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The surging quest for safety is a clearly visible trend in
modern societies. One of the related areas of research is the
design of systems protecting against heavy dynamic loads
such as low and medium velocity traffic-related impacts and
environmental loadings. Commonly applied passive systems
are typically designed to withstand a specified, well-defined
heavy load scenario, which limits their performance over
any wider range of loads, including the less heavy loads that
are encountered in the lifetime of a typical structure much
more often than the maximum limiting loads. As an example,
such a situation is particularly evident in the case of aircraft
landing gears, which are required by the regulations to be
designed for the maximum specified touchdown load, which
almost never occurs in practice. As a result, a typical landing
gear during its lifetime operates constantly in a nonoptimized
mode and transfers to the fuselage much higher loads than it
would be technically possible with a proper adaptation [1].
Another illustrative example is provided by the traditionally
rigid support structures of railway carriages: as demonstrated in [2], their crashworthiness can be significantly
improved by employing controllable adaptive members. In
these and many other applications, embodying structures
with a certain amount of intelligence, understood here as
the interconnected abilities of sensing (real-time recognition
and identification of the loading conditions) and optimum
self-adaptation, can considerably increase dissipation of load
energy, reduce operational loads transferred to the structure,
and thus contribute to limiting the risk of structural failure or
the fatigue factor.
Basically, the related idea of optimum counteraction to
the excitation is one of the fundamental concepts behind
many successful applications of the control theory, such as

piezo-based damping of space structures [3]. However, typical formulations lead to problems of active structural control,
which require the actuators to be able to generate and transfer
to the structure significant external loads. Although effective,
such an approach requires high energy supply, and in case
of power or hardware failures it brings the risk of dangerous instabilities, which needs to be separately addressed.
These shortcomings of active control approaches can be
significantly reduced by implementing semi-active control
strategies and adaptive impact absorption (AIA) systems. The
general concept of an AIA system, considered for the first
time probably in [4], refers to an online adaptation of an
energy-absorbing structure to an extreme overloading by
(1) real-time recognition of an imminent impact load and
identification of its crucial characteristics,
(2) application of semi-actively controllable dissipaters of
a various nature (magnetorheological fluids, piezoactuated devices, pneumatic systems, etc.) in order to
optimally dissipate the energy of the impact.
Such an approach allows the structural capacity for absorption of unexpected extreme loads to be significantly enlarged.
Good examples of potential practical applications for AIA
systems are adaptive road barriers, adaptive landing gears,
and adaptive airbags for emergency landing scenarios.
The field of AIA generates a number of original research
problems related to the optimum design of AIA systems,
real-time impact load identification, globally optimum semiactive control, local modelling of the involved dissipaters,
and so forth. This special issue is focused on mathematical
modeling and optimization of AIA systems considered in
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their entireties and at the level of their adaptive components.
Three of the submitted papers investigate the problems
related to the global design and control of AIA systems.
J. Szklarski and M. Wiklo demonstrate in their contribution
“Designing of Elastoplastic Adaptive Truss Structures with
the Use of Particle Swarm Optimization” the applicability and
effectiveness of a heuristic algorithm of particle swarm optimization (PSO) to the problem of global design of an adaptive
impact-absorbing structure, including placement of adaptive
fuses and redistribution of mass and yield stress limits. In
comparison to the classical gradient-based optimization, the
particularly appealing feature of PSO is its ability to provide
alternative and equally good solutions, as well as its flexibility
with respect to the definition of the objective function. In
the paper titled “Prestress Accumulation-Release Technique
for Damping of Impact-Born Vibrations: Application to SelfDeployable Structures,” A. Mróz et al. study an interesting
adaptive technique (prestress accumulation-release, PAR)
intended for damping of impact-born vibrations of frame
structures. The crucial point providing for its effectiveness
is its ability to convert the vibration energy from lightly
damped, lower order vibration modes into high-order modes,
which are highly damped by means of standard mechanisms
of material damping. Z. Wang et al. consider in the contribution “Impact Safety Control Strategy for the Battery System of
Electric Bus” an important practical application and develop
a control strategy for a battery system in an electric bus
to ensure high-voltage safety during side impacts in traffic
conditions.
The other group of papers in this special issue focuses on
local modelling of actuators dedicated to AIA applications.
In the paper “Pneumatic Adaptive Absorber: Mathematical
Modelling with Experimental Verification,” G. Mikułowski
and R. Wiszowaty propose, study, and experimentally validate a mathematical model of a pneumatic adaptive absorber.
An important advantage of the proposed solution is its
double-chamber, closed design, which allows the device to
be used repetitively without reinflation. Finally, in the contribution “Crashworthiness of Inflatable Thin-Walled Structures
for Impact Absorption,” C. Graczykowski and J. HolnickiSzulc investigate the crashworthiness of inflatable thin-walled
structures in terms of their local response, as well as in
terms of their influence on the global structural response. The
adaptive control is implemented in two ways: the preimpact
inflation to a desired pressure and then a gradual release of
the pressure during impact reception.
Compared to passive impact-handling systems, the
significantly better performance of AIA systems can be
attributed to the paradigm of smart self-adaptivity, which is
ubiquitous in nature, but still sparsely applied in structural
and transport engineering. We hope that this special issue, by
stimulating a concerted effort in facing a number of related
research challenges, will contribute to their ultimate success:
the dream of structural safety coming true.
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Many of mechanical energy absorbers utilized in engineering structures are hydraulic dampers, since they are simple and highly
efficient and have favourable volume to load capacity ratio. However, there exist fields of applications where a threat of toxic
contamination with the hydraulic fluid contents must be avoided, for example, food or pharmacy industries. A solution here can
be a Pneumatic Adaptive Absorber (PAA), which is characterized by a high dissipation efficiency and an inactive medium. In
order to properly analyse the characteristics of a PAA, an adequate mathematical model is required. This paper proposes a concept
for mathematical modelling of a PAA with experimental verification. The PAA is considered as a piston-cylinder device with a
controllable valve incorporated inside the piston. The objective of this paper is to describe a thermodynamic model of a double
chamber cylinder with gas migration between the inner volumes of the device. The specific situation considered here is that the
process cannot be defined as polytropic, characterized by constant in time thermodynamic coefficients. Instead, the coefficients of
the proposed model are updated during the analysis. The results of the experimental research reveal that the proposed mathematical
model is able to accurately reflect the physical behaviour of the fabricated demonstrator of the shock absorber.

1. Introduction
Mechanical energy dissipation is an important task desired
in many industry applications [1, 2]. Currently, efforts are
given to increase productivity of automated plants and the
speed of transportation on production lines. In parallel
to increasing the transportation speed, effective means of
stopping the objects on the lines are required, which is
especially evident in the production processes, where the
braking distance is limited due to packaging reasons [3]. The
most popular technique is based on hydraulic dampers due to
their effectiveness, durability, and favourable volume to force
ratio [4–9]. However, in some applications the utilization
of fluid-based devices is undesirable due to the possibility
of toxic contamination of the goods being produced, for
example, in the pharmaceutical or food industry [10, 11]. In
such cases damping solutions based on pneumatics can be
applied with chemically inactive gases [10, 12–14].

There are known techniques for pneumatic cylindrical
shock absorbers used in aeronautical or food industries [10,
15]. However, due to the low viscosity of gases and their
compressibility, the energy dissipation efficiency of these
devices does not exceed 40%, while the hydraulic dampers
are characterized by the efficiency of 80% [5, 15]. There
exist a number of patents that propose ways to increase the
effectiveness of the cylindrical pneumatic shock absorbers
[16–18]. Most of the solutions are based on a double-stage
algorithm of operation. After the initial compression of the
gas in the cylinder, a mechanically operated valve releases the
medium out of the cylinder to the surroundings. By this way
the energy accumulated in the compressed gas is dissipated
and the spring-back effect is diminished. These solutions
increase the effectiveness of the pneumatic absorbers, but
they are limited to a single, strictly defined impact energy.
When the impact energy is too low, the absorber does not
release the gas at the proper moment and the absorption
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does not take place. Another disadvantage is related to the
fact that the compressed gas is released to the surroundings,
which introduces the necessity of refilling the device after
each working cycle.
An improved solution considered here is based on
introduction of a controlled flow between the chambers in
the cylinder via the piston. In this way it is possible to
dissipate energy of various magnitudes with the efficiency
comparable to hydraulic devices (80%). Moreover, the gas is
not released to the surroundings, which allows the device
to be operated in a repeatable way. Recent developments
in functional materials technology allow us to consider a
novel approach to adaptive pneumatic shock absorber with
utilization of a piezoelectric material for actuation of the
device. A piezoelectric multilayered actuator is applied in a
miniature valve positioned in the pneumatic cylinder piston
[19]. In this paper we focus on mathematical modelling of the
cylindrical pneumatic shock absorber with a controlled flow
between the internal volumes.
Mathematical modelling of pneumatic actuators is a
demanding task due to the necessity of taking into account
the thermodynamic properties of the gas and the nonlinearities present in this kind of mechanical system. The nonlinearities exhibit themselves mostly due to the compressibility
of the gas, internal friction, and energy transfer by heat.
Pneumatic systems are typically utilized in three domains
of applications: suspensions for vibration isolation, actuation
in automatics, and mechanical absorbers. Methods of the
modelling are strictly related to the field of application.
Many pneumatic systems for isolation and vibration
mitigation are developed for suspension of precise measuring
instrumentation [20], as well as for large structures: seismic
protection of buildings or large installations [21, 22]. The
principle for these systems is to suspend the protected
object on double chamber interconnected pneumatic springs.
In these cases the devices are capable of eliminating or
limiting vibrations of small amplitudes in comparison to the
scale of the entire structure [23]. Since the devices can be
assumed to operate in vibration of small amplitudes, several
simplifications to the modelling approach can be assumed;
for example, many authors investigate pneumatic systems
oscillating with small amplitudes around the equilibrium
position, which allows them to assume linearity of the
mechanical response [24]. The second important physical
phenomenon modelled in these pneumatic structures is the
gas flow between the internal volumes of the structures,
which has a direct influence on the dissipation properties. In
many cases it is acceptable to assume a simplified model of the
capillary flow based on the Poiseuille model, which is derived
for viscous fluid [24]. This model assumes very low mass flow
rates of the fluid, laminar flow, and low average velocity of the
fluid.
In contrast to the mentioned analyses, the mathematical
model of the PAA investigated in this paper must consider
the state of the gas and the internal flow between the volumes
enforced in the conditions of PAA under large displacements
and high velocities. Such a process is nonstationary and
includes large deflections of the piston and time-variant
subsonic flow through the valve.
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Figure 1: Schematic cross section of the considered adaptive
pneumatic shock absorber.

When the pneumatic actuators are to be utilized as
actuators in control of applications, the mathematical models
tend to be simplified in order to find a linearised version of
the plant representation, which allows the further analysis
and development of a controller to be based on the classical
control theory that operates most efficiently with linear, time
invariant plants [25–28]. In these cases the simplification of
the models is an advantage. In contrast to utilization of the
pneumatic devices as actuators in automation systems, here
we consider them as dampers of energy, and we need to
precisely analyse the dissipation process from the point of
view of its effectiveness. Therefore, a precise thermodynamic
model of the structure is developed.
The thermodynamic systems are commonly described
with polytropic relation and an assumption of a constant
value of the polytropic coefficient. This coefficient is strongly
related to the heat exchange in the system. Therefore, a
constant value of the polytropic coefficient can be assumed
only if the temperature of the object is stabilized, which was
not the case for the considered pneumatic shock absorber.
For these reasons, in this paper we propose a numerical method for mathematical modelling of a cylindrical
pneumatic dissipater with a controlled flow between internal
chambers where the heat transfer, energy balance, and orifice
flow are taken into account and thermodynamic state of gas
is updated every calculation step.
The paper is divided into six sections, which are organised
as follows. Section 2 introduces the structure of the absorber
and the principle of its operation. Then in Section 3 analysis
of the system is presented and a mathematical model based on
thermodynamic analysis is proposed. Experimental methods
and hardware are introduced in Section 4, and in Section 5
the results of an experimental verification are given before the
conclusions are stated in Section 6.

2. Structure and Principle of Operation of
the Adaptive Pneumatic Absorber
The conceptual pneumatic adaptive shock absorber is considered as a piston-cylinder device equipped with a fast operated
valve positioned in the piston. A schematic structure of the
considered device is presented in Figure 1.
In principle, the system is analysed as being able to
transfer the mechanical energy of a moving body connected
to the piston rod into the internal energy of the gas and then
to dissipate it by heat.
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2.1. The Dissipation Process. The dissipation process of the
external mechanical energy by means of the absorber is conducted within three phases. The first phase is a conversion of
the mechanical energy into thermodynamic energy of the gas
in the process of a simultaneous expansion and contraction
of the media in the two internal volumes of the absorber,
𝐶 and 𝐷 (Figure 1). In the subsequent phase, in order to
counteract the releasing of the accumulated energy via the
spring-back effect, a flow through the piston is allowed in a
controlled manner, which results in a spontaneous expansion
of the gas within the cylinder volumes. The effect is a decrease
of the pressure difference on the piston and a limitation
of the reaction force generated by the absorber. The final
dissipation phase is the cooling of the gas in the cylinder by
heat transfer to the surroundings. The macroscopic effect that
is intended to be achieved is an elastoplastic-like response
with a controllable level of plastic yielding.
2.2. Idea of the Control Algorithm. The adjustable gas expansion process allows the value of the reacting force to be
controlled. The magnitude of the absorbed energy is adapted
according to the applied algorithm. The flow process between
the volumes is conducted within a period estimated as several
milliseconds for the analysed range of impact velocities (up
to 5 m/s). Technically it is possible to realize such a task
by employing a fast operated piezoelectric valve. With this
technique, it is possible to control the absorption process by
adjusting the level of the mechanical energy dissipated by the
system and to control the deceleration and forces acting on
the protected objects.
The control algorithm for the considered dissipative
adaptive system based on the absorbers can be designed to
respond adequately to a wide spectrum of excitations. For
the analysed conceptual, one-dimensional adaptive absorption system the process is based on three-stage operation.
During the first stage, the energy of the moving object is
estimated with a system of electronic noncontact sensors in
a few milliseconds before the impact event. The task can
be performed with a real-time system for velocity determination [29] or more advanced systems devoted to mass
identification [30]. After the magnitude of the energy to be
dissipated is determined, the mechanical energy of the object
is converted into an increase of the enthalpy of the gas in
the absorber. In the third stage, an electronically controlled
process of the accumulated energy dissipation is conducted
via a thermodynamically irreversible process of spontaneous
gas expansion between the internal chambers of the absorber.
This process was monitored and controlled by means of
electronic pressure and temperature sensors positioned in
the absorber cylinder. The piezoelectrically driven valve is
used to adjust the process of the gas expansion and therefore
to maintain the magnitude of the converted energy on a
predefined level in accordance with the piston position. The
algorithm is implemented in a dedicated control module
that is provided with signals related to the pressures and
temperatures levels in the chambers.
The presented configuration of the absorber enables us to
generate the reaction force on a desired level in dependence
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Figure 2: Scheme of the absorber.

on the magnitude of the energy to be dissipated. Therefore,
the device can be considered as adaptive.

3. Mathematical Model of the Pneumatic
Shock Absorber
In order to properly reflect the mechanical response of
the system, it is analysed in terms of the mechanical and
thermodynamic processes. The analysis is divided into three
sections devoted to dynamics of the piston treated as a rigid
body, thermodynamics of the gas in the absorber chambers,
and gas flow through the valve. Two control volumes are
distinguished inside the absorber, 𝐶 and 𝐷, as depicted in
Figure 2.
3.1. Forces Acting on the Piston Treated as a Rigid Body. The
total force equilibrium of the piston can be defined as
𝐹𝑒 (𝑡) − 𝐹𝑝𝐶 (𝑧, 𝑇𝐶, 𝑚𝐶) + 𝐹𝑝𝐷 (𝑧, 𝑇𝐷, 𝑚𝐷) + 𝐹𝑎
− 𝐹𝑓 (𝑧)̇ = 0,

(1)

where the symbols are denoted as 𝐹𝑒 , external excitation; 𝐹𝑝𝐶 ,
force resulting from pressure 𝑝𝐶 in chamber 𝐶; 𝐹𝑝𝐷 , force
resulting from pressure 𝑝𝐷 in chamber 𝐷; 𝐹𝑎 , force resulting
from ambient pressure; 𝐹𝑓 , friction force; 𝑧, displacement
of the piston; 𝑇𝐶, 𝑇𝐷, gas temperatures in corresponding
volumes; 𝑚𝐶, mass of the gas in volume 𝐶; 𝑚𝐷, mass of the
gas in volume 𝐷.
The forces acting on the piston can be formulated as
𝐹𝑝𝐶 = 𝑝𝐶 (𝑇𝐶, 𝜌𝐶) ⋅ 𝐴 1 ,

(2)

𝐹𝑝𝐷 = 𝑝𝐷 (𝑇𝐷, 𝜌𝐷) ⋅ (𝐴 1 − 𝐴 2 ) ,

(3)
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𝐹𝑎 = 𝑝𝑎 𝐴 2 ,

(4)

𝐹𝑓 = 𝑓𝑓 sgn (𝑧)̇ ,

(5)

where the following symbols are used: 𝜌𝐶, 𝜌𝐷, gas densities in
chambers 𝐶 and 𝐷; 𝐴 1 , effective piston area; 𝐴 2 , area of piston
rod radial cross section; 𝑝𝑎 , ambient pressure; 𝑓𝑓 , friction
coefficient.

significant magnitude to occur and therefore the process can
be treated as adiabatic. In between the mentioned cases the
process can be assumed to be polytropic:
𝑝𝑉𝑛 = const.,

(7)

(6)

where 𝑝 is pressure, 𝑉 is volume, and 𝑛 is polytropic
coefficient. Adequately, 𝑛 = 1 for an isothermal process and
𝑛 = 1.4 for an adiabatic process.
In the analysed case, the model being developed is
expected to reflect the behaviour of the absorber under a wide
range of operational conditions and to be valid irrespective
of the piston kinematics. For that reason, it is not adequate to
describe the gas processes with the polytropic model with a
constant parameter 𝑛.
Therefore, within each discrete time step of the computation, the state of the gas in the control volumes is calculated
in the following manner: first, the gas is assumed to change
its state adiabatically (𝑛 = 𝜅 = 1.4) and then the gas
state parameters are recalculated based on an analysis of the
internal energy balance with the heat exchange and the mass
exchange between the chambers taken into account. That
approach allows us to update the final state of the gas.
During each time step the following analysis is conducted:

3.2.2. Uniform-State, Uniform-Flow Process. Volume of the
absorber chambers and the speed of sound determine the
time necessary for the gas to reach the uniform state. Since the
considered chambers have dimensions of the order of 0.1 m
and the speed of sound in normal conditions is approximately
340 m/s, the time it takes for the gas to reach a uniform
pressure is negligibly small. Furthermore, the gas is assumed
to mix instantaneously in the chambers, so the fluid is
described by a uniformly distributed temperature in each
chamber.
The further assumptions regarding the gas dynamics are
formulated as follows:

(i) determination of the gas state change due to the
volume change on the basis of the adiabatic model,
(ii) determination of the internal energy of the gas,
(iii) determination of the heat exchange between the
control volume and the surroundings (with the actual
area of the cylinder walls interfacing the gas computed),
(iv) determination of the energy balance in the control
volume with the mass and heat exchange taken into
consideration,
(v) recalculation of the gas state parameters on the basis
of the energy balance equation.

3.2. Thermodynamics of the Gas in the Absorber Chambers.
The thermodynamic processes in the cylinder are described
with energy balance equations for the chambers: 𝐶 and 𝐷,
the gas state equation and the relations governing the compressible fluid flow through the applied valve. The following
assumptions are introduced during the analysis.
3.2.1. Ideal Gas Law. The gas filling the volumes 𝐶 and 𝐷
is dry nitrogen, which is operated in the temperature above
200 K. Therefore, the assumption of the ideal gas is approved
to be valid as the state of the gas is not approaching the critical
point:
𝑝V = 𝑅𝑇.

(i) the state of the mass entering the valve is constant
within the time steps and uniform over the volume
of the valve where the flow occurs;
(ii) the state of the mass within the control volumes can
change with time, but at any instant of time the state
is uniform over the entire control volume;

This method allows us to account for the changes in the
thermodynamic processes in time and therefore to reflect
the polytropic-like process in dependence on the operating
conditions.
The assumption of the ideal gas allows us to calculate the
thermodynamic state parameters as
𝜅
𝑉𝐶1
) ,
𝑉𝐶1 − 𝐴 1 𝑧

(iii) the changes in the kinetic energy of the gas are
negligible;

𝑝𝐶 (𝑧) = 𝑝𝐶1 (

(iv) the inertia and gravity forces of the gas are negligible.

𝜅−1
𝑉𝐶1
𝑇𝐶 (𝑧) = 𝑇𝐶1 (
) ,
𝑉𝐶1 − 𝐴 1 𝑧

3.2.3. Thermodynamic Processes Assumption. During the
operation of the absorber, the gas is simultaneously compressed and decompressed in the chambers separated by the
piston. The processes that take place cannot be defined clearly
as isothermal or adiabatic, since the expected rate of the
process varied in dependence on the work conditions. For
low velocity operations the processes can be treated as close
to isothermal, since in such a case there is enough time to
release the energy by heat from the gas and its temperature
can be assumed to remain unchanged. Otherwise, during a
fast process the time is too short for the energy transfer of a

(8)

where 𝑉𝐶1 is the initial volume of chamber 𝐶, 𝑝𝐶1 is the
initial pressure in chamber 𝐶, 𝑇𝐶1 is the initial temperature
in chamber 𝐶, and 𝜅 is the adiabatic coefficient.
Also,
𝜅

𝑝𝐷 (𝑧) = 𝑝𝐷1 (

𝑉𝐷1
) ,
𝑉𝐷1 + (𝐴 1 − 𝐴 2 ) 𝑧

(9)

𝜅−1

𝑉𝐷1
𝑇𝐷 (𝑧) = 𝑇𝐷1 (
)
𝑉𝐷1 + (𝐴 1 − 𝐴 2 ) 𝑧

,
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where 𝑉𝐷1 is the initial volume of chamber 𝐷, 𝑝𝐷1 is the initial
pressure in chamber 𝐷, and 𝑇𝐷1 is the initial temperature in
chamber 𝐷.
3.2.4. Mass Continuity and Energy Balance. For case of a
general volume with the uniformity assumptions, the mass
continuity equations for volumes 𝐶 and 𝐷 take, respectively,
the following forms:
𝑚̇ 𝐶 + 𝑚̇ 𝐶𝑒 − 𝑚̇ 𝐶𝑖 = 0,
𝑚̇ 𝐷 + 𝑚̇ 𝐷𝑒 − 𝑚̇ 𝐷𝑖 = 0,

𝑑
𝑄̇ 𝐷 + 𝑚̇ 𝐷𝑖 ℎ𝐶 = 𝑊̇ 𝐷 + 𝑚̇ 𝐷𝑒 ℎ𝐷 +
(𝑚 𝑢 ) ,
𝑑𝑡 𝐷 𝐷

𝑄̇ 𝐷 = 𝐴 𝐷 (𝑧) ⋅ 𝛼 ⋅ (𝑇𝐷 (𝑡) − 𝑇𝑎 (𝑡)) ,

𝑚̇ 𝐶𝑡 = −𝑚̇ 𝐷𝑡 ,

ℎ𝐶 = 𝑐𝑝 𝑇𝐶,

when the gas leaves volume 𝐶,

ℎ𝐷 = 𝑐𝑝 𝑇𝐷, when the gas leaves volume 𝐷,

𝑊̇ 𝐶 = 𝑝𝐶 (𝑧) 𝑑𝑉𝐶,

where

(18)

3.3. Mass Flow Rate through the Valve. The valve is assumed
to operate in a bistable, on-off mode. In the opened position
the mass flow rate 𝑚̇ 𝑡 (16) depends on the Mach number Ma
and on the gas state parameters at the inlet of the valve 𝑝0 , 𝑇0 .
In the model, the values are taken as equal to the actual values
of the parameters in the control volumes as

(12)

(13)

(17)

where 𝑐𝑝 is the specific heat of the gas at the constant pressure.
In the considered range of temperatures between 200 K
and 400 K the specific heat of the gas is assumed to be
constant.
The work done by the gas is defined for the particular
control volumes as

𝑊̇ 𝐷 = 𝑝𝐷 (𝑧) 𝑑𝑉𝐷.

where 𝐴 𝐶(𝑧) is the area of cylinder being in contact with gas
in volume 𝐶, 𝛼 is the heat transfer coefficient, and 𝑇𝑎 (𝑡) is the
ambient temperature. The symbols with index 𝐷 describe the
same quantities related to volume 𝐷.
According to the continuity principle, the mass of gas
leaving the control volume 𝐶 is equal to the mass of gas
entering the control volume 𝐷 and vice versa:

(16)

The specific enthalpies ℎ𝐶 and ℎ𝐷 of the gas in the volumes
𝐶 and 𝐷, respectively, are different in general. Therefore,
when the assumption of the isenthalpic flow through the
valve holds true, the specific enthalpy of the gas transferred
between the volumes depends on the flow direction, and it is
equal to

(11)

where 𝑄̇ 𝐶 is the heat transferred to the control volume 𝐶, ℎ𝐶 is
the specific enthalpy of the gas occupying control volume 𝐶,
𝑊̇ 𝐶 is the work done by the gas in the control volume 𝐶, and
𝑢𝐶 is the specific internal energy of the gas in volume 𝐶. The
symbols with index 𝐷 describe the same quantities related to
volume 𝐷.
The values of 𝑄̇ 𝐶 and 𝑄̇ 𝐷 depend on the difference
between the temperatures of the gas in the respective control
volume and the surroundings, the area of cylinder walls that
the gas is in contact with, and the material constants,
𝑄̇ 𝐶 = 𝐴 𝐶 (𝑧) ⋅ 𝛼 ⋅ (𝑇𝐶 (𝑡) − 𝑇𝑎 (𝑡)) ,

𝑚̇ 𝑡 = 𝑚̇ 𝐶𝑡 = −𝑚̇ 𝐷𝑡 .

(10)

where 𝑚𝐶 is the mass of the gas in the control volume 𝐶,
𝑚̇ 𝐶𝑒 is the mass leaving the control volume 𝐶, and 𝑚̇ 𝐶𝑖 is the
mass entering the control volume 𝐶. The symbols with the
subscript 𝐷 denote the same quantities in volume 𝐷.
The energy balance in the control volumes can be stated
as [31]
𝑑
(𝑚 𝑢 ) ,
𝑄̇ 𝐶 + 𝑚̇ 𝐶𝑖 ℎ𝐷 = 𝑊̇ 𝐶 + 𝑚̇ 𝐶𝑒 ℎ𝐶 +
𝑑𝑡 𝐶 𝐶

Let us denote the transferred mass of gas as

{𝑝𝐶
𝑝0 = {
𝑝
{ 𝐷

when 𝑝𝐶 > 𝑝𝐷

{𝑇𝐶
𝑇0 = {
𝑇
{ 𝐷

when 𝑇𝐶 > 𝑇𝐷

when 𝑝𝐶 < 𝑝𝐷,
(19)
when 𝑇𝐶 < 𝑇𝐷.

The flow is assumed to be an adiabatic process (there
is no heat exchange between the gas and the walls of the
valve but the mechanical losses are considered [19]). The
flow losses are described with the discharge coefficient 𝐶𝑑
treated as a characteristic design parameter of the valve [32].
In accordance with the throttled flow theory [31, 32], the flow
is assumed to be choked when the Mach number Ma is close
to 1. The mass flow rate of the gas exchanged between the
chambers can be thus expressed in the form [19]
𝑚̇ 𝑡

{𝑚̇ 𝐶𝑒 − 𝑚̇ 𝐶𝑖 > 0 when 𝑝𝐶 > 𝑝𝐷
𝑚̇ 𝐶𝑡 = {
𝑚̇ − 𝑚̇ 𝐶𝑖 < 0 when 𝑝𝐶 < 𝑝𝐷
{ 𝐶𝑒

(14)

{𝑚̇ 𝐷𝑒 − 𝑚̇ 𝐷𝑖 > 0 when 𝑝𝐷 > 𝑝𝐶
𝑚̇ 𝐷𝑡 = {
𝑚̇ − 𝑚̇ 𝐷𝑖 < 0 when 𝑝𝐷 < 𝑝𝐶.
{ 𝐷𝑒

(15)

and

Ma𝐴𝑝0 √𝜅/𝑅𝑇0
{
, if Ma < 1
𝐶𝑑
{
{
{
(20)
{ [1 + (𝜅 − 1) Ma2 /2](𝜅+1)/2(𝜅−1)
={
{
(𝜅+1)/2(𝜅−1)
{
{
{𝐶𝑑 𝐴𝑝0 √ 𝜅 ( 2 )
, if Ma = 1,
𝑅𝑇0 𝜅 + 1
{
where 𝐴 is the cross section of the flow duct, 𝜅 is the isentropic
coefficient, and 𝑅 is the gas constant.
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Figure 3: View of the absorber and the piezoelectric valve.
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Figure 4: Main components of the absorber.
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Figure 5: Scheme of the testing stand.
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3.4. Governing Equations. By substituting (18) and (10) to the
equations of energy balance (11), and taking into consideration (14), (15), and (17), the internal energy of the gas in the
control volumes 𝐶 and 𝐷 can be calculated as follows:

iii

for 𝑝𝐶 > 𝑝𝐷
𝑑
𝑑𝑧
+ 𝑚̇ 𝑡 ℎ𝑡𝐶 = 0,
(𝑚𝑢)𝐶 + 𝑝𝐶 (𝑧) 𝐴 1
𝑑𝑡
𝑑𝑡
𝑑
𝑑𝑧
− 𝑚̇ 𝑡 ℎ𝑡𝐶 = 0,
(𝑚𝑢)𝐷 − 𝑝𝐷 (𝑧) (𝐴 1 − 𝐴 2 )
𝑑𝑡
𝑑𝑡

Figure 6: Laboratory testing stand.

(21)

for 𝑝𝐶 < 𝑝𝐷
𝑑
𝑑𝑧
− 𝑚̇ 𝑡 ℎ𝑡𝐷 = 0,
(𝑚𝑢)𝐶 + 𝑝𝐶 (𝑧) 𝐴 1
𝑑𝑡
𝑑𝑡
𝑑
𝑑𝑧
+ 𝑚̇ 𝑡 ℎ𝑡𝐷 = 0.
(𝑚𝑢)𝐷 − 𝑝𝐷 (𝑧) (𝐴 1 − 𝐴 2 )
𝑑𝑡
𝑑𝑡

(22)

3.5. Control Algorithm. The control procedure for the pneumatic adaptive shock absorber is aimed at maintaining a
predefined level of difference between forces (2) and (3)
acting on the piston. The pressure of the gas has a direct
impact on the reaction force generated by the absorber. The
valve opening control function has the following form:
{𝐶open , if 𝐹𝑒 (𝑡) > 𝐹ref + Δ𝐹
𝐶 (𝑡) = {
𝐶 , if 𝐹𝑒 (𝑡) < 𝐹ref − Δ𝐹,
{ close

(23)
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Figure 7: Scheme of the laboratory control system.

where symbols are denoted as 𝐶open/close , signal of opening/closing the valve; 𝐹𝑒 (𝑡), reaction force; 𝐹ref , reference
level; Δ𝐹, tolerance range.

4. Experimental Program
The data required to verify the proposed method of modelling
is acquired by means of a small scale device. The considered
concept of the adaptive pneumatic absorber is demonstrated
in laboratory scale with a demonstrator presented in Figure 3.
The device is designed in dimensions: 32 mm diameter,
300 mm length, and 100 mm stroke, which allowed it to
dissipate the energy of 40 J per stroke.
The demonstrator is a piston-cylinder device equipped
with a valve positioned in the piston. In order to ensure the
adequately short time response of the system, the valve is
activated with a piezoelectric stack. The closed loop control
system of the demonstrator is fed with signals from two
pressure and two temperature sensors positioned within the
absorber housing as depicted in Figure 4.
The testing campaign of the absorber is conducted by
means of a hydraulic excitation system. The system consists
of an electronically controlled servohydraulic actuator (MTS
242.01 actuator, Eden Prairie, MN, USA), positioned horizontally in line with the tested adaptive absorber (Figure 5).
The actuator-absorber connections are realized via cup-andball joints in order to prevent the transmission of bending
moments and shear forces into the structure of the tested
specimen. The actuation system enables us to examine the
absorber under periodic axial loading with the displacement
reference signal.
The complete experimental stand is depicted in Figure 6
and consists of
(i) adaptive absorber,
(ii) pressure transducers,
(iii) electronic control unit,

(iv) piezoelectric valve supplier,
(v) hydraulic excitation system,
(vi) force cell,
(vii) hydraulic grips.
The testing program is aimed at verification of the
proposed mathematical model under a variety of excitation
conditions. The independent parameters are the rate of
displacement, the initial pressure inside of the cylinder, and
the expected (controlled) magnitude of the reaction force.
The testing program is defined as follows:
(i) kinematic excitation with triangle signal, amplitude
40 mm, frequency computed based on the expected
velocity of the piston,
(ii) velocity of the piston: 0.25 m/s,
(iii) initial gas pressure in the cylinder: 0.3 MPa, 0.5 MPa,
(iv) ambient pressure: 100 kPa,
(v) ambient temperature: 292 K,
(vi) magnitude of the reaction force: 100 N, 200 N, 300 N,
400 N, and 500 N.
4.1. Electronic Control Module and Control Algorithm Realization. The proposed control algorithm is realized in laboratory conditions with an intentionally designed and fabricated
control system that operates in closed loop. The system consists of a microcontroller, a power supply for the piezoelectric
valve, and a set of transducers (Figure 7).
The control of the reaction force in the absorber is
achieved through the use of the feedback loop that is
composed of
(i) control module, the circuit with the microcontroller
unit (MCU),
(ii) voltage supplier,

8

Mathematical Problems in Engineering

Interrupt
request

Loading the result
of the last ADC conversion
S1
S2

Force calculation:
F = p1 · S1 − p2 · S2 − patm. · S3
S3
No

No

F < −FUPPER LIMIT

Yes

F>0

Yes

No

F > FUPPER LIMIT

Yes

Opening
the valve

No

F > −FLOWER LIMIT

Opening
the valve

Yes

No

F < FLOWER LIMIT

Yes

Closing
the valve

Closing
the valve

Clearing
the interrupt

Figure 8: Algorithm executed in the interrupt service routine.

(iii) voltage relay, the circuit adjusting the driving signal
according to the specific characteristics of the piezoelectric stack in the valve.
MCU peripherals include analog to digital converters (ADC)
that in the assembled system are connected to the outputs of
the pressure transducers. On the basis of the pressure measurements, the forces acting on the piston are computed in
the MCU (denoted by LPC 1769 in Figure 7). The calculated
values act as the input signals for a Pulse Width Modulation
(PWM) control algorithm, which operates the valve in

a bistable mode. The PWM output is amplified by means of
the voltage relay and feed to the piezoelectric actuator.
The algorithm implemented in the MCU is presented
in Figure 8. Every time step of operation, the following
routine is executed: after the interrupt request comes from
the PWM clock, the most recent ADC conversion result is
stored in the variables representing pressure values inside
the cylinder (see Figure 8). In the subsequent steps of the
interrupt handler, the force coming from the gas acting on the
piston is calculated and checked if it is positive or negative.
Then it is compared to the two previously defined limits
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Figure 9: Comparison of simulation results obtained with two thermodynamic models: with a constant value of the polytropic coefficient
(blue plot) and with a recalculated value of the polytropic coefficient (red plot). Excitation path (displacement) and mechanical response
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𝐹UPPER LIMIT and 𝐹LOWER LIMIT , which define the reference
range for the desired force level.

5. Results
The data acquired during the experimental tests are compared
to the results coming from the numerical simulation. The
comparison is conducted for several operational conditions
of the absorber in accordance with a defined testing program.
The principle aim of this task is to verify the proposed
mathematical model versus the experimentally obtained data.
The parameters of the numerical model utilized in the
example analysis are summarised in Table 1.
The conducted verification campaign has three objectives:
first, to reveal the advantage of the proposed method of
modelling in comparison to a model with a constant value
of the polytropic coefficient; second, to exhibit a proper
response of the model under various conditions of excitation;
third, to prove the correct reaction of the model to a change
of control input signals.
A comparison between the response of the proposed
model and a one with a constant value of the polytropic
coefficient is depicted in Figure 9. The presented results
are obtained for a sinusoidal displacement excitation with

Table 1: Model parameters.
Piston area
Piston rod area
Cylinder wall thickness
Cylinder diameter
Initial volume 𝐶
Initial volume 𝐷
Adiabatic constant
Gas constant
Specific heat by constant
volume
Specific heat by constant
pressure
Heat transfer coefficient
Valve discharge coefficient
Ambient pressure
Ambient temperature

𝐴1
𝐴2
𝑑
𝐷
𝑉𝐶ini
𝑉𝐷ini
𝜅
𝑅

8.042𝑒 − 04
7.854𝑒 − 05
0.002
0.032
9.402𝑒 − 05
1.165𝑒 − 05
1.4
296.8

[m2 ]
[m2 ]
[m]
[m]
[m3 ]
[m3 ]
[—]
[J/(kg K)]

𝑐V

743

[J/(kg K)]

𝑐𝑝

1039

[J/(kg K)]

𝛼
𝐶𝑑
𝑝𝑎
𝑇𝑎

20
0.6
100𝑒3
292

[W/(m2 K)]
[—]
[Pa]
[K]

the velocity range of 0–0.5 m/s. The conditions of the test are
initial pressure in the cylinder 𝑝ini = 0.5 MPa, control signal
input CTRL = 300 N, displacement amplitude 𝑎 = 0.04 m,
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Figure 10: Verification of simulation results versus experimental data under sinusoidal excitation signal. Excitation path (displacement)
and mechanical response (reaction force and pressure) of the adaptive absorber at 𝑝init = 0.5 MPa and CTRL = 300 N. (a) 𝑓 = 10 Hz. (b)
𝑓 = 20 Hz.

and excitation frequency 𝑓 = 20 Hz. The modelling results
prove that the proposed model with adapted polytropic
coefficient is able to reflect the absorber behaviour with a
significantly increased accuracy.
The second part of the verification is devoted to proving
the method of modelling the PAA under varying excitation
conditions. The absorber is excited with sinusoidal signals of
frequencies 10 Hz and 20 Hz and amplitude 0.04 m, which,
respectively, lead to the excitation velocities 0–0.25 m/s and
0–0.5 m/s. As it is depicted in Figure 10, the proposed method
of modelling allowed the mechanical response of the PAA to
be reflected with minor discrepancy.

The third part of the experimental verification is aimed at
proving that the proposed model is able to accommodate also
a variety of control signal inputs and initial internal pressure
levels. Figure 11 depicts the absorbers response in the domain
of time under displacement excitation with a triangle signal.
The test parameters are as follows: initial pressure: 𝑝ini =
0.3 MPa and 0.5 MPa, excitation amplitude: 𝑎 = 0.04 m, and
control input signal: CTRL = 100 N, 200 N, 300 N, 400 N,
and 500 N. Figure 12 depicts the results of verification in
the domain of displacement. The presented plots reveal that
the proposed model is relevant and stable in reflecting the
mechanical behaviour of the PAA in the variety of conditions.
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Figure 11: Verification of simulation results versus experimental data under triangle excitation signal. Excitation path (displacement) and
mechanical response (reaction force and pressure) of the adaptive absorber at V = 0.25 m/s, CTRL = 100, 200, 300, 400, and 500 N. (a)
𝑝init = 0.3 MPa. (b) 𝑝init = 0.5 MPa.

6. Concluding Remarks
In this paper a method for mathematical modelling of an
adaptive pneumatic absorber is presented. The absorber is
a new conceptual device that might be utilized in various
fields of application and therefore, from the design point of
view, it is crucial to develop a reliable numerical method for
reflecting its physical behaviour. The presented method of
modelling with recalculation and updating of the polytropic
coefficient every time step proves to be effective in reflecting
the mechanical behaviour of the PAA. An advantage of the
presented method is its simplicity and the relatively small
demand for computation resources in comparison to the
CFD methods of modelling. Therefore, it can be successfully
utilized as a complementary simulation tool to the CFD

approach. The model can be used for simulation of extended
dynamic systems containing Pneumatic Adaptive Absorbers.
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The paper describes application of innovative, inflatable thin-walled structures for absorption of the impact loading and thoroughly
investigates their crash characteristics. The proposed concept assumes inflation of thin-walled structures with compressed gas of
appropriately adjusted pressure in order to improve their basic mechanical properties, enhance energy dissipation capabilities, and
increase corresponding durability to impact loading. In the first part of the paper the influence of compressed gas on mechanical
characteristics of aluminium beverage can is analysed experimentally and by the corresponding numerical simulations. The
following section proposes and numerically verifies three diverse engineering applications of inflatable thin-walled structures
for impact absorption. Finally, the last part introduces the concept of adaptive inflatable barrier and briefly presents three
simple strategies of pressure control. Both the performed basic experiment and the conducted numerical simulations show the
advantageous influence of compressed gas and prove the feasibility of using inflatable thin-walled structures for impact absorption.

1. Introduction
Thin-walled structures are commonly used in transport and
mechanical industry because of their large stiffness, durability, and small weight. Additionally, thin-walled structures
made of aluminium or steel effectively absorb the energy of
axial loading due to the process of plastic folding. The above
features cause that thin-walled elements are efficiently applied
in crushing zones of trains, cars, and other energy absorbing
structures.
Mechanics of thin-walled structures subjected to large
deformations can be analysed by both analytical and numerical methods. Despite many complex phenomena which
occur during crushing of thin-walled structures (including
material and geometrical nonlinearities such as plasticity,
buckling, and contact) many analytical and semiempirical
solutions were derived thanks to application of simplifying
assumptions concerning material models and kinematics of
deformation; compare well-known solution for axisymmetric
crushing of circular tube by Alexander [1]. Comprehensive
approach to mechanics of thin-walled profiles, methods

of determination of their folding patterns, and estimation
of impact absorption capabilities were presented in books
by Jones [2] and conference proceedings by Jones and
Wierzbicki [3–5]. The research in the field of thin-walled
structures had also influenced development and stimulated
progress in design of complex crashworthy structures such as
passenger vehicles, trains, and ships [6].
The numerical approach to impact problems was possible owing to contemporary understanding of structural
dynamics and development of finite element method as an
efficient tool for solving complex problems of nonlinear
mechanics [7, 8]. The recent finite element codes dedicated
to crashworthiness problems [9] utilise explicit methods for
integrating equations of motion [10, 11]. The choice of explicit
methods is motivated by the ease of their numerical implementation and the possibility of obtaining efficient and robust
solution of strongly nonlinear crashworthiness problems. On
the other hand, the main drawback of explicit methods is the
requirement of using relatively short time steps in order to
ensure numerical stability and the existence of critical time
step beyond which numerical instabilities occur. Thus, in case
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of rigorous stability conditions leading to extremely short
time step size the explicit methods are sometimes replaced by
the implicit ones. The implicit methods have, however, their
own limitations including more difficult implementation for
strongly nonlinear problems, complex computations at a
single time step, and common difficulties with convergence
of the numerical solution.
In addition to the above classical numerical methods
the alternative so-called semianalytical approaches to crashworthiness problems were proposed and developed. The
methods of this group provide substantial simplification of
the crashworthiness problem and corresponding reduction
of its computational cost. The examples are the methods
based on discretisation of the structure into the so-called
macroelements with predefined folding patterns developed
by Abramowicz [13].
Despite many years of research and development the
mechanical properties and energy absorption capabilities of
thin-walled absorbers of various shapes and cross sections
as well as their practical applications are still studied, for
example, by Kim and Wierzbicki [14, 15] or Han and Yamazaki
[16]. A full review of various types of conventional thinwalled impact energy absorbers will not be performed here,
since it can be found in subject literature, for example,
in comprehensive paper by Alghamdi [17], Ph.D. thesis
by Lee [18], or Zhang [19]. Instead, the attention will be
focused on innovative methods of enhancement and control
of crashworthy capabilities of thin-walled structures.
Crashworthiness of thin-walled structures subjected to
axial loading was improved in various manners. In particular,
filling thin-walled structure with granular material (like sand
or grain) and taking the advantage of friction forces generated
between granules during impact were proposed by Lee [18].
In turn, Zhang [19] examined the usage of buckling initiators
activated just before expected impact in order to reduce initial
peak of crushing force. Moreover, thin-walled absorbers
composed of two sections joined by pyrotechnic connectors,
which can be detached during impact in order to reduce
global stiffness, were proposed and tested experimentally by
Ostrowski et al. [20]. Another important concept is filling
axially loaded circular tubes with compressed gas in order
to take advantage of the effect of gas compression during
impact and to affect the shape of deformation of thin-walled
absorber; compare Zhang [19]. The above concept was also
studied by Greń [21] who had developed precise analytical
model of the process of longitudinal crushing assisted by
gas pressure. Finally, the application of the above concept to
control stiffness of the vehicle longitudinal frontal members
was studied by Pipkorn and Håland [22].
In contrast to previously mentioned solutions, the concept presented in this paper is focused on thin-walled structures subjected to lateral impact. In case of lateral loading,
thin-walled structure easily undergoes buckling and local
plastic yielding and, as a result, only a small part of the
impact energy is dissipated. However, as it will be shown
in the following sections, filling thin-walled structure with
compressed gas of properly adjusted pressure may significantly improve its mechanical properties and increase global
durability to impact load. The paper starts with a simple
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experiment where aluminium beverage can is subjected to
the action of transverse force and the influence of internal
pressure on buckling phenomenon is observed. In addition,
mechanical response of the inflated can is studied with
the use of various numerical models. Further, three diverse
applications of inflatable thin-walled structures for impact
absorption are proposed. The corresponding simulations
of impact process are conducted and general conclusions
concerning the effects of structure inflation are drawn.
Finally, the last section proposes the concept of adaptive
inflatable barrier with real-time pressure control. The corresponding simplified two-dimensional model is applied to
demonstrate the potential of compressed gas in minimizing generated internal forces, reducing impacting object
deceleration, and obtaining desired final deformation of the
structure.
Several ideas presented within this paper are included in
the patent claim [23], while initial and immature versions of
the proposed concepts were presented in conference paper
[24] dedicated to buckling of the aluminium can and design
of the inflatable barrier.

2. Basic Experiment: Buckling of
Inflated Thin-Walled Can
Basic experiment confirming the beneficial influence of
filling thin-walled structure with compressed gas was performed with the use of aluminium beverage can (the experiment was performed by Mr. Rafał Chmielewski, who is
gratefully acknowledged for his work). In the conducted tests
the right end of the empty can was clamped around the
circumference, while the left end was reinforced by special
ring and subjected to action of vertical force F acting upwards
(Figure 1). As a result of applied boundary conditions and
external force, the can was acting as a cantilever. The applied
loading caused bending of the can, tension of its lower wall,
and compression of the upper one.
In the initial experiment the can was not sealed so internal
pressure was permanently equal to ambient pressure. During
the performed test the value of vertical force was gradually
increased. Sudden collapse of the structure was observed
when vertical force reached 155 N and it was caused by
buckling of cylinder sidewalls. The buckling region covered
a large part of the can located between its middle part and
the support (Figure 1(a)). Moreover, buckling shape was
approximately symmetrical on both sides of the cylinder.
The collapse of the structure occurred at relatively small
displacement of the left edge, which indicates small work
done by external force before buckling.
In the second stage of the experiment the can was sealed
and inflated with compressed gas to pressures of 0,2 MPa,
0,4 MPa, 0,6 MPa, and 0,8 MPa. During the experiment the
pressure of gas was not externally changed or controlled. The
applied internal pressure was expected to cause increase of
the critical force since it generates additional surface loading,
which acts against buckling phenomenon. Two particular
effects of internal pressure, which can be distinguished, are
as follows:
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(a)

(b)

(c)

Figure 1: Deformation of the beverage can with overpressure: (a) 0 MPa, (b) 0,6 MPa, and (c) 0,8 MPa.

(i) reduction of compressive stresses arising at prone-tobuckling upper wall,
(ii) counteracting inward deformation which occurs during buckling of the empty can.
According to the above expectations, the value of critical force
causing buckling of the structure was gradually rising (up
to 610 N for internal pressure of 0,6 MPa). Along with an
increase of critical force, the area of buckling was decreasing
and moving into the direction of the support, Figure 1(b).
Moreover, the buckling phenomenon had occurred at apparently larger displacement of the left end of the can which indicates significant increase of work done by external force and
corresponding increase of energy absorbed by the inflated
can.
In the last considered case of pressure of 0,8 MPa, the
maximal value of applied force was approximately equal to
700 N; however a sudden burst of the can had occurred briefly
after buckling because of material rapture in the vicinity of
the support (Figure 1(c)). Unfortunately the limitations of
the conducted experiment, in particular insufficient quality
and frame rate of applied camera, did not allow identifying
the location where material rapture and corresponding burst
were initiated. Thus, the only available data concerning
the form of can destruction was circumferential shape of
can rupture in the vicinity of the support (Figure 1(c))
and irregular rapture of disconnected part in longitudinal
direction (not presented).
The explanation of the phenomenon of sudden burst of
the can at the end of the process may be twofold. The most
direct hypothesis is that burst was initiated in the region
located at the bottom of the can in the vicinity of the support
and it was caused by exceeding maximal allowable value

of tensile stress, which induced peripherally propagating
rupture of the material. According to alternative concept the
burst was initiated at a certain point of the buckling area, for
example, top or side of the can where buckling phenomenon
is manifested by distinct indentations (cf. Figure 1(b)), which
can provoke the occurrence of material rupture.
The experiment reveals two important features of the
inflatable thin-walled structures. Primarily, the durability of
thin-walled structures to lateral loading and the amount of
dissipated energy can be substantially increased by the use of
compressed gas. On the other hand, application of excessive
internal pressure is related to a danger of sudden destruction
or blast of the structure. This implicates the necessity of
precise adjustment of the initial value of pressure or even
the requirement of its real-time control during the process of
deformation.

3. Numerical Analysis of
Inflated Thin-Walled Can
The problem of bending of inflated can was simulated numerically with the use of finite element method. The interaction
of the internal gas and the structure was modelled by applying
uniformly distributed surface loading perpendicular to the
surface of the can. Since in considered simulations the internal volume of the can (and thus the volume of gas) changes
insignificantly the corresponding changes of gas pressure are
expected to be negligible. Consequently, the action of internal
pressure was modelled by distributed loading of a constant
value. The following numerical analyses were conducted:
(1) static analysis of bending of empty and inflated can,
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(2) linear buckling analysis of empty and inflated can
during bending,
(3) nonlinear analysis of bending, buckling, and bursting
of the can,
(4) linear buckling analysis of the can during axial compression,

load vectors depend on actual deformation of the structure
since pressure loading is perpendicular to the walls of the
can and external force is assumed to follow the structure
deformation. Let us note that the case when both forces are
applied simultaneously
K (Qp , QF , q) q = Qp (𝑝, q) + QF (𝐹, q)

(2)

(5) modal analysis of empty and inflated can.
Thin-walled cylindrical shell structure considered in numerical simulations had the dimensions of the aluminium can:
length 𝑙 = 170 mm, radius of the base 𝑟 = 33 mm, and thickness
of the wall 𝑡 = 0,1 mm. Thickness of both bases of the cylinder
was equal to 0,5 mm to model large stiffness of the reinforcing
ring from the experiment. Since the imperfections of the can
from cylindrical shape and indentations of its lateral walls,
which substantially decrease global bending resistance of the
structure, are probabilistic in nature and hard for estimation
they were not directly introduced into the model. Instead,
their influence on the response of the can was modelled
in a simplified way by decreasing the standard value of
aluminium Young modulus by 20% (from 70 GPa to 56 GPa).
Such approach provides agreement of the numerical analysis
and the buckling experiment for the cases of both empty and
inflated aluminium can.
The main solver applied for the numerical simulations
was commercial finite element code ABAQUS (both Standard
and Explicit) and the main finite element applied in simulations was doubly curved thin shell element with reduced
integration, hourglass control, and finite membrane strains
(S4R). Different sizes of finite elements were used depending
on the type of conducted analysis.
3.1. Static Analysis. Static analysis of bending of the inflated
can was aimed at investigating the influence of internal
pressure on distribution of internal stresses in cylinder
walls. Internal pressure was modelled as distributed loading
applied perpendicularly to all internal walls of the cylinder.
In turn, the applied vertical load was distributed along the
circumference of the left base of the cylinder. At this stage
of analysis, characteristics of the material were assumed as
linear elastic ones; however, the equilibrium equations were
considered in actual configuration.
The problem of bending of the inflated can consists of the
step of inflation (the increase of pressure loading) and the step
of bending (the increase of external force). In finite element
notation the problem solved reads as follows:
Step 1: K (Qp , q) q = Qp (𝑝, q) ,
Step 2: K (Qmax
p , QF , q) q
= Qp (𝑝max , q) + QF (𝐹, q) ,

(1a)
(1b)

where K is the stiffness matrix dependent on actual applied
loading Q and actual deformation of the structure q. The
quantity Qp (𝑝, q) is the load vector caused by internal pres= Qp (𝑝max , q)) and QF (𝐹, q) is the
sure p (in particular Qmax
p
load vector caused by external force F of a magnitude F. Both

is not equivalent to problem defined by (1a), (1b), which
is reflected in different arguments of the stiffness matrix
and consequently different path of structure equilibrium.
Significant simplification of the above problem is obtained
by setting equilibrium equations in initial (nondeformed)
configuration. In such a case the problem solved reads
Kq = Qp (𝑝) + QF (𝐹)

(3)

and can be decomposed into two simpler problems:
Kqp = Qp (𝑝) ,
KqF = QF (𝐹) ,
q = qp + qF ,

(4a)
(4b)

where qp and qF indicate displacements caused by internal
pressure and vertical force. The total displacement q can be
calculated as a sum of the two above displacements according
to the superposition principle. Equations (4a), (4b) reveal,
in a simplified manner, the influence of internal pressure on
distribution of internal forces in considered structure and
corresponding shape of deformation.
The corresponding numerical simulations were conducted with the use of ABAQUS Standard. The exemplary
numerical results are related to the case of bending force
equal to 165 N (the value of buckling force obtained from
numerical linear buckling analysis, cf. Section 3.2) and two
values of internal overpressure: 0 MPa and 0,4 MPa. In case
of zero internal overpressure, the distribution of longitudinal
stress is very regular with tension region at the lower side
and compression regions at the upper side of the cylinder
(Figure 2(a)). Although deformation of the cylinder is relatively small, the influence of geometry change on distribution
of internal forces is reflected in slightly unsymmetrical
distribution of longitudinal stress on the bottom and on the
top of the cylinder.
In turn, the loading caused by application of internal pressure results in nearly uniform longitudinal and circumferential tensile stresses in the sidewalls of the cylinder (except the
peripheral regions of clamping and free end). Consequently,
the interaction of internal pressure and bending force leads
to reduction of longitudinal compressive stresses in the
upper part of the cylinder with simultaneous increase of
longitudinal tensile stresses in the lower part (Figure 2(b)).
Although the finite element analysis reveals vague effect
of bending of cylinder walls (slight variation of stress across
shell thickness), the distribution of stresses can be estimated
by means of membrane shell theory [25], which assumes
that equilibrium of shell is provided without the presence
of bending forces. Analytical formulae defining stress in
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Figure 2: Distribution of the longitudinal stress [Pa] at outer side of the shell caused by bending force of 165 N: (a) empty can, (b) internal
overpressure of 0,4.

the longitudinal direction at critical points on the top and
bottom of the cylinder in the vicinity of the support read as
follows.
(1) First Load Case. The case with force acting at the end of
the cantilever 𝐹 = 165 N and no internal overpressure is
𝜎top = −

𝑀𝑟
𝐹𝑙𝑟
=−
4
𝐽
(𝑟
− (𝑟 − 𝑡)4 )
(𝜋/4)

= −82,36 MPa,

(5)

during bending by the vertical force. Analysis of buckling of
inflated structure requires two subsequent steps:
(i) initial prestressing where distributed loading modelling gas pressure is applied,
(ii) eigenvalue buckling analysis where critical value of
the bending load is searched.
The equations governing two parts of the problem read as
follows:
Step 1: Kqp = Qp

𝜎bottom = 82, 36 MPa.

or K (Qp , qp ) qp = Qp ,

(2) Second Load Case. The case with force 𝐹 = 165 N and
internal overpressure 𝑝 = 0,4 MPa is
𝜎top
𝜎bottom

𝑀𝑟 𝑝𝑟
=−
+
= −16,4 MPa,
𝐽
2𝑡
𝑀𝑟 𝑝𝑟
=
+
= 148,5 MPa.
𝐽
2𝑡

Step 2: [K (Qmax
p ) − 𝜆KQF ] k = 0
or

(6)

In the above formulae 𝑀 is the bending moment caused by
applied force, while 𝐽 is the moment of inertia of the circular
cross section, which can be expressed in terms of radius of
the can r and thickness of the wall 𝑡. Both the above results
are in good agreement with the results of FEM simulations
presented in Figure 2. The obtained results indicate that
observed in the experiment buckling of the empty can occurs
at relatively low value of stress (below plastic limit of the
aluminium) and the process can be treated as elastic buckling.
On the other hand, when the cylinder is subjected to action
of internal pressure of 0,8 MPa and bended by the force of
700 N (extreme conditions in the experiment) the maximal
longitudinal stress calculated according to (6) equals 481 MPa
and exceeds yield strength of aluminium. Therefore, the
phenomenon obtained in the experiment in case of high
internal pressure should be rather treated as elastoplastic
buckling.
3.2. Linear Buckling Analysis. The next stage of considerations was linear buckling analysis of empty and inflated can

[K (Qmax
p , qp ) − 𝜆KQF (qp )] k = 0.

(7a)

(7b)

The first step of simulation is a standard static analysis,
which can be executed either as a geometrically linear or
as a nonlinear one. The result of this analysis is prestressed
state corresponding to initial or deformed configuration
of the structure. The second step of simulation is linear
buckling analysis performed either for prestressed nondeformed configuration defined by stiffness matrix K(Qmax
p ) or,
alternatively, for deformed configuration defined by stiffness
matrix K(Qmax
p , qp ). In buckling analysis the global stiffness
matrix is composed of base stiffness matrix K and load
stiffness matrix KQF corresponding to external vertical load
of a unit value. The step is aimed at finding value of external
bending load for which (7b) has nontrivial solutions, that
is, for which global stiffness matrix of the system becomes
singular. The eigenvalues 𝜆 are determined as solution of the
equation:
det [K (Qmax
p ) − 𝜆KQF ] = 0

(8a)

or det [K (Qmax
p , qp ) − 𝜆KQF (qp )] = 0

(8b)

which further allows finding value of critical bending loading 𝜆QF , total value of critical loading Qp + 𝜆QF , and
eigenvectors k.
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(b)

The corresponding numerical simulations were conducted with the use of two finite element solvers (ABAQUS
Standard and ANSYS Mechanical) where four- and eightnode shell elements were applied. In case of noninflated
cylinder the value of the critical bending force corresponding
to the first buckling mode computed by the two above solvers
was equal to 171 N and 165 N, which is only slightly higher
than the value of critical force obtained from the experiment.
Determined buckling shape (Figure 3(a)) includes longitudinal deformations arising on both sides of the cylinder.
The fact that the subsequent values of the critical forces
are close to each other indicates that the loss of stability
of real structure may involve combination of several initial
buckling shapes from the numerical analysis. The buckling
shape obtained from the numerical simulations is slightly
different than the deformation shape obtained during the
experiment; however in both cases the deformation occurs
along the longitudinal direction of the cylinder.
In the next step, the simulation of buckling was performed for several values of internal pressure inside the
cylinder. The increase of pressure in subsequent numerical
analyses had caused change of buckling shape (Figures 3(a)
and 3(b)) and corresponding increase of critical vertical force
(Figure 4). For the pressure range of 0–0,05 MPa the first
buckling shape covers a major part of the cylinder sidewalls.
However, in the case when internal pressure is higher, the
shape of buckling significantly changes. The area of buckling
is significantly decreased and it is located exclusively in the
vicinity of the support. In case of inflated structure a buckling
phenomenon is associated with a smaller overall deformation
of the structure and thus buckling itself can be considered as
less dangerous for the structure operation.
The increase of internal pressure is associated with the
raise of critical bending force causing can buckling. The
computed value of critical force increases fast in a low range
of internal pressure but further its growth is diminished and
remains approximately linear; see Figure 4. On the other
hand, the increase of internal pressure is associated with
decrease of the value of bending force which causes exceeding
of tensile strength of the material at bottom wall (500 MPa)
and initiation of bursting. This effect was investigated by
using linear static analysis, exactly the analytical model based
on (6), which allowed calculating the corresponding critical
value of force in terms of increasing pressure; see Figure 4.

F/F0

Figure 3: Change of buckling shape as a result of increase of internal overpressure in the cylinder: (a) 𝑝 = 0 MPa, (b) 𝑝 = 0,35 MPa.
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Figure 4: Force causing buckling of the can (increasing function)
and force causing bursting of the can (decreasing function) in terms
of gas pressure (both divided by initial buckling force 𝐹0 = 165 N).

Results of the analysis performed for pressures 0–1,3 MPa
reveal that two ranges of pressure can be distinguished. When
initial pressure is in the range 0–0,975 MPa buckling of the
can occurs at lower value of vertical force than bursting of
the bottom wall. The point of intersection of both curves
indicates theoretical optimal pressure of 0,975 MPa at which
buckling of the top wall and bursting of the bottom wall of
the cylinder occur theoretically simultaneously. The vertical
force that can be applied to the structure equals 678 N and it
is 4,1 times larger than force causing collapse of noninflated
structure (𝐹0 = 165 N). Finally, when internal pressure is
higher than optimal value of 0,975 MPa the buckling of the
cylinder does not occur and its destruction is caused by
bursting of the bottom wall.
3.3. Nonlinear Analysis of Bending and Buckling. Nonlinear
analysis of bending and buckling of the can was performed
in order to verify results from linear buckling analysis and
to analyse the postbuckling behaviour of the can with large
deformation and nonlinear characteristics of the material. In
case of nonlinear analysis, no special procedure for capturing
the buckling phenomenon is required. Nevertheless, the
buckling force at which sudden increase of deformation
occurs can be clearly observed.
The analysis of can bending was conducted as a dynamic
analysis involving inertial and damping forces. Similarly as in
case of static analysis the numerical procedure was composed
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Table 1: Comparison of buckling forces obtained from linear buckling analysis (ABAQUS Standard) and nonlinear buckling analysis
(ABAQUS Explicit).
0,3 MPa
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410,5 N
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171,2 N
∼191 N
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Figure 5: Buckling shapes obtained from nonlinear explicit dynamic analysis: (a) 𝑝 = 0 MPa, (b) 𝑝 = 0,3 MPa.

of initial step when the can is prestressed by internal pressure
and the main step when it is bended by vertical force:

𝑡 ∈ ⟨0, 𝑡1 ⟩ ,
Step 2: Mq̈ + Cq̇ + K (Qmax
p , QF , q) q
= Qp (𝑝 (𝑡1 ) , q) + QF (𝐹 (𝑡) , q) ,

𝑡 ∈ ⟨𝑡1 , 𝑡2 ⟩ .

p = 0,9 MPa, E = 1,657 J

600

(9a)

(9b)

The corresponding numerical simulations were performed by
using dynamic explicit solver (ABAQUS Explicit) in order
to avoid difficulties related to convergence of the analysis
conducted by implicit method. The time scale was selected
as sufficiently long in order to neglect the inertia of the
structure but simultaneously not excessively long in order to
provide reasonable computation time. In the initial analysis,
the characteristics of material were assumed as linear elastic
ones in order to obtain correspondence with preceding linear
buckling analysis. Because of relatively long analysis time
and resulting small influence of inertial and damping forces
the governing equations are practically identical to (1a), (1b)
corresponding to the static case.
The results obtained by means of the presented methodology confirm, in general, the previous results from the
linear buckling analysis. In the case when the can is not
inflated or when the value of pressure is low the buckling
occurs at a large area of cylinder sidewalls, symmetrically
on both sides, Figure 5(a). The computed value of buckling
force for an empty cylinder was 11,9% higher than the value
obtained from linear buckling analysis conducted with the
same model in the same commercial FEM software; see
Table 1. Moreover, it was observed that buckling phenomenon
starts when vertical displacement of loaded edge of the
cylinder equals approximately 0,8 mm. The fact that prebuckling displacement is relatively small, but not negligible,
indicates that linear buckling analysis constitutes acceptable

Force (N)

Step 1: Mq̈ + Cq̇ + K (Qp , q) q = Qp (𝑝 (𝑡) , q) ,

700

p = 0,7 MPa, E = 1,153 J

500

p = 0,5 MPa, E = 0,547 J

400

p = 0,3 MPa, E = 0,456 J

300

p = 0,1 MPa, E = 0,133 J

200

p = 0 MPa, E = 0,096 J

100
0
0

0.001

0.002
Displacement (m)

0.003

Figure 6: Applied force versus displacement of the free end of the
can for various initial pressures.

approximation of the buckling phenomenon, but on the other
hand it explains certain difference in values of buckling forces
computed by the two proposed methods.
For pressures of 8-9 kPa and higher the shape of buckling
changes and concentrates at the vicinity of the support,
Figure 5(b). In all these cases, the buckling force of the
inflated cylinder obtained from the explicit dynamic analysis
is higher than the value from linear buckling analysis, Table 1.
Moreover, the increase of internal pressure causes that the
displacement at which buckling occurs gradually rises and it
reaches 3,5 mm for pressure equal to 0,9 MPa. The increase of
prebuckling displacement justifies the increase of difference
between the values of critical force obtained by linear and
nonlinear bucking analysis. For the largest considered values
of pressure, the linear buckling analysis can be used only for
rough approximation of the real buckling force.
For each value of internal pressure the dependence
between applied external loading and magnitude of displacement of the free end of the can was investigated. In
Figure 6 each force-displacement curve is plotted until the
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(a)

(b)

Figure 7: Two stages of simulation of bursting of the can: (a) initiation of bursting 𝐹 = 711 N, (b) total destruction of the can.

point where buckling of the can is initiated. As it can be
clearly observed the inflation of the can causes increase of
the maximal displacement and increase of the corresponding
maximal value of force. The area below each curve denotes
work done by applied loading, which equals the raise of strain
energy of the structure. The conducted analysis indicates
that the amount of energy which can be transferred to the
structure before the buckling point increases from 0,096 J for
an empty can up to 1,657 J for a can inflated to 0,9 MPa (more
than seventeenfold difference).
The last step of numerical investigation was an attempt of
simulation of bursting of the can inflated with high internal
pressure (0,8 MPa), which strongly promotes tensile failure of
the bottom wall of the can during bending by vertical force.
Due to the lack of exact material for the aluminium utilised
for production of thin-walled aluminium beverage cans (in
particular its yields stress level and ultimate strength) the
material data was adjusted in order to obtain the satisfactory
qualitative and quantitative correspondence with the results
of the conducted experiment (cf. Section 2). The elastic stage
of deformation is assumed to occur in the range 0–200 MPa
(𝐸 = 56 GPa), while plastic stage of deformation is assumed
to occur in the range 200–400 MPa (with maximal strain
equal to 0,4). Moreover, the rupture of the material is assumed
to occur at 300 MPa.
The results of the numerical simulation (Figure 7) correspond to the first hypothesis concerning initiation of the
burst, which assumes exceeding of the maximal tensile stress
at the bottom of the can (cf. Section 2). In the numerical
simulation the rupture of material starts at the lower side of

the can in the vicinity of support and it propagates symmetrically towards its top until complete disconnection from the
clamped end. During the process of burst the disconnected
part of the can is irregularly torn in the longitudinal direction.
Eventually, the final form of cylinder destruction obtained
from the numerical simulation clearly resembles the results
of the conducted experiment. In addition, the critical force at
which bursting initiates is equal to 711 N, which is very close
to the value obtained from the experiment.
3.4. Linear Analysis of Buckling during Axial Compression.
Apart from the above numerical simulations related to
the conducted experiment two additional simulations were
performed:
(i) linear analysis of buckling of empty and inflated can
during axial compression,
(ii) modal analysis of empty and inflated can.
The problem of buckling of cylindrical shells under axial
loading is widely considered in classical literature concerning
shell structures, for example, in the book by Flugge [26].
The phenomenon of buckling of free-supported cylindrical
shell under axial loading and pressure can be described
fully analytically by assuming sinusoidal buckling shapes and
introducing them into differential equations of shell buckling.
Finally, the formula for determination of the nondimensional
parameter 𝑞2 defining axial loading in terms of number of
half-waves along cylinder length (𝑛) and number of halfwaves along cylinder circumference (2𝑚) reads [26]

4

𝑞2 (𝑛, 𝑚) =

{(1 − ]2 ) 𝜆4 + 𝑘 [(𝜆2 + ]2 ) − 2 (]𝜆6 + 3𝜆4 𝑚2 + (4 − ]) 𝜆2 𝑚4 + 𝑚6 ) + 2 (2 − ]) 𝜆2 𝑚2 + 𝑚4 ]}
2

𝜆2 (𝜆2 + 𝑚2 ) + 𝜆2 𝑚2

In the above formula the parameter 𝜆 depends on value of
n and cylinder geometry: 𝜆 = 𝑛𝜋𝑟/𝑙, while 𝑘 depends solely
on thickness of cylinder wall and its radius: 𝑘 = 𝑡2 /(12𝑟2 ).
Minimal value of nondimensional loading parameter 𝑞2 can

.

(10)

be determined by minimisation of (10) over parameters 𝑛 and
𝑚:
find {𝑛, 𝑚} such that 𝑞2 (𝑛, 𝑚) is minimal;
𝑚, 𝑛 are integers.

(11)
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Figure 8: Buckling shapes of the cylindrical shell under axial loading (no internal pressure): (a) the second mode, (b) the fourth mode.
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Figure 9: Buckling shapes obtained for internal pressure equal to (a) 𝑝 = 0 MPa, (b) 𝑝 = 0,07 MPa.

Minimum is usually obtained for 𝑛 = 1 and therefore
minimisation over m is sufficient for finding the critical value
of parameter 𝑞2 . Further, the value of critical axial force which
causes buckling of the cylinder can be calculated as
𝐹 = 2𝜋𝑟𝐷𝑞2 (𝑛, 𝑚) ,

(12)

where 𝐷 = 𝐸𝑡/(1 − ]2 ) is in-plane stiffness.
The above described problem of buckling during axial
compression was simulated with the use of finite element
method in order to check the conformity of analytical and
numerical approach. Linear analysis of buckling caused by
axial load comprises solution of two-step problem defined
by (7a), (7b) in which QF indicates axial loading applied
at free end of the cylinder and uniformly distributed along
its circumference. The problem differs from the previously
considered buckling under action of the bending force only
by the direction of the applied loading QF and physical sense
of the load stiffness matrix KQF .
The buckling shapes obtained with the use of finite
element method (Figures 8(a) and 8(b)) were characterised
by sinusoidal weaving patterns predicted by the analytical
approach. Moreover, the value of the first critical force as well
as the values of critical forces corresponding to subsequent
buckling modes computed numerically appeared to be in a
very good agreement with analytical results obtained from
(12).
The following computations were performed for the case
of distributed loading applied perpendicularly at cylinder
sidewalls modelling internal pressure of gas and the case

of simultaneous action of axial loading and pressure. FEMbased simulations had fully confirmed the analytical results
and conclusions drawn by Flugge. Internal pressure was
found not to substantially change the value of critical compressive axial force; however the axial tension appeared to
increase the resistance to buckling caused by an external
pressure.
The next group of simulations was related to the lessexamined-in-the-literature situation when one end of the
cylinder is clamped and axial loading is applied at the
other end where no kinematic constraints are imposed.
In such a case, the lack of symmetry of the loading and
boundary conditions causes that analysis of buckling cannot
be performed analytically and thus numerical approach has
to be applied. The conducted numerical analyses reveal that
buckling of the cylinder has rather local character and it is
concentrated in the vicinity of the free end of the cylinder,
Figure 9(a).
In general, the applied internal pressure causes stiffening
of the cylindrical shell and its influence is reflected both in the
buckling shapes and in the value of the critical force. Even
for low values of pressure, the buckling area steadily moves
in the direction of free end and gradually occupies a smaller
part of the cylinder; compare Figure 9(b). Eventually, at a
certain value of pressure (in the considered case 0,08 MPa)
buckling shape changes and does not contain characteristic
weaving of the free end of the cylinder. The value of critical
force increases in the range of pressure 0–0.08 MPa and then
remains at an almost constant value; see Table 2.
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Table 2: Change of critical force of axially compressed cylinder in terms of internal pressure.

Pressure [MPa]
Force [N]

0
4071

0,01
4501

0,02
4729

0,03
4890

0,04
5002

Table 3: Change of frequency of vibration [Hz] caused by internal
pressure [MPa].

Mode I
Mode II
Mode III
Mode IV

𝑝=0
830,25
880,67
1005,6
1079,8

𝑝 = 0,2
2556,0
2709,3
3083,8
3809,7

𝑝 = 0,4
2959,3
3297,6
4243,7
4670,9

𝑝 = 0,6
3189,9
3900,8
5133,1
5148,8

3.5. Modal Analysis of Empty and Inflated Can. Modal analysis of empty and inflated can was performed in order to
investigate change of basic dynamic characteristics caused
by internal pressure. The modal analysis of the inflatable
structure is preceded by the initial step when distributed
loading modelling gas pressure is applied. Similarly as in the
case of buckling analysis the initial prestressing step can be
executed as a geometrically linear or nonlinear one; however
only the second, more general case will be presented here for
the sake of brevity. This preliminary stage of analysis is aimed
at obtaining prestressed and deformed configuration of the
structure which serves as a starting point for classical modal
analysis performed at the second stage. The corresponding
mathematical formulation of the problem reads as follows:
Step 1: K (Qp , qp ) qp = Qp ,
2
Step 2: [K (Qmax
p , qp ) − 𝜔 M] 𝜑 = 0,

(13a)
(13b)

where 𝜔 is a natural frequency of the system and 𝜑 indicates subsequent modes of vibration. Initial prestress of the
structure by internal pressure influences stiffness matrix
used in modal analysis. Consequently, initial prestress affects
natural frequencies and modal shapes of the inflated structure
determined from (13b).
Since the most significant effect of internal pressure is
a uniform tension of the structure, the inflation causes that
frequencies of vibrations increase. The effect is significant
even if gas inside the cylinder is under low pressure (see
Table 3) and it corresponds to subsequent vibration modes
of the structure. Change of the vibration frequency is often
associated with change of the modal shape, which in case
of inflated structure involves smaller number of sinusoidal
patterns in the circumferential direction, Figure 10. Let
us note that two characteristic features of the structure
considered within this section, that is, the buckling force
and the frequency of vibration, are not independent of each
other since they are connected by the dynamic criterion
of the stability loss. More detailed studies on vibrations of
cylindrical shells filled with fluid or exposed to fluid flow are
presented in [27, 28].

0,05
5091

0,06
5159

0,07
5210

0,08
5236

0,09
5235

0,1
5231

The final conclusion from basic experiment and simulations conducted in two previous sections is that application
of internal pressure substantially changes the state of stress in
the structure, the value of the buckling force, and the frequencies of structure vibrations. Thus, basic mechanical properties
and dynamic characteristics of thin-walled structures can be
conveniently and efficiently modified with the use of internal
pressure.

4. Analysis of Selected Applications of
Inflatable Thin-Walled Structures
The following section presents numerical simulations of the
concepts of several types of thin-walled structures subjected
to impact loading and attempt of improvement of their
crash properties by using inflation with compressed gas.
The following concepts of engineering structures will be
examined:
(i) inflatable compartments inside hull of the ship,
(ii) inflatable door of the passenger car,
(iii) inflatable traffic barrier.
In all the above inflatable structures a gas pressure will be
maintained on a constant level during the entire impact
process (e.g., with the use of automatic check valves). Such
approach allows avoiding uncontrolled pressure increase,
which could easily lead to ductile failure and bursting of the
structure. For each structure the influence of internal pressure
on global durability and energy absorption capabilities will
be analysed. The range of required pressure values will be
estimated and benefits of dividing the structure into several
separate chambers with separately adjusted pressure levels
will be studied.
Modelling of inflatable structures subjected to impact
loading is a coupled problem, which requires combination
of finite element-based modelling of the structure and thermodynamic modelling of the gas. In basic thermodynamic
approach the gas is typically modelled with the use of the
so-called uniform pressure method, which assumes that gas
pressure, temperature, and density are uniform within a
single gas chamber. Thus, in general case of inflatable structure equipped with inflow/outflow devices the additional
unknowns of the coupled problem are mass of the gas, its
pressure, and temperature. Change of these parameters is
defined by three equations: differential equation governing
the balance of fluid mass, differential equation governing
the balance of fluid internal energy, and (typically algebraic)
equation of state. Coupling between the structure and the
fluid is provided by the kinematic coupling condition, which
ensures the equality of actual gas volume and chamber
volume, as well as the force coupling condition, which
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(a)

(b)

Figure 10: Change of first vibration mode of the cylinder caused by internal pressure: (a) 𝑝 = 0 MPa, (b) 𝑝 = 0,6 MPa.

(a)

(b)

Figure 11: Collision of double-hull carrier and ship with a bulbous bow: (a) numerical model of the problem, (b) typical damage of the struck
ship [12].

indicates that pressure of gas constitutes external loading for
the structure [29, 30].
The substantial simplification of the above coupled model
results from the fact that in considered structures the level
of applied pressure is maintained constant. In such case
a general model of inflatable structure is decoupled into
two parts. The initial stage of solution utilises exclusively
finite element model of the structure and additional loading
modelling pressure exerted by compressed gas. It allows
computing deformation of the structure and change of
volume of internal gas. In the second stage of solution the
balance of fluid mass, the balance of fluid energy, and the
equation of state can be used to compute change of fluid mass,
change of fluid temperature, and the required opening of the
valve. Since presented examples are aimed at investigation
of the global structural response of inflatable structure, the
numerical simulations will involve exclusively the first stage
of the above solution.
The solver used for all numerical simulations included in
this section was commercial finite element code ABAQUS
Explicit while the main finite element applied in simulations was doubly curved thin shell element S4R. The
choice of explicit method of integration of the equations of
motion allowed eliminating convergence difficulties typically
encountered in implicit methods. Thus, it enabled obtaining
robust solution of considered strongly nonlinear impact
problems.

4.1. Inflatable Hull Compartments. The first of the analysed
concepts is inflation of the compartments located inside the
hull of the ship in order to increase hull durability and
to prevent its total penetration in case of open-sea ship
collisions.
The problem of ship collisions was extensively analysed
in the literature with the use of both analytical [31] and
numerical approaches [32]. According to the conducted
studies one of the most dangerous ship collision scenarios
is impact of a ship with a bulbous bow against double-hull
carrier (Figure 11(a)). The systematic numerical simulation
of such collision was performed, for example, by Haris and
Amdahl [33] as well as Wiśniewski and Kołakowski [12]. In
the latter paper the hull of the struck ship was composed of
inner and outer hull layer, stiffeners, and hull plating, while
the bulbous bow of the striking ship was assumed to be a
rigid body. The struck ship was still, and the striking ship was
moving in horizontal direction such that collision occurred
at right angle. The results of numerical simulations indicated
that typical damage of the struck ship caused by impact of
moderate velocities involves total penetration of the carrier
hull (Figure 11(b)).
The preliminary verification of the concept of the inflation of hull compartments will be examined by using simple
numerical example in which a cuboid of dimensions 6 m
× 4 m × 1,5 m and thickness of 0,015 m, which resembles a
single compartment of the ship hull, is impacted by rigid
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Figure 12: Simulation of impact against empty compartment (M = 800 tons, V = 10 m/s): (a) initial configuration, (b) preliminary stage of
impact, (c) intermediate stage of impact, and (d) full penetration of the compartment.

sphere of diameter 1,6 m, which resembles a bulbous bow
(Figure 12). The proposed simplified simulation is based
on the previously mentioned simulation of ship collision
in terms of basic dimensions and material properties. The
characteristics of the compartment material were assumed as
elastoplastic with hardening. Tensile failure of the material
occurs when ultimate plastic strain (𝜀 = 0,17 at 𝜎 = 400 MPa)
is exceeded in all Gauss points of the element. Although the
proposed numerical model does not directly correspond to
the case of ship collision, which would require more accurate
representation of larger parts of both colliding ships, it is
expected to provide very basic and rough verification of the
proposed concept of hull inflation.
In the initial simulation, empty compartment was subjected to impact characterised by fixed velocity equal to
10 m/s but various masses of the striking object. Due to
partiality of the model two types of kinematic boundary
conditions were considered:
(i) suppression of displacements of the lower edge of the
compartment,
(ii) suppression of displacements of both the upper and
the lower edge.
Since deformation of the compartment significantly differs in
both cases, the process of impact and the influence of inflation
will be analysed separately for each structure.
In the first case, when the edge of the upper surface
remains unconstrained, both upper and lower surface of the
chamber are simultaneously involved in the process of impact
absorption. After the beginning of impact, the upper surface
deforms until the contact with the lower surface occurs. In

the following stage, both surfaces remain in contact and
they deform together. The lower surface usually ruptures first
as a result of kinematic boundary conditions applied along
all its edges. Finally, the upper surface of the chamber also
bursts and total penetration by the hitting object occurs. In
the considered example, all stages of the process take place
for the impacting mass of 800 tons and above, Figure 12.
The numerical simulation conducted for such impact loading
indicates that the structure dissipates 90,5% of the kinetic
energy of impacting object during the entire process of
impact.
The beneficial influence of chamber inflation is most
transparent during the first stage of impact when internal
pressure increases resistance of the upper surface against
impact loading. In the second stage of impact when both surfaces come into contact, the advantageous effect of inflation
relies on increase of global stiffness of the compartment. At
the time instant when lower surface is ruptured, the influence
of internal pressure is totally suppressed due to immediate
pressure release.
In the presented numerical example (Figure 13), the
impact loading is exactly the same as previously and internal
pressure is maintained at the lowest constant level for which
a qualitative difference in structural response is observed
(𝑝 = 0,4 MPa). Applied internal pressure allows avoiding
rupture of the upper surface and thus it prevents full penetration of the compartment by impacting object. The inflated
compartment is able to dissipate 100% of the initial kinetic
energy of the impacting object. Thus, the increase in energy
dissipation capability caused by initial inflation equals at
least 9,5%. Moreover, substantially higher value of constant
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Figure 13: Simulation of impact against inflated compartment (𝑀 = 800 tons, 𝑉 = 10 m/s, and 𝑝 = 0,4 MPa): (a) initial stage of impact, (b)
intermediate stage, and (c) final stage with rupture of the lower surface.
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Figure 14: Simulation of the impact process (𝑀 = 150 tons, 𝑉 = 10 m/s): (a) final deformation of an empty compartment, (b) final deformation
of the inflated compartment.

internal pressure (𝑝 > 0,8 MPa) allows obtaining a different
mode of deformation in which destruction of lower surface
is prevented; however the upper surface bursts. Although
none of the above strategies allows maintaining total structural integrity of the compartment, the presented example
clearly indicates that internal pressure allows avoiding full
penetration by impacting object and controlling the type of
compartment failure.
In case of the second type of boundary conditions, when
displacement of the upper edge of the compartment is also
constrained, both surfaces of the cuboid respond almost
independently. Kinematic constraints imposed on the upper
surface do not allow for its large deflection and contact
with the lower surface. Therefore, the impacting object is
initially stopped exclusively by the upper surface and when
it ruptures, exclusively by the lower surface, Figure 14(a).
Mass of the object which causes penetration of the upper
layer of noninflated structure is substantially lower than

in previous case and equals 150 tons. According to the
performed numerical simulation for such impact loading the
upper surface of the compartment dissipates 75,3% of the
kinetic energy of impacting object during the process.
Despite different operating principle and mechanical
behaviour the internal pressure can still be used to improve
durability of the structure against impact loading. In the
considered case the pressure of gas will be applied to increase
total force generated on the impacting object and to avoid
rupture of the upper layer of the compartment. The inflation
will help to improve the crashworthiness of the upper surface
of the cuboid; however it will have no beneficial influence on
the behaviour of the lower one.
In the presented numerical example internal pressure is
maintained at a lowest constant level (𝑝 = 0,6 MPa) for which
failure of the upper surface does not occur. Nevertheless,
the strategy results in slight rebound of the impacting body
and allows preserving global integrity of the compartment,
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Figure 15: Lateral impact against door of the passenger car: (a) deformation after impact with high velocity, (b) scenario of NCAP “pole side
impact” test.
Sealed pressure chamber
equipped with inflator and valve

Stiff or membrane
vertical partitions
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horizontal partitions

Sealed chamber
Stiff or membrane with inflator and valve
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Figure 16: The concept of multichamber inflatable door of the passenger car.

Figure 14(b). Since the inflated compartment is able to
dissipate total initial kinetic energy of the impacting object
the increase in energy dissipation capability of the inflated
compartment is around 25%.
4.2. Inflatable Door of the Car. The second proposed concept
is inflation of the door of the passenger car in order to increase
its durability in case of lateral impact against narrow objects.
Lateral collision with objects such as pole, lantern, or tree is a
typical accident scenario and in case of high impact velocities
may cause severe destruction of the entire body of the car,
Figure 15(a). Lateral impact is also included as a mandatory
crash-test for each produced car according to the European
New Car Assessment Programme (Euro-NCAP). In this test,
the car is propelled sideways at 29 kph into a rigid pole of a
diameter 25,4 mm, Figure 15(b).
The concept of inflatable door of the car is based
on vertical, horizontal, or both-directional division of its
internal space into sealed pressure chambers (Figure 16).
Each chamber is assumed to be inflated to different initial
pressure and to be equipped with separate devices allowing
maintaining constant pressure level. The chambers can be
constructed with the use of stiff partitions made of the
same material as the door itself or, alternatively, by flexible
membrane partitions. In the case when the partitions are
stiff they substantially increase durability of the door against
side impact. Therefore, the analysis of the effectiveness of
inflation has to be performed by comparing empty and
inflated structure of the same topology.
Numerical simulations within this section are based on
NCAP “pole side impact” test. Nevertheless, the kinematics of

the system is reversed: the immobile door of the car (dimensions: 1 m × 0,6 m × 0,1 m, thickness 0,001 m) supported
in out-of-plane direction on the lateral edges is subjected
to impact of a rigid pole of fixed mass and velocity (𝑀 =
1000 kg and 𝑉 = 4 m/s and 𝑉 = 8 m/s), Figures 17 and 18.
The main requirement for the door of the car is to minimise
deformation caused by the hitting object in order to protect
passenger’s area. Consequently, the main quantity observed
in each simulation is maximal deflection caused by pole
impact. Let us however note that deformation of the door
strongly depends on kinematic constraints imposed on inplane displacement of its lateral edges. Thus, two possible
types of kinematic boundary conditions (free and blocked)
will be considered separately.
The first numerical example concerns door with three
vertical chambers and fixed in-plane displacement of the
lateral edges, subjected to impact with the velocity of 8 m/s.
Impact against empty structure results in substantial deformation with maximal displacement of the central part equal
to 0,22 m, Figure 17(a). The simple strategy of inflation,
proposed in order to improve response of the structure,
assumes twice higher initial pressure in impact-subjected
central chamber and maintaining constant level of pressure
in all chambers during the impact process. The application
of the above strategy (with pressures 0,25 MPa, 0,5 MPa, and
0,25 MPa) results in a substantial change of deformation
shape and decrease of maximal displacement to 0,17 m,
Figure 17(b). The effect of inflation is also clearly visible
after rebound of the impacting object. After impact the
noninflated structure remains fully deflected by impacting
object while inflated structure partially retains its initial
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Figure 17: Response of three-chamber structure to lateral impact (𝑀 = 1000 kg, 𝑉 = 8 m/s, suppressed in-plane displacement): (a) no inflation,
(b) constant pressure: 0,25 MPa, 0,5 MPa, and 0,25 MPa.
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Figure 18: Response of nine-chamber structure on lateral impact (𝑀 = 1000 kg, 𝑉 = 4 m/s, free in-plane displacement): (a) no inflation, (b)
constant pressure of 0,5 MPa.

configuration simultaneously remaining bulged by internal
pressure, Figure 17(b).
The influence of inflation is even more apparent in case
of structure with free in-plane displacement of the lateral
edges (free-supported structure). In numerical simulation the
structure divided into nine pressure chambers was subjected
to impact with initial velocity equal to 4 m/s. Despite larger
initial stiffness of the structure and smaller impact energy
the deformation of the structure is larger than in previous
case (max. displacement: 0,38 m). Stopping of the impacting
object is the result of increasing resistance force caused
by change of the bended beam direction and it lasts until
clamping of the pole, Figure 18(a). In turn, the inflation
of the structure with uniform pressure of 0,5 MPa allows
substantially changing the shape of structure deformation
(Figure 18(b)) and decreasing its maximal deflection by
approx. 40% (to 0,23 m).
The above simulations were supplemented with the analysis of the contact force acting between the pole and the
structure. The change of contact force in standard and inflated
door is presented in terms of impact time and displacement
of the impacting pole in Figures 19(a) and 19(b), respectively.

The comparison of plots of both contact forces evidently
indicates the benefits resulting from structure inflation. In
case of standard structure the change of contact force is
clearly nonoptimal. The initial peak of force followed by its
substantial decline and reincrease at the end of the process.
In turn, in case of inflated structure the generated contact
force is more steady; the initial peak of force is followed by
its slow gradual decrease until the end of the process. Higher
average value of contact force in terms of displacement allows
stopping the impacting object by using a shorter distance.
Integration of the contact force presented in Figure 19(a)
over impact time allows obtaining change of impacting object
momentum during the process Δp. The change of momentum
is slightly larger in case of inflated structure, which corresponds to larger rebound velocity of the impacting object. In
turn, integration of the contact force presented in Figure 19(b)
over displacement allows calculating energy dissipation and
corresponding change of kinetic energy of the impacting
body Δ𝐸. In case of both the empty and inflated structure
the point of maximal displacement corresponds to maximal
change of kinetic energy (Δ𝐸 = 8000 J) being equal to its
initial value. However, in case of inflated structure the action
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Figure 19: Contact force generated during collision in standard and inflated structure: (a) force versus time, (b) force versus pole displacement.
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Figure 20: Comparison of two various designs of a traffic barrier: (a) standard guardrail design, (b) the concept of inflatable road barrier.

of compressed gas causes that more energy is returned back
to impacting object and it rebounds with a slightly larger
velocity.
Both examples presented in this section indicate that
application of internal pressure allows increasing global stiffness of thin-walled structure and, consequently, considerably
diminishing the deformation caused by impacting object.
4.3. Inflatable Traffic Barrier. The last considered concept of
inflatable thin-walled structure is a multichamber inflatable
traffic barrier, Figure 20(a). Traffic barriers prevent errant
vehicles from falling out of the road and being subjected to
obstacles or hazards located nearby. They can be divided into
three groups depending on their stiffness:
(i) flexible barriers (as metal beam fence, cable barriers,
and corrugated rail systems),
(ii) semirigid barriers (as standard guardrail barrier
described below),
(iii) rigid barriers (as block of reinforced concrete).
Standard guardrail barriers are constructed of sigma posts,
distance spacer, and a guardrail, Figure 20(a). They dissipate
energy of impact by deformation of barrier components,
friction between barrier and the car, and deformation of the
car’s body. Semirigid barriers usually allow for deformation

up to 1 m in case of the harshest impact. According to code
regulations, the barriers are designed to sustain impact of
heavy vehicle with large initial velocity but simultaneously
to provide an acceptably low level of deceleration of light
vehicles. Since the above requirements are contradictory, a
typical barrier cannot fulfil both of them in an optimal way.
Due to the above reason in addition to standard design
several innovative concepts of traffic barriers were proposed.
One of them is based on a cable net equipped with hydraulic
absorbers on both sides, which allow controlling the force
used for stopping the car. Another design utilises the panel
embedded in surface of the road, which after activation by
a sensor extends above the road and stops the vehicle [34].
The idea of inflatable traffic barrier divided into pressure
chambers was proposed by the authors in [24] and the similar
concept of barrier equipped with internal airbags was later
analysed in [35].
Here, the potential of application of compressed gas
inside thin-walled road barrier will be examined with the
use of conceptual design presented in Figure 20(b). In
numerical simulations, the barrier of dimensions 3 m × 0,2 m
× 0,4 m and material thickness of 3 mm was subjected to
perpendicular and skew (45 degrees) impact of the rigid
body of dimensions of the car, mass 1000 kg and velocity
of 16 m/s. The presented results concern three-chamber
inflatable barrier with steel partitions of thickness 1 mm.
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Figure 21: Comparison of the responses of empty barrier (left) and inflated barrier (right) to perpendicular impact (a) and skew impact (b).

In the case when the barrier is not inflated the perpendicular impact causes folding of the upper wall, crushing of the
internal partitions, and substantial reduction of barrier width
during the process, Figure 21(a) (left). Applied inflation of the
barrier (constant pressures of 0,3 MPa, 0,5 MPa, and 3 MPa
in subsequent chambers) increases local stiffness of each
chamber and prevents crushing of the internal partitions,
Figure 21(a) (right). Such effect has the influence on both
local and global response of the barrier. At first, the barrier
preserves its original width and distribution of local stresses
beneficially changes. Secondly, the global stiffness of the
barrier increases and the way of stopping the impacting object
is reduced (from 0,34 m to 0,28 m). In case of skew impact
(Figure 21(b)) the internal pressure has similar positive
effect. It results in reduction of local stress concentration at
impact location and increase of the global stiffness of the
barrier.
The above examples show that inflation of the particular
internal chambers of thin-walled structure allows modifying
its global stiffness and, moreover, positively influencing the
zones of local stress concentration.

5. The Concept of Adaptive Inflatable Barrier
Adaptive inflatable thin-walled barriers can be also considered as one of the special technologies for adaptive
impact absorption [36]. In contrast to passive inflatable
structures, their operation is based not only on effective use
of compressed gas, but also on real-time adjustment of initial
inflation and precise control of internal pressure during the
impact process. Such operating principle enables adaptation
to actual impact loading and optimal dissipation of the

corresponding impact energy. The concept of adaptive inflatable thin-walled barriers follows a more general concept of
adaptive inflatable structures [29], which embraces adaptive
pneumatic cylinders [37], inflatable fenders for protecting
offshore towers [38], and external airbags for emergency
landing.
In the proposed adaptive inflatable barrier each internal
pressure chamber is equipped with fast inflator and controllable high-performance discharge valve, Figure 22. Assumed
operation of the system comprises the initial stage of impact
detection of identification (e.g., by ultrasonic sensors or dedicated “impactometer sensor” [39]) and the stage of adaptation
to impact loading, which is composed of two separate steps.
At the very beginning of the impact, the embedded inflators
are triggered in order to inflate each chamber to appropriate
initial pressure, which provides desired initial stiffness of
the barrier. During impact the discharge valves mounted in
internal partitions and external walls of the barrier control
the flow of gas between the chambers and its outflow to
environment. As a result, change of pressure in particular
parts of the inflatable structure can be precisely controlled
and, moreover, actual global stiffness and total resistance
force can be continuously modified and adjusted to actual
level of loading. The proposed method allows enhancing the
process of energy dissipation and achieving desired dynamic
response of the impacting object.
5.1. The Simplified Model of the Barrier. Miscellaneous strategies of pressure control will be developed for a twodimensional frame structure (Figure 22) which can be considered as a very basic model of introduced thin-walled
barrier. This model of inflatable structure was selected due
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Figure 22: Two-dimensional frame structure with several separate pressure chambers considered in the optimisation and control problems.
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Figure 23: Reduction of bending moment obtained by optimal adjustment of internal pressure.

to its simplicity and high computational efficiency, which
are required in solution of the considered optimisation and
control problems. Obviously such a simple model does not
possess all features of inflatable thin-walled traffic barriers
and thus it cannot precisely imitate the entire process of
energy dissipation and the corresponding crashworthiness
characteristics. Nevertheless, it is expected that the proposed
methodology of pressure driven control can be generalised
and applied to three-dimensional thin-walled inflatable
structures of arbitrary construction.
The frame structure under consideration may contain
arbitrary number of pressure chambers separated by stiff
or elastic partitions. The impact loading is modelled either
by external force applied at the upper beam or by external
object of a given mass and velocity. The model accounts
for material nonlinearities (elastoplastic material model) and
geometrical nonlinearities (equilibrium equations related to
actual configuration). Each chamber of the frame is assumed
to be equipped with inflators and controllable discharge
valves which enable fast inflation and release of gas. Consequently, in contrast to passive inflatable structure the changes
of pressures can be arbitrarily modified during the impact
process in order to control global dynamic response of the
system.
The considered control objectives were aimed at minimisation of internal forces in selected elements of the frame,
minimisation of impacting object deceleration, and control
of the final shape of structure deformation. In all cases the
control was performed with respect to functions describing
changes of pressures in particular chambers. Such approach
allows decoupling general model of inflatable structure into

structural part and thermodynamic part (cf. Section 4) and
considering exclusively the structural model with distributed
pressure loading.
5.2. Adjustment of Internal Pressure to Static Loading. The
preliminary step before analysis of the impact loading and
large deformations of the frame will be a linear static analysis
aimed at investigation of influence of internal pressure on
distribution of generalised internal forces in selected elements. Since the considered frame is statically indeterminate,
the internal forces will be computed with the use of finite
element method, which provides good approximation of the
solution of considered linear static problem. The solution of
global equilibrium equation Kq = Q allows determining
local deformation of each element of the frame (longitudinal
displacement 𝑢(𝑥) and deflection 𝑤(𝑥)) and calculating
normal forces N, shear forces T, and bending moments M
according to formulae N = EAu , T = EJw , and M =
EJw , where E is a vector of Young moduli of frame elements
and A is a vector of their cross-sectional areas while J is a
vector of their moments of inertia. In the following examples
only the value of bending moment will be considered since it
corresponds to the largest values of generated stresses.
In the considered numerical example the frame which
contains only one chamber is loaded in the middle of the
upper span by a point load F of a unit magnitude. When the
structure is not inflated the solution of the problem Kq =
QF reveals a linear distribution of bending moments on the
upper span with the largest bending moment in its middle
point (𝑀max = 18,54 kNm), Figure 23 (top). In turn, when the
frame is additionally inflated and subjected to the action of
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Figure 25: Inflatable structure considered in the problem of deceleration minimisation.

gas pressure the equilibrium is described by the following
equation:
Kq = QF + 𝑝Qp ,

(14)

where Qp is a load vector which models distributed loading
of a unit value and 𝑝 is a scalar multiplier. Thus the problem
of finding internal pressure, which minimises maximal value
of bending moment, can be written in the following form:
find 𝑝 such that max 𝑀 (𝑥) is minimal

(15)

and 𝑀(𝑥) indicates bending moment resulting from the solution of (14). Since applied internal pressure causes reduction
of bending moment at the upper beam but simultaneously
increases bending moment at the lower beam, the optimal
strategy assumes equalisation of both bending moments. The
procedure of determination of the corresponding optimal
pressure effectively utilises problem linearity. Application of
the superposition principle allows calculating the value of
additional bending moment which has to be generated by
compressed gas and the corresponding value of required
internal pressure.
The final solution of the above optimisation problem
indicates that optimal value of pressure depends linearly on
the value of applied external force. In the considered case
of unit force the optimal inflation decreases the bending
moment to 11,72 kNm and thus it increases load capacity of
the structure by 58,4%, Figure 23 (bottom).
Further improvement can be achieved by applying internal pressure exclusively in selected parts of the structure.
In order to avoid an adverse effect of increase of bending
moment at the lower beam, the structure is divided horizontally into two separate pressure chambers and only the upper
chamber is subjected to inflation (Figure 24). The length of
the upper chamber is considered as a design variable. The

equilibrium of considered structure with upper chamber of
length 𝑑 and internal pressure 𝑝 is described by the equation
K (𝑑) q = QF + 𝑝Qp (𝑑) .

(16)

The corresponding optimisation problem is to find the
optimal length of the upper chamber and the optimal value
of scalar pressure multiplier:
find 𝑑, 𝑝 such that max 𝑀 (𝑥) is minimal.

(17)

For each assumed length of the upper chamber the optimal
adjustment of internal pressure allows equalising bending
moments at the upper beam in its centre and in locations
where internal chamber is attached. Optimal value of parameter d was found by testing several types of structures with
various lengths of the internal chamber. Finally, the largest
reduction of the bending moment (to 4,787 kNm) and the
corresponding largest increase in load capacity (286%) were
obtained in the case when length of the internal chamber
equals the total length of the frame, Figure 24.
5.3. Minimisation of Impacting Object Deceleration. The
two following numerical examples concern the control of
mechanical response of inflatable structure subjected to
impact loading. In both cases the controlled quantity is
the change of pressure in particular chambers of inflatable
structure during the impact process. Obtained results can be
further used to determine required inflow rate from inflators
and outflow rate through discharge valves.
The first example is related to control of the impacting
object deceleration. The problem solved is aimed at maintaining constant, possibly low level of deceleration during the
entire process of impact. In this case, the analysed model of
the frame is fully nonlinear in terms of geometry and material
model. Moreover, it involves separate rigid object modelling
colliding body as well as definitions of contact conditions
between the object and the barrier and between the upper and
lower beam of the frame, Figure 25.
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Figure 26: Adjustment of pressure in case of high energy impact: (a) optimal change of pressure in time, (b) comparison of impacting object
decelerations in passive and adaptive structure.

In the considered system the time-history of colliding
object deceleration depends on whether the collision of both
beams of the frame occurs. When impact energy is adequately
large, the first peak of deceleration caused by contact of
the object and the barrier is followed by the second peak
induced by collision of the upper and lower beam and the
stage of gradual increase of deceleration being the effect
of joint resistance of both beams (Figure 26, “no control”).
Therefore, the initial inflation and real-time control of
internal pressure will be aimed at mitigation or complete
elimination of beam’s contact and the following stage of fast
deceleration increase.
In order to achieve precise control of the impact process
two different control methods were proposed:
(i) the “local approach” based on decomposition of the
original problem into a series of simpler problems
related to values of pressure in subsequent time
instants,
(ii) the “global approach” based on direct searching of the
parameters of functions defining change of internal
pressure in terms of time.
In the presented numerical example, the second method
is applied to single-chamber inflatable barrier. The continuous function describing change of pressure in time 𝑝(𝑡) is
substituted by two parameters: 𝑡inf : the period of structure
inflation and 𝑝inf : the value of pressure which is maintained
constant during the impact process, Figure 26(a). Although
such formulation is strongly simplified in comparison to the
original one, it was found to be very effective for the control
of impacting object deceleration. The precise tuning of both
introduced parameters to mass and velocity of the colliding
object provides a compromise between an increase of stiffness
of the upper beam caused by internal pressure during the
first stage of impact and an increase of global stiffness of the
structure due to collision of both beams.
As a result of applied strategy, the level of impacting
object deceleration remains approximately constant during

the major part of the impact process, Figure 26(b). Despite
the fact that the way of stopping the impacting body is
reduced, the level of impacting object deceleration decreases
from 55,02 m/s2 (or 41,5 m/s2 excluding peak) to 34,9 m/s2 .
Let us note that obtaining constant deceleration for various
impact scenarios requires separate adjustment (and different
resulting values) of inflation parameters.
5.4. Control of Structure Deformation during Impact. Another
purpose of pressure control is to obtain predefined mode of
structure deformation and desired final configuration of the
system, independently of applied loading. In the particular
case of considered inflatable thin-walled frame subjected to
impact loading the assumed objective is to achieve maximal
compression of selected chambers in final configuration.
The proposed approach allows controlling the locations of
generation of main plastic hinges being the major mechanism
of energy dissipation. For such formulated problem the most
spectacular results were obtained for five-chamber barrier,
where adjustment of internal pressure in selected parts of
the structure had enabled precise control of the deformation
process.
The corresponding numerical example concerns fivechamber frame exposed central and lateral impact of a rigid
object (Figure 27). In particular, in case of strong central
impact the noninflated structure is subjected to a large
deformation associated with total crushing of the central
chamber. However, inflation of the central chamber with
initial pressure properly adjusted to impact energy allows
avoiding its large compression, distributing deformation into
two sides of the frame, and obtaining final configuration
involving two main plastic hinges.
In turn, impact applied to left peripheral chamber of
noninflated frame causes response involving total crushing
of the impacted chamber and insignificant deformation of
the remaining part of the frame, Figure 27(a). Nevertheless,
accurately adjusted inflation of the left part of the frame
causes that the structure becomes sensitive to the value
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Figure 27: Various deformations of the frame obtained for the case of lateral impact: (a) no inflation, ((b) and (c)) inflation causing change
of final deformation shape.

of applied internal pressure and shape of deformation is
substantially changed. The precise adjustment of the initial
value of pressure and speed of pressure release in the left part
of the frame allows controlling the mode of deformation and
obtaining either crushing of the second chamber of the frame
(Figure 27(b)) or shift of maximal deformation to its central
part (Figure 27(c)). Qualitative change of deformation mode
is associated with increase of the maximal deflection of the
frame and elongation of the deformation period.

6. Conclusions
Basic mechanical properties of inflatable thin-walled crashworthy structures filled with compressed gas were analysed
and the possibilities of improving their dynamic response to
lateral loading were thoroughly investigated. The performed
experiment with aluminium beverage can had proved the
beneficial influence of initial inflation on the process of
buckling caused by transverse loading. Moreover, the corresponding numerical simulations had revealed the influence
of internal pressure on initial stress distribution, the value of
the buckling force, the buckling shape, and the possibility of
can bursting. The following numerical examples, which had
concerned various types of inflatable thin-walled structures
subjected to impact loading (hull compartments, door of
the car, and traffic barrier), had shown several important
favourable effects related to application of compressed gas. As
it was demonstrated, internal pressure allows preventing total
penetration by impacting object, increasing global stiffness
of the structure, and, finally, influencing zones of local stress
concentration. Eventually, the concept of adaptive inflatable
thin-walled barrier was utilised to prove that control of
internal pressure can provide adaptation to actual impact
loading resulting in favourable stress distribution, constant

deceleration of impacting object, and desired final deformation of the structure.
The presented examples indicate that a wide range of
mechanical properties of thin-walled structures as well as
their durability to lateral impact loading can be significantly
enhanced by inflation with compressed gas. The paper proves
that inflation of thin-walled structures allows obtaining
desired change of their dynamic response and thus it has large
potential of application in structural crashworthiness.
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In the paper we demonstrate how Particle Swarm Optimization (PSO) can be employed to solve the Adaptive Impact Absorption
(AIA) problem. We consider a truss structure which is subjected to impact loads. Stiff bars can be replaced by elastoplastic fuses
which control theirs dynamical response. The point of optimization is to maximize or minimize a given objective function by
redesigning the structure. This is realized by redistributing the initial mass, finding proper fuse localizations and adjusting, in realtime, the elastoplastic limits. Comparing to the previous results, we show that PSO is capable of achieving results at least as good as
gradient-based optimization, having at the same time much larger flexibility regarding the definition of the objective function. This
gives significantly broader field of potential applications. In particular, we present how PSO can be used to solve the simultaneous
optimization problem: mass redistribution and fuse positioning for a set of expected, various impacts.

1. Introduction
The idea of optimal structural remodeling, including topological optimization, as a problem of material distribution has
been developed for decades (e.g., [1]). Consequently, there
exist a large number of mathematical models and numerical
tools which are capable of reliable simulation of responses
of passive structures to a predefined impact scenario and
improving the structure in the sense of finding an extreme
of some desired objective function. The majority of practical
solutions are devoted to crashworthiness analysis related to
traffic collisions.
Due to the fast developing of the, so-called, smart technologies, there has been some considerable shift towards
focusing on research related to adaptive structures. Various
kinds of, relatively inexpensive, technical solution exist which
make it possible to modify relevant structural characteristics
at the moment of impact [2]. Specially designed actuators can
be applied in real-life active structures which can adapt at
required time scales (which, for obvious reasons, are small).
The actuators can modify structures via various possible
ways. For example, a controlled delamination process can be

applied in order to detach selected structural joints which
will result in a particular response. Other possibilities include
shock absorbers based on magnetorheological (MR) fluids,
piezo-valves used to control pressure, and more; see, for
example, [3].
Consequently, existence of appropriate technologies and
mathematical solutions makes it feasible to seriously consider
the potential gain from using Adaptive Impact Absorption
(AIA) systems. The focus of AIA is to obtain a device which
can modify its structure at the moment when a collision takes
place. The point of this modification is, usually, to achieve a
desired energy dissipation profile.
One of the central problems of AIA is identification of the
impact and involved masses and velocities. This means that,
firstly, an impact event and its location should be detected,
and then the AIA system should estimate what the mass and
velocity of the impacting body are. The identification should
happen on timescales which enable a real-time structural
modification which leads to optimal (in a given sense)
absorption. This is the main difference between AIA and
classical passive structural design, the ability to react to
collision conditions in real-time. Impact identification is a
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quite demanding, separate engineering problem on itself [4,
5] and will not be considered in this paper. Instead, we will
focus on the process of optimal design of structures which
can adapt by using “structural fuses.” These are elements with
elastoplastic type of response with controllable yield stress.
For example, in real application such fuse can be made up
of MR fluid where stresses are controlled by magnetic fields.
However, technical details regarding construction of these
elements are not relevant in this work.
In the field of typical passive structural design, there is
a huge amount of existing numerical methods and readyto-use computer codes. However, to date, the number of
existing tools for designing AIA structures is very limited. The
main reason for this is that AIA is a relatively new concept,
and also it differs in many aspects regarding the optimization process. Naturally, the main question which must be
answered is actually the goal of optimization. This depends
on the problem being solved, involved energies, if a structure
should answer to a critical emergency impact or maybe
periodic loads, and so forth. As a measure of success one
can define minimization of accelerations, maximization of
structural stiffness, somehow smoothing structural response,
preserving structural integrity, or maximization of dissipated
energy in some chosen time interval. Generally, the required
objective function of optimization can be a very complex one.
In this paper, we consider a truss-like structure with
elastoplastic fuses which can adapt to impact by adjusting
the plasticity limit. The structural response is calculated
by means of virtual distortion methods (VDMs) [6] and
the presented results are continuation of the previous work
[7, 8], where a typical gradient-based method has been
used in order to achieve the desired optimization goal. The
main disadvantage of gradient methods is the mathematical
requirements regarding the objective function (e.g., it has
to be differentiable). As mentioned, during AIA design
process, one can take into account many factors: impacts with
various parameters and at different geometrical places and
complex goal definitions, for example, including costs of the
used elements. Some problems involve solving multiobjective
optimization (i.e., require simultaneous optimization of more
than one objective function), which can be a particularly
difficult task with any classic gradient-based approach.
All this makes it tempting to use other, possibly nonexact
but otherwise versatile optimization techniques, like the ones
based on the, so-called, soft computing approach, usually
some sort of evolutionary computation. Using it in the
structural design is a relatively new paradigm, which has
a tremendous impact on the field and a vast amount of
recent research is devoted to the subject. A survey can be
found in, for example, [9], and a great overview regarding
metaheuristic methods in structural design can be found in
[10].
Here we consider the applicability of particle swarm
optimization (PSO) method in the process of designing AIA
structures. PSO is one of the techniques which belongs to
the wide class of evolutionary computing. It is based on a
set of potential solutions (called “swarm”) which is gradually
improved until a certain criterion of acceptance is met.
PSO is successfully applied in a very wide field of complex
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engineering and scientific optimization problems, including
mechanics, robotics, artificial intelligence, transportation,
biology, and many more, see [11, 12]. A recent survey on
PSO application in the field of electrical and electronic engineering, automation control systems, communication theory, operations research, mechanical engineering, fuel and
energy, medicine, chemistry, and biology is available.
Generally, optimization of truss-like structures falls into
three categories: size, shape, and topology; however even
more demanding is a simultaneous optimization where the
design variables describing these properties are integrated.
Various techniques from the field of evolutionary computation have been applied to address these problems from the
field of traditional passive design, for example, genetic algorithms [13], genetic programming [14], simulated annealing
[15], or ant colony optimization [16]. However, it seems that
recently one of the most popular method is PSO, along with
its various modifications.
For example, in [17], the authors applied PSO to optimize topologies of truss structures optimizing for minimum
weight under stress, deflection, and kinematic stability constraints. They have considered a two-stage technique, where
first topology was optimized (with modified binary PSO) and
then size and shape (by means of “attractive” and “repulsive”
PSO). It was reported that the methodology proposed by
the authors can find superior truss structures compared with
those found with classical optimization. However, simultaneous optimization for all the criteria in principle should give
better results, since these design problems are not linearly
separable.
Another challenging class of structural design problems
are the ones which involve optimization with frequency
constraints. In such problems, the search space is particularly highly nonlinear and nonconvex with numerous local
optima. When using any heuristic algorithms in such cases, a
need to find a balance between exploitation and exploration
arises. It is of vital importance that a method explores the
search space in a way which will enable it to find satisfying
solution, while at the same time it will not get stuck in a
local minimum. It has been shown that accordingly modified
PSO algorithm was capable of dealing with such tasks [18, 19].
A recent comparison of nine metaheuristic algorithms for
optimal design of truss structures with frequency constraints
can be found in [20].
As in the case of frequency constraints, the classical PSO
is often modified to deal with a specific problem. It is also
incorporated together with other optimization techniques
in order to solve problems in a more efficient way. For
example, to optimize layout of truss structures, PSO has
been successfully integrated with “nonclassical” methods, like
cellular automata [21]. It has been demonstrated that such
combination has led to better solutions and more effective
convergence than in case of using “pure” PSO.
According to our knowledge, to date, there have been
no results regarding usage of PSO in the AIA domain, and
consequently there are no standard problems or results which
we can refer to. In this work, we demonstrate how PSO can
be employed in order to find optimal mass redistribution and
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Figure 1: A simple truss structure, along with the used numbering
scheme. Here, the horizontal/vertical distance between nodes is 1 m.

localization of structural fuses in truss structures with adaptive elastoplastic elements. Contrary to the case of passive
truss structures optimization, there are no established test
cases in the literature due to the innovative character of the
AIA research field. In the present work, we choose to compare
PSO with optimal results found by gradient methods published previously [7, 8]. It is found that, for the considered
setups, PSO quickly (in ≈100 steps) converges to solution not
worse than the ones found by means of gradient optimization.
In some cases better, in the sense of the value of the objective
function, structures are found.
It is shown that such PSO approach can be applied
when considering multi-impact scenarios. In other words,
more complex objective function is used in order to evaluate
structures which are subject to a set of possible impacts (not
just one). Moreover, it is easy to incorporate solver for optimal
localization of the structural fuses (in the previous work,
it has been done by replacing the stiffest elements). Since
the considered optimization problem is a relatively simple
one (only mass redistribution and localization of elastoplastic
elements are considered) and there is a lack of previous results
regarding PSO and AIA, in the current research we limit
ourselves to the classical PSO, without any specific improvements.
Section 2 is devoted to short description of VDM used
to evaluate the structural response, in Section 2.2 we define
the optimization problem, and then in Section 2.3 we show
how it can be represented as a particle swarm. Section 3
discusses the problem of mass redistribution in a truss
structure in order that, with the same amount of material,
minimizes/maximizes some given goal function (without any
active elements). Finally, in Section 4 we show how to treat
the problem if AIA elements should be incorporated in the
structure.

2. The Model
As a basic model for our consideration we use a truss cantilever structure supported on one or both ends and potentially equipped with structural fuses. An example of such
10-bar structure is depicted in Figure 1. This setup has been
investigated previously for various optimization goals and

constraints [22], also with PSO approach [23]. The structure
is exposed to impact loads applied on one, or more, of its
nodes. This means that at the moment 𝑡 = 0 a massless node
instantly increases its mass to 𝑚 and its velocity from 0 to
k (𝑚 denoting mass of the impacting body traveling with
the velocity k). It is assumed that throughout calculations the
node remains attached to the same bars as before the impact
(there is no separation between masses and the truss). Under
such circumstances, some selected quantities of interest, for
example, averaged displacement, are subject to optimization.
This structural model was chosen due to its simplicity (each
element is associated with only one, axial, plastic distortion
state) and already widely available research results regarding
optimal design and active adaptation solutions. However, this
does not reduce the generality of the proposed approach,
which is applicable to other types of structures, for example,
frame or plate structures [24].
The structural response is calculated by means of specifically designed impulse virtual distortion and impulse virtual
force methods (IVDM, IVFM). VDMs are fast reanalysis
methods used to compute the structural response of a modified structure in a numerically efficient way which does not
require solving full set of modified structural equations. The
formulation of VDM is flexible and can be easily adopted to
include structural modifications like damage, plastic yielding
[6], breathing cracks [25], moving masses [26], and material
damping [27]. One of the advantages of VDM over other
reanalysis methods, like the method of combined approximations [28], is that it requires nonparametric model of
the unmodified structure (the influence matrix). With this
model, calculation of responses of the modified structure can
be performed faster than in other reanalysis approaches, since
only one step is needed (instead of many iterations).
The details regarding VDM are beyond scope of this
paper (more on this can be found, e.g., in [29]), since the
focus is mainly on the process of optimization. Nevertheless,
it is important to define how the adaptive elements are
modeled: in Section 2.1 we briefly discuss how the structural
response is calculated with elastoplastic constitutive model.
Then we show how particle swarm optimization method can
be applied to this optimization problem.
2.1. Modeling the Truss Structure Containing Adaptive Elements. All the details regarding the numerical simulations
of the structural response of the discussed model via virtual
distortion methods were presented in [7, 8] and also in [29].
Here, we limit ourselves to describing shortly the way the
problem is addressed. The notation and used symbols are
the same as those in the cited work: lowercase subindices
𝑖, 𝑗 refer to structural elements of the truss (bars), while
capital subindices 𝑀, 𝑁, and 𝐾 refer to the degrees of
freedom (DOF) of nodes (joints). In the two-dimensional
case discussed here, there are two DOF per node, unless a
node is fixed.
Generally, the equation of motion for elastic and elastoplastic structures can be stated as
𝑇
𝑆𝑖𝑗 [𝑙𝑗 (𝜀𝑗 (𝑡) − 𝛽𝑗0 (𝑡))] = 𝑓𝑁 (𝑡) ,
𝑂𝑁𝑀𝑢̈𝑀 (𝑡) + 𝐺𝑁𝑖

(1)
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The plastic flow (𝛽𝑖0̇ ≠ 0) can take place only if the stress
point is on the yield surface defined by Φ𝑖 = 0. This is stated
in the form of the following conditions of complementarity
and persistency: 𝛽𝑖0̇ (𝑡)Φ𝑖 (𝑡) = 0 and 𝛽𝑖0̇ (𝑡)Φ̇ 𝑖 (𝑡) = 0, where
Φ𝑖 (𝑡) = Φ𝑖 (𝜎𝑖 (𝑡), Ψ𝑖 (𝑡)). The yield function is used to define
the set 𝑌𝑡 of indices of truss elements that are instantaneously
plastic at time 𝑡:

𝜎
𝜀, 𝜎

𝛾E

𝜎∗

E

𝜀
𝛽

(𝑖 ∈ 𝑌𝑡 ) ≡ (Φ𝑖 (𝑡) = 0, Φ̇ 𝑖 (𝑡) = 0) .

Δ𝛽

(7)

In practice, the response of the linear structure 𝜀𝑖𝐿 (𝑡) is
known in discrete time steps every Δ𝑡, and the numerical
solution for the elastoplastic structure has to be advanced
in the same discrete time steps. The discrete strain response
of the elastoplastic structure is expressed in the following
discrete form [29]:

−𝜎∗

𝛾E

Figure 2: Piecewise linear elastoplastic constitutive model. Figure
courtesy of Jankowski [29].

𝑡

𝜀𝑖 (𝑡) = 𝜀𝑖𝐿 (𝑡) + ∑ ∑ 𝐷𝑖𝑗𝜅𝜅 (𝑡 − 𝜏) 𝛽𝑗0 (𝜏) ,

(8)

𝑗 𝜏=0

where 𝑂 is the mass matrix, 𝑢𝑀(𝑡) denotes displacement of
the 𝑀th DOF, and 𝑓𝑁(𝑡) is the external excitation load on
the 𝑁th DOF at the time 𝑡. The total strain of the 𝑖th truss
element 𝜀𝑖 (𝑡) obeys
𝑙𝑖 𝜀𝑖 (𝑡) = 𝐺𝑖𝑀𝑢𝑀 (𝑡) .

(2)

𝐺𝑖𝑀 is a transformation matrix, whose elements are
related to the angles between elements and the directions of
degrees of freedom; 𝑆𝑖𝑗 is a diagonal matrix, 𝑆𝑖𝑖 = 𝐸𝑖 𝐴 𝑖 /𝑙𝑖 ; 𝐸𝑖
is Young’s modulus; 𝑙𝑖 is the length of the element 𝑖; and 𝐴 𝑖 is
the cross section of the element 𝑖.
𝜀𝑖 (𝑡) can be split into two parts: a purely elastic one and a
plastic one, denoted by 𝛽𝑖0 (𝑡), so that
𝜎𝑖 (𝑡) = 𝐸𝑖 (𝜀𝑖 (𝑡) − 𝛽𝑖0 (𝑡)) .

(3)

In the following only bilinear isotropic hardening plasticity
is considered as a relatively basic example (see Figure 2)
which requires for each element a single internal hardening
variable Ψ𝑖 (𝑡) called the total plastic strain. The evolution
of Ψ𝑖 (𝑡) in time is governed by the following simple strain
hardening law:


Ψ̇ 𝑖 (𝑡) = 𝛽𝑖̇ (𝑡) .

(4)

The yield function Φ𝑖 (𝜎𝑖 , Ψ𝑖 ) is defined as
𝛾𝐸
 
Φ𝑖 (𝜎𝑖 , Ψ𝑖 ) = 𝜎𝑖  − (𝜎𝑖⋆ + 𝑖 𝑖 Ψ𝑖 ) ,
1 − 𝛾𝑖

(5)

where 𝜎𝑖⋆ , 𝛾𝑖 , and 𝐸𝑖 are, respectively, the initial plastic flow
stress, the hardening coefficient, and Young’s modulus of the
𝑖th truss element, and the plastic modulus 𝛾𝑖 𝐸𝑖 /(1 − 𝛾𝑖 ) is
determined based on a simple geometric analysis of Figure 2.
The range of admissible stresses is defined by the requirement that
Φ𝑖 (𝜎𝑖 , Ψ𝑖 ) ≤ 0.

(6)

where
𝑡

𝜅𝑓

𝜀𝑖𝐿 (𝑡) = ∑ ∑ 𝐷𝑖𝐾 (𝑡 − 𝜏) 𝑓𝐾 (𝜏) ,

(9)

𝐾 𝜏=0

𝜅𝑓

while 𝐷𝑖𝐾 (𝑡) and 𝐷𝑖𝑗𝜅𝜅 (𝑡) are the discrete counterparts of the
continuous impulse response functions. 𝐷𝑖𝑗𝜅𝜅 (𝑡) is the
dynamic influence matrix describing the strain evolution
in the element 𝑖 in the time step 𝑡, in response to a unitary
impulse of virtual distortion generated in the time 𝜏 in the
𝜅𝑓
element 𝑗. 𝐷𝑖𝐾 (𝑡) denotes a dynamic influence matrix
containing the displacement history induced in the 𝐾th
DOF as a response to the unitary distortion impulse applied
in the 𝑖th element.
The discrete update rules for plastic distortions of instantaneously plastic elements can be stated as


Ψ𝑖 (𝑡) = Ψ𝑖 (𝑡 − Δ𝑡) + Δ𝛽𝑖0 (𝑡) ,

(10)

where Δ𝛽𝑖0 (𝑡) denotes the increment of the plastic strain, and
Δ𝛽𝑖0 (𝑡) = 𝛽𝑖0 (𝑡) − 𝛽𝑖0 (𝑡 − Δ𝑡) .

(11)

The VDM solution is based on trial steps, where the plastic
distortion increments Δ𝛽𝑖0 (𝑡) are determined in each time
step 𝑡 by freezing temporarily the plastic flow and performing
a purely elastic step, which yields the trial strain 𝜀𝑖tr (𝑡), trial
stress 𝜎𝑖tr (𝑡), and trial yield function Φtr𝑖 (𝑡). The trial step is
performed by assuming that 𝛽𝑖0tr (𝑡) = 𝛽𝑖0 (𝑡 − Δ𝑡), Ψ𝑖tr (𝑡) =
Ψ𝑖 (𝑡 − Δ𝑡). The trial strain is
𝑡−Δ𝑡

𝜀𝑖tr (𝑡) = 𝜀𝑖𝐿 (𝑡) + ∑ ∑ 𝐷𝑖𝑗𝜅𝜅 (𝑡 − 𝜏) 𝛽𝑗0 (𝜏)
𝑗 𝜏=0

+

∑𝐷𝑖𝑗𝜅𝜅
𝑗

(0) 𝛽𝑗0

(12)
(𝑡 − Δ𝑡) ,
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the trial stress is
𝜎𝑖tr (𝑡) = 𝐸𝑖 (𝜀𝑖tr (𝑡) − 𝛽𝑖0tr (𝑡))
= 𝐸𝑖 (𝜀𝑖tr (𝑡) − 𝛽𝑖0 (𝑡 − Δ𝑡)) ,

(13)

and the corresponding trial yield function is given by
Φtr𝑖 (𝑡) = Φ𝑖 (𝜎𝑖tr (𝑡) , Ψ𝑖tr (𝑡))
𝛾𝐸


= 𝜎𝑖tr (𝑡) − (𝜎𝑖⋆ + 𝑖 𝑖 Ψ𝑖 (𝑡 − Δ𝑡)) .
1 − 𝛾𝑖
ing

(14)

The actual plastic distortions 𝛽𝑗0 (𝑡) can be found by solv𝐸𝑖 ∑ (𝐷𝑖𝑗𝜅𝜅 (0) −
𝑗∈𝑌𝑡

=

−Φtr𝑖

𝛿𝑖𝑗
1 − 𝛾𝑖

(𝑡) sign 𝜎𝑖tr

) Δ𝛽𝑗0 (𝑡)

(15)

(𝑡) .

Having the above definition, the direct problem is solved
time step by time step, that is, for 𝑡 = 0, Δ𝑡, . . . , 𝑇. The initial
conditions are assumed to be zero: 𝜀𝑖 (0) = 0, 𝛽𝑖0 = 0, Ψ𝑖 (0) =
0, and 𝑌0 = 0. At each time step 𝑡 = Δ𝑡, . . . , 𝑇, the following
computations are necessary:
(1) Trial strains, stresses, and yield functions by (12) to
(14).
(2) Temporary assumption of 𝑌𝑡 = 𝑌𝑡−Δ𝑡 .
(3) Plastic distortion increments Δ𝛽𝑖0 (𝑡) by (15).
(4) The corresponding strains and stresses by (3) and (8).
(5) (a) For all the elements, verification of the yield
condition defined in (6) and its compliance with
the assumed set 𝑌𝑡 of the instantaneously plastic
elements needs to be performed. (b) For elements
𝑖 ∈ 𝑌𝑡 verification of the stress compliance condition
sign 𝜎𝑖 (𝑡) = sign 𝜎𝑖tr (𝑡) = sign Δ𝛽𝑖0 (𝑡) needs to be
performed. If required, the set 𝑌𝑡 should be updated
accordingly, and the computations should be repeated
from point (3) above.
(6) Plastic strain increments and total plastic strains by
(10) and (11).
Notice that no iteration with respect to the state variables
is required, which is a characteristic feature of the presented
approach. Points 3–5 are repeated only if the set 𝑌𝑡 needs
to be updated in the current time step, which happens only
when an elastic element enters the plastic regime or an
instantaneously plastic element is unloaded; the proper set is
then usually found after just a single update.
The above assumptions are used to formulate and numerically solve a coupled problem of material redistribution
(modifications of element cross sections 𝐴 and associated
stiffness and mass modifications). The equations are discretized in time 𝑡 = 0, 1, . . . , 𝑇 and solved by means of Newmark scheme, 𝑇 being the final time after which the construction is evaluated; that is, the value of an objective function is

𝜀
𝜀
, 𝐵𝑁𝑘
, and the entire
calculated. For more details regarding 𝐷𝑖𝑘
numerical procedure the reader is encouraged to refer to [7, 8]
or [29].
Regarding the material properties used throughout the
paper, the values are consistent with the previous work and
are as follows: Young’s modulus 𝐸 = 210 GPa, the density
𝜌 = 7800 kg m−3 , and the initial cross section of all elements
is 100 mm2 .

2.2. The Optimization Problem. Consider an initial truss
structure S𝑖 consisting of the 𝑛 bar elements with the same
cross section 𝐴 𝑖 = const, 𝑖 = 1, . . . , 𝑛, and nodes (massless)
which join the bars. The structure is exposed to impact loads;
that is, a mass 𝑚 with given velocity k is added at a node (or
multiple different nodes in case of a multiple impact event).
As a result, the initial conditions for k and 𝑚 in the node
change accordingly. During the entire analysis, the mass is
assumed to be attached to the node and to move together
with it. In the numerical model, the mass is reflected by an
appropriate modification of the mass matrix 𝑂 in (1).
̃ We consider
Let the volume of material used for S𝑖 be 𝑉.
optimization problems which can be formulated as follows
(divided into two classes: “design” and “adaptation”).
(1) Design: find new element cross sections 𝐴𝑖 such that
the corresponding material volume is equal to the
̃ and given objective function is miniinitial one 𝑉
mized/maximized.
(2) Design: it is as (1) but localization of adaptive structural elastoplastic fuses is taken into account.
(3) Adaptation: find optimal plastic limit 𝜎∗ at the
moment of impact, which will minimize/maximize
given objective function.
In the previous work [7, 8], optimization problems (1)
and (3) were solved with the use of gradient-based method
with typical pros and cons related to such approach. The
gradient-based method requires a proper definition of the
objective function, which has to be differentiable; it is prone
to converging in a local minimum, and so forth. From the
perspective of design, it is tempting to obtain complete freedom regarding definition of the objective function which can
lead, for example, to handling multiple impact optimization.
2.3. The Particle Swarm Optimization. Particle swarm optimization (PSO, [11]) is a metaheuristic optimization method
which iteratively tries to improve a candidate solution. As
typical methods of this sort, it does not guarantee that the
optimum is found; however, a very large space can be
searched and there are no requirements regarding the objective function. Therefore PSO can be used for irregular, noisy,
coarse problems or multiobjective optimization.
In the presented approach, the classical version of PSO
is used only in the design process (cf. Section 2.2). As will
be discussed later, during the impact phase, selection of the
optimal plastic limit 𝜎∗ is a smooth problem with a single
minimum which can be efficiently solved by gradient methods. Of course, in principle, also at this stage PSO can be used
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(1) For each particle 𝑖:
(2) Initialize x with a random value, 𝜇min ≤ 𝑥𝑗 ≤ 𝜇max
(3) Let the particle’s best position pi will be equal to its initial one: pi ← x
(4) Assign to each particle its initial velocity k so that each component of the vector
is a random number V𝑗 ← (−|𝜇max − 𝜇min |, . . . , |𝜇max − 𝜇min |)
(5) Calculate the objective function for particle 𝑖 𝑓𝑖 (pi )
(6) Update the swarm best solution b ← xi if 𝑓𝑖 ≤ 𝑓(b)
(7) For each particle 𝑖:
(8) Pick random numbers 𝑟𝑝 , 𝑟𝑏 from the range [0, . . . , 1]
(9) For each component 𝑗:
(10)
V𝑖,𝑗 ← 𝜔V𝑖,𝑗 + 𝜙𝑝 𝑟𝑝 (𝑝𝑖,𝑗 − 𝑥𝑖,𝑗 ) + 𝜙𝑏 𝑟𝑏 (𝑏𝑗 − 𝑥𝑖,𝑗 )
(11) xi ← xi + ki
(12) If 𝑓(xi ) < 𝑓(pi ) then the particle’s best pi ← xi
(13) Update the swarm best solution: if 𝑓𝑖 ≤ 𝑓(b) then b ← xi
(14) If a given termination criterion is not met, go to (7)
Algorithm 1: The particle swarm optimization algorithm. For the basic AIA design problem, the particles represent consecutive elements
cross sections; 𝑥𝑖,𝑗 = 𝜇𝑗 . If, for example, the localization of structural elements is taken into account, x is extended accordingly (see Section 4.1).

as an alternative (e.g., if a more complex objective function is
required).
During the design phase, each candidate structure S
is represented as a vector of real numbers xi = (𝑥𝑖,𝑗=1 , 𝑥𝑖,𝑗=2 ,
. . . , 𝑥𝑖,𝑗=𝑛 )𝑇 , which is in the context of PSO entitled as a
“particle.” The process of relating x to a structure is usually
referred to as “coding” and, regarding the material redistribution, it will correspond to the ratio of modified cross section
̂𝑗 to the original one 𝐴 𝑗 of the 𝑗th element:
𝐴
𝑥𝑗 = 𝜇𝑗 :=

̂𝑗
𝐴
𝐴𝑗

.

(16)

We will impose limit on the cross sections, by requiring
that each component of the vector will be in range 𝜇min ≤
𝑥𝑗 ≤ 𝜇max , where 𝜇min is the minimum element cross section;
here 𝜇min = 0 which coincides with the element removal
(which is trivial to implement, unlike in the case of gradient
methods), and 𝜇max = 3𝜇0 , where 𝜇0 is the initial cross
section ratio 𝜇0 := 1. After any modification, the particle x
is normalized in a way that the volume of the corresponding
̃ so that the
structure is equal to the volume of the initial one 𝑉,
amount of material needed for all the structures is identical.
With each particle xi , there is an associated vector called
its velocity kj , whose elements lie in the range [−|𝜇max −
𝜇min |, |𝜇max − 𝜇min |]. Additionally, each particle 𝑖 keeps track
of its best position in the history of optimization pi , that is,
a position for which 𝑓(pi ) is extreme (minimal or maximal,
depending on the desired optimization objective).
Let N be the set (the swarm) of 𝑁 particles representing
𝑁 structures. The PSO algorithm iteratively moves all the particles xi through the search space according to their velocities
ki . Each particle is attracted to its all-time best position pi
and to the swarm all-time best solution b (updated at each
step). The degree of this attractiveness, along with the particle
“intention” to follow its velocity, is defined by the parameters
𝜙𝑝 , 𝜙𝑏 , and 𝜔, respectively. The PSO algorithm for finding

optimal solution, in the sense in the sense of minimizing
some utility function 𝑓(x), is presented in Algorithm 1.
The definition of the minimized objective function 𝑓(x)
of course depends on the desired optimization goal. For
example, in order to maximize structural stiffness, it can be
equal to the deviation of node position from their initial
location. The next section describes an example of such
optimization.
One of the issues of fundamental importance when using
PSO is the proper selection of the control parameters 𝜔, 𝜙𝑝 ,
and 𝜙𝑏 and the population size 𝑁. Since PSO is intrinsically
flexible and indeterministic, it is impossible to give a formal
prescription for values of these parameters which would
give the best results in a general case. Although there exists
some research concerning procedures of how to adjust these
values [30], possibly during the optimization process [31],
often they are selected by means of a trial-and-error method.
In such procedure, 𝜔, 𝜙𝑝 , 𝜙𝑏 , and 𝑁 are chosen arbitrarily
in a way which reflects the nature of underlying objective
function. One should keep in mind that, generally speaking,
𝜔 controls the tendency to explore the entire search space,
𝜙𝑝 the tendency to explore in the vicinity of local extrema,
and 𝜙𝑏 the convergence rate to the best solution found so
far. 𝑁 is responsible for the diversity of potential solutions
(which is also associated with the demand for computational
resources).
It is clear that the PSO control parameters can be very
different for various problems and it may be difficult to find
satisfactory balance between exploration and convergence. In
order to select values for our AIA model, we have checked
how the PSO behaves for various parameter sets (≈30 sets) for
the scenario discussed in Section 3.1. We have looked at the
convergence rates and the ability to find the globally optimal
solution for various, random initial conditions (keeping in
mind that 𝑁 should not be too large in order to constrain the
computational time). This procedure led us to the following
values which are used for all the calculations presented in the
paper: 𝜔 = 0.8, 𝜙𝑝 = 𝜙𝑏 = 0.5, and 𝑁 = 25.
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Figure 3: (a) Original structure: the two leftmost nodes are fixed and the node where impacting mass 𝑚1 = 1 kg with the velocity V1 = 5 m/s
is marked with the arrow. (b) Remodeled structure which maximizes the stiffness (at the impact node at 𝑡 = 8 ms). Here and in the subsequent
figures, diamonds denote fixed points, filled circles represent the nodes, and a square marks the node where the impact takes place. The width
of the lines representing elements is proportional to their cross section.
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Figure 4: (a) Vertical deflections on the node at which the impact takes place for the original and the PSO remodeled structure. (b)
Convergence of the PSO method to the optimal solution found by means of the gradient optimization (the horizontal line).

3. Remodeling without AIA Structural Fuses
3.1. Designing for a Given Impact Event. As the first example
of structural PSO optimization, we consider the simple truss
structure depicted in Figure 3(a), where two nodes are fixed
(BCs require that the velocity is always 0) and there is
one impacting mass at the node labeled with a square and
an arrow. Identical setup was analyzed in [32] and direct
comparison with the gradient method can be made.
As the objective function we choose
2

𝑓 (x) = ∑ (𝑢𝑦1 − 𝑢𝑦1,𝑡=0 ) ,
𝑡=0,...,𝑇

(17)

where the analyzed time period is 𝑇 = 1 ms after the impact,
𝑢𝑦1 is the vertical displacement of the node at which the
impact takes place, at the discrete time 𝑡, and 𝑢𝑦1,𝑡=0 = 1 is
the node’s initial position. The result of such optimization is

presented in Figure 3(b), and deflections for the original and
the remodeled structures are shown in Figure 4(a).
From Figure 4(b), one can see that the PSO solution
quickly converges to the best solution found by the gradient
method (the horizontal line, value taken from [32]). The
detailed values are presented in Table 1. In this, relatively
simple, case there is one solution to which all the tried initial
PSO populations have converged. This can be interpreted as
the fact that it is likely that there are no local minimums in
this case.
Let us consider another example: a more complex structure with two impacting masses at the same moment. Identical setup has been analyzed in [7]. The objective function will
be analogous to the previous one:
2

2

𝑓 (x) = ∑ ((𝑢𝑦1 − 𝑢𝑦1,𝑡=0 ) + (𝑢𝑦2 − 𝑢𝑦2,𝑡=0 ) ) ,
𝑡=0,...,𝑇

(18)
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Figure 5: (a) Convergence of PSO for various initial populations: (A), (B), and (C); (G) represents the optimum as found by the gradient
method [7]. (b) Response of the original structure and the one which is a result of PSO (A).

Table 1: Cross sections (mm2 ) of the 10-element truss structure
(Figure 1): original; optimized for maximum stiffness by the gradient method; stiffest by PSO; simultaneously optimized for maximum energy dissipation with a single adaptive element; compare
Section 4.1 (∗ marks the optimal localization of the active element
in this case).
Elem.
1
2
3
4
5
6
7
8
9
10

Orig.
110
110
110
110
110
110
110
110
110
110

Grad.
233.3
103.6
205.1
0.0
142.8
95.7
0.0
69.1
154.3
87.0

PSO
233.9
103.1
204.4
0.0
142.2
96.8
0.0
69.9
153.6
86.5

PSO-AIA
122∗
0.0
70.9
306.6
45.9
189.7
0
306.6
0
0

where 𝑢𝑦1 and 𝑢𝑦2 denote the vertical location of the nodes at
which the impacting masses are loaded, 𝑇 = 1 ms.
It is understood that the exact optimization path in
PSO depends on the initial swarm. Therefore various initial
conditions can lead to different solutions, if there is more
than one local minimum. This can be clearly seen in Figures
5 and 6, where PSO converges to distinct structures which
give very similar values of the objective function. It should
be noted that some of these solutions are actually better (i.e.,
give smaller value of 𝑓) than the one found by the gradient
method in [7].
There is no denying the fact that the outcome of such
optimization is practically unacceptable. For example, solution (B) will fail if the velocity of the left impacting mass
would have, even very small, nonzero horizontal component.

(O)

(A)

(B)

(C)

(G)

Figure 6: Original truss-beam structure (O) with two impacting
masses, 𝑚1 = 0.1 kg, V1 = 5 m/s (the left node marked with a square),
𝑚2 = 2 kg, V1 = 5 m/s (the right one). (A), (B), and (C) denote
final states of PSO for various initial conditions; (G) represents the
solution obtained with the gradient optimization in [7]. Here, the
total width is 1.1 m; the height is 0.1 m.

The exact final result of PSO, as any other optimization
method, will strongly depend on the chosen objective function, including the integration time 𝑇. PSO starts with a
swarm of completely random structures and as it happened it
converged to configurations giving smaller 𝑓 which is defined
by (18). On the other hand, in the previous work, the starting
point of the gradient method was always a structure with
equal cross section for all the bars.
The example is presented here in order to show that in the
entire search space of the problem, there exists better solution
than the one which is found by the gradient method. This is
not really surprising, bearing in mind the complexity of the
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objective function and its dependence on the large number
of variables. If one would like to obtain a solution which
can be applied in practice, one would have, for example,
exploited the potential problem symmetry or define a specific
set of initial conditions for PSO (possibly, along with any
kind of constraints during the optimization process). Also,
performing optimization for a large set of expected impacts
is desired. These issues are discussed in more detail in the
following sections.
Regarding comparison of computational requirements
for PSO and gradient methods, it should be noted that in
the previous work the latter converged after ≈100 steps. For
𝑁 = 25, this is roughly equivalent to 5 PSO steps. Looking
at the convergence rates in Figures 4(b) or 5(a) one can see
that there exists computational overhead when comparing to
the gradient-based approach (here by the factor ≈5). This is
usually the price one has to pay when PSO is applied. However, it is worth mentioning that PSO algorithms are trivial
to parallelize, and it is easy to implement them on widely
available multiprocessor platforms.
3.2. Designing for Multiple Impact Events. One of the limitations of the gradient-based optimization in the discussed
structural design process is the difficulty of definition of
a differentiable objective function which would evaluate a
structure for multiple various impacts. This can be easily
achieved with PSO. Consider a scenario in which a structure
can be potentially loaded with an impact characterized by
4-tuples, 𝑛, 𝑚, V, and 𝑝, where 𝑛 is the node number at
which the impacting mass 𝑚 with the velocity V is applied;
the probability of such event is 𝑝. Let I be the set of all 𝑁𝐼
expected impacts (i.e., such 4-tuples); Σ𝑖=0,...,𝑁𝐼 𝑝𝑖 = 1. Then
the objective function which takes into account the possibility
of multiple impacts can be defined as
𝑘

𝑝𝑖 𝑓 (x | {𝑛𝑖 , 𝑚𝑖 , V𝑖 })
(
) ,
𝑓 (x) = ∑
𝑁
𝑓 (xo | {𝑛𝑖 , 𝑚𝑖 , V𝑖 })
𝑖=0,...,𝑁𝐼 𝐼


(19)

where 𝑓(x | {𝑛𝑖 , 𝑚𝑖 , V𝑖 }) denotes the calculated objective
function for the structure corresponding to the particle x,
provided that the impact is at the node 𝑛𝑖 with given mass
𝑚𝑖 and velocity V𝑖 . xo is the optimal structure designed for
the impact {𝑛𝑖 , 𝑚𝑖 , V𝑖 } and 𝑘 controls the penalty for deviation
from 𝑓(xo ) (we use 𝑘 = 2).
The normalization with respect to xo requires precalculation of the optimal value for a single impact. This assures
that the input from any impact to the total objective function
𝑓 is proportional only to the probability 𝑝𝑖 (and not, e.g., to
the impacting mass, where smaller mass would lead to much
smaller deflections). This procedure is particularly important
when expected impacts significantly differ in kinetic energy.
As an example, let us consider the structure presented
in Figure 7, where an impact is expected at any node in the
upper part, except the ones which are fixed. The impacting
mass/velocity pairs are drawn from the set {2 kg, 5 m/s},
{0.5 kg, 10 m/s}. All the events are assumed to be equiprobable. The objective function for each single impact 𝑓(x |
{𝑛𝑖 , 𝑚𝑖 , V𝑖 }) is the same as that in (17); that is, the deflections

(O)

(1)

(2)

(3)

(X)

Figure 7: (O) Original structure which is a subject to multiple
possible loads. (1)–(3) A sample optimum PSO remodeling for a
single impact at the marked nodes, 𝑚 = 2 kg, V = 5 m/s (1), and 𝑚 =
0.5 kg, V = 10 m/s (2, 3). (X) A PSO remodeled structure optimized

. The triangles in (X) represent places
for multiple impact classes, xO
of potential impacts.

at the impacting node are minimized. For example, (1) is
optimized for a single impact with 𝑚 = 2 kg, V = 5 m/s,
at the node marked with a square. Note that, according to
the limits on cross section stated in Section 2.3, the bars
on the leftmost side could not exceed 𝜇max = 3𝜇0 . During
the optimization process, these elements reached 𝜇max . The
remaining elements have virtually no influence on 𝑓 for this
impact and, consequently, the remaining mass is randomly
distributed among these bars.
In case of the multiple impact optimization, using 𝑓 , PSO
converged to a final solution depicted in Figure 7(X), and the

) = 4.032. This should be interpreted as
final value of 𝑓 (xO
that the final structure performs, on average, two times worse
(for 𝑘 = 2) than the one optimized for a given impact. Ideally,
𝑓 would be equal to unity, which would mean that the
structure is perfectly optimized for all the possible impacts
(of course, usually it is impossible).

4. Adaptation to Impact Loads
Up to this moment, we have discussed the process of redesigning structures in order to maximize stiffness. As mentioned in Introduction, an essential part of any AIA system is
responsiveness at the moment of an impact. In our scenario
this can be realized when some elements act as structural
fuses, that is, have properly adjusted plastic limit; see (3). It
is reasonable to assume that the dissipated plastic-like energy
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Figure 8: Absorbed plastic energy (in J) as a function of the impacting mass and velocity for a truss structure as in Figure 3, where
element number 1 has 𝜎 = const = 106 .

𝐸pl in some given time 𝑇 = 1 ms should be maximized (as in
[8]):
𝐸pl = ∑

∑ 𝜎𝑖 (𝑡) Δ𝛽𝑖0 (𝑡) 𝑙𝑖 𝐴 𝑖 ,

𝑡=1,...,𝑇 𝑖=1,...,𝑁𝐴

(20)

where 𝑖 = 1, . . . , 𝑁𝐴 denotes the active elements.
As a basic example consider the structure from
Figure 3(a), where element number 1, connecting nodes 1
and 2, is replaced by an elastoplastic one. Setting the elastoplastic limit to the constant value 𝜎∗ = 106 Pa leads to energy
absorption which depends on the impacting mass and its
velocity. Such dependence is plotted in Figure 8.
Assuming that a structural geometry is given, along
with the location of the active elements, the AIA problem
at the moment of impact is twofold: identification of the
impacting mass and velocity and finding the plasticity limits
𝜎∗ for all the active elements. As stated in Introduction,
impact identification with simultaneous mass and velocity
identification is a difficult task on itself and is beyond the
scope of this paper. For given 𝑚 and V, the dependence of
optimal 𝜎∗ can be calculated for the truss structure with 10
elements (Figure 3); it is depicted in Figure 9.
Naturally, using active elements with real-time 𝜎∗ adjustment will give some benefit only if the dissipated energy is
significantly larger than in case of some constant 𝜎∗ chosen
during the design process. The potential gain is shown in
Figure 9(b) where one can clearly see that, in the given range
of impacting masses, active response can dissipate 7-8 times
more energy than the passive elastoplastic construction.
Remarkably, for the considered structure and location of the
active element, the optimal plasticity limit depends mostly on
the impacting mass and not the velocity.
Using PSO at the moment of impact in order to adjust
𝜎∗ is, in principle, possible; however it would be somehow
extravagant, at least if the objective function like the one

defined in (20) is considered. Having information about the
impacting 𝑚 and V, a gradient-based real-time method can
be applied without any problems. Another practical solution
would be to calculate the optimal plastic limits offline and
then use them in a tabulated form during a real impact.
In this AIA problem, PSO can bring on two other major
improvements. Firstly, in the previous work, the location of
structural fuses was rather guessed than selected on some
formal basis. The reason for such procedure was due to problems with the proper definition of objective function which
would take position of the active elements into account.
PSO can be deployed to find optimal location of active
elements for a given structure. However, the second potential
gain is the possibility of solving a problem of simultaneous
material redistribution and structural fuses location. In the
next subsection we will look at an example of the latter.
4.1. Using PSO for Simultaneous Material Redistribution and
Structural Fuses Location. Let us again consider the truss
structure from Figure 3. This time, the goal will be to
maximize the dissipated energy 𝐸pl by using AIA fuse which
should be located in place of one of the elastic elements. From
the PSO point of view, this will be realized by modifying
representation of the structure as a particle x. Let the new,
extended representation x be x = (x y), where y is
yet another vector with the length equal to number of the
elements (i.e., equal to the length of x). The range of possible
values as the elements of y is ⟨0, . . . , 1⟩ (instead of 𝜇min and
𝜇max as in the algorithm description, Section 2.3). Now, let the
active AIA element be located at the position corresponding
to the maximal 𝑦𝑖 (or the one with the smallest 𝑖, if there exists
more than one maximal 𝑦𝑖 ). If more than one of the active
elements is expected, one can localize them in 𝑖1 , 𝑖2 , . . . places,
so that 𝑦𝑖1 ≤ 𝑦𝑖2 ≤ ⋅ ⋅ ⋅ ≤ 𝑦𝑖=𝑖̸ 1 =𝑖̸ 2 =⋅⋅⋅̸ .
The extended particle representation x is used to calculate the objective function for the structure with the
material distribution defined by x and the AIA elements
location by y. Note that this, quite versatile, way of coding
can be used in order to achieve any desired goals of the
structural optimization during the design process. Of course,
the cost of AIA element (and consequently their total number
in any structure) can be straightforwardly incorporated.
PSO provides a surprisingly efficient mechanism for finding
optimal solution of problems defined in a complex and
noncontinuous way.
Assume that one of the elements of the 10-element
examples from Figure 3 ((a)/(b) i.e., original/stiff) is replaced
by a single adaptive element. By means of a brute-force
method, we can trivially check how much plastic-like energy
is dissipated for the given impact parameters (𝑚1 = 1 kg, V1 =
5 m/s, i.e., with energy 25 J) for all the possible locations of the
adaptive element. It turns out that the structure remodeled for
maximum stiffness can give only slightly better results. In the
case of original structure, maximum 𝐸pl = 7.14 J is observed
when the adaptive element is at the link number 1. For the
remodeled structure, maximum 𝐸pl = 8.42 J is obtained when
the link number 8 is adaptive; see Table 2.
Using PSO makes it possible to simultaneously search for
optimal cross section of the elements and the localization of
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Figure 9: (a) The optimal elastoplastic limit 𝜎∗ leading to the largest plastic-like energy dissipation (20), as a function of the impacting mass
and velocity. (b) The potential gain in using the optimal 𝜎∗ over the constant one 𝜎∗ = 106 Pa.

Table 2: Plastic-like energy 𝐸pl (in J) dissipation for optimal stress
yield 𝜎∗ (in MPa) for various locations of the adaptive element
(instead of the elastic one) for different 10-element trusses: original
(Figure 3(a)), remodeled for maximal stiffness (Figure 3(b)), and
optimized by PSO (Figure 10(A)). 𝐸pl (𝑡) is shown in Figure 11 for the
cases marked with boldface.
El.
1
2
3
4
5
6
7
8
9
10

𝜎∗
133
37
133
75
60
100
1
87
37
12

Original
𝐸pl
7.14
3.85
7.10
5.17
2.82
2.58
0.82
2.16
2.25
2.38

Stiff
𝜎∗
49
65
75
931
70
178
—
191
100
70

PSO
𝐸pl
7.17
6.14
5.87
0.05
4.97
7.81
—
8.42
3.76
4.76

𝜎∗
133
—
178
34
21
75
—
32
—
—

𝐸pl
14.10
—
10.20
10.82
0.57
9.45
—
13.49
—
—

the adaptive dissipators. Figure 10 depicts a sample outcome
of such optimization, and one can see that the structure differs
significantly from the one optimized for stiffness only. The
gain regarding the dissipated energy is significant in this case,
maximal 𝐸pl = 14 J.
We should note that, in the previous work, the location
of adaptive elements was chosen rather on reasonable presumptions than on optimization outcome. Moreover, this was
done on structures optimized, in the first stage, for maximum
stiffness. In order to address this problem with gradient optimization, one can simply consider brute-force calculations
for all possible loca-tions of active elements. However, in
case of complex structures with many structural fuses, this

(A)

(B)

Figure 10: Structure from Figure 3 remodeled for maximal energy
dissipation 𝐸pl = 14.10 J. The location of the active element, as
found by PSO, is marked with the dashed line. (B) An alternative
solution giving slightly smaller dissipation 𝐸pl = 13.7 J, however,
with a different absorption characteristic; compare Figure 11.

approach will quickly become computationally intractable,
while still the issue of simultaneous mass redistribution and
fuses localization is not taken into account.
As stated above, initially the swarm consists of completely
random particles (i.e., structures), and it is possible that
for larger structures PSO will evolve towards a “bizarre”
result, for example, Figure 6. Such outcome formally gives
near-optimal value of the objective function; however, the
common sense indicates that such solution is rather impractical. Figure 12 depicts two results of PSO optimization for
maximal plastic-like energy absorption for the 29-element
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(A)

(B)

Figure 12: Schematic representation of the outcome of PSO optimization for the structure as in Figure 7 with two adaptive elements.
(A) An example of a nonsymmetric “bizarre” result giving 𝐸pl =
19.9 J. (B) Result under the assumption of symmetry which is taken
into account in the particle coding procedure, 𝐸pl = 25.4 J.

structure supported on both sides, as in Figure 7. Simultaneous optimization for mass redistribution and localization of
two adaptive elements (with the same 𝜎∗ , for simplicity) for
the set of 10 possible impacts was performed ({2 kg, 5 m/s} or
{0.5 kg, 10 m/s} at each of the 5 nodes marked with a square).
In other words, the objective function is to maximize
𝐸pl =

1
∑ 𝐸 |𝑛,
10 𝑛𝑖 =1,...,10 pl 𝑖

(21)

where 𝑛𝑖 numbers the possible impacts and 𝐸pl | 𝑛𝑖 is calculated for the impact 𝑛𝑖 , 1 ms after the event, 𝜎∗ being optimally
adjusted at the impact moment for maximizing the energy
absorption.
The structure depicted in Figure 12(A) is characterized
by the objective function 𝐸pl = 19.9 J. One expects that for
the problem defined in the way described above the outcome
should be a symmetric structure since all the nodes have
equal probability of being loaded with the same conditions.
Nevertheless, PSO evolved from random initial condition

0

0

0.1

0.2

0.3

0.4 0.5 0.6
Time (ms)

0.7

0.8

0.9

1

Figure 12(A)
Figure 12(B)

Figure 13: Absorption of energy 𝐸pl by the two structures depicted
in Figure 12. The impact takes place at the leftmost node marked
with a triangle, 𝑚 = 0.5 kg, V = 10 m/s.

to this clearly nonsymmetrical configuration with two fuses
located next to each other.
Generally, larger problems require searching a huge
parameter space and it is not surprising that the swarm gets
stuck in a local minimum which clearly is not a suitable solution. In PSO it is easy to incorporate particle coding which
exploits symmetry and any other features expected regarding
the outcome of optimization. The benefit is twofold: the result
more suited to expectations and reduced search space. An
example of PSO result with a coding which retains structural
symmetry is shown in Figure 12(B), in this case 𝐸pl = 25.4 J.
This is a superior value to that for case (A); moreover, the
symmetric solution has better absorption characteristics in
the sense that is closer to a linear one; see Figure 13.
Finally, note that the structure presented in Figure 7(X)
evolved from random swarm towards a symmetric configuration (although not perfectly symmetric) which reflects
the boundary conditions. In principle, by appropriate modification of the swarm size and PSO control parameters,
similar results can be achieved for more complex structures
with fuses. For even more demanding, multimodal problems,
a specific modification of PSO should be employed, for
example, [33].

5. Conclusions and Outlook
We have used one of the versatile, metaheuristic optimization techniques, the particle swarm optimization, in the
numerical process of designing structures which are able
to actively adapt to impacts. AIA systems form a relatively
new branch of mathematical problems in engineering with
many subtopics open to research. Up to now, the considered
AIA truss structures have been optimized only by classical
gradient-based approaches. One of the drawbacks of such
methods is the need of “mathematically proper” definition
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of continuous objective functions. This makes it difficult to
design structures which can, for example, adapt to a set of
possible impacts.
We have shown that in the context of AIA design, PSO
can
(i) efficiently reproduce results previously obtained by
means of the gradient optimization (Section 3.1),
(ii) easily provide alternative solutions with similar values
of the objective function (Section 3.1),
(iii) be used to find out optimal structures where the
objective function is constructed from multiple various
impact responses and therefore obtain results which
are optimized for a given set of expected impacts
(Section 3.2),
(iv) be used to search the space for location of the structural fuses (unlike the gradient methods); this can
be even done simultaneously with mass redistribution
and the outcome of such optimization can be completely different compared with the previous results
obtained with gradient methods (Section 4.1).
As mentioned in Section 1, generally such structural
optimization should simultaneously solve for size, shape, and
topology. Incorporating AIA adds here yet another variable,
namely, solving for location of the structural fuses. Following
the presented preliminary research, the future work will be
focused on simultaneous optimization which will include
also topology, not only adaptive element localization and
mass redistribution. Additionally, more complex impact scenarios will be considered; for example, various angles of
the velocity vector of the impacting mass will be taken into
account.
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A numerical study is presented, which tailors so-called prestress accumulation-release (PAR) strategy to mitigate free vibrations
of frame structures. First, the concept of proposed semiactive technique is outlined and possible applications are specified. In the
second part of the work a parametric study is discussed, which illustrates the potential of the method for mitigation of free vibrations
induced by impact or other initial load scenarios. Special attention is given to the energy balance including all relevant contributions
to the total energy of the considered dissipative system. The proposed technique shows a very high potential in mitigation of free
vibrations, exceeding 99% of the reference amplitude after 5 cycles of vibration.

1. Introduction
1.1. Problem Outline. Some engineering structures are
exposed to transient dynamic loading which, although not
dangerous for the structure itself, may generate harmful
or undesirable effects. It has been therefore an engineering
problem to eliminate vibrations induced by nondestructive
impacts, force impulses generated by working machinery,
and so forth. Effective mitigation of such vibration might, for
example, help improve the resolution of optical equipment
or reduce the noise generated by vibrating structure.
Out of three classes of possible solutions, that is, passive,
active, and semiactive, there has been growing attention
to the semiactive methods which allow for adjusting some
mechanical parameter characteristic on one hand and utilise
the structural deformation to introduce control forces, on
the other hand. One advantage of the latter feature, which
is common with passive devices, is that the system does not
require external power to directly generate the control forces.
The external power is needed to regulate an actuator which
in turn changes the magnitude of the control force according
to the control unit algorithm and is typically in the order of

magnitude of tens of Watts. Symans and Constantinou in [1]
give definitions of all three classes of methods and provide
a review of semiactive solutions for seismic protection of
structures. In particular a reference is given to a stiffness
control device introduced by Kobori et al. [2], where bracing
of a frame structure is locked or unlocked in order to keep
the structural response at lowest possible level during an
earthquake. Also, the design assures that in the power failure
situation the structure works with maximum stiffness, that
is, with the bracing locked.
Another group of techniques which gained attention
especially in seismic engineering is utilisation of semiactive
friction dampers for energy dissipation. Such dampers can be
installed either within a structure as part of additional bracing
[3, 4], or as adaptive stiffeners between adjacent structures [5,
6]. In either case the slip condition and the friction generating
contact force can be controlled with a piezoelectric actuator.
A similar approach has been adopted in the present study.
Among many available concepts of tailoring semiactive
techniques to mitigate vibration, synchronised switch damping (SSD) techniques generate voltage magnification, and a
phase shift between the mechanical strain and the resulting
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voltage of a piezoelectric element. As a result a force always
opposite to the velocity is obtained and the level of dissipation
corresponds to the part of mechanical energy converted
into electric energy. A review of SSD and other semiactive
techniques utilising piezoelectric elements is given in [7].
Another interesting example of coupling structural response
with PZT actuators is given in work [8].
Technical application of adaptive shock-absorbers to
adaptive landing gears and vehicle suspension is discussed,
respectively, in [9, 10]. Other semiactive technical solutions
for mitigation of impact loads are presented in [11–13].
The concept described in [14] deals with the use of on-off
rod connections control for energy dissipation in a flexible
truss-beam structure, whereas in [15] a concept is proposed
for vibrations suppression in a mass-spring system due
to a controlled detaching and reattaching of a spring. In
the present work another semiactive technique is analysed
which aims at mitigation of free vibrations. Its efficiency
is demonstrated numerically on an example of frame, selfdeployable structure.
1.2. Prestress Accumulation-Release (PAR) Strategy as a Semiactive Technique. In the PAR strategy it is assumed that
a structure undergoes free vibrations and that there is a
certain device or devices installed in the structure capable of
imposing kinematic constraints on some degrees of freedom
of the system. For instance, a layered beam could be equipped
with a device that allows or constrains the relative slip
between layers, or a system composed of masses, and springs
is equipped with a device which releases or reattaches a
chosen spring to a mass. Given such devices are in place,
the strain accumulated in the structure could locally be
released which results in conversion of a part of the strain
energy to the kinetic energy of local, higher frequency
vibrations. In the next phase constraints are reimposed which
results in “freezing” of a part of the deformation. Local,
higher frequency vibrations introduced after reimposing of
the constraints can be effectively damped out with material
damping. An interesting, example of a passive TMD device
for damping portions of kinetic energy locally in order to
achieve global mitigation effect is described in [16].
If the time instant of reimposing constraints is chosen
properly, that is, at the moment of maximum relative dislocation between top and bottom beam, it will introduce a
prestress in the structure. It should be emphasised at this
point that a relatively small energy was used to adjust the
actuator device, for example, a piezo actuator that controls
the friction in a joint (like one introduced by Gaul and
Nitsche [17]) and in turn a control force was generated in
the structure that is a result of the structural motion itself.
Furthermore the generated prestress acts in the direction
that opposes the movement of the structure. As mentioned
in [1] such a behaviour is desirable for many semiactive
techniques because it promotes the stability of the system.
Obtained prestressed structure, with a new equilibrium
configuration, could then return to the initial state by means
of a gradual, quasi-static release of the prestress accompanied
by the frictional dissipation in the contact surfaces. For many
practical cases the above procedure needs to be repeated until
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the desired effect is obtained. As a result a very high potential
in the mitigation of the fundamental mode of vibrations is
achieved.

2. Numerical Model
2.1. Introduction. Some numerical as well as experimental
results of application of the PAR technique to layered beams
can by found in [18], where on-off control was applied to
adjust relative movement of adjacent structural layers. In
the present study a frictional joint is assumed in the nodes
of a frame structure allowing for continuous adjustment
of the moment bearing capability of semiactive nodes. For
demonstrative purposes the assumed frame ends with a hinge
with a panel attached to it (cf. Figure 1). In the simulations the
panel opens according to a prescribed angular velocity profile.
Panel opening is initiated with a micro blast located at the
end of the main structure. Both the micro blast force and step
changes in the panel opening angular velocity are the sources
for the free vibrations of the structure which are then subject
for mitigation with PAR technique.
2.2. Assumed Model of a Frame Cantilever with Semiactive
Nodes. Physical model analysed in numerical simulations
was a one meter long cantilever beam comprising two layers
0.1 m apart and connecting elements spaced every 0.1 m. Two
frictional joints at both ends of each connecting element
(depicted in green in Figure 1) governed the rotation in the
node about the 𝑋3 axis. Semiactive frictional joints allowed
for continuous, controlled adjustment of the normal force
between the frictional surfaces, thus allowing for adjusting
friction between the adjacent surfaces. This, in turn, allowed
for the smooth transition between frame nodes and truss
nodes. Frame mode of a semiactive node corresponds to
a maximum normal force applied to the frictional surfaces
and consequently no slip between these surfaces within the
design range of bending moments, whereas the truss mode
corresponds to minimum normal force and consequently
negligible moment bearing capability in the nodes.
All cantilever members were modelled as steel, prismatic,
and rectangular bars with cross-section of 20 × 6 mm.
There are two physical sources of energy dissipation in the
assumed model:
(1) material damping,
(2) friction between surfaces of semi-active nodes.
Ad. (1) Rayleigh damping model was assumed, taking
the form [𝐶] = 𝛼[𝑀] + 𝛽[𝐾], with mass and
stiffness coefficients, respectively 𝛼 = 1.0𝑒 − 6
and 𝛽 = 1.0𝑒 − 5.
Ad. (2) Coulomb friction model in accordance with
[19] was utilised with the slip condition: Φ =
|𝑀𝑡 | − 𝜇𝑀𝑛 ≤ 0, where 𝑀𝑛 is the generalized
force produced due to the contact, 𝑀𝑡 stands
for tangential traction carried by the contacting
surfaces and 𝜇𝑀𝑛 is the maximum shear before
slip occurs. The coefficient of friction 𝜇 = 0.1
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Figure 1: Structure assumed in the simulations (semiactive nodes depicted in green).

was assumed in the simulations. The value of 𝑀𝑛
was adjusted according to the algorithm defined
in a user subroutine and outlined in Figure 2.
2.3. Proposed Control Strategy. In the outline of the control
strategy presented in Figure 2 the control procedure begins
with the structure working in the frame mode; that is,
there is maximum friction generating moment 𝑀𝑛 applied
in the nodes. If the maximum deflection of the oscillatory
movement at the cantilever tip is detected then the applied
moment drops to zero and thus the transition of the nodes
to the truss mode occurs. It results in the longitudinal
dislocation of the two main layers in direction 𝑋1 . Now,
control algorithm awaits for the detection of the maximum
displacement of layers in 𝑋1 direction in order to increase
the 𝑀𝑛 to maximum again. If the simulation was terminated
at this point, the structure would come to a new equilibrium
position, which differs from the original one. It is however
desired for the structure to come back to the original
state. Therefore the 𝑀𝑛 is gradually decreased, allowing for
limited slip between the contact surfaces, which in turn
results in quasistatic return of the structure to the original
configuration. In this phase the value of 𝑀𝑛 is decreased
by few percent if there is no slip between contact surfaces
or is kept without change, otherwise. Finally, the maximum
value for the 𝑀𝑛 is restored, provided that the structure is
sufficiently close to the initial configuration. This condition
can be monitored, for example, with relative displacement of
tips of top and bottom beam in 𝑋1 direction.
The control strategy could be summarised as follows.
Phase 1. Upon detection of maximum displacement amplitude trigger the sequence of semiactive nodes transition from
frame to truss and, after a very short period of time, back to
frame mode.
Phase 2. Gradually release the friction generating moment
and monitor the structure return to the initial configuration.
Phase 3. Restore the full stiffness and go back to Phase 1, if
needed.

3. Results of Simulations
3.1. Introduction. Numerical simulations were carried out
with Abaqus/Standard Finite Element Software using finite

Start

Max. Mn
Next time step
No
V2 t × V2 t+Δt < 0
Yes
∙ Decrease Mn to zero
∙ Decrease integration step Δt
Next time step
No
V1 t × V1 t+Δt < 0
Yes
Apply max. Mn

Next time step
No

 t+Δt −  t = 0, where
-accum. slip
Yes
Decrease Mn by 10%

No

X1 g − X1 d ≤ 𝛿
Yes
Apply max. Mn
(return to initial state)
End

Figure 2: Control strategy outline.

displacement theory because of large rotations during opening of the panel. Semiactive nodes were modelled with
connector elements in which the available component of
relative motion was the rotation about 𝑋3 axis with frictional
behaviour defined. Nonlinear behaviour of the semiactive
nodes was introduced as the friction generating force was a
nonlinear function of a control variable updated in a feedback
loop via a Fortran user subroutine.
The fundamental mode of vibration of the assumed model
with the opened panel was
(i) 19.6 Hz for structure with frame nodes,
(ii) 3.96 Hz for structure with truss nodes.
The first longitudinal eigenfrequency was 1213.4 and
1186.8 Hz, respectively.
3.2. Response of the System with All Nodes Semiactive. In the
initial simulation all semiactive nodes (indicated by green
spots in Figure 1) were activated. The vertical displacement
of the cantilever tip is depicted in Figure 3. As can be seen
switching semiactive nodes from frame mode to truss and
back qualitatively changes the behaviour of the vibrating
structure. The prestress is then gradually unloaded which
results in slow return to the base state. The same process is
shown in Figure 5 in terms of the accumulated slip between
the frictional surfaces. A step change in the slip is triggered
with the friction generating moment reduced to zero for
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Figure 3: Vertical displacement at the tip of main structure (node
11).

a very short period of time. The remaining slip is accumulated
during gradual decrease of the friction generating moment.
During this phase semiactive nodes are in the transition state
between frame and truss. Sufficient unloading of the prestress
triggers the return of semiactive nodes to the frame mode.
Then the whole procedure may be repeated if needed. In
the shown example 90.4% of the vibration amplitude was
mitigated after time period corresponding to 5 cycles of
vibration. Accordingly, after 13 cycles of vibration 99.6% of
the amplitude was mitigated.
The longitudinal displacements of the top and bottom
layer’s tip are shown in Figure 4. Switching to truss mode
and back introduces higher frequency vibrations which
correspond to the identified longitudinal eigenmode. These
vibrations are effectively damped out with material damping.
For this particular case the nodes are switched at the
point of maximum +𝑋2 displacement. Switching to truss
mode results in top beam tip (node 31) travelling in +𝑋1
direction, whereas bottom beam tip (node 11) travelling in
−𝑋1 direction (cf. Figure 4(b)) which, after switching back
to frame mode, introduces a prestress in both beams (cf.
Figure 6). Vertical lines in Figure 4(b) refer to switching
from frame to truss mode and back from truss to frame,
respectively.
3.3. Energy Balance. The sum of mechanical energy of the
system, energy dissipated and the work of external forces
done on the structure must remain constant throughout the
process. For the analysed system undergoing free vibrations
there are following nonzero components of the total energy
balance:
(i) kinetic energy,
(ii) strain energy,
(iii) energy dissipated in viscous processes, including
material damping,
(iv) frictional dissipation at contact surfaces of semiactive
nodes.
All of the above contributions are depicted in Figure 7.
It can be observed that the primary source for energy
dissipation is the material damping of higher frequency

vibrations introduced with the activation of nodes. Frictional
dissipation also contributes to the system balance, however to
a smaller extent. Energy dissipation contributions, begining
at the time instant of nodes activation, amount to 84%
for material damping and 16% for frictional dissipation.
A slight decrease in the total energy balance can also be
observed. This is because there is additional dissipation, not
associated with any physical process but with the HilberHughes numerical integration scheme of the equations of
motion. For the analysed example the amount of numerical
damping introduced between the time instant just before the
nodes activation and the end of simulation was 1.8%.

4. Parametric Study
Based on the carried out initial simulations the following
parameters have been identified to have an important impact
on the system performance:
(1) material damping,
(2) number of semiactive nodes,
(3) amount of decrease in the friction generating moment
in phase 2.
4.1. Material and Numerical Damping. First, the influence of
numerical damping on the solution needs to be analysed.
According to [19] in the implicit integration of equations
of motion a slight numerical damping is introduced as an
additional parameter in Hilber-Hughes-Taylor algorithm. For
most cases the value of 𝛼HH = −0.05 is a good choice.
However, in order to verify that the efficiency of the proposed
solution is not significantly affected with the numerical
damping, values of 𝛼HH increased by 50% and 100% with
respect to the default value were also analysed. Results shown
in Figure 8 indicate that the increased value of numerical
damping affects the time evolution of the solution; it does not
however improve the overall efficiency. On the other hand too
little numerical damping results in too much numerical noise
in the solution which affects the control algorithm and thus
also the global response. Decreasing 𝛼HH should therefore be
avoided (cf. red curve in Figure 8).
As mentioned before, mass and stiffness proportional
damping coefficients of the Rayleigh model are 𝛼 = 1.0𝑒 − 6
and 𝛽 = 1.0𝑒 − 5, respectively. According to a well known
formula for modal damping coefficient 𝜉𝑖 corresponding to
𝑖th eigenmode,
𝜉𝑖 =

𝛼
+ 2𝛽𝜔𝑖 ,
𝜔𝑖

(1)

damping of the 1st bending mode and the first antisymmetric
longitudinal mode is equal to 𝜉5 = 0.2% and 𝜉34 = 15.2%,
respectively. Thus, assumed damping coefficients provide
slight damping of the main oscillatory movement of the structure, while introducing substantial damping of the higher
frequency vibrations generated after phase 1. In another
simulation a coefficient 𝛽, which has more impact on higher
frequency damping, has been decreased by factor of 10. This
gives 𝜉5 = 0.02% and 𝜉34 = 1.52%. Based on the results
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Figure 4: Horizontal displacement of tips of top (node 31) and bottom (node 11) layers: (a) full time history; (b) longitudinal vibrations
triggered with nodes activation.
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Figure 5: Accumulated slip between contact surfaces and the actuator moment: (a) full time history; (b) time window where zero moment
corresponds to the truss mode.

shown in Figure 9(b) it can be concluded that if damping
is decreased; it takes more time for the higher frequency
vibrations to be ceased, but in both cases energy dissipated
with material damping is similar (4.3% difference in analysed
cases). The overall mitigation of vertical displacement amplitude is also comparable (cf. Figure 9(a)) amounting to 96.5%
after time period of 13 cycles of reference vibration.
4.2. Number of Semiactive Nodes. Preceding results have
been obtained with all semiactive nodes connecting top and
bottom beam. In this section the number of semiactive nodes

is reduced. Namely, starting from the fixed support, only 1, 3,
or 7 pairs of nodes were semiactive, while the remaining ones
were kept as passive frame connections (cf. Figure 10(b)). In
these cases not all the stress accumulated in top and bottom
layers could be released with activation of nodes and thus
less energy could be transferred to the longitudinal vibration
of top and bottom layers. As a consequence the control
algorithm needed to activate nodes transition more then
once in order to obtain the desired effect (cf. Figure 10(a)).
Nevertheless, in all considered cases, except the case with one
pair of semiactive nodes, more than 90% of amplitude mitigation was obtained. Comparison of the vertical displacement
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amplitude mitigation after 5 cycles of reference vibration is
shown in Table 1.
4.3. Amount of Decrease in the Friction Generating Moment
in Phase 2. As indicated in Figure 2 in the second phase
of the process the prestress introduced into the structure is
gradually unloaded by means of decreasing friction in semiactive nodes. This can be done slowly resulting in a quasistatic
return of the system to the base state, or more rapidly. In the
first case the final effect in terms of mitigated amplitude of
vertical displacement is more pronounced, but it takes much
more time; that is, the structure works with reduced stiffness
for longer time. In the second case the mitigation is fast, but
some left-over vibration is introduced when the full stiffness
is restored (cf. Figure 11). In an additional case the maximum
value of 𝑀𝑛 is preserved throughout the whole simulation
which corresponds to oscillation about a new equilibrium
position (cf. black line in Figure 11).
In Table 2 results are compared in terms of the efficiency
of the vertical displacement mitigation after 5 and 13 cycles
of reference vibration. Each row corresponds to a simulation
with different value of 𝑀𝑛 decrease upon detecting a time
increment without slip between contact surfaces. Note that
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Table 2: Amplitude mitigation obtained with different values of
friction generating moment decrease in Phase 2.
% of 𝑀𝑛 reduction
5.0%
6.0%
7.5%
10.0%
11.5%
20.0%

% of amplitude reduction after
5 cycles of vibration
13 cycles of vibration
61.9%
71.6%
73.2%
81.3%
96.2%
99.4%
99.1%
99.2%
98.5%
98.3%
96.3%
96.4%

results presented in Figure 11 and in Table 2 refer to a single
activation of nodes.

5. Discussion
In this paper a method for semiactive mitigation of free
vibrations has been presented. In the so-called PAR strategy,

the strain energy accumulated in the system during vibration
is transferred to kinetic energy of higher frequency, longitudinal vibrations of the structural members, and eventually
efficiently dissipated with material dissipation. In addition
PAR strategy introduces an elastic control force into the
structure which acts in direction opposing the movement.
This prestress acts as a braking force to the vibration. Energy
accumulated in prestress is gradually dissipated in the second
phase of the control procedure with frictional joints of
semiactive nodes. The efficiency of this approach has been
demonstrated on a case study of a frame structure. Generally
the efficiency is very high, although it depends strongly on
the number of semiactive nodes installed in the structure.
With few semiactive nodes installed it takes more activations
of the nodes to obtain the desired effect, whereas if all nodes
are semiactive only a single activation suffice. It has also been
shown that the global response is dependent on the algorithm
of applying the normal force in the frictional connections.
Therefore, apart from the simple on-off strategy for applying
the contact force in semiactive nodes, also other strategies are
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Figure 12: Example of reliable PAR node: (a) full stiffness state, no supply voltage required; (b) reduced stiffness state, supply voltage required.

possible, based on the feedback with the slip between contact
surfaces.
Generally the PAR strategy requires that the stiffness of
the structure is temporarily reduced. Time duration of the
minimum stiffness mode is however very short as compared
with the time of full stiffness mode.
Carried out simulations indicate some difficulties one
would encounter during development of the prototype system. It seems challenging to properly reimpose the full stiffness mode since the frequency of the longitudinal vibrations
is relatively high, especially as the monitoring of the relative
displacement between structural elements should be avoided
for the sake of simplicity. This problem however could be
overcome since the frequency of the longitudinal vibration
is known a priori and could be used to set the time shift of
switching between two modes of the semiactive nodes.
Another problem deals with the reliability of the structure. One possible realisation of semiactive nodes could be
based on the concept presented in [17], where a semiactive frictional joint controlled with piezoelectric actuator is
described. That solution, however, requires the supply voltage
in order to operate in the stiff mode, which could cause
problems in the situation of power failure. In a reliable

semiactive node supply voltage should reduce the stiffness, as
for example, in a patent description [20] applicable for layered
beam. Under normal operating conditions contact force
generated between layers by means of prestressed passive
springs produces enough friction for the structural layers to
work together (cf. Figure 12(a)), that is, with nominal bending
stiffness. On the other hand, if the longitudinal vibrations
need to be triggered, the prestress in passive springs is
neutralised with the supply voltage applied to actuators. In
this case the structural bending stiffness is reduced as both
layers work independently (cf. Figure 12(b)).
Another example of a reliable semiactive system used in
a seismic protection device is described in [2].
From general point of view the following problem can
be formulated: “how to design optimally adaptive structure
(equipped with controllable, semiactive PAR joints) able to
reduce maximally vibrations caused by predefined impact”
and this paper presents one of such desired solutions.
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This paper proposes a side impact safety control strategy for the battery system, aiming at defusing the hazards of unacceptable
behaviors of the battery system such as high-voltage hazards. Based on some collision identification metrics, a side impact
discrimination algorithm and a side impact severity algorithm are developed for electric buses. Based on the study on the time
to break for power battery, the side impact discrimination algorithm response time is about 20 ms posing a great challenge to the
side impact discrimination algorithm. At the same time, the reliability of the impact safety control strategy developed in this paper is
evaluated for other plausible side impact signals generated by finite element analysis. The results verify that the impact safety control
strategy exhibits robust performance and is able to trigger a breaking signal for power battery system promptly and accurately.

1. Introduction
In order to address serious concerns over energy sustainability and environmental pollution issues, governments, automotive industry, and academia are endeavoring to expedite
a paradigm shift to a green transportation. Electric vehicles
have been widely accepted as an integral part of such a
high-efficiency system, attributing to the use of electricity
that can potentially diversify the power sources of vehicles,
thus reducing the excessive reliance on fossil fuels while
facilitating the adoption of renewable energy [1–3]. The
battery system plays an important role in fulfilling the
requirements of driving performance, as well as ensuring
operation safety. However, the safety issues related to a given
battery technology pose a significant challenge to ensuring
the overall safety performance, especially in severe road
accidents such as side impacts. It is estimated that side
impacts at road intersections claim a portion of 30%–40% in
vehicle-to-vehicle accidents across the world [4]. However,
side impacts are usually hard to evade since the response
time for the drivers to take necessary actions is too short,
even though it may be possible to perceive the imminent
risks. Worse more, side impacts are always fatal because
of the limited deformation space [5, 6] to absorb impact

energy. This precondition, combined with high intrusion
velocities, results in a short time between the beginning
of the collision and the moment when the intruding door
panel contacts the power battery. In such cases, short-circuit
phenomenon [7] may occur within the battery system, which
can easily evolve into more serious incidents such as thermal
runaway and even flaming and explosion, owing to the use
of volatile materials such as lithium metal and flammable
solvents [8]. When working beyond the stability range of
the system (in terms of temperature and voltage), a series of
undesirable reactions may occur within the battery system
such as electrolyte reduction [9], subsequently incurring
thermal runaway [10–13] that entails significant threats such
as explosion phenomenon. Generally, safety of the battery
system needs to be addressed at the cell, module, pack, and
ultimately vehicle levels.
In addition, high-voltage power battery pack is often
leveraged to lower the power loss in electric vehicles, where
the rated voltage is up to between 200 V and 500 V [14].
Consequently, there is a high possibility that electrical harm
would be incurred to the passengers when the high-voltage
system is electrically mounted to the vehicle body under
side impacts [15–18]. However, there is an explicit absence
of reported studies pertaining active security control for
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Figure 1: Active security control system for battery pack.

the battery system after collision accidents in the literature.
To bridge the gap, it is meaningful to carry relevant research
on safety for power battery system under side impacts.
In this paper, a side impact safety control strategy is
presented in an example electric bus, aiming at defusing
the hazards of unacceptable behaviors of the battery system
such as high-voltage hazards. A side impact discrimination
algorithm is proposed to detect the side impact by considering multimetrics, that is, velocity change and integral for
absolute acceleration. Once a side impact is confirmed, a
severity algorithm is employed to assess the extent of the
accident, which classifies the accident into three levels. In
serious impacts, the side impact safety control strategy can
realize the electrical segregation of different modules within
the battery pack by making the DC contractors breaking
their electric loops, which are duly placed between adjacent
modules. This can significantly reduce the voltage level of
the battery pack, thus effectively suppressing the hazards on
account of the possible terminal exposure to the passengers.
In order to verify the effectiveness of the proposed method,
the finite element models of an example electric bus and a
moving deformable barrier are established in Hyperworks
to simulate the real side impact accidents. The results show
that the control strategy can generate the breaking signal for
power battery pack both promptly and accurately.

To avoid possible malfunctions (e.g., incapability of braking and steering) in serious impacts, a breaking scheme for
power battery system is also put forward. The detailed schematic is shown in Figure 2. If one of battery packs detects a
collision signal (𝑛 represents the battery pack), the controller
functions to trigger a breaking signal to execute the corresponding DC contactor 𝑛, resulting in breaking tis electrical
loop. Then the DC contactor 𝑛𝑛 is closed. Subsequently the
battery pack 𝑛 is shorted, and the closed-loop consists of other
battery packs and drive motor once again. In this way, electric
buses can still have the ability of braking or steering even in
serious impacts due to the closed-loop for the power battery
system. To ensure that contactor 𝑛 and 𝑛𝑛 cannot be closed
simultaneously, a controllable SPDT switch is placed between
them.
2.2. Common Collision Identification Metrics. To realize the
accurate and prompt detection of side impacts as well as to
evaluate impact severity, several metrics have been proposed,
which are shown as follows [19–25]:
(1) acceleration, 𝑎(𝑡);
(2) velocity change, Δ𝑉 = ∫ 𝑎(𝑡)𝑑𝑡;
(3) integral for absolute acceleration, ∫ |𝑎(𝑡)|𝑑𝑡;
(4) jerk, 𝑗(𝑡) = 𝑑𝑎(𝑡)/𝑑𝑡;

2. Breaking Strategy and Side
Impact Recognition Algorithm for
Power Battery System
2.1. Breaking Strategy for Power Battery System. In order
to ensure the safety of power pack during road accidents,
an active safety control system is proposed as shown in
Figure 1. It consists of impact detection sensors, an impact
safety controller, and DC contactors. The DC contactors are
deployed to make the high-voltage battery pack break into a
number of low-voltage battery modules. The whole battery
pack electrically decomposes into 𝑛 (𝑛 ≥ 2) battery modules,
making sure that open-circuit voltage of each module drops
to less than 36 V that is widely adopted as a threshold voltage
for safety concerns. As a result, the possible hazards to
the passengers can be effectually defused in serious road
collisions.

(5) power, 𝑝(𝑡) = 𝑑𝐸(𝑡)/𝑑𝑡 = 𝑚V(𝑡)𝑎(𝑡);
(6) specify power, 𝑑𝑝(𝑡)/𝑑𝑡 = 𝑚V(𝑡)𝑗(𝑡) + 𝑚𝑎2 (𝑡).
The preprocess of denoising for acquired acceleration
signal 𝑎(𝑡) is done.
These metrics can be generally grouped into three categories, that is, impact force-dependent metrics, impact
energy-dependent metrics, and combination metrics. Since
the acceleration is proportional to the impact force, the
acceleration and the jerk can be regarded as impact forcedependent variables to gauge the collision strength. The
acceleration change is the difference between two consecutive
acceleration values sampled at a fixed rate. In addition,
since the kinetic energy of the vehicle is transformed to the
elastic-plastic energy through elastic-plastic deformation of
the vehicle structure during impacts, the velocity change can
be reasonably selected as another impact energy-dependent
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Figure 2: Breaking scheme of power battery system.

variable. Power and specify power are combination-type
metrics of impact force-dependent metrics, representing in
the collision strength and the collision energy absorbed.
2.3. Key Techniques for Simulation Model. FEM (finite element model) is an effective tool for simulation analysis. Based
on FEM, the acceleration signal is recorded during impact
simulations. In addition to the accuracy of finite element
computing method, the precision of impact simulation is also
highly dependent on the fidelity of the simulation model.
The main factors influencing the simulation accuracy can
be attributed to three facets: model accuracy of moving
deformable barrier (MDB), model accuracy of vehicle model,
and battery pack model. For MDB, material invalidation and
bonding technology with invalidation mode beam element
are taken into consideration. Besides, solder type, material
molding process, and material strain rate are also taken into
account.
Finite element simulations have been conducted routinely in the past decade to evaluate and improve impact
and safety designs for specific high-speed impact conditions.
Knowledge of key modeling techniques had been accumulated for establishing an effective finite element model. These
modeling techniques are summarized as follows.
(1) In order to obtain a smoother curve, the acceleration
obtained by simulation should be filtered. Routinely,
a frequency band of 300–400 Hz is always picked as
the threshold [26].
(2) Material strain rate is a significant input parameter,
which is closely related to the structure deformation,
energy transfer, and absorption. So it is necessary to
obtain dynamic stress-strain curve through a series of
experiments.
(3) A full vehicle impact analysis involves interaction
between all free surfaces, which includes contacts at

Table 1: Vehicle technical parameters.
Item
Length × Hig × Widt/mm
axle base/mm
wheel base (front/latter)/mm
mass/kg
Battery
outer box
Inner box

Parameters
11850 × 2540 × 3300
5800
2096/1836
18000
Lithium-ion battery
798 × 850 × 375
810 × 766 × 310

all significant corners and edges. To this end, it is still
strongly recommended that the segment-based contact search parameter should be considered when
defining the contacts.
(4) The friction coefficient between the vehicle and MDB
is set as 0.2.
2.4. Finite Element Model of Electric Buses. The electric bus,
BK612EV, was served as the simulation target in this study.
The specifications [27] are shown in Table 1. As to the battery
pack, it consists of an outer box and an inner box with
arrays of battery cells inside. The outer box is mounted on
a door frame while the inner box is mechanically tied to the
outer box. Since the vehicle’s skeleton comprises a number
of thin-walled square tubes, shell element is employed in
the finite-element model. Due to the local instability of the
straight beam under axial collisions, the straight beam will be
collapsed. The thin wall of straight beams will wrinkle along
some arc curve (radius 𝑟) [28, 29], and the average of radius
𝑟 approximately is
𝑟 = 0.72𝑏1/3 𝜃2/3 ,
where 𝑏 is the cross sectional width; 𝜃 is the thickness.

(1)
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Figure 3: Electric buses finite element model.
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Figure 4: Energy variation.

In order to precisely depict the structure deformation in
the collision, element size should be set less than half of the
length of the arc. According to the equation 𝑙 = 0.5𝜋𝑟, 10 mm,
50 mm, and 20 mm are selected as the element sizes for the
collision zone the no-collision zone and the go-between area,
respectively.
According to the technical specification of BK612EV,
Q235 and 16Mn are selected as vehicle skeleton material and
chassis material, respectively. Then, the door frame material
of the battery pack is Q235, and MAT24 is selected as
piecewise linear plastic material model; the shell material of
the battery is SMC, MAT1 is selected as elastic model; battery
cathode and negative material are aluminum foil and copper
foil, respectively, which are prone to plastic deformation in
the collision, so MAT18 is selected as cell model; the vehicle
model is shown in Figure 3.
Figure 4 depicts the curve of energy variation during the
side impact. It is evident that the maximum kinetic energy
sees a dramatical decline to a stable level during the course of
side impact, while the internal energy evolves in the opposite
trend, with 76.3% of the kinetic energy converted to the
internal energy. The hourglass energy remains about 1% of
the total impact energy, not more than 5%. It is obvious that
the energy variation is consistent with energy conservation
law, thus verifying the reliability of the analysis results.
Impact speed is set as 35 km/h. Figure 5 shows the
displacement contours of the vehicle at 20 ms. Figure 6 shows

Z
X

Y

Figure 7: Displacement contours at 30 ms.

the displacement contours of the vehicle at 50 ms. The impact
configuration is 100% side collision, and the installation site
of battery pack is selected as the collision zone. So the
deformation of the door frame and battery panel is great.
Gradually, the kinetic energy is converted to the internal
energy spreading to the other end of the bus skeleton.
Figures 7 and 8 show the displacement contours of the
battery pack at 30 ms and 60 ms, respectively. Part of the
kinetic energy is absorbed by the battery panel and the rest
is transferred to the bus skeleton by beams.
2.5. Characteristics for Side Impact Acceleration of Electric
Bus. Figure 9 shows a curve of acceleration against different
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Figure 9: Acceleration curve against different impact velocity.

impact velocity obtained by finite element analysis (FEA).
Although the acceleration curves are different, but they share
the same characteristics: the acceleration curve fluctuates
violently at the begin of side collision, and then the fluctuation amplitude decreases gradually while the fluctuation
frequency increases slowly; the time to reach the peak acceleration moment arrives earlier due to increasing magnitude
of collision speed.
2.6. Requirements for Breaking Algorithm. 𝑇3 represents the
latest time-to-break, as shown in Figure 10. According to
the principle of identifying a collision signals early, Δ𝑇1
(Δ𝑇1 represents the response time of collision identification
algorithm) should be shorter in favor of reducing highvoltage electrical injury. Therefore, the response time of
identification algorithm Δ𝑇1 should satisfy the following
formula:
Δ𝑇1 < 𝑇3 − Δ𝑇2 ,

(2)

where Δ𝑇2 (Δ𝑇2 represents the response time of a DC
contactor) is a fixed-value for some DC contactor selected.
The shorter the response time of DC contactor becomes, the
longer the response time of identification algorithm becomes,

which could shorten the time to judge side impacts and
defuse the hazards of unacceptable behaviors of the battery
system.
Table 2 shows the latest time-to-break for DC contactors
to break electric loops and the response time range of
identification algorithm against different collision velocity
obtained by employing FEA. 𝑇3 is the moment that the gap
between the door frame and the rear panel reaches to the
smallest distance. And the value of 𝑇3 is about 20 ms–30 ms,
which obliges the collision identification algorithm to detect
a collision signal within very short time. Apart from fast
response, the collision identification algorithm should have
high noise immunity.
Based on above study on the time-to-break for power
battery pack, the response time of side impact identification
algorithm is not more than 20 ms. That is to say that the
controller triggers a breaking signal before the gap between
the door frame and the rear panel reaches to the minimum.
First of all, we must make sure that the impact discrimination
algorithm should respond as soon as possible. Secondly,
the side impact identification algorithm should be sensitive
enough to the collision strength. It means that the identification algorithm should trigger a breaking signal earlier
in severe collision than in moderate collision. Thirdly, due
to severe vibration from the pavement, the identification
algorithm should exhibit robust performance and is able to
trigger a breaking signal for power battery pack promptly.
According to the above detailed analysis, the combination
of moving window algorithm (MWA) and improved moving
window algorithm (IMWA) is selected as the side impact
identification algorithm for electric buses. MWA is a method
of the integral operation of the value of acceleration; IMWA
changes its integral mathematic object 𝑎(𝑡) to |𝑎(𝑡)|.

3. Side Impact Safety Control Strategy
3.1. Some Principles for MWA. Figure 11 shows the change
process of acceleration obtained by an acceleration sensor
placed on the battery pack, 𝑎(𝑡). TIME denotes the beginning
of side collision and the figure shows time window width
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Table 2: Latest time to break and algorithms response time.

Time/ms

40.0
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𝑇3
Δ𝑇1

Collision Velocity/km/h
50.0
25.0
<25 − Δ𝑇2

48
26
<26 − Δ𝑇2

30

Acceleration (g)

20
10
0
w

−10
−20
TIME 0

t1

t2
10

20
30
Time (ms)

40

50

Figure 11: Acceleration curve.

[𝑡1 , 𝑡2 ]; then variable 𝑎(𝑡) is integrated within the time window [19–24]:
𝑡2

𝑆 (𝑡1 , 𝑡2 ) = ∫ 𝑎 (𝑡) 𝑑𝑡.
𝑡1

(3)

Time window width 𝑤, namely, 𝑤 = 𝑡2 − 𝑡1 .
With 𝑤 substituting the variable 𝑡2 , formula (3) can be
reformulated as
𝑆 (𝑡, 𝑤) = ∫

𝑡

𝑡−𝑤

𝑎 (𝑡) 𝑑𝑡.

(4)

Actually, 𝑎(𝑡) is obtained at a fixed-sample frequency and
is discrete. Formula (4) can be further rewritten into a discrete
form:
𝑆 (𝑛, 𝑘) =

1 𝑛
∑ 𝑎 (𝑖) ,
𝑓 𝑖=𝑛−𝑘+1

(5)

where n is the current time point, 𝑘 is the number of sampling
points, and 𝑓 is the sampling frequency.
After analysis of the above formula, the velocity change
𝑆(𝑛, 𝑘) greatly differs in different window width. Then it
is hard to evaluate the performance of breaking capacity
against different window widths. In order to analyze sensitivity and antijamming capability against different window
width 𝑆(𝑛, 𝑘) should be normalized. The normalized metric
𝐺(𝑛, 𝑘) is completed leaving |𝑆(𝑛, 𝑘)| divided by the maximum
|𝑆(𝑛, 𝑘)max |:
|𝑆 (𝑛, 𝑘)|
𝐺 (𝑛, 𝑘) = 
.
𝑆 (𝑛, 𝑘)max 

(6)

60.0
23.0
<23 − Δ𝑇2

70.0
20.0
<20 − Δ𝑇2

Taking the real-time requirement into consideration, it
is inappropriate for window width to select greater value
of window width. Therefore, 𝑤 is selected at 2 ms, 4 ms,
and 6 ms when sample time is 1 ms. Then, according to the
above algorithm, the data from the same collision velocity
are processed. As shown in Figure 12, the shape of the three
curves has similar trend, but has a different sensitivity. If a
threshold is selected at 𝑅, the three curves take different times
to reach to the threshold 𝑅, and 𝑡6 > 𝑡4 > 𝑡2 , which means
window width 6 ms could earlier identify a collision signal.
So it is concluded that the slope of window width 6 ms is
greater than others. The greater the slope of the curve is, the
higher the sensitivity of the collision strength is. When 𝑤 is
2 ms, the slope is smaller than the other two, meaning that
the algorithm is not sensitive enough to detect the collision
strength. Since the interval between battery door frame and
the front panel of battery pack is only 25 mm, the controller
has to identify the collision strength rapidly, and trigger a
breaking signal within 20 ms. Therefore, the window width
of 2 ms is discarded. In addition, the real-time performance
of 6 ms will get worse. The reason is that the Algorithm runs
15 times with 6 ms window width and 17 times with 4 ms.
Through the above analysis, the selective window width of
4 ms is employed in this paper.
3.2. Performance of MWA. Figure 13 is a curve of moving window integration algorithm with window width
4 ms against different collision velocities, such as 20 km/h,
25 km/h, 28 km/h, and 30 km/h. In analysis of the curve, a
peak value can reach 0.47 at 20 km/h. What is more, with
increasing collision velocity, the peak will arrive in advance.
For example, a peak value can reach 0.69 at 25 km/h. Through
the above analysis of Δ𝑇1 , 0.5 is selected as a threshold
of collision recognition algorithm, namely, time-to-integral.
The controller starts the recognition algorithm.
3.3. Performance of IMWA. On high-speed collisions, the
collision energy is absorbed by the body frame and the
battery pack system within a very short time. This condition,
combined with high intrusion velocities, results in a short
time between the beginning of the collision and the moment
when the intruding door panel contacts the power battery. It
is very significant for identification algorithm to detect the
collision strength rapidly, and then it is necessary to improve
the response time of the identification algorithm. Therefore,
an improved moving window algorithm is discussed fundamentally, and the integral operation of the absolute value of
acceleration is selected as an optimal method. Because of
IMWA changing the integral mathematic object 𝑎(𝑡) to |𝑎(𝑡)|,
its slope becomes elevated with window width 4 ms.
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Figure 12: Normalization function 𝐺(𝑛, 𝑘).
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Figure 13: Integration value against different collision velocity.
200
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160
Integral value

Figure 14 shows a curve of moving window integration
algorithm and improved moving window integration algorithm with window width 4 ms at 40 km/h, where 𝐴𝑇 is a
threshold. 𝐴𝑇1 is the moment to make the DC contactor
breaking electric loops based on improved moving window
algorithm, 𝐴𝑇2 is the moment to make the DC contactor
breaking electric loops based on moving window algorithm.
Obviously 𝐴𝑇2 > 𝐴𝑇1 . Accordingly, it could be concluded
that MWA is not component to detect fierce collision strength
in advance and IMWA is enough sensitive to detect the
collision strength in advance. Although the improvement is
not conspicuous, it is significant to detect side impact as soon
as possible.
Figure 15 shows a graph of ∫ |𝑎(𝑡)|𝑑𝑡 at 45 km/h as well as
a graph of ∫ 𝑎(𝑡)𝑑𝑡 at 25 km/h, 45 km/h, respectively. Where
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Figure 15: Recognition for collision severity.
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Figure 16: Schematic of breaking control algorithm.

𝐴𝑇𝐵 and 𝐴𝑊𝐵 are two different thresholds which classify
collision strength into three levels including light collision,
moderate collision, and fierce collision. 𝑇𝑎 is the moment to
make the DC contactor breaking electric loops at 45 km/h;
𝑇𝑤 is the moment to make the DC contactor breaking electric
loops at 25 km/h. Collision strength can be described as
Light Collision (LC) ,
{
{
{
{
Severity = {Modearte Collision (MC) ,
{
{
{
{Fierce Collision (FC) ,
LC → 𝑆𝑡1 /𝑓 < 𝐴𝑊𝐵,

(b) If 𝐺(𝑛, 𝑘) > START, TIME is the moment to conduct
integrating computation; then skip to step (c), else
return (a).
(c) If 𝑆𝑛 > 𝐴𝑇𝐵, it means that fierce collision occurs and
the breaking signal is triggered simultaneously; else
skip to step (d).
(d) If 𝑆(𝑛, 𝑘) > 𝐴𝑊𝐵, it means that moderate collision
occurs and further judgments are required. The contact impact sensors make a determination whether or
not the collision occurs. If does, a breaking signal is
triggered simultaneously.

(7)

MC → 𝑆𝑡1 /𝑓 > 𝐴𝑊𝐵, 𝑆𝑡2 /𝑓 < 𝐴𝑇𝐵,
FC → 𝑆𝑡2 /𝑓 > 𝐴𝑇𝐵,
where 𝑡1 /𝑓 and 𝑡2 /𝑓 are discrete-time corresponding to 𝑡1
and 𝑡2 , respectively.
3.4. Specific Implementation of Side Impact Safety Control
Strategy. Based on the above analysis of the two algorithms,
this paper proposes a novel algorithm for detecting collision
strength, including two parameters of 𝑆𝑛 based on the integration for the absolute value of acceleration, ∫ |𝑎(𝑡)|𝑑𝑡, and
𝑆(𝑛, 𝑘) based on the moving window integration, ∫ 𝑎(𝑡)𝑑𝑡.
Figure 16 shows a schematic diagram of the algorithm. Twostage identification method to detect the collision strength
is employed. START is a threshold; if 𝐺(𝑛, 𝑘) > START, the
controller will start impact identify algorithm. TIME is a
symbol, time to integration.
The details are described as follows.
(a) Real-time detection is for the impact acceleration
signal.

(e) If 𝑆(𝑛, 𝑘) < 𝐴𝑊𝐵, it means that light collision occurs
and it not necessary to trigger a breaking signal.

4. Selection of Important Parameters
4.1. Determination for Threshold AWB. A battery management system, insurance, and other electrical components are
arranged between the front panel and the rear panel of the
battery pack. The damaged condition of electrical component
is closely relevant to the relative deformation of the panel.
Since the door frame of the battery pack is closed to the body
frame, the door frame could absorb more energy than the
front panel of battery pack. Considering energy absorption
ratio, a weight parameter 𝜆 (𝜆 = 0.7) is introduced. An
equivalent expression of intrusion rate is defined as 𝜂:
𝜂=

(1 − 𝜆) 𝛿2 + 𝜆𝛿1
,
𝛿

(8)

where 𝛿1 is the relative intrusion volume between the door
frame of the battery pack and the front panel of the battery
pack, 𝛿2 is the relative intrusion volume between the rear
panel and the front panel of the battery pack, 𝛿 is the
equivalent interval between the door frame of the battery
pack and the rear panel of the battery pack, and 𝛿 = 42 mm
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Figure 17: Battery pack and test points.

(42 = 81.7 × 0.3 + 25 × 0.7). The initial gap between the rear
panel and the front panel of the battery pack is 81.7 mm. The
initial gap between the door frame of the battery pack and the
front panel of the battery pack is 25 mm.
The parameter 𝜂 is employed as a metric to indicate
the damage degree to the battery pack. Figure 17 shows the
selected ten different points on the door frame as measure
points, recording displacement of each point. Then these
ten points project to the rear panel and the front panel of
the battery pack, respectively, recording the displacement
of projection points. Table 3 shows intrusion volume and
intrusion rate of measure points at 20 km/h and 25 km/h.
Table 3 shows that the average invasion rate is 23%
approximately, and the average of 𝛿1 is 14 mm. Nevertheless,
the initial gap between the door frame of the battery pack
and the front panel of the battery pack is 25 mm. Obviously,
both of them are not contact each other. The average of 𝛿2
is 3 mm. Taking into account the gap between the battery
box, insurance and other electrical components, and the
front panel of battery pack, the intrusion volume does not
harm these important electrical components. Although 𝛿1
increases insignificantly and 𝜂 is no more than 5%, the average
of 𝛿2 is 5∼6 mm and the intrusion volume of one measure
point reaches 8 mm at 25 km/h. Taking the narrow gap into
consideration, the peak integration of collision acceleration
at 25 km/h is defined as a metric distinguishing moderate
collision from light collision.

Employing moving window integration (𝑤 = 4 ms) for
acceleration signal at 25 km/h, a maximum value is obtained,
namely,
𝐴𝑊𝐵 =

1 𝑛
∑𝑎 (𝑖) ,
𝑓 𝑖=0

(9)

where 𝑎(𝑖) is discrete acceleration signal and 𝑓 is the sampling
frequency. Figure 18 is the schematic diagram of the threshold
AWB.
4.2. Determination for Threshold ATB. Table 4 shows that 𝛿1
becomes less than the value at the low-speed collision. By
detailed analysis, it is due to enormous plastic deformation
for the door frame of the battery pack that results in plastic
deformation invalidation of partial door frame. And then
energy absorbed by the door frame dramatically decreases,
while energy absorbed by the front panel dramatically
increases. At 45 km/h and 50 km/h, 𝛿2 reach 23.5 mm and
25.2 mm, respectively. It means that this severely endangers
battery management systems, insurance, and other important
electrical components. Furthermore, FEA results show that
nondestructive plastic deformation for door frame occurs at
40 km/h. Therefore, the integration of absolute acceleration at
45 km/h is defined as a metric distinguishing fierce collision
from moderate collision.

10

Mathematical Problems in Engineering
Table 3: Intrusion volume, rate of invasive at low-speed collision.

Test Points
Collision Velocity
km/h

D1

D2

D3

D4

D5

D6

D7

D8

D9

D10

20

𝛿1 /mm
𝛿2 /mm
𝜂/%

14.0
2.0
22.5

13.3
3.7
22.7

14.2
3.8
24.2

13.3
3.6
22.7

13.1
5.0
23.4

12.5
1.0
19.5

14.3
2.8
23.6

14.8
4.7
25.7

16.0
3.2
26.4

13.9
0.7
21.4

25

𝛿1 /mm
𝛿2 /mm
𝜂/%

13.6
4.5
23.8

14.5
4.4
25.1

15.1
4.7
26.2

18.8
5.3
32.2

11.4
7.9
23.0

12.5
3.2
21.1

14.0
3.8
23.9

14.3
6.5
26.3

14.9
6.9
27.5

14.9
3.7
25.4

Table 4: The intrusion volume, the rate of invasive a thigh-speed collision.
Test Points
Collision Velocity
km/h

D1

D2

D3

D4

D5

D6

D7

D8

D9

D10

45

𝛿1 /mm
𝛿2 /mm
𝜂/%

−0.4
29
—

1.57
30
—

7.9
25.4
—

4.5
21.2
—

6.15
23.7
—

7.3
25.3
—

6.3
23.3
—

8.9
23.6
—

13.1
21.2
—

11.5
12.6
—

50

𝛿1 /mm
𝛿2 /mm
𝜂/%

−4.6
30.5
—

0
32.9
—

7.3
29.2
—

1.2
22.9
—

4.5
25.0
—

10.6
27.9
—

11
16.4
—

6.5
27.5
—

13.0
24.0
—

11.9
15.5
—

5. Reliability Analysis of Impact
Safety Control Strategy

50
AWB

Integral value

40

Table 5 shows side impact simulation experiment results.
Taking advantage of Hyperworks and Ls-dyna, simulation
data is obtained, evaluating the performance for moving
window integral algorithm and side impact discrimination
algorithm. It is concluded that breaking control algorithm is
superior to moving window integral algorithm.

30
20
10
0

6. Conclusion
0

5

10

15
Time (ms)

20

25

30

MWA at 20 km/h

Figure 18: Schematic of threshold AWB.

Employing improved moving window integration (𝑤 =
4 ms) for acceleration signal at 45 km/h, a maximum value is
obtained, namely,
𝐴𝑇𝐵 =

1 𝑛
∑ |𝑎 (𝑖)| ,
𝑓 𝑖=0

(10)

where 𝑎(𝑖) is discrete acceleration signal and 𝑓 is the sampling
frequency. Figure 15 is a schematic diagram of the threshold
ATB. Obviously ta > Ta. The figure shows that the controller
triggers a break signal based on IWMA sooner than that
based on WMA in serious impacts. So it is concluded that
the IMWA is component to detect the high-speed collision
strength in advance.

In order to enhance the overall safety performance of electric
vehicles in side impacts, this paper presents a side impact
safety control strategy for an example electric bus, aiming at
defusing the hazards of unacceptable behaviors of the battery
system such as high-voltage hazards. Based on the collision
detection metrics, that is, velocity change and integral for
absolute acceleration, a side impact discrimination algorithm
and a side impact severity algorithm have been developed
to identify the impact signal as well as to assess the extent
of the accident. If a collision signal is identified according
to those algorithms, the controller triggers a breaking signal making the DC contactors break the electrical loops
promptly, which are duly placed between adjacent modules.
This can significantly reduce the voltage level of the battery
pack, thus effectively suppressing the hazards on account of
the possible terminal exposure to the passengers. In addition,
the reliability of the side impact safety control strategy
(side impact discrimination algorithm) developed in this
paper is evaluated for other acceleration signals generated

Mathematical Problems in Engineering

11
Table 5: Impact simulation tests.
Actual Time to Break (ms)
Side Impact Discrimination
MWA
Algorithm

Aimed Time to Break (ms)

LC

20.0 km/h
23.0 km/h
25.0 km/h
23.0 km/h (unfiltered)
25.0 km/h (unfiltered)

NB
NB
NB
NB
B

NB
NB
NB
NB
NB

NB
NB
NB
NB
NB

MC

28.0 km/h
30.0 km/h
40.0 km/h
43.0 km/h
30.0 km/h (unfiltered)

23
20.0
15.0
14.0
25.0

23
20.0
15.0
14.0
24.0

<37 − Δ𝑇2
<33 − Δ𝑇2
<30 − Δ𝑇2
<30 − Δ𝑇2
<33 − Δ𝑇2

FC

48.0 km/h
50.0 km/h
52.0 km/h
60 km/h
48.0 km/h (unfiltered)

13.0
12.0
12.0
11
15.0

11.5
10.0
9.0
8
13.5

<26 − Δ𝑇2
<25 − Δ𝑇2
<24.5 − Δ𝑇2
<23 − Δ𝑇2
<26 − Δ𝑇2

“NB” means “not trigger a breaking signal”. “B” means “trigger a breaking signal”.

by simulation. The results verify that the side impact safety
control strategy can trigger the breaking signal in promptly.
[6]
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