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VLSI design is a very complex problem in today’s
decananometer technology and billion-plus gate designs.
There are two broad sets of effects that result from the rapidly
decreasing feature sizes in CMOS VLSI: (a) significant
increase in the number and the diversity of systems that are
implemented on a single chip and (b) further exacerbation of
old problems and the introduction of new ones, such as high
power dissipation and temperature hot spots at all levels of
the design process, high process-voltage-temperature based
variability in various CMOS and interconnect parameters,
and reliability of the design stemming from reduced
feature sizes, to name a few. These issues present significant
challenges to the entire range of EDA tools from system-level
to gate-level synthesis to more accurate and computationally
tractable analysis methods to better reliability via robust
design and effective testing techniques. However, current
algorithmic approaches used to tackle these issues lack the
necessary optimization and analysis heft needed, while also
being computationally tractable. Thus we feel that significant
algorithmic innovations are needed to tackle these new
problems with efficiency and efficacy at various stages of the
VLSI design flow.

Included in this special issue are six papers that present
novel algorithms for a number of the aforementioned issues.
A high-level meta-algorithm for scheduling a chain of coarse
grained tasks on a linear array of FPGAs, which can tackle
a wide range of problem formulations and cost functions, is
presented in the first paper “Meta-algorithms for scheduling
a chain of coarse-grained tasks on an array of reconfigurable
FPGAs” by D. P. Mehta, C. Shetters and D.W. Bouldin.

The second paper “Power-driven global routing for multi-
supply voltage domains” by T.-H. Wu, A. Davoodi, and J.
T. Linderoth, presents a new formulation for the power-
aware routing problem for multi-supply voltage designs. The
problem is solved using integer programming and parallel
processing, the latter being an aspect that is actively being
explored for various time-intensive EDA problems. In the
third paper “Fast and near-optimal timing-driven cell siz-
ing under cell area and leakage power constraints using a
simplified discrete network flow algorithm,” H. Ren and S.
Dutt develop a simplified and fast discretized network flow
(DNF) algorithm for cell sizing for timing optimization under
power and area constraints. This technique is much faster
than a “full-fledged” DNF algorithm, but provides close to
optimal solutions.The fourth paper “A graph-based approach
to optimal scan chain stitching using RTL design descriptions”
by L. Zaourar, Y. Kieffer, and C. Aktouf, presents a first-time
mathematical formulation of the problem of scan insertion
at the register transfer level of a design, and solves it as a
traveling salesman problem. The work presented in the fifth
paper “A novel framework for applying multiobjective GA and
PSO based approaches for simultaneous area, delay, and power
optimization in high level synthesis of datapaths” by D. S. Har-
ish Ram, M. C. Bhuvaneswari and S. S. Prabhu, provides an
application of the non-dominated sorting genetic algorithm
(NSGA II) to the problem of multi-objective optimization
in high-level synthesis with the goal of achieving solutions
that are close to the true Pareto front of optimal solutions.
Finally, the sixth paper “Line search-based inverse lithography
technique for mask design” by X. Zhao and C. Chu, presents
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a novel enhanced mask design method via a highly efficient
gradient-basedsearch technique that results in fewer pattern
errors than previous work;it thus also reduces variability.

We hope the readers will find the papers interesting and
informative, and that this special issue will get researchers
thinking about developing new algorithmic approaches to
effectively solving critical problems in current VLSI design.

Shantanu Dutt
Dinesh Mehta
Gi-Joon Nam



Hindawi Publishing Corporation
VLSI Design
Volume 2013, Article ID 249592, 13 pages
http://dx.doi.org/10.1155/2013/249592

Research Article
Meta-Algorithms for Scheduling a Chain of
Coarse-Grained Tasks on an Array of Reconfigurable FPGAs

Dinesh P. Mehta,1 Carl Shetters,2 and Donald W. Bouldin3

1 Department of Electrical Engineering and Computer Science, Colorado School of Mines, Golden, CO 80401, USA
2Aerospace Testing Alliance (ATA), Arnold Air Force Base, TN 37389, USA
3Department of Electrical and Computer Science, University of Tennessee, Knoxville, TN 37996, USA

Correspondence should be addressed to Dinesh P. Mehta; dmehta@mines.edu

Received 30 April 2012; Revised 31 August 2013; Accepted 9 November 2013

Academic Editor: Shantanu Dutt

Copyright © 2013 Dinesh P. Mehta et al.This is an open access article distributed under theCreativeCommonsAttribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper considers the problem of scheduling a chain of n coarse-grained tasks on a linear array of k reconfigurable FPGAs
with the objective of primarily minimizing reconfiguration time. A high-level meta-algorithm along with two detailed meta-
algorithms (GPRMand SPRM) that support a wide range of problem formulations and cost functions is presented. GPRM, themore
general of the two schemes, reduces the problem to computing a shortest path in a DAG; SPRM, the less general scheme, employs
dynamic programming. Both meta algorithms are linear in n and compute optimal solutions. GPRM can be exponential in k but is
nevertheless practical because k is typically a small constant. The deterministic quality of this meta algorithm and the guarantee of
optimal solutions for all of the formulations discussed make this approach a powerful alternative to other metatechniques such as
simulated annealing and genetic algorithms.

1. Introduction

In this paper, we consider the problem of scheduling a chain
of coarse-grained tasks on a linear array of reconfigurable
FPGAs.This scheduling problem arose in the development of
the CHAMPION software environment for mapping image
processing applications onto an adaptive computing system
(ACS). CHAMPION [1], whichwas developed at theUnivers-
ity of Tennessee, maps a high-level data-flow diagram devel-
oped using the Cantata graphical programming software [2,
3] onto an ACS. CHAMPIONmaps the workspace to a netlist
and performs data width matching and synchronization, fol-
lowed by partitioning. Each resulting subnet-list is translated
into structural VHDLwhich ismergedwithVHDLfiles spec-
ifying the ACS architecture and synthesized using commer-
cial synthesis tools. The partitioning step which is described
in detail in [4] takes as input a directed acyclic graph (DAG)
and computes a partition 𝑃 = {𝑃

1
, 𝑃
2
, . . . , 𝑃

𝑛
} such that each

𝑃
𝑖
can be implemented on a single target FPGA.The partition

algorithm must consider (1) the capacity of the partition (2)
the number of I/O pins, and (3) the limit on RAM access

modules. If 𝑛 is greater than the number of FPGAs on board
(𝑘), multiple configurations of the FPGA (i.e., temporal parti-
tioning) will be necessary. To reduce design complexity, a
design decision was made to use a constrained configuration
of the boards such that all signals pass in one direction along
the array of FPGAs.The signal flowmust accordingly be uni-
directional from 𝑃

1
to 𝑃
𝑛
on the task chain. The input DAG

can be linearized easily using topological sorting. However,
the partitioning step must maintain the unidirectional signal
flowwhen it allocatesmultiple DAGnodes to individual tasks
on the task chain. The DARPA image processing application
was successfully mapped onto theWildforce-XL, the SLAAC,
andMSP FPGAboards. Examples of commercial boards with
multiple state-of-the-art Xilinx and Altera FPGAs can be
found at http://www.dinigroup.com/new/products.php. The
number of FPGAs on these boards is typically six or less
although the DN7020K10 and DNDPBS327 boards have 20
and 27 FPGAs, respectively.

The result of the partitioning algorithm described above
(and the input to the formulations described in this paper) is
a directed chain of coarse-grained tasks such that exactly one
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task fits on an FPGA. The objective of this paper is to design
scheduling meta-algorithms that optimally map tasks to
FPGAs under some measure of cost. Our two algorithmic
schemes are general purpose reconfigurationmeta-algorithm
(GPRM) and the special purpose reconfiguration meta-algo-
rithm (SPRM). Both are meta-algorithms in that they can
each address several design scenarios. (The meta-algorithm
concept is discussed in more detail in Section 2.)

Our focus in this paper is primarily onminimizing recon-
figuration time (although it is possible to incorporate execu-
tion time into our cost formulations) because they typically
dominate execution times by several orders ofmagnitude. For
example, Natarajan et al. [1] reported that the hardware exe-
cution time to process one image using an ACS implementa-
tion of ATR, an automatic target recognition algorithm, was
33 milliseconds, as compared to nearly seven seconds needed
for the entire execution. Gajjala Purna and Bhatia [5] re-
ported that the hardware execution time for a set of four
applications was on the order of tens ofmicroseconds, while a
single reconfiguration requires 242 milliseconds on the
RACE architecture. More recently, Birla and Vikram [6] re-
ported that an integral image computation was executed in
12.36 𝜇s with reconfiguration times ranging from 3.309 to
52.944ms (depending on the configuration clock frequency).
A feature extraction and classification computation had an
execution time of 8.66𝜇s with reconfiguration times ranging
from 3.392 to 54.268ms.

Although the original motivation for this work was to
configure a board with several FPGAs, the underlying abstra-
ction employed by ourmeta-algorithms can also, in principle,
capture partial reconfiguration that allows “specific regions of
the FPGA to be reprogrammed with new functionality while
applications continue to be run in the remainder of the
device.” [7]. The performance of partial reconfiguration con-
tinues to be an active area of research, with recent work being
focused on developing cost models that characterize recon-
figuration times accurately [8–10]. Accurate cost models
provide reconfiguration time data that is vital to scheduling
algorithms such as SPRM and GPRM presented in this paper.

Section 3 formulates the problem and relates it to exist-
ing research. In Sections 4 and 5, respectively, we present
the SPRM and GPRM meta-algorithms along with several
specific instantiations. Section 6 combines the individual for-
mulations into detailed SPRM and GPRM meta-algorithms.
Section 7 contains experimental results and Section 8 con-
cludes the paper.

2. New Algorithmic Techniques Used

A meta-algorithm is a high-level algorithmic strategy that is
somewhat independent of the detailed algorithms used for
solving precise instantiations of the problem. One may view
techniques such as simulated annealing and genetic algo-
rithms as meta-algorithms. These techniques have to be cus-
tomized to the precise problem being solved. For example,
simulated annealing may be customized by instantiating the
concept of state, cost, and move for a given problem. Because
of their stochastic nature (the use of randomness is an integral

component of these techniques), simulated annealing and
genetic algorithms have been widely used to solve a very large
and diverse set of problems. However, the stochastic nature
of these techniques leads to some difficulties in their deploy-
ment: (1) experimental results are not guaranteed to be repro-
ducible and (2) the selection of parameters (such as the cool-
ing factor in simulated annealing) has an appreciable impact
on the runtime of the algorithm and the quality of solution.
Although there are guidelines and best practices on choosing
parameters, the practitioner does not know a priori what
parameters will work well; considerable effort has to be ex-
pended in trial-and-error. It is also possible that different
parameters are needed for different inputs.

The idea of a meta-algorithm can also refer to high-level
strategies for a specific problem such as hierarchical web cach-
ing [11]: this paper experiments with challenging the high-
level implicit strategy used in hierarchical caching that “a hit
for a document at an 𝑙-level cache leads to the caching of the
document in all intermediate caches (levels 𝑙 − 1, . . . , 1) on
the path towards the leaf cache that received the initial
request.” These alternative strategies for being more selective
in choosing the caches that store a local copy of the requested
document are considered to bemeta-algorithms because they
operate independently of the actual replacement algorithm
running in each individual cache.

Another scenario where meta-algorithms can be useful is
when there are several detailed algorithms available to solve
different variations of a problem. In this case, the meta-
algorithm provides a procedure that navigates the available
options and chooses which detailed algorithm to deploy. A
simple example of this occurs when a difficult problemmight
be solved using an exhaustive algorithm for small input sizes
(e.g., 𝑛 < 20) and a heuristic or an approximation algorithm
for large input sizes (e.g., 𝑛 ≥ 20). In this case, the (simple)
meta-algorithm chooses which detailed algorithm to deploy.
If a better heuristic or approximation algorithm is discovered
for 𝑛 ≥ 20, the original one can be replacedwithout impacting
the meta-algorithm. This approach has been used to assist
a user to automatically select most suited algorithms during
data mining model building process [12].

To the best of our knowledge, the use of meta-algorithms
in VLSI design automation (and in configuration minimiza-
tion problems, in particular) is novel.

There are two respects in which we describe meta-algo-
rithms for this problem.

(1) This paper describes two algorithms (SPRM and
GPRM) to minimize reconfiguration time of a sequ-
ence of coarse-grained tasks that are to be executed
in a linear array of FPGAs. SPRM is based on dyna-
mic programming while GPRM is based on a short-
est-paths formulation. SPRM is faster but is con-
cerned with a special case of the problem (where cost
is a function of adjacent tasks in the chain), while
GPRM is concerned with the general case (where cost
is a function of all tasks in adjacent configurations).
The SPRM and GPRMmethods are themselves meta-
algorithms that can be customized to address several
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INPUT: Task Model 𝑇, Implementation Model 𝐼, Cost Model 𝐶
// 𝐼 refers to the configuration of the underlying FPGA hardware
(1) if (𝑇 is a Dag and 𝐼 is unstructured)
(2) then Use optimal LIU-based algorithm [13]
(3) else if (𝑇 is a Chain or a Loop and 𝐼 is a single unit/unstructured)
(4) then Use Dynamic Programming [14]
(5) else if (𝑇 is a Chain and 𝐼 is a Linear Array)
(6) then if (𝐶 is a function of adjacent tasks)
(7) Use SPRM
(8) else // 𝐶 is a function of all tasks in a configuration
(9) Use GPRM.
end

Algorithm 1: Metaheuristic that provides a high-level framework for choosing an appropriate algorithm based on the task, implementation,
and cost models being considered.

detailed problem formulations and cost specifica-
tions. These formulations include reconfiguration
time minimization, dynamic task generation, re-
peated and similar tasks, implementation libraries,
and limited cycles, all of which are discussed later.

(2) Along with Ghiasi et al. [13] and Bondalapati and
Prasanna [14], SPRM and GPRM represent a novel
use of these techniques in the configuration of coarse-
grained tasks with the goal of minimizing reconfig-
uration time on reconfigurable logic. Following the
approach of Fan and Lei [12], we present a framework
within which these algorithmic techniques can be
deployed. We present a metaheuristic (Algorithm 1)
that provides a high-level framework for choosing an
appropriate algorithm based on the task, implemen-
tation, and cost models being considered.

3. Previous Work and Problem Formulation

3.1. Previous Work. Some of the key differences between the
work presented in this paper and early dynamic reconfigu-
ration algorithms [5, 15–19] are that (1) our tasks are more
coarse-grained, whereas the previous algorithms operate at
the netlist level. (2)We assume that an array of FPGAs is avail-
able, whereas the previous work assumes that there is a sin-
gle dynamically reconfigurable FPGA. (3) Finally, we assume
that the application represented by a directed acyclic graph
(DAG) of tasks has been converted into a linear chain of tasks
in a precomputation step. The mapping of a DAG to a linear
chain and the rationale and implications of working with lin-
ear chains are discussed in the next subsection.

In addition, there are two relatively recent papers that
consider coarse-grained tasks. However, neither of these
allows for a linear array of FPGAs. We describe their work in
greater detail below.

Bondalapati and Prasanna [14] consider a formulation
where a chain of tasks is implemented on a single configurable
logic unit. A single task is executed on the configurable logic
unit at a time. When its execution is complete, the logic unit
is reconfigured to execute the next task in the list and so on.
Each task can be implemented using multiple configurations.

The choice of configurations for consecutive tasks affects the
reconfiguration time. A dynamic programming algorithm
optimizes the total reconfiguration time in 𝑂(𝑛𝑐

2
) time,

where 𝑛 is the number of tasks and 𝑐 is the number of con-
figurations for each task. Our formulation fundamentally dif-
fers from theirs in that our chain of tasks will be implemented
on a linear pipelined array of 𝑘 configurable logic units.
Indeed, their dynamic programming solution may be viewed
as a special case of our shortest-paths solution to our GPRM
formulation when 𝑘 = 1. (We note that Bondalapati and
Prasanna further consider the case where their chain of tasks
is contained in a loop requiring repeated execution and un-
rolling, which is outside the scope of our work.)

Ghiasi et al. [13] consider a formulation where a directed
acyclic graph (DAG) of tasks has to be scheduled and exe-
cuted on partially reconfigurable hardware with capacity 𝑘;
that is, at most 𝑘 tasks may be allocated at a time. Different
tasks in the DAGmay be identical, so savings in reconfigura-
tion time may be obtained by caching a task in the partially
reconfigurable hardware (PRH). Their algorithms are based
on extending solutions to paging problems. This is possible
because, in their formulation, any task can be placed in any of
the 𝑘 locations in the PRH, which gives themmuchmore flex-
ibility. Our tasks must be placed on a linear pipelined array
in the order in which they appear in the chain to facilitate
signal flow. Further, they do not address some of the formula-
tions addressed in the paper (such as dynamic task generation
and implementation libraries).

3.2. Discussion of Design Context. In this section we discuss
the rationale and implications for the following design deci-
sions.

(1) Model of computation: the DAG has traditionally
been used as a general model of computation in the
literature. As described earlier, our approach is to pre-
process theDAG, transforming it into a linear chain of
tasks and then applying our algorithms to the task
chain. In principle, this preprocessing can be achieved
by performing a topological sort on the DAG. Edges
connecting vertices that are not adjacent in the chain
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can be accommodated by including simple tasks in
the intermediate chain vertices that facilitate the pass-
ing-through of the data. The existence of many such
edges will add overhead, possibly making this ap-
proach impractical. Other considerations during this
transformation are discussed in [4].

(2) Implementation model: FPGA boards contain a rout-
ing switch which permits a portion of the I/O of any
FPGA to be interconnected to a portion of the I/O of
any other FPGA on the board. In this work, we are
using a constrained configuration of the boards such
that signals flow in one direction along the array of
FPGAs.

The rationale for these decisions is that many applications
(e.g., image processing) can be naturally decomposed into a
linear sequence of steps which map directly into a chain. For
these applications, the linear flow of data results in communi-
cation paths between all of the FPGAs that are identical and
predictable. This greatly simplifies system design and makes
it more amenable to automation.

Some of the implications and consequences of these
decisions are listed below.

(1) The traditional advantage of using a DAG computa-
tion model over a linear chain is that it permits tasks
to be executed in parallel on different processors. In
current FPGA systems, the response time is domi-
nated by FPGA reconfiguration delays and not com-
putation time [1, 5, 6]. This, along with the limited
number of FPGAs available on a board,minimizes the
traditional advantage of working directly with aDAG.
Note, however, that our approach does not preclude
the use of fine-grained parallelism in the implemen-
tation of a task. In other words, the implementation of
that task in an FPGA could require several control
logic blocks (CLBs) to execute in parallel. In the event
that computation time is significant, our approach
permits reconfigurating earlier FPGAs in parallel
with ongoing computations in later FPGAs [20] and
also permits reconfiguring FPGAs in parallel.

(2) Since FPGA technology results in fast execution times
for complex algorithms, it is important to ensure that
the scheduling algorithm itself does not consume an
excessive amount of time. An advantage of linear
chains is that scheduling algorithms are significantly
faster than those for DAGs.

(3) A linear chain implementation of an algorithmmakes
it more amenable to pipelining. Thus, several images
can be pipelined through an FPGA board configura-
tion and the partial results stored.The board can then
be reconfigured and the partial results pipelined
through a new board configuration. This amortizes
reconfiguration time over several images.

3.3. Consolidated Problem Formulation. As mentioned pre-
viously, the meta-algorithms described here capture several
scenarios. Each such scenario will require a subtly different

1 32 n

Figure 1: Input task chain.

Table 1: Two-dimensional array 𝑅 representing the assignment of
tasks to FPGAs and board configurations. Each row represents a
board configuration and each column represents an FPGA. (Thus,
Task 5 is assigned to FPGA 3 in Configuration 2.) Note that tasks
are listed in row major order but are not necessarily consecutive.
Note also that 𝑡 the number of temporal board configurations is not
known a priori.

Board config no. FPGAs on board
1 2 3 4

1 1 2 3
2 4 5 6
3 7 8 9 10
...
...
𝑡 𝑛 − 1 𝑛

problem formulation.We begin by presenting two abstracted
formulations that capture the essence of the problems solved
by SPRM and GPRM: we describe (1) input, (2) output, and
(3) an abstracted cost function.

Input is a chain of tasks labeled 1 through 𝑛 as shown in
Figure 1 and an integer 𝑘 denoting the number of FPGAs on a
board.

Output is an optimal assignment of each task 𝑖 to a temporal
board configuration and an FPGA denoted by (𝐵

𝑖
, 𝐹
𝑖
). 𝐵
𝑖
is

an integer between 1 and 𝑡 (the total number of board config-
urations) that denotes the temporal board configuration that
Task 𝑖 is assigned to.𝐹

𝑖
is an integer between 1 and 𝑘 (the num-

ber of FPGAs on the board) that denotes the FPGA that Task 𝑖
is assigned to. The output may be visualized as the two-di-
mensional array 𝑅 shown in Algorithm 1. In this example,
𝐵
5
= 2 and 𝐹

5
= 3 because Task 5 is assigned to FPGA 3

in Board Configuration 2. Note that some entries may be left
blank (e.g., (1, 4) and (2, 1) in Table 1) in the optimal solution
found by our algorithms. As we will see later, this could
happen as a result of scheduling repeated tasks on the same
FPGA in consecutive board configurations in order to mini-
mize reconfiguration time.

Linear TaskOrder Constraint. Any pair of tasks 𝑖 and 𝑗with 𝑖 <
𝑗 must satisfy the following constraints: either 𝐵

𝑖
< 𝐵
𝑗
(i.e.,

task 𝑖 appears in an earlier board configuration than task 𝑗) or
𝐵
𝑖
= 𝐵
𝑗
and𝐹
𝑖
< 𝐹
𝑗
(i.e., tasks 𝑖 and 𝑗 appear in the sameboard

configuration but 𝑖 is assigned to an FPGA that appears earlier
in the pipeline than the FPGA allocated to 𝑗).

We have not yet defined optimality. We consider two cost
scenarios that lead to a fundamental distinction between the
SPRM and GPRM strategies.
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(1) The cost to reconfigure from board Configuration 𝑐 to
board Configuration 𝑐+1 is purely a function𝑓 of the
last task denoted 𝐿

𝑐
in Configuration 𝑐 (highest num-

bered task appearing in Row 𝑐 of the output table) and
the first task in Configuration 𝑐 + 1 (lowest numbered
task appearing in Row 𝑐+1 of the output table), which
is 𝐿
𝑐
+ 1. In the example, the cost to reconfigure from

Configuration 1 to Configuration 2 would be 𝑓(3, 4)
because Task 3 is the last task in Configuration 1
and Task 4 is the first task in Configuration 2. In this
restricted model, the other tasks allocated to the con-
figurations such as Task 2 in Configuration 1 and Task
5 in Configuration 2 are assumed to have no bearing
on the cost.This scenario arises when reconfiguration
time is dominated by the time needed to store inter-
mediate results between two adjacent configurations.
The total cost is formally defined as∑𝑡−1

𝑐=1
𝑓(𝐿
𝑐
, 𝐿
𝑐
+1).

The SPRM scheme computes an optimal solution for
this scenario.

(2) Cost to reconfigure from Configuration 𝑐 to Config-
uration 𝑐+1 is a function 𝑔 of all of the tasks assigned
to Configurations 𝑐 and 𝑐 + 1. This captures the sce-
nario when CLB reconfiguration dominates reconfig-
uration time. In this scenario, repeated tasks placed
on the same FPGA in consecutive configurations
result in significant savings.
The total cost is formally defined as ∑𝑡−1

𝑐=1
𝑔(𝑅[𝑐, ⋅],

𝑅[𝑐+1, ⋅]), where𝑅[𝑐, ⋅]denotes all tasks inConfigura-
tion 𝑐 (i.e., Row 𝑐 in the output table 𝑅). Note that this
scenario subsumes the SPRM scenario. The GPRM
scheme is used to compute an optimal solution for
this more general scenario.

4. SPRM

Wepresent three formulations of the SPRMproblem.Thefirst
is a basic formulation, the second permits dynamic task gen-
eration, and the third permits limited use of bidirectional
edges and cycles. The three scenarios are quite different, but
all of them share the property that the problem is fully spe-
cified by specifying costs between adjacent tasks in the chain.

4.1. SPRMFormulation 1: Basic. Given a chain of 𝑛 tasks and a
cost𝐶

𝑖+1
= 𝑓(𝑖, 𝑖+1) of separating tasks 𝑖 and 𝑖+1 into differ-

ent configurations, compute a set of cuts of minimum total
cost such that each configuration (represented by the tasks
between adjacent cuts) has 𝑘 or less tasks.

Application. In a chain of tasks, data is propagated along the
pipeline from task 𝑖 to the next task 𝑖 + 1. When these tasks
belong to FPGAs in the same board configuration, the trans-
fer can take place directly. However, when they are not in the
same board configuration, the datamust be stored inmemory
by task 𝑖 and read from memory by task 𝑖 + 1 after the board
is reconfigured so that task 𝑖 + 1 may proceed with its com-
putation. 𝐶

𝑖+1
denotes this cost and could be substantial in

case the data consists of images or video.

10 3 10 100 4 50 50 50 50 5 50 50 30

Figure 2: Initial task list with reconfiguration costs.

10 3 10 100 4 50 50 50 50 5 50 50 30

Figure 3: Task list with optimum cuts.

Consider the following simple example with 𝑛 = 14 and
𝑘 = 4. The costs 𝐶

𝑖
associated with each pair of consecutive

tasks are shown in Figure 2.
The optimal solution consists of making cuts at edges 2, 6,

and 10 with costs 3, 50, and 5, respectively, resulting in a cost
of 58. The cuts are shown in Figure 3.

The dynamic programming algorithm is described below.
We employ two one-dimensional arrays cost and firstCut of
size 𝑛 (where 𝑛 is the number of tasks in the chain). The ele-
ment 𝑐𝑜𝑠𝑡[𝑙] will, upon completion of the algorithm, contain
the cost of an optimal set of cuts separating the tasks in the
subchain from 𝑙 to 𝑛−1. Note that this value will be zero if 𝑛−
𝑙 ≤ 𝑘, since no cuts are required to separate a chain consisting
of 𝑘 or less tasks. The element 𝑓𝑖𝑟𝑠𝑡𝐶𝑢𝑡[𝑙] will contain the
location of the first cut in the subchain from 𝑙 to 𝑛 − 1 in an
optimal solution. The algorithm is outlined in Algorithm 2.

The elements of the cost and firstCut arrays are computed
in reverse order. Lines 3 and 4 consider the casewhere the task
chain from 𝑙 to 𝑛 − 1 contains 𝑘 or less tasks, whereas lines 5–
9 consider the general case. The general case is addressed by
considering all the ways in which the first cut in the subchain
starting at 𝑙 can bemade. For each possibility, we use the value
of cost [𝑙+𝑖+1] that was computed in a previous iteration and
𝐶
𝑙+𝑖+1

.
The cost array upon completion of execution of the algo-

rithm on the input of Figure 2 is shown in Table 2 and the
firstCut array in Table 3.

Theorem 1. AlgorithmCOST (Algorithm 2) computes an opti-
mal solution to SPRM Formulation 1.

Proof. Clearly, the algorithm returns the correct value (zero)
when 𝑛 − 𝑙 ≤ 𝑘, since all the tasks can be accommodated in
one configuration and there is no need to incur reconfigura-
tion costs. If 𝑛−𝑙 > 𝑘, it must be the case that at least one cut is
needed. Our dynamic programming solution considers all 𝑘
possibilities for the leftmost cut and uses previously com-
puted optimal cost values for the subchains.

Theorem 2. Algorithm COST has time complexity 𝑂(𝑛 log 𝑘)
and space complexity 𝑂(𝑛).

Proof. There are 𝑂(𝑛) elements in the cost array, each of
which is computed in 𝑂(𝑘) time. This results in a complexity
of 𝑂(𝑛𝑘). We note that this can be improved to 𝑂(𝑛 log 𝑘) as
follows: observe that in order to compute any element 𝑐𝑜𝑠𝑡[𝑙],
we obtain the minimum from a set of 𝑘 quantities of the form
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COST(𝑛)
{Compute minimum cost using dynamic programming}
(1) for 𝑙 = 𝑛 − 1down to 0 do // 𝑛 is number of tasks in chain
(2) 𝑐𝑜𝑠𝑡[𝑙] = ∞

(3) if (𝑛 − 𝑙) ≤ 𝑘 then //Base case
(4) 𝑐𝑜𝑠𝑡[𝑙] = 0

(5) 𝑓𝑖𝑟𝑠𝑡𝐶𝑢𝑡[𝑙] = 𝑛

(6) else // General case
(7) for 𝑖 in [0, 𝑘 − 1] do // Try 𝑘 cuts, determine which is best
(8) 𝑡𝑒𝑚𝑝𝐶𝑜𝑠𝑡 = cost[𝑙 + 𝑖 + 1] + 𝐶

𝑙+𝑖+1

(9) if tempCost < 𝑐𝑜𝑠𝑡[𝑙] then
(10) 𝑐𝑜𝑠𝑡[𝑙] = 𝑡𝑒𝑚𝑝𝐶𝑜𝑠𝑡

(11) 𝑓𝑖𝑟𝑠𝑡𝐶𝑢𝑡[𝑙] = 𝑙 + 𝑖 + 1

end

Algorithm 2: SPRM (Straight-Cut) algorithm.

Table 2: Contents of array cost on completion of algorithm.

0 1 2 3 4 5 6 7 8 9 10 11 12 13
58 58 55 55 55 55 5 5 5 5 0 0 0 0

Table 3: Contents of array first cut on completion of algorithm.

0 1 2 3 4 5 6 7 8 9 10 11 12 13
2 2 6 6 6 6 10 10 10 10 14 14 14 14

CUTS(𝑛) // The traceback step
(1) next = 0
(2) while 𝑛𝑒𝑥𝑡 < 𝑛 do
(3) output𝑓𝑖𝑟𝑠𝑡𝐶𝑢𝑡[𝑛𝑒𝑥𝑡]
(4) 𝑛𝑒𝑥𝑡 = 𝑓𝑖𝑟𝑠𝑡𝐶𝑢𝑡[𝑛𝑒𝑥𝑡]

end

Algorithm 3: Output-Cuts algorithm.

𝑐𝑜𝑠𝑡[𝑙+𝑖+1]+𝐶
𝑙+𝑖+1

. Also, observe that in the computation of
𝑐𝑜𝑠𝑡[𝑙 − 1], 𝑘−1 of these quantities are identical to those used
for 𝑐𝑜𝑠𝑡[𝑘]. Thus, it is possible to use a min-heap data struc-
ture in combination with a queue of pointers to elements in
themin-heap to (1) compute theminimum, (2) delete one ele-
ment, and (3) insert one element per iteration. Each of these
can be accomplished in 𝑂(log 𝑘) time, giving the result.

The algorithm to output cuts is given in Algorithm 3.

4.2. SPRM Formulation 2: Dynamic Task Generation. The
dynamic task generation problem is a modification of the
formulation described above. As before, the input is a linear
chain of tasks. However, in addition to the 𝐶

𝑖+1
costs asso-

ciated with each edge, a boolean parameter is also associated
with each node. If this parameter is set to true a cut on either
side of this node, this will require the creation of an additional
node. This additional node will occupy one of the available

FPGAs and therefore directly affects the calculation of the
optimum cost and cut-set in the algorithm.

Application. When a task is placed in the first FPGA in a con-
figuration, it will need to read intermediate data from mem-
ory. Similarly, when a task is placed in the last FPGA in a con-
figuration, it will need to write intermediate data to memory.
This additional read/write functionality must be imple-
mented on the FPGA. However, if the additional logic re-
quired does not fit on the FPGAor if the existing functionality
on the FPGA already contains memory accesses and more
memory accesses are not permitted by the architecture, an
additional task must be created and accommodated on
another FPGA.

We use the same example as before, except that alongwith
the reconfiguration cost there is a boolean flag associatedwith
each vertex (Figure 4).

Our algorithm obtains cuts at 3, 5, 6, and 10 of costs 10, 4,
50, and 5 resulting in an optimal cost of 69. Note that the
addition of extra task nodes affects the cut location and there-
fore the overall cost. The optimum cuts would break the task
list as can be seen in Figure 5.

The cost function, which is the main modification to the
Straight-Cut algorithm, is displayed in Algorithm 4.

The main difference between the dynamic task and the
straight cut versions is that configurations are analyzed to
determine how many of their end-nodes are marked (i.e., an
additional node is required if the cut is at this location). This
quantity (0, 1, or 2) is subtracted from the possible number of
FPGAs available for a configuration.
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COST(𝑛)
{Compute minimum cost using dynamic programming}
(1) for 𝑙 = 𝑛 − 1 down to 0 do // 𝑛 is number of tasks in chain
(2) 𝑐𝑜𝑠𝑡[𝑙] = ∞

(3) if (𝑛 − 𝑙) ≤ 𝑘 − 𝑏[𝑙] − 𝑏[𝑛 − 1] then //Base case
(4) 𝑐𝑜𝑠𝑡[𝑙] = 0

(5) 𝑓𝑖𝑟𝑠𝑡𝐶𝑢𝑡[𝑙] = 𝑛

(6) else // General case
(7) for 𝑖 in [0, 𝑘 − 1 − 𝑏[𝑙]] do // try all cuts, determine best one
(8) if 𝑖 < 𝑘 − 1 − 𝑏[𝑙] or 𝑏[𝑙 + 𝑖] = 0 then // checks whether additional task needed
(9) 𝑡𝑒𝑚𝑝𝐶𝑜𝑠𝑡 = cost[𝑙 + 𝑖 + 1] + 𝐶

𝑙+𝑖+1

(10) if 𝑡𝑒𝑚𝑝𝐶𝑜𝑠𝑡 < 𝑐𝑜𝑠𝑡[𝑙] then
(11) 𝑐𝑜𝑠𝑡[𝑙] = 𝑡𝑒𝑚𝑝𝐶𝑜𝑠𝑡

(12) 𝑓𝑖𝑟𝑠𝑡𝐶𝑢𝑡[𝑙] = 𝑙 + 𝑖 + 1

end

Algorithm 4: SPRM (dynamic-node generation) algorithm.

0 0 1 1 1 1 0 0 0 0 0 0 0 0

10 3 10 100 4 50 50 50 50 5 50 50 30

Figure 4: Initial task list with reconfiguration costs and boolean flag.

0 0 1 1 1 1 0 0 0 0 0 0 0 0

10 3 10 100 4 50 50 50 50 5 50 50 30

Figure 5: Task list with optimumcuts and additional node locations.

4.3. SPRM Formulation 3: Linear Chain with Limited Cycles.
Recall that the partitioning algorithm of [4] partitions a DAG
into a chain of 𝑛 tasks such that the signal flows from left to
right. However, this may not be possible or advantageous in
some applications and may result in bidirectional edges or
cycles as shown in Figure 6.

The interconnect on FPGA boards can be configured to
permit bidirectional or cyclic signal flow, so the only limita-
tion is that all tasks involved in this type of signal flowmust be
placed in the same board configuration. (Otherwise, a task in
an earlier board configuration will need data produced by a
task in the future.) Although SPRM is designed for a linear
chain with a unidirectional signal flow, it can be modified
for situations with a limited number of bidirectional edges
or cycles. This constraint can be accommodated by assigning
a large cost M to each bidirectional edge and to all edges in
a cycle as shown in Figure 7.Thiswill discourage our dynamic
programming algorithm from cutting these edges forcing the
algorithm to place the relevant tasks on the same board,
provided this is feasible.

5. GPRM

Recall that GPRM is designed for situations where the cost
of reconfiguring Configuration 𝑐 into Configuration 𝑐 + 1 is

a function of all tasks assigned to those two configurations
whereas SPRM is designed for situations where the reconfig-
uration cost is a function of the last task assigned to 𝑐 and the
first task assigned to 𝑐+1, while ignoring all of the other tasks
in the two configurations. Thus GPRM subsumes SPRM and
can handle all of the cases discussed in the previous section.
In this section, we present six formulations of the GPRMpro-
blem. The first three consider scenarios where reconfigura-
tion time can be saved by reusing logic through partial recon-
figuration.The fourth andfifth consider dynamic task genera-
tion and linear chains with limited cycles (which can be han-
dled by SPRM Formulations 2 and 3, resp.), while the sixth
describes how cost metrics can be extended to include
execution time.

5.1. GPRM Formulation 1: Repeating Tasks. To illustrate the
GPRM strategy, we consider an example consisting of a board
with 𝑘 = 5 FPGAs and a task chain with 𝑛 = 9 tasks, some of
which are repeated. (Tasks can repeat if the same image proc-
essing transformation or the samememorymanagement step
is used several times in the computation.)The task chain con-
sists of the tasks A, B, C, C, A, B, D, E, and C. Repeating
tasks are represented by using the same letter of the alphabet.
Table 4 shows four possible configuration sequences. Within
each of the four sequences, a row represents a configuration
and indicates which task is placed in each FPGA in that con-
figuration.

To further simplify the presentation, we assume that the
cost of reconfiguring an FPGA is 1 or 0 depending on the tasks
that are allocated to the FPGA in consecutive configurations.
The cost is 0 in the following two cases. (1)The FPGA remains
empty in consecutive configurations. (2) The FPGA contains
the same task in consecutive configurations. The cost is 1 in
the following three cases. (1) The FPGA is empty in one con-
figuration and occupied by a task in the next configuration.
(2) The FPGA is occupied in one configuration and empty in
the next configuration (reconfiguration is needed to prevent
unwanted side effects). (3)The FPGA contains different tasks
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A

B

C D

(a)

A

B

D

C

(b)

i i + 1

(c)

Figure 6: Allocating multiple DAG nodes to a task can lead to a bidirectional edge: (a) original DAG, (b) allocation of DAG nodes to FPGA
tasks, (c) bidirectional edge resulting from node merging.

Table 4: Four possible solutions to GPRM sample problem:The first row shows the initially empty configurations.The second row shows the
FPGAs with their initially loaded tasks (with the cost of loading included in the cost column in Row 2). We describe the example in detail
for Solution 1: The cost of Row 2 is 3 because 3 of the 5 empty FPGAs are loaded with tasks while the other 2 remain empty. The cost of
reconfiguring Row 2 into Row 3 is 4 (four FPGAs go from loaded to empty or vice versa while FPGA 3 retains the same task C). The cost of
reconfiguring Row 3 into Row 4 is 4 (again four FPGAs either go from loaded to empty or vice versa while FPGA 3 continues to retain task
C). We ignore the cost of emptying out the FPGAs at the end, giving a total cost of 3 + 4 + 4 = 11. Solutions 3 and 4 are the best, each with a
total cost of 6.

Solution 1 Solution 2 Solution 3 Solution 4
1 2 3 4 5 $ 1 2 3 4 5 $ 1 2 3 4 5 $ 1 2 3 4 5 $

— — — —
A B C 3 A B C C 4 A B C C 4 A B C C 4

C A B 4 A B D E C 3 A B D E C 2 A B D E C 2
D E C 4 — — —

Total cost 11 Total cost 7 Total cost 6 Total cost 6

(a)

M M M

(b)

Figure 7: (a) task chain with one cycle and one bidirectional edge.
(b) Cost M assigned to each bidirectional or cycle edge.

in the two consecutive configurations. Note that the reconfig-
uration cost is a function of ALL tasks in consecutive config-
urations, which is precisely when the GPRM strategy is appli-
cable. Note also that the SPRM strategy would not apply in
this scenario.

Our GPRM strategy consists of modeling the problem as
a shortest-path problem in a directed acyclic graph with non-
negative costs assigned to the edges of the dag. Each node in
the graph represents a possible configuration, that is, an
assignment of tasks to FPGAs.Nodes of the graph are denoted
by [𝑙, 𝑏

1
𝑏
2
⋅ ⋅ ⋅ 𝑏
𝑘
], where 𝑙 denotes the index of the first task

included in the configuration and 𝑏
𝑖
, 1 ≤ 𝑖 ≤ 𝑘, is a bit which is

set to 1 if FPGA 𝑖 is occupied by a task and 0 if it is left unoccu-
pied. Thus, we refer to 𝑏

1
𝑏
2
⋅ ⋅ ⋅ 𝑏
𝑘
as the occupancy bit string.

The total number of tasks included in a configuration is
∑
𝑘

𝑖=1
𝑏
𝑖
and the index𝑚 of the last task in the configuration is

𝑙 +∑
𝑘

𝑖=1
𝑏
𝑖
−1. Note that empty configurations (∑𝑘

𝑖=1
𝑏
𝑖
= 0) or

configurations where 𝑚 > 𝑛 need not be considered. (Recall
that 𝑛 is the total number of tasks.)

Configuration node [𝑙, 𝑏
1
𝑏
2
⋅ ⋅ ⋅ 𝑏
𝑘
] has an out-edge to all

nodes of the form [𝑚+1, ∗], where𝑚 denotes the index of the
last task node in [𝑙, 𝑏

1
𝑏
2
⋅ ⋅ ⋅ 𝑏
𝑘
] and ∗ denotes any occupancy

bit pattern that represents a valid configuration. Edges con-
nect every possible pair of consecutive configurations. We
assign a cost to each edge which denotes the cost of recon-
figuring the FPGA array with the new set of tasks. Since this
quantity is a function of the two configurations joined by the
edge, it can be easily computed. We also include a dummy
source and a dummy sink node to facilitate the shortest-path
computation.The source represents an “empty” configuration
and has an out-edge to all nodes of the form [1, ∗]. The cost
of the out-edge is the cost of initially configuring the FPGA
array and is trivially computed. All nodes representing a
configuration that contains task 𝑛have an out-edge to the sink
node of cost 0.

The DAG corresponding to our example is partially
shown in Figure 8.

The four configuration sequences of Table 4 correspond
to four different paths from source to sink in the DAG.Thus,
Solution 1 contains the following sequence of intermediate
nodes (using our notation for nodes) ([1, 11100], [4, 00111],
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[2,00001] [3,00001] [9,00001]

[1, 00010] [2,00010] [3,00010] [9,00010]

[1,00100] [2,00100] [3,00100] [9,01000]

[9,10000]

[1,00011] [2,00011] [3,00011] [9,00100]

[T,00000][S,00000]

· · ·

· · · · · ·

· · ·

...
...

...

This is the starting location within the task string.

The number of entries here represents the number of FPGAs. A “1” in a particular
location signifies a filled FPGA. A “0” signifies an empty FPGA.

[1, 00001]

[1, 11111]

Figure 8: DAG example.

GPRM
(1) Create Dag
(2) Compute Reconfiguration Cost for each Dag edge
(3) Compute Least Cost Source-Sink Path in Dag
end

Algorithm 5: Shortest paths in DAG algorithm.

[7, 11100]) while Solution 4 contains the sequence
([1, 11011], [5, 11111]). There are two sequences that give a
minimum cost and therefore an optimum solution.

The three steps of the shortest-paths technique are sum-
marized in Algorithm 5.

Lemma 3. The total number of configuration nodes for a chain
of 𝑛 tasks on an array of 𝑘 FPGAs is bounded by 𝑛2𝑘.

Proof. The variable 𝑙 can take on 𝑛 values and each of the 𝑘
elements of the occupancy string can take on one of two val-
ues. Multiplying these quantities gives the desired result.

Lemma 4. The total number of edges for a chain of 𝑛 tasks on
an array of 𝑘 FPGAs is bounded by 𝑂(𝑛4𝑘).

Proof. There are 𝑂(𝑛2𝑘) nodes, each of which has at most 2𝑘
out edges, yielding the desired result.

Theorem 5. The shortest-paths in DAG algorithm
(Algorithm5) computes an optimal cost solution to GPRM
Formulation 1.

Proof. Note that the only constraint is that the chain of tasks
must be executed in order. Any path from source to sink in
our dag gives a valid sequence of configurations since nodes
are only joined by edges if they contain consecutive task

sequences. Similarly, any valid sequence of configurations is
represented by a path in our graph since each valid configura-
tion is represented by a node and since edges are constructed
for all possible pairs of consecutive configurations. The total
cost for a path is the sum of the cost of the edges, which
represent individual reconfiguration costs. Consequently, the
shortest-path from source to sink gives an optimal-cost
sequence of configurations.

Theorem 6. GPRM requires 𝑂(𝑛𝑘4𝑘) time and 𝑂(𝑛2𝑘) space.

Proof. The number of nodes in the dag is 𝑂(𝑛2𝑘) and the
number of edges is 𝑂(𝑛4𝑘). Edge costs are computed in 𝑂(𝑘)
time per edge since a pair of tasks needs to be examined for
each of 𝑘 FPGAs on the board. Thus, the total time for graph
creation is 𝑂(𝑛𝑘4𝑘). A topological ordering based technique
can be used to compute the shortest source-sink path since
the graph is a dag in 𝑂(𝑛4𝑘) time. Thus, the total time com-
plexity is𝑂(𝑛𝑘4𝑘).The space required by the graph is propor-
tional to the number of edges and is𝑂(𝑛4𝑘). Next, we propose
a data structure to represent the DAG that reduces the mem-
ory requirements of GPRM to (𝑛2

𝑘
). We use an 𝑛 × 2

𝑘 2-
dimensional array to represent the nodes of theDAG.The ele-
ment in position (𝑖, 𝑗) corresponds to the node [𝑖, 𝑗

1
𝑗
2
⋅ ⋅ ⋅ 𝑗
𝑘
],

where the bit string 𝑗
1
𝑗
2
⋅ ⋅ ⋅ 𝑗
𝑘
is the binary representation of 𝑗.

Note that it is not necessary to explicitly maintain the edges
leading out of the node corresponding to element (𝑖, 𝑗).These
edges can be implicitly computed during the topological
traversal of the DAG as there will be an outgoing edge to each
of the 2𝑘 nodes of the form (𝑖+∑

𝑘

𝑙=1
𝑗
𝑙
, ∗).This reduces the stor-

age complexity to 𝑂(𝑛2𝑘).

An anonymous referee asked us to consider howwemight
modifyGPRMwhen the FPGA interconnection network per-
mits signals between any pair of FPGAs leading to the obser-
vation that the linear task order constraint assumed in Table 1
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E

F

25%

Figure 9: Similar Tasks Illustration: subtask D is repeated, giving a
25% similarity or a 0.75 partial reconfiguration cost instead of a full
reconfiguration cost of 1.

need not be satisfied. While this is beyond the scope of the
current paper, we brieflymention how this could be achieved.
Our notation of [4, 01110] currentlymeans that tasks 4, 5, and
6 must be assigned to FPGAs 2, 3 and 4, respectively. Under
the referee’s assumption any permutation of the three tasks
would also be acceptable, leading to 3! = 6 configurations.
The notation could bemodified by replacing the “1”s in the bit
string with the appropriate permutation information. Thus,
[4, 01230] would mean that Tasks 4, 5, and 6 are placed in
FPGAS 2, 3, and 4, respectively, as before, while [4, 02310]
would mean that Tasks 4, 5, and 6 are placed in FPGAs 4, 2,
and 3, respectively. In the worst case, this will expand the
number of nodes in the DAG by a factor of 𝑘! and the number
of edges by a factor of 𝑘!2.

5.2. GPRM Formulation 2: Similar Tasks. Formulation 1
assigned a reconfiguration time of 0 if the identical task was
allocated to an FPGA in consecutive configurations. In For-
mulation 2, we consider the scenario where two tasks are not
identical, but are similar, because some subtasks are identical
(Figure 9). Specifically, if two tasks located in the same FPGA
in consecutive configurations have identical subtasks in the
same subareas of the FPGA, it may be possible to obtain the
second configuration from the first by partially reconfiguring
the FPGA. This would consume less time than a full recon-
figuration and can be modeled by the DAG construction as
described in the previous section by simply modifying edge
costs before executing the shortest-path algorithm. Note that
actual reconfiguration costs can be modeled fairly accurately
using approaches discussed in [8–10].

5.3. GPRM Formulation 3: Implementation Libraries. A task
can be implemented in several ways in an FPGA depending
on how its subtasks are laid out within the FPGA. This gives
rise to several implementations of a task that can be stored in
a library. An intelligent scheduler would choose task imple-
mentations from the library that minimize reconfiguration
cost. We illustrate these ideas in Figure 10. Suppose that an
FPGA originally contains a task consisting of subtasks
{A,B,C,D}. Suppose this FPGA is to be reconfigured with a
task consisting of subtasks {C,D,E, F}.The figure shows three
implementations of this task. Clearly, the choice of an imple-
mentation affects the reconfiguration cost. For example,
implementation 1 results in a 0%match (and therefore a com-
plete reconfiguration), while implementation 2 results in a
25% match (and therefore a partial reconfiguration cost of
75%), and implementation 3 results in a partial reconfigura-
tion cost of 50%.

A B

C D

C

C

D

C D

D

E F

E F

E

F

0%

25%

50%

Figure 10: Implementation libraries illustration.

Assume that the maximum number of implementations
of any task that are available in an implementation library is𝛼.
Then, we can construct a graph consisting of nodes of the
form [𝑙, 𝑐

1
𝑐
2
⋅ ⋅ ⋅ 𝑐
𝑘
], where 𝑙 denotes the index of the first task

included in the configuration and 𝑐
𝑖
, 1 ≤ 𝑖 ≤ 𝑘, is an integer

which is set to 0 if FPGA 𝑖 is unoccupied or to 𝑗, 1 ≤ 𝑗 ≤ 𝛼 if
FPGA 𝑖 is occupied by implementation number 𝑗 of a task.

Configuration node [𝑙, 𝑐
1
𝑐
2
⋅ ⋅ ⋅ 𝑐
𝑘
] has an out-edge to all

nodes of the form [𝑚 + 1, ∗], where 𝑚 denotes the index of
the last task node in [𝑙, 𝑐

1
𝑐
2
⋅ ⋅ ⋅ 𝑐
𝑘
] and ∗ denotes any occu-

pancy pattern that represents a valid configuration. As before,
dummy source and sink nodes are added to the graph. The
source has an out-edge to all nodes of the form [1, ∗]. All
nodes representing a configuration that contains task 𝑛 have
an out-edge to the sink node of cost 0.

As before, the shortest-path from source to sink results in
an optimal configuration schedule.

Lemma 7. The total number of nodes in the graph is bounded
by 𝑛(𝛼 + 1)𝑘.

Proof. Thevariable 𝑙 can take on 𝑛 values and each of the 𝑘 ele-
ments of the occupancy string can take on one of 𝛼+1 values.
Multiplying these quantities gives the desired result.

Lemma 8. The total number of edges for a chain of 𝑛 tasks on
an array of 𝑘 FPGAs is bounded by 𝑛(𝛼 + 1)2𝑘.

5.4. GPRM Formulation 4: Dynamic Task Generation. Recall
that additional functionality may be required in the first and
last FPGAs to, respectively, read in and write out data in each
configuration. This additional functionality may not fit in an
FPGA when combined with the task assigned to that FPGA
from the task chain. Recall also that this was addressed by the
SPRM Formulation 2. Since GPRM is a generalization of
SPRM,we expect to be able to capture this formulationwithin
the framework of GPRM.The GPRM algorithm can be mod-
ified by simply deleting all nodes (and incident edges) in the
graph that contain tasks in the first or last FPGA that cannot
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accommodate the additional functionality. A shortest-path
computation on the remainder of the graph deftly solves this
formulation.

5.5. GPRM Formulation 5: Linear Chain with Limited Cycles.
We again consider the situation described in SPRM Formul-
ation 3 and depicted in Figure 7 (task chain with a limited
number of bidirectional edges and small cycles). In SPRM,
this was addressed by imposing a large cost on bidirectional
edges or between adjacent tasks that were part of a cycle.This
was done to prevent the scenario where a board configuration
requires the results of a future configuration. The same
approach can be used in GPRM: if there are a pair of con-
secutive configurations (represented by vertices joined by a
directed edge in the shortest-path graph) such that the output
of a task in the later configuration is the input of a task in an
earlier configuration, the cost of the directed edge connecting
the two configurations is made arbitrarily large.The shortest-
path algorithm used to compute the optimal schedule will
find a path that (implicitly) ignores the high-cost edge.

5.6. GPRM Formulation 6: Alternative Cost Functions.
Although the preceding discussion has focused on minimiz-
ing reconfiguration time, our model can handle alternative
cost formulations that (1) include execution time and (2) sys-
tems where reconfiguration of the FPGAs may be sequential
or parallel. To make this concrete, we consider the two sce-
narios shown in Figure 11. In both scenarios, each of the four
FPGA tasks is decomposed into a reconfiguration component
(𝑅) and an execution component (𝐸). An arrow from the re-
configuration component to the execution component of
each task is the dependency resulting from the observation
that a task can only be executed after it is configured. In (a),
the four reconfigurations are assumed to be sequential—this
is denoted by the arrows from 𝑅

𝑎
to 𝑅
𝑏
to 𝑅
𝑐
to 𝑅
𝑑
. In (b) the

four reconfigurations are assumed to be carried out in par-
allel. Thus, there are no arrows among 𝑅

𝑎
, 𝑅
𝑏
, 𝑅
𝑐
, and 𝑅

𝑑
. In

both cases we assume that there is a sequential dependency
between the executions (so there are arrows from 𝐸

𝑎
to 𝐸
𝑏
to

𝐸
𝑐
to 𝐸
𝑑
).

Example. Assume that reconfiguration times 𝑅
𝑎
, 𝑅
𝑏
, 𝑅
𝑐
, and

𝑅
𝑑
are 100 units each and that execution times 𝐸

𝑎
, 𝐸
𝑏
, 𝐸
𝑐
, and

𝐸
𝑑
are 5, 7, 3, and 10 units, respectively. Since execution times

are smaller than reconfiguration times, the total cost of the
formulation in Figure 11(a) is 400 (4 sequential reconfigura-
tions) + 10 (execution time of 𝐸

𝑑
) = 410. The cost of the for-

mulation in Figure 11(b) is 100 (to configure the FPGAs in
parallel) + 25 (the sum of the execution times) = 125. More
generally, the formal cost function that captures the depen-
dency in Figure 11(b) is max(max(max(𝑅

1
+𝐸
1
, 𝑅
2
)+𝐸
2
, 𝑅
3
)+

𝐸
3
, 𝑅
4
)+𝐸
4
. Substituting, we can confirm that this is evaluated

to bemax(max(max(100+5, 100)+7, 100)+3, 100)+10 = 125.
The formal cost function for Figure 11(a) is max(𝑅

𝑎
+𝑅
𝑏
+𝑅
𝑐
+

𝑅
𝑑
,max(𝑅

𝑎
+𝑅
𝑏
+𝑅
𝑐
,max(𝑅

𝑎
+𝐸
𝑎
, 𝑅
𝑎
+𝑅
𝑏
) +𝐸
𝑏
) +𝐸
𝑐
) +𝐸
𝑑
,

which is evaluated to be 410 as expected. Both cost functions
are critical path computations that model the particular
reconfiguration/execution dependencies.

SPRMMeta Algorithm
(1) if (Dynamic Task Generation Needed)
(2) then Algorithm = SPRM 2
(3) else Algorithm = SPRM 1
(4) if (Task Chain Has Cycles)
(5) then Incorporate SPRM 3 Cost Model
end

Algorithm 6: Detailed SPRMMetaheuristic showing that SPRM 1
and SPRM 2 are mutually exclusive, but both can be combined with
SPRM 3.

Both of these are functions of the tasks in the board con-
figuration and fall under the framework of the GPRMmodel.
In the GPRM shortest-path formulation, incoming edges to
the vertex corresponding to this board configuration can be
assigned costs computed as above. Other complex cost func-
tions involving reconfiguration and execution times can also
be similarly captured by our cost model.

6. Detailed SPRM and GPRM Meta heuristics

We have previously shown a high-level metaheuristic in
Algorithm 1 that uses the cost model to determine whether to
use SPRM or GPRM. We have also argued that, since the
GPRM cost model subsumes the SPRM cost model, any for-
mulation that can be addressed by SPRM can also be solved
using GPRM. However SPRM is faster making it the better
choice when either approach can be used.

For ease of presentation,we described three SPRMand six
GPRM formulations separately in the preceding sections.
However, in some cases these formulations can be combined
with each other in complex ways. This is illustrated in
Algorithms 6 and 7.

Finally, we note that although we have only proved opti-
mality for SPRM Formulation 1 and GPRM Formulation 1,
all of the scenarios described in the previous sections includ-
ing the combinations described in Algorithms 6 and 7 can
be solved optimally by using appropriate extensions of SPRM
and GPRM.

7. Experimental Results

All algorithms were implemented in the C programming lan-
guage on a 500MhzDell OptiPlex GX1 with 256MB of RAM.
The automatic target recognition algorithm (ATR) that was
implemented on CHAMPION was the only application that
required board reconfigurations. Our algorithms obtained an
identical (optimal) solution to that of the manual cut.

In addition to this, we designed some examples to “stress-
test” our code.The results are presented below.The results for
GPRM Formulation 1 (repeated tasks) with cost functions as
defined in Section 5.1 are shown in Table 5. Elapsed time
was reported in seconds using the clock( ) function. A naive
heuristic that was used for comparison purposes simplymade
cuts at regular intervals of 𝑘 tasks along the task chain. Note
that in all cases the runtime was not more than a few seconds.



12 VLSI Design

GPRMMeta Algorithm
(1) if (Implementation Libraries Used)
(2) then DAG Structure = Basic DAG Structure defined in GPRM 3
(3) elseDAG Structure = Basic DAG Structure defined in GPRM 1
(4) if (Dynamic Task Generation Needed)
(5) Update DAG Structure as described in GPRM 4
(6) Cost Model = SPRM 1 Cost Model// baseline cost model
(7) If (Repeated Tasks Present)
(8) thenUpdate Cost Model as described in GPRM 1
(9) If (Similar Tasks Present)
(10) thenUpdate Cost Model as described in GPRM 2
(11) If (Limited Cycles Present)
(12) thenUpdate Cost Model as described in GPRM 5
(13) If (Alternative Cost Functions Needed )
(14) thenModify Cost Model as described in GPRM 6
(15) Run Shortest Paths Algorithm. end

Algorithm 7: Detailed GPRMmetaheuristic: this elaborates on the GPRM outline provided in Algorithm 5 by first determining the appro-
priate DAG structure. It then computes the correct cost model, which can be a combination of any of the cost models used in SPRM 1, GPRM
1, GPRM 2, GPRM 5, and GPRM 6.

Ra Rb Rc Rd

Ea Eb Ec Ed

(a)

Ra Rb Rc Rd

Ea Eb Ec Ed

(b)

Figure 11: Both scenarios include execution time. (a) assumes
sequential reconfiguration and (b) assumes parallel reconfiguration.

The runtime for the heuristic was less than the significant dig-
its reported. The average cost reduction between the GPRM
technique and the simple heuristic is 21%.

The results for SPRMFormulation 1 (the Straight-Cut ver-
sion) as defined in Section 4.1 with integer costs chosen ran-
domly in [1, 100] are shown in Table 6. Increasing the FPGA
size from 4 to 6 lowered the cost substantially. The Straight
Cut SPRM algorithm results in an average cost reduction of
50% relative to the naive heuristic.

The results for SPRM Formulation 2 (dynamic-node gen-
eration) as defined in Section 4.2 are shown in Table 7. We
used the same data as for SPRMFormulation 1. Increasing the
FPGA size from 4 to 6 did lower the cost substantially. The
average cost reduction relative to the naive heuristic is 46%.

Table 5: GPRM versus heuristic.

Nodes FPGAs GPRM Heuristic
𝑛 𝑘 Cost Time Cost Time
100 4 59 0.11 72 0.00
100 5 59 0.33 74 0.00
500 4 298 0.33 377 0.00
500 5 294 1.37 384 0.00
1000 4 600 0.82 744 0.00
1000 5 590 3.13 757 0.00

Table 6: Straight-Cut SPRM versus naive heuristic.

Nodes FPGAs SPRM Heuristic
𝑛 𝑘 Cost Cost
100 4 560 965
100 5 415 962
100 6 371 724
175 4 1067 1782
175 5 811 1884
175 6 683 1469

Table 7: Dynamic SPRM versus heuristic.

Nodes FPGAs SPRM Heuristic
𝑛 𝑘 Cost Cost
100 4 921 1810
100 5 514 1053
100 6 375 922
175 4 2082 3323
175 5 1181 2056
175 6 813 1685
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The naive heuristic was modified to add task nodes depend-
ing on the values of the Boolean flag associated with each
node. (If the flag is true, the task is not permitted to be placed
in the first or last FPGA; instead it is placed in the next avail-
able FPGA.) (An anonymous reviewer suggested using a
greedy heuristic for the SPRM problem formulations that
could traverse the task chain, greedily making a cut at the
smallest cost arc from among the next 𝑘 arcs at each stage.We
expect that this will performmuch better than the naive heu-
ristic. However, we note that this greedy approach cannot
guarantee optimal costs and moreover will have essentially
the same linear runtime as our dynamic programming algo-
rithm for small constant 𝑘.)

8. Discussion and Conclusion

This paper presented a high-level meta-algorithm and de-
tailed meta-algorithms for SPRM and GPRM for scheduling
FPGA board configurations. This is a powerful strategy
that encapsulates a wide range f problem formulations (in-
cluding combinations of problem formulations) and algo-
rithms into a single framework. The deterministic quality of
this meta-algorithm and the guarantee of optimal solutions
for all of the formulations discussedmake this a viable altern-
ative to traditional stochastic meta-algorithms such as simu-
lated annealing and genetic algorithms.
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This work presents amethod for global routing (GR) tominimize power associated with global nets.We consider routing in designs
with multiple supply voltages. Level converters are added to nets that connect driver cells to sink cells of higher supply voltage and
are modeled as additional terminals of the nets during GR. Given an initial GR solution obtained with the objective of minimizing
wirelength, we propose a GR method to detour nets to further save the power of global nets. When detouring routes via this pro-
cedure, overflow is not increased, and the increase in wirelength is bounded. The power saving opportunities include (1) reducing
the area capacitance of the routes by detouring from the highermetal layers to the lower ones, (2) reducing the coupling capacitance
between adjacent routes by distributing the congestion, and (3) considering different power weights for each segment of a routed
net with level converters (to capture its corresponding supply voltage and activity factor). We present a mathematical formulation
to capture these power saving opportunities and solve it using integer programming techniques. In our simulations, we show
considerable saving in a power metric for GR, without any wirelength degradation.

1. Introduction

Power consumption is a primary design objective in many
application domains. Dynamic power still remains the dom-
inant portion of the overall power spectrum. Design with
multisupply voltage (MSV) allows significant reduction in
dynamic power by taking advantage of its quadratic depen-
dence on the supply voltage.

Dynamic power is dissipated in combinational and
sequential logic cells, clock network, and the (remaining)
local and global nets.We refer to the latter as the signal power.
The signal power can take a significant portion of the dynamic
power spectrum. For example, the contribution of the signal
power is reported to be around 30% of dynamic power for a
45 nmhigh-performancemicroprocessor synthesized using a
structured data paths design style and about 18%of the overall
power spectrum [1].

The signals are complex structures in nanometer tech-
nologies that span over many metal layers. The power of a
route segment depends on its width, metal layer, and spacing
relative to its adjacent parallel-running routes. These factors
determine the area, fringe, and coupling capacitances which
impact power. Furthermore, in MSV designs, the power of

a routed net depends on its corresponding supply voltage.
For example, a route will have lower power if all its terminal
cells have (the same) lower supply voltage. If a net connects a
driver cell of lower voltage to a sink cell of higher voltage, its
route includes a level converter (LC) and is decomposed into
two segments of low and high supply voltages, corresponding
to before and after the LC.

Figure 1 shows an example to motivate for power-aware
global routing.Three nets are given in this examplewith a cor-
responding power supply (𝑉

𝐿
low voltage or𝑉

𝐻
high voltage).

An activity factor is also given for each net. A net with higher
power supply and activity factor consumes more power.
Figure 1(a) shows that a shortest-length routing results in
overflow in routing resources.The congested area is shown in
the figure. Traditional GR is based on minimization overflow
with minimal increase in wirelength. It is shown in this
example in Figure 1(b), in which net 𝑛

2
is now 2 units longer;

however, the congested area is eliminated. However, net 𝑛
2

has the highest power consumption (due to higher values of
supply and activity factor). Making 𝑛

2
longer further

increases its power consumption. Therefore, in power-aware
GR which is shown in Figure 1(c), net 𝑛

2
has the shortest

length, however, net 𝑛
1
instead is detoured to eliminate
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n1: VL, a = 0.3

n2: VH, a = 0.7

n3: VL, a = 0.4

(a) Shortest-length GR
results in overflow (OF)

n1: VL, a = 0.3

n2: VH, a = 0.7

n3: VL, a = 0.4

(b) Wirelength-based
GR trades off increase
in wirelength (WL) with
decrease in OF

n1: VL, a = 0.3

n2: VH, a = 0.7

n3: VL, a = 0.4

(c) Power-aware GR makes
the high power consuming
net shorter with minimal
increase in WL and decrease
in OF

Figure 1: Motivation for power-aware GR.

congestion.Thewirelength of power-aware GR is higher than
wirelength-based GR, but it has less signal power.

In this work, we propose a global routing (GR) method
that optimizes the signal power in MSV designs. Figure 2
shows a generic design flow for aMSV-basedGR. After place-
ment and voltage assignment, the location and supply voltage
of each cell are known. The supply voltage is determined
either through voltage island generation [2, 3] or through a
row-based assignment in a standard cell methodology. Fur-
thermore, LCs are added to any net that connects a driver
cell to a set of sink cells of higher supply voltage. Next, GR is
applied to minimize the overall wirelength (WL), where the
LCs are also included as terminals of a net.

For a given WL-optimized GR solution, we propose to
further detour the nets in order to optimize the signal power.
The signal power can be approximated duringGR since at this
stage the metal layers of each route segment are known.
Furthermore, the spacing of parallel routes can be estimated
from the routing congestion.Given aWL-optimized solution,
the nets can be rerouted to trade off WL with power. For
example, nets from higher metal layers can be routed to the
lower ones for less wire widths and area capacitance. Nets can
also be rerouted to spread the congestion, thereby increasing
their spacing for less coupling capacitance. Activity factor and
voltage can be incorporated as a power-weight for each route.

We present a mathematical formulation for MSV-based
GR to minimize power and present integer programming-
based techniques to solve the formulation. As part of power
saving, our methods spread the routing congestion and
ensure no additional overflow (of routing resources) and a
bounded degradation inWL compared to the initial solution.

To the best of our knowledge, this is the first work of
power-driven global routing in MSV designs. Recently, the
work [4] discusses power-driven GR; however it does not
consider theMSV case. Furthermore, it relies on the availabil-
ity of power-efficient candidate routes for each net but gener-
ates such candidate routes quite heuristically. As part of the
contributions of this work, we show a formal procedure to

generate power-efficient candidate routes from the initial
WL-optimized solution while taking into account the overall
WL degradation and power saving. Also, recently the work
[5] studies the GR problem for MSV domains, but it does not
focus on routing for power minimization.

2. New Algorithmic Techniques Used

Power-aware routing can be considered as a new EDA pro-
blem. This is because the power of global interconnects (or
signals) are starting to show nonnegligible contribution to
the overall power spectrum for advanced technology nodes
[1]. This issue is further exacerbated for multisupply voltage
domains for which the power of a net dramatically changes
depending on the voltage domain(s) that it (fully or partially)
falls in. This work is the first to propose and formulate the
power-aware routing for multi-supply voltage domains.

Furthermore, from an algorithmic perspective, the tech-
niques offered in this work are a combination of integer pro-
grammingwith parallel processing based on problemdecom-
position. Integer programming allows obtaining a higher-
quality solution compared to using heuristics as shown in [6].
However, it is not considered a suitable algorithmic venue for
large-sized industry circuits. This work relies on decomposi-
tion of the routing problem intro smaller-sized and parallel-
processed subproblems in order to make the use of integer
programming possible for large-sized circuits.

3. Interconnect Modeling

In this section, we discuss an MSV-based GR model. We
assume that the level converters (LCs) are placed for some
of nets and the supply voltage of each cell is known.

3.1. Interconnect Modeling in MSV Designs. We are given a
grid-graph𝐺 = (V,E)model of the GR problem, where each
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Initial global routing 
solution

Voltage assignment and
inserting level converter

Power-optimized
global routing

Tolerable wirelength
degradation factor

Figure 2: Overview of GR with MSV.

vertex V ∈ V corresponds to a global bin containing a number
of cells. Each edge 𝑒 ∈ E represents the boundary of two adja-
cent bins. A capacity 𝑟

𝑒
is associated with each edge 𝑒, reflect-

ing the maximum number of routes that can pass between
two adjacent bins. A net 𝑖 ∈ {1, . . . , 𝑁} is identified by its
terminal cells, which are a subset of the verticesV. In MSV-
based GR, the terminals of a net may also be the LCs. During
GR, a Steiner tree 𝑡

𝑖
in 𝐺 is found for each net 𝑖 to connect its

terminals. The length of 𝑡
𝑖
is taken to be its wirelength (WL).

Figure 3(a) shows an example. The chip is divided into
regions. Each region has either a low (𝑉

𝐿
) or high (𝑉

𝐻
) supply

voltage. A routed net is specified in the figure.The net has one
driver terminal with𝑉

𝐿
voltage and three sink terminals of𝑉

𝐻

voltage.The route includes two LCswhich are also considered
as additional terminals of the net.

For power-driven MSV-based GR, we first decompose a
net which contains a LC into a set of subnets. We reroute
each subnet as an individual net during power optimization.
Consequently, we have𝑁

𝑑
> 𝑁 number of nets after decom-

position. For example, in Figure 3(b), the initial route is
shownwith its LCs.Thenet is decomposed into three subnets,
each of which will be rerouted. The first subnet connects the
driver terminal in𝑉

𝐿
to the two LCs.The second one connects

one LC to one 𝑉
𝐻
terminal. The third one connects the other

LC to the other two 𝑉
𝐻
terminals.

Figures 3(c)–3(e) illustrate our net decomposition proce-
dure. The decomposition of each net is done using its initial
route and the location(s) of its level converter(s), assuming
they are determined before this stage. For a net containing
level converters, starting from its driver terminal, a subnet
corresponding to a low supply voltage is formed that connects
the driver terminal to a set of level converters and/or a set of
sink terminals of the same supply voltage. Next, one or more
subnets are formed that connect the level converters to the
sink terminals of the same (and higher) voltage level. The
BFS algorithm is utilized to traverse the initial route in our
implementation. For example, in Figure 3(d), we start travers-
ing from the source node until reaching the two level con-
verters. All the touched edges form the first subnet 𝑛

1
which

has a low supply voltage. Next, we continue traversing from
each of the level converters individually until reaching all
the sink nodes, using which the subnets 𝑛

2
and 𝑛

3
with high

supply voltage are then identified.
Our net decomposition procedure is able to find a mini-

mum number of subnets for each net that contains a level
converter such that each subnet has only one corresponding
supply voltage. Note that after rerouting the subnets, it is
possible that these subnetsmay pass through the same edge(s)
as shown in Figure 3(e). If the subnets which pass through the
same edges have the same voltage level, (e.g., the subnets 𝑛

2

and 𝑛
3
in Figure 3(e)), then we can merge these subnets to

release the overutilized routing resources. The above proce-
dure is given for the case when two supply voltages 𝑉

𝐿
and

𝑉
𝐻
exist, which is also the case considered in this work. For

higher number of voltage domains, the procedure can be
extended in a similar way.

3.2. Power Modeling. Each decomposed net 𝑖 ∈ {1, . . . , 𝑁
𝑑
}

has a corresponding supply voltage 𝑉
𝑖
and switching activity

𝛼
𝑖
. The required interconnect power for a GR solution is

estimated as

𝑃 = 𝑓
𝑐𝑙𝑘
× (

𝑁𝑑

∑

𝑖=1

𝛼
𝑖
𝑉
2

𝑖
(𝐶

sink
𝑖

+ 𝐶
route
𝑖

)) , (1)

where 𝑓
𝑐𝑙𝑘

is the frequency. As seen in (1), the capacitance
of routed net 𝑖 is the sum of the capacitances of its sink cells
(denoted by 𝐶sink

𝑖
) and of its route (denoted by 𝐶route

𝑖
). Here

𝐶
sink
𝑖

is a constant that does not depend on the rerouting, so
it is excluded from the optimization. Note that the power of
the LCs are considered fixed and thus also not considered as
part of the interconnect power optimization.The capacitance
𝐶
route
𝑖

for a routed net 𝑖 is the sum of the capacitances of
its unit-length edges that are contained in route 𝑡

𝑖
(given by

notation 𝑒 ∋ 𝑡
𝑖
):

𝐶
route
𝑖

= ∑

𝑒∋𝑡𝑖

𝐶
𝑢

𝑒
. (2)

The parameter𝐶𝑢
𝑒
is the capacitance of one routed edge 𝑒 ∈ E.

This capacitance is a function of the metal layer 𝑙
𝑒
, wire width

𝑤
𝑒
, and wire spacing 𝑠

𝑒
of the edge 𝑒. Specifically,

𝐶
𝑢

𝑒
= 𝐶𝑎 (𝑙

𝑒
, 𝑤
𝑒
) + 2𝐶𝑓 (𝑙

𝑒
, 𝑤
𝑒
, 𝑠
𝑒
) + 2𝐶𝑐 (𝑙

𝑒
, 𝑤
𝑒
, 𝑠
𝑒
) , (3)

where 𝐶𝑎 and 𝐶𝑓 are the area and fringe capacitances with
respect to substrate, and 𝐶𝑐 is the coupling capacitance. As
indicated, these capacitances are functions of wire length,
width, and spacing and are provided by the technology library
through a lookup table.

In this work, we assume that only one (and a different)
wire width is associated with each metal layer, so we exclude
the parameter 𝑤

𝑒
, and for each edge 𝑒 ∈ E, its metal layer 𝑙

𝑒

is known. The spacing for edge 𝑒 is estimated from the edge
utilization 𝑢

𝑒
in a GR solution. Given the utilization 𝑢

𝑒
and

the length of edge 𝑒 (computed from the chip dimension and
the routing grid granularity), the spacing 𝑠

𝑒
is calculated to

allow maximum spacing between its corresponding routes.
Figure 4 shows an example for 𝑢

𝑒
= 3. This simple averaging

strategy may be adjusted if more information is available at
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Figure 4: Modeling route capacitance on a GR edge.

the GR stage (e.g., the adjustment may be due to the fixed
short nets which fall inside a single global routing bin). With
this approximation, we can express the capacitance of a unit-
length route edge in terms of the edge’s metal layer and its
utilization. The total capacitance of edge 𝑒 is given by the
product of the per-unit capacitance 𝐶𝑢

𝑒
and the utilization 𝑢

𝑒
:

𝐶
𝑒
= 𝐶
𝑢

𝑒
× 𝑢
𝑒
.

Figure 5(a) shows the curves representing area, fringe,
and coupling capacitances for metal layer 1 with respect to
edge utilization for a 45 nm library [7], assuming each GR

edge is 2𝜇.The summation of the 3 capacitances (𝐶𝑢
𝑒
) is shown

in Figure 5(b).

4. Placement of Level Converters

The LCs may only be placed on the WL-optimized route,
initially provided for each net. This ensures that the addition
of LCs will not cause extra congestion; it allows connecting
each LC to the initial route conveniently just by adding vias
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Figure 5: Dependence of three types of capacitance on edge utilization in metal layer 1.

from the LC to the initial route. Randomly placing the LCs
may harm the GR congestion and degrade WL or overflow.

We list a set of requirements to identify valid LC insertion
cases for a net 𝑖 with given route 𝑡

𝑖
. We assume the net has a

single source and may have multiple sink terminals.

(1) The location of LC is vertex V in 𝑡
𝑖
(V ∋ 𝑡
𝑖
).

(2) This vertex V should fall inside a 𝑉
𝐻
voltage island.

(3) Theglobal bin corresponding to V should have enough
space to add the LC. We denote the available space of
V by𝐴V and compute it after placement (see Figure 2).

(4) For 𝑘 vertices V
1
, . . . , V

𝑘
satisfying the above 3 condi-

tions, if all have the same distance to the source termi-
nal (in terms of the number of edges on 𝑡

𝑖
), we require

𝑘 LCs be added on these vertices simultaneously.

Figure 6 shows the set of potential LC locations of net 𝑖
with initial route 𝑡

𝑖
. The source is the terminal in 𝑉

𝐿
island.

Note that one vertex in 𝑡
𝑖
cannot be used because it is in the

𝑉
𝐿
island. We have four cases for valid LC insertion indicated

by 𝑖
1
, 𝑖
2
, 𝑖
3
, and 𝑖

4
. In the latter case, two LCs should be placed

on the net after the diverging point on the route to ensure
that𝑉

𝐻
is delivered to both sink terminals. For a single-source

net 𝑖, we identify all the cases for valid LC insertion using a
breadth first traversal on 𝑡

𝑖
and denote this set byL

𝑖
. In this

example |L
𝑖
| = 4. For each case 𝑙 ∈ L

𝑖
, we further compute a

corresponding power 𝑝
𝑖𝑙
using (1), where the edge utilization

required to compute coupling capacitance is obtained from
the initial WL-optimized solution. The power includes the
interconnect portions on 𝑡

𝑖
and the LC(s).

To select one LC insertion case for each net, we define
binary variable 𝑥

𝑖𝑙
to be equal to 1 if and only if case 𝑙 ∈ L

𝑖

is selected for net 𝑖. The LC placement problem is expressed

as the following integer program (IP) which can efficiently be
solved using a solver, as we elaborate in our experiments:

min
𝑥,𝑠

𝑁

∑

𝑖=1

∑

𝑙∈L𝑖

𝑝
𝑖𝑙
𝑥
𝑖𝑙
+

𝑁

∑

𝑖=1

𝑀𝑠
𝑖
, (IP-LC)

∑

𝑙∈L𝑖

𝑥
𝑖𝑙
+ 𝑠
𝑖
= 1, ∀𝑖 = 1, . . . , 𝑁,

𝑁

∑

𝑖=1

∑

𝑙∈L𝑖

𝑎V𝑙𝑥𝑖𝑙 ≤ 𝐴V, ∀V ∈ 𝑉,

𝑠
𝑖
≥ 0, ∀𝑖 = 1, . . . , 𝑁,

𝑥
𝑖𝑙
= {0, 1} , ∀𝑖 = 1, . . . , 𝑁, ∀𝑙 ∈ L

𝑖
,

(4)

where the parameter 𝑎V𝑙 is equal to 1 if, in case 𝑙, an LC
is placed at vertex V. The first set of constraints ensures at
most one LC insertion case is selected for each net. The slack
variable 𝑠

𝑖
will be positive if there is no available space for

placing LCs for net 𝑖 and is heavily penalized by positive𝑀 to
maximize the number of placed LCs. The second constraints
ensure LCs are placed in the free placement space.

In addition, it may not be possible to place LCs on any
vertex V on the GR grid because its corresponding global bin
is highly congested. We therefore associate for each vertex V
a constant parameter 𝐴V, indicating its available placement
space. In our experiments, we calculate this available space
for each global bin according to the placement density.

With this assumption, after adding an LC, the initial route
can connect to the LC by extending through a set of vias at the
LC location. Furthermore, for theWL-optimized tree 𝑡

𝑖
of net

𝑖, the potential locations of LCs are only allowed to be those
vertices V ∈ 𝑡

𝑖
which fall inside the 𝑉

𝐻
voltage islands as the

LC should get connected to 𝑉
𝐻
voltage.
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Figure 6: Valid LC locations for one net.

To enumerate all the possible LC insertion cases in a given
route, consider a single-source net with WL-optimized route
𝑡
𝑖
. We enumerate and systematically identify all the cases for

valid LC insertion according to the distance of vertex V from
the source vertex on the route. The distance is measured in
terms of the number of edges on the route between V and
the source and obtained using breadth first traversal on tree
𝑡
𝑖
. We count each LC location V ∈ 𝑡

𝑖
and in the 𝑉

𝐻
island

as one possibility for LC placement on that route. However,
if multiple vertices have the same distance to the source,
we consider adding LCs on all such vertices simultaneously
and count them as one possibility. For example, in case 𝑖

4
in

Figure 6 we insert two LCs simultaneously. We then define
a set L

𝑖
for each net 𝑖, indicating all the possibilities for

its valid LC insertion. In the given example |L
𝑖
| = 4.

Furthermore, we compute the power 𝑝
𝑖𝑗
for LC insertion case

𝑗 for route 𝑖. The power is computed according to (1) where
the edge utilizations used to compute coupling capacitance
are computed from the provided WL-optimized solution.

5. Power-Driven MSV-Based GR

In this section, we first present a mathematical formulation
of power-driven MSV-based GR. We then discuss integer
programming-based techniques to obtain high-quality solu-
tions to the formulation.

5.1. Mathematical Formulation. As described in Section 3.2,
the per-unit capacitance of an edge 𝑒(𝐶𝑢

𝑒
) is a function of its

metal layer and the edge utilization. Typically, this function
is a convex increasing function, as depicted in Figure 5. We
represent the function 𝐶𝑢

𝑒
by a set of line segments denoted

by𝑄𝑢
𝑒
. For example, the set𝑄𝑢

𝑒
is composed of 7 line segments

in the library used in this work [7]. Each line segment 𝑞 ∈ 𝑄𝑢
𝑒

is of the form𝑚
𝑢

𝑞
+𝑟
𝑢

𝑞
𝑢
𝑒
, for a given range of 𝑢

𝑒
, where𝑚𝑢

𝑞
and

𝑟
𝑢

𝑞
are derived from the library for that range. For each of the

8 metal layers in our library, the curve 𝐶𝑢
𝑒
is represented as 7

piecewise linear segments.
Since the per-unit capacitance is convex, its value may be

expressed in our mathematical optimization problem for GR

with the following set of linear inequalities:

𝑚
𝑢

𝑞
𝑢
𝑒
+ 𝑟
𝑢

𝑞
≤ 𝐶
𝑢

𝑒
, ∀𝑞 ∈ 𝑄

𝑢

𝑒
. (5)

For a given edge utilization 𝑢
𝑒
, the corresponding 𝐶

𝑢

𝑒
is

obtained from the line equation that gives the largest value
of𝑚𝑢
𝑞
𝑢
𝑒
+ 𝑟
𝑢

𝑞
for 𝑞 ∈ 𝑄𝑢

𝑒
.

To model GR, we are given a routing grid graph 𝐺 =

(V,E), a set of decomposed multiterminal nets denoted by
𝑁
𝑑
, and edge capacities 𝑟

𝑒
. LetT

𝑖
be a collection of all Steiner

trees that can route net 𝑖.We later discuss how to approximate
T
𝑖
by generating a set of power-efficient candidate trees

with consideration of WL degradation. Each tree 𝑡 ∈ T
𝑖
is

associated with a binary decision variable 𝑥
𝑖𝑡
which is equal

to 1 if and only if it is selected to route net 𝑖. Let the parameter
𝑎
𝑡𝑒
be equal to 1 if tree 𝑡 contains edge 𝑒 (if 𝑒 ∋ 𝑡). The GR

problem for power minimization is given by

min
𝑥,𝑠,𝐶
𝑢

𝑁𝑑

∑

𝑖=1

∑

𝑡∈T𝑖

𝛼
𝑖
𝑉
2

𝑖
(∑

𝑒∋𝑡

𝐶
𝑢

𝑒
)𝑥
𝑖𝑡
+

𝑁𝑑

∑

𝑖=1

𝑀𝑠
𝑖
, (PGR)

∑

𝑡∈T𝑖

𝑥
𝑖𝑡
+ 𝑠
𝑖
= 1, ∀𝑖 = 1, . . . , 𝑁

𝑑
,

𝑁𝑑

∑

𝑖=1

∑

𝑡∈T𝑖

𝑎
𝑡𝑒
𝑥
𝑖𝑡
≤ 𝑟
𝑒
, ∀𝑒 ∈ E,

𝑚
𝑢

𝑞
(

𝑁𝑑

∑

𝑖=1

∑

𝑡∈T𝑖

𝑎
𝑡𝑒
𝑥
𝑖𝑡
) + 𝑏

𝑢

𝑞
≤ 𝐶
𝑢

𝑒
, ∀𝑒 ∈ E, ∀𝑞 ∈ 𝑄

𝑢

𝑒
,

𝑁𝑑

∑

𝑖=1

∑

𝑡∈T𝑖

𝑤
𝑖𝑡
𝑥
𝑖𝑡
≤ 𝑊
0
(1 + 𝛽) ,

𝑠
𝑖
≥ 0, ∀𝑖 = 1, . . . , 𝑁

𝑑
,

𝑥
𝑖𝑡
= {0, 1} , ∀𝑖 = 1, . . . , 𝑁

𝑑
, ∀𝑡 ∈ T

𝑖
.

(6)

The first term in the expression of the objective function is
the interconnect power as explained in Section 3.2. It includes
activity 𝛼

𝑖
and voltage 𝑉

𝑖
of net 𝑖. The capacitance of a route

𝑡 of net 𝑖 is obtained by adding the unit edge capacitances 𝐶𝑢
𝑒
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for all the edges 𝑒 ∋ 𝑡. Here, the route 𝑡 ∈ T
𝑖
will be selected

for net 𝑖 only if 𝑥
𝑖𝑡
= 1.

The first set of constraints selects at most one route for
each net. The slack variable 𝑠

𝑖
is equal to 1 if net 𝑖 cannot be

routed, and the variable is penalized in the objective function
by a large parameter 𝑀 to maximize the number of routed
nets. The term ∑

𝑁𝑑

𝑖=1
∑
𝑡∈T𝑖

𝑎
𝑡𝑒
𝑥
𝑖𝑡
represents the edge utiliza-

tions 𝑢
𝑒
. The second set of constraints ensures that the edge

utilizations are within the given edge capacities. The third set
of constraints determines the per-unit edge capacitance 𝐶𝑢

𝑒

for each edge 𝑒 from its utilization, using the discussed piece-
wise linear model. The fourth constraint ensures the new
wirelength is within a factor 𝛽 of the initially-provided wire-
length𝑊

0
. Here 𝑤

𝑖𝑡
denotes the wirelength of route 𝑡 of net 𝑖.

The constraints of formulation (PGR) are all linear. How-
ever, the objective expression is nonlinear (due to the multi-
plication of variables 𝑥

𝑖𝑡
and 𝐶𝑢

𝑒
). We handle the nonlinearity

in a heuristic manner using a two-phase approach. First, we
choose a rerouting that attempts to minimize the total capa-
citance of all edges. Next, per-unit capacitances are estimated
(and fixed) based on the solution of the first phase, and a re-
routing is sought that minimizes the total estimated power.
Each of these two phases becomes integer linear programs
(IPs) which are discussed in the next sections.

5.2. Phase 1: Minimizing Total Capacitance. Using the piece-
wise linear approximation for the per-unit capacitance 𝐶𝑢

𝑒

given by (5), we may also approximate the total capacitance
as

𝐶
𝑒
= 𝐶
𝑢

𝑒
× 𝑢
𝑒
≥ 𝑚
𝑢

𝑞
𝑢
2

𝑒
+ 𝑟
𝑢

𝑞
𝑢
𝑒
, ∀𝑞 ∈ 𝑄

𝑢

𝑒
. (7)

This (convex) nonlinear expression may be relinearized,
resulting in another piecewise linear expression for the total
edge capacitance that may be used in our linear integer
program for minimizing the total capacitance:

𝐶
𝑒
≥ 𝑚
𝑞
𝑢
𝑒
+ 𝑟
𝑞
, ∀𝑞 ∈ 𝑄

𝑒
. (8)

5.2.1. Formulation. The formulation of phase 1 is given by the
following IP:

min
𝑥,𝑠,𝐶

∑

∀𝑒∈E

𝐶
𝑒
+

𝑁𝑑

∑

𝑖=1

𝑀𝑠
𝑖
, (PGR-P1)

∑

𝑡∈T𝑖

𝑥
𝑖𝑡
+ 𝑠
𝑖
= 1, ∀𝑖 = 1, . . . , 𝑁

𝑑
,

𝑁𝑑

∑

𝑖=1

∑

𝑡∈T𝑖

𝑎
𝑡𝑒
𝑥
𝑖𝑡
≤ 𝑟
𝑒
, ∀𝑒 ∈ E,

𝑚
𝑞
(

𝑁𝑑

∑

𝑖=1

∑

𝑡∈T𝑖

𝑎
𝑡𝑒
𝑥
𝑖𝑡
) + 𝑏
𝑞
≤ 𝐶
𝑒
, ∀𝑒 ∈ E, ∀𝑞 ∈ 𝑄

𝑒
,

𝑁𝑑

∑

𝑖=1

∑

𝑡∈T𝑖

𝑤
𝑖𝑡
𝑥
𝑖𝑡
≤ 𝑊
0
(1 + 𝛽) ,

𝑥
𝑖𝑡
= {0, 1} , ∀𝑖 = 1, . . . , 𝑁

𝑑
, ∀𝑡 ∈ T

𝑖
,

𝑠
𝑖
≥ 0, ∀𝑖 = 1, . . . , 𝑁

𝑑
.

(9)

The objective expression is similar to formulation (PGR) but
the first term is replaced by ∑

∀𝑒∈E 𝐶𝑒 which represents an
estimate of the total interconnect capacitance. The third set
of constraints is also updated; the variable 𝐶

𝑒
replaces 𝐶𝑢

𝑒
in

the previous formulation, and the coefficients in the piecewise
linear model are updated to use (8).

5.2.2. A Price-and-Branch Solution Procedure. We approxi-
mately solve the (PGR-P1) using the two-step heuristics. First,
a pricing procedure is used to generate a set of candidate
routes for each net that are power-efficient while considering
theWL degradation.The pricing step approximatesT

𝑖
in the

formulation to contain a small set of power-efficient candi-
date routes, instead of all the potential routes of net 𝑖. Second,
branch-and-bound is applied to solve (PGR-P1), selecting one
route for each net from the set of generated candidate routes.
The standard branch and bound algorithm can be carried
out using a commercial solver. This two-step procedure of
generating candidate routes and then running branch and
bound is commonly known as price and branch [8, 9]. The
price and branch procedure was recently applied to solve the
GR problem for WL improvement [6]. We apply the same
procedure for power improvement. The major technical dif-
ference in our procedure is in the pricing step to find power-
efficient candidate routes, which we next discuss in detail.

5.2.3. Overview of Pricing for Route Generation. We solve a
linear-programming relaxation of (PGR-P1) by replacing the
binary requirements on the variables 𝑥

𝑖𝑡
with constraints 0 ≤

𝑥
𝑖𝑡
≤ 1 for all 𝑖, for all 𝑡. The linear program is solved by

an iterative procedure known as column-generation [10]. In
column generation, we start by replacingT

𝑖
(set of all possi-

ble routes of net 𝑖) in formulation (PGR-P1) by subset S
𝑖
⊂

T
𝑖
, initially containing one candidate route per net. We then

gradually expandS
𝑖
, adding new routes thatmay decrease the

objective function. Adding the new candidate routes is via a
power-aware pricing condition for each net.

Before explaining the procedure in more detail, we first
give the following notations:

(1) we refer to the LP relaxation of (PGR-P1) in whichT
𝑖

is replaced by S
𝑖
and 0 ≤ 𝑥

𝑖𝑡
≤ 1 by the “restricted

master problem” denoted by (RMLP-P1); the solution
of (RMLP-P1) for a given S

𝑖
is denoted by (𝑥, 𝑠, 𝐶);

(2) we refer to the dual of the restricted master problem
by (D-RMLP-P1). The solution of (D-RMLP-P1) con-
sists of (�̂� ≤ 𝑀, �̂� ≤ 0, 𝜇 ≥ 0, 𝜃 ≤ 0), corresponding
to the dual variables for the first, second, and third set
of constraints in the relaxed (PGR-P1), respectively.

The iterative column generation procedure including the
pricing condition is enumerated below.

(1) For each net 𝑖 = {1, . . . , 𝑁
𝑑
}, initialize S

𝑖
with one

route. (In this work we start with the solution of [11].)
(2) Solve (RMLP-P1), yielding a primal solution (𝑥, 𝑠, 𝐶)

and dual values (�̂�, �̂�, 𝜇, 𝜃) in (D-RMLP-P1).
(3) Generate a new route 𝑡∗ for net 𝑖 = {1, . . . , 𝑁

𝑑
}. Using

the solution of step 2, evaluate the pricing condition:
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if �̂�
𝑖
> ∑
𝑒∈𝑡
∗ ∑
𝑞∈𝑄𝑒

𝑚
𝑞
𝜇
𝑒𝑞
− ∑
𝑒∋𝑡
∗(�̂�𝑒 + 𝜃), then S

𝑖
=

S
𝑖
∪ {𝑡
∗
}.

(4) If an improving route for some net 𝑖 was found in
step 3, return to step 1. Otherwise, stop—the solution
(𝑥, 𝑠, 𝐶) is an optimal solution to (RMLP-P1).

Step 3 gives the pricing condition in terms of the solution of
the dual problem (D-RMLP-P1) obtained at the current itera-
tion. This step can determine for a given new route 𝑡∗ if
it should be added to the set S

𝑖
to reduce the objective of

(RMLP-P1). However, it does not specify how a new route
should be found such that the pricing condition gets satisfied.
We discuss a convenient graph-based procedure to generate
new route 𝑡∗ which satisfies the pricing condition.

5.2.4. Route Generation for OneNet. Tofind improving routes
for net 𝑖, we associate a weight𝑤

𝑒
for edge 𝑒 in the GR grid as

𝑤
𝑒
= max
𝑞∈𝑄𝑒

(𝑚
𝑞
𝜇
𝑒𝑞
) − �̂�
𝑒
− 𝜃. (10)

By the theory of linear programming, for each edge 𝑒, at most
one dual variable 𝜇

𝑒𝑞
, 𝑞 ∈ 𝑄

𝑒
will be positive in an optimal

solution to (D-RMLP-P1). Thus, considering route 𝑡∗, we can
compute the pricing condition as �̂�

𝑖
> ∑
∀𝑒∋𝑡
∗ 𝑤𝑒. We take

advantage of this interpretation to identify promising route
𝑡
∗ which satisfies the pricing condition. Given a route 𝑡 ∈ S

𝑖

obtained from previous iterations, we obtain 𝑡∗ by rerouting
branches of 𝑡with the updated edgeweights so that the overall
weights of rerouted branches are reduced.

We explain the procedure with the example of Figure 7.
Considering two nets 𝑎 and 𝑏, suppose we are initially given
the routes 𝑡

𝑎
and 𝑡
𝑏
for these two nets. After step 2 at the first

iteration of column generation, we obtain edge weights which
are given in Figure 7(a). To obtain a new route 𝑡∗

𝑎
for net 𝑎, we

reroute different branches of 𝑡
𝑎
. For each terminal, we identify

a branch as the segment connecting it to the first Steiner point
on 𝑡
𝑎
.We then reroute this branch by solvingDijkstra’s single-

source shortest path algorithm [12] on the weighted graph
with the weights of the first iteration, similar to [13, 14]. The
route 𝑡∗

𝑎
is shown in Figure 7(b). After adding 𝑡∗

𝑎
to S
𝑎
, we

proceed to the second iteration and obtain new edge weights
which are shown in Figure 7(b).

The discussed pricing procedure is similar to [6]. How-
ever, it differs in the pricing condition and the way edge
weights are set up. For solving (RMLP-P1) and its dual at
each iteration, we use the solver CPLEX 12.0. After obtaining
the final set S

𝑖
, again we use CPLEX 12.0 for the branch and

bound step to get the final solution. We further accelerate the
process by applying a simple problem decomposition that we
will discuss in Section 5.4.

5.3. Phase 2: Considering Activity and Voltage. At phase 2,
we approximate the per-unit edge capacitances using the
solution from phase 1 and reroute the nets to minimize an
approximation of the total power. Since the utilization (and
hence capacitance) corresponding to the routing solution of
phase 2may be different fromphase 1, we heavily penalize any
mismatch in our optimization.

5.3.1. Formulation. Wecompute the following quantities after
phase 1.

(1) We define a new “effective” capacity for each edge 𝑒
as 𝑟
𝑒
= ∑
𝑁𝑑

𝑖=1
∑
𝑡∈T𝑖

𝑎
𝑡𝑒
𝑥
𝑖𝑡
, where 𝑥

𝑖𝑡
is the value of the

routing solution from phase 1.
(2) Wedefine the newper-unit capacitance as𝐶𝑢

𝑒
= 𝐶
𝑒
/𝑟
𝑒
,

where𝐶
𝑒
is the value of the edge capacitance from the

solution found in phase 1.

With these definitions, the formulation of phase 2 is the fol-
lowing integer linear program:

min
𝑥,𝑠,𝜖

𝑁𝑑

∑

𝑖=1

∑

𝑡∈T𝑖

𝛼
𝑖
𝑉
2

𝑖
(∑

𝑒∋𝑡

𝐶
𝑢

𝑒
)𝑥
𝑖𝑡
+

𝑁𝑑

∑

𝑖=1

𝑀
1
𝑠
𝑖
+ ∑

∀𝑒∈E

𝑀
2
𝜖
𝑒
,

(PGR-P2)

∑

𝑡∈T𝑖

𝑥
𝑖𝑡
+ 𝑠
𝑖
= 1, ∀𝑖 = 1, . . . , 𝑁

𝑑
,

𝑁𝑑

∑

𝑖=1

∑

𝑡∈T𝑖

𝑎
𝑡𝑒
𝑥
𝑖𝑡
≤ 𝑟
𝑒
+ 𝜖
𝑒
, ∀𝑒 ∈ E,

𝑁𝑑

∑

𝑖=1

∑

𝑡∈T𝑖

𝑤
𝑖𝑡
𝑥
𝑖𝑡
≤ 𝑊
0
(1 + 𝛽) ,

0 ≤ 𝜖
𝑒
≤ 𝑟
𝑒
− 𝑟
𝑒
, ∀𝑒 ∈ E,

𝑥
𝑖𝑡
= {0, 1} , ∀𝑖 = 1, . . . , 𝑁

𝑑
, ∀𝑡 ∈ T

𝑖
,

𝑠
𝑖
≥ 0, ∀𝑖 = 1, . . . , 𝑁

𝑑
.

(11)

The first term in the objective expression is summation of an
estimate of the power of the nets, where (∑

𝑒∋𝑡
𝐶
𝑢

𝑒
) is the fixed

approximate per-unit capacitance of edge 𝑒 which contains
route 𝑡 and is obtained using the solution of phase 1 as dis-
cussed before.The first set of constraints ensures that at most
one route is selected per net; otherwise, a heavy penalty of𝑀

1

is associated if 𝑠
𝑖
̸=0, and this is reflected in the second term

of the objective function. The second set of constraints
enforces the new utilization of each edge to be 𝑟

𝑒
+ 𝜖
𝑒
, where

𝜖
𝑒
is a new variable which is heavily penalized by a large

factor 𝑀
2
in the objective function if 𝜖

𝑒
̸=0. In other words,

we highly penalize if the rerouting of a net causes a larger
edge utilization compared to phase 1. This in effect forces the
routing process to keep themismatch in the edge utilizations
as small as possiblewhich translates in the capacitance (which
is function of utilization) to remain close to phase 1. We also
enforce 𝜖

𝑒
+ 𝑟
𝑒
≤ 𝑟
𝑒
to ensure that the edge utilization is not

beyond its actual capacity 𝑟
𝑒
in the fourth set of constraints.

Finally, the third set of constraints ensures that the increase
in wirelength is bounded by factor 𝛽.

5.3.2. Solving Using Price and Branch. The solution pro-
cedure is quite similar to the one explained in the previous
Section 5.2 for phase 1. Here, we just note the differences.
We denote the restricted master problem by (RMLP-P2) and
its solution by (𝑥, 𝑠, 𝜖). The dual of the restricted master
is denoted by (D-RMLP-P2) and its solution is (�̂�, �̂�, 𝜃),
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Figure 7: Power-aware route generation.

corresponding to the first, second, and third set of inequalities
in relaxed (PGR-P2), respectively.

The initial setS
𝑖
is set to all the candidate routes generated

from phase 1. This helps to quickly generate a high-quality
solution for phase 2. It also ensures that the solution of phase
1 is included as a feasible solution in phase 2.

The pricing condition is given by the following inequality
�̂�
𝑖
> 𝛼
𝑖
𝑉
2

𝑖
(∑
𝑒∋𝑡
𝐶
𝑢

𝑒
) − ∑
𝑒∈𝑡
(�̂�
𝑒
+ 𝜃) and is used to define the

edge weights given by 𝑤
𝑒
= 𝛼
𝑖
𝑉
𝑖
𝐶
𝑢

𝑒
− �̂�
𝑒
− 𝜃, for all 𝑒 ∈ E.

5.4. Decomposition. To accelerate solving the two-phase for-
mulation, we apply a simple problem decomposition. We
recursively divide the chip into a set of rectangular subregions
while balancing the total number of nets that fall inside each
subregion.We use the initialWL-optimized solution of [11] to
guide this process. We stop when the number of nets at each
subregion is at most 3000, which we empirically determined
for our experimented benchmarks from the ISPD2008 suite
[15].

Each subproblem is then defined as one rectangular sub-
region with the set of nets assigned to it. If a net passes from
multiple subregions, we force the terminal location on the
subregion boundary to be fixed from the initial WL-optimiz-
ed solution.This allows independent solving of each subprob-
lem without the hassle of later connecting the segments of a
route in adjacent subregions.The subproblems are then (one-
time) parallel-solved to get the final solution. Figure 8 shows
an example.

Even though in our decomposition each subproblem in
effect is assigned a low or high voltage level, it is possible that
the nets assigned to it have different supply levels. For exam-
ple, a high voltage net may just pass from a subproblem in a
low voltage island, or a net with level converter (which will
have portions of high and low voltage levels after net decom-
position) may fall in a high voltage island.

Please note, the main difference between our decomposi-
tion procedure and [6] is the use of the initial WL-optimized
solution to fix the terminal locations on the subregion bound-
aries and thus avoid later connecting adjacent subproblems.

Overall this decomposition is extended from PGRIP [16],
but wemake use of our initially provided global routing solu-
tion for more effective decomposition to determine the fixed
terminal locations on the boundaries for independent and
parallel processing of the subproblems.

VH

VL

Figure 8: Decomposition into independent subproblems.

6. Simulation Results

6.1. Benchmark Instances. In order to test our solution proce-
dure and determine whether or not significant power savings
were possible without increasing wirelength, we modified
known benchmarks to include multisupply voltages. Modify-
ing the benchmarks required us to generate timing data and
power data and place level converters. We implemented the
procedure of [2] to generate voltage islands for two voltage
levels of 𝑉

𝐿
= 0.9V and 𝑉

𝐻
= 1.1V. The procedure required

a sequential netlist with gate-level delay and power models.

Timing Modeling. We assumed the locations of the sequential
elements in the ISPD 2008 benchmarks using the follow-
ing procedure. First, we obtained a directed acyclic graph
(DAG) representation of the benchmarks from the variation
provided by the ISPD 2006 placement benchmarks [17].
Using the placement benchmarks, we obtained a DAG by
starting from the designated primary inputs and traversing
in forward direction until reaching the primary outputs. We
also assumed the nets withmore than 50 terminals to be clock
trees to identify sequential elements.

We then assumed that the delay of each cell (or node in the
DAG) is proportional to its size (for unit load) where the unit
delay was assumed to be of the inverter of the 45 nm library
[7] used in this work. We considered loading in our cell delay
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modeling to be proportional to the cell size which was also
given in the placement benchmarks.

Power Modeling. We randomly and uniformly generated the
activity factors of each net to be between 0.1 and 0.9. The
45 nm library used in this work contained information about
the total capacitance (area, fringe, and coupling) for each of
the 8metal layers.We used themethod described in Section 5
to extract piecewise linear model for 𝐶

𝑒
and 𝐶

𝑢

𝑒
for each

of the 8 metal layers. For each metal layer, we considered
the minimum wire size given in the library. To map edge
utilization to spacing, we assumed the length of each edge of
the GR grid to be 2𝜇; for a given utilization we assumed the
maximum spacing between the routes mapped to the same
GR edge.

Level Converter Placement. After voltage island generation,
we needed to decide the locations of the level converters
(LCs). (The procedure in [2] did not specify these locations.)
For simplicity, we inserted the LCs on the initial WL-
optimized solution that was taken from [11]. The LCs were
inserted for any net that had a source terminal driving one or
more sink terminals. The procedure minimized the number
of LCs and placed them as close as possible to the sink
terminals, subject to the available whitespace.Thewhitespace
inside each global bin was derived by evaluating (both) the
placement and GR variations of the ISPD benchmarks.

6.2. Level Converter Placement. In our first experiment,
we report the result from our level converter placement
algorithm for the nets that contained a level converter (had
a source terminal in 𝑉

𝐿
island with fanout terminals in 𝑉

𝐻

islands). We consider the following case in our experiment:
we routed all the nets using the initial wirelength-optimized
solution of NTHU-Route2.0 [11]. We solve our formulation
(IP-LC) to obtain the level converter locations subject to the
area density constraints. We consider the obtained results as
the base case for power comparison in our second experi-
ment.

Recall the placement of level converters can impact
the power of each route by decomposing it into multiple
segments where each segment has a high or low supply level.
Using (1), we compute the total power of the nets which need
level conversion. This includes the power of level converters
and the different routes segments of the decomposed nets
after inserting the level converters.

Table 1 reports our power comparison results. We report
the total number of nets and the number of netswhich require
level conversion in columns 2 and 3, respectively, for each
benchmark. The total number of level converters in our case
is given in column 4.The number of level converters is larger
than column 3, indicating that for some nets it may be better
to add extra LCs but place them closer to the sink terminals
to reduce the route portion that is driven by high voltage
and save power. In column 5, we report the power of ([11]
+ LC) for the nets including the ones with level conversion.
We use these power numbers as the base case for our next
experiment. Finally, the wall clock time of the level converter

placement (indicated byWCPU) is given in column 6. As can
be seen this step is done very quickly.

6.3. Power-Aware Global Routing. In this experiment, we
used the initial WL-optimized solution of [11], and after
fixing the locations of LCs, we applied net decomposition
(as described in Section 3.1). We then solved two IPs corre-
sponding to the formulations given in phase 1 and phase 2
for each subproblem using CPLEX 12.0 [18]. The number of
subproblems is listed in Table 2 column 5 (indicated by SP
number) which ranged from 130 to 670 among the bench-
marks. These IPs were solved on the computer-aided engi-
neering (CAE) grid at the University of Wisconsin Madison.
Each machine had 2GB of memory. All IPs were submitted
to HTCondor [19] which manages the computers in a shared
environment. HTCondor then assigned the jobs for parallel
processing to the available machines.

Table 2 reports the number of nets, decomposed nets, and
LCs in columns 2, 3, 4, and respectively. We then applied our
power-driven GR procedure using a wirelength degradation
factor of 𝛽 = 0, so no wirelength degradation was allowed.

We then compared three routing solutions:

(i) the initial WL-optimized solution of [11];

(ii) the solution after applying phase 1, obtained by solv-
ing the formulation (PGR-P1);

(iii) the solution by further applying phase 2, obtained by
solving (PGR-P1) followed by (PGR-P2).

For each case, we report thewirelength (WL), the total capaci-
tance (𝐶) (∑𝑁𝑑

𝑖=1
𝐶
route
𝑖

, where 𝐶route
𝑖

is defined in (2)), given in
units 𝑓𝐹, and the GR power metric 𝑃 from (1), excluding the
constant portions of the expression.

The results are reported in Table 2 in columns 6 to 14. For
the initial solution, we report the wirelength (𝑊

0
) of the

NTHU-R2.0 routes that have been augmented with the extra
via-only segment(s) to connect the LC(s) to the original
routes. (As a result, there is slight increase in wirelength com-
pared to the numbers reported in the work [11].) For the solu-
tions of phase 1 and phase 2, we report only the percentage
improvement in WL, 𝐶, and 𝑃, all with respect to the initial
solution.

As can be seen, applying phase 1 of the power-reduction
heuristic results in significant saving of 8.77% in𝑃. Recall, the
savings are solely due to capacitance reduction (as can be seen
from the higher improvement rate in 𝐶 compared to 𝑃). By
further applying phase 2, we see additional improvement in𝑃
(on average 16.70%). The improvement in 𝐶 is slightly larger
than phase 1, even though phase 1 solely focuses on opti-
mizing 𝐶. This is because we start phase 2 by including all
the candidate routes generated from phase 1. Notice that in
both phase 1 and phase 2 there is an improvement (reduction)
in WL compared to𝑊

0
. It is important to note that no extra

overflow was introduced in the power-optimized solutions.
In our simulations, we explicitly bounded the runtime for

phase 1 and phase 2. The wall clock runtime of all bench-
marks for phase 1 and phase 2 was set to 30min and 40min,
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Table 1: Results of the level converter placement for the ISPD 2008 benchmarks.

Bench Net number NetLC number LC number Power WCPU (min)
Adaptec1 177K 9K 20K 432242 5
Adaptec2 208K 8K 17K 336881 7
Adaptec3 368K 17K 43K 1056778 8
Adaptec4 401K 16K 36K 751120 13
Adaptec5 548K 32K 85K 1199591 11
Newblue1 271K 75K 16K 318922 10
Newblue2 374K 22K 47K 453234 17
Newblue4 531K 38K 79K 927712 9
Newblue5 892K 26K 84K 1469859 14
Newblue6 835K 31K 91K 1367000 17
Newblue7 1647K 28K 72K 2201835 21
Bigblue1 197K 9K 26K 619321 6
Bigblue2 429K 15K 43K 560723 13
Bigblue3 666K 23K 60K 814957 12
Bigblue4 1134K 17K 51K 1254323 15

Table 2: Results for ISPD 2008 benchmarks. TheWL is scaled to 105. Power and cap. are scaled to 103.

Bench Net
number

Net
𝑑

number
LC

number
SP

number
Initial solution ([11] + LC) Phase 1 Phase 1 + phase 2
𝑊
0

C P −WL (%) −C (%) −P (%) −WL (%) −C (%) −P (%)
Adaptec1 177K 197K 20K 130 54.2 953.3 432.2 0.05 11.70 8.57 0.07 15.48 16.17
Adaptec2 208K 224K 17K 195 53.0 750.0 336.9 0.12 10.34 6.93 0.14 14.57 15.13
Adaptec3 368K 411K 43K 359 132.7 2187.0 1056.8 0.01 11.51 8.67 0.34 13.55 13.94
Adaptec4 401K 437K 36K 296 123.0 1613.8 751.1 0.02 12.16 8.46 0.04 16.92 17.20
Adaptec5 548K 632K 85K 454 158.7 2543.0 1199.6 0.38 8.60 6.08 0.43 10.23 10.88
Newblue1 271K 287K 16K 195 47.0 612.2 318.9 0.11 13.39 9.87 0.22 17.45 18.40
Newblue2 374K 421K 47K 312 77.6 894.9 453.2 0.04 14.19 7.87 0.09 19.20 19.34
Newblue4 531K 610K 79K 462 133.7 1955.4 927.7 0.02 13.39 9.61 0.54 17.45 17.61
Newblue5 892K 975K 84K 658 234.7 3405.3 1469.9 0.89 11.55 6.75 0.86 14.00 13.47
Newblue6 835K 926K 91K 532 180.2 2834.9 1367.0 0.62 12.56 9.35 0.57 16.35 17.80
Newblue7 1647K 1719K 72K 670 360.2 5004.4 2201.8 0.01 15.12 11.20 0.17 19.63 20.93
Bigblue1 197K 222K 26K 152 57.0 1110.4 619.3 0.23 10.68 7.20 0.16 12.17 12.56
Bigblue2 429K 472K 43K 275 92.4 1283.8 560.7 0.14 11.64 7.86 0.10 14.76 14.33
Bigblue3 666K 725K 60K 453 133.0 1664.6 815.0 0.91 15.22 10.99 0.93 20.25 20.31
Bigblue4 1134K 1184K 51K 509 233.0 3006.6 1254.3 0.18 16.03 12.12 0.28 22.31 22.46
Avg. 0.25 12.54 8.77 0.34 16.29 16.70

respectively. The number of processors used for parallel pro-
cessing of the subproblems was upper bounded by the num-
ber of subproblems, for example, up to 130 simultaneously
processed jobs in benchmark adaptec1; the exact number
of parallel jobs is not known and depended on the number of
free machines in our computational grid (which depended
on the number of users of the grid when the simulations
ran) as well as HTCondor’s internal procedure to schedule
jobs to available resources which considers factors such as
user priority and past usage history. Furthermore,HTCondor
resource management policy ensured that each machine ran
at most one job at each time, so the machines were solely
dedicated to solving the subproblems when utilized by us.

In an ideal situation (i.e., a grid which can support
simultaneous runs of all the subproblems), thewall clock time
of our tool will be 30min and 40min (for phases 1 and 2,
resp.) for a total sum of 70min for each of the benchmarks.
We note, in this work unlike PGRIP [16], our decomposition
procedure creates independent subproblems so there will not
be any communication between the subproblems.

7. Conclusions

We proposed a formulation for minimizing an interconnect
power metric for global routing for design with multi-supply
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voltage. Power minimization is after an initial wirelength-
optimized solution is obtained.We presented a mathematical
formulation which considered power saving opportunities by
reducing the area, fringe, and congestion-dependent coupl-
ing capacitances at each metal layer, while accounting for the
activity and supply voltage of each route segment.We showed
significant savings in the power metric for global routing
without any degradation in wirelength or overflow.

References

[1] R. S. Shelar and M. Patyra, “Impact of local interconnects on
timing and power in a high performance processor,” in ACM
International Symposium on Physical Design, pp. 145–152, 2010.

[2] R. L. S. Ching, E. F. Y. Young, K. C. K. Leung, and C. C. N. Chu,
“Post-placement voltage island generation,” inProceedings of the
International Conference on Computer-Aided Design (ICCAD
’06), pp. 641–646, November 2006.

[3] L. Guo, Y. Cai, Q. Zhou, and X. Hong, “Logic and layout aware
voltage island generation for low power design,” in Proceedings
of the Asia and South Pacific Design Automation Conference, pp.
666–671, January 2007.

[4] H. Shojaei, T.-H. Wu, A. Davoodi, and T. Basten, “A Pareto-
algebraic framework for signal power optimization in global
routing,” in Proceedings of the 16th ACM/IEEE International
Symposium on Low-Power Electronics and Design (ISLPED ’10),
pp. 407–412, August 2010.

[5] W.-H. Liu, Y.-L. Li, andK.-Y.Chao, “High-quality global routing
for multiple dynamic supply voltage designs,” in Proceedings
of the IEEE/ACM International Conference on Computer-Aided
Design (ICCAD ’11), pp. 263–269, November 2011.

[6] T.-H. Wu, A. Davoodi, and J. T. Linderoth, “GRIP: scalable 3D
global routing using integer programming,” inProceedings of the
46th ACM/IEEE Design Automation Conference (DAC ’09), pp.
320–325, July 2009.

[7] Nangate 45 nm open cell library, 2008, http://www.nangate
.com/.

[8] C. Barnhart, E. L. Johnson, G. L. Nemhauser, M. W. P. Savels-
bergh, and P. H. Vance, “Branch-and-price: column generation
for solving huge integer programs,”Operations Research, vol. 46,
no. 3, pp. 316–329, 1998.

[9] D. G. Jørgensen and M. Meyling, “A branch-and-price algo-
rithm for switch-box routing,”Networks, vol. 40, no. 1, pp. 13–26,
2002.

[10] G. Dantzig and P. Wolfe, “Decomposition principle for linear
programs,” Operations Research, vol. 8, pp. 101–111, 1960.

[11] Y.-J. Chang, Y.-T. Lee, and T.-C. Wang, “NTHU-route 2.0: a
fast and stable global router,” in Proceedings of the International
Conference on Computer-Aided Design (ICCAD ’08), pp. 338–
343, November 2008.

[12] E. W. Dijkstra, “A note on two problems in connexion with
graphs,”NumerischeMathematik, vol. 1, no. 1, pp. 269–271, 1959.

[13] M. Pan andC. C.N. Chu, “FastRoute 2.0: a high-quality and effi-
cient global router,” in Proceedings of the Asia and South Pacific
Design Automation Conference, pp. 250–255, January 2007.

[14] J. A. Roy and I. L. Markov, “High-performance routing at the
nanometer scale,” IEEE Transactions on Computer-Aided Design
of Integrated Circuits and Systems, vol. 27, no. 6, pp. 1066–1077,
2008.

[15] “ISPD 2008 global routing contest and benchmark suite,”
http://www.sigda.org/ispd2008/contests/ispd08rc.html.

[16] T.-H. Wu, A. Davoodi, and J. T. Linderoth, “A parallel integer
programming approach to global routing,” in Proceedings of the
47thDesignAutomationConference (DAC ’10), pp. 194–199, June
2010.

[17] ISPD 2006 placement contest and benchmark suite.
[18] CPLEX Optimization, Using the CPLEX Callable Library, Ver-

sion 9, Incline Village, Nev, USA, 2005.
[19] M. J. Litzkow, M. Livny, and M. W. Mutka, “Condor—a hunter

of idle workstations,” in Proceedings of the 8th International
Conference on Distributed Computing Systems, pp. 104–111, 1998.



Hindawi Publishing Corporation
VLSI Design
Volume 2013, Article ID 474601, 15 pages
http://dx.doi.org/10.1155/2013/474601

Research Article
Fast and Near-Optimal Timing-Driven Cell Sizing under Cell
Area and Leakage Power Constraints Using a Simplified Discrete
Network Flow Algorithm

Huan Ren and Shantanu Dutt

Department of ECE, University of Illinois at Chicago, Chicago, IL 60607, USA

Correspondence should be addressed to Shantanu Dutt; dutt@ece.uic.edu

Received 24 May 2012; Revised 6 November 2012; Accepted 21 November 2012

Academic Editor: Gi-Joon Nam

Copyright © 2013 H. Ren and S. Dutt. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We propose a timing-driven discrete cell-sizing algorithm that can address total cell size and/or leakage power constraints. We
model cell sizing as a “discretized” mincost network flow problem, wherein available sizes of each cell are modeled as nodes. Flow
passing through a node indicates the choice of the corresponding cell size, and the total flow cost reflects the timing objective
function value corresponding to these choices. Compared to other discrete optimization methods for cell sizing, our method can
obtain near-optimal solutions in a time-efficient manner. We tested our algorithm on ISCAS’85 benchmarks, and compared our
results to those produced by an optimal dynamic programming- (DP-) based method. The results show that compared to the
optimal method, the improvements to an initial sizing solution obtained by our method is only 1% (3%) worse when using a 180 nm
(90 nm) library, while being 40–60 times faster. We also obtained results for ISPD’12 cell-sizing benchmarks, under leakage power
constraint, and compared them to those of a state-of-the-art approximate DP method (optimal DP runs out of memory for the
smallest of these circuits). Our results show that we are only 0.9% worse than the approximate DP method, while being more than
twice as fast.

1. Introduction

In order to achieve a balance between design quality and
time-to-market, cell library-based design is becoming the
dominant design methodology over the custom design
method even for high-performance ICs. Usually in a cell
library, several different cell implementations are available
for the same function with different sizes, intrinsic delays,
driving resistances, and input capacitances. Choosing the cell
with an appropriate size, that is, cell sizing, is a very effective
approach to improve timing.

The cell-sizing problem has been studied for a long time.
Many methods [1, 2] assume the availability of a continuous
range of cell sizes; that is, the size of a cell can take any value in
a range.Then, the obtained gate size is rounded to the nearest
available size in the library. However, a large number of
realistic cell libraries are “sparse,” for example, geometrically
spaced instead of uniformly spaced [3]. Geometrically spaced
gate sizes are desired in order to cover a large size range

with a relatively small number of cell instances. Also it has
been proved in [4] that, under certain conditions, the set
of optimal gate sizes must satisfy the geometric progression.
With a sparse library, the simple rounding scheme can
introduce huge deterioration from the continuous solution,
which often causes the sizing results to fail to meet given
timing requirements [3].

On the other hand, few time-efficientmethods are known
that they can directly handle timing optimization with
discrete cell sizes since this problem is NP complete. The
technique in [5] uses multidimensional descent optimization
that iteratively improves a current solution by changing
the size choices of a set of cells that produces the largest
improvement. It is not clear how well this method can avoid
being trapped in a local optimum. In [3], a new rounding
method is developed based on an initial continuous solution.
Instead of only rounding to the nearest available size, the
method visits cells in topological order in the circuit, and
tries several discrete sizes around the continuous solution
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for each cell. In order to reduce the search space, after a
new cell is visited, it performs a pruning step that discards
obviously inferior solutions and a merging step that keeps
only several representative solutions within a certain quality
region.The run timeof thismethod is significantly larger than
the method in [5].

More recently, [6] has proposed a method that uses
a combination of continuous and discrete optimization
techniques for the power-driven timing-constrained cell-
sizing problem. The problem is first simplified to an uncon-
strained problem using Lagrange relaxation.Then, the result-
ing unconstrained discrete sizing problem is solved using
dynamic programming. Through Lagrange relaxation-based
simplification, it is able to handle complex delay constraints
of current industry designs. However, as a continuous convex
optimization technique, the quality and convergence of the
Lagrange relaxation method is not guaranteed when applied
to discrete problems. On the other hand, our proposed
method directly handles constraint satisfaction simultane-
ously with objective optimization in a unified and specially
designed mincost network flow model.

In this paper, we propose a network-flow-based method
for the discrete gate-sizing problem. In our method, the
different size options of a cell are modeled by nodes in the
network graph. The flow cost represents the change in the
timing objective function value when the cell sizes corre-
sponding to the nodes in the graph which have flows through
them are chosen. Hence, by solving a mincost flow in the
network graph, near-optimal cell sizing can be determined
by choosing cell sizes whose corresponding nodes have the
mincost flow through them—the near optimality comes from
having to constraint the flow to adhere to certain discrete
requirements like going through exactly one size-option node
per cell.

By modeling the gate-sizing problem as a mincost net-
work flow problem, we can solve it using standard network
flow algorithms, which are very time efficient. Also problem
constraints, like themaximumallowable total cell area, can be
handled efficiently by making the flow amount proportional
to the chosen cell area and using an arc with an appropriate
capacity to limit the total flow amount.

However, network flow is a continuous optimization
method. Thus when applying it to solve the discrete option
selection problem, invalid solutions may be produced. For
example, the mincost flow may pass through two sizing
options for the same cell. We solve such problems by using
min lookahead-cost ormax flow selection heuristics. Network
flow has been used to solve various EDA problems including
placement [7–9] and placement legalization [10]. In the recent
technique of [10], only the network graph modeling the
legalization problem, and which nodes (representing bins of
cells) are overfull (these are then supply nodes) and under
full (these are demand nodes) have been determined a priori
to solve the mincost flow problem. Costs of arcs, which
represent shipment of cells, between adjacent bins are not
known in advance since this depends on the exact set of
cells being shipped from one bin to an adjacent one. This
set of cells and the cost of arcs out of the “current” bin
are determined dynamically within Dijstra’s shortest path

computation that is used iteratively to solve an approximate
mincost flow problem. Our problem in using network flow
to solve the cell-sizing problem is different: while we know
the exact cost and capacities of arcs in the network graph
modeling the problem, the issue we need to tackle is that of
preventing splitting of the flow among each subset of arcs
that represent the selection of the sizes of each cell, so that
flow can go through only one of these arcs, thus providing a
unique selection of a size for each cell. We solve this problem
in an outer loop enveloping the mincost flow computation,
as opposed to the technique in [10], which solves it within an
inner loop of the mincost flow computation.

This paper is an extended version of the workshop paper
[11] that appeared in a internal workshop compendium of
papers, which is not considered a published proceedings.
Thus it is not strictly necessary to discuss the issue of
extensions of that paper. However, there are extensions,
which include anupdated discussion of previouswork, results
for benchmark circuits using Synopsys’s 90 nm library (in
addition to the 180 nm library used in [11]), and an analysis of
the differences in the two sets of results for the two libraries.

The rest of the paper is organized as follows. Section 3
provides an overview of our method. A general view of our
size selection network graph (SSG) is presented in Section 4.
In Sections 5.1–5.4, we discuss various issues of the SSG. In
Section 6, we show how to obtain a valid mincost flow in
the SSG. Section 7 briefly describes an optimal exhaustive
searchmethod towhichwe compare our network-flow-based
technique. Section 8 presents experimental results and we
conclude in Section 9.

2. New Algorithmic Approach Used

In this paperwe use a simplified version of discretized network
flow (DNF) that has been recently introduced as a versatile
optimization technique for CAD problems over the last four
years [7, 9, 12–14]. The DNF technique imposes certain
discrete requirements on the flow through the network graph
𝐺 like a mutual exclusivity constraint on certain arc sets,
called mutually exclusive arc (MEA) sets, in which at most
one arc can have a nonzero flow in each MEA set. In the
above cited works, the DNF problems is modeled as a fixed-
charge network flow problem [15] in order to solve complex
physical synthesis problems using multiple transforms and
constraints with significant efficacy. However, it is possible to
solve the discrete cell-sizing problem near optimally with a
simple version ofDNF inwhichmax-flow ormin-lookahead-
cost (subsequently termed “mincost” for brevity) heuristics
for determining which arc in each MEA set should have
nonzero flow. We present this simpler version of DNF as the
new algorithmic technique in this paper.

3. Overview of Our Method

Our cell-sizing method starts from an initial sizing solution
that may be far from the optimal. The objective is to improve
the critical path delay of the circuit by resizing cells.We define
P
𝛼
to be the set of paths with a delay greater than 1 − 𝛼
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fraction (𝛼 < 1) of the most critical path delay. In order
to reduce the complexity of the problem we only consider
changing the sizes of cells inP

𝛼
. In our experiments, 𝛼 is set

to be 0.1. This simplification does not limit the optimization
potential of our method, since our method is incremental in
its nature. Thus we can iterate it several times to take more
paths into consideration.

We define CS(𝑛
𝑗
) to be the set of critical sinks of a net 𝑛

𝑗
,

which are (1) all sinks in P
𝛼
if the net is in P

𝛼
, or (2) the

sink with the minimum slack otherwise. Our method tries to
improve the critical path delay by minimizing the objective
function proposed in [9]. A timing cost 𝑡

𝑐
(𝑛
𝑖
) of a net 𝑛

𝑖
is

defined as [9]:

𝑡
𝑐
(𝑛
𝑖
) = ∑

𝑢𝑗∈CS(𝑛𝑖)

𝐷 (𝑢
𝑗
, 𝑛
𝑖
)

𝑆
𝛽

𝑎 (𝑛𝑖)

, (1)

where 𝑢
𝑗
is a sink cell of net 𝑛

𝑖
, 𝐷(𝑢
𝑗
, 𝑛
𝑖
) is the net delay of

𝑛
𝑖
to 𝑢
𝑗
, and 𝑆

𝑎
(𝑛
𝑖
) is the allocated slack of a net in the initial

sizing solution; the allocated slack is defined as the path slack
divided by the number of nets in the path. 𝛽 is the exponent
of the allocated slack used to adjust the weight difference
between costs of nets on critical and noncritical paths. Based
on experimental results, 𝛽 = 1 works best in this scenario,
since only nets inP

𝛼
and those connected to it are considered

in the optimization function (see below). Let P̂
𝛼
be the set of

nets that are either in P
𝛼
or connected to nodes in it. The

timing objective function 𝐹
𝑡
is the summation of 𝑡

𝑐
(𝑛
𝑖
) of all

nets in P̂
𝛼
given as

𝐹
𝑡
= ∑

𝑛𝑖∈P̂𝛼

𝑡
𝑐
(𝑛
𝑖
) . (2)

Here we only consider nets in P̂
𝛼
, since the delays of only

these nets will change with our selection of resizable cells.
Note that in this objective function the nets on more critical
paths have a higher contribution since the net cost is inversely
proportional to the allocated slack and thus will be optimized
more—a desirable outcome, especially in a scenario where
there is a quota on the resource (e.g., total area) available for
optimization.

Usually, the total area is given as a constraint for timing
driven cell sizing. Our algorithm can also handle this con-
strained optimization problem.

4. Overview of the Size Selection Graph (SSG)

We model the timing-minimization cell-size selection prob-
lem as a mincost network flow problem. A network flow
graph called the size selection graph (SSG) is constructed in
which the set of sizing options of each cell is modeled as
a set of sizing option nodes, and each sizing option node
corresponds to one sizing option. We use flows in the SSG
to model cell-size selection; that is, a size option of a cell
is chosen by a flow in the SSG if its corresponding option
node in the SSG is on the path of the flow. Hence, each flow
through the SSG that passes through one option node in
every set of sizing options in the SSG corresponds to a sizing

selection for the cells in P
𝛼
. Furthermore, if we can set the

costs of arcs between option nodes in the SSG in such a way
that the total cost incurred by a flow through the SSG is
equal to the change in the timing objective function 𝐹

𝑡
(2)

corresponding to the sizing scheme selected by the flow, then
the mincost flow in the SSG selects the optimal cell-sizing
scheme for 𝐹

𝑡
. Hence the problem of finding the optimal cell

sizing is converted to the problem of finding the mincost
flow in a graph for which several efficient algorithms such
as the network simplex algorithm and the enhanced scaling
algorithm [16] are available.The general structure of our SSG
is described below.

4.1. The SSG Structure. Since 𝐹
𝑡
is the summation of the

timing costs 𝑡
𝑐
of nets, we employ a divide-and-conquer

approach in constructing the SSG; that is, first a mininetwork
flow graph called a net structure is constructed for each net in
P
𝛼
, and then net structures of connected nets are connected

by net spanning structures to form the complete SSG as shown
in Figure 1. Thus, the SSG has a similar topology as the paths
in P
𝛼
. Note that the source node 𝑆 is the only supply node

with total flow of 𝐹(𝑆) (whose determination is discussed in
Section 5.4), and the sink 𝑇 is the only demand node of flow
amount 𝐹(𝑆) in the SSG. A net structure 𝑁

𝑗
is a child net

structure of 𝑁
𝑖
if they are connected, and 𝑁

𝑗
follows 𝑁

𝑖
in

the flow direction in the SSG (i.e., the signal direction in the
circuit is from net 𝑛

𝑖
to net 𝑛

𝑗
); correspondingly 𝑁

𝑖
is also a

parent net structure of𝑁
𝑗
. Each net structure contains the sets

of option nodes for cells in the corresponding net.
Let us denote the set of sizing options of a cell 𝑢 as 𝑆

𝑢
,

and the 𝑙th sizing option in it as 𝑆
𝑙

𝑢
. For a net 𝑛

𝑖
with a

driving cell 𝑢
𝑑
, the net structure is constructed by connecting

each sizing option 𝑆
𝑙

𝑢𝑑
of 𝑢
𝑑
to all sizing option nodes in 𝑆

𝑢𝑘

of every sink cell 𝑢
𝑘
to form a complete bipartite subgraph

between 𝑆
𝑢𝑑

and 𝑆
𝑢𝑘
. An example is shown in Figure 2. The

net has one driving cell 𝑢
𝑑
and two critical sink cells 𝑢

𝑗
and

𝑢
𝑘
; see Figure 2(a).The corresponding net structure is shown

in Figure 2(b). Here, we only show two sizing options in each
option set. A flow 𝑓 through the net structure is also shown,
which selects size option 𝑆

1

𝑢𝑑
for 𝑢
𝑑
, 𝑆1
𝑢𝑘

for 𝑢
𝑘
, and 𝑆

2

𝑢𝑗
for

𝑢
𝑗
. With the complete bipartite subgraphs between the sizing

option sets of the drive cell and sink cells in a net structure,
every possible combination of size choices of cells in the net
has a corresponding flow through the net structure and hence
is considered in our size selection process.

There are two major issues that need to be tackled in
constructing the SSG in order to correctly map the mincost
flow in the SSG to an optimal sizing choice.They are as follow.

(1) In each net structure, the cost of each arc needs
to be determined so the total cost of a flow through the
net structure can accurately capture the change value of the
timing cost 𝑡

𝑐
for the net corresponding to the sizing options

chosen by the flow.A detailed description of this issue is given
in Section 5.1.

(2) The flow that is determined must be a valid flow, that
is, can be converted to a valid sizing option selection. A valid
sizing option selection requires the satisfaction of two types
of consistencies. First, sizing option nodes of a particular cell
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Figure 1: (a) Nets in P
𝛼
of a circuit. (b) The corresponding SSG, which includes net structures and net spanning structures. 𝑁

𝑖
is the net

structure corresponding to net 𝑛
𝑖
. Each net structure will send a flow of amount equal to the total cell size it chooses through the area output

arc to the area-gathering node. All these flows are routed to the sink through an arc from the area-gathering node with a capacity equal to
the given total cell area constraint.
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Figure 2: (a) A net in critical paths. (b) The net structure corresponding to the net; 𝑓 is a flow through the net structure.

have to be chosen in a mutually exclusive manner (consis-
tency in a sizing option set). Second, if a cell is connected
to multiple nets, its sizing options will also be included in
each of the corresponding net structures. In such cases, the
selected sizing options for the cell must be consistent across
all these net structures (consistency across net structures).
As described in Section 5.2, the net spanning structure is
designed to guide flows between net structures in the SSG
to satisfy the second type of consistency. To guarantee the
first type of consistency, two heuristic methods are proposed
that prune flows corresponding to invalid option selections
when determining the mincost flow; these are discussed in
Section 6.

4.2. Handling Cumulative Constraints. We define a cumula-
tive metric as one, that is, the sum over all relevant circuit
components (cells in our case) of a function 𝑓(𝑠

𝑖,𝑗
) of the

chosen option (cell size in our case) 𝑠
𝑖,𝑗

of component/cell
𝑐
𝑗
. A cumulative constraint is then an upper-bound or lower-

bound constraint on a cumulative metric. We tackle upper-
bound cumulative metrics, specifically, total cell area and
total leakage power in this paper.

To handle any given total cell area constraint, each net
structure has an outgoing arc called the area output arc.

A shunting structure as explained in Section 5.3 is present in
each net structure and connects the area output arc with
the option nodes in the net structure. The function of the
shunting structure is that when an option node is chosen,
the shunting structure diverts a flow of amount that equals
the chosen size to the area output arc from the incoming
flow through the option node. All these flows are gathered
at the area-gathering node as shown in Figure 1(b) which
is connected to the sink. By setting the capacity of the arc
between the area gathering node and the sink to be the given
total cell area limit, we make sure the total selected cell area,
which is equal to the total incoming flow amount to the area-
gathering node, is smaller than or equal to the given limit.
The shunting structure is discussed in detail in Section 5.3.
Note that, as mentioned before, the sizing option of a cell can
be contained in more than one net structure; in this case, the
flow amount equal to its selected area will be sent to the area
output arc in only one of the net structures that contain the
cell.

A leakage power constraint is handled similarly, by having
a flow equal to the leakage power of a cell corresponding to its
chosen size option go through the shunting structure into a
power-gathering node, and having an arc from this node to the
sink with capacity equal to the leakage power upper-bound
constraint.
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Algorithm FlowSize
(1) Construct a net structure as depicted in Figure 2 for each net inP

𝛼
.

(2) Determine the cost of each arc in the net structures, so that the change in timing cost is accurately incurred by flows through
them.
(3) Connect net structures with net spanning structures that maintain consistency of size selection of common cells across multiple
net structures; see Section 5.2.
(4) Add the shunting structure and an area output arc (Section 5.3) to each net structure to divert flow of amount equal to the
selected size options (nodes) to the area output arc.
(5) Connect area output arcs to the area gathering node that has only one outgoing arc with capacity equal to the area-constraint to
limit total selected cell area (= flow amount into the node).
(6) Determine a valid min-cost flow in the resulting SSG by applying the standard min-cost flow algorithm and
the min-cost/max-flow heuristics (Section 6) iteratively.
(7) Select the size options chosen by the valid min-cost flow as cell sizes to obtain a near-optimal critical path delay for the circuit.

Algorithm 1: Network flow algorithm for the cell sizing problem for optimizing timing under a given area constraint.

The high-level pseudocode of our cell-sizing method
FlowSize is given in Algorithm 1.

5. Further Details of the SSG

In this section, we discuss important details of the SSG,
including determining arc costs and capacities, net spanning
structures, and further details of the structures for constraint
satisfaction.

5.1. Arc Cost Determination. To explain our arc cost formu-
lation that accurately captures the timing cost change, we
assume a lumped capacitance and resistance net delay model,
which is widely used in cell sizing [2, 4, 17]. For net 𝑛

𝑖
, the

delay𝐷(𝑢
𝑗
, 𝑛
𝑖
) to a sink cell 𝑢

𝑗
of 𝑛
𝑖
is

𝐷(𝑢
𝑗
, 𝑛
𝑖
) = 𝑅
𝑑
(𝑐 ⋅ 𝐿

𝑛𝑖
+ ∑

𝑢𝑘∈SC(𝑛𝑖)

𝐶
𝑢𝑘
) , (3)

where 𝑅
𝑑
is the driving resistance of 𝑛

𝑖
, 𝑐 is the unit WL

capacitance, 𝐿
𝑛𝑖
is the WL of 𝑛

𝑖
, SC(𝑛

𝑖
) is the set of sink

cells of 𝑛
𝑖
, and 𝐶

𝑢𝑘
is the input capacitance of cell 𝑢

𝑘
. In

the pre-placement sizing stage, the WL of a net is usually
estimated according to the fan-out number of the net. In the
postplacement resizing stage, it can be estimated using one
of several well-know models, for example, HPBB. With this
delay model, for a critical net 𝑛

𝑖
with 𝑚 critical sinks, the

timing cost 𝑡
𝑐
(𝑛
𝑖
) of 𝑛
𝑖
is

𝑡
𝑐
(𝑛
𝑖
) =

𝑚

𝑆
𝛽

𝑎 (𝑛𝑖)

⋅ 𝑅
𝑑
(𝑐 ⋅ 𝐿

𝑛𝑖
+ ∑

𝑢𝑘∈SC(𝑛𝑖)

𝐶
𝑢𝑘
) . (4)

In the above expression, let us denote the coefficient
𝑚/𝑆
𝛽

𝑎
(𝑛
𝑖
) as 𝛼. The parameters affected by cell-sizing options

are 𝑅
𝑑
and 𝐶

𝑢𝑘
. Hence, if a term in the formula includes 𝑅

𝑑
,

its value is determined by the size of 𝑢
𝑑
, and if a term includes

𝐶
𝑢𝑘
, its value is determined by the size of 𝑢

𝑘
. For example, the

term 𝛼𝑅
𝑑

⋅ 𝐶
𝑢𝑘

is determined by choices in sizes of both 𝑢
𝑑

and 𝑢
𝑘
, and the value change of this term Δ𝛼𝑅

𝑑
𝐶
𝑢𝑘
(𝑆
𝑙

𝑢𝑑
, 𝑆
𝑚

𝑢𝑘
)

when the two sizing options 𝑆
𝑙

𝑢𝑑
and 𝑆

𝑚

𝑢𝑘
are chosen can be

written as

Δ𝛼𝑅
𝑑
𝐶
𝑢𝑘

(𝑆
𝑙

𝑢𝑑
, 𝑆
𝑚

𝑢𝑘
)

= 𝛼 [𝑅
𝑑
(𝑆
𝑙

𝑢𝑑
) ⋅ 𝐶
𝑢𝑘

(𝑆
𝑚

𝑢𝑘
) − 𝑅
𝑑
(𝑆


𝑢𝑑
) ⋅ 𝐶
𝑢𝑘

(𝑆


𝑢𝑘
)] ,

(5)

where 𝑅
𝑑
(𝑆
𝑙

𝑢𝑑
) is the driving resistant corresponding to the

driver cell 𝑢
𝑑
with size option 𝑆

𝑙

𝑢𝑑
, 𝐶
𝑢𝑘
(𝑆
𝑚

𝑢𝑘
) is the input

capacitance of 𝑢
𝑘
with size option 𝑆

𝑚

𝑢𝑘
, and 𝑆



𝑢𝑑
and 𝑆


𝑢𝑘
are the

original sizes of 𝑢
𝑑
and 𝑢

𝑘
, respectively. The term 𝛼𝑅

𝑑
⋅ 𝑐 ⋅ 𝐿
𝑛𝑖

is determined only by the size of 𝑢
𝑑
, and its value change

Δ𝛼𝑅
𝑑
𝑐𝐿
𝑛𝑖
(𝑆
𝑙

𝑢𝑑
) when the option 𝑆

𝑙

𝑢𝑑
is selected is

Δ𝛼𝑅
𝑑
𝑐𝐿
𝑛𝑖
(𝑆
𝑙

𝑢𝑑
) = 𝛼 ⋅ 𝑐 ⋅ 𝐿

𝑛𝑖
(𝑅
𝑑
(𝑆
𝑙

𝑢𝑑
) − 𝑅
𝑑
(𝑆


𝑢𝑑
)) . (6)

We denote the set of arcs between 𝑆
𝑢𝑑

and 𝑆
𝑢𝑘

as
𝐸(𝑆
𝑢𝑑
, 𝑆
𝑢𝑘
), where 𝑢

𝑑
is the driving cell, and 𝑢

𝑘
is a sink cell.

A valid flow will pass through only one arc in each such arc
set, since only one option in 𝑆

𝑢𝑑
and 𝑆
𝑢𝑘
can be meaningfully

chosen. Hence, in order to make the valid flow cost equal to
the change of the timing cost, the cost of an arc in an arc set
is set as the sum of the changes of all terms in the timing cost
function that is functions of the cell-size options represented
by the arc. Furthermore, if a term in 𝑡

𝑐
is a function of only

the size of one cell V, then we arbitrarily choose an arc set
𝐸(𝑆V, 𝑆𝑤) among all those connected to 𝑆V, and the term value
change determined by each 𝑆

𝑙

V is added to all arcs starting
from option node 𝑆

𝑙

V in the arc set.
Thus, the value change of term 𝛼𝑅

𝑑
𝐶
𝑢𝑘

is included in
the cost of the arc set 𝐸(𝑆

𝑢𝑑
, 𝑆
𝑢𝑘
). Specifically, the cost of an

arc (𝑆
𝑙

𝑢𝑑
, 𝑆
𝑚

𝑢𝑘
) in the set includes Δ𝛼𝑅

𝑑
𝐶
𝑢𝑘
(𝑆
𝑙

𝑢𝑑
, 𝑆
𝑚

𝑢𝑘
). The value

change of term 𝛼𝑅
𝑑
𝑐 ⋅ 𝐿(𝑛

𝑖
) is a function only of the driving

cell size and thus is included in the cost of arcs in only one
arc set 𝐸(𝑆

𝑢𝑑
, 𝑆
𝑢𝑗
), where 𝑢

𝑗
is an arbitrary chosen sink cell of

𝑛
𝑖
. Specifically, the cost of an arc (𝑆

𝑙

𝑢𝑑
, 𝑆
𝑚

𝑢𝑗
) in the set includes

Δ𝛼𝑅
𝑑
𝑐𝐿
𝑛𝑖
(𝑆
𝑙

𝑢𝑑
).

Finally, the size change of a cell in a critical net also
affects the timing cost of noncritical nets that are connected
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to the cell. Instead of also constructing net structures for these
affected noncritical nets, we use a much simpler method,
which is including the timing cost changes of noncritical nets
in the net structures of their connected critical nets. Let 𝑢 be
a cell in P

𝛼
. We have two cases with respect to 𝑢 and any

noncritical net (a net not inP
𝛼
) it may be connected to: (1) if

𝑢 is the driver of a noncritical net 𝑛
𝑗
, the timing cost change

of 𝑛
𝑗
is (𝑅
𝑑
(𝑆
𝑙

𝑢
) − 𝑅
𝑑
(𝑆


𝑢
))(𝑐 ⋅ 𝐿

𝑛𝑗
+ 𝐶load(𝑛𝑗))/𝑆

𝛽

𝑎
(𝑛
𝑗
), where

𝑆
𝑙

𝑢
is the chosen option of 𝑢, 𝑆

𝑢
is the initial size of 𝑢, and

𝐶load(𝑛𝑗) is the total load capacitance of 𝑛
𝑗
. (2) Otherwise, if

𝑢 is a sink cell of a noncritical net 𝑛
𝑗
, the timing cost change

of 𝑛
𝑗
is 𝑅
𝑑
(𝐶
𝑢
(𝑆
𝑙

𝑢
) − 𝐶
𝑢
(𝑆


𝑢
))/𝑆
𝛽

𝑎
(𝑛
𝑗
). Let Δ𝑡

𝑢

𝑐
(𝑆
𝑙

𝑢
) denote the

total timing cost change of all noncritical nets connected to
𝑢. If 𝑢 = 𝑢

𝑑
is the driving cell of the critical net 𝑛

𝑖
, Δ𝑡
𝑢

𝑐
(𝑆
𝑙

𝑢
)

is included in arcs in one arc set 𝐸(𝑆
𝑢𝑑
, 𝑆
𝑢𝑗
), where, again, 𝑢

𝑗

is the arbitrarily chosen sink cell of 𝑛
𝑖
. Otherwise, if 𝑢 = 𝑢

𝑘

is a sink cell, Δ𝑡
𝑢

𝑐
(𝑆
𝑙

𝑢
) is included in the arc set 𝐸(𝑆

𝑢𝑑
, 𝑆
𝑢𝑘
).

Specifically, the cost of an arc (𝑆
𝑚

𝑢𝑑
, 𝑆
𝑙

𝑢𝑘
) includes Δ𝑡

𝑢

𝑐
(𝑆
𝑙

𝑢
).

To sumup, for an arc (𝑆𝑙
𝑢𝑑
, 𝑆
𝑚

𝑢𝑘
) in a net structure, if𝑢

𝑘
= 𝑢
𝑗

(𝑢
𝑗
is the chosen sink in whose arc set 𝐸(𝑆

𝑢𝑑
, 𝑆
𝑢𝑗
) cost, that is,

costs of the arcs in this set, and we include the change in the
terms in 𝐹

𝑡
that are only dependent on the cell size of driver

𝑢
𝑑
), its cost (𝑆𝑙

𝑢𝑑
, 𝑆
𝑚

𝑢𝑘
) is

cost (𝑆𝑙
𝑢𝑑
, 𝑆
𝑚

𝑢𝑘
) = Δ𝛼𝑅

𝑑
𝐶
𝑢𝑘

(𝑆
𝑙

𝑢𝑑
, 𝑆
𝑚

𝑢𝑘
) + Δ𝛼𝑅

𝑑
𝑐𝐿
𝑛𝑖
(𝑆
𝑙

𝑢𝑑
)

+ Δ𝑡
𝑢𝑑

𝑐
(𝑆
𝑙

𝑢𝑑
) + Δ𝑡

𝑢𝑘

𝑐
(𝑆
𝑚

𝑢𝑘
) .

(7)

Otherwise if 𝑢
𝑘

̸=𝑢
𝑗
, its cost is

cost (𝑆𝑙
𝑢𝑑
, 𝑆
𝑚

𝑢𝑘
) = Δ𝛼𝑅

𝑑
𝐶
𝑢𝑘

(𝑆
𝑙

𝑢𝑑
, 𝑆
𝑚

𝑢𝑘
) + Δ𝑡

𝑢𝑘

𝑐
(𝑆
𝑚

𝑢𝑘
) . (8)

We should note that our cost formulation is accurate
under the assumption that the delay is linearly proportional
to the load capacitance change. Only under such assumption,
for a multiple fanout net, we can sum up the cost for the
size change of each fanout to obtain the total delay change of
the net. Unfortunately, in modern libraries with small feature
sizes, the delay of a cell usually shows a nonlinear relationship
with load capacitance. To handle this issue of a nonlinear
delay function (as a function of capacitive load) in the ISPD’12
library (where the non-linearity is very pronounced), we
determine in each iteration of the mincost flow computation
(see Section 6), a min-square error linear approximation
around the current design point.

5.2. Maintaining Consistency across Net Spanning Structures.
As we mentioned before, the net spanning structure is
designed to maintain consistency across net structures. Note
that if multiple nets have a common cell, their net structures
must be connected in the SSG by net spanning structures.

We first consider the situation in which a cell 𝑢 is a sink
cell of a net 𝑛

𝑖
, and the driving cell of 𝑘 nets 𝑛

𝑗1
, . . . , 𝑛

𝑗𝑘

(𝑘 ≥ 1); see Figure 3(a). The size option set 𝑆
𝑢
is present

in all the net structures corresponding to these connected
nets. We connect these net structures by adding arcs from

each option node in 𝑆
𝑢
of 𝑁
𝑖
to the equivalent option node

(indicating the same size choice) in the 𝑆
𝑢
’s of 𝑁

𝑗1
, . . . , 𝑁

𝑗𝑘
,

where 𝑁
𝑖
is the net structure corresponding to net 𝑛

𝑖
. The

resulting spanning structure is shown in Figure 3(b). With
this structure, it is easy to see that if one size option of 𝑢 is
chosen by the flow through 𝑁

𝑖
, then this flow will also pass

through the equivalent option nodes in 𝑁
𝑗1
, . . . , 𝑁

𝑗𝑘
. Thus,

the required consistency is maintained.
The other situation is that the common cell 𝑢 is the sink

cell of more than one net 𝑛
𝑖1
, . . . , 𝑛

𝑖𝑙
(𝑙 > 1) and the driver of

at least one net 𝑛
𝑗
, as shown in Figure 3(c). In this situation,

we will treat each 𝑁
𝑖𝑚

(1 ≤ 𝑚 ≤ 𝑙) individually and make
the connections between each 𝑁

𝑖𝑟
and 𝑁

𝑗
as stated in the

first situation. However, in this case the spanning structure
cannot guarantee the consistency of the option selected for
𝑢 in 𝑁

𝑖1
, . . . , 𝑁

𝑖𝑙
. We use a mincost heuristic to tackle this

problem; this is described in Section 6.
The costs of all arcs in the spanning structure are 0.

5.3. Structures for Cumulative Constraint Satisfaction. In this
subsection we discuss further details on the structures for
satisfying the cell area constraint. As described earlier in
Section 4.2, a leakage power constraint is handled by a similar
structure.

As we mentioned before, for each net structure, there is
an area output arc. Once a sizing option node is chosen, a
flow with an amount equal to the chosen size needs to be sent
to this arc—this flow is then sent to the sink via a common
area-gathering node and its capacity-constrained arc in order
to satisfy the total cell area constraint. The simplest way to
achieve this is adding to each option node an arc leaving the
net structure to the area output arc with a capacity equal to
the option size. Then if enough flow comes into the option
node, the desired amount will be sent to the area output arc.

An example is shown in Figure 4. A flow 𝑓 selects two
sizing options 𝑆𝑙

𝑢𝑑
and 𝑆
𝑚

𝑢𝑘
and incurs the corresponding cost

of arc (𝑆𝑙
𝑢𝑑
, 𝑆
𝑚

𝑢𝑘
) in a net structure.𝐴(𝑆

𝑙

𝑢
) is the size of an option

𝑆
𝑙

𝑢
. At each of the two option nodes, a branch of flow diverges

a part of 𝑓 to the area output arc with amount equal to the
corresponding option sizes.

However, with this structure, the amount of flow that
leaves a net structure is dependent on the option selected and
is thus a variable. This is not desirable for determining the
capacities of arcs in the spanning structures—the capacities
of arcs in a spanning structure from net structure 𝑁

𝑖
to 𝑁
𝑗

need to be a constant, that is, independent of the size choices
made in𝑁

𝑖
by the flow entering𝑁

𝑖
. We thus need a structure

to diverge a constant amount of the flow that enters 𝑁
𝑖
; this

amount is ∑
𝑢∈𝑛𝑖

𝐴max(𝑆𝑢), where 𝐴max(𝑆𝑢) is the maximum
size of options in 𝑆

𝑢
.

Our complete structure for diverting flows to the area
output arc is shown in Figure 5. In the structure, the capacity
of the arc leaving towards the sink (called the leaving arc)
from each option node in an option set 𝑆

𝑢
is set to be

𝐴max(𝑆𝑢). Therefore, the amount of flow leaving the net
structure from any option node ∈ 𝑆

𝑢
is always 𝐴max(𝑆𝑢).

However, not all this amount is sent to the area output arc.
A shunting node is connected to each of these leaving arcs
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Figure 3: The net spanning structure. (a) The common cell 𝑢 is a sink cell of one net 𝑛
𝑖
, and the driver of multiple nets 𝑛

𝑗1
and 𝑛

𝑗2
. (b) The

corresponding spanning structure of (a), where𝑁
𝑘
is the net structure corresponding to net 𝑛

𝑘
. (c) 𝑢 is a sink cell of multiple nets 𝑛

𝑖1
and 𝑛

𝑖2

and the driver of 𝑛
𝑗
. (d) The corresponding spanning structure of (c).

Area output arc

Cap = A( )

Net structure

Smuk

Cap = A(Smuk )

f

Slud

Slud

Figure 4: Flows to the area output arc of a net structure.

and divides the flow into two parts, one to the area output
arc and the other one shunted (i.e., sent directly) to the sink.
If the leaving arc is from an option node 𝑆

𝑙

𝑢
, the capacity

of the arc between the shunting node and the area output
arc is then 𝐴(𝑆

𝑙

𝑢
), and the capacity of the arc to the sink is

𝐴max(𝑆𝑢) − 𝐴(𝑆
𝑙

𝑢
). Therefore, if 𝑆𝑙

𝑢
is chosen, the amount of

flow sent to the area output arc is exactly 𝐴(𝑆
𝑙

𝑢
), and the rest

of the amount𝐴max(𝑆𝑢)−𝐴(𝑆
𝑙

𝑢
) is shunted to the sink. In this

way, we send the correct amount of flow into the area output
arc of each net structure 𝑁

𝑖
and also make the total amount

Area output arc

Cap = A( )

Shunting
node

Cap = Amax(Su) Sink
Leaving

arc

Flow from the
net structure

Slu

Slu

Cap = Amax(Su) − A(Slu)

Figure 5: The shunting structure for outgoing flows from a net
structure.

of flow leaving 𝑁
𝑖
to the sink be ∑

𝑢∈𝑛𝑖
𝐴max(𝑆𝑢). The costs of

all arcs in this structure between an option node and the area
output arc are 0.

5.4. Arc Capacity Determination. Setting proper capacities
for arcs is very important for the correct functioning of the
SSG. The capacities should be set such that (1) sufficient
flow can be sent to each net structure in the SSG to meet
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Figure 6: (a) Invalid flow 𝑓 through two sizing options of the same cell 𝑢
𝑘
. (b) Selecting only one option of 𝑆

𝑢𝑘
for the next iteration based

on some criteria of the previous “split flow.”
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Figure 7: (a) Inconsistent option selections of the same cell 𝑢 in different net structures. 𝑓
1
chooses option 𝑆

1

𝑢
; 𝑓
2
chooses option 𝑆

2

𝑢
. (b) The

same option 𝑆
1

𝑢
of 𝑢 is selected in the next iteration for all net structures contains 𝑢 as a sink cell based on some criteria of the previous flow

of (a).
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Figure 8:The flow path for determining the path cost of 𝑆1
𝑢
, and the

arcs for determining the arc cost of 𝑆1
𝑢
.
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Figure 9: Visited cells, unvisited cells, and the boundary between
them.
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Figure 10: Run time versus number of resizable cells.

the flow demand on its area/power output arc; (2) within a
net structure, the total incoming flow can be distributed to
all sink and the driver cell option sets.

In order to determine the arc capacity, we first determine
how much incoming flow is needed for each net structure.
A net structure has two types of outgoing flows: (1) into the
area output arc for area constraint satisfaction and (2) supply
flow to its child net structures. The first type of outgoing
flow has a fixed amount ∑

𝑢∈𝑛𝑖
𝐴max(𝑆𝑢) for a net structure

𝑁
𝑖
, irrespective of the chosen sizing options, as discussed in

Section 5.3. The incoming flow amount must be sufficient to
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cover the two outgoing flows, and thus the required incoming
amount 𝑓in(𝑁𝑖) of a net structure𝑁

𝑖
is recursively given as

𝑓in (𝑁
𝑖
) = ∑

𝑢∈𝑛𝑖

𝐴max (𝑆𝑢) + ∑

𝑁𝑗∈ child(𝑁𝑖)

𝑓in (𝑁
𝑗
)

𝑑in (𝑁
𝑗
)

if 𝑁
𝑖
has any child net structure

𝑓in (𝑁
𝑖
) = ∑

𝑢∈𝑛𝑖

𝐴max (𝑆𝑢) ,

otherwise (𝑁
𝑖
) is a “leaf ” net structure,

(9)

where child (𝑁
𝑖
) is the set of child net structures of 𝑁

𝑖
, and

𝑑in(𝑁𝑗) is the incoming degree of 𝑁
𝑗
, that is, the number

of parent net structures of 𝑁
𝑗
. In (9), we assume that the

required flow amount for a net structure is sent uniformly
from all its parent net structures. The determination of the
flow needed in each structure starts from the boundary
condition of “leaf ” net structures given in (9) that are directly
connected to the sink.The incoming flow amount needed for
these net structures is the total of their first type of outgoing
flows. Starting from the leaf net structures, we visit other net
structures in a reverse topological order and determine their
required incoming flow amount according to the formulation
in (9).The total flow𝐹(𝑆) to be supplied from the source node
𝑆 is then

𝐹 (𝑆) = ∑

𝑁𝑖 is a “root” net structure
𝑓in (𝑁

𝑖
) , (10)

where a root net structure is a net structure of a net that is
driven by an I/O cell in the circuit and thus has no “parent”
net in the circuit; in the SSG, the parent of all root net
structures is 𝑆.

After obtaining 𝑓in for each net structure, we can deter-
mine its arc capacities as follows.

(i) For an arc in the net spanning structure from 𝑁
𝑖
to

𝑁
𝑗
, its capacity is 𝑓in(𝑁𝑗)/𝑑in(𝑁𝑗), which equals the

flow amount sent from 𝑁
𝑖
to 𝑁
𝑗
according to (9).

This makes the total incoming flow amount to a net
structure𝑁

𝑖
exactly𝑓in(𝑁𝑖). Asmentioned before, the

cost of this arc is 0.
(ii) Within a net structure, the capacities of arcs in each

arc set 𝐸(𝑆
𝑢𝑑
, 𝑆
𝑢𝑘
) are the same as is derived below;

𝑢
𝑑
is the driving cell and 𝑢

𝑘
is any sink cell of the

corresponding net.

For an arc set 𝐸(𝑆
𝑢𝑑
, 𝑆
𝑢𝑘
), if 𝑆
𝑢𝑘

is not connected to any
arc in the outgoing spanning structure of 𝑁

𝑖
, the capacity of

each arc in it is set as 𝐴max(𝑆𝑢𝑘), so that sufficient flow can be
sent to the leaving arc for constraint satisfaction. Otherwise,
let 𝑁
𝑗1
, . . . , 𝑁

𝑗𝑡
be the child net structures of 𝑁

𝑖
that 𝑆

𝑢𝑘
is

connected to (via spanning structures). Note that this means
that 𝑢

𝑘
is a common cell in nets 𝑛

𝑖
and 𝑛

𝑗1
, . . . , 𝑛

𝑗𝑡
. Then,

the capacity of each arc in the set is set to be 𝐴max(𝑆𝑢𝑘) +

∑
𝑡

𝑟=1
𝑓in(𝑁𝑗𝑟)/𝑑in(𝑁𝑗𝑟).

(a) Unit Flow Arc Cost.When we gave the costs of arcs in
a net structure in Section 5.1, we assumed that any flow on
the arc will incur the cost. However, in a standard network
flow graph, the cost of a flow on an arc is determined as the
flow amount multiplied by the unit flow cost of the arc. With
the above capacity assignment, a valid flow will always be
a full flow on each arc it passes through in a net structure,
since the summation of the arc capacity of a single arc in
each arc set is equal to the incoming flow amount, and a valid
flow uses exactly one arc in each arc set. In order to incur
the same cost for a valid flow as determined in Section 5.1,
the unit flow cost 𝐶(𝑆

𝑙

𝑢𝑑
, 𝑆
𝑚

𝑢𝑘
) of an arc (𝑆

𝑙

𝑢𝑑
, 𝑆
𝑚

𝑢𝑘
) is set to be

the corresponding arc cost given in Section 5.1 divided by its
capacity as determined above, that is,

𝐶 (𝑆
𝑙

𝑢𝑑
, 𝑆
𝑚

𝑢𝑘
) =

cost (𝑆𝑙
𝑢𝑑
, 𝑆
𝑚

𝑢𝑘
)

cap (𝑆𝑙
𝑢𝑑
, 𝑆𝑚
𝑢𝑘
)

. (11)
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6. Finding a Valid (Discretized) Mincost Flow

The standard mincost network flow solves a linear program-
ming problem (a continuous optimizationmethod). Hence, it
cannot automatically handle the consistency (mutual exclu-
siveness) requirement in a size option set for a particular
cell, which may result in an invalid mincost flow for size
selection. Therefore, after one iteration of a mincost network
flow process, in a net structure, the obtained mincost flow
may pass through an option node 𝑆

𝑚

𝑢𝑑
for the driving cell

𝑢
𝑑
and then to two or more sizing options in 𝑆

𝑢𝑘
for a sink

cell 𝑢
𝑘
as shown in Figure 6(a). Furthermore, as explained in

Section 5.2, the resulting flowmay also violate the consistency
requirement for the size option selection across net structures
that have a common sink cell.

In the above two cases, we will start a new iteration of the
network flow process by pruning out some options that lead
to an invalid flow based on certain criteria of the flow so that a
near-optimal size selection is obtained. In the new iteration,
for the first case, 𝑆𝑚

𝑢𝑑
will only connect to one of the option

nodes in 𝑆
𝑢𝑘
that had flow through them in the first iteration

as shown in Figure 6(b); the selection criterion is discussed
shortly. Similarly for the second case, in all net structures
whose corresponding nets have 𝑢 as a sink cell, the chosen
driving cell options in the first iteration, for example, 𝑆𝑚V and
𝑆
𝑙

𝑤
as shown in Figure 7(b), will only connect to the same

sizing option of 𝑢 selected from those that had flow through
them in the first iteration. In this way, the same invalid flow
will not occur in the second iteration.

We have used two alternative selection heuristics to
choose a good option node from an illegal selection in each
option set 𝑆

𝑢
to be part of the new iteration.

(i) Max-flow heuristic: always choose the option node
with the largest flow amount through it.

(ii) Mincost heuristic: for the first situation, starting from
𝑆
𝑚

𝑢𝑑
, follow the path of each branch of themincost flow

up to a length of 𝑙, and choose the option node that is
on the branch that has the mincost path.

For the second situation, for each currently selected
option of 𝑢, the cost that we use to determine whether it is
a good option consists of two parts, output path cost and
incoming arc cost. As shown in Figure 8, similar to the first
situation, the outgoing path cost of an option 𝑆

𝑙

𝑢
of𝑢 is the cost

of the flow path starting from the option node.The incoming
arc cost of an option 𝑆

𝑙

𝑢
of 𝑢 is the total cost of the set of

incoming arcs 𝐺(𝑆
𝑙

𝑢
) to all 𝑆𝑙

𝑢
’s across all net structures that

contain the option set 𝑆
𝑢
; see Figure 8. The summation of

these two costs is a good estimation of the cost of a valid
flow that chooses only option 𝑆

𝑙

𝑢
for cell 𝑢. Hence, we choose

the option with smallest summation of the path cost and the
arc cost. Note that due to run time consideration we cannot
always follow each branch flow to the sink. We thus set a
limit 𝑙 (in number of net structures) on the length of paths
we follow.

The percentage timing improvement of four representa-
tive circuits in Table 1 for the ISCAS85 benchmarks reveals
that the mincost heuristics with path length limits of 2,

Table 1: Percentage timing improvements ofmax-flowheuristic and
min-cost heuristic with different path length limits.

Ckt
Max flow Min cost of length

2 3 4 5
%Δ𝑇 %Δ𝑇 %Δ𝑇 %Δ𝑇 %Δ𝑇

C432 8.4 10.0 11.9 12.2 12.2
C1355 4.2 6.0 6.8 6.9 7.2
C3540 12.9 16.1 16.8 17.0 17.1
C7552 8.3 9.3 9.9 10.3 10.5
Average 8.4 10.4 11.4 11.6 11.7

3, 4, and 5 perform consistently better than the max-flow
heuristic and have a relatively better performance in the range
of 24–39%. The mincost heuristic is thus implemented in
our algorithms, and we set 𝑙 = 3 for a balance between
computational complexity and accuracy.

6.1. Time Complexity of FlowSize. It is easy to see that, with
the two pruning heuristics, if the option selection for a cell is
inconsistent according to the mincost flow obtained in one
iteration, in the following iterations the mincost flow will
select a valid size option for the cell. Thus, the number of
iterations required to reach a valid mincost flow is no more
than the total number of cells inP

𝛼
.

In each iteration, we use the network simplex algorithm
to solve the mincost flow. Given a graph with 𝑚 arcs, if the
capacities and costs of arcs are all integers, with 𝑈 being the
maximum arc capacity and 𝐶 being the maximum arc cost,
then the time complexity of the network simplex method is
𝑂(Um2 log𝐶) [18]; however, it is well known that the average-
case run time of the simplex method is much lower than
this worst-case complexity [19]. As described in Section 5.4,
the capacities of arcs in our SSG, being the summation of
cell sizes, are integers (note that cell sizes in a standard cell
design are integer in the unit of the technique feature size
of the library). On the other hand, while our cost is not
integer, it can be converted to integer values by proper scaling.
Hence though we do not actually do the scaling, we use this
assumption here in order to derive an upper bound on the
time complexity of our algorithm.

Let us first consider the total number of arcs in our SSG.
It is dependent on the number of cells𝑁, the number of nets
𝑀 in the circuit, and the number of available sizes for each
cell 𝑆. There are three types of arcs in our SSG: arcs between
size option sets, arcs in net spanning structures, and arcs in
shunting structures. The number of arcs between two size
option sets is 𝑆2, and in each net structure there are 𝑑 − 1 sets
of such arcs, where 𝑑 is the degree of the corresponding net.
Thus, the total number of these arcs in the SSG is 𝑆

2
(𝑑avg −

1)𝑀, where 𝑑avg is the average degree of nets in a circuit.
Since 𝑑avg is usually no more than 4, the total number of
arcs between size option sets is 𝑂(𝑆

2
𝑀). The number of arcs

in the shunting structure for each option node is three, and
hence the total number is 3NS. The net spanning structure
only connects size option sets for the same cell inmultiple net
structures, and the number of arcs between two of such size
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option sets is 𝑆. Since the total number of size option sets is
𝑂(𝑁), the total number of arcs in the net spanning structure
is thus𝑂(NS). To sum up, the total number of arcs in the SSG
is 𝑂(𝑆

2
𝑀 + NS).

The maximum arc capacity is equal to the total cell size
when all cells are chosen to be at their maximum width and
thus is 𝑂(𝑁). The maximum arc cost is less than or equal to
the maximum net delay. The delay of a net is dependent on
the driving resistance of the driving cell, input capacitances of
the sink cells, and the net fanout. Since the driving resistances
and input capacitances of cells are constants specified by the
library and the average fanout is usually a small constant in a
VLSI circuit, 𝐶 can be viewed as a constant.

Typically in a real circuit, 𝑁 and 𝑀 are about the same.
Hence, the number of arcs in our SSG can be rewritten as
𝑂(𝑆
2
𝑁). Therefore, the time complexity of each iteration is

𝑂(𝑆
4
𝑁
3
), and the total time complexity is then𝑂(𝑆

4
𝑁
4
). The

polynomially bounded time complexity is a highlight of our
algorithm FlowSize, since other discrete cell sizing methods
such as [3, 5] are not polynomially bounded in run time.
Also, as we show in Section 8 (Figure 10), its actual run
time reveals a much smaller complexity, that is, in keeping
with the much smaller average-case run time of the network
simplex algorithm compared to its worst-case complexity.
Furthermore, our experiments show that the actual number
of iterations needed in FlowSize ismuch less than the number
of cells in P

𝛼
, for example, eight iterations for a circuit with

300 cells inP
𝛼
.

7. An Optimal Dynamic
Programming Algorithm

Since we do not have the library or library parameters
used in [3], we cannot directly compare our results for the
benchmarks they use (ISCAS’85) to their published results
for those benchmarks. Thus, we implemented an optimal
dynamic programming (DP) method that can produce opti-
mal solutions for the sizing problem of cells in P

𝛼
and

compared our solution quality to the optimal one.
In the DP algorithm we propose three pruning methods

to reduce the number of partial solutions generated in the
DP process that can maintain the optimality of the solution
but greatly reduce the run time. We process cells in circuit
topological order (from driver cells to sink cells). Each time
we process a cell, a new set of partial solutions that involve the
cell is generated by combining all partial solutions we have
for previously processed cells with possible size choices of
the cell. The pruning happens after new partial solutions are
generated.

We propose three pruning conditions. A partial solution
is pruned when (1) it fails to meet the area constraint; (2) it
gives longer delay than the critical path delay produced by our
method; (3) there is another better partial solution (generated
in the search process or extracted from the complete solution
of ourmethod) that gives smaller total area, and better arrival
time at the outputs of cells on the boundary of the visited
region (connected to unvisited cells as shown in Figure 9) in
both of the following cases: (a) the unvisited cells are all at

their maximum sizes or (b) the unvisited cells are all at their
minimum sizes.

The first two pruning methods obviously do not change
the optimality of the exhaustive search method. For the third
condition, let us first denote the arrival time at the output of
a cell 𝑐

𝑖
as 𝐴
𝑜
(𝑐
𝑖
). Figure 9 shows a single path situation. 𝑐

𝑗

is the visited cell at the boundary of the visited region, and
𝑐
𝑘
is the unvisited cell connected to it. We have two partial

solutions 𝜏 and 𝜏
, and 𝜏

 is a better solution according to
our third pruning condition. Then for any complete solution
𝜏 comp expanded from 𝜏, we can also expand 𝜏

 to 𝜏


comp by
choosing exactly the same sizes for unvisited cells in 𝜏

 as in
𝜏 comp. Since 𝜏

 has smaller area than 𝜏, if 𝜏 comp meets the
constraints, so does 𝜏comp. Then the total delay at the output
of 𝑐
𝑗
will be the same for both complete solutions. Since 𝜏



is better than 𝜏, we have 𝐴
𝜏

𝑜
(𝑐
𝑗
) > 𝐴

𝜏


𝑜
(𝑐
𝑗
), where 𝐴

𝜏

𝑜
(𝑐
𝑗
) is

the𝐴
𝑜
(𝑐
𝑗
) value according to partial solution 𝜏, and𝐴

𝜏


𝑜
(𝑐
𝑗
) is

the 𝐴
𝑜
(𝑐
𝑗
) value according to partial solution 𝜏

. Hence, the
total delay of the path for 𝜏 comp > the total delay for 𝜏



comp.
Therefore, 𝜏 cannot be expanded to an optimal solution.Thus,
our third pruning method also does not negatively affect
optimality of the method.

8. Experimental Results

We tested our algorithm on two sets of benchmarks, the
ISCAS’85 suite, and the ISPD2012 suite [21]. For the ISCAS’85
benchmark suite, we used two different libraries, a 0.18 𝜇m
(180 nm) library and Synopsys’s 90 nm library. We use the
same industrial 0.18 𝜇m standard cell library as in [22],
which provides four cell implementations for each function
with different areas, driving resistances, input capacities, and
intrinsic delays. The interval between the four available sizes
𝑤
1

< 𝑤
2

< 𝑤
3

< 𝑤
4
for each cell is increased about

exponentially, that is, (𝑤
4

− 𝑤
3
) ≈ 2(𝑤

3
− 𝑤 − 2) ≈

4(𝑤
2
−𝑤
1
). Other electrical parameters we use are unit length

interconnect resistance 𝑟 = 7.6 × 10
−2 ohm/𝜇m and unit

length interconnect capacitance 𝑐 = 118 × 10
−18

𝑓/𝜇m. For
ISPD 2012 benchmark, it has its own artificial library, which
has high nonlinear dependency between delay and load
capacitance. Results were obtained on Pentium IV machines
with 1 GB of main memory for ISCAS’85 benchmark and
Xeon machine with 72G memory for ISPD 2012 benchmark.
Competingmethods (the optimal DPmethod of Section 7 for
the ISCAS’85 benchmarks and an approximate DP method
[3] for the ISPD’12 benchmarks) were also run on the
respective machines.

The ISCAS’85 benchmarks come with initial sizing solu-
tions.We ran our algorithmwith a 10% total cell area increase
constraint, whichmeans that the total cell area after cell sizing
cannot increase more than 10% from the initial solution.
The improvements compared to the initial solution obtained
by our net work flow method and the optimal dynamic
programming- (DP-) based exhaustive search method are
listed in Table 2. Compared to the optimal solution from DP,
the improvement obtained by our method is only 1% worse
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Table 2: Results of ourmethod and the optimal DPmethod. Four sizes are available for each cell. %Δ𝑇 is the percentage timing improvement,
%Δ𝐴 is the percentage change of total cell area (negative value means deterioration).

Ckt Number of
cells

Number of
crit. cells

DNF Opt. DP
Delay (ns) %Δ𝑇 %Δ𝐴 Runtime (sec) Delay (ns) %Δ𝑇 %Δ𝐴 Run time (sec)

C432 160 50 3.2 11.9 −9.9 9 3.1 13.2 −10.0 103
C499 202 51 3.5 11.9 −9.4 14 3.5 12.4 −9.3 119
C880 383 77 3.5 14.8 −9.9 19 3.4 16.2 −10.0 195
C1355 544 85 4.5 6.8 −8.1 22 4.4 7.0 −8.8 489
C1908 880 88 5.5 16.1 −9.8 39 5.4 17.0 −10.0 556
C2670 1.3 K 91 3.4 9.6 −9.5 38 3.4 11.1 −9.7 908
C3540 1.7 K 124 5.0 16.8 −9.0 69 4.8 19.0 −9.4 1724
C5315 2.3 K 138 5.3 10.0 −6.9 70 5.3 10.2 −7.9 3228
C6288 2.4 K 299 14.1 11.5 −8.1 97 14.1 11.7 −9.1 14998
C7552 3.5 K 199 7.3 9.9 −8.2 112 7.2 11.5 −7.5 6847
Average 1336 120 11.9 −8.9 48 12.9 −9.2 2916

Table 3: Results of our method and the optimal DP method with Synopsys 90 nm library [20].

Ckt DNF Opt. DP
Delay (ns) %Δ𝑇 %Δ𝐴 Run time (secs) Delay (ns) %Δ𝑇 %Δ𝐴 Run time (secs)

C432 1.7 8.5 −9.1 10 1.7 11.7 −9.9 92
C499 1.0 12.8 −9.9 15 1.0 13.2 −9.9 144
C880 1.5 10.5 −9.8 17 1.4 14.7 −10.0 148
C1355 1.0 7.0 −8.8 40 1.0 8.1 −9.0 705
C1908 1.6 12.1 −10.0 72 1.5 16.2 −10.0 1024
C2670 1.3 9.4 −10.0 44 1.3 13.1 −10.0 884
C3540 2.2 13.5 −10.0 105 2.1 17.9 −10.0 1650
C5315 1.6 9.9 −9.4 280 1.5 11.8 −9.5 8410
C6288 6.0 14.2 −10.0 312 5.8 18.2 −10.0 25689
C7552 1.7 10.2 −9.8 364 1.7 13.8 −9.8 13204
Average 10.9 −9.7 126 13.9 −9.8 5195

(11.9% versus 12.9%); note that the solutions of both methods
satisfy the 10% area increase constraint. Furthermore, our run
time is 60X less than that of the exhaustive search method
even with all three pruning conditions. Note again that we
cannot compare our technique directly to that of [3], since
we do not have their cell library or parameters.

We have also tested our algorithm using the more
advanced and industry-like 90 nm library from Synopsys
[20]. The results are given in Table 3. A similar trend to that
of Table 2 is obtained is with the same initial sizing and 10%
area relaxation, our method is only 3% worse (10.9% versus
13.9%) than the optimal solution.The run time we use is 40X
less than the optimal one on average. We observe that there is
a slightly increase in the optimality gap (from 1% to 3%) for
90 nm library compared to the 180 nm library. Our conjecture
is that this increase is mainly due to the increased sensitivity
in the 90 nm library; that is, for the same amount of cell size
change, the relative delay change in the 90 nm library can be
about 40%more than that of 180 nm library.Thus small errors
in the optimal choice of cell sizes in near-optimal methods
such as ours can lead to somewhat larger errors in the circuit
delay results for libraries with larger sensitivity. However, we

should note that, even with such large sensitivity increase as
mentioned above, our optimality gap increases by only 2%.

To show the scalability of our algorithm, two additional
experiments were performed with the 180 nm library. In
the first one, the sizes of all cells were considered for
resizing rather than only cells in P

𝛼
. The results are listed

in Table 4(a). Compared to only focusing onP
𝛼
, the average

number of cells that are resizable is increased by 10 times from
120 to 1336, the run time is also increased by about 10 times
from 48 secs to 525 secs, while the timing improvement % is
an absolute of 2% better. The run time plot with respect to
the number of resizable cells is shown in Figure 10, which
best fits a linear function. This is much lower than the worst-
case complexity we derived in Section 6, and in keeping
with thewell-knownmuch smaller empirical time complexity
of the network simplex method compared to its worst-case
complexity [19].

In the second experiment, we expanded the cell library
by adding six artificial size options with proportional driving
resistances and input capacitances for each cell (three size
options are added between 𝑤

3
and 𝑤

4
with uniform spacing

between them, and the other three added options are made
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Table 4: (a) Results of our method when all circuit cells are
considered for resizing with four sizes for each cell. (b) Results of
our method when ten size options available for each cell; only cells
inP
𝛼
are resizable.

(a)

ckt %Δ𝑇 %Δ𝐴 Run time (secs)
C432 12.9 −9.9 95
C499 13.5 −9.7 97
C880 14.9 −9.8 128
C1355 9.4 −9.5 249
C1908 19.9 −9.7 309
C2670 9.7 −9.4 449
C3540 22.6 −9.9 698
C5315 10.0 −6.9 901
C6288 13.2 −8.9 1097
C7552 12.1 −8.5 1229
Average 13.9 −9.2 525

(b)

ckt %Δ𝑇 %Δ𝐴 Run time (secs)
C432 14.8 −9.7 72
C499 16.6 −9.8 140
C880 14.9 −9.2 144
C1355 13.3 −9.9 208
C1908 19.9 −9.1 344
C2670 12.7 −9.8 315
C3540 23.1 −9.7 527
C5315 10.8 −8.5 476
C6288 15.0 −9.5 698
C7552 14.9 −8.9 1087
Average 15.6 −9.4 401

larger than 𝑤
4
. The intervals between the last three newly

added size options are the same as between the first three
newly added size options.We use linear approximation deter-
mined from the four options provided in the original library
to calculate the driving resistances and input capacitances
of the added options), so that each cell has ten different
size options. The results with this larger library and cells
in P
𝛼
being resizable are shown in Table 4(b). With the

larger library, we can only obtain the optimal results for the
two smallest circuits using the exhaustive search method.
Our results are only 2.5% worse (14.8% versus 17.3%) for
circuit C432, and 2.0% worse (16.8% versus 18.8%) for C499
compared to the optimal solutions. The run times of our
method are about 80X less than the exhaustive searchmethod
forC432 (72 secs versus 5343 secs) and over 135X less forC499
(140 secs versus 18993 secs). Compared to the four-option
results in Table 2, our DNFmethod’s run time is increased by
about 7 times, while the timing improvement % is increased
by an absolute of 3.7%.We also plot in Figure 11 the run time
with respect to the number 𝑆 of available size options for
each cell for three representative circuits C432, C1908, and
C7552. The plot for C1908 best matches a cubic function of
𝑆, and the plots for C432 and C7552 best match quadratic

functions, which are all consistent with the upper bound time
complexity derivation given in Section 6 (that the run time is
proportional to 𝑆

4). However, since, in current VLSI circuits,
𝑆 and even 𝑆

4 are generally much smaller than𝑁, the number
of cells being re-sized, the dominant run time function is the
one shown in Figure 10 that is linear in𝑁.

Finally, we ran our DNF method on the complex ISPD
2012 contest benchmarks [21]. The sizes of the benchmarks
range from 25K to 959K cells. For each type of cell, there
are 30 different “sizes” (the sizes are combinations of actual
sizes and different threshold voltages) in the library. For
each circuit, the power constraint is determined by power
optimizing the fast version of each ISPD benchmark using
an internal tool (this tool uses the more complex DNF
formulationmodeled as a fixed-charge network flow problem
that was alluded to in Section 2) that was part of the ISPD’12
competition and was in the top 6 (out of 17 teams) for 6 of the
circuits; see [23]. Then, we perform our timing-driven sizing
under this leakage power constraint. We run three rounds
of our DNF-based sizing. In the first round, all cells in the
circuit are sizable; this is needed as the ISPD’12 circuits also
come with an initial sizing, and these correspond to very
high delays and low power designs. In the second round,
we perform further improvement by focusing on sizing only
cells on critical and near critical paths (with delay ≥90% of
the max path delay); note that this is the only round we do
for the ISCAS’85 circuits. In the last round, we perform final
adjustment, again using the DNF method, to only sub-paths
in the critical paths that show delay reduction potential. The
delay reduction potential is measured by the differences in
the delay of the size selection 𝑠 chosen in the second round,
and the adjacent sizes of 𝑠, and the ratio of the corresponding
power increases to the current positive leakage power slack of
the circuit.

Both the circuit sizes of the ISPD’12 benchmark and
the number of sizing options per cell are far beyond the
capabilities of the optimal DPmethod (it runs out of memory
for the smallest circuit). We thus compared our method to
a state-of-the-art cell-sizing method in [3] (implemented by
us), which also uses an approximate dynamic programming
(DP)—it has a nonoptimal similarity-based partial solution
pruning that can significantly reduce the number of partial
solution generated. The results are shown in Table 5. As we
can see, we achieve almost the same delay quality as the DP-
basedmethod (only 0.9% above it on the average) but use less
than half of its run time. This highlights the efficiency of our
method in achieving high quality results. We also show the
run time plot with respect to the number of cells in Figure 12.
Again, a linear scalability with respect to the number of cells
is seen for our DNF method.

9. Conclusions

We presented a novel and efficient timing-driven network
flow-based cell-sizing algorithm. We developed a size option
selection graph, in which cell size options are modeled as
nodes, and the cost of flows passing through various nodes
is equal to the change in the timing objective function when
the cell sizes corresponding to these nodes are chosen. Thus,
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Table 5: Results of our DNF method and the approximate DP method of [3] for the ISPD 2012 cell-sizing benchmark suite. The “% Delay
Impr.” column shows the percentage difference of the delay between ours and the Approx. DP method (positive value indicates our method
is better, negative indicates that the Approx. DP method is better).

Ckt Number of
of cells Power Con-str. (w) DNF Aprrox. DP

Delay (ps) Power (w) Run time (h) % Delay
Impr. Delay (ps) Power (w) Run time (h)

DMA 25 k 1.2 770 1.2 1.3 −0.7 765 1.2 2.8
pci br32 33 k 0.9 676 0.8 2.0 −0.9 670 0.9 3.5
des perf 111 k 7 795 7 7.1 −0.9 788 7 12.4
vga lcd 165 k 0.7 673 0.7 5.6 0.6 677 0.7 14
b19 219 k 2.3 2126 2.3 10 −2 2084 2.3 19
leon 649 k 2.1 1632 2.1 22.2 −0.9 1616 2.1 48.4
Netcard 959 k 2.5 2218 2.5 27.2 −1.4 2186 2.5 58
Average 10.7 −0.9 22.6

by solving for a mincost flow, we can determine the cell sizes
that can optimize the circuit delay. Various techniques are
proposed to ensure that we can obtain, from the continuous
optimization of standard mincost flow, a valid “discrete”
mincost flow that meets the discrete mutual exclusiveness
condition of cell-size selection. Area and leakage power
constraint satisfaction is also taken care of by special network
flow structures. The results show that the timing improve-
ment obtained using ourmethod is near optimal for ISCAS’85
benchmarks and similar to a state-of-the-art method for
the ISPD’12 benchmarks (the near optimality could not be
determined for these circuits as the optimal DP method
ran out of memory for the smallest circuit) while being
more than twice as fast as that technique. Furthermore, our
technique scales well with problem size since its worst-case
time complexity is polynomially bounded, and the empirical
time complexity is linear.
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The scan chain insertion problem is one of the mandatory logic insertion design tasks. The scanning of designs is a very efficient
way of improving their testability. But it does impact size and performance, depending on the stitching ordering of the scan
chain. In this paper, we propose a graph-based approach to a stitching algorithm for automatic and optimal scan chain insertion
at the RTL. Our method is divided into two main steps. The first one builds graph models for inferring logical proximity
information from the design, and then the second one uses classic approximation algorithms for the traveling salesman problem
to determine the best scan-stitching ordering. We show how this algorithm allows the decrease of the cost of both scan analysis
and implementation, by measuring total wirelength on placed and routed benchmark designs, both academic and industrial.

1. Introduction

The design flow of an integrated circuit (IC), meaning the
software applications that allows the designer to move from
its specification to its concrete realization, involves many
stages of optimization problems, usually from system level
to layout [1–3]. Indeed, the realization of an IC is a costly
process both in time and money, and requires large engineer-
ing resources. In addition to technological advances, which
continuously improve the efficiency of chip manufacturing
techniques, as the fine prints on silicon for example, the
continuous increase of the power of computers offers great
opportunities for improving the process of designing and
manufacturing complex ICs.

With both recent advances of the semiconductor industry
and new market constraints, Time To Market (TTM) and
product quality are becoming major issues. The circuit must
meet flawlessly customer expectations in terms of function-
ality, speed, quality, reliability, and cost. In such a challenging
economic environment, and given the significant level of
complexity which is reached by the IC, manufacturing testing
is more than ever an important factor in the design problem.

Today, chip testing should be short, efficient, and cost-
effective. A significant amount of research work is ongoing
with a focus on complex design-for-test problems at both
universities and industry. Design For Test (DFT) techniques
are becoming a key since they are considered during the
chip design process and flow. Cost of manufacturing chips
averages the cost of testing them. So the semiconductors
community needs low cost and high quality test solutions.
New and efficient DFT solutions are greeted with higher
expectations than ever. Most current DFT solutions result
in unpredictable design development time and development
costs and directly impact (TTM).

In this context, DFT tools are receiving growing attention
with the advent of core based System On Chip (SOC) design.
In particular, when cores from different vendors are inte-
grated together on the system on chip (as it is often done
nowadays), the difficulty level of testing grows rapidly.
Among the most apparent issues are core access, system
diagnosis, test reuse, test compaction, tester qualification and
Intellectual Property (IP) protection. The ITRS (Interna-
tional Technical Roadmap for Semiconductor) identifies key
technological challenges and needs facing the semiconductor
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industry through the end of the next decade. Difficult near-
term and long-term testing and test equipment challenges
were reported in [4].

Several of the DFT solutions for ASIC and ASIP designs
are based on the internal Scan DFT technique. Scan is poten-
tially an efficient technique, if used properly. Currently, full
Scan is the most widely used structured DFT approach where
all the design sequential elements belong to the scan archi-
tecture or scan chains [5]. A Scan-based DFT architecture
provides the ability to shift information by scanning the set
of states of the circuit. All flip-flops are chained to each other
to allow the introduction of test vectors as input and retrieval
of test results as output. Thus, the resulting shift register is
fully controllable and observable through the primary inputs
and outputs of the circuit. This makes Scan testing widely
adopted for manufacturing testing and other purposes such
as silicon debug. However, we do care about hardware
overhead (area, pin count, and so on), performance penalty,
and extra design effort that may be associated with full
scan insertion during the chip design process. Therefore, the
primary objective in DFT is to automate the insertion of the
test logic and to minimize the impact of test circuitry on chip
performance and cost. Thus it is important and essential to
optimize the scan chain insertion process.

However, traditional Scan solutions make such an exten-
sion very difficult since engineers need to handle gate-level
netlist without taking benefit from what happens during
synthesis optimization. Also, Scan implementation decisions
are considered post synthesis. This is too late in comparison
to RTL design decisions. Adopting Scan at the Register
Transfer Level (RTL) will cover new design and manufactur-
ing needs, strengthen verification, and consolidate reusable
design methodologies by closing the gap between RTL and
design for test. There are many advantages to inserting scan
at the RTL level like: benefiting from the synthesis process
(i.e., better optimization in terms of area and timing), the
ability to debug testability issues early in the design flow, and
leveraging the optimization done by the synthesis tool. The
possibility to insert scan at the RTL dates back to the late
nineties [6–8]. Although this idea did not get a widespread
attention in the meantime, an EDA tool that lets one do
it, namely HiDFT-SIGNOFF by DeFacTo Technologies, has
appeared and is commercially available. Its main use today
is to help debug testability issues early on in the design
flow, thus helping avoid costly iterations around the synthesis
step. To achieve this purpose, Scan chains are introduced
at the RTL, bringing to light any problems in doing so—
like noncontrollable Flip-Flops (FFs), for example. Then the
scanned design can be used in other estimates, but will be
discarded as far as the main flow is concerned: the real scan
chains that will end up being implemented in the chip are
still inserted at gate-level, using a traditional design flow.
Before one can insert the actual scan chains at the RTL, one
big hurdle has to be overcome. The impact of scan insertion
on the design cost and performance can be important if the
ordering of the FFs in the scan chain is not picked carefully.
But the information allowing for such a choice, namely
placement information of the FFs, is only available at the
back-end of the design flow, far away from the point where

the RTL code for scan must be finalized. Our goal in this
work is to develop a tool to automatically generate optimal
scan chains at RTL in terms of area and additional test time
for a given circuit, while respecting a number of electronics
constraints.

To analyze the optimal design location where full scan
chains need to be inserted, the following considerations are
required. First, to implement a scan chain, one has to have
knowledge of the Flip-Flops (FFs) of the design. Second, the
best place to insert any new task in a flow is at the earliest.
The motivations for an early scan insertion are threefold: the
complexity of the objects grow as one goes forward in a flow,
so data handling gets more costly; whatever is added to the
design is better if integration happens earlier in the flow;
and finally, should the treatment lead to iterations—either
redesigning or iterations in the flow—the sooner the itera-
tions, the lower the cost. Third, at the point where insertion is
finalized, all the information required for the insertion has to
be available. If this information depends at least partly on the
insertion itself, this leads to iterations—see below. Fourth,
insertion can start at some level in the flow, and end at a
later point in same. Again, this can be undesirable, but also
unavoidable once some design decisions on the insertion
process have been taken. Since FFs are usually known after
synthesis, once a gatel-level netlist is available, this sounds
like a reasonable point in the flow to insert scan. But the
replacement of normal FFs by scan FFs has to be done before
synthesis ends, since timing closure is affected by it. We will
see in the next section that FFs detection can happen before
synthesis.

On the other hand, we will argue in Section 3 that the
scan stitching ordering is an important part of making scan
insertion seamless. To compute an optimized ordering, the
best information to have is that of the placement of the FFs in
the layout. If one uses placement information, scan insertion
should be finalized during placement and routing (at the
earliest). This is the classical scheme for scan insertion, and
it is this one that is used in industrial EDA tools for scan
insertion. This is why all scan insertion tools today either
provide a costly ordering, or must decide the ordering in
several phases. The next paragraph reviews the state of the
art, while keeping an eye on these different criteria.

The traditional way to insert full scan in a design is to
replace the FFs by scanned FFs during synthesis; possibly
connect them into a chain; and then during place and route
iterations, (re)connect them to try to minimize the total
Manhattan length of the added connections. The exact place
where one should reoptimize the ordering of the chain is
a matter of debate, and heavily depends on the flow used.
For an in-depth discussion of this topic in the case of the
Synopsys flow, see [9].

Also, scan implementation decisions are considered post
synthesis. This is too late in comparison to RTL design deci-
sions. Adopting scan at the RTL level will cover new
design and manufacturing needs, strengthen verification and
consolidate reusable design methodologies by closing the gap
between RTL and design for test. There are many advantages
to inserting scan at the RTL level like benefiting from the
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Figure 1: Classical scan insertion versus our method.

synthesis process (i.e., better optimization in terms of area
and timing).

Most of the work done on scan chains insertion and
stitching ordering optimization assumes that placement
information is available [9–14], meaning that it is actually
reordering optimization. In all the cases, scan (re)ordering is
reduced to the problem of the Traveling Salesman Problem
in a suitable graph. An additional assumption is added in
[15]. The author proposes a procedure to find and break
intersections. This is also done to reduce the overal wire
length.

The knowledge of FFs is necessary to implement a scan
chain. It has been suggested several times independently that
one does not need a netlist to have knowledge of FFs of the
design; this is the basis of higher-level scan insertion [6–
8, 16, 17]. Although fault models are defined in terms of
gates and nets, scan insertion itself can actually be done at
the RTL. This is achieved by describing the behaviour of the
scan chain directly at the RTL. It will then be translated by the
synthesis tool into added nets between FFs, and multiplexers
in front of FFs. No scanned FFs are used in this case; we give
a more detailed account in the Section 3. It would seem that
inserting scan at the RTL makes the problem of scan stitching
reoptimization much worse. This may be one reason why
in that case, the reoptimization possibility is commonly
dropped, in favour of a single optimization at the time of
insertion.

Most studies on higher-level scan either do not mention
optimization [7], or mention local optimizations only,
meaning trying to reuse bits of functional paths for the scan
path, thus reducing the need for added nets and additional
multiplexing logic [6, 16–18]. In [8] an attempt is made
to achieve both local and global optimizations by carefully
delineating a graphic model for the scan ordering problem.
This graphic model rests on an analysis of the RTL source
code. Unfortunately, the algorithm they propose was never
implemented [19], and thus could be tested only on small
designs.

In this paper, we try to close the gap between RTL Scan
insertion and actual scan stitching optimization, while
retaining the model of one-time insertion without any later
reoptimization see Figure 1.

More specifically, we tackle the following optimization
problem: given an RTL description of the design (Verilog or
VHDL) we have to find a stitching ordering of the memory
elements in the scan chain, which minimizes the impact of
test circuitry on chip features (area, power) while keeping
testing time at its minimum.

The remaining of this paper is organized as follows.
Section 2 presents how our approach to RT-level scan is
novel. Section 3 describes the problem of scan chain inser-
tion at the RTL. It explains how RTL scan is implemented and
gives arguments as to why wirelength is an efficient global
measure of the scan insertion cost. In Section 4, we propose
our RTL scan stitching algorithm together with the graph
models on which it is based. Implementation, experimental
results on both academic and industrial designs are given in
Section 5, followed by discussions that RTL scan is a viable
alternative to gate-level scan. Finally, Section 6 concludes the
paper and points out some research directions for future
work.

2. Original Algorithmic Content of This Work

To the best of our knowledge, this work is the first to offer
a formal treatment of the scan stitching ordering problem
as a discrete optimization problem in the case of RT-level
scan insertion. We formalize the problem; give reductions
from the several-chains problem to the one-chain problem;
and solve the one-chain problem in two steps. The first step,
which can be seen as a kind of preprocessing, allows us
to build a graph representative of the actual optimization.
Then in a second step, algorithms for the TSP are adapted
to actually build the chain.

A part of this work has been presented before in [20]
and recenlty in [21, 22]. The present paper is aimed at
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giving a more complete presentation for both theoretical
and experimental contributions. In fact, we give here all of
the theoretical basis and algorithmic elements of this work
including detailed implementation that has not been pre-
sented before. Also some numerical results and comparisons
resulting are added.

The main contributions of the paper are summarized
below:

(i) we analyze what is a suitable objective for measuring
the quality of scan stitching orderings,

(ii) we give a mathematical formulation of the problem
of scan insertion at the register transfer level (RTL),

(iii) we give two reduction procedures to solve the several-
chains variants based on a routine solving the one-
chain case,

(iv) we solve the one-chain case in a two-steps approach,

(v) we evaluate our algorithm on both academic and
industrial designs.

Our algorithm provides a basis for considering the imple-
mentation of scan chains as soon as the RTL of a block is
available; the authors think that the lack of optimization
has been a big obstacle to its adoption in design flows. The
methodology has been validated by our industrial partner
DeFacTo Technologies in the tool HiDFT-SIGNOFF, it is a
first step towards considering the integration of scan at the
RTL.

3. Scan Insertion at the RT-Level

We illustrate Scan insertion at RTL with the VHDL language.
Scan insertion is a three steps process: first identify which
signals and variables will give rise to flip-flops in the netlist;
second, decide which ordering will be used to chain the FFs
together; third, change the RTL code to offer a (new) testing
mode for the design.

Since the object of this work is the second step of this
whole process, we now restrict our attention to its first and
third steps. This section is included mainly to make this
article self-contained; for a more thorough presentation, the
reader is referred to [6–8].

We first present how flip-flops are identified; then we
illustrate RTL edition for introducing scan at RTL; finally, we
examine what could be a good measure of the impact of scan
insertion on a design.

process(clock)
begin

if clock’ event and clock=‘1’ then
Z <= X or Y ;
Y <= X and Y ;

end if;
end process;

Algorithm 1: Example VHDL process.

process(clock)
begin

if clock’ event and clock=‘1’ then
if scan en=‘1’ then

Y <= X;
Z <= Y;

else
Z <= X or Y ;
Y <= X and Y ;

end if;
end if;

end process;

Algorithm 2: VHDL process enriched with scan code.

3.1. Flip-Flops Identification. FFs identification is realized
process by process. Each process is searched for variables and
signals. All signals in a process will be translated into a FF in
the netlist. To determine which variables will give rise to FFs,
one has to first identify clocking signals. Then two cases can
happen. To determine which applies in a particular case, one
has to recall that processes execute cyclically—see Figure 2.

Either the variable is assigned between the clocking event
in the process and the point where the variable is used
(case 1). In that case, no FF is generated. Or the clocking
event lies between the point where the variable is assigned
and that where the variable is used (case 2). In that case,
memorization has to occur, and a FF is generated.

3.2. Test-Mode Introduction by RTL Edition. To illustrate the
introduction of a scan chain at RTL through RTL code
edition, we consider the simple process in Algorithm 1.

In order to introduce a testing mode behavior to the
design, we simply describe in VHDL what the process is
going to do in test mode. The additional VHDL code is
shown in Algorithm 2 in boldface; it consists of a conditional
statement on the value of the scan en signal, and assignments
expressing the functional chaining of the registers of the
process. Note that this (too simple) example is misleading in
showing a doubling of the size of the RTL code; code growth
for realistic designs is much less than that.

3.3. Wirelength as the Prime Parameter for Stitching Ordering.
In most of the literature about scan ordering optimization,
wirelength is the objective used to guide the optimization
process. In these works, placement of the FFs is known;
so wirelength is a quantity that is directly available during
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optimization. We will give our own argument for considering
wirelength the most useful parameter to optimize stitching
orderings.

When adding logic to a design for non-functional rea-
sons, one tries to minimize the increase in size of the design.
Additional area due to scan comes in two parts. First, FFs
have to be instrumented either into scanned FFs, or with the
help of a multiplexer at their input. In the former case, the
area cost depends only on the number of FFs in the design; in
the latter, the area cost can be less than the maximum if some
optimization takes place during synthesis. In both cases, that
cost is bounded independently from the stitching ordering.
Second, wires have to be added between the output net of
a FF and the next FF in the scan chain—either the scanned
FF, or one input of the multiplexer in front of it. This does
not represent an area cost in itself, since routing happens in
the upper metallic layers. But it does add to the difficulty of
placement and routing, with the possibility to have a very
degraded situation if the stitching order is not chosen with
care. In that case, the area can grow if routing is not possible
anymore with the available space. We consider this a much
more important factor than the additional cell area; therefore
our measure of ordering quality will be based on it.

It is not possible to express the impact of added wires on
placement and routing as a simple function of these wires;
the impact will depend also on the sparsity of the design. But
since we take a worst-case approach to the impact of wires,
we will use the added wirelength due to scan insertion as our
optimization function.

This choice will be validated by the variability that is
observed on this parameter—see Section 5.

We now review quickly all the other parameters scan
insertion could have an impact on.

In order to help ensuring timing closure, the maximum
of the length of the added wires would be a reasonable mea-
sure. But since in our case synthesis happens after scan inser-
tion, it will be up to the synthesis-and later on, placement
and routing-tools, to ensure timing closure, using all the
flexibility of gate sizing to achieve it. Note also that ensuring
a low total added wirelength means that not too many added
wires will be long, hence lowering the impact on timing, and
the additional load for the synthesis tool.

Power while in functional mode grows with wirelength;
so minimizing wirelength will also lower the impact on
functional power. Power while in test mode is dominated
by switching: the values shifted through the scan chain force
the values in FFs to change more often than they would in
functional mode, leading to power supply issues. A common
remedy to this condition is to take benefit of don’t-care values
in test vectors to fill them in a way to minimize switching.
This also works with RTL-scan. There have been many
attempts in other works at minimizing power during test
mode by changing the stitching ordering. We have not fol-
lowed this trail; it would be worthwhile to try combining it
with our approach based on minimizing wirelength.

Finally, observability and controllability are not impacted
by the stitching ordering. We note here that although
combinatorial parts of the circuit have the same observability

and controllability in a full scan design implemented both at
gate and at RT-level, in the case of RT-level scan, there will
be more stuck-at faults, since the multiplexers are now no
more combined with FFs. Hence fault coverage values tend
to differ, although not much, between both methods for scan
insertion.

Having established that wirelength should be minimized,
we now turn to the precise description of the optimization
problem we will consider in order to try to find low wire-
length stitching orderings.

4. Stitching Algorithm for Optimal Scan Chain
Insertion at the RT Level

To determine the scan chains that best meets the needs
of different integrated circuit designers, while maintaining
maximum constraints and restrictions related to the elec-
tronic problem, we propose a new scan stitiching algorithm
for the automatic insertion of optimal scan chains at the RTL.
Our algorithm is structured into two phases, as shown in
Figure 3. The first phase aims to build a graph-based model
to translate the problem and its constraints from an RTL
description to a generic mathematical model, in the form
of an undirected graph. In a second phase, scan chains are
determined through computations in that graph. The stages
in each phase are outlined in the next paragraphs.

4.1. Phase 1: Graph Extraction. The challenge here is to be
able to take into consideration still at high level what is
going to happen later on during the placement and routing
(P&R) steps. To build this model, we extract from the RTL
description information on the expected proximity of the
memory elements in the layout.

This phase is devised into three steps, as follows.

4.1.1. Design Elaboration (Lightweight Synthesis). First, we
perform a preprocessing called Elaboration. Although scan
logic can be described at RTL, the very elements of which
fault models are talking—nets, gates and FFs—do not exist
yet at this level. Hence we need first to translate the RTL code
into these elements. This is what synthesis does. But it is not
feasible to have a full synthesis at this step in the flow. Once
RTL-scan is inserted, the synthesis step still has to be done;
we do not want to duplicate that effort.

Our solution relies on a lightweight synthesis as the first
step of the RTL scan insertion. This synthesis is done in terms
of a virtual library of generic (non-physical) gates; it does not
try to optimize logic, timing or gate sizes; it does not need the
user to do any fine-tuning; in short, it is done transparently.
The user of the scan insertion tool only provides his RTL
code, and will get back a scanned RTL code: he will never
see the netlist that comes out of the lightweight synthesis.
Indeed, in our method, this netlist serves only one purpose,
namely graph extraction.

4.1.2. Building the D-Graph. The second step after the design
elaboration is to build the undirected D-graph (for Design
graph), denoted by GD = (Vd,Ed). It represents the RTL
description of the design. It is constructed as follows (cf.
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Figure 3: Stitching algorithm for optimal scan chain at RTL.

Figure 4). Each memory element, gate and net from the
elaborated netlist corresponds to a vertex (VD) of the graph
GD. There is an edge (ED) between two vertices if and only if
the corresponding elements in the RTL description or in the
netlist are connected.

Note that the vertices are partitioned into two sets: nets
on one hand, and gates and memory elements on the other;
every edge in the graph has one end on each side. Therefore,
GD is a bipartite graph.

The graph GD is undirected because it only aims at giving
indications on how close memory elements might be located
at the placement step; the direction of information flow
along the nets is of no consequence for the decision in our
algorithm to stitch together two FFs.

4.1.3. Building the P-Graph for Memory Elements Proximity.
The third step is to extract information from the design that
is necessary for scan chain stitching optimization (second
phase). This information will be given in the form of an edge-
valuated Proximity Graph (in short P-graph), to which we
will now refer to as GP .

The P-graph GP will be built from the graph GD as
follows: the vertices (VP) are the memory elements of the
design; there is an edge (EP) between two vertices if there
is direct electronic connection in the design between the
memory elements they represent; this connection is not
allowed to go through other FFs. Additionally, the edges are
labeled by the length of a shortest non-oriented path between
the corresponding vertices in the graph GD. The weight on
edge i j will be denoted wij . It represents the Path lengths
between the pair of memrory elements that it matches.

Path lengths are restricted to a threshold value t which
is a fixed parameter of our algorithm: for a longer (shortest)
path between two memory elements, no edge is put in GP .

To compute GP , we use a variant of the algorithm of
Breadth First Search (BFS) [23] that limits the depth of the
exploration to find the limited shortest path. This algorithm
is called Limited-BFS in the following. The graph computed
with the help of Limited-BFS is used to estimate a probable
geometric proximity of memory elements in the Layout.

Figure 4 illustrate the construction of GD and GP on an
example design.

4.2. Phase 2: Construction of Scan Chains. Using this new
formalism, the chaining of memory elements in the circuit
corresponds to a partition of the vertices of GP (repre-
senting the FFs of the design) into sequences of vertices,
each sequence representing one scan chain. An important
constraint in scan chaining asks for all chains to have the
same number of FFs. Also, the sequences should preferably
use edges from the graph GP , although adding connections is
a possibility. The cost of going from vi to vj in the sequence
is counted as the length of a shortest path from vi to vj in the
graph GP ; hence it will be wij if the edge i j is present in GP .

In the case of a single scan chain, our problem reduces
to the Traveling Salesman Problem [23]. Still, to apply TSP
algorithms, the whole cost matrix for each pair of vertices
of the graphs has to be precomputed; this is not feasible for
designs with more than a couple tens of thousands FFs.

Also, single scan chains are not an option for big designs,
where testing time would be prohibitive if scanning were not
done using more than one chain.

Before explainning the second phase, we present two
algorithmic devices to reduce the general chaining problem
to the single-chain case. Then we show how our problem
can be reduced to the Traveling Salesman Problem and some
algorithms to solve it. Finally, we describe the two steps of the
second phase.

Chain Splitting. The simplest way of reducing the several-
chains scanning problem to its single-chain subcase is by
appropriate post-processing. Once one has computed a
single scan chain for the whole design, this chain can be split
into the desired number of segments (the actual scan chains).
This device is really fast, and it is not expected that the quality
of the output of the whole process will be much degraged as
compared to that of the single-chaining algorithm. Also, it
is very easy to implement, and is our recommandation for
the cases where fast enough single-chaining algorithms are
available.
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Figure 4: Example design and associated graphs GP and GD .

Graph Partitioning. A more elaborate device is the prepro-
cessing of the graph GP with the help of a graph partitioning
algorithm. If s scan chains are called for, the graph GP should
be partitioned into s parts having equal or similar numbers
of vertices. Then finding scan chains for the whole design
reduces to finding a single chain for each part of GP .

Even if the partitioning is handled by an appropriate
algorithmic package, implementing this solution is not as
easy as chain splitting. But using it brings with it another
benefit: the TSP problems to solve in this case are restricted
to the length of the scan chains. For test application reasons,
these are in actuality limited; although technically feasible,
one seldom meets scan chains of 10000 FFs.

Hence this solution helps ease up the problem of
computing the costs matrix for the input of the TSP, which is
actually the longest step of our methodology.

Another benefit is that when using partitioning, the
whole method scales with only a linear increase in running
times if the maximum size of scan chains is kept constant.

TSP Algorithms. We now discuss how TSP algorithms can be
applied for the single-chain stitching problem.

There are two distinct frameworks for applying TSP algo-
rithms to our problem. The first one allows any algorithm to
be used, but it puts constraints onto the size of input graphs
that can be fed to it.

The second one is the particular case of an algorithm that
can be used directly on GP , without having to compute costs
for edges that are not present in GP .

Using a Generic TSP Algorithm. The input of a TSP routine
is a symmetric matrix representing the costs for edges of a
complete graph. In order to apply a TSP algorithm to solve
the chaining problem, one needs first to compute the whole
costs matrix (except diagonal elements). In our model, we
attribute (as cost) to a pair i j that is not an edge of GP the
length of a shortest path between i and j in GP . The post-
processing is very simple: just turn the hamiltonian cycle
returned by the TSP routine into a hamiltonian path by
removing any edge.

It is the preprocessing step that imposes a serious lim-
itation on the possibility to use this scheme. Indeed, the
GP graph obtained even with small values of the threshold
parameter for the Limited-BFS step tends to be quite dense;
hence any all-pairs shortest path algorithm puts limit to the
input size either through space or time complexity, or both.
In practice, it may be feasible to handle 5000 FFs or 10000
FFs blocks, but it is difficult to go much higher and keep a
reasonable computation time for design scanning.

If only designs smaller than this are to be treated, then
this method is definitely worth trying, all the more that
one has then the ability to test and compare different TSP
algorithms.
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4.2.1. Scan Chain Ordering Using the 2-Approximation for the
TSP. A famous textbook algorithm for the TSP, and also
a typical example of an approximation algorithm with
guaranteed quality, the 2-approximation for the TSP also has
nice properties when used on the scan chaining problem.

An algorithm for a minimization problem is called an α-
approximation when the solution returned by the algorithm
is guaranteed to be no more than α times higher than
the optimal solution. Usually, such algorithms presented in
the literature are polynomial-time algorithms for NP-hard
problems: since the requirement to find an optimal solution
is dropped, polynomiality can be recovered.

It may seem unintuitive that one can prove a quality
bound without even knowing the value of the optimal solu-
tion. Actually, such a proof can be derived through the use of
a lower bound on the value of the optimal solutions, through
showing that the solution given is less than α times this lower
bound.

In the case of the TSP, two approximation algorithms
are found in every textbook on the subject: one has an
approximation factor of 2, (we call it “the 2-approximation
for the TSP”), and the other is Christofides’ algorithm, with
an approximation factor of 1.5. Both use in their proof, as
a lower bound on the optimal tour length, the value of a
minimum spanning tree of the graph.

Please note that these approximation ratios are only
proven theoretical bounds, and are not enough to compare
the empirical behavior of these algorithms. Still, Christofides
is bound to give solutions that are not more than 50% away
from the optimal one; this would entice one to use this
algorithm.

Alas, Christofides uses Weighted Perfect Matching in
bipartite graphs as a subroutine, which has to impacts on its
use. First, weights have to be precomputed, and we stumble
against the same blocks as mentioned in the previous section.
Second, Weighted Perfect Matching needs O(n3) operations,
seriously limitting the size of its input.

Without any regret, we turn now to the 2-approximation
algorithm, which is seldom considered a useful practical
choice because of its loose guaranty, and not-so-good per-
formance on common benches.

The algorithm is in two steps. First, a minimum spanning
tree is computed; then a root is chosen, and the tree is
explored and vertices ouput with postfix ordering.

Only the first step actually looks at the input graph; and
its only requirement is that the graph be connected. If GP

is disconnected, we reconnect it by adding arbitrarily edges
between connected components until it is connected.

Thus, using the 2-approximation, we bypass the pre-
computation of the cost matrix. This means that bigger
input graphs can be considered if this algorithm is used, as
compared to other TSP algorithms.

Although this algorithm was meant for the TSP, that is
for an input being a complete graph with values on all edges,
one can prove that the 2-approximation guarantee still holds
when the algorithm is applied to a connected graph. In this
case, the tour cost has to be understood as the sum of the cost
of the edges, where edge costs for inexistent edges are length

of shortest paths in the input graphs—hence our choice to
model the cost of inexistent edges in this way.

4.2.2. RTL Edition. The final step is the edition of the RTL
code of the design. In this step, we insert in the original RTL
code/description the additional RTL constructions required
to implement the scan testing logic.

5. Implementation and Experimental Results

5.1. Implementation. The method we propose to optimize
the stitching ordering of RTL scan chains has been imple-
mented in an experimental version of HiDFT-SIGNOFF.
This tool relies on a commercial software library for the
parsing and elaboration of the design. This elaboration step
is what we called “lightweight synthesis” in Section 4.1.1. The
generic library of gates used for the elaboration is the one that
comes with the software library.

HiDFT-SIGNOFF has the ability to stitch FFs into several
scan chains. This possibility is important from the practical
point of view: making several scan chains is the easiest way to
reduce test application time. HiDFT-SIGNOFF implements
the two strategies presented in Section 4 for handling several
chains. One is to stitch a unique scan chain, and then split it
into even parts. The other is to first partition the design, and
then to stitch a scan chain in each part.

For graph partitioning, the METIS library [24] is used.
METIS is one of the most widely used libraries for graph
partitioning. It includes two strategies PMET and KMET. PMET

uses a multilevel recursive algorithm. The second one, KMET,
is implemented with an algorithm of K-partition such that
the number of vertices per partition is equal. We use here the
second one to partition the graph Gp into K parts.

5.2. Experimental Setup. In order to validate our method,
we did experiments on a number of designs, both in VHDL
and Verilog. We used the benchmarks 99 ITC [25] which
are reference designs for testing integrated circuits. Indeed,
these designs have been used extensively in the literature
for integrated circuits testing. For each design, a complete
description of the circuit with its value is presented on the
website. We also used 3 opencore designs [26]: Simple spi
which is a SPI core, Biquad which is a DSP core, and Ac-97,
a controller core. All 3 are written in Verilog. These data sets
were also used many times in articles on Design and Test.

Table 1 describes these benchmarks. The first line gives
the name of the circuit (b09,. . ., b19) for ITC 99 and three
OpenCore (single-spi, biquad, Ac-97). The following lines
give the number of memory elements number of FF and
the RTL description language (VHDL or Verilog) for each
design.

Since our optimization criterion is wirelength, and since
we consider congestion during routing an important issue,
experimentations were conducted till the place and route
step. Two flows were considered, according to Figure 1. In
both cases, synthesis, placement and routing were done by
Magma’s Talus integrated flow. In the case of the gate-level
scan insertion flow, the scan chain was also inserted by Talus.
No effort options were set for gate-level scan insertion, since
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Table 1: Designs description.

Design No. of FF Language

b09 28 vhdl

b10 17 vhdl

b11 31 vhdl

b12 121 vhdl

b13 53 vhdl

b14 245 vhdl

b15 449 vhdl

b17 1415 vhdl

b18 3320 vhdl

b19 6642 vhdl

Simple-Spi (SS) 132 verilog

Biquad 204 verilog

Ac-97 2289 verilog

Talus does not offer any. Besides those flows, the designs
scanned at the RT level were also fed into Tetramax, in order
to check fault coverage rates.

5.3. Numerical Results. Table 2 presents results of the first
phase (extraction graphs GD = (VD,ED) and Gp = (Vp,Ep)).
The columns 1 and 2 give the name of circuits tested (Design)
and the size in number of memory elements (no. of FF).
The following columns give the size of the design graph GD

respectively the number of vertices |VD| (column 3) and the
number of edges |ED| (column 4). Columns 5 and 6 present
the parameters of the proximity graph GP with the number
of vertices |VP| and the number of edges |EP|. We observe
that the number of vertices |VP| is equal to the number of
memory elements of the design (column 2). The last column
gives the CPU time for the extraction of the graph GP from
the graph GD (Times).

The computation of the graph GP from GD (cf.
Section 4.1.3) involves the threshold parameter t. The prac-
tical value of t has been determined empirically. It has to be
big enough in order not to put arbitrary limitations on the
choices of the algorithm; and it has to be small enough for the
design-graph not to fill the whole memory of the computer.
For all designs that we tested, the value t = 4 was a suitable
choice according to those two criteria. This value was used in
all our experiments.

The figures for both wirelength after place and route,
and computation times, have been gathered in Table 2. The
column number of SC gives the number of scan chains for
each design. In the wirelength column, GLS denotes the flow
with gate-level scan; RTL-scan gives the values for the RTL-
scan flow. The slack column gives the ratio (in percent) by
which RTL-scan wirelength exceeds that for gate-level scan.

Computation times are given only for the two steps of
the stitching optimization method, discarding the time for
parsing and elaboration. The column GP gives the time for
constructing the proximity-graph; TSP is the time for the 2-
approximation algorithm for the TSP.

We base our analysis of the comparison of wirelength
between gate-level and RTL scan on the slack column

of Table 3, since the absolute values cannot be directly
interpreted. The slack varies between −23% (meaning RTL-
scan wirelength is shorter) and 6%. A closer analysis shows
that gate-level scan is better mainly for small designs; our
method is always better for the bigger designs, with only
negative values of slack for all designs with more than 300
FFs.

Table 4 gives the fault coverage obtained by Tetramax for
the designs scanned at the RT-level. Let us note that all values
are above 98%, and only two lay below 99.8%. We conclude
that RTL scan insertion cannot degrade fault coverage too
severely as compared to traditional scan.

Computation times are mainly dominated by the setup of
the graph GP ; at worst, the whole optimization process takes
a little more than 5 minutes, in the case of the b19 design
which has 6000 FFs.

6. Conclusion and Perspectives

After giving some motivations for inserting scan at the RT-
level, we have exposed what we believe is an important
challenge for RTL-scan, which is finding a good stitching
in one single pass, working only at the RT-level. Therefore,
the purpose of the present work is to solve the following
problem: given an RT-level description of the design (Verilog
or Vhdl) we have to find a stitching ordering of the memory
elements in the scan chain, which minimizes the impact of
test circuitry on chip performance (area, power) and testing
time. Then, we have motivated our choice of selecting wire
length as the prime parameter to optimize.

To solve this problem, we proposed a new scan stitching
algorithm for optimal scan chain insertion at RTL. The tech-
niques used are derived from the combinatorial optimization
and operations research domains. Indeed, our algorithm
is divided into two main steps. The first step proposes a
mathematical model describing the electronic problem. The
second one offers a resolution methodology.

The model we propose is based on graph theory. To
build it, we extract from the RTL description information
on the proximity of the memory elements (existing paths
between flip-flops, clock domains, and various other rela-
tions extracted from hierarchical analysis) and translate them
in two graphs GD and GP using the Limited-BFS algorithm.
Then, we have shown that the scan stitching decision prob-
lem is equivalent to the Traveling Salesman Problem and
therefore NP-Complete. However, the 2-approximation for
the TSP can be used to find near optimal solutions in polyno-
mial time. From this, we developed our stitching algorithm.

Finally, we integrated our tool in an industrial design
flow and performed experiments over several academic and
industrial design benchmarks. Numerical evidence showed
that we are able to limit such a cost due to scan insertion
in a reasonable computing time, without impacting DFT
quality, especially fault coverage. The method seems better
than the traditional one for middle-sized designs. The
industrial interest for our algorithms and tools is confirmed
by our industrial partners. Our RT-level scan optimization
algorithm has been incorporated into the tool HiDFT-
SIGNOFF by DeFacTo Technologies. In case new flip-flops
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Table 2: Characteristics of the graphs GD and Gp.

Design No. of FF |VD| |ED| |VP| |EP|
b09 28 401 719 28 378
b10 17 525 947 17 136
b11 31 1094 1845 31 465
b12 121 3879 6993 121 7260
b13 53 633 1042 53 1378
b14 245 27269 46778 245 29890
b15 449 33179 56798 449 100576
b17 1415 100358 171759 1415 697990
b18 3320 271320 462326 3320 2330318
b19 6642 531161 906201 6642 7061713
Simple-Spi 132 1427 8646 132 8778
Biquad 204 357 20706 204 20910
Ac-97 2289 18727 2381495 2289 707911

Table 3: Wirelengths and insertion times.

Design
Wirelength Insertion time (ms)No. of SC

GL-S RTL-S
Slack (%)

P-graph TSP

ITC 99 Benchmarks (VHDL)

b09 2 2.06 1.63 −20.59 <1 <1
b10 2 1.94 2.06 5.97 10 <1
b11 3 4.77 5.03 5.38 20 10
b12 10 12.6 12.92 2.59 200 20
b13 5 3.39 3.32 −2.25 20 <1
b14 24 63.64 64.2 0.96 3 s 110
b15 24 126.3 122 −3.39 6 s 320
b17 70 395.6 370.4 −6.37 30 s 3 s
b18 300 1187.2 922.6 −22.29 3 m 10 s
b19 600 2329.6 1858.2 −20.24 5 m 20 s

Opencore designs (Verilog)

Simple-Spi 10 11.5 10.4 −8.95 100 20
Biquad 20 34.1 31.3 −8.14 350 80
Ac-97 200 247.7 238.5 −3.71 30 s 8 s

Table 4: Fault coverage for RTL scan.

Design name Fault coverage

ITC 99 Benchmarks (VHDL)

b09 99.86%

b10 99.85%

b11 99.93%

b12 99.97%

b13 99.92%

b14 99.99%

b15 99.97%

b17 99.47%

b18 99.81%

b19 99.81%

Opencore designs (Verilog)

Simple Spi 98.35%

Biquad 99.96%

Ac-97 99.80%

are added or removed to existing scan chains, it is important
to goldenize the RTL code and reflect such changes directly
into the RTL code. The DeFacTo tool HiDFT-SIGNOFF
allows that by introducing the new scan architecture and
by including the flip-flops new ordering. In this way, our
work represents a progress in the state of the art, as previous
works are not automated and/or were evaluated only for
small designs.

Last but not least, an important contribution of our work
is to make a neat separation between the DFT problem and
the mathematical model. This separation allows the same
software to work for several successive technology nodes.

Our initial results give rise to a number of new directions
for further research. These are summarized below. First, one
could investigate whether cumulating local and global opti-
mization in the manner of [8] would improve our results.
Another aspect that could be added to our model is the
question of power during testing: can we take it into account
without degrading ou results? Finally, design analysis at a
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higher-level gives an opportunity to reduce both area over-
head and test time application by adopting partial scan
instead of full scan [16–18]. Deciding whether the combi-
nation of design analysis with our method could reduce even
more the cost of scan would be worthwhile.
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High-Level Synthesis deals with the translation of algorithmic descriptions into an RTL implementation. It is highly multi-
objective in nature, necessitating trade-offs between mutually conflicting objectives such as area, power and delay. Thus design
space exploration is integral to the High Level Synthesis process for early assessment of the impact of these trade-offs. We propose
a methodology for multi-objective optimization of Area, Power and Delay during High Level Synthesis of data paths from Data
Flow Graphs (DFGs). The technique performs scheduling and allocation of functional units and registers concurrently. A novel
metric based technique is incorporated into the algorithm to estimate the likelihood of a schedule to yield low-power solutions. A
true multi-objective evolutionary technique, “Nondominated Sorting Genetic Algorithm II” (NSGA II) is used in this work. Results
on standard DFG benchmarks indicate that the NSGA II based approach is much faster than a weighted sum GA approach. It also
yields superior solutions in terms of diversity and closeness to the true Pareto front. In addition a framework for applying another
evolutionary technique: Weighted Sum Particle Swarm Optimization (WSPSO) is also reported. It is observed that compared to
WSGA, WSPSO shows considerable improvement in execution time with comparable solution quality.

1. Introduction

Data path algorithms can be depicted using Data Flow
Graphs (DFGs). Each node in the DFG represents an
operation that is to be executed in the algorithm (Figure 1).
The operation may be arithmetic such as addition or
multiplication or logical. High Level Synthesis (HLS), also
known as Behavioral Synthesis is the process of converting an
algorithmic description into a synthesizable Register Transfer
Level (RTL) netlist. The high level description may be in
the form of a programming language such as C or DFGs.
The HLS design flow consists of three subtasks, namely,
scheduling, allocation, and binding. Scheduling determines
the time step at which a node in the DFG is executed. For
example, in the following DFG, the node d is scheduled in
the second time step. Some nodes have mobility in that they
can have several potential execution instances as in the case of

node c which can execute in time step 1 or 2 without affecting
the schedule.

The term allocation refers to the process of assigning
resources or Functional Units (FUs) to execute a particular
operation. For instance, one possible allocation for the DFG
shown in Figure 1 is three adders and one multiplier. In
binding, a node is bound to a FU for execution. Thus, node a
may be bound to Adder 1, node b to Adder 2 and node c to
Adder 3. The HLS sub-tasks can be performed in any order
or simultaneously. The result of each sub-task influences the
others.

The main purpose of HLS algorithms is to facilitate
an early design space exploration of various alternative
RTL implementations for a particular algorithm with the
primary objective of minimizing area, delay, and power of the
final design. This paper investigates the use of evolutionary
techniques such as Genetic Algorithms (GAs) and Particle
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Figure 1: A Data Flow Graph.

Swarm Optimization (PSO) for optimal scheduling of DFGs
during High Level Synthesis. Since the problem is multi-
objective in nature, the GA framework is adapted for
applying true multi-objective algorithms such as NSGA II
that yield a population of Pareto optimal solutions with
each solution representing a trade-off among the objectives.
Also we have adapted the framework developed for applying
another multi-objective evolutionary approach, Weighted
Sum PSO (WSPSO), for solving the same problem.

This work is based on the technique reported by the
authors in Harish Ram et al. [1]. The methodology described
in [1] proposes an NSGA II based approach for optimal
scheduling during HLS of datapaths. The technique has been
validated on additional benchmarks. Also the basic frame-
work used for implementing the GA has been customized for
applying WSPSO to the multi-objective HLS problem.

Previous work on multi-objective optimization in HLS
has focused primarily on area and delay minimization. In
[2], a weighted sum approach has been proposed for area
and delay minimization during HLS of DFGs. In Ferrandi
et al. [3], the authors have used two different encodings
which prioritize scheduling and binding, respectively. The
cost function is computed using regression models derived
from actual characterizations. A true multi-objective GA
(NSGA II) is used to optimize the schedules. We propose an
evolutionary framework using the chromosome encoding in
[2], with the cost function modified to incorporate power
in addition to area and delay. Power cost of a schedule
is determined as the likelihood of the schedule to yield
low-power bindings, computed from compatibility graph
metrics described in [4]. The methodology is evaluated for
WSGA and NSGA II on standard benchmarks [2, 5] and
the superiority of NSGA II is demonstrated. The framework
is extended for applying WSPSO to the HLS scheduling
problems.

The rest of the paper is organized as follows. Section 2
describes the new algorithms used in the work. Section 3
gives a review of related literature. Section 4 outlines the evo-
lutionary encoding scheme and cost function computation
used in the work. Sections 5, 6, and 7, respectively detail

the WSGA, NSGA II, and WSPSO based methodologies.
Section 8 discusses the results and Section 9 concludes the
paper.

2. New Algorithmic Techniques Used

The application of Genetic Algorithms and similar meta-
heuristics in engineering problems has come to stay and
is a well researched domain. However, many optimization
problems are multi-objective in nature with the candidate
solutions trading off one objective in favor of the other [6].
A classic instance in the VLSI domain is the area-delay trade-
off. In such problems, the focus is on identifying a population
of Pareto optimal solutions rather than a single optimal
solution. A simple approach in solving such problems will
use a weighted cost function involving all the objectives
to be optimized. However this technique is flawed since it
yields solutions with limited diversity [6]. This necessitates
the development of true multi-objective algorithms that are
capable of exploring the entire design space of solutions
with different trade-offs among the objectives. Several multi-
objective techniques have been proposed to solve engineering
problems in the past decade and a half [7–9]. Multi-objective
optimization of area and delay during datapath synthesis has
been addressed in [2, 3]. However power is not considered
in these schemes. In [10] Bright and Arslan had proposed
a GA based approach to generate Pareto surfaces for area
and delay during synthesis of DSP designs. The paper does
not describe any scheme for ensuring the diversity of the
solutions. We propose a multi-objective methodology using
NSGA II [7] for power, area, and delay optimization of
DFGs. NSGA II incorporates a selection technique based on
the crowding distance of individuals in a population that
preserves the diversity of the solutions when the algorithm
evolves. The technique is evaluated on standard benchmarks
and fares substantially better than WSGA in terms of solution
quality as well runtime. PSO is another recent evolutionary
technique that has been widely investigated for solving
intractable problems in engineering and science [8, 11].
PSO has been widely applied in scheduling problems such
as instruction scheduling and traveling salesman problem
(TSP) [12–16]. We have extended the chromosome encoding
scheme and cost function computation used in our GA
technique for applying Weighted Sum PSO for datapath
synthesis.

3. Review of Previous Work

Early work in Behavioral Synthesis focused on constructive
approaches as in force directed scheduling [2, 17]. These are
essentially greedy approaches vulnerable to local minima.
Transformational approaches [2] start with an initial schedule
and apply transformations to improve the initial solution.
However, the quality of the solutions largely depends
on the transformations used and the heuristics used to
select between applicable transformations [2]. Graphical
approaches have been proposed in which the minimum
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cost binding problem is converted into a multiway par-
titioning of a flow graph. In [18], a graph network is
used to model the binding problem with the edge weights
representing the switching cost of executing two nodes in
succession on the same functional unit (FU) or register.
Thus the problem reduces to a multi-way partitioning of
the graph for minimal flow cost. This method is reported
for optimal bus scheduling and can be extended to FUs
also. Scheduling under constraints is not addressed here.
In [19], graph based heuristics are proposed to choose an
optimal set of resources for a scheduled DFG with more than
one architecture to choose from for each functional unit.
Mathematical approaches formulate the synthesis problem
using Integer Linear Programming (ILP) approach or some
other mathematical optimization tools such as game theory.
Simultaneous binding and scheduling of a DFG using ILP
is addressed in [20]. The precedence and time constraints
are built into the ILP formulation. The cost function is
evaluated based on signal statistics of the inputs obtained
through a one-time simulation. The technique suffers from
the drawback that ILP methods do not scale well for large
circuits and may have to be combined with some heuristics.
An ILP approach is combined with retiming for power
optimization in [21]. In [22], a game-theoretic approach for
power optimization of a scheduled DFG is proposed. The
functional units are modeled as bidders for the operations in
the DFG with power consumption as the cost. The algorithm
does not scale well for larger number of functional units since
the complexity increases exponentially with the number of
players (bidders).

The use of Genetic Algorithms (GAs) for optimal
scheduling, allocation, and binding in Behavioral Synthesis
has been widely reported in the literature. A survey of GA
based methodologies for Behavioral Synthesis is presented in
[2]. Genetic Algorithms being population based heuristics
are extremely effective in design space exploration. A GA
based methodology for datapath synthesis from a DFG for
multi-objective area and delay optimization is described
in [2]. The authors propose a multichromosome encoding
scheme for the DFG scheduling priority and functional
unit constraints. List scheduling is carried out based on
the priorities coded in the chromosome. A weighted cost
function incorporating both area and delay is employed for
assessing the fitness of a given schedule. But the weighted
sum approach suffers from the drawback that in a sufficiently
nonlinear problem; it is likely that the optimal solutions
resulting from a uniformly spaced set of weight vectors
may not result in a uniformly spaced set of Pareto optimal
solutions [6]. Ferrandi et al. [3] have proposed an approach
based on Multi-objective GA using the algorithm NSGA
II [6, 7]. The authors have used two different encoding
schemes. The priority based scheme [2] arranges nodes in
the DFG in the order in which they have to be scheduled
by a list scheduler whereas the binding based scheme [23]
incorporates binding information pertaining to each DFG
node. The area and delay costs are extracted from a regression
model built using actual characterizations. Power is not
included in the fitness evaluation.

The optimal scheduling problem in HLS is somewhat
analogous to the traveling salesman problem (TSP). In both
cases, an evolutionary approach necessitates a chromosome
encoding which specifies the order in which scheduling of
nodes (cities to be visited in case of TSP) is carried out as
described in the next section. These problems differ in their
cost functions. TSP seeks to minimize the distance travelled
whereas in HLS the objective is to optimize area, delay,
or power as the case may be. In addition, the precedence
of execution of each node is to be considered during
HLS. Wang et al. propose a PSO methodology for TSP in
[12]. The authors describe a technique for generating new
scheduling strings using the swap operator. An encoding
scheme for efficient convergence of the particles during PSO
is proposed in [13]. In [14], Jie et al. describe a scheme for
reducing the scale of the problem for large number of nodes,
without affecting exploration of the search space. To our
knowledge, PSO has not been used in multi-objective High
Level Datapath Synthesis.

4. Evolutionary Encoding Scheme,
Cost Function Computation, Crossover,
and Mutation

4.1. Encoding Scheme. A multi-chromosome encoding
scheme reported in [2] is used in the proposed technique.
The same encoding is used for both GA and PSO. In this
scheme a chromosome has a node scheduling priority field
and a module allocation field (Figure 2(b)). The structure
of the chromosome is such that simultaneous scheduling
of a DFG and functional unit allocation can be carried
out. The DFG nodes are scheduled using a list scheduling
heuristic [2, 17]. The nodes are taken up for scheduling in
the order in which they appear in the chromosome. The
module constraint is described in the module allocation field.
The respective constraints of the number of multipliers and
adders are specified in this field. If additional FUs such as
subtractors are present, the module allocation field will have
more terms.

As an example, an unscheduled DFG and a correspond-
ing chromosome encoding are shown respectively in Figures
2(a) and 2(b). The scheduling starts with the first time step.
Node 3 which appears first in the chromosome is scheduled
in the first time step itself. Also node 1 is scheduled to
be executed in time step 1 since it appears next in the
chromosome. Node 2 which is next cannot be scheduled in
the first time step because only two multipliers are available
as specified in the module allocation field. Therefore Node 2
has to wait till the next time step. Node 4 which performs
addition cannot be scheduled in this time step since its
predecessor node, that is, Node 1, has just been scheduled.
The result of the execution of this node will be available only
in the next time step. Similarly nodes 5, 6, and 7 cannot be
scheduled since the results of their predecessor nodes are not
ready. Thus we move to the second time step since no further
scheduling is possible in the current time step. In this step,
nodes 2 and 4 which were not scheduled in the previous time
step are scheduled for execution. This sequence continues till
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Figure 2: Multichromosome and corresponding schedule.

all nodes are scheduled. It has to be noted that in a valid
string the precedence relationship between the nodes has to
be maintained. For instance, in the chromosome shown in
Figure 2(b), the nodes 1 and 2 which are the predecessors
for node 6 appear before node 6 in the priority list. The
scheduled DFG is shown in Figure 2(c).

4.2. Cost Function Computation. The fitness evaluation of
each chromosome is carried out as described in [2] for area
and delay. The potential of a given schedule to yield low-
power bindings is determined from the compatibility graphs
for the FUs and registers extracted from the schedule using
a method described in [4]. Actual power numbers are not
computed.

4.2.1. Area and Delay Cost. The delay or length L is the
number of time steps or clock cycles needed to execute the
schedule. For example L = 4 for the schedule in Figure 2(c).
The area cost A of the schedule is based on the total FUs
and registers required to bind all the nodes in the DFG.
The former is known from the chromosome itself (e.g., 2
multipliers and 1 adder for the DFG in Figure 2(c)). The
latter is obtained by determining the total number of registers
required for the DFG implementation using the left edge
algorithm [17]. The total area is expressed as the total
number of transistors required to synthesize the FUs and
registers to a generic library.

4.2.2. Power Cost. The potential of an individual schedule
to yield a low-power binding solution is found out using a
set of metrics described in [4]. Here a compatibility graph
(CG) is extracted from the scheduled DFG corresponding to
the schedule obtained from the node priority field in each
chromosome of the population. The compatibility graph will
have an edge between two nodes if they are compatible. Two
nodes are said to be compatible if they can be bound to the
same FU or register. For instance, nodes 1 and 2 in the DFG
in Figure 2(c) are FU compatible since they execute the same
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Figure 3: Compatibility graph.

operation (multiplication) and their lifetimes do not overlap.
On the other hand, nodes 3 and 2 though executing the same
operation are not compatible since their lifetimes overlap.
The output of node 3 is required by node 5 in the third time
step whereas node 2 has to be executed in the second time-
step itself. The compatibility graph for the schedule given in
Figure 2(c), is given in Figure 3. Separate CGs are created
for the registers and FUs. The edge weights between two
nodes represent the switching cost when these two nodes are
executed one after the other in the same FU [24].

The power-related metrics [4] are based on the edge
weights of the compatibility graph and are defined as follows:

m1 = total number of edges in the graph,

m2 = average of edge weights for the lowest k% in the
value range for each node where k is user-defined

m3 = average of all edge weights (i.e., m2 for k =
100%). A DFG may yield a low-power binding ifm1 is
high and m2 and m3 are low. The power cost function
designed based on the compatibility graph metrics is
given below

P =
(

n

m1

)
+ m2 + m3, (1)

where n is a tuning parameter, is chosen depending on the
value of m1, and has a value greater than m1. The rationale
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for the choice of the power metrics is as follows. Higher
number of edges (m1) in the CG indicates higher number of
possible bindings and hence more likelihood of the schedule
yielding low-power bindings. Thus the power metric is made
inversely proportional to m1. Smaller values of CG edge
weights indicate lesser switching cost and hence lower power
dissipation when a pair of nodes execute on an FU. Thus a
schedule having a CG with smaller average edge weight has
better potential to yield more power-aware bindings. This
dependency is encoded in the second and third terms of the
cost function, m2 and m3.

4.3. Crossover. We have used the single-point crossover
technique reported in [2]. In this method, the precedence
relationships between the nodes in the node priority field
of the multi-chromosome are maintained. The technique is
illustrated in Figure 9.

The parent string is retained intact till the crossover
point. For instance, in the example shown in Figure 9,
crossover is carried out from the fifth position in the string.
Thus, in offspring 1, the substring 3 1 2 4 is replicated from
Parent 1. From location 5 onwards, the Parent 2 string is
traversed and those nodes in the list that are not present are
filled in the same order in which they appear in Parent 2. For
instance, the nodes 1, 2, and 4 are already present in the sub-
string 3 1 2 4 taken from Parent 1, but 6 is not present and
hence is filled in the location 5. The node 3 which appears
next is already present whereas 5, which appears next to 3, is
not present and is filled in. The procedure is continued till
the entire string is generated. The same sequence is repeated
with Parent 2 for generating offspring 2.

For the module allocation field, the module allocations
which appear after the crossover point are swapped. In
Figure 9, the module allocation strings are 2 1 and 2
2 respectively for parent Parent 1 and Parent 2. After
crossover, the module allocation strings become 2 2 and 2
1, respectively.

4.4. Mutation. Mutation also is based on the technique
described in [2]. For the node priority field, a node in the list
is chosen at random and is moved without affecting the node
precedence constraints. As an example, consider the same
chromosome described previously, that is, the string 3 1 2 4 6
5 7 | 2 1. Let node 5 in location 6 be chosen for the mutation.
Its predecessor is node 3 in the first slot and its successor is
node 7 in the seventh slot. Thus the node can be moved to
any slot from slot 2 to slot 6 without violating the precedence
constraints. The actual slot to which the node is to be moved
is chosen by generating a random number between 2 and 6.
If the random number generated is, say, 3, then the node 5
is moved to slot 3 and the new chromosome after mutation
becomes 3 1 5 2 4 6 7 | 2 1 (mutated node is shown in bold).

For the module allocation field, the mutation is effected
by simply incrementing or decrementing the number of
functional units. For example, we may decrement the
number of FU in the above multi-chromosome. Thus after
mutation, the final chromosome string becomes 3 1 5 2 4 6 7
| 1 1 (mutated locations are shown in bold).
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Figure 4: Multi-objective solution space and Pareto Front.

5. Weighted Sum GA

The weighted sum approach [6] used in this paper converts
a multi-objective problem into a single objective GA. Each
term in the cost function of this GA represents the cost of one
objective to be optimized and is multiplied by a weight factor
between 0 and 1. This weight is chosen depending upon the
extent to which a particular objective is to be optimized. This
approach is computationally simple. The fitness evaluation
of each individual is based on a cost function value calculated
using a weighted sum approach. The cost function described
in [2] is modified to include a power dissipation term
described in the previous section and is given below:

C = w1Ls
Lmax

+
w2A

Amax
+ w3P, (2)

where w1, w2, and w3 are the weights of the area, delay,
and power terms, respectively, with w1, w2, and w3 always
obeying the relation w1 + w2 + w3 = 1. The terms Ls and A
are the length and area, respectively, of the implementation
of the given schedule and P is the power metric. Amax

and Lmax are the maximum area and delay, respectively,
among solutions in the current population. A population
size of 100 is used in the GA implementation. Elitism
is used for preserving the best solutions in a generation.
Binary tournament selection is used to identify parents for
crossover. The crossover probability used is 0.9 and mutation
probability is 0.2. The WSGA run was repeated with 10
different initial seed populations.

6. NSGA II

In a true multi-objective algorithm, the solutions converge
to the true Pareto front of non-dominated solutions. A
solution is said to be nondominated if no other solution
can be found in the population that is better for all the
objectives (Figure 4). A multi-objective solution space for
a minimization problem involving two objectives and the
Pareto front is depicted in Figure 4. The weighted sum
approach described in the previous section suffers from lack
of diversity in that uniformly spaced weights do not result
in a uniform spread of solutions as shown in Figure 5. The
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figure depicts a solution space for a minimization problem
with two objectives, f 1 and f 2. The x-axis represents
different values of f 1 for uniformly spaced values for the
weight for f 2 (say, w2). For w2 = 0, f 1 has the most optimal
value and f 2 the worst. For higher values of w2, the objective
f 2 shows progressively better values by trading off f 1. But
it can be observed that the values of f 2 obtained by trading
off f 1 are not uniformly spaced though the weight for f 2
(w2) is increased in equal steps. Besides, proper assignment
of weights and, hence, solution quality depend on knowledge
of the solution space [6].

Deb proposed the “Non-dominated Sorting GA-II” or
NSGA II [7], which is a true multi-objective GA. It uses the
notion of crowding distance to ensure diversity among the
solutions in a population. Initially a random seed is created.
The cost of each objective for all the solutions is determined
and they are classified into ranks based on nondomination.
The Rank I individuals are fully non-dominated whereas
those in Rank 2 are dominated by the Rank I individuals
and so on. Each solution is assigned a fitness based on
its rank and crowding distance. The crowding distance is
a measure of the uniqueness of a solution. Crossover and
mutation are performed on the individuals using the method
described in [2]. The parents and offspring in a particular
generation are merged and the individuals for the next
generation are selected based on the crowding distance
metric [6, 7]. Selection of individuals with higher crowding
distance is favored for better diversity among solutions. The
population size in a generation was 100. The GA was run
for 200 generations. A flow diagram depicting the NSGA
II methodology is shown in Figure 6. A detailed discussion
of the results obtained for this method on standard DFG
benchmarks is given in Section 8.

7. Weighted Sum Particle Swarm
Optimization (WSPSO)

7.1. Introduction. Particle Swarm Optimization (PSO) is an
evolutionary approach proposed by Eberhart and Kennedy,
inspired by the behavior of bird flocks or schools of fish. PSO,
like GA, operates on a population of candidate solutions

referred to as a swarm. Each solution in a swarm is called
a particle. The swarm is made to evolve by applying a velocity
to each particle. The best solution in each swarm is called the
“particle best” or pbest and the best solution among all the
swarms so far is the “global best” or gbest. When the swarm
moves, each particle is subjected to a velocity which tends
to propel it in the direction of pbest as well gbest with each
direction being assigned a weight as modeled by the equation
given below:

vij,t+1 = wvij,t + η1R1

(
pij,t − xij,t

)
+ η2R2

(
gij,t − xij,t

)
, (3)

where vij,t+1 = velocity of the ith particle for the t + 1th

iteration, and vij,t = velocity of the ith particle for the tth
iteration.

The weight w assigns some inertia to the particle. The
parameters η1 and η2 assign weights to the pbest and
gbest variables, that is, the extent to which these positions
influence the movement of the particle. The random values
R1 and R2 introduce a degree of perturbation in the particle,
for better exploration of the search space.

7.2. Weighted Sum PSO (WSPSO) for DFG Scheduling.
Scheduling of DFGs during datapath synthesis is a good
candidate for application of PSO. This problem is some-
what analogous to TSP [12, 16], albeit with precedence
and module constraints. The multi-chromosome encoding
introduced in Section 4 can be used for PSO also. In discrete
problems, the notion of velocity is implemented by adapting
the crossover technique [2, 16] for the PSO problem. A
particle in the swarm is represented by a single multi-
chromosome string representing a given DFG schedule and
allocation. This particle is crossed over with the current
particle that represents the gbest (or pbest) to implement the
velocity function. The particle is crossed over with both the
gbest and pbest using the procedure outlined in Section 4.
This is illustrated in Figure 10.

The same approach is followed for pbest also. It can be
seen that the degree of shift of the particle towards the pbest
or gbest can be controlled by appropriately choosing the
crossover location. If the location is in the beginning of the
string then the shift is more.

Area, delay, and power cost of the schedule represented
by the chromosome is computed using the method described
in Section 5. The weighted sum approach outlined in
Section 6 is used to determine the fitness of a particle
represented by the multi-chromosome. A swarm size of
100 individuals was used. The total number of generations
(swarms) was 70. The flowchart shown in Figure 7 summa-
rizes the WSPSO based methodology used.

The PSO methodology developed was tested on various
benchmarks. It was found to exhibit better runtimes than
WSGA with comparable solution quality.

8. Results and Discussion

All the results reported below were obtained from executing
the algorithms in an Intel i5-2400 CPU with a clock
frequency of 3.10 GHz and 4 GB RAM.
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8.1. WSGA and WSPSO Convergence. The convergence of
WSGA and WSPSO is verified by plotting the cost function
with respect to the number of generations for each DFG
benchmark (Figures 8(a) and 8(b)). For WSGA, the number
of runs was 50 and for WSPSO the algorithms were run for
70 generations. The convergence plots for each benchmark
are presented in Figures 8(a) and 8(b) respectively for WSGA

and WSPSO. It is observed from the cost function values at
convergence that the extent of optimization observed for all
the benchmarks is comparable for both WSGA and WSPSO.
This is further discussed in connection with the results in
Table 6.

8.2. Comparison of Power Aware WSGA with GA without
Power in the Cost Function [2]. One of the contributions
of this work is the introduction of a power metric that
indicates at an early stage the likelihood of a schedule to
yield a low power binding solution during the binding phase.
This metric is added to the weighted sum cost function for
area and delay optimization proposed in [2]. The efficacy
of the modified GA with power is verified by evaluating
the modified WSGA on various benchmarks and comparing
with the results of WSGA method reported in [2] which
does not incorporate power in the cost function. The weight
assigned to the power cost is 0.7 and the other objectives are
assigned equal weights of 0.15 each.

It was observed that the modified GA methodology
yielded schedules that had improved values of the power
metric indicating higher likelihood of obtaining low power
bindings. The results of the comparison are listed in Table 1.
An average reduction of around 9% is observed in the power
metric for the power aware GA run. The reduction is not
significant for the IIR benchmark which has only 9 nodes.
Hence the search space of feasible schedules is limited. The
HAL benchmark though having only 10 nodes yields a better
power number since it has higher mobility for the nodes
and hence more number of feasible schedules. The power



8 VLSI Design

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

1 4 7 10 13 16 19 22 25 28 31 34 37 40 43 46 49

Number of generations

C
os

t

DCT
DWT
FIR

HAL
IIR
MPEG

(a) WSGA convergence

1 6 11 16 21 26 31 36 41 46 51 56 61 66 71
0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

C
os

t

Number of generations

DCT
DWT
FIR

HAL
IIR
MPEG

(b) WSPSO convergence

Figure 8: Convergence plot for WSGA and WSPSO.

Table 1: Comparison of WSGA and power-aware WSGA.

Benchmark
WSGA without power optimization [2] Power-aware WSGA

Reduction in
power cost metricPower metric

Area
(register units)

Delay
(time steps)

Power metric
Area

(register units)
Delay

(time steps)

IIR 0.9062 42.9 5.44 0.8996 48.48 5.15 0.73%

HAL 0.9911 38.33 4.74 0.8719 37.81 4.98 12%

FIR 0.6487 42.73 11.63 0.6029 54.48 11.32 7%

MPEG 0.6317 81.5 8.50 0.6046 107.5 9.00 17%

Parent 1 3   1 2 4   5   6 

Parent 2 1   2   4   6    3   5

Crossover 
point

Offspring 1 3   1   2   4    6   5

Offspring 2   1   2   4   6   3   5

7 | 2 1

7 | 2 2

7 | 2 1

7 | 2 2

Figure 9
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Figure 10

aware WSGA run yields better power optimal solutions for
the FIR and MPEG benchmarks which have 23 and 28 nodes,
respectively, obviously due to the higher number of nodes
and also more degrees of freedom in moving the nodes for
generating different schedules.

Table 2: Metrics evaluating closeness to the Pareto optimal front
for IIR benchmark for NSGA II.

Performance metric WSGA NSGA II

Error ratio 0.7143 0

Generational distance 0.02708 0

Maximum Pareto optimal front error (MFE) 0.1833 0

Spacing 0.1046 0

Spread 1.0026 0

Weighted metric 0.5148 0

Table 3: Metrics evaluating closeness to the Pareto optimal front
for HAL benchmark for NSGA II.

Performance metric WSGA NSGA II

Error ratio 0.7826 0

Generational distance 0.0050 0

Maximum Pareto optimal front error 0.1832 0

Spacing 0.0516 0

Spread 1.8600 0

Weighted metric 0.9360 0

8.3. NSGA II Results and Analysis. The quality of solutions
obtained using a multi-objective algorithm must be assessed
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Table 4: Comparison of WSGA and NSGA II on standard benchmarks.

Benchmark
WSGA NSGA II

Power metric Area (register units) Delay (time steps) Power metric Area (register units) Delay (time steps)

IIR 0.9019 48.48 5.148 0.9063 35.41 5.88

HAL 0.9901 37.81 4.981 0.9923 39.91 4.75

DWT 0.7126 50.92 10 0.6821 48.95 10

FIR 0.6416 54.48 11.32 0.6312 43.58 11.23

MPEG motion vector 0.6714 107.5 9 0.6561 63.13 10.71

DCT 0.6086 79.06 12.18 0.6087 77.44 12.12

Table 5: Execution times in seconds.

Benchmark circuit WSGA NSGA % reduction

IIR 6 4 33.33%

HAL 11 11 0%

DWT 26 5 80.77%

FIR 112 9 91.96%

MPEG motion vector 48 23 52.08%

in terms of the spread of the solutions and the closeness of the
individuals to the true Pareto front. The metrics described
in [6] for diversity, spread and Pareto front errors were
computed for the Rank I individuals obtained for the IIR
filter and HAL benchmarks [2, 5] using WSGA and NSGA
II. For computing the quality metrics, the true Pareto front
was obtained for these two benchmarks by exhaustive search.
The metric values obtained for the WSGA and NSGA runs
are listed in Tables 2 and 3. The error ratio is the fraction
of solutions in the population of Rank I individuals, which
are not members of the true Pareto-optimal set, P∗. The
generational distance metric gives a measure of the average
distance of the solutions from P∗. The maximum Pareto front
error gives the distance of the solution which is farthest from
the Pareto front. The values of the metrics, spacing and spread
indicate the diversity of solutions obtained. The weighted
metric is the weighted sum of the closeness and diversity
measures. These metrics should have small values for a good
multi-objective algorithm. The results of comparing NSGA II
and WSGA in terms of the quality metrics are given in Tables
2 and 3, respectively, for the IIR and HAL benchmarks.

The above metrics indicate the superior quality of the
NSGA II solutions over those obtained by the Weighted
Sum GA approach. All metrics have zero values for NSGA
indicating that the solutions are fully coincident with the true
Pareto front individuals.

The NSGA II methodology was evaluated on several
standard DFG benchmarks and the results are summarized in
Tables 4 and 5. Table 4 shows the average values of the delay,
area, and power metrics obtained for the WSGA and NSGA II
runs. Power dissipation is quantified in terms of the potential
of the schedule to yield low power bindings as described in
Section 4. Area is computed as the total gate count of the
FUs and registers when synthesized to a generic library and is
normalized to the register gate count as register units. Delay
is expressed in terms of the total time steps required for

completing each schedule. The average values for the NSGA
II run are either better than WSGA or comparable in most
of the cases. For the smaller DFGs (IIR and HAL), the NSGA
II results do not exhibit an appreciable improvement in the
average values. This is because of the fewer number of feasible
solutions. Since NSGA searches the solution space more
efficiently the effect of trade-offs between the three objectives
is more pronounced. Another aberration that is noticeable is
in the case of the MPEG motion vector benchmark where a
substantial reduction in average area is noticed at the expense
of higher average delay. This DFG is rich in multiplication
nodes whose implementation is area intensive. Hence an
effective search of the solution space will yield solutions that
exhibit tremendous trade-offs between delay and area. Thus
a considerable reduction in average area is observed at the
expense of delay. Thus it can be concluded that NSGA II,
being a true Multi-Objective GA, is highly effective in more
intensive exploration of the design space. This is evident
from the quality metrics as well as the results on the various
DFG benchmarks.

Table 5 lists out the comparison of the execution times.
The NSGA II algorithm shows appreciable improvement
over WSGA with an average reduction of 51.63% in
execution time. As expected, the improvement is more
noticeable in the case of the larger benchmarks which
necessitate exploration of a much larger search space. The
search space is multidimensional and nonlinear and hence
increase in number of DFG nodes will add exponentially
large complexity to the search process.

8.4. WSPSO—Results and Analysis. The WSPSO-based
weighted sum approach outlined in Section 7 was evaluated
on the DFG benchmarks and compared with WSGA. A
particle size of 100 was used and the WSPSO was run for 70
generations. The average power, area, and delay values of 10
runs of the algorithm with different initial seed populations
are tabulated for various DFG benchmarks. The quality
of the solutions was also assessed against the results from
exhaustive search. The results are shown in Tables 6 and 7.
Initial results are comparable to the corresponding results
for WSGA. However, the quality and run times can be
improved upon optimizing the swarm size and introducing
additional operators in the velocity function used. Further
investigations need to be carried out in this direction.

Tables 6 and 7 present the comparison of WSGA and
WSPSO on standard DFG benchmarks. Whereas Table 6
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Table 7: Metrics evaluating closeness to the Pareto optimal front
for IIR benchmark for WSGA and WSPSO.

Performance metrics WSGA WSPSO

Error ratio 1 1

Generational distance 2.09 3.02

Maximum pareto optimal front error (MFE) 81 43.02

Spacing 2.73 0

Spread 1.56 1

Weighted metric 1.82 2.04

compares average values of power, area, and delay and
execution times, Table 7 lists out the performance metrics [6]
that indicate the quality of the solutions obtained in terms
of diversity and closeness to the true Pareto front. This is
assessed by generating the true Pareto front using exhaustive
search and comparing the Rank I solutions obtained from
the algorithm with the true Pareto front as described in
Section 8.3. Low values for each metric indicate a higher
degree of diversity and closeness to the Pareto front.

From Table 6, it can be observed that the results for
WSPSO are comparable with WSGA for the area, delay,
and power values whereas WSPSO exhibits an average
improvement of 26.19% in the execution times. Thus there
is scope for improvement in the WSPSO methodology by
enhancing the search method without an adverse impact on
execution times. However WSPSO, as in the case of WSGA,
fares poorer than NSGA II in terms of solution spread,
diversity, closeness to Pareto front, and execution times.

Average measurements are not indicative of the ability of
the algorithm to search the entire multi-objective solution
space. The diversity of solutions and optimality in terms
of closeness to the true Pareto front are also indicators of
algorithm efficiency. The performance metrics [6] described
in Section 8.2 evaluated for WSGA as well as WSPSO are
listed in Table 7. The error ratio is the same for both
algorithms. WSPSO fares slightly better in yielding uniformly
spaced solutions with better diversity as evidenced by the
lower values of spacing and spread for WSPSO. However,
the generational distance metric is higher for WSPSO. Thus
a higher generational distance metric coupled with a lower
MFE indicates that Rank I individuals have more or less
uniform separation from the true Pareto front. This is
corroborated by the lower values for spacing and spread
mentioned earlier.

9. Conclusions and Future Work

A framework for applying multi-objective evolutionary
techniques for multi-objective power, area, and delay opti-
mization for the datapath scheduling problem in High Level
Synthesis is presented. The methodology has been applied
to the NSGA II algorithm and considerable improvement in
runtimes and solution quality is demonstrated compared to
a Weighted Sum GA approach by evaluating the technique
on standard DFG benchmarks. Thus the technique will be
effective as a tool for design space exploration during DFG
synthesis. The methodology has been extended to Weighted

Sum PSO and preliminary results indicate that WSPSO
is faster than WSGA with potential for improvement in
solution convergence and quality. The following conclusions
can be drawn from the analysis of the WSGA, NSGA II, and
WSPSO algorithms.

(i) NSGA II exhibits the best solution quality among
all the techniques analyzed and fastest execution
times and emerges as the best approach among the
three methods compared from the point of view of
efficient design space exploration. This is in line with
expectations since NSGA II incorporates features for
ensuring diversity and convergence to the Pareto
front. The method for identifying non-dominated
solutions is computationally fast thus resulting in the
reduced runtime.

(ii) WSPSO is computationally simple and exhibits lesser
run time compared to WSGA since the evolution
process does not involve crossover and mutation
which are computation intensive.

(iii) However, WSPSO may not be an alternative to NSGA
II unless the solution quality is improved by incorpo-
rating some hybrid approaches like interweaving with
Simulated Annealing as reported in [16]. This aspect
needs to be investigated and will be part of the future
work.

(iv) True Multi-objective PSO (MOPSO) techniques have
been proposed such as the works reported in [9,
11]. This will be adapted for the HLS scheduling
problem and the performance vis-à-vis NSGA II will
be studied.

(v) The solutions obtained by WSPSO, WSGA, and
NSGA II will be synthesized to a target library and the
trends predicted by the DFG metrics used in the cost
functions with actual estimates from postbinding
synthesis results will be compared.
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As feature size is much smaller than the wavelength of illumination source of lithography equipments, resolution enhancement
technology (RET) has been increasingly relied upon to minimize image distortions. In advanced process nodes, pixelated mask
becomes essential for RET to achieve an acceptable resolution. In this paper, we investigate the problem of pixelated binary
mask design in a partially coherent imaging system. Similar to previous approaches, the mask design problem is formulated as
a nonlinear program and is solved by gradient-based search. Our contributions are four novel techniques to achieve significantly
better image quality. First, to transform the original bound-constrained formulation to an unconstrained optimization problem,
we propose a new noncyclic transformation of mask variables to replace the wellknown cyclic one. As our transformation is
monotonic, it enables a better control in flipping pixels. Second, based on this new transformation, we propose a highly efficient
line search-based heuristic technique to solve the resulting unconstrained optimization. Third, to simplify the optimization, instead
of using discretization regularization penalty technique, we directly round the optimized gray mask into binary mask for pattern
error evaluation. Forth, we introduce a jump technique in order to jump out of local minimum and continue the search.

1. Introduction

For modern very large-scale integration (VLSI) design, the
traditional VLSI physical design problems (e.g., floorplan-
ning [1–3], clustering [4, 5], placement [6], and routing)
used to play the critical role on coping with the ever-
increasing design complexity. However, as semiconductor
manufacturers move to advanced process nodes (especially
45 nm process and below), lithography has become a greater
challenge due to the fundamental constraints of optical
physics. Because feature size is much smaller than the
wavelength of illumination source (currently 193 nm), the
image formed on wafer surface is distorted more and
more seriously due to optical diffraction and interference
phenomena. The industry has been investigating various
alternatives (e.g., EUV lithography, E-beam lithography), but
none of them is ready in the foreseeable future. As a result,
semiconductor manufacturers have no choice but to keep
using the existing equipments in patterning the progressively
smaller features.

Given the limitation of lithography equipments, res-
olution enhancement technology (RET) such as optical
proximity correction (OPC), phase shift mask (PSM), and
double patterning has been increasingly relied upon to
minimize image distortions [7]. In recent years, pixelated
mask, which allows great flexibility in the mask pattern, has
become essential for RET to achieve better resolution.

For the design of pixelated mask, the most popular and
successful approach is to formulate it as a mathematical
program and solve it by gradient-based search [8–14].
Granik [8] considered a constrained nonlinear formulation.
Poonawala and Milanfar [9, 14, 15] proposed an uncon-
strained nonlinear formulation, and employed a regulariza-
tion framework to control the tone and complexity of the
synthesized masks. Ma and Arce [11, 16] presented a similar
unconstrained nonlinear formulation targeting PSM. Ma
and Arce [12, 16] focused on partially coherent illumination
and used singular value decomposition to expand the
partially coherent imaging equation by eigenfunctions into a
sum of coherent systems (SOCSs). All works discussed above



2 VLSI Design

utilized the steepest descent method to solve the nonlinear
programs. Ma and Arce [10] demonstrated that the conju-
gate gradient method is more efficient. The work of Yu and
Pan [17] is an exception to the mathematical programming
approach Instead, a model-based pixel flipping heuristic is
proposed.

In this paper, we focus on the design of pixelated binary
mask in a partially coherent imaging system (the techniques
proposed in this paper can all be easily extended to PSM
and other imaging systems). Similar to previous approaches,
we formulate the problem as an unconstrained nonlinear
program and solve it by iterative gradient-based search. The
main contributions of this paper are listed below.

(i) To transform the problem formulation from a
bounded optimization to an unconstrained one, we
propose a new noncyclic transformation of mask
variables to replace the widely used cyclic one. Our
transformation is monotonic and allows a better
control of flipping pixels.

(ii) Based on this new transformation, we present a
highly efficient line search-based technique to solve
the resulting unconstrained optimization. Because
of the non-cyclic nature of the transformation, the
solution space is not so rugged. Therefore, our
algorithm can find much better binary masks for the
inverse lithography problem.

(iii) A jump technique: as gradient-based search tech-
niques will be trapped at a local minimum, we intro-
duce a new technique named jump in order to jump
out of the local minimum and continue the search.

(iv) We apply a direct rounding technique to regularize
gray masks into binary ones instead of adding a dis-
cretization regularization penalty to the cost function
as in [14] and [16]. This simplifies the computation
and achieves better results as the experiment results
show.

The rest of this paper is organized as follows. The
formulation of the inverse lithography problem is explained
in Section 3. Section 4 describes in details the flow of our
algorithm and the four novel techniques that we proposed.
Section 5 presents the experimental results. The paper is
concluded in Section 6.

2. New Algorithmic Technique Used

The inverse lithography technique for mask design has been
proposed in [8, 15] in 2006 and has been widely discussed
in recent years as semiconductor manufacturers move to
advanced process nodes. But so far, there is not an effective
search method proposed because of the complicated solution
space of this problem. We introduce a novel transformation
for mask pixel, which enables an effective line search
technique.

3. Problem Formulation

In an optical lithography system, a photo mask is projected
to a silicon wafer through an optical lens. An aerial image
of the mask is then formed on the wafer surface, which
is covered by photoresist. After developing and etching, a
pattern similar to the one on the mask is formed on the
wafer surface. To simulate the pattern formation on the wafer
surface for a given mask, we first describe below a projection
optics model and a photoresist model. After that, we present
the formulation of the mask design problem.

3.1. Projection Optics Model. The Hopkins diffraction model
[13] is widely used to approximate partially coherent optics
systems. To reduce the computational complexity of the
Hopkins diffraction model, the Fourier series expansion
model [18] is a common approach. In this paper, we followed
this model.

The Fourier series expansion model approximates the
partially coherent imaging system as a sum of coherent
system (SOCS). Based on this model, the computation of
the aerial image I of a pixelated mask M is given in (1) and
illustrated in Figure 1. Here, the dimensions of the pixelated
mask and the image are m × n. The illumination source is
partitioned into N × N sources. u and are the Fourier series
coefficients and spatial kernels, respectively:

I(M) =
N·N∑
p=1

up

∣∣∣hp ⊗M
∣∣∣2
. (1)

Note that the convolution h ⊗ M can be achieved in
frequency domain using fast Fourier transform F F T and
inverse fast Fourier transform F F T −1 as shown in the
following:

I(M) =
N·N∑
p=1

up

∣∣∣F F T −1
{
F F T

(
hp

)
·F F T (M)

}∣∣∣2
.

(2)

3.2. Photoresist Model. To model the reaction of the pho-
toresist to the intensity of light projected on it, we use the
constant threshold model as follows

zi =
{

0 if Ii ≤ tr ,

1 if Ii > tr ,
(3)

where Ii and zi are the light intensity and the corresponding
reaction result of the photoresist at pixel i on the wafer
surface, respectively, and tr is the threshold of the photoresist.

Thus, the pattern z formed on the wafer surface can be
expressed as a function of the mask M based on (2) and
(3). In order to make z differentiable so that gradient-based
search can be applied, we approximate the above constant
threshold model with the sigmoid function

sigmoid(x) = 1
1 + e−a(x−v)

, (4)

where the parameter a determines the steepness of the
sigmoid function around x = v. The larger value of a is,
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Figure 2: The sigmoid function with a = 10 and v = 0.

the steeper and hence the closer to the constant threshold
model the sigmoid function will be. The sigmoid function
with a = 10, v = 0 is illustrated in Figure 2.

Using the sigmoid function, the reaction of the photore-
sist at pixel i for a mask M is

zi(M) ≈ 1
1 + e−a(Ii(M)−tr )

. (5)

3.3. Our Inverse Lithography Problem Formulation. Inverse
lithography treats mask design as an inverse problem of
imaging. Given a target pattern ẑ, the problem is to find a
mask M∗ such that the corresponding pattern z(M∗) on the
wafer surface is as close to ẑ as possible [19].

The error between the target pattern ẑ and the generated
pattern z(M) for any mask M is commonly defined as

E(M) =
m·n∑
i=1

(ẑi − zi(M))2. (6)

So the inverse lithography problem is formulated as

M∗ = arg min∀i,Mi∈{0,1}E(M). (7)

Combining (5) and (6) with (7), the problem is written
as

M∗ = arg min∀i,Mi∈{0,1}
m·n∑
i=1

(
ẑi − 1

1 + e−a(Ii(M)−tr )

)2

, (8)

where Ii(M) is the light intensity at pixel location i calculated
by (2).

4. Line Search-Based Inverse
Lithography Technique

As the value of each pixel Mi should be 0 or 1, the inverse
lithography problem is an integer nonlinear program. To
make it easier to solve, a common approach is to relax
the integer constraints to 0 ≤ Mi ≤ 1 for all i [8–12,
14]. Therefore, the problem becomes a bounded non-linear
program. To further simplify the program, it is also common
to convert it into an unconstrained non-linear program [8–
12, 14]. It is achieved by a transformation Mi = T(βi) which
maps an unbounded variable βi into the range [0, 1]. (We will
discuss this transformation in Section 4.1.) The program is
then solved with respect to β’s domain.

This unconstrained non-linear program can be solved
by an iterative gradient-based search method. Starting from
some point β in the solution space, a search direction, which
can be decided based on the gradient of (6), is first found.
Then a step of a certain size along the search direction is
taken. Thus, a new point, which hopefully has less pattern
error, is reached. The search is repeated until the error cannot
be further reduced.

In this paper, we apply this iterative gradient-based
search method, which is outlined in Algorithm 1. Our
contributions are four novel techniques as described in
Sections 4.1, 4.2, 4.3, and 4.4 to reduce pattern error over
previous works.

In particular, we use the steepest descent method, that is,
the search direction is the negative of the local gradient of
(6). But our techniques are not limited only to the steepest
descent method. It should be applicable to other iterative
gradient-based search approaches like conjugate gradient
method.

4.1. Novel Transformation for Mask Pixel. As explained
above, to convert the inverse lithography problem into an
unconstrained optimization problem, we need a transforma-
tion T : R → [0, 1]. Then we can use an unbounded variable
βi to represent each pixel based on Mi = T(βi).

One such transformation is proposed by Poonawala and
Milanfar [14]:

Mi = 1 + cosβi
2

. (9)
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(1) Transform initial mask into β // Section 4.1
(2) Repeat
(3) Find the search direction d at β // Equation (12)
(4) Determine the step size S // Section 4.2
(5) βnew = β + S ∗ d
(6) Generate gray mask M = T(βnew) // Equation (11)
(7) // Round M to binary as described in Section 4.4
(8) Evaluate pattern error E(M) // Equations (2), (3), and (6)
(9) β = βnew

(10) Until pattern error is not improving

Algorithm 1: Generic framework for iterative gradient-based search. Note that specific details about our algorithm are given in the
comments.

This idea is widely adopted by later works [9–12]. We call it
the cosine transformation.

In gradient-based search, a line search along the search
direction is typically performed to determine the step size S
to get to a local minimum (step 4 in Algorithm 1). The line
search will be more effective if the function E(M) along the
search direction is smooth and, better yet, convex. However,
the cosine transformation is a cyclic function. It is clearly not
a one-to-one transformation. By increasing the value of βi,
Mi changes its value between 0 and 1 periodically. As a result,
when β is moving along any direction, E(M) may keep jump-
ing up and down as Mi keeps switching between 0 and 1.

To illustrate this, we consider the algorithm described
in Chapter 7 of Ma and Arce [16], which solved the same
problem formulation as our paper. It also applied the steepest
descent method, but it used the cosine transformation. The
pattern error function (6) is turned into the following:

E
(
β
) =

m·n∑
i=1

(
ẑi − 1

1 + e−a(
∑N·N

p=1 up|hp⊗((1+cosβ)/2)|2−tr )

)2

.

(10)

Using the software code and the target pattern (as shown
in Figure 3) provided by [16], when β is moved along the
negative gradient direction of (10), the function E(β) is
illustrated in Figures 4 and 5. It shows that the function
changes in a very chaotic manner. We have observed a large
number of experiments on different target patterns and
different current masks. The function E(β) always shows a
similar chaotic behavior. It makes line search very difficult.
In theory, the negative gradient points out the direction
for each pixel to be adjusted to achieve the minimal value
of pattern error. However, the gradient only provides the
direction of change at the local point. Because of the cyclic
property of (9), the pixels on the mask may be flipped to the
wrong direction if the step size S is not set appropriately. This
makes the gradient-based search method very ineffective. In
fact, the common practice in previous works [9–12, 14] is
to set the step size to some fine-tuned constant instead of
computed-by-line search.

Figure 3: Target pattern from [16] with 184× 184 pixels.

Figure 4: Pattern error based on cosine transformation.

We propose a new transformation for Mi based on the
sigmoid function (see (4)):

Mi = 1
1 + e−A(βi−TR) , (11)

where A is the steepness control parameter and TR specifies
the transition point of the function. A larger A will cause
the pixel values to be closer to 0 or 1. TR can be set to any
value and is set to 0 in this paper. We call this the sigmoid
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Figure 5: Enlarged version of Figure 4 with step size from = 0 to 25.

transformation. As the sigmoid transformation is a strictly
increasing function, when β is moved along any direction,
each mask pixel is flipped at most once.

Based on the sigmoid transformation, the gradient of (6)
is

∂E
(
β
)

∂β
= − a · A

⎧⎨
⎩
N·N∑
p=1

up

[(
hp ⊗M

)
	 (ẑ − z)	 z

	(1− z)
]
⊗ h∗Tp

⎫⎬
⎭

	M 	 (1−M)− a · A

·
⎧⎨
⎩
N·N∑
p=1

up

[(
h∗p ⊗M

)
	 (ẑ − z)	 z

	(1− z)
]
⊗ hTp

⎫⎬
⎭

	M 	 (1−M),

(12)

where 1 = [1, . . . , 1]T ∈ Rm×n, 	 is the element-by-
element multiplication operator, and h∗p is the conjugate
of hp. We have performed a large number of experiments
on different target patterns and different current masks.
When β is moved along the negative gradient direction,
the function E(β) is almost always unimodal. One typical
example is shown in Figures 6 and 7. (Note that not every
pixel can be flipped along the negative gradient direction, as
we will explain in Section 4.2.) This makes it feasible to apply
line search to heuristically minimize the pattern error. Note
that gradient calculation is very expensive due to the four
convolutions in (12). Hence, once a gradient is calculated, it
is desirable to perform line search to minimize the pattern
error as much as possible in order to reduce the number
of iterations (i.e., gradient calculations) of the gradient-
based search algorithm. As Figure 7 shows, by performing
line search along the negative gradient direction, the image
pattern error can be effectively reduced from around 3600 to
below 3100 in one iteration.
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Figure 6: Pattern error based on sigmoid transformation.
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Figure 7: Enlarged version of Figure 6 with percentage from 5.1%
to 9.0%.

4.2. Highly Efficient Line Search Technique. In this section, we
present a highly efficient line search technique to determine
the step size in step 4 in Algorithm 1 to minimize pattern
error. We observe that in each iteration, the shape of the
function E(β) along the direction of the negative gradient is
almost always like the curve shown in Figure 6. We employ
golden section method for line search. Golden section search
is an iterative technique which successively narrows the
search range.

Because the final optimized mask should be a binary one,
we need to round the gray mask, which is given by (11), to
binary according to some rounding threshold tm. In other
words,

M
binary
i

(
βi
) =

{
0, Mi

(
βi
)
< tm,

1, Mi
(
βi
) ≥ tm,

(13)

where Mbinary is the resulting binary mask. Here, we simply
set tm to 0.5.

When moving along the negative gradient direction, as
the value of each pixel Mi is changed monotonically due to
our new transformation, we can easily control the number of
pixels flipped (i.e., changed from below tm to above tm or vice
versa) during line search. This idea is explained below.
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Given the current mask specified by β and the negative
gradient direction d, (11) can be written as a function of S as

Mi(S) = 1
1 + e−A(βi−S×di−TR) . (14)

By substituting (14) into (13) and rearranging, we get the
following

if di ≥ 0,

M
binary
i (S) =

{
0, S > Si,

1, S ≤ Si,
(15)

if di < 0,

M
binary
i (S) =

{
0, S < Si,

1, S ≥ Si,
(16)

where

Si = βi −
(
lg(1/tm − 1)/ − A

)− TR

di
(17)

is the threshold on step size for flipping pixel i. At the current
mask, if a pixel’s value is less than tm and its negative gradient
is positive, or if a pixel’s value is larger than tm and its
negative gradient is negative, then the pixel will be flipped
when we apply a step size S larger than Si. Other pixels are
unflippable no matter how large step size S we use. So it
is easy to determine how many pixels can be flipped. To
control the number of pixels flipped during golden section
search, we first mark all flippable pixels along the negative
gradient direction. Then we calculate the threshold on step
size, Si, for each flippable pixel i. By sorting these thresholds
from smallest to largest, the number of pixels flipped can be
controlled by setting the value of S. For example, by using the
50th value of the sorted thresholds as the step size S, 50 pixels
will be flipped along the negative gradient. In golden section
search, the minimum and maximum sorted thresholds can
be used to define the search region. In this paper, we use a
segment in the region from the minimum to the maximum
sorted thresholds as our search region. The details will be
discussed in Section 5.

4.3. Jump Technique. Because of the noncyclic nature of our
transformation, the solution space is not so rugged. But
it is still extremely complicated with many local minima.
As gradient-based search techniques will be trapped at a
local minimum, we introduce a new technique named jump
in order to jump out of the local minimum and continue
the search. During the line search process, if the algorithm
cannot find a better solution along the search direction
(i.e., gets trapped at some local minimum), instead of
terminating, it will jump along the search direction with
a large step size to a probably worse solution. Then the
algorithm will continue the gradient-based search starting
from the new solution. If the step size is large enough, it is
likely that the algorithm will not converge to the previous

local minimum. At the end, the algorithm will return the best
local minimum that has been found. For example, if 2 jumps
happened, there would be 3 local minima, the first one was
found without jump, and the other 2 were found by 2 jumps.
Our program keeps recording the local minima and returns
the best one at last.

4.4. Direct Rounding of Gray Mask. In order to apply
gradient-based approach, it is unavoidable to relax the
integer constraints. As a result, the optimized mask becomes
a gray one. Because our goal is to generate a binary mask,
the optimized gray mask has to be rounded to a binary
one at last. A regularization framework was proposed in
[14, Section IV.A] and also in [16, Chapter 6.1] to bias the
output gray mask to be closer to binary. This regularization
approach adds to the objective function (i.e., (6)) a quadratic
penalty term for each pixel. However, it is still hard to
control the change in the image pattern error caused by
the rounding of the gray mask at the end. The optimized
gray mask may achieve a low pattern error. However, after
rounding the gray mask into binary, the pattern error often
increases dramatically. Instead of using the quadratic penalty
regularization framework, we propose to directly round the
optimized gray mask into a binary one in each iteration
before evaluating the pattern error. In this way, we simplify
the objective function and also guarantee that our search will
not be misled by inaccurate pattern error values. we observed
that it works well based on our experiments.

5. Experimental Results

We compare an implementation of our algorithm with the
program developed by Ma and Arce [16]. Both of the pro-
grams are coded in Matlab and executed on an Intel Xeon(R)
X5650 2.67 GHz CPU. The Matlab program of Ma and Arce
[16] is public, and we downloaded it from the publisher.
The runtime reported is CPU time, and the programs are
restricted to use a single core when running in Matlab.

In [16], the program uses cosine transformation and a
preset step size of 2. Besides, it applies regularization with a
quadratic penalty term as mentioned in Section 4.4. Isolated
perturbations, protrusions, and so forth are very hard to be
written by the mask writer, so in [16], it also applies another
regularization called complexity penalty term, which restricts
the complexity of optimized binary mask. The details can be
found in [14, Section IV.B] and also in [16, Chapter 6.2].
To have a fair comparison, we followed previous works and
our program applies the complexity penalty regularization
too. But as we mentioned in Section 4.4, our program does
not apply the quadratic penalty regularization but directly
rounds the optimized gray mask into a binary one instead
whenever pattern error is evaluated. In [16], the stopping
criteria of gradient-based search is set in an ad hoc manner
according to the target pattern. In order to fairly compare the
two programs on various masks, the same stopping criteria
are applied to both programs. The criteria are that if the
average pattern error over the last 30 iterations is larger than
the average pattern error over the 30 iterations before that,
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Table 1: Pattern and runtime comparison between [16] and ours.

No. Mask size
(pixel)

Pixel size
(nm)

Feature size
(nm)

Pattern error Runtime (s)

[16] (%) [16] with our runtime (%) Ours [16] (%) Ours

1 184 × 184 5.625 45 1512 (9.88) 1566 (13.81) 1376 192 (−49.61) 381

2 400 × 400 5.625 45 3308 (24.17) 3780 (41.89) 2664 13337 (13.24) 11778

3 2000 × 2000 5.625 45 108144 (8.55) 109267 (9.68) 99624 17918 (−0.38) 17986

4 2000 × 2000 5.625 45 61350 (10.72) 66516 (20.05) 55409 12457 (19.81) 10397

5 4000 × 4000 5.625 45 58410 (198.39) 58410 (198.39) 19575 78652 (16.34) 67603

6 2000 × 2000 4 32 101785 (75.18) 102100 (75.72) 58104 49333 (13.45) 43485

7 2000 × 2000 4 32 64252 (39.49) 75300 (63.47) 46063 51856 (−21.57) 66117

8 4000 × 4000 4 32 148356 (358.80) 148420 (358.99) 32336 62008 (43.35) 43255

9 4000 × 4000 4 32 52160 (153.30) 52160 (153.30) 20592 71489 (5.77) 67588

Average 97.61 103.92 4.49

(a) Optimized binary mask of [16] (b) Our optimized binary mask

(c) Image pattern of optimized binary mask of [16], error =
1512

(d) Image pattern of our optimized binary mask, error = 1376

Figure 8: Comparison of optimized binary mask and pattern error for target pattern no. 1.
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Figure 9: The convergence curve for target pattern no. 1.

1100

1600

2100

2600

3100

3600

4100

4600

5100

0 100 200 300 400

Im
ag

e 
pa

tt
er

n
 e

rr
or

Runtime (s)

Ours
[16]’s

Figure 10: The convergence curve for target pattern no. 6.

the program will stop. For evaluation of pattern error in
both programs, in each iteration, the optimized gray mask
is rounded using (13). We use the same convolution kernel h
as the Matlab program of [16].

For the photoresist model, we use a = 25 and tr = 0.19
for the sigmoid function in (5). For the transformation of
mask variables from β, we use A = 4 and TR = 0 for the sig-
moid function in (11). The threshold tm in (13) is set to 0.5.

Based on our observation of many experiments, for the
first iteration of gradient-based search, the minimum pattern
error can almost always be achieved by flipping less than
10% of all pixels. One example is showed in Figures 6 and
7, where the minimum pattern error is at about 7.7%. Then
in the later iterations, this region remains nearly the same or
keeps shrinking. So for the first 2 iterations, we set the initial
search region of golden section search to be the region in
which the first 10% of overall pixels can be flipped along the
negative gradient direction. Our program keeps recording
the minimum location which is found in each iteration to
guide the search region for the next iteration. For example,
if in the current iteration, the minimum error is found at
5% of the overall pixels flipped, to be on the safe side, the
search region of the next iteration will be automatically set
as 1.5 times of 5%, which is 7.5%, of the pixels flipped. To
prevent this search region from shrinking too small, we set a
minimum as 2%. For the stop criteria of the golden section
search, we set it as 0.25%, which means that when the search
region shrinks to or below 0.25%, our program will stop
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Figure 11: The convergence curve for target pattern no. 7.

searching. As mentioned above for the jump technique, if
our program cannot find a better solution along the search
direction until it stops searching (i.e., gets trapped at some
local minimum), our program will take the best solution,
except the starting point of that line search, as a new solution,
although it is a worse solution. This means one jump.

The comparisons of pattern error of optimized binary
masks and runtime between our program and that of [16]
are shown in Table 1. We use 9 binary image patterns as
predefined targets. The outer and inner partial coherence
factors for 184 × 184 target pattern are set to 0.4 and 0.3,
respectively; for 400× 400 target pattern, are set to 0.975 and
0.8, respectively; for all 2000 × 2000 target patterns, are set
to 0.3 and 0.299, respectively; and for all 4000 × 4000 target
patterns, are set to 0.2 and 0.1995, respectively.

The pattern errors reported are calculated according
to the best binary mask generated for both programs.
All gradient-based methods strongly depend on a starting
solution. We followed the previous works and used the target
as the starting point to search. The runtimes listed in the last
two columns are based on the stopping criteria mentioned
above. As the table shows, our program always generates
better optimized binary mask which has significantly less
pattern error. The pattern errors of [16] are higher than ours
by 8.55% to 358.80%, with an average of 97.61%. Moreover,
the programn of [16] uses 4.49% more runtime than our
program on average.

We report the pattern error of the final binary mask
generated for the program of [16] with our program’s
runtime in column 6 of the table. For target patterns no. 1,
no. 3 and no. 7, the program of [16] stops earlier than ours.
To see if the program of [16] will converge to better solutions
if more runtime is allowed, we change the stopping criteria
to let it run until the same runtime as that of our program.
The result shows that the error gets worse in all 3 cases. If the
pattern error of the best binary mask generated is reported
instead, the result will be exactly the same as in column 5. It
indicates that the program fails to get out of the local minima
even with more time.

Target pattern no. 1 is obtained from [16]. We illustrate
the optimized binary masks and the corresponding image
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patterns for both programs in Figure 8. The pattern error
convergence curves are shown in Figure 9.

More pattern error convergence curves are shown in Fig-
ures 10 and 11 for target patterns no. 6 and no. 7, respectively.

Because the program we obtained from [16] is fine-tuned
for the target pattern no. 1 which is also obtained from [16],
the experiment result of our algorithm is not so much better
than that of [16]. However, based on the experiment results
of other target patterns which cover multiple mask sizes, pixel
sizes, and feature sizes, our algorithm has an overwhelming
advantage due to the application of line search engine which
is enabled by our novel transformation of mask pixel. Based
on the observation of Figures 10 and 11, the program of
[16] is very easy to be trapped because line search is not
applied and a fixed step size is used. On the other hand,
benefited from line search and jump technique, our program
has better performance. Even if our program is trapped,
the jump technique enables the algorithm to jump out and
continue the search.

6. Conclusion

In this paper, we introduced a highly efficient gradient-
based search technique to solve the inverse lithography
problem. We proposed a new noncyclic transformation of
mask variables to replace the well-known cyclic one. Our
transformation is monotonic, and it enables a much better
control in flipping pixels and the use of line search to
minimize the pattern error. We introduced a new technique
named jump in order to jump out of the local minimum and
continue the search. We used direct rounding technique to
simplify the optimization. The experimental results showed
that our technique is significantly more effective than the
state of the art. It produces better binary masks in a similar
runtime. The four techniques we proposed should be appli-
cable to other iterative gradient-based search approaches, like
the conjugate gradient method. We plan to incorporate our
techniques into other search methods in the future.
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