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Medical imaging applies different techniques to acquire
human images for clinical purposes, including diagnosis,
monitoring, and treatment guidance. As a typical multidisciplinary field, medical imaging requires the improvements
in both science and engineering to implement and maintain
its noninvasive feature. Computational and mathematical
methods are involved with imaging theories, models, reconstruction algorithms, image processing, quantitative imaging techniques, acceleration techniques, and multimodal
imaging techniques. The main purpose of this issue is to
bridge the gap between mathematical methods and their
applications in medical imaging. This special issue covers
most of the common medical imaging modalities, such
as CT, PET, SPECT, MRI, ultrasound, phase contrast, and
various image processing methods, such as segmentation,
registration, fusion, identification, and denoising.
This special issue has 21 papers which were reviewed by at
least two reviewers. Seven papers are involved with medical
image reconstruction. Few-view CT scanning is a promising
low-dose CT imaging mode in applications. B. Yan et al. propose an iterative few-view CT image reconstruction based on
nonuniform fast Fourier transform and alternating direction
total variation minimization. Different from Yan’s algorithm,
H. Qi et al. propose an adaptive TpV regularization algorithm
which uses variable 𝑝 value instead of the traditional constant
p-norm of the image gradient magnitude. M. Brambilla et al.

assess the robustness and reliability of an adaptive thresholding algorithm for the Biological Target Volume estimation
incorporating PET reconstruction parameters. M. Chang
et al. study the automatic exposure control strategies and
propose a few-view prereconstruction guided tube current
modulation method by keeping the SNR of the sinogram
proximately invariable. J. Jang et al. propose a reconstruction
method to quantify the distribution of blood flow velocity
fields, a potentially useful index of cardiac dysfunction, inside
the left ventricle from color flow ultrasound images. X-ray
grating interferometry offers more information compared
with traditional X-ray attenuation imaging especially for the
study of weakly absorbing samples. X. Jiang et al. propose a
low-dose differential phase reconstruction algorithm which
adopts a differential algebraic reconstruction technique with
the explicit filtering based sparse regularization rather than
the common total variation. B. Wang and L. Li write a review
paper on recent developments of dual-dictionary learning
method in medical image analysis and reconstruction, which
also discusses its role in the future studies and potential
applications in medical imaging.
As a typical and important application, there are 13 papers
involved with various medical image processing methods
including segmentation, registration, fusion, denoising, and
detection. F. Akram et al. present a region based image
segmentation algorithm using active contours with signed
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pressure force function. It has the potential to contemporaneously trace high intensity or dense regions in an image
by evolving the contour inwards. Local feature calculation
is important for delineation of hippocampus, a well-known
biomarker for Alzheimer disease and other neurological
and psychiatric diseases. S. Tangaro et al. compare four
different techniques for feature selection from a set of
315 features extracted for each voxel. The authors obtain
comparable state-of-the-art performances by using only 23
features for each voxel. M. Vlachos and E. Dermatas present
a finger vein segmentation method from infrared images
based on a modified separable Mumford-Shah model and
local entropy thresholding method. In order to improve
the performance of the registration in presence of tumor
shrinkage between planning CT images and posttreatment
CT images, J. Wang et al. propose a registration method
by combining an image modification procedure and a fast
symmetric Demons algorithm. L. Zhao and K. Jia propose
a diffeomorphic image registration algorithm for capturing
large and complex deformation by using a two-layer deep
adaptive registration framework. S. Mazaheri et al. present
an ultrasound image fusion method which weights the
image information within the overlapping regions by using
a combination of principal component analysis and discrete
wavelet transform. It is expected to increase the segmentability of echocardiography features and decrease impact of
noise and artifacts. For the purpose of quantitative analysis
of the dynamic behavior about membrane-bound secretory
vesicles, J. Wu et al. present a method to automatically
identify the fusion events between VAMP2-pHluorin labeled
GLUT4 storage vesicles and the plasma membrane in TIRF
microscopy image sequences. J. Zhang et al. present a method
automatically detecting the hinge point of mitral annulus in
echocardiography by combining local context feature with
additive support vector machines classifier. R. Xiao et al.
present a seed point detection method by using adaptive ridge
point extraction for coronary artery segmentation in X-ray
angiogram image. L. Liu et al. present an adhesion pulmonary
nodule detection method for 2D lung CT images based on
the dot-filter and centerline extracting algorithm. R. Takalo
et al. present an improved autoregressive model to reduce
noise in SPECT images. This AR filter may be applied in both
projection image and SPECT reconstruction image filtration.
Nonlocal means filtering is an effective algorithm to remove
the mottled noise by using large-scale similarity information
in low-dose CT. However, it is very time-consuming. L. Zhang
et al. present an optimized parallelization method for NLM
filtering by avoiding the repeated computation with row-wise
intensity calculation and the symmetry weight calculation.
M. Martin-Fernandez and S. Villullas propose a MRI image
denoising method by performing a shrinkage of wavelet
coefficients based on the conditioned probability of noise.
Instead of using an estimator of noise variance, its parameters
are calculated by means of the Expectation Maximization
method. B. Yu et al. present a method on estimating the
binomial proportions of sensitive or stigmatizing attributes
in the population of interest in successive sampling on two
occasions.
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We hope that this special issue may represent the state of
the art and would attract wide attention of the researchers in
medical imaging field.
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A suspected pulmonary nodule detection method was proposed based on dot-filter and extracting centerline algorithm. In this
paper, we focus on the distinguishing adhesion pulmonary nodules attached to vessels in two-dimensional (2D) lung computed
tomography (CT) images. Firstly, the dot-filter based on Hessian matrix was constructed to enhance the circular area of the
pulmonary CT images, which enhanced the circular suspected pulmonary nodule and suppresses the line-like areas. Secondly,
to detect the nondistinguishable attached pulmonary nodules by the dot-filter, an algorithm based on extracting centerline was
developed to enhance the circle area formed by the end or head of the vessels including the intersection of the lines. 20 sets of
CT images were used in the experiments. In addition, 20 true/false nodules extracted were used to test the function of classifier.
The experimental results show that the method based on dot-filter and extracting centerline algorithm can detect the attached
pulmonary nodules accurately, which is a basis for further studies on the pulmonary nodule detection and diagnose.

1. Introduction
Pulmonary nodules are small masses of tissue in the lung,
are prevalent findings on chest and abdominal CT scans,
and can be cancerous, though most of them are benign [1].
Lung cancer is one of the biggest malignancy cancers among
all kinds of cancers in our healthy life [2, 3] and is also
the most common histological type in Aden carcinoma [4].
In recent years, the number of people suffering from lung
cancer increases more and more rapidly. The early stage lung
cancer is shown as lung nodules, which can be discovered
and treated with the assistance of computer-aided diagnostic
technique in time, which will prolong the life of lung cancer
patients [5, 6]. The computer-aided diagnostic scheme can
detect the nodules automatically in the pulmonary CT images
and decrease the miss rate [5, 7], especially with the low-dose
CT (LDCT) scanning [8].
To date, many researchers all over the world are devoted
to the study of the detection of attached pulmonary nodules,

for example, nodule attached to vessels and the pulmonary
wall. However, limitations occur in lung cancer imaging of
distinguishing nodules attached to vessels from the normal
blood vessels, which infiltrate the vessels surreptitiously.
Using the corrosion morphology and expansion to segment
the pulmonary nodules from the vessels resulted in the
corrosion of the nodule thorn, which is another important
index for malignant nodule valuation [9]. A weighted fuzzy
C-means clustering was developed for remotely sensed image
classification but requires a given number of clustering and is
easy to fall into local minimum rather than the global optimal
solution [10]. A method based on EM and Mean-shift or one
of the two means was proposed to detect attached nodules,
but there are many conditions need to be considered, and not
entirely consistent with the actual situation [11, 12]. Algorithm
Based on Fuzzy Integrated Active Contour Model and Hybrid
Parametric Mixture Model to detect pulmonary nodules just
extracts the adhesion nodules, but it did not exclude the false
positives such as ends of the vessels. For the value of the pixel
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on the nodule which is close to that of pixel on the vessel,
the gray threshold cannot work well and morphological
operations cannot identify the adhesion nodules effectively
[13–15]. Guo et al. developed a pulmonary nodule detection
algorithm based on multiscale enhancement filtering of
Hessian matrix and selecting of grads entropy, where Hessian
matrix is relative to the gray scale of the pixel in the CT
image, and grads entropy is also relative to gray scale of the
pixel [16]. It worked well in the solitary pulmonary nodules
detection, but it can only detect most suspect nodules and
cannot exclude the false positives, especially the ends and the
cross sections of the vessels or tracheas. Template matching
method can be used to extract suspected nodules, but this
will need more human intervention and prior information
[17]. For solitary pulmonary nodules, regional growth can
obtain good segmentation results [3]; for region growing
segmentation results are part of vessel without separation and
nodule. The method based on SVMS to detect the nodules,
worked well, but it required a long processing time and lots
of work [18–20].
Pulmonary nodules are similar to spherical objects, and
the lung CT images are 2D. In order to enhance the dotlike regions and depress the line-like regions quickly and
effectively, an algorithm named dot-filter was proposed by Li
et al. [21]. However, when it was applied to detect pulmonary
nodules, many false positives appeared, such as the ends and
cross sections of the vessels and tracheas [16]. We found
that the distances from the adhesion nodules center or false
positives to the centerline of the vessel or tracheas were
different. In this paper, starting from the relationship of their
position, we combine dot-Filter and algorithm of extracting
centerline, using which to identify which is the end or head of
the vessel and which the circle formed by the intersection of
the lines. In this way, we can separate the nodules from vessels
and tracheas effectively with fewer steps.

2. Materials and Methods
2.1. Algorithms of Adhesion Pulmonary Nodules Detection.
The process of the algorithms used in this paper was shown
in Figure 1. Firstly we removed the background noise from
the initial CT images and then extract the lung parenchyma.
Secondly we used the Gauss function to convolute the image
and a smooth image can be obtained. After that we can use
dot-filter to enhance the dot-like regions to obtain suspect
nodules. At last, we used the extracting centerline algorithm
to analyse the relationship of the position of the suspect
nodules between the vessels and tracheas, which was used to
recognize the adhesion pulmonary nodules.

2.2. Enhancement of Nodules by Dot-Filter
2.2.1. Dot-Filter Constructed by Hessian Matrix. To a medical
CT image, the enhancement filter of local structure was used
extensively which is based on the shape of organization. On
a 2D image, we used the dot model conforming to Gauss
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Ct images

Extraction of pulmonary parenchyma

Suspected pulmonary nodules
enhancement by dot-filter

Extracting mean line of vessels and
tracheas connected with suspected
pulmonary nodule

Recognizing adhesion pulmonary nodules
by judging the relationship between the
suspected nodules and mean line above

Figure 1: The process of the algorithms used to recognize adhesion
pulmonary nodules.

distribution to represent a nodule [21, 22] as well as line
model; the equation is expressed as
𝑑 (𝑥, 𝑦) = exp {−

𝑥 2 + 𝑦2
},
2𝜎2

𝑥2
𝑙 (𝑥, 𝑦) = exp {− 2 } .
2𝜎

(1)

Here, 𝑑(𝑥, 𝑦) denotes a dot expression expressed by a 2D
Gaussian function; 𝜎 represents the dimension of the dot and
the line. Because of the variety values of 𝜎, we simulate the
image of dots and lines shown in Figure 2(a).
Li et al. [21] proposed that dot-filter can be constructed
by using Hessian matrix to effectively extract dot-like objects.
For an original 2D image, we assume it has four second
derivatives 𝑓𝑥𝑥 , 𝑓𝑥𝑦 , 𝑓𝑦𝑥 , and 𝑓𝑦𝑦 , where 𝑓𝑥𝑦 = 𝑓𝑦𝑥 and its
2D Hessian matrix is
𝐻=[

𝑓𝑥𝑥 𝑓𝑥𝑦
].
𝑓𝑦𝑥 𝑓𝑦𝑦

(2)

𝑓(𝑥, 𝑦) is the value of one of the pixels in the image.
Suppose the Eigenvalues of 𝐻 are 𝜆 1 and 𝜆 2 and satisfied that
abs |𝜆 1 | is bigger than |𝜆 2 |. If |𝜆 1 | < |𝜆 2 |, exchange them.
The |𝜆 1 | and |𝜆 2 | of the dot and line in the image satisfy the
following expressions:
dot: 𝜆 1 = 𝜆 2 = −
1
line: 𝜆 1 = − 2 <0,
𝜎

1
< 0,
𝜎2
𝜆 2 = 0.

(3)
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(a)

(b)

(c)

Figure 2: (a) simulate the model of Gaussian dot; (b) enhanced with one scale; (c) enhanced with multitude scales.

The enhanced dot-filter is expressed by the following
expression [21]:
 2
𝜆 
𝑤𝑑 =  2 
𝜆1

if 𝜆 1 < 0, 𝜆 2 < 0,

(4)

𝑤𝑑 = 0 others;

𝑟0
,
3

𝜎1 = 𝑟𝜎0 ,
𝜎2 = 𝑟2 𝜎0 ,

(5)

..
.
𝜎𝑁 = 𝑟𝑁𝜎0 =

(1) According to the range of scale of the nodules we
compute the value of 𝜎.
(2) For every 𝜎, repeat (3)–(8).

In CT images, if the semidiameter of one pulmonary
nodule is 𝜎0 , the nodule will account for 49.9% of the area
of the Gauss function. If it is 2𝜎0 , it will account for 72.0%
of the area of the Gauss function. And if 3𝜎0 , it accounts for
99.0% of the area of the Gauss function. Then, to a nodule of
which the semidiameter is 𝑟, we use one Gauss function with
𝜎0 that equals 𝑟/3 to express it better [16]. For the position
of the pulmonary nodules in CT images is different, the scale
of the nodules is different between them. If the range of the
scale of the nodules is [𝑟0 , 𝑟1 ], the 𝜎 in Gaussian function is in
[𝑟0 /3, 𝑟1 /3]. In order to enhance all the goals in the range, we
use different value of 𝜎 in Gaussian function to smooth a 2D
CT image firstly; then we use the dot-filter constructed with
Hessian matrix to enhance the goal area. The two steps above
should be repeated 𝑁 times with increasing scale of 𝜎 from 𝜎0
to 𝜎1 to obtain 𝑁 enhanced CT images. If the range becomes
bigger, 𝑁 will become bigger [16, 21]. In lung CT images, we
find that the value of 𝑁 which equals 5 is better. In the range
of [𝑟0 /3, 𝑟1 /3], the algorithm to obtain the 𝜎 can be shown as
follows:
𝜎0 =

among which the 𝑟 equals (𝑟1 /𝑟0 )1/(𝑁−1) . In each 𝑁 scale, we
can obtain one most effective enhancement to the appointed
nodule.
The steps of extracting dot with numbers of scales of dotfilter are as follows:

𝑟1
;
3

(3) Using Gaussian function convolve with 2D 𝑓(𝑥, 𝑦).
(4) For every pixel, repeat (5)–(7).
(5) Compute 𝐻 and |𝜆 1 |, |𝜆 2 |.
(6) Compute 𝑤𝑑 .
(7) Stop computing.
(8) Select the maximum of 𝑤𝑑 .
In order to prove better the effect of using dot-filter with
variety value of 𝜎 to identify the dot-like shapes, we use
Figure 2(a) as input, and the output is shown as Figures 2(b)
and 2(c).
Figure 2(a) is an image constructed by the expression (1)
with variety scale of 𝜎, and there are five dots and three lines.
The scales of the 𝜎 among the dots are 2, 4, 6, 8, and 10 pixels.
Figure 2(b) is the image, in which the better identified dot is
enhanced by one dot-filter with the scale of 10 pixels. We also
found that the lines is not identified and the dots smaller than
10 pixels do not have large output. Figure 2(c) is the image
enhanced by four dot-filters, of which the dots equal to the
scale of 2, 4, 6, 8, and 10 pixels all have large output, and the
lines are depressed. According to Figure 2, we can prove that
dot-filter can depress the line-like shapes and with variety
value of 𝜎 it can extract all the goal areas better.
2.2.2. Application of Dot-Filter Constructed. As depicted
above, we know that dot-filter can enhance the dot-like areas
effectively. However, in the lung CT images, the ends and
cross sections of vessels are also of dot-like shapes, which will
be enhanced by using dot-filter, leading to many more false
positives appearance. In order to prove that, we construct
three types’ vessel models, such as single line model, Y type
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(a)

(d)

(b)

(e)

(g)

(h)

(c)

(f)

(i)

Figure 3: Models of vessels constructed. The regions marked by red in (a), (d), and (g) are dot-like regions, which will be enhanced by dotfilter. (a) the vessel of single line type; (b) smoothed by Gauss function; (c) enhanced by dot-filter; (d) the vessel of Y type; (e) smoothed by
Gauss function; (f) enhanced by dot-filter; (g) the vessel of X type; (h) smoothed by Gauss function; (i) enhanced by dot-filter.

model, and X type model shown in Figures 3(a), 3(d), and
3(g). The regions marked by red in the images are dot-like
regions, which will be enhanced by dot-filter. Figures 3(b),
3(e), and 3(h) were smoothed by Gauss function. Figures 3(c),
3(f), and 3(i) were the images enhanced by dot-filter. The
enhanced areas that we marked in Figures 3(a), 3(d), and 3(g)

are also called suspect nodules. Due to many suspect nodules
that appeared after the enhanced process by dot-filter we need
to eliminate these false positives which may lead to much
more computation works.
Now we will use the Dot-Filter constructed above based
on Hessian matrix to lung CT images, and the result is shown
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(b)

(d)

(g)

(c)

(e)

(h)

(f)

(i)

Figure 4: Detection of the solitary nodules in a 2D CT image enhanced by dot-Filter. (a) original lung image; (b) lung segment extraction;
(c) the right lung segment; (d) lung CT image smoothed by Gauss function; (e) detection of the solitary nodules; (f) lung CT image without
nodules; (g) pulmonary segment extracted; (h) smoothed by Gauss function; (i) enhanced by dot-filter.

in Figure 4. Lung CT images are given by one big hospital for
lung nodules detection based on dot-Filter and the algorithm
of extracting centerline.
Figure 4(a) is an original pulmonary CT image.
Figure 4(b) is the pulmonary segment extracted through

segmentation of digital image. Figure 4(c) is the right
pulmonary segment. In the image the blue arrow denotes
a nodule identified by the doctor. From the image we can
find that there are many dot-like areas such as solitary
areas and dot-like areas attached to the vessels, which we
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Figure 5: (a) The arrangement of the neighborhood pixels used in the thinning algorithm; (b) the explanation of expression (6) in conditions
(a) and (b). At this time 𝑁(𝑝1 ) = 4 and 𝑇(𝑝1 ) = 3.

take as false positives. Figure 4(d) is smoothed by Gauss
function. It is not ideal to enhance the region of interest
(ROI) instantly because there is much noise in the image, so
we had better firstly use Gauss function to convolute with
it. Figure 4(e) is the enhancement of the solitary nodules
and other dot-like area by using dot-filter. In this image
we cannot identify which is real nodule without any other
assistance or algorithm, because dot-filter just enhances the
dot-like areas. To effectively distinguish whether the dot-like
areas are nodules or just the part of the vessels we will have to
use the algorithm of centerline extracted. Figure 4(f) is a lung
CT image without nodules and Figure 4(g) is pulmonary
segment extracted; Figures 4(h) and 4(i) are the image
smoothed by Gauss function and enhanced by dot-filter,
respectively. According to Figures 4(e) and 4(i), we obtain
that dot-filter can enhance the dot-like areas effectively but
leads to many false positives appearing.
2.3. Algorithm of Extracting Centerline. There are many
algorithms used to extract the central line [23–28], such as
margin of linear least square fitting legitimate, symmetric
moment fitting center method, and block cancroids least
squares fitting. Compared with the algorithms used in this
paper, they are not stable and accurate enough and have high
computational complexity. As Figure 4(e) shows, dot-filter
can enhance the dot-like area significantly with more false
positive increased. To overcome this shortcoming, we will
combine the algorithm of extracting centerline to reduce the
false positive.
2.3.1. Principle. Different from the traditional algorithms of
extracting central line, area skeleton can be defined by mean
axle transforming (MAT). Describe an area whose profile
is 𝑏 as follows: for every pixel 𝑝 in the 𝑅, we search the
nearest pixel in 𝑏. If 𝑝 is bigger than the nearest pixel, we
named 𝑝 centerline (skeleton) of 𝑅, which obeys the following
constraints: (1) cannot delete the endpoint; (2) cannot destroy
connectivity; and (3) cannot cause excessive corrosion of the
area.
We here give the mean of a refinement of two-value
algorithm region: we suppose the value of the pixel in the
region is 1, and the values of the pixels on the background
are 0. The value of the pixels in the edge of the region is 1
and at least there is one pixel of which the value is 0. As 8
neighborhoods shown in Figure 5(a), if it meets the following

conditions (a)–(d), then (step 1) we take 𝑝1 as the pixel that
will be removed as follows:
(a) 2 ≤ 𝑁 (𝑝1 ) ≤ 6,
(b) 𝑇 (𝑝1 ) = 1,
(c) 𝑝2 × 𝑝4 × 𝑝6 = 0,

(6)

(d) 𝑝4 × 𝑝6 × 𝑝8 = 0;
among which 𝑁(𝑝1 ) is the number of the nonzero adjacent
pixels of 𝑝1 ; in other words,
𝑁 (𝑝1 ) = 𝑝2 + 𝑝3 + ⋅ ⋅ ⋅ + 𝑝8 + 𝑝9 ;

(7)

among which 𝑝𝑖 is either 0 or 1, and 𝑇(𝑝1 ) is the frequency
conversion from 0 to 1 in 𝑝2 , 𝑝3 , . . . , 𝑝8 , 𝑝9 . For example, in
Figure 5(b), 𝑁(𝑝1 ) = 4 and 𝑇(𝑝1 ) = 3.
In Step 2, (a) and (b) remain unchanged, and (c) and (d)
become
(c ) 𝑝2 × 𝑝4 × 𝑝8 = 0,
(d ) 𝑝2 × 𝑝6 × 𝑝8 = 0.

(8)

We apply step 1 to every pixel in the edge of the two-value
region. If we violate (a) or (b), the value of the pixel we talk
about is unchanged. Otherwise, we take it as the pixel that will
be removed after we handle all the pixels of the edge. Then, we
use step 2 the same way as step 1 till there is no pixel needed
to be removed any more and stop the algorithm.
Take Figure 6(a), which is processed by the mean of a
refinement, for example, and the result is shown as Figures
6(b)∼6(e).
Figure 6(a) is an image of a human chromosome by
electron microscope magnified 30000 times and segmented
using digital image processing algorithm. Figure 6(b) is the
image after Gaussian smoothing. Figure 6(c) is the skeleton of
the chromosome. Figure 6(d) shows skeletons after applying
extinguishing the burr algorithm eight times. We found that
on the skeleton there is much burr but less than that in
Figure 6(c). Because this algorithm is related to the threshold
of the pixel, we should increase the threshold value in
the algorithm. Figure 6(e) presents seven more times for
extinguishing the burr by using the algorithm.
If a line is expressed by 𝛼𝑥 + 𝛽𝑦 + 𝛾 = 0, we will take
Δ(−𝛼/𝛽) and Δ(−𝛾/𝛽) as the deviation [29]. If they are all very
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(b)

(d)

(c)

(e)

Figure 6: (a) chromosome image after segment; (b) image after Gaussian-filter; (c) the skeleton; (d) eight times for extinguishing the burr of
the skeleton; (e) seven more times for extinguishing the burr.

small, we will think the algorithm works better. We use other
three algorithms for extracting center line to compare with
the one used in this paper; the result is shown as Table 1.
According to Table 1 we found the algorithm in this paper
can work effectively, though the symmetric moment fitting
center method consumes the least time, but its deviation was
the bigger. The algorithm used in this paper worked steadily
and time consuming is not much. Combining all the factors,
the algorithm used in this paper is better.

Figure 7(a). In Figure 7(c), the vessel is composed of
two vessels and they are crossed.

2.3.2. Application. In this paper, to accomplish the experiment combining dot-filter with the method proposed above
we use six steps shown as follows.

(2) As the value of vessels, tracheas, and nodules are
bigger than the value of lung parenchyma, in order to
decrease the computation, we extracted the soft tissue
of the lung based on gray threshold which we defined
as 130, which is obtained after many times of drawing
histogram, shown in Figures 7(d)∼7(f). For the low
contrast nodules, we did not consider them in this
paper. According to Figures 7(d)∼7(f), we found that
the soft tissue of the lung parenchyma was completely
extracted.

(1) We first selected three lung CT images after extracting
the lung segment in Figures 7(a)∼7(c); they were
nodules attached to vessels, single vessel, and crossing
vessel. There was one nodule attached to one end of
the vessel noted by the doctor in Figure 7(a), shown
as the arrow points to. In Figure 7(b), we can see that
there is one vessel apparently and one of its ends is
of dot-like shape, similar to the adhesion nodule in

(3) To the tissues extracted in step (2), firstly we should
extinguish the noise in the CT image. So we used
Gauss filter to accomplish it. Then, we used the
dot-filter constructed above to enhance the dot-like
regions, in other words, we enhance the suspected
nodules. The enhancement result was shown in Figures 7(g)∼7(i).
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Table 1: The difference between four algorithms for extracting
center line in deviation and time consuming.
Algorithm for center-line extracted Δ(−𝛼/𝛽)
Margin of linear least square fitting
0.142
legitimate
Symmetric moment fitting center
1.50
method
0.671
Block cancroids least squares fitting
0.157
Algorithm used in this paper

Δ(−𝛾/𝛽)

𝑡/s

45.437

0.042

550.832

0.031

332.117
23.858

0.033
0.059

Table 2: Databases of testing the method used in this paper.
Name

LIDC database

Supported by Jida
Hospital

Number of CT images
Pixel unit (volume)/mm3
Average number
Number of adhesion
nodules
Image size/pixels
Layer thickness

10
0.6 × 0.6 × 0.6
36

10
0.6 × 0.6 × 0.6
70

3

13

512 × 512
1 mm

512 × 512
1 mm

(4) We eliminated the tissues obtained in step (3) from
the images in step (2) and then obtained the skeleton
shown in Figures 7(j)∼7(l). We considered the tissues
obtained in step (3) as the false positives; we should
remove them and use the algorithm of extracting centerline to extract the skeletons. But for Figure 7(f), the
vessels became three parts, which was not beneficial
for us to use the algorithm of extract the center line,
so we firstly supplied the lack, making the vessels
become one connected vessel and then extracted the
skeleton.
(5) Firstly we worked out the center of every suspected
nodule (false positive) and then computed the value
of 𝑑1 , 𝑑2 . 𝑑1 denotes the perpendicular distance from
the center of mass of suspected nodules to the line
of the skeleton near the suspected nodule obtained in
step (4). 𝑑2 denotes the minimum distance from the
center of mass of suspected nodules to all pixels in the
skeleton obtained in step (4).
(6) The diameter of the nodules is 3 mm∼30 mm, so we
compared the diameter with 𝑑1 obtained in (5). If 𝑑1 is
smaller than 1.5 mm and 𝑑2 is smaller than 1.5 mm, the
suspected nodule is treated as the intersection of the
vessels or the end of the vessel. If 𝑑1 was smaller than
1.5 mm and 𝑑2 was bigger than 1.5 mm, the suspected
nodule was treated as one end of the vessel. If 𝑑1 was
bigger than 1.5 mm, the suspected nodule was treated
as the attached nodule shown in Figure 7(m).
Figures 7(p)∼7(r) is the three-dimension (3D) display
of the nodule, the solitary vessel, and the crossing vessel.
In Figure 7(p) the nodule with green edge is connected to
the vessel in the yellow circle. Figures 7(q) and 7(r) are two
kinds of different vessels in the green circle in order to be

Table 3: The method used in this paper compared with current two
methods.
Method
Literature [9]
Literature [12]
Method with only
dot-filter
Method with
dot-filter and
centerline extraction

Number of
false positives
per set

Missing
rate/(%)

Runtime/(min)

8.6
11.2

33.3
27.5

2.8
4.2

34.8

18.7

1.2

5.3

18.7

1.7

found easily. According to the three images we can easily find
that the suspect nodules appeared in the process; they are
actualized parts of vessels.

3. Results and Discussion
Table 2 depicts what are the attributes and where they come
from the CT images used in this paper. 20 sets of CT images
with less noise [25] were used in the experiments. They
originated from LIDC database and Jida Hospital and each
CT image has 512 × 512 pixels. Nodules in each CT image
have been noted by doctors. The 20 true nodules and 20 false
ones extracted were used to test the function of classifier.
All experiments in this paper were based on the computer
that consists of AMD CPU with a frequency of 2 GHz, 1.5 GB
of RAM, and Windows XP operating system. Algorithm
development code is developed on the platform of MATLAB.
For the CT images supported by the hospital it missed 3
adhesion nodules and missed none for the LIDC database.
Table 3 shows the missing rate and runtime of each set of CT
images. Literature [9] can better extract the solitary nodules
but lacks the high capacity of extracting the adhesion lung
nodules because it is based on the threshold value of the
pixel and it needs much justice. Literature [12] uses the
algorithm which has too much computation. If we use a
method with only dot-filter, there will be more false positives
appearance because dot-filter can enhance the ends and the
intersections of the vessels meanwhile. By using dot-filter
and the algorithm of extracting the center line, we have
lower missing rate and less runtime. This is because dotfilter constructed with Hessian matrix can extract the dot-like
region effectively and quickly. And after extracting the center
line of the vessels, we can achieve a better understanding of
the relationship between the nodules and vessels. According
to the relationship, it is beneficial for us to extract the nodules.
There are errors of this method because scale of some nodules
is very small or the value of the pixels in nodules is very small,
which can lead to the miss rate increases. The method in this
paper has some limitations; for example, it cannot adapt to
the lower contrast nodules and the nodules attached to the
lung wall. It is just applied to the nodules attached to vessels
and tracheas.
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Figure 7: Continued.

10

Computational and Mathematical Methods in Medicine

(m)

(n)

(o)

(p)

(q)

(r)

Figure 7: (a)∼(c) original image; (d)∼(f) soft tissue extraction of lung; (g)∼(i) images after dot-filter; (j)∼(l) images after seven times for
extracting the skeleton; (m)∼(o) attached nodule extraction; (p)∼(r) is the three-dimension display of the objects.

4. Conclusion
In this paper we first use 2D Hessian matrix to construct dotfilter constructed to extract dot-like region. In order to solve
the problem that the dot-filter cannot detect attached pulmonary nodules, an algorithm based on extracting centerline
was used. Results of experiment indicated that the method
is easy and effective while extracting attached pulmonary
nodules well. In the future, we will be devoted to extracting
the lung nodules contacting pulmonary wall and ground glass
opacity pulmonary nodules.
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Vortex flow imaging is a relatively new medical imaging method for the dynamic visualization of intracardiac blood flow, a
potentially useful index of cardiac dysfunction. A reconstruction method is proposed here to quantify the distribution of blood
flow velocity fields inside the left ventricle from color flow images compiled from ultrasound measurements. In this paper, a 2D
incompressible Navier-Stokes equation with a mass source term is proposed to utilize the measurable color flow ultrasound data
in a plane along with the moving boundary condition. The proposed model reflects out-of-plane blood flows on the imaging plane
through the mass source term. The boundary conditions to solve the system of equations are derived from the dimensions of
the ventricle extracted from 2D echocardiography data. The performance of the proposed method is evaluated numerically using
synthetic flow data acquired from simulating left ventricle flows. The numerical simulations show the feasibility and potential
usefulness of the proposed method of reconstructing the intracardiac flow fields. Of particular note is the finding that the mass
source term in the proposed model improves the reconstruction performance.

1. Introduction
Vortex flow imaging has recently attracted much attention
in the field of clinical cardiac assessment owing to reports
of its feasibility for analyzing intraventricular vortex flows
[1–3]. The vorticity of intraventricular blood flow describes
a rotational flow pattern that offers possible clinical indices
of cardiac functions such as sphericity, vortex depth, vortex
length, and vortex pulsation correlation.
There are several methods to compute and visualize the
velocity fields of blood flow inside the left ventricle (LV), with
echo particle image velocimetry (E-PIV) being representative
of the commonly used noninvasive methods [4]. It tracks
the speckle patterns of blood flow to estimate blood motion
within the imaging plane. Although it is generally unable to
measure out-of-plane particle motion from 2D echocardiography data (called B-mode images), a recent study extending
E-PIV to 3D volume data demonstrated the possibility of outof-plane assessment [5]. However, E-PIV is not completely

noninvasive because it requires the intravenous injection of
a contrast agent to obtain images suitable for the speckletracking algorithm.
To develop less invasive techniques, methods to reconstruct blood flows from color flow images (also called Cmode images, color Doppler images, color Doppler data,
or Doppler echocardiography) have been proposed. The
color flow images reflect the projected velocity components
in the direction of ultrasound beam propagation [6]. To
compute the flow velocity from color flow images, Garcia
et al. [7] assumed a 2D divergence-free condition on the
velocity fields; they decomposed each 2D velocity vector into
a radial component obtained from the color flow data and
an unknown angular component, which was computed using
their assumption of the 2D flow. Ohtsuki and Tanaka [8] also
assumed 2D flows and recovered the 2D velocity fields from
the color Doppler data using the concepts of stream function
and streamline in 2D fluid flow. However, the assumption of
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a 2D divergence-free condition is an oversimplification that
ignores out-of-plane flows.
Arigovindan et al. [9] proposed a velocity reconstruction
method using color Doppler data acquired from beams in two
different directions. To cope with the nonuniformly sampled
data of multiple imaging planes, they used 2D B-spline on
each of the velocity components to be estimated, and the
unknown coefficients of the 2D B-spline were calculated from
the measured color Doppler data using least squares. Similar
to the 2D reconstruction, Gomez et al. [10] recovered 3D
velocity fields from multiple registered color Doppler images
using 3D B-spline and least squares. The registration of
multiple imaging planes for the above two methods remains
very challenging in a practical environment.
Recently, a new imaging modality (Doppler vortography)
based on 2D color Doppler data was introduced by Mehregan
et al. [11], who assumed that a vortex flow pattern has
axisymmetric features in the neighborhood of its center.
Their method employs a simple kernel filter designed to
find the positions of axisymmetry in the 2D color Doppler
images. The vortex flow was recovered using a color Dopplervariable vorticity function that directly computes vorticities
from color Doppler values. However, the assumption of
axisymmetry does not reflect detailed flow patterns, and it
may lead to inaccurate vortex positions and vorticity values in
patients with severe dysfunction where axisymmetry cannot
be assumed at all.
In this paper, we propose a 2D Navier-Stokes model to
reconstruct intraventricular flows using color flow images
and LV boundaries extracted from echocardiography data.
Although the use of the full 2D Navier-Stokes equations
in this setting has already been proposed and evaluated
for 2D flow field regularization [12], the originality of this
work is the inclusion of a source-term to deal with the
out-of-plane flow component. The proposed model considers both in-plane and out-of-plane blood flows for an
imaging plane in apical long-axis three-chamber (A3CH)
view. Particular attention is given to the appearance and
disappearance of the out-of-plane components in the imaging
plane, which is modeled as a mass source term of a sourcesink distribution. Blood flows in the imaging domain are
reconstructed through solving a system of equations, which
include a 2D incompressible Navier-Stokes equation for the
mass source term and the color flow data measurement
equation describing the projected velocity component for the
color flow data. The boundary conditions required to solve
the system of equations are given by the LV borders extracted
from echocardiography data.
The performance of the proposed method is evaluated
numerically using synthetic flow data with LV motion. The
proposed method is shown to be feasible and potentially
valuable for reconstructing intracardiac flow fields.

2. Materials and Methods
Commonly used ultrasound systems can provide not only 2D
echo images but also color flow images, which represent the
scanline directional components of the velocity fields using
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Table 1: Comparison of 𝐿 2 -norm errors for the velocity fields
recovered from the synthetic and real data. The third and fourth
columns represent normalized 𝐿 2 -norm errors for pointwise and
global energy estimates of velocity. Here, ‖k‖2 = √𝑢2 + V2 , Δk =
krecon − kexact , and Δ𝑘/𝑘exact = |‖kexact ‖2 − ‖krecon ‖2 |/‖kexact ‖2 .
𝑡/𝑇
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

 exact 
k 2
0.012
0.026
0.033
0.028
0.018
0.015
0.015
0.014
0.011
0.010

‖krecon ‖2
0.011
0.023
0.029
0.024
0.015
0.013
0.013
0.012
0.010
0.007



‖Δv‖2 / kexact 2
28.2%
17.6%
21.2%
28.2%
39.6%
39.8%
36.6%
36.3%
39.3%
47.5%

Δ𝑘/𝑘exact
11.1%
8.9%
9.9%
12.0%
17.4%
16.8%
13.4%
12.0%
13.0%
18.6%

Table 2: Comparison of 𝐿 2 -norm errors for the corresponding
vortex fields. The third and fourth columns represent normalized
𝐿 2 -norm errors for pointwise and global energy estimates of
vorticity. Here, Δ𝜔 = 𝜔recon − 𝜔exact and Δ𝑘𝜔 /𝑘𝜔exact = |‖𝜔exact ‖2 −
‖𝜔recon ‖2 |/‖𝜔exact ‖2 .
𝑡/𝑇
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

 exact 
𝜔 2
1.09
2.35
2.82
2.31
1.67
1.38
1.33
1.20
0.95
0.79

‖𝜔recon ‖2
1.19
2.48
2.90
2.34
1.67
1.40
1.40
1.30
1.02
0.82



‖Δ𝜔‖2 / 𝜔exact 2
36.8%
24.7%
21.7%
21.2%
32.1%
40.6%
46.7%
51.4%
52.0%
47.8%

Δ𝑘𝜔 /𝑘𝜔exact
8.7%
5.3%
2.8%
1.4%
0.4%
1.7%
5.2%
7.8%
6.7%
4.2%

the phase-shift estimated by a standard autocorrelation algorithm [13]. Our flow reconstruction method is to reconstruct
the intraventricular flows using color flow images and the LV
boundaries extracted from the echo images. In this section,
we describe the overall outline of our flow reconstruction
method using those ultrasound measurements based on two
assumptions as follows:
(i) the time difference between sequential color flow
imaging frames is very small;
(ii) the echo and color flow images are acquired simultaneously and separately for the entire heart cycle.
2.1. Mathematical Model on 2D Imaging Plane. We focus on
the dominant vortex flow appearing in the A3CH view, which
passes through the apex and the mitral and aortic valves
as shown in Figure 1(b), and mathematical model for blood
flows inside the LV on the imaging plane of the A3CH view.
Let 𝐷 be a 2D imaging domain and Ω(𝑡) the cross-section
of the LV region in the A3CH view so that they satisfy
Ω(𝑡) ⊆ 𝐷 ⊆ R2 . Color flow data are practically measured
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3

Aortic
valve

Mitral
valve
RV
a

4-chamber view
LV

2-chamber view

(a)

3-chamber view

(b)

Figure 1: A sector scanning probe and apical long-axis views. The vector a in (a) means ultrasound beam propagation directions in sectortype scanning for cardiac application. (b) shows three (4-chamber, 3-chamber, and 2-chamber) apical imaging views for the cardiac scanning.
They have the relationship of rotation by approximately 60 degrees toward each other. The imaging plane of the apical long-axis 3-chamber
view passes through both of mitral and aortic valves.
Inlet valve ΓI (t)

Outlet valve ΓO (t)
Ω(t)

Ω(t)

z

y
x

z

y
x

Figure 2: Description on the LV region Ω(𝑡) in the A3CH view. They show the diastolic and systolic motion of Ω(𝑡), respectively. Here, Γ𝐼 (𝑡)
and Γ𝑂(𝑡) refer to the mitral and aortic valves (as inlet and outlet valves), respectively.

in the imaging plane 𝐷. Figure 1(a) describes the scanline
directional vectors a := (𝑎1 , 𝑎2 ) for the 2D imaging plane 𝐷
as an example of sector scanning. As shown in Figure 2, Γ𝐼 (𝑡)
and Γ𝑂(𝑡) denote the mitral and aortic valves, respectively.
The parameter 𝑡 denotes the LV region and valves as timevarying boundaries. The superscripts 𝐼 and 𝑂 of Γ𝐼 (𝑡) and
Γ𝑂(𝑡) stand for inlet and outlet valves, respectively. The 3D
coordinate system takes the 𝑥𝑦-plane to contain Ω(𝑡) and
the 𝑧-axis to be normal to this plane. Figure 2 describes a
basic LV structure and the diastolic/systolic motion of its wall
observed in the A3CH view.
Let 𝑐(x, 𝑡) be the measured color flow data and
(𝑢(x, 𝑡), V(x, 𝑡)) the velocity fields of flow at the position
x ∈ 𝐷 and time 𝑡, respectively. Then the color flow data 𝑐(x, 𝑡)
can be expressed as the inner product of the scanline vector
and the velocity vector:
𝑐 (x, 𝑡) = (𝑎1 (x) , 𝑎2 (x)) ⋅ (𝑢 (x, 𝑡) , V (x, 𝑡)) .

(1)

To recover (𝑢, V) from knowledge of 𝑐 on the imaging plane
𝐷, we propose the following 2D Navier-Stokes model:
𝜇 𝜕𝑠
𝜕𝑢
𝜕𝑢
1 𝜕𝑝 𝜇 2
𝜕𝑢
+𝑢
+V
=−
+ ∇ 𝑢+ 2 ,
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜌 𝜕𝑥 𝜌
3𝜌 𝜕𝑥
𝜇 𝜕𝑠
𝜕V
𝜕V
𝜕V
1 𝜕𝑝 𝜇 2
+𝑢
+V
=−
+ ∇ V+ 2 ,
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜌 𝜕𝑦 𝜌
3𝜌 𝜕𝑦

(2)

𝜕𝑢 𝜕V 𝑠
+
= ,
𝜕𝑥 𝜕𝑦 𝜌
where 𝜌 = 1050 kg/m3 and 𝜇 = 0.00316 Pa⋅s are the density
and viscosity of the blood flow, respectively [14]. This model
(2) is equivalent to a 2D incompressible flow having a sourcesink distribution 𝑠(x, 𝑡) [15]. In fact, the 3D blood flows appear
or disappear in the imaging plane. Therefore, we reconstruct
the 2D velocity fields in the imaging plane by solving (1) and
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Figure 3: LV model for numerical experiments. (a) LV volume curve according to diastolic and systolic motions, (b) 3D LV shape model at
the end systole, and (c) 2D imaging plane of A3CH view positioned in the constructed 3D LV model. The dashed arrows means the scanning
lines transmitted from a linear array transducer for 2D imaging.
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Figure 4: Synthetic intraventricular velocity fields projected on the imaging plane. (a) and (b) show the velocity fields for the diastole and
systole process of LV, respectively.
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Figure 5: Vorticities corresponding to the synthetic 2D intraventricular velocity fields. (a) and (b) show the vorticity changes according to
the diastole and systole process of LV, respectively.
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Figure 6: One-directional velocity component data. (a) and (b) show the scanline directional components of the generated velocity fields
during the diastole and systole process of LV, respectively.

(2) with LV boundary conditions. We impose the following
boundary conditions:

𝑢 = 𝑢wall

on 𝜕Ω (𝑡) ,

V = Vwall

on 𝜕Ω (𝑡) ,

𝜕𝑝
= 0 on 𝜕Ω (𝑡) ,
𝜕n

(3)

𝑠 = 0 on 𝜕Ω (𝑡) ,

where 𝑢wall and Vwall are velocity components computed by
the motion of 𝜕Ω(𝑡) and n is the unit outward normal vector
to 𝜕Ω(𝑡). Here, 𝜕Ω(𝑡) is the boundary of Ω(𝑡), and its motion
can be extracted from echocardiography data as described in
the above subsection. Further mathematical explanation of
(1) and (2) is given in the Appendix A.

2.2. Reconstruction Algorithm. For numerical implementation, we write the system of (1) and (2) as the following linear
second-order system:

𝑎2
𝑎1
[
[
𝜕
𝜕
[
[ 𝜕𝑥
𝜕𝑦
[
[
[
[𝜕 𝜇 2
[ − ∇
0
[ 𝜕𝑡 𝜌
[
[
[
𝜕 𝜇 2
0
− ∇
𝜕𝑡 𝜌
[

0
0
1 𝜕
𝜌 𝜕𝑥
1 𝜕
𝜌 𝜕𝑦

0

]
]
] 𝑢
]
][ ]
] [V]
][ ]
𝜇 𝜕 ] [𝑝]
[ ]
− 2 ]
3𝜌 𝜕𝑥 ]
] 𝑠
][ ]
𝜇 𝜕]
− 2
3𝜌 𝜕𝑦 ]
1
−
𝜌

(4)

𝑐
]
[
]
[
0
]
[
]
[
]
[ 𝜕𝑢
𝜕𝑢
[
= [−𝑢
−V ]
].
[ 𝜕𝑥
𝜕𝑦 ]
]
[
]
[
[ 𝜕V
𝜕V ]
−𝑢
−V
𝜕𝑦 ]
[ 𝜕𝑥
We discretize the 2D imaging region Ω into the mesh grid
elements with 𝑀 × 𝑁 nodes and apply the standard finite
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Figure 7: Error change depending on the parameter 𝜆. (a) 𝐿 ∞ -norm errors between 𝑢recon and 𝑢exact , (b) between Vrecon and Vexact , and (c)
between (𝑢recon , Vrecon ) and (𝑢exact , Vexact ) with respect to 𝜆2 . Here, (𝑢recon , Vrecon ) and (𝑢exact , Vexact ) stand for the reconstructed and the reference
velocity fields, respectively.

difference method for the linear equation (4). Then we obtain
the discretized linear system of the following form:
𝑎2
𝑎1
[
[ 𝐷
𝐷𝑦
[
𝑥
[
[
[
𝜇Δ𝑡
[
[1 −
𝐿
0
[
𝜌
[
[
[
𝜇Δ𝑡
0
1−
𝐿
𝜌
[

0
0
Δ𝑡
𝐷
𝜌 𝑥
Δ𝑡
𝐷
𝜌 𝑦

0
1
−
𝜌

] (𝑛+1)
] 𝑢
]
] [ (𝑛+1) ]
]
] [V
]
][
𝜇Δ𝑡 ] [ (𝑛+1) ]
]
[𝑝
− 2 𝐷𝑥 ]
]
][
3𝜌
] (𝑛+1)
] 𝑠
]
𝜇Δ𝑡 ] [
− 2 𝐷𝑦
3𝜌
]

𝑐(𝑛+1)
]
[
]
[
0
]
[
]
[ (𝑛)
= [𝑢 − Δ𝑡 (𝑢(𝑛) 𝐷 𝑢(𝑛) + V(𝑛) 𝐷 𝑢(𝑛) )] ,
𝑥
𝑦
]
[
]
[
]
[
(𝑛)
(𝑛)
(𝑛)
(𝑛)
(𝑛)
V
−
Δ𝑡
(𝑢
𝐷
V
+
V
𝐷
V
)
𝑥
𝑦
]
[

(5)

where 𝐷𝑥 , 𝐷𝑦 , and 𝐿 are the 𝑥-derivative, 𝑦-derivative,
and Laplace operators of finite difference, respectively; the
superscript (𝑛) denotes the 𝑛th time-step. Note that the
measured data 𝑐 on the right-hand side are the values at the
(𝑛 + 1)th step, not the (𝑛)th step.
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Figure 8: Reconstruction results. The reference vector field (a) and the reconstructed 2D vector fields by the proposed method (b).
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Figure 9: Errors of the reconstruction results. (a) 2D plots for error-magnitude of reconstructed (𝑢, V) relative to the reference velocity fields
and (b) the mass source term 𝑠.

Let I and O be the 𝑁 × 𝑁 identity and zero matrices,
respectively. Also set D and L to
1
0
[
[ 1 2ℎ
[−
[ 2ℎ d
D=[
[
[
d
[
[
[
[

−4 1

]
]
]
d
]
],
1]
]
d
2ℎ ]
]
1
−
0
]
2ℎ
]

and let A1 , A2 , D𝑥 , D𝑦 , and L be the (𝑀 × 𝑁) × (𝑀 × 𝑁)
matrices defined by
A1 = diag (𝑎1(1,1) , . . . , 𝑎1(𝑁,𝑀) ) ,
A2 = diag (𝑎2(1,1) , . . . , 𝑎2(𝑁,𝑀) ) ,

(6)

[
D𝑥 = [
[

D
d

]
],
D]
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Figure 10: Reconstruction results of vorticities. These were obtained by taking the 2D curl operator to the reconstructed velocity fields.
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Figure 11: LV phantom operating system. The LV phantom is made of polyurethane. We control the fluid motion by the synchronous operation
of two pumps.
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1
O − I
[
]
2ℎ
[1
]
[ I d
]
d
[ 2ℎ
]
],
D𝑦 = [
[
]
1
[
]
I
d
d
−
[
2ℎ ]
[
]
1
I O
[
]
2ℎ

The above discretized linear system (5) can then be written in
the form of KU = F, where
A2
A1
[
[
[
[ D
D𝑦
𝑥
[
[
[
K=[
[ 𝜇Δ𝑡
[I −
L
O
[
𝜌
[
[
[
𝜇Δ𝑡
O
I−
L
𝜌
[

1
I
L
2
]
[
ℎ
]
[1
]
[ I d d
]
[ ℎ2
].
[
L=[
]
1
]
[
I
d
d
2
[
ℎ ]
]
[
1
I
L
]
[
ℎ2

u(𝑛+1)

[ (𝑛+1) ]
]
[k
]
[
U = [ (𝑛+1) ] ,
]
[p
]
[

(7)

[s

(𝑛+1)

]

O

O

O
Δ𝑡
D
𝜌 𝑥
Δ𝑡
D
𝜌 𝑦

]
]
1 ]
− I ]
𝜌 ]
]
]
,
𝜇Δ𝑡 ]
]
− 2 D𝑥 ]
]
3𝜌
]
]
𝜇Δ𝑡 ]
− 2 D𝑦
3𝜌
]

(8)

c(𝑛+1)
]
[
[ 0 ]
]
[
F = [ (𝑛) ] .
[k ]
[ 1 ]
(𝑛)
[ k2 ]

For notational simplicity, we drop the superscripts (𝑛) and
(𝑛 + 1). Then, in the right-hand side, u, k, p, s, c, k1 , and k2
are the (𝑀 × 𝑁) × 1 vectors defined as follows:
𝑢(1,1)
]
[
]
[
u = [ ... ] ,
]
[
𝑢
[ (𝑁,𝑀) ]

[
[
k=[
[

V(1,1)
..
.

]
]
],
]

[
[
p=[
[

𝑝(1,1)
..
.

]
]
],
]

[
[
s=[
[

𝑠(1,1)
..
.

]
]
],
]

[𝑝(𝑁,𝑀) ]
[𝑠(𝑁,𝑀) ]
𝑢(2,1) − 𝑢(0,1)
𝑢(1,2) − 𝑢(1,0)
+ V(1,1)
)
𝑢(1,1) − Δ𝑡 (𝑢(1,1)
2ℎ
2ℎ
..
.
[V(𝑁,𝑀) ]

[
[
c=[
[

𝑐(1,1)
..
.

]
]
],
]

[𝑐(𝑁,𝑀) ]

[
]
[
]
[
]
k1 = [
],
[
]
[
𝑢(𝑁+1,𝑀) − 𝑢(𝑁−1,𝑀)
𝑢(𝑁,𝑀+1) − 𝑢(𝑁,𝑀−1) ]
− Δ𝑡 (𝑢(𝑁,𝑀)
+ V(𝑁,𝑀)
)
𝑢
[ (𝑁,𝑀)
]
2ℎ
2ℎ

(9)

V(2,1) − V(0,1)
V(1,2) − V(1,0)
+ V(1,1)
)
V(1,1) − Δ𝑡 (𝑢(1,1)
[
]
2ℎ
2ℎ
[
]
..
[
]
k2 = [
].
.
[
]
[
V(𝑁+1,𝑀) − V(𝑁−1,𝑀)
V(𝑁,𝑀+1) − V(𝑁,𝑀−1) ]
− Δ𝑡 (𝑢(𝑁,𝑀)
+ V(𝑁,𝑀)
)
V
[ (𝑁,𝑀)
]
2ℎ
2ℎ

However, the coefficient matrix in (8) is nonsymmetric,
sparse, and large scale. Moreover, it has a bad condition
number and is almost singular. Hence, we use the leastsquares approach with Tikhonov regularization to solve the
minimization problem with a regularization term of the form:
̂ = argmin ‖KU − F‖2 + ‖ΓU‖2 .
U
u

̂ = (K𝑇K + 𝜆2 I)−1 K𝑇 F.
U

(12)

We perform the reconstruction algorithm using the heuristically selected Tikhonov regularization parameter 𝜆 shown in
the reconstruction algorithm (11).

(10)

By setting Γ = 𝜆I(4×𝑁×𝑀)×(4×𝑁×𝑀) , the minimization problem
is written as
̂ = argmin ‖KU − F‖2 + 𝜆2 ‖U‖2 ,
U
u

and its solution is given by

(11)

2.3. Numerical Simulations with Moving LV Boundaries. We
obtain synthetic flow data inside a virtual moving simplified
LV wall. To obtain the synthetic intraventricular flows, we
construct a 3D moving LV region of the stroke volume of
about 20 mL. As shown in Figure 3(a), the time-dependent
LV volume ranges from 123 mL to 143 mL during the entire
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cycle of 0.5 s. Figure 3(b) shows a LV shape model corresponding to the volume of 133 mL at the preset pressure
state. We then perform a numerical simulation of the forward
problem of the Navier-Stokes equation inside the 3D moving
LV for the beat cycle. For the forward simulations, the “fluidstructure interaction model” of the COMSOL software is
used, and 3D intraventricular velocity fields are computed
as a solution of the forward problem. A no-slip boundary
condition is used for computing the velocity fields. We
assume that the blood flow during the filling of the LV is
ejected in the normal direction to the inlet valve surface Γ𝐼 (𝑡),
that the flow velocity is uniform on the entire inlet boundary,
and that the LV volume change is equal to the total amount
of its net inflow:
𝜕𝑉 (Ω (𝑡))
= ∫ n ⋅ u𝑑𝑆,
𝜕𝑡
Γ𝐼 (𝑡)

(13)

where n is the normal vector to the mitral valve (inlet valve)
boundary denoted by Γ𝐼 (𝑡). The boundary portion containing
the mitral and aortic valves was fixed not to be moved.
Neumann boundary conditions of velocity fields were given
by setting the zero normal derivatives at the outlet Γ𝑂 and
inlet Γ𝐼 valves for the LV diastole and systole, respectively.
For simplicity, pressure is assumed to be a constant at the
inlet, while the Neumann condition for the pressure is used
at the outlet. (The work of [16, 17] will also help readers create
synthetic flow data.)
We project the 3D synthetic velocity fields on the imaging
plane of A3CH view, which is set to be located in the
constructed 3D LV model (see Figure 3(c)). The projected
2D velocity fields are used as reference data to evaluate
the proposed 2D velocity reconstruction algorithm. Representative cases of these synthetic 2D flows are depicted
in Figure 4, which show the time-varying dominant vortex
patterns inside the virtual moving LV wall. While the LV
model is relaxing, flows enter into the LV through the inlet
valve. The main stream impinges against the LV wall, and a
large vortex is simultaneously formed near the center. The
large vortex moves upward during the contraction process
and weakens at the end of the systole cycle.
Figure 5 shows the vorticity fields obtained by taking the
curl operator to the synthetic flow fields. At the early stage
of relaxation, small vortices are formed on the both sides of
the main incoming stream. The higher vorticity near the wall
is related to the fact that the high momentum incoming flow
results in increasing the wall shear stress when the incoming
flow impinges to the wall; we think. While the vorticity
gradually grows during the expanding process, it eventually
shrinks and weakens during the process of contraction.
The inner product of the synthetic 2D velocity fields
and the scanline directional unit vectors gives the scanline
directional velocity components, which can be regarded
as the color flow data of the intraventricular flow on the
A3CH view measured by a real ultrasound system. The
one-directional velocity component data are used as the
input data for our proposed method. Figure 6 illustrates
the scanline directional velocity components. The figures in
the second column corresponding to the end-diastole and

end-systole reflect the overall similar flow patterns that are
comparable to real color patterns (see Figures 12(c) and 12(d)
in Appendix B).
2.4. Choice of the Parameter 𝜆. In this study, all the experiments were performed by setting the parameter 𝜆 = √0.1.
To optimize the value of this parameter, we investigated the
errors of the reconstructed velocity fields with respect to the
change of 𝜆2 . We adjusted the value of 𝜆2 to each power of
10 from 10−3 to 101 . Figure 7 shows that the 𝐿 ∞ -norm errors
between the reconstructed velocity fields and the reference
data have formed a convex plot with the minimized 𝐿 ∞ -norm
error attained at 𝜆2 = 0.1.

3. Results
We demonstrated the feasibility of the proposed method
by showing the 𝐿 2 -norm errors between the synthetic flow
and the reconstructed flow fields. We reconstructed the
velocity fields from the synthetic scanline directional velocity
components by repeatedly solving the minimization problem
(11) five times for the entire beat cycle. Figure 8 shows the
reconstruction results of velocity fields obtained from the
input data of the one-directional velocity components. As
in the forward numerical simulations, the incoming stream
impinged to the lower right wall. Overall, the reconstructed
flows showed very similar patterns to the reference flows
shown in Figure 4. However, the main vortex near the center
was shifted upward relative to the reference vector field. This
shifting phenomenon was also continued in the remaining
steps.
Figure 9 illustrates the performance of the proposed
model. Part (a) compares the pointwise error magnitude
images of the reconstructed velocity fields with the reference
data. While the reconstructed 𝑢-component errors were
distributed in the range of −0.39∼0.25 m/s, the errors of the
V-components showed larger differences of −0.24∼0.27 m/s
for the entire cycle. Figure 9(b) shows the distribution of
the mass source term 𝑠 and reflects the out-of-plane components of the flows. The ratio 𝑠/𝜌 ranged from −151.1 s−1
to 82.5 s−1 . From these contributions of 𝑠, the averaged
pointwise errors for 𝑢- and V-components were 0.06 m/s
and 0.02 m/s, respectively. The averaged pointwise errormagnitude was 0.065 m/s. We also compared the reconstruction results between the 2D Navier-Stokes models with and
without the mass source term 𝑠. When 𝑠 was used, the
largest pointwise errors for the 𝑢- and V-components were
0.39 m/s and 0.27 m/s, respectively; reconstruction results
not considering 𝑠 showed larger pointwise errors of 0.71 m/s
and 0.78 m/s for these components, respectively, for the
entire cycle. These results support that the proposed model
improves reconstruction performance.
For further quantitative comparison, we computed 𝐿 2 norm errors of each velocity field on the given whole region
at each 1/10 time step of the whole cycle. Table 1 shows
the relatively large velocity error (≈47%) for the end of the
contraction process compared with the expanding process.
While the pointwise errors of velocity may be larger than
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Figure 12: Real data acquisition using LV phantom and border extraction. (a) and (b) are echo images in ventricular shape at end-diastole
and end-systole phases, respectively. (c) and (d) are color flow images corresponding to (a) and (b), respectively.

its 𝐿 2 -norm errors at some local regions, those pointwise
errors at the local regions did not affect the major features
of the vortex flows. This implies that the proposed model is
reasonably accurate for estimating the unsteady features of
the blood flows when the reconstruction algorithm of flow
is performed repeatedly over several cycles of diastole and
systole processes.
Although the proposed reconstruction method produced
nonsmooth distributions of vorticity inside the LV region
(as shown in Figure 10), the evolutions of the large vortical
structure inside the LV region were clearly observed, and
the vorticities overall showed very similar patterns to the
reference results described in Figure 5. The pointwise and
global errors for the vortex fields are listed in Table 2. These
nonsmooth vorticity distributions may be induced by uncertainties of the boundary geometry and the regularization
term in the minimization problem (11).

4. Discussion and Conclusions
We propose here a new 2D Navier-Stokes model that reconstructs intraventricular flows using color flow data and
LV boundaries extracted from echocardiography data. The
proposed model considers both in-plane and out-of-plane
blood flows on the imaging plane of an apical long-axis threechamber view. The out-of-plane components moving out of
the imaging plane were modeled as the mass source term of
a source-sink distribution. We reconstructed blood flows in

the imaging domain by solving a system of equations, which
includes the 2D incompressible Navier-Stokes equation of the
mass source term and a color flow measurement equation
describing the one-directional velocity component of the
color flow data. The boundary conditions that are required
to solve the system of equations are given by the LV borders
extracted from echocardiography data. To evaluate the proposed method, numerical experiments were performed on
synthetic flow data following a virtual LV motion. The results
showed that the proposed method is feasible and potentially
valuable for reconstructing intracardiac flow fields.
The numerical experiments used an imaging domain of
size 64 × 64 pixels, because the computational costs of the
proposed reconstruction method were large. We divided the
whole cycle into 1000 time-steps for stable numerical implementation and repeatedly performed the proposed algorithm
five times for the entire heartbeat cycle. We observed that
the solutions obtained after two repeats were very similar
to each other. A detailed mathematical description of the
convergence of the solution will be given in our next work.
All the experiments were conducted using MATLAB
7.10.0, and the computational time for each step was about 12 s
using an Intel i7-4702MQ Quadcore CPU running at 2.0 GHz
with 8 GB of RAM. The speed of the proposed method needs
to be improved for its practical application, and a study to
reduce the processing time is under way.
To reconstruct 2D flow patterns using the color flow
images requires an experimental ultrasound system that
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(a)

(b)

(c)

Figure 13: Velocities of wall motion using LV border tracking method. Initialized LV contour at end-diastole frame (a), velocity fields of
contracting and expanding LV wall (b-c). Blue solid line, red dots, and green arrows are the LV contours C(𝑡), contour points {x1 (𝑡), . . . , x𝑛 (𝑡)},
and some of velocity vectors {k1 (𝑡), . . . , k𝑛 (𝑡)}, respectively.

can acquire echo and color data independently; however,
we had only a commercial ultrasound system that cannot
support data acquisition for the experiments. The frame-rate
limitation of the color flow data acquired by the ultrasound
imaging system should also be overcome. The color flow
images from the ultrasound imaging system are obtained by
applying the autocorrelation algorithm [13] after repeatedly
transmitting and receiving the ultrasound beam along the
same scanline; this then causes the low frame-rate of color
flow data acquisition. The proposed method assumed that the
time difference between the sequential color flow images is
very small and that each color value reflects the exact velocity
components in the direction of ultrasound beam propagation. For the proposed method to be practically applicable,
the frame-rate needs to be improved. The development of an
ultrafast imaging system is ongoing. Such a system is expected
to have a frame-rate higher than 1000 fps using plane wave
beam-forming; it would acquire echo and color flow image
data separately and support the performance of the proposed
method in real application. Some recent works by other
researchers have examined ultrafast flow imaging [18–20].
A review of these references will help us to perform our
future work on an ultrafast imaging system. In Appendix B,
we describe an in vitro phantom experimental setup for
empirical data (color flow ultrasound and LV boundary data)
to demonstrate the feasibility of our reconstruction method.

To advance the proposed algorithm, we are studying
on mitral valve tracking. Based on reports [21, 22] that
the motion of the mitral valve affects the vorticities of the
intraventricular flows, studies on the boundary conditions
containing the valve motion are under way.
This work is the first that describes overall our proposed
method. More detailed mathematical analysis and further
validation tests may be required to verify its scientific validity
and practical applicability. We will perform several follow-up
works to achieve this.

Appendices
A. Mathematical Formulation
Based on the 3D modeling of intraventricular blood flows, we
derive a 2D mathematical model describing the relationship
between blood flows and color flow data measured on the
imaging plane.
A.1. Mathematical Model and Inverse Problem. Let 𝐷 be a 3D
imaging domain, Ω(𝑡) a time-varying LV region satisfying
Ω(𝑡) ⊆ 𝐷 ⊆ R3 , and 𝑇 a beat cycle. For the beat cycle 𝑇,
we consider a spatial-temporal domain Ω𝑇 defined by Ω𝑇 :=
⋃0<𝑡<𝑇 Ω(𝑡) × {𝑡} ⊆ 𝐷 × (0, 𝑇). Let k(r, 𝑡) be a velocity field
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of the blood flow within the spatial-temporal domain Ω𝑇 ,
a(r) = (𝑎1 (r), 𝑎2 (r), 𝑎3 (r)) scanline directional unit vectors at
the position r ∈ 𝐷 and 𝑐(r, 𝑡) color flow data in Ω𝑇 . Given
𝑐(r, 𝑡), we then consider an inverse problem to find a 3D
vector field k = (𝑢, V, 𝑤) satisfying the following condition:
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Hence, the corresponding inverse problem is to recover (𝑢, V)
from knowledge of 𝑐 on the imaging plane 𝐷. Also, (A.2) can
be rewritten as
𝜕𝑢
𝜕𝑢
1 𝜕𝑝 𝜇 𝜕2 𝑢 𝜕2 𝑢
𝜕𝑢
+
)
+𝑢
+V
= −
+ (
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜌 𝜕𝑥 𝜌 𝜕𝑥2 𝜕𝑦2
+

a (r) ⋅ k (r, 𝑡) = 𝑐 (r, 𝑡) ,

𝜇 𝜕2 𝑢
𝜕𝑢
−𝑤 ,
2
𝜌 𝜕𝑧
𝜕𝑧
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑓1

(A.1)

𝜕V
𝜕V
𝜕V
1 𝜕𝑝 𝜇 𝜕2 V 𝜕2 V
+
)
+𝑢
+V
= −
+ (
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜌 𝜕𝑦 𝜌 𝜕𝑥2 𝜕𝑦2
where ⋅ is the inner product operator.
To solve this inverse problem, we should deal with the 3D
Navier-Stokes equations governing the blood flow k:

+

(A.4)

𝜇 𝜕2 V
𝜕V
−𝑤 ,
𝜌 𝜕𝑧2
𝜕𝑧
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑓2

𝜕𝑢 𝜕V
𝜕𝑤
+
=− .
𝜕𝑥 𝜕𝑦
𝜕𝑧
𝜌(

𝜕k
+ k ⋅ ∇k) = −∇𝑝 + 𝜇∇2 k
𝜕𝑡
∇⋅k =0

in Ω𝑇 ,

(A.2)

in Ω𝑇 .

However, given that our aim is to reconstruct the blood
flow using 2D measurements, we reduce (A.1) and (A.2) to
a 2D inverse problem and the corresponding 2D NavierStokes equation. We compute the velocity fields of blood
flows by using the scanline directional projected velocity
components represented as 2D color flow data in a commonly
used ultrasound 2D imaging scanner and then solving the
system of equations related to them.

A.2. Mathematical Model on a 2D Imaging Plane. From now
on, Ω(𝑡) denotes the cross-section of the LV region in the
A3CH view. (For simplicity, the same notation Ω(𝑡) in 3D
will be used to represent its cross-section.) The notations of
Γ𝐼 (𝑡) and Γ𝑂(𝑡) are same as shown in Figure 2. Let 𝐷 be a 2D
imaging domain satisfying Ω(𝑡) ⊆ 𝐷 ⊆ R2 so that it is equal
to the cross-sectioned region of the 3D imaging domain by
the A3CH view. As described earlier, we try to model flows in
the 2D imaging plane 𝐷, where color flow data are practically
measured. In this case, the scanline direction a(r) is given to
be tangent to the plane 𝐷, 𝑎3 = 0 on the plane. Let 𝑐(x, 𝑡) be
the measured color flow data at the position x ∈ 𝐷 at time 𝑡.
The color flow data 𝑐(x, 𝑡) can then be expressed as the inner
product of the scanline vector and the velocity vector:

Note that color flow data may not contain measurable
information on the 2D plane 𝐷 for 𝑓1 = (𝜇/𝜌)(𝜕2 𝑢/𝜕𝑧2 ) −
𝑤(𝜕𝑢/𝜕𝑧), 𝑓2 = (𝜇/𝜌)(𝜕2 V/𝜕𝑧2 ) − 𝑤(𝜕V/𝜕𝑧), and 𝜕𝑤/𝜕𝑧. We
want to keep the incompressible condition of the 3D problem.
However, the third term 𝜕𝑤/𝜕𝑧 of the divergence of 3D flow is
neither of the measurable or computable quantities in the 2D
plane. Here, we model it as a mass source-sink term 𝑠, which
represents the linear deformation of the fluid in the out-ofplane direction. This new unknown term will be determined
by solving the modified Navier-Stokes equation with the color
flow measurement data. Introducing a new variable 𝑠, we
obtain the following reduced 2D Navier-Stokes model:
𝜇 𝜕𝑠
𝜕𝑢
𝜕𝑢
1 𝜕𝑝 𝜇 2
𝜕𝑢
+𝑢
+V
=−
+ ∇ 𝑢+ 2 ,
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜌 𝜕𝑥 𝜌
3𝜌 𝜕𝑥
𝜇 𝜕𝑠
𝜕V
𝜕V
𝜕V
1 𝜕𝑝 𝜇 2
+𝑢
+V
=−
+ ∇ V+ 2 ,
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜌 𝜕𝑦 𝜌
3𝜌 𝜕𝑦
𝜕𝑢 𝜕V 𝑠
+
= .
𝜕𝑥 𝜕𝑦 𝜌
This model is equivalent to a 2D incompressible flow with
a source-sink distribution 𝑠(x, 𝑡) [15]. In fact, if we do not
consider the external force, equation (3.3.13) in [15] implies
𝜌(

𝜕𝑝
𝜕𝑢
𝜕𝑢
𝜕𝑢
+𝑢
+V )= −
+ 𝜇∇2 𝑢
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜕𝑥
+

(A.3)

𝜇 𝜕 𝜕𝑢 𝜕V
(
+ ),
3𝜌 𝜕𝑥 𝜕𝑥 𝜕𝑦

𝜕𝑝
𝜕V
𝜕V
𝜕V
𝜌( + 𝑢
+V )= −
+ 𝜇∇2 V
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜕𝑦
+

𝑐 (x, 𝑡) = (𝑎1 (x) , 𝑎2 (x)) ⋅ (𝑢 (x, 𝑡) , V (x, 𝑡)) .

(A.5)

𝜇 𝜕 𝜕𝑢 𝜕V
(
+ ).
3𝜌 𝜕𝑦 𝜕𝑥 𝜕𝑦

B. In Vitro Phantom Experiments
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B.1. Experimental Setup. The experimental setup for operating the LV phantom is depicted in Figure 11. The setup
was composed of main two parts: one for making the LV
phantom beat periodically and the circulatory part (resp., the
lower and upper parts in Figure 11(a)). The fluidic motion
was controlled by the synchronous operation of two pumps,
two solenoid valves (SVs), and the check valves employed to
model the aortic and mitral valves. The phantom, which was
constructed of polyurethane, was immersed in a water tank.
The phantom was 3D printed as a half-ellipsoid [23, 24]. The
experimental circulatory system including the LV phantom
was completely filled with water. Figures 11(b) and 11(c)
show the manufactured LV phantom with its design drawing
and the experimental setting for scanning the LV phantom,
respectively. For LV systolic motion, the left solenoid valve
(SV1) is set to open, while the right solenoid valve (SV2) is
closed. The pressure inside the tank then increases, which
subsequently exerts pressure onto the LV phantom. When
the pressure inside the LV phantom is greater than the preset
pressure of the check valve, the fluid in the LV phantom
surges into the circulatory system. The check valves restrain
backward flow, making the fluid in the LV phantom pass
through the aortic valve to circulate the system. Dilation of
the LV phantom then follows by closing SV1 and opening
SV2, allowing similar complementary processes to occur. A
simple timer switch controls the opening and closing of the
solenoid valves to mimic LV beating. The volume of the
LV phantom under the preset pressure was measured to be
133 mL, while the stroke volume was about 20 mL during LV
beating with 0.5 s period. The polyurethane is flexible and
inelastic; the LV phantom therefore may retain a constant
“endocardial” surface area, while the contained volume may
vary owing to changes in its cross-sectional shape. Despite
those limitations, vortex flow pattern inside the phantom is
generated during the “diastole process.” The B-mode and Cmode images were scanned using an Accuvix V10 ultrasound
system (Samsung Medison, Seoul, South Korea) and a probe
P2-4BA with the frequency band of 2∼4 MHz. The probe
was positioned just below the water surface, at a depth
of approximately 10 cm, to enable the LV phantom to be
positioned in the center of the ultrasound image.
Representative ultrasound echo and color flow images
acquired by scanning the LV phantom are shown in the first
and second rows of Figure 12, respectively. By applying an LV
tracking algorithm to the acquired ultrasound echo images,
we obtained LV boundaries for the whole cycle. (The LV
tracking method is explained in the next subsection.) The
red dotted and blue lines in Figures 12(a) and 12(b) present
the LV boundaries extracted in the end-diastole and endsystole images. The LV boundaries are extracted at each frame
(50 fps) during the cardiac cycle in order to impose moving
boundary conditions for the numerical simulations of the
next section. Figures 12(c) and 12(d) show that the color flow
patterns may indicate two different vortex flows. Here, the
red and blue colors represent the velocity components of
the flows coming toward and receding from the ultrasound
probe, respectively. The color flow pattern in the diastolic
phase is clearly stronger than that in the systolic phase, as has
been reported for human LV [1].
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B.2. LV Wall Segmentation from B-Mode Image. We acquire
ultrasound echo images for the entire cardiac cycle and
from them extract the LV borders, typically by myocardial
motion tracking. The myocardial motion tracking method is
combined with the Lucas-Kanade method and a constraint
formulated by the global deformation of nonrigid heart
motion proposed in [25]. As illustrated in Figure 13, we
denote the endocardial border traced at initially selected enddiastole frame by a parametric contour C∗ = {x∗ (𝑠) =
(𝑥∗ (𝑠), 𝑦∗ (𝑠)) | 0 ≤ 𝑠 ≤ 1} that can be identified as
its 𝑛 tracking points x1∗ = r∗ (𝑠1 ), . . . , x𝑛∗ = x∗ (𝑠𝑛 ). Here,
0 = 𝑠1 < 𝑠2 < ⋅ ⋅ ⋅ < 𝑠𝑛 = 1. Let C(𝑡) = {x(𝑠, 𝑡) =
(𝑥(𝑠, 𝑡), 𝑦(𝑠, 𝑡)) | 0 ≤ 𝑠 ≤ 1} be the contour deformed from
C(0) = C∗ at time 𝑡. The velocity field V(𝑡) of motion of
the contour C(𝑡) is determined by a time change of tracking
points {x1 (𝑡), . . . , x𝑛 (𝑡)}:
x1 (𝑡)
k1 (𝑡)
] 𝑑 [
]
[
[ .. ]
]
[
V (𝑡) := [ ... ] =
[ . ]
] 𝑑𝑡 [
]
[
k
x
(𝑡)
(𝑡)
[ 𝑛 ]
[ 𝑛 ]
x1∗
] [ ]
[
] [ ]
[
with [ ... ] = [ ... ] .
] [ ]
[
∗
x
(0)
[ 𝑛 ] [x𝑛 ]
x1 (0)

(B.1)

Here, we identify the contour C(𝑡) with tracking points
{x1 (𝑡), . . . , x𝑛 (𝑡)}.
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Quantitative analysis of the dynamic behavior about membrane-bound secretory vesicles has proven to be important in biological
research. This paper proposes a novel approach to automatically identify the elusive fusion events between VAMP2-pHluorin
labeled GLUT4 storage vesicles (GSVs) and the plasma membrane. The differentiation is implemented to detect the initiation of
fusion events by modified forward subtraction of consecutive frames in the TIRFM image sequence. Spatially connected pixels in
difference images brighter than a specified adaptive threshold are grouped into a distinct fusion spot. The vesicles are located at
the intensity-weighted centroid of their fusion spots. To reveal the true in vivo nature of a fusion event, 2D Gaussian fitting for
the fusion spot is used to derive the intensity-weighted centroid and the spot size during the fusion process. The fusion event and
its termination can be determined according to the change of spot size. The method is evaluated on real experiment data with
ground truth annotated by expert cell biologists. The evaluation results show that it can achieve relatively high accuracy comparing
favorably to the manual analysis, yet at a small fraction of time.

1. Introduction
Accurate regulation of insulin is essential for the maintenance
of glucose homeostasis in human body. As a member of
the protein family of glucose transporters (GLUTs), glucose transporter type 4 (GLUT4) proteins are preliminarily stored within intracellular membrane bound secretory
vesicles inside adipose tissues and striated muscle (skeletal
and cardiac), also known as GLUT4 storage vesicles (GSVs).
Defects in the activity of this protein have been implicated in
some forms of insulin resistance and type II diabetes mellitus.
When an insulin receptor on cell surface is activated, insulin
induces a rapid increase in the uptake of glucose by inducing
the translocation of GSVs from intracellular compartments

to the plasma membrane. It has long been essential for
membrane trafficking to exactly and quantitatively decipher
the dynamic behavior of membrane bound secretory vesicles.
However, traditional methods from molecular biology and
biochemistry are unable to resolve discrete steps of vesicle
movement fundamentally [1]. Total Internal Reflection Fluorescence Microscope (TIRFM) can observe layers as thin
as 100 nm of a specimen adjacent to the coverslip, making
it a widely used tool for observing biological activities near
the cell surface, such as endocytosis and exocytosis. Much
more quantitative information can be extracted to support
biological research through analyzing TIRFM image data.
However, it is still a standard practice for most biologists to
manually analyze high throughput images generated from
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Figure 1: Consecutive time frames from 11 to 30 (b) show that a
prominent fusion event corresponds to the patch of interest in a
TIRFM image sequence (a). ∗ indicates the fusion pore opening,
that is, the initiation of a fusion event. ∗∗ indicates the initiation of
a diffusion process. Here, transition time is 1.6 s (8 frames, sampling
rate is 5 frames/s).

in vivo observation and visually observe vesicle behaviors.
This work is not only time consuming but is also error-prone
and nonreproducible, which always induces subjective biases.
It is a great need for developing an effective TIRFM image
analysis system in biomedical research, which is a novel area
in bioimaging, also a subsidiary branch of computing-based
image processing [2].
A fusion event of GSVs comprises final steps of an
exocytosis behavior, which includes the processes of fusion
pore opening and vesicle diffusion. As the GSVs dock to
the plasma membrane, a transient and moderate increase of
fluorescence can be observed by TIRFM once the fusion pore
of a GSV opens. The vesicles halt and vibrate at the same
place for a period (named transition time) and then diffuse
away from the fusion site visualized as a fluorescence puff to
the cell surface or a small explosion at the cell membrane.
GLUT4 is then inserted and becomes the integral membrane
(transmembrane) protein. Glucose can be transported into
the cell down its concentration gradient in a process called
facilitated diffusion. The diffusion process of a fusion vesicle
comprises a rapid decrease in fluorescence intensity at the
fusion site, a widening of vesicle size and a spreading of signal
intensity [3], which is the hallmark for identifying fusion
events. A prominent fusion event which comprises fusion
pore opening and diffusion process is depicted in Figure 1.
While some nonfusion vesicles do not diffuse at the plasma
membrane after fusion pore opening, they undock or leave
the cell surface and return back into the cell at last.
Little has been done towards the identification of fusion
events between GSVs and the cell membrane in TIRFM

image sequences. Some of the current existing methods
are not fully automated [3–5]. Image processing techniques
are usually used to detect the positions of GSVs and sort
them out from each frame in an image sequence. Corresponding positions for the same vesicle can be linked to a
trajectory of vesicle movement. Before identifying the fusion
events, the termination of GSVs trajectories (named death
events) should first be located. Subsequently, each singlevesicle trajectory is screened for a possible fusion event
primarily based on rules, which derived from quantitative
characterization of manually identified fusion process. In
Vallotton et al.’s [6], a fully automated system was designed
for fusion events detection based on vesicle tracking and rigid
template matching. On the basis of Vallotton’s study, Mele et
al. proposed an improved one, where each fusion candidate
was described by a set of novel domain specific descriptors.
Similarity scores between genuine fusion events (prototype
events, set manually by an expert) and fusion candidates
were calculated in the Principle Component Analysis (PCA)
eigenspace for fusion identification [2]. The identification
of fusion events, which takes the multiple vesicles tracking
into account, presents a significant hurdle to surmount. A
trajectory may end when a vesicle simply undocks from
the plasma membrane, when two vesicles fuse together or
when the trajectory is built erroneously, usually resulting in
inaccurate location of death events. A strong dependence
on the standard fusion template makes finding a fitted
correlation kernel for different types of fusion events a nigh
impossible task. Based on a usually unsatisfied assumption
that a vesicle remains stationary for around 𝑁 frames before
it fuses or undocks, a novel approach is proposed in [7].
This method detects fusion and undocking events by first
searching for docked vesicles that “appear” to and “disappear”
from the field of view, then uses a diffusion model to classify
them as either fusion or undocking events.

2. Method Outline
In this paper, a fully automated fusion events identification
system is proposed, which comprises detecting fusion pore
opening and fusion site of fusion vesicles, characterizing the
fusion process by Gaussian fitting, and finally identifying the
fusion events according to size change of fusion spots. To
precisely detect fusion pore opening and fusion site, GSVs
are labeled with VAMP2-pHluorin, which is a pH-sensitive
reporter. The pH sensitivity of pHluorin has been exploited
to visualize the fusion pore opening [1]. When vesicles dock
to the cell surface and fusion pore opens, VAMP2-pHluorin
is expressed as a transmembrane protein. The sudden rise in
fluorescence can be observed due to the different pH value
between the inside and outside of the cell. According to
this apparent change in fluorescence, we employ the moving
average differentiation instead of absolute differentiation
between two consecutive frames to identify the initiation of
fusion events. To derive the fusion site, an adaptive threshold
more commonly known as the Mean Absolute Deviation
(MAD) is applied to reduce noise saturated points caused by
small variations and other artifacts in difference images. This
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threshold has proven to be useful when compared to a biologist’s visual identification in this experiment. The assumption
given in this paper is that no other fusions occur at the same
place where a fusion process already exists. Because vesicles
do not exhibit much movement upon docking to the cell
surface, a square patch of image sequence with each candidate
vesicle in its center is cropped for further analysis. Twodimensional (2D) Gaussian models are used to derive the size
of fusion spots during the fusion process. Depending on 2D
Gaussian fitting, the total intensity of a fusion spot, intensity
at fusion site (intensity weighted centroid of a fusion spot)
can also be calculated. The method is evaluated on real data
with ground truth annotated by biologists. Evaluation results
show that it can achieve relatively high accuracy at a low
computation cost.
2.1. Detecting the Fusion Candidate Vesicles. In our experiment, due to the benefit of the pH-sensitive reporter (e.g.,
VAMP2-pHluorin), GSVs cannot be observed until fusion
pore opens. The phenomenon that a transient and abrupt
fluorescence increases at the cell surface is a strong indicator
that vesicles are ready to fuse with the cell membrane. For
these apparent changes in intensity, a forward differentiation
framework can be used to detect the fusion pore opening.
Considering the inherent noise existing in fluorescent imaging, a forward moving average differentiation is used instead
of absolute differentiation. In this paper, each difference
image Δ𝐼𝑡−1 from 𝑡 = 2 can be achieved by subtracting an
iterative background 𝐴𝑐𝑐 from each 𝐼𝑡 ,
𝐴𝑐𝑐 = 𝐼1
for 𝑡 = 2 : 𝑁
𝐴𝑐𝑐 = (1 − 𝛼) 𝐴𝑐𝑐 + 𝛼𝐼𝑡

(1)

2

𝐺𝑤 (𝑥, 𝑦) = 𝐼𝑐 exp [−

Δ𝐼𝑡−1 = 𝐼𝑡 − 𝐴𝑐𝑐
end,
where 𝑁 is the frame number of a TIRFM image sequence; 𝛼
is a user-defined parameter according to the image qualities.
In difference images, fusion candidate vesicles correspond
to the region where its intensity is higher than local surroundings. To identify these vesicles, an adaptive threshold for difference images called mean absolute deviation
(MAD)
𝑡ℎ = mean (abs (𝐼𝑡 − mean (𝐼𝑡 )))

2.2. Gaussian Fitting for Fusion Process. After detecting
fusion candidate vesicles, further dynamic behaviors can
be tracked and deciphered for fusion events identification.
According to [2], many cues are used to identify fusion events,
such as the coefficient of increased intensity, peak difference,
and coefficient of maximum increase. In this paper, the
vesicle’s total intensity, intensity at weighted centroid, and the
fusion size during fusion process are taken into consideration.
A fusion event can be described as a transient behavior of
intensity and size. During the transition time, there is not
much change in the intensity and size of a vesicle. After a short
period, the fluorescence of the vesicle rapidly diffuses into
the background while the vesicle size increases in a fusion
event.
For each of the previously detected fusion candidate vesicles, a patch image sequence centered on a weighted centroid
with the extent of (2𝑤+1)×(2𝑤+1) is spatially and temporally
cropped from the original TIRFM image sequence. The
user defined parameter 𝑤 is an integer larger than a single
vesicle’s radius and smaller than the nearest distance between
vesicles. The extent of an image patch should include the
whole vesicle spot and ensure enough space for fluorescence
diffusion. Rather than an extensive analysis of the entire
image sequence, it can heavily reduce the computation
cost.
According to the Point Spread Function (PSF) of microscope systems, vesicles appear as symmetric and round spots
in images. The intensity distribution of a vesicle is well
approximated by a 2D isotropic Gaussian function using a
simplex algorithm with a Least Mean Square Errors (LMSE)
estimator [9]. The equation of a 2D Gaussian surface is of the
general form

(2)

is used. It has been proven that MAD can extract regions that
represent real candidates, as well as eliminate interferences
that come from the subtle appearance of fluorescent spots
[8]. Sometimes regions corresponding to a same vesicle can
be derived many times according to threshold 𝑡ℎ in the
difference image sequence. To ensure that there are no other
fusion events occurring at the site where a vesicle fusion
process already exists, the first difference image of fusion
candidate vesicles is considered.

2

(𝑥 − 𝑥𝑐 ) + (𝑦 − 𝑦𝑐 )
],
2𝜎𝑥𝑦 2

(3)

where (𝑥𝑐 , 𝑦𝑐 ) is the coordinate of a weighted centroid, 𝐼𝑐 is
the intensity at (𝑥𝑐 , 𝑦𝑐 ), and the variance 𝜎𝑥𝑦 is dependent on
the actual radius of a vesicle spot, ranging from 0 to 𝑤. The
local background of each frame is subtracted and all pixel
intensity values are normalized. The local background for a
patch image is approximated using a boxcar average over a
square region with the extent of (4𝑤 + 1) × (4𝑤 + 1) in the
original image sequence:
𝐵 (𝑥, 𝑦) =

2𝑤
2𝑤
1
𝐴 (𝑥 + 𝑖, 𝑦 + 𝑗) .
∑
∑
(4𝑤 + 1)2 𝑖=−2𝑤 𝑗=−2𝑤

(4)

The Full Width at Half Maximum (FWHM) is considered
as the vesicle radius 𝑟 and divided by 𝜎𝑥𝑦 is approximately
the constant 1.1774. The termination of vesicle’s movement
can be defined when the value of 𝜎𝑥𝑦 multiplied by 1.1774 is
bigger than parameter 𝑤, using the result of directly fitting
the 2D Gaussian function to each patch image without local
background subtraction.
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Figure 2: The process of detecting a fusion candidate vesicle. (a) A patch of image with a fusion candidate vesicle in. (b) The absolute
differentiation of consecutive images results in a noisy difference image, from which the vesicle is hard to detect. (c) The forward moving
average differentiation can achieve a high SNR difference image. (d) A vesicle spot mask derived from (c) with the MAD threshold, which
can be used to calculate the intensity-weighted centroid (a red cross).

To eliminate the abrupt interference due to fluorescence
turbulence, the integrated average of vesicle radii at each
time step is used to quantify the size of the fusion spots.
All fluorescence is assumed to be membrane-embedded in
either vesicles, internal membrane structures, or the plasma
membrane [2]. A vesicle can also be assumed as an isotropic
ball with radius 𝑟 when docking to the cell membrane before
diffusion. The surface area of a sphere with radius 𝑟 is
determined using the following formula area = 4𝜋𝑟2 . When a
vesicle fully fuses with the plasma membrane, the membraneembedded fluorescence is released to the cell membrane. The
radius of the final diffusion spot is at least two times bigger
than spot radius before diffusion. According to these, during
diffusion process a fusion event can be exactly deciphered
if vesicle spot radius is two times bigger than its integrated
average at diffusion initiation.

3. Experiment and Evaluation Results
In this experiment, VAMP2-pHluorin positive 3T3-L1 adipocytes are imaged using an IX-70 inverted TIRFM microscope (Olympus), which is equipped with both argon
(488 nm) and argon/krypton (568 nm) laser lines (Melles
Griot), a 60 × 1.45 N.A. oil immersion objective lens (PlanApoN; Olympus), and a TIRFM condenser. The TIRFM
images were detected with a sampling frequency of 5 Hz with
a back-illuminated Andor iXon887 EMCCD camera (1024 ×
1024, pixel spacing 0.18 𝜇m, 16 bits; Andor Technologies).
In this paper, three real TIRFM image sequences, each
has 400 consecutive frames, are chosen to evaluate the performance of the proposed method. All image sequences are
well annotated by expert cell biologists. During the detection
of fusion candidate vesicles, we choose the user-defined
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Table 1: Recall and precision results of detecting fusion candidate vesicles.
Fusion candidate
vesicles ground truth
(TP + FN)
Sequence 1
Sequence 2
Sequence 3

131
144
179

Fusion candidate
vesicles detected
(TP + FP)

Mistakenly detected
(FP)

Missed
(FN)

Recall

Precision

2
1
5

8
5
11

93.9%
96.5%
93.9%

98.4%
99.3%
97.1%

94.8%

98.3%

125
140
173
Average

Table 2: Results of automatically identifying fusion events.
Fusion events ground
truth
(TP + FN)
Sequence 1
Sequence 2
Sequence 3

47
62
89

Fusion events
detected
(TP + FP)

Mistakenly identified
(FP)

Missed
(FN)

Recall

Precision

False +ve

6
7
9

11
10
15

76.6%
83.9%
83.1%

85.7%
88.1%
89.2%

7.1%
8.5%
10.0%

81.2%

87.7%

8.5%

42
59
83
Average

parameter 𝛼 = 0.2 for the purpose of removing irrelevant
background noise and keeping the vesicle objects. As shown
in Figure 2, the forward moving average differentiation can
achieve a high signal-to-noise ratio (SNR) difference image
comparing to the absolute differentiation method. Without
initiation, the adaptive threshold MAD can heavily suppress
uneven local background and extract vesicle spot masks from
difference images. The intensity-weighted centroid of a fusion
vesicle can be calculated using the mask imposed on the
original image. The evaluation results of detecting fusion
candidate vesicles in three image data sets are shown in
Table 1. The detection method combined with the forward
moving average differentiation and an adaptive threshold
MAD can achieve a relatively high accuracy with both recall
and precision up to 90%. Due to the strong noisy image
background, some subtle vesicles are missed. While some
artifacts suddenly appeared in cell images are mistakenly
detected as vesicles through image differentiation step.
According to the image data, the parameter 𝑤 = 10 is
taken, because the largest radius of fusion spot is not bigger
than 10 pixels. A sequence of patch images with extent of
21 × 21 for each fusion candidate vesicles is cropped. After
Gaussian fitting for each frame, the vesicle radius (FWHM
of a Gaussian function), intensity at weighted centroid (peak
intensity), and total intensity can be derived. The relationship
between them during vesicle movement is shown in Figure 3.
The integral average radius is also calculated to detect the
initiation of the diffusion process, marked with black asterisk.
In this paper, the initiation of the diffusion process can be
defined at the time when vesicle size is 1.2 times bigger than
the integral average size. It means that the size change of a
vesicle is not more than 20% within fusion pore duration.
The candidate vesicle can be defined as a fusion one if the
largest radius of vesicle spot during the diffusion process is

2 times bigger than the integral average size of the vesicle
at the initiation of the diffusion. As shown in Figure 3,
the assumption in [2, 6] that the integrated intensity over
the entire surface is constant is not satisfied due to the
consequence of the cells releasing fluorescent materials to
the cell surface. The evaluation results for automatically
identifying fusion events in three image data sets are shown
in Table 2. Four typical identification results comparing to
ground truth are shown in Figure 3. Many fusion events
mistakenly identified (FP) by this method are at the edge
of cell, shown in Figure 3(c). Although local background is
reduced, 2D Gaussian fitting cannot output satisfied results
due to uneven image background. While the missed one (FN)
is due to the rigorous condition, the largest radius of fusion
spot during the fusion event is 2 times bigger than the integral
average size of the vesicle at the initiation of the diffusion
event, shown in Figure 3(b). This method is quite dependent
on precise 2D Gaussian fitting. For total image date sets, the
evaluation results in Table 2 show that it can achieve relatively
high accuracy compared favorably to the manual analysis, yet
at a small fraction of time.

4. Conclusion
In this paper, we have proposed a fully automated and
easily applied method for identifying fusion events. We have
evaluated the method using real image data annotated by
biologists. Evaluation results show that the forward moving
average differentiation combined with an adaptive threshold
MAD is more useful for detecting fusion candidate vesicles
combined with a pH-sensitive reporter, while 2D Gaussian
fitting of fusion process helps to annotate the fusion event in
TIRFM image sequences.
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(b) A genuine fusion event is mistakenly identified as a nonfusion event
(FN)

(a) A genuine fusion event is correctly identified (TP)
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(c) A nonfusion event is mistakenly identified as a fusion event (FP)
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Figure 3: Four typical identification results compare to ground truth. Relationship between the variety of total instensity, intnesity at weighted
centroid, and spot radius during vesicle movement. The integral average radius is also calculated (red dashed line) as a threshold for identifing
diffusion initiation (>1.2 times, black asterisk) and fusion event (>2 times). (c) A nonfusion at the edge of cell is mistakenly identified as a
fusion event, mainly due to unsymmetrical background. All values are normalized to the initiation of fusion pore opening.
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Objective. The aim of this work was to assess robustness and reliability of an adaptive thresholding algorithm for the biological target
volume estimation incorporating reconstruction parameters. Method. In a multicenter study, a phantom with spheres of different
diameters (6.5–57.4 mm) was filled with 18 F-FDG at different target-to-background ratios (TBR: 2.5–70) and scanned for different
acquisition periods (2–5 min). Image reconstruction algorithms were used varying number of iterations and postreconstruction
transaxial smoothing. Optimal thresholds (TS) for volume estimation were determined as percentage of the maximum intensity
in the cross section area of the spheres. Multiple regression techniques were used to identify relevant predictors of TS. Results. The
goodness of the model fit was high (R2 : 0.74–0.92). TBR was the most significant predictor of TS. For all scanners, except the Gemini
scanners, FWHM was an independent predictor of TS. Significant differences were observed between scanners of different models,
but not between different scanners of the same model. The shrinkage on cross validation was small and indicative of excellent
reliability of model estimation. Conclusions. Incorporation of postreconstruction filtering FWHM in an adaptive thresholding
algorithm for the BTV estimation allows obtaining a robust and reliable method to be applied to a variety of different scanners,
without scanner-specific individual calibration.

1. Introduction
18

In the last years the coregistration of F-fluorodeoxyglucose
positron emission tomography (18 F-FDG PET) images with
computed tomography (CT) images has gained an increasing
interest in the staging and treatment planning for radiotherapy of several tumor sites. However, a standardized way of
converting PET signals into target volumes is not yet available
[1].

New semiautomatic and automatic segmentation methods have been developed implying gradient, region growing,
clustering, statistical methods and other approaches [2–9].
While referring to these promising methods, it should be
pointed out that some of these new methods suffer from the
need of extensive preprocessing of the images (e.g., edgedetection). Moreover, the majority of these new algorithms
are not widely available, so their use is currently restricted to
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Figure 1: Inserts in the IEC phantom used for the multicenter measurements comprising 9 fillable spheres of different diameters.

the developers and, as a consequence, they are not independently validated.
Apart from visual inspection of PET scans, which suffers
from interobserver variability [10], thresholding methods
are widely used as PET segmentation approach in clinical
practice for biological target volume (BTV) delineation
for radiotherapy planning. Adaptive thresholding methods
based on contrast-oriented contouring algorithms have been
developed independently by many groups and validated
in patient data in head and neck, in lung cancer, and in
lymph nodes [11–13]. These methods are based on phantom
measurements to derive a relationship between the “true”
volume and the threshold to be applied to PET images.
These threshold-volume curves for one PET/CT scanner
have been previously obtained varying target-to-background
ratio (TBR), target dimensions, and postreconstruction
smoothing [14]. It has been previously demonstrated that
the emission scan duration (ESD) and background activity
concentration, related to the level of image noise, are not
predictors of the thresholding level of PET images [15].
Moreover, adaptive-threshold segmentation algorithms are
not influenced by the different conditions of attenuation and
scatter which may be encountered in different anatomical
districts [16] and by the degree of convergence of iterative
reconstruction algorithms [14].
Although adaptive thresholding methods are applicable
to every PET scanner, it is generally assumed that the
values of the parameters obtained during model building
are system dependent so that a specific calibration for each
PET system is required. On the other hand, a less hardwaredependent solution to the problem of PET segmentation
could provide a robust algorithm, easily usable with images
acquired by different scanner models without needing any
previous optimization of the individual image quality.
Our hypothesis is that this goal can be accomplished by
incorporating in our algorithm the reconstruction parameters that impact on threshold determination. To validate
this hypothesis we firstly developed an original method
to adapt the thresholds (TS) used to estimate the BTV
in PET images. The proposed method incorporates the
PET reconstruction parameters that influence the threshold
determination. Secondly, we investigated in a multicenter

trial the robustness of this method with respect to various
scanner models, reconstruction settings, and acquisition
conditions: a multivariable approach was adopted to study the
dependence of the TS that define the boundaries of 18 F-FDG
uptake on object characteristics (contrast, size), acquisition
parameters (scan duration), and reconstruction modalities
(reconstruction algorithm, number of iterations, and amount
of postreconstruction smoothing) in eleven state-of-the-art
PET/CT scanners installed in eight different institutions.
Finally, we assessed the reliability of the regression models
through the use of split-sample analysis.

2. Materials and Methods
2.1. Phantoms. Measurements were performed on the NEMA
IEC Body Phantom Set (Data Spectrum Corporation, Hillsborough, NC). This phantom contains 6 coplanar spheres,
with internal diameters (ID) of 10, 13, 17, 22, 28, and 37 mm.
A supplemental set of 2 microhollow spheres of 6.5 and
8.1 mm ID and 1 sphere of 57.4 mm ID were positioned at the
bottom of the phantom. The experimental setup is depicted
in Figure 1, together with sphere IDs (mm), maximum cross
section areas (𝐴) (mm2 ), and volumes (mL). The same positioning of the phantom was ensured through laser localizer
and a scout CT acquisition.
2.2. PET/CT Scanners. Eleven PET/CT scanners were used
for the robustness study: n. 2 Discovery ST (S1, S2) [17], n.
1 Discovery STE (S3) [18], n. 2 Discovery 600 (S4, S5) [19],
and n. 1 Discovery 690 (S6) [20] (GE Healthcare, Milwaukee,
WI), n. 1 Biograph HI-REZ (S7) [21] and n. 1 Biograph
TRUEV (S8) [22] (SIEMENS Medical Solutions, Knoxville,
TN), n. 1 Gemini XL (S9) and n. 2 Gemini TF (S10, S11)
[23] (Philips Medical Systems, Cleveland, OH). The technical
characteristics and physical performances of the PET/CT
scanners were derived from factory data and/or previous
publications and are reported in Table 1.
2.3. Phantom Acquisition. The background of the IEC phantom was filled with 3 kBq/mL activity concentration of
18
F-FDG. A standard protocol was designed to generate the
following acquisitions for each scanner model.

Detector ring diameter (cm)
Detector material
Acquisition mode
Number of individual crystals
Number of crystal/ring
Number of image planes
Crystal size (mm3 )
Patient port diameter (cm)
Axial field of view (cm)
Transaxial filed view (cm)
Axial sampling interval (mm)
Coincidence window width (ns)
Lower energy threshold (keV)
Physical performances
Transverse resolution
FWHM (mm) at 1 cm
FWHM (mm) at 10 cm
Axial resolution
FWHM (mm) at 1 cm
FWHM (mm) at 10 cm
System sensitivity (cps/KBq)
Scatter fraction (%)

Discovery STE
(general electric)
S3
88.6
BGO
2D/3D
13.440
560
47
4.7 × 6.3 × 30
70
15.7
70
3.27
9.3
425

5.1
5.7
5.2
5.9
8.8
34

Discovery ST
(general electric)
S1-2

88.6
BGO
2D/3D
10.080
420
47
6.3 × 6.3 × 30
70
15.7
70
3.27
11.7
375

6.29
6.82
5.68
6.05
8.99
45

5.6
6.4
9.6
36.6

4.9
5.6

80.1
BGO
3D
12.288
512
47
4.7 × 6.3 × 30
70
15.7
70
3.27
9.0
425

Discovery 600
(general electric)
S4-5

4.74
5.55
7.5
37

4.70
5.06

80.1
LYSO
3D
13824
576
47
4.2 × 6.3 × 25
70
15.7
70
3.27
4.9
425

Discovery 690
(general electric)
S6

5.10
5.93
4.87
34.1

4.61
5.34

Biograph16
Hi-REZ
(Siemens)
S7
83.0
LSO
3D
24.336
624
81
4 × 4 × 20
70
16.2
58.5
2.0
4.5
425

Table 1: PET/CT scanners: main technical characteristics and physical performances.

4.7
5.7
8.0
32.7

4.1
4.8

83.0
LSO
3D
32448
624
109
4 × 4 × 20
70
21.8
60.4
2.0
4.5
425

Biograph 6 True V
(Siemens)
S8

5.8
6.6
8.0
35

5.2
5.8

88.5
GSO
3D
17.864
616
90
4 × 6 × 30
70
18.0
57.6
2.0
7.5
410

Gemini XL
(Philips)
S9

4.8
5.2
6.6
27

4.8
5.0

90.3
LYSO
3D
28.336
NA
90
4 × 4 × 22
71.7
18.0
57.6
2.0
6.0
440

Gemini TF
(Philips)
S10
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(a) Nine different TBRs (2.5 : 1, 4 : 1, 8 : 1, 16 : 1, 25 : 1, 35 : 1,
47 : 1, 55 : 1, and 70 : 1), determined by the dose calibrator and
dilution, were imaged in different acquisition sessions. The
measured TBRs were determined in the reconstructed image
as the maximum pixel intensity in a region of interest (ROI)
encircling the cross sectional area of the target, divided by the
average pixel intensity of ROIs surrounding the sphere. These
TBRs ranged from 70 down to 2.5 and were within the full
range observed in patients.
(b) Four different ESD (2, 3, 4, and 5 min) were acquired
to provide independent replicates of the experiments.
2.4. PET Image Reconstruction
2.4.1. Discovery ST, Biograph HI-REZ, and Biograph TRUEV.
These systems use a 2D Fourier-rebinning (FORE) ordered
subset expectation maximization (OSEM) algorithm with
all corrections (scatter, random, dead time, attenuation, and
normalization) incorporated into the iterative reconstruction
scheme. In these systems the user can independently specify
the number of iterations and subsets and the amount of the
transaxial postreconstruction Gaussian smoothing, through
the filter full-width-at-half-maximum (FWHM) expressed in
mm.
2.4.2. Discovery STE and Discovery 600. The D-600 system uses a fully 3D-OSEM algorithm with all corrections
incorporated into the iterative reconstruction scheme. The
reconstruction settings are the same as above with the only
difference that the axial filter is a mean filter with available
kernels of 1 : 2 : 1, 1 : 4 : 1, and 1 : 6 : 1.
2.4.3. Discovery 690. The D-690 system uses a fully 3DOSEM algorithm with all corrections incorporated into the
iterative reconstruction scheme. Furthermore, new reconstruction algorithms are available on the D-690, which add
to the standard configuration the time of flight information
(TOF) and/or a 3D model of the D-690 PET point spread
function (PSF). The activation of TOF and/or PSF does
not require the setting of any new parameter compared to
those used with the 3D-OSEM algorithm (number of subsets,
number of iterations, reconstructed field of view (FOV),
image matrix, and axial and transaxial postfilters). In this
study, both TOF and PSF information were included in the
reconstruction scheme.
2.4.4. Gemini XL. This system uses a fully 3D lineof-response (LOR) based iterative reconstruction algorithm named row-action maximum likelihood algorithm
(RAMLA) [24]. The number of iterations is fixed (2 iterations
and 33 subsets) and the reconstruction protocols contain one
modifiable parameter that can be set to adjust the quality of
the images as normal, smooth, or sharp.
2.4.5. Gemini TF. This system uses the TOF maximum likelihood expectation-maximization reconstruction algorithm
(TF-MLEM) [24]. The reconstruction protocols contain three
modifiable parameters that can be set to adjust the quality of
the images: the first is the number of iterations (3 iterations
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and 20 subsets or 3 iterations and 33 subsets); the second is
a so called relaxation parameter that can be set between 1,
0.7 and 0.5 and controls the magnitude of change that each
iteration makes to the image. A third parameter, the kernel
width of the TOF, can be set by the user at two levels (Gemini
TF manual) [25].
The type of reconstruction algorithm, the degree of the
convergence of the iterative algorithm, and the amount of
the postreconstruction smoothing applied on images were
varied starting from the clinical acquisition protocols used
in each institution for radiotherapy planning. Overall, in
each scanner, the maximum of theoretical independent
combinations of acquisition parameters available for the
subsequent model fitting were 9 sphere 𝐴 × 9 TBR × 4 ESD
= 324. The 8.1 and 6.5 mm spheres was not always included
in the analysis because they were not clearly visible in all
the phantom acquisitions. The number of reconstruction
modalities available for model fitting depends on the scanner
capabilities: the details of the reconstruction parameters
together with the voxel size of the reconstructed images and
the number of data points that is actually available for model
fitting in each scanner are shown in Table 2.
2.5. Image Analysis. TS were determined as a percentage
of the maximum intensity in the cross section area of the
spheres. Target cross sections of area 𝐴 were selected in the
middle of the spheres, which constitutes the largest cross
section of the sphere. The values of TS were entirely based
on the apparent activity concentration in the images and
not on the known activities actually placed in the spheres.
To find the TS value that yielded an area 𝐴 best matching
the true value, the cross sections were autocontoured in the
attenuation corrected slices varying TS in step of 1%, until
the area so determined differed by less than 10 mm2 versus
its known physical value.
The analysis was performed by means of an automatic
routine, EyeLite RT v.1.1 (G-Squared, Vicenza, Italy), to avoid
the influence of the operator in ROIs dimensioning and to
minimize the influence of the operator in the ROIs positioning. The operator placed six 17 mm-diameter ROIs in the
background area surrounding the spheres. The mean intensity of these 6 ROIs was used as a background value (BG). ROI
analyses were performed only for visually detectable spheres:
this accounted for the discrepancy between theoretical and
experimental data points collected for each scanner.
2.6. Statistical Analysis. For each combination of EMequivalent iteration number (𝑖) and ESD (𝑗), the following
variables were evaluated: 𝑋1𝑖𝑗 defined as target cross section
𝐴, 𝑋2𝑖𝑗 defined as 1 − 1/TBR, and 𝑋3𝑖𝑗 defined as the FWHM.
Multiple linear regression analysis was performed in
order to define the relationship between the best TS (TS𝑖𝑗 )
(providing the most accurate sphere cross sectional area) and
𝑋1𝑖𝑗 , 𝑋2𝑖𝑗 , and 𝑋3𝑖𝑗 . The multiple regression model used for
the fit was
TS𝑖𝑗 = 𝐵0 + 𝐵1 × 𝑋1𝑖𝑗 (mm2 ) + 𝐵2 × 𝑋2𝑖𝑗 + 𝐵3 × 𝑋3𝑖𝑗 + 𝐸,
(1)

Discovery
ST
S2

∗

6
1651

6

1641

6, 8, 11

6, 8, 11

1676

6

—
—

1785

6

—
—

1:4:1

16, 32

14, 42

1:4:1

3D-OSEM

Discovery
600
S4

3D-OSEM

Discovery
STE
S3

1727

6

—
—

1:4:1

5.5, 8.2, 11

16, 48

3D-OSEM

Discovery
600
S5

1:6:1
1 : 4.1
1:2:1
—
—

4, 6, 8

54, 108

3D-OSEM

Discovery
690
S6

5368

18

Biograph 6
true V
S8

Gemini
XL
S9

—

4, 6, 8

16, 24

3456

12

1676

814

3

4×4×3

4.1 × 4.1 × 5
6

—
0.5, 0.7, 1

—

—

66

—
—

—

4, 6, 8

16, 42

FORE-OSEM FORE-OSEM LOR-RAMLA

Biograph
16 Hi-REZ
S7

—
—
2.6 × 2.6 × 2
2.7 × 2.7 × 3.3 2.7 × 2.7 × 3.3 2.7 × 2.7 × 3.3 2.7 × 2.7 × 3.3 2.7 × 2.7 × 3.3 2.7 × 2.7 × 3.3
5.3 × 5.3 × 2

—
—

—

—
—

—

Only available with 99 iterations.

Kernel width (cm)
Relaxation (𝜆)
Voxel dimensions
𝐿 × 𝑊 × 𝐻 (mm)
Number of
reconstructions
Number of data
points

Axial smoothing
(kernel)

Reconstruction
FORE-OSEM FORE-OSEM
protocol
Number of iterations
14, 42
16, 40
Transaxial smoothing
6, 9, 13
5.5, 8.2, 11
FWHM (mm)

Discovery
ST
S1

Table 2: PET/CT scanners: reconstruction parameters.

1993

6

4×4×3

14.1
0.5, 0.7, 1

—

—

60, 99

TF-MLEM

Gemini
TF
S10

2466

9

4×4×3

14.1, 18.7∗
0.5, 0.7, 1

—

—

60, 99

TF-MLEM

Gemini
TF
S11
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where 𝐵0 , 𝐵1 , 𝐵2 , and 𝐵3 are the regression coefficients to be
estimated and 𝐸 is the error term. The hypothesis of linear
dependence between TS and independent variables 𝑋 were
already demonstrated in Brambilla et al. and in Matheoud et
al. [14, 15]. However, nonlinear objective functions or even
indicator functions according to the different parameters
range could be investigated for fitting TS.
Additional variables, reflecting the characteristics of the
reconstruction protocol of each considered scanner, were
inserted in the model as independent predictors. Axial
smoothing was considered for the Discovery 690 and voxel
dimensions were inserted for the Biograph Hi-REZ, while
relaxation parameter and TOF kernel width were accounted
for in the Gemini and in the Gemini TF, respectively.
Stepwise forward selection was used as a strategy for
selecting the variables and 𝐹 statistic was used as a criterion
for selecting a model. Goodness of fit for each regression
model was expressed using the adjusted coefficient of determination (𝑅2 ). Goodness of fit was reported at each stage
of model building as partial 𝑅2 . The criteria for retaining a
variable in a model were 𝐹 > 4 and an increment of at least
0.01 in the 𝑅2 in order to be cautious in including redundant
variables into the models. The weight of the different independent variables in explaining TS was quantified by means
of standardized regression coefficients 𝛽𝑖.
The reliability of the regression models was assessed
through split-sample analysis [26]. Using this methodology,
all observations in each scanner model were randomly
assigned to one of two groups, the training group or the
holdout group. The regression models were derived using the
training group and the sample squared multiple correlation
𝑅2 was obtained. Then the prediction equation for the
training group was used to compute predicted values for the
holdout group. Finally, the univariate correlation 𝑅2∗ (cross
validation correlation) was obtained between these predicted
values and the observed responses in the holdout group. The
reliability of the regression models was expressed by using
the shrinkage on cross validation coefficients 𝑅2 − 𝑅2∗ . As a
criterion, shrinkage values of less than 0.10 were considered
as indicative of a reliable model.
In order to compare separate multiple regressions of TS
as a function of the 𝑋 independent variables for two different
scanners, an additional dummy variable, coding for each
scanner, was inserted in the model. A regression model was
then built by pooling the data coming from the two scanners
and inserting this dummy variable as a predictor. The criteria
for retaining this variable in the model were the ones specified
above.
Statistical analysis was performed using the software
Statistica 6.0 (Statsoft Inc., Tulsa OK).

3. Results and Discussion
3.1. Multiple Linear Regression. Figure 2 shows the plots of
averaged TS versus cross sectional areas for a coarse grouping
of TBRs for each scanner model.
The TS versus predictor variables plot was fitted only
for cross sectional area > 133 mm2 that is in the range of
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clinically relevant volumes comprised between 1 and 100 mL.
The cross sectional area of 133 mm2 (that corresponds to a
sphere ID of 13 mm and approximately the twofold FWHM
of the scanners) was selected as a separator of the data due to
the resolution characteristics of the scanners.
Following (1), the regression equations that best summarize the results obtained in a multiple regression model with
TS as the predicted variable are reported for each scanner in
Table 3 together with the values of the corresponding parameters 𝐵0 –𝐵3 . In the third column of Table 3 the multiple-𝑅2
of model fitting are reported, while the last column shows
the ranking of the independent predictors together with the
standardized regression coefficients and the amount of TS
variance explained by each predictor.
The emission scan duration and the degree of the convergence of the iterative algorithm were never significant
predictors of TS. This provided a confirmation of previously
reported findings. Also the axial smoothing in the Discovery
690, the voxel size in the Biograph Hi-REZ, the relaxation 𝜆
in the Gemini scanners, and the Kernel width of the time
of flight correction in the Gemini TF were not significant
predictors of TS.
The goodness of the model fit, assessed by the coefficient
of determination 𝑅2 , was high, ranging from a minimum
of 0.74 for the Discovery 690 to a maximum of 0.92 for
both the Discovery 600 and the Biograph Hi-REZ. The most
relevant variable for TS prediction was TBR with a partial
𝑅2 accounting for 74% to 91% of TS variability. In the case
of the Discovery 690, TBR only accounted for 40% of TS
variability, although it remains the best individual predictor.
Second came the amount of smoothing in the transaxial plane
(FWHM) that showed an additional 𝑅2 roughly explaining
from 1 to 5% of TS variability. The only exceptions were the
Gemini scanners, where this parameter cannot be varied by
the user, and the Discovery 690, where its contribution is
significantly increased to 29% of TS variability. Last came the
lesion size (𝐴) that played an independent role only in the
Discovery 690 and in the Gemini scanners accounting for
5%–8% of TS variability.
The comparison of the regression lines obtained from two
scanners of the same model (Discovery ST, Discovery 600,
and Gemini TF) did not evidence any relevant difference. The
test of the hypothesis of coincident regression lines for the
two DST scanners provided an 𝐹3,2145 = 0.73 (𝑃 = 0.53). This
𝐹 statistics is small (𝑃 is large), so we do not reject 𝐻0 and
therefore have no statistical basis for believing that the two
lines are not coincident. The details of the test are reported in
Table 4. Moreover, the additional 𝑅2 of the “scanner” dummy
variable as predictor of TS variance was below <0.001. Similar
results were found for the D600 and GTF scanners (not
shown). Accordingly, the results of the regression analysis
obtained by pooling all the measurements from scanners of
the same model are reported in Table 3.
3.2. Regression Model Reliability. The results of the reliability
study on regression models are reported in Table 3. The
shrinkage on cross validation was always below 0.07, which
is quite small and indicative of an excellent reliability of
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Figure 2: Continued.
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Figure 2: Plots of averaged TS versus cross sectional areas for a coarse grouping of TBRs for each scanner model. Measured data points have
been omitted here to prevent obscuring differences in trends.

estimation. An important aspect related to assessing the
reliability of a model involves considering difference score
of the form TSobserved − TSpredicted , where only holdout cases
are used and when the training sample equation is used to
compute the predicted values. The “unstandardized residuals”
can be subjected to various residual analyses. The most
helpful entails univariate descriptive statistics such as the box
and whiskers plots depicted in Figure 3. In our case a few
large residuals are present, but they are neither sufficiently
implausible nor influential to require further investigations.
In our investigation, we derived the calibration curve
for eleven PET scanners (eight models, three manufacturers,
and eight sites) to apply the adaptive-threshold algorithm for
PET-based contouring. The eight scanner types investigated
in this study differ in scintillation crystal, scanner electronics,
and reconstruction methodologies. Methods of retrospective
image resolution recovery such as PSF-reconstruction or
TOF measurements were also characterized in the present
study.
At present, there is considerable variability in the way
standard PET/CT scans are performed in different centers
[27, 28]. Thus, there was no chance for a multicenter standardization of all scanners and all imaging protocols in use.
Instead, we chose to directly incorporate in our adaptive
thresholding algorithm the reconstruction parameters that
can be selected by the user and that are relevant for TS
determination. This should increase the robustness of the
proposed method by avoiding the need to perform individual
calibrations in each center of the algorithm. Noteworthy,
the comparison of the regression lines obtained from two
scanners of the same model did not evidence any relevant
difference, at least for the three scanner models tested. This
brings another relevant consequence; that is, with the incorporation of the reconstruction parameters in the regression

models the calibration curve in a specific scanner model need
not to be obtained at each site. Instead, it can be derived
once and applied irrespectively of the specific scanner being
utilized provided that is of the same model.
3.3. Comparison with Previous Published Papers. To the best
of our knowledge only three studies have been published
so far on the integration of PET/CT scans from different
hospitals into radiotherapy treatment planning. In the first
study, Öllers et al. [29] used a TBR algorithm to evaluate
head-and-neck tumors. To this purpose only small spheres
of volumes ranging from 2 to 16 mL (i.e., sphere ID less
than 3 cm) were used. TBRs, as determined by the dose
calibrators, ranged from 2 to 12. The authors performed
phantom measurements on three scanners of the same
manufacturer (Biograph Accel, Siemens) equipped with Pico
3D (2 scanner) or standard (1 scanner) detector electronics.
Identical acquisition and reconstruction protocols were used.
To study the effect of different reconstruction parameters
on the results PET raw data were reconstructed varying
the number of iterations (IT from 2 to 64) with a fixed
smoothing of FWHM = 5 mm. They found that the standardized uptake value (SUV) threshold of the scanner equipped
with standard electronic differed significantly from those of
the other two scanners and that at least 16 iterations are
required in order to produce reliable SUV thresholds. Our
own results support these findings. On the one hand, the
regression lines did not differ significantly between scanners
of the same type equipped with similar electronics, while the
calibration curves for scanners of different type clearly differ
(Figure 2). On the other hand, the number of iteration is not
a significant predictor of TS, provided that this number is
kept above a certain level which is both recommended by the
manufactures and necessary to have good image quality.

𝑅2
0.91
0.87
0.92
0.74
0.92
0.89
0.82
0.84

Equation

TS = 90.68 − 62.44 ⋅ (1 − 1/TBR) + 1.05 ⋅ FWHM (mm)

TS = 88.68 − 59.39 ⋅ (1 − 1/TBR) + 1.03 ⋅ FWHM (mm)

TS = 93.52 − 64.38 ⋅ (1 − 1/TBR) + 0.99 ⋅ FWHM (mm)

TS = 63.04 − 0.015 ⋅𝐴 (mm2 ) − 40.51 ⋅ (1 − 1/TBR) + 1.92 ⋅ FWHM (mm)

TS = 88.19 − 56.18 ⋅ (1 − 1/TBR) + 0.67 ⋅ FWHM (mm)

TS = 90.43 − 61.86 ⋅ (1 − 1/TBR) + 0.95 ⋅ FWHM (mm)

TS = 92.04 + 0.0025 ⋅𝐴 (mm2 ) − 59.15 ⋅ (1 − 1/TBR)

TS = 88.57 + 0.0027 ⋅𝐴 (mm2 ) − 57.44 ⋅ (1 − 1/TBR)

Discovery ST

Discovery STE

Discovery 600

Discovery 690

Biograph Hi-REZ

Biograph TRUEV

Gemini XL

Gemini TF

−0.009

0.067

−0.013

−0.012

0.007

0.000

0.004

−0.008

𝑅2 (1) − 𝑅2 ∗ (2)

TS predictors
1 − 1/TBR (𝛽2 = −0.91, partial 𝑅2 = 0.85)
FWHM (𝛽3 = 0.23, additional 𝑅2 = 0.06)
1 − 1/TBR (𝛽2 = −0.90, partial 𝑅2 = 0.82)
FWHM (𝛽3 = 0.23, additional 𝑅2 = 0.05)
1 − 1/TBR (𝛽2 = −0.93, partial 𝑅2 = 0.88)
FWHM (𝛽3 = 0.20, additional 𝑅2 = 0.04)
1 − 1/TBR (𝛽2 = −0.61, partial 𝑅2 = 0.40)
FWHM (𝛽3 = 0.54, additional 𝑅2 = 0.29)
𝐴 (𝛽1 = 0.22, additional 𝑅2 = 0.05)
1 − 1/TBR (𝛽2 = −0.95, partial 𝑅2 = 0.91)
FWHM (𝛽3 = 0.10, additional 𝑅2 = 0.01)
1 − 1/TBR (𝛽2 = −0.91, partial 𝑅2 = 0.85)
FWHM (𝛽3 = 0.19, additional 𝑅2 = 0.04)
1 − 1/TBR (𝛽2 = −0.89 partial 𝑅2 = 0.74)
𝐴 (𝛽1 = 0.27, additional 𝑅2 = 0.08)
1 − 1/TBR (𝛽2 = −0.88 partial 𝑅2 = 0.76)
𝐴 (𝛽1 = 0.28, additional 𝑅2 = 0.08)

Table 3: Scanner-model specific calibration curves, model 𝑅2 , shrinkage on cross validation and independent predictor of TS ranked in order of significance.
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Table 4: Analysis of variance table. Test of 𝐻0 = coincident regression lines for the two DST scanners.
𝐴 > 133 mm2

Sum of
squares
(SS)

Reduced model
Regression
281844
Residuals
28980
Full model
Regression
281874
Residuals
28951

Degrees
of
freedom

Mean
square
(MS)

2
2148
3
2147

𝐹

𝑃

140922
13.5

10445

< 10−6

93958
13.5

6968

< 10−6

𝐹 = (28980,3 − 28950,6)/3/13.48 = 0.73; 𝑃 = 0.53.

6

2
0
−2

Gemini TF

Gemini XL

Biograph TrueV

Biograph Hi-REZ

Discovery 690

Discovery 600

−6

Discovery STE

−4

Discovery ST

Unstandardized residuals

4

Median
25%–75%

10%–90%

Figure 3: Box and whiskers plot of unstandardized residuals
(TSobserved − TSpredicted ) for the different scanners where only holdout
cases are used and when the training sample equation is used to
compute the predicted values.

In a second study, Hatt et al. [30] evaluated the robustness
and repeatability of a TBR algorithm in comparison to
fuzzy C-means clustering and fuzzy locally adaptive Bayesian
algorithm. The authors performed phantom measurements
on four different PET/CT scanners (Philips Gemini and
Gemini TF, Siemens Biograph, and GE Discovery LS) using
a standard acquisition protocol with two TBR (4 and 8) and
Three ESD (1, 2, and 5 min). PET raw data were reconstructed
using routine clinical image reconstruction and two voxel size
volume for all scanners. They reported a higher robustness
of the fuzzy locally adaptive Bayesian algorithm while the
repeatability provided by all segmentation methods was very
high with a negligible variability of <5% in comparison to that
associated with manual delineation. However, as recognized
by the same authors, in order to assess the robustness of
the TBR approach they applied an adaptive thresholding

using the parameters optimized on other scanners to the
image datasets acquired with the Siemens Biograph, which is
sort of misleading since the TBR approach is system dependent. Instead, by adopting scanner-model specific calibration
curves, similar mean classification error (∼10%) and variability (∼5%) would have been obtained for the TBR algorithm
and for the fuzzy locally adaptive Bayesian approach. By first
principles, the inclusion of the postreconstruction smoothing
(not considered in the study of Hatt) should increase both the
accuracy and robustness of adaptive thresholding algorithms
possibly leading to results even superior to those achieved
by advanced image segmentation methods. Noteworthy, the
coefficient of regression for the TBR variable reported by Hatt
for the Gemini TF is very similar to the one obtained for
the same variable in the present work (𝐵TBR = 61.4 versus
59.3), also considering that the two regression models are
not identical. This provides, although indirectly, a further
confirmation of the robustness of the scanner-model specific
approach in deriving TS calibration curves.
In the last study Schaefer et al. [31] evaluated the calibration of an adaptive SUV thresholding algorithm in eleven
centers equipped with 5 Siemens Biograph, 5 Philips Gemini,
and one Siemens ECAT ART scanners. They reported only
minor differences in calibration parameters for scanners of
the same type provided that identical imaging protocols were
used, whereas significant differences were found comparing
scanners of different types. Moreover, they reported no
statistically significant differences among SUV thresholds
calculated for each site by use of the “site-specific” calibration
neither among scanners of the same type at different sites nor
among scanners of different types at different sites. Our own
results support these findings only partially. In our study both
acquisition and reconstruction parameters were varied and
relevant parameters were incorporated into the “site-specific”
algorithms so that there is no need to force individual centers
to adopt a fixed protocol of image acquisition and image
reconstruction. Bearing in mind this relevant difference,
also in our study the calibration curves were not significantly different between scanners of the same type, whereas
significant differences were found comparing scanners of
different types. On the contrary, both the measured (Figure 2)
and the calculated TS (Table 3) were significantly different
among scanners of different types. For instance, the measured
TS averaged over the entire spectrum of acquisition and
reconstruction parameters for larger targets (sphere 𝐴 >
133 mm2 ) for the Discovery 690 (S6) and the Discovery 600
(S4-5) were 39.0 ± 5.8% versus 45.4 ± 10.8, respectively
(𝑃 < 0.0001). This difference largely reflects the hot-contrast
recovery capabilities of the different scanners which, in the
case of the Discovery 690, are emphasized by the introduction
of PSF techniques in the reconstruction process.
3.4. Study Advantages and Limitations. The proposed method
for the definition of BTV has several advantages, even if the
results of this study must be interpreted in the context of some
limitations.
Our method is feasible in a clinical context in those
lesions presenting a uniform radiotracer uptake, as for
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(b)

(c)

Figure 4: Application of the proposed method to a head and neck tumor: CT (a), MR (b), and PET (c) images (acquired on the biograph
Hi-REZ PET scanner). The green ROI corresponds to the GTV delineation manually performed by the radiation oncologist, while the blue
one is the result of the application of the 39% TS derived from the thresholding algorithm (TBR = 12, FWHM = 4 mm). The differences
between manual GTV and GTV obtained from the thresholding algorithm is 4.3%.

different oncological lesions. In this case, the proposed
method can be effective for extracting functional biomarkers
and for using PET imaging in image-guided radiotherapy
treatments. As a representative example, Figure 4 shows the
application of the proposed method to a head and neck oncological patient, a candidate for image-guided radiotherapy.
In these patients, BTV can be used to optimize radiotherapy
treatment taking advantages from the information of functional imaging.
The effects of lesion movement in lung tumors have been
recently incorporated in an adaptive thresholding algorithm
using multiple regression techniques similar to those in
the present study [32]. Though the effects of lesion movement were not included in this study, we believe that the
conclusions regarding the effect of smoothing and TBR on
thresholds still apply in the case of moving targets.
Threshold techniques do not take into account variations
in tumor heterogeneity. This has motivated the investigation of advanced segmentation techniques not based on
thresholding. While referring to these important methods
for segmentation of nonuniform tracer concentration it
should be pointed out that until they are further developed
and validated, adaptive threshold segmentation methods are
and will be used in most clinics and therefore need to be
accurately characterized.
Furthermore, it has to be pointed out that in our work
BTVs were fitted only for cross sections larger than 133 mm2 .
This choice is justified by the fact that several studies found
severe errors in the volume estimation for tumor volume <
2 mL corresponding to cross sections < 192 mm2 (in terms of
sphere-equivalent cross section) [33–35].

4. Conclusion
This study demonstrated that the calibration curves for the
proposed adaptive thresholding method were not significantly different between scanners of the same type at different
sites. The incorporation of the postreconstruction Gaussian
smoothing in the algorithms avoids the need of systemdependent optimization procedures. This, together with the

demonstrated high level of reliability of this approach, may
provide robust and reliable tools to aid physicians as an initial
guess in segmenting biological volumes on FDG-PET images.
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“A gradient-based method for segmenting FDG-PET images:
methodology and validation,” European Journal of Nuclear
Medicine and Molecular Imaging, vol. 34, no. 9, pp. 1427–1438,
2007.
[3] H. Li, W. L. Thorstad, K. J. Biehl et al., “A novel PET tumor
delineation method based on adaptive region- growing and
dual-front active contours,” Medical Physics, vol. 35, pp. 3711–
3721, 2008.
[4] A. J. Green, R. J. Francis, S. Baig, and R. H. J. Begent,
“Semiautomatic volume of interest drawing for 18F-FDG image
analysis—method and preliminary results,” European Journal of
Nuclear Medicine and Molecular Imaging, vol. 35, no. 2, pp. 393–
406, 2008.
[5] E. Day, J. Betler, D. Parda et al., “A region growing method for
tumor volume segmentation on PET images for rectal and anal
cancer patients,” Medical Physics, vol. 36, no. 10, pp. 4349–4358,
2009.
[6] D. W. G. Montgomery, A. Amira, and H. Zaidi, “Fully automated segmentation of oncological PET volumes using a
combined multiscale and statistical model,” Medical Physics, vol.
34, no. 2, pp. 722–736, 2007.

12
[7] M. Halt, C. C. Le Rest, A. Turzo, C. Roux, and D. Visvikis,
“A fuzzy locally adaptive Bayesian segmentation approach for
volume determination in PET,” IEEE Transactions on Medical
Imaging, vol. 28, no. 6, pp. 881–893, 2009.
[8] I. El Naqa, D. Yang, A. Apte et al., “Concurrent multimodality
image segmentation by active contours for radiotherapy treatment planning,” Medical Physics, vol. 34, no. 12, pp. 4738–4749,
2007.
[9] S. Belhassen and H. Zaidi, “A novel fuzzy C-means algorithm
for unsupervised heterogeneous tumor quantification in PET,”
Medical Physics, vol. 37, no. 3, pp. 1309–1324, 2010.
[10] A. C. Riegel, A. M. Berson, S. Destian et al., “Variability of
gross tumor volume delineation in head-and-neck cancer using
CT and PET/CT fusion,” International Journal of Radiation
Oncology Biology Physics, vol. 65, no. 3, pp. 726–732, 2006.
[11] J.-F. Daisne, T. Duprez, B. Weynand et al., “Tumor volume in
pharyngolaryngeal squamous cell carcinoma: comparison at
CT, MR imaging, and FDG PET and validation with surgical
specimen,” Radiology, vol. 233, no. 1, pp. 93–100, 2004.
[12] A. Schaefer, S. Kremp, D. Hellwig, C. Rübe, C. M. Kirsch, and
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X-ray grating interferometry offers a novel framework for the study of weakly absorbing samples. Three kinds of information, that
is, the attenuation, differential phase contrast (DPC), and dark-field images, can be obtained after a single scanning, providing
additional and complementary information to the conventional attenuation image. Phase shifts of X-rays are measured by the DPC
method; hence, DPC-CT reconstructs refraction indexes rather than attenuation coefficients. In this work, we propose an explicit
filtering based low-dose differential phase reconstruction algorithm, which enables reconstruction from reduced scanning without
artifacts. The algorithm adopts a differential algebraic reconstruction technique (DART) with the explicit filtering based sparse
regularization rather than the commonly used total variation (TV) method. Both the numerical simulation and the biological
sample experiment demonstrate the feasibility of the proposed algorithm.

1. Introduction
X-ray grating interferometry [1–4] with conventional X-ray
tubes develops rapidly in recent years and is becoming
the most promising technology among various phase contrast imaging methods for clinical applications. Three kinds
of information, that is, the attenuation, differential phase
contrast (DPC), and dark-field images, can be obtained
through one single scanning, and the latter two images
provide additional and complementary information to the
conventional attenuation image. The DPC method measures
phase shifts of X-rays by obtaining the line integral of the
directional derivatives of refractive index decrements (𝛿)
[5], that is, the refraction angle of the beam. The refraction
index reconstructed afterwards is 1000 times larger than the
absorption index.
The phase-stepping approach of the grating interferometry, which requires a number of images to retrieve
information, significantly increases the examine time and
the dose delivered to the patient [6]. The problem becomes

even more severe for DPC-CT because of the requirement
of multiangle scanning. Therefore, reducing the number of
projections, the exposure time, and the delivered dose is of
great value. And that is why the low dose DPC reconstruction
algorithm is proposed.
As mentioned above, the reconstruction problem for
DPC-CT is to obtain the refraction index from the refraction
angle data. The analytical method, the filtered backprojection
(FBP) algorithm with the Hilbert transform, was first applied
[7, 8]. Afterwards, several iterative algorithms, such as the
maximum likelihood (ML) algorithm [9] and the differential
algebraic reconstruction technique (DART) [10], were proposed. However, these algorithms rely on the completeness
of data and the large number of projections.
The recently proposed compressed sensing (CS) theory
[11] makes image reconstruction from incomplete data possible. Essentially, it illustrates that if the image is sparse
in a domain which has small coherence with the sampling domain, according to the Shannon/Nyquist sampling
theorem, fewer projections can almost accurately recover
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the images. A typical image reconstruction method exploits
TV as the sparse regularization [12] (from CS measurements).
Applications in both the absorption imaging [12] and the
DPC imaging [10] have been implemented. Instead of the
implicit regularization coming from the penalty, another
sparse regularization method based on explicit filtering is
proposed, which exploits spatially adaptive filters sensitive
to image features and details [13]. However, no similar
algorithms for DPC imaging have been suggested so far,
which is just the problem to be solved in this paper.
In this work, we propose an explicit filtering based lowdose differential phase reconstruction algorithm. The algorithm combines the DART iterative algorithm and the explicit
filtering based CS method. It has the potential to exactly
reconstruct the refractive index distribution using few-view
projections, thus reducing the exposure time and the delivered dose, making DPC-CT closer to clinical applications.
The feasibility of the low dose reconstruction algorithm is
verified by both the numerical simulation and the biological
sample experiments.

2. Methods
2.1. Grating-Based Imaging. Figure 1 illustrates the schematic
diagram of a typical grating interferometry. Two kinds of
apparatuses are shown, the Talbot effect based interferometry
with coherent source, that is, Figure 1(a), and the Talbot-Lau
effect based interferometry with incoherent source, that is,
Figure 1(b). The first grating G1 creates its self-image through
Talbot-Lau effect or classical optics in the position of G2
where Moire fringes occur. The source grating G0 splits
the source into an array of line sources, enabling the use
of the large-focal-spot X-ray tube, that is, the incoherent
source. The phase-stepping approach is adopted for image
acquisition, capturing a series of raw images at every step of
one of the gratings along the transverse direction, obtaining
the intensity oscillation curve, Figure 1(c). The changes of
the background oscillation curves determine three kinds of
information, namely, the attenuation image, the DPC image,
and the dark-field image.
To analyze the changes quantitatively, the oscillation
curve for each pixel is expressed by the Fourier expansion
series:
𝐼 (𝑚, 𝑛, 𝑥𝑔 ) = ∑𝑎𝑖 (𝑚, 𝑛) cos (
𝑖

2𝜋𝑥𝑔
𝑝2

2.2. Differential Phase-Contrast Reconstruction Algorithm.
The DPC image measured by the grating interferometer is the
refraction angle, which is related to the phase shift Φ(𝑟) of the
sample:
DP = Δ𝜃 ≈

𝜆 𝜕Φ (𝑟)
.
2𝜋 𝜕𝑟

In other words, the grating interferometer obtains the
line integral of the directional derivatives of refraction index
decrements. Therefore, the reconstruction problem of DPCCT can be expressed by
𝑦𝜃 = ∫

𝜕𝛿 (𝑖, 𝑗)
𝑑𝑙,
𝜕𝑙

≈ 𝑎0 (𝑚, 𝑛) + 𝑎1 (𝑚, 𝑛) cos (

2𝜋𝑥𝑔
𝑝2

+ 𝜙1 (𝑚, 𝑛)) ,
(1)

where 𝑎𝑖 is the amplitude coefficient, 𝜙𝑖 is the corresponding
phase coefficient, and 𝑝2 is the period of G2. Then, the
attenuation, dark-field, and DPC images are given by 𝑇 =
− log(𝑎0𝑠 /𝑎0𝑟 ), 𝑆 = − log(𝑉𝑠 /𝑉𝑟 ), and DP = 𝜙1𝑠 −𝜙1𝑟 , respectively,
where the superscripts (𝑠) and (𝑟) denote the values with the
sample in place and as a reference without, respectively, and
𝑉 = 𝑎1 /𝑎0 is the visibility of the oscillation curve.

(3)

where 𝑦𝜃 is the refraction angle projection, 𝛿 is the refraction
index decrement of the samples, 𝑙 is the path of X-ray beam
in the medium and 𝑙 is the perpendicular direction to 𝑙.
By contrast, the projection of the conventional X-ray
transmission comes from the linear integration of attenuation coefficient; hence, the reconstruction problem can be
expressed by
𝑦𝐼 = ∫ 𝜇 (𝑥, 𝑦) 𝑑𝑙,

(4)

where 𝑦𝐼 is the intensity projection and 𝜇 is the linear attenuation coefficient.
Such difference in mathematical expressions of the projections requires different reconstruction algorithms.
Inspired by the widely used algebraic reconstruction
technique (ART) [14], Wang et al. proposed a differential
algebraic reconstruction technique (DART) by discretizing
the projection process of the differential phase contrast
imaging into a linear partial derivative matrix [10]:
𝑦𝜃 = ∫

𝜕𝛿 (𝑖, 𝑗)
𝜕𝛿 (𝑖, 𝑗)
𝑑𝑙 ≈ ∑
= ⟨𝑏𝑖 , 𝑥⟩ ,
𝜕𝑙
𝜕𝑙

(5)

where 𝑏𝑖 denotes the net interpolation coefficient corresponding to each pixel.
Therefore, the forward projection process of differential
phase contrast imaging can be expressed by
Δ𝜃 = 𝐵𝑥,

+ 𝜙𝑖 (𝑚, 𝑛))

(2)

(6)

where 𝐵 is named as the linearly partial-derivative matrix.
Equation (3) can be used to reconstruct the refractive index
by algorithms similar to ART directly shown as (4):
𝑥𝑘+1 = 𝑥𝑘 +

𝑦𝜃 − 𝐵𝑥𝑘 𝑇
𝐵 ,
‖𝐵‖

(7)

where 𝑥𝑘 is the image vector 𝑥 in the 𝑘th iteration; 𝐵𝑥𝑘 presents the forward projection process.
However, the DART algorithm relies on the completeness
of data [10]. It is incompetent at the ill-posed reconstruction
problems, such as the cases of few-view or limited-angle
projections.
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Figure 1: The grating interferometry. (a) Talbot effect based interferometry with coherent source; (b) Talbot-Lau effect based interferometry
with incoherent source; the sample intensity oscillation curve (the dash line curve) and the background intensity oscillation curve (the solid
line curve) measured with 10 steps during the phase stepping approach with the grating interferometer in Tsinghua University, China.

2.3. Explicit Filtering Based Low-Dose Differential PhaseContrast Reconstruction Algorithm. In this part, we propose
an explicit filtering based low-dose differential phase-contrast reconstruction algorithm based on the above DART
algorithm for DPC reconstruction.
Generally, the compressed sensing DPC-CT reconstruction method can be summarized as

2
𝑥̂ = arg min {𝑦𝜃 − 𝐵𝑥 + 𝜆𝜑 (𝑥)} .
(8)
𝑥

Here, the fitness function ‖𝑦𝜃 −𝐵𝑥‖2 , which tries to match
the estimation to the data, is accomplished by the DART
algorithm above, where the operation ‖ ⋅ ‖ represents the
𝑙-2 norm. The regularization function 𝜑(𝑥) expresses some
priori known property of the unknown object, which usually defines a sparse representation of 𝑥 after a specific
transformation. The regularization parameter 𝜆 balances the
fitness function with the regularization function. Different

regularization methods are used to find the solution of the
mathematic model under different constraints of minimizing
the complexity of reconstructed signals in different representations. The typical TV-type regularization method uses
the total variations as the sparse transformation, which is
a parametric regression technique. Another solution is to
replace the parametric regression by spatially adaptive filters,
which is sensitive to image features and details. In this paper,
the BM3D filter is adopted, that is, DART BM3D algorithm.
The BM3D algorithm is based on an enhanced sparse
representation in transform domain [15]. The enhancement
of the sparsity is achieved by grouping similar 2D fragments
of the image into 3D data arrays. And then the collaborative
filtering with the hard thresholding is carried out, which
enhances the similarity between the blocks while at the same
time preserves even the finest details with their essential
unique features shared by the jointly filtered 2D fragments.
The implementation of BM3D filter is shown as Figure 2.
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Output

BM3D filter matches the similar block regions in the
image (block matching, BM) using the similarity defined as

2
𝑍1 − 𝑍2 2
,
𝑑 (𝑍1 − 𝑍2 ) = 
2
𝑁mat

Figure 3: The flow chart of the explicit filtering based low-dose
differential phase-contrast reconstruction algorithm.

(9)

where BM3D represents the method shown as in
Figure 2.

where Ζ is the numerical metric of the image, 𝑁mat is the side
length of block, and 𝑑(𝑍1 − 𝑍2 ) is the difference between two
blocks.
Blocks with small differences can be grouped as a set 𝑆.
For blocks in the same group, a hard threshold is used to
assign zeros for small value pixels to generate a weight for
blocks:

(D) Add excitation noise into 𝑥̂𝑘+1 and go back to step (B).

1
{ 2 2
𝑆
𝜎
𝑁
𝑤𝑍 = {
har
{1

𝑁har ≠0
𝑁har = 0,

(10)

where 𝑁har is the number of nonzero pixels. Then, the filtered
image can be obtained as a similarity-weighted average:
𝜆 (𝑥) =

∑𝑥∈𝑍 ∑𝑍∈𝑆 𝑤𝑍𝑆 𝑍 (𝑥)
,
∑𝑥∈𝑍 ∑𝑍∈𝑆 𝜒 (𝑥)

1 𝑍 (𝑥) ≠0
𝜒 (𝑥) = {
0 𝑍 (𝑥) = 0.
(11)

The process of our reconstruction algorithm is shown in
Figure 3 and the steps are described as follows.
(A) Initialization. Creating the linearly partial-derivative
matrix 𝐵 for few-view scanning based on the geometry parameters. An initial guess of the reconstruction
image 𝑥̂0 = 0 is given and 𝑛 = 1.
(B) DART reconstruction:
𝑥̂𝑘+1 = DART (𝑥̂𝑘 ) ,

(12)

where DART represents the reconstruction method
in (4).
(C) BM3D filter:
𝑥̂𝑘+1 = BM3D (𝑥̂𝑘+1 ) ,

(13)

Gaussian noise is added in the unobserved portions, that
is, the missing angles caused by the few-view or limited-angle
scanning, in frequency domain, which works as a random
generator of the missing components in the spectrum:
𝑥̂𝑘+1 = FFT−1 (FFT (𝑥̂𝑘+1 ) + Gaussian (0, 𝜎)) ,

(14)

where FFT represents the Fourier transform operation and
FFT−1 is the inverse Fourier transform operation, 𝜎 is the
standard deviation of the Gaussian noise which is determined
empirically by the noise of the projections caused by the
quantum noise and electronics noise.

3. Experiments and Results
The proposed explicit filtering based low-dose differential
phase-contrast reconstruction algorithm was validated by
both the numerical simulation and biological experiments.
3.1. Numerical Simulation. The Shepp-Logan phantom with
the resolution of 256 × 256 was used in the study. The phantom is shown as in Figure 4(a) and the reconstructed results
are shown as in Figures 4(b)–4(g). All images are shown
in the same display window [0, 1].
Figures 4(b) and 4(c) are the reconstructed results with
the FBP and DART (500 iterations) methods, respectively,
with 180 views within 180∘ with 1∘ angular interval, which
verified the effectiveness of the FBP and DART methods in
case of complete data. Figures 4(d) and 4(e) are the reconstructed results with the FBP and DART, respectively, methods with 10 views within 180∘ with 18∘ angular interval,
with an angular downsampling factor of 18. The results
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Figure 4: The reconstruction results. (a) The phantom; (b) the result of FBP with 180 views, MSE = 4.51𝑒 − 3; (c) the result of DART with
180 views, 500 iterations, MSE = 2.84𝑒 − 5; (d) the result of FBP with 10 views, MSE = 5.15𝑒 − 2; (e) the result of DART with 10 views, 2000
iterations, MSE = 5.80𝑒 − 3; (f) the result of DART TV with 10 views, 2000 iterations, MSE = 1.63𝑒 − 3; (g) the result of the proposed algorithm
with 10 views, 2000 iterations, MSE = 4.62𝑒 − 6; (h) the profiles of the 128th line of (a), (f), and (g).

demonstrate the dependency on the completeness of the data
of the FBP and DART (2000 iterations) methods.
Figure 4(f) is the reconstructed result with the typical
TV-type compressed sensing method (2000 iterations). The
method is an effective reconstruction method dealing with

incomplete data. Figure 4(g) is the reconstructed results
with proposed explicit filtering based compressed sensing
methods (2000 iterations), which is also skilled in dealing
with incomplete data. The reconstructed results with the
compressed sensing methods are almost artifact-free and
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Figure 5: The reconstruction results. (a) the result of FBP with 180 views; (b) the result of DART with 180 views; (c) the result of FBP with 10
views; (d) the result of DART with 20 views; (e) the result of DART TV with 20 views; (f) the result of the proposed algorithm with 20 views.

they are in high accordance with the phantom in both appearance and values, while the results of FBP and DART algorithms show severe streaking artifacts due to the downsampling. Furthermore, profiles as shown in Figure 4(h) show
that the proposed method is better than the TV-type method
in preserving details.
3.2. Biological Sample Experiment. The biological sample
results have been used to test the proposed reconstruction
method. The experiments were performed at the TOMCAT
beamline using a two-grating interferometer operated at
25 KeV and in the 3rd Talbot distance at the Swiss Light
Source of the Paul Scherrer Institute in Switzerland. The pitch
of the phase grating 𝑝1 was 3.981 𝜇m with a height of ℎ1 =
31.7 𝜇m. The corresponding values for the second grating
(gold absorber grating) were 𝑝2 = 2.00 𝜇m and ℎ2 = 24 𝜇m.
The sample was a guinea pig eyeball packed in a plastic pipe
and was scanned within 180∘ with equivalent angular interval
of 1∘ . For each view, an eight-step phase stepping process was
adopted and the refraction angular projections were retrieved
by information retrieving algorithm.
The reconstruction results are shown in Figure 5. Figures
5(a) and 5(b) are the results of FBP algorithm and DART algorithm with 180 views, respectively. Since the reconstruction

image is more complex than the phantom in the previous
section, an angular down-sampling factor of 9 was adopted.
Figures 5(c) and 5(d) is the results of FBP algorithm and
DART algorithm with 20 views, respectively. The results show
severe streaking artifacts, especially the FBP result. As shown
in Figures 5(e) and 5(f), the results of the two compressed
sensing methods are nearly artifact-free. Both the results
of the two compressed sensing methods show great image
quality improvement compared with DART and FBP in fewview reconstruction. And the red ellipses in Figures 5(e) and
5(f) illustrate the better capabilities of preserving details of
the proposed explicit filtering based method than the TVtype method, which can also be seen from Figure 6, which
shows the profiles of the 188th line in the red circles on the
right.

4. Conclusions
In this paper, an explicit filtering based low-dose differential
phase-contrast reconstruction algorithm is proposed. The
algorithm is an application of the compressed sensing theory
and has the potential to accurately reconstruct the distribution of the refractive index with few-view projections.
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The radiation dose reduction without sacrificing the image quality as an important issue has raised the attention of CT manufacturers and different automatic exposure control (AEC) strategies have been adopted in their products. In this paper, we focus on
the strategy of tube current modulation. It is deduced based on the signal-to-noise (SNR) of the sinogram. The main idea behind
the proposed modulation strategy is to keep the SNR of the sinogram proximately invariable using the few-view reconstruction as
a good reference because it directly affects the noise level of the reconstructions. The numerical experiment results demonstrate
that, compared with constant tube current, the noise distribution is more uniform and the SNR and CNR of the reconstruction are
better when the proposed strategy is applied. Furthermore it has the potential to distinguish the low-contrast target and to reduce
the radiation dose.

1. Introduction
X-ray CT has played an important role in primary diagnostic
imaging and radiotherapy since its introduction in 1973. It is
estimated that 67 million CT examinations were performed
in 2006 in the USA while the number was about 3 million in
1980 [1]. With the increasing utilization of CT, the radiation
dose and corresponding potential risks associated with CT
scanning raise the ongoing concern to both the patients and
CT manufactures. According to the as low as reasonably
achievable principle (ALARA), the radiation dose reduction is an important issue in clinical routine, methodology
research, and system development.
Various factors, including system scanning parameters,
the difference of the patients, and the requirement for the
following diagnoses, have influences on the CT imaging dose.
The CT dose index (CTDI) is a measure of the absorbed
dose to a standard plastic phantom, which is commonly used
as the CT dose metric [2, 3]. It is affected by the scanning
mode, exposure time, tube current, tube potential, field of
measurement, and beam shape filtering [2, 4–6]. Generally
it is directly proportional to the tube current and the

exposure time. It is approximately proportional to the square
of the percentage change in tube potential. These parameters can be adjusted flexibly according to the specific imaging
task. Therefore the adjustment strategy of these parameters
according to the specific applications is the key to achieve a
lower CTDI in practical CT examinations.
The automatic exposure control (AEC) technology is
to automatically adapt the tube current or tube potential
according to patient’s attenuation to achieve a specified image
quality. In the currently used commercial CT system, the
AEC technologies based on different strategies are adopted
[7]. Automatic tube potential selection is to choose the
tube potential according to the patient size or image task
in order to achieve the desired image quality with a lower
CTDI. Angular and longitudinal current modulation are
to adjust the tube current according to the patient size,
shape, and attenuation changes at different projection views
[4]. Different vendors provide strategies based on slightly
different principles [8]. GE adopts AutomA and SmartmA
theory based on the noise index (NI) of the reference image,
which is used to control the average image noise level [9, 10].
It is possible to achieve clinically acceptable images at the
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lowest radiation dose to patients using the optimal NI selection and model-based iterative reconstruction (MBIR)
method [11]. Philips offers the DoseRight technology and
uses a reference image concept. Quality reference mAs and
reference standard deviation are selected by Siemens and
Toshiba, respectively [7]. However the adjustment based on
the online feedback can be only used for helical scanning
[12] and the strategy based on the predictive calculation
or sinusoidal-type function may be far apart from the real
situation. To our knowledge, most currently used strategies
are designed based on the guideline of image quality and
adaptive statistical iterative reconstruction (ASIR) or MBIR
methods are necessary [11, 13]. As we know, the noise level of
the sinogram directly affects the CT image quality no matter
what reconstruction method is used. Therefore the SNR of
the sinogram is considered when the proposed method is
designed.
In this study, we focus on the tube current modulation
strategy in the CT scanning. In order to achieve a better
image quality of the reconstruction, we propose the few-view
prereconstruction guided tube current modulation strategy.
It is established based on the analysis of the noise in the
sinogram, which directly affects the final image quality. The
main idea behind the proposed strategy is to keep the SNR of
the sinogram proximately invariable at different angle views
using the few-view prereconstruction as a good reference for
the adjustment of the tube current. The rest of the paper
is organized as follows. In the next section, the proposed
strategy derived from the noise analysis is introduced. A
specific workflow using the proposed strategy to enhance the
image quality of the reconstructed images is also presented in
this section. In the third section, numerical experiments are
carried out and qualitative and quantitative results are shown
correspondingly. In the end, the conclusions are made for this
work.

2. Materials and Methods
2.1. Tube Current Modulation Strategy Based on the SNR of
the Sinogram. According to the Lambert-Beer law, the ideal
attenuated X-ray photon 𝐼 is expressed as
𝐼 = 𝐼0 exp (−𝑝) ,

(1)

where 𝐼0 is the initial photon and 𝑝 is the integration of the
linear attenuation coefficients along the X-ray path.
Generally, the quantum noise and the system electronic
noise exist in the practical CT measurements. The system
electronic noise should be taken into account in the case of
low-dose CT [14]. However, in this work, only the Poisson
distributed quantum noise is considered in the following
analysis. With the Poisson statistics, the practical measurement 𝐼𝑚 is presented in
𝐼𝑚 = Poisson (𝐼) ≈ 𝐼 + √𝐼𝑥 (0, 1) ,

(2)

where 𝑥(0, 1) represent the random value, which is satisfied
with the standard normal distribution.

Before CT reconstruction, the measurements are converted into the sinogram 𝑝𝑚 by the negative logarithm operation:
𝑝𝑚 = − log (

𝐼𝑚
1
) = 𝑝 − log [1 +
𝑥 (0, 1)] .
√𝐼
𝐼0

(3)

Then the noise of the sinogram Δ𝑝 is presented as follows:
1


Δ𝑝 = 𝑝𝑚 − 𝑝 ≈
𝑥 (0, 1) .
√𝐼

(4)

The SNR of the sinogram is defined as the ratio of
the mean value to the standard variance, which should be
expressed as
SNR𝑝 =

𝑝√𝐼0
𝑝
=
= 𝑘.
𝜎Δ𝑝 exp (𝑝/2)

(5)

If the 𝑝 is a variable in (5), the SNR𝑝 achieves a global minimization by making 𝑝 = 2.0. It can be used for the tube
potential modulation. However, we only focus on the current
modulation strategy in this work. The 𝑝 is no longer a variable
after the tube potential is set for a specific imaging task. To
achieve a reconstructed image with uniformly distributed
noise, the SNR𝑝 should be a constant 𝑘 or at least should not
be changed significantly. This can be realized by adjusting the
initial intensity 𝐼0 according to the attenuation coefficient 𝑝.
Based on such principle, the tube current modulation strategy
can be deduced from (5):
𝐼0 =

𝑘2 exp (𝑝)
.
𝑝2

(6)

Equation (6) provides the basis of tube current modulation.
For a fixed total photon count 𝐼total , the allocation of the
photon count for each view should be done based on
𝐼0𝑖 =

𝑤𝑖
𝐼 ,
∑𝑖 𝑤𝑖 total

where 𝑤𝑖 =

exp (𝑝𝑖 )
.
𝑝𝑖 2

(7)

The subscript 𝑖 indicates the index of the view angles. By (7),
on one hand, the number of required initial photons increases
with the growth of the 𝑝𝑖 when the 𝑝𝑖 is greater than 2.0. On
the other hand, it also increases with the decrease of 𝑝𝑖 when
𝑝𝑖 is less than 2.0. The least amount of initial photos is needed
by 𝑝𝑖 = 2.0.
2.2. Strategy Implementation. However, there are still two
problems to be addressed when the strategy is implemented.
The first one is how to determine the weight factor 𝑤𝑖 for each
view in (7). In the practical CT scanning, the attenuations
of different detector bins are generally not the same at
a certain view angle and it is difficult to adjust the tube
current for each detector bin. As aforementioned, the SNR
of the sinogram is expected to be constant or invariable
approximately. Therefore the difference of the sinogram’s SNR
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Figure 1: The complete work flow of the proposed strategy.

from the desired one within a certain projection view should
be minimized:
𝑝𝑖 = arg min {ΔSNR𝑖 (𝑝𝑖 )} ,
𝑝𝑖

2

where ΔSNR𝑖 (𝑝𝑖 ) = ∑ (SNR𝑞𝑖𝑗 − SNR𝑝𝑖 ) .

(8)

𝑗

The 𝑞𝑖𝑗 is the attenuation coefficient obtained by 𝑗th detector
bin at 𝑖th projection view. The 𝑝𝑖 determines the SNR𝑝𝑖 at the
𝑖th projection view. Then the weight factor 𝑤𝑖 in (7) can be
expressed as
𝑀

2

] .
𝑤𝑖 = [ 𝑀
∑𝑗=1 𝑞𝑖𝑗 exp (−𝑞𝑖𝑗 /2)
[
]

(9)

The 𝑀 indicates the total number of the detector bins. It
should be noted that the weight factor in (9) is a compromise
of the high attenuation projection and the low attenuation
projections in terms of the SNR. In fact, the tube current is too
low for the projections of high attenuation and relatively high
for the projections of low attenuation. In order to suppress the
strips artifacts caused by the poor SNR of high attenuation
projection, the projections 𝑞𝑖𝑗 used to calculate the weight
factor 𝑤𝑖 in (9) should be above a certain threshold. The
threshold 𝑇𝑖 is projection view related and it is determined by
the median of 𝑞𝑖𝑗 (𝑗 = 1, 2, . . . , 𝑀) within the corresponding
view in the following experiments. It should be noted that it is

an empirical parameter and it may not be the optimal choice.
But it works well in our study.
The second problem is to get the sinogram 𝑞𝑖𝑗 as a reference for the tube current modulation. However it is impossible to achieve such a sinogram before completing the scanning. In practical CT scanning, patient sizes, shapes, and
compositions may differ from the assumption, which has
the negative influence on the tube current modulation. In
this study, a few-view prereconstruction image is used to
acquire the sinogram for the determination of the weight
factors in the proposed strategy. Recently the compressed
sensing based reconstruction methods make it possible to
achieve the reconstructed image of the acceptable image
quality using few-view projection data [15–18]. The fewview reweighted sparsity hunting (FRESH) method, which
is demonstrated to have good performance in the case of
few-view tomography, is adopted to complete the task. You
can refer to [17] for the details about the method. Then
the forward projection operation is done with the few-view
prereconstruction and the simulating sinograms provide a
good guide for the specific modulation plan in the following
routine scanning.
The complete work flow of the proposed strategy is shown
in Figure 1. (A) few-view scanning to get the sinogram 𝑝pre ;
(B) carrying out prereconstruction 𝐼0 by FRESH method
using 𝑝pre ; (C1) estimating the complete sinogram 𝑞𝑖𝑗 by
forward projection of 𝐼0 ; (C2) calculating the weight factor
𝑤𝑖 , according to (9) using 𝑞𝑖𝑗 ; (D) routine scanning with the
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(a)

(b)

p1

|p1 − p0 |

(c)

(d)

p2

|p2 − p0 |

(e)

(f)

Figure 2: The thorax phantom and the sinogram used for the determination of the weight factors. (a) The thorax phantom; (b) the
prereconstruction using 16-view projections; (c) the estimated sinogram using the prereconstruction 𝑝1 ; (d) the difference image |𝑝1 − 𝑝0 |;
(e) the estimated sinogram by interpolation 𝑝2 ; (f) the difference image |𝑝2 − 𝑝0 |. The display windows are set to [0, 0.3] for (a) and (b), [0, 7]
for (c) and (e), and [0, 1] for (d) and (f).

strategy based on the weight factor 𝑤𝑖 to get the sinogram 𝑝2 ;
(E) carrying out final reconstruction 𝐼 with 𝑝2 .

3. Results and Discussion
In the first experiment, as shown in Figure 2(a), the thorax phantom was used to demonstrate the feasibility and
effectiveness of the proposed strategy. In the phantom, there
were arms, clavicle, humerus, and shoulder blades of high
attenuations. Several low-contrast disks and the line-pair
were placed in the center of the phantom. They were used
to test the distinguish ability of the soft tissue. The initial
photon intensity was set to 1.0 × 105 for each view. The
geometrical configuration parameters in the simulations are
listed in Table 1.
To have a clear analysis of the proposed strategy, the intermediate result is presented in the first numerical simulations.
Firstly, a prereconstruction by the FRESH method was done
using the uniformly distributed 16-view projections and the
result is shown in Figure 2(b). It was used to estimate the
sinogram for the current modulation strategy in the following
routine scanning. As the results shown in Figures 2(c) and
2(d), the estimated sinogram 𝑝1 using the prereconstruction
image as a good reference was very close to the ideal one 𝑝0 .
In contrast, there were significant errors in the direct interpolations’ result 𝑝2 using the few-view projections, which
eventually leads to an inappropriate current modulation. To
give a clear illustration of their influence on the proposed

Table 1: The geometrical configurations in the numerical simulations.
Scanning configuration parameters
Trajectory radius (cm)
Object radius (cm)
Source-to-detector distance (cm)
Projection number per circle
Linear array detector size (cm)
Detector unit number
Reconstructed image dimensions

Values
40.0
22.5
70.0
1024
76.8
512
512 × 512

strategy, the comparison of the determined weight factors
based on different references was plotted in Figure 3(a). It
can be found that the prereconstruction based result was
consistent with the ideal one. More photons were distributed
at the projection views where the attenuation is relatively
high and slightly less photons were used in the other view
angles. It makes it possible to achieve a more uniformly
distributed SNR of the sinogram. However the interpolation
based result did not match well at some view angles due to
the errors of the interpolation based sinogram. Figures 3(b)–
3(d) show the reciprocal of the sinogram’s SNR using different
weight factors for the tube current modulations. As the white
arrows indicated, compared to the other strategy, the SNR
was enhanced at the projection views where the attenuation is
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Prereconstruction based result
Interpolation based result

Ideal weight
Constant weight

(a)

(b)

(c)

(d)

Figure 3: The weight factors based on different references for tube current modulation and the corresponding sinogram acquired based on
such strategy. (a) The weight factor based on different strategies; (b)–(d) the reciprocal of the sinogram’s SNR using constant weight factor and
interpolation based and prereconstruction based weight factors, respectively. The display windows are set to [0, 7] for (a) and [0.00, 0.035] for
(b)–(d).

relatively high by the proposed strategy, which yields a more
uniformly distributed SNR of the sinogram.
Then the routine scanning with the proposed strategy was
done. It was compared with the scanning using a constant
tube current. However, it should be noted that the total
photon of each whole scanning is the same. The comparisons
in the following experiments were all based on such premise.
The results in Figure 4 show that the noise distribution in the
final reconstruction was more uniform using the proposed
strategy than using a constant tube current or the interpolation based method. As Figure 4(a) has shown, the result
of constant weight is corrupted with severe strips artifacts.
Although some improvements on image quality have been
achieved in the interpolation based result Figure 4(b), there
were some obvious strips artifacts due to the imperfect
current modulation. By contrast, the low-contrast disk and
the line-pair in Figure 4(c) could be easily distinguished. To
make a quantitative analysis of the image quality, the SNR
and CNR of the 10 × 10 pixel2 region of interest (ROI) were
calculated. The pixel size is 0.0879 cm and the dimensions of
the ROI are 0.879 ∗ 0.879 cm2 . The definitions are given in
(10) and (11). The ROIs were labeled as R1–R4 in Figure 4(a)
and they were used to calculate the SNR. The CNR was
estimated based on R2 and R3. As listed in Table 2, the
SNR and CNR along the lateral direction have been greatly
improved due to enhancements of the sinogram’s SNR in
these directions:
SNR =

𝜇
,
𝛿

(10)

Table 2: The SNR and CNR of the reconstructed images in Figure 4.
Reconstructed images Figure 4(a)
SNR
R1
10.93
R2
17.26
R3
15.93
R4
23.14
CNR
R2 and R3
1.58

Figure 4(b)

Figure 4(c)

11.55
20.01
21.73
28.00

15.71
24.63
30.94
27.29

1.81

2.58

where the 𝜇 and 𝛿 are the mean and the standard deviation of
the ROI. Consider


𝜇 − 𝜇2 
(11)
,
CNR =  1
𝛿0
where 𝜇1 and 𝜇2 are the mean of R1 and R2 and 𝛿0 is the standard deviation of the pure image noise.
In the second experiment, a more complicated dental
phantom, as shown in Figure 5(a), was used to further demonstrate the effectiveness of the proposed strategy for the
practical applications. It was done on the CT simulation
platform developed by our group [19]. The phantom was
designed based on a real CT image using B-spline curves to
approximate the edges of different compositions. The X-ray
spectrum of 160 kV used in this experiment was simulated
by Monte Carlo method. The corresponding attenuation
coefficients of various tissues, including the adipose, dentin,
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R1

R2 R3

R4

(a)

(b)

(c)

(d)

(e)

(f)

Figure 4: The comparisons of the reconstructions using different strategies with the thorax phantom. Reconstructions using a constant
current and interpolation based strategy and the proposed strategy are shown in (a)–(c). The corresponding difference images from the
phantom are presented in (d)–(f), respectively. The display windows are set to [0.05, 0.20] for (a)–(c) and [0.00, 0.05] for (d)–(f).

R3
R5 R6

R2

R1
R4

Constant weight
Prereconstruction based result
Interpolation based result
(a)

(b)

Figure 5: (a) The dental phantom and (b) the sinogram obtained using the proposed strategy with the weight factor based on the prereconstruction plotted on it. The display window is set to [0.0, 0.5] and [0, 7], respectively.

brain, and enamel, at different X-ray energy were obtained
from the web of the National Institute of Standards and
Technology (NIST). The material of the detectors was CsI and
the response to different X-ray energy was also considered in
our simulations. The geometrical configuration parameters in
the simulations were similar to the previous set. Figure 5(b)
shows the sinogram obtained by the proposed strategy. The
weight factor in such strategy is determined by the prereconstruction. Similar to the results in the first experiment, the
distribution of the initial photon intensity is more reasonable
in terms of the sinogram’s SNR. Compared with the result
in the first experiment, the amplitude of the weight curve
becomes small because the differences of the sinogram at
different views are not as significant as they were in the first
experiment.
The results using the proposed method as well as other
strategies are shown in Figure 6. The distribution of the image
noise in our result was more uniform, especially along the
direction where the X-ray was attenuated seriously. As the

arrow indicated, the edge of the low-contrast structure was
easily distinguished in Figure 6(c) while it was corrupted by
the noises and artifacts in Figures 6(a) and 6(b). The SNR
and CNR were also calculated for the quantitative analysis
in this experiment. The ROIs were labeled in Figure 5(a). As
the results listed in Table 3, the SNR and the CNR increase
by about 10%. The improvements in image quality make it
possible to distinguish tiny low-contrast abnormal tissues
with the same imaging doses. On the other hand, it has the
potential to reduce the radiation doses under the same image
quality.

4. Conclusions
As a conclusion, the few-view prereconstruction based tube
current modulation strategy is proposed in this work. It is
derived from the SNR analysis in the sinogram domain.
The main idea behind the strategy is to make a more
uniform distribution of the sinogram to enhance the CT
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(b)

(c)
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Figure 6: The comparisons of the reconstructions using different strategies with the dental phantom. Reconstructions using a constant current
and interpolation based strategy and the proposed strategy were shown in (a)–(c). The corresponding difference images from the phantom
were presented in (d)–(f), respectively. The display windows are set to [0.1, 0.5] for (a)–(c) and [0.00, 0.15] for (d)–(f).

Table 3: The SNR and CNR of the reconstructed images in Figure 6.
Reconstructed images
SNR
R1
R2
R3
R4
CNR
R5 and R6

Figure 6(a)

Figure 6(b)

Figure 6(c)

6.54
6.34
12.62
13.18

7.28
6.00
10.88
14.29

8.59
7.11
13.43
14.41

1.01

1.02

1.12

image quality. In the strategy, exact allocation of the X-ray
photon at various projection views is made with the reference sinogram provided by the prereconstruction of FRESH
method. Its feasibility and effectiveness have been demonstrated by the experiment results. The SNR and CNR of the
final reconstruction are enhanced by more than 10% using
the proposed method. In general, a lowered imaging dose
results in a high noise level of CT image. But the noise can
be reduced if the proposed strategy is adopted. Therefore the
proposed strategy has the potential to achieve the same noise
levels of CT image while reducing the overall radiation dose
to patients. We will apply it to the practical CT system and

make more experiments for the quantitative analysis in the
future.
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Radiation dose reduction without losing CT image quality has been an increasing concern. Reducing the number of X-ray
projections to reconstruct CT images, which is also called sparse-projection reconstruction, can potentially avoid excessive dose
delivered to patients in CT examination. To overcome the disadvantages of total variation (TV) minimization method, in this
work we introduce a novel adaptive TpV regularization into sparse-projection image reconstruction and use FISTA technique to
accelerate iterative convergence. The numerical experiments demonstrate that the proposed method suppresses noise and artifacts
more efficiently, and preserves structure information better than other existing reconstruction methods.

1. Introduction
X-ray computed tomography (CT), as an important medical
imaging protocol, has been widely used in clinical applications. However, the involved X-ray radiation dose delivered
to patients may potentially increase the probability of causing
cancer [1–4]. In this sense, reducing radiation dose without
significantly losing image quality is highly required.
Radiation dose in CT examination can be reduced by
decreasing the number of projections. However, conventional
filtered back-projection (FBP) reconstruction algorithm suffers from systematic geometric distortion and streak artifacts
when the measured projection data is not sufficient [5–
7]. Iterative methods have been proposed to overcome this
problem. Recently, compressed sensing (CS) theory [8] has
been applied in CT image reconstruction. It is possible
to reconstruct high-quality images from sparse-projection
data under the frame of CS. Many optimization methods
have been studied following such concepts. Among these
optimization methods, total variation (TV) minimization has
been widely used. The most famous reconstruction model
with TV is ART-TV, firstly proposed by Sidky et al. [9,
10]. This method consists of two steps: ART reconstruction and TV minimization. However, TV is based on an
assumption that the signal is piecewise smooth, so this
makes TV algorithm suffer from oversmoothing in image

edges. To solve this problem, many improved TV methods
have been proposed. Tian et al. proposed a TV-based edge
preserving (EPTV) model [11]. This model can preserve
edges by bringing in different weights in the TV term
from edges and constant areas of the to-be-estimated image.
Different from the EPTV model, Liu et al. considered the
anisotropic edge property of an image and proposed a novel
adaptive-weighted TV (AwTV) model [12] for low-dose CT
image reconstruction from sparse-sampled projection data.
Zhang et al. used a high-order norm coupled within TV to
overcome the disadvantages of traditional TV minimization
[13]. Chang et al. proposed a few-view reweighed sparsity
hunting (FRESH) method for CT image reconstruction [14].
Sidky et al. replaced 𝐿 1 norm with 𝐿 𝑝 (0 < 𝑝 < 1)
norm in the minimization function and investigated image
reconstruction by minimizing the 𝐿 𝑝 norm of the image
gradient magnitude or the so-called total 𝑝-variation (TpV)
[15]. Chen et al. proposed a CT reconstruction algorithm
based on 𝐿 𝑝 (𝑝 = 1/2) regularization, where 𝐿 1/2 norm is
used as the regularization norm and gradient as the sparse
conversion [16]. However, the TpV and 𝐿 𝑝 (𝑝 = 1/2)
regularization methods choose 𝑝 value as a constant in the
whole image without identifying edges and constant areas.
The disadvantage is that larger 𝑝 value can oversmooth edges
and sometimes produce blocky artifacts, while smaller 𝑝
value can preserve edges well but enhance blocky artifacts in
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constant areas when the projection data is noisy (as shown
in Figure 3(f) in [16]). The blocky artifacts are introduced
by the noise in the projections whenever 𝑝 is less than 1 or
𝑝 = 1. Although 𝐿 0 regularization is the sparest and most
ideal regularization norm, 𝐿 0 -norm minimization problem
is known to be NP-hard, and it is difficult to solve equations.
Theoretically, a regularization, which is closer to 𝐿 0 norm,
could obtain higher-quality CT images in CT reconstruction.
It should be noted that TV is the 𝐿 1 norm of gradient image.
Traditional TpV (0 < 𝑝 < 1) is sparser than TV, and the
success of traditional TpV is sharpening image edges, but
blocky artifacts still exist in homogeneous regions due to the
noisy projection data. The same disadvantage of TV and TpV
is their tendency to uniformly penalize the image gradient
irrespective of the underlying image structures.
In this study, to deal with the trade-off between smoothing nonedge part and preserving edge part of the image,
we propose a CT reconstruction algorithm using adaptive
TpV regularization wherein each pixel in reconstructed image
corresponds to one 𝑝 value determined by the pixel’s gradient
magnitude. From our experiments, one can see that the
low-contrast features can be reconstructed better than other
methods and blocky artifacts are reduced much to a certain
extent. The rest of the paper is organized as follows. In
Section 2, ART-TV, traditional TpV, adaptive TpV regularization, and the proposed CT reconstruction algorithm are
introduced, respectively. In Section 3, quantitative and qualitative experimental results are shown. Section 4 concludes
the paper.

2. Materials and Methods
2.1. ART-TV Reconstruction. CT reconstruction problem can
be converted to a constrained optimization problem
𝑓 = arg min 𝑅 (𝑓)
𝑓

subject to 𝐴𝑓 = 𝑦,

(1)

where 𝐴 = {𝑎𝑖𝑗 } denotes the system matrix, 𝑦 represents the
projection data, and 𝑓 is the reconstructed image. 𝑅(𝑓) is the
regularization function.
To solve (1), Sidky et al. proposed famous total variation (TV) based reconstruction method (ART-TV). In their
method, 𝑅(𝑓) in (1) was considered as a 𝐿 1 norm of the firstorder gradient image or the so-called TV norm. In a 2D image
𝑓 with the size 𝐿 × 𝑀, whose pixel values are labeled by 𝑓𝑙,𝑚 ,
its gradient magnitude with respect to 𝑓𝑙,𝑚 can be expressed
as
2

2

∇𝑓𝑙,𝑚 = √(𝑓𝑙,𝑚 − 𝑓𝑙−1,𝑚 ) + (𝑓𝑙,𝑚 − 𝑓𝑙,𝑚−1 ) ,
2 ≤ 𝑙 ≤ 𝐿,

(2)

2 ≤ 𝑚 ≤ 𝑀.

The TV of image 𝑓 is defined as
𝐿,𝑀

 


𝑓TV = ∑ ∇𝑓𝑙,𝑚 
𝑙,𝑚

𝐿,𝑀

(3)
2

2

= ∑ √(𝑓𝑙,𝑚 − 𝑓𝑙−1,𝑚 ) + (𝑓𝑙,𝑚 − 𝑓𝑙,𝑚−1 ) + 𝜀,
𝑙,𝑚

where the parameter 𝜀 is a small positive constant to avoid
discontinuities.
The ART-TV method is implemented by performing
ART algorithm as the first step and TV minimization using
gradient descent method as the second step. One can see [9]
for more implementation details.
2.2. Traditional TpV and Adaptive TpV Regularization. For
traditional TpV algorithm, the quantity ‖∇𝑓‖𝑝 is the 𝑝-norm
of the image gradient magnitude. For a 2D image it can be
defined by
𝐿,𝑀



 
𝑓TpV = ∑ ∇𝑓𝑙,𝑚 𝑝
𝑙,𝑚

𝑝

𝐿,𝑀

= ∑ (√(𝑓𝑙,𝑚 − 𝑓𝑙−1,𝑚 )2 + (𝑓𝑙,𝑚 − 𝑓𝑙,𝑚−1 )2 + 𝜀) ,
𝑙,𝑚

0 < 𝑝 ≤ 1.
(4)
When 𝑝 is set to be 1, the ‖𝑓‖TpV reduces to conventional
‖𝑓‖TV and reconstructed image will suffer from oversmoothing image feature details. When 𝑝 < 1 (e.g., 𝑝 = 1/2 in [16]),
the structural information can be efficiently preserved, but at
the same time the blocky artifacts in nonedge regions will be
enhanced when the projection data is noisy.
To overcome this limitation, in this work we propose an
adaptive TpV (ATpV) regularization defined by
 
𝑓ATpV
𝐿,𝑀

= ∑ (√(𝑓𝑙,𝑚 − 𝑓𝑙−1,𝑚 )2 + (𝑓𝑙,𝑚 − 𝑓𝑙,𝑚−1 )2 + 𝜀)

𝑝𝑙,𝑚

, (5)

𝑙,𝑚

0 < 𝑝𝑙,𝑚 ≤ 1,
where 𝑝𝑙,𝑚 is determined by pixel 𝑓𝑙,𝑚 in a 2D image. On
one hand, if a pixel’s gradient magnitude is large, this pixel
is on the edge and corresponds to a small 𝑝 value to avoid
oversmoothing edges. On the other hand, if the gradient
magnitude of one pixel is small, this pixel is in the nonedge
area and corresponds to a large 𝑝 value to suppress noise and
artifacts. In this study, we define 𝑝𝑙,𝑚 as
𝑝𝑙,𝑚 =

1
,
1 + ∇(𝐵 ∗ 𝑓)𝑙,𝑚

(6)

where 𝐵 ∗ 𝑓 denotes image 𝑓 is filtered by the well-known
bilateral filter which does well in denoising and preserving
edge information. ∇ is gradient operator. Adding bilateral
filter on image 𝑓 is to avoid treating noise point as edge
point when calculating gradient magnitude. Obviously in
(6), a pixel with large gradient magnitude corresponds to
a small 𝑝 value and a pixel with small gradient magnitude
corresponds to a large 𝑝 value. The “1” in the denominator in
(6) may not be the best option and may be correlated with the
contrast value of the reconstruction, but in our experiments,
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the defined (6) can produce good result. How to replace “1”
with an optimal value will be an interesting topic in our future
study.
In summary, the benefit of the proposed ATpV is that the
parameter 𝑝 is dynamically adopted by identifying edges and
nonedges, and larger 𝑝 value is chosen to smooth constant
areas while smaller 𝑝 value is chosen to preserve edge part,
which will improve the reconstruction quality for sparse-view
reconstruction.
2.3. CT Reconstruction Algorithm Based on Adaptive TpV Regularization. According to aforementioned methods, in this
paper we propose CT image iterative reconstruction using
ATpV regularization. The reconstruction is implemented by
solving the following constrained minimization problem:

Figure 1: Shepp-Logan phantom.
Source

y

𝑓
 
= arg min𝑓ATpV
𝑓

𝐿,𝑀

𝑝𝑙,𝑚

= arg min { ∑ (√(𝑓𝑙,𝑚 − 𝑓𝑙−1,𝑚 )2 + (𝑓𝑙,𝑚 − 𝑓𝑙,𝑚−1 )2 + 𝜀)
𝑓

Detector

}

x

𝑙,𝑚

subject to 𝐴𝑓 = 𝑦.

(7)
Projection

The algorithm implementation can follow ART-TV in [9].
Besides, we apply fast iterative shrinkage/thresholding
algorithm (FISTA) [17] to accelerate iterative convergence. In
FISTA, the key idea is that initial value of the next iteration
is determined by a linear combination of the two previous
iterate results. For simplicity, in this study the proposed
reconstruction method is termed ART-ATpV without using
FISTA or ART-ATpV-FISTA using FISTA.
In summary, the main steps of ART-ATpV-FISTA are as
follows.
(A) Initialization: 𝑓0 = 0, iteration index 𝑘 = 1, 2 . . . 𝐾,
𝑡0 = 0.
(B) ART reconstruction:
𝑓𝑘+1 = 𝑓𝑘 + 𝜆𝐴 𝑖

(E) FISTA acceleration:
𝑡=
𝑓𝑗𝑘+1 = 𝑓𝑗

𝑘+1

1 + √1 + 4𝑡02
2
+

𝑦𝑖 − 𝐴 𝑖 𝑓
.
𝐴 𝑖 𝐴𝑇𝑖

(8)

(D) ATpV minimization:
calculate 𝑝𝑗 = 1/(1+∇(𝐵∗𝑓𝑘+1 )𝑗 ) for each pixel 𝑓𝑗𝑘+1 ,
minimize ‖𝑓‖ATpV using gradient descent algorithm

,

𝑘+1
𝑡0 − 1
(𝑓𝑗 − 𝑓𝑗𝑘 ) ,
𝑡

𝑡0 = 𝑡,
𝑘

(C) Positivity constraint: 𝑓𝑘+1 = max(𝑓𝑘+1 , 0).

to get updated 𝑓𝑗 𝑘+1 .

Figure 2: Fan beam CT geometry configuration.

(9)

𝑘 = 𝑘 + 1.

(F) Return to (B) until the stopping criterion is satisfied.
In our experimental implementation, the initial to-bereconstructed image was set to be uniform with pixel values of
0. The relaxation parameter 𝜆 for the ART was fixed at 1.0, and
the step-size used in ATpV minimization using the gradient
descent was set to be constant 0.2. The parameter 𝜀 in (7) was
fixed as 10−5 .

3. Experimental Study
3.1. Numerical Simulation. In this section, we study the
ART, ART-TV, ART-TpV (𝑝 = 0.5), and our proposed
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

(j)

Figure 3: The images reconstructed by different reconstruction algorithms from the noise-free and noisy data. ((a)–(e)) Reconstructed images
from noise-free data: (a) image reconstructed by ART, (b) image reconstructed by ART-TV, (c) image reconstructed by ART-TpV, (d) image
reconstructed by ART-ATpV, and (e) image reconstructed by ART-ATpV-FISTA; ((f)–(j)) reconstructed images from noisy data: (f) image
reconstructed by ART, (g) image reconstructed by ART-TV, (h) image reconstructed by ART-TpV, (i) image reconstructed by ART-ATpV, and
(j) image reconstructed by ART-ATpV-FISTA.

algorithm. Numerical experiment results are given. SheppLogan phantom is tested in this paper as shown in Figure 1,
and the size of phantom image is 256 × 256. Without losing
generality, we choose a fan beam imaging geometry to capture
the projection data as illustrated in Figure 2. The source to
rotation center distance is 40 cm and the detector to rotation
center is 40 cm. The image array is 25.6 × 25.6 cm2 . The
detector whose length is 61.44 cm is modeled as a straightline array of 512 detector bins. All the tests are performed by
MATLAB on a PC with Intel (R) Core (TM) 2 Quad CPU
2.50 GHz and 3.25 GB RAM.
The generation of projection data is using Siddon’s raydriven algorithm [18, 19]. Projection data is sampled evenly
over 360∘ and the number of projections in this experiment
is set 20 over 360∘ . In the simulation, we add 0.2% Gaussian
noise to noise-free projection data. The iteration number for

all iterative methods in this experiment is 200, which makes
sure each method reaches convergence.
The reconstruction results are shown in Figure 3. Figures
3(a)–3(e) show the reconstructed images using different
methods from noise-free projection data. In Figure 3(a), it
is obvious that, due to insufficiency of projection data, ART
reconstructs low-quality image containing severe artifacts
and noises. In Figure 3(b), artifacts and noises are effectively
suppressed by using ART-TV, but three oval organs in the
bottom of image are blurred to some extent. The ART-TpV
can overcome the limitation of TV and the result can be seen
from Figure 3(c). Similarly, the image edges reconstructed by
ART-ATpV are well kept and three oval organs in the bottom
of image are more distinguishable in Figure 3(d). Figure 3(e)
shows the image reconstructed by ART-ATpV-FISTA after
only 50 iterations which has almost the same image quality
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Figure 4: The comparison between reconstructed images using three different reconstruction algorithms and original Shepp-Logan phantom.
(a) The horizontal profiles in reconstructed images using ART-TV, ART-TpV, and ART-ATpV methods from noise-free data and original
Shepp-Logan phantom and (b) the horizontal profiles in reconstructed images using ART-TV, ART-TpV, and ART-ATpV methods from noisy
data and original Shepp-Logan image.

as Figure 3(d). One can see that ART-ATpV-FISTA can
reconstruct high-quality image using less iterations. The same
results can be seen in Figures 3(f)–3(j) with noisy projection
data. It is noticed that image (Figure 3(h)) reconstructed by
ART-TpV has some small enhanced blocky artifacts due to
noise existing in projection data.
Figure 4 depicts the horizontal profiles through the
center pixels of the ART-TV, ART-TpV, and ART-ATpV
reconstructed images corresponding to Figure 3. It can be
clearly seen that the ART-ATpV algorithm produces a closer
profile to the true image compared to ART-TV and ART-TpV.
To assess the accuracy of the reconstructed image, the
mean absolute error (MAE) is used and defined by


𝑥 − 𝑥true 1
(10)
,
MAE = 
𝑁
where 𝑁 is the total number of pixels of the reconstructed
image 𝑥 and 𝑥true is the original image.
As shown in Figure 5, the ART-ATpV with/without
FISTA algorithms can reconstruct high-quality images at
less iteration numbers, and application of FISTA to ARTATpV (denoted ART-ATpV-FISTA) can further remarkably
accelerate iterative convergence.
To challenge our ART-ATpV/ART-ATpV-FISTA method
further, we use a complicated low-contrast FORBILD phantom to reconstruct image and compare it to other methods.
The corresponding images are in Figure 6. One can see
that high-quality images can be obtained by our proposed
method.

CT scanner to test the effectiveness of our ART-ATpV and
ART-ATpV-FISTA algorithms and compare them with other
algorithms. 40 projections are simulated in this case, with
the aforementioned geometrical parameters unchanged. For
all iterative methods except ART-ATpV-FISTA, the number
of iterations is 50. For ART-ATpV-FISTA, the number of
iterations is 20.
As shown in Figure 7, due to the incompleteness of
projection data, the reconstructed image using ART method
has more artifacts and noises than the reconstructed images
by using ART-TV, ART-TpV, ART-ATpV, and ART-ATpVFISTA method. ART-TV suppresses most of the artifacts and
noises, but the oversmoothing effect and blocky artifacts exist
in the images, as indicated by the white arrows in Figure 7(c).
Although ART-TpV method suppresses most of the artifacts
and noises, the blocky artifacts are still visible and enhanced
in the images, as indicated by the white arrows in Figure 7(d). ART-ATpV overcomes the flaws and preserves the
structure information well, without obvious blocky artifacts.
Figure 7(f) shows the image reconstructed by ART-ATpVFISTA after only 20 iterations. It is seen that the reconstructed
image has almost the same image quality as Figure 7(e) (ARTATpV), which means that ART-ATpV-FISTA can reconstruct
high-quality image using less iterations. The FISTA technique
is a useful tool to accelerate convergence rate and can
be applied to other iterative reconstruction approaches for
speedup.

3.2. Real Data Experiment. In this section, we use a real CT
image (head phantom) obtained from a commercial medical

In this paper, we present ART-ATpV-FISTA method for Xray CT reconstruction from few-view or sparse projections.

4. Discussions and Conclusion
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Figure 5: The MAE curves of reconstructed images with different reconstruction algorithms at 20 projection angles and different iteration
numbers, and the iteration numbers range from 1 to 200. (a) The MAE curves of reconstructed images from noise-free projection data and
(b) the curves of reconstructed images from noisy projection data.
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(c)
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Figure 6: The images reconstructed by different reconstruction algorithms from noisy data: (a) image reconstructed by ART, (b) image
reconstructed by ART-TV, (c) image reconstructed by ART-TpV, (d) image reconstructed by ART-ATpV, and (e) image reconstructed by
ART-ATpV-FISTA.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 7: The reconstructed images by different algorithms from real head phantom projection data. (a) The original image, (b) the
reconstructed image using ART, (c) the reconstructed image using ART-TV, (d) the reconstructed image using ART-TpV, (e) the reconstructed
image using ART-ATpV, and (f) the reconstructed image using ART-ATpV-FISTA.

The main contribution of this work is to minimize adaptive
TpV norm of reconstructed image instead of traditional TpV
norm and TV norm. FISTA technique is employed to speed
up iterative convergence rate.
The advantage of adaptive TpV is that if a pixel’s gradient
magnitude is large, this pixel is on the edge and corresponds
to a small 𝑝 value to avoid oversmoothing. If gradient
magnitude of one pixel is small, this pixel is in the constant
area and corresponds to a large 𝑝 value to smooth noise
and artifacts. In our primary experiment, the Gaussian filter
which was chosen in (6) may not lead to some losses
of details, because the Shepp-Logan phantom is simple.
When we use low-contrast FORBILD phantom to reconstruct
images, as we expect, the Gaussian filter causes the losses
of low-contrast details in FORBILD phantom. Therefore, to
effectively remove noise and preserve low-contrast structures,
we use bilateral filter instead of Gaussian filter when we
calculate 𝑝 values, and the results are better.
The performance of the propose method is compared
to ART, ART-TV, and ART-TpV methods on Shepp-Logan
phantom, low-contrast FORBILD phantom, and a real head
phantom. Both qualitative and quantitative comparisons are
performed to show the proposed method provides more
superior results than other existing methods. Since the main

goal of this work is to demonstrate the effectiveness of
the proposed ATpV-based regularization, the parameters
were empirically set through extensive experiments by visual
inspection and quantitative measures in this study.
Although the presented ART-ATpV-FISTA algorithm in
this paper is used in fan beam CT geometry, it is also easily
extended to cone beam CT (CBCT) geometry due to its
iterative-correction property. Furthermore, the ART-ATpVFISTA algorithm may also be useful for other tomographic
imaging modalities. In the further research, we will apply the
developed algorithm in CBCT system and study the few-view
CBCT reconstruction, which will reduce radiation dose as
much as possible.
Similar to FBP, serious streaking artifacts in the reconstructed CT images using FDK type algorithms [20, 21] exist
when number of X-ray projections is not sufficient. Besides,
using GPU to speed up the computationally intensive tasks
of CBCT reconstruction has drawn a lot of attention recently
[22–26] and we would like to include it in our future study.
In conclusion, the proposed algorithm using adaptive
TpV regularization in this work can reconstruct high-quality
images from few-view projections and will have great potential clinical applications.
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This paper presents improved autoregressive modelling (AR) to reduce noise in SPECT images. An AR filter was applied to prefilter
projection images and postfilter ordered subset expectation maximisation (OSEM) reconstruction images (AR-OSEM-AR method).
The performance of this method was compared with filtered back projection (FBP) preceded by Butterworth filtering (BW-FBP
method) and the OSEM reconstruction method followed by Butterworth filtering (OSEM-BW method). A mathematical cylinder
phantom was used for the study. It consisted of hot and cold objects. The tests were performed using three simulated SPECT datasets.
Image quality was assessed by means of the percentage contrast resolution (CR%) and the full width at half maximum (FWHM)
of the line spread functions of the cylinders. The BW-FBP method showed the highest CR% values and the AR-OSEM-AR method
gave the lowest CR% values for cold stacks. In the analysis of hot stacks, the BW-FBP method had higher CR% values than the
OSEM-BW method. The BW-FBP method exhibited the lowest FWHM values for cold stacks and the AR-OSEM-AR method for
hot stacks. In conclusion, the AR-OSEM-AR method is a feasible way to remove noise from SPECT images. It has good spatial
resolution for hot objects.

1. Introduction
Numerous methods for removing noise from SPECT images
have been proposed [1, 2]. This indicates the difficulty of the
task. Noise removal can be performed before reconstruction
(prefiltering), during reconstructions or after reconstruction (postfiltering). In modern iterative methods, collimator correction denoises images during reconstruction, but
the reconstructed images may still require postfiltering [3].
Earlier we introduced an adaptive autoregressive (AR) filter
to reduce noise in scintigraphic planar images or projection
images of a SPECT study [4]. In the present work, the AR filter
was further improved to reduce noise from the projection
images and also from three-dimensionally reconstructed
data. It is important to apply the best AR filter to the
projection data of SPECT, because a small change in the
projection data may cause a large change in the estimated
transaxial image [5]. Our method was compared with two

established methods for improving image quality in SPECT.
The methodical comparison was carried out using a threedimensional mathematical cylinder phantom (3D-MAC) [6],
and it was illustrated with patient data.

2. Methods
2.1. AR Model. In two-dimensional AR modelling, each value
of an image is regressed on its neighbourhood pixel values,
called the prediction region. An AR model can be regarded
as a low-pass filter that divides the image into two additive
components, a predictable image and a prediction error
image. An AR process 𝑋(𝑛1 , 𝑛2 ) is defined by
𝑋pred (𝑛1 , 𝑛2 )
= − ∑ ∑ 𝑎 (𝑘1 , 𝑘2 ) 𝑋orig (𝑛1 − 𝑘1 , 𝑛2 − 𝑘2 ) + 𝑤 (𝑛1 , 𝑛2 ) ,
𝑘1 𝑘2

(1)

2
where 𝑎(𝑘1 , 𝑘2 ) are the predictor (weighting) coefficients,
indices 𝑘1 and 𝑘2 define the type of prediction region in a twodimensional array (𝑛1 , 𝑛2 matrix), and 𝑤(𝑛1 , 𝑛2 ) represents
prediction error, that is, the difference between the predicted
value and the current value in this pixel. The predictable
image 𝑋pred is the image obtained by applying the AR model
to the original image 𝑋orig . The prediction error image 𝑋err =
𝑋orig − 𝑋pred .
In a typical scintigraphic image, there are large local spatial variations in the count number of the image. Therefore,
the same model cannot be applied to the entire image, but
the model must be adapted to the variations. In this adaptive
method, the image area is divided into smaller blocks and
the AR model is then fitted into each block separately by
using MATLAB subroutines. Recently, a block-wise denoising method has been introduced also for three-dimensional
ultrasound images [7]. In the AR model, a prediction region
of four orthogonal neighbours of the predicted pixel with a
block size of 5 × 5 pixels was used [4]. Seventy-five percent
overlap of the image blocks in combination with one iteration
of the filtering procedure was used. The two error term
images were summed up and subjected to AR filtering, and
the resulting image was then added to the iteratively filtered
image (Figure 1). In the present study, we tested the effect of
using another AR model for the summed error term images
than for the original image. We used the same transaxial
slice of the Zubal phantom [8] and the same simulation
conditions as in our previous work [4], and image quality was
assessed by means of the mean squared error (MSE) of the
image. It is of note that the Poisson-noise-corrupted slice of
the phantom actually represented an artificial scintigraphic
planar image or a projection image of a SPECT study. The
AR model with the lowest MSE was then used to prefilter
the SPECT projection images and also to postfilter iteratively
reconstructed data. The filter was applied to each set of
orthogonal plane images separately. The software was based
on MATLAB subroutines (The MathWorks, Inc.).
2.2. Phantom. Data were simulated using a 3D-MAC phantom [6]. The phantom measured 200 mm in both diameter
and length. It comprised three imbedded objects: two hot
objects and a cold one. Each object consisted of five stacked
cylinders. The cylinders had diameters of 4, 10, 20, 40, and
60 mm and a length of 30 mm. The smallest cylinder was
not utilised in the present study because its dimensions were
beyond the resolution of the simulated SPECT system used.
Relative activities were 1, 0, 2, and 4 for the background,
a cold stack, and two hot stacks, respectively. The tests
were performed using three SPECT datasets with different
image statistics. Total counts of the projection images were
approximately 50000 (low level), 100000 (intermediate level),
and 150000 (high level) per projection. A built-in MATLAB
function was used to add Poisson noise to ideal projection
images of the 3D-MAC. The mean counts of a pixel in the
projection images were 12, 24, and 37, respectively, and the
range of pixel values was 0–52, 0–104, and 0–156, respectively.
The matrix size was 64 × 64 pixels, pixel size was 4 mm,
and the number of projections was 120. There was no scatter
or attenuation component and perfect depth-independent
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Figure 1: Flowchart of the autoregressive denoising process. ARF:
autoregressive filtering; 𝑋orig : original noise-corrupted image; 𝑋pred1
and 𝑋pred2 : predictable images; 𝑋err 1 , 𝑋err 2 , 𝑋err : prediction error
images; 𝑋err 𝑆: sum of two prediction error images; 𝑋final : final
image.
Table 1: Effect of changing the block size of the summed error term
image with a prediction region of 3 × 3 pixels. For the predictable
image a prediction region of four orthogonal neighbours with a
block size of 5 × 5 pixels was used.
Total counts
28705
28705
28705
54469
54469
54469
108938
108938
108938

Block size
5×5
6×6
7×7
5×5
6×6
7×7
5×5
6×6
7×7

Mean squared error
0.87
0.86
0.86
2.12
2.10
2.14
6.61
6.56
7.04

resolution was assumed in the simulated data. Thus, the only
factor degrading image quality in the projection images was
the Poisson noise.
2.3. Reconstruction Methods. Transaxial slices were reconstructed using either the filtered back projection method
(FBP) [9] or an iterative ordered subset expectation maximisation (OSEM) algorithm [10]. The reconstruction methods
were implemented on the Hermes SPECT (G) reconstruction
software (version 3.8) and reconstruction engine of Hermes HybridRecon (Hermes Medical Solutions, Stockholm,
Sweden), respectively. Three methods were compared: AR
filtering before and after ordered OSEM reconstruction (AROSEM-AR), two-dimensional Butterworth filtering before
FBP reconstruction in combination with a ramp filter during
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Figure 2: Transaxial slice of the Zubal phantom. (a) Poisson-noise-corrupted transaxial slice. (b) Iteratively filtered predictable image.
(c) Filtered summed error term image. (d) The final image. The images are individually scaled to their own maximum. Inverse linear grey scale
is used for comparison with original phantom. The total count level is 108791 in the Poisson-noise-corrupted image, 102237 in the iteratively
filtered predictable image, and 6205 in the filtered summed error term image.

reconstruction (BW-FBP), and OSEM reconstruction followed by three-dimensional Butterworth filtering (OSEMBW). The Butterworth filter was originally designed for onedimensional data [11]. In the OSEM method, the number
of subsets was set to 8 and the number of iterations to 10.
Postfiltering was performed using Multimodality software
(Hermes Medical Solutions, Stockholm, Sweden). Noise-free
projection images were also reconstructed using the OSEM
(Ideal-OSEM) method.
2.4. Assessment of Image Quality. To obtain a fair comparison
of the methods, the same amount of filtering was applied in
each method. This was done by drawing a circular regionof-interest (ROI) 150 mm in diameter in the uniform part
of the phantom and calculating the percentage coefficient of
variation (CoV%) in the ROI, that is, the ratio of the standard
deviation to the mean multiplied by 100. This kind of presentation ensures that filtering between each method is equal.
Percentage contrast resolution (CR%) values for the
activity in each cylinder and uniform activity were calculated.
CR% can be expressed by the following formula [12]:
CR% =

|𝑀 − 𝑚|
× 100%,
𝑀

(2)

Table 2: Percentage coefficient of variation for different reconstruction techniques.
Method
Count level
AR-OSEM-AR
50000
BW-FBP
50000
OSEM-BW
50000
AR-OSEM-AR
100000
BW-FBP
100000
OSEM-BW
100000
AR-OSEM-AR
150000
BW-FBP
150000
OSEM-BW
150000

RelAct
0
2
4
0
2
4
0
2
4

CF (cycles/cm)
—
0.83
0.84
—
0.80
0.84
—
0.89
0.86

CoV%
6.35
6.37
6.36
4.60
4.56
4.65
4.43
4.50
4.43

AR-OSEM-AR: autoregressive filtering before and after ordered subset
expectation maximisation algorithm; BW-FBP: Butterworth prefiltering and
filtered back projection; OSEM-BW: ordered subset expectation maximisation algorithm and Butterworth postfiltering; RelAct: activity relative to
background activity of 1; CF: cut-off frequency. The order of the filter was 2;
—: not definable.

where 𝑀 is the count value of uniform activity and 𝑚 is the
count value in each cylinder. Activity in each cylinder was
analysed using a circular ROI with the same diameter as the
cylinder. The ROIs were drawn on noise-free transaxial slices
and were copied to each set of reconstructed data, so their
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Table 3: Percentage contrast resolution values for the different
methods.

Table 4: Full width at half maximum values for the different
methods.

Method

RelAct

AR-OSEM-AR
BW-FBP
OSEM-BW
AR-OSEM-AR
BW-FBP
OSEM-BW
AR-OSEM-AR
BW-FBP
OSEM-BW

0
0
0
2
2
2
4
4
4

AR-OSEM-AR
BW-FBP
OSEM-BW
AR-OSEM-AR
BW-FBP
OSEM-BW
AR-OSEM-AR
BW-FBP
OSEM-BW

0
0
0
2
2
2
4
4
4

AR-OSEM-AR
BW-FBP
OSEM-BW
AR-OSEM-AR
BW-FBP
OSEM-BW
AR-OSEM-AR
BW-FBP
OSEM-BW

0
0
0
2
2
2
4
4
4

10 Ø
A
18.4
28.7
24.9
9.0
16.7
9.9
136.5
84.9
70.2
B
21.5
20.4
32.9
32.8
35.1
29.7
132.8
94.6
85.6
C
24.0
32.9
31.2
41.1
38.8
34.3
119.4
112.7
108.1

20 Ø

40 Ø

60 Ø

Method

56.3
67.2
59.5
86.1
75.5
65.3
253.0
229.2
204.1

74.6
83.1
75.7
84.3
86.6
76.9
270.4
259.2
247.1

84.2
91.6
85.6
103.5
97.2
98.3
296.5
289.1
300.0

AR-OSEM-AR
BW-FBP
OSEM-BW
AR-OSEM-AR
BW-FBP
OSEM-BW
AR-OSEM-AR
BW-FBP
OSEM-BW

0
0
0
2
2
2
4
4
4

58.0
61.6
61.9
81.0
80.2
75.4
230.2
236.9
224.6

76.1
83.2
78.0
81.9
87.4
78.8
269.8
270.3
255.1

84.8
91.8
86.6
95.7
102.7
98.3
295.7
316.2
308.5

AR-OSEM-AR
BW-FBP
OSEM-BW
AR-OSEM-AR
BW-FBP
OSEM-BW
AR-OSEM-AR
BW-FBP
OSEM-BW

0
0
0
2
2
2
4
4
4

55.9
68.7
60.7
76.0
82.4
83.1
237.1
248.5
260.5

75.0
83.0
76.8
86.9
93.9
85.5
266.3
274.5
261.0

85.5
93.0
87.8
94.9
103.6
100.6
297.7
318.2
316.9

AR-OSEM-AR
BW-FBP
OSEM-BW
AR-OSEM-AR
BW-FBP
OSEM-BW
AR-OSEM-AR
BW-FBP
OSEM-BW

0
0
0
2
2
2
4
4
4

A: low count level; B: intermediate count level; C: high count level; AROSEM-AR: autoregressive filtering before and after ordered subset expectation maximisation algorithm; BW-FBP: Butterworth prefiltering and filtered
back projection; OSEM-BW: ordered subset expectation maximisation algorithm and Butterworth postfiltering; RelAct: activity relative to background
activity of 1; Ø: diameter.

position and area were equal in every image. The ROIs were
drawn using Multimodality software. The CR% values were
obtained using the average counts in the ROIs.
Spatial resolution was estimated by the full width at
half maximum (FWHM) of the line spread functions of the
cylinders. One-, two-, four- and six-pixel-thick profiles were
drawn through the 10-, 20-, 40- and 60-mm-wide cylinders,
respectively. The FWMH values were calculated using Hermes quality control software (version 2.0).
2.5. Patient Study. Skeletal SPECT was performed three
hours after an intravenous injection of 925 MBq of
99m
Technetium-labelled methylene diphosphonate. The
images were obtained over a 360∘ arc, using 64 projections at
20 sec per projection. The images were acquired into a 128 ×
128 matrix with a pixel size of 4.8 mm. Total counts of the
projection images were 41006–66830 counts per projection.

RelAct

10 Ø
A
19.7
17.9
19.4
—
—
—
13.4
15.8
15.2
B
23.7
18.6
18.8
19.4
19.0
17.7
13.0
15.4
14.2
C
20.2
18.5
16.8
15.8
16.9
16.5
12.5
14.0
13.8

20 Ø

40 Ø

60 Ø

25.0
23.2
23.2
21.5
23.2
22.2
18.4
20.4
19.9

45.8
43.5
43.6
35.3
36.6
35.8
37.8
37.9
37.7

64.8
63.8
62.8
59.1
59.6
59.1
57.8
57.9
57.9

23.7
22.4
23.2
19.8
21.0
19.9
19.7
21.0
20.2

43.0
41.2
41.9
38.9
38.5
38.5
37.8
37.7
37.9

62.3
61.4
61.7
59.0
58.9
59.0
58.2
57.9
58.1

23.9
21.1
23.2
19.5
20.8
20.3
19.0
19.6
19.3

40.9
40.6
40.3
39.0
38.6
39.1
37.6
36.8
37.4

63.2
61.7
62.3
58.6
58.7
58.6
58.2
58.0
57.9

A: low count level; B: intermediate count level; C: high count level; AROSEM-AR: autoregressive filtering before and after ordered subset expectation maximisation algorithm; BW-FBP: Butterworth prefiltering and filtered
back projection; OSEM-BW: ordered subset expectation maximisation algorithm and Butterworth postfiltering; RelAct: activity relative to background
activity of 1; Ø: diameter.

2.6. Statistical Methods. The data were analysed using WinSTAT for Excel (version 2007.1; R. Fitch Software, Staufen,
Germany). Pair-wise comparisons were performed with the
nonparametric Wilcoxon’s rank-sum test. Comparisons were
made between the AR-OSEM-AR and BW-FBP methods, the
AR-OSEM-AR and OSEM-BW methods, and the BW-FBP
and OSEM-BW methods. Data from the cold stacks and the
pooled hot stacks were analysed separately. For each cylinder,
the paired difference between the values of a variable was
computed. The values of the differences were sorted to get a
rank order. Finally, the mean rank of negative differences was
compared with that of positive differences. Wilcoxon’s ranksum test determines to what extent the difference in mean
rank is significant. A 𝑃 value of less than 0.05 was considered
significant.
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Figure 3: Transaxial slices of the phantom at the level of cylinders with a diameter of 20 mm. (a) Images reconstructed from noise-free
projection images using ordered subset expectation maximisation reconstruction. (b) Autoregressive filtering before and after ordered subset
expectation maximisation reconstruction. (c) Filtered back projection reconstruction method preceded by Butterworth filtering. (d) Ordered
subset expectation maximisation reconstruction followed by Butterworth filtering. Intermediate count level. The images are individually
scaled to their own maximum.

3. Results
The MSE of the images improved when a different AR model
was used for the summed error term image rather than for
the original image. A prediction region of four orthogonal
neighbours with a block size of 5 × 5 pixels for the original
image and a prediction region of 3 × 3 and a block size of
6 × 6 for the summed error term image produced the lowest
MSE, although the differences were small (Table 1). Part of
the counts at the edges of the image could be returned to the
filtered image to reduce blurring of the image (Figure 2).
Butterworth filtering was chosen so that the methods had
the same amount of statistical fluctuation in the uniform part
of the phantom, as confirmed by the CoV% values (Table 2).
For the cold stacks, the BW-FBP method showed higher CR%
values than the AR-OSEM-AR and OSEM-BW methods
(Table 3). The 𝑃 values were 0.003 and 0.04, respectively.
The BW-FBP method had the highest CR% values for all

other cold cylinders except the two smallest cylinders at
the intermediate count level. The OSEM-BW method, in
turn, displayed better performance than the AR-OSEM-AR
method (𝑃 = 0.002). When the hot stacks were assessed,
there were no statistically significant differences between
the AR-OSEM-AR and BW-FBP methods nor between the
AR-OSEM-AR and OSEM-BW methods, but the BW-FBP
method showed higher CR% values than the OSEM-BW
method (𝑃 = 0.001).
In the analysis of spatial resolution, without exception, the BW-FBP and OSEM-BW methods exhibited lower
FWHM values for the cold stacks than the AR-OSEM-AR
method (𝑃 = 0.002 for both comparisons), but there was
no statistical difference between the BW-FBP and OSEMBW methods (Table 4). For the hot stacks, the AR-OSEMAR method showed lower FWHM values than the BW-FBP
and OSEM-BW methods. The 𝑃 values were 0.01 and 0.04,
respectively.
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(a)

(b)

(c)

(d)

Figure 4: Reformatted coronal slices of the phantom. (a) Images reconstructed from noise-free projection images using ordered subset expectation maximisation reconstruction. (b) Autoregressive filtering before and after ordered subset expectation maximisation reconstruction.
(c) Filtered back projection reconstruction method preceded by Butterworth. (d) Ordered subset expectation maximisation reconstruction
followed by Butterworth filtering. Stacks with the highest activity. Intermediate count level. The images are individually scaled to their own
maximum.

Furthermore, the OSEM-BW method had lower FWHM
values than the BW-FBP method (𝑃 = 0.008). It is of note that
the AR-OSEM-AR method showed better resolution than the
other two methods in the analysis of the two smallest hot
stacks, with two exceptions in the analysis of cylinders with
two times the background activity and a diameter of 10 mm
(Table 4).
Visually, the differences between the images produced by
the three methods were small (Figures 3, 4, and 5). When
comparing the skeletal SPECT data, the BW-FBP method
showed lower image quality than the two other methods
because of streak artefacts (Figure 6).

4. Discussion
This paper presented an improved two-dimensional adaptive AR filter and introduced a three-dimensional adaptive
AR model for reduction of noise in SPECT images. We

demonstrated that the quality of scintigraphic images can be
improved when the same AR procedure is not applied to
the original image and the summed error term image. We
have previously shown that if a prediction region of four
orthogonal neighbours of the predicted pixel with a block size
of 5 × 5 pixels is used for both the original image and the
summed error term image in the same simulation conditions,
then the mean squared errors for the three different images
with Poisson statistics are 0.85, 2.23, and 7.12 [4]; that is, this
combination exhibits lower performance than any of those
presented in Table 1.
The goal of filtering in SPECT is to suppress statistical
noise and simultaneously preserve contrast and spatial resolution [1]. In the present study we showed that the AROSEM-AR method simultaneously provides both efficient
noise rejection and good spatial resolution for hot objects.
The methodological comparison was done using the wellknown de facto reconstruction standards, FBP and OSEM,
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Figure 5: One-pixel-thick profiles drawn through the phantom. (a) Profiles at the level of a cylinder with a diameter of 20 mm. (b) Profiles at
the level of cylinders with a diameter of 40 mm. Ideal OSEM: images reconstructed from noise-free projection images using ordered subset
expectation maximisation reconstruction; AR-OSEM-AR: autoregressive filtering before and after ordered subset expectation maximisation
reconstruction; BW-FBP: filtered back projection reconstruction method preceded by Butterworth filtering; OSEM-BW: ordered subset
expectation maximisation reconstruction followed by Butterworth filtering. Intermediate count level. Profiles were rescaled so that they
had the same amount of counts as the profile of the image reconstructed from noise-free projection images using ordered subset expectation
maximisation reconstruction.

and by using one of the most commonly used filters in nuclear
medicine, the Butterworth filter.
The BW-FBP method produced better performance than
the two other methods in the analysis of the cold stacks. FBP’s
good performance with cold features has been noticed before
[5, 13]. OSEM’s built-in nonnegativity constraint explains its
poor contrast in cold regions. In the analysis of the hot stacks,
the magnitude of the differences between the three methods
proved to be small, but the AR-OSEM-AR method had statistically the best performance. This is obviously due to the fact

that part of the counts at the edges of the error term images
could be returned back to the filtered image. Adding postfiltering to the method produced efficient noise reduction without compromising contrast or spatial resolution significantly.
The FBP method consists of filtering of the projection
data and back projection of the filtered data [5, 10]. Prefiltering is generally not applied in the OSEM method because
it lowers spatial resolution. Secondly, OSEM assumes that
projection pixel values are independent and the number
of counts is Poisson-distributed. Filtering might hamper
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(a)

(b)

(c)

Figure 6: Transaxial slice of skeletal SPECT. (a) Autoregressive filtering before and after ordered subset expectation maximisation
reconstruction. (b) Filtered back projection reconstruction method preceded by Butterworth filtering. (c) Ordered subset expectation
maximisation reconstruction followed by Butterworth filtering.

these assumptions. OSEM reconstructed images are usually
postfiltered because the images become noisier as the iterations proceed.
The disadvantage of FBP is that it can produce radial
streak artefacts because filtered noisy projection profiles do
not cancel each other out in back projection. In the present
study, the phenomenon was seen in the clinical data. Iterative
reconstruction algorithms also provide some other advantages over FBP. They permit the use of several important corrections, such as scatter, attenuation, and collimator response
corrections, which can be included in the image reconstruction procedure. Incorporation of anatomical information
derived from magnetic resonance imaging or computerized
tomography is possible as well [14]. For the abovementioned
reasons, FBP has in recent years been progressively replaced
with iterative reconstruction algorithms.
The Butterworth filter is defined by two parameters: cutoff frequency and order [2]. In the present study, order was set
to 2 because a ringing artefact is imperceptible to Butterworth
filters of order 2 but can become a significant factor in filters of
a higher order [15]. Filter orders much higher than 2 are often
seen in clinical praxis. Edge sharpness in images produced by
the BW-FBP and OSEM-BW methods can be improved by
increasing the cut-off frequency, but the improvement occurs
at the expense of increased noise.

In our opinion, a strength of the AR-OSEM-AR method is
its simplicity, but the lack of user-controlled variables can also
be regarded as a limitation. Sometimes, adjustable parameters
are needed. No particular filter can emerge as the best filter
for any organ system. However, filtering should be performed
locally in the spatial domain, not globally in the frequency
domain, because the correct trade-off between resolution and
smoothing will vary at different points within the image.
Because the AR-OSEM-AR method was only marginally
better than the OSEM-BW method, an additional study is
needed to find out whether image quality will be even better
if the AR method is applied to the intermediate results in
between the iterations. Secondly, the AR-OSEM-AR method
has not yet been tested with positron emission tomography
(PET) data, but the method should also be suitable for PET
data. The signal-to-noise ratio is considerably higher in PET
than in SPECT. Therefore, our model will probably provide a
good fit for PET data.

5. Conclusions
The AR-OSEM-AR method is a feasible denoising method in
SPECT. It has good spatial resolution for hot features and it is
simple to use. It does not have any adjustable parameters.
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Laboratorio de Procesado de Imagen, Escuela Técnica Superior de Ingenieros de Telecomunicación, Campus Miguel Delibes s.n.,
47011 Valladolid, Spain
2
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Human body heat emission and others external causes can interfere in magnetic resonance image acquisition and produce noise.
In this kind of images, the noise, when no signal is present, is Rayleigh distributed and its wavelet coefficients can be approximately
modeled by a Gaussian distribution. Noiseless magnetic resonance images can be modeled by a Laplacian distribution in the wavelet
domain. This paper proposes a new magnetic resonance image denoising method to solve this fact. This method performs shrinkage
of wavelet coefficients based on the conditioned probability of being noise or detail. The parameters involved in this filtering
approach are calculated by means of the expectation maximization (EM) method, which avoids the need to use an estimator of
noise variance. The efficiency of the proposed filter is studied and compared with other important filtering techniques, such as
Nowak’s, Donoho-Johnstone’s, Awate-Whitaker’s, and nonlocal means filters, in different 2D and 3D images.

1. Introduction
Magnetic resonance imaging (MRI) is one of the most important imaging acquisition techniques [1], which allows studying the structural features of the internal body parts noninvasively. This procedure is based on the principle of nuclear
magnetic resonance (NMR) [2], and the power of this technique over other noninvasive techniques, such as ultrasound,
is the high quality of its images, despite the inconvenience of
being a larger and expensive equipment. However, because
the ultrasonic signal is not transmitted through bones, in
cases such as imaging the brain which is surrounded by the
skull, ultrasound modalities are not viable and resorting to
magnetic resonance (MR) imaging is needed.
For a given acquisition time, in MRI there is a fundamental agreement between resolution and signal to noise
ratio (SNR) [3]. MRI is affected by noise mainly produced
by interference due to human body heat emission (Gaussian

at frequency space and Rayleigh at envelope of its inverse
Fourier transform [4]), which prevents correct identification
of shapes and details. Moreover, there is a relationship
between noise level and image resolution in MRI acquisition,
that is, the larger the resolution of the acquired image, the
lower the SNR [5]. The simplest method to reduce the noise
level is to increase the acquisition time of the machine
(thus increasing the number of images averaged, that is,
increasing the machine number of experiments (NEX)),
which would cause a large increase in spending and long
waiting lists, but long acquisition times could be problematic
for patients who are not able to remain in a resting state
(due to stress, pain, and so on). To avoid these problems,
a filter, which acts on the acquired image, can be applied.
This filter must eliminate noise trying to preserve details.
The main problem of removing noise by means of softening
an image is the resulting loss of information on the edges
and contours (image blur), which is typical in Gaussian filter

2
convolution. Perona and Malik [6] proposed a new type of
filtering, based on partial differential equations and the heat
diffusion equation, which is the origin of a family of filters that
allow homogenizing regions while maintaining or enhancing
borders between them. Gerig et al. [7] propose the use of
the so-called nonlinear anisotropic filter, which gives very
good results in the context of MRI and is an important
practical application of the ideas proposed by Perona and
Malik. From the same diffusion equation, [7] proposes an
alternative discretization with simpler formulation, whose
stability is subject to certain restrictions of the parameters.
Linearly optimal methods in the sense of minimum mean
square error (Wiener filter) have also been adapted to the case
of MRI [8, 9]. Another filter with good MR image denoising
results is the so-called nonlocal means (NLM) filter [10, 11],
which averages similar image pixels as a function of their
intensity distance (some filters, like the bilateral filter [4],
are based on the same proposition, but the advantage of the
NLM over other methods is that the similarity measure used
is more robust to noise due to region comparisons rather than
pixel comparisons). Principles of nonparametric statistical
methods are also the base of the iterated conditional entropy
reduction (ICER) proposed by Awate and Whitaker [12], a
Bayesian-inference algorithm based on Markov random field
which estimates the uncorrupted-image statistics by optimizing an information-theoretic metric using the expectationmaximization algorithm. This filter method incorporates a
Rician noise model, unlike NLM method, which is more general. He and Greenshields [13] designed another filter method
that improves NLM filter by adding Rician noise information.
Dabov et al. [14] also proposed a filter similar to NLM. This
method creates 3D arrays formed by stacking together similar
image 2D neighborhoods. The importance of grouping is
to enable the use of a higher-dimensional filtering of each
group, which exploits the potential similarity (correlation,
affinity, etc.) between grouped fragments. More generally,
Sivaramakrishnan and Weissman [15] designed a universal
filter that does not need a priori noise information which is
asymptotically optimal. Furthermore, Awate and Whitaker
also proposed a patch-based method [16, 17] that tries to
optimize the entropy of the noisy image to reduce noise.
A large interesting characteristic of the wavelet transform
is its capacity to preserve detail at different scales, because
of its ability to model the information locally present in
the image due to the multiresolution decomposition [18].
In the literature, other authors have performed MR image
filtering using wavelet techniques. Donoho and Johnstone
[19] proved that a simple thresholding algorithm with an
appropriated base may be a (nonlinear) filter which is almost
optimal. Nowak [20] and Pizurica et al. [21] propose to
perform the filtering using the discrete wavelet transform.
In particular, the significance of Nowak’s work is that it
uses the fact that MR magnitude image obeys a Rician
distribution and its square image noise obeys a noncentral
Chi-square distribution. In addition, other researches, like
Sijbers et al. [22], use this fact. A diffusion method such as
Perona-Malik’s, but adapted to the Rician distribution case,
has been proposed in [23]. In [20], the wavelet transform
is performed on the square of the amplitude image where
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the noise and the bias of approximation coefficients are
reduced. Another interesting work is that of Anand and
Sahambi [4]. In this case, the square of the amplitude image
is also used, correcting the bias and applying a bilateral filter
(Gaussian filtering in the spatial and amplitude domains)
over approximation coefficients (it is also based on the
Rician image distribution). On the other hand, Yang and
Fei [24] combined the 1D wavelet transform with the Radon
transform to denoise Rician noise in MR images. Finally, we
can also mention the method proposed by Wirestam et al.
[25], where a technique of shrinkage coefficients of the filter
is based on a Wiener filter. The novelty of this method is
that the filtering is performed in the complex Fourier image,
where noise data are complex Gaussian. This method has
the problem that complex data are not always available in
MRI acquisition (usually, MR machines provide only data
in the image plane after envelope calculation in DICOM
format. Complex raw data in the 𝑘-space are normally stored
in a proprietary format which is not open and is branddependent. The complex data in the image plane are not even
stored in the machine).
Based on wavelets state of art and given locality property
of wavelet transform, the alternative that we propose in this
paper is to perform filtering in the domain of the transform
coefficients, adapting to MRI the method proposed in [26],
originally designed for mammographic images. We also
propose to estimate the parameters of the model by means
of the expectation maximization (EM) method, proposed by
Dempster et al. [27] and Moon [28]. Moreover, this fact makes
the filter independent of noise variance estimators, in contrast
to other filter methods.
This paper is structured as follows. In Section 2, some
different MR image denoising methods are detailed. First,
in Section 2.1, the methods proposed by Donoho and Johnstone [19] (Section 2.1.1) and Nowak [20] (Section 2.1.2)
are described. Section 2.1.3 shows shift variance of wavelets
coefficients and how to correct it. This section also contains
Section 2.2 (with Sections 2.2.1 and 2.2.2), where AwateWhitaker’s algorithm [16, 17] and nonlocal means filter [10,
11] are presented. Finally, Section 2.3 describes the used
technique to estimate noise variance. In Section 3, the new
wavelet denoising method, based on [26], is presented.
Section 4 presents the algorithms corresponding to the methods showed in Sections 2 and 3 and some practical experiments. First, Section 4.1 shows a step-by-step explanation of
the different denoising algorithms presented before. Second,
in Section 4.2, the images used to test the efficiency of
the proposed method are detailed. The measurements used
to compare the different filter methods are described in
Section 4.3. Fourth, in Section 4.4, the numerical experiments and some remarks, obtained after performing these
experiments, are presented. Finally, Section 5 contains a brief
summary of the obtained results and some possible future
research lines. Appendix A contains the details about the
optimization method proposed to estimate the parameters
of the filter presented in Section 3 and Appendix B contains
some useful auxiliary functions.
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2. State of Art
This section reviews some filters used in the practical
experiments of Section 4. The new filter proposed in this
paper is compared with other two wavelet filters, DonohoJohnstone’s hard thresholding filter [19] and Nowak’s [20]
filter, the Awate and Whitaker’s [16, 17] patch-based (Gaussian and Rician) filters and the nonlocal means [10, 11]
filter. Moreover, wavelet-based filtering is shift-variant, as
Section 2.1.3 shows. This subsection also presents how to
avoid this problem. Finally, an estimator of noise variance,
required in both wavelet-based filters, is given in Section 2.3.
2.1. Wavelet-Domain Filters. An image/volume can be interpreted as a 2-dimensional/3-dimensional function with compact support. The values of this function, represented in
a matrix/3D array 𝐼, are a good approximation to scale
coefficients, 𝑠0 , in discrete wavelet transform. The fast wavelet
transform algorithm let us calculate the scale, 𝑠𝑗 , and detail,
𝑑𝑗 , coefficients in the following levels 0 ≤ 𝑗 ≤ 𝐽, that is, if 𝑠0 =
𝐼, 𝑠𝑗+1 and 𝑑𝑗+1 can be calculated in function of 𝑠𝑗 . Noise
interferences modify the details of the MR image/volume;
as noise grows more levels are affected. The wavelet coefficients are filtered to denoise the image/volume. The wavelet
coefficients 𝑑𝛼 [𝑘] (the index 𝛼 corresponds to level and
orientation: horizontal, vertical, diagonal, and so on, and
index 𝑘 corresponds to scale and position) can be determined
by means of

2.1.2. Nowak’s Filter. Another filter is proposed by Nowak
[20] by
𝐹𝑁 (𝑑𝛼 [𝑘]) := 𝐶𝛼 [𝑘] 𝑑𝛼 [𝑘] ,

(4)

where
𝐶𝛼 [𝑘] := (

(𝑥)+ := {

2

2

(𝑑𝛼 [𝑘]) − 3(𝜎𝛼 ) [𝑘]
(𝑑𝛼 [𝑘])2

) ,
+

(5)

𝑥, if 𝑥 ≥ 0,
0, if 𝑥 < 0,

and (𝜎2 )𝛼 [𝑘] is the variance of the wavelet coefficient 𝑑𝛼 [𝑘].
𝛼 )2 [𝑘], is proposed in [20]
An estimation for that, (𝜎̂
2

∑𝑚∈𝐼 (𝜓𝛼 ) [𝑘] (𝑚) 𝐼2 (𝑚)
𝛼 )2 [𝑘] := 4𝜎4
− 1, 1] , (6)
(𝜎̂
noise max [
2
𝜎noise

where 𝜎noise is the standard deviation of the noise in the
image/volume 𝐼.

2.1.1. Donoho-Johnstone’s Filter. The classic hard thresholding
filter described by Donoho and Johnstone [19] is given by


𝑑𝛼 [𝑘] , if 𝑑𝛼 [𝑘] > 𝑇𝛼 ,
(3)
𝐹DJ (𝑑𝛼 [𝑘]) := {


0,
if 𝑑𝛼 [𝑘] ≤ 𝑇𝛼 ,

2.1.3. Shift-Invariant Filtering. As [20] shows, wavelet coefficients filtering (based on discrete wavelet transform) is
shift-variant, which can produce the appearance of artifacts,
because the wavelet coefficient values depend on the alignment between the data and the wavelet basis functions. Shiftinvariant (translation-invariant, undecimated) methods [29–
33] can provide better performance, avoiding the appearance
of artifacts (see an example in Figure 1). Shift-invariant
wavelet transforms provide a higher degree of regularity [29,
33, 34] than standard wavelet analysis approaches, so shiftinvariant estimation algorithms usually outperform standard
methods. A shift-invariant filtering can be obtained by applying the filter for every possible shift of the image, unshifting
each filtered result, and averaging all the results obtained. As
performing all shifts of the image would be computationally
too expensive, to reduce computational burden of filtering, an
approximately shift-invariant scheme is proposed; that is, all
shifts are replaced by a small range of shifts. More specifically,
the image is shifted in both horizontal and vertical directions
(left, right, up, and down), at most 𝐾 pixels/voxels in each
direction in steps of one pixel/voxel. While this does not
guarantee shift-invariance, it does reduce the dependence of
the filter output on the alignment between the data and the
wavelet basis functions. In our experiments, we used 𝐾 =
2, that is, movements of {−2, −1, 0, 1, 2} in each direction
giving rise to a total of 25 shiftings for the 2D images (the
values 𝐾 > 2 enlarge computational time excessively with
minor improvements), and 𝐾 = 1, that is, movements of
{−1, 0, 1} in each direction giving rise to a total of 27 shiftings
for the 3D volumes (the same remark as in 2D also applies
in 3D for 𝐾 > 1). The final image/volume is constructed
after unshifting each image/volume and averaging the 25/27
resulting images/volumes.

where | ⋅ | is the module operator and 𝑇𝛼 := 𝜎noise √2log𝑒 (𝑁𝛼 )
with 𝜎noise standard deviation of the noise in the image/
volume 𝐼.

2.2. Awate-Whitaker’s Patch-Based Filter and Nonlocal Means
Filter. For quantitative evaluation, these two wavelet methods (and the new proposed filter) are compared (in 2D case)

𝑑𝛼 [𝑘] := ∑𝜓𝛼 [𝑘] (𝑚) 𝐼 (𝑚) ,
𝑚

(1)

where 𝜓𝛼 [𝑘] is the discrete wavelet function at 𝛼 level and
orientation and 𝑘 scale and position, and index 𝑚 represents
pixel/voxel position. Similarly the scaling coefficient 𝑠𝑗 [𝑘]
(the index 𝑗 corresponds to level and index 𝑘 corresponds to
scale and position) can be determined by means of
𝑠𝑗 [𝑘] := ∑𝜑𝑗 [𝑘] (𝑚) 𝐼 (𝑚) ,
𝑚

(2)

where 𝜑𝑗 [𝑘] is the scaling function for level 𝑗 and 𝑘 scale
and position. Given a sequence of wavelet coefficients 𝑑𝛼 =
𝛼
𝑁𝑗
𝑗
𝑗
(𝑑𝛼 [𝑘])𝑁
𝑘=1 and scaling coefficients 𝑠 = (𝑠 [𝑘])𝑘=1 for the
image/volume 𝐼 (where 𝑁𝛼 represent the number of scales
and positions for each 𝛼 and 𝑁𝑗 is the number scales and
positions for each 𝑗) the filters can be defined in the wavelet
domain.
The following two filters, proposed by Donoho and Johnstone and Nowak, are used to analyze the efficiency of the new
filter presented in next section.

4

Computational and Mathematical Methods in Medicine

(a)

(b)

Figure 1: Comparative images: (a) without shift-invariant filtering; (b) with shift-invariant filtering (𝐾 = 2). Saw tooth (artifacts) can be seen
in the case (a).

with a patch-based method proposed by Awate and Whitaker
[16, 17] and the nonlocal means (NLM) filter [10, 11]. This
comparison will be very significative as this method was
recently shown to be competitive with respect to wavelet
methods.
2.2.1. Awate-Whitaker’s Filter. In this approach, given an
image 𝐼, a random vector 𝑍(𝑚) = [𝑋(𝑚), 𝑌(𝑚)], where 𝑚
represents the pixel position on the image 𝐼, is generated,
where 𝑋(𝑚) is the intensity of 𝐼 at the pixel 𝑚 and 𝑌(𝑚)
is the intensity of 𝐼 at the pixels in a neighborhood (𝑌(𝑚)
̃
̃
̃
is a vector) of pixel 𝑚 (we use 𝑋(𝑚),
𝑌(𝑚),
and 𝑍(𝑚)
for
degraded image random variables). The target of the method
̃ | 𝑌),
̃
is to minimize the entropy of the conditional PDF, ℎ(𝑋
for which a descending gradient method, given by
𝑥̂ = 𝑥 − 𝛿

𝜕ℎ
,
𝜕𝑥

where 𝑁𝑚 and 𝑁𝑛 are the neighborhoods of the pixel
positions 𝑚 and 𝑛, respectively, 𝑑 is a Gaussian weighted
squared Euclidean distance, and ℎ is the exponential decay
control smoothing parameter. Region Ω can be the whole
image, but, because of computational reasons, Ω uses to be
a smaller region in the local neighborhood.
2
. Donoho and Johnstone’s [19] and
2.3. Estimation of 𝜎noise
Nowak’s [20] methods are highly dependent on the noise
estimate. We assume that noise distribution, in complex
domain, is zero mean Gaussian. Then, noise estimate means
2
) estimate. In
noise standard deviation/variance (𝜎noise /𝜎noise
MR images, 𝜎noise is usually unknown a priori and it must
2
be estimated from the data. A good estimator of 𝜎noise
of 𝐼
is given in [35, 36] by
2
𝜎̂noise
:=

(7)

where 𝛿 is a parameter, is used. In this paper, we used two
versions of this filter method using Gaussian and Rician
models for the PDF.
2.2.2. Nonlocal Means Filter. For a given image 𝐼, the NLM
filtered image at pixel position 𝑚 (𝐹NLM is the NLM filter
operator) is given by the weighted average of all the pixels in
a searched area Ω𝑚 of pixel position 𝑚 in the image 𝐼,
𝐹NLM (𝐼 (𝑚)) = ∑ 𝑤 (𝑚, 𝑛) 𝐼 (𝑛) ,
𝑛∈Ω𝑚

(8)

where 0 ≤ 𝑤(𝑚, 𝑛) ≤ 1, ∑𝑛∈Ω 𝑤(𝑚, 𝑛) = 1. The
weights 𝑤(𝑚, 𝑛) are based on the similarity between the
neighbourhoods of pixels 𝐼(𝑚) and 𝐼(𝑛) and are defined as
(9)

(10)

2
is the local variance of 𝐼, defined as
where 𝜎local
2
𝜎local
(𝑚) := LV (𝐼, 𝑚) ,

(11)

where the operator LV is defined in Appendix B.

3. A New Probabilistic Wavelet Filter
The wavelet filter proposed in this paper, which will be
named hereafter as Villullas-Martin’s filter, is defined by the
shrinkage
𝐹VM (𝑑𝛼 [𝑘]) := 𝑆𝜆𝛼 [𝑘] 𝑑𝛼 [𝑘] ,

(12)

where 𝑑𝛼 are the wavelet coefficients at level/orientation 𝛼 of
an image/volume 𝐼 and

2

𝑒−(𝑑(𝑁𝑚 ,𝑁𝑛 )/ℎ )
𝑤 (𝑚, 𝑛) =
2 ,
∑𝑛∈𝐼 𝑒−(𝑑(𝑁𝑚 ,𝑁𝑛 )/ℎ )

2
2
},
Mode {𝜎local
4−𝜋

𝑆𝜆𝛼 [𝑘] :=

(1 − 𝜆) 𝑃 (𝑑𝛼 [𝑘] | detail)
(13)
(1 − 𝜆) 𝑃 (𝑑𝛼 [𝑘] | detail) + 𝜆𝑃 (𝑑𝛼 [𝑘] | noise)
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Figure 2: Noiseless image/volume wavelet coefficients (blue bar chart) against approximated Laplacian distribution (red graph).

with parameter 𝜆 (𝑆𝜆𝛼 [𝑘] represents the posterior probability
of being detail given 𝑑𝛼 [𝑘] with 𝜆 the prior probability of
a coefficient being noise). This filter is based on the filter
proposed by Gorgel et al. [26]. The novelty of our filter
is the proposed distribution models for details and noise
coefficients in the wavelet domain to MRI and the use of the
EM method for estimating the parameters. This avoids the
problem setting any free parameter such as the noise variance
which is usually problematic.
Noiseless MR images/volumes have a distribution in the
wavelet domain with a pronounced maximum at the origin
(due to smooth regions) and long tails produced by edges
and different structures contained in the image/volume (as
shown in Figure 2), so this distribution can be approximately
modeled by a Laplacian function, given by
𝑃 (𝑑𝛼 [𝑘] | detail) :=

1 −(|𝑑𝛼 [𝑘]−𝜇|/𝑏)
,
𝑒
2𝑏

(14)

with parameters 𝜇 and 𝑏. This distribution was first proposed
to model wavelet coefficients distribution of mammographic
images by Gorgel et al. [26].
MR magnitude image/volume distribution is Rician [5,
37]. In high signal to noise ratio (high intensity, bright)
regions, Rician distribution tends to a Gaussian distribution
and in low signal to noise ratio (low intensity, dark) regions,
Rician distribution tends to a Rayleigh distribution [4]; that
is, MR noise (signal free) can be modeled by a Rayleigh
distribution. In the wavelet domain, the distribution of
this noise has a maximum at the origin with short tails

(see Figure 3). In this case, we approximate this distribution
by a Gaussian distribution, given by
𝑃 (𝑑𝛼 [𝑘] | noise) :=

2
𝛼
2
1
𝑒−((𝑑 [𝑘]) /2𝜎noise ) .
𝜎noise √2𝜋

(15)

The definition of 𝑆𝜆𝛼 as a conditioned probability lets us
modify the wavelet coefficients taking into account noise
intensity. Besides, the larger image/volume modification by
wavelet coefficients shrinkage, the bigger module of the
shrunk coefficients; that is, a change in low module wavelet
coefficient does not change significantly the image/volume.
So, the importance of 𝑆𝜆𝛼 is focused on the tails of the
distributions. Figure 4 shows the mixture model of detail and
noise, with the two approximated distribution models presented before, superimposed on real image/volume wavelet
histograms at different levels and orientations.
Parameters estimation in the original paper [26] consider
both distributions independently choosing the parameter
𝜆 depending on the ratio noise/detail. In this paper we
consider the joint distribution resulting from considering
both distributions allowing us to find the parameters that
maximize the similarity between the real and the theoretical
distributions. For this purpose, parameters 𝜇, 𝑏, 𝜎noise , and
𝜆 are to be calculated by the EM method as Appendix A
shows in detail. Here a brief summary is given as follows;
given the (independent) known data X = {𝑋𝑖 }𝑁
𝑖=1 (vector
X represents each set of wavelet coefficients 𝑑𝛼 for each
scale and orientation 𝛼 of an image/volume. We also drop
the upper index 𝛼 for the sake of simplicity along this
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Figure 3: Rayleigh noise image/volume wavelet coefficients (blue bar chart) against approximated Gaussian distribution (red graph).
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Figure 4: Mixture approximated model distributions (Detail/Laplace = green graph, Noise/Gauss = red graph) superimposed on real image
wavelet coefficients histogram (blue bar chart) at level/orientation | NEX: (a) 1/horizontal | 1; (b) 1/horizontal | 10; (c) 1/horizontal | 20; (d)
2/vertical | 1; (e) 2/vertical | 10; (f) 2/vertical | 20.
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section.) and the hidden (auxiliary) variables Z = {𝑍𝑖 }𝑁
𝑖=1 ,
defined by
1,
𝑍𝑖 := {
0,

if 𝑋𝑖 is detail,
if 𝑋𝑖 is noise,

𝑖 = 1, . . . , 𝑁,

(16)

the likelihood function to be maximized in this method is
𝑁

𝑁

𝑖=1

𝑖=1

2
̃ is defined in (B.2) (where X
̃ is the
:= LV(X)
where 𝜎local
𝛼
vector X as a matrix [of wavelet coefficients 𝑑 at scale and
orientation 𝛼]), and

̂ )𝑃
̂Ini , ̂𝑏Ini ))
(𝛾𝑖 )Ini := ((1 − 𝜆
Ini
Laplace (𝑋𝑖 | 𝜇
̂ )𝑃
̂Ini , ̂𝑏Ini )
× ((1 − 𝜆
Ini
Laplace (𝑋𝑖 | 𝜇
−1
̂ 𝑃
+𝜆
𝜎noise )Ini )) .
Ini Gauss (𝑋𝑖 | (̂

𝐿 (Θ | X, Z) := ∑ ln (𝑃 (𝑋𝑖 | 𝑍𝑖 , Θ)) + ∑ ln (𝑃 (𝑍𝑖 | Θ)) , (17)

where Θ = [𝜇, 𝑏, 𝜎noise , 𝜆] and 𝑃(𝑋𝑖 | Θ) = 𝜆𝑃Gauss (𝑋𝑖 |
𝜎noise ) + (1 − 𝜆)𝑃Laplace (𝑋𝑖 | 𝜇, 𝑏), and its expected value is
𝐸 (𝐿 (Θ | X, Z)|Θ,X )


𝑁
𝑋 − 𝜇
= −∑ [𝛾𝑖 (ln (2) + ln (𝑏) +  𝑖
− ln (1 − 𝜆))
𝑏
𝑖=1
1
1
2
+ (1 − 𝛾𝑖 ) ( ln (2𝜋) + ln (𝜎noise
)
2
2
+

(18)

𝑋𝑖
− ln (𝜆))] ,
2
2𝜎noise

with
𝛾𝑖 =

(1 − 𝜆) 𝑃Laplace (𝑋𝑖 | 𝜇, 𝑏)
(1 − 𝜆) 𝑃Laplace (𝑋𝑖 | 𝜇, 𝑏) + 𝜆𝑃Gauss (𝑋𝑖 | 𝜎noise )

. (19)

Maximizing this expression, we obtain
𝑁
̂ := 1 − 1 ∑𝛾 ;
𝜆
𝑁 𝑖=1 𝑖
2
:=
𝜎̂noise

2
∑𝑁
𝑖=1 (1 − 𝛾𝑖 ) 𝑋𝑖

∑𝑁
𝑖=1 (1 − 𝛾𝑖 )

;

𝑁

(20)



𝜇̂ := arg min ∑ 𝛾𝑖 𝜇 − 𝑋𝑖  ;
𝜇=𝑋𝑚

̂𝑏 :=

𝑖=1


∑𝑁
𝑖=1 𝛾𝑖 𝑋𝑖 −
∑𝑁
𝑖=1 𝛾𝑖


𝜇̂
.

̂ 𝜎̂2 , 𝜇,
̂
It is an implicit system, so estimators 𝛾𝑖 , 𝜆,
noise ̂ and 𝑏
are calculated by fixed-point iteration with initial conditions
̂ := 1 ,
𝜆
Ini
2

2
2
(̂
𝜎noise
)Ini := median (𝜎local
),

4. Experiments
In this section, some noisy MR 2D and 3D volumes are
filtered to compare the algorithm proposed in this paper
with other wavelet filters as well as patch-based and NLM
filters found in the reviewed literature and described in
Section 2. Section 4.1 contains the description, step by step,
of the different filter algorithms applied on the images
defined in Section 4.2. The three wavelet methods, proposed
by Donoho and Johnstone, Nowak, and Villullas and Martin,
apply the approximately shift-invariant scheme, with 𝐾 = 2
in the 2D images and 𝐾 = 1 in the 3D volumes, as proposed
in Section 2.1.3, and Donoho-Johnstone’s and Nowak’s filters
use the noise estimator defined in Section 2.3. Patch-based
filter, proposed by Awate-Whitaker, uses Gaussian and Rician
models (this method can be obtained at the web http://www
.itk.org/Doxygen42/html/group ITKDenoising.html with
the predefined parameters values except m NoiseModel =
Gaussian or Rician and m NoiseModelFidelityWeight = 0.5.),
and nonlocal means filter uses predeterminated parameters
(this method can be obtained at the web http://www.mathworks.com/matlabcentral/fileexchange/40162-james-steintype-center-pixel-weights-for-non-local-means) with the
same noise estimator as Nowak’s and Donoho-Johnstone’s
filters. The three wavelet filters and NLM filter have been
programming in MATLAB and Awate-Whitaker’s filter has
been programmed in C.
4.1. Filter Algorithms. The different filtering methods used in
experiments shown in Section 4.4 are next described step by
step for a given image/volume 𝐼. The wavelet used in these
experiments is the Haar wavelet. As the Haar wavelet support
is minimal and a wavelet coefficient image/volume is a
windowed weighted average of an image/volume, this wavelet
seems the most logical choice when we want to remove noise
and preserve details in an image/volume filtering, against
other wavelet families with larger supports.
4.1.1. Donoho-Johnstone’s Algorithm
2
as Section 2.3
(i) Calculate noise variance estimator 𝜎̂noise
shows.

𝜇̂Ini := median (X) ,
𝑁
̂𝑏 := 1 ∑ 𝑋 − 𝜇̂  ,
Ini
𝐼𝑛𝑖 
𝑁 𝑖=1  𝑖

(22)

(21)

(ii) Compute the (𝐽 = 2)-scale DWT of the magnitude
image/volume 𝐼.
(iii) Filter the wavelet coefficients 𝑑𝛼 through the
Donoho-Johnstone’s filter, 𝐹DJ , defined in Section 2.1.
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(iv) Compute the inverse DWT of the filtered wavelet and
scaling coefficients to obtain an estimate of denoised
image/volume.
(v) Repeat Steps (ii)–(iv), with the image/volume shifted
{−𝐾, . . . , −1, 0, 1, . . . , 𝐾} pixels/voxels in each direction, as Section 2.1.3 explains, and average all shifted
denoised images/volumes (original image/volume 𝐼
corresponds to null shift).

4.1.2. Nowak’s Algorithm
2
as Section 2.3
(i) Calculate noise variance estimator 𝜎̂noise
shows.

(ii) Compute the (𝐽 = 2)-scale DWT of the squared
magnitude image/volume 𝐼2 .
(iii) Remove the bias from the scaling coefficients 𝑠𝐽 by
subtracting 𝐶 = 2𝐽+1 𝜎noise from each (see [20]).

(iv) Filter the wavelet coefficients 𝑑𝛼 through the Nowak’s
filter, 𝐹N , defined in Section 2.1.
(v) Compute the inverse DWT of the filtered wavelet and
unbiased scaling coefficients to obtain an estimate of
squared denoised image/volume.

(vi) Take the pixel-by-pixel/voxel-by-voxel square-root of
the result to obtain an estimate of the unbiased
image/volume.
(vii) Repeat Steps (ii)–(vi), with the image/volume shifted
{−𝐾, . . . , −1, 0, 1, . . . , 𝐾} pixels/voxels in each direction, as Section 2.1.3 explains, and average all shifted
denoised images/volumes (original image/volume 𝐼
corresponds to null shift).
4.1.3. Awate-Whitaker’s Algorithm
(i) Let 𝐼0 = 𝐼 the noisy image/volume and 𝑘 > 0.
(ii) For each region 𝑧̂𝑘 = [𝑥̂𝑘 , 𝑦̂𝑘 ] (i.e., for each pixel 𝑚) of
̂|𝑌
̂ = 𝑦̂𝑘 )/𝜕𝑥̂𝑘 .
the image/volume 𝐼𝑘 , compute 𝜕ℎ(𝑋
(iii) Use the descending gradient differences to calculate
𝑥̂𝑘+1 by 𝑥̂𝑘+1 = 𝑥̂𝑘 − 𝛿(𝜕ℎ/𝜕𝑥̂𝑘 ).
(iv) The image/volume 𝐼𝑘+1 is given by the intensity 𝑥̂𝑘+1
at pixel 𝑡. If 𝑘 + 1 is less than the maximum number
of iterations, go to Step (ii) with 𝑘 = 𝑘 + 1. Otherwise,
the filtered image/volume is 𝐼𝑘+1 .
4.1.4. Nonlocal Means Algorithm
(i) Given the parameters values, calculate the weights
function 𝑤 for each pixel of the image/volume 𝐼.
(ii) For each pixel, compute the NLM filtered image/
volume with the weight function.
4.1.5. Villullas-Martin’s Algorithm
(i) Compute the (𝐽 = 2)-scale DWT of the magnitude
image/volume 𝐼.

(ii) Filter the wavelet coefficients 𝑑𝛼 through the VillullasMartin’s filter, 𝐹VM , defined in Section 3.
(iii) Compute the inverse DWT of the filtered wavelet
and scaling coefficients to obtain an estimate of the
denoised image/volume.
(iv) Repeat Steps (i)–(iii), with the image/volume shifted
{−𝐾, . . . , −1, 0, 1, . . . , 𝐾} pixels/voxels in each direction, as Section 2.1.3 explains, and average all shifted
denoised images/volumes (original image/volume 𝐼
corresponds to null shift).
4.2. MR Data Sets. The experiments were conducted on
fifth MRI data sets. The first and second data sets consist
of simulated MR volumes and images obtained from the
Brainweb database [38]. The third and fourth data sets were
collected from Centro de Diagnóstico Valladolid (CDV)
QDIAGNOSTICA in Valladolid (Spain). The last data set
was obtained from a database of the Laboratory of Image
Processing (LPI) of the University of Valladolid. Details
about these data sets are described in following subsections.
4.2.1. Simulated MR Images. Simulated MR images/volumes
are a useful data set which allows a first evaluation of different
analysis methods. In the 3D case, the noiseless image volume
consists of a 3-dimensional volume of resolution 180×216×4
extracted from a volume generated in the Brainweb database
of resolution 181 × 217 × 181, T1-weighted, 1 mm slice
thickness, 0% of noise, and RF = 0%. Image intensity values
vary in {0, 1, . . . , 255}. In the 2D case, the noiseless image
consists of a 2-dimensional axial section of the 3-dimensional
volume of resolution 180 × 216. Rician noise was generated
by the equation
2
𝐼̂ := √(𝐼 + 𝑁1 ) + 𝑁22 ,

(23)

where 𝐼 is the noiseless MR image/volume and 𝑁𝑘 /𝑘 ∈ {1, 2}
are 𝑁(0, 𝜎2 ) independent identically distributed Gaussian
random variables, with 𝜎 ∈ {5, 6, . . . , 20}.
4.2.2. Real MR Images. Real data set consists of two data sets.
Real data images are 2D axial section of a brain, acquired
using a General Electric Signa 1.5 T scanner, T1-weighted,
and 0.9375 × 0.9375 mm2 pixel size for both data sets. The
first data set is composed of 4 images of dimension 256 × 256,
varying NEX ∈ {4, 8, 16, 64}, TR = 6 ms, TE = 1.588 ms, and
flip angle = 15∘ . The second data set consists of 32 images
with dimension 192 × 160, NEX = 1, TR = 40 ms, TE =
9 ms, and flip angle = 90∘ . As noiseless image cannot be
obtained for real data, noiseless image approximations are
given by the following: in the first data set, the noiseless image
approximation corresponds to NEX = 64; in the second data
set, the noiseless image approximation is the average in the
complex domain of the 32 images that this set consists of.
4.2.3. Clinical MR Images. Real clinical data set consists of
20 MR T1-weighted acquisitions from different subjects. The
dataset was acquired in a General Electric Signa 1.5 T scanner
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with NEX = 1, 2.1875 × 2.1875 mm2 pixel size, and 256 ×
256 image dimension. Other parameters values are TR =
5.8020 ms, TE = 1.7280 ms, and flip angle = 10∘ . This set of
images try to evaluate the different filter methods with images
taken from different subjects (anatomy variations). In this
case, as no ground truth is available, the evaluation will be
performed based on experts’ rankings.
4.3. Quality Measures. After filtering these images/volumes
(𝐼 is the noiseless image/volume, 𝐼𝑁 is the noisy
image/volume, and 𝐼𝐹 is the filtered noisy image/volume), the
results obtained are compared using the following efficiency
measurements (see Appendix B for details).
4.3.1. Averaged Error Local Variance (AELV). AELV is an
objective quality measure [39] that quantifies the deviation of
estimated values from the true value. Specifically, the AELV
of 𝐼𝐹 with respect to 𝐼 is measured as
AELV (𝐼𝐹 , 𝐼) :=

1
∑LV (𝐼 − 𝐼𝐹 , 𝑚) ,
𝑀𝑚

(24)

where 𝑀 is the total number of pixels/voxels of 𝐼 and the
operator LV is defined in Appendix B.
4.3.2. Normalized Averaged Error Local Variance (NAELV).
Variations in AELV can be difficult to understand. To test at
what rate reduces its value after filtering, AELV normalization
is used as
NAELV (𝐼𝐹 , 𝐼𝑁, 𝐼) :=

AELV (𝐼𝐹 , 𝐼)
.
AELV (𝐼𝑁, 𝐼)

(25)

4.3.3. Structural Similarity (SSIM). Although AELV is a
useful measure of similarity, it is not suitable to obtain a
comparison similar to that performed by the human eye
[40, 41]. Most common alternative is SSIM which is consistent
with the visual perception. The SSIM index is estimated as
SSIM (𝐼𝐹 , 𝐼) :=

2GM (𝐼) GM (𝐼𝐹 ) + 𝐶1
GM2 (𝐼) + GM2 (𝐼𝐹 ) + 𝐶1
2GCV (𝐼, 𝐼𝐹 ) + 𝐶2
⋅
,
GV (𝐼) + GV (𝐼𝐹 ) + 𝐶2

(26)

where the operators GM(𝐼), GV(𝐼), and GCV(𝐼, 𝐼𝐹 ) are
defined in Appendix B, 𝐶1 := 6.5025 and 𝐶2 := 58.5225.
4.3.4. Averaged Local Signal to Noise Ratio (ALSNR). Another
simple method of checking the noise level in an image is the
averaged local SNR, measured as
ALSNR (𝐼𝐹 , 𝐼) :=

LV (𝐼, 𝑚)
1
,
∑
𝑀 𝑚 LV (𝐼 − 𝐼𝐹 , 𝑚)

(27)

where 𝑀 is the total number of pixels/voxels of 𝐼 and the
operator LV is defined in Appendix B.

4.3.5. Contrast. The measure normally used to calculate
images contrast is given by
Cont (𝐼) :=

𝑆max − 𝑆min
,
𝑆max + 𝑆min

(28)

where 𝑆max and 𝑆min are the maximum and minimum
value in a specific ROI of the image/volume 𝐼. This quality
measurement is not effective enough because some filters
(e.g., some wavelet filters) generate a bias that modifies the
values of this quality measurement but does not affect the
contrast of the image/volume. Besides, there are many tools,
used by radiologists, which let them modify the window/level
of the image/volume. We can observe the variation of contrast
taking a section of the corresponding images/volumes to
compare the different changes of intensity. Figure 5 shows
that wavelet filters preserve edge changes of intensity very
well due to its property of locality.
4.4. Numerical Experiments. In these experiments, the size
of a neighborhood at pixel/voxel 𝑚 (on the image/volume
𝐼), size (𝑁𝑚 ), used is size (𝑁𝑚 ) = 5 × 5 (|𝑁𝑚 | = 25) in 2dimensional case and size (𝑁𝑚 ) = 5 × 5 × 5 (|𝑁𝑚 | = 125) in
3-dimensional case in (B.2) and (B.1) in Appendix B. Others
values give us different measurement values but the same
visual distribution.
4.4.1. Experiment 1: Filtering Simulated Data. In the first
experiment, the 16 2D simulated data sets described in
Section 4.2.1 are filtered. The parameter values used to generate noisy images are 𝜎 ∈ {5, 6, . . . , 20}. Figure 6 shows
the comparison of the different averaged quality measurements as function of the parameter 𝜎 (each parameter 𝜎
has associated 20 simulated images experiments and the
corresponding quality measurement value is the average of
the 20 quality measurement values of the corresponding
images. We use this 20 data sets to reduce the variability of
the quality measurements). For low values of the parameter
𝜎 (almost noiseless images), Awate-Whitaker’s filter (Rician
over Gaussian in SSIM measurement and Gaussian over
Rician in AELV measurement) have a good noise removal
and it beats the other methods in this case. Nowak’s filter
gets results close to Villullas-Martin’s filter (in fact, Nowak’s
filter improves Villullas-Martin filter in SSIM for tiny values
of 𝜎) but as parameter value increases, difference between
Villullas-Martin’s filter and Nowak’s filter grows. VillullasMartin’s filter is clearly the best method for medium and
high values of 𝜎 (hard noisy images. This value corresponds
to low NEX in image acquisition). NAELV graph shows
us that Awate-Whitaker’s filter has constant improvement
proportion in contrast to wavelet filters, which amplify its
improvement proportion with 𝜎. Then, Awate-Whitaker’s
filter is a good denoising method for very low values of 𝜎 but
as 𝜎 increases, the filter’s strength decreases. The NLM filter
has a behavior near to Nowak’s filter, better than Nowak’s filter
in high values of 𝜎 and worst in low and medium values of 𝜎.
Figure 7 shows an example (𝜎 = 15) where visual differences
between the filtering methods can be seen. In this case,
Villullas-Martin’s filtering and Nowak’s filtering are similar
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Figure 5: Comparative profiles of 1D section of noiseless, noisy, and the different filtered 2D images. (a) 1D section of Section 4.2.1 data set
image with parameter 𝜎 = 10 from pixel (50, 126) to pixel (99, 126); (b) detail of profile (a) in coordinates [27, 28, . . . , 34].

to each other and better than Donoho-Johnstone’s filtering
which has lower noise removal. NLM filter is the worst choice
because the noise has not been properly eliminated inside
brain structure.
4.4.2. Experiment 2: Filtering Real Data. In the second experiment, we have filtered the first real data set described in
Section 4.2.2. Noisy images set is the images belonging to
NEX ∈ {4, 8, 16} and noiseless image is generated with NEX =
64. Figure 8 shows the comparisons of the different quality
measurements as function of NEX. It can be seen that
Villullas-Martin’s filter improves Nowak’s and DonohoJohnstone’s filters, with a slight increase as NEX increase.
Awate-Whitaker’s filters cannot improve wavelet filters results
(moreover, as AELV graph shows, Awate-Whitaker’s filter
ruins low NEX images). As Experiment 1, NLM filter works
as good as Nowak’s filter. Figure 9 shows the example of
NEX = 8. In this example we can see that Villullas-Martin’s
filter provide a better filtering, where more noise is removed
than Nowak’s, Donoho-Johnstone’s, and NLM filters. AwateWhitaker’s filter with Gaussian model obtains a bit worse
denoising than Nowak’s, Donoho-Johnstone’s, and NLM
filters and Awate-Whitaker’s filter with Rice model does not
remove enough noise inside brain structures and generates
artifacts.
4.4.3. Experiment 3: 3D Wavelet Filtering. This experiment
shows the strength of the wavelet filters in the 3-dimensional
case. In this case, the 16 3D simulated data volumes described
in Section 4.2.1 for 𝜎 ∈ {5, 6, . . . , 20} are filtered. Figure 10
shows the comparison of the different averaged (20 volumes
for each 𝜎 level whose quality measurements are averaged
for each 𝜎) quality measurements as function of 𝜎. This

Table 1: Measurement results for NEX = 2, 3, 4 and VillullasMartin’s method for NEX = 2.
Image\measurement
NEX = 2
NEX = 3
NEX = 4
NEX = 2 filtered

AELV
60.5142
39.2910
28.6274
30.5097

SSIM
0.6355
0.7162
0.7698
0.7331

ALSNR
2.1124
3.2623
4.5433
3.4963

experiment shows the same behavior as Experiment 1 in
wavelet filters. All of these methods improve the filtering in
3D case preserving the relationship between them.
4.4.4. Experiment 4: Filtered Real Image against Higher
NEX. The forth experiment evaluates the filtering power of
Villullas-Martin’s filter. This filter is compared with NEX
rising. For this comparison, the second real data set described
in Section 4.2.2 is used. The “same” 32 images with NEX = 1
let us control noise level, which can be reduced by averaging
𝑁 images in the complex domain, where higher values of
𝑁 imply lower noise level. The selected image to be filtered
belongs to 𝑁 = 2. Table 1 shows that the first value of averaged
images (𝑁) which improves the quality measurements of
filtered image with 𝑁 = 2 is 𝑁 = 4; that is, Villullas-Martin’s
filter lets us obtain images with quality as good as with double
acquisition time. Figure 11 shows the images involved in this
experiment. It can be seen that filtered image with 𝑁 = 2
has less noise at smooth regions inside the structure than the
image with no filtering with 𝑁 = 3.
4.4.5. Experiment 5: Clinical Experts Comparison. In the last
experiment, data set images of Section 4.2.3 are filtered by
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Figure 6: Comparative results for the different filtering methods in experiment 1 with parameter 𝜎 ∈ {5, 6, . . . , 20}.

the wavelet filter methods described in Section 2.1. The goal
of this experiment is to evaluate the clinical relevance of
the proposed filter over other wavelet filters with the help
of 3 radiology experts at high SNR images (where the three
wavelet filters are more similar). The images are filtered with
Villullas-Martin’s, Nowak’s, and Donoho-Johnstone’s filter
methods, which have proven quite efficient in previous experiments. The experts rank the filtered images by their visual
quality based on their experience (1 = best, 2 = medium, and

3 = worst). The criteria to evaluate this quality are based on
the ease of recognizing different structures in the image (each
expert uses different regions that he judges to be key). The
ranking is blind in the sense that the filtering method used
to filter each image is hidden to the expert. To evaluate the
intraexpert variability the experiment was repeated during
two different days. Tables 2 and 3 show results achieved
for the intraexpert and interexpert variability, respectively.
Although the Villullas-Martin’s filter does not remove as
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Figure 7: Example of experiment 1 with parameter 𝜎 = 15. (a) Noiseless image; (b) noisy image; (c) noisy image filtered by Villullas-Martin’s
method; (d) noisy image filtered by Nowak’s method; (e) noisy image filtered by Donoho-Johnstone’s method; (f) noisy image filtered by
Awate-Whitaker’s method with Gaussian model; (g) noisy image filtered by Awate-Whitaker’s method with Rician model; (h) noisy image
filtered by nonlocal means method.
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Figure 8: Comparative results for the different filtering methods in experiment 2 with number of averaged images NEX ∈ {4, 8, 16}.

much noise as other filters (apparently), which obtains similar
filtering results in these cases, the result image given by our
method was considered by the experts visually nicer and with
higher contrast in the boundaries of the image, which eases
radiologist work in identifying the different brain structures;
that is, Villullas-Martin’s filter preserves structures better
than the other wavelet filters after denoising. The experiment
results can be summarized as follows. In 84.2% of cases,
Villullas-Martin’s filter was chosen as the best filter method
(rank = 1), whereas Nowak’s filter was chosen as the worst
filter in 88.3% of cases (rank = 3). Donoho-Johnstone’s filter

was chosen as the medium filter (rank = 2) in 75% of cases.
Table 4 shows all percentages. Figure 12 shows some example
images in this experiment.

5. Conclusion
A new wavelet-domain filtering has been proposed in this
paper. Assuming that wavelet coefficients of a noiseless MR
image/volume can be modeled by a Laplacian distribution (as
we know in brain, the filter can be adapted to other human
parts easily with minor or no changes), and the wavelet
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Figure 9: Example of experiment 2 with number of averaged images NEX = 8. (a) Noiseless image; (b) noisy image; (c) noisy image filtered
by Villullas-Martin’s method; (d) noisy image filtered by Nowak’s method; (e) noisy image filtered by Donoho-Johnstone’s method; (f) noisy
image filtered by Awate-Whitaker’s method with Gaussian model; (g) noisy image filtered by Awate-Whitaker’s method with Rician model;
(h) noisy image filtered by nonlocal means method.
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Figure 10: Comparative results for the different filtering methods in experiment 3 with parameter 𝜎 ∈ {5, 6, . . . , 20}.

Table 2: Intraexpert evaluation percentages. Success implies that the
expert chooses the same quality rank for the same subject for the
two different instants of time; fail implies that the expert chooses
different quality rank for the same subject.

Success
Fail

Expert 1
95%
5%

Expert 2
60%
40%

Expert 3
70%
30%

coefficients distribution of Rayleigh noise can be approximated by a Gaussian distribution, a probabilistic method
has been proposed; that is, wavelet coefficients are shrunk
depending on its conditioned probability of being noise or

Table 3: Interexpert evaluation percentages. Success implies that the
experts choose the same quality rank for the same subject for the
two different instants of time; fail implies that the experts choose
different quality rank for the same subject. In these results only
intraexpert coincidences are taken into account.

Success
Fail

Experts 1 and 2
75%
25%

Experts 1 and 3
85%
15%

Experts 2 and 3
65%
35%

detail (posterior probability). To calculate the parameters
involved in the expression of 𝐹VM , EM method has been
used. This fact makes a filter independent of 𝜎noise estimators,
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(a)

(b)

(c)

(d)

(e)

Figure 11: Experiment 4. (a) Noiseless image; (b) noisy image for NEX = 2; (c) noisy image for NEX = 3; (d) noisy image for NEX = 4; (e)
noisy image for NEX = 2 filtered by Villullas-Martin method.

Table 4: Total percentages in all of the experiment images used in
experiment 5. The different wavelet filters were ranked by 3 radiology
experts according to their visual quality in two different instants of
time.
Best
Middle
Worst

Villullas-Martin
84.2%
14.1%
1.7%

Nowak
0.8%
10.9%
88.3%

Donoho-Johnstone
15%
75%
10%

in contrast to other methods like Donoho-Johnstone’s
and Nowak’s. Section 4 shows that Villullas-Martin’s filter
can provide better noise removal than Nowak’s, DonohoJohnstone’s, Awate-Whitaker’s, and nonlocal means filters for

several signal to noise ratios and let us obtain high quality
images/volumes with lower acquisition time, as much in
2D images as 3D volumes. In addition, a clinical evaluation
performed by 3 radiology experts shows that our filter clearly
outperforms the others. This experiment allows us to state
that apparently to eliminate more noise not always means the
visual quality expected by the experts is better, because this
noise removal could imply low contour conservation and less
details. Our filter result seems to the experts more similar
to what they expect to see to better identify anatomical
structures based on their experience. In addition, FVM can
be faster than 𝐹N due to the expensive computation of
𝛼 )2 [𝑘] estimator for the case of a
∑ (𝜓𝛼 )2 [𝑘](𝑚)𝐼2 (𝑚) at (𝜎̂
𝑚

general wavelet (see Section 2.1 and [20]).
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(a)

(b)
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(c)

(d)

Figure 12: Examples subset of experiment 5. (a) Noisy images; (b) noisy images filtered by Villullas-Martin’s method; (c) noisy images filtered
by Nowak’s method; (d) noisy images filtered by Donoho-Johnstone’s method.

As future research lines, we plan to generalize the distribution models of the wavelet coefficients both for the
details and for the noise. For the details a good candidate will
be the generalized Gaussian distribution which seems very
promising. In addition to that, we plan to check whether the
proposed method can be also applied to other body parts as
well as to other MR modern modalities such as fast, ultrafast,
and low-field MRI for which the noise level is known to be
very high.

Appendices
A. E.M. Parameter Estimation
We estimate the filter parameters by the EM method. This
appendix shows the detailed derivation of the estimation
equations.

Let Θ = [𝜇, 𝑏, 𝜎noise , 𝜆] be the unknown parameter vector,
𝑁
X = {𝑋𝑖 }𝑁
𝑖=1 the known data, and Z = {𝑍𝑖 }𝑖=1 hidden auxiliary
variables defined by
1,
𝑍𝑖 := {
0,

if 𝑋𝑖 is detail,
if 𝑋𝑖 is noise,

𝑖 = 1, . . . , 𝑁.

(A.1)

We assume that X = {𝑋𝑖 }𝑁
𝑖=1 are independent. So
𝑃 (𝑋𝑖 | Θ) = 𝜆𝑃Gauss (𝑋𝑖 | 𝜎noise )
+ (1 − 𝜆) 𝑃Laplace (𝑋𝑖 | 𝜇, 𝑏) ,
𝑁

𝑃 (X | Θ) = ∏𝑃 (𝑋𝑖 | Θ) .
𝑖=1

(A.2)
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Let 𝛾𝑖 := 𝑃(𝑍𝑖 = 1 | Θ, 𝑋𝑖 ) (then 𝑃(𝑍𝑖 = 0 | Θ, 𝑋𝑖 ) =
1 − 𝛾𝑖 ), so

Including hidden variables,
𝑁

𝑃 (X, Z | Θ) = ∏𝑃 (𝑋𝑖 , 𝑍𝑖 | Θ) .

(A.3)

𝑖=1

𝐸 (𝐿 (Θ | X, Z)|Θ,X )
𝑁

= ∑ [𝛾𝑖 ln (𝑃Laplace (𝑋𝑖 | 𝜇, 𝑏))

Moreover,

𝑖=1

𝑃 (𝑋𝑖 , 𝑍𝑖 | Θ) = 𝑃 (𝑋𝑖 | 𝑍𝑖 , Θ) 𝑃 (𝑍𝑖 | Θ) ,

+ (1 − 𝛾𝑖 ) ln (𝑃Gauss (𝑋𝑖 | 𝜎noise ))

(A.4)

(A.8)

+ 𝛾𝑖 ln (1 − 𝜆) + (1 − 𝛾𝑖 ) ln (𝜆) ]
𝑁

so

= ∑ [𝛾𝑖 (ln (𝑃Laplace (𝑋𝑖 | 𝜇, 𝑏)) + ln (1 − 𝜆))
𝑖=1

𝑃 (𝑋𝑖 | Θ) = 𝑃 (𝑋𝑖 | 𝑍𝑖 = 1, Θ) 𝑃 (𝑍𝑖 = 1 | Θ)
+ 𝑃 (𝑋𝑖 | 𝑍𝑖 = 0, Θ) 𝑃 (𝑍𝑖 = 0 | Θ)
= 𝑃Laplace (𝑋𝑖 | 𝜇, 𝑏) (1 − 𝜆)

+ (1 − 𝛾𝑖 ) (ln (𝑃Gauss (𝑋𝑖 | 𝜎noise )) + ln (𝜆)) ] .

(A.5)

As
𝛾𝑖 = 𝑃 (𝑍𝑖 = 1 | Θ, 𝑋𝑖 )

+ 𝑃Gauss (𝑋𝑖 | 𝜎noise ) 𝜆.

=

We define the likelihood function that we optimize as

𝑃 (𝑋𝑖 | 𝑍𝑖 = 1, Θ) 𝑃 (𝑍𝑖 = 1 | Θ)
𝑃 (𝑋𝑖 | Θ)
(A.9)

= (𝑃 (𝑋𝑖 | 𝑍𝑖 = 1, Θ) 𝑃 (𝑍𝑖 = 1 | Θ))

𝑁

𝐿 (Θ | X, Z) := ln (𝑃 (X, Z | Θ)) = ∑ ln (𝑃 (𝑋𝑖 , 𝑍𝑖 | Θ))
𝑖=1

𝑁

𝑁

𝑖=1

𝑖=1

× (𝑃 (𝑋𝑖 | 𝑍𝑖 = 1, Θ) 𝑃 (𝑍𝑖 = 1 | Θ)
(A.6)

−1

+ 𝑃 (𝑋𝑖 | 𝑍𝑖 = 0, Θ) 𝑃 (𝑍𝑖 = 0 | Θ)) ,

= ∑ ln (𝑃 (𝑋𝑖 | 𝑍𝑖 , Θ)) + ∑ ln (𝑃 (𝑍𝑖 | Θ)) .

then
The expected value of this function is
𝛾𝑖 =

𝐸 (𝐿 (Θ | X, Z)|Θ,X )
𝑁

𝑁

𝑖=1

𝑖=1


= 𝐸 (∑ ln (𝑃 (𝑋𝑖 | 𝑍𝑖 , Θ)) + ∑ ln (𝑃 (𝑍𝑖 | Θ))Θ,X )

(1 − 𝜆) 𝑃Laplace (𝑋𝑖 | 𝜇, 𝑏)
(1 − 𝜆) 𝑃Laplace (𝑋𝑖 | 𝜇, 𝑏) + 𝜆𝑃Gaus𝑠 (𝑋𝑖 | 𝜎noise )

Replacing 𝑃Laplace 𝑦 𝑃Gauss at expected value expression
𝐸 (𝐿 (Θ | X, Z)|Θ,X )

𝑁


= ∑𝐸 (ln (𝑃 (𝑋𝑖 | 𝑍𝑖 , Θ))Θ,X )



𝑁
𝑋 − 𝜇
= −∑ [𝛾𝑖 (ln (2) + ln (𝑏) +  𝑖
− ln (1 − 𝜆))
𝑏
𝑖=1

𝑖=1

𝑁


+ ∑𝐸 (ln (𝑃 (𝑍𝑖 | Θ))Θ,X )
𝑖=1

1
1
2
+ (1 − 𝛾𝑖 ) ( ln (2𝜋) + ln (𝜎noise
)
2
2

𝑁


= ∑𝐸 (ln (𝑃 (𝑋𝑖 | 𝑍𝑖 , Θ))Θ,𝑋𝑖 )
𝑖=1

(A.7)

+

𝑁


+ ∑𝐸 (ln (𝑃 (𝑍𝑖 | Θ))Θ,𝑋𝑖 )
𝑖=1

𝑁

= ∑ [𝑃 (𝑍𝑖 = 1 | Θ, 𝑋𝑖 ) ln (𝑃 (𝑋𝑖 | 𝑍𝑖 = 1, Θ))

. (A.10)

(A.11)

𝑋𝑖
− ln (𝜆))] .
2
2𝜎noise

To maximize this function, we calculate the gradient and
make it equal to 0:

𝑖=1

+ 𝑃 (𝑍𝑖 = 0 | Θ, 𝑋𝑖 ) ln (𝑃 (𝑋𝑖 | 𝑍𝑖 = 0, Θ))
+ 𝑃 (𝑍𝑖 = 1 | Θ, 𝑋𝑖 ) ln (𝑃 (𝑍𝑖 = 1 | Θ))
+ 𝑃 (𝑍𝑖 = 0 | Θ, 𝑋𝑖 ) ln (𝑃 (𝑍𝑖 = 0 | Θ))] .

0=

𝜕
𝐸 (𝐿 (Θ | X, Z)|Θ,X )
𝜕𝜆
𝑁

= ∑ [𝛾𝑖
𝑖=1

𝑁
(1 − 𝜆) (1 − 𝛾𝑖 ) − 𝜆𝛾𝑖
−1
1
.
+ (1 − 𝛾𝑖 ) ] = ∑
1−𝜆
𝜆
(1 − 𝜆) 𝜆
𝑖=1

(A.12)
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where 𝑀 is the total number of pixels/voxels and 𝑚
represents the different pixel/voxel positions on the
image/volume 𝐼.

Therefore
𝑁
̂ := 1 − 1 ∑𝛾 ,
𝜆
𝑁 𝑖=1 𝑖

0=

(iv) The global variance of an image/volume 𝐼 is defined
as

𝜕
𝐸 (𝐿 (Θ | X, Z)|Θ,X )
2
𝜕𝜎noise
𝑁

= ∑ (1 − 𝛾𝑖 ) (
𝑖=1

1
−
2
2𝜎noise

(A.13)

𝑋𝑖2
).
4
2𝜎noise

Therefore
2
:=
𝜎̂noise

2
∑𝑁
𝑖=1 (1 − 𝛾𝑖 ) 𝑋𝑖

∑𝑁
𝑖=1 (1 − 𝛾𝑖 )

.

(A.14)

The estimator of 𝜇, 𝜇̂ cannot be determined using this
technique as the expression ∑𝑁
𝑖=1 𝛾𝑖 | ⋅ −𝑋𝑖 | is piecewise-linear
and its minimum is always in a vertex. So in this case a direct
method is proposed:
𝑁



𝜇̂ := arg min ∑𝛾𝑖 𝜇 − 𝑋𝑖  .
𝜇=𝑋𝑚

(A.15)

𝑖=1

Finally the estimation of the shape parameter 𝑏 is given by


𝑁
𝜕
1 𝑋 − 𝜇
0 = 𝐸 (𝐿 (Θ | X, Z)|Θ,X ) = ∑𝛾𝑖 ( −  𝑖 2  ) . (A.16)
𝜕𝑏
𝑏
𝑏
𝑖=1

Therefore
̂𝑏 :=


̂
∑𝑁
𝑖=1 𝛾𝑖 𝑋𝑖 − 𝜇
∑𝑁
𝑖=1 𝛾𝑖

.

(A.17)

B. Measurements
This appendix contains different functions used along the
paper. The function | ⋅ | is the cardinal of the corresponding
set (|𝐴| = Cardinal of the set 𝐴).
(i) The local mean of an image/volume 𝐼 at pixel/voxel
position 𝑚 is defined as
1
LM (𝐼, 𝑚) :=   ∑ 𝐼 (𝑖) ,
𝑁𝑚  𝑖∈𝑁𝑚

(B.1)

where 𝑁𝑚 is a neighborhood of pixel/voxel 𝑚.
(ii) The local variance of an image/volume 𝐼 at pixel/voxel
position 𝑚 is defined as
1
LV (𝐼, 𝑚) :=   ∑ 𝐼2 (𝑖) − LM(𝐼, 𝑚)2 ,
𝑁𝑚  𝑖∈𝑁𝑚

(B.2)

where 𝑁𝑚 is a neighborhood of pixel/voxel 𝑚.
(iii) The global mean of an image/volume 𝐼 is defined as
GM (𝐼) :=
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1
∑𝐼 (𝑚) ,
𝑀𝑚

(B.3)

GV (𝐼) :=

1
∑𝐼2 (𝑚) − GM(𝐼)2 ,
𝑀𝑚

(B.4)

where 𝑀 is the total number of pixels/voxels and 𝑚
represents the different pixel/voxel positions on the
image/volume 𝐼.
(v) The global covariance of images/volumes 𝐼 and 𝐼̃ is
defined as
̃ ,
̃ := 1 ∑𝐼 (𝑚) 𝐼̃ (𝑚) − GM (𝐼) GM (𝐼)
GCV (𝐼, 𝐼)
𝑀𝑚

(B.5)

where 𝑀 is the total number of pixels/voxels and 𝑚
represents the different pixel/voxel positions on the
image/volume 𝐼.

Conflict of Interests
The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments
Sergio Villullas is supported by the University of Valladolid
under the Grant FPI 2010 (rectoral resolution of 16/07/2010,
Royal Decree 63/2006). This work was supported by the Ministry of Education and Science under the Grants MTM200912561 and MTM2012-31439, by the Institute of Health Carlos
III under the Grant PI11-01492, by the Health Regional Council under the Grant GRS 783/A/13, and by the Regional Council of Education and Science under the Grant VA136U13. The
authors would like to thank Dr. Fernando Gómez Cubillo, Dr.
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“Denoising of complex MRI data by wavelet-domain filtering:
application to high-b-value diffusion-weighted imaging,” Magnetic Resonance in Medicine, vol. 56, no. 5, pp. 1114–1120, 2006.
[26] P. Gorgel, A. Sertbas, and O. N. Ucan, “A wavelet-based mammographic image denoising and enhancement with homomorphic filtering,” Journal of Medical Systems, vol. 34, no. 6, pp. 993–
1002, 2010.
[27] A. P. Dempster, N. M. Laird, and D. B. Rubin, “Maximum
likelihood from incomplete data via the EM algorithm,” Journal
of the Royal Statistical Society B: Methodological, vol. 39, no. 1,
pp. 1–38, 1977.
[28] T. K. Moon, “The expectation-maximization algorithm,” IEEE
Signal Processing Magazine, vol. 13, no. 6, pp. 47–60, 1996.
[29] R. Coifman and D. Donoho, “Translation invariant de-noising,”
in Wavelets and Statistics, pp. 125–150, Springer, New York, NY,
USA, 1995.
[30] M. Figueiredo and R. Nowak, “Bayesian wavelet-based signal
estimation using non-informative priors,” in Proceedings of the
32nd Asilomar Conference on Signals, Systems & Computers, pp.
1368–1373, Pacific Grove, Calif, USA, November 1998.
[31] M. Lang, H. Guo, J. E. Odegard, C. S. Burrus, and R. O. Wells
Jr., “Noise reduction using an undecimated discrete wavelet
transform,” IEEE Signal Processing Letters, vol. 3, no. 1, pp. 10–12,
1996.
[32] S. Mallat and W. L. Hwang, “Singularity detection and processing with wavelets,” IEEE Transactions on Information Theory,
vol. 38, no. 2, pp. 617–643, 1992.
[33] R. Nowak, “Shift invariant wavelet-based statistical models and
1/f processes,” in Proceedings of the IEEE Digital Signal Processing
Workshop, vol. 83, pp. 1428–1450, Bryce Canyon, Utah, USA,
1998.
[34] K. Berkner and J. Wells, “Smoothness estimates for softthreshold denoising via translation-invariant wavelet transforms,” Applied and Computational Harmonic Analysis, vol. 12,
no. 1, pp. 1–24, 2002.
[35] S. Aja-Fernandez, A. Tristán-Vega, and C. Alberola-Lopez,
“Noise estimation in single- and multiple-coil magnetic resonance data based on statistical models,” Magnetic Resonance
Imaging, vol. 27, no. 10, pp. 1397–1409, 2009.
[36] S. Aja-Fernandez and A. Tristan-Vega, “A review on statistical noise models for magnetic resonance imaging,” Technical
Report of the LPI, University of Valladolid, Valladolid, Spain,
2013.
[37] H. Gudbjartsson and S. Patz, “The Rician distribution of noisy
MRI data,” Magnetic Resonance in Medicine, vol. 34, no. 6, pp.
910–914, 1995.
[38] D. L. Collins, A. P. Zijdenbos, V. Kollokian et al., “Design
and construction of a realistic digital brain phantom,” IEEE

Computational and Mathematical Methods in Medicine
Transactions on Medical Imaging, vol. 17, no. 3, pp. 463–468,
1998.
[39] A. K. Jain, Fundamentals of Digital Image Processing, Prentice
Hall, 1988.
[40] S. C. Kale, X. J. Chen, and R. M. Henkelman, “Trading off SNR
and resolution in MR images,” Nuclear Magnetic Resonance in
Biomedicine, vol. 22, no. 5, pp. 488–494, 2009.
[41] Z. Wang, A. C. Bovik, H. R. Sheikh, and E. P. Simoncelli, “Image
quality assessment: from error visibility to structural similarity,”
IEEE Transactions on Image Processing, vol. 13, no. 4, pp. 600–
612, 2004.

21

Hindawi Publishing Corporation
Computational and Mathematical Methods in Medicine
Volume 2015, Article ID 691021, 9 pages
http://dx.doi.org/10.1155/2015/691021

Research Article
NUFFT-Based Iterative Image Reconstruction via Alternating
Direction Total Variation Minimization for Sparse-View CT
Bin Yan, Zhao Jin, Hanming Zhang, Lei Li, and Ailong Cai
China National Digital Switching System Engineering and Technological Research Center, Zhengzhou 450002, China
Correspondence should be addressed to Lei Li; leehotlin@aliyun.com
Received 18 September 2014; Accepted 11 January 2015
Academic Editor: Yi Gao
Copyright © 2015 Bin Yan et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Sparse-view imaging is a promising scanning method which can reduce the radiation dose in X-ray computed tomography
(CT). Reconstruction algorithm for sparse-view imaging system is of significant importance. The adoption of the spatial iterative
algorithm for CT image reconstruction has a low operation efficiency and high computation requirement. A novel Fourier-based
iterative reconstruction technique that utilizes nonuniform fast Fourier transform is presented in this study along with the advanced
total variation (TV) regularization for sparse-view CT. Combined with the alternating direction method, the proposed approach
shows excellent efficiency and rapid convergence property. Numerical simulations and real data experiments are performed on
a parallel beam CT. Experimental results validate that the proposed method has higher computational efficiency and better
reconstruction quality than the conventional algorithms, such as simultaneous algebraic reconstruction technique using TV
method and the alternating direction total variation minimization approach, with the same time duration. The proposed method
appears to have extensive applications in X-ray CT imaging.

1. Introduction
X-ray computed tomography (CT) has been widely used
for imaging applications in various fields, such as industrial
nondestructive testing [1] and medical diagnosis [2], for
its advantages of noninvasive and high spatial resolution.
However, in many practical applications of X-ray computed
tomography, complete projection data set cannot be obtained
because of the limitation of scanning time, space, dose, and
so on. Therefore, sparse angle scanning scheme is adopted to
tackle these problems. On one hand, this scheme can speed
up the scanning rate and decrease the X-ray radiation dose,
such as breast and vascular imaging [3–6]. On the other hand,
sparse data sampling can save much scanning time and it is of
practice value when high reconstruction precision is not that
urgent. To solve the sparse-view reconstruction problem, the
classical methods should be upgraded, and a new algorithm
needs to be developed.
Given the unsatisfactory Tuy-Smith condition [7, 8] in
sparse-view, a CT image cannot be accurately reconstructed

via analytic method. To solve the ill-posed problem [9, 10],
numerous iterative algorithms [11–13] have been proposed
based on spatial domain. However, these iterative algorithms
are time-consuming and have a great demand for hardware
resources. Despite applying hardware speedup technology,
such as an ordinary graphics processing unit [14], these
algorithms still consume a considerable amount of time.
Compressive sensing theory by Candés et al. [15–17]
provided a new idea for the exact recovery of an image
from the sparse samples of its discrete Fourier transform.
The exact reconstruction relies on the assumption that there
exists sparse representation for an image. A number of cases
are known to have sparse gradient-magnitude images. In
some cases, minimizing the total variation (TV) can generate
accurate images from sparse samples [18–20]. Therefore,
combining TV regularization with the iterations of the simultaneous algebraic reconstruction technique (SART), hereinafter called SART–TV [21], can improve reconstruction
image quality while decreasing mean-squared error. Based
on the projection onto the convex sets (POCS) algorithm,

2
the adaptive steepest descent-POCS (ASD-POCS) algorithm
[20] can effectively handle incomplete datasets and demonstrates excellent performance in sparse-view CT applications.
The rapid increase in the size of scanning data has
highlighted the importance of reducing reconstruction time
and improving reconstruction quality. It is known that processing the same signal in the frequency space is faster than
that in the spatial domain by fast Fourier transform (FFT).
Several algorithms for image reconstruction in the frequency
space can also be developed on the basis of fast Fourier
transform. Several studies have been conducted to achieve
this goal. In 1981, Stark et al. [22] developed direct Fourier
methods (DFM) using central slice theorem and obtained
favorable results. In 2003, Seger and Danielsson [23] analyzed
the missing projection data in the frequency domain and
proposed a reconstruction method for the scanned timber
data according to Fourier transform. In 2013, Fahimian et
al. [24] presented a Fourier-based iterative reconstruction
in medical X-ray CT, and numerical experiment results
showed that this method required less computation time than
other iterative algorithms. These achievements facilitated the
development of an improved algorithm for solving the sparseview reconstruction problem in the frequency domain.
Because of the limitation of FFT, that is, its unsuitability for application to nonuniform samples, this technique
requires further enhancement to improve its universality. To
this end, nonuniform FFT (NUFFT) [25] has been recently
developed to overcome this limitation without increasing
the computation complexity of FFT. NUFFT is also basis
of the proposed reconstruction algorithm in this study.
Motivated by the feature of NUFFT for data distribution,
some approaches have been proposed to reconstruct a CT
image to deal with frequency data. In 2004, Matej et al.
[26] proposed an iterative tomographic image reconstruction
method using NUFFT and obtained better results with this
technique than with the filtered back-projection (FBP) algorithm. In 2006, Zhang-O’Connor and Fessler [27] proposed
Fourier-based forward- and back-projectors for fan-beam
tomographic image reconstruction. However, these proposed
NUFFT cannot effectively solve the problems in sparse-view
image reconstruction. The NUFFT just was especially applied
as a transition during iteration in spatial domain, which in
turn burdened computation consumption.
In this paper, our study aims to present a promising
contribution to the task of image reconstruction from sparseview by combining the alternating direction total variation
minimization (ADTVM) technique with NUFFT to establish
a new method which is suitable for large-scale reconstruction
because of its low computational requirement. The algorithm
is developed under the framework of alternating direction
method (ADM) which shows high efficiency and stability.
The advantages of the proposed algorithm are verified by the
results of several groups of experiments.
The organization of this paper is organized as follows.
Section 1 concisely reviews the basic CT reconstruction
and the state of the art of sparse-view image reconstruction. Section 2 describes the basic principles of the proposed method, including the reconstruction model and the
corresponding algorithm based on NUFFT and ADTVM.
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Figure 1: An object 𝑓(𝑥, 𝑦) and its parallel projection 𝑝𝜃 (𝑠).

Section 3 demonstrates groups of typical experiments results,
including numerical simulation and real data ones. Section 4
discusses the findings of the experiments and concludes the
paper.

2. Method and Material
2.1. Image Reconstruction Model. In this work, we consider
temporarily parallel geometry. In parallel geometry, 2D function 𝑓 (objection function) is defined in a compact support of
spatial domain, which means that it vanishes outside a finite
region of the plane. In the (𝑥, 𝑦) plane, the general formation
for the line integral, known as the Radon transform of 𝑓(𝑥, 𝑦),
is
𝑝𝜃 (𝑠) = ∬

∞
−∞

𝑓 (𝑥, 𝑦) 𝛿 (𝑥 cos 𝜃 + 𝑦 sin 𝜃 − 𝑠) 𝑑𝑥 𝑑𝑦. (1)

In Figure 1, projection 𝑝𝜃 (𝑠) consists of a collection of line
integrals (1) taken along straight parallel lines in the plane that
means a collection of 𝑝𝜃 (𝑠) with constant 𝜃 ∈ [0, 𝜋/2] and
𝑠 ∈ [−𝑆/2, 𝑆/2].
CT image reconstruction is an inverse problem, and
the observed projections should be converted into images
which reflect the distribution of the attenuation coefficient of
the interested physical object. A conventional reconstruction
method, that is, the direct Fourier methods (DFM), is
established based on the Fourier slice theorem. Basically, the
steps of DFM can be summarized as follows:
(a) 1D discrete Fourier transform of the parallel projections taken at different angles;
(b) polar to Cartesian grid interpolations;
(c) 2D inverse Fourier transform.
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From the perspective of DFM, the observation equation
in the Fourier domain can be expressed as follows:
𝑃𝜃 (𝜌) = ∫

∞

−∞

𝑝𝜃 (𝑠) 𝑒−𝑗2𝜋𝜌𝑠 𝑑𝑠,

(2)

where 𝑃𝜃 (𝜌) is observed by the Fourier transform of the
measured projection data 𝑝𝜃 (𝑠) and 𝜌 is the frequency
variable of Fourier transform. The process proceeds with the
use of FFT and is characterized by high accuracy. According
to Fourier central slice theory, the 1D FFT of the projection
̂ V), which is derived from the 2D FFT
𝑃𝜃 (𝜌) is equal to 𝑓(𝑢,
of the reconstructed image in a certain angle. Therefore, the
relationship is described as follows:
𝑃𝜃 (𝜌) = ∫

+∞

−∞

𝑝𝜃 (𝑠) 𝑒−𝑗2𝜋𝜌𝑠 𝑑𝑠
(3)


= 𝑓̂ (𝑢, V) 𝑢=𝜌 cos 𝜃 ,
V=𝜌 sin 𝜃

+∞

̂ V) = ∬ 𝑓(𝑥, 𝑦)e
where 𝑓(𝑢,
𝑑𝑥 𝑑𝑦. The equation
−∞
shows an obvious equivalence corresponding to frequency
̂ V) in polar coordinates.
projection 𝑃𝜃 (𝜌) with 𝑓(𝑢,
To avoid interpolation errors, such as DFM in the image
and frequency domains, this study introduces NUFFT, which
can translate polar coordinates into the image space without
interpolation. This technique can significantly improve the
accuracy of reconstruction. Let F𝑁 represent the NUFFT
operator, such that the following equation can be derived:

+∞

F𝑁 (𝑓) = ∬ 𝑓 (𝑥, 𝑦) 𝑒−𝑗2𝜋(𝑥𝑢+𝑦V) 𝑑𝑥 𝑑𝑦 𝑢=𝜌 cos 𝜃

−∞
V=𝜌 sin 𝜃
∞

=∫

−∞

−𝑗2𝜋(𝑥𝑢+𝑦V)

(4)

𝑝𝜃 (𝑠) 𝑒−𝑗2𝜋𝜌𝑠 𝑑𝑠

= 𝑃𝜃 (𝜌) .
The reconstruction module can be discretely shown as
follows:
P = F𝑁f,

(5)

where the (observed) constant F𝑁 and the variant f are the
vector forms of Fourier sampling and objection function,
respectively. Matrix F𝑁 stands for the NUFFT of f. The
Fourier transform F𝑁f in (5) and its adjoint F𝐻
𝑁 f can be
implemented by using FFT to generate a fast and accurate
evaluation.
In sparse-view reconstruction, (5) is ill-posed, and the
projection data are insufficient for exact reconstruction.
Mathematically, the problem that we consider here involves
insufficient data, such that (5) is underdetermined. To solve
this linear and underdetermined equation, we specify a TV
minimization algorithm that considers the reconstruction
to be a task of finding the best solution to the following
optimization problem:
f ∗ = arg min ‖f‖TV ,
subject to (s.t.)

P = F𝑁f,

f ≥ 0,

(6)

where ‖f‖TV denotes the discretization of the TV term and
‖f‖TV = ∑𝑖 ‖𝐷𝑖 f‖1 . By applying the directional gradients
operators 𝐷𝑖 [20, 28], model (6) can also be written as follows:
𝜆
 
2
∑ w𝑖 1 + F𝑁f − P2 ,
2
𝑖

min

𝐷𝑖 f = w𝑖 ,

s.t.

(7)

f ≥ 0,

where 𝜆 is the fidelity parameter to control the data consistency in the object function.
Therefore, the overall reconstruction flowchart can be
summarized as Figure 2.
2.2. NUFFT with ADM for the Model. The above constrained
optimization is addressed by converting the equation into
its unconstrained form by applying the augmented Lagrange
function:
 
min 𝐿 (f, w𝑖 ) = ∑ (w𝑖 1 + 𝑢𝑖𝑇 (𝐷𝑖 f − w𝑖 )
𝑖

+
+

𝜌𝑖 
2
𝐷 f − w𝑖 2 )
2  𝑖

(8)

𝜆 
2
F f − P2 ,
2 𝑁

where 𝜌𝑖 is a scalar that denotes the penalty coefficient
and 𝑢𝑖 denotes the multipliers. The minimization processes
with respect to variables f and w𝑖 cannot be easily realized
simultaneously by directly performing the optimization.
Moreover, decomposing the variables by using ADM has a
low computation cost. The ADM approach decouples the
augmented Lagrange function into two subproblems, namely,
the w-subproblem and the f-subproblem [29].
The w-subproblem can be written as follows:
min 𝐿 f (w𝑖 ) = 𝑢𝑖𝑇 (𝐷𝑖 f − w𝑖 ) +

𝜌𝑖
2

2  

𝐷𝑖 f − w𝑖 2 + w𝑖 1 . (9)

The w-subproblem is separable with respect to w, and
problem (9) can be efficiently solved by using the shrinkage
operator [30], which is expressed as follows:

𝑢  1
𝑢

w𝑖∗ = max {𝐷𝑖 f + 𝑖  − , 0} ⋅ sgn (𝐷𝑖 f + 𝑖 ) .

𝜌𝑖  𝜌𝑖
𝜌𝑖

(10)

In addition, with the aid of w𝑖 , the optimization of fsubproblem can be achieved by solving the following:
min 𝐿 w𝑖 (f) =

𝜆 
2
F f − P2
2 𝑁
+ ∑ (𝑢𝑖𝑇 (𝐷𝑖 f − w𝑖 ) +
𝑖

𝜌𝑖 
2
𝐷 f − w𝑖 2 ) .
2  𝑖

(11)

𝐿 w𝑖 (f) is clearly a quadratic function, the gradient of
which is expressed as follows:
𝑇
𝑇
𝑙 (f) = 𝜆F𝐻
𝑁 (F𝑁 f − P) + ∑ (𝐷𝑖 𝑢𝑖 + 𝜌𝑖 𝐷𝑖 (𝐷𝑖 f − w𝑖 )) .
𝑖

(12)
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Figure 2: The flowchart of sparse-view image reconstruction for the model.

Force 𝑙(f) = 0 and the exact solution for 𝐿(f) is presented
as follows:
∗

f =

(𝜆F𝑇𝑁F𝑁

+

+
𝑇
∑𝜌𝑖 𝐷𝑖 𝐷𝑖 )
𝑖

The optimized solution for (8) is attained by circularly
applying (10) and (13) until 𝐿(f, w𝑖 ) is minimized jointly with
respect to (f, w𝑖 ).

(13)

2.3. Algorithm of the Overall Framework. All issues in handling the subproblems have been addressed in Section 2.2. In
light of all derivations presented above, the new algorithm for
solving the reconstruction problem can be stated as follows.

where 𝑀+ denotes the Moore-Penrose inverse of matrix
𝑀. Theoretically, the exact minimizer can be used to solve
the f-subproblem. However, the inverse or pseudo-inverse
is too costly to compute numerically at each iteration. The
augmented Lagrangian function (8) is expected to be minimized by solving the w-subproblem and the f-subproblem
alternately. Therefore, solving the f-subproblem accurately
at each sweep may be unnecessary. A robust and efficient
nonmonotone alternating direction algorithm [31] is used to
solve problem (13).
By using the solutions of w𝑖∗ and f ∗ , the multipliers are
updated as follows:

Algorithm 1. Input projection data 𝑝, 𝜆, 𝜌𝑖 > 0. Initialize 𝑢𝑖 =
𝑢𝑖(0) and starting points 𝑤𝑖0 , 𝑢𝑖0 for all 𝑖. Set 𝑘 = 0.

⋅ (𝜆F𝑇𝑁𝑃 − ∑𝐷𝑖𝑇 (𝑢𝑖𝑇 − 𝜌𝑖 w𝑖 )) ,
𝑖

𝑢𝑖 = 𝑢𝑖 + 𝜌𝑖 (𝐷𝑖 f ∗ − w𝑖∗ ) .

(14)

(1) make 1D FFT of 𝑝𝜃 (𝑠) with respect to 𝑠

𝑃𝜃 (𝜌) ← ∫

+∞

−∞

𝑝𝜃 (𝑠) 𝑒−𝑗2𝜋𝜌𝑠 𝑑𝑠;

(15)

while “not achieved maximum iteration loops,” Do
(2) compute frequency domain 𝑃𝜃 (𝜌) via NUFFT;
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(a) Phantom

(b) SART-TV

(c) ADTVM

(d) New method

Figure 3: Image reconstructions of the Shepp-Logan phantom in 60-view scan. Display Window (0.1 0.5). (a) shows the original image. (b)
shows the image after applying the SART-TV algorithm at 200 iterations. (c) gives the image after vua the ADTVM algorithm at 200 iterations.
(d) presents the reconstruction image after using the NUFFT-ADM algorithm at 200 iterations.

(3) compute f by
+

f𝑖𝑘+1 ← (𝜆F𝑇𝑁F𝑁 + ∑𝜌𝑖 𝐷𝑖𝑇 𝐷𝑖 )
𝑖

⋅

(𝜆F𝑇𝑁𝑃

−

∑𝐷𝑖𝑇 (𝑢𝑖𝑇
𝑖

(16)
− 𝜌𝑖 w𝑖 )) ;

In this study, the proposed NUFFT reconstruction technique is developed on the basis of ADTVM. This technique
is called NUFFT-ADM. According to the above algorithm,
the proposed method demonstrates fast convergence and
effective iteration through ADM. This method can be effectively implemented in large-scale reconstruction in sparseview because of its low computational cost, thus making this
technique promising in practical applications.

(4) compute w by

𝑢  1
𝑢

w𝑖𝑘+1 ← max {𝐷𝑖 f + 𝑖  − , 0} ⋅ sgn (𝐷𝑖 f + 𝑖 ) ; (17)

𝜌𝑖  𝜌𝑖
𝜌𝑖
(5) update 𝑢𝑖 by
𝑢𝑖𝑘+1 ← 𝑢𝑖 + 𝜌𝑖 (𝐷𝑖 f ∗ − w𝑖∗ ) ;
(6) 𝑘 ← 𝑘 + 1
End Do

(18)

3. Experiments
To verify the performance of the proposed algorithm, both
numerical simulations and real CT scan data experiments
are conducted. All experiments are performed on an AMAX
Tesla workstation with Intel Xeon E5520 dual-core CPU
2.27 GHz and 24 GB memory. All programs are performed
using MATLAB 2011a. In all experiments, the parameter
of TV is that primary penalty parameter 𝜇 and secondary
penalty parameter 𝛽 are 1024 and 32, respectively.
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Figure 4: The image profile in Figure 1 shows (a) vertical profiles along the center of the SART-TV result, (b) horizontal profiles along the
center of the SART-TV result, (c) vertical profiles along the center of the ADTVM result, and (d) horizontal profiles along the center of the
ADTVM result. (e) Vertical profiles along the center of the NUFFT-ADM result and (f) horizontal profiles along the center of the NUFFTADM result.
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Figure 5: RMSEs as functions of iterations for three different
algorithms.

Table 1: Parameters in the simulation of a sparse-view scan.
Parameters
Detection elements
Source to axis distance
Source to detection distance
Views of projection data
Projection data
Reconstruction size
Pixel size

Configuration
512
300 mm
600 mm
18
512 × 18
256 × 256 pixels
0.127 mm × 0.127 mm

3.1. Numerical Phantom Simulation. The above algorithm is
applied to validate its high efficiency. A group of 2D image
reconstruction experiments are performed using a 2D SheppLogan phantom with a size of 256 × 256. This phantom is
generated according to the definition of the ellipse phantom
image. The scanning and reconstruction parameters in the
experiment are listed in Table 1. The detector elements are
equidistantly spaced 0.127 mm from one another.
To demonstrate the reconstruction accuracy quantitatively, the root-mean-squared error (RMSE) is used as a
measurement of the reconstruction error. RMSE is defined as
follows:
2

∑𝑖 ∑𝑗 𝑓(𝑖, 𝑗) − 𝑔(𝑖, 𝑗)
√
,
RMSE =
𝑁

(19)

where 𝑓 and 𝑔 denote the ideal phantom and the reconstruction image, respectively; and 𝑁 denotes the total number of
pixels of the image. The image was reconstructed using SARTTV, ADTVM, the proposed method, respectively, and their
results are presented in Figure 3. Two hundred iterations are

performed for each algorithm. The profiles of these images
along the central horizontal and vertical rows are shown in
Figure 4 for the different methods.
RMSE is used as an evaluation criterion for different
iteration times. The result is shown in Figure 5. The accuracy
and running time of each reconstruction method at different
iterations are presented in Table 2 for comparison.
The RMSEs, as well as the accuracy and running time
of different methods, show that NUFFT-ADM significantly
outperforms SART-TV and ADTVM. On one hand, the
convergence of the new method is faster than that of SARTTV because of the use of the optimal solution with ADM. On
the other hand, by taking advantage of the frequency NUFFT
operator instead of the projection and back-projection in
the spatial domain, which consumes the greatest amount
of time among all components, NUFFT-ADM has a higher
computation capability than the general algorithm in the
spatial domain.
3.2. Reconstruction Using Real Data. To further verify the
performance of the proposed algorithm, several experiments
are performed to reconstruct a head model from real data
using the new method. We compare the proposed algorithm
with SART-TV and ADTVM. Table 3 lists the scanning
and reconstruction parameters. The detector elements are
equidistantly spaced 0.635 mm from one another. The number of iterations for NUFFT-ADM, ADTVM, and SART-TV
is 200.
The reconstruction results are presented in Figure 6.
The reconstruction acquired results using real data clearly
show that the quality of the reconstructed image is improved
as the number of iterations is increased. Under the same
number of iterations, the reconstruction results of NUFFTADM are superior to those of SART-TV, especially in terms of
the high-frequency information that shows the image detail
or volatile part. Compared to ADTVM, the detail of the image
by the new method is nearly the same.

4. Conclusions
An optimal algorithm based on NUFFT for CT image
reconstruction is presented in this work. The validity of the
NUFFT-ADM algorithm is verified by conducting numerical
simulations and real data experiments. The reconstruction
results show that the proposed reconstruction algorithm
improves reconstruction quality, accelerates convergence
speed, and demonstrates lower computation complexity than
other iterative algorithms. That is, the NUFFT-ADM algorithm can practically deal with fast image reconstruction
from sparse projection measurements to reduce the radiation
dose in X-ray CT. In principle, the proposed method can be
extended to fan-beam geometry via the rebinning method to
broad its application.
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(a) SART-TV (at 100 iterations)

(b) ADTVM (at 100 iterations)

(c) New method (at 100 iterations)

(d) SART-TV (at 300 iterations)

(e) ADTVM (at 300 iterations)

(f) New method (at 300 iterations)

Figure 6: Reconstruction results of SART-TV, ADTVM, and NUFFT-ADM.
Table 2: Accuracy and the running time of different method.
Iteration number
100
200
500

RMSE
0.0377
0.0302
0.0174

SART-TV
Running time
177.786 s
349.544 s
856.158 s

RMSE
0.0165
0.0015
4.8927𝑒 − 4

Table 3: Parameters in the simulation of a sparse-view scan.
Parameters
Detection elements
Source to axis distance
Source to detection distance
Views of projection data
Projection data
Reconstruction size
Pixel size

Configuration
640
678 mm
1610 mm
60
60 × 72
256 × 256 pixels
0.582 × 0.582 mm2
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ADTVM
Running time
107.439 s
199.133 s
508.376 s

NUFFT-ADM
RMSE
Running time
0.0079
8.986 s
0.0012
16.752 s
1.6378𝑒 − 4
51.863 s
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This paper proposes a new framework for capturing large and complex deformation in image registration. Traditionally, this
challenging problem relies firstly on a preregistration, usually an affine matrix containing rotation, scale, and translation and
afterwards on a nonrigid transformation. According to preregistration, the directly calculated affine matrix, which is obtained by
limited pixel information, may misregistrate when large biases exist, thus misleading following registration subversively. To address
this problem, for two-dimensional (2D) images, the two-layer deep adaptive registration framework proposed in this paper firstly
accurately classifies the rotation parameter through multilayer convolutional neural networks (CNNs) and then identifies scale and
translation parameters separately. For three-dimensional (3D) images, affine matrix is located through feature correspondences by a
triplanar 2D CNNs. Then deformation removal is done iteratively through preregistration and demons registration. By comparison
with the state-of-the-art registration framework, our method gains more accurate registration results on both synthetic and real
datasets. Besides, principal component analysis (PCA) is combined with correlation like Pearson and Spearman to form new
similarity standards in 2D and 3D registration. Experiment results also show faster convergence speed.

1. Introduction
The aim of image registration is to establish spatial correspondences between two or more images of the same/or different
scene acquired at different times, from different viewpoints,
and/or by different sensors. Usually the ability to capture
complex and large image deformations is vital to many computer vision applications including image registration and
atlas construction. The problem becomes more challenging
when the object in the image or edge of the image undergoes
severe deformation [1].
Take medical image registration for example, tissues and
organs or body itself are prone to deform, move, and rotate
under most circumstances. Most methods iteratively reach
a satisfying overlap under specific mathematical criterions,
maximizing or minimizing deformation energy as described
in (1). Fixed image is defined as 𝐹, while moving image as
𝑀. Registration aims to find the optimal model 𝑇 that best
satisfies energy 𝑆. As a result, model 𝑇, objective function 𝑆

(similarity metric), and optimization method constitutes the
three main components of image registration. Consider
𝑆 (𝐹, 𝑀 ∘ 𝑇) + 𝑅 (𝑊) .

(1)

According to a state-of-the-art survey [2], registration can
be classified into rigid and nonrigid registration. Rigid
models restrain the optimum to a few parameters to achieve
global registration, while nonrigid models recover local
deformation through physical model like elastic or viscous,
or statistical model or support vector regression framework,
and so forth. In order to fully overlap two images, researchers
commonly adopt the two-step strategy, which contains initial
registration and following iterative registration [3].
In the two-step strategy, registration firstly begins with
a global affine transformation for initial global alignment,
take state-of-the-art method FLIRT [4] and ELASTIX [5,
6] for example. Or fiducial markers are firstly detected
through feature descriptors, for example, the SIFT method
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Figure 1: The work flow of 2D image registration.

[7], so the initial registration is carried out to establish
correspondences between these point sets. In preregistration
procedure, rotation, scale and translation of the moving
image are modified by the calculated affine matrix. After that,
nonrigid registration iteratively goes on. One severe problem
of preregistration in affine matrix is that when large distortion
and rotation both exists, accuracy is limited by correspondences between those region-based descriptors. If descriptor
itself is not accurate, problem becomes more severe. Once
descriptors fail to discover point correspondences, accuracy
of following registration would be badly influenced. As a
result, imprecision may also be introduced misleading the following procedure. Besides, traditional FLIRT and ELASTIX
method declares that images for registration must be with the
best quality, otherwise poor registration may occur.
In order to address these above limitations and capture very complex and large deformations, we proposed
a new approach for image registration based on a twolayer deep adaptive registration framework. Firstly, in the
preregistration procedure, rotation, scale and translation
extent between two images are obtained separately to achieve
initial registration. This is quite different from traditional
“one time calculated” affine matrix. For rotation parameter,
a CNN classifier is trained offline in order to identify the
level of current image rotation under sever distortion. Then
scale and translation parameters are obtained. An optimum

preregistration is calculated relating to above gained parameters. As for 3D images, a triplanar 2D CNNs [8] around
each voxel is utilized for calculation of final affine matrix.
Until now, preregistration is done. Secondly, the rectified
images are further recovered through the following nonrigid
demons registration procedure. In the next circle, the former
registration further facilitates results of the later registration
of last iteration. This iterative procedure is carried out until
an optimum overlap between the two images is achieved.
Besides, PCA is introduced to extract the most valuable
features, and detected features are put into SSD, Kendall,
Pearson and Spearman, and so forth to form new similarity
metric. Also, a triplanar 2D PCA is proposed to process
3D registration problem and Figure 1 gives details of the
algorithm. As a result, convergence speed is accelerated while
maintaining the same registration accuracy. Figures 1, 2
and Algorithm 3 illustrate work flow of our framework of
processing 2D and 3D image registration.
The work introduced in this paper contributes in the
following aspects:
(i) Preregistration is improved through estimation of
rotation, scale, and translation separately. A multisource CNNs is developed to precisely classify various
levels of rotation under sever distortion and help
identify rotation extent with high accuracy. For 3D
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principles; finally, the conclusion of this work is given in
Section 6.

2. Architecture
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Figure 2: 3D image preregistration structure.

images, triplanar 2D CNNs is constructed to estimate
parameters of affine matrix. This new preregistration
performs better than state-of-the-art ELASTIX and
SURF-based methods.
(ii) A two-layer adaptive registration framework is constructed and it performers better than other so-called
two-step strategies.
(iii) PCA is used to extract valuable features and introduced into traditional similarity metric as SSD, Pearson, and so forth. For 3D images, triplanar 2D
PCA is proposed to process 3D registration problem.
Experiment results show that convergence speed is
accelerated with the new similarity standard.
(iv) The proposed framework is tested under both synthetic and nature 2D and 3D images under various
extent deformation. Experiment results show that our
two-layer deep adaptive registration framework is
able to identify the extent of rotation under sever
deformation more precisely and correct large and
complex distortions with high dice ratio than the
comparative methods as it adaptively modify differences between images while others does not have any
deep insight of deformation between images.
The rest of the paper is organized as follows. The whole
architecture of the proposed two-layer adaptive registration
framework for 2D and 3D images is illustrated in Section 2;
Section 3 explains methodology of our CNNs classifier
preregistration; Section 4 introduces our preregistration in
combination with demons nonrigid registration and our new
PCA related similarity metric; the proposed methods are
evaluated in Section 5 under different datasets and evaluation

2.1. CNNs for 2D Images. The whole workflow of our 2D
image preregistration compared with traditional method
is illustrated in Figure 1. In traditional algorithms, an
affine matrix is calculated through correspondences between
detected features, containing information of rotation, scale,
and translation. This procedure is significantly influenced
by accuracy of detected feature points. And under sever
deformation images, traditional feature methods usually
corrupt. Our algorithm processes each of the three above
elements separately. By refining each procedure, accurate correspondences between fixed and moving image is obtained. It
works as follows.
(i) For rotation, firstly the CNNs classifier is trained
offline in order to rectify rotation extent of image
under sever deformation. The trained CNNs classifier
can identify as much as 360 classes of rotation.
(ii) For scale, image size information is utilized to achieve
consistency between fixed and moving image.
(iii) For translation, centroid of each image is calculated through statistical algorithm and translation is
achieved by utilizing position information of centroids.
2.2. Triplanar CNNs for 3D Images. Different from the 2D
image preregistration, CNNs classifier here is used for the
slice location of one voxel (𝑥𝑦, 𝑦𝑧, 𝑥𝑧 three directions)
instead of the rotation identifier. The work flow of 3D image
preregistration is showed in Figure 2. The main procedure
includes sampling, slices classification, transform matrix
calculation, and image transformation by the matrix. Using
CNNs on 3D image registration is a new attempt to resolve
image registration for high deformation. Detailed method is
introduced in Section 5.2.

3. Preregistration
Our strategy consists of firstly preregistration through CNNs
classifier on both 2D and 3D images and then utilizing CNNs
and demons algorithm adaptively in the following nonrigid
registration and finally improving similarity metric for acceleration of registration convergence speed. In this section, we
show our preregistration methodology by introducing our
CNNs rotation classifier.
3.1. Why We Use CNNs
(1) The Robustness of Classification. CNNs are a kind of data
based classification method which undertakes training by
appropriate amount of data. CNN is suitable for nearly any
types of data and can make classification with high accuracy,
especially for the low quality of fMRI, CT images or images
under high deformation (Experiment in Section 5 shows
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these two kinds of real data are suitable for CNN processing
method). Detailed CNNs structure and back propagation
training method will be described in Section 3.5.
(2) Automatic Image Feature Perception. Nearly all kinds of
preregistration method are based on precise feature perception so that the different feature perception methods are
playing the key role in this procedure. Traditional image
feature perception method is usually based on expert designated data feature. Usually experts give some fixed method
to detect specific features of limited kinds of images. For
example FLIRT method using inter-model voxel similarity
measures where correlation ratio and mutual information
are used to detect voxel relationships of different parts. This
method has high limitation to the image sources, quality and
variable settings. When exceptional case happens, some large
deformation images are input for example, it will not work
well. While the features from CNNs method are learned by
network itself from training data such as edge, brightness,
high or low frequency feature, distribution features and so
on. Once the training data is updated, the network will get
fit for more features automatically at the same time. Although
long training time and complicated network variable learning
makes CNN method not so easy to use, because of its high
accuracy, it is still the image processing trend and future.
(3) High Efficiency Classification. Although the data training
time of CNNs is long (depending on the detailed training
method, network layer structure and hardware equipment
like GPU), the total time spent on testing or classification is
very short. Once the network is trained well, the only time
consuming for processing is as short as linear operation.
Above all, even though there are some good affine transformation methods based on expert knowledge, we still need
a smarter one to adapt to more complex image processing
tasks in the future.
3.2. Theory of CNNs. The concept of deep learning was raised
by Hinton and Salakhutdinov [9] in 2006, and it has brought
great advances to machine learning since then. Deep learning
aims to construct/use brain simulations to recognize data
such as image/video, audio and text in an unsupervised
way. Deep learning framework uses a multilayer “encoder”
network to transform the high-dimensional data into a lowdimensional code and a similar “decoder” network to recover
the data from the code. Outputs of low layer network acts
as inputs of higher layer network. The whole network aims
to equal inputs and outputs without loss of information.
By using lower layer features to represent higher layer feature/classification, distributed feature representation of data
is found. Auto encoder, Sparse coding, Restricted Boltzmann
Machine (RBM), Deep Belief Networks (DBNs) and CNNs
are five kinds of deep learning framework. Convolutional
neural networks are excellent deep learning architectures,
which were firstly introduced by Fukushima [10] and applied
for handwritten digit recognition. Image recognition and
segmentation tasks have also successfully used CNNs since
then, with an error rate as low as 0.23 percent on the MINST
database [11]. Besides, it is of high speed and accuracy for

Computational and Mathematical Methods in Medicine
image classification in [12]. In facial recognition [13, 14] and
video quality analysis [15], CNNs also gained large decrease
in error rate and root mean square error.
A CNN is a multilayer perceptron consisting of multilayers, each layer with a convolutional layer followed by
a subsampling layer. Through locally connected networks,
stationary features of natural images are exploited by the
network topology. Firstly, images are sampled into small
patches. In the convolutional layers, small feature detectors
are learned based on these extracted samples. Then, a feature
is calculated by convolution of the feature detector and the
image at that point. In the sampling layer, the number of
features is reduced to reduce computational complexity and
introduce invariance properties. One significant property of
features learnt by CNNs is invariance to translation, rotation,
scale and other deformations. This twice feature extraction
structure enables CNNs with high distortion tolerance when
identifying input samples.
3.3. CNNs Methodology. The goal of CNNs has no difference
with other classification methods. They both focus on minimal total square error. Here we use 𝑐 to denote the class
number, and 𝑁 to denote the training dataset, the total square
error function can be shown:
𝐸𝑁 =

1𝑁 𝑐 𝑛
∑ ∑ (𝑡 − 𝑦𝑘𝑛 ) .
2 𝑛=1 𝑘=1 𝑘

(2)

Here 𝑡𝑘𝑛 is the 𝑘-dimension of the 𝑛 dataset, the 𝑦𝑘𝑛 stands
for the 𝑘 output from the network, activation function in
CNNs is sigmoid function for faster convergence rate. For
each single dataset 𝑛, (2) can be describes as (3). The final aim
of CNNs is to achieve smallest total square error between 𝑡𝑘𝑛
and 𝑦𝑛 . Consider
𝐸𝑛 =

1 𝑐 𝑛
1
2
2
∑ (𝑡 − 𝑦𝑘𝑛 ) = 𝑡𝑛 − 𝑦𝑛 2 .
2 𝑘=1 𝑘
2

(3)

For traditional full connection neural network, BP (Back
propagation method) is used to calculate partial derivative to
get the minimum square error, usually 𝐼 the current layer, the
output of 𝐼 can be shows as (4), where 𝑓 is sigmoid function.
Consider
𝑥𝑙 = 𝑓 (𝑢𝑙 ) ,

with 𝑢𝑙 = 𝑊𝑙 𝑥𝑙−1 + 𝑏𝑙 ,

𝑥𝑗𝑙 = 𝑓 ( ∑ 𝑥𝑖𝑙−1 ∗ 𝑘𝑖𝑗𝑙 + 𝑏𝑗𝑙 ) .

(4)
(5)

𝑖∈𝑀𝑗

Unlike (4), as (5) shows, for the convolutional layer 𝐼, the
image features (𝑥) from prior layer is convoluted by kernel
which is different in different layers, 𝑏𝑗𝑙 is the offset of sigmoid
function 𝑓. Consider
𝑥𝑗𝑙 = 𝑓 (𝛽𝑗𝑙 down (𝑥𝑗𝑙−1 ) + 𝑏𝑗𝑙 ) .

(6)

For the sample layer, the image feature numbers and styles
are the same with prior layer except the feature size is scaled
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Table 1: Key setting variables in CNN network.
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Input
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4
5
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7
8
9
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Figure 3: An illustration of CNNs.

down. Each feature contains a multi and addition kind offset.
The down sample size in this paper is 2 which means the
next layer image size is shrink two times by both weight and
height. So through combination of (4) and (5), we can get
sample equation (7) in which 𝛼𝑖𝑗 stands for the value of no. 𝑗
output with no. 𝑖 input features. By calculating 𝛼𝑖𝑗 and training
kernels by back propagation method we can finally get the
best features from different layers with high classification
accuracy. Consider
𝑁𝑖𝑛

𝑥𝑗𝑙 = 𝑓 (∑𝛼𝑖𝑗 (𝑥𝑖𝑙−1 ∗ 𝑘𝑖𝑙 ) + 𝑏𝑗𝑙 ) .

(7)

𝑖=1

Constraint condition ∑𝑖 𝛼𝑖𝑗 = 1, and 0 ≤ 𝛼𝑖𝑗 ≤ 1.
As shown in Figure 3, input images are defined as input
layer; detailed introduction can be found in Sections 3.4
and 3.5. Hidden layer is the four pairs of convolutional and
subsampling layer, which are denoted as 𝑆𝑙(𝑙=1,2,3,4) , 𝐶𝑙(𝑙=1,2,3,4)
and called local connection layer. The output layer is a
combination of full connection layer and softmax classifier
for classification. Each layer of 𝑆𝑙(𝑙=1,2,3,4) and 𝐶𝑙(𝑙=1,2,3,4) is
constructed with multi-maps and each map is consisted of
multi independent neural cells. Let 𝑑(𝑙−1) and 𝑑(𝑙) be the input
(𝑙)
(𝑙)
× 𝑆𝑂
be the size
and output for the 𝑙th layer, 𝑆𝐼(𝑙) × 𝑆𝐼(𝑙) and 𝑆𝑂
of the input and output map, 𝑁𝐼(𝑙) and 𝑁𝑂(𝑙) be the number of
input and output maps respectively of that layer. According
(𝑙−1)
.
to CNNs, 𝑁𝐼(𝑙) = 𝑁𝑂(𝑙−1) 𝑆𝐼(𝑙) = 𝑆𝑂
3.4. CNNs Structure Design. We adopt a ten-layer CNNs
perceptron network (input and output layers are included;
convolutional and sample layers are separately calculated).
Key variables setting including kernel size and sample rate
of different layers in proposed CNN is showed in Table 1
and Figure 3. Learning rate alpha = 1, variable update batch

Name
Input layer
1st convolutional layer
1st sample layer
2nd convolution layer
2nd sample layer
3rd convolutional layer
3rd sample layer
4th convolution layer
4th sample layer
Output layer

Kernel size or sample rate
None
9∗9
2
5∗5
2
5∗5
2
5∗5
2
None

size = 10, iteration times = 1000, any training and test images
are normalized to 128 ∗ 128 size gray images with [0, 1] pixel
size.
3.5. Training Image Rotation Classifier through CNNs. Our
input images for training are difference images between fixed
and moving image: 𝐹 − 𝑀. 𝑀 is under deformation with
different extent of rotation. Each rotation angle of 360∘ is
defined as one class, producing as much as 360 classes. Two
distinguishing characters of CNNs are perception field and
shared weights. Perception field means each neural cell in
each layer is not connected wtih all neural cells in adjacent
layers, but limited to a local area of neural cells (9 ∗ 9 as
in Figure 3). Shared weights means the connection weight
parameters (9 ∗ 9) of every neural cell to the local area cell are
the same. As shown in Figure 3, suppose size of input image
𝑇 is 128∗128. After convolution with filters, the kernel size of
which is 9 ∗ 9, image changes into Ts1 of 120 ∗ 120 size. Image
then scales into Tc1 60 ∗ 60 in layer S1. After four pairs of 𝑆
and 𝐶, the original image is represented as Ts4 of only 4 ∗ 4
matrix. In this hidden layer, all neural cells on feature maps
are not all connected but with same weights. As a result, only
9∗9 weight parameters need to be calculated, greatly reducing
computation complexity. An all connection exists between
Ts4 matrix and output layer, eliminating disparity caused by
partial connection in the hidden layer. Then softmax classifier
identifies the matrix and outputs the detected results. After
that, the parameters are fine-tuned through back propagation
of 1000 times until convergence. After all these steps, a finite
classifier is obtained.

4. Two-Layer Deep Iterative
Registration Framework
4.1. Diffeomorphic Log Demons Registration. In the 19th
century, Maxwell firstly introduced the concept of demons
to illustrate a paradox of thermodynamics. In 1998, Thirion
[16] proposed a registration algorithm under demons model,
which had a high registration precision and efficiency
through pixel velocities caused by edge based forces.
(i) Theory and Improvements of Demons Registration. Demons
registration utilizes optical flow equation as basis forces for
finding tiny deformations in temporal image sequences. For
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point 𝑝 in space, let 𝑓 and 𝑚 be intensity values in fixed
image 𝐹 and moving image 𝑀 respectively. According to
Thirion’s theory, (8) shows calculation of velocity 𝑢 allowing
point 𝑝 to match the corresponding point in 𝑀. Here, ∇𝑓
called internal edge force is the gradient image of fixed image
and (𝑚 − 𝑓) called the external force. In order to make the
equation more stable and appropriate for image registration,
Thirion added term (𝑚 − 𝑓)2 . Later on, He Wang et al. added
image forces of the moving image in the equation to improve
convergence speed and stability of the registration as shown
in (9). Parameter 𝛼 was proposed by Cachier et al. to adjust
force strength. Consider
(𝑚 − 𝑓) Δ𝑓
,
𝑢 =  2
Δ𝑓 + (𝑚 − 𝑓)2
 

(8)

(𝑚 − 𝑓) Δ𝑚
(𝑚 − 𝑓) Δ𝑓
+
.
𝑢 =  2
(9)
2
2
2
Δ𝑓 + 𝛼 (𝑚 − 𝑓)
|Δ𝑚|2 + 𝛼2 (𝑚 − 𝑓)
 
Vercauteren et al. [17] proposed nonparametric diffeomorphic demons algorithm. It considers the demons algorithm as a procedure of optimization on the whole space
of velocity fields and adapts that procedure in a space of
diffeomorphic transformations. The transformation result
is smoother and more accurate. Then Vercauteren et al.
[18] brings the process into log-domain, that is, he uses a
stationary velocity field. Besides, the algorithm is symmetric
with respect to the order of the input images. Lorenzi et
al. [19] implements a symmetric local correlation coefficient
to log-demons diffeomorphic algorithm. Lombaert et al. [1]
proposed spectral log-demons to capture large deformations.
Peyrat et al. [20] implements multichannel demons to register 4D time-series cardiac images.
(ii) Diffeomorphic Log Demons Algorithm. Here, diffeomorphic log demons algorithm is briefly reminded. A diffeomorphic transformation 𝜙 is related to the exponential map of
the velocity field V : 𝜙 = exp(V) (Algorithm 1) [1]. The
log-demons framework alternates between optimization of
a similarity metric updated by Euler-Lagrangian function
in (10). In general, procedure of diffeomorphic log demons
framework is described in Algorithm 2. Consider
2

Sim (𝐹, 𝑀 ∘ exp (V)) = 𝐼𝐹 − 𝐼𝑀∘exp(V)  .

(10)

4.2. New Similarity Metric by Combination of PCA. Mathematically, PCA is defined as an orthogonal linear transformation that transforms the data to a new coordinate system to
extract the greatest variance in the data set. As a result, it is
able to avoid influences caused by image biases. Traditionally, PCA is used for dimensionality reduction to facilitate
classification, visualization, communication, and storage of
high-dimensional data. Here, PCA is applied in both 2D
and 3D medical and usual images, and the detected feature
representations are used as inputs of similarity metric to
achieve anatomical correspondence and assist optimization
procedure in registration.
There are many classical metric measures, such as SSD,
mutual information (MI), cross correlation (CC), pattern

Input: Velocity field V.
Output: Diffeomorphic map 𝜙 = exp(V).
(i) Choose 𝑁 such that 2−𝑁 V is close to 0
e.g., such that max ‖2−𝑁 V‖ ≤ 0.5 pixels
(ii) Scale velocity field 𝜙 ← 2−𝑁 V.
for 𝑁 times do
(iii) Square 𝜙 ← 𝜙 ∘ 𝜙.
end for
Algorithm 1: Exponential 𝜙 = exp(V) [1].

intensity and also their corresponding improved edition. In
this paper, Pearson, Spearman, kendall, SSD together with
extracted features by PCA are utilized as the new similarity
metric. Pearson, Spearman and Kendall are concepts in
statistics and are frequently used in data mining. Pearson
is short for Pearson product-moment correlation coefficient
(PPMCC), which was developed to measure the linear correlation between two variables. Spearman’s rank correlation
coefficient is a nonparametric measure of statistical dependence between two variables. Both of their value is between
+1 and −1. Spearman has no requirement on variables, while
pearson insists variables meets normal distribution. Our
utilization of log demons registration avoids the influence
brought by this.
(i) For 2D images of size 𝑚 × 𝑛, firstly, PCA is applied to
both fixed image 𝐹 and registered moving image 𝑀,
gaining pca𝐹 and pca𝑀. Thus, most important information of image can be fully utilized by combination
of pca𝐹 and pca𝑀 as inputs of pearson, spearman, and
so forth, forming new similarity metric.
(ii) For 3D images of size 𝑚 × 𝑛 × 𝑘, firstly, PCA is
applied to every slice of 𝑥 axis and gains a series of
pca𝑥𝑖 (𝑖 = 1, 2, . . . , 𝑚). By summarizing each of pca𝑥𝑖
(𝑖 = 1, 2, . . . , 𝑚), pca𝑥 is obtained. The same operation is carried out on 𝑦 and 𝑧 axis data, obtaining
pca𝑦 , pca𝑧 . Then, PCA of both fixed (𝑓𝑥 , 𝑓𝑦 , 𝑓𝑧 ) and
registered moving (𝑚𝑥 , 𝑚𝑦 , 𝑚𝑧 ) image is calculated.
Thus, information of image can be fully utilized by
combination of (𝑓𝑥 , 𝑓𝑦 , 𝑓𝑧 ) and (𝑚𝑥 , 𝑚𝑦 , 𝑚𝑧 ) as inputs
of PPMCC, Spearman, and so forth. Workflow of this
part is shown in Figure 4.
4.3. Two-Layer Iterative Registration Framework. Traditionally, the two step registration means an initial affine registration in the very beginning to coarsely rectify deformation
and a following iterative registration to optimize a similarity
metric achieving fine registration. We also adopt the two
step strategy. But before the two step registration, we build
up a classifier offline under CNNs training to identify
rotation between fixed 𝐹 and moving 𝑀 image under very
large distortions, then scale and translation. Also in each
iteration, the initial and following registration are carried out
iteratively. This feed-back procedure assists achieving higher
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Registration:
Input: Images 𝐹, 𝑀 and initial velocity field V
Output: Transformation 𝜙 = exp(V) from 𝐹 to 𝑀
Pre-registration: through SURF related affine transformation or
ELASTIX to globally register 𝐹 and 𝑀
Repeat
Demons registration:
(i) Find updates 𝑢𝐹 → 𝑀 mapping 𝐹 to 𝑀 ∘ exp(V)
(ii) Smooth updates: 𝑢 ← 𝐾fluid ∗ 𝑢
(iii) Update velocity field: V ← log(exp(V) ∘ exp(𝑢))
(approximated with V ← V + 𝑢)
(iv) Smooth velocity field: V ← 𝐾fluid ∗ V
(v) Calculate traditional similarity metric SSD.
until convergence
Algorithm 2: SURF/ELSTIX related registration framework.

3D image F and registered
M(m ∗ n ∗ k)

x

y
M pieces of
A1(y, z)
m

∑ pcax𝑖 (A1)
i=1

x

z
N pieces of
A2(x, z)

k pieces of
A3(x, y)

n

k

∑ pcax𝑗 (A2)

∑ pcax𝑘 (A3)

j=1

y

t=1

z

PPMCCx + PPMCCy + PPMCCz
3
Final PCA

Similarity metric calculation
(PPMCC, Spearman, etc.)

Figure 4: Calculation procedure of 3D PCA-related similarity
metric.

registration accuracy comparing with traditional SURF and
affine method.
Besides, at the end of each iteration, we utilized a new
similarity metric by combining PCA with traditional SSD,
pearson, and so forth, fully containing most important
features of image. As a result, convergence speed is highly
accelerated than traditional SSD without PCA while maintaining the same registration accuracy. Algorithm 3 shows the
over flow of the framework.

5. Experiment Results
In this section, the performance of the whole two-layer registration method is evaluated on both 2D and 3D images, synthetic and nature datasets. For comparison, traditional two
step methods, ELASTIX and SURF related algorithm are used

to preregistrate moving and fixed image. Then demons nonrigid registration is conducted. These methods are set as the
baseline methods, which are denoted as ELASTIX+demons
and SURF+demons. They all firstly use detected features
initially to register images through affine transformation and
original SSD as similarity metric under the diffeomorphic
log demons framework. Our method is different from their
framework both in preregistration and following nonrigid
registration framework. For 2D images, firstly train a rotation
classifier through CNNs and preregister moving image under
large distortion and rotation, then together with scale and
translation transformation, preregistration is done. For 3D
images, a pretrained triplanar 2D CNNs is utilized to locate
voxels, establishing feature correspondences. Finally, PCA
related similarity metric iteratively registering images under
diffeomorphic log demons framework.
The improvement of our two-layer method in registration
accuracy, robustness to large deformation and rotation, and
convergence speed are all assessed with ground truth data.
Our matlab code is under Lombaert’s work [21] and Toolbox
[22].
Specifically, we downloaded brain and lung dataset from
BrainWeb MRI Simulated Normal Brain Database [23, 24]
and Empire 10 challenge [25] for training and testing. Besides,
training and tests were also carried out on classical Lena
image, which is mostly used for image processing. T1, T2
image from [26] and ITK image [27] is also utilized in our
experiment. BrainWeb MRI dataset contains 20 both 2D and
3D new normal anatomical models. Empire 10 challenge
lung dataset includes 20 3D scans, each containing fixed and
moving image pair. Description of lung dataset is shown in
Table 2 [28].
5.1. 2D Image Registration
5.1.1. Synthetic Deformation Tests. A lot of registration has
been evaluated on synthetic deformation images for algorithm test according to previous work [1, 26].
(1) Training CNNs Deformation Classifier. In this work, tenlayer CNNs are constructed to train various sources of
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Classifier Training: Eight-layer CNNs trains different levels of rotation and deformation images
Registration:
Input: Images 𝐹, 𝑀 and initial velocity field V
Output: Transformation 𝜙 = exp(V) from 𝐹 to 𝑀
Repeat
Pre-registration: For 2D image, through CNNs classifier to rectify rotation then scale and transformation;
For 3D image, triplanar 2D CNNs to pre-registrate
Demons registration:
(i) Find updates 𝑢𝐹 → 𝑀 mapping 𝐹 to 𝑀 ∘ exp(V)
(ii) Smooth updates: 𝑢 ← 𝐾fluid ∗ 𝑢
(iii) Update velocity field: V ← log(exp(V) ∘ exp(𝑢))
(approximated with V ← V + 𝑢)
(iv) Smooth velocity field: V ← 𝐾fluid ∗ V
(v) Use PCA to extract features and calculate new similarity metric as PCA-SSD, PCA-pearson,
PCA-spearman, and kendall.
until convergence
Algorithm 3: Two-layer unsupervised deep adaptive registration framework.
Table 2: Listing of data used in lung registration [28].
Pair
1
2
3
4
5
6
7
8
9
10

Data category
Insp-Exp
Insp-Insp
Insp-Insp
Ovine
Warped
Contrast
Insp-Exp
Insp-Exp
Insp-Insp
Ovine

Pair
11
12
13
14
15
16
17
18
19
20

images. We also tested other number layer CNNs, results
showed that ten-layer CNNs achieved highest score when
classifying rotation of deformed images. Four kinds of 2D
source images [24–27] served as samples. An example of sample image is shown in Figure 5. Take image 𝑇1 for example,
linear transformation like rotation or translation is added
to image 𝑇1 by multipling rotation matrix 𝑟 coded through
matlab; then four kinds of large and complex nonlinear
transformation is added to 𝑇1 through special processing by
photoshop. 𝑇1 image with only rotation is denoted as 𝑇1 ∘ 𝑟,
with only deformation noted as 𝑇1 , and with both rotation
and deformation denoted as 𝑇1 ∘ 𝑟. The same notation is with
𝐹1 and Lena image. Figure 6 is an illustration after all those
processing. In order for accurate identification of rotation,
here for training, difference image of 𝐹 and 𝑀 (with only
rotation) 𝐷𝑇1 = ‖𝑇1 − 𝑇1 ∘ 𝑟‖ is input of CNNs. After training,
each angle of 360∘ is defined as one class, obtaining 360 class
of distortion. For other CNNs, number of classes is 180, 90,
36.
Our test is carried out on computer of windows 7 system,
with 8 GB RAM, i7-4770 CPU @ 3.4 GHz. Take BrainWeb
data [23, 24], for example, Table 3 shows test results of the
classifier according to these data.

Data category
Insp-Insp
Warped
4D
Insp-Exp
Insp-Insp
4D
4D
Insp-Exp
Insp-Insp
Insp-Exp

Pair
21
22
23
24
25
26
27
28
29
30

Data category
Insp-Exp
Insp-Insp
4D
Ovine
Warped
Contrast
Insp-Insp
Insp-Exp
Ovine
Warped

As we can see from Table 3, when input images are resized
into 64×64 pixels, identification of rotation can reach as much
as 99.86% for classifier 90; while images are resized into 28×28
pixels, the identification accuracy for classifier 36 is 99.97%.
All these are done under condition that training data is also
for testing. When the testing data of BrainWeb is put into the
trained classifier, accuracy reaches 99.56%, even lower than
the training data itself, but still very high according to many
usual classifiers. For Lena, ITK and T1 training data, classifier
36 gains an accuracy rate of 99.94%. Number of iteration is
set to 1000 for every training.
(2) CNNs Preregistration Test. SURF related method,
ELASTIX and our CNNs method are tested. Here, SURF
related method means using firstly SURF algorithm to detect
features and then affine transformation to initially register
images.
(i) When only rotation exists as Lena ∘ 𝑟 in Figure 7,
ELASTIX method failed; SURF method is able to
identify rotation invariant features and establish accurate correspondences between Lena and Lena ∘ 𝑟.
Established correspondences are shown as Lenacorr in
Figure 7. Vertices of the yellow lines stand for feature
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Table 3: Performance of classifier.
Image size

Accuracy of classifier 36

Accuracy of classifier 90

Time (s each iteration)

BrainWeb
Training data

64 × 64
28 × 28

n
99.97%

99.86%
n

41.2
6.17

BrainWeb
Testing
Lena,
ITK, T1

28 × 28

99.56%

n

n

28 × 28

99.94%

n

2.4

F1

Lena

T1

Figure 5: An example of original sample image.

Lena ∘ r

T1 ∘ r

F1 ∘ r

Figure 6: An illustration of sample image after sever distortion and large rotation.

Lena

Lena ∘ r

Lenacorr

LenaSURF

Figure 7: Preregistration result of ELASTIX and SURF method with only rotation on image.

LenaELASTIX
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Lena

Lena ∘ r

Lenacorr

LenaSURF

LenaELASTIX

Figure 8: Preregistration result of ELASTIX and SURF method with both rotation and large deformation on image.

Lena

Lena ∘ r

Lenaanalogy-CNN

LenaCNNs

Figure 9: Preregistration result of CNNs method with both rotation and large deformation on image.

correspondences. Red circle vertex stands for feature
in original moving image Lena ∘ 𝑟 while green cross
stands for corresponding feature point in registered
moving image LenaSURF . Registered image is denoted
as LenaELASTIX and LenaSURF .

(iii) On the contrary, our trained CNNs classifier and
following scale and translation operation directly
identified Lena image’s rotation angle accurately
(90∘ rotation), and turned it back to Lena as in
Figure 9. For better comparison, we used software
to show ways of rotation processing in CNNs as
SURF’s manner, feature detecting and matching in
Lenaanalogy-CNN . As enough number of so-called features are detected, CNNs is able to recover rotation
added to Lena .

ELASTIX and SURF related registration and our method
result
2𝐹 ∩ 𝑀
(11)
.
𝑂overlap =
𝐹+𝑀
After preregistration in Section 5.1.1, ELASTIX and SURF
related method performs diffeomorphic log demons algorithm iteratively to achieve for best registration; while our
method iteratively carries out CNNs classifier and diffeomorphic log demons algorithm to optimize registration.
This new two-layer registration framework makes full use
of both preregistration and following demons method and
registration results show that it indeed improves accuracy.
Figure 10 shows registration procedure and result of
ELASTIX (Figure 10(c)) and SURF (Figure 10(b)) related
method, while Figure 11 shows that of our method. When
both rotation and deformation exists in image 𝐹1 , our
registration result 𝐹1 − 𝐹1C+demons is much better than
𝐹1ELASTIX+demons and 𝐹1SURF+demons apparently. Besides, to test
dice ratio of registration, original fixed image 𝐹1 and registered moving image of two methods are put into function (11)
separately. Dice ratio of ELASTIX and SURF-demons method
is 0.889 and 0.88, while our CNNs-demons-iterative method
achieves as much as 0.8964.

(3) Accuracy Evaluation of Registration. Mathematically, dice
ratio is used to evaluate overlap between two datasets. It is
defined in (11). In this section, both dice ratio and subjective
human evaluation method is used to assess accuracy of

5.1.2. Lung Atlases. Description of lung dataset can be found
in Table 2 [28]. Empire 10 lung datasets are firstly used for
the MICCAI conference 2010. It contains 20 intra-patient
thoracitic CT image pairs. Figures 12 and 13 shows our

(ii) However, when rotation and large deformation simultaneously appears in moving image as Lena ∘ 𝑟 in
Figure 8, both ELASTIX and SURF method crushed.
Under such circumstances, in our tests SURF only
found one pair of correspondence points. As there are
not enough feature correspondences, initial registration failed.
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F1 ∘ r

F1

F1corr

(a)

F1SURF

F1SURF +demons

F1 − F1S+demons

(b)

F1ELASTIX

F1ELASTIX +demons

F1 − F1E+demons

(c)

Figure 10: Preregistration result of SURF related method (b) and ELASTIX method (c) with both rotation and large deformation on image.

preregistration results of slice image 8 and 6 of 4D image
pairs compared with that of Elastix tool. All images are
shown with the help of tool vv [29]. From left to right in
the figures are fixed image, moving image, preregistration
result of ELASTIX and our proposed CNNS method, final
registration result of above two methods with demons. It is
obvious that our method can accurately rectify rotation, scale
and translation deformation added to moving image. While
ELASTIX preregistration failed to rectify rotation differences
between fixed and moving images. Registered images are
denoted as Elastix-demons and CNNs-demons. Diff images
between fixed and registered image are denoted as Elastix-diff
and CNNs-diff.
ELASTIX preregistration consuming time of each slice is
shown in Figure 14. The shortest time of one slice is more than
1000 ms (1 s) and time for slice 8 is 3500 ms. Although training
of our CNNs classifier costs long time, it is offline. And our
CNNs rotation, scale and translation operation costs a total

of only 39 ms. As a result, it is quite attractive for real-time
clinical applications.
5.1.3. Brain Atlases. We select the cross section 2D image of
the BrainWeb MRI 20 object, 10 for training and the other
10 for testing. From Figure 15, we can see that our proposed
preregistration can rectify both rotation and translation more
successfully than traditional Elastix affine registration.
5.2. An Attempt on 3D Image Registration by Using CNNs. For
the 3D image registration part we focus on the brain atlases
registration and give a CNNs 3D image registration method.
We train brain atlas from 18 people’s 3D image data in BrainWeb Brain database by four steps: (1) Randomly select 10 label
points by Normal distribution in 3D image. (2) Adjust 3D
brain image and separate it to 2D image on three directions
(𝑥𝑦, 𝑦𝑧, 𝑥𝑧). (3) Test each 2D slice position by triplanar aftertrained CNNs classifier (each dimension enjoys one CNN
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F1

F1analogy-CNN

F1 ∘ r

F1CNNs +demons

F1CNNs

F1 − F1C+demons

Figure 11: Preregistration result of CNN method with both rotation and large deformation on image.

Fixed

Pre-reg-Ela

Elastix-demons

Elastix-diff

Moving

Pre-reg-CNNs

CNNs-demons

CNNs-diff

Figure 12: Lung slice 8 registration.

network) and get the right slice position (predicted voxels).
(4) Adjusting the 3D image to make label voxels and predict
voxels that enjoy smallest hamming distance. Experiments
shows the high accuracy CNNs classify results will greatly
improve moving 3D image’s similarity to the fixed 3D image.
The detailed procedure is shown in Figure 16.
5.3. Convergence Speed Evaluation of Registration. Sections
5.1 and 5.2 improve both registration accuracy and speed.
In this section, we test registration accuracy on T2 brain

medical data and focus on accelerating convergence speed of
registration. PCA is introduced to extract valuable features
and by combining features with SSD, Pearson, Spearman,
Kendall, we get new similarity PCA-SSD, PCA-pearson,
PCA-spearson and Kendall. Original SSD is denoted as
energy in Figure 17(e). The course-to-fine (in here, three
level is recommended) registration strategy is adopted in
here. In Figure 17, horizontal axis stands for iteration times
and vertical axis stands for the values of metric. Firstly,
mean convergence extent of the three-level registration is
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Fixed

Pre-reg-Ela

Elastix-demons

Elastix-diff

Moving

Pre-reg-CNNs

CNNs-demons

CNNs-diff

Iteration time (ms)

Figure 13: Lung slice 6 registration.
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Figure 14: ELASTIX preregistration consuming time of the 30 slices
of 4D lung dataset.

calculated. Then normalization is carried out on the mean
value. Several conclusions can be gained:
(1) both PCA related and original SSD methods converge
regularly,
(2) as a whole, PCA-SSD and PCA-Pearson methods perform best and converge faster than original SSD
metric;

of the trained classifier, scale, and translation operator and
following diffeomorphic log demons registration facilitates
each other one after another. Besides, proposed PCA related
similarity metric helps achieve faster convergence speed.
The new two-layer registration framework is compared with
traditional diffeomorphic log demons registration in combination with state-of-the-art ELASTIX and SURF preregistration. As baseline method carries out preregistration only
once, large deformations cannot be fully modified. From tests
on different image resources containing various kinds of both
2D and 3D, MRI, and CT datasets, our framework indeed
outperforms the baseline method on both registration quality
and convergence speed.
In the following work, we would combine other kinds of
deep learning framework as independent subspace analysis
(ISA) [30], sparse coding [31], and so forth to improve
current registration. Also, more performance tests of the
proposed two-layer registration framework should be carried
out on more data resources. Besides, the proposed method
performance should be compared with other deep learning
models.

(3) PCA-spearman metric firstly converges fastest, but
latterly it slows down;
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Figure 16: 3D Sample voxel slice images (three slices, 𝑥𝑦, 𝑦𝑧, 𝑥𝑧) classification.
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Low dose CT (LDCT) images are often significantly degraded by severely increased mottled noise/artifacts, which can lead to
lowered diagnostic accuracy in clinic. The nonlocal means (NLM) filtering can effectively remove mottled noise/artifacts by utilizing
large-scale patch similarity information in LDCT images. But the NLM filtering application in LDCT imaging also requires high
computation cost because intensive patch similarity calculation within a large searching window is often required to be used to
include enough structure-similarity information for noise/artifact suppression. To improve its clinical feasibility, in this study we
further optimize the parallelization of NLM filtering by avoiding the repeated computation with the row-wise intensity calculation
and the symmetry weight calculation. The shared memory with fast 𝐼/𝑂 speed is also used in row-wise intensity calculation for
the proposed method. Quantitative experiment demonstrates that significant acceleration can be achieved with respect to the
traditional straight pixel-wise parallelization.

1. Introduction
X-ray Computed Tomography (CT) can reflect human attenuation map in millimeter level, in which rich 3D information
of tissues, organs or lesions can be provided for clinical diagnosis. Though its wide application in clinics, the radiation
delivered to patients during CT examinations is always a
wide-spread concern. It was reported in [1] that CT radiation
may increase the risk of developing metabolic abnormalities
even cancer. The most practical means to lower radiation
dose is to decrease tube current (milliampere (mA)) or
tube current time products (milliampere second (mAs)).
However, lowering mA/mAs settings often leads to degraded
CT images with increased mottled noise and streak artifacts
[2, 3], which will influence the diagnosis accuracy [4–7].

Researchers can suppress noise and artifacts in low dose
CT (LDCT) images by developing new reconstruction or
postprocessing algorithms. Current solutions to improve the
quality of LDCT images can be roughly divided into three
categories: preprocessing approaches, iterative reconstruction approaches, and postprocessing approaches. The first
one refers to those techniques that improve CT imaging
by suppressing the noise in projected raw data before the
routine FBP reconstructions. The key of these techniques is
to find the accurate statistical distribution of projected data
and design effective restoration algorithms [5, 6]. The second
one refers to iterative reconstruction approaches which treat
the LDCT imaging as an ill-posed inverse problem and solve
the problem as a prior-regularized cost function via some
iterative optimization solutions [7, 8]. Though effective in
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obtaining favorable reconstructed image quality, the most
well-known limit for iterative reconstructions is the required
intensive computation in iterative optimization. Additionally,
for patent protection consideration, current mainstream CT
device suppliers normally do not provide well-formatted
projected data, which severely restricts the research and
the possible clinical application of these two study directions.
The third one refers to postprocessing methods, which
can be directly applied to improve LDCT images. Distribution and scale features of noise, artifacts, and normal tissues
in CT images need to be jointly considered in designing
effective postprocessing algorithms [9, 10]. It was pointed
in [9–14] that the nonlocal means (NLM) filtering, which
utilizes the information redundancy property, can effectively
suppress noise and artifacts without obviously blurring image
details. We would also note that the patch similarity metric
in NLM has also been used to build regularization term for
tomographic reconstruction [15, 16].
However, since noise and artifacts often distribute with
prominent amplitudes in LDCT images, a large searching
window is practically required to include more structure
information in noise/artifact suppression, which implies a
large computation cost. This will strongly limit its clinical application considering the large workload in current radiology departments. To overcome this, this paper
presents an improved GPU-based parallelization approach
to accelerate the NLM filtering. The proposed approach
optimizes the computation in NLM filtering by avoiding
repeated computation with row-wise intensity calculation
and weight calculation. The fast 𝐼/𝑂 data access speed for
shared memory in GPU is also well exploited to reduce
data 𝐼/𝑂 operation cost. Experiment results on 2D LDCT
images demonstrate that the improved parallelization can
significantly shorten computation time and, thus, making
itself a potentially applicable processing procedure in LDCT
imaging.

2. Nonlocal Means Based Low Dose
CT Image Processing
Compared to restoration algorithms based on intensity gradient information, NLM filtering can provide edge-preserving
noise/artifact suppression without blurring image structures.
In NLM filtering, one image patch is matched with a group of
similar patches in a large neighboring area, and in this way
more structure similarity information in large neighboring
scale can be used to suppress noise and artifacts in LDCT
images. The NLM algorithm replaces pixel intensities by the
weighted average of intensities within a searching window
𝑁. Each weight expresses the similarity between the central
pixel and the neighboring pixels in the searching window
and is calculated by the Euclidian distance between patches
surrounding these two pixels. Let 𝑝 (𝑝 = (𝑝𝑥 , 𝑝𝑦 )) denote
the pixel to be processed, let 𝑞 denote a pixel in the search
neighborhood window, let 𝑋 denote the processed image, and

Computational and Mathematical Methods in Medicine
let 𝑌 denote the image to be processed; the 2D NLM filtering
algorithm can be formulated as follows [17]:
̂ (𝑝) =
𝑋

∑𝑞∈𝑁𝑝 𝜔 (𝑝, 𝑞) 𝑌 (𝑞)
∑𝑞∈𝑁𝑝 𝜔 (𝑝, 𝑞)

,

(1)

𝑤 (𝑝, 𝑞)

 (Δ𝑥,Δ𝑦) 
 𝐺 (Δ𝑥, Δ𝑦)
∑(Δ𝑥,Δ𝑦)∈[−𝐵,...,𝐵]2 𝑑𝑝,𝑞


= exp (−
),
ℎ (2𝐵 + 1) (2𝐵 + 1)
(2)

(Δ𝑥,Δ𝑦)
= 𝑌 (𝑝𝑥 + Δ𝑥, 𝑝𝑦 + Δ𝑦) − 𝑌 (𝑞𝑥 + Δ𝑥, 𝑞𝑦 + Δ𝑦) ,
𝑑𝑝,𝑞
(3)

√2
{
{
{
{
𝐺 (Δ𝑥, Δ𝑦) = {
1
{
{
{
2
√ 2
{ Δ𝑥 + Δ𝑦

(Δ𝑥, Δ𝑦) = (0, 0)
(Δ𝑥, Δ𝑦) ≠(0, 0) ,

(4)

where 𝑁𝑝 denotes the searching window centered at 𝑝;
𝑤(𝑝, 𝑞) denotes the similarity of the two patches centered at 𝑝
and 𝑞, respectively, with the radius 𝐵; 𝐺(Δ𝑥, Δ𝑦) is a distance
dependent Gaussian kernel function; the number of pixels in
a patch is (2𝐵 + 1)(2𝐵 + 1). We routinely use the parameter ℎ
in (2) to control the smoothing effect.
In Figures 1–4, we give the NLM filtering processed results
of four 2D LDCT images in Figures 1(a), 2(a), 3(a), and 4(a)
and the two corresponding standard dose CT (SDCT) images
are given in Figures 1(b), 2(b), 3(b), and 4(b) as references. The
LDCT and SDCT images were collected using the reduced
tube current 80 mA and the routine tube current 240 mA,
respectively. We can see that CT images are mainly composed
of pixels with limited intensity range, and the intensities
representing different tissues spread over the whole image
domain. Other scanning parameters were set by default.
Compared to the reference SDCT images, we can see that tube
current reduction will lead to severely increased noise and
artifacts in LDCT images. Figures 1(c), 2(c), 3(c), and 4(c)
illustrate the processing results of NLM filtering, in which
the size of searching window is 81 × 81, patch size is 9 × 9
(𝐵 = 4), and parameter ℎ is set to 10. Figure 5 shows the
results of 3D volumes by processing a set of 2D thoracic
LDCT images. The illustrations in Figures 1–4 are presented
in suitable windows. All the parameters were set under the
guide of an experienced doctor in radiology department. We
can see that the NLM filtering can effectively suppress both
mottled noise and artifacts in LDCT images without leading
to significantly blurred structures.
To highlight the importance of a large searching window,
we also list in Figure 1(d) the NLM processed result with
21×21 searching window (other parameters are set to be same
as the result in Figure 1(c)). We can see that processing with
this smaller 21 × 21 searching window fails to give satisfying
artifact suppression (see the arrows). Therefore, a large
searching window (up to 81 × 81) needs to be used to in NLM
filtering to include enough large-scale similarity information
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(a)

(b)

(c)
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Figure 1: Processed result of one 512 × 512 abdomen LDCT image. (a) and (b) are the original LDCT image and the corresponding SDCT
image. (c) and (d) are the LDCT images processed by NLM filtering with 81 × 81 and 81 × 81 21 × 21 searching windows, respectively.

to suppress noise and artifacts in LDCT images, as can be seen
in Figure 1(c) [10]. However, the patch similarity calculation
within a large searching window is always accompanied with
large computation load. For a 𝑚 × 𝑛 sized image, with the
pixel number of searching window being |𝑁| and patch radius
being 𝐵, we get the computational complexity 𝑂(𝑚𝑛|𝑁|(2𝐵 +
1)(2𝐵 + 1)) for the original CPU based serial processing, and
the total computational complexity amounts to 𝑂(512×512×
81 × 81 × 9 × 9) = 𝑂(1.3931 × 1011 ) for 512 × 512 sized
images. This computation cost is too high to provide real-time
CT imaging for radiology department routine; so we need
to accelerate the NLM filtering in order to give fast clinical
application.

3. CUDA-Based GPU Acceleration for
NLM Algorithm
3.1. Introduction to CUDA-Based GPU Acceleration. Utilizing
GPU based techniques to parallelize algorithm has already

become a notable trend in the field of parallel computing. The GPU based parallelization is achieved by jointly
parallelizing coarse-scale patches and fine-scale threads in
the original grid computation task which is parallelizable
[18–20]. The CUDA (Compute Unified Device Architecture)
technology provides a software platform for developers to
design parallelized tasks with C-style code, with direct
access to the virtual instruction set and GPU memories.
Each parallelization function running on CUDA is called a
kernel, and we use 𝑓(𝐼) ∘ 𝑓(𝐼−1) ∘ ⋅ ⋅ ⋅ ∘ 𝑓(1) to represent the
connected parallelized cascade functions based on [20]. The
output of kernel function 𝑓(𝑖) is the input of 𝑓(𝑖+1) . We use
(𝑈1(𝑖) , . . . , 𝑈𝑘(𝑖) ) to represent the input data of kernel function
𝑓(𝑖) in processing and (𝑈1(𝑖+1) , . . . , 𝑈𝑘(𝑖+1) ) to represent the
output data of function 𝑓(𝑖) . We can use (5) to represent the
kernel function as follows:
[𝑈1(𝑖+1) , . . . , 𝑈𝑘(𝑖+1) ] (𝑝) = 𝑓(𝑖)(𝑖)

𝑈1 ,...,𝑈𝑘(𝑖)

(𝑝) ,

(5)
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(a)

(b)

(c)

Figure 2: Processed result of one 512×512 thoracic LDCT image. (a), (b), and (c) correspond to the original LDCT image, the corresponding
SDCT image, and the LDCT image processed by NLM filtering, respectively.

where 𝑝 represents the pixel position in image. It should be
noted that in some cases not all the input data need to be
updated (e.g., 𝑈𝑗(𝑖+1) = 𝑈𝑗(𝑖) ).
3.2. Conventional GPU Based Parallelization for NLM Filtering Algorithm. The conventional GPU based parallelization
accelerates the NLM filtering algorithm by direct pixel-wise
parallelization. Based on above (1)–(4), we routinely break the
algorithm into four parts specified by the following (6)–(9),
which are computed in loops. The number of loops is set as
the searching window size |𝑁| to traverse all the neighboring
points in window 𝑁. The first kernel function (6) computes
intensity differences in parallel via GPU and has computational complexity 𝑂(1). Here we quantify the computational
complexity using the operation times in parallel. In (6), (𝑝𝑥 +
𝑖𝑥 , 𝑝𝑦 + 𝑖𝑦 ) denotes the spatial position of the neighboring
pixel in the searching window centered at 𝑝, which can also be

represented by spatial position (𝑝𝑥 , 𝑝𝑦 ). We set 𝑈3(1) = 𝑈4(1) =
0 as initialization. Consider
[𝑈1(3𝑖−1) , . . . , 𝑈4(3𝑖−1) ] (𝑝)
= 𝑓(3𝑖−2)
(3𝑖−2)
𝑈1

,...,𝑈4(3𝑖−2)

(𝑝)



𝑌 (𝑝𝑥 , 𝑝𝑦 ) − 𝑌 (𝑝𝑥 + 𝑖𝑥 , 𝑝𝑦 + 𝑖𝑦 )


𝑈2(3𝑖−2) (𝑝)
=(
).
𝑈3(3𝑖−2) (𝑝)
𝑈4(3𝑖−2) (𝑝)
(6)
For data 𝑈2 , the second kernel function computes the
patch similarity using (7) based on the patch difference
computed by (6) in 𝑈1 . We can see that the computational
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(a)

(b)

(c)

Figure 3: Processed result of one 512 × 512 brain LDCT image. (a), (b), and (c) correspond to the original LDCT image, the corresponding
SDCT image, and the LDCT image processed by NLM filtering, respectively.

complexity of the second kernel function is around 𝑂((2𝐵 +
1)(2𝐵 + 1)) because there are (2𝐵 + 1)(2𝐵 + 1) weighted
summation operations for each pixel pair in the two comparing patches. Consider
[𝑈1(3𝑖) , . . . , 𝑈4(3𝑖) ] (𝑝)
=

𝑓(3𝑖−1)
𝑈1(3𝑖−1) ,...,𝑈4(3𝑖−1)

exp (−
=(

𝑈1(3𝑖) (𝑝)
𝑈2(3𝑖) (𝑝)

=(
(3𝑖)
(𝑈4 (𝑝)

𝑈3(3𝑖) (𝑝) + 𝑈2(3𝑖) (𝑝)
+ 𝑈2(3𝑖) (𝑝) 𝑌 (𝑝𝑥 + 𝑖𝑥 , 𝑝𝑦

(3𝑖 − 1)
(𝑝𝑥 + Δ𝑥, 𝑝𝑦 + Δ𝑦) 𝐺 (Δ𝑥, Δ𝑦)

∑(Δ𝑥,Δ𝑦)∈[−𝐵,...,𝐵]2 𝑈1(3𝑖−1)

ℎ (2𝐵 + 1) (2𝐵 + 1)
𝑈3(3𝑖−1)
𝑈4(3𝑖−1)

)
).

(7)

The third kernel function (8) computes the summation of
weights and intensities in 𝑈3 and 𝑈4 , and the computational
complexity is 𝑂(1) for this operation. Consider
[𝑈1(3(𝑖+1)−2) , . . . , 𝑈4(3(𝑖+1)−2) ] (𝑝)
𝑈1 ,...,𝑈4(3𝑖)

+ 𝑖𝑦 ))
(8)

(𝑝)

= 𝑓(3𝑖)
(3𝑖)

).

(𝑝)

In the final loop 𝐼 = |𝑁| + 1, a last kernel function in (9)
̂
is applied to compute the final output image 𝑋(𝑝).
Consider
0
0
𝑓(𝐼)(𝐼) (𝐼) (𝑝) = ( 0 ) .
𝑈1 ,...,𝑈4
𝑈4𝐼 (𝑝)
𝑈3𝐼 (𝑝)

(9)

Here 𝐼 represents the last loop number. The computational
complexity for the operation (9) is also 𝑂(1). The final
̂
image is outputted as 𝑋(𝑝)
= 𝑈4(𝐼) (𝑝)/𝑈3(𝐼) (𝑝). Combing
all the operations from (6)–(9), we can see that the whole
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(a)

(b)

(c)

Figure 4: Processed result of one 512×512 abdomen LDCT image with tumor (pointed by arrows). (a), (b), and (c) correspond to the original
LDCT image, the corresponding SDCT image, and the LDCT image processed by NLM filtering, respectively.

computational complexity of the conventional parallelization
algorithm amounts to 𝑂(|𝑁|((2𝐵 + 1)(2𝐵 + 1) + 2) + 1).
3.3. Improved GPU Acceleration for NLM Filtering Algorithm.
In the above conventional parallelization approach, the second kernel function in (7) is serially applied to compute the
patch similarity, which leads to large computation cost when
large searching window is used. Our first improvement is,
thus, devoted to reduce the computational complexity in this
part. Figure 6 illustrates that a patch is of size 5 × 5 (𝐵 =
2) with the red point indicating the center point. Equations
(1)–(4) show that the patch similarity in NLM filtering can
be quantified by the weighted sum of intensity differences
of the corresponding pixels in the two patches. In Figure 6,
we can see that, for the center points located at the green
points in the two patches, the summed intensity difference
of the blue points in the same rows is in fact the same value
as the case when the center points moves down to the red
points. This implies that the intensity differences of rows are
repeatedly computed when the center points move within

(𝐵 + 1) pixel distances. Therefore, we can efficiently calculate
patch differences via the following row-wise calculation:
⋃

∑

Δ𝑦∈[0,...,𝐵] Δ𝑥∈[−𝐵,...,𝐵]



𝑌 (𝑝𝑥 + Δ𝑥, 𝑝𝑦 ) − 𝑌 (𝑞𝑥 + Δ𝑥, 𝑞𝑦 )


× 𝐺 (Δ𝑥, Δ𝑦) ,
(10)

where the intensity difference between two individual pixels
is |𝑌(𝑝𝑥 +Δ𝑥, 𝑝𝑦 )−𝑌(𝑞𝑥 +Δ𝑥, 𝑞𝑦 )| and 𝑞 = (𝑞𝑥 , 𝑞𝑦 ) represents
the neighboring point positions in the searching window.
⋃Δ𝑦∈[0,...,𝐵] denotes the dataset that includes the (𝐵 + 1)
different points in the vertical direction. Thus, with patches
of size (2𝐵 + 1) × (2𝐵 + 1), we know from (10) that (𝐵 + 1)
values can be obtained for (𝐵 + 1) different row pairs. The row
difference needs to be calculated only once before being stored
in the shared memory, and the other 𝐵 operations in (10) can
be easily obtained by loading data from the shared memory
and then performing Gaussian weighting. For GPU with fast
single-precision floating processing, the main computation
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cost of (10) lies in the data accessing operation of the global
memory because the time cost in shared memory accessing
is trivial when compared to global memory accessing. The
computational complexity of (11) can be roughly estimated to
be 𝑂(2𝐵 + 1) [21].
Similar to the conventional GPU parallelization, we also
divide the algorithm into the following four parts (11)–(14)
and compute in loops. Suppose that the input image is of size
𝑚 × 𝑛, we set the size of 𝑈1(𝑖) to be 𝑚 × 𝑛 × (𝐵 + 1). The data 𝑈2(𝑖) ,
𝑈3(𝑖) , 𝑈4(𝑖) , 𝑈5(𝑖) are of size 𝑚 × 𝑛, and (𝑝𝑥 + 𝑖𝑥 , 𝑝𝑦 + 𝑖𝑦 ) denotes
the neighboring points in the searching window centered at 𝑝.
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Figure 6: Row-wise calculation in patch difference calculation.
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Figure 5: 3D illustration of a set of thoracic LDCT images. (a), (b), and (c) correspond to the original LDCT volume, the corresponding
SDCT volume, and the LDCT volume processed by NLM filtering, respectively.
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Figure 7: Comparison of the computation time of the serial
algorithm and the conventional parallelization algorithm for NLM
filtering.

The initialization is also set with data 𝑈3(1) = 𝑈4(1) = 0, 𝑈5(𝑖) =
𝑌.
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The first kernel function computes the sum of the intensity differences for each row pair, which is multiplied by

[𝑈1(3𝑖−1) , . . . , 𝑈5(3𝑖−1) ] (𝑝) = 𝑓(3𝑖−2)
(3𝑖−2)

,...,𝑈5(3𝑖−2)

𝑈1

⋃

the Gaussian weight calculated based on the perpendicular
distance from the row to the center point. The computational
complexity of this kernel function is 𝑂(2𝐵 + 1). Consider

(𝑝)
∑

Δ𝑦∈[0,...,𝐵]Δ𝑥∈[−𝐵,...,𝐵]



𝑌 (𝑝𝑥 + Δ𝑥, 𝑝𝑦 ) − 𝑌 (𝑝𝑥 + 𝑖𝑥 + Δ𝑥, 𝑝𝑦 + 𝑖𝑦 ) 𝐺 (Δ𝑥, Δ𝑦)


𝑈2(3𝑖−2) (𝑝)

(
(
=(
(

𝑈3(3𝑖−2) (𝑝)

)
)
).
)

(

𝑈5(3𝑖−2) (𝑝)

)

𝑈4(3𝑖−2) (𝑝)

The second kernel function calculates the similarity of
patches based on (12). In (12), we compute the patch similarity
by accumulating the absolute values of the weighted sum
of the intensity differences calculated via the first kernel
function (11). The computational complexity of the kernel
function (12) is 𝑂(2𝐵 + 1). Consider

(11)

third kernel function is given by (13), whose computational
complexity is 𝑂(1). Consider
[𝑈1(3(𝑖+1)−2) , . . . , 𝑈5(3(𝑖+1)−2) ] (𝑝)
= 𝑓(3𝑖)
(3𝑖)
𝑈1

(3𝑖)
,...,𝑈5

(𝑝)
𝑈1(3𝑖) (𝑝)

)
(
)
(
𝑈2(3𝑖) (𝑝)
)
(
)
(
)
(
)
(
(3𝑖)
(3𝑖)
(3𝑖)
).
=(
𝑈3 (𝑝) + 𝑈2 (𝑝 + Δ𝑞) + 𝑈2 (𝑝 − Δ𝑞)
)
(
)
(
)
(
)
(
)
( (3𝑖)
(𝑈4 (𝑝) + 𝑈2(3𝑖) (𝑝 + Δ𝑞) 𝑈5(3𝑖) (𝑝 + Δ𝑞) + 𝑈2(3𝑖) (𝑝 − Δ𝑞) 𝑈5(3𝑖) (𝑝 − Δ𝑞))

[𝑈1(3𝑖) , . . . , 𝑈5(3𝑖) ] (𝑝)
= 𝑓(3𝑖−1)
(3𝑖−1)
𝑈1

,...,𝑈5(3𝑖−1)

(𝑝)

(

𝑈1(3𝑖−1)
(exp (−
(
(
=(
(
(
(
(

𝑈5(3𝑖) (𝑝)

(13)

)

(𝑝)

∑Δ𝑦∈[−𝐵,...,𝐵] 𝑈1(3𝑖−1) (𝑝𝑥 , 𝑝𝑦 , Δ𝑦)
ℎ (2𝐵 + 1) (2𝐵 + 1)
𝑈3(3𝑖−1) (𝑝)
𝑈4(3𝑖−1) (𝑝)
𝑈5(3𝑖−1) (𝑝)

))
)
)
).
)
)
)
)
(12)

The second improvement is saving one half computation
cost by exploiting the symmetry property of weights calculated in (2). Apparently, we have 𝑤(𝑝, 𝑝 + Δ𝑝) = 𝑤(𝑝 +
Δ𝑞, 𝑝) (Δ𝑞 represents the location offset of pixel 𝑝 in the
searching window). Based on this symmetry property 𝑤(𝑝 −
Δ𝑞, 𝑝)𝑌(𝑝−Δ𝑞) = 𝑤(𝑝, 𝑝−Δ𝑞)𝑌(𝑝−Δ𝑞), we also accumulate
𝑤(𝑝−Δ𝑞, 𝑝)𝑌(𝑝−Δ𝑞) when accumulating weighted intensity
𝑤(𝑝, 𝑝+Δ𝑞)𝑌(𝑝+Δ𝑞) for location 𝑝. In this way, we only need
to go through half of the pixels in the searching window. The

Then, a final kernel function (14) can be applied to obtain
the finally processed image:

0
0
0
(𝐼)
𝑓 (𝐼) (𝐼) (𝑝) = ( 0 ) .
𝑈1 ,...,𝑈5
𝑈4(𝐼) (𝑝)

(14)

(𝐼)
( 𝑈3 (𝑝) )

The final loop number with respect to the required
operation number as to the searching window now becomes
(2𝑇 + 1) × (𝑇 + 1) + 1 (𝑇 denotes the radius of the
searching window), which is approximately 0.5|𝑁|. The final
̂
output image is 𝑋(𝑝)
= 𝑈4(𝐼) (𝑝)/𝑈3(𝐼) (𝑝). To conclude, the
total computational complexity of the improved algorithm is
around 𝑂(0.5|𝑁|(2(2𝐵 + 1) + 1) + 1), which approximately
equals to 𝑂(|𝑁|(2𝐵+1)+1). We can see that the computational
complexity has been reduced to 1/(2𝐵 + 1) with respect to the
conventional parallelization.
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Figure 8: Comparison of the computation time with respect to
searching window size for the conventional parallelization algorithm and the improved parallelization algorithm.

4. Experimental Results and Analyses
In this section we compare the computation cost of different
methods. To verify the improvement brought by the proposed
acceleration method for the NLM filtering, we process the
same 512 × 512 LDCT image in Figure 1(a) using the serial
algorithm (CPU based), the conventional parallelization
algorithm (GPU based), and the improved parallelization
algorithm (GPU based). In this section, we do not illustrate
the processed images because the same images as Figure 1(a)
were obtained. We set the patch size to be 9 × 9 and record
the computation time with respect to the size of searching
window. Figure 7 illustrates the computation time of the serial
algorithm and the conventional parallelization algorithm.
We can observe that the conventional parallelization significantly reduces the computation cost through straight pixelwise parallelization and achieves an acceleration ratio of more
than 100 times of the original serial algorithm. The system
configuration for our experiments is given as follows.
4.1. Hardware Environment. CPU: Inter(R) Core(TM) i73770 CPU @ 3.40 GHz; Memory: 8 GB; Graphics Card:
NVIDIA GeForce GTX 680 with 1536 CUDA cores; Effective
memory clock: 6008 MHz; Memory bandwidth: 192 GB/s;
Memory size: 2 GB; Memory bus type: 256 bit.
4.2. Software Environment. Operating System: Win7 64 bit;
Matlab: R2011a; CUDA: 4.0.
Then, we compare the computation time of the conventional parallelization algorithm and the improved parallelization algorithm with respect to the size of searching window.
The patch size is fixed to 9 × 9. As can be seen in Figure 8,
when the searching window size becomes larger than 41 × 41,
the acceleration ratio approximately equals to 2𝐵 + 1 = 2 ×

Computation time (s)

21.11

41 × 41

Computation time (s)

25

15
14
13
12
11
10
9
8
7
6
5
4
3 2.75
2 1.64
1 0.59
0
3×3

15.01

14.17

12.43
11.01
10.46
8.47
7.67
4.46
2.98
0.67
5×5

6.41
4.99

0.78
7×7

0.91

1.05

1.21

1.39

9 × 9 11 × 11 13 × 13 15 × 15
Patch size

The conventional parallelization algorithm
The improved parallelization algorithm
Acceleration ratio (the conventional parallelization algorithm
versus the improved parallelization algorithm)

Figure 9: Comparison of the computation time with respect to
patch size for the conventional parallelization algorithm and the
improved parallelization algorithm.

4 + 1 = 9, and this observation is consistent with the above
deduced acceleration ratio 2𝐵 + 1. In addition, we compare
the computation time of the conventional parallelization
algorithm and the improved parallelization algorithm with
respect to patch size. The searching window size is fixed to
81 × 81. Since a large patch size often leads to blurred images,
we hereby set the maximal patch size to be 15 × 15. We can
observe in Figure 9 an obvious increment of acceleration ratio
when the patch size increases, and this again verifies the above
deduced acceleration ratio 2𝐵 + 1.

5. Discussion and Conclusion
In this paper we further optimize the parallelization for NLM
filtering in CT image processing. The proposed approach
optimizes the parallelized computation in NLM filtering
by avoiding repeated computation with row-wise intensity
calculation and weight calculation. The fast 𝐼/𝑂 data access
speed for shared memory in GPU is also well exploited. We
applied our improved algorithm to LDCT image processing
and find that the improved algorithm can achieve a significant
acceleration ratio with respect to the conventional parallelization algorithm. For now, it takes about 0.8 second to process
one 512×512 CT image with 81×81 searching window and 9×
9 patch, and this parameter setting in NLM filtering is found
to be able to provide effective processing. This paper only
provides the results on 2D NLM filtering, and we would stress
that the same parallelization strategy can be easily extended
to accelerate the more computationally intensive 3D NLM
filtering, and the same acceleration ratio as 2D case can be
expected because they have the same calculation structures.
To be specific, this extension can be realized by replacing the
row-wise optimization in (11) by a plane-wise optimization.
Nevertheless, we would also point it out that 3D NLM filtering
should not be suggested for the processing of CT slices with

10
large slice thickness (>2 mm) because of the poor interslice
continuity in this case.
Currently, the structure similarity idea in NLM has got
wide applications in the other field of image processing
(e.g., image segmentation and image reconstruction) [15, 16,
22, 23]. The proposed parallelization optimization can be
directly applied to accelerate the patch similarity calculation
in these applications. In current parallelization approach, the
weights reflecting patch similarity are calculated via a serial
loop in (7), which can be further parallelized via interkernel
operations to realize a further acceleration. Accelerating the
computation speed by combining multiple-core CPU strategy
with GPU parallelization technique will also be explored. This
optimization strategy can be easily used to accelerate other
reconstruction or restoration tasks using the patch similarity
type metrics [24–26]. We can also consider improving the
performance of the NLM filtering by incorporating the
fractional metric into the calculation of patch similarity
[27]. Evaluation of the potential accuracy enhancement in
segmentation/registration (related with CT images) that can
be brought by the proposed processing also needs to be
performed [28–30]. All these issues will be addressed in the
future work.
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Philips, “A GPU-accelerated real-time NLMeans algorithm for
denoising color video sequences,” in Advanced Concepts for
Intelligent Vision Systems, vol. 6475 of Lecture Notes in Computer
Science, pp. 46–57, Springer, Berlin, Germany, 2010.

Computational and Mathematical Methods in Medicine
[21] Z. Zhuang, Y. Chen, H. Shu, L. Luo, C. Toumoulin, and J.-L.
Coatrieux, “Fast low-dose CT image processing using improved
parallelized nonlocal means filtering,” in Proceedings of the
International Conference on Medical Biometrics, pp. 147–150,
Shenzhen, China, June 2014.
[22] B. Caldairou, N. Passat, P. A. Habas, C. Studholme, and F.
Rousseau, “A non-local fuzzy segmentation method: application to brain MRI,” Pattern Recognition, vol. 44, no. 9, pp. 1916–
1927, 2011.
[23] M. Protter, M. Elad, H. Takeda, and P. Milanfar, “Generalizing
the nonlocal-means to super-resolution reconstruction,” IEEE
Transactions on Image Processing, vol. 18, no. 1, pp. 36–51, 2009.
[24] X. Qu, Y. Hou, F. Lam, D. Guo, J. Zhong, and Z. Chen,
“Magnetic resonance image reconstruction from undersampled
measurements using a patch-based nonlocal operator,” Medical
Image Analysis, vol. 18, no. 6, pp. 843–856, 2014.
[25] J. Ma, J. Huang, Q. Feng et al., “Low-dose computed tomography
image restoration using previous normal-dose scan,” Medical
Physics, vol. 38, no. 10, pp. 5713–5731, 2011.
[26] Y. Chen, L. Shi, Q. Feng et al., “Artifact suppressed dictionary
learning for low-dose CT image processing,” IEEE Transactions
on Medical Imaging, vol. 33, no. 12, pp. 2271–2292, 2014.
[27] Z. Liao, “A new definition of fractional derivatives based on
truncated left-handed Grünwald-Letnikov formula with 0 <
𝛼 < 1 and median correction,” Abstract and Applied Analysis,
vol. 2014, Article ID 914386, 9 pages, 2014.
[28] J. Yang, Y. Wang, Y. Liu, S. Tang, and W. Chen, “Novel
approach for 3-D reconstruction of coronary arteries from two
uncalibrated angiographic images,” IEEE Transactions on Image
Processing, vol. 18, no. 7, pp. 1563–1572, 2009.
[29] Q. Feng, M. Foskey, W. Chen, and D. Shen, “Segmenting CT
prostate images using population and patient-specific statistics
for radiotherapy,” Medical Physics, vol. 37, no. 8, pp. 4121–4132,
2010.
[30] J. Yang, Y. Wang, S. Tang, S. Zhou, Y. Liu, and W. Chen, “Multiresolution elastic registration of X-ray angiography images
using thin-plate spline,” IEEE Transactions on Nuclear Science,
vol. 54, no. 1, pp. 152–166, 2007.

11

Hindawi Publishing Corporation
Computational and Mathematical Methods in Medicine
Volume 2015, Article ID 172918, 6 pages
http://dx.doi.org/10.1155/2015/172918

Research Article
Estimation of Sensitive Proportion by Randomized
Response Data in Successive Sampling
Bo Yu,1,2 Zongda Jin,3 Jiayong Tian,4 and Ge Gao1
1

School of Public Health, Medical College, Soochow University, Suzhou 215123, China
School of Mathematical Sciences, Dezhou University, Dezhou 253023, China
3
Department of Public Health, Zhejiang Medical College, Hangzhou 310053, China
4
Critical Care Medicine, People’s Hospital of Linshu County, Linyi, Shandong 276700, China
2

Correspondence should be addressed to Ge Gao; gaoge01@163.com
Received 31 October 2014; Revised 22 November 2014; Accepted 5 December 2014
Academic Editor: Yi Gao
Copyright © 2015 Bo Yu et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
This paper considers the problem of estimation for binomial proportions of sensitive or stigmatizing attributes in the population
of interest. Randomized response techniques are suggested for protecting the privacy of respondents and reducing the response
bias while eliciting information on sensitive attributes. In many sensitive question surveys, the same population is often sampled
repeatedly on each occasion. In this paper, we apply successive sampling scheme to improve the estimation of the sensitive
proportion on current occasion.

1. Introduction
Social survey sometimes includes stigmatizing or sensitive
issues of enquiry, such as habitual tax evasion, sexual behaviour, substance abuse, and excessive gambling that it is
difficult to obtain valid and trustworthy information. If the
respondents are asked directly about controversial matters, it
often results in refusal or untruthful answers, especially when
they have committed stigmatizing behaviour. To overcome
this difficulty, Warner [1] introduced randomized response
techniques to estimate the proportion of people bearing such
a stigmatizing or sensitive characteristic in a given community. This technique allows the respondent to answer sensitive questions truthfully without revealing embarrassing
behaviour. Following the pioneering work of Warner [1],
some researchers have made important contributions in this
area, such as Christofides [2, 3], Singh [4], Kim and Elam [5],
Huang [6, 7], Singh and Sedory [8], Chang and Kuo [9],
Arnab et al. [10]. All these results are based on a sample on
one occasion, which is not the case in the present study.
In many sensitive question surveys, the same population
is often sampled repeatedly on each occasion, so that the
development over time can be followed. In such situations,

the use of successive sampling scheme can be attractive alternative to improve the estimators of level at a point in time or
to measure the change between two time points. In successive
sampling on two occasions, previous theory [11, 12] aimed at
providing the optimum estimator of mean on the current
(second) occasion. Successive sampling has also been discussed in some detail by Narain [13], Raj [14], Singh [15],
Ghangurde and Rao [16], Okafor [17], Arnab and Okafor [18],
Biradar and Singh [19], G. N. Singh and V. K. Singh [20], Artes
et al. [21], and so forth, and Singh et al. [22]. However no effort
has been made to estimate the proportions of sensitive infinite
population on the current occasion. This motivation led the
authors to consider the problem of estimating the binomial
proportions of sensitive or stigmatizing attributes in the population of interest in successive sampling on two occasions. In
addition, cluster sampling is usually preferred when the target
population is geographically diverse. In this paper, we utilize
the rotation cluster sample design to construct a class of
estimators for the case of randomized response survey. The
rest of the paper is organized as follows. In Section 2, we
proposed a new scientific survey method using the Simmons
model with cluster rotation sampling. In Section 3, corresponding formulas for the mentioned survey method are
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found followed by the aforementioned method and corresponding formulas were successfully designed and applied
in a survey of premarital sexual behaviour among students
at Soochow University in Section 4. Section 5 contains the
conclusion.

2. The Proposed Survey Methods
2.1. Simmons Model. Simmons model which is based on
Warner’s randomized response technique was put forward by
Horvitz et al. [23]. The basic thought is to develop a random
rapport between the individuals and two unrelated questions.
Simmons design consists of two unrelated questions, A and
B, to be answered on probability basis, where A is “do you
possess the sensitive characteristic” and B is a nonsensitive
question such as “is your birthday number odd or not.” The
two questions A and B are presented to respondents with
preset probabilities 𝑃 and 1 − 𝑃, respectively. The simple random sampling with replacement (SRSWR) is assumed. The
selected respondent is asked to select a question A or B and
report “yes” if his/her actual status matches with the selected
question and “no” otherwise.
2.2. Simmons Model in Cluster Rotation Sampling. In the following sampling on two occasions is considered to estimate
population proportion with a sensitive characteristic on second occasion when the rotation sampling units are clusters.
The sampling steps for Simmons model under partial clusters
rotation are as follows.
Firstly, the population is divided into primary sampling
units (or cluster) and the units within the clusters are the
secondary sampling units (persons).
Secondly, in the first occasion a random sample of 𝑛 clusters with replacement is drawn from the population. The people within the drawn clusters are asked to select a question A
or B and report “yes” if his/her actual status matches with the
selected question and “no” otherwise, using the Simmons
model.
Thirdly, in the second occasion 𝑚 of the 𝑛 clusters selected
on the first occasion are retained at random and the remaining 𝑢 = 𝑛 − 𝑚 of the clusters are replaced by a fresh selection.
All the people within the total clusters in the second occasion
are investigated using the Simmons model.
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𝑀𝑚+𝑘 units) with the sensitive characteristic under study on
the first occasion, respectively (𝑘 = 1, 2, . . . , 𝑢). 𝑎2,𝑙 is the
number of the 𝑙th retained cluster (including 𝑀𝑙 units) with
the sensitive characteristic under study on the second (current) occasion (𝑙 = 1, 2, . . . , 𝑚) and 𝑎2,𝑚+𝑗 is the number of the

𝑗th fresh cluster (including 𝑀𝑚+𝑗
units) with the sensitive
characteristic under study on the second (current) occasion
(𝑗 = 1, 2, . . . , 𝑢). Similarly, let 𝜋1,𝑙 be the proportion of the
𝑙th retained cluster with the sensitive characteristic under
study on the first occasion (𝑙 = 1, 2, . . . , 𝑚) and let
𝜋1,𝑚+𝑘 be the proportion of the 𝑘th rotated cluster with
the sensitive characteristic under study on the first occasion
(𝑘 = 1, 2, . . . , 𝑢), respectively. 𝜋2,𝑙 is the proportion of the 𝑙th
retained cluster with the sensitive characteristic under study
on the second (current) occasion (𝑙 = 1, 2, . . . , 𝑚) and 𝜋2,𝑚+𝑗
is the proportion of the 𝑗th fresh cluster with the sensitive
characteristic under study on the second (current) occasion
(𝑗 = 1, 2, . . . , 𝑢). Assume that the variance and the correlation
coefficient between the first occasion and second occasion are
constant s and the overall correction coefficient is ignored.
Define the following:
𝜋1 : the population proportion of the sensitive characteristic on the first occasion;
𝜋2 : the population proportion of the sensitive characteristic on the second occasion;
𝜋1𝑚 : the proportion of 𝑚 retained clusters with the
sensitive characteristic on the first occasion;
𝜋2𝑚 : the proportion of 𝑚 retained clusters with the
sensitive characteristic on the second occasion;
𝜋1𝑢 : the proportion of 𝑢 rotated clusters with the
sensitive characteristic on the first occasion;
𝜋2𝑢 : the proportion of 𝑢 fresh clusters with the
sensitive characteristic on the second occasion.
The following is according to the formula and results given by
Cochran [24].
The estimator of 𝜋1 is
∑𝑛𝑖=1 𝑎1,𝑖
̂1 = 𝑛
𝜋
.
∑𝑖=1 𝑀𝑖

(1)

The estimator of 𝜋1𝑚 is

3. Formulas Deduction
3.1. The Estimator of the Population Proportion on the Second
Occasion and Its Variance. Consider a random sample of 𝑛
clusters with replacement drawn from the population which
consists of 𝑁 clusters and the 𝑖th cluster of 𝑀𝑖 units (𝑖 =
1, 2, . . . , 𝑁).
In the second (current) occasion 𝑚 of the 𝑛 clusters
selected on the first occasion are retained at random and
the remaining 𝑢 = 𝑛 − 𝑚 of the clusters are replaced by a
fresh selection. Let 𝑎1,𝑙 be the number of the 𝑙th retained
cluster (including 𝑀𝑙 units) with the sensitive characteristic
under study on the first occasion (𝑙 = 1, 2, . . . , 𝑚) and let
𝑎1,𝑚+𝑘 be the number of the 𝑘th rotated cluster (including

̂1𝑚 =
𝜋

∑𝑚
𝑖=1 𝑎1,𝑖
.
∑𝑚
𝑖=1 𝑀𝑖

(2)

The estimator of 𝜋1𝑢 is
̂1𝑢 =
𝜋

∑𝑢𝑗=1 𝑎1,𝑚+𝑗

∑𝑢𝑗=1 𝑀𝑚+𝑗

.

(3)

The estimator of 𝜋2𝑚 is
̂2𝑚 =
𝜋

∑𝑚
𝑗=1 𝑎2,𝑗
∑𝑚
𝑗=1 𝑀𝑗

.

(4)
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The estimator of 𝜋2𝑢 is
̂2𝑢 =
𝜋

We derive
∑𝑢𝑗=1 𝑎2,𝑚+𝑗

∑𝑢𝑗=1 𝑀𝑚+𝑗

.

(12)

(1 − 𝑐) (𝜌𝑏 /𝑚)
(𝑢 + 𝑚) /𝑢𝑚
=
,
𝜌𝑏 /𝑚
(𝑐 (𝑢 + 𝑚) − 𝑢) /𝑢𝑚

(13)

(5)
One has

̂2 of the population proConsider a generalized estimator 𝜋
portion of the sensitive characteristic on the second occasion
or current occasion as
̂2 = 𝑎̂
𝜋1𝑢 + 𝑏̂
𝜋1𝑚 + 𝑐̂
𝜋2𝑢 + 𝑑̂
𝜋2𝑚 ,
𝜋

(1 − 𝑐) (𝜌𝑏 /𝑚)
1/𝑢 + 1/𝑚
=
.
𝜌𝑏 /𝑚
𝑐/𝑢 − (1 − 𝑐) /𝑚

(6)

for 𝑢 + 𝑚 = 𝑛.
We have
(1 − 𝑐) 𝜌𝑏
𝑛/𝑢
=
.
𝜌𝑏
(𝑐𝑛 − 𝑢) /𝑢

where 𝑎, 𝑏, 𝑐, and 𝑑 are suitable constants.
We have
𝐸 (̂
𝜋2 ) = (𝑎 + 𝑏) 𝜋1 + (𝑐 + 𝑑) 𝜋2 .

(7)

̂2 of 𝜋2 is an unbiased estimator of 𝜋2 ,
Because the estimator 𝜋
we have 𝑎 + 𝑏 = 0 and 𝑐 + 𝑑 = 0.
Hence, the estimator (6) takes the form
̂1𝑚 ) + 𝑐̂
̂2𝑚 .
̂2 = 𝑎 (̂
𝜋1𝑢 − 𝜋
𝜋2𝑢 + (1 − 𝑐) 𝜋
𝜋

Hence,
𝑐=

𝑎=

(1 − 𝑐) (𝜌𝑏 𝑆2 )
,
(𝑚/𝑢 + 1) 𝑆1

(17)

(1 − 𝑐) 𝜇 (𝜌𝑏 𝑆2 )
.
𝑆1

(18)

𝑆2 𝜇 (1 − 𝜇) 𝜌𝑏
⋅
,
𝑆1 1 − 𝜇2 𝜌𝑏 2

(19)

By (16) and (18), we get
𝑎=
where
(9)

Other covariance terms are zero.
̂2 with respect to 𝑎
Minimizing the variance of estimator 𝜋
and 𝑐 when 𝑁 is sufficiently large,
𝜕 Var (̂
𝜋2 )
𝜌𝑆𝑆
1 1
= 2𝑎 ( + ) 𝑆12 − 2 (1 − 𝑐) 𝑏 1 2 = 0,
𝜕𝑎
𝑢 𝑚
𝑚
𝑆22

𝜕 Var (̂
𝜋2 )
𝜌𝑆𝑆
= 2𝑐 ( ) − 2 (1 − 𝑐) ( ) + 2𝑎 ( 𝑏 1 2 ) = 0.
𝜕𝑐
𝑢
𝑚
𝑚
(10)

𝜌𝑆𝑆
1 1 2
+ ) 𝑆1 = (1 − 𝑐) 𝑏 1 2 ,
𝑢 𝑚
𝑚

𝑆2
𝑆2
𝜌𝑏 𝑆1 𝑆2
) = 𝑐 ( 2 ) − (1 − 𝑐) ( 2 ) .
𝑚
𝑢
𝑚

𝑆ℎ2 =

1 𝑁
2
∑ (𝜋 − 𝜋ℎ ) ,
𝑁 − 1 𝑖=1 ℎ,𝑖
𝜌𝑏 =

ℎ = 1, 2;

𝜇=

∑𝑁
𝑖=1 (𝜋2,𝑖 − 𝜋2 ) (𝜋1,𝑖 − 𝜋1 )
2 𝑁
2
√ ∑𝑁
𝑖=1 (𝜋2,𝑖 − 𝜋2 ) ∑𝑖=1 (𝜋1,𝑖 − 𝜋1 )

𝑢
,
𝑛
(20)

.

Theorem 1. Under the Simmons model in partial clusters
rotation, one has
̂2 =
𝜋

𝜇 − 𝜇2 𝜌𝑏2
𝑆2 𝜇 (1 − 𝜇) 𝜌𝑏
̂
̂2𝑢
⋅
(̂
𝜋
−
𝜋
)
+
(
)𝜋
1𝑢
1𝑚
𝑆1
1 − 𝜇2 𝜌𝑏2
1 − 𝜇2 𝜌𝑏2
1−𝜇
̂2𝑚 ,
+(
)𝜋
1 − 𝜇2 𝜌𝑏2

Then we get

𝑎(

𝑎=

𝑆22
𝜌𝑆 𝑆
) − 2𝑎 (1 − 𝑐) ( 1 2 )
𝑚
𝑚

𝑆2 𝑆2
𝑆2
𝑆2
= 𝑎 ( 1 + 1 ) + 𝑐2 ( 2 ) + (1 − 𝑐)2 ( 2 )
𝑢 𝑚
𝑢
𝑚

𝑎(

(16)

for 𝑢 + 𝑚 = 𝑛 and 𝜇 = 𝑢/𝑛.
One has

2

𝑆22

(15)

By (16), we derive

𝑆12
𝑆2
𝑆2
) + 𝑎2 ( 1 ) + 𝑐2 ( 2 )
𝑢
𝑚
𝑢

𝜌𝑆𝑆
− 2𝑎 (1 − 𝑐) ( 𝑏 1 2 ) .
𝑚

.

𝜇 − 𝜇2 𝜌𝑏2
.
1 − 𝜇2 𝜌𝑏2

𝑐=

̂2𝑚 )
+ (1 − 𝑐)2 Var (̂
𝜋2𝑚 ) − 2𝑎 (1 − 𝑐) cov (̂
𝜋1𝑚 , 𝜋

+ (1 − 𝑐)2 (

1 − (𝑢2 /𝑛2 ) 𝜌𝑏

Define 𝜇 = 𝑢/𝑛.
We get

̂2 is
The variance of estimator 𝜋

= 𝑎2 (

𝑢/𝑛 − (𝑢2 /𝑛2 ) 𝜌𝑏2

(8)

𝜋1𝑢 ) + 𝑎2 Var (̂
𝜋1𝑚 ) + 𝑐2 Var (̂
𝜋2𝑢 )
Var (̂
𝜋2 ) = 𝑎2 Var (̂

(14)

(21)

̂2 is
and the variance of estimator 𝜋
(11)
Varmin (𝑃̂2 ) = [

1 − 𝜇𝜌𝑏2 𝑆22
] .
1 − 𝜇2 𝜌𝑏2 𝑛

(22)
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Remark 2. In practice, the 𝜌𝑏 and 𝑆ℎ2 are unknown. The
estimator of 𝜌𝑏 is
𝜌̂𝑏 =

̂2𝑚 ) (𝜋1,𝑘 − 𝜋
̂1𝑚 )
∑𝑚
𝑘=1 (𝜋2,𝑘 − 𝜋

.

(23)

(ℎ = 1, 2) .

(24)

2
2
√∑𝑚
̂2𝑚 ) ∑𝑚
̂1𝑚 )
𝑘=1 (𝜋2,𝑘 − 𝜋
𝑘=1 (𝜋1,𝑘 − 𝜋

And the estimator of 𝑆ℎ2 is
𝑠ℎ2 =

1 𝑚
2
̂ℎ𝑚 ) ,
∑ (𝜋 − 𝜋
𝑚 − 1 𝑖=1 ℎ,𝑖

Theorem 3. Under the Simmons model in partial clusters
rotation, one has the optimum rotation rate as
−1

𝜇 = [1 + √1 − 𝜌𝑏 2 ] .

(25)

̂2 is
And the optimum variance of estimator 𝜋
𝑆22
(26)
.
2𝑛
Practically, the costs of sample survey usually represent the
following simple function, according to Cochran [24]:
Varmin(opt) (̂
𝜋2 ) = [1 + √1 − 𝜌𝑏2 ]

𝐶𝑇 = 𝑐0 + 𝑐1 𝑚 + 𝑐2 𝑢,

(27)

where 𝐶𝑇 is the total cost of sampling, 𝑐0 is the fundamental cost
of the survey, 𝑐1 is the average fundamental cost of investigating
one retained cluster on the second occasion, and 𝑐2 is the
average fundamental cost of investigating one fresh cluster on
the second occasion.

4. Applications
4.1. Survey Design. The survey is about premarital sexual
behavior among students in Dushu Lake Campus of Soochow
University. We regard every class as a cluster of 45 persons per
class on average. In the first occasion (2011), 12 classes were
drawn from all the classes randomly. All the persons in the
selected 12 classes are surveyed by Simmons model for
sensitive questions. In the second occasion (2013), 8 of the 12
classes selected on the first occasion are retained at random
and the remaining 4 classes are replaced by a fresh selection.
Then all the persons in the selected classes that consist of 8
retained classes and 4 fresh classes are surveyed by Simmons
model for sensitive questions.
In our design, each person was asked to draw a ball at
random with replacement from a bag containing 6 red balls
and 4 white balls with known probability (the proportion of
red balls was 0.6). If a red ball was selected by the respondent,
then he or she would be asked the sensitive question A, where
A is “are you a member of the group having premarital sexual
behavior.” If a white ball was selected, he or she would answer
the nonsensitive question B, where B is “is your student number odd or not.” The respondent reports “yes” if his/her actual
status matches with the selected question and “no” otherwise.
All the questionnaires of two occasions had been checked
to ensure that they are completed independently and no
questions were omitted. The recovery rate of the survey was
100% with no failure questionnaire. All data was processed
and analyzed by Excel 2003 and SAS 9.13.

Theorem 4. Under the given cost of sample survey 𝐶𝑇 , one has
𝜋2 ) =
Varopt (̂

(𝑐1 √1 − 𝜌𝑏2 + 𝑐2 ) 𝑆22
2 (𝐶𝑇 − 𝑐0 )

4.2. Results
.

(28)

And the estimation of sample size in partial clusters rotation is


𝑛 =

𝑀 (𝐶𝑇 − 𝑐0 ) (1 + √1 − 𝜌𝑏2 )
𝑐1 √1 − 𝜌𝑏2 + 𝑐2

,

(29)

where
𝑆22 =

1 𝑁
2
∑ (𝜋 − 𝜋2 ) .
𝑁 − 1 𝑖=1 2,𝑖

(30)

3.2. The Estimator of 𝜋ℎ,𝑖 . Let 𝑅ℎ,𝑖 be the proportion of the
selected 𝑖th cluster (including 𝑀𝑖 units) with the nonsensitive
characteristic under study on the ℎth occasion; 𝜆 ℎ,𝑖 and 𝑚ℎ,𝑖
denote the number and the proportion of “yes” answers in
̂ = 𝑚 /𝑀 , ℎ = 1, 2,
the 𝑖th cluster, respectively, where 𝜆
ℎ,𝑖
ℎ,𝑖
𝑖
(𝑖 = 1, 2, . . . , 𝑛).
From the total probability formulas (see [25]), we can get
𝜋ℎ,𝑖 =

𝜆 ℎ,𝑖 − (1 − 𝑃) 𝑅ℎ,𝑖
,
𝑃

ℎ = 1, 2,

4.2.1. Result of the Survey. In our design, each person was
asked to draw a ball at random with replacement from a bag
containing 6 red balls and 4 white balls with known probability (the proportion of red balls was 0.6). If a red ball was
selected by the respondent, then he or she would be asked the
sensitive question A, where A is “are you a member of the
group having premarital sexual behavior.” If a white ball was
selected, he or she would answer the nonsensitive question B,
where B is “is your student number odd or not.” The respondent reports “yes” if his/her actual status matches with the
selected question and “no” otherwise. According to (31), we
get the sample proportion of the undergraduate students who
have premarital sexual behavior 𝜋ℎ,𝑖 , ℎ = 1, 2, as is shown in
Table 1.
4.2.2. The Estimator of the Population Proportion on the
Second Occasion and Its Variance. By (1), the estimator of
the population proportion with premarital sexual behavior
̂1 = 0.142933.
on the first occasion is as follows: 𝜋
According to (24), (2), and (3), we have

(31)
𝑠12 = 0.005853,

𝑖 = 1, 2, . . . , 𝑛.

Hence
𝑎ℎ,𝑖 = 𝑀𝑖 𝜋ℎ,𝑖 ,

ℎ = 1, 2, 𝑖 = 1, 2, . . . , 𝑛.

(32)

respectively.

̂1𝑚 = 0.1458,
𝜋

̂1𝑢 = 0.1372,
𝜋

(33)
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Table 1: The proportion of every class with premarital sexual
behavior in first and second occasions.
𝜋1,𝑖
0.2624
0.1631
0.2101
0.2063
0.1556
0.2390
0.1783
0.1970
0.0123
0.0476
0.0455
0.1185

Class number
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

𝜋2,𝑖
0.2348
0.1945
0.2264
0.1986

a word, the designed sampling method and corresponding
formulas have important theory and application value to
achieve the sensitive questions continuous survey.

6. Proofs of Theorems
Proof of Theorem 1. Using the optimum values of 𝑎 and 𝑐
̂2 reduces to (21).
given by (16) and (19), estimator 𝜋
By (9), (16), and (19), we have
1 − 𝜇𝜌𝑏 2 𝑆22
] .
Varmin (𝑃̂2 ) = [
1 − 𝜇2 𝜌𝑏 2 𝑛

0.1550
0.0114
0.0738
0.1187
0.2035
0.1587
0.1926
0.1583

(37)

Proof of Theorem 3. The optimum value of 𝜇 is given by
further minimizing (22) with respect to 𝜇,
𝜋2 )
𝜕Varmin (̂
= 0.
𝜕𝜇

(38)

So
−1

According to the results of investigation premarital sexual
behavior among students in Dushu Lake Campus of Soochow
University on the second occasion, from formulae (4) and (5),
̂2𝑚 = 0.1562,
𝜋

̂2𝑢 = 0.1783.
𝜋

(34)

By (23) and (24), we obtain 𝑆22 = 0.004262 and 𝜌̂𝑏 = 0.936,
respectively.
From formula (25), 𝜇 = 0.7985; then according to
formula (21), we get
̂2 = 0.2912 (0.1372 − 0.1458) + 0.5453 × 0.1783
𝜋
+ (1 − 0.5453) × 0.1562 = 0.1657.

(35)

(39)

Substituting (39) in (22), we have the optimum variance of
̂2 as
estimator 𝜋
𝑆22
.
2𝑛

Varmin(opt) (̂
𝜋2 ) = [1 + √1 − 𝜌𝑏2 ]

(40)

Proof of Theorem 4. ByTheorem 3,
−1

𝜇 = [1 + √1 − 𝜌𝑏2 ] ,

𝜇=

𝑢
, 𝑢 = 𝑛 − 𝑚.
𝑛

(41)

Substituting (41) in (27), we obtain

𝜋2 ) = 0.00024. Hence, standard
Using (22), we get Varmin(opt) (̂
deviation is as follows:
√Varmin(opt) (̂
𝜋2 ) = 0.01549.

𝜇 = [1 + √1 − 𝜌𝑏2 ] .

𝑛=

(36)

So, 95% confidence interval of the population proportion
with the premarital sexual is [0.1353, 0.1961].

5. Discussion and Conclusion
To sum up, in this study, we proposed a new sampling method
to solve the question of sensitive questions surveys repeated
over time, which is the first attempt made by the authors
in this direction. Then the corresponding formulas for the
estimator of the population proportion with sensitive characteristic and its variance for the proposed sampling method are
provided. In addition, formulas for the optimal rotation rate
and sample size under the given cost of sample survey are
given.
The aforementioned method and corresponding formulas
were successfully designed and applied in the premarital sex
survey in Dushu Lake Campus of Soochow University. In

(𝐶𝑇 − 𝑐0 ) (1 + √1 − 𝜌𝑏2 )
𝑐1 √1 − 𝜌𝑏2 + 𝑐2

.

(42)

Suppose the average cluster consists of 𝑀 units; then
𝑛 =

𝑀 (𝐶𝑇 − 𝑐0 ) (1 + √1 − 𝜌𝑏2 )

.

(43)

(𝑐1 √1 − 𝜌𝑏2 + 𝑐2 ) 𝑆22

(44)

𝑐1 √1 − 𝜌𝑏2 + 𝑐2

Substituting (42) in (26), we have
𝜋2 ) =
Varopt (̂

2 (𝐶𝑇 − 𝑐0 )

.
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A novel method for finger vein pattern extraction from infrared images is presented. This method involves four steps: preprocessing
which performs local normalization of the image intensity, image enhancement, image segmentation, and finally postprocessing
for image cleaning. In the image enhancement step, an image which will be both smooth and similar to the original is sought.
The enhanced image is obtained by minimizing the objective function of a modified separable Mumford Shah Model. Since, this
minimization procedure is computationally intensive for large images, a local application of the Mumford Shah Model in small
window neighborhoods is proposed. The finger veins are located in concave nonsmooth regions and, so, in order to distinct them
from the other tissue parts, all the differences between the smooth neighborhoods, obtained by the local application of the model,
and the corresponding windows of the original image are added. After that, veins in the enhanced image have been sufficiently
emphasized. Thus, after image enhancement, an accurate segmentation can be obtained readily by a local entropy thresholding
method. Finally, the resulted binary image may suffer from some misclassifications and, so, a postprocessing step is performed in
order to extract a robust finger vein pattern.

1. Introduction
The problem of finger vein extraction from infrared images
arises mainly for biometrics purposes but it is also very
important for the biomedical research community.
The general structure of a biometric system based on
finger veins consists of five main stages: (1) acquisition of
the infrared images exploiting the absorption of light in near
infrared and infrared wavelengths by the different human tissues, (2) preprocessing of the acquired images which includes
ROI (region of interest) extraction, image intensity normalization (in this type of images intensity is usually uneven
due to the image acquisition system and may suffer from
shading artefacts), and noise reduction, (3) segmentation or
classification stage in which the preprocessed image divided
into two (or more depending on the application) regions associated with veins and surrounding tissues, (4) postprocessing
of the binary images which delivers the final segmentation

result, free of outliers and misclassifications, and finally (5)
matching of the extracted veins in order to perform the
desired person identification/verification procedure. Matching procedure can be applied either directly in the extracted
finger vein patterns or in their skeletons, depending on the
matching algorithm that has to be used. This general structure
described so far involves all the stages that may have such
a system but it is worth mentioning that these stages are
independent and some of them can be skipped in some
applications depending on its specific requirements.
Related Work. Several methods which adopt this general
architecture have already been presented starting from the
pioneering work of Park et al. [1]. In this important research
work, an application specific processor for vein pattern
extraction and its application to a biometric identification
system is proposed. The conventional vein pattern recognition algorithm [1–3] consists of a preprocessing part, applying
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sequentially an iterative Gaussian low pass, a high pass, and
a modified median filter, a recognition part which includes
the extraction of the binary veins via local thresholding, and
finally the matching between the individual patterns.
An improved vein pattern extraction algorithm is proposed in [4], which compensates the loss of vein patterns
in the edge area, gives more enhanced and stabilized vein
pattern information, and shows better performance than the
existing algorithms. Also, the problem arising from the iterative nature of filtering preprocess is solved by designing a filter
that is processed only once, increasing significantly the recognition speed and reducing the hardware complexity. The proposed algorithm is implemented with an FPGA device and
the false acceptance rate is five times better than the existing
algorithm and the recognition speed is measured to be
100 (ms/person).
The problem with conventional hand vascular technology
mentioned above is that the vascular pattern is extracted
without taking into account its direction. So, there is a loss
of vascular connectivity which leads to a degradation of the
performance of the verification procedure. An attempt to
improve this problem can be found in [5], where a direction
based vascular pattern extraction algorithm based on the
directional information of vascular patterns is presented for
biometric applications. It applies two different filters: row
vascular pattern extraction filter for abscissa vascular pattern
extraction and column vascular pattern extraction filter for
effective extraction of the ordinate vascular patterns. The
combined output of both filters produces the final hand vascular patterns. Unlike the conventional hand vascular pattern
extraction algorithm, the directional extraction approach
prevents loss of the vascular pattern connectivity.
Although the above algorithm considers the directionality of veins, it also assumes that the veins oriented in only
two principal directions. In [6, 7] a method for personal
identification based on finger vein patterns is presented and
evaluated using line tracking starting from various positions.
This method allows vein patterns to have an arbitrary direction. Local dark lines are identified and line tracking is executed by moving along the lines pixel by pixel. When a
dark line is not detectable, a new tracking operation starts at
another position. This procedure executes repeatedly, so the
dark lines that tracked multiple times are classified as veins.
Typically, the infrared images of finger veins are low contrast images, due to the light scattering effect. An algorithm
for finger vein pattern extraction in infrared images is proposed in [8]. This algorithm embeds all the above issues and
proposes novel preprocessing and postprocessing algorithms.
Initially, the image is enhanced and the fingerprint lines
are removed using 2D discrete wavelet filtering. Kernel
filtering produces multiple images by rotating the kernel in
six different directions, focus on the expected directions of
the vein patterns. The maximum of all images is transformed
into a binary image. Further improvement is achieved by
a two-level morphological process; that is, a majority filter
smoothes the contours and removes some of the misclassified
isolated pixels, and a reconstruction procedure removes the
remaining misclassified regions. The final image is segmented
into two regions, the vein and the tissue.
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In [9] new issues are considered and a certification system
that compares vein images for low cost, high speed, and
high precision certification is proposed. The equipment for
authentication consists of a near infrared light source and a
monochrome CCD to produce contrast enhanced images of
the subcutaneous veins. The phase correlation and template
matching methods are used for classification. Several noise
reduction filters, sharpness filters, and histogram manipulations tested for the best effort. As a result, a high certification
ratio in this system obtained.
In [10], the theoretical foundation and difficulties of hand
vein recognition are introduced at first. Then, the optimum
threshold of the segmentation process and the vein lines thinning problem of infrared hand images are deeply studied,
followed by the presentation of a novel estimator for the segmentation threshold and an improved conditional thinning
method. The method of hand vein image feature extraction
based on end points and crossing points is studied initially,
and the matching method based on a distance measure is used
to match vein images. The matching experiments indicated
that this method is efficient in terms of biometric verification.
An efficient automatic method for robust segmentation
of finger vessel network and vein pattern extraction from
infrared images acquired by a low-cost monochrome or multichannel camera is proposed in [11]. After brightness normalization, the fingerprint lines are eliminated using the 2D
dimensional discrete wavelet transformation. A set of twelve
directional kernels is constructed, based on a dyadic wavelet
transform, for each scale, and is used to enhance the directional properties of veins. From maximum filters’ response
along scale and direction, a neighbourhood thresholding
derives a binary segmented image to produce reliable patterns
of finger veins. A postprocessing module is used in case where
low quality images are to be segmented. Preliminary evaluation experiments of the proposed method demonstrate a
number of advantages, compared to recently published methods.
In the narrow bandwidth of the near infrared spectrum,
the light is propagated through human tissue with low
absorption rates, but strong scattering effects produce extremely low contrast images. In [12], an algorithm for finger vein
segmentation and centerlines extraction in infrared images
is presented. Finger veins are detected in pixels with positive
divergence of the gradient vector field, while centerlines are
extracted in pixels with positive divergence of the normalized
gradient vector field estimated at various orientations. The
segmentation algorithm has been evaluated on both artificial
and real finger infrared images and high segmentation rates
are achieved in terms of sensitivity, specificity, and accuracy
using manual annotation data obtained by human observers.
A new algorithm for vein matching based on log-polar
transform to address problems that occur with the changing
of finger position and from differences between imaging
devices for current vein matching algorithms is discussed
in [13]. The new algorithm first extracts the feature area,
which contains enough characteristics for image matching,
depending on the structure of the finger vein ridge alignment.
It then calculates the degree of similarity between the logpolar transform results of the model image feature areas and
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the sample image and finally analyzes the result by the degree
of similarity and the relationship of relative positions between
feature areas. Experiments show that the algorithm is robust
for rotating and zooming images of the finger vein.
In [14], four principles (caliber uniformity, node replication, loop splitting, and virtual connection) are proposed,
first to simplify the finger vein structure as a binary tree
structure. Then a modified binary tree model is proposed
based on the binary tree structure. The new model uses the
binary tree to describe the relationships between different
vein branches and uses a B-spline function to describe the
spatial structure of vein branches. Experiments show that this
model can quantitatively describe the relationships between,
and the spatial structure of, vein branches with little representation error and low storage space requirements.
The method proposed in [15] is rooted in a local binary
pattern based method and then inclined to use the best bits
only for matching. After presenting the concept of PBBM and
the generating algorithm, authors propose the finger vein recognition framework, which consists of preprocessing, feature
extraction, and matching. Experimental results show that
PBBM achieves not only better performance but also high
robustness and reliability. In addition, PBBM can be used as
a general framework for binary pattern based recognition.
In [16], a new and robust approach for finger vein ROI
localization is introduced, and then a new scheme for effectively improving the visibility of finger vein imageries is proposed. Extensive experiments are conducted to validate this
method.
A new method of personal identification based on finger
vein recognition is presented in [17]. First, a stable region
representing finger vein network is cropped from the image
plane of an imaging sensor. A bank of Gabor filters is then
used to exploit the finger vein characteristics at different
orientations and scales. Based on the filtered image, both local
and global finger vein features are extracted to construct a
finger vein code (FVCode). Finally, finger vein recognition
is implemented using the cosine similarity measure classifier,
and a fusion scheme in decision level is adopted to improve
the reliability of identification. Experimental results show
that this method exhibit an exciting performance in personal
identification.
Finally in [18], a finger vein system using the mean curvature that can be used for personal verification is proposed.
As a robust extraction method, authors propose the mean
curvature method, which views the vein image as a geometric
shape and finds the valley-like structures with negative
mean curvatures. When the matched pixel ratio is used in
matching vein patterns, experimental results show that, while
maintaining low complexity, the proposed method achieves
0.25% equal error rate, which is significantly lower than what
existing methods can achieve.
However, the finger vein technology, as mentioned above,
has also important applications in biomedical field. An initial
work for localizing surface veins via near infrared (NIR)
imaging and structured light ranging is presented in [19].
The eventual goal of the system is to serve as the guidance
for a fully automatic (i.e., robotic) catheterization device. The
proposed system is based upon near infrared (NIR) imaging,
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which has previously been shown effective in enhancing the
visibility of surface veins. The vein regions in the 2D NIR
images located using standard image processing techniques.
An NIR line generating LED module is used for to implement
structured light ranging and construct a 3D topographic map
of the arm surface. The located veins are mapped to the arm
surface to provide a camera registered representation of the
arm and veins.
Also in [20, 21], a vein contrast enhancer (VCE) has
been constructed to make vein access easier by capturing an
infrared image of veins, enhancing the contrast using software, and projecting the vein image back onto the skin. The
VCE also uses software to align the projected image with the
original vein and with accuracy of 0.06 mm. Clinical evaluation of earlier monitor based vein enhancement test systems
has demonstrated the clinical utility of the infrared imaging
technology used in the VCE.
Although these methods achieve segmenting the infrared
images, the finger vein pattern extraction task is still challenging mainly due to the fact that infrared images suffer from
strong noise presence, uneven illumination, and shading, factors that complicate the application of automatic image segmentation techniques. Thus, another way to segment this
kind of images is to assume that veins located in thin and
concave regions (a reasonable assumption obtained by a
careful inspection of the image intensity across the image)
of infrared images based on this concept to extract them by
optimizing a mathematical model. This can be done by using
the Mumford Shah Model which has well-known capabilities
in the image processing applications such as image segmentation, restoration, and image inpainting [22, 23]. Thus, in
this paper, an analytical solution to a modified Mumford
Shah Model minimization problem is derived and a local
application of its results, in order to perform fast and accurate
finger vein extraction, is proposed.
The remainder of this paper is organized as follows. In
Section 2 the experimental device and the image acquisition
procedure is presented. In Section 3, a detailed presentation
of the finger vein pattern extraction method is given. The
experimental results and discussion are included in Section 4.
Finally, the most significant conclusions and some directions
for future work are presented in the last section of this paper.

2. Image Acquisition
A typical hardware used to acquire infrared images consists
of a finger probe, an array of infrared leds with adjustable
illumination, and a video camera focus on frame, as shown
in Figure 1. The finger ROI was placed inside the probe,
between the open frame and the array of infrared leds light
source which consists of a number of leds with adjustable
illumination. The finger probe eliminates the influence of the
external light sources.
The acquired image is produced as a result of several
physical phenomena that happen during light propagation
through human tissue, that is, absorption, diffusion, and
scattering [24]. The great number of substances contained in
the human body, the blood dynamics, and the mass transfer
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This effect usually influences the performance of automatic
image processing methods applied in order to extract the
finger vein pattern. Thus, ROI extraction is used in order to
localize the finger region and to isolate the shading artifacts.
In this paper, the method proposed in [25] is adopted for
ROI extraction. This method is based on the cutoff of regions
with shading taking care about the different dimensions of the
fingers among each person. Two masks, one for 𝑥 and one for
𝑦 direction, are used to isolate the boundary and localize the
effective finger region. A typical ROI extracted by the method
proposed in [25] is shown in Figure 4.

−

Figure 1: A typical low-cost device used for digital image acquisition
of finger infrared images.

3.1.2. Brightness Normalization Based on Local Statistical Measures. In general, even in case where led’s intensity is adjusted
to satisfy several statistical properties, in few areas of the
acquired image unsatisfactory illumination or strong noise
distortions are met. Therefore an image normalization procedure is applied to restore partially the desirable characteristics.
The proposed local normalization procedure unifies the
local mean and variance of the ROI, especially useful technique for correcting nonuniform illumination or shading
artifacts, using a linear transformation scheme applied on
pixels’ brightness,
𝑢0 (𝑥, 𝑦) =

Figure 2: Original image.

phenomena complicates significantly the light transformation effects. Therefore, the solution of the inverse problem,
that is, the derivation of the arterial network from the image
data, becomes unrealistic. A totally different and popular
approach, adopted also in the proposed method, uses several
image enhancements, feature extraction, and path reconstruction methods to derive the vein network, based on the
fact that substance haemoglobin presents strong absorption
in the infrared wavelengths, and therefore the veins appear in
the image darker than the other human tissues (Figure 2).

3. Detection of Vein Network
In Figure 3, a flowchart of the proposed vein extraction
method is given.
3.1. Image Preprocessing
3.1.1. ROI Extraction. From the original image (Figure 2) a
region of interest (ROI) is defined based on several statistical
properties of the histogram; that is, very low or very high
brightness areas are excluded from the ROI. In the designed
hardware each infrared led has adjustable intensity, giving
excellent image quality, minimizing also the variance of the
automatic exposure times of the image acquisition system.
The acquired image suffers from shading and nonuniform
illumination both in left side and in right side of the image.

𝑟 (𝑥, 𝑦) − 𝑚𝑟 (𝑥, 𝑦)
,
𝜎𝑟 (𝑥, 𝑦)

(1)

where 𝑟(𝑥, 𝑦) is the brightness of the original ROI image at
pixel (𝑥, 𝑦), 𝑚𝑟 (𝑥, 𝑦) is the brightness local mean, 𝜎𝑟 (𝑥, 𝑦)
is the corresponding local standard deviation, and 𝑢0 (𝑥, 𝑦)
is the normalized image. The estimation of local mean
and standard deviation is performed inside small window
neighborhoods by averaging pixel intensities, a process also
known as spatial smoothing.
3.2. Minimization of the Mumford Shah Model. The human
veins in finger are significantly thinner than the darker
structures observed in typical infrared images, as shown
in Figure 2. Multiple scattering of the propagated photons
reduces significantly the contrast, eliminates the tiny veins,
and increases the transition regions between the vein and the
surrounding tissue. The “fog” effect hides the vein structures
in concave regions of the ROI. This assumption could be verified by observing the cross section profile of the veins which
is Gaussian-like, as claimed in [26]. The aim of the proposed
system is to focus on the concave regions enhancement, based
on several connectivity properties in order to simply separate
them from the rest tissue by a local entropy thresholding
technique.
The concave regions are regions in the image domain
where the second order derivative is positive. Direct estimation of the derivatives in digital images is an ill-posed problem due to noise presence and the variations in illumination.
Instead of seeking regions which have positive second order
derivatives, the minimization of an objective function similar
to the objective function of the Mumford Shah Model [27]
is proposed. The objective of the Mumford Shah Model is
to estimate a smooth function 𝑢 such that it is similar to
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Figure 3: Flowchart of the proposed vein detection method.

the original image 𝑢0 . The equivalent mathematical expression leads to the minimization problem of the following
objective function:

2
𝐽 (𝑢) = ∫ |∇𝑢|2 𝑑𝑥 + 𝜆 ∫ 𝑢 − 𝑢0  𝑑𝑥,
Ω
Ω

(2)

where Ω is the image domain and 𝜆 is a user defined parameter. The minimization of this function is computationally

intensive and can be performed by the method proposed by
Chan and Shen [22]. This method belongs to the category
of segmentation methods which use partial differential equations (PDE) and it is iterative. Instead of deriving the global
minimum of (2), in this paper a close form solution of a
discrete objective function (3) similar to the objective function of the Mumford Shah Model is proposed by processing
small rectangular areas. The proposed solution accelerates
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The minimum of this objective function (6) regarding 𝑢(⋅, ⋅)
can be derived in a close form by differentiating the second
order, positively defined function:
𝜕𝐽 (𝑢) 1 𝑁−1 𝑁−1 𝜕
2
= ⋅ ∑ ∑
[(𝑢 (𝑥 + 1, 𝑦) − 𝑢 (𝑥, 𝑦))
𝜕𝑢
2 𝑥=1 𝑥=1 𝜕𝑢
2

+ (𝑢 (𝑥, 𝑦 + 1) − 𝑢 (𝑥, 𝑦)) ]
+

𝜆 𝑁−1 𝑁−1 𝜕
2
⋅ ∑ ∑
[𝑢 (𝑥, 𝑦) − 𝑢0 (𝑥, 𝑦)] = 0
2 𝑥=1 𝑥=1 𝜕𝑢

(7)

⇒ (𝜆 + 4) ⋅ 𝑢 (𝑥, 𝑦) − 𝑢 (𝑥 + 1, 𝑦)
− 𝑢 (𝑥, 𝑦 + 1) − 𝑢 (𝑥, 𝑦 − 1) − 𝑢 (𝑥 − 1, 𝑦)
= 𝜆 ⋅ 𝑢0 (𝑥, 𝑦) ,

Figure 4: Region of interest extraction (ROI).

significantly the processing time and outperforms the classical approach [22]. As a result, fast and accurate extraction
of the finger veins is obtained.
Assuming, without loss of generality, that the original
image has 𝑁 rows and 𝑁 columns (however the image can
have different dimensions along the two axes), the function
𝐽(𝑢) in the discrete space is defined as follows:
𝜆 𝑁 𝑁
1 𝑁 𝑁
2
𝐽 (𝑢) = ⋅ ∑ ∑ |∇𝑢|2 + ⋅ ∑ ∑ 𝑢 − 𝑢0  ,
2 𝑖=1 𝑗=1
2 𝑖=1 𝑗=1

(3)

where ∇𝑢 is the gradient of the image 𝑢(⋅, ⋅) and can be written
as
|∇𝑢|2 = (

𝜕𝑢 2
𝜕𝑢 2
) +( ) .
𝜕𝑥
𝜕𝑦

(4)

If the partial derivatives in (4) are approximated using local
differences,
𝜕𝑢
= 𝑢 (𝑥 + 1, 𝑦) − 𝑢 (𝑥, 𝑦) ,
𝜕𝑥

(5)

𝜕𝑢
= 𝑢 (𝑥, 𝑦 + 1) − 𝑢 (𝑥, 𝑦) ,
𝜕𝑦

and (4) is substituted in (3) the following formula is obtained:
𝐽 (𝑢) =

1 𝑁−1 𝑁−1
2
⋅ ∑ ∑ [(𝑢 (𝑥 + 1, 𝑦) − 𝑢 (𝑥, 𝑦))
2 𝑥=1 𝑦=1
2

+ (𝑢 (𝑥, 𝑦 + 1) − 𝑢 (𝑥, 𝑦)) ]
+

𝜆 𝑁−1 𝑁−1
2
⋅ ∑ ∑ [𝑢 (𝑥, 𝑦) − 𝑢0 (𝑥, 𝑦)] .
2 𝑥=1 𝑦=1

(6)

∀𝑥, 𝑦 ∈ [1, 𝑁 − 1] .

As it can easily be observed, (7) is applied for pixels ∀(𝑥, 𝑦) ∈
[1, 𝑁 − 1] in order to avoid the boundary treatment problem
for the finite difference scheme. Thus, the necessary image
points are available for this type of approximation scheme.
Obviously, this approach has a truncation error but, as proved
experimentally, it has negligible impact in the performance of
the proposed method.
Equation (7) can be rewritten in matrix form as
𝜆 + 4 −1
0
[
[ −1 𝜆 + 4 −1
[
[
[ 0
−1 𝜆 + 4
[
[ 0
0
−1
[
[
[ −1
⋅
⋅
[
[
[ ⋅
−1
⋅
[
0
−1
[ 0

0 ⋅ −1

⋅

0

−1

0

]
]
]
]
−1 ]
−1 ⋅ ⋅
⋅
]
⋅ ]
⋅ ⋅ ⋅
⋅
]
]
0 ]
⋅ ⋅ ⋅
−1
]
]
⋅ ⋅ −1 𝜆 + 4 −1 ]
]
0 ⋅ 0 −1 𝜆 + 4 ]
0 ⋅

⋅

𝑢 (1, 1)
𝑢0 (1, 1)
]
[
]
[
[ 𝑢 (1, 2) ]
[ 𝑢0 (1, 2) ]
]
[
]
[
]
[
]
[
⋅
⋅
]
[
]
[
]
[
]
[
[ 𝑢 (1, 𝑁) ]
[ 𝑢 (1, 𝑁) ]
]
[
]
[ 0
]
[
]
[
[ 𝑢 (2, 1) ]
[ 𝑢 (2, 1) ]
]
[
]
[ 0
]
[
]
[
[ 𝑢 (2, 2) ]
[ 𝑢0 (2, 2) ]
]
[
]
[
⋅[
],
]=𝜆⋅[
]
[
]
[
⋅
⋅
]
[
]
[
]
[
]
[
[ 𝑢 (2, 𝑁) ]
[ 𝑢0 (2, 𝑁) ]
]
[
]
[
]
[
]
[
⋅
⋅
]
[
]
[
]
[
]
[
[ 𝑢 (𝑁, 1) ]
[ 𝑢 (𝑁, 1) ]
]
[
]
[ 0
]
[
]
[
]
[
]
[
⋅
⋅
]
[
]
[
[𝑢 (𝑁, 𝑁)]
[𝑢0 (𝑁, 𝑁)]

(8)

which is in the form 𝐴 ⋅ 𝑥 = 𝜆 ⋅ 𝑏. 𝐴 is a sparse Hermitian
matrix that depends only on parameter 𝜆 coefficients and size
(𝑁2 × 𝑁2 ), 𝑥 is the vector of unknown image 𝑢(⋅, ⋅) (𝑁2 × 1),
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and 𝑏 is the vector of the original image 𝑢0 (⋅, ⋅) (𝑁2 × 1). If the
matrix 𝐴 is invertible, the brightness of the unknown image
is derived from the solution of the system of linear equations:

⇒ (𝜆 + 2) ⋅ 𝑢 (𝑥, 𝑦) − 𝑢 (𝑥 + 1, 𝑦) − 𝑢 (𝑥 − 1, 𝑦)

𝑥 = 𝐴−1 ⋅ (𝜆 ⋅ 𝑏) .

𝜕𝐽 (𝑢) 1 𝑁−1 𝑁−1 𝜕
2
= ⋅∑ ∑
[(𝑢 (𝑥, 𝑦 + 1) − 𝑢 (𝑥, 𝑦)) ]
𝜕𝑢
2 𝑥=1 𝑥=1 𝜕𝑢

(9)

The matrix is invertible if the determinant is nonzero (see
Appendix—Lemmas A.1 and A.2 and Theorem A.3).
3.3. Modified Mumford Shah Model. From the above analysis,
a sparse Hermitian matrix 𝐴 has been arisen. This matrix, as
it is evident from (8), has the value 𝜆+4 in its central diagonal,
the value −1 in the next up and down diagonal, and the value
−1 𝑁 positions before and after the central diagonal. Thus,
it is a block tridiagonal matrix which can be inverted using
an iterative algorithm such as one presented in [28]. Instead
of using this computationally exhaustive algorithm, the fact
that the above form of matrix 𝐴 can be obtained from two
independent minimizations is exploited: one for the second
order partial derivative in the 𝑥-axis and one for the second
directional derivative in the 𝑦-axis. Thus, the following two
objective functions have to be minimized with respect to
𝑢(⋅, ⋅):
1 𝑁 𝑁 𝜕𝑢 2 𝜆 𝑁 𝑁 
2
𝐽 (𝑢) = ⋅ ∑ ∑ ( ) + ⋅ ∑ ∑ 𝑢 − 𝑢0  ,
2 𝑖=1 𝑗=1 𝜕𝑥
2 𝑖=1 𝑗=1
𝐽 (𝑢) =

1 𝑁 𝑁 𝜕𝑢 2 𝜆 𝑁 𝑁 
2
⋅ ∑ ∑ ( ) + ⋅ ∑ ∑ 𝑢 − 𝑢0  .
2 𝑖=1 𝑗=1 𝜕𝑦
2 𝑖=1 𝑗=1

(10)

These minimization problems (10) led to the following set of
equations:
𝐽 (𝑢) =

𝑁−1 𝑁−1

1
2
⋅ ∑ ∑ [(𝑢 (𝑥 + 1, 𝑦) − 𝑢 (𝑥, 𝑦)) ]
2 𝑥=1 𝑦=1
+

𝜆 𝑁−1 𝑁−1
2
⋅ ∑ ∑ [𝑢 (𝑥, 𝑦) − 𝑢0 (𝑥, 𝑦)] ,
2 𝑥=1 𝑦=1

1 𝑁−1 𝑁−1
2
𝐽 (𝑢) = ⋅ ∑ ∑ [(𝑢 (𝑥, 𝑦 + 1) − 𝑢 (𝑥, 𝑦)) ]
2 𝑥=1 𝑦=1
+

(11)

𝜆 𝑁−1 𝑁−1
2
⋅ ∑ ∑ [𝑢 (𝑥, 𝑦) − 𝑢0 (𝑥, 𝑦)] .
2 𝑥=1 𝑦=1

By differentiating above two equations the following formulas
are obtained:
𝜕𝐽 (𝑢) 1 𝑁−1 𝑁−1 𝜕
2
= ⋅ ∑ ∑
[(𝑢 (𝑥 + 1, 𝑦) − 𝑢 (𝑥, 𝑦)) ]
𝜕𝑢
2 𝑥=1 𝑥=1 𝜕𝑢
+

𝜆 𝑁−1 𝑁−1 𝜕
2
⋅ ∑ ∑
[𝑢 (𝑥, 𝑦) − 𝑢0 (𝑥, 𝑦)] = 0
2 𝑥=1 𝑥=1 𝜕𝑢

= 𝜆 ⋅ 𝑢0 (𝑥, 𝑦) ,

∀𝑥, 𝑦 ∈ [1, 𝑁 − 1] ,
(12)

+

𝜆 𝑁−1 𝑁−1 𝜕
2
⋅ ∑ ∑
[𝑢 (𝑥, 𝑦) − 𝑢0 (𝑥, 𝑦)] = 0 (13)
2 𝑥=1 𝑥=1 𝜕𝑢

⇒ (𝜆 + 2) ⋅ 𝑢 (𝑥, 𝑦) − 𝑢 (𝑥, 𝑦 + 1) − 𝑢 (𝑥, 𝑦 − 1)
= 𝜆 ⋅ 𝑢0 (𝑥, 𝑦) ,

∀𝑥, 𝑦 ∈ [1, 𝑁 − 1] .

Equations (12), (13) can be written in matrix form as

𝜆+2 0
0
[
[ 0 𝜆+2 0
[
[
[ 0
0 𝜆+2
[
[ 0
0
0
[
[
[ −1
⋅
⋅
[
[
[ ⋅
−1
⋅
[
0
−1
[ 0

0 ⋅ −1
0 ⋅
0 ⋅
⋅ ⋅
⋅ ⋅
⋅ ⋅
0 ⋅

⋅

0

−1

0

]
]
]
]
−1 ]
⋅
⋅
]
⋅ ]
⋅
⋅
]
]
0 ]
⋅
0
]
]
0 𝜆+2 0 ]
]
0
0 𝜆+2 ]
⋅

𝑢 (1, 1)
𝑢0 (1, 1)
]
[
]
[
[ 𝑢 (1, 2) ]
[ 𝑢0 (1, 2) ]
]
[
]
[
]
[
]
[
⋅
⋅
]
[
]
[
]
[
]
[
[ 𝑢 (1, 𝑁) ]
[ 𝑢 (1, 𝑁) ]
]
[
]
[ 0
]
[
]
[
[ 𝑢 (2, 1) ]
[ 𝑢 (2, 1) ]
]
[
]
[ 0
]
[
]
[
[ 𝑢 (2, 2) ]
[ 𝑢0 (2, 2) ]
]
[
]
[
⋅[
],
]=𝜆⋅[
]
[
]
[
⋅
⋅
]
[
]
[
]
[
]
[
[ 𝑢 (2, 𝑁) ]
[ 𝑢0 (2, 𝑁) ]
]
[
]
[
]
[
]
[
⋅
⋅
]
[
]
[
]
[
]
[
[ 𝑢 (𝑁, 1) ]
[ 𝑢 (𝑁, 1) ]
]
[
]
[ 0
]
[
]
[
]
[
]
[
⋅
⋅
]
[
]
[
𝑢
𝑁)
𝑢
𝑁)
(𝑁,
(𝑁,
]
[
]
[ 0
𝜆 + 2 −1
0
[
[ −1 𝜆 + 2 −1
[
[
[ 0
−1 𝜆 + 2
[
[ 0
0
−1
[
[
[ ⋅
⋅
⋅
[
[
[ ⋅
⋅
⋅
[
0
⋅
[ 0

(14)

0 ⋅

⋅

⋅

0

0 ⋅

⋅

⋅

0

]
]
]
]
⋅ ]
−1 ⋅ ⋅
⋅
]
⋅ ]
⋅ ⋅ ⋅
⋅
]
]
0 ]
⋅ ⋅ ⋅
−1
]
]
⋅ ⋅ −1 𝜆 + 2 −1 ]
]
0 ⋅ 0 −1 𝜆 + 2 ]
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𝑢 (1, 1)
𝑢0 (1, 1)
[
]
]
[
[ 𝑢 (1, 2) ]
[ 𝑢0 (1, 2) ]
[
]
]
[
[
]
]
[
⋅
⋅
[
]
]
[
[
]
]
[
[ 𝑢 (1, 𝑁) ]
[ 𝑢 (1, 𝑁) ]
[
]
]
[ 0
[
]
]
[
[ 𝑢 (2, 1) ]
[ 𝑢 (2, 1) ]
[
]
]
[ 0
[
]
]
[
[ 𝑢 (2, 2) ]
[ 𝑢0 (2, 2) ]
[
]
]
[
⋅[
].
]=𝜆⋅[
[
]
]
[
⋅
⋅
[
]
]
[
[
]
]
[
[ 𝑢 (2, 𝑁) ]
[ 𝑢0 (2, 𝑁) ]
[
]
]
[
[
]
]
[
⋅
⋅
[
]
]
[
[
]
]
[
[ 𝑢 (𝑁, 1) ]
[ 𝑢 (𝑁, 1) ]
[
]
]
[ 0
[
]
]
[
[
]
]
[
⋅
⋅
[
]
]
[
𝑢
𝑁)
𝑢
𝑁)
(𝑁,
(𝑁,
[
]
]
[ 0

(15)

From (14) and (15) it can be observed that in (14) the matrix
𝐴 has the value 𝜆 + 2 in its central diagonal and the value
−1 𝑁 positions before and after the central diagonal while in
(15) the matrix 𝐴 has the value 𝜆 + 2 in its central diagonal
and the value −1 in the next up and down diagonal. Thus, the
combination of the two matrices can give us the same results
(see Appendix—Statement) as the matrix 𝐴 presented in (8).
By exploiting this fact we can use only the matrix 𝐴 obtained
by (15) instead of using the matrix 𝐴 obtained from (8). The
advantage of this approach is that in this case the inversion
of a symmetric matrix (15) is required which can be obtained
analytically (see Appendix) and without the computationally
exhaustive approaches adopted in [28–34]. In the sequel, (9)
is applied one time for the original image 𝑢0 (⋅, ⋅) and one
for its rotated version by 90 degrees. This is done because
two objective functions (one in the 𝑥 direction and one in
the 𝑦 direction) have to be minimized. The enhanced image
is derived by the addition (after normalization) of the two
independent results (after the rotation of the second image
𝑢(⋅, ⋅) by −90 degrees in order to have a meaningful result):
𝑥(0degrees) = 𝐴−1 ⋅ (𝜆 ⋅ 𝑏(0degrees) ) ,

(16)

𝑥(90degrees) = 𝐴−1 ⋅ (𝜆 ⋅ 𝑏(90degrees) ) ,

(17)

𝑢 = 𝑥(0degrees) + 𝑥(90degrees) ,

(18)

where 𝑏(0degrees) , 𝑏(90degrees) are the original image (rearranged
as vector) and its rotated version (also rearranged as vector)
by 90 degrees, respectively, 𝐴−1 is the inverse of the matrix
presented in (15), and 𝑥(0degrees) , 𝑥(90degrees) are the resulting
smooth image and its rotation by 90 degrees version. Finally,
𝑢 is their sum after the rotation of 𝑥(90degrees) by –90 degrees
in order to have a meaningful result.
The determinant of the matrix 𝐴 must be nonzero in
order to be invertible. This is proved in Lemmas A.1 and A.2
(see Appendix).
In practice, even in the case of small images, that is, 100 ×
100 pixels, the inversion of a sparse matrix 𝐴 of 10000×10000
is required. This is obvious of too high computational cost.
An effective reduction of the matrix 𝐴 dimensionality can be

achieved using subimages, that is, multiple solutions of (13),
using only a small number of neighbor pixels. In this case the
number of linear equations depends on the size of the chosen
window.
From the optimization criterion, the new image 𝑢 is a
smooth image similar to the original 𝑢0 . As a result of the
image transformation method the veins are located in concave nonsmooth regions, so the veins network is enhanced in
the nonsmooth image 𝑢 − 𝑢0 .
In order to obtain the image 𝑢 − 𝑢0 the following process
is applied. Initially a window of size 𝑀𝑥𝑀 is selected and
the corresponding matrix 𝐴 (𝑀2 × 𝑀2 ) and its inverse
invA (𝑀2 × 𝑀2 ) are estimated. Then, the sliding window is
moved along each pixel of the original image and the difference between the pixel values (of the image 𝑢 inside the
window) obtained by (16) or (17) and the pixel values of the
original image 𝑢0 inside the window is computed. In the next
step all these window differences are added and the image
𝑢 − 𝑢0 is obtained by keeping the central 𝑁 × 𝑁 part of the
result (where 𝑁 × 𝑁 is the size of the original image).
The result of this process is the nonsmooth image 𝑢 − 𝑢0 .
In this image the veins located in concave regions and for this
reason a local entropy thresholding technique is applied in
order to segment the nonsmooth image in concave (veins)
and nonconcave (other tissue parts) regions.
This procedure is repeated for two times: one time for the
original image and one for its rotation version by 90 degrees.
The two nonsmooth images are added in order to obtain the
final enhanced image 𝑢 (18).
To conclude, the concept of the proposed method originates from the continuous Mumford Shah Model. However,
in this paper, a modified separable discrete model (11) is
proposed and the transition between continuous and discrete
space is not straightforward. Equation (3) is used only for
indicating the conceptual similarity between the proposed
discrete model and the continuous Mumford Shah Model
because it is deemed that it is not fair to present the proposed
model as an entirely novel model. Thus, the actual minimization is performed in models presented in (6) and (11) for the
modified discrete and the modified separable discrete model,
respectively.
3.4. Local Entropy Thresholding. Among the various existing
methods used to automatically define the threshold for
segmentation, the local entropy thresholding is selected,
which has been successfully used in [35], because pixel
intensities are not independent and this efficient entropy
based thresholding takes into account the spatial distribution
of intensities. It is based on the estimation of the cooccurrence
matrix of the image 𝑢−𝑢0 which is a measure of the transition
of intensities between adjacent pixels. Specifically, a local
entropy thresholding technique, described in [36], is implemented which can preserve the structure details of an image.
Two images with identical histograms but different spatial
distribution will result in different entropy (also different
threshold values).
In a correction note N. R. Pal and S. K. Pal [37] propose
two modifications to improve the results of blood vessel
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extraction that are essential to the performance of image registration. These modifications were adopted also in our study
because they experimentally proved superior to [36] (see
Appendix—Local Entropy Thresholding).
3.5. Postprocessing
3.5.1. Morphological Dilation. The resulting binary image
tends to suffer from some misclassifications (outliers). In
order to have a robust segmentation in this postprocessing
substep a morphological dilation [38] with a line structuring
element oriented along the 𝑥-axis and elongated 𝑌 pixels
are performed. The output of this step is an image with less
outliers but with still evident misclassifications. The final
morphological filtering substep that follows gives us the
desired robust finger vein pattern.
Figure 5: Nonsmooth image.

3.5.2. Morphological Filtering. In this substep the image is
postprocessed by applying iteratively a morphological filter
called majority [38]. This filter sets a pixel to 1 if five or more
pixels in its 3-by-3 neighbourhood has the value 1; otherwise,
it sets the pixel to 0. This filter is applied iteratively until the
output image remains unchanged. This application clears the
image from small misclassified regions which appears due to
the presence of noise and smoothes the contours.

4. Experimental Results
4.1. Real Image Database. The original image was acquired
under infrared light using an inexpensive CCD camera. The
finger was placed between the camera and the light source
which consists of a row of infrared leds (five elements) with
adjustable illumination. The intensity of the leds adjusted
as far as the illumination of the image was good enough.
However, the problem of acquisition of infrared images is
not a trivial task. The phenomena which were involved in the
transmission of light inside the human tissue are very complicated. This fact does not permit us to acquire a sufficient
number of images in order to construct an infrared finger
image database and to release it in the research community
for evaluation and comparison purposes. Our future work is
mainly focused on the direction of improvement of the image
acquisition system.
An excellent image illumination is not a strict requirement because the good performance of the proposed method
remains also under adverse illumination conditions. Due to
the fact that haemoglobin has strong absorption in the infrared light the veins are shown in the image darker than the
other human tissues. So, the goal of our study is to extract
these dark regions, corresponding to veins, from the background, corresponding to the other human parts (tissue).
The original image which was acquired as described above
is shown in Figure 2.
In this section the results of the application of our method
and the methods proposed in [6, 7, 11, 12] are presented.
The qualitative evaluation of methods performed in the ROI
image is shown in Figure 4 and in the original image shown
in Figure 2.

4.2. Proposed Method. For both images a window neighbourhood of size 9 × 9 is used which results in an 81 × 81 matrix
𝐴 which can be inverted very quickly. The selection of the
parameter 𝜆 does not affect the performance of our method
and thus it is arbitrarily selected as 𝜆 = 1. Parameter 𝜆 is a
weighting factor between the two terms of (2). It accounts
for the degree of similarity between the original image and
the estimated image. Extensive experiments are conducted
in order to justify the selection of parameter 𝜆. During the
experiments the evaluation rates did not vary very much
by changing the parameter 𝜆 from 0.1 to 1. The average
divergence on the results was almost 2%. For the threshold
computation the modified local entropy thresholding technique is used as described in the correction note [37]. In
postprocessing step, a line structuring element with 𝑌 = 5
pixels in length and oriented in the 𝑥-axis is employed.
Figures 5–8 present the results of the application of the
proposed method in the ROI image of Figure 4. Figure 5
shows the nonsmooth image obtained after the application of
the modified separable Mumford Shah Model in both 0 and
90 degrees direction and the addition of the results. Figure 6
shows the detection, with the help of the modified local
entropy thresholding, of the concave regions of the image,
where the veins tend to locate. In this binary image, concave
regions (candidate pixels to be detected as veins) are shown in
black while other tissue parts shown in white. Figure 7 shows
the binary image after the application of the morphological
dilation substep and, finally, the image in Figure 8(a) shows
the extracted finger vein pattern obtained after the final
morphological filtering substep.
Moreover, the results of the application of our method
in the original image of Figure 2 (before ROI extraction) are
presented. Figure 9 shows the nonsmooth image obtained
after the application of the modified separable Mumford Shah
Model in both 0 and 90 degrees directions and the addition of
the results. Figure 10 shows the detection, with the help of the
modified local entropy thresholding, of the concave regions
of image. In this binary image, concave regions (candidate
pixels to be detected as veins) are shown in black while other
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Figure 6: Concave (black) and nonconcave regions (white).

Figure 7: Morphological dilation.

tissue parts shown in white. Figure 11 shows the binary image
after the application of the morphological dilation substep
and finally Figure 12(a) shows the extracted finger vein pattern obtained after the final morphological filtering substep.
4.3. Method [6, 7]. As mentioned, the proposed method is
compared with our implementation of the method presented
in [6, 7]. The repeated line tracking method requires some
parameter tuning in order to run and the robustness of the
extracted finger vein pattern is strongly affected by the number of repetitions. The parameters used in the experiments are
𝑁 = 10000 for the number of iterations, 𝑝𝑙𝑟 = 50 and 𝑝𝑢𝑑 =
25 for the probabilities of selecting the three neighboring
pixels in the horizontal or vertical direction, respectively, 𝑊 =
9 for the width of the profiles, and 𝑟 = 1 for the distance
between the testing pixel and the cross section. In order to
perform a fair comparison between method [6, 7] and the
proposed method the same morphological postprocessing
step is used in all experiments.

4.4. Other Methods. Moreover, the proposed method is also
compared with more recent methods such as those presented
in [11, 12], briefly described in the Related Work section, due
to the fact that these methods have been applied in the same
real and artificial image databases and thus the comparison is
reasonable.
For purposes of comparison the results of the application
of methods [6, 7, 11, 12] in original and ROI image are presented in the same figures as the results of the proposed
method. Thus, Figure 8(b) shows the extracted finger vein
pattern produced after the application of the line tracking
method in the ROI image of Figures 4 and 8(c) shows the
extracted finger vein pattern produced after the application
of the method [11] in the ROI image of Figure 4 while
Figure 12(b) shows the extracted finger vein pattern produced
after the application of the line tracking method in the image
of Figures 2 and 12(c) shows the extracted finger vein pattern
produced after the application of the method [12] in the image
of Figure 2.
Observing Figures 8 and 12, it is obvious that no safe
conclusions regarding the performance of all methods can
be conducted by visual inspection of the images. Instead,
a comparison based on widely known measures should be
done. Unfortunately, there is not a publicly available database
existing that can be used for evaluation and comparison
purposes between various methods. However, an artificial
finger image database is constructed in this study in order
to evaluate the proposed method and to compare it with the
methods presented in [6, 7, 11, 12]. It is worth mentioning that
the results presented for the method [6, 7] are produced by the
application of our implementation to images since the code of
the method is not publicly available by the authors.
4.5. Artificial Image Database. A quantitative evaluation of
the proposed method in real infrared images is difficult due
to the absence of manual segmentation data. The extremely
low contrast images increase the disagreement of human
annotation. Therefore, the proposed method is evaluated
using a small set of images, each one created by the weighed
sum of two artificial images. The first image is constructed
using an artificial vein-like network. This network consists
of connected lines of different widths with junctions and
bifurcations and multiple low pass filtering to simulate the
blurriness of the edges which is apparent to the real images
due to the blood flow and scattering effects. The second
artificial image is used to simulate the nonuniform image
background of real infrared images created by applying an
iterative spatial low pass Gaussian filter with a large window
size to the original infrared image.
4.6. Evaluation Rates. In the finger vein segmentation process, each pixel is classified as tissue (nonvein) or vein. Consequently, there are four events, true positive (TP) and true
negative (TN) when a pixel is correctly segmented as vein
or nonvein and two misclassifications: a false negative (FN)
appears when a pixel in a vein is segmented in the nonvein
area, and a false positive (FP) when a nonvein pixel is segmented as a vein pixel.
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(a)

(b)

(c)

Figure 8: (a) Morphological (majority) filtering: extracted finger vein pattern using the proposed method, (b) extracted finger vein pattern
using method [6, 7], and (c) extracted finger vein pattern using method [11].

Figure 9: Nonsmooth image.

Figure 10: Concave (black) and nonconcave regions (white).

Two widely known statistical measures are used for method evaluation: sensitivity and specificity, which are used to
evaluate the performance of the binary segmentation outcome. The sensitivity is a normalized measure of true positives, while specificity measures the proportion of true negatives:

Usually, there is a tradeoff between two measures. Finally, the
accuracy of the binary classification is defined by

sensitivity =

TP
,
TP + FN

TN
specificity =
.
TN + FP

(19)

accuracy =

TP + TN
,
𝑃+𝑁

(20)

where 𝑃 and 𝑁 represent the total number of positive (vein)
and negative (nonvein) pixels in the segmentation process
and are the degree of conformity between the estimated
binary classification and the ground truth obtained through a
manual segmentation. Thus, the accuracy is strongly related
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Figure 11: Morphological dilation.

to the segmentation quality and for this reason it is used to
evaluate and compare different methods.
4.7. Evaluation Results. The proposed method and the methods [6, 7, 11, 12] are evaluated quantitatively on the artificial
image database. Each image of the set is constructed according to the above procedure. The evaluation is performed
using the widely known statistical measures of sensitivity,
specificity, and accuracy.
Table 1 shows the mean sensitivity, specificity, and accuracy of the proposed method and the methods [6, 7, 11]
(without preprocessing/postprocessing) and [12] on the artificial finger image database, while Figure 13(a) shows the ROC
curve of the proposed method produced by varying the local
segmentation threshold and estimating the corresponding
measures, Figure 13(b) shows the ROC curve of the method
[6, 7] produced by varying the local segmentation threshold
and estimating the corresponding measures, Figure 13(c)
shows the ROC curve of the method [11] produced by varying
the local segmentation threshold and estimating the corresponding measures, and Figure 13(d) shows the ROC curve
of the method [12] produced by varying the value of the
threshold parameter 𝜑3 and estimating the corresponding
measures.
Figure 14(a) shows the first image of the artificial image
database used for the evaluation of the proposed method
and the corresponding results of the segmentation for the
proposed method (Figure 14(b)) and for the methods [6,
7] (Figure 14(c)), [11] (Figure 14(d)), and [12] (Figure 14(e)),
respectively.
By observing the results presented in Figure 14 and in
Table 1, it seems that the proposed method performs better
than the methods presented in [6, 7, 11] in artificial finger image database in terms of sensitivity, specificity, and
accuracy and has comparable performance with the method
presented in [12] using the same evaluation criteria. In
addition, the visual inspection of images shown in Figure 12
leads to the conclusion that the proposed method performs
extremely better than the method [12] in real finger images.
Thus, the proposed method, unlike the others compared,
robustly extracts the finger vein network and preserves its
connectivity against various conditions (shading, intensity
variations, and noise distortion) both to real and to artificial
finger images.
Apart from evaluating and comparing the proposed
method to real and artificial finger vein images authors
present also the results of the application of the proposed
method and method [6, 7] in artificially distorted images

using different types of noise and different levels of distortion. The study of the effect of noise led to an adaptation and a modification of the proposed method in order
to robustly perform under extreme conditions. These conditions, although they seem to be unrealistic, may be produced
by a low quality acquisition system and its noncareful setup.
Table 2 shows mean sensitivity, specificity, and accuracy
of the proposed method and the method [6, 7] for artificial
infrared images with different level of distortion. These results
are presented in order to indicate the robustness of the
proposed method especially in low quality images. Figure 15
shows the distorted artificial images and the corresponding
finger vein patterns produced after the application of the proposed method while Figure 16 shows the distorted artificial
images and the corresponding finger vein patterns produced
after the application of the method presented in [6, 7].
Comparing the results presented in Tables 1 and 2, it
seems that the proposed method is superior to method [6, 7]
in terms of sensitivity, specificity, and accuracy for the artificial finger image database. Moreover, it is worth noting
that the results of the method [6, 7] are slightly different
among different executions with the same parameters and
images due to the randomness introduced in the selection
of the current tracking pixel and the parameters 𝑝𝑙𝑟 and 𝑝𝑢𝑑 .
Finally, regarding the computational complexity, the proposed method also outperforms the method [6, 7] as the number
of iterations of line tracking increases.
By carefully observing the results in Table 2 and the
images in Figure 16 it is obvious that the performance of
the method presented in [6, 7] in low quality images is
degraded and becomes unacceptable for images with high
level of distortion. Thus, the proposed method outperforms
line tracking method when applied to low quality image
which may be produced as a result of a noncareful image
acquisition setup.
As the above results show, the proposed method performs well in the majority of cases and achieves efficiently
segmenting the finger vein images. However, no scientific
method is perfect. Every method has also drawbacks. Thus,
the main drawback of the proposed method is that its performance both in terms of segmentation accuracy and in
terms of computational complexity is strongly related to the
size of window neighbourhood. An appropriate selection of
window neighbourhood size must be done in order to achieve
meaningful results. On the other side, in case of an accurate
image acquisition setup which will acquire images of specific
resolution, the window size could be derived experimentally
and could be then set at once.
4.8. Matching. In general, two methods are commonly used
for matching of line-shaped patterns: structural matching
[39] and template matching [40, 41]. As stated in [6, 7],
structural matching requires additional extraction of feature
points such as line endings and bifurcations. Since a finger
vein pattern has few of these points, template matching based
on comparison of pixel values is more appropriate for finger
vein pattern matching. Thus, in this paper the robustness of
the proposed method and the method [6, 7] for finger vein
identification is evaluated by estimating the mismatch ratio
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(a)

(b)

(c)

Figure 12: (a) Morphological (majority) filtering: extracted finger vein pattern using the proposed method, (b) extracted finger vein pattern
using method [6, 7], and (c) extracted finger vein pattern using method [12].
Table 1: Mean sensitivity, specificity, and accuracy of the proposed method and the methods [6, 7], [11] (without preprocessing/postprocessing) and [12].

Mean
Standard deviation

Sensitivity
0.907
0.073

Mean
Standard deviation

Sensitivity
0.869
0.081

Proposed method
Specificity
0.910
0.018
Method [11]
Specificity
0.898
0.025

between the registered and the input data for the artificial
finger image database. In the matching process, the extracted
finger vein pattern is converted into matching data, and these
data are compared with the recorded raw data. For the case
of artificial image database the ground truth data was used as
recorded raw data for each image.
Mismatch ratio 𝑅𝑚 is calculated to examine whether or
not two sets of data have a correlation with each other. The
ratio 𝑅𝑚 is defined as the difference between two sets of data
to be matched. 𝑅(𝑥, 𝑦) and 𝐼(𝑥, 𝑦) are the values at position
(𝑥, 𝑦) of the registered and input matching data, 𝑤 and ℎ
are the width and height of both sets of data, 𝑐𝑤 and 𝑐ℎ are
the distances in which motion in the vertical and horizontal
directions, respectively, is required to adjust the displacement
between the two sets of data, and the template data are defined
as the rectangular region within 𝑅(𝑥, 𝑦) whose upper left
position is 𝑅(𝑐𝑤 , 𝑐ℎ ) and lower right position is 𝑅(𝑤−𝑐𝑤 , ℎ−𝑐ℎ ).
The value of mismatch 𝑁𝑚 (𝑠, 𝑡), which is the difference
between the registered and input data at the positions where
𝑅(𝑐𝑤 , 𝑐ℎ ) overlaps with 𝐼(𝑠, 𝑡), is defined as follows:
𝑁𝑚 (𝑠, 𝑡)
=

ℎ−2𝑐ℎ −1 𝑤−2𝑐𝑤 −1

∑

∑

𝑦=0

𝑥=0

Accuracy
0.909
0.027

Sensitivity
0.782
0.075

Accuracy
0.892
0.036

Sensitivity
0.943
0.112

Method [6, 7]
Specificity
0.928
0.037
Method [12]
Specificity
0.941
0.032

Accuracy
0.896
0.041
Accuracy
0.942
0.048

where 𝑤 = 212 and ℎ = 87 in consideration of the finger size
in the captured image, 𝑐𝑤 and 𝑐ℎ are set at 𝑐𝑤 = 57 and 𝑐ℎ = 38
in order to adjust the finger position in the captured image by
up to about 1 cm, and 𝜑 in (21) is a parameter that indicates
whether a pixel labeled as part of the background region and
a pixel labeled as part of a vein region overlapped with each
other. When 𝑃1 is defined as the pixel value of one pixel and
𝑃2 is defined as the pixel value of the other pixel, 𝜑 can be
described as follows:

{1,
𝜙 (𝑃1 , 𝑃2 ) = {
{0,



if 𝑃1 − 𝑃2  ,

(22)

otherwise.

The minimum value of mismatch 𝑁𝑚 , which is the smallest
𝑁𝑚 (𝑠, 𝑡) calculated under the condition that the template
overlaps with the input matching data 𝐼(𝑥, 𝑦) at all positions,
can be defined as follows:

{𝜙 (𝐼 (𝑠 + 𝑥, 𝑡 + 𝑦) , 𝑅 (𝑐𝑤 + 𝑥, 𝑐ℎ + 𝑦))} ,
(21)

𝑁𝑚 =

min

0≤𝑠<2𝑐𝑤 ,0≤𝑡<2𝑐ℎ

𝑁𝑚 (𝑠, 𝑡) .

(23)
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Figure 13: (a) ROC curve of the proposed method produced by varying the local segmentation threshold, (b) ROC curve of the method
proposed in [6, 7] produced by varying the local segmentation threshold, (c) ROC curve of the method proposed in [11] produced by varying
the local segmentation threshold, and (d) ROC curve of the method proposed in [12] produced by varying the value of the threshold parameter
𝜑3 .

(a)

(b)

(c)

(d)

(e)

Figure 14: (a) Artificial infrared finger image, (b) extracted vein pattern using the proposed method, (c) extracted vein pattern using the
method [6, 7], (d) extracted vein pattern using the method [11], and (e) extracted vein pattern using the method [12].
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Table 2: Mean sensitivity, specificity, and accuracy of the proposed method and the method [6, 7].
Image name

Sensitivity
0.8779
0.5234
0.6144
0.8845
0.8097
0.7748
0.7349

Artificial finger vein.bmp
Artificial finger vein2.bmp
Artificial finger vein3.bmp
P1.bmp
P2.bmp
P3.bmp
P4.bmp

Proposed method
Specificity
0.9266
0.9462
0.9716
0.8425
0.8295
0.8139
0.8091

Using the definitions given above, the mismatch ratio 𝑅𝑚 is
defined as follows:

{𝑡0 +ℎ+2𝑐ℎ −1 𝑠0 +𝑤−2𝑐𝑤 −1
⋅ ({ ∑
∑ 𝜙 (𝐼 (𝑖, 𝑗) , 0)
𝑖=𝑠0
{ 𝑗=𝑡0
+ ∑

𝑗=𝑐ℎ

Method [6, 7]
Specificity
0.9047
0.9151
0.8395
0.9176
0.7743
0.5865
0.4013

Sensitivity
0.7876
0.5221
0.6185
0.5477
0.4338
0.4680
0.5561

Accuracy
0.8765
0.8205
0.7863
0.8286
0.6923
0.5580
0.4386

Table 3: Average mismatch ratio of the proposed method and the
method [6, 7].
Parameters
𝑤 = 212, ℎ = 87
𝑐𝑤 = 57, 𝑐ℎ = 38

𝑅𝑚 = 𝑁𝑚

ℎ−𝑐ℎ −1 𝑤−𝑐𝑤 −1

Accuracy
0.9149
0.8444
0.8856
0.8526
0.8247
0.8045
0.7913

Proposed method

Method [6, 7]

24.65%

43.64%

Average mismatch ratio

(24)
−1

}
∑ 𝜙 (0, 𝑅 (𝑖, 𝑗))}) ,
𝑖=𝑐𝑤
}

where 𝑠0 and 𝑡0 are 𝑠 and 𝑡 such that (23) is minimized. As is
shown by (24), 𝑅𝑚 is described as the ratio between 𝑁𝑚 and
the total number of pixels that are classified as belonging to
the vein region in the two data sets.
As shown in Table 3, the average mismatch ratio for
the artificial finger image database, estimated using (24),
is 24.65% for the proposed method while for the method
[6, 7] it is 43.64%. Although database contains twenty images
and the results cannot be generalized, the proposed method
seems to be more appropriate for finger vein identification
purposes. The extracted patterns by the proposed method
have significantly lower value of mismatch ratio than those
extracted by the method [6, 7].

5. Conclusions
In this paper an efficient finger vein pattern extraction method is presented. The proposed method is based on the minimization of the objective function of a modified Mumford
Shah Model and the local application of its results. This application produces two nonsmooth images where veins located
in concave regions. The two images are then combined simply
by addition. Detection of concave regions is achieved via
a modified local entropy thresholding technique. The preliminary segmentation result was unsatisfactory due to the
presence of some outliers (misclassifications).
Thus, a final morphological postprocessing step followed
in order to clean the image from the misclassifications and
to produce a robust finger vein pattern. Future work includes
the improvement of our imaging device in order to acquire
images with less shading and noise artefacts, something that
will guarantee the successful application of our method in

the majority of cases. In case of images with high quality the
preprocessing and/or postprocessing step can be skipped.
The experimental evaluation of the proposed method
shows that it can robustly segment the finger vessel network
and that the extracted finger vein pattern is appropriate
for finger vein identification purposes. Finally, the proposed
method is robust against strong distortions met in the acquired images.

Appendix
Lemma A.1. The determinant of the symmetric matrix 𝐴 in
the form
𝐴 𝑁 (𝑥)
𝑥
[
[−1
[
[
[0
=[
[0
[
[
[⋅
[

−1 0

0 ⋅ 0

]
𝑥 −1 0 ⋅ 0 ]
]
]
−1 𝑥 −1 ⋅ 0 ]
]
0 −1 𝑥 ⋅ 0 ]
]
]
⋅ ⋅ ⋅ ⋅ 0]
]
[ 0 0 0 0 ⋅ 𝑥]

𝑥,
𝑖=𝑗
{
}
{
{
}
{
{
}
{
{
}
{
= {𝑎𝑖,𝑗 | 𝑎𝑖,𝑗 = {−1, 𝑖 = 𝑗 + 1 ∨ 𝑖 = 𝑗 − 1, 𝑖, 𝑗 = 1, 𝑁 }
{
}
{
{
}
{
{
}
{
0,
𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒
{
}
{
(A.1)
can be estimated using the following recursive formula:


 


𝐴 𝑛 (𝑥) = 𝑥 𝐴 𝑛−1 (𝑥) − 𝐴 𝑛−2 (𝑥) , 𝑛 = 3, 𝑁,




2
𝐴 2 (𝑥) = 𝑥 − 1,
𝐴 1 (𝑥) = 𝑥.

(A.2)
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(a)

(b)

(c)

(d)

(e)

(f)

(g)
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(i)

(j)
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(l)

(m)

(n)

(o)

Figure 15: (a, c, e, g, i, k, and m) Artificial infrared images with different level of distortion, (b, d, f, h, j, l, and n) corresponding finger vein
patterns extracted using the proposed method, and (o) manual segmentation (ground truth).

Proof. From the definition of matrix 𝐴 it can be derived that





2
𝐴 2 (𝑥) = 𝑥 − 1 > 3 ∧ 𝐴 1 (𝑥)

 

= 𝑥 > 2 ⇒ 𝐴 2 (𝑥) > 𝐴 1 (𝑥) .

 𝑥 −1
0 





 −1 𝑥
−1 
𝐴 𝑛 (𝑥) = 




 0 −1 𝐴 𝑛−2 (𝑥)

−1 

 −1

= 𝑥 𝐴 𝑛−1 (𝑥) + 
 0 𝐴 (𝑥)
𝑛−2



Proof. If 𝑥 > 2, then

(A.3)


 

= 𝑥 𝐴 𝑛−1 (𝑥) − 𝐴 𝑛−2 (𝑥) .
Lemma A.2. The matrix 𝐴 determinant is an increased
sequence of positive real numbers for any 𝑥 > 2.

(A.4)

If |𝐴 𝑛 (𝑥)| > |𝐴 𝑛−1 (𝑥)|, then



 

 


𝐴 𝑛+1 (𝑥) = 𝑥 𝐴 𝑛 (𝑥) − 𝐴 𝑛−1 (𝑥) > 𝑥 𝐴 𝑛 (𝑥) − 𝐴 𝑛 (𝑥)




= (𝑥 − 1) 𝐴 𝑛 (𝑥) > (2 − 1) 𝐴 𝑛 (𝑥)


= 𝐴 𝑛 (𝑥)

 

⇒ 𝐴 𝑛+1 (𝑥) > 𝐴 𝑛 (𝑥) .
(A.5)
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(e)
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Figure 16: (a, c, e, g, and i) Artificial infrared images with different level of distortion, (b, d, f, h, and j) corresponding finger vein patterns
extracted using the method [6, 7], and (k) manual segmentation (ground truth).

The induction rule leads to a sequence of positive numbers
for the determinant of 𝐴:

 

 


𝐴 𝑛+1 (𝑥) > 𝐴 𝑛 (𝑥) > ⋅ ⋅ ⋅ > 𝐴 2 (𝑥) > 𝐴 1 (𝑥) > 0. (A.6)

while the minimization of the two independent objective
functions (one for the second order partial derivative in the
𝑥-axis and one for the second directional derivative in the 𝑦axis) leads to the following equations:
(𝜆 + 2) ⋅ 𝑢 (𝑥, 𝑦) − 𝑢 (𝑥 + 1, 𝑦) − 𝑢 (𝑥 − 1, 𝑦)

Theorem A.3. The system of linear equations is solvable for
any positive value of 𝜆.
Proof. Based on Lemma A.2, 𝜆 > 0 ⇒ 𝜆 + 4 > 2 ⇒ |𝐴 𝑛 (𝜆 +
4)| > 0.

= 𝜆 ⋅ 𝑢0 (𝑥, 𝑦) ,

∀𝑥, 𝑦 ∈ [1, 𝑁 − 1] ,

(𝜆 + 2) ⋅ 𝑢 (𝑥, 𝑦) − 𝑢 (𝑥, 𝑦 + 1) − 𝑢 (𝑥, 𝑦 − 1)
= 𝜆 ⋅ 𝑢0 (𝑥, 𝑦) ,

∀𝑥, 𝑦 ∈ [1, 𝑁 − 1] .

(A.8)

(A.9)

Adding (A.8) and (A.9) results in
Statement. Modified model produces the same results as the
original model.

(2 ⋅ 𝜆 + 4) ⋅ 𝑢 (𝑥, 𝑦) − 𝑢 (𝑥 + 1, 𝑦)
− 𝑢 (𝑥, 𝑦 + 1) − 𝑢 (𝑥, 𝑦 − 1) − 𝑢 (𝑥 − 1, 𝑦)

Proof. The minimization of the objective function regarding
𝑢(⋅, ⋅) leads to the following equation:
(𝜆 + 4) ⋅ 𝑢 (𝑥, 𝑦) − 𝑢 (𝑥 + 1, 𝑦)
− 𝑢 (𝑥, 𝑦 + 1) − 𝑢 (𝑥, 𝑦 − 1) − 𝑢 (𝑥 − 1, 𝑦)
= 𝜆 ⋅ 𝑢0 (𝑥, 𝑦) ,

∀𝑥, 𝑦 ∈ [1, 𝑁 − 1] ,

(A.7)

= 2 ⋅ 𝜆 ⋅ 𝑢0 (𝑥, 𝑦) ,

(A.10)

∀𝑥, 𝑦 ∈ [1, 𝑁 − 1] .

The only difference between (A.7) and (A.10) is that in (A.10)
parameter 𝜆 is multiplied by a factor of 2. This makes no
difference because the parameter 𝜆 can be arbitrarily set and
has no strong impact on the final results. In other words,
(A.7) and (A.10) are equivalent and produce exactly the same
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results if the parameter 𝜆 set in (A.8) and (A.9) to have the
half value from the value has the corresponding parameter in
(A.7).
Local Entropy Thresholding. The cooccurrence matrix of the
image 𝐹 = 𝑢 − 𝑢0 is a 𝑃 × 𝑄 dimensional matrix 𝑇 = [𝑡𝑖𝑗 ]𝑃×𝑄
that gives an idea about the transition of intensities between
adjacent pixels, indicating spatial structural information of
an image. Depending upon the ways in which the gray level
𝑖 follows gray level 𝑗 different definitions of cooccurrence
matrix are possible. Here, we made the cooccurrence matrix
asymmetric by considering the horizontally right and vertically lower transitions. This choice has been made in order to
decrease the computational cost and it is reasonable since the
horizontally left and vertically upper transitions do not add
more information to cooccurrence matrix. Thus, 𝑡𝑖𝑗 is defined
as follows:
𝑃

𝑄

𝑡𝑖𝑗 = ∑ ∑ 𝑢 (𝛿 (𝑓 (𝑙, 𝑘) − 𝑖) 𝛿 (𝑓 (𝑙, 𝑘 + 1) − 𝑗)
𝑙=1 𝑘=1

+𝛿 (𝑓 (𝑙, 𝑘) − 𝑖) 𝛿 (𝑓 (𝑙 + 1, 𝑘) − 𝑗) − 1) .
(A.11)
The probability of cooccurrence 𝑝𝑖𝑗 of gray levels 𝑖 and 𝑗 can
therefore be written as
𝑡𝑖𝑗
𝑝𝑖𝑗 =
.
(A.12)
∑𝑖 ∑𝑗 𝑡𝑖𝑗
If 𝑠, 0 ≤ 𝑠 ≤ 𝐿 − 1, is a threshold, then 𝑠 can partition the
cooccurrence matrix into 4 quadrants, namely, 𝐴, 𝐵, 𝐶, and
𝐷 (Figure 17).
Let us define the following quantities:
𝑠

𝑠

𝑃𝐴 = ∑ ∑ 𝑝𝑖𝑗 ,
𝑖=0 𝑗=0

𝐿−1

(A.13)

𝐿−1

𝑃𝐶 = ∑ ∑ 𝑝𝑖𝑗 .
𝑖=𝑠+1 𝑗=𝑠+1

𝑝𝑖𝑗
𝑃𝐴

=

∑𝑠𝑖=0

𝑡𝑖𝑗

∑𝑠𝑗=0 𝑡𝑖𝑗

𝑃𝑖𝑗𝐶 =

𝑝𝑖𝑗
𝑃𝐶

=

,

for 0 ≤ 𝑖 ≤ 𝑠, 0 ≤ 𝑗 ≤ 𝑠,
𝑡𝑖𝑗

𝐿−1
∑𝐿−1
𝑖=𝑠+1 ∑𝑗=𝑠+1 𝑡𝑖𝑗

𝑠 + 1 ≤ 𝑖 ≤ 𝐿 − 1,

A

B

D

C

s

L−1

Figure 17: Quadrants of cooccurrence matrix.

Similarly, the second order entropy of the background can be
written as
1 𝐿−1 𝐿−1
𝐻𝐶(2) (𝑠) = − ⋅ ∑ ∑ 𝑃𝑖𝑗𝐶 ⋅ log2 𝑃𝑖𝑗𝐶.
2 𝑖=𝑠+1 𝑗=𝑠+1

(A.16)

Hence, the total second order local entropy of the object and
the background can be written as
𝐻𝑇(2) (𝑠) = 𝐻𝐴(2) (𝑠) + 𝐻𝐶(2) (𝑠) .

(A.17)

The gray level corresponding to the maximum of 𝐻𝑇(2) (𝑠) gives
the optimal threshold for object background classification.
In the first modification a different definition of the cooccurrence matrix is adopted increasing the local entropy values
in vein structures. As mentioned, the cooccurrence matrix
of an image shows the intensity transitions between adjacent
pixels. The original cooccurrence matrix is asymmetric by
considering the horizontally right and vertically lower transitions. They added some jittering effect to the cooccurrence
matrix that tends to keep the similar spatial structure but with
much less variations; that is, 𝑇 = [𝑡𝑖𝑗 ]𝑃×𝑄 is computed as
follows:
For every pixel (𝑙, 𝑘) in an image 𝐹

From the occurrence matrix, the corresponding probabilities
within each individual quadrant must sum to one. Thus, we
get the following cell probabilities for different quadrants:
𝑃𝑖𝑗𝐴 =

L−1

s

0

𝑖 = 𝐹 (𝑙, 𝑘) ,
𝑗 = 𝐹 (𝑙, 𝑘 + 1) ,

(A.18)

𝑑 = 𝐹 (𝑙 + 1, 𝑘 + 1) ,
𝑡𝑖𝑗 = 𝑡𝑖𝑑 + 1.

, for

𝑠 + 1 ≤ 𝑗 ≤ 𝐿 − 1.
(A.14)

The second order entropy of the object can be defined as
1 𝑠 𝑠
𝐻𝐴(2) (𝑠) = − ⋅ ∑ ∑𝑃𝑖𝑗𝐴 ⋅ log2 𝑃𝑖𝑗𝐴.
2 𝑖=0 𝑗=0

(A.15)

One may wonder whether the modified cooccurrence matrix
still will represent the original spatial structure. Actually, considering a smooth area in an image where 𝑗 and 𝑑 should
be very close or identical, the above computation in (A.18)
implicitly introduces certain smoothing effect and adds some
structured noise to the cooccurrence matrix. The two matrices still share a similar structure that is important for the valid
thresholding result. Also, the latter one has larger entropy
with a much smaller standard deviation, which is more desirable for local entropy thresholding.

Computational and Mathematical Methods in Medicine
Secondly, they considered the sparse foreground in selecting the optimal threshold. The original threshold selection
criterion aims to maximize the local entropy of foreground
and background in a gray scale image without considering
the small proportion of foreground. Therefore, they proposed
selecting the optimal threshold that maximizes the local
entropy of the binarized image that indicates the foreground/
background ratio. The larger the local entropy the more balanced the ratio between foreground and background in the
binary image is.
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Tumor shrinkage occurs in many patients undergoing radiotherapy for head-and-neck (H&N) cancer. However, one-to-one
correspondence is not always available between voxels of two image sets. This makes intensity-based deformable registration
difficult and inaccurate. In this paper, we describe a novel method to increase the performance of the registration in presence
of tumor shrinkage. The method combines an image modification procedure and a fast symmetric Demons algorithm to register
CT images acquired at planning and posttreatment fractions. The image modification procedure modifies the image intensities of
the primary tumor by calculating tumor cell survival rate using the linear quadratic (LQ) model according to the dose delivered to
the tumor. A scale operation is used to deal with uncertainties in biological parameters. The method was tested in 10 patients with
nasopharyngeal cancer (NPC). Registration accuracy was improved compared with that achieved using the symmetric Demons
algorithm. The average Dice similarity coefficient (DSC) increased by 21%. This novel method is suitable for H&N adaptive radiation
therapy.

1. Introduction
Image registration is becoming a key tool in modern radiation
therapy. In image-guided radiation therapy (IGRT), CT
images acquired before each treatment are registered with
planning CT images to verify patient position. In adaptive
radiation therapy, similar registrations are needed to segment
structures automatically and to evaluate the dose received
in each fraction [1–3]. Rigid registrations are sufficient in
situations where only rigid movements occur. However,
deformable registrations are required in cases where structure
deformation and/or tumor shrinkage occur.
The majority of patients with head-and-neck (H&N)
cancer who undergo fractionated radiation therapy experience significant anatomic changes, such as tumors shrinkage,
changes in overall body habitus, and weight loss [4–6].

Tumor shrinkage is mainly due to the death and destruction
of cells killed by radiation. The loss of these cells causes
tumor density and tumor volume to decrease. This means
that physical one-to-one correspondence may no longer exist
between voxels of the two image sets. This problem severely
impairs the performance of an intensity-based deformable
registration algorithm. The “Demons” family of algorithms
is such a registration form, which can accurately account for
anatomical changes at relatively low computational expense
[7–10], and is a suitable choice for registration of H&N images
[11].
The gas pocket mismatching problem in abdominal
images also provides challenges for the intensity-based deformable image registration. Several methods have been used
to overcome the problems associated with lack of correspondence and mismatched objects that occur with deformable
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registration of abdominal CT images [12–16]. In images
of the pelvic regions, the issue of no correspondence is
associated with the presence of bowel gas. Because the gas is
not clinically important (the contents of the bowel need
not be registered), the artificial gas [12, 13] or constant
intensity masks [14, 15] were introduced to create “virtual”
correspondence. This improved the registration accuracy for
the surrounding tissues, such as the rectal wall or prostate,
which were clinically important organs. However, in the
case of tumor shrinkage, the tumor itself is the treatment
target. We could not use the constant intensity masks (or
artificial intensity pattern) in the tumor, where the noncorrespondence problem occurred. For this reason, the approach
mentioned above is infeasible. To our knowledge, the issue of
lack of correspondence induced by the radiation therapy has
not been adequately described in the literature.
In this paper, we describe a novel method for dealing with
the effects of radiation on tumor tissues in the H&N during
deformable registration. The method involved modification
of image intensities of the primary tumor by calculating
tumor cell survival rate using the linear quadratic (LQ) model
according to radiation dose delivered to the tumor [17].

2. Materials and Methods
2.1. Data Extraction. The study included 10 patients with
nasopharyngeal cancer (NPC) who underwent intensitymodulated radiation therapy (IMRT) at Cancer Institute
(Hospital) of Chinese Academy of Medical Sciences, China.
Patients were immobilized by custom-made thermoplastic
masks. Two CT image sets were acquired for each patient
(before the start of treatment and at the completion of the
treatment course) using a Philips Brilliance Big Bore 16-slice
CT scanner. The image sets were composed of 3 mm thick
slices; the matrix size of each slice was 512 × 512 and the
pixel size was approximately 1 mm. The initial image sets were
loaded into a Pinnacle version 8.2g system (Philips Medical
Systems, Cleveland, OH) for treatment planning. To improve
the registration speed, the number of slices for each image
pair was reduced so that it just covered the whole primary
tumor. According to our standard treatment protocol, the
primary tumor was prescribed 70–72.6 Gy. The tumor volume
was contoured by a single physician for all planning and
posttreatment CTs. Contouring was undertaken to evaluate
the registration results, rather than to help the deformation
process.
The CT images, contours, and treatment plan doses for
each patient were exported from Pinnacle using the DICOM
RT protocol. The exported dose array was a 3D dose map. The
dose voxel size was 4 × 4 × 4 mm3 .
The study was approved by the local ethical committee,
and informed consent was obtained from all patients.
2.2. Image Preparation. The posttreatment CT was used as
the static image and the planning CT as the moving image
for each image pair. This represented a worst-case scenario
for tumor shrinkage to test our proposed algorithm. The
couch region was manually selected in the transverse plane
and the voxels CT numbers were set to that of air (i.e.,
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−1000 HU). Voxels CT numbers below the empirically determined −500 HU were also set to −1000 HU. This was done
to reduce the interference from nonuniformities outside the
patient.
Both the planning CT images and the posttreatment CT
images were cropped on the transverse plane, to restrict the
regions of interest (ROI) to the head. The images were resampled and determined to have the same voxel dimensions of
2 × 2 × 3 mm3 using the nearest interpolation.
2.3. Rigid Registration. Rigid registration was performed in
advance to improve the speed and accuracy of the deformable
registration. A minimum threshold of around 500 HU was
applied to the two images so only the bony structures of the
skeleton remained. The rigid registration determined a translation that minimized the correlation coefficient between
voxels in the two images. To evaluate the accuracy of the
rigid registration, we created a set of simulated translations
of patient CT images. Compared to the introduced (known)
shifts, the mean residual shifts (error) were 1.1 mm, within
the voxel size of the patient images. This rigid alignment
provided the basic initialization for subsequent deformable
registration.
2.4. Deformable Registration. The “Demons” algorithm is an
image intensity-based, deformable registration method that is
widely used in medical practice as it demands relatively low
computational expense. A variant of this algorithm, proposed
by Wang, was used in the present study [18].
In the original Demons algorithm, the displacement for
each voxel is obtained using the spatial gradient of static
target image intensities. The displacement field is then regularized using a Gaussian smoothing filter to suppress noise
and preserve the geometric continuity of the moving image.
This iterative process alternates between calculation of the
displacement field and regularization. By introducing an
“active force,” Wang et al. modified the standard Demons
algorithm to obtain faster convergence and improve registration performance. The updated deformation field 𝐷𝑛 for the
current iteration was written as follows:
𝐷𝑛 = 𝐺𝜎 ∗ (𝐷𝑛−1 + (𝐼 − 𝐼)
⇀

∇𝑆
⋅ (  2
 
2
⇀
 ∇ 𝐼  + 𝑘2 (𝐼 − 𝐼 )
 

(1)

⇀

∇𝑚
+  2
)) ,
 
2
⇀
2

 ∇ 𝐼  + 𝑘 (𝐼 − 𝐼 )
where 𝐺𝜎 is the Gaussian kernel, ∗ denotes the convolution
operator, and the width of the Gaussian kernel 𝜎 was fixed
to 1. 𝐷𝑛−1 is the deformation field at iteration 𝑛 − 1. 𝐼 is the
intensity of the moving image and 𝐼 is the intensity of the
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Planning
dose array
Resampling

Planning CT
Moving image

3
Rearranging this gives

Post-RT CT
Fixed image

𝜇0 =

Resampling and rigid registration
Moving
image

Fixed
image

(3)

where 𝜇𝑊 is the attenuation coefficient of water (approximately 0.1928−1 ).
After the primary tumor cells in a given voxel were
irradiated at dose 𝐷, the intensity value would decease to 𝐼𝑆
(HU) with the corresponding attenuation coefficient 𝜇𝑆 . 𝐼𝑆
was converted to 𝜇𝑆 by the equation

Intensity modification

Rescaled
image

𝐼0 𝜇𝑊
+ 𝜇𝑊,
1000

Demons
registration

Output deformable
field

𝜇𝑆 =

Figure 1: Method workflow consisting of the following procedures: rigid registration, intensity modification, intensity scale, and
deformable registration.

𝐼𝑆 𝜇𝑊
+ 𝜇𝑊.
1000

(4)

As shown in (5), 𝜇𝑆 is proportional to the number of
primary tumor cells 𝑁𝑆 in a given voxel that survives
irradiation, and 𝜇0 is proportional to the number of cells in
that voxel prior to irradiation 𝑁0 :

static image; the respective gradient images are denoted by
⇀

⇀

∇ 𝐼 and ∇ 𝐼 . 𝑘 is a normalization factor and we used 𝑘 = 0.4.

𝜇𝑆 =

𝜇0 𝑁𝑆
= 𝜇0 SF,
𝑁0

(5)

2.5. Intensity-Modification Procedure (IMP). In patients
undergoing radiation therapy, including H&N cancer, it
is important that target volumes are accurately registered.
Due to the cells killed by radiation, the density and even the
volume of primary tumor may decrease. Unless this one-toone correspondence is addressed, a large registration error
will occur. We thus proposed to change the image intensities
for the target volume in the planning CT image (moving
image) based on the linear quadratic (LQ) model. The
intensity modification was only done for the planning tumor
and all other voxels of planning CT remained unchanged.
The workflow of the proposed method is shown in Figure
1. We implemented all procedures described here using inhouse program written in Matlab (version 7.1, MathWorks)
software. Based on the planning dose array, we modified the
image intensities within the primary tumor using the LQ
model. The details of this procedure are described below.

where, according to the LQ model, the survival fraction SF is
given by

2.5.1. Data Import. The primary tumor volume contours as
manually delineated during the routine treatment process
were loaded into the planning CT images. The dose array
was resampled to have the same spacing as the planning CT.
The dose array and the planning CT were aligned according
to their positions in the DICOM patient coordinate system.
Thus, each element in the dose array represented the dose to
be delivered to the corresponding voxel in the planning CT
images.

2.5.3. Voxel Intensity Scale. In the planning CT image, 𝑆0
was defined as the sum of voxel values within the primary
tumor, and 𝑆 denoted the sum of the voxel values within the
corresponding region in the posttreatment CT image. The
intensity value (𝐼𝑆 ) of the primary tumor voxel was scaled as
follows:

2.5.2. Image Intensities Modification. We calculated voxel
intensity within the primary tumor using the LQ model. For
every slice in the planning CT images, 𝐼0 represented the
intensity of a voxel within the primary tumor. By definition,
the relationship between 𝐼0 (CT numbers, expressed in
Hounsfield units) and the corresponding linear coefficient 𝜇0
was calculated as

Equations (7) and (8) were used to modify the intensity of
every voxel of primary tumor in the planning CT images.
Figure 2 shows an axial slice of a planning image before and
after image modification. This procedure was coupled with
Wang’s “Demons” algorithm to calculate the displacement
field.

1000 (𝜇0 − 𝜇𝑤 )
.
𝐼0 =
𝜇𝑤

(2)

SF = exp (−𝛼𝐷 (1 +

𝑑
)) .
𝛼/𝛽

(6)

In this situation, cell proliferation is negligible. 𝑑 and 𝐷
are the dose per fraction and the total dose to the voxel,
respectively. 𝛼 and 𝛽 are the LQ parameters. For the purposes
of illustration, we assumed that 𝛼 was 0.33 Gy−1 and 𝛼/𝛽
was 10 Gy [19–22]. Note that the result is not sensitive to the
variation of 𝛼 and 𝛼/𝛽 values as demonstrated in the result
section. Using (3), (4), (5), and (6), we obtained
𝐼𝑆 = [(

𝐼0 𝜇𝑊
𝑑
1000
.
+ 𝜇𝑊) exp (−𝛼𝐷 (1 +
)) − 𝜇𝑊] ×
1000
𝛼/𝛽
𝜇𝑊
(7)

𝐼 =

𝐼𝑆 𝑆
.
𝑆0

(8)

2.6. Evaluation. To quantitatively evaluate the performance
of the proposed method, the Dice similarity coefficient (DSC)
was calculated for the tumor. For two segmentations on the
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(a)

(b)

(c)

Figure 2: Example of intensity-modification procedure. (a) An axial slice of a planning image. (b) The same image after intensity modification.
This modified planning image can be accurately registered using deformable image registration. (c) The corresponding slice from the
posttreatment CT image.

target images, given by the deformed contours using the
computed motion fields and manual contours, respectively,
their corresponding volumes were denoted by 𝑉𝑑 and 𝑉𝑚 . The
DSC was then defined as [23]
2𝑉 ∩ 𝑉𝑚
× 100%.
DSC = 𝑑
𝑉𝑑 + 𝑉𝑚

(9)

DSC ranged between 0 and 100%. A DSC value of 0 indicated
two completely uncorrelated images and a DSC value of 100%
indicated a perfect match.
To assess the effectiveness of the proposed intensity modified procedure (IMP), we compared results of deformable
image registration with and without intensity modification
when all other parameters were set to the same. We also
calculated the DSC for the tumor performed only with the
rigid registration between these 10 pairs of CT images. The
Wilcoxon signed-rank test was used to compare each method.

3. Results
3.1. Registration Example. To compare the effectiveness of
the intensity modification, we performed deformable image
registration in 10 pairs of head CT images with and without
the intensity-modification procedure. An example is shown
in Figure 3. The target volume change for this case was
found to be 33% (from 15.59 cc to 10.47 cc). The left row of
Figure 3 shows the planning CT in axial and sagittal views
together with manually delineated tumor volume (green
contours). The right row shows the posttreatment CT. Both
sets of contours were overlaid in these images: the deformed
contours without IMP (shown in blue) and the deformed
contours with IMP (shown in red). As it can be seen in the
figure, the deformed contours without using IMP clearly did
not match with the reduced tumor target, due to the lack of
one-to-one correspondence.
Figure 4 shows the dense displacement fields with and
without IMP. The arrows indicate the displacement in 3D but

Table 1: Statistics for Dice similarity coefficient (DSC) for the tumor
using rigid registration and deformable image registration with and
without the intensity-modification procedure (IMP).
Patient
1
2
3
4
5
6
7
8
9
10
Mean

DSC (rigid)
86.7
78.9
73.5
86.9
52.5
71.5
76.8
79.3
80.4
76.0
76.3

DSC (IMP)
91.6
95.1
90.9
96.8
78.2
89.4
94.0
95.8
95.2
93.3
92.0

DSC (no IMP)
88.0
82.3
60.7
86.2
63.4
53.9
82.5
75.1
87.5
80.7
76.0

are projected as 2D images for display purposes. A vector
field was used to assess the result and detect errors. It is
evident from these displays that the displacement vectors
(within the smaller region around the primary tumor where
noticeable shrinkage occurs) are more chaotic, discontinuous, and abrupt, when IMP is not applied (Figure 4(a)).
The voxels in this region exhibit unrealistic displacement
due to the lack of correspondence. This is improved when
the deformable registration is embedded with the intensitymodification procedure (Figure 4(b)).
3.2. Registration Statistics. The DSC values calculated for the
tumor using rigid and deformable registration with and without IMP are summarized in Table 1. The Wilcoxon signedrank test showed that there was little difference between the
rigid registration and the deformable registration method
without using the IMP method (𝑃 = 0.721). Nevertheless,
there was a significant improvement when the IMP method
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Planning CT

(a)

5
Posttreatment CT

(b)

Figure 3: The CT images of one patient with the registered contours overlaid. (a) Planning CT in sagittal and axial slices and the manual
contours overlaid. (b) The corresponding slices of posttreatment CT with the deformed contours overlaid. The red and blue contours represent
the segmentation results with (red) and without (blue) the IMP.

(a)

(b)

Figure 4: Displacement field calculated using the deformable registration algorithm overlaid on an axial slice. Displacement field: (a)
computed without using the intensity-modification procedure (IMP) and (b) computed using the IMP.

was used over the rigid registration (𝑃 < 0.005) or
the deformable registration method without using the IMP
method (𝑃 < 0.005). The images with rigid registration had
a mean overlap value of DSC = 76.3%. The mean value of
the calculated DSC was 76.0% for deformable registration

without IMP. The application of the IMP leads to a mean value
of DSC = 92.0%. On average, the improvement in DSC was
21% with IMP in these 10 cases.
In this study, hypotheses were made on the values of 𝛼 and
𝛼/𝛽 ratio. The uncertainty in radiosensitivity parameters may
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Figure 5: Sensitivity of the Dice similarity coefficient (DSC) with
respect to 𝛼 and 𝛼/𝛽 for patient 2.

affect the reliability of the outcome. Therefore, a sensitivity
analysis was performed to quantify the uncertainty of DSC
when different parameter combinations were applied in the
study. A typical example is shown in Figure 5. We adjusted the
key parameters (𝛼 and 𝛼/𝛽) in a large range of possible values
and provided the DSC results. It indicated that our method is
not sensitive to the radiosensitivity parameters. For example,
DSC slightly increased from 93.6% to 95.3%, even with more
than one order of magnitude change on 𝛼 and 𝛼/𝛽 values (𝛼
from 0.1 Gy−1 to 1 Gy−1 and 𝛼/𝛽 from 3 Gy to 40 Gy).
The computing time to perform the deformable registration varied depending on the number of registered image
slices. For a typical planning and posttreatment CT pair, the
run time for the full registration was approximately 15 min.
These results were obtained on a Dell desktop PC with dual
2.13 GHz Intel Xeon processors and 2.25 GB of RAM.
As our focus was the accuracy of registration, we made
no special effort to improve the speed of the registration process. However, time saving could be achieved by improving
computer hardware such as GPU-based implementation of
the Demons algorithm [24, 25].

4. Discussion
Previous studies have shown that nonrigid anatomical
changes can occur in H&N during the course of fractionated radiation therapy [26]. The Demons algorithm has
been shown to be a good choice for registration of H&N
images [11]. However, the issue of primary tumor density
change/volume shrinkage due to radiation treatment has not
been addressed by the authors. In our experience, registration
accuracy using this algorithm is reduced under these circumstances.
In the current study, we used a modification to the
Demons algorithm which adjusted the intensities of the
primary tumor voxels according to the LQ model. Qualitative
and quantitative results demonstrated that the proposed
method increased the performance of the registration in
presence of tumor shrinkage.

The intensity-modification procedure used in this study
is essentially a preprocessing method that can be used in
conjunction with other intensity-based deformable registration algorithms. While the focus of the current work was to
evaluate deformable registration in H&N region, the method
may also be adapted to other anatomical regions where
tumor shrinking occurs (e.g., in lung cancer). In lung cancer,
noncoplanar beams may be used and more slices should be
included along both the superior and inferior directions to
the tumor.
The LQ model is generally effective in describing tumor
response to radiation and is widely used in experimental and
clinical radiobiology. So we chose this model to calculate
the NPC cell killing by radiation. The cell killing process is
a complicated biological process. However, this preliminary
model could serve as a basis for more complex models to
deal with the problem of tumor shrinkage. Considering the
nonhomogeneous dose distributions in IMRT, we assumed
that the primary tumor volume was composed of a series
of subvolumes (voxels), each one receiving a homogeneous
dose. In this setting, the basic LQ model may be used to
estimate the NPC cell killing by radiation. We also recognize
that further studies would be desirable to validate this
assumption.
The radiation therapy parameters values used in our
study were derived from the literature [19–22]. The ratio
𝛼/𝛽 was assumed to be 10 Gy, which is a nominal value
for most tumors, and 𝛼 was set at 0.33 Gy−1 . Radiobiology
parameters have a high degree of uncertainty caused by
interpatient variations, tumor heterogeneity, and effects of
hypoxia and chemotherapy. To deal with this uncertainty,
we used a scale procedure within the LQ model to fix the
potential problems caused by the patient and tumor specific
biological parameters. The scale adjustments were based on
information from pretreatment CT images. The sensitivity
analysis showed that our method was not sensitive to the
radiosensitivity parameters. It may also be possible to obtain
biological information for individual patients noninvasively
using functional imaging [27, 28].
In the formulation for the deformation field, we have
chosen 𝜎 to be 1 and 𝑘 to be 0.4 based on previous studies
done by other investigators [7, 8, 11, 14, 18] and our own initial
testing experience. The impacts of the 𝜎 and 𝑘 parameters
were not investigated thoroughly in this preliminary study.
However, these specific values work well in most of our
cases. Adjusting parameters by a trial-and-error method
was also tested. No significant improvement was observed
compared to the fixed values. In addition, our emphasis is
on the comparison of the various schemes and not the final
performance. Therefore, we used the same set of parameters
for all experiments, without multiresolution adjustments.
Validation of deformable image registration remains a
difficult task due to the lack of the ground truth. Our
deformable registration algorithm was validated by simulating the deformation on patient CT image. We applied a 2ndorder polynomial transformation to the original H&N image
(Figure 6(a)) and deformed its shape by more than 5 mm on
average (Figure 6(b)). Our algorithm automatically generated
the deformation field and deformed the original image to
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(a)

(b)

(c)

(d)

(e)

Figure 6: (a) Original image; (b) original image transformed by a “polynomial” transformation; (c) deformed image derived from (a) using
the Demons algorithm; (d) difference image of (b) and (a); (e) difference image of (b) and (c).
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the mathematically transformed one (Figure 6(c)). The difference images (Figures 6(d) and 6(e)) were, respectively,
Figures 6(b)-6(a) and Figures 6(b)-6(c). Figure 6(e) showed
that the original CT image registered with the mathematically
deformed CT image with little difference. Quantitative validation results showed that more than 90% of the voxels were
within 2 mm of their intended shifts. Future work includes
a further improvement to the performance of IMP method
by implanting fiducial markers into the patient for further
validation.
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J. P. Thirion, “Image matching as a diffusion process: an analogy
with Maxwell’s demons,” Medical Image Analysis, vol. 2, no. 3,
pp. 243–260, 1998.
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for adaptive radiation therapy,” Journal of Applied Clinical
Medical Physics, vol. 14, no. 6, pp. 177–194, 2013.
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S. Gao, L. Zhang, H. Wang et al., “A deformable image registration method to handle distended rectums in prostate cancer
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2006.
A. Godley, E. Ahunbay, C. Peng, and X. A. Li, “Automated
registration of large deformations for adaptive radiation therapy
of prostate cancer,” Medical Physics, vol. 36, no. 4, pp. 1433–1441,
2009.
D. Yang, S. R. Chaudhari, S. M. Goddu et al., “Deformable registration of abdominal kilovoltage treatment planning CT and
tomotherapy daily megavoltage CT for treatment adaptation,”
Medical Physics, vol. 36, no. 2, pp. 329–337, 2009.
B. Rodriguez-Vila, F. Garcia-Vicente, and E. J. Gomez, “Methodology for registration of distended rectums in pelvic CT studies,”
Medical Physics, vol. 39, no. 10, pp. 6351–6359, 2012.
J. F. Fowler, “The linear-quadratic formula and progress in
fractionated radiotherapy,” British Journal of Radiology, vol. 62,
no. 740, pp. 679–694, 1989.
H. Wang, L. Dong, M. F. Lii et al., “Implementation and validation of a three-dimensional deformable registration algorithm
for targeted prostate cancer radiotherapy,” International Journal
of Radiation Oncology Biology Physics, vol. 61, no. 3, pp. 725–735,
2005.
M. Avanzo, J. Stancanello, G. Franchin et al., “Correlation of a
hypoxia based tumor control model with observed local control
rates in nasopharyngeal carcinoma treated with chemoradiotherapy,” Medical Physics, vol. 37, no. 4, pp. 1533–1544, 2010.
R. M. Wyatt, A. H. Beddoe, and R. G. Dale, “The effects of
delays in radiotherapy treatment on tumour control,” Physics in
Medicine and Biology, vol. 48, no. 2, pp. 139–155, 2003.
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[8]

5. Conclusion
We developed and tested a novel method for performing
deformable registration between planning and posttreatment
CT images in the H&N region. The technique was able
to account for tumor responses to radiation therapy by
modifying image intensities of the primary tumor voxels
according to the LQ model and to deal with the interpatient
heterogeneity of radiobiology parameters by a scaling factor.
The preliminary tests resulted in higher registration accuracy
than current methods, indicating a role in H&N adaptive
radiation therapy.

[9]

[10]

[11]

Conflict of Interests
The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments
This work is supported by the National Natural Science Foundation of China (NSFC Grants nos. 81201091 and 81200662),
the Fundamental Research Funds for the Central Universities
in China, the Fund Project for Excellent Abroad Scholar
Personnel in Science and Technology, and the Natural Science
Foundation of Zhejiang Province (Grant no. LY12H12010).

References
[1] D. Sarrut, “Deformable registration for image-guided radiation
therapy,” Zeitschrift fur Medizinische Physik, vol. 16, no. 4, pp.
285–297, 2006.
[2] J. Orban de Xivry, P. Castadot, G. Janssens et al., “Evaluation
of the radiobiological impact of anatomic modifications during
radiation therapy for head and neck cancer: can we simply
summate the dose?” Radiotherapy and Oncology, vol. 96, no. 1,
pp. 131–138, 2010.
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As an implementation of compressive sensing (CS), dual-dictionary learning (DDL) method provides an ideal access to restore
signals of two related dictionaries and sparse representation. It has been proven that this method performs well in medical image
reconstruction with highly undersampled data, especially for multimodality imaging like CT-MRI hybrid reconstruction. Because
of its outstanding strength, short signal acquisition time, and low radiation dose, DDL has allured a broad interest in both academic
and industrial fields. Here in this review article, we summarize DDL’s development history, conclude the latest advance, and also
discuss its role in the future directions and potential applications in medical imaging. Meanwhile, this paper points out that DDL
is still in the initial stage, and it is necessary to make further studies to improve this method, especially in dictionary training.

1. Introduction
Compressive sensing (CS) is a novel theory in information acquisition and processing [1]. Since general signals
are broadband, traditional signal reconstruction methods
usually adopt Nyquist Sampling, requiring high sample rate
and long processing time. However, CS theory offers a
way to restore signal accurately with less measurement by
solving an optimization problem in which signal is sparse,
represented using a basis matrix, and the high-dimensional
transformation is projected to a lower dimensional subspace.
Therefore, CS theory has been widely recognized and applied
in various fields.
Some groups focus on studies of CS applications and have
developed various braches such as Bayesian CS and 1-Bit CS
[2–4]. After it is applied in medical imaging reconstruction,
CS theory is proven to be a method that effectively retains
high image quality using undersampling measurement data
in different imaging modalities including computed tomography (CT) and magnetic resonance imaging (MRI) [5–7].
Besides, CS theory shows great potential in multimodalities
image reconstruction, one of the future directions of medical
imaging.

Dictionary learning (DL) is a typical method of CS image
reconstruction. In this method, sampled data is compressible
in specific transform domain, and transformation coefficients
are projected to a lower dimensional vector with essential
image information retained well. As a result, complex reconstruction problem is simplified to an optimization problem.
Usually, one should take three problems into consideration
to solve image reconstruction problems using DL methods.
First, design an overcompleted dictionary which can represent a signal sparsely. Second, get a measurement matrix
strictly satisfied with isometry property. Third, develop a fast
signal reconstruction algorithm with good robustness. The
designed dictionary is important to the accuracy of CS image
reconstruction. In DL method, the dictionary is self-adaptive
and flexible; it is trained by particular image samples or
group of images. Using different training methods, the image
sparseness is quite different [8].
Though DL-based approach has been recognized in
medical image reconstruction field, single dictionary applied
in the whole image process brings out a limit in image
quality. That means only one dictionary is far from enough
as the prior information. In order to improve image
quality, research scholars have optimized DL method to
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dual-dictionary learning (DDL) which has more diverse prior
information in imaging modalities like CT and MRI. DDL
method was initially developed for image super-resolution.
Lu et al. [9, 10] applied this method for CT reconstruction.
Song et al. [11] used it in 3D MRI reconstruction. DDL shows
a great potential in medical image reconstruction.
In this paper, we discuss the DL method in Section 2.
Based on DL method, we review DDL’s history and new
development in Section 3, including its theory, feasibility
demonstration, and the application in different fields. In
Section 4, we discuss the use of DDL in medical image
analysis. In the section of Discussion and Conclusion, we
summarize algorithms and explore the future directions in
medical image reconstruction.

2. Dictionary Learning (DL) Algorithm
2.1. DL Method and Theory. According to the CS theory, an
undersampling image reconstruction problem is to solve an
underdetermined system of linear equations 𝐹𝑢 𝑥 = 𝑦 by minimizing the 𝑙0 quasi norm (e.g., number of nonzeros) of the
sparsified transform Ψ𝑥; it means the image 𝑥 is sparse after a
completed sparse transform Ψ ∈ R𝑀×𝑁. The corresponding
optimization problem is
min
‖Ψ𝑥‖0
𝑥

s.t. 𝐹𝑢 𝑥 = 𝑦.

(1)

In (1), 𝑥 is the image to be reconstructed, 𝐹𝑢 is the
codebook for the given measurements 𝑦. Equation (1) is
also known as a sparse coding problem, which is a NP-hard
problem (nondeterministic polynomial). It can be solved by
some greedy algorithms, for example, orthogonal matching
pursuit (OMP) [12]. It is notable that if the 𝑙0 norm is
replaced with 𝑙1 norm, the problem can be solved by linear
programming in the real domain or second order cone
programming in the complex domain.
Given an image 𝑋 of size 𝑁 × 𝑁, it can be decomposed
into some small patches of size 𝑏 × 𝑏, 𝑏 ≪ 𝑁. Each patch can
be expressed as a 𝑛 = 𝑏2 dimensional vector x ∈ R𝑛 . All the
patches are extracted from the object image 𝑋 according to
the patch size and the slide distance. A dictionary 𝐷 ∈ R𝑛×𝐾
is a matrix that consists of 𝐾 atoms 𝑑𝑘 ∈ R𝑛=𝑏×𝑏 which are
the columns of the dictionary. As 𝑑𝑘 is the patch vector from
sample images, the initial dictionary constructed from the
extracted patches is usually redundant or overcompleted; that
is, 𝑁 ≪ 𝐾. Using specific atoms of initial dictionary 𝐷, each
vector x in the image can be approximately represented as
sparse coefficient [13]. Consider
‖x − 𝐷𝛼‖22 < 𝜀,

(2)

where 𝜀 > 0 for the error bound and 𝛼 ∈ R𝐾 for the
sparse representation vector which has few nonzero elements:
‖𝛼‖0 ≪ 𝑁 ≪ 𝐾, 𝑖 = 1, 2, . . . , 𝐾. To get the sparse representation of the vector x, one can minimize the 𝑙0 norm as
min
‖𝛼‖0
𝛼

s.t. ‖x − 𝐷𝛼‖22 < 𝜀.

(3)

If an image contains 𝑆 patches, DL is to find a dictionary
̃ in which all the patches should be sparsely represented as
𝐷
follows:
𝑆


̃ 𝑠 2 + ] 𝛼𝑠  ) .
min∑ (x𝑠 − 𝐷𝛼
 0
2
𝐷,𝛼

(4)

𝑠=1

Usually, if ] is fixed by specific value, (3) is equivalent to
solve the following problem:
𝑆


̃ 𝑠 2 )
min∑ (x𝑠 − 𝐷𝛼
2
𝐷,𝛼

𝑠=1

 
s.t. 𝛼𝑠 0 < 𝑇0 .

(5)

2.2. Dictionary Construction. DL problem is NP-hard
because it turns to a sparse coding problem when 𝐷 and x
are fixed. Currently, mainly four adaptive dictionary training
algorithms were proposed to solve such a dictionary learning
problem.
(1) Direct method (DM): DM is an original method that
preserves all the details in the sample images because
of a direct extraction process, and then a target image
can be fully recovered as the patches are well chosen.
Usually, this method is effective in super-resolution
image reconstruction.
(2) Method of optimal directions (MOD): MOD fixes
the coefficients corresponding to the dictionary vectors and then updates the atoms by minimizing the
residuals between the training vectors and its representations. The main advantage of MOD is that it gives
the optimal adjustment of the dictionary vectors in
each iteration. Usually, it provides better convergence
properties in ECG (electrocardiogram) signals [14].
(3) Generalized principal component analysis (GPCA):
GPCA is a general method for modeling and segmenting some mixed data using a collection of subspaces. By introducing certain algebraic models and
techniques into data clustering, traditionally a statistical problem, GPCA offers a new spectrum of algorithms for data modeling and clustering [15].
(4) 𝐾-means singular value decomposition (𝐾-SVD): 𝐾SVD is an iterative method updating the dictionary
atoms to fit the data better. The method does SVD
on the errors and updates the current dictionary
atom and coefficient simultaneously with the item
which has the minimum error. As the most widely
used method to train the dictionary, 𝐾-SVD has an
excellent convergence and sparsity [16].
Dictionary learning can be used to reconstruct image;
a classic algorithm is summarized in Figure 1. Given an
initial value 𝑥0 (initial dictionary), do dictionary learning
using appropriate training method and obtain the sparse
representation, and then update 𝑥 under specific transform
(i.e., wavelet, Fourier) and output the result after several iterations at last.
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Figure 1: The algorithm block diagram of diction learning applied in image reconstruction.

3. DDL Algorithm in Image Analysis
3.1. From Single to Dual-Dictionary. DL method is widely
used in image restoration [17–19], super-resolution reconstruction [20–23], image deblurring [24–26], denoising [27–
32], medical image reconstruction [13, 33], image prediction
[34], and image inpainting [35]. However, both dynamitic
atoms in each iteration step and certain noise in measurement
data would increase iteration time making DL method slow
in most cases. As to improve DL’s inefficiency, some come up
with the solution that by introducing two or more dictionaries
image quality would be further improved within less time.
One of the improved methods is dual-dictionary learning
(DDL).
DDL theory is first introduced by Curzion et al. as
PADDL; it aimed to train a linear mapping in the case of
a single dictionary. Note that this method is not using two
different dictionaries but training one dictionary with its
“dual” dictionary. In PADDL method, the essential concept
is to update the dictionary 𝐷 = [𝑑1 , . . . , 𝑑𝐾 ] ∈ R𝑑×𝐾 by
means of its “dual” dictionary 𝐶 = [𝑐1 , . . . , 𝑐𝐾 ]𝑇 ∈ R𝐾×𝑑 ,
as an auxiliary item. It aims to find an optimal pair of linear
operators 𝐷 by minimizing the following:
𝐸 (𝐷, 𝐶, 𝑈) = ‖𝑋 − 𝐷𝑈‖2𝐹 + 𝜂 ‖𝑈 − 𝐶𝑋‖2𝐹 + 𝜏 ‖𝑈‖1
 2  2
s.t. 𝑑𝑖  , 𝑐𝑖  ≤ 1,

(6)

where 𝑋 ∈ R𝑑×𝑁 is the matrix to be trained and 𝑈 ∈
R𝐾×𝑁 is the representation. The 𝑐𝑖 can be treated as filters to
approximate its optimal 𝑢. 𝜂 is the weight parameters.
The result shows that this dual-dictionary training
method can be applied well in calculating the sparse representations [36].
3.2. DDL in Super-Resolution Reconstruction. Zhang et al.
proposed an efficient sparse representation method to solve
image super-resolution reconstruction via DDL [37]. In this

work, they assume that image patches with different resolution can share the same underlying sparse representation.
Thus, given a dictionary pair {𝐷ℎ , 𝐷𝑙 }, where ℎ stands for
high resolution and 𝑙 stands for low resolution, the sparse
representation of 𝑥𝑖 from low-resolution image 𝑋𝑙 is similar
as (3). Consider
 
𝑧̂𝑖 = arg min 𝑧𝑖 1

2

s.t. 𝐷𝑙 𝑧𝑖 − 𝑥𝑖 2 ≤ 𝜀.

(7)

With the sparse representation vector 𝑧𝑖 , the highresolution patch can be approximately expressed as 𝑥𝑖 =
𝐷ℎ 𝑧𝑖 . Put all the high-resolution patches back into corresponding positions and perform normalization. Finally we
obtain the estimation of the high-resolution image 𝑥 .
The optimization model for learning coupled dictionaries
with “dual” is as follows:
{𝐷ℎ , 𝐷𝑙 , 𝐶𝑙 , 𝑍}
= arg


2
2

min 𝑋𝑐 − 𝐷𝑐 𝑍𝐹 + 𝜂 𝑍 − 𝐶𝑙 𝑋𝑙 𝐹 + 𝜆 ‖𝑍‖1
{𝐷ℎ ,𝐷𝑙 ,𝐶𝑙 ,𝑍}
 2  2
s.t. 𝐷𝑖 2 , 𝐶𝑖 2 ≤ 1.

(8)

𝑋𝑐 = [(1/√𝑀)𝑋ℎ 𝑇 , (1/√𝑁)𝑋𝑙 𝑇 ]𝑇 ∈ R(𝑀+𝑁)×𝐿 , in which
𝑀 and 𝑁 are the dimension of the high- and low-resolution
patches. 𝐷𝑐 = [(1/√𝑀)𝐷ℎ 𝑇 , (1/√𝑁)𝐷𝑙 𝑇 ]𝑇 ∈ R(𝑀+𝑁)×𝐾 .
𝐶𝑙 ∈ R𝐾×𝑁 is the dual of 𝐷𝑙 as mentioned in Section 2.1.
After multiplying 𝑧𝑖 = 𝐶𝑙 𝑥𝑖 by 𝐷ℎ , we acquire the highresolution patch 𝑥𝑖 . In this method, 𝐷𝑙 and 𝐷ℎ are treated
as one dictionary and trained simultaneously with their dual,
which refers to 𝐷𝑙 and 𝐷ℎ .
With the approximate sparse coding procedure via model
(8), the result shows that their method speeds up the overall
super-resolution process significantly.
3.3. DDL in Image Restoration. Similar to HaiChaos’ work,
Wang et al. also applied DDL in image restoration [38].
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They solved the problem of restoring the lost part of highfrequency detail information of images.
Wang et al. reconstructed the high-frequency (HF) details
from the low-resolution images using the prior models. HF
is decomposed into a combination of two components, main
high-frequency (MHF) and residual high-frequency (RHF).
Wang et al. restored MHF and RHF, respectively, with dualdictionary and then added up MHF and RHF at last. For
dictionary construction, 𝐾-SVD was used to train the two
dictionaries. The experiment result reveals that the PSNR
values are better than bicubic and sparse representation
algorithm.
3.4. DDL in Human Pose Estimation. Ji and Su proposed a
new method for robust 3D human pose estimation using
DDL [39]. In their study, they constructed two dictionaries
simultaneously including visual observation dictionary and
body configuration dictionary. Both of the two dictionaries
share with a same sparse representation with respect to every
visual observation and its corresponding 3D body pose.
Since outline features are usually corrupted, the optimization model for robust human pose estimation is as follows:
min ‖𝐸‖1 + 𝜆 ‖𝑅‖1

𝐴,𝐵,𝐸,𝑅

s.t. 𝑋 = 𝐴𝑅 + 𝐸

(9)

𝑌 = 𝐵𝑅,
where 𝑋 ∈ R𝑚×𝑛 for observation data matrix, 𝐴 ∈ R𝑚×𝑑 for
observation dictionary, 𝑌 ∈ R𝑘×𝑛 for 3D pose data matrix,
and 𝐵 ∈ R𝑘×𝑑 for body configuration dictionary. 𝑅 ∈ R𝑑×𝑛
for common sparse representation of 𝑋 and 𝑌, and 𝐸 is the
corruption item to be minimized.
To solve problem (9), Hao and Fei used an inexact Augmented Lagrange Multiplier (IALM) method to update the
two dictionaries. More details related to the IALM method
can be learned from [29].
The experimental results show that their approach performs well in recovering outlines from corrupted data compared with other methods.

4. DDL Algorithm in
Medical Image Reconstruction
Recently, DDL has gained attention in medical image reconstruction, which can improve image qualities and accelerate
reconstruction process.
4.1. Method and Theory. Let 𝑢𝑙 be a low-quality image and
𝐷𝑙 = [𝑑1 𝑙 , 𝑑2 𝑙 , . . . , 𝑑𝐾 𝑙 ], and let 𝐷𝑙 ∈ R𝑛×𝐾 be a low dictionary
constructed from 𝑢𝑙 . Similarly, let 𝑢ℎ be the high-quality
counterpart of 𝑢𝑙 and 𝐷ℎ = [𝑑1 ℎ , 𝑑2 ℎ , . . . , 𝑑𝐾 ℎ ]; 𝐷ℎ ∈ R𝑛×𝐾
constructed from 𝑢ℎ . As a corresponding relation between 𝑢𝑙
and 𝑢ℎ , they can be connected with a general following model:
𝑢𝑙 = 𝑄𝑢ℎ + 𝜀𝑙 ,

(10)

where 𝜀𝑙 is the noise and 𝑄 is the transform operator. For
a specific 𝑢ℎ , we can assume that each patch 𝑢𝑖ℎ in 𝑢ℎ can
be expressed as the linear combination of the atoms in the
following dictionary 𝐷ℎ :
𝑢𝑖ℎ = 𝐷ℎ 𝛼𝑖 + 𝜂,

(11)

where 𝜂 is the error; ‖𝜂‖22 < 𝜀. 𝛼𝑖 is sparse coefficient, ‖𝛼𝑖 ‖0 ≪
𝐾. Combining (11) and (10) gives
2
2

 𝑙
𝑢𝑖 − 𝐷𝑙 𝛼𝑖  < 𝛿 = 𝑢𝑖𝑙 − 𝑄𝐷ℎ 𝛼𝑖  < 𝛿.
2
2



(12)

According to the above derivations which are referred to
as the Sparse-Land Model, the low-quality patch 𝑢𝑖𝑙 can be
sparse coded by the same vector 𝛼𝑖 under dictionary 𝐷𝑙 =
𝑄𝐷ℎ . Thus, given the dictionaries 𝐷𝑙 and 𝐷ℎ with accurate
one-to-one mapping atoms, we can approximately recover
𝑢𝑖ℎ simply by multiplying 𝐷ℎ and the sparse representation
obtained from 𝐷𝑙 as follows:
𝑢𝑖ℎ = 𝐷ℎ 𝛼𝑖 + 𝜀𝑖 .

(13)

The general workflow for DDL method in medical image
reconstruction is summarized in Figure 2. Given two sets
of measured data (high-resolution sample images and lowresolution sample images), we can obtain two dictionaries
𝐷𝑙 and 𝐷ℎ using appropriate training methods (DM, MOD,
GPCA, or 𝐾-SVD). When a measured data is input, we can
obtain the sparse representation with 𝐷𝑙 and then update the
𝑥 using 𝐷ℎ .
4.2. DDL in CT Reconstruction. Computed tomography (CT)
reconstruction is a process obtaining the tomographic image
of human body from X-ray projection data. The reconstruction methods can be divided into two types, analytic and
iterative methods. In recent years, CS-based iterative method
was applied in 3D X-ray image reconstruction. It performs
more flexible and accurate than analytic method in most of
cases. Some typical topics include interior CT problem, lowdose imaging, and incomplete data reconstruction [40–44].
Lu et al. made a progress in few-view image reconstruction of CT images (SART-TV-DL) [9, 10] using DDL. Since
each pair of corresponding sample images is reconstructed
from the same object just different in view numbers of projection, a high-quality image and its low-quality counterpart
have the relationship described in (10).
In their work, a set of high-quality images which were
reconstructed with SART algorithm from adequate projection were used to construct a high-quality dictionary 𝐷ℎ ;
however, according to the pixel-to-pixel mapping rule, a lowquality dictionary 𝐷𝑙 can be also generated from a set of
blurry images which were reconstructed from under-sampled
projection data. To solve the dictionary training problem,
they used DM mentioned in Section 1 because it could reserve
most details of the sample images. Moreover, this method can
generate dictionaries easiest and fastest.
However, in a CT image, pixel values alone cannot reflect
the relationship of the adjacent two pixels. Therefore, in
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Figure 2: The general workflow for DDL method.

addition to DM, they used pixel values combined with its
first-order gradient vector along 𝑥 and 𝑦 direction to provide
more information of an image vector for each patch. That
is, if an image patch is of size √𝑛 × √𝑛, the atom in the
dictionary had 3𝑛 features because of the gradient. As the
dictionaries were redundant or overcomplete, they reduced
the redundancy of the dictionaries by means of setting a
minimum Euclidean distances threshold.
The real data results demonstrate the potential of SARTTV-DL algorithm in CT image reconstruction with 30–
50 views. It contributes to some preclinical and clinical
applications such as C-arm, breast CT, and tomosynthesis.
Different from Lu’s work, Cao and Xing applied DDL in
CT limited angle reconstruction [45]. In his work, a twodictionary learning (ART-TV-TDL) algorithm is proposed to
remove the limited angle artifacts. The two dictionaries were,
respectively, object dictionary 𝐷𝑜 learned from a high-quality
training image and artifact dictionary 𝐷𝑎 from artifact image.
̃ which could be divided
A limited angle reconstruction 𝑋,
into the object part 𝑋𝑜 and the artifact part 𝑋𝑎 , had the
different sparse representation coefficients with 𝐷𝑜 and 𝐷𝑎 as
follows:
 ̃
2
𝑋 − 𝐷𝑜 𝛼
min

2
𝛼 

 
s.t. 𝛼𝑖 0 ≤ 𝐿 1 ,

 ̃
2
𝑋 − 𝐷𝑎 𝛽
min

2
𝛼 

 
s.t. 𝛽𝑖 0 ≤ 𝐿 2 .

𝑜

𝑎

(14)

Here 𝛼 and 𝛽 are the sparse coefficient with 𝐿 1 and 𝐿 2
sparsity; the training method was 𝐾-SVD in this work. To
get a better image with restrain artifacts, they combined these
two representations for iterative reconstruction. Consider
𝑋next = 𝜆 𝑜 𝐷𝑜 𝛼 − 𝜆 𝑎 𝐷𝑎 𝛽 + 𝜆𝑋current ,

(15)

where 𝜆 𝑜 , 𝜆 𝑎 , and 𝜆 are parameters to balance the effect.
Their results show that the ART-TV-TDL method has smaller
RMSE values in different limited angles (90 and 120) compared with ART-TV method.
4.3. DDL in 3D MRI Reconstruction. Song et al. proposed a
novel method for multislice (3D) MRI reconstruction from
undersampled 𝑘-space data using dual-dictionary learning
(Dual-DL-MRI) [11].
For a high-resolution 𝑀×𝑁×𝐻 MRI images series 𝑆ℎ , one
can represent them as one vector 𝑠high ∈ R𝑀𝑁𝐻×1 of length
𝑀𝐻𝑁 and get its undersampled 𝑘-space measurements 𝑦 by
Fourier transform 𝑦 = 𝐹̃𝑢 𝑠high . 𝐹̃𝑢 is a three-dimension undersampling Fourier matrix. Therefore, the corresponding series
𝑠low ∈ R𝑀𝑁𝐻×1 can be reconstructed from undersampled 𝑘space by inverse Fourier transform as follows:
𝑠low = 𝐹̃∗ 𝑦 = 𝐹̃∗ 𝐹̃𝑢 𝑠high = 𝑄𝑠high .

(16)

As we can see, (16) is one form of (10), which demonstrates the possibility of dual-dictionary in MRI reconstruction.
To construct dual-dictionary, they used 𝐾-SVD method
to train the two dictionaries simultaneously to ensure the
matching accuracy (one-to-one correspondence); 𝐷𝑙 and 𝐷ℎ
can be obtained by
 
min∑ 𝛼𝑖 0
𝐷,𝛼𝑖

𝑖

𝑠

2

s.t. s𝑖 − 𝐷𝛼𝑖 2 ≤ 𝜀𝐾-SVD ,

∀𝑖,

(17)

low
] = [𝑠1 , 𝑠2 , . . . , 𝑠𝐾 ] stands for two sample sets
where 𝑆 = [ 𝑠high
𝐷𝑙
]. It is worth noting
that are one-to-one matching; 𝐷 = [ 𝐷
ℎ
that no more feature vectors are written in each dictionary
atom except pixel values.
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After updating the reconstruction result for each slice
in the Fourier domain (restore the measured data), their
work successfully reduce the PSNR of low-resolution MRI
reconstruction images.
4.4. DDL in Multimodality Image Reconstruction. Multimodality biomedical imaging has found its increasing applications during the last decade and is becoming routine in
clinical practice. Multimodality imaging is to integrate multiple imaging techniques into one instrument or fuse two or
more imaging modalities such as CT, MRI, PET, and SPECT.
This integration of structural, functional, and molecular
information provides more accurate diagnoses. For example,
MRI methods offer human soft tissue information with
excellent clarity whereas CT depicts human hard tissue such
as bone. Both of CT and MRI reveal important functional
information. If these two modalities can be combined in one
device, some small disease such as caducous blood clots could
be exactly diagnosed. However, the imaging principles of
MRI and CT are totally different, and how to build an accurate
connection of these two modalities is an urgent problem.
In order to stylize the synergy between CT and MRI
data sets from an object at the same time, Lu et al. try to
investigate the possibility of CT-MRI unified imaging via
dual-dictionary [46]. Figures 3(a) and 3(b) are, respectively,
CT and MRI image; these two images are obtained from
one layer of a patient’s brain and are well registered. Figures
3(c) and 3(d) are the first-order gradient images of Figures
3(a) and 3(b) along 𝑥 direction. Figure 3(e) is the subtraction
of CT and MRI, and Figure 3(f) is the subtraction of their
gradients. From Figures 3(c), 3(d), and 3(f), we can see
that the interiors of CT and MRI are structurally correlated,
especially the brain bone. Thus, it is possible to build a
connection of CT and MRI using the structural information.
With an MRI image as the a priori information, Lu tries to
recover its corresponding CT image.
Since CT scan is totally different with MRI scan in
physical principle, they use direct method to reserve as
much information as possible to establish a knowledge-based
connection between the two datasets. The two dictionaries
are 𝐷MR and 𝐷CT ; the former is derived from high-resolution
MRI images, and the latter is from high-resolution CT
images. The significant point of two dictionaries is that the
patches in each dictionary are restricted one-to-one correspondence.
In reconstruction step, 𝐷MR and 𝐷CT are treated as 𝐷𝑙
and 𝐷ℎ in (12), respectively. With dual-dictionary learning, a
base CT image is first obtained just from a high-quality MRI
image without corresponding CT data. Second, combined
with base CT image and highly undersampled CT data,
they reconstruct better resolution CT image using iterative
method. The base CT image provides a better resolution and
outline information, while highly undersampled CT image
provides all the detailed information.
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measured data, DDL algorithm has shown its great potential
in reconstructing high-resolution images [47, 48].
Nowadays, MRI has become an indispensable medical
modality of imaging diagnosis. However, during an MRI
process, the scan time is usually up to fifteen minutes
or even more. Patients might feel uncomfortable to keep
motionless for a long time in the huge MRI gantry. Moreover,
motion artifacts which reduce the images quality are always
inevitable due to some organ movements such as heartbeat,
pulse, and spasm. Researches demonstrated that the average
displacement is over 0.35 mm within 100 seconds for one
person lying on the cradle, while this number is up to 2.5 mm
for a patient [42, 43]. Therefore, it has an important clinical
significance to save the MRI scan time for better images
quality and healthcare.
DDL method may be the future direction of fast MRI
reconstruction. As mentioned in Section 4.4, the same slice
of CT and MRI images from one object are structurally correlated. The advantage of CT is that the scanning time is short
for some typical parts of body. Besides, the spatial resolution
of CT is better than MRI. In the fast MRI, the measurement
data is incomplete. Therefore, if the CT image data can be
utilized as prior information in MRI reconstruction process,
fewer measurement data (𝑘-space) is required for highresolution MRI image reconstruction. The essence of the
reviewed DDL is establishing an appropriate relation between
two spatial domains (e.g., different resolutions and different
frequencies). One domain is for atom matching and the other
domain is for image updating. Similarly, we may establish a
quantitative relation between the two modalities using DDL.
The relation can be a one-to-one mapping between the images
boundaries which reflect the correlation between CT and
MRI. In this way, DDL enables the fast MRI.
Overall, DDL method has shown its effective application
in medical image reconstruction. With DDL method, we
can reconstruct a high-resolution image with highly undersampling data. Inspired by its performances in one medical
modality, DDL can be applied in structurally correlated image
reconstruction problem, for example, multimodalities image
reconstruction (CT-MRI).
However, the research work of DDL still remains in
preliminary stage. For example, as discussed in the paper,
reconstruction results may be relatively sensitive to the
matching accuracy between the two dictionaries. Thus, how
to establish closest connections between the images with
different resolutions or even different modalities will be an
important issue to be solved in the future. Also, the redundancy of dictionaries should be eliminated more reasonable
to ensure better sparse representation.
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Neurodegenerative diseases are frequently associated with structural changes in the brain. Magnetic resonance imaging (MRI)
scans can show these variations and therefore can be used as a supportive feature for a number of neurodegenerative diseases. The
hippocampus has been known to be a biomarker for Alzheimer disease and other neurological and psychiatric diseases. However,
it requires accurate, robust, and reproducible delineation of hippocampal structures. Fully automatic methods are usually the voxel
based approach; for each voxel a number of local features were calculated. In this paper, we compared four different techniques
for feature selection from a set of 315 features extracted for each voxel: (i) filter method based on the Kolmogorov-Smirnov test;
two wrapper methods, respectively, (ii) sequential forward selection and (iii) sequential backward elimination; and (iv) embedded
method based on the Random Forest Classifier on a set of 10 T1-weighted brain MRIs and tested on an independent set of 25 subjects.
The resulting segmentations were compared with manual reference labelling. By using only 23 feature for each voxel (sequential
backward elimination) we obtained comparable state-of-the-art performances with respect to the standard tool FreeSurfer.

1. Introduction
The analysis of medical images such as magnetic resonance
images (MRIs) is useful to investigate and identify the
structural alterations in the brain, frequently associated with
dementia or neurodegenerative diseases. In this context, the
hippocampal segmentation is used to study and detect the
correlation between the morphological anomalies of the
hippocampus and the occurrence of the Alzheimer’s disease.
Hence its importance is strictly related to the early prediction
of the dementia [1, 2]. Since the manual tracing is timeconsuming and highly operator-dependent, it is important to
make this process as much automatic as possible.

As discussed in [3], automatic image analysis and classification methods exist, which are able to recognize brain
anomalies at the level of the single patient, which is more
useful than at the level of groups or categories of individuals.
Nonetheless they potentially require a large amount of
parameters (vector of features) to properly manage all differences and specific features of the human brain among individuals, causing the parameter space to explode in terms of
complexity, redundancy, and noise. To find a limited amount
of features able to recognize patterns with a sufficient level
of accuracy and without requiring a huge computational
effort, would be indeed very helpful. This is especially true
when the feature selection and classification are performed
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by machine learning techniques, since the intrinsic selforganizing selection of important features and their crosscorrelation remove any potential biased interpretability of the
feature space.
Several approaches have been proposed to reach different
levels of automation [4]. Among known methods, we quote
just Morra et al. [5, 6], which suggest different automatic
methods based on support vector machines (SVM) and
hierarchical Adaboost, by considering about 18,000 voxel features, and FreeSurfer [7], a standard medical software tool for
the analysis of cortical and subcortical anatomy, which
performs a segmentation on cortical surface streams by
constructing models of boundaries among white and gray
matter.
Similarly, for an automatic hippocampal segmentation,
we use a voxel-based approach by using 315 local features for
each voxel included in a parahippocampal region larger than
the hippocampus volume. Extracting 315 features for such a
large number of voxels needs massive processing time and
massive computational resources. For this reason, we consider crucial the issue of feature selection (FS) or reduction.
The utility of feature selection is (a) to avoid overfitting, by
minimizing the dimension of the parameter space and
improving model performance, that is, prediction performance in the case of supervised classification and better cluster detection in the case of clustering, (b) to provide faster and
more cost-effective models, (c) to gain a deeper insight into
the underlying processes that generated the data, and (d) to
optimize the processing time and massive computational
resource.
There is a price to be paid for this advantage. To search for
a subset of relevant features introduces in fact an additional
layer of complexity in the modeling task: it needs to find the
optimal model parameters for the optimal feature subset, as
there is no guarantee that the optimal parameters for the full
input feature set are equally optimal also for the best feature
subset [8, 9].
By providing a small quantity of features, it may reduce
the computational time as being proportional to the number
of features. Furthermore, in some cases it allows to gain a better classification accuracy [10]. Also, the reduction of the feature’s number is necessary when, to train the classifier, only a
limited number of examples is available. In this regard, it is
shown that, for the same error rate, a classifier requires a
training whose duration grows exponentially with the number of variables [11–13].
Feature reduction, therefore, includes any algorithm that
finds a subset of input feature set. A feature reduction
capability is present also in more general methods based on
transformations or combinations of the input feature set
(feature extraction algorithms). An example being the wellknown principal component analysis (PCA), which eliminates the redundancy of information by generating new
features set by a combination of input features [14].
However, the best feature selection, by preserving the
original semantics of features, permits also to maintain a
coherent interpretability. The main goal of this study is to
exemplify and demonstrate the benefits of applying FS algorithms in hippocampus segmentation field.
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2. Materials
The database used to perform the described experiments is
composed by thirty-five T1-weighted whole brain MR images
and the corresponding manually segmented bilateral hippocampi (masks). All images were acquired on a 1.0 𝑇 scanner
according to MP-RAGE sequence for magnetic resonance
imaging of the brain [15–17].
The images are derived from the Open Access Series of
Imaging Studies (OASIS). In particular we used 35 MP-RAGE
MRI brain scans with a resolution of 1 mm3 provided in
occasion of the MICCAI SATA challenge workshop 2013 [18].
By using this homogeneous data sample it was possible to
reduce the training image subsample without loss of generality and learning capabilities, giving the possibility to keep a
sufficiently wide test set to perform a well-posed statistical
analysis on the feature selection performances.
The image processing and classification were carried out
blindly with respect to the subject status.
The first stage of our analysis chain requires an image
preprocessing to standardize them both spatially and in gray
intensity. This operation is obtained by registering the images
on the Montreal Neurological Institute (MNI) standard template (ICBM152) using 12-parameter affine-registration and
subsequent resampling on an isotropic grid with 1 mm3 voxel
size.
In order to reduce the computational time of the analysis,
from the MRI, spatially standardized, two volumes containing the left and right hippocampus including the relevant
parahippocampal regions are extracted using a new method
FAPoD (fully automatic algorithm based on point distribution model) described in [19, 20].
We can then proceed with the feature extraction only in
this identified region of interest: we approach a binary classification voxel-based problem, where the categories are hippocampus or not-hippocampus, that is, based on supervised
pattern recognition systems. The features should contain
information relevant to the classification task. Since manual
segmentation of the hippocampus is based on local texture
information, we adopted the related features. In the analysis
presented here for each voxel a vector whose elements
represent information about position, intensity, neighboring
texture [21], and local filters was obtained.
Texture information was expressed using both Haar-like
and Haralick features [6, 22].
The Haralick features were calculated from the normalized gray level cooccurrence matrices (GLCM) created on the
𝑚 × 𝑚 voxels projection subimages of the volume of interest;
𝑚 defines the size of overlapping sliding-windows. For each
voxel, values of 𝑚 varying from 3 to 9 were used. Each element
(𝑘, 𝑝) of a cooccurrence matrix indicates the probability that
two voxels, separated by a specified spatial angle and distance,
have gray levels 𝑘 and 𝑝, respectively.
A subset of Haralick features is sufficient to obtain a satisfactory discrimination. To establish which of the original 14
GLCM Haralick features gives the best recognition rate,
several preliminary recognition experiments were carried out
[23]. The resulting best configuration has been individuated
in 4 features: energy, contrast, correlation, and inverse difference moment [20].
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Table 1: The 315 features extracted from the 3D MRI images. Of
each group of 66 Haralick features, 13 are the gradients along the
13 diagonals, 5 are the principal moments, and the rest are the three
sets of 16 textural features, one set for each plane of the voxels. The
gradients for each voxel are measured in all directions at one voxel
distance and the relative 3D positions are included as features.
Number
1
1
66
66
66
66
49

Description
Position
Grey level
Haralick features for mask 3 × 3
Haralick features for mask 5 × 5
Haralick features for mask 7 × 7
Haralick features for mask 9 × 9
Haar-like 3D features

Finally, the gradients calculated in different directions
and at different distances were included as additional features.
The best analysis configuration, expressed by the highest
values of statistical indicators (see Section 3), was obtained
with 315 features, described in Table 1.
By summarizing, the knowledge base (KB) consisted of 35
regions of interest (ROI) extracted from as many images, each
one composed of 7910 voxels, where each voxel is represented
through a vector of 315 features. Therefore, the training set,
including 10 randomly selected images, was formed by a total
of 79100 × 315 entries. In quantitative terms, it can be considered a sufficiently wide dataset, qualitatively able to cover
all feature types needed to perform a complete training,
avoiding the useless redundancy of information not needed
by machine learning methods [24] and leaving a sufficiently
large amount of samples to be dedicated to the test sessions.

3. Methods
The FS techniques are usually counted in three categories,
based on their internal combination between the selection
and classification of the reduced parameter space. These
categories are, respectively, named as wrapper, filter, and
embedded methods [25].
Filter method is a technique based on the measurement of
the importance of each single feature of the given parameter
space [26]. The selected features are the most relevant to
obtain a correct classification. This technique includes methods suitable for high-dimensional datasets, since they are
computationally fast. Furthermore, they are independent
from the classification algorithm and therefore their results
can be used for all types of classifier. However, since each
feature is considered separately from the others, their positive
contribution based on the combined effect is neglected.
The filter method used in our analysis is based on the
Kolmogorov-Smirnov (K-S) test.
Wrapper methods basically integrate the two aspects of
the workflow, that is, the model hypothesis and feature search
[27]. This procedure involves the generation and evaluation of
various subsets of features. Every generated feature subset is
associated to a classification criterion (hence the name wrapper). Since the number of all possible feature subsets grows
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exponentially with the size of the dataset, some search heuristics can be adopted to reduce drastically the number of operations. They can be grouped into deterministic and randomized
search methods. The advantage of these methods is the
intrinsic best interaction among selected features and their
classifiers, but with the downside of having a high computational cost and the risk of overfitting. The wrapper methods
used in our analysis are, respectively, sequential forward
selection (SFS) and sequential backward elimination (SBE).
Finally, in embedded methods the optimal feature subset
search is directly nested into the classifier algorithm [28].
Such techniques can be interpreted in terms of a search
within a combined parameter space, by mixing features and
hypotheses. Analogously to wrapper methods, they include
the interaction with classification algorithm but in a faster
way. The embedded method used in our analysis is based on
the Random Forest Classifier.
To recap, in our FS analysis we used the following:
(i) univariate filter method: Kolmogorov-Smirnov,
(ii) deterministic wrapper methods: sequential forward
selection (SFS) and sequential backward elimination
(SBE),
(iii) embedded method: Random Forest.
In addition, we have also used the PCA [29], being one
of the most widely adopted feature reduction techniques, for
comparison.
To estimate the goodness of the selected feature group we
used the Näive Bayes Classifier [30], based on the simplified
hypothesis that all attributes describing a specific instance on
data are conditionally independent among themselves.
The FS analysis was performed in the 5-fold cross validation on 10 of 35 images in the database. The goodness of the
selected group was tested on the remaining 25 images. As
already discussed in Section 2, the selected training and test
rates were considered sufficiently wide to ensure a well-posed
training and the postprocessing statistical evaluation.
The 𝑘-fold cross validation is a technique able to avoid
overfitting on data and is able to improve the generalization
performance of the machine learning model. In this way,
validation can be implicitly performed during training, by
enabling at setup the standard leave-one-out 𝑘-fold cross validation mechanism [31]. The automatized process of the cross
validation consists in performing 𝑘 different training runs
with the following procedure: (i) splitting of the training set
into 𝑘 random subsets, each one composed by the same percentage of the data set (depending on the 𝑘 choice); (ii) at each
run the remaining part of the data set is used for training and
the excluded percentage for validation. While avoiding overfitting, the 𝑘-fold cross validation leads to an increase of the
execution time estimable around 𝑘 − 1 times the total number
of runs.
Furthermore, the combination of the Bayes rule with the
above simplified assumption has a positive impact on the
model complexity and its computational time. In particular,
the latter property pushed us to choose this model as
embedded classifier for the feature selection problem.

4
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The agreement between an automated segmentation estimate and a manual segmentation can be assessed using
overlap measures. A number of measures are available: (a)
Dice index [20, 32]; (b) efficiency; (c) purity of a class; (d)
completeness of a class; (e) contamination of a class.
At the base of the statistical indicators adopted, there is
the commonly known confusion matrix, which can be used
to easily visualize the classification performance [33]: each
column of the matrix represents the instances in a predicted
class, while each row represents the instances in the real class.
One benefit of a confusion matrix is the simple way in which
it allows seeing whether the system is mixing different classes
or not.
We remark here that we were mostly interested in the feature analysis related to the classification of the hippocampus
class voxels. Therefore, we considered as particularly relevant
the Dice index, usually referred to as the true positive class
(𝑁𝐴𝐴 in our confusion matrix), which in our case corresponds properly to hippocampus class. Since, by definition,
the Dice index does not take the true negative rate into
account, the rate of not-hippocampus voxels is not involved
within this indicator. A statistical evaluation of this latter
class, corresponding to the background voxels, has been primarily included for completeness and for coherency with the
full confusion matrix representation. The highest relevance
given to the hippocampus class analysis represents also a
common evaluation criterion in such context [6].
In terms of binary classification, we were more interested
to perform a feature selection analysis, rather than to improve
the classification performances. Therefore, we imposed a
standard classification threshold to 0.5 at the beginning of the
experiments and maintained unchanged all over the entire
described process, by considering it as sufficient for our
specific purposes.
More specifically, for a generic two-class confusion
matrix, we consider

−

OUTPUT
Class 𝐴 Class 𝐵

TARGET Class 𝐴

𝑁𝐴𝐴

𝑁𝐴𝐵

Class 𝐵

𝑁𝐵𝐴

𝑁𝐵𝐵

𝑁𝐴𝐴
,
𝑁𝐴𝐴 + 𝑁𝐵𝐴

𝑁𝐵𝐵
.
pc𝐵 =
𝑁𝐴𝐵 + 𝑁𝐵𝐵

(3)

(iii) Completeness of a Class. cmp𝑁 is defined as the ratio
between the number of correctly classified objects in that class
and the total number of objects of that class in the data set. In
our confusion matrix example it would be
cmp𝐴 =

𝑁𝐴𝐴
,
𝑁𝐴𝐴 + 𝑁𝐴𝐵

cmp𝐵 =

𝑁𝐵𝐵
.
𝑁𝐵𝐴 + 𝑁𝐵𝐵

(4)

(iv) Contamination of a Class. cnt𝑁 is the dual of the purity;
namely, it is the ratio between the misclassified objects in a
class and the number of objects classified in that class; in our
confusion matrix it example will be
cnt𝐴 = 1 − pc𝐴 =

𝑁𝐵𝐴
,
𝑁𝐴𝐴 + 𝑁𝐵𝐴

𝑁𝐴𝐵
.
cnt𝐵 = 1 − pc𝐵 =
𝑁𝐴𝐵 + 𝑁𝐵𝐵

(5)

(v) Dice Index. Dice, known also with the name of 𝐹1 𝑠𝑐𝑜𝑟𝑒, is
a frequent measure used in binary classification, which could
be considered as a weighted average of the purity and
completeness, reaching its best value at 1 and the worst at 0. By
referring to our notation, we have the Dice defined as

(1)

𝑁𝐴𝐴
pc𝐴 ∗ cmp𝐴
.
=2⋅
pc𝐴 + cmp𝐴
2𝑁𝐴𝐴 + 𝑁𝐵𝐴 + 𝑁𝐴𝐵

(6)

4. Results

(i) Total Efficiency. te is defined as the ratio between the
number of correctly classified objects and the total number
of objects in the data set. In our confusion matrix example it
would be
𝑁𝐴𝐴 + 𝑁𝐵𝐵
.
𝑁𝐴𝐴 + 𝑁𝐴𝐵 + 𝑁𝐵𝐴 + 𝑁𝐵𝐵

pc𝐴 =

Dice = 2 ⋅

we then use its entries to define the following statistical
quantities.

te =

number of objects classified in that class. In our confusion
matrix example it would be

(2)

(ii) Purity of a Class. pc𝑁 is defined as the ratio between the
number of correctly classified objects of a class and the

By using Näive Bayes Classifier on all 315 input features, the
goodness is estimated in 5-fold cross validation on 10 images.
The results in terms of the statistics, derived from the confusion matrix, are shown in Table 2 and the Dice index is 0.60 ±
0.04.
The PCA applied to 315 input features returns the principal components (PCs) ordered by the amount of information
they convey. The percentage of information contained in the
first 98 PCs and in the first 197 PCs are, respectively, 90% and
99%.
Since our goal was to reduce the feature retaining the
goodness in the classification, we considered the first 197 PCs
containing 99.0% of the information. The results obtained are
shown in Table 3 and the Dice index is 0.62 ± 0.07. As
mentioned above, we used the Näive Bayes Classifier in 5-fold
cross validation.
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Figure 1: Best dice index of all the possible combinations of the relevant step in (a) sequential forward selection and in (b) sequential backward
elimination methods.

Table 2: Classification result on all 315 input features using Näive
Bayes Classifier in 5-fold cross validation based on confusion matrix.
315 input features Completeness
of a class
Hippocampus
79%
Not-hippocampus
63%
Efficiency

Purity of a
class

Contamination
of a class

62%
80%
70%

38%
20%

Table 3: Classification result on the first 197 PCs using Näive Bayes
Classifier using in 5-fold cross validation based on confusion matrix.
197 PCs
Hippocampus
Not-hippocampus
Efficiency

Completeness
of a class

Purity of a
class

Contamination
of a class

60%
78%

68%
72%
71%

32%
28%

Table 4: Classification result on all 315 PCs using Näive Bayes
Classifier using in 5-fold cross validation based on confusion matrix.
315 PCs
Hippocampus
Not-hippocampus
Efficiency

Completeness
of a class

Purity of a
class

Contamination
of a class

86%
36%

51%
78%
58%

49%
22%

Compared to the use of all 315 original features, the values
obtained with 197 PCs are on average 6% points lower in
terms of Dice index. Therefore, to avoid loss of information,
we considered all 315 PCs. The results are reported in Table 4
and the Dice index is 0.63 ± 0.03.
Even using all the PCs, the result was 5% points lower in
terms of Dice Iindex. This result confirms what was already
found by Golland et al. in [34]; that is, the selection of largevariance features performed by the PCA is not specifically
suited for segmentation problems.
4.1. Kolmogorov-Smirnov Analysis. The K-S test provides an
estimate of how much two distributions are related to each

Table 5: Classification result on 57 features selected through
Kolmogorov-Smirnov test using Näive Bayes Classifier using in 5fold cross validation based on confusion matrix.
57 features
KolmogorovSmirnov
test
Hippocampus
Not-hippocampus
Efficiency

Completeness
of a class

Purity of a
class

Contamination
of a class

84%
52%

57%
81%
66%

43%
19%

other. The K-S test allowed us to select only the features which
have a correlation between the two hippocampus and nothippocampus classes less than 5%, resulting in a total of 57
features.
As mentioned above, we used the Näive Bayes Classifier
in 5-fold cross validation. The results obtained are shown in
Table 5 and the Dice index is 0.67 ± 0.04.
The K-S test results are comparable with the original
parameters space based on 315 features.
4.2. Sequential Forward Selection and Backward Elimination.
The two FS methods belonging to the wrapper category
experimented in our case were SFS and SBE. In Figure 1(a)
on the ordinate axis, the top value of Dice index achieved
between all possible combinations related to the reference
step depicted on the horizontal axis is shown. At each step, the
feature achieving the best performance is chosen, when used
in combination with the selected features in the previous step.
The step number coincides with the number of selected
features (SFS).
In Figure 1(b) on the ordinate axis, the top value of Dice
index achieved between all possible combinations related to
the reference step depicted on the horizontal axis is shown. At
each step the feature without which the best performances
are obtained is removed. The step number coincides with the
number of eliminated features (SBE).
We observe that the SFS method reaches its highest Dice
index, 0.75, at step 36. So it means that the best performance,
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Table 6: Classification result on 36 features selected through
forward selection method using Näive Bayes Classifier in 5-fold
cross validation based on confusion matrix.
36 features
Forward selection

Completeness
of a class

Purity of a
class

Contamination
of a class

Hippocampus
Not-hippocampus
Efficiency

82%
73%

70%
84%
77%

30%
16%

using the Näive Bayes Classifier, is obtained with only 36
selected features, listed in Table 7. In Figure 2 and Figure 3
a more detailed description of some features is shown.
The SBE method obtains its highest Dice index 0.75 at the
step 292. Therefore, the best performance, evaluated with the
Näive Bayes Classifier, is obtained by using the remaining 23
features (i.e., 315 − 292), listed in Table 9.
Tables 6 (with related Dice index is 0.75±0.03) and 8 (with
related Dice index is 0.75 ± 0.02), respectively, show the
relative performance of the peak value in Figure 1.
4.3. Random Forest Analysis. The Random Forest classification methodology allowed us to estimate the feature importance [35]. To select the best subset we have performed a study
of classification with cross validation procedure based on the
Näive Bayes Classifier, varying the threshold on the feature
importance index. The optimal threshold was related to the
maximum Dice Index value and achieved with 222 features.
Also in this case we used the Näive Bayes Classifier in 5fold cross validation to evaluate the features selected by the
Random Forest. The result obtained is shown in Table 10 and
the Dice index is 0.69 ± 0.04.
4.4. Random Selection Test. Furthermore, we performed an
additional group of tests to evaluate whether randomly
selected samples of 36 features among the original 315 might
lead to Dice indexes greater than or comparable with the
Dice value obtained with SFS (0.75). To do so, we estimate
the empirical probability density function of Dice under the
null hypothesis that any set 𝑆∗ of 36 features provides a Dice
value greater than or equal to the true Dice in predicting
whether a voxel belongs to hippocampus or not. To test this
hypothesis, 2000 sets 𝑆∗ were generated, each composed of 36
features randomly drawn from the ones available and the
corresponding Dice values were evaluated. The obtained
results are shown in Figure 4.

5. Discussion and Conclusion
The main goal of this work was to verify the possibility to
reduce the number of required voxel features without losing
or better by enhancing the classification performances. Moreover the reduction of the number of voxel features could also
improve the computational efficiency of the classification.
As clearly resulting from a recent review, [3], by now the
feature selection has to be considered as an essential step
within the field of neuroimaging approached by the machine

(a)

(b)

Figure 2: Haar-like template types 1 (a) and 2 (b) used in the
experiments.
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Figure 3: Representation of a generic cubic mask used for calculating the gradient features. The labeled points are either the vertexes
of the cube or the median points of the segments.

learning paradigm. Its importance is also invariant to the
specific technique used to extract and codify the features from
MRIs regions of interest, whether it is based on standard
𝑛-dimensional feature vectors or on pairwise dissimilarity
representation. In the present work we investigated the
application of several feature selection methods.
The results obtained using different approaches are summarized in Table 11 and in Figure 5. We observe that by using
these two selected subsets it is possible to obtain higher
performances than using the entire input dataset.
By considering the percentage of random Dice values
bigger than the best one with respect to the total number of
random extractions, such value is zero. But, as it can be seen
in Figure 4, in many cases it appears to obtain better performances by randomly extracting the feature sample rather
than considering the complete set of 315 features.
Among the FS approaches presented in this work, the SFS
and SBE show better performances.
We would underline that the results shown in Figure 5
have to be mainly interpreted as a comparison among the
different methods of feature selection. What has to be stressed
is that the performances are influenced by the feature information content and the image enhancement techniques
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Table 7: Details of the 36 features resulting by the forward selection method using Näive Bayes Classifier.
36 features
Forward selection
Contrast∗
Gradient∗
Correlation
Position∗
Normalized gray
level∗
Correlation∗
Gradient∗
Correlation∗
Correlation
Skewness∗
Homogeneity∗
Correlation
Correlation
Correlation∗
Correlation
Correlation
Correlation
Correlation
Correlation
Correlation
Correlation
Correlation
Correlation
Template∗
Skewness∗
Correlation
Correlation
Gradient
Template
Correlation∗
Correlation
Correlation
Correlation
Gradient
Homogeneity
Correlation

Orientation

Haralick features
Coordinate

Mask size

135

Y

3

Haar-like features
Type

Statistical features
Mask size
Entry
5

135

X

𝐸𝐶

3
Coordinates
Value

45

X

5
5

90
45

Y
Y

𝐷𝐹

9
7
7

90
0
90
45
135
90
135
0
90
90
0
135
0

X
Y
Z
X
Z
Y
Z
Z
Z
Z
Y
X
Z

9
5
5
3
9
5
5
7
7
9
3
3
9
1
5

90
45

Z
X

3
5
3

𝑀𝑁

9

𝐷𝐹

2
45
45
90
45

X
Y
Y
Z

9
5
7
5

0
0

Z
Y

9
9

The asterisk indicates the entries also present in the list of 23 SBE features. For Haralick features, the orientation in degrees, reference coordinate, and the size
of the cubic mask used are reported. In case of Haar-like features, the entry value indicates the template type used (see Figure 2). For statistical/positional kind
the size of the cubic mask used or the self-explained value is lister, depending on the specific feature type. In particular for gradients, the column named Entry
indicates the segment of the reference diagonal as shown in Figure 3. All the features are listed in top-down order of their inclusion during the SFS procedure
execution.
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Table 8: Classification result on 23 features selected through
backward elimination method using Näive Bayes Classifier in 5-fold
cross validation based on confusion matrix.

0.75

Hippocampus
Not-hippocampus
Efficiency
180
160
140
120
100
80
60
40
20
0
0.58

Completeness
of a class

Purity of a
class

Contamination
of a class

83%
73%

70%
85%
77%

30%
15%

Dice index (%)

23 features
Backward
elimination

0.8
0.7
0.65
0.6
0.55
0.5
0.45
Original data PCA

K-S

FS

BE

RF

Figure 5: Dice index comparison for the following methods:
original dataset (315 for each voxel); PCA (197 selected features); K-S
test (57 selected features); SFS (36 selected features); SBE (23 selected
features); Random Forest (222 selected features). Boxes have lines at
the lower quartile, median, and upper quartile values, with whiskers
extending to 1.5 times the interquartile range. Outliers are indicated
by a plus sign.

0.6

0.62 0.64 0.66 0.68 0.7
Dice index of S∗

0.72 0.74 0.76

Figure 4: Distribution of 2000 random Dice values compared with
true Dice (shown with the dashed red line) concerning 36 features
obtained by the sequential forward selection.

employed. A quite simple method, such as the Näive Bayes
Classifier, is able to reach state-of-the-art performances when
preceded by a selection analysis on the feature space. A
more detailed study of the classification methods and of
the postprocessing technique which can be used to improve
performances are presented in other studies [36, 37].
To test the goodness of the best feature selection methods
presented in this paper we used the two selected sets formed,
respectively, by 36 and 23 features on a blind test database
composed of 25 MRIs (i.e., not used in training phase), in the
algorithm cited in [36] (see Tables 7 and 9, resp.).
By analyzing the two subsets of selected features, it was
obtained that 13 of the 23 extracted by the SBE method are
also present in the sample of 36 features obtained by the SFS
technique. Most of them are Haralick and Statistical features,
except for the positional and Haar-like features, confirming
the importance given by Haralick and Statistical types and a
very low contribution of Haar-like type.
We remark that, by minimizing the presence of Haralick
features, in particular the correlations, it allows improving the
processing time and a better handling of the information content. In fact, among the three categories of features considered
here, the Haralick type was the most time-consuming from the
computational point of view.
The comparison of our FS methods with the widely used
PCA demonstrates the very low performance of the PCA
technique (as shown in Figure 5). This result is in agreement
with the well-known downside of the method in presence of a
very high nonlinearity of the feature correlations. It is also an
indirect confirmation about the intrinsic difficulty to separate

the hippocampus versus not-hippocampus classes from MRI
images.
We conclude that the SFS and SBE techniques are two
promising methods allowing to reduce the input space
size, with a very low loss of information, and permitting
classification performances comparable or even better than
the case with a larger amount of features.
In fact, in terms of feature space dimension comparison,
Morra et al. [6] performs a voxel-based segmentation using
about 18,000 features with the weighted voting method
AdaBoost [38] tested on a different image data set. In
addition, FreeSurfer [7], which is a not voxel-based method
considered as standard benchmark for MRI segmentation
experiments, reaches a Dice value of 0.76 ± 0.05.
In this work, we observed that the selected features from
both SFS and SBE methods are related to the high frequency
component of the image. So this result would suggest which
kind of features are best suitable for high frequency classification problems such as edge recognition. In fact, these correlation features, being based on intensity differences, are able
to capture local information based on discontinuity rather
than similarity.
Besides, this result is a further suggestion for a future
investigation which is to put in practice a preprocessing procedure to enhance the contours of the structures contained in
the image and to assess the usefulness of these procedures in
the diagnosis support systems.
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Table 9: Details of the 23 features resulting by the backward elimination method using Näive Bayes Classifier.
23 features
Backward elimination

Orientation

Position∗
Normalized gray level∗
Correlation
Correlation∗
Correlation∗
Correlation
Correlation∗
Correlation
Correlation
Correlation∗
Homogeneity
Gradient∗
Gradient
Contrast∗
Gradient
Homogeneity∗
Gradient
Skewness∗
Gradient∗
Gradient
Template∗
Skewness∗
Gradient

Haralick features
Coordinate

Mask size

Haar-like features
Type

Statistical features
Mask size
Entry
Coordinates
Value

0
45
45
45
45
45
45
90
135

135
90

Y
X
X
X
X
Y
Y
Y
Z

Y
X

7
3
5
7
9
9
5
9
3
5
7

𝐷𝐹
𝐷𝐹

9

𝑂𝑃

3
7
5
3

𝐵𝐻

3
9

𝐸𝐶
𝐼𝐿

1
5
5

𝑀𝑁

The asterisk indicates the entries also present in the list of 36 SFS features. For Haralick features, the orientation in degrees, reference coordinate, and the size
of the cubic mask used are reported. In case of Haar-like features, the entry value indicates the template type used (see Figure 2). For statistical/positional kind,
the size of the cubic mask used and/or the self-explained value is listed, depending on the specific feature type. In particular for gradients, the column named
Entry indicates the segment of the reference diagonal as shown in Figure 3.

Table 10: Classification result on 222 features selected through
Random Forest method using Näive Bayes Classifier in 5-fold cross
validation based on confusion matrix.
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222 features
Random Forest
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Medical image fusion is the procedure of combining several images from one or multiple imaging modalities. In spite of numerous
attempts in direction of automation ventricle segmentation and tracking in echocardiography, due to low quality images with
missing anatomical details or speckle noises and restricted field of view, this problem is a challenging task. This paper presents
a fusion method which particularly intends to increase the segment-ability of echocardiography features such as endocardial and
improving the image contrast. In addition, it tries to expand the field of view, decreasing impact of noise and artifacts and enhancing
the signal to noise ratio of the echo images. The proposed algorithm weights the image information regarding an integration feature
between all the overlapping images, by using a combination of principal component analysis and discrete wavelet transform. For
evaluation, a comparison has been done between results of some well-known techniques and the proposed method. Also, different
metrics are implemented to evaluate the performance of proposed algorithm. It has been concluded that the presented pixel-based
method based on the integration of PCA and DWT has the best result for the segment-ability of cardiac ultrasound images and
better performance in all metrics.

1. Introduction
Image fusion is one of the major research fields in image
processing. It is a procedure of combining the related info
from two or several images, into a single image, without
introducing any distortion which will be more informational
and containing more details, and while it is more suitable
for visual perception, it is complete in comparison with
any of the inputs. Image fusion methods can enhance the
quality and increase the application of input data [1]. For the
purpose of the majority medical applications, medical image
fusion aims to decrease ambiguity and minimize redundancy
in result image when increasing the related info details [2,
3]. With the lately quick advances in the field of sensing
technologies, multisensory systems have become a reality in
medical imaging. As a result of using these technologies,
we will have a huge increase in quantity of acquired data.
Image fusion produces a useful way of decreasing that volume

of information whilst, at the same time, extract all the
valuable information from inputs. The goal of image fusion,
except decreasing the quantity of info, is to build single
enhanced image more appropriate for the purpose of human
visual perception and for next image processing tasks like
segmentation or feature detection in medical imaging.
Fusion also improves the capability for other applications
by complementary information. In other words, the main
condition for successful fusion is that “all” visible information
in the input images should also appear visible in the fused
image [4]. There are some needs of image fusion which are [5]
(i) extracting the whole desired information from the
input images to get the relevant information,
(ii) not introducing distortions or inconsistencies that
will amuse human observers,
(iii) robust and reliable to imperfections,
(iv) improving reliability.
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This paper is organized as follows: Section 2 provides a background and reviews image fusion concepts and some related
works; Section 3 outlines proposed method for echocardiography fusion and explain the proposed algorithm; experimental results and evaluation of the proposed algorithm and
discussion on results are presented in Section 4; the paper
finishes with concluding remarks in Section 5.

Figure 2: Pixel-level image fusion.

PCA

2. Background and Related Works
2.1. Classification of Image Fusion Algorithms. Fusion is a
procedure of incorporating the applicable info from a set
of images of the same view right into a one image and the
resulting image could be more useful and beneficial than any
of the inputs [6]. The actual fusion process can take place at
different levels of information representation.
Different categories of image fusion methods are usually
classified in various levels: pixel, feature and decision level
(see Figure 1).
(1) Low-level or pixel-level: the pixel-level method works
either in the transform domain or in spatial domain.
They can directly work on the pixels of the images.
Image fusion at pixel-level tries to incorporate lowlevel data, often in physical measurements like intensity [4] (see Figure 3).

IHS

Pixel level fusion

Wavelet

Brovey

Figure 3: Some of well-known pixel-level image fusion techniques.

(a) Simple maximum: in this technique, the combined
image is acquired through choosing the maximum
intensity of related pixels from two inputs:
𝑚

𝑛

𝐹 (𝑖, 𝑗) = ∑ ∑ max 𝐴 (𝑖, 𝑗) 𝐵 (𝑖, 𝑗) .
𝑖=0 𝑗=0

(2) Middle-level or feature-level: the feature level methods perform on characteristics taken out from the
input images. They originally divide the image into
contiguous areas and combine the areas together
using their properties. The characteristics employed
may be computed individually from every image
or they may be acquired through the simultaneous
procedure from all the images.
(3) High-level or decision level: decision level fusion uses
the results of initial object detection and classification
as inputs to perform fusion as data integration [7].
Pixel-level image fusion represents the visual information
of the same scene from numbers of images which can be
obtained using different sensors [4]. A simple diagram of a
system using pixel-level fusion is demonstrated in Figure 2.
Details of some pixel-level techniques are described here
[6].

(1)

𝐴(𝑖, 𝑗), 𝐵(𝑖, 𝑗) are inputs and 𝐹(𝑖, 𝑗) is the resultant
one.
(b) Simple mnimum: in simple minimum technique, the
combined image is acquired through choosing the
minimum intensity of related pixels from two inputs:
𝑚

𝑛

𝐹 (𝑖, 𝑗) = ∑ ∑ min 𝐴 (𝑖, 𝑗) 𝐵 (𝑖, 𝑗) .
𝑖=0 𝑗=0

(2)

𝐴(𝑖, 𝑗), 𝐵(𝑖, 𝑗) are inputs and 𝐹(𝑖, 𝑗) is the resultant
one.
(c) Simple average: here, the combined image is acquired
through calculating the mean intensity of related
pixels from two inputs:
𝐹 (𝑖, 𝑗) =

𝐴 (𝑖, 𝑗) + 𝐵 (𝑖, 𝑗)
2

(3)
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(i) Spatial domain methods: with spatial domain
approaches, we specifically deal with pixels of image.
The pixel values are usually altered to acquire desired
outcome.
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Figure 4: Flow diagram of information in first phase of proposed
image fusion method.

𝐴(𝑖, 𝑗), 𝐵(𝑖, 𝑗) are inputs and 𝐹(𝑖, 𝑗) is the resultant
one.
(d) Weighted average: in weighted average technique, the
combined image is acquired through calculating the
weighted mean intensity of related pixels from two
inputs:
𝑚

𝑛

𝐹 (𝑖, 𝑗) = ∑ ∑𝑊𝐴 (𝑖, 𝑗) + (1 − 𝑊) 𝐵 (𝑖, 𝑗)
𝑖=0 𝑗=0

Finally, based on domains, image fusion methods are usually
categorized into two groups.

(4)

𝐴(𝑖, 𝑗), 𝐵(𝑖, 𝑗) are inputs and 𝐹(𝑖, 𝑗) is the resultant
image and W is the weight component.
(e) Principal component analysis (PCA): PCA technique
is a subspace one, which reduces the multidimensional data sets into lower dimensions for analysis.
This method determines the weights for each source
image using the eigenvector corresponding to the
largest eigenvalue of the covariance matrix of each
source image (see Figure 4).
(f) Discrete wavelet transform (DWT): these transforms
have image decomposition tool that provide a variety
of channels representing the image feature by different frequency subbands at multiscale. 2D discrete
wavelet transformation (DWT) converts the image
from the spatial domain to frequency domain (see
Figure 6).
(g) Brovey transform (BT): Brovey transform also known
as color normalized fusion is based on the chromaticity transform and the concept of intensity modulation. It is a simple method to merge data from
different sensors, which can preserve the relative
spectral contributions of each pixel but replace its
overall brightness with the high spatial resolution
image.
(h) Intensity hue saturation (IHS) method: the IHS
method is a standard process in image fusion, with
important restrictions in which only three bands are
included. Basically, it was based on the RGB true
color space. It provides the advantage that the separate
channels outline certain color properties, namely,
intensity (I), hue (H), and saturation (S). This special
color space is usually selected because the visual
cognitive system of human intends to treat these three
elements as roughly orthogonal perceptual axes.

(ii) Transform domain methods: in transform domain
methods, image is transferred into frequency domain
first.
Fusion methods like averaging, Brovey method, principal
component analysis (PCA), and IHS based techniques are
categorized under spatial domain methods. The discrete
wavelet transform is categorized under frequency domain
approaches.
2.2. Echocardiography Image Fusion. Image fusion has turned
into a popular term employed in medical diagnostics and
treatment [8]. Fused images may be produced from a number
of images from the similar imaging modality [9] or by
merging details from multiple modalities [10] like MRI, CT,
PET, and SPECT. For precise diagnoses, radiologists should
incorporate information from multiple image formats. Fused,
anatomically consistent images are specifically helpful in
diagnosing and treating [11]. Some of applications of image
fusion techniques in medical images would be fusing CT
and MRI images, computer assisted surgery, and spatial
registration of 3D surface [1].
Echocardiography imaging is a widespread technique to
acquire cardiac images; however, it suffers from artifacts, high
noises, and a limited field of view [12]. The created images
are degraded by an implicit distortion named “speckle,”
which comes from the destructive and constructive coherent
summation of ultrasound echoes. The distortion caused by
speckle can be defined as multiplicative noises that lead
to granular look, degrade the contrast of the images, and
decrease the ability to find information within the images.
A technique to deal with these restrictions is using several
images, selecting the best part from every image to provide
a better quality result.
Some important requirements could be considered for
fusion process: (a) the fusion process must keep the whole
related info contained in the source images, (b) the fusion
process should not produce any distortion or inconsistencies
that would amuse the human observer or subsequent processing phases which can lead to a wrong diagnosis, and (c)
irrelevant characteristics and noises need to be covered up
to a maximum degree [13]. The problem that medical image
fusion attempts to resolve is to fuse the information content
from multiple images (or various imaging sensors) from the
same view to achieve a fused image that contains the best
possible details. Therefore, the fused image would produce
improved superiority image compared to any of the original
input images.
In this study, a pixel level based medical image fusion
is introduced to display a fusion procedure creating a single
fused image containing additional reliable information than
individual input image. In spite of numerous attempts in
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Figure 5: Stepwise procedure for first phase of proposed method.

direction of automation ventricle segmentation and tracking
[14], the problem stay complicated study as a result of
low quality characteristics of obtained images with missing
anatomical details, or contains speckle noises, or restricted
field of view. The simplest medical image fusion is to consider
the mean of the gray level input images, pixel by pixel.
However, using this technique on echocardiography images
would produce several undesired effects and reduced feature
contrast.
To overcome this problem, a new pixel based fusion
method which integrates PCA and DWT is proposed in this
paper. This fusion is achieved by weighted average of images
to be fused. The weights for every input image are acquired
from the eigenvector related to the largest eigenvalue of the
covariance matrices of every input. Then, wavelet transform
is used which presents directional details in decomposition
levels and includes distinctive information at various resolutions. Performance metrics are used to evaluate the DWT,
PCA, and the proposed algorithm performance as well [13].

3. The Proposed Method
A fusion approach which tries to provide a better quality
image for improving the segment-ability of echocardiograms
is proposed here. It is also capable of improving the contrast,
decreasing the impact of echo artifacts, expanding the field
of view, and improving the signal to noise ratio, as well.
The proposed technique weights details of images, based on
combinations of features of PCA incorporating with DWT
between all the overlapping images to develop the fusion.
The objective of this research is to implement spatial fusion
on multiple echocardiography sequence and perform clinical
examination in cooperation with cardiologists from UiTM,
Sungai Bulah hospital, Malaysia.
The speckle should be filtered out without affecting
salient characteristics in cardiac medical ultrasounds. Two
main denoising approaches are employed: (a) fusion, which
combines echocardiograms of the same area to provide a
single decreased speckle image; (b) filtering.
This paper tries to optimize and continue the development of image fusion utilizing integration PCA with DWT,
two well-known image fusion methods. PCA method can
preserve a better resolution, but it distorts spectral features
with various degrees as well. However, DWT will produce
directional details in decomposition levels and includes special information at various resolutions. Additionally, DWT
and PCA can keep more spectral details and spatial features,

respectively. Also, PCA method can get salient characteristics
to decrease redundancy. We present a spatial frequency (SF)
motivated approach which integrates their advantages and
improves image quality to avoid distortions and artifacts.
Lately, fusion echocardiography sequences are introduced through obtaining several echocardiography images
with small changes in probe location and combining all of
them together following alignment.
The particular idea of fusion echocardiography sequences
allows us to enhance image quality as well as improving
anatomical details which leads to better feature detection.
3.1. Principal Component Analysis. The PCA consists of
a mathematic process which converts multiple correlated
variables to several uncorrelated variables named principal
components. Also as a linear transformation, it calculates a
compressed and optimal explanation of dataset [13]. The 1st
principal component accounts for the maximum amount of
the variance in dataset as is achievable and every following
component considers as the maximum amounts of the
remaining variance as is available. First principal component
is considered to be along the direction with the highest
variance. The second principal component is restricted to put
in the subspace perpendicular of the first one. Within this
subspace, this component points the direction of maximum
variance. The third principal component is considered in the
maximum variance direction in the subspace perpendicular
to the first two and so forth. PCA helps to minimize
unnecessary information and emphasize the components
with highest effect to improve signal to noise ratio metric.
It is known as hoteling transform or the Karhunen-Loève
transform as well [4].
3.2. Wavelet Transform. The PCA image fusion technique
operates under spatial domain. However, the spatial domain
fusion may produce spectral degradation. This is particularly crucial if the images are supposed to fuse such as
echocardiography images were not acquired at the same time.
Therefore, compared with the ideal result of the fusion, if this
method is applied alone, it will produce poor and undesirable
result for echocardiography images. Wavelet transforms are
a decomposition tool for multiresolution images that offer a
range of channels which represent the image characteristic
through various frequency subbands. Since it has been found
that wavelet fusion techniques outperform the standard
fusion techniques in spectral quality, especially in minimizing
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distortion, we use both PCA and wavelet transform to get
their advantages and minimize their disadvantages.
The proposed method that combines the PCA method
with wavelet transform provides outstanding outcomes compared to standard PCA or wavelet transform alone. Wavelet
transforms are generally classified into three categories;
continuous, discrete, and multiresolution based [4]. In discrete wavelet transform, while decomposition is applied,
the estimation and information element can be different.
2D DWT transforms echocardiography image from spatial
domain to frequency one. Input is separated to horizontal
and vertical outlines and shows the DWT first order; then
image is divided to 4 areas which are LL1, LH1, HL1, and HH1.
When decomposition is performed, the L-L band provides
the typical image info while other bands include directional
information caused by spatial orientation. Higher complete
wavelet coefficients value within the high bands related to
important characteristics include lines or edges. As a result,
in wavelet transform, the size of image is halved in spatial
direction at every decomposition level of procedure, therefore ending to a multiresolution signal representation. The
main phase for combination is the creation of combination
pyramid.
3.3. The Proposed Algorithm. The proposed algorithm consists of two phases. Suppose the inputs are sorted in 2 column
vectors. In first phase, steps to project this data into 2D
subspaces are as follows.
(1) At first, the data should be organized in column
vector. Suppose R is the result column vector of
dimension 𝑛 × 2.
(2) After dividing the data into columns, the dimension
of empirical average with each column is 1 × 2.
(3) Subtract average from every R column. The dimension of result matrix X is 𝑛 × 2.
(4) Calculate covariance matrix C from matrix X.
(5) Take into account first column of eigenvector 𝑉
that is related to larger eigenvalue 𝑉(1) to calculate
normalized component 𝑃1 and 𝑃2 as
𝑃1 =

𝑉 (1)
,
∑𝑉

𝑃2 =

𝑉 (2)
.
∑𝑉

(5)

In first phase, image fusion will be done by PCA. The
information flowchart of the PCA algorithm is shown in
Figure 5. The inputs 𝐼1 (𝑥, 𝑦) and 𝐼2 (𝑥, 𝑦) are ordered in 2
column vectors and their empirical averages are subtracted.
The result vector has a dimension of 𝑛 × 2, in which 𝑛
is length of every image vector. Calculate eigenvector and
eigenvalues for the result vector and eigenvectors related to
bigger eigenvalue acquired. The normalized components 𝑃1
and 𝑃2 (i.e., 𝑃1 + 𝑃2 = 1) using (5) are calculated from the
acquired eigenvector. The result image will be
𝐼𝑓 (𝑥, 𝑦) = 𝑃1 𝐼1 (𝑥, 𝑦) + 𝑃2 𝐼2 (𝑥, 𝑦) .

(6)

There is not a restricted list of basic vectors such as wavelet,
FFT, and DCT in PCA and it has its basic vectors rely on

LL3 LH3

LH2

HL3 HH3
HL2

LH1
HH2

HL1

HH1

1, 2, 3: decomposition levels
H: high frequency bands
L: low frequency bands

Figure 6: Wavelet decomposition in 3 levels.

dataset. Suppose 𝑋 is a random 𝐷 dimensional vector which
has zero empirical average. Orthonormal projection matrix
𝑉 will be like 𝑌 = 𝑉𝑇 𝑋 with the subsequent restrictions. The
𝑌 covariance, that is, cov(𝑌), is a diagonal one and also it is
inverse of 𝑉 which is equal to its transpose (𝑉−1 = 𝑉𝑇 ). By
using matrix algebra, we have
𝑇

cov (𝑌) = 𝐸 {𝑌𝑌𝑇} = 𝐸 {(𝑉𝑇 𝑋) (𝑉𝑇 𝑋) }
= 𝐸 {(𝑉𝑇 𝑋) (𝑋𝑇 𝑉)} = 𝑉𝑇 𝐸 {𝑋𝑋𝑇 } 𝑉

(7)

= 𝑉𝑇 cov (𝑋) 𝑉.
Multiplying each side of formula (7) by 𝑉, one gets
𝑉 cov (𝑌) = 𝑉𝑉𝑇 cov (𝑋) 𝑉 = cov (𝑋) 𝑉.

(8)

By writing 𝑉 as 𝑉 = [𝑉1 , 𝑉2 , . . . , 𝑉𝑑 ] and cov(𝑌) as
𝜆1 0 . . .

0

0

0 𝜆2 . . .

0

0

..
.

..
.

..
.

..
.

0

0 ⋅ ⋅ ⋅ 𝜆 𝑑−1 0

0

0 ⋅⋅⋅

d

0

(9)

𝜆𝑑

substituting (7) into (8) gives
[𝜆 1 𝑉1 , 𝜆 2 𝑉2 , . . . , 𝜆 𝑑 𝑉𝑑 ]
= [cov (𝑋) 𝑉1 , cov (𝑋) 𝑉2 , . . . , cov (𝑋) 𝑉𝑑 ] .

(10)

It could be rewritten as
𝜆 𝑖 𝑉𝑖 = cov (𝑋) 𝑉𝑖 ,

(11)

where 𝑖 = 1, 2, . . . , 𝑑 and 𝑉𝑖 as an eigenvector of cov(𝑋).
In the second phase, in order to provide superior outcomes, we will apply wavelet fusion on images which were
obtained from the first phase (see Figures 8 and 9). In this
phase, while decomposition is applied, the estimation and
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1.5

In a discrete wavelet transform, there are simply a limited
number of wavelet coefficients for every bounded rectangular
area in the top half plane. However, every coefficient needs
the analysis of an integral. To prevent this mathematical
complexity, an auxiliary function is needed, the father wavelet
𝜙 ∈ 𝐿2 (R). Additionally, one has to limit 𝑎 to be an integer.
A typical selection is 𝑎 = 2 and 𝑏 = 1. The most popular two
of father and mother wavelets is the Daubechies 4 tap wavelet
(see Figure 7) [18–22]. We can construct the subspaces with
the mother and father wavelets [15]:

1
0.5
0
−0.5
−1
−1.5
−2

𝑉𝑚 = span (𝜙𝑚,𝑛 : 𝑛 ∈ Z)
0

0.5

1

1.5

2

2.5

where 𝜙𝑚,𝑛 (𝑡) = 2−𝑚/2 𝜙 (2−𝑚 𝑡 − 𝑛) ,

3

𝑊𝑚 = span (𝜓𝑚,𝑛 : 𝑛 ∈ Z)

Scaling function
Wavelet function

where 𝜓𝑚,𝑛 (𝑡) = 2−𝑚/2 𝜓 (2−𝑚 𝑡 − 𝑛) .

Figure 7: Daubechies 4 tap wavelet.

information element can be different. 2D DWT changes the
echocardiography images domain from spatial to frequency.
First, the image is separated to horizontal and vertical outlines, and then it shows DWT first order, through the image
which is divided to 4 areas that are LL1, LH1, HL1, and HH1
(see Figure 6). A certain signal of specific energy is projected
on a continuous family of frequency bands (or identical
subspaces of the function space 𝐿2 (R)). For example, the
signal might be displayed on each frequency band of the form
[𝑓, 2𝑓] for all constructive frequencies 𝑓 > 0. Next, the main
signal can be rebuilt by an appropriate integration overall
the producing frequency components [15–17]. The frequency
bands or subbands are scaled versions of a subspace at scale
1.
This subspace consequently is in the majority circumstances created by the shifts of one generating function
𝜓𝐿2 (𝑅), the mother wavelet. For instance, for scale one
frequency band [1, 2] the function is given by
Ψ (𝑡) = 2 sin 𝑐 (2𝑡) − sin 𝑐 (𝑡) = sin (2𝑡) −

sin (𝑡)
.
𝑡

(12)

Analyzing a signal utilizing all wavelet coefficients is
extremely hard and computationally impossible, so maybe it
is adequate to select a discrete subset of the higher half plane
in order to construct a signal from the equivalent wavelet
coefficients. For some actual variables 𝑎 > 1, 𝑏 > 0. The
corresponding discrete subset of the half plane consists of all
the points (𝑎𝑚 , 𝑛𝑎𝑚 𝑏) with integers 𝑚, 𝑛 ∈ Z2 . The equivalent
baby wavelet is given by
𝜓𝑚,𝑛 (𝑡) = 𝑎−𝑚/2 𝜓 (𝑎−𝑚 𝑡 − 𝑛𝑏) .

(13)

An acceptable condition for construction of any signal 𝑥 of
specific energy through equation
𝑥 (𝑡) = ∑ ∑ (𝑥, 𝜓𝑚,𝑛 ) ⋅ 𝜓𝑚,𝑛 (𝑡) .
𝑚∈Z 𝑛∈Z

(15)

(14)

The function {𝜓𝑚,𝑛 : 𝑚, 𝑛 ∈ Z2 } gives tight shape of 𝐿2 (R).

Let 𝑆(𝑛1 , 𝑛2 ) be input data and its size is 𝑛1 × 𝑛2 ; then the
function of wavelet and scaling are
𝑤0 (𝑗0 , 𝑘1 , 𝑘2 )
𝑁 −1 𝑁 −1

=

1
2
1
∑ ∑ 𝑠 (𝑛1 , 𝑛2 ) 0𝑗0 ,𝑘1 ,𝑘2 (𝑛1 , 𝑛2 ) ,
√𝑁1 𝑁2 𝑛1 =0 𝑛2 =0

𝑤𝜖 (𝑗0 , 𝑘1 , 𝑘2 )

(16)

𝑁 −1 𝑁 −1

=

1
2
1
∑ ∑ 𝑠 (𝑛1 , 𝑛2 ) 0𝑗0 ,𝑘1 ,𝑘2 (𝑛1 , 𝑛2 ) .
√𝑁1 𝑁2 𝑛1 =0 𝑛2 =0

The algorithm of second phase for the proposed technique is
as follows.
(1) Implement discrete wavelet transform on image
which is obtained from first phase to build lower
wavelet decomposition.
(2) Combine every decomposition level.
(3) Hold inverse discrete wavelet transform on combined
decomposed level, meaning rebuild the image, when
the image rebuilt is F, the fused image.

4. Result and Discussion
In this section, it has been shown that the proposed approach
can provide more satisfactory outcomes, compared to other
techniques and algorithms in two aspects of visual effect and
quantitative analysis. The evaluations are organized to employ
well known image fusion approaches with four image quality
measurements. Experiments have been done on the dataset
which contains 10 subject cases. For every subject case, two
echocardiographic phases have been considered which are
different frames of heart cycle that have been obtained utilizing a Philips iE33 cardiac ultrasound scanning device (Philips
Medical Devices, Sungai Bulah hospital, UiTM, Malaysia),
under supervision of cardiac surgeon (see Figure 10). The
presented integration of PCA and DWT fusion method is
employed on the two mentioned phases of dataset. Also,
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Decompose
A
Inverse discrete
wavelet transform
Fusion

F

Decompose
Fused image
B

Fused wavelet
coefficient
Wavelet
coefficient

Figure 8: Second phase process for the proposed method.

DWT

DWT−1

Input images

Wavelet coefficients

DWT
Combined wavelet coefficients

Fused image

Figure 9: Applying second phase of proposed algorithm on two input images.

(a)

(b)

Figure 10: Original cardiac ultrasound images; (a) first row, dataset number 1, and (b) second row, dataset number 2.
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PCA and DWT fusion techniques are employed on the data
separately, and then the performance of every method is computed by applying four quantitative measurements. RMSE
(root mean square error) is the appropriate measurement
which shows how images are close together. Considering the
possible artificial distortion over the combination procedure
can also raise the entropy or spatial frequency measures of the
combined image; the image quality index (IQI) is a reasonably
trustworthy measurement for images with no reference image
because IQI gets a value (in the range of 0 to 1) about how
related is the result to both inputs.
4.1. Numerical Results. The typical requirement of a fusing procedure is to keep the whole useful info from the
input images, whilst it should not produce any artifacts
in resulting image. Efficiency measurements are employed
to calculate the advantages of fusion and also are helpful
to make comparison between results achieved with various
techniques. Four measures are employed to examine image
quality, including CC (correlation coefficient), IQI (image
quality index), RMSE (root mean square error), and OCE
(over-all cross entropy) [23–25]. The overall cross entropy is
used to find the difference among two input images and the
result one. Small measure is related to fine acquired result.
The result of proposed integration of PCA and DWT method
is compared with two results which are obtained by applying
DWT and PCA alone. Table 2 demonstrates the experimental
result. From the measurements, it can be seen that the CC and
IQI are the biggest with the presented technique. The RMSE
and OCE of the proposed technique are least in 2 sets. It is
indicated that the presented technique has the best results for
fused images.
4.2. Experimental Results. For evaluation, two types of
comparison have been considered; first, result of proposed
method is compared with result of other techniques, separately. Then, segmentation approach is used to evaluate
the ventricle contours segment-ability on the fused image
and input image both. To assess the proposed approach
performance, two groups of echocardiograms are selected
(as it is shown in Figure 11). All echocardiograms have the
identical size of 1149 × 862 pixel.
4.2.1. Evaluation by Result Comparison. The result of PCA
method for the two mentioned datasets is shown in
Figure 11(a). It can be simply viewed that image fusion
based on PCA alone provides blurred information of tissues
especially in heart ventricles. Image fusion based on DWT
alone produces a result without clear boundary for ventricles
and walls as well (see Figure 11(b)). As it can be seen, the
best image fusion outcome is acquired through employing
our proposed integration of PCA and DWT fusion method,
as it is shown in Figure 11(c).
The characteristics and precise details displayed in result
of proposed approach are significantly better compared to
other fusion images. The image information such as tissues
is improved clearly. Additional valuable information such as
ventricle borders and shape is nearly completely achieved.
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4.2.2. Evaluation by Segment-Ability. This section provides
experiments for the examination of ventricle border segmentability on the fused image from three methods and input
image as well. The ventricle segment-ability is particularly
described in the following as the capability of the image for
being effectively segmented utilizing a segmentation method.
A level set segmentation method which is proposed in [26]
is used to show the segmentation result on every image;
so, comparison can be effectively done. This algorithm is a
geometrically constrained level set segmentation which does
not need a training or even prior shape approach and also uses
intensity info within the particular image [26] (see Figures 13
and 14).
End systole and end diastole frames of every sequence
were recognized by means of a specialist echocardiographer, based on the American Society of echocardiographic
guideline [27]. Then the level set segmentation is applied
on both phases and end systole and end diastole frames.
First, the image was divided into four parts, and then the
segmentation process began by putting some sort of elliptical
shape of 10 pixels radius in the right bottom square or left
bottom square. The variable values assigned for the right
and left ventricles’ segmentation approach are described in
Table 3. The variables of feature detection, in other words
edge indicator, as well as segmentation, were maintained
identical between the fused image and input one, to examine
the actual level of image quality sensitivity.
Effective convergence of the segmentation procedure, to
achieve close to the left ventricle endocardial boundary, was
quantified and the failing of the technique was categorized
visually as a result of these probable reasons: (1) ventricle
cavity speckle; (2) border loss because of inadequate border
info; and (3) both loss and speckle.
In order to verify the measurements, the fused images
are segmented manually by a specialist echocardiographer.
Ventricles’ endocardial boundaries are manually tracked in
all planes of the end diastole as well as end systole. Left
ventricle trabeculations with papillary muscles are integrated
inside the left ventricle cavity, based on the American Society
of echocardiographic guideline [27]. The actual result of left
ventricle is regarded as source for assessment of segmented
one, while employing the validation measurements will be
explained in the following.
Validation Methods. The ventricles’ endocardial acquired
through geometrically constrained level set segmentation
technique [26] is compared with contour extracted from
manual delineation. The subsequent quantitative methods are
applied to measure similarity among automated and source
contours.
(1) DSI (dice similarity index) is calculated as a way of
measuring the agreement among the contour (𝑉) of
automated technique and the source contour (𝑉ref ),
providing a rating value between 0 and 1 (0: no
agreement, 1: full agreement). DSI is calculated as
DSI =

2 (𝑉 ∩ 𝑉ref )
,
𝑉 + 𝑉ref

(17)
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(a) Image fusion based on PCA alone, first image on dataset 1 and the second one on dataset 2

(b) Image fusion based on DWT alone, first image on dataset 1 and the second one on dataset 2

(c) The proposed integration of PCA and DWT fusion result, first image on dataset 1 and the second one on
dataset 2

Figure 11: Results of applying PCA, DWT, and the proposed approach on dataset number one and dataset number two.

in which ∩ stand for the intersections between the 2
contours.
(2) Mean surface distance: this measure is defined as
𝑑mean , among the surface (𝑆) coming from automated
technique and the source surface (𝑆ref ) described as
𝑑mean =

1
[𝑑 (𝑆, 𝑆ref ) + 𝑑 (𝑆ref , 𝑆)] ,
2

(18)

where 𝑑(𝑆, 𝑆ref ) is the average of distances between
every surface pixel in 𝑆 and the closest surface pixel
in 𝑆ref , while 𝑑(𝑆ref , 𝑆) is calculated in the same way.
Figure 12 presents the graphic segmentation results for two
sets of subject cases visualized on plane of images from fused

echocardiography and input image both. It demonstrates a
case of effective left ventricle and right ventriclesegmentation
at end diastole on the fused image, with a failing on the input
image. In this case, the failing is a result of lacking enough
image data in addition to cavity noise which in turn leads
to loss of the endocardial surface expanding exterior of the
correct border.
As it is shown, there is a good result for the fused image,
because of lots of noise in left ventricle cavity and a smaller
amount observable anatomical info in input image than the
fused one.
The segmentation result which was explained above
shows that the segmentation technique acts more superior on
the fused echocardiograms than on input images. This can
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(a) Visual results of geometrically constrained level set segmentation algorithm on input image from dataset 1

(b) Results of Geo segmentation on fused images by DWT level 1 on dataset 1

(c) Results of Geo segmentation on fused images by DWT level 2 on dataset 1

(d) Results of Geo segmentation on fused images by PCA on dataset 1

Figure 12: Continued.
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(e) Results of Geo segmentation on fused images by PCA + DWT (level 1) on dataset 1

(f) Results of Geo segmentation on fused images by the proposed method on dataset 1

Figure 12: Visual results of segmentation on end-diastole frame for fused image and input image both; reference image segmentation results
have some failure due to leakage.

be, essentially, a direct effect of enhancement in perfection
of echocardiogram anatomical description and also improvement in image quality because of multiple image fusions.
The final result indicates that the fused images are superior
fitted to ventricles’ endocardial segmentation qualitatively
and quantitatively (Table 1).
The particular amount of segmentation failures for every
failing function is computed. Table 4 summarizes the percent of segmentation failures for fused images and input
echocardiograms. For input image, the technique is unable
in accurate segmentation in many instances at end diastole
(87.3%) and over half the time at end-systole (61.7%). For
fused images, the segmentation method is unable in accurate
segmentation 24.6% of times at end diastole whilst there was
just one failing at end systole (3.1%). This means that fusion
results in enhanced image quality which consequently leads
to effective ventricles segmentation.
It is seen that input echocardiograms possess greater
quantity of ventricles cavity noise in accordance with fused
images, as Table 4 shows that ventricles cavity noise is a
significant cause of failure (27.8% in end diastole and 59% in
end systole) on input images in comparison with absolutely
no failures on the fused ones. Lastly, input images are far more
impacted by the fused loss along with noise elements (57.8%
at end diastole and 39% at end systole) compared to just one
such situation (14.7% at end diastole) on fused ones.

Table 5 presents the comparability among automated
and manually delineated contours, at end systole and end
diastole. The assessment was done on 8 end systole and 6 end
diastole contours, based on the quantity of effective ventricle
segmentation on fused echocardiograms, using the validation
procedures explained before (Table 4).
Mean DSI measures of 0.91 and 0.79 in end diastole
and end systole, respectively, indicate a superior overlap
among the manually delineated and segmented contours. The
distance failure among the automated and manual contour
is smaller, pointed out through average distance of 2.26 mm
and 1.64 mm at end diastole and end systole, respectively.
Figure 15 demonstrates cases with the automated and manual
contours superimposed on the input echocardiograms in
order to demonstrate the similarity among them.
4.3. Accuracy Evaluation of Endocardial Contour. Previously,
the analysis has concentrated on image quality, info for segmentation of ventricles, improved repeatability, and achievement endocardial segmentation after fusion. Nevertheless, a
crucial problem should be solved: will fusion displace the
positioning of endocardials or maintain it in any case? We
made a comparison of the endocardial exterior among the
fused and input echocardiograms. A subset consists of 6
subjects (fused and input echocardiogram for every subject)
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(a) Result on input image; first image from dataset 1

(b) Result on input image; second image from dataset 1

(c) Result on input image; third image from dataset 1

(d) Result on fused image; fused echocardiogram image from dataset 1

Figure 13: Results of segmentation of end systole frame; comparison between results on input images from dataset 1 by fused image from the
same dataset.
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Table 1: Advantages and disadvantages of the various image fusion methods.
Method
PCA (principal
component analysis)

Domain

Advantages

Disadvantages
(i) Artifacts of spectral feature images and the
reference low resolution images with different
degrees
(ii) Spectral degradation
(iii) Not suitable for medical images

(i) Fused images have high spatial quality
(ii) Extract main features to minimize redundancy
(iii) Preserve more spectral information contents
(iv) Keep a better resolution

Spatial

(i) Have least spectral distortion
(ii) Preserve more spatial features
DWT (discrete
Transform (iii) Produce directional info in decomposition level
wavelet transform)
and include salient information at various resolution
(iv) Give a good signal to noise ratio compare to
pixel based approaches
(i) Integrate PCA and DWT advantages and
powerfully improve fused image quality to avoid
distortions
Proposed method
(ii) Preserve more spatial features and more spectral
(integration of PCA Transform
information contents
and DWT)
(iii) Extract main features to minimize redundancy
(iv) Output image will contain high spatial
resolution and also high quality spectral content

(i) Less spatial resolution for final fused image
(ii) Not suitable for medical images

—

Table 2: Comparison of image fusion techniques result; IQI is image quality index; CC is correlation coefficient; RMSE is root mean square
error; and OCE is overall cross entropy.
Input
Dataset 1

Dataset 2

Method
Proposed
PCA
DWT
Proposed
PCA
DWT

IQI
0.1987
0.1623
0.1527
0.2135
0.1678
0.1542

RMSE
0.1041
0.1252
0.1289
0.0926
0.1268
0.1287

CC
0.9872
0.9829
0.9819
0.9798
09662
0.9654

OCE
0.5987
0.9170
0.8701
0.4528
0.5821
0.6012

Table 3: Experimental variables of ventricles’ segmentation technique.
Border indicator
Gaussian smoothing
standard deviation

Level set
𝜎

1.6 or 2a

Balloon force weight

𝛼

1

Edge contrast parameter

]

0.06 or 0.1a

Regularization weight

𝛽

0.64

Edge exponent parameter

𝜆

2

Advection weight

𝛾

3

Postprocessing procedures
radius of circle, Apex point
selection
Surface smoothness
(Gaussian), standard
deviation

3
0.3

—

a

Because of dissimilarities in quality throughout the database, a small subset of echocardiograms was prepared with unique variables intended for smoothing
and also border indicator calculation. Typically, this is performed as a result of varying image quality in input echocardiography and less often for fused ones.

Table 4: Failure of segmentation technique on fused and input echocardiograms and its particular quantification. The outcomes are
demonstrated for 10 subjects. As explained before, segmentation failing means the inability of the segmentation algorithm to achieve the
actual endocardial border caused by border loss, noise of cavity, or both equally.
End diastole
Total failures
Cavity noise
Leakage + noise

Input Image
87.3%
27.8%
57.8%

End systole
Fused image
24.6%
0%
14.7%

Input Image
61.7%
59%
39%

Fused image
3.1%
0%
0%
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Figure 14: Comparison between manual delineation by expert and segmentation result from proposed method. Green contours: source
segmentation through manual delineation done by expert. Red contours: acquired by employing geo segmentation technique on fused echo.
The outputs indicate a near agreement among the automated technique and manual delineations.

Figure 15: Comparison between manual delineation by expert and segmentation result from proposed method. Green contours: source
segmentation through manual delineation done by expert. Red contours: acquired by employing geo segmentation technique on fused
multiple view echo. The outputs indicate a near agreement among the automated technique and manual delineations.
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Table 5: Failures for evaluation among surfaces from geometrically
constrained image segmentation method and manual delineation at
end diastole and end systole. DSI (dice similarity index) indicates
that the quantity of agreement among the traced and source volumes. 𝑑mean (surface distance mean) displays the standard distance,
among the traced and source surfaces.

End diastole
End systole

DSI (mean ± std)
0.91 ± 0.07
0.79 ± 0.05

𝑑mean (mean ± std)
2.26 ± 0.78
1.64 ± 0.45

Table 6: Comparison and evaluation of contours acquired from
manual delineation of fused image and input image. The outcomes
present a high similarity among them; it means endocardial contours stay stable after fusion and do not displaced through the
combination procedure.
DSI [mean ± std]
𝑑mean [mean ± std]

Input image versus fused image
0.89 ± 0.03
0.95 ± 0.34

and was chosen from database number 1. Those subjects
are selected which demonstrated high quality on ventricle
cover and anatomical description in single echocardiograms.
The endocardial borders are delineated on fused and input
echocardiograms both, by a well-experienced expert based on
the standard protocol explained previously.
The extracted contours from delineation of fused image
and input image are compared utilizing contour distance
validation and DSI methods, explained before. The comparison results are presented in Table 6 showing a high
agreement with 0.89 DSI and a modest distance failure about
0.95 mm.These outcomes demonstrate that there is high
similarity among the endocardials delineated from fused
image and input image. Also endocardials are maintained
after fusion without obvious displacement in position.
4.4. Discussion. Evaluation has been performed utilizing
volunteer and patient databases including ten series of
echocardiography images. Result of the proposed method
is compared with input (nonfused image) and with result
of two other techniques. Experiments demonstrate that the
proposed technique is able to get input images, degraded
by artifacts, and provide a fused image with better quality.
The visual evaluation is done by cardiologists and confirmed
very good preference for the combined images regarding
quality of image, expanded field of view, low cavity distortion, and high endocardial boundary description. Fusion
echocardiographic images provide significant enhancement
in anatomical details contained in the image and also in
image quality. To analyze the result of this enhancement
on automatic image analysis, this particular study described
an organized process for evaluation the results using a
geometrically constrained level set segmentation algorithm
[26]. In this paper, the impact of increasing image info and
quality in cardiac ultrasound images is explained objectively
and quantitatively. The outcomes showed that fusion helps the
automatic analysis in echocardiographic images, drastically.
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5. Conclusion
In this study, a new fusion technique for echocardiography
images has been presented based on integration of PCA
and DWT. Experimental results indicated that the presented
technique is effective in fusion echocardiography images
and outperforms state-of-the-art developed approaches in
quantitative and qualitative evaluation. Statistical and visual
comparisons showed that the fusion result of the proposed
method include more info, while artifacts are so small. In
addition, the presented method can produce more acceptable
outcomes, compared to other techniques in the two aspects of
visual effect and quantitative analysis. Different metrics are
employed to examine the performance of algorithm and it is
shown that using discrete wavelet transform with higher level
of decomposition incorporating with principal components
analysis has better performance in all metrics.
This study mainly evaluated the quality as well as info of
fused image and input image for segmentation. For segmentation, a geometrically constrained level set segmentation
algorithm [26] was employed to show the result. This level
set segmentation algorithm was employed on fused images
and input images both. The qualitative and quantitative outcomes demonstrated that segmentation approach performed
superiorly on the fused images more than input ones.
Further researches will try to examine ventricles’ tracking
and also evaluate the segment-ability of myocardial muscle
which is more difficult than endocardial boundary. Furthermore, the motion approximation can be done for 3dimensional strain evaluation, mainly because it basically
offers a dense motions field. This study has shown the result of
fusion echocardiography on automatic image segmentation
for the specific echocardiographic images. The idea of fusion
could be definitely placed on other fields of ultrasounds, for
instance, fetal echocardiographic images [9]. Generally, we
anticipate that the same developments of enhanced functionality in automatic analysis could be found in some other field
of imaging of ultrasound. Therefore, fusion has a significant
part to perform in ultrasound analysis to boost quantitative
analysis.
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Segmentation of regions of interest is a well-known problem in image segmentation. This paper presents a region-based
image segmentation technique using active contours with signed pressure force (SPF) function. The proposed algorithm
contemporaneously traces high intensity or dense regions in an image by evolving the contour inwards. In medical image modalities
these high intensity or dense regions refer to tumor, masses, or dense tissues. The proposed method partitions an image into an
arbitrary number of subregions and tracks down salient regions step by step. It is implemented by enforcing a new region-based SPF
function in a traditional edge-based level set model. It partitions an image into subregions and then discards outer subregion and
partitions inner region into two more subregions; this continues iteratively until a stopping condition is fulfilled. A Gaussian kernel
is used to regularize the level set function, which not only regularizes it but also removes the need of computationally expensive
reinitialization. The proposed segmentation algorithm has been applied to different images in order to demonstrate the accuracy,
effectiveness, and robustness of the algorithm.

1. Introduction
The advanced imaging technologies have improved significantly the quality of medical care for patients. These
technologies allowed a radiologist to make increasingly
accurate diagnoses of suspicious regions like tumors, polyps,
and blood rupture areas and helped physicians to render
precise and measured modes of treatment [1]. It is usually a
difficult task to identify significant information in a medical
image because of intensity inhomogeneity and blurred object
boundaries. Expert radiologists are needed to analyze the
region of interest (ROI) in a particular image modality,
which is costly and time consuming job. There we need
an automated ROI system, which can prompt a particular
region of interest and can help untrained personnel, saving
both time and money. A region of interest analysis is a
fundamental step in a computer-aided diagnosis (CAD)
system for medical imaging, which helps early detection of
cancer [2]. It prompts suspicious regions in different medical
images such as magnetic resonance imaging (MRI), X-ray

imaging, and computerized tomography (CT) imaging. The
necessity of thoroughly examining a large number of image
modalities in order to detect small number of cancers can
cause high false positive, which can lead to unnecessary
biopsies. Moreover, some of the salient regions can be missed
due to radiologist’s tiredness or distraction [3, 4]. A system
which segments regions of interest can help radiologists
by tapering their search only to the desired objects in an
image. Use of this type of CAD system can increase the
efficiency of correct detection of tumors and decrease number
of false positives found by the radiologists [5, 6]. Numerous
approaches have been developed to solve this tedious but
necessary problem of ROI identification and segmentation in
the postprocessing of cancer research and treatment. In late
1980s, Kass et al. introduced an active contour method, which
is one of well-known techniques used to segment ROI in the
computer vision and image processing applications [7]. In
this method, a curve is evolved under a force by minimizing
the energy until it stops at the object boundary. The energy
functional is normally dependent on different characteristics
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like curvature, image gradient, and image statistical information. The existing active contour models can be classified
into two categories: edge-based models [7–10] and regionbased models [11–19]. These two types of models have their
own advantages and disadvantages, and the choice between
them in applications depends on the different characteristics
of images. The edge-based model builds an edge stopping
function using image edge information, which enforces the
evolution of contour towards the object boundary. A balloon
force term is used in the contour evolution process, which
helps the contour to shrink or expand. The selection of an
accurate balloon force is main problem in this method [18].
Furthermore, for the images with intense noise or weak edges,
the edge stopping function based on the image gradient can
hardly stop at correct boundaries.
On the other hand, a region-based model uses statistical information to construct a region stopping function,
which stops the contour evolution between different regions.
Compared to an edge-based model, a region-based model
performs better on images with weak or blurred edges. A
region-based model is not sensitive to initialization of the
level set function and can recognize object’s boundaries
efficiently. Therefore, region-based models, especially Chan
and Vese (CV) model [11], have been widely applied for image
segmentation. Although, a region-based model is better
than an edge-based model in some aspects but it still has
limitations. The traditional region-based models [11, 13] were
proposed in the context of binary images with an assumption
that input image has homogenous patterns throughout whole
image domain. Therefore, such models cannot segment
intensity inhomogeneous objects in an image. To solve this
problem Zhang et al. proposed a new region-based active
contour method [12], which uses the advantages of both CV
and geodesic active contour (GAC) models.
Reinitialization, a technique used for occasionally reinitializing a level set function to a signed distance function
(SDF) during the evolution, has been extensively used as a
numerical remedy for maintaining stable curve evolution and
ensuring desirable results. From a practical viewpoint, the
reinitialization process can be quite convoluted and expensive
and can have subtle side effects [20]. Zhang et al. proposed
the active contours with selective local or global (ACSLG)
segmentation method, which uses a Gaussian kernel to
regularize the level function after each iteration step. It not
only regularizes the level set but also removes the need of
computationally expensive reinitialization. An edge-based
active contour model gives very poor results for the images
with intense noise and weak edges, while on the other hand
a region-based model gives no satisfactory result for the
images with the intensity inhomogeneity. In this paper, a new
region-based model is proposed for image segmentation and
contour maps computation by incorporating the advantages
of algorithms the level set evolution without reinitialization
(LSEWR) [9], CV [11], and ACSLG [12] models. The proposed
model uses statistical information inside and outside of the
contour to construct a region-based signed pressure force
(SPF) function, which controls the direction of contour evolution. In the formulated energy function this SPF function
substitutes the edge indicator function in LSEWR model.
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The proposed SPF function having opposite signs across
the object boundary helps level set to shrink and expand.
Contour shrinks if the initial contour is outside the boundary
of the object and it expands if initial contour is inside the
object boundary. In the proposed SPF function a mask term
is used to restrict the contour movement inwards. That mask
term helps to select the inner region and discard the outer
region during the contour evolution process. The proposed
algorithm partitions an image into two subregions and then
inner part of the subregions is partitioned further into two
subregions iteratively and so on until a stopping condition is
fulfilled. Subregions are detected through the minimization
of a new energy model restricted to a characteristics function
of a subregion. If 𝑛 is the number of iterations in order to
attain final segmentation result, then 𝑛 + 1 would be total
numbers of regions from initial to final contour.
The introduced model embeds an SPF function based
on a traditional region-based model [11] to target images
with intensity inhomogeneity. The traditional region-based
model [11] cannot properly segment image with intensity
inhomogeneity because it cannot differentiate small intensity
differences between two consecutive regions and cannot
detect weak object boundaries. In the proposed algorithm,
the proposed SPF function by using a mask term can control
the contour direction and contour stopping algorithm can
control the stopping point between two consecutive contours.
The proposed algorithm replaced an edge indicator function
in LSEWR model with an SPF function to introduce a new
region-based model to trace down high intensity ambiguous
regions in medical images.
The proposed algorithm contemporaneously traces high
intensity or dense regions, which are tumors, masses, or
salient dense tissues in medical image modalities. The
resulting representation establishes an analysis of the global
structure of region of interest. The contour shrinkage depends
on the intensity of the region. If intensity difference between
background and desired object is high then contour will
evolve quickly; otherwise, the contour evolution will take
time. The proposed method is good at finding high intensity
and dense regions in an image. Therefore, it can properly segment salient dense regions, tumors, polyps, and blood rupture veins. Segmentation of cancer tissues in mammograms,
brain tumors in brain magnetic resonance (MR) images, and
ruptured blood vessels analysis in the angiography are some
of the applications in which proposed method can be used.
The formulated algorithm has been applied to different real
images in order to demonstrate the accuracy, effectiveness,
and robustness of the algorithm. Furthermore, the proposed
segmentation algorithm can also be used to produce an
adaptive contour map for the topographic analysis of objects
in medical images.

2. Related Work
In [13] Mumford and Shah formulated the image segmentation problems as follows: find an optimal piecewise
smooth approximation function of 𝑢 of image 𝐼, which varies
smoothly within each subregion Ω𝑖 of the image domain Ω𝑖 ⊂
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𝑅2 and rapidly or discontinuously goes across the boundaries
of Ω𝑖 . They proposed the following energy functional:
𝐸MS (𝑢, 𝐶) = 𝜆 ∫ (𝐼 − 𝑢 (𝑥))2 𝑑𝑥
Ω

(1)

+ V∫

Ω\𝐶

2

|∇𝑢| 𝑑𝑥 + 𝜇Length (𝐶) ,

where |C| is the length of the contour 𝐶 and 𝜇 and V ≥ 0 are
fixed parameters. The unknown set 𝐶 and the nonconvexity of
the above energy functional make it difficult to be minimized.
Some alternative methods have been proposed to simplify or
modify the above functional, introduced as follows.
Chan and Vese [11] proposed an active contour method
(ACM) based on the Mumford and Shah model [13]. Let 𝐼 :
Ω → 𝑅 be an input image and let 𝐶 be a closed curve; the
energy functional is defined by

1

 

𝐸GAC (𝐶) = ∫ 𝑔 (∇𝐼 (𝐶 (𝑞))) 𝐶 (𝑞) 𝑑𝑞.
0


2
𝐸CV (𝜙, 𝑐1 , 𝑐2 ) = 𝜆 1 ∫ 𝐼 (𝑥) − 𝑐1  𝐻𝜀 (𝜙 (𝑥)) 𝑑𝑥
Ω

2
+ 𝜆 2 ∫ 𝐼 (𝑥) − 𝑐2  (1 − 𝐻𝜀 (𝜙 (𝑥))) 𝑑𝑥
Ω
+ 𝜇Length (𝐶) + VArea (in (𝐶)) ,
(2)
where 𝜇 ≥ 0, V ≥ 0, 𝜆 1 , and 𝜆 2 > 0 are fixed parameters. The
Euclidean length term is used to regularize the contour. 𝑐1 and
𝑐2 are two constants that approximate the image intensities
inside and outside of the contour 𝐶, respectively. Minimizing
the above energy functional by using the steepest gradient
descent method [21] and representing the contour 𝐶 with zero
level set, that is, 𝐶 = {𝑥 ∈ Ω | 𝜙(𝑥) = 0}, we obtain the
following variational formulation:
𝑐1 =
𝑐2 =

∫Ω 𝐼 (𝑥) 𝐻𝜀 (𝜙 (𝑥)) 𝑑𝑥
∫Ω 𝐻𝜀 (𝜙 (𝑥)) 𝑑𝑥

,

∫Ω 𝐼 (𝑥) (1 − 𝐻𝜀 (𝜙 (𝑥))) 𝑑𝑥
∫Ω (1 − 𝐻𝜀 (𝜙 (𝑥))) 𝑑𝑥

(3)
,

𝜕𝜙
2
2
= ( − 𝜆 1 (𝐼 − 𝑐1 ) + 𝜆 2 (𝐼 − 𝑐2 )
𝜕𝑡
∇𝜙
+𝜇 div (   ) − V) 𝛿𝜀 (𝜙) .
∇𝜙

In [12] proposed a region-based active contour method.
First a new region-based signed pressure force function is
proposed, which efficiently stop the contours at weak or
blurred edges. Second the exterior and interior boundaries
are automatically detected with the initial contour being
elsewhere in the image. Third the proposed ACM with
selective binary and Gaussian filtering regularized level set
has the property of selective local or global segmentation.
It can segment not only the desired object but also the
other objects. The computational cost for the traditional
reinitialization is reduced. Finally, the proposed algorithm
is efficiently implemented by the simple finite difference
scheme.
Let Ω be a bounded open subset of 𝑅2 and let 𝐼 : [0, 𝑎] ×
[0, 𝑏] → 𝑅+ be a given image. Let 𝐶(𝑞) : [0, 1] → 𝑅2 be a
parameterized planar curve Ω in image domain. The GAC is
formulated by minimizing the following energy functional:

(4)

The data fitting term −𝜆 1 (𝐼 − 𝑐1 )2 + 𝜆 2 (𝐼 − 𝑐2 )2 plays a key
role in curve evolution, and 𝜆 1 and 𝜆 2 govern the trade-off
between the first and second term. In most cases, we set 𝜆 1 =
𝜆 2 and V = 0. 𝜇 is a scaling parameter. If it is small enough,
then small objects are likely to be extracted; if it is large, big
objects can be detected [11]. Obviously, in (4), 𝑐1 and 𝑐2 are
related to the global properties of the image contents inside
and outside the contour, respectively. However, such global
image segmentation is not accurate if the image intensity
inside or outside the contour is inhomogeneous.

(5)

Using calculus of variation, we get the following Euler
Lagrange equation:
⃗ 𝑁,⃗
𝐶𝑡 = 𝑔 (|∇𝐼|) 𝜅𝑁⃗− (∇𝑔 ⋅ 𝑁)

(6)

where 𝜅 is the curvature of the contour computed across
the boundary of the system and 𝑁⃗ is the normal computed
inwards to the computed contour. Normally a velocity term
𝛼 is added in order to accelerate the evolution process of the
contour. Then the above equation can be rewritten as
⃗ 𝑁.⃗
𝐶𝑡 = 𝑔 (|∇𝐼|) (𝜅 + 𝛼) 𝑁⃗− (∇𝑔 ⋅ 𝑁)

(7)

The corresponding level set formulation will be as follows:
∇𝜙
𝜕𝜙
 
= 𝑔 ∇𝜙 (div (   ) + 𝛼) + ∇𝑔 ⋅ ∇𝜙.
𝜕𝑡
∇𝜙

(8)

The SPF function defined in [22] is in the range [−1, 1]. It
modulates the sign of pressure force inside and outside of the
region of interest and it is used to shrink the contour when
outside the object and expands it when inside the object. The
mathematical formulation of the proposed SPF function is as
follows:
𝐼 (𝑥) − (𝑐1 + 𝑐2 ) /2
{
{
, 𝐼 (𝑥) ≠0
spf (𝐼) = { max (𝐼 (𝑥) − (𝑐1 + 𝑐2 ) /2)
{
𝐼 (𝑥) = 0.
{0,

(9)

By replacing the edge indicator function with the sign
pressure force function we get the following formulation:
∇𝜙
𝜕𝜙
 
= spf (𝐼 (𝑥)) ∇𝜙 (div (   ) + 𝛼)
𝜕𝑡
∇𝜙

(10)

+ ∇spf (𝐼 (𝑥)) ⋅ ∇𝜙.
In [12] a new regularization method is introduced for
the level set regularization; therefore, curvature term can be
removed.
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In addition, the term ∇spf ⋅ ∇𝜙 in above equation can
also be removed, because their model utilizes the statistical
information of regions, which has a larger capture range and
capacity of antiedge leakage. Finally, the level set formulation
of the proposed model can be written as follows:
𝜕𝜙
 
= spf (𝐼 (𝑥)) ⋅ 𝛼 ∇𝜙 .
𝜕𝑡

(11)

In [19] a region-based active contour method is proposed,
which utilizes an SPF function based on a traditional active
contour method [11]. The proposed method uses both region
and edge-based information in the implementation of the
energy formulation. It is formulated by using edge-based
model [9] as a base and by replacing the edge indicator function with a region-based SPF function, which was formulated
using traditional active contour method [11].
Let 𝐼 : Ω → 𝑅 be an input image and let 𝐶 be a closed
curve; the energy functional is defined by
𝐸𝑔,𝜆,V (𝜙) = 𝜆𝐿 𝑔 (𝜙) + V𝐴 𝑔 (𝜙) + 𝜇𝑃 (𝜙) ,

(12)

where 𝐿 𝑔 is length term of the level set curve, 𝐴 𝑔 is the area
term which deals with the area across the object of interest,
and 𝑃 is the penalizing term used to remove the penalizing
energy during the level set curve evolution process:
 
𝐸𝑔,𝜆,V (𝜙) = 𝜆 ∫ 𝑔𝛿 (𝜙) ∇𝜙 𝑑𝑥 𝑑𝑦
Ω
+ V ∫ 𝑔𝐻 (−𝜙) 𝑑𝑥 𝑑𝑦
Ω

+ 𝜇∫

Ω

(13)

By replacing the edge indicator function 𝑔 with an SPF
function based on a traditional region-based active contour
method we get the following formulation:
 
𝐸𝑔,𝜆,V (𝜙) = 𝜆 ∫ 𝑔𝛿 (𝜙) ∇𝜙 𝑑𝑥 𝑑𝑦
Ω

Ω

+ 𝜇∫

Ω

(14)

1  
2
(∇𝜙 − 1) 𝑑𝑥 𝑑𝑦.
2  

∇𝜙
+ 𝜇 [Δ𝜙 − div (   )] ,
∇𝜙

w2
w3

w1

w3
w2

N
𝜙>0

Figure 1: Calculated isocontour map from a given image 𝑤0 .

3. The Proposed Region-Based Active Contour
Method for Segmentation of Region of
Interest and Contour Mapping
A curve 𝐶 in Ω is represented by a level set function 𝜙 : Ω →
𝑅, which is zero 𝜙 = 0 at object boundary in image 𝐼. Curve
𝐶 partitions a subregion 𝑊𝑘 ⊂ Ω into two subregions 𝑤, 𝑤
with 𝜙, such that
inside (𝐶) = 𝑤 = {𝑥 ∈ 𝑊𝑘 : 𝜙 (𝑥) > 0} ,

(15)

where Δ is the Laplacian operator used in the energy
penalization step during the evolution of level set curve.

(16)

In the proposed algorithm, the evolution of the level set
starts from the initial level set function and goes on by moving
the contour inwards. In order to compute the contour map of
the image the initial contour is defined at the boundary of the
image. To move the level set inwards, we calculate the inner
subregion of zero level curve using 𝜙 > 0.
Figure 1 shows an isocontour map image in which the
inner regions 𝑤1 , 𝑤2 , and 𝑤3 are calculated using 𝜙 > 0,
whereas the outer regions are calculated by subtracting the
energy component of the current calculated inner subregion
from the previous calculated inner region, as shown in the
equations below:
𝑤0 = 𝑤1 + 𝑤1 ⇒ 𝑤1 = 𝑤0 − 𝑤1 ,
𝑤2 = 𝑤1 − 𝑤2 ,

By the calculus of variations [21] the steepest descent
process for minimization of the energy functional 𝐸 is the
following gradient flow:
∇𝜙
𝜕𝜙
= 𝜆𝛿 (𝜙) div (𝑔   ) + V spf (𝐼) 𝛿 (𝜙)
𝜕𝑡
∇𝜙

𝜙<0

w1

outside (𝐶) = 𝑤 = {𝑥 ∈ Ω : 𝜙 (𝑥) < 0 ∪ 𝑥 ∈ Ω \ 𝑊𝑘 } .

1  
2
(∇𝜙 − 1) 𝑑𝑥 𝑑𝑦.
2

+ V ∫ spf (𝐼) 𝐻 (−𝜙) 𝑑𝑥 𝑑𝑦

w0

(17)

𝑤3 = 𝑤2 − 𝑤3 .
In general, the outer subregion can be calculated as
𝑤𝑘 = 𝑤𝑘−1 − 𝑤𝑘 .

(18)

In image segmentation, active contours are dynamic
curves that move toward the object boundaries. To achieve
this goal, we explicitly define an external energy that can
move the zero level set towards the object boundaries. We
define energy functional for function 𝜙 as follows:
𝐸spf (𝜙) = 𝜆𝐿 spf (𝜙) + V𝐴 spf (𝜙) ,

(19)
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where 𝜆 > 0 and V are constants, and the terms 𝐿 spf (𝜙) and
𝐴 spf (𝜙) are defined as below:
 
𝐿 spf (𝜙) = ∫ spf (𝐼) 𝛿𝜀 (𝜙) ∇𝜙 𝑑𝑥,

(20)

𝐴 spf (𝜙) = ∫ spf (𝐼) 𝐻𝜀 (−𝜙) 𝑑𝑥,

(21)

Ω

Ω

respectively. Here, spf(𝐼) is the proposed SPF function
defined in (29), while 𝐻𝜀 is the Heaviside function and 𝛿𝜀 =
𝐻𝜀 is the univariate Dirac delta function given in (30) and
(31), respectively. The zero level curve 𝐶 is driven into a
smooth curve from a complicated curve to minimize the
function 𝐿 spf (𝜙). The small energy of 𝐴 spf (𝜙) accelerates the
evolution. The SDF satisfies the desirable property |∇𝐼| = 1.
The energy functional 𝐸spf (𝜙) drives the zero level set toward
the object boundaries. The coefficient V of 𝐴 spf (𝜙) in (21) can
be positive or negative, depending on the relative position of
the initial contour to the object of interest. For example, if the
initial contours are placed outside the object, the coefficient V
in the weighted area term should take a positive value, so that
the contour can shrink faster. If the initial contours are placed
inside the object, the coefficient V should take a negative value
to speed up the expansion of the contours.
We define a new region-based energy functional based on
CV [11] as shown in (2) with an additional mask term 𝑀𝑘 to
restrict the contour evolution inwards. We proposed 𝐸proposed
in order to formulate the SPF function that is used in (20) and
(21). Let 𝐼 : Ω → 𝑅 be an input image and let 𝐶 be a closed
curve; the energy functional 𝐸proposed is defined by

2
𝐸proposed = ∫ 𝐼 (𝑥) − 𝑐1  𝐻𝜀 (𝜙 (𝑥)) 𝑀𝑘 (𝑥) 𝑑𝑥
Ω

2
+ ∫ 𝐼 (𝑥) − 𝑐2  (1 − 𝐻𝜀 (𝜙 (𝑥))) 𝑀𝑘 (𝑥) 𝑑𝑥.
Ω
(22)
Keeping 𝜙 fixed and minimizing the energy 𝐸proposed with
respect to 𝑐1 and 𝑐2 , it is easy to express these constant
functions of 𝜙; we get 𝑐1 and 𝑐2 of regions 𝑤 and 𝑤,
respectively, as follows:
𝑐1 (𝜙) =

∫Ω 𝐼 (𝑥) 𝐻𝜀 (𝜙 (𝑥)) 𝑀𝑘 (𝑥) 𝑑𝑥
∫Ω 𝐻𝜀 (𝜙 (𝑥)) 𝑀𝑘 (𝑥) 𝑑𝑥

,

(23)

𝑘

𝑐2 (𝜙) =

∫Ω 𝐼 (𝑥) (1 − 𝐻𝜀 (𝜙 (𝑥))) 𝑀 (𝑥) 𝑑𝑥
∫Ω (1 − 𝐻𝜀 (𝜙 (𝑥))) 𝑀𝑘 (𝑥) 𝑑𝑥

.

(24)

𝑘

Here, 𝑀 is the characteristic function of subregion 𝑊𝑘 ,
defined as
𝑀𝑘 (𝑥) = 𝜙 > 0,
𝑀0 : Ω → −1.

(25)

By the calculus of variations [21], the Gateaux derivative
(first variation) of the functional 𝐸spf (𝜙) in (19) can be written
as
∇𝜙
𝑄 (𝜙) = (𝜆 ⋅ div (spf (𝐼) ⋅   ) + V ⋅ spf (𝐼)) 𝛿𝜀 (𝜙) .
∇𝜙
(26)
The function 𝜙 that minimizes this functional satisfies
the Euler Lagrange equation 𝜕𝐸spf /𝜕𝜙 = 0. The first term
corresponds to the 𝐿 spf (𝜙) (weighted length term), which
deals with curvature of the object boundary based on edge
information, whereas the second term 𝐴 spf (𝜙) (weighted area
term) is used to compute the area of regions of interest in
image inside of the initial contour. If the SPF value is positive,
then contour moves toward the high intensity region and vice
versa.
A classical iterative process for minimizing the function
𝐸spf (𝜙) is the gradient flow with artificial time 𝑡 given as
𝜙(𝑡=0) = 𝜙0 ,

𝜕𝜙
= 𝑄 (𝜙) .
𝜕𝑡

(27)

After evolving the level set using (26) and (27) we
regularize it by using 𝜙𝑛 = 𝐺𝜎 ∗ 𝜙𝑛 . It not only regularizes the
level set function but also eliminates the need of reinitialization, which is computationally very expensive. Regularization
using Gaussian kernel has better smoothing results and no
energy leakage as compared to the area smoothing and
penalization terms used by Li et al. [9].
An SPF function is a mathematical expression whose
value is in the range [−1, 1] inside and outside of region of
interest. Numerous ways have been devised to formulate an
SPF function [12, 23, 24] some of them incorporate global
intensity means and some use local intensity means in its
construction. In this paper we propose a new SPF function,
which uses global fitted image restricted with a mask term to
enforce level set evolution inwards. If mask term is set to 1
then it modulates the signs of the pressure forces inside and
outside the region of interest so that the contour shrinks when
outside the object and expands when inside the object. A twophase global fitted image model is for a level set function
defined as follows:
𝐼GFI = 𝑐1 𝐻𝜀 (𝜙) + 𝑐2 (1 − 𝐻𝜀 (𝜙)) .

(28)

Using the global fitted model defined above we constructed the SPF function as follows:
(𝐼 (𝑥) − 𝐼GFI ) 𝑀𝑘
{
{
spf (𝐼) = { max (𝐼 (𝑥) − 𝐼GFI )
{
{0

𝐼 (𝑥) ≠0,

(29)

𝐼 (𝑥) = 0.

The terms 𝑐1 (𝜙), 𝑐2 (𝜙), and 𝑀𝑘 are defined in (23), (24),
and (25), respectively. The signs of SPF function are shown in
Figure 2, which is negative for the inside region and positive
for the outside region, considering an inside region with
higher intensity than the outer one. The mask term 𝑀𝑘 from
(25) is to restrict the evolution of contour inside of the object
boundary.
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of the input image. The stopping value is always 98 <
stopping value < 100 and computed by calculating the
mean intensity value from the initial contour with the scale
always in between 98 and 100. A threshold value 𝑇 is used to
remove small values while calculating stopping value. In the
experiments related to mammograms we selected 𝑇 = 25.
Finally, the principle steps of the algorithm can be
summarized as follows.

Max(I)
(+)

Min(I)
(−)

(a) Initialize 𝜙 by −𝜙0 and 𝑀𝑘 by −𝑀0 , using (32) and
(25), respectively, at 𝑘 = 0.
Figure 2: The signs of the SPF function inside and outside the object
are opposite one another.

In the proposed work, the Dirac function 𝛿𝜀 (𝑧) and
Heaviside function 𝐻𝜀 (𝑧) used in (23), (24), and (26) are
the smoothed versions of the Dirac function and Heaviside
function over the entire region. The approximations 𝐻𝜀 (𝑧)
and 𝛿𝜀 (𝑧) as proposed in [11] are
2
𝑧
1
(1 + arctan ( )) ,
2
𝜋
𝜀
𝜀
𝛿𝜀 (𝑧) =
.
𝜋 (𝑧2 + 𝜀2 )

𝐻𝜀 (𝑧) =

(30)
(31)

We use the regularized Dirac 𝛿𝜀 (𝑧) and Heaviside 𝐻𝜀 (𝑧)
with 𝜀 = 1.5 for all the experiments in this paper, and
the curvature term is computed using the central difference
method.
In outmoded level set methods, it is essential to initialize
the level set function 𝜙 as a signed distance function (SDF)
𝜙0 . If the initial level set function is expressively different
from the SDF, then the reinitialization schemes are unable to
reinitialize the function to the SDF. In our formulation, not
only is the reinitialization procedure completely eliminated,
but the level set function 𝜙 also no longer needs to be
initialized as SDF. The initial level set function 𝜙0 is defined
as
−𝜌
{
{
{
{
𝜙 (𝑥, 𝑡 = 0) = {0
{
{
{
{𝜌

𝑥 ∈ Ω0 − 𝜕Ω0 ,
𝑥 ∈ 𝜕Ω0 ,

(32)

𝑥 ∈ Ω − Ω0 ,

where 𝜌 > 0 is a constant and we use 𝜙0 with 𝜌 = 2.
In order to stop the contour at certain point a stopping
algorithm is used, which checks the similarity of pixels
between two consecutive contours using stopping value. If
row col

𝑘
<(
∑ ∑𝑀𝑖,𝑗
𝑖=0 𝑗=0

stopping value row col
𝑘
) ∑ ∑old𝑀𝑖,𝑗
100
𝑖=0 𝑗=0

(33)

then contour will stop moving any further, where old 𝑀𝑘
is the mask term of the last computed contour, 𝑀𝑘 is the
mask term of the current computed contour, row is maximum
number of rows, and col is maximum number of columns

(b) Compute 𝑐1 (𝜙) and 𝑐2 (𝜙) from (23) and (24), respectively.
(c) Calculate spf(𝐼) using (29).
(d) Solve the partial differential equation (PDE) in 𝜙 from
(26) and (27), to obtain 𝜙𝑘 .
(e) Calculate 𝑀𝑘 using the previously calculated 𝜙𝑘 value
(in next iteration, which is 𝜙𝑘−1 ).
(f) Regularize the level set function by a Gaussian kernel;
that is, 𝜙𝑘 = 𝐺𝜎 ∗ 𝜙𝑘 , where 𝜎 is standard deviation.
(g) Check whether solution is stationary using stopping
algorithm discussed above. If not, go to step (b), 𝑘 =
𝑘 + 1, and repeat.
If one of the subregions 𝑤, 𝑤 is empty, then the formulation degenerates and the algorithm automatically terminates.
Although the main objective of the proposed method is
to extract regions of interest from medical images it can also
provide step by step contour information to build a contour
map for the topographic analysis of a medical image. Using
the contour map we can analyze the structure of a given image
in more detail and extract the meaningful information more
easily. Figure 3 shows how contour map helps in analyzing
and pinpointing the salient region in a mammogram image
with salient regions.
Figure 3(a) shows the original image with the initial
contour. Figure 3(b) shows the contour map of 400 iterations
with a step size of 50 iterations on a masked image and
Figure 3(c) shows the computed contour map on the given
image. In Figure 3(c) we can identify the salient regions with
the area that contains thick contours. Or simply we can
say that the salient regions are the regions in the contour
map image where consecutive contour lines are dense or
very close to each other. In Figure 3(a) salient regions are
identified with arrows, where the top arrow identifies the
pectoral muscle, which we need to ignore. Figure 3(c) verifies
the dense contour lines for salient regions.
The computed contour map can further be used to form
a contour tree which is a way to analyze topographic data in
more depth. A contour tree is a graph that tracks contours
of the level set as they split, join, appear, and disappear [25].
This provides a hierarchical representation of the enclosure
relationship between isocontours. In the contour tree, each
node represents a contour at a parent node spatially that
encloses the contour at its descendent nodes. A node is
classified as branching or nonbranching depending on its
degree. A node with more than one intermediate descendent
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Figure 3: Isocontour map with step size of 50 iterations. (a) Initial contour nearby the boundary of image. (b) Isocontour map for 400
iterations. (c) Isocontour map on given mammogram image for 400 iterations.
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Figure 4: Schematic illustration of the inclusion tree. (a) Isocontour map containing branching contour and base contours. (b) Corresponding
inclusion tree.

node is called a branching node, and a nonbranching node
has only one or zero immediate descendent nodes. The contours at the branching nodes in the inclusion tree are called
branching contours and the contours at their intermediate
descendants are called base contours. In particular, contours
at the terminal nodes that have no further child due to
fulfilled stopping condition are called terminal contours [2].
The concept of inclusion tree is introduced here because one
of the applications of the proposed algorithm is to create
contour tree from the developed contour map. A schematic
illustration of the isocontour map is shown in Figure 4(a),
while Figure 4(b) shows the inclusion tree of the isocontour
map; here, contours 𝐶1 and 𝐶3 are branching contours,
contours 𝐶2, 𝐶6, and 𝐶7 are base contours, and contours 𝐶5,
𝐶9, and 𝐶10 are terminal contours.
We can measure the saliency of contour using minimum
nesting depth from inclusion tree. The nesting depth for
a contour is given by the number of contours from the
innermost contour to the contour within the nesting structure. The base contours with higher minimum nesting depth
correspond to the boundaries of distinctive regions with
abrupt intensity changes.

4. Results
The proposed technique is applied to the mammogram
images from the mini-MIAS database [26]. The range of
intensities in all images is represented from 0 to 255, while
the size in pixels (length × width) of the images is 1024 ×
1024. The used experiment environment is Windows 7, Quad
Core CPU 2.4 GHz, and 8 GB RAM. In the proposed method
the following parameters are used: 𝐾 = 5, 𝜎 = 1, 𝜆 = 1.0,
V = 15, and Δ𝑡 = 1, where Δ𝑡 is a time step in the numerical
implementation of (27). 𝐾 is the width of the Gaussian kernel
and 𝜎 is the standard deviation, which uses all points around
the center point to make the level set function smooth.
In the proposed method parameters are selected manually. In order to achieve optimized values a small analytical
experiment is conducted using a breast image (mdb005) from
the mini-MIAS database. In the proposed method 𝜆, 𝜎 and V
are the main values, which affect the evolution of contour and
its accuracy. In order to find best values of 𝜆, 𝜎, and V, 𝐹1 score
(𝐹 measure) is computed at different values of 𝜆, 𝜎, and V. 𝐹1
score is a measure to compute accuracy of a method, its value
is close to 1 when method has high accuracy, and its value is
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Figure 5: Finding optimal parameters for the proposed method using 𝐹1 score analysis. (a) 𝐹1 score at different value of 𝜆 (keeping 𝜎 and V
constant), (b) 𝐹1 score at different value of 𝜎 (keeping 𝜆 and V constant), and (c) 𝐹1 score at different value of V (keeping 𝜆 and 𝜎 constant).

close to 0 when method has low accuracy. The mathematical
expression to compute 𝐹1 score is as follows:
𝐹1 = 2 ⋅

Precision ⋅ Recall
,
Precision + Recall

(34)

where precision is the number of correct positive results
divided by the number of all positive results and recall is
the number of correct positive results divided by the number
of positive results that should have been returned. The
mathematical formulation of precision and recall is given in

Section 5. Here, 𝐹1 score is computed for all three parameters
(𝜆, 𝜎, and V) one by one by keeping two parameters constant
and varying one parameter on a certain scale to see on which
parameter 𝐹1 score is close to 1. Figure 5 shows precision,
recall, and 𝐹1 score of proposed method (applied on mdb005
from mini-MIAS database) at different values of 𝜆, 𝜎, and V.
Precision and recall should also be close to 1 for high accuracy.
𝐹1 score is harmonic mean of precision and recall; therefore,
if 𝐹1 score is highest at some point then collective weight of
precision and recall at that point is also high. Here, in Figure 5
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Figure 6: Segmentation results at different V. (a) At V = 5 with small step size, (b) at V = 15 with medium step size, and (c) at V = 30 with big
step size.
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we will only study 𝐹1 score because its value is representing
both precision and recall.
Figure 5(a) shows 𝐹1 score of the proposed method at
different values of 𝜆 (keeping 𝜎 and V constant). It shows
that at 𝜆 = 1 𝐹1 score has maximum value, which means it
provides best result at 𝜆 = 1. From 0 ≤ 𝜆 ≤ 6 contour is stable
but for all values at 𝜆 > 6 contour evolution is unstable in first
iterations because of oversaturation of energy in length term.
Figure 5(b) shows 𝐹1 score has maximum at 𝜎 = 1 and 𝜎 =
1.4. In all values at 𝜎 > 0.8 𝐹1 score is almost same. We choose
𝜎 = 1 because at small 𝜎 algorithm has less time complexity.
If we increase 𝜎 window size of the smoothing kernel will
also be increased, which will also add up the computations
and increase the time complexity of the algorithm. Figure 5(c)
shows that 𝐹1 score has maximum value at V = 15. From the
𝐹1 score analysis we found that at 𝜆 = 1, 𝜎 = 1, and V = 15
the proposed method gives high accuracy; therefore, we set
the parameters to these values.
Here, V is the most import parameter, which controls
the scaling of the area term in the proposed algorithm.
By changing the value of V, the step size between two
consecutive contours can be controlled, which can affect the
segmentation accuracy of the region of interest. Figure 6
shows segmentation results using different values of V. It
shows that at V = 5 when step size is small contour stop
evolving earlier than expected, while at V = 30 when step size
is big contour stopped later than expected and at V = 15 more
accurate segmentation results are achieved.
The proposed method is tested on 116 images with
tumor tissues out of 315 total images in the database. No
ground truths of tumor tissues are pregiven in the miniMIAS database; only the information regarding location and
diameter is mentioned. In the first step of our result evaluation we drew ground truth by ourselves with hand based
marker using the location and diameter information given
in database. Location of region of interest is kept in mind
during initialization of initial contour. It is initialized outside
the ground truth region (surrounding region of interest)
and not far away in order to increase the accuracy. The
proposed algorithm segmented all 116 images but some with
accuracy problems. Figure 7 shows the PR curve computed
using precision and recall from segmentation results of all
116 images. Visually, it shows overall accuracy of over 80%.
In the computed segmentation results from 116 mammogram
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Figure 7: PR curve using precision and recall from segmentation
results of 116 images with tumor tissues from mini-MIAS database.

images, 26.72% results have precision of 0.90 or more, 28.45%
results have precision of 0.80 or more, 5.17% results have
precision of 0.70 or more, 12.07% results have precision of
0.60 or more, 5.17% results have precision 0.50 or more,
and 21.41% result have precision less than 0.49, while among
116 of total segmented mammogram images 43.10% results
have recall of 0.90 or more, 41.38% have recall of 0.80 or
more, 5.17% results have recall of 0.70 or more, 5.17% results
have recall of 0.60 or more, 4.27% results have recall of 0.50
or more, and 0.86% have recall less than 0.49. Moreover,
maximum achieved precision and recall from segmentation
results are 0.99 and 1, respectively. While minimum achieved
precision and recall are 0.12 and 0.41, respectively. The
maximum scale for precision and recall values is 1. Figure 8
shows some of the well segmented tumor tissue results from
the mini-MIAS database. In this figure initial contour is
shown in green, ground truth contour is shown in red, and
computed contour is shown in red. Note that the initial
contour is always taken outside the region of interest because
in the proposed algorithm contour always moves inwards
discarding the outer contour.
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Figure 8: Examples of successful tumor tissue segmentation from mini-MIAS database. The initial contour is shown in green, the ground
truth contour is shown in red, and the computed segmentation of region of interest is shown in blue.
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Figure 9: Effect of position of initial contour on segmentation of regions of interest.

Accuracy of segmentation results is not affected much if
the center position of initial contour is changed but keep in
mind that while changing its position it still must surround
the region of interest completely. Figure 9 shows that the
position of initial contour will not affect the accuracy of
segmentation results if it contains the area of region of interest
within it. But the segmentation accuracy will be affected if
initial contour is out of region of interest or if it is partially
surrounding the region of interest. The proposed method
partitions an image using 2𝑛 region method and discards
all outer regions during the contour evolution process. If
the initial contour surrounds partial region of interest and
remaining part appears outside of it then the region of interest
which lies outside the initial contour is considered useless
information by the proposed algorithm and is discarded.
Therefore, the proposed algorithm’s accuracy is affected when
initial contour does not surround whole region of interest. In
Figures 9(a), 9(b), 9(d), and 9(e) the segmentation result is
not affected much though the position of initial contour is
changed because changed initial contour surrounded whole
region of interest, whereas in Figures 9(c) and 9(f) segmented
result is affected evidently because initial contour contained
partial region of interest.

5. Discussion
In order to explain the advantages of the proposed method,
we applied image segmentation test on four medical images
shown in Figure 10. We compared the results of the proposed
segmentation technique with Zhang et al. [12] and Jiang et al.
[19] techniques in terms of computation time and accuracy
of desired results. The parameters used for this comparison
for Zhang et al. method are 𝜇 = 25, 𝜌 = 1, 𝜀 = 1.5, 𝜎 = 1,
𝐾 = 5, and Δ𝑡 = 1, while the parameters used for Jiang et al.
method are 𝜇 = 0.04, 𝜆 = 3, V = 1, 𝜌 = 2, 𝜀 = 1.5, and 𝜏 = 5.

And the parameters used for the proposed method are same
as mentioned in the Section 4.
Figure 10 shows a visual based comparison between the
segmentation results of the proposed algorithm with Zhang
et al. and Jiang et al. algorithms. Figures 10(a)–10(d) show the
segmentation results produced by the proposed algorithm,
Figures 10(e)–10(h) show the segmentation results produced
by Zhang et al. algorithm, and Figures 10(i)–10(l) show the
segmentation result computed by Jiang et al. algorithm. In
Figure 10, four images from different image modalities are
used with tumor tissues as regions of interests. We can see
from the visual results the proposed algorithm provided well
segmentation results of the desired region of interests in comparison with their respective ground truth, while the Zhang
et el. and Jiang et al. methods which are in particular general
segmentation method could not deliver well segmentation
results of regions of interest as compared to their respective
ground truths. Table 1 shows a quantitative analysis based on
the computed segmentation results from Figure 10. First we
computed false positive (fp), true positive (tp), false negative
(fn), and true negative (tn) from segmented object and its
ground truth analysis. In order to compare the accuracy of the
segmentation we used the following statistical relationships:
Precision =

tp
,
tp + fp

Recall =

True Negative Rate =
Accuracy =

tp
,
tp + fn

tn
,
tn + fp

(35)

tp + tn
,
tp + tn + fp + fn

The term precision, which shows how much of the
segmented region is same as ground truth, in terms of
true positive, is the most important among all. The term
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Figure 10: The visual results comparison between segmentation results of the proposed Zhang et al. and Jiang et al. algorithms. (a)–(d) shows
initial contour in green, final segmentation results of four different images using proposed method in blue and ground truth in red. (e)–(h)
shows initial contour in green, final segmentation results of four different images using Zhang et al. method in blue and ground truth in red.
(i)–(l) shows initial contour in green, final segmentation results of four different images using Jiang et al. method in blue and ground truth
in red.

recall shows whether the information that we obtain contains
the information what we need, without considering false
positives. The negative rate term tells us how much of true
negative region is correctly ignored during segmentation.
Accuracy term shows the accuracy of the segmentation result
over whole image domain. The proposed method provides
more precision rate, high true negative rate, high accuracy,
and slightly less recall as compared to other methods. Table 1
shows the proposed method provided better precision and
almost same recall as compared to Zhang et al. and Jiang et
al. methods.

6. Conclusion
In this paper a region-based image segmentation technique
is proposed in order to detect and segment regions of
interest in medical image methodologies. A region of interest
corresponds to distinctive areas that may include tumor,
blood rupture area, breast boundary, masses, and other dense
tissue regions.
The proposed segmentation algorithm is designed to
partition an image into an arbitrary number of subregions.

It starts by dividing the input image into two subregions
and then one of the subregions is further divided into two
subregions and so on until the stopping condition is fulfilled.
It is implemented with the level set method proposed by Li et
al., replacing the edge indicator function with a new regionbased SPF function developed from the Chan-Vese (CV)
energy functional model, which efficiently stops the contours
at weak or blurred edges. A Gaussian kernel is used which not
only regularizes the level set function but also eliminates the
need of computationally expensive reinitialization.
Contour maps can also be produced using the proposed
algorithm and with the help of contour maps we can built
contour trees. These tree structures can help us to analyze the
topological and geometrical relationships between different
contours. With the help of contour tree we can analyze the
regions of interest, and we can compute the saliency of salient
regions using minimum nesting depth.
The experimental results show that the segmentation
of the regions of interest in an image is highly dependent
on the intensity, brightness and contrast of the objects and
background. The greater the intensity difference between the
salient object and the rest of the image is, the more accurate
the segmentation results will be because intensity based active
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Table 1: Quantitative analysis based on Figure 10.
Figure

Precision

Recall

True negative
rate

Accuracy

CPU time
(s)

Number of
iterations

Proposed method

Brain tumor 1
Brain tumor 2
Lung cancer
Liver cancer

0.8536
0.9511
0.9113
0.9579

0.9799
0.9326
0.9777
0.9979

0.9991
0.9996
0.9901
0.9986

0.9990
0.9991
0.9889
0.9986

28.2500
32.8125
17.8750
13.3906

42
36
39
31

Zhang et al.

Brain tumor 1
Brain tumor 2
Lung cancer
Liver cancer

0.0417
0.0635
0.1683
0.2494

1
1
1
1

0.8773
0.8778
0.4866
0.9047

0.8779
0.8788
0.5350
0.9076

16.7188
22.7656
13.7813
12.4688

100
100
100
100

Jiang et al.

Brain tumor 1
Brain tumor 2
Lung cancer
Liver cancer

0.0183
0.0172
0.1758
0.1473

1
1
1
1

0.7128
0.5270
0.5130
0.8166

0.7143
0.5309
0.5588
0.8223

50.9844
68.2344
32.3700
30.7031

100
100
100
100

Method

contour moves relatively slow on high intensity regions as
compared to the low intensity regions.
[7]
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The position of the hinge point of mitral annulus (MA) is important for segmentation, modeling and multimodalities registration
of cardiac structures. The main difficulties in identifying the hinge point of MA are the inherent noisy, low resolution of
echocardiography, and so on. This work aims to automatically detect the hinge point of MA by combining local context feature
with additive support vector machines (SVM) classifier. The innovations are as follows: (1) designing a local context feature for
MA in cardiac ultrasound image; (2) applying the additive kernel SVM classifier to identify the candidates of the hinge point of
MA; (3) designing a weighted density field of candidates which represents the blocks of candidates; and (4) estimating an adaptive
threshold on the weighted density field to get the position of the hinge point of MA and exclude the error from SVM classifier.
The proposed algorithm is tested on echocardiographic four-chamber image sequence of 10 pediatric patients. Compared with the
manual selected hinge points of MA which are selected by professional doctors, the mean error is in 0.96 ± 1.04 mm. Additive SVM
classifier can fast and accurately identify the MA hinge point.

1. Introduction
Congenital heart disease is one of the main reasons for
death in children. The 3D shape and movement of the
mitral apparatus are significant to analyze the function of
left ventricular, diagnose mitral valve disease, and identify
disorder of left ventricular [1–4]. There are some problems
in surgical planning of mitral valve disease, including best
surgical time and how to shape mitral valve. Therefore,
analyzing the movement and shape of mitral apparatus with
advanced computer technology and imaging technology has
important clinical value and social value.
Precise positioning the hinge point of mitral value is
helpful for modeling, motion tracking, and multimodalities
registration of cardiac images. The vague and incomplete
ventricular structure in ultrasound images due to the heavy
noise, low resolution, and limited imaging range in real
time echocardiography causes great difficulties to identify
the mitral value manually and automatically. Nevo et al. [5]

introduces an automated tracking algorithm using multidimensional dynamic programming which tracks the hinge
point of mitral value leaflet in 2D echocardiographic images.
Takemoto et al. [6] introduces an automated mitral annular
tracking method. It adopts a partial shape constraint contour
model to track and fit the ambiguous ventricular boundary
and recognizes hinge point of mitral value using pattern
matching algorithm. Veronesi et al. [7] tracks the mitral
annular in 4D echocardiographic images combining optical
flow method with block matching method. Due to the
cumulative errors, the results require manual correction.
Schneider et al. [8] use constrained optical flow combined
with graph cut [9] and a valve state predictor to segment
mitral annulus from four-dimensional ultrasound images.
This paper introduces a hinge point of mitral annulus
identification algorithm based on additive SVM classifier
[10, 11]. The optimized additive SVM classifier which can
more quickly and efficiently classify test sample gets the
same classification accuracy as classic SVM classifier. It is
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difficult to design a feature for echocardiographic image
because of the heavy noise and low resolution. The typical
global feature such as local binary pattern (LBP) [12, 13]
and histogram cannot specify the hinge point in the whole
cardiac structure. Spatial relationships of atrium and ventricle
are fixed in the echocardiography. Therefore, in this work, a
local context feature is obtained for subsequent classification
of MA hinge point candidates for intracardiac structures in
echocardiography. Ideally, every pixel in the neighborhood
can be put into context. However, this would generate a large
feature space. This paper designs a local context feature which
sparely samples the gray value of the context locations on
eight directions in 45-degree intervals. Reasonable results will
be achieved after applying the additive SVM classifier on
this local context feature. The rest of this paper is organized
as follows. Section 2 introduces additive SVM classifier. In
Section 3, we describe the local context feature. Section 4
gives an improved method. In Section 5, we present the flow
of classification. Section 6 shows some experimental results
that demonstrate the effectiveness of this algorithm. Finally,
we conclude in Section 7.

2. Additive SVM Classifier
SVM and boosted decision tree [14, 15] are the two main
methods in target detection and multitargets recognition.
Classifiers based on boosted decision trees have faster classification speed, but they are significantly slower to train.
Furthermore, the complexity of training grows exponentially
with the number of classes. The linear SVM is efficient during
training on a given feature space. It can be used in realtime applications for low memory requirements and fast
classification speed. Although the kernel trick is introduced
to handle nonlinear problems in SVM, its complexity is much
higher than linear SVM.
The linear SVM is more efficient, but many nonlinear
kernels can get better results in pattern classification tasks
due to the nonlinear distribution of features. Some popular
nonlinear kernels which are based on histograms of lowlevel features like color and texture of the image use a kernel
derived from histogram intersection or chi-squared distance
to train a SVM classifier. To evaluate the classification
function, the test histogram is compared with every support
vector histogram. Maji et al. [10, 11] present a method which
can efficiently compute the classification function based on
histograms. This optimized method improves additive kernel
SVMs significantly and can be used in any additive kernels.
2.1. Histogram Intersection Kernel SVMs. Given training set
𝑛
{(𝑦𝑖 , x𝑖 )}𝑁
𝑖=1 , class label 𝑦𝑖 ∈ {−1, 1}; vector x𝑖 ∈ R . To find the
hyper plane to separate the sample set in linear problem, the
minimization function can be written as
𝜙 (w, 𝜉) =

𝑁
1
‖w‖2 + 𝐶∑𝜉𝑖 ,
2
𝑖=1

(1)

and 𝜉𝑖 ≥ 0 is the slack variable, (1/2)‖w‖2 is used to
maximize the distance between support vectors and hyper
plane, 𝐶 ∑𝑁
𝑖=1 𝜉𝑖 is used to minimize the error rate, 𝐶 > 0 is the
weight between maximized distance and slack constraints, w
is the normal vector to the hyperplane, and 𝑏 determines the
offset of the hyperplane from the origin along the normal
vector w. The kernel 𝐾(𝑥, 𝑧) : 𝑅𝑛 × 𝑅𝑛 → 𝑅 is the inner
product 𝜑(x)⋅𝜑(z) in high dimension. The maximized duality
function is
𝑁

𝑊 (𝛼) = ∑𝛼𝑖 −
𝑖=1

1 𝑁
∑ 𝛼 𝛼 𝑦 𝑦 𝐾 (x𝑖 , x𝑗 ) ,
2 𝑖,𝑗=1 𝑖 𝑗 𝑖 𝑗

(3)

where 𝛼 is Lagrange multiplier, 0 ≤ 𝛼𝑖 ≤ 𝐶, ∑ 𝛼𝑖 𝑦𝑖 = 0.
Decision function is sgn(ℎ(𝑥)), where
𝑚

ℎ (x) = ∑𝛼𝑙 𝑦𝑙 𝐾 (x𝑙 , x) + 𝑏.

(4)

𝑙=1

And x𝑙 , 𝑙 ∈ {1, 2, . . . , 𝑚} is the support vector. Therefore,
classifying a test feature requires 𝑚 times calculation of kernel
function and stores 𝑚 support vectors. Assuming that the
complexity of decision function is 𝑂(𝑛), the complexity of
classification of one test feature is 𝑂(𝑚∗𝑛). As to linear kernel
function 𝐾(x, z) = x ⋅z, its decision function is ℎ(x) = w ⋅x + 𝑏
where w = ∑𝑚
𝑙=1 𝛼𝑙 𝑦𝑙 x𝑙 . So the complexity of linear SVM is
𝑂(𝑛).
With similarity of feature such as boundary, color can
be represented as histogram which regularly uses histogram
intersection as its evaluation of similarity. The histogram
intersection kernel is
𝑛

𝐾min (x, z) = ∑ min (𝑥𝑖 , 𝑧𝑖 ) ,

(5)

𝑖

where x, z ∈ R+𝑛 is histogram feature. The decision function is
𝑚

ℎ (z) = ∑𝛼𝑙 𝑦𝑙 𝐾min (z, x𝑙 ) + 𝑏
𝑙=1
𝑚

𝑛

𝑙=1

𝑖=1

(6)

= ∑𝛼𝑙 𝑦𝑙 ∑ min (𝑧𝑖 , 𝑥𝑙,𝑖 ) + 𝑏.
The complexity of (6) is still 𝑂(𝑚 ∗ 𝑛). The key property
of intersection kernels is that the order of summing can be
exchanged. So, (6) can be converted to the following:
𝑚

𝑛

𝑙=1

𝑖=1

ℎ (z) = ∑𝛼𝑙 𝑦𝑙 ∑ min (𝑧𝑖 , 𝑥𝑙,𝑖 ) + 𝑏
𝑛

𝑚

𝑛

𝑖=1

𝑙=1

𝑖=1

(7)

= ∑ (∑𝛼𝑙 𝑦𝑙 min (𝑧𝑖 , 𝑥𝑙,𝑖 )) + 𝑏 = ∑ℎ𝑖 (𝑧𝑖 ) + 𝑏.
Function ℎ(⋅) can be represented as the sum of 1D functions
ℎ𝑖 (⋅), where
𝑚

where
𝑦𝑖 × (w ⋅ x𝑖 ) + 𝑏 ≥ 1 − 𝜉𝑖 ,

𝑖 = 1, 2, . . . , 𝑁,

(2)

ℎ𝑖 (𝑧𝑖 ) = ∑𝛼𝑙 𝑦𝑙 min (𝑧𝑖 , 𝑥𝑙,𝑖 ) .
𝑙=1

(8)
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caused by the noise, we apply mean filtering to the sampling
points when sampling. Because the larger average template
cannot make the sampling gray value accurately reflect the
information of sampling points, we set the average of 3 ∗ 3
neighborhoods as the value of each sampling point. So one
pixel can get a 65-dimension feature and the local feature is
extracted fast.

4. Refine the Classification

Figure 1: Local context feature.

So as to make the complexity of ℎ𝑖 to 𝑂(log 𝑚), let 𝑥𝑙,𝑖
denote the sorted 𝑥𝑙,𝑖 in increasing order; the corresponding
𝛼𝑙 and 𝑦𝑙 are 𝛼𝑙 and 𝑦𝑙 . If 𝑧𝑖 < 𝑥1,𝑙 , then ℎ𝑖 (𝑧𝑖 ) = 𝑧𝑖 ∑𝑙 𝛼𝑙 𝑦𝑙 = 0.
Otherwise, let 𝑟 be the largest integer satisfying 𝑥𝑟,𝑙 ≤ 𝑧𝑖 . The
function ℎ𝑖 (⋅) is transformed to
𝑚

ℎ𝑖 (𝑧𝑖 ) = ∑𝛼𝑙 𝑦𝑙 min (𝑧𝑖 , 𝑥𝑙,𝑖 )
𝑙=1

(9)

= ∑ 𝛼𝑙 𝑦𝑙 𝑥𝑙,𝑖 + 𝑧𝑖 ∑ 𝛼𝑙 𝑦𝑙 = 𝐴 𝑖 (𝑟) + 𝑧𝑖 𝐵𝑖 (𝑟) ,
1≤𝑙≤𝑟

𝑟<𝑙≤𝑚

where 𝐴 𝑖 (𝑟) = ∑1≤𝑙≤𝑟 𝛼𝑙 𝑦𝑙 𝑥𝑙,𝑖 , 𝐵𝑖 (𝑟) = ∑𝑟<𝑙≤𝑚 𝛼𝑙 𝑦𝑙 . Functions
𝐴 𝑖 and 𝐵𝑖 which only depend on the support vectors and 𝛼
can be computed after SVM model is trained. Binary search
is adopted to get 𝑟 and reduces the complexity.

3. Local Context Feature
The general image detection operator such as the Sobel
operator and the Laplace operator cannot be applied to ultrasound images due to the heavy noise and blurred boundary.
Context is the relationship with the neighbors which can be
represented as a certain range of neighbors of a pixel in image
processing. This paper introduces a local context feature
which sparsely sample [16] the neighbor pixels of a pixel.
Sampling sparsely can decrease the dimensions and shorten
the training time. Because of the fixed spatial distribution
of cardiac tissues in ultrasound images, the local context
feature can quantify the position relationship between cardiac
tissues.
As Figure 1 shows, red points represent the sampling
points. This feature sampling at eight directions and the
intervals between sample points largen as the distance to the
center point lengthens. The points nearer to the center point
contain more information about the center point, so most
feature samples points are in near range. Taking the size of
cardiac ultrasound image into account, the max sampling
distance sets as 29 and the sampling position at each direction
is {1, 3, 5, 9, 13, 17, 23, 29}. Because of the heavy noise in
echocardiography, the gray value of sampling point will make
training and classification features inaccurate, which will
reduce the recognition rate. In order to eliminate the error

We can get a good recognition result by adopting the
local context feature and additive kernel SVM classifier, as
Figure 2(a) shows. Red points are the candidate points given
by the SVM classifier. The points that arrow 1 indicates get
correct classification result. Due to the low resolution and
heavy noise, the point that the arrow 2 indicates gets a
misclassification result by SVM.
The SVM classifier is trained to get points like that arrow
1 indicates, so the majority of candidate points will be right.
And density is a good feature to distinguish the right points
and wrong ones. This paper applies a weighted template
to each candidate point and gets a weighted density field.
Figure 3 shows the weighted template obtained by block
distance.
The density field function is
𝐹 (𝐴) =

∑
𝑦∈𝐶∩𝑁11 (𝐴)

[10 − 𝐷block (𝑦, 𝐴)] ,

(10)

where 𝐴 is any point in density field, 𝐶 is the set of
candidate points, 𝐷block (⋅) is the block distance, 𝑁11 (𝐴) is
the 11 neighborhoods of a point 𝐴. As Figure 2(c) shows, the
right points are highlight in the density field and wrong points
are dim. We can determine an adaptive threshold to exclude
the dim points by binary search between the max and min
values of density field. The following part shows the flow of
the algorithm.
The Flow of Adaptive Thresholding. 𝐻 = the max value in
density field.
(1) If the number of continuous areas greater than 𝐻 is
exact two, go to step (4).
(2) If the number of areas is less than two, decrease 𝐻 and
go to step (1).
(3) If the number of areas is greater than two, increase 𝐻
and go to step (1).
(4) Get the adaptive threshold 𝐻.
Figure 2(c) shows the result adopting adaptive threshold;
we can see that it is so easy to separate the two blocks. Then
the 𝑥 and 𝑦 average values of the two blocks can be calculated
separately as the position of hinge point of mitral annulus.
Another problem is that the adaptive threshold may also
exclude some right points which lead to an unreliable result.
In order to get an accurate result, we propose to use the two
blocks centers as the initial clustering center of 𝐾-means to
classify the whole candidate points in a certain scale. Due
to the fixed size of mitral annulus, the certain scale can be
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2

(a) Result of SVM classifier

(b) Weighted density filed

(c) Result of adaptive threshold

Figure 2: Classification result of additive SVM.
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Figure 3: The weighted template obtained by block distance.

(a) Result of additive kernel SVM

(b) Refined result using 𝐾-means

Figure 4: Refined classification result of 𝐾-means classifier.

obtained from experiments. The result is shown in Figure 4,
the green and blue block are the results of 𝐾-means classifier,
and the center red points in the two blocks are the accurate
position of hinge point of mitral annulus.

5. Classification Flow
The flow of classification procedure can be integrated into
three layers shown in Figure 5.

6. Experiments
The image data in the paper is from Sonos 7500 ultrasound
image and the size of raw 3D image is 208 × 160 × 144.
Data is acquired from 10 children who are from 9 to 12
years old. The cardiac cycle has 9 to 24 frames. Experiment 1
shows how to confirm the sampling window of local context
feature and how to choose the size of weighted template.
Experiment 2 compares the 3 ∗ 3 average sampling and
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Extract the local
context feature and
train an additive
kernel SVM model

Initial
classification

Adopt the additive kernel
SVM classifier to get the
initial classification results

Optimize result

Calculate the weighted
density field and adaptive
threshold to exclude some
obvious wrong points and
get the initial clustering
center for K-means

Accurately
classify

Using K-means to classify
candidate points to avoid
unreliable result from
adaptive threshold

Figure 5: Flow of classification.

Table 1: Errors between our segmentation method and manual segmentation results.
Septal

mm

Mean
0.96

𝑥-axis
Variance
0.907

Lateral
𝑦-axis
Mean
1.12

𝑥-axis
Variance
0.69

Mean
1.34

𝑦-axis
Variance
1.39

Mean
0.75

Variance
0.48

direct sampling result in the heavy noise ultrasound images.
Experiment 3 compares the result of this algorithm and
manual selected points which are selected by professional
doctors. Experiment 4 shows various results using different
kernel functions.

6.3. Experiment 3. Table 1 shows the mean and variance of
our results compared to manual select points. This result is
obtained from cardiac cycle of 10 patients. Our mean error
can be control in nearly 0.96 mm which is acceptable in
medical diagnosis.

6.1. Experiment 1. Local context feature is to sample local
structure of heart tissue. The specific size of sampling window
and the size of weighted template are from experiments.
And the experiment results show that different size has little
influence to the results. Figure 6(a) is the result of parameters as {1, 3, 5, 9, 13, 17, 23, 29} in local context feature and
Figure 6(b) is the result of parameters as {1, 2, 4, 8, 12, 15, 22}.
Figure 6(c) is the result of weighted template whose size is set
to 10 and Figure 6(d) is the result of weighted template whose
size is set to 8.

6.4. Experiment 4. Figure 8 shows various results using
different kernel functions. In this figure, we can conclude that
the choice of kernel function is very important for final result.
Furthermore, we can see that intersection histogram kernel
which matches the local context feature gets a more accurate
classification result.

6.2. Experiment 2. Figure 7(a) shows the result of direct
sampling method, and Figure 7(b) shows the result of 3 ∗
3 average sampling. The experiment shows that the result
of 3 ∗ 3 average sampling is better than direct sampling.
Additionally, we can see that heavy noise and low resolution
in ultrasound image affect the result seriously. This denotes
that the regular image detection methods cannot be used in
medical images. HOG or SIFT feature which detect the corner
points also cannot be used in medical images especially
ultrasound images.

7. Conclusions
This paper introduced a hinge point of mitral annulus
identification method using additive kernel SVM classifier
and local context feature. Due to the classification errors, we
design a weighted template to exclude the obvious wrong
points. After refining the result, the mean and variance of
error between automatic and manual result are controlled in
0.96 ± 1.04 mm. From the experiments, it is demonstrated
that this algorithm can accurately locate the hinge point of
mitral valve. For the fast feature extraction and accelerated
classification procedure, this algorithm can be used in realtime applications.
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(a) Identification result

(b) Identification result

(c) Identification result

(d) Identification result

Figure 6: Identification results by different parameters.
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(a) Result of direct sampling

(b) Result of average sampling

Figure 7: The classification result of different sample mode.

(a) Classification result using intersection kernel function

(b) Classification result using chi-square kernel function

(c) Classification result using the Jensen-Shannon kernel function

Figure 8: The classification result of different kernel function.
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Seed point is prerequired condition for tracking based method for extracting centerline or vascular structures from the angiogram.
In this paper, a novel seed point detection method for coronary artery segmentation is proposed. Vessels on the image are first
enhanced according to the distribution of Hessian eigenvalue in multiscale space; consequently, centerlines of tubular vessels are
also enhanced. Ridge point is extracted as candidate seed point, which is then refined according to its mathematical definition. The
theoretical feasibility of this method is also proven. Finally, all the detected ridge points are checked using a self-adaptive threshold
to improve the robustness of results. Clinical angiograms are used to evaluate the performance of the proposed algorithm, and the
results show that the proposed algorithm can detect a large set of true seed points located on most branches of vessels. Compared
with traditional seed point detection algorithms, the proposed method can detect a larger number of seed points with higher
precision. Considering that the proposed method can achieve accurate seed detection without any human interaction, it can be
utilized for several clinical applications, such as vessel segmentation, centerline extraction, and topological identification.

1. Introduction
Currently, vascular diseases are major threats to human
health. Although a variety of imaging technologies exist,
such as computed tomography angiography (CTA), magnetic
resonance angiography (MRA), and ultrasound (US), X-ray
angiography remains the gold standard for the interventional
treatment of coronary artery diseases because of its high
resolution and imaging speed. Foreshortening and overlapping are the major obstacles for the accurate identification
of vascular structures because X-ray angiography is an
integrated projection of the whole body in 3D space to 2D
images. Vascular extraction technology aims to calculate the
centerline, diameter, and direction vector of the vascular
structure from X-ray angiograms; hence, it can provide
the necessary reference for computer-aided diagnosis and
treatment of vascular diseases.
To date, the widely used vascular extraction method
in clinical practices is still the manual delineation method,

which is very time-consuming and subjective. As its important clinical value, automatic vascular tree extraction method
has been studied intensively in the past two decades, such are
morphology based methods [1, 2], multiscale based methods
[3, 4], edge detection based methods, and image registration
based methods [5–7]. Among all methods, the tracking based
methods propose to estimate centerline and diameter within
the vascular boundaries, which do not need to scan the whole
angiogram. Hence, the tracking based methods are usually
with higher calculation efficiency than the other methods.
Generally, the tracking procedure proceeds from one or
several manually delineated seed points. As the seed points
are randomly selected from the angiogram, the reproducibility of the tracking algorithms are very much depended on
the personal experience. Many researchers hence focus on
improving the robustness of the tracking algorithm through
seed optimization. Collorec and Coatrieux [8] detected seed
points by scanning local extreme points and obtained a large
set of seed points inside the vessels. However, extracted seed
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points need to be refined because of the presence of noise.
While Fritzsche et al. [9] combined the global threshold optimization for improving the robustness of the seed extraction,
the global threshold may also lead to a large amount of false
seed points in the background. Moreover, Boroujeni et al.
[10] proposed an automatic seed point detection method by
detecting edge points and checking the symmetric features in
its neighboring regions. After all the boundaries are detected,
the center line seed points can be calculated at the symmetric
center of the edge points. All the above methods have greatly
promoted the automatic seed detection methods.
In this paper, a novel adaptive ridge point refinement method is proposed for seed detection in coronary
angiograms. First, based on the tubular feature distribution
of Hessian matrix of the angiogram, vascular structures
are enhanced according to the eigenvalue distribution in
multiscale space. Second, the continuity property of eigenvalue and eigenvector of a Hessian matrix in multiscale
space is theoretically analyzed. Third, based on theoretical
analysis, the proposed theorem of ridge point existence
is utilized to design the ridge discriminant function. And
the candidate ridge points are extracted according to the
predefined discriminant function. Afterwards, the detected
points are refined according to a self-adaptive threshold that
is calculated based on the order statistics of the detected ridge
points.

2. Method
2.1. Characteristic of Ideal Vascular Topology. Let 𝐼(𝑀) represent the intensity of a point 𝑀 in the image; then, the intensity
distribution of the local feature around 𝑀 can be calculated
as follows [11]:
𝐼 (𝑀 + 𝛿𝑀) = 𝐼 (𝑀) + 𝑀𝑇 ∇𝐼 (𝑀)
+ 𝑀𝑇 𝐻 (𝑀) 𝑀 + 𝑜 (‖𝑀‖) ,

(1)

where ∇𝐼(𝑀) = ((𝜕/𝜕𝑥)𝐼(𝑀), (𝜕/𝜕𝑦)𝐼(𝑀)) is the gradient
of the image 𝐼 at the point 𝑀 with respect to the 𝑥-axis
and 𝑦-axis, while (𝜕/𝜕𝑥)𝐼(𝑀) and (𝜕/𝜕𝑦)𝐼(𝑀) are the firstorder partial derivatives of 𝐼(𝑀) in the directions of 𝑥 and 𝑦,
respectively. And the Hessian matrix 𝐻(𝑀) of point 𝑀 can
be calculated as follows:

𝐻 (𝑀) = (

𝜕2
𝐼 (𝑀)
𝜕𝑥2

𝜕2
𝐼 (𝑀)
𝜕𝑥𝜕𝑦

𝜕2
𝐼 (𝑀)
𝜕𝑦𝜕𝑥

𝜕2
𝐼 (𝑀)
𝜕𝑦2

),

(2)

where (𝜕2 /𝜕𝑥2 )𝐼(𝑀) and (𝜕2 /𝜕𝑦2 )𝐼(𝑀) denote the second
partial differential of 𝐼(𝑀) in the direction of 𝑥 and
𝑦, respectively, while (𝜕2 /𝜕𝑥𝜕𝑦)𝐼(𝑀) and (𝜕2 /𝜕𝑦𝜕𝑥)𝐼(𝑀)
denote the second partial differential of 𝐼(𝑀). If the secondorder differential of 𝐼(𝑀) is continuous, then we have
(𝜕2 /𝜕𝑥𝜕𝑦)𝐼(𝑀) = (𝜕2 /𝜕𝑦𝜕𝑥)𝐼(𝑀). Through singular value
decomposition (SVD) decomposition, two eigenvalues 𝜆 1
and 𝜆 2 (suppose 𝜆 1 ≤ 𝜆 2 ) and their corresponding eigenvectors V1 and V2 can be obtained from the Hessian matrix

V2
V1

Figure 1: Relationship between the two eigenvectors of the Hessian
matrix with respect to vascular topology.

of each pixel of the angiogram. To be convenient for the
followed analysis, in this study, 𝜆 1 and 𝜆 2 are named as the
first eigenvalue and second eigenvalue of 𝐻(𝑀), and V1 and
V2 are denoted by first eigenvector and second eigenvector of
𝐻(𝑀), separately.
Ideally, due to its tubular structure, the penetrating path
of X-ray in the blood vessel decreases from the central axis
to edge position. Therefore, the gray level distribution of
the vessel in angiogram turns from dark to bright for its
centerline to the edge [12]. If we look at the grey scale
distribution of the blood vessel, the centerlines are rested
on the ridge lines constituted by a series of ridge points.
Generally, the ridge point is the local extreme with the
direction vector perpendicular to the vascular direction on
angiogram. Therefore, for the coronary artery in angiogram,
we have the following equation [13]:
 
0 ≈ 𝜆 1  ≪ 𝜆 2 .

(3)

According to the definition of the ridge, the two eigenvectors
of Hessian matrix can be denoted by the tangent direction
(𝑉1 ) and the vertical direction (𝑉2 ), as can be seen in Figure 1.
2.2. Multiscale Vascular Enhancement. Since the disturbance
of eigenvalue or eigenvector of the Hessian matrix is in the
same order [14], if the disturbance of the Hessian matrix
is 𝜀, then the disturbances of the corresponding eigenvalue
and eigenvector are 𝑂(𝜀) because of the existence of noise
in the angiogram. However, when zero-order disturbance
is Δ𝛿, the second-order disturbance is amplified twice. In
such condition, the use of eigenvalue or eigenvector will
introduce a large amount of error for vessel enhancement.
Hence, several researchers introduced multiscale operators,
such as Gaussian scale transformation, to minimize error
disturbance [3, 15, 16]. The Gaussian function has been proven
to be the only kernel function in the linear scale space by
Lindeberg [16, 17] and Florack et al. [18, 19]. According to
the property of the Gaussian function, the multiscale space
is not only linear but also satisfies several other properties,
such as spatial shift invariance, noncreation of local extreme,
rotational symmetry, and semigroup structure [20, 21].
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In this paper, the Frangi filter [13] is utilized to enhanced
vascular structure in the angiogram. For this filter, a single
scale function can be defined as follows:
0
if 𝜆 2 < 0
{
{
{
{
2
2
2
{
𝐸 (𝑀, 𝜎) = {exp (− 𝜆 1 ) [1 − exp (− 𝜆 1 + 𝜆 2 )]
{
2
2
2
{
2𝛽
2𝛼 𝜆 2
{
{
otherwise,
{

(4)

where 𝜆 1 and 𝜆 2 are the first and the second eigenvalues,
while 𝛼 and 𝛽 are controlling coefficient. To obtain the best
vascular enhancement effect, the multiscale function should
have the highest response of all the sampled scales, which can
be formulized as follows:
𝐸 (𝑀) =

max

𝜎min ≤𝜎≤𝜎max

𝐸 (𝑀, 𝜎) ,

(5)

where [𝜎min , 𝜎max ] is the predefined scaling range. Typically,
𝜎min and 𝜎max correspond to minimum and maximum size of
vessels on image.
The image enhanced by multiscale eigenvalue of Hessian
matrix is usually referred to as a vesselness image. In a
vesselness image, the background of the nonvascular region
is suppressed, and the vessels appear brighter than that of
the original image. Moreover, the pixels along the directions
of vascular centerlines are strongly enhanced and appear
brighter than the ones perpendicular to the vascular direction
vector. Therefore, the ridge points on a vesselness image can
be extracted to stand for the seed points from the extraction
of blood vessels.
2.3. Continuity Analysis of Vesselness Image. In this study, the
candidate seed points are extracted by detecting ridge points
in a vesselness image based on the differential continuity
of the image, which includes gradient and Hessian matrix
together with its corresponding eigenvalue and eigenvector
for each pixel. Usually, they are not located at integer
coordinates and should be computed by interpolation. However, they should be continuous when being interpolated.
Therefore, the continuity of the abovementioned differential
information is very important for seed detection in the
angiogram.
In traditional methods of differential information analysis, the differential information of the image is assumed to be
continuous. Theoretically, an image can be described as a 2D
continuous signal obtained from the optical sensor by light
integration. As such, the zero-order gray scale information
is a continuous function for the coordinates. To further
utilize the differential information, this study theoretically
analyzed the continuous property of gradient, eigenvalue, and
eigenvector.
Suppose that 𝑓(𝑥, 𝑦; 𝜎) represents an image convolved
by a Gaussian function with kernel of 𝜎; then we have the
following equation:
𝜕
𝜕
𝑓 (𝑥, 𝑦; 𝜎) ⊗ 𝑔 (𝑥, 𝑦, 𝜎) = 𝑓 (𝑥, 𝑦; 𝜎) ⊗
𝑔 (𝑥, 𝑦, 𝜎) ,
𝜕𝑥
𝜕𝑥
(6)

since
𝑥
𝜕
𝑔 (𝑥, 𝑦, 𝜎) = − 2 𝑔 (𝑥, 𝑦, 𝜎) .
𝜕𝑥
𝜎

(7)

Then, the continuity of an image in Gaussian space will be
transformed into the continuity of the image after Gaussian
convolution. Therefore, we first discuss the continuity of the
image after Gaussian smoothing in the following section.
According to Lemma A.1 (as can be seen in the section
of appendix), we found that any 1D continuous function
will be infinitely differentiable when it is convoluted with
the Gaussian function. Similarly, the vesselness image, which
is a two-dimensional continuous function, will be infinitely
differentiable with the application of Gaussian smoothing.
Essentially, if the vesselness image is at least differentiable in
the second-order, its gradient vector and Hessian matrix are
also continuous. As can be inferred from Lemma A.3, the two
eigenvalues of Hessian matrix of vesselness image are single
eigenvalue and the corresponding eigenvectors of these two
eigenvalues are continuous according to Lemma A.2. Therefore, all the related differential terms, including gradient and
Hessian matrix together with its corresponding eigenvalue
and eigenvector of vesselness image, are continuous.
2.4. Seed Point Detection. In traditional methods, the detection of local maxima points in the image is a common
method of seeding. However, the points on the centerline
are essentially not the local maxima points in any direction.
Instead, they are the local maxima points on the directions
perpendicular to the centerline. In this paper, the ridge points
are extracted as candidates of seed points. The definition of
ridge point could be derived from the definition of local
extreme point, which can be described as follows [13].
Definition 1. Let 𝑓 : R𝑛 → R represent a second-order
continuous function. A point 𝑥 ∈ R𝑛 is a local extreme point
for 𝑓 if (V⋅∇)𝑓(𝑥) = 0 for every direction V; that is, ∇𝑓(𝑥) = 0.
The extreme point can be classified as follows: (1) 𝑥 is a local
minimum point, if (V ⋅ ∇)2 𝑓(𝑥) > 0 for every direction V; (2)
𝑥 is a local maximum point, if (V ⋅ ∇)2 𝑓(𝑥) < 0 for every
direction V. The corresponding function value 𝑓(𝑥) at the
extreme point 𝑥 is named as the extreme value.
According to the Hessian matrix, the above definition of
local extreme point can be described as follows.
Definition 2. Let 𝑓 : R𝑛 → R be a second-order continuous
function. A point 𝑥 ∈ R𝑛 is as follows: (1) a local minimum
point for 𝑓 if ∇𝑓(𝑥) = 0 and the Hessian matrix of 𝑥 is positive
definite (all the eigenvalues are positive); (2) a local maximum
point if ∇𝑓(𝑥) = 0 and the Hessian matrix of 𝑥 is negative
definite (all the eigenvalues are negative).
A 𝑛-𝑑 type ridge point is the local maximum point in 𝑛-𝑑
orthogonal directions in 𝑛-dimensional space of which the
definition is as follows.
Definition 3. Let 𝑓 : R𝑛 → R be a second-order continuous
function. A point 𝑥 ∈ R𝑛 is a 𝑛-𝑑 type ridge point if and only
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if [V1 , . . . , V𝑑 ]𝑇 ∇𝐼(𝑥) = 0 and 𝜆 𝑑 < 0, where, 𝜆 1 , . . . , 𝜆 𝑛 (𝜆 1 ≤
⋅ ⋅ ⋅ ≤ 𝜆 𝑛 ) are the eigenvalues of hessian matrix of point 𝑥 and
their corresponding eigenvectors are denoted by V1 , . . . , V𝑛 ,
and 1 ≤ 𝑑 ≤ 𝑛.
To extract ridge points on the image, we need to find all
the points to meet the conditions that [V1 , . . . , V𝑑 ]𝑇 ∇𝐼(𝑥) = 0
and 𝜆 𝑑 < 0. For angiograms, images are two-dimensional
data, ridge points are 1-type, and we need to detect the points
that satisfy (V1 )𝑇 ∇𝐼(𝑥) = 0 and 𝜆 1 < 0. According to the
density of the real number, detecting all the ridge points
within a limited time is impossible because ridge points are
usually located on subpixel coordinates rather than on integer
coordinates. In this paper, we obtain a sufficient number of
ridge points based on the analysis of the gradient vector and
the Hessian matrix at discrete pixels.
Ridge Point Existence Criterion. Assume that 𝐼(𝑥) is a vesselness image, for a point (𝑥, 𝑦) and its neighbor points (𝑥 +
1, 𝑦), (𝑥, 𝑦 + 1), and (𝑥 + 1, 𝑦 + 1). There must be a ridge
point (𝜉, 𝜂) (𝑥 ≤ 𝜉 ≤ 𝑥 + 1, 𝑦 ≤ 𝜂 ≤ 𝑦 + 1) between them
if the conditions are satisfied as follows:
max {V1 ∇𝐼 (𝑥, 𝑦) , V1 ∇𝐼 (𝑥 + 1, 𝑦) ,
V1 ∇𝐼 (𝑥, 𝑦 + 1) , V1 ∇𝐼 (𝑥 + 1, 𝑦 + 1)} > 0,
min {V1 ∇𝐼 (𝑥, 𝑦) , V1 ∇𝐼 (𝑥 + 1, 𝑦) ,
V1 ∇𝐼 (𝑥, 𝑦 + 1) , V1 ∇𝐼 (𝑥 + 1, 𝑦 + 1)} < 0,
max {𝜆 1 (𝑥, 𝑦) , 𝜆 1 (𝑥 + 1, 𝑦) ,
𝜆 1 (𝑥, 𝑦 + 1) , 𝜆 1 (𝑥 + 1, 𝑦 + 1)} < 0,
(8)
where ∇𝐼(𝑥, 𝑦) is the gradient vector at (𝑥, 𝑦) and 𝜆 1 (𝑥, 𝑦)
and V1 (𝑥, 𝑦) are the first eigenvalue and the first eigenvector
of Hessian matrix at (𝑥, 𝑦).
Proof. According to the Lemmas A.2 and A.3 and
Theorem A.4, we know that since 𝐼(𝑥) is two-order
continuous, ∇𝐼(𝑥, 𝑦) and 𝐻(𝑥, 𝑦) are continuous. 𝜆 1 (𝑥, 𝑦)
is a single eigenvalue; therefore, 𝜆 1 (𝑥, 𝑦) and V1 (𝑥, 𝑦) are
continuous for (𝑥, 𝑦).
Thus
max {V1 ∇𝐼 (𝑥, 𝑦) , V1 ∇𝐼 (𝑥 + 1, 𝑦) ,
V1 ∇𝐼 (𝑥, 𝑦 + 1) , V1 ∇𝐼 (𝑥 + 1, 𝑦 + 1)} > 0,
(9)
min {V1 ∇𝐼 (𝑥, 𝑦) , V1 ∇𝐼 (𝑥 + 1, 𝑦) ,

And since 𝜆 1 (𝜉, 𝜂) can be achieved by linear interpolation
of 𝜆 1 (𝑥, 𝑦), 𝜆 1 (𝑥 + 1, 𝑦), 𝜆 1 (𝑥, 𝑦 + 1), and 𝜆 1 (𝑥 + 1, 𝑦 + 1),
𝜆 1 (𝜉, 𝜂) = 𝜔3 [𝜔1 𝜆 1 (𝑥, 𝑦) + (1 − 𝜔1 ) 𝜆 1 (𝑥 + 1, 𝑦)]
+ (1 − 𝜔3 )
⋅ [𝜔2 𝜆 1 (𝑥, 𝑦 + 1) + (1 − 𝜔2 ) 𝜆 1 (𝑥 + 1, 𝑦 + 1)] ,
(0 ≤ 𝜔1 , 𝜔2 , 𝜔3 ≤ 1) .
(10)
We have
max {𝜆 1 (𝑥, 𝑦) , 𝜆 1 (𝑥 + 1, 𝑦) ,
𝜆 1 (𝑥, 𝑦 + 1) , 𝜆 1 (𝑥 + 1, 𝑦 + 1)} < 0.

(11)

Then 𝜆 1 (𝜉, 𝜂) < 0.
According to Definition 3, the point (𝜉, 𝜂) is a ridge point.
And according to the ridge point existence criterion, the ridge
points can be detected by scanning the vesselness image line
by line. In this paper, we take the pixel point (𝑥, 𝑦) as the
ridge point (𝜉, 𝜂) to be a seed point. It can not only save
the interpolation burden but also guarantee the extraction
accuracy of the seed point.
2.5. Seed Point Refinement. A large amount of seed points
located in vascular boundaries can be detected using the
proposed method. However, a number of candidate seed
points located on the background, which are denoted as
pseudo seed points, can be observed because of the influence
of noise. In this study, an automatic seed point refinement
method is proposed based on the area gray scale distribution
of the detected seed points. With 𝑃 as the set of the sample
points located in the area of the detected candidate seed
points, a self-adaptive threshold function can be defined as
follows:
𝑇 = 𝑚 (𝑃) − 𝜔 ⋅ 𝑠 (𝑃) ,

(12)

where 𝑚(𝑃) is the median intensity value of arranged 𝑃 and
𝑠(𝑃) is the median of the absolute value of all the points of
𝑃 minus 𝑚(𝑃). 𝜔 is a weight factor, which controls the noise
and sensitivity of the intensity.
Figure 2(a) shows the extracted candidate seed points on
an angiogram based on the proposed ridge detection method.
As shown in the figure, a large number of seed points are
detected inside the vascular structures. However, some of
them are still detected in the background. Figure 2(b) shows
the refined results of the proposed method. As observed, the
pseudo seed points located in the nonvascular region are
removed, and most of the calculated seed points are inside
vascular boundaries, whereas some of them are located near
the vascular centerlines.

V1 ∇𝐼 (𝑥, 𝑦 + 1) , V1 ∇𝐼 (𝑥 + 1, 𝑦 + 1)} < 0.
According to the intermediate value theorem of continuous
function, there is a point (𝜉, 𝜂) (𝑥 ≤ 𝜉 ≤ 𝑥 + 1, 𝑦 ≤ 𝜂 ≤ 𝑦 + 1),
which meets V1 ∇(𝜉, 𝜂) = 0.

3. Experimental Results
To validate the performance of the proposed method, a
series of coronary angiograms acquired from a Philips Digital

Computational and Mathematical Methods in Medicine

5

(a)

(b)

×104
4
3.5
3
2.5
2
1.5
1
0.5
0
0.2

20
10
0.4

0.6
𝛼

0.8

1

𝛽

NDSP

Figure 2: Seed point calculation results in an angiogram. (a) Results of the ridge based method. (b) Results after seed refinement.
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Figure 3: Relationship between NDSP and enhancement parameters 𝛼 and 𝛽.

Imaging device at Beijing Chaoyang Rea-Cross Hospital
were used. All angiograms have 512 × 512 resolution. The
experiments were carried out on a desktop computer with
an i7-2600 processor and 16 G memory, and the proposed
method is compared with the other two traditional seed point
detection algorithms.
Figure 3 was designed to evaluate the number of detected
seed point (NDSP) with respect to the multiscale enhancement filtering parameters of 𝛼 and 𝛽. For the experiment, the
sampling ranges of 𝛼 and 𝛽 are set at [0.25, 1] and [5, 20],
respectively, where the sampling step of 𝛼 and 𝛽 is set at
0.05 and 5. In this study, NDSP is defined as the number
of detected seeds with respect to the enhancement response
value larger than a predefined threshold of 𝜏. In this experiment, the value of 𝜏 is set at 30. From the figure, if 𝛽 is set
constant, the NDSP values decrease quickly with increasing
𝛼. If 𝛼 is set constant, the NDSP values increase slowly
with increasing 𝛽. When 𝛽 is comparatively small, a large
amount of small enhanced noise appears in the angiogram.
Hence, suppressing the noise while preserving the effect of
enhancement during seed extraction is important.

To obtain the optimal enhancement parameters, the
structures of coronary arteries in the angiogram were manually delineated from the background. As such, the number of
pseudo seed points (NPSP) that rest in the background can be
effectively quantified. Figure 4 demonstrates the relationship
between NPSP and the enhancement parameters of 𝛼 and
𝛽. From the figure, if 𝛽 is set constant, NPSP first deceases
rapidly and then slowly with increasing 𝛼. On the other hand,
if 𝛼 is set constant, NPSP increases slowly with increasing 𝛽.
To obtain the optimal enhancement parameters, the false
detection ratio (FDR) is defined based on NDSP and NPSP as
follows:
NDSP
(13)
.
FDR =
NPSP
Figure 5 demonstrates the relationship between FDR and
the enhancement parameters of 𝛼 and 𝛽. From the figure, if 𝛽
is set constant, FDR first deceases rapidly and then increases
slowly with the increasing 𝛼. On the other hand, if 𝛼 is set
constant, NPSP first deceases and then increases slowly with
increasing 𝛽. Therefore, there is a local minimum value of
FDR corresponding to the optimal enhancement parameters
of 𝛼 and 𝛽.
To quantify the performance of the proposed method, the
proposed seed point detection algorithm is compared with
the methods proposed by Fritzsche et al. [9] and by Boroujeni
et al. [10]. Figure 6 shows the seed extraction results from
all the methods. The first to fourth columns correspond to
the original angiograms, the results of Fritzsche, Boroujeni,
and those of proposed method, respectively. The first to
fifth rows correspond to five different data sets. For the
Fritzsche method, only a few seed points are detected,
which are mostly distributed in local parts of the vessels.
Moreover, some detected points rest in the background. For
the Boroujeni method, a number of detected seed points in
the first four images are very small. Although more seed
points are detected in the last image, detecting seed points
in some of the major branches is difficult. Evidently, our
proposed method can detect more seed points inside vascular
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The result of recall denotes the percentage of corrected
seed points that can be detected by the proposed algorithm,
and we have
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Figure 5: Relationship between the FDR and the enhancement
parameters of 𝛼 and 𝛽.

boundaries than the other two methods. Furthermore, the
detected seed points are evenly distributed in the whole
vasculature. Hence, it can be used more appropriately for the
tracking procedures for centerline extraction.
To evaluate the proposed automatic seed point detection
algorithm, three general measures of precision, recall, and
𝑓-measure are used in this paper. And the seed detection
precision can be quantified by the percentage of correct seeds
accounting for all the generated seeds; then we have the
following equation:

𝑃=

TP
,
TP + FP

(14)

where TP denotes the true positives (it is the total number
of the detected seed points that are located inside the true
vessels), while FP is the number of false positives (it is the
number of the detected seed points that are located in the
background).

TP
,
TP + FN

(15)

where FN denotes the number of false negatives; it is the total
number of true seed points that are wrongly discarded by the
refinement calculation procedure.
To balance between the precision and recall, the 𝑓measure is proposed as follows:
FM =

2×𝑅×𝑃
.
𝑅+𝑃

(16)

Also, the total number of seed points and the number of
vascular branches that can be detected are utilized to evaluate
the preformation of algorithms, and they are denoted by 𝑁1
and 𝑁2, respectively. 𝑁1 shows the ability that how much
seed points can be detected by the algorithm. The greater of
𝑁1 means more vascular point will be detected in the image;
while the great of 𝑁2 means more vascular branches will be
detected in the image.
Table 1 compares the seed point detection results of
Fritzsche, Boroujeni, and the proposed method over five
groups of data sets. The mean values of 𝑁1 of the Fritzsche,
Boroujeni, and the proposed methods are 1127, 1845, and
2072, respectively. Obviously, the proposed method obtained
more seed points than the other two methods. In the same
manner, the mean values of precision of the Fritzsche,
Boroujeni, and the proposed methods are 88.1%, 96.3%, and
98.2%, respectively. It indicates that only a few detected
points of the proposed method are outside of the vascular
boundaries, while the mean values of recall and 𝑓-measure
of the Fritzsche, Boroujeni, and the proposed methods are
almost the same, but the proposed algorithm is slightly higher
than the other two methods. The mean values of 𝑁2 of
the Fritzsche, Boroujeni, and the proposed methods are 5,
7, and 8, respectively. Clearly, the proposed method detects
a larger number of vascular branches than the other two
methods. It can be concluded that the Boroujeni method is
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Figure 6: Seed point extraction results of five groups of data sets. The first to the fourth columns correspond to the source angiograms,
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Table 1: Comparison of the seed point detection results of the Fritzsche method, Boroujeni method, and the proposed method over five
groups of data sets.
Data
Data1
Data2
Data3
Data4
Data5
Mean

𝑃
0.985
0.901
0.912
0.871
0.736
0.881

Fritzsche method
𝑅
FM
𝑁1
0.999
0.992
720
0.992
0.944
1488
0.981
0.945
1881
0.985
0.924
1129
0.948
0.829
416
0.981
0.927
1127

𝑁2
5
7
5
4
2
5

𝑃
0.959
0.973
0.973
0.936
0.976
0.963

Boroujeni method
𝑅
FM
𝑁1
0.989
0.974
1272
0.998
0.985
1310
0.997
0.985
1131
0.989
0.962
1648
0.992
0.984
3862
0.993
0.978
1845

better than the Fritzsche method, while the proposed method
outperforms the other two methods with respect to accuracy
and the ability of branch detection.

Appendix

𝑃
0.994
0.988
0.990
0.955
0.981
0.982

+∫

+∞

−∞

:=

4. Conclusion
This study proposes a novel automatic seed point detection
method for X-ray angiographic images, which can be further
utilized for vascular segmentation as well as centerline extraction. In study, the continuous properties of the eigenvalue and
eigenvector are analyzed in depth. Based on the ridge point
existence theorem, a novel discriminative function is proposed for candidate seed point detection from the multiscale
Gaussian response of the angiographic image. The candidate
seeds are refined according to the intensity distribution of
neighboring pixels in the scanning lines. Furthermore, this
study also discussed the optimal parameters for accurate seed
detection. The study introduces five discrimination standards
to quantify seed detection ability and evaluate the performance of different seed detection methods. The experiments
demonstrate that the proposed method is very effective and
robust for seed point detection in angiographic images with
mean values of 98.2% and 2072 for the precision and number
of detected seed points, respectively. Considering that the
proposed method is fully automatic and with high detection
ability, it can be utilized for fast centerline extraction as well
as structure measurement for coronary arteries in clinical
practice.

𝑁2
9
6
5
5
8
7

Proposed method
𝑅
FM
𝑁1
0.999
0.996
1561
0.999
0.993
1760
0.999
0.994
1655
0.995
0.974
1079
0.996
0.988
4306
0.998
0.989
2072

𝑓 (𝑡) 𝑒𝑥𝑡 𝑑𝑡 + ∫

+∞

−∞

2

𝑓 (𝑡) 𝑒−𝑡 /2 𝑑𝑡]

1
[𝐹 + 𝐹2 + 𝐹3 ] ,
√2𝜋 1
(A.1)

where 𝐹1 and 𝐹2 are infinitely differentiable functions parameterized by 𝑥 and 𝐹3 is a constant. Therefore 𝐹(𝑥) = 𝑓(𝑥) ∗
𝑔(𝑥) ∈ 𝐶∞ .
Lemma A.2. Let 𝐴, Δ𝐴 ∈ 𝐶𝑛×𝑛 , where 𝐴 = {𝑎𝑖𝑗 } and
Δ𝐴 = {Δ𝑎𝑖𝑗 }. If 𝜆 is a single eigenvalue of 𝐴 and 𝑉 is the
corresponding eigenvector of 𝜆, then for eigenvalue 𝜆(𝐴 + Δ𝐴)
and its corresponding eigenvector 𝑉(𝐴 + Δ𝐴) of 𝐴 + Δ𝐴, it
satisfied that 𝜆(𝐴 + Δ𝐴) → 𝜆 and 𝑉(𝐴 + Δ𝐴) → 𝑉, when
Δ𝐴 → 0.
Proof. Since the eigenvalue of the Hessian matrix is a continuous function for all the matrix elements and 𝜆 is a single
eigenvalue of 𝐴, then for the eigenvalue 𝜆(𝐴 + Δ𝐴) of 𝐴 + Δ𝐴,
𝜆(𝐴 + Δ𝐴) → 𝜆 when Δ𝐴 → 0. And for a sufficiently small
‖Δ𝐴‖, 𝜆(𝐴 + Δ𝐴) is a single eigenvalue of 𝐴 + Δ𝐴.
Since 𝜆 is a single eigenvalue of 𝐴, according to the
theorem of Jordan canonical form, we have rank(𝜆𝐸 − 𝐴) =
rank(𝐴) − 1, where 𝐸 is an 𝑛 × 𝑛 identity matrix. Hence, we
can find certain 𝑖 and 𝑗, for which the 𝑛 − 1 order nonsingular
matrix 𝐴∗𝑛−1 can be obtained by removing the elements of the
𝑖th row and the 𝑗th column of 𝐴.
According to
𝐴𝑉 = 𝜆𝑉,

Lemma A.1. For any 𝑓(𝑥) ∈ 𝐶, then 𝐹(𝑥) = 𝑓(𝑥) ∗ 𝑔(𝑥) ∈
2
𝐶∞ , where 𝑔(𝑥) = (1/√2𝜋)𝑒−𝑥 /2 .

𝐹 (𝑥) = 𝑓 (𝑥) ∗ 𝑔 (𝑥)
=∫

+∞

−∞

=
=

𝑓 (𝑡) 𝑔 (𝑥 − 𝑡) 𝑑𝑡

+∞
2
1
∫ 𝑓 (𝑡) 𝑒−(𝑥−𝑡) /2 𝑑𝑡
√2𝜋 −∞
+∞
2
1
[𝑒−𝑥 /2 ∫ 𝑓 (𝑡) 𝑑𝑡
√2𝜋
−∞

(A.2)

where 𝑉 = (V1 , . . . , V𝑛 )𝑇 , the coefficient matrix of the system
𝑚=𝑛

Proof. Consider

𝑁2
10
9
6
6
11
8

− ∑ (𝑎𝑘𝑚 − 𝛿𝑘𝑚 𝜆) V𝑚 = (𝑎𝑘𝑗 − 𝛿𝑘𝑗 𝜆) V𝑗 ,
𝑚=1
𝑚=𝑗̸

𝑘 ≠
𝑖, (A.3)

is nonsingular, where
{1,
𝛿𝑖𝑗 = {
0,
{

𝑖=𝑗
𝑖 ≠
𝑗.

Without loss of generality, we assume that V𝑗 = 1.

(A.4)
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For a sufficiently small ‖Δ𝐴‖, 𝜆(𝐴 + Δ𝐴) is a single
eigenvalue of 𝐴 + Δ𝐴, and rank(𝜆𝐸 − (𝐴 + Δ𝐴)) = rank(𝐴 +
Δ𝐴)−1. The 𝑛−1 order matrix (𝐴+Δ𝐴)∗𝑛−1 , which is obtained
by removing the elements of the 𝑖th row and the 𝑗th column
of 𝐴 + Δ𝐴, is also nonsingular. Hence, the system of linear
equations
𝑚=𝑛

− ∑ (𝑎𝑘𝑚 + Δ𝑎𝑘𝑚 − 𝛿𝑘𝑚 𝜆 (𝐴 + Δ𝐴)) V𝑚 (𝐴 + Δ𝐴)
𝑚=1
𝑚=𝑗̸

= (𝑎𝑘𝑗 + Δ𝑎𝑘𝑚 − 𝛿𝑘𝑗 𝜆 (𝐴 + Δ𝐴)) V𝑗 (𝐴 + Δ𝐴) ,

𝑘 ≠
𝑖,
(A.5)

have a unique solution V1 (𝐴+Δ𝐴), . . . , V𝑗−1 (𝐴+Δ𝐴), V𝑗+1 (𝐴+
Δ𝐴), . . . , V𝑛 (𝐴 + Δ𝐴), and they are continuous functions of
Δ𝐴. If we choose V𝑗 (𝐴 + Δ𝐴) = V𝑗 = 1, there will be
𝑉 (𝐴 + Δ𝐴) = (V1 (𝐴 + Δ𝐴) , . . . , V𝑗−1 (𝐴 + Δ𝐴) ,
V𝑗 (𝐴 + Δ𝐴) , V𝑗+1 (𝐴 + Δ𝐴) , . . . ,

(A.6)

𝑇

V𝑛 (𝐴 + Δ𝐴)) → 𝑉,

Lemma A.3. If the image 𝐼(𝑥, 𝑦) is second-order continuous,
then the two eigenvalues 𝜆 1 and 𝜆 2 of Hessian matrix of the
point (𝑥, 𝑦) are unequal, and their corresponding eigenvalues
V1 and V2 are orthogonal to each other.
Proof. If 𝐼(𝑥, 𝑦) ∈ 𝐶2 , then 𝐼𝑥𝑦 = 𝐼𝑦𝑥 ; that is, the hessian
matrix 𝐻(𝑥, 𝑦) of (𝑥, 𝑦) is symmetrical. According to the
properties of real symmetric matrices, the two eigenvectors
of 𝐻(𝑥, 𝑦) are orthogonal.
The two eigenvalues can be obtained by solving the
 𝜆−𝐼 −𝐼 
characteristic polynomial  −𝐼𝑦𝑥𝑥𝑥 𝜆−𝐼𝑥𝑦𝑦𝑦  = 0 as follows:



2

2

(A.8)

(A.9)

𝐻(𝑥, 𝑦) has two equal eigenvalues if and only if
𝐼𝑥𝑥 = 𝐼𝑦𝑦 ,
𝐼𝑥𝑦 = 𝐼𝑦𝑥 = 0.

(A.10)

By solving (A.10), we have
𝐼𝑥 = 𝑐1 ,
𝐼𝑦 = 𝑐2 ,

Proof. If 𝐼(𝑥, 𝑦) ∈ C2 , the Hessian matrix 𝐻(𝑥, 𝑦) is
𝐼𝑥𝑥 𝐼𝑥𝑦
( 𝐼𝑦𝑥
𝐼𝑦𝑦 ), where the elements 𝐼𝑥𝑥 , 𝐼𝑥𝑦 , 𝐼𝑦𝑥 , and 𝐼𝑦𝑦 are all
continuous. According to the definition of eigenvalues, the
two eigenvalues 𝜆 1 (𝑥, 𝑦) and 𝜆 2 (𝑥, 𝑦) are two real roots of the
characteristic polynomial of 𝐻:
𝜆 − 𝐼
−𝐼𝑥𝑦 

𝑥𝑥
 = 0.
(A.12)
𝑓 (𝜆) = 
 −𝐼𝑦𝑥 𝜆 − 𝐼𝑦𝑦 


For continuous functions, their roots are also continuous;
that is 𝜆 1 (𝑥, 𝑦) and 𝜆 2 (𝑥, 𝑦) are continuous. Therefore, the
eigenvalues of Hessian matrix of image are continuous.
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