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1. Introduction

Automation has played a key role in the development of
new technologies and in the maturation and improvement
of existing ones. Automatic control launched its development
with electronic devices since the mid-twentieth century, but
many of the key mathematical tools for dynamic analysis
and control synthesis were developed much earlier. It was
necessary to join the mathematics with the electronics and
other related areas such as simulation and modeling to raise
this promising, now essential area of knowledge.

The number of automatic processes applied to vehicles
and transportation systems has increased dramatically in
recent years due to the growing urge of environmental-
friendly and autonomous transportation. As technology
advances, more complicated mathematical problems have to
be solved in order to satisfy the increasing astringent expec-
tations on safety, reliability, and performance of vehicular
systems.

Our intention with this special issue was to provide an
opportunity for researchers to share their latest theoretical
and technological achievements in control, modeling, and
analysis of vehicular systems and to become a forum to
contribute, from amathematical point of view, to the solution
of some of the challenges that the development of new trends
of transportation has arisen.

This special issue focuses on the state-of-the-art research
and development in the areas of control and analysis of

transportation systems as well as in current trends as, for
example, transportation electrification, vehicular commu-
nication systems, and driver assistance applications. For
this special issue, we received many submissions and after
conducting a rigorous review process, we have accepted only
11 high-quality papers.

The articles in this special issue are classified into three
topics: those related to stabilization and control of vehicular
systems, which concern either with control synthesis and
stabilization capabilities of controllers of vehicular systems
or dealing with vehicular related applications, for example,
a haptic steering by wire system based on high gain GPI
observers, the application of a dynamic surface control to
lateral vehicle control, or a vehicular wireless communication
problem solved from a control point of view.

The second topic in this issue regards the application of
analysis or numerical methods to vehicular problems, among
these we can cite a sound signal processing algorithm for
vehicular-type recognition or an approximation to the vehicle
routing problem using an ant colony algorithm. Finally, the
third topic regards transportation electrification problems,
which concern modeling or control problems related to
the electrification of vehicles, for example, the development
of control strategies for energy management of an hybrid
electric bus.

In the rest of this document we give a short description of
the papers in this special issue. We sincerely hope that this
special issue serves as a reference for research in the area
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of applied mathematics to transportation and provides an
incentive to attract talentswhich contribute to this fascinating
area.

2. Stability and Control of Vehicular
or Vehicular-Related Systems

One of the topics covered in this special issue is related to
the control and stabilization of vehicular systems, including
theoretical analysis of stabilization and its use in the solution
of vehicle related problems. There are six papers related to
this topic. The paper entitled “Analysis and optimization of
resource control in high-speed railway wireless networks” by S.
Xu et al. studies the joint optimal design of admission control
and resource allocation for multimedia services delivery in
high-speed railway wireless networks. Its main contribu-
tion is to propose a stochastic optimization framework for
transmission, which focuses on the joint admission control
and resource allocation problem under an average power
constraint. Using virtual queues, the joint admission control
and resource allocation problem, originally formulated as a
stochastic optimization problem, is transformed into a queue
stability problem.

On the other hand, the transformed problem is decom-
posed into three subproblems: admission control, utility
maximization, and resource allocation. The use of the drift-
plus-penalty approach transforms the resource allocation
problem into a single variable problem, which is used to
develop a distributed dynamic packet loading algorithmwith
guaranteed global optimality. To the best of our knowledge,
it is the first time that the Lyapunov optimization theory is
extended into the HSR wireless networks.

Another paper of this topic is “Stability of gain scheduling
control for aircraft with highly nonlinear behavior” by F.
Mendez-Vergara et al. The main goal of this work is to
study the stability properties of an aircraft with nonlinear
behavior. The problem of body stabilization and attitude
control is solved using a piecewise linear output feedback
and asymptotical stability of the task coordinates origin and
safety of the operation in the entire flight envelope. The
paper departs from a general description of the aircraft
that uses piecewise nonlinear models. This paper has two
main contributions: firstly, to deal with nonlinearities of the
description of the aircraft from a unified point of view, in
which the effects of the parametric uncertainty, structural
uncertainty, and some control failures can be studied with a
single description and secondly, to propose relaxed switching
conditions for stability that can depend either on time,
output, or the entire state and they can be applied using a
supervisory structure which evaluates the satisfaction of the
stability conditions. The result proposed by the authors is
interesting since even if the behavior of the aircraft is highly
nonlinear, the controller can be synthesized using a piecewise
linear description of the system in a given operation points,
and the performance of the system can be set using a trade-off
between the size of integral terms and the size of the operating
domain.

On the other hand, in “A vehicle haptic steering by wire
system based on high gain GPI observers” by A. Rodriguez

Angeles et al., a vehicle steering by wire (SBW) haptic system
based on high gain generalized proportional integral (GPI)
observers is introduced. A steer-by-wire system is a modular
electric power assisted steering device with an absence of
steering column, steering shaft, or mechanical connection
between the steering wheel and the road wheel. SBW requires
control actions to steering tracking and the observers in this
paper are used for the estimation of dynamic perturbations
that are present at the tire and steering wheel. The estimated
dynamic effects and position tracking errors are feedback
yielding a master-slave haptic system with bilateral commu-
nication. The main contribution of this paper is to propose
a steering by wire (SBW) haptic system that requires the
nonlinear system input gain of the system and that uses only
encoders to feedback purposes. The tracking error between
the desired angle settled by the human operator, and the tire
orientation angle can be made arbitrarily small by a proper
gain selection. Using experiments, the authors show that the
controller is robust to uncertainty on the input gain and that it
is able to cancel dynamic perturbation effects such as friction
and aligning forces on the tire.

Along the line of developing controllers for advanced
driver assistance systems, there is the paper “Robust switched
predictive braking control for rollover prevention in wheeled
vehicles” byM. R. Licea and I. Cervantes.This paper proposes
a differential braking rollover mitigation strategy for wheeled
vehicles. Using a polytopic description of the vehicle that
includes suspension effects and translational and rotational
dynamics of the vehicle, the authors propose a velocity-
dependent domain partition and a predictive action for
preventing rollover. To predict the behavior of the vehicle,
the authors use a linear model and a low-order model
of the driver behavior. The proposed methodology, which
constitutes the main contribution of the paper, is adaptable
via switching actions, interfering with driver’s accelera-
tion/braking actions only when a risk of rollover is foreseen.
The proof of stability of the scheme is performed in two steps;
firstly, stability conditions for the hybrid closed-loop system
are derived with respect to a switching surface that depends
on norm of system states. Secondly, the authors prove that
the switching surface can be time varying, leading to a more
relaxed switching conditions by the use of prediction.

An interesting paper that performs an extension of
known control methodologies is the paper “Dynamic sur-
face control and its application to lateral vehicle control” by
B. Song et al. This paper extends the design and analy-
sis methodology of dynamic surface control (DSC) for a
class of nonlinear systems where the nonlinear functions
are included as forcing terms. In many applications such
as rotational mechanical systems, sinusoidal functions are
included in the equation of motions; however, when the
sinusoidal function is used as a forcing term for DSC,
the stability analysis is complicated by highly nonlinear
functions resulting from the low-pass filter dynamics. With
a modification of input variables to the filter dynamics,
the burden of mathematical analysis can be reduced and
stability conditions in linear matrix inequality are formed
to guarantee the quadratic stability. The illustration of this
proposed strategy is applied to lateral vehicle control for
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forward automated driving and backward parallel parking at
a low speed.

The last paper of this topic is “H∞ controller design for
asynchronous multirate sampled-data systems” by X. Sun and
W. Mao. Multirate sampled-data systems are the product
of different sampling rates of the signals of interest. In the
implementation of energy management strategies of hybrid
electrical vehicles, a hierarchical controller is designed to
perform the power split among the sources, but as the system
becomes large and complex, an unavoidable situation of
sensors and control inputs evolving at different sampling
rates may be present. In these cases, multirate sampled-
data systems are better choices for modeling in order to
improve the closed-loop performance. This paper proposes
an observer-based H∞ controller which guarantees that the
H∞ norm of the closed system is less than a given attenuation
level. To improve the performance further, the exogenous
signals sampled at different rates are lifted to an appropriate
signal rate, while the endogenous signals are not lifted to
avoid a causal constraint.The controller is obtained by solving
a matrix inequality.

3. Analysis and Numerical Methods
Applied to Vehicular Problems

Vehicle-type recognition, which can be used in intrusion
detection, transportation, and bordermonitoring amongoth-
ers, is a demanding application for wireless sensor networks.
Traditionally, sensor nodes detect and recognize vehicles
from their acoustic or seismic signals using wavelet based or
spectral feature extraction methods. However, such methods
are demanding in computational power and energy and are
difficult to implement on low cost sensor nodes with limited
resources. In “Vehicular type recognition in sensor networks
using improved time encoded signal processing algorithm” by
Y. Wang et al., the use of time encoded (acoustic) signal
processing algorithm for vehicle recognition is investigated.
An improved time encoded signal processing is proposed
as the feature extraction method according to the charac-
teristics of the vehicle sound signal. Recognition procedure
is accomplished using a support vector machine and a k-
nearest neighbor classifier. The authors validate their pro-
posed methodology using experimental results and illustrate
that the ITESP features have a better performance compared
with the conventional TESP methodologies.

On the other hand, a paper that looks into the path
planning of an emergency rescue vehicle in an interesting
way is “An improved ant colony algorithm and its application
in vehicle routing problem” by M. Huang and P. Ding. The
vehicle routing problem is defined as a transportation and
a distribution problem with the constrained of vehicle load,
travel time, or distance. In this paper, an ant colony opti-
mization algorithm is applied to the optimal path planning
of an emergency rescue vehicle. With respect to existing
methodologies, the proposed algorithm uses a new transition
probability function adding the angle factor function and
visibility function, while setting penalty function in a new
pheromone updating model to improve the accuracy of

the route searching.The results presented by the authors show
that the proposed method is better than the traditional ant
colony algorithm for vehicle routing path planning and that
the method can plan a more rational rescue path focused on
a real traffic situation.

Robust object detection and tracking is a major techno-
logical issue that has to be solved for vehicle automation, in
particular for automated steering and acceleration. In “Invari-
ant Hough random ferns for object detection and tracking” by
Y. Lin et al., a robust object detection methodology under
changes in object appearance, scale, partial occlusions, and
pose variation is proposed. The methodology incorporates
rotation and scale invariance into a local feature description,
random ferns classifier training, and Hough voting stages.
The contributions of the authors are three: the rotation
invariant local binary feature based on polar coordinates is
shown to be invariant to image rotation; the combined use
of Hough transform with random ferns classifier provides
object detection regardless of partial occlusions and nonrigid
deformations; and finally, a refined top-down segmentation
algorithm based on a clustering scheme is presented. The
authors show using experimental results that both object
segmentation and long-term object tracking are accurate and
robust in a variety of complex scenarios.

4. Transportation Electrification

J. Wang et al. in the paper “The development and verification
of a novel ECMS of hybrid electric bus” proposed an adaptable
equivalent consumption minimization strategy for a hybrid
electric bus, which coordinates the relationship between
the gear-shifting and motor assistance. The strategy also
performs drive cycle recognition to update the charge and
discharge coefficients in order to achieve better fuel economy
in each drive cycle. Hardware-in-the-loop tests in a series-
parallel hybrid electric bus show that the proposed method
can achieve significant fuel economy with respect to other
existing methodologies and provide new design ideas for the
gear-shifting rules. Finally, in “Sample-data modeling of a
zero voltage transition DC-DC converter for on-board battery
charger in EV” by T. R. Granados-Luna et al., a sample-
data model for a battery charger is proposed. The authors
analyze the idealized waveforms of the converter to perform
a dynamical analysis or the system; then a phase control
strategy is modelled to obtain a large-signal model of the
converter. Using this model, a half-cycle, sample-data linear
model is obtained, which helps to provide the small-signal
transfer functions of the converter.
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A vehicle steering by wire (SBW) haptic system based on high gain generalized proportional integral (GPI) observers is introduced.
The observers are considered for the estimation of dynamic perturbations that are present at the tire and steering wheel. To ensure
efficient tracking between the commanded steering wheel angle and the tire orientation angle, the estimated perturbations are on
line canceled. As to provide a haptic interface with the driver, the estimated dynamic effects at the steering rack are fed back to the
steering wheel, yielding a master-slave haptic system with bilateral communication. For implementation purposes few sensors and
minimum knowledge of the dynamic model are required, which is a major advantage compared to other approaches. Only position
tracking errors are fed back, while all other signals are estimated by the high gainGPI observers.The scheme is robust to uncertainty
on the input gain and cancels dynamic perturbation effects such as friction and aligning forces on the tire. Experimental results are
presented on a prototype platform.

1. Introduction

Automobile dynamics, safety, and comfort are taking a major
role in vehicle design [1]. The steering system, or rather the
interface between the driver and the vehicle, is becoming an
important part of automobile design tasks [2–4]. The basic
design of the automobile steering system has changed little
since the steering wheel invention. The driver commanded
direction is transmitted by a column or steering shaft, includ-
ing universal joints and gearboxes, to the front tires. Assisted
steering systems were introduced in 1950, with the hydraulic
power steering system. Since then, the assistance unit
has become standard inmodern vehicles.The steering system
complements the effort required by the driver to steer the
vehicle, by using hydraulic pressure. Meanwhile, electrical
assisted steering systems have been introduced recently,
which eliminate the requirement of a hydraulic pump or dim-
inish the required effort provided by the hydraulic power,
yielding electrohydraulic or electrical assistance to the steer-
ing rack [5, 6].

The steering systems can be classified into three main
groups:mechanical steering systems [7], hydraulic power and
electrohydraulic power systems, and electric power assisted
systems (EPAS) [8–10]. Among the EPAS, there is a new
technology called steering by wire (SBW), whose main char-
acteristic is to completely do away with as many mechanical
components (steering shaft, column, gear reduction mecha-
nism, etc.) as possible [11]; see Figure 1.

In general SBW systems exhibit several advantages, such
as the following.

(1) The absence of steering column simplifies the car
interior design.

(2) The absence of steering shaft, column and gear reduc-
tion mechanism, allows much better space utilization
in the engine compartment.

(3) The steering mechanism can be designed and
installed as a modular unit.

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2014, Article ID 981276, 14 pages
http://dx.doi.org/10.1155/2014/981276

http://dx.doi.org/10.1155/2014/981276


2 Mathematical Problems in Engineering

Steering wheel
actuator

𝜏r

𝜏�

Steering rack
actuator

(a)

Steering column

𝜏

(b)

Figure 1: (a) SBW; (b) conventional steering system.

(4) Withoutmechanical connection between the steering
wheel and the road wheel, it is less likely that the
impact of a frontal crash will force the steering wheel
to invade into the driver’s survival space.

(5) SBW system characteristics can easily be adjusted to
optimize the steering response and driving feeling [12,
13].

Therefore, SBW systems allow better structures for crash
energy absorption [14] and present benefits related to passen-
gers’ comfort and driver feeling.

While substituting conventional steering systems by SBW,
there is a major issue related to what the driver feels through
the steering wheel. The forces, torques, and driving condi-
tions transmitted by the steering wheel to the driver are
important for a proper and safe vehicle driving.Therefore, the
SBW must provide the driver the opportunity to “feel” what
the road driving conditions are, just as the steering column
does. As a consequence, the SBW mechanism must also
behave as a haptic device [13, 14].

Several dynamic models related to haptic SBW systems
are presented in the literature; see [13–16]. In these models,
uncertain and perturbation terms appear which affect the
dynamics and the behavior of the SBW. Phenomena such as
friction, damping, inertia, and aligning forces, among others,
are considered in the dynamic model. The influence of those
uncertain and perturbation terms is rather important to guar-
antee a good performance of the SBW and to provide a reli-
able feedback of the road and driving conditions to the driver.
Dynamic phenomena effects on the SBW are difficult to be
known with certainty due to the changing conditions on the
road and the driving, for example, speed, roadway texture,
tire wear, tire air pressure, and rain. For the purpose of esti-
mating the effects of such unknown perturbations, the use of
observers has been proposed [11, 17]. The implementation of
such observers often requires the use of specialized sensors,
such as GPS and INS, measurement of lateral acceleration
[12], and current and torque motors measurements [15].
Furthermore, most of the proposed observers highly rely on
complicated dynamic models of the phenomena that are
present in the steering system. Besides uncertainty on the
dynamics phenomena, there exists also the problem of model

changes in accordance with the driving conditions and the
wide variety of vehicle models [1, 16].

All that was previously described makes it difficult to
determine a precise mathematical model and a control strat-
egy for the SBW system. As a solution, model-free observers
might be considered for estimating unmodeled dynamics and
perturbations effects on SBW systems.

In this work a vehicle SBW system is proposed based on
high gain generalized proportional integral (GPI) observers.
The use of extended and high gain observers is rather com-
mon in active disturbance rejection control (ADRC), [18, 19],
and some applications of such approach can be revised in
[20–22].

In the proposed approach high gain GPI observer helps
in determining the effects of uncertain dynamics phenomena
and additive perturbations on the steering rack and tire, such
as continuous and discontinuous friction, aligning forces,
inertia effects, and damping. The purpose of the high gain
GPI observer is twofold: firstly to help a PD controller to
actively reject dynamic perturbations and secondly to provide
the forces and torques that are fed back to the driver through
the steering wheel, therefore closing a haptic loop. The
proposed approach is only based on angle position feedback;
therefore, it can be implemented with common low cost
encoder sensors as in the experimental platform here consid-
ered.

The proposed SBW system behaves as a self-contained
sensor for tire forces, since such forces directly influence
vehicle dynamics. Although all uncertainties and dynamic
perturbations are lumped into an estimated linear term, the
approach shows good performance and a proper estimation
of the combined dynamic effects that are present at the SBW
system. Experimental results on a real platform show good
agreement with the theoretical results, that allows concluding
convergence of the tracking and estimation errors to a small
vicinity around zero.

2. SBW Dynamic Model

When considering a vehicle dynamics there are several
involved phenomena, such as lateral and longitudinal forces,
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tire-road friction [16, 23]. A common approach on vehicle
modeling dynamics is the so-called bicycle model [12, 16, 24],
which considers the chassis. However for the purpose of this
paper and taking into account that the experimental platform
only considers one tire (half of the steering rack), only the
steering system dynamics is to be taken into account.

As result of the SBWdesign of the experimental platform,
the steering wheel system depicted in Figure 3 and the steer-
ing rack system in Figure 5 are very similar. Thus, based on
their similarities, the dynamicmodel of the steering rack sub-
system is obtained alike that of the steering wheel. But, at the
steering rack system the tire-road dynamic phenomena are
included, such as tire-road interaction and aligning forces.

For modeling, control, and implementation purposes
the SBW system might be viewed as a master-slave system
with bilateral communication. In such approach, the steering
wheel acts as a master subsystem, capturing the driver com-
manded steering angle, and the steering rack is seen as a slave
subsystem that has to track the operator commanded steer
angle. The bilateral communication implies that the steering
wheel sends the commanded angle to the steering rack, while
from the steering rack, dynamic effects are estimated and sent
to the steeringwheel subsystem. Furthermore each subsystem
is provided with a PD controller with active disturbance
rejection and high gain GPI observers. The overall system
thus conforms a bilateral control scheme as in [24].

2.1. Steering Wheel Subsystem. The dynamics of the steering
wheel (Figure 2) or master system are affected by physical
phenomena that are presented in its three fundamental com-
ponents: the wheel, the reduction gearbox, and the DCmotor
(Figure 3). In particular the DC motor is in charge of reflect-
ing to the driver the forces that are estimated by the high
gain GPI observer from the dynamical phenomena presented
on the steering rack and tire (slave subsystem). Uncertain
dynamic effects and perturbation on the wheel subsystem are
estimated by another high gain GPI observer and canceled
through a PD controller with disturbance rejection. Dynamic
effects on the steering wheel include discontinuous Coulomb
friction; other works such as [12, 24] considered that
Coulomb friction phenomena affect only the steering rack
and tire subsystem. However the use of a reduction gearbox
induces discontinuous friction phenomena, even dead zones
may occur depending on the reduction gear.

Figure 3 shows an equivalent mechanical-electrical dia-
gram of the steering wheel subsystem. It is shown how the
dynamics of its three components are interconnected. For the
electrical part the relevant parameters are 𝑉V the input volt-
age, 𝐿V armature inductance,𝑅V armature resistance, 𝑖V arma-
ture current, 𝑖

𝑓
current through the winding field, 𝑒V electro-

motive force, and 𝑘
2
electromotive force constant gain.Mean-

while, themechanical relevant parameters are𝜙V output angle
of the motor, 𝐽

1
inertia moment at the reduction input, 𝐵

1

damping coefficient at the reduction input, 𝐹
1
Coulomb fric-

tion coefficient at the reduction input, 𝑘
1
motor torque con-

stant gain, 𝜏V󸀠 motor torque, 𝐹
𝑇V Coulomb friction coefficient

at gearbox, 𝐵
𝑇V damping coefficient at gearbox, 𝐽

2
inertia

moment at the reduction output, 𝐵
2
damping coefficient at

𝜃�

𝜏�
𝜏�󳰀

𝜙�

Figure 2: Steering wheel subsystem.

the reduction output, 𝐹
2
Coulomb friction coefficient at the

reduction output, 𝜏V torque at the reduction output, 𝐶V wheel
Coulomb friction coefficient, 𝐵V wheel damping coefficient,
𝐽V wheel inertia moment, 𝑁V = 𝑁V1/𝑁V2 gearbox reduction
ratio, 𝑁V1 the number of teeth on the input gear, 𝑁V2 the
number of teeth on the output gear, and 𝜃V wheel angular
position.

For the electrical part of the steering wheel system, the
dynamic relation between the torque at the reduction output
𝜏V and the input voltage 𝑉V is given by

𝜏V =
𝑁V𝑘1

𝑅V
𝑉V (𝑡) −

𝑁
2

V𝑘1𝑘2

𝑅V

̇𝜃V. (1)

Meanwhile, taking into account the reduction gearbox,
the dynamic relation between 𝜏V and the wheel angular
position 𝜃V is represented by

𝜏V = 𝐽𝑇V
̈𝜃V + 𝐵𝑇V

̇𝜃V + 𝐹𝑇V sign ( ̇𝜃V) , (2)

where the equivalent coefficients of the reduction gearbox are
given by

𝐽
𝑇V = (

𝑁V2

𝑁V1
)

2

𝐽
1
+ 𝐽
2
,

𝐵
𝑇V = (

𝑁V2

𝑁V1
)

2

𝐵
1
+ 𝐵
2
,

𝐹
𝑇V = (

𝑁V2

𝑁V1
)

2

𝐹
1
+ 𝐹
2
.

(3)

Finally, taking into account (1) and (2) and the dynamic
effects of the steering wheel, it is obtained that the dynamic
model of the steering wheel subsystem is given by (4), with
𝐽V𝑒 = 𝐽V+𝐽𝑇V being the equivalent inertia of the steering wheel
system:

𝐽V𝑒
̈𝜃V + (𝐵𝑇V + 𝐵V)

̇𝜃V + (𝐹𝑇V + 𝐶V) sign ( ̇𝜃V)

=
𝑁V𝑘1

𝑅V
𝑉V (𝑡) −

𝑁
2

V𝑘1𝑘2

𝑅V

̇𝜃V.

(4)
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Figure 3: Equivalent mechanical-electrical diagram of the steering wheel subsystem.

2.2. Steering Rack Subsystem and Tire Dynamics. Figure 4
shows the steering rack and tire subsystem (slave subsystem),
while a schematic diagram is presented in Figure 5, where the
main components (tire, reduction gearbox, and DC motor)
are represented by its electrical andmechanical counterparts.
Notice the similarities between the steering wheel subsystem
depicted in Figure 3 and the steering rack subsystem in
Figure 5.Thus, based on their similarities, the dynamicmodel
of the steering rack subsystem is obtained alike that of the
steering wheel. However, because the tire-road interaction,
there are dynamic effects such as friction and aligning forces
that must to be considered [16, 17]. Also longitudinal forces
affect the tire dynamics, but at this point, such forces are
disregarded and would be further included when vehicle
chassis is to be considered.

From Figure 5 and by taking into account the electrical
and mechanical parameters, the dynamic model of the steer-
ing rack and tire subsystem is obtained as given by (5). The
aligning forces at the tire, also referred to as self-aligning
forces in the literature, are represented by 𝜏SAT. Meanwhile,
the relevant electrical parameters inmodel (5) are𝑉

𝑟
the input

voltage, 𝐿
𝑟
armature inductance, 𝑅

𝑟
armature resistance, 𝑖

𝑟

armature current, 𝑖
𝑓
current through the winding field, 𝑒

𝑟

electromotive force, and 𝑘
2
electromotive force constant gain.

For themechanical part, the parameters are𝜙
𝑟
output angle of

the motor, 𝐽
𝑎
inertia moment at the reduction input, 𝐵

𝑎

damping coefficient at the reduction input, 𝐹
𝑎
Coulomb fric-

tion coefficient at the reduction input, 𝑘
1
motor torque con-

stant gain, 𝐹
𝑇𝑟

Coulomb friction coefficient at gearbox, 𝐵
𝑇𝑟

damping coefficient at gearbox, 𝜏
𝑟
󸀠 motor torque, 𝐽

𝑏
inertia

moment at the reduction output, 𝐵
𝑏
damping coefficient at

the reduction output, 𝐹
𝑏
Coulomb friction coefficient at the

reduction output, 𝜏
𝑟
rack torque, 𝐶

𝑟
rack Coulomb fric-

tion coefficient, 𝐵
𝑟
rack damping coefficient, 𝐽

𝑟
rack inertia

moment, 𝑁
𝑟
= 𝑁
𝑟1
/𝑁
𝑟2

gearbox reduction ratio, 𝑁
𝑟1

the
number of teeth on the input gear, 𝑁

𝑟2
the number of teeth

on the output gear, 𝜃
𝑟
rack angular position (tire angular

position), and 𝐽
𝑟𝑒
= 𝐽
𝑟
+ 𝐽
𝑇𝑟

the equivalent inertia of the
steering rack subsystem:

𝐽
𝑟𝑒

̈𝜃
𝑟
+ (𝐵
𝑇𝑟
+ 𝐵
𝑟
) ̇𝜃
𝑟
+ (𝐹
𝑇𝑟
+ 𝐶
𝑟
) sign ( ̇𝜃

𝑟
) + 𝜏SAT

=
𝑁
𝑟
𝑘
1

𝑅
𝑟

𝑉
𝑟
(𝑡) −

𝑁
2

𝑟
𝑘
1
𝑘
2

𝑅
𝑟

̇𝜃
𝑟
.

(5)

The equivalent coefficients of the rack reduction gearbox
are given by

𝐽
𝑇𝑟
= (

𝑁
𝑟2

𝑁
𝑟1

)

2

𝐽
𝑎
+ 𝐽
𝑏
,

𝐵
𝑇𝑟
= (

𝑁
𝑟2

𝑁
𝑟1

)

2

𝐵
𝑎
+ 𝐵
𝑏
,

𝐹
𝑇𝑟
= (

𝑁
𝑟2

𝑁
𝑟1

)

2

𝐹
𝑎
+ 𝐹
𝑏
.

(6)

2.2.1. Aligning Force at Tire. The aligning torque 𝜏SAT occurs
because of the existence of caster and kingpin angles in the
steering mechanical structure; this torque induces steering
pull. Both linear and nonlinear models for lateral aligning
forces have been proposed, mainly based on cornering
stiffness, the slip angle, and the so-called bicycle model of a
front steering vehicle [16, 24]. While a vehicle is turning, tire
forces acting on the steering system tend to resist steering
motion away from the straight-ahead position. These forces
are due to self-aligning torque, that is a function of the
steering geometry, particularly caster angle, tire deformation,
and vehicle linear velocity. Since the considered experimental
platform is only composed by half of the steering rack (see
Figure 8), then only one tire is taken into account.

The aligning torque at the front left wheel is modeled as
presented in [23]. Figure 6 depicts the forces and variables
related to aligning tire torque. The subindex 𝑓𝑙 indicates that
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Figure 6: Tire force at front left wheel: (a) tire forces; (b) self-aligning torque [23].

front left tire is considered, while the superindices 𝑥 and 𝑦
reflect the axes on which forces act. 𝐹𝑥 and 𝐹𝑦 are driving
and lateral forces, respectively. 𝐹𝑦 is generated by sidesliping
of the tire. 𝐶𝐹 stands for cornering force. 𝐹𝑦

𝑓𝑙
is the front

left tire lateral force, 𝛼
𝑓𝑙
is the front tire slip angle, 𝜉

𝑝
is the

pneumatic trail, that is, the distance from the center of tire to
the application of lateral force, 𝜉

𝑐
is the caster or mechanical

trail, that is, the distance from the tire center to the point on
the ground about which the tire pivots as a result of the wheel
caster angle, and 𝑉

𝑓𝑙
is the velocity of the tire at its center.

Then the self-aligning torque is given by

𝜏SAT = (𝜉𝑐 + 𝜉𝑝) 𝐹
𝑦

𝑓𝑙
(𝛼
𝑓𝑙
) . (7)

According to [23], in the linear region of tire charac-
teristics, the front left tire cornering force 𝐶𝐹

𝑓𝑙
depends on

cornering stiffness 𝐶
𝑓
and the slipping angle 𝛼

𝑓𝑙
; that is,

𝐶𝐹
𝑓𝑙
= −𝐶
𝑓
𝛼
𝑓𝑙
. (8)

Then from Figure 6, the relation between 𝐹𝑦
𝑓𝑙
and 𝐶𝐹

𝑓𝑙
is

given by

𝐹
𝑦

𝑓𝑙
=

𝐶𝐹
𝑓𝑙

cos𝛼
𝑓𝑙

. (9)

Note that the tire slip angle 𝛼
𝑓𝑙
is not easy to bemeasured;

thus it must be estimated. In [12], it is mentioned that
on production cars’ sideslip angle is typically derived from
integration of inertial sensors (lateral acceleration), but this
estimation error is prone to uncertainty and errors due to
sensor drift. Furthermore, 𝜉

𝑐
and 𝜉
𝑝
are only approximately

known; however, in order to obtain a linear model, 𝜉
𝑐
and 𝜉
𝑝

are assumed to be constant and known. Same consideration
applies to the front cornering stiffness 𝐶

𝑓
.

Remark 1. Notice that the dynamic models here represented
by (4) and (5) are not used for the design of the PD controller
and the high gain GPI observers. The only parameter that
is required for the high gain GPI observer is the input gain.
Nevertheless, the dynamicmodels are introduced to show the
dynamic phenomena that affect the SBW system.

3. PD plus High Gain GPI Observer

Thedesign of the controller and observer for both the steering
wheel and the steering rack is very similar, but for the sake
of clarity, each controller and observer would be presented
separately.

3.1. Steering Wheel Controller and Observer. Based on the
dynamicmodel of the steeringwheel ormaster subsystem (4),
the nonlinear terms, including perturbations and unmodeled
dynamics, are substituted by a time-variant disturbance term
𝜑(𝑡). Lumping all uncertainties and unknown dynamics on
the time-varying term 𝜑(𝑡) might be considered as a rough
approximation; nevertheless under certain conditions on
boundedness and smoothness such approximation results are
valid (see the appendix and [20, 21]). In state space dynamics
representation, 𝑥

1
= 𝜃V and 𝑥

2
= ̇𝜃V; the model (4) is

represented as a linear perturbed system depicted in

̇𝑥
1
= 𝑥
2
,

̇𝑥
2
=
𝑁V𝑘1

𝐽V𝑒𝑅V
𝑉V (𝑡) + 𝜑 (𝑡) ,

(10)

where𝜑(𝑡) is by assumption a uniformly, absolutely, bounded,
time-varying function, that represents all nonlinear and
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uncertain terms, that is, all disturbances affecting the linear
simplified model (see (11)):

𝜑 (𝑡) = −
1

𝐽V𝑒
{ (𝐵
𝑇V + 𝐵V)

̇𝜃V

+ (𝐹
𝑇V + 𝐶V) sign ( ̇𝜃V) +

𝑁
2

V𝑘1𝑘2

𝑅V

̇𝜃V} .

(11)

Note that the equality established by (11) is enforced by the
proposedmodel (4); if other dynamic effects or perturbations
are to be considered, these phenomena would be included in
the term𝜑(𝑡) aswell, such that the approximated linearmodel
(10) remains valid in local basis. The relation (11) is presented
for the sake of completeness, since the term 𝜑(𝑡) is estimated
by a high gain GPI observer.

Based on the state space representation (10), a high gain
GPI observer is proposed for the linear perturbed system,
given by (12). The number of integrators required at the high
gain GPI observer depends on the order and complexity of
the nonlinearities represented by the term 𝜑(𝑡). This is equi-
valent to truncating a Taylor or Fourier series expansion, but
in this case perfect approximation would imply an infinite
integrators chain. Proper determination of the order of
the extended observer would imply knowledge of the non-
linearities of the term 𝜑(𝑡) as shown in [25]. The order of
the observer and the relation between the high gain and the
final estimation bound have been analyzed for some partic-
ular systems and under certain considerations [18, 19, 25].
Despite the difficulties in determining the order of the
extended observer from a theoretical point of view, for some
practical situations they can be adjusted by looking after an
approximated model and measurements on the systems. In
this particular case the number of integrators was adjusted by
trial and error based on the value of the estimation error 𝑒V =
𝑥
1
− 𝑥
1
of a set of experiments. The term 𝜑

1
corresponds to

an estimate of the disturbance term 𝜑(𝑡). Notice that the high
gain GPI observer (12) only requires measurement of the
steering wheel angle 𝑥

1
= 𝜃V minimizing the amount of

sensors on the system:

̇𝑥̂
1
= 𝑥
2
+ 𝜆
7V (𝑥1 − 𝑥1) ,

̇𝑥̂
2
=
𝑁V𝑘1

𝐽V𝑒𝑅V
𝑉V (𝑡) + 𝜑1 + 𝜆6V (𝑥1 − 𝑥1) ,

̇𝜑̂
1
= 𝜑
2
+ 𝜆
5V (𝑥1 − 𝑥1) ,

̇𝜑̂
2
= 𝜑
3
+ 𝜆
4V (𝑥1 − 𝑥1) ,

̇𝜑̂
3
= 𝜑
4
+ 𝜆
3V (𝑥1 − 𝑥1) ,

̇𝜑̂
4
= 𝜑
5
+ 𝜆
2V (𝑥1 − 𝑥1) ,

̇𝜑̂
5
= 𝜑
6
+ 𝜆
1V (𝑥1 − 𝑥1) ,

̇𝜑̂
6
= 𝜆
0V (𝑥1 − 𝑥1) .

(12)

The estimation error of the high gain GPI observer,
𝑒V, satisfies the perturbed dynamics given by (13), which

corresponds to a nonhomogeneous linear dynamic system,
with input given by the sixth time derivative of𝜑. Similar con-
vergence analyses are done in [18, 19, 25], where there are also
considerations on boundedness and smoothness of the per-
turbations and uncertainties, as those imposed here on the
term 𝜑:

𝑒
(8)

V + 𝜆
7V𝑒
(7)

V + ⋅ ⋅ ⋅ + 𝜆
2V
̈𝑒̃V + 𝜆1V

̇𝑒̃V + 𝜆0V𝑒V = 𝜑
(6)

. (13)

Since 𝜑 is by assumption a uniformly, absolutely,
bounded, and time-varying function, then, to achieve con-
vergence of the error dynamics to a small vicinity around the
origin of the estimation error phase coordinates, the gains𝜆

𝑖V,
𝑖 = 0, 1, 2, . . . , 7 are chosen such that the roots of the asso-
ciated characteristic polynomial are located far enough into
the left half of the complex plane, that usually implies high
gain values. From the results reported on ADRC, see [18,
19], it follows that closed loop stability properties can be
established by considering slow and fast dynamics, usually of
the control and the observer, respectively.This is, the observer
dynamics should be faster than those of the controller, and
for that a pole location problem can be considered based
on (13). Among all possibilities to select the gains 𝜆

𝑖V, 𝑖 =
0, 1, 2, . . . , 7, a simple selection of the gains is done by assign-
ing the associated characteristic polynomial to a suitable
polynomial with known adequate roots. Since the order of
the high gain observer error dynamics (13) is an even
number, then a power of a second-order polynomialmight be
considered, as shown in (14), with 𝜉obs,V and 𝜔

𝑛(obs,V) being
coefficients related to damping and natural frequency, respec-
tively:

𝑠
8

+ 𝜆
7V𝑠
7

+ 𝜆
6V𝑠
6

+ ⋅ ⋅ ⋅ + 𝜆
2V𝑠
2

+ 𝜆
1V𝑠 + 𝜆0V

= (𝑠
2

+ 2𝜉obs,V𝜔𝑛(obs,V)𝑠 + 𝜔
2

𝑛(obs,V))
4

.

(14)

Given that the observer (12) explicitly estimates the
perturbation term 𝜑(𝑡), then it is possible to propose a PD
control with disturbance rejection (15). ̇𝜃

∗

V (𝑡) and ̈𝜃
∗

V (𝑡) are
the desired angular velocity and acceleration on the steering
wheel, whichmight be obtained from the corresponding time
derivatives of the angular position imposed by the driver
𝜃
∗

V (𝑡), although this might raise problems due to noise:

𝑉V (𝑡) = −
𝐽V𝑒𝑅V

𝑘
1
𝑁V

[𝜑
1
+ 𝜔
2

𝑛(𝑐,V) (𝜃V − 𝜃
∗

V )

+2𝜉
𝑐,V𝜔𝑛(𝑐,V) (𝑥2 −

̇𝜃
∗

V ) −
̈𝜃
∗

V + 𝐾ℎ𝜎̂1] .

(15)

Notice that in (15), 𝑥
2
corresponds to the estimate of the

steering wheel angular velocity ̇𝜃V(𝑡), and 𝜑1 is the estimated
disturbance term acting on the steering wheel subsystem
𝜑(𝑡), so that both estimates are simultaneously obtained by
the high gain GPI observer (12). Meanwhile, the term 𝜎̂

1

corresponds to the estimate of the disturbance signal on the
steering rack subsystem and it is also obtained by a high gain
GPI observer designed for such particular system (19).

By defining the tracking error at the steering wheel sub-
system as 𝑒V = 𝜃V −𝜃

∗

V , then the closed loop dynamics formed
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by (10) with the controller (15) and the high gain observer
(12) are given by the nonhomogeneous linear equation (16).
Oncemore following the results from [18, 19], selection of the
control gains should imply that the observer error dynamics
(13) must be faster than the controller dynamics:

̈𝑒V + 2𝜉𝑐,V𝜔𝑛(𝑐,V) ̇𝑒V + 𝜔
2

𝑛(𝑐,V)𝑒V

= (𝜑 − 𝜑
1
) + 2𝜉

𝑐,V𝜔𝑛(𝑐,V)
̇𝑒̃V − 𝐾ℎ𝜎̂1.

(16)

The closed loop tracking error dynamics (16) are excited by
three terms, fromwhich the terms (𝜑−𝜑

1
) and ̇𝑒̃V correspond

to estimation errors of the high gain GPI observer (12),
but as shown before, by a proper selection of theGPI observer
gains, these errors might be arbitrarily small around a
vicinity of zero.The term−𝐾

ℎ
𝜎̂
1
, on the other hand, cannot be

neglected, since it recreates the feedback reflection from the
tire system to the wheel system.This feedback force reflection
is recreated by inducing a tracking error between the driver
commanded angular position and the wheel angular position
settled by the wheel DC motor. This fact establishes a com-
mitment between reflecting forces from the tire system and
forcing the tracking error 𝑒V to zero. Asymptotic convergence
of the tracking error 𝑒V to a small vicinity around zero can be
obtained by a proper selection of the gains 𝜉

𝑐,V and 𝜔𝑛(𝑐,V).
The feedback reflection of the estimated disturbance term

𝜎̂
1
from the steering rack subsystem to the steering wheel

subsystem yields the haptic loop in the form of a feedback
signal proportional to the lumped perturbation torques
present at the rack system. This recreates, to the driver, the
forces and dynamical effects of torques affecting the steering
rack and tire mechanism. The gain 𝐾

ℎ
weighs the amount of

haptic feedback to the driver and can be related to driving
sensation and feeling of the road conditions.

Remark 2. Note that in this proposed approach the driver
“feels” proportional forces and disturbances present at the
steering rack and tire, with proportional gain 𝐾

ℎ
, which is

the simplest feedback situation. In works such as [12], active
modification of the handling and steering system are pro-
posed based on composed functions or adaptive gains. Such
active feedback adjustment is common in vehicles where
different stiffness is felt at low and high vehicle speed, as well
as a modification of the steering angle ratio between steering
wheel and tire is induced. Such modifications can be intro-
duced through the proposed controller (15) by defining a
feedback function of the estimated variable 𝜎̂

1
.

3.2. Steering Rack Controller and Observer. From Figures 2,
3, 4, and 5, it is straightforward to find out the similarities
between the steering wheel subsystem and the rack and tire
subsystem. Due to the similarities between both subsystems,
also a high gain observer and PD controller with disturbance
rejection similar to (12) and (15) are proposed for the steering
rack and tire subsystem. Thus, based on the dynamic model
of the steering rack subsystem (5), the nonlinear terms
and uncertain dynamics are substituted by a time-variant

disturbance term 𝜎(𝑡). Then, the state space dynamic model
(5) is represented as in (17), with states 𝑦

1
= 𝜃
𝑟
and 𝑦

2
= ̇𝜃
𝑟
:

̇𝑦
1
= 𝑦
2
,

̇𝑦
2
=
𝑁
𝑟
𝑘
1

𝐽
𝑟𝑒
𝑅
𝑟

𝑉
𝑟
(𝑡) + 𝜎 (𝑡)

(17)

with

𝜎 (𝑡) = −
1

𝐽
𝑟𝑒

{ (𝐵
𝑇𝑟
+ 𝐵
𝑟
) ̇𝜃
𝑟

+ (𝐹
𝑇𝑟
+ 𝐶
𝑟
) sign ( ̇𝜃

𝑟
) +

𝑁
2

𝑟
𝑘
1
𝑘
2

𝑅
𝑟

̇𝜃
𝑟
+ 𝜏SAT} .

(18)

For the steering rack and tire subsystem, the equality
established by (18) is enforced by the proposed model (5), if
other dynamic effects or perturbations are to be considered,
these phenomena would be included in the term 𝜎(𝑡) as well,
such that the approximated linearmodel (17) remains valid in
local basis. The term 𝜎(𝑡) would be estimated by a high gain
GPI observer (19), its estimate is denoted by the variable 𝜎̂

1
:

̇𝑦̂
1
= 𝑦
2
+ 𝜆
7𝑟
(𝑦
1
− 𝑦
1
) ,

̇𝑦̂
2
=
𝑁
𝑟
𝑘
1

𝐽
𝑟𝑒
𝑅
𝑟

𝑉
𝑟
(𝑡) + 𝜎̂

1
+ 𝜆
6𝑟
(𝑦
1
− 𝑦
1
) ,

̇𝜎̂
1
= 𝜎̂
2
+ 𝜆
5𝑟
(𝑦
1
− 𝑦
1
) ,

̇𝜎̂
2
= 𝜎̂
3
+ 𝜆
4𝑟
(𝑦
1
− 𝑦
1
) ,

̇𝜎̂
3
= 𝜎̂
4
+ 𝜆
3𝑟
(𝑦
1
− 𝑦
1
) ,

̇𝜎̂
4
= 𝜎̂
5
+ 𝜆
2𝑟
(𝑦
1
− 𝑦
1
) ,

̇𝜎̂
5
= 𝜎̂
6
+ 𝜆
1𝑟
(𝑦
1
− 𝑦
1
) ,

̇𝜎̂
6
= 𝜆
0𝑟
(𝑦
1
− 𝑦
1
) .

(19)

The observer estimation error 𝑒
𝑟
= 𝑦
1
− 𝑦
1
satisfies the

dynamics given by

𝑒
(8)

𝑟
+ 𝜆
7𝑟
𝑒
(7)

𝑟
+ ⋅ ⋅ ⋅ + 𝜆

2𝑟

̈𝑒̃
𝑟
+ 𝜆
1𝑟

̇𝑒̃
𝑟
+ 𝜆
0𝑟
𝑒
𝑟
= 𝜎
(6)

. (20)

The convergence properties of the estimation error at
the steering rack 𝑒

𝑟
to a small vicinity of the origin can be

established in a similar manner as for the steering wheel
subsystem. This is assigning the associated characteristic
polynomial to a suitable polynomial with known adequate
roots, as in (14), ensuring faster observer dynamics than the
controller dynamics.

Based on the estimated angular velocity of the steering
rack subsystem 𝑦

2
along with the perturbation estimate 𝜎̂

1
,

an active disturbance rejection control is synthesized in the
form of a PD controller with a perturbation term rejection.
This controller is proposed in (21). Notice that the reference
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Figure 7: SBW schematic interconnections.

trajectory for the PD steering rack controller corresponds to
the steering wheel angle 𝜃V(𝑡) and the angular velocity and
acceleration estimates 𝑥

2
and ̇𝑥̂

2
, which are obtained by the

high gainGPI observer (12).Therefore, the closed loop system
can be seen as a master-slave system with a haptic loop and
bilateral communication. The haptic loop is due to feedback
reflecting the estimate of the steering rack perturbation term
𝜎̂
1
to the steering wheel PD control, given by (15). Thus,

through the steering wheel the human operator is able to feel
the dynamic phenomena that affect the steering rack and tire:

𝑉
𝑟
(𝑡) = −

𝐽
𝑟𝑒
𝑅
𝑟

𝑘
1
𝑁
𝑟

[𝜎̂
1
+ 𝜔
2

𝑛(𝑐,𝑟)
(𝜃
𝑟
− 𝜃V (𝑡))

+2𝜉
𝑐,𝑟
𝜔
𝑛(𝑐,𝑟)

(𝑦
2
− 𝑥
2
) − ̇𝑥̂
2
] .

(21)

By defining the tracking error at the steering rack and tire
subsystem as 𝑒

𝑟
= 𝜃
𝑟
− 𝜃V, then the closed loop dynamics

formed by (17) with the controller (21) and the high gain
observer (19) are given by the nonhomogeneous linear
equation

̈𝑒
𝑟
+ 2𝜉
𝑐,𝑟
𝜔
𝑛(𝑐,𝑟)

̇𝑒
𝑟
+ 𝜔
2

𝑛(𝑐,𝑟)
𝑒
𝑟

= (𝜎 − 𝜎̂
1
) + 2𝜉

𝑐,𝑟
𝜔
𝑛(𝑐,𝑟)

( ̇𝑒̃V −
̇𝑒̃
𝑟
) − ̈𝑒̃V.

(22)

The closed loop tracking error dynamics (22) are excited by
estimation errors of the high gainGPI observers (12) and (19);
nevertheless, by a proper selection of the GPI observer gains,
these errors might be arbitrarily small around a vicinity of
zero. Thus asymptotic convergence of the tracking error 𝑒

𝑟

to a small vicinity around zero can be obtained by a proper
selection of the gains 𝜉

𝑐,𝑟
and 𝜔

𝑛(𝑐,𝑟)
.

Notice that the full control system given by the controllers
(15) and (21) together with the high gain GPI observers (12)
and (19) only require measurement of the steering wheel
angle 𝜃V and the tire orientation angle 𝜃

𝑟
. It is also important

to point out that the proposed approach is based on the
input gain of the systems; thus minimum knowledge of the
dynamic models is required. Figure 7 shows a schematic
representation of the proposed SBWsystem and the intercon-
nections between the steeringwheel and steering rack and tire
subsystem.

Figure 8: SBW experimental platform.

4. Experimental Results

For experimental purposes, a low cost platformhas been built
(see Figure 8).The platform is providedwith a steering wheel,
and half of the steering rack of a beetle VW vehicle, including
suspension system and tire.This type of steering system is still
available in economic commercial cars. The steering column
was modified as shown in Figures 2 and 4, including 2 DC
motors and encoders. The communication and control are
programmed in a PC with Windows as operative system.

The whole control approach of the SBW haptic system,
PD, and high gain GPI observer (12) and (15) for the steering
wheel and (19) and (21) for the steering rack are programmed
using general blocks of Simulink available in MATLAB. The
electronics and mechanical components of the experimental
platform are listed as follows. The angular positions on the
steering wheel and on the rack are measured by incremental
encoders OMRON, model E6B2-CWZ1X, 2000PPR, 0.5M.
The PC is equipped with a data acquisition card Sensoray
model 626, which is programmed to work with a sampling
period of 0.0005 seconds. Two operational amplifiers, model
STK4050 II, are used to condition the control voltages 𝑉V(𝑡)
and 𝑉

𝑟
(𝑡) that are sent to the DC motors Nisca Motor model

NC5475B. Eachmotor is connected to a gearbox, such that for
the steering wheel a reduction ratio of 𝑁V = 16 is obtained,
and for the steering rack the reduction ratio is 𝑁

𝑟
= 48.

Figure 9 shows a schematic connection of the SBW haptic
system.



10 Mathematical Problems in Engineering

Sensoray 626

Power amplifier
STK4050 II

Encoder EncoderPower amplifier
STK4050 II

Computer

Slave system

Master system

𝜎̂1(t)

𝜃∗𝜐
Kh𝜎̂1

𝜃∗� (t)

Figure 9: Schematic diagram of the experimental SBW.

Following the results from [18, 19], selection of the control
and observer gains should imply that the observer error
dynamics must be faster than the controller dynamics. All
gains were tuned by using (14), by considering pure real roots
and taking into account the performance of the tracking
errors 𝑒V and 𝑒𝑟. For the master subsystem the control gains
involved in (15) are 𝜉

𝑐,V = 1.01, 𝜔𝑛(𝑐,V) = 5.92, and for its GPI
observer (12) 𝜉obs,V = 2.2, 𝜔

𝑛(obs,V) = 15.2 meanwhile, for
the steering rack (slave subsystem) the control gains, see (21),
they are 𝜉

𝑐,𝑟
= 2.53, 𝜔

𝑛(𝑐,𝑟)
= 5.92, and for the GPI observer

(19) the gains are 𝜉obs,𝑟 = 10, 𝜔𝑛(obs,𝑟) = 25.
Two cases are compared: first the SBW is tested without

traction, and second tire traction at a speed of 9.4m/s
(33.84 km/hr) is supplied. This comparison is to look after
how tire velocity affects the aligning forces and thus the reac-
tion forces presented at tire and steering rack subsystem.The
same platform as sketched in Figure 9 is used for both cases,
with and without tire traction; only the motor in charge of
traction is turned on or off; this emulates steering the vehicle
when being parked and in motion. It is also important to
emphasize that the controller and observers are the same in
both cases; that is, nothing is changed in their structure. This
fact implies a realistic and robust application of the proposed
approach in a vehicle, such that the same controller and
observers work for all possible vehicle scenarios. The control
gains that are used in both cases are those described at
previous paragraph, which were tuned for the case without
tire traction. For the sake of comparison first the results

without traction are presented; then the results with traction
are shown.

4.1. SBW System without Tire Traction. This case emulates
steering the vehicle when being parked, such that greater
effort is required to steer the tire than when being in motion.
In some commercial vehicles, a larger steering ratio, between
steering wheel and tire, is set when the vehicle moves at low
speed or is standstill. This produces a less stiff or softer steer-
ing wheel sensation. In this experiment and for comparison
purposes the same steering ratio and feedback gain for the
haptic loop (𝐾

ℎ
) are kept for traction and without traction

cases.
The convergence between the steering rack angle (tire

angle orientation) 𝜃
𝑟
and the human desired angular position

given by the desired steering wheel angle 𝜃∗V allows conclud-
ing good tracking and performance of the SBW system; see
Figure 10. This is further supported by the tracking error 𝑒 =
𝜃
𝑟
− 𝜃
∗

V that converges to a small vicinity around zero; see
Figure 11. Thus, it can be concluded that the high gain GPI
observer (19) properly estimates the disturbance signal at the
steering rack and tire 𝜎̂

1
(𝑡); see Figure 12. Therefore the PD

plus disturbance compensation (21) is able to reject the
perturbation signal effects. On the other hand, feedback of
the dynamic perturbation phenomena 𝜎̂

1
(𝑡) from the steering

rack to the steeringwheel generates a haptic loop such that the
operator “feels” the dynamic perturbations that affect the
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(𝑡) without tire traction.

steering rack and tire. The DC motor voltage on the steering
rack subsystem 𝑉

𝑟
(𝑡) required to properly track the rack

angular reference is shown in Figure 13.

4.2. SBW System with Tire Traction. This case emulates steer-
ing the vehicle when being in motion, such that less effort is
required to steer the tire than when being parked. In some
commercial vehicles a smaller steering ratio, between steering
wheel and tire, is set as higher the vehicle speed, as well as a
stiffer steering wheel feeling, this is the so called “sport”
mode. Although such adaptive response of the SBW can be
considered in the proposed controller (15), in this experiment
and for comparison purposes the same steering ratio and
feedback gain for the haptic loop (𝐾

ℎ
) are kept for traction

and without traction cases.
When tire traction is considered (9.4m/s), convergence

between the steering rack angle 𝜃
𝑟
and the human desired

angular position 𝜃
∗

V allows concluding good tracking and
performance of the SBW system; see Figure 14.This is further
supported by the tracking error 𝑒

𝑟
= 𝜃
𝑟
−𝜃
∗

V that converges to
a small vicinity around zero; see Figure 15.Thus, the high gain
GPI observer (19) properly estimates the perturbation signal
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traction.

at the steering rack and tire 𝜎̂
1
(𝑡); see Figure 16. Thus, the PD

plus disturbance compensation (21) is able to reject the
perturbation signal effects.On the other hand, feedback of the
disturbance phenomena 𝜎̂

1
(𝑡) from the steering rack to the

steering wheel generates a haptic loop such that the operator
“feels” the dynamic perturbation that affect the steering rack
and tire. The DC motor voltage on the steering rack sub-
system 𝑉

𝑟
(𝑡) required to properly track the rack angular

reference is shown in Figure 17.

4.3. Comparison Results and Discussion. It is important to
point out that the commanded steering wheel reference was
provided by a human operator steering the wheel. Therefore,
although the same desired trajectory was intended, there are
differences on such reference; see Figures 10 and 14. Never-
theless, some conclusions can be drawn from the comparison
study.

In both cases, with and without tire traction, the perfor-
mance of the SBW is rather acceptable; that is, the tracking
error 𝑒 = 𝜃

𝑟
− 𝜃
∗

V converges to a small vicinity around zero, as
predicted by the closed loop error dynamics (22); that is,
𝜃
𝑟
→ 𝜃V → 𝜃

∗

V ; see Figures 11 and 15. It is important to
note that the control and observer gains were tuned for the
without tire traction case; nevertheless, the magnitude and
performance of the tracking error 𝑒 = 𝜃

𝑟
− 𝜃
∗

V is very similar
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Figure 14: Rack angular position and its desired human reference
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∗ with tire traction.
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Figure 15: Rack tracking error 𝑒
𝑟
(𝑡) with tire traction.

for both cases.Therefore, it can be concluded that uncertainty
and dynamic perturbations are properly estimated and com-
pensated by the high gain GPI observers in both cases, with
and without traction.

Even though similar tracking error convergence 𝑒 = 𝜃
𝑟
−

𝜃
∗

V is obtained for both cases, there are relevant differences
on magnitude and shape of the estimated perturbation term
𝜎̂
1
(𝑡) (Figures 12 and 16), as well as for the control action𝑉

𝑟
(𝑡)

(Figures 13 and 17). These differences are due to the effects of
tire traction, particularly, aligning torques and road-tire fric-
tion. The estimated perturbation signals 𝜎̂

1
(𝑡) show that for

the case with traction, the perturbation torque is smaller in
magnitude that for the without tire traction. This fact trans-
lates in the driver feeling less effort to steer the wheel when
there is traction, than without traction.This “feeling” is com-
mon when driving a vehicle at high speed, when less effort
is required to steer, compared to the steering effort when the
vehicle speed is very low or even being parked.

Notice that some commercial vehicles actively adapt the
steering ratio, between steering wheel and tire, and stiffness
steering wheel feeling, as function of the vehicle speed, for
example, the parking and sport mode. Although such adap-
tive response of the SBW can be considered in the proposed
controller (15), in the comparison study here carried out the
same steering ratio and feedback gain for the haptic loop (𝐾

ℎ
)
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Figure 16: Disturbance steering rack signal 𝜎̂
1
(𝑡) with tire traction.
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Figure 17: Voltage at the steering rack DC motor 𝑉
𝑟
(𝑡) with tire

traction.

are kept for traction and without traction cases. Adaptive
behavior of the proposed SBW haptic system can be con-
sidered by modifying the feedback of the disturbance and
dynamic effects of the steering rack and tire.

5. Conclusions and Perspectives

This paper has presented a haptic steering by wire system
based on high gain GPI observers. The high gain GPI tech-
nique requires a minimum amount of information from the
dynamic model; only the nonlinear system input gain is
required; as for sensors only encoders are employed, which is
an advantage compared to other techniques of SBW systems
that required specialized sensors.The tracking error between
the desired angle settled by the human operator, the steering
wheel angle, and the tire orientation angle can be made
arbitrarily small by a proper gain selection.

The technique is capable of estimating the perturbation
inputs and the uncertain terms that affect the SBWdynamics.
In particular, the SBW system represents a twofold applica-
tion of the GPI observer: on the one hand it helps in rejection
or compensating the perturbation in each subsystem; on the
other hand the estimated perturbations on the steering rack
are fed back to the steering wheel to yield a haptic system,
including tire self-aligning torque.
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It is worth to notice that the high gain GPI observer
together with the PD control relies only on measurements
of an encoder, thus highly diminishing the use of sensors.
Then the proposed SBW system behaves as a self-contained
sensor for steering rack and tire forces. To validate this last
conclusion, as future work, the installation of force, acce
leration, and other sensors are being considered. This will
allow establishing clear comparisons between the estimated
perturbation and measurements on the experimental plat-
form.

Appendix

Ultra Models

Considering the single-input single-output, 𝑛-dimensional
perturbed nonlinear system is given by (A.1). The initial
conditions at 𝑡

0
are given by the setY

0
= {𝑦
0
, ̇𝑦
0
, . . . , 𝑦

(𝑛−1)

0
}.

Assume that the input 𝑢 = 𝑢(𝑡) and the gain input function
𝜙(𝑡, 𝑦) are perfectly known. The nonlinear input gain func-
tion 𝜙(𝑡, 𝑦(𝑡)) is assumed to be bounded and uniformly
bounded away from zero:

𝑦
(𝑛)

= 𝜓 (𝑡, 𝑦, ̇𝑦, . . . , 𝑦
(𝑛−1)

) + 𝜙 (𝑡, 𝑦) 𝑢. (A.1)

Definition A.1. Let 𝜉(𝑡) be a time function, which represents
the additive nonlinear term 𝜓(𝑡, 𝑦, ̇𝑦, . . . 𝑦

(𝑛−1)

) in (A.1), par-
ticularized for 𝑦 = 𝑦(𝑡), where the function 𝑦(𝑡) is the
solution of (A.1) for a given input function 𝑢(𝑡) and for a set of
initial conditionsY

0
. That is,

𝜉 (𝑡) = 𝜓 (𝑡, 𝑦 (𝑡) , ̇𝑦 (𝑡) , . . . , 𝑦
(𝑛−1)

(𝑡)) . (A.2)

Defining a global ultra model of the system (A.1), the sys-
tem represented by (A.3), subject to the corresponding set of
initial conditionsZ

0
satisfiesZ

0
= Y
0
:

𝑧
(𝑛)

= 𝜉 (𝑡) + 𝜙 (𝑡, 𝑧 (𝑡)) 𝑢 (𝑡) . (A.3)

The term 𝜉(𝑡) in (A.3) is obviously a priori unknown;
nevertheless, it is algebraically observable in the sense ofDiop
and Fliess [26]. The uncertainty in 𝜉(𝑡) is basically due to
parameters and unknown nonlinearities in the term 𝜓(⋅) in
(A.1). It may also represent exogenous perturbations which
are unmodeled. As a time function, 𝜉(𝑡), and a finite number
of its time derivatives (e.g., 𝑝 derivatives) are assumed to be
uniformly absolutely bounded. According to Gliklikh [27],
without this hypothesis, there is not any solutions to the orig-
inal system. In open loop, the nominal control input 𝑢∗(𝑡),
corresponds, due to differential flatness of the system [28],
to an smooth output reference trajectory 𝑦∗(𝑡).

Notice that for any bounded input function 𝑢(𝑡), and a
given initial condition set Y

0
, the solution of system (A.1)

𝑦(𝑡) satisfies, as a time function, the identity (A.4) [29]:

𝑦
(𝑛)

= 𝜓 (𝑡, 𝑦, ̇𝑦) , . . . , 𝑦
(𝑛−1)

+ 𝜙 (𝑡, 𝑦) 𝑢 (𝑡) . (A.4)

Theorem A.2. The system (A.3) is trajectory equivalent to the
nonlinear system (A.1).That is, both systems present exactly the
same solution trajectories 𝑦(𝑡) = 𝑧(𝑡) for all 𝑡, for a particular
common initial condition setY

0
.

Proof. Define 𝜀 = 𝑦(𝑡) − 𝑧(𝑡); then (A.3) and (A.1) imply that
𝜀 satisfies 𝜀(𝑛)(𝑡) = [𝜙(𝑡, 𝑦(𝑡))−𝜙(𝑡, 𝑧(𝑡))]𝑢(𝑡), with zero initial
conditions, 𝜀(𝑘)(𝑡

0
) = 0, 𝑘 = 0, 1, . . . , 𝑛 − 1. Meanwhile,

𝜀
(𝑛)

(𝑡
0
) = 0 and 𝜀(𝑛+𝑗)(𝑡

0
) = 0, for all 𝑗. Therefore, it follows

that 𝜀(𝑡) = 0 for all 𝑡; thus systems (A.3) and (A.1) are
trajectory equivalent.

The consequence of the previously stated fact is that the
nonlinear systems (A.1) can be seen as the linear perturbed
system (A.3), including the exogenous presence of time-
variant term: 𝜉(𝑡) = 𝜓(𝑡, 𝑦(𝑡), . . . , 𝑦

(𝑛−1)

(𝑡)). These two
systems (A.1) and (A.3) are identical on the precise sense that
their trajectories are the same for any time interval.Thus, dis-
tinction between 𝑧(𝑡) and 𝑦(𝑡) becomes irrelevant. Any sys-
temof the form (A.1) can be examined through the equivalent
trajectory of system (A.3), which can be seen, without any
ambiguity, as in

𝑦
(𝑛)

= 𝜉 (𝑡) + 𝜙 (𝑡, 𝑦) 𝑢. (A.5)

The system (A.5) which is trajectory equivalent to
the original nonlinear system (A.1) lacks the state time-
dependent additive nonlinear term. In practice, the value of
the time-dependent nonlinearities, lumped in the term 𝜉(𝑡),
might be unknown and thus it can be seen as a perturbation to
the system. The use of (A.5) greatly simplifies the simulta-
neous observation problem of the nonlinear perturbation,
which is state dependent, and of the state of the system (A.1)
itself, based on the input 𝑢 and output 𝑦 signals.
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Battery charger is a key device in electric and hybrid electric vehicles. On-board and off-board topologies are available in the
market. Lightweight, small, high performance, and simple control are desired characteristics for on-board chargers. Moreover,
isolated single-phase topologies are the most common system in Level 1 battery charger topologies. Following this trend, this paper
proposes a sampled-data modelling strategy of a zero voltage transition (ZVT) DC-DC converter for an on-board battery charger.
A piece-wise linear analysis of the converter is the basis of the technique presented such that a large-signal model and, therefore, a
small-signal model of the converter are derived. Numerical and simulation results of a 250W test rig validate the model.

1. Introduction

Advanced vehicular systems are based on the more electric
systems (MES) concept. MES is the intensive application of
power electronic converters (PEC), electric machines (EM),
and advanced embedded control systems to aeronautical,
automotive, and maritime systems. MES was initially applied
to aeronautical systems toward the reduction and/or sub-
stitution of mechanical, pneumatic, and hydraulic systems,
that is, the more electric aircraft (mea) and totally integrated
more electric systems (TIMES), [1]. MES are more efficient
compared to their counterparts due to (i) small utilization
of electric energy, (ii) high energy efficiency, (iii) reduced
weight, and (iv) low maintenance [2]. After that, MES was
implemented in automotive sector resulting in the more
electric vehicle (MEV). MEV includes electric vehicles (EV),
hybrid electric vehicles (HEV), and plug-in hybrid electric
vehicles (PHEV) [3]. In particular, MES applied to vehicular
systems has become popular due to the market introduction

of theHEVToyota Prius in 1997 [4].HEVare being developed
by companies like BMW, Chrysler, Daimler AG, General
Motors, PSA Peugeot Citroen, Suzuki Motor Corp, Toyota,
andVolkswagen.Motivations to develop EV,HEV, and PHEV
are based on economic, environmental, and energetic facts.
Regardless of these kinds of configurations, at least two
different sources of energy are needed to achieve the same
performance compared to an internal combustion engine
(ICE). Indeed, at least one EM and PEC are needed in the
propulsion stage at any EV, HEV, and PHEV configuration.
Series, parallel, series/parallel, and integrated starter alter-
nator (ISA) with its optional plug-in capability are typical
configurations available in the market.

PHEV uses an off-board or on-board charger similar to
EV. The standard SAEJ1772 is used in North America and
comprises three charge methods: AC level 1 (supply voltage
varies from 120VAC 1-phase), AC level 2 (208V to 240VAC
and 600V DC maximum; with a maximum current (amps-
continuous) from 12A, 32A and 400A), and DC charging.
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Figure 1: System configuration (a) block diagram and (b) phase-shift controlled ZVT DC-DC converter.

Additionally, SAEJ1772 provides a guide to the AC level-
3 vehicle, an on-board charger capable of accepting energy
from an AC supply source at a nominal voltage of 208V
and 240VAC and a maximum current of 400A. In addition,
SAEJ1772 provides information about the coupler require-
ments, general electric vehicle supply equipment (EVSE)
requirements, control and data, and general conductive
charging system description [5].

Single- and three-phase, isolated and nonisolated, and
unidirectional or bidirectional configurations have been
proposed in literature as battery chargers, such as reported
in [6]. Methods to improve their performance are using
one or several combinations of the following techniques:
power factor correction (PFC); interleaved, multicell, and
resonant configurations; soft/hard switching; zero voltage
switching (ZVS); and zero current switching (ZCS). More-
over, the control algorithms include proportional integral
(PI), proportional-integral-derivative (PID), sliding modes,
fuzzy logic, and adaptive neural network. Following this
trend, this paper proposed a sample-data modeling strategy
of aDC-DCZVT to understand its dynamic characteristics as
an on-board battery charger. In this topology, the switches are
turned on during zero voltage reducing the switching losses;
as a result, a compact, lightweight systemwith high switching
frequency can be designed. A typical peak current method is
used in this work for control purposes resulting in a simple
and inexpensive control law.

This paper is organized as follows. The principle of
operation of the converter is described in Section 2 using
idealized waveforms. Then, a mathematical analysis based
on a piece-wise linear analysis is provided in Section 3,
where a phase control strategy is modeled to obtain a large-
signal model of the converter. Using this model, a half-cycle,
sample-data linear model is obtained, which helps provide
the final small-signal transfer functions of the converter.
Numerical and simulation results of a 250W prototype are
presented to validate the model obtained. Final conclusions
are summarized in Section 5.

2. Principle of Operation of the Converter

2.1. Circuit Description. A typical system configuration for an
EV battery charger is shown in Figure 1(a), which normally
consists of a boost power factor corrected (PFC) rectifier
connected to an AC supply and a high frequency (HF)
DC-DC converter to regulate the load of the batteries.
The topology of the DC-DC ZVT converter is shown in

Figure 1(b), which has a full bridge inverter supplied with
a DC voltage source; a HF transformer with a turns ratio
of 1 : N to generate a quasisquare, phase-controlled wave; a
stray inductance connected in series to the inverter output,
mainly formed by the leakage inductance of the transformer;
a full-bridge rectifier connected to the transformer secondary
side; and, then, a LC filter to smooth the pulsating rectified
voltage waveform of the output of the rectifier. The model
also considers a disturbance current source in parallel with
the load.

The left-hand leg of the inverter, denoted by leg 𝐴, is
used as the reference to describe the converter operation.The
switches of leg 𝐴 operate complementarily with fixed duty
ratios of 50% at high frequency. The switches of the right-
hand inverter leg, leg 𝐵, also operate complementarily with
fixed duty ratios of 50%, but the operation of leg 𝐵 is delayed
by 𝛿T/2 respective to leg 𝐴, where 𝑇 is the switching period
and 𝛿 is the phase control variable, which ranges from 0 to 1.

The steady state operation of the circuit of Figure 1 may
be explained with the steady state, voltage, and current
waveforms of Figure 2.

The first four waveforms shown in Figure 2 are the states
of the switches of the inverter leg 𝐴. Then, the third and
fourth waves show the states of the leg 𝐵 switches, which are
delayed by 𝛿𝑇/2 respective to the first and second waves of
Figure 2. The fifth and sixth waveforms of Figure 2 are the
inverter output voltage, V

𝐴𝐵
= V
𝐴
2

− V
𝐵
2

, and output current,
𝑖
𝐴𝐵

(also 𝑖
𝐿
𝑆

). The next two waveforms of this figure are the
rectifier output voltage, V

𝐷𝐷
, and the filter inductor current,

𝑖
𝐿
𝑓

. 𝑖
𝐿
𝑓

is a continuous wave with a small ripple component,
which is also present in 𝑖

𝐿
𝑆

, but amplified by the turns ratio
N and reverted during the negative semicycle of V

𝐴𝐵
. The

last three waveforms of Figure 2 are the current of diodes
𝐷
1
to 𝐷
4
, 𝑖
𝐷
1

to 𝑖
𝐷
4

, and the supply current waveform 𝑖sum.
When V

𝐴𝐵
= 𝑉in, the current 𝑖𝐿

𝑆

is positive and flows through
𝐷
1
and 𝐷

4
, whereas when V

𝐴𝐵
= −𝑉in, the current 𝑖

𝐿
𝑆

is
negative and flows through 𝐷

2
and 𝐷

3
since these diodes

are positively biased. When the V
𝐴𝐵

waveform changes from
zero to ±𝑉in, the diodes𝐷1 and𝐷

4
are naturally commutated,

short-circuiting the transformer secondary winding due to
the overlapped operation of the diodes. The duration of the
diodes overlap, 𝑇

𝑂𝐿
, causes a fast reversal of the inverter

primary current 𝑖
𝐿
𝑆

, being limited by the inductance 𝐿
𝑆
,

which prevents a short circuit of the inverter output.
The production of 𝑇

𝑂𝐿
may be described using the waves

𝑖
𝐷
1

to 𝑖
𝐷
4

of Figure 2. When V
𝐴𝐵

changes from zero to𝑉in, the
currents 𝑖

𝐷
1

and 𝑖
𝐷
4

rise from zero to the output current level
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Figure 2: Ideal waveforms of the converter.

and 𝑖
𝐷
2

and 𝑖
𝐷
3

fall to zero, whereas when V
𝐴𝐵

changes from
zero to −𝑉in, 𝑖𝐷

2

and 𝑖
𝐷
3

rise from zero to the output current
level and 𝑖

𝐷
1

and 𝑖
𝐷
4

fall to zero. During the 𝑇
𝑂𝐿

period, a
gradual current transfer is effectuated from one diode pair to
the other, in such a way that 𝑖

𝐿
𝑓

continues the slight current
slope which feeds the load. The steady state value of 𝑇

𝑂𝐿
may

be calculated assuming that the rate of change of the current
reversal of 𝑖

𝐴𝐵
, 𝑑𝑖
𝐴𝐵

/𝑑𝑡, only depends on the supply voltage

and the amplitude of the DC output filter current, IO, [3],
which may be expressed as

𝑇
𝑂𝐿

=
2𝑁𝐿
𝑆
𝐼
𝑂

𝑉
𝑠

. (1)

2.2. Piece-Wise Analysis of the ZVTConverter. FromFigure 2,
𝑖
𝐿𝑆

presents six different behaviour intervals, which may be
termed operating modes I to VI.

For each mode of operation a different circuit configu-
ration may be obtained, which is shown in Figure 3. These
equivalent circuits may be described using the state-space
equation (2) and the state-space output expression (3):

𝑋 = 𝐴
𝑛
𝑋 + 𝐵

𝑛
𝑈, (2)

𝑌 = 𝐹
𝑛
𝑋 + 𝐺

𝑛
𝑈, (3)

where 𝑋 = [𝑖𝐿
𝑆

𝑖
𝐿
𝑓

V
𝑜]
𝑇

is the state vector, 𝑈 = [𝑉
𝑠

𝐼
𝑍
]
𝑇 is

the input vector, 𝐼
𝑍
is the output current disturbance, 𝑌 =

[𝑖sec 𝑖
𝐷
1

𝑖
𝐷
2

𝑖sum]
𝑇 is the output vector, 𝑖sum is the supply

current, and 𝐴
𝑛
, 𝐵
𝑛
, 𝐹
𝑛
, and 𝐺

𝑛
are the state matrixes of the

six operating modes, being 𝑛 = 1, 2, . . . , 6.
Mode I is formed when 𝑇

𝐴
1

and 𝑇
𝐵
2

are in the on state,
𝑇
𝐴
2

and 𝑇
𝐵
1

are in the off state, and 𝐷
1
to 𝐷
4
are conducting

due to the overlap rectifier phenomena.The equivalent circuit
of Mode I is shown in Figure 3(a), and the equations that
describe this mode are shown in (2) and (3) with 𝑛 = 1. The
matrixes A1, B1, F1, and G1 are listed in Table 5.

In Mode II, the state of the inverter switches is exactly
as that of Mode I, but 𝐷

1
and 𝐷

4
are conducting and 𝐷

2

and 𝐷
3
are off. The equivalent circuit of Mode II is shown in

Figure 3(b), and again (2) and (3) describe Mode II, but with
𝑛 = 2. The matrixes 𝐴

2
, 𝐵
2
, 𝐹
2
, and 𝐺

2
are shown in Table 5.

In Mode III, 𝑇
𝐴
1

and 𝑇
𝐵
1

are in the on state, 𝑇
𝐴
2

and 𝑇
𝐵
2

are in the off state, 𝐷
1
and 𝐷

4
are conducting, and 𝐷

2
and

𝐷
3
are off. The equivalent circuit of Mode III is shown in

Figure 3(c), being (2) and (3) with 𝑛 = 3 the mathematical
model of this mode. Again, the matrixes 𝐴

3
, 𝐵
3
, 𝐹
3
, and 𝐺

3

are shown in Table 5.
Mode IV is a mirror of Mode I, but with 𝑇

𝐴
1

and 𝑇
𝐵
2

in
the off state and 𝑇

𝐴
2

and 𝑇
𝐵
1

in the on state, whilst Modes V
and VI are mirrors of Modes II and III, respectively, since the
state of the switches and diodes is complementary to that of
Modes II and III. Again, (2) and (3) describeModes IV, V, and
VI but with 𝑛 = 4, 5, and 6, respectively. The corresponding
matrixes to these operating modes are shown in Table 5.

2.3. Current Control Loop Description. The circuit shown
in Figure 4 is a DC-DC ZVT converter with peak current
control loop, which has a current transducer with gain𝑅

𝑠
that

senses 𝑖sum, one SR flip-flop and two D flip-flops, a clock sig-
nal, VCLK, a sawtooth generator, VSAW, and the reference cur-
rent level, ViREF, which is provided by an outer voltage loop.

The operation of the circuit of Figure 4 may be explained
with the state voltage and current waveforms of Figure 5.The
first waveform shown in Figure 5 is the clock signal of system,
VCLK. The second waveform is 𝑖sum plotted together with the
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Figure 3: Equivalent circuits formed from the operation ZVT DC-DC converter. (a) Mode I, (b) Mode II, (c) Mode III, (d) Mode IV, (e)
Mode V, and (f) Mode VI.

deference of ViREF with VSAW, where VSAW is a negative slope
synchronized with VCLK, while ViREF is the current reference
that regulates the peak level of 𝑖sum. VCOMP is the state of the
output comparator, which is the thirdwaveformof this figure.
The fourth and fifth waveforms are the SR flip-flop outputs
𝑄
𝐴
and 𝑄

𝐵
, with 𝑄

𝐴
set to the on state by VCLK and to the

off state when VCOMP switches to the on state. The fifth and
sixthwaveforms are the outputs of the first flip-flop, VgsTA1

and
VgsTA2

, which are controlled by the rising edge of𝑄
𝐴
, whereas

VgsTB1
and VgsTB2

, the outputs of the second 𝐷 flip-flop, which
are the last waves of this figure, are controlled by the rising
edge of 𝑄

𝐵
.

2.4. Numerical Estimation of the 𝑇
𝑂𝐿

and 𝛿 Periods. 𝑇
𝑂𝐿

defines the duration of Modes I and IV and may be numer-
ically estimated by determining the instant when either 𝑖

𝐷
2

or 𝑖
𝐷
1

reaches zero. 𝑇
𝑂𝐿

may also be calculated using the
Newton-Raphson method, [4]. This numerical method may
be implemented using

𝑇
𝑂𝐿

(𝑛 + 1) = 𝑇
𝑂𝐿

(𝑛) −
𝑓 (𝑇
𝑂𝐿

)

𝑓󸀠 (𝑇
𝑂𝐿

)
, (4)

where

𝑓 (𝑇
𝑂𝐿

) = 𝐹
𝐷
1

(𝜑
1
(𝑇
𝑂𝐿

)𝑋 (𝑡
1
))

+ (𝐹
𝐷
1

𝐴
−1

1

[𝜑
1
(𝑇
𝑂𝐿

) − 𝐼
𝑑
] 𝐵
1
+ 𝐺
𝐷
1

)𝑈,

𝑓
󸀠

(𝑇
𝑂𝐿

) = 𝐹
𝐷
1

𝐴
1
𝑒
𝐴
1
𝑇
𝑂𝐿𝑋(𝑡

1
)

+ 𝐹
𝐷
1

[

[

∞

∑

𝑗

(𝑗 + 1)𝐴
𝑗

1
𝑇
𝑗

𝑂𝐿

(𝑗 + 1)!

]

]

𝐵
1
𝑈.

(5)

Equations of (5) use the output equation that includes
𝑖
𝐷
1

, which determine the duration of Mode I, whereas the
duration of Mode IV is determined by 𝑖

𝐷
2

, such that (6) may
be rewritten as follows:

𝑓 (𝑇
𝑂𝐿

) = 𝐹
𝐷
2

(𝜑
4
(𝑇
𝑂𝐿

)𝑋(
𝑇

2
))

+ (𝐹
𝐷
2

𝐴
−1

4

[𝜑
4
(𝑇
𝑂𝐿

) − 𝐼
𝑑
] 𝐵
4
+ 𝐺
𝐷
4

) ,

𝑓
󸀠

(𝑇
𝑂𝐿

) = 𝐹
𝐷
2

𝐴
4
𝑒
𝐴
4
𝑇
𝑂𝐿𝑋(

𝑇

2
)

+ 𝐹
𝐷
2

[

[

∞

∑

𝑗

(𝑗 + 1)𝐴
𝑗

4
𝑇
𝑗

𝑂𝐿

(𝑗 + 1)!

]

]

𝐵
4
𝑈.

(6)

𝛿 defines the duration of Modes II and V and may
be numerically estimated by determining the instant when
the equation ViREF − VSAW is equal to 𝑅

𝑠
𝑖sum. 𝛿 may also
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Figure 4: DC-DC ZVT converter with current control loop.

be calculated using the Newton-Raphson method, [4]. This
numerical method may be implemented using

𝛿 (𝑛 + 1) = 𝛿 (𝑛) −
𝑖
2,sum (𝛿)

𝑖
󸀠

2,sum (𝛿)
, (7)

where

i
2,sum (𝛿) = −(

1

(𝑅
𝑠
)
) [(VV − V

𝑝
) (

𝛿𝑇/2

𝑇/2
) + V
𝑝
] ,

𝑓
󸀠(𝛿)

= (VV − V
𝑝
) 𝛿

− 𝐹
2,sum (𝐴

2

𝑇

2
)

× (𝜑
2
(
𝛿𝑇

2
− 𝑇
𝑂𝐿

)𝑋 (𝑡
1
+ 𝑇
𝑂𝐿

))

+ 𝐹
2,sum

𝑇

2

[

[

∞

∑

𝑗

(𝑗 + 1)𝐴
𝑗

2
((𝛿𝑇/2) − 𝑇

𝑂𝐿
)
𝑗

(𝑗 + 1)!

]

]

𝑈.

(8)

Equations of (8) use the output equation that includes
𝑖
2,sum and the expression ViREF − VSAW = 𝑅

𝑠
𝑖sum, which

determines the duration of Mode II, whereas the duration of

Mode V is determined by 𝑖
5,sum and the expression ViREF −

VSAW = 𝑅
𝑠
𝑖sum, such that (9) may be rewritten as follows:

𝑖
5,sum(𝛿) = −

(VV − V
𝑝
) ((𝛿𝑇/2) / (𝑇/2)) + V

𝑝

(𝑅
𝑠
)

𝑖
󸀠

5,sum (𝛿) = (VV − V
𝑝
) 𝛿

− 𝐹
5,sum (𝐴

5

𝑇

2
)

× (𝜑
5
(
𝛿𝑇

2
− 𝑇
𝑂𝐿

)𝑋 (𝑡
1
+ 𝑇
𝑂𝐿

))

+ 𝐹
5,sum

𝑇

2

[

[

∞

∑

𝑗

(𝑗 + 1)𝐴
𝑗

5
((𝛿𝑇/2) − 𝑇

𝑂𝐿
)
𝑗

(𝑗 + 1)!

]

]

𝑈.

(9)

3. Modeling of the ZVT Converter with
Current Control Loop

3.1. Piece-Wise Linear Model. Equation (2) may be used to
develop a piece-wise linear model of the converter of Figure 1
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Figure 5: Ideal waveform DC-DC ZVT converter with current
control loop.

throughout all the modes of operation. The solution of (2)
may be expressed as

𝑋(𝑡
𝑛−1

+ 𝑡
𝑛
) = 𝜑
𝑛
(𝑡
𝑛
)𝑋 (𝑡
1
) + 𝐴
−1

𝑛
[𝜑
𝑛
(𝑡
𝑛
) − 𝐼
𝑑
] 𝐵
𝑛
𝑈,

(10)

where

𝜑
𝑛
(𝑡
𝑛
) = 𝑒
𝐴
𝑛
𝑡
𝑛 , (11)

which defines in the first term of (10) the natural response
of the system along the period of time 𝑡

𝑛
− 𝑡
𝑛−1

with the
initial condition 𝑋(𝑡

𝑛−1
) at Mode n. The second term of

(10) is the steady state response, which is obtained by using
the convolution integral. Therefore, using (10) for the time
interval of 𝑡

1
≤ 𝑡 < 𝑡

1
+ 𝑇
𝑂𝐿
, together with the matrixes of

Mode I, the solution of the state vector forMode I is obtained
as follows:

𝑋(𝑡
1
+ 𝑇
𝑂𝐿

) = 𝜑
1
(𝑇
𝑂𝐿

)𝑋 (𝑡
1
) + 𝐴
−1

1
[𝜑
1
(𝑇
𝑂𝐿

) − 𝐼
𝑑
] 𝐵
1
𝑈.

(12)

In a similar way, the solutions for Modes II to VI at the
time intervals 𝑡

1
+ 𝑇
𝑂𝐿

≤ 𝑡 < 𝑡
1
+ 𝛿𝑇/2, 𝑡

1
+ 𝛿𝑇/2 ≤ 𝑡 <

𝑡
1
+ 𝑇/2, 𝑡

1
+ 𝑇/2 ≤ 𝑡 < 𝑡

1
+ 𝑇/2 + 𝑇

𝑂𝐿
, 𝑡
1
+ 𝑇/2 + 𝑇

𝑂𝐿
≤ 𝑡 <

𝑡
1
+ (1 + 𝛿)𝑇/2, and 𝑡

1
+ (1 + 𝛿)𝑇/2 ≤ 𝑡 < 𝑡

1
+ 𝑇 become

𝑋(𝑡
1
+

𝛿𝑇

2
) = 𝜑

2
(
𝛿𝑇

2
− 𝑇
𝑂𝐿

)𝑋 (𝑡
1
+ 𝑇
𝑂𝐿

)

+ 𝐴
−1

2
[𝜑
2
(
𝛿𝑇

2
− 𝑇
𝑂𝐿

) − 𝐼
𝑑
]𝐵
2
𝑈,

(13)

𝑋(𝑡
1
+

𝑇

2
) = 𝜑

3
(
𝑇

2
−

𝛿𝑇

2
)𝑋(𝑡

1
+

𝛿𝑇

2
)

+ 𝐴
−1

3
[𝜑
3
(
𝑇

2
−

𝛿𝑇

2
) − 𝐼
𝑑
]𝐵
3
𝑈,

(14)

𝑋(𝑡
1
+

𝑇

2
+ 𝑇
𝑂𝐿

) = 𝜑
4
(𝑇
𝑂𝐿

)𝑋(𝑡
1
+

𝑇

2
)

+ 𝐴
−1

4
[𝜑
4
(𝑇
𝑂𝐿

) − 𝐼
𝑑
] 𝐵
4
𝑈,

(15)

𝑋(𝑡
1
+

(1 + 𝛿) 𝑇

2
) = 𝜑

5
(
𝛿𝑇

2
− 𝑇
𝑂𝐿

)𝑋(𝑡
1
+

𝑇

2
+ 𝑇
𝑂𝐿

)

+ 𝐴
−1

5
[𝜑
5
(
𝛿𝑇

2
− 𝑇
𝑂𝐿

) − 𝐼
𝑑
]𝐵
5
𝑈,

(16)

𝑋(𝑡
1
+ 𝑇) = 𝜑

6
(
(1 − 𝛿) 𝑇

2
)𝑋(𝑡

1
+

(1 + 𝛿) 𝑇

2
)

+ 𝐴
−1

6
[𝜑
6
(
(1 − 𝛿) 𝑇

2
) − 𝐼
𝑑
]𝐵
6
𝑈.

(17)

3.2. Large-Signal Model. The large-signal model of the ZVT
converter may be obtained by substituting (12) in (13), (13) in
(14), (14) in (15), (15) in (16), and (16) in (17), in such a way
that a single expression is obtained as shown in

𝑋(𝑡
1
+ 𝑇)

= 𝜑
6
(
(1 − 𝛿) 𝑇

2
)𝜑
5
(
𝛿𝑇

2
− 𝑇
𝑂𝐿

)𝜑
4
(𝑇
𝑂𝐿

) 𝜑
3

× (
(1 − 𝛿) 𝑇

2
)𝜑
2
(
𝛿𝑇

2
− 𝑇
𝑂𝐿

)𝜑
1
(𝑇
𝑂𝐿

)𝑋 (𝑡
1
)
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+ [𝜑
6
(
(1 − 𝛿) 𝑇

2
)

× [𝜑
5
(
𝛿𝑇

2
− 𝑇
𝑂𝐿

)

× [𝜑
4
(𝑇
𝑂𝐿

) [𝜑
3
(
(1 − 𝛿) 𝑇

2
)

× 𝜑
2
(
𝛿𝑇

2
− 𝑇
𝑂𝐿

)

× 𝐴
−1

1
[𝜑
1
(𝑇
𝑂𝐿

) − 𝐼
𝑑
] 𝐵
1

+ 𝐴
−1

2
[𝜑
2
(
𝛿𝑇

2
− 𝑇
𝑂𝐿

)

−𝐼
𝑑
]𝐵
2
]

+𝐴
−1

3
[𝜑
3
(
(1 − 𝛿) 𝑇

2
) − 𝐼
𝑑
]𝐵
3
]

+𝐴
−1

4
[𝜑
4
(𝑇
𝑂𝐿

) − 𝐼
𝑑
] 𝐵
4
]

+𝐴
−1

5
[𝜑
5
(
𝛿𝑇

2
− 𝑇
𝑂𝐿

) − 𝐼
𝑑
]𝐵
5
]

+ 𝐴
−1

6
[𝜑
6
(
(1 − 𝛿) 𝑇

2
) − 𝐼
𝑑
]𝐵
6
𝑈.

(18)

3.3. Half-Cycle Model. The waveform 𝑖
𝐿
𝑆

of Figure 2 shows
that operation modes IV, V, and VI are mirrors of Modes I,
II, and III, respectively; therefore, the first three operation
modes are sufficient to describe the function of the converter.
A particular matrix titled as W may relate the modes I, II,
and III with the modes IV, V, and VI, which satisfies the
condition𝑊𝑊 = 𝐼

𝑑
, the identity matrix. Therefore, the half-

cycle model of the ZVT converter may be obtained replacing
the termsA4, A5, A6, B4, B5, and B6 by expressionsWA1,WA2,
WA3, WB1, WB2, andWB3, respectively, in (18), such that the
half-cycle model is

𝑋(𝑡
1
+

𝑇

2
)

= 𝜑
3
(
(1 − 𝛿) 𝑇

2
)𝜑
2
(
𝛿𝑇

2
− 𝑇
𝑂𝐿

)𝜑
1
(𝑇
𝑂𝐿

)𝑋 (𝑡
1
)

+ [𝜑
3
(
(1 − 𝛿) 𝑇

2
)𝜑
2
𝜑
3
(
(1 − 𝛿) 𝑇

2
)𝜑
2

× (
𝛿𝑇

2
− 𝑇
𝑂𝐿

)𝐴
−1

1
[𝜑
1
(𝑇
𝑂𝐿

) − 𝐼
𝑑
] 𝐵
1

+ 𝜑
3
(
(1 − 𝛿) 𝑇

2
)𝐴
−1

2
[𝜑
2
(
𝛿𝑇

2
− 𝑇
𝑂𝐿

) − 𝐼
𝑑
]𝐵
2

+𝐴
−1

3
[𝜑
3
(
(1 − 𝛿) 𝑇

2
) − 𝐼
𝑑
]𝐵
3
]𝑈

+ 𝑊(𝜑
3
(
(1 − 𝛿) 𝑇

2
)(𝜑
2
(
𝛿𝑇

2
− 𝑇
𝑂𝐿

)

× 𝑊𝜑
1
(𝑇
𝑂𝐿

)𝑋 (𝑡
1
)

+ 𝜑
3
(
(1 − 𝛿) 𝑇

2
)

× 𝜑
2
(
𝛿𝑇

2
− 𝑇
𝑂𝐿

)𝐴
−1

1

× [𝜑
1
(𝑇
𝑂𝐿

) − 𝐼
𝑑
] 𝐵
1
)

+ 𝜑
3
(
(1 − 𝛿) 𝑇

2
)𝐴
−1

2

× [𝜑
2
(
𝛿𝑇

2
− 𝑇
𝑂𝐿

) − 𝐼
𝑑
]𝐵
2

+ 𝐴
−1

3
[𝜑
3
(
(1 − 𝛿) 𝑇

2
) − 𝐼
𝑑
]𝑊𝐵
3
)𝑈 (𝑡

1
) .

(19)

The previous equation may be rewritten as𝑋(𝑡
1
+ 𝑇/2) =

𝐴MC𝑋(𝑡
1
) + 𝐵MC𝑈(𝑡

1
) for practical purposes.

3.4. Sample-Data, Small-Signal Linear Model of the Converter
in Open-Loop Conditions. The equation 𝑋(𝑡

1
+ 𝑇/2) =

𝐴MC𝑋(𝑡
1
) + 𝐵MC𝑈(𝑡

1
) may be used as a half-cycle, discrete

model of the ZVT converter, which may be written as

𝑋
󸀠

𝐾+1
= 𝐴MC𝑋𝐾 + 𝐵MC𝑈𝐾, (20)

where𝑋󸀠
𝐾+1

= 𝑋(𝑡
1
+ 𝑇/2),𝑋

𝐾
= 𝑋(𝑡

1
), and 𝑈

𝐾
= 𝑈(𝑡

1
)

A sample-data, small-signal model may be obtained by
using the Taylor series, (21), and using small-signal perturba-
tions as 𝛿xK, 𝛿UK, 𝛿𝑇𝑂𝐿

𝑘

and 𝛿𝛿K. One has

f (𝑥) = f (𝑥
0
) +J (𝑥 − 𝑥

0
) . (21)

Using this equation, the sample-data, small-signal linear
model becomes

𝛿𝑥
𝑘+1

≈
𝜕𝑥
𝑘+1

𝜕𝑥
𝑘

𝛿𝑥
𝑘
+

𝜕𝑥
𝑘+1

𝜕𝑈
𝑘

𝛿𝑈
𝑘

+
𝜕𝑥
𝑘+1

𝜕𝛿
𝛿𝛿
𝑘
+

𝜕𝑥
𝑘+1

𝜕𝑇
𝑂𝐿

𝛿𝑇
𝑂𝐿
𝑘

.

(22)

The solution of the partial derivatives is 𝜕𝑥
𝑘+1

/𝜕𝑥
𝑘

=

𝐴MC, 𝜕𝑥𝑘+1/𝜕𝑈𝑘 = 𝐵MC, 𝜕𝑥𝑘+1/𝜕𝛿 = 𝐶
𝛿
, and 𝜕𝑥

𝑘+1
/𝜕𝑇
𝑂𝐿

=

𝐷
𝑇𝑂𝐿

. 𝛿𝑇
𝑂𝐿𝑘

may be determined utilizing the restriction
equation of𝑇

𝑂𝐿
, whereas 𝛿𝛿K is obtained using the restriction

equation of 𝛿.

3.5. Restriction Equations of the Control Loop. The restriction
equations for 𝑇

𝑂𝐿
may be obtained analyzing the waveforms

𝑖
𝐿𝑆
, 𝑖
𝐷
1
,𝐷
3

, and 𝑖sum, which are shown in Figure 2 during the
Mode I. The slope of 𝑖sum during Mode I is named 𝑔

1
and is

determined by the rate of change of 𝑖
𝐿
𝑆

; that is, 𝑔
1
= 𝑉
𝑠
𝑘

/𝐿
𝑆
,
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while the slopes of 𝑖
𝐷
1
,𝐷
3

during the Mode I are named 𝑔
3
,

which are contrary and of lower amplitude than 𝑔
1
; that

is, g
3

= −g
1
/2N. The restriction equation of 𝑇

𝑂𝐿
may be

determined by integrating the waveforms 𝑖
𝐷1,𝐷3

duringMode
I:

𝑖
𝐿𝑆
𝑘

2𝑁
+

𝑖
𝐿𝑓
𝑘

2
+

𝑉
𝑠
𝑘

𝐿
𝑆

𝑇
𝑂𝐿
𝑘

= 0. (23)

The previous equation is not linear; therefore, it is
necessary to use theTaylor series to obtain a linearizedmodel:

𝛿𝑇
𝑂𝐿
𝑘

=
2𝑁𝐿
𝑆

𝑉
𝑆CD

[−
1

2𝑁
−
1

2
−

𝑇
𝑂𝐿CD

2𝑁𝐿
𝑆

][

[

𝛿𝑖
𝐿𝑆
𝑘

𝛿𝑖
𝐿𝑓
𝑘

𝛿𝑉
𝑠
𝑘

]

]

. (24)

The restriction equation of 𝛿 may be obtained analyzing
the waveforms 𝑖

𝐿
𝑆

and 𝑖sum with ViREF − VSAW during Mode II
(Figures 2 and 5). VSAW is determined by 𝑀(𝛿

𝑘
𝑇/2) and the

slope of 𝑖sum duringMode II, named 𝑔
2
, and may be obtained

by integrating again 𝑖sumwhen 𝑅
𝑠
𝑖sum = ViREF − VSAW:

𝑅
𝑠
(𝑖
𝐿𝑆
𝑘

+ 𝑔
1
𝑇
𝑂𝐿
𝑘

+ 𝑔
2
(
𝛿
𝑘
𝑇

2
− 𝑇
𝑂𝐿
𝑘

)) = 𝑉
𝑖REF − 𝑀

𝛿
𝑘
𝑇

2
.

(25)

The Taylor series is used to linearize the previous equa-
tion, and therefore the restriction equation of 𝛿 becomes

𝛿𝛿
𝑘
=

1

Δ𝛿
[𝑎
𝛿1

𝑎
𝛿2

𝑎
𝛿3

𝑎
𝛿4

𝑎
𝛿5
]

[
[
[
[
[

[

𝛿𝑖
𝐿𝑆
𝑘

𝛿𝑖
𝐿𝑓
𝑘

𝛿𝑉
𝑠
𝑘

𝛿𝑉iREF
𝑘

𝛿𝑉
𝑜
𝑘

]
]
]
]
]

]

, (26)

where Δ
𝛿
= −(2/𝑇)/(𝑀𝑇/2𝑅

𝑆
+ 1/(𝐿

𝑆
+ (1/𝑁

2

)𝐿
𝑓
))(V
𝑠CD

−

(1/𝑁)V
0CD

), 𝑎
𝛿1

= 𝜕𝑖
𝐿𝑆
𝑘

/𝜕𝑖
𝐿𝑆
𝑘

, 𝑎
𝛿2

= 𝜕𝑖
𝐿𝑆
𝑘

/𝜕𝑖
𝐿𝑓
𝑘

, 𝑎
𝛿3

=

𝜕𝑖
𝐿𝑆
𝑘

/𝜕𝑉
𝑆
𝑘

, 𝑎
𝛿4

= 𝜕𝑖
𝐿𝑆
𝑘

/𝜕𝑉iREF
𝑘

, and 𝑎
𝛿5

= 𝜕𝑖
𝐿𝑆
𝑘

/𝜕𝑉
𝑜
𝑘

.

3.6. Sample-Data, Small-Signal Linear Model of the Converter
in Closed-Loop Conditions. The sample-data, small-signal
linear model, may be obtained by substituting 𝛿

𝑇
𝑂𝐿𝑘

and 𝛿𝛿K,
(24) and (26), respectively, in (22):

𝛿𝑥
𝑘+1

= 𝐴MC
[

[

𝛿𝑖
𝐿𝑆
𝑘

𝛿𝑖
𝐿𝑓
𝑘

𝛿𝑉
𝑠
𝑘

]

]

+ 𝐵MC [
𝛿𝑉
𝑠
𝑘

𝛿𝐼
𝑍
𝑘

]

+ 𝐶
𝛿
(

1

Δ𝛿
[𝑎
𝛿1

𝑎
𝛿2

𝑎
𝛿3

𝑎
𝛿4

𝑎
𝛿5
]

[
[
[
[
[

[

𝛿𝑖
𝐿𝑆
𝑘

𝛿𝑖
𝐿𝑓
𝑘

𝛿𝑉
𝑠
𝑘

𝛿𝑉iREF
𝑘

𝛿𝑉
𝑜
𝑘

]
]
]
]
]

]

)

+ 𝐷
𝑇
𝑂𝐿

(
2𝑁𝐿
𝑆

𝑉
𝑆CD

[−
1

2𝑁
−
1

2
−

𝑇
𝑂𝐿CD

2𝑁𝐿
𝑆

][

[

𝛿𝑖
𝐿𝑆
𝑘

𝛿𝑖
𝐿𝑓
𝑘

𝛿𝑉
𝑠
𝑘

]

]

) ,

(27)

Table 1: Operating parameters.

Supply voltage 200V ± 20%
Output voltage 48V
Maximum power 250W
Minimum power 50W
Output voltage ripple 25mV
Output current ripple 300mA
Maximum phase 50%
Switching frequency 50 kHz

such that the small-signal model becomes

𝛿𝑥
𝑘+1

= 𝐴
𝑐𝑙
𝛿𝑥
𝑘
+ 𝜔
𝑐𝑙
𝛿𝑤
𝑐𝑙
𝑘

, (28)

where 𝛿𝑥
𝑘+1

= [𝛿𝑖
󸀠

𝐿𝑆
𝑘

𝛿𝑖
󸀠

𝐿𝑓
𝑘

𝛿𝑉
󸀠

𝑠
𝑘

]
𝑇

, 𝛿𝑥
𝑘

=

[𝛿𝑖
𝐿𝑆
𝑘

𝛿𝑖
𝐿𝑓
𝑘

𝛿𝑉
𝑠
𝑘
]
󸀠, and 𝛿𝑤

𝑐𝑙
𝑘

= [𝛿𝑉
𝑠
𝑘

𝛿𝑉iREF
𝑘

𝛿𝐼
𝑍
𝑘
]
𝑇.

Equation (28) may be solved by using the 𝑍 transform,
such that 𝛿𝑥

𝐾
becomes

𝛿𝑥
𝑘
= (𝐼
𝑑
− 𝐴
𝑐𝑙
)
−1

𝑍𝜔
𝑐𝑙
𝛿𝑤
𝑐𝑙
𝑘

. (29)

3.7. Transfer Function. To verify the dynamic characteristics
of the converter is necessary to analyze the transfer functions
that relate V

𝑜
with 𝑉

𝑠
, ViREF, and 𝐼

𝑧
, which are the throughput

input-to-output DC voltage transfer function, 𝐻V(𝑧) =

V
𝑜
(𝑧)/V
𝑠
(𝑧), the control-to-output transfer function,𝑇

𝑂𝐿
(𝑧) =

V
𝑜
(𝑧)/ViREF(𝑧), and the output impedance transfer function

𝑍
𝑜
(𝑧) = V

𝑜
(𝑧)/𝐼
𝑧
(𝑧), respectively.

The magnitude and phase of each transfer function may
be obtained using a Bode diagram, whereas the root locus
technique may be employed to describe the behaviour of the
poles and zeros of (30). One has

𝐻V (𝑧) =
𝑧 + 𝑎
1

𝑧2 + 𝑏
1
𝑧 + 𝑐
1

,

𝑇
𝑂𝐿

(𝑧) =
𝑎
2
𝑧
2

+ 𝑏
2
𝑧 + 𝑐
2

𝑧2 + 𝑏
1
𝑧 + 𝑐
1

,

𝑍
𝑜
(𝑧) =

𝑎
3
𝑧
2

+ 𝑏
3
𝑧 − 𝑐
3

𝑧2 + 𝑏
1
𝑧 + 𝑐
1

.

(30)

4. Verification of the Proposed Model

4.1. Prototype Operating Parameters. A 250W ZVT DC-
DC prototype converter was designed under the analysis
described in [7] to verify the large-signal model of (14).
Table 1 shows the operating parameters of the converter.

The steady-state output voltage, 𝑉
𝑂
, may be calculated as

the average of the rectified voltage V
𝐷𝐷

, such that at full load

𝑉
𝑜
= 𝛿max𝑁𝑉in −

4𝑁
2

𝐼
𝑜(max)𝐿𝑆

𝑇
. (31)

Taking the assumption shown in (31), the converter com-
ponent values must comply with the zero-voltage switching
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Table 2: Component values used in the 250W prototype.

Devices Value
Stray inductance (𝐿

𝑆
) 16.35 uH

Filter inductor (𝐿
𝑓
) 528 uH

Filter capacitor (𝐶
𝑓
) 12.18 uF

Resistive load 9.216Ω
Transformer turns ratio𝑁 0.683

Table 3: Verification of the large-signal model.

𝑋(𝑡
1
)

large-signal
model

𝑋(𝑡
1
+ 𝑇)

large-signal
model

𝑋(𝑡
1
+ 𝑇)

verification % error

𝑖
𝐿𝑆

−3.5292 −3.529 −3.5304 0.04%
𝑖
𝐿
𝑓

5.0171 5.017 5.0063 0.2%
𝑉
𝑜 48.035 48.019 48.002 0.4%

phenomena to reduce the transistor switching losses under a
certain load range. For instance, 𝐿

𝑆
should be large enough

to keep the converter operation with ZVT under a low load
condition, whilst 𝑁 should be small to maintain regulated
output voltage for a maximum input voltage. The list of
parameters shown in Table 1, together with (31), defines the
component values that may be used to keep the DC-DC
converter operatingwith theZVTeffectwithin a load range of

Table 4: Verification of the half-cycle model.

𝑋(𝑡
1
)

half-cycle
model

𝑋(𝑡
1
+ 𝑇/2)

half-cycle
model

𝑋(𝑡
1
+ 𝑇/2)

verification % error

𝑖
𝐿𝑆

−3.415 3.47 3.4153 0.016%
𝑖
𝐿
𝑓

4.954 4.957 4.8431 0.023%
𝑉
𝑜 48.53 48.53 47.1245 0.029%

50W to 250W, and the values shown in Table 2 were decided
to be appropriate for the converter design. The output filter
components of the rectifier were determined with the output
voltage ripple, Δ𝑉

𝑂
, and the filter inductor current ripple,

Δ𝐼
𝑂
, which may be calculated by using

Δ𝐼
𝑜
=

2𝑉
𝑜

𝜔𝐿
𝑓

{
𝜋

2
sin(cos−1 ( 2

𝜋
)) − cos−1 ( 2

𝜋
)} ,

Δ𝑉
𝑜
=

𝑇Δ𝐼
𝑜

8𝐶
.

(32)

4.2. Simulation and Results. The piece-wise linear model, the
large-signal model, and the half-cycle model of the converter
were verified by iterative program developed in MatLab. The
piece-wise model was solved using the Runge-Kutta numeri-
cal method and using a small simulation step time, together
with 𝑇

𝑂𝐿
and 𝛿, to calculate the duration of each operating

mode, whereas the large-signal model and half-cycle model
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Table 5: Definition of matrix for each mode of operation.

Mode I

𝐴
1

[
[

[

𝑖
󸀠

𝐿𝑆

𝑖
󸀠

𝐿
𝑓

𝑉
󸀠

𝑜

]
]

]

=

[
[
[
[
[

[

0 0 0

0 0 −
1

𝐿
𝑓

0
1

𝐶
𝑓

−
1

𝑅𝐶
𝑓

]
]
]
]
]

]

[
[

[

𝑖
𝐿𝑆

𝑖
𝐿
𝑓

𝑉
𝑜

]
]

]

+

[
[
[
[
[

[

1

𝐿
𝑆

0

0 0

0
1

𝐶
𝑓

]
]
]
]
]

]

[
𝑉
𝑠

𝐼
𝑍

]

𝐵
1

[
[
[
[

[

𝑖sec
𝑖
𝐷1

𝑖
𝐷2

𝑖sum

]
]
]
]

]

=

[
[
[
[
[
[
[
[
[
[

[

1

𝑁
0 0

1

2𝑁

1

2
0

−
1

2𝑁

1

1

2

0

0

0

]
]
]
]
]
]
]
]
]
]

]

[
[

[

𝑖
𝐿𝑆

𝑖
𝐿
𝑓

𝑉
𝑜

]
]

]

+
[
[

[

0 0

0 0

0 0

]
]

]

[
𝑉
𝑠

𝐼
𝑍

]

Mode II

𝐴
2

[
[

[

𝑖
󸀠

𝐿𝑆

𝑖
󸀠

𝐿
𝑓

𝑉
󸀠

𝑜

]
]

]

=

[
[
[
[
[
[
[
[

[

0 0 −
𝑁

(𝑁2𝐿
𝑆
+ 𝐿
𝑓
)

0 0 −
1

(𝑁2𝐿
𝑆
+ 𝐿
𝑓
)

0
1

𝐶
𝑓

−
1

𝑅𝐶
𝑓

]
]
]
]
]
]
]
]

]

[
[

[

𝑖
𝐿𝑆

𝑖
𝐿
𝑓

𝑉
𝑜

]
]

]

+

[
[
[
[
[
[
[
[

[

𝑁
2

(𝑁2𝐿
𝑆
+ 𝐿
𝑓
)

0

𝑁

(𝑁2𝐿
𝑆
+ 𝐿
𝑓
)

0

0
1

𝐶
𝑓

]
]
]
]
]
]
]
]

]

[
𝑉
𝑠

𝐼
𝑍

]

𝐵
2

[
[
[
[

[

𝑖sec
𝑖
𝐷1

𝑖
𝐷2

𝑖sum

]
]
]
]

]

=

[
[
[
[

[

0 1 0

0 1 0

0

1

0

𝑁

0

0

]
]
]
]

]

[
[

[

𝑖
𝐿𝑆

𝑖
𝐿
𝑓

𝑉
𝑜

]
]

]

+
[
[

[

0 0

0 0

0 0

]
]

]

[
𝑉
𝑠

𝐼
𝑍

]

Mode III

𝐴
3

[
[

[

𝑖
󸀠

𝐿𝑆

𝑖
󸀠

𝐿
𝑓

𝑉
󸀠

𝑜

]
]

]

=

[
[
[
[
[
[
[
[

[

0 0 −
𝑁

(𝑁2𝐿
𝑆
+ 𝐿
𝑓
)

0 0 −
1

(𝑁2𝐿
𝑆
+ 𝐿
𝑓
)

0
1

𝐶
𝑓

−
1

𝑅𝐶
𝑓

]
]
]
]
]
]
]
]

]

[
[

[

𝑖
𝐿𝑆

𝑖
𝐿
𝑓

𝑉
𝑜

]
]

]

+
[
[
[

[

0 0

0 0

0
1

𝐶
𝑓

]
]
]

]

[
𝑉
𝑠

𝐼
𝑍

]

𝐵
3

[
[
[
[

[

𝑖sec
𝑖
𝐷1

𝑖
𝐷2

𝑖sum

]
]
]
]

]

=

[
[
[
[

[

0 1 0

0 1 0

0

0

0

0

0

0

]
]
]
]

]

[
[

[

𝑖
𝐿𝑆

𝑖
𝐿
𝑓

𝑉
𝑜

]
]

]

+
[
[

[

0 0

0 0

0 0

]
]

]

[
𝑉
𝑠

𝐼
𝑍

]

Mode IV

𝐴
4

[
[

[

𝑖
󸀠

𝐿𝑆

𝑖
󸀠

𝐿
𝑓

𝑉
󸀠

𝑜

]
]

]

=

[
[
[
[
[

[

0 0 0

0 0 −
1

𝐿
𝑓

0
1

𝐶
𝑓

−
1

𝑅𝐶
𝑓

]
]
]
]
]

]

[
[

[

𝑖
𝐿𝑆

𝑖
𝐿
𝑓

𝑉
𝑜

]
]

]

+

[
[
[
[
[

[

−
1

𝐿
𝑆

0

0 0

0
1

𝐶
𝑓

]
]
]
]
]

]

[
𝑉
𝑠

𝐼
𝑍

]

𝐵
4

[
[
[
[

[

𝑖sec
𝑖
𝐷1

𝑖
𝐷2

𝑖sum

]
]
]
]

]

=

[
[
[
[
[
[
[
[
[
[

[

1

𝑁
0 0

1

2𝑁

1

2
0

−
1

2𝑁

−1

1

2

0

0

0

]
]
]
]
]
]
]
]
]
]

]

[
[

[

𝑖
𝐿𝑆

𝑖
𝐿
𝑓

𝑉
𝑜

]
]

]

+
[
[

[

0 0

0 0

0 0

]
]

]

[
𝑉
𝑠

𝐼
𝑍

]

Mode V

𝐴
5

[
[

[

𝑖
󸀠

𝐿𝑆

𝑖
󸀠

𝐿
𝑓

𝑉
󸀠

𝑜

]
]

]

=

[
[
[
[
[
[
[
[

[

0 0
𝑁

(𝑁2𝐿
𝑆
+ 𝐿
𝑓
)

0 0 −
1

(𝑁2𝐿
𝑆
+ 𝐿
𝑓
)

0
1

𝐶
𝑓

−
1

𝑅𝐶
𝑓

]
]
]
]
]
]
]
]

]

[
[

[

𝑖
𝐿𝑆

𝑖
𝐿
𝑓

𝑉
𝑜

]
]

]

+

[
[
[
[
[
[
[
[

[

−
𝑁
2

(𝑁2𝐿
𝑆
+ 𝐿
𝑓
)

0

𝑁

(𝑁2𝐿
𝑆
+ 𝐿
𝑓
)

0

0
1

𝐶
𝑓

]
]
]
]
]
]
]
]

]

[
𝑉
𝑠

𝐼
𝑍

]

𝐵
5

[
[
[
[

[

𝑖sec
𝑖
𝐷1

𝑖
𝐷2

𝑖sum

]
]
]
]

]

=

[
[
[
[

[

0 −1 0

0 0 0

0

−1

1

𝑁

0

0

]
]
]
]

]

[
[

[

𝑖
𝐿𝑆

𝑖
𝐿
𝑓

𝑉
𝑜

]
]

]

+
[
[

[

0 0

0 0

0 0

]
]

]

[
𝑉
𝑠

𝐼
𝑍

]
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Table 5: Continued.

Mode VI

𝐴
6

[
[

[

𝑖
󸀠

𝐿𝑆

𝑖
󸀠

𝐿
𝑓

𝑉
󸀠

𝑜

]
]

]

=

[
[
[
[
[
[
[
[

[

0 0
𝑁

(𝑁2𝐿
𝑆
+ 𝐿
𝑓
)

0 0 −
1

(𝑁2𝐿
𝑆
+ 𝐿
𝑓
)

0
1

𝐶
𝑓

−
1

𝑅𝐶
𝑓

]
]
]
]
]
]
]
]

]

[
[

[

𝑖
𝐿𝑆

𝑖
𝐿
𝑓

𝑉
𝑜

]
]

]

+
[
[
[

[

0 0

0 0

0
1

𝐶
𝑓

]
]
]

]

[
𝑉
𝑠

𝐼
𝑍

]

𝐵
6

[
[
[
[

[

𝑖sec
𝑖
𝐷1

𝑖
𝐷2

𝑖sum

]
]
]
]

]

=

[
[
[
[

[

0 −1 0

0 0 0

0

0

1

0

0

0

]
]
]
]

]

[
[

[

𝑖
𝐿𝑆

𝑖
𝐿
𝑓

𝑉
𝑜

]
]

]

+
[
[

[

0 0

0 0

0 0

]
]

]

[
𝑉
𝑠

𝐼
𝑍

]
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Figure 14: Root locus of 𝑇
𝑂𝐿
(z).
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Figure 15: Root locus of Z(z).

were solved by calculating 𝑇
𝑂𝐿

and 𝛿 with the Newton-
Raphson method. Figures 6 to 9 show a comparison of the
results obtained with the piece-wise model and simulation
results obtained with Micro-Cap. The waveforms plotted on
these figures are the transformer primary-side current 𝑖

𝐿
𝑆

,
Figure 6, the filter inductor current 𝑖

𝐿
𝑓

, Figure 7, the output
voltage V

𝑂
, Figure 8, and the supply current 𝑖sum together with

VSAW − ViREF, Figure 9. Tables 3 and 4 show a comparison of
the instantaneous values of the state vector obtained at the
end of a full cycle in steady state conditions, which verifies
the exactitude of the large-signal model, whereas Table 4

shows those of the half-cycle model. Both tables list results
togetherwith instantaneous results obtainedwithMicro-Cap.
The value of 𝑇

𝑂𝐿
calculated for Modes I and IV is 0.727 𝜇s

while 𝛿 is 0.3998.
Figures 10, 11, and 12 show the bode diagram of the

transfer functions 𝐻V(𝑧), 𝑇𝑂𝐿(𝑧), and 𝑍
𝑜
(𝑧) calculated with

the symbolic equation tool of MatLab, whilst Figures 13, 14,
and 15 show the roots locus of𝐻V(𝑧), 𝑇𝑂𝐿(𝑧), and 𝑍

𝑜
(𝑧).

Themagnitude of𝐻V(𝑧) at low frequency converges to the
steady-state DC of V

𝑜−DC/𝑉𝑠, while the magnitude of 𝑇
𝑂𝐿

(𝑧)

reveals the gain of the control-to-output under dynamic
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Figure 16: Root locus plots of𝐻V(𝑧), 𝑇𝑂𝐿(𝑧), and 𝑍
𝑂
(𝑧) obtained by ranging of 𝛿,𝑀, and 𝑅

𝑠
.

conditions, and the magnitude of 𝑍(𝑧) converges to small
value below and above the resonant frequency determined by
1/√𝐿

𝑓
+ 𝑁2𝐿

𝑆
/𝐶
𝑓
.

The poles of𝐻
𝑉
(𝑧) are conjugates complex roots, whereas

there is a single zero located at −2.75. 𝑇
𝑂𝐿

(𝑧) is steady with a
gain lower than 0.596 dB, and its poles are conjugates complex
roots with two steady zeros. 𝑍

𝑜
(𝑧) is steady with a gain lower

than 0.0682 dB, and its poles are conjugates complex roots,
and there are two zeros located at −3.93 and 0.93.

To design a controller is necessary to determine the
behaviour of the poles and zeros of the transfer functionswith
respect to variations of 𝛿,𝑀, and 𝑅

𝑠
. Figure 16 shows diverse

root locus plots of 𝐻
𝑉
(𝑧), 𝑇

𝑂𝐿
(𝑧), and 𝑍

𝑜
(𝑧) by ranging the

values of 𝛿,𝑀, and 𝑅
𝑠
.
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5. Conclusion

This paper presented the mathematical derivation of a
sample-data, small-signal model for a ZVT DC-DC con-
verter. The method used a piece-wise linear analysis to
obtain a large-signal model which was verified with numer-
ical predictions that depend on the integration step size
to obtain high accuracy. A sample-data, half-cycle linear
model was derived using the large-signal model, such that
a dynamic model of the converter was obtained by using
a linear approximation. A comparison of the instantaneous
values listed in Tables 3 and 4 showed that there is close
correspondence between the derived models and the circuit
simulation, especially with the half-cycle model. Also, Bode
diagrams and a root locus analysis showed that the control
system may be steady if 𝛿 is defined within an interval of 0.3
to 0.6, 𝑅

𝑠
within 0.9V/A to 1.2 V/A, andM within 0.044V/s

to 0.1 V/s. Therefore, the half-cycle model is more accurate
than the large-signal model, and it is useful to determine
a small-signal, sample-data model of the DC-DC converter
for dynamic studies. The presented method may help to
power electronic practitioners to derive discrete transfer
functions of soft switched DC-DC converter and understand
the dynamic behaviour of power electronic systems, which
serves as a basic principle to design a controller for the
converter outer loop.
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Themain goal of this work is to study the stability properties of an aircraftwith nonlinear behavior, controlled using a gain scheduled
approach. An output feedback is proposed which is able to guarantee asymptotical stability of the task-coordinates origin and safety
of the operation in the entire flight envelope. The results are derived using theory of hybrid and singular perturbed systems. It is
demonstrated that both body velocity and orientation asymptotic tracking can be obtained in spite of nonlinearities and uncertainty.
The results are illustrated using numerical simulations in F16 jet.

1. Introduction

Gain scheduled control (GSC) is widely employed in flight
control applications. The principle of operation of such a
controller relies on the use of a piece-wise linear approxi-
mation of aircraft dynamics to conclude stability via direct
or indirect arguments relating the linear approximation and
the original nonlinear dynamics [1]. Usually, stability of every
linear system is analyzed, and the design of an interpolation
controller to guarantee stable switching is performed as a
separated control design task [2–4].

Since the flight dynamics have nonlinear nature, the
linear approximation of the system leads to controllers with
stability and performance limitations. To overcome such
limitations there exist in the literature a variety of control
methodologies which provide important advances in GSC
and hybrid and nonlinear approaches [5–8]; see also GSC
surveys [1, 9–19].

Robustness of controllers is crucial not only due to the
high nonlinear behavior of the system, but also because
aeronautical systems are subjected to external perturbations
and they must have some fault tolerant capabilities. There
exist in the literature a variety of works leading the control
of these systems from a robust or adaptive point of view. In

[14] a multi-input, multioutput nonlinear model predictive
controller is proposed that makes use of a neurofuzzy predic-
tormodel.The authors analyze the robustness of the proposed
control in presence of uncertainties in the physical parame-
ters. In [15] attitude stabilization with external disturbance,
unknown inertia parameters, and actuator uncertainties is
analyzed. An adaptive control is proposed and input-to-
state stability is derived. Reference [16] studies the spacecraft
attitude tracking problem; the conditions that guarantee that
the attitude and body-rate error are ultimately bounded are
derived and bounds for the steady-state tracking errors are
also provided. Reference [17] proposes an observer-controller
control scheme to solve the output feedback attitude control
of a rigid body with bounded input.

In [10] a robust sum-of-squares (SOS) LMI (linear
matrix inequality) method to design a nonlinear controller
for longitudinal dynamics with parametric uncertainties is
proposed. The control design problem is formulated as a
robust SOS problem and then an LMI representation is
derived using an algorithm that is solved via a stochastic
ellipsoid method. In [11] an output feedback to stabilize a
planar nonlinear model of a vertical take-off and landing
(PVTOL) aircraft is proposed. To address the lack of full
state measurement, a finite time convergent observer is
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designed. Reference [12] addresses the nonlinear tracking
problem of a roll-rate-sensorless vertical take-off and landing
aircraft in the presence of roll-angle measurement delay. The
authors develop an extended attitude observer and a tracking
controller based on the observer by using the first-order
Pade approximation signal of the delayed roll angle, two
global coordinate transformations, and an extension of the
backstepping technique.

In many of the works above, it is not clear if the controller
can deal with structural uncertainty that may arise from a
failure, or from the nonlinearities of the system. Moreover,
some of them make use of observers to estimate the entire
state, which usually leads to high-order controllers. Some of
these drawbacks have made researches investigate improved
GSC strategies that can ensure the stability of the system in
spite of nonlinearities but still with simple controllers. Many
of these works make use of recent advances in switching and
hybrid systems.

Recently, switched LPV (linear parameter varying) sys-
tems have gained the attention of researchers due to the fact
that stabilization can also be derived using a multiple Lya-
punov function approach. In [20] it is studied the GSC using
a switched polytopic approach. In such work, it was proved
that the switched polytopic system is input-to-state bounded
if the subsystems share a common Lyapunov function, and
average dwell time is no smaller than a given constant. On
the other hand, [21] proposed a hybrid tracking control for
aircraft described by discrete-time stochastic linear hybrid
systems; the flight logic is described by discrete dynamics
governed by Markov chains. Conditions for convergence of
a model adaptive estimation algorithm are proposed, and a
new residual-mean interacting multiple model algorithm is
proposed.

Reference [18] uses a piecewise linear description of
the system and variations in operation points modeled as
switches between constituent linearized system dynamics to
analyze the control tracking problem. An adaptive control
scheme is proposed that can achieve asymptotic tracking
performance if the reference input is sufficiently rich and
the switches are sufficiently slow. Reference [19] develops a
hybrid control strategy that provides autonomous transition
between hovered and leveled flights to a model-scale fixed-
wing aircraft. The controller, together with an appropriate
choice of reference maneuvers, ensures that a transition from
hovered flight to level flight, or vice versa, is achieved. In
[22], a sensor-based backstepping method is implemented
on a fixed-wing aircraft with its focus on handling struc-
tural changes caused by damages. The controller combines
nonlinear dynamic inversion, which is highly dependent on
the knowledge of the system structure, with a sensor-based
backstepping control approach.

In this work, we are focused on the velocity regulation and
orientation of nonlinear aircraft. It is known (see [23]) that
the more general description of the flight dynamics is piece-
wise nonlinear since forces and torques involved may vary
dramatically with altitude, angle of attack, side-slip angle, and
mach number, among others. That is, in the best situation,
multiple nonlinear description of the aircraft constitutes

themore reliable description that can be obtained. Under this
premise, we depart from a six degree of freedom, nonlinear
piece-wise description of the aircraft to study the stability of
the system under a simple linear dynamic output feedback
(as in GSC). Using theory of switched hybrid systems and
singular perturbation systems, we demonstrate that the origin
of the closed-loop piecewise nonlinear description of the
aircraft is asymptotically stable, even in presence of uncer-
tainties that can be either structural or parametric.This result
constitutes the main contribution of this paper.

The tracking control strategy proposed here achieves a
desired linear velocity and attitude, while ensuring body rate
stabilization in spite of nonlinearities and model uncertainty.
As in GSC, the proposed controller is able to adapt its
operation based on the suitable definition of the switching
criterion. Stability conditions for every operation mode and
the overall switching system are derived; such piece-wise
nonlinear analysis has not been performed before, to the
authors’ knowledge.

Based on the aircraft movement restrictions, a cascade
control structure is proposed to solve the underactuated
task of solving simultaneously body rate stabilization and
attitude regulation. The attitude problem is formulated using
the kinematic restrictions relating angular body velocity and
quaternions, avoiding in this way the drawback of multiple
singularities in a given operation condition. It is shown that
the proposed controller is able to robustly stabilize the origin
of the controlled nonlinear dynamics of the aircraft in spite of
parametric or structural uncertainties, as long as they satisfy
being bounded and continuous Lipschitz functions of their
arguments in the operation domain. Numerical simulations
of an F16 aircraft are used to illustrate advantages of the
proposed control.

The paper begins with the nonlinear piecewise descrip-
tion of the aircraft and the control problem formulation.
Section 3 introduces some preliminary results to establish the
stability and the equilibrium uniqueness of some auxiliary
systems, while Section 4 is devoted to deriving themain result
of the paper. Illustrations of the results are given in Section 5
using a fixed-wing aircraft. Finally, Section 6 summarizes the
main contribution of the proposed structure and presents
some conclusions.

2. Problem Statement and Dynamic
Description of the Aircraft

In this work, we depart from a nonlinear description of
the aircraft using wind axis. As it is known, the nonlinear
behavior of the aircraft depends crucially on the movement
task performed. Typically the model parameters are obtained
about certain operation conditions. Due to this fact, the
nonlinear behavior of the aircraft is better described using
piecewise continuous models. In [23], it is stated that the
nonlinear description of the aircraft depends on variables
such as dynamic pressure, altitude, angle of attack, and
sideslip angle among the most important. Let the nonlinear
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model 𝑗 be valid in the domain Ω
𝑗
. Departing form this

premise, the piecewise nonlinear description of the system
can be written without loss of generality as constituted by a
linear function and a nonlinear function ( 𝑗Φ(𝑥)) clustering
high order terms and uncertainty, depending exclusively on
system’s states. In this work, we assume that such description
is valid on a domain Ω

𝑗
. In this way, the airplane movement

description and orientation is given by

̇𝑥 =
𝑗

𝐴𝑥 (𝑡) +
𝑗

𝐵𝑢 (𝑡) +
𝑗

Φ (𝑥) ,

̇𝜗 = 𝑇 (𝜗) 𝜔
𝑤
,

(1)

where 𝑥 = [𝑉
𝑇
, 𝛽, 𝛼, 𝑃, 𝑄, 𝑅]

𝑇 are deviation variables with
respect to an operation point, 𝜗 = [𝜂, 𝜖]

𝑇, 𝜖 = [𝜖
1
, 𝜖
2
, 𝜖
3
]
𝑇,

and 𝜔
𝑤
= [𝑃, 𝑄, 𝑅]

𝑇. Moreover,

𝑇 (𝜗) ≜
[
[

[
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, (3)

with 𝑗

𝐴, 𝑗𝐵, and
𝑗

Φ(𝑥) given by
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where 𝜑
𝑖
𝑖 = 1, . . . , 6 account for state-dependent uncertain-

ties, and ∑𝐷
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so forth, are terms accounting for higher order nonlinear
terms as shown in the following example:
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+ ⋅ ⋅ ⋅ }

+ {
𝜕
2

𝐷
𝑎

𝜕𝑃2

𝑃
2

2!
+
𝜕
3

𝐷
𝑎

𝜕𝑃3

𝑃
3

3!
+
𝜕
4

𝐷
𝑎

𝜕𝑃4

𝑃
4

4!
+ ⋅ ⋅ ⋅ }

+ {
𝜕
2

𝐷
𝑎

𝜕𝑄2

𝑄
2

2!
+
𝜕
3

𝐷
𝑎

𝜕𝑄3

𝑄
3

3!
+
𝜕
4

𝐷
𝑎

𝜕𝑄4

𝑄
4

4!
+ ⋅ ⋅ ⋅ }

+ {
𝜕
2

𝐷
𝑎

𝜕𝑅2

𝑅
2

2!
+
𝜕
3

𝐷
𝑎

𝜕𝑅3

𝑅
3

3!
+
𝜕
4

𝐷
𝑎

𝜕𝑅4

𝑅
4

4!
+ ⋅ ⋅ ⋅ } .

(6)

Moreover the output and input of the system are 𝑦 =

[𝑉
𝑇
, 𝑃, 𝑄, 𝑅]

𝑇

𝑢
𝑇

= [𝛿
𝑇
𝛿
𝑒
𝛿
𝑎
𝛿
𝑟
] where 𝛿

𝑇
is the throttle

position and 𝛿
𝑒
, 𝛿
𝑎
, and 𝛿

𝑟
are the control surface positions.

The following is assumed:

(A.1) 𝑗

Φ is a bounded, continuous differentiable function
of 𝑥 in Ω

𝑗
.

The assumption (A.1) implies that 𝑗Φ is Lipschitzwith respect
to 𝑥 inΩ

𝑗
. Notice that the Euler angles in (5) are related to the

quaternions (2)-(3).

2.1. Problem Formulation. Let the airplane model be given
by (1)–(6); find an output dependent piecewise linear control
such that

lim
𝑡→∞

[
[
[
[
[
[
[

[

𝑉
𝑇

𝑃

𝑄

𝑅

𝜂

𝜖

]
]
]
]
]
]
]

]

=

[
[
[
[
[
[
[

[

𝑉
𝑇ref
0

0

0

𝜂ref
𝜖ref

]
]
]
]
]
]
]

]

, (7)

for every 𝑥 ∈ 𝐷, where 𝐷 = ∪Ω
𝑗
and 𝑉

𝑇ref
, 𝜂ref, and 𝜖ref

are the desired values of the aircraft velocity magnitude and
quaternion orientation.

2.2. Control Structure. To accomplish both the movement
and orientation control defined in (7), it is necessary to define
the regulation error as follows:

𝑒
𝑦
= 𝑦 − 𝑦ref, (8)

𝑒
𝜗
= 𝜗 − 𝜗ref. (9)

Notice that (8) leads to the following implicit definition
of the state error 𝑗𝐶 𝑒

𝑥
= 𝑒

𝑦
. By substituting (8), (9) in (1) the

regulation error dynamics is obtained as follows:

̇𝑒
𝑥
=

𝑗

𝐴𝑒
𝑥
+
𝑗

𝐵𝑢 +
𝑗

Φ
1
(𝑒
𝑥
) ,

𝑒
𝑦
=

𝑗

𝐶 𝑒
𝑥
,

̇𝑒
𝜗
= 𝑇 (𝑒

𝜗
)𝜔e,

(10)

with

𝜔e ≜ 𝜔𝑤 − 𝜔ref, (11)

where 𝜔
𝑤
= [𝑃, 𝑄, 𝑅]

𝑇 and

𝑗

Φ
1
(𝑒
𝑥
) ≜

𝑗

Φ(𝑒
𝑥
+ 𝑥ref) +

𝑗

𝐴𝑥ref. (12)

To achieve (7) two feedback loops can be used: one that
depends on the velocity regulation error (body stabilization
task) and another that performs the orientation regulation.
In this work the following gain scheduling control structure
is studied:

𝑢 = 𝑢
1
+ 𝑢

2
, (13)

where

𝑢
1
= −

𝑗

𝐾
𝑝,1
𝑒
𝑦
−
𝑗

𝜀
1

𝑗

𝐾
𝐼,1
∫ 𝑒

𝑦
, (14)

𝑢
2
= −

𝑗

𝐾
𝑝,2
𝑒
𝜗
−
𝑗

𝜀
2

𝑗

𝐾
𝐼,2
∫ 𝑒

𝜗
, (15)

with 𝑗 = 1, . . . , 𝑠 where 𝑠 is the number of modes defined by
the design.

𝑗

𝐾
𝑝,1
, 𝑗𝐾

𝐼,1
∈ R4×4 are the control gains for the body

stabilization loop for every mode 𝑗.
𝑗

𝐾
𝑝,2
, 𝑗

𝐾
𝐼,2

∈ R4×4 are the control gains for the
orientation control loop for every mode 𝑗.
𝑗

𝜀
1
and 𝑗

𝜀
2
∈ R are constant.

The approach proposed in this work is to use the integral
parameters epsilon 1 and epsilon 2 as perturbation parameters
in order to establish stability conditions for the nonlinear
closed-loop system. The schematic diagram of the controller
(13)–(15) is given in Figure 1. To solve the regulation problem,
consider the following additional assumptions:

(A.2) the triplet ( 𝑗𝐴, 𝑗𝐵, 𝑗𝐶) is controllable and observable
for every operation mode;

(A.3) the operation domain or flight envelope 𝐷 satisfies
𝐷 = ∪Ω

𝑗
with intΩ

𝑗
⋂ intΩ

𝑖
= 0 for 𝑖 ̸=𝑗 andΩ

𝑗
̸=0.

3. Preliminaries

In this section, important results to deduce the main contri-
bution of this paper are introduced. To this end, let us analyze



Mathematical Problems in Engineering 5

Nonlinear
aircraft dynamics

Kinematics

Attitude
reference

Velocity and
attitude control 1

Velocity and
attitude control 2

Velocity and
attitude control n

Hybrid
switched
controller

y

a

+

+

−

−
...

yref

Figure 1: Controller structure.

the aircraft dynamics (10) under the action of the control law
(14), which is given by

̇𝑒 = [

𝑗

𝐴
1

𝐼

−
𝑗

𝜀
1

𝑗

𝐵
𝑗

𝐾
𝐼,1

𝑗

𝐶 0
6×6

] 𝑒 + [

𝑗

Φ
1
(𝑒
𝑥
)

0
] , (16)

where 𝑒
𝑥
, 𝑒

𝑠
are the state and quaternion tracking error,

respectively, 𝑒 = [𝑒
𝑥
, 𝑒
𝑠
]
𝑇

∈ R12 is a virtual state of the system
associated with the integral action, and

𝑗

𝐴
1
≜

𝑗

𝐴−
𝑗

𝐵
𝑗

𝐾
𝑝,1

𝑗

𝐶 ∈ R6×6. (17)

The equilibrium point of (16) is given by

𝑒
𝑥,eq = −

𝑗

𝐴
−1

1
[𝑏
𝐼
+
𝑗

Φ
1
(𝑒
𝑥,eq)] ≜ 𝑔 (𝑏𝐼, 𝑒𝑥,eq) , (18)

where ̇𝑒
𝑠
= 0 ⇒ 𝑒

𝑠
= 𝑏

𝐼
and 𝑏

𝐼
is a constant vector.

Regarding the properties of the system at equilibrium the
following propositions are stated.

Proposition 1. There exists an explicit function 𝑒
𝑥,eq = ℎ(𝑏𝐼)

derived from (18) if

󵄩󵄩󵄩󵄩󵄩󵄩

𝑗

𝐴
−1

1

󵄩󵄩󵄩󵄩󵄩󵄩
<

1

𝑗

𝐿
𝑑1

, (19)

where 𝑗

𝐿
𝑑1

is the Lipschitz constant of 𝑗Φ
1
(𝑒
𝑥
).

Proof. Notice that
󵄩󵄩󵄩󵄩󵄩󵄩
−
𝑗

𝐴
−1

1
∇
𝑒
𝑥,eq

𝑗

Φ
1
(𝑒
𝑥,eq)

󵄩󵄩󵄩󵄩󵄩󵄩
<
󵄩󵄩󵄩󵄩󵄩󵄩

𝑗

𝐴
−1

1

󵄩󵄩󵄩󵄩󵄩󵄩

󵄩󵄩󵄩󵄩󵄩󵄩
∇
𝑒
𝑥,eq

𝑗

Φ
1
(𝑒
𝑥,eq)

󵄩󵄩󵄩󵄩󵄩󵄩

<
󵄩󵄩󵄩󵄩󵄩󵄩

𝑗

𝐴
−1

1

󵄩󵄩󵄩󵄩󵄩󵄩

𝑗

𝐿
𝑑1
.

(20)

From the hypothesis, we have that ‖ 𝑗𝐴
−1

1
‖
𝑗

𝐿
𝑑1

< 1;
therefore ‖ − 𝑗

𝐴
−1

1
∇
𝑒
𝑥,eq

𝑗

Φ
1
(𝑒
𝑥,eq)‖ < 1. Furthermore since

𝑗

Φ
1
(𝑒
𝑥,eq) is differentiable, from (18) we have

󵄩󵄩󵄩󵄩󵄩󵄩
∇
𝑒
𝑥,eq
𝑔 (𝑒

𝑥,eq)
󵄩󵄩󵄩󵄩󵄩󵄩
=
󵄩󵄩󵄩󵄩󵄩󵄩
−
𝑗

𝐴
−1

1
∇
𝑒
𝑥,eq

𝑗

Φ
1
(𝑒
𝑥,eq)

󵄩󵄩󵄩󵄩󵄩󵄩
< 1. (21)

Using the contractionmapping theorem [24], there exists
a unique solution of (18); hence there exists an explicit map
𝑒
𝑥,eq = ℎ(𝑏𝐼).

In other words, if 𝑗𝐾
𝑝,1
≜

𝑗𝛾 𝑗

𝐾
𝑝,1
, where 𝑗𝛾 > 0, hence

(20) can be rewritten as
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝑗𝛾(

𝑗

𝐴

𝑗𝛾
−
𝑗

𝐵
𝑗

𝐾
𝑝,1

𝑗

𝐶)

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

≤
󵄨󵄨󵄨󵄨󵄨

𝑗𝛾
󵄨󵄨󵄨󵄨󵄨

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

(

𝑗

𝐴

𝑗𝛾
−
𝑗

𝐵
𝑗

𝐾
𝑝,1

𝑗

𝐶)

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

,

𝑗

𝐿
𝑑1
<

𝑗𝛾

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝑗

𝐴

𝑗𝛾
−
𝑗

𝐵
𝑗

𝐾
𝑝,1

𝑗

𝐶

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

.

(22)

From (22) it can be seen that if 𝑗𝛾 → ∞, then
𝑗𝛾 ‖(

𝑗

𝐴/
𝑗𝛾) −

𝑗

𝐵
𝑗

𝐾
𝑝,1

𝑗

𝐶 ‖ → ∞. Such results imply the
existence of a sufficiently large 𝑗𝛾 such that condition of this
proposition is satisfied.

Proposition 2. Considering the map

𝑒
𝑠
= −

𝑗

𝐴
1
𝑒
𝑥
−
𝑗

Φ
1
(𝑒
𝑥
) , (23)

there exist real negative eigenvalues of 𝑗𝐴
1
, such that [∇

𝑒
𝑥

𝑒
𝑠
]
−1

is positive definite.

Proof. Computing the 𝑒
𝑥
-derivative of (23), we have

∇
𝑒
𝑥

𝑒
𝑠
= −

𝑗

𝐴
1
− ∇

𝑒
𝑥

𝑗

Φ
1
(𝑒
𝑥
) . (24)

According to Theorem 3 in [25] and Assumption (A.2),
the eigenvalues of (17) can be arbitrarily assigned (by virtue of
gain 𝑗

𝐾
𝑝,1
).Therefore, they are chosen for 𝑗𝐴

1
to be negative

definite. Notice that in view of this fact 𝑗

𝐴
1
is Hurwitz and

−
𝑗

𝐴
1
is positive definite. Moreover, given (17), if 𝑗

𝐾
𝑝,1

=

𝑗𝛾 𝑗

𝐾
𝑝,1
, there exists a sufficiently large value of 𝑗𝛾 such that

the term 𝑗

𝐴
1
prevails over ∇

𝑒
𝑥

𝑗

Φ
1
(𝑒
𝑥
), which by virtue of

Assumption (A.1) is bounded in Ω
𝑗
. These arguments lead
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us to deduce the existence of controller gains 𝑗

𝐾
𝑝,1

such
that ∇

𝑒
𝑥

𝑒
𝑠
is positive definite, which implies that [∇

𝑒
𝑥

𝑒
𝑠
]
−1 is

positive definite.

4. Main Results

In this section, the main contributions of this work are
stated in Theorems 3 and 4. These theorems contain results
regarding the stability of every operation mode (i.e., stability
of a two-loop controller acting in a given operation region)
and the stability of the entire operation region or flight
envelope conditions.

4.1. Stability of Every Operation Mode. This stability analysis
is performed in two parts; firstly the stability of the body
stabilization loop is analyzed and afterwards the orienta-
tion stabilization loop. The stability analysis makes use of
singularly perturbed systems [26], since the idea is to use
integral control gains as perturbation parameters. In other
words, since the integral actions constitute slow actions
of the controller, the closed-loop system can be described
naturally using two systems: a fast system given by the
aircraft dynamics under a pure proportional action and a slow
system given by the integral dynamics of the regulation error.
The singular perturbed system arises as the integral gains
approach zero. The interested reader is referenced to [26,
27] for a more detailed explanation of singularly perturbed
systems.

Theorem 3. Let the dynamics of the aircraft be described by
(10)–(15) in the setΩ

𝑗
, let 𝑗𝐾

𝐼,𝑖
∈ R4×4, 𝑖 ∈ {1, 2}, 𝑗 ∈ {1, . . . , 𝑠},

and let 𝑗

𝐾
𝑝,1

be as in Propositions 1 and 2; then there exist
constants 0 <𝑗 𝜀

1
< 𝜀max and 0 <𝑗 𝜀2 < 𝜀max, such that the

origin of (10) under the action of control (13) is asymptotically
stable.

Proof. As a first step, consider the aircraft under the body
stabilization loop. From Proposition 1, a unique isolated
equilibrium exists; let us denote such equilibrium values as
𝑒
𝑥,eq and 𝑒𝑠,eq. In view of this fact, the following coordinates
are introduced to shift such equilibrium to the origin

𝑧 ≜ 𝑒
𝑥
− 𝑒

𝑥,eq,

𝑤 ≜ 𝑒
𝑠
− 𝑒

𝑠,eq.
(25)

At this point, let us use variable 𝑗

𝜀
1
> 0 as a perturbation

parameter; hence the closed-loop system (10)–(13) can be
rewritten as a standard singularly perturbed system given by

[

𝑗

𝜀
1
𝑧
󸀠

𝑤
󸀠
] = [

𝑗

𝐴
1

𝐼

−
𝑗

𝐵
𝑗

𝐾
𝐼,1

𝑗

𝐶 0
4×4

] [
𝑧

𝑤
] + [

𝑗

Φ
2
(𝑧)

0
] , (26)

where 𝑗

Φ
2
(𝑧) ≜

𝑗

Φ
1
(𝑧 + 𝑒

𝑥,eq), 𝑡
󸀠

=
𝑗

𝜖
1
𝑡, 𝑧 ≜ 𝑧(𝑡

󸀠

), 𝑧󸀠 ≜
𝑑𝑧/𝑑𝑡

󸀠, 𝑤 ≜ 𝑤(𝑡󸀠), and 𝑤󸀠 ≜ 𝑑𝑤/𝑑𝑡󸀠.

The boundary-layer and reduced systems associated with
(26) are given, respectively, by

̇𝑧 =
𝑗

𝐴
1
𝑧 +

𝑗

Φ
2
(𝑧) , (27)

0 =
𝑗

𝐴
1
𝑧 + 𝑤 +

𝑗

Φ
2
(𝑧) , (28)

𝑤
󸀠

= −
𝑗

𝐵
𝑗

𝐾
𝐼,1

𝑗

𝐶𝑧. (29)
Observe that (27) can be seen as the aircraft system under
pure proportional action. On the other hand, notice that (28)
is a steady-state relationship between 𝑧 and 𝑤 that satisfies
𝑧 = −

𝑗

𝐴
−1

1
[𝑤 +

𝑗

Φ
2
(𝑧)], which has the same structure of

(18); therefore Proposition 1 can be used; hence, for a suitable
proportional gain (i.e., sufficiently large 𝑗𝛾), there exists an
explicit function 𝑧 ≜ ℎ(𝑤) such that

𝑤
󸀠

= −
𝑗

𝐵
𝑗

𝐾
𝐼,1

𝑗

𝐶ℎ (𝑤) . (30)
Firstly, wewill show that the linear output feedback (14) is able
to track asymptotically the velocity of the nonlinear aircraft.
Observe that (30) can be seen as the aircraft system under
pure integral action. To derive the stability properties of (26),
we can use systems (27) and (30).

We start by showing that, for a sufficiently large 𝑗𝛾, the
origin of (27) is exponentially stable. To this end, let us
consider the following scalar function:

𝑗

𝑉
1
= 𝑧

𝑇 𝑗

𝑃
1
𝑧, (31)

where 𝑗

𝑃
1
∈ R6×6 is positive definite. Since 𝑗

𝐴
1
is Hurwitz,

the time derivative of (31) along (27) is given by
𝑗

𝑉
1
= −𝑧

𝑇 𝑗

𝑄
1
𝑧 + 2𝑧

𝑇 𝑗

𝑃
1

𝑗

Φ
2
(𝑧) , (32)

with 𝑗

𝑄
1
positive definite, since 𝑗

Φ
2
(𝑧) is Lipschitz; hence

𝑗

𝑉
1
≤ −‖𝑧‖

2
󵄩󵄩󵄩󵄩󵄩

𝑗

𝑄
1

󵄩󵄩󵄩󵄩󵄩
+ 2‖𝑧‖

2
󵄩󵄩󵄩󵄩󵄩

𝑗

𝑃
1

󵄩󵄩󵄩󵄩󵄩
𝐿
1
,

𝑗

𝑉
1
≤ (−

󵄩󵄩󵄩󵄩󵄩

𝑗

𝑄
1

󵄩󵄩󵄩󵄩󵄩
+ 2𝐿

1

󵄩󵄩󵄩󵄩󵄩

𝑗

𝑃
1

󵄩󵄩󵄩󵄩󵄩
) ‖𝑧‖

2

,

(33)

where 𝐿
1
is the Lipschitz constant of 𝑗Φ

2
(𝑧). To ensure that

(−‖
𝑗

𝑄
1
‖ + 2𝐿

1
‖
𝑗

𝑃
1
‖) is negative definite, it is required that

2𝐿
1
‖
𝑗

𝑃
1
‖ ≤ ‖

𝑗

𝑄
1
‖, since ‖ 𝑗𝑄

1
‖ = ‖

𝑗

𝐴
𝑇

1

𝑗

𝑃
1
+
𝑗

𝑃
1

𝑗

𝐴
1
‖ and

𝑗

𝐾
𝑝,1
=

𝑗𝛾 𝑗

𝐾
𝑝,1

with 𝑗𝛾 > 0; hence
󵄩󵄩󵄩󵄩󵄩

𝑗

𝑄
1

󵄩󵄩󵄩󵄩󵄩
=
󵄩󵄩󵄩󵄩󵄩

𝑗

𝐴
𝑇

1

𝑗

𝑃
1
+
𝑗

𝑃
1

𝑗

𝐴
1

󵄩󵄩󵄩󵄩󵄩

=

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝑗𝛾 [

𝑗

𝐴

𝑗𝛾
−
𝑗

𝐵
𝑗

𝐾
𝑝,1

𝑗

𝐶]

𝑇

𝑗

𝑃
1

+
𝑗𝛾 𝑗

𝑃
1
[

𝑗

𝐴

𝑗𝛾
−
𝑗

𝐵
𝑗

𝐾
𝑝,1

𝑗

𝐶]

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

=
󵄩󵄩󵄩󵄩󵄩

𝑗𝛾
󵄩󵄩󵄩󵄩󵄩

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

[

𝑗

𝐴

𝑗𝛾
−
𝑗

𝐵
𝑗

𝐾
𝑝,1

𝑗

𝐶]

𝑇

𝑗

𝑃
1

+
𝑗

𝑃
1
[

𝑗

𝐴

𝑗𝛾
−
𝑗

𝐵
𝑗

𝐾
𝑝,1

𝑗

𝐶]

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

.

(34)
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From (34) it can be observed that lim 𝑗𝛾→∞

‖
𝑗

𝑄
1
‖ = ∞,

which implies that, for a sufficiently large 𝑗𝛾, the origin of
(27) is exponentially stable.

On the other hand, to study stability of the reduced system
(30), consider the scalar function 𝑗

𝑉
2
= (1/2)𝑤

𝑇

𝑤. Let 𝐸 ≜
𝑗

𝐵
𝑗

𝐾
𝐼,1

𝑗

𝐶; hence the time derivative of 𝑗

𝑉
2
along (27) is

𝑗

𝑉
2
= −𝑤

𝑇

𝐸ℎ(𝑤).
Using the result in Proposition 2, ∇

𝑤
ℎ(𝑤) = [∇

𝑒
𝑥

𝑒
𝑠
]
−1 is

positive definite, which in turn implies that 𝑗

𝑉
2
is positive

semidefinite. Using the Lasalle invariance principle and
provided that 𝑗

𝑉
2
= 0 only in 𝑧 = 0, 𝑤 = 0, it is possible

to conclude that the origin of (27) is asymptotically stable.
At this point, asymptotic stability of (16) can be concluded

using Theorem 2.1 in [26]. The stability properties of the
reduced and boundary layer system imply the existence of a
parameter 𝜀max > 0 such that, for every 0 < 𝑗

𝜀
1
< 𝜀max, the

origin of (16) is asymptotically stable, with a scalar function

𝑗

𝑉
3
=

(
𝑗

𝑉
1
+
𝑗

𝑉
2
)

𝑗

𝜀
1

. (35)

So far, it has been shown that the linear output feedback (14)
is able to asymptotically stabilize the velocity of the nonlinear
aircraft.

To show that the second linear loop (15) is able to regulate
the orientation, consider the following: let us compute the
closed-loop system (10)–(15) under steady-state conditions:

0 = 𝑓 (𝜎eq) − Λ (𝑒𝜗,eq;
𝑗

𝐾
𝑝,2
) + 𝐵 (𝜌eq) , (36)

0 = 𝑇 (𝑒
𝜗,eq) [𝑃, 𝑄, 𝑅]

𝑇

, (37)

0 =
𝑗

𝜀
2

𝑗

𝐾
𝐼,2
𝑒
𝜗,eq, (38)

where the subindex eq is the value of the variable under
equilibrium conditions, 𝜎 = [𝑧, 𝑤]𝑇, 𝑓(𝜎) is the right-hand
side of (26), 𝜌 is the virtual state associated with the integral
action, 𝐵(𝜌) ≜ [ 𝑗𝐵𝜌, 0]𝑇, and

Λ(𝑒;
𝑗

𝐾
𝑝,2
) ≜ [

𝑗

𝐵
𝑗

𝐾
𝑝,2
𝑒
𝜗

0
] . (39)

From (38) it is clear that 𝑒
𝜗,eq = 0, since 𝑗

𝐾
𝐼,2

is full rank.
Observe that 𝑇(0) = 0, Λ(0; 𝑗𝐾

𝑝,2
) = 0, and 𝐵(𝜌eq) is a

constant vector, so (36) can be rewritten as

0 = 𝑓 (𝜎eq) + 𝐵 (𝜌eq) . (40)

Observe that (40) has the same structure as (18), except for
the translation term 𝐵(𝜌eq). Hence Proposition 1 can be used
to guarantee the existence and uniqueness of the equilib-
rium point. That implies that in steady-state conditions for
every value of the state one and only one integral action
corresponds. As before, let us consider system (26) under the
action of controller (15) as a singularly perturbed system,with
the gain of the integral action of the second loop as a new

perturbation parameter. In this way, such closed-loop system
can be rewritten as:

𝑗

𝜀
2
𝜎̃
󸀠

= 𝑓 (𝜎̃
󸀠

) − Λ (𝑒
󸀠

𝜗
;
𝑗

𝐾
𝑝,2
) + 𝐵 (𝜌

󸀠

) ,

𝑗

𝜀
2
𝑒
󸀠

𝜗
= 𝑇 (𝑒

󸀠

𝜗
) [𝑃, 𝑄, 𝑅]

𝑇

,

𝜌
󸀠

= −
𝑗

𝐾
𝐼,2
𝑒
󸀠

𝜗
,

(41)

with 𝜎̃ = [𝑧̃, 𝑤] ≜ 𝜎 − 𝜎eq = [𝑧 − 𝑧eq, 𝑤 − 𝑤eq], 𝜌 ≜ 𝜌 − 𝜌eq,
𝜏
󸀠

=
𝑗

𝜖
2
𝑡 is the new time scale, and 𝑒

𝜗
≜ 𝑒

𝜗
− 𝑒

𝜗,eq, 𝜎̃
󸀠

≜

𝑑𝜎̃/𝑑𝜏
󸀠, 𝜌󸀠 ≜ 𝑑𝜌/𝑑𝜏

󸀠, and 𝑒󸀠
𝜗
≜ 𝑑𝑒

𝜗
/𝑑𝜏

󸀠. Observe that (41)
has an equilibrium point in (𝜎̃, 𝑒

𝜗
, 𝜌) = (0, 0, 0). Moreover,

observe that (𝜎̃, 𝑒
𝜗
, 𝜌) → (0, 0, 0), as 𝜏󸀠 → ∞ implies that

(𝜎̃, 𝑒
𝜗
, 𝜌) → (0, 0, 0) as 𝑡 → ∞.

At this point, let us compute the reduced and boundary
layer systems associated with (41), which are given, respec-
tively, by

𝜌
󸀠

= −
𝑗

𝐾
𝐼,2

𝑗

𝐾
−1

𝑝,2
𝜌, (42)

̇𝜎̃ = 𝑓 (𝜎̃) . (43)

Notice that (43) has been studied before; the origin of such
system is asymptotically stable for 0 < 𝑗

𝜀
1
< 𝜀max. On the

other hand, the stability of the reduced system (42) can be
readily established by suitable gains − 𝑗𝐾

𝑗

𝐼,2
𝐾
𝑝,2

that make the
matrix Hurwitz, hence, the existence of a Lyapunov function
𝑗

𝑉
4
= 𝜌

𝑇 𝑗

𝑃
4
𝜌 associated with (42) can be derived such that

𝑗

𝑉
4
= −𝜌

𝑇 𝑗

𝑄
4
𝜌 < 0.

Given the arguments above and the Lipschitz nature
of 𝑗

Φ
2
(𝑧̃), Theorem 2.1 in [26] implies the existence of a

parameter 𝜀max > 0 such that for all 0 < 𝑗

𝜀
2
< 𝜀max the origin

of (41) is asymptotically stable.

So far, it has been proven that a linear control is able
to stabilize both velocity and orientation of the nonlinear
aircraft; however, such result has been derived from the
hypothesis that the system description is continuous. To relax
such assumption, in the followingwewill study the stability of
a family of piecewise continuous functions, which describes
the dynamic of the aircraft at a family of desired operation
points.

4.2. Stability of the Switching Structure. Conditions in
Theorem 3 guarantee the stability in a local domainΩ

𝑗
. How-

ever, they do not constitute sufficient evidence to guarantee
the stability of the entire flight envelope. To obtain such
evidence, the piecewise continuous system under the action
of discrete event switching has to be studied.

Since the origin of every continuous description of
the system can be defined using different operation points
(reference), the switching among modes can be described
using discrete event switching depending on time, system’s
state, or both.

In view of this fact, it is necessary to study the require-
ments on the discrete event actions that ensure asymptotic
stability of the closed-loop hybrid system. The following
theorem establishes such conditions.
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Theorem 4. Assume that conditions ofTheorem 3 are satisfied
and let

𝑗

𝑉
𝑡𝑜𝑡
(𝜋) = 𝑧

𝑇 𝑗

𝑃
1
𝑧 +

1

2
𝑤
𝑇

𝑤 + 𝜌
𝑇 𝑗

𝑃
4
𝜌 ≜ 𝜋

𝑇
𝑗

𝑃̂ 𝜋, (44)

with 𝜋𝑇 = [𝑧, 𝑤, 𝜌]. The origin of the hybrid system (10)–
(13) is asymptotically stable for the entire flight envelope using
switching criteria guaranteeing an average dwell time for the
𝑗th mode, 𝑇

𝐴𝐷
> 0, such that

𝑗

𝑉
𝑡𝑜𝑡
(𝜋 (

𝑗+

𝑡
𝑙
)) ≥

𝑗

𝑉
𝑡𝑜𝑡
(𝜋 (

𝑗−

𝑡
𝑙+1
)) , (45)

with 𝑗+

𝑡
𝑙
, 𝑗−𝑡

𝑙
are the initial time and final time when the 𝑗th

mode becomes active for the 𝑙th time, respectively.

Proof. The proof will be performed usingTheorem 7 in [28].
According to the result in [28], the existence of a differentiable
and radially unbounded scalar function 𝑗

𝑉tot > 0 must be
shown such that 𝑗

𝑉tot ≤ 0 along trajectories of (41). Let
us consider the following quadratic positive definite scalar
function:

𝑗

𝑉tot (𝜋) = 𝑧
𝑇 𝑗

𝑃
1
𝑧 +

1

2
𝑤
𝑇

𝑤 + 𝜌
𝑇 𝑗

𝑃
4
𝜌. (46)

FromTheorem 3,

𝛼
1
(‖𝜋‖) ≤

𝑗

𝑉tot (𝜋) ≤ 𝛼2 (‖𝜋‖) , (47)

with 𝛼
2
(‖𝜋‖) = 3max

𝑗
{𝜆max(

𝑗

𝑃
1
)/
𝑗

𝜀
1

𝑗

𝜀
2
, 1/

𝑗

𝜀
1

𝑗

𝜀
2
,

𝜆max(
𝑗

𝑃
4
)/
𝑗

𝜀
2
}‖𝜋‖

2, and 𝛼
1
(‖𝜋‖) = 3min

𝑗
{𝜆min(

𝑗

𝑃
1
)/

𝑗

𝜀
1

𝑗

𝜀
2
, 1/

𝑗

𝜀
1

𝑗

𝜀
2
, 𝜆min(

𝑗

𝑃
4
)/
𝑗

𝜀
2
}‖𝜋‖

2. On the other hand,
the time derivative of (44) along (10)–(13) is given by

𝑗

𝑉tot (𝜋)

≤ − {{−
󵄩󵄩󵄩󵄩󵄩

𝑗

𝑄
1

󵄩󵄩󵄩󵄩󵄩
+ 2𝐿

1

󵄩󵄩󵄩󵄩󵄩

𝑗

𝑃
1

󵄩󵄩󵄩󵄩󵄩
} ‖𝑧‖

2

+ 𝑤
𝑇

𝐸ℎ (𝑤) + 𝜌
𝑇 𝑗

𝑄
4
𝜌}

≜ −
𝑗

𝑊tot (𝜋) .

(48)

From Theorem 3 in this work, the origin of every opera-
tion mode 𝑗 is asymptotically stable. Using this property and
Remark 6 in [28] it is possible to conclude the satisfaction
of Conditions 1 and 2 of Theorem 7 in [28], that is, the
existence of a class K

∞
function (𝜅) such that |𝜋(𝑡)| ≤

𝜅(‖
𝑗

𝑊tot(𝜋)‖[𝑡,𝑡+𝜏]).
Finally, Remark 7 and Lemma 8 in [28] let us conclude

that if a minimum average dwell time 𝑇AD > 0,

𝑗

𝑉tot (𝜋 (
𝑗+

𝑡
𝑙
)) ≥

𝑗

𝑉tot (𝜋 (
𝑗−

𝑡
𝑙+1
)) , (49)

with 𝑗−

𝑡
𝑙
, 𝑗+𝑡

𝑙
are the initial time and final time when the 𝑗th

mode becomes active for the 𝑙th time, respectively, the origin
of the hybrid system is asymptotically stable in𝐷, where𝐷 =

∪Ω
𝑗
.

Remark 5. Theorem 4 provide us with guidelines to design
switching laws for the hybrid system. According to such
theorem, the gain scheduling control must use a supervisory
action that decides whether a given mode is active using
switching laws that can be either time or state dependent, as
long as a minimum average dwell time is satisfied for every
mode. This average time can be arbitrary small as long as
𝑇AD > 0.The stability result inTheorem 4 actually establishes
that the system will be stable if chattering does not occur.The
phenomenon of chattering occurs when infinite switching
actions occur in finite time and it may lead to finite time
destabilization.

Remark 6. The results discussed in Theorems 3 and 4 are in
fact quite general, and can be used to other systems that admit
the same description, including aircrafts with some actuator
failures.That is, the same result can be applied to other highly
nonlinear systems as long as Assumptions (A.1)–(A.3) are
satisfied and the piecewise description of the system fits the
model in (10)–(13).

5. Illustrative Results

The aim of this section is to illustrate the theoretical results
above. To this end, the nonlinear model of F16 (see [29])
is simulated using Simulink. In order to illustrate the effect
of the uncertainty, the simulations are conducted as follows:
firstly, a set of linear approximations are proposed at different
operation points, each of these approximations is associated
with a domain Ω

𝑗
and the linear approximation is used only

to perform the controller tuning at the correspondingmodes.
Secondly, the gains are used to control a piecewise nonlinear
model of the system whose modes coincide with the modes
of the linear counterpart. For illustration purposes only two
flight modes are used, namely, steady-state fight at different
cruise velocities.

Firstly, the effect of the integral action is evaluated track-
ing a sinusoidal function. The switching criterion is chosen
to be velocity dependent and at the surface V = 325ft/s, so
to perform the task the aircraft must switch consecutively
between Mode 1 and Mode 2. The results are displayed in
Figures 2, 3, and 4.

Figure 2 shows the time evolution of the cruise veloc-
ity for three different integral gains, which, according to
Theorem 3, are parameterized using 𝑗𝜀

1
. Figure 2 shows that

for simplicity 1

𝜀
1
=

2

𝜀
1
= 𝜀

1
have been chosen and the three

integral parameters are denoted as 𝜀
1,𝑎
, 𝜀
1,𝑏
, 𝜀
1,𝑐
. Theorem 3

establishes the existence of amaximum integral gain such that
the system is asymptotically stable. For 𝜀

1,𝑎
< 𝜀

1,𝑏
, the velocity

reference can be followed; however, for 𝜀
1,𝑐
≫ 𝜀

1,𝑏
, the system

leads to instability.
In Figure 3 it can be observed that for 𝜀

1,𝑎
the body

stabilization task is able to avoid rotation, still with a short
transient period. Such transient response is reduced with 𝜀

1,𝑏

and finally with 𝜀
1,𝑐

the aircraft is unstable. That is, moderate
values of the integral action result in a successful velocity
and orientation tracking and good performance. However
since the maximum value of the integral gain that can be
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Figure 2: Time evolution of aircraft cruise velocity for three
different integral gains (𝜀

1,𝑎
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1,𝑐
).
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Figure 3: Time evolution of the aircraft attitude for three different
integral gains (𝜀

1,𝑎
> 𝜀

1,𝑏
> 𝜀

1,𝑐
).

used is upper bounded, a performance criterion to choose the
integral gains can be used to define properly the operation
domainsΩ

𝑗
.

Similar observations can be performed for the orientation
loop (see Figure 4), which integral gains can be parameter-
ized using 𝑗

𝜀
2
. For simplicity, the integral parameters are

chosen such that 1

𝜀
2
=

2

𝜀
2
= 𝜀

2
. Three different gains

are evaluated 𝜀
2,𝑎

> 𝜀
2,𝑏

> 𝜀
2,𝑐
. For small integral gains,

the orientation can be successfully tracked (𝜀
2,𝑎
); however,

higher gains lead firstly to a performance degradation (𝜀
2,𝑏
)

and secondly to instability (𝜀
2,𝑐
).

Finally, to illustrate the result inTheorem 4, fast switching
actions are induced by following a high frequency sinusoidal
velocity reference (see Figures 5 and 6). The switching con-
ditions are velocity dependent and set at a cruise velocity of

𝜖 1 0

1

−1

𝜖 2 0

1

−1

𝜖 3 0

1

−1

0 105 15
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0 105 15
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𝜀ref
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Figure 4: Time evolution of the angular velocity for three different
integral gains (𝜀

2,𝑎
> 𝜀

2,𝑏
> 𝜀

2,𝑐
).
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Figure 5: Time evolution of aircraft cruise velocity under fast
switching conditions.

35 ft/sec. In Figure 6 it is possible to observe the correspond-
ing behavior of the angular velocity and the aircraft attitude.
Notice that even if the model is switching continuously, the
evolution of the system remains stable and, for the controller
gains in the simulations, they are able to track correctly the
desired reference. Such result agrees with theoretical results
in Theorem 4.

6. Conclusions

In this work, the stability properties of an aircraft with non-
linear behavior controlled with a gain scheduled approach
are studied. It is shown that the inclusion of a linear integral
action to an output feedback linear controller makes it
possible to guarantee asymptotical tracking of velocity and
orientation in spite of nonlinearities and uncertainties. This
result is interesting since even if the behavior of the aircraft
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Figure 6: Time evolution of (a) aircraft attitude and (b) angular velocity under fast switching conditions.

system is highly nonlinear, the controller gains can be tuned
using linear approximations of the system in given operation
points and the performance of the system can be set using a
trade-off between the size of the integral gains and the size of
the operating domainΩ

𝑗
.The switching criteria can be either

time or state dependent as long as a minimum residence time
(𝑇AD > 0) is used in every mode and it can be designed using
a supervisory structure which evaluates the satisfaction of
condition (45). Due to this fact the control scheme is flexible
and physical or user-defined restrictions can be taken into
account.

Nomenclature

𝛼: Angle of attack
𝛼
𝑒
: Angle of attach at the operation point

𝛼
𝑇
: Drift angle

𝛽: Side slip angle
𝑗

𝛾: Scalar associated with the
proportional gain of the first loop

𝛾
𝑒
: Flight path angle

Γ: 𝐽
󸀠

𝑍
𝐽
󸀠

𝑋
− 𝐽

󸀠

𝑋𝑍

𝛿
𝑇
: Throttle position

𝛿
𝑒
, 𝛿
𝑎
, and 𝛿

𝑟
: Control surface positions (elevator,
aileron, and rudder)

𝑗

𝜀
1
: Scalar associated with the integral

gain of the first loop
𝑗

𝜀
2
: Scalar associated with the integral

gain of the second loop

𝜂, 𝜖
1
, 𝜖
2
, 𝜖
3
: Quaternion components

𝜇: 𝐽
󸀠

𝑍
𝐽
󸀠

𝑋
/Γ

𝜎
1
: 𝐽

󸀠

𝑍
𝐽
󸀠

𝑋𝑍
/Γ

𝜎
2
: 𝐽

󸀠

𝑋
𝐽
󸀠

𝑋𝑍
/Γ

𝜙, 𝜃, 𝜓: Euler angles
𝑗

Φ(𝑥): Nonlinearities vector
Ω
𝑗
: Mode domain

𝑗

𝐴: State matrix for mode 𝑗
𝑗

𝐵: Control matrix for mode 𝑗
𝐶: Output matrix
𝐷: Flight envelope domain
𝐷
𝑎
, 𝐿, 𝐶

𝑎
: Drag, lift, and crosswind forces

𝐷
𝑎𝑒
, 𝐿

𝑒
, 𝐶

𝑎𝑒
: Drag, lift, and crosswind forces at the

operation point
𝐹
𝑇
: Traction force

𝑔: Gravity acceleration
𝐼: Identity matrix
𝑖: Loop index
𝐼
󸀠

𝑥
, 𝐼
󸀠

𝑦
, 𝐼
󸀠

𝑧
, 𝐼
󸀠

𝑥𝑧
: Inertia matrix components (body

frame)
𝑗: Waypoint or mode index
𝐽
𝑤
, 𝐽
󸀠

𝑋
, 𝐽
󸀠

𝑌
, 𝐽
󸀠

𝑍
, 𝐽
󸀠

𝑋𝑍
: Inertia matrix components (wind
frame)

𝑙
𝑤
, 𝑚

𝑤
, 𝑛
𝑤
: Rolling, pitching, and yawing

moment
𝑙
𝑤
𝑒

, 𝑚
𝑤
𝑒

, 𝑛
𝑤
𝑒

: Rolling, pitching, and yawing
moment at the operation point

𝐿
𝛽
: (1/𝐽

󸀠

𝑋
)(𝜕𝑙

𝑤
/𝜕𝛽)
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𝐿
𝑝
: (1/𝐽

󸀠

𝑋
)(𝜕𝑙

𝑤
/𝜕𝑃)

𝐿
𝑟
: (1/𝐽

󸀠

𝑋
)(𝜕𝑙

𝑤
/𝜕𝑅)

m: Aircraft mass
𝑀
𝛼
: (1/𝐽

󸀠

𝑌
)(𝜕𝑚

𝑤
/𝜕𝛼)

𝑀
𝑞
: (1/𝐽

󸀠

𝑌
)(𝜕𝑚

𝑤
/𝜕𝑄)

𝑚
𝑤
: Trust moment (body frame)

𝑀
𝑇
𝛼

: (1/𝐽
󸀠

𝑌
)(𝜕𝑚

𝑇
/𝜕𝛼)

𝑀
𝑉
: (1/𝐽

󸀠

𝑌
)(𝜕𝑚

𝑤
/𝜕𝑉

𝑇
)

𝑀
𝑇
𝑉

: (1/𝐽
󸀠

𝑌
)(𝜕𝑚

𝑇
/𝜕𝑉

𝑇
)

𝑁
𝛽
: (1/𝐽

󸀠

𝑍
)(𝜕𝑛

𝑤
/𝜕𝛽)

𝑁
𝑝
: (1/𝐽

󸀠

𝑍
)(𝜕𝑛

𝑤
/𝜕𝑃)

𝑁
𝑟
: (1/𝐽

󸀠

𝑍
)(𝜕𝑛

𝑤
/𝜕𝑅)

𝑃, 𝑄, 𝑅: Angular velocity components (roll,
pitch, and yaw)

𝑢: Controlled input vector
𝑉
𝑇
: Magnitude of airplane linear velocity

𝑉
𝑇
𝑒

: Airplane linear velocity at the
operation point

𝑥: State vector
𝑋
𝛼
: (1/m)[𝐿 − (𝜕𝐷

𝑎
/𝜕𝛼)]

𝑋
𝑉
: (−1/m)(𝜕𝐷

𝑎
/𝜕𝑉

𝑇
)

𝑋
𝑇
𝑉

: (1/m)(𝜕𝐹
𝑇
/𝜕𝑉

𝑇
)

𝑦: Output vector
𝑌
𝛽
: (1/m)[−𝐷

𝑎
+ (𝜕𝐶

𝑎
/𝜕𝛽)]

𝑌
𝑝
: (1/m)(𝜕𝐶

𝑎
/𝜕𝑃)

𝑌
𝑟
: (1/m)(𝜕𝐶

𝑎
/𝜕𝑅)

𝑍
𝛼
: (−1/m)[𝐷

𝑎
+ (𝜕𝐷

𝑎
/𝜕𝛼)]

𝑍
𝑞
: (−1/m)(𝜕𝐿/𝜕𝑄)

𝑍
𝑉
: (−1/m)(𝜕𝐿/𝜕𝑉

𝑇
).
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This paper extends the design and analysis methodology of dynamic surface control (DSC) in Song and Hedrick, 2011, for a
more general class of nonlinear systems. When rotational mechanical systems such as lateral vehicle control and robot control
are considered for applications, sinusoidal functions are easily included in the equation of motions. If such a sinusoidal function
is used as a forcing term for DSC, the stability analysis faces the difficulty due to highly nonlinear functions resulting from the
low-pass filter dynamics. With modification of input variables to the filter dynamics, the burden of mathematical analysis can be
reduced and stability conditions in linear matrix inequality form to guarantee the quadratic stability via DSC are derived for the
given class of nonlinear systems. Finally, the proposed design and analysis approach are applied to lateral vehicle control for forward
automated driving and backward parallel parking at a low speed as well as an illustrative example.

1. Introduction

The dynamic surface control (DSC), one of robust nonlinear
control techniques, has been developed with a wide spectrum
of applications including throttle/brake control on automated
vehicles [1], underactuated ship control [2], and robot control
[3].This control technique is a dynamic extension of multiple
sliding surface control with a series of first order low-pass
filters to avoid an “explosion of terms” [4]. The existence of
DSC gains and filter time constants for semiglobal stability
was theoretically proved in [4]. Recently, a noble analysis
method in the framework of convex optimization has been
introduced to allow us to find a quadratic Lyapunov function
numerically for a class of nonlinear systems called “strict-
feedback” form as follows [3]:

̇𝑥
𝑖
= 𝑥
𝑖+1
+ 𝑓
1
(𝑥
1
, . . . , 𝑥

𝑖
) for 𝑖 = 1, . . . , 𝑛 − 1,

̇𝑥
𝑛
= 𝑢 + 𝑓

𝑛
(𝑥
1
, . . . , 𝑥

𝑛
) .

(1)

Furthermore, if 𝑥
𝑖+1

in (1) is replaced by 𝑔
𝑖+1
(𝑥
𝑖+1
) where

𝑔
𝑖+1

and [𝜕𝑔
𝑖+1
/𝜕𝑥] are continuous and invertible, the design

procedure proposed by Swaroop et al. [4] and Gerdes and
Hedrick [5] can be still applied for the given system.

However, this replacement induces another highly non-
linear function resulting from the low-pass filter error
dynamics when stability analysis is performed.The following
example illustrates the design approach of DSC as well as the
difficulty that this paper seeks to solve:

̇𝑥
1
= tan𝑥

2
+ 𝑓
1
(𝑥
1
) , (2)

̇𝑥
2
= 𝑢, (3)

where 𝑓
1
and [𝜕𝑓

1
/𝜕𝑥
1
] are continuous on D; for example,

D = {𝑥 ∈ R2 | |𝑥
1
| ≤ 1, |𝑥

2
| ≤ 𝜋/4}; thus both tan𝑥

2
and

𝑓
1
are bounded onD. The control objective is to stabilize the

system; that is, 𝑥
1
→ 0. First, define the first error surface as

𝑆
1
= 𝑥
1
. After taking its derivative along the trajectory of (2)

̇𝑆
1
= tan𝑥

2
+ 𝑓
1
. (4)

Then, the synthetic input, which is forced to drive 𝑆
1
→ 0, is

derived as

tan𝑥
2
= −𝑓
1
− 𝐾𝑆
1
󳨐⇒ 𝑥
2
= tan−1 (−𝑓

1
− 𝐾𝑆
1
) , (5)
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where𝐾 is a controller gain.Wenowdefine the second sliding
surface 𝑆

2
= 𝑥
2
− 𝑥
2𝑑
, where 𝑥

2𝑑
equals 𝑥

2
passed through a

first order low-pass filter; that is,

𝜏 ̇𝑥
2𝑑
+ 𝑥
2𝑑
= 𝑥
2
, 𝑥

2𝑑
(0) = 𝑥

2
(0) , (6)

where 𝜏 is the filter time constant. Finally, the control input is
derived as

𝑢 = ̇𝑥
2𝑑
− 𝐾𝑆
2
=
𝑥
2
− 𝑥
2𝑑

𝜏
− 𝐾𝑆
2
. (7)

Next, the stability analysis is investigated based on the
closed-loop dynamics as suggested in [3]. If both tan𝑥

2
and

tan𝑥
2𝑑

are added and subtracted in (2) and 𝑢 in (7) is put in
(3), the closed-loop dynamics is written as

̇𝑥
1
= (tan𝑥

2
− tan𝑥

2𝑑
) + (tan𝑥

2𝑑
− tan𝑥

2
) + tan𝑥

2
+ 𝑓
1
,

̇𝑥
2
= ̇𝑥
2𝑑
− 𝐾𝑆
2
.

(8)

By use of (5) and definitions of 𝑆
1
and 𝑆
2
, (8) is rewritten as

̇𝑆
1
= (tan𝑥

2
− tan𝑥

2𝑑
) + (tan𝑥

2𝑑
− tan𝑥

2
) − 𝐾𝑆

1
,

̇𝑆
2
= − 𝐾𝑆

2
.

(9)

Since the first order low-pass filter in (6) is added, the filter
dynamics should be included in the closed-loop dynamics for
stability analysis. After defining the filter error, 𝜉 = 𝑥

2𝑑
− 𝑥
2
,

the augmented closed-loop dynamics is summarized as

̇𝑆
1
= − 𝐾𝑆

1
+ (tan𝑥

2
− tan𝑥

2𝑑
) + (tan𝑥

2𝑑
− tan𝑥

2
)

:= − 𝐾𝑆
1
+ 𝑤
1
+ 𝑤
2
,

̇𝑆
2
= − 𝐾𝑆

2
,

̇𝜉 = −
𝜉

𝜏
−
𝑑

𝑑𝑡
{tan−1 (−𝑓

1
− 𝐾𝑆
1
)}

= −
𝜉

𝜏
+

1

1 + (𝑓
1
+ 𝐾𝑆
1
)
2
( ̇𝑓
1
+ 𝐾 ̇𝑆
1
)

:= −
𝜉

𝜏
+ 𝜂 (𝑆

1
) ( ̇𝑓
1
+ 𝐾 ̇𝑆
1
) .

(10)

Since the function, tan𝑥, is locally Lipschitz, there exists 𝛾 >
0 such that
󵄨󵄨󵄨󵄨tan𝑥2 − tan𝑥

2𝑑

󵄨󵄨󵄨󵄨 ≤ 𝛾
󵄨󵄨󵄨󵄨𝑥2 − 𝑥2𝑑

󵄨󵄨󵄨󵄨 = 𝛾
󵄨󵄨󵄨󵄨𝑆2
󵄨󵄨󵄨󵄨 ,
󵄨󵄨󵄨󵄨tan𝑥2𝑑 − tan𝑥

2

󵄨󵄨󵄨󵄨

≤ 𝛾
󵄨󵄨󵄨󵄨𝑥2𝑑 − 𝑥2

󵄨󵄨󵄨󵄨 = 𝛾
󵄨󵄨󵄨󵄨𝜉
󵄨󵄨󵄨󵄨 ,

(11)

where 𝛾 is a Lipschitz constant on D. Using the continuity
of 𝑓
1
and [𝜕𝑓

1
/𝜕𝑥
1
] in (2), it is also shown that the last term

of the third row in (10) is bounded on D. Therefore, the
existence of the controller gain 𝐾 and filter time constant 𝜏
for semiglobal stability can be shown as suggested in [5].

However, this fact does not tell us whether the closed-
loop system is stable for the given 𝐾 and 𝜏. To answer the

question, wemay need to find a Lyapunov function candidate
explicitly and one of the possible analysis approaches is based
on linear matrix inequality. To apply this approach to (10), it
is necessary to write it in matrix form as

[

[

1 0 0

0 1 0

−𝐾𝜂 0 1

]

]

[

[

̇𝑆
1

̇𝑆
2

̇𝜉

]

]

=
[
[

[

−𝐾 0 0

0 −𝐾 0

0 0 −
1

𝜏

]
]

]

[

[

𝑆
1

𝑆
2

𝜉

]

]

+ [

[

1 1 0

0 0 0

0 0 𝜂

]

]

[

[

𝑤
1

𝑤
2

̇𝑓

]

]

.

(12)

While the next procedure is to investigate whether (12) is in
a class of linear differential inclusions classified in [6], the
inclusion of the nonlinear function 𝜂(𝑆

1
) in (12) results in the

mathematical difficulty of stability analysis.
The contribution of this paper is to extend a design and

analysis methodology of DSC for a more general class of
nonlinear systems as shown in (2) and (3). The consideration
of this class of nonlinear systems ismotivatedwhen rotational
mechanical systems are considered for applications; that is,
sinusoidal functions are in general included in the equation
of motions. As one of the applications, the proposed control
approach is applied to lateral vehicle control for forward auto-
mated driving and backward parallel parking at a low speed.
Finally, its performance will be validated via simulations.

2. Problem Statement

Consider the class of nonlinear systems

̇𝑥
1
= 𝑔
2
(𝑥
2
) + 𝑓
1
(𝑥
1
) ,

̇𝑥
2
= 𝑔
3
(𝑥
3
) + 𝑓
2
(𝑥
1
, 𝑥
2
) ,

...

̇𝑥
𝑛−1

= 𝑔
𝑛
(𝑥
𝑛
) + 𝑓
𝑛−1
(𝑥
1
, . . . , 𝑥

𝑛−1
) ,

̇𝑥
𝑛
= 𝑢 + 𝑓

𝑛
(𝑥
1
, . . . , 𝑥

𝑛
) ,

(13)

where 𝑓
𝑖
and [𝜕𝑓

𝑖
/𝜕𝑥] are continuous on D

𝑖
⊂ D ⊂ R𝑛 and

𝑓
𝑖
: D
𝑖
→ R is in strict-feedback form in the sense that the

𝑓
𝑖
depends only on 𝑥

1
, . . . , 𝑥

𝑖
. It is implied that 𝑓

𝑖
is locally

Lipschitz and [𝜕𝑓
𝑖
(𝑥)/𝜕𝑥] is bounded on D

𝑖
[7]. Therefore,

there exists a constant 𝛾
𝑖
> 0 such that

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝜕𝑓
𝑖

𝜕𝑥

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

=

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

[
𝜕𝑓
𝑖

𝜕𝑥
1

⋅ ⋅ ⋅
𝜕𝑓
𝑖

𝜕𝑥
𝑖

]

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

:=
󵄩󵄩󵄩󵄩𝐽𝑖
󵄩󵄩󵄩󵄩 ≤ 𝛾𝑖 (14)

for all 𝑥 onD
𝑖
.

The nonlinear function 𝑔
𝑖
is also locally Lipschitz; that is,

there exists a constant 𝜆
𝑖
> 0 such that

󵄨󵄨󵄨󵄨𝑔𝑖 (𝑎) − 𝑔𝑖 (𝑏)
󵄨󵄨󵄨󵄨 = 𝜆𝑖 |𝑎 − 𝑏| , 𝑖 = 2, . . . , 𝑛. (15)

In addition, there exist differentiable functions 𝑞
𝑖
: E
𝑖
→ R,

where E
𝑖
= {𝑦 ∈ R | 𝑦 = 𝑔

𝑖
(𝑥) for all 𝑥 ∈ D

𝑖
}, which are

inverses of the 𝑔
𝑖
in the sense that

𝑞
𝑖
(𝑔
𝑖
(𝑐)) = 𝑐, 𝑖 = 2, . . . , 𝑛, (16)
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and [𝜕𝑞
𝑖
/𝜕𝑔
𝑖
] is bounded onD; that is, there exists a constant

𝛿 > 0 such that
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

[
𝜕𝑞
2

𝜕𝑔
2

⋅ ⋅ ⋅
𝜕𝑞
𝑛

𝜕𝑔
𝑛

]

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

≤ 𝛿. (17)

3. Analysis and Design of DSC

3.1. Design Procedure. Although the proposed design proce-
dure is quite similar to the standard one described in [4], an
outline of the design procedure is as follows. Define the first
error surface as 𝑆

1
:= 𝑥
1
− 𝑥
1𝑑
, where 𝑥

1𝑑
is the desired value

as the control objective. After taking the time derivative of 𝑆
1

along the trajectory of (13),

̇𝑆
1
= 𝑔
2
(𝑥
2
) + 𝑓
1
(𝑥
1
) − ̇𝑥
1𝑑
. (18)

The surface error 𝑆
1
will converge to zero if 𝑆

1

̇𝑆
1
< 0; however

there is no direct control over the surface dynamics. If 𝑔
2
is

considered as the forcing term for the surface dynamics, then
the sliding condition outside some boundary layer is satisfied
if 𝑔
2
= 𝑔
2
, where

𝑔
2
(𝑥
2
) = ̇𝑥
1𝑑
− 𝑓
1
(𝑥
1
) − 𝐾
1
𝑆
1
, 𝑥

2
= 𝑞
2
(𝑔
2
) , (19)

where 𝑞
2
is the inverse of 𝑔

2
.

The next step is to force 𝑥
2
→ 𝑥
2
, so define 𝑆

2
:= 𝑥
2
−𝑥
2𝑑
,

where𝑥
2𝑑
= 𝑞
2
(𝑔
2𝑑
) and𝑔

2𝑑
is obtained after passing through

a first order low-pass filter; that is,

𝜏
2
̇𝑔
2𝑑
+ 𝑔
2𝑑
= 𝑔
2
, 𝑔

2𝑑
(0) := 𝑔

2
(0) . (20)

It is noted that this procedure is different from the one
explained in the introduction.That is, 𝑔

2
instead of 𝑥

2
passes

through the filter and the inverse function of the filtered
signal is used to define 𝑥

2𝑑
. After taking a derivative of 𝑆

2

along the trajectory of (13), the resulting synthesis term, 𝑔
3
,

is derived as

𝑔
3
(𝑥
3
) = ̇𝑥
2𝑑
− 𝑓
2
(𝑥
1
, 𝑥
2
) − 𝐾
2
𝑆
2
, 𝑥

3
= 𝑞
3
(𝑔
3
) , (21)

where

̇𝑥
2𝑑
=
𝜕𝑞
2

𝜕𝑔
2𝑑

̇𝑔
2𝑑
=
𝜕𝑞
2

𝜕𝑔
2𝑑

𝑔
2
− 𝑔
2𝑑

𝜏
2

(22)

and the last equality comes from (20).
Similarly, continuing this process for each consecutive

state, define the 𝑖th error surface as 𝑆
𝑖
= 𝑥
𝑖
− 𝑥
𝑖𝑑

where
𝑥
𝑖𝑑
= 𝑞
𝑖
(𝑔
𝑖𝑑
) and 𝑔

𝑖+1
is

𝑔
𝑖+1
(𝑥
𝑖+1
) = ̇𝑥
𝑖𝑑
− 𝑓
𝑖
(𝑥
1
, . . . , 𝑥

𝑖
) − 𝐾
𝑖
𝑆
𝑖
,

𝑥
𝑖+1
= 𝑞
𝑖+1
(𝑔
𝑖+1
) ,

(23)

where

̇𝑥
𝑖𝑑
=
𝜕𝑞
𝑖

𝜕𝑔
𝑖𝑑

̇𝑔
𝑖𝑑
=
𝜕𝑞
𝑖

𝜕𝑔
𝑖𝑑

𝑔
𝑖
− 𝑔i𝑑

𝜏
𝑖

. (24)

Then, 𝑔
(𝑖+1)𝑑

is obtained by filtering 𝑔
𝑖+1

; that is,

𝜏
𝑖+1

̇𝑔
(𝑖+1)𝑑

+ 𝑔
(𝑖+1)𝑑

= 𝑔
𝑖+1
, 𝑔

(𝑖+1)𝑑
(0) := 𝑔

𝑖+1
(0) . (25)

After continuing this procedure for 1 ≤ 𝑖 ≤ 𝑛 − 1, define
𝑆
𝑛
:= 𝑥
𝑛
−𝑥
𝑛𝑑
, where 𝑥

𝑛𝑑
= 𝑞
𝑛
(𝑔
𝑛𝑑
). Finally, the control input

is derived as
𝑢 = ̇𝑥
𝑛𝑑
− 𝑓
𝑛
(𝑥
1
, . . . , 𝑥

𝑛
) − 𝐾
𝑛
𝑆
𝑛
, (26)

where

̇𝑥
𝑛𝑑
=
𝜕𝑞
𝑛

𝜕𝑔
𝑛𝑑

̇𝑔
𝑛𝑑
=
𝜕𝑞
𝑛

𝜕𝑔
𝑛𝑑

𝑔
𝑛
− 𝑔
𝑛𝑑

𝜏
𝑛

. (27)

3.2. Augmented Error Dynamics. The closed-loop error
dynamics will be derived for stability analysis in this section.
After subtracting and adding 𝑔

𝑖+1
and 𝑔

(𝑖+1)𝑑
and using (26)

in 𝑢, the closed-loop dynamics of (13) can be written as

̇𝑥
𝑖
= 𝑔
𝑖+1
+ [𝑔
𝑖+1
− 𝑔
(𝑖+1)𝑑

] + [𝑔
(𝑖+1)𝑑

− 𝑔
𝑖+1
] + 𝑓
𝑖

for 𝑖 = 1, . . . , 𝑛 − 1,

̇𝑥
𝑛
= ̇𝑥
𝑛𝑑
− 𝐾
𝑛
𝑆
𝑛
.

(28)

By use of (23) and the definition of error surfaces, the above
equations can be described in terms of the error surfaces of
DSC as follows:

̇𝑆
𝑖
= −𝐾
𝑖
𝑆
𝑖
+ ℎ
𝑖+1
+ [𝑔
(𝑖+1)𝑑

− 𝑔
𝑖+1
] for 𝑖 = 1, . . . , 𝑛 − 1,

̇𝑆
𝑛
= −𝐾
𝑛
𝑆
𝑛
,

(29)

where ℎ
𝑖+1
= 𝑔
𝑖+1
− 𝑔
(𝑖+1)𝑑

.
In addition, we need to consider the augmented error

dynamics due to inclusion of a set of the first order low-pass
filters. Let us define the filter error as 𝜉

𝑖
:= 𝑔
𝑖𝑑
−𝑔
𝑖
for 2 ≤ 𝑖 ≤

𝑛. Then, the filter dynamics are

̇𝜉
𝑖
= ̇𝑔
𝑖𝑑
−
𝑑𝑔
𝑖

𝑑𝑡
= −

𝜉
𝑖

𝜏
𝑖

−
𝑑𝑔
𝑖

𝑑𝑡
, (30)

where the last equality comes from (25). By taking a derivative
of (23), we can write 𝑑𝑔

𝑖
/𝑑𝑡 as

𝑑𝑔
2

𝑑𝑡
= − ̇𝑓

1
+ ̈𝑥
1𝑑
− 𝐾
1

̇𝑆
1
,

𝑑𝑔
𝑖

𝑑𝑡
= − ̇𝑓

𝑖−1
+ ̈𝑥
(𝑖−1)𝑑

− 𝐾
𝑖−1

̇𝑆
𝑖−1

for 𝑖 = 3, . . . , 𝑛.
(31)

Combining (30) with (31), we have the filter error dynamics,

̇𝜉
2
− 𝐾
1

̇𝑆
1
= −

𝜉
2

𝜏
2

+ ̇𝑓
1
− ̈𝑥
1𝑑
,

̇𝜉
𝑖
− 𝐾
𝑖−1

̇𝑆
𝑖−1
= −

𝜉
𝑖

𝜏
𝑖

+ ̇𝑓
𝑖−1
− ̈𝑥
(𝑖−1)𝑑

for 𝑖 = 3, . . . , 𝑛.
(32)

Therefore, the overall error dynamics, (29) and (32), can
be given as

̇𝑆
𝑖
= − 𝐾

𝑖
𝑆
𝑖
+ 𝜉
𝑖+1
+ ℎ
𝑖+1

for 𝑖 = 1, . . . , 𝑛 − 1,

̇𝑆
𝑛
= − 𝐾

𝑛
𝑆
𝑛
,

̇𝜉
𝑗+1
− 𝐾
𝑗

̇𝑆
𝑗
= −

𝜉
𝑗+1

𝜏
𝑗+1

+ ̇𝑓
𝑗
− ̈𝑥
𝑗𝑑

for 𝑗 = 1, . . . , 𝑛 − 1.

(33)
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Furthermore, (33) can be written in matrix form as follows:

[
I
𝑛

0
−K
0
I
𝑛−1

] [

̇𝑆

̇𝜉
]

= [
−K I

𝑛×(𝑛−1)

0 −Γ
] [
𝑆

𝜉
] + [

I
𝑛×(𝑛−1)

0
0 I

𝑛−1

] [
ℎ

̇𝑓
]

+ [
0

−I
𝑛−1

] ̈𝑥
𝑑
,

(34)

where the vectors are defined as

𝑆 = [𝑆
1
⋅ ⋅ ⋅ 𝑆
𝑛
]
𝑇

∈ R
𝑛

, 𝜉 = [𝜉
2
⋅ ⋅ ⋅ 𝜉
𝑛
]
𝑇

∈ R
𝑛−1

,

ℎ = [ℎ
2
⋅ ⋅ ⋅ ℎ
𝑛
]
𝑇

∈ R
𝑛−1

,

̇𝑓 = [ ̇𝑓
1

̇𝑓
2
⋅ ⋅ ⋅ ̇𝑓
𝑛−1
]
𝑇

∈ R
𝑛−1

,

̈𝑥
𝑑
= [ ̈𝑥
1𝑑

⋅ ⋅ ⋅ ̈𝑥
(𝑛−1)𝑑

]
𝑇

∈ R
𝑛−1

(35)

and the submatrices are

K = diag (𝐾
1
, . . . , 𝐾

𝑛
) ,

K
0
= [diag (𝐾

1
, . . . , 𝐾

𝑛−1
) 0
𝑛−1
] ∈ R

(𝑛−1)×𝑛

,

Γ = diag( 1
𝜏
2

, . . . ,
1

𝜏
𝑛

) ∈ R
(𝑛−1)×(𝑛−1)

.

(36)

Since the first block matrix in (34) is invertible such that

[
I
𝑛

0
−K
0
I
𝑛−1

]

−1

= [
I
𝑛

0
K
0
I
𝑛−1

] , (37)

after multiplying the inverse matrix to both sides in (34), the
augmented closed-loop error dynamics are rewritten as

𝑑

𝑑𝑡
[
𝑆

𝜉
] = [

−K I
𝑛×(𝑛−1)

K
0
K Λ

] [
𝑆

𝜉
]

+ [
I
𝑛×(𝑛−1)

0
K
1:(𝑛−1)

I
𝑛−1

] [
ℎ

𝑚
] + [

0
−I
𝑛−1

] ̈𝑥
𝑑
,

(38)

where

K
1:(𝑛−1)

= diag (𝐾
1
, . . . , 𝐾

𝑛−1
) , Λ = K

1:(𝑛−1)
− Γ. (39)

Since ̇𝑥
𝑗
is written in a function of 𝑆, 𝜉, ℎ, and ̇𝑥

1
based on

(29)

̇𝑥
1
= − 𝐾

1
𝑆
1
+ 𝜉
2
+ ℎ
2
+ ̇𝑥
1𝑑
,

̇𝑥
𝑖
= − 𝐾

𝑖
𝑆
𝑖
+ 𝜉
𝑖+1
+ ℎ
𝑖+1
+ ̇𝑥
𝑖𝑑
= −𝐾
𝑖
𝑆
𝑖
+ 𝜉
𝑖+1

+ ℎ
𝑖+1
−
𝜕𝑞
𝑖

𝜕𝑔
𝑖𝑑

𝜉
𝑖

𝜏
𝑖

for 𝑖 = 2, . . . , 𝑛 − 1,

̇𝑥
𝑛
= − 𝐾

𝑛
𝑆
𝑛
+ ̇𝑥
𝑛𝑑
= −𝐾
𝑛
𝑆
𝑛
−
𝜕𝑞
𝑛

𝜕𝑔
𝑛d

𝜉
𝑛

𝜏
𝑛

,

(40)

the time derivative of 𝑓
𝑖
can be decomposed into three parts

as follows:

̇𝑓
𝑖
=

𝑖

∑

𝑗=1

𝜕𝑓
𝑖

𝜕𝑥
𝑗

̇𝑥
𝑗

= [
𝜕𝑓
𝑖

𝜕𝑥
1

⋅ ⋅ ⋅
𝜕𝑓
𝑖

𝜕𝑥
𝑖

]

×(

[
[
[
[

[

−𝐾
1

0 ⋅ ⋅ ⋅ 0 1 0 ⋅ ⋅ ⋅ 0

0 −𝐾
2
⋅ ⋅ ⋅ 0 0 1 ⋅ ⋅ ⋅ 0

...
... d

...
...

... d
...

0 0 ⋅ ⋅ ⋅ −𝐾
𝑖
0 0 ⋅ ⋅ ⋅ 1

]
]
]
]

]

𝑧 +

[
[
[
[

[

ℎ
2

ℎ
3

...
ℎ
𝑖+1

]
]
]
]

]

)

+ [
𝜕𝑓
𝑖

𝜕𝑥
1

⋅ ⋅ ⋅
𝜕𝑓
𝑖

𝜕𝑥
𝑖

]

[
[
[
[
[
[
[
[

[

0

−
𝜕𝑞
2

𝜕𝑔
2𝑑

𝜉
2

𝜏
2

...

−
𝜕𝑞
𝑖

𝜕𝑔
𝑖𝑑

𝜉
𝑖

𝜏
𝑖

]
]
]
]
]
]
]
]

]

+
𝜕𝑓
𝑖

𝜕𝑥
1

̇𝑥
1𝑑

:= 𝑝
1𝑖
+ 𝑝
2𝑖
+ 𝑝
3𝑖
.

(41)

Therefore, (38) is rewritten as

𝑑

𝑑𝑡
[
𝑆

𝜉
] = [

−K I
𝑛×(𝑛−1)

−K
0
K Λ

] [
𝑆

𝜉
]

+ [
I
𝑛×(𝑛−1)

0 0
K
1:(𝑛−1)

I
𝑛−1

I
𝑛−1

][

[

ℎ

𝑝
1

𝑝
2

]

]

+ [
0 0

I
𝑛−1

−I
𝑛−1

] [
𝑝
3

̈𝑥
𝑑

]

󳨐⇒ ̇𝑧 = 𝐴
𝑐𝑙
𝑧 + 𝐵
𝑤
𝑤 + 𝐵

𝑟
𝑟,

(42)

where the error state 𝑧 = [𝑆
𝑇

𝜉
𝑇

]
𝑇

∈ R2𝑛−1 := R𝑛𝑧 , 𝑤 =

[ℎ
𝑇

𝑝
𝑇

1
𝑝
𝑇

2
]
𝑇

∈ R3𝑛−3 := R𝑛𝑤 , and 𝑟 = [𝑝𝑇
3

̈𝑥
1𝑑
]
𝑇

∈ R𝑛.
Finally, we need to determine the upper bound of 𝑤

in (42). Using the assumptions (15) in Section 2, the upper
bound of 𝑤

𝑖
for 𝑖 = 1, . . . , 𝑛 − 1 is

󵄨󵄨󵄨󵄨𝑤𝑖
󵄨󵄨󵄨󵄨 =

󵄨󵄨󵄨󵄨ℎ𝑖+1
󵄨󵄨󵄨󵄨 =

󵄨󵄨󵄨󵄨𝑔𝑖+1 − 𝑔(𝑖+1)𝑑
󵄨󵄨󵄨󵄨 ≤ 𝜆𝑖+1

󵄨󵄨󵄨󵄨𝑥𝑖+1 − 𝑥(𝑖+1)𝑑
󵄨󵄨󵄨󵄨

= 𝜆
𝑖+1

󵄨󵄨󵄨󵄨𝑆𝑖+1
󵄨󵄨󵄨󵄨 :=

󵄨󵄨󵄨󵄨𝐶𝑧𝑖𝑧
󵄨󵄨󵄨󵄨 .

(43)

Using (14), the upper bound of 𝑤
𝑖
for 𝑖 = 𝑛, . . . , 2𝑛 − 2 is

󵄨󵄨󵄨󵄨𝑤𝑖
󵄨󵄨󵄨󵄨 =

󵄨󵄨󵄨󵄨󵄨
𝑝
1𝑗

󵄨󵄨󵄨󵄨󵄨
=
󵄩󵄩󵄩󵄩󵄩
𝐽
𝑗
(𝐶
𝑧
𝑧 + 𝐷

𝑤
𝑤)
󵄩󵄩󵄩󵄩󵄩
≤ 𝛾
𝑗

󵄩󵄩󵄩󵄩󵄩
𝐶
𝑧𝑗
𝑧 + 𝐷

𝑤𝑗
𝑤
󵄩󵄩󵄩󵄩󵄩

:=
󵄩󵄩󵄩󵄩𝐶𝑧𝑖𝑧 + 𝐷𝑤𝑖𝑤

󵄩󵄩󵄩󵄩 , 𝑗 = 1, . . . , 𝑛 − 1,

(44)
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where 𝐽
𝑗
= [𝜕𝑓

𝑗
/𝜕𝑥
1
⋅ ⋅ ⋅ 𝜕𝑓
𝑗
/𝜕𝑥
𝑗
], 𝐶
𝑧𝑖
= 𝛾
𝑗
𝐶
𝑧𝑗
, and 𝐷

𝑤𝑖
=

𝛾
𝑗
𝐷
𝑤𝑗
. Similarly, the upper bound of 𝑤

𝑖
for 𝑖 = 2𝑛 − 1, . . . , 𝑛

𝑤

is obtained using (17)
󵄨󵄨󵄨󵄨𝑤𝑖
󵄨󵄨󵄨󵄨 =

󵄨󵄨󵄨󵄨󵄨
𝑝
2𝑗

󵄨󵄨󵄨󵄨󵄨

=

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

− [

𝜕𝑓
𝑗

𝜕𝑥
2

𝜕𝑞
2

𝜕𝑔
2𝑑

⋅ ⋅ ⋅

𝜕𝑓
𝑗

𝜕𝑥
𝑗

𝜕𝑞
𝑗

𝜕𝑔
𝑗𝑑

] [
𝜉
2

𝜏
2

⋅ ⋅ ⋅
𝜉
𝑖

𝜏
𝑖

]

𝑇󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

≤ 𝛿𝛾
𝑗

󵄩󵄩󵄩󵄩󵄩
𝐶
𝑧𝑗
𝑧
󵄩󵄩󵄩󵄩󵄩
:=
󵄩󵄩󵄩󵄩𝐶𝑧𝑖𝑧

󵄩󵄩󵄩󵄩 , 𝑗 = 1, . . . , 𝑛 − 1.

(45)

Combined with (43), (44), and (45), (42) can be written in
diagonal norm-bounded LDI form as follows [6]:

̇𝑧 = 𝐴
𝑐𝑙
𝑧 + 𝐵
𝑤
𝑤 + 𝐵

𝑟
𝑟, 𝑡 = 𝐶

𝑧
𝑧 + 𝐷

𝑤
𝑤,

󵄨󵄨󵄨󵄨𝑤𝑖
󵄨󵄨󵄨󵄨 ≤

󵄩󵄩󵄩󵄩𝑡𝑖
󵄩󵄩󵄩󵄩 , 𝑖 = 1, . . . , 𝑛

𝑤
.

(46)

3.3. LMIApproach for Stability Analysis. If either stabilization
or regulation problem is considered, the first element ̈𝑥

1𝑑
of

̈𝑥
𝑑
in (46) is zero. Furthermore, if ̈𝑥

𝑑
= 0 for special cases

among nonlinear systems in (13), quadratic stability of the
resulting closed-loop error dynamics is defined as follows [3].

Definition 1. Let 𝑧 = 0 be an exponentially stable equilibrium
point of the closed-loop error dynamics in (46) where 𝑟 =
0 and 𝐴

𝑐𝑙
is Hurwitz for the given set of controller gains;

Θ = {𝐾
1
, . . . , 𝐾

𝑛
, 𝜏
2
, . . . , 𝜏

𝑛
}. Then, a nonlinear system in (13)

is quadratically stabilizable via DSC if there exists a positive
definite matrix 𝑃 such that

𝑑

𝑑𝑡
𝑉 (𝑧) =

𝑑

𝑑𝑡
(𝑧
𝑇

𝑃𝑧) = (𝐴
𝑐𝑙
𝑧 + 𝐵
𝑤
𝑤)
𝑇

𝑃𝑧

+ 𝑧
𝑇

𝑃 (𝐴
𝑐𝑙
𝑧 + 𝐵
𝑤
𝑤) < 0.

(47)

Furthermore, the quadratic stability under the DSC is
guaranteed by the following theorem.

Theorem 2. Suppose that the closed-loop error dynamics in
(46) are given for the given set of controller gains,

Θ = {𝐾
1
, . . . , 𝐾

𝑛
, 𝜏
2
, . . . , 𝜏

𝑛
} , (48)

for all 𝑥 in a domain D. If there exist 𝑃 > 0 and Σ
𝐵
=

diag(𝜎
1
, . . . , 𝜎

𝑛−1
, 𝜎
𝑛
𝐼, . . . , 𝜎

𝑛
𝑤

𝐼) ≥ 0 such that

[
𝐴
𝑇

𝑐𝑙
𝑃 + 𝑃𝐴

𝑐𝑙
+ 𝐶
𝑇

𝑧
Σ
𝐵
𝐶
𝑧
𝑃𝐵
𝑤
+ 𝐶
𝑇

𝑧
Σ
𝐵
𝐷
𝑤

𝐵
𝑇

𝑤
𝑃 + 𝐷

𝑇

𝑤
Σ
𝐵
𝐶
𝑧

𝐷
𝑇

𝑤
Σ
𝐵
𝐷
𝑤
− Σ
𝐵

] < 0, (49)

where 𝐶
𝑧
= [𝐶
𝑇

𝑧1
⋅ ⋅ ⋅ 𝐶

𝑇

𝑧𝑛
𝑤

]
𝑇

and 𝐷
𝑤
= [𝐷
𝑇

𝑤1
⋅ ⋅ ⋅ 𝐷

𝑇

𝑧𝑛
𝑤

]
𝑇

,
the origin in (46) is then exponentially stable in D. Thus the
nonlinear system (13) is quadratically stabilizable via DSCwith
the given Θ onD.

For details of the proof of the theorem, readers are
referred to Boyd et al. [6].

If a tracking problem is considered ( ̈𝑥
1𝑑

̸=0) and it is
assumed that ̈𝑥

𝑑
is bounded, the ultimate and quadratic

boundedness is defined as follows [3].

Definition 3. The error dynamics in (46) is quadratically
bounded with Lyapunov matrix 𝑃 if there exists 𝑃 > 0 such
that

𝑧
𝑇

𝑃𝑧 > 1 implies (𝐴
𝑐𝑙
𝑧 + 𝐵
𝑤
𝑤 + 𝐵

𝑟
𝑟)
𝑇

𝑃𝑧

+ 𝑧
𝑇

𝑃 (𝐴
𝑐𝑙
𝑧 + 𝐵
𝑤
𝑤 + 𝐵

𝑟
𝑟) < 0

(50)

for all nonzero 𝑧 ∈ E
𝑃
= {𝑧 ∈ R𝑛𝑧 | 𝑧𝑇𝑃𝑧 ≥ 1}.

It is noted that the assumption that ̈𝑥
𝑑
is bounded is

feasible because the time derivative of the filtered signal 𝑥
𝑑

is bounded.
Suppose 𝑟 in (46) is norm-bounded such that ‖𝑟‖ ≤ 𝑟

0
.

After defining 𝑟 := 𝑟/𝑟
0
and 𝐵

𝑟
:= 𝑟
0
𝐵
𝑟
, the error dynamics in

(46) is written as

̇𝑧 = 𝐴
𝑐𝑙
𝑧 + 𝐵
𝑤
𝑤 + 𝐵

𝑟
𝑟, 𝑡 = 𝐶

𝑧
𝑧 + 𝐷

𝑤
𝑤,

󵄨󵄨󵄨󵄨𝑤𝑖
󵄨󵄨󵄨󵄨 ≤

󵄩󵄩󵄩󵄩𝑡𝑖
󵄩󵄩󵄩󵄩 , ‖𝑟‖ ≤ 1.

(51)

Without loss of generality, it can be considered that 𝑟 is a
unit-peak input. Then, the following theorem describes the
condition for guaranteeing quadratic tracking as well as the
computation of thematrix𝑃 for a given set of controller gains.

Theorem 4. For the given set of controller gains, Θ, sup-
pose that the closed-loop error dynamics in (51) is given
on the domain D and 𝑥

1𝑑
is a feasible output trajectory.

The closed-loop error dynamics is quadratically bounded
with Lyapunov matrix 𝑃 if there exist 𝑃 > 0, Σ

𝐵
=

diag(𝜎
1
, . . . , 𝜎

𝑛−1
, 𝜎
𝑛
𝐼, . . . , 𝜎

𝑛
𝑤

𝐼) ≥ 0, and 𝛼 ≥ 0 such that

[

[

𝐴
𝑇

𝑐𝑙
𝑃 + 𝑃𝐴

𝑐𝑙
+ 𝛼𝑃 + 𝐶

𝑇

𝑧
Σ
𝐵
𝐶
𝑧
𝑃𝐵
𝑤
+ 𝐶
𝑇

𝑧
Σ
𝐵
𝐷
𝑤
𝑃𝐵
𝑟

𝐵
𝑇

𝑤
𝑃 + 𝐷

𝑇

𝑤
Σ
𝐵
𝐶
𝑧

𝐷
𝑇

𝑤
Σ
𝐵
𝐷
𝑤
− Σ
𝐵

0

𝐵
𝑇

𝑟
𝑃 0 −𝛼𝐼

]

]

< 0,

(52)

where 𝐵
𝑟
= 𝑟
0
𝐵
𝑟
, 𝐶
𝑧
= [𝐶

𝑇

𝑧1
⋅ ⋅ ⋅ 𝐶

𝑇

𝑧𝑛
𝑤

]
𝑇

, and 𝐷
𝑤

=

[𝐷
𝑇

𝑤1
⋅ ⋅ ⋅ 𝐷

𝑇

𝑧𝑛
𝑤

]
𝑇

.

Readers are referred to Boyd et al. [6] for the proof and
the definition of the feasible output trajectory is explained in
[3, 4].

3.4. Illustrative Example. Consider the example in (2) and (3)
where 𝑓

1
= −𝑥
2

1
and the domainD is defined as

D = {𝑥 ∈ R
2

|
󵄨󵄨󵄨󵄨𝑥1
󵄨󵄨󵄨󵄨 ≤ 1,

󵄨󵄨󵄨󵄨𝑥2
󵄨󵄨󵄨󵄨 ≤

𝜋

4
} . (53)

Then, (5) becomes

𝑔
2
(𝑥
2
) = tan𝑥

2
= 𝑥
2

1
− 𝐾𝑆
1
, (54)

and a first order low-pass filter is defined as

𝜏 ̇𝑔
2𝑑
+ 𝑔
2𝑑
= 𝑔
2
, 𝑔

2𝑑
(0) = 𝑔

2
(0) . (55)

It is noted that𝑔
2
instead of 𝑥

2
is passed through the low-pass

filter. After defining the second sliding surface 𝑆
2
= 𝑥
2
− 𝑥
2𝑑
,
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where 𝑥
2𝑑
= tan−1(𝑔

2𝑑
), and taking its derivative, the control

input is obtained by

𝑢 = ̇𝑥
2𝑑
− 𝐾𝑆
2
, (56)

where

̇𝑥
2𝑑
=
𝑑

𝑑𝑡
tan−1 (𝑔

2𝑑
) =

1

1 + 𝑔
2

2𝑑

̇𝑔
2𝑑
=

1

1 + 𝑔
2

2𝑑

𝑔
2
− 𝑔
2𝑑

𝜏

(57)

and the last equality comes from (55).
If a new filter error, 𝜉

2
= 𝑔
2𝑑
− 𝑔
2
, is defined, the

augmented closed-loop dynamics can be written as
̇𝑆
1
= − 𝐾𝑆

1
+ 𝜉
2
+ (tan𝑥

2
− tan𝑥

2𝑑
) = −𝐾𝑆

1
+ 𝜉
2
+ ℎ
2
,

̇𝑆
2
= − 𝐾𝑆

2
,

̇𝜉
2
=
𝑑

𝑑𝑡
(𝑔
2𝑑
− 𝑔
2
) = −

𝜉
2

𝜏
+
𝑑

𝑑𝑡
{𝑓
1
+ 𝐾𝑆
1
}

= −
𝜉
2

𝜏
+ ̇𝑓
1
+ 𝐾 ̇𝑆
1
,

(58)

where ℎ
2
= tan𝑥

2
− tan𝑥

2𝑑
and ̇𝑔

2𝑑
= −𝜉
2
/𝜏 from (55).

Therefore, (58) is written in matrix form as

[

[

1 0 0

0 1 0

−𝐾 0 1

]

]

[

[

̇𝑆
1

̇𝑆
2

̇𝜉
2

]

]

=
[
[

[

−𝐾 0 1

0 −𝐾 0

0 0 −
1

𝜏

]
]

]

[

[

𝑆
1

𝑆
2

𝜉
2

]

]

+ [

[

1 0

0 0

0 1

]

]

[
ℎ
2

̇𝑓
1

] ,

[

[

̇𝑆
1

̇𝑆
2

̇𝜉
2

]

]

=
[
[

[

−𝐾 0 1

0 −𝐾 0

−𝐾
2

0 𝐾 −
1

𝜏

]
]

]

[

[

𝑆
1

𝑆
2

𝜉
2

]

]

+ [

[

1 0

0 0

𝐾 1

]

]

[
ℎ
2

̇𝑓
1

] .

(59)

The upper bound of [ℎ
2

̇𝑓
1
]
𝑇

can be determined as
󵄨󵄨󵄨󵄨ℎ2
󵄨󵄨󵄨󵄨 =

󵄨󵄨󵄨󵄨tan𝑥2 − tan𝑥
2𝑑

󵄨󵄨󵄨󵄨 ≤
󵄨󵄨󵄨󵄨𝑥2 − 𝑥2𝑑

󵄨󵄨󵄨󵄨

=
󵄨󵄨󵄨󵄨𝑆2
󵄨󵄨󵄨󵄨 =

󵄨󵄨󵄨󵄨[
0 1 0] 𝑧

󵄨󵄨󵄨󵄨 :=
󵄨󵄨󵄨󵄨𝑐𝑧1𝑧

󵄨󵄨󵄨󵄨 ,

󵄨󵄨󵄨󵄨󵄨
̇𝑓
1

󵄨󵄨󵄨󵄨󵄨
=

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

𝜕𝑓
1

𝜕𝑥
1

̇𝑥
1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

=
󵄨󵄨󵄨󵄨−2𝑥1

̇𝑥
1

󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨−2𝑥1 (−𝐾𝑆1 + 𝜉2 + ℎ2)

󵄨󵄨󵄨󵄨

≤ 2
󵄨󵄨󵄨󵄨−𝐾𝑆1 + 𝜉2 + ℎ2

󵄨󵄨󵄨󵄨 = 2
󵄨󵄨󵄨󵄨[
−𝐾 0 1] 𝑧 + [1 0]𝑤

󵄨󵄨󵄨󵄨

:=
󵄨󵄨󵄨󵄨𝑐𝑧2𝑧 + 𝑑𝑤2𝑤

󵄨󵄨󵄨󵄨 ,

(60)

where the first inequality comes from a Lipschitz condition
such that | tan𝑥 − tan𝑦| ≤ |𝑥 − 𝑦| for all 𝑥, 𝑦 ∈ D and the
second inequality comes from a fact that 𝜕𝑓

1
/𝜕𝑥
1
is bounded

onD.
Finally, the augmented error dynamics can be written in

diagonal norm-bounded LDI form as follows:

̇𝑧 = 𝐴
𝑐𝑙
𝑧 + 𝐵
𝑤
𝑤, 𝑡 = 𝐶

𝑧
𝑧 + 𝐷

𝑤
𝑤,

󵄨󵄨󵄨󵄨𝑤𝑖
󵄨󵄨󵄨󵄨 ≤

󵄨󵄨󵄨󵄨𝑡𝑖
󵄨󵄨󵄨󵄨 , 𝑖 = 1, 2,

(61)
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Figure 1: Time responses of 𝑥 and 𝑢 for the given initial condition,
[𝑥
1
(0) 𝑥
2
(0)] = [1 𝜋/4].

where

𝐶
𝑧
= [

𝑐
𝑧1

𝑐
𝑧2

] = [
0 1 0

−2𝐾 0 2
] , 𝐷

𝑤
= [

0
𝑇

2

𝑑
𝑤2

] = [
0 0

2 0
] .

(62)

When the controller gains are given as𝐾 = 1 and 𝜏 = 0.1,
LMI (49) is solved numerically in the framework of convex
optimization using CVX [8]. It is shown that the closed-
loop system is quadratically stable by finding the feasible
solution of LMI (49). For the given controller gains and initial
condition, the time responses of 𝑥 and 𝑢 are shown in Figure 1
and 𝑥(𝑡) → 0 as 𝑡 → ∞. Thus, it is validated that the result
of quadratic stability analysis based on an LMI approach is
equivalent to simulation results.

4. Application to Lateral Vehicle Control

The proposed control approach is applied to design the
robust lateral control algorithm for autonomous valet parking
(AVP). It is assumed that the position and heading angle
information is provided via either infrastructure sensors and
vehicle to infrastructure (V2I) communication [9] or an in-
vehicle sensor such as DGPS [10]. The objective of the lateral
controller is to perform two differentmaneuvers for AVP, that
is, forward driving and backward parallel parking.Therefore,
it is necessary for the lateral controller to be robust enough to
track desired trajectories for different driving maneuvers.

4.1. Vehicle Model. While the bicycle model has been used
widely for design of a lateral controller for high speed driving
on highway [11, 12], a vehicle is driving at low speed for AVP
and thus slip angle can be neglected in this study. Therefore,
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Figure 2: Schematic of kinematic model and error definition.

the following kinematic model is used for both forward
driving and backward parallel parking (refer to Figure 2) [13]:

̇𝑥 = V
𝑖
cos (𝜓 + 𝛽) ,

̇𝑦 = V
𝑖
sin (𝜓 + 𝛽) ,

̇𝜓 =
V
𝑖

𝑙
cos𝛽 tan 𝛿 =

V
𝑖

𝑙
𝑗

sin𝛽 :=
V
𝑖

𝑙
𝑗

𝑔
2
(𝛽) ,

(63)

where the subscript 𝑖 represents the driving maneuver; that
is, 𝑖 = 𝑓 for forward driving and 𝑖 = 𝑟 for backward parking,

𝛽 = tan−1 (
𝑙
𝑖

𝑙
tan 𝛿) , V

𝑖
= {

V
𝑓

for 𝑖 = 𝑓,
−V
𝑟

for 𝑖 = 𝑟,

𝑗 = {
𝑟 for 𝑖 = 𝑓,
𝑓 for 𝑖 = 𝑟.

(64)

If dynamics of a steering actuator from steering wheel angle
command to steering angle of the vehicle is considered, the
following equation of motion may be added:

𝜏
𝑠

̇𝜃 + 𝜃 = 𝑢, |𝛿| =
󵄨󵄨󵄨󵄨𝑅𝑠𝜃

󵄨󵄨󵄨󵄨 ≤ 𝛿max, (65)

where 𝛿max is the maximum steering angle.

4.2. Controller Design. With consideration of operating con-
ditions such as low speed and small slip angle, the nonlinear
kinematic model with actuator dynamics in (63) and (65) is
used for design of the lateral controller. Then, the proposed
control approach based on DSC is applied to the kinematic
model as follows. First, the first error surface is defined using
the idea of preview control suggested in [14] (see in Figure 2):

𝑆
1𝑖
= 𝑒
𝑏𝑖
+ 𝑑
𝑖
𝑒
𝜓
= 𝑒
𝑏
+ 𝑑
𝑖
(𝜓
𝑑
− 𝜓) , (66)

where the lateral error 𝑒
𝑏
is defined as

𝑒
𝑏𝑖
= {

0 if 𝑐 = 0,
− sign (𝑐) ⋅ 󵄩󵄩󵄩󵄩𝑒𝑑

󵄩󵄩󵄩󵄩 otherwise,

𝑒
𝑑
= [

𝑥
𝑑
− 𝑥

𝑦
𝑑
− 𝑦

] := [
𝑒
𝑥

𝑒
𝑦

] ,

𝑎 = [
𝑥
𝑝𝑑
− 𝑥
𝑑

𝑦
𝑝𝑑
− 𝑦
𝑑

] ∈ R
2

, 𝑏 = [
𝑥 − 𝑥
𝑑

𝑦 − 𝑦
𝑑

] ∈ R
2

,

𝑐 = det([𝑎
𝑇

𝑏
𝑇
]) ,

(67)

the point (𝑥
𝑑
, 𝑦
𝑑
) is the closest point with respect to current

position, and the preview distance 𝑑
𝑖
and desired heading

angle 𝜓
𝑑
are

𝑑
𝑖
=

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

[
𝑥
𝑝𝑑
− 𝑥

𝑦
𝑝𝑑
− 𝑦

]

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

, 𝜓
𝑑
= tan−1 (

𝑥
𝑝𝑑
− 𝑥
𝑑

𝑦
𝑝𝑑
− 𝑦
𝑑

) . (68)

For instance, sign(𝑐) is negative for the given scenario in
Figure 2 because the rotational direction from vector 𝑎 to
𝑏 defined in (67) is clockwise. Thus, the resulting positive
lateral error implies a steering wheel angle command in the
counterclockwise direction. If it is assumed that the preview
distance is a constant, the point (𝑥

𝑝𝑑
, 𝑦
𝑝𝑑
) in Figure 2 can be

calculated with respect to the given desired trajectory and the
desired heading angle is then determined.

After taking a derivative of 𝑆
1𝑖
along the trajectory of (63),

the derivative of 𝑆
1𝑖
is

̇𝑆
1𝑖
= ̇𝑒
𝑏𝑖
+ 𝑑
𝑖
̇𝜓
𝑑
−
𝑑
𝑖
V
𝑖

𝑙
𝑗

sin𝛽. (69)

It is remarked that 𝑑
𝑖
can be chosen as a variable if necessary.

For the simplicity of derivation, it is assumed to be constant.
To make 𝑆

1𝑖
go to zero, let ̇𝑆

1𝑖
= −𝐾

1𝑖
𝑆
1𝑖
, where 𝐾

1𝑖
is a

controller gain. Then the desired steering angle is obtained
as

𝑔
2
(𝛽) = sin𝛽 =

𝑙
𝑗

𝑑
𝑖
V
𝑖

( ̇𝑒
𝑏𝑖
+ 𝑑
𝑖
̇𝜓
𝑑
+ 𝐾
1𝑖
𝑆
1𝑖
) , (70)

where

̇𝑒
𝑏𝑖
= sign (𝑐) ⋅ ̇𝑒

𝑑
,

̇𝑒
𝑑
=

𝑒
𝑥
+ 𝑒
𝑦

𝑒
𝑑

( ̇𝑒
𝑥
+ ̇𝑒
𝑦
)

=

𝑒
𝑥
+ 𝑒
𝑦

𝑒
𝑑

{( ̇𝑥
𝑑
− V
𝑖
cos (𝜓 + 𝛽))

+ ( ̇𝑦
𝑑
− V
𝑖
sin (𝜓 + 𝛽))} ,
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̇𝜓
𝑑
=
𝑑

𝑑𝑡
tan−1 (

𝑥
𝑝𝑑
− 𝑥
𝑑

𝑦
𝑝𝑑
− 𝑦
𝑑

)

=
1

1 + ((𝑥
𝑝𝑑
− 𝑥
𝑑
) / (𝑦
𝑝𝑑
− 𝑦
𝑑
))
2

×

( ̇𝑥
𝑝𝑑
− ̇𝑥
𝑑
) (𝑦
𝑝𝑑
− 𝑦
𝑑
) − (𝑥

𝑝𝑑
− 𝑥
𝑑
) ( ̇𝑦
𝑝𝑑
− ̇𝑦
𝑑
)

(𝑦
𝑝𝑑
− 𝑦
𝑑
)
2

.

(71)

It is noted that all of ̇𝑥
𝑑
, ̇𝑥
𝑝𝑑
, ̇𝑦
𝑑
, and ̇𝑦

𝑝𝑑
are known for the

given desired trajectory.
Then, the second error surface is defined as 𝑆

2𝑖
= 𝛽−𝛽des,

where 𝛽des = 𝑞2(𝑔2𝑑) = sin−1(𝑔
2𝑑
) and 𝑔

2𝑑
is calculated after

passing through a first order low-pass filter as follows:

𝜏
2
̇𝑔
2𝑑
+ 𝑔
2𝑑
= 𝑔
2
. (72)

After differentiating 𝑆
2𝑖

and using (65), the resulting
equation is

̇𝑆
2𝑖
= ̇𝛽 − ̇𝛽des

=

𝑙
𝑗
(1 + tan2𝛿)

𝑙 (1 + (𝑙2
𝑟
/𝑙2) tan2𝛿)

𝑅
𝑠

̇𝜃 − ̇𝛽des

=

𝑅
𝑠
𝑙
𝑗
(1 + tan2𝛿)

𝑙 (1 + (𝑙
2

𝑗
/𝑙2) tan2𝛿)

𝑢 − 𝜃

𝜏
𝑠

− ̇𝛽des,

(73)

where

̇𝛽 =
𝑑

𝑑𝑡
tan−1 (

𝑙
𝑗
tan 𝛿
𝑙

) =
1

1 + (𝑙
𝑗
tan 𝛿/𝑙)

2

𝑙
𝑗

𝑙
sec2𝛿 ⋅ ̇𝛿.

(74)

Let ̇𝑆
2𝑖
= −𝐾

2𝑖
𝑆
2𝑖
, where 𝐾

2𝑖
is a controller gain. Then the

desired steering wheel angle is obtained as

𝑢 = 𝜃 +

𝜏
𝑠
(𝑙
2

+ 𝑙
2

𝑗
tan2𝛿)

𝑅
𝑠
⋅ 𝑙 ⋅ 𝑙
𝑗
(1 + tan2𝛿)

( ̇𝛽des − 𝐾2𝑖𝑆2𝑖) , (75)

where

̇𝛽des =
𝜕𝑞
2

𝜕𝑔
2𝑑

̇𝑔
2𝑑
=

1

√1 − 𝑔
2

2𝑑

𝑔
2
− 𝑔
2𝑑

𝜏
2

, (76)

and the last equality comes from (72).

4.3. Stability Analysis. If sin𝛽des and sin𝛽 are added and
subtracted in (69) and 𝑢 in (75) is put in (73), the augmented
closed-loop error dynamics is

̇𝑆
1𝑖
= ̇𝑒
𝑏𝑖
+ 𝑑
𝑖
̇𝜓
𝑑
−
𝑑
𝑖
V
𝑖

𝑙
𝑗

(sin𝛽 − sin𝛽des)

−
𝑑
𝑖
V
𝑖

𝑙
𝑗

(sin𝛽des − sin𝛽) −
𝑑
𝑖
V
𝑖

𝑙
𝑗

sin𝛽,

̇𝑆
2𝑖
= − 𝐾

2𝑖
𝑆
2𝑖
,

̇𝜉
2𝑖
= ̇𝑔
2𝑑
− ̇𝑔
2
= −

𝜉
2

𝜏
2

−

𝑙
𝑗

𝑑
𝑖
V
𝑖

( ̈𝑒
𝑦𝑖
+ 𝑑
𝑖
̈𝜓
𝑑
+ 𝐾
1𝑖

̇𝑆
1𝑖
) ,

(77)

where it is assumed that V
𝑖
is constant with respect to time.

Using (70), (77) is written as

̇𝑆
1𝑖
= − 𝐾

1𝑖
𝑆
1𝑖
−
𝑑
𝑖
V
𝑖

𝑙
𝑗

𝜉
2𝑖
−
𝑑
𝑖
V
𝑖

𝑙
𝑗

ℎ
2
,

̇𝑆
2𝑖
= − 𝐾

2𝑖
𝑆
2𝑖
,

𝑙
𝑗

𝑑
𝑖
V
𝑖

𝐾
1𝑖

̇𝑆
1𝑖
+ ̇𝜉
2𝑖
= −

𝜉
2

𝜏
2

−

𝑙
𝑗

𝑑
𝑖
V
𝑖

( ̈𝑒
𝑏𝑖
+ 𝑑
𝑖
̈𝜓
𝑑
) ,

(78)

where ℎ
2
= sin𝛽 − sin𝛽des. As done in the example of

Section 3.4, the augmented error dynamics is written in
matrix form as follows:

[
[
[

[

1 0 0

0 1 0

𝑙
𝑗
𝐾
1𝑖

(𝑑
𝑖
V
𝑖
)
0 1

]
]
]

]

[

[

̇𝑆
1𝑖

̇𝑆
2𝑖

̇𝜉
2𝑖

]

]

=

[
[
[
[
[

[

−𝐾
1𝑖

0 −
𝑑
𝑖
V
𝑖

𝑙
𝑗

0 −𝐾
2𝑖

0

0 0 −
1

𝜏
2

]
]
]
]
]

]

[

[

𝑆
1𝑖

𝑆
2𝑖

𝜉
2𝑖

]

]

+
[
[
[

[

−
𝑑
𝑖
V
𝑖

𝑙
𝑗

0

0

]
]
]

]

ℎ
2
+
[
[
[

[

0 0

0 0

−

𝑙
𝑗

(𝑑
𝑖
V
𝑖
)
−

𝑙
𝑗

V
𝑖

]
]
]

]

[
̈𝑒
𝑏𝑖

̈𝜓
𝑑

] ,

[

[

̇𝑆
1𝑖

̇𝑆
2𝑖

̇𝜉
2𝑖

]

]

=

[
[
[
[
[
[

[

−𝐾
1𝑖

0 −
𝑑
𝑖
V
𝑖

𝑙
𝑗

0 −𝐾
2𝑖

0

𝑙
𝑗
𝐾
2

1𝑖

(𝑑
𝑖
V
𝑖
)

0 𝐾
1𝑖
−
1

𝜏
2

]
]
]
]
]
]

]

[

[

𝑆
1𝑖

𝑆
2𝑖

𝜉
2𝑖

]

]

+
[
[
[

[

−
𝑑
𝑖
V
𝑖

𝑙
𝑗

0

𝐾
1𝑖

]
]
]

]

ℎ
2
−

𝑙
𝑗

V
𝑖

[
[
[

[

0 0

0 0

1

𝑑
𝑖

1

]
]
]

]

[
̈𝑒
𝑏𝑖

̈𝜓
𝑑

] .

(79)

Furthermore, the upper bound of ℎ
2
is obtained as |ℎ

2
| =

| sin𝛽 − sin𝛽des| ≤ |𝛽 − 𝛽des| = |𝑆2| because it is Lipschitz,
and both ̇𝑒

𝑏𝑖
and ̇𝜓

𝑑
in (71) are differentiable onD; [ ̈𝑒

𝑏𝑖
̈𝜓
𝑑
]
𝑇

is bounded with respect to the desired trajectory. Thus,
without loss of generality, it is assumed that [ ̈𝑒

𝑏𝑖
̈𝜓
𝑑
]
𝑇 is

norm-bounded such that ‖[ ̈𝑒
𝑏𝑖

̈𝜓
𝑑
]
𝑇

‖ ≤ 𝑟
0
. Therefore, the
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Figure 3: Minimum of the maximum diameter of ellipsoid along
line search of 𝛼.

augmented error dynamics can be written in LDI form of (51)
as

̇𝑧
𝑖
= 𝐴
𝑖
𝑧
𝑖
+ 𝐵
𝑤
𝑤 + 𝐵

𝑟
𝑟
𝑖
, 𝑡 = 𝐶

𝑧
𝑧, 𝑖 = 𝑓, 𝑟,

|𝑤| ≤ |𝑡| , ‖𝑟‖ ≤ 1,

(80)

where 𝑧
𝑖
= [𝑆
1𝑖
𝑆
2𝑖
𝜉
2𝑖
]
𝑇

∈ R3, 𝑤 = ℎ
2
, and 𝐶

𝑧
= [0 1 0].

Suppose V
𝑖
= 3 (m/s), 𝑙

𝑗
= 1.35 (m) in (79), and the

control parameters are assigned as 𝐾
1𝑖
= 𝐾
2𝑖
= 3, 𝜏

2
= 0.02,

and 𝑑
𝑓
= 10 and 𝑑

𝑟
= 1. When 𝑟

0
is assumed to be 5, LMI

(52) is solved iteratively for a fixed𝛼 byminimizing the largest
semiaxis (i.e., maximizing the smallest eigenvalue of 𝑃) [3].
That is, after the 40 logarithmically equally spaced points
between 10−2 and 102 are generated for 𝛼’s, the minimum
of the maximum diameter, which is 𝑑max = 2/√𝜆min(𝑃),
is obtained when 𝛼 = 2.8943 (in the left plot of Figure 3).
Then the 20 linearly equally spaced points between 0.3455
and 0.5541 are generated and the iterative computation of
LMI (52) is performed for each 𝛼. Finally, for 𝛼 = 0.5212, the
corresponding maximum diameter of the ellipsoid, 𝑑max, is
0.6925 which is the semiaxis in the 𝑆

2𝑖
axis. It is remarked that

the size of the ultimate and quadratic error bound is roughly
proportional to the magnitude of 𝑟

0
and thus more accurate

estimation of the error bound relies on better estimate of
𝑟
0
resulting from the desired trajectory. In consequence, it

is expected that 𝑆
1
is bounded for the given set of control

parameters. Furthermore, the relative degree of the error
dynamics is one and it is shown that its internal dynamics is
input-state stable [14]. Thus, this implies that both 𝑒

𝑏𝑖
and 𝑒
𝜓

are bounded if 𝑆
1
is bounded.

4.4. Simulation Results. Suppose 24 waypoints are given a
priori as shown in Figure 4. Forward driving maneuver
is assigned from the first waypoint to 23rd waypoint and
backward parallel parking maneuver is requested from 23rd
to 24th waypoint. Moreover, both straight and curved road
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Figure 4: Desired trajectory and position of a vehicle for
autonomous valet parking.

geometry is considered in this driving scenario; that is, from
the first to 7th waypoints are for the straight road, from 7th to
20th waypoint for the curved road with about 12 (m) radius
of curvature, and from 20th to 23rd waypoint again for the
straight road as shown in Figure 4.

Let the additional system parameters in (63) and (65)
be 𝜏
𝑠
= 0.1, 𝛿max = 36 (degree), and 𝑅

𝑠
= 1/17.12 for

simulations. When the control parameters used for stability
analysis above are applied to the proposed lateral controller,
time responses of steering and heading angle are shown
in Figure 5 and it is shown that the corresponding lateral
error, 𝑒

𝑏
, is less than 0.3 (m). That is, it is shown that the

lateral error is bounded as expected above. It is validated that
the proposed controller enables the vehicle to perform two
different maneuvers with only different value of 𝑑

𝑖
.

5. Conclusions

This paper developed the analysis and design method of
DSC for a class of nonlinear systems where the nonlinear
functions are included as forcing terms of DSC.The proposed
control approach was applied to lateral vehicle control for
forward driving and parallel parkingmaneuvers at low speed.
With modification of input variables to the filter dynamics,
it was shown that most of results in [3] could be used
for the new class of nonlinear systems. Thus, the stability
conditions in linear matrix inequality formwere presented to
guarantee the quadratic stability and boundedness via DSC
for the given class of nonlinear systems. Furthermore, the
quadratic Lyapunov functions were calculated numerically in
the framework of convex optimization for a lateral vehicle
control problem as well as an illustrative example. It was vali-
dated that the analysis results agreed with ones of simulation.
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Figure 5: Time responses of errors, steering, and heading angle.

Nomenclature

𝑥: Vehicle position in longitudinal direction
𝑦: Vehicle position in lateral direction
V: Vehicle velocity
𝑙
𝑓
: Length from a center of mass to front wheel axle

𝑙
𝑟
: Length from a center of mass to rear wheel axle
𝑙: Length of wheelbase, that is, 𝑙 = 𝑙

𝑓
+ 𝑙
𝑟

𝛿: Front steering angle
𝜃: Steering wheel angle
𝑢: Steering wheel angle command
𝑅
𝑠
: Steering gear ratio, that is, 𝑅

𝑠
= 𝛿/𝜃

𝑒
𝑏
: Lateral position error

𝜓: Heading angle
𝑒
𝜓
: Heading angle error

𝑑
𝑖
: Preview distance

𝜏
𝑠
: Time constant for steering actuator

𝛽: Slip angle.
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The aim of this paper is to propose a differential braking rollover mitigation strategy for wheeled vehicles. The strategy makes use
of a polytopic (piecewise linear) description of the vehicle and includes translational and rotational dynamics, as well as suspension
effects.The braking controller is robust and the system states are predicted to estimate the rollover risk up to a given time horizon. In
contrast to existing works, the switched predictive nature of the control allows it to be applied only when risk of rollover is foreseen,
interfering a minimum with driver’s actions. The stability of the strategy is analyzed and its robustness is illustrated via numerical
simulations using CarSim for a variety of vehicles.

1. Introduction

Vehicle rollover is a serious problem that commonly involves
sport utility vehicles (SUVs), trailers, trucks, and, in general,
vehicles with a high center of gravity (CoG). Many quantifi-
cations of rollover risk exist in the literature [1–5]. The most
commonly used is the load transfer ratio (LTR), also known
as rollover index (RI) proposed by National Highway Traffic
Safety Administration (NAFTA) [1], which is an index that
measures the balance of vertical forces at the tire-road contact
points:

RI = LTR =
∑𝐹ZL − ∑𝐹ZR
∑𝐹ZL + ∑𝐹ZR

, (1)

where 𝐹ZL, 𝐹ZR are the sum of left and right side tire-
road vertical forces, respectively. RI is dimensionless and
constitutes a balance between right and left vertical forces,
with RI = ±1 indicating imminent rollover (the whole weight
of the vehicle is on its left or right side) and RI = 0 indicating
a perfect balanced vehicle. The RI is used to describe rollover
risk in any four-wheeled vehicle since it is related to a balance
of vertical forces. |RI| values below 0.6 are considered safe [1].
SinceRI is a force balance, it is directly related to the car lateral
inclination and it can bemeasured as a function of chassis roll

angle (𝜑) and chassis roll angle velocity ( ̇𝜑). Although𝜑, ̇𝜑 can
be measured it is not the case of the tire-road contact point
forces. The estimation of these forces is complex to obtain
since it depends nonlinearly on the vehicle’s roll angle and
speed and also on the type of terrain, tires, suspension, driver
behavior, type of vehicle, and so forth; accordingly, there are
several works in the literature dealing with the estimation of
these forces [5–8].

Unfortunately, the RI estimation and a detonation of a
warning of rollover cannot be used alone to mitigate the
rollover phenomenon since human reaction delay and driver
experience are limiting factors. Rollover can be avoided only
by using effective timely actions on either active suspension,
active steering, active differential, or differential braking [9–
13]. Among the aforementioned actuators, perhaps the differ-
ential braking strategy is the easiest to implement since only
antilock braking system (ABS) is necessary, contrasting to
the other actuators which require costly and/or nonstandard
devices. Since the aim of this work is to propose a differential
braking control strategy, the literature review will be focused
on these works only.

There exist in the literature works dealing with robust,
switched, and/or predictive differential braking controllers.
In particular, robustness of a control is a desired property
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since nonlinearities of the dynamics, particularly those of
tires and suspension, are hard to describe. Furthermore,
exhaustive nonlinear models cannot be used for control
design purposes since the problem becomes hardly tractable.
Instead, approximated (linear) models are used to describe
the vehicle dynamics and to simplify control synthesis. Since a
single linearmodel cannot reproduce the system’s complexity,
polytopic or piecewise linear models are better options that
guarantee tractability of the control design and of the stability
analysis problem [14–16].

Robust differential braking controllers are proposed in
[17–19]. In [17], a parametric uncertainty robust control
strategy is proposed using a linear description of the vehicle
including the suspension dynamics, leading to control actions
that are applied continuously at all times. In [18], a robust
control design based on linear matrix inequalities (LMIs)
is proposed. The control is based on a vehicle description
that uses the speed as uncertain parameter. The controller
is shown to be robust to parameter uncertainty, but it is
not clear if it can deal with the uncertainty in the whole
operation domain and with the nonlinearities of the system.
An adaptive switching controller is proposed in [19]. Least
squares and Kalman filtering techniques are employed to
estimate the height of the center of gravity in face of speed
variations.

Since timely control actions depend on driver’s decisions
aswell as on systemand actuator inner dynamics,more recent
works use the prediction of system states to compensate
for such dynamics. In [20] a predictive RI strategy based
on the present values of RI and steering angle is proposed.
The resulting controller displays good performance avoid-
ing rollover; however, the control action is applied at all
times, interfering adversely with the driver’s commands, even
when no rollover risk is foreseen. Other works focusing on
predictive and robust control actions are [21, 22]. In [21] a
nonlinear inverted pendulum-like vehicle model is used to
design a model predictive controller that is able to be applied
in real-time. Even if the controller is not shown to be robust,
the contribution of the authors is to take into account some
of the nonlinearities of the system. In [22] a back-stepping
observer is designed to estimate a lateral sliding and rollover
indicator online. A maximum velocity tracking is obtained
using predictive functional control.

Although these works constitute important advances,
either they interfere with the drivers commands expending
control actions even when no imminent risk of rollover is
detected, or the robustness of the control in face of nonlin-
earities is not clear.

In this work we are focused on developing a noninvasive
braking control that allows the driver to manipulate freely
the vehicle until a rollover risk is foreseen. The controller
is predictive and robust and guarantees stability in face
of uncertainties using a polytopic linear model that takes
into account different behaviors at a variety of operation
conditions. The control is switched and its on-off control
actions are performed using simple time/state dependent
criteria based on the prediction.These three features: robust-
ness, prediction, and switching make the controller versatile

and its structure and proof of stability constitute the main
contribution of this paper.

The prediction of the states is obtained using a set of
linear models and an estimation of the future steering input.
The steering prediction is obtained using a zero-order model
of the driver. The predicted vehicle dynamics are used to
estimate the RI behavior up to the time horizon in order
to determine whether or not a rollover risk exists. If such
possibility is present, a switched controller is used to mitigate
the rollover phenomenon. The controller has a supervisory
structure and it is comprised of a set of time- and state-
dependent switching rules and a feedback braking control
action.

The effect of the prediction horizon on system perfor-
mance, as measured with the RI, is studied and compared
against another nonswitched scheme. The proposed strategy
has the feature of being simple for implementation purposes
and it uses ABS braking technology. Moreover, it does not
make use of GPS for driving prediction.

This document is organized as follows: in Section 2 the
vehicle model is derived. Sections 3 and 4 introduce, respec-
tively, the problem statement and the main contribution of
this paper. The performance of the proposed controller is
illustrated using numerical simulations in Section 5. Finally,
in Section 6 some conclusions are presented.

2. Vehicle Model

Consider the nonlinear model of the vehicle given by

̇VCoG =
sin (𝛽)

𝑚
(∑𝐹Sij + (𝐹LFL + 𝐹LFR) 𝛿 + 𝐹YT)

+
cos (𝛽)

𝑚
(∑𝐹Lij − (𝐹SFL + 𝐹SFR) 𝛿 + 𝐹XT) ,

̇𝛽 =
cos (𝛽)

𝑚VCoG
(∑𝐹Sij + (𝐹LFL + 𝐹LFR) 𝛿 + 𝐹YT)

−
sin (𝛽)

𝑚VCoG
(∑𝐹Lij − (𝐹SFL + 𝐹SFR) 𝛿 + 𝐹XT) ,

̈𝜓 = (𝐹SFR + 𝐹SFL + (𝐹LFL + 𝐹LFR) 𝛿)
𝐿V

𝐽
𝑍

− (𝐹SRR + 𝐹SRL)
𝐿
ℎ

𝐽
𝑍

+ (𝐹LRR + 𝐹LFR − 𝐹LFL − 𝐹LRL + (𝐹SFL − 𝐹SFR) 𝛿)
𝑏

2𝐽
𝑍

,

̈𝜑 =
1

𝐽
𝑥

(ℎCoG (∑𝐹Sij + (𝐹LFL + 𝐹LFR) 𝛿 + 𝐹YT) − 𝑘𝜑 − 𝑐 ̇𝜑) ,

(2)

where 𝐹Sij are the lateral tire forces, 𝐹Lij are the brak-
ing/acceleration forces with 𝑖 = {Front,Rear}, 𝑗 = {Left,

Right}, 𝛿 is the front wheels angle, and𝐹XT,𝐹YT are terms that
account for the gravity, rolling resistance, and other forces.𝐿V,
𝐿
ℎ
, 𝐽
𝑧
, andℎ are suitable constants. SeeNomenclature section.
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Forces 𝐹Sij are highly nonlinear and dependent on the
front and rear tire side slip angles (𝛼V, 𝛼ℎ), as well as on road
and tire parameters [23, 24]. Let

𝛼V = 𝛿 − 𝛽 −
𝐿V ̇𝜓

VCoG
,

𝛼
ℎ

= −𝛽 +
𝐿
ℎ

̇𝜓

VCoG
,

𝐹LFL + 𝐹LRL = {
𝑢, 𝑢 < 0,

0, 𝑢 ≥ 0,

𝐹LFR + 𝐹LRR = {
−𝑢, 𝑢 > 0,

0, 𝑢 ≤ 0.

(3)

Let 𝑥
󸀠

= [𝛽 ̇𝜓 ̇𝜑 𝜑] (where 𝑥
󸀠 denotes the transpose of

𝑥); the linearized vehicle dynamics about a speed dependent
operation point becomes

̇𝑥 = 𝐴𝑥 + 𝐵
𝛿
𝛿 (𝑡) + 𝐵

𝑢
𝑢, (4)

with

𝐴 =

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

−

𝜎𝐽
𝑥eq

𝑚V̂CoG𝐽
𝑥

𝜌𝐽
𝑥eq

𝑚V̂2CoG𝐽
𝑥

− 1 −
ℎ𝑐

𝐽
𝑥
V̂CoG

ℎ (𝑚𝑔ℎ − 𝑘)

𝐽
𝑥
V̂CoG

𝜌

𝐽
𝑧

−
𝜅

𝐽
𝑧
V̂CoG

0 0

−
ℎ𝜎

𝐽
𝑥

ℎ𝜌

V̂CoG𝐽
𝑥

−
𝑐

𝐽
𝑥

𝑚𝑔ℎ − 𝑘

𝐽
𝑥

0 0 1 0

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

,

𝐵
𝛿

= [

𝑐V𝐽𝑥eq

𝑚𝐽
𝑥
V̂CoG

𝑐V𝐿V

𝐽
𝑧

ℎ𝑐V

𝐽
𝑥

0]

󸀠

,

𝐵
𝑢

= [0 −
𝑏

2𝐽
𝑧

0 0]

󸀠

,

(5)

𝜎 ≜ 𝑐V + 𝑐
ℎ
,

𝜌 ≜ 𝑐
ℎ
𝐿
ℎ
− 𝑐V𝐿V,

𝜅 ≜ 𝑐
ℎ
𝐿
2

ℎ
+ 𝑐V𝐿
2

V,

𝐽
𝑥eq

≜ 𝐽
𝑥
+ 𝑚ℎ
2

,

(6)

where V̂CoG is the nominal velocity value and 𝑢 represents the
differential braking force. Using this model, the RI is given by
(see [25])

RI (𝑡) = −
2

𝑏𝑚𝑔
(𝑐 ̇𝜑 + 𝑘𝜑) . (7)

2.1. Nonlinearities and Parametric Uncertainty. The linear
model (4)-(5) has been derived as an approximation of the
nonlinear dynamics (2), about a given operation point. In

Vertexes

Operation domain

Local linear modelΞp

Figure 1: Schematic diagram of the operation domain D. The
domain is divided into finite sets Ξ

𝑝
and, associated with each one,

there is a linear approximation of the system.The description of the
system inside D can be performed using a convex combination of
the parameters of the models.

the following, we will derive a polytopic linear model of the
system such that not only small deviations of the operation
point are allowed to describe the system dynamics, but also
large ones, as long as they occur in a closed operation domain.
To this end, assume that the operation domain D is divided
into a finite number of sets Ξ

𝑝
for 𝑝 = 1, 2, . . . , nd, each one

linked to a unique linearmodel expression (see Figure 1). Sets
Ξ
𝑝
satisfy

(1) ⋃
nd
𝑝=1

Ξ
𝑝

= D,

(2) Int(Ξ
𝑝
)⋂ Int(Ξ

𝑙
) = 0 for 𝑝 ̸= 𝑙,

(3) Ξ
𝑝

̸= 0,

where Int stands for the interior of the set. If the description
of the system inside D can be performed using a convex
combination of the parameters of every linear model associ-
ated with Ξ

𝑝
then a robust continuous control can be derived

to guarantee the stability in D [26]. The convex parameter
combination leads to a so-called polytopic model. In order
to describe such a model, let us introduce the following
definitions.

Definition 1. The set

Θ = {𝜃 ∈ 𝑅 |

nv
∑

𝑖=1

𝜃
𝑖
= 1, 𝜃
𝑖
≥ 0} (8)

is called simplex and nv is called the number of vertexes.

Definition 2. Thematrix 𝐴 is called polytopic if

𝐴 = {𝐴 (𝜃) |

nv
∑

𝑖=1

𝐴
𝑖
𝜃
𝑖
= 𝐴, 𝜃

𝑖
≥ 0} . (9)

Using the notations above, the model of the vehicle can be
rewritten as

̇𝑥 = 𝐴 (𝜃) 𝑥 + 𝐵
𝛿
(𝜃) 𝛿 + 𝐵

𝑢
(𝜃) 𝑢, (10)

where 𝐴(𝜃), 𝐵
𝛿
(𝜃), and 𝐵

𝑢
(𝜃) are polytopic matrices of suit-

able dimensions and 𝛿(𝑡) : R+ → R, the front wheels angle
generated by the steering input, is a piecewise continuous
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function of time. According to Definitions 1 and 2, the
parameters in the polytopic matrices vary within closed and
bounded ranges, where each extremum is characterized by
the simplex vertexes 𝜃

𝑖
= 1. As a result, it is possible to divide

the domainD in an arbitrary finite number of subsetsΞ
𝑝
(see

Figure 1). In other words, model (10) is actually a multilinear
model that can be constructed using a finite number of linear
approximations (4) at different operating conditions (e.g.,
vehicle speed, tire pressure, type of terrain, etc.). In Section 5
we illustrate the derivation of the multilinear model for a
Cherokee Jeep 2000.

3. Controller Structure

In the literature, the differential braking control problem has
been stated as follows.

Problem 3. Consider the vehicle model (10) and assume that
the state 𝑥 is available for measurement; design a control law
𝑢(𝑡) such that

|RI (𝑡)| ≤ RIref, (11)

for all time 𝑡 and all parameters in the simplex Θ, where RIref
stands for a reasonable value of RI such that the vehicle has
no rollover risk.

The control objective (11) can be attained using robust
control theory if the pair (𝐴(𝜃), 𝐵

𝑢
(𝜃)) is completely control-

lable and if it is possible to solve linear matrix inequalities
(LMIs) associatedwith a Lyapunov equation [26]. In this case,
a suitable vector 𝐾 can be found, such that the control law

𝑢 (𝑡) = 𝐾𝑥, (12)

makes system (10) 𝐿
∞

stable for all |𝛿| ≤ 𝛿
𝑠
, where 𝛿

𝑠
stands

for the maximum magnitude of the front wheels angle to
avoid violating the restriction |RI(𝑡)| ≤ RIref. By solving the
LMI it is ensured that 𝐴

2
(𝜃) = 𝐴(𝜃) + 𝐵

𝑢
(𝜃)𝐾 is Hurwitz in

the simplex Θ.
This approach has been discussed in the past, for a

simpler model in [17, 25]. However, the said approach has
the disadvantage of being continuously applied in the vehicle,
consuming braking force and interfering constantly with the
velocity path set by the driver, even when no risk of rollover
exists. To avoid such disadvantages the problem addressed in
this paper can be formulated as follows.

Problem 4. Consider the vehicle model (10) with 𝑥 available
for measurement; design a differential braking control that
guarantees

|RI (𝑡)| ≤ RIref, (13)

for all time 𝑡 and all parameters in the simplex Θ, such that
the controller is applied only when a predicted value of RI
satisfies RI > RIref.

To solve Problem 4, a two-mode switched, noninvasive
approach is proposed in this work. The first mode (Mode 1)

coincides with the vehicle dynamics as conducted by the
driver (open-loop), while the other one (Mode 2) applies
the robust control (12) when necessary to attain the control
objective (13).

If the Mode 2 is activated once the boundary |RI(𝑡)| =

RIref is reached, there is no guarantee of the accomplishment
of (13). An alternate solution would be to set a lower bound
of RI(𝑡) to compensate for system dynamics. In this work, we
use a prediction of the state vector up to a time horizon (𝑇) to
switch toMode 2. If a rollover risk is detected within the time
interval [𝑡, 𝑡 +𝑇], thenMode 2 is activated (i.e., RI(𝑡

𝑇
) ≤ RIref

with 𝑡
𝑇

∈ [𝑡, 𝑡 + 𝑇]).
The rollover risk prediction is a tool that allows us to

take corrective actions before the risk is imminent, and as the
prediction horizon 𝑇 becomes larger, it is expected that the
control becomes more invasive. The operation modes of the
proposed methodology are described below with the help of
a switching law:

̇𝑥 = 𝐴
𝑖
(𝜃) 𝑥 + 𝐵

𝛿
(𝜃) 𝛿,

𝑖 = {
1, if 󵄨󵄨󵄨󵄨RI (𝑡𝑇)

󵄨󵄨󵄨󵄨 ≤ RIref ∧ 𝑡
𝑟
> 0 (Mode 1) ,

2, if 󵄨󵄨󵄨󵄨RI (𝑡𝑇)
󵄨󵄨󵄨󵄨 > RIref (Mode 2) ,

𝑡
𝑇

∈ [𝑡, 𝑡 + 𝑇] , 𝑇 > 0,

(14)

where 𝐴
1
(𝜃) = 𝐴(𝜃), 𝐴

2
(𝜃) = 𝐴(𝜃) + 𝐵

𝑢
(𝜃)𝐾, and 𝑡

𝑟
is a

minimumresidence time ofMode 2.Theblock diagramof the
proposed controller and the switching algorithmare shown in
Figures 2 and 3, respectively.

To predict the behavior of the vehicle using the model
(14), the prediction of the driver behavior is needed. Although
modeling driving behavior constitutes a relevant and actual
topic of research, it is out of the scope of this work. In
this paper, we will assume that such model is available.
For convenience, the approach in [27] will be used, with a
zero order dynamics since it is simple and still adaptive to
changing environments.

The proposed control works as follows. The driver pro-
vides the front wheels angle and the braking force through
the steering wheel and the brake pedal, respectively. At every
instant 𝑡, RI is compared with RIref along the prediction
interval fixed by the prediction horizon. The RI estimation is
performed using the vehicle model (14), (7), and themodel of
the driver behavior. If the threshold RIref is exceeded at some
instant along the interval [𝑡, 𝑡 + 𝑇], the Mode 2 is activated
(i.e., a future rollover risk is detected); otherwise the Mode
1 is preserved. Once Mode 2 is activated, it continues being
active until the rollover risk for the entire prediction horizon
has disappeared and a minimum dwell time 𝑡

𝑟
is elapsed.

This dwell time prevents fast switching actions (chattering)
improving the performance. The stability of the proposed
control is studied in the following section, where stability
properties of the switching actions are given.

4. Main Result

Let us denote the solution of (14) at time 𝑡 with initial
condition𝑥

0
= 𝑥(𝑡
0
), uncertain parameter within the simplex
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Figure 2: Block diagram of control strategy.
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Figure 3: Algorithm of the switching criterion.

Θ, and initial time 𝑡
0
as𝑥(𝑡
0
, 𝑡, 𝑥
0
, 𝜃).𝐵
𝜉
(𝑧) is the ball centered

at 𝑧 with radius 𝜉 (i.e., 𝐵
𝜉
(𝑧) = {𝑥 | ‖𝑥 − 𝑧‖ ≤ 𝜉}).

For 𝑖 = 1, the unperturbed system (14) (i.e., 𝛿 = 0) has
an open-loop equilibrium in 𝑥

󸀠

= [𝛽eq, ̇𝜓eq, ̇𝜑eq, 𝜑eq] = 0.
By vehicle design, 𝐴

1
(𝜃) is Hurwitz for all 𝜃 ∈ Θ; otherwise,

the unperturbed vehicle would spin or rollover by following
a straight line. On the other hand, the existence of a robust
controller (12) such that 𝐴

2
(𝜃) is also a Hurwitz matrix is

guaranteed by the controllability of the pair (𝐴(𝜃), 𝐵
𝑢
(𝜃)).

The control objective (13) can be expressed from the
stability point of view, as the property of positive invariance

in some suitable set (Ω). The trajectories 𝑥(𝑡
0
, 𝑡, 𝑥
0
, 𝜃) are

positively invariant in Ω; that is, 𝑥(𝑡
0
, 𝑡, 𝑥
0
, 𝜃) ∈ Ω, for all

𝑡 ≥ 0.
Consider system (14) with initial conditions within 𝐵

𝜀
(0)

with 𝜀 > 0. Since for each mode 𝐴
𝑖
is Hurwitz, then for each

‖𝑥(𝑡
0
)‖ ≤ 𝜀 there exists a maximum value of |𝛿|max such that

the system trajectories will remain within 𝐵
𝜌
(0); that is, the

system is input-output stable. The first step in deriving our
main contribution is the quantification of such perturbation
|𝛿|max under system commutation.

Problem 5. Consider the system

̇𝑥 = 𝐴
𝑖
(𝜃) 𝑥 + 𝐵

𝛿
(𝜃) 𝛿, (15)

with 𝑖 = 1, 2 and let

Ω ≜ {𝑥 (𝑡
0
, 𝑡, 𝑥
0
, 𝜃) | |RI (𝑡)| ≤ RIref} . (16)

Establish switching conditions for the system (15) such that
𝑥 (𝑡
0
, 𝑡, 𝑥
0
, 𝜃) ∈ Ω for all 𝑡 ≥ 0.

Let 𝑖 = 2 and 𝑡
0
= 0 be the switching instant fromMode 1

to Mode 2. Then, the solution of (15) while evolving in Mode
2 is

𝑥 (0, 𝑡, 𝑥
0
, 𝜃) = 𝑒

𝐴
2
(𝜃)𝑡

𝑥
0
+ ∫

𝑡

0

𝑒
𝐴
2
(𝜃)(𝑡−𝜏)

𝐵
𝛿
(𝜃) 𝛿 (𝜏) 𝑑𝜏, (17)

RI (𝑡) = 𝐶 (𝜃) 𝑒
𝐴
2
(𝜃)𝑡

𝑥
0
+ 𝐶 (𝜃) + ∫

𝑡

0

𝑒
𝐴
2
(𝜃)(𝑡−𝜏)

𝐵
𝛿
(𝜃) 𝛿 (𝜏) 𝑑𝜏,

(18)

with

𝐶 (𝜃) = [0 0 −
2𝑐 (𝜃)

𝑏 (𝜃)𝑚 (𝜃) 𝑔
−

2𝑘 (𝜃)

𝑏 (𝜃)𝑚 (𝜃) 𝑔
] . (19)
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Computing the norm of (18) we have

‖RI (𝑡)‖ ≤ ‖𝐶 (𝜃)‖
󵄩󵄩󵄩󵄩󵄩
𝑒
𝐴
2
(𝜃)𝑡

󵄩󵄩󵄩󵄩󵄩

󵄩󵄩󵄩󵄩𝑥0
󵄩󵄩󵄩󵄩

+ ‖𝐶 (𝜃)‖
󵄩󵄩󵄩󵄩󵄩
[𝐼 − 𝑒

𝐴
2
(𝜃)𝑡

]
󵄩󵄩󵄩󵄩󵄩

󵄩󵄩󵄩󵄩󵄩
𝐴
−1

2
(𝜃) 𝐵
𝛿
(𝜃)

󵄩󵄩󵄩󵄩󵄩
|𝛿|

≤ ‖𝐶 (𝜃)‖ 𝛽
2
(𝜃) 𝑒
𝑟
2
(𝜃)𝑡

𝜀

+ ‖𝐶 (𝜃)‖ [1 + 𝛽
2
(𝜃) 𝑒
𝑟
2
(𝜃)𝑡

]
󵄩󵄩󵄩󵄩󵄩
𝐴
−1

2
(𝜃) 𝐵
𝛿
(𝜃)

󵄩󵄩󵄩󵄩󵄩
|𝛿|

≤ ‖𝐶 (𝜃)‖ 𝛽
2
(𝜃) 𝜀

+ ‖𝐶 (𝜃)‖ [1 + 𝛽
2
(𝜃)]

󵄩󵄩󵄩󵄩󵄩
𝐴
−1

2
(𝜃) 𝐵
𝛿
(𝜃)

󵄩󵄩󵄩󵄩󵄩
|𝛿| ≤ RIref,

(20)

where Euclidean norm is denoted as ‖ ⋅ ‖, ‖𝑥
0
‖ ≤ 𝜀, and

‖𝑒
𝐴
2
(𝜃)𝑡

‖ ≤ 𝛽
2
(𝜃)𝑒
𝑟
2
(𝜃)𝑡 with 𝑟

2
(𝜃) < 0.

From (20) the maximum perturbation that allows 𝑥(0,

𝑡, 𝑥
0
, 𝜃) ∈ Ω is

|𝛿|max < 𝜋 (𝜃, 𝜀) ≜
RIref − ‖𝐶 (𝜃)‖ 𝛽

2
(𝜃) 𝜀

‖𝐶 (𝜃)‖ [1 + 𝛽
2
(𝜃)]

󵄩󵄩󵄩󵄩𝐴
−1

2
(𝜃) 𝐵
𝛿
(𝜃)

󵄩󵄩󵄩󵄩

.

(21)

Let

𝜃
𝑟2

= arg min(
RIref − ‖𝐶 (𝜃)‖ 𝛽

2
(𝜃) 𝜀

‖𝐶 (𝜃)‖ [1 + 𝛽
2
(𝜃)]

󵄩󵄩󵄩󵄩𝐴
−1

2
(𝜃) 𝐵
𝛿
(𝜃)

󵄩󵄩󵄩󵄩

) ,

(22)

then

|𝛿|max (𝜀) = 𝜋 (𝜃
𝑟2

, 𝜀) . (23)

Notice that there exists a maximum bound for the initial
conditions, 𝜀, such that |𝛿|max ≥ 0 and it is given by

RIref
󵄩󵄩󵄩󵄩𝐶 (𝜃
𝑟2

)
󵄩󵄩󵄩󵄩 𝛽
2
(𝜃
𝑟2

)
= 𝜀max. (24)

If the initial conditions are at the origin, the maximum
perturbation |𝛿|max is

󵄨󵄨󵄨󵄨󵄨
𝛿
󵄨󵄨󵄨󵄨󵄨max ≤ 𝜋 (𝜃

𝑟2
, 0)

=
RIref

󵄩󵄩󵄩󵄩𝐶 (𝜃
𝑟2

)
󵄩󵄩󵄩󵄩 [1 + 𝛽

2
(𝜃
𝑟2

)]
󵄩󵄩󵄩󵄩𝐴
−1

2
(𝜃
𝑟2

) 𝐵
𝛿
(𝜃
𝑟2

)
󵄩󵄩󵄩󵄩

.

(25)

From expression (23) the maximum bound of perturba-
tion 𝛿 depends on the initial conditions, being maximum
at the origin (i.e., |𝛿|max). Using this fact one can define a
switching criterion using the boundary ‖𝑥

0
‖ ≤ 𝜀

∗

≤ 𝜀 as
a switching surface, which will be stable for perturbations
satisfying 0 < |𝛿

∗

| < |𝛿|max. That is

𝜀
∗

=

RIref −
󵄩󵄩󵄩󵄩𝐶 (𝜃
𝑟2

)
󵄩󵄩󵄩󵄩 [1 + 𝛽

2
(𝜃
𝑟2

)]
󵄩󵄩󵄩󵄩󵄩
𝐴
−1

2
(𝜃
𝑟2

) 𝐵
𝛿
(𝜃)
𝑟2

󵄩󵄩󵄩󵄩󵄩

󵄨󵄨󵄨󵄨𝛿
∗󵄨󵄨󵄨󵄨

󵄩󵄩󵄩󵄩𝐶 (𝜃
𝑟2

)
󵄩󵄩󵄩󵄩 𝛽
2
(𝜃
𝑟2

)
,

(26)

where 𝛿
∗

< |𝛿|max is a design value that is chosen to compute
𝜀
∗. In other words, the computation of (26) only requires the
(nominal) parameters of vertexes 𝜃

𝑟2
.

Let the switching criterion from Mode 1 to Mode 2 be as
follows:

if ‖𝑥‖ ≥ 𝜀
∗ then Mode 2 is active, (27)

with 𝜀
∗ given by (26); then |RI(𝑡)| ≤ RIref for |𝛿| ≤ |𝛿|max.

Until now we have proved that the switching criterion
from Mode 1 to Mode 2 keeps the trajectories of the system
within Ω. However, to obtain a noninvasive property of
the controller, the control must switch back to open-loop
conditions as soon as the risk has passed. Since 𝐴

2
(𝜃) is

Hurwitz and |𝛿| ≤ |𝛿|max, the trajectories of Mode 2 as 𝑡 →

∞ will tend to

lim
𝑡→∞

󵄨󵄨󵄨󵄨RI(𝑡)Mode 2
󵄨󵄨󵄨󵄨 ≤

󵄩󵄩󵄩󵄩󵄩
𝐶 (𝜃) 𝐴

−1

2
(𝜃) 𝐵
𝛿
(𝜃)

󵄩󵄩󵄩󵄩󵄩

󵄨󵄨󵄨󵄨󵄨
𝛿
󵄨󵄨󵄨󵄨󵄨max = Λ

2
,

(28)

while in Mode 1 the norm of the RI tends to

lim
𝑡→∞

󵄨󵄨󵄨󵄨RI(𝑡)Mode 1
󵄨󵄨󵄨󵄨 ≤

󵄩󵄩󵄩󵄩󵄩
𝐶 (𝜃) 𝐴

−1

1
(𝜃) 𝐵
𝛿
(𝜃)

󵄩󵄩󵄩󵄩󵄩

󵄨󵄨󵄨󵄨󵄨
𝛿
󵄨󵄨󵄨󵄨󵄨max = Λ

1
.

(29)

From the controllability property of (𝐴(𝜃), 𝐵(𝜃)) there exists
a sufficiently large value of 𝐾, such that Λ

1
> Λ
2
for all 𝜃 in

the simplex. Let Ω
Λ
1

≜ {𝑥(𝑡
0
, 𝑡, 𝑥
0
, 𝜃) | |RI(𝑡)| < Λ

1
} and

Ω
Λ
2

≜ {𝑥(𝑡
0
, 𝑡, 𝑥
0
, 𝜃) | |𝑅𝐼(𝑡)| < Λ

2
}; then it is satisfied that

Ω
Λ
1

⊃ Ω ⊃ Ω
Λ
2

. That Ω ⊃ Ω
Λ
2

is a consequence of (25). On
the other hand, the maximum perturbation |𝛿|max,la such that
trajectories remain in Ω at open-loop conditions is

|𝛿|la < 𝜋la (𝜃, 𝜀) =
RIref − ‖𝐶 (𝜃)‖ 𝛽

1
(𝜃) 𝜀

‖𝐶 (𝜃)‖ [1 + 𝛽
1
(𝜃)]

󵄩󵄩󵄩󵄩𝐴
−1

1
(𝜃) 𝐵
𝛿
(𝜃)

󵄩󵄩󵄩󵄩

(30)

with ‖𝑒
𝐴
1
(𝜃)𝑡

‖ ≤ 𝛽
1
(𝜃)𝑒
𝑟
1
(𝜃)𝑡, 𝑟
1
< 0. Let

𝜃
𝑟1

= arg min{
RIref − ‖𝐶 (𝜃)‖ 𝛽

1
(𝜃) 𝜀

‖𝐶 (𝜃)‖ [1 + 𝛽
1
(𝜃)]

󵄩󵄩󵄩󵄩𝐴
−1

1
(𝜃) 𝐵
𝛿
(𝜃)

󵄩󵄩󵄩󵄩

} ,

(31)

then

|𝛿|max,la (𝜀) < 𝜋la (𝜃
𝑟1

, 𝜀) , (32)

whichmeans that the larger value of the perturbation that can
be tolerated is at 𝜀 = 0; that is,

󵄨󵄨󵄨󵄨󵄨
𝛿
󵄨󵄨󵄨󵄨󵄨max,la < 𝜋la (𝜃

𝑟1
, 0)

=
RIref

󵄩󵄩󵄩󵄩𝐶 (𝜃
𝑟1

)
󵄩󵄩󵄩󵄩 [1 + 𝛽

1
(𝜃
𝑟1

)]
󵄩󵄩󵄩󵄩𝐴
−1

1
(𝜃
𝑟1

) 𝐵
𝛿
(𝜃)
𝑟1

󵄩󵄩󵄩󵄩

.

(33)

From (33) and (25) we have that |𝛿|max,la < |𝛿|max, for
a sufficient large value of 𝐾. Therefore if |𝛿|max is applied at
Mode 1 the trajectories can be outsideΩ. Now, since𝐴

𝑖
(𝜃) are
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Hurwitz, the setΩ
Λ
𝑖

is attractive for theMode 𝑖; therefore, any
switching surface ‖𝑥‖ < 𝜀

∗ with 𝑥 ∈ Ω serves as a switching
surface fromMode 2 toMode 1 to ensure the control objective
(13); that is,

if ‖𝑥‖ < 𝜀
∗ then Mode 1 is active. (34)

Since the condition to switch from Mode 2 to Mode 1
(34) is arbitrarily smaller than that to switch from Mode 1
to Mode 2 (27), fast switching actions may be present. To
avoid this phenomenon aminimum residence time (𝑡

𝑟
> 0) at

Mode 2 can be used to avoid performance degradation. That
is, if |𝛿| ≤ |𝛿|max and the switching criterion is defined as
follows:

if ‖𝑥‖ ≥ 𝜀
∗ then Mode 2 is active

if ‖𝑥‖ < 𝜀
∗ and Mode 2 has been active at least a time

𝑡
𝑟
> 0 then Mode 1 is active,

(35)

where 𝜀
∗ is given by expression (26), then |RI(𝑡)| ≤ RIref, for

all time 𝑡 > 0.

4.1. Predictive Switching Criterion. The result in the section
above establishes sufficient conditions for stability under
switching. In the following we will establish a criterion
to define the switching surface 𝜀

∗, which depends on the
prediction of the rollover risk, which constitutes a time
varying switching surface. Without loss of generality let the
present time 𝑡 = 0; now let us compute the required initial
conditions such that |RI(𝑇)| = RIref; since the rollover
prediction risk must be performed in open-loop conditions
only Mode 1 is analyzed (see Figure 3):

󵄩󵄩󵄩󵄩RIref
󵄩󵄩󵄩󵄩 =

󵄩󵄩󵄩󵄩𝐶 (𝜃
𝑟1

)
󵄩󵄩󵄩󵄩 𝛽
1
(𝜃
𝑟1

) 𝑒
𝑟
1
(𝜃
𝑟1
)𝑇

𝜀

+
󵄩󵄩󵄩󵄩𝐶 (𝜃
𝑟1

)
󵄩󵄩󵄩󵄩 [1 + 𝛽

1
(𝜃
𝑟1

) 𝑒
𝑟
1
(𝜃
𝑟1
)𝑇

]

×
󵄩󵄩󵄩󵄩󵄩
𝐴
−1

1
(𝜃
𝑟1

) 𝐵
𝛿
(𝜃
𝑟1

)
󵄩󵄩󵄩󵄩󵄩
|𝛿| ,

(36)

with |𝛿| ∈ [0, |𝛿|max] hence 𝜀 is the value of the switching
surface at present time to avoid the imminent risk ‖RI(𝑇)‖ =

‖RIref‖. Consider

𝜀 = RIref −
󵄩󵄩󵄩󵄩𝐶 (𝜃
𝑟1

)
󵄩󵄩󵄩󵄩 [1 + 𝛽

1
(𝜃
𝑟1

) 𝑒
𝑟
1
(𝜃
𝑟1
)𝑇

]

×
󵄩󵄩󵄩󵄩󵄩
𝐴
1
(𝜃
𝑟1

)
−1

𝐵
𝛿
(𝜃
𝑟1

)
󵄩󵄩󵄩󵄩󵄩
|𝛿|

× (
󵄩󵄩󵄩󵄩𝐶 (𝜃
𝑟1

)
󵄩󵄩󵄩󵄩 𝛽
1
(𝜃
𝑟1

) 𝑒
𝑟
1
(𝜃
𝑟1
)𝑇

)
−1

.

(37)

Let |𝛿| = |𝛿|max; hence substituting (25) in (37)

𝜀 =
RIref [1 − 𝑄 (𝜃

𝑟1
, 𝜃
𝑟2

)]

󵄩󵄩󵄩󵄩𝐶 (𝜃
𝑟1

)
󵄩󵄩󵄩󵄩 𝛽
1
(𝜃
𝑟1

) 𝑒𝑟1(𝜃𝑟1)𝑇
, (38)

with

𝑄 (𝜃
𝑟1

, 𝜃
𝑟1

) =

[1 + 𝛽
1
(𝜃
𝑟1

) 𝑒
𝑟
1
(𝜃
𝑟1
)𝑇

]
󵄩󵄩󵄩󵄩󵄩
𝐴
1
(𝜃
𝑟1

)
−1

𝐵
𝛿
(𝜃
𝑟1

)
󵄩󵄩󵄩󵄩󵄩

[1 + 𝛽
2
(𝜃
𝑟2

)]
󵄩󵄩󵄩󵄩󵄩
𝐴
2
(𝜃
𝑟2

)
−1

𝐵
𝛿
(𝜃
𝑟2

)
󵄩󵄩󵄩󵄩󵄩

.

(39)

Table 1: 2000 Cherokee nominal parameters.

𝑐 4000N⋅m⋅s/rad
𝑐V 90240N/rad
𝑐
ℎ

180000N/rad
ℎ 0.375m
𝐽
𝑧

1280 kg⋅m2

𝐽
𝑥

362.6 kg⋅m2

𝑘 36075 n⋅m/rad
𝐿V 1.102m
𝐿
ℎ

1.25m
𝑚 1224 kg
𝑏 1.51m

Notice that 1 − 𝑄(𝜃
𝑟1

, 𝜃
𝑟2

) can be either positive or
negative. Negative values mean that no predicted risk of
rollover exists and it is not necessary to switch to Mode 2 at
present time.However, as 1−𝑄(𝜃

𝑟1
, 𝜃
𝑟2

) becomes positive, the
switching is possible with

𝜀 ≥ 𝜀max, (40)

with 𝜀max given by (24). From this point, stability can be
derived as in the section above using 𝜀

∗

= 𝜀.

5. Numerical Simulations

In this section, numerical evaluations of the proposed control
strategy are used to illustrate the controller performance.
Firstly, a numerical sensitivity analysis is performed to deter-
mine the vertexes of the polytope corresponding to (10).
Afterward, the evaluation of the proposed controller using
CarSim and three different vehicles is performed.

5.1. Numerical Sensitivity Analysis and Vertexes Computation.
In order to keep to a minimum the number of the vertexes
of the polytopic matrix, it is convenient to determine which
parameters are more significant in the system description.
To this end, a sensitivity study is performed. One of the
simplest methods to determine parameter sensitivity is to
compute the output response for a variety of maneuvers, in
face of parameter variations. The parameters are perturbed
using fixed steps of 5%, from a lower to an upper bound. The
sensitivity index (SI) is defined as [28]

SI =
𝑦max − 𝑦min

𝑦max
⋅ 100, (41)

where 𝑦 is the measured variable, 𝑦max = max{𝑦max(󰜚lower),
𝑦max(󰜚lower+0.05󰜚lower), 𝑦max(󰜚lower+0.1󰜚lower), . . . , 𝑦(󰜚upper)},
where 󰜚lower and 󰜚upper are the lower and upper
bound of the parameters. On the other hand, 𝑦min =

min{𝑦max(󰜚lower), 𝑦max(󰜚lower + 0.05󰜚lower), 𝑦max(󰜚lower +

0.1󰜚lower), . . . , 𝑦(󰜚upper)}. In this paper, 𝑦 is the rollover index.
Nominal parameters are displayed in Table 1, while

Table 2 shows the maximum SI values of the each parameter.
It can be observed that the vehicle dynamics are very sensitive
to the design dependent values 𝑐V (related with the tire),
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Table 2: Sensitivity index.

Parameter SI
𝑐V 11.65%
ℎ 10.88%
𝐿
ℎ

9.01%
𝐿V 6.84%
VCoG 6.76%
𝑚 5.37%
𝑐
ℎ

5.06%
𝑐 1.83%
𝐽
𝑥

1.12%
𝑘 0.62%
𝐽
𝑧

0.2%

ℎ (distance of the CoG from the road), 𝐿V and 𝐿
ℎ
(distance

fromCoG to the front, rear axles resp.), and the vehicle speed
VCoG. Let us fix 𝐿

ℎ
and 𝐿V at their nominal values since their

variation is usually small; then the vertexes of the matrices
are defined with respect to the parameters 𝑐V, ℎ, and VCoG
for simplicity. 𝐴(𝜃) and 𝐵

𝛿
(𝜃) can be expressed as a convex

function of the time-varying parameter vector:

𝜃 = [𝜃
1
, 𝜃
2
, 𝜃
3
, 𝜃
4
, 𝜃
5
, 𝜃
6
, 𝜃
7
, 𝜃
8
] , (42)

as described as follows:

𝐴 (𝜃) =

8

∑

𝑖=1

𝜃
𝑖
𝐴
𝑖
,

𝐵
𝛿
(𝜃) =

8

∑

𝑖=1

𝜃
𝑖
𝐵
𝛿
𝑖

,

(43)

where

𝐴
1
= 𝐴 (𝑐V, ℎ, VCoG) , 𝐴

2
= 𝐴 (𝑐V, ℎ, VCoG) ,

𝐴
3
= 𝐴 (𝑐V, ℎ, VCoG) , 𝐴

4
= 𝐴 (𝑐V, ℎ, VCoG) ,

𝐴
5
= 𝐴 (𝑐V, ℎ, VCoG) , 𝐴

6
= 𝐴 (𝑐V, ℎ, VCoG) ,

𝐴
7
= 𝐴 (𝑐V, ℎ, VCoG) , 𝐴

8
= 𝐴 (𝑐V, ℎ, VCoG) ,

𝐵
𝛿
1

= 𝐵
𝛿
(𝑐V, ℎ, VCoG) , 𝐵

𝛿
2

= 𝐵
𝛿
(𝑐V, ℎ, VCoG) ,

𝐵
𝛿
3

= 𝐵
𝛿
(𝑐V, ℎ, VCoG) , 𝐵

𝛿
4

= 𝐵
𝛿
(𝑐V, ℎ, VCoG) ,

𝐵
𝛿
5

= 𝐵
𝛿
(𝑐V, ℎ, VCoG) , 𝐵

𝛿
6

= 𝐵
𝛿
(𝑐V, ℎ, VCoG) ,

𝐵
𝛿
7

= 𝐵
𝛿
(𝑐V, ℎ, VCoG) , 𝐵

𝛿
8

= 𝐵
𝛿
(𝑐V, ℎ, VCoG) .

(44)

In this paper VCoG = 25m/s = 90Km/h, and VCoG =

40m/s = 144Km/h. A controller gain vector that
guarantees stability for all vertexes is K =

mg [−7.1287 0.9842 0.3271 −0.0944].
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Figure 4: Steering wheel angle real versus predicted.
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Figure 5: Rollover index real versus predicted (open loop).

5.2. The Predictive Controller. The first step to implement the
predictive controller in Figures 2 and 3 is to predict the front
wheels angle (𝛿) given by the driver’s behavior. In this work
a zero-order model is used to perform the prediction as in
[27]. Afterward, the RI at open-loop conditions is computed
along a given prediction horizon. The results are displayed
in Figures 4 and 5 for a double lane-change maneuver with
rollover risk.

Secondly the predicted RI is used to perform the switch-
ing, using the algorithm in Figure 3. Two double lane-change
maneuvers are chosen to illustrate the performance of the
switched controller: (i) a first one with rollover risk along the
[3, 3.8] seconds interval in open loop (see Figure 6) and (ii) a
second one without rollover risk (see Figure 7).

The comparison of the proposed strategy with respect to a
robust nonswitched linear action and open loop dynamics is
performed.Theproposed controller is able to prevent rollover
and to maintain the RI within the specified values. Moreover,
the control action is reduced significantly with respect to the
nonswitched alternative and it is used only when necessary to
avoid rollover (in Figure 7 the braking control actions are not
performed).

The effect of the prediction horizon is evaluated in the
proposed scheme for a given maximum value of |𝛿| <

|𝛿|max; the results are displayed in Figure 8. As the prediction
horizon is increased the controller becomes more invasive;
however the actual values of RI are smaller. In every case, RI
is kept within the required values.
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Figure 6: Rollover index and braking force evolution for a double
lane-change maneuver with rollover risk.
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Figure 7: Rollover index and braking force evolution for a double
lane-change maneuver without rollover risk.

To illustrate the robustness of the proposed scheme, the
controller is evaluated using models from CarSim of three
vehicles: a 2000 Porsche 911 sport car, a 2002 Mitsubishi
Mini U62T utility truck, and a Jeep Cherokee 2000 SUV.The
nominal parameters for these vehicles are shown in Table 3.
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Figure 8: Effect of prediction horizon on system performance.

Table 3: Nominal parameters.

Value Cherokee Porsche U62T Units
ℎ 0.375 0.010 0.200 m
𝐽
𝑧

1280 1270 686 kg⋅m2

𝐽
𝑥

362.6 614 384 kg⋅m2

𝐿V 1.102 1.525 0.550 m
𝐿
ℎ

1.25 0.825 1.373 m
𝑚 1224 1278 600 kg
𝑏 1.51 1.72 1.26 m

An aggressive double lane-change is performed at
120Km/h and the open loop behaviors of the three vehicles
are shown in Figure 9. Since the Porsche has a smaller ℎ

(among other differences), the maneuver does not lead to
rollover but to lateral slip, while for the Cherokee and the
U62T the rollover is present. In Figure 10 the proposed
controller is applied to the three cars. In this case, the
controller that uses the model of the Jeep Cherokee is used
also for the Porsche and the utility truck. The controller is
able to prevent rollover in the JeepCherokee, and surprisingly
the same controller is able to prevent rollover in the case
of the truck, even if considerable differences exist. As can
be observed the controller leads to a further decrement on
the velocity to compensate for the higher CoG, among other
differences. On the other hand, it is also surprising that the
skid and 180∘ spin of the sport vehicle can be prevented.
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Figure 9: Dynamic response comparative in open loop for an aggressive double lane-change maneuver.
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Figure 10: Dynamic response comparative with the proposed controller active for an aggressive double lane-change maneuver.
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6. Conclusions

In this paper a robust switched controllerwith a commutation
dependent on the RI prediction is proposed. The stability of
the controller is derived in two steps. Firstly, by noticing that
a state-dependent switching criterion ensures the invariance
of a suitable set Ω for a given |𝛿|max, and secondly using RI
prediction to define a time-varying state-dependent switch-
ing criterion. The results are illustrated with simulations and
the robustness of the proposed scheme is verified for different
vehicle models. The proposed controller is robust and it has
displayed an unexpected capacity of preventing skidding; this
last feature must be further analyzed.

Nomenclature

𝛼V, 𝛼ℎ: Front, rear tire side slip angle
𝛽: Vehicle side slip angle
𝛿: Front wheels angle
𝜓: Vehicle yaw angle
𝜑: Chassis roll angle
𝑏: Track width
𝑐: Damping coefficient
𝑐V, 𝑐ℎ: Front, rear tire stiffness coefficient
𝐹ZL, 𝐹ZR: Left, right contact point vertical forces
𝑔: Gravity
ℎ: Distance of CoG from the road
𝐽
𝑧
, 𝐽
𝑥
: Moment of inertia about the vertical,

longitudinal axis
𝑘: Spring stiffness coefficient of the

suspension
𝐿V, 𝐿ℎ: Distance from CoG to the front, rear axle
𝑚: Vehicle mass
RI: Rollover index
𝑇: Prediction horizon
𝑢: Differential braking force
𝑢max: Maximum differential braking force
VCoG: Vehicle speed of the CoG relative to the

inertial coordinate system as seen in the
vehicle.
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This paper introduces an invariant Hough random ferns (IHRF) incorporating rotation and scale invariance into the local feature
description, random ferns classifier training, and Hough voting stages. It is especially suited for object detection under changes in
object appearance and scale, partial occlusions, and pose variations.The efficacy of this approach is validated through experiments
on a large set of challenging benchmark datasets, and the results demonstrate that the proposed method outperforms state-of-
the-art conventional methods such as bounding-box-based and part-based methods. Additionally, we also propose an efficient
clustering scheme based on the local patches’ appearance and their geometric relations that can provide pixel-accurate, top-down
segmentations from IHRF back-projections.This refined segmentation can be used to improve the quality of online object tracking
because it avoids the drifting problem. Thus, an online tracking framework based on IHRF, which is trained and updated in each
frame to distinguish and segment the object from the background, is established. Finally, the experimental results on both object
segmentation and long-term object tracking show that this method yields accurate and robust tracking performance in a variety of
complex scenarios, especially in cases of severe occlusions and nonrigid deformations.

1. Introduction

Object detection and tracking have become central topics in
computer vision research, and recent approaches have shown
considerable progress under challenging situations such as
changes in object appearance, scale, occlusions, and pose
variations, [1, 2]. In this paper, we just focus on three themes,
which are object representation, detection, and tracking, and
propose a novel framework that can be used for part-based
object detection in images and online object tracking through
videos.

For feature description, the common local binary feature
(LBF) [3] is computed in the image intensity or gradient
domain yielding successful detection results for specific
objects. However, the original LBF cannot be robust to
rotation variations. Traditionally, the rotation problem has

been addressed from a multiclass perspective by using
classifiers repeatedly trained at different orientations [4].
Unfortunately, these methods suffer from two weaknesses.
Firstly, the computational cost for both the training and
detecting stages increases with the number of classifiers, and
secondly, the use of multiple classifiers increases the number
of false positives [5]. In this paper, our object representation
is related to several paradigms, such as SIFT and SURF
descriptor [6, 7]. They assigned one or more orientations
to each patch based on image gradient directions. Thus the
matching operations are simply performed on image data
that has been transformed relative to the assigned orientation
and achieve invariance to these transformations. We extend
the same idea to LBF and propose to compute a LBF in
the polar coordinates instead, since the coordinates of the
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descriptor are easy to rotate with a certain polar angle relative
to the patch orientation. Therefore, our rotation invariant
features have demonstrated remarkable results for object
categorization under the challenging conditions, such as
rotation variations and cluttered background.

Recently for part-based object detection, a popular way
to address occlusions and nonrigid deformations is to com-
bine the two ideas of appearance codebooks [8, 9] and
generalized Hough transform [10, 11]. Such codebooks are
used to classify the local appearance of interest points into
scattered fragments of visual words that represent an object
class [12]. The Hough transform was initially developed to
detect analytically defined shapes, such as lines, circles, and
ellipses. But up to now, the generalized Hough transform
can be used to detect arbitrary shapes (i.e., shapes having no
simple analytical form) [13]. It has been successfully adapted
to the problem of part-based object detection since it is
robust to partial occlusions and slightly deformed shapes [14].
Moreover it is tolerant to noise and can find multiple occur-
rences of a shape during the same processing pass. The main
disadvantage is that it requires a lot of storage and extensive
computation. Although it is inherently parallelizable, it has
been reported that the Hough voting efficiency during the
object categorization can be improved by a highly efficient
classifier [15]. Therefore, in this paper, we apply the random
ferns classifier (RFC) [3] to Hough transform for improving
the search speed and reducing the need of a large space for
data store. In addition, our Hough voting is performed in a
rotation and scale invariant Hough space since each support
point shares a stable polar angle and a scalable displacement
related to the object’s center.

Nowadays, visual object tracking has been formulated as
online tracking by detection problem [16]. For the purpose of
separating the target from background in individual frames,
this method involves the continuous application of an object
detection algorithm, where a target object is discriminated by
a classifier. In order to handle the lack of prior knowledge
and appearance changes, there is an essential need for an
online learning algorithm incrementally updating the object
template and retraining the classifier over time [17].Themost
straightforward method, which replaces the template every
frame with the image region believed to be the target, is
found to suffer from gradual drift of the target out of the
template, eventually resulting in the loss of the target. This
phenomenon is referred to as template drifting problem [18],
where template drift is due to the accumulation of small
errors introduced in the location of the template each time
when the template is updated. In this paper we propose
a template segmentation algorithm based on a clustering
scheme which groups the binary masks according to the
appearances and geometric relations of object parts. Then we
use back-projection to locate the hypothesis’s support, which
gives a rough localization of object parts. This support that
has valid geometric relations guides intensity matching with
the clustering patches. Therefore, the candidate template can
be separated from the background pixelwise and still stays
firmly attached to the original object.

In a word, the main contributions of this paper include
the following.

(1) The rotation invariant LBFbased onpolar coordinates
is shown to be invariant to image rotation. In par-
ticular, our object representation integrating with the
intensity and gradient information is robust across a
substantial range of rotation variations, addition of
noise, and changes in illumination.

(2) The IHRF framework where Hough transform is
combined with RFC provides an efficient way for
object detection regardless of partial occlusions and
nonrigid deformations. Specially, the Hough voting is
robust to changing orientation and scale due to the
stable polar angle and scalable displacement between
the support point and object’s center.

(3) A refined top-down segmentation algorithmbased on
a clustering scheme is proposed to guide a precisely
segmentation process after the back-projection. The
most important property of the clustering scheme is
that all clusters are compact and only contain image
patches that are visually similar since the clustering
criterion relies on the geometric relations of object
parts. As a result, this algorithm is able to separate the
object precisely from a cluttered background.

(4) On the basis of IHRF, we present an online tracking
approach that is able to prevent drifting problem
because of the stable object detection and refined
segmentation results, which enables more robust
training of the classifier.

The rest of the paper is organized as follows. Firstly,
Section 2 reviews the work related to Hough transform
for object detection and online object tracking. Next, we
introduce the IHRF framework in Section 3 and show how
this could be applied for online tracking in Section 4. The
experimental results including a comparison to state-of-
the-art are given in Section 5. Finally, contributions and
suggestions for future research are discussed in Section 6.

2. Related Work

The problem of object detection in images is known to be
very challenging and needed to address several difficult issues
such as large intraclass object variations, changes in object
pose and illumination, cluttered backgrounds, and partial
occlusions, [19]. Currently, there are two existing approaches
which are sliding window [20–22] and part-based methods
[23–25]. The latter one is more competent for solving these
problems sincemany object categories are poorly represented
by bounding boxes. Furthermore, it achieves excellent per-
formance for occluded and deformable objects since object is
represented as an assembly of local parts and flexible spatial
relations between them [26, 27]. One specific subtype of
this part-based detecting model is the implicit shape model
(ISM) [28], which is a well-known approach based on the
generalizedHough transform technique.During training, the
ISM learns a model of the spatial occurrence distributions
of local patches with respect to the object’s center. During
testing, this learned model is used to cast probabilistic votes
to the location of object’s center by the generalized Hough
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transform.Manymodified approaches that are related to ISM
have been proposed [29–31].

A drawback of suchmethods is that matching the patches
with the codebooks during testing is computationally expen-
sive due to the large number of codebooks. To overcome this,
Gall et al. [1] proposed a Hough Forest for object detection
that employs random forests to learn the patches in a super-
visedmanner. Hough Forests have been shown to outperform
the sliding window classifiers and are inherently capable of
multiclass detection. These advantages inspired a series of
applications and extensions [32, 33]. However, so far Hough
Forests also have some limitations. For instance, the Hough
voting step implies considerable computational effort since
the computational complexity of matching a patch against a
tree is logarithmic to the number of leaves. In addition, they
do not include the top-down segmentation capabilities that
were available in their ISM predecessor [26].

Visual object tracking, whose goal is to estimate the
states (positions or regions) of a target corresponding from
one frame to the next, is one of the most important issues
in computer vision. It is used in a wide range of applica-
tions including automated security and surveillance, human
computer interaction, augmented reality, traffic control, and
vision navigation, [34, 35]. Although visual object tracking
has been studied for several decades and much progress has
been made in recent years, it remains a very challenging
problemdue to a variety of factors that affect the performance
of a tracking algorithm, such as the loss of information
caused by the projection of the 3D world on a 2D image,
noise in images, background clutters, illumination and scale
variations, partial or full occlusions, complex object motion,
camera motion, and real-time processing requirements.
Nowadays there exists no single tracking approach that can
successfully handle all of the above scenarios [36].

Recently, visual object tracking has been formulated as an
online tracking by detection problem [16]. Although state-of-
the-art online approaches as [37–39] perform well in certain
scenarios, the update of the error appearance degrades the
model and can lead to a significant drift. Therefore several
novel algorithms, such as multiple instance learning [40] or
the combination of tracking and detection [41], became very
robust against the drifting problem. As the author suggested,
a part-based model could potentially reduce the amount of
drift by better aligning the tracker location with the object
[42]. In addition, inspired by works such as [9, 26, 43], Godec
et al. [15] proposed an online tracker based on the GrabCut
segmentation algorithm [44] to find the object boundaries. It
delivers a more precise description of the object and avoids
the drifting problem to some extent, while it often leads
to poor segmentations of objects since GrabCut algorithm
sometimes splits them into multiple regions or merges them
with parts of the background.

3. Invariant Hough Random Ferns

Random fern descriptors, also called LBF, consist of some
logical pairwise comparisons of the intensity or gradient
levels of randomly selected pixels in the input images [45].

However, such comparisons are not robust to rotation and
scale variations because every pairwise pixel is randomly
generated offline while remaining fixed in runtime. Under
these variations, we propose a rotation and scale invariant
descriptor that demonstrates a high degree of stability, which
we show in Sections 3.1 and 3.2. In addition, our proposed
IHRF consists of random ferns that are trained to learn a
mapping from a densely sampled rotation and scale invariant
LBF to their corresponding votes in a Hough space (see
Section 3.3). In Section 3.4, we will also show how the
back-projected hypothesis’s support can be used to infer a
pixelwise figure-ground segmentation of the object by using
a clustering scheme.

Figure 1 illustrates the procedure for object detection
and segmentation based on our IHRF. We formulate the
rotation invariant andmultiscale object detection problem as
a probabilistic Hough voting procedure. For this example, the
IHRF is trained on 328 horse images and masks are obtained
from the Weizmann Horse database [46]. When presented
with the test image, the system extracts 100 interest points
(Figure 1(a)) within the horse masks to generate the dense
scanning windows (Figure 1(b)). Those local patches then
cast probabilistic votes containing object centroid locations,
which are collected in the voting space (Figure 1(c)). As the
visualization of this space in Figure 1(d) shows, the system
searches for local maxima in the voting space and returns
the correct detection as the strongest hypothesis. By back-
projecting the contributing votes, we retrieve the hypothesis’s
support in the image (Figure 1(g)) and roughly separate the
object from the background. To yield precise segmentation,
we cluster the localmasks according to their spatial and visual
similarity, as shown in Figures 1(e) and 1(f). After matching
the clusters, we deliver amore precise description (Figure 1(i))
of the object based on the masks (Figure 1(h)). All the key
steps are described in detail in the following sections.

3.1. Rotation Invariant Local Binary Feature. Rotation invari-
ant descriptors are useful when objects of the same class can
appear in different poses. The original LBF formulation can
consist of randomly selected pairwise comparisons of the
image values, such as the intensity, color, and gradient of
the input images. To make the illumination and intraclass
variations more robust, refer to [47], we use the following 16
feature channels: 3 color channels of the Lab color space, 4
absolute values of the first- and second-order derivatives in
the 𝑥 and 𝑦 directions, and 9-bin histogram of gradients as
feature channels.

More specifically, suppose 𝐼
𝑛
(𝑥, 𝑦) is the 𝑛th

(𝑛 = 1, . . . , 16) feature channel obtained from an image
patch centered at pixel locations 𝑥 and 𝑦. Each fern applies a
series of binary tests to the pairwise pixels as follows:

𝑓 (𝑖, 𝑗, 𝑛) = {
1, 𝐼
𝑛
(𝑥
𝑖
, 𝑦
𝑖
) > 𝐼
𝑛
(𝑥
𝑗
, 𝑦
𝑗
) ,

0, 𝐼
𝑛
(𝑥
𝑖
, 𝑦
𝑖
) ≤ 𝐼
𝑛
(𝑥
𝑗
, 𝑦
𝑗
) ,

(1)

where (𝑥
𝑖
, 𝑦
𝑖
) and (𝑥

𝑗
, 𝑦
𝑗
) are random pairwise pixels loca-

tions and each comparison returns 0 or 1. 𝑛 is also randomly
chosen. Generally, the number of selected pairwise pixels 𝑆
maps an image patch to a 2S-dimensional space of binary
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Figure 1: The part-based object detection and segmentation procedure.

descriptors in each fern. According to (1), we use the abbre-
viated form 𝑓 for 𝑓(𝑖, 𝑗, 𝑛) and LBF can be computed as

𝐹
𝑚
= {𝑓
1
, 𝑓
2
, . . . , 𝑓

𝑆
} , (2)

where 𝐹
𝑚
is the𝑚th fern and 𝑓

𝑖
means the 𝑖th binary feature

(as (1)). Note that 𝑚 = 1, . . . , 𝐾, where 𝐾 is the number of
ferns.Therefore, the entire set of random ferns can be denoted
by𝐹 = {𝐹

1
, 𝐹
2
, . . . , 𝐹

𝐾
}. A trade-off between performance and

memory can bemade by changing the number of ferns𝐾 and
their sizes 𝑆. For example, 𝐾 = 1 and 𝑆 = 4; we suppose the
feature 𝐹 = {1101}. If 𝐾 = 2 and 𝑆 = 4, we get the feature
𝐹 = {0101, 1010}.

Because the original LBF is not robust to rotation vari-
ations, here we present a novel rotation invariant descriptor
for detecting objects in a specific category that may appear in
images under different rotations. The differences are shown
in Figure 2.

Figures 2(a) and 2(c) are the original image and Figures
2(b) and 2(d) are the result of a 90-degree in-plane rotation.
Four random pairwise pixels are connected by the red lines
shown in Figure 2. Thus, the LBF in Figure 2(a) is 1010,
which is obviously different from Figure 2(b)’s LBF (1100).
The reason is that the intensity distributions changed due to
the rotation variations and fixed pairwise pixels, as shown in
Figures 2(a) and 2(b).

Inspired by SIFT and SURF descriptors [6, 7], we propose
a rotation invariant local binary feature (RILBF) based on
themaximum gradient orientation (MGO) of the local image

region. Therefore, an orientation histogram is formed from
the gradient orientations of sample points within the region.
For instance, the histograms of gradient (HoG) [21] for the
original and rotational images are calculated as shown in
Figure 3. Note that the orientation histogram has 72 bins
covering the 360-degree range of orientations.

As can be clearly seen from Figure 3, peaks in the
orientation histogram correspond to the dominant directions
of the local gradients.Therefore, theMGO of the original and
rotational images are 270∘ and 0∘, respectively. The pairwise
pixels can be changed according to the MGO, which is
shown as the cyan arrows originating from the center of the
circle in Figures 2(c) and 2(d). Considering the MGO, it is
possible to precisely predict where each pairwise pixel in
an original image should appear in the transformed image.
To correctly measure repeatability and positional accuracy,
we define the random pairwise pixels locations in a polar
coordinate system, as shown in Figure 4.

Generally, the polar coordinate system is a 2D coordinate
system where each point on a plane is determined by a
distance 𝑅 from a fixed pole and a polar angle 𝜃 from a fixed
polar axis. The polar coordinates 𝑅 and 𝜃 can be converted to
the Cartesian coordinates 𝑥 and 𝑦 by using the trigonometric
functions sine and cosine:

𝑥 = 𝑅 cos 𝜃,

𝑦 = 𝑅 sin 𝜃.
(3)
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(a) LBF = {1010} (b) LBF = {1100} (c) RILBF = {0111} (d) RILBF = {0111}

Figure 2: The results of LBF and RILBF on rotated images. (a) and (b) show the unequal LBF and (c) and (d) are the equal RILBF, where the
orientations are indicated by the arrow from the center of the circle.
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Figure 3: The HoG of the original and rotated images. (a) MGO = 270∘ and (b) MGO = 0∘.

𝜃2 𝜃1

R1

R2

Polar coordinates

Figure 4: The polar coordinate system for pairwise pixels.

To achieve orientation invariance, the pairwise pixels
used in (1) can be calculated by the polar coordinates, where
gradient orientations are rotated relative to the MGO = 𝜃

𝑚
:

𝑥
1
= 𝑅
1
cos (𝜃

1
+ 𝜃
𝑚
) ,

𝑦
1
= 𝑅
1
sin (𝜃
1
+ 𝜃
𝑚
) ,

𝑥
2
= 𝑅
2
cos (𝜃

2
+ 𝜃
𝑚
) ,

𝑦
2
= 𝑅
2
sin (𝜃
2
+ 𝜃
𝑚
) .

(4)

Note that the fixed pole is located at the center of image
and the fixed polar axis has the same direction as MGO,

as the cyan arrows shown in Figures 2(c) and 2(d). This
allows pairwise pixels to bematched correctly under arbitrary
orientation change between the two images. For example,
both Figures 2(c) and 2(d) result in the same representation
where the RILBF𝐹(𝜃

𝑚1
) and𝐹(𝜃

𝑚2
) (here 𝜃

𝑚1
and 𝜃
𝑚2

are the
MGO) are always equal to 0111.

Therefore, by assigning a consistent orientation to each
LBF based on local image properties, the RILBF can be
represented simply relative to this orientation and there-
fore achieve invariance to image rotation. Furthermore, by
reserving typical features and reducing redundancy features,
the generalization performance and training efficiency of the
classifier are guaranteed.

3.2. Scale Invariant Scanning Grid Pyramid. To detect the
position of the object, the detector scans the input image
by a scanning window and, for each patch, determines the
presence or absence of the object. The scanning window
needs to be resized at different scales because the search often
involves comparing objects that have been resized. To handle
scale variations in RILBF, wemaintain the same polar angle of
the pairwise pixels but apply different scale ratios to radius 𝑅.
Therefore, refer to [7]; the scale space is analyzed by changing
the scanning window size rather than iteratively reducing the
image size, as in the pyramid structure shown in Figure 5.
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Scale
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(a)

×2 ×1 ×0.5

(b)

Figure 5: The pyramid structure of the scanning window for scale variations. (a) The pyramid local binary features. (b) The pyramid images
for RILBF.

As shown in Figure 5, the distributions of the pairwise
pixels are changed according to the different scale ratios but
are preserved as the same profile. In this paper, the square
region of the scanning window is 16 × 16 pixels. This is
considered the initial scale layer, whichwewill refer to as scale
𝑠 = 1.The following layers are obtained by gradually changing
the radius 𝑅 according to the scales 𝑠 = 1.2

𝑛, where 𝑛 is the
index range [−2, 4].We generate all possible shifts of an initial
bounding box with the following parameters: horizontal step
= 10% of width, vertical step = 10% of height. Therefore, all
these scanning windows in different scale ratios make up a
scanning grid pyramid, as presented in [41]. Note that, as we
do not have to downsample the image, no aliasing occurs as
in Gall’s work [1].

3.3. Part-Based Object Detection on the Hough Space. Our
IHRF consists of a set of random ferns that are trained to
learn a mapping from densely sampled RILBF to their corre-
sponding votes in a Hough space. The Hough space encodes
the hypothesis ℎ for a part-based object centroid position in
different scale space.

Let Γ denote the mapping from the input appearance
𝐼(𝑥, 𝑦) of the local image patch 𝑃

𝑌
, which is represented by

a RILBF 𝐹 centered at 𝑌 and where the MGO is 𝜃
𝑚𝑑

(it is
obtained during object detection), to the probabilistic Hough
vote for the hypothesis ℎ:

⋃

𝑥
𝑖
,𝑦
𝑖
∈𝑃
𝑌
,𝜃
𝑚𝑑

𝐼 (𝑥
𝑖
, 𝑦
𝑖
)
Γ

󳨀→ 𝑝(
ℎ

𝐹
, 𝜃
𝑚𝑑
, 𝑌) . (5)

Learning the mapping Γ and using it for part-based
object detection are described in Sections 3.3.1 and 3.3.2,
respectively.

3.3.1. Training the Random Ferns Classifier. Random ferns
are of great interest in the computer vision domain because
of their speed, parallelization characteristics, and robustness
to noisy training data. They are used for various tasks, such
as key-point recognition [3] and image classification [48].

Özuysal et al. [3] argued that the vital element of RFC is the
independence of the base ferns, which can be enforced by
generating different pixel comparisons from the same image
patch, which has been presented in Section 3.1.When they are
applied to a large number of input vectors of the same class𝐶,
the output of each fern is a frequency distribution histogram,
which is shown in Figure 6. In the histogram, the horizontal
axis represents a 2S-dimensional space of binary descriptors,
and the vertical axis shows the number of times the binary
code appeared in a class 𝐶, also called class conditional
probability (CCP) 𝑝(𝐹

𝑖
/𝐶), where 𝑖 ∈ [1, 𝐾].

Random ferns replace the trees in random forests [49]
by nonhierarchical ferns and pool their answers in a naive
Bayesian manner to yield better results and improve classi-
fication rates in terms of the number of classes. As discussed
in Section 3.1, the set of RILBF (𝐹, 𝜃

𝑚𝑡
) located in a local patch

with MGO 𝜃
𝑚𝑡

(it is obtained during classifier training) is
regarded as a class. Thus, a randomly selected patch detected
in another image will be assigned to the most likely class𝐶 by
evaluating the posterior probability:

𝐶 = argmax
𝑘

𝑝(
𝑐
𝑘

𝐹
, 𝜃
𝑚𝑡
) , (6)

where 𝑘 = 1; 2; . . . ; 𝐻, 𝑐
𝑘
is the set of classes. and 𝑐

𝑘
∈ 𝐶.

According to seminaive Bayes [50] and (2), (6) is equivalent
to a joint CCP for binary representations in each fern as

𝐶 = argmax
𝑘

𝐾

∏

𝐿=1

𝑝(
(𝐹
𝐿
, 𝜃
𝑚𝑡
)

𝑐
𝑘

) . (7)

For a given test input, simply apply the binary representa-
tions accounting for the ferns and look up the corresponding
probability distribution over class label, as shown in Figure 6.
Finally, the RFC selects the class with the highest posterior
probability as the categorized results. RFC is a remarkable
classification algorithm that randomly selects and trains a
collection of ferns.Then, classifying new inputs involves only
simple look-up operations.
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Figure 6: The classification using a RFC, where × is the symbol of multiplication.

For training, a set of training examples is provided for
each class 𝐶. For each positive class, we assume that an
object center within a bounding box including the whole
object is provided, and we randomly divide it into several
local patches. Then, we need to record the mutual geometric
constraints between them. As the green rectangle in Figure 7
shows, the displacement vector 𝑑 from the object center to
the center of a local patch in its polar coordinate system is
recorded as

𝑑 = {𝑅
𝐶
, 𝜃
𝐶
} , (8)

where 𝑅
𝐶
is the displacement between the two centers and 𝜃

𝐶

is the orientation, which is rotated relative to theMGO 𝜃
𝑚𝑡

of
the local patch. We refer to the ISM representation [9] as

ISM (𝑐
𝑜
) = (𝑝(

𝐹

𝑐
𝑜

) , 𝜃
𝑚𝑡
, 𝑑) . (9)

As a result, each fern in the IHRF consists of the ISM of
each local patch belonging to the object class 𝑐

𝑜
. It is noted

that the size of an object used for training can be represented
by a scale factor 𝑠 = 1. For the negative instances, we simply
record their own class labels and the pseudodisplacements.

This allows the classifier to exploit the available training
data more efficiently because image patches representing the
same object but in a different configuration (i.e., rotated or
scaled) can be considered the same types of information.
During classification, we do not need to classify multiple
scaled and rotated versions of the image, and it results in a
lower complexity.

3.3.2. Probabilistic Voting on Hough Space. In the following,
we cast the voting procedure into a probabilistic framework.
For detection in a scanning patch, the extracted RILBF is
passed through every fern in the random ferns, and then
the potential object centroid positions stored in the ferns are
used to cast votes to the Hough space. According to this,

Polar
coordinates

Object center

𝜃mt𝜃c

MGO

Rc

X

Y

Figure 7: Displacement vector, where the green rectangle is the
positive instance. The polar axis of the local patch has the same
direction as the image 𝑥.

the posterior probability (5) can be simply decomposed as
follows:

𝑝(
ℎ

𝐹
, 𝜃
𝑚𝑑
, 𝑌)

= 𝑝(
ℎ (𝑐, 𝑋, 𝑆

𝑉
)

𝐹
, 𝜃
𝑚𝑑
, 𝑌)

=

𝐻

∑

𝑘=1

𝑝(
ℎ (𝑐, 𝑋, 𝑆

𝑉
)

𝑐
𝑘

, 𝜃
𝑚𝑑
, 𝐹, 𝑌)𝑝(

𝑐
𝑘

𝐹
, 𝜃
𝑚𝑑
, 𝑌) ,

(10)

where ℎ(𝑐, 𝑋, 𝑆
𝑉
) is the hypothesis for the object belonging

to the class 𝑐 ∈ 𝐶 with position 𝑋 and scale factor 𝑆
𝑉
.

As shown in (6), we have evaluated the patch’s probability
independent of their location. In addition, the first term in
(10) can be treated as independent of RILBF 𝐹 because we
havemapped the unknown patch to a hypothesis ℎ.Thus, (10)
can be reduced to

𝑝(
ℎ

𝐹
, 𝜃
𝑚𝑑
, 𝑌)

=

𝐻

∑

𝑘=1

𝑝(
ℎ (𝑐, 𝑋, 𝑆

𝑉
)

𝑐
𝑘

, 𝜃
𝑚𝑑
, 𝑌)𝑝(

𝑐
𝑘

𝐹
, 𝜃
𝑚𝑑
)

= 𝑝(
ℎ (𝑐, 𝑋, 𝑆

𝑉
)

𝑐
𝑘

= 𝑐, 𝜃
𝑚𝑑
, 𝑌)𝑝(

𝑐
𝑘

𝐹
= 𝑐, 𝜃
𝑚𝑑
) ,

(11)
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where the first term is the probabilistic Hough vote for an
object position 𝑋 in different scale space 𝑆

𝑉
, which is based

on the class label and its ISM. More specifically, the first term
votes for the following object position as follows:

𝑋
𝑥
= 𝑌
𝑥
− 𝑆
𝑉
𝑋
𝑑
,

𝑋
𝑦
= 𝑌
𝑦
− 𝑆
𝑉
𝑌
𝑑
,

(12)

where the subscripts 𝑥 and 𝑦 indicate the image position
in the 𝑥 and 𝑦 directions, respectively. According to the
displacement vector 𝑑, which has been stored in the ISM, the
connection vector (𝑋

𝑑
, 𝑌
𝑑
), which is relative to the current

position (𝑌
𝑥
, 𝑌
𝑦
), can be presented as

𝑋
𝑑
= 𝑅
𝐶
cos (𝜃

𝐶
+ 𝜃
𝑚𝑑
) ,

𝑌
𝑑
= 𝑅
𝐶
sin (𝜃
𝐶
+ 𝜃
𝑚𝑑
) .

(13)

When casting votes for the object center (𝑋
𝑥
, 𝑌
𝑦
), the object

scale ratios 𝑆
𝑉
are selected according to the description in

Section 3.2 and are treated as a third dimension in the Hough
voting space. Therefore, the distribution of the first term in
(11) can be approximated by a sumofDirac functions𝛿

𝑑
for all

the displacement vector set𝐷 = {𝑑
𝑖
}
𝑖=1,2,...,𝑁

(𝑁 is the number
of displacement vectors which are obtained after training) as
follows:

𝑝(
ℎ (𝑐, 𝑋, 𝑆

𝑉
)

𝑐
𝑘

= 𝑐, 𝜃
𝑚𝑑
, 𝑌)

=
1

𝑁
∑

𝑑∈𝐷

𝛿
𝑑
(
𝑌
𝑥
− 𝑋
𝑥

𝑆
𝑉

− 𝑋
𝑑
,

𝑌
𝑦
− 𝑋
𝑦

𝑆
𝑉

− 𝑌
𝑑
) .

(14)

Thus, the vote distribution in (14) is obtained by casting a vote
for each stored observation from the learned ISM. For all the
ferns, the second term in (11), which is calculated by (7), is
averaged as follows:

𝑝(𝑐
𝑘
=
𝑐

𝐹
, 𝜃
𝑚𝑑
) =

1

𝐾

𝐾

∑

𝐿=1

𝑝(
(𝐹
𝐿
, 𝜃
𝑚𝑑
)

𝑐
𝑘

= 𝑐) . (15)

Note that the accumulation of the probabilities in (15) is
nonprobabilistic, but the results of summation are preferred
over multiplication in (7) because this approach is more
stable in practice [1]. To integrate the votes coming from the
scanning grid pyramid of the input image Ω, we accumulate
them into the Hough image𝐻:

𝐻𝐼 = 𝑝(
ℎ

Ω
) = ∑

𝑌∈Ω

𝑝(
ℎ

𝐹
, 𝜃
𝑚𝑑
, 𝑌)

=
1

𝐾𝑁
∑

𝑌∈Ω

𝐾

∑

𝐿=1

∑

𝑑∈𝐷

𝑝(
(𝐹
𝐿
, 𝜃
𝑚𝑑
)

𝑐
𝑘

= 𝑐)

× 𝛿
𝑑
(
𝑌
𝑥
− 𝑋
𝑥

𝑆
𝑉

− 𝑋
𝑑
,

𝑌
𝑦
− 𝑋
𝑦

𝑆
𝑉

− 𝑌
𝑑
) .

(16)

As a result, the value 𝑝(ℎ/Ω) serves as a confidence measure
for the hypothesis ℎ. After all the votes are cast, a global search
for the local maxima obtains the position of the object center
as a nonparametric probability density estimate.

3.4. Object Segmentation. By back-projecting the contribut-
ing votes, we retrieve the hypothesis’s support in the image,
which shows the rough profile on the depicted object.
However, this is not a precise segmentation yet. Therefore,
we propose a segmentation approach to improve recognition
again by allowing the system to focus its efforts on object pix-
els and discard misleading influences from the background.

3.4.1. Back-Projection for Object Detection. In addition to the
hypothesis voting capabilities, the IHRF can also be applied in
reverse to detect the positions of their support. The location
of a local maximum in Hough image 𝐻𝐼 encodes scale,
class 𝑐

𝑜
, and ISM of the object. More specifically, given a

local maximum at position 𝑆
𝑚
, we define the support of the

strongest hypothesis as the sample set

𝐵 (𝐷
𝑙
, 𝑆
𝑚
) = ⋃

𝑙∈𝐷
𝑙

{𝑆
𝑉,𝑙
, 𝜃
𝑚𝑑,𝑙

, ISM
𝑙
(𝑐
𝑜
) | 𝑆
𝑚
}

= ⋃

𝑙∈𝐷
𝑙

{𝑆
𝑉,𝑙
, 𝜃
𝑚𝑑,𝑙

, 𝑝
𝑙
(
𝐹

𝑐
𝑜

) , 𝜃
𝑚𝑡,𝑙
, 𝑑
𝑙
| 𝑆
𝑚
} ,

(17)

which contains the patch entries of all local samples 𝐷
𝑙

(they are obtained after Hough voting) that have voted for
the center position 𝑆

𝑚
. By using their corresponding voting

vectors 𝑑
𝑙
and MGO 𝜃

𝑚𝑑,𝑙
, we can back-project the original

position of samples 𝑙 onto the image space. In this way, we
obtain a sparse point set of positions supposedly belonging
to the object that voted for the center position 𝑆

𝑚
.

3.4.2. Refined Object Segmentation Based on a Clustering
Scheme. The back-projected hypothesis’s support already
provides a rough indication of where the object is in the
image. However, the sampled local patches still contain
the background structure, as shown in Figure 1(g). We can
actually express the a priori known object content without
background in terms of a binary mask according to the
extracted image patch—for example, see Figure 1(e). Thus,
we know more about the pure interpretation of the matched
patches for the target object and use it to segment the object
from the background by a clustering scheme.

To produce this top-down segmentation, our approach
clusters the local masks according to the spatial distribu-
tion as the first constraint shown in Figure 8(a), where the
coordinates’ origins demonstrate the object center and we
generate uniformly spaced coordinates with a special interval
Δ in both the 𝑥 and 𝑦 directions. Then we group the local
training patches, with positions {𝑥, 𝑦} that belong to the
([𝑥
1
𝑥
2
], [𝑦
1
𝑦
2
], where 𝑥

2
− 𝑥
1
= Δ, 𝑦

2
− 𝑦
1
= Δ) range,

as a cluster. Specifically, we use a polar coordinate {𝑅, 𝜃} to
satisfy the rotation requirement in IHRF, which has a polar
axis that overlaps the 𝑥-axis. As a result, the image and mask
information can be clustered and refer to the training patches’
polar parameters {𝑅

𝑖
, 𝜃
𝑖
}, as shown in Figures 8(b)–8(d).
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Figure 8: The clustering scheme based on the spatial constraint and appearance similarity. (a) is the spatial constraint; (b) and (c) are the
image and its mask, respectively; and (d) is the clusters for object with the two constraints.

The second constraint is the appearance similarity for
matching of the support’s patch, which is estimated in a
similarity metric as

𝐷(𝐶
1
, 𝐶
2
) =

∑
𝑝∈𝐶
1
,𝑞∈𝐶
2

NCC (𝑝, 𝑞)
󵄨󵄨󵄨󵄨𝐶1

󵄨󵄨󵄨󵄨 ×
󵄨󵄨󵄨󵄨𝐶2

󵄨󵄨󵄨󵄨

> 𝑇, (18)

where 𝐶
1
and 𝐶

2
are the two inquiring patches, 𝑝 and 𝑞 are

the color or grayscale values,𝑇 is the similarity threshold, and
| ∗ | represents the number of pixels in the matching patch. In
addition, NCC is the similarity between two patches and is
measured by a normalized correlation coefficient, defined as

NCC (𝑝, 𝑞) =
∑
𝑖
(𝑝
𝑖
− ̄𝑝
𝑖
) (𝑞
𝑖
− ̄𝑞
𝑖
)

√∑
𝑖
(𝑝
𝑖
− ̄𝑝
𝑖
)
2

∑
𝑖
(𝑞
𝑖
− ̄𝑞
𝑖
)
2

. (19)

In this paper, the object’s appearance is represented by a
16 × 16 normalized image patch, which is resampled from an
image within the original object bounding box regardless of
the aspect ratio.

Our clustering scheme can be split into two stages: storing
the patches and their masks using the spatial constraint
and matching the similar patch using similarity metric.
This approach guarantees that only the grouped patches are
spatially and visually similar and provide the binary mask
to segment the foreground from the background, which is
evident from the refined results shown in Figures 1(h) and
1(i).

Furthermore, the spatial and appearance similarity can
perform rotation invariance according to the IHRF and (17).
Thus, the invariant cluster indexes of the inquiring patch can
be looked up from

𝜃
𝑆
= {

𝜃
𝑚𝑡
+ 𝜃
𝐶
− 180

∘

, in the 1th or 2th quadrant,
𝜃
𝑚𝑡
+ 𝜃
𝐶
+ 180

∘

, in the 3th or 4th quadrant,
(20)

while 𝑅
𝑠
is still equal to 𝑅

𝐶
. Then, the local patch should be

rotated by the MGO deviation angle Δ𝜃 = 𝜃
𝑚𝑑

− 𝜃
𝑚𝑡
, after

matching by (18) and finding the local mask by the similarity,
which is above 𝑇. Finally, we rotate the binary mask by the
inverse angleΔ𝜃 to segment the objectmore precisely without
the effects of rotation.

To this end, the training data is segmented by the two
constraints, and the local foreground-background masks are
stored at the same time. When a maximum is detected in the
voting space, the local segmentation masks are used to infer
a global segmentation for the detection in the image.

4. IHRF Based Online Object Tracking

Up to now, we have defined all the parts that are necessary
to perform object detection and segmentation in an IHRF
framework. We can extend this method to handle the online
tracking task as well. Recently, online learning frameworks
have been designed for long-term tracking of an unknown
moving object. The key defining characteristic of online
learning is that it can use current true label feedback to update
its hypothesis for future predictions, which are close to the
true labels. This framework is able to adapt and learn in
difficult changing situations because of its continual feedback
and update.

During long-term tracking, themain challenge is to avoid
drifting problems while still being adaptive to significant
occlusions, scale variations, and changes in the object’s
appearance and deformation. Fine segmentation delivers a
more precise description of the object and is used to decrease
the effect from the background in the online learning stage
[15]. As long as an appropriate classifier exists, the online
learning framework will learn to predict correct labels.
Therefore, the key point is to use the precise segmentation
of a moving object, which has been produced in Section 3.4.
We then use this segmentation (essentially a binary mask)
to accurately update our classifier, which allows learning of
extensive object variations during tracking.

In this paper, the block diagram for online object tracking
is illustrated in Figure 9. The main components of the model
can be characterized as follows.

(1) The RILBF and scanning pyramid element performs
full scanning of the local patches to represent object
and background appearance. It provides rotation
and scale invariance and discriminable features to
significantly increase the classification accuracy.
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RILBF + scanning pyramid

Random ferns classifier

Probabilistic voting

Back-projection
+ segmentation

Input video frames

Update

Next frame
Object locations

Figure 9: Block diagram of the online learning framework based on
IHRF for object tracking.

(2) The RFC decides about the presence or absence of
the object. Once an unknown template occurs, it will
bring this new variation for retraining the classifier.

(3) The probabilistic voting model estimates the object’s
locations under the local maxima assumption that
encodes the hypothesis’s scale and ISM information.

(4) The back-projection and segmentation model inte-
grates both of the hypothesis’s support and binary
mask. It provides a precise object mask without
background noise to retrain the classifier and extract
the object features in the next frame.

The implementation of these components was described
as an IHRF in Section 3.

Based on the block diagram (see Figure 9), a processing
flowchart for online object tracking can be summarized as
follows.

Step 1 (initialization in the first frame). It initializes the object
RILBF as a positive sample defined by the user in the first
frame and then trains the original RFC associated with some
random selected background representation as a negative
sample.

Step 2 (a cyclic thread for tracking in the remaining video
stream). It uses the IHRF to detect the object by a bounding
box and estimate its motion between consecutive frames.
In this model, a motion constraint, such as a temporal and
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Figure 10: RPC on four datasets. All curves are generated by IHRF,
except that of HF Horse, which is produced by a Hough Forest
approach on Weizmann Horse.

spatial structure [41], restricts the potential states of the
object.

Step 3 (providing an update and mask procedure in each
frame). According to the motion constraints and the precise
binarymask, it distinguishes the object’s appearance from the
background and updates the classifier for all of the variances.

5. Experiments and Results

In this experimental section, we present two types of com-
parative experiments: object detection and object tracking,
which are presented in Sections 5.1 and 5.2, respectively. In
order to evaluate our method’s performance and compare it
with state-of-the-art approaches, we apply these methods to
several challenging datasets. We also adhere to the experi-
mental protocols and detection accuracy criteria established
for each of the datasets in previous works. All experiments
have been done on a standard 3.2GHz PC with 2 Gigabytes
of RAM.

5.1. Object Detection. For object detection, the settings were
as follows: the RFC consists of 𝐾 = 10 ferns and we pick
𝑆 = 13pairwise pixels for RILBF. In amultiscale setting, seven
scale ratios 𝑆

𝑉
= 1.2

𝑛, where 𝑛 is the index range [–2, 4],
were used to handle the variety of scales in the test data. The
interval Δ = 20 pixels and the similarity threshold 𝑇 = 0.5

are used for clustering.
According to previous works, we evaluated the IHRF

on several challenging datasets including UIUC cars, TUD
pedestrians, andWeizmannHorse.The recall-precision curve
(RPC) [51] (see Figure 10) is generated by changing the
probability threshold on the hypotheses vote strength. In
Table 1, we also provide a performance comparison with
the best previously published results [1]. Obviously, IHRF
outperforms the previous methods and achieves the best
results.
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Table 1: Performance of different methods on the four datasets at recall-precision equal error rate (EER).

Methods UIUC-Single UIUC-Multi TUD Horse
ISM [9] 97.5% 95% 80% —
Efficient Subwindow Search [22] 98.5% 98.6% — —
Hough Forest (HF) [1] 98.5% 98.6% 86.5% 83%
Mutch and Lowe [52] 99.9% 90.6% — —
IHRF 100% 98.7% 90% 89%

Table 2: Comparison of the twomethods on the three datasets using
SR and ALA.

Methods UIUC-Single UIUC-Multi TUD

SR HF 95% 91% 95%
IHRF 95% 95% 98%

ALA HF 0.80 0.70 0.76
IHRF 0.85 0.75 0.78

To define the performance more precisely, we compare
the object position with ground truth using two evaluation
protocols based on bounding-box overlap [36].

(1) Successful rate (SR) is equal to the number of correct
positions divided by the number of test images. The
correct position means that the overlap score OS =

𝐴 ∩ 𝐵/𝐴 ∪ 𝐵 between the bounding box of detection
and its ground truth is larger than 50 percent.

(2) Average localization accuracy (ALA) is an average
overlap score calculated from all the test images.

The overlap score results on the three datasets are
compared for the IHRF and HF approaches, as illustrated
in Figure 11, where the vertical and horizontal axis are the
overlap score and corresponding image number, respectively.
Note that each image in these datasets contains only one
object since we only focus on single object detection in this
work.

As a result, the quantitative evaluations compared with
Hough Forest confirm that IHRF performs well on both
ALA and SR, as demonstrated in Table 2. More details are
discussed as follows.

5.1.1. UIUC Cars. The UIUC car dataset [53] contains two
types of car images.The first is the UIUC single-scale (UIUC-
Single) test set, which consists of 170 images containing side
views of cars of approximately the same size. Another is the
UIUC multiscale (UIUC-Multi) test set, which consists of
108 images containing car side views at multiple scales. We
trained the IHRF using the available 400 positive and 400
negative training images.

Our IHRF approach achieved an impressive 100%EER for
UIUC-Single and 98.7% EER for UIUC-Multi, thus exactly
outperforming the state-of-the-art performance. Table 1 also
shows that the IHRF considerably outperformed the Hough-
based ISM approach [9] and Efficient Subwindow Search
approach [22] as well as the Mutch and Lowe’s method [52].
In addition, our method is both simpler and more powerful

than Hough Forest [1] since naive Bayesian scheme in ferns
outperforms the averaging of posteriors used to combine the
output of the decision trees [3].

As the overlap score results show in Figures 11(a) and
11(b), the Hough Forest approach is sometimes equal to zero
since it is more vulnerable to missing object because of
the cluttered background or the multiple scales influences.
However, our method can still detect the object with a
tolerant error. Table 2 further confirms that our method
(SR = 95%,ALA = 0.85 for UIUC-Single and SR =

95%,ALA = 0.75 for UIUC-Multi) slightly outperforms
Hough Forest on both SR and ALA evaluation scheme.

Some examples of those detection cases are displayed in
Figure 12. In this experiment, the results show that the IHRF
not only detects object despite partial occlusion but also is
often even able to deal with the scale variations. For an image
from the UIUC car dataset, our method only requires 0.4
seconds (no less than 200 × 150 pixel resolution).

Both the datasets include samples of partially occluded
cars, cars with low contrast within the cluttered background,
and challenging illumination. However, the shape of the
objects remains rigid, which makes the detection task easier.
Therefore, we will assess the performance of our method on
more challenging datasets that include highly nonrigid object
transformations as follows.

5.1.2. TUD Pedestrian. In this section, we apply our approach
to pedestrian detection in crowded street scenes using the
TUD pedestrian dataset. This is a highly challenging test
set that consists of 400 training images containing crowded
street scenes [54]. For this experiment, we followed the
experimental protocol of [47] to train our detector and tested
it on 100 pedestrian images.

The performance of the different methods is shown in
Table 1. For TUD pedestrians, our method performed EER =

90%, which is significantly better than both the Hough Forest
[1] and ISM-based methods [9]. Figure 11(c) and Table 2 also
demonstrate that our method (SR = 98%, ALA = 0.78)
is still competitive and performs better than Hough Forest
approach.

In order to give a better impression of our method’s
performance, Figure 13 shows obtained detection results on
example images from the test set. As can be seen from
those examples, the proposed method can reliably detect and
localize such deformable classes as pedestrians in crowded
scenes and with severe overlaps. Our method requires no
more than 1 second for a 400×320 pixel image from the TUD
dataset.
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Figure 11: The overlap score results of detecting a single object with IHRF and HF on the three datasets. (a) UIUC-Single, (b) UIUC-Multi,
and (c) TUD.

5.1.3. Weizmann Horse. Finally, we also assessed the IHRF
and Hough Forests performance on the Weizmann Horses
dataset [46], which comprises 328 multiscale side views of
horses in cluttered environments under varying scale and
strongly varying poses. We split the training testing as sug-
gested in [1] by using 100 horse images and 100 background
images for training and the rest of 228 horse images and 228
background images for testing.

Figure 10 shows the RPC, and Table 1 shows a comparison
of our method’s EER obtained by IHRF and Hough Forest
on the same Horse dataset. As can be seen from those
results, our method achieves good detection results with
an EER performance of 89%, which presents a significant
improvement over previous results. Our detection results
are shown in Figure 14. Note that the training and testing
stages adhere to the original horse images without two
improvements, as described in [47].

5.2. Online Object Tracking. For the online object tracking
task, we first separate themoving object from the background

on a more fine-grained level to obtain more accurate training
data. In fact, this is a stable and effective way to avoid the
drifting problem. Therefore in this section, the experiments
are divided into two parts. First, we perform segmentation
experiments demonstrating three specific properties of our
approach, and second we present results on public available
sequences for comparison with other tracking approaches.

5.2.1. Refined Segmentation. The goal of this section is to
illustrate three properties of the proposed segmentation
approach: rotation and scale invariance, occlusion, and
deformation handling capability. Therefore, multiple cha-
llenging datasets have been provided to verify our method’s
performance.

(1) Rotation and Scale Invariant Performance. We have pre-
sented a new object detection and segmentation approach
based on IHRF to detect objects that may appear in the
image under different orientations and scales. In contrast
to other works that address this problem using multiple
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(d)
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Figure 12: Object detection obtained by an offline trained IHRF for cars. (a) Original image; (b) Hough voting image; (c) support of the
strongest hypothesis. The detection results on UIUC car datasets, such as (d) UIUC-Single and (e) UIUC-Multi.

(a) (b) (c)

(d)

Figure 13: Object detection obtained by an offline trained IHRF for pedestrians. (a) Original image; (b) Hough voting image; (c) support of
the strongest hypothesis; (d) some detection results on TUD pedestrian dataset.

classifiers or multiple orientation samples, we assign a con-
sistent orientation (MGO) to each patch based on local image
properties, and then the RILBF descriptor can be represented
relative to this orientation and achieve invariance to image
rotation. We also use a rotation invariant back-projection
to locate the support of our detection and guide a refined
segmentation process that precisely separates the object from
the background. In addition, the scanning windows are
resized at different scales since we maintain the same polar

angle of the pairwise pixels but apply different scale ratios to
their radius 𝑅.

The following experiment is used to demonstrate the
IHRF’s capability of rotation invariance. We train our IHRF
on our own training image and a hand-segmented face
mask; see Figure 15(a). Then we sample the image under
2D rotations in 30-degree steps that leads to 12 samples.
Figure 15(b) depicts their segmentation results using the
IHRF. As can be seen from Figure 15(b), the IRHF approach
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(a) (b) (c)

(d)

Figure 14: Object detection obtained by an offline trained IHRF for horses. (a) Original image; (b) Hough voting image; (c) support of the
strongest hypothesis; (d) some detection results on Weizmann Horse dataset.

can adapt to the face rotation variation and yields a stable
profile regardless of the rotation. Similarly using the IHRF,
the localization of face in different scales can be observed in
Figure 15(c).

(2) Occlusion and Deformation Handling Performance. In
the domain of part-based object detection, detectors can
always improve detection results for partial or self-occlusion
and nonrigid deformations. We have demonstrated that the
IHRF voting and segmenting models allow us to detect
objects reliably even under partial occlusions and heavy
nonrigid deformation. Therefore, we process some example
detections in occlusion and deformation configurations and
the corresponding top-down segmentations can be seen in
Figure 16.

Figures 16(a) and 16(b) show human faces that are
occluded by a book or a hat [42, 55]. IHRF is highly robust
to facial occlusion because a large number of small patches
without occlusion still have a high probability of voting
for the supporting points. Those results confirm that our
method still works in the presence of occlusion and cluttered
backgrounds. Figure 16(c) depicts a walker with limited pose
variations. In this case, several parts of the object maintain
a stable geometric configuration vote for the center of the
object. This clearly shows that our approach delivers reliable
results even if the object undergoes heavy deformations in a
complex background.

5.2.2. Online Tracking. This section reports on a set of
quantitative experiments comparing our system (denoted as
IHRFT) with other relevant algorithms, which include online
boosting (OLB) [56], tracking-learning-detection (TLD) [41],
online learning tracker (OLT) [57], and Hough-based Grab-
Cut tracker (HGT) [15].

Unfortunately, no public framework is available for com-
paring tracking techniques. Hence, we decided to process
publically available sequences, as shown in Table 3. The
first two experiments (David and Girl) evaluate our system

on face-tracking sequences that are commonly used in the
literature [58, 59]. In both of these experiments, a human
face is moving with challenging conditions such as lighting,
scale, and pose changes. In addition, the Coke Can and
Tiger sequences [42] contain frequent occlusions and fast
motion as well as challenging out-of-plane rotations, clut-
tered backgrounds, changing illumination conditions, and
partial occlusions. For the purpose of tracking deformed
object during runtime, we have also collected three more
challenging videos (Bike, Motor [15], and Diving [60]) that
show different ranges of complexity and highly nonrigid
deformations.

Using these datasets, each tracking task has been ini-
tialized by manually marking the target object in the first
frame, and each tracker, respectively, tracks the object until
the end of a sequence. In order to illustrate the performances
of the trackers, the produced trajectory is then compared
with ground truth using two evaluation protocols: SR and
ALA,which have been adopted in Section 5.1.The parameters
of our system in this experiment are the same as those
defined in Section 5.1. Note that this parameter has been set
empirically and its value is not critical. The overlap score
results in each sequence are compared with our system and
other approaches on SR (Table 3) and ALA (Table 4).

In Table 3, the results in the first two rows show that the
four approaches perform well on saturated sequences, except
for the OLB. However, the results for Coke Can and Tiger
show that HGT may be more vulnerable to missing object
in cases with cluttered backgrounds. Furthermore, the TlD
and OLT show poor performance in the last three datasets
because they utilize a bounding-box-based tracker that is not
designed to cope with the amount of deformations in these
videos. In particular, when tracking a diving woman, HGT
cannot adapt to the gradual nonrigid deformations since the
GrabCut segmentation algorithm fails when there are similar
colors in the background [15]. In contrast, the IHRFT is not
only capable of robustly tracking moving objects of interest
through all these challenging sequences but also superior
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Figure 15: Rotation and scale invariance. (a)The training image andmask. Segmentation results under different (b) orientations and (c) scale
factors.

Table 3: Comparison of the tracker on SR.

Sequence OLB TLD OLT HGT IHRFT
David 24% 100% 98.7% 98.3% 100%
Girl 24.5% 91.7% 86.1% 86.6% 97.1%
Coke 90.7% 81.3% 92% 27.3% 99%
Tiger 44.8% 88.7% 89.6% 49.2% 98.6%
Bike 94% 74.5% 80.2% 99.1% 100%
Motor 41.1% 16% 50.3% 97.6% 93.2%
Diving 16.3% 22% 24% 34.9% 71.5%
Mean 47.9% 67.7% 74.4% 70.4% 94.2%
Bold font indicates the best overlap score obtained by one of the trackers in each video.



16 Mathematical Problems in Engineering

Table 4: Comparison of the tracker on ALA.

Sequence OLB TLD OLT HGT IHRFT
David 0.40 0.83 0.79 0.81 0.83
Girl 0.35 0.71 0.72 0.67 0.80
Coke 0.66 0.59 0.61 0.46 0.81
Tiger 0.35 0.68 0.74 0.36 0.77
Bike 0.64 0.53 0.55 0.82 0.86
Motor 0.26 0.60 0.59 0.61 0.75
Diving 0.22 0.27 0.28 0.21 0.63
Mean 0.41 0.60 0.61 0.56 0.78
Bold font indicates the best accuracy obtained by one of the trackers in each video.

(a)

(b)

(c)

Figure 16: Object segmentation under occlusion and deformation configurations. (a) Face occlusion 1 [55]. (b) Face occlusion 2 [42].
(c) TUD pedestrian.

to the other approaches. Specifically, for the performances
measured by SR, our average score outperforms the second
best tracker by more than 19.8 percent.

In addition, the quantitative evaluations (in Table 4) com-
pared with other approaches on ALA confirm that IHRFT
achieves the best scores in all the sequences, where the
average score is 17 percent higher than the second best results.
These successful achievements rely on a highly accurate seg-
mentation algorithm. Figure 17 shows some selected frames
of the sequences and our tracking results. Even though the
challenging conditions present in the sequences, such as clut-
tered backgrounds, changing illumination conditions, partial
occlusions, and non-rigid deformations, the segmentations

are still reliable and can serve as a basis for later update stages
to further improve the classifier’s performance.

6. Conclusions

We have proposed an IHRF approach for part-based object
detection and online tracking. It relies on rotation and scale
invariant descriptors based on RFC that are able to cast
probabilistic votes within the Hough transform framework.
The matching operations are simply performed on local
patches that have been transformed relative to their assigned
orientation, scale, and location, thereby providing invariance
to these transformations. Such IHRF can be efficiently used
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Figure 17: Snapshots of tracking results.
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to detect instances of classes in large challenging images
with an accuracy that is superior to previous methods. This
approach also allows for time-efficient and space-saving
implementation compared with related techniques.

In addition, based on the hypothesis’s support deter-
mined by the back-projection, we have provided an efficient
clustering scheme to guide a segmentation process which
precisely separates the object from the background.This top-
down segmentation delivers a more precise description of
the object and is used to decrease the noise in the online
learning stage for object tracking. Therefore, our online
tracking method has been validated using several datasets
under challenging conditions, such as cluttered background,
partial occlusions, and nonrigid deformations. The tracking
results show our tracker achieves good object location and
segmentation performance in difficult real-world scenes and
outperforms state-of-the-art methods.

Our approach applies the RFC to build IHRF which
are then used for the object detection. The success of this
achievement is highly conditioned on the IHRF performance
in 2D images. Therefore, in future work, an interesting
extension would be to apply the IHRF to the problem of 3D
shape recognition and registration.
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This paper considers a joint optimal design of admission control and resource allocation for multimedia services delivery in high-
speed railway (HSR) wireless networks. A stochastic network optimization problem is formulated which aims at maximizing the
system utility while stabilizing all transmission queues under the average power constraint. By introducing virtual queues, the
original problem is equivalently transformed into a queue stability problem, which can be naturally decomposed into three separate
subproblems: utility maximization, admission control, and resource allocation. A threshold-based admission control strategy is
proposed for the admission control subproblem. And a distributed resource allocation scheme is developed for the mixed-integer
resource allocation subproblem with guaranteed global optimality. Then a dynamic admission control and resource allocation
algorithm is proposed, which is suitable for distributed implementation. Finally, the performance of the proposed algorithm is
evaluated by theoretical analysis and numerical simulations under realistic conditions of HSR wireless networks.

1. Introduction

With the rapid development of high-speed railway (HSR)
around the world, the wireless communication in HSR
networks plays an important role in the recent years [1]. On
the one hand, more and more data related with the railway
controlling information needs to be transmitted between the
train and the ground such that the safety can be guaran-
teed and the transportation efficiency can be significantly
improved. On the other hand, the passengers in the train
have an increasingly high demand on multimedia services.
However, these requirements on high throughput impose a
great challenge over the HSR communication designs due to
the fast-varying channel, train penetration loss, and so forth.

There have been some recent works to improve the
throughput in HSR wireless networks. A two-hop HSR net-
work architecture was proposed in [2] to provide high data-
rate services. A HSR communication system based on radio
over fiber technologywas proposed in [3], which can increase
the system throughput and help to reduce the number of
handoffs. Multi-input multi-output (MIMO) antennas were

employed to improve the throughput performance of the
HSR wireless networks [4, 5]. However, these works were
carried out only to improve the throughput performance in
HSR wireless networks. Since the buffering is involved at
network devices, for example, content servers, it is necessary
to consider not only the throughput performance but also the
queue stability in HSR wireless networks.

Admission control and resource allocation, as critical
parts of radio resource management, play important roles
in improving the throughput and ensuring queue stability.
In the literature, the energy constrained control algorithm
was proposed in [6] to stabilize the queue and maximize
the throughput by Lyapunov optimization theory. Paper
[7] studied the joint scheduling and admission control
problem in a single user scenario and an online learning
algorithm was proposed based on the Markov decision
process approach and stochastic control theory. However,
these existing schemes designed for general communication
systems are not easily extended to the scenario considered in
this paper, due to the following reasons: (1) in HSR wireless
networks, the channel condition cannot remain at the same
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level because of the fast-varying distance between the base
station and the train, which causes that the power control
along the time has a large influence on system transmission
performance [8]; (2) many types of services with different
quality-of-service (QoS) requirements and priorities should
be supported [9], which makes the admission control and
resource allocation for multiple services more challenging.

In HSR wireless networks, few studies have been con-
ducted on admission control and resource allocation. A
scheduling and resource allocationmechanismwas presented
in [10] to maximize the service rate in HSR networks with a
cell array architecture. In [11], a multidimensional resource
allocation strategy was proposed in downlink orthogonal
frequency-division multiplexing (OFDM) system for HSR
communications. The optimal resource allocation problem
in a cellular/infostation integrated HSR network was inves-
tigated in [12], which considered the intermittent network
connectivity and multiservice demands. In a relay-assisted
HSR network, [13] studied delay-aware fair downlink service
scheduling problem with heterogeneous packet arrivals and
delay requirements for the services. Paper [14] proposed
an effective admission control scheme considering different
service priorities for HSR communications with MIMO
antennas. However, to the best of our knowledge, the joint
admission control and resource allocation problem under the
average power constraint in HSR wireless networks is still an
open problem.

The main contribution of this paper is a stochastic
optimization framework for transmitting multimedia ser-
vices in HSR wireless networks, which focuses on the joint
admission control and resource allocation problem under
the average power constraint. Firstly, the joint admission
control and resource allocation problem is formulated as a
stochastic optimization problem, and then the problem is
transformed into a queue stability problem with the help of
virtual queues. By the drift-plus-penalty approach [15], the
transformed problem can be decomposed into three separate
subproblems: utility maximization, admission control, and
resource allocation. The former two subproblems are easy to
handle and the distributed solutions can be obtained directly,
while the mixed-integer resource allocation subproblem is
transformed into a single variable problem and a distributed
packet loading scheme is developed with guaranteed global
optimality. We further propose a dynamic admission con-
trol and resource allocation algorithm, which is suitable
for distributed implementation in HSR wireless networks.
Finally, we present the analysis of algorithm performance
by theoretical derivations and simulations under realistic
conditions for HSR wireless networks.

1.1. Relation to Prior Work. The Lyapunov drift theory has a
long history in the field of discrete stochastic processes and
Markov chains [16]. It can be used to directly analyze the
characteristics of the control policies in the stochastic stability
sense and plays important roles in the dynamic control strate-
gies in queuing networks [17]. Stabilizing queuing networks
by minimizing Lyapunov drift was pioneered by Tassiulas
and Ephremides in [18]. The Lyapunov drift theory was then

extended to the Lyapunov optimization theory [6], which
enables optimization of time averages of general network
utilities subject to queue stability. A general framework for
solving the stochastic network optimization problem based
on Lyapunov optimization theory was developed in [15].This
framework has been extended to minimizing a drift-plus-
penalty expression in [6, 7, 17, 19, 20] for joint queue stability
and time average utility optimization. For the engineering
applications of Lyapunov optimization theory, interested
readers are referred to the aforementioned references for the
details.

Our approach in the present paper treats the joint admis-
sion control and resource allocation problem associated with
average power constraint using Lyapunov drift and Lyapunov
optimization theory from [15]. This is the first time, to the
best of our knowledge, that the Lyapunov optimization theory
is extended into the HSR wireless networks. Considering
the features of HSR wireless networks, the Lyapunov opti-
mization theory is successfully applied for solving the joint
admission control and resource allocation problem in HSR
wireless network.

1.2. Outline of Paper. The rest of the paper is organized as
follows. Section 2 describes the system model. The problem
formulation and transformation are provided in Section 3.
A distributed dynamic admission control and resource allo-
cation algorithm is proposed in Section 4. Some numerical
results and discussions are shown in Section 5. Finally,
conclusions are drawn in Section 6.

Notations. In this paper, E[⋅] denotes expectation. ⌊𝑥⌋ = max
{𝑛 ∈ Z | 𝑛 ≤ 𝑥}. max[𝑥, 𝑦] and min[𝑥, 𝑦] mean the maxi-
mum and minimum between 𝑥 and 𝑦, respectively.

2. System Model

In this paper, a two-hop HSR wireless network architecture
is considered, as shown in Figure 1, which consists of a
backbone network, 𝐾 content servers (CSs), several base
stations (BSs), a relay station (RS), and someusers in the train.
The BSs deployed along the rail line can provide continuous
data packets delivery. The distributed CSs connected to the
BSs via wireline links are deployed in the backbone network
to offload the data traffic [21].The RS with powerful antennas
installed on the top of the train is used for communicating
with the BSs so that the large train penetration loss can be
well resolved.TheRS is further connected to the access points
(APs) which can be accessed by the users inside the train.
Thus, there is a two-hop wireless link, consisting of the BS-RS
link and the AP-Users link. If the users on the train request
multimedia services during a trip, the data packets of the
requested services are then delivered from the corresponding
CS to the RS via a BS. Suppose that the data transmission rate
in theAP-Users link is sufficiently large; hence the data packet
can be successfully received if it has been delivered to the RS.

2.1. Time-Distance Mapping. Consider a train traveling from
an origin station to a destination station within the time
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duration [0, 𝑇]. The whole time is divided into slots of equal
duration 𝑇

𝑠
. Without loss of generality, we assume that the

train starts at the centre of the first cell and the train moving
speed during the slot 𝑡 keeps constant, denoted by V(𝑡); thus
the traveled distance until slot 𝑡 is given by 𝑠(𝑡) = ∑𝑡

𝜏=0
V(𝜏)𝑇
𝑠
.

The train location between two adjacent BSs at slot 𝑡 is
𝑠
1
(𝑡) = 𝑠(𝑡) mod 2𝑅, where𝑅 is the cell radius. Define a time-

distance mapping function 𝑑(𝑡) as the distance between BS
and RS at slot 𝑡; that is, 𝑑(𝑡) : [0, 𝑇] → [𝑑

0
, 𝑑max], where

𝑑max = √𝑅
2 + 𝑑
2

0
and 𝑑

0
is the distance between each BS and

the rail line as shown in Figure 1. The mapping function 𝑑(𝑡)
can be expressed by

𝑑 (𝑡) =
{

{

{

√𝑠
1
(𝑡)
2

+ 𝑑
2

0
, if 0 ≤ 𝑠

1
(𝑡) < 𝑅,

√(2𝑅 − 𝑠
1
(𝑡))
2

+ 𝑑
2

0
, if 𝑅 ≤ 𝑠

1
(𝑡) < 2𝑅.

(1)

Here we assume that the distance 𝑑(𝑡) does not change within
slot 𝑡 since 𝑇

𝑠
is very small.

2.2. Physical Layer Model. For HSR wireless networks, the
channel condition cannot remain at the same level due to
the fast-varying distance between BS and RS. Only the line-
of-sight (LOS) path in the BS-RS link is available at most of
the time, whichwas confirmed by engineeringmeasurements
[22, 23]. The service provided by the independent identical
distributed (i.i.d.) fading channels is a deterministic time-
linear function, just like the AWGN channel [24]. Therefore,
the wireless channel in the BS-RS link can be assumed to be
an additive white Gaussian noise channel (AWGN) with LOS
path loss [8]. At the same time, the power control along the
travel time in HSR wireless networks is important. Denote by
𝑃(𝑡) the transmit power of the BS at slot 𝑡, which is limited
by the maximum value 𝑃max and average value 𝑃av. With
the help ofmapping function 𝑑(𝑡) and according to Shannon’s

theorem [25], the transmission rate of the wireless channel
between BS and RS at slot 𝑡 can be expressed by

𝑅 (𝑡) = 𝑊 log
2
(1 +

𝑃 (𝑡)

𝑁 (𝑡)
) bits/s, (2)

where 𝑁(𝑡) = 𝑊𝑁
0
𝑑
𝛼

(𝑡), 𝑊 is the system bandwidth, 𝑁
0

is the noise power spectral density, and 𝛼 is the path loss
exponent. Suppose that the packets have equal size of 𝐿 bits;
hence the link capacity 𝐶(𝑡) at slot 𝑡 can be denoted as the
maximum number of packets; that is, 𝐶(𝑡) = ⌊𝑅(𝑡)𝑇

𝑠
/𝐿⌋.

Note that the maximum capacity 𝐶max can be obtained when
𝑑(𝑡) = 𝑑

0
and 𝑃(𝑡) = 𝑃max.

2.3. Service Model. Assume that there are𝐾 types of services
in the HSR wireless networks and the service type set is
denoted by K ≜ {1, . . . , 𝐾}. We further assume that CS

𝑘

is equipped with a buffer and can provide service 𝑘, for
𝑘 ∈ K. Let A(𝑡) = [𝐴

1
(𝑡), . . . , 𝐴

𝐾
(𝑡)]
𝑇 represent the packet

arrival vector, where𝐴
𝑘
(𝑡) denotes the number of new arrival

packets of service 𝑘 at slot 𝑡. The packet arrival process for
each service is assumed to be i.i.d. across slots. Suppose that,
in general, 𝐴

𝑘
(𝑡) follows a truncated Poisson distribution

𝑓
𝑘
(𝑏) with average arrival rate 𝜆

𝑘
= E[𝐴

𝑘
(𝑡)] for service 𝑘,

and the distribution 𝑓
𝑘
(𝑏) can be written as

𝑓
𝑘
(𝑏) = exp (−𝜆

𝑘
)
𝜆
𝑏

𝑘

𝑏!
, 𝑏 = 0, . . . , 𝐵

𝑘
, (3)

where 𝐵
𝑘
denotes the maximum number of arrival packets

per slot for service 𝑘 and can be found assuming𝑓
𝑘
(𝐵
𝑘
) → 0.

Let Q(𝑡) = [𝑄
1
(𝑡), . . . , 𝑄

𝐾
(𝑡)]
𝑇 represent the vector of

current queue backlogs, where 𝑄
𝑘
(𝑡) denotes the number

of packets at the beginning of slot 𝑡 in the buffer of CS
𝑘
.

The dynamics of each buffer are controlled by admission
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control (AC) and resource allocation (RA) actions. Specifi-
cally, at each slot, the AC action determines the number of
packets from the newly arriving packets to be stored into
the buffer. And the RA action determines the number of
packets removed from the buffer for transmission. Let 𝑟

𝑘
(𝑡) ∈

[0, 𝐴
𝑘
(𝑡)] and 𝜇

𝑘
(𝑡) ∈ [0, 𝑄

𝑘
(𝑡)] denote the AC action and

RA action for service 𝑘 at slot 𝑡, respectively. Thus, the queue
dynamics can be characterized by

𝑄
𝑘
(𝑡 + 1) = 𝑄

𝑘
(𝑡) − 𝜇

𝑘
(𝑡) + 𝑟

𝑘
(𝑡) , ∀𝑘 ∈K. (4)

Notice that for any slot 𝑡, without AC actions, 𝑟
𝑘
(𝑡) = 𝐴

𝑘
(𝑡).

Here we assume that the arrival packets at slot 𝑡 can only be
transmitted at slot 𝑡 + 1.

3. Problem Formulation and Transformation

3.1. Problem Formulation. In this paper, the objective of the
joint AC and RA problem is to maximize a sum of utility
functions under time average constraints by designing a
dynamic algorithm over a trip of the train. We define that
𝜙
𝑘
(𝑟
𝑘
) is a utility function to present throughput benefit for

service 𝑘, which is nondecreasing concave continuous with
𝑟
𝑘
.Throughout this work, the following notation for the long-

term time average expectation of any quantity 𝑧 is defined:

𝑧 := lim
𝑡→∞

1

𝑡

𝑡−1

∑

𝜏=0

E [𝑧 (𝜏)] . (5)

In particular, 𝑄
𝑘
represents the average queue backlog in

the buffer of CS
𝑘
and 𝑃 represents the average power

consumption along the travel time. Here we introduce the
definitions of queue stability as follows [15].

Definition 1. A single queue 𝑄(𝑡) is mean rate stable if
lim
𝑡→∞

(E[𝑄(𝑡)]/𝑡) = 0.

Definition 2. A single queue𝑄(𝑡) is strongly stable if𝑄 < ∞.

From Definition 2, a queue is strongly stable if it has a
bounded time average backlog. Strong stability implies mean
rate stability according to [15].Throughout this paper, we use
the term “stability” to refer to strong stability. Define Ω(𝑡) ≜
(A(𝑡), 𝐶(𝑡)) as the observed network event at slot 𝑡. For each
slot 𝑡, observing the event Ω(𝑡) and the queue state Q(𝑡), the
AC actions 𝑟

𝑘
(𝑡) and RA actions 𝜇

𝑘
(𝑡) should be made for

𝑘 ∈K. The joint AC and RA problem is formulated as

(P1) maximize ∑

𝑘∈K

𝜙
𝑘
(𝑟
𝑘
) (6a)

subject to 𝑃 ≤ 𝑃av, 𝑃 (𝑡) ≤ 𝑃max, ∀𝑡 ∈ [0, 𝑇] ,

(6b)

𝑄
𝑘
< ∞, ∀𝑘 ∈K, (6c)

0 ≤ ∑

𝑘∈K

𝜇
𝑘
(𝑡) ≤ 𝐶 (𝑡) , ∀𝑡 ∈ [0, 𝑇] , (6d)

𝜇
𝑘
(𝑡) ∈ [0, 𝑄

𝑘
(𝑡)] , ∀𝑡 ∈ [0, 𝑇] , (6e)

𝑟
𝑘
(𝑡) ∈ [0, 𝐴

𝑘
(𝑡)] , ∀𝑡 ∈ [0, 𝑇] , (6f)

variables 𝑟
𝑘
(𝑡) , 𝜇
𝑘
(𝑡) , 𝑃 (𝑡) , ∀𝑘 ∈K, 𝑡 ∈ [0, 𝑇] ,

(6g)

where (6b) corresponds to the power constraint and (6c)
corresponds to the queue stability constraints for all queues.
Problem (P1) is a stochastic optimization problem [15], but
it cannot be solved efficiently owing to the difficulty from
the objective function (6a) and the average power constraint
in (6b). In order to better characterize the problem (P1)
and develop an efficient algorithm, we consider the problem
transformation, which consists of two steps, that is, objective
function transformation and average power constraint trans-
formation as presented in the following subsections.

3.2. Objective Function Transformation. Since problem (P1)
involves maximizing a function of time averages, it is hard
to handle. Based on the dynamic stochastic optimization
theory [15], it can be transformed into an equivalent problem
that involves maximizing a single time average of a function.
This transformation is achieved through the use of auxiliary
variables 𝛾

𝑘
(𝑡) and corresponding virtual queues 𝑍

𝑘
(𝑡) with

queue evolutions:

𝑍
𝑘
(𝑡 + 1) = max [𝑍

𝑘
(𝑡) − 𝑟

𝑘
(𝑡) , 0] + 𝛾

𝑘
(𝑡) , ∀𝑘 ∈K,

(7)

where the initial condition is assumed that 𝑍
𝑘
(0) = 0, ∀𝑘 ∈

K. Intuitively, the auxiliary variables 𝛾
𝑘
(𝑡) can be viewed

as the “arrivals” of virtual queues 𝑍
𝑘
(𝑡), while 𝑟

𝑘
(𝑡) can be

viewed as the service rate of such virtual queues.
Then, we consider the following transformed problem:

(P2) maximize ∑

𝑘∈K

𝜙
𝑘
(𝛾
𝑘
) (8a)

subject to 𝛾
𝑘
≤ 𝑟
𝑘
, ∀𝑘 ∈K, (8b)

0 ≤ 𝛾
𝑘
(𝑡) ≤ 𝐵

𝑘
, ∀𝑘 ∈K, 𝑡 ∈ [0, 𝑇] ,

(8c)

(6b)–(6f) , (8d)

variables 𝛾
𝑘
(𝑡) , 𝑟
𝑘
(𝑡) , 𝜇
𝑘
(𝑡) , 𝑃 (𝑡) ,

∀𝑘 ∈K, 𝑡 ∈ [0, 𝑇] .

(8e)

Constraint (8b) corresponds to the stability of the virtual
queue𝑍

𝑘
(𝑡), since 𝛾

𝑘
and 𝑟
𝑘
are regarded as the time-averaged

arrival rate and the time-averaged service rate for the virtual
queue𝑍

𝑘
(𝑡), respectively. Specifically, from (7) we can obtain

that 𝑍
𝑘
(𝑡 + 1) ≥ 𝑍

𝑘
(𝑡) − 𝑟

𝑘
(𝑡) + 𝛾

𝑘
(𝑡). By summing this

inequality over time slots 𝜏 ∈ {0, 1, . . . , 𝑡 − 1} and then
dividing the result by 𝑡, we have that (𝑍

𝑘
(𝑡) − 𝑍

𝑘
(0))/𝑡 +

(1/𝑡) ∑
𝑡−1

𝜏=0
𝑟
𝑘
(𝜏) ≥ (1/𝑡) ∑

𝑡−1

𝜏=0
𝛾
𝑘
(𝑡). With 𝑍

𝑘
(0) = 0, taking



Mathematical Problems in Engineering 5

expectations of both sides yields that lim
𝑡→∞

(E[𝑍
𝑘
(𝑡)]/𝑡) +

𝑟
𝑘
≥ 𝛾
𝑘
. If the virtual queues 𝑍

𝑘
(𝑡) are mean rate stable,

then lim
𝑡→∞

(E[𝑍
𝑘
(𝑡)]/𝑡) = 0, so that constraint (8b) can be

satisfied. Notice that we will prove the strong stability of the
virtual queues 𝑍

𝑘
(𝑡) in Lemma 7 later.

Lemma 3. Problem (P1) and problem (P2) are equivalent.

Proof. The proof of Lemma 3 follows [26] and a sketch of the
proof is provided in Appendix A.

3.3. Average Power Constraint Transformation. To handle the
average power constraint in (6b), we define a virtual queue
𝑋
𝑘
(𝑡) for each 𝑘 ∈ K, which has the following dynamic

update equation:

𝑋
𝑘
(𝑡 + 1) = max [𝑋

𝑘
(𝑡) − 𝑃av, 0] + 𝑃 (𝑡) , (9)

where𝑃(𝑡) and𝑃av can be viewed as the “arrivals” and “offered
service” at slot 𝑡, respectively.

Based on [15, Chapter 4], if the virtual queue 𝑋
𝑘
(𝑡) is

mean rate stable for 𝑘 ∈K, that is, lim
𝑡→∞

(E[𝑋
𝑘
(𝑡)]/𝑡) = 0,

then the average power constraint 𝑃 ≤ 𝑃av can be satisfied.
This holds because if the backlog in the virtual queue is
stabilized, it must be the case that the time average arrival
rate (corresponding to 𝑃) is not larger than the service
rate (corresponding to 𝑃av). Therefore, the average power
constraint in (6b) can be transformed into a single queue
stability problem.

4. The Distributed Dynamic AC and
RA Algorithm

In this section, the dynamic stochastic optimization approach
is applied to solve problem (P2), which seeks to maximize
the sum of time-averaged utility functions subject to queue
stability constraints. Firstly, the problem (P2) is decomposed
into three separate subproblems by the drift-plus-penalty
approach. Then a distributed dynamic AC and RA algorithm
is proposed. Finally, the performance of the proposed algo-
rithm is analyzed by theoretical derivations.

4.1. Lyapunov Drift. Define X(𝑡) and Z(𝑡) as a vector of all
virtual queues 𝑋

𝑘
(𝑡) and 𝑍

𝑘
(𝑡) for 𝑘 ∈ K, respectively. We

denote byΘ(𝑡) the combined vector of all virtual queues and
all actual queues; namely,

Θ (𝑡) ≜ [Q𝑇(𝑡),X𝑇(𝑡),Z𝑇(𝑡)]
𝑇

. (10)

The quadratic Lyapunov function is defined as [15]

𝐿 (Θ (𝑡)) ≜
1

2
∑

𝑘∈K

(𝑄
𝑘
(𝑡)
2

+ 𝑋
𝑘
(𝑡)
2

+ 𝑍
𝑘
(𝑡)
2

) . (11)

Then the one-slot conditional Lyapunov drift Δ(Θ(𝑡)) at slot
𝑡 is given by

Δ (Θ (𝑡)) = E [𝐿 (Θ (𝑡 + 1)) − 𝐿 (Θ (𝑡)) | Θ (𝑡)] , (12)

which admits the following lemma.

Lemma 4. Under any AC actions and RA actions at slot 𝑡, and
for any value of Θ(𝑡), we have

Δ (Θ (𝑡)) ≤ 𝐷 + E [𝐺 (𝑡) | Θ (𝑡)] , (13)

where𝐷 is a finite constant defined by

𝐷 ≜
1

2
∑

𝑘∈K

[𝑃
2

max + 𝑃
2

av + 3𝐵
2

𝑘
+ 𝐶
2

max] , (14)

and 𝐺(𝑡) is defined by

𝐺 (𝑡) ≜ ∑

𝑘∈K

𝑄
𝑘
(𝑡) [𝑟
𝑘
(𝑡) − 𝜇

𝑘
(𝑡)]

+ ∑

𝑘∈K

𝑍
𝑘
(𝑡) (𝛾
𝑘
(𝑡) − 𝑟

𝑘
(𝑡))

+ ∑

𝑘∈K

𝑋
𝑘
(𝑡) [𝑃 (𝑡) − 𝑃

𝑎V] .

(15)

Proof. The proof of Lemma 4 is provided in Appendix B.

4.2. The Drift-Plus-Penalty Expression. Instead of directly
minimizing the upper bound E[𝐺(𝑡)] by taking AC actions
and RA actions, we desire to jointly stabilize all queues and
maximize the sum of utility ∑

𝑘∈K 𝜙
𝑘
(𝛾
𝑘
(𝑡)). The drift-plus-

penalty theory in [6] approaches this by greedily minimizing
the following “drift-plus-penalty” expression:

E[𝐺 (𝑡) − 𝑉∑
𝑘∈K

𝜙
𝑘
(𝛾
𝑘
(𝑡))] , (16)

where𝑉 ≥ 0 is a parameter that represents the weight on how
much we emphasize the sum utility maximization.

We observe that the objective function in (16) is of
separable structure, which motivates us to determine the
auxiliary variables 𝛾

𝑘
(𝑡) and AC actions 𝑟

𝑘
(𝑡) as well as

RA actions 𝜇
𝑘
(𝑡) in an alternative optimization fashion.

The overall minimization problem (16) is decomposed into
three separate subproblems. Specifically, isolating the 𝛾

𝑘
(𝑡)

variables from (16) gives the following utility maximization
subproblem:

max
{𝛾
𝑘
(𝑡)}

∑

𝑘∈K

[𝑉𝜙
𝑘
(𝛾
𝑘
(𝑡)) − 𝑍

𝑘
(𝑡) 𝛾
𝑘
(𝑡)] (17a)

s.t. 0 ≤ 𝛾
𝑘
(𝑡) ≤ 𝐵

𝑘
, ∀𝑘 ∈K, 𝑡 ∈ [0, 𝑇] . (17b)

Similarly, isolating the AC actions 𝑟
𝑘
(𝑡) from (16) leads to the

following admission control subproblem:

max
{𝑟
𝑘
(𝑡)}

∑

𝑘∈K

[(𝑍
𝑘
(𝑡) − 𝑄

𝑘
(𝑡)) 𝑟
𝑘
(𝑡)] (18a)

s.t. 0 ≤ 𝑟
𝑘
(𝑡) ≤ 𝐴

𝑘
(𝑡) , ∀𝑘 ∈K, 𝑡 ∈ [0, 𝑇] . (18b)
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Also, isolating the RA actions 𝜇
𝑘
(𝑡) from (16) gives the

following resource allocation subproblem:

max
{𝜇
𝑘
(𝑡)},𝑃(𝑡)

∑

𝑘∈K

[𝑄
𝑘
(𝑡) 𝜇
𝑘
(𝑡) − 𝑋

𝑘
(𝑡) 𝑃 (𝑡)] (19a)

s.t. 0 ≤ 𝜇
𝑘
(𝑡) ≤ 𝑄

𝑘
(𝑡) ,

𝜇
𝑘
(𝑡) ∈ N, ∀𝑘 ∈K, 𝑡 ∈ [0, 𝑇] ,

(19b)

∑

𝑘∈K

𝜇
𝑘
(𝑡) ≤ 𝐶 (𝑡) , 𝑡 ∈ [0, 𝑇] , (19c)

𝑃 (𝑡) ≤ 𝑃max, 𝑡 ∈ [0, 𝑇] , (19d)

where 𝑃(𝑡) is related to 𝜇
𝑘
(𝑡) since a larger 𝜇

𝑘
(𝑡) requires

more power consumption. These separate subproblems can
be computed in a decentralized fashion, as stated below.

4.3. UtilityMaximization. Theutilitymaximization subprob-
lem ((17a) and (17b)) can be decoupled into𝐾 separate maxi-
mization problems. Specifically, CS

𝑘
keeps track of 𝑍

𝑘
(𝑡)

and determines the optimum 𝛾
𝑘
(𝑡) by solving the following

problem:

max
𝛾
𝑘
(𝑡)

𝑉𝜙
𝑘
(𝛾
𝑘
(𝑡)) − 𝑍

𝑘
(𝑡) 𝛾
𝑘
(𝑡) (20a)

s.t. 0 ≤ 𝛾
𝑘
(𝑡) ≤ 𝐵

𝑘
, 𝑡 ∈ [0, 𝑇] . (20b)

Notice that the key point to solve (20a) and (20b) is the
choice of the utility function, which is contingent on the
purpose of the networking application or the prerogative of
HSR network designer. For example, in order to represent
the maximum desired delivery ratio for each service, the
piecewise linear utility function can be considered for service
𝑘 as follows:

𝜙
𝑘
(𝛾
𝑘
) = ]
𝑘
min [𝛾

𝑘
, 𝑥
𝑘
𝜆
𝑘
] , (21)

where ]
𝑘
> 0 and 𝑥

𝑘
> 0 represent the priority and the

maximum desired delivery ratio of service 𝑘, respectively. In
general, 0 ≤ 𝑥

𝑘
≤ 1 and 𝑥

𝑘
𝜆
𝑘
≤ 𝐵
𝑘
for 𝑘 ∈ K. Thus the

optimal solution to problem (20a) and (20b) is given by

𝛾
𝑘
(𝑡) = {

𝑥
𝑘
𝜆
𝑘
, if 𝑍

𝑘
(𝑡) ≤ 𝑉]

𝑘
,

0, otherwise.
(22)

Alternatively, the following strictly concave function can
serve as the utility function for service 𝑘:

𝜙
𝑘
(𝛾
𝑘
) = ln (1 + ]

𝑘
𝛾
𝑘
) , (23)

which can be regarded as an accurate approximation of the
proportionally fair utility function if the same ]

𝑘
is selected

with a large value for all 𝑘 ∈ K. In this case, the optimal
solution to problem (20a) and (20b) can be obtained by

𝛾
𝑘
(𝑡) = [

𝑉

𝑍
𝑘
(𝑡)

−
1

]
𝑘

]

𝐵
𝑘

0

, (24)

where the operation [𝑦]𝑎
0
is equal to 𝑦 if 0 < 𝑦 < 𝑎, 0 if 𝑦 ≤ 0,

and 𝑎 if 𝑦 ≥ 𝑎.

4.4. Admission Control. The admission control subproblem
((18a) and (18b)) can be also decoupled into𝐾 separate maxi-
mization problems. Specifically, CS

𝑘
chooses the AC action

𝑟
𝑘
(𝑡) by solving the following optimization problem:

max
𝑟
𝑘
(𝑡)

(𝑍
𝑘
(𝑡) − 𝑄

𝑘
(𝑡)) 𝑟
𝑘
(𝑡)

s.t. 0 ≤ 𝑟
𝑘
(𝑡) ≤ 𝐴

𝑘
(𝑡) , 𝑡 ∈ [0, 𝑇] .

(25)

It is immediate to see that the optimal solution depends on
the queue backlog of 𝑍

𝑘
(𝑡) and 𝑄

𝑘
(𝑡), which is given by

𝑟
𝑘
(𝑡) = {

𝐴
𝑘
(𝑡) , if 𝑍

𝑘
(𝑡) ≥ 𝑄

𝑘
(𝑡) ,

0, otherwise.
(26)

We note that (26) is a simple threshold-based admission
control strategy. On the one hand, when the queue backlog
𝑄
𝑘
(𝑡) is not larger than the threshold 𝑍

𝑘
(𝑡), then all the

newly arriving packets are admitted into the buffer in CS
𝑘
.

Essentially, this not only reduces the value of 𝑍
𝑘
(𝑡 + 1) so

as to push 𝛾
𝑘
closer to 𝑟

𝑘
, but also increases the average

throughput 𝑟
𝑘
so as to improve the utility. On the other hand,

when the queue backlog 𝑄
𝑘
(𝑡) is larger than the threshold

𝑍
𝑘
(𝑡), then all the newly arriving packets will be dropped to

ensure the network stability. Finally, we emphasize that the
AC actions for all services are made in a distributed manner
with only local queue backlog information and packet arrival
information.

4.5. Resource Allocation. The resource allocation subproblem
((19a)–(19d)) at slot 𝑡 can be explicitly expressed as

max
{𝜇
𝑘
(𝑡)},𝑃(𝑡)

𝑀(𝑡) ≜ ∑

𝑘∈K

[𝑄
𝑘
(𝑡) 𝜇
𝑘
(𝑡) − 𝑋

𝑘
(𝑡) 𝑃 (𝑡)] (27a)

s.t. 0 ≤ 𝜇
𝑘
(𝑡) ≤ 𝑄

𝑘
(𝑡) , 𝜇

𝑘
(𝑡) ∈ N, ∀𝑘 ∈K,

(27b)

∑

𝑘∈K

𝜇
𝑘
(𝑡) ≤ 𝐶 (𝑡) = ⌊

𝑇
𝑠
𝑊log
2
(1 + 𝑃 (𝑡) /𝑁 (𝑡))

𝐿
⌋ ,

(27c)

𝑃 (𝑡) ≤ 𝑃max. (27d)

The problem (27a)–(27d) is a mixed-integer programming
(MIP) problem, including a continuous variable 𝑃(𝑡) and
𝐾 integer variables 𝜇

𝑘
(𝑡), which cannot be solved efficiently

[27]. The main difficulty of problem (27a)–(27d) comes
from the integer nature of 𝜇

𝑘
(𝑡). However, we will show

that problem (27a)–(27d) can be transformed into a single
variable problem, which is easy to handle. In the sequel of
this subsection, we will omit the time index for brevity.

Firstly, as for constraint (27c), when the optimal RA
actions are achieved, it can be shown that

∑

𝑘

𝜇
𝑘
= 𝐶 =

1

𝜂
log
2
(1 +

𝑃

𝑁
) , (28)

where 𝜂 = 𝐿/𝑇
𝑠
𝑊 > 0. Otherwise we can reduce the value

of 𝐶 and 𝑃 such that the objective function can be further
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maximized without any violation of the constraints in (27b)–
(27d). From (28), we have the following power consumption
of 𝐶:

𝑃 = 𝑁(2
𝜂𝐶

− 1) , (29)

and constraints (27b) and (27d) further imply that

0 ≤ 𝐶 ≤ min(∑
𝑘∈K

𝑄
𝑘
, 𝐶max) , (30)

where 𝐶max ≜ (1/𝜂)log2(1 + 𝑃max/𝑁).
Secondly, the resource allocation subproblem (27a)–

(27d) can be equivalently transformed into a single variable
problem as follows:

max
𝐶∈N

𝑀̂ (𝐶) ≜ 𝑔
1
(𝐶) − 𝑔

2
(𝐶) (31a)

s.t. (30) , (31b)

where 𝑔
1
(𝐶) is given by

𝑔
1
(𝐶) ≜ max

{𝜇
𝑘
}

∑

𝑘∈K

𝑄
𝑘
𝜇
𝑘 (32a)

s.t. 0 ≤ 𝜇
𝑘
≤ 𝑄
𝑘
, 𝜇
𝑘
∈ N, ∀𝑘 ∈K, (32b)

∑

𝑘∈K

𝜇
𝑘
= 𝐶, (32c)

and 𝑔
2
(𝐶) is given by

𝑔
2
(𝐶) ≜

𝐾

∑

𝑘=1

𝑋
𝑘
𝑃 =

𝐾

∑

𝑘=1

𝑋
𝑘
(2
𝜂𝐶

− 1)𝑁 = 𝜌 (2
𝜂𝐶

− 1) , (33)

with 𝜌 ≜ 𝑁∑
𝐾

𝑘=1
𝑋
𝑘
.

Now let us focus on the problem (32a)–(32c) with any
given𝐶. Clearly, themaximum objective value of (32a)–(32c)
can always be achieved by allocating link capacity 𝐶 to the
services in the descending order of their backlogs, which is
similar to the max-weight algorithm in [15]. Hence, we sort
all the services in descending order of 𝑄

𝑘
and denote the

ordered set by {𝑘
1
, 𝑘
2
, . . . , 𝑘

𝐾
}. For convenience, we define

𝑓(𝑚) = ∑
𝑚

𝑛=0
𝑄
𝑘
𝑛

(𝑡) for 𝑚 = 0, 1, . . . , 𝐾, where 𝑄
𝑘
0

(𝑡) = 0.
One can see that 𝑓(𝑚) is an increasing function of 𝑚, and
0 ≤ 𝐶 ≤ 𝑓(𝐾) from (30). Therefore the optimal solutions to
the problem (32a)–(32c) are given by

𝜇
𝑘
𝑛

=

{{

{{

{

𝑄
𝑘
𝑛

, if 1 ≤ 𝑛 < 𝑚,
𝐶 − 𝑓 (𝑛 − 1) , if 𝑛 = 𝑚,
0, if 𝑚 < 𝑛 ≤ 𝐾,

(34)

where𝑚 ∈ {1, . . . , 𝐾} such that𝐶 ∈ (𝑓(𝑚−1), 𝑓(𝑚)] if𝐶 > 0;
otherwise 𝜇

𝑘
𝑛

= 0 for all 𝑛.
Next, let us focus on problem (31a)-(31b). Indeed, we have

the following lemma.

Lemma 5. 𝑀̂(𝐶) is a unimodal function of 𝐶 over [0, 𝑓(𝐾)].

Proof. On the one hand, since Δ𝑔
1
(𝐶) = 𝑔

1
(𝐶 + 1) − 𝑔

1
(𝐶) =

𝑄
𝑘
𝑚

for 𝑓(𝑚 − 1) ≤ 𝐶(𝑡) < 𝑓(𝑚), ∀𝑚 ∈ [1, 𝐾], Δ𝑔
1
(𝐶) is

a monotonically nonincreasing function of 𝐶. On the other
hand, sinceΔ𝑔

2
(𝐶) = 𝜌(2

𝜂

−1)2
𝜂𝐶,Δ𝑔

2
(𝐶) is amonotonically

increasing function of 𝐶. Therefore Δ𝑀̂(𝐶) = Δ𝑔
1
(𝐶) − Δ𝑔

2

(𝐶), which is a monotonically decreasing function of 𝐶. For
any 𝐶 ∈ [1, 𝑓(𝐾) − 1], Δ𝑀̂(𝐶 − 1) > Δ𝑀̂(𝐶), which implies
𝑀̂(𝐶) > (1/2)(𝑀̂(𝐶 − 1) + 𝑀̂(𝐶 + 1)), so 𝑀̂(𝐶) is concave
on [0, 𝑓(𝐾)]. Based on [28], if 𝑀̂(𝐶) is concave, then 𝑀̂(𝐶) is
unimodal.

Based on Lemma 5, since 𝑀̂(𝐶) is a unimodal function
of 𝐶 over [0,min{𝐶max, 𝑓(𝐾)}], the golden section search
method [29] can be used to obtain the global optimal solution
to the problem (31a)-(31b). However, this method requires
the knowledge of all queue backlog information. When
the center controller is not available, a distributed resource
allocation scheme is highly desirable. Relying on the insights
from Lemma 5, we propose a distributed resource allocation
scheme, where each CS can communicate with all other CSs,
and the network resources are allocated packet by packet.

The proposed packet loading resource allocation scheme
is detailed in Algorithm 1. For each slot, each CS exchanges
the backlog information with all other CSs and the order of
the backlogs is obtained by all CSs (step 2). Then the packets
of the services are fetched from the corresponding CS in
descending order of their backlogs. When one CS fetches a
new packet (step 5), 𝑀̂(𝐶) is calculated (step 6). This will
be repeated until the optimal condition in step 7 is satisfied,
which implies that 𝑀̂(𝐶 − 1) is the maximum or constraint
(30) is violated, and thus step 8 should be performed since the
last packet cannot be transmitted. When one CS empties its
buffer, it should send the value information of 𝐶 to the next
CS (step 12), and the next CS should continue the resource
allocation. Here we remark that the optimal solutions can
be achieved by the proposed scheme, which can be readily
proved by Lemma 5.

4.6. Distributed Dynamic AC and RA Algorithm. Based on
the above three separate subproblems, we propose a distribut-
ed dynamic AC and RA algorithm as shown in Algorithm 2.
All system parameters should be initialized before the trip
begins. At each slot, eachCS solves three subproblems in steps
4, 5, and 6. At the end of each slot, the queue vector Θ(𝑡 + 1)
is updated according to (4), (7), and (9). This algorithm will
be repeated when the train travels from the origin station to
the destination station.

Remark 6 (utility-backlog tradeoff). Based on [15], the
achieved utility differs from optimality by O(1/𝑉), in the
sense that

𝜙
∗

1
− lim inf
𝑡→∞

∑

𝑘∈K

𝜙
𝑘
(𝑟
𝑘
) ≤ O(

1

𝑉
) , (35)

where𝜙∗
1
is themaximal utility for the problem (P1). It implies

that the proposed algorithm can achieve a utility which is
arbitrarily close to 𝜙∗

1
by increasing𝑉. In addition, the actual
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(1) Initialize 𝜇
𝑘
= 0 for 𝑘 ∈K; 𝑀̂(0) = 0; 𝐶 = 0;

(2) Sort services in descending of 𝑄
𝑘
and obtain the ordered set {𝑘

1
, 𝑘
2
, . . . , 𝑘

𝐾
};

(3) for 𝑛 = 1 to 𝐾 do
(4) for 𝜇

𝑘𝑛
= 1 to 𝑄

𝑘𝑛
do

(5) 𝐶 := 𝐶 + 1;
(6) Calculate 𝑀̂(𝐶);
(7) if 𝑀̂(𝐶) < 𝑀̂(𝐶 − 1) or 𝐶 > 𝐶max(𝑡) then
(8) 𝜇

𝑘𝑛
:= 𝜇
𝑘𝑛
− 1, 𝐶 := 𝐶 − 1;

(9) go to Step 14;
(10) end if
(11) end for
(12) Send 𝐶 to the next CS;
(13) end for
(14) return 𝑃 by (29), and 𝜇

𝑘
∀𝑘 ∈K.

Algorithm 1: Packet loading resource allocation scheme for problem (27a) – (27d).

(1) Initialize 𝑉, 𝐶max,Θ(0) = 0;
(2) while 𝑡 ∈ [0, 𝑇] do
(3) for 𝑘 = 1 to 𝐾 do
(4) Obtain 𝛾

𝑘
(𝑡) by solving (20a) and (20b);

(5) Obtain AC actions 𝑟
𝑘
(𝑡) by solving (25);

(6) Obtain RA actions 𝜇
𝑘
(𝑡) by solving problem (27a) – (27d);

(7) UpdateΘ(𝑡 + 1) according to (4), (7) and (9);
(8) end for
(9) end while.

Algorithm 2: Distributed dynamic AC and RA algorithm for (P2).

queue backlog of each service grows linearly with𝑉, which is
given by

lim sup
𝑡→∞

𝑄
𝑘
≤
𝐷

𝜖
+ O (𝑉) , (36)

where 𝜖 > 0 is a parameter and𝐷 is defined in (14).Therefore,
the above expressions (35) and (36) present a utility-backlog
tradeoff of [O(1/𝑉),O(𝑉)].

Recalling the utility functions (21) and (23), we observe
that they have the maximum right derivatives ]

𝑘
> 0 over the

interval 0 ≤ 𝛾
𝑘
(𝑡) ≤ 𝐵

𝑘
. Based on this observation, we obtain

the boundedness property on the virtual queue 𝑍
𝑘
(𝑡) in the

following lemma.

Lemma 7. If the utility function 𝜙
𝑘
(𝛾
𝑘
) has maximum right

derivatives ]
𝑘
> 0, then the backlog of virtual queue 𝑍

𝑘
(𝑡)

satisfies

0 ≤ 𝑍
𝑘
(𝑡) ≤ 𝑉]

𝑘
+ 𝐵
𝑘
, ∀𝑡 ∈ [0, 𝑇] , (37)

provided that this inequality holds for 𝑍
𝑘
(0).

Proof. Theproof of Lemma 7 is provided in Appendix C.

Table 1: Parameters in simulation.

Parameter Description Value
𝑃av Average power constraint 35W
𝐵 System bandwidth 5MHz
𝐿 Packet size 240 bits
𝑇
𝑠

Slot duration 1ms
𝛼 Pathloss exponent 4
𝑃max Maximum transmit power 45W
V Constant moving speed 100m/s
𝑅 Cell radius 1.5 km
𝑑
0

Distance between BS and rail 50m
𝐾 Number of services 6

5. Numerical Results and Discussions

In this section, we implement the proposed distributed
dynamic AC and RA algorithm using MATLAB and present
simulation results to illustrate the performance of it. We use
the piecewise linear utility functions (21) for all services and
summarize the simulation parameters in Table 1. The packet
size 𝐿 is set to 240 bits according to [12, 30], and the slot
duration𝑇

𝑠
is set to 1ms according to [31]. A single simulation

runs the proposed algorithm when the train moves through
a cell (30,000 slots).
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Figure 2: Average throughput with different 𝑉.
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Figures 2 and 3 explore the throughput-backlog tradeoff
with different 𝑉. In the simulations, we use the same param-
eters 𝜆

𝑘
= 25 and 𝑥

𝑘
= 1 and different priorities for all

services. As shown in Figure 2, the average throughput for
each service increases as 𝑉 is increased and the service
with high priority gets the large average throughput. Figure 3
presents that the average queue backlogs of all services are
linearly increasing with 𝑉, which demonstrates the O(𝑉)
behavior in (36). Furthermore, the proposed algorithm can
ensure that the average queue backlogs of the services with
different priorities are almost the same.
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Figure 4: Delivery ratio with different 𝑉.
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Figure 5: Power consumption with different 𝑉.

Figure 4 illustrates the achieved delivery ratios for the
services with different maximum desired delivery ratios and
same arrival rate 𝜆

𝑘
= 25 as well as priority ]

𝑘
= 10. It can be

observed that the large𝑉will result in the improvement of the
delivery ratio performance. This can be explained as follows:
since a larger 𝑉 gives a higher priority on throughput, more
packets will be admitted into the buffers, which causes the
higher delivery ratio performance. In addition, the delivery
ratio for each service is close to its maximum desired delivery
ratio when 𝑉 is larger than 40, which implies that the
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proposed algorithm can archive different maximum desired
delivery ratios when a large 𝑉 is chosen.

Figure 5 compares the average power consumption under
different arrival rate conditions. In this simulation, we set
the same parameters ]

𝑘
= 10, 𝑥

𝑘
= 1, and 𝜆

𝑘
= 𝜆 for all

services.From this figure, we can see that the average power
consumption increases as𝑉 is increased. This is exactly what
happens. A larger 𝑉 results in more packets admitted into
buffers, while transmitting these packets will cost more
power. As for the same 𝑉, a larger 𝜆 will cause more
power consumption, sincemore packets will be admitted into
buffers based on (26). In addition, the average power con-
sumption can satisfy the average power constraint when the
arrival rate is 𝜆

𝑘
= 25, which is reasonably set in the previ-ous

simulations.
Figure 6 describes the backlog update processes of virtual

queues𝑍
𝑘
(𝑡) for three types of services. In the simulation, we

set the same parameters ]
𝑘
= 10, 𝑥

𝑘
= 1, and 𝜆

𝑘
= 35 for all

services and𝑉 = 100. From the figure, we can see 0 ≤ 𝑍
𝑘
(𝑡) ≤

𝑉]
𝑘
+ 𝐵
𝑘
for all services at all slots, which illustrates the

boundedness property on queue backlogs in Lemma 7.

6. Conclusion

In this paper, we formulate the joint admission control and
resource allocation problem under average power constraint
for multimedia services delivery in HSR wireless networks.
With the help of virtual queues, the original stochastic opti-
mization problem is transformed into a queue stability prob-
lem, which is decomposed into three separate subproblems
by the drift-plus-penalty approach. It is worth noting that the
optimal solution to the resource allocation subproblem can
be obtained by the packet loading resource allocation scheme.
Based on the stochastic optimization technique, the dynamic
admission control and resource allocation algorithm is pro-
posed, which is suitable for distributed implementation in
HSR wireless networks. Furthermore, the performance of the
proposed algorithm is analyzed theoretically and validated
by numerical simulations under realistic conditions for HSR
wireless networks. For futurework, wewill further investigate
the effects of the nonmentioned parts in the communication
system, such as frame error check blocks and adaptive
channel equalizers.

Appendices

A. Proof of Lemma 3

Let𝜙∗
1
and𝜙∗
2
be the optimal utility of problems (P1) and (P2),

respectively.
First, to prove 𝜙∗

1
≥ 𝜙
∗

2
, let 𝛼∗

2
(𝑡) be an optimal solution

achieving 𝜙∗
2
in problem (P2), which includes 𝛾∗

𝑘
(𝑡), 𝑟∗
𝑘
(𝑡),

and 𝜇∗
𝑘
(𝑡) at slot 𝑡. Since 𝜙(⋅) is concave, based on Jensen’s

inequality, we have

∑

𝑘∈K

𝜙 (𝛾
∗

𝑘
) ≥ ∑

𝑘∈K

𝜙(𝛾
∗

𝑘
) = 𝜙
∗

2
. (A.1)

0 0.5 1 1.5 2 2.5 3
0

100

200

300

400

500

600

700

800

900

1000

Z
k
(t
)

Slot t

Z1(t), 𝜆1 = 25, B1 = 45

Z2(t), 𝜆2 = 35, B2 = 55

Z3(t), 𝜆3 = 45, B3 = 65

×104

Figure 6: The backlog update processes of virtual queues 𝑍
𝑘
(𝑡).

In addition, since the solution 𝛼∗
2
(𝑡) satisfies constraint (8b)

and 𝜙(⋅) is nondecreasing, we further have

∑

𝑘∈K

𝜙 (𝑟
∗

𝑘
) ≥ ∑

𝑘∈K

𝜙 (𝛾
∗

𝑘
) . (A.2)

Since the constraints in problem (P2) include all of the desired
constraints of the original problem (P1), 𝛼∗

2
(𝑡) is a feasible

solution for problem (P1) which gives a utility that is not
larger than 𝜙∗

1
. Thus we conclude that

𝜙
∗

1
≥ ∑

𝑘∈K

𝜙 (𝑟
∗

𝑘
) ≥ 𝜙
∗

2
. (A.3)

Next, to prove 𝜙∗
1
≤ 𝜙
∗

2
, let 𝛼∗

1
(𝑡) be an optimal solution

achieving 𝜙∗
1
for problem (P1), which includes 𝑟∗

𝑘
(𝑡) and 𝜇∗

𝑘
(𝑡)

at slot 𝑡. Since 𝛼∗
1
(𝑡) satisfies constraints (6b)–(6f), it also

satisfies constraints (8d) of the problem (P2). Further, for all
𝑘 ∈ K, we set 𝛾

𝑘
(𝑡) = 𝑟

∗

𝑘
at all time 𝑡 which can satisfy con-

straints (8b) and (8c).Thus, such choice of 𝛾
𝑘
(𝑡) together with

the solution 𝛼∗
1
(𝑡) forms a feasible solution for the problem

(P2). By definition, 𝜙(𝛾
𝑘
) = lim

𝑡→∞
(1/𝑡) ∑

𝑡−1

𝜏=0
𝜙(𝛾
𝑘
(𝜏)) =

lim
𝑡→∞

(1/𝑡) ∑
𝑡−1

𝜏=0
𝜙(𝑟
∗

𝑘
) = 𝜙(𝑟

∗

𝑘
). Therefore, we get

𝜙
∗

2
≥ ∑

𝑘∈K

𝜙 (𝛾
𝑘
) = ∑

𝑘∈K

𝜙 (𝑟
∗

𝑘
) = 𝜙
∗

1
. (A.4)

From the above analysis, we can conclude that 𝜙∗
1
= 𝜙
∗

2

based on (A.3) and (A.4) and that an optimal solution for the
problem (P2) can be directly turned into an optimal solution
for the problem (P1).
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B. Proof of Lemma 4

Recall the evolution equation (9) for the queue 𝑋
𝑘
(𝑡) and by

squaring this equation, we obtain

𝑋
𝑘
(𝑡 + 1)

2

− 𝑋
𝑘
(𝑡)
2 (B.1a)

= (max [𝑋
𝑘
(𝑡) − 𝑃av, 0] + 𝑃 (𝑡))

2

− 𝑋
𝑘
(𝑡)
2 (B.1b)

≤ [𝑃(𝑡)
2

+ 𝑃
2

av] + 2𝑋𝑘 (𝑡) [𝑃 (𝑡) − 𝑃av] , (B.1c)

where in the final inequality we have used the following facts:
(max[𝑋

𝑘
(𝑡) − 𝑃av, 0])

2

≤ (𝑋
𝑘
(𝑡) − 𝑃av)

2 and max[𝑋
𝑘
(𝑡) −

𝑃av, 0] ≤ 𝑋𝑘(𝑡).
Similarly, it can be shown for 𝑘 ∈K that

𝑍
𝑘
(𝑡 + 1)

2

− 𝑍
𝑘
(𝑡)
2

≤ [𝛾
𝑘
(𝑡)
2

+ 𝑟
𝑘
(𝑡)
2

] + 2𝑍
𝑘
(𝑡) [𝛾
𝑘
(𝑡) − 𝑟

𝑘
(𝑡)]

𝑄
𝑘
(𝑡 + 1)

2

− 𝑄
𝑘
(𝑡)
2

≤ [𝑟
𝑘
(𝑡)
2

+ 𝜇
𝑘
(𝑡)
2

] + 2𝑄
𝑘
(𝑡) [𝑟
𝑘
(𝑡) − 𝜇

𝑘
(𝑡)] .

(B.2)

Based on (12) and (B.1a)–(B.2), we have

Δ (Θ (𝑡)) = E[
1

2
∑

𝑘∈K

[𝑋
𝑘
(𝑡 + 1)

2

− 𝑋
𝑘
(𝑡)
2

+ 𝑄
𝑘
(𝑡 + 1)

2

− 𝑄
𝑘
(𝑡)
2

+𝑍
𝑘
(𝑡 + 1)

2

− 𝑍
𝑘
(𝑡)
2

] | Θ (𝑡) ]

(B.3a)

≤ E[
1

2
∑

𝑘∈K

[𝑃(𝑡)
2

+ 𝑃
2

av + 𝛾𝑘(𝑡)
2

+ 𝑟
𝑘
(𝑡)
2

+ 𝑟
𝑘
(𝑡)
2

+ 𝜇
𝑘
(𝑡)
2

] | Θ (𝑡) ]

+ E[∑
𝑘∈K

[𝑋
𝑘
(𝑡) [𝑃 (𝑡) − 𝑃av]

+ 𝑍
𝑘
(𝑡) [𝛾
𝑘
(𝑡) − 𝑟

𝑘
(𝑡)]

+𝑄
𝑘
(𝑡) [𝑟
𝑘
(𝑡) − 𝜇

𝑘
(𝑡)]] | Θ (𝑡) ]

(B.3b)

≤ 𝐷 + E [𝐺 (𝑡) | Θ (𝑡)] , (B.3c)

where 𝐺(𝑡) is defined by (15) and the last inequality can be
obtained as follows. For any slot 𝑡, any possible packet arrival

vector A(𝑡), and any possible 𝑃(𝑡) as well as RA actions that
can be taken, we have

E[
1

2
∑

𝑘∈K

[𝑃(𝑡)
2

+ 𝑃
2

av + 𝛾𝑘(𝑡)
2

+ 2𝑟
𝑘
(𝑡)
2

+ 𝜇
𝑘
(𝑡)
2

] | Θ (𝑡)]

≤ E[
1

2
∑

𝑘∈K

[𝑃
2

max + 𝑃
2

av + 3𝐵
2

𝑘
+ 𝐶
2

max] | Θ (𝑡)]

=
1

2
∑

𝑘∈K

[𝑃
2

max + 𝑃
2

av + 3𝐵
2

𝑘
+ 𝐶
2

max] = 𝐷,

(B.4)

where the inequality holds based on 𝑃(𝑡) ≤ 𝑃max, 𝑟𝑘(𝑡) ≤ 𝐵𝑘,
and 𝜇

𝑘
(𝑡) ≤ 𝐶max as well as (8c), and the equality holds since

the constant in the square bracket is independent of queue
vectorΘ(𝑡) at slot 𝑡.

C. Proof of Lemma 7

We prove this lemma by induction. Assume that 𝑍
𝑘
(𝑡) ≤

𝑉]
𝑘
+ 𝐵
𝑘
for slot 𝑡 (it holds by assumption at slot 𝑡 = 0); then

we prove it also holds for slot 𝑡 + 1. Firstly, we consider the
case 𝑍

𝑘
(𝑡) ≤ 𝑉]

𝑘
. From the queue update equation (7), we

can see that this queue can increase by at most 𝐵
𝑘
at each slot,

and thus we have 𝑍
𝑘
(𝑡 + 1) ≤ 𝑉]

𝑘
+ 𝐵
𝑘
, proving the result for

this case.
Secondly, we consider the case 𝑉]

𝑘
< 𝑍
𝑘
(𝑡) ≤ 𝑉]

𝑘
+ 𝐵
𝑘
.

For each slot 𝑡, CS
𝑘
decides 𝛾

𝑘
(𝑡) to maximize the following

expression:

𝑉𝜙 (𝛾
𝑘
(𝑡)) − 𝑍

𝑘
(𝑡) 𝛾
𝑘
(𝑡) . (C.1)

Based on the property of the maximum derivative, for any
𝛾
𝑘
(𝑡) ≥ 0, we obtain

𝑉𝜙 (𝛾
𝑘
(𝑡)) − 𝑍

𝑘
(𝑡) 𝛾
𝑘
(𝑡)

≤ 𝑉𝜙 (0) + 𝑉]
𝑘
𝛾
𝑘
(𝑡) − 𝑍

𝑘
(𝑡) 𝛾
𝑘
(𝑡)

(C.2a)

= 𝑉𝜙 (0) + 𝛾
𝑘
(𝑡) [𝑉]

𝑘
− 𝑍
𝑘
(𝑡)] (C.2b)

≤ 𝑉𝜙 (0) , (C.2c)

where the equality holds if and only if 𝛾
𝑘
(𝑡) = 0. Then the

algorithmwill choose 𝛾
𝑘
(𝑡) = 0 tomaximize expression (C.1),

and we can obtain

𝑍
𝑘
(𝑡 + 1) = max [𝑍

𝑘
(𝑡) − 𝑟

𝑘
(𝑡) , 0] ≤ 𝑍

𝑘
(𝑡) ≤ 𝑉]

𝑘
+ 𝐵
𝑘
.

(C.3)

Thus, 𝑍
𝑘
(𝑡 + 1) ≤ 𝑉]

𝑘
+ 𝐵
𝑘
is satisfied for these two cases,

which completes the proof.
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This paper presents the systemmodeling, control strategy design, and hardware-in-the-loop test for a series-parallel hybrid electric
bus. First, the powertrain mathematical models and the system architecture were proposed. Then an adaptive ECMS is developed
for the real-time control of a hybrid electric bus, which is investigated and verified in a hardware-in-the-loop simulation system.
The ECMS through driving cycle recognition results in updating the equivalent charge and discharge coefficients and extracting
optimized rules for real-time control.Thismethod not only solves the problems ofmode transition frequently and improves the fuel
economy, but also simplifies the complexity of control strategy design and provides new design ideas for the energy management
strategy and gear-shifting rules designed. Finally, the simulation results show that the proposed real-time A-ECMS can coordinate
the overall hybrid electric powertrain to optimize fuel economy and sustain the battery SOC level.

1. Introduction

In recent years, vehicle fuel consumption and air pollution
emissions have attracted growing attention. In order to solve
these problems, a tremendous amount of effort is directed
toward hybrid power vehicle’s driving systems that have a
significant potential in fuel saving and emissions reduction.
Meanwhile, a large number of hybrid electric vehicles have
become available in themarkets, which were considered to be
the most promising vehicles to replace conventional engine-
driven vehicles.

The improvements in fuel economy and the reductions in
emissions of hybrid electric vehicles (HEV) mainly depend
upon the energymanagement strategy (EMS); therefore, sub-
stantial research efforts have been carried out. The research
methods can be classified into three categories: first, rule-
based controls such as logic threshold control and finite
state machine [1, 2]; second, intelligent control algorithms
such as model predictive control [3], fuzzy logic [4, 5], and
neural networks [6]; third, optimal theory methods such as
minimum theory, deterministic dynamic programming (DP)
[7, 8], and stochastic DP (SDP) [9].

Rule-based control strategy is also named as the base-
line control, which is a steady state optimization method
through engineering experience and a simple analysis of
the efficiencies of components such as engine, motor, and
battery.

Intelligent control algorithm depends on experts’ knowl-
edge to be coded into control rules, and this method has
good robustness and does not need to build complex control
model. However, both the rule-based control and the fuzzy
logic control strategy need to be predetermined and can only
be optimized for a specific drive cycle [10–12].

Optimal energy management control strategy includes
DP, SDP, and Pontryagin minimum principle (PMP) [13].
DP control algorithm is often used to obtain global optimal
solutions for various types of HEV under the certain drive
cycles, but it should know the future drive cycle information
in advance. Therefore, DP control algorithm is impossible
to be applicable in real-time control system, which is often
used as a reference for energy management strategy design
[14]. In order to optimize the torque distribution in real-time,
SDP control algorithm has been proposed, which applies
the current road and traffic information to predict future
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Table 1: Main specifications of the vehicle.

Item Value
Curb/gross weight (kg) 11500/18000
Frontal area (m2) 7.21
Drag coefficient 0.585
Wheel base (m) 6.1
Dynamic rolling radius (m) 0.512

route information for EMS so as to acquire the ideal results.
However, trip-based control approach is a major drawback
of curse of dimensionality, which limits their application for
real-time implementation.

The equivalent consumption minimization strategy
(ECMS) is the most commonly used optimization method
for real-time HEV energy management [15–17]. It is con-
sidered as suboptimal control method for HEV, since the
fuel economy deviation between ECMS and DP control
algorithm was verified to be less than 1.2% [18]. Therefore, in
this study, ECMS is chosen as the online energy management
strategy to optimize torque distribution and gear-shift
rules.

Then the novel ECMS was verified in the hardware-in-
the-loop (HIL) simulator for its high real-time performance
and high precision. Not only can the HIL simulation verify
the effectiveness of the control strategy, but it can also opti-
mize its control parameters [19, 20]. Hardware-in-the-loop
simulation is the trusted method to put ECU functions, ECU
bus communication, and integrated ECUs to the test. The
tests are performed in a simulated environment,meaning that
the HIL simulator makes the ECU believe that it is located
in a real vehicle driving somewhere. This way the simulator
can test the ECU’s reaction to specific situations, and you
can move tedious, expensive, and sometimes even dangerous
driving tests from the actual vehicle into the laboratory [21].
In this way, the control functions and performance of the
HCU of the series-parallel hybrid bus can be tested and
improved.

2. System Architecture

The HEV control algorithm is to regulate the operation of
powertrain system to achieve the optimal fuel economy and
emissions performance under the different drive cycles, while
meeting drivability requirements and sustaining the battery
SOC level [22]. Moreover, the development of HEV control
algorithm is based on the specific powertrain configuration.
Basic parameters of the hybrid electric bus (HEB) are listed
in Table 1.

The proposed HEV powertrain consists of a 4-cylinder
Deutz diesel engine, an M1 motor, an M2 motor, an auto-
matedmechanical transmission (AMT), a torque coupler, and
an electronically controlled clutch. The main specifications
of the powertrain components are listed in Table 2. In this
powertrain, the engine is directly connected to the input
shaft of the clutch, the M1 motor is attached to the input
shaft of the AMT, and the M2 motor couples the shaft via

the torque coupler at a constant gear ratio. The novel hybrid
driving system is to coordinate engine output power by M2
motor in the low-speed conditions and to coordinate engine
output power by M1 motor in the high-speed conditions,
so as to improve the fuel economy and keep dynamic
performance. According to the structural characteristics
of hybrid driving system, the drive mode can be divided
into pure electric mode, series mode, engine-driven alone,
parallel mode 1 (engine and M2 motor combined driving),
and parallel mode 2 (engine and M1 motor combined
driving). This series-parallel HEB powertrain was shown in
Figure 1.

This paper provided adaptive equivalent minimum fuel
consumption control algorithm through driving cycle recog-
nition to update the equivalent fuel consumption coefficient
and then to get the optimal torque distribution and gear-
shift rules. Figure 2 describes the TCU and HCU integration
control flowchart.

𝑇req is the torque requirement, 𝑉veh is the vehicle actual
velocity,𝑉tar is the target velocity, 𝑇𝑒 is the engine torque, 𝑇𝑚1
is the M1 motor torque, 𝑇

𝑚2
is the M2 motor torque, 𝑖

𝑔(𝑛)
is

the transmission ratio, and 𝑅cluth is the clutch signal.

3. Powertrain Models

3.1. Engine Model. The engine operation status is very com-
plicated which makes it hard to establish a precise simulation
model bymathsmodel and theoretical formula. In this paper,
the engine model is simplified as static maps that are used
to calculate the engine torque output and the fuel con-
sumption. But the engine BSFC map may only give steady-
state fuel consumption when engine is operating at normal
temperature, since the engine may often operate in transient
conditions that would consume more fuel than steady-
state engine fuel consumption. So it should be corrected to
obtain the transient-state fuel consumption according to the
experimental data [23]:

𝑇
𝑒
= 𝑇
𝑒
(𝑎
𝑒
, 𝜔
𝑒
) − 𝑇fl (𝜔𝑒) ,

𝑔
𝑒
= 𝑓fuel (𝑇𝑒, 𝜔𝑒) ,

𝑔
𝑒,𝑓

= 𝑔
𝑒
[1 + 𝑓

1
(𝑡
𝑒𝑚
) + 𝑓
󸀠

2
(𝛼
󸀠

𝑒
)] ,

(1)

where 𝑎
𝑒
is the actual load of engine, 𝜔

𝑒
is the engine

speed, 𝑇fl is the engine resistant torque, 𝑔
𝑒
is the engine

steady fuel consumption, 𝑓
1
is the fuel consumption increase

rate due to engine warm-up, 𝑓
󸀠

2
is the fuel consump-

tion increase rate due to the engine load increasing rate,
𝑡
𝑒𝑚

is the engine operating temperature, 𝛼󸀠
𝑒
is the engine

load increasing rate, and 𝑔
𝑒,𝑓

is the engine transient fuel
consumption.

3.2. Electric Motor Model. Electric motor is used to pro-
vide electric propelling power and energy recycling for fuel
economy improvement. This paper mainly concerns motor
external characteristics: maximum motor torque, minimal
motor torque, and efficiency map. A simple lookup table is
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Table 2: Vehicle basic parameters.

Powertrain Parameters Product model
Engine power rating 121 kW/2500 r/min Deutz, BF4M1013FC
M1 motor rated power/peak power 30/50 kW Shanghai eDrive TYC-168-260-8-C
M2 motor rated power/peak power 58/116 kW ENOVA, M10000DA
Battery voltage/capacity 336V/80Ah Chunlan, DY336-40
Six speed gearbox transmission ratios 7.285, 4.193, 2.485, 1.563, 1, and 0.847 FAW, CA5-85 AMT
Main reducer gear ratio 6.333 —
Coupler gear ratio 3.8 —
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Figure 1: Schematic of a series-parallel HEB powertrain.
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Figure 2: The integrated control flowchart of gear-shifting rules and energy management.

adopted to characterize the motor efficiency depending on
the motor speed and torque and terminal voltage [24]:

𝑇
𝑚
= 𝑇
𝑚 max (𝑛𝑚, 𝑈𝑚) ⋅ 𝑎𝑚,

𝜂
𝑚
= 𝜂 (𝑛

𝑚
, 𝑇
𝑚
) ,

𝑃
𝑚
=

{{

{{

{
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𝑚
⋅ 𝑛
𝑚

𝜂
𝑚

; (𝑇
𝑚
≥ 0)

𝑇
𝑚
⋅ 𝑛
𝑚
⋅ 𝜂
𝑚
; (𝑇
𝑚
< 0) ,

𝐼
𝑚
=
𝑃
𝑚

𝑈
𝑚

,

(2)
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where 𝑇
𝑚 max is the motor maximum torque, 𝑎

𝑚
represents

percentage of full load torque, 𝑛
𝑚
, 𝑇
𝑚
, and 𝑈

𝑚
are the motor

speed, motor torque, and motor’s terminal voltage, 𝜂
𝑚
is the

motor efficiency, 𝐼
𝑚
is the motor current, and 𝑃

𝑚
is the motor

power.

3.3. Battery Model. There were a lot of battery modeling
approaches that have been introduced; among them, PNGV
battery model [25] can accurately simulate the dynamic
characteristics of the battery, but this modeling focus is
the powertrain dynamics in a system level rather than the
internal battery dynamics; hence the Rint model [26] was
used to calculate the battery open-circuit voltage, the internal
resistance, and the battery SOC.

𝑈
𝑏
= 𝑈
0
(SOC) ⋅ 𝑁

𝑏
,

𝑅
𝑏
= 𝑅
0
(SOC) ⋅ 𝑁

𝑏
,

SOC = SOC
0
+

1

3600 ⋅ 𝐶
∫

𝑡

𝑡
0

𝐼
𝑏
𝑑𝑡,

𝐼
𝑏
=

𝑈
𝑏
− √𝑈

2

𝑏
− 4𝑅
𝑏
𝑃
𝑏

2𝑅
𝑏

,

(3)

where 𝑁
𝑏
is the number of battery cells , 𝑈

𝑏
is the battery

open-circuit voltage, 𝑅
𝑏
is the battery internal resistance, 𝐼

𝑏
is

the battery current,𝑃
𝑏
is the battery power, SOC is the battery

state of charge, SOC
0
is the battery initial SOC, and 𝐶 is the

battery capacity.

3.4. Clutch Model. The clutch model is composed of three
modes: sliding mode, engagement mode, and disengagement
mode.The operating mode of the clutch is determined by the
displacement of clutch release 𝑆

𝑐
and the relative speed of the

clutch 𝑛
𝑐,rel. The transmitted torque of the clutch 𝑇cl can be

calculated by the following equation [27]:

𝑇cl

=

{{{{{{{{{{{

{{{{{{{{{{{

{

−𝐹
𝐶,act ⋅ 𝑁𝐶 ⋅ 𝜇𝐶,st ⋅ 𝑟𝑐,𝑚;

((𝑆
𝑐
< 1)&& (𝑛

𝑐,rel = 0))

𝐹
𝐶,act ⋅ 𝑁𝐶 ⋅ 𝑟𝑐,𝑚 ⋅ sign (𝑛𝑐,rel)
⋅ [𝜇
𝐶,sl + (𝜇𝐶,st − 𝜇𝐶,sl) ⋅ 𝑒

(|𝑛
𝑐,rel|⋅𝐶𝐶/(𝜇𝐶,st−𝜇𝐶,sl))] ;

((𝑆
𝑐
< 1)&& (𝑛

𝑐,rel ̸= 0))

0; (𝑆
𝑐
= 1) ,

(4)

where 𝑆
𝑐

= 1 is the disengagement mode, (𝑆
𝑐

<

1)&&(𝑛
𝑐,rel ̸= 0) is the sliding mode, (𝑆

𝑐
< 1)&&(𝑛

𝑐,rel = 0) is
the engagement mode, 𝜇

𝐶,sl is the sliding friction coefficient
of the clutch, 𝜇

𝐶,st is the static friction coefficient of the clutch,
𝐶
𝐶
is the friction gradient, 𝑟

𝑐,𝑚
is the effective friction radius,

and𝑁
𝐶
is the number of friction surfaces .

3.5. AMT Model. Manual transmission has the highest over-
all efficiency and the simplest structure among all types
of transmissions. AMT has a similar efficiency to manual
transmission; it is essentially a manual transmission with

an add-on electronic control unit that automates the gear-
shifting operations. There are three operation states defined
in the AMT model, neutral state, speed testing state, and
engaged state. Speed testing state is adopted to check the
minimal time durationwhen the speed discrepancy is under a
certain threshold that is used to avoid gear shifting frequently.

If the gear is engaged,

𝜔
𝐼
= 𝜔
𝐼𝐼
𝑖
𝑔(𝐺cur)

,

𝑇
𝑖𝑜
= 𝑇
𝑒
+ 𝑇
𝑚1
,

𝑇
𝑜,tran = 𝑇

𝑖𝑜
𝑖
𝑔(𝐺cur)

𝜂
𝑔(𝐺cur)

+ 𝑇
𝑚2
𝑖
𝑚2
,

(5)

where 𝜔
𝐼𝐼
, 𝜔
𝐼
are the output shaft speed and the input shaft

speed, 𝑖
𝑔(𝐺cur)

is the gear ratio of current gear number, 𝑖
𝑚2

is the main reducer gear ratio, 𝑇
𝑜,tran is the torque of output

shaft, and 𝜂
𝑔(𝐺cur)

is the gear efficiency.
The neutral state and speed testing state are actually the

same physical state; their dynamics can be described by the
following equations:

𝜔
𝐼
(𝑡) = 𝜔

𝐼0
+ ∫

𝑡

𝑡
0

𝑇
𝑖𝑜

𝐽
𝑒
+ 𝐽
𝑚1

+ 𝐽
𝑐

𝑑𝑡,

𝑇
𝑜,tran = 𝑇

𝑚2
𝑖
𝑚2
,

(6)

where 𝜔
𝐼0
is the speed of input shaft when gear changed from

being engaged to neutral at the last time. 𝐽
𝑒
, 𝐽
𝑚1
, and 𝐽

𝑐
are

the moment of inertia of engine, M1 motor, and clutch.

3.6. Driveline and Vehicle Model. Consider

𝐹drv =
𝑇
𝑡
𝑖
0
𝜂 − 𝑇br
𝑟wh

− 𝐹loss, (7)

where𝑇
𝑡
is the driving torque,𝐹drv is the joint force applied on

vehicle, 𝑖
0
and 𝜂 are the gear ratio and efficiency of efficiency

of the drivetrain. 𝑇br is the mechanical brake torque applied
on wheels, 𝑟wh is the wheel rolling radius, and 𝐹loss is the
vehicle resistance described by a function of the vehicle speed,
the road grade, and the other vehicle parameters, respectively
[28]:

𝐹loss = 𝑀𝑔 sin 𝜃 + 𝜇𝑀𝑔 cos 𝜃 + 0.5𝜌𝐶
𝑑
𝐴
𝑓
𝑉
2

, (8)

where𝑀 is the vehicle mass, 𝑔 is the acceleration of gravity,
𝜌 is the air density, 𝐶

𝑑
is the coefficient of air drag, 𝐴

𝑓
is the

frontal area, 𝑉 is the vehicle speed, 𝜃 is the road grade, and 𝜇
is the rolling friction coefficient.

4. Adaptive Online-Optimal Controller Design

The equivalent consumption minimization strategy (ECMS)
is the most commonly used optimization method for real-
timeHEVenergymanagement. It is considered as suboptimal
control method for HEV control problems. Therefore, in this
study, ECMS is chosen as the online energy management
strategy.

This control method can not only coordinate con-
trol of gear shifting and motor assist, but also simplify
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Figure 3: The control flowchart of adaptive ECMS (A-ECMS).

the complexity of the torque distribution in parallel mode.
The optimizing searching method was adopted to obtain
optimal torque distribution rules and gear-shift rules for real-
time control. Nevertheless, the equivalent fuel consumption
factor is one of the most important influencing factors,
so a large number of scholars have conducted in-depth
discussions relevant to equivalent fuel conversion factor. The
control flowchart of this paper was described in Figure 3.

4.1. Equivalent Fuel Consumption Factor. Equivalent fuel
consumption factor is the key for the implementation of
ECMS control strategy. Because motor driving power con-
sumed should be supplied by engine fuel consumed, the
energy stored in the battery cannot be directly converted
from the energy of fuel. So the fixed conversion factor
or adaptive equivalent fuel consumption coefficient was
proposed; the fixed conversion factor can be acquired by
SAEJ1711 standards equivalent factor (33440Wh/gal), and
this method is too simple that it ignores internal resistance of
the battery energy consumption, motor operating efficiency,
and so on [29]. The adaptive equivalent fuel consumption
coefficient calculation method has fairly ideal performance;
Zhao and Stobart [30] presented minimum equivalent fuel
consumption based on fuzzy control, considering the battery
SOC andmotor instantaneous power to acquire the real-time
optimal conversion coefficient, but the computation quantity
of this algorithm is still too large that it is difficult to apply in
the real vehicle. In this study, a simple and accurate adaptive
equivalent fuel consumption coefficient calculation method
was proposed:

𝑔
𝑚
= 𝜆 ⋅ 𝑠 (𝑡) ⋅ 𝑠dis

𝑃
𝑚

𝜂
𝑚
(𝑃
𝑚
) ⋅ 𝜂batt (𝑃𝑚) ⋅ 𝐻LHV

+ (1 − 𝜆) ⋅ 𝑠 (𝑡) ⋅ 𝑠chg ⋅ 𝜂𝑚 (𝑃𝑚) ⋅ 𝜂batt (𝑃𝑚)
𝑃
𝑚

𝐻LHV
,

𝜆 =
1 + sign (𝑃

𝑚
)

2
,

(9)

where 𝐻LHV = 42.6 × 10
3 J/g is the diesel combustion

characteristic parameters.
𝜂batt, 𝜂𝑚, respectively, are the average operating efficiency

of engine and the motor under the specific drive cycle:

𝜂batt =
∑
𝑘

𝑗=1
(𝜂batt (𝑗) ⋅ 𝑃𝑚 (𝑗))

∑
𝑘

𝑗=1
𝑃
𝑚
(𝑗)

,

𝜂
𝑚
=

∑
𝑘

𝑗=1
(𝜂
𝑚
(𝑗) ⋅ 𝑃

𝑚
(𝑗))

∑
𝑘

𝑗=1
𝑃
𝑚
(𝑗)

,

(10)

where 𝐾 is the number of sampling points and 𝜂
𝑚
, 𝜂batt, 𝑃𝑚,

and 𝑃batt are the motor efficiency, battery efficiency, motor
power, and battery power, respectively.

Battery SOC equivalent conversion factors are

𝑠 (𝑡) = 𝑠
0
+ 𝐾
𝑝
⋅ (SOCobj − SOC (𝑡)) . (11)

Target battery SOCobj = 0.6𝑠
0
, 𝐾
𝑝
adjusts the parameter,

𝑠
0
= 1, and𝐾

𝑝
= 1.82.

𝑠chg, 𝑠dis are the equivalent charge and discharge coeffi-
cients.

4.2. Objective Function. The energy management controller
aims to obtain minimum fuel consumption by coordinated
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Figure 4: Equivalent charge and discharge coefficients with fuel economy.

control of engine power, M1 motor power, M2 motor power,
and transmission speed position:

𝐽 = 𝑔
𝑒
+ 𝑔
𝑚1

+ 𝑔
𝑚2
,

{𝑃
opt
𝑒

(𝑡) , 𝑃
opt
𝑚1

(𝑡) , 𝑃
opt
𝑚2

(𝑡) , 𝐺
opt
ear}

= arg min
{𝑃𝑒(𝑡),𝑃𝑚1(𝑡),𝑃𝑚2(𝑡)}

𝐽 (𝑃req (𝑡) ≥ 0) ,

(12)

where 𝑔
𝑒
is the engine instantaneous fuel consumption, 𝑔

𝑚1

is the M1 motor equivalent instantaneous fuel consumption,
𝑔
𝑚2

is the M2motor equivalent instantaneous fuel consump-
tion, 𝑃opt

𝑒
is the optimal engine power output, 𝑃opt

𝑚1
is the

optimal M1 motor power output, 𝑃opt
𝑚2

is the optimal M2
motor power output, 𝐺opt

ear is the optimal gear, and 𝑃req is the
power requirement.

4.3. Constraints. In order to extend the battery life and max-
imum use of charge and discharge power in the reasonable
range, they need to limit battery SOC within a certain range:

𝑃req (𝑡) = 𝑃
𝑒
(𝑡) + 𝑃

𝑚1
(𝑡) + 𝑃

𝑚2
(𝑡) ,

SOCmin < SOC (𝑡) < SOCmax,

0 ≤ 𝑃
𝑒
(𝑡) ≤ 𝑃

𝑒 max (𝑡) ,

𝑃
𝑚1 min (𝑡) ≤ 𝑃

𝑚1
(𝑡) ≤ 𝑃

𝑚1 max (𝑡) ,

𝑃
𝑚2 min (𝑡) ≤ 𝑃

𝑚2
(𝑡) ≤ 𝑃

𝑚2 max (𝑡) .

(13)

4.4. Adaptive Equivalent Charge and Discharge Coefficients.
According to the simulation results demonstrate that differ-
ent drive cycles correspond to different optimal equivalent
charge and discharge coefficients. By choosing different
charge and discharge coefficients to simulate calculation,
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Table 3: Typical driving cycle optimal coefficients.

Typical driving cycle 𝑆chg 𝑆dis

CYC NewYorkBus 2.25 2.13
CYC NurembergR36 2.39 2.19
CYC INDIA URBAN SAMPLE 2.74 2.45
CYC SC03 2.92 2.67

Je
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𝜔e Tc
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Figure 5: Vehicle dynamics model.

the curved surface fitting shows that choosing a smaller
equivalent coefficientmeans that electric drive ismore energy
efficient in the low speed. In the high way, selecting a larger
equivalent coefficient is more efficient.

From Figure 4 fitting surfaces, you can get the lowest fuel
consumption with different charge and discharge coefficient
under each drive cycle, the optimal charge and discharge
coefficients were shown in Table 3. Then, selecting optimal
charge and discharge coefficient based on the drive cycle
recognition result to select optimal charge and discharge
coefficient. Driving cycle recognition algorithm is based on
the learning vector quantization neural network, through
selecting the best identification parameters, the optimal
identification cycle, and forecast period to identify the closest
types of drive cycle [31, 32].

5. Analytical Solution to
the Minimization Problem

5.1. Gear-Shifting Rules Based on the Minimum Equivalent
Fuel Consumption. The simplified physical model of Figure 5
was presented for the analysis of powertrain system. Accord-
ing to the mathematical model of vehicle drive system,
the establishment of kinetic equations unified a formula as
follows:

(𝐽
𝑒
+ 𝐽
𝑐
+ 𝐽
𝑚1

+
𝐽
𝑚2
𝑖
2

𝑚2
+ 𝐽
𝑜

𝑖
2

𝑔(𝑛)

)
∙

𝜔
𝑒
= 𝑇
𝑒
+ 𝑇
𝑚1

+
𝑇
𝑚2
𝑖
𝑚2

− 𝑇
𝑟

𝑖
𝑔(𝑛)

,

(14)

where 𝐽
𝑚1

is the equivalent moment of inertia of M1 motor,
𝐽
𝑚2

is the equivalent moment of inertia of M2 motor, 𝐽
𝑒
is the

equivalent moment of inertia of engine, 𝐽
𝑐
is the equivalent

moment of inertia of clutch, 𝐽
𝑜
is the equivalent moment of

inertia of the wheels and vehicle, and 𝑖
𝑚2

is the torque coupler
transmission ratio.

Figure 6: The flowchart of gear-shift rules optimization computa-
tion.
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Figure 8: The flowchart of instantaneous optimal torque distribution.

To get the lowest fuel consumption by searching for the
optimal torque distribution and gear-shifting rules, we need
to simplify the dynamic model:

(𝑇
𝑒
+ 𝑇
𝑚1
) ⋅ 𝑖
𝑔(𝑛)

= 𝑇
𝑟
− 𝑇
𝑚2
𝑖
𝑚2
,

𝜔
𝑒

𝑖
𝑔(𝑛)

=
𝜔
𝑚1

𝑖
𝑔(𝑛)

=
𝜔
𝑚2

𝑖
𝑚2

,
(15)

where𝜔
𝑚1

is theM1motor speed,𝜔
𝑚2

is theM2motor speed,
and 𝑖
𝑔(𝑛)

is the transmission gear ratio.
The flowchart of gear-shift rules optimization computa-

tion was shown in Figure 6, through the mesh generation
of engine torque and torque requirement to search for the
optimal shift points and fit these points into shift surfaces and
then to code into the controller and optimize the efficiency of
the engine and the motor.

Figure 7 represents up-shift surface from 1st gear to 2nd
gear, 2nd gear to 3rd gear, and so on at the 80% of battery
SOC:

𝑇equ req = 𝑇req − 𝑇𝑚2 ⋅ 𝑖𝑚2. (16)

Down-shift rules were to ensure the less frequent gear
shifting, but they would cause high fuel consumption (FC).
Most of them choose a reasonable negative offset velocity to
make a compromise.

5.2. Energy Management Control Strategy Based on the Mini-
mumEquivalent Fuel Consumption. This series-parallel drive
system included parallel mode 1 (engine and M2 motor)
in the low speed and parallel mode 2 (engine and M1
motor) in the high speed, by searching for the best torque
allocation rules into the real-time controller. Control strategy
will no longer distinguish electric, pure engine-driven, and
parallel mode, but through the use of three-dimensional



Mathematical Problems in Engineering 9

0
1000

2000

050100

0

100

200

300

400

500

600

700

1st
2nd
3rd

4th
5th
6th

−100

Treq (Nm)

T
e

(N
m

)

Vveh (km/h)

Figure 9: Parallel mode 1 at the 80% of battery SOC.

0
500

1000

050
100

0

100

200

300

400

500

600

700

1st
2nd
3rd

4th
5th
6th

T
e
(N

m)

Treq (Nm)Vveh (km/h)

−100

Figure 10: Parallel mode 2 at the 80% of battery SOC.

interpolation method to distribute engine torque and electric
motor torque.This strategy not only can avoid the complexity
of the drive mode and optimize torque distribution, but also
can solve the problem of tedious debugging to achieve good
simulation results.

The flowchart of instantaneous optimal torque distribu-
tion was shown in Figure 8, through the mesh generation
of engine torque, engine speed, and torque requirement to
search for the optimal torque distribution. Figure 8 proposed
the offline optimal torque distribution in the specific drive
cycle and then extracted the offline optimal control rules into
the real-time controller.

The battery SOC is divided into many different threshold
values, which corresponds with the different equivalent fuel
consumption coefficients to repetitive computation. Figures 9
and 10 show the optimal engine torques in the different gear
at the 80% of battery SOC.

6. Simulation and Experiments Validation

HIL simulation is helpful to verify the real time of control
strategy and reduce the vehicle debug cycle by verifying that
CANbus communicationworkswell in the hardware-in-loop
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system. In this research, dSPACE/simulator was selected as
HIL simulator for its high real-time performance and high
simulation precision.The HEV powertrain model was devel-
oped and then vehicle model was coded and downloaded
into simulator. TTC controller was chosen as the hybrid
vehicle controller unit (HCU) and then control algorithmwas
compiled and downloaded into TTC controller by automatic
code generation techniques [33]. Realizing the real-time
communication between the virtual vehicle simulator and the
real HCU is via CANmessages and analog signals. Simulator
test bench was displayed in Figure 12.

In order to maintain the high-fidelity virtual model in
the hardware-in-the-loop simulation system and to simulate

the real vehicle test. The HIL simulation model should make
a compromise on real-time requirements and complexity
of the model. In this study, The HEV real-time simula-
tion model includes hybrid vehicle powertrain components,
driving environment, and driver. The HEV control strategy
model includes torque requirements, torque distribution,
torque coordinating, and gear-shifting controlling. Real-time
simulation architecture was presented in Figure 11.

Figure 13(a) is the China urban driving cycle; Figure 13(b)
shows that the charge and discharge coefficients are updated
in real time by drive cycle recognition algorithm to ensure the
suboptimal torque distribution and suboptimal gear-shifting
rules. In Figure 13(d), the control strategy can ensure that the
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Figure 13: Simulation results of HEB based on the A-ECMS.

battery operates within the upper and lower bounds and can
sustain the battery SOC over the China urban driving cycle
while minimizing fuel consumption.

The distribution maps for the operating points of the
engine, M1 motor, and M2 motor are in Figure 14, which
demonstrate that the hybrid bus can be driven in pure electric
mode during low-speed driving, in parallel mode 1 during
low-speed and accelerating driving, and in parallel mode 2
during high speed under the real-time A-ECMS controller
above. Furthermore, the engine can avoid operating in the
idle region. The M2 motor in the hybrid bus should propel
the vehicle during low-speed driving and absorb regenerative

Table 4: Fuel consumption in the China urban driving cycle.

Control strategy Fuel consumption
(L/100 km) Improvement (%)

Conventional 38.92 —
Logic threshold 26.51 31.89
A-ECMS 23.13 40.57

energy during braking. It can also be used to regulate the
peak and valley load of the engine through power assist and
electricity generation.TheM1motor in the hybrid bus should
propel the vehicle during high-speed driving and regulate the
engine operating points as well, so that most of the operating
points of the engine can be moved to the high-efficiency
region. Consequently, the fuel consumption of the hybrid bus
can be significantly reduced.

Table 4 gives the fuel consumption simulation results
for the hybrid bus with different control strategies based
on the same prototype vehicle. As is shown in Table 4,
hybrid bus using the proposed real-time A-ECMS control
strategy can achieve 12.75% and 40.57% lower fuel con-
sumption compared to the hybrid bus employing the logic-
threshold control strategy and the conventional ICE bus,
respectively.

In Figure 15, we can get that the different initial SOC value
is in accordance with the fuel economy. The battery acts as
a buffer for load balancing and different battery SOC values
will lead to different energy losses for the different battery
internal resistances. The fuel economy is 23.13 L and 22.82 L
per 100 km at the initial SOC value of 0.6 and 0.7, respectively,
that are better performance than 24.62 L per 100 km at the
initial SOC value of 0.5.

7. Conclusion

A real-time ECMS was developed for a series-parallel hybrid
electric bus, and aHIL simulation systemwas constructed for
energy management strategy investigation and verification
in this study. The EMS design goal is minimizing fuel
consumption while meeting drivability requirements and
sustaining the battery SOC level; the A-ECMS was proposed
to coordinate the relationship between the gear shifting and
motor assist. At the same time, in order to realize adaptive
control under different drive cycles, drive cycle recognition
was presented to update the charge and discharge coefficients
so as to achieve better fuel economy in each drive cycle.

The HIL simulation results demonstrated that the fuel
consumption of the hybrid bus with real-time A-ECMS con-
trol strategy can be reduced by 12.75% and 40.57% compared
to the hybrid electric bus with the logic-threshold control
strategy and the conventional ICE bus, respectively.

The real-time optimization control strategy plays an
important role in the vehicle fuel economy improvement;
the successful application of A-ECMS control strategy in the
series-parallel hybrid electric bus provides good support for
the vehicle experiment. In the next step in our work, we will
have a trial that implements the proposed A-ECMS control
strategy in a real controller with a real-world application.
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Figure 14: Power source operating points distribution.
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Nomenclature

ECMS: Equivalent consumption minimization
strategy

EMS: Energy management strategy
HEV: Hybrid electric vehicle
DP: Dynamic programming
SDP: Stochastic dynamic programming
PMP: Pontryagin minimum principle
HIL: Hardware-in-the-loop
ECU: Electronic control unit
HCU: Hybrid vehicle controller unit
HEB: Hybrid electric bus
AMT: Automated mechanical transmission
SOC: State of charge
TCU: Transmission control unit
BSFC: Brake specific fuel consumption
PNGV: Partnership for a New Generation of

Vehicles
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A-ECMS: Adaptive equivalent consumption
minimization strategy

CAN: Controller area network.
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Vehicle type recognition is a demanding application of wireless sensor networks (WSN). In many cases, sensor nodes detect and
recognize vehicles from their acoustic or seismic signals using wavelet based or spectral feature extractionmethods. Suchmethods,
while providing convincing results, are quite demanding in computational power and energy and are difficult to implement on
low-cost sensor nodes with limitation resources. In this paper, we investigate the use of time encoded signal processing (TESP)
algorithm for vehicle type recognition.The conventional TESP algorithm, which is effective for the speech signal feature extraction,
however, is not suitable for the vehicle sound signal which is more complex. To solve this problem, an improved time encoded
signal processing (ITESP) is proposed as the feature extraction method according to the characteristics of the vehicle sound signal.
Recognition procedure is accomplished using the support vector machine (SVM) and the 𝑘-nearest neighbor (KNN) classifier.The
experimental results indicate that the vehicle type recognition systemwith ITESP features give much better performance compared
with the conventional TESP based features.

1. Introduction

Along with the development of communication technology,
wireless sensor network (WSN) is playing an increasingly
important role in our daily life. Recent advances in wireless
communications, electronics, and ubiquitous computing, in
combination with intensive research on the field of WSN,
have changed the way we interact with the physical environ-
ment [1–3]. Vehicle type recognition, which can be used in
intrusion detection, transportation, and border monitoring,
is a significant and demanding application of WSN. In most
cases, the usage of fast Fourier transform (FFT) [4], wavelet
transform (WT) [5, 6], and Hilbert-Huang transform (HHT)
[7] to extract the frequency or time-frequency features of
the signals acquired from the acoustic and seismic sen-
sors is a common approach for the vehicle recognition.
These methods, while providing convincing results, are quite
demanding in computational power and energy and are
difficult to implement on low-cost sensor nodes with limited
resources. In WSN, the sensor nodes usually process signals

locally to come to a decision rather than transmitting the
measurements. Due to network bandwidth limitation and
energy consumption of sensor nodes, we usually wish to use
low-complexity and low-energy consumption algorithms to
recognize the vehicle type [8]. In this paper, we investigate the
use of time-domain encoding and feature extractionmethods
and propose an improved time encoded signal processing
(ITESP) algorithm. The conventional time encoded signal
processing (TESP) algorithm, which uses a symbol table with
29 characters to encode the time-domain information of the
signal, has performed well in speech recognition [9]. The
advantage of the method is its computational simplicity and
low memory requirements. However, it turns out that TESP
is not suitable for the vehicle sound signal which is more
complex. To solve this problem, the improved time encoded
signal processing feature extraction method is proposed for
the vehicle sound signal recognition. Figure 1 shows the flow
chart of vehicle type recognition system based on ITESP
algorithm.
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Figure 1: Flow chart of vehicle type recognition system based on ITESP algorithm.

The rest of the paper is organized as follows. In Section 2,
the methodologies of TESP and ITESP algorithms are
discussed, respectively. Section 3 describes the simulation
experiments of feature extraction based on ITESP algorithm.
The experimental results on the recognition performance of
the feature extraction methods are discussed in Section 4.
Finally, Section 5 presents discussion and conclusion.

2. Methodology

2.1. TESP Algorithm. TESP is a digital language that origi-
nated as a means of coding signals for speech recognition,
and it describes signal waveforms according to its real and
complex zeros based on a mathematical waveforms repre-
sentation. TESP quantisation procedure has been developed
to encode signals according to the period between two
consecutive zero-crossings and the shape of the curve thus
contained [10]. This period is named an epoch. The TESP
procedure can be described using four simple steps.

Step 1. Divide the signal into successive epochs.

Step 2. Characterize each epoch with two descriptors, dura-
tion and shape, as follows.

(i) Duration (𝐷) which is the number of samples
between two successive real zeros and provides infor-
mation on the fundamental frequency of the wave-
form.

(ii) Shape (𝑆) which is the number of local minima (for a
positive epoch) or the number of local maxima (for
a negative epoch). The shape of an epoch contains
harmonic information of the signal.

Step 3. Map each epoch, from its corresponding𝐷/𝑆 descrip-
tors, to a predefined symbol table.

The encoding procedure results in the mapping of every
epoch of the waveform in a two-dimensional space with
dimensions of max(𝐷) × max(𝑆). This bidimensional space
can get very large and depends on the bandwidth and the
complexity of the signal. To reduce the number of descriptors
needed, a quantization method is used to create a one-
dimensional symbol stream from the two-dimensional space.
𝐷/𝑆 pairs are mapped to a character using a symbol table
created beforehand, to approximate the𝐷/𝑆 space using fewer
characters [11].

Positive minima = 2

Zero crossing
duration = 17

Figure 2: TESP single epoch with 𝐷 = 17, 𝑆 = 2.

Step 4. Create a fixed-dimensions matrix containing the
appearance probability of each symbol in the entire wave-
form. This matrix will be used for the recognition task.

To make the methodology more clear, here we give an
example [10]. Figure 2 shows an epoch encoded into its TESP
parameters where𝐷 = 17 and 𝑆 = 2.

The encoding of a waveform using the aforementioned
coding scheme results in a one-dimensional symbol stream.
This symbol stream can be further manipulated to create
a one-dimensional 𝑀-size matrix (where 𝑀 is the total
number of the characters in the symbol table) which contains
the number of appearances of each symbol in the symbol
stream, called 𝑆-matrix. It can be created using the following
expression:

𝑆 (𝑖) =

𝑁

∑

𝑗=1

𝑓 (𝑥 (𝑗)) , 1 ≤ 𝑖 ≤ 𝑀, (1)

where 𝑆(𝑖), 𝑗, and𝑁 represent the 𝑖th element of 𝑆-matrix, the
𝑗th epoch of the signal, and the number of total epochs in the
waveform, respectively. 𝑥(𝑗) is the symbol describing the 𝑗th
epoch:

𝑓 (𝑥 (𝑗)) = {
1, 𝑥 (𝑗) = 𝑖,

0, otherwise.
(2)

2.2. ITESP Algorithm. In conventional TESP algorithm, the
standard symbol table used in Step 3, which contains 29
characters, has been found to be sufficient for speech signals
description, but may not be suitable for the vehicle sound
signal which is more complex. In this paper, according to
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Figure 3: Flow chart of feature extraction based on ITESP algo-
rithm.

the characteristics of the vehicle sound signals, an extensional
symbol table with 40 characters is designed, and then based
on the symbol stream which is encoded by the symbol
table, the one-dimensional 𝑆-matrix is constructed using the
appearance probability of each symbol. Meanwhile, using
the appearance probability of the two identical consecutive
symbols, the two-dimensional 𝐴-matrix is constructed as
well in order to obtain more accurate features of the signal.
The flow chart of feature extraction procedure based on
ITESP algorithm is shown in Figure 3.

3. Simulation Experiment of
Feature Extraction

3.1. Data Acquisition. In this paper, the sound signals of
two typical vehicles types (wheeled vehicles and tracked
vehicles) are selected as samples to evaluate the performance
of the feature extractionmethod.Thewheeled vehicles sound
signals were recorded during a real world WSN experiment
at Chengdu, China, and the data set was gathered from 15
microphone sensors which were deployed at three different
roads. All the signals studied were sampled at 22050Hz
and quantized with 8 bits per sample. Since most of the
tracked vehicles are military vehicles which are difficult for
acquisition in real environment, the sound signals of tracked
vehicle were downloaded from the sensor website.The sensor
website indicates that the tracked vehicle data is gathered
from two different sensor types: geophone and microphone,
each sampled at 4096Hzwith 16-bit accuracy. Figure 4 shows
the comparison between the two types of vehicle signal in
time domain.

Table 1: Standard symbol table using 29 characters.

𝐷
𝑆

0 1 2 3 4 5
1 1
2 2 2
3 3 3 3
4 4 4 4 4
5 5 5 5 5 5
6 6 6 6 6 6 6
...

...
...

...
...

...
...

34 24 25 26 27 28 29
35 24 25 26 27 28 29

3.2. Signal Preprocessing. To reduce the complexity of data
processing, the downsampling frequency of 4096Hz is firstly
employed. Moreover, the vehicle sound signals must be
filtered before the encoding procedure for threemain reasons
as follows.

(1) To minimize the number of symbols needed for the
symbol table by keeping only the important frequency
range of the signal. In this way the dimensions of the
𝑆-matrix are minimized.

(2) To eliminate high frequency “flicker” on the wave-
formwhich can be translated to localminima ormax-
ima inside an epoch, thus increasing its 𝑆 descriptor.

(3) To prevent the introduction of quantization noise.

By analyzing the main noise source of the sound signals,
we find that the frequencies of the vehicle sounds are mainly
below 800Hz. Therefore, an 800Hz low-pass Butterworth
filter is employed accordingly. Furthermore, frequency com-
ponents below 50Hz for the vehicle sound signals are not
very important in recognition task [12]. Such low frequency
signals can be ignored without decreasing performance,
which can significantly reduce the maximum value of 𝐷
descriptor.

3.3. Feature Extraction Based on ITESP

3.3.1. One-Dimensional 𝑆-Matrix. The recognition perfor-
mance and the 𝑆-matrix length depend on the symbol table
used. In most cases of speech recognition, a standard 29-
character symbol table shown inTable 1 is employed, allowing
for a maximum𝐷 of 35 and a maximum 𝑆 of 5. The standard
symbol table is optimized for speech signals. However, its
performance in vehicle sound signals should be examined.
Figure 5 shows the 𝑆-matrices of the two types of vehicle
sound signal based on 29-character symbol table.

As can be seen from Figure 5, the differences between the
appearance probabilities for the two-type sound signals are
small and scattered, which could not be used to obtain high
recognition rate in theory.Themain reason of the undesirable
𝑆-matrices is that the standard 29-character symbol table
is not suitable for the vehicle sound signal which is quite
different from the speech signal in frequency distribution.
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Figure 4: Time-domain graphs of the two types of vehicle sound signal.
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Figure 5: 𝑆-Matrices of the two types of vehicle sound signal based on 29-character symbol table.

Compared with the low-frequency part of speech signal, its
counterpart of vehicle sound signal is lower, which means
more 𝐷 is needed to describe the waveforms. Besides, the
vehicle sound signal contains more harmonic component;
consequently, the numeric values of 𝑆 should be a little larger.
According to the characteristics of the vehicle sound signal,
an extensional symbol table using 40 characters is designed to
obtain more effective 𝑆-matrix. Table 2 shows the extensional
40-character symbol table.

Compared with Table 1, the characters in Table 2 change
more frequently with the increase of 𝐷 and 𝑆, resulting in
higher separability of different𝐷/𝑆 descriptors. For the vehi-
cle sound signal that contains more harmonic information,

using the extensional symbol table can obtain more time-
domain features of the signal.The 𝑆-matrices of the two types
of vehicle sound signal based on 40-character symbol table
are shown in Figure 6.

Figure 6 indicates that, after encoding the signal using
the 40-character symbol table, the 𝑆-matrix possesses enough
difference from the different signals. Thus, we can assume
that 𝑆-matrices abstracted fromwheeled vehicles and tracked
vehicles are different enough to enable recognition.

3.3.2. Two-Dimensional𝐴-Matrix. Using the extensional 40-
character symbol table, the sound signal is encoded and
a one-dimensional symbol stream is generated accordingly.
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Figure 6: 𝑆-Matrices of the two types of vehicle sound signal based on 40-character symbol table.
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Figure 7: 𝐴-Matrices features distribution of the two types of vehicle sound signal.

In Section 3.3.1, the 𝑆-matrix is obtained by calculating the
appearance probability of each symbol. In order to obtain
more accurate time-domain features of the signal, we use
the appearance probability of the two identical consecutive
symbols to construct the two-dimensional𝐴-matrix. Figure 7
shows the𝐴-matrices features distribution of the two types of
vehicle sound signal, where the 𝑥-axis and 𝑦-axis represent
the symbols while the 𝑧-axis represents the appearance
probability.

As can be seen from Figure 7, the two-dimensional 𝐴-
matrices of the wheeled and tracked vehicle sound signals
present obvious feature distribution differences from each

other. Compared with the one-dimensional 𝑆-matrix, 𝐴-
matrix not only shows the probability features of each symbol
but also presents the spatial probability features of the sym-
bols. Thus, more accurate time-domain features of the signal
are obtained, which can further improve the recognition
performance.

4. Recognition Experimental Results

After the extraction of the time-domain features from 𝑆-
matrix and𝐴-matrix based on ITESP, respectively, the classi-
fier is employed to evaluate the performance of the proposed
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Table 2: Extensional symbol table using 40 characters.

𝐷
𝑆

0 1 2 3 4 5
1 1
2 1 1
3 2 2 2
4 3 3 3 4
5 4 4 5 5 5
6 5 5 6 6 6 6
...

...
...

...
...

...
...

36 34 35 36 37 38 39
37 35 36 37 38 39 40

algorithms. In this paper, we design two classifiers for
comparison, that is, 𝑘-nearest neighbor (KNN) classifier and
support machine vector (SVM).

4.1. 𝑘-Nearest Neighbor Algorithm. In pattern recognition,
theKNNalgorithm is a nonparametricmethod for classifying
objects based on closest training examples in the feature
space [13]. KNN is a type of instance-based learning, or lazy
learning, where the function is only approximated locally
and all computation is deferred until classification.The KNN
algorithm is amongst the simplest of all machine learning
algorithms: an object is classified by a majority vote of its
neighbors, with the object being assigned to the class most
common amongst its 𝑘-nearest neighbors (𝑘 is a positive
integer, typically small). If 𝑘 = 1, then the object is
simply assigned to the class of that single nearest neighbor.
KNN algorithm has been extensively studied in the field of
computational geometry and used in many applications [14].

4.2. Support Vector Machine. SVM, originally introduced by
Vapnik, has been shown to be effective in learning linear
and nonlinear decision boundaries and is successfully used
in many applications [15–18]. SVM performs classification
by constructing an𝑁-dimensional hyperplane that optimally
separates the data into two categories. SVM models are
closely related to neural networks. In fact, a SVM model
using a sigmoid kernel function is equivalent to a two-
layer, perceptron neural network. SVM has been used very
successfully in recent years as a substitute to neural networks.
A basic SVM can handle only two-class classification. To
use SVM in multiclass classification, the problem must be
broken down into several two-class classification tasks. The
effectiveness of SVM depends on the selection of kernel, the
kernel’s parameters, and softmargin parameter𝐶. A common
choice is a Gaussian kernel, which has a single parameter 𝜎.
In this paper, the SVMalgorithm is implemented by using the
Gaussian kernel defined by

𝑘 (𝑥, 𝑦) = exp(
󵄩󵄩󵄩󵄩𝑥 − 𝑦
󵄩󵄩󵄩󵄩

2

2𝜎2
) , (3)

where 𝜎 is a user-defined variance parameter. The best
combination of 𝐶 and 𝜎 is often selected by a grid search

with exponentially growing sequences of 𝐶 and 𝜎. Typically,
each combination of parameter choices is checked using cross
validation, and the parameters with best cross validation
accuracy are picked.The finalmodel, which is used for testing
and for classifying new data, is then trained on the whole
training set using the selected parameters.

4.3. Recognition Results. In the recognition experiments,
for the wheeled vehicle type, a heavy wheeled truck and
a sedan car are recorded while moving on the roads for
multiple times. The sound signals of tracked vehicle type we
downloaded from the sensor website also involve different
types. After that, we selected 80 signals for each vehicle type
as the recognition experimental dataset which is randomly
divided into two subsets: 30 for training and the other 50
for validation to study the recognition performance. The
recognition rate is defined as the percentage ratio of the
number of vehicle sounds correctly recognized to the total
number of sounds considered for recognition. To evaluate the
performance of the proposed ITESP algorithm, we take the
conventional TESP algorithm based on 29-character symbol
table for comparison. The computational time is measured
on a laptop with an Intel i3-2310M 2.1 GHz processor using
MATLAB commands tic and toc. Tables 3 and 4 show
the comparison of the recognition results using different
feature extractionmethods based onKNNclassifier and SVM
classifier, respectively.

From Tables 3 and 4, we can see that, for the two
types of classifiers, the SVM exhibits better performance
than KNN in both recognition rate and computational time,
indicating that SVM classifier is more suitable for vehicle
sound recognition system. On the other hand, for the three
feature extraction methods, the ITESP algorithm (including
40-character based 𝑆-matrix and 40-character based 𝐴-
matrix) obtains much higher recognition rate than TESP
algorithm. Compared with the recognition rate based on the
conventional TESP algorithm (51%), the recognition rates
using the proposed 𝑆-matrix and𝐴-matrix are up to 84% and
87%, respectively. However, the computational time based
on 𝐴-matrix (2.37 s) is longer than that of 𝑆-matrix (0.79 s).
Therefore, the selection between the 𝑆-matrix and the 𝐴-
matrix as the feature extractionmethod should depend on the
actual demand of the recognition system for the recognition
rate or the computational time.

However, as to the entire vehicle type recognition WSN
system, the sensor network lifetime mainly depends on the
energy consumption due to the difficulty in charging batteries
[19]. Next, in the same sensor network, we compare the
energy performances of the network that using the time-
domain signal processing method based on ITESP algorithm
and using the time-frequency domain signal processing
method based on wavelet transform (WT).The initial energy
of the network is set to 200 J. The comparison of the residual
energy with the network lifetime is shown in Figure 8.

Figure 8 shows that the energy consumption ratio of the
WSN system using WT is much quicker than that using the
ITESP algorithm, indicating that the vehicle type recognition
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Table 3: Comparison of the recognition results using three feature extraction methods based on KNN classifier.

KNN classifier
Feature extraction methods

TESP algorithm ITESP algorithm
29-character based 𝑆-matrix 40-character based 𝑆-matrix 40-character based 𝐴-matrix

Wheeled vehicles 48% 76% 88%
Tracked vehicles 54% 84% 82%
Average recognition rate 52% 80% 85%
Average computational time 0.63 s 0.81 s 2.55 s

Table 4: Comparison of the recognition results using three feature extraction methods based on SVM classifier.

SVM classifier
Feature extraction methods

TESP algorithm ITESP algorithm
29-character based 𝑆-matrix 40-character based 𝑆-matrix 40-character based 𝐴-matrix

Wheeled vehicles 52% 82% 90%
Tracked vehicles 50% 86% 84%
Average recognition rate 51% 84% 87%
Average computational time 0.82 s 0.79 s 2.37 s
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Figure 8: Comparison of the residual energy with the network
lifetime.

WSN system based on ITESP can save network energy and
extend the life cycle of network more effectively.

5. Conclusion

In this paper, we presented a promising method for vehicle
type recognition, using the improved time encoded signal
processing (ITESP) for signal encoding and support vector
machine for classification. Aiming at the problem that the
conventional TESP algorithm was effective for the speech
signal feature extraction but not suitable for the vehicle sound
signal, we designed an extensional 40-character symbol table,
and then used the symbol stream which was encoded by
the symbol table to construct one-dimensional 𝑆-matrix and

two-dimensional 𝐴-matrix, respectively, as the time-domain
features of the sound signal. Experimental results indicated
that the ITESP methods provided higher recognition rates
between two types of vehicles (wheeled type and tracked
type) using their sound signature. Compared with the feature
extraction method based on time-frequency domain analysis
(WT), the ITESP algorithm needs less energy consumption.
Our future work will focus on the recognition performance
using more vehicle types, hardware implementation of the
classifiers on the prototype sensor nodes, and field testing of
the system.
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This paper considers the analysis and synthesis of a linear discrete asynchronous multirate sampled-data system. An𝐻
∞
controller

based on an observer is proposed, which guarantees the stability of the closed system andmakes the𝐻
∞
norm of the closed system

less than a given attenuation level. To improve the performance further, a tradeoff strategy is applied.That is, the exogenous signals
sampled at different rates are lifted to an appropriate signal rate, while the endogenous signals are not lifted for avoiding the causal
constraint and the dimension multiplied again. The controller is obtained by solving the corresponding matrix inequality, which
can be calculated by Matlab. Finally, an example is presented to demonstrate the validity of these methods.

1. Introduction

Sampled-data control systems, which provide digital control
techniques, and emergedwith the development of computers,
have been long studied by many researchers [1, 2]. Multirate
sampled-data control systems are required when the signals
of interest are sampled at different rates compared with
others. There are two primary reasons for this requirement.
First, it has been shown that multirate sampling can improve
the closed-loop control performance significantly. Second,
technological or economic constraints in some real appli-
cations necessitate the use of control schemes where sensor
measurements and control inputs have to be performed
at different sampling rates. Figure 1 shows an ideal model
of a standard multirate sampled-data control system. For
example, in hybrid electric vehicles, a hierarchical controller
is designed to decide the torque demands ofmotor, generator,
internal combustion engine, andmechanical brake according
to the driver’s torque demand, speed of vehicle, and battery’s
state of charge (SOC), where the SOC is estimated by battery
management system (BMS) and the speed of vehicle is fed by
sensor [3]. As a large-scale and complex system, the sensors
and control inputs of subsystems are difficult to be performed

at the same sampling rates; thus a multirate sampled-data
system will be a better choice for modeling.

Multirate systems have been studied since the late 1950s,
resulting in the development and application of various
sampling methods. Classical approaches include the lifting
method, 𝐻

2
/𝐻
∞

control [4, 5], LMI method [6], prediction
control, LQG control, iterative control [7], and parameter
estimation [8]. Among these, the lifting method [9] is a vital
tool for studying multirate systems, whereby such systems
can be changed into single-rate systems. This method can
improve the performance of a plant to some extent [10].
However, during the lifting process the dimensions of the
system will be multiplied and it is increasingly difficult to
analyze the new system effectively, especially systems with
very different sampling rates, which can lead to the “model
explosion” problem. 𝐻

2
/𝐻
∞

control is a useful method for
analyzing systems and for synthesizing control problems
based on the lifting technique, and LMI tools can be used
to solve the inequalities [11]. By the way in real applications,
fast-input and slow-output is a good way of improving the
performance of the system, and this mechanism and its
results have been discussed in previous studies [12, 13].

Most of lifting methods require that all signals should be
sampled and held during the same time slot [1, 2, 9, 10, 14, 15].
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That is, at a specific 𝑘,

𝑆 (𝑘𝑇) = diag {[𝐼
1
0 ⋅ ⋅ ⋅ 0]

𝑇
1

, [𝐼
2
0 ⋅ ⋅ ⋅ 0]

𝑇
2

, . . . ,

[𝐼
𝑝

0 ⋅ ⋅ ⋅ 0]
𝑇
𝑝

} ,

𝐻 (𝑘𝑇̃) = diag {[𝐼
1
⋅ ⋅ ⋅ 𝐼
1
]
󸀠

̃
𝑇
1

, [𝐼
2
⋅ ⋅ ⋅ 𝐼
2
]
󸀠

̃
𝑇
2

, . . . ,

[𝐼
𝑞
⋅ ⋅ ⋅ 𝐼
𝑞
]
󸀠

̃
𝑇
𝑞

} ,

(1)

where 𝐼
𝑖
, 𝑖 = 1, 2, . . . , 𝑝(𝑞), are unit matrices and 𝑇, 𝑇

𝑖
,

𝑇̃ and 𝑇̃
𝑖
, will be defined in Section 2. However, in most

actual situations, this condition cannot be satisfied because
the overall system lacks a slot when the entire signal can be
sampled or held, and there is a class of multirate systems that
each output of them has its own frequency of measurement
and each input has its own frequency of updating [16–19]. A
system with this type of sampling mechanism is referred to
as asynchronous system in this paper. The traditional lifting
technique is not applicable for the sampling frequencies of the
sampling and holding elements are incommensurate [4, 20].

LQG control based on an observer is an effective method
for reducing the dimensions of a multirate system with-
out using the lifting technique [14, 21]. An LQG optimal
controller derived is periodic and can guarantee the overall
closed-loop stability. To compensate for the skewed input
signal caused by slow-output feedback, only the input signal
is supplemented by the observer. However, in the previous
results, the controller and observer are designed separately,
which may result in conservativeness.

Based on the methods mentioned above, the design of
a controller for a multirate sampled-data system that does
not multiply the dimensions necessitates the synthesis of
various appropriate measures. In this paper, we propose an
observer-based 𝐻

∞
method for analysis and synthesis of

linear discrete asynchronousmultirate sampled-data systems.
In contrast to the traditional lifting method, the control
inputs and measured outputs are not lifted to avoid the
dimension multiplication and causal constraints. However,
the exogenous system signals are lifted rationally to change
the system into a fast-input-slow-output system. The con-
troller can be obtained by solving an inequality with LMI
tools of Matlab. Although the inequality is nonlinear, it can
be calculated linearly under a constraint [22]. The approach
proposed in this paper is different from the observer-based
LQG method in [21]. Here, the controller and observer are
obtained simultaneously by solving amatrix inequality under
the same optimal performance constraint, thus reducing the
conservativeness and improving the system performance.
In addition, the concept of asynchronism in this paper is
different from those in [23, 24], and so forth, where the
sampling at sensors is assumed to be asynchronized with
time-varying delay and it falls into the framework of time-
delay systems, not the multirate sampled-data systems.

The remainder of this paper is organized as follows.
Section 2 provides a description of the multirate system
and its background, including lemmas and definitions. In

w z

u y

G

K

H1Hq

Tm1Tn1Tnq Tmp

SpS1· · · · · ·

Figure 1: Multirate sampled-data system.

Signal 1
Signal 2
Signal 3

0 1 2 3 4 5 6 7 8 9 . . .

Time slot

Figure 2: Asynchronous signals from the sampler or the holder.

Section 3, the main results obtained using the synthesis
methods are presented. In Section 4, a simulated numerical
example is provided to demonstrate the effectiveness of the
method. Finally, Section 5 concludes the paper.

2. System Descriptions

Definition 1. A multirate sampled-data system is called an
asynchronous system if the signals from its sampler or holder
cannot be obtained simultaneously during any time slot.

For example, as shown in Figure 2, Signal 1 and Signal 2
are the signals of the sampler and the holder with period 3,
respectively, while Signal 3 is the signal with period 2. Thus,
they cannot be obtained simultaneously during any time slot
because the odd period signals appear alternately. In Figure 2,
the filled circles indicate that the signal is sampled or held in
the slot, whereas the hollow cylinders indicate that the signal
is not sampled or held. Therefore, this system cannot satisfy
the assumptionmentioned inmost previous studies where all
signals can be sampled or held during the same time slot.

We consider a linear discrete asynchronous multirate
sampled-data system:

𝑥 (𝑘 + 1) = 𝐴𝑥 (𝑘) + 𝐵𝑢 (𝑘) + 𝑀
1
𝑤 (𝑘) ,

𝑧 (𝑘) = 𝐶𝑥 (𝑘) +𝑀
2
𝑤 (𝑘) ,

𝑦 (𝑘) = 𝑆 (𝑘) 𝑧 (𝑘) ,

(2)

where 𝑘 ∈ N, 𝑥(𝑘) ∈ R𝑛, 𝑢(𝑘) ∈ R𝑞, 𝑧(𝑘) ∈ R𝑝, 𝑤(𝑘) ∈

R𝑙, 𝑥(0) = 𝑥
0
, |𝑀
2
| ̸= 0, 𝑆(𝑘) is a sampling device, 𝑦(𝑘) is the

output measured vector, and 𝑥
0
is the initial state.

Assume that the 𝑖th component 𝑢
𝑖
(𝑘), 𝑖 = 1, 2, . . . , 𝑞, of

the input vector 𝑢(𝑘) can be modified every 𝑇̃
𝑖
time instant
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𝑇̃
𝑖
∈ Z+. Then, 𝑢(𝑘) is the output of the following discrete-

time period system, which is defined as the input-holding
mechanism:

V (𝑘 + 1) = (𝐼 − 𝐻 (𝑘)) V (𝑘) + 𝐻 (𝑘) 𝑟 (𝑘) ,

𝑢 (𝑘) = (𝐼 − 𝐻 (𝑘)) V (𝑘) + 𝐻 (𝑘) 𝑟 (𝑘) ,

(3)

where

𝐻(𝑘) = diag {ℎ
1
(𝑘) , ℎ

2
(𝑘) , . . . , ℎ

𝑞
(k)} ,

ℎ
𝑖
(𝑘) = {

1 𝑘 = 𝑗𝑇̃
𝑖
+ 𝜏
𝑖
,

0 𝑘 ̸= 𝑗𝑇̃
𝑖
+ 𝜏
𝑖
,

𝑗 integer,
(4)

where V(𝑘) := [V
1
(𝑘) V

2
(𝑘) ⋅ ⋅ ⋅ V

𝑞
(𝑘)]
󸀠 is a new state

variable and 𝑟(𝑘) := [𝑟
1
(𝑘) 𝑟
2
(𝑘) ⋅ ⋅ ⋅ 𝑟

𝑞
(𝑘)]
󸀠 is a new input

variable. The integer 0 ≤ 𝜏
𝑖
< 𝑇̃
𝑖
(𝑖 = 1, 2, . . . , 𝑞) describes the

skew of the inputs-holding mechanism.
Then, matrix𝐻(⋅) and system (2) have a period of 𝑇̃, and

𝑇̃ := l.c.m.
𝑖=1,2,...,𝑞

{𝑇̃
𝑖
} . (5)

Similarly, the output sampling mechanism is given as

𝑆 (𝑘) = diag {V
1
(𝑘) , V
2
(𝑘) , . . . , V

𝑝
(𝑘)} , (6)

where

V
𝑖
(𝑘) = {

1 𝑘 = 𝑗𝑇
𝑖
+ 𝜏
𝑖
,

0 𝑘 ̸= 𝑗𝑇
𝑖
+ 𝜏
𝑖
,

𝑗 integer, (7)

where 0 ≤ 𝜏
𝑖
< 𝑇
𝑖
(𝑖 = 1, 2, . . . , 𝑝) indicates the skew of the

outputs mechanism.
Matrix 𝑆(⋅) has a 𝑇-period, and

𝑇 := l.c.m.
𝑖=1,2,...,𝑝

{𝑇
𝑖
} . (8)

After combining (2) and (3), we obtain a new sampling-
holding system:

𝜉 (𝑘 + 1) = Φ (𝑘) 𝜉 (𝑘) + Γ (𝑘) 𝑟 (𝑘) + Ψ𝑤 (𝑘) ,

𝑧 (𝑘) = Υ𝜉 (𝑘) + 𝑀
2
𝑤 (𝑘) ,

𝑦 (𝑘) = Δ (𝑘) 𝜉 (𝑘) + Ω (𝑘)𝑤 (𝑘) ,

(9)

where

𝜉 (𝑘) := [
𝑥 (𝑘)

V (𝑘)] , Φ (𝑘) := [
𝐴 𝐵 (𝐼 − 𝐻 (𝑘))

0 𝐼 − 𝐻 (𝑘)
] ,

Γ (𝑘) := [
𝐵

𝐼
]𝐻 (𝑘) , Ψ := [

𝑀
1

0
] ,

Υ := [𝐶 0] , Δ (𝑘) := [𝑆 (𝑘) 𝐶 0] ,

Ω (𝑘) := 𝑆 (𝑘)𝑀
2
.

(10)

Based on the 𝑇̃ of matrix 𝐻(⋅) and the 𝑇 of matrix 𝑆(⋅),
system (9) has the period of

𝑇 := l.c.m. {𝑇̃, 𝑇} . (11)

The state observer of system (2) is

𝑥 (𝑘 + 1) = 𝐴𝑥 (𝑘) + 𝐵𝑢 (𝑘) + 𝐿 (𝑘) ⋅ [𝑦 (𝑘) − 𝑆 (𝑘) 𝐶𝑥 (𝑘)] ,

(12)

where 𝐿(𝑘) asymptotically stabilizes system (12).
The observer-based controller is chosen as

𝑟 (𝑘) = 𝐾 (𝑘) 𝜉 (𝑘) , (13)

where 𝜉(𝑘) := [
𝑥(𝑘)

V(𝑘) ].
The state error is defined as

𝑒 (𝑘) := 𝑥 (𝑘) − 𝑥 (𝑘) . (14)

According to (2), (12) and (14), the following equation can
be obtained:

𝑒 (𝑘 + 1) = [𝐴 − 𝐿 (𝑘) 𝑆 (𝑘) 𝐶] 𝑒 (𝑘)

+ (𝑀
1
− 𝐿 (𝑘) 𝑆 (𝑘)𝑀

2
) 𝑤 (𝑘) .

(15)

Combining (9), (13), and (15) yields

[
𝜉 (𝑘 + 1)

𝑒 (𝑘 + 1)
] = 𝐴[

𝜉 (𝑘)

𝑒 (𝑘)
] + 𝐵𝑤 (𝑘) ,

𝑧 (𝑘) = 𝐶 [
𝜉 (𝑘)

𝑒 (𝑘)
] + 𝐷𝑤 (𝑘) ,

(16)

where

𝐴 :=
[
[

[

Φ (𝑘) + Γ (𝑘)𝐾 (𝑘) −Γ (𝑘)𝐾 (𝑘) [
𝐼
2

0
]

0 𝐴 − 𝐿 (𝑘) 𝑆 (𝑘) 𝐶

]
]

]

,

𝐵 := [
Ψ

𝑀
1
− 𝐿 (𝑘) 𝑆 (𝑘)𝑀

2

] ,

𝐶 := [Υ 0] , 𝐷 := 𝑀
2
.

(17)

Lemma 2 (see [21, 25] ). If

(i) the pair (𝐴, 𝐵) is stabilizable,
(ii) the pair (𝐴,𝑀

1
) is stabilizable,

(iii) the pair (𝐴, 𝐶) is detectable,
(iv) for any pair of distinct eigenvalues of 𝐴, 𝜆

𝑖
and 𝜆

𝑗
,

|𝜆
𝑖
| ≥ 1, |𝜆

𝑗
| ≥ 1, it follows that 𝜆̃𝑇

𝑖
̸= 𝜆
̃
𝑇

𝑗
,

(v) there is no eigenvalue 𝜆 of 𝐴, 𝜆 ̸= 1, such that 𝜆̃𝑇 = 1,

then the pairs (Φ(𝑘), Γ(𝑘)) and (Φ(𝑘), Ψ) are controllable, and
the pair (Φ(𝑘), Υ) is detectable.
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Lemma 3 (see [10] (the Bounded Real Lemma) ). For a given
scalar 𝛾 > 0, if there is a matrix 𝑋 = 𝑋

󸀠

> 0 that satisfies the
matrix inequality

[
[
[

[

𝑋 𝐴𝑋 𝐵 0

𝑋𝐴
󸀠

𝑋 0 𝑋𝐶
󸀠

𝐵
󸀠

0 𝛾𝐼 𝐷
󸀠

0 𝐶𝑋 𝐷 𝛾𝐼

]
]
]

]

> 0, (18)

then the system (16) is asynchronously stable and it achieves a
specified attenuation level 𝛾 > 0, such that ‖𝑇

𝑧𝑤
‖
∞

< 𝛾.

3. Main Results

For the linear discrete asynchronous multirate sampled-
data system (9), the exogenous parts of the system are
lifted to improve its performance. To avoid multiplying the
dimensions of the control inputs and measured outputs, we
do not lift them, thereby avoiding causal constraints of the
traditional lifting method.

If we assume that there is an underlying clock with a base
period of 𝜏, then system (9) represents a fast discrete system

with a subperiod of 𝜏/𝑚 for the discrete process described
in [9]. The sampler 𝑆

𝑎
samples the continuous signal 𝑤 for a

discrete 𝑎-period and the holder 𝐻
𝑏
holds the output signal

𝑧 during period 𝑏. The rates of the sampler and the holder
can be set at different flexible rates; that is, 𝑎 ̸= 𝑏. If we
select (13) as the new input, 𝐾(𝑘) is the controller of system
(9).

These concepts are described in Figure 3, where

𝑚 := l.c.m. {𝑎, 𝑏} . (19)

Theorem 4. Consider the sampled-data system (9) with the
lifting process shown in Figure 3. For a given attenuation
level 𝛾 > 0, if there exist matrices 𝑋

1
(𝑘) = 𝑋

󸀠

1
(𝑘) >

0, 𝑋
2
(𝑘) = 𝑋

󸀠

2
(𝑘) > 0, 𝐾(𝑘), and 𝐿(𝑘) (𝑘 = 0, . . . , 𝑁

denotes the iteration time), which are suboptimal solutions of
the inequalities below, then the closed system of (9) with the
controller (13) is asynchronously stable and satisfies the 𝐻

∞

norm constraint ‖𝑇
𝑧𝑤
‖
∞

< 𝛾:

[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

𝑋
1
(𝑘) 0 𝐴

𝑑
+ 𝐵
2𝑑
𝐾 (𝑘) −𝐵

2𝑑
𝐾 (𝑘) [

𝐼
2

0
] 𝐵

1
0

∗ 𝑋
2
(𝑘) 0 𝐴 − 𝐿 (𝑘) 𝑆 (𝑘) 𝐶 (𝑀

1
− 𝐿 (𝑘) 𝑆 (𝑘)𝑀

2
) [𝐼
𝑙
0 ⋅ ⋅ ⋅ 0]

𝑚
0

∗ ∗ 𝑋
−1

1
(𝑘) 0 0 𝐶

󸀠

1
+ 𝐾
󸀠

(𝑘)𝐷
󸀠

12

∗ ∗ ∗ 𝑋
−1

2
(𝑘) 0 − [𝐼

2
0]𝐾
󸀠

(𝑘)𝐷
󸀠

12

∗ ∗ ∗ ∗ 𝛾𝐼 𝐷
󸀠

11

∗ ∗ ∗ ∗ ∗ 𝛾𝐼

]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

> 0. (20)

Proof. After lifting system (9) according to Figure 3, the
transform function of a completely discrete system with a
period of 𝜏/𝑚, which is partly contained within the dot-dash
line, is

𝐺 = [
𝐿
𝑚

0

0 𝐼
] [

𝑆
𝑓

0

0 𝑆 (𝑘)
] [

𝐺
11

𝐺
12

𝐺
21

𝐺
22

] [
𝐻
𝑓

0

0 𝐻 (𝑘)
] [

𝐿
−1

𝑚
0

0 𝐼
]

= [

[

𝐿
𝑚
𝑆
𝑓
𝐺
11
𝐻
𝑓
𝐿
−1

𝑚

𝐿
𝑚
𝑆
𝑓
𝐺
12
𝐻(𝑘)

𝑆 (𝑘) 𝐺
21
𝐻
𝑓
𝐿
−1

𝑚

𝑆 (𝑘) 𝐺
22
𝐻(𝑘)

]

]

.

(21)

Based on the above, we can derive minimal state-space
representations 𝑔(𝜆) for 𝐺 as follows based on the transfer
function theory given in [9, 15]. However, in contrast to the
theory, 𝐻 and 𝑆 are not blocks of unit matrices because

sampling and holding are not synchronous; that is, the entire
signal cannot be sampled or held at the same time:

𝑔 (𝜆) = [
𝑃
11

𝑃
12

𝑃
21

𝑃
22

] . (22)

Next, we calculate the minimal state-space realization of
(22) as follows.
(a) Transfer Function for 𝑃

11
. Note that𝑃

11
= 𝐿
𝑚
𝑆
𝑓
𝐺
11
𝐻
𝑓
𝐿
−1

𝑚
,

which comes directly from the theory in [8], and its corre-
sponding state model is

𝑃̂
11
(𝜆) = [

𝐴
𝑑

𝐵
1

𝐶
1

𝐷
11

] , (23)

where

𝐴
𝑑
:= [

[

𝐴
𝑚

𝑚

∑

𝑗=1

𝐴
𝑚−𝑗

𝐵 (𝐼 − 𝐻 (𝑘))

0 𝐼 − 𝐻 (𝑘)

]

]

,

𝐵
1
:= [

𝐴
𝑚−1

𝑀
1
𝐴
𝑚−2

𝑀
1
⋅ ⋅ ⋅ 𝑀

1

0 0 ⋅ ⋅ ⋅ 0
] ,
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𝐶
1
:=

[
[
[
[

[

𝐶 0

𝐶𝐴 0

...
...

𝐶𝐴
𝑚−1

0

]
]
]
]

]

,

𝐷
11
:=

[
[
[
[

[

𝑀
2

0 ⋅ ⋅ ⋅ 0

𝐶𝑀
1

𝑀
2

⋅ ⋅ ⋅ 0

...
... d

...
𝐶𝐴
𝑚−2

𝑀
1
𝐶𝐴
𝑚−3

𝑀
1
⋅ ⋅ ⋅ 𝑀

2

]
]
]
]

]

.

(24)

(b) Transfer Function for 𝑃
12
. As𝐻(𝑘) in 𝑃

12
= 𝐿
𝑚
𝑆
𝑓
𝐺
12
𝐻(𝑘)

is not an 𝑚-blocks unit matrix, the theory cannot be applied
directly. However, note that

𝑆
𝑓
𝐻(𝑘) = 𝐿

−1

𝑚

[
[
[
[

[

𝐼

𝐼

...
𝐼

]
]
]
]

]𝑚

𝐻(𝑘) . (25)

Then,

𝑃
12
= 𝐿
𝑚
𝑆
𝑓
𝐺
12
𝐻
𝑓
𝐿
−1

𝑚

[
[
[
[

[

𝐼

𝐼

...
𝐼

]
]
]
]

]𝑚

𝐻(𝑘) . (26)

The corresponding state model can be obtained as

𝑃̂
12
(𝜆) = [

𝐴
𝑑

𝐵
2𝑑

𝐶
1

𝐷
12

] , (27)

where 𝐴
𝑑
and 𝐶

1
have been defined previously and

𝐵
2𝑑

:= [

[

𝑚

∑

𝑖=1

𝐴
𝑚−𝑖

𝐵

𝐼

]

]

𝐻 (𝑘) ,

𝐷
12
:=

[
[
[
[
[
[
[
[
[

[

0

0 +

𝑚

∑

𝑗=𝑚

𝐶𝐴
𝑚−𝑗

𝐵

...

0 +

𝑚

∑

𝑗=2

𝐶𝐴
𝑚−𝑗

𝐵

]
]
]
]
]
]
]
]
]

]

𝐻(𝑘) .

(28)

(c) Transfer Function for 𝑃
21
. Similarly, because 𝑆(𝑘) is also not

an𝑚-blocks unit matrix, 𝑃
21
can be changed to

𝑃
21
= 𝑆 (𝑘) [𝐼 0 ⋅ ⋅ ⋅ 0]

𝑚
𝐿
𝑚
𝑆
𝑓
𝐺
21
𝐻
𝑓
𝐿
−1

𝑚
. (29)

Thus, the state model can be derived as

𝑃̂
21
(𝜆) = [

𝐴
𝑑

𝐵
1

𝐶
2

𝐷
21

] , (30)

where 𝐴
𝑑
and 𝐵

1
were defined previously and

𝐶
2
:= Δ (𝑘) ,

𝐷
21
:= [Ω (𝑘) 0 ⋅ ⋅ ⋅ 0] .

(31)

(d) Transfer Function for 𝑃
22
. Like to parts 𝑏 and 𝑐, the state

description of 𝑃
22
is

𝑃̂
22
(𝜆) = [

𝐴
𝑑

𝐵
2𝑑

𝐶
2

𝐷
22

] , (32)

where 𝐴
𝑑
, 𝐵
2𝑑
, and 𝐶

2
were defined previously, while

𝐷
22
:= 0. (33)

Finally, formula (23) is represented using the state-space
form as follows:

𝜉 (𝑘 + 1) = 𝐴
𝑑
𝜉 (𝑘) + 𝐵

1
𝑤 (𝑘) + 𝐵

2𝑑
𝑟 (𝑘) ,

𝑧 (𝑘) = 𝐶
1
𝜉 (𝑘) + 𝐷

11
𝑤 (𝑘) + 𝐷

12
𝑟 (𝑘) ,

𝑦 (𝑘) = 𝐶
2
𝜉 (𝑘) + 𝐷

21
𝑤 (𝑘) ,

(34)

where the underlining below 𝑧 and 𝑤 indicates that the
signals are lifted.

According to Lemma 2, the controller𝐾(𝑘) exists and can
stabilize the system.

Let ℘(𝑘) := [𝜉
󸀠

(𝑘) 𝑒
󸀠

(𝑘)]
󸀠, and after combining (13), (15),

and (34), we obtain

℘ (𝑘 + 1) = 𝐴
𝑐
℘ (𝑘) + 𝐵

𝑐
𝑤 (𝑘) ,

𝑧 (𝑘) = 𝐶
𝑐
℘ (𝑘) + 𝐷

𝑐
𝑤 (𝑘) ,

(35)

where

𝐴
𝑐
:=

[
[

[

𝐴
𝑑
+ 𝐵
2𝑑
𝐾 (𝑘) −𝐵

2𝑑
𝐾 (𝑘) [

𝐼
2

0
]

0 𝐴 − 𝐿 (𝑘) 𝑆 (𝑘) 𝐶

]
]

]

,

𝐵
𝑐
:= [

𝐵
1

(𝑀
1
− 𝐿 (𝑘) 𝑆 (𝑘)𝑀

2
) [𝐼
𝑙
0 ⋅ ⋅ ⋅ 0]

𝑚

] ,

𝐶
𝑐
:= [𝐶

1
+ 𝐷
12
𝐾 (𝑘) −𝐷

12
𝐾 (𝑘) [

𝐼
2

0
]] ,

𝐷
𝑐
:= 𝐷
11
.

(36)

In the light of [5], we set

𝑋 (𝑘) := [
𝑋
1
(𝑘) 0

0 𝑋
2
(𝑘)

] . (37)
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By substituting𝑋 in Lemma 3 with𝑋(𝑘), we can obtain

[
[
[
[
[
[
[
[
[
[
[
[
[

[

𝑋
1
(𝑘) 0 (𝐴

𝑑
+ 𝐵
2𝑑
𝐾 (𝑘))𝑋

1
(𝑘) −𝐵

2𝑑
𝐾 (𝑘) [

𝐼
2

0
]𝑋
2
(𝑘) 𝐵

1
0

∗ 𝑋
2
(𝑘) 0 (𝐴 − 𝐿 (𝑘) 𝑆 (𝑘) 𝐶)𝑋

2
(𝑘) (𝑀

1
− 𝐿 (𝑘) 𝑆 (𝑘)𝑀

2
) [𝐼
𝑙
0 ⋅ ⋅ ⋅ 0]

𝑚
0

∗ ∗ 𝑋
1
(𝑘) 0 0 𝑋

1
(𝑘) (𝐶

󸀠

1
+ 𝐾
󸀠

(𝑘)𝐷
󸀠

12
)

∗ ∗ ∗ 𝑋
2
(𝑘) 0 −𝑋

2
(𝑘) [𝐼
2

0]𝐾
󸀠

(𝑘)𝐷
󸀠

12

∗ ∗ ∗ ∗ 𝛾𝐼 𝐷
󸀠

11

∗ ∗ ∗ ∗ ∗ 𝛾𝐼

]
]
]
]
]
]
]
]
]
]
]
]
]

]

> 0.

(38)

Then, according to [26], after multiplying the left- and
right-hand sides of inequality (38) by diag{𝐼, 𝐼, 𝑋−1

1
(𝑘),

𝑋
−1

2
(𝑘), 𝐼, 𝐼}, we can obtain inequality (20).
According to quadratic stability theory, the system should

be stable at each step 𝑘. Thus, for a discrete linear time-
invariant system, the eigenvalues of the closed system should
lie within a unit circle.

From Theorem 4, if matrix inequalities (20) can be
solved, there exists a state feedback 𝐻

∞
controller that can

asymptotically stabilize closed system (35) of enlarged system
(34), which satisfies the performance index. Since system
(34) is lifted from the original system (9) and we know that
the lifting operator is an isometric isomorphism, that is,
the feedback stability and system norm can be preserved,
then system (16), which is the closed system of (9), is
asynchronously stable and it satisfies the𝐻

∞
norm constraint

‖𝑇
𝑧𝑤
‖
∞

< 𝛾.

The synchronous case can be regarded as a special
example of the asynchronous case. In this case, the elements
of sampling and holder are unit matrices with the assumption

that the whole signals of sampling and holding can be
obtained at the beginning of every period; then the system (9)
turns into a linear discrete synchronous multirate sampled-
data system with period 𝜏 as follows:

𝜉 (𝑘 + 1) = Φ𝜉 (𝑘) + Γ𝑟 (𝑘) + Ψ𝑤 (𝑘) ,

𝑧 (𝑘) = Υ𝜉 (𝑘) + 𝑀
2
𝑤 (𝑘) ,

𝑦 (𝑘) = Δ𝜉 (𝑘) + Ω𝑤 (𝑘) .

(39)

As𝐻 and 𝑆 are unit matrices, that is, constant now, Φ, Γ,
Δ, andΩ related to𝐻 and 𝑆 are also constant. Theorem 4 can
be applied to system (39) straightforwardly.

Corollary 5. Consider the sampled-data system (39) with the
lifting process shown in Figure 3. For a given attenuation level
𝛾 > 0, if there exist matrices 𝑋

1
= 𝑋
󸀠

1
> 0, 𝑋

2
= 𝑋
󸀠

2
>

0, 𝐾, and 𝐿, which are suboptimal solutions of the inequalities
below, then the closed system of (39) with the controller (13)
is synchronously uniformly stable and it satisfies the𝐻

∞
norm

constraint ‖𝑇
𝑧𝑤
‖
∞

< 𝛾:

[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

𝑋
1

0 𝐴
𝑑
+ 𝐵
2𝑑
𝐾 −𝐵

2𝑑
𝐾[

𝐼
2

0
] 𝐵

1
0

∗ 𝑋
2

0 𝐴 − 𝐿𝐶 (𝑀
1
− 𝐿𝑀

2
) [𝐼
𝑙
0 ⋅ ⋅ ⋅ 0]

𝑚
0

∗ ∗ 𝑋
−1

1
0 0 𝐶

󸀠

1
+ 𝐾
󸀠

𝐷
󸀠

12

∗ ∗ ∗ 𝑋
−1

2
0 − [𝐼

2
0]𝐾
󸀠

𝐷
󸀠

12

∗ ∗ ∗ ∗ 𝛾𝐼 𝐷
󸀠

11

∗ ∗ ∗ ∗ ∗ 𝛾𝐼

]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

> 0. (40)

Remark 6. Let us compare the designed observer (12) with
that in [21], where the observer (predictor) is

𝑧̂ (𝑘 + 1 | 𝑘) = 𝐴𝑧̂ (𝑘 | 𝑘 − 1) + 𝐵𝑢 (𝑘)

+ 𝐿 (𝑘) ⋅ [𝜁 (𝑘) − 𝐶 (𝑘) 𝑧̂ (𝑘 | 𝑘 − 1)] ,

𝜁 (𝑘) =

𝑇

∗

∑

𝑖=1

𝑦 (𝑘 − 𝑖) , 𝑇
∗

= max
𝑖=1,...,𝑝

{𝑇
𝑖
} .

(41)
The sum of outputs is used to avoid the singularity but
may cause more noise. The observer applied in this paper is
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Figure 3: System lifting and controller designing.

simpler; that is, just the current output is introduced in the
observer. This will result in better tracking performance and
smaller state ripple than [21], where the past outputs other
than current output are used for feedback.

Remark 7. InTheorem 4 and Corollary 5, due to the existence
of inverse matrices 𝑋−1

1
and 𝑋

−1

2
, inequalities (20) and (40)

are not LMIs and cannot be directly solved by the LMI tool.
However, notice that the matrices and their inverse matrices
appear in pairs; we can solve the inequalities by iteration
on LMIs according to Cone Complementarity Linearization
Algorithm [22].

4. Numerical Example with Simulation

Consider the original plant described by

̇𝑥
𝑐

(𝑡) = 𝐴
𝑐

𝑥
𝑐

(𝑡) + 𝐵
𝑐

𝑢
𝑐

(𝑡) + 𝑀
𝑐

1
𝑤
𝑐

(𝑡) ,

𝑧
𝑐

(𝑡) = 𝐶
𝑐

𝑥
𝑐

(𝑡) + 𝑀
𝑐

2
𝑤
𝑐

(𝑡) ,

(42)

where

𝐴
𝑐

= [
0 1

−6 −5
] , 𝐵

𝑐

= [
0 1

1 1.2
] , 𝑀

𝑐

1
= [

1

0.6
] ,

𝐶
𝑐

= [0.2 0.1] , 𝑀
𝑐

2
= 0.01.

(43)

If the fast discretization formulae follow𝐴 = 𝑒
𝐴
𝑐
(𝜏/𝑚), 𝐵 =

∫
𝜏/𝑚

0

𝑒
𝐴
𝑐
𝜎

𝑑𝜎𝐵
𝑐, 𝑀
1
= ∫
𝜏/𝑚

0

𝑒
𝐴
𝑐
𝜎

𝑑𝜎𝑀
𝑐

1
, 𝐶 = 𝐶

𝑐, and 𝑀
2
=

𝑀
𝑐

2
, then system (2) can be obtained. The initial state is 𝑥

0
=

[30 20].
If 𝑇̃
1
= 𝑇̃
2
= 2, the input-holding mechanism can be

described as

𝐻(0) = [
1 0

0 0
] , 𝐻 (1) = [

0 0

0 1
] . (44)

If 𝑇
1
= 3 and 𝑇

2
= 1, the output-sampling matrices are

assumed to be

𝑆 (0) = 1, 𝑆 (1) = 0, 𝑆 (2) = 0. (45)

Therefore, this is a linear discrete asynchronous dual-rate
sampled-data system [18], which applies a fast-input-slow-
output mechanism for 𝑇̃ < 𝑇.
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Figure 4: Plant state 𝑥
1
(𝑘).
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Figure 7: Control signal 𝑢
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Figure 8: Output.

For comparison, we introduce a previous method [21],
where the system is not lifted according to the pure LQG
theory, and also let 𝑤

1
= 𝑤
2
= 𝑤 be Gaussian white noise;

amplitude is increased to 10, which is much bigger to the
system. The results obtained using this method are shown in
Figures 4, 5, 6, 7, and 8, where 𝜏 = 1.2 s.

Next, the synthesis method described in Theorem 4
is applied to the same plant. The simulations obtain the
transients of the system shown in Figures 9, 10, 11, 12, and 13,
where 𝛾 = 0.2, 𝑎 = 1, and 𝑏 = 1, while𝑚 = 1 (monorate).

A comparison of Figures 4–8 with Figures 9–13 shows
clearly that the 𝐻

∞
method performs better than LQG;

the controlled states are consistent with the observed states
with smaller ripples, especially state 𝑥

2
(𝑘), the biggest ripple

of which is almost half of the LQG method. And the
output of𝐻

∞
method has better performance of disturbance

attenuation than LQG method.
When 𝜏 = 0.6 s and 𝑚 = 1 (monorate), applying

Theorem 4 again, we can get Figures 14, 15, 16, 17, and 18.
Then the lifting number is modified to𝑚 = 2 (multirate); the
results shown in Figures 19, 20, 21, 22, and 23 are obtained.

Comparing Figures 14–18 with Figures 19–23, when the
lifting amplitude increases from 1 to 2, the controlled states
are almost consistent with the observed states with smaller
ripples; here the biggest ripple of state 𝑥

2
(𝑘) is almost half of
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Figure 9: Plant state 𝑥
1
(𝑘).
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Table 1: Minimum𝐻
∞
attenuation level.

𝜏 𝑚 = 1 𝑚 = 2 𝑚 = 4

1.2 sec 0.0974 0.0959 0.0942
0.6 sec 0.0904 0.0863 0.0856

the monorate. And the output of the multirate case has better
performance of disturbance attenuation than the monorate
case.

Furthermore, we change the lifting amplitude to 𝑚 = 4,
adjust the underlying period of system (2) to 𝜏 = 0.6 and
can draw the similar pictures; here we omit them but only list
their minimum𝐻

∞
attenuation levels to compare them with

different cases; see Table 1.
The inequality acquired using the theorem is almost

linear, except in a few terms. Although these terms are just
the inverses of their corresponding terms, they could easily be
calculated by LMI tool ofMatlab under a constraint.Thus, it is
far easier to solve the controller and observer under the same
𝐻
∞
constraint comparing withmost of the existingmethods,

which use highly complex formulae.
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5. Conclusion

Motivated by a desire to provide a better solution for the
design of a controller for a discrete-time asynchronous mul-
tirate sampled-data system, we developed synthesis methods
in this paper to improve performance and guarantee closed-
loop transient behavior via observer-based 𝐻

∞
control.

Furthermore, an extended lifting technique was adopted
to change the original system into a fast-input-slow-output
discrete system, thereby improving its performance. Finally,
we presented an example that demonstrates the effectiveness
of thesemethods in controlling a discrete-time asynchronous
multirate sampled-data system, whose performance is thus
improved considerably.

In this paper, we focus on the standard 𝐻
∞

control of
asynchronous multirate sampled-data system, and the input
noise discussed here is Gaussian white for simplicity. As is
well known, practical input signals often have finite frequency
(FF), so it is reasonable to consider the 𝐻

∞
performance in

finite frequency range for sampled-data systems. As in [27–
31], where Kalman-Yakubovic-Popov (KYP) lemma is used
to establish the equivalence between a frequency domain
inequality (FDI) and a linear matrix inequality, it is a valuable
work to extend the results in this paper to the FF framework
based on KYP lemma. This will be the direction for future
development of this paper.

0

5

10

15

20

25

30

0 5 10 15 20 25 30

Real state
Observed state

−10

−5

Figure 19: Plant state 𝑥
1
(𝑘).

0

5

10

15

20

0 5 10 15 20 25 30

Real state
Observed state

−20

−15

−10

−5

Figure 20: Plant state 𝑥
2
(𝑘).

0
0.5

0 5 10 15 20 25 30

−3

−3.5

−4

−2.5

−2

−1.5

−1

−0.5

Figure 21: Plant control signal 𝑢
1
(𝑘).



Mathematical Problems in Engineering 11

0

0.2

0.4

0.6

0.8

1

1.2

0 5 10 15 20 25 30
−0.2

Figure 22: Plant control signal 𝑢
2
(𝑘).

−1
0 5 10 15 20 25 30

0

1

2

3

4

5

6

7

8

9

Figure 23: Output.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This work is supported by Zhejiang Provincial Natural Sci-
ence Foundation of China under Grant no. LR12F03002 and
National Natural Science Foundation of China (NSFC) under
Grant no. 61074045.

References
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Optimal path planning is an important issue in vehicle routing problem. This paper proposes a new vehicle routing path planning
method which adds path weight matrix and save matrix. The method uses a new transition probability function adding the angle
factor function and visibility function, while setting penalty function in a new pheromone updatingmodel to improve the accuracy
of the route searching. Finally, after each cycle, we use 3-opt method to update the optimal solution to optimize the path length.
The results of comparison also confirm that this method is better than the traditional ant colony algorithm for vehicle routing path
planning method.The result of computer simulation confirms that the method can plan a more rational rescue path focused on the
real traffic situation.

1. Introduction

Vehicle routing problem (VRP) is one of combinatorial
optimization problems and VRP can be turned into other
application problems; for example, Chen and Wang have
turned VRP into tour planning problem [1]. A typical VRP
can be described as follows: a warehouse that offers services
to different positions of customers at the lowest cost path
planning. It has real economic significance in many fields,
such as transportation scheduling, routing, railway trans-
portation, and other practical problems. Currently, heuristic
algorithm is the main method for solving vehicle routing
problem. Heuristic algorithm can be divided into simple
heuristic algorithm, two-phase heuristic algorithm, and arti-
ficial intelligence methods.

Vehicle routing problem has successfully applied in many
areas, such as Li et al. [2] and Malekly et al. [3]. They solve
the uncertain and ambiguous problem in vehicle routing
problem using fuzzy set theories. Toth and Vigo [4] con-
sidered VRP as a significant part in logistic handing and
grouped the methods that have been found to solve the
problem of VRP. Kim et al. [5] divided the waste collection
business into different areas and proposed methods to solve
these problems in VRP. Many researchers have proposed

heuristics or metaheuristics algorithm for efficiently solving
the vehicle routing problem. Semet and Taillard [6] designed
the taboo algorithm considering time window and different
types of vehicles, which mainly used methods to generate
the initial solution, then optimize the initial solution with
taboo search algorithm. It is a local neighborhood search
for an extension. Cordeau and Laporte [7] studied simulated
annealing algorithm for the VRP, they proposed a simulated
annealing method which is suitable for solving the vehicle
routing problem and shows the advantage of accuracy and
the speed of search convergence. Genetic algorithm is good
for solving combinatorial optimization problems. Niazy and
Badr [8] and Zulvia et al. [9] use genetic algorithm (GA)
encoding to solve VRP problem. Niazy and Badr solved the
complexity of CVRP with the goal of minimizing the total
distances using the cellular genetic algorithm (CGA). Mul-
tiple ant colony algorithms are proposed by Gambardella et
al. [10] and Bell and McMullen [11] to solve the time window
of the multiobjective VRP problem. Ant colony optimization
[12–14] (ACO) was successfully applied to emergency rescue
[15, 16], which is an ideal heuristic algorithm and capable of
intelligent search and global optimization.

In this paper, we apply ant colony optimization algorithm
to the path planning of emergency rescue vehicle. This paper
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Table 1: Distance map and delivery of CVRP example.

Number 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
𝑥 0 3 −2 −2 0 −3 3 −4 3 −3 2 1 −1 −2 2 4
𝑦 0 2 1 −2 3 −3 −1 −1 4 0 1 3 −1 3 −2 3
Delivery 0 1.8 0.8 1.5 2.5 0.2 2.4 0.5 0.6 0.9 1.3 2 0.6 0.2 1.4 0.9

will focus on the shortcomings of ant colony algorithm. Our
proposed algorithm adds the angle factor, pathweightmatrix,
and save matrix in the transfer rules and optimizes visibility
function and penalty function; thus, it avoids falling into local
optimum and speeds up the convergence of the algorithm. At
the same time, pheromone update rules with local update and
global update, update the global optimal solution only use
the best ant to improve the algorithm’s global search. Finally,
after each cycle update the optimal solution in accordance
with 3-opt method [17, 18] to shorten the length of the rescue
path. Use benchmark test [19] to compare the results with the
literature [20] in the algorithm to verify the effectiveness of
the algorithm.

2. Problem Description and
Mathematical Model

Disasters such as earthquakes and floods are sudden and
unpredictable, which cause serious sufferings for people.How
to find an effective and short rescue path for the affected
nodes in the limited time after the disasters become the
focus thing? Before making vehicle routing problem path
planning, we first establish reasonable free space model.
Capacitated vehicle routing problem [21, 22] (CVRP) was
defined as a transportation and a distribution problem with
the constrained of vehicle load, travel time or distance.
Research on this model is the longest, and the results are
achieved the most. Meanwhile, there are a large number
of heuristic algorithms for solving this problem. Thus, we
established CVRP model for disaster emergency response.

Vehicle routing problem can be modeled by describing
as the following. There is a rescue center 𝑎

0
to deliver

goods to 𝑘 disaster areas. We suppose that the 𝑖th area sent
by the rescue center’s 𝑚 vehicle, where each vehicle can
carry 𝑊 ton relief supplies, demands 𝑔

𝑖
(𝑖 = 1, 2, . . . , 𝑘).

The goods are sent to each disaster area and finally back
to the rescue center. If we know 𝑔

𝑖
≤ 𝑊
𝑚
, then we look

for the shortest length that meet the demand of the affected
node. It can be described as an undirected graph 𝐺 =

(𝑉, 𝐸), where 𝐺 represents the layout of affected area after the
occurrence of disasters, 𝑉 is the vertices set corresponding
with affected spot and rescue center, and 𝐸 stands for any
edge of two nodes.

In this paper we define several constraints as follows:

(a) the start and the end of each route are at the rescue
center 𝑎

0
;

Rescue
center

1

23

8

9
10

14 13

12

11

4

5

6
7

15

Figure 1: A real example of CVRP.

(b) the total amount of relief supplies loaded by vehicle
must not exceed the maximum affected node of
vehicle load;

(c) each affected node is visited once by only one vehicle
in the limited time.

Figure 1 shows awork environment instance of the vehicle
path planning. In this example, a rescue center 𝑎

0
, the

number of vehicles is 5 (𝑏 = 5, 𝑏 means the number of
vehicles); and the affected node is 15 (V = 15). Table 1
shows the affected nodes’ coordinates and each area’s relief
supplies demands of Figure 1, and the rescue center coor-
dinates are (0, 0). The units of axes are meters, 𝑥 represents
the 𝑥-coordinate, and 𝑦 represents the 𝑦-coordinate. The
numbers 0, 1, 2, . . . , 15 sign each area.

When choosing the right path, themore spacious, smooth
road is more likely to be selected; thus, road grade, traffic
congestion levels, traffic, and other factors make up how to
try to meet various requirements to plan a trip with a more
reasonable path problem. When disaster occurs, how timely
and reasonable given the rescue path is essential. Then the
vehicle path planning is necessary to consider the following
aspects: path length, road conditions, traffic smoothness,
single time constraint that means each area can withstand the
maximum rescue time, and weather conditions. Pheromones
substance such as more than one rescue center and total time
and length constraints needs to be pointed out in the paper.
According to the [16] proposed method to calculate weights
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matrix based on AHP, as is shown in Table 2, the number 0
node represents rescue center.

3. Brief Introduction of Ant Colony
Optimization Algorithm

3.1. Ant Colony Optimization Algorithm. Ant colony opti-
mization algorithm and the traditional ant colony algorithm
are different in these three aspects as follows.That traditional

ant colony algorithm is of slow convergence and is easy to
fall into local optimum and stagnation in the vehicle path
planning applications, while improved ant colony algorithm
solves these problems in the following aspects.

(1) State transition probability function: the transfer rules
that ants select the next affected node are modified,
which is calculated as follows:

𝑝
𝑘

𝑖𝑗
(𝑡) =

{{{

{{{

{

[𝜏
𝑖𝑗
(𝑡)]
𝑎

∗ 𝐷
𝛽

∗ [𝑤
𝑖𝑗
(𝑡)]
𝛾

∗ [𝑈
𝑖𝑗
(𝑡)]
𝛾

∗ 𝜁
𝑖𝑗
(𝑗)

∑
𝑘∈allowed

𝑘

[𝜏
𝑖𝑘
(𝑡)]
𝑎

∗ 𝐷𝛽 ∗ [𝑤
𝑖𝑘
(𝑡)]
𝛾

∗ [𝑈
𝑖𝑘
(𝑡)]
𝛾

∗ 𝜁
𝑖𝑘
(𝑘)

, if 𝑗 ∈ allowed
𝑘

0, otherwise,

(1)

where 𝜏
𝑖𝑗
represents pheromones substance on the path

edge (𝑖, 𝑗), 𝐷 stands for visibility, 𝑝𝑘
𝑖𝑗
is transition probabili-

ties of the 𝑘th ant from the affected node 𝑖 to affected node 𝑗,
the user parameters 𝛼 and 𝛽 are adjustable parameters that
determine the relative influence of the pheromone and
the visibility in the transition probabilities, 𝛾 means the
relative importance of the path weights in the transition
probability, and allowed

𝑘
represents the neighbor affected

node of affected node 𝑖 that 𝑘th ant has not yet visited. Here
introducing the path weight value 𝑤

𝑖𝑗
that stands for the

weight value between affected nodes and the rescue center,
𝐷 = 1/(𝑑

𝑖𝑗
+ 𝑑
𝑗,𝑎
0

) replaces the traditional visibility function;
that is, 𝜂

𝑖𝑗
= 1/𝑑

𝑖𝑗
, where the value 𝑑

𝑖𝑗
means the distance

between 𝑖 and 𝑗 and the value 𝑑
𝑗,𝑎
0

is the distance between
the affected node 𝑗 and the rescue centre node. To modify
visibility function is to enhance the ant’s perception of rescue
centre node in the current affected node, which will guide the
ants to move and therefore avoid falling into local optimum

search results and reduce the search time. Where 𝑈
𝑖𝑗
stands

for the save distances between nodes, both the affected nodes
and the rescue centre. The save matrix calculated by the
formula:

After adding this factor, it may avoid out the connection
of a direct connection with the affected nodes, without
through disaster rescue center node, meanwhile shortening
the length of the path. Shown in Figure 2, 𝜁

𝑖𝑗
(𝑗) is

an angle factor, which is the angle between the
vector [

󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀→
Node
𝑖
1Node

𝑖
,
󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀→
Node
𝑖
Node
𝑗
]; Node

𝑖
1 stands for the

previous node before visited affected node 𝑖, the
value Node

𝑖
that the black point represents the current

visiting affected node 𝑖, Node
𝑗
represents the next visiting

affected node 𝑗, red arrow direction equals with the
opposite

󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀→
Node
𝑖
1Node

𝑖
, yellow arrow direction equals

with
󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀→
Node
𝑖
Node
𝑗
, and 𝜁

𝑖𝑗
(𝑗) is calculated as (2). When 𝜃 is

between [0, 𝜋/2], 𝜁
𝑖𝑗
(𝑗) is a constant 0.00001, which is for

escape when an ant is faced with a dead-end street. Consider

𝜁
𝑖𝑗
(𝑗) =

{{

{{

{

𝜃

𝜋
, if 𝜋

2
≤ 𝜃 ≤ 𝜋,

0.00001, if 0 ≤ 𝜃 ≤ 𝜋
2
.

(2)

𝑗 =
{

{

{

argmax
𝑢∈𝐽𝐽
𝑘

𝑖

{𝜏
𝑖𝑢
(𝑡)
𝛼

∗ 𝐷
𝛽

∗ [𝑤
𝑖𝑢
(𝑡)]
𝛾

∗ [𝑈
𝑖𝑢
(𝑡)]
𝛾

} , if 𝑞 ≤ 𝑞
0
,

𝐽𝐽, if 𝑞 > 𝑞
0
.

(3)

Ants choose the next affected node 𝑗 in accordance with
(3).

Where 𝐽𝐽 is determined by (1), 𝑞 is a random variable
number between 0 and 1, 𝑞

0
is an adjustable parameter which

is between 0 and 1, and here we define 𝑞
0
as 0.05. When (3)

satisfied the condition 𝑞 > 𝑞
0
, it chooses the next access node

in accordance with (1).
There are two rules in global update. One is the local

optimal iteration and the other is the global optimal iteration.

(2) Update the local pheromone substances in accor-
dance with the following:

𝜏
𝑖𝑗
(𝑡 + 1) = 𝜌 ⋅ 𝜏

𝑖𝑗
(𝑡) + (1 − 𝜌) 𝜏

𝑖𝑗
(0) . (4)

In the progress of searching paths, according to state
transition rules, ants apply (4) to choose route whose
pheromone should be updated. After all ants move a step,
local pheromones update once. Where 𝜏

𝑖𝑗
(0) represents the

initial value of pheromone of edge (𝑖, 𝑗), usually a small
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Table 2: The path weight matrix.

𝑊
𝑖𝑗

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0 0 14 9 15 20 10 5 13 16 12 13 7 8 2 10 5
1 14 0 8 12 9 7 15 4 11 15 8 10 12 3 5 12
2 9 8 0 7 19 14 5 17 12 16 1 2 13 10 11 6
3 15 12 7 0 9 15 12 10 7 14 9 8 14 11 16 2
4 20 9 19 9 0 8 11 14 17 8 17 13 21 4 5 8
5 10 7 14 15 8 0 9 13 10 6 10 11 12 21 7 14
6 5 15 5 12 11 9 0 7 18 21 5 7 9 3 16 23
7 13 4 17 10 14 13 7 0 15 10 9 12 15 21 9 9
8 16 11 12 7 17 10 18 15 0 8 3 4 12 19 21 10
9 12 15 16 14 8 6 21 10 8 0 7 23 16 10 9 13
10 13 8 1 9 17 10 5 9 3 7 0 11 12 21 7 3
11 7 10 2 8 13 11 7 12 4 23 11 0 9 3 16 2
12 8 12 13 14 21 12 9 15 12 16 12 9 0 21 9 17
13 2 3 10 11 4 21 3 21 19 10 21 3 21 0 21 8
14 10 5 11 16 5 7 16 9 21 9 7 16 9 21 0 16
15 5 12 6 2 8 14 23 9 10 13 3 2 17 8 16 0

positive number to prevent ant colony from falling into local
optimal solution prematurely, 𝜌 is a user-defined coefficient,
which stands for the degree of global pheromone evaporation.

(3) Update the Global pheromone substances with the
following:

𝜏
𝑖𝑗
(𝑡 + 𝑛) = 𝜌 ⋅ 𝜏

𝑖𝑗
(𝑡) + (1 − 𝜌) Δ𝜏

𝑖𝑗
. (5)

Δ𝜏
𝑖𝑗
=

{{{

{{{

{

1

𝐿
, if edge (𝑖, 𝑗) is part of the best

ant’s route at this iteration,
0, otherwise,

(6)

where 𝜏
𝑖𝑗
(𝑡 + 𝑛) represents pheromone of the best

path (𝑖, 𝑗) from time 𝑡 to time 𝑡 + 𝑛 after all of the ants
complete a trip, which is unlike traditional ant colony
algorithm. In (6), 𝐿 represents length of the best moving
path corresponding to ants crawling at this iteration. After
iteration, update the global pheromone by (5).

Meanwhile, to take advantage of convergence of the
algorithm, this paper adds incentive factor 𝛾 in pheromone
global updating. It is calculated by the following:

𝛾 =
𝐿
+

− 𝐿

𝑇
. (7)

𝑇 is a positive constant whose value can be up to the
same order of magnitude as current working space. In this
paper set 𝑇 = 1000. Thus, it reduced the complexity of the
search, and improved the accuracy and convergence speed of
the route search. 𝐿+ is the shortest path length for moving
till previous cycle. If the path length of optimal solution in
this cycle is shorter than optimal solution having been found,
then 𝛾 > 0, otherwise 𝛾 < 0, which avoids falling into local
optimum.

3.2. The Steps of Path Optimization

Step 1. Initialize phase. 𝑚: the number of ants, NC max:
the maximum number of iterations, the number of
iterations NC = 0, best len: the current optimum path
length, and set concentration of pheromones on each
node at initial time (0.001), all the ants at the rescue
centre 𝑎

0
, 𝑊 indicates the vehicle load, and weigh[ ] stands

for the demand of affected nodes. Set each ant a tabu list
array tabu[ ] to store the city that the ants have already
visited; that is to say, the cities will not be visited in the next
choice, the path length passed ant.[𝑘].path length, array
ROUTES[𝑘][𝑛] stored the 𝑘th ant’s route where the path has
already been visited in the 𝑛th iteration, and add 𝑎

0
to each

ant’s tabu list (𝑘 = 1, . . . , 𝑚, 𝑛 = 1, . . . ,NC max).

Step 2. Set variable 𝑖 = 1.

Step 3. Calculate the next affected node the ant can choose
and exclude the affected node in tabu list or the obstacle
affected node. Array to visit[ ] and Len to visit recorded
separately the affected node’s mark the ants can visit and the
number of the affected node, while Len to visit ≥ 1 and 𝑊 ≥
weigh[ ] go to Step 4, otherwise go to Step 7.

Step 4. Use (3) and roulette method to select an affected node
to visit for each ant 𝑘 (𝑘 = 1 to 𝑚). And move ant 𝑘 to
this node. Meanwhile, update the ant k’s length of path,
route: ROUTES[𝑘][𝑛] = add[ROUTES[𝑘][𝑛], to visit], the
ant moves the next affected node to visit, put to visit in ant
k’s tabu list array tabu[ ], and 𝑊 = 𝑊 − weigh [to visit].

Step 5. Perform a local updating rule according to (4).

Step 6. Record the current iteration of the shortest route,
update best length with the best ant’s path and record
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the optimal path G best route[ ], while update the optimal
solution in accordance with 3-opt method.

Step 7. Ant 𝑘 comes back to affected centre, update
best length and route, ROUTES[𝑘][𝑛] = add[ROUTES
[𝑘][𝑛], 𝑎

0
]. Set 𝑖 = 𝑖 + 1. If 𝑖 ≤ 𝑑, switch to Step 4; otherwise,

go to Step 8.

Step 8. Update global concentration of pheromones of each
node by optimal ant in accordance with (5), (6), and (7).

Step 9. Set NC←NC + 1. If NC <NC max and the entire ant
colony has not converged to take the same path, then set all
the ants at the rescue node 𝑎

0
again and go to Step 3. If NC <

NC max and the entire ant colony has converged to take the
same path, or NC =NC max, then finish the cycle and output
the best route.

4. Experiment of Computer Simulation and
Analysis of Results

In this part, we use the established model shown in Part 2 to
do the simulation experiment of the optimal algorithm. The
experiment runs onWindows XP Professional SP3 (symmet-
ric multiprocessor system) and the compiler environment is
MATLAB R2009a. Each parameter is set to NC max = 5, 𝜌 =
0.85, 𝛼 = 1.0, 𝛽 = 1.0, 𝛾 = 17, 𝑄 = 100.0, and 𝑚 = 20.
All of the parameters are under the optimal experiment in
the literature [15]. The results of the simulation are shown in
Figures 3–8.

In order to illustrate the superiority of the proposed
method, we use the example above to compare the results
of three methods, including traditional ant colony algorithm,
the literature [15], and improved ant colony algorithm.
Figures 3, 4, and 5 shows the results that each polygon means
one route. From Figure 3, we can see the path planning of
traditional ant colony algorithm, the best length is 58.52m,
the route is

0→ 10→ 4→ 13→ 12→ 0;
0→ 3→ 5→ 7→ 9→ 2→ 0;
0→ 8→ 6→ 14→ 0; 0→ 1→ 15→ 11→ 0.

When using the weight matrix, we define that if the two
roads are not connected, the weight value is 0, then the
higher the weight value the better the clearer road.The search
result is shown as Figure 4, the best length is 48.49m and the
optimal path is

0→ 1→ 15→ 8→ 0;
0→ 13→ 2→ 3→ 5→ 7→ 9→ 12→ 0;
0→ 14→ 6→ 0; 0→ 11→ 4→ 0; 0→ 10→ 0

This paper introduced angle factor in the transfer rule,
because in an emergency we need to avoid obstacles to the
road to gainmore time.Thus, we choose the next node where
the offset angle is small and closer to the direction of the
transfer, which is more likely to avoid obstacles in the roads.
The save matrix is to compensate for the optimal path length

The direction of
next movement

The opposite
direction of

current movement

𝜃

Figure 2: A view of added angle factor.
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Figure 3: A result of ant colony algorithm path planning.

increasing brought by a perspective to factors. Meanwhile,
after each cycle, update pheromone by reward function and
use 3-opt algorithm to the optimal solutionmethod to update
the global optimal path length. Results shown in Figure 5, the
best length is 41.61m and the optimal path is

0→ 13→ 4→ 11→ 0; 0→ 6→ 14→ 0;
0→ 8→ 15→ 1→ 10→ 0;
0→ 12→ 3→ 5→ 7→ 9→ 2→ 0.

In this instance, the literature [15] and this paper’s
proposed algorithm’s optimal path length are best among the
three methods. After adding the angle, the vehicle’s route
is more concise and clear, while the new transfer rules and
pheromone update rule, this algorithm only sent four rescue
vehicles to meet relief needs which is more reasonable.

Convergence property, where Figures 6, 7, and 8 show
their convergence property. Blue line shows the optimal
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Figure 4: A result of the literature [15] path planning.
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Figure 5: A result of improved ant colony algorithm path planning
in this paper.

solution of the traditional ant colony algorithm convergence
process, the black line is the literature [15] in the convergence
process, and the red line is this paper’s improved ant colony
algorithm convergence process. As can be seen from the
figure, in the same five iterations, the curve of traditional ant
colony algorithm fluctuates, the optimal solution is 58.52m,
the literature [15] proposed optimization algorithm and the
algorithm this paper proposed converges within 5 iterations.
From the view of convergence, improved ant colony algo-
rithm overcomes the shortcomings of slow convergence, and
the optimal solution (41.61m) that is superior to the literature
[15] algorithm is the optimal solution (48.49m).

In this part, the simulation instances from benchmark
[10] were tested by the above algorithms. We labeled the
example of examples that data points were non-decreasing
order as I1, I2, . . . ,I14, where the conditions for instances I1–
I5 are similar to the instances I9–I14, while instances I6–I10
and I11-I12 involve limited routing path length and service
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Figure 6: The convergence curve of ant colony algorithm path
planning.
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Figure 7:The convergence curve of the literature [15] path planning.

time. We conducted five experiments, the first group was
the traditional GA, the second group was the traditional
ACS, the third group was the literature [15], the fourth
group was the literature [20], and the last group was for
this paper proposed optimization algorithm. All parameters
were under experimental environment of the optimum algo-
rithm, shown in Table 3. Here parameters 𝑃

𝑐
and 𝑃

𝑚
are for

Crossover probability and mutation probability in the GA
algorithm respectively. Each experiment was performed 20
times, respectively, and compared with each optimal and
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Figure 8:The convergence curve of improved ant colony algorithm
path planning in this paper.
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Figure 9: The simulation results of best length.

average path length. The experimental results are shown
in Figures 9, and 10. To illustrate our proposed algorithm
drawing better performance, we record CPU processing time
under the experiment above, and then compare their average
time, shown as Figure 11.

Figure 11 shows the average running time of the five
algorithms in various numerical examples from I1 to I14. To
compare against GA and ACS, our proposed algorithm has
higher overhead time. However, it can still be able to obtain
good solutions in a short time, and all the solving time is
within 100 seconds.At the same time, our proposed algorithm
performs better than [15] and [20]. From Figure 11, we can
see that from I1 to I8, [15, 20] and our proposed algorithm
have the almost same computation speed; however, from I9
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Figure 10: The simulation results of average length.
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Figure 11: The simulation results of average time.

to I14, our proposed algorithm takes less time than [15, 20]
significantly.

As is seen from the experimental results, the optimal
and the average results of the paper proposed algorithm
are superior to other four methods clearly, comparison in
terms of simulation time, our proposed algorithm also has
advantage of average running time, as the problem size
increases, that is to say, from I1 to I14 the size of examples
increase; this advantage has become increasingly apparent.
Taken all together, our proposed algorithm draws the best
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Table 3: Parameter settings.

𝛼 𝛽 𝛾 𝜌(or 𝑃
𝑐
) 𝑞

0
(or 𝑃
𝑚
) NC max 𝑄 𝑚

GA ∼ ∼ ∼ 0.8 0.08 50 100 5
ACS l 2 ∼ 0.7 0.8 50 100 5
Literature [15] 0.1 2 15 0.1 0.9 50 100 5
Literature [20] 1 1 ∼ 0.2 0.9 50 100 5
This paper 1 1 17 0.15 0.05 50 100 5

performance and in the future it can be applied inmuchmore
complex environments as well.

5. Conclusions

In this paper, we established a new model of disaster emer-
gency response, which adopts new transfer rules, adds the
path weight matrix, save matrix, angle factor functions, and
newvisibility functions, at the same time, updates pheromone
model with reward function, overcoming the shortcomings
that are of slow convergence and are easy to fall into local
optimum and stagnation of ant colony algorithm in the
vehicle applications, thus reducing the complexity of the
search process. We use 3-opt method to update the optimal
solution to shorten the length of rescue route. Finally, the
computer simulation experiments confirm the correctness
and validity of this method, and due to considering the actual
road conditions and other factors such as the angle, which is
more reasonable when applies to solve real emergency rescue.
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