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José J. Rieta, Spain
Jan Rychtar, USA
Moisés Santillán, Mexico
Vinod Scaria, India
Jörg Schaber, Germany
Xu Shen, China
Simon A. Sherman, USA
Tieliu Shi, China
Pengcheng Shi, USA
Erik A. Siegbahn, Sweden
S. Sivaloganathan, Canada
Dong Song, USA
Xinyuan Song, Hong Kong
Emiliano Spezi, UK
Greg M.Thurber, USA
Tianhai Tian, Australia
Tianhai Tian, Australia
Jerzy Tiuryn, Poland
Nestor V. Torres, Spain
N. J. Trujillo-Barreto, Cuba
A. Tsantili-Kakoulidou, Greece
Po-Hsiang Tsui, Taiwan
Gabriel Turinici, France
Edelmira Valero, Spain
Luigi Vitagliano, Italy
Ruiqi Wang, China
Ruisheng Wang, USA
Liangjiang Wang, USA
William J. Welsh, USA
Lisa J. White, Thailand
David A. Winkler, Australia
Gabriel Wittum, Germany
Yu Xue, China
Yongqing Yang, China
Chen Yanover, Israel
Xiaojun Yao, China
Kaan Yetilmezsoy, Turkey
Hujun Yin, UK
Henggui Zhang, UK
Huaguang Zhang, China
Yuhai Zhao, China
Xiaoqi Zheng, China
Yunping Zhu, China



Contents

Mathematical Methods in Biomedical Imaging 2014, Peng Feng, Kumar Durai, Fenglin Liu,
and Xiaobo Qu
Volume 2014, Article ID 156494, 2 pages

Crossing Fibers Detection with an Analytical High Order Tensor Decomposition, T. Megherbi,
M. Kachouane, F. Oulebsir-Boumghar, and R. Deriche
Volume 2014, Article ID 476837, 18 pages

Segmentation of Intensity Inhomogeneous Brain MR Images Using Active Contours, Farhan Akram,
Jeong Heon Kim, Han Ul Lim, and Kwang Nam Choi
Volume 2014, Article ID 194614, 14 pages

New Region-Scalable Discriminant and Fitting Energy Functional for Driving Geometric Active
Contours in Medical Image Segmentation, Xuchu Wang, Yanmin Niu, Liwen Tan, and Shao-Xiang Zhang
Volume 2014, Article ID 357684, 13 pages

A CT Reconstruction Algorithm Based on Non-Aliasing Contourlet Transform and Compressive
Sensing, Lu-zhen Deng, Peng Feng, Mian-yi Chen, Peng He, Quang-sang Vo, and Biao Wei
Volume 2014, Article ID 753615, 9 pages

3D Alternating Direction TV-Based Cone-Beam CT Reconstruction with Efficient GPU
Implementation, Ailong Cai, Linyuan Wang, Hanming Zhang, Bin Yan, Lei Li, Xiaoqi Xi, Min Guan,
and Jianxin Li
Volume 2014, Article ID 982695, 9 pages

Ultrasound Image Enhancement Using Structure-Based Filtering, Shyh-Kuang Ueng, Cho-Li Yen,
and Guan-Zhi Chen
Volume 2014, Article ID 758439, 14 pages

Medical Image Segmentation Based on a Hybrid Region-Based Active Contour Model, Tingting Liu,
Haiyong Xu, Wei Jin, Zhen Liu, Yiming Zhao, and Wenzhe Tian
Volume 2014, Article ID 890725, 10 pages

Study on Construction of a Medical X-Ray Direct Digital Radiography System and Hybrid
Preprocessing Methods, Yong Ren, Sheng Wu, Mijian Wang, and Zhongjie Cen
Volume 2014, Article ID 495729, 7 pages

Solution of Radiative Transfer Equation with a Continuous and Stochastic Varying Refractive Index by
Legendre TransformMethod, M. Gantri
Volume 2014, Article ID 814929, 7 pages

Parallel Computing of Patch-Based Nonlocal Operator and Its Application in Compressed Sensing
MRI, Qiyue Li, Xiaobo Qu, Yunsong Liu, Di Guo, Jing Ye, Zhifang Zhan, and Zhong Chen
Volume 2014, Article ID 257435, 6 pages

Research on the Interaction between Tubeimoside 1 and HepG2 Cells Using the Microscopic Imaging
and Fluorescent Spectra Method, Xiaogang Lin, Wenchao Li, Changbin Ye, Xiaozhu Liu, Hao Zhu,
Wenbing Peng, and Jie Rong
Volume 2014, Article ID 470452, 7 pages



A CT Reconstruction Algorithm Based on L1/2 Regularization, Mianyi Chen, Deling Mi, Peng He,
Luzhen Deng, and Biao Wei
Volume 2014, Article ID 862910, 8 pages

Improving the Performance of the Prony Method Using aWavelet Domain Filter for MRI Denoising,
Rodney Jaramillo, Marianela Lentini, and Marco Paluszny
Volume 2014, Article ID 810680, 10 pages

Sparse-Representation-Based Direct Minimum 𝐿𝑝-Norm Algorithm for MRI Phase Unwrapping,
Wei He, Ling Xia, and Feng Liu
Volume 2014, Article ID 134058, 11 pages



Editorial
Mathematical Methods in Biomedical Imaging 2014

Peng Feng,1 Kumar Durai,2 Fenglin Liu,3 and Xiaobo Qu1,4

1 Key Laboratory of Opto-Electronics Technology & System, Chongqing University, Ministry of Education, Chongqing 400044, China
2 Electronics and Communication Engineering Department, Periyar Maniammai University, Vallam, Thanjavur 613403, India
3 Biomedical Imaging Cluster, Department of Biomedical Engineering, Rensselaer Polytechnic Institute, Troy, NY 12180, USA
4Research Center of Magnetic Resonance and Medical Imaging, Department of Electronic Science, Xiamen University,
Xiamen 361005, China

Correspondence should be addressed to Peng Feng; coe.fengpeng@gmail.com

Received 22 September 2014; Accepted 22 September 2014; Published 28 December 2014

Copyright © 2014 Peng Feng et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The last quarter century has witnessed major advancements
that have brought biomedical imaging to a paramount status
in life sciences. Generally speaking, the scope of biomedical
imaging covers data acquisition, image reconstruction, and
image analysis, involving theories, methods, systems, and
applications. While many kinds of imaging modalities, such
as X-ray computed tomography (CT) and magnetic reson-
ance imaging (MRI), become increasingly sophisticated, the
mathematical methods involved in these modalities play
more and more critical roles in further improving their per-
formance in anatomical, functional, cellular, and molecular
applications. The overall goal of this issue is to promote
research and development of biomedical imaging by pub-
lishing high-quality research articles in this rapidly growing
interdisciplinary field. Due to the time limit, this special issue
mainly focused on 4 kinds of biomedical imaging modalities:
CT, MRI, ultrasound, and fluorescence imaging; several
biomedical image processing methods were also involved.
Each paper published in this special issue was reviewed by at
least two reviewers and revised according to reviewer’s
comments.

For CT imaging, A. Cai et al. developed an efficient iter-
ative image reconstruction (IIR) algorithm, using cone beam
CT reconstruction that is based on total-variation (TV)
minimization to overcome the computational complexity of
IIR scheme in cone beamCT reconstruction; L.-z. Deng et al.
proposed a hybrid reconstruction method combining TV
and nonaliasing contourlet transform (NACT) and using the
Split-Bregman method to solve the optimization problem.

This algorithm utilized the geometrical information of CT
image and got a sparser representation compared with
wavelet and gradient operator.

For MRI imaging, in order to reduce time consuming in
MRI image reconstruction, Q. Li et al. proposed a parallel
computing method which was based on a novel patch-based
nonlocal operator (PANO). Simulation results demonstrated
that this method can accelerate PANO-based MRI recon-
struction several times compared with original one. W. He
et al. introduced a direct nonconvex 𝐿𝑝 norm algorithm for
MRI phase unwrapping which leaded to faithful phase cor-
rection. Also analytical high order tensor decomposition was
introduced into crossing fibers detection in diffusionMRI by
T. Megherbi et al., which provided a better angular resolution
and accuracy than the classical maxima localization method.

For biomedical image processing, R. Jaramillo et al. used
a wavelet domain filter to improve the performance of the
Prony method. In this work, MRI images were considered to
be affected only by Rician noise, and a new wavelet domain
bilateral filtering process was implemented to reduce the
noise in the images. X. Wang et al. proposed a model that
allows robustness to noise as well for handling the intensity
inhomogeneity and weak boundary problems in medical
image segmentation using region-scalable discriminant and
fitting energy for image segmentation. Also, a region-based
active contour model which introduced a total energy as a
penalty function in medical image segmentation is proposed
by T. Liu et al. Another active contours based segmentation
method was proposed by F. Akram et al. for intensity
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inhomogeneous MRI images to enable boundaries detection
of the homogenous regions.

Not only CT and MRI but also other medical imaging
modalities, such as ultrasound and fluorescence imaging, are
included in this special issue. S.-K. Ueng et al. designed a spe-
cial filter aiming at suppressing speckles and enhancing fea-
tures in the ultrasound images. In this method, diffusion ten-
sor of intensity at each pixel was represented in the form of a
Hessian matrix which was used to compute eigen values
at each pixel. The eigen values were used in detection and
classifying the underlying structure and a refinement strategy
was followed to improve the classification.Then, based on the
computed structure types, feasible filters were selected from
a filter pool to suppress speckles and enhance features. X. Lin
et al. used three-dimensional fluorescent spectra imaging to
investigate whether and how Tubeimoside 1 (TBMS 1) can
affect HepG2 cells, which indicated that fluorescent spectra
method is a promising substitute for flow cytometry in cancer
research.A computationalmodel to estimate fluence rate for a
biological medium with inclusion was developed by M.
Gantri. In this work, the entire setting of the medium was
treated to have spatially and stochastically varying refractive
index to match practical applications and Legendre integral
transform technique is incorporated to solve the radiative
transfer equation.

These papers represent an insightful observation into the
state of the art, as well as future topics in this biomedical
imaging field. We hope that this special issue would attract
a wide attention of the peers and provide a chance to share
the latest research work.

Peng Feng
Kumar Durai
Fenglin Liu
Xiaobo Qu
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Diffusion magnetic resonance imaging (dMRI) is the only technique to probe in vivo and noninvasively the fiber structure of
human brain white matter. Detecting the crossing of neuronal fibers remains an exciting challenge with an important impact
in tractography. In this work, we tackle this challenging problem and propose an original and efficient technique to extract all
crossing fibers from diffusion signals. To this end, we start by estimating, from the dMRI signal, the so-called Cartesian tensor
fiber orientation distribution (CT-FOD) function, whose maxima correspond exactly to the orientations of the fibers. The fourth
order symmetric positive definite tensor that represents the CT-FOD is then analytically decomposed via the application of a new
theoretical approach and this decomposition is used to accurately extract all the fibers orientations. Our proposed high order tensor
decomposition based approach is minimal and allows recovering the whole crossing fibers without any a priori information on the
total number of fibers. Various experiments performed on noisy synthetic data, on phantom diffusion, data and on human brain
data validate our approach and clearly demonstrate that it is efficient, robust to noise and performs favorably in terms of angular
resolution and accuracy when compared to some classical and state-of-the-art approaches.

1. Introduction

The diffusion magnetic resonance imaging or dMRI [1] is
a magnetic resonance imaging (MRI) modality which is
particularly suited to study and characterize the white matter
neuronal architecture of the brain in vivo and noninvasively.
The diffusion tensor model (DTI) introduced by Basser et
al. in 1994 [2] was the first technique used for the fiber
bundles reconstruction. However, due to the assumption of
single fiber bundle per voxel, this technique is ineffective in
regions where the fiber bundles intersect. Therefore, the fiber
bundles reconstructed by tractography algorithms based on
DTI are unreliable. To overcome the limitations of the DTI
model, new high angular resolution techniques (HARDI)
have been proposed, such as the diffusion spectrum imaging
(DSI), the Q-ball imaging (QBI) [3, 4], or the symmetric
high order tensors (SHOT) [5]. These techniques allow
estimating the diffusion orientation distribution function
(ODF)whosemaxima are alignedwith the orientations of the

underlying fibers. The DSI technique provides the real ODF
by measuring the diffusion signal on a whole 3D Cartesian
grid in the q-space. However, this method is impractical in
clinical studies because it requires an important acquisition
time due to the huge number of samples and it requires too a
very high gradient magnitude. The QBI model approximates
the diffusion ODF function directly from the raw HARDI
diffusion signal acquired from a spherical sampling of the
diffusion space [3, 4]. Although the QBI-ODF contains the
angular information by having its maxima aligned on the
orientations of the underlying fibers, it has a low angular res-
olution by failing to reconstruct correctly the fibers crossing
with angles less than 63∘ [3, 6]. A sharper function called fiber
ODF or FOD function can be calculated from the ODF by
using the spherical deconvolution techniques [7]. The FOD
function has also its maxima aligned on the underlying fiber
orientations; the FOD allows a gain in the angular resolution
up to 15∘. Traditionally the ODF and FOD functions are
described in spherical harmonics (SH) basis; the angular
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resolution of these functions directly depends on the order
of the SH basis: an acute angular resolution requires a high
order of the SH basis. However, in case of higher orders, these
ODF and FOD functions are prone to negative lobes due
to noise. The high order symmetric tensors or equivalently
the homogeneous polynomials have been proposed to model
and reconstruct the FOD function [8] called CT-FOD for
Cartesian tensor-FOD, whose maxima correspond exactly
to the orientations of the underlying fibers. By imposing
efficiently the positivity constraint, the CT-FOD function
appears as an alternative to the FOD described in the
SH basis. Furthermore, thanks to its polynomial form, the
maxima of the CT-FOD function can be easily located.
Therefore, in our work we start by estimating the CT-FOD
function to reconstruct the symmetric high order tensor
from the diffusion weighted-MRI (DW-MRI) data. Due to
the importance of tractography and its increasing interest in
clinical practice, it is important to accurately extract the fiber
orientations to perform a reliable and accurate tractography.
An efficient and accurate approach to perform this crucial
and necessary preprocessing step is to extract the fibers
orientations as the CT-FOD maxima. Different methods for
extractingmaximaof high order tensors exist in the literature;
in [9], Bloy and Verma proposed to determine the fiber
directions using the concept of Z-eigenvalues introduced
by Qi in 2005 [10]. This maxima localization method, the
so-called traditional method, suffers from a low angular
resolution and does not allow recovering crossing fibers at
angles below 60

∘ [11]. The high order tensor decomposi-
tion in rank-1 tensor has been proposed to the maxima
extraction issue in [12], and the low-rank decomposition
approximation method known as CANDCOMP/PARAFAC
(CP) [13] was used. It was proved in previous works [11,
12] that the tensor decomposition approaches recover the
crossing fibers with a better angular resolution than the
traditional methods of maxima localization. However, the
CP-decomposition approximation requires predefining the
tensor rank, that is, knowing the number of fibers in a voxel,
which is impossible apriority. Furthermore, PARAFAC uses
the alternating least squares (ALS) algorithm, which is a
nonlinear optimization algorithm whose convergence is not
guaranteed and depends on the initialization. In this paper,
we propose to find the orientations of the fiber bundles
from diffusion signals using an analytical decomposition of
symmetric high order tensor; for lightness and clarity of
the paper we will use the abbreviation Adecomp-SHOT for
analytical decomposition of symmetric high order tensor.
This Adecomp-SHOT method was initially proposed by
Brachat et al. in 2010 [14] but remains in the theoretical field.
However, the Adecomp-SHOT seems a priori interesting for
the fiber orientations issue because, unlike the suboptimal
CP-decomposition approximation, theAdecomp-SHOT is an
analytical one and not restricted to subgeneric ranks. Thus,
rather than CP-decomposition, Adecomp-SHOT would pro-
vide a minimal decomposition; this aspect is particularly
interesting in the fiber orientations search since it would
give the whole underlying fiber orientations without any
apriority. Therefore, in the following we propose an original
and efficient Adecomp-SHOT based approach to extract the

fiber orientations from diffusion weighted-MRI data and
we prove through many validations tests the effectiveness
of the proposed method. The Adecom-SHOT is based on
the SHOT; therefore we propose to use the CT-FOD for
reconstructing the SHOT from the DW-MRI signal, since
the CT-FOD constitutes the state-of-the-art. We begin this
paper by presenting first the CT-FOD algorithm, before
explaining the CP-decomposition and providing a detailed
version of the Adecomp-SHOT algorithm; in this section we
will also present the results of the intrinsic study done on
both of Adecomp-SHOT algorithm and CP-decomposition.
Then we describe our Adecomp-SHOT based approach to
the fiber orientations search. Finally, we finish by presenting
our validations and results on synthetic, phantom, and in vivo
human brain data and our conclusions.

2. Materials and Methods

2.1. Symmetric Fourth Order Tensor Coefficients from the
Diffusion Data. The diffusion signal 𝑆 = (𝑔𝑖, 𝑏𝑖) corre-
sponding to the acquisition parameters, 𝑔𝑖, 𝑏𝑖, is given by
the convolution of the CT-FOD function 𝐹, modeled by a
Cartesian and positive definite symmetric high order tensor
of 3 dimensions, with a Watson functionΩ [7, 8]:

𝑆 (𝑔, 𝑏) = Ω (𝑔, 𝑏) ⊗ 𝐹 (𝑔, 𝑏) (1)

𝑆 (𝑔𝑖, 𝑏𝑖) = ∫Ω (𝑔𝑖, 𝑏𝑖, V) 𝐹 (V) 𝑑V (2)

Ω(𝑔𝑖, 𝑏𝑖, V) = 𝑒
−𝑏𝑖𝐷(𝑔

𝑇

𝑖
V)2 , with 𝐷 being the diffusivity

coefficient calculated from a 2nd order tensor, that we
estimate from a single fiber response having a high fractional
anisotropy (FA > 0.8); 𝑔𝑖 is the gradient of magnetic fields, 𝑏𝑖
stands for the weights b-values, and V represents a set of unit
vectors sampling the diffusion space. Algorithm 1 describes
the estimation of unique coefficients of the symmetric tensor
FOD from the diffusion data.

In the following we are interested to decompose symmet-
ric fourth order tensors of dimension 3 (𝑑 = 4 and 𝑛 = 3).

2.2. Symmetric Tensor Decomposition. Symmetric high order
tensors appear mostly as multivariate functions (more than
two variables), and high order tensors decomposition allows
deducing the geometric and invariance properties of a
tensor. Therefore, the tensor decomposition raises interest
in many practical domains, first in chemometrics [13] and
psychometrics fields and then in electrical engineering and
electronics [16], in particular for the antenna array processing
[17], or else in telecommunication field [18]. Also, tensor
decomposition appears very useful in data analysis and in
the arithmetic complexity area [19]. Recently the interest in
tensor decompositions has expanded to the neurosciences
field; we cite among several applications the use of the
symmetric tensor decomposition to the problemof extracting
the fiber orientations of the white matter in dMRI. However,
to date, in dMRI the decomposition problem is still solved
with a low-rank approximation method known as CAND-
COMP/PARAFAC (CP).
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Data: Diffusion signal 𝑆(𝑔, 𝑏); acquisition parameters
(𝑔, 𝑏); vectors V sampling the unit sphere.
Result: The unique coefficients of the symmetric
positive definite tensor CT-FOD.
(1) Modeling the FOD function by symmetric
cartesian tensor of order 𝑑 and dimension 3.

𝐹 (𝑔) = ∑

𝑎+𝑏+𝑐=𝑑

𝐶𝑎,𝑏,𝑐𝑔
𝑎

1
𝑔
𝑏

2
𝑔
𝑐

3
(i)

with 𝐶𝑎,𝑏,𝑐 the coefficients of the tensor, and
[𝑔1, 𝑔2, 𝑔3] the components of the gradient
vector 𝑔.

To impose the positivity constraint, the homogeneous
polynomial 𝐹(𝑔) of order 𝑑 in 3 variables, is
re-parameterized by a sum of squares of polynomials
of order 𝑑/2 according to the Ternary quartics
theorem [8], we notice that in our work 𝑑 = 4:

𝐹(𝑔) =

𝑀

∑

𝑗=1

𝑙𝑗𝑝(𝑔1, 𝑔2, 𝑔3, ; 𝑐𝑗)
2

(ii)

with 𝑙𝑗 real and positive weights; 𝑐𝑗 vectors
containing the coefficients of the 𝑑th order rank-1
polynomials constructed from the𝑀 unit vectors
V sampling the unit sphere.

(2) By substituting 𝐹(𝑔) given by (ii) in
(2), the signal 𝑆 can be approximated by
𝑆 as following:

𝑆 (𝑔𝑖, 𝑏𝑖) ≈

𝑀

∑

𝑗=1

𝑙𝑗 ∫
𝑆2

𝑝(V1, V2, V3, ; 𝑐𝑗)
2

× Ω (𝑔𝑖, 𝑏𝑖, V) 𝑑V (iii)

𝑐𝑗 is constructed for each vector or rank-1
tensor V𝑗 = [V1, V2, V3] sampling the unit sphere, and
contains the coefficients of these symmetric fourth
order tensors. The unknowns are then the weights
𝑙𝑗; the values 𝑙𝑗 are simply obtained by minimizing
the following functional equation E:

𝐸 =

𝐿

∑

𝑖=1

(
𝑆𝑖

𝑆0

−

𝑀

∑

𝑗=1

𝑙𝑗 ∫
𝑆2

𝑝(V1, V2, V3, ; 𝑐𝑗)
2

× Ω (𝑔𝑖, 𝑏𝑖, V) 𝑑V)
2

(iv)

with 𝑙𝑗 ∈ 𝑅
+, and 𝑆 normalized.

To ensure the positivity of the 𝑙𝑗 values,
the problem (iv) is solved using the efficient
constrained optimization algorithm Non Negative
Least Squares (NNLS) [8, 15].

(3) The𝑁 coefficients 𝐶𝑎,𝑏,𝑐 of the FOD tensor are
then estimated simply by multiplying the matrix 𝐶,
of size𝑁 ×𝑀 containing the monomials of the rank-1
symmetric fourth order tensor formed from vectors
𝑐𝑗, by the resultant vector 𝑙 of length𝑀.

Algorithm 1

In the following two subsections, we first start by describ-
ing the classical CANDECOMP/PARAFAC (CP) method to
decompose symmetric high order tensors and then present
in detail the Adecomp-SHOT approach we propose to ana-
lytically decompose a symmetric tensor of any order and any
dimension in a minimal sum of rank-1 terms.

2.2.1. Numerical Method: CP Low-Rank Approximation. The
tensor decomposition problem consists in writing a given

tensor, in sum of outer product of vectors, that is, rank-
1 tensor, and that with a minimal number of terms, the
number of terms corresponding to the minimal tensor rank.
Considering a symmetric tensor 𝑇 of order 𝑑 and dimension
𝑛, the minimal decomposition of this tensor should be in the
following form:

𝑇 =

𝑅

∑

𝑟=1

𝑉
1

𝑟
∘ 𝑉
2

𝑟
∘ ⋅ ⋅ ⋅ ∘ 𝑉

𝑑

𝑟
(3)
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with𝑅: the rank of𝑇, “∘”: the outer product, and𝑉𝑟: the rank-1
tensors (vectors).

However, determining the rank of high order tensors
(order > 2) is a hard mathematical and NP-complet prob-
lem. Therefore, a low-rank numerical approximation of the
decomposition (4) has been proposed in [13], where the
authors approximate the tensor by another tensor whose
rank is inferior to the minimal or generic tensor rank; this
numerical decomposition method is known as CANDE-
COMP/PARAFAC (CP):

�̂� ≈

𝑘

∑

𝑟=1

𝜆𝑟 (V
1

𝑟
∘ V2
𝑟
∘ ⋅ ⋅ ⋅ ∘ V𝑑

𝑟
) (4)

with ‖V𝑟‖ = 1 and 𝜆𝑟: the weights of the rank-1 tensors V𝑟.
𝑘 < 𝑅 is the subgeneric rank of the tensor 𝑇, for

symmetric tensors V1
𝑟
= V2
𝑟
= ⋅ ⋅ ⋅ = V𝑑

𝑟
. Thus, the CP-

decomposition of the tensor 𝑇 of order 𝑑 and of an unknown
minimal rank 𝑅 is done by a nonlinear minimization in
�̂� of (5) for a given subgeneric rank 𝑘; the nonlinear
minimization problem is solved using the alternating least
squares algorithm (ALS):

min
�̂�


�̂� − 𝑇


. (5)

Inverse Problem. To evaluate the intrinsic behavior of the CP
method, we have simulated an inverse problem by generating
fourth order symmetric tensors of rank-2 according to (3).
These tensors are constructed from two crossing vectors with
variable angles from 90

∘ to 0∘ and weighted by the same
weight 𝜆 = 0.5. The purpose is the evaluation of both the
ability of the method to render the correct solutions and the
angular resolution in such ideal case where data perfectly
satisfy the decomposition model.

The results of the intrinsic study are illustrated in Figure 1;
Figure 1(a) represents the mean error between the simulated
vectors or rank-1 tensors and the CP-decomposition solu-
tions, and Figure 1(b) gives the rank-1 tensors weights found
by the CP-decomposition, according to the separation angles.

From Figure 1(a) we notice that although the tensors to
decompose are constructed as to satisfy the decomposition
model described in (3), the CP-decomposition begins to give
an incorrect decomposition when the solutions are separated
with small angles (< 30∘); thus, Figure 1(b) shows that only
one vector of the two simulated is detected with the weights
𝜆1 = 1 and 𝜆2 = 0 for crossing angles inferior to 10∘. We
conclude that the accuracy and the angular resolution of the
CP-decomposition are intrinsically limited. Furthermore, the
CP-decomposition has another important limit which is the
requirement to predefine the rank of the decomposition.

The use of the CP-decomposition algorithm in dMRI to
detect the fiber orientations was proposed in 2011 by Jiao
et al. [12]. The authors considered an approximation of the
decomposition with a low-rank value (rank = 2) in order
to extract two crossing fiber orientations. The extracted fiber
orientations correspond to the rank-1 vectors obtained from
the decomposition. Although tensors decomposition is more
efficient in terms of angular resolution and accuracy than

the traditional maxima localization methods [11, 12], the CP-
decomposition could not guarantee the recovering of the
whole underlying fiber orientations since theminimal rank of
the tensor is not a priori known. Moreover, the convergence
of the ALS algorithm is not guaranteed and depends on the
initialization.

In 2010, Brachat et al. proposed [14] to solve the symmet-
ric high order tensor decomposition problem analytically;
in the remainder of the paper we denote this method:
Adecomp-SHOT. Rather than the CP numerical approach,
the Adecomp-SHOTmethod gives aminimal decomposition
without any apriority. However, to date the Adecomp-SHOT
remains theoretical and not yet expanded to the practical
issues or evaluated on physical phenomenons. Due to its abil-
ity to render a minimal decomposition, we naturally expect
that the Adecomp-SHOT applied to the fiber orientations
search in dMRI would be more interesting than the CP low-
rank approximation method.

2.2.2. Analytical Method: Adecomp-SHOT. The Adecomp-
SHOT method initially proposed by the authors Brachat et
al. [14] is a generalization of the Sylvesters theorem [14],
initially introduced for binary cases and extended to larger
dimensions. Thus, the Adecomp-SHOT algorithm is able
to decompose a symmetric tensor of any order and any
dimension, in a minimal sum of rank-1 terms.

Consider a symmetric tensor of order 𝑑 and dimension 𝑛
given in the following polynomial form:

𝑓 (𝑥0, 𝑥1, . . . , 𝑥𝑛)

= ∑

𝑗0+𝑗1+⋅⋅⋅+𝑗𝑛=𝑑

𝐶𝑗0, 𝑗1, . . . , 𝑗𝑛𝑥
𝑗0
0
𝑥
𝑗1
1
. . . 𝑥
𝑗𝑛
𝑛

(6)

with 𝑓(𝑥0, 𝑥1, . . . , 𝑥𝑛) ∈ 𝑅𝑑 a homogenous polynomial of
order 𝑑 in 𝑛 variables, and 𝐶𝑗0 ,𝑗1,...,𝑗𝑛 the coefficients of the
homogenous polynomial 𝑓.

An affine decomposition of 𝑓 consists in writing 𝑓 as a
sum of 𝑑th powers of rank-1 linear forms [14] as follows:

𝑓 (𝑋) = ∑

𝑖=1

𝜆𝑖𝐾𝑖(𝑋)
𝑑
,

𝑓 (𝑋) = 𝜆1𝐾1(𝑋)
𝑑
+ 𝜆2𝐾2(𝑋)

𝑑
+ ⋅ ⋅ ⋅

+ 𝜆𝑟𝐾𝑟(𝑋)
𝑑

(7)

with 𝜆𝑖 representing scalars weights, 𝐾𝑖(𝑋) rank-1 lin-
ear forms in 𝑋 = [𝑥0, 𝑥1, . . . , 𝑥𝑛] with the coefficients
(𝑘𝑖,0, 𝑘𝑖,1, . . . , 𝑘𝑖,𝑛), and 𝑟 the minimal rank of 𝑓, that is, of the
tensor.

𝐾𝑖(𝑋) is a rank-1 linear form of 𝑛 dimensions [14]:

𝐾𝑖 (𝑋) = 𝑘𝑖,0 ⋅ 𝑥0 + 𝑘𝑖,1 ⋅ 𝑥1 + ⋅ ⋅ ⋅ + 𝑘𝑖,𝑛 ⋅ 𝑥𝑛 (8)

with 𝑘𝑖,0 ̸= 0 for 1 ≤ 𝑖 ≤ 𝑟.
An affine decomposition of𝑓 exists, if and only if an affine

decomposition of 𝑓∗ exists; thus, the decomposition of 𝑓 is
equivalent to decomposing 𝑓∗; with 𝑓∗ being the linear form
associated with 𝑓 in the dual space 𝑅∗

𝑑
, the coefficients 𝐶∗
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Figure 1: Rank-2 symmetric fourth order. (a) The mean error. (b) The weights 𝜆 of the rank-1 tensors. Horizontal axes (a-b): the separation
angles from 90

∘ to 0∘.

of 𝑓∗ are then calculated from the coefficients 𝐶 of 𝑓 [14] as
follows:

𝐶
∗

𝑗0 ,𝑗1,...,𝑗𝑛
=
𝑗0!𝑗1! . . . 𝑗𝑛!

𝑑!
× 𝐶𝑗0 ,𝑗1,...,𝑗𝑛

. (9)

𝑓
∗ is obtained by unhomogenizing 𝑓∗ according to the

variable 𝑥0; this is done by dividing each monomial of the
homogenous polynomial 𝑓∗ by an appropriate power of 𝑥0.
Thus, 𝑓∗ is a nonhomogenous polynomial of degree 𝑑.

The necessary and sufficient existence conditions of the
decomposition are based on the rank conditions of the
Hankel matrix and the commutation properties. The Hankel
matrix is a𝑁 ×𝑁matrix with

𝑁 =
(𝑛 + (𝑑 − 1))!

𝑑! (𝑛 − 1)!
. (10)

𝑁 corresponds to the number of unique coefficients of a 𝑑-
order symmetric tensor of 𝑛 dimensions. The elements of
the Hankel matrix are computed from the coefficients 𝐶∗ of
𝑓
∗; we note that the elements corresponding to monomials

with total degree higher than the polynomial degree 𝑑 are
unknown.Weprovide an appendix (Appendix section)where
we give an example of a step by step decomposition of a 3
dimensional 4th order tensor of rank-4, illustrating how the
Adecomp-SHOT algorithm works and particularly we show
in Step 2 of the Appendix section how the Hankel matrix is
constructed from a homogenous polynomial.

To obtain the points 𝑘𝑖 of (8), we calculate from the
Hankel matrix the multiplication matrix 𝑀𝑖 as described
in Step 5 of Algorithm 2, with 𝑖 = 1, . . . , 𝑟, for a given
rank 𝑟; then we resolve the generalized eigenvalue problem
and we deduce the weights 𝜆𝑖 by simply resolving a linear
system. The readers can refer to the example given in the
Appendix section for much more details. The critical part
of Algorithm 2 is the step of extending the Hankel matrix,
Step 6 of Algorithm 2, to verify the stability of the rank

in case of higher ranks. Indeed, when the Hankel matrix
is not totally defined, the extension requires finding the
unknown parameters ℎ of the Hankel matrix satisfying the
commutation properties of the multiplication matrix 𝑀𝑙 ⋅
𝑀𝑚 − 𝑀𝑚 ⋅ 𝑀𝑙 = 0 with 𝑙, 𝑚 = 1, . . . , 𝑛; this leads to solving
a nonlinear equations system.Therefore, for higher ranks the
uniqueness of the decomposition is not guaranteed.

Inverse Problem. Once again, we have simulated an inverse
problem, this time for the Adecomp-SHOT algorithm; thus,
rank-2 fourth order tensors were constructed from a sum of
two rank-1 linear forms of order four, as described in (7).
We have simulated the same configuration as in Section 2.2.1
by constructing the fourth order tensors from two crossing
rank-1 linear forms at varying angles from 90

∘ to 0∘ and
weighted by the same weight 𝜆 = 0.5. Our results of the
intrinsic study of the analytical decomposition method are
thus given in Figure 2.

Contrarily to the CP-decomposition, the analytical
approach clearly renders the correct decomposition whatever
the separation angles. As shown in Figure 2(a) the obtained
mean error is zero, and the two rank-1 tensors are recovered
with the correct weights 𝜆1 = 𝜆2 = 0.5 as represented
in Figure 2(b). Furthermore, the analytical decomposition is
minimal; that is, the rank of the tensor is automatically found
without any assumption such that it is required for the CP-
decomposition. To confirm the ability of the method to give
always a minimal decomposition regardless of the rank of
the tensor, further tests on higher rank tensor have been
conducted; Figure 3 shows the results of decomposing a rank-
3 symmetric fourth order tensor constructed from 3 crossing
rank-1 tensors, according to (7), at angles decreasing from
90
∘ to 0∘. Figure 3 shows that the Adecomp-SHOT method

gives once again a correct decomposition with a zero mean
error whatever the separation angles between the 3 origin
rank-1 tensors. Other tests on symmetric fourth order tensors
of rank-4 and rank-5 have been conducted; the results of
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Data: An homogenous polynomial 𝑓(𝑋) of degree 𝑑.
Result: 𝑓(𝑋) = ∑𝑟

𝑗=1
𝜆𝑗𝐾(𝑋)

𝑑 with 𝑟minimal.
(1) Calculate coefficients of 𝑓∗ ∈ 𝑅∗

𝑑
from those of

𝑓 ∈ 𝑅𝑑.
(2) Construct the Hankel matrix𝐻(𝑁 ×𝑁) from the
coefficients of 𝑓∗.
(3) if all the (2 × 2) minors of 𝐻 are zero then

𝑟 = 1 (tensors rank)
else
𝑟 = 2.

Repeat
(4) Compute from𝐻 a square sub-matrix Δ of
dimension (𝑟 × 𝑟) corresponding to a monomials
basis 𝐵 of degree ≤ 𝑑 connected one
of size |𝐵| = 𝑟. and its extension Δ+ of dimension
((𝑟 + 1) × (𝑟 + 1)) corresponding to
the monomials basis 𝐵+ of size |𝐵+| = 𝑟 + 1,
which is the extension of 𝐵.
(5) Compute the matrix Δ 𝑥𝑖 corresponding to
the monomials basis 𝐵multiplied by 𝑥𝑖 for
𝑖 = 1, . . . , 𝑛 and the multiplication matrix

𝑀𝑖 = Δ 𝑥𝑖
(Δ)
−1

(6) Find the parameters ℎ such that det(Δ) ̸= 0

and the matrix𝑀𝑖 commute.
if solutions ℎ exist then

Calculate the rank 𝑅Δ of Δ and 𝑅+
Δ

the rank of Δ+.
if 𝑅Δ == 𝑅+Δ then

𝑟 = 𝑅Δ

else
𝑟 = 𝑟 + 1; Repeat Step 4.

else
𝑟 = 𝑟 + 1; Repeat Step 4.

Until the eigenvalues of ∑𝑛
𝑖=1
𝑎𝑖𝑀𝑖 are simples

with arbitrary real 𝑎𝑖;
(7) Calculate the 𝑛 × 𝑟 eigenvalues 𝑘𝑖,𝑗 of the common
eigenvectors V𝑗 of the multiplication matrix𝑀𝑖 such
that𝑀𝑖 ⋅ V𝑗 = 𝑘𝑖,𝑗 ⋅ V𝑗, 𝑖 = 1, . . . , 𝑛, 𝑗 = 1, . . . , 𝑟.
(8) Then solving the linear system in (𝜆𝑗)𝑗=1,...,𝑟:

𝑓 (𝑥0, 𝑥1, . . . , 𝑥𝑛) =

𝑟

∑

𝑗=1

𝜆𝑗(𝑘0,𝑗 ⋅ 𝑥0 + ⋅ ⋅ ⋅ + 𝑘𝑛,𝑗 ⋅ 𝑥𝑛)
𝑑

where 𝑘𝑗 are the eigenvalues found in Step 7.

Algorithm 2

these experiences show that theAdecomp-SHOTmethod still
gives the correct decomposition in case of rank-4 while for a
rank-5 fourth order tensors the decomposition is found with
insignificant angular error not exceeding 0.5∘. However, by
increasing the order of the tensor from 4 to 6 the error drops
to zero.

2.3. Fiber Directions from Diffusion Data Using the Analytical
Decomposition of FourthOrder Tensor. In this sectionwe pro-
pose to extract the fibers orientations from the dMRI signal
by decomposing analytically the three dimensional fourth
order CT-FOD using the Adecomp-SHOT. The coefficients
of the fourth order FOD are estimated from the dMRI data as

described in Section 2.1.Thus,we are interested to decompose
the Cartesian FOD tensor in sum of powers of rank-1 linear
forms:

𝑓 (𝑔) =

𝑟

∑

𝑖=1

𝜆𝑖𝐾𝑖(𝑔)
4 (11)

with 𝑟 minimal representing the tensor rank; 𝐾𝑖 are rank-1
linear forms in 3 variables with the real normalized coeffi-
cients [𝑘𝑖,0, 𝑘𝑖,1, 𝑘𝑖,2], and 𝜆𝑖 are the real positive weights.

The normalized coefficients of𝐾𝑖 represent the Cartesian
coordinates of the fibers orientations, weighted by the scalar
𝜆𝑖, and 𝑟 represents the number of crossing fibers bundles in
each voxel.
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Figure 2: Rank-2 symmetric fourth order. (a) Blue: the mean error. (a) Red: the number of detected rank-1 tensors. (b) The weights 𝜆 of the
rank-1 tensors. Horizontal axes (a-b): the separation angles from 90

∘ to 0∘.
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Figure 3: Rank-3 symmetric fourth order. (a) Blue: the mean error. (a) Red: the number of detected rank-1 tensors. (b) The weights 𝜆 of the
rank-1 tensors. Horizontal axes (a-b): the separation angles from 90

∘ to 0∘.

However, as described in Section 2.2.2 the affine decom-
position of a homogenous polynomial of any order and any
dimension is done assuming that all coefficients of the first
Cartesian coordinate in the decomposition are nonzero; that
is, 𝑘𝑖,0 ̸= 0, for 1 ≤ 𝑖 ≤ 𝑟, with 𝑟 the tensor rank.
This constraint implies that only fiber orientations whose
first coordinate coefficient is nonzero can be detected. To
avoid missing fiber orientations, we propose to introduce a
coordinate changing in case where maxima are located in
undetectable area. Also, not doing this coordinate transfor-
mation systematically and imposing a stopping criterion, we

propose to make a first exhaustive search on the FOD by
discretizing it on unit sphere and then localize roughly its
maxima. A given FOD function 𝑓(𝑔), with 𝑔 the gradient
of the magnetic field, can be discretized on units sphere as
follows:

𝑓 (𝑔) =

𝑁


∑

𝑗=1

𝑝𝑗𝑓𝑗 (V
𝑗

1
, V𝑗
2
, V𝑗
3
) (12)

with 𝑁 the number of samples; 𝑝𝑗𝑓𝑗 is a rank-1 fourth
order tensor constructed in the orientation (V𝑗

1
, V𝑗
2
, V𝑗
3
) and
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represents the value of the FOD in this orientation, and the
3 dimensional unit vectors V𝑗 are obtained by a uniform
tessellation of unit sphere. Thus, the 𝑝𝑗 are found by solving
the linear system 𝐵 = 𝑊𝑃, with𝑊 representing a vector of
𝑁
 weights𝑝𝑗,𝐵 vectors of 15 unique coefficients of the fourth

order tensor FOD and 𝑃 a (15 × 𝑁) matrix; 𝑃 contains the
15 unique coefficients of the 𝑁 rank-1 fourth order tensor
constructed from unit vectors V. Once the FOD is discretized,
we check the first coordinate of the FOD values weighted
by 𝑝𝑗 < (0.5 × 𝑝max) corresponding to the FOD lobes,
and we make a coordinate changing before decomposing
the tensor if these coordinates are close to zero. Obviously,
after decomposition, the inverse coordinate transformation
is required to bring back the resulted rank-1 tensor to the
origin coordinate system. In order to preserve the angles
between two vectors and their lengths, the transformation
matrix should be orthogonal. Therefore, to preserve the fiber
orientations we use a rotation transformation; considering
the initial coordinates or variables 𝑋 = [𝑥0, 𝑥1, . . . , 𝑥𝑛], 𝑋


=

[𝑥


0
, 𝑥


1
, . . . , 𝑥



𝑛
] is obtained from 𝑋 by the following linear

transformation:

𝑥


0
= 𝑎11𝑥0 + 𝑎12𝑥1 + ⋅ ⋅ ⋅ + 𝑎1𝑛𝑥𝑛

𝑥


1
= 𝑎21𝑥0 + 𝑎22𝑥1 + ⋅ ⋅ ⋅ + 𝑎2𝑛𝑥𝑛

...

𝑥


𝑛
= 𝑎𝑛1𝑥0 + 𝑎𝑛2𝑥1 + ⋅ ⋅ ⋅ + 𝑎𝑛𝑛𝑥𝑛

𝑋

= 𝑀 × 𝑋

(13)

As mentioned, the matrix 𝑀 is an orthogonal matrix or
a rotation matrix. This coordinate transformation can be
done either on the homogenous polynomial as a change
of variable using a rotation transformation or simply by
rotating the fourth order tensor coefficients. This coordinate
transformation insures recovering the entire crossing fibers
whatever its locations in the Cartesian space.

The Adecomp-SHOT as initially described in [14] would
provide a minimal decomposition with a minimal analytical
rank, without any constraints on the weights 𝜆𝑖 or 𝐾𝑖 values;
in theory this is not a problem, but when we are interested
in detecting the fibers orientations, negatives values for
the weights or complexes coefficients do not correspond to
any physical meaning. To overcome this limit, we propose
ignoring the𝐾𝑖 with complexes coefficients found at Step 7 of
Algorithm 2 and then solve the linear system (14) with only
the linear forms𝐾𝑖 with real coefficients:

𝑓 (𝑔) ≈

𝑟


∑

𝑖=1

𝜆𝑖𝐾𝑖(𝑔)
4 (14)

𝑟

≤ 𝑟 represents the tensor rank and 𝐾𝑖 ∈ 𝑅4. This linear

system can be written as a matrix equation 𝐵 = 𝑊𝐴, with𝑊
a vector of length 𝑟 containing the fibers weights 𝜆𝑖 and 𝐴 is
a (𝑟 × 15) matrix containing the polynomials coefficients of
the rank-1 linear forms 𝐾𝑖(𝑔)

4 of order 4 and 𝐵 is a vector
of length 15 containing the coefficients of the fourth order

fiber orientation distribution function 𝑓(𝑔). To impose the
positivity constraint on the weights 𝜆𝑖 values, we propose to
solve the minimization problem 2.17 using the well-known
Lawson and Hansons NNLS algorithm [15]:

min
𝑤
‖𝐵 −𝑊𝐴‖

2
. (15)

However, to verify that a set of 𝜆𝑖 > 0 such that 𝑓(𝑔) ≈
∑
𝑟


𝑖=1
𝜆𝑖𝐾𝑖(𝑔)

4 exists we check the norm ‖𝐵 −𝑊𝐴‖
2; if the

residual norm is less than 1, we assert that it is sufficient to
consider the resulted decomposition accurately and the 𝐾𝑖
weighted by 𝜆𝑖 > 0 correspond to the maxima of 𝑓(𝑔); else,
we propose to relaunch the decomposition by doing a change
of coordinates. This trick allows imposing the positivity
constraint and increasing the accuracy of the decomposition.

Finally, to take into account the effect of the noise due to
the diffusion model, we have introduced a heuristic cleaning
that consists in removing all the fiber orientations weighted
by 𝜆𝑖 ≤ 0.1𝜆max and merging fibers separated by angle 𝛼 ≤
15
∘ [20].

3. Results and Discussion

To validate our proposed crossing fibers detection method,
we conduct many tests, first on synthetic diffusion dataset
simulated with a multitensor model with 60 gradient direc-
tions and a 𝑏-value of 3000 s/mm2; these data represent
crossing fibers with variable separating angles from 90

∘ to
0
∘. On these synthetic diffusion data we have compared
our method to other methods in literature such as CP-
decomposition based method and the Z-eigenvalues based
approach; the results of this comparison are illustrated in
Figure 4.Then, the synthetic dataset is corruptedwith a rician
noise of different signal to noise ratio (SNR = 40, 30, 20, and
10); 100 trials of noise are performed for each SNR level and
for each separating angle; the results of the effect of a rician
noise are presented in Figures 5 and 6 and Table 1. Finally,
ourmethod is tested on phantom and on in vivo human brain
diffusion data as illustrated in Figures 7 and 8.

3.1. Validations on Synthetic Diffusion Dataset

Comparison with CP-Decomposition and Z-Eigenvalues Based
Approaches. In order to compare the angular resolution of our
fiber extraction approach to the one of the CP-decomposition
and the Z-eigenvalues based methods, we have conducted
experiments on same noise-free synthetic diffusion dataset.
From these data we reconstruct the fourth order CT-FODs
and then we extract the maxima of the CT-FODs using
the CP-decomposition, the Z-eigenvalues approach, and our
proposed Adecomp-SHOT based approach. As it is required
by the CP-decomposition, to decompose the fourth order
CT-FOD we set the low-rank of the decomposition approx-
imation to 2; that is, we assume that we know the number
of fibers in the voxel. We recall that rather than the CP-
decomposition our Adecomp-SHOT based approach does
not require predefining the rank of the decomposition, that
is, not require knowing a priori the number of fibers in the
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Figure 4: Free-noise synthetic diffusion data: (a) solid lines: mean error in degree; (a) black dot: the number of detected fibers by the
Adecomp-SHOT based approach. (b) The weights 𝜆. (a-b) Red: the Z-eigenvalues based approach; green: the CP-decomposition based
approach; blue: the Adecomp-SHOT based approach. Horizontal axes (a-b) represent the separation angles from 90

∘ to 0∘.

voxel. Moreover, to insure roughly the convergence of the
ALS algorithm used by PARAFAC we initialize it by the
eigenvectors of each mode of the fourth order tensor. This
initialization is possible only for lower ranks up to 3, because
the tensor is of dimension 3 and contains only 3 modes; for
higher ranks, the initialization will be random which do not
insure the convergence of the algorithm.

Figure 4 illustrates the results obtained by the CP-
decomposition, the Z-eigenvectors, and the Adecomp-SHOT
based approach. From Figure 4 we clearly notice that the
tensor decomposition methods have a better angular reso-
lution than the Z-eigenvalues classical method which is not
able to recover crossing fibers orientations at angles below
60
∘. The results show too that if we assume that the number

of fibers is a priori known, then both of CP-decomposition
and Adecomp-SHOT based method are equivalent in terms
of angular resolution and accuracy. Nevertheless, the CP-
decomposition remains limited by the constraint of predefin-
ing the rank and by the convergence of the ALS algorithm.
The proposed Adecomp-SHOT based approach efficiently
solves these problems without loss of angular resolution or
accuracy. With an order of tensors not exceeding four and
without predefining the number of fibers in a voxel, the fiber
orientations are recovered with an angular resolution limit of
30
∘ and a mean error less than 4∘ up to separation angles of

36
∘.

The Effect of a Rician Noise. The most important aspect of
the Adecomp-SHOT based method is its ability to render
the number of fibers automatically without any assumption;
therefore, we evaluate in 100 experiences on noisy synthetic
data the success rate of our approach in detecting the number
of crossing fiber bundles for different crossing angles. The
synthetic data are corruptedwith a Rician noise with different

SNR levels of 40, 30, 20, and 10; the results are summarized
in Table 1. Furthermore, in order to compare our results with
the state-of-the-art, we conduct the same experiences for each
of the CP-decomposition and the Z-eigenvalue approaches.
The results in Table 1 show that up to a crossing angle of
48
∘ in case of SNR 30 the success rate of our method is of

100%; this rate slightly decreases for a crossing angle of 42∘
where the correct number of fibers is rendered at 95%, and
for a crossing angle of 36∘ the success rate is of 41%. Notice
that, even in case of low signal to noise ratio SNR = 20, the
correct number of fibers is found with a rate of 99% up to
crossing angle of 48∘, and for a really low SNR level of 10 the
success rate is higher than 72%up to a separation angle of 54∘.
These results prove that the ability of the Adecomp-SHOT
method to find automatically the number of fibers is not
highly sensitive to noise. Thus, our Adecomp-SHOT based
method is really reliable when we aim to detect the number
of underlying fibers, even in case of really low SNR levels. For
comparison, results about the number of fibers rendered by
the CP and the Z-eigenvalues methods are too represented
in Table 1; we can notice from these results that even if the
number of fibers is automatically recovered by the Adecomp-
SHOT approach, the success rate does not highly differ from
the success rate of the CP-decomposition where the number
of fibers constitutes an input parameter.

To evaluate the effect of noise on the accuracy of our
Adecomp-SHOTbased approachwe represent on the left col-
umn of Figures 5 and 6 the mean and the standard deviation
of the mean error between the recovered fiber orientations
and the ground truth fiber orientations, corresponding to
different SNR levels, and on the right column of Figures 5
and 6 we represent the mean and standard deviation of the
fiber weights 𝜆; figures on the center column of Figures 5
and 6 represent the mean and the standard deviation of the
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Figure 5: Noisy synthetic data with SNR 40 and 30: (a, b, and c) SNR 40 and (d, e, and f) SNR 30. (a, d)Themean and the standard deviation
of the mean error; (b, e) the mean and the standard deviation of the fiber weights 𝜆; (c, f) the mean and the standard deviation of the number
of detected fibers. Horizontal axes (a–f) the separation angles from 90

∘ to 0∘.

number of detected fibers. Once again, in order to compare
our approach to other classical and state-of-the-art methods,
results for each of our Adecomp-SHOT based approach CP
and Z-eigenvalues approaches are illustrated on Figures 5 and
6. As in the free-noise case, Figures 4(a) and 4(b), for SNR
= 40, Figures 5(a)–5(c), the method recovers effectively the
entire simulated fiber orientations with an angular resolution

limit equal to 30∘ and up to a separation angle of 36∘ the
two crossing fibers are detected with a slight increase in the
mean error but the mean of the mean error remains less than
9
∘ as it is shown by Figure 5(a). While, for SNR 30, Figures
5(d)–5(f), the angular resolution limit is somewhat reduced
and its value is between 36∘ and 30∘ with a mean of the
mean error not exceeding 8∘ for a separating angle of 42∘ as
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Figure 6: Noisy synthetic data with SNR 20 and 10: (a, b, and c) SNR 20 and (d, e, and f): SNR 10. (a, d)Themean and the standard deviation
of the mean error; (b, e) the mean and the standard deviation of the fiber weights 𝜆; (c, f) the mean and the standard deviation of the number
of detected fibers. Horizontal axes (a–f) the separation angles from 90

∘ to 0∘.

shown in Figure 5(d); we notice that even when the SNR level
equals 30, the angular resolution limit is still better than the
angular resolution limit of the classical maxima localization
methods in the free-noise case. For a low signal to noise ratio
of 20, Figures 6(a)–6(c), the method still recovers the fiber
orientations with an angular limit between 36∘ and 42∘ and

the mean error remains inferior to 8∘ for a crossing angle of
48
∘. Up to SNR level of 20 the results of each of the Adecomp-

SHOT and CP methods are equivalent in terms of angular
resolution and accuracy if we assume the number of fiber
known. Concerning the Z-eigenvalues approach, the results
on Figure 5 confirm that even in case of a high SNR level
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Table 1: Success rate (%) in detecting the number of crossing fiber bundles, results of 100 simulations of noise for each crossing angle and for
each SNR level.

Separation angle
90
∘

84
∘

78
∘

72
∘

66
∘

60
∘

54
∘

48
∘

42
∘

36
∘

30
∘

SNR Method

40
Adecomp-SHOT 100% 100% 100% 100% 100% 100% 100% 100% 100% 68% 3%
CP-decomp. 100% 100% 100% 100% 100% 100% 100% 100% 100% 61% 1%
Z-eigenvalues 100% 100% 99% 99% 90% 11% 0%

30
Adecomp-SHOT 100% 100% 100% 100% 100% 100% 100% 100% 95% 41% 4%

CP-decomp 100% 100% 100% 100% 100% 100% 100% 100% 94% 39% 3%
Z-eigenvalues 100% 100% 98% 100% 74% 11% 0%

20
Adecomp-SHOT 99% 99% 99% 99% 98% 99% 98% 99% 77% 33% 8%

CP-decomp 100% 100% 100% 100% 100% 100% 100% 99% 74% 34% 4%
Z-eigenvalues 99% 100% 100% 99% 72% 24% 0%

10
Adecomp-SHOT 96% 82% 88% 82% 80% 81% 72% 67% 54% 36% 27%

CP-decomp 100% 100% 100% 100% 100% 100% 99% 92% 80% 67% 55%
Z-eigenvalues 100% 99% 98% 95% 73% 47% 0%

(a) (b)

Figure 7: (a) Fourth order CT-FODs reconstructed from FiberCup data. (b) Fiber directions corresponding to the fourth order CT-FODs
maxima extracted using the Adecomp-SHOT based approach.

the Z-eigenvalues method clearly fails to recovers crossing
fiber orientationswhen the separation angle is lower than 60∘.
Furthermore, additional tests are performed with really low
SNR level of 10 to evaluatemuchmore the robustness to noise.
The results are represented in Figures 6(d)–6(f) and show that
in case of SNR 10 the angular resolution of our method is
between 48∘ and 54∘ where the correct number of fibers is
rendered at more than 67% (Table 1) with amean of themean
error not exceeding 16∘ for a separation angle of 48∘ while
for the same separation angle the CP-decomposition method
has a mean of the mean error higher than 21∘. These results
prove that our proposed Adecomp-SHOT based approach is
effective and robust to noise.

3.2. Phantom Diffusion Dataset. We conduct other exper-
iments on the FiberCup phantom data acquired at 𝑏 =

2000 s/mm2 with 64 acquisitions [21, 22] downloaded from
the computer-assisted neuroimaging laboratory (LNAO)
link: http://www.lnao.fr/spip.php?article112.The fourth order
tensor is estimated from the phantom data using the

CT-FOD algorithm and represented by spherical function
in Figure 7(a). The recovered fiber directions are plotted on
Figure 7(b).The results show that our Adecomp-SHOTbased
approach is able to render the fiber bundle directions.

3.3. In Vivo Human Cerebral Dataset. We conduct further
tests, on real dataset obtained from the Stanford University
[23] link: http://purl.stanford.edu/yx282xq2090. These data
were acquired with 160 gradient directions with a 𝑏-value of
2000 s/mm2; the thickness of slice is 2mm. The CT-FODs of
fourth order are estimated from these data and decomposed
with the Adecomp-SHOT; Figures 8(a) and 8(b) show the
fourth order CT-FODs and the fiber directions, respectively.
On a coronal slice, Figure 8 shows that the method reliably
extracts the Corpus Collum (CC), the Corticospinal Tractu
(CST), the Cingulum (CG), and the Superior Longitudinal
Fasciculus (SLF). Two regions representing the CC, CST, and
SLF intersections are highlighted onFigures 8(c) and 8(d) and
show the ability of our approach to extract crossing fiberswith
a high angular resolution.
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Figure 8: (a) Fourth order CT-FODs are reconstructed from in vivo human cerebral dataset and represent the Corpus Collum (CC),
the Corticospinal Tract (CST), the Cingulum (CG), and the Superior Longitudinal Fasciculus (SLF) on a coronal slice; the CT-FODs are
superposed on the rawdiffusion signal. (b) represents the fiber directions (colored according to their directions) extracted using theAdecomp-
SHOT based approach. Yellow and red highlighted areas are, respectively, zoomed in (c) and (d).

4. Conclusion

In this paper, we have proposed an Adecomp-SHOT based
approach to extract the fiber directions from DW-MRI
data. Till now, the CP-decomposition approach constitutes
the state-of-the-art of the tensor decomposition applied to
the fiber directions search in dMRI. Although the CP-
decomposition method provides a better angular resolution
and accuracy than the classical methods of maxima localiza-
tion, this numerical method is suboptimal and suffers from
two important inconveniences: the inability to ensure the
convergence of the algorithm and the requirement to pre-
defining the rank of the decomposition, that is, the number of
fibers in the voxel. Thus, to overcome the considerable limits
related to the CP-decomposition approach in the diffusion
MRI, we propose a novel approach based on an analytical
decomposition of symmetric high order tensor to extract
the fiber directions in dMRI. Unlike CP-decomposition, our
proposed approach is able to recover the entire crossing
fiber directions whatever its number and that without any
assumption. To exploit the Adecomp-SHOT on diffusion
dataset and to take into account the ground truth properties
of the diffusion, we imposed a real and nonnegative con-
straint by using the NNLS algorithm and by introducing a
change of variables. The change of variables was done by a
rotation transformation to preserve the fiber directions. This
coordinate transformation permitted to overcoma significant
constraint imposed by the original Adecomp-SHOT. Indeed,
the Adecomp-SHOT, as initially described, enables to extract
directions in the affine space whose first Cartesian coordi-
nates are zero, but by using optimally the transformation
coordinates, the entire fibers directions are recovered what-
ever its positions in the affine space. Different validations
tests were conducted on synthetic noisy diffusion data,
phantom, and real data. The tests on synthetic dataset have
shown three principal advantages. (1) The Adecomp-SHOT
based approach overcomes the limits related to CP-decomp

osition without loss in the angular resolution and angular
accuracy. (2) Our approach is efficient, accurate, and robust
to noise: for SNR equal to 30 our Adecomp-SHOT based
approach has an angular resolution limit < 36∘ and up to 42∘
the mean of the mean error does not exceed 8∘. (3)The rician
noise does not really affect the ability of the method to detect
the number of fibers in a voxel; indeed, up to a crossing angle
of 48∘ for a low SNR equal to 20 the correct number of fibers
is found at 99%. Finally, the tests conducted on phantom and
real data confirm the ability of the method to reliably extract
the directions of fiber bundles especially in regions where
many fiber bundles intersect.

Appendix

As described by (7) of Section 2.2.2, the affine and minimal
decomposition of a rank-4 polynomial 𝑓 of degree 4 in 3
variables is given by the following form:

𝑓 (𝑥0, 𝑥1, 𝑥2) =

4

∑

𝑗=1

𝜆𝑗𝐾𝑗(𝑥0, 𝑥1, 𝑥2)
4
,

𝐾𝑗 (𝑥0, 𝑥1, 𝑥2) = 𝑘𝑗,0 ⋅ 𝑥0 + 𝑘𝑗,1 ⋅ 𝑥1 + 𝑘𝑗,2 ⋅ 𝑥2.

(A.1)

According to (A.1), we generate a 4th order tensor of rank-
4 in 3 dimensions from 4 crossing vectors 𝑘𝑗 separated with
angle of 63.43∘; these vectors 𝑘𝑗, given below, are uniformly
distributed on the unit sphere and weighted with the same
weights 𝜆𝑗 = 0.25. Consider



𝑘1 𝑘2 𝑘3 𝑘4

0.00623 −0.4 0.79 0.6367

0.0644 −0.828 0.385 −0.6531

−0.998 0.392 0.478 0.41



. (A.2)
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The resulted tensor is represented by the polynomial 𝑓 given
by

𝑓 (𝑥0, 𝑥1, 𝑥2) = 0.145𝑥
4

0
+ 0.0739𝑥

3

0
𝑥1 + 0.316𝑥

3

0
𝑥2

+ 0.563𝑥
2

0
𝑥1
2
− 0.137𝑥

2

0
𝑥1𝑥2 + 0.353𝑥

2

0
𝑥
2

2

+ 0.095𝑥0𝑥
3

1
+ 0.179𝑥0𝑥

2

1
𝑥2 + 0.153𝑥0𝑥1𝑥

2

2

+ 0.0998𝑥0𝑥
3

2
+ 0.169𝑥

4

1
− 0.31𝑥

3

1
𝑥2

+ 0.323𝑥
2

1
𝑥
2

2
− 0.117𝑥1𝑥

3

2
+ 0.274𝑥

4

2
.

(A.3)

In the following, we propose to illustrate how the Adecomp-
SHOT algorithm works by decomposing the homogenous
polynomial 𝑓 given in (A.3) step by step. 𝑓 will be thus
decomposed in a minimal sum of 4th order rank-1 terms
as described in (A.1), and at the end we expect to find
the vectors 𝑘𝑗 given in the equation (A.2) and the weights
𝜆𝑗 = 0.25. An affine decomposition of 𝑓 exists, if and
only if an affine decomposition of 𝑓∗ exists; decomposing
𝑓 is then equivalent to decomposing 𝑓

∗, which is the
unhomogenization of 𝑓 in the dual space; then, the first step
of the Adecomp-SHOT algorithm is the computation of the
coefficients 𝐶∗ of 𝑓∗ from the coefficients 𝐶 of 𝑓.

Step 1. Consider computation of the coefficients 𝐶∗ of 𝑓∗

from the coefficients 𝐶 of 𝑓.
From the coefficients 𝐶 of 𝑓 we compute the coefficients

𝐶
∗ of 𝑓∗ as described in (A.5), with 𝑓∗ the associated linear

form of 𝑓 in the dual space 𝑅∗
4
.

Consider a general form of a 4th order tensor of dimen-
sion 3 given by

𝑓 (𝑥0, 𝑥1, 𝑥2) = ∑

𝑎+𝑏+𝑐=4

𝐶𝑎,𝑏,𝑐𝑥
𝑎

0
𝑥
𝑏

1
𝑥
𝑐

2
, (A.4)

𝐶
∗

𝑎,𝑏,𝑐
=
𝑎!𝑏!𝑐!

4!
× 𝐶𝑎,𝑏,𝑐. (A.5)

From the expression of 𝑓 in (A.3) we deduce the coefficients
𝐶 of 𝑓 and by the relation (A.5) we calculate the coefficients
𝐶
∗ of 𝑓∗ from the coefficients 𝐶:

𝐶 = [0.145, 0.0739, 0.316, 0.563,

− 0.137, 0.353, 0.095, 0.179, 0.153, 0.0998, 0.169,

− 0.31, 0.323, −0.117, 0.274] ,

𝐶
∗
= [0.145, 0.0185, 0.079, 0.0938, − 0.0115, 0.0588,

0.0238, 0.0149, 0.0127, 0.0249, 0.169,

−0.0775, 0.0538, −0.0292, 0.274] .

(A.6)

Then, the associated linear form 𝑓
∗ of 𝑓 in the dual space 𝑅∗

4

is given by the following expression:

𝑓
∗
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(A.7)

Computing 𝑓∗ by unhomogenizing 𝑓∗ according to 𝑥0,

𝑓
∗
= 0.145 + 0.0185𝑥1 + 0.079𝑥2

+ 0.0938𝑥
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1
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(A.8)

The nonhomogenous basis of monomial is given by 𝐵:

𝐵 = [1, 𝑥1, 𝑥2, 𝑥
2

1
, 𝑥1𝑥2, 𝑥

2

2
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𝑥2, 𝑥1𝑥

2

2
,

𝑥
3

2
, 𝑥
4

1
, 𝑥
3

1
𝑥2, 𝑥
2

1
𝑥
2

2
, 𝑥1𝑥
3

2
, 𝑥
4

2
] .

(A.9)

And the coefficients 𝐶∗ of 𝑓∗ are the same as the coefficients
𝐶
∗ of 𝑓∗:

𝐶
∗
= [0.145, 0.0185, 0.079, 0.0938, −0.0115, 0.0588,

0.0238, 0.0149, 0.0127, 0.0249, 0.169,

− 0.0775, 0.0538, −0.0292, 0.274] .

(A.10)

Step 2. Construct the Hankel matrix 𝐻 of size (𝑁 × 𝑁)

(Table 3) from𝑓∗; we notice that the elements corresponding
to monomials with total degree higher than the polynomial
degree 4 are unknown:

𝐻(𝑙,𝑚) = 𝐶
∗

𝑏𝑙+𝑏𝑚 ,𝑐𝑙+𝑐𝑚
if 𝑏𝑙 + 𝑏𝑚 + 𝑐𝑙 + 𝑐𝑚 ≤ 4

𝐻 (𝑙, 𝑚) = ℎ𝑏𝑙+𝑏𝑚 ,𝑐𝑙+𝑐𝑚
(unknown) else

(A.11)

with 𝑙, 𝑚 = 1, . . . , 𝑁, the number of rows and
columns, respectively, of the Hankel matrix 𝐻, and
𝐶
∗

𝑏𝑙+𝑏𝑚 ,𝑐𝑙+𝑐𝑚
corresponding to the monomial 𝑥𝑏𝑙+𝑏𝑚

1
𝑥
𝑐𝑙+𝑐𝑚
2

.
We denote by𝑁 the number of unique coefficients in the

tensor;𝑁 is a function in the order 𝑑 and dimension 𝑛 and is
calculated by

𝑁 =
(𝑛 + (𝑑 − 1))!

𝑑! (𝑛 − 1)!
. (A.12)

In our case 𝑑 = 4 and 𝑛 = 3, then𝑁 = 15.
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Table 2: The (11 × 11) part of the Hankel matrix constructed from the coefficients 𝐶∗ of 𝑓∗.

1 𝑥1 𝑥2 𝑥
2

1
𝑥1𝑥2 𝑥

2

2
𝑥
3

1
𝑥
2

1
𝑥2 𝑥1𝑥

2

2
𝑥
3

2
𝑥
4

1

1 0.145 0.0185 0.079 0.0938 −0.0115 0.0588 0.0238 0.0149 0.127 0.0249 0.169

𝑥1 0.0185 0.0938 −0.0115 0.0238 0.0149 0.0127 0.169 −0.0775 0.0538 −0.0292 ℎ 50

𝑥2 0.079 −0.0115 0.0588 0.0149 0.0127 0.169 −0.0775 0.0538 −0.0292 0.0274 ℎ 41

𝑥
2

1 0.0938 0.0238 0.0149 0.0169 −0.0775 0.0538 ℎ 50 ℎ 41 ℎ 32 ℎ 23 ℎ 60

𝑥1𝑥2 −0.0115 0.0149 0.0127 −0.0775 0.0538 −0.00292 ℎ 41 ℎ 32 ℎ 23 ℎ 14 ℎ 51

𝑥
2

2 0.0588 0.0127 0.0249 0.0538 −0.0292 0.274 ℎ 32 ℎ 23 ℎ 14 ℎ 05 ℎ 42

𝑥
3

1 0.0238 0.169 −0.0775 ℎ 50 ℎ 41 ℎ 32 ℎ 60 ℎ 51 ℎ 42 ℎ 33 ℎ 70

𝑥
2

1
𝑥2 0.0149 −0.0775 0.0538 ℎ 41 ℎ 32 ℎ 23 ℎ 51 ℎ 42 ℎ 33 ℎ 24 ℎ 61

𝑥1𝑥
2

2 0.0127 0.0538 −0.0292 ℎ 32 ℎ 23 ℎ 14 ℎ 42 ℎ 33 ℎ 24 ℎ 15 ℎ 52

𝑥
3

2 0.0249 −0.0292 0.274 ℎ 23 ℎ 14 ℎ 05 ℎ 33 ℎ 24 ℎ 15 ℎ 06 ℎ 43

𝑥
4

1 0.169 ℎ 50 ℎ 41 ℎ 60 ℎ 51 ℎ 42 ℎ 70 ℎ 61 ℎ 52 ℎ 43 ℎ 80

Table 3: Hankel matrix structure.

𝑥
𝑏𝑚
1
𝑥
𝑐𝑚
2
⋅ ⋅ ⋅

𝑥
𝑏𝑙
1
𝑥
𝑐𝑙
2

𝐶
∗

𝑏𝑙+𝑏𝑚 ,𝑐𝑙+𝑐𝑚
⋅ ⋅ ⋅

...
...

Table 2 gives a (11 × 11) part of the Hankel matrix
constructed from the coefficients 𝐶∗ of 𝑓∗. We give below an
example onhow to calculate theHankelmatrix elements from
the coefficients 𝐶∗ of the polynomial 𝑓∗ given by (A.8):

𝐻(1, 1) = 𝐶
∗

0,0
corresponding to the monomial 𝑥0

1
𝑥
0

2
;

𝐻(1, 1) = 0.145;

𝐻(2, 4) = 𝐶
∗

3,0
corresponding to the monomial 𝑥3

1
𝑥
0

2
;

𝐻(2, 4) = 0.0238;

𝐻(5, 7) = 𝐶
∗

4,1
corresponding to the monomial 𝑥4

1
𝑥
1

2
;

𝐻(5, 7) = ℎ41 (unknown);

𝐻(10, 8) = 𝐶
∗

5,1
corresponding to themonomial𝑥5

1
𝑥
1

2
;

𝐻(10, 8) = ℎ51 (unknown).

Step 3. Check if the polynomial 𝑓 is of rank-1. For that, we
check if all the minors (2 × 2) that we can calculate from 𝐻

are equal to zero. In our case, all the minors (2 × 2) of𝐻 are
not zero; then we set 𝑟 = 2.

Step 4. Find the rank of the tensor iteratively.
For 𝑟 = 2, we compute from 𝐻 a square submatrix Δ of

dimension (𝑟 × 𝑟) corresponding to a monomials basis 𝐵 =
[1, 𝑥1] connected to one of size |𝐵| = 𝑟. Consider

Δ =



1 𝑥1

0.145 0.0185

0.0185 0.0938



1
𝑥1

(A.13)

and its extension Δ
+ of dimension ((𝑟 + 1) × (𝑟 + 1))

corresponding to the monomials basis 𝐵+ = [1, 𝑥1, 𝑥2] of size
|𝐵
+
| = 𝑟 + 1, which is the extension of 𝐵. Consider

Δ
+
=



1 𝑥1 𝑥2

0.145 0.0185 0.079

0.0185 0.0938 −0.015

0.079 −0.0115 0.0588



1
𝑥1

𝑥2

. (A.14)

Since Δ and Δ+ are totally defined, we just have to find the
ranks 𝑅 and 𝑅+ of each of them and verify if the rank remains
stable.

𝑅 = rank(Δ) = 2; 𝑅+ = rank(Δ+) = 3,𝑅 ̸= 𝑅
+; the stability

condition of the rank is not satisfied; then, we increment 𝑟 =
𝑟 + 1.

Repeat for 𝑟 = 3

Δ =



1 𝑥1 𝑥2

0.145 0.0185 0.079

0.0185 0.0938 −0.015

0.079 −0.0115 0.0588



1
𝑥1

𝑥2

Δ
+
=



1 𝑥1 𝑥2 𝑥
2

1

0.145 0.0185 0.079 0.0938

0.0185 0.0938 −0.015 0.238

0.079 −0.0115 0.0588 0.0149

0.0938 0.0238 0.0149 0.169



1
𝑥1

𝑥2

𝑥
2

1

.

(A.15)

𝑅 = rank(Δ) = 3; 𝑅+ = rank(Δ+) = 4, 𝑅 ̸= 𝑅
+; the stability

condition of the rank is not satisfied; then, we increment 𝑟 =
𝑟 + 1.

Repeat for 𝑟 = 4

Δ =



1 𝑥1 𝑥2 𝑥
2

1

0.145 0.0185 0.079 0.0938

0.0185 0.0938 −0.015 0.238

0.079 −0.0115 0.0588 0.0149

0.0938 0.0238 0.0149 0.169



1
𝑥1

𝑥2

𝑥
2

1

(A.16)
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Δ
+

=



1 𝑥1 𝑥2 𝑥
2

1
𝑥1𝑥2

0.145 0.0185 0.079 0.0938 −0.015

0.0185 0.0938 −0.015 0.238 0.0149

0.079 −0.0115 0.0588 0.0149 0.0127

0.0938 0.0238 0.0149 0.169 −0.0775

−0.0115 0.0149 0.0127 −0.0775 0.0558



1
𝑥1

𝑥2

𝑥
2

1

𝑥1𝑥2

.

(A.17)

𝑅 = rank(Δ) = 4; 𝑅∗ = rank(Δ) = 4,𝑅 = 𝑅
+; the stability

condition of the rank or equivalently the commutation
properties of the multiplication matrix are satisfied.

Step 5. Compute the matrices Δ 𝑥1 and Δ 𝑥2 corresponding
to the monomials basis 𝐵𝑥1 = [𝑥1, 𝑥

2

1
, 𝑥1𝑥2, 𝑥

3

1
] and 𝐵𝑥2 =

[𝑥2, 𝑥1𝑥2, 𝑥
2

2
, 𝑥
2

1
𝑥2], respectively, and the associated multipli-

cation matrix 𝑀𝑥1 and 𝑀𝑥2 , for 𝑟 = 4. The bases 𝐵𝑥1 and

𝐵𝑥2
correspond to the monomial basis 𝐵 = [1, 𝑥1, 𝑥2, 𝑥

2

1
]

multiplied by 𝑥1 and 𝑥2, respectively:

Δ =



1 𝑥1 𝑥2 𝑥
2

1

0.145 0.0185 0.079 0.0938

0.0185 0.0938 −0.015 0.238

0.079 −0.0115 0.0588 0.0149

0.0938 0.0238 0.0149 0.169



1
𝑥1

𝑥2

𝑥
2

1

Δ 𝑥1
=



𝑥1 𝑥
2

1
𝑥1𝑥2 𝑥

3

1

0.0185 0.0938 −0.015 0.238

0.0938 0.0238 0.0149 0.0169

−0.0115 0.0149 0.0127 −0.0775

0.0238 0.169 −0.0775 ℎ 50



1
𝑥1

𝑥2

𝑥
2

1

Δ 𝑥2
=



𝑥2 𝑥1𝑥2 𝑥
2

2
𝑥
2

1
𝑥2

0.079 −0.0115 0.0588 0.0149

−0.0115 0.0149 0.0127 −0.0775

−0.0588 0.0127 −0.0249 0.0538

0.0149 −0.0775 0.0588 ℎ 41



1
𝑥1

𝑥2

𝑥
2

1

(A.18)

Constructing the multiplication matrix,

𝑀𝑥𝑖
= Δ 𝑥𝑖

(Δ)
−1

𝑀1 =



0 1.0 0 0

0 0 0 1.0

−9.51 2.74 12.7 3.32

8299 − 4.14 × 10
4
× ℎ 50 1.04 × 10.

4
× ℎ 50 − 2088 5.34 × 10

4
× ℎ 50 − 1.07 × 10

4
1.69 × 10.

4
× ℎ 50 − 3377



𝑀2 =



0 0 0 1.0

−9.51 2.74 12.7 3.32

159.0 −39.9 −205.0 −64.4

−4.14 × 10.
4
× ℎ 41 − 3577.0 1.04 × 10.

4
× ℎ 41 + 897.0 5.34 × 10.

4
× ℎ 41 + 4600.0 1.69 × 10.

4
× ℎ 41 + 1455.0



.

(A.19)

Step 6. Find the parameters ℎ such that det(Δ) ̸= 0 and the
matrix𝑀𝑥𝑖 commute.

The commutation properties𝑀𝑥𝑖𝑀𝑥𝑗 −𝑀𝑥𝑖𝑀𝑥𝑗 = 0 lead
to 16 nonlinear equations, with only 5 nontrivial equations
to solve; a solution of this problem is [ℎ 41, ℎ 50] =

[−0.0835, 0.2].
Now, we verify if the rank 𝑟 = 4 is effectively the rank

of the tensor by verifying the last condition, which is the
multiplicity of the eigenvalues of ∑𝑛

𝑖=1
𝑎𝑖𝑀𝑖. Thus, if 𝐿 =

eig(∑𝑛
𝑖=1
𝑎𝑖𝑀𝑖) are simple with a random real value of 𝑎𝑖, then

𝑟 is effectively the rank of the tensor.
𝐿 = [0.8756, 0.4123, −0.3946, −33.9557]; the eigenvalues

𝐿 are simple; then the rank of the tensor is 𝑟 = 4.

Step 7. Solve the generalized eigenvalues problem for rank
𝑟 = 4: calculate the 𝑛 × 𝑟 eigenvalues 𝑘𝑖,𝑗 of the common
eigenvectors V𝑖(:, 𝑗) of the multiplication matrix 𝑀𝑥𝑖 , with
𝑖 = 0, 1, 2 and 𝑗 = 1, 2, 3, 4:

V1 =



−0.0052 0.2014 0.7760 0.5389

−0.0536 0.4171 0.3783 −0.5426

0.8302 −0.1974 0.4697 0.3406

−0.5549 0.8640 0.1844 0.5566



V1 (:, 1) =



−0.0052

−0.0536

0.8302

−0.5549



𝑙1 =



10.3513 0 0 0

0 2.0715 0 0

0 0 0.4875 0

0 0 0 −1.0258



𝑙1 = 10.3513.

(A.20)
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V1 and 𝑙1 are, respectively, the eigenvectors and the eigenval-
ues of𝑀𝑥1 . Consider

V2 =



−0.0052 0.2014 0.7760 0.5389

−0.0536 0.4171 0.3783 −0.5426

0.8302 −0.1974 0.4697 0.3406

−0.5549 0.8640 0.1844 0.5566



V2 (:, 1) =



−0.0052

−0.0536

0.8302

−0.5549



𝑙2 =



−160.2909 0 0 0

0 −0.9806 0 0

0 0 0.6053 0

0 0 0 0.6439



𝑙2 (1, 1) = −160.2909.

(A.21)

V2 and 𝑙2 are, respectively, the eigenvectors and the eigenval-
ues of𝑀𝑥2 .

We construct the elements of the vectors 𝑘𝑗 from the
eigenvalues 𝑙𝑖 of the common eigenvectors V𝑖(:, 𝑗), with
the first element corresponding to the unhomogenization
variable 𝑥0 equal to 1 as follows.

If V1(:, 𝑗) = V2(:, 𝑗), then

𝑘𝑗 =



1

𝑙1 (𝑗, 𝑗)

𝑙2 (𝑗

, 𝑗

)



with 𝑗, 𝑗 = 1, . . . , 𝑟. (A.22)

For instance, V1(:, 1) = V2(:, 1); then

𝑘1 =



1

𝑙1 (1, 1)

𝑙2 (1, 1)



with 𝑗, 𝑗 = 1, . . . , 𝑟



𝑘1 𝑘2 𝑘3 𝑘4

1 1 1 1

10.1313 2.0715 0.4875 −1.0258

−160.2909 −0.9506 0.6053 0.6439



𝑥0

𝑥1

𝑥2

.

(A.23)

By normalizing the vectors 𝑘𝑗, we get



𝑘1 𝑘2 𝑘3 𝑘4

0.0062 0.3999 0.7896 0.6367

0.0644 0.8284 0.3849 −0.6531

−0.9979 −0.3922 0.4779 0.4099



. (A.24)

The resulted 𝑘𝑗 corresponds exactly to the original vectors
used to construct the tensor.

Step 8. Then we resolve the linear system in (𝜆𝑗)𝑗=1,...,4:

𝑓 (𝑥0, 𝑥1, 𝑥2)

=

4

∑

𝑗=1

𝜆𝑗(𝑘0,𝑗 ⋅ 𝑥0 + 𝑘1,𝑗 ⋅ 𝑥1 + 𝑘2,𝑗 ⋅ 𝑥2)
4

.

(A.25)

The solution of the above system is the following:

𝜆 = [0.25, 0.25, 0.25, 0.25] . (A.26)

Thus, the minimal decomposition of the symmetric
fourth order tensor of rank-4 in 3 dimensions associated
with the homogeneous polynomial of degree 4 in 3 variables
𝑓(𝑥0, 𝑥1, 𝑥2) is given as follows:

𝑓 (𝑥0, 𝑥1, 𝑥2)

= 0.25(0.0062𝑥0 + 0.0644𝑥1 − 0.9979𝑥2)
4

+ 0.25(0.6367𝑥0 − 0.6531𝑥1 + 0.4099𝑥2)
4

+ 0.25(0.3999𝑥0 + 0.8284𝑥1 − 0.3922𝑥2)
4

+ 0.25(0.7896𝑥0 + 0.3849𝑥1 + 0.4779𝑥2)
4
.

(A.27)

Abbreviations

MRI: Magnetic resonance imaging
dMRI: Diffusion magnetic resonance

imaging
DTI: Diffusion tensor imaging
HARDI: High angular resolution imaging
DSI: Diffusion spectrum imaging
QBI: Q-ball imaging
SHOT: Symmetric high order tensor
ODF: Diffusion orientation distribution

function
FOD: Fiber orientation distribution

function
SH: Spherical harmonics
CT-FOD: Cartesian tensor-FOD
CP: CANDECOMP/PARAFAC
ALS: Alternating least squares
Adecomp-SHOT: Analytical decomposition of a

symmetric high order tensor
NNLS: Nonnegative least squares
SNR: Signal to noise ratio
CC: Corpus Callosum
CST: Corticospinal Tract
CG: Cingulum
SLF: Superior Longitudinal Fasciculus.
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Segmentation of intensity inhomogeneous regions is a well-known problem in image analysis applications. This paper presents
a region-based active contour method for image segmentation, which properly works in the context of intensity inhomogeneity
problem. The proposed region-based active contour method embeds both region and gradient information unlike traditional
methods. It contains mainly two terms, area and length, in which the area term practices a new region-based signed pressure
force (SPF) function, which utilizes mean values from a certain neighborhood using the local binary fitted (LBF) energy model. In
turn, the length term uses gradient information.The novelty of ourmethod is to locally compute new SPF function, which uses local
mean values and is able to detect boundaries of the homogenous regions. Finally, a truncated Gaussian kernel is used to regularize
the level set function, which not only regularizes it but also removes the need of computationally expensive reinitialization. The
proposed method targets the segmentation problem of intensity inhomogeneous images and reduces the time complexity among
locally computed active contour methods. The experimental results show that the proposed method yields better segmentation
result as well as less time complexity compared with the state-of-the-art active contour methods.

1. Introduction

Image segmentation is a fundamental problem in the areas of
computer vision and image processing. It is used to partition
an image into two or more than two nonoverlapping regions
based on textual, intensity, or gradient information. Image
segmentation is a particularly difficult task for numerous
reasons. Firstly, partitioning the image into nonoverlapping
regions and extracting regions of interest requires a tradeoff
between the simplicity of algorithm, selection of parameters,
computational efficiency of algorithm, and accuracy of the
segmentation result. Secondly, image artifacts, such as noise,
intensity inhomogeneity, artifacts involved with the image
acquisition, and poor contrast of image, are very difficult
to account for in segmentation algorithms without high
level of interactivity from the user. Different methods are
devised in a context of the segmentation problem and each
of them has their own advantages and disadvantages. Some
of the common techniques used for image segmentation

are thresholding based segmentation, segmentation based on
image classification, and edge based and region based (region
growing) image segmentation.

Active contour is one of the devised techniques for image
segmentation problem, which segments an image by evolving
a level set curve. In late 1980s, Kass et al. introduced one of the
image segmentation techniques based on active contour [1].
In this method, a curve evolves toward the object boundary
under a force, until it stops at the boundary. To be more
specific, the curve moves toward the object boundaries by
minimizing the energy. The energy functional is based on
different image characteristics, for example, image gradient,
curvature, and image statistical properties.

The existing active contour models are categorized into
two groups: edge-basedmodels [1–4] and region-basedmod-
els [5–14]. Both of these types have their own paybacks and
drawbacks, and the choice between them to use in applica-
tions depends on the different characteristics of the images.
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(a) (b)

Figure 1: Intensity inhomogeneity problem in segmentation. (a) Image with intensity inhomogeneity; (b) segmentation results using CV
energy model.

The edge-based model builds an edge indicator function
using image edge information, which can drive the contour
towards the object boundaries [2]. The edge indicator func-
tion based on the image gradient can hardly stop at the right
boundaries, for the images with intense noise or a weak edge.

On the other hand, a region-based model uses statistical
information to construct a region stopping function that can
stop the contour evolution between different regions. One of
the early efforts towards a region-based active contours was
made by the Mumford and Shah segmentation model [5],
which approximates a given image by a piecewise smooth
image. Compared to the edge-based model, the region-based
model can perform better for images with blurred edges. The
region-based model is not sensitive to initialization of the
level set function and can recognize the object’s boundaries
efficiently. Therefore, region-based models, especially the
Chan and Vese (CV) model [6], have been widely applied for
image segmentation.

Although the region-based model is better than edge-
based model in some aspects, it still has limitations. The
traditional region-based models [5, 6], which were proposed
in the context of binary images with the assumption that
each image region is statistically homogeneous, do not work
perfectly for imageswith intensity inhomogeneity. Figure 1(a)
shows an image with white background which contains
intensity inhomogeneous region in it and Figure 1(b) shows
the ineffectiveness of traditional region-based active contour
method in case of image with intensity inhomogeneity.

The traditional region-based models [5, 6], which were
proposed in the context of binary images, do not work
well if the target image contains intensity inhomogeneous
regions in it. Li et al. [11, 12] proposed the LBF model by
embedding the local image information. LBFmodel is able to
segment images with intensity inhomogeneity and is much
more accurate than the previously formulated methods.
The basic idea of LBF was to introduce a Gaussian kernel
function in the energy functional formulation. Although it

segments well the images with intensity inhomogeneity, it
has quite high computational time complexity. Therefore,
segmentation process takes quite a time as compared to old
segmentation methods. Zhang et al. [13] proposed an active
contour method driven by local image fitting (LIF) energy,
which provides almost same segmentation results and has less
time complexity as compared to LBF model.

In this paper, we proposed a region based active contour
method which works well under the intensity inhomogeneity
problem. The proposed region based active contour model
utilizes both edge and region information to segment an
image into nonoverlapping region. It is implemented by
replacing the edge indicator function in the area term of
the edge-based level set method [3] with a new region-
based signed pressure force (SPF) function that utilizes the
image local information obtained using the local binary
fitted (LBF) energy model. By introducing the SPF function
based on local fitted image (LFI), the formulated method is
able to segment images with intensity inhomogeneity. In the
proposed model, region information used in the area term
helps to stop the contour at weak or blur edges while edge
information in the length term accelerates the detection of
those weak or blur edges in corporation of that area term.
As the introduced model contains both edge and region
information it works better than the traditional edge-based
and region-based methods.

Reinitialization, a technique for occasionally reinitial-
izing the level set function to a signed distance function
(SDF) during the evolution, has been extensively used as a
numerical remedy formaintaining stable curve evolution and
ensuring desirable results. From a practical viewpoint, the
reinitialization process can be quite convoluted and expensive
and has subtle side effects [15]. Zhang et al. [7] proposed the
active contour with selective local or global (ACSLG) seg-
mentationmethodwhich uses aGaussian kernel to regularize
the level function after each iteration. It not only regularizes
the level set but also removes the need of reinitialization. In
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the proposed algorithm we also use the Gaussian kernel to
eliminate the need of reinitialization. Regularization using
Gaussian kernel has better smoothing results and no energy
leakage as compared to the area smoothing and penalization
terms used by Li et al. [3].

The proposed segmentation algorithm is applied to syn-
thetic and brain MR images in order to demonstrate the
accuracy, effectiveness, and robustness of the algorithm. A
comparison is shown with previous related methods to show
advantages of the proposed method.

2. Active Contour Method Driven by
Locally Computed Signed Pressure
Force (LCSPF) Function

Li et al. [11, 12] proposed the LBF energy model by employing
the local image information. LBF is able to segment image
with intensity inhomogeneity and provides muchmore accu-
rate results than the traditional region-based methods. The
basic idea is to introduce a kernel function to define the LBF
energy functional. Let 𝐼 : Ω → 𝑅 be an input image and
let 𝐶 be a closed curve, for that the LBF energy functional,
𝐸LBF(𝐶, 𝑓1, 𝑓2), is defined as follows:

𝐸LBF (𝐶, 𝑓1, 𝑓2)

= 𝜆1 ∫
Ω

𝐾𝜎1
(𝑥 − 𝑦)

𝐼 (𝑦) − 𝑓1 (𝑥)


2
𝐻𝜀 (𝜙 (𝑦)) 𝑑𝑦

+ 𝜆2 ∫
Ω

𝐾𝜎1
(𝑥 − 𝑦)

𝐼 (𝑦) − 𝑓2 (𝑥)


2
(1 − 𝐻𝜀 (𝜙 (𝑦))) 𝑑𝑦.

(1)

Minimizing the above energy functional with respect to
𝑓1 and 𝑓2 using steepest gradient descent method [16] we get
the following formulations:

𝑓1 (𝑥) =

𝐾𝜎1
∗ [𝐻𝜀 (𝜙) 𝐼 (𝑥)]

𝐾𝜎1
∗ 𝐻𝜀 (𝜙)

, (2)

𝑓2 (𝑥) =

𝐾𝜎1
∗ [(1 − 𝐻𝜀 (𝜙)) 𝐼 (𝑥)]

𝐾𝜎1
∗ (1 − 𝐻𝜀 (𝜙))

. (3)

In image segmentation, active contours are dynamic
curves thatmove toward the object boundaries to partition an
image into nonoverlapping regions. To achieve this goal, we
explicitly define an energy functional that can move the zero
level curve toward the object boundaries. Figure 2 illustrates
the above assumptions and notations on the level set function
𝜙 defining the evolving curve 𝐶, where at boundary of curve
𝐶 value of 𝜙 = 0 and our level set function moves inwards
or outwards, based on the signs of the SPF for the further
evolution. We define energy functional containing an edge-
based length term and a region-based area term for function
𝜙 as follows:

𝐸𝑔,spf (𝜙) = 𝜆𝐿𝑔 (𝜙) + V𝐴 spf (𝜙) , (4)

C

N

N

N

Outside 𝜙 > 0

Max(I)
(+)

Inside 𝜙 < 0

Min(I)
(−)

𝜙 = 0

Figure 2: The curve 𝐶 = {𝑥 : 𝜙(𝑥) = 0} propagating in normal N
direction.

where 𝜆 > 0 and V are constants and the terms 𝐿𝑔(𝜙) and
𝐴 spf (𝜙) are defined as follows:

𝐿𝑔 (𝜙) = ∫
Ω

𝑔 (𝐼) 𝛿𝜀 (𝜙)
∇𝜙

 𝑑𝑥, (5)

𝐴 spf (𝜙) = ∫
Ω

spf (𝐼)𝐻𝜀 (−𝜙) 𝑑𝑥, (6)

respectively. Here, 𝛿𝜀 = 𝐻


𝜀
is the univariate Dirac function

and 𝐻𝜀 is the Heaviside function defined in (9) and (10),
respectively, while 𝑔(𝐼) is edge indicator function and spf(𝐼)
is locally computed SPF function defined in (11) and (14),
respectively. The zero level curve 𝐶 is driven into a smooth
curve from a complicated curve to minimize the function
𝐿𝑔(𝜙) which utilizes edge information in regularization
process, while 𝐴 spf(𝜙) contains the locally computed image
intensity information which derives the contour to the weak
and blur edges by distinguishing inhomogeneous regions.

The energy 𝐸𝑔,spf(𝜙) drives the zero level set toward the
object boundaries. The coefficient V of 𝐴 spf(𝜙) in (4) can be
positive or negative, depending on the relative position of the
initial contour to the object of interest. For example, if the
initial contours are placed outside the object, the coefficient V
in the weighted area term should take a positive value, so that
the contour can shrink faster. If the initial contours are placed
inside the object, the coefficient V should take a negative value
to speed up the expansion of the contours. By the calculus of
variations [16], the Gateaux derivative (first variation) of the
functional 𝐸𝑔,spf (𝜙) in (4) can be written as

𝑄 (𝜙) = 𝜆𝛿𝜀 (𝜙) div(𝑔 (𝐼) ⋅
∇𝜙

∇𝜙


) + V ⋅ spf (𝐼) 𝛿𝜀 (𝜙) . (7)

The function 𝜙 thatminimizes this functional satisfies the
Euler Lagrange equation 𝜕𝐸𝑔,spf/𝜕𝜙 = 0. A classical iterative
process for minimizing the function is the gradient flow with
artificial time 𝑡 given as

𝜙(𝑡=0) = 𝜙0,

𝜕𝜙

𝜕𝑡
= 𝑄 (𝑡) .

(8)
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After evolving the level set using (7) and (8) we smooth
it by using 𝜙

𝑘
= 𝐺𝜎2

∗ 𝜙
𝑘. It not only regularizes the level

set function but also eliminates the need of reinitialization,
which is computationally very expensive. Moreover, it gives
energy leakage free reinitialization.

In the proposed work, the Dirac function 𝛿𝜀 and Heavi-
side function 𝐻𝜀 used in (2), (3), and (7) are the smoothed
version of the Dirac function and Heaviside function of the
entire region. The approximations 𝛿𝜀 and 𝐻𝜀 as proposed in
[6] are

𝛿𝜀 (𝑧) =
𝜀

𝜋 (𝑧2 + 𝜀2)
, (9)

𝐻𝜀 (𝑧) =
1

2
(1 +

2

𝜋
arctan(𝑧

𝜀
)) (10)

and the edge indicator function 𝑔(𝐼) is a positive and strict
decreasing function defined follows:

𝑔 (𝐼) =
1

1 +

∇𝐺𝜎1

∗ 𝐼


2
. (11)

In outmoded level set methods, it is essential to initialize
the level set function 𝜙 as a signed distance function (SDF)
𝜙0. If the initial level set function is expressively different
from the SDF, then the reinitialization schemes are unable to
reinitialize the function to the SDF. In our formulation, not
only is the reinitialization procedure completely eliminated
but also the level set function 𝜙 no longer needs to be
initialized as an SDF.The initial level set function𝜙0 is defined
as

𝜙 (𝑥, 𝑡 = 0) =

{{

{{

{

−𝜌, 𝑥 ∈ Ω0 − 𝜕Ω0,

0, 𝑥 ∈ 𝜕Ω0,

𝜌, 𝑥 ∈ Ω − Ω0,

(12)

where 𝜌 > 0 is a constant and we use 𝜌 = 1.
Finally, the principle steps of the algorithm can be

summarized as follows.

(i) Initialize level set function 𝜙 with −𝜙0 using (12) at
𝑘 = 0.

(ii) Compute edge indicator function 𝑔(𝐼) using (11).
(iii) Compute local mean values 𝑓1 and 𝑓2 from (2) and

(3), respectively, where 𝜎1 is the standard deviation of
the truncatedGaussian kernel used to compute𝑓1 and
𝑓2.

(iv) Calculate SPF function spf(𝐼) using (14).
(v) Solve the partial differential equation (PDE) in𝜙 from

(7) and (8), to obtain 𝜙
𝑘.

(vi) Regularize the level set function by a Gaussian kernel;
that is, 𝜙𝑘 = 𝐺𝜎2

∗ 𝜙
𝑘, where 𝜎2 is standard deviation

of a Gaussian kernel.
(vii) Check whether solution is stationary and if not, go to

step (ii), 𝑘 = 𝑘 + 1, and repeat.

Zero region

Contour
C

Max(I)
(+)

Min(I)
(−)

Figure 3: Locally computed SPF function with opposite sign inside
and outside the boundary of the region of interest to be segmented
and remaining as zero region.

3. Locally Computed SPF Function

The SPF function defined in [17] has values in the range
[−1, 1]. It modulates the signs of the pressure force inside and
outside the region of interest so that the contour shrinkswhen
outside the object and expands when inside the object. Tra-
ditional SPF is formulated using global properties of image;
therefore, it works poorly with intensity inhomogeneous
images. Here, we introduce a new SPF function based on the
local properties of image inside and outside of the contour.
This newly formulated SPF function formulates the signs of
the signed pressure force function inside and outside the
boundary of the region of interest using locally computed
mean values. A local fitted image formulation is defined as

𝐼LFI = 𝑓1𝐻𝜀 (𝜙) + 𝑓2 (1 − 𝐻𝜀 (𝜙)) . (13)

Using the above defined local fitted image we construct
the SPF function as follows:

spf (𝐼) =
{

{

{

𝐼 (𝑥) − 𝐼LFI
max (𝐼 (𝑥) − 𝐼LFI

)
, 𝐼 (𝑥) ̸= 0,

0, 𝐼 (𝑥) = 0.

(14)

The terms 𝑓1 and 𝑓2 are defined in (2) and (3), respec-
tively. The SPF function computed using the local properties
of image is shown in Figure 3, in which black color line shows
the positive values of SPF function which are outside the
boundary of the region of interest, while white color line
shows the negative values of SPF function which are inside
the boundary of the region of interest. Red color line shows
the position of final level set curve which will be in between
the negative and positive values of SPF function and the
remaining region of Figure 3 is the zero region with values
equal to 0.

The sign and value of SPF function ranges in [−1 1] for
both local and global SPF functions; the only difference is
the construction method used. As mentioned earlier global
SPF function uses global mean values inside and outside
the contour; that is why it cannot distinguish between
the inhomogeneous changes in the intensity. Therefore, it
assigns values with the same sign to both inner and outer
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region when the intensity change inside and outside region
is not distinctive to the global intensity mean computing
function. On the other hand local SPF function uses local
mean value inside and outside the contour which helps to
distinguish between inhomogeneous changes in the intensity.
The local intensity mean values are computed by utilizing
the Gaussian kernel. It helps computing local maxima for
intensity inhomogeneity region which global model fails to
find. It offers different signs for both inside and outside the
region although there is inhomogeneous intensity change
between inside and outside the region.

Figure 4 illustrates the signs and segmentation result
comparison of local and global SPF function based active
contour models. Figure 4(a) shows the image with initial
contour for both local and global cases. Figure 4(b) shows
the signs of global SPF function, in which we can see that
for the inhomogeneous intensity change in the image the
sign assigned to inside and outside the regions are the same,
while for distinctive change in intensity by the global mean
computing function sign assignment for both inside and
outside the region is different. Figure 4(c) shows the segmen-
tation result using global SPF based active contour model.
Comparing the position of final contour with Figure 4(b)
we can see that final contour is positioned where the sign
changed from positive to negative between two regions.
Figure 4(d) shows the sign of local SPF function, in which
at the boundary inside the region SPF function has value
with negative sign while at the boundary outside the region
it has positive value. But the positive and negative values
are not spread throughout the region inside and outside of
the object, instead these are restricted near the boundary.
The remaining region is called zero region with zero values
of SPF function. Figure 4(e) shows the segmentation result
using local SPF based active contour model. Comparing the
position of final contour with Figure 4(d) we can see that final
contour is positioned where the sign changed from positive
to negative between two regions. From the results we can see
that using the active contour model with local SPF function
intensity inhomogeneous regions are segmented well while
active contour model with global SPF function failed to do
so.

4. Result Analysis and Comparison

4.1. 2D Synthetic and Brain MR Image Segmentation Results.
The proposed method is implemented using MATLAB 7.12,
in Windows 7 environment on a 2.4GHz Intel Quad-Core
personal computer with 8GB of RAM. The range of inten-
sities in all images is represented from 0 to 255, while the
size in pixels (length × width) of images is variable for all
images. In this section we applied the proposed method to
synthetic and real images of different modalities and used
the parameters which are 𝜆 = 1, V = 22, 𝜌 = 1, 𝜀 = 1.5,
𝜎1 = 5, 𝜎2 = 1, 𝐾 = 5, and 𝜏 = 1, where V is force term
constantwhich controls the contour evolution speed and time
complexity of desired contour. 𝜎1 is standard deviation of
the truncated Gaussian kernel 𝐾𝜎1(𝑥) with the size 4𝑘 + 1 by
4𝑘+1. 𝜎2 is the standard deviation of the smoothingGaussian
kernel which is used to regularize the level set. Selection of

𝜎1 and 𝜎2 may be different for different types of images. If
we select small values for 𝜎1 and 𝜎2 then contour will evolve
faster but it will not be accurate; that means small values of 𝜎1
and 𝜎2 can reduce the time complexity but can decrease the
accuracy. For large values of 𝜎1 and 𝜎2 time complexity will
increase but segmentation accuracy will also increase. In case
of noisy images selection of 𝜎2 should be bigger than normal
to smooth the level set curve.

Figure 5 shows the segmentation result on a synthetic
image with nine different intensities. Figure 5(a) is the initial
contour; Figure 5(b) is the segmentation result of synthetic
image without noise. Obviously, these objects with different
intensities both homogeneous and inhomogeneous are suc-
cessfully extracted because the proposed method also works
well with the intensity inhomogeneity.We then add Gaussian
noise to the clean synthetic image. The noisy image that is
shown in Figures 5(c) and 5(d) shows the corresponding
segmentation result of our method on the noisy image. From
the segmentation results obtained from both clean and noisy
synthetic image we can see that segmentation result for both
clean and noisy image is similar, which implies that the
proposed method segments well under the dense Gaussian
noise as applied in this case. Figure 5(e) displays the central
row intensity profile of the input synthetic image with both
clean andnoisy data alongwith the final contour. It shows that
irrespective of data the resultant contour followed the edges
perfectly. In Figure 5(e) we normalized the intensity scale to
[−1 1] in order to visualize data from input image profile and
final contour profile at the same time with same peak values.
The number of iterations used to evolve contour from initial
to final form is 200.

Figure 6 shows the importance of 𝜎2 in the proposed
model using a real brain MR image. Figure 6(a) is the initial
contour, Figure 6(b) is the final contour with 𝜎2 = 1.0, and
Figure 6(c) is the final contour with 𝜎2 = 0.5. From Figures
6(b) and 6(c) we can see that if we choose large value of 𝜎2
then the proposed method does not segment small details,
while the selection of small 𝜎2makes segmentation algorithm
more sensitive to noise. By using the small value of 𝜎2 we
can segment more detailed objects. For the blurry images
𝜎2 should be small and for noisy image 𝜎2 should be large.
The total number of iterations used in the contour evolution
process is 150.

Segmentation of brain MR image into disjoint regions
based onwhitematter (WM), graymatter (GM), and cerebral
spinal fluid (CSF) is a well-known problem. Due to the
geometric complexity of the human brain cortex, manual
slice by slice segmentation is quite difficult and time con-
suming [18]. Numerousmethods of image segmentation have
been developed to solve such problems [19]. Active contour
method is one of those methods which are used in this
context. Because of the complex intensity inhomogeneous
regions, brain MR images are hard to segment successfully
with high accuracy [20].The proposed method is formulated
in the context of intensity inhomogeneity problem. To show
the robustness and effectiveness of the proposed algorithm
for inhomogeneous images we applied it on 2D real brainMR
images with intensity inhomogeneity. Figure 7 shows brain
MR image segmentation results using the proposed method.
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Figure 4: Global and local SPF function sign and result comparison. (a) Initial contour; (b) global SPF function; (c) segmentation result with
active contour method using global SPF function; (d) local SPF function; (e) segmentation result with active contour method using local SPF
function.
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Figure 5: Segmentation results on synthetic images with and without noise. (a) Initial contour for clean image; (b) segmentation result of
clean image; (c) initial contour for noisy image; (d) segmentation result of noisy image; (e) profile selection of the middle rows of the original
image (the green solid line), noisy image (the blue solid line), and final contour using the proposed method (the red solid line).

(a) (b) (c)

Figure 6: 2D brain MR image segmentation using different values of 𝜎2. (a) Initial contour; (b) final contour with 𝜎1 = 3.0 and 𝜎2 = 1.0; (c)
final contour with 𝜎1 = 3.0 and 𝜎2 = 0.5.



8 Computational and Mathematical Methods in Medicine
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Figure 7: 2D brain MR image segmentation results using the proposed method. (a), (c), (e), (g), (i), and (k) initial contour. (b), (d), (f), (h),
(j), and (l) final contour.

Figures 7(a), 7(c), 7(e), 7(g), 7(i), and 7(k) show the initial
contours and Figures 7(b), 7(d), 7(f), 7(h), 7(j), and 7(l) show
their respective final contours.The segmentation results from
Figure 7 show that the proposed method works very well for
the imagewith the intensity inhomogeneity.The total number
of iterations used in contour evolution of Figures 7(b), 7(d),
7(f), 7(h), 7(j), and 7(l) are 400, 400, 450, 250, 400, and 500,
respectively.

4.2. 3D BrainMR Image Segmentation Results. In this section
segmentation results of different brain regions are displayed
using 3D brain MR models [21] by applying the proposed
method. The range of intensities in all images is represented
from 0 to 255, while the size in voxels (length × width ×

height) of images is (217 × 260 × 362). We have chosen the
models of five different regions of head which are involved
in 3D brain MR scan of a human test subject [21]. Figure 8
shows the segmentation using five anatomical models of
human subject in which Figure 8(a) shows the initial con-
tour, Figure 8(b) shows the final contour of skull model,

Figure 8(c) shows the final contour of CSF (cerebral spinal
fluid) model, Figure 8(d) shows the final contour of the gray
matter region model, and Figure 8(e) shows the final contour
of the white matter region model, while Figure 8(f) shows
the final contour of the blood vessels in head. We can see
some circular artifacts in Figures 8(b)–8(e), which are here
because of the noise present at the time of image acquisition.
We can remove this artifact by applying smoothing kernel on
the data input before using the segmentation algorithm. We
have applied the proposedmethod on 3DMRDataset to show
its application in volume visualization and data exploration.

4.3. Comparison with Traditional Active Contour Methods
Using SPF Function in Their Model. Zhang et al. in [7] and
Jiang et al. in [8] used SPF function in their proposed
method but their methods cannot segment well the images
with intensity inhomogeneity. The SPF function they used in
their model is grounded on CV region-based active contour
method which computes mean of intensity globally that is
not sufficient in order to segment the images with intensity
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Figure 8: 3D brain MR image segmentation results using the proposed method with different anatomical models. (a) Initial contour; (b)
skull; (c) CSF; (d) gray matter; (e) white matter; (f) blood vessels of brain.

inhomogeneity, while the proposed SPF function uses local
mean value which provides well segmentation results for
images with intensity inhomogeneity but with drawback of
high time complexity [22]. In order to show advantages of the
proposed method over other active contour methods which
utilize traditional global SPF function in their models, we
compare their results using a synthetic image with intensity
inhomogeneity. The parameters used for this comparison for
Zhang et al. method are 𝜇 = −25, 𝜌 = 1, 𝜀 = 1.5, 𝜎 = 1,
𝐾 = 5, and Δ𝑡 = 1, while the parameters used for Jiang et
al. method are 𝜇 = 0.04, 𝜆 = 3, V = 1, 𝜌 = 2, 𝜀 = 1.5, and
𝜏 = 5 and the parameters used for the proposed method are
same as described in Section 4.1 with 𝜎1 = 1.

Figure 9 shows a segmentation result comparison with
other active contour methods which use traditional global
SPF function in their model. In that figure we can see that the
methods using traditional global SPF function cannot seg-
ment well when image has intensity inhomogeneous region
in it. In Figures 9(b) and 9(g) CV energy model could not
properly segment all objects with intensity inhomogeneity.
Figures 9(c) and 9(h) show that Zhang et al. method that
uses SPF function in its model, which is constructed using
globalmean values from the CV energymodel, also could not
correctly segment inhomogeneous regions. Figures 9(d) and
9(i) show that Jiang et al. method using same SPF function
used by Zhang et al. also could segment well all objects

with intensity inhomogeneity, while the proposed method
that uses new SPF function, which uses means from local
neighborhood, could accurately segment all inhomogeneous
objects in both Figures 9(e) and 9(j).

The proposed method can segment image with intensity
inhomogeneous regions yet it takes additional processing
time as compared to the active contour methods using
traditional CV based SPF function. Table 1 provides the
processing time comparison of the proposedmethodwith the
Chan et al., Jiang et al., and Zhang et al. methods which show
that although the proposedmethod segments all regions well,
its time complexity is higher than the other methods which
use CV region-based global SPF function in their model.

4.4. Comparison with the LBF, LIF, and CV EnergyModels. In
this paperwe proposed a region-based active contourmethod
using locally computed SPF function. The proposed method
works similar to previously developed LBF [11, 12] and LIF
[13] energy models. To show the effectiveness, accuracy,
and robustness of the proposed algorithm we compared
the segmentation results with the LBF, LIF, and CV energy
models. For the comparison we used both synthetic and real
brain MR images. The parameters used for this comparison
for the LBF energy model are 𝜆1 = 1, 𝜆2 = 1, 𝜇 = 1,
V = 0.001 × 255

2, 𝜌 = 1, 𝜀 = 1.5, 𝜎 = 4, 𝐾 = 5, and 𝜏 = 0.1.
The parameters used for the LIF energy model are 𝜎1 = 5,
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Figure 9: Comparison of segmentation results using synthetic image with intensity inhomogeneity with other active contour methods that
use traditional SPF function. (a) and (f) initial contour; (b) and (g) CV energy model; (c) and (h) Zhang et al. method; (d) and (i) Jiang et al.
method; (e) and (j) the proposed method.

Table 1: Time complexity analysis of methods compared in Figure 9 in terms of CPU time/s.

Figures Chan et al. method Zhang et al. method Jiang et al. method Proposed method Number of iterations
Figure 9(a) 8.39 21.22 11.45 13.45 500
Figure 9(f) 6.84 12.8 7.52 8.92 300

𝜎2 = 1, 𝐾 = 5, 𝜌 = 1, 𝜀 = 1.5, and 𝜏 = 1. The parameters
used for the CV model are 𝜆1 = 1, 𝜆2 = 1, 𝜇 = 0.2, V = 1,
𝜌 = 1, 𝜀 = 1.5, and 𝜏 = 1, while the parameters used for the
proposed method are same as mentioned in Section 4.1 with
𝜎1 = 3.

Figure 10 shows a comparison between the proposed
method, LBF, LIF, and CV energy models using synthetic
image. Figure 10(c) shows that the final contour computed
by the LIF energy model could not strictly follow the object
boundaries. Figure 10(d) shows that the LBF energy model
could not accurately segment the small inhomogeneous
objects. Figure 10(e) shows that the CV model cannot prop-
erly segment intensity inhomogeneous regions; moreover,
small objects are also missed in the segmentation process.
Figure 10(b) shows that the proposedmethod provided better
segmentation from the entire state-of-the-art active contour
methods used in the comparison.

Figure 11 shows a comparison between the proposed
method, LBF, LIF, and CV energy models using three brain
MR images. For the comparison shown in Figure 11, param-
eters for the proposed method are same as mentioned in
Section 4.1. The parameters of CV energy model are same as
described earlier in this section, while for the LBF and LIF
energy models 𝜎 = 5 and 𝜎1 = 5, respectively, and the rest of
the parameters are same as mentioned earlier in this section.

Figures 11(b), 11(g), and 11(l) show the segmentation
results using the proposed algorithm, which, compared to
the generated results by other methods, are better in every
aspect. There is no over lapping in the region during the
segmentation process and contour accurately evolved to the
boundary of the object need to be segmented. The proposed

method even segmented the sharp details of the objects at
the boundary. Figures 11(c), 11(h), and 11(m) display the seg-
mentation results of the LIF energy model. Although the LIF
energy model segmented sharp details there are overlapping
of contours in the regions during the segmentation process.
Figures 11(d), 11(i), and 11(n) show the segmentation results
of the LBF energy model. In Figures 11(d) and 11(i) the LBF
model segmented well without any overlapping of contours
in the regions but it failed to segment the sharp details of
the boundary of the region, while in Figure 11(n) there are
also some signs of contour overlapping during segmentation
process. Figures 11(e), 11(j), and 11(o) display the segmentation
result using CV energy model. It shows that the CV energy
model is unable to segment the intensity inhomogeneous
regions in the brain MR images.

Table 2 shows the time complexity analysis of the pro-
posedmethod, LBF, LIF and, CV energymodels fromFigures
10 and 11. In Figures 10 and 11, the proposed method has less
time complexity compared to LBF and LIF energy models.
For Figure 10, at 𝜎1 = 𝜎 = 4.0 the time complexity of
LIF method to complete 400 iterations is 22.06 sec which is
faster than any other method, whereas the proposed method
reached the final contour in 400 iterations in 26.29 sec and
the LBF method took 28.87 sec to complete 400 iterations.
Although at 𝜎1 = 𝜎 = 4.0 LIF method has less time com-
plexity as compared to the state-of-the-art methods, there is
overlapping over regions in segmented image of LIF method.
It shows the importance of 𝜎1 selection and how it can affect
the time complexity of the method. However, for Figures 10
and 11(k) the CV energy model has the less time complexity
than any other method, as CV energy model cannot properly
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Figure 10: Comparison of segmentation results using synthetic imagewith intensity inhomogeneity with the LBF, LIF, andCV energymodels.
(a) Initial contour; (b) the proposed method; (c) LIF energy model; (d) LBF energy model; (e) CV energy model.

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

(k) (l) (m) (n) (o)

Figure 11: Comparison of segmentation results using real brain MR images with intensity inhomogeneity with the LBF, LIF, and CV energy
models. (a), (f), and (k) initial contour; (b), (g), and (l) the proposed method; (c), (h), and (m) LIF energy model; (d), (i), and (n) LBF energy
model; (e), (j), and (o) CV energy model.
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Table 2: Time complexity analysis of methods compared in Figures 10 and 11 in terms of CPU time/s.

Figures Proposed method Zhang et al. method Li et al. method Chan et al. method Number of iterations
Figure 10 24.25 41.92 32.34 11.81 500
Figure 11(a) 7.56 13.66 16.48 18.73 150
Figure 11(f) 25.77 43.52 51.69 34.94 400
Figure 11(k) 82.44 117.53 151.39 65.34 600

Table 3: Quantitative analysis to evaluate the segmentation accuracy of GM andWM regions.

Test data Proposed method LBF LIF Slice number
Accuracy WM% Accuracy GM % Accuracy WM% Accuracy GM % Accuracy WM% Accuracy GM %

4 85.71 72.74 70.07 64.15 54.65 51.81 144
94.58 77.97 87.09 73.35 69.55 55.06 200

5
85.48 69.65 76.47 65.21 67.89 59.95 150
93.58 73.93 75.18 61.27 50.04 37.78 200
78.44 66.41 70.91 63.15 33.52 40.62 250

6 94.64 84.75 81.82 73.69 82.43 74.64 200
18 95.95 81.90 79.42 70.67 70.46 60.38 200
20 94.75 72.47 76.96 62.07 68.49 53.26 200
38 88.95 69.84 77.64 64.78 63.96 54.31 200
47 92.17 73.29 77.85 64.41 59.55 46.18 200
50 93.45 75.53 60.25 48.47 51.66 38.44 200
54 94.73 72.89 87.19 68.28 53.75 40.32 200

segment images with intensity inhomogeneity; the proposed
method being second in time complexity is still the best
among remaining methods. 𝜎1 plays an important role in
time complexity and segmentation accuracy. If we select same
value of𝜎1 = 𝜎 the proposedmethod has less time complexity
and better segmentation results compared to the state-of the-
art locally computed active contour methods.

4.5. Quantitative Analysis. As discussed earlier white matter
(WM) and gray matter (GM) are the main regions of interest
in the segmentation of brainMR images. In order to segment
WM and GM we split the segmentation result into two
regions based on twophases.WMregion represents the phase
at 𝜙 > 0 and the GM represents the phase at 𝜙 < 0. The
WM and GM regions represent the brain region which is
the region of interest, while the regions outside the brain, for
example, skull, fats, and vacuum, can be taken as unnecessary
regions.Therefore, we have used a hand drawn brain mask to
extract the WM and GM only and remove the other needless
regions outside the brain. Figure 12 shows the computedWM
and GM from the proposed method phases and compares
it with the given ground truth. It shows how we extracted
only GM and WM regions by scaling it to the brain area
using hand drawn brain mask. Figure 12(a) shows the initial
contour at 𝑡 = 0. After some time 𝑡 = 𝑛, we obtained the
final contour shown in Figure 12(b).Thenwe divided the final
contour into two phases based on the value of 𝜙; at 𝜙 > 0 we
acquired WM region and at 𝜙 < 0 we obtained GM region as
shown in Figures 12(c) and 12(g), respectively. Figures 12(d)
and 12(f) show hand drawn brain mask. After obtainingWM
and GM regions from two phases of final contour we then

multiply these regions with hand drawn brain mask in order
to scale them to brain area only and remove other regions
outside the brain, for example, skull, fats, and vacuum, as
shown in Figures 12(e) and 12(i), respectively. Finally, we
compare the scaled WM and GM regions computed using
the proposed method with their respective ground truths to
visually analyze the segmentation accuracy of the proposed
method.

In order to do the quantitative analyses we used the
ground truths of 2D slices from the 3D anatomical brain
models [21]. The quantitative analysis for the proposed
method, LBF, and LIF models is shown in Table 3 using the
following expression for the percentage accuracy:

percentage accuracy = 𝐴 ∩ 𝐵

𝐴 ∪ 𝐵
%. (15)

We compute the accuracy by using the given ground truth
data and the computed segmentation results. In the above
expression 𝐴 is the ground truth of the WM or GM region
and 𝐵 is the brain mask scaled WM or GM region from
𝜙 > 0 or 𝜙 < 0, respectively, using the proposed method,
LBF model, and LIF model. Table 3 shows that the proposed
method provides better segmentation accuracy as compared
to other locally computed active contour methods. It pro-
vides average segmentation accuracy of 91.04% and 74.28%
in case of WM and GM regions, respectively, while LBF
model provides average segmentation accuracy of 76.74% and
64.96% in case of GM and WM regions, respectively, and
LIFmodel provides average segmentation accuracy of 60.50%
and 51.06% in case of WM and GM regions, respectively.
This shows that the proposed method has high percentage
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Figure 12: Visual based segmentation accuracy analysis ofWM and GM regions. (a) Initial contour; (b) final contour; (c)WM region of final
contour which is phase at 𝜙 > 0; (d) hand drawn brain mask; (e) WM region after brain mask scaling; (f) WM region ground truth; (g) GM
region of final contour which is phase at 𝜙 < 0; (h) hand drawn brain mask; (i) GM region after brain mask scaling; (j) GM region ground
truth.

accuracy for both WM and GM regions as compared to LBF
and LIF models.

Selection of standard deviation 𝜎 of truncated Gaussian
kernel plays an important role both in the time complexity
and segmentation accuracy of the algorithm. If 𝜎 or 𝜎1 is big
then contour evolves faster (less number of iterations) to its
final form with much of segmentation accuracy but its time
complexity also increases. If 𝜎 or 𝜎1 is small then contour
evolves slower (more number of iterations) to its final form
but there can be segmentation accuracy problem.𝜎2 is used to
regularize the contour and remove the need of initialization.
The bigger 𝜎2 is the smoother the contour would be at the
boundary of the object to be segmented.

5. Conclusion

In this paper a region-based active contour method is
presented which embeds both edge-based and region-based

terms in its model. As the proposed model contains both
edge-based and regions-based terms, it works better than
traditional region-based methods and segments well images
with weak and blur edges. A new SPF function is formulated
which utilizes image local information and helps to segment
intensity inhomogeneous regions. The proposed method is
applied to the 2D synthetic and real brain MR images
with intensity inhomogeneity to show its robustness and
effectiveness. We also applied the proposed method to 3D
brain anatomical models to show its application in volume
visualization and data exploration.

A comparison is shown with other active contour meth-
ods that use traditional global SPF function formulated byCV
model, using synthetic imagewith intensity inhomogeneity. It
shows that the proposed method accurately segments images
with intensity inhomogeneity unlike previously formulated
SPF based active contour methods. However, it has higher
time complexity than the active contour methods using
traditional global SPF function.
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We also compared the proposed method with the previ-
ously formulated locally computed active contour methods
to show the advantages of the proposed method. The visual
comparison shows that the proposedmethod generates better
segmentation results as compared to the state-of-the-art
active contour methods for both synthetic and real brain MR
images. Moreover, it also has less time complexity compared
to the local based active contour methods.

Global region based active contour method is fast as
compared to the local active contour method but it does
not work well for the images with intensity inhomogeneity.
On the other hand local active contour method using local
maxima can segment images with intensity inhomogeneity
but it has high time complexity and it is sensitive to noise.
In future we will address the segmentation problem with an
active contour method by using a new SPF function that uses
both local and global information. By using that we want
to target advantages of both local and global region based
models.
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We propose a novel region-based geometric active contour model that uses region-scalable discriminant and fitting energy
functional for handling the intensity inhomogeneity and weak boundary problems in medical image segmentation. The region-
scalable discriminant andfitting energy functional is defined to capture the image intensity characteristics in local and global regions
for driving the evolution of active contour. The discriminant term in the model aims at separating background and foreground in
scalable regions while the fitting term tends to fit the intensity in these regions. This model is then transformed into a variational
level set formulation with a level set regularization term for accurate computation. The new model utilizes intensity information
in the local and global regions as much as possible; so it not only handles better intensity inhomogeneity, but also allows more
robustness to noise and more flexible initialization in comparison to the original global region and regional-scalable based models.
Experimental results for synthetic and real medical image segmentation show the advantages of the proposed method in terms of
accuracy and robustness.

1. Introduction

Image segmentation is a fundamental topic in image pro-
cessing and computer vision, object tracking, and medical
imaging. The main objective is to partition image signal into
different objects thereby separate the components of interest
from the background. In the field of medical imaging based
diagnosis, image segmentation is very challenging because
medical images usually are characterized as nonuniformity of
regional intensities, highly complex constructions of tissues
and organs, and varying noise. To address them, active
contours-based methods have received increasing attention
with considerable success [1, 2]. In this study, we focus on
geometric active contourmodels in a level set formulation [3–
5].

Geometric active contour model has been proved to be
effective formedical image segmentation because it combines

the merits of energy functional-driven curve evolution and
level set framework. The basic idea is that an active contour
is implicitly represented as the zero level set of a function
in higher dimension (called level set function, LSF), and
then the LSF is deformed according to an evolving partial
differential equation (PDE) or variational derived from the
energy functional. This implicit model usually outperforms
traditional parametric active contour models in that the level
set evolution allows for automatic topological change of active
contour, such as the contours’ merging and splitting during
evolution [6].

Existing geometric active contour models can be roughly
categorized into two classes: edge-based models [3, 7, 8] and
region-basedmodels [9–21] according to image features used
for segmentation. Generally, edge-based models typically
use image gradient as an image-based force to attract the
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contour toward object boundaries. These models have been
successfully used for general images with strong object
boundaries, but they may suffer from boundary leakage
problem for objectswithweak boundaries, for example, vessel
or brain MR images. In contrast, region-based models have
better performance in the presence of weak boundaries since
they use region’s statistics rather than gradient on edges to
find a partition of image domain. However, region-based
models basically tend to rely on intensity homogeneity. The
well-known CV model [9] is based on the assumption that
image intensities are statistically homogeneous in each region
and therefore fail to segment those images with intensity
inhomogeneity. Some improved CV models [10] overcome
this limitation by using piecewise smooth description of
the images and thus exhibit certain capability of handling
intensity inhomogeneity. However, computational cost of the
piecewise smooth description is rather expensive due to the
complicated procedures involved. This limitation, along with
their somewhat complex parameter settings, has made the PS
models barely useful for some medical image segmentation.

In fact, intensity inhomogeneity occurs in many real-
world images from different modalities [22]. In particular,
it is often seen in medical images, such as X-ray radiogra-
phy/tomography and magnetic resonance (MR) images. For
example, the intensity inhomogeneity in MR images often
appears as an intensity variation across the image, which
arises from radio-frequency coils or acquisition sequences
[23]. Thus the resultant intensities of the same tissue vary
with the locations in the image. Similar artifacts also occur
in CT images due to the beam hardening effect, as well as in
ultrasound images caused by nonuniform beam attenuation
within the body.

Recently, Li et al. proposed a region-scalable fitting (RSF)
model [12, 13] to handle the difficulty in segmentation caused
by intensity inhomogeneity. The RSF model constrains the
statistics in a local region and draws upon spatially varying
local region information. By using local region information,
specifically local intensity mean, the RSF model is able to
provide desirable segmentation results even in the presence of
intensity inhomogeneity. Some relatedmethodswere recently
proposed in [5, 14, 16, 17, 20, 21], which have similar capability
of handling intensity inhomogeneity as the RSFmodel.These
methods are, however, to some extent sensitive to initializa-
tion, which limits their practical applications. In a word, in
local information based models, the common considerable
drawback is the high dependence on initial position of the
contour. Besides, in such models, the energy functionals are
classically transformed into a level set formulation and then
minimized by solving the corresponding Euler-Lagrange
equations, which is relatively slow to converge [19].

To improve the robustness to initialization, some hybrid
models combining the local and global intensity fitting
energies were proposed [15, 16, 24, 25]. The researchers
usually combined the local intensity fitting term used in
RSF model and an auxiliary global intensity fitting term
used in CV model to discover their merits in driving
curve evolution in different regions. Specifically, when the
contour is far away from object boundaries, the force from
the global intensity information is dominant and has large

capture range. When the contour is close to the object
boundaries, the force from the local intensity information
becomes dominant, which attracts the contour toward and
finally stops the contour at object boundaries [15].Theweight
of the auxiliary global fitting term by using local contrast
of the image is dynamically adjusted, which reduced the
dependence on the initial contour [16]. The technique of
using global image information can improve the robustness
to the initialization of contours and performs better than
the single fitting term independently. However, in these
combined models, when the contour is close to the weak
object boundaries, the interference from the global intensity
force will result in the deviation of contour from the real
object boundary. Therefore, it is necessary to exploit more
discriminative energy functionals that incorporate the local
and global information from another viewpoint to improve
the performance of these combined models.

In this paper, motivated by the region-based models
that combine the local and global intensity, we propose a
novel region-scalable geometric active contour model for
handling the intensity inhomogeneity and weak boundary
problems in medical image segmentation. The basic idea
of our model is to combine the discriminant information
and the fitting information to drive the contour evolution
to the desired object. To achieve this, we propose a new
region-scalable discriminant and fitting energy functional
and extend it to work with geometric active contour in local
and global regions.The discriminant term in our model aims
at separating background and foreground in scalable regions
while the fitting term tends to fit the intensity in these regions.
This energy is then incorporated into a variational level set
formulation with a level set regularization term for accurate
computation.Thenewmodel utilizes intensity information in
the local and global region as much as possible, so it not only
handles better intensity inhomogeneity, but also allows for
more robustness to noise and more flexible initialization in
comparison to the original region and regional-scalable based
models.

Our new model has the following characteristics in
comparison to the representative local or global region-
based models. First of all, by applying the discriminant
information, the defined new energy functional guarantees
that the algorithm has the tendency to reach an optimal
separation between foreground and background. Second,
our new model can control the influence of the local and
global region information and discriminant information by
adjusting the weights. Finally, our new model is less sensitive
to initial contours. We apply this model for synthetic and
real medical image segmentation, and experimental results
show the advantages of our method in terms of accuracy and
robustness.

The reminder of this paper is organized as follows. In
Section 2 some well-known region-based models and their
limitations are briefly reviewed. In Section 3 the proposed
method and its numerical implementation are presented.
The experimental results and discussions are presented in
Section 4. Some conclusions are given in Section 5.
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2. Background

2.1. The CV Model. Given a gray level image 𝐼 : Ω ⊂ R2 →

R, let C be a closed contour in the image domain Ω, which
separates Ω into two regions Ω1 and Ω2. For a given point
x ∈ Ω, the energy functional in Chan and Vese (CV) model
is defined as

E
cv

(𝐶1, 𝐶2,C) =

2

∑

𝑖=1

𝜆𝑖 ∫
Ω𝑖

(𝐼 (x) − 𝐶𝑖)
2
𝑑x, (1)

where 𝐶𝑖 denotes the mean of the intensity in region Ω𝑖. 𝜆𝑖

denotes the nonnegative parameters.
CV simplifies the Mumford-Shah functional [26] by

assuming that the original image is a piecewise constant
function. It has the ability of obtaining a larger convergence
range and less sensitivity to the initialization due to the global
data fitting energy terms in (1). However, it generally fails
to segment images with intensity inhomogeneity. Specifically,
the estimation of 𝐶𝑖 in CVmodel is less accurate to represent
the complicated distribution in inhomogeneous images. Sim-
ilarly, more general piecewise constant models are also not
good at such images [27].

2.2. The RSF Model. To handle intensity inhomogeneity with
active contour framework, Li et al. [12, 13] recently proposed
a region-scalable fitting (RSF) model in a variational level set
formulation. The energy functional in RSF model is defined
as

E
RSF

(𝑓1, 𝑓2,C)

=

2

∑

𝑖=1

𝜆𝑖 ∫
Ω

∫
Ω𝑖

𝐾 (x − y) (𝐼 (y) − 𝑓𝑖 (x))
2
𝑑y 𝑑x,

(2)

where 𝐾(x − y) is the window function that has an important
localization property [13]. 𝜆𝑖 is positive constant (usually
fixed as 1).𝑓𝑖(x) is a scalar that approximates themean of local
image intensities in Ω𝑖. The intensity 𝐼(y) in a local region
is centered at the point x, whose size is controlled by the
nonnegative kernel function 𝐾. Thus this energy is designed
for region-scalable intensity fitting of a contour C at a point
x.

By adjusting the window size, the RSF model can reduce
the effect of intensity inhomogeneity in object segmentation.
However, this model is sensitive to the initial contour in level
set evolution because the approximation of the intensities
outside and inside the evolving contour C works in a local
way. Also, it is easy to fall into local minimum, which limits
its practical applications. Additionally, the intensity fitting
in local region cannot provide appropriate results in the
segmentation tasks of images in the presence of noise and
heavy intensity nonuniformity.

3. The Proposed Model

In this section, we will detail our region-based active contour
model with local and global discriminant and fitting energy
for image segmentation. Firstly, we propose the scalablemean

discriminant. Then, we extend this discriminant to the local
and global versions and integrate them into the CV and RSF
level set framework. Finally, we present the implementation
details of our model.

3.1. Definitions of Region-Scalable Mean Discriminant/Fitting
Energy Functional. Let the image region Ω be spitted by the
closed contour C into two regions: Ω1 = inside(C) and
Ω2 = outside(C). To obtain the local regions on the two sides
of the boundary, a window function 𝐾(y − x) is introduced
to build a local region centered at x. This window function
can be flexibly chosen as a truncated uniform function or a
Gaussian function. A simple version is as

𝐾𝜎 (y − x) =

{

{

{

1

(2𝜎 + 1)
2
,

x − y ≤ 𝜎

0,
x − y > 𝜎,

(3)

where the parameter 𝜎 denotes the radius of neighborhood
close related to the degree of the intensity inhomogeneity.
A smaller 𝜎 is more suitable for an image region with more
localized intensity inhomogeneity and vice versa, since the
approximation is valid only in a smaller neighborhood. With
this window function, we can get the number of pixels in
the two distinct regions as 𝑁

𝜎

1
(C) and 𝑁

𝜎

2
(C). Also we can

estimate the intensity means in both regions as 𝐷
𝜎

1
(C) and

𝐷
𝜎

2
(C). Based on these estimations, we propose a region-

scalable mean discriminant energy functional as

J
𝜎

(C) = (
1

𝑁
𝜎
1

− 1
∫
Ω1

(𝐼 (x) − 𝐷
𝜎

1
(C))
2
𝑑x

+
1

𝑁
𝜎
2

− 1
∫
Ω2

(𝐼 (x) − 𝐷
𝜎

2
(C))
2
𝑑x)

× ((𝐷
𝜎

1
(C) − 𝐷

𝜎

2
(C))
2
)
−1

.

(4)

This energy functional implies that the intensity of each local
region should be fitted by the estimatedmean asmuch as pos-
sible, while the estimated means in different region should be
as distinguishable as possible. On the other hand, the upper
two terms in this functional can be rewritten as the variance
estimation; for example, 𝑉

𝜎

1
(C) = (1/(𝑁

𝜎

1
− 1)) ∫

Ω1
(𝐼(x) −

𝐷
𝜎

1
(C))
2
𝑑x and 𝑉

𝜎

2
(C) = (1/(𝑁

𝜎

2
− 1)) ∫

Ω2
(𝐼(x) − 𝐷

𝜎

2
(C))
2
𝑑x;

in this sense, the quantity 𝑉
𝜎

1
+ 𝑉
𝜎

2
is called the within-class

scatter of the samples separated by the contour C; so (4)
presents the inverse formulation of Fisher linear discriminant
analysis (LDA). The purpose of LDA is to solve an optimal
discriminant vector where examples from the same class are
projected very close to each other and simultaneously the
projected means are as far as possible. Theoretically, Fisher
LDA can minimize Bayes error in the two-class problem
under the assumption that all samples obey Gaussian distri-
bution with a common covariance matrix. In this context,
the optimal C for minimizing 𝐽

𝜎
(C) can achieve the best

classification for distinguishing the object and background.
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On the other hand, the RSF model can be rewritten as
E
𝜎

(𝑓1, 𝑓2,C)

=

2

∑

𝑖=1

𝜆𝑖 ∫
Ω

∫
Ω𝑖

𝐾𝜎 (x − y) (𝐼 (y) − 𝑓𝑖 (x))
2
𝑑y 𝑑x.

(5)

It is seen that E𝜎(𝑓1, 𝑓2,C) is identical to the RSF model
for small 𝜎, while it approaches to the CV model with an
additional constant when 𝜎 → ∞ because 𝑓𝑖(x) approaches
to themean inside the contour (𝑖 = 1) and outside the contour
(𝑖 = 2), respectively. Thus we can call this energy as region-
scalable mean fitting energy functional.

3.2.TheCombined Energy Functional. Tohandle the intensity
inhomogeneity problem in image segmentation, we define a
new energy functional that simultaneously incorporates the
fitting and discriminative information; that is,

E (C) = [(1 − 𝑤)E
𝐺

(C) + 𝑤E
𝐿

(C)]

+ 𝑘 [(1 − 𝑤)J
𝐺

(C) + 𝑤J
𝐿

(C)] + ] |C| ,

(6)

where E𝐺(C) and J𝐺(C) focus on the global information,
while E𝐿(C) and J𝐿(C) focus on the local information.
J𝐺(C) aims to extract the global discriminant information
by using larger window-size parameter (i.e., 𝜎𝐺), whereas
J𝐿(C) works on a local region using small window-size
parameter (i.e., 𝜎𝐿). They are linearly combined to extract
image fitting information at different scales by the positive
parameter 𝑤 (0 ≤ 𝑤 ≤ 1). When the image intensity is
homogeneous, the parameter value 𝑤 should be chosen to be
small enough and vice versa. In addition, the parameter 𝑘 (0 ≤

𝑘 ≤ 1) adjusts the importance of the region-scalable mean
discriminant with respect to the region-scalable mean fitting.
We will discuss the both parameters in the experimental
section. |C| denotes the length of contour C. As in most
of active contour models, the contour C is smoothed by
penalizing |C| with a small nonnegative parameter ]. In
order to easily handle topological changes, we will convert
this energy functional to a level set formulation in the next
subsection.

3.3. Level Set Formulation. According to the framework of
level set methods, the contour C is represented by the zero
level set of a Lipschitz function 𝜙(x) : Ω → R, with the
following properties: 𝜙(x) > 0 if x ∈ inside(C); 𝜙(x) = 0

if x ∈ C; and 𝜙(x) < 0 if x ∈ outside(C). Let 𝐻(𝜙(x))

be the Heaviside function and separated by 𝑀𝑖(x); that is,
𝑀1(x) = 𝐻(𝜙(x)); 𝑀2(x) = 1 − 𝐻(𝜙(x)); the energy in (4)
can be expressed as

J
𝜎

(𝜙) = (
1

𝑁
𝜎
1

− 1
∫
Ω

(𝐼 (x) − 𝐷
𝜎

1
(𝜙))
2
𝑀1 (𝜙 (x)) 𝑑x

+
1

𝑁
𝜎
2

− 1
∫
Ω

(𝐼 (x) − 𝐷
𝜎

2
(𝜙))
2
𝑀2 (𝜙 (x)) 𝑑x)

× ((𝐷
𝜎

1
(𝜙) − 𝐷

𝜎

2
(𝜙))
2
)
−1

.

(7)

Similar to the level set formulation of the RSF, the energy
in (5) can be expressed as

E
𝜎

(𝑓1, 𝑓2, 𝜙)

=

2

∑

𝑖=1

𝜆𝑖 ∫
Ω

∫
Ω

𝐾𝜎 (x − y) (𝐼 (y) − 𝑓𝑖 (x))
2

× 𝑀𝑖 (𝜙 (y)) 𝑑y 𝑑x.

(8)

As in typical level set methods, the penalization on the
|C| is transformed to regularize the zero level set to derive a
smooth contour during evolution; that is,

L (𝜙) = ∫
Ω

∇𝐻 (𝜙)
 𝑑x. (9)

For more accurate computation involving the LSF and
its evolution, we need to regularize the LSF by penalizing its
deviation from a signed distance function [28], which can be
characterized by the following energy functional:

R (𝜙) =
1

2
∫
Ω

(
∇𝜙

 − 1)
2
𝑑x. (10)

Thus, the entire energy functional in level set formulation
is defined as

F (𝜙) = [(1 − 𝑤)E
𝐺

(𝜙) + 𝑤E
𝐿

(𝜙)]

+ 𝑘 [(1 − 𝑤)J
𝐺

(𝜙) + 𝑤J
𝐿

(𝜙)] + ]L (𝜙)

+ 𝜇R (𝜙) ,

(11)

where the small positive constant 𝜇 > 0 stands for the weights
of regularization on the LSF 𝜙.

3.4. Energy Minimization. We use the standard gradient
descent (or steepest descent) method to minimize the energy
functional in (11). Specifically, there are two steps in this
minimization process. The first step aims at minimizing the
functional E𝜎(𝑓1, 𝑓2, 𝜙) with respect to 𝑓1 and 𝑓2, for a fixed
LSF 𝜙. In calculus of variations, it is shown that the functions
𝑓1 and𝑓2minimizingE𝜎(𝑓1, 𝑓2, 𝜙) satisfy the Euler-Lagrange
equation ∫

Ω
𝐾𝜎(x − y)(𝐼(y) − 𝑓𝑖(x))

2
𝑀𝑖(𝜙(y))𝑑y = 0; 𝑖 = 1, 2,

so we can obtain

𝑓𝑖 (x) =

∫
Ω

𝐾𝜎 (x − y) 𝐼 (y) 𝑀𝑖 (𝜙 (y)) 𝑑y
∫
Ω

𝐾𝜎 (x − y) 𝑀𝑖 (𝜙 (y)) 𝑑y
; 𝑖 = 1, 2. (12)

This equation can be rewritten as the convolution-like form

𝑓𝑖 (x) =
𝐾𝜎 (x) ∗ [𝑀𝑖 (𝜙 (x)) 𝐼 (x)]

𝐾𝜎 (x) ∗ 𝑀𝑖 (𝜙 (x))
; 𝑖 = 1, 2. (13)

This form indicates that 𝑓𝑖(x) (𝑖 = 1, 2) is a weighted average
of the intensities in a neighborhood of x, whose size is
proportional to the scale parameter 𝜎.

The second step aims at minimizing the functionalJ𝜎(𝜙)

with respect to 𝐷
𝜎

1
(𝜙) and 𝐷

𝜎

2
(𝜙) in condition of fixed LSF
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𝜙. In calculus of variations, it is shown that the functions
𝑓1 and 𝑓2 minimizing J𝜎(𝜙) also satisfy the Euler-Lagrange
equation ∫

Ω
(𝐼(x) − 𝐷

𝜎

𝑖
(𝜙))
2
𝑀𝑖(𝜙(x))𝑑x = 0; 𝑖 = 1, 2, so we

obtain

𝐷𝑖 (𝜙) =

∫
Ω

∫
Ω

𝐾𝜎 (x − y) 𝐼 (x) 𝑀𝑖 (𝜙) 𝑑y 𝑑x
∫
Ω

∫
Ω

𝐾𝜎 (x − y) 𝑀𝑖 (𝜙) 𝑑y 𝑑x
; 𝑖 = 1, 2.

(14)

To get a specific derivation, we can compute the number of
pixels in different regions as 𝑁

𝐺

𝑖
(𝜙) = ∫

Ω
𝐾𝐺(𝜙)𝑀𝑖(𝜙)𝑑x

and 𝑁
𝐿

𝑖
(𝜙) = ∫

Ω
𝐾𝐿(𝜙)𝑀𝑖(𝜙)𝑑x; then we can es-timate

the region-scalable means of intensities with different
parameters in different regions; for ex-ample, 𝐶

𝐺

𝑖
(𝜙) =

∫
Ω

𝐾𝐺(𝜙)𝐼(x)𝑀𝑖(𝜙)𝑑x/𝑁
𝐺

𝑖
(𝜙); 𝐶𝐿

𝑖
(𝜙) = ∫

Ω
𝐾𝐿(𝜙)[𝐼(x)𝑀𝑖(𝜙)]

𝑑x/𝑁
𝐿

𝑖
(𝜙); 𝑖 = 1, 2. 𝐾𝐺 and 𝐾𝐿 are the window functions

working globally and locally, respectively.
In calculus of variations, this energy functional can be

minimized by solving the following gradient flow:

𝜕𝜙

𝜕𝑡

= −𝛿 (𝜙) [(1 − 𝑤) (𝜆1(𝐼 − 𝐶
𝐺

1
)
2

− 𝜆2(𝐼 − 𝐶
𝐺

2
)
2

)

+𝑤 (𝜆3𝐶
𝐿

1
− 𝜆4𝐶

𝐿

2
) ] − 𝑘𝛿 (𝜙)

× [

[

(1 − 𝑤)

(𝐼 − 𝐶
𝐺

1
)
2

/ (𝑁
𝐺

1
− 1) − (𝐼 − 𝐶

𝐺

2
)
2

/ (𝑁
𝐺

2
− 1)

(𝐶
𝐺
1

− 𝐶
𝐺
2
)
2

+ 𝑤

(𝐼 − 𝐶
𝐿

1
)
2

/ (𝑁
𝐿

1
− 1) − (𝐼 − 𝐶

𝐿

2
)
2

/ (𝑁
𝐿

2
− 1)

(𝐶
𝐿
1

− 𝐶
𝐿
2
)
2

]

]

+ 𝜆𝛿 (𝜙) div(
∇𝜙

∇𝜙


) + 𝜇𝛿 (𝜙) (∇
2
𝜙 − div(

∇𝜙

∇𝜙


)) ,

(15)

where 𝛿(𝜙) is the Dirac function, which is the derivative of
the Heaviside function 𝐻.

3.5. Numerical Implementation. In this subsection we briefly
present the numerical implementation to solve the evolutions
in (15) via a simple, explicit finite difference scheme rather
than a complex upwind scheme that is commonly used in
conventional level set formulation. Firstly, we employ a flatter
function and its derivative approaching to the Heaviside
function 𝐻 and the Dirac function 𝛿; that is,

𝐻𝜀 (𝑥) =

{{{

{{{

{

1

2
(1 +

2

𝜋
arctan(

𝑥

𝜀
)) ; |𝑥| ≤ 𝜀

1; 𝑥 > 𝜀

0; 𝑥 < −𝜀,

𝛿𝜀 (𝑥) =
1

𝜋
⋅

𝜀

𝜀2 + 𝑥2
; 𝑥 ∈ R.

(16)

The 𝛿𝜀(𝑥) acts on all level curves, and hence new contours can
appear spontaneously, which makes it tend to yield a global
minimum [9, 29]. The parameter 𝜀 is usually settled as 1.5.

Secondly, we consider the 2D case with a time-dependent
LSF 𝜙(𝑥, 𝑦, 𝑡). The spatial derivatives 𝜕𝜙/𝜕𝑥 and 𝜕𝜙/𝜕𝑦 in
our model are approximated by the central difference, and
the temporal partial derivative 𝜕𝜙/𝜕𝑡 is discretized as the
forward difference. Let Δ𝑡 be the time step, Δℎ the space step,
(𝑥𝑖, 𝑦𝑖) = (𝑖Δℎ, 𝑗Δℎ) the grid points, and 𝜙

𝑛

𝑖,𝑗
= 𝜙(𝑥𝑖, 𝑦𝑖, 𝑛Δ𝑡)

an approximation of 𝜙(𝑥, 𝑦, 𝑡) with 𝑛 ≥ 0, 𝜙
0

= 𝜙0. Set the
iteration number 𝑘 > 0 and start with initial LSF 𝜙

0

𝑖,𝑗
; the

evolving process can be approximated by

𝜙
𝑘+1

𝑖,𝑗
= 𝜙
𝑘

𝑖,𝑗
+ Δ𝑡𝐿 (𝜙

𝑘

𝑖,𝑗
) , (17)

where 𝐿(𝜙
𝑘

𝑖,𝑗
) corresponds to numerical implementation of

the right-hand side of (15). Specifically, in the 𝑘th iteration,
the first-order and second-order central differences at 𝜙𝑖,𝑗

are expressed as 𝜙𝑥 = (𝜙
𝑘

𝑖+1,𝑗
− 𝜙
𝑘

𝑖−1,𝑗
)/2Δℎ; 𝜙𝑦 = (𝜙

𝑘

𝑖,𝑗+1
−

𝜙
𝑘

𝑖,𝑗−1
)/2Δℎ; 𝜙𝑥𝑥 = (𝜙

𝑘

𝑖+1,𝑗
− 2𝜙
𝑘

𝑖,𝑗
+ 𝜙
𝑘

𝑖−1,𝑗
)/(Δℎ)

2; 𝜙𝑦𝑦 =

(𝜙
𝑘

𝑖,𝑗+1
− 2𝜙
𝑘

𝑖,𝑗
+ 𝜙
𝑘

𝑖,𝑗−1
)/(Δℎ)

2; and 𝜙𝑥𝑦 = (𝜙
𝑘

𝑖+1,𝑗+1
+ 𝜙
𝑘

𝑖−1,𝑗−1
−

𝜙
𝑘

𝑖−1,𝑗+1
+ 𝜙
𝑘

𝑖+1,𝑗−1
)/(Δℎ)

2. In this efficient way, we can obtain
∇
2
𝜙 = 𝜙𝑥𝑥 + 𝜙𝑦𝑦 and div(∇𝜙/|∇𝜙|) = (𝜙𝑥𝑥𝜙

2

𝑦
− 2𝜙𝑥𝑥𝜙𝑥𝜙𝑥 +

𝜙𝑦𝑦𝜙
2

𝑥
)/(𝜙
2

𝑥
+ 𝜙
2

𝑦
)
3/2 to represent the corresponding terms in

(15). It is noted that given spacial stepΔℎ = 1, Δ𝑡 for this finite
difference scheme must satisfy the Courant-Friedrichs-Lewy
(CFL) condition𝜇Δ𝑡 < 0.25. Similar to the reasonpointed out
by Li et al. [28, 30], the added level set regularization term and
the corresponding numerical scheme in our model are stable
without the need for reinitialization.

Finally, the main steps of our algorithm are summarized
as follows.

Step 1. Initialize the level set function 𝜙 to a binary function
𝜙0.

Step 2. Update the LSF using (17).

Step 3. Check whether the evolution has converged. If either
of the zero crossing points stop varying for consecutive itera-
tions or exceed a prescribed maximum number of iterations,
stop the iteration; otherwise, go to Step 2.

4. Experimental Results

In this section we report the performance of the proposed
model with various synthetic and real images from different
modalities. We compared our method with relative methods
such as Chan-Vese (CV) [9], region-scalable fitting (RSF)
[13], and local and global intensity fitting (LGIF) [15]. These
modelsmainly incorporate the global, local, locally. and glob-
ally combined intensity information. We tested the proposed
method with the following parameters: Δ𝑡 = 0.1; 𝜆1 =

𝜆2 = 1. To keep the consistency between information of
image and the criterion, we make the weight of the terms
on the local or global information identical. The kernel size
in Gaussian window or binary window is 𝜎 = 3 for local
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(a) (b) (c) (d)

Figure 1: Segmentation results on images without and with intensity inhomogeneity of CV (a), RSF (b), LGIF (c), and our method (d) with
different initial contours.The initial contours and the final contours are plotted as green contours and red contours, respectively (color online).

region, and 𝜎 is settled enough to cover the whole image as a
global region. In this case, the CVmodel can be incorporated
as the global term. To speed up the contour evolution, the
initial contours are set to a binary function whose values are
±2 inside and outside the contour, respectively. The detailed
values of parameters for the different experimental images
will be given in the following subsections. All experiments
are performed on a Notebook with Pentium Dual-Core CPU
2.3GHz and 2.0G RAM, using Matlab 2010b.

4.1. Experiments on Synthetic Images. We firstly evaluate our
method in segmenting a publicly available synthetic image
with intensity inhomogeneity and compare it with CV, RSF,
and LGIF methods. The searching ranges of the parameters
are as follows: 𝑤 = 0.95 ∼ 0.99; 𝑘 = 0.1∼0.3; ] = 0.001 ∗

255
2

∼ 0.005 ∗ 255
2; Δ𝑡 = 0.1; and 𝜇 = 0.1 ∼ 0.2/Δ𝑡. The

original images marked with the segmentation results with
different initial contours are reported in Figure 1. Fromwhere
it is seen when there is a clear object in the slight obscure
background, all the methods can capture right object (e.g.,
images in the first row). When the objects and background
are, respectively, homogeneous but the intensities vary among
the objects, the local and combined methods can localize

the objects but the global method failed (e.g., images in the
second row). Furthermore, when there are objects corrupted
by the strong nonuniform noise, only our proposed method
extracts the desirable objects. This experiment validates the
merits of locally and globally combined method. Due to
the global minimization, the segmentation results in the
first column by CV model are very similar with respect
to different initial contours. However, only the ellipse-like
object is correctly segmented. In contrast, the RSF model
can successfully segment the ellipse-like and rectangle-like
objects due to its capability in capturing the local intensity.
However, it fails to extract the star-like object that is fullmuch
stronger nonuniform noise than others. In addition, the RSF
model is sensitive to the initial contours. The LGIF model
outperforms RSF model in its robustness on different initial
contours. Unfortunately, it still fails to segment the star-like
object. As a comparison, our method successfully extracts
three objects under different initial contours; meanwhile, it
obtains very similar final contours in these testings due to its
global optimization.

We further evaluate the ability of ourmethod in segment-
ing image with different noise levels. As seen in Figure 2, the
testing images are built from a publicly available synthetic
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(a) (b) (c) (d)

Figure 2: Segmentation results on an image with different noise of CV (a), RSF (b), LGIF (c), and our method (d). The initial and the final
zero level sets are plotted as the green and the red contours, respectively. The images in each row are with Gaussian noise characterized by
zero-mean and variance 0.01, 0.05, and 0.1, respectively (color online).

image with different zero-mean and variance (0.01, 0.05, and
0.1) Gaussian noise. The parameters are settled as 𝑤 = 0.98;
𝑘 = 0.3; ] = 0.002∗255

2;Δ𝑡 = 0.1; and 𝜇 = 0.2/Δ𝑡.The kernel
size in Gaussian window or binary window is 𝜎 = 4 for local
region, and 𝜎 is settled enough to cover the whole image as
a global region, similar to the above experiments. The length
regularization term is fixed for all methods.The results of the
compared methods are reported in Figure 2. From where it is
seen when the image is less noisy, each method can obtain
exact object, and some noise in background are captured
as objects for RSF and LGIF. Along with the heavy noise,
the CV model can extract object from noisy background
but the contour seems less accurate, while the RSF and the
LGIF models still produce missegmentation due to their
local fitting property. In contrast, our method consistently
captures the right boundary of the object. Although our
method also employs the local fitting energy in a similar
way, it additionally incorporates the region-scalable mean
discriminant energy functional that enlarges the difference
of object and background; so it produces the desirable
segmenting contours in this case.

4.2. Experiments on Medical Images. In this subsection, we
employ our method to segment typical medical images with
different modalities and compare it to related methods.
Figure 3 shows the results of an X-ray image of blood vessels.
The parameters are settled as 𝑤 = 0.95∼0.99; 𝑘 = 0.1∼0.3;

] = 0.001 ∗ 255
2

∼ 0.005 ∗ 255
2; Δ𝑡 = 0.1; and 𝜇 = 0.2/Δ𝑡. As

illustrated in these figures, with different initial contours, the
CVmodel fails to segment the objects, especially in the weak
boundary of the vessel. The RSF model is not only sensitive
to the initial contours, but also less capable of excluding the
false objects. As shown in the figures in the first and second
columns, even when the initial contour is settled on the right
vessel object, it still captures the wrong contours in the back-
ground as pseudo object.The LGIF method performs similar
to the RSF method because the local intensity fitting-based
energy functional plays more important role than the CV
model in segmenting this image. The vessel and additional
small background noise are extracted as objects. Additional
postprocessing should be used for removing them. This fact
limits its availability in practice. In contrast, our method is
less sensitive to the initial contour and it captures the vessel
accurately in all the cases. The robustness of our method is
furtherly verified in the experiment on segmenting a vessel
image with heavy intensity inhomogeneity. As shown in
Figure 4, the segmentation results of the RSF model are
different alongwith the different initial contours. Remarkable
missegmentation appears in the three cases. The LGIF model
extracts the vessel in all these cases, but with the false vessel
segmented from background, which means that the simple
combination of local and global intensity fitting is hard to
segment the object in noisy background. In contrast, the
proposedmodel not only gives accurate results but also shows
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(a) (b) (c) (d)

Figure 3: Segmentation results on an X-ray vessel image by CV (a), RSF (b), LGIF (c), and our method (d) with different initial contours.
The initial and the final zero level sets are plotted as the green and the red contours, respectively (color online).

robustness to different initial contours. For example, in the
third row of Figure 3 and the first row of Figure 4, even
though the initial contours do not contain any foreground
objects, our method can still obtain precise segmentation
results.These two experiments illustrate the advantages of our
proposed model in handling real image: the ability to handle
weak boundaries and complex background and robustness to
noise.

We further evaluate ourmethod in segmentingMRI brain
images with intensity inhomogeneity. These images usually
not only contain weak boundaries between gray matter and
white matter due to low contrast and partial volume effect,
but also present intensity inhomogeneity arisen from the
acquisition style. The parameters are searched in the range
𝑤 = 0.1∼0.99; 𝑘 = 0.3; ] = 0.001 ∗ 255

2
∼ 0.005 ∗ 255

2;
Δ𝑡 = 0.1; and 𝜇 = 0.2/Δ𝑡 for an optimal segmentation of
each method. Figures 5 and 6 present the performance of
our method and compared methods on segmenting two MR
brain images with remarkable intensity inhomogeneity. The
intensities of white matter in Figure 5 have visible intensity
variations and are obscure in most cortex regions. In this
experiment, Both CV and RSF models cannot segment the

details of the white matter accurately. The results of LGIF are
slightly better than those of CV and RSFmodels, but there are
still some segmentation errors, especially in different initial
contours. Our method outperforms them in successfully
segmenting the white matter in the region with nonuniform
intensities. The white matter object in Figure 6 is not cor-
rupted by the intensity inhomogeneity but is more complex
in the cortex region. In this experiment, it is observed
that our model yields more accurate results than other
methods. The experimental results again illustrate the merit
of our proposed method: the abilities to deal with intensity
inhomogeneity, weak boundaries and complex background,
and robustness to noise. These MR images are rather noisy
and the object boundary is very weak. As a combined model,
LGIF performs better than CV and RSF models; however,
it is still easy to misclassify the gray matter as white matter.
Again, this fact verifies the limitation of simple combination
of local information and global information to drive the curve
evolution. On the contrary, the mean discriminant energy
functional in our model plays more important role in driving
the curve evolution rightly.
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(a) (b) (c) (d)

Figure 4: Segmentation results on an X-ray vessel image with heavy noise by compared methods: CV (a), RSF (b), LGIF (c), and our method
(d) with different initial contours. The initial and the final zero level sets are plotted as the green and the red contours, respectively (color
online).

4.3. Quantitative Experiments on Medical Images. To quan-
titatively evaluate the performance of our proposed model,
we use it to segment five brain MRI images of ground-
truth object (i.e., white matter) and compare it to CV,
RSF, and LGIF methods. The 2D MR images are taken
from McGill Brain Web [31] with 3% noise level and 40%
intensity nonuniformity. The space resolution in 𝑥 and 𝑦

directions is 1mm. As seen in Figure 7, these images are
characterized as low contrast, intensity inhomogeneity, weak
object boundary. Some preprocessing such as filtering and
intensity adjustment skull stripping were taken. We employ
the Jaccard similarity index (JS) to quantitatively measure the
segmentation performance of these methods.This JS index is
the ratio between intersectional area of 𝑆1 and 𝑆2 and their
united area; that is,

𝐽 (𝑆1, 𝑆2) =
area (𝑆1 ∩ 𝑆2)

area (𝑆1 ∪ 𝑆2)
. (18)

The closer the 𝐽 is to 1, the more similar 𝑆1 is to 𝑆2. In our
experiments, 𝑆1 is the segmented region by the four compared
methods, and 𝑆2 is the ground truth. For each method,
we used its optimal initial contour to obtain their best
performance. Other common parameters in these methods
were settled as same as possible for fair comparison, except
the iteration number and the exclusive parameters of each
method. The evolution iteration will stop once the difference

of two neighboring contours of the zero level set is less than
ten pixels. It should be noted that the larger Δ𝑡 can speed
up the evolution of level sets in these methods but easily
makes boundary leakage or zero LS disappear; so we put
the segment accuracy as the first place during the selection
of these parameters, for example, Δ𝑡 = 0.05∼0.2. Other
parameters are searched in ] = 0.001 ∗ 255

2
∼ 0.003 ∗

255
2 with step 0.001 ∗ 255

2; 𝜇 = 0.2/Δ𝑡; 𝑤 = 0.8∼0.99
with step 0.05; 𝑘 = 0.01∼10 with step 0.05. To obtain fair
experimental results, the programs were conducted 50 times
under same condition; then the average of the JS values and
CPU time consuming is computed as indices for measuring
the efficiency of each method. The compared methods were
programmed just based on the original papers and not algo-
rithmic optimization or programming technique was taken
into consideration; neither narrow band constriction nor
other skills were incorporated into the compared methods.

The JS indices and the average CPU time consumption
(in seconds) by applying the four compared methods are
reported in Figure 8, from where it is seen the JS value of our
model is larger than those of other threemethods. It indicates
that the segmentation precision of our model is superior to
the other three models. Furthermore, the following can be
found.

(1) The JS values of our model and LGIF model are
remarkably higher than those of RSF model and CV
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(a) (b) (c) (d)

Figure 5: Segmentation results on an MR brain image with intensity inhomogeneity by CV (a), RSF (b), LGIF (c) and our method (d) with
different initial contours. The initial and the final zero level sets are plotted as the green and the red contours, respectively (color online).

(a) (b) (c) (d)

Figure 6: Segmentation results on an MR brain image with intensity inhomogeneity by CV (a), RSF (b), LGIF (c), and our method (d) with
different initial contours. The initial and the final zero level sets are plotted as the green and the red contours, respectively (color online).
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(a) (b) (c) (d) (e)

Figure 7: Testing images in quantitative experiments.
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Figure 8: JS values (a) and CPU times (b) of CV, RSF, LGIF, and the proposed methods. The 𝑥-axis denotes the index of image.

model. This means that the models combining local
and global information (e.g., our method and LGIF
model) can achieve better segmenting accuracy than
the methods singly using local or global information
(e.g., RSF model and CV model).

(2) The JS value of our model is higher than LGIF
model and that of LGIF model is higher than those
of RSF model and CV model. Which indicates that
although the combined model by incorporating the
local intensity fitting and global intensity fitting can
improve the segmentation accuracy, the energy func-
tional that incorporates the local and global mean
discriminant information is also desirable to drive the
curve evolution. In this case the local information
is dominant while the global information plays an
auxiliary role due to their large weights and small
weights.

(3) The JS value of CV model is remarkably lower than
those of RSF, LGIF, and our proposed models using
local information. It means, in the task of segmenting
images with intensity inhomogeneity, that the local
information plays much more important role than

global information. So in our future work, it is still
necessary to emphasize the local information during
investigating the energy functional for the segmenta-
tion of images full of intensity inhomogeneity.

(4) As reported in the right subfigure of Figure 8, the
computation efficiency of our method is very close
to those in RSF and LGIF models and slightly more
than that of CV model. This is mainly due to the
computation of local information being more time
consuming than the global information.

5. Conclusions

In this paper, we have presented a region-based active
contour model with region-scalable mean discriminant and
fitting energy for image segmentation. The core contribution
of this work lies in that we introduce the region-scalable
discriminant and fitting energy functionals and extend them
to work in local and global regions. We also transform
them into a variational level set framework using calcu-
lus of variations technique, which make its availability for
other level set-based applications. Comparative segmentation
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experiments on image with intensity inhomogeneity show
that our method can achieve accurate segmentation results
with various initial contours. Quantitative comparison also
demonstrates that our model is competent in terms of
accuracy.

It should be noted that although introducing region-
scalable mean discriminant can improve the robustness of
our model, the initialization may still slightly affect the final
solution of our model due to the nonconvexity of the energy
functional. So it ismore desirable to design a convex energy to
drive the evolution of level set function directly. In addition,
for the image with strong bias field, our model needs further
improvements in the weak boundary, especially in the weight
adjustment between local and global regions.They will be the
future work in our study.
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[23] U. Vovk, F. Pernuš, and B. Likar, “A review of methods for cor-
rection of intensity inhomogeneity in MRI,” IEEE Transactions
on Medical Imaging, vol. 26, no. 3, pp. 405–421, 2007.

[24] Y. Yu, C. Zhang, Y. Wei, and X. Li, “Active contour method
combining local fitting energy and global fitting energy dynami-
cally,” in Proceedings of the 2nd International ConferenceMedical



Computational and Mathematical Methods in Medicine 13

Bio-metrics (ICMB ’10), D. Zhang and M. Sonka, Eds., pp. 163–
172, Hong Kong, China, June 2010.

[25] X. Xu and C. He, “Implicit active contour model with local
and global intensity fitting energies,”Mathematical Problems in
Engineering, vol. 2013, Article ID 367086, 13 pages, 2013.

[26] D.Mumford and J. Shah, “Optimal approximations by piecewise
smooth functions and associated variational problems,” Com-
munications on Pure and Applied Mathematics, vol. 42, no. 5,
pp. 577–685, 1989.

[27] T. Brox and D. Cremers, “On the statistical interpretation of the
piecewise smooth Mumford-Shah functional,” in Proceedings
of the International Conference Scale Space and Variational
Methods in Computer Vision (SSVM ’07), pp. 203–213, Ischia,
Italy, May 2007.

[28] C. Li, C. Xu, C. Gui, andM. D. Fox, “Level set evolution without
re-initialization: a new variational formulation,” in Proceedings
of the IEEE Computer Society Conference on Computer Vision
and Pattern Recognition (CVPR ’05), pp. 430–436, San Diego,
Calif, USA, June 2005.

[29] K. Zhang, L. Zhang, H. Song, and D. Zhang, “Reinitialization-
free level set evolution via reaction diffusion,” IEEETransactions
on Image Processing, vol. 22, no. 1, pp. 258–271, 2013.

[30] C. Li, C. Xu, C. Gui, and M. D. Fox, “Distance regularized level
set evolution and its application to image segmentation,” IEEE
Transactions on Image Processing, vol. 19, no. 12, pp. 3243–3254,
2010.

[31] R.-S. Kwan, A. C. Evans, and G. B. Pike, “MRI simulation-based
evaluation of image-processing and classification methods,”
IEEE Transactions on Medical Imaging, vol. 18, no. 11, pp. 1085–
1097, 1999.



Research Article
A CT Reconstruction Algorithm Based on Non-Aliasing
Contourlet Transform and Compressive Sensing

Lu-zhen Deng, Peng Feng, Mian-yi Chen, Peng He, Quang-sang Vo, and Biao Wei

The Key Lab of Optoelectronic Technology and Systems of the Education Ministry of China, Chongqing University,
Chongqing 400044, China

Correspondence should be addressed to Peng Feng; coe-fp@cqu.edu.cn and Peng He; hepeng vvv@163.com

Received 11 April 2014; Revised 6 June 2014; Accepted 9 June 2014; Published 30 June 2014

Academic Editor: Fenglin Liu

Copyright © 2014 Lu-zhen Deng et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Compressive sensing (CS) theory has great potential for reconstructing CT images from sparse-views projection data. Currently,
total variation (TV-) based CT reconstruction method is a hot research point in medical CT field, which uses the gradient operator
as the sparse representation approach during the iteration process. However, the images reconstructed by this method often suffer
the smoothing problem; to improve the quality of reconstructed images, this paper proposed a hybrid reconstruction method
combining TV and non-aliasing Contourlet transform (NACT) and using the Split-Bregman method to solve the optimization
problem. Finally, the simulation results show that the proposed algorithm can reconstruct high-quality CT images from few-views
projection using less iteration numbers, which is more effective in suppressing noise and artefacts than algebraic reconstruction
technique (ART) and TV-based reconstruction method.

1. Introduction

Since computed tomography (CT) [1] technique was born
in 1973, CT has been widely applied in medical diagnose,
industrial nondestructive detection, and so forth. In medical
CT field, how to reconstruct high-quality CT images from
few-views or sparse-views data is a significant research prob-
lem. Recently, compressive sensing (CS) [2] theory has been
applied in CT images reconstruction which makes it possible
to reconstruct high-quality images from few-views data. In
CS theory, CT images can be sparsely represented in an
appropriate domain, such as gradient transform andWavelet
transform, and the quality of CT reconstructed images will be
improved by some appropriate sparse representations in CT
images reconstruction.

Contourlet transform [3] is proposed by Do and Vetterli
in 2002, which is a sparse representation for 2D images
with some properties such asmultiresolution,multiscale, and
multidirection. Contourlet transform can also get important
smooth contour features of the image with few data, but
there is frequency aliasing in Contourlet transform. Sharp
frequency localization Contourlet transform [4] is firstly
proposed by Lu and Do in 2006 and Feng et al. introduced

a detailed explanation and construction in 2009 which is
named as non-aliasing Contourlet transform (NACT) [5].
NACT which can eliminate the frequency aliasing in Con-
tourlet transform is more efficient in capturing geometrical
structure and can represent image sparser than traditional
Contourlet transform.

To solve the optimization problem in CT images recon-
struction based on CS, Goldstein and Osher proposed Split-
Bregman [6]method,which is derived fromBregman [7] iter-
ation and can accelerate iteration convergence and produce
better reconstruction results. Split-Bregman method uses an
intermediate variable to split 𝐿1 regularization and 𝐿2 regu-
larization into two equations, where 𝐿2 and 𝐿1 regularization
equation can be solved by steepest descent method and
thresholding algorithm, respectively. Based on Split-Bregman
method, Vandeghinste et al. proposed Split-Bregman-based
sparse-view CT reconstruction approach [8]. Furthermore,
an iterative CT reconstruction is proposed using shearlet-
based regularization [9]. Chu et al. proposed multienergy CT
reconstruction based on low rank and sparsity with the Split-
Bregmanmethod (MLRSS) [10]. Chang et al. proposed a few-
view reweighted sparsity hunting (FRESH) method for CT
images reconstruction [11].
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In this paper, we propose a CT reconstruction algorithm
based on NACT and compressive sensing which tries to
explore the sparse capability of NACT in order to recon-
struct high-quality CT images. In the following section, the
proposed algorithm will be introduced. In the third section,
we will analyze the experimental results and discuss relevant
issues. In the last section, Section 4, we will conclude the
paper.

2. Theory and Method

2.1. CT Reconstruction Theory Based on Compressive Sensing.
Theoretically, the mathematical CT model can be expressed
as:

𝐴𝑓 = 𝑝, (1)

where 𝐴 is the system matrix, 𝑓 is the original image,
and 𝑝 is the projection data. Traditional CT reconstruction
algorithms such as filtered backprojection (FBP) [12] and
algebraic reconstruction technique (ART) [13] cannot recon-
struct high quality CT images with the sparse sampling or
limited projection data.

In 2006, Candes and Donoho put forward the CS theory
which makes it possible to get high quality CT images with
sparse projection data. The main idea of CS is that a signal
can be reconstructed with far less sampled frequency than
required by conventional Nyquist-Shannon sampling fre-
quency, if the image has a sparse/compressible representation
in a transform domain.

Compressive sensing theory can be expressed by the
following equation:

min 𝑦
0

s.t. 𝑝 = 𝐴𝑓 = 𝐴Φ
𝐻
𝑦, (2)

where Φ is a orthogonal transform, Φ𝐻 is the corresponding
inverse transform, and 𝑓 is the CT image to be reconstructed
and has a special relationship withΦ𝐻; that is, 𝑓 = Φ

𝐻
𝑦. 𝑝 is

the projection data of 𝑓 through matrix 𝐴.
Inspired by CS theory, Sidky et al. proposed a total

variation (TV-) based CT reconstruction algorithm using
gradient operator as the sparse representation [14], in which
TV is defined as follows:

𝑓
TV = ∑

∇𝑓
 = ∑

𝑠,𝑡

√(∇𝑥𝑓)
2
+ (∇𝑦𝑓)

2

= ∑

𝑠,𝑡

√(𝑓𝑠,𝑡 − 𝑓𝑠−1,𝑡)
2
+ (𝑓𝑠,𝑡 − 𝑓𝑠,𝑡−1)

2
,

(3)

where ∇𝑓 represents gradient operator of an image 𝑓.

2.2. Non-Aliasing Contourlet Transform. The traditional
sparse representation, such as gradient operator and Wavelet
transform [15], cannot get ideal sparse representation of CT
images. In 2002, Ni et al. proposed Contourlet transform [16]
which can utilize intrinsic structure information of image
to represent images more efficiently compared with Wavelet
transform. However, suffering from frequency aliasing, Con-
tourlet transform does not show good performance in image
denoising, fusion, and enhancement. In order to solve this

problem, a new multiscale analysis method, named non-
aliasing Contourlet transform (NACT) was proposed. NACT
consists of non-aliasing pyramidal filter banks (NPFB) and
directional filter banks (DFB). NPFB contains two different
filter banks: 𝐿0(𝜔), 𝐷0(𝜔) and 𝐿1(𝜔), 𝐷1(𝜔). 𝐿0(𝜔) and 𝐿1(𝜔)
mean low-pass filters. 𝐷0(𝜔) and 𝐷1(𝜔) mean high-pass
filters. The relationships of two different filter banks are as
follows:

𝐷
2

1
(𝜔) +

𝐿
2

1
(𝜔)

4
= 1

𝐷
2

0
(𝜔) + 𝐿

2

0
(𝜔) = 1.

(4)

We assume that 𝜔𝑝,0 and 𝜔𝑠,0 represent pass-band fre-
quency and stop-band frequency of 𝐿0(𝜔), respectively.
Accordingly, 𝜔𝑝,1 and 𝜔𝑠,1 represent pass-band frequency
and stop-band frequency of 𝐿1(𝜔), respectively. In order to
eliminate frequency aliasing, the filter parameters should
meet (1) 𝜔𝑠,1 < 𝜋/2; (2) (𝜔𝑝,0 + 𝜔𝑠,0)/2 = 𝜋/2 and (𝜔𝑝,1 +

𝜔𝑠,1)/2 = 𝜋/4; (3) 𝜔𝑠,0 ≤ 𝜋 − 𝑎 and 𝜔𝑠,1 ≤ (𝜋 − 𝑎)/2, where 𝑎
is the maximum width of mixing ingredients in DFB [3].

As a sparse representation approach, NACT integrate
NPFB and DFB which can decompose image into multidi-
rection and multiresolution. NPFB decomposes image into
an approximation subband and several detail subbands with
different resolutions; DFB decomposes the detail subbands
into directional subbands.The process of decompositionwith
3 levels is shown in Figure 1.Wewill use “9-7” filter and “pkva”
directional filter bank [17] in the study.

2.3. Split Bregman Method. In CS theory, 𝐿0 norm is the
most ideal regularization norm, but it is difficult to solve
equations and easily interfered by noise in CT reconstruction,
so 𝐿0 norm is commonly replaced by 𝐿1 norm. Then the
reconstruction problem depicted by (2) can be converted into

min 𝑦
0

s.t. 𝑝 = 𝐴𝑓 = 𝐴Φ
𝐻
𝑦 (5a)

min Φ𝑓
1

s.t. 𝑝 = 𝐴𝑓 = 𝐴Φ
𝐻
𝑦, (5b)

where 𝑦 = Φ𝑓, Φ is the sparse transform which is normally
used as Wavelet transform, Curvelet transform, gradient
operator, and so forth.

Furthermore, (5b) can be converted into

𝑓 = arg min
𝑓

Φ𝑓
1

+ 𝜆
𝐴𝑓 − 𝑝



2

2
, (6)

where 𝜆 is penalty function weight.
In order to solve (6), Goldstein andOsher proposed Split-

Bregman method [6], using an intermediate variable to split
𝐿1 regularization and 𝐿2 regularization into two equations;
𝐿2 regularization equation can be solved by gradient descent
method and 𝐿1 regularization equation can be solved by
thresholding algorithm. Split-Bregman method contains the
following three iteration steps:

Step 1.

𝑓
𝑘+1

= arg min
𝑓

𝜆
𝐴𝑓 − 𝑝



2

2
+ 𝜇


𝑑
𝑘
− Φ𝑓 − 𝑏

𝑘

2

2
. (7)
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y1,0(n)∼y1,3(n)

y2,0(n)∼y2,3(n)

Figure 1: Flowchart of 3 levels of decomposition of NACT.

Step 2.

𝑑
𝑘+1

= min
𝑑

‖𝑑‖1 + 𝜇

𝑑
𝑘
− Φ𝑓
𝑘+1

− 𝑏
𝑘

2

2
. (8)

Step 3.

𝑏
𝑘+1

= 𝑏
𝑘
+ (Φ𝑓

𝑘+1
− 𝑑
𝑘+1

) , (9)

where 𝑘 is the Split-Bregman iteration index,𝜇 is convergence
parameter, and 𝑑 and 𝑏 are intermediate variables, with which
each subproblem can be solved easily.

2.4. Proposed Algorithm. According to aforementioned
methods, we propose a CT reconstruction algorithm based
on NACT and compressive sensing method which can be
defined as a constrained form (10) or an unconstrained form
(11) as follows:

min 𝑓
TV +

Φ𝑓
1
.

s.t. 𝐴𝑓 − 𝑝


2

2
< 𝜎
2

(10)

min 𝑓
TV +

Φ𝑓
1

+ 𝜆
𝐴𝑓 − 𝑝



2

2
. (11)

Applying the Split-Bregman method to (11), we have the
following three iteration steps:

Step 1.

𝑓
𝑘+1

= arg min
𝑓

𝜆
𝐴𝑓 − 𝑝



2

2
+ 𝛾


𝑑
𝑘
− ∇𝑓 − 𝑏

𝑘

2

2

+ 𝜇

𝑑
𝑘

𝜑
− Φ𝑓 − 𝑏

𝑘

𝜑



2

2
.

(12)

Step 2.

𝑑
𝑘+1

= min
𝑑

‖𝑑‖1 + 𝛾

𝑑
𝑘
− ∇𝑓
𝑘+1

− 𝑏
𝑘

2

2

𝑑
𝑘+1

𝜑
= min
𝑑𝜑


𝑑𝜑

1
+ 𝜇


𝑑
𝑘

𝜑
− Φ𝑓
𝑘+1

− 𝑏
𝑘

𝜑



2

2
.

(13)

Step 3.

𝑏
𝑘+1

= 𝑏
𝑘
+ (∇𝑓

𝑘+1
− 𝑑
𝑘+1

)

𝑏
𝑘+1

𝜑
= 𝑏
𝑘

𝜑
+ (Φ𝑓

𝑘+1
− 𝑑
𝑘+1

𝜑
) ,

(14)

where 𝛾 is convergence parameter and 𝑑𝜑 and 𝑏𝜑 are interme-
diate variables.

The steepest descent method is applied to solve (12). The
derivative of (12) is calculated as follows:

𝑔 [𝑛,𝑚 + 1]

= 2𝜆𝐴
𝑇

𝑚
(𝐴𝑚𝑓

𝑚
− 𝑝𝑚) − 2𝛾∇

𝑇
(𝑑
𝑘
− ∇𝑓
𝑚
− 𝑏
𝑘
)

− 2𝜇Φ
𝑇
(𝑑
𝑘

𝜑
− Φ𝑓
𝑚
− 𝑏
𝑘

𝜑
)

𝑓
𝑚+1

= 𝑓
𝑚
+ 𝛼𝑔 [𝑛,𝑚 + 1] ,

(15)

where 𝑛 denotes the iteration index of the steepest descent
method, 𝑚 = 2, . . . , 𝑁data denotes the projection angles, 𝐴𝑚
is mth row vector, and system matrix 𝐴 includes 𝑁data row
vector 𝐴𝑚. Accordingly, 𝑁data row vectors 𝑝𝑚 compose the
projection-data vector 𝑝, 𝛼 is an appropriate step size. The
ARTmethod is used to get initial image of iteration. Equation
(13) can be explicitly computed as (16) using the shrinkage
operator as follows:

𝑑
𝑘+1

= shrink(∇𝑓𝑘+1 + 𝑏
𝑘
,
1

𝜆
)

𝑑
𝑘+1

𝜑
= shrink(Φ𝑓𝑘+1 + 𝑏

𝑘

𝜑
,
1

𝜇
) .

(16)

We now describe the iterative steps of the proposed algo-
rithm. The iteration process contains two loops, the outside
loop operate ART and the inside loop solve the optimization
problem which is constrained by TV and NACT.The outside
loop is labeled by 𝑛 and the inside loop is labeled by 𝑘.
The steps comprising each loop are the DATA-step, which
enforces consistency with the projection data; the POS-step,
which ensures a nonnegative image.We use𝑓(ART-DATA)[𝑛,𝑚]

to denote the 𝑚th DATA-step subiteration with the 𝑛th
iteration and 𝑓

(ART-POS)
[𝑛] to denote the POS-step with the

𝑛th iteration in the outside loop.We use𝑓(NACTTV-DATA)[𝑘,𝑚]

to denote the 𝑚th DATA-step subiteration with the 𝑘th
iteration and 𝑓

(NACTTV-POS)
[𝑘] to denote the POS-step with

the 𝑘th iteration in the inside loop.The steps of the algorithm
are as follows:

(A) initialization:

𝑛 = 1, 𝑓
(ART-DATA)

[𝑛, 1] = 0; (17)

(B) data projection iteration, for𝑚 = 2, . . . , 𝑁data:

𝑓
(ART-DATA)

[𝑛,𝑚] = 𝑓
(ART-DATA)

[𝑛,𝑚 − 1]

+ 𝐴𝑚

𝑝𝑚 − 𝐴𝑚 ⋅ 𝑓
(ART-DATA)

[𝑛,𝑚 − 1]

𝐴𝑚 ⋅ 𝐴𝑚

;

(18)
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Figure 2: Head phantom.

(C) positivity constraint:

(𝑓𝑖,𝑗)
(ART-POS)

[𝑛]

= {
(𝑓𝑖,𝑗)
(ART-DATA)

[𝑛,𝑁data] (𝑓𝑖,𝑗)
(ART-DATA)

[𝑛,𝑁data] ≥ 0,

0 (𝑓𝑖,𝑗)
(ART-DATA)

[𝑛,𝑁data] < 0;

(19)

(D) initialization of Split-Bregman:

𝑘 = 1,

𝑑 (𝑛) =

𝑓
(ART-DATA)

[𝑛, 1] − 𝑓
(ART-POS)

[𝑛]
2
,

𝑓
(NACTTV-DATA)

[𝑘, 1] = 𝑓
(ART-POS)

[𝑛]

𝑑
𝑘

𝑥
= ∇𝑥𝑓

(ART-POS)
[𝑛] ,

𝑑
𝑘

𝑦
= ∇𝑦𝑓

(ART-POS)
[𝑛] ,

𝑑
𝑘

𝜑
= Φ𝑓
(ART-POS)

[𝑛] ,

𝑏
𝑘

𝑥
= 𝑏
𝑘

𝑦
= 𝑏
𝑘

𝜑
= 0;

(20)

(E) iteration for𝑚 = 2, . . . , 𝑁data:

𝑑𝑝 = 𝐴𝑚𝑓
(NACTTV-DATA)

[𝑘,𝑚 − 1] − 𝑝𝑚−1

𝑔 [𝑘,𝑚 − 1]

= 2𝜆𝐴𝑚𝑑𝑝 − 2𝛾∇
𝑇

𝑥
(𝑑
𝑘

𝑥
− ∇𝑥𝑓 − 𝑏

𝑘

𝑥
)

− 2𝛾∇
𝑇

𝑦
(𝑑
𝑘

𝑦
− ∇𝑦𝑓 − 𝑏

𝑘

𝑦
)

− 2𝜇Φ
𝑇
(𝑑
𝑘

𝜑
− Φ𝑓 − 𝑏

𝑘

𝜑
)
𝑓=𝑓
(NACTTV-DATA)[𝑘,𝑚−1] ,

𝑔 [𝑘,𝑚 − 1] =
𝑔 [𝑘,𝑚 − 1]

𝑔 [𝑘,𝑚 − 1]


,

𝑓
(NACTTV-DATA)

[𝑘,𝑚]

= 𝑓
(NACTTV-DATA)

[𝑘,𝑚 − 1] − 𝑎𝑑 (𝑛) 𝑔 [𝑘,𝑚 − 1] ;

(21)

(F) positivity constraint:

(𝑓𝑖,𝑗)
(NACTTV-POS)

[𝑘 + 1]

= {
(𝑓𝑖,𝑗)
(NACTTV-DATA)

[𝑘,𝑁data] (𝑓𝑖,𝑗)
(NACTTV-DATA)

[𝑘,𝑁data] ≥ 0,

0 (𝑓𝑖,𝑗)
(NACTTV-DATA)

[𝑘,𝑁data] < 0;

(22)

(G) update 𝑑𝑥, 𝑑𝑦, 𝑑𝜑, 𝑏𝑥, 𝑏𝑦, 𝑏𝜑, increase 𝑘, and return to
step (E) until 𝑘 = 𝐾NACTTV as follows:

𝑑
𝑘+1

𝑥
= shrink(∇𝑥𝑓

(NACTTV-POS)
[𝑘 + 1, 1] + 𝑏

𝑘

𝑥
,
1

𝜆
)

𝑏
𝑘+1

𝑦
= shrink(∇𝑦𝑓

(NACTTV-POS)
[𝑘 + 1, 1] + 𝑏

𝑘

𝑦
,
1

𝜆
)

𝑑
𝑘+1

𝜑
= shrink(Φ𝑓(NACTTV-POS) [𝑘 + 1, 1] + 𝑏

𝑘

𝜑
,
1

𝜇
)

𝑏
𝑘+1

𝑥
= 𝑏
𝑘

𝑥
+ (∇𝑥𝑓

(NACTTV-POS)
[𝑘 + 1, 1] − 𝑑

𝑘+1

𝑥
)

𝑏
𝑘+1

𝑦
= 𝑏
𝑘

𝑦
+ (∇𝑦𝑓

(NACTTV-POS)
[𝑘 + 1, 1] − 𝑑

𝑘+1

𝑦
)

𝑏
𝑘+1

𝜑
= 𝑏
𝑘

𝜑
+ (Φ𝑓

(NACTTV-POS)
[𝑘 + 1, 1] − 𝑑

𝑘+1

𝜑
) ;

(23)

(H) initialize next loop:

𝑓
(ART-DATA)

[𝑛 + 1, 1] = 𝑓
(NACTTV-POS)

[𝐾NACTTV, 1] ; (24)

increase 𝑛 and return to step (B). The iteration is stopped
when ‖𝐴𝑓 − 𝑝‖

2

2
< 𝜎
2. In our study, we selected 𝜆 = 1000,

𝛾 = 30, 𝜇 = 30, 𝑎 = 0.2 and 𝐾NACTTV = 10, which can
strike a good balance in the steepest descent and generate
good reconstruction results in the experiments.

3. Experimental Results

3.1. The Image Quality Evaluation. This paper uses the root
mean square errors (RMSE) and universal quality index
(UQI) [18] to evaluate the quality of the reconstructed images.

RMSE is the most widely applied way to evaluate image
quality, and RMSE is defined as

RMSE = √

1

𝑀 ×𝑁
∑

0≤𝑖<𝑁

∑

0≤𝑗<𝑀

(𝑓𝑖,𝑗 − 𝑓
𝑅
𝑖,𝑗
)
2

, (25)

where 𝑓𝑖,𝑗 is the pixel value of original image and 𝑓
𝑅

𝑖,𝑗
is the

pixel value of reconstructed image.
Wang and Bovic proposed UQI mode which evaluates

images distortion problem including correlation distortion,
brightness distortion, and contrast distortion. The value of
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(a) (b) (c)

(d) (e) (f)

Figure 3:The reconstructed images using three different reconstruction algorithms from the noise-free and noisy data. Top row is for noise-
free data and bottom row is for noisy data. (a) and (d) are reconstructed by ART, (b) and (e) are reconstructed by ART-TV, and (c) and (f)
are reconstructed by SpBr-NACT method.

UQI is between −1 and 1. When the reconstructed image is
the same as the original image, the value of UQI is 1. UQI is
defined as

UQI =
4𝜎
𝑓,𝑓
𝑅𝑓 × 𝑓

𝑅

(𝜎
2

𝑓
+ 𝜎
2

𝑓𝑅
) [(𝑓)

2

+ (𝑓
𝑅

)

2

]

, (26)

where

𝑓 =
1

𝑀 ×𝑁
∑

0≤𝑖<𝑁

∑

0≤𝑗<𝑀

𝑓𝑖,𝑗,

𝑓
𝑅

=
1

𝑀 ×𝑁
∑

0≤𝑖<𝑁

∑

0≤𝑗<𝑀

𝑓
𝑅

𝑖,𝑗
,

𝜎
2

𝑓
=

1

𝑀 ×𝑁 − 1
∑

0≤𝑖<𝑁

∑

0≤𝑗<𝑀

(𝑓𝑖,𝑗 − 𝑓)
2

,

𝜎
2

𝑓𝑅
=

1

𝑀 ×𝑁 − 1
∑

0≤𝑖<𝑁

∑

0≤𝑗<𝑀

(𝑓
𝑅

𝑖,𝑗
− 𝑓
𝑅

)

2

,

𝜎𝑓,𝑓𝑅 =
1

𝑀 ×𝑁 − 1
∑

0≤𝑖<𝑁

∑

0≤𝑗<𝑀

(𝑓𝑖,𝑗 − 𝑓) (𝑓
𝑅

𝑖,𝑗
− 𝑓
𝑅

) .

(27)

3.2. Numerical Simulation. In this section, a head phantom
as shown in Figure 2 is used to reconstruct and compare
by 3 different methods: ART, ART-TV, and our proposed
algorithm (SpBr-NACT).The size of phantom image is 200 ×
200. We assume that the CT system was viewed as in a typical
pencil-beam geometry, and the scanning range was from 1∘
to 360∘ with a 𝜃 angular increment; projection angles can be
indicated as

𝜃𝑖 = 1 + 360 ×
(𝑖 − 1)

𝑁view
, 𝑖 = 1, 2, . . . ,

𝑁view
2

𝜃𝑖 = 182 + 360 ×
(𝑖 − 𝑁view/2)

𝑁view
,

𝑖 =
𝑁view
2

,
𝑁view
2

+ 1, . . . , 𝑁view.

(28)

In the simulation, we reconstruct the head phantom
from noise-free and noisy projection data. To obtain noisy
projection data, we add 10 dB Gaussian noise into noise-
free projection data. Projection number 𝑁view is 60, and
iteration numbers for all reconstruction algorithms are 50.
The reconstructed images are shown in Figure 3 and the
profile of line 140 in different reconstructed images is plotted
in Figure 4.
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Figure 4: The profile of line 140 in different reconstructed images. Left column is for noise-free date and right column is for noisy data. (a)
and (b) are for ART method; (c) and (d) are for ART-TV method; (e) and (f) are for SpBr-NACT method.
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Figure 5: The relationship of RMSE and UQI with respect to iteration number. (a) and (b) are the RMSE and UQI of reconstructed images
from noise-free data with ART, ART-TV, and SpBr-NACT method, respectively. (c) and (d) are the RMSE and UQI of reconstructed images
from noisy data with ART, ART-TV, and SpBr-NACT method, respectively.

From Figures 3 and 4, we can see that the reconstructed
images using ART and ART-TV methods contain a lot of
noise and artifacts, while the reconstructed images using
SpBr-NACTmethod contain less noise and artifacts and have
clearer edges.

Table 1 lists all the RMSE andUQI calculated from recon-
structed images. It is obvious that the RMSE of reconstructed
images using SpBr-NACT method is much smaller than that
of reconstructed images using ART and ART-TV methods;
the UQI is much bigger. Thus SpBr-NACT method can
reconstruct higher quality images.

Figure 5 plots the change of RMSE and UQI with respect
to iteration number. Figure 6 plots the change of RMSE and

UQIwith respect to projection number𝑁view. In both figures,
ART, ART-TV, and the proposed SpBr-NACT approach are
used to reconstruct images from noise-free and noisy data.
The blue-solid line is for ART, the green-dashed line is for
ART-TV, and the red dashed line is SpBr-NACT. For Figure 5,
the projection number is fixed and 𝑁view is 60. For figure
6, the iteration number is fixed and equals 50. From both
Figures, it is easy to find that with the increase of projection
number or iteration number, SpBr-NACT approach can
always get the minimum RMSE and maximum UQI which
means that the quality of reconstructed images with SpBr-
NACT is better than those with ART and ART-TV. And also
we see from Figure 5 when the iteration number is relatively
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Figure 6: The relationship of RMSE and UQI with respect to projection number𝑁view. (a) and (b) are the RMSE and UQI of reconstructed
images from noise-free data with ART, ART-TV, and SpBr-NACT method, respectively. (c) and (d) are the RMSE and UQI of reconstructed
images from noisy data with ART, ART-TV, and SpBr-NACT method, respectively.

Table 1: RMSE and UQI of reconstructed images using three different algorithms.

RMSE UQI
Methods ART ART-TV SpBr-NACT ART ART-TV SpBr-NACT
Noisy-free 0.0502 0.0321 0.0196 0.9869 0.9947 0.9980
Noisy 0.0554 0.0406 0.0318 0.9839 0.9914 0.9948

small, 3 methods that almost have the same RMSE and UQI,
which implies that our proposed method has no advantage if
the iteration step does not converge.

4. Conclusion

In this study, we proposed a CT reconstruction algorithm
based on NACT and compressive sensing. The experimental

results demonstrate that the proposed method can recon-
struct high-quality images from few-views data and has a
potential for reducing the radiation dose in clinical appli-
cation. In the further research, we will try to explore more
directional information from NACT so as to improve the
performance of SpBr-NACT algorithm, especially when the
projection number is far more below what we setup in the
current experiment.
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Iterative image reconstruction (IIR) with sparsity-exploitingmethods, such as total variation (TV)minimization, claims potentially
large reductions in sampling requirements. However, the computation complexity becomes a heavy burden, especially in 3D
reconstruction situations. In order to improve the performance for iterative reconstruction, an efficient IIR algorithm for cone-beam
computed tomography (CBCT) with GPU implementation has been proposed in this paper. In the first place, an algorithm based
on alternating direction total variation using local linearization and proximity technique is proposed for CBCT reconstruction.
The applied proximal technique avoids the horrible pseudoinverse computation of big matrix whichmakes the proposed algorithm
applicable and efficient for CBCT imaging. The iteration for this algorithm is simple but convergent. The simulation and real CT
data reconstruction results indicate that the proposed algorithm is both fast and accurate. The GPU implementation shows an
excellent acceleration ratio of more than 100 compared with CPU computation without losing numerical accuracy. The runtime
for the new 3D algorithm is about 6.8 seconds per loop with the image size of 256 × 256 × 256 and 36 projections of the size of
512 × 512.

1. Introduction

Recently, iterative image reconstruction (IIR) algorithms
[1–6], especially compressive sensing (CS) [7–10] based
ones, have been developed for X-ray computed tomogra-
phy (CT). As is widely known, CS based IIR algorithms
can provide much higher image quality than the popular
Feldkamp-Davis-Kress algorithm [11] (FDK) under sparse
views. Constrained total variation (TV) based methods
obtain impressive results for sparse view reconstruction in
CT imaging [3, 12]. Although theoretical researches show that
IIR possesses great advantages over analytical ones in image
quality, it is still far from being put into practical use due
to the expensive computation cost, especially for cone-beam
computed tomography (CBCT). Fast image reconstruction is
often required in clinical use to reduce thewaiting time for the
patient. Reconstruction speed is even more critical in real-
time imaging applications, such as cardiac CBCT or online
therapy.

Researchers in both optimization theory and hardware
acceleration have made lots of progresses, aiming at devel-
oping more robust and efficient methods. The development
of TV minimization indicates that the alternating direction
method (ADM) [12, 13] can provide relatively better results.
The representative algorithms using ADM are Lagrangian
function based ones [14] and split Bregman method [15].
The two ADM based methods are equivalent under linear
constraints. Both of the two kinds of optimization meth-
ods have been applied in CT reconstructions [12, 13, 16].
From another point of view, CBCT reconstruction can be
regarded as an instance of high-performance computing [17].
Therefore, parallel processing can serve as an acceleration
technique.

Originally designed for accelerating the computer graph-
ics computation, the graphics processing unit (GPU) has
emerged as a versatile platform for runningmassively parallel
computation [18–21]. GPU provides clear advantages for
CBCT image reconstruction: high memory bandwidth, high
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computation throughput, support for floating-point arith-
metic, low price cost, and friendly programming interface.
The acceleration of the filtered back-projection type algo-
rithms using GPU represents a classic implementation of
a nongraphics application on dedicated graphics hardware
[22]. With the development of compute-specific APIs, CBCT
reconstruction was accelerated using Brook [23] and CUDA
[24–26]. In CUDA, FDK acceleration mainly focuses on
back-projection making use of techniques of thread assign-
ing, memory optimization, in-built arithmetic instructions,
and so on [25, 26]. However, parallel processing for IIR algo-
rithms meets new issues because these algorithms are fun-
damentally sequential. GPU acceleration needs sufficiently
parallel workload [27]. Therefore, algorithms with minimal
computation within each loop are not proper for GPU
implementation. For instance, the algebraic reconstruction
technique (ART) is not suitable for the GPU because each
loop only processes a single beam. Amore suitable algorithm
is simultaneous ART (SART), which updates the image after
the back-projection of an entire projection view. Several other
iterative algorithms were also adapted to the GPU [28–30],
including total variation reconstruction [31].

This paper proposes an efficient 3D IIR algorithm based
on alternating TV minimization method for CBCT recon-
struction based on GPU acceleration. An inexact ADM
iteration using local linearization and proximity technique is
adopted to avoid the pseudoinverse calculation. The exper-
iments using both simulation and real CT data prove that
the proposed algorithm for CBCT is both fast and accurate.
The paper is outlined as follows. Section 1 briefly discusses
the incomplete data CBCT reconstruction problems and
related works. Section 2 shows the new method in detail and
its parallelization analysis. The CUDA implementation and
experiments on both simulation and real data results are
introduced and shown in Section 3. Finally, Section 4 brings
a brief discussion and conclusion.

2. Methods

ACBCT scanning systemmainly consists of an X-ray source,
interested object, and a flat panel detector. From a discrete to
discrete point of view, the image system can be modeled as
the following linear system:

𝑝 = 𝑊𝑓, (1)

where vector 𝑝 ∈ R𝑁rays has a length of 𝑁rays which is the
vectorization of the projection data; the vector 𝑓 ∈ R𝑁voxels

has a length of𝑁voxels which stands for the discrete vectorized
form of the object function. Matrix𝑊 ∈ R𝑁rays×𝑁voxels models
the imaging systemwhich has𝑁rays rows and𝑁voxels columns.
In this work, the value in the system matrix is modeled
using the ray intersection length with the cubic voxel. For
incomplete angle problem, (1) is always undersampled and ill-
conditioned. The CS theory indicates that the linear system

can achieve exact solution under certain sparse representa-
tion by the following L1-norm minimization:

𝑓
∗
= arg min Ψ (𝑓)

1
,

s.t. 𝑝 = 𝑊𝑓.

(2)

For CT images, it is always the case that most of the
images have very sparse gradient-magnitude images (GMI)
[3]. It is a good tool to use GMI for CS based image
reconstruction which is the origination of the famous TV-
based algorithms.

2.1. Review of Alternating Direction TV Minimization Recon-
struction. First of all, a brief review of alternating direction
TV minimization reconstruction (ADVTM) [12] algorithm
is carried out for the completeness of this paper. Apply the
TV regularization to (1); then we will get the constrained
TV minimization reconstruction model. Here, we use the
anisotropic TV for CBCT reconstruction; that is, ‖Ψ(𝑓)‖

1
=

‖𝑓‖
𝑇𝑉

≜ ∑𝑗 ‖𝐷𝑗𝑓‖1
, 𝑗 = 1, 2, 3. Here, 𝐷1, 𝐷2, and 𝐷3 stand

for the differential operator in 𝑋, 𝑌, and 𝑍 directions. The
unconstrained form of (2) can be written as

min 1

2

𝑝 − 𝑊𝑓


2
+ 𝜌∑

𝑗


𝐷𝑗𝑓

1
, (3)

where 𝜌 stands for the penalty factor. Let𝐷𝑗𝑓 = 𝑧𝑗; equation
(3) can also be transformed as

min 1

2

𝑝 − 𝑊𝑓


2
+ 𝜌∑

𝑗


𝑧𝑗

1
. (4)

The corresponding Lagrangian function of the above problem
is

min𝐿𝐴 (𝑓, 𝑧, 𝑢)

= min 1

2

𝑝 − 𝑊𝑓


2
+ ∑

𝑗

(𝜌

𝑧𝑗

1
+

𝜆

2


𝐷𝑗𝑓 − 𝑧𝑗 +

𝑢𝑗

𝜆



2

) ,

(5)

where 𝑢𝑗 ∈ R𝑁voxels is multiplier, and 𝜆 ∈ R is the factor for
square formation. Under the ADM framework, splitting the
variables 𝑓 and 𝑧, we get the following iteration form:

𝑓
(𝑘+1)

=argmin
𝑓

(
𝑝 − 𝑊𝑓



2
+ 𝜆∑

𝑗


𝐷𝑗𝑓 − 𝑧

(𝑘)

𝑗
+ 𝑢
(𝑘)

𝑗
/𝜆



2

),

𝑧
(𝑘+1)

𝑗
= argmin

𝑧𝑗
(2𝜌


𝑧𝑗

1
+ 𝜆


𝐷𝑗𝑓
(𝑘+1)

− 𝑧𝑗 + 𝑢
(𝑘)

𝑗
/𝜆



2

) ,

𝑢
(𝑘+1)

𝑗
= 𝑢
(𝑘)

𝑗
+ 𝜆 (𝐷𝑗𝑓

(𝑘+1)
− 𝑧
(𝑘+1)

𝑗
) .

(6)



Computational and Mathematical Methods in Medicine 3

The minimization with respect to 𝑧𝑗 has the following
closed form solution:

𝑧
(𝑘+1)

𝑗

= max
{

{

{



𝐷𝑗𝑓
(𝑘)

+

𝑢
(𝑘)

𝑗

𝜆



−
𝜌

𝜆
, 0

}

}

}

sgn(𝐷𝑗𝑓
(𝑘)

+

𝑢
(𝑘)

𝑗

𝜆
) .

(7)

For the minimization with respect to 𝑓, the optimization is a
quadratic function and set its derivative to 0:

(𝜆∑

𝑗

𝐷
𝑇

𝑗
𝐷𝑗 + 𝑊

𝑇
𝑊)𝑓

= (𝑊
𝑇
𝑝 + 𝜆∑

𝑗

𝐷
𝑇

𝑗
(𝑧
(𝑘)

𝑗
−

𝑢
(𝑘)

𝑗

𝜆
)) .

(8)

The basic idea to find the solution to the above equation is to
calculate the pseudoinverse of 𝜆∑𝑗𝐷

𝑇

𝑗
𝐷𝑗+𝑊

𝑇
𝑊.Therefore,

the exact solution for the (𝑘 + 1)th iteration of the above 𝑓

subproblem is as in the following expression:

𝑓
(𝑘+1)

= (𝜆∑

𝑗

𝐷
𝑇

𝑗
𝐷𝑗 + 𝑊

𝑇
𝑊)

+

× (𝑊
𝑇
𝑝 + 𝜆∑

𝑗

𝐷
𝑇

𝑗
(𝑧
(𝑘)

𝑗
−

𝑢
(𝑘)

𝑗

𝜆
)) ,

(9)

where 𝑋
+ stands for the Moore-Penrose pseudoinverse of

matrix𝑋. The update form of multipliers is

𝑢
(𝑘+1)

𝑗
= 𝑢
𝑘

𝑗
+ 𝜆 (𝐷𝑗𝑓

(𝑘+1)
− 𝑧
(𝑘+1)

𝑗
) . (10)

Therefore, the ADTVM algorithm has the following iteration
form.

Algorithm 1. While “not converged,” 𝑘 ← 0Do

(1) Update 𝑓 using 𝑓
(𝑘+1)

=

(𝜆∑𝑗𝐷
𝑇

𝑗
𝐷𝑗 + 𝑊

𝑇
𝑊)
+
(𝑊
𝑇
𝑝+𝜆∑𝑗𝐷

𝑇

𝑗
(𝑧
(𝑘)

𝑗
−𝑢
(𝑘)

𝑗
/𝜆));

(2) Update 𝑧 using 𝑧
(𝑘+1)

𝑗
= max{|𝐷𝑗𝑓

(𝑘)
+ (𝑢
(𝑘)

𝑗
/𝜆)| −

(𝜌/𝜆), 0} sgn(𝐷𝑗𝑓
(𝑘)

+ (𝑢
(𝑘)

𝑗
/𝜆));

(3) Update 𝑢 using 𝑢
(𝑘+1)

𝑗
= 𝑢
𝑘

𝑗
+ 𝜆(𝐷𝑗𝑓

(𝑘+1)
− 𝑧
(𝑘+1)

𝑗
);

(4) 𝑘 ← 𝑘 + 1

End Do

The ADTVM algorithm use exact solutions for each
subproblem at each iterative loop and it has the assurance of
the convergence. The application of ADTVM algorithm for
2D reconstruction has already shown some impressive results
[12].

2.2. The 3D Inexact Alternating Direction Reconstruction. It
can easily be seen that the ADTVM reconstruction has a
very simple iteration form, and its convergence property
makes it a robust algorithm. However, let us take a more
careful analysis of the above algorithm. In fact, it should
be pointed out that the ADTVM iteration involves a very
expensive calculation of the pseudoinverse for a huge matrix
𝜆∑𝑗𝐷

𝑇

𝑗
𝐷𝑗 +𝑊

𝑇
𝑊. More seriously, the ADTVMmay fail in

cone-beam reconstruction for even a small scale of 3D data
set, saying a cube having size of 256 × 256 × 256. Actually, it is
impossible to have such hugememory to store the cone-beam
system matrix for a personal computer. Consequently, for a
cone-beam reconstruction problem, the ADTVM is actually
not applicable for it cannot be implemented. In fact, methods
that only use 𝑊 and its transpose make sense in finding the
solution to cone-beam reconstruction problems. Therefore,
it is essential to develop a more practical and efficient algo-
rithm for 3D reconstruction based on alternating direction
method.

In this subsection, a practical alternating direction recon-
struction using local linearization and proximity technique
is proposed with GPU aided computation. In matrix com-
putation theory [31], matrix with some special structures,
such as diagonal matrixes or those which can be diagonalized
by FFTs, can help in improving the calculation performance
greatly. However, for the general matrix𝑊 in CBCT,𝑊𝑇𝑊 is
neither diagonal nor FFT diagonalizable.We adopt an inexact
strategy to tackle this subproblem of minimization for 𝑓. For
minimizationwith respect to𝑓, the fidelity termof ‖𝑝 − 𝑊𝑓‖

2

in (6), that is, the term containing 𝑊, is linearized at the
current point 𝑓(𝑘) and its proximal form is

𝑝 − 𝑊𝑓


2
≈

𝑝 − 𝑊𝑓

(𝑘)

2

+ 2𝑔
𝑇

𝑘
(𝑓 − 𝑓

(𝑘)
) +

1

𝜏


𝑓 − 𝑓

(𝑘)

2

,

(11)

where 𝑔𝑘 = 𝑊
𝑇
(𝑊𝑓
(𝑘)

− 𝑝) is the gradient of ‖𝑝 − 𝑊𝑓‖
2

at the current point of 𝑓(𝑘), and 𝜏 > 0. Consequently, the
subproblem of 𝑓 can be converted into the following form:

min
𝑓


𝑝 − 𝑊𝑓

(𝑘)

2

+ 2𝑔
𝑇

𝑘
(𝑓 − 𝑓

(𝑘)
)

+
1

𝜏


𝑓 − 𝑓

(𝑘)

2

+ 𝜆∑

𝑗



𝐷𝑗𝑓 − 𝑧
(𝑘)

𝑗
+

𝑢
(𝑘)

𝑗

𝜆



2

.

(12)

Set the derivative of the above quadratic function to 0, we get

(
1

𝜏
𝐼 + 𝜆∑

𝑗

𝐷
𝑇

𝑗
𝐷𝑗)𝑓 = 𝑐𝑘, (13)

where 𝑐𝑘 = (1/𝜏)𝑓
(𝑘)

−𝑊
𝑇
(𝑊𝑓
(𝑘)

−𝑝)+𝜆∑𝑗𝐷
𝑇

𝑗
(𝑧
(𝑘)

𝑗
−𝑢
(𝑘)

𝑗
/𝜆).

Under the periodic boundary condition, ∑𝑗𝐷
𝑇

𝑗
𝐷𝑗 is a block

circulant matrix. Therefore, the coefficient matrix on the left
hand side of (13) can be diagonalized by three-dimensional
fast Fourier transform F3 via F3((1/𝜏)𝐼+𝜆∑𝑗𝐷

𝑇

𝑗
𝐷𝑗)F
−1

3
= 𝑀.

Let Λ(𝑀) = 𝐽 ∈ R𝑁voxels , where Λ(𝑀) = 𝐽 means that 𝐽 is
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composed by the elements on the diagonal of 𝑀. Apply 3D
Fourier; transform both sides of (13); the solution of (13) can
be computed efficiently by

𝑓
(𝑘+1)

= F
−1

3

× (F3 (
1

𝜏
𝑓
(𝑘)

−W𝑇 (𝑊𝑓
(𝑘)

− 𝑝)

+𝜆∑

𝑗

𝐷
𝑇

𝑗
(𝑧
(𝑘)

𝑗
−

𝑢
(𝑘)

𝑗

𝜆
)) × 𝐽

−1
) ,

(14)

where the division of𝐴/𝐵 is a component-wise operation.The
new algorithm is implemented as the following list.

Algorithm 2. While “not converged,” 𝑘 ← 0Do
(1) Update 𝑓 using 𝑓

(𝑘+1)
= F−1

3
(F3((1/𝜏)𝑓

(𝑘)
−

W𝑇(𝑊𝑓
(𝑘)

− 𝑝) + 𝜆∑𝑗𝐷
𝑇

𝑗
(𝑧
(𝑘)

𝑗
− 𝑢
(𝑘)

𝑗
/𝜆))/𝐽),

(2) Update 𝑧 using 𝑧
(𝑘+1)

𝑗
= max{|𝐷𝑗𝑓

(𝑘)
+ (𝑢
(𝑘)

𝑗
/𝜆)| −

(𝜌/𝜆), 0} sgn(𝐷𝑗𝑓
(𝑘)

+ (𝑢
(𝑘)

𝑗
/𝜆));

(3) Update 𝑢 using 𝑢
(𝑘+1)

𝑗
= 𝑢
𝑘

𝑗
+ 𝜆(𝐷𝑗𝑓

(𝑘+1)
− 𝑧
(𝑘+1)

𝑗
);

(4) 𝑘 ← 𝑘 + 1

End Do

It can easily be seen that the calculation of𝑓(𝑘+1) is closely
related to 𝑓

(𝑘) which is different from that in Algorithm 1.
Notably, the ADTVM involves the calculation of 𝑊𝑇𝑊 and
(𝜆∑𝑗𝐷

𝑇

𝑗
𝐷𝑗 + 𝑊

𝑇
𝑊)
+ which can only be implemented based

on storing the system matrix 𝑊 beforehand. However, even
for the occasion of 2D reconstruction, the system matrix
is actually so tremendous that its pseudoinverse calculation
is very time consuming. Furthermore, for 3D situation for
ADTVM, there is no such a huge storage device which can
accommodate such a big system matrix. Consequently, the
pseudoinverse computation in ADTVM is very impractical
or even impossible to be implemented for 3D reconstruc-
tion because of time and memory consumption. The new
algorithm utilizes the linearization technique which ably
avoids the bother of storing the system matrix. Moreover,
the new method also averts the horrible computation of
𝑊
𝑇
𝑊 and (𝜆∑𝑗𝐷

𝑇

𝑗
𝐷𝑗 + 𝑊

𝑇
𝑊)
+. In addition, the involved

FFT techniques can further improve the computation effi-
ciency. These characteristics make the new algorithm an
indispensable method for cone-beam image reconstruction
based on the alternating direction method. The conver-
gence property is guaranteed and discussed in detail in
[32].

2.3. GPU Implementation. The related forward- and back-
ward-projection operations in 𝑊

𝑇
(𝑊𝑓
(𝑘)

− 𝑝) has very high
complexity for CPU computation. Generally, the forward-
projection in Algorithm 2 can be defined as

𝑝𝑖 = ∑

𝑗∈𝑄𝑖

𝑤𝑖,𝑗𝑓𝑗, (15)

where 𝑓 is the attenuation coefficient, 𝑤𝑖,𝑗 is the value in
the system matrix 𝑊 at position of (𝑖, 𝑗), and 𝑄𝑖 is the
set containing all the indices of voxels that have nontrivial
intersections with the beam 𝑖. Analogously, the backward-
projection can be defined as

𝑓𝑗 = ∑

𝑖∈𝑄𝑗

𝑤𝑖,𝑗𝑝𝑖, (16)

where 𝑄𝑗 is the set containing all the indices of beam that
have nontrivial intersections with the voxel 𝑗. The itera-
tion of Algorithm 2 is simple but convergent. Although
there are only one forward- and one backward-projection
operation in 𝑊

𝑇
(𝑊𝑓
(𝑘)

− 𝑝) at each iterative loop, these
two operations can occupy most of the computation time.
For more efficient implementation, more advanced hard-
ware optimization besides local linearization and proximity
technique in algorithm design should be taken into con-
sideration. Traditional method for calculating the forward-
projection is the ray tracing method proposed by Siddon.
Siddon’s algorithm uses a parametric line representation of
the beam which makes the complexity of computing the
intersection lengths of each beam with 3D domain still with
respect to 1D line. For CBCT reconstruction, the system
matrix is so tremendous that Siddon’s algorithm is not suit-
able for computing both forward and backward projections
simultaneously.

For efficient computation, a fast and parallel algorithm
[33] for forward and backward projections is utilized in this
paper. A brief review of this algorithm is given here and the
detailed interpretation can be found in [33].When computing
the forward-projection, the 3D region of the object is divided
into a group of planes in one direction according to the slope
of the beam. This limits the number of the voxel intersected
with the beam within quite few situations. Computing the
length can be executed in parallel by each plane, which
makes the calculation pretty efficient. When dealing with the
backward-projection, the parallelization can be realized in
parallel for each voxel. In finding the corresponding beams, a
shadow region method is utilized [33].

Although iterative algorithm is fundamentally sequential,
the reconstruction algorithm we designed here for CBCT
can be implemented efficiently with the aid of GPU consid-
erably. The three update formulas can all be computed on
GPU for speedup. The operations involved in the proposed
method mainly include matrix-vector multiplications and
vector additions. These operations include 𝐷𝑗𝑓, 𝐷

𝑇

𝑗
𝑓, 𝑊𝑓,

and𝑊
𝑇
𝑓. The operation of𝐷𝑗𝑓 and𝐷

𝑇

𝑗
𝑓 can be straightfor-

wardly put intoGPUcalculation, with each thread computing
the difference of a voxel.Themost expensive calculation parts
are 𝑊𝑓 and 𝑊

𝑇
𝑓 which stand for forward- and backward-

projections. With the aid of the fast and parallel algorithm,
the forward- and backward-projections can potentially be
accelerated significantly. With the GPU aided computation,
the flow chart of the proposed algorithm is shown in
Figure 1.
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Table 1: Dataset for situations 1 and 2.

Volume data Projection data Voxel size Detector bin size
Situation 1 128 × 128 × 128 256 × 256 × 36 0.50mm 0.50mm
Situation 2 256 × 256 × 256 512 × 512 × 36 0.25mm 0.25mm

Table 2: Running time for related operation in the reconstruction (unit for time: seconds).

Situation 1 Situation 2
CPU GPU Speedup CPU GPU Speedup

𝐷𝑗𝑓 0.030000 0.0002312 129.76 0.398274 0.0026197 152.03
𝐷
𝑇

𝑗
𝑓 0.042977 0.0003432 125.22 0.529065 0.0032604 162.27

𝑊𝑓 10.248665 0.058801 174.29 83.390976 0.452213 184.41
𝑊
𝑇
𝑓 73.074226 0.399989 182.69 636.070923 3.151384 201.83

Yes

No

(1) Start

(2) Load projections on GPU memory

(3) Initialize parameters, f, z, and u

(6) Update multipliers u using formula (10)

(7) Enough iterative loops?

(8) Transfer data to CPU and output

(9) End

(4) Solve f subproblem using formula (14)

(5) Solve z subproblem using formula (7)

Figure 1: Flow chart of the proposed inexact alternating direction
CBCT reconstruction algorithm. Blocks 4–6 correspond to 1–3 of
Algorithm 2.

3. Experiments

3.1. Computation Efficiency. To evaluate the performance of
the CUDA aided implementation, we implement and test

Table 3: RMSE of GPU computation for related operation.

𝐷𝑗𝑓 𝐷
𝑇

𝑗
𝑓 𝑊𝑓 𝑊

𝑇
𝑓

Situation 1 0.5𝐸 − 6 0.4𝐸 − 6 2.3𝐸 − 6 1.7𝐸 − 6

Situation 2 0.2𝐸 − 6 0.1𝐸 − 6 1.5𝐸 − 6 0.9𝐸 − 6

the operation of 𝐷𝑗𝑓, 𝐷
𝑇

𝑗
𝑓, 𝑊𝑓, and 𝑊

𝑇
𝑓 both on CPU

and on GPU. In addition, there are two data sets running
on NVIDIA Tesla K20c. This GPU device has 2496 CUDA
cores and 5120MB global memory. In the performance test,
a 3D digital Moby mouse phantom in which the attenuation
coefficient is in 0.0∼1.0 is utilized. A single circle trajectory is
utilized for cone-beam scanning. The source to axis distance
is 30 cm, and the source to the center of the flat panel distance
is 60 cm. The detector panel has a size of 12.8 cm × 12.8 cm.
The phantom has a size of 6.4 cm × 6.4 cm × 6.4 cm. The
projection data are collected by 36 equally angular views in
360 degrees.

In order to test the four operations under different
data sets, two kinds of discretization are applied which is
listed in Table 1. All the experiments are carried out on the
workstation configured with dual cores of Intel Xeon CPU
of E5-2620 @ 2.10GHz (only one core was used) equipped
with Tesla K20c. The time consumption for both CPU and
differentGPU is listed inTable 2 togetherwith its speedup.All
the time consumption is calculated by the statistical average
of fifty times. The computation between CPU and GPU is
expressed in root mean square error (RMSE) by RMSE =

√∑((𝑥CPU − 𝑥GPU)
2
/𝑁), where𝑁 stands for the total number

of values; 𝑥CPU and 𝑥GPU stand for CPU results and GPU
results, respectively. The RMSEs are listed in Table 3. The
speedup in Table 2 shows that the acceleration strategy
applied here can improve the performance greatly with GPU
while Table 3 indicates that the numerical differences can be
ignored.

3.2. Reconstruction Verifications. The reconstruction algo-
rithm proposed in this paper is composed of𝐷𝑗𝑓,𝐷

𝑇

𝑗
𝑓,𝑊𝑓,

𝑊
𝑇
𝑓, and a few vector additions and comparisons. In this

subsection, reconstruction using both simulation data and
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real CT projections is carried out. The goal is to test the
performance of the entire routine of the new algorithm and
the image reconstruction quality. For the reconstruction of
simulation data, the above data set of situation 2 in Section 3.1
is utilized. Its scanning configuration is the same as that in
Section 3.1. For the real data reconstruction, projections of a
medical head phantom are acquired with the cone-beam CT
system which mainly consists of a flat panel detector (Var-
ian4030E, USA) and an X-ray source (Hawkeye 130, Thales,
France).The distance between source and the rotation axis of
scanner is 678mm and the distance between source and the
detector is 1610mm. The detector bin has a size of 0.508mm
× 0.508mm. The projection size is 768 pixels × 432 pixels ×
72 views.The size of reconstruction image is 384 voxels × 384
voxels× 216 voxels with 0.214mm× 0.214mm× 0.214mmper
voxel.

In the reconstructions, the proposed algorithm is com-
pared with FDK algorithm and the adaptive-steepest-
descent-POCS (ASD-POCS) [3] algorithm. The parameters
of the new method are empirically chosen as 𝜏 = 1, 𝜌 = 1,
and 𝜆 = 1. The parameters of ASD-POCS are the same as
those in [3]. The iteration number of both simulation and
real data reconstruction is 100.The simulation reconstruction
results are shown in Figure 2, where a 3D slice of 𝑧 = 31, 𝑦 =

128, and 𝑥 = 128 is presented. The RMSEs for ASD-POCS
and the proposed method for simulation reconstruction
are listed in Table 4. The convergence behavior of the new
method for simulation is drawn in Figure 3.The real CT data
experiments use 72 equally angular views. Reconstructions
of the FDK, ASD-POCS, and the new method are shown in
Figure 4.

The reconstruction results of FDK algorithm in Figures 2
and 4 suffer from streak artifacts so severely that the useful
and detail structures are degraded or even lost. Therefore,
the FDK reconstructions from 36 or 72 views can hardly
be put into practical use. The ASD-POCS and the proposed
algorithms provide satisfying image quality. The reconstruc-
tion results of these two methods do not show visible
differences. Meanwhile, the RMSEs behavior of the new
method in Figure 3 shows a robust convergence. The time
consumptions for each reconstruction are listed in Table 5.
From this table, it can be seen that the GPU device plays the
key role for improving the reconstruction performance, and
the acceleration ratio of the new method for GPU compared
with CPU is about 106 for simulation and 120 for real data
reconstruction, respectively. The reconstruction qualities of
the proposed algorithm for simulation data and real data
are both satisfying and are potential to be put into practical
use.

4. Discussion and Conclusion

Reconstruction performance is an important issue and its
acceleration is of crucial significance for iterative algorithms
and this paper try to do some related work. This paper
has proposed a GPU based alternating direction reconstruc-
tion method for cone-beam CT imaging. The new method
utilizes a local point linearization and proximity strategy

Table 4: RMSEs for two reconstruction algorithms.

20 40 60 80 100
ASD-POCS 0.1301 0.0150 0.0082 0.0058 0.0037
New method 0.1000 0.0102 0.0055 0.0045 0.0028

Table 5: Running time for simulation and real data experiments of
the new algorithm.

New method
on CPU

New method
on GPU

Acceleration
Ratio

Simulation data 72114 seconds 681 seconds 105.89

Real data 3.733𝐸 + 5

seconds 3114 seconds 119.88

which avoids the calculation of pseudoinverse of matrix.
The proximal process applied in the new algorithm makes
it efficient and applicable for CBCT reconstruction using the
ADM routine. Although the new method utilizes an approx-
imate or inexact strategy to tackle the 𝑓 subproblem, the
reconstructions in both simulation and real data experiments
show a robust convergence property. In fact, the augmented
Lagrangian function (5) is expected to be minimized by solv-
ing 𝑓 subproblem and 𝑧 subproblem alternately. Therefore,
solving these two subproblems accurately at each sweep may
be unnecessary.

Furthermore, the advantages for the inexact strategy are
not only avoiding the pseudoinverse computation, but also
making the reconstructions able to efficiently be launched on
GPU cardswhich is a key to improve the overall performance.
Each calculation of the subproblems has some computation
parts that can be executed in parallel on GPU cards, and
the acceleration ratio for these parts can be rather high. The
most important matter focuses on accelerating the most time
consumption parts which will make an outstanding improve-
ment. For the entire algorithm, the acceleration ratio is a little
lower than that of each part which is mainly due to the serial
computation parts running on CPU.The results in the recon-
struction experiments show a considerable acceleration for
the new algorithm while the reconstruction qualities are well
kept.

The new algorithm applies a highly efficient technique
to settle the difficulties faced by ADTVM in cone-beam
imaging. Actually, the technique utilized in this paper is
ingenious but necessary. The proximal method has no influ-
ence on the convergence of the algorithm. It is robust and
its 3D reconstructions are both accurate and fast. Although
the application presented here is circular cone-beam CT, it
is clear that this algorithm and its GPU acceleration can
be applied to other tomographic imaging modalities with
linear system models. Future work will focus on further
improving and optimizing the acceleration efficiency, so that
the algorithm can be more practical for actual scanning
systems.
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FDK

(b)

ASD-POCS

(c)

This paper

(d)

Figure 2: Digital phantom and the reconstructions for simulation data. The first column in the left is the phantom of 3D Moby mouse and
the second, third, and fourth columns are the reconstructions of FDK, ASD-POCS, and the GPU accelerated new method. From the top row
to the bottom row, there are slices of 𝑧 = 31, 𝑦 = 128, and 𝑥 = 128 in phantom and the reconstructions.
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Figure 3: RMSEs versus iteration number for two algorithms.
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FDK

(a)

ASD-POCS

(b)

This paper (GPU)

(c)

Figure 4: The reconstructions of real CT data experiments. The first, second, and third columns from the left to the right are results of FDK,
ASD-POCS, and the GPU accelerated new method. From the top to the bottom row, there are results of slices of median sagittal section,
central coronal section, and central transverse section.
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Ultrasound images are prone to speckle noises. Speckles blur features which are essential for diagnosis and assessment. Thus
despeckling is a necessity in ultrasound image processing. Linear filters can suppress speckles, but they smooth out features.
Median filter based despeckling algorithms produce better results. However, they may produce artifact patterns in the resulted
images and oversmooth nonuniform regions. This paper presents an innovative despeckle procedure for ultrasound images. In the
proposed method, the diffusion tensor of intensity is computed at each pixel at first. Then the eigensystem of the diffusion tensor is
calculated and employed to detect and classify the underlying structure. Based on the classification result, a feasible filter is selected
to suppress speckles and enhance features. Test results show that the proposed despeckle method reduces speckles in uniform areas
and enhances tissue boundaries and spots.

1. Introduction

In ultrasound scanning, the reflected sound waves are mainly
generated by tissue boundaries. Nonetheless, smaller struc-
tures in relatively homogeneous regions can also produce
echoes with random phases. These echoes trigger construc-
tive and destructive interferences and generate speckle pat-
terns in the ultrasound images [1]. Speckles deteriorate tissue
boundaries andmake homogeneous regions look rough.Thus
essential information for diagnosis is lost. Gaussian filters
[2] can suppress speckles and enhance contrast, but they
blur edges [3]. In [4], Deng and Cahill proposed an adaptive
Gaussian filter to solve this problem. They adjusted the
variance of the Gaussian filter during the smoothing process
so that noises were reduced and edges were better preserved.
Adaptive median filters are superior to Gaussian filters
in despeckling [5]. However they may produce unnatural
patterns in the resultant images [6, 7].

In this paper, we propose a structure-based despeck-
ling method for ultrasound data. In the proposed method,
despeckling is divided into several stages and carried out in
a pipeline manner. The flowchart of the proposed procedure

is displayed in Figure 1. The despeckling method starts with
equalizing the input ultrasound image. Then, at each pixel,
the eigensystem of a Hessian matrix is computed to measure
the strength and orientation of the local diffusion tensor. In
the following step, the local diffusion tensor is used to classify
the pixel into one of the following types: linear, boundary,
spot, uniform, and unknown. In the final stage, feasible filters
are adaptively selected to suppress speckles. If a pixel is
spot-typed, it is filtered by using a 2D Gaussian filter. If
the pixel’s type is uniform or unknown, it is smoothed by
using a 2D median filter. If the pixel is classified as linear-
or boundary-typed, it is filtered by using a 1D Gaussian filter
carried out in the direction of the minor eigenvector of the
Hessian matrix. Once the despeckling process is completed,
the resulted image is displayed. If the image quality does not
satisfy our goal, the whole despeckling pipeline is repeated
until speckles are significantly removed.

1.1. Related Work. In ultrasound image processing, feature
preservation is usually in conflict with despeckling. To
alleviate this problem, researchers utilize local information of
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Figure 1: The flowchart of the proposed despeckle method.

roughness to selectively reduce speckles. In [8], a directional
median (DM) filter method is proposed to reduce noise and
enhance edges for ultrasound images. In their method, a 1D
median filtering process is performed in various directions
at each individual pixel. The filtering result is set to the
maximum response of these 1D median filtering processes.
Loupas et al. developed an adaptive median filter, the AWMF
method, to suppress speckles [9]. In their method, local SNR
values are used to compute the weights of the pixels inside
the median filter’s mask. Then these pixels are duplicated
according to the computed weights. Finally the new pixel
value is set to the median value of the duplicated pixels.

The diffusion of an intensity field reveals the spread-
ing of the intensity field. The diffusion magnitude reflects
the strength of the intensity variation, while the diffusion
direction shows the direction of the intensity spreading.
Based on these two principles, diffusion of intensity has been
utilized in various filtering algorithms to enhance features
and reduce noises. Abd-Elmoniem et al. propose a diffusion-
based method in [10]. They compute structure matrices
to estimate local coherence for ultrasound images. Then
an anisotropic diffusion governing equation is iteratively
solved so that fully developed speckles are suppressed while
tissue structures of the resolved granularity are preserved.
In another work [11], Ueng et al. utilize the eigensystems of
Hessianmatrices to estimate the local diffusion strengths and
directions for all the voxels of medical imaging data so that
tissue types can be classified.Then the tissue types are served
as criteria to adjust the variance of a Gaussian filter which
is employed to reduce noise and enhance region boundaries.

Krissian et al. present a novel method for constructing aorta
from abdominal ultrasound data [12]. They combine the
Hessian and structure matrices of the intensity field to form
a descriptor matrix at each pixel. The eigensystem of the
descriptor matrix is used to detect the orientation of aorta.
Then, a specialized response function is evaluated to find the
cross-section boundaries of aorta. By connecting the cross-
section boundaries, the aorta is constructed.

In the proposed method, local roughness and diffusion
tensor are simultaneously employed for feature detection.
Using this information, an elaborated classification pro-
cedure is dedicated to explore features and classify local
regions into various structure types. Since ultrasound data
are prone to noises, conventionalmedical image classification
methods may produce short boundaries and scattering spots.
An iterative classification refinement strategy is adopted to
connect broken edges and remove tiny spots so that larger
regions and longer boundaries are formed. Different filters
have their pros and cons. In this work, a heterogeneous and
adaptive filtering technique is used to smooth noises and
preserve features. Linear and nonlinear filters are selectively
utilized for suppressing speckles based on the detected
structure types. Therefore, uniform regions are smoothed
while boundaries are enhanced and spots are preserved.

2. Materials and Methods

2.1. Diffusion Tensor and Structure Type Classification. The
diffusion tensor at a pixel can be represented by a Hessian
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Table 1: Preliminary type classification rules.

Types ‖𝜆1‖ ‖𝜆2‖

Uniform Small Small
Tubular Large Small
Spot Large Large

matrix. The Hessian matrix,𝐻(𝑥, 𝑦), pixel 𝐼(𝑥, 𝑦), is defined
by

𝐻 = [
𝐼𝑥𝑥 𝐼𝑥𝑦

𝐼𝑥𝑦 𝐼𝑦𝑦
] =

[
[
[
[

[
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2
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𝜕𝑥2
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𝜕
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𝐼

𝜕𝑥𝜕𝑦

𝜕
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𝐼

𝜕𝑦2

]
]
]
]

]

. (1)

Since 𝐻 is symmetric, its eigenvalues are real and its
eigenvectors are mutually orthogonal. Let 𝜆1 and 𝜆2 be the
eigenvalueswith ‖𝜆1‖ ≥ ‖𝜆2‖ and ⃗V1 and ⃗V2 the corresponding
eigenvectors. 𝜆1 and 𝜆2 are the major and minor eigenvalues;
and ⃗V1 and ⃗V2 are the major and minor eigenvectors.

The eigensystem reflects the anisotropy and strength of
the diffusion tensor. It is used to identify the local structure
type [13]. In [14], Sato et al. utilized eigensystems of Hessian
matrices to classify tissue types for medical imaging. The
classification principles can be formulated as follows. If the
magnitudes of the eigenvalues are small, the local region is
relatively uniform. No feature is available. If the magnitude
of the major eigenvalue is much larger than that of the minor
eigenvalue, the intensity varies significantly in the direction
of the major eigenvector but alters slightly in the direction of
the minor eigenvector. The diffusion is anisotropic, and the
underlying structure is 1-dimensional. When the magnitudes
of both eigenvalues are large and roughly the same, the inten-
sity is concentrated at the pixel.The diffusion is isotropic.The
local region is a 2-dimensional spot.

These cases are illustrated in Figure 2. In part (a), both
eigenvalue magnitudes are small. The region surrounding
the pixel is nearly homogeneous. In part (b), the intensity is
nearly uniform along the direction of the minor eigenvector
but changes abruptly in the direction of the major eigenvec-
tor. The local region is a tubular structure. In part (c), the
intensity variations in both directions are high and the local
region is a bright or dark spot.

2.2. The Structure Classification Method. As shown in
Figure 2, a pixel can be classified as a part of a uniform,
tubular, or spot structure-based on the eigensystem of the
local diffusion tensor. The rules of this preliminary classifi-
cation method are summarized in Table 1. However, there is
no objective method to tell whether an eigenvalue is large
or not. These rules are logically correct but not practical. In
this section, a practical and efficient classification method
is presented for detecting features and classifying structure
types.

After the eigensystems of the local diffusion tensor have
been computed at all the pixels, the maximum magnitude

of the eigenvalues is searched. The maximum eigenvalue
magnitude is used to normalize the eigenvalues so that their
values are within −1 and 1. Then two variables 𝑇1 and 𝑇2 are
computed by using the normalized eigenvalues at each pixel
by

𝑇1 =
√𝜆
2
1
+ 𝜆
2
2
,

𝑇2 =

𝜆2
 + 𝜖

𝜆1
 + 𝜖

.

(2)

𝑇1 is employed to test whether there is a feature in the
local region. In a homogeneous region, the magnitudes of
both eigenvalues are small. Thus 𝑇1 is nearly 0. In a tubular
structure, the magnitude of the major eigenvalue is large but
the magnitude of the minor eigenvalue is small so that 𝑇1 is
much larger than 0 and closer to 1. In a spot, both eigenvalue
magnitudes are large. 𝑇1 can be greater than 1 but less than
√2. 𝑇2 is used to distinguish a tubular structure from a spot.
In a tubular structure, ‖𝜆1‖ is much larger than ‖𝜆2‖, and
thus 𝑇2 is nearly 0. In a spot, both eigenvalue magnitudes are
large and similar so that 𝑇2 is approximately 1. In computing
𝑇2, a tiny number 𝜖 is added to the denominator and the
numerator to avoid dividing by zero andmisjudgement in case
both eigenvalues are nearly 0.

Then, by using 𝑇1 and 𝑇2, we define two response
functions to measure the degrees of linearity and spot:

𝐶𝑙 = 𝑇1 ∗ (1 − 𝑇2) ,

𝐶𝑠 = 𝑇1 ∗ 𝑇2.

(3)

𝐶𝑙 and 𝐶𝑠 are the measurements of linearity and spot,
respectively. If the local area is not uniform and the ratio
of the minor eigenvalue magnitude to the major eigenvalue
magnitude is small, 𝐶𝑙 is close to 1 and 𝐶𝑠 is close to 0. On
the other hand, if both eigenvalue magnitudes are significant
and roughly equal, 𝐶𝑠 is closer to or even larger than 1 and 𝐶𝑙
is nearly 0. Now, based on 𝑇1, 𝐶𝑙, and 𝐶𝑠, we can detect and
classify the local structure.

In the preliminary structure classification rules listed
in Table 1, only three structure types are defined. In order
to retrieve more structure information for the following
despeckling process, we refine the classification model and
categorize pixels into 5 types: linear, boundary, spot, uniform,
and unknown. Our pixel classification algorithm works as
follows.

(i) A pixel is regarded as uniform-typed, if

𝑇1 ≤ 𝛽, (4)

where 𝛽 is a small number defined by users. In our
implementation, 𝛽 is set to 0.12.

(ii) A pixel is classified as linear-typed, if

𝑇1 > 𝛽, 𝐶𝑙 > 𝐶𝑠, 𝜆1 ≤ 0. (5)

(iii) A pixel is identified as boundary-typed, if

𝑇1 > 𝛽, 𝐶𝑙 > 𝐶𝑠, 𝜆1 > 0. (6)
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v1

v2

(a) Uniform region
|𝜆1| ∼ |𝜆2| ∼ 0

v1

v2

(b) Tubular
structure
|𝜆1| ≫ |𝜆2| ∼

0

v1

v2

(c) Spot
|𝜆1| ∼ |𝜆2| ≫

0

Figure 2: The eigenvalues of the diffusion tensor reveal the underlying structure type.

(a) Ultrasound image (b) Diffusion magnitude

(c) Pixel types before refinement (d) Pixel types after refinement

Figure 3: Structure type classification, (a) the ultrasound image, (b) the diffusion strength, (c) classified structure types, and (d) refined
structure classification, green: linear, dark green: boundary, red: spot, blue: unknown, and grey: uniform.

(iv) A pixel is a spot pixel, if

𝑇1 ≥ 𝛼, 𝐶𝑠 > 𝐶𝑙, (7)

where 𝛼 is a number selected by users. Based on our
experiments on filtering ultrasound and gray-level
images, 𝛼 is set to 0.45 in our implementation.

(v) Else, the pixel type is registered as unknown-typed.

If 𝑇1 is small, the intensity variation is weak and the
pixel is in a uniform region. Otherwise, we check whether
𝐶𝑙 dominates 𝐶𝑠 or not. If so, the tendency of linearity is
stronger. Then the major eigenvalue 𝜆1 is used to identify
whether the pixel is in a bright edge (local maximum) or
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(a) Raw image (b) Filtered results, pass 1

(c) Filtered results, pass 2 (d) Filtered results, pass 3

Figure 4: Filtered results. (a) The raw data and (b)–(d) the results of the 1st, 2nd, and 3rd filtering passes.

a dark boundary (local minimum). If 𝜆1 is negative, the
region is the local maximum. The pixel is in a bright edge
and regarded as linear-typed. If the major eigenvalue is
positive, the pixel is the localminimum.Thepixel is identified
as a boundary pixel. In case that 𝐶𝑠 is greater than 𝐶𝑙,
the tendency of spot is stronger. The pixel is regarded as
spot-typed. However, to avoid misjudging a noisy region as
a spot region, 𝑇1 is required to be greater than a predefined
threshold 𝛼 = 0.45. If all of these tests fail, we cannot identify
the structure type, and thus the pixel is classified as unknown-
typed.

2.2.1. TypeClassificationRefinement. In ultrasound scanning,
tissue boundary segments with high curvatures produce
weaker echoes. Pixels in these segments have lower intensities
than their neighbors and may be classified as spots or
unknown structures. In order to improve the classification
quality, a type refinement process is performed to reclassify
pixels after the structure classification process is completed.
Thus broken tubular structures can be merged and scattered
spots can be assimilated into the adjacent tubular structures.
The refinement algorithm works as follows.

(i) Keep all spot pixels and unknown-typed pixels in a
queue.

(ii) Retrieve these pixels from the queue one by one.
(iii) For each retrieved pixel do the following.

(1) Check the two adjacent neighboring pixels, one
pixel in the positive direction and the other
one in the negative direction of the minor
eigenvector.

(2) If any of the neighbors is a linear pixel, the pixel
is reclassified as linear-typed.

(3) Else if any of the neighbors is a boundary pixel,
the pixel is regarded as a boundary pixel.

(4) Else restore the pixel into the queue.

(iv) Repeat the reclassification 3 times.

A structure classification example is displayed in Figure 3.
The ultrasound image is shown in part (a). In part (b), the
diffusion strength, measured by using 𝑇1, is rendered. The
classification results with no refinement are illustrated in part
(c). The refined classification results are shown in part (d).
Grey color is used to render uniform-typed pixels. Linear-
typed pixels and boundary-typed pixels are rendered in green
and dark-green colors. Spot-typed pixels and unknown-
typed pixels are illustrated in red and blue colors. Com-
paring (c) and (d), we find that most sharp corners are



6 Computational and Mathematical Methods in Medicine

(a) Raw data (b) Proposed method

(c) Median filter (d) DM filter

(e) AWMF (f) Gaussian filter

Figure 5: The despeckled results of the kidney data by using different filters.

successfully reclassified as linear or boundary structures.
Spot-typed pixels and unknown-typed pixels, adjacent to
linear and boundary structures, are mostly assimilated into
the neighboring tubular structures.

2.3. The Structure-Based Despeckle Method. All filters have
their pros and cons. Some filters can significantly reduce
speckles, but they blur edges. Other filters preserve edges but

may produce unwanted patterns. In this work, we adopt a
heterogeneous despeckling strategy. Pixels of different types
are smoothed by using different filters so that speckles in
uniform regions are reduced and tissue boundaries and edges
are preserved.

2.3.1. The Filtering Strategy. We create a filter pool which
includes a 1D Gaussian filter, a 2D median filter, and a 2D
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(a) Raw data (b) Proposed method

(c) Median filter (d) DM filter

(e) AWMF (f) Gaussian filter

Figure 6: The despeckled results of the liver data by using different filters.

Gaussian filter.These filters are adaptively selected to smooth
pixels according to the following principles.

(i) Linear-typed and boundary-typed pixels are filtered
by using the 1DGaussian filter.The standard deviation
of the 1D Gaussian filter is 1. The filter mask is

composed of 9 pixels. Its direction is parallel to the
minor eigenvector of the target pixel.

(ii) Uniform-typed pixels are smoothed by using the
2D median filter. The mask of the median filter is
composed of 9 × 9 pixels.
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Figure 7: The grey-level images: Lena, butterfly, peppers, and cameraman.

(a) Raw image (b) Proposed method (c) Median filter

(d) DM filter (e) AWMF (f) Gaussian filter

Figure 8: The filtered results of the Lena image.

(iii) Spot-typed pixels are filtered by using the 2D Gaus-
sian filter.The standard deviation of this 2D Gaussian
filter is 1.

(iv) Unknown-typed pixels are smoothed by using the 2D
median filter.

In the classification process, bright and dark curves are
classified as linear and boundary structures. For a pixel
residing in a curve, its minor eigenvector ⃗V2 is tangent to the
curve. To filter the pixel, a 1D stick centered at the pixel and
parallel to ⃗V2 is created at first. Then the 1D Gaussian filtering

process is carried out at the pixel by using the stick as the filter
mask. After filtering, the intensity along the curve becomes
more coherent, while the intensity contrast across the curve
is increased. Thus the curve is not only preserved but also
enhanced. Sharp corners, endpoints of edges, and isolated
bright and dark points are classified as spot structures. Spot
structures are filtered by using the 2D Gaussian filter so that
small spots are blended into the surrounding areas, while
large spots are preserved. Pixels residing in uniform areas are
smoothed by using the 2D median filter. Therefore speckles
and pepper-and-salt noises in uniform areas can be removed.
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(a) Raw image (b) Proposed method (c) Median filter

(d) DM filter (e) AWMF (f) Gaussian filter

Figure 9: The filtered results of the butterfly image.

At unknown-typed pixels, no obvious feature can be detected.
The 2D median filter is used to filter these pixels so that thin
and fuzzy structures are removed, but thick structures are
preserved.

2.3.2. Iterative Filtering Process. If the filtered image still
contains significant speckles, the whole despeckling pipeline
is repeated until the image quality satisfies our goal. The
number of filtering passes, required to achieve the satisfied
results, is data-dependent. Three filtering passes may be
needed for a highly noisy image, while one filtering pass is
sufficient for a relatively clean image. For ordinary ultrasound
images, a 2-pass despeckling process is the most cost-
effective strategy according to our experiments. An example
is presented in Figure 4 to show the effectiveness of using
multiple despeckling passes. The raw ultrasound image is
shown in part (a), and the images produced by the 1st, 2nd,
and 3rd filtering passes are displayed in parts (b)–(d). As
shown in these images, speckles are removed while longer
and thicker tissue boundaries are enhanced as additional
despeckling passes have been carried out.The resultant image
of the 3rd pass is the smoothest one, though some thin edges
and small spots are eliminated.

3. Results and Discussion

Based on the detected structure types, the proposed despeckle
method employs a 2D median filter, a 1D Gaussian filter,
and a 2D Gaussian filter to suppress speckles and enhance
features. It is an extension and combination of median and
Gaussian filters. We compare our filtering method with a
Gaussian filter, a median filter, the AWMF method [9],
and the directional median (DM) filter [8]. The standard
deviation of the Gaussian filter is 1.0.Themask of the median
filter is composed of 7×7 pixels.TheAWMFand theDMfilter
are implemented according to the algorithms described in [8,
9]. In our despeckling method, the standard deviation of the
Gaussian kernel for computing local diffusion tensors is 1.4.
For each test image, three passes of the despeckling pipeline
are performed to reduce speckles. Six test images, including
two ultrasound images and four grey-level images, are filtered
in the experiments.The ultrasound images are despeckled by
using these filters.The resulted images are visually compared.
The four grey-level images are contaminated bymultiplicative
noises and filtered by using these filters. We use PSNR
and SSIM values [15] to evaluate the filtered results so that
objective comparisons can bemade.This section also presents
computational cost analysis for the proposed method.
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(a) Raw image (b) Proposed method (c) Median filter

(d) DM filter (e) AWMF (f) Gaussian filter

Figure 10: The filtered results of the peppers image.

The analysis shows that the time complexity of our despeckle
method is roughly linear with respect to the data size.

3.1. Despeckled Results of the Ultrasound Data. The ultra-
sound images are produced from ultrasound scanning of
a kidney and a liver. The raw images and the despeckled
results are shown in Figures 5 and 6. The raw kidney image
is displayed in part (a) of Figure 5. The despeckled results of
the 2nd pass of the proposed despeckle method are shown
in part (b). The denoised results of the other filters are
displayed in parts (c)–(f). The resultant images show that the
Gaussian filter reduces the noise level but blurs edges. The
median filter produces similar results, though it preserves
more features. The DM filter sharpens edges. However, it
generates honeycomb patterns in the resulted image. The
AWMF method reduces less noise but preserves more edges.
The proposed filtering method removes significant amount
of speckles in homogeneous regions and enhances tissue
boundaries. It produces the best results.

The raw liver image is shown in part (a) of Figure 6.
The filtered results of the proposed filter and the other
denoising methods are displayed in parts (b)–(f). Two passes
of the proposed despeckling procedure are performed to
reduce the speckles. The proposed filtering method produces
the clearest results. It removes most speckles in smooth
regions and enhances tissue boundaries. The median filter

and the Gaussian filter suppress speckles, but they blur edges.
The AWMF method reduces less noise, compared with the
other filters. The DM filter produces artifact patterns while
highlighting edges.

3.2. Multiplicative Noise Reduction. In [1], speckles are mod-
eled as multiplicative noise. In the second experiment, these
despecklemethods are utilized to removemultiplicative noise
hidden in four grey-level images. The grey-level images are
shown in Figure 7. They are contaminated with Rayleigh
noises with various standard deviations, 𝜎 = 0.1, 0.2, 0.3, 0.4

and 0.5,

𝐼
∗
(𝑥, 𝑦) = 𝐼 (𝑥, 𝑦) ∗ 𝑛 (𝑥, 𝑦) , (8)

where 𝐼(𝑥, 𝑦) represents the noise-free images and 𝑛(𝑥, 𝑦)

is the multiplicative Rayleigh noise. The noisy images are
filtered by using these denoising methods. The PSNR and
SSIM values of the noisy images and the filtered results are
listed in Tables 2 and 3. The SSIM and the PSNR values of
the noisy images are contained in the 2nd columns of these
tables. Three passes of the proposed despeckle procedure are
performed for each noisy image. The PSNR and SSIM values
of the three filtering passes are listed in the 3rd columns. The
two measurements of the other filters are contained in the
4th columns. Each row of these tables displays the PSNR and
SSIM values for one noisy image with a fixed noise level.
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(a) Raw image (b) Proposed method (c) Median filter

(d) DM filter (e) AWMF (f) Gaussian filter

Figure 11: The filtered results of the cameraman image.

3.2.1. Comparisons Based on PSNR. The PSNR values are
employed to measure the intensity differences of the noise-
free images and the filtered results. Based on the data of
Table 2, the proposed filtering method does increase the
PSNR values for the test images. It produces the best PSNR
values at the 1st filtering pass if the noise level is low (𝜎 =

0.1). When 𝜎 ≥ 0.3, extra filtering passes improve the PSNR
values.The Gaussian filter and the median filters improve the
PSNRvalues in general.They increase the PSNRvalues for the
first three test images with all noise levels. But, they decrease
the PSNR value for the cameraman image with 𝜎 = 0.1.
The AWMF method is very effective in removing noise for
the images with the lowest noise level 𝜎 = 0.1. However,
it produces the worst PSNR values when the noise level is
higher. The DM filter is superior to the AWMF method but
inferior to the other filters. Based on the results, we conclude
that the proposed method produces the best PSNR values in
most cases. The only exception is the cameraman image. It is
inferior to the AWMF method if 𝜎 = 0.1. When 𝜎 = 0.2, the
proposed method is lightly worse than the Gaussian filter.

3.2.2. Comparisons Based on SSIM. The SSIM values listed
in Table 3 are used to evaluate the visual perception quality
of the filtered results. The SSIM values reveal that all the
filters, except the AWMF method, significantly improve the
perception quality for the contaminated images of all noise

levels. For the least noisy images, 𝜎 = 0.1, the performance of
the AWMF is competitive. However, it does not improve the
SSIM values if the noise level is higher. The proposed filter
method generates the best SSIM values at the 1st or the 2nd
filtering pass when 𝜎 = 0.1. For the images with higher noise
levels, the SSIM values are improved as extra filtering passes
have been carried out. Compared with the other filters, the
proposed method usually produces better SSIM values. The
exceptions are the cameraman image and the peppers image
with the noise level 𝜎 = 0.1. In these two cases, the AWMF
and the Gaussian filter generate slightly better SSIM values.

3.2.3. Comparisons Based on Appearances. Figures 8, 9, 10,
and 11 display partial filtered results of the second experiment.
The noise level of the contaminated images is 𝜎 = 0.3.
The noisy images are shown in parts (a) of these figures.
The denoised results produced by the proposed method, the
median filter, the DM filter, the AWMF method, and the
Gaussian filter are contained in parts (b)–(f) of these figures.
Two passes of the proposed filteringmethod are performed to
produce the denoised images. According to the appearances
of the resulted images, the AWMF produces the worst results
for all the test images. In the AWMF implementation, we use
the default constants listed in [9] to compute pixel weights
for the median filter. It is obvious that these default constants
are not feasible for filtering these test images. The DM filter
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Table 2: PSNR of the noisy images and the denoised images by using different filters.

Images Noisy image Proposed method Other filters
Pass 1 Pass 2 Pass 3 Gauss AWMF DM Median

Lena
𝜎 = 0.1 25.7 32.4 31.8 31.0 29.7 30.6 27.4 28.6
𝜎 = 0.2 19.8 27.2 29.6 29.8 28.5 19.9 24.2 27.3
𝜎 = 0.3 16.6 26.2 27.7 27.9 26.9 16.6 21.6 26.0
𝜎 = 0.4 14.3 24.1 26.1 26.6 25.4 14.3 19.6 24.8
𝜎 = 0.5 12.8 22.0 24.4 25.1 24.0 12.8 18.1 23.8

Butterfly
𝜎 = 0.1 24.5 32.5 31.9 30.0 30.9 30.8 24.9 28.3
𝜎 = 0.2 18.7 26.1 28.1 28.0 28.0 18.7 22.5 26.9
𝜎 = 0.3 15.4 25.2 26.6 26.9 26.9 15.4 20.2 25.3
𝜎 = 0.4 13.3 22.4 24.8 25.0 24.9 13.2 18.3 23.9
𝜎 = 0.5 11.8 20.4 22.9 23.8 23.3 11.8 16.8 22.7

Peppers
𝜎 = 0.1 25.9 29.5 29.3 28.9 27.7 28.8 26.5 28.1
𝜎 = 0.2 20.0 26.5 28.1 28.2 26.9 20.1 23.9 27.0
𝜎 = 0.3 16.8 26.0 27.0 27.1 26.0 16.8 21.6 25.9
𝜎 = 0.4 14.6 24.2 25.7 26.0 24.8 14.6 19.6 24.7
𝜎 = 0.5 13.0 22.8 24.6 25.1 23.7 13.0 18.1 23.8

Cameraman
𝜎 = 0.1 25.6 26.7 26.3 25.8 24.8 28.7 24.0 24.0
𝜎 = 0.2 19.7 24.3 24.3 24.1 24.4 19.7 22.3 23.5
𝜎 = 0.3 16.4 23.4 23.7 23.7 23.5 16.4 20.4 22.9
𝜎 = 0.4 14.3 22.5 23.1 23.1 23.0 14.3 18.7 22.1
𝜎 = 0.5 12.8 21.6 22.3 22.4 22.2 12.8 17.4 21.4

preserves thin edges well, but it reduces less noise and adds
artifact patterns to the resulted images (the cameraman and
the butterfly images).TheGaussian filter suppresses noise and
generates smooth results, but it blurs thin edges (the camera
handle in the cameraman image) and region boundaries (the
Lena image). The median filter is similar to the Gaussian
filter. The proposed method preserves large-grain structures
and reduces noise in smooth areas. It produces the cleanest
results. Fine structures, which are brighter or darker than
the surrounding areas, are enhanced (the butterfly wings in
the butterfly image and the camera handle and tripod in the
cameraman image). Fuzzy and thin structuresmay be blurred
(the feather in the Lena image). Region boundaries are always
well preserved and even enhanced (the peppers image and the
butterfly image).

3.3. Computational Cost Analysis. The costs for performing
one filtering pass of the proposedmethod are listed inTable 4.
The titles and sizes (in pixels) of the images are shown in the
1st and 2nd columns.The costs for equalizing the raw images,
computing Hessian matrices and eigensystems, classifying
structure types, and filtering pixels are contained in the
3rd–6th columns. The costs are measured by seconds. The
numbers contained in the parentheses are the percentages
of these costs in relation to the total costs. The total costs

are displayed in the last column. The embedded machine
is a desktop computer equipped with a 2.93GHz dual-core
CPU and 3.2Gbyte memory.The cost breakdown in the table
indicates that computing Hessian matrices and eigensystems
is the most expensive step. It may comprise more than 50%
of the total cost. The filtering step spends about 30% of the
total costs in average. The equalization process constitutes
20% of the total costs. The costs of the equalization process
and the computation of Hessian matrices and eigensystems
are linearly dependent on the image size. Since they make
up about 70% of the total cost, the time complexity of the
proposed method is roughly linear with respect to the input
data size.

4. Conclusion

In this paper, we present a despeckle pipeline for ultrasound
data. Our method explores local structure information and
roughness by using the diffusion tensor of intensity. To
improve the classification, a refinement strategy is developed
to eliminate scattering spots and produce larger regions and
longer boundaries. Then, based on the computed structure
types, feasible filters are selected from a filter pool to suppress
speckles and enhance features. Based on the statistical and
visual results presented in Sections 3.1 and 3.2, the proposed
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Table 3: SSIM of the noisy images and the denoised images by using different filters.

Images Noisy image Proposed method Other filters
Pass 1 Pass 2 Pass 3 Gauss AWMF DM Median

Lena
𝜎 = 0.1 0.8111 0.9238 0.9255 0.9128 0.9184 0.9088 0.8976 0.8798
𝜎 = 0.2 0.6158 0.7498 0.8309 0.8631 0.8243 0.6221 0.7970 0.8189
𝜎 = 0.3 0.4900 0.5964 0.8006 0.8194 0.7294 0.4902 0.7019 0.7496
𝜎 = 0.4 0.4033 0.4868 0.7309 0.7730 0.6508 0.4033 0.6271 0.6819
𝜎 = 0.5 0.3538 0.4166 0.6543 0.7071 0.5899 0.3458 0.5678 0.6237

Butterfly
𝜎 = 0.1 0.7312 0.9425 0.9511 0.9448 0.9289 0.8858 0.8888 0.9214
𝜎 = 0.2 0.5041 0.8502 0.8913 0.8975 0.8197 0.5047 0.7749 0.8376
𝜎 = 0.3 0.3909 0.7214 0.7931 0.8194 0.7112 0.3909 0.6633 0.7389
𝜎 = 0.4 0.3270 0.5988 0.6751 0.7060 0.6220 0.3270 0.5735 0.6491
𝜎 = 0.5 0.2877 0.5065 0.5780 0.6724 0.5573 0.2877 0.5116 0.5735

Peppers
𝜎 = 0.1 0.8353 0.9103 0.9091 0.9012 0.9128 0.8930 0.8842 0.8895
𝜎 = 0.2 0.6369 0.8074 0.8676 0.8802 0.8467 0.6397 0.8150 0.8404
𝜎 = 0.3 0.5044 0.7181 0.7822 0.8034 0.7734 0.5045 0.7383 0.7804
𝜎 = 0.4 0.4141 0.6505 0.7317 0.7800 0.7208 0.4142 0.6671 0.7166
𝜎 = 0.5 0.3556 0.6479 0.7237 0.7522 0.6463 0.3556 0.6111 0.6646

Cameraman
𝜎 = 0.1 0.7891 0.8494 0.8342 0.8187 0.8567 0.8575 0.8142 0.7885
𝜎 = 0.2 0.6117 0.7006 0.7442 0.7619 0.7525 0.6102 0.7096 0.7236
𝜎 = 0.3 0.5162 0.6741 0.7166 0.7301 0.6965 0.5160 0.6348 0.6536
𝜎 = 0.4 0.4555 0.6135 0.6594 0.6784 0.6412 0.4556 0.5724 0.5933
𝜎 = 0.5 0.4084 0.5568 0.6020 0.6212 0.6212 0.4084 0.5246 0.5370

Table 4: Cost breakdown of the proposed method, measured by seconds. The numbers in parentheses are percentages.

Images Size Equal. (%) 𝜆1, 𝜆2 (%) Class. (%) Filter. (%) Total
Lena 512 × 512 0.60 (20.6) 1.41 (48.3) 0.01 (0.3) 0.90 (30.8) 2.92
Butterfly 512 × 512 0.60 (21.1) 1.39 (48.9) 0.03 (1.1) 0.82 (28.9) 2.84
Peppers 512 × 512 0.61 (20.3) 1.40 (46.7) 0.02 (0.7) 0.97 (32.3) 3.00
Cameraman 512 × 512 0.64 (20.9) 1.40 (45.8) 0.01 (0.3) 1.01 (33.0) 3.06
Kidney 469 × 379 0.39 (20.7) 0.95 (50.5) 0.01 (0.5) 0.53 (28.2) 1.88
Liver 246 × 235 0.11 (20.4) 0.31 (57.4) 0.00 (0.0) 0.12 (22.2) 0.54

method is capable of reducing speckles in homogeneous
regions, preserving edges, and enhancing region boundaries
in heterogeneous regions. It is superior to the Gaussian
filter and the 3 median filters. We also conduct objective
comparisons between these filters by using gray-level images.
The experimental results reveal that the proposed filter is also
very effective in removing multiplicative noises for grey-level
images.
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A novel hybrid region-based active contour model is presented to segment medical images with intensity inhomogeneity. The
energy functional for the proposed model consists of three weighted terms: global term, local term, and regularization term. The
total energy is incorporated into a level set formulation with a level set regularization term, from which a curve evolution equation
is derived for energy minimization. Experiments on some synthetic and real images demonstrate that our model is more efficient
compared with the localizing region-based active contours (LRBAC) method, proposed by Lankton, and more robust compared
with the Chan-Vese (C-V) active contour model.

1. Introduction

Medical images are generally ambiguous. If objects of interest
and their boundaries can be located correctly, meaningful
visual information would be provided to the physicians,
making the following analysis much easier. Within the
numerous image segmentation algorithms, active contour
model is widely used with its clear curve for the object.

According to the curve representation, there are two
main kinds of active contour models: parametric models
and geometric models. Parametric active contour models
use parameterized curves to represent the contours. Snake
model, proposed by Kass et al. in [1], is a representative and
popular one among parametric active contour models. The
model requires a constant curve to detect the boundary of
the image. In early age, the parametric active contour model
is an efficient framework for biometric image segmentation.
However, it cannot represent the topology changes such as the
merging and splitting of the evolving curve [1].

The geometric active contour model, combining level set
method and curve evolution theory, allows cusps, corners,
and automatic topological changes. It can solve problems of
curve evolution in the parametric active contour model and
extend the application region of the active contour model.

Considering the parametric/geometric active contour
model propagating toward a local optimum and thus exhibit-
ing sensitivity to initial conditions, Bresson et al. proposed
a new global optimization method in [2]. This fast active
contour is based on the level set method, replacing the
framework with convex relaxation approaches.Therefore, the
model does not rely on the initial information with speed.

According to the energy, there are two main categories of
active contour models: edge-based models [1–6] and region-
based models [7–24]. Edge-based active contour models rely
on the image gradient to stop the evolving contours on
the desired object boundaries [6]. For images with weak
boundaries, the energy functional of the edge-based active
contour models will hardly approach zero on the boundaries
of the objects and the evolving curve may pass through the
true boundaries. Therefore, the edge-based active contour
models always fail to segment medical images properly, as
blur or weak edge usually occur in the medical images,
especially in MRI brain images, which typically contain large
area of blur boundaries between graymatter andwhitematter
[12]. Compared with the edge-based active contour models,
the region-based active contour models do not utilize the
image gradient; they utilize image statistics inside and outside
the contours to control the evolutionwith better performance
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for images of weak edges or without edges. Many region-
based active contour algorithms are based on the assumption
that an image can be approximated by global intensity. For
example, Chan and Vese proposed a famous Chan-Vese (CV)
model in [7] and Yezzi et al. proposed a fully global approach
in [16], deriving a set of coupled curve evolution equations
from a single global cost functional to promote multiple
contours to segment multiple-region image.

CVmodel, also known as PC (piecewise constant)model,
proposed in [7], is a simplified Mumford-Shah function. The
model utilizes the global mean intensities of the interior and
exterior regions of images. Thus, it has good segmentation
result for the objects with weak or discrete boundaries but
often has erroneous segmentation for images with intensity
inhomogeneity. However, due to technical limitations or
artifacts introduced by the object being imaged, intensity
inhomogeneity often occurs in many medical images [12, 13,
25].

Many implementation schemes have been proposed to
break the restrictions of CV model. For example, in [8,
9], two similar region-based models are proposed inde-
pendently. These models are based on a general piecewise
smooth (PS) formulation which is originally proposed by
Mumford and Shah in [26] and have been known as piecewise
smooth (PS)models.ThePSmodels can handle segmentation
problems which are caused by intensity inhomogeneity.
Lankton and Tannenbaum proposed localizing region-based
active contours (LRBAC) in [15], allowing any region-based
segmentation energy to be reformulated in a local way.
The technique they proposed can be used with any global
region-based active contour energy, segmenting objects with
heterogeneous statistics. However, they are computationally
too expensive. One way to reduce the computational cost
being proposed in [9] is to use a contour near the object
boundaries as the initial contour.

In [11, 17, 18, 23, 27–30], local region-based active contour
models are proposed to overcome the difficulty caused by
intensity inhomogeneity.The local binary fitting (LBF)model
in [10] and the region-scalable fitting (RSF) model in [11]
being proposed by Li et al. are the most popular models.
LBF model utilizes image information in local regions. RSF
model draws upon intensity information in local regions at a
controllable scale. These two models have similar capability
to handle intensity inhomogeneity. However, they are also
sensitive to initialization.

To make the segmentation efficient, Piovano et al. [25]
used convolutions to quickly compute localized statistics and
yield results similar to piecewise smooth segmentation. A
model proposed in [13] is to deal with spatial perturbations of
the image intensity directly. In [14], Lankton et al. proposed a
similar flow based on computing geodesic curve in the space
of localized means rather than approximating a piecewise
smooth model.The technique can identify object boundaries
accurately and reduce dependence on initial curve placement.

More recently, Xu et al. proposed a hybrid active contour
in [31]. The model incorporates the GAC model, which is
an edge-based active contour model, and the CV model,
which is a region-based active contourmodel.Thenewmodel
was called as geodesic intensity fitting (GIF) model. It was

then extended to twomodels: global geodesic intensity fitting
(GGIF) model and local geodesic intensity fitting (LGIF)
model. The GGIF model is for images with intensity homo-
geneity. And the LGIF model is for images with intensity
inhomogeneity.

Motivated by the work in [31], we plan to propose amodel
which is based on the region information of the images.While
it is fast but not accurate in using global information and
it is accurate but not fast in using local information, the
new function will use both of global and local information
to attain the correct result quickly. Inspired by [7, 15], a
hybrid region-based active contour model is presented for
image segmentation in this paper. The global information is
provided by CV model. The local information is described
by applying the framework proposed in [15] to the energy
in [16], localizing the energy. The weights between the local
and global fitting terms are applied to avoid computationally
expensive and erroneous segmentation.

2. Background

2.1. Chan-Vese Model. The Chan-Vese (CV) model [7] is a
special case of the Mumford-Shah problem [26]. Given the
curve 𝐶 = 𝜕𝜔, with 𝜔 ⊂ Ω being an open subset, for the
image 𝐼(𝑥, 𝑦) on the image domain Ω, the energy functional
they proposed is

𝐹 (𝑐1, 𝑐2, 𝐶) = 𝜆1 ∫
inside(𝐶)

𝐼 (𝑥, 𝑦) − 𝑐1


2
𝑑𝑥 𝑑𝑦

+ 𝜆2 ∫
outside(𝐶)

𝐼 (𝑥, 𝑦) − 𝑐2


2
𝑑𝑥 𝑑𝑦 + 𝜇 |𝐶| ,

(1)

where inside(𝐶) and outside(𝐶) represent the regions outside
and inside the contour 𝐶, respectively. The constants 𝑐1 and
𝑐2 are the intensity averages of inside(𝐶) and outside(𝐶),
respectively. |𝐶| is the length of the contour 𝐶, the third term
in the right hand side of (1), which is introduced to regularize
the contour 𝐶. The parameters 𝜇, 𝜆1, and 𝜆2 are positive
constants, usually fixing 𝜆1 = 𝜆1 = 1.

To solve the minimization problem, the level set method
proposed in [32] is used in which the unknown curve
𝐶 is replaced by the unknown level set function 𝜙(𝑥, 𝑦),
considering that 𝜙(𝑥, 𝑦) > 0 if the point (𝑥, 𝑦) is inside 𝐶,
𝜙(𝑥, 𝑦) < 0 if the point (𝑥, 𝑦) is outside 𝐶, and 𝜙(𝑥, 𝑦) =

0 if the point (𝑥, 𝑦) is on 𝐶. Thus, the energy functional
𝐹(𝑐1, 𝑐2, 𝐶) can be reformulated in terms of the level set
function 𝜙(𝑥, 𝑦) as follows:

𝐹 (𝑐1, 𝑐2, 𝜙)

= 𝜆1 ∫
Ω

𝐼 (𝑥, 𝑦) − 𝑐1


2
𝐻𝜀 (𝜙 (𝑥, 𝑦)) 𝑑𝑥 𝑑𝑦

+ 𝜆2 ∫
Ω

𝐼 (𝑥, 𝑦) − 𝑐2


2
(1 − 𝐻𝜀 (𝜙 (𝑥, 𝑦))) 𝑑𝑥 𝑑𝑦

+ 𝜇∫
Ω

𝛿𝜀 (𝜙 (𝑥, 𝑦))
∇𝜙 (𝑥, 𝑦)

 𝑑𝑥 𝑑𝑦,

(2)
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where 𝐻𝜀(𝑍) and 𝛿𝜀(𝑍) are, respectively, the regularized
approximation of Heaviside function 𝐻 and delta function
𝛿 as follows:

𝐻(𝑧) = {
1, if 𝑧 ≥ 0

0, if 𝑧 < 0,
𝛿 (𝑧) =

𝑑

𝑑𝑧

𝐻(𝑧) . (3)

Using the Euler-Lagrange equations to solve the mini-
mization problem of (2), the level set function 𝜙(𝑥, 𝑦) can be
updated by the following gradient descent method:

𝜕𝜙

𝜕𝑡
= 𝛿𝜀 (𝜙) [𝜇 div(

∇𝜙

∇𝜙


) − 𝜆1(𝐼 − 𝑐1)
2
+ 𝜆2(𝐼 − 𝑐2)

2
] ,

(4)

where 𝑐1 and 𝑐2 can be expressed, respectively, as follows:

𝑐1 (𝜙) =

∫
Ω
𝐼 (𝑥, 𝑦)𝐻𝜀 (𝜙 (𝑥, 𝑦)) 𝑑𝑥 𝑑𝑦

∫
Ω
𝐻𝜀 (𝜙 (𝑥, 𝑦)) 𝑑𝑥 𝑑𝑦

,

𝑐2 (𝜙) =

∫
Ω
𝐼 (𝑥, 𝑦) (1 − 𝐻𝜀 (𝜙 (𝑥, 𝑦))) 𝑑𝑥 𝑑𝑦

∫
Ω
(1 − 𝐻𝜀 (𝜙 (𝑥, 𝑦))) 𝑑𝑥 𝑑𝑦

.

(5)

Compared with other active contour models, CV model
is far less sensitive to the initialization. The initial curve can
be placed anywhere in the image, and it can detect both
contours with or without gradient. However, as the model
uses global information of the image, the optimal constants
𝑐1 and 𝑐2 will not be accurate if the image intensities in
inside(𝐶) and outside(𝐶) are not homogeneous. Thus, the
CV model generally fails to segment images with intensity
inhomogeneity.

2.2. Coupled Curve Evolution Equations. Yezzi et al. proposed
a fully global approach to image segmentation via coupled
curve evolution equations in [16]. Followed by [15], we call it
mean separation (MS) energy as it uses mean intensities. The
technique can “pull apart” the values of two or more image
statistics and is useful for segmenting images of a known
number of region types. The approach can promote multiple
contours simultaneously toward the region boundaries. In
this paper, we only refer to the simple case of bimodal imagery
in which there are two types of regions, foreground and
background.

Given a binary image 𝐼(𝑥, 𝑦) on the image domain Ω,
foreground region 𝑅 of intensity 𝐼𝑟, and background region
𝑅
𝑐 of intensity 𝐼𝑐, 𝐼𝑟 ̸= 𝐼

𝑐. Initial closed curve ⃗𝐶 encloses some
portions of𝑅 and some portions of𝑅𝑐.Themean intensities 𝑢
and V inside and outside the curve, respectively, are bounded
above and below by 𝐼𝑟 and 𝐼𝑐; when ⃗𝐶 = 𝜕𝑅, an upper bound
of |𝐼𝑟 − 𝐼𝑐| is uniquely attained. That means that foreground
and background regions should havemaximal separate mean
intensities. The energy is

𝐸 = −
1

2
(𝑢 − V)2. (6)

The gradient of 𝑢 and V is

∇𝑢 =
𝐼 − 𝑢

𝐴𝑢

𝑁,

∇V = −
𝐼 − V
𝐴V

𝑁,

(7)

where 𝐴𝑢 and 𝐴V denote the area of interior and exterior
of ⃗𝐶, respectively. 𝑁 denotes the outward unit normal of ⃗𝐶,
which will become −𝑁 with respect to the exterior of ⃗𝐶. The
gradient flow of 𝐸 is

𝑑 ⃗𝐶

𝑑𝑡
= −∇𝐸 = (𝑢 − V) (

𝐼 − 𝑢

𝐴𝑢

+
𝐼 − V
𝐴V

)𝑁. (8)

To counter the effect of noise, a penalty on the arc length
of the curve is added to functional (6):

𝐸 = −
1

2
(𝑢 − V)2 + 𝛼∫

⃗𝐶

𝑑𝑠. (9)

The penalty regularizes the gradient flow as

𝑑 ⃗𝐶

𝑑𝑡
= (𝑢 − V) (

𝐼 − 𝑢

𝐴𝑢

+
𝐼 − V
𝐴V

)𝑁 − 𝛼𝑘𝑁. (10)

Equation (9) is always expressed in a more general way:

𝐸 = −
1

2
‖𝑢 − V‖2 + 𝛼∫

⃗𝐶

𝑑𝑠. (11)

In contrast to other region-based snake algorithms, the
technique requires no prior knowledge of evolution, exhibit-
ing more robustness to initial contour placement and noise.
However, the method is not suitable for the heterogeneous
objects as they use the global statistics.

3. The Proposed Method

In this section, we propose a hybrid region-based active
contour model which can segment images with intensity
inhomogeneity accurately and efficiently. As mentioned in
Section 2, global region-based active contour models can
segment images with weak boundaries but are not suitable
for images with intensity inhomogeneity. For this kind of
images, we can use local region-based active contour models
to do the segmentation.However, using local informationwill
cause high computation cost. The energy functional 𝐸Hybrid

can share the local and global advantages without adding
extra computation when compared to pure global schemes.
The energy functional is defined as

𝐸
Hybrid

= 𝛼𝐸
Global

+ 𝛽𝐸
Local

, (12)

where 𝛼 and 𝛽 are positive parameters that control the
contribution of the global and local energy. As lots of images
contain noises, the contour may tend to weave around or
encircle extremely small regions due to noise. To counter such
effect and keep the curve smooth, we add a regularization
term 𝐿(𝜙) as is commonly done. The term is defined related
to the arc length of the contour 𝐶 during evolution. The final
energy is given as follows:

𝐸
Hybrid

= 𝛼𝐸
Global

+ 𝛽𝐸
Local

+ 𝜔𝐿 (𝜙) . (13)
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3.1. Global Energy. Let Ω ⊂ 𝑅
2 be the image domain; let 𝐼 :

Ω → 𝑅 be a given gray level image; the global energy we use
is

𝐸
Global

= ∫
inside(𝐶)

𝐼(𝑦) − 𝑚


2
𝑑𝑦 + ∫

outsid(𝐶)

𝐼(𝑦) − 𝑛


2
𝑑𝑦,

(14)

where 𝑚 and 𝑛 are the mean intensity of foreground and
background of the image, respectively. According to the level
set method, 𝐶 ⊂ Ω is represented by the zero level set
function 𝜙 : Ω → 𝑅, such that

𝐶 = 𝜕𝜔 = {(𝑥, 𝑦) ∈ Ω : 𝜙 (𝑥, 𝑦) = 0} ,

inside (𝐶) = 𝜔 = {(𝑥, 𝑦) ∈ Ω : 𝜙 (𝑥, 𝑦) > 0} ,

outside (𝐶) = Ω \ 𝜛 = {(𝑥, 𝑦) ∈ Ω : 𝜙 (𝑥, 𝑦) < 0} .

(15)

Using the Heaviside function𝐻, (14) can be rewritten as

𝐸
Global

= ∫
Ω𝑦

(𝐻𝜙 (𝑦) (𝐼 (𝑦) − 𝑚)
2
+ (1 − 𝐻𝜙 (𝑦)) (𝐼 (𝑦) − 𝑛)

2
) 𝑑𝑦.

(16)

In practice, the Heaviside function 𝐻 is approximated by a
smooth function𝐻𝜀 defined by

𝐻𝜀 (𝑧) =
1

2
[1 +

2

𝜋
arctan(𝑧

𝜀
)] . (17)

The derivative of𝐻𝜀 is 𝛿𝜀:

𝛿𝜀 (𝑍) = 𝐻


𝜀
(𝑧) =

1

𝜋

𝜀

𝜀2 + 𝑧2
, (18)

where 𝜀 is a positive constant.

3.2. Local Energy. As mentioned in Section 2, the local
energy can handle segmentation of images with intensity
inhomogeneity. Inspired by [15], we use a ball function 𝐵 to
mask local regions. The local energy functional is

𝐸
Local

= ∫
Ω𝑥

∫
Ω𝑦

𝐵 (𝑥, 𝑦) 𝐹
Local

𝑑𝑥 𝑑𝑦

= ∫
Ω𝑥

∫
Ω𝑦

𝐵 (𝑥, 𝑦) (𝑢𝑥 − V𝑥)
2
𝑑𝑥 𝑑𝑦,

(19)

where 𝐵(𝑥, 𝑦) is a ball function, centered at 𝑥, and can be
expressed as

𝐵 (𝑥, 𝑦) = {
1,

𝑥 − 𝑦
 < 𝑟

0, otherwise,
(20)

where 𝑟 is the ball radius. The function will be 1 when the
point 𝑦 is within a ball and 0 otherwise.

𝑢𝑥 and V𝑥 are the mean values of the intensity inside and
outside the contour in the local ball region (centered at 𝑥).
The expressions of 𝑢𝑥 and V𝑥 are as follows:

𝑢𝑥 =

∫
Ω𝑦
𝐵 (𝑥, 𝑦)𝐻𝜙 (𝑦) 𝐼 (𝑦) 𝑑𝑦

∫
Ω𝑦
𝐵 (𝑥, 𝑦)𝐻𝜙 (𝑦) 𝑑𝑦

,

V𝑥 =
∫
Ω𝑦
𝐵 (𝑥, 𝑦) (1 − 𝐻𝜙 (𝑦)) 𝐼 (𝑦) 𝑑𝑦

∫
Ω𝑦
𝐵 (𝑥, 𝑦) (1 − 𝐻𝜙 (𝑦)) 𝑑𝑦

.

(21)

To get the optimum result, 𝑢𝑥 and V𝑥 should be very
different at every 𝑥 along the contour. That means local
foreground and background should be different rather than
constant.

3.3. Total Energy Formulation. For lots of images containing
noises, the contour may tend to weave around or encircle
extremely small regions due to noise. To offset such effect and
keep the curve smooth, we add a regularization term as is
commonly done.The term is defined related to the arc length
of the contour 𝐶 during evolution:

𝐿 (𝜙) = ∫
Ω𝑥

𝛿𝜙 (𝑥)
∇𝜙 (𝑥)

 𝑑𝑥, (22)

where 𝛿𝜀 is the derivative of𝐻𝜀:

𝛿𝜀 (𝑍) = 𝐻


𝜀
(𝑧) =

1

𝜋

𝜀

𝜀2 + 𝑧2
. (23)

The energy functional in (13) can be rewritten as

𝐸
Hybrid

(𝜙,𝑚, 𝑛, 𝑢𝑥, 𝑢𝑥)

= 𝛼∫
Ω𝑦

(𝐻𝜙 (𝑦) (𝐼 (𝑦) − 𝑚)
2

+ (1 − 𝐻𝜙 (𝑦)) (𝐼 (𝑦) − 𝑛)
2
) 𝑑𝑥 𝑑𝑦

+ 𝛽∫
Ω𝑥

∫
Ω𝑦

𝐵 (𝑥, 𝑦) (𝑢𝑥 − V𝑥)
2
𝑑𝑥 𝑑𝑦

+ 𝜔∫
Ω𝑥

𝛿𝜙 (𝑥)
∇𝜙 (𝑥)

 𝑑𝑥.

(24)

By applying the standard gradient descent method, the
constants 𝑚 and 𝑛, optimal means 𝑢𝑥 and V𝑥, and level set
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function 𝜙 which minimize the energy functional (24) are
obtained by

𝜕𝜙

𝜕𝑡
(𝑥) = 𝛼𝛿𝜙 (𝑦) [−(𝐼 − 𝑚)

2
+ (𝐼 − 𝑛)

2
]

+ 𝛽∫
Ω𝑦

𝐵 (𝑥, 𝑦) 𝛿𝜙 (𝑦)

× (
(𝐼 (𝑦) − 𝑢𝑥)

2

𝐴𝑢

−
(𝐼 (𝑦) − V𝑥)

2

𝐴V
)𝑑𝑦

+ 𝜔𝛿𝜙 (𝑥) div(
∇𝜙 (𝑥)

∇𝜑 (𝑥)


)

= 𝛼𝛿𝜙 (𝑦) [− (𝑚 − 𝑛) (2𝐼 − 𝑚 − 𝑛)]

+ 𝛽∫
Ω𝑦

𝐵 (𝑥, 𝑦) 𝛿𝜙 (𝑦)

× (
(𝐼 (𝑦) − 𝑢𝑥)

2

𝐴𝑢

−
(𝐼 (𝑦) − V𝑥)

2

𝐴V
)𝑑𝑦

+ 𝜔𝛿𝜙 (𝑥) div(
∇𝜙 (𝑥)

∇𝜙 (𝑥)


) ,

(25)

where𝐴𝑢 is the area of local interior𝐴𝑢 and𝐴V is the area of
local exterior:

𝐴𝑢 = ∫
Ω𝑦

𝐵 (𝑥, 𝑦)𝐻𝜑 (𝑦) 𝑑𝑦

𝐴V = ∫
Ω𝑦

𝐵 (𝑥, 𝑦) (1 − 𝐻𝜑 (𝑦)) 𝑑𝑦.

(26)

4. Implementation and Experimental Results

The level set evolution equation (25) is implemented using
a simple finite differencing. The temporal partial derivative
𝜕𝜙/𝜕𝑡 is discretized as the forward difference. The approxi-
mation of (25) can be simply written as

𝜙
𝑘+1

𝑖𝑗
= 𝜙
𝑘

𝑖𝑗
+ Δ𝑡𝐿 (𝜙

𝑘

𝑖𝑗
) , (27)

where 𝐿(𝜙𝑘
𝑖𝑗
) is the approximation of the right hand side in

(25).
In our implementation, the level set function 𝜙 can be

simply initialized as

𝜙
0
=

{{

{{

{

−𝑐0, 𝑥 ∈ Ω0 − 𝜕Ω

0, 𝑥 ∈ 𝜕Ω

𝑐0, 𝑥 ∈ Ω − Ω0,

(28)

where 𝐶0 > 0 is a constant, Ω0 is the subset of the image
domain Ω, and 𝜕Ω is the boundary of Ω0. We test the
proposed method with some synthetic and natural images
from differentmodalities. Experiments are implemented on a
computerwith Intel Core 2 duo, 2.53GHZCPU, 2.0GBRAM,

Windows 7 ultimate, and MATLAB 7.12. Unless otherwise
specified, we use the following default settings of the param-
eters: time step Δ𝑡 = 0.45 and 𝜔 = 0.1. The parameters 𝛼 and
𝛽 vary from 0 to 2 according to the degree of inhomogeneity,
𝛼 ≈ 𝛽.

4.1. Synthetic Imagery. Figure 1 shows experimental results
of both LRBAC [15], which used only local information
of the image, and the proposed method for three images.
Among that, noisy gourd and three objects are with noises.
The original images with the same initial contour are listed
in Figure 1(a). While the segmentation results of LRBAC
method and the proposed method are shown Figures 1(b)
and 1(c), respectively. We observed that both LRBACmethod
and the proposed method could well segment the image of
gourd (59 ∗ 67) and the image of noisy gourd (59 ∗ 67).
For the image of three objects (79 ∗ 75), LRBAC method
gets trapped into a local minimum without taking global
image information into account while our model extracts the
object boundary successfully. As both LRBAC method and
the proposed method use the regularization term, contours
are kept smoothly under the noisy condition. Otherwise,
noises would be recognized as objects.

For the image of gourd and the image of noisy gourd,
although both LRBACmethod and our method can segment
them well, our method takes far less time to get the satisfied
result, being more efficient than the LRBAC method. Itera-
tions and CPU time are listed in Table 1.

Figure 2 shows experimental results of both CV method
and the proposed method on the image of three objects (79 ∗
75).The image was created with intensity inhomogeneity and
contaminated byGaussian noise. Table 2 shows Iterations and
CPU time of these twomethods.We can notice that although
CV model spends less time in curve evolution, it leaks at the
boundary of object and cannot segment the object accurately.

4.2. Real Imagery. Intensity inhomogeneity often occurs in
real images. Figure 3 shows a real image of a T-shaped object
(96∗127) and two X-ray images of vessel (110∗111 and 131∗
103) with intensity inhomogeneity. T-shaped object with
intensity inhomogeneity is due to nonuniform illumination.
For X-ray images of vessel, some parts of the boundaries are
quite weak and some parts of the background intensities are
even higher than the vessel, which makes it a nontrivial task
to segment the image with global method. We compare the
segmentation ability of ourmethod with the LRBACmethod.
As shown in Figure 3 and Table 3, for image of Vessel 1, our
method gains faster result than the LRBAC method and, for
image of Vessel 2, our method gains better results than the
LRBAC method.

Figure 4 shows experimental results of both CV model
and ourmethod on four typicalmedical images with intensity
inhomogeneity: two X-ray images of vessels (131 ∗ 103 and
110∗111) and one brainMR image (121∗81). From Figure 4,
we can see the brain MR image has some intensities of white
matter in the upper part, which are even lower than those of
the graymatter in the lower part.The experiment results show
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(a) (b) (c)

Figure 1: Comparison of our method with the LRBACmethod. The initial contours and the final contours are plotted as the green contours.
(a) Initial contours; (b) results of the LRBAC method; and (c) results of our method.

(a) (b) (c)

Figure 2: Comparison of our method with the CV model. (a) Initial contours; (b) results of the CV model; and (c) results of our method.

Table 1: Iterations and CPU time for the LRBAC method and our method for images in Figure 1.

Gourd Noisy gourd Three objects
Iterations Time (s) Iterations Time (s) Iterations Time (s)

LRBAC method 200 2.822 360 5.717 1200 27.612
Our method 60 0.894 160 2.641 2200 55.816
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(a) (b) (c)

Figure 3: Comparison of our method with the LRBAC method. (a) Initial contours; (b) results of the LRBAC method; and (c) results of our
method.

Table 2: Iterations and CPU time for CV model and our method for images in Figure 2.

Three objects
Iterations Time (s)

CV model 800 4.774
Our method 2200 55.816

Table 3: Iterations and CPU time for the LRBAC method and our method for images in Figure 3.

T-shape Vessel 1 Vessel 2
Iterations Time (s) Iterations Time (s) Iterations Time (s)

LRBAC method 1220 36.678 480 17.156 2500 126.700
Our method 760 23.648 380 13.516 2500 141.290
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(a) (b) (c)

Figure 4: Comparison of our method with the CV model. (a) Initial contours; (b) results of the CV model; and (c) results of our method.

Table 4: Iterations and CPU time for CV model and our method for images in Figure 4.

Vessel 1 Vessel 2 Brain
Iterations Time (s) Iterations Time (s) Iterations Time (s)

CV model 880 7.003 680 4.705 3300 21.913
Our method 2500 141.290 380 13.516 1080 47.928

that even CV model can drive curve faster than our method,
which fails to extract the object boundaries (Table 4).

5. Conclusion

In this paper, we propose a hybrid region-based active con-
tour model for image segmentation. The proposed method
can improve the ability of the CV model to deal with

intensity inhomogeneity. Meanwhile, it makes segmentation
more efficient compared to the LRBAC method. Experimen-
tal results on both synthetic and real images demonstrate
that the proposed method can handle both better intensity
inhomogeneity and robustness to noise compared with CV
model and the LRBAC method.

It should be noted that the energy functional for our
model is nonconvex and therefore has local minima, which
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makes ourmodel sensitive to the initialization of the contour.
Future work can be made to apply proper algorithms to
develop globally optimal active contours.
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We construct a medical X-ray direct digital radiography (DDR) system based on a CCD (charge-coupled devices) camera. For the
original images captured from X-ray exposure, computer first executes image flat-field correction and image gamma correction,
and then carries out image contrast enhancement. A hybrid image contrast enhancement algorithm which is based on sharp
frequency localization-contourlet transform (SFL-CT) and contrast limited adaptive histogram equalization (CLAHE), is proposed
and verified by the clinical DDR images. Experimental results show that, for the medical X-ray DDR images, the proposed
comprehensive preprocessing algorithm can not only greatly enhance the contrast and detail information, but also improve the
resolution capability of DDR system.

1. Introduction

Direct digital radiography (DDR), also known as DR, is a
direct digital X-ray imaging technology. DR is developed
just in recent years as a new digital imaging technology;
currently, in the industry, DR system is designed for the X-
ray imaging systems using flat-panel detector. The flat-panel
detector was successfully developed and applied in clinical
domains, which is a leap forward in imaging technology,
and flat-panel digital detector replaces the conventional X-
ray imaging chain consisting of image intensifier, camera,
optical system, and analog to digital converter, resulting in
forming the so-called direct digital systems. So it can avoid
the influence of image generation exerted by themany aspects
of imaging chain, reduce the image noise and distortion,
improve the image contrast and resolution, and extend the
dynamic range of image by adjusting the window width
and position. Another important aspect is the image size
increasing (such as 17


× 17

, 17


× 14
), bringing greater

vision for clinical application.
The core technology of DR is adopted as X-ray detector

plate and computer for image capturing and processing;
according to different detection methods, currently, DR
technology can be mainly classified into two kinds: the
DR equipment based on amorphous silicon or amorphous

selenium-based flat-panel detector and the DR equipment
based on cesium iodide (CsI) phosphor plate + CCD (charge-
coupled devices) imaging technology. The latter technology
is introduced by Philips, IDC Canada, Switzerland Rays, and
so forth, which is the rise of DR technology in recent years.
Its outstanding feature is that the purchase and maintenance
costs are significantly reduced under the premise of ensuring
the image quality (16 million pixels), and it does not require
correction in the period of use; the service life of CsI film
panel is up to 4 years; even after the use period, we only need
to replace the CsI film panel with other parts still continuing
to be used.The containedCCD camera has the characteristics
of high resolution, high reliability, high stability, and low cost.

This paper proposes a medical X-ray DR system based
on CsI phosphor plate and CCD imaging sensor, referred to
as CCD-DR. Meanwhile, for the situation in which output
original image from CCD-DR system cannot yet be directly
observed and used, it needs to execute a specific image
preprocessing work and to particularly study the image
enhancement processing technology [1]. On the basis of
building CCD-DR system, this paper designs a set of pre-
treatment methods including image correction and contrast
enhancement processing, which can be directly used to
observe and analyze by the doctor.
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Figure 1: Schematic diagram of the proposed medical X-ray CCD-DR imaging system.

2. CCD-DR System Construction

The composition principle of the medical X-ray machine
CCD-DR imaging system constructed in this paper is shown
in Figure 1.

In this system, carbon fiber substrate CsI 17


× 17


fluorescent plate from Hamamatsu Company has been used
to receive the X-ray irradiation and then produce the visible
light image. The CCD camera unit and the optical part are
designed separately.The image transmission uses gigabit net-
work interface, and the X-ray machine exposure is controlled
by RS-232 serial communication, which needs to detect X-ray
exposure intensity and inform the CCD camera for exposure.
Terminal computer takes charge of system control, image
acquisition, and processing analysis, which are reflected in a
comprehensive set of DR imaging workstation software.

2.1. CCD Camera Unit Design. The large-area photosensitive
KFC-16803 CCD chip (Kodak Company Inc.), which was
mainly used in aviation and aerospace due to its high
resolution and high performance in SNR and low-noise
level, was introduced into our medical DR system. The basic
parameters of CCD camera are shown in Table 1.

In order to further decrease the background noise, a
refrigeration unit was used in our CCD camera, in which
semiconductor refrigeration tablets, temperature sensors,
and the control circuit are coupled together to cool the
CCD camera to minus 10∘C; simultaneously, the craft of
preventing condensation on CCD surface should be taken
into consideration.

2.2. Optical Unit and Mechanical Design. Figure 2 shows
an illustration of optical unit which includes CCD camera,
optical lens, optical box, electrical box, reflectionmirrors, and
CsI phosphor screen.

Reflection mirrors are used for reflecting incident visible
light from CsI screen to CCD camera in order to fold and

CCD camera

Electrical box

CsI phosphor screen Optical box Optical lens

Reflection mirrors

Figure 2: Optical unit.

Table 1: Basic parameters of CCD camera.

Effective pixel values 4096 × 4096 = 16.8 million
Image grayscale 65536
Imaging acquisition time ≤5 s
A/D conversion accuracy 16 bit

reduce optical path. The mirrors should meet the following
requirements:

(i) glasses with large size, low coefficient of expansion,
and good flatness (up to 𝜆/2);

(ii) specialized optical reflection coated film with high
reflection coefficient (up to 96%);

(iii) hard protective coating layer (aluminized) to prevent
the deformation of mechanical structure;

(iv) 17


× 17
 fluorescent plate being trapezoidal with the

long side 450mm, short side 300mm, height 495mm,
and thickness 8mm.

Optical lens is used for optical converting from images
to CCD target surface. The best object distance of common
imaging lens is generally more than 2 meters, and the largest
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object distance of the DDR system cannot be more than 1
meter; there must be a target specifically designed so as to
achieve the best results. In order to reduce the overall size
of the volume of the DR system, the desired object distance
ranges from 600 to 650mm. In addition, it must meet the
demands of high resolution, large relative aperture, small
distortion, no vignetting, and high transfer function. System
parameters are listed as follows:

object distance: 600mm;
focal length: 55.26mm;
diameter of the imaging plane: 52mm;
back working distance: 11.1mm;
the optical diameter: 110mm;
relative aperture: 1 : 0.92;
best forward working distance: 600mm;
focus mode: mannual;
wavelength range: 430 nm–702 nm.

2.3. Calculation of the Limited Line-Pair Resolution of DR
Imaging. We can calculate the limited line-pair resolution of
DR imaging system in the following way.

Here, the size of detecting fluorescence plate is (17


×17
)

conversed into the horizontal size withmm is 17 × 25.4mm =
431.8mm. Simultaneously, CCD camera pixels’ number is
4096 × 4096 (16 million).

So, when performing the CCD imaging, each pixel’s
corresponding flat target size on horizontal direction is
431.8mm/4096 = 0.1054mm; then, the size of each line pair
(i.e., 2 pixels with one being white and one being black) is
the reciprocal answer of 2 × 0.1054mm ≈ 0.211mm; that is,
1/0.211mm = 4.7 LP/mm.

The text above about LP quota is theoretical, and the
ultimate resolution of the CCD chip is well matched, but,
practically, with the influence of other links, it is impossible
to absolutely reach this level of quota. Also, it can come to
a conclusion that the crucial factor to determine the DR
imaging LP is the effective pixels’ number of theCCDcamera.

3. Comprehensive Preprocessing Method

Before the DR image can be used for clinical analysis, the
original DR images without any correction will be processed
serially by computer. The flowchart of the proposed compre-
hensive preprocessing method is demonstrated in Figure 3.
Original DR image → image flat-field correction → image
gamma correction → median filter → image contrast
enhancement which consists of two basic modes: sharp
frequency localization-contourlet transform (SFL-CT) and
contrast limited adaptive histogram equalization (CLAHE).

3.1. Flat-Field Correction. Indeed, CCD cameras vary in
response to photosensitive element, the noise level, the quan-
tum efficiency, and so forth; under the same conditions, each
photosensitive elementwill produce different photoelectrons,
and the corresponding output signal is inconsistent, which is
known as the photo response nonuniformity. For the array of
detectors, the phenomenon of photo response nonuniformity
is always existing, and CCD-DR system uses a lens and
other optical coupling devices, so that much more serious
photo response nonuniformities of the system are shown.
Especially because of the lens and the X-ray machine tube,
bigger differences of the brightness exist at the center of
and around the captured image. Flat-field correction can
effectively eliminate these differences, making the output
image fully reflect the actual captured image. In this paper,
we use a simple flat-field correction method.

First, an original image for correction needs to be
obtained without irradiation target under the following three
exposure conditions. (1) The first condition is having a
fully black image. Adjust the dose of X-ray machine to
the minimum; close collimator completely, and capture 10
images continuously; at last, average them to get the fully
black image. (2) The second condition is having a 40%
brightness image. Adjust the dose of X-ray machine to make
the brightness of the central area of the captured image about
0x6666 = 0xFFFF ∗ 40%; at this dose, continuously capture
10 images, and average them to obtain 40% brightness image.
(3) The third condition is having a 60% brightness image.
Adjust the dose of X-ray machine, so that the brightness of
the central area of the captured image is about 0x9999 =

0xFFFF ∗ 60%; at this dose, continuously capture 10 images,
and average them to obtain the 60% brightness image.

Then, add the 40%brightness image to the 60%brightness
image to get a white image, and we use the above obtained
fully black image. Store the fully white image and the fully
black image into the system’s hard drive, as they are used as
the reference images after every image capturing.

The flat-field correction formula is as follows:

𝑎 [𝑥, 𝑦] = {
𝑐 [𝑥, 𝑦] − BLACK [𝑥, 𝑦]

WHITE [𝑥, 𝑦] − BLACK [𝑥, 𝑦]
} × 0xFFFF.

(1)

Here, 𝑎[𝑥, 𝑦] is the pixel value after correction, 𝑐[𝑥, 𝑦] is the
pixel value of current image, BLACK [𝑥, 𝑦] is the pixel value
of fully black image, and WHITE [𝑥, 𝑦] is the pixel value of
fully white image.

As the (WHITE [𝑥, 𝑦] − BLACK [𝑥, 𝑦]) in the denom-
inator, this value cannot be zero; in fact, if the value of
(WHITE [𝑥, 𝑦] − BLACK [𝑥, 𝑦]) is close to 0 or below a
certain threshold, it can be considered that this point is dead
pixel of CCD, which should be replaced with field value.
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DR image
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Figure 4: Block diagram of SFL-CT for 1 level decomposition.

After the X-ray exposure, all the collected original images
are initially processed by the flat-field correction algorithm,
resulting in achieving consistent and homogeneous DR
images.

3.2. Gamma Correction. The image generated from medical
X-raymachine generally requires gamma correction process-
ing, so as to make it meet the display characteristics and to be
easy to the human eye for observation. And the correction
factor should be set to be adjusted manually. The principle is
as follows:

𝑎 [𝑥, 𝑦] = 𝑐[𝑥, 𝑦]
1/𝛾

. (2)
Here, 𝑎[𝑥, 𝑦] is the pixel value of correction; 𝑐[𝑥, 𝑦] is the pixel
value of current image, and 𝛾 is the correction factor.

3.3. Hybrid Image Contrast Enhancement Algorithm. Theory
and practice in the past have proved that multiscale medical
image contrast enhancement approaches, such as MUSICA
algorithm [2] andwavelet-basedmethods [3], are effective for
improvingX-ray imaging quality. In order to get better image,
a hybrid image contrast enhancement algorithm followed by
flat-field and gamma corrections is proposed. This algorithm
consists of three parts: a median filter (5 × 5 window)
aiming at eliminating salt and pepper noise, SFL-CT-based
enhancement algorithm, and CLAHE-based enhancement
algorithm.

3.3.1. SFL-CT-Based Enhancement Algorithm. DR images
are always characterized by low contrast and overexposure,
which makes them hard to preprocess, such as image denois-
ing and contrast enhancement. We apply the SFL-CT-based
enhancing algorithm to implement image edge enhancement.
As we know, contourlet transform (CT) [4] has good per-
formance in representing the image salient features such as
lines, edges, curves, and contours because of its anisotropy
and directionality. The SFL-CT [5] is one improvement of
the CT. It replaces the Laplacian pyramid transform in the
old version with sharp frequency localization pyramidal filter
banks (SFL-FB) to achieve multiscale decomposition for the
image. Thus, it has much better localization in the frequency
domain and regularity in the spatial domain compared with
the old version, and it can significantly inhibit the spectrum
aliasing. The block diagram of SFL-CT is shown in Figure 4.

As shown in Figure 4, the SFL-CT is constructed as a
combination of the SFL-FB and the directional filter banks
(DFB). Conceptually, first, the SFL-FB captures point discon-
tinuities; then, directional filter banks follow it to link point
discontinuity into linear structure. In SFL-FB, 𝐿0(𝜔), 𝐷0(𝜔)

are united as filter bank FB1, and 𝐿1(𝜔), 𝐷1(𝜔) are united as
filter bank FB2.Weuse𝐿0(𝜔),𝐿1(𝜔) to represent the low-pass
filters and 𝐷0(𝜔), 𝐷1(𝜔) to represent the high-pass filters in
the multiscale decomposition.

The proposed enhancing algorithm [6, 7] can be depicted
as the following flow pattern: (1) process the image with SFL-
CT; (2) manipulate the SFL-CT coefficients; (3) reconstruct
the modified coefficients of SFL-CT to get the enhanced
image.

We introduce the noise deviation 𝜎 in the SFL-CT
domain. Considering the fact that the magnitudes of noise
coefficients at different scales are all very small, we believe
that the coefficients whose magnitude is less than 𝛼𝜎 are
the noise, and they are not to be enhanced. We think of
the coefficients whose magnitude is greater than 𝛼𝜎 and less
than 𝑡 as the weak edges, which need the corresponding
enhancement, and the enhanced extent is controlled by 𝑡

and 𝑞. And we divide the weak edges into two ranges by
2𝛼𝜎, and their coefficients can be calculated by two different
equations as displayed in the following. The coefficients
whose magnitude is greater than 𝑡 can be considered as the
strong edges, which should be attenuated to some extent.
Enhancing the weak edges as well as attenuating the strong
edges to some extent can further highlight the enhancement
effect of weak edges. Based on the above description, we give
the following nonlinear enhancement function.

Consider

𝑦𝛼 (𝑥, 𝜎) =

{{{{{{{{{{{{{{

{{{{{{{{{{{{{{

{

1 if 𝑥 < 𝛼𝜎

𝑥 − 𝛼𝜎

𝛼𝜎
(

𝑡

𝛼𝜎
)

𝑞

+
2𝛼𝜎 − 𝑥

𝛼𝜎
if 𝛼𝜎 ≤ 𝑥 < 2𝛼𝜎

(
𝑡

𝑥
)

𝑞

if 2𝛼𝜎 ≤ 𝑥 < 𝑡

(
𝑡

𝑥
)

𝑠

𝑥 ≥ 𝑡.

(3)
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Here, 𝑥 indicates the magnitude of SFL-CT coefficients, 𝜎
denotes the standard noise deviation, 𝑦𝛼(𝑥, 𝜎) represents the
nonlinear enhancement function, 𝑡 determines the degree of
nonlinearity, and 𝑠 describes the dynamic range compression.
Using a nonzero 𝑠 will enhance the faint edges and soften
the strong edges. 𝑞 can control the enhanced extent. 𝛼 is a
normalization parameter. The 𝑡 parameter is the value under
which coefficients are amplified; obviously, this value depends
on the coefficients in different scales; 𝑡 can be derived as in the
following two options.

(A) 𝑡 = 𝐹𝑡𝜎, where 𝐹𝑡 is independent of the SFL-CT
coefficient values.

(B) 𝑡 = 𝑙𝑀𝛼, where 𝑙 is an adjustment parameter, which
should be less than 1. 𝑀𝛼 is the maximum SFL-CT
coefficient within a specific directional subband.

Above all, the specific steps can be summarized as follows.

(1) Use the robust median estimator to estimate the noise
standard deviation 𝜎 in the input image as follows:

𝜎
2

=
Median (

𝜔𝑖
)

0.6475
𝜔𝑖 ∈ 𝐻𝐻, (4)

where 𝐻𝐻 describes the finest diagonal band after
one level decomposition.

(2) Process the input image with SFL-CT, and calculate
the noise standard deviation 𝜎𝑗,𝑘 of every directional
subband 𝑉𝑗,𝑘 (𝑗 < 𝐿, 𝐾 < 𝑙𝑗), where 𝐿 indicates the
total decomposition levels and 𝑙𝑗 indicates the direc-
tional subband numbers of the 𝑗th decomposition.

(3) For each directional subband 𝑉𝑗,𝑘,

(a) calculate the maximum value 𝑀𝑗 of the SFL-CT
coefficients in this subband, so as to determine
the 𝛼, 𝑡, and so forth;

(b) multiply each SFL-CT coefficient 𝐶𝑗,𝑘 by 𝑦𝛼

(𝐶𝑗,𝑘, 𝜎𝑗,𝑘).

(4) Reconstruct the modified coefficients of SFL-CT to
get the enhanced image.

3.3.2. CLAHE-Based Enhancement Algorithm. This paper
applies the contrast limited adaptive histogram equalization
(CLAHE) algorithm, which is developed from the basis of
local area histogram equalization (LAHE) algorithm, in order
to further improve the local contrast.

Under the condition of being fixed in the related area,
in the LAHE algorithm, the local histogram of a pixel (𝑥, 𝑦)

of the image is equal to the local histogram of a rectangular
windowwith this pixel as its center.This constructionmethod
of local histogram only considers pixels within a local area
while ignoring pixels from other areas of image. According
to visual characteristics of human, on the one hand, the visual
system changed with the change of related areas; on the other
hand, it is also affected by the surrounding environment of
related areas. Cromartie and Pizer [8] and Louis et al. [9]
had proposed a constrained local histogram construction

method; this constrained local histogram takes both inner
window and outer window histograms into consideration,
which means that it consists of two parts: histogram within
the rectangular window and histogram outside the rectangu-
lar window.

Consider

ℎ𝐿 (𝑟) = 𝛼ℎ𝑊 (𝑟) + (1 − 𝛼) ℎ𝐵 (𝑟) , (5)

where ℎ𝑊(𝑟) is normalized histogram within the window,
ℎ𝐵(𝑟) is normalized histogram outside of the window, and
0 ≤ 𝛼 ≤ 1. Assume that 𝐴𝑊 and 𝐴𝐵, respectively,
represent the areas of the region 𝑊 and the region 𝐵. If
𝛼 = 𝐴𝑊/(𝐴𝑊 + 𝐴𝐵), then ℎ𝐿(𝑟) = ℎ(𝑟); this means that
the local histogram is equal to the global histogram. If 𝛼 >

𝐴𝑊/(𝐴𝑊 + 𝐴𝐵), then the local histogram emphasizes local
information. In this case, the impact on the relevant area from
surrounding environment can be simulated by regulating the
local histogram with 𝛼. Applying this method to construct
local histogram, all the local histograms are the same gray
level as the global histogram, while each gray level of them
has different amplitudes at different locations.

Considering the fact that the impact of pixels far from
sliding window on its center pixel is small, we take a little
correction on the above histogram construction method.
Select a neighborhood of a certain pixel (𝑥, 𝑦) in the image,
which consists of the neighborhood of center 𝑊1 and the
neighborhood of background 𝑊2. If 𝑚 = 1, then the
neighborhood of center 𝑊2 consists of the center pixel (𝑥, 𝑦)

and the neighborhood of background consists of the other
8 pixels except the center pixel. For a given 𝑚, the local
histogram is defined as

ℎ𝐿 (𝑟) = 𝛼ℎ𝑊1
(𝑟) + (1 − 𝛼) ℎ𝑊2

(𝑟) . (6)

Here, ℎ𝑊1(𝑟) is normalized histogram of the neighborhood of
center, ℎ𝑊2

(𝑟) is normalized histogram of the neighborhood
of background, and 0 ≤ 𝛼 ≤ 1.

In summary, steps of CLAHE algorithm are shown as
follows.

(1) For any point in the image, its relevant region is
determined according to the size 𝑊 of window.

(2) Compute the histogram of rectangular window
according to formula (5) or (6).

(3) Carry out equalization for the histogram within the
rectangular window, to achieve the processing of the
center pixel of the window.

(4) Move rectangular window to the next adjacent pixel,
and repeat the above process until the whole image is
completely processed.

4. Experimental Results and Discussion

In this paper, the experiments have been carried out to ver-
ify the aforementioned comprehensive image preprocessing
methods. Before experiment, we need to take several tests on
different parts of DR image so that we can select appropriate
values for some specific parameters that include 𝛾 factor in
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(a) Original chest DR image and its histogram (b) Enhanced chest DR image and its histogram

Figure 5: Chest image before and after enhancing.

gamma correction algorithm, decomposition levels 𝐿 and
gain factor 𝑦𝛼 in SFL-CT processing algorithm, and 𝑤 and
𝛼 in CLAHE algorithm.

As shown in Figure 5, the chest images (4096 × 4096 × 16

bits) before and after processing by our proposedmethods are
totally different. Obviously, the contrast of chest image after
preprocessing is greatly enhanced;more details including tex-
ture, spine, and limbs can be differentiated; noise and artifacts
are suppressed simultaneously. Analyzers canmanually select
the ROI of histogramwith the so-called “window-width” and
“window-center” operators to adjust display effect. Window-
center operator is to choose the middle value of ROI of
histogram, and window-width is to choose the upper and
lower limit values of ROI of histogram. For other organs, such
as head, spine, abdomen, and limbs, we can also get good
image after preprocessing with our proposed algorithm.

In fact, the influence of the various processing algorithms
on the flow of image preprocessing to the final results is
related to their role sequence; a better visual observation
effect can be got only by the flow designed in this paper.

Moreover, this CCD-DR imaging system also tests the
standard line-pair card. Figure 6 shows the actual image
enhanced by our method. It can be objectively observed
that the distinguished line-pair index can reach 4.5 LP/mm
(45 LP/CM) which is close to the aforementioned theoretical
value, which can prove a higher resolution of imaging.

5. Conclusion

Based on a medical X-ray DR imaging system constructed
with high-performance CCD camera, this paper proposes a
comprehensive preprocessing method which includes flat-
field correction, gamma correction, median filter, and a
hybrid multiscale contrast enhancement mode. This hybrid
enhancement algorithm, which is based on sharp frequency
localization-contourlet transform (SFL-CT) and contrast
limited adaptive histogram equalization (CLAHE), is verified
by the clinical DDR images. Experimental results show that,

Figure 6: Test image of line-pair card.

with appropriate parameters, the proposed comprehensive
preprocessing algorithm can greatly enhance the contrast and
suppress the artifacts simultaneously.
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The present paper gives a new computational framework within which radiative transfer in a varying refractive index biological
tissue can be studied. In our previous works, Legendre transform was used as an innovative view to handle the angular derivative
terms in the case of uniform refractive index spherical medium. In biomedical optics, our analysis can be considered as a forward
problem solution in a diffuse optical tomography imaging scheme. We consider a rectangular biological tissue-like domain
with spatially varying refractive index submitted to a near infrared continuous light source. Interaction of radiation with the
biological material into the medium is handled by a radiative transfer model. In the studied situation, the model displays two
angular redistribution terms that are treated with Legendre integral transform. The model is used to study a possible detection
of abnormalities in a general biological tissue. The effect of the embedded nonhomogeneous objects on the transmitted signal is
studied. Particularly, detection of targets of localized heterogeneous inclusions within the tissue is discussed. Results show that
models accounting for variation of refractive index can yield useful predictions about the target and the location of abnormal
inclusions within the tissue.

1. Introduction

A special attention in diffuse optical tomography is focused
on the development of methods for detection of photons
providing the information concerning optical parameters
of the explored medium. This gives the targets of local-
ized nonhomogeneous inclusion arising in tissues due to
various pathologies, like tumor formation, local increase in
blood volume, and other abnormalities [1–4]. In radiative
transfer theory, the most used parameters in modeling laser
radiation interaction with biological tissue are absorption
and scattering [5–7]. However some other studies evoked
a significant variation of refractive index of abnormal bio-
logical tissues especially in the near infrared range. More
precisely, experimental results [8, 9] showed that the tissue
of malignant tumors could manifest an increase of the
refractive index which can attain until 10% of that of a
normal tissue which encircles them. So, medical imaging
by diffuse optical tomography should take advantage from

the emergence of a third contrast parameter which is the
refractive index. This led to the appearance of a big number
of numerical and fundamental works in the field of radiative
transfer in a varying refractive index biological medium.
While the conventional radiative transfer equation (RTE)
has been widely used to study interaction of near infrared
radiation with biological media, there exist a number of
works dealing with a modified radiative transfer equation
in spatially varying refractive index media [10, 11]. Some
of these papers are interested in varying refractive index
biological tissues [12–14]. In the present paper, our first con-
cern is to contribute to the usability of the radiative transfer
theory in a potential optical tomography setting in medical
imaging. At this level, studying the effect of refractive index
on the transmitted light through a biological rectangular
layer should be crucial. This could improve detectability
of heterogeneous objects in a typical tomography scheme.
However, it is important to note that in a varying refractive
index medium, the rays are not straight lines but curves. So
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even in a rectangular geometry, the varying index radiative
transfer equation displays the classical form of the angular
derivative terms commonly appearing when dealing with
spherical and cylindrical geometries with uniform refractive
index [15–17]. This finding gives rise to the use of Legendre
transform as a manner for modeling these terms. Although
this technique was used by Sghaier et al. [17] in a uniform
refractive index spherical domain as an innovative view to
handle these terms, it prevails as useful in this contemporary
problem. This fact is our second concern in this paper.
So, we present a computational RTE-based model suitable
for basic diffuse optical tomography forward problem with
spatially varying refractive index biological medium. We
treat angular derivative terms by using the Legendre integral
transform technique.We investigate cases concerning optical
tomography applications. Results concerning the effect of the
refractive index variation on the detected signal are shown.

2. Mathematical Model

In this work, the radiative transfer equation in a human
biological tissue is described by using a stationary varying
refractive index RTE [18, 19]

Ω⃗ ⋅ ∇Ψ ( ⃗𝑟, Ω⃗) + (𝜇𝑎 ( ⃗𝑟) + 𝜇𝑠 ( ⃗𝑟))Ψ ( ⃗𝑟, Ω⃗)

+
1

𝑛
∇𝑛 ⋅ ∇

Ω⃗
Ψ( ⃗𝑟, Ω⃗) −

2

𝑛
(Ω⃗ ⋅ ∇𝑛)Ψ ( ⃗𝑟, Ω⃗)

=
𝜇𝑠 (𝑟)

4𝜋
∫

4𝜋

0

𝑃 (Ω⃗, ⃗Ω)Ψ (𝑟, ⃗Ω) 𝑑 ( ⃗Ω) + 𝑆 ( ⃗𝑟, Ω⃗) ,

(1)

where

(i) Ψ( ⃗𝑟, Ω⃗) is the directional energetic radiance at the
spatial position vector ⃗𝑟 = (𝑥, 𝑦, 𝑧),

(ii) 𝑛( ⃗𝑟) is the refractive index distribution,

(iii) 𝜇𝑎( ⃗𝑟) and 𝜇𝑠( ⃗𝑟) are the absorption and scattering
coefficients, respectively,

(iv) 𝑐 = 𝑐vac/𝑛𝑟 is the ratio of speed of light in a vacuum,
𝑐vac, and the refractive index 𝑛𝑟,

(v) the source term 𝑆( ⃗𝑟, Ω⃗) is an injected radiance at the
medium’s boundary,

(vi) the phase function 𝑃(Ω⃗, ⃗Ω) describes the probability
that, during a scattering event, a photon with direc-
tion ⃗Ω is scattered in the direction Ω⃗.

Equation (1) takes into account the fact that the rays are
not straight lines but curves. It involves terms that illustrate
the expansion or the contraction of the cross section of the
tube of light rays in the medium.

For a two-dimensional problem and in Cartesian coordi-
nate system of the 𝑥-𝑦 plane, the terms due to the refractive
index variation can be expressed as

1

𝑛
∇𝑛 ⋅ ∇

Ω⃗
Ψ −

2

𝑛
(Ω⃗ ⋅ ∇𝑛)Ψ

= −
1

𝑛

𝜕𝑛

𝜕𝑥
(sin𝜑𝜕Ψ

𝜕𝜑
+ 2 cos𝜑Ψ)

+
1

𝑛

𝜕𝑛

𝜕𝑦
(cos𝜑𝜕Ψ

𝜕𝜑
− 2 sin𝜑Ψ) ,

(2)

where cos𝜑 and sin𝜑 are the Cartesian coordinates of the
unit direction vector in the 𝑥-𝑦 plane. In fact we assume that
the radiance of out of plane directions is negligible. By using
notations 𝜉 = cos𝜑 and 𝜂 = sin𝜑, (2) displays the classical
form of the angular redistribution term commonly appearing
when dealing with spherical and cylindrical geometries with
uniform refractive index [20]
1

𝑛
∇𝑛 ⋅ ∇

Ω⃗
Ψ −

2

𝑛
(Ω⃗ ⋅ ∇𝑛)Ψ

=
1

2𝑛2
{
𝜕𝑛
2

𝜕𝑥

𝜕

𝜕𝜉
[(1 − 𝜉

2
)Ψ] +

𝜕𝑛
2

𝜕𝑦

𝜕

𝜕𝜂
[(1 − 𝜂

2
)Ψ]} .

(3)

The angular redistribution terms will be noted

𝐷𝑥 =
𝜕

𝜕𝜉
[(1 − 𝜉

2
)Ψ] ,

𝐷𝑦 =
𝜕

𝜕𝜂
[(1 − 𝜂

2
)Ψ]

(4)

so (3) becomes

1

𝑛
∇𝑛 ⋅ ∇

Ω⃗
Ψ −

2

𝑛
(Ω⃗ ⋅ ∇𝑛)Ψ =

1

2𝑛2
{
𝜕𝑛
2

𝜕𝑥
𝐷𝑥 +

𝜕𝑛
2

𝜕𝑦
𝐷𝑦} .

(5)

3. Numerical Method

In our numerical implementation, we use a rectangular
domainwhich is divided into a set of 𝐼×𝐽 elementary uniform
volumes Δ𝑉 = Δ𝑥Δ𝑦Δ𝑧 with a uniform unitary depth (Δ𝑧 =
1). The angular discretization is obtained through a discrete
ordinate technique. This yields a set of𝑀 discrete directions,
𝜑𝑚, 𝑚 = 1 ⋅ ⋅ ⋅𝑀 giving a set of angular discrete direction
cosines (𝜉𝑚, 𝜂𝑚), 𝑚 = 1 ⋅ ⋅ ⋅𝑀. An orientation depending
on the incident ray direction is adopted for each cell [7].
Calculations are done by using integration of (1) over an
elementary volume Δ𝑉 for each discrete direction.This gives

Δ𝑦𝜉𝑚 (Ψ𝑚,𝐸 − Ψ𝑚,𝑊) + Δ𝑥𝜂𝑚 (Ψ𝑚,𝑁 − Ψ𝑚,𝑆)

+ Δ𝑥Δ𝑦 (𝜇𝑎 + 𝜇𝑠) Ψ𝑚,𝑃 +
1

𝑛
(
𝜕𝑛

𝜕𝑥
𝐷𝑚,𝑥 +

𝜕𝑛

𝜕𝑦
𝐷𝑚,𝑦)

= Δ𝑥Δ𝑦(𝑆𝑚,𝑃 + 𝜇𝑠

𝑀

∑

𝑚=1,𝑚 ̸=𝑚

𝑤𝑚𝑝𝑚𝑚Ψ𝑚,𝑃) ,

(6)
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where𝐷𝑚,𝑥 and𝐷𝑚,𝑦 are the discrete angular derivative terms
at the angular ordinates 𝜉𝑚 and 𝜂𝑚, respectively, and 𝑤𝑚 is
a weighting factor. The discrete term of Henyey-Greenstein
phase function is written as

𝑝𝑚𝑚 =
1 − 𝑔
2

4𝜋(1 + 𝑔2 − 2𝑔 (𝜉𝑚𝜉𝑚 + 𝜂𝑚𝜂𝑚))
3/2
, (7)

where 𝑔 is the anisotropy factor. If the direction cosines are
positive, the directional radiance is known on the faces 𝑊
and 𝑆 and they are unknown on the faces 𝐸 and 𝑁 of the
(𝑖, 𝑗)-cell and also in the centre 𝑃. Therefore, we need two
complementary relations to eliminateΨ𝑚,𝐸 andΨ𝑚,𝑁; this can
be obtained by using interpolation formula

Ψ𝑚,𝑃 = 𝛼Ψ𝑚,𝐸 + (1 − 𝛼)Ψ𝑚,𝑊,

Ψ𝑚,𝑃 = 𝛼Ψ𝑚,𝑁 + (1 − 𝛼)Ψ𝑚,𝑆,

(8)

where 𝛼 is an interpolation parameter. Using these relations,
(6) becomes

Δ𝑦𝜉𝑚

𝛼
(Ψ𝑚,𝑃 − Ψ𝑚,𝑊) +

Δ𝑥𝜂𝑚

𝛼
(Ψ𝑚,𝑃 − Ψ𝑚,𝑆)

+ Δ𝑥Δ𝑦 (𝜇𝑎 + 𝜇𝑠) Ψ𝑚,𝑃 +
1

2𝑛2
[
𝜕𝑛
2

𝜕𝑥
𝐷𝑚,𝑥 +

𝜕𝑛
2

𝜕𝑦
𝐷𝑚,𝑦]

= Δ𝑥Δ𝑦(𝑆𝑚,𝑃 + 𝜇𝑠

𝑀

∑

𝑚=1,𝑚 ̸=𝑚

𝑤𝑚𝑝𝑚𝑚Ψ𝑚,𝑃) .

(9)

Theoretically, if we know the solution in the (𝑖, 𝑗)-cell, we
can do calculus over the cells (𝑖 + 1, 𝑗) and (𝑖, 𝑗 + 1) using the
boundary conditions and the following relations:

Ψ𝑚,𝑊 (𝑖 + 1, 𝑗) = Ψ𝑚,𝐸 (𝑖, 𝑗) ; 𝑖 = 1 ⋅ ⋅ ⋅ 𝐼 − 1,

Ψ𝑚,𝐸 (𝑖, 𝑗 + 1) = Ψ𝑚,𝑁 (𝑖, 𝑗) ; 𝑗 = 1 ⋅ ⋅ ⋅ 𝐽 − 1.

(10)

If the direction cosines are both positive, we get the
following equation:

Δ𝑦𝜉𝑚

𝛼
(Ψ𝑚,𝑖,𝑗 − Ψ𝑚,𝑖−1,𝑗) +

Δ𝑥𝜂𝑚

𝛼
(Ψ𝑚,𝑖,𝑗 − Ψ𝑚,𝑖,𝑗−1)

+ Δ𝑥Δ𝑦 (𝜇𝑎 + 𝜇𝑠) Ψ𝑚,𝑖,𝑗 +
1

2𝑛2
[
𝜕𝑛
2

𝜕𝑥
𝐷𝑚,𝑥 +

𝜕𝑛
2

𝜕𝑦
𝐷𝑚,𝑦]

= Δ𝑥Δ𝑦(𝑆𝑚,𝑖,𝑗 + 𝜇𝑠

𝑀

∑

𝑚=1

𝑤𝑚𝑝𝑚𝑚Ψ𝑚 ,𝑖,𝑗) ;

(11)

this gives

Ψ𝑚,𝑖,𝑗 = [Ψ𝑚,𝑖,𝑗 −

𝑛𝑖,𝑗

2𝑐Δ𝑡
Ψ𝑚,𝑖,𝑗 +

Δ𝑦𝜉𝑚

𝛼
Ψ𝑚,𝑖−1,𝑗 +

Δ𝑥𝜂𝑚

𝛼
Ψ𝑚,𝑖,𝑗−1

+
1

2𝑛
2
𝑖,𝑗

[Δ𝑦 (𝑛
2

𝑖,𝑗
− 𝑛
2

𝑖−1,𝑗
)𝐷𝑚,𝑥,𝑖,𝑗

+ Δ𝑦 (𝑛
2

𝑖,𝑗
− 𝑛
2

𝑖,𝑗−1
)𝐷𝑚,𝑥,𝑖,𝑗]

+Δ𝑥Δ𝑦(𝑆𝑚,𝑖,𝑗 + 𝜇𝑠,𝑖,𝑗

𝑀

∑

𝑚=1

𝑤𝑚𝑝𝑚𝑚Ψ𝑚,𝑖,𝑗)]

× [
Δ𝑦𝜉𝑚

𝛼
+
Δ𝑥𝜂𝑚

𝛼
+ Δ𝑥Δ𝑦 (𝜇𝑎,𝑖,𝑗 + 𝜇𝑠,𝑖,𝑗)]

−1

.

(12)

3.1. Numerical Treatment of Angular Derivative Terms with
Finite Legendre Transform. As is explained in [17], we con-
sider the following Legendre transforms:

L(
𝜕

𝜕𝜉
[(1 − 𝜉

2
)Ψ] , 𝑠) = ∫

1

−1

𝜕

𝜕𝜉
[(1 − 𝜉

2
)Ψ]𝑃𝑠 (𝜉) 𝑑𝜉,

L(
𝜕

𝜕𝜂
[(1 − 𝜂

2
)Ψ] , 𝑠) = ∫

1

−1

𝜕

𝜕𝜂
[(1 − 𝜂

2
)Ψ]𝑃𝑠 (𝜂) 𝑑𝜂,

(13)

where 𝑃𝑚 is the𝑚 degree Legendre polynomial. According to
Sturn-Liouville equation defining Legendre Polynomials, we
can write

∫

1

−1

𝜕

𝜕𝜂
[(1 − 𝜉

2
) 𝜓] 𝑃𝑠 (𝜉) 𝑑𝜉

=
𝑠 (𝑠 + 1)

2𝑠 + 1
[∫

1

−1

Ψ𝑃𝑠+1 (𝜉) 𝑑𝜉 − ∫

1

−1

Ψ𝑃𝑠−1 (𝜉) 𝑑𝜉] ,

∫

1

−1

𝜕

𝜕𝜂
[(1 − 𝜉

2
) 𝜓] 𝑃𝑠 (𝜂) 𝑑𝜂

=
𝑠 (𝑠 + 1)

2𝑠 + 1
[∫

1

−1

Ψ𝑃𝑠+1 (𝜂) 𝑑𝜂 − ∫

1

−1

Ψ𝑃𝑠−1 (𝜂) 𝑑𝜂] .

(14)

To obtain derivative terms, we make use of numerical
quadrature:

𝑀

∑

𝑚=1

𝑤𝑚𝐷𝜉,𝑚𝑃𝑠 (𝜉𝑚)

=
𝑠 (𝑠 + 1)

2𝑠 + 1
[

𝑀

∑

𝑚=1

𝑤𝑚𝑃𝑠+1 (𝜉𝑚) −

𝑀

∑

𝑚=1

𝑤𝑚𝑃𝑠−1 (𝜉𝑚)] ,

𝑠 = 1, . . . ,𝑀 − 1,
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𝑀

∑

𝑚=1

𝑤𝑚𝐷𝜂,𝑚𝑃𝑠 (𝜂𝑚)

=
𝑠 (𝑠 + 1)

2𝑠 + 1
[

𝑀

∑

𝑚=1

𝑤𝑚𝑃𝑠+1 (𝜂𝑚) −

𝑀

∑

𝑚=1

𝑤𝑚𝑃𝑠−1 (𝜂𝑚)] ,

𝑠 = 1, . . . ,𝑀 − 1.

(15)

The above systems of equations are closed by the obvious
relations:

𝑀

∑

𝑚=1

𝑤𝑚𝐷𝜉,𝑚 = ∫

1

−1

𝜕

𝜕𝜂
[(1 − 𝜉

2
) 𝜓] 𝑑 (𝜉) ,

𝑀

∑

𝑚=1

𝑤𝑚𝐷𝜂,𝑚 = ∫

1

−1

𝜕

𝜕𝜂
[(1 − 𝜂

2
) 𝜓] 𝑑 (𝜂) .

(16)

So discrete derivative terms in the (𝑖, 𝑗)-cell into the medium
can be obtained by solving the linear algebraic equations

𝐴𝜉𝐷𝜉,𝑖,𝑗 = 𝐵𝜉,𝑖,𝑗, 𝐴𝜂𝐷𝜂,𝑖,𝑗 = 𝐵𝜂,𝑖,𝑗, (17)

where

A𝜉

= (

𝑤1 𝑤2 . . . 𝑤𝑀

𝑤1𝑃1 (𝜉1) 𝑤2𝑃1 (𝜉2) . . . 𝑤𝑀𝑃1 (𝜉𝑀)

...
...

...
...

𝑤1𝑃𝑀−1 (𝜉1) 𝑤2𝑃𝑀−1 (𝜉2) . . . 𝑤𝑀𝑃𝑀−1 (𝜉𝑀)

) ,

D̂𝜂,𝑖,𝑗 = (

𝐷𝜉,1,𝑖,𝑗

𝐷𝜉,2,𝑖,𝑗

...
𝐷𝜉,𝑀,𝑖,𝑗

),

B𝜂,𝑖,𝑗

=

(
(
(
(

(

0

2

3

𝑀

∑

𝑚=1

𝑤𝑚𝜓𝑚 ,𝑖,𝑗 (𝑃2 (𝜉𝑚)) − (𝑃0 (𝜉𝑚))

...
𝑀(𝑀 − 1)

2𝑀 − 1

𝑀

∑

𝑚=1

𝑤𝑚𝜓𝑚 ,𝑖,𝑗 (𝑃𝑀 (𝜉𝑚) − 𝑃𝑀−2 (𝜉𝑚))

)
)
)
)

)

(18)

and 𝐴𝜂, 𝐷𝜂,𝑖,𝑗, 𝐵𝜂,𝑖,𝑗 are straightforward by replacing 𝜉 by 𝜂.
A set of weights are judiciously chosen with an equally

spaced distribution of angular ordinates (𝜉, 𝜂). The matrices
𝐴𝜉 and 𝐴𝜂 must be regular and they are inversed each only
once in all the calculation process.

To solve (12), we use successive iterations to actualise the
implicit internal source term in the right member. So, this
gives

Ψ
𝑘+1

𝑚,𝑖,𝑗
= [

Δ𝑦𝜉𝑚

𝛼
Ψ
𝑘+1

𝑚,𝑖−1,𝑗
+
Δ𝑥𝜂𝑚

𝛼
Ψ
𝑘+1

𝑚,𝑖,𝑗−1

+
1

2𝑛
2
𝑖,𝑗

[Δ𝑦 (𝑛
2

𝑖,𝑗
− 𝑛
2

𝑖−1,𝑗
)𝐷𝑚,𝑥,𝑖,𝑗

+ Δ𝑦 (𝑛
2

𝑖,𝑗
− 𝑛
2

𝑖,𝑗−1
)𝐷𝑚,𝑥,𝑖,𝑗]

+Δ𝑥Δ𝑦(𝑆
𝑘+1

𝑚,𝑖,𝑗
+ 𝜇𝑠,𝑖,𝑗

𝑀

∑

𝑚=1

𝑤𝑚𝑝𝑚𝑚Ψ
𝑘

𝑚,𝑖,𝑗
)]

× [
Δ𝑦𝜉𝑚

𝛼
+
Δ𝑥𝜂𝑚

𝛼
+ Δ𝑥Δ𝑦 (𝜇𝑎,𝑖,𝑗 + 𝜇𝑠,𝑖,𝑗)]

−1

.

(19)

The iteration process is repeated until a convergence
criterion is attempted. To improve convergence speed, we
use a successive overrelaxation method. So the updated value
Ψ
𝑘+1

𝑚,𝑖,𝑗
is a linear combination of the iterated value Ψ𝑘

𝑚,𝑖,𝑗
and

the previously computed value

(Ψ
𝑘+1

𝑚,𝑖,𝑗
)
updated

= 𝜌Ψ
𝑘

𝑚,𝑖,𝑗
+ (1 − 𝜌)Ψ

𝑘+1

𝑚,𝑖,𝑗
, (20)

where 𝜌 is a relaxation parameter whose value is usually
between 1 and 2. The solution is obtained when the relative
discrepancy value

𝜀 =

Ψ
𝑘+1

𝑚,𝑖,𝑗
− Ψ
𝑘

𝑚,𝑖,𝑗

Ψ
𝑘
𝑚,𝑖,𝑗

(21)

is smaller than a tolerance value. In all our calculus, we have
taken 10−8 as a tolerance value. As initial condition, we take
a field of null radiance. Also, all our calculations are done in
the case of interpolation diamond scheme (𝛼 = 0.5).

If the direction cosines are not both positive, the prece-
dent equations are valid provided that the orientationWESN
of cells is done according to the direction of propagation [7].
In all our investigations, the injected power source is assumed
to be equivalent to a forward collimated monochromatic
intensity placed at a source point on themiddle of the bottom
side of the boundary. Results shown below are obtained by
using a continuous wave source with a uniform equivalent
intensity value of 50mW⋅cm−1.

3.2. Boundary Conditions. On the boundary, the radiance is
the sum of the external source contribution and the partly
reflected radiance due to the refractive index mismatch at the
boundary

(i) Ψ( ⃗𝑟, Ω⃗) = 𝑆( ⃗𝑟𝑏, Ω⃗) + 𝑅 ⋅ Ψ( ⃗𝑟, Ω⃗ref);
(ii) ⃗𝑢𝑏 ⋅ Ω⃗ < 0 and ⃗𝑢𝑏 ⋅ Ω⃗ref = − ⃗𝑢𝑏 ⋅ Ω⃗,

where ⃗𝑟𝑏 is a position on the boundary and ⃗𝑢𝑏 is an outer
normal unit vector. The reflectivity 𝑅 can be calculated for
each direction using Fresnel’s relations.
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To present our results, we use the detected fluence rate
which is given in a (𝑖𝑑, 𝑗𝑑)-detector point on the boundary as

Φ𝑑 =

𝑀

∑

𝑚=1

(1 − 𝑅𝑚,𝑖𝑑 ,𝑗𝑑
)𝑤𝑚Ψ𝑚,𝑖𝑑,𝑗𝑑

, (22)

with
𝑅𝑚,𝑖𝑑 ,𝑗𝑑

=

{{{{{{{{{{{{{{

{{{{{{{{{{{{{{

{

1

if 𝜑𝑚 > arcsin(
𝑛air
𝑛𝑖𝑑 ,𝑗𝑑

)

1

2
[(

𝑛𝑖𝑑 ,𝑗𝑑
cos𝜑𝑚 − 𝑛air cos𝜑𝑡

𝑛𝑖𝑑 ,𝑗𝑑
cos𝜑𝑚 + 𝑛air cos𝜑𝑡

)

2

+(

𝑛𝑖𝑑 ,𝑗𝑑
cos𝜑𝑡 − 𝑛air cos𝜑𝑚

𝑛𝑖𝑑 ,𝑗𝑑
cos𝜑𝑡 + 𝑛air cos𝜑𝑚

)

2

] ,

else,

𝜑𝑡 = arcsin(
𝑛air sin𝜑𝑚
𝑛𝑖𝑑 ,𝑗𝑑

) , 𝑛air ≈ 1.

(23)

Also, we make use of a normalized detected fluence rate
defined as

Φ𝑁 =
Φ𝑑

(1/𝐷)∑
𝐷

𝑑=1
𝑤


𝑑
Φ𝑑

, (24)

where 𝐷 is the number of the detector points on one side
of the boundary and 𝑤



𝑑
is a weighting factor from the

generalized trapezoidal integration rule.
In all calculations, we have used 28 detector points

on each side. Also, all calculus is carried out by using 16
uniformly distributed discrete directions and a space grid of
121 × 121 cells.

4. Results and Discussion

4.1. Continuous Varying Refractive Index Medium. In this
investigation, we study near infrared radiation transport in
a rectangular medium exposed to a continuous collimated
source which is placed on the bottom side of the boundary.
Figure 1 shows the considered medium; it is assumed to
be 2 × 2 cm sized with varying refractive index. Within
the medium, we consider a 𝑥-axis linear refractive index
variation with different gradient values. To show the effect
of the refractive index on detected fluence rate, we have
used a weakly absorbing and forward scattering background
medium whose optical parameters are shown in Figure 1.

Figures 2 and 3 represent the response of the medium
through the detected signal on the top and right side of the
boundary in the case of linear variation of refractive index.
We note that the response of the medium varies linearly
according to the gradient of refractive index. The maximum
transmission moves to regions of height index (Figure 2).
Indeed, according to boundary conditions of the medium
(Descartes Laws) the transmission window increases propor-
tionally of refractive index between the medium and outside
medium (air).

Detector points

Top side

Right side

Source

y

x

1 cm

𝜇
s
= 25 cm−1

𝜇
a
= 0.5 cm−1

g = 0.8

n = 0.33 + 𝛿 ×
x

L

Figure 1: A test-medium with background properties and detector
points.
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Figure 2: Response of a continuous varying refractive index
medium detected fluence rate on the top side: gradient effect.

On the other hand, the right side (Figure 3) shows the
response of the medium detected on the right side of the
boundary in the case of linear and parabolic variation,
respectively. The detected fluence rate curves presents distin-
guished effect of refractive index gradient in linear case. The
transmission zone on the boundary increases with decreasing
gradient values. Even though most detected transmission
is obtained near the source, a weak gradient can augment
transmitted radiation relatively far from the sourcewhile high
values of gradient can block transmitted radiation within the
medium.

4.2. Effect of Stochastic Varying Refractive Index. In this
investigation, we keep the same medium precedent, but we
will study the stochastic variation refractive index.We control
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this variation by uniform random fixing of a given interval.
The other optical properties are the same as in the precedent
investigation. In such cases, there is an obvious effect of
the heterogeneity on the detected signal especially when the
refractive index is increased or decreased by 10% in a stochas-
tic way. The detected signal on different sides of the medium
is shown in Figures 4 and 5. There is a significant effect of
this variation on the detected signal on the top side and
right side, because there is strong perturbation in medium.
These findings highlight the potential of refractive index as
a possible detection parameter of a tumor in a surrounding
safe tissue. These findings open prospects for further study
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of the effect of local refractive variation in domain and
frequency-domain schemes in diffuse optical tomography.

5. Conclusion

This study attempted to develop a computational way helping
in detection of abnormalities in a biological tissue. This
should enable predictions of eventual tumor existence when
using a diffuse optical tomography scheme. The used model
is based on stationary radiative transfer equation including
a possible continuous and stochastic variation of refractive
index. In particular, computational technique of Legendre
transform is extended to handle angular derivative terms
arising by the varying refractive index consideration. The
obtained computational model is implemented to investi-
gate some practical situations in diffuse optical tomography
(DOT) setting. Obtained results showed that variation of
refractive index can yield useful predictions about the target
and the location of abnormal inclusions within the tissue.
These findings open prospects for further study of the effect
of local refractive variation in time-domain and frequency-
domain schemes in diffuse optical tomography.
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Magnetic resonance imaging has been benefited from compressed sensing in improving imaging speed. But the computation time of
compressed sensing magnetic resonance imaging (CS-MRI) is relatively long due to its iterative reconstruction process. Recently, a
patch-based nonlocal operator (PANO) has been applied in CS-MRI to significantly reduce the reconstruction error by making use
of self-similarity in images. But the two major steps in PANO, learning similarities and performing 3D wavelet transform, require
extensive computations. In this paper, a parallel architecture based on multicore processors is proposed to accelerate computations
of PANO. Simulation results demonstrate that the acceleration factor approaches the number of CPU cores and overall PANO-based
CS-MRI reconstruction can be accomplished in several seconds.

1. Introduction

The slow imaging speed is one of major concerns in magnetic
resonance imaging (MRI). Compressed sensing MRI (CS-
MRI) has shown the ability to effectively reduce the imaging
time. Numerous researches have been conducted on CS-MRI
[1–4] in the past few years. As one key assumption of CS-MRI,
MR images are sparse in some transform domains [5, 6] and
the sparsity seriously affects the reconstructed images. Unlike
using predefined basis, such as wavelets, to represent MRI
images, self-similarity of an MR image has been introduced
into CS-MRI [7–10] with the help of nonlocal means (NLM)
[11] or block matching and 3D filtering [12]. By modeling the
similar patches embedded in MR images with a linear repre-
sentation, a patch-based nonlocal operator (PANO) [13] has
been shown to outperform typical total variation, redundant
wavelets, and some other methods. PANO can be viewed as
an alternative form of the block matching 3D frames [14].
It explores the similarities of nonlocal image patches and
allows integrating conventional transforms such as wavelet,
discrete cosine wavelet, or discrete Fourier transform to
further exploit the sparsity of grouped similar image patches.

However, PANO usually suffers from massive computa-
tions because of high overlapping among the patches. Fortu-
nately, learning patch similarities and forward and backward
transformations among grouped patches are independent of
each other. This allows reducing the reconstruction time by
taking the advantage of the technology of parallel computing
[15, 16]. In this paper, we design a parallel architecture to
accelerate the computations of PANO. There are two main
steps in PANO [13], learning similarities and performing 3D
wavelet transform on grouped patches. Simulation results
demonstrate that the parallel architecture can effectively
accelerate the computation speed by making use of mul-
tiple CPU cores. This parallel architecture is also widely
applicable to the self-similarity-based image reconstruction
methods.

2. Methods

As mentioned above, there are two major steps in PANO,
learning similarities and performing 3Dwavelet transformon
grouped patches.
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We first review the process of learning similarities. For
a specified patch, PANO is to find Q-1 similar patches (the
shorter the Euclidean distance is, the more similar they are)
in a search region centered in the specified patch [13]. After
the similarity information of a patch is learnt, the Q patches
(including the specified patch andQ-1 similar patches) will be
stacked into a 3D cube from the most similar one to the least,
as is shown in Figure 1.

As 3D cubes are created, 3D wavelet transform can be
applied to them. First, perform 2D forwardwavelet transform
in X-Y dimension and then do 1D forward wavelet transform
in Z dimension. After the forward wavelet transform is done,
a soft threshold operator is applied. Following 3D backward
wavelet transform, 3D cubes are assembled back to the image.

The two major steps in PANO are both patch-based,
and each patch can be handled independently. Therefore,
parallel computing can be a good solution to accelerate the
computations. More and more image processing applications
that exhibit a high degree of parallelism are showing great
interests in parallel computing [16]. Parallelization can be
easily implemented on multicore central processing unit
(CPU) with existing application program interfaces (APIs)
such as POSIX threads and OpenMP [15]. Meanwhile, many
applications aremaking use of graphic processing unit (GPU)
[17], which is good at doing complex computations. Due to
the simplicity, flexible interface, and multiplatform supports,
we chooseOpenMP as ourAPI to develop parallel computing
program on CPU, which is the common configuration for
personal computers.

2.1. Parallelization on Learning Similarities. In order to make
full use of a multicore CPU, tasks should be properly gener-
ated and assigned to CPU cores [16]. If there are too many
tasks, CPU cores will switch frequently to handle the tasks
and the cost for switching between CPU cores is expensive.
Therefore, generating a task that is based on a single patch
is suboptimal. Instead, generating a task that processes a
serial of image patches in one column or one row can be
better, as is shown in Figure 2. Because generating tasks
according to columns is the same as according to rows, we
choose columns as an example in this paper. Computations
in one task are serial while each task will be processed in
parallel. After one task is done, computations on the patches
of the corresponding column will be finished. That is, all the
similarity information for the patches in that column is learnt.
CPU cores can be effectively utilized when the number of
columns in an image is much larger than the number of CPU
cores in a personal computer.

2.2. Parallelization on 3DWavelet Transform on Cubes. After
similarity information is learnt, 3D cubes can be easily
created, as is shown in Figure 1. The 3D wavelet transform
on cubes shares the same parallel architecture as Section 2.1.
One task gets out the similarity information of patches in
one column. After cubes are created according to the learnt
similarity information, wavelet transforms will be applied on
them. Computations on cubes within each column of patches
will be serial and tasks will be processed in parallel, as is
shown in Figure 3.
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Figure 1: Search Q-1 = 7 similar patches in the search region and
stack them with the basic patch T into a 3D cube.
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Figure 2: Generating tasks according to image columns. One task
corresponds to one column of patches.

3. Results

Experiments are conducted in three aspects. First, the effec-
tiveness of the parallel architecture on a personal computer
is discussed. Second, the performance on a professional
workstation with 100CPU cores will be explored. At last, a
complete process in PANO-based CS-MRI will be accom-
plished to see howmuch the improvement will be in iterative
CS-MRI reconstructions. Every experiment is repeated five
times, and the reported computation time is the average of
them.

3.1. Parallelization Improvement on a Personal Computer.
The experiments are conducted on DELL T1700 personal
workstation with E3-1225v3 CPU (4 cores, 3.2 GHz). 64-bit
Windows 7 is our operating system. MATLAB version is
2013B with MEX compiler from Visual Studio 2012. Patch
size is set to be 8 × 8, search region is 39 × 39, sliding
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Figure 4: Dataset. (a), (c), (e), (f), and (g) T2 weighted MR brain images, (b) one frame of cardiac MR images, and (d) a water phantom
image.

step is 1, and the number Q is 8. Sliding step is a moving
step to select the next patch. Haar wavelet is chosen as the
sparsifying transform due to its efficiency and simplicity.
Seven images shown in Figure 4 are tested. Figures 4(a), 4(c),
4(e), 4(f), and 4(g) are T2 weighted brain images acquired
from a healthy volunteer at a 3T Siemens Trio Tim MRI
scanner using the T2 weighted turbo spin echo sequence
(TR/TE = 6100/99ms, 220×220mmfield of view, and 3mm
slice thickness). Figure 4(b) is a cardiac image downloaded
from Bio Imaging Signal Processing Lab [18, 19]. Figure 4(d)
is a water phantom image acquired at 7T Varian MRI system
(Varian, Palo Alto, CA, USA) with the spin echo sequence
(TR/TE = 2000/100ms, 80 × 80mm field of view, and 2mm
slice thickness).

3.1.1. Accelerating in Learning Similarities. As is shown
in Figure 5, computation time for learning similarities of
Figure 4(a) is effectively decreased with the increasing num-
ber of CPU cores in use. It demonstrates that the paralleliza-
tion is effective. However, the accelerating factor cannot be

exactly the same as the number of CPU cores. One reason
is that it needs to create and assign tasks to CPU cores, and
this activity requires extra time. Furthermore, tasks may not
be finished exactly within the same time. Therefore, it is
reasonable that the accelerating factor is between 3 and 4with
4 CPU cores.

3.1.2. Accelerating in 3D Wavelet Transform on Cubes. As is
shown in Figure 6, parallelization on 3D wavelet transform
on cubes of Figure 4(a) is also very effective. Besides the cost
introduced in Section 3.1.1 for parallelization, it also needs
time to create cubes and reassemble them back to the image.
Therefore the accelerating factor is smaller than four when
there are 4 CPU cores in use.

3.1.3. Test Results on More MRI Images. The remaining
images in Figure 4 are tested and the computation time is
shown in Figure 7. Because Figures 4(b)–4(g) are complex
images, the computation time of 3D wavelet transform
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Figure 6: Computation time of 3D wavelet transform on cubes for
Figure 4(a) with different number of CPU cores in use.

on cubes is approximately twice the consuming time for
Figure 4(a), as real and imaginary parts are computed sep-
arately. The computation time is comparable for different
images, implying that the computations do not depend on the
image structures. Furthermore, as it can be seen in Figures
7(a), 7(b), and 7(c), the acceleration is effective with different
images when testing with various CPU cores.

3.2. Parallelization Improvement on a Professional Work-
station. The effectiveness on a professional workstation is
discussed in this section. Experiments are executed on IBM
x3850 with ten E7-8870 CPUs. As shown in Figures 8 and 9,
both learning similarities and 3D wavelet transform on cubes
are effectively accelerated with 100 cores, and 128 threads are
tested due to hyperthreading technology [20].

3.3. Parallelization Improvement on PANO-Based CS-MRI.
The full reconstruction of PANO-based CS-MRI is discussed
in this section. Experiments conducted with the sliding steps
are 8 and 4, respectively, and 40% of data are sampled.
With a typical setting, similarity is learnt twice, and 3D
wavelet transform on cubes will be called about 160 times. As
introduced in [13, Algorithm 2], setting the times of updating
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Figure 7: Computation time with various cores for (b), (c), (d), (e),
(f), and (g) in Figure 4.

the guide image as 2 will improve results.Therefore similarity
is learnt twice. In [13, Algorithm 1], the assembled image
needs to be updated many times to get a sufficient large 𝛽.
Besides, the 3D wavelet transform performed on cubes will
be called about 160 times.

As is shown in Table 1, both learning similarities and 3D
wavelet transformon cubes are accelerated effectively nearly 4
times with sliding step being 4 and 4 CPU cores in use.When
sliding step is 8, a full reconstruction can be accomplished
in about 3 seconds. Because computations are very fast and
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Table 1: Computation time of PANO-based CS-MRI (unit: seconds).

Sliding step = 8 Sliding step = 4
One core Four cores One core Four cores

Learning similarities 0.077 0.039 0.578 0.153
3D wavelet transform on cubes 7.910 2.438 31.684 8.915
Other computations 0.531 0.546 0.560 0.575
Total reconstruction time 8.518 3.023 32.822 9.643
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Figure 8: Computation time of learning similarities on a profes-
sional workstation for Figure 4(a).
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Figure 9: Computation time of 3D wavelet transform on cubes on
a professional workstation for Figure 4(a).

the cost for parallelization is relatively expensive, learning
similarities are accelerated less than 3 times.

4. Conclusion

In this paper, the patch-based nonlocal operator (PANO)
has been parallelized to accelerate its two major steps,
learning similarities and performing 3D wavelet transform
on grouped similar patches. Experiments conducted on both
the personal and professional computers have proven the
effectiveness and applicability of the parallel architecture.
Results demonstrate that a full PANO-based compressed
sensing MRI reconstruction can be accomplished in several

seconds. The parallel architecture of PANO is also applicable
for other image reconstruction problems [21]. In the future,
how tomaximize the acceleration for computations of PANO
on 3D imaging with multicore CPUs and GPUs will be
developed.
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The treatment of cancer draws interest from researchers worldwide. Of the different extracts from traditional Chinese medicines,
Tubeimoside 1 (TBMS 1) is regarded as an effective treatment for cancer. To determine themechanism of TBMS 1, the shape/pattern
of HepG2 cells based on the microscopic imaging technology was determined to analyze experimental results; then the fluorescent
spectra method was designed to investigate whether TBMS 1 affected HepG2 cells. A three-dimensional (3D) fluorescent spectra
sweep was performed to determine the characteristic wave peak of HepG2 cells. A 2D fluorescent spectra method was then used to
show the florescence change in HepG2 cells following treatment with TBMS 1. Finally, flow cytometry was employed to analyze the
cell cycle of HepG2 cells. It was shown that TBMS 1 accelerated the death of HepG2 cells and had a strong dose- and time-dependent
growth inhibitory effect on HepG2 cells, especially at the G2/M phase. These results indicate that the fluorescent spectra method is
a promising substitute for flow cytometry as it is rapid and cost-effective in HepG2 cells.

1. Introduction

Cancer is one of the most deadly diseases in the world [1].
Effective cancer treatments include surgery [2, 3], radiation
therapy [4, 5], chemotherapy [6, 7], gene therapy [8, 9], and
biotherapy [10, 11]. However, these methods in addition to
killing cancer cells also kill large numbers of normal cells
simultaneously. In recent years, the study has drawn signif-
icant attention on searching for low toxic antitumor active
components from natural plants. Thus, cancer prevention
and treatment using Chinese herbal medicines has attracted
increasing interest [12, 13]. Chinese herbal medicines have
been used in the treatment of different diseases in China and
other Asian countries for thousands of years [14]. Biological
ingredients of herbal medicines are mainly extracted from
natural plants, animal parts, insects, stones, and minerals
[15]. In recent decades, numerous basic and clinical studies
have been conducted in order to identify effective anticancer
agents in Chinese herbal medicines and ascertain their

properties in relation to the treatment of cancer. Numer-
ous herbal medicines have been found to have potentially
beneficial effects on cancer progression and may ameliorate
chemotherapy- or radiotherapy-induced complications and
side effects [16, 17].

Primary liver cancer is one of the highest mortality
malignant tumors in the world. The incidence of liver cancer
is increasing these years. Diagnosis of liver cancer, especially
early diagnosis, is essential for improving patient’s survival
[18]. Thus, it is imminent to seek more effective methods or
agents for hepatoma treatment.

Tubeimoside (TBMS), the bulb of Bolbostemma panic-
ulatum (Maxim.) Franquet (Cucurbitaceae), is one of the
traditional Chinese medicines often used for the treatment
of tumors as well as for detoxication. In traditional Chinese
medicine, TBMS has long been widely used for treatment of
illness such as inflammation and snake venoms. The potent
antitumor activity of TBMS was first reported in 1981. Such
antitumor activity in part motivated the successful isolation
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of Tubeimoside 1 (TBMS 1), a triterpenoid saponin. And
subsequent studies confirmed that TBMS 1 can indeed inhibit
the growth of several human cancer cell lines including HeLa
cells [19, 20] and human promyelocytic leukemia (HL-60)
[21]. These studies appear to suggest that TBMS 1 may be
a potential candidate as a novel antitumor drug. However,
the mechanism of action of TBMS 1 remains unknown [21],
even though TBMS 1 is known to preferentially distribute
in the liver during in vivo metabolism, and thus might
better target liver cancer or hepatoma.This study determined
whether TBMS 1 affected the growth of cancer cells using the
microscopic imaging technology and the fluorescent spectra
method. HepG2 cells were selected as the test cells.

Fluorescence spectra of cancer cells can reflect the
metabolism status of cancer cells indirectly. To seek the
new anticancer medicine and provide useful data for related
researches, analyze the result of combination of Tubeimoside
and HepG2 cells through fluorescence spectrum technology
and the microscopic imaging technology. Substances show
a “finger” wave peak due to their fluorescent spectra [22],
and this “finger” wave peak is regarded as an identification
marker for a particular substance. In this paper, to analyze
the consequences of the fluorescent spectra change, the
physical specification (shape change) of cells was observed by
microscopic imaging technology. The 3D fluorescent sweep
was performed to determine the characteristic wave peak
of HepG2 cells. Based on the results of the 3D fluorescent
sweep, a 2D fluorescentmeasurement was used to analyze the
mechanism of interaction between TBMS 1 and HepG2 cells.
To obtain information on the cell cycle, flow cytometry was
employed.

2. Materials and Methods

2.1. Sample Preparation and Cell Culture. As the drug
metabolism and pharmacokinetics (DMPK) of the animal
models shows that the Tubeimoside 1 is found in high-
est concentrations in liver, so the Tubeimoside 1 is likely
to increase the efficacy of liver cancer. HepG2 cells were
obtained from ATCC (American Type Culture Collection)
and were cultured at 37∘C in 5% CO2 in RPMI-1640 (Thermo
Fisher Scientific Inc., USA) plus 10% fetal bovine serum
(Zhejiang Tianhang Biological Technology Co., Ltd., China)
under standard culture conditions. HepG2 cells should be
gotten through the primary culture and subculture. Then we
took out three bottles of cells from the cell culture incubator,
observed, recorded the growth condition of cultured cells,
replaced the RPMI-1640 culture timely, repeated the subcul-
ture when the density of the cells in flasks was larger, and
subpacked each bottle of cells in 2 bottles; the six bottles
of cells were labeled (a)–(f), and then we put them back to
the cell culture incubator. When the cells reached 60%–70%
confluence, they were subcultured or treated with TBMS 1.

TBMS 1 (National Institute for Food and Drug Control,
China) was dissolved in PBS and stored at 4∘C and then
diluted to 15 𝜇mol/L and 30 𝜇mol/L, respectively. HepG2 cells
were treated with TBMS 1 at these two concentrations for 24
hours and 48 hours. Untreated cells were considered as the

Table 1: Preparation of samples for assay.

Group ID A B C D E F
Concentration of TBMS 1 (𝜇mol/L) 0 15 30 0 15 30
Duration of Treatment (hours) 24 24 24 48 48 48

Figure 1: Cell morphology of HepG2 cells before adding the
Tubeimoside 1.

control group, and 6 groups of samples were analyzed in total.
These groups were labeled (a)–(f) and are given in Table 1. To
eliminate interference caused by different concentrations of
HepG2 cells and avoid saturation of the fluorescent intensity,
4mL of the cell suspension was withdrawn and then diluted
to approximately 10000 counts/mL for the fluorescent mea-
surement, while the remainder was used for flow cytometry.

2.2. Microscopic Imaging of HepG2. To analyze the inter-
action between TBMS 1 and HepG2 cells according to the
fluorescent spectra, microscopic images of these cells after
treatment were gotten using a microscope (Leica DMI6000B,
Germany) with a 40x objective lens and a 10x eyepiece;
then the pattern changes were observed by the comparative
analysis of the microscopic images.

2.3. Fluorescent Measurement. This experimental section
firstly studied the general characteristics of each HepG2 cells
group before and after the interaction with Tubeimoside
1 by using three-dimensional fluorescence spectrum tech-
nique, then studied the detail characters by using the two
dimensional fluorescence spectrum. By comparing the fluo-
rescence spectrum of each HepG2 cells group, we analysed
the difference between each other and got the experimental
conclusion.

To acquire the fluorescent characteristics of the HepG2
cells, a 3D fluorescent spectra sweep of group (a)–(c) was
performed using a fluorospectrophotometer (F97, Shanghai
Lengguang Technology Co., Ltd., China).The excitation light
was set at 200 nm to 700 nm with a resolution of 20 nm. The
emission light was also set at 200 nm to 700 nm with a reso-
lution of 1 nm. The sweep speed was placed at 6000 nm/min.
Before testing, and to ensure the samples were stable, a
xenon lamp was shone on the samples for 3 minutes and the
temperature controller on the fluorospectrophotometer was
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Figure 2: Photographs of the 6 groups of HepG2 cells.

turned on for half an hour. Three tests were performed for
each sample and the average value was calculated for analysis.

Based on the 3Dfluorescent spectra, thewavelength of the
characteristic emission peakwas determined.Thewavelength
of the excitation light was then set.The 2Dfluorescent spectra
were then acquired. Three tests were carried out for each
sample and the average value was calculated for analysis.

2.4. Flow Cytometry for Determination of Cell Cycle Dis-
tribution. This experiment analysed the characteristics of
HepG2 cells changes before and after the interaction with
Tubeimoside 1. After the fluorescent measurements, the
remaining cells in each group were harvested and analyzed
using flow cytometer (BD FACSCalibur, BD Biosciences,
USA). The main purpose was to determine the cell cycle dis-
tribution of the HepG2 cells before and after the interaction

with Tubeimoside to analyze the results of the fluorescence
spectrum experiment.

3. Results and Discussion

3.1. Analysis of HepG2 Cells Images. Before adding the
Tubeimoside 1 to the cell culture bottles of HepG2 cells, we
got the image of the HepG2 cells shown in Figure 1, the
magnification of the microscope was ×400.

When the Tubeimoside 1 had been in the cell cultures
for 24 hours, the cell morphology images of groups (a)–(c)
were shown in Figures 2(a)–2(c). When the Tubeimoside 1
had been in the cell cultures for 48 hours, the cellmorphology
images of groups (d)–(f) were shown in Figures 2(d)–2(f).

From images of recorded cell morphology at various
points, we can see that Tubeimoside 1 had significant effects
on HepG2 cells. From Figures 2(b) and 2(c), the cells were
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more dispersed and were round in shape. Figures 2(c) and
2(d) showed numerous dead cells. In Figures 1, 2(a), and 2(c),
themembrane ofHepG2 cell had the vesicles bulging outward
gradually; the phenomenon of apoptosis was obvious; and
a lot of cells died. So it could be got that the effects that
Tubeimoside 1 had on HepG2 cell were more obvious along
with the increasing of concentration of Tubeimoside 1. And
the longer the time of the interaction between Tubeimoside 1
and HepG2 cells was, the better the effects were.

In a word, TBMS 1 accelerated the death of HepG2 cells
and this acceleration was proportional to the concentration
of tubeimoside1 and duration of treatment.

3.2. The Survival Rate of HepG2 Cell. After adding the
Tubeimoside 1, HepG2 cells began to die in different degrees.
Due to limited experimental conditions. We counted the
apoptosis rate of each group of cells based on the images taken
by using the electron microscope. Ten visual field images of
each group of cells were selected from themicroscopic images
of 400, then calculated the average of the cell apoptosis rates,
respectively. The result was shown in Figure 3.

By means of statistics analysis, the apoptosis rates of
groups (a)–(c) were 1%, 27%, and 84%, respectively, and the
apoptosis rates of groups (d)–(f) were 2%, 39%, and 96%,
respectively.

3.3. Fluorescent Change. This experiment firstly measured
the three-dimensional fluorescence spectrum of each group
of HepG2 cell suspension, then determined the general
position of the fluorescence peak and exported the data
and recorded the corresponding emission wavelength of
fluorescence peak. Depending on the recorded emission
wavelength, we measured the excitation spectrum of each
group, then determined the fluorescence peak position from
the excitation spectrum and recorded the corresponding
excitation wavelength. Finally, we measured the correspond-
ing emission spectrum according to the records of the
excitation wavelength, and the emission spectrum was the
detailed information of the three-dimensional fluorescence
spectrum peak.

Figure 4 shows the 3D fluorescent spectra of the sample
groups (a)–(c). Except for Raman and Rayleigh scattering,
the strongest intensity of emitted light was seen when the
excitation light was approximately 282 nm. It was concluded
from Figure 4 that the contour plot of three-dimensional
fluorescence peaks wasmore andmore sparse and the relative
fluorescence intensity was decreasing to various degrees with
the increase in the concentration of the Tubeimoside 1.

According to the 3D fluorescent spectra, the wavelength
of excitation light was set at 282 nm. Figure 5 shows the 2D
fluorescent spectra of emitted light at wavelengths ranging
from 200 nm to 800 nm.

The intensity of the emitted light near 342 nm in groups
(a)–(f) was 2154, 1997, 1196, 2162, 1819, and 765, respectively.
It was concluded that the intensity of the characteristic peak
of HepG2 cells was weak when the concentration of TBMS
1 was high. The longer the treatment period is, the weaker
the intensity of the characteristic peak of HepG2 appeared.
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Figure 3: The apoptosis rate of HepG2 cells.

340 nm was the characteristic peak position and may have
been caused by tryptophan [23].

The intensity of the Rayleigh scattering near 282 nm
in groups (a)–(f) was 10000, 9976, 7871, 10000, 9959, and
6994, respectively. Similarly, with increasing concentration of
TBMS 1 the intensity of the characteristic peak decreased.

It appears that Tubeimoside 1 could not only influence
the position of HepG2 cells fluorescence peak, but also affect
the relative light intensity. The intensity of the characteristic
peak at 342 nm changed with the concentration of TBMS
1. The relative light intensity at fluorescence spectrum peak
was inversely related to concentration of Tubeimoside 1
and duration of treatment. The possible reason was that
Tubeimoside 1 influenced the distribution of HepG2 cells
cycle phase and caused the apoptosis of HepG2 cells.

3.4. Results of Flow Cytometry. The influence of Tubeimoside
1 on the cell cycle distribution was measured by detecting the
cellular DNA content using the flow cytometry. Table 2 shows
the results of flow cytometry in the samples.

By comparing the experimental results of groups (a)–
(c), it was not difficult to see that after 24 hours interaction
between Tubeimoside 1 and HepG2 cells, the ratio of HepG2
cells in G1 phase decreased gradually while the HepG2 cells
in G2-M phase and S phase increased gradually with the
increase of the concentration of Tubeimoside 1. Similarly,
we also compared the flow cytometry experiment results of
groups (d)–(f). After 48 hours interaction between Tubeimo-
side 1 and HepG2 cells, the ratio of HepG2 cells in G1 phase
decreased gradually while the HepG2 cells in G2-M phase
increased gradually with the increase of the concentration
of Tubeimoside 1, but the HepG2 cells in S phase had not
the similar variation. For the HepG2 cells in G2-M phase,
by comparing group A with group D, group B with group
E, and group C with group F; respectively, it was concluded
that the number of cells was directly proportional to the time
of interaction between Tubeimoside 1 and HepG2 cells when
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Figure 4: 3D fluorescent spectra of groups (a)–(c).

Table 2: The results of flow cytometry.

Sample ID A B C D E F
Proportions of cells in G1 phase (%) 67.56 63.32 55.88 45.68 51.72 41.15
Proportions of cells in S phase (%) 24.99 27.53 33.77 39.59 27.38 35.19
Proportions of cells in G2/M phase (%) 7.45 9.15 10.34 14.73 20.90 23.66

the concentration of Tubeimoside 1 was the same. It could
also be concluded that the difference values between group
A and group D, group B and group E, and group C and group
F were increasing with the increase of the concentration of
Tubeimoside 1. The above results showed that TBMS 1 had a
growth inhibitory effect on HepG2 cells, particularly in the
G2/M phase.

4. Conclusion

This paper analyzed the cell morphological microscopic
image changes, the three-dimensional fluorescence spectrum

and the emission spectrum changes, and flow cytometry
results of theHepG2 cells before and after the interactionwith
the Tubeimoside 1, respectively.

The apoptosis of HepG2 cells can be measured by micro-
scopic image, and the information also can be reflected
by the fluorescence spectrum. In other words, fluorescence
spectrometry probably can be used as a detection method
of HepG2 cell apoptosis. Conventional method of cell apop-
tosis is using flow cytometry, but the operation process is
complex and the experiment cost is high compared with the
fluorescence spectrum analysis method. So these results also
indicate that the fluorescent spectra method is a promising
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Figure 5: Emission spectra of the 6 groups of HepG2 cells with excitation light at 282 nm.

substitute for flow cytometry as it is rapid and cost-effective
in HepG2 cells.
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Computed tomography (CT) reconstruction with low radiation dose is a significant research point in current medical CT field.
Compressed sensing has shown great potential reconstruct high-quality CT images from few-view or sparse-view data. In this
paper, we use the sparser L1/2 regularization operator to replace the traditional L1 regularization and combine the Split Bregman
method to reconstruct CT images, which has good unbiasedness and can accelerate iterative convergence. In the reconstruction
experiments with simulation and real projection data, we analyze the quality of reconstructed images using different reconstruction
methods in different projection angles and iteration numbers. Compared with algebraic reconstruction technique (ART) and total
variance (TV) based approaches, the proposed reconstruction algorithm can not only get better images with higher quality from
few-view data but also need less iteration numbers.

1. Introduction

Since computed tomography (CT) technique was born in
1973, CT has been widely applied in medical diagnose,
industrial nondestructive detection, and so forth [1]. In
medical CT field, CT reconstruction with low radiation
dose is a significant research problem, which needs the
reconstruction of high-quality CT images from few-view
or sparse-view data. Recently, compressed sensing (CS) [2]
theory has been applied in CT image reconstruction; it is
possible to reconstruct high-quality images from few-view
data under the frame of CS. In CS theory, sparse signal is
often regularized with L𝑝(0 ≤ 𝑝 ≤ 1) regularization; L0
regularization is the sparest and most ideal regularization
norm (L0 regularization denotes the number of nonzero
signal elements). However, L0 regularization is susceptible to
noise interference and it is difficult to solve equations, and L1
regularization is usually used as the regularization operator.
Theoretically, if regularization is closer to L0 regularization
could get higher-quality CT images in CT reconstruction.

Recently, Xu et al. proposed L1/2 regularization [3] and a
soft thresholding algorithm [4], and Xu and Wang proposed
a hybrid soft thresholding algorithm [5]. L1/2 regularization
has some theoretical properties, such as unbiasedness, sparse

regularization, andOracle. It is easier to produce sparser solu-
tion compared with the current L1 regular operator used in
CT reconstruction.Theoretically, CT reconstruction method
based on L1/2 regularization will reconstruct higher-quality
CT images with few-view data.

On solving L1 regularization problem, Goldstein and
Osher proposed Split Bregman method [6] which is derived
from Bregman iterative algorithm [7]. Split Bregmanmethod
uses an intermediate variable to split L1 regularization
and L2 regularization into two equations; L2 regularization
equation can be solved by gradient descent method, and
L1 regularization equation can be solved by thresholding
algorithm. Split Bregman method can accelerate iterative
convergence and produce better results. Based on Split Breg-
man method, Vandeghinste et al. proposed Split Bregman-
based sparse-view CT reconstruction [8] and iterative CT
reconstruction using shearlet-based regularization [9]. Chu
et al. proposed multienergy CT reconstruction based on low
rank and sparsity with the Split Bregman method (MLRSS)
[10]. Chang et al. proposed a few-view reweighted sparsity
hunting (FRESH) method for CT image reconstruction [11].

In this paper, we propose a CT reconstruction algorithm
based on L1/2 regularization and Split Bregman method.
In the following section, L1/2 regularization, Split Bregman
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method, and the proposed algorithm will be introduced. In
the third section, we will use the proposed algorithm to
analyze numerical phantom and real projection data. In the
last section, we will discuss relevant issues and conclude the
paper.

2. Materials and Methods

2.1. L1/2 Regularization. Generally, CT reconstruction algo-
rithm can be divided into analytic reconstruction algorithm
and iterative reconstruction algorithm; the current typical
analytic reconstruction algorithm is filter back-projection
(FBP), and iterative reconstruction algorithm contains alge-
braic reconstruction technique (ART) [12], simultaneous
algebraic reconstruction technique (SART) [13], expectation-
maximization (EM) [14], and so forth. Mathematical model
[15] of CT image reconstruction can be expressed as

Au = b, (1)

where A = (𝑎𝑖𝑗) is the projection matrix, b = (𝑏
1
, 𝑏
2
, . . . ,

𝑏
𝑀
) ∈ 𝑅

𝑀 is the projection data, and u = (𝑢1, 𝑢2, . . . , 𝑢𝑁) ∈
𝑅
𝑁 is the reconstruction image.
For sparse-view data, it is difficult to reconstruct high-

quality images using the conventional CT image reconstruc-
tion algorithms, especially for analytic reconstruction algo-
rithms which require high completeness of data. Meanwhile,
there are also some artifacts in the reconstruction images
using the conventional iterative reconstruction algorithms.
In 2006, Donoho put forward the compressed sensing (CS)
theory [2]; its main idea is that most of signals are sparse
in the proper orthogonal transform domain, which means
most of signal transformation coefficients are close to zero or
equal to zero in orthogonal transformation, such as gradient
transformation [16] and shearlet transformation [9]. In CS
theory, an image can be reconstructed from a rather limited
amount of data as long as an underlying image can be sparsely
represented in an appropriate domain and determined from
these data. CT sampling signal is a typical sparse signal;
the x-ray attenuation coefficients of some regions of tested
objects (i.e., human body) are similar or equal. Thus, CT
reconstruction approaches based on compressed sensing can
reconstruct high-quality CT images from sparse-view data.

CT reconstruction problem can be converted to a con-
strained optimization problem

min
𝑢
𝐸 (𝑢) s.t. 𝐴𝑢 = 𝑏, (2)

where 𝐸(𝑢) is the regularization function, usually denoted
by L1 norm of wavelet, gradient, and so forth. In order to
simplify (2), we can use the penalty function method in
the optimization method to convert it into an unconstraint
optimization problem

min
𝑢
𝐸 (𝑢) + 𝜆𝑘‖𝑏 − 𝐴𝑢‖

2

2
, (3)

where 𝜆𝑘 is the weight coefficient, 𝐸(𝑢) can be denoted by
total variation (TV) which is a research hotspot in current

CT research field. TVmethod has beenwidely used in sparse-
view and limited angle CT reconstruction [7].

In compressed sensing theory, L0 norm is the most ideal
regularization norm, but it is difficult to solve equations with
L0 norm, and L0 regularization is easily interfered by noise
in CT reconstruction, so L0 norm is commonly replaced by
L1 norm. Theoretically, using a regularization norm which is
closer to L0 norm will reconstruct higher-quality CT images.
The definitions of L0, L1, and L1/2 regularization norm are

‖𝑈‖0 = 𝑎,

‖𝑈‖
1

1
=

𝑁

∑

𝑖=1

𝑢𝑖
 ,

‖𝑈‖
1/2

1/2
=

𝑁

∑

𝑖=1

√𝑢𝑖,

(4)

where 𝑈 = (𝑢1, 𝑢2, . . . , 𝑢𝑁) and 𝑎 denotes the nonzero
elements number in matrix 𝑈.

As shown in Figure 1, L1/2 regularization norm is closer
to L0 regularization norm than L1 regularization norm.

Xu et al. proposed a L1/2 regularization fast algorithm [4];
it can be expressed as

min
𝑥
{‖𝑏 − 𝐴𝑢‖

2

2
+ 𝛾‖𝑢‖

1/2

1/2
} , (5)

where 𝛾 is the regularization coefficient.
If 𝑢 is the optimal solution of (5), then the optimal

condition of (5) will be denoted by

0 = 𝐴
𝑇
(𝐴𝑢 − 𝑏) +

𝛾

2
∇ (‖𝑢‖

1/2

1/2
) , (6)

where ∇(‖𝑢‖1/2
1/2
) is the gradient of ‖𝑢‖1/2

1/2
; multiplying coeffi-

cient 𝜇 and adding 𝑢 at the both sides of (6), then we have

𝑢 + 𝜇𝐴
𝑇
(𝑏 − 𝐴𝑢) = 𝑢 +

𝜇𝛾

2
∇ (‖𝑢‖

1/2

1/2
) . (7)

The definition of operator is

𝑅𝛾,1/2 = (𝐼 +
𝛾

2
∇ (‖𝑢‖

1/2

1/2
))

−1

. (8)

Then the optimal solution 𝑢 can be represented as

𝑢 = (𝐼 +
𝛾

2
∇ (‖𝑢‖

1/2

1/2
))

−1

(𝑢 + 𝜇𝐴
𝑇
(𝑏 − 𝐴𝑢))

= 𝑅𝜇𝛾,1/2 (𝑢 + 𝜇𝐴
𝑇
(𝑏 − 𝐴𝑢)) ,

(9)

where the operator is

𝑅𝜇𝛾,1/2 = (𝑓𝛾,1/2 (𝑢1) , 𝑓𝛾,1/2 (𝑢2) , . . . , 𝑓𝛾,1/2 (𝑢𝑁))
𝑇

,

𝑓𝛾,1/2 (𝑢𝑖) =
2

3
𝑢𝑖 (1 + cos(2𝜋

3
−
2

3
𝜑𝛾 (𝑢𝑖))) ,

𝜑𝛾 (𝑢𝑖) = arccos(
𝛾

8
(

𝑢𝑖


3
)

−3/2

) .

(10)

Please see [4] for more proof details.
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f(u)

f1(u) = ‖u‖1

f1/2(u) = ‖u‖1/2

f0(u) = ‖u‖0

xO

Figure 1: L0, L1, and L1/2 regularization norm. Solid line and
dotted line represent L0 and L1 regularization norm, respectively;
imaginary point line denotes L1/2 regularization norm.

2.2. Split Bregman Method. In order to solve (3), Goldstein
and Osher proposed Split Bregman method [6], using an
intermediate variable to split L1 regularization and L2 regu-
larization into two equations; L2 regularization equation can
be solved by gradient descent method and L1 regularization
equation can be solved by thresholding algorithm. Then the
unconstrained optimal problem of (3) can be converted into

𝑢 = argmin
𝑢

‖Φ (𝑢)‖
1

1
+ 𝜆‖𝑏 − 𝐴𝑢‖

2

2
, (11)

whereΦ is the sparse transform and the common used sparse
transform contains gradient, wavelet, shearlet, and so forth.

Using an intermediate variable 𝑑 = Φ(𝑢), (11) can be
converted into

𝑢
𝑘+1
= argmin
𝑢

‖𝑑‖
1

1
+ 𝜆‖𝑏 − 𝐴𝑢‖

2

2
+ 𝜇‖𝑑 − Φ (𝑢)‖

2

2
, (12)

where 𝜇 is the coefficient. Then (12) can be converted into
two unconstrained optimal Bregman problems; it can be
expressed as

(𝑢
𝑘+1
, 𝑑
𝑘+1
) = argmin

𝑢

‖𝑑‖
1

1
+ 𝜆‖𝑏 − 𝐴𝑢‖

2

2

+ 𝜇

𝑑 − Φ (𝑢) − 𝑏

𝑘

2

2
,

(13)

𝑏
𝑘+1
= 𝑏
𝑘
+ (Φ (𝑢

𝑘+1
) − 𝑑
𝑘+1
) . (14)

Equation (13) can split into two equations:

𝑢
𝑘+1
= argmin

𝑢

𝜆‖𝑏 − 𝐴𝑢‖
2

2
+ 𝜇

𝑑 − Φ (𝑢) − 𝑏

𝑘

2

2
, (15)

𝑑
𝑘+1
= argmin

𝑢

‖𝑑‖
1

1
+ 𝜇

𝑑 − Φ (𝑢) − 𝑏

𝑘

2

2
. (16)

There are several advantages of Split Bregman method.
Firstly, Split Bregman method can accelerate iterative con-
vergence and calculate better results. Secondly, Split Bregman
method can be widely used in CT reconstruction; it can not
only solve L1 regularization problem but also solve other
regularization problems.

Figure 2: Shepp-Logan phantom.

2.3. CT Reconstruction Algorithm Based on L1/2 Regulariza-
tion. According to aforementioned methods, we propose a
CT reconstruction algorithm based on L1/2 regularization,
where L1/2 norm is used as the regularization norm and
gradient as the sparse conversion; then (11) can be expressed
as

𝑢 = argmin
𝑢

‖∇𝑢‖
1/2

1/2
+ 𝜆‖𝑏 − 𝐴𝑢‖

2

2
. (17)

Combine with Split Bregman method to solve (17) as
follows.

Step 1. One has

𝑢
𝑘+1
= argmin
𝑢

𝜆‖𝑏 − 𝐴𝑢‖
2

2
+ 𝜇

𝑑
𝑘
− ∇𝑢 − 𝑏

𝑘

2

2
. (18)

Step 2. One has

𝑑
𝑘+1
= min
𝑑
‖𝑑‖
1/2

1/2
+ 𝜇

𝑑 − ∇𝑢

𝑘+1
− 𝑏
𝑘

2

2
. (19)

Step 3. One has

𝑏
𝑘+1
= 𝑏
𝑘
+ (∇𝑢

𝑘+1
− 𝑑
𝑘+1
) . (20)

Step 2 can be solved by the method in Section 2.1 and Step 3
can be solved directly. To solve Step 1, we use gradient descent
method

𝑢
𝑘+1
= argmin
𝑢

𝜆‖𝑏 − 𝐴𝑢‖
2

2
+ 𝜇

𝑑
𝑘
− ∇𝑢 − 𝑏

𝑘

2

2
. (21)

Equation (21) is derivable and derivation of L2 regulariza-
tion as follows:

𝑔 (𝑢) = ‖𝑏 − 𝐴𝑢‖
2

2
,

𝜕𝑔 (𝑢)

𝜕𝑢
= 2𝐴
𝑇
(𝑏 − 𝐴𝑢) . (22)

To derivate (21), we have

𝑔
𝑘
= 2𝜆𝐴

𝑇
(𝐴𝑢 − 𝑏) + 𝜇[


𝑑
𝑘
− ∇𝑢 − 𝑏

𝑘

2

2
]



. (23)

Then

𝑢
𝑘+1
= 𝑢
𝑘
− 𝛼𝑔
𝑘
, (24)

where 𝑘 represents iteration numbers and parameter 𝛼 can be
acquired by the following equation:

𝛼
𝑘+1
= min (𝛼𝑘, 𝛽 × 𝑢

𝑘
− 𝑢
𝑘+1

2

2
) . (25)
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(a) (b) (c)

(d) (e) (f)

Figure 3:The reconstructed images using three different reconstruction algorithms from the noise-free and noise data. (a)–(c) Reconstructed
images from noise-free data: (a) reconstructed image using ART method, (b) reconstructed image using ART-TV method, and (c)
reconstructed image using SpBr-L1/2 method; (d)–(f) reconstructed images from noise data: (d) reconstructed image using ART method,
(e) reconstructed image using ART-TV method, and (f) reconstructed image using SpBr-L1/2 method.

3. Experimental Study

3.1. Numerical Simulation. In this section, we study the ART
algorithm, TV based ART algorithm (ART-TV), and L1/2
regularization based Split Bregman method (SpBr-L1/2) and
analyze the reconstructed images. In this paper, we test
Shepp-Logan phantom as shown in Figure 2, and the size
of phantom image is 256 × 256. We assume that the CT
system was viewed as a typical parallel-beam geometry, and
the scanning range was from 0∘ to 180∘ with a 𝜃 angular
increment; projection angles can be indicated as

𝜃𝑖 = 180 ×
(𝑖 − 1)

𝑁view
, 𝑖 = 1, 2, . . . , 𝑁view, (26)

where𝑁view is the number of projection angles.
We will compare the reconstruction results from noise-

free and noise data and projection numbers 𝑁view = 60. In
the simulation, we add 0.01% Gaussian noise to noise-free
projection data, and iteration number for every reconstruc-
tion algorithm is 50; the reconstruction results are shown in
Figure 3.

From Figures 3 and 4, we can see that the reconstructed
images using ART and ART-TV methods contain a lot of
noise and artifacts from noise-free and noise data, while the

Table 1: The RMSE of reconstructed images using three different
algorithms from noise-free and noise data.

Methods ART ART-TV SpBr-L1/2
Noise-free 0.0305 0.0104 0.0044
Noise 0.0388 0.0274 0.0102

reconstructed images using SpBr-L1/2 method include less
noise and artifacts and have clearer edges.

In order to evaluate the quality of reconstructed images,
we use root mean square errors (RMSE) as the evaluation
index. The definition of RMSE is

RMSE = √
∑
𝑀

𝑖=1
∑
𝑁

𝑗=1
(𝑢𝑖𝑗 − 𝑢

∗

𝑖𝑗
)
2

𝑀×𝑁
,

(27)

where 𝑢 and 𝑢∗ are the reconstructed image and original
image, respectively, and the image size is𝑀×𝑁.

As shown in Table 1, the RMSE of reconstructed image
using SpBr-L1/2 method is much smaller than reconstructed
images usingART andART-TVmethods, whichmeans SpBr-
L1/2 can reconstruct higher-quality images.
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Figure 4: The comparison between reconstructed images using three different reconstruction algorithms and original Shepp-Logan image.
(a) The profiles of line 128 in reconstructed images using ART and ART-TV methods from noise-free data and original Shepp-Logan image,
(b) the profiles of line 128 in reconstructed images using SpBr-L1/2 methods from noise-free data and original Shepp-Logan image, (c) the
profiles of line 128 in reconstructed images using ART and ART-TV methods from noise data and original Shepp-Logan image, and (d) the
profiles of line 128 in reconstructed images using SpBr-L1/2 methods from noise data and original Shepp-Logan image.

As shown in Figure 5, the SpBr-L1/2 algorithm can recon-
struct high-quality images at less iteration numbers, which
indicates that SpBr-L1/2 algorithm can accelerate iterative
convergence. From Figure 6, we can see that SpBr-L1/2 algo-
rithm can reconstruct high-quality images at less projection
numbers.

3.2. Real Data Study. In this section, we reconstruct oral
images using three different algorithms with real projection
data, where projection numbers are 90 and iteration numbers
are 50 while the original projection numbers are 360. And
as shown in Figure 7(a), we evaluate three images with
reconstructed image using ART with original projection data
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Figure 5: The RMSE line of reconstructed images with different reconstruction algorithms at 60 projection angles and different iteration
numbers, and the iteration numbers range from 1 to 100. (a) The RMSE of reconstructed images from noise-free projection data and (b) the
RMSE of reconstructed images from noise projection data.
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Figure 6: The RMSE line of reconstructed images with different reconstruction algorithms at 50 iteration numbers and different projection
angles; the projection angles range from 1 to 180. (a) The RMSE of reconstructed images from noise-free projection data and (b) the RMSE
of reconstructed images from noise projection data.

as a standard image. The reconstructed images and RMSE of
three reconstructed images are shown in Figure 7 andTable 2.

As shown in Figure 7, the reconstructed images using
ART and ART-TV method have more noise and artifacts,
while the reconstructed image using SpBr-L1/2 method has

less noise and artifacts. And from Table 2, the RMSE of
reconstructed image using SpBr-L1/2 method is smaller
than that of reconstructed images using ART and ART-TV
methods, which means SpBr-L1/2 can reconstruct higher-
quality images with clearer details. From the comparison of
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(a) (b)
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Figure 7:The reconstructed images using three algorithms from real projection data; iteration numbers are 50. (a) Reconstructed image using
ART with original projection data, (b) the reconstructed image using ART method, (c) the reconstructed image using ART-TVmethod, and
(d) the reconstructed image using SpBr-L1/2 method.

Table 2: The RMSE of reconstructed images using three different
algorithms with real projection data.

Methods ART ART-TV SpBr-L1/2
RMSE 0.0270 0.0256 0.0236

reconstructed images using different algorithms, we can see
that SpBr-L1/2 can reconstruct high-quality images at less
projection angles and less iteration numbers.

4. Discussions and Conclusion

There are several issues worth further discussion in the
reconstruction study. Firstly, the thresholding algorithm was
not applied to solve the L1/2 regularization problem. There
are two reasons. First, if the thresholding algorithm is applied
to solve the L1 regularization problem, the edge and details

of reconstructed images will not be clear, while the SpBr-
L1/2 without thresholding algorithm reconstructs images
with clear edges. Then, if the threshold value is settled to
solve L1/2 regularization problem, the reconstruction speed
will be reduced a lot. Secondly, there are some artifacts in
the reconstructed image using SpBr-L1/2 method from noise
data.The reason is that L1/2 regularization is closer to L0 regu-
larization, and the ability of denoising of L0 regularization is
bad; therefore the ability of denoising of L1/2 regularization
is not good enough. Thirdly, in the reconstruction from
real projection data, the reconstructed image using ART-
TV method lost some details, while details of reconstructed
image using SpBr-L1/2 method are much clearer.

In the further research, we will try to use SpBr-L1/2
algorithm in interior CT and study the region of interest
(ROI) reconstruction, which will reduce radiation dose as
much as possible.

In conclusion, we proposed a CT reconstruction algo-
rithm based on L1/2 regularization; the reconstructed results
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demonstrate that SpBr-L1/2 can reconstruct high-quality
images from few-view data. In the urgent demand of radia-
tion reduction, SpBr-L1/2 algorithm will have great potential
in clinical application.
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The Prony methods are used for exponential fitting. We use a variant of the Prony method for abnormal brain tissue detection in
sequences of𝑇2 weightedmagnetic resonance images.Here,MR images are considered to be affected only byRician noise, and a new
wavelet domain bilateral filtering process is implemented to reduce the noise in the images.This filter is a modification of Kazubek’s
algorithm and we use synthetic images to show the ability of the new procedure to suppress noise and compare its performance
with respect to the original filter, using quantitative and qualitative criteria. The tissue classification process is illustrated using a
real sequence of 𝑇2 MR images, and the filter is applied to each image before using the variant of the Prony method.

1. Introduction

The main goal of this paper is to detect abnormal tissues
in 𝑇2 weighted magnetic resonance image sequences. The
identification of the distribution of relaxation times in 𝑇2

weighted magnetic resonance brain images has been used to
classify tissues and as a tool for the segmentation of tumors
[1–3]. This is possible because the tissue corresponding to
a given pixel in a sequence of 𝑇2 weighted MRI images
is characterized by a relaxation rate and therefore allows
for differentiation of the tissues that conform to the region
determined by a set of pixels. In this paper, we assume that the
intensity at a pixel, in a sequence of 𝑇2 weighted MRI brain
images, can be approximated by

𝑦𝑖 = 𝑏 +

𝑘

∑

𝑗=1

𝐶𝑗𝑒
−𝑖𝜆𝑗Δ𝑡, 𝑖 = 1, . . . , 𝑛, (1)

where Δ𝑡 is the echo time interval. Here, 𝑦𝑖 represents the
intensity of gray in the pixel, 𝑛 is the number of images
in the sequence, and 𝑘 is the number of tissues considered
in the pixel, 𝑛 ≥ 2𝑘 + 1. The exponents 𝜆𝑗 are called the
nonlinear parameters and correspond to the relaxation rates
associatedwith the different tissues present in the images, and
the coefficients 𝑏, 𝐶1, . . . , 𝐶𝑘 are called the linear parameters

and are related to the background noise of the image and the
proportions of each one of the 𝑘 tissues in the pixel, respec-
tively. The background noise is the noise which comes from
all possible sources, some of which are unknown, and usually
corresponds to patient movement and the image acquisition
process. Mart́ın-Landrove et al. [3, 4] proposed the model
and used a variant of Prony’s method to find the linear and
nonlinear parameters.Wehave used twomethods to compute
the parameters in the exponential model (1): the variant of
the Prony method already mentioned [3–6] and the variable
projection method of Golub and Pereyra [7–9]. Prony-type
methods are widely used for estimating a signal frequency
component; a discussion of such methods can be found in
[10–13]. On the other hand, the variable projection method
has been used in many applications in fields like electrical
engineering, medical image processing, chemical sciences,
environmental sciences, magnetic resonance applications,
and so forth. A comprehensive bibliographic reference can be
found in [8], (144 items).

In [5] Paluszny et al., comparing the solution obtained by
the variant of the Pronymethod and the solution given by the
variable projection method, it was noted that both methods
successfully converge in the case of low level noisy data, and
none produces a satisfactory solution for high noise levels; the
variable projection method proved to be more robust in the
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presence of higher noise levels but required ten times more
computational time to get results comparable to those of the
variant of the Prony method.

The exponential fit given by (1) is an ill-conditioned
problem, and this means that relatively small changes in the
data may result in large variations in the linear and nonlinear
parameters; therefore, a filter is required to modify the data
before using any of the consideredmethods. In particular, [6]
provides an analysis of the sources of instability for the variant
of the Prony method.

In the literature, there are a number of different filters
to enhance MRI. We chose to modify the filter designed by
Kazubek [14], to get a wavelet domain filter for removing
noise on each image, before applying the Prony method, and
trying to keep the computation time low.

2. Wavelet Domain Filters for MRI Denoising

2.1. The Two-Dimensional Wavelet Transform. Let us con-
sider an image 𝑓, and let 𝑓(𝑥, 𝑦) be the gray intensity
corresponding to the pixel given by coordinates (𝑥, 𝑦). The
discrete wavelet transform (DWT) is a decomposition of 𝑓 in
two functions:

𝑓 (𝑥, 𝑦) ≈ F𝑠 (𝑥, 𝑦) + F𝑤 (𝑥, 𝑦) , (2)

where F𝑠 is a representation of 𝑓 in terms of shifted and
dilated versions of a low-pass scaling function 𝜙(𝑥, 𝑦) and
F𝑤 is a representation of 𝑓 in terms of shifted and dilated
versions of a prototype bandpass wavelet function 𝜓(𝑥, 𝑦).
The coefficients which determine the components F𝑠 and
F𝑤 are called scaling coefficients and wavelet coefficients,
respectively. Once the functions 𝜙(𝑥, 𝑦) and 𝜓(𝑥, 𝑦) have
been chosen, the components F𝑠 and F𝑤 are uniquely deter-
mined by the coefficients; therefore, it is said that the discrete
wavelet transform consists of the two sets of coefficients. The
scaling coefficients allow for a low resolution reconstruction
of the image and the wavelet coefficients deal with the
reconstruction of the details.

There is a large amount of bibliographic information
about the theoretical as well as computational aspects of the
DWT; we will give, here, a brief description to point out the
relevant issues regarding the design of a filter, in the wavelet
domain, for MR images.

2.2. Wavelet Domain Filters for MRI. When we consider a
noisy image and its DWT, it is supposed that the noise in the
image is determined by the noise associated with the scaling
and wavelet coefficients. A wavelet domain filter corresponds
to two procedures, one for the noise reduction in the scaling
coefficients and the other for dealingwith the noise associated
with the wavelet coefficients. The filtered image is the result
of applying the inverse wavelet transform to the modified
coefficients. The differences between various proposals for
wavelet domain filters lie in the algorithms to be applied to
each one of the two sets of coefficients; see, for example, [14–
22].

Although the noise in MRI comes from various sources,
we consider that the perturbation in magnitude follows

a Rice distribution, [15, 23]. Kazubek considers that most of
the energy used in the image generation corresponds to the
scaling coefficients and hence these contribute themost to the
perturbation of the image in the presence of noise; therefore,
Kazubek proposes to apply a filter to reduce the noise in
the scaling coefficients under the hypothesis that the noise is
Rician.

According to some authors, numerical experiments show
that noise in thewavelet coefficients can be approximated by a
Gaussian distribution; for this reason we made a satisfactory
noise reduction in these coefficients using a Wiener filter
(consult [14, 15, 21]) in addition to the Kazubek filter in the
scaling coefficients.

The arithmetic mean of a random variable which follows
a Rician distribution is a biased estimator of the value without
noise.The next section shows a brief description of the Rician
noise and a formula for reducing the bias between the value
without noise and the arithmetic mean. We will use this
formula later in the filter, on the scaling coefficients.

3. Removing the Bias
from Rice Distributed Data

In a magnetic resonance image, the gray intensity corre-
sponding to a given pixel is the magnitude of a complex
valued function whose real and imaginary components are
distributed as Gaussians with the same standard deviation.
The different approaches for MRI noise removal can be
divided into three classes; some methods act on the real and
imaginary components, most of the methods deal with the
square of the magnitude, and a third kind of methods acts on
the magnitude of the complex image.We are interested in the
latter class of methods because our data are in magnitude.

In [14], Kazubek implements a wavelet domain filter
which acts on themagnitude of the image and whose relevant
issues are the use of the Haar system of orthogonal functions
in the wavelet transform and a formula to apply on the scaling
coefficients that is used to suppress the bias discussed in
Section 2.

Next, we present an analysis of Kazubek’s formula for
bias removal and propose a modification of his algorithm by
applying the bilateral filter to the scaling coefficients [24].

Let 𝐴1 and 𝐴2 be the mean values of two random
variables 𝜇1 and 𝜇2, respectively, which are the real and
imaginary components of a complex image. If 𝜇1 and
𝜇2 are distributed as Gaussians with standard deviation
𝜎, then the probability density function for the mag-
nitude, 𝜇 = √𝜇

2
1
+ 𝜇

2
2
, is a Rice distribution given

by

𝑝𝜇 (𝜇 | 𝐴) =
𝜇

𝜎2
𝑒
−((𝜇
2
+𝐴
2
)/2𝜎
2
)
𝐼0 (

𝐴𝜇

𝜎2
) , (3)

where 𝐼0 is the modified Bessel function of the first kind
and zeroth order and 𝐴 = √𝐴

2
1
+ 𝐴

2
2
is the underlying
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noise-free signal amplitude. Let 𝑚 be the mean value of 𝜇;
then,

𝑚

𝜎
= V (𝑥)

:= √
𝜋

2
[(1 +

𝑥
2

2
) 𝐼0 (

𝑥
2

4
) +

𝑥
2

2
𝐼1 (

𝑥
2

4
)] 𝑒

−𝑥
2
/4
,

(4)

where 𝑥 = 𝐴/𝜎 and 𝐼1 is the modified Bessel
function of the first kind and first order
[15].

Let 𝑧 = 𝑚/𝜎; we can get a numerical approximation of
the inverse 𝑥 = V−1(𝑧) for 0 ≤ 𝑥 ≤ 50.

We have that 𝑥 ∈ (0, 50] implies −∞ < 20 log
10
𝑥 <

20 log
10
50 ≈ 33.98; then, the inverse function V−1 corre-

sponds to a signal whose noise measurement runs from −∞

to 34 decibels, (dB).
Bessel functions 𝐼0 and 𝐼1 satisfy 𝐼



0
= 𝐼1; then,

V (𝑥) = √
𝜋

2
𝑒
−𝑥
2
/4
[
3𝑥

2
𝐼1 (

𝑥
2

4
) +

𝑥

2
𝐼0 (

𝑥
2

4
) +

𝑥
3

4
𝐼


1
(
𝑥
2

4
)

−
𝑥
3

4
𝐼0 (

𝑥
2

4
)]

(5)

and using the power series expansion of functions 𝐼0, 𝐼1, and
𝐼


1
, we get

V (𝑥) = √
𝜋

2
𝑒
−𝑥
2
/4
[

∞

∑

𝑘=0

𝑥
4𝑘+1

2 (64𝑘) (𝑘!)
2

+

∞

∑

𝑘=0

𝑥
4𝑘+3

16 (𝑘 + 1) (64
𝑘) (𝑘!)

2
] .

(6)

(Details of the proof can be found in the Appendix.) There-
fore, V(𝑥) is a monotonically increasing function in the
interval [0, +∞) and V(0) = 0.

Using polynomial approximations of the functions

𝑥
2

4
𝐼0 (

𝑥
2

4
) 𝑒

−𝑥
2
/4
,

𝑥
2

4
𝐼1 (

𝑥
2

4
) 𝑒

−𝑥
2
/4 (7)

for 𝑥 > √15 (consult Abramowitz and Stegun [25]), we get

lim
𝑥→∞

V (𝑥)
𝑥

= 𝐿, (8)

where

𝐿 = 0.999999 + 𝐸𝑟 (9)

and |𝐸𝑟| ≤ 5.139(10−7). Then, for large 𝑥, V(𝑥) behaves as the
function

𝐻(𝑥) = √𝐿
2𝑥2 + V(0)2. (10)

On the other hand, we have

𝐻(0) = V (0) , 𝐻

(0) = V (0) = 0,

lim
𝑥→∞

𝐻(𝑥)

𝑥
= 𝐿, 𝐻


(𝑥) > 0, ∀𝑥 > 0,

(11)

and a straightforward computation shows that

𝐻
−1
(𝑧) = √

𝑧
2

𝐿2
−
V(0)2

𝐿2
. (12)

This function is a particular case of function √𝑎𝑧2 + 𝑏

with 𝑎 > 0 and 𝑏 < 0.
The idea to get a numerical approximation of V−1(𝑧)

consists in considering a functionΦ(𝑧) such that function

𝐹 (𝑧) = √𝑎𝑧
2 + 𝑏 + Φ (𝑧) (13)

and its derivative satisfy similar asymptotic features of V−1(𝑧)
and [V−1](𝑧), respectively. Let 𝑐 < 0 and let 𝑑 < 0; if we
consider Φ(𝑧) = 𝑐𝑒𝑑𝑧, then

𝐹

(𝑧) > 0, lim

𝑧→∞

𝐹 (𝑧)

𝑧
= √𝑎 < ∞. (14)

𝐻1(𝑧) = 𝑎𝑧
2 is a monotonically increasing function in

the interval [0,∞) with 𝐻1(0) = 0. Function 𝐻2(𝑧) = −𝑏 −

𝑐𝑒
𝑑𝑧 takes positive values and is a monotonically decreasing

function in the same interval.Then, there is a unique positive
root, 𝑧0, of

𝑎𝑧
2
= − (𝑏 + 𝑐𝑒

𝑑𝑧
) (15)

and if 𝑧 ≥ 𝑧0, then

𝑎𝑧
2
+ 𝑏 + 𝑐𝑒

𝑑𝑧
≥ 𝑎𝑧

2

0
+ 𝑏 + 𝑐𝑒

𝑑𝑧

≥ 𝑎𝑧
2

0
+ 𝑏 + 𝑐𝑒

𝑑𝑧0 = 0.

(16)

It follows that [𝑧0,∞) is the domain of

𝐹 (𝑧) = √𝑎𝑧
2 + 𝑏 + 𝑐𝑒𝑑𝑧, 𝐹 (𝑧0) = 0,

lim
𝑧→𝑧

0
+

𝐹

(𝑧) = ∞.

(17)

To get the parameters 𝑎, 𝑏, 𝑐, and 𝑑, we perform a
least square fit to the discretized curve 𝐹(𝑧) for 𝑥𝑗 =

𝑗(0.1) and 𝑧𝑗 = V(𝑥𝑗), 𝑗 = 1, . . . , 500. This problem was
solved numerically using the MATLAB function lsqcurve-
fit. With MATLAB R2008a and taking the initial values
[𝑎0, 𝑏0, 𝑐0, 𝑑0] = [1, −1, −2, −1], we get the optimal solution:
𝑎 = 1.0000108, 𝑏 = −1.0122372, 𝑐 = −2.7102422, and
𝑑 = −1.2598921. Figure 1(a) shows the function 𝐹(𝑧) as a
numerical approximation of 𝑉−1(𝑧) and Figure 1(b) shows
the quality if the solution given by the MATLAB function
lsqcurvefit. InMRI, as in acoustic, electricity, and telecommu-
nications, the signal to noise ratio (SNR) is frequently used to
measure, in decibels, the noise impact on a signal. Let 𝑟 and 𝑡
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Figure 1: (a) shows the function 𝐹 as a numerical approximation of V−1. (b) is a plot of the function 𝑥𝑗 − 𝐹(𝑧𝑗).

be two gray level images, a reference image 𝑟(𝑥, 𝑦) and a noisy
image 𝑡(𝑥, 𝑦), of size 𝑛𝑥𝑛𝑦. The SNR is computed as

SNR = 10 log
10
(

∑
𝑛𝑥
1
∑
𝑛𝑦

1
[𝑟 (𝑥, 𝑦)]

2

∑
𝑛𝑥
1
∑
𝑛𝑦

1
[𝑟 (𝑥, 𝑦) − 𝑡 (𝑥, 𝑦)]

2
) . (18)

Nowak [15] suggests that a SNR greater than 10 dB
corresponds to a noisy image, whose Rice distribution can be
approximated by a Gaussian distribution. We will consider
a method to suppress the bias in our MR images using the
inverse function discussed in this section when SNR is less
than 34 dB and a simple wavelet domain filter for the other
cases.

4. Implementing a New Wavelet Domain
Bilateral Filter for MRI

4.1. Formula for the Scaling Coefficients. The component
F𝑠(𝑥, 𝑦) in (2) is a linear combination of functions that
belong to a specific family of orthogonal functions; each
scaling coefficient depends on three parameters:𝐿, the level of
decomposition in the discrete wavelet transform, and the pair
(𝑘1, 𝑘2)which characterizes the support of the corresponding
orthogonal function. Let 𝑓(𝑥, 𝑦) be the function in (2); if we
apply the discrete wavelet transform using the Haar system of
orthogonal functions, then the scaling coefficients are given
by

𝑐𝐿,𝑘1 ,𝑘2
=

1

2𝐿

2
𝐿
−1

∑

𝑖=0

2
𝐿
−1

∑

𝑗=0

𝑓 (𝑘12
𝐿
+ 𝑖, 𝑘22

𝐿
+ 𝑗) . (19)

Details can be found in [26].

4.2. Wiener Filter for the Wavelet Coefficients. As the scaling
coefficients, the wavelet coefficients depend on three param-
eters 𝑑𝑙,ℎ1 ,ℎ2 , 1 ≤ 𝑙 ≤ 𝐿. For simplicity, let us write 𝑑 = 𝑑𝑙,ℎ1 ,ℎ2
and suppose that the noise in the wavelet coefficients may
be approximated by a Gaussian distribution [14]. Then, we
attenuate the contribution of this coefficient by

𝑑 = 𝛼𝑑𝑑, 0 ≤ 𝛼𝑑 ≤ 1. (20)

According to Nowak, we assume that the noise wavelet
coefficient is an unbiased estimator of the value of the wavelet
coefficient in the noise-free case and denote its mean by
𝛿 = 𝐸[𝑑]. The filter weight 𝛼𝑑 is chosen by minimizing
𝐸[(𝛿 − 𝛼𝑑𝑑)

2
]. In fact, if 𝜎2

𝑑
is the variance of the wavelet

coefficient 𝑑, then

𝐸 [(𝛿 − 𝛼𝑑𝑑)
2
] = 𝛿

2
− 2𝛼𝑑𝛿

2
+ 𝛼

2

𝑑
𝐸 [𝑑

2
]

= 𝛿
2
− 2𝛼𝑑𝛿

2
+ 𝛼

2

𝑑
(𝜎
2

𝑑
+ 𝛿

2
) ;

(21)

therefore 𝛼𝑑 is defined by

𝛼𝑑 =
𝛿
2

𝛿2 + 𝛼
2

𝑑

. (22)

Let 𝜎2
∗
be an estimate of 𝜎2

𝑑
; then,

𝛼𝑑 ≈ 𝛼∗ =

𝐸 [𝑑
2
] − 𝜎

2

∗

𝐸 [𝑑2]
. (23)

Usually the parameter 𝜎2
∗
is approximated by 𝜏𝜎2, where

𝜏 ≥ 1 is a new parameter to be chosen for each image and 𝜎 is
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as defined in Section 2. In previousworks [15, 18, 21], the value
𝜏 = 2 has proven to be convenient. Hence, the filter weight in
(20) is defined by

𝛼𝑑 = (

𝐸 [𝑑
2
] − 2𝜎

2

𝐸 [𝑑2]
)

+

=

{{

{{

{

𝐸[𝑑
2
] − 2𝜎

2

𝐸 [𝑑2]
, if 𝐸 [𝑑2] > 2𝜎2,

0, otherwise.

(24)

4.3. Bilateral Filtering. The bilateral filter is a nonlinear filter
for images, proposed by Tomasi andManduchi [24], whereby
contours are successfully recovered from noisy images. Let
x ∈ 𝐼 be a pixel in image 𝐼; the bilateral filter takes a sumwith
weights on the pixels in a local neighborhood of x,𝑁x. These
weights depend on the spatial distance and the intensity in
each pixel in the neighborhood. The response of the bilateral
filter in the pixel is given by

𝐼 (x) = 1

𝐶
∑

y∈𝑁x

𝑊𝑆 (x, y)𝑊𝑅 (x, y) 𝐼 (y) , (25)

where

𝑊𝑆 (x, y) = exp
−
x − y

2

2𝜌
2

𝑑

,

𝑊𝑅 (x, y) = exp
−
𝐼 (x) − 𝐼 (y)



2

2𝜌2
𝑟

,

𝐶 = ∑

𝑦∈𝑁x

𝑊𝑆 (x, y)𝑊𝑅 (x, y) .

(26)

The performance of the bilateral filter depends on the
choice of 𝜌𝑑, 𝜌𝑟 and the size of the neighborhood 𝑁x. Let
x be a pixel located close to an edge which separates two
regions of the image. When the pixel y is in the same region
as x, 𝑊𝑅(x, y) is close to one; on the other hand, when y
is in the other region, then 𝑊𝑅(x, y) is close to zero if the
intensities 𝐼(x) and 𝐼(y) differ greatly and then the filter tends
to preserve the pixel intensity due to the effect of the𝑊𝑅(x, y)
components.

In our proposal the bilateral filter is applied to the two-
dimensional array consisting of the scaling coefficients of the
wavelet transform 𝐼(k) = 𝐼(𝑘1, 𝑘2) = 𝑐𝐿,𝑘1 ,𝑘2

. We follow
Anand and Sahambi [20] and choose the neighborhood 𝑁x
to be a 15×15matrix centered at x and the parameters 𝜌𝑑 = 5
and 𝜌𝑟 = 1.5𝜎, where 𝜎 is the standard deviation given in
Section 3.

4.4. Algorithm for MRI Denoising

(1) Compute an approximation of the variance, 𝜎2,
choosing a rectangular 𝑞1 × 𝑞2 neighborhood 𝑁𝜂, in
the background of the image [15]:

𝜎
2
≈ �̃�

2
=

1

2𝑞1𝑞2

∑

u∈𝑁𝜂
[𝐼 (u)]2. (27)

(2) Perform a level 𝐿 = 3 wavelet decomposition using
the Haar system of orthogonal functions.

(3) Perform a bias correction of the level 3 scale coef-
ficients using the inverse function considered in
Section 3.
From (19) we see that

1

2𝐿
𝑐𝐿,𝑘1,𝑘2

(28)

is an approximation to the expected value𝑚 given in
(4) so that

𝑧𝑁 =
1

�̃�2𝐿
𝑐𝐿,𝑘1 ,𝑘2

(29)

is an approximation of the 𝑧 value defined in Sec-
tion 2. Using (4) and (17), we get

𝑥

�̃�
≈ 𝐹 (𝑧𝑁) . (30)

Now we compute the new scaling coefficients 𝑐𝐿,𝑘1 ,𝑘2
by

𝑐𝐿,𝑘1 ,𝑘2
= �̃�2

𝐿
𝐹 (𝑧𝑁) . (31)

(4) Apply the bilateral filter to the two-dimensional
array 𝐽(𝑘1, 𝑘2), given by the new scaling coefficients:
𝐽(𝑘1, 𝑘2) = 𝑐𝐿,𝑘1 ,𝑘2

.
(5) Obtain a provisional denoised image, 𝐼𝑁, computing

the inverse wavelet transform using the new scaling
coefficients and the unchanged wavelet coefficients.

(6) Perform a level 𝐿 = 4 wavelet decomposition of
𝐼𝑁 using the Daubechie system with four vanishing
moments.

(7) Perform a correction of the wavelet coefficients given
in (6) using (20) and (24).

(8) Get a denoised image by computing the inverse
wavelet transform on the set of coefficients given by
the scaling coefficients in (6) and the new wavelet
coefficients in (7).

5. Validation of the MRI Filter
Applied to Simulated Images

We compare the performances of the modified and the
original Kazubek’s filter using a synthetic image generated
with MATLAB, see Figure 2, and introduce the noisy images
by adding Rician noise to the synthetic image. The Rician
noise was generated as

𝐽𝑒 (𝑚, 𝑛) =
√(𝐽 (𝑚, 𝑛) + 𝑒1)

2
+ 𝑒

2
2
, (32)

where 𝐽(𝑚, 𝑛) is the true signal and 𝑒1 and 𝑒2 are random
numbers from a Gaussian distribution with mean zero and
standard deviation 𝜎; five levels of 𝜎 were used 𝜎 =



6 Computational and Mathematical Methods in Medicine

Table 1: SNR between the original and the denoised images corresponding to the two filters and 𝜎 values.

𝜎 = 1 𝜎 = 2 𝜎 = 5 𝜎 = 8 𝜎 = 12

Original errors 29.77391 23.7840 16.0170 12.0372 8.9663
Kazubek’s algorithm 33.7311 27.9346 20.4575 17.0542 14.1045
Modification to Kazubek’s algorithm 34.0501 28.3961 21.4209 18.0140 15.3410

Table 2: PSNR between the original and the denoised images corresponding to the two filters and 𝜎 values.

𝜎 = 1 𝜎 = 2 𝜎 = 5 𝜎 = 8 𝜎 = 12

Original errors 37.2277 31.5732 24.4287 21.4391 18.5411
Kazubek’s algorithm 41.1923 35.7037 28.6968 25.4961 22.6839
Modification to Kazubek’s algorithm 41.5063 36.1647 29.7469 26.9269 24.5610

Figure 2: Synthetic image, generated with MATLAB.

[1, 2, 5, 8, 12], and the gray values in the image are between
0 and 88. To compare the performances of the two filters,
we compute five measurements that appear more frequently
in the literature: signal to noise ratio (SNR), peak signal to
noise ratio (PSNR), root mean square error (RMSE), mean
absolute error (MAE), and the structural similarity index
(SSIM).Given two gray level images, a reference image 𝑟(𝑥, 𝑦)
and noise image 𝑡(𝑥, 𝑦), of size 𝑛𝑥𝑛𝑦, the quantities PSNR,
RMSE, and MAE are given by

PSNR = 10 log
10
(

𝑛𝑥𝑛𝑦max [𝑟 (𝑥, 𝑦)]2

∑
𝑛𝑥
1
∑
𝑛𝑦

1
[𝑟 (𝑥, 𝑦) − 𝑡 (𝑥, 𝑦)]

2
) ,

RMSE = √
1

𝑛𝑥𝑛𝑦

𝑛𝑥

∑

1

𝑛𝑦

∑

1

[𝑟 (𝑥, 𝑦) − 𝑡 (𝑥, 𝑦)]
2
,

MAE = 1

𝑛𝑥𝑛𝑦

𝑛𝑥

∑

1

𝑛𝑦

∑

1

𝑟 (𝑥, 𝑦) − 𝑡 (𝑥, 𝑦)
 .

(33)

The structural similarity index in a region Ω is estimated
as

SSIMΩ (𝑟, 𝑡) =
(2𝜇𝑡𝜇𝑟 + 𝑐1) (2𝜃𝑟,𝑡 + 𝑐2)

(𝜇𝑟
2 + 𝜇𝑡

2 + 𝑐1) (𝜃𝑟
2
+ 𝜃𝑡

2
+ 𝑐2)

, (34)

where 𝜇𝑟 and 𝜇𝑡 are the means over Ω of 𝑟 and 𝑡, respec-
tively, 𝜃𝑟 and 𝜃𝑡 are the corresponding variances, 𝜃𝑟,𝑡 is the
covariance of 𝑟 and 𝑡, and the constants 𝑐1 and 𝑐2 are given
by √𝑐1 = 0.01 ∗ 255 = 2.55 and √𝑐2 = 0.03 ∗ 255 = 7.65;
see [27]. If the images are divided in 𝑠 regions,Ω1, . . . , Ω𝑠, the
SSIM for the two images 𝑟(𝑥, 𝑦) and 𝑡(𝑥, 𝑦) is defined by

SSIM =
1

𝑠

𝑠

∑

𝑗=1

SSIMΩ𝑗
(𝑟, 𝑡) . (35)

The resultant SSIM index is a value between −1 and 1,
and value 1 is only reachable in the case of two identical data
sets. Quantities SNR, PSNR, RMSE, and MAE are currently
used in computer and medical sciences to compare two
images; however, a good quantitative performance could be
not consistent, in some cases, with visual perception. SSIM
has become a more convenient way to compare two images,
when PSNR and RMSE show indistinguishable results for the
perception of the human eye.

Tables 1, 2, 3, 4, and 5 show the errors between the noisy
images and the filtered images using the quantities SNR,
PSNR, RMSE, MAE and SSIM, respectively. The first row
in each table corresponds to the noisy image and various 𝜎
values, the second row corresponds to the filtered image using
Kazubek’s filter, and the third row corresponds to the filtered
image using themodified filter. For each 𝜎 level, ourmodified
Kazubek’s algorithm shows an improved performance with
respect to the original algorithm using all the criteria to
measure the error. The performance of both filters is nearly
indistinguishable in the cases 𝜎 = 1, 2 and we get better
filtered images as the noise level increases to 𝜎 = 5, 8, and
12, see Figure 3.
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(a) (b)

Figure 3: (a) The noisy image corresponding to 𝜎 = 2. (b) The filtered image using the modification of Kazubek’s algorithm.

(a) (b)

Figure 4: (a) ROI1 and (b) ROI2.

Table 3: RMSE between the original and the denoised images corresponding to the two filters 𝜎 values.

𝜎 = 1 𝜎 = 2 𝜎 = 5 𝜎 = 8 𝜎 = 12

Original errors 1.2495 2.4935 6.1831 10.0105 14.9444
Kazubek’s algorithm 0.7914 1.5401 3.6277 5.3316 7.4354
Modification to Kazubek’s algorithm 0.7631 1.4618 3.2590 4.8087 6.5236

Table 4: MAE between the original and the denoised images corresponding to the two filters and 𝜎 values.

𝜎 = 1 𝜎 = 2 𝜎 = 5 𝜎 = 8 𝜎 = 12

Original errors 1.0522 2.1056 5.2262 8.4441 12.6008
Kazubek’s algorithm 0.5491 1.0710 2.4354 3.5928 5.1168
Modification to Kazubek’s algorithm 0.5247 1.0195 2.2510 3.3490 4.6331

Table 5: SSIM between the original and the denoised images corresponding to the two filters and 𝜎 values.

𝜎 = 1 𝜎 = 2 𝜎 = 5 𝜎 = 8 𝜎 = 12

Original errors 0.9094 0.7705 0.5543 0.4482 0.3640
Kazubek’s algorithm 0.9864 0.9567 0.8482 0.7489 0.6532
Modification to Kazubek’s algorithm 0.9878 0.9614 0.8636 0.7669 0.6775
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Table 6: Computation times in seconds corresponding to the tissue
classification process.

Method ROI1 ROI2
Prony without filtering 9.39 9.29
Prony with filtering 11.40 11.29

6. Numerical Results

To see the effect introduced by the filter on a real magnetic
resonance image, as a part of a tissue segmentation process,
we consider the set of images referenced in [3]. In this case, we
have a set of eight echoes (magnetic resonance images of the
same axial section) from a sequence of T2-MRI, with an echo
time of 44 milliseconds. According to [2, 3] we can see a part
of the brain affected by tumoral tissues (ROI1) and another
region showing no visible impairment (ROI2); regions ROI1
and ROI2 are called the region of lesion and region of control,
respectively. Figure 4 shows the echo corresponding to 𝑛 = 6,
from the set of images. For each pixel in a region the variant
of Prony method is applied, to find the linear and nonlinear
parameters defined in (1) with 𝑛 = 8 and Δ𝑇 = 0.044; this
process is performed for 𝑘 = 1, 2, and 3, and we choose
the ones minimizing the residual. In Table 6, we show the
computation times of the classification process, using our
implementation of the variant of the Prony method.

For each region of interest, the frequency diagram is
computed as follows: we divided the interval [0, 30] into 100
bins of equal length; 𝜍𝑗 = [𝜍𝑗, 𝜍𝑗+1], 1 ≤ 𝑗 ≤ 100, since
the brain tissues relaxation rates belong to this interval, as
we can see in [2]. For the pixels in a specific region and a
selected subinterval 𝜍𝑗, we add the linear parameters whose
corresponding nonlinear parameters belong to 𝜍𝑗, and this
process is done for 1 ≤ 𝑗 ≤ 100, to get a diagram of
frequencies. Each frequency diagram is normalized to obtain
a probability density function.

In Figure 5(a), we see the solution obtained in [3], which
was calculated by the variant of the Pronymethod. Figure 5(b)
shows the results using our implementation of the variant of
the Pronymethod, in red the probability density correspond-
ing to the control region, and in blue the corresponding to the
region of lesion.The differences in the shape of these graphics
are caused because our implementation of the method is not
the same as that reported in [3]. Figure 5(c) shows the result
of applying the MRI filter designed in this paper, on each
one of the eight images, before running the variant of the
Prony method. The filtering process produces a curve with
less dispersion for the region ROI2 and a softer edge in the
curve corresponding to region ROI1.

7. Conclusion

This paper takes as its starting point the wavelet domain
filter for MRI developed by Kazubek. We improved the
original filter introducing the bilateral filter in the wavelet
domain.The resulting filter exhibits a better performance and
requires only a small increase in computational time of the
whole tissue classification process. The new filter is applied

to real brain MRI in a process of brain tissue classification
proposed by Paluszny et al. [3], getting different results to
those previously reported, which lead to an improvement
in tissue identification with 𝑇2 relaxation techniques. Our
results are validated with the main quality criteria for image
denoising.

Appendix

The power series expansions of functions 𝐼0, 𝐼1, and 𝐼
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Figure 5: Probability densities corresponding to ROI1 and ROI2, in blue and red, respectively. (a) Graphic reported in [3]. (b) Solution
obtained by Prony’s method without a filtering process. (c) Solution obtained when we apply the wavelet domain filter to the images before
using the Prony method.
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A sparse-representation-based direct minimum 𝐿
𝑝-norm algorithm is proposed for a two-dimensional MRI phase unwrapping.

First, the algorithm converts the weighted-𝐿𝑝-norm-minimization-based phase unwrapping problem into a linear system problem
whose system (coefficient) matrix is a large, symmetric one. Then, the coefficient-matrix is represented in the sparse structure.
Finally, standard direct solvers are employed to solve this linear system. Several wrapped phase datasets, including simulated and
MRdata, were used to evaluate this algorithm’s performance.The results demonstrated that the proposed algorithm for unwrapping
MRI phase data is reliable and robust.

1. Introduction

From the MRI complex data, the phase information can be
extracted with a restricted interval (−𝜋, 𝜋]. That is, the phase
value is wrapped. We call it a wrapped phase or the principal
value 𝜓. This relationship between the wrapped phase and
its corresponding true phase 𝜃 can be described by 𝜓 =

𝜔{𝜃} = 𝜃+2𝑘𝜋, where 𝑘 is an integer and 𝜔{⋅} is the wrapping
operator, forcing the value of its argument inside the curly
braces into the range (−𝜋, 𝜋] by adding or subtracting an
integral multiple of 2𝜋 radians from its argument. However,
what is needed is the true unknown phase 𝜃, because this
relates to certain properties of interest, such as the velocity
of the moving spins, the main 𝐵0 field inhomogeneity, and
the magnetic susceptibility variations. Given the wrapped
phase, phase unwrapping is applied to restore the true phase,
obtaining the unwrapped estimate 𝜑. This technique is an
important tool inmanyMRI applications, for example, three-
point Dixon water and fat separation [1], MR venography
[2, 3], motion tracking in a tagged cardiac MRI [4], and field
mapping in EPI [5].

Should the wrapped phases have no inconsistencies, the
process of the phase unwrapping will be merely integrating
the phase gradients over a path that covers the whole domain

of interest.This process is quite simple and path independent.
Nomatter which path is followed, the results will be the same
regardless of the constant offset. However, in practice, there
are always inconsistencies owing to the presence of the noise,
undersampling, and/or object discontinuities. Consequently,
phase unwrapping becomes intractable and path dependent.
The inconsistency is usually called “residue” and is detected
by summing the wrapped phase gradients around each 2 × 2
closed loop in the two-dimensional (2D) array, as shown in
Figure 1. Consider

Δ𝜓
𝑥

𝑖,𝑗
− Δ𝜓
𝑦

𝑖,𝑗
− Δ𝜓
𝑥

𝑖,𝑗+1
+ Δ𝜓
𝑦

𝑖+1,𝑗
= ±2𝜋, (1)

where Δ𝜓𝑥
𝑖,𝑗

and Δ𝜓𝑦
𝑖,𝑗

are defined to be the gradients of the
wrapped phases:

Δ𝜓
𝑥

𝑖,𝑗
= 𝜔 {𝜓𝑖+1,𝑗 − 𝜓𝑖,𝑗} ,

Δ𝜓
𝑦

𝑖,𝑗
= 𝜔 {𝜓𝑖,𝑗+1 − 𝜓𝑖,𝑗} .

(2)

In the literature, numerous two-dimensional (2D) phase
unwrapping approaches have been developed. They can be
classified into four categories: path-following [6–11], min-
imum-norm [12–18], Bayesian/regularization [19, 20], and
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Figure 1: Residue calculation.

parametric modeling [21] methods. Our method belongs to
the second category; thus, we briefly introduce theminimum-
norm methods.

The minimum-norm methods estimate the unwrapped
phases byminimizing the𝐿𝑝-normof the differences between
the gradients of thewrapped and the unwrappedphases.With
𝑝 = 2, this results in least-square algorithms. These employ
the FFT/DCT transforms [18, 22] or/and iterative techniques
[22] to reach an approximation for the least-square solution.
The exact least-square solution is obtained by applying
network programming techniques in [15]. Nevertheless, the
least-square minimization tends to smooth the discontinu-
ities, unless these discontinuities are given in advance as
binary weights. The minimum 𝐿

1-norm algorithms [13, 23]
have a better ability than the 𝐿2-norm ones to preserve the
discontinuities. As 𝑝 approaches zero, the minimum 𝐿

𝑝-
norm method tends to obtain a more reliable result [24, 25].
Thus, the 𝐿0-norm minimization is widely accepted as the
most desirable in practice. However, the 𝐿0-norm minimiza-
tion is a nondeterministic polynomial-time hard (NP-hard)
problem [14] with only approximate, not exact, solutions
being developed in [12, 14]. The conventional minimum
𝐿
𝑝-norm method [12] converts the 𝐿𝑝-norm minimization

problem into a generalized matrix equation with a flexible
option of 𝑝. It yields more accurate solutions than other
methods, except for the cases including some residues closer
to the periphery than to the other residues with opposite
polarity. Additionally, because it is implemented in a dual-
iterative structure (an iteration structure embedded in an
outer one), it can be computationally intense.

In this work, a sparse-representation-based direct mini-
mum𝐿

𝑝-norm (SDM𝐿𝑃) algorithm is proposed. It introduces
the user-definedweights into the generalizedmatrix equation
of the conventional minimum 𝐿

𝑝-norm method to improve
the performance of phase unwrapping, because, in this way,

the discontinuities in the unwrapped phase surface can be
confined to the low-quality or zero-weight regions [22]. On
the other hand, the sparse representations of the matrices
in the modified matrix equation and the direct solvers are
exploited in this algorithm to significantly reduce the compu-
tational time of the conventionalminimum 𝐿

𝑝-normmethod
for MRI phase unwrapping.

2. Materials and Methods

2.1. Mathematics Foundation. In general, for an 𝑀 × 𝑁 2D
wrapped phase array, the weightedminimum 𝐿

𝑝-norm phase
unwrapping problem is expressed by [14, 17]

argmin
𝜑

𝑀−1

∑

𝑖=1

𝑁

∑

𝑗=1

𝑤
𝑥

𝑖,𝑗
⋅

𝜑𝑖+1,𝑗 − 𝜑𝑖,𝑗 − Δ𝜓

𝑥

𝑖,𝑗



𝑝

+

𝑀

∑

𝑖=1

𝑁−1

∑

𝑗=1

𝑤
𝑦

𝑖,𝑗
⋅

𝜑𝑖,𝑗+1 − 𝜑𝑖,𝑗 − Δ𝜓

𝑦

𝑖,𝑗



𝑝

,

(3)

where 𝑤𝑥
𝑖,𝑗

and 𝑤𝑦
𝑖,𝑗

are the user-defined weights for corre-
sponding differences and indicate where the phase values are
more reliable than others.The user-defined weights are given
by

𝑤
𝑥

𝑖,𝑗
= min (𝑤𝑖+1,𝑗, 𝑤𝑖,𝑗) ,

𝑖 = 1, 2, . . . ,𝑀 − 1; 𝑗 = 1, 2, . . . , 𝑁,

𝑤
𝑦

𝑖,𝑗
= min (𝑤𝑖,𝑗+1, 𝑤𝑖,𝑗) ,

𝑖 = 1, 2, . . . ,𝑀; 𝑗 = 1, 2, . . . , 𝑁 − 1,

(4)

where

𝑤𝑖,𝑗 =

max (𝑧𝑖,𝑗) − 𝑧𝑖,𝑗
max (𝑧𝑖,𝑗) −min (𝑧𝑖,𝑗)

,

𝑧𝑖,𝑗 =

√∑(Δ𝜓
𝑥
𝑖,𝑗
− Δ𝜓𝑥
𝑚,𝑛
)
2

+ √∑(Δ𝜓
𝑦

𝑖,𝑗
− Δ𝜓
𝑦

𝑚,𝑛)

2

𝑙2
.

(5)

For each sum, the indexes (𝑖, 𝑗) cover over the 𝑙 × 𝑙 window
centered at the pixel (𝑚, 𝑛). The terms Δ𝜓𝑥

𝑖,𝑗
and Δ𝜓𝑦

𝑖,𝑗
are the

wrapped phase gradients in the 𝑙 × 𝑙 windows and Δ𝜓𝑥
𝑚,𝑛

and
Δ𝜓
𝑦

𝑚,𝑛 are the averages of these wrapped phase gradients. In
this paper 𝑙 = 3.𝑤𝑖,𝑗 is relatively higher in the areas where the
phase changes smoothly.

Through the analogous derivation process in [12, 26],
the minimum 𝐿

𝑝-norm solution of (3) eventually entails the
solution of the following linear system of equations:

𝑅𝑖,𝑗 (𝜑𝑖+1,𝑗 − 𝜑𝑖,𝑗) + 𝐶𝑖,𝑗 (𝜑𝑖,𝑗+1 − 𝜑𝑖,𝑗)

− 𝑅𝑖,𝑗 (𝜑𝑖,𝑗 − 𝜑𝑖−1,𝑗) − 𝐶𝑖,𝑗 (𝜑𝑖,𝑗 − 𝜑𝑖,𝑗−1) = 𝜌𝑖,𝑗,

(6)
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where

𝑅𝑖,𝑗 = 𝑤
𝑥

𝑖,𝑗
⋅

𝜑𝑖+1,𝑗 − 𝜑𝑖,𝑗 − Δ𝜓

𝑥

𝑖,𝑗



𝑝−2

,

𝑖 = 1, 2, . . . ,𝑀 − 1; 𝑗 = 1, 2, . . . , 𝑁,

(7)

𝐶𝑖,𝑗 = 𝑤
𝑦

𝑖,𝑗
⋅

𝜑𝑖,𝑗+1 − 𝜑𝑖,𝑗 − Δ𝜓

𝑦

𝑖,𝑗



𝑝−2

,

𝑖 = 1, 2, . . . ,𝑀; 𝑗 = 1, 2, . . . , 𝑁 − 1,

(8)

𝜌𝑖,𝑗 = 𝑅𝑖,𝑗Δ𝜓
𝑥

𝑖,𝑗
− 𝑅𝑖,𝑗Δ𝜓

𝑥

𝑖−1,𝑗
+ 𝐶𝑖,𝑗Δ𝜓

𝑦

𝑖,𝑗
− 𝐶𝑖,𝑗Δ𝜓

𝑦

𝑖,𝑗−1
. (9)

That is to say, when the weighted minimum 𝐿
𝑝-norm

phase unwrapping solution is desired, it can be simpler to find
the solution 𝜑𝑖,𝑗 of (6) instead.

For the setting of the values of data-dependent weights
𝑅𝑖,𝑗 and𝐶𝑖,𝑗 empirically, the weights are always normalized in
the interval [0, 1] in practice. Hence, (7) and (8) are modified
to incorporate this constraint. To avoid | ⋅ |𝑝−2 with 0 ≤ 𝑝 ≤ 2
being extremely great or even infinite, the normalization is
defined by

𝑅𝑖,𝑗 = 𝑤
𝑥

𝑖,𝑗
⋅

𝛼


𝜑𝑖+1,𝑗 − 𝜑𝑖,𝑗 − Δ𝜓

𝑥
𝑖,𝑗



2−𝑝

+ 𝛼

,

𝑖 = 1, 2, . . . ,𝑀 − 1; 𝑗 = 1, 2, . . . , 𝑁,

𝐶𝑖,𝑗 = 𝑤
𝑦

𝑖,𝑗
⋅

𝛼


𝜑𝑖,𝑗+1 − 𝜑𝑖,𝑗 − Δ𝜓

𝑦

𝑖,𝑗



2−𝑝

+ 𝛼

,

𝑖 = 1, 2, . . . ,𝑀; 𝑗 = 1, 2, . . . , 𝑁 − 1.

(10)

Here, setting 𝛼 to be 0.01 radians is a compromise between
accuracy and efficiency [12, 22].

2.2. Sparse-Representation-Based Direct Minimum 𝐿
𝑝-Norm

(SDM𝐿𝑃) Algorithm

2.2.1. Sparse Representation of the Objective. The estimated
phase distribution is shown in Figure 1. To simplify the
algorithm, concatenating the columns of the phase matrix
yields a vector of lengthMN:

𝜙 = [𝜑1,1, 𝜑2,1, . . . , 𝜑𝑀,1, 𝜑1,2, 𝜑2,2, . . . , 𝜑𝑀,2, . . . ,

𝜑1,𝑁, . . . , 𝜑𝑀,𝑁]
𝑇
.

(11)

The superscript 𝑇 refers to a matrix transpose.
The wrapped phase differences along the two directions,

Δ𝜓
𝑥 and Δ𝜓𝑦, are also matrices. Their sizes are (𝑀 − 1) ×

𝑁 and 𝑀 × (𝑁 − 1), respectively. As above, we concatenate
the columns of eachmatrix and thenmerge these two vectors
vertically into a single array:

𝑑 = [Δ𝜓
𝑥

1,1
, . . . , Δ𝜓

𝑥

𝑀−1,1
, . . . , Δ𝜓

𝑥

1,𝑁
, . . . , Δ𝜓

𝑥

𝑀−1,𝑁
,

Δ𝜓
𝑦

1,1
, . . . , Δ𝜓

𝑦

𝑀,1
, . . . , Δ𝜓

𝑦

1,𝑁−1
, . . . , Δ𝜓

𝑦

𝑀,𝑁−1
]
𝑇

.

(12)

The length of 𝑑 is (𝑀 − 1)𝑁 +𝑀(𝑁 − 1).

Analogous to the matrix equation used in the weighted
least-squares phase unwrapping algorithm [18], the system of
equations defined by (6) can be represented in matrix form
as follows:

Q𝜙 = 𝑠, (13)

whereQ denotes an𝑀𝑁×𝑀𝑁matrix given by

Q = A𝑇W𝑇WA, (14)

𝑠 = A𝑇W𝑇W𝑑. (15)

A is a matrix consisting of an (𝑀 − 1)𝑁 × 𝑀𝑁 upper
partition and an𝑀(𝑁 − 1) ×𝑀𝑁 lower partition:

A =

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

D1 0 0 ⋅ ⋅ ⋅ 0 0
0 D1 0 ⋅ ⋅ ⋅ 0 0
0 0 D1 ⋅ ⋅ ⋅ 0 0
...

...
... d

...
...

0 0 0 ⋅ ⋅ ⋅ 0 D1
I −I 0 ⋅ ⋅ ⋅ 0 0
0 I −I ⋅ ⋅ ⋅ 0 0
0 0 I ⋅ ⋅ ⋅ 0 0
...

...
... d

...
...

0 0 0 ⋅ ⋅ ⋅ I −I

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

, (16)

whereD1 is an (𝑀 − 1) ×𝑀matrix given by

D1 =
[
[
[
[
[
[

[

1 −1 0 ⋅ ⋅ ⋅ 0 0

0 1 −1 ⋅ ⋅ ⋅ 0 0

0 0 1 ⋅ ⋅ ⋅ 0 0

...
...

... d
...

...
0 0 0 ⋅ ⋅ ⋅ 1 −1

]
]
]
]
]
]

]

(17)

and I is an𝑀×𝑀 identity matrix.
To make the expansion of (13) equal to (6), the matrix

W𝑇W is constructed as

W𝑇W = diag {𝑅1,1, . . . , 𝑅𝑀−1,1, . . . , 𝑅1,𝑁, . . . , 𝑅𝑀−1,𝑁,

𝐶1,1, . . . , 𝐶𝑀,1, . . . 𝐶1,𝑁−1, . . . , 𝐶𝑀,𝑁−1} ,

(18)

where diag{⋅} puts its arguments in order on the
main diagonal. It is easy to see that W𝑇W is an
[(𝑀 − 1) × 𝑁 +𝑀 × (𝑁 − 1)]

2 matrix.
If these foregoing matrices are stored and operated using

a standard matrix structure, this will consume a significant
amount of memory and become unfeasible in standard
computers. For instance, given a 256 × 256 phase image, the
sizes ofA,W𝑇W, andQ are 130560×65536, 130560×130560,
and 65536×65536, respectively.These matrices are obviously
too large (exceeding 230) to be stored and manipulated in a
program. Fortunately, all these matrices are sparse and can be
represented with a sparse structure. We store only nonzero
entries of the matrix together with their indexes. That is, a
3-tuple, (𝑖, 𝑗, 𝑎𝑖𝑗), is applied to uniquely identify a nonzero
entry of the sparse matrix [27, 28], where 𝑖 and 𝑗 are the row
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and column indexes, respectively, and 𝑎𝑖𝑗 denotes the value
of the nonzero entry located in (𝑖, 𝑗). Moreover, to make the
subsequent computation more efficient, the nonzero entries
are ordered first by columns and then by rows. Finally, the
size of the original sparse matrix should also be stored.

It should be noted that, henceforth, A,W𝑇W, and Q will
still refer to the original sparsematrices but will be stored and
operated, respectively, in the corresponding sparse structures.

2.2.2. Direct Solver. Equation (14) implies that Q is a large
sparse, real, symmetric matrix. Thus, (13) becomes a linear
system of equations involving the large sparse symmetric
coefficient matrix Q. To solve this system of equations, con-
siderable effort has been devoted over the past three decades
[29]. Among these algorithms, the direct solvers that rely on
the explicit factorization of the coefficient matrix are widely
used owing to their generality and robustness. Especially
for a symmetric coefficient matrix, the direct solvers prefer
to adopt the 𝐿𝐷𝐿𝑇 factorization [30], a variant of Gaussian
elimination that can also be considered as an alternative
form of the Cholesky factorization without extracting the
square roots [31]. Under this factorization, the matrix Q is
decomposed into a lower triangular matrix L, a diagonal
matrix D with 1 × 1 and 2 × 2 blocks, and the conjugate
transpose of L. Consider

Q = LDL𝑇. (19)

Then, given the right-hand side 𝑠, the estimated phases in
(13) can be obtained through a forward elimination followed
by the backward substitution [28]. The time complexity is
O((MN)1.5) and the memory complexity is O (MNlog(MN)).
For more details of the direct solvers, please see [32].

2.2.3. Implementation of the Algorithm. During the last two
decades a number of software packages that implement direct
solvers have been developed [33]. If the coefficient matrix is
positive definite, CHOLMOD [34] is adopted, because of its
rapid computation and relatively small amounts of memory
demand. If not, MA57 [35] is strongly recommended.

To accelerate the convergence, the termination condition
is set to no residues for the distinctions [12]. First, the
distinction is defined by

𝐸𝑖,𝑗 = 𝜔 {𝜓𝑖,𝑗 − 𝜑𝑖,𝑗} , 𝑖 = 1, 2, . . . ,𝑀; 𝑗 = 1, 2, . . . , 𝑁.

(20)

Then, we treat these distinctions similarly to the phase
data. Based on the theory that any wrapped phase image can
be uniquely unwrapped (with an arbitrary constant offset)
if it does not have residues [36], we check whether the 𝐸𝑖,𝑗
have residues. Given no residues, we unwrap 𝐸𝑖,𝑗 by a flood-
fill algorithm [37, 38] with a centre start point and no branch
cuts.

Step 1. Choose the start pixel as the point in the location
of 𝑖 = round(𝑀/2) and 𝑗 = round(𝑁/2), where round(⋅)
rounds its argument to the nearest integer. Its phase value is
stored as an unwrapped phase value in the solution matrix.

The four neighbouring pixels are next unwrapped and their
unwrapped phase values are placed in the solution matrix.
These four pixels are inserted in the unwrapped list.

Step 2. Pick a pixel from the unwrapped list and then
eliminate it from the unwrapped list. Unwrap the phase values
of its four neighbouring pixels, avoiding pixels that have been
unwrapped. Insert these pixels in the unwrapped list and put
their unwrapped phase values in the solution matrix.

Step 3. Repeat Step 2 until the unwrapped list becomes
empty.

Unwrapping 𝐸𝑖,𝑗 is signified by 𝜔−1{𝐸𝑖,𝑗}, which is added
back to the estimated phase to obtain the final result.
Consider

𝜑
final
𝑖,𝑗

= 𝜑𝑖,𝑗 + 𝜔
−1
{𝐸𝑖,𝑗} , 𝑖 = 1, 2, . . . ,𝑀; 𝑗 = 1, 2, . . . , 𝑁.

(21)

In summary, the detailed procedure of the SDM𝐿𝑃 phase
unwrapping algorithm is described as below.

Step 1. Set the iteration time 𝑘 = 0. Set the value of𝑝. Initialize
the estimated phases.

Step 2. Compute the weights 𝑅𝑖,𝑗 and 𝐶𝑖,𝑗 from (10).

Step 3. Compute Q and 𝑠 from (14) and (15); then solve (13)
by the direct solver.

Step 4. Compute the distinction 𝐸𝑖,𝑗 by (20). Check 𝐸𝑖,𝑗 for
residues. If there are no residues, continue. If 𝑘 > 𝑘max, end.
Otherwise, set 𝑘 = 𝑘 + 1 and go to Step 2.

Step 5. Unwrap 𝐸𝑖,𝑗 by the flood-fill algorithm, and form the
final estimated phases by (21).

2.2.4. Evaluation. The following weighted 𝐿0measure is used
to evaluate the quality of an unwrapped solution:

𝜌 =
1

𝑀𝑁

[

[

𝑀−1

∑

𝑖=1

𝑁

∑

𝑗=1

𝑤
𝑥
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𝜑𝑖+1,𝑗 − 𝜑𝑖,𝑗 − Δ𝜓

𝑥

𝑖,𝑗



0

+

𝑀

∑

𝑖=1

𝑁−1

∑

𝑗=1

𝑤
𝑦

𝑖,𝑗


𝜑𝑖,𝑗+1 − 𝜑𝑖,𝑗 − Δ𝜓

𝑦

𝑖,𝑗



0
]

]

.

(22)

This counts the ratio of pixels where the gradients of the
unwrapped solution mismatch the wrapped phase gradients,
which is what we have also minimized with 𝑝 = 0. Therefore,
the lower weighted 𝐿0 measure indicates the better perfor-
mance.

3. Results and Discussion

Several 2D datasets are used to evaluate the performance of
the proposed SDM𝐿𝑃 algorithm. The actual number of the
iterations of the SDM𝐿𝑃 algorithm varies, depending on the
loops after which the distinctions of each example become
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(a) (b)

(c) (d)

(e) (f)

Figure 2: A 128×128 phase dataset with shear, (a) its wrapped phase, and (b) its residue distribution including 6 residues. Unwrapped phase
image using the (c) SDM𝐿𝑃, (d) conventional minimum 𝐿

𝑝-norm, (e) PUMA, and (f) PHUNmethods. Unwrapping errors are marked with
red arrows.

residue free.The limitedmaximumnumber of iterations 𝑘max
is set to be 20.

The performance of the proposed algorithm is compared
with conventional minimum 𝐿

𝑝-norm algorithm [12] and
other twowidely used 2D algorithms, PUMA [16] and PHUN
[10]. Note that we choose 𝑝 = 0 for the first two methods,
because 𝐿0-norm minimization is more well behaved and
most desired in practice (explained in Section 1). We merely
display the best result we can obtain for the PHUN method
in each example, because the behaviour of this algorithm is
controlled by many parameters and the optimum values of
the parameters vary for each dataset. All these methods are
implemented inMATLAB (MathWorks,Natick,MA) on aPC
(Intel 2 Quad CPU 2.39GHz).

3.1. Simulated Data. We begin with a 128×128 phase dataset
with one shear line located horizontally along the 13th row
below the upper border. The wrapped phase image is shown
in Figure 2(a). Figure 2(b), where the black border is added,
shows its residues marked as black dots.

The proposed method, SDM𝐿𝑃, made no unwrapping
errors for this case, producing a solution (see Figure 2(c))

exactly the same as the true phase. However, while it obtained
the smallest weighted 𝐿0 measure for this example, it con-
vergedmore slowly than the PUMAand PHUNmethods (see
Figure 6). The conventional minimum 𝐿

𝑝-norm and PUMA
methods both yielded extra short vertical shear lines marked
with red arrows in the upper parts of their results (see Figures
2(d) and 2(e)). Figure 2(f) shows the solution achieved by the
PHUNmethod with five unexpected crooked shear lines and
a black spot of outliers whose values are very low (all marked
with red arrows).

Figure 3(a) shows a 257×257wrapped phase shear image
with Gaussian noise (the signal-to-noise ratio is 0.8379 dB).
Its residue distribution is shown in Figure 3(b).

The result of the SDM𝐿𝑃 algorithm in Figure 3(c) is
composed of a two-planar surface tearing along the median
shear line as expected, except for some protrusions on this
line where the phases are severely corrupted by both the noise
and the object discontinuities. The conventional minimum
𝐿
𝑝-norm method offers a slightly worse result, shown in

Figure 3(d), where minor errors (marked with red arrows)
occurred near the top and bottom of the median shear
line. So the weighted 𝐿0 measure values of the SDM𝐿𝑃 and



6 Computational and Mathematical Methods in Medicine

(a) (b)

(c) (d)

(e) (f)

Figure 3: A 257×257 noisy phase dataset with shear, (a) its wrapped phase, and (b) its residue distribution including 150 residues. Unwrapped
phase image using the (c) SDM𝐿𝑃, (d) conventional minimum 𝐿

𝑝-norm, (e) PUMA, and (f) PHUNmethods.

conventional minimum 𝐿
𝑝-norm methods are almost the

same (see Figure 6(a)). However, it is noted in this case
that the former converged much faster than the latter. The
unwrapped phase image of the PUMAmethod in Figure 3(e)
has some small-scale, anomalous “layer” artifacts around
the median shear line. The PHUN method generated an
incorrect unwrapped phase image with the left half full of
“layer” artifacts that propagated from the median line to the
surrounding regions or even the image border.

In summary, these two simulation examples, both having
object discontinuities lying in the shear line, demonstrate
the discontinuity-preserving ability of the SDM𝐿𝑃 algorithm.
Additionally, the SDM𝐿𝑃 algorithm did not produce extra-
undesired discontinuities that appeared as shear lines or
“layer” artifacts.

3.2. MR Data. Figures 4(a) and 4(b) show the magnitudes
and phases of a 44 × 44 displacement encoded MR heart
dataset [39], respectively.

The results of the SDM𝐿𝑝, the conventional minimum
𝐿
𝑝-norm, and the PUMA algorithms are shown in Figures

4(d), 4(e), and 4(f). There is no significant visible difference
between these three images. In these unwrapped phase
images, the rough shape of the heart (compared to the
magnitude picture in Figure 4(a)) is dimly visible. We then
examine the corresponding discontinuity maps (added black
borders) that are the distributions of the discontinuities
where pixels (marked in black) differ from a neighbouring
pixel by more than 𝜋 radians. These maps in Figures 4(h),
4(i), and 4(j) have little differences. In addition, the weighted
𝐿
0 measures, depicted in Figure 6(a), of these three methods

are similar. The extremely fast algorithm, PHUN, offered a
solution involving many black spots (see Figure 4(g)) that
correspond roughly to the locations of the residues (see
Figure 4(c)). Also, it created a large number of undesired
discontinuities (see Figure 5(j)).

An MR head example [12] is shown in Figure 5. The
SDM𝐿𝑝, the conventional minimum 𝐿

𝑝-norm, and the
PUMA algorithms all produced plausible unwrapped phase
images, shown in Figures 5(c), 5(d), and 5(e). Moreover,
the discontinuity maps (see Figures 5(g), 5(h), and 5(i))
and weighted 𝐿0 measures (see Figure 6(a)) of these three
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(a) (b) (c)

(d) (e) (f) (g)

(h) (i) (j) (k)

Figure 4: A 44 × 44 displacement encoded MR heart dataset, (a) its magnitudes, (b) its wrapped phases, and (c) its residue distribution
including 210 residues. Unwrapped phase image using the (d) SDM𝐿𝑃, (e) conventional minimum 𝐿

𝑝-norm, (f) PUMA, and (g) PHUN
methods. Discontinuities in the corresponding unwrapped phase images got by the (h) SDM𝐿𝑃, (i) conventional minimum 𝐿

𝑝-norm, (j)
PUMA, and (k) PHUNmethods.

methods are almost the same. The PHUN method failed to
unwrap this dataset correctly (see Figure 5(f)). Its result has a
large number of undesired discontinuities (see Figure 5(j)).

The weighted 𝐿0 measures and execute time of all meth-
ods in the preceding four examples are compared in Figures
6(a) and 6(b), respectively. For a better visual effect, both
of the ordinate axes are in a logarithmic scale. The SDM𝐿𝑝
algorithm achieved the smallest weighted 𝐿

0 measures for
all four examples above. It significantly reduced the compu-
tational time compared to the conventional minimum 𝐿

𝑝-
norm method. However, the algorithm did not converge fast
enough compared with the PUMA and PHUN algorithms.
From the horizontal comparison of the execute time, it can
be concluded that the execute time of the SDM𝐿𝑝 algorithm
depended partly on the size of the phase dataset. For example,
the SDM𝐿𝑃 algorithm converged in 0.5 seconds for the 44×44
heart dataset, while, for the 257×257 simulated dataset, it took
31 seconds.

The final example is the transverse section of a 5-sliceMR
knee dataset, as shown in Figure 7. The size of each slice is

256 × 256. The measurements were made with a 0.5T MRI
scanner (Ningbo Xingaoyi Co., LTD., China).

Excellent results with no phase errors, shown in the
third row of Figure 7, are derived from the unwrapping by
the SDM𝐿𝑃 algorithm.The conventional minimum 𝐿

𝑝-norm
algorithmworked well, except for generating two undesirable
shear lines in the fourth slice. The PUMA algorithm yielded
undesired results in the third and fourth slices with some
shear lines but successfully unwrapped the other slices. The
PHUN method made some unwrapping errors in all slices,
shear lines in the first, third, and fourth slices, and white
patches of outliers, whose values are very high, in the second
and fifth slices. All the truncations and outliers are marked
with yellow and green arrows, respectively, in Figure 7.

As above, the weighted 𝐿
0 measures and execute time

of all the methods for this multislice dataset are compared
in Figures 8(a) and 8(b), respectively. The SDM𝐿𝑃 method
returned the smallest weighted 𝐿

0 measures for all slices.
Additionally, it yielded these results in 19.62 ± 0.99 seconds,
slower than the PUMA and PHUNmethods.
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(a) (b)

(c) (d) (e) (f)

(g) (h) (i) (j)

Figure 5: A 256 × 256MR head dataset, (a) its wrapped phases, and (b) its residue distribution including 1929 residues. Unwrapped phase
images using the (c) SDM𝐿𝑃, (d) conventional minimum 𝐿

𝑝-norm, (e) PUMA, and (f) PHUNmethods. Discontinuities in the corresponding
unwrapped phase images got by the (g) SDM𝐿𝑃, (h) conventional minimum 𝐿

𝑝-norm, (i) PUMA, and (j) PHUNmethods.
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Figure 6: A comparison of the (a) weighted 𝐿0 measures and (b) execute time of the SDM𝐿𝑃, conventional minimum 𝐿
𝑝-norm, PUMA, and

PHUNmethods in unwrapping the preceding four datasets.
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Slice 1 Slice 2 Slice 3 Slice 4 Slice 5

Figure 7: The transverse sections of a 5-slice MR knee dataset. The magnitude and wrapped phase images are shown in the first and second
rows, respectively. Unwrapping results of the SDM𝐿𝑃, conventional minimum 𝐿

𝑝-norm, PUMA, and PHUNmethods are followed in a top-
down order. Undesirable shear lines are marked with yellow arrows. The patches of outliers are marked with green arrows.

4. Conclusions

In this work, we developed a sparse-representation-based
direct minimum 𝐿

𝑝-norm (SDM𝐿𝑃) algorithm for the 2D
phase unwrapping.

The user-defined weights are introduced in the objective
function to improve the discontinuity-preserving ability of
the SDM𝐿𝑃 algorithm. Furthermore, the sparse structures

are used to represent the matrices involved in the objective
function to accelerate the computation and decrease the
memory space. Finally, the SDM𝐿𝑃 algorithms computed
effectively and efficiently by employing direct solvers.

The proposed algorithm does produce excellent, reliable
results with a very small weighted 𝐿0 measure; it even allows
phase images with large discontinuities through the whole
phases to be unwrapped correctly. Moreover, benefiting from
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Figure 8: A comparison of the (a) weighted 𝐿
0 measures and

(b) execute time of the SDM𝐿𝑃, conventional minimum 𝐿
𝑝-norm,

PUMA, and PHUNmethods in unwrapping the multislice dataset.

using the sparse representation and well-developed direct
solvers, the SDM𝐿𝑃 method converges much faster than the
conventional minimum 𝐿

𝑝-norm method. However, it is not
fast enough. Further research can be devoted to reducing the
execution time.
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