A function f defined on an open set ® ¢ R" is called
quasidifferentiable (q.d.) at a point x € O, in the sense of
Demyanov and Rubinov [5], if it is directionally differentiable
at x and there exist two nonempty convex compact sets

df(x) and F) f(x) such that the directional derivative can be
represented in the form as

! . — . n
f (x:d) ug%c) (u,d) + min (v,d), VdeR’, )

veo f(x)

where (-,-) denotes the usual inner product in R". The pair
of sets Df (x) = [0 f(x), 0 f(x)] is called a quasidifferential of
fatxandof(x)and F) f(x) are called a subdifferential and a
superdifferential, respectively.

It is well known that the quasidifferential is not uniquely
defined. Let Y, be the set of all nonempty convex compact
sets in R". Denote A+ B = {a+b | a € A/b € B} and
AA ={Aa | a € A}, where A,B €Y, and A > 0. Suppose that
[U, V]is a quasidifferential of f;then, forany A € Y,, the pair
of sets [U+A, V—Alisstill a quasidifferential of f. And the set
D f(x) of quasidifferentials of f at x is so large that the whole
space R" could be covered by the union of subdifferentials or
superdifferentials; that is,

of ) = J

Df(x)eD f(x)

R" =

of (x). 2
Df (x)eD f(x)

The quasidifferential uniqueness is an essential problem in
quasidifferential calculus, so it is necessary to find a way by
which a quasidifferential, particularly a small quasidifferen-
tial in some sense, as a representative of the equivalence class
of quasidifferentials, can be determined automatically. The
problem was for the first time considered in a discussion
at ITASA, by Demyanov and Xia in 1984 [4]. There were
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many reports and publications mentioning or dealing with
this subject from different points of view (see, for instance,
[9-26], etc.).

Pallaschke et al. [18] introduced the notion of the mini-
mal quasidifferential and proved the existence of equivalent
minimal quasidifferential. [U, V] € D f(x) is called minimal,
provided that [U;,V;] € Df(x) satisfying U, ¢ U and
Vi ¢ Vimplies U = U, and V = V,. Nevertheless,
the minimal quasidifferential is not uniquely defined either.
Indeed, any translation of a minimal quasidifferential is still
a minimal quasidifferential; in other words, if [A, B] is a
minimal quasidifferential, then, for any singleton {c}, the pair
of sets [A + {c}, B — {c}] is still a minimal quasidifferential.
For one-dimensional space, equivalent minimal pairs are
uniquely determined up to translations, according to [8].
Grzybowski [15] and Scholtes [22] proved independently
the fact that equivalent minimal quasidifferentials, in the
two-dimensional case, are uniquely determined up to a
translation. For the n-dimensional case (n > 3), Grzybowski
[15] gave the first example of two equivalent minimal pairs
in R®> which are not related by translations, and, as in [19],
Pallaschke and Unbanski indicated that a continuum of
equivalent pairs are not related by translation for different
indices. Some sufficient conditions and both sufficient and
necessary conditions for the minimality of pairs of compact
convex sets were given and some reduction techniques for
the reduction of pairs of compact convex sets via cutting
hyperplanes or excision of compact convex subsets were
proposed according to Pallaschke and Urbanski [20, 21].

For the same purpose, Xia [24, 25] introduced the notion
of the kernelled quasidifferential. It was proved that

s= () (af @+3f (),

Df (x)€2 f(x)
B _ _ 3)
S= (1 (0f@-0f @)

Df(x)eD f(x)

are nonempty, according to Deng and Gao [14]. S and S
(defined by (3)) are called sub- and super-kernel, respectively,
and [S, S] is called a quasi-kernel of @ f (x). The quasi-kernel
is said to be a kernelled quasidifferential of f at x if and
only if the quasi-kernel [S,S] is a quasidifferential, denoted
by D, f(x) = [0, f(x), 0, f(x)]. If f has a kernelled quasid-
ifferential at x € R”, then f is said to be a kernelled quasid-
ifferentiable function at x. For the case of one-dimensional
space, the existence of the kernelled quasidifferential was
given by Gao [16]. In the two dimensional case, based on
the translation of minimal quasidifferentials, it was proved
that the kernelled quasidifferential exists for any q.d. function
(see [17]). In the n-dimensional case (n > 3), whether the
pair of sets given in (3) is a quasidifferential of f at x is
still an open problem, some progress has been made in the
last years. Zhang et al. [26] gave a sufficient condition for
a quasi-kernel being a kernelled quasidifferential. In [11],
Gao presented a condition in terms of Demyanov difference,
called g-condition, in which the kernelled quasidifferential
exists. The corresponding subclasses and augmented class
of g-q.d. functions on R" were defined and some more
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properties on this class were presented according to Song and
Xia [23].

Although the kernelled quasidifferential is known to have
good algebraic properties and geometric structure (see [25]),
it is still not very convenient for calculating the kernelled
quasidifferentials of — f and min{f; | i € a finite index set I},
where f and f; are kernelled quasidifferentiable functions.
Hence, in this paper, the notion of adjoint kernelled quasidif-
ferential, which is well-defined for — f and min{f; | i € I},
is employed as a representative of the equivalence class of
quasidifferentials. Some algebraic properties of the adjoint
kernelled quasidifferential are given and the existence of the
adjoint kernelled quasidifferential is explored by means of
the minimal quasidifferential and the Demyanov difference
of convex sets. The rest of the paper is organized as follows.
In Section 2, some preliminary definitions and results used
in the paper are provided. In Section 3, definitions of adjoint
kernelled quasidifferential will be introduced and some
operations of adjoint kernelled quasidifferentiable functions
are given. In Section 4, we prove that the adjoint kernelled
quasidifferential exists in one- and two-dimensional cases
and two suflicient conditions for the existence of the adjoint
kernelled quasidifferential in R” (n > 3) are given. In
Section 5, under some condition, a formula of the adjoint
kernelled quasidifferential is presented.

2. Preliminaries
The support function 8 (- | C) of a set C € Y, is defined by
8" (x| C) =max (v,x), VxeR" (4)
veC
Itis well known (see, e.g., [6]) that the mapping A — 8" (- | A)
called the Minkowski duality is one-to-one correspondence

between Y,, and the set P, of all finite sublinear functions is
defined on R".

Proposition 1. Let A, B € Y,; then
ACBe= 68" (x|A) <8 (x|B), VxcR" (5

It is true that §* (- | C) is convex with
2" (x10={ueClwmn =maxwn}, ©
ve

particularly, 06" (0 | C) = C, where 0 denotes the subdif-
ferential in the sense of convex analysis [27].

For any d € R" and C € Y,,, we denote the max-face of C
with respect to d by the formula

Cd={xeCl{dx)=08"(d|C)}. 7)

Obviously, the max-face C(d) coincides with the subdifferen-
tial 06™(d | C). Denote by N(x) the normal cone to C at
x € C; that is,

No(x)={deR"|{d,y—x)<0,VyeC}. (8)
Proposition 2. Let C €Y, for x € C; it holds
xeC() & deN;(x). 9)
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Proposition 3. LetC € Y, and x € C. Ifd,,d, € Np(x), then
0" (d,+d, |C)=6"(d, |1C)+8"(d, |1 C).  (10)

Let the function f defined on R" be locally Lipschitz
continuous and let D denote the set where Vf exists. The
Clarke subdifferential ¢ f(x) of f at x is defined as follows:

daf (x) = co {x}}ngf (x,) | x, — x,x, € Df} , (1)

where “co” denotes the convex hull. In the convex case, the
Clarke subdifferential coincides with the subdifferential in
the sense of convex analysis [28].

A setT c R”is called of full measure (with respect to R"),
if R"\ T is a set of measure zero. Let A € Y, and Ty = D+ ()4
be the set of all points x € R” such that V8™ (x | A) exists. The
set T is of full measure in R”. Let A, B € Y,, and T be a subset
of T4 N Ty of full measure; then the set

A-B=cco{V8" (x| A)-V8" (x| B)|xeT} (12)

is called Demyanov difference of A and B, where “cl” refers
to the closure. This construction was applied implicitly by
Demyanov for the study of connections between the Clarke
subdifferential and the quasidifferential [3]. In general, the
Demyanov difference is smaller than the Minkowski differ-
ence. It is true that

AZBCA-B. 13)

According to [6], the Demyanov difference can be rewritten
as

A=B=0y (0" (y14)=0"(yIB)l,o  (14)

Define the algebraic operations of addition and multipli-
cation by a real number in Y = Y,, x Y, and the equivalence
relation ~ as follows:

(A,B)+(C,D)=(A+C,B+ D),

c(A,B) =(cA,cB), ¢=0,
(15)

c(A,B) = (cB,cA), c¢<0,

(A,B)~(C,D) <= A-D=C-B,

where ¢ € R, (A,B),and (C,D) € Yj. It is easy to check that
Df(x)eY? /..

Proposition 4. If [Qlf(x),élf(x)], [sz(x),ézf(x)] €
D f(x), then

3, () = (-0, f () =0, f (%) = (-0,f (). (16)

The main formulas of quasidifferential calculus will be
stated as Proposition 5. Algebraic operations over quasidif-
ferentials are performed as over elements of the space of
compact sets (or what is the same, as over pairs of sets).

Proposition 5. Let A,(x) denote the set of all functions
defined on an open set © C R" and quasidifferentiable at a
point x € O. Then, the following hold.

M) If f1, f, € A,(x), ¢, ¢, are real numbers, then ¢, f, +
o f, € A (x), and

D(q f, + & fy) (%) = g Df, (x) + Df, (x). (17)

Note that, in particular, D(— f(x)) = =Df (x).
(2) Let f, f, € A, (x). Then, f, - f, € A, (x) and

D(fl'fz)(x)=f1 (%) Df, (x) + f5 (x) Dfy (x). (18)

(B) If f € A,(x), f(x)#0, then 1/ f is quasidifferentiable

at x and
Df ' (x) = —f(x)Df (x). (19)
(4) Let fy, fooros f € A (x) and
g(y)=max(f,(y),.... fu (), Vyeo, 0)
h(y) =min(f, (y),.... £, (»)), Vyeo.

Then, g € A (x), h € A, (x), and
Dg (x) = [3g(x),09 (x)],  Dh(x) = [9h(x),0h(x)],
(21)

where

g (x)=co | <ka<x)— D 5ﬁ<x>),

keR(x) i€R(x),i#k

ag(x)= Y 0fi(x),

keR(x)

Oh(x)= ) 3fi(x), (x

keS(x)

D Qﬁ(x)>-

ieS(x),i+k

oh (x) = co U <5fk(x)—

keS(x)

Here, R(x) = {i | fi(x) = g(x)}, S(x) = {i | fi(x) =
h(x)}.

3. Adjoint Kernelled Quasidifferential

The kernelled quasidifferential is known to have good alge-
braic properties (see [25]), but it is still not very convenient
for calculating the kernelled quasidifferentials of —f and
min{f; | i € a finite index set I}, where f and f; are
kernelled quasidifferentiable functions. So it is natural and
necessary to explore the pair of sets [S, S], where S is defined
asin (3) and

s= ]

(Of (x)-9f (x)). (23)
Df(x)€D f(x)

Obviously, S is nonempty and symmetric. Since having the
similar structure to the quasi-kernel of @ f(x), [S, S] is called
an adjoint quasi-kernel of 9 f(x), where S and S are called
adjoint sub-kernel and adjoint super-kernel, respectively. Of
course S and S are compact convex. This motivates the
introduction of the following notions.



Definition 6. Let f € A, (x). The adjoint quasi-kernel is said
to be an adjoint kernelled quasidifferential of f at x if and
only if

[S.S] € Df (x). (24)

If f has an adjoint kernelled quasidifferential at x € R”,
then f is said to be an adjoint kernelled quasidifferentiable
function at x. The adjoint kernel [S, S] is a quasidifferential,

denoted by Dy f(x) = [9,. f(x), Oy f(x)].

From the definition of quasidifferential and
Proposition 5, the following proposition can be obtained
immediately, which is especially useful in the study of the
operation rules of adjoint kernelled quasidifferential.
Proposition 7. (1) If f,, f, € A,(x), ¢, ¢, € R, then

2(afitaf)®)=a2f(x)+a2f, (). (25)

Note that, in particular, D(- f(x)) = =D f(x).
(2) Let f,, f, € A (x). Then,

D(fi ) ®) = L) Do)+ L) DS (x).  (26)
B)If f € A, (x), f(x)#0, then

D) =-f)Df (x). (27)

If the adjoint kernelled quasidifferential exists, some

operation rules of adjoint kernelled quasidifferential are
presented as follows.

Theorem 8. Let A, ;-(x) denote the set of all functions in
A, (x) and having adjoint kernelled quasidifferential at x.
Then, the following hold.

D) If f1, fr € Ay (x), then f) + f, € A+ (x) and
Dy (fi + f) (x) = Dy f1 (x) + Dy f5 (x) . (28)
Q) Iffi—f € A (), c €R, thencf € A, (x) and

Dy-cf (x) = |c| Dy~ (signc) f (x). (29)

GV If fi for—fi1o—fr € Dy (), then f1 - f, € A4 (x)

and
Dy (fi+ fo) (%) = |f1 (x)| Dy (sign f (%)) f (%) (30)
+ |2 (0)| Dy- (sign f, () f; (x).
D Iffi—f € Ao (x), f(x)#0, then1/f € A, 4+ (x) and

D f (%) = £ (x) Dy (—f (%)) (31)

Proof. We will prove only Properties (1) and (2). Properties
(3) and (4) can be proved in an analogous manner.
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(1) Since f), f, € A, 4+ (x), then

(1 @fi0)-2fi(x) =0 fi (x),

Df,(x)€D f,(x)

(32)
1 @LE®-2LW)=0fr(0).
Df,(x)€D f,(x)
From Propositions 5 and 7 and (32), it follows that
@(fi + f2) ) =a(fi + f2) (%))
D(fi+/)(x)€D(fi+,)(x)
= N @f, () - 3, (x)
Df,(x)+Df,(x)€D f, (x)+D f, (x)
+0 -0

af, (x) - 9f, (x)) (33)

-

Df,(x)€D f,(x)

+ [

Df,(x)€D f,(x)

= Qk*fl (x) +Qk*f2 (x).

(9f; (%) - 9f, (x))

(0f, (x) - 9f, (x))

By the similar way, we can prove that

@(fi + o) @ +0(fi + ) ()

D(f1+,)(x)€D(f1+£,)(x)

= O f1 (X) + Op f (%) .
(34)

Since [Qk*ﬂ(x) + Qk*fZ(x))ék*fl(x) + 5k*fz(x)] € Dfi(x)+
D f,(x) = D(f, + f,)(x), hence, together with (33) and (34),
one has that f; + f, € A, 1. (x).

(2) Since f,~f € A, ;-(x), then, together with Proposi-
tions 5 and 7, one has that

N @cf () -0cf ()

Dcf (x)eDcf (x)

-

[c|D(sign c) f(x)€lc|D(sign c) f(x)

|c| (0 (signc) f (x)

3 (signe) f ()

(0f (x) - 9f (x))

= lel N

D(signc) f (x)eD(signc) f (x)

= |c| 9. (signc) f (x).
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Similarly, we can prove that

(3cf (x) +0cf (x)) = || - (signc) f (x).
Dcf (x)eDef (x)
(36)

Combining (35) with (36) leads to

M @cf () -ocf (x),

Dcf (x)eDcf (x)

_ (37)
ﬂ (ch (x) + Ocf (x))jl

Dcf (x)eDcf (x)
€ |c| D (signe) f (x) = Def (x).
Hence, cf € A, ;- (x). O

By A, (x) we denote the set of all functions in A (x) and
having kernelled quasidifferential at x. Obviously, one has
that A, (x) C A, (x). The adjoint kernelled quasidifferential
is convenient for calculating Dy min{f; | i € I} and
can calculate the adjoint kernelled quasidifferential of —f
with kernelled quasidifferential, where f, f; € A, (x),i €
a finite index set I.

Theorem 9. If f € A, (x), then —f € A - (x) and
Dy (=f) = =Dy f (). (38)
Iff € A (x), then —f € A, (x) and
Dy (=f) = =Dy f (). (39)

Proof. Since f € A, ;(x), then Dy f(x) = [0, f(x), 0. f(x)] €
D f(x), where

%f@= (1 (f@+3f(). (4
Df(x)eD f (x)

dfr= 1 (0f@-0f). (g
Df(x)eD f(x)

By Propositions 5 and 7 and (41), we obtain

9(-f)(x)=a(=f) (%)

D(=f)(x)eD (- f)(x)

L _ (42)
= [ -0@f@-3f®)=-3f ).
Df(x)€D f(x)
From Propositions 5 and 7 and (40), it follows that
N 2-N@+a(-f) )
D(=f)(x)€D(~f)(x)
(43)

= N -@f@+3fwW)=-0,f .
Df (x)eD f(x)

Obviously, [—ékf(x), -0, f(x)] = =Dy f(x) € -Df(x) =
D(—f)(x). This fact, together with (42) and (43), implies that

[ A(-f) ) -2(-f) (%),
D(-f)(x)eD(-f)(x)

_ (44)
N A(-f)x)+0 (=f) (x)

D(=f)(x)eD(- f)(x)

€2 (-f)(x).

Then, —f € A, ;- (x) and Dy- (- f)(x) = —D; f(x). Similarly,
it can be proved that if f € A, ;.(x), then —f € A ;(x) and
Dy (- f) = =Dy~ f(x). The proof is completed. O

Theorem 10. Let fy, f5,..., f, € A+ (x) and

fO)=min(fi (y), s fu (), VyeO. (45

Then, f € A, i+ (x) and Dy- f(x) = [Qk*f(x),ék* f(x)], where

O f(X) = ) O fi (%),

i€S(x)
(46)

Z Qk*fj (x)>.

jeS(x),j#i

O f (x) =co | (5,(* fi (x) -

ieS(x)
Here, S(x) = {i | fi(x) = f(x)}.
Proof. Since fi, f,..., f, € A, 4+ (x) and f(y) = min(f,(y),

o os fa(1), Yy € O, then, according to Propositions 5 and 7,
we have

N @f®-af )

Df(x)€D f(x)

N < EAGED Qﬁ(x))

Df(x)eD f(x) \i€S(x) i€S(x)

Y 1 @fi-3fit)

i€S(x) Df;(x)eD f;(x)

(47)

Z Oy fi (x).

i€S(x)

Since, for C; € Y,, i € I, where I denotes a finite index set,
one has that

coUCi = Z/\,-Ci, (48)

iel )\igo,zid,\iﬂ iel



where A; € R, i € I. Hence, together with Proposition 5, it
follows that
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- U YA ofi () +0f; (%)

220, e Ai=1 i€S(x)

of (x)+0f (x)
= ) 9fix)+co <5ﬁ (x) - of; <x>>
iesz(‘;) ieLS-(Jx) jes(;jaei ! - Y (2f; () - of; (%))
jeS(x)
= Z of; (x) ! j#i
i€S(x) (49)
+ U Z A | of () - Z af; (x) By Propositions 5 and 7 and (49), we obtain
220, jes Ai=1 | 1E€S(X) jE€S(x)
j#i
N (@f@+af®)
Df(x)€P f(x)
= U 2 M| ai+afi0- Y (3f;0-3f;(x)
Df()€Df(x) 1,20, ;c5m Ai=1 i€S(x) jeS(x)
j#i
(50)
= U X N @fw+afix)- Y () (3f,x)-2af;x)
1i20,Y cs Mi=1 i€8(x) Dfy(x)€D fi(x) JjeS(x) Dfj(x)€D f;(x)
jEi
=co | J <5k*f,-(x)— D Qk*fj(x)>.
ieS(x) jeS(x),j#i
Based on Propositions 5 and 7 and (47) and (50), one has that Theorem 11. Suppose that f € A, (x), n = 1,2, and

[ N @f@-2fx),

Df (x)eD f(x)
(51)
(N (@f@+3f®)|eDf(x);
Df(x)e2f(x)
hence f € A, ;-(x). The demonstration is completed. O

4. Existence of the Adjoint
Kernelled Quasidifferential

In this section, the existence of the adjoint kernelled quasid-
ifferential of a quasidifferentiable function is established. In
one- and two-dimensional cases, we prove that the adjoint
kernelled quasidifferential exists and give its expression by
using of a minimal quasidifferential. We also develop the
existence of the adjoint kernelled quasidifferential for a
quasidifferentiable function on R" (n > 3) under some
conditions.

[Qg"f(x),égnf(x)] is a minimal quasidifferential of f at x.
Then, the relations below hold

S=f-3f ),  S= )+ f(0). (52)
Furthermore, f € A, ;+(x); that is, [S,S] € D f(x).

Proof. Let [Qf(x),éf(x)] € Df(x). From the existence
of the minimal quasidifferentials, see [18], it follows that
there exists a minimal quasidifferential of f at x, denoted

by [3" f(x),0 f(x)], such that 3" f(x) c 3f(x), D f(x) C
0f(x). Consequently,

9"f(x)-9"f(x) cof (x)-0f (x),

F"F(x)+0 f(x)CAf (x)+0f (x).

Note that both [” f(x),0 f(x)] and [3" f(x),0, f(x)] are
the minimal quasidifferentials of f at x. According to the
translation property of the equivalent minimal quasidifferen-
tials in the one- and two-dimensional case, see [15, 18], there
exists ¢ € R",n = 1,2, such that the minimal quasidifferential

(0" f (x),ém f(x)] can be expressed as
[07f (),8" f ()] = [8f () + {c}. Dy f (x) — {c}]. (54)

(53a)

(53b)



Abstract and Applied Analysis

This leads to
" f(x)=9"f(x) =97 f(x) -9 f (%), (55a)
I )+ f) = f () +onf(x).  (55b)
It follows from (53a), (53b), (55a), and (55b) that
o' f(x) -0y f(x)cof(x)-af (x),  (56a)
' f(x)+3, f(x) COf (x)+0f (x).  (56b)

Taking the intersection on the right hands of (56a) and of
(56b) for all quasidifferentials of f at x, we have that

9y f (x) =95 f (x) €S, (57a)
o f(x)+0, f(x)CS. (57b)

On the other hand, [9] f(x), 5:)” f(x)] € D f(x) implies that
Scdyf(x)-9yf(x),

SCATf(x)+0y f(x).
The relations (57a), (57b), (58a), and (58b) lead to that

S=097f(x)-9 f(x),

S=3"f(x)+0, f (x).

(58a)

(58b)

(59a)

(59b)

Note that [Qg"f(x),égnf(x)] € Df(x)and 0y f(x) € Yy, n =
1, 2. Hence,

[0 (x) = 3" F (), 00" f (x) + 05 f ()] € Df (x). (60)

Equations (59a), (59b), and (60) show that [S,S] € D f(x).
The proof is completed. O

The conclusion of Theorem 11 strongly depends upon
the translation of minimal quasidifferentials. Unfortunately,
the minimal quasidifferential is not uniquely determined up
to a translation in R"” if n > 3 [15]. But. by the tool of
Demyanov difference of compact convex sets, we get the
following interesting result about minimal quasidifferential.

Proposition 12. Suppose that f € A, (x) and there exists a
quasidifferential [0, f (x), 0, f (x)] € D f(x) such that

3yf () = (-30f () =0 f ()= (=0of (). (&)
Then [Qof(x),éof(x)] is a minimal quasidifferential of f at x.
Proof. Let [0f(x),0f(x)] € D f(x) and

Of (x) COyf(x),  Of (x) COpf (x).  (62)

Obviously, one has

Af (%) +0f (x) C Iy f (x) +0yf (x). (63)
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By Proposition 4 and (61), we obtain
3o f (%) + 0o f (x) = 3y f (x) = (=30 f (%)) o
64
=3f (x) = (-0f ().
From (13) and (64), it follows that
9, f (%) + 0 f (x) COf (x) +0f (x). (65)
Combining (63) with (65) leads to
By f (x)+ 0y f (x) =0f (x) +3f (x). (66)

According to (62) and (66), we conclude that

f (x) =9, f (x),  Of (x) = 0o f (x). (67)
Then, by_ the definition of the minimal quasidifferential,
[0, f (%), 0 f (x)] is a minimal quasidifferential of f at x. [J

Inspired by Proposition 12, we present the following
theorem, which gives a sufficient condition for the existence
of the adjoint kernelled quasidifferential in R” (n > 3).

Theorem 13. Suppose that f € A, (x) and there exists a
quasidifferential [Qof(x),éof(x)] € D f(x) such that

0o f (x) = (=00f (%)) =0y f (x) = (<o f (x)).  (68)
Then, one has

S= Qof (x) - Qof (%),

S=0,f (x)+9y f(x).
Furthermore, [S,S] € D f(x); that is, f € A, ;- (x).

(69a)

(69b)

Proof. Let [Qf(x),éf(x)] € 9 f(x). From Proposition 4 and
(68), it follows that

95 () + 99 f (x) = 0y f (%) = (=90 (x))
= 3f (x) = (-0f (x)) € 3f (x) + Of (x).
(70)
By the definition of the quasidifferential, it is easy to check
that [U,V] € Df(x) implies [U - U,U + V] € Df(x).
Therefore, we have [0 f(x) — 9 f(x),0 f(x) + 5f(x)] € Df(x)
and [0, f(x) — 9, f (x), 0, f (x) +50f(x)] € D f(x). These give

8" (¥19f () =2f () =8" (¥ - (2f () +0f (x)))
=0" (¥ 19y f (%) =9y f (%))

~8"(y1-(20f ) +0pf ())), VyeR"
(71)

By (70) and Proposition 1, we obtain
8" (y10,f () +3pf (x)) < 8" (¥ 1 3f (x) +0f (%)),

Vy e R"
(72)



Evidently, (72) is equivalent to the following:
=8 (=¥ 13y f () + 3y f (x))
>-8"(-ylaf (x)+3f (x)), VyeR"
Combining (71) with (73) leads to

8" (¥ 10f (x) =0y f (x)) < 8" (y | 9f (x) - 0f (%)) -
Vy e R"

(73)

Based on (74) and Proposition 1, one has that
Oof (x) =9, f (x) COf (x) —9f (x). (75)

Notice that both (70) and (75) hold for any [Qf(x),éf(x)] €
D f(x). Taking the intersection on the right-hand sides of
(70) and of (75), respectively, for all quasidifferentials of f
at x, it is obtained that

9y f (x) =9y f (x) €S, (76a)
9, f (x) + 0, f (x) CS. (76b)
On the other hand, [9, f(x), 0, f(x)] € D f(x) implies
Scoyf(x)=9,f (x), (77a)
S C Oy f (x) +0yf (x). (77b)

Combining (76a) with (77b) yields (69a). Likewise, (76b)
and (77b) yield (69b). Notice that the relation [d, f(x) —

Qof(x),QOf(x)+50f(x)] € D f(x) hasbeen claimed. We thus
complete the proof of the theorem. O

A decomposition structure of f'(x;-) is defined by
! ! -
F)=f(s)-f (), (78)

where ]_‘ "(x;+) and 7’(x; -) are defined by

fleay= inf 67(-19f (x) - 3f (),
— B (79)
fay=_ inf 8" (1= (3f () +0f (),

Df(x)eD f(x)

—
respectively. Generally, f' and f are positively homoge-
neous, but not sublinear. It is easy to be seen that

(1)< (50, O CI-<F (5). (80)

It is easy to be seen that, for any u € S, there exists at least
one sequence {¢; | u; € 0,f(x) — 9,f(x)} convergent to u,
where [0, f (x),a- f(x)] € D f(x). According to Proposition 2,
ifu € Sand d € R" such that there exist sequences {u; | u; €
0,f(x) -0, f(x)}2, — uand{d; | d; € NQf(x)—Qif(x)(ui)} -
d,thend € Ng(u) and 8*(d | S) = f'(x;d).
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The above lines enable us to give the following theorem
which provides a sufficient condition for [S, S] to be an adjoint
kernelled quasidifferential.

Let #(S,-S) be a shape of (S,-S) that is defined by a
similar way according to [18], such that

clco S(d) =S, clco U -S(d) = -S. (81)
deF(S,-S) deF (S5,-9)
Theorem 14. Let f € A, (x) and suppose that f'(x; 2)

—/
and f (x;-) are continuous with respect to direction, and,
furthermore, there exists a shape F (S, —S) of (S, =S) such that,
foranyu € S and v € =S, one has that

Ni (1) = one {Ng () N F (S,-9)},
N N (82)
N_g(v) =cone {N_s(v) N F (8,-S)},

where cone denotes the closed convex conical hull. If, for any
d e F(S,-S), u € S(d), and v € =S(d), there exist sequences

{ui 1w € 0,f (%) -0, f I, — ws (83)
{v,- | v, € - (Q;f (x) +5if (x))}:: — v, (84)

{d,. | d; € N, -2, 10 (1) N N_ga, (243,70 ("i)}’ (85)
such that d is one of clusters of {d;};°); then [S,S] € D f(x),
thatis, f € A, - (x).

Proof. Let d € R" be an arbitrary nonzero vector. There exist
u € Sand v € — S such thatd € Ng(u) N N_g(v). According to
(82), there exists a sequence

d; € cone {Ng (u) N F (S,-S)}

(86)
ncone {N_g(v) N F (S,-S)},
i =1,2,... convergent to d. For each i, there are two index
sets ] ; and 7,», with finite indices such that
C_lij € Ng(ui) ﬂg(g,—S), ] € L->
dij e Ng(v)NF (S,-S),  jeTs (87)

d; e co{gij | j Eli}ﬂco{aij | j 671}.
It follows from (83)-(85) and (87) that, for each ij, there exist
{éijk},i“;l, {dy; Yoy g 2y and {v;; 172, such that

fuo €04, F 0 =0y f O}, — i

{v, € ‘(ijkf(x) +5ukf<x))}zl Ve

[e¢]
{éijk € Nay 192, £ (”ijk)}k:1 — dy,
(88)
jel, i=12...,
_ o
{d”k € No@,, 11430 (Vijk)}kzl — dy,
jeji) i=1,2,....
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Since each d; is a convex combination of d;;, j € ], or of d;
j € J;, one has that there are A;; 2 0and A;; = 0 such that

l]—
ZAIJ_I

Z Aij=1 (89)

IS jeT;

l]’

satisfying

- Y ddy = Y N
JeI; jel;

8 (d;18) = ) Ayldyw) =

el

(90)
> Ay lim (dyuy)
Jj€l;

from (83) and (84), where glijk € NQ,-jkf(x)*Q,-jkf(x)(”iJ'k)'
€ 9, f(0) - 3, IR, — uld, e
NQijk -2, Foo Wi e, — d;;» it follows, from the sufficient
condition for 6*(d | S) =
that
& (‘—lij | §) = f (X; Qlij) = kh_{l;o <dijk’“ijk> = <Qlij’”i> :
(91)

Since {u;;

f'(x;d) given before the theorem,

Thus, it follows from (91) that

Z Al]

Jj€l;

“(d;1S) = >=f (xdy).  (92)

Without loss of generality, assume {d;};-, — d. Taking the
limit to (92), one has that

8 (d18) = (du) = lim f'(x:d). (93)
According to the continuity of f '(x;-), (93) becomes

8" (d19) = f'(x:d). (94)

Similarly, it can be proved that

5" (d1-8) = f (x:d). (95)

According to (94) and (95), we conclude

= f (ad) - f (ad)=8"(d]8)~8"(d]|-$).

(96)

£ (x;d)

Then, by the definition of the quasidifferential, one has
[S,S] € Df(x), thatis, f € A, ;+(x). The demonstration is
completed. O

5. Formula of Representative for
Quasidifferentials

Theorem 13 only gives the existence of the adjoint kernelled
quasidifferential but does not show us how to calculate it. For
the practical purpose, we expect to find a way to calculate a
representative of the equivalent class of quasidifferentials for
a given quasidifferential. The present section is devoted to this
topic.

Lemma 15. Let [A,
following form:

B], [U,V] € Df(x). Then, U has the

U=(A-V) - (-B). (97)
Proof. Evidently,
" (y1A)-0"(y1-B)=8"(yU)-8" (y|-V),
Vy € R".
This leads to

S (ylA-V)- Vy € R".

(99)

8" (y1-B)=¢8"(y1U),

Taking the Clarke subdifferential at y = 0, (99) becomes
9 (8" (y 1 A=V)=8" (¥ | -B))|

=308 (1U)] o

Based on the definition of the Demyanov difference, (100)
yields (A — V) = (-B) = U; that is, (97) holds. O

(100)

Theorem 16. Let f € A, (x) and [Qf(x),éf(x)] € Df(x).
If there exists W € Y, such that [W,Qf(x)4(—5f(x))] €

D f(x), then
W ={of (x) - (3f (x) = (-0f (0)))} = (-3f (x)). (101)

Proof. Setting [A,B] = [Qf(x),éf(x)] and [U,V] = [W,
9f(x)~ (-0 f(x))] in Lemma 15, we have

W=(A-V) = (-B) = {of () - (of (x) = (-0f )))}
= (-af ).
(102)
This completes the proof of the theorem. O

Theorem 17. Let f € A, (x). If there exists [A,B] € D f(x)
satisfying A~ (—B) = A—(—B), then, for any [Qf(x),f_)f(x)] €
D f(x), the pair of sets

(-0f )}

[{of 0 -(af ) =
(-0f @)]

“(-af (%)), 0f (x) *
is the adjoint kernelled quasidifferential of f.

(103)

Proof. By Theorem 13 and Proposition 4,
[A-4,0f () = (-0f ()] (104)

is the kernelled quasidifferential. According to Theorem 16,
[A-A,0f(x) = (-0f(x))] € Df(x)leads to

={of ) - (2f )= (-0f (x)))} = (-0f (x)).
(105)

[A-AA- (-B)] =

This means that (103) is the kernelled quasidifferential. The
proof is concluded. O
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Noticing that the Demyanov difference and the
Minkowski difference of polyhedra are polyhedra, we
have the following corollary.

Corollary 18. Suppose that there exist [A,B] € D f(x)
satisfying A= (-B) = A — (-B) and a pair of polyhedra
[U,V] € D f(x). Then, the kernelled quasidifferential is a pair
of polyhedra.

Based on above two theorems, given a quasidifferen-
tial, the adjoint kernelled quasidifferential can be formu-
lated under some conditions, for instance, the condition in
Theorem 13. In particular, if a polyhedral quasidifferential is
given, the adjoint kernelled quasidifferential can be calculated
because the Demyanov difference of polyhedra can be calcu-
lated (for instance, see [9]).
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The purpose of this paper is to introduce and analyze hybrid viscosity methods for a general system of variational inequalities
(GSVI) with hierarchical fixed point problem constraint in the setting of real uniformly convex and 2-uniformly smooth Banach
spaces. Here, the hybrid viscosity methods are based on Korpelevich’s extragradient method, viscosity approximation method, and
hybrid steepest-descent method. We propose and consider hybrid implicit and explicit viscosity iterative algorithms for solving
the GSVI with hierarchical fixed point problem constraint not only for a nonexpansive mapping but also for a countable family of
nonexpansive mappings in X, respectively. We derive some strong convergence theorems under appropriate conditions. Our results
extend, improve, supplement, and develop the recent results announced by many authors.

1. Introduction

Let X be a real Banach space whose dual space is denoted by
X*. LetU = {x € X : |x|| = 1} denote the unit sphere of X.
A Banach space X is said to be uniformly convex if, for each
€ € (0,2], there exists § > 0 such that, for all x, y € U,

||x—y||2€=>"xzﬂsl—8. M

It is known that a uniformly convex Banach space is reflexive
and strictly convex. The normalized duality mapping J

X — 2% is defined by

J(x) = {x* € X" (x,x") = |x|* = ||x*||2}, Vx € X,
(2)

where (-,-) denotes the generalized duality pairing. It is an
immediate consequence of the Hahn-Banach theorem that
J(x) is nonempty for each x € X.

Let Cbe a nonempty closed convex subset of a real Banach
space X. A mapping T : C — C is said to be L-Lipschitzian

if there exists a constant L > 0 such that |[Tx — Ty|| <
L|x — y| for all x,y € C. In particular, if L = 1, then T
is said to be nonexpansive. The set of fixed points of T is
denoted by Fix(T). We use the notation — to indicate the
weak convergence and the one — to indicate the strong
convergence. A mapping A : C — X is said to be

(i) accretive if, for each x, y € C, there exists j(x — y) €
J(x — y) such that

(Ax-Ay,j(x-y)) 20, 3)

where ] is the normalized duality mapping of X,
(ii) a-inverse-strongly accretive if, for each x,y € C,
there exists j(x — y) € J(x — y) such that

(Ax - Ay, j(x - y)) = afx - y|’, (4)

for some « € (0, 1),
(iii) pseudocontractive if, for each x, y € C, there exists
j(x = y) € J(x - y) such that

(Ax - Ay, j(x-y)) < |x -y, (5)
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(iv) B-strongly pseudocontractive if, for each x,y € C,
there exists j(x — y) € J(x — y) such that

(Ax— Ay, j(x-p)) < Blx- | (6)

for some f3 € (0, 1),
(v) A-strictly pseudocontractive if, for each x,y € C,
there exists j(x — y) € J(x — y) such that

(Ax = Ay, j(x-y)) < |x =y = Ax - y - (Ax - Ay)|*
(7)

for some A € (0, 1).

It is worth emphasizing that the definition of the inverse-
strongly accretive mapping is based on that of the inverse-
strongly monotone mapping, which was studied by so many
authors; see, for example, [1-7].

A Banach space X is said to be smooth if the limit

L e ] )
t—0 t

exists for all x,y € X; in this case, X is also said to
have a Gateaux differentiable norm. Moreover, it is said to
be uniformly smooth if this limit is attained uniformly for
x, ¥ € Us; in this case, X is also said to have a uniformly Fre-
chet differentiable norm. The norm of X is said to be the
Frechet differential if, for each x € U, this limit is attained
uniformly for y € U. In the meantime, we define a function
p:[0,00) — [0,00) called the modulus of smoothness of X
as follows:

1
p)=sup {2 (e +yl+ =) - 1:xmy e X
)
Ixl =1, |ly] = T}.

It is known that X is uniformly smooth if and only if
lim, _, ,p(7)/T = 0. Let g be a fixed real number with 1 < g <
2. Then a Banach space X is said to be g-uniformly smooth if
there exists a constant ¢ > 0 such that p(7) < ¢7%, forall T > 0.
As pointed out in [8], no Banach space is g-uniformly smooth
for g > 2. In addition, it is also known that J is single-valued
ifand only if X is smooth, whereas, if X is uniformly smooth,
then the mapping J is norm-to-norm uniformly continuous
on bounded subsets of X.

In a real smooth Banach space X, we say that an operator
A is strongly positive (see [9]), if there exists a constanty > 0
with the property

(Ax,] (x)) = ¥lxI,

lal = bAJl = sup [{(al ~bA)x ] Gl o)
acl0,1], be[-1,1],

where I is the identity mapping.

Proposition CB (see [9, Lemma 2.5]). Let C be a nonempty
closed convex subset of a uniformly smooth Banach space X. Let
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T :C — C be a continuous pseudocontractive mapping with
Fix(T)# 0 and let f : C — C be a fixed Lipschitzian strongly
pseudocontractive mapping with pseudocontractive coefficient
B € (0,1) and Lipschitzian constant L > 0. Let A : C — C
be a strongly positive linear bounded operator with coefficient
Y > 0. Assume that C+ C ¢ Cand 0 < 8 < y. Let {x,} be
defined by

x, = tf (x,) + (I — tA) Tx,. (11)

Then, ast — 0,{x,} converges strongly to some fixed point p
of T such that p is the unique solution in Fix(T) to the VIP:

(A= f)p.J(p-w) <0,

On the other hand, Cai and Bu [10] considered the follo-
wing general system of variational inequalities (GSVI) in
a real smooth Banach space X, which involves finding
(x*, y"™) € C x C such that

Yu € Fix(T). (12)

(wBy" +x" = y",J(x=x")) 20, VxeC,

(Byx™ +y" =x" ] (x=y")) 20,

where C is a nonempty, closed, and convex subset of X,
B;,B, : C — X are two nonlinear mappings, and g, and
U, are two positive constants. Here the set of solutions of
GSVI (13) is denoted by GSVI(C, B;, B,). Very recently, Cai
and Bu [10] constructed an iterative algorithm for solving
GSVI (13) and a common fixed point problem of an infinite
family of nonexpansive mappings in a uniformly convex and
2-uniformly smooth Banach space. They proved the strong
convergence of the proposed algorithm by virtue of the
following inequality in a 2-uniformly smooth Banach space
X.

(13)
Vx € C,

Lemma 1 (see [11]). Let X be a 2-uniformly smooth Banach
space. Then, there exists a best smooth constant k > 0 such that

[l + y||2 <lxI*+2{(y,J(x)) +2 ley|, Vx,yeX,
(14)

where ] is the normalized duality mapping from X into X*.

The authors [10] have used the following inequality in a
real smooth and uniform convex Banach space X.

Proposition 2 (see [12]). Let X be a real smooth and uniform
convex Banach space and let v > 0. Then, there exists a strictly
increasing, continuous, and convex function g : [0,2r] — R,
g(0) = 0 such that

g(lx=y) <l =2¢x.7 () +|y|*. Vx.yeB,
(15)

where B, = {x € X : |lx|| < r}.

2. Preliminaries

We list some lemmas that will be used in the sequel. Lemma 3
can be found in [13]. Lemma 4 is an immediate consequence
of the subdifferential inequality of the function (1/2)|| - 1%,
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Lemma 3. Let {a,} be a sequence of nonnegative real numbers
such that

a,, <(1-b)a,+bc, Yn=0, (16)

where {b,} and {c,} are sequences of real numbers satisfying the
following conditions:
(i) {b,} c [0,1] and Y2 b, = c0;

(ii) either lim supc, < 0 or Y72 1b,c,| < co.

n— 00

Then, lim, a, =0.

n— 00
Lemma 4. In a smooth Banach space X, there holds the
inequality

Il +2 (3.7 () < |+ ]

<lxl>+2(y.J(x+y)), VxyeX,

17)
where ] is the normalized duality mapping of X.

Let p be a mean if p is a continuous linear functional on
1% satisfying [|lull = 1 = p(1). Then, we know that ¢ is a mean
on N if and only if

inf {a, :n € N} < p(a) <sup{a, :n e N} (18)

for every a = (a;,a,,...) € I°. According to time and circu-
mstances, we use y,(a,) instead of p(a). A mean y on N is
called a Banach limit if and only if

Hn (an) = Un (anﬂ) (19)

for everya = (a;,a,,...) € I°°. We know that, if ¢ is a Banach

limit, then
liminfa, < u, (a,) < limsupa, (20)
n—oo n— oo

for every a = (a;,a,,...) € 1. So, ifa = (a;,a,,...), b =
(b, by,...) €1®°,anda, — c(resp.,a,~b, — 0),asn — oo,
we have

(resp., u,(a,) =, (b,). (1)

Further, it is well known that there holds the following
result.

py (a,) = p(a) =c

Lemma 5 (see [14]). Let C be a nonempty closed convex subset
of a uniformly smooth Banach space X. Let {x,} be a bounded
sequence of X; let u be a mean on N and let z € C. Then,

% = 2| = ming, | x,, - y| (22)
n n yEC n n

if and only if
Hn <y - Z’](xn - Z)> <0, Vye G (23)

where ] is the normalized duality mapping of X.

Lemma 6 (see [9, Lemma 2.6]). Let C be a nonempty closed
convex subset of a real Banach space X which has uniformly
Gateaux differentiable norm. Let T : C — C be a continuous
pseudocontractive mapping with Fix(T) #@ and let f : C —
C be a fixed Lipschitzian strongly pseudocontractive mapping
with pseudocontractive coefficient 3 € (0, 1) and Lipschitzian
constant L > 0. Let A : C — C be a y-strongly positive linear
bounded operator with coefficient y > 0. Assume that C + C C
C and that {x,} converges strongly to p € Fix(T) ast — 0,
where x, is defined by x, = tf(x,) + (I — tA)Tx,. Suppose that
{x,} ¢ Cisbounded and that lim, _, |lx,, — Tx,| = 0. Then,
limsup, , ((f —A)p,J(x,—p)) <O0.

Lemma 7. Let C be a nonempty closed convex subset of a real
smooth Banach space X. Let F : C — X be an «-strongly
accretive and A-strictly pseudocontractive with o + A > 1.
Then, I — F is nonexpansive and F is Lipschitz continuous with

constant (1++/(1 — &)/ A). Further, for any fixedt € (0,1), I-
TF is contractive with coefficient 1 — 7(1 — /(1 — a)/A).

Proof. From the A-strictly pseudocontractivity and «-
strongly accretivity of F, we have, for all x, y € C,

MI-F)yx-I-F)y|
<lx-yI - (F)-F(3),) (x-y) (4
<(l-a)|x- y||2,

which implies that

lI-F)x--F)y|< \/I‘T"‘ x-y]. @5

Becausea + A > 1 © /(1 —a)/A < 1, we know that I — F is
nonexpansive. Also note that

IFG)=FD <0 -F)x=(T=F) y|+|x-y]

1-a (26)
< <1+ JT“)Hx—)’H.

Now, take a fixed 7 € (0, 1) arbitrarily. Observe that, for all
x,y €C,

It - 7F)x — (I - F) y|

=l0-D(x-y)+ [T -Fx-UT-F)y]|
S(1—T)||x—y||+T||(I—F)x—(I—F)y||

1_
<ol er( 55 ) -

(1o (155 bt

Becausea+ A >1 o /(1 —a)/A < 1, weknow that I — 7F is
contractive with coefficient 1 — 7(1 — /(1 — «)/A). O

(27)




Let D be a subset of C and let IT be a mapping of C into
D. Then, IT is said to be sunny if
IT[IT (x) + ¢t (x = I (x))] = (x), (28)
whenever II(x) + t(x — II(x)) € Cforx € Candt > 0. A
mapping IT of C into itself is called a retraction if I =1L If
a mapping IT of C into itself is a retraction, then Il(z) = z for
every z € R(IT) where R(II) is the range of IT. A subset D of
C is called a sunny nonexpansive retract of C if there exists a
sunny nonexpansive retraction from C onto D. The following
lemma concerns the sunny nonexpansive retraction.

Lemma 8 (see [15]). Let C be a nonempty closed convex subset
of a real smooth Banach space X. Let D be a nonempty subset
of C. Let I1 be a retraction of C onto D. Then, the following are
equivalent:

(i) IT is sunny and nonexpansive;

(i) IT(x) = II® < (x = 3, J(T1(x) = TL(y))), for all
x,y€C;

(iii) (x —II(x), J(y —II(x))) <0, forallx € C, y € D.

It is well known that, if X = H is a Hilbert space, then
a sunny nonexpansive retraction Il is coincident with the
metric projection from X onto C; that is, IIo = P.. If C
is a nonempty closed convex subset of a strictly convex and
uniformly smooth Banach space X and if T : C — Cis
a nonexpansive mapping with the fixed point set Fix(T') 0,
then the set Fix(T') is a sunny nonexpansive retract of C.

Lemma 9. Let C be a nonempty closed convex subset of a
smooth Banach space X. Let I be a sunny nonexpansive
retraction from X onto C and let B, B, : C — X be nonlinear
mappings. For given x*,y* € C, (x*,y") is a solution of
GSVI (13) if and only if x* = Uc(y" — B, y"), where y* =
Mo (x™ — yyByx™).

Proof. We can rewrite GSVI (13) as

(x* = (y" =mBy"), J(x-x")) 20, VxeC, o)
29
(" = (x" —wByx"),J (x=y")) 20, VxeC,
which is obviously equivalent to
x"=Tc(y" —mBy’),
, . ) (30)
y"=Te(x" - mB,x"),
because of Lemma 8. This completes the proof. O

In terms of Lemma 9, define the mapping G: C — C as
follows:

G(x) =TI -wB)c(I-uB,)x, V¥xeC. (31
Then, we observe that

x* = Il [HC (x* - P‘sz’C*) - BIl¢ (x* - yszx*)](, )
32
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which implies that x* is a fixed point of the mapping G.
Throughout this paper, the set of fixed points of the mapping
G is denoted by Q.

Lemma 10 (see [16]). Let C be a nonempty closed convex
subset of a strictly convex Banach space X. Let {T,}>°
be a sequence of nonexpansive mappings on C. Suppose
Mheo Fix(T,) is nonempty. Let {A,} be a sequence of positive
numbers with Y2, A, = 1. Then, a mapping T on C defined
by Tx = Y2, A, T,x for x € C is well-defined, nonexpansive
and Fix(T) = (2, Fix(T;,) holds.

Lemmall (see [17]). Let C be a nonempty closed convex subset
of a Banach space X. Let S,,S,, ... be a sequence of mappings
of C into itself. Suppose that ¥ - sup{[|S,,;x—S,x| : x € C} <
00. Then, foreach y € C,{S, y} converges strongly to some point
of C. Moreover, let S be a mapping of C into itself defined by
Sy = lim,_ .S,y for all y € C. Then, lim sup{[|Sx -
S,xll:xeCl=0.

n— oo

3. GSVI with Hierarchical Fixed
Point Problem Constraint for
a Nonexpansive Mapping

In this section, we introduce our hybrid implicit viscosity
scheme for solving the GSVI (13) with hierarchical fixed point
problem constraint for a nonexpansive mapping and show the
strong convergence theorem. First, we list several useful and
helpful lemmas.

Lemma 12 (see [10, Lemma 2.8]). Let C be a nonempty closed
convex subset of a real 2-uniformly smooth Banach space X.
Let the mapping B; : C — X be «;-inverse-strongly accretive.
Then, one has

”(I —u;B;) x — (I - w;B;) )’"2

< ||x - J’"2 + 24 (W‘z - ‘xi) "Bix - Biy||2, Vx,y €C,
(33)

fori = 1,2, where y; > 0. In particular, if 0 < p; < o;/K>
(where K is the best constant of X as in Lemma 1), then I — u; B
is nonexpansive fori = 1,2.

Lemma 13 (see [10, Lemma 2.9]). Let C be a nonempty closed
convex subset of a real 2-uniformly smooth Banach space X.
Let T1 be a sunny nonexpansive retraction from X onto C. Let
the mapping B; : C — X be a;-inverse-strongly accretive for
i=1,2.LetG:C — C be the mapping defined by

Gx =1Il¢ [Hc (x - yszx) - Bl (x - P‘szx)] > (34)
Vx € C.

IfO < w; < o/’ fori = 1,2, then G : C — C is none-
xpansive.

Lemma 14 (see [18]). Let X be a Banach space, C a nonempty
closed and convex subset of X, and T : C — C a continuous
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and strong pseudocontraction. Then, T has a unique fixed point
in C.

Lemma 15 (see [19]). Assume that A is a strongly positive lin-
ear bounded operator on a smooth Banach space X with coeffi-
cienty >0and0 < p < A" Then, |I - pAII2 <1-py.

We now state and prove our first result.

Theorem 16. Let C be a nonempty closed convex subset of
a uniformly convex and 2-uniformly smooth Banach space X
such that C + C ¢ C. Let Il be a sunny nonexpansive
retraction from X onto C. Let the mapping B, : C — X be
o;-inverse-strongly accretive fori = 1,2. LetT : C — C
be a nonexpansive mapping such that A = Fix(T) N Q+0
where Q is the fixed point set of the mapping G = II-(I —
BT = u,B,) with 0 < p; < oy/” fori = 1,2. Let
f: C — C bea fixed Lipschitzian strongly pseudocontractive
mapping with pseudocontractive coefficient § € (0,1) and
Lipschitzian constant L > 0, let F : C — C be a-strongly
accretive and A-strictly pseudocontractive with o + A > 1, and
let A: C — C beay-strongly positive linear bounded operator
with 0 <y — B < 1. Let {x,} be defined by

x, = tf (x,) + (I - tA) [G (Tx,) - 6,FG (Tx,)], (35)

where {0, : t € (0,1)} c [0,1) with lim,_, ,0,/t = 0. Then, as
t — 0,{x;} converges strongly to a point p € A, which is the
unique solution in A to the VIB,

(A= f)p.J(p-u)) <0, VueA. (36)

Proof. First, let us show that the net {x,} is defined well. As a
matter of fact, define the mapping S, : C — C as follows:

S;x =tf (x) + (I -tA) [G (Tx) - 0,FG(Tx)], VxeC.

(37)

We may assume, without loss of generality, that t < Al
Utilizing Lemmas 7, 13, and 15, we have

(Spx =83, ] (x = y))
=t(f@) - f(»).](x-»))
+{(I -tA)[(I - 6,F)G(Tx) - (I -6,F)G(Ty)],
J(x=y))
< tBlx -y + (1-17)
x |(1 = 6,F) G (Tx) - (I - 6,F) G (Ty)| | x - y|

<tBlx - " +(1 ‘t?)(l _ef(l - \/1_706))

x |G (Tx) = G (Ty)| |x - ]

<tBlx - " + (1 - 7) | Tx - Ty| |x - ¥

<tBlx - y|* + (1 - 17) |x - y|’

=(1-tF-P) x>
(38)

Hence, it is known that S, : C — C is a continuous and
strongly pseudocontractive mapping with pseudocontractive
coefficient 1 —t(y— ) € (0, 1) Thus, by Lemma 14, we deduce
that there exists a unique fixed point in C, denoted by x,,
which uniquely solves the fixed point equation

x, =tf (x,) + (I -tA) [G(Tx,) - 6,FG(Tx,)].  (39)

Let us show the uniqueness of the solution of VIP (36).
Suppose that both p; € A and p, € A are solutions to VIP
(36). Then, we have

(A= f)piT(pr—p2)) <0,

((A=f)poT(py—p1)) <O.

(40)

Adding up the above two inequalities, we obtain

(A= f)pi = (A= f) po T (P~ p2)) <O. (41)

Note that

(A= f)pi = (A=) p T (p1— P2))
=(A(p1=p.) T (P~ P2))

= (f(p) - f(p2).J (- p2)) (42)
_ 2 2
>¥|p - pal” - Bllpy - £
_ 2
=7-Plp-pl 20
Consequently, we have p; = p,, and the uniqueness is proved.
Next, let us show that, for some a € (0,1), {x, : t € (0,a]}
is bounded. Indeed, since {6, : t € (0,1)} c [0,1) with
lim, ,,(6,/t) = 0, there exists some a € (0,1) such that

0 < 0,/t < 1forallt € (0,a]. Take a fixed p € Fix(A)
arbitrarily. Utilizing Lemma 7, we have

I - oI

= (t(f (x) = f (p)) + U~ tA) [G(Tx,) - 6,FG (Tx,) - p]
~t(Ap - f(p)).J (x. - p))

=t(f (x) = f(p).] (x. - p))
+ (U = tA) [G(Tx,) - 6,FG (Tx,) - p].] (x, = p))
—t{(A=f)p.J (x. - p))



< tBllx, - pl + (1= 9) |G (Tx,) - 0,FG (Tx,) - p|
x |lxe = pll + (A= £) plllx: - pl
< tBllx, - pl + (1-17)
x [I(1-6,F)G(Tx,) ~(1-6,F)G(Tp)]
+|(I-6,F)G(T

+tf(a-f)pllx - pl

Stﬁ||xt-PI|2+(l—t?)(1_9t<1_ 1;\“))

x |G (Tx,) = G (Tp)| |lx; - pl
+(1-9) 6, |Ep|l |x; - |l +£[(A = £) pll |x: - p

Sf/3||xt—pl|2+(1—t7)<1—et<1_ 1;“))

x |Tx, = Tp| |, — pl

+0, |[Ep| |x. — pll + £ [(A= f) pl | - £l
< tBlx,— pl* + (1= #9) |, - oI’

+6, |Ep] |x. - pll + £ [ (A= £) pll |x. - pl
= (1=t (7= B)) = - plI* + 6, | Fol Ix. - pl

+t (A= 1) pll < - pll.

= Pl - £l

(43)

and, hence, for all ¢ € (0, a],

b=l = =25 (Ia= P+ 1o

(44)
+[Epl)-

Thus, this implies that {x, : t € (0, a]} is bounded and so are
{f(x,):t €(0,a]}, {Tx, : t € (0,al}, and {G(Tx,) : t € (0,a]}.
Let us show that |Tx, - G(Tx,)| — Oast — 0.
Indeed, for simplicity, we putq = II-(I-, B,) p, X, = Tx,,
u, = (I - p,B,)X,, and v, = I1o(I -y, B, )u,. Then, it is clear
that p = [TIo(I-u, B;)gand v, = G(X,) = G(Tx,). Hence, from
(43), it follows that

I ~ I
< tBx, - p|f + (1~ 1) (1 -6, (1 - \/I‘T"‘»
x |G (Tx) = G (Tp)| | —

+(1=19) 0, |Fp| |, = pl| + (A = ) pl | - ol
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< fﬁﬂxt - P||2 +(1-ty) "Vt - P” ||xt - P"

+ 6, |Fpl I = pll + £ 1CA = 1) ol % = 2l -
(45)

From Lemma 12, we have
lu = qll* = |Tic (% - ,B,%) - e (p - B p)|°
< |% - p -t (B,%, — Bop)|
<% - oI’ - 20, (o, = °11,) | B, — Bopl,
Ive - pI” = |Tc(u, — i Byuy) - T (q - 1, Byg)|°
< |l - q - (B, - Big)|’

- 21, (0‘1 - szl) ||B1ut - qu”z.
(46)

< flu, ~

From the last two inequalities, we obtain
Ive = ol < 1% = 2l = 2082 (o, = s,
x | Byx, = Byp|” - 201y (e — 7y
x||Bu, = Byq|’
< = oI =200, (o, = < 11,) | B, = Bop’

-2 (0‘1 - Kz.“l) “Blut - qu"Z,
(47)

which together with (45) implies that
.~ ol
<t~ oI+ (1= 9) I~ e - ol + 6, [l
<l ol + 1A = 1) pl -
< Bl ol + ¢~ ) pl I~ pl + (1 - 7)
x5 (b= oI + e = £I°) + 6ol I - o
<t~ ol + 1A~ 1) pll I - ol
T (L i
=24 (0‘2 - Kzﬂz) |B,%, - B,p]
—2u (o =y
< B, - Bual’} + 6, el I, - ol
= (1=t )l - oI+ t1CA~ 1) pl e
-(1-ty) [P‘z (‘Xz - KZP‘z) |B,x; — BzP"

! (0‘1 - KZM) "Blut - 314”2]
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+6, "FP“ “xt - P"
<l ol + (A= £) pl I = o)l - (1 - £7)
X [Mz (“z - Kzl/‘z) |B,%; - BzP"2

+i (“1 - Kzﬂl) ”Blut - 31‘1"2] +6, "FP" "xt - P" .
(48)

So, it immediately follows that
(1-ty) [.”2 (“2 - ’CZMZ) ”322t - BzP"2 T (“1 - Kzlh)
x| By, - 31‘1”2]

<t|(A-f)pll|x: - pll + 6 |Fp |x: - pll-
(49)

Since 0 < y; < a;/x*, for i = 1,2, we have
thir}) |B%; - B,p| = 0, thg%) |B,u, — Byq] = 0. (50)

Utilizing Proposition 2 and Lemma 8, we have that there
exists g; such that

"”: - ‘Z"z = ||Hc (X, — B, X,) =Tl (p - MszP)”2
<X — By X, — (p— :Byp) . T (4, — q))
= (X~ pJ (4, — q)) + i (Byp — By%,, ] (4, — q))
1.
< {15 ol - P
—9 ("ft —u,—(p- ‘1)") ]

+ 2 |Bop = By%i] [, — al
(51)

which implies that
I —al” < 1%~ I = g1 (1%~ = (p - 9)])
+ 24, | Bp = By | |l — g -

In the same way, we derive that there exists g,:
v - P“z = e (= iy Bywy) = T (q - 1/‘131‘1)"2

< (u, — By, - (q -, B19), 7 (v = p))

=(u; = q.J (v, = p)) +t (Big — Byt J (v = p))

1
o
-9 (e = v + (p - 9)|)) ]

+ i ”qu - Bl“t" "Vt - P" >
(53)

7
which implies that
"Vt - P”2 aS ”“t - ‘1"2 9 (“”t v+ (p- Q)”)
(54)
+ 2 ”qu - Bl”t" "Vt - P" .
Substituting (52) for (54), we get
”Vt - P"2 < ”’?t - P”2 ! (”’A‘t —u—(p- CI)”)
— 9 (H”t v+ (p- 61)")
+ 24, |B,p = Bx,| |, - 4
+ 241 | Bg = By v - pl|
(55)

< |x = pl* = g1 (|% - w - (p-q)|)
= g2 (|lu; = v+ (p-9))
+2u, |Bp = BXe| s — 4l
+ 244y |B1q = Byu]| [[v: - pl»
which together with (45) implies that
b - ol
< tBllx. = pl + (1 = 19) [ve - pll Ix. - pll + 6, | Fo|
x |xe = pll + (A= £) plllx: - pl
< tBx, - p|* + (A= £) pl |x: - pl| + (1 - £)
1
x = (I - plI* + Ive = pI”) + 6, [Ep Ix: - pl
< 8l -l + 1A= 1) pllsi -+ (1-19)
1
x {llx - pl* + Ix - oI’
) (Hft —u,—(p- Q)“)
— 9 (““t v+ (p- ‘Z)")
+ 24, "sz - Bz’?t” ””t - ‘Z"

+2u "qu - B1”t” ”"t - P“}

+0, "FP“ “xt - P"
= (1=t -B)) = - pI* + £ (A= ) pll | -
- (1-1y)

%> [0y (1% -~ (p-a)])
+ g5 (Jue —ve + (p - @)D + (1 - 19)
[t |Bap = Bo5i] e a

+tiy |Biq = By |[v, = pl]



+6; |Fp| |, - pl
< - pl* + e (A= 1) pll I - ol - (1= 17)
x3 L9y (15— - (p-a)])
+9, (us = vi + (p = a)|))]
+ i |Bop = By%i| e — ql

+ | Byq = By |vi = pl| +6; |Fp] |1x: - ol
(56)

So, it immediately follows that

(1-9)3 o (-~ (p- D))
+95 (s = vi + (p = )]))]
< tla= 1) plllx = ol + s 1Bop = Bz~
+te [Bua = B I, = o + 0, el I - ol

(57)
Hence, from (50), we conclude that
tlif})éh ("’?t —u,—(p- ‘1)") =0,
(58)
thjr})gz ("”t v+ (p- ‘1)“) =0.
Utilizing the properties of g, and g,, we get
tli_% ”5€t —u—(p- Q)” =0,
(59)
tlif}) “”t v+ (p- ‘1)" =0,
which leads to
1% = ve|| < % —u. = (P - q)|
(60)
+u,-v,+(p-q)| — 0 ast—0.
That is,
lim [ Tx; = G (Tx,)| = lim [[%, - v, = 0. (61)

Note that {x, : t € (0,a]} is bounded and so are {f(x,) :
t € (0,al}, {Tx, : t € (0,al}, and {G(Tx,) : t € (0,a]}. Hence,
we have

"xt -G (Txt)”

_¢ H (%)~ AG (Tx,) - % (I - tA) FG (Tx,)

— 0,

(62)
ast — 0. Also, observe that

[, = Tx,|| < ||, = G (Tx,)| + |G (Tx,) - Tx,||.  (63)
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This together with (61) and (62) implies that
tlij}%) [[x; = Tx,|| = 0. (64)

Utilizing the nonexpansivity of G, we obtain

[x; = Gxi|| < ||x, = G (Tx,)| + |G (Tx,) — Gx,|

(65)

< |lx = G (Tx,)|| + || Tx, — x>

which together with (62) and (64) implies that
lim |lx, - Gx,[| = 0. (66)

Now, let {t,} be a sequence in (0, a] that convergesto O ask —
00, and define a function g on C by

g(x) = [,tk%”xtk - x||2, Vx € C, (67)

where y is a Banach limit. Define the set
K:={weC:gw)=min{g(y): yeCl}  (68)

and the mapping
Wx=(1-0)Tx+0Gx, VxeC, (69)

where 0 is a constant in (0, 1). Then, by Lemma 10, we know
that Fix(W) = Fix(T) N Fix(G) = A. We observe that

“xt - Wxt” = "(1 - 0) (x, = Tx,) + 6 (x, - Gxt)”

(70)
<(1=0)|x, - Tx,|| + 0 |x, - Gx, .
So, from (64) and (66), we obtain
nlLI%o [[x; = Wx, || = 0. (71)

Since X is a uniformly smooth Banach space, K is a nonempty
bounded closed convex subset of C; for more details, see [14].
We claim that K is also invariant under the nonexpansive
mapping W. Indeed, noticing (71), we have, for w € K,

1 2 1 2

09 = L, ~ il = Lo,
(72)

1 2
L P )

Since every nonempty closed bounded convex subset of a
uniformly smooth Banach space X has the fixed point prop-
erty for nonexpansive mappings and W is a nonexpansive

mapping of K, W has a fixed point in K, say p. Utilizing
Lemma 5, we get

Ui <x —p,](xtk - p)> <0, VxeC. (73)

Putting x = (f — A)p + p € C, we have

w(f-A)p.J(x, -p)) <0, VxeC. (74)
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Since x;, — p = ;(f(x;) = f(p) + (I - 1, A)[G(Tx,) -
FG(Tx, ) - p] — t.(A— f)p, we get
[, - o’
=t (f (%) = £ (P).T (3, ~ P))
+{(I-t,A) (G (Tx,)-p).J (x, - P))
-0, ((I-t,A)FG(Tx, ),] (x, - p))
-1 ((A —f)p,l(xtk -p))
<t~ ol + 6 ((F = A) 5T (- 7))
+(1-1) |6 (Tx,) - p [, - £
+(1=19) 6, [FG (T, )| |, - ]
< tkﬁ| X, - p||2 +t {(f=A) p.J (%, — p))

+ (1-9) |, - p||2 +6, |FG (Tx, )| |x, - 2|
(75)

It follows that

I - o < == [ ((F-2) pT (x, - p))
76)

0
P2 7 (1) s, - £

Since lim;, _, OO(Gtk /t;) = 0, from (74) and the boundedness of
sequences {FG(Txtk)}, {xtk}, it follows that

il ol = = | (= 7 (s, - 9)

0
2 e (s, ), - |

1

=— [ptk ((f=A) p.T (%, - p))

Y
0
(2 e (2, ) s, - )] <0
(77)

Therefore, for the sequence {x,} in {x, t € (0,al},
there exists a subsequence which is still denoted by {x, } that
converges strongly to some fixed point p of W.

Now, we claim that such a p is the unique solution in A to
the VIP (36).

Indeed, from (35), it follows that for allu € A = Fix(T)nQ

e = uf
=t(f (x) = f W), ] (x, —u))
+{((I —tA) [G(Tx,) - 6,FG (Tx,) —u] , ] (x; — u))

—t{(A- flu ] (x, - u))
={((I-tA)[(I-6,F)G(Tx,) - (I-6,F)u
+(I-6,F)u—u],J(x,—u))
+t(f (%) = f @), T (xp —u)) =t (A= fu ] (x, —u))
<(1-)[|(T-6,F)G(Tx,) - (I - 6,F) ul
+ (1 = 0,F) u — u]

X ||, = ul| + tB||x, - I/l”Z -t{((A-f)u, ] (x, —u))

<(1-1y) [(1 —et(1 - 1;“)) I, = ]| + 6, | Ful

x [l = ul + tBllx, — ul” =t ((A= f)uJ (%, — u))
< (1=19) [llx: = ul + 6, 1Full] x; - u]

+tBlx—ul’ ~ (A= fuT (x, - u)
<(1=t(F-B)lx —ul +6, IFul

x [y =l = £ {(A = £)u T (x, — )
< |l = ul” + 6, 1Full |, —ul| -t (A= f)u T (x,

—u)),

(78)

which hence implies that

(A= )] (- ) < D UFul b, ~ul, Ve .
(79)

Since x, — past; — Oandlim,_,((6,/t) = 0, we obtain
from the last inequality that

(A= luJ(p-u)) <0,

Utilizing the well-known Minty-type Lemma, we get

(A= f)p.J(p-uw) <0,

So, p is a solution in A to the VIP (36).

In order to prove that the net {x, : t € (0,a]} converges
strongly to p ast — 0, suppose that there exists another
subsequence {x; } C {x;} such thatx, — qass, — 0
then we also have g € Fix(W) = Fix(T) N Q =: A due to
(71). Repeating the same argument as above, we know that
q is another solution in A to the VIP (36). In terms of the
uniqueness of solutions in A to the VIP (36), we immediately
get p = q. This completes the proof. O

Yu € A. (80)

Yu € A. (81)
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Remark 17. It is worth emphasizing that, in the assertion of

Theorem 16, “as t — 0, {x,} converges strongly to a point

p € A this p depends on no one of the mappings f, A, and

F.Indeed, although {x,} is defined by

x, = tf (x,)+(I - tA) [G(Tx,) - 6,FG (Tx,)], Vte(0,1),
(82)

in the proof of Theorem 16, it can be readily seen that p is first
found out as a fixed point of the nonexpansive self-mapping
W of K. This shows that p depends on no one of the mappings
f>A,and F.

Remark 18. Theorem 16 improves, extends, supplements, and
develops Cai and Bu [9, Lemma 2.5] in the following aspects.

(i) The GSVI (13) with hierarchical fixed point problem
constraint for a nonexpansive mapping is more general and
more subtle than the problem in Cai and Bu [9, Lemma 2.5]
because our problem is to find a point p € A = Fix(T) N Q,
which is the unique solution in A to the VIP:

((A=-NpT(p-u) <0, VueA (83)

(ii) The iterative scheme in [9, Lemma 2.5] is extended
to develop the iterative scheme in Theorem 16 by virtue
of hybrid steepest-descent method. The iterative scheme in
Theorem 16 is more advantageous and more flexible than
the iterative scheme of [9, Lemma 2.5] because our iterative
scheme involves solving two problems: the GSVI (13) and the
fixed point problem of a nonexpansive mapping T.

(iii) The iterative scheme in Theorem 16 is very different
from the iterative scheme in [9, Lemma 2.5] because our
iterative scheme involves hybrid steepest-descent method
(namely, we add a strongly accretive and strictly pseudocon-
tractive mapping F in our iterative scheme) and because the
mapping T in [9, Lemma 2.5] is replaced by the composite
mapping G o T in the iterative scheme of Theorem 16.

(iv) The argument techniques of Theorem 16 are very
different from Cai and Bu’s ones of [9, Lemma 2.5]. Because
the composite mapping G o T appears in the iterative
scheme of Theorem 16, the proof of Theorem 16 depends
on the argument techniques in [I8], the inequality in 2-
uniformly smooth Banach spaces (see Lemma 1), the inequal-
ity in smooth and uniform convex Banach spaces (see
Proposition 2), and the properties of the strongly positive
linear bounded operator (see Lemmas 15), the Banach limit
(see Lemma 5), and the strongly accretive and strictly pseu-
docontractive mapping (see Lemma 7).

4. GSVI with Hierarchical Fixed Point
Problem Constraint for a Countable Family
of Nonexpansive mappings

In this section, we propose our hybrid explicit viscosity
scheme for solving the GSVI (13) with hierarchical fixed point
problem constraint for a countable family of nonexpansive
mappings and show the strong convergence theorem.
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Theorem 19. Let C be a nonempty closed convex subset of
a uniformly convex and 2-uniformly smooth Banach space X
such that C + C < C. Let Il be a sunny nonexpansive
retraction from X onto C. Let the mapping B; : C — X
be o;-inverse-strongly accretive for i = 1,2. Let {S,}2 be an
infinite family of nonexpansive mappings of C into itself such
that A = (5, Fix(S;) N Q#0, where Q is the fixed point
set of the mapping G = (I — uB)I(I - u,B,) with
0 < u; < o/’ fori=1,2.Let f: C — C be a fixed contra-
ctive map with coefficient § € (0,1), let F : C — C be a-
strongly accretive and A-strictly pseudocontractive with o+ A >
1,andlet A: C — C be ay-strongly positive linear bounded
operator with 0 <y — 8 < 1. Given sequences {A,,} oo, {th,} oo
in [0, 1] and {e,},2, {B}oey in (0,11, suppose that there hold
the following conditions:

(1) hmn%ooﬁn =0and 2220 ﬁn = 00;
(11) hmn—»oo(AnMn)/ﬁn = 0;
(iii) {e,,} C [a,b] for some a,b € (0, 1);

(iV) z;ﬁo(lanﬂ _‘Xn|+|18n+1 _ﬁn|+|)‘n+1 _/\n|+ |Aun+1 _Aunl) <
Q.

Assume that ¥ 2o sup, pllS,.1x — S, x|l < oo for any bounded
subset D of C and let S be a mapping of C into itself defined
by Sx = lim,,_, .S, x for all x € C and suppose that Fix(S) =
(o2 Fix(S,). Then, for any given point x, € C, the sequence
{x,} generated by

In = Xy, + (1 - 06,,) G (Snxn) >
Xpt1 = ﬂnf (xn) + (I - ﬁnA)

X [G (Snyn) - /\n[’lnFG (Snyn)] >

Vn=>0,

(84)

converges strongly to p € A, which is the unique solution in A
to the VIP:

(A= pT(p-u) <0, Vuel (85)

Proof. First, let us show that {x,} is bounded. Indeed, taking
a fixed u € A arbitrarily, we have

"yn - u“ = "(ann + (1 - (xn)G (Snxn) - u”
<oy ”xn - u“ + (1 - “n) “G (Snxn) - u“
<a,|x, —u| + (1 -a,)|S.x, —u

< @, [y =l + (1= ) [ = ] = [, =]
(86)

So, Iy, — ul < lix, — ul for all n > 0. Taking into account
lim, , (A,u,)/B, = 0, we may assume, without loss of
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generality, that Ay, < B, < |A|™" for all # > 0. Thus, by
Lemma 7 (ii), we have

e = u
=B, (f (x,) = f ) + (1 - B,A)
X [G(Suyn) = AnttaFG (S,y) — ] = B (A= f)u
<Bullf () - f W)
+ (1 = BA) [G (S,70) = AutaFG (Suy) —ul
+Bull(A - f)ul
< BuBllxn = ul + (1 - B¥)
(10T = At F) G (Spyn) = (I = Ayt F) G (S,1)|
+ (T = At F) G (S,2) = uf]] + B, (A = f) u

< ﬁnﬁ "xn - Li” * (1 - ﬁn?)

(1= (1-55) Jlo s -6 50

+ (1= B7) A, IFull + B, [ (A= ) u

< BB, + (1 —/i,?)(l —wn(l - W_T“))

X 18,7 = Suta]l + At I Fusll + B, (A = f) ]
< BuB oy =l + (1= B¥) |7 — v

+ Aty IFull + B, (A = f)u
< BBl = ull + (1= B,¥) lx, — v

+ By IFull + B, (A = £)ul
=(1-Bu(7~B) lxu—ul

— oy (A= )] +1Ful
+ ﬁn (y ﬁ) ’—/ _ ﬂ
o N )]+ 1Fu) },
gmax{"xn ul, 5= g ,
(87)
By induction,

[, —u| < max {"xo —uf, 4 - ];)_uu; [Fu) ]» , Vnx0.

(88)

Thus, {x,} is bounded and so is {y,}. Because G and S,
are nonexpansive for all n > 0, f is contractive, and F is
Lipschitzian, {S,x,}, {S,»,.}, {G(S,x,)}, {G(S,y,)} {f(x)}

1

and {FG(S, y,)} are bounded. From conditions (i) and (ii) we
have

% = G (Sl
= Bull(f (x4) = AG (S,3,)) + (I = B,A)
% (G (8,9n) = MattnFG (S47) = G (S,3))l
< Bulf (x) = AG(S,2)| (89)
+ (1= B7) bt |IFG (S, 30)

s ﬁn ”f (xn) - AG (Snyn)"
+ An."in "FG (Snyn)" — 02 asn-— 00.

Now, we claim that
[%pe1 = %, — 0 as n— oo. (90)

In order to prove (90), we estimate || x,,,.; —x,,| first. From (84),
we have

Vn = 04Xy + (1 - “n) G (Snxn) >
(1)
Yn-1 = ®p1 X1 (1 - an—l) G (Sn—lxn—l) .

Simple calculations show that

Yn= VYn-1= (1 - (xn) (G (Snxn) -G (Sn—l'xn—l))
T, (xn - xn—l) + (xn—l -G (Sn—lxn—l))

X ((Xn - (anl) .
(92)

It follows that

1y = yuesl
< (1-0,) |G (S,x,) = G (S0 + @, [, — x|
%01 = G (Suan ) ot = |
< (1= ) IS, = Spa | + @ 6, = 2,4
[y = G (Spmr)| ety = i
< (1= 0) (IS0 = Suxuca |+ [1S%0-1 = Spa )
+ 0ty [, = 2| + 101 = G (S0 ety — |
< (1= @) (I = e+ 1S%-1 = Sacr2ca])
00, [, = Xt [+ %01 = G (S0 et — 2t

< "xn - xn—l“ + ”‘xn—l -G (Sn—lxn—l)“ |“ﬂ - (xn—1|

+ “Snxn—l - Sn—lxn—lll .
(93)
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In the meantime, it follows from (84) that

Xpt1 = ﬁnf (xn) + (I - ﬂnA) [G (Snyn) - An["nFG (Snyn)] >
Xn = ﬂn—lf (xn—l) + (I - ﬁn—lA)

x [G (Sn—lyn—l) - An—ln"in—lFG (sn—lyn—l)] .
(94)

Simple calculations show that

X X

= (Ba = But) f (x01) + Bu (f (%) = f (x01))
+ (Bur = Bu) AT = Ay sy 1 F) G (S Y1)
+(I-B,A) [(I = A, F) G (S,3)
~ (= Aprthy 1 F) G (Sy1 nn)]
= (Ba = Bua) f (xaa) + Bu (f (x0) = f (x01))
+ (Bt = Bu) AT = Ayspty 1 F) G (S, 1)
+ (I = B,A) [(I = A1, F) G (S,7)
= (I = Aty F) G (S, -1 Y1)

+ ()Ln—lf"n—l - /\mun) FG (Sn—lyn—l)] .
(95)

It follows from Lemma 7 (ii) and (93) that

i1 =l
< By = Buca | I Gen- )l + Ba |l f () = f (-0
1Bt = Bal IA (T = A1ty 1 F) G (S 9|
+ (1= B7) [T = At F) G (S,3)
~(I = Aty F) G (St Y|
+ Aattas = At [FG (Suca )]
< 1By = Buct | I uc) + BB 1% = X |
1Bt = Bal IA (L = A1y F) G (S )|

r-gm) | (1-2m (1-452))

x “G (Snyn) -G (an}’nq)"

+ |/\nﬂn - An—lf’ln—1| “FG (Sn—lyn—l)” ]

= |/3n - ﬁn—ll "f (xn—l)” + Bnﬁ ”xn - xn—l"
+ |/3n—1 - ﬂnl "A (I - /\n—h“n—lF) G (Sn—lyn—l)”
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+ (1= B.7) (18070 = Su-1n |
|ty = Matt | |[FG (Sp )]
< 1By = Bucal If Geuc)l + BB % = x|
+1Buct = Bal A (T = Ayt 1 F) G (St yc)|
+ (1= B) Sn7n = Syl + 180 7n1 = Suc1vna |
bt = st | [FG (S,1 9]
< By = Bt If Geuc)ll + BB 1% = x|
1Bt = Bal IA (= A1 F) G (S 2|
+ (1= B Uy = vl + 191 = Suc1 |
+ Antty = Attty | |1FG (Spa y)|]
< 1By = Baca | I1f Gene ) + BB 16 = x|
+1But = Bal IA (T = A1y 1 F) G (S 9|
+ (1= B2 [l = x| + [0y = G (S,
X Jog, = oty | + X1 = St X |
+ 80Vt = St Y |
+ | Anttn = Aa bt | |FG (Spvaa)|]
< (1= Bu (¥ = B 2 = sl + By = B
< (If Geu)Il + 1A (T = Aty s F) G (S vt
%t = G (Spcr )l ot = @+ [Atty = Ayt |
X EG (Sya )l + 81 = Sua |
+ 8 Yt = St Y
< (1= Bu (7= B) s = xcall + B = Bucs| Mo
+ Mo o, = 0ty
Aty = Aoty | Mo + S0 = S X |
18Vt = St Y
= (1= B, (7= B)) % = x|
+M (Jot, = s | + B = Bucal + [ty = Aot ])
181 = Sur X | + 1803t = Sucr Il
<(1=Bu (7= B) s = xal
+ Mo (ot = oty |+ By = Baca| + Ay = Ay
[ty = thacr]) + [Su%n1 = Sucr |

+ ”Snynfl - Snflynflll >
(96)
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where sup, o {ll f(x )I+IAUI-A, 1, F)G(S, y +IFGS, y) I+
lx,, — G(S,x, )} < M, for some M, > 0. Since it follows from
conditions (i) and (iv) that }7° ) 8,(y — B) = co and

ZMO (l‘xn - (xn—1| + |:8n - ﬁn—l|
= (97)
+ |/\n - An—1| + |Mn - /’ln—l|) <00,

applying Lemma 3 to (96), we obtain from the assumption on
{S,} that

Jim fx,,,, — x,[ = 0. (98)
By condition (iii) and (84), we have
1y = xall = (1 = ) |G (S,%,) = x|
< (1= a) (|G (S,x4) = G (S
+1G (Suyn) = Xt | + %041 = x4l)
< (1=a) (|, = yull + G (Spy) = X |

+ "xn+1 - xn") >
(99)

which implies that

l1-a
“yn - xn“ < a ("G (Snyn) - xn+1|| + "xn+1 - xn") .
(100)
This together with (89)-(90) implies that
Jim_x, - y,[ =0. (101)
So, we obtain
”xn -G (Snxn)” < ||xn - yn" + "yn -G (Snxn)"
< I = yull + 0 [Ix, = G (Syx,)| - (102)
< ”xn - yn" +b “xn -G (Snxn)" ’
which implies that
1
“xn -G (Snxn)" < I_—b "xn - yn" ’ (103)
and hence
Jim [, = G(S,x,)| = o. (104)

Let u € A. Now, we show that lim
lim,, _, . llx, — Gx,| = 0.

Indeed, for simplicity, put v = I[1-(u — y, B,u), X,, = S, %,
u, = (X, - u,B,%,), and v, = Il(u, — pyByu,). Then,
u =II(v-puB,v) and v, = GX, = G(S,x,,) foralln > 0. It is
clear from (84) that

x,—Sx,| = 0and

n—»oo"

v, - u||2 <a,|x, - u"2 +(1-a,)|G(S,x,) - u"2
(105

= cxn“xn - u"2 +(1-ap) ||vn - u||2.

13
Utilizing Lemma 12, we have
e, - ""2 = |l¢ (%, — 4, B,X,,) — T (u - /4232“)"2
< %, - u =ty (B,%, - Byu)[”
< 1%, - ul - 26, (0, — %t1,) | B, — Bosd]
(106)
v, = ull* = e (w, - Bis,) = e (v = s, By) |
<, = v = (Bi, = B)[°
< |u, - v||2 -2 (oc1 - szl) IB,u,, - Blv||2.
(107)
Substituting (106) for (107), we obtain
v =l < 1%, =l = 200, (o, = 11,
x| ByX,, = By - 20 (00, - 67y
x ||Byu, - B,v|”
(108)
< [, — ] = 20, (o, - 201
x| ByX, = Byu* ~2py (o) — %)
x || Byu, - By’
which together with (105) implies that
1 =l < @yl =l + (1= @) v, = ]
< o, —uf* + (1 - o)
x [Ix. - ul’ - 2u, CR
x ||B,%, - Byul®
(109)
—2py (g =2, ) | By, — Byv][’]
=y —ul* -2 (1-a,)
x [ty (ay = K11y) | B,X,, = Byu|®
+py (o) = &°py) | By, - Byv|*] -
It immediately follows that
2(1-a,) [Mz (0‘2 - Kzl‘z) IB,x,, — Bz“"2
2
+uy (o =Py ) | By, — Byv|'] o)

2 2
< e = ul” =y = i

< (e = 2l + 11y = 2l e = 3l -
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Since {x,} and {,} are bounded and 0 < y; < «;/x* fori =
1,2, we deduce from (101) and condition (iii) that

lim ||B,%, — By =0, lim |Bju, - B,v] = 0.

(111)

Utilizing Proposition 2 and Lemma 8, we have that there
exists g; such that

“”n - "”2 = "HC (’?n - Mszfn) -1l (“ - Hszu)"2
< (X, — B, X, — (u— w,Byu), ] (u, —v))
= <5C\n - u’](un - V))

+ iy (Byu = B,X,,, ] (1, = v))

(112)
1y~ 2 2
< > (17— ull + - v
g1 (1%, = u, = (= w)|)]
+ i | Byt = By, | |, = v
which implies that
ot = A < 12 =l = 91 (I%0 = s = = W)])
(113)

+ 24, |Byu = Byx, | lu, — V|-

In the same way, we derive that there exists g, such that

o~ = I (s, g Bo,) - T - B
<ty By, ~ (v~ By) ] (v, )
= (u, = J (v, = 1))+ (Byv - By, J (v, — 1))
[T i T

=95 (Ju = v + (= W)|)]

+ iy [|Byv = Byuay || [[v,, = uf],
(114)

which implies that

v =l < s, = 1P~ (s = v, + @ = W]}
(115)
+ 2, ||B1v - Blun“ ”vn - u|| .

Abstract and Applied Analysis
Substituting (113) for (115), we get

v, = ul®
< %, —ull - g1 (1%, — , — @ =)])
= g5 (s = v + @ =)|))
+ 244y | Byt = By, | [, — v

+ 24y |Byv = By, || ||v, — u| (116)
< = ull = g1 (|%, =, = =)
= 2 (= v + =)
+ 245 [|Byu = By, | [, - v
+ 24 |Byv = By | v, — ],
which together with (105) implies that
150 =l < e, =l + (1 = @) v, - ]
< o[, —uf* + (1~ o)
X[l =l = g1 (I%, = s = @ = W)])
= g, (= v + (=)
+ 24ty | Byt = By, | s, — v
+241y |[Byv = By, | [[v,, - ul] (117)
=l —ul* - (1 - @)
x (g1 (|12, = up = @ = w)])
9, (|t = v+ w=w)] +2(1 - a,)
x (¢ | Byt = By, ||, — v
+ity [Byv = By || v, - uf) -
It immediately follows that
(1-a,) [g: (%, -, - =)
+ (g = v+ (= W)[)]
< xw=ul’ = Iy - ul* +2(1 - ,)
(g By~ B2, o, o -

iy || By = By | v, — ul))
< (e = vl + Iy = 2]} 16 = 3
+ 244 | Byu = By |, = v]

+ 24 [|Byv = By | v, = u
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Since {x,}, {y,}, {u,,}, and {v,,} are bounded, we deduce from
(101), (111), and condition (iii) that

Jim g, (%, —u, - -w)]) =0,
' (119)
1im g, (lu, = v, + w-v)]) = 0.
Utilizing the properties of g, and g,, we get
Jim [|%, —u, - (w-v)| =0,
(120)
nh—{%o l, = v, + (w=w) =0,
which hence yields
“’?n - Vn" = “k\n —thy — (U~ 1/)"
+u, v, + w-v)| —0 (121)
asn — 00.
That is,
Jim [[S,x, - G (S,x,)| = lim [|%, -v,[ =0 (122)
Note that

[, = Suxul| < 1%, = G (Sux )| + |G (Suxs) = S| - (123)
So, from (104) and (122), we have
nli—vn})o ”xn - Snxn" =0, (124)

which together with (104) and the assumption on {S,} implies
that

||xn - an” < ||xn - S,,x,," + ||Snxn - an“ — 0

as n — 00,

[ = Gl < [ — G (S, + 16 (S, - G| (125)

< = G (Sl + 8,5, - — 0

as n — 0o.

That is,
Jim [[x, = Sx,|| =0, Jim |x, — Gx,|| =0.  (126)
Define a mapping

Wx =(1-0)Sx +0Gx, VxeC, (127)

where 6 is a constant in (0, 1). Then, by Lemma 10, we know
that Fix(W) = Fix(S) N Fix(G) = A. We observe that

[x, = Wx,| = |(1 = 6) (x, — Sx,) + 6 (x,, - Gx,,)|

(128
< (1-0) |x, = Sx,| + |6, - Gx,| -
So, from (126), we get
nango |x, — Wx,| = 0, (129)
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where p is defined below. Now, we claim that
lim sup((f ~ A) p. ] (x, = p)) < 0. (130)
Indeed, let {x,} be defined by
x, = tf (x;) + (I - tA) Wx,. (131)

Then, ast — 0, {x,} converges strongly to p € Fix(W) = A,
which by Proposition CB is the unique solution in A to the
VIP:

(A= f)pJ(p-u)) <0, VueA (132)

In terms of Lemma 6, we conclude from (129) that (130) holds.
It is clear that

lir{risol;p ((f=A)p.J (x40 = p)) < 0. (133)

Finally, let us show that x, — pasn — co. We observe
that

Iy = 2l < aallxs = oI + (1= @) |G (Spx) - oI
< allx, = pl* + (1 =) |5, = I (134)
= llx. - ol
and hence
BT
= (1B, (f (xa) = f (p)) + (1 - B,A)
X [G(Suyn) = AattnFG (S,3) = p] + B, (f = A) pl”
<8, (f (x) = f (p)) + (1 - B,A)
% [G(Su3) = AuttnFG (S,3) - pII
+2B,((f = A) p.J (X1 — P))
< [Bullf (x) = f (D) + (1= B7)
% G (Su3) = AuttnFG (S,3) - pIlI*
+2B,((f = A) p.J (X1 = P))
= [Bullf (%) = f (P + (1= B,7)
X (T = At F) G (S,3n)
= (I = A, F) p = Ao Fp|| )
+2B,((f = A) p.J (X1 — P))
< [BullBx — Pl + (1= B7)
x (I(T = Xt F) G (S,.3) = (I = AiF) p|

+An1”n "Fp")]2 + zﬁn <(f - A) p’] (xn+1 - P)>
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) [/sn/s 5o pll+ (1- B.3)

(-2 57))

he6,) -l I

2

+2B,((f = A) p. ] (X1 = P))
[B.B 1% = pl
+(1=B.7) (I = Il + Aot [ ER DT
+2B,((f = A) p. ] (X1 = P))
[B.Blx = Pl + (1= B¥) % = pll+ Mgt | FIT?
+2B,((f = A) p. ] (X1 = P))
= [(1= B (7= B) % = ol + At [P
+ 2B, ((f = A) p. ] (xXp1 = P))
= (1= B, (7= B) I = £l + Auttn | P
< [2(1= B, (7= B) [x. = ol + Austa | ]
+2B,((f = A) p.] (X1 = P))
<(1-B.G-P) .- pl’
+ At | FPl (21, = Pl + At [ F])
+2B,((f = A) p. ] (X1 — P))

=(1=B,F-P)x. - pI" +B. (- B)-

IA

IN

7

A’ﬂ n
x| = v 2],

ﬁn
+2((f = A) p.J (Xp1 = P))

= Pl + Autt | FpI)

(135)

Taking into account (133) and conditions (i) and (ii), we
obtain that Y .2, (¥ — B)3, = co and

. 1 n n
lim sup=— | =25 [Ep] (2]}, = pl + Aot [
(136)
2= 4) T (i - ) | <0
Therefore, applying Lemma 3 to (135), we infer that
lim [, - p = (137)

n— oo

This completes the proof. O

Abstract and Applied Analysis

Remark 20. It is worth pointing out that the sequences {1, },
{u,}, and {f8,} can be taken, which satisfy the conditions in

Theorem 19. As a matter of fact, put A, = (1 +n) /%, u, =
l,and B, = (1 + n)_z/3 0. Then, there hold the

following statements:
(i) lim,,_, oo 3, = 0 and Y50 B, = 0
(i) lim,, _, oo (A, 14,,)/ B, = 05

(iii) ZZ.%O |Bn+1 - /-’)nl < 00, ZZZO |An+1
n=0 |.”n+1 - ‘unl < 0.

foralln >

- A, < o0, and

By the careful analysis of the proof of Theorem 19, we can
obtain the following result. Because its proof is much simpler
than that of Theorem 19, we omit its proof.

Theorem 21. Let C be a nonempty closed convex subset of
a uniformly convex and 2-uniformly smooth Banach space X
such that C + C ¢ C. Let Il be a sunny nonexpansive
retraction from X onto C. Let the mapping B; : C — X
be o;-inverse-strongly accretive for i = 1,2. Let {S,}2, be an
infinite family of nonexpansive mappings of C into itself such
that A = (5, Fix(S;) N Q+#0, where Q is the fixed point
set of the mapping G = IIo(I — uB))IIo(I — u,B,) with
0 < w < g/’ fori = 1,2. Let f : C — C be a fixed
contractive map with coefficient 5 € (0,1),let F : C — C
be a-strongly accretive and A-strictly pseudocontractive with
a+A>1,andlet A: C — C beay-strongly positive linear
bounded operator with 0 < ? B < 1. Given sequences {A,},2,
in [0, 1] and {o,}2 0, {B,} e, i (0, 1], suppose that there hold
the following conditions:

(i) lim,, _, B, =0and Y2, B, = 00;
(ii) hmn—»oo/\n/ﬁn =0and ZEZO |An+1
(iii) {e,,} < [a,b] for some a,b € (0, 1);

(iV) ZZZO |(xn+1 - (an < co and zzio |ﬁn+1

- A, < oo;

- Bl < co.

Assume that ¥ 20 sup,pllS,.1x = S,x|l < co for any bounded
subset D of C and let S be a mapping of C into itself defined
by Sx = lim,, , .S, x for all x € C and suppose that Fix(S) =
Moo Fix(S,). Then, for any given point x, € C, the sequence
{x,} generated by

yﬂ = (xnxn + (1 - “H)G(Snxn) >

Xne1 = ﬁnf (xn) + (I - ﬁnA) [yn - AnF (yn)] » Vnz0,

(138)

converges strongly to p € A, which is the unique solution in A
to the VIP (85).

Remark 22. Theorems 19 and 21 improve, extend, supplement
and develop Cai and Bu [10, Theorem 3.1] and Cai and Bu [9,
Theorems 3.1] in the following aspects.

(i) The GSVI (13) with hierarchical fixed point problem
constraint for a countable family of nonexpansive mappings
is more general and more subtle than every problem in Cai
and Bu [10, Theorems 3.1] and Cai and Bu [9, Theorem 3.1]
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because our problem is to find a point p € A =), Fix(S,)N<Q,
which is the unique solution in A to the VIP:

(A= f)p.T(p-u)) <0,

(ii) The iterative scheme in [10, Theorem 3.1] is extended
to develop the iterative schemes in Theorems 19 and 21
by virtue of hybrid steepest-descent method. The iterative
schemes in Theorems 19 and 21 are more advantageous and
more flexible than the iterative scheme of [9, Theorem 3.1]
because the iterative scheme of [9, Theorem 3.1] is implicit
and our iterative schemes involve solving two problems: the
GSVI (13) and the fixed point problem of a countable family
of nonexpansive mappings {S,}.

(iii) The iterative schemes in Theorems 19 and 21 are very
different from everyone in both [10, Theorem 3.1] and [9,
Theorem 3.1] because our iterative schemes involve hybrid
steepest-descent method (namely, we add a strongly accretive
and strictly pseudocontractive mapping F in our iterative
schemes) and because the mappings G and S, in [10, Theorem
3.1] and the mapping S,, in [9, Theorem 3.1] are replaced by
the same composite mapping G o S, in the iterative schemes
of Theorems 19 and 21.

(iv) Cai and Bu’s proof in [10, Theorem 3.1] depends
on the argument techniques in [20], the inequality in 2-
uniformly smooth Banach spaces (see Lemmal), and the
inequality in smooth and uniform convex Banach spaces (see
Proposition 2). Because the composite mapping GeS,, appears
in the iterative schemes in Theorems 19 and 21, the proof
of Theorems 19 and 21 depends on the argument techniques
in [20], the inequality in 2-uniformly smooth Banach spaces
(see Lemma 1), the inequality in smooth and uniform convex
Banach spaces (see Proposition 2), and the properties of the
strongly positive linear bounded operator (see Lemmas 15),
the Banach limit (see Lemma 5), and the strongly accretive
and strictly pseudocontractive mapping (see Lemma 7).

Yu € A. (139)

Remark 23. Theorems 19 and 21 extend and improve
Theorem 16 of Yao et al. [21] to a great extent in the following
aspects:

(i) the u is replaced by a fixed contractive mapping;

(ii) one continuous pseudocontractive mapping (includ-
ing nonexpansive mapping) is replaced by a countable
family of nonexpansive mappings;

(iii) we add a strongly positive linear bounded operator A
and a strongly accretive and strictly pseudocontrac-
tive mapping F in our iterative algorithms.
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Some common fixed point theorems for % -operator pairs are proved. As an application, the existence and uniqueness of the
common solution for systems of functional equations arising in dynamic programming are discussed. Also, an example to validate

all the conditions of the main result is presented.

1. Introduction and Preliminaries

Jungck [1] introduced compatible mappings as a general-
ization of weakly commuting mappings. Jungck and Pathak
[2] defined the concept of the biased mappings in order to
generalize the concept of compatible mappings. Also, several
authors [3-6] studied various classes of compatible mappings
and proved common fixed point theorems for these classes.
Recently, Hussain et al. [7] introduced 77 -operator pairs
as a new class of noncommuting self-mappings that contains
the occasionally weakly compatible, and Sintunavarat and
Kumam [8] introduced generalized % -operator pairs that
contain # % -operator pairs. On the other hand, fixed point
theory has various applications in other fields, for instance,
obtaining a solution of several classes of functional equations
(or a system of functional equations) arising in dynamic
programming (see [9-12]). Bellman and Lee [13], Zhang [14],
and Chang and Ma [15] point out that the basic form of
the functional equations of dynamic programming and the
system of functional equations of dynamic programming are
as follows:

f)=sapH (x5, f(T (%), Vxes,
S

f ) =sup{u(x,y) +G(x,9.9(T(x,9))}, Vxes,

yeD

g(x) =sup{u(x,y)+F(xp f(T(x )}, Vxes.
yeD
@

In this presented work, #% -operator pairs are compared
with the various type of compatible mappings and it is
shown that the 77 -operator pairs reduce to symmetric
Banach operator pairs under relaxed conditions. We omit the
completeness condition of the space. Then some common
fixed point theorems are proved for 7/ -operator pairs.
Eventually, the results are used to show the existence and
uniqueness of common solution for systems of functional
equations without completeness of the space.

The set of fixed points of T' is denoted by F(T). A point
x € M is a coincidence point (common fixed point) of S and
T if Sx = Tx(x = Sx = Tx). Let C(S,T), PC(S,T) denote
the sets of all coincidence points and points of coincidence,
respectively, of the pair (S,T). The pair (S,T) is called a
Banach operator pair if the set F(T) is S-invariant, namely,
S(F(T)) < F(T).If (S, T) is a Banach operator pair, then (T, S)
need not be a Banach operator pair. Let (X, d) be a metric
space and f, S self-mappings on X; the pair (f,S) is called as
follows:

(0) symmetric Banach operator if both (f£,S) and (S, f)
are Banach operator pairs [16];
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(1) compatible if d( fSx,,Sfx,) — 0, whenever {x,} isa
sequence in X such that fx, and Sx,, — t € X [1];

(2) PP-operator pair if d(x, Sx) < diam(C(f, S)), for some
x € C(£,9) [17];

(3) JF 7 -operator pair if there exists a point w = fx = Sx
in PC(f,S) such that

d (w, x) < diam (PC(f,S)); (2)
see [7];
(4) compatible of type (A) if
d (Sfx, ffx,) — 0, (3)

whenever {x,} is a sequence in X such that fx, and
Sx, — te X [6];
(5) weakly S-biased of type (A) if fp =
d (SSp: fp) < d (fSp.Sp); (4)
see [18];
(6) compatible of type (B) if

Jim d (Sfx,, ffx,)

d (fSx,,SSx,) — 0,

Sp implies that

< % [ lim d (Sfx,, St) + lim d(st,55x,)]

)
Jim d (fSx,, SSx,,)

< L Jimd (£x, 1) + Jim d (1, £F,)].

whenever {x,} is a sequence in X such that

lim, , . fx, =lim,_, Sx, =t € X [3];
(7) compatible of type (P) if
Jim d (ffx,,SSx,) =0, (6)

whenever {x,} is a sequence in X such that
lim, ,  fx, =lim, , Sx, =t € X [4];

(8) compatible of type (C) if
Tim d (Sf,. ffx,)

% [ lim d (Sfx,,50) + lim d (St,55x,)

+lim d (St, ffx,)]

Jim d (fSx,, SSx,,)

(7)

% [ lim d (fSx,, ft) + lim d (ft, ffx,)

+ lim d (ft,85x,)],

whenever {x,} is a sequence in X such that
lim,_, . fx, =lim,_, . Sx, =t € X [5].
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2. 77 -Operator Pair

Proposition 1. Let f and S be self-mappings of metric space
(X, d), and C(f,S) #0.1f f and S are compatible, or compatible
of type (A), or compatible of type (P), or compatible of type (B),
or compatible of type (C), then (f,S) is a F # -operator pair.

Proof. If f and S are one of the assumptions listed, then f
and S are weakly compatible and, hence, they are occasionally
weakly compatible; then (£, S) is a £ % -operator pair. O

Notation 1. The following example shows that the converse of
Proposition 1 is not true, in general.

Example 2. Suppose that (X = [0, 1], d) is a metric space with

d(x, y) = |x — y| and f, S are defined by
x%, if x#0,
f= {1, if x =0,
(8)
x
) .f 0)
Sx =42 it
1, ifx=0
Then, C(f,S) = {0,1/2}, PC(f,S) = {1, 1/4}. On the other
hand, for w = 1/4 € PC(f,S) we have f(1/2) = §(1/2) = 1/4
and
11 1 1
d(5,1> 5__| < diam (PC(£,S)) = ‘1_2 )

Thus, (f,S) is a # # -operator pair.
Now, suppose that {x,} is a sequence in [0, 1] defined by
x, = 1/2. Then, lim, _, . fx, =lim, _, . Sx, =t =1/4, fx, =
Sx, = 1/4,and fSx, = 1/16, Sfx, = 1/8. Since
. 1
Jim | fSx, — Sfx,| = T #0, (10)

so (£, S) is not compatible.
SSx, = 1/8, ffx, = 1/16. Since
lim |fo - SSx | = i;eo 11)
n—00 n n 16"

thus (£, S) is not compatible of type (A).
Since

nlergo | fSx,, — SSx,|

LI %[hm |£Sx, — fil + lim |t~ ffx,|] = 0,

16 n— 00
(12)
then (£, S) is not compatible of type (B).
Since
Tim [5x, - ff,] = 1—16 40, (13)

thus (£, S) is not compatible of type (P).
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Since

nli_)n&) | fSx,, — SSx,,|

1 1
= L 2 i v, - fil+ Jim [t Sl

16 n— 0o
+ lim | ft-8Sx,)| = —
therefore, (£, S) is not compatible of type (C).

Proposition 3. Let f and S be self-mappings of metric space
(X,d). If (1,S) is a FI -operator pair such that PC(f,S) is
singleton, then (f,S) is symmetric Banach operator pair.

Proof. By hypothesis, there is a point fx = Sx = w € PC(f,S)
such that d(x, w) < diam(PC(f,S)) = 0. Thus,x =w = fx =
Sx and x is a unique point of C(f,S). Also, by Proposition
2.4 [19] (f,S) is weakly compatible and hence, by Lemma 2.1
[19], w = x is a unique common fixed point of f and S. Now,
since the sets PC( f,S) and C(f, S) are singleton, then F(f) =

F(S) = {x}, f(F(S)) € F(S) and S(F(f)) < F(f); thatis, (f, S)

is symmetric Banach operator pair.

Example 4. Suppose that (X = [0, 5], d) is a metric space with

d(x, y) = |x — y| and f, S are defined by
0, if x=0,
fx=41x+4, ifxe(0,1],
x—l, ifxE (1,5], (15)
oo |2 ifxe@],
~ o, ifxef{o}u(,s].
Then C(f,S) = PC(f,S) = {0}. Clearly (f,S) is F&-

operator pair and symmetric Banach operator pair.

Proposition 5. Let f and S be self-mappings of metric space
(X, d). If (f,S) is a F H -operator pair and for all x, y € X we
have

d(fx. fy)
<¢ ( max {d (Sx,Sy),d (Sx, fx),d (fy,Sy), (16)
Ld(s d(s
S (@(sw ) +d(n f)}).
where ¢ : [0,00) — [0,00) is a nondecreasing function

satisfying the condition ¢(t) < t fort > 0, then (f,S) is
symmetric Banach operator pair.

Proof. Since (f,S)isa f -operator pair, there is a point fx =
Sx = win PC(f,S) such that d(x, w) < diam(PC(f,S)). Now,
if there is another point fy = Sy = z in PC(f,S) and z # w,
then, by (16),

d(w,z) =d(fx fy)

<¢ <max {d(w, z),0,0, % (dw,z)+d (w,Z))}> ;
(17)

therefore, d(w,z) < ¢(d(w,z)) < d(w,z) which is a
contradiction. Then w = z, that is, PC(f, S) is singleton and,
hence, by Proposition 3 (£, S) is symmetric Banach operator
pair. O

Proposition 6. Let f and S be self-mappings of metric space
d). If (f,S) is a P-operator pair such that C(f,S) is
singleton, then (f, S) is symmetric Banach operator pair.

Corollary 7. Let (f,S) be an occasionally weakly compatible
pair of self-mappings on X that C(f,S) is singleton; then (f,S)
is symmetric Banach operator pair.

Proof. Clearly, occasionally weakly compatible mappings are
P-operators; then by Proposition 6 the result is obtained.
O

3. Common Fixed Point

Definition 8 (see [20]). A function y :
called an altering distance function if

[0,00] — [0,00] is

(i) v is monotone increasing and continuous;
(ii) w(t) = 0ifand only if t = 0.

Theorem 9. Suppose that S and T are self-mappings of metric
space (X, d). The pair (S,T) is a f I -operator pair and, for all
x,y€X,

y (d(Sx.Ty))

<y ( max {d (Sx,Sy),d (Sx, Tx),d (Sy, Ty),
(18)

% [d (T, Ty) +d (8,1} )

— ¢ (max {d (Sx,Sy),d (Tx,Sx),d (Sy, Ty)}),
where v is an altering distance function and ¢ : [0,00] —
[0, 00] is a continuous function with ¢(t) = 0 if and only ift =
0. Then S and T have a unique common fixed point. Moreover,

any fixed point of S is a fixed point of T and conversely.

Proof. By hypothesis, there exists a point w € X such that
w = Sx = Tx and

d (w, x) < diam (PC (S, T)). (19)

Suppose that there exists another point z € X and z # w, for
which z = Sy = T'y. Then, from (18), we get

v (d(w,z))
<y/<max{d(w,z) 0,0, = [d(w z)+d(z, w)]})

— ¢ (max{d (w, z),0,0});
(20)

accordingly, y(d(w, z)) < y(d(w,z)) — ¢(d(w, z)), which is
a contradiction with definition of ¢. Therefore, PC(S, T is



singleton so diam(PC(S,T)) = 0. By using (19), d(w, x) <
diam(PC(S,T)) = 0; thus, w = x; that is, x is a unique
common fixed point of S and T

Now, suppose that u is a fixed point of S but u # Tu, from
(18),

v (d (u, Tu))
= ¥ (d (Su, Tu))

<y (max {O,d(Tu, u),d (u, Tu), % [0+d(u, Tu)]})

— ¢ (max {0,d (u, Tu),d (u, Tu)});
(21

thus, y(d(u, Tu)) < y(d(u, Tu)) — ¢(d(u, Tu)), which is a
contradiction with definition of ¢. Hence, u = Tu. By using a
similar argument, the conclusion will be obtained. O

Example 10. Supposethat X = {0,2,4,6,...}andd : XxX —
R is given by
x+y, ifx+y,

22
0, if x=y. (22)

4|
Then (X, d) is a metric space.
Lety : [0,00) — [0,00) be defined as

v (t) =2t fort e [0,00). (23)

Suppose that ¢ : [0,00) — [0, 00) is defined as

s, ifs<l,

24
1, ifs>1. (24)

¢(S)={

Then v : [0,00) — [0, 00) is an altering distance function
and ¢ : [0,00) — [0,00) is a continuous function with
¢(t) =0ifandonlyift = 0. Let S,T: X — X be defined as

2x, if x+0,
Sx = )
0, ifx=0,
(25)
Tx = 2x -2, %fx#=0,
0, if x =0.

Now, we have the following cases for x, y € X.
Casel x#y.
(i) If y#0and x > y, then
v (d(5x.7))
—y(d(2n2y-2) =y (2x 427 -2)

=8(x+y-1),

v ( max {d (Sx,Sy),d (Sx,Tx),d (Sy, Ty),

% [d (Tx, Ty) + d (Sy, Tx)] })
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=y (max {2x + 2y,4x - 2,4y - 2,
2x +2y - 3})
=y (4x -2) = 2(4x - 2)°,
¢ (max {d (Sx,Sy),d (Tx,Sx),d (Sy, Ty)})
= ¢ (max {2x + 2y,4x — 2,4y — 2})

=¢p(dx—-2) =1
(26)
Since, 8(x + y — 1)? < 2(4x - 2)* — 1, then relation (18) is
established.
(ii) If x #0 and y > x, then
v (d(5x.7))
—y(d(2x2y-2) =y (2x+2y-2) =8(x+ y— 1)},

v < max {d (Sx,Sy).d (Sx,Tx),d (Sy, Ty),

% [d(Tx,1y) +d (sy, )}
=y (max {2x + 2y,4x — 2,4y — 2,2x + 2y - 3})
=y (4y-2)=2(4y - 2)2,
¢ (max {d (Sx,Sy),d (Tx, Sx),d (Sy, Ty)})
= ¢ (max {2x + 2y,4x — 2,4y - 2})

=¢(4y-2)=1.
(27)

Since, 8(x + y — 1)* < 2(4y - 2)? — 1, then relation (18) is
established.
(iii) y = 0; then
v (d (Sx,Ty)) = v (d (2x,0)) = v (2x) = 8x°,

v ( max {d (Sx,Sy),d (Sx,Tx),d (Sy, Ty),

[d (Tx, Ty) + d (Sy, Tx)] })

=y (max {2x,4x - 2,0,2x - 2})

N | —

(28)

=y (4x - 2) = 2(4x - 2)%,
¢ (max {d (Sx,Sy),d (Tx,Sx),d (Sy, Ty)})
= ¢ (max {2x,4x —2,0}) = p (4x —2) = 1.

Since, 8x% < 2(4x — 2)? — 1, then relation (18) is established.
(iv) x = 0; then

y(d (Sx,Ty))

=y (d(0,2y-2) =y (2 -2) = 202y - 2)}
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v ( max {d (Sx,Sy),d (Sx,Tx),d (Sy, Ty),

% [d(Tx, Ty) + d (S, Tx)] })
=y (max{2y,0,4y - 2,2y — 1})
=y (4y -2) = 2(4y - 2,
¢ (max {d (Sx,Sy),d (Tx,Sx),d (Sy, Ty)})

= ¢ (max{2y,0,4y-2}) = (4y-2) = 1.
(29)

Since, 2(2y - 2)? < 2(4y - 2)? — 1, then relation (18) is
established.

Case2. x = y.
In this case, it is easy to see that the relation (18) is hold.
Therefore, for all x, y € X,

y (d (Sx, Ty))
<y ( max {d (Sx,Sy).d (Sx,Tx),d (Sy, Ty),

1

ST Ty) +d (5.19)] })

— ¢ (max {d (Sx,Sy),d (Tx,Sx),d (Sy, Ty)}).
(30)

Accordingly, the conditions of Theorem 9 are satisfied and 0
is the unique common fixed point of S and T

Suppose that @ is the collection of mappings ¢
[0,00) — [0, 00) which are upper semicontinuous, nonde-
creasing in each coordinate variable and ¢(¢) < t forallt > 0

[21].

Lemma 11 (see [21]). If ¢; € ©® and i € I where I is a finite
index set, then there exists some ¢ € O such that max{¢;(t) :
iel} <¢(t)forallt > 0.

Let £, g,S,and T be self-mappings of a metric space (X, d)
such that

d(fx gy)
< ag, (d(Sx,Ty)) + (1 - a)

x max {4, (d (Sx.Ty),
6: (5 (% )+ d (3. g0)),

6 (5 [d(5x.99) +d (17, )] ).

60 (5 [ (5% f) +d (13, 1)),

853 14 (5x.g) + d (17,901 )}
(31)

forall x, y € X, where ¢, € ©,i=0,1,2,3,4,5,0<a < 1.

Theorem 12. Let f, g,S, and T be self-mappings of a metric
space (X, d) satisfying (31). If (f,S) and (g, T) are each 7 ¥ -
operator pairs, then f, g, S, and T have a unique common fixed
point.

Proof. By hypothesis there exist points x, y € X such that
fx =Sx =wand gy = Ty = z. If fx+ gy, then, from (31),
we get

d(fx, gy)
< ady (d(fx,gy)) +(1-a)

x max () (d (£ 95)). ¢, (0),
6 (5 14 (9 +d (ay. 1)),

8 (3 1 ar 201,65 (3 1 (x|
(32)

which implies that d(fx,gy) < a¢(d(fx,gy)) + (1 -
a)p(d(fx, gy)) = ¢(d(fx, gy)) < d(fx, gy), a contradiction.
Thus, w = fx = gy = z. Suppose that there exists another
point u such that fu = Su. Then condition (31) implies that
fu=8u=gy=Ty= fx =Sx. Hence,w = fx = fu. That
is, PC(f, S) is singleton. Since d(x, w) < diam(PC(f,S)) =0,
so d(x,w) = 0 and x = w is a unique common fixed point of
f and S. Similarly, y = z is a unique common fixed point of
g and T. Therefore, w = z is a unique common fixed point of
£.9,S,and T. O

Corollary 13. Let f,g,S, and T be self-mappings of a metric
space (X, d) satisfyingd( fx, gy) < kd(Sx,Ty), forallx,y € X
where 0 < k < 1. If (£,S) and (g, T) are each ¥ I -operator
pairs, then f, g,S, and T have a unique common fixed point.

Proof. 1t is sufficient to set a = 1 and take ¢,(t) = kt € ® in
Theorem 12. O

Corollary14. Let f, S be self-mappings of a metric space (X, d)
satisfying the following condition:

d(fx fy)
< agy (d (Sx,8y)) + (1 -a)

X max {gbl (d(Sx,Sy)),

6, (5 14 (5% fx) +d (s ),



6 (5 [ (5% 1)+ d sy, )]
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6s (5 1d (sx ) +d (s )}
(33)

If (f,S) is I -operator pair, then f and S have a unique
common fixed point.

Proof. Considering that g := f and T := S in Theorem 12,
the result is obtained. O

Theorem 15. Let f,S be self-mappings of a metric space
(X, d) satisfying (33). Suppose that (f,S) is nontrivial Banach
operator pair on X, then f and S have a unique common fixed
point.

Proof. By hypothesis F(S) # @ and f(F(S)) € F(S). From (33),
for any x, y € F(S)

d(fx, fy)
< ady (d(x, y)) + (1 -a)

xmax {4, (d (7)),
62 (5140 f2) +d (2 ).

6 (514 0e ) +d (0 ),

8u (5 140 ) +d (0 ),

6 (5 @G ) +d ()}

(34)

By Corollary 14 (with S as identity map on X), f has a unique
fixed point on F(S) and hence f and S have a unique common
fixed point. O

Corollary16. Let f, S be self-mappings of a metric space (X, d)
satisfying d(fx, fy) < kd(Sx,Sy), for all x, y € X where 0 <
k < 1.If(f,S) is a nontrivial Banach operator pair, then f and
S have a unique common fixed point.

Proof. It is sufficient to set a = 1 and take ¢,(t) = kt € @ in
Theorem 15. O

Example 17. Let X = [0, 1] be a metric space with the usual
metric d(x, y) = |x — y| for all x, y € X. Define fx = gx =
—1+ 3, 8x = 1-(1/2)x* and Tx = x for all x € [0, 1].
Obviously, | fx — gyl = 0 and | fx — gy| < k|Sx — Ty| for all
x,y € Xand 0 < k < 1. Also, C(£,S) = {~1+ 3}, PC(f,S) =
{-1+/3}, C(g,T) = {-1++/3}, and PC(g,T) = {-1++/3}. So,
clearly (£, S) and (g, T') are each 7 # -operator pairs. Thus, all
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the conditions of Corollary 13 are satisfied and —1 + V/3 is the
unique common fixed point of f, g,S, and T.

4. Applications

In this section, we utilize the common fixed point theorems
and their results to deduce the existence and uniqueness of
the common solution for the system of functional equations
in dynamic programming.

Remark 18. Many authors (e.g., see [9, 11-15, 22], or [3-
5, 8-12, 17, 22] in [22]) used the fixed point theory to solve
functional equations arising in dynamic programming on
complete metric spaces such as Banach spaces. But, in the
final section, we omit the completeness of the space and we
state the result in the normed vector spaces and metric spaces
setting.

Let X,Y be normed vector spaces, S < X the state
space, and D C Y the decision space. Denote by B(S) the
set of all bounded real-valued functions on S and d(f, g) =
sup{] f(x) — g(x)| : x € S}. Tt is clear that (B(S), d) is a metric
space:

19 = opt () + Hy (s, £ (T (e 3)

VxeS i=12,
(35)
g; (%) = opt {u(x,y) +F (x99, (T (x, )}
ye
VxeS i=1,2,

where opt stands for sup orinf,u : SXD — R,T:SxD — §,
and H, F; : SxDxR — Rfori = 1,2. Suppose that the
mappings A; and T; (i = 1, 2) are defined:

Ah(<) = opt [ () + (5 b (T (5 )

VxeS, heB(S), i=12,

Tik (x) = 35; {u(x, y) + F; (% 3,k (T (x, )},

VxeS, keB(S), i=1,2.

Theorem 19. Suppose that the following conditions are satis-

fied:

(i) for given h € B(S), there exist r(h) > 0 such that
|t (x, y)| + max {|H; (x, . h (T (x, y)))]
|F; (. 3, B (T (%, )] =12} (37)
<r(h), V(x,y)eSxD;
(ii)
[H (%, 3, h (1)) = Hy (x, y, k (1))
< agy (d (Tyh (), Tok () + (1 - a)

X max {¢1 (d(T,h (1), T,k (1)),
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é, (% [d(T,h(t), A h(®)]

+d(T,k (), A,k ()] )
1
¢ (5 1T, A,k )
+d (Tyk (8), AR ()] )
1
gu (514 (T80, 4,1 0)
+d (Tyk (8), AR ()] )
1
95 (5 1 (T (0, A,k )
+d (Tyk (1), ALk ()] )} ,

(38)

forall (x,y) € Sx D, h,k € B(S),t € S, where ¢; € O,
i=0,1,2,3,4,50<a<l;
(iii) fori = 1,2,0#T; = {r,, : Az, = Tir, = ©,} C B(S);
(iv) there exist Ty, € I;(i = 1,2), such that
[H (337, 0) = F (.37, )| 20, -7, [ (39)

for some ., 7, €T and forall (x,y) € Sx D, t €8.

Then the system of functional equations (35) possesses a
unique common solution in B(S).

Proof. Assume that opt,., = inf,.p. By condition (i) and
(36), A; and T; are self-mappings of B(S). Using (i) and (36),
one can deduce that there exist y,z € D such that

Ah(x) > u(x,y) + Hy (%, 3,h(T (x,))) -, (40)
Ayk(x) > u(x,y)+ H,y (x,2,k(T (x,2))) — €. (41)
Note that
Ah(x)<u(x,2z)+H, (x,2,h(T (x,2))), (42)
Ayk(x) <u(x,y)+H, (x, ,h(T(x,9)). (43)
By virtue of (41) and (42),
Ajh(x) — Ak (x)
<H,(x,2,h(T (x,2))) — Hy (x,2,k (T (x,2))) + €

< |H1 (x,2,h(T (x,2))) — H, (x,2,k (T (x, z)))| + €.
(44)

From (40) and (43), we conclude that
Ath(x) - Ak (x)
> Hy (x, b (T (x,y))) = Hy (x, y, k(T (x, y))) - €

> |H, (x, y,h (T (x, ) = Hy (%, . k (T (x, )))| - €.
(45)

It follows from (44) and (45) that
|A R (x) = Ak ()]

< max {|H, (x, y, k(T (x, y))) = H, (%, . k (T (x, »)))]

|H, (x,2,h(T (x,2))) - H, (x,2,k (T (x,2)))|} + €.
(46)

Equation (46) and (ii) lead to
|A1h (x) — A,k (x)|

< max {|H, (x, y,h (T (x,9))) = H, (x, .k (T (x, ¥)))|
|H, (x,2,h (T (x,2))) - H, (x, 2,k (T (x,2)))|} +€

< ady (d (T,h (1), Tyk (0)) + (1 - a)
« max {¢1 (d(T,h (), T,k (1)),
1
62 (514 (T 0), 4,1 0)
+d(Tok (), A,k ()] )
1
85 (514 (T (0). A 1)
+d (Tyk (1), Ak (1))] )
1
g0 (514 (T (6). A, 0)
+d (Tyk (1), AR (1))] )
1
g5 (514 (T (1), A, 1)
+d (Tyk (), A,k ()] )} te

(47)
which yields that

d (A, h, Ak)

= sulsa |A h(x) = Ak (x)|
< agy (d (T\h (1), Tok (1)) + (1 - a)

xmax () (d (1,1 (0, T2k (1)),
1
¢ (5 14T 0, 4,1 (0)

+d (Tyk (), Ak (1))] )



6 (54T, Ak )
d(Tok (1), AR ()] )
1
¢4 (5 1d(Th @), 4,h )
+d (Tok (1), AR (1)) )
1
65 (514 (T (0), A,k 1)

+d (Tok (1), A,k ()] )} re
(48)
Lete — 0in (48); then
d (A h, A,k)
= sup |A1h (x) - A,k (x)l

x€S

< agy (d (T, (1), T,k (1)) + (1 - a)
xmax {, (d (T, (6, T2k (),
6 (5 (10,4, 0)
+d (Tyk (6, A,k 0)] )
1
g5 (51411 (6), A,k 1)
+d (T (0, 4,7 0)] ),
1
¢4 (5 14T (0, 4,h(0)
+d (Tok (6, 4,7 0)] ),
1
g5 (514 (11 (0), A,k 1)

+d (Tok (1), A,k ()] )} .
(49)

Now, we shall show that (A,,T;) and (A,,T,) are F¥-
operator pairs. By (iii) there exists 7, € I}; thus, A7, =
Tit, =0©, and by (iv) forall (x, y) € SX D, t €, wehave

|® 2 T | = 'Hl (x’ y’T% (t)) - Fl (x’y’ T, (t))' > (50)

for some 7, , 7, € I. Therefore, forall x € §

o
|®p1 (x) -1y, (x)'

< l|inf (H
_;lzrelD(l

(53074, (T () =, (307, (7 (. 9))
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7, (T (%, %)) ~u(x.7)

= linf (u (x, y) + H, (x, y,

yeD
~F (x. .7, (T (x,9)))) ‘

= |A1Tq1 - T,

=le, - o,

<sup|®,, (x)- O, (x)|
x€S

=d(e,,0,)
< diam (PC (A, T})).
(51)
So
sup |0, (x) - 7,, (x)| < diam (PC(A,,T})),  (s2)

and, hence, d(®P1 , TPI) < diam(PC(A,,T})). Thatis, (A, T})
is 7 J -operator pair. Similarly, (A,, T,) is also # % -operator
pair. Clearly, all the above process also holds for opt,., =
sup,cp- Then all of the conditions of Theorem 15 are satisfied
and h € B(S) is a unique common fixed point of A, T}, A,,
and T,; that is, h(x) is a unique common solution of
functional equations (35). O

Corollary 20. Suppose that the conditions (i), (iii), and (iv)
of Theorem 19 are satisfied. Moreover, if the following condition
also holds:

|Hy (x, 7, h(0) = Hy (x, y,k (0))] < ad (Tyh (1), T,k (1)),
(53)

forall (x,y) € Sx D, hk € B(S),t €S, where 0 < o < 1,
then the system of functional equations (35) possesses a unique
common solution in B(S).

Proof. 1t is sufficient to set a = 1 and take ¢,(t) = at € ® in
Theorem 19. O

Example 21. Let X = Y = R be normed vector spaces
endowed with the usual norm | - || defined by [x| = |x]
forall x € R.LetS = [0,1] € X be the state space and
D = [1,00) € Y the decision space. Define T : Sx D — §
andu:SxD — Rby

x+1

T(x,y)zyz—, Vx €S, yeD. (54)

> u(x,y) =0,

Define f;,g;: S — R (i = 1,2) by
fi(x) = [x x ],
(55)

g1 (x)zz\/}> gz(x):_
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Now, for all h,k € B(S); x € S, we define mappings A; and
T, (i=1,2) by

Ah (9 = sup e 3) (s (T (o )

Ask (x) = sup {u(x, y) + Hy (x, .,k (T (x, y)))}>

(56)

Th(x) = sup {u(x, y) + F (% »,h(T (x, y)},

Tik () = sup (5 3) + s (5 3k (T (o 3)

for which H;,F; : SxD xR — R (i = 1,2) are defined as
follows:

b iy 5]
Fl(x,y,t):%I:ﬁsin<t-<l—#>>], (57)

y+2

F, (x, y,t) = % [x3sin<t-<1— )/-11-2))]

So,
1
A h(x) =supH (x, ,h<x+ >>
1h(x) yeg 1 Yy V1
1 2 x+1
= — - h
s 16 (=)o (05553
(1-55)
. 1_
y+2
:i[x_,ﬂ]:f(x)
16 !
1
A,k (x) =sup H (x, ,k<x+ ))
2k (x) yeg 2 Y V12

=supi6[(x—x2)cos<k< x2112>
y

)

1

:1—6[x—x2] = f,(x),

1
ThxzsuF(x, ,h<x+ ))
1 () yeg 1 Yy )/2+1
1 x+1 1
= —_ 1 h . 1_
s [vwn (n(555) (1-533))]
1
=5\/§=g1(x),
1
Tkx=suF<x, ,k(x+ >>
2k (x) yeg 2 y V12

9
(e () 052
yeD 2 y:+2 y+2
1
= 5x3=g2(x),
(58)

forall x € S, h,k € B(S). Also, |H;|| < 1/16 and ||F;|| < 1/2,
(i = 1,2); then easily we have the following:

(i) for given h € B(S), there exist r(h) > 0 such that

|t (e, )| + max{|H; (x, y, b (T (x, )|
|F: (3B (T ()] i =128 (59)

<r(h), V(x,y)eSxD,

if choose a = 1, and ¢y (n) = (1/4)n, for n € [0, co) we have

(ii)

|H, (x, y, b (£)) = Hy (x, y, k (1))]

- %6[(x—x2)605<h(t)'<1_in))]
e[ eos (k. (1- 5]
cos(ha)-(l-ﬁ))
~eos (k0 (1-5755) )|

1 2
= — |x -«
16

= agy (d (Tyh (x), Tk (x))) .
(60)

Therefore, |H,(x, y,h(t)) — Hy(x, y,k(t))| < ady(d(T,
h(t), T,k(t))), for all (x, y) € Sx D, h,k € B(S),t € S.
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(i) Iy = {7, : A7, = Th1, = © } = B({0}) #0 and
L ={r, : Ayr, =Tor, =0, }=B({0})#

(iv) Clearly, ‘there ex1st Tp, € L(i=1,2), such that

'H %P, (t)) (x Y, T, | '@ -7 | (61)
for some 7,7, € I;and for all (x, y) € SxD.

Thus, all the assumptions of Theorem 19 are satisfied. So,
the system of (35) has a unique common solution in B(S).

Let

flx) = opt {u(ey)+H(xp f(T (%)}, Vxes,
g(x) = opt {u(ey)+F(xyg(T(x))}, Vxes,
(62)

whereu : SxD — R, T:SxD — SandH,F:SxDxR —
R. Suppose that the mappings A, and T} are defined:

Ajh(x) = Sgg{u (e, y) + H (%, 31 (T (x, )}

VxeS, heB(S)),

Tik (9 = opt [ () F (o 1k (T (5 )

VxeS, keB(S),

Theorem 22. Suppose that the following conditions are satis-
ﬁed:( i) for given h € B(S), there exist r(h) > 0 such that
Ju (%, y)| + max{|H (x, y, = (T (x, y)))|
F(oph(Ty)E (64)

<r(h), V(x,y)eSxD;

(ii)
|H (x>)/,h(t)) - H(X’y’k(t))l
< agy (d (T,h (1), Tyk () + (1 - a)

« max {¢1 (d(T,h (1), T,k (1)),
1
62 (5 14T 0. 4, (0)
+d (T, Ak )] ),
1
¢ (514 (T (6). A,k 0)
+d (Tyk (1), AR ()] )
1
60 (5 14T 0, 4,1 (0)

+d (Tyk (1), Ak (1))] )

Abstract and Applied Analysis

85 (5 (T @), A4,k )

+d (T 0, Ak 0)] )},
(65)

forall (x,y) € Sx D, h,k € B(S),t € S, where ¢; € O,
i=0,1,2,3,4,50<a<l;

(iii) 0 #T = {TP P AT, = Tit, = ®P} C B(S);

(iv) there exist T, €1, such that

|H (x, VT, (t)) -F(x,y.1, (t))| > 'G)p - TP|, (66)

for some 7., 7, € I'and for all (x, y) € Sx D, t €.

Then the functional equations (62) have a unique common
solution in B(S).
Proof. Assume that opt,., = sup,.p. By conditions (i) and
(63), A, and T| are self-mappings of B(S). Let h, k be any two

points of B(S), x € S, and € > 0 any positive number; using
(i) and (63), we deduce that there exist y,z € D such that

Ah(x) <u(x,y)+H(x,,h(T (x,5))) +e (67)
Ak (x) <u(x,y)+H(x,z,k(T (x,2))) +¢ (68)
A h(x) 2u(x,y)+H (x,z,h(T (x,2))), (69)

Ak (x)2u(x,y) + H(x,3,k(T (x, ). (70)
Subtracting (70) from (67) and using (ii),

Ah(x) - Ak(x)
<H (x,3,h(T (x, ) - H(x, y, k(T (x, ))) + €

< [H(x, ., h(T (x,y))) = H(x, .,k (T (x, )| + €
< ay (d (T,h(t), Tk (1)) + (1 - a)

x max [, (d (T,h (0, T,k (1)),
1
¢ (51410, 4,0 (0)
ATk, Ak0)] ),
1
¢ (514 (T (6). A,k 1)
ATk, 48 0)] ),
1
60 (514110, 4,1 (0)

d(Tk (), Ak (®))] )
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65 (5 (TR @), A,k )

+d(Tk (@), Ak ©)] )} e,
(71)
From (68) and (69), we get
Ah(x)— Ak (x)
>H (x,2,h(T (x,2))) — H(x,2,k(T (x,2))) — €
> |H (x,z,h(T (x,2))) — H (x,2,k (T (x,2)))| — €

> agy (d (T,h (), Tyk (D)) + (1 - a)

xmax { ¢ (d (T, (. Tk 0)

6. (5 (10, 4, (0)
+d (Tyk (8), Ak ()] )

1

¢s (514 (11 (0), A,k 1)

+d(Tok (D), AL (1)] )
8 (5 (@), 4, 0)))

+d (T)k (1), A h(1))] )

¢s (5 [A(Th 0, 4Kk 0)

+d(Tok (D), Ak ()] )} e
(72)
Hence, from (71) and (72)
|A B (x) = Ak (x)|

< [H (%, 3,1 (T (%, ))) = H (%, 3,k (T (x, y)))| + €

< agy (d (T\h (1), Tik (1)) + (1 - a)
x max {g, (d (Tyh (6. Tk (1))
1
62 (5 14T 1), 4,1 (0)
+ (T (0, Ak ©)] ),
1
¢ (514 (T (6). A, 1)

+d (T (), A, 0)] ),

1
1
¢u (514 (T (0), A, (0)
+d (Tyk (1), AR ()] )
1
¢s (514 (T (1), 4,k 1)

+d (Tyk (), Ak ()] )} ‘e,
(73)
So
d(Ah Ak) = suIS) |A h(x) = Ak ()|

<|H (x, 3, h(T (x,))) = H (%, y.k (T (x, )| + €

< ady, (d(T,h (), Tyk (1)) + (1 - a)

x max {4, (d (Th (1), Tk 1)),
1
62 (514 (T 0), 4, (0)
+d (T (0, 4,k ©)] ),
1
6 (514 (T @), 4,k 0)
+d (T (0, 4,h©)] ),
1
¢ (5 1T, 4,h )

+d (Tyk (), A h (1))] )

85 (5 (T (0, 4,k 0)

+d (Tok (1), Ak ()] )} e
(74)

Also from (iii) and (iv) and similar to Theorem 19, it is easy to
prove that the pair (A, T,) is # # -operator pair. Therefore,
by Corollary 14, A, and T} have a unique common fixed point
in B(S) and hence the functional equations (62) have a unique
common solution in B(S). O

Corollary 23. Suppose that the conditions (i), (iii), and (iv) of
Theorem 22 are satisfied. Moreover, if the following condition
also holds:

|H (x, y,h (£)) - H (x, y,k (1))| < ad (Tyh (t), T,k (),
(75)

forall (x,y) € SxD, h,k € B(S),t €S, where 0 < « < 1, then
the functional equations (62) have a unique common solution
in B(S).



12

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

References

(1]

(8]

(10]

(12]

G. Jungck, “Compatible mappings and common fixed points;’
International Journal of Mathematics and Mathematical Sci-
ences, vol. 9, no. 4, pp. 771-779, 1986.

G. Jungck and H. K. Pathak, “Fixed points via ‘biased maps,’
Proceedings of the American Mathematical Society, vol. 123, no.
7, pp. 2049-2060, 1995.

H. K. Pathak and M. S. Khan, “Compatible mappings of
type (B) and common fixed point theorems of Gregus$ type,”
Czechoslovak Mathematical Journal, vol. 45, no. 120, pp. 685-
698, 1995.

H. K. Pathak, Y. J. Cho, S. M. Kang, and B. S. Lee, “Fixed point
theorems for compatible mappings of type (P) and applications
to dynamic programming,” Le Matematiche, vol. 50, no. 1, pp.
15-33, 1995.

H. K. Pathak, Y. J. Cho, S. M. Kang, and B. Madharia,
“Compatible mappings of type (C) and common fixed point
theorems of Gregus$ type,” Demonstratio Mathematica, vol. 31,
no. 3, pp. 499-518, 1998.

G. Jungck, P. P. Murthy, and Y. J. Cho, “Compatible mappings of
type (A) and common fixed points,” Mathematica Japonica, vol.
38, no. 2, pp. 381-390, 1993.

N. Hussain, M. A. Khamsi, and A. Latif, “Common fixed points
for 77 -operators and occasionally weakly biased pairs under
relaxed conditions,” Nonlinear Analysis. Theory, Methods &
Applications, vol. 74, no. 6, pp. 2133-2140, 2011.

W. Sintunavarat and P. Kumam, “Common fixed point theorems
for generalized ¥ % -operator classes and invariant approxima-
tions,” Journal of Inequalities and Applications, vol. 2011, article
67, 2011.

N.-J. Huang, B. S. Lee, and M. K. Kang, “Fixed point theorems
for compatible mappings with applications to the solutions of
functional equations arising in dynamic programmings,” Inter-
national Journal of Mathematics and Mathematical Sciences, vol.
20, no. 4, pp. 673-680, 1997.

A. Bhatt, H. Chandra, and D. R. Sahu, “Common fixed point
theorems for occasionally weakly compatible mappings under
relaxed conditions,” Nonlinear Analysis. Theory, Methods &
Applications, vol. 73, no. 1, pp. 176-182, 2010.

Z.Liu, J. S. Ume, and S. M. Kang, “Some existence theorems for
functional equations arising in dynamic programming,” Journal
of the Korean Mathematical Society, vol. 43, no. 1, pp. 11-28,
2006.

Z.Liu, J. S. Ume, and S. M. Kang, “Some existence theorems for
functional equations and system of functional equations arising
in dynamic programming,;” Taiwanese Journal of Mathematics,
vol. 14, no. 4, pp. 1517-1536, 2010.

R. Bellman and E. S. Lee, “Functional equations in dynamic
programming,” Aequationes Mathematicae, vol. 17, no. 1, pp. 1-
18, 1978.

S. S. Zhang, “Some existence theorems of common and coinci-
dence solutions for a class of systems of functional equations
arising in dynamic programming,” Applied Mathematics and
Mechanics, vol. 12, no. 1, pp. 31-37, 1991.

(15]

(16]

(17]

(18]

(19]

[20]

(21]

(22]

Abstract and Applied Analysis

S.-S. Chang and Y. H. Ma, “Coupled fixed points for mixed
monotone condensing operators and an existence theorem of
the solutions for a class of functional equations arising in
dynamic programming,” Journal of Mathematical Analysis and
Applications, vol. 160, no. 2, pp. 468-479, 1991.

N. Hussain, M. A. Khamsi, and A. Latif, “Banach operator
pairs and common fixed points in hyperconvex metric spaces,”
Nonlinear Analysis. Theory, Methods & Applications, vol. 74, no.
17, pp. 5956-5961, 2011.

H. K. Pathak and N. Hussain, “Common fixed points for
SP-operator pair with applications,” Applied Mathematics and
Computation, vol. 217, no. 7, pp. 3137-3143, 2010.

H. K. Pathak, Y. J. Cho, and S. M. Kang, “Common fixed points
of biased maps of type (A) and applications,” International
Journal of Mathematics and Mathematical Sciences, vol. 21, no.
4, pp. 681-693, 1998.

M. A. Alghamdi, S. Radenovi¢, and N. Shahzad, “On some
generalizations of commuting mappings,” Abstract and Applied
Analysis, vol. 2012, Article ID 952052, 6 pages, 2012.

M. S. Khan, M. Swaleh, and S. Sessa, “Fixed point theorems by
altering distances between the points,” Bulletin of the Australian
Mathematical Society, vol. 30, no. 1, pp. 1-9, 1984.

H. K. Pathak, M. S. Khan, and R. Tiwari, “A common fixed point
theorem and its application to nonlinear integral equations,”
Computers & Mathematics with Applications, vol. 53, no. 6, pp.
961-971, 2007.

Z.Liu, M. Liu, C. Y. Jung, and S. M. Kang, “Common fixed point
theorems with applications in dynamic programming,” Applied
Mathematical Sciences, vol. 2, no. 41-44, pp. 2173-2186, 2008.



Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 342687, 8 pages
http://dx.doi.org/10.1155/2014/342687

Research Article

On Sufficient Conditions for the Existence of
Past-Present-Future Dependent Fixed Point in
the Razumikhin Class and Application

Marwan Amin Kutbi' and Wutiphol Sintunavarat’

! Department of Mathematics, King AbdulAziz University, PO. Box 80203, Jeddah 21589, Saudi Arabia
? Department of Mathematics and Statistics, Faculty of Science and Technology, Thammasat University Rangsit Center,

Pathumthani 12121, Thailand

Correspondence should be addressed to Wutiphol Sintunavarat; wutiphol@mathstat.sci.tu.ac.th

Received 17 September 2013; Revised 19 December 2013; Accepted 20 December 2013; Published 5 February 2014

Academic Editor: Hichem Ben-El-Mechaiekh

Copyright © 2014 M. A. Kutbi and W. Sintunavarat. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is

properly cited.

We introduce the new type of nonself mapping and study sufficient conditions for the existence of past-present-future (for short
PPF) dependent fixed point for such mapping in the Razumikhin class. Also, we apply our result to prove the PPF dependent
coincidence point theorems. Finally, we use PPF dependence techniques to obtain solution for a nonlinear integral problem with

delay.

1. Introduction

It is well known that many problems in many branches of
mathematics, such as optimization problems, equilibrium
problems, and variational problems, can be transformed to
fixed point problem of the form Tx = x for self-mapping T
defined on framework of metric space (X, d) or vector space
(X1 - II). Therefore, the applications of fixed point theory
are very important in diverse disciplines of mathematics.
The famous Banach’s contraction mapping principle is one of
the cornerstones in the development of fixed point theory.
From inspiration of this work, several researchers heavily
studied this field. For example, see works of Kannan [1],
Chatterjea [2], Berinde [3], Ciri¢ [4], Geraghty [5], Meir and
Keeler [6], Suzuki [7], Mizogushi and Takahashi [8], Dass and
Gupta [9], Jaggi [10], Lou [11], and so forth.

On the other hand, Bernfeld et al. [12] introduced the con-
cept of Past-Present-Future (for short PPF) dependent fixed
point or the fixed point with PPF dependence which is one
type of fixed points for mappings that have different domains
and ranges. They also established the existence of PPF de-
pendent fixed point theorems in the Razumikhin class for

Banach type contraction mappings. These results are useful
for proving the solutions of nonlinear functional differ-
ential and integral equations which may depend upon the
past history, present data, and future consideration. The
generalizations of this result have been investigated heavily by
many mathematicians (see [13-18] and references therein).

In this paper, we will introduce the new type of nonself
mapping called Ciric-rational type contraction mapping.
Also, we will study the sufficient conditions for the existence
of PPF dependent fixed point theorems for such mapping in
Razumikhin class. Furthermore, we apply the main result to
the existence of PPF dependence coincidence point theorems.
In the last section, an application to an integral problem with
delay is also given.

2. Preliminaries

In this section, we recall some concepts and definitions that
will be required in the sequel. Throughout this paper, let E
denote a Banach space with the norm || - ||z, I denote a closed
interval [a,b] in R, and E; = C(I, E) denote the set of all
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continuous E-valued functions on I equips with the supre-
mum norm | - ||, defined by

91, = suphol. 0

A point ¢ € E; is said to be a PPF dependent fixed point
or a fixed point with PPF dependence of a nonself mapping
T:E, —» Eif T¢p = ¢(c) for somec € I.

For a fixed element ¢ € I, the Razumikhin or minimal
class of functions in E, is defined by

A= {pe By ol =91} @

It is easy to see that constant functions are member of ..

The class %, is algebraically closed with respect to
difference if ¢ — & € R, whenever ¢,& € Z_. Similarly, &, is
topologically closed if it is closed with respect to the topology
on E, generated by the norm || - g, .

Definition 1 (see Bernfeld et al. [12]). The mapping T : E, —
E is said to be Banach type contraction if there exists a real
number « € [0, 1) such that

|76 = 78] < all¢ =], 3)

forall ¢,& € E,,.
The following PPF dependent fixed point theorem is
proved by Bernfeld et al. [12].

Theorem 2 (see Bernfeld et al. [12]). Let T : E, — E be
a Banach type contraction. If R, is topologically closed and
algebraically closed with respect to difference, then T has a
unique PPF dependent fixed point in R..

3. PPF Dependent Fixed Point Theorems

In this section, we introduce the concept of the Ciric-
rational type contraction mappings. Also, we study sufficient
condition for the existence of PPF dependent fixed point for
such mapping.

Definition 3. The mapping T : E, — E is called
Ciric-rational type contraction if there exist real numbers
a,3,y,0,k € [0,1) witha+ B+y+28+«k < landc e I
such that

IT¢ - TE,,

gamﬂ{w-qmm¢«»JWMM@—Twp

¢ () = T&]l + & (©) - Tg] }
2

 Fl¢© - Tl J¢ © - 781,
I~ 4,

o © - T84 © - Tl
T 16~
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ol © -9l I 0 - T,
L+ ¢ =l

, M8 © - TE]g[E (©) - T¢[,
L+ 6 =]l

(4)

forall ¢,& € E,,.

Remark 4. (i) All Banach type, Kannan type, and Chatterjea
type mappings are Ciric-rational type contraction mapping.

(ii)If B =y =6 = x = 0, then Ciric-rational type
contraction mapping reduces to Ciric-type contraction.

(iii) If « = 0, then T is a generalization and improvement
of rational type contraction mapping.

Here, we prove PPF dependent fixed point theorems for
Ciric-rational type contraction mappings.

Theorem 5. Let T : E, — E be a Ciric-rational type con-
traction mapping. If R is topologically closed and algebraically
closed with respect to difference, then T has a unique PPF
dependent fixed point in R..

Moreover, for a fixed ¢, € R, if a sequence {$,} of iterates
of T in R, is defined by

Ty = ¢, (c) (5)

foralln € N, then {¢,} converges to a PPF dependent fixed
point of T in R...

Proof. Let ¢, be an arbitrary function in %#_. < E,. Since
T¢, € E, there exists x; € E such that T, = x;. Choose
¢, € R, such that

X = ¢1 (c). (6)

Since ¢, € X, € E, and by hypothesis, we get T¢$, € E. This
implies that there exists x, € E such that T¢, = x,. Thus, we
can choose ¢, € %, such that

X =¢,(0). (7)

By continuing this process, we can construct the sequence
{¢,} in Z. € E, such that

T¢n—1 = ¢n (C) (8)

for all n € N. Since %, is algebraically closed with respect to
difference, we have

16,1 = Gulls, = 01 (©) = 6, 9)

foralln e N.
Next, we will show that {¢,} is a Cauchy sequence in Z,.
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For each n € N, we have

"¢n - ¢n+1“EO
= [t (©) = 1 Ol
= ||T‘l5n—1 - T¢n||E

< amax{nsbm il 19020 - T

|6 (c) = T, s
||¢n—1(c) - T‘/’n”E + ||¢>n(c) - T¢n—1”E }

2

o Plons © = Thullelln ©) ~ T4,
1+”¢n1 ¢n"E0

Y“‘pn 1 () - T¢n“E”¢n ) -T¢, 1||E
L+ ||¢n 1 ¢n||E0

, Sl © = T alplldn1 (©) ~ T
1+ "(/)n 1 ¢n“E0

¥ K"(pn (c) - T¢n||E||¢n (c) - T(/)n—l"E
1+ ||¢n—1 - ¢n“EO

- amax 1,1 bl B2 © - 6,0

"(/)n (C) - ¢n+1 (C)“E’ "¢n—1 (C) _ ¢n+1 (C)“E}

2
, Plons © =4, Ollllén (© = brs O

1+ ||¢n 1 ¢n||EO
6”¢n 1 (C) ¢n (C)||E||¢n 1 (C) ¢n+1 (C)“E
1+ |4, ¢n|lEo

- amx 1,1 bl B © - 6,0,

[6,(©) = B (O] 1B (0= P <c>IIE}

2

"‘/’n—l (€)= ¢y (C)"E )
1+ “(/571—1 (C) - ¢n (C)"E

s+ (©) = ¢ @) )
L+ [t () = 6, ()]

Bl -6, @l

+ 8] (€) = Py O <

< rmax {u@,_l (© = 63 Ol [0 © = 1 O,

||¢n—1 (C) - (/)n (C)“E + ||¢n (C) B ¢n+1 (C)"E }
2

3
+ Bl (© = b O + 891 (©) = Bra O
< amax{[¢,; () = ¢, ©)] |6, ) = b1 ©) 5}
+ Bl$n1 (©) = 6, Ol + 8llbnr (©) = b @
= amax {1 = $ullg,» 160 — buorls,}
+ Blbns = bullg, +0lbn1 — Suirl,
< amax {[¢, = Al I6n — buonl,
+ Blbnt = Gulls, + Nbut = Gulls, + b = bl
(10)

For fixed n € N, if max{l|¢,_, = Gullg,s I, _¢ﬂ+1"Eo}
I¢,-1 = ¢,llg,> then we get

||¢n - ¢n+l”E0 < “"¢n—1 - ¢n”E0 + :8||¢n—1 - ¢n|lE0
+6“¢n—1 - ¢n"EO + 8"¢n - ¢n+1”E0'
This implies that
0
R e LR Y e

On the other hand, if max{ll¢, | — ¢,llz . 16, = Gpiillp }
I|¢n - ¢n+1 ”Eo’ then we get

|l¢n - ¢n+1"E0 = a”¢n - ¢n+1"E0 * ﬁ”qbnfl - ¢n"E0
+6"¢n—1 - ¢n||EO + 8”¢n - ¢n+1"E0'

This implies that
+6
e Ll Tt IR
Now, we let
- a+f+8 pP+06 }
k.—max{ T "T-a—3s| (15)
From (12) and (14), we get
l|¢n - ¢n+1"E0 = k"(pn—l - ¢n”EO (16)
forall n € N. Repeated application of the above relation yields
[6, = $iill, < K'llbo = 1l (17)
foralln e N.

For m,n € N with m > n, we obtain that

l|¢n - (l)m ”E0 < ”(/)n - ¢n+1"EO + |l¢n+1 - ¢n+2 "E0
+ l|¢m—1 - ¢m"EO

n n m— (18)
S(k K v K 1)||¢()‘¢1"E0

k?’l
< X1~ il



Since 0 < a+fB+y+25+« < 1,wehave 0 < k < 1. This shows
that the sequence {¢,} is a Cauchy sequence in %, < E,. By
the completeness of E), we get {¢,,} converges to a limit point
¢* € E,. Therefore, lim,, _, . ¢, = ¢*; that is,

lim [, = ¢"[|, = O, (19)

n— o0

Further, since &, is topologically closed, we have ¢* € %,
and thus

lim [[¢,(c) = ¢" (@] = 0 (20)

n— 00

Now we prove that ¢* is a PPF dependent fixed point of
T. From the assumption of Ciric-rational type contraction of
T, we get

176" - ¢" @)
< "T(/)* - ¢n+1 (C)"E + "¢n+1 (C) - (/5* (C)“E
=|T¢" - T¢n||E S ¢*||E0

< amax <]||¢* - ¢n||E0a o™ () = T¢" ||

6, (©) = T ||
¢* (C) B T¢n“E + I|¢n (C) B T(/S*”E }
2
4 /3"(/’*(‘:) -T¢" E||¢‘r1(c) - T¢n"E
L+ (/5* - ¢n"E0
 N¢™© ~ T gl¢ne) ~ T¢"[ -
L+]6" = ull,
. S||p"(c) = T || |9 (c) — T¢n”E
1+ ¢>* - ¢n"E0
o (@) = Tl gl $u(©) ~ T
L+[6" = ull,
+ ||¢n+1 - ¢*“E0

= amax <l||</5* - ¢n||EO’ l67(c) = T¢7||

||¢n(c) - ¢n+1(c)”E;
$"(©) = $ua Ol + [$u(0) — T"[ - }
2

B
+

¢7(c)-T¢"

1+

E||¢n(c) B ¢n+1(c)"E
(/)* - ¢n“E0
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$"(€) = $1 ()|l bnlc) - T

+ L4 E
1+ ¢* - ¢”"Eo

, 097 © - T¢" [l (©) ~ duna )
L+ 67 = ¢ull,

+ K"¢n(c) - ¢n+1(c)"}2"¢n(c) - T¢* E
L+ 67 = ¢ull,

[

(1)

for all n € N. Taking the limit as # — co in the above
inequality, by (19) and (20), we have

176" = ¢ @y < o] 76" = ¢" - (22)
This implies that
IT¢" - ¢* @z =0 (23)
and then
T¢" = ¢" (0). (24)

Therefore, ¢ is a PPF dependent fixed point of T in &,.

Finally, we prove the uniqueness of PPF dependent fixed
point of T in %,. Let ¢* and £* be two PPF dependent fixed
points of T in Z_. Therefore,

l¢™ =&,
=[¢" @ =& ©lg
=|T¢" - 1E ],

<amax {14 -l '@ - 18],

5@ - 18,

I - TE |+ 5@ - 191,
2

A O =T @ -1,
-,

LY ¢ (c) = TE||[|€" () - T"|
e -1,

6@ =T Ll - €',
- €,

k[§7(c) = TE | )7 () - T¢™|

e -,

= o max {"([)* —E*HEO,

[¢7© - & @l + €@ - ¢" @ }
2
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@ - TE e @ - T¢" |,
1+|¢*—§* E,
e I E 1 -
:(xmax{"(/) =3 “EO’ EUZ Eﬂ}

M@ - EOfE" ) - ¢* @

L+ ¢* =&,
R et P e 1
=al¢" -¢§ ”EO+ 1+"¢f_g*“3 -
* * * ® ||¢*_E*|| 0
= af¢” =&, + e - ¢ %ﬁ)

<al” =& g, + g™ =&,
(25)

Since 0 < a +y < 1, we have [¢* — E*IIEo = 0 and hence

¢" = &" . Therefore, T has a unique PPF dependent fixed point
in &,. This completes the proof. O

Remark 6. If the Razumikhin class %, is not topologically
closed, then the limit of the sequence {¢,} in Theorem 5 may
be outside of Z,. Therefore, a PPF dependent fixed point of
T may not be unique.

By applying Theorem 5, we obtain the following result.

Corollary 7. Let T : E, — E be a nonself mapping and there
exists a real number « € [0, 1) such that

|T¢ - TE| < ol - E“EO (26)

forall $,& € E,,.

If there exists ¢ € I such that R, is topologically closed
and algebraically closed with respect to difference, then T has a
unique PPF dependent fixed point in R..

Moreover, for a fixed ¢, € R, if a sequence {$,} of iterates
of T in R, is defined by

T(l)n—l = ¢n (C) (27)
foralln € N, then {¢,} converges to a PPF dependent fixed
point of T in R...

Ifweset =y =38 = k = 0in Theorem 5, we get the
PPF dependent fixed point result for Ciric-type contraction

mapping.

Corollary 8. Let T : E, — E be a nonself mapping and there
exist real number 0 < « < 1 and ¢ € I such that

IT¢ - T8,

< amax {8l 100 Tl KO -1el,,

lé(e) = 7€ + [8() = T }
2

forall $,& € E,,.

If R is topologically closed and algebraically closed with
respect to difference, then T has a unique PPF dependent fixed
point in R_..

Moreover, for a fixed ¢, € R, if a sequence {¢,} of iterates
of T in R is defined by

T(pnfl = ¢n (C) (29)

for all n € N, then {¢,} converges to a PPF dependent fixed
point of T in R...

If we set « = 0 in Theorem 5, we get the PPF dependent
fixed point result for generalized ratio type contraction

mapping.

Corollary 9. Let T : E, — E be a nonself mapping and there
exist real numbers 3,y,8,k € [0,1) with f+y+25 +x < 1
and c € I such that

Blg©) - Tg| [|8() - TE]
L+ 6 =€l

, Mg~ T8 [5(0) - 79
L+ =&l

, Ollge) ~ To|lée) ~ 7¢]
L+ 6 =€l

, M8© -~ TE| () - Tg]
L+]¢ =&,

I7¢ - T8 <

forall $,& € E,,.

If R, is topologically closed and algebraically closed with
respect to difference, then T has a unique PPF dependent fixed
point in R...

Moreover, for a fixed ¢, € R, if a sequence {¢,} of iterates
of T in R, is defined by

T(/)n—l = ¢n (C) (31)

for alln € N, then {¢,} converges to a PPF dependent fixed
point of T in R...

4. PPF Dependent Coincidence
Point Theorems

Definition 10. Let T : E, — EandS : E, — E; be
two nonself mappings. A point ¢ € E, is said to be a PPF
dependent coincidence point or a coincidence point with PPF
dependence of T and S if T¢ = (S¢)(c) for some ¢ € I.

Next, we introduce the condition of the Ciric-rational
type contraction for a pair of two nonself mappings.

Definition 11. Let T : E;, — Eand S : E, — E; be two
nonself mappings. The ordered pair (T, S) is said to satisfy the
condition of Ciric-rational type contraction if there exist real



numbers &, B,y,8,« € [0,1) witha + B+ +25 + k < 1 and
¢ € I such that

|7 - T,
< amax {”S(/) - SE“EO,

[(5$)(©) = T¢] |(SE)e) = TE]

[65$)(©) = ]| + [(SD)(e) ~ T }
2

 FIS9©O - Tol 55 - T,
1156 -

L NEHE - T SHE) - T9] s
L+[S¢ — S& .,

, SlS9)e) ~ T | (SP)e) ~ T8
L+ 5¢ - S¢l,

, KIS - 1€ 15D - Tl
1+ "S‘P - SE"EO

(32)

forall ¢,& € E,,.

Remark 12. It is easy to see that

(T, S) satisties the condition of Ciric-rational type contrac-
tion and S is identity mapping

l

T is a Ciric-rational type contraction mapping.

Now, we apply our result to the previous section to the
PPF dependent coincidence point theorem.

Theorem 13. Let T : E, — EandS : E, — E; be two
nonself mappings. Suppose that the following conditions hold:

(x1) (T, S) satisfies the condition of Ciric-rational type
contraction;

(%) S(R,) € R..

If S(R,) is topologically closed and algebraically closed with
respect to difference, then T and S have a PPF dependent
coincidence point.

Proof. For self-mapping S : E, — E,, it is well know that
there exists F, ¢ E, such that S(F,) = S(E;) and S| F, 1s one-
to-one. Since

T (F,) < T(Ey) CE, (33)
we can define a nonself mapping # : S(F,) — E by
Z (S¢) = T¢ (34)

for all ¢ € F,. Since Sg, is one-to-one mapping, we have 7 is
well-defined.
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By the condition of Ciric-rational type contraction of
(T, S) and the construction of %, we get

|7(S¢) - 7SO
< amax {"Sgb - SE"EO,

I(S)(c) = Z(SP)| . (SE)(c) — F (SE)»

I(S)(c) = Z (SO + [[(S)(c) - Z(SP)] . }
2

, BISH©) = ZSPe(SE)€) - Z (S
L+ |5¢ = &,

, NS9O - ZEDSHE) - ZSP)
L+ ]S - S¢],

, ASH©) - Z SN ](S9)@) - Z (S
L+[S¢ - Sl

, M@ = (SO [SD)) - Z (5P
L+ - S,

(35)

for all S¢, SE € S(E,). This implies that # is a Ciric-rational
type contraction mapping.

Using Theorem 5 with a mapping 7, we can find a unique
PPF dependent fixed point of . Let a unique PPF dependent
fixed point of # be { € S(F,); that is, #¢ = {(c). Since { €
S(F,), we can find @ € F; such that { = S@. Now, we have

T =% (So) = ={(c) = (S®) (c). (36)

Therefore, @ is a PPF dependent coincidence point of T and
S. This completes the proof. O

By applying Theorem 13, we obtain the following corollar-
ies.

Corollary 14. LetT : E;, — Eand S : Ey, — E; be two
nonself mappings. Suppose that the following conditions hold:

(%) there exists a real number o € [0, 1) such that

|76 = 78], < oS¢ = S, (37)

forall$,& € E;
(x,) there exists ¢ € I such that S(%.) € &..
If S(R..) is topologically closed and algebraically closed with

respect to difference, then T and S have a PPF dependent
coincidence point in R..

Corollary 15. Let T : E;, — EandS : E, — E; be two
nonself mappings. Suppose that the following conditions hold:
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(*,) there exist real numbers 0 < o < 1 and ¢ € I such
that

|76 - T8

< oo max <l||S¢ - SE“EO,
(38)
I(Sp)(e) = T|  [I(SE)(e) = TE]

[65$)(©) — ¢l + (S () - T, }
2

forall $,& € E;
(%,) S(%.) € Z...
If S(R,) is topologically closed and algebraically closed with

respect to difference, then T and S have a PPF dependent
coincidence point in R ..

Corollary 16. Let T : E, — EandS : E, — E, be two
nonself mappings. Suppose that the following conditions hold:

(*,) there exist real numbers 3,7y, 8, « € [0,1) with S+
y+28+« < 1andc €I such that

BlSH)©) - To|(SO ) - TE|
L+ 5¢ =S¢,

9O - T8 1(58)0 - T4,
U s - S,

, SS$)e) - Tl [(S$)e) - TE]
L+ S - 8],

, KIS9© ~ TESO€) - T
1+S¢ — S|,

I7¢ - T&)p <+

forall ¢,& € E;
(%,) S(%.) € Z..
If S(R,) is topologically closed and algebraically closed with

respect to difference, then T and S have a PPF dependent
coincidence point in R..

5. Application to a Nonlinear
Integral Equation

In this section, we apply our result to study the existence and
uniqueness of solution of a nonlinear integral equation.

Given a closed interval J := [, 0] such that j € R™, let Q
denote the space of continuous real-valued functions defined
on J. We equip the space () with supremum normed | - |,
defined by

Ielo, = seplp ). (0

It well known that Q) is a Banach space with this normed.

For fixed T € R, for each t € I := [0,T], define a
function t + ¢, by

¢ (a)=¢(t+a), forace], (41)

where the argument a represents the delay in the argument of
solutions.

Given ¢ € C(I,R), we will consider the following
nonlinear integral problem:

T
$(t) = ¢ (0) +j Gs) f(sg)ds  (42)
0
forall t € I, where ¢ € C(I,R), f € C(I x C(J,R),R), and
G e C(IxLR,).
Theorem 17. Problem (42) has only one solution defined on

J U I if the following conditions hold:

(©,) sup,e( [, Glt, $)ds) < 1,

(©,) there exist nonnegative real number « < 1 such
that, for all t € T and ¢,& € C(I, R), one has

|f (t.¢) = f(£E)] < | (0) - E(0)]. (43)

Proof. Define the following set:
E={¢=(d);: ¢ € % dp e CULR)}. (44

Also, define the normed | - |z in E by
[#]5 := supllo, (45)
tel

We obtain that (/A> € C(J, R). Next, we show that E is complete.
Consider a Cauchy sequence {@,} in E. It is easy to see that
{,, }ie1 1s @ Cauchy sequence in C(J,R) for all £ € I. This
implies that {¢,, (s)} is a Cauchy sequence in R for each s € J.
So ¢, (s) converges to ¢,(s) for each s € J. Since {¢nt} isa
sequence of uniformly continuous functions for a fixed t € I,
¢,(s) is also continuous in s € J. Thus going backwards we get
that ¢, converges to ¢ in E. Therefore, E is complete.
Next, we define the function T: E — R by

T
19 =19 =sO+ | GT9f(s.9)ds. (46



For ,E € E, we have

T T
J G(T,s) f (s, ¢,) ds—J G(T,s) f (s, &) ds

0 0

1514 -

[ s £s4-00rs Fs2))ds

T
- j (G(T59) f (5:9,) ~ G(T59) f (5,&,)) ds
T
< j IG(T,5) £ (5:6,) = G (T,5) f (s.&)| ds
T
- j G(T,9)|f (s:6) - f (s.£,)] ds
T
sj G(T,s)a|g, (0) - & (0)] ds
T
=j G(T,s)a|$(s) - £ (s)| ds
T PN
< L G(T,s)a|$p - E| ds
N T
_ “||¢_§||E<JO G(T,s) ds)
L G (t,s) ds>]

<=l [sp (
< o~y .

This implies that T' is a Ciric-rational type contraction.
Moreover, the Razumikhin %, is C(I, R) which is topo-
logically closed and algebraically closed with respect to dif-
terence. Now all hypotheses of Theorem 5 are automatically
satisfied with ¢ = 0. Therefore, there exists PPF dependence

fixed point ¢* of T; that is, T¢* = $*(0). This implies that
T

c(0)+J

0

G(T.s) f (5.6 )ds = (¢ ()., = (§"®),_,-
(48)

Hence, the integral equation (42) has a solution. This com-
pletes the proof. O
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Using viscosity approximation method, we study strong convergence to a common element of the set of solutions of an equilibrium
problem and the set of common fixed points of a finite family of multivalued mappings satisfying the condition (E) in the setting
of Hilbert space. Our results improve and extend some recent results in the literature.

1. Introduction

Let H be a real Hilbert space with inner product (:,-) and
norm || - |l. Let C be a nonempty closed convex subset H.
A subset C ¢ H is called proximal if, for each x € H, there
exists an element y € C such that

|x = y| = dist (x,C) = inf {|x - z|| : z € C}. 1)

A single-valued mapping T : C — C is said to be

nonexpansive, if

=Tyl < Jx—5]. veyec. @

Let P be a nearest point projection of H into C; that is, for
x € H, Pox is a unique nearest point in C with the property

s~ Box| =it {lx -yl yech. @)

We denote by CB(C), K(C), and P(C) the collection of
all nonempty closed bounded subsets, nonempty compact
subsets, and nonempty proximal bounded subsets of C
respectively. The Hausdorft metric H on CB(H) is defined by

H (A, B) := max {sup dist (x, B), sup dist (y, A)} , o (4)

x€A y€B

for all A, B € CB(H).

Let T: H — 2" be a multivalued mapping. An element
x € H is said to be a fixed point of T, if x € Tx and the set of
fixed points of T' is denoted by F(T).

A multivalued mapping T': H — CB(H) is called

(i) nonexpansive if

H(Tx,Ty) < |x-y|, xyeH; (5)

(ii) quasi-nonexpansive if F(T) # 0 and H(Tx, Tp) < |lx—
pllforall x € Handall p € F(T).

Recently, Garcia-Falset et al. [1] introduced a new condi-
tion on single-valued mappings, called condition (E), which
is weaker than nonexpansiveness.

Definition 1. A mapping T :
condition (E,) provided that

H — H is said to satisty

lx=Ty|<u lx-Tx|+|x-y||, xyeH. (6)

We say that T satisfies condition (E) whenever T satisfies
(E#) for some py > 1.

Recently, Abkar and Eslamian [2, 3] generalized this
condition for multivalued mappings as follows.



Definition 2. A multivalued mapping T : H — CB(H) is
said to satisfy condition (E) provided that

H(Tx,Ty) < p dist(x,Tx) + [x - y|, xyeH, (7)

for some p > 1.

It is obvious that every nonexpansive multivalued map-
ping T : H — CB(H) satisfies the condition (E), and every
mapping T : H — CB(H) which satisfies the condition (E)
with nonempty fixed point set F(T') is quasi-nonexpansive.

Example 3. Let us define a mapping T on [0, 3] by

X
T(x):{[O’E]’ x#3 (8)
[1,2] x = 3.

It is easy to see that T satisfies the condition (E) but is not
nonexpansive. Indeed, for x, y € [0,3), H(Tx,Ty) = |(x -
y)/3] < |x—yl.Let x = 0and y = 3. Then H(Tx,Ty) =
2 <3 =|x-yllfx € (0,3) and y = 3, then, we have
dist(x, Tx) = 2x/3 and dist(y, Ty) = 1; hence

H(Tx,Ty):2—§S3—x+4—x = |x = y| + 2 dist (x, Tx) .

3
)

Thus, T satisfies the condition (E). However, T is not
nonexpansive; indeed for x = 3 and y = 7/3, H(Tx,Ty) =
11/9 > 2/3 = |x - y|.

Let¥ : Cx C — R be a bifunction. The equilibrium
problem associated with the bifunction ¥ and the set C is:

find x € C  such that ¥ (x,y) >0, Vy € C. (10)

Such a point x € C is called the solution of the equilibrium
problem. The set of solutions is denoted by EP(¥).

A broad class of problems in optimization theory, such as
variational inequality, convex minimization, and fixed point
problems, can be formulated as an equilibrium problem; see
[4, 5]. In the literature, many techniques and algorithms have
been proposed to analyze the existence and approximation of
a solution to equilibrium problem; see [6]. Many researchers
have studied various iteration processes for finding a com-
mon element of the set of solutions of the equilibrium
problems and the set of fixed points of a class of nonlinear
mappings. For example, see [7-22].

Fixed points and fixed point iteration process for non-
expansive mappings have been studied extensively by many
authors to solve nonlinear operator equations, as well as
variational inequalities; see, for example, [23-28]. In the
recent years, fixed point theory for multivalued mappings has
been studied by many authors; see [29-40] and the references
therein.

In this paper, using viscosity approximation method, we
study strong convergence to a common element of the set of
solutions of an equilibrium problem and the set of common
fixed points of a finite family of multivalued mappings
satisfying the condition (E) in the setting of Hilbert space.
Our results improve and extend some recent results in the
literature.
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2. Preliminaries

For solving the equilibrium problem, we assume that the
bifunction V¥ satisfies the following conditions:

(Al) ¥(x,x) = 0 forany x € C;

(A2) ¥ is monotone; that is, ¥(x, y) + ¥(y, x) < 0 for any

x,y €GC;
(A3) ¥ is upper-hemicontinuous; that is, for each x, y, z €
C)
lim sup¥ (tz+ (1 - £)x, y) < ¥ (x, y); (1)

t—0"

(A4) ¥(x,.) is convex and lower semicontinuous for each
x € C.

Lemma 4 (see [4]). Let C be a nonempty closed convex subset
of H and let ¥ be a bifunction of C x C into R satisfying
(A1)-(A4). Let v > 0 and x € H. Then, there exists z € C
such that

1
Y(z,y)+-(y-z,z-x)20 VyeC. (12)
r

Lemma 5 (see [6]). Assume that ¥V : Cx C — R satisfies
(A1)-(A4). Forr > 0 and x € H, define a mapping S, : H —
C as follows:
1
S,x = {zeC:‘I’(z,y)+—(y—z,z—x) >0, VyEC}.
r
(13)
Then, the following hold:
(1) S, is single valued;
(ii) S, is firmly nonexpansive; that is, for any x, y € H,

I, = S,|* < (S, = S, 3, x - y)s (14)

(iii) F(S,) = EP(Y);
(iv) EP(VW) is closed and convex.

Lemma 6 (see [41]). Let H be a real Hilbert space. Then, for
all x, y,z € Hand «, B,y € [0, 1] with + 3 + y = 1 one has

loce + By + yz[” = allct® + By + vl
~aplx—y|* ~ aylx— 2~ pyle - .
(15)
Lemma 7. For every x and y in a Hilbert space H, the
following inequality holds:
||x + y“z < ||x||2 +2(y, x + y). (16)

Lemma 8 (see [42]). Let {a,} be a sequence of nonnegative real
numbers, {a,} a sequence in (0,1) with Zzzl a, = 00, {y,}
a sequence of nonnegative real numbers with Y ;> y, < 00,
and {3,} a sequence of real numbers with lim sup,,_, .., < 0.
Suppose that the following inequality holds:

A1 < (1 - “n) a, + anﬁn TV N2 0. (17)

Then, lim,,_, a, = 0.
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Lemma 9 (see [43]). Let {u,} be a sequence of real numbers
that does not decrease at infinity, in the sense that there exists
a subsequence {u, } of {u,} such that u, < u, ., foralli > 0.
For every sufficiently large number n > n, define an integer
sequence {t(n)} as

T(n) =max{k <n:u <y }. (18)
Then, 1(n) — coasn — oo and for alln > ny,

max {UT(n n} < UT(H)+1. (19)

Lemma 10 (see [20]). Let C be a closed convex subset of a real
Hilbert space H. Let T : C — CB(C) be a quasi-nonexpansive
multivalued mapping. If F(T) #0 and T(p) = {p} for all p €
F(T). Then F(T) is closed and convex.

Lemma 11 (see [20]). Let C be a closed convex subset of a
real Hilbert space H. Let T : C — P(C) be a multivalued
mapping such that Py is quasi-nonexpansive and F(T) # 0,
where Pp(x) ={y € Tx : |x — y| = dist(x, Tx)}. Then, F(T) is
closed and convex.

Lemma 12 (see [16, 20]). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let T : C — K(C)
be a multivalued mapping satisfying the condition (E). If x,,
converges weakly to v and lim,, _, ., dist(x,,, Tx,) = 0, then
veTw

3. A Strong Convergence Theorem

Theorem 13. Let C be a nonempty closed convex subset of a
real Hilbert space H and ¥ a bifunction of C x C into R satis-
fying (A1)-(A4). Let T, : C — CB(C) (i = 1,2,...,m) bea
finite family of multivalued mappings, each satisfying condition
(E). Assume further that & = (", F(T;)(\EP(Y) #0 and
T.(p) = {p}, (i = 1,2,...,m) for each p € F. Let f be a
k-contraction of C into itself. Let {x,} and {u,} be sequences
generated the following algorithm:

xg €C,
1
u, € C such that ¥ (u,, y) + ~ (y —upu, —x,) >0,
n
VyeC
yn,l = an,lun + bn,lxn + Cn,lzn,l’
yn,Z = an,Zun + bn,ZZn,l + Cn,ZZn,2>
Yn3 = Ozl +5,32,5 + 6,323
yn,m = an,mun + bn,mzn,m—l + Cn,mzn,m’
Xn+1 = nf( ) (1 _Sn)yn,m’
Vn=>0,
(20)

where z,, € T\(u,), 2, € Ti(Yur1) fork = 2,...,m, and

{a,;}, {bn:i}, {c.i} 19}, and {r, } satisfy the following conditions:
(@) {a,,,},{ } { i C lab] c (0,1),a,; +b,; +¢,; =
L(i= L, m),

(i) {9,} € (0,1), lim, 9, =0, Y2, 9, = oo,

(iii) {r,,} € (0, 00), and lim inf > 0.

n— 00 ?’l

Then, the sequences {
where q = Py f(q).

x,} and {u,} converge strongly to q € F,

Proof. Let Q = Pg. It is easy to see that Qf is a contraction.
By Banach contraction principle, there exists a g € & such
that g = Py f(q). From Lemma 5 for all n > 0, we have

= all = S (21

Xy — S

We show that {x,} is bounded. Since, for eachi = 1,2,...,m
T; satisfies the condition (E) and we have

171 -4l
= |y 14 + By X + G201 — 4
6o 201 =l
1 dist (2,1, T1q) (22)

< a,, "un - q” + bn,l "Xn - q” +
= 91 "”n - q” + bn,l "xn - q” )

< a1 "un - q” + bn,l "xn - q“ + Cn,lH (Tlun’ qu)

< A1 "un - q“ + bn,l "xn - q“ Gl “un - q"
< |x, -4l
152~ dl

= "an,Zun +b Zan Ci2%n2 ~ CI"

bn,Z "Zn,l - q" G ||Zn,2 - q"

< %) "un - 6]” +
=0 "”n - ‘IH +b,, dist (zn,l’ T\q) + Gy dist (Zn,Z’ T,q)

<ay,, |u, —4q| + b,.H (Tyu,, T

1q) + G H (TZyn,l’ T,q)
S %) "un - q” + bn,2 "un - qn + Cn2 "yn,l - q"

<lhx,—ql.
(23)

By continuing this process, we obtain

1Y = all < 1% = al - (24)
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This implies that Applying Lemma 6 once more, we have

%1 =4l
= ]9, fx + (1= 9,) v, — 4
<O, || fxu =gl + (1 = 9,) [y, — al
<9, (| fx, — fall + | fa—qll) + (1 = 9,) |x, - 4

192 — al’

= "an,Zun + bn,ZZn,l + Cu2%n2 — q“2

< aylun =l +busllzns —al’ + Giallzns —al’

(25) —a, 2Cn2"un - Zn2||2
< Snk "xn - q" + ‘9n ”fq - q“ + (1 - ‘9n) “xn - q" o ) ’ )
=(1-9,1-K) |x, - q| +9,]fq-4| = a,[u, - ql” + b, dist (2,1, T1q)
"fq _ q” + Cn,Z dist (zn,Z’ TZq)z - an,ZCn,leun - Zn,2 ||2
< max -l LA 2 2
= aﬂ,2"un - q” + bn,ZH(Tl Uyp» qu)
By induction, we get +6,H (len,l’ Tz@)2 BTy ““n - Zn,2||2
"x _ q” < max {"x _ q“ "fq B q" } (26) < an,2||un - qHZ + bn,Z”“n - q"2 + Cn,2||yn,1 - 11"2
n = 0 > 1 _ k >

2
- an,zcn,zuun ~Zn2 "

for all n € N. This implies that {x,} is bounded and we also < ||x a "2 Cac ||u s ”2

obtain that {u,}, {y,}, {fx,}, and {z, ;} are bounded. Next, we = 1% =4 n2n2lln - =n2

show that lim,, , , dist(u,, T;u,) = 0 for each i € N. By

Lemma 6, we have

- an,lcn,lcn,Znun - Zn,1||2 - an,lbn,lcn,z “xn - unnz'

(28)
2
171 4l
R By continuing this process we have
= "art,lun + bn,lxn +Gu1Zn1 — q"
2
< ay e, —al” + bl - al’ 19 — al
+C1 "Zn,l - q"2 = "an,mun + bn,mzn,mfl + ComZnm ~ q"2
= B = 0 = 1ol = 2 < ity =l + bunllensnr = al” + Gl = al’
2
= a1t - al* + b, - a = g [Un = Z |
+ Cn,l diSt (Zn,l’ qu)2 = an,mllun - q”z + bn,m diSt (Zn,m—l’ Tm—lq)2
- an,lbn,l "xn - un"2 - an,lcn,l ”un - Zn,l "2 * Cn’m dist (Zn,m’ qu)2 - an’mcn’m"un B Z"’mnz
< a1 ||un - q"2 + an”xn - q“z < an,m”un - q”Z + bn,mH(Tm—lyn,m—Z’ Tm—lQ)z
+ Cn,lH(Tlun’ qu)z + Cn,mH(Tmyn,m—l’ qu)Z - an,mcn,m"un - Zn,m”2
2 2
— b % = tl® = G |t — 2| < Gyllttn = al” + Bl V-2 = al
? ? + Gl ot = Al = GGl = 2ol
<a,|u, —q|" +b,.|x, -4l nml Ynm-1 "9 nmCuml|Un = Znm
e < Yt = al? = Gl — 2l
+ cn’1||un q“ n— 4 nmnm||“n n,m
2 2 -a G C ||u -z ||2
- an,lbn,lllxn - un" - an,lcn,lllun - Zn,l" mm=1tnm=1"nmi[*n nm=1
2
S "xn - q"2 - an,lbn,lllxn - un”2 T T oG C”)m"un T H
— 3,161 "un ~ 21 "2 - a",lb"’lc”:z tee Cn,m”uﬂ - xnuz’

(27) (29)
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which implies that

161 = all” = 19,2, + (1= 9,) ym — all’
< 9,0 = all” + (1= 9,) |y - all’
<9, fx, —al +(1-9,) Ju, - alf
= (1=9.) GuCupmlltn = Zomll”
= (1=9.) G- 1Gam1 Gl ttn = Zuoa |
— = (129,) 801601605 - €, 18 = 2 [

-(1-9,)a,.b,:6,5- - cn)m”un - anz.
(30)

Therefore, we have that

(1-9,)a,,b,16,5--- cn’m”un - xn”Z
(31)

<% = all® = [%ues = al* + O lyfx, —all-

In order to prove that x, — gasn — 00, we consider the
following two cases.

Case 1. Suppose that there exists #, such that {||x, — g} is
nonincreasing, for all n > n;. Boundedness of {|x, — ql}
implies that |[x,, — gl| is convergent. From (31) and conditions
(i), (ii) we have that

nli_{%o ”un - xn" =0. (32)
By a similar argument, for k = 1,2,...,m, we obtain that
Jim [lu, -z, = 0. (33)

Hence,

lim_dist (4, Tyuty,) < Jim [, = 21| = 0,

nlg%O dist (un’ Tkyn,k—l) < nlgl’olo "un - Zn,k" =0, (34)
(k=2,....,m).
Therefore, we have
,,IH%O ||un - yn,l" < nli_{réobn,l "un - xn"
(35)
+ nli_)rréocn,l ||u,, - zn’1|| =0.
Fork = 2,...,m, we have
nango “un - yn,k” < nli_)ngobn,k "un ~ Znk-1 "
(36)

+ nli—{%ocn’k ||un - Zn,k“ =0.

5
Using the previous inequality for k = 2,...,m, we have
dist (14, Tith,) < dist (o T Y1) + H (T g1 Tit)
< dist (1, Ty Y1) + prdist (Vg1 Te Vg 1)
Vs = v
< (u+ 1) dist (4> Teymp1) + (1) [[pr — 4]
< (u+ 1) s = 2o + (e ) s = 1] — 0,
n— 00.
(37)
Next, we show that
lim sup {q - fg.q - x,) <0, (38)

where g = Pg f(q). To show this inequality, we choose a
subsequence {xni} of {x,} such that

lim (q- fa.q-x,) =lim sup(q - fg.q-%,). (39)

Since {x,, } is bounded, there exists a subsequence {x,, } of
1 Xj

{x,,.} which converges weakly to v. Without loss of gener-
ality, we can assume that x, converges weakly to v. Since
lim, _, ,lIx, —u,l = 0, we have u,, converges weakly to v. We
show that v € F. Let us show v € EP(¥). Since u,, = §, x,,
we have

\F(un’y)+l<y_un’un_xn>20 V)/GC (40)
r}’l
From (A2), we have

1
1’_ <y Uy Uy — xn> = \P(y’ un) . (41)

n

Replacing n with »;, we have

Uy — Xy,
<y—uni, " > Z‘I’(y,uni). (42)

n;

From (A4), we have

0>¥(y,v), VyeC. (43)

Fort € (0,1]and y € C,let y, = ty + (1 — t)v. Since y,v € C,
and C is convex, we have y, € C and hence ¥(y,,v) < 0. So,
from (Al) and (A4) we have

0=Y(¥py) <tY(ypy)+ Q1 -)¥ (y,v) <t¥ (yt,y(h)

which gives 0 < W¥(y,, y). Letting t — 0, we have, for
each y € C,0 < Y¥(v,y) Also, since U, — v and
lim, _, ,, dist(u,, T;u,) = 0, by Lemmal2 we have v €
iz, F(T;). Hence, v € %. Since q = Py f(q) and v € &,
it follows that

lim sup (q - fq,q - x,) = lim (g~ fg,q - x,,)
=(q- fg,.q-v) <0.



By using Lemma 7 and inequality (31) we have

%1 — 4l
< (1= 9,) Grn = DI + 29, (fx = 4 %01 — @)
< (1= 9,) [ — al” +29, (fx, — f2 %01 — @)
+29,(fd -4 %p1 — )
< (1-9,) %, - al +29,kx, - gl |x,.. )
+29,(fq -4 %p1 — )
< (1=9,) %, = all” + 9.k (%, = all” + 1 )
+29,(fa -4 %p1 — )
< ((1=9,)" +9,k) [, = ql” + Okl 1 — gl
+29,(fa- 9 %p1 - 4) -
This implies that
A = e
T @)
29

ok 19X —a)-

From Lemma 8, we conclude that the sequence {x,} con-
verges strongly to g.

Case 2. Assume that there exists a subsequence {xnj} of {x,}
such that

_ q“ <%, ~ q" , (48)
for all j € N. In this case, from Lemma 9, there exists a
nondecreasing sequence {r(n)} of N for all n > n, (for some
ny large enough) such that 7(n) — ocoasn — oo and the
following inequalities hold for all n > ,, :

1% = all < |%consr =4l > 1% = all < [l%zoe1 = 4ll-
(49)

From (31) we obtain lim, _, 4,y — Tittyyll = 0, and
limnﬁoollur(n = Xyl = 0. Following an argument similar
to that in Case 1, we have

lim {1 = 4l = (50)

n— 00

lim_x,) — 4] =0,

n— 00

Thus, by Lemma 9 we have

0 < [lx, - q| < max{fxe) =l %, = all} < [xeier - %II g
51

Therefore, {x,} converges strongly to q = P f(q). This
completes the proof. O
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Now, we remove the condition that T(p) = {p} forall p €
F, and state the following theorem.

Theorem 14. Let C be a nonempty closed convex subset of
a real Hilbert space H and ¥ a bifunction of C x C into R
satisfying (A1)-(A4). Let, foreach1 <i <m, T; : C — P(C)
be multivalued mappings such that Py, satisfies the condition
(E). Assume that & = (o, F(I;)(VEP(¥Y)#0. Let f be
a k-contraction of C into itself. Let {x,} and {u,} be sequences
generated the following algorithm:

xy € C,
1
u, € C such that ¥ (u,, y) + - (y —u,,u, - x,) =0,
n
VyeC

yn,l = an,lun + bn,lxn + Cn,lzn,1>

Vna = Oy + 6,521 + 61220,

Yn3 = Oualy + 5,325 + 6,323

yn,m = an,mun + bn,mzn,m—l + Cn,mzn,m’
Xyl = Snfxn + (1 - Sn) Ynm> Vn >0,
(52)

where z,,, € Pr (u,), 2, € Pr (Y1) fork =2,...,m, and
{a,;} b, i} {c, b 19, ) and, {r, } satisfy the following conditions:

(1) {an,i}r {bn,i}a {Cn,i} C [61, b] C (O> 1)’ an,i + bn,i + Cn,i =
L,i=1,2,...,m),

(i) {9,} € (0,1), lim, 9, =0, Y2, 9, = oo,
(iii) {r,} < (0,00), and lim inf, _, 7, > 0.

Then, the sequences {x,} and {u,} converge strongly to q € F
where g = Py f(q).

Proof. Let p € &; then PT(p) = {phL( = 1,2,...,m).
Now by substituting Pr, instead of T}, and using a similar
argument as in the proof of Theorem 13, the desired result
follows. O

As a corollary for single-valued mappings, we obtain the
following result.

Corollary 15. Let C be a nonempty closed convex subset of
a real Hilbert space H and ¥ a bifunction of C x C into R
satisfying (A1)-(A4). Let, foreach1 <i <m, T, : C — C
be a finite family of mappings satisfying condition (E). Assume
that F = (2, F(T;) (VEP(Y) #0. Let f be a k-contraction
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of C into itself. Let {x,} and {u,} be sequences generated the
following algorithm:

xq €C,

u, € C such that ¥ (u,, y) + 1 (y —upu, —x,) 20,
r

n
VyeC
yn,l = an,lun + bn,lxn + Cn,lTlun’

yn,2 = an,2un + bn,ZTlun + Cn,ZTZyn,l

yn,m = an,mun + bn,me—lyn,m—Z + Tmyn,m—P

Xne1 = Snf'xn + (1 - ‘9n) Vumo Vn =0,

(53)

where {a,;}, {b,;}{c,;}, {9,}, and {r,} satisfy the following
conditions:

(1) {an,j}’ {bn,i}) {Cn,i} C [a) b] C (0> 1)) an’j + bn,i + Cn,i = 1)
(i=12,...,m),

(ii) {9,} < (0,1), 1im,, (9, =0, ¥,2, 9, = 00

(iii) {r,,} € (0,00), and lim inf, _, 7, > 0.

Then, the sequences {x,} and {u,} converge strongly to q € F,
where q = Pg f(q).

Remark 16. Our results generalize the corresponding results
of S. Takahashi and W. Takahashi [9] from a single valued
nonexpansive mapping to a finite family of multivalued map-
pings satisfying the condition (E). Our results also improve
the recent results of Eslamian [16].
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We will apply the fixed point method for proving the generalized Hyers-Ulam stability of the integral equation

(1/2¢) L:C: u(t,t,)dt = u(x,t) which is strongly related to the wave equation.

1. Introduction

In 1940, Ulam [1] gave a wide ranging talk before the
mathematics club of the University of Wisconsin in which he
discussed a number of important unsolved problems. Among
those was the question concerning the stability of group
homomorphisms:

Let G, be a group and let G, be a metric group with
the metric d(-,-). Given ¢ > 0, does there exista § >
0 such that if a function h : G, — G, satisfies the
inequality d(h(xy), h(x)h(y)) < § forall x,y € G,
then there exists a homomorphism H : G; — G,
with d(h(x), H(x)) < e for all x € G,?

The case of approximately additive functions was solved
by Hyers [2] under the assumption that G, and G, are the
Banach spaces. Indeed, he proved that each solution of the
inequality || f(x+ y) - f(x)— f()Il < &, forall x and y, can be
approximated by an exact solution, say an additive function.
In this case, the Cauchy additive functional equation, f(x +
y) = f(x)+ f(y),is said to have the Hyers-Ulam stability.

Rassias [3] attempted to weaken the condition for the
bound of the norm of the Cauchy difference as follows:

If e+ )= f-f W el +xI7) @

and proved the Hyers theorem. That is, Rassias proved the
generalized Hyers-Ulam stability (or Hyers-Ulam-Rassias
stability) of the Cauchy additive functional equation. (Aoki

[4] has provided a proof of a special case of Rassias’ theorem
just for the stability of the additive function. Aoki did not
prove the stability of the linear function, which was implied
by Rassias’ theorem.) Since then, the stability of several
functional equations has been extensively investigated [5-12].

The terminologies generalized Hyers-Ulam stability,
Hyers-Ulam-Rassias stability, and Hyers-Ulam stability can
also be applied to the case of other functional equations,
differential equations, and various integral equations.

Let ¢ and ¢, be fixed real numbers with ¢ > 0. For any
differentiable function b : R x R — C, the function defined
as

1 x+ct
u(x,t) = % J h(r,t,)dr (2)
ct

P
is a solution of the wave equation
2
Uy (x,t) = cuy, (x,1), 3)

as we see

1 a x+ct
u, (x,t) = 23 J » h(r,t,)dr

= %h(x+ct,t0) + %h(x —ct,ty),

Uy (x,t) = %hx (x+ctty) - gh" (x—ct,ty),



1 1
u, (x,t) = Zh (x+ct,ty) — Zh (x —ct,ty),

1 1
Uy, (x,8) = Z—Chx (x +ct,ty) — Z_Chx (x—ct,ty),
(4)

from which we know that u(x, t) satisfies the wave equation
(3).

Conversely, we know that every solutionu : RxR — C
of the wave equation (3) can be expressed by

u(x,t)=f(x+ct)+g(x—ct), (5)

where f,g : R xR — C are arbitrary twice differentiable
functions. If these f(x,t) and g(x,t) satisfy

1 Jx+5tf(1) dr=f(x+ct),

2¢ Jx-

1 X+ct (6)
[ gwdr=gte-e

2¢ Jx—ct

for all x,t € R, then u(x,t) expressed by (5) satisfies the
integral equation (7). These facts imply that the integral
equation (7) is strongly connected with the wave equation (3).

Cadariu and Radu [13] applied the fixed point method to
the investigation of the Cauchy additive functional equation.
Using such a clever idea, they could present another proof for
the Hyers-Ulam stability of that equation [14-19].

In this paper, we introduce the integral equation:

! rm u(r,ty)dr =u(xt), (7)

2¢ Jx—ct

which may be considered as a special form of (2), and prove
the generalized Hyers-Ulam stability of the integral equation
(7) by using ideas from [13, 15,19, 20]. More precisely, assume
that ¢(x, t) is a given function and u(x;, t) is an arbitrary and
continuous function which satisfies the integral inequality:

! jm u(nt)dr-uet| <onn. (8

2¢ Jx—ct

If there exist a function u,(x,t) and a constant C > 0 such
that

1 x+ct
% J Uy (1,ty) dr = uy (x, 1),
x—ct 9)

|u (x,t) — uy (x, t)| <Co(x,t),
then we say that the integral equation (7) has the generalized
Hyers-Ulam stability.
2. Preliminaries

For a nonempty set X, we introduce the definition of the
generalized metric on X. A functiond : X x X — [0, 00]
is called a generalized metric on X if and only if d satisfies

(M,;) d(x,y) =0ifand only if x = y;
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(M,) d(x,y) =d(y,x) forall x, y € X;
(M) d(x,2z) <d(x,y) +d(y,z) forall x, y,z € X.

We remark that the only one difference of the generalized
metric from the usual metric is that the range of the former
is permitted to include the infinity.

We now introduce one of fundamental results of fixed
point theory. For the proof, we refer to [21]. This theorem will
play an important role in proving our main theorems.

Theorem 1. Let (X, d) be a generalized complete metric space.
Assume that A : X — X is a strictly contractive operator
with the Lipschitz constant L < 1. If there exists a nonnegative

integer k such that d(A*"' x, A*x) < oo for some x € X, then
the following are true:

(a) the sequence {A"x} converges to a fixed point x* of A;

(b) x™ is the unique fixed point of A in

X' ={yeXx|d(Axy) < oo}; (10)

(c) if y € X¥, then

1

d(yx") <
nx") < =5

d(Ay,y). (11)

3. The Generalized Hyers-Ulam Stability

In the following theorem, for given real numbers a, b, ¢, and
t, satistying ¢ > 0,t, > 0,and a + ct, < b —cty, let I := [a,b],
T := (0,ty], and I, := [a + cty, b — cty] be finite intervals.
Assume that L and M are positive constants with 0 < L < 1.
Moreover, let ¢ : I x T — (0, 1] be a continuous function
satisfying

1 x+ct
% J t ¢ (1.ty) dr < Lo (x, 1) (12)

forallx € [yandt € T.
We denote by X the set of all functions f : I xT — C
with the following properties:

(a) f(x,t) is continuous for all x € Iy and t € T;
(b) f(x,t)=0forallx e I\Iyandt € T;
(©) If(x,t)| < Mo(x,t)forall x € [yand t € T

Moreover, we introduce a generalized metric on X as follows:

d(f,g) :=inf {C € [0,00] | | f (x,£) = g (x,1)]
<Co(x,t) Vx €Iyt €T}.

(13)

Theorem 2. If a function u € X satisfies the integral ine-
quality:

1 J»x+ct u(r,ty)dr —u(x,t)| < @ (x,t) (14)

2¢ Jx—ct
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forall x € I, and t € T, then there exists a unique function
u, € X which satisfies

1 x+ct
% J uy (1,ty) dt = uy (x, 1), (15)
x—ct
1
|u (x, ) —uy (x, t)| < - L(p(x, t) (16)

forallx € Iyandt € T.

Proof. First, we show that (X, d) is complete. Let {h,} be a
Cauchy sequence in (X, d). Then, for any ¢ > 0 there exists
an integer N, > 0 such that d(h,,, h,) < e for allm,n > N,.
In view of (13), we have

Ve>0, AN, €N, Vm,n> N,, Vx € I, YVt €T:
(17)
|hm (x,t) — h, (x, t)| <ep(x,t).

If x and t are fixed, (17) implies that {h,(x,t)} is a Cauchy
sequence in C. Since C is complete, {h,(x,t)} converges for
any x € Iy and t € T. Thus, considering (b), we can define a
functionh: I xT — Cby

h(x,t) = nlLIIgohn (x,t), (x€el, teT). (18)
Since ¢ is bounded on I, x T, (17) implies that {hn|10><T}
converges uniformly to hl; .r in the usual topology of C.
Hence, h is continuous and |h| is bounded on I, x T' with an
upper bound Me(x, t); that is, h € X. (It has not been proved
yet that {h,} converges to hin (X, d).)

If we let m increase to infinity, it follows from (17) that

Ve>0, AN, €N, ¥n>N,, Vx € I,, Vt € T:
(19)
|h (x,t) = h, (x, t)| <ep(x,t).

By considering (13), we get
Ve>0, AN, €N, Vn>N,:d(hh,) <e  (20)

This implies that the Cauchy sequence {h,} converges to h in
(X, d). Hence, (X, d) is complete.
We now define an operator A : X — X by

1 J~X+Ct
— h(r,ty)dr (xel,, teT),
A ) — 126 e (r.to)dr  (x €1, )
0 (otherwise)

(21)

for all h € X. Then, according to the fundamental theorem of
calculus, Ah is continuous on I, x T. Furthermore, it follows
from (12), (c), and (21) that

x+ct

1
|mmmMSZjﬂwu%mh

X

1 x+ct
<— J Mo (1,t,)dr 22)
2¢ Jx—ct

< MLo (x,t) < Mo (x,t)

for any x € I, and t € T. Hence, we conclude that Ah € X.

We assert that A is strictly contractive on X. Given any
f,9 € X, let Cyy € [0,00] be an arbitrary constant with
d(f,g) < Cy,. Thatis,

|f (x,t) — g (x, t)| < Cfg(p (x,t) (23)

forall x € I, and t € T. Then, it follows from (12), (21), and
(23) that

[(Af) (x,t) = (Ag) (1)

1 x+ct
A GO R L,
<ir+d|f(rt)— (me)ldr (@4
=2l o) =g \Tly

C x+ct
<2 J ¢ (1.ty)dr

x—ct

< LCpe (x, 1)

forall x € I and t € T. That is, d(Af, Ag) < LCy,. Hence,
we may conclude that d(Af, Ag) < Ld(f, g) forany f,g € X
and we note that 0 < L < 1.

We prove that the distance between the first two succes-
sive approximations of A is finite. Let /i, € X be given. By (b),
(c), and (13) and from the fact that Ah, € X, we have

|[(Ahg) (x,8) = By (x, £)] < [(Ahg) (x, )] + |Bg (x, 1)

25)
< 2Meo (x,t)
for any x € I, and t € T. Thus, (13) implies that
d (Ahy, hy) < 2M < co. (26)

Therefore, it follows from Theorem 1(a) that there exists a
uy € X such that A"hy — u, in (X, d) and Auy = u,.

In view of (c) and (13), it is obvious that {f € X |
d(hy, f) < oo} = X, where h; was chosen with the property
(26). Now, Theorem 1(b) implies that u, is the unique element
of X which satisfies (Aug)(x,t) = uy(x,t) for any x € I, and
teT.

Finally, Theorem 1(c), together with (13) and (14), implies
that

1

1-L @)

d (u,uy) < d (Au,u) <

1-L°

since (14) means that d(Au,u) < 1. In view of (13), we can
conclude that (16) holds for all x € I, and t € T. O

Remark 3. Even though condition (12) seems to be strict, the
condition can be satisfied provided that a and b are chosen so
that |b — al is small enough and c is a large number.
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The notion of a modular metric on an arbitrary set and the corresponding modular spaces, generalizing classical modulars over
linear spaces like Orlicz spaces, were recently introduced. In this paper we introduced and study the concept of one-local retract
in modular metric space. In particular, we investigate the existence of common fixed points of modular nonexpansive mappings
defined on nonempty w-closed w-bounded subset of modular metric space.

1. Introduction

The purpose of this paper is to give an outline of a com-
mon fixed-point theory for nonexpansive mappings (i.e.,
mappings with the modular Lipschitz constant 1) on some
subsets of modular metric spaces which are natural general-
ization of classical modulars over linear spaces like Lebesgue,
Orlicz, Musielak-Orlicz, Lorentz, Orlicz-Lorentz, Calderon-
Lozanovskii, and many other spaces. Modular metric spaces
were introduced in [1, 2]. The main idea behind this new con-
cept is the physical interpretation of the modular. Informally
speaking, whereas a metric on a set represents nonnegative
finite distances between any two points of the set, a modular
on a set attributes a nonnegative (possibly, infinite valued)
“field of (generalized) velocities” to each “time” A > 0 (the
absolute value of) an average velocity w, (x, y) is associated
in such a way that in order to cover the “distance” between
points x, y € X it takes time A to move from x to y with
velocity w; (x, y). But the way we approached the concept of
modular metric spaces is different. Indeed we look at these
spaces as the nonlinear version of the classical modular spaces
introduced by Nakano [3] on vector spaces and Musielak-
Orlicz spaces introduced by Musielak [4] and Orlicz [5].

In recent years, there was an uptake interest in the
study of electrorheological fluids, sometimes referred to as
“smart fluids” (for instance, lithium polymethacrylate). For
these fluids, modeling with sufficient accuracy using classical

Lebesgue and Sobolev spaces, L¥ and WP where pisafixed
constant is not adequate, but rather the exponent p should
be able to vary [6, 7]. One of the most interesting problems in
this setting is the famous Dirichlet energy problem [8, 9]. The
classical technique used so far in studying this problem is to
convert the energy function, naturally defined by a modular,
to a convoluted and complicated problem which involves a
norm (the Luxemburg norm). The modular metric approach
is more natural and has not been used extensively.

In many cases, particularly in applications to integral
operators, approximation, and fixed point results, modular
type conditions are much more natural as modular type
assumptions can be more easily verified than their metric or
norm counterparts. In recent years, there was a strong interest
to study the fixed point property in modular function spaces
after the first paper [10] was published in 1990. More recently,
the authors presented a fixed point result for pointwise
nonexpansive and asymptotic pointwise nonexpansive acting
in modular functions spaces [11]. The theory of nonexpansive
mappings defined on convex subsets of Banach spaces has
been well developed since the 1960s (see, e.g., Belluce and
Kirk [12], Browder [13], Bruck [14], and Lim [15]), and gener-
alized to other metric spaces (see e.g., [16-18]), and modular
function spaces (see e.g., [10]). The corresponding fixed-point
results were then extended to larger classes of mappings like
pointwise contractions, asymptotic pointwise contractions
[18-22], and asymptotic pointwise nonexpansive mappings



[11]. In [23], Penot presented an abstract version of Kirk’s
fixed point theorem [24] for nonexpansive mappings. Many
results of fixed point in metric spaces were developed after
Penot’s formulation. Using Penot’s work, the author in [25]
proved some results in metric spaces with uniform normal
structure similar to the ones known in Banach spaces. In
[26], Khamsi introduced the concept of one-local retract in
metric spaces and proved that any commutative family of
nonexpansive mappings defined on a metric space with a
compact and normal convexity structure has a common fixed
point. Recently in [27], the authors introduced the concept of
one-local retract in modular function spaces and proved the
existence of common fixed points for commutative mappings.

In this paper, we study the concept of one-local retract
in more general setting in modular metric space; therefore,
we prove the existence of common fixed points for a family
of modular nonexpansive mappings defined on nonempty w-
closed w-bounded subsets in modular metric space.

For more on metric fixed point theory, the reader may
consult the book [28] and for modular function spaces the

book [29].

2. Basic Definitions and Properties

Let X be a nonempty set. Throughout this paper for a function
w:(0,00) x X x X — [0,00], we will write

W (% y) =0 (bx,y), 1)
forallA >0and x, y € X.

Definition 1 (see [1, 2]). A function @ : (0,00) x X x X —
[0,00] is said to be modular metric on X if it satisfies the
following axioms:

(i) x = yifand only if w)(x, y) = 0, for all A > 0;
(if) wy(x, ¥) = wy(y,x), forall A > 0,and x, y € X;
(iii) w,\w(x, y) < wy(x,2) + wﬂ(z, y), forall A, > 0 and
x, ¥,z € X.

If, instead of (i), we have only the condition (i

wy (6, x)=0, VA>0, xeX 2)

then w is said to be a pseudomodular (metric) on X. A
modular metric w on X is said to be regular if the following
weaker version of (i) is satisfied:

x=y iff w(x,y)=0,

(3)

for some A > 0.

Finally, w is said to be convex if, for A, > 0O and x, y,z € X,
it satisfies the inequality

A
Wy (%, ) < )H‘uwA (x,2) + L”wu (zy). @

A+

Note that, for a metric pseudomodular w on a set X, and
any x, y € X, the function A — w, (x, y) is nonincreasing on
(0,00). Indeed, if 0 < p < A, then

w}t(x’y)Sw}l—‘u(x)x)-"wy(x’y):wﬂ(x’y)' (5)
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Definition 2 (see [1, 2]). Let w be a pseudomodular on X. Fix
X, € X. The two sets:

X, =X, (x) ={x € X:w) (x,x9) — 0 as A — oo},
X =X (x)={xeX:IA=1(x)>0

such that w, (x, x,) < oo}

(6)

are said to be modular spaces (around x,,).

It is clear that X, < X but this inclusion may be
proper in general. It follows from [1, 2] that if  is a modular
on X, then the modular space X, can be equipped with a
(nontrivial) metric, generated by w and given by

d,(x,y) =inf{A > 0:w) (x,y) <A}, (7)

foranyx, y € X,,.Ifwisaconvex modular on X, according to
1, 2] the two modular spaces coincide, that is X = X, and
this common set can be endowed with the metric d;, given by

d (x,y)=inf{A>0:w (x,y) <1}, (8)

for any x, y € X,,. These distances will be called Luxemburg
distances (see example below for the justification).

Definition 3. Let X, be a modular metric space.

(1) The sequence (x,,),,cn in X, is said to be w-convergent
tox € X, ifand only if w, (x,,x) — 0,asn — 00.x
will be called the w-limit of (x,,).

(2) The sequence (x,,),,c in X, is said to be w-Cauchy if
w, (x,,,x,) = 0,asm,n — ©0.

(3) A subset C of X, is said to be w-closed if the w-limit
of a w-convergent sequence of C always belongs to C.

(4) A subset C of X, is said to be w-complete if any w-
Cauchy sequence in C is a w-convergent sequence and
its w-limit is in C.

(5) Let x € X, and C ¢ X,. The w-distance between x
and C is defined as

d, (x,C) = inf {w, (x,y);y € C}. 9)

(6) A subset C of X, is said to be w-bounded if we have
8, (C) = sup{w, (x,y);x,y € C} < c0. (10)

In general if lim, ,  w,(x,,x) = 0, for some A > 0,
then we may not have lim,, ,  w,(x,,x) = 0, forall A >
0. Therefore, as it is done in modular function spaces, we
will say that w satisfies A, condition if this is the case;
that is lim, _, ,w;(x,,x) = 0, for some A > 0 implies
lim, _, w,(x,,x) =0, forall A > 0. In [1, 2], one will find a
discussion about the connection between w-convergence and
metric convergence with respect to the Luxemburg distances.
In particular, we have

Jim d,, (x,,x) =0 iff lim w, (x,,x) =0, VA>0,

(1)
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for any {x,} € X, and x € X,. And in particular we have
that w-convergence and d ,-convergence are equivalent if and
only if the modular w satisfies the A ,-condition. Moreover, if
the modular w is convex, then we know that d; and d,, are
equivalent which implies that

Jim df (x,,x) =0 iff lim w, (x,,x) =0, VA>0,
(12)

for any {x,} € X, and x € X, [1, 2]. Another question that
arises in this setting is the uniqueness of the w-limit. Assume
wisregular, and let {x,} € X beasequence such that {x,} w-
convergestoa € X, and b € X,. Then we have

w, (a,b) < w, (a,x,) + w, (x,,b), (13)

for any n > 1. Our assumptions will imply w,(a, b) = 0. Since
w is regular, we get a = b; that is, the w-limit of a sequence is
unique.

Let (X, w) be a modular metric space. Throughout the
rest of this work, we will assume that w satisfies the Fatou
property; that is, if {x,} w-converges to x and {y,} w-
converges to y, then we must have

w; (x, y) < lim inf @, (x,, 3,,) - (14)
For any x € X, and r > 0, we define the modular ball
B, (x,1) ={y € X, (x,y) <1}. (15)

Note that if w satisfies the Fatou property, then modular balls
(w-balls) are w-closed. An admissible subset of X, is defined
as an intersection of modular balls. We say A is an admissible
subset of C if

A=(B,(B,r,)NC, (16)

i€l

where b, € C, r; > 0, and I is an arbitrary index set. Denote
by /,(X,,) the family of admissible subsets of X,,. Note that
 ,(X,,) is stable by intersection. At this point we will need to
define the concept of Chebyshev center and radius in modular
metric spaces. Let A ¢ X be a nonempty w-bounded subset.
For any x € A, define

1. (A) = sup {w; (x,y); y € A}. (17)
The Chebyshev radius of A is defined by
R, (A) =inf {r, (A); x € A}. (18)

Obviously we have R (A) < r, (A) < §,(A), for any x € A.
The Chebyshev center of A is defined as

@, (A) ={x €A r (A) =R, (A)}. (19)

Definition 4. Let (X, w) be a modular metric space. Let C be
a nonempty subset of X .

(i) We will say that o/ (C) is compact if any family
(A,)qer of elements of ¢/ ,(C) has a nonempty inter-
section provided N A, # @, for any finite subset F
I

(ii) We will say that &, (C) is normal if for any A €
9 ,,(C), not reduced to one point, w-bounded, we have
R, (A) < 6,(A).

Remark 5. Note that if o/ (X,) is compact, then X, is w-
complete.

Definition 6. Let (X, w) be a modular metric space. Let C be
a nonempty subset of X,. A mapping T : C — C is said to
be w-nonexpansive if

w (T(x),T(y) <@ (xy)

For such mapping we will denote by Fix (T) the set of its fixed
points; that is, Fix (T) = {x € C;T(x) = x}.

for any x,y € C. (20)

In [1, 2] the author defined Lipschitzian mappings in
modular metric spaces and proved some fixed point theo-
rems. Our definition is more general. Indeed, in the case of
modular function spaces, it is proved in [10] that

W (T (), T(y)) (%),

if and only if d,(T(x), T(y)) < d,(x,y), for any x,y € C.
Next we give an example, which first appeared in [10], of a
mapping which is w-nonexpansive in our sense but fails to be
nonexpansive with respect to d,,.

for any A > 0 (21)

Example 7. Let X = (0,00). Define the Musielak-Orlicz
function modular on the space of all Lebesgue measurable
functions by

p(f)= e% J:o | f(x)|x+1dm (x). (22)

Let B be the set of all measurable functions f : (0,c0) — R
such that 0 < f(x) < 1/2. Consider the map

fx-1), for x>1

0, for x € [0,1]. 23)

T(f) (%) = {

Clearly, T(B) ¢ B. In [10], it was proved that, for every A < 1
and for all f, g € B, we have

p(A(T(f)-T(9)<rp(A(f-9)). (24)

This inequality clearly implies that T' is w-nonexpansive. On
the other hand, if we take f = 1}y, then

ITHI, > e= (111, (25)
which clearly implies that T is not d ,-nonexpansive.

Next we present the analog of KirK’s fixed point theorem
[24] in modular metric spaces.

Theorem 8 (see [30]). Let (X, w) be a modular metric space
and C be a nonempty w-closed w-bounded subset of X,,.
Assume that the family o (C) is normal and compact. Let
T :C — C be w-nonexpansive. Then T has a fixed point.



3. One-Local Retract Subsets in
Modular Metric Spaces

Let C be a nonempty subset of X . A nonempty subset D
of C is said to be a one-local retract of C if, for every family
{B;;i € I} of w-balls centered in D such that C N (N;¢;B;) # 0,
it is the case that D N (N;¢;B;) # 0. It is immediate that each
w-nonexpansive retract of X, is a one-local retract (but not
conversely). Recall that D ¢ C is a w-nonexpansive retract of
C if there exists a w-nonexpansive map R : C — D such that
R(x) = x, for every x € D.

The result in [26] may be stated in modular metric spaces
as follows.

Theorem 9. Let (X, w) be a modular metric space and C be
a nonempty w-closed w-bounded subset of X,. Assume that
A ,(C) is normal and compact. Then, for any w-nonexpansive
mapping T : C — C, the fixed point set Fix (T') is nonempty
one-local retract of C.

Proof. Theorem 8 shows that Fix (T') is nonempty. Let us
complete the proof by showing that it is a one-local retract
of C. Let {B,(x;,7;)};c; be any family of w-closed balls such
that x; € Fix (T), for anyi € I, and

C,=Cn (ﬂBw (xi,ri)> #0. (26)
i€l

Let us prove that Fix (T) N (N;¢;B,,(x;,7;)) # 0. Since {x;},¢; C

Fix (T) and T is w-nonexpansive, then T(C,) < C,.

Clearly, C, ¢ ,(C) and is nonempty. Then we have

o ,(Cy) c ,(C). Therefore, o/, (C,) is compact and normal.

Theorem 8 will imply that T has a fixed point in C, which will

imply

Fix (T) N <ﬂBw (x,.,r,.)) #0. (27)

iel 0

Now, we discuss some properties of one-local retract
subsets.

Theorem 10. Let (X,w) be a modular metric space. Let C
be a nonempty w-closed w-bounded subset of X,,. Let D be a
nonempty subset of C. The following are equivalent.

(i) D is a one-local retract of C.

(ii) D is a w-nonexpansive retract of D U {x} — D, for
every x € C.

Proof. Let us prove (i) = (ii). Let x € C. We may assume
that x does not belong to D. In order to construct a w-
nonexpansive retract R : DU {x} — D, we only need to
find R(x) € D such that

w (R(x),y) <@ (xy),
Since x € NyepB, (¥, w(x, y)) and x € C, then

for every y € D. (28)

Cn(ﬂBw(y,wl (x,y))> #0. (29)

yeD
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Since D is one-local retract of C, we get

Do:Dﬂ<mb(;V’w1 (x,y))> #0. (30)

yeD
Any point in D, will work as R(x). O

Next, we prove that (ii) = (i). In order to prove that D
is a one-local retract of C, let {B,,(x;, 1;)};c; be any family of
w-closed balls such that x; € D, for anyi € I, and

C,=Cn (ﬂBw (x,.,r,.)> #0. (31)

i€l

Let us prove that D N (M;¢;B,,(x;,7;)) #0. Let x € Cy. If x €
D, we have nothing to prove. Assume otherwise that x does
not belong to D. Property (ii) implies the existence of a w-
nonexpansive retract R : DU {x} — C. It is easy to check
that R(x) € D N (N;;B,(x;,1;)) = 0, which completes the
proof of our theorem.

For the rest of this work, we will need the following
technical result.

Lemma 11. Let (X, w) be a modular metric space and C be
a nonempty w-closed w-bounded subset of X,. Let D be a
nonempty one-local retract of C. Set coo(D) = CN (N{A; A €
A ,(C) and D c A}). Then
(i) r,(D) = r, (coc(D)), for any x € C;

(ii) R,(coc(D)) = R, (D);

(iil) 8,,(coc(D)) = 6,(D).
Proof. Let us first prove (i). Fix x € C. Since D ¢ coq(D),
we get (D) < r.(coc(D)). On the other hand we have
D c B,(x,r,(D)) € o ,(C). The definition of co-(D) implies

coc(D) ¢ B,(x,r.(D)). Hence r (con(D)) < r.(D), which
implies

r. (coc (D)) = r, (D). (32)

Next, we prove (ii). Let x € D. We have x € co(D). Using
(i), we get

r, (coc (D)) =r, (D) = R, (coc (D)). (33)
Hence, R, (D) > R,(co(D)). Next, let x € co-(D). We

have D ¢ cog(D) < B,(x,r.(coc(D))). Hence, x €
Nye pBo (¥, 1 (cos(D))). Hence

cn < ﬂBw (y, 7y (coc (D)))) =0. (34)
yeD
Since D is a one-local retract of C, we get

D,=Dn ( (B, (37, (coc (D)))> =0. (35

yeD



Abstract and Applied Analysis

Let y € D,. Then it is easy to see that ry(D) < r(coc(D)).
Hence R, (D) < r,(coc(D)). Since x was arbitrary taken in
coc(D), we get

R, (D) <R, (coc (D)), (36)
which implies

R, (D) =R, (coc (D). (37)
Finally, let us prove (iii). Since D C cos(D), we get

8, (D) <8, (coc (D). (38)

Now, for any x € D, we have

D c B, (x,6,(D)). (39)
Hence
coc (D) ¢ B, (x,8,,(D)). (40)
This implies
xe [ By(30,(D). (41)
yecoc(D)

Since x was taken arbitrary in D, we get

yecoa(D)

The definition of co(D) implies

coc (D) € ﬂ B, (.6, (D)). (43)

y&coc(D)

So for any x, y € co(D), we have

w, (x,y) <6, (D). (44)
Hence
8, (coc (D)) <8, (D), (45)
which implies
8, (coc (D)) =8, (D). (46[)]

As an application of this lemma we have the following
result.

Theorem 12. Let (X, w) be a modular metric space and C be
a nonempty w-closed w-bounded subset of X,. Assume that
d ,(C) is normal and compact. If D is a nonempty one-local
retract of C, then o (D) is compact and normal.

Proof. Using the definition of one-local retract, it is easy to see
that &/ , (D) is compact. Let us show that &/ , (D) is normal. Let
A, € d (D) be nonempty and reduced to one point. Set

coc(Ag) =Cn(n{A;A e d,(C) and Ay C A}). (47)

Then from Lemma 11, we get
R, (coc (Ag)) = R, (Ay),
8, (coc (Ag)) =8, (Ay)-
Since coc(4,) € ,(C), then we must have

R, (coc (4)) <8, (coc (Ao)) (49)

because & ,(C) is normal. Therefore, we have

(48)

Rw (AO) < 6w (AO) > (50)
which completes the proof of our claim. O

The following result has found many application in metric
spaces. Most of the ideas in its proof go back to Baillon’s work
[31].

Theorem 13. Let (X, w) be a modular metric space and C be
a nonempty w-closed w-bounded subset of X,,. Assume that
A ,(C) is normal and compact. Let (Cg)ger be a decreasing
family of one-local retracts of C, where (I', <) is totally ordered.
Then NperCp is not empty and is one-local retract of C.

Proof. Consider the family

F = {HAﬁ tAged, (Cﬁ), (Aﬁ) is decreasing } .

per
(51)

F is not empty since [J5;Cp € F. F will be ordered by
inclusion; that is, [ JgerAg € [IgerBp if and only if Ay € By
for any f € I. From Theorem 12, we know that &/, (Cg)
is compact, for every f € [I. Therefore, # satisfies the
hypothesis of Zorn’s Lemma. Hence for every D € &, there
exists a minimal element A € F such that A ¢ D. We claim
that if A = [] perAp is minimal, then there exists 3, € T
such that §,(Ag) = 0, for every B > f3,. Assume not, that
is, 8,(Ap) > 0, for every B € I. Fix B € I. For every K ¢ C,
set

CO/; (K) = ﬂ Bw (x’ Ty (K)) : (52)

xeCg
Consider, A" = [ r A where
Al = .
o= col;(Al;)nA“ if x<p,
(53)

A=A, if axp.

The family (A;zﬁ) is decreasing since A € F. Leta <y < f3.
Then A'y C A:v since A, C A, and Ag = coﬁ(Aﬁ) nAg.
Hence the family (A')) is decreasing. On the other hand if & <
B, then cog(Ag) N A, € ,(C,) since Cg € C,,. Hence Al e

,,(C,). Therefore, we have A’ € F. Since A is minimal, then
A= A" Hence

A, =cog (A/;) NA, forevery a<p. (54)



Letx € Cgand o < 8. Since Ag C A, then

Ty (Aﬁ) <. (A,). (55)

Because co/;(Al;) = Nyec, w(y,r (Aﬁ)) then we have

cog (Ap) < By (1.7, (45)) (56)
which implies
r (Aﬁ) <1, (Ay). (57)
Since A, C coﬁ(A/;), then
T (Aﬁ) <r,(Ag) <1, (coﬁ (Aﬁ)) <r, (Aﬁ). (58)

Therefore, we have

r,(Ag) <7, (4Ap),

Using the definition of Chebyshev radius R ,, we get

for every y € Cp. (59)

R,(A,) <R, (Ap). (60)

Let x € A, and sets = r.(A,). Then x € cog(Ap) since
A, C coﬁ(Aﬁ). Hence,

ﬂB (,9) ﬂcoﬁ( ) (61)
yeAp
Since C s is one-local retract of C, then
Sﬁ:Cﬁn< QBw(y,s)>ﬂcoﬁ(Aﬁ)#0. (62)
YEAR

Since Ay =CgnN coﬁ(Aﬁ), then we have

yeAp

Leth € Sg,thenh € N
implies

R, (Aﬁ) <s=r.(A,),

Hence, R (A ﬁ) < R,(A,). Therefore, we have

yeAg B, (y»s). Hence, 1;,(Ag) < s, which

for every x € A,. (64)

R,(Ag) =R, (A,),

Since §,,(Apg) > 0, for every B € T, set A'l; to the Chebyshev
center of Ay, that is, A'é = C,(Ap), for every 8 € T. Since
R,(Ap) = R,(A,), for every a, B € T, then the family (A'é)
is decreasing. Indeed, let « < S and x € A'[';. Then we have
r«(Ag) = R, (Ap). Since we proved that

Ty (Aﬁ) =1, (Aq),

for every o, f €. (65)

for every a € Cp (66)
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then

re(Ay) =1 (Ag) =R, (Ag) =R, (4,),  (67)
which implies that x € A”. Therefore, we have A" =
H/SerA% e &. Since A" ¢ A and A is minimal, we get
A = A" Therefore, we have C,(Ap) = Apforevery B € T.
This contradicts the fact that o/,(Cp) is normal for every
B € I. Hence there exists 3, € T such that

8, (Aﬁ) =0, for every 3> f3,. (68)

The proof of our claim is therefore complete. Then we have
= {x}, for every > f3,. This clearly implies that x €
NgerCp # 0. In order to complete the proof, we need to show
that S = NgCp is one-local retract of C. Let (B));¢; be a
family of w-balls centered in S such that N;;(B;) # 0. Set

Dg = <ﬂBi> NCgp, forany fel. (69)
i€l

Since Cp is a one-local retract of C and the family (B)) is
centered in Cg, then Dpg is not empty and Dy € &/, (Cp).
Therefore,

D= HD,3 cF. (70)

Let A = [[gerApg € D be a minimal element of . The above
proof shows that

per per
The proof of our theorem is complete. O

The next theorem will be useful to prove the main result
of the next section.

Theorem 14. Let (X, w) be a modular metric space and C be
a nonempty w-closed w-bounded subset of X,. Assume that
A ,(C) is normal and compact. Let (Cg) ger be a family of one-
local retracts of C such that for any mte subset I of T. Then
NperCp is not empty and is one-local retract of C.

Proof. Consider the family & of subsets I ¢ I such that, for
any finite subset J C I' (empty or not), we have N,y ;C, that
is nonempty one-local retract of C. Note that & is not empty
since any finite subset of ' is in &. Using Theorem 13, we can
show that & satisfies the hypothesis of Zorn’s lemma. Hence
% has a maximal element I c T'. Assume I # . Letx € T'\ I.
Obviously we have I U {«} € &. This is a clear contradiction
with the maximality of I. Therefore we have I = I' € &; that
is, NgerCp is not empty and is a one-local retract of C. O

4. Common Fixed Point Result

In this section we discuss the existence of a common fixed
point of a family of commutative w-nonexpansive mappings
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in modular metric space which either generalize or improve
the corresponding recent common fixed point results of [26,
27].

First, we will need to discuss the case of finite families.

Theorem 15. Let (X, w) be a modular metric space and C be
a nonempty w-closed w-bounded subset of X,. Assume that
A ,(C) is normal and compact. Let F = {T\,T,,...,T,} be
a family of commutative w-nonexpansive mappings defined on
C. Then the family F has a common fixed point. Moreover, the
common fixed point set Fix () is a one-local retract of C.

Proof. First, let us prove that Fix (%) is not empty. Using
Theorem 9, Fix (T) is nonempty one-local retract of C, and
then Theorem 12 implies that o/ ,( Fix (T})) is compact and
normal. On the other hand since T} and T, are commutative,
we have

T, ( Fix (T})) ¢ Fix (T}). (72)

Hence T, has a fixed point in Fix (T}). If we restrict ourselves
to Fix (T}, T,), the common fixed point set of T} and T),,
then one can prove in an identical argument that 75 has a
fixed point in Fix (T}, T),). Step by step, we can prove that
the common fixed point set Fix (%) of T}, T,,..., T, is not
empty. The same argument used to prove that the fixed point
set of w-nonexpansive map is a one-local retract can be
reduced here to prove that Fix (%) is one-local retract. [J

The following result extends [26, Theorem 8] to the setting
of modular metric space.

Theorem 16. Let (X, w) be a modular metric space and let C
be a nonempty w-closed w-bounded subset of X,. Assume that
d ,(C) is normal and compact. Let F = (T});c; be a family
of commutative w-nonexpansive mappings defined on C. Then
the family & has a common fixed point. Moreover, the common
fixed point set Fix (¥) is a one-local retract of C.

Proof. Let T = {B : 8 be a nonempty finite subset of I}.
Theorem 15 implies that, for every f € T, the set Fy =
Nieg Fix (T;) of common fixed point set of the mappings
T;, i € f, is nonempty one-local retract of C. Clearly the
family (Fg)ger is decreasing and satisfies the assumptions of
Theorem 14. Therefore, we deduced that Mg Fy is nonempty

O

and is a one-local retract of C.
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