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In recent years, there has been an increasing demand from
nuclear research, industry, safety, and regulation for best
estimate predictions to be provided with their confidence
bounds. Consequently, Organization for Economic Coop-
eration and Development (OECD)/Nuclear Energy Agency
(NEA) has initiated an international uncertainty analysis
in modeling (UAM) benchmark focused on uncertainty
analysis in best-estimate coupled code calculations for design,
operation, and safety analysis of light water reactors (LWRs).
The title of this benchmark is “OECD/NEA UAM-LWR
benchmark”. Reference systems and scenarios for coupled
code analysis are defined to study the uncertainty effects for
all stages of the system calculations. Measured data from
plant operation are available for the chosen scenarios.

The proposed technical approach is to establish a bench-
mark for uncertainty analysis in best-estimate modeling and
coupled multiphysics and multiscale LWR analysis, using as
bases a series of well-defined problems with complete sets
of input specifications and reference experimental data. The
objective is to determine the uncertainty in LWR system
calculations at all stages of a coupled reactor physics/thermal
hydraulics calculation. The full chain of uncertainty prop-
agation from basic data, engineering uncertainties, across
different scales (multi-scale), and physics phenomena (mul-
tiphysics) is tested on a number of benchmark exercises for
which experimental data are available and for which the
power plant details have been released. The principal idea
is (a) to subdivide the complex system/scenario into several
steps or exercises, each of which can contribute to the total
uncertainty of the final coupled system calculation, (b) to
identify input, output, and assumptions for each step, (c) to
calculate the resulting uncertainty in each step and (d) to

propagate the uncertainties in an integral system simulation
for which high quality plant experimental data exist for the
total assessment of the overall computer code uncertainty.
The main scope covers uncertainty (and sensitivity) analysis
(SA/UA) in best estimate modeling for design and opera-
tion of LWRs, including methods that are used for safety
evaluations. As part of this effort, the development and
assessment of different methods or techniques to account for
the uncertainties in the calculations are to be investigated and
reported to the participants.

The general frame of the OECD/NEAUAM-LWR bench-
mark consists of three phases with different exercises for
each phase: Phase I (neutronics phase), Phase II (core
phase), and Phase III (system phase). The focus of Phase I
is on propagating uncertainties in standalone neutronics
calculations and consists of the following three exercises.

Exercise I-1: “Cell Physics” focused on the derivation
of the multigroup microscopic cross-section libraries
and associated uncertainties.
Exercise I-2: “Lattice Physics” focused on the deriva-
tion of the few-group macroscopic cross-section
libraries and associated uncertainties.
Exercise I-3: “Core Physics” focused on the core
steady state stand-alone neutronics calculations and
associated uncertainties.

The special issue is devoted to Phase I of the above-
described OECD/NEA UAM-LWR benchmark. The special
issue contains thirteen papers devoted to the advances in the
uncertainty and sensitivity analysis related to reactor physics
modeling. The authors of these papers are active participants
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in the OECD/NEA UAM-LWR benchmark and in this
publication they present their work and developments related
to the benchmark exercises.Most of the papers are focused on
propagation of cross-sections uncertainties at different stages
of reactor calculations and some papers also discuss in addi-
tion the propagation ofmanufacturing uncertainties in lattice
physics calculations. The topic of the paper of M. Pusa is the
development of sensitivity and uncertainty analysis capability
for the reactor physics code CASMO-4. The development
of two complementary techniques direct perturbation (DP)
and stochastic sampling (SS) as well as their implementation
in CASMO-5MX is described by W. Wieselquist et al. The
development and application of SS technique using MCNPX
was also presented in the same paper. The variance-based
global sensitivity analysis technique has been modified to
be applied to calculations of reactor parameters that are
dependent on group-wise neutron cross-sections as reported
by B. A. Adetula and P. M. Bokov. Furthermore, P. M. Bokov
presented asymptotic analysis for the variance-based global
sensitivity indices in a companion paper. L. Mercatali et al.
performed sensitivity and uncertainty analysis using SCALE-
6.1 code package (based on the generalized perturbation
theory) in order to assess the prediction uncertainty of some
selected reactor integral parameters due to the uncertainty
in the basic nuclear data. Moreover, the reference solutions
for the test cases of Exercise I-1 obtained using Monte
Carlo methodologies together with a comparison between
deterministic and stochastic solutions are presented in the
same paper. Studies involving criticality and uncertainty
analysis calculations on both pin cell and fuel assembly level
were performed using TSUNAMI-2D sequence in SCALE 6.1
and subsequently presented by C. C. Arenas et al. Uncertainty
variations due to temperatures changes and different fuel
compositionswere themain focus of this analysis. C. J. Dı́ez et
al. reported sensitivity calculations using the “sandwich for-
mula” to propagate cross-section uncertainties. Two different
codes were employed to calculate the sensitivity coefficients
of 𝑘eff to cross-sections in criticality calculations: MCNPX-
2.7e (using differential operator technique) and SCALE-
6.1 (using adjoint-weighted technique). The effects of the
numerical discretization error and the manufacturing toler-
ances on fuel pin lattice integral parameters (multiplication
factor and macroscopic cross-sections) through sensitivity
calculations were discussed by E. Canuti et al. Evaluation of
uncertainties in depletion calculations is the subject of the
papers of O. Cabellos and H. J. Park et al., based on the PWR
pin-cell burnup subexercise of Exercise I-1. Two methods
for propagating cross-section uncertainties through core
simulators (the XSUSA statistical approach and the “two-
step” method) were compared and analyzed by A. Yankov et
al. The paper of C. Mesado et al. studies the propagation of
uncertainties of neutron kinetics parameters in the coupled
core transient response. G. Strydom summarized the results
of an uncertainty and sensitivity quantification investigation
performed with statistical methodology, utilizing a typical
high temperature reactor benchmark and the coupled code
PEBBED-THERMIX.

The obtained results from sensitivity and uncertainty
analysis for the test cases of Exercises I-1 and I-2 indicated

that the largest contributors to prediction uncertainties of
infinite multiplication factor are the neutron capture reaction
238U (𝑛, 𝛾) and corresponding cross-section (for UOX fuel)
and 238U (𝑛, 𝑛) reaction and corresponding cross-section
(for MOX fuel and UOX fuel with Gd

2
O
3
burnable poi-

son). When depletion is involved for UOX fuel the major
contributor 238U (𝑛, 𝛾) is replaced by 239Pu nubar (average
number of neutrons per fission reaction) as the burnup
process progresses (at approximately 15 GWd/MTU).

The cross-section uncertainty information is considered
as the most important source of input uncertainty for Phase
I of the OECD/NEA UAM-LWR benchmark. The cross-
section related uncertainties are propagated through the 3
exercises of Phase I. In Exercise I-2 manufacturing and
geometry (technological) uncertainties are added to account
for them in lattice physics calculations. It was found that the
contribution of manufacturing uncertainties to prediction
uncertainty of neutronics parameters of interest is generally
smaller than the contribution of cross-section uncertain-
ties. New and improved methods have been developed
and implemented in several calculation sequences from the
participants during benchmark activities related to Phase I
of the OECD/NEA UAM-LWR benchmark. Such diversity is
important for the progress of the project and is important
for the collaboration of the UAM benchmark group with
the SCALE team at the Oak Ridge National Laboratory
(ORNL), USA. One of the outcomes was the finding that the
propagation of cross-section uncertainties, uncertainties of
depletion and kinetics parameters, andmanufacturing uncer-
tainties in core calculations can be done simultaneously in a
practical manner by combining deterministic and statistical
uncertainty and sensitivity analysis methodologies.

As the OECD/NEA UAM-LWR activities advance, the
intention is to publish similar special issues on the remain-
ing two phases of the benchmark. For more information
about the OECD/NEA UAM-LWR benchmark please visit
http://www.oecd-nea.org/science/wprs/egrsltb/UAM.
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In the framework of the OECD/NEA project on Benchmark for Uncertainty Analysis in Modeling (UAM) for Design, Operation,
and Safety Analysis of LWRs, several approaches and codes are being used to deal with the exercises proposed in Phase I,
“Specifications and Support Data for Neutronics Cases.” At UPM, our research group treats these exercises with sensitivity
calculations and the “sandwich formula” to propagate cross-section uncertainties. Two different codes are employed to calculate
the sensitivity coefficients of 𝑘eff to cross sections in criticality calculations: MCNPX-2.7e and SCALE-6.1. The former uses the
Differential Operator Technique and the latter uses the Adjoint-Weighted Technique. In this paper, the main results for exercise I-2
“Lattice Physics” are presented for the criticality calculations of PWR.These criticality calculations are done for a 15 × 15 TMI fuel
assembly at four different states: HZP-Unrodded, HZP-Rodded, HFP-Unrodded, and HFP-Rodded.The results of the two different
codes above are presented and compared. The comparison proves a good agreement between SCALE-6.1 and MCNPX-2.7e in 𝑘eff
uncertainty that comes from the sensitivity coefficients calculated by both codes. Differences are found when the sensitivity profiles
are analysed, but they do not lead to differences in the 𝑘eff uncertainty.

1. Introduction

As stated in the Introduction of [1], “This benchmark project
(. . .) responds to the needs of estimating confidence bounds
for the results from simulations and analysis in real applica-
tions.” Phase I deals with the neutronics cases.

(i) Exercise I-1. Cell Physics focused on the derivation
of the multigroup microscopic cross section libraries
and their uncertainties.

(ii) Exercise I-2. Lattice Physics focused on the derivation
of the few-group macroscopic cross section libraries
and their uncertainties.

(iii) Exercise I-3. Core Physics focused on the core steady
state stand-alone neutronics calculations and their
uncertainties.

For these calculations, the main source of uncertainty taken
into account is the cross section uncertainties which are
propagated throughout the different simulation levels.

There are mainly two different approaches to propagate
uncertainties: The first one is based on a Monte Carlo
approach where a large amount of calculations are performed
sampling the problem parameters as random variables, and
then carrying out a statistical analysis; the second one relies
on sensitivity coefficients and the “sandwich formula.” The
latter approach is the one employed in this work.

The way of obtaining the sensitivity coefficients of the
response functions depends on which code is used. In this
case, two different techniques are used: the Adjoint-Weighted
Technique by SCALE-6.1 [2] and the Differential Operator
Technique by MCNPX-2.7e [3]. Previous works [4, 5] have
compared both techniques showing their pros and cons.

This work is aimed to present how the uncertainty quan-
tification is carried out using the sensitivity approach and
how the sensitivity coefficients are calculated with SCALE-
6.1 and MCNPX-2.7e. Afterwards, in the framework of
Exercise I-2, both codes are used to perform the uncertainty
quantification on the 𝑘eff of a 15 × 15 TMI fuel assembly.
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Finally, their results are compared and conclusions are
drawn.

2. Uncertainty Quantification Based on
Sensitivity Coefficients

The uncertainty quantification based on sensitivity coeffi-
cients relies on the “sandwich formula” obtained with the
propagation of moments, as presented in [6, Section III.F]
and summarized here.

Being 𝑅 the calculated response function of a system
which depends on (𝛼

1
, . . . , 𝛼

𝑛
) parameters, R can be approx-

imated by a linear function of (𝛼
1
, . . . , 𝛼

𝑛
) using the Taylor

series approximation around a nominal value (𝛼0
1
, . . . , 𝛼

0

𝑛
), as

presented in (1), where 𝛿𝛼
𝑖
= 𝛼
𝑖
− 𝛼
0

𝑖
:

𝑅 (𝛼
1
, . . . , 𝛼

𝑛
) = 𝑅 (𝛼

0

1
, . . . , 𝛼

0

𝑛
) +

𝑛

∑

𝑖=1

(
𝜕𝑅

𝜕𝛼
𝑖

)

(𝛼
0

1
,...,𝛼
0

𝑛
)

𝛿𝛼
𝑖
. (1)

Then, taking the parameters of the system as random
variables, R becomes a random variable for which its mean
coincides with the response function at the nominal value,
(2), and its variance is calculated with (3) known as the
“sandwich formula” or the “sandwich rule”:

𝐸 (𝑅) = 𝑅 (𝛼
0

1
, . . . , 𝛼

0

𝑛
) , (2)

var (𝑅) = 𝑆𝑉
𝛼
𝑆
𝑇
, (3)

where
(i) 𝑆 = (𝜕𝑅/𝜕𝛼

1
, . . . , 𝜕𝑅/𝜕𝛼

𝑛
) is the vector of the

sensitivity coefficients.
(ii) 𝑉
𝛼
is the covariance matrix of the system parameters

defined as

(𝑉
𝛼
)
𝑖𝑗
= {

cov (𝛼
𝑖
, 𝛼
𝑗
) , 𝑖 ̸= 𝑗,

var (𝛼
𝑖
) , 𝑖 = 𝑗.

(4)

Because usually the sensitivity coefficients are calculated as
relative values,

𝑆


𝑖
=
𝜕𝑅/𝑅

𝜕𝛼
𝑖
/𝛼
𝑖

. (5)

Equation (3) can be rewritten as (6), where the value obtained
is the relative standard deviation (rel.std.dev.(𝑅)) and𝑉

𝛼
is the

relative covariance matrix:

(rel.std.dev.(𝑅))2 = var (𝑅)
𝑅2

=

𝑛

∑

𝑖=1,𝑗=1

(𝑆


𝑖

cov (𝛼
𝑖
, 𝛼
𝑗
)

𝛼
𝑖
𝛼
𝑗

𝑆


𝑗
) = 𝑆


𝑉


𝛼
𝑆
𝑇
.

(6)

Both values, the standard deviation √var(𝑅) provided by (3)
and the rel.std.dev.(𝑅) calculated in (6), are used as ameasure
of the uncertainty on the response function. Therefore, the
sensitivity coefficients of the response function to the system
parameters, 𝑆

𝑖
or 𝑆
𝑖
, should be calculated and the covariance

matrix (𝑉
𝛼
) or the relative covariance matrix (𝑉

𝛼
) should be

provided.

2.1. Calculating the Sensitivity Coefficients. The two codes
which perform the criticality calculations in this paper use
different methods for calculating the sensitivity coefficients
necessary to carry out the uncertainty quantification:

(i) SCALE-6.1 uses the Adjoint-Weighted Technique.

(ii) MCNPX-2.7e uses the Differential Operator Tech-
nique.

2.1.1. SCALE-6.1—The Adjoint-Weighted Technique. The
Adjoint-Weighted Technique is used in SCALE-6.1 inside
the TSUNAMI sequence, and the theory applied is stated in
the SAMS module manual [2, Section F22]. Every sensitivity
coefficient is calculated as a sum of two terms: explicit and
implicit, as presented in

(𝑆
𝑘
)complete = (𝑆𝑘)explicit + (𝑆𝑘)implicit. (7)

The explicit term, (𝑆
𝑘
)explicit , is calculated using the Adjoint-

Weighted Technique (called adjoint-based perturbation in
the SAMS manual), based on the perturbation 𝛿𝑘 of the 𝑘eff
given in (8). There, 𝜙 is the neutron flux of the problem
defined by [𝐴 − 𝜆𝐵]𝜙 = 0, where 𝐴 is the operator that
represents all of the transport equations except for the fission
term, 𝐵 is the operator that represents the fission term, and 𝜆
represents the eigenvalues where the largest one is 1/𝑘eff. 𝜙

†

is the adjoint neutron flux of the adjoint problem defined as
[𝐴
†
− 𝜆𝐵
†
]𝜙
†
= 0 where 𝐴† and 𝐵† are the adjoint operators

corresponding to 𝐴 and 𝐵. 𝛿𝐴 and 𝛿𝐵 are the perturbed
operators due to a perturbation in the cross sections:

𝛿𝑘eff
𝑘eff

= −
⟨𝜙
†
(𝛿𝐴 − 𝜆𝛿𝐵) 𝜙⟩

⟨𝜙† (𝜆𝛿𝐵) 𝜙⟩
. (8)

The implicit term, (𝑆
𝑘
)implicit , is calculated in order to take

into account the effect on 𝑘eff of perturbing one cross section
that affects the resonance-shielded values of other cross
sections.This term appears because the transport calculations
should be done using groupwise cross sections which require
an initial self-shielding adjustment.

In any TSUNAMI sequence, the forward and adjoint
transport problems are solved in order to calculate the
neutron flux and its adjoint using XSDRNPM module
for TSUNAMI-1D, NEWT module for TSUNAMI-2D, and
KENO-V.a or KENO-VI for TSUNAMI-3D. Then, the SAMS
module is applied for calculating the sensitivity coefficients
for every energy-group reaction cross section.The sensitivity
to the average number of neutrons per fission, ], and to
the fission spectrum, 𝜒, is estimated. Also, SAMS module
performs the uncertainty quantification on the 𝑘eff due to the
cross section uncertainties.

2.1.2. MCNPX-2.7e—The Differential Operator Technique.
The Differential Operator Technique is applied in MCNPX-
2.7e to calculate the change Δ𝑘eff due to a perturbation in
a cross section, Δ𝜎, by means of the PERT card. It is based
on the Taylor series expansion as presented in (9), where 𝜎

𝑥
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(a) Unrodded (b) Rodded

Figure 1: Geometrical model implemented in MCNPX-2.7e for 1/8 of the 15 × 15 TMI fuel assembly.

is the cross section perturbed, 𝜎
𝑥,0

is its nominal value, and
Δ𝜎 = 𝜎

𝑥
− 𝜎
𝑥,0
, is the perturbation:

Δ𝑘eff = 𝑘eff (𝜎𝑥) − 𝑘eff (𝜎𝑥,0) = (
𝜕𝑘

𝜕𝜎

𝜎𝑥,0

Δ𝜎)

1st

+ (
1

2

𝜕
2
𝑘

𝜕𝜎2

𝜎𝑥,0

(Δ𝜎)
2
)

2nd

+ ⋅ ⋅ ⋅

= [Δ𝑘eff]PERT,1st + [Δ𝑘eff]PERT,2nd + ⋅ ⋅ ⋅ .

(9)

The first derivative means the derivative of the probability of
the random walk occurring. The second one is the derivative
of the tally response itself.There is an additional derivative for
the changes in the fission source distribution that MCNPX-
2.7e does not take into account, but methodologies about
how to calculate it have been developed in [4, 7–9] showing
also its effect. In [4, 10], it was pointed out that because the
scattering affects the fission source spatial distribution more
than capture, the sensitivity to scattering cross sections could
bewrong. Other limitations are stated in theMCNPXmanual
[3, Section 5.2.2].

For the sensitivity coefficient, only the first derivative is
required. Using the first term provided by the PERT card
(using the keyword METHOD=+2), the sensitivity coefficient
is calculated with (10), just dividing by 𝑘eff,0 and 𝑝𝑥, which
is the variation of the cross section from 𝜎

𝑥
= 𝜎
𝑥,0
(1 + 𝑝

𝑥
).

Because [Δ𝑘eff]PERT,1st is lineal with respect to the size of the
perturbation 𝑝

𝑥
, so choosing one value for 𝑝

𝑥
is trivial:

𝑆
𝑖
=

1

𝑘
0
𝑝
𝑥

[Δ𝑘eff]PERT,1st . (10)

The statistical uncertainty is propagated to the sensitivity
coefficient by (11), obtaining the relative standard deviation:

√var (𝑆
𝑖
)

𝑆
𝑖

= √
var ([Δ𝑘eff]PERT,1st)

[Δ𝑘eff]
2

PERT,1st

+
var (𝑘

0
)

𝑘2
0

. (11)

Table 1: Reaction cross sections perturbed using PERT cards in the
MCNPX-2.7e calculations.

Reaction Isotopes
𝜎 (𝑛, 𝑛)

152,154,155,156,157,158,160Gd, 238U, 107,109Ag, 113Cd, 115 In
𝜎 (𝑛, 𝑛


)

238U
𝜎 (𝑛, 𝑓)

235,238U
𝜎 (𝑛, 𝛾)

152,154,155,156,157,158,160Gd, 238U, 107,109Ag, 113Cd, 115 In

3. PWR Calculations on Exercise I-2

3.1. Specifications and Modeling Exercise I-2. Exercise I-2 [2,
Chapter 3] proposes uncertainty propagation of the input
parameters through the lattice physics to output variables
for different Light Water Reactors (LWRs). Here, only the
first one of three proposed test problems regarding PWR
geometry is carried out. It consists in propagating the cross
section uncertainties in a 2D fuel assembly model with
reflective boundary conditions which will be used later as the
standard model for fuel assembly cross-section generation in
PWR core analysis.

The specifications of the fuel assembly are given in [1,
Section 3.2]. It is a 15 × 15 TMI fuel assembly model which
contains gadolinia pins as burnable poison. Also, the specifi-
cations of the control rods are found there. The definition of
the pin cell is the same as used in Exercise I-1 [1, Section 2.4].
The fuel assembly configuration is presented in Figure 1(a)
for the unrodded case and in Figure 1(b) for the rodded case.
The fuel pins are in blue, the gadolinia pins in light blue, the
control rods in green, cladding in yellow, and water in red.

The criticality calculations for the 15 × 15 TMI fuel
assembly are carried out at Hot Zero Power (HZP) and at Hot
Full Power (HFP) conditions for both cases, unrodded and
rodded, together with uncertainty quantification on 𝑘eff due
to the cross section uncertainties.

3.1.1. SCALE-6.1. For the criticality calculations with sensi-
tivity analysis and uncertainty quantification of SCALE-6.1,
the TSUNAMI-2D sequence is chosen. There, the NEWT
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Table 2: 𝑘eff values for the different states of the 15 × 15 TMI fuel assembly obtained by MCNPX-2.7e and SCALE-6.1, taking the SCALE
results as the reference for the difference in pcm.

Unrodded Rodded
HZP HFP HZP HFP

MCNPX-2.7.e 1.41768 ± 16 pcm 1.40441 ± 16 pcm 1.07386 ± 22 pcm 1.06146 ± 25 pcm
SCALE-6.1 1.41227 1.39802 1.07160 1.05834
Difference 383 pcm 457 pcm 211 pcm 295 pcm

Table 3: Comparison of the uncertainty contribution to 𝑘eff of each variance-covariance matrix of the reaction pair presented in the first two
columns given in rel.std.dev.(%) calculated by SCALE-6.1 and MCNPX-2.7e for unrodded case.

(a) HZP

Reaction Reaction MCNP-2.7e SCALE-6.1 Ratio
238U (𝑛, 𝛾)

238U (𝑛, 𝛾) 0.23145 0.24582 0.942
235U (𝑛, 𝛾)

235U (𝑛, 𝛾) 0.19674 0.19970 0.985
235U (𝑛, 𝑓)

235U (𝑛, 𝛾) 0.10733 0.10895 0.985
238U (𝑛, 𝑛


)

238U (𝑛, 𝑛

) 0.09078 0.09455 0.960

235U (𝑛, 𝑓)
235U (𝑛, 𝑓) 0.08368 0.08500 0.985

238U (𝑛, 𝑓)
238U (𝑛, 𝑓) 0.01363 0.01366 0.998

238U (n, n) 238U (n, 𝛾) 0.01215 −0.00474 −2.566
238U (n, n) 238U (n, n) 0.01185 0.02265 0.523
157Gd (𝑛, 𝛾)

157Gd (𝑛, 𝛾) 0.00645 0.00683 0.945
155Gd (𝑛, 𝛾)

155Gd (𝑛, 𝛾) 0.00476 0.00488 0.977
238U (𝑛, 𝑓)

238U (𝑛, 𝛾) 0.00246 0.00257 0.957
156Gd (𝑛, 𝛾)

156Gd (𝑛, 𝛾) 0.00129 0.00128 1.006
238U (n, n) 238U (n, f ) −0.00116 0.00065 −1.787
238U (𝑛, 𝑛)

238U (𝑛, 𝑛

) −0.00476 −0.00504 0.944

Total 0.34577 0.35940 0.962
235U ] 235U ] — 0.26937
235U 𝜒

235U 𝜒 — 0.08531
Total SCALE 0.46441 0.774

(b) HFP

Reaction Reaction MCNP-2.7e SCALE-6.1 Ratio
238U (𝑛, 𝛾)

238U (𝑛, 𝛾) 0.23793 0.25293 0.941
235U (𝑛, 𝛾)

235U (𝑛, 𝛾) 0.19738 0.20025 0.986
235U (𝑛, 𝑓)

235U (𝑛, 𝛾) 0.10697 0.10860 0.985
238U (𝑛, 𝑛


)

238U (𝑛, 𝑛

) 0.09808 0.09962 0.985

235U (𝑛, 𝑓)
235U (𝑛, 𝑓) 0.08333 0.08470 0.984

238U (n, n) 238U (n, n) 0.02302 −0.00562 −4.093
238U (𝑛, 𝑛)

238U (𝑛, 𝛾) 0.01634 0.00943 1.732
238U (𝑛, 𝑓)

238U (𝑛, 𝑓) 0.01407 0.01412 0.997
238U (n, n) 238U (n, n) 0.01358 0.02520 0.539
157Gd (𝑛, 𝛾)

157Gd (𝑛, 𝛾) 0.00653 0.00693 0.943
155Gd (𝑛, 𝛾)

155Gd (𝑛, 𝛾) 0.00480 0.00496 0.967
238U (𝑛, 𝑓)

238U (𝑛, 𝛾) 0.00259 0.00272 0.953
156Gd (𝑛, 𝛾)

156Gd (𝑛, 𝛾) 0.00135 0.00132 1.023
238U (n, n) 238U (n, f ) −0.00137 0.00070 −1.959

Total 0.35331 0.36607 0.965
235U ] 235U ] — 0.26834
235U 𝜒

235U 𝜒 — 0.08823
Total SCALE 0.46984 0.779
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Table 4: Comparison of the uncertainty contribution to 𝑘eff of each variance-covariance matrix of the reaction pair presented in the first two
columns given in rel.std.dev.(%) calculated by SCALE-6.1 and MCNPX-2.7e for rodded case.

(a) HZP

Reaction Reaction MCNP-2.7e SCALE-6.1 Ratio
238U (𝑛, 𝛾)

238U (𝑛, 𝛾) 0.21670 0.23086 0.939
235U (𝑛, 𝛾)

235U (𝑛, 𝛾) 0.17403 0.17602 0.989
238U (𝑛, 𝑛


)

238U (𝑛, 𝑛

) 0.16286 0.16089 1.012

235U (𝑛, 𝑓)
235U (𝑛, 𝛾) 0.11027 0.11189 0.985

235U (𝑛, 𝑓)
235U (𝑛, 𝑓) 0.10708 0.10936 0.979

109Ag (𝑛, 𝛾)
109Ag (𝑛, 𝛾) 0.07569 0.07831 0.967

107Ag (𝑛, 𝛾)
107Ag (𝑛, 𝛾) 0.06786 0.06965 0.974

115In (𝑛, 𝛾)
115In (𝑛, 𝛾) 0.03640 0.03627 1.003

238U (𝑛, 𝑓)
238U (𝑛, 𝑓) 0.02242 0.02237 1.002

238U (n, n) 238U (n, 𝛾) 0.01812 0.01185 1.529
238U (n,n) 238U (n,n) 0.01357 0.02340 0.580
157Gd (𝑛, 𝛾)

157Gd (𝑛, 𝛾) 0.00747 0.00817 0.915
113Cd (𝑛, 𝛾)

113Cd (𝑛, 𝛾) 0.00744 0.00738 1.008
155Gd (𝑛, 𝛾)

155Gd (𝑛, 𝛾) 0.00556 0.00584 0.952
107Ag (n, n) 107Ag (n, n) 0.00347 0.00042 8.193
238U (𝑛, 𝑓)

238U (𝑛, 𝛾) 0.00322 0.00337 0.955
115In (n, n) 115In (n, n) 0.00310 0.00164 1.888
156Gd (𝑛, 𝛾)

156Gd (𝑛, 𝛾) 0.00162 0.00154 1.050
109Ag (n, n) 109Ag (n, n) 0.00145 0.00031 4.695
238U (n, n) 238U (n, f ) −0.00139 0.00088 −1.579
238U (n, n) 238U (n, n) −0.03164 −0.00757 4.178

Total 0.37315 0.38518 0.969
235U ] 235U ] — 0.25594
235U 𝜒

235U 𝜒 — 0.13360
Total SCALE 0.49199 0.783

(b) HFP

Reaction Reaction MCNP-2.7e SCALE-6.1 Ratio
238U (𝑛, 𝛾)

238U (𝑛, 𝛾) 0.22281 0.23783 0.937
235U (𝑛, 𝛾)

235U (𝑛, 𝛾) 0.17426 0.17639 0.988
238U (𝑛, 𝑛


)

238U (𝑛, 𝑛

) 0.16419 0.16909 0.971

235U (𝑛, 𝑓)
235U (𝑛, 𝛾) 0.10985 0.11143 0.986

235U (𝑛, 𝑓)
235U (𝑛, 𝑓) 0.10703 0.10925 0.980

109Ag (𝑛, 𝛾)
109Ag (𝑛, 𝛾) 0.07689 0.07969 0.965

107Ag (𝑛, 𝛾)
107Ag (𝑛, 𝛾) 0.06925 0.07100 0.975

115In (𝑛, 𝛾)
115In (𝑛, 𝛾) 0.03707 0.03690 1.005

238U (𝑛, 𝑓)
238U (𝑛, 𝑓) 0.02313 0.02310 1.001

238U (n, n) 238U (n, 𝛾) 0.02141 0.01592 1.345
238U (n, n) 238U (n, n) 0.01567 −0.00854 −1.835
238U (n, n) 238U (n, n) 0.01276 0.02589 0.493
157Gd (𝑛, 𝛾)

157Gd (𝑛, 𝛾) 0.00770 0.00825 0.934
113Cd (𝑛, 𝛾)

113Cd (𝑛, 𝛾) 0.00762 0.00748 1.019
107Ag (n, n) 107Ag (n, n) 0.00587 0.00043 13.758
155Gd (𝑛, 𝛾)

155Gd (𝑛, 𝛾) 0.00569 0.00592 0.961
109Ag (n, n) 109Ag (n, n) 0.00450 0.00031 14.391
238U (𝑛, 𝑓)

238U (𝑛, 𝛾) 0.00341 0.00356 0.958
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(b) Continued.

Reaction Reaction MCNP-2.7e SCALE-6.1 Ratio
115In (n, n) 115In (n, n) 0.00262 0.00167 1.569
156Gd (𝑛, 𝛾)

156Gd (𝑛, 𝛾) 0.00166 0.00159 1.048
238U (n, n) 238U (n, f ) −0.00151 0.00094 −1.599

Total 0.37973 0.39380 0.964
235U ] 235U ] — 0.25451
235U 𝜒

235U 𝜒 — 0.13788
Total SCALE 0.49966 0.788
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Figure 2: Sensitivity profiles of 238U reaction cross sections calculated by MCNPX-2.7e and SCALE-6.1 for unrodded case at HZP.

module [2, Section F21] is used for solving the forward and
adjoint transport problems. NEWT is an algorithm for two-
dimensional analysis in nonorthogonal geometries combin-
ing a step characteristics approach plus discrete ordinates.
The 238 energy group cross section library of the ENDF/B-
VII.0 [2, SectionM4] is used with NEWT (using the keyword
v7-238).Then, the SAMSmodule [2, Section F22] is invoked
to calculate the sensitivity coefficients in 238 energy groups.
Because SCALE-6.1 provides a set of covariance matrices
to perform the uncertainty quantification, “SCALE Nuclear
Data Covariance Library” [2, SectionM19] that is given in 44
energy group [2, TableM4.2.1], the sensitivity profiles are col-
lapsed from 238 to 44 energy group structure inside SAMS,
but the latter profile is not supplied to the user. But collapsing
to 44 energy groups can be done with the VIBE tool [11].

3.1.2. MCNPX-2.7e. For the criticality calculations of
MCNPX-2.7e, the KCODE card [3, Section 5.2.2] is applied
and activated only for neutrons. The ENDF/B-VII.0 cross
section library is used, taking the processed cross section
files for MCNPX from [12]. Because the cross section library
used for 107Ag in [12] comes from JEFF-3.1.1, the 107Ag
ENDF/B-VII.0 cross section file is processed and included
in the set of cross section libraries used by MCNPX-2.7e to
substitute the previous one.

After preparing the inputs for the criticality calculations,
PERT cards are added in order to calculate the sensitivity
coefficients of 𝑘eff to the reaction cross sections given in
Table 1.

To calculate the same sensitivity coefficients as SCALE-
6.1, the keyword that sets to which reaction cross section is
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Figure 3: Sensitivity profiles of 238U reaction cross sections calculated by MCNPX-2.7e and SCALE-6.1 for rodded case at HZP.

assigned the perturbation on the 𝑘eff, RXN, is specified taking
into account the equivalences between RXN and the identifiers
of the SCALE reaction cross sections presented in [4, Table
V]. In order to compare the sensitivity profiles provided by
SCALE-6.1 andMCNPX-2.7e, the PERT cards should use the
same 44 energy group structure used by SCALE-6.1. 𝑝

𝑥
is set

to 100 to calculate the sensitivity coefficients by (10).
Once the sensitivity coefficients are calculated, the

“SCALE Nuclear Data Covariance Library” is processed by
the VIEWCVX code (provided as a module of ERRORJ code
[13]) to obtain the relative covariance matrix of the reactions
given in Table 1. Then, the “sandwich formula” given in (6) is
calculated, obtaining the uncertainty on 𝑘eff.

3.2. Comparison of 𝑘eff Values. The 𝑘eff values are presented
in Table 2. MCNPX-2.7e provides larger values than SCALE-
6.1 for all cases, but the difference between codes is reduced
when going from unrodded to rodded case.These differences
appear due to the use of multigroup cross-sections or contin-
uous energy cross-sections, the different methodologies used
in each code to solve the neutron transport equations, and
the different processing codes used for preparing the cross
section data files: NJOY v99.364 forMCNPX-2.7e andAMPX
for SCALE-6.1.

3.3. Comparison of the 𝑘eff Uncertainty. The uncertainty
results obtained by SCALE-6.1 and MCNPX-2.7e are pre-
sented in the tables: for the unrodded fuel assembly at
HZP (Table 3(a)), and at HFP (Table 3(b)); for the rodded
case at HZP (Table 4(a)), and at HFP (Table 4(b)). These
tables present in the first two columns the reaction pair of
the variance-covariance matrix that contributes to the 𝑘eff
uncertainty. The contribution is given in rel.std.dev.(%) in
the third and fourth columns. Only the contributions with
||rel.std.dev.(%)|| > 0.001 are presented, sorted in descending
order. The square root of the sum of the square rel.std.dev.
provides the total uncertainty in 𝑘eff as rel.std.dev.(%). The
ratio between MCNPX-2.7e and SCALE-6.1 values is given
for each contribution and for the total values. Twomore rows
are added to show the importance of the 235U ] and 235U 𝜒

uncertainty contributions to 𝑘eff, calculated by SCALE-6.1.
The last row shows the total uncertainty given by SCALE-
6.1, taking into account all the possible reactions for which
there is uncertainty information, and the ratio to the total
uncertainty provided by MCNPX-2.7e.

There is a good agreement between MCNPX-2.7e and
SCALE-6.1 results except when the (𝑛, 𝑛) reaction cross
section is involved. There is a contribution in the HZP
unrodded case in which the (𝑛, 𝑛) reaction is involved and
both codes remain in good agreement: the 238U (𝑛, 𝑛)-238U
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Figure 4: Sensitivity profiles of 235U reaction cross sections calculated by MCNPX-2.7e and SCALE-6.1 for unrodded and rodded cases at
HZP.

(𝑛, 𝑛

) covariance matrix contribution. But this result is

obtained by chance, because as showed later, there are large
differences in the 238U (𝑛, 𝑛) sensitivity profile between both
codes, while for the 238U (𝑛, 𝑛


) sensitivity profile there is

almost no difference. Therefore, after applying the “sandwich
formula,” the contribution given by each code is almost the
same due to the combination of the differences in the 238U
(𝑛, 𝑛) sensitivity profile.

However, the (𝑛, 𝑛) reactions are included in the total
values given by MCNPX; they have no impact because their
contribution to the total is negligible.

It is necessary to implement more PERT cards in
MCNPX-2.7e, because only with the ones calculated, the total
uncertainty in the 𝑘eff is being underestimated around a 23%.
This 23% comes mainly because MCNPX-2.7e is not able to
calculate the sensitivities to 235U ] and 235U 𝜒 yet. But this
capability could be implemented as presented in [14].

The differences betweenHZP andHFP are explained later
through the comparison of the sensitivity profiles, because
the variance-covariance matrices used in the “sandwich
formula” do not change between cases.

3.4. Comparison of Sensitivity Profiles. The sensitivity profiles
of 238U reaction cross sections calculated by MCNPX-2.7e
and SCALE-6.1 are presented in Figures 2 and 3, and for 235U
reaction cross sections in Figure 4, both for unrodded and
rodded cases at HZP. MCNPX values are given in red, with
dashed lines for their statistical uncertainty because of the
Monte Carlo approach of solving the transport problem, and
SCALE ones are in blue.

There is good agreement between all reaction cross
sections except for (𝑛, 𝑛). Special remark should be done for
the large statistical uncertainty on the (𝑛, 𝑛) reaction while
its mean value remains in good agreement with the SCALE-
6.1 values. For the other isotope-reaction cross sections, the
same trend is observed: good agreement for all reaction
cross section except for the (𝑛, 𝑛) reaction. These kinds of
differences in (𝑛, 𝑛) reaction were found before in [4], where
the scattering reactions did not agree well with the SCALE
results because of the deficiencies of the Differences Operator
Technique used in the PERT card.

The temperature effect on the sensitivity profiles is anal-
ysed. Only for the unrodded case there is a noticeable change
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Table 5: Largest integrated sensitivity coefficients of the reaction
cross sections for the unrodded case at HZP and HFP sorted in
descending order provided by SCALE-6.1.

(a) HZP

Reaction Int.sen.coef.
235U ] 9.4533𝐸 − 01

235U (𝑛, 𝑓) 2.7342𝐸 − 01

238U (𝑛, 𝛾) −1.9175𝐸 − 01

1H (𝑛, 𝑛) 1.5701𝐸 − 01

235U (𝑛, 𝛾) −1.4756𝐸 − 01

238U ] 5.4659𝐸 − 02

1H (𝑛, 𝛾) −4.5765𝐸 − 02

238U (𝑛, 𝑓) 2.6307𝐸 − 02

238U (𝑛, 𝑛) 1.4825𝐸 − 02

(b) HFP

Reaction Int.sen.coef.
235U ] 9.4404𝐸 − 01

235U (𝑛, 𝑓) 2.7389𝐸 − 01

238U (𝑛, 𝛾) −1.9659𝐸 − 01

1H (𝑛, 𝑛) 1.6365𝐸 − 01

235U (𝑛, 𝛾) −1.4806𝐸 − 01

238U ] 5.5948𝐸 − 02

1H (𝑛, 𝛾) −4.4564𝐸 − 02

238U (𝑛, 𝑓) 2.7192𝐸 − 02

238U (𝑛, 𝑛) 1.5870𝐸 − 02

in the 238U (𝑛, 𝛾) sensitivity profile; the sensitivity coefficients
of the low energy groups are increased when going fromHZP
to HFP due to the Doppler broadening.

The effect of the control rods can be observed comparing
Figures 2 (unrodded) and 3 (rodded). The 238U (𝑛, 𝑓) and
(𝑛, 𝑛

) reactions are affected: the sensitivity coefficients of the

low energy groups are increased when going from unrodded
to rodded case.The 157Gd (𝑛, 𝛾) sensitivity coefficients follow
the same trend: they are increased at low energies. The effect
on 235U reactions can be seen comparing Figures 4(a) and
4(b). The 235U (𝑛, 𝑓) sensitivity coefficients are increased in
the whole range while the 235U (𝑛, 𝛾) ones are decreased only
at low energies, when changing from unrodded to rodded
configuration.These changes provoke the variations observed
in the contributions of these reactions to the 𝑘eff uncertainty.

Another source of difference, apart from the methodol-
ogy used by each code to calculate the sensitivity coefficients,
is that SCALE-6.1 provides the sensitivity profiles in 238
energy groups, while for MCNPX-2.7e the sensitivity profiles
are calculated in 44 energy groups. Therefore, the energy
group structure could lead to differences in between both
codes.

3.5. Ranking the Importance of the Reactions. SCALE-6.1
provides a useful result: the integrated sensitivity coefficients
of every reaction involved in the criticality calculations. It is
the sum of the sensitivity coefficients over all energy groups

Table 6: Largest integrated sensitivity coefficients of the reaction
cross sections for the rodded case at HZP and HFP sorted in
descending order provided by SCALE-6.1.

(a) Rodded at HZP

Reaction Int.sen.coef.
235U ] 9.2720𝐸 − 01

235U (𝑛, 𝑓) 3.6753𝐸 − 01

1H (𝑛, 𝑛) 2.3743𝐸 − 01

238U (𝑛, 𝛾) −1.8097𝐸 − 01

235U (𝑛, 𝛾) −1.2798𝐸 − 01

238U ] 7.1728𝐸 − 02

238U (𝑛, 𝑓) 4.3054𝐸 − 02

1H (𝑛, 𝛾) −3.3060𝐸 − 02

109Ag (𝑛, 𝛾) −2.1940𝐸 − 02

238U (𝑛, 𝑛) 1.6606𝐸 − 02

107Ag (𝑛, 𝛾) −1.3914𝐸 − 02

115In (𝑛, 𝛾) −1.2778𝐸 − 02

(b) Rodded at HFP

Reaction Int.sen.coef.
235U ] 9.2540𝐸 − 01

235U (𝑛, 𝑓) 3.6931𝐸 − 01

1H (𝑛, 𝑛) 2.4283𝐸 − 01

238U (𝑛, 𝛾) −1.8549𝐸 − 01

235U (𝑛, 𝛾) −1.2804𝐸 − 01

238U ] 7.3537𝐸 − 02

238U (𝑛, 𝑓) 4.4462𝐸 − 02

1H (𝑛, 𝛾) −3.2066𝐸 − 02

109Ag (𝑛, 𝛾) −2.2270𝐸 − 02

238U (𝑛, 𝑛) 1.7615𝐸 − 02

107Ag (𝑛, 𝛾) −1.4158𝐸 − 02

115In (𝑛, 𝛾) −1.2976𝐸 − 02

of the same reaction. This value reflects how sensitive is the
𝑘eff to this reaction. Then, the reactions can be ranked as
a function of their relevance to 𝑘eff with their integrated
sensitivity coefficient.

With the sensitivity profiles provided by MCNPX-2.7e,
the integrated sensitivity values can be calculated. Because
comparing the integrated sensitivity coefficients is equivalent
to compare sensitivity profiles, only the SCALE-6.1 results are
shown in this section.

Table 5 presents the integrated sensitivity values for the
unrodded case at HZP and HFP, while Table 6 shows the
results for the rodded case atHZP andHFP.Themost relevant
reactions are the ones for 235U, 238U, and 1H. In the rodded
case, the (𝑛, 𝛾) reactions of 107Ag, 109Ag, and 115In arise as
important.

4. Conclusions

The propagation of cross section uncertainties in criticality
calculations for a 15 × 15 TMI fuel assembly in two dif-
ferent configurations, unrodded and rodded, at two differ-
ent states, HZP and HFP, has been performed using two
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different approaches carried out by each of the codes used:
(i) MCNPX-2.7e—Differential Operator Technique and (ii)
SCALE-6.1—Adjoint-Weighted Technique.

The two approaches have been presented and compared
through this exercise. The 𝑘eff and its uncertainty due to
cross-section uncertainties have been calculated, distinguish-
ing between its different contributors. The most impor-
tant ones for this exercise are 235U-], 𝜒, (𝑛, 𝑓), (𝑛, 𝛾),238U-
(𝑛, 𝑛

), (𝑛, 𝑓), (𝑛, 𝛾), and the covariance 235U (𝑛, 𝑓)-235U

(𝑛, 𝛾). Additionally, the sensitivity coefficients and the inte-
grated sensitivity coefficients have been calculated and com-
pared.

In general, both approaches/codes are in good agreement,
in spite of the differences in the 𝑘eff values.There are only two
exceptions observed: one is for the contribution of the (𝑛, 𝑛)
reaction cross sections which are not properly calculated by
MCNPX-2.7e because the deficiencies of the PERT card to
calculate the (𝑛, 𝑛) sensitivity coefficients, and the another
is for the contribution of 238U(𝑛, 𝑛)-(𝑛, 𝑛) covariance whose
agreement between codes comes by chance because of the
combination of the differences in the (𝑛, 𝑛) sensitivity profile.
The good agreements between codes are corroborated by the
comparison of the sensitivity profiles given by each code.

The inability of calculating the contribution due to ] and𝜒
values makes MCNPX-2.7e to underestimate the uncertainty
in 𝑘eff at least in a 23% compared with SCALE-6.1. It is
important to remark that the most relevant reactions are not
always the main source of the uncertainty, such as the case
of 1H which is in the top list of reactions for which 𝑘eff is
sensitive to, but it is not in the list of the most important
contributions to the 𝑘eff uncertainty because of the low
uncertainty of its reactions.

Thus, MCNPX-2.7e can deal with the uncertainty quan-
tification problem as SCALE-6.1 does, but improvements
should be done in the PERT card capabilities such as the
proper calculation of the sensitivity coefficients of (𝑛, 𝑛)
reaction cross sections, the inclusion of the perturbation
due to the change in the fission source distribution, and the
implementation of the perturbation of the ] and 𝜒 values.
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The study explored the calculation of uncertainty based on available cross-section covariance data and computational tool on fuel
lattice levels, which included pin cell and the fuel assemblymodels. Uncertainty variations due to temperatures changes and different
fuel compositions are the main focus of this analysis. Selected assemblies and unit pin cells were analyzed according to the OECD
LWRUAMbenchmark specifications. Criticality anduncertainty analysiswere performedusingTSUNAMI-2D sequence in SCALE
6.1. It was found that uncertainties increase with increasing temperature, while 𝑘inf decreases.This increase in the uncertainty is due
to the increase in sensitivity of the largest contributing reaction of uncertainty, namely, the neutron capture reaction 238U(n, 𝛾) due
to the Doppler broadening. In addition, three types (UOX, MOX, and UOX-Gd

2
O
3
) of fuel material compositions were analyzed.

A remarkable increase in uncertainty in 𝑘inf was observed for the case of MOX fuel. The increase in uncertainty of 𝑘inf in MOX
fuel was nearly twice the corresponding value in UOX fuel.The neutron-nuclide reaction of 238U,mainly inelastic scattering (n, n),
contributed the most to the uncertainties in the MOX fuel, shifting the neutron spectrum to higher energy compared to the UOX
fuel.

1. Introduction

Thedemand for the best estimate calculations in nuclear reac-
tor core modeling and design has increased in recent years.
Uncertainty analysis has been highlighted as an important
part of the design and safety analysis of modern nuclear
reactors. The modeling aspects of uncertainty analysis and
sensitivity analysis are to be further developed and validated
on scientific grounds in support of their performance. The
Organization for Economic Cooperation and Development
(OECD)/Nuclear Energy Agency (NEA) initiated the Bench-
mark for Uncertainty Analysis in Modeling, Design, Opera-
tion, and Safety Analysis of LightWater Reactor (OECDLWR
UAM benchmark). The general objective of the benchmark
is to propagate the uncertainty through complex coupled
multiphysics and multiscale simulations. The benchmark
is divided into three phases with Phase I highlighting the
uncertainty propagation in neutronics calculations, while
Phases II and III are focused on uncertainty analysis of
reactor core and reactor system, respectively.

In Phase I of the OECD LWR UAM benchmark, the
exercises are divided into three parts: cell physics (Exercise I),

lattice physics (Exercise II), and core physics (Exercise III) [1].
This paper will discuss Exercises I and II.

2. Uncertainty Calculations

In general, uncertainty is calculated based on covariance
matrix and weighting factor coefficients [2]:

Δ
2
= 𝛼 [coV] 𝛼𝑇, (1)

where 𝛼 is the weighting factor matrix, 𝛼𝑇 is the transpose of
the weighting factor matrix, [coV] is the covariance matrix,
and Δ2 is the uncertainty.

In order to obtain the uncertainty of the response of
interest, which may be the critical eigenvalue, the reactivity
difference between two reactor states, or the ratio of reactions
rates, sensitivity coefficients (𝑆) are used as weighting factors
to the covariance matrix

Δ
2

𝑘 eff = 𝑆 [coV] 𝑆
𝑇
. (2)
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2.1. Covariance Matrix of Nuclear Data. The evaluation of
nuclear data induced uncertainty is possible by the use
of nuclear cross-section variance and covariance data. By
including the uncertainty or covariance information, the ana-
lyst can propagate cross-section data uncertainties through
sensitivity studies to the final calculated quantities of interest.
The covariance data files provide the estimated variance for
the individual data as well as any correlation thatmay exist. In
principle, the covariancematrices can be now self-shielded in
the same way as the cross-sections, although in practice this
is rarely done. The impact of this treatment on the obtained
covariance matrices and their dependence on energy group
structure needs to be studied.The SCALE 6.1/TSUNAMI-2D
[3] sequence uses a completely different approach to address
the impact of self-shielding in sensitivity and uncertainty
analysis. Rather than modifying the covariance data, the
sensitivity coefficients are modified to include the “implicit
effects” of perturbations in the group cross-sections caused
by perturbations in self-shielding. Implicit effects account for
impact of resonance self-shielding on sensitivity coefficients
and uncertainty evaluations.This allows the use of unshielded
covariance data. Treatment of implicit effects is a standard
part of the TSUNAMI-2D analysis and has been shown to be
a significant sensitivity component in some cases.

The SCALE 6.1 covariance library data corresponds also
to 44-group relative uncertainties assembled from a variety of
sources, including evaluations from ENDF/B-VII, ENDF/B-
VI, JENDL-3.3, and more than 300 approximated uncertain-
ties from a collaborative project performed by Brookhaven
National Laboratory (BNL), Los AlamosNational Laboratory
(LANL), and Oak Ridge National Laboratory (ORNL).

It is assumed that the same relative (rather than absolute)
uncertainties can be applied to all cross-section libraries,
even if these are not strictly consistent with the nuclear data
evaluations. In addition, the assumption that there are no
covariance correlations between energy groups is applied [1].

2.2. Sensitivity Coefficients. For light water reactors, two
components of sensitivity coefficient are needed. Explicit
sensitivity represents the sensitivity of the calculated 𝑘inf to
components of the group-wise cross-section data. Implicit
sensitivity addresses the impact of resonance self-shielding
effect in a system. Together, the explicit and implicit sensi-
tivity are combined to produce the total sensitivity:

𝑆Total = 𝑆Explicit + 𝑆Implicit. (3)

2.3. Computational Tools. The SCALE 6.1/TSUNAMI-2D
sequence is used to perform the study. First, the ENDF/B-
VII.0 based 238-groupmicroscopic cross-section data library
is processed using BONAMIST and CENTRM/PMC. Next,
forward and adjoint calculations are performed usingNEWT,
a 2D transport solver. Finally, sensitivity coefficients are cal-
culated, and uncertainty data is generated by SAMS using the
default covariance data library in 44 groups (44groupcov).

The SCALE 6.1 sensitivity and uncertainty methodology
is based on the first-order perturbation theory to calculate
response sensitivity coefficients, which are then folded with
nuclear data covariances to obtain the response uncertainty.
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Figure 1: The neutron flux of PWR unit cell at two different
operating conditions.

TSUNAMI-2D applies the generalized perturbation theory
(GPT) to generate uncertainties associated with the few-
group assembly homogenized neutron cross-section data [2].

3. Temperature Sensitivity Study

The study begins with specification of fuel pin cells of three
light water reactor types and two critical experiments pro-
vided by the OECD LWR UAM benchmark within Exercise
I-1 [4]. This exercise evaluates the multigroup microscopic
cross-section uncertainties associated withmultigroup cross-
section libraries used as an input in lattice physics codes.
The details of the specifications are available in [1]. 𝑘inf and
propagated cross-section uncertainties obtained for different
pin cell test problems are shown in Table 1.

Observations of the results showed that 𝑘inf reduces as the
temperature rises. This is due to the effect of Doppler broad-
ening and the reduction in moderation due to the changing
moderator density.The uncertainty in 𝑘inf seemed to increase
with increasing temperature. The largest contributor to the
uncertainty is due to 238U(𝑛, 𝛾) reaction. The majority of
neutron capture in 238U occurs at intermediate energy, and
thus as the temperature increases, the neutron spectrum
shifts into the epithermal range. Figure 1 shows such a shift
of the neutron spectrum into the epithermal range when
changing from Hot Zero Power (HZP) to Hot Full Power
(HFP) conditions.

The resonance absorption due to Doppler broadening
is reflected in the calculation of the sensitivity, mainly the
implicit sensitivity. This implicit sensitivity accounts for the
self-shielding effect. Figure 2 illustrates the relative change in
sensitivity of 238U(𝑛, 𝛾) in each unit cell analyzed between
HZP and HFP conditions.
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Table 1: Uncertainty in 𝑘inf in LWR unit cells.

Fuel Operating conditions 𝑘inf Uncertainty in 𝑘inf (% Δ𝑘/𝑘) Largest uncertainty-contributing reaction

BWR HZP 1.3382 0.52 238U(𝑛, 𝛾)
HFP (40% void) 1.2208 0.62 238U(𝑛, 𝛾)

PWR HZP 1.4206 0.48 238U(𝑛, 𝛾)
HFP 1.4017 0.49 238U(𝑛, 𝛾)

VVER HZP 1.3448 0.51 238U(𝑛, 𝛾)
HFP 1.3270 0.52 238U(𝑛, 𝛾)

KRITZ 2.1 HZP 1.2323 0.59 238U(𝑛, 𝛾)
HFP 1.1837 0.63 238U(𝑛, 𝛾)

KRITZ 2.13 HZP 1.2642 0.55 238U(𝑛, 𝛾)
HFP 1.2329 0.58 238U(𝑛, 𝛾)
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Figure 2: Relative change in the sensitivity of 238U(𝑛, 𝛾).

In addition, three fuel assemblies of three light water
reactor types provided by the OECD LWR UAM benchmark
were analyzed. The details of the specifications are readily
available [1]. The 𝑘inf and uncertainties obtained are shown
in Table 2.

Similar to the fuel pin models, in fuel assembly models,
the uncertainty in 𝑘inf increases with increasing temperature,
while 𝑘inf decreases [5]. As explained earlier, this effect arises
because of the increase in sensitivity of the largest contrib-
utor of uncertainty, the 238U(𝑛, 𝛾) reaction. The majority of
neutron capture in 238U occurs at intermediate energy, and
thus as the temperature increases, the spectrum shifts to the
epithermal range (i.e., becomes harder). Likewise, 40% void
exhibit larger uncertainty in 𝑘inf also due to a harder flux
spectrum.

The fuel assembly analysis (as part of Exercise I-2)
includes the propagation of multigroup cross-section
uncertainties (multigroup covariance matrix) to two-
group homogenized cross-section uncertainties (two-
group covariance matrix). The two-group cross-section
uncertainties are obtained using the SCALE-6.0 44-group
covariance matrix as input to the TSUNAMI-2D sequence
with GPT in SCALE 6.1. The obtained results are shown in
Table 3.

One can define nine-dimensional response vector R
= [Σ
𝑎1
, Σ
𝑎2
, Σ
𝑓1
, Σ
𝑓2
, 𝜈Σ
𝑓1
, 𝜈Σ
𝑓2
, 𝐷
1
, 𝐷
2
, Σ
12
] for two-group

assembly homogenized cross-sections and obtain a corre-
sponding covariance matrix in which the diagonal elements
are the relative standard deviations, while off-diagonal ele-
ments are the correlation coefficients. The covariance matri-
ces for the BWR and PWR cases are displayed in Figures 3, 4,
5, and 6.

The obtained results for different LWR types and cases
indicate the following tendencies.

(a) Group 1 (fast) cross-section uncertainty is ∼2-3 times
larger than Group 2 (thermal) cross-sections uncer-
tainty.

(b) Uncertainty contributions:

(i) a major contributor to Group 1 (fast) cross-
section uncertainties is U-238 inelastic scatter-
ing;

(ii) U-238 inelastic scattering uncertainty is quite
large;

(iii) 40%void (andhigher) exhibit larger uncertainty
in 𝑘
∞

due to harder flux spectrum.

(c) Uncertainty (correlation) contribution:

(i) U-238 inelastic scattering uncertainty is quite
large and dominates correlation coefficient.
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Table 2: Assembly 𝑘inf values and associated uncertainties.

Fuel Operating conditions 𝑘inf Uncertainty in 𝑘inf (% Δ𝑘/𝑘) Largest uncertainty-contributing reaction

BWR HZP 1.1116 0.50 238U(𝑛, 𝛾)
HFP (40% void) 1.0779 0.56 238U(𝑛, 𝛾)

PWR HZP 1.4130 0.46 23U(𝑛, 𝛾)
HFP 1.3968 0.47 238U(𝑛, 𝛾)

VVER HZP 1.3164 0.47 238U(𝑛, 𝛾)
HFP 1.3115 0.47 238U(𝑛, 𝛾)

Table 3: Two-group cross-section uncertainty in LWR fuel assembly.

Response cross-section
Uncertainty (% Δ𝑅/𝑅) Uncertainty (% Δ𝑅/𝑅) Uncertainty (% Δ𝑅/𝑅)

BWR PWR VVER
HZP HFP HZP HFP HZP HFP

∑
𝑡1

0.84 0.91 0.87 0.88 0.81 0.82
∑
𝑡2

0.13 0.15 0.14 0.14 0.12 0.12
𝐷
1

0.84 0.91 0.87 0.88 0.81 0.82
𝐷
2

0.13 0.15 0.14 0.14 0.12 0.12
∑
𝑎1

0.78 0.83 0.86 0.87 0.81 0.82
∑
𝑎2

0.20 0.22 0.22 0.22 0.21 0.21
∑
𝑓1

0.68 0.72 0.36 0.36 0.47 0.47
∑
𝑓2

0.32 0.32 0.32 0.32 0.32 0.32
∑
11

0.84 0.91 0.87 0.87 0.81 0.81
∑
12

1.10 1.22 1.20 1.21 1.03 1.03
∑
21

0.27 0.34 0.30 0.33 0.26 0.29
∑
22

0.13 0.16 0.15 0.15 0.13 0.13

0.78
0.25 0.20

− 0.47 0.00 0.68
− 0.04 0.18 0.13 0.32
− 0.43 0.00 0.87 0.08 0.98
− 0.03 0.13 0.10 0.72 0.13 0.45
− 0.69 − 0.02 0.58 − 0.02 0.55 − 0.02 0.84
0.03 0.09 0.01 0.02 0.00 0.01 0.04 0.13
0.70 − 0.01 − 0.68 0.03 − 0.64 0.02 − 0.90 − 0.03 1.01

Figure 3: BWR HZP covariance matrix.

0.83
0.22 0.22

− 0.57 0.01 0.72
− 0.04 0.19 0.14 0.32
− 0.52 0.01 0.89 0.10 1.01
− 0.03 0.14 0.10 0.72 0.14 0.45
− 0.67 0.01 0.59 − 0.01 0.56 0.00 0.91
0.72 − 0.05 0.02 0.03 0.01 0.02 0.04 0.15
0.03 0.18 − 0.72 0.01 − 0.68 0.01 − 0.84 − 0.04 1.22

Figure 4: BWR HFP covariance matrix.
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0.86
0.13 0.22
0.18 0.13 0.36
0.00 0.44 0.33 0.32

− 0.07 0.09 0.72 0.22 0.51
0.00 0.31 0.24 0.71 0.33 0.44

− 0.74 0.01 − 0.26 0.00 0.04 0.00 0.87
0.03 0.09 0.07 0.01 0.04 0.01 0.05 0.14
0.76 − 0.04 0.25 0.00 − 0.07 0.00 − 0.89 − 0.04 1.20

Figure 5: TMI HZP covariance matrix.

0.87
0.13 0.22
0.17 0.13 0.36
0.00 0.44 0.33 0.32

− 0.08 0.09 0.72 0.22 0.51
0.00 0.32 0.24 0.71 0.33 0.44

− 0.74 0.01 − 0.26 0.00 0.04 0.00 0.88
0.03 0.10 0.06 0.01 0.04 0.01 0.05 0.14
0.77 − 0.04 0.25 0.00 − 0.07 0.00 − 0.89 − 0.04 1.21

Figure 6: TMI HFP covariance matrix.
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Table 4: Uncertainty in 𝑘inf in GEN-III unit cells.

Fuel Compositions 𝑘inf Uncertainty in 𝑘inf (% Δ𝑘/𝑘) Largest uncertainty-contributing reaction

MOX
9.8% 239Pu 1.0921 0.94 238U(𝑛, 𝑛)
6.5% 239Pu 1.0540 0.97 238U(𝑛, 𝑛)
3.7% 239Pu 1.0115 0.99 238U(𝑛, 𝑛)

UOX
4.2% 235U 1.2431 0.51 238U(𝑛, 𝛾)
3.2% 235U 1.1741 0.54 238U(𝑛, 𝛾)
2.1% 235U 1.0490 0.59 238U(𝑛, 𝛾)

UOX-Gd2O3
2.2% 235U 0.2166 1.79 238U(𝑛, 𝑛)
1.9% 235U 0.1997 1.94 238U(𝑛, 𝑛)
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Figure 8: The plot of inelastic cross-section of 238U as a function of energy.

Table 5: Macroscopic fission cross-sections in MOX fuel cells.

Fuel Composition 𝑘inf
235U ∑

𝑓
(1/cm) 239Pu ∑

𝑓
(1/cm)

MOX 3.7% Pu329 1.0115 6.70 13.74
MOX 6.5% Pu329 1.0540 4.65 8.40
MOX 9.8% Pu329 1.0921 3.69 5.88
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Figure 9: The neutron flux spectra of three unit cell compositions.

Table 6: LWR neutronics parameters [6, Table 3–1 page 88].

Parameter 235U 239Pu
Average 𝜈 2.4 2.9
Average 𝜂 2.0 1.9
Average 𝜎fission 280 barns 790 barns

4. Composition Sensitivity Study

Selected fuel pin cells and four types of fuel assemblies from
a representative Generation III LWR (GEN-III) specification
were analyzed for the purpose of comparing effect of the
compositions on the uncertainty calculations. The specifica-
tions of the GEN-III unit cells and fuel assemblies are readily
available [1].

Three types of unit cells were analyzed at Hot Full
Power; these includeMOX, UOX, andUOXwith Gd

2
O
3
.The

multiplication factors and their uncertainties are presented in
Table 4.

For each group of the fuel cells, several factors influence
the changes in the uncertainty in 𝑘inf , and each will be
examined separately.

For each unit cell, the calculated 𝑘inf increases with
increasing enrichment of fissile material, while the uncer-
tainty in 𝑘inf decreases.

For the MOX fuel cells, the amount of 238U is reduced
as the amount of 239Pu, the fissile material, is increased. The
reduction in the amount of 238U means that there is less
neutrons absorption by 238Unuclides.This is later found to be
the most important nuclide contributor to uncertainty in 𝑘inf
in the unit cell. Thus, with less absorption by 238U nuclides,
the uncertainty is reduced when comparing only the changes
in the enrichment of 239Pu in MOX fuel cell.
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Table 7: Uncertainty in 𝑘inf in GEN-III fuel assembly.

Fuel Compositions 𝑘inf Uncertainty in 𝑘inf (% Δ𝑘/𝑘) Largest uncertainty-contributing reaction

GEN III

Type 1 1.2501 0.49 238U(𝑛, 𝛾)
Type 2 1.1228 0.49 238U(𝑛, 𝛾)
Type 3 0.9564 0.53 238U(𝑛, 𝛾)
Type 4 1.0700 0.97 238U(𝑛, 𝑛)
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Figure 11: The 2D plot of 238U(𝑛, 𝑛) covariance by energy group.

However, the uncertainties of the MOX fuel cells were
nearly twice than that of UOX fuel. The presence of 239Pu
plays an important role in the increase in uncertainty.
Figure 7 shows that the neutron absorption by 239Pu outcom-
peted the neutron absorption by 235U.

As a consequence, from the fact that more neutrons are
absorbed by 239Pu than 235U, more neutrons are produced
by fission due to 239Pu. Table 5 shows the dependency of
fission macroscopic cross-sections to the composition of the

0
2
4
6
8

10
12
14
16
18
20
22
24
26

135791113151719212325272931333537394143

St
an

da
rd

 d
ev

ia
tio

n 
(%

)

Group number

v7rec ornl-10/2008 238 U( )

Figure 12: The 2D plot of 238U(𝑛, 𝛾) covariance by energy group.

fuel, and Table 6 displays the comparison of the neutrons
production parameters of each nuclide.

Neutrons produced by 239Pu, in general, will have higher
energy than that of 235U. In this case, the neutron spectrum
is harder because more neutrons with higher energies are
produced by 239Pu, the dominant fission nuclide.
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Table 8: Two-group cross-section uncertainty (%Δ𝑅/𝑅) in GEN-III fuel assembly.

Response cross-section GEN III type 1 GEN III type 2 GEN III type 3 GEN III type 4
∑
𝑡1

0.90 0.90 0.90 0.97
∑
𝑡2

0.14 0.14 0.14 0.14
𝐷
1

0.90 0.90 0.90 0.97
𝐷
2

0.14 0.14 0.14 0.14
∑
𝑎1

0.89 0.89 0.89 1.00
∑
𝑎2

0.21 0.19 0.19 0.24
∑
𝑓1

0.37 0.37 0.50 0.44
∑
𝑓2

0.32 0.32 0.33 0.62
∑
11

0.90 0.90 0.90 0.97
∑
12

1.25 1.25 1.24 1.47
∑
21

0.33 0.32 0.31 0.37
∑
22

0.15 0.15 0.15 0.16

To
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ux
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Type 2
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Figure 13: The neutron flux spectra of GEN-III LWR fuel assembly.
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On the other hand, for UOX fuel cell with Gd
2
O
3

added, similar finding (hardening of the neutron spec-
trum) occurred but due to a very different mechanism. The
uncertainties in 𝑘inf are nearly triple of the fuel cell with
similar 235U enrichment. This is due to the fact that gadolin-
ium is a major thermal neutron absorber. The significant
reduction in the thermal neutrons shifted the fission reactions
toward neutrons with higher energy. Once again, the neutron
spectrum is harder than that of UOX fuel cell without Gd

2
O
3

added.
The uncertainties in fuel cells with harder neutron spec-

trum seemed to be higher than fuel cells with softer neutron
spectrum. This is due to the absorption of the 238U. The
resonance absorption of 238U that occurs at higher neutron
energy is very large.

The absorption of thermal neutrons by 239Pu dominates
the fission process. Since fission in 239Pu produces more fast
neutrons, the neutron spectrum becomes harder. The harder
the spectrum, the higher the 238U(𝑛, 𝑛) reaction rates. This
effect can be seen in Figure 8, which depicts the cross-section
of 238U(𝑛, 𝑛) reaction. When Gd

2
O
3
is added, the largest

nuclide reaction cross-section contributor to the uncertainty
in 𝑘inf changed from 238U(𝑛, 𝛾) to 238U(𝑛, 𝑛). These changes
are due to the presence of gadolinium, mainly a thermal
neutron absorber, causing significant reductions in thermal
neutron populations. The neutron flux spectrum is harder,
and it can be seen in Figure 9.

The sensitivity profiles were compared in Figure 10. It
was found that the unit cell containing gadolinium is very
sensitive to the 238U(𝑛, 𝑛) reaction, and this large sensitivity
contributes to increase in uncertainty.

The covariance matrix of 238U(𝑛, 𝑛) is presented in
Figure 11, while the covariance matrix of 238U(𝑛, 𝛾) is shown
in Figure 12. It should be noted that at high energy, the
coefficients of relative covariance of 238U(𝑛, 𝑛) cross-section
reach 30% of the standard deviation. Thus, for a reactor with
a harder spectrum, it produces a large contribution to the
uncertainty of 𝑘inf .

Four types of fuel assembly from a representative Gen-
eration III LWR specification (as part of Exercise I-2) were
analyzed at Hot Full Power condition:

(i) type 1 (UOX 4.2% 235U);

(ii) type 2 (UOX 4.2% 235U + UO
2
Gd
2
O
3
2.2% 235U);

(iii) type 3 (UOX 3.2% 235U + UO
2
Gd
2
O
3
1.9% 235U);

(iv) type 4 (MOX).

The details of the specifications are readily available [1]. The
values calculated for 𝑘inf and their uncertainties are presented
in Table 7.

Results show that 𝑘inf increases with increasing enrich-
ment of fissile material, while the uncertainty in 𝑘inf
decreases. Unlike the effect we found earlier for UOX fuel pin
cell with Gd

2
O
3
added, in this case the presence of Gd

2
O
3

does not lead to a significant increase in uncertainty because
of the homogenization process. For the MOX fuel assembly,
there is a remarkable increase in uncertainty in 𝑘inf , and this

result is similar to that observed in the corresponding pin cell
analysis.

Additionally, the two-group cross-section uncertainties
are presented in Table 8.

These results show, as expected, a larger uncertainty for
theMOX fuel assembly (type 4) than for the UOX assemblies
(types 1 through 3).

Figure 13 depicts the neutron flux of fuel assemblies from
a representative GEN-III LWR at HFP condition. There
is a significant reduction in the thermal neutrons for the
MOX fuel assembly. The harder the spectrum, the higher the
238U(𝑛, 𝑛) reaction rates.

Sensitivity profiles of 238U(𝑛, 𝑛) were compared in
Figure 14. Fuel assembly containing Pu is very sensitive to
238U(𝑛, 𝑛) reaction, and its contribution to uncertainty is
noticeable.

5. Conclusions

Sensitivity studies have been performed using SCALE [7] to
investigate the effect of temperature and material composi-
tion on cross-section uncertainty propagation at two levels—
pin cell models (within the framework of Exercise I-1) and
assembly models (within the framework of Exercise I-2).
It was found that the uncertainty in 𝑘inf is dominated by
neutron interactions with 238U in both studies with varying
temperatures and compositions. The following tendencies
have been observed:

(a) increasing temperature leads to increasing uncer-
tainty in 𝑘inf ;

(b) decreasing 238U in fuel composition leads to decreas-
ing uncertainty in 𝑘inf ;

(c) major contributor to uncertainty is affected by the
neutron spectrum.

The fast group cross-section uncertainties are much larger
than the thermal cross-section uncertainties due to the larger
role of 238U.

6. Future Work

The future studies will be focused on Exercise I-3—
propagation of few-group cross-section uncertainties to the
core steady state stand-alone neutronics calculations using
statistical methodology similar to the one reported in [8].
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Capabilities for uncertainty quantification (UQ) with respect to nuclear data have been developed at PSI in the recent years and
applied to theUAMbenchmark.The guiding principle for the PSIUQdevelopment has been to implement nonintrusive “black box”
UQ techniques in state-of-the-art, production-quality codes used already for routine analyses. Two complimentary UQ techniques
have been developed thus far: (i) direct perturbation (DP) and (ii) stochastic sampling (SS).TheDP technique is, first and foremost,
a robust and versatile sensitivity coefficient calculation, applicable to all types of input and output. Using standard uncertainty
propagation, the sensitivity coefficients are folded with variance/covariance matrices (VCMs) leading to a local first-order UQ
method.The complementary SS technique samples uncertain inputs according to their joint probability distributions and provides
a global, all-order UQ method. This paper describes both DP and SS implemented in the lattice physics code CASMO-5MX (a
special PSI-modified version of CASMO-5M) and a preliminary SS technique implemented inMCNPX, routinely used in criticality
safety and fluence analyses. Results are presented for the UAM benchmark exercises I-1 (cell) and I-2 (assembly).

1. Introduction

TheOECD/NEAbenchmark for uncertainty analysis inmod-
eling (UAM) was launched a few years ago to promote the
development, assessment, and integration of comprehensive
uncertainty quantification (UQ) methods in best-estimate
multiphysics coupled simulations of LWRs during normal as
well as transient conditions [1]. Although very ambitious by
nature (due to the complexity of the task to treat all potential
sources of uncertainties), the benchmark has nevertheless
achieved one of its first objectives, namely, to constitute a
major (if not the main) international framework to drive for-
ward the development of methodologies for the propagation
of nuclear data uncertainties in reactor simulations.This topic
was proposed as the first phase of the benchmark, and since
research in precisely this area was at the same time being
launched within the STARS project [2] at the Paul Scherrer
Institut (PSI), participation to this benchmark was consid-
ered as a timely and highly valuable opportunity to comple-
ment the development and assessment of the PSI methods.
In that context, two parallel lines of development were in fact

initiated at PSI. On the one hand, the development of a UQ
methodology for the propagation of neutronic uncertainties
in the deterministic CASMO/SIMULATE/SIMULATE-3K
chain of reactor analysis codes and used for safety assessment
of the Swiss reactors was launched. On the other hand, the
development of a corresponding UQ methodology for neu-
tron transport simulations with the stochastic continuous-
energy MCNPX and with primary emphasis on criticality
safety was recently initiated. In this paper, the principles and
concepts of both methodologies are first summarized. Then,
the results obtained for the UAM Phase I benchmark cases
analyzed so far are presented. The primary focus is given
to the CASMO-5M analyses conducted so far for Phase I-
1, aimed at cell physics, and Phase I-2, dedicated to lattice
physics. RegardingMCNPX, the first set of solutions obtained
for the hot-zero-power pin cell cases of Phase I-1 will also be
presented.

1.1. Motivation. In order to rigorously establish the accuracy
(or bias) of the so-called best-estimate codes, the precision (or
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uncertainty) must be quantified. (The measure of accuracy
is bias: low accuracy implies a large bias and high accuracy
implies a small bias. The measure of precision is uncertainty:
low precision implies large uncertainty and high precision
implies small uncertainty.)This includes propagation of input
uncertainty (all inputs are really distributions) to output
uncertainty, which is the basic task of UQ.Themost straight-
forward benefit of UQ is the new information about the
distribution of outputs which can be used to qualify designs
and/or provide confidence in results. However, with UQ a
much more rigorous validation procedure is also available
and the value of this should not be underestimated. With
UQ, one can compare calculations with uncertainty 𝐶 ±

𝜎
𝐶
to experimental results with uncertainty 𝐸 ± 𝜎

𝐸
using

overlap testing, instead of the conservative assumption of no
uncertainty in calculations (𝜎

𝐶
= 0) or subjective use of

expert judgment to decide if 𝐶 is close enough to 𝐸 ± 𝜎
𝐸
.

A best-estimate code (and its validation) should avoid such
conservative assumptions and expert judgment by definition.

1.2. Preliminaries. Consider input, 𝑥, and output, 𝑦, with
nominal values 𝑥

0
and 𝑦

0
and perturbed values 𝑥 and 𝑦.

When sampling perturbed values 𝑥 from a distribution, the
𝑛th sample of the input is 𝑥(𝑛) and the corresponding output
is 𝑦(𝑛). With computer codes, there is typically a large set
of input and output, which may be denoted x

0
and y0 for

nominal sets and x, and y for perturbed sets.

1.3. First-Order UQ Using Uncertainty Propagation. The cor-
nerstone of local, first-order UQ methods is the capability to
calculate sensitivity coefficients:

𝑆 ≡
𝜕𝑦

𝜕𝑥

𝑥=𝑥0

𝑥
0

𝑦
0

, (1)

which are vital to sensitivity analysis (SA). It is very con-
venient to introduce the definition of a perturbation factor,
𝑝, such that the perturbed input 𝑥 = 𝑝𝑥

0
and the

corresponding output factor, 𝑞, 𝑦 = 𝑞𝑦
0
. Thus the sensitivity

coefficient may be written simply as

𝑆 ≡
𝜕𝑞

𝜕𝑝

𝑝=1

; (2)

Nonintrusive SA can then be implemented simply as a
numerical differentiation of 𝑞 with respect to p, referred to
here as direct perturbation (DP) as in [3]. Two factors make it
difficult to useDP in an automatedmanner to obtain accurate
estimates of S: (i) due to finite-precision arithmetic, “too
small” perturbations do not change the output significantly
and (ii) due to unknown relationships between inputs and
outputs, “too small” perturbations for one input may be “too
large” for another. With low-order numerical differentiation
formulas (e.g., first-order finite differences) especially, “too
large” perturbation can greatly increase the approximation
error. Due to the relatively high cost of calculations in nuclear
simulations, low-order formulas are typically used.

AlthoughDP can be straightforwardly extended to simul-
taneously estimate 𝑆 for multiple outputs, it cannot handle

simultaneous input perturbations; that is, input perturba-
tions are always one at a time. Thus with many more
input parameters than output parameters, DP is not very
efficient. For nuclear data uncertainty propagation, this was
the basic reason behind the development of very efficient
(but intrusive) perturbation theory-based algorithms for
sensitivity coefficient estimation, for example, in the SCALE
code system [4].

Using the calculated sensitivity coefficients in UQ sim-
ply requires the classic first-order uncertainty propagation
formula [5], shown below for multiple input and output
parameters:

VY=S
TVXS, (3)

with relative variance/covariance matrix (VCM) of the out-
puts VY in terms of the relative VCM of the inputs VX
and the sensitivity coefficients, S, now a matrix defined as
𝑆
𝑖𝑗
= 𝜕𝑞
𝑗
/𝜕𝑝
𝑖
for input parameter index (row) 𝑖 and output

parameter index (column) 𝑗.

1.4. Sampling-Based UQ. Sampling-based UQ, or stochastic
sampling (SS), has been historically used for nonlinear sys-
tems with few correlated parameters [6]. However, currently
SS is increasingly applied for all types of UQ, including
neutronics, due to its nonintrusive nature [7], flexibility
to handle many uncertain parameters [8], theory for non-
parametric tolerance intervals (i.e., Wilks’ formula), and
global sampling of the solution space. In order to implement
an SS method, one simply has to sample inputs from their
distributions (choosing appropriate distributions is another
matter), run the code with each sampled set, and analyze the
distribution of outputs.

1.4.1. Simple Random Sampling from Multivariate Gaussian
Distributions. In the case of the distribution of nuclear
data, one generally assumes that the input x obeys an 𝑀-
dimensional Gaussian (normal) distribution [5]:

𝑓
𝑋
(x) = 1

(2𝜋)
𝑀/2VX


1/2

exp(−
(x−x0)V−1X (x−x0)

𝑇

2
) ,

(4)

with input VCM VX of dimension𝑀×𝑀, |VX| the determi-
nant, and mean x0 of dimension 1×𝑀. A matrix of𝑁 simple
random samples X (𝑁×𝑀) which respects the correlations
of data may be constructed as described in [9].

(1) DecomposeVCMVX using a “Cholesky-like” decom-
position (see below), TTT = V, where T is𝑀∗ ×𝑀.

(2) Make 𝑁 × 𝑀
∗ random samples from the standard

normal distribution (zero mean and unit variance)
and store the results in the𝑁 ×𝑀∗ matrix Z.

(3) The random samples are then given as x(n) = x0 +
Z(n)T, where Z(n) is the 𝑛th row of Z.

The term “Cholesky-like” is used because a true Cholesky
factorization requires a (square) symmetric positive definite
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(SPD) matrix whereas a general VCM can be symmetric
positive semidefinite (SPSD), for example, due to perfect
(anti) correlation of parameters. In this case the matrix is
rank-deficient with rank 𝑀∗ and T is rectangular, with
𝑀
∗
< 𝑀, and (4) must use the generalized inverse and

pseudodeterminant.

1.4.2. Nonparametric Statistics and Wilks’ Formula. Given 𝑁
random samples of a quantity, the formula for the tolerance
interval in terms of coverage (a) and confidence (b), without
assuming a particular distribution, is known colloquially as
Wilks’ formula, due to the seminal work of S. S. Wilks
in nonparametric statistics [10]. Nonparametric (or order)
statistics is the name given to the set of statistical tech-
niques which does not require data belonging to a particular
distribution (e.g. normal) and frequently requires ordering
samples, for instance, from least to greatest. For a more
complete discussion of nonparametric statistics applied to
neutronics calculations, see [8]. In order forWilks’ formula to
be valid, a simple randomsampling processmust be used; that
is, stratified sampling or variance reduction is not allowed
according to the theory. For example, with 𝑁 = 93 samples,
a two-sided tolerance interval can be declared as [𝑦min, 𝑦max],
where 𝑦min and 𝑦max are the minimum andmaximum results
from the 93 samples. Such a tolerance interval is guaranteed
to contain the (middle) 𝑎 = 95% of the distribution with
𝑏 = 95% confidence. Note that, with 𝑎 = 𝑏, the behavior of
log (𝑁) versus log (1 − 𝑎) is roughly linear.

1.4.3. Sample Statistics. In neutronics UQ, the variance (or
standard deviation) is used most often as the measure of
uncertainty. With UQ methods based on the uncertainty
propagation formula (e.g., DP), the variance of outputs is
simply the diagonal of the output VCM. With SS, it is
convenient to use the sample variance from sample statistics:

𝑣 =
1

𝑁

𝑁

∑

𝑛=1

(𝑦
(𝑛)
− 𝑦
0
)
2

, (5)

where 𝑦(𝑛) is the (perturbed) result of sample 𝑛, 𝑦
0
is the

nominal calculation value, and 𝑁 is the total number of
samples. It is well known in statistics that the sample variance
of a normal distribution is a scaled chi-square distribution of
𝑁 − 1 degrees of freedom which can be used to provide 𝑁-
dependent bounds on the sample variances as shown in [6].

2. Methodology

Although both direct perturbation (DP) and stochastic sam-
pling (SS) schemes are “nonintrusive” by nature, in order to
develop UQ techniques for the CASMO-5M lattice physics
code, some source modifications were necessary as CASMO-
5M’s nuclear data library is stored in a proprietary binary
format and “perturbed libraries” could not be easily created.

For the relatively newer developments concerning UQ
with MCNPX, ACE format libraries may be created directly
and thus no source code modifications of MCNPX are
required. The following sections will first describe the

CASMO-5MX code, then the DP and SS techniques as
designed for use with CASMO-5MX, and finally the SS
technique development for MCNPX.

2.1. General Development of CASMO-5MX. The capability to
perturb the nuclear data library of the lattice physics code
is the first step in order to perform any “nonintrusive” UQ
with respect to nuclear data. Because of the aforementioned
proprietary nature of CASMO-5M’s 586-group ENDF/B-
VII.R0-based nuclear data library, source code modifications
were the easiest way to gain access to this library to perform
perturbations. For this purpose, a special module called
“PERTXS” and a corresponding cross-section (XS) “pertur-
bation file”was developed.Theperturbation file can simply be
thought of as a new (optional) input file that demands nuclear
data perturbations to apply to the nominal library at runtime.
This PSI-modified version of CASMO-5M will hereon be
referred to as CASMO-5MX and the DP technique has been
described in [3] and SS technique in [9]. Here, for the reader’s
convenience, all necessary elements will be reviewed.

2.1.1. Allowed Nuclear Data Perturbations. Currently
CASMO-5MX allows nuclear data perturbations to the
following microscopic data for all nuclides in the library
(ENDF MT numbers in parentheses).

(1) elastic scattering (MT = 2),
(2) inelastic scattering (MT = 4),
(3) (𝑛, 2𝑛) (MT = 16),
(4) fission (MT = 18),
(5) capture (MT = 101),
(6) average neutrons per fission (MT = 452), and
(7) average fission spectrum (MT = 1018).

In addition, external utilities have been created to perturb
any parameter contained in the standard input file, facilitating
sensitivity/uncertainty analysis with respect to such param-
eters as clad thickness, fuel enrichment, and so forth. With
nuclear data perturbations, it is important to understand that
perturbations are made relative to the existing data on the
library; that is, values on the library are not replaced with new
perturbed values but increased/decreased by a perturbation
factor 𝑝.

2.1.2. Perturbation Formulas. A very convenient feature of
CASMO-5MX is that perturbations may be supplied in any
group structure, for example, the 19-group “coarse” structure
used by default in CASMO-5M for UO2 assembly method
of characteristics (MOC) transport calculations, an arbitrary
two-group structure, or the full 586-group library structure.
However, using coarse groups for perturbations keeps data
files smaller and in most cases, it has been found that using
a very fine group structure (e.g., 586 library groups) does
not significantly alter the final output uncertainty estimates.
(A small study of this will be provided later.) Additionally,
because the underlyingVCMdata is in the SCALE6 44-group
structure, it does not make toomuch sense to go beyond this.
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Inside CASMO-5MX, the following perturbation formulas
are used tomap perturbations from the input group structure
to the 586-group library structure:

𝑝
𝑔

𝜒
=
∑
ℎ
𝑝
ℎ

𝐼
𝜒
ℎ

𝐼
𝑤
𝑔,ℎ

0

∑
ℎ
𝜒ℎ
𝐼
𝑤
𝑔,ℎ

0

, (6)

𝑝
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=
∑
ℎ
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𝐻

𝐼
𝜎
ℎ

𝐼
𝑤
𝑔,ℎ

1

∑
ℎ
𝜎ℎ
𝐼
𝑤
𝑔,ℎ

1

. (7)

Equation (6) defines the perturbation factor to be applied
to the library fission spectrum in library group 𝑔 with
input fission spectrum 𝜒

ℎ

𝐼
and input perturbation 𝑝ℎ

𝐼
, where

the input (coarse) energy groups use index ℎ. Equation
(7) defines the perturbation factor for a cross-section with
standard flux weighting. The weights 𝑤𝑔,ℎ

0
and 𝑤𝑔,ℎ

1
are given

by the following equations:

𝑤
𝑔,ℎ

0
=
∫
𝐸
upper(𝑔,ℎ)

𝐸
𝑙ower(𝑔,ℎ) 𝑑𝐸

∫
𝐸
ℎ−1

𝐸
ℎ
𝑑𝐸

=
Δ𝐸
𝑔,ℎ

Δ𝐸ℎ
, (8)

𝑤
𝑔,ℎ

1
=
∫
𝐸
upper(𝑔,ℎ)

𝐸
lower(𝑔,ℎ) 𝜙 (𝐸) 𝑑𝐸

∫
𝐸
𝑔−1

𝐸
𝑔
𝜙 (𝐸) 𝑑𝐸

. (9)

The upper and lower bounds of the numerator integrals are
basically the union grid boundaries for the union of group 𝑔
and group ℎ; therefore, the weights are only nonzero where
groups overlap. If the supplied perturbation group structure
and the library group structure are aligned and there is only
one ℎ group for one ormore 𝑔 groups (i.e., the input structure
is coarser) and the formulas reduce considerably to 𝑝𝑔 =
𝑝
ℎ

𝐼
(Figure 1). This means one may perturb the library using

only relative information, that is, a set of 𝑝 values. However,
when the perturbation group structure is nonaligned with
the library, then both the weights and cross-section factors,
for example, 𝜎ℎ

𝐼
and 𝑤𝑔,ℎ

1
, do not cancel in (6) and (7) and

dependence on the intragroupweighting functions and cross-
sections are introduced. This means that one cannot simply
use the perturbations 𝑝 and an approximate spectrum, for
example, 𝜙(𝐸) ∝ 1/𝐸, and reference values for the data in
the perturbation group structure, for example, 𝜎ℎ

𝐼
, must be

provided as well. In CASMO-5MX, the weighting is assumed
1/𝐸 and the reference values in the SCALE6 VCM library are
used.

The ability to supply perturbations in any group structure
effectively gives the user the ability to generate sensitivity
profiles at different resolutions for different reactions. For
example, to simply evaluate the order-of-magnitude effect
for a particular reaction, two-group perturbations could be
supplied. If the sensitivity is high, perturbations in a finer
structure could be made to generate a refined sensitivity pro-
file. The limiting resolution is simply that of the underlying
586-group library.

2.1.3. Nuclear Data Variance/Covariance Matrices. The
uncertainty in groupwise nuclear data is typically expressed

Library
(fine)

Aligned
(coarse)

(coarse)
Nonaligned

Figure 1: Aligned and nonaligned coarse perturbation group
structures.

only in terms of variance/covariance matrices (VCMs),
which implies an underlying Gaussian (normal) distribution
of the data. At the single-nuclide, single-reaction level
with 𝐺 energy groups, this is a matrix of size 𝐺 × 𝐺 with
the diagonal elements giving the groupwise variance and
off-diagonal elements giving the covariance between two
groups. Close groups tend to be highly correlated, for
example, it is improbable that the data in one fast group
would increase and the next one down would decrease.
Component cross-sections (e.g., scattering and capture)
tend to be anticorrelated, as they must sum to the total
cross section. Because measurements are frequently made
on compounds, not single nuclides, there is additional
correlation between some of the single-nuclide data.

With correlations that cannot be neglected and huge
datasets (e.g., 300 nuclides with 44 energy groups and 6
reactions is about 80,000 “inputs”), nuclear data uncertainty
propagation is difficult and unique. Because this data is only
recently being fully utilized, there are few choices for robust
and reasonable VCM evaluations. The SCALE6 VCM [4]
data is among the most widely used and developed for these
purposes and has been used exclusively in this work, with one
single additional approximation due to current limitations in
some of the processing tools: cross-nuclide covariances (e.g.,
Pu239 fission anticorrelated with Pu241 fission) are neglected.
The data available on the VCM library and the data which
may be perturbed with CASMO-5MX are for the most part
consistent. Two exceptions are that the VCM library contains
data for each partial capture reaction MT = 102–109 and the
CASMO-5M data library combines elastic, inelastic, (𝑛, 2𝑛),
and (𝑛, 3𝑛) into a single “scattering matrix.” The first issue
is easily circumvented using the uncertainty propagation
formula in (3) to combine the partial VCMs for MT = 102

to 109 into a single MT = 101 VCM [11]. The second issue
dealing with combined scattering is described in the next
section.

Because the SCALE6 VCM library is provided in a 44-
group structure, nonaligned with the CASMO-5MX library
structure, there are two options to use this data:

(1) make perturbations in the 44-group structure, relying
on (6) and (7) to map these perturbations to 586-
groups,

(2) convert the 44-group VCMs to a different group
structure, ideally to a coarse group structure aligned
with the library.
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The second option has been investigated and the code
ANGELO which performs the conversion has been provided
for the purposes of this benchmark [12]. Although its appli-
cability has not been rigorously determined, for converting
44-group SCALE6 VCMs to coarse 8-, 19-, and 31-group
structures of CASMO-5MX, the scheme seems reasonable.

2.1.4. Scattering Matrix Perturbations and External Scatter-
ing Fraction Data. Many lattice physics codes, including
CASMO-5M, store a single “combined scattering matrix” for
each nuclide, lumping elastic and inelastic scattering with
the (𝑛, 2𝑛) and (𝑛, 3𝑛) reactions. Additionally, on the VCM
library, uncertainty information for these reactions is only
present in “1D” or “vector” form; that is, it has been “summed”
over all final energy groups. With these two constraints,
perturbations could originally [3] only be applied in the
following manner to the combined scattering matrix:

𝜎
𝑔→𝑔

𝑠
= 𝑝
𝑔

𝑆
𝜎
𝑔→𝑔

𝑠
, (10)

where perturbation 𝑝𝑔
𝑆
depends only on the initial group

𝑔 and is applied identically to all final groups, 𝑔, in com-
bined scattering matrix, 𝜎𝑔→𝑔

𝑠
. One upside to this type

of perturbation is that the mapping formula from (9) can
still be used for scattering perturbations. To denote this type
of special perturbation, the special MT number MT = 13

was introduced to denote “combined scattering” perturbations
within the CASMO-5MX system.

However, it became apparent that the combined treat-
ment tends to underestimate the uncertainty due, in particu-
lar, to inelastic scattering in U-238 [11], which is actually one
of the dominant sources of uncertainty for many responses.
However, an approach to separate these effects was described
in [9], where one can perform additional NJOY calculations
to estimate the so-called “scattering fractions,” that is, frac-
tions of the combined scattering matrix which are due to
elastic, inelastic, and so forth.The scattering fractions become
an auxiliary library to be used when separation of effects is
important. In this case, the scattering matrix perturbation
formula becomes

𝜎
𝑔→𝑔



𝑠
= (𝑝
𝑔

𝑆,𝑒𝑙
𝑓
𝑔→𝑔



𝑒𝑙
+ 𝑝
𝑔

𝑆,𝑖𝑛
𝑓
𝑔→𝑔



𝑖𝑛

+ 𝑝
𝑔

𝑛,2𝑛
𝑓
𝑔→𝑔



𝑛,2𝑛
+ 𝑝
𝑔

𝑛,3𝑛
𝑓
𝑔→𝑔



𝑛,3𝑛
) 𝜎
𝑔→𝑔



𝑠
,

(11)

where the 𝑓 terms are the scattering fractions, tabulated
for each nonzero 𝑔, 𝑔 pair for that reaction. Currently the
scattering fractions have been prepared for U-235 and U-238
only, and only at a temperature of 500K and a background
cross section of 40 barns, after some initial studies, found
them to be remarkably constant with respect to temperature
and background cross-section variations.

2.1.5. Resonance Self-Shielding. The way that resonance self-
shielding is performed in CASMO-5M makes it difficult to
perturb nuclear data before the resonance self-shielding cal-
culation.Therefore, the resonance self-shielded and infinitely
dilute data are perturbed by the same factor 𝑝, which

neglects the effect changes in the data have on self-shielding.
Because self-shielding is a “negative” type of feedback, the
current approach in CASMO-5MX is thought to produce
slightly higher uncertainties, but comparisons to SCALE6
TSUNAMI, which does include the effect, have not shown
a significant effect [3, 9]. The difference should be most
noticeable with strong and highly uncertain resonances, for
which perhaps the U-238 dominated systems tested so far do
not qualify.

2.2. Direct Perturbation with CASMO-5MX/DP. The main
difficulties applying the DP technique to calculate sensitivity
coefficients, namely, fixed-precision and eliminating second-
order and higher effects, have been overcome using an
adaptive technique [3] in which

(1) a scoping calculation is used to assess the magnitude
of the response change;

(2) then extra calculations are made which satisfy preci-
sion requirements;

(3) finally a polynomial fit (linear or parabolic) is con-
structed from the pool of available calculations and
used to estimate the sensitivity coefficient.

Numerous schemes have been designed within this gen-
eral framework, for example, using one or two scoping
calculations and one or two extra calculations, for a range
of two to four calculations per input parameter. Clearly with
nuclear data one cannot hope to perform DP on all 80,000
parameters. However, CASMO-5MX/DP serves numerous
purposes:

(1) provide sensitivity profiles for code-to-code compar-
isons (e.g., with SCALE6 TSUNAMI),

(2) provide reference local, first-order uncertainty results
to assess other CASMO-5MXmethodologies, such as
SS,

(3) provide sensitivity coefficients for nonnuclear data
parameters, for example, fuel enrichment.

Figure 2 shows a flow chart for the CASMO-5MX/DP
technique.The basic sequence is to begin with a perturbation
factor of unity, that is, 𝑝 = 1, and perform the nominal
calculation. After the base calculation, depending on the
specific DP mode chosen (see Table 1), the DP driver will
select and perform additional perturbed cases. Using the
resultant 𝑦(1) from the first perturbed case, the DP driver
can now calculate a sensitivity coefficient, S. In the “2-
point simple” mode, DP would stop here, using simple finite
differences (i.e., linear fit) for the estimate of 𝑆. In the “3-
point adaptive”mode, a second calculation is performedwith
𝑝 estimated such that the new 𝑦

(2) satisfies a “small but
not too small” criterion; for example, only the three least
significant digits show variation. 𝑆 is updated using a linear fit
of 𝑦 and 𝑦(2). In the “4-point adaptive” mode, one additional
perturbed case allows a parabolic fit with 𝑆 estimated as the
slope of the fit at 𝑝 = 1.
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Figure 2: Flowchart of CASMO-5MX/DP direct perturbation methodology.

Table 1: Summary of DP modes.

DP mode Available results Fit used to estimate 𝑆
2-point simple 𝑦, 𝑦


(1) Linear (not robust)

3-point adaptive 𝑦, 𝑦

(1), 𝑦


(2) Linear using 𝑦, 𝑦


(2)

4-point adaptive 𝑦, 𝑦

(1), 𝑦


(2), 𝑦


(3) Parabolic using 𝑦, 𝑦


(2), 𝑦


(3)

Although Figure 2 is shown assuming a single output,
CASMO-5MX/DP can effectively produce sensitivity coef-
ficients for all outputs simultaneously, especially with the
4-point adaptive scheme. Figure 2 also makes the distinc-
tion that nuclear data perturbations are based on relative
perturbation 𝑝 and affect the XS perturbation file, whereas
perturbations of general input file parameters result in
replacement of 𝑥 in the standard input file with 𝑥. Once
sensitivity coefficients 𝑆 are available, UQ may be performed
using standard first-order uncertainty propagation via (3).

2.3. Stochastic Sampling with CASMO-5MX. The CASMO-
5MX stochastic sampling (SS) methodology from [9], shown
in Figure 3, uses a very similar framework to the DPmethod-
ology (Figure 2). The major differences are summarized
below.

(1) DP varies a single input parameter at a time (𝑥
0
→

𝑥

) whereas SS varies them all simultaneously (x0 →

x).
(2) DP is first a sensitivity analysis technique and with

UQpossible through local and first-order uncertainty
propagation, whereas SS is first a UQ technique

(global and all-order) with approximation due to a
finite sample size.

(3) Due to the adaptive nature, the robust DP presented
requires serial execution of up to 4 cases (although
sensitivities of different inputs may be investigated
simultaneously) whereas SS is inherently parallel.

The basic sequence in SS (refer to Figure 3) is as follows.

(1) Each input is sampled 𝑁 times according to their
underlying probability distributions and respecting
correlation to other inputs, if any. The 𝑛th sample
input set contains is denoted x(n), and note that the
main data of theXS perturbation file is just the relative
perturbations p(n).

(2) CASMO-5MX is run 𝑁 times with each set of data;
that is, 𝑛 = 1, 2, . . . 𝑁.

(3) The distribution of the 𝑁 sets of output is analyzed
statistically, for example, with the sample variance.

Note that, in Figure 3, stages of the calculation which
result in𝑁 sets of data/files are shown with a “shadow.”

2.4. Stochastic Sampling with MCNPX/NUSS. In parallel to
CASMO-5MX/SS, activities to implement SS in the Monte
Carlo code MCNPX have led to the development of MCNPX
plus nuclear data uncertainty with stochastic sampling,
MCNPX/NUSS, which functions very similarly to CASMO-
5MX/SS, except that due to the open nature of the MCNPX
ACE library format, it is possible to create perturbed nuclear
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Figure 3: Flowchart of CASMO-5MX/SS stochastic sampling methodology.

data libraries and source codemodification are not necessary,
as shown in Figure 4. As in CASMO-5MX, the same simple
random sampling procedure is used but a new tool is needed
to apply perturbations p(n) to create the perturbed ACE
library from the nominal one. Note that the decision to
perturb data at the ACE library stage, instead of upstream
when data is in the ENDF format, is mainly motivated by
the relative ease of access to data in the ACE format. Future
versions of MCNXP/NUSS may modify data at the ENDF
stage.

Because the currently used VCM library is based on the
SCALE 44-group structure, data perturbations p(n) are pro-
vided in this structure; however, the system is not restricted
to any particular group structure for perturbations. In the
“library rewriting” stage, a constant perturbation is applied
to pointwise data:

𝑥

(𝐸) = 𝑝

𝑔
𝑥
0
(𝐸) for 𝐸𝑔 ≤ 𝐸 < 𝐸𝑔−1, (12)

for the perturbation 𝑝
𝑔
of group 𝑔 which ranges from lower

to upper energies, 𝐸𝑔 and 𝐸𝑔−1. Note that with perturbation
of partial cross-sections in the ACE library, the total and
absorption cross-section must also be adjusted to preserve
consistency in the nuclear data files.Thefinal procedure of the
MCNPX/NUSS tool is to systematically supply MCNPX cal-
culations with the generated randomACE-formatted nuclear
data files.TheMCNPX outputs of interest can be analyzed by
the same statistical means as in CASMO-5MX/SS, except for

a statistical error term which is inherent to the Monte Carlo
calculations. When the distribution of an MCNPX output
is characterized, it is important to separate the statistical
variance from the variance due to data variations:

𝑣 = 𝑣stats + 𝑣data. (13)

The magnitude of 𝑣stats is related to the number of neutron
histories in the Monte Carlo calculations and has been
estimated to be small compared to data contribution (i.e.,
nuclear data) for all cases considered here.

3. Results

An overview of the UAMPhase I cases analyzed in this paper
is provided in Table 2. Notably, there is no depletion and
no soluble boron for any of these cases. In the cell cases of
exercise I-1, there is no thermal expansion; however, in the
PWR lattice case of exercise I-2, thermal expansion has been
assumed which decreases the density and increases the size
of all materials. The operating conditions of hot zero power
(HZP) and hot full power (HFP) dictate the fuel temperature
(𝑇fuel), moderator temperature (𝜌), void fraction (𝑉), and
control rod insertion.

3.1. CASMO-5MX Results. This section presents CASMO-
5MX results for both exercises I-1 and I-2. All uncertainty
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Table 2: Overview of UAM Phase 1 cases analyzed with CASMO-5MX (C5) and MCNPX/NUSS (MC).

Exercise Model Fuel Cond. State point parameters Code
Bor. (ppm) 𝑇fuel (K) 𝜌 (g/cm3) 𝑉 (%) CR C5 MC

I-1

PB-2 BWR cell UO2 HZP 0 552.83 0.754 0 No X X
HFP 0 900 0.461 40 No X —

TMI-1 PWR cell UO2 HZP 0 551 0.748 0 No X X
HFP 0 900 0.766 0 No X ——

GenIII cell MOX HFP 0 900 0.701 0 No X —

I-2 TMI-1 PWR lattice UO2 HFP 0 900 0.748 0 Yes/No X —

results are in terms of relative standard deviation in per-
cent. For both CASMO-5MX/DP and SS, perturbations are
made in the 19-group CASMO-5M group structure, unless
otherwise noted. The number of samples used was 𝑁 =

1000 in all cases.With CASMO-5MX calculations, uncertainty
was assumed for all nuclides present in each problem and all
reactions available in the SCALE6 VCM library.

3.1.1. Exercise I-1: Cell Physics. The uncertainty summary of
exercise I-1 cases is given in Table 3 for the PB-2 (BWR) cases,
including results for both CASMO-5MX/DP (C5MX/DP)
and CASMO-5MX/SS (C5MX/SS), and in Table 4 for the
TMI-1 and Generation III (Gen-III) MOX cases, only with
CASMO-5MX/SS. Results show the general trend in eigen-
value uncertainty of approximately 0.5% and 1-group cross
section uncertainty of about 1% for most absorption cross
sections and nuclides which have mainly thermal fission, but
about 4% for nuclides which have significant fast fission.
Making the spectrum harder, by introduction of 40% void

in the PB-2 HFP case or by using MOX fuel (in the Gen-
III case), increases the influence of the fast spectrum, which
almost always has higher uncertainty than the nuclear data in
the thermal range.

To assess the effect of the perturbation group structure,
two additional group structureswere investigated as shown in
Table 5: the next finer 31-group structure in CASMO-5M and
the 44-group structure of SCALE6. CASMO-5MX/DP was
used in order to investigate the breakdown of the uncertainty,
that is, which uncertain nuclear data contributed most to an
uncertain output. This is presented in terms of the variance
fraction, that is, the variance due to that parameter divided
by the total variance, which naturally sums to unity.

The most influential parameters are easily defined by
sorting fromgreatest to least variance fraction, and the cumu-
lative value can be used to limit the important parameters,
for example, the set representing 99% of the total variance,
as shown in Figure 5 for the eigenvalue uncertainty and in
Figure 6 for the 1-group U-235 fission and U238 absorption
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Table 3: Uncertainty summary for exercise I-1 PB-2 cases.

Parameter PB-2 HZP PB-2 HFP
C5MX/DP C5MX/SS C5MX/DP C5MX/SS

Eigenvalue 1.3454 ± 0.55% 0.54% 1.2290 ± 0.66% 0.66%
U-235 abs. 60.5 b ± 0.99% 1.01% 40.7 b ± 1.22% 1.23%
U-235 fis. 49.7 b ± 1.01% 1.02% 32.8 b ± 1.23% 1.23%
U-238 abs. 0.915 b ± 1.08% 1.09% 0.852 b ± 1.07% 1.10%
U-238 fis. 0.0939 b ± 3.70% 3.76% 0.0882 b ± 4.51% 4.55%
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Figure 5: Breakdown of eigenvalue uncertainty as function of
perturbation group structure for the PB-2 HZP cell case.

cross section uncertainty. Good agreement between the
uncertainty breakdowns is observed except for the U-235
fission spectrum (MT = 1018) component which increases
considerably with the 44-group structure. As shown in
Figure 7, this was found due to the coarse fast groups in
the CASMO-5M 19- and 31-group structures and the highly
varying U-235 fission spectrum uncertainty in the fast range
in the native 44-groups. Because all perturbations are applied
to the CASMO-5MX 586-group library structure, detailed
sensitivity profiles may be generated as shown in Figure 7.

3.1.2. Exercise I-2: Lattice Physics. The lattice physics cases
in exercise I-2 are concerned with propagating both nuclear
data uncertainty and the so-called “technological parameter”
uncertainty to the two-group nodal data used in conventional
core simulators based on two-group nodal diffusion.The out-
put parameters of interest here are mainly the homogenized
macroscopic cross sections for fast and thermal absorption
(Σ1
𝑎
and Σ2

𝑎
), neutron production (𝜈Σ1

𝑓
and 𝜈Σ2

𝑓
), removal

(Σrem), diffusion coefficients (𝐷1 and 𝐷
2), and assembly

Table 4: Uncertainty summary for exercise I-1 TMI-1 and Gen-III
MOX cases.

Parameter TMI-1 HZP TMI-1 HFP Gen-III MOX
Eigenvalue 1.4293 ± 0.50% 1.4099 ± 0.51% 1.1076 ± 0.95%
U-235 abs. 43.6 b ± 1.05% 42.4 b ± 1.06% 15.2 b ± 1.37%
U-235 fis. 35.3 b ± 1.05% 34.3 b ± 1.07% 11.0 b ± 1.19%
U-238 abs. 0.911 b ± 1.10% 0.934 b ± 1.11% 0.893 b ± 1.14%
U-238 fis. 0.101 b ± 3.59% 0.101 b ± 3.62% 0.118 b ± 3.69%
Pu-239 abs. 27.3 b ± 1.23%
Pu-239 fis. 17.6 b ± 1.30%
Pu-240 abs. 21.7 b ± 1.33%
Pu-240 fis. 0.639 b ± 2.10%
Pu-241 abs. 31.6 b ± 1.28%
Pu-241 fis. 23.7 b ± 1.30%
Pu-242 abs. 11.9 b ± 5.03%
Pu-242 fis. 0.492 b ± 4.85%
Am-241 abs. 32.8 b ± 4.41%
Am-241 fis. 0.753 b ± 2.62%

Table 5: Effect of changing the perturbation group structure for the
PB-2 HZP cell case.

Parameter Perturbation group structure
19-group 31-group 44-group

Eigenvalue 0.55% 0.55% 0.54%
U-235 abs. 0.99% 0.99% 0.92%
U-235 fis. 1.01% 1.02% 0.94%
U-238 abs. 1.08% 1.07% 1.03%
U-238 fis. 3.70% 3.67% 3.73%

discontinuity factors (ADF1 andADF2). A summary of nodal
parameters’ nominal values and uncertainties are shown in
Table 6 for the TMI-1 PWR assembly at HFP conditions
only, with control rods out (unrodded) and in (rodded),
considering only nuclear data uncertainty. Additionally, the
uncertainty in pin powers was examined at 3 locations: (i)
the location of the unrodded case peak power (unr. peak
loc.), (ii) the location of the rodded case peak power (rod.
peak loc.), and (iii) the gadolinium pin power (Gd pin loc.).
See Figure 8 for the locations in the southeast quarter of the
17×17PWRassembly.Theuncertainty in unrodded assembly
pin powers was remarkably low; only for the gadolinium pin
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Figure 6: Breakdown of 1-group U-238 absorption cross section uncertainty (a) and U-235 fission cross section uncertainty (b) in terms of
variance fractions for the PB-2 HZP cell case.

Table 6: Uncertainty summary for the exercise I-2 TMI-1 HFP case,
assuming only nuclear data uncertainty.

Parameter Unrodded Rodded
DP SS DP SS

Eigenvalue 1.3997 ± 0.50% 0.50% 1.0284 ± 0.53% 0.53%
Σ
1

𝑎
0.01 ± 0.87% 0.91% 0.0133 ± 0.94% 0.99%

Σ
2

𝑎
0.108 ± 0.21% 0.22% 0.136 ± 0.18% 0.18%

𝜈Σ
1

𝑓
0.00861 ± 0.50% 0.51% 0.00851 ± 0.49% 0.49%

𝜈Σ
2

𝑓
0.186 ± 0.44% 0.45% 0.190 ± 0.44% 0.45%

Σrem 0.0158 ± 1.03% 1.07% 0.0137 ± 1.18% 1.20%
𝐷
1 1.43 ± 0.83% 0.86% 1.39 ± 0.88% 0.89%

𝐷
2 0.372 ± 0.01% 0.02% 0.376 ± 0.02% 0.02%

Unr. peak loc. 1.09 ± 0.03% 0.04% 0.802 ± 0.06% 0.11%
Gd pin loc. 0.405 ± 0.56% 0.51% 0.506 ± 0.63% 0.50%
Rod. peak loc. 0.951 ± 0.04% 0.05% 1.26 ± 0.14% 0.12%
ADF1 0.975 ± 0.04% 0.04% 1.020 ± 0.05% 0.05%
ADF2 1.070 ± 0.03% 0.03% 1.470 ± 0.06% 0.06%

is the uncertainty greater than 0.1%. In the rodded assembly,
pin power uncertainty was slightly greater, on the order of
0.2% for most pins.

At the time of this publication, the probability distri-
butions of the technological parameters were not generally
agreed upon, and so only a sensitivity analysis has been

performed using CASMO-5MX/DP which can easily com-
pute sensitivity coefficients of any input file parameter. As
in the benchmark specification, five technological parameters
were considered: fuel density (fdens), fuel enrichment (enr),
fuel pellet radius (rfuel), clad thickness (tclad), and gap
thickness (tgap). The sensitivity coefficients with respect to
each technological parameter are shown in Table 7. One
generally sees the highest sensitivity to the radius of the fuel
pellet (rfuel) which can be over 1% variation in an output per
1% variation in pellet radius.

3.2. MCNPX Results. Results obtained with MCNPX/NUSS
for eigenvalue uncertainty in the PB-2 and TMI-1 cell models
at HZP are shown in Table 8. Simultaneous variations were
performed for U-235 and U-238 reactions, consistent with
CASMO-5MX/SS with one exception; the (𝑛, 𝛾) partial cross-
section (MT = 102) is considered explicitly in MCNPX and
not the total capture (MT = 101) as in CASMO-5M. For
some nuclides with significant (𝑛, 𝛼) reactions, comparisons
would not be consistent as MT = 101 includes (𝑛, 𝛼) but
MT = 102 does not, but for U-235 and U-238, the difference
between (𝑛, 𝛾) and total capture is minor. Due to the long
runtimes of MCNPX calculations, only𝑁 = 80 samples were
made; however, this achieved statistical uncertainty more
than two orders of magnitude less than the data uncertainty
for these cases.

Although the number of samples was fairly small at 80,
a study of the running average eigenvalue and uncertainty
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Table 7: Sensitivity summary with respect to technological parameters for exercise I-2 TMI-1 HFP (values > 0.5 shown in bold).

Parameter Unrodded Rodded
enr fdens tgap tclad rfuel enr fdens tgap tclad rfuel

eigenvalue 0.13 −0.05 0.00 −0.03 −0.29 0.26 0.11 −0.01 −0.05 −0.10
Σ
1

𝑎
0.27 0.72 0.00 −0.01 1.41 0.16 0.51 0.00 −0.01 0.92

Σ
2

𝑎
0.61 0.67 0.00 −0.02 1.39 0.51 0.56 0.00 −0.02 1.17

𝜈Σ
1

𝑓
0.63 0.87 0.00 −0.03 1.59 0.63 0.86 0.00 −0.03 1.52

𝜈Σ
2

𝑓
0.76 0.73 0.00 −0.02 1.57 0.77 0.75 0.00 −0.03 1.56

Σrem −0.17 −0.16 −0.03 −0.19 −1.77 −0.20 −0.18 −0.03 −0.22 −2.06
𝐷
1 0.02 −0.42 0.01 −0.03 −0.35 0.02 −0.42 0.01 −0.04 −0.36

𝐷
2

−0.02 −0.15 0.02 0.10 0.61 −0.02 −0.17 0.02 0.10 0.61
Unr. Peak Loc. 0.00 0.02 0.00 0.01 0.13 0.00 0.00 0.00 0.00 0.26
Gd Pin Loc. 0.33 0.23 0.01 0.07 0.72 0.25 0.10 0.01 0.05 1.02
Rod. Peak Loc. 0.07 0.07 0.00 0.00 0.15 0.00 0.00 0.00 0.00 0.00
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Figure 7: SCALE6 nuclear data uncertainty for U-235 fission spectrum, MT = 1018, (a) and sensitivity profile of the 1-group U-235 fission
cross section to the U-235 fission spectrum (b) for the PB-2 HZP cell case.

Table 8: Uncertainty summary using MCNPX/NUSS for HZP
cases.

Parameter PB-2 HZP TMI-1 HZP
Eigenvalue 1.3443 ± 0.54% 1.4305 ± 0.49%

(one-sigma error bars) in Figure 9 shows little sample bias in
the sample mean and stable behavior of the sample standard
deviation. Additional discussion may be found in [13].

4. Discussion

In this section, various results from the previous section will
be further discussed, namely,

Table 9: Comparison of top 5 contributors for MCNPX/NUSS
versus CASMO-5MX/DP for exercise I-1 PB-2 HZP.

Nuclide/reaction MCNPX/NUSS CASMO-5MX/DP
U-238/102 0.32% 0.37%
U-235/452 0.30% 0.27%
U-235/102 0.17% 0.20%
U-238/4 0.12% 0.12%
U-235/18 0.10% 0.12%
Total 0.54% (0.50% in top 5) 0.54% (0.53% in top 5)

(i) BWR uncertainties predicted by both the CASMO-
5MX/DP and SS methodologies,

(ii) BWR versus PWR uncertainties,
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Unr. peak loc.

Control rod loc.

Gd. pin loc.

Rod. peak loc.

Figure 8: PWR assembly locations (southeast quarter shown).

(iii) UO2 versus MOX uncertainties,

(iv) CASMO-5MX versus MCNPX/NUSS results.

4.1. Comparison of BWR Uncertainties versus UQ Method-
ology. Consistent trends are observed with both method-
ologies for the exercise I-1 PB-2 (BWR) case, with slightly
higher uncertainties observed at HFP, both in eigenvalue
(denoted “K-inf ”) and 1-group cross sections, especially
U-238 fission. This is due to spectrum hardening in the
HFP case, with nearly 40% void, which acts to increase
uncertainty because data in the fast range is generally more
uncertain. For the 1-group cross sections, a faster spectrum
also increases the impact of U-238 inelastic scattering, which
contributes greatly to the overall uncertainty [9]. Assuming
DP as a reference solution, SS shows excellent agreement (see
Figure 10), with smaller eigenvalue uncertainty by less than
4% and larger cross section uncertainty by at most 3% (U-238
absorption at HFP).

4.2. Comparison of Stochastic Sampling Uncertainties versus
LWR Reactor Type. At HZP conditions, almost identical
uncertainties are observed for the exercise I-1 PB-2 (BWR)
andTMI-1 (PWR) cases (see Figure 11).There is slightly larger
uncertainty at HZP for the U-235 1-group cross sections due
to higher enrichment in the PWR (4.85wt%) compared to
the BWR (2.93wt%). Because of the previously discussed
hardening of the spectrum for the BWR case at HFP, the
uncertainty in the U-238 1-group fission cross section is
noticeably higher.

4.3. Comparison of Uncertainties for UO2 and MOX Fuel
Types. For MOX fuel from the exercise I-1 Gen-III MOX
case, nearly double the uncertainty (0.95%) in eigenvalue is
observed compared to UOX fuel (0.51%). See the graphical
summary in Figure 12. This marked increase is not only
due to the higher uncertainty for the Pu isotopes but also
due to the faster spectrum in those cases, which increases
uncertainty due to the shift to the more uncertain fast range.
Notably, Pu242 and Am241 1-group cross section uncertainties
are greater than 4%.

4.4. Comparison of Uncertainties for CASMO-5MX/SS and
MCNPX/NUSS. The MCNPX results showed a total uncer-
tainty in eigenvalue of 0.54% using MCNPX/NUSS which
was very consistent with both the CASMO-5MX/SS and
CASMO-5MX/DP results using the same nuclear data uncer-
tainty but different nuclear data libraries and codes systems.
Additional tests cases with one-at-a-time perturbations of
single reactions have been prepared for amore detailed inves-
tigation, comparing to a breakdown from CASMO-5MX/DP,
with perturbations in the SCALE6 44-group for maximum
consistency withMCNXP/NUSS.The results in Table 9 show
the top 5 contributors according to each methodology, and
in general one sees excellent agreement. It is perhaps only
interesting that CASMO-5MX/DP shows 0.53% uncertainty
in the top 5 whereas MCNPX/NUSS shows 0.50%.

5. Conclusions

The UAM benchmark has provided the opportunity to
develop state-of-the-artmethodologies for uncertainty quan-
tification (UQ) and the framework for international collab-
oration and comparison. At PSI, within the STARS project,
the first development was CASMO-5MX, a modification of
the production CASMO-5M code to perturb nuclear data
libraries through an auxiliary input file with the capabilities
to provide perturbations in any group structure and perturb
individually the inelastic (MT = 4) and elastic (MT = 2)

scattering components despite the internal use of a combined
scattering matrix with elastic and inelastic scattering lumped
together. Building on this capability, a sensitivity analysis
(SA) tool using direct perturbation (DP) was developed,
CASMO-5MX/DP, which performs adaptive perturbations in
order to robustly estimate sensitivity coefficients of arbitrary
outputs with respect to arbitrary inputs, including nuclear
data. Using standard first-order uncertainty propagation,
CASMO-5MX/DP can also be used for local, first-order UQ.
However, to be used for production UQ, CASMO-5MX/DP
requires too many calculations, and for these reasons, a
second UQ methodology based on stochastic sampling (SS)
was developed, CASMO-5MX/SS, which can provide uncer-
tainty estimates for arbitrary outputs at a fixed cost of 100
to 1000 calculations. Most recently, development of an SS
methodology for a continuous-energy, Monte Carlo code,
MCNPX, was initiated, called MCNPX/NUSS.

Results for the UAM benchmark exercises were pre-
sented, including the LWR cell cases from exercise I-1 and
the PWR assembly case from exercise I-2. For the cell cases,
uncertainty in the eigenvalue and 1-group collapsed micro-
scopic cross sections (in terms of relative standard deviation)
was found to be about 0.5% and 1%, respectively. For the
Gen-III MOX case, the eigenvalue uncertainty was nearly
double (1%) and Pu-242 and Am-241 1-group cross sections
uncertainties’ reached 5%. In UO

2
fuel, the most important

contributors to the eigenvalue uncertainty were found to be
U238 capture (MT = 101), U235 neutrons per fission (MT =

452), and U-235 capture (MT = 101), accounting for over
80% of the total variance in eigenvalue. For 1-group cross
section uncertainty, U-238 inelastic scattering (MT = 4)
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Figure 9: Cumulative moving average of eigenvalue with MCNPX/NUSS versus number of samples for exercise I-1 PB-2 HZP (a) and TMI-1
HZP cases (b).
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Figure 10: Comparison of CASMO-5MX/DP and/SS methods.

accounted for well over 50% of variance alone and usually
more. For the TMI-1 PWR assembly case, uncertainty in
eigenvalue was consistent with the cell cases at about 0.5%.
Uncertainty in other assembly outputs ranged from less than
0.1% for the assembly discontinuity factors (ADFs), powers
at the nominal peak pin locations, and the thermal diffusion
coefficient (𝐷2) to 1% for the fast diffusion coefficient (𝐷1)
and the fast absorption cross section (Σ1

𝑎
). Both rodded and

unrodded cases were analyzed and uncertainty was found to

remain the same or slightly increase when control rods were
inserted.

Finally, sensitivity coefficients were calculated for techno-
logical parameters for the exercise I-2 TMI-1 PWR assembly
and it was found that the radius of the fuel pellet is the
most sensitive parameter, having sensitivity coefficients of
absolute value from 1 to 2 for many outputs. For example,
the sensitivity coefficient of the removal cross section (Σrem)
with respect to pellet radius is −2.1 for unrodded case, which
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Figure 11: Comparison of PWR and BWR uncertainties with CASMO-5MX/SS.
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Figure 12: Comparison of MOX and UO2 fuel uncertainty.

means that, for a 1% change in pellet radius,Σrem will decrease
by 2%! It is clear, however, that a better understanding of
the distributions of the technological parameters is necessary,
and in particular, how the batch-based nature of manufactur-
ing introduces correlations across the fuel pellets, assemblies.
For example, should all the fuel pellets in a single assembly be
considered to come from the same batch, different batches, or

a fixednumber of batches? If a fixednumber of batches, how is
it determinedwhich pellets are fromwhich batch? Answering
these questions requires either more knowledge of how a
particular fuel assembly was manufactured or simulation of
the actualmanufacturing processes! Otherwise, conservative,
limiting cases must be created, which is in direct opposition
to the overarching goal of best estimate analyses with UQ.
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Future work in the area of neutronics UQ at PSI
includes enhancement of the MCNPX/NUSS continuous-
energy Monte Carlo strategy, implementing the capability
to perturb fission product yields and decay constants, and
extension of the SS methodology from the lattice code
CASMO-5M to the core simulator SIMULATE-3.
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The OECD UAM Benchmark was launched in 2005 with the objective of determining the uncertainty in the simulation of Light
Water Reactors (LWRs) system calculations at all the stages of the coupled reactor physics—thermal hydraulics modeling. Within
the framework of the “Neutronics Phase” of the Benchmark the solutions of some selected test cases at the cell physics and lattice
physics levels are presented. The SCALE 6.1 code package has been used for the neutronics modeling of the selected exercises.
Sensitivity and Uncertainty analysis (S/U) based on the generalized perturbation theory has been performed in order to assess the
uncertaintyof the computation of some selected reactor integral parameters due to the uncertainty in the basic nuclear data. As a
general trend, it has been found that the main sources of uncertainty are the 238U (n,𝛾𝛾) and the 239Pu nubar for the UOX- and the
MOX-fuelled test cases, respectively. Moreover, the reference solutions for the test cases obtained using Monte Carlo methodologies
together with a comparison between deterministic and stochastic solutions are presented.

1. Introduction

In recent years there has been an increasing demand from
nuclear research, industry, safety, and regulation bodies for
best estimate predictions of Light Water Reactors (LWRs)
performances to be provided with their confidence bounds.
In addition to the establishment of LWRs best-estimate
calculations for design and safety analysis, understanding
uncertainties of evaluated reactor parameters is important
for introducing appropriate design margins and deciding
where additional efforts should be undertaken to reduce
those uncertainties. In order to address those issues, an
in-depth discussion on “Uncertainty Analysis in Modeling”
started to take place in 2005 within the OECD/NEA Nuclear
Science Committee, which led to the creation of a dedicated
Expert Group and to the launching of a Benchmark exer-
cise, the OECD UAM (Uncertainty Analysis in Modeling)
LWR Benchmark [1]. The proposed technical approach is
to establish a benchmark for uncertainty analysis in best-
estimate modeling and coupled multiphysics and multi-
scale LWR analysis, using as bases a series of well-defined
problems with complete sets of input specifications and

reference experimental data. The objective is to determine
the uncertainty in LWR system calculations at all stages
of coupled reactor physics/thermal hydraulics calculation.
The UAM benchmark has been conceived to be structured
in three different phases, being Phase I the “Neutronics
Phase,” Phase II the “Core Phase,” and Phase III the “System
Phase.” Additionally, each benchmark phase is subdivided in
a number of different Exercises in order to propagate the full
chain of uncertainty in the modeling across different scales
(multi-scale) and physics phenomena (multi-physics). The
present paper is devoted to the solutions of some selected
test problems within the Exercises I-1 and I-2 of Phase I.
The Exercise I-1 is entitled “Cell Physics” and is focused
on derivation of the multigroup microscopic cross-section
libraries. Its objective is to address the uncertainties due to
the basic nuclear data as well as the impact of processing
the nuclear and covariance data, selection of multi-group
structure, and self-shielding treatment. Within Exercise I-
1 the uncertainties in the evaluated Nuclear Data Libraries
(NDLs) are propagated into multigroup microscopic cross-
sections. In Exercise I-2 multi-group cross-section uncer-
tainties are input uncertainties which are then propagated
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Figure 1: Types of geometries for the fuel pin-cell test cases within
Exercise I-1.

through the lattice physics calculations to few-group cross-
section uncertainties.

2. Description of the Test Cases

Within the framework of Exercise I-1 different fuel pin-cell
test problems have been defined representing both square and
triangular pitches. The two types of basic geometries for the
unit cells are schematized in Figure 1.

In this paper the following test cases have been consid-
ered.

(a) Two-dimensional fuel pin-cell problems representa-
tive of Boiling Water Reactor (BWR) Peach Bottom 2
(PB-2) [2], Pressurized Water Reactor (PWR) Three
Mile Island 1 (TMI-1) [3], and Koyloduz-6 VVER-
1000 [4]. Each pin-cell model has to be analyzed
at Hot Full Power conditions (HFP) as well as at
Hot Zero Power conditions (HZP). To enhance the
differences between the three cases (PWR, BWR, and
VVER) the HFP case of the BWR is defined to be
calculated at 40% void fraction (with a corresponding
moderator density (𝜌𝜌) of 460.72 kg/m3) instead of 0%.
Hence the PWR and BWR cases are for square pitch
but with different spectra, while the VVER case is for
triangular pitch.

(b) Fuel pin-cell test problems from the KRITZ-2 LEU
critical experiments [5].

(c) PWR MOX (MOX 9.8% Pu) pin-cell case represen-
tative of Generation 3 PWR designs, which in the
following text of this paper will be referred to as GEN-
III [6].

Within Exercise I-2, different stand-alone neutronics
single Fuel Assembly (FA) and minicore test problems have
been proposed. In this paper we will present the solutions for
the following test cases.

(a) BWR PB-2 assembly model [2]: the assembly “type 2”
of the initial loading of the Peach Bottom 2 nuclear
power plant is chosen for this exercise.

(b) PWR TMI-1 assembly model [3].
(c) GEN-III assembly models [6]: one MOX and three

UOX FAs types with different 235U enrichment and
Gd content are available for this exercise.

The parameter specifications as well as the operating
conditions for all the test cases analyzed in the present paper
are summarized in Table 1. The six types of FAs considered in
our analysis are shown in Figure 2.

3. Theoretical Approach and
Computational Method

The basic problem of the neutronics is the solution of
the integral-differential Boltzmann equation for the neu-
tron transport, which is a linear equation requiring the
treatment of seven independent variables: three in space,
two in angle, one in energy of the incident neutrons, and
time. As a consequence of such a complexity, one has to
keep in mind that even if the accuracy in the predictions
of the modern transport codes (both Monte Carlo and
deterministic) is continuously improving, there will be always
approximations introduced in the calculational procedure.
Examples of uncertainties are the ones originated from the
basic nuclear reaction data, from the geometrical description
of the problem, and from the material compositions. The
knowledge of the approximations used in the analysis and of
the overall calculational uncertainties is therefore essential to
gain confidence in the results obtained, and sensitivity analy-
sis and uncertainty evaluation (S/U) are the main instruments
for dealing with the sometimes scarce knowledge of the input
parameters used in the simulation tools [8]. For sensitivity
analysis, sensitivity coefficients are the key quantities that
have to be evaluated. They are determined and assembled,
using different methodologies, in a way that when multiplied
by the variation of the corresponding input parameter, they
will quantify the impact on the targeted quantities whose
sensitivity is referred to. There are two main methodologies
developed for sensitivity and uncertainty analysis. One is
the forward (direct) calculation method based either on the
numerical differentiation or on a stochastic method, and
the other is the adjoint method based on the perturbation
theory [9]. In general, the forward approach is preferable
when there are few input parameters that can vary and many
output parameters of interest. The contrary is true for the
adjoint methodology, which is the one mainly adopted in
rector physics, as the source of uncertainty is mainly related
to the neutron cross-sections that can represent a very notable
number of variables (up to several hundred thousand).
Moreover, the linear property of the Boltzmann equation
makes the adjoint approach even more attractive. Since all
the analysis for the benchmark cases presented in this paper
has been carried out using perturbation methodologies, let us
briefly recall the theoretical background of these techniques.

From a general point of view one can represent a generic
integral reactor parameter 𝑄𝑄 (i.e., the 𝑘𝑘eff, a reactivity coeffi-
cient, a reaction rate, etc.) as a function of cross-sections:

𝑄𝑄 𝑄 𝑄𝑄 𝑄𝑄𝑄
1
, 𝑄𝑄
2
, . . . , 𝑄𝑄

𝐽𝐽
) , (1)

where 𝑄𝑄
1
, 𝑄𝑄
2
, . . . , 𝑄𝑄J represent cross sections by isotope, type

of reaction, and energy range (or energy group in a multi-
group representation).
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Table 1: Pin-cell data for the test cases of Exercises I-1 and Exercise I-2.

Parameter BWR PWR VVER KRITZ-2 : 1 GEN-III
FA geometry 7 × 7 15 × 15 — — 17 × 17

FA pitch (mm) 152.4 218.11 — — 216.1
Fuel rods per assembly 49 208 — — 265
Number of guide tubes per FA — 16 — — 24
Number of instrumentation tubes per FA — 1 — — —
Number of Gd pins per FA — 4 — — —
Guide tube outside diameter (mm) — 13.462 — — 12.07
Guide tube inside diameter (mm) — 12.649 — — 11.27
Instrumentation tube outside diameter (mm) — 12.522 — — —
Instrumentation tube inside diameter (mm) — 11.201 — — —
Unit cell (mm) 18.75 14.427 12.75 14.85 12.62
Fuel pellet diameter (mm) 12.1158 9.391 7.56 10.58 8.253
Fuel pellet material UO2 UO2 UO2 UO2 MOX
Fuel density (g/cm3) 10.42 10.283 10.4 — —
Fuel enrichment (w/o) 2.93 4.85 3.3 1.86 9.8 (Pu)
Central void diameter (mm) — — 1.4 — —
Central void material — — Dry air — —
Cladding outside diameter (mm) 14.3002 10.928 9.1 12.25 9.487
Cladding thickness (mm) 0.9398 0.673 0.69 0.74 0.578
Cladding material Zircaloy-2 Zircaloy-4 Zr + 1% Nb Zircaloy-2 Zircaloy-4
Cladding density (g/cm3) 6.55 6.55 — — —
Gap material He He He He He
Moderator material H2O H2O H2O H2O H2O
Fuel temperature (K)

HZP 552.833 551 552.15 292.7 —
HFP 900 900 900 521.5 900

Cladding temperature (K)
HZP 552.833 551 552.15 — —
HFP 600 600 600 — 610

Moderator temperature (K)
HZP 552.833 551 552.15 — —
HFP 557 562 560 — 584

Moderator density (kg/m3)
HZP 753.978 766 767 — —
HFP 460.72 748.4 752.5 — —

The variation of 𝑄𝑄 due to variations of cross-sections 𝜎𝜎
can be expressed using perturbation theories to evaluate the
sensitivity coefficients 𝑆𝑆 as follows [8–12]:

𝛿𝛿𝑄𝑄

𝑄𝑄
= ∑

𝑗𝑗

𝑆𝑆
𝑗𝑗

𝛿𝛿𝜎𝜎
𝑗𝑗

𝜎𝜎
𝑗𝑗

, (2)

where the sensitivity coefficients are formally given by

𝑆𝑆
𝑗𝑗
=
𝜕𝜕𝑄𝑄

𝜕𝜕𝜎𝜎
𝑗𝑗

⋅
𝜎𝜎
𝑗𝑗

𝑄𝑄
. (3)

For practical purposes, one can consider the sensitivity
coefficient as divided into two components as follows:

𝛿𝛿𝑄𝑄

𝑄𝑄
= ∑

𝑗𝑗

𝑆𝑆
𝑗𝑗

𝛿𝛿𝜎𝜎
𝑗𝑗

𝜎𝜎
𝑗𝑗

+ (
𝜕𝜕𝑄𝑄

𝜕𝜕𝜎𝜎𝑒𝑒
⋅
𝜎𝜎
𝑒𝑒

𝑄𝑄
) ⋅
𝛿𝛿𝜎𝜎
𝑒𝑒

𝜎𝜎𝑒𝑒
= 𝐼𝐼 + 𝐼𝐼, (4)

where the terms 𝐼𝐼 and𝐼𝐼 are generally referred to as “indirect”
and “direct” effect, respectively. The 𝐼𝐼 term in (4) reflects
the hypothesis of a direct dependence of the parameter 𝑄𝑄
on only the energy dependent detector cross-section 𝜎𝜎

𝑒𝑒.
The 𝐼𝐼 term in (4) is the response perturbation due to flux
perturbations. The indirect term of (4) consists also of two
components, namely, the explicit and implicit ones [13]. The
explicit component of the indirect effect comes from the flux
perturbation caused by perturbing any multi-group cross-
section appearing explicitly in the transport equation. The
implicit component of the indirect effect is associated with
self-shielding perturbations; in other words perturbing the
cross section of one nuclide may change the self-shielded
cross section of another nuclide, which causes additional flux
perturbations. As an example if one considers the hydrogen,
perturbing the H elastic value has an explicit effect because
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Figure 2: FAs for the test cases of Exercise I-2: BWR (a), PWR (b), GEN-III Type 1 (c), GEN-III Type 2 (d), GEN-III Type 3 (e), and GEN-III
Type 4 (f).
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Figure 3: General flow diagram of the TSUNAMI code [7].

the flux is perturbed due to changes in H moderation.
However there is also an implicit effect because changing
the H data perturbs the self-shielded 238U absorption cross
section, which causes another flux perturbation.

Let us now consider a ratio response 𝑅𝑅 characterized by
the macroscopic cross-sections Σ

1
and Σ

2
as follows:

𝑅𝑅 𝑅
⟨Σ
1
Φ⟩

⟨Σ
2
Φ⟩
, (5)

where in (5) the brackets ⟨, ⟩ indicate the integration over the
phase space and Φ is the homogeneous flux. In this case the
sensitivity coefficients are given by

𝑆𝑆
𝑅𝑅

𝑗𝑗
𝑅 ⟨Ψ, 𝜎𝜎

𝑗𝑗
Φ⟩ , (6)

where Ψ∗
𝑅𝑅

is the solution of

𝑀𝑀
∗
Ψ
∗

𝑅𝑅
𝑅
𝑑𝑑𝑅𝑅

𝑑𝑑Φ
, (7)

where𝑀𝑀∗ is the adjoint Boltzmann operator. The uncertain-
ties associated to the cross-section can be represented in the
form of a variance-covariance matrix:

𝐷𝐷
𝜎𝜎
𝑅
[
[

[

𝑑𝑑
11
⋅ ⋅ ⋅ 𝑑𝑑
1𝐽𝐽

...
. . .

...
𝑑𝑑
1𝐽𝐽
⋅ ⋅ ⋅ 𝑑𝑑
𝐽𝐽𝐽𝐽

]
]

]

, (8)

where the elements 𝑑𝑑
𝑖𝑖𝑗𝑗

represent the variances and covari-
ances of the nuclear data. Once the sensitivity coefficients and

the𝐷𝐷
𝜎𝜎

matrix are available, the variance (i.e., the uncertainty)
of the generic integral parameter 𝑄𝑄 can be expressed as

var (𝑄𝑄) 𝑅
𝐽𝐽

∑

𝑗𝑗𝑗𝑖𝑖

𝑆𝑆
𝑗𝑗
𝑆𝑆
𝑖𝑖
𝑑𝑑
𝑖𝑖𝑗𝑗
. (9)

All the calculations presented in this paper have been
performed by means of the SCALE 6.1 code system [14]
using ENDF/B-VII.0 nuclear data [15]. SCALE (Standardized
Computer Analysis for Licensing Evaluations) is a modular
code system developed at Oak Ridge National Laboratory
to perform analysis for criticality safety, reactor physics
and radiation shielding applications. SCALE calculations
typically use sequences that execute a predefined series of
executable modules to compute particle fluxes and responses
(multiplication factor, reaction rates, etc.). SCALE also
includes modules for sensitivity and uncertainty analysis
(S/U) of calculated responses. The S/U codes in SCALE are
collectively referred to as TSUNAMI (Tools for Sensitivity
and Uncertainty Analysis Methodology Implementation) [7,
16]. The techniques used in TSUNAMI to generate sensitivity
information are based on the widely used adjoint-based
perturbation theory approach described above. The flow
diagram of the TSUNAMI calculations is shown in Figure 3.

The calculation procedure for the multi-group cross-
section processing is based on a rigorous mechanism using
the continuous energy solvers BONAMI and CENTRM [17]
for self-shielding in the unresolved and resolved resonance
regions, respectively, for appropriately weighting multi-group
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cross-sections using a continuous energy spectrum. The
CENTRM module performs transport calculation using
ENDF-based point data on an ultrafine energy grid (typically
30.000–70.000 energy points) to generate effectively contin-
uous energy neutron flux solutions in the resonance and
thermal ranges. This is used to weight the multi-group cross-
sections to be utilized in the subsequent transport calcula-
tions. After the cross-sections are processed, the TSUNAMI-
1D sequence performs two criticality calculations, solving
the forward and adjoint forms of the Boltzmann equation,
respectively, using the XSDRNPM discrete ordinate code
[18]. In this step an energy discretization based on a 238-
group structure is adopted. The sequence then calls the SAMS
module, specifically SAMS5 [19], in order to compute the
sensitivity coefficients. Once sensitivities are available, the
uncertainty on the integral parameters of interest due to the
uncertainty in the basic nuclear data are evaluated according
to (9) using the so-called 44GROUPCOV covariance matrix
[20]. The 44GROUPCOV matrix comprehends a total of 401
materials in a 44-group energy structure. The library includes
evaluated covariances obtained from ENDF/B-VII, ENDF/B-
VI, and JENDL3.3 for more than 50 materials. It is assumed
[20] that covariances taken from one data evaluation, such
as ENDF/B-VI or JENDL-3.3, can also be applied to other
evaluations of the same data, such as ENDF/B-VII. All other
nuclear data uncertainties have been estimated from approx-
imations in which the uncertainty assessment is decoupled
from the original evaluation procedure.

4. Results

Results for the 𝑘𝑘eff values and associated uncertainties related
to the benchmark test cases of Exercises I-1 and I-2 are
summarized in Table 2. As expected, because of the negative
fuel Doppler coefficient, the reactivities computed for all the
test cases at HFP conditions are consistently lower than those
at HZP conditions. The total uncertainties of the 𝑘𝑘eff have
been evaluated to be ∼0.5%–0.6% for all the test cases with
the exception of the GEN-III Type 4 case within Exercise I-2
where the computed uncertainty is higher by around a factor
of two because of the presence of the plutonium isotopes
in the fuel (MOX fuel). In Figure 4 the five reaction cross-
sections which contribute the most to the 𝑘𝑘eff uncertainty
for the test cases of Exercise I-1 are shown. While for the
UOX-fuelled test cases the main contribution to the total
uncertainty is due to the 238U (n,𝛾𝛾) followed by the 235U nubar
(average number of neutrons per fission reaction—𝜈𝜈) and
235U (n,𝛾𝛾); for the MOX-fuelled test case considered (GEN-
III) the predominant component to the total uncertainty
comes from the 239Pu nubar followed by the 238U (n,n) and
239Pu (n,fission). By definition the reason for these main
contributions to the uncertainty can be due to the highest
sensitivities associated to such reactions, to the highest value
of the associated covariances, or to a combination of both. As
an example, in the case of the 238U (n,𝛾𝛾), on one hand, the 𝑘𝑘eff
is quite sensitive to its value (especially in the unresolved res-
onance regions), and on the other hand its evaluation is still
quite “uncertain”, and evaluated cross-sections from various

Table 2: Exercises I-1 and I-2 results: 𝑘𝑘eff .

Test cases 𝑘𝑘eff Uncertainty (%ΔR/R)
Exercise I-1

BWR
HZP 1.34050 5.23𝐸𝐸 𝐸 𝐸𝐸

HFP 1.22270 6.𝐸6𝐸𝐸 𝐸 𝐸𝐸

PWR
HZP 1.42290 4.82𝐸𝐸 𝐸 𝐸𝐸

HFP 1.40424 4.89𝐸𝐸 𝐸 𝐸𝐸

VVER
HZP 1.34498 5.𝐸3𝐸𝐸 𝐸 𝐸𝐸

HFP 1.32725 5.2𝐸𝐸𝐸 𝐸 𝐸𝐸

KRITZ-2 : 1
Cold 1.23394 5.87𝐸𝐸 𝐸 𝐸𝐸

Hot 1.18584 6.3𝐸𝐸𝐸 𝐸 𝐸𝐸

GEN-III
HFP 1.09591 5.2𝐸𝐸𝐸 𝐸 𝐸𝐸

Exercise I-2
PWR

HZP 1.11029 5.𝐸𝐸𝐸𝐸 𝐸 𝐸𝐸

HFP 1.07736 5.56𝐸𝐸 𝐸 𝐸𝐸

BWR
HZP 1.41009 4.64𝐸𝐸 𝐸 𝐸𝐸

HFP 1.39351 4.7𝐸𝐸𝐸 𝐸 𝐸𝐸

GEN-III Type 1 1.25325 4.87𝐸𝐸 𝐸 𝐸𝐸

GEN-III Type 2 1.12304 4.94𝐸𝐸 𝐸 𝐸𝐸

GEN-III Type 3 1.04501 5.𝐸3𝐸𝐸 𝐸 𝐸𝐸

GEN-III Type 4 1.07008 9.68𝐸𝐸 𝐸 𝐸𝐸

sources differ by more than their assigned uncertainties [21].
In Table 3 the explicit and implicit contributions to the total
sensitivity coefficient of the 238U absorption cross-sections
are given. One can observe that for some oxygen and uranium
isotopes cross-sections the implicit part computed by the
TSUNAMI code is not negligible.

Also, the most relevant sensitivity profiles for the BWR
PB-2 and GEN-III unit-cell cases are shown in Figures 5 and
6, respectively. One of the benchmark requirements was the
evaluation of the uncertainty associated to the calculation
of the one-group absorption and fission microscopic cross-
sections for 235U and 238U within the test cases of Exercise I-1.
The results are given in Table 4. The uncertainty of the micro-
scopic cross-section values is around one order of magnitude
higher than the one of the 𝑘𝑘eff cases, ranging in between ∼1%
and ∼4%. The highest uncertainty value was systematically
found for the fission cross-section of 238U. As far as the
test cases of Exercise I-2 are concerned, as required from
the benchmark specification, some selected homogenized
macroscopic cross sections with the associated uncertainties
have been evaluated in a two-group structure with a cut-
off energy of 0.625 eV. Results are provided in Table 5. The
first energy group (𝐸𝐸 𝐸 0.625 eV) was systematically found
to be the one with the lower associated uncertainties. Also,
as a general trend the uncertainties have been evaluated to
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Figure 4: The five reaction cross-sections with the highest contribution to the 𝑘𝑘eff uncertainty for the test cases within Exercise I-1.
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Figure 5: 𝑘𝑘eff sensitivity profiles for the BWR PB-2 unit cell case
(HFP conditions).

be very consistent within all the test cases, and higher values
(in the order of 1.35%) were computed for the homogenized
absorption cross-section.

5. The Reference Solutions

As part of the activities within the UAM benchmark. KIT
and PSU are also working on the development of reference
solutions for the test cases by means of Monte Carlo method-
ologies. As it is well known, the Monte Carlo method can be
considered as a “numerical experiment” that represents a high
quality reference solution for the validation of deterministic
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Figure 6: 𝑘𝑘eff sensitivity profiles for the GEN-III unit cell case (HFP
conditions).

codes. For this purpose we are mainly using the SERPENT
code [22], a Monte Carlo code designed for lattice physics
calculations [23]. A comparison between absorption and
fission microscopic cross sections values as computed with
SERPENT and SCALE and relative to three test cases within
Exercise I-1 is summarized in Table 6. A very good agreement
between the two approaches can be observed. 𝑘𝑘eff values
computed by means of the SERPENT code (v. 1.1.16) with
different sets of NDLs are summarized in Table 7. As far as
the modeling, a good statistics in the criticality calculations
has been achieved by simulating 5.0𝐸𝐸 𝐸 𝐸 neutron histories
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Table 3: Exercise I-1: PWR test case at HFP: energy integrated sensitivity coefficients of the 238U absorption cross-section with respect to
different cross-section isotopes.

Nuclide Reaction Explicit Implicit Sensitivity
16O Total 3.00𝐸𝐸 𝐸 0𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸

16O Scattering 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸

16O Elastic 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸

16O n,n 𝐸.37𝐸𝐸 𝐸 0𝐸 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸.37𝐸𝐸 𝐸 0𝐸

16O n,2n 𝐸.3𝐸𝐸𝐸 𝐸 𝐸𝐸 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 𝐸7 𝐸.3𝐸𝐸𝐸 𝐸 𝐸𝐸

16O n,𝛾𝛾 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 07 𝐸.00𝐸𝐸 𝐸 0𝐸 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 07

16O n,p 𝐸𝐸.𝐸0𝐸𝐸 𝐸 07 𝐸𝐸.0𝐸𝐸𝐸 𝐸 𝐸𝐸 𝐸𝐸.𝐸0𝐸𝐸 𝐸 07

16O n,d 𝐸𝐸.0𝐸𝐸𝐸 𝐸 0𝐸 𝐸𝐸.07𝐸𝐸 𝐸 𝐸𝐸 𝐸𝐸.0𝐸𝐸𝐸 𝐸 0𝐸

16O n,t 𝐸𝐸.7𝐸𝐸𝐸 𝐸 𝐸3 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 𝐸𝐸 𝐸𝐸.7𝐸𝐸𝐸 𝐸 𝐸3

16O n,alpha 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸

234U Total 𝐸𝐸.𝐸7𝐸𝐸 𝐸 0𝐸 𝐸.0𝐸𝐸𝐸 𝐸 0𝐸 𝐸𝐸.07𝐸𝐸 𝐸 0𝐸

234U Scattering 𝐸𝐸.𝐸3𝐸𝐸 𝐸 0𝐸 𝐸.𝐸7𝐸𝐸 𝐸 0𝐸 𝐸.37𝐸𝐸 𝐸 0𝐸

234U Elastic 𝐸𝐸.𝐸3𝐸𝐸 𝐸 07 𝐸.𝐸7𝐸𝐸 𝐸 0𝐸 𝐸.𝐸3𝐸𝐸 𝐸 07

234U n,n 𝐸.𝐸0𝐸𝐸 𝐸 07 3.𝐸7𝐸𝐸 𝐸 𝐸0 𝐸.𝐸0𝐸𝐸 𝐸 07

234U n,2n 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 𝐸3 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸

234U Fission 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸.3𝐸𝐸𝐸 𝐸 0𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸

234U n,𝛾𝛾 𝐸𝐸.𝐸7𝐸𝐸 𝐸 0𝐸 𝐸.𝐸3𝐸𝐸 𝐸 07 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸

234U Nubar 𝐸.3𝐸𝐸𝐸 𝐸 0𝐸 — 𝐸.3𝐸𝐸𝐸 𝐸 0𝐸

234U Chi 𝐸3.𝐸3𝐸𝐸 𝐸 𝐸𝐸 — 𝐸3.𝐸3𝐸𝐸 𝐸 𝐸𝐸

235U Total 𝐸𝐸.0𝐸𝐸𝐸 𝐸 0𝐸 3.3𝐸𝐸𝐸 𝐸 03 𝐸𝐸.7𝐸𝐸𝐸 𝐸 0𝐸

235U Scattering 𝐸.0𝐸𝐸𝐸 𝐸 03 𝐸.𝐸7𝐸𝐸 𝐸 0𝐸 𝐸.𝐸7𝐸𝐸 𝐸 03

235U Elastic 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸.0𝐸𝐸𝐸 𝐸 0𝐸

235U n,n 𝐸.𝐸𝐸𝐸𝐸 𝐸 03 𝐸.0𝐸𝐸𝐸 𝐸 07 𝐸.𝐸𝐸𝐸𝐸 𝐸 03

235U n,2n 𝐸.3𝐸𝐸𝐸 𝐸 0𝐸 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸.3𝐸𝐸𝐸 𝐸 0𝐸

235U Fission 𝐸7.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸.3𝐸𝐸𝐸 𝐸 03 𝐸7.𝐸𝐸𝐸𝐸 𝐸 0𝐸

235U n,𝛾𝛾 𝐸𝐸.𝐸3𝐸𝐸 𝐸 0𝐸 𝐸.07𝐸𝐸 𝐸 03 𝐸𝐸.𝐸3𝐸𝐸 𝐸 0𝐸

235U Nubar 𝐸𝐸.7𝐸𝐸𝐸 𝐸 0𝐸 — 𝐸𝐸.7𝐸𝐸𝐸 𝐸 0𝐸

235U Chi 𝐸.𝐸𝐸𝐸𝐸 𝐸 𝐸𝐸 — 𝐸.𝐸𝐸𝐸𝐸 𝐸 𝐸𝐸

238U Total 7.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸𝐸.𝐸3𝐸𝐸 𝐸 0𝐸 7.0𝐸𝐸𝐸 𝐸 0𝐸

238U Scattering 3.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸

238U Elastic 𝐸.𝐸𝐸𝐸𝐸 𝐸 03 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸

238U n,n 𝐸.7𝐸𝐸𝐸 𝐸 0𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸.7𝐸𝐸𝐸 𝐸 0𝐸

238U n,2n 3.3𝐸𝐸𝐸 𝐸 0𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 3.3𝐸𝐸𝐸 𝐸 0𝐸

238U Fission 𝐸.0𝐸𝐸𝐸 𝐸 0𝐸 𝐸3.𝐸𝐸𝐸𝐸 𝐸 07 𝐸.0𝐸𝐸𝐸 𝐸 0𝐸

238U n,𝛾𝛾 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸𝐸.7𝐸𝐸𝐸 𝐸 0𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸

238U Nubar 𝐸.3𝐸𝐸𝐸 𝐸 0𝐸 — 𝐸.3𝐸𝐸𝐸 𝐸 0𝐸

238U Chi 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 𝐸𝐸 — 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 𝐸𝐸

over 1000 active cycles (5000 neutron source × 1000 cycles).
Continuous cross-section libraries in SERPENT are given
in steps of 300 K (300 K, 600 K, etc.), and the “actual”
problem temperatures have been simulated by defining a
mix of two materials with proportions equal to the weighted
averages in between the two closest temperatures sets as
available in SERPENT package. One can observe quite a good
agreement in between the results with the different NDLs.
Also, a systematic slight increase in the prediction of the 𝑘𝑘eff
when switching from JEFF3.1 to JEFF3.1.1 up to ENDF/B-
VII, respectively, can be noted. 𝑘𝑘eff computed with JEFF3.1.1

are larger by ∼100 pcm with respect to those obtained from
JEFF3.1, and this is mainly due to the improvement of the
16O(n,𝛼𝛼) cross section which was decreased by 30% in the
JEFF3.1.1 evaluation [24]. The comparison of these values
with the correspondent ones obtained from the SCALE6.1
code (see Table 2) shows some discrepancies. One of the
reasons for these differences was found to be due to the
different Boundary Conditions (BCs) used in the SERPENT
modeling; the “white” BC is not yet implemented in SER-
PENT, and therefore the “reflective” BC has been adopted
for our simulations. In order to assess the impact of the
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Table 4: Exercises I-1: one-group microscopic cross-sections.

Exercise I-1
test cases

Microscopic cross-section (barn)
235U absorption 238U absorption 235U fission 238U fission
(uncertainty %) (uncertainty %) (uncertainty %) (uncertainty %)

BWR
HZP 2.01𝐸𝐸 𝐸 01 𝐸1.0𝐸𝐸𝐸 𝐸 00𝐸 𝐸.10𝐸𝐸 𝐸 01 𝐸𝐸.𝐸0𝐸𝐸 𝐸 01𝐸 1.𝐸𝐸𝐸𝐸 𝐸 01 𝐸1.0𝐸𝐸𝐸 𝐸 00𝐸 𝐸.01𝐸𝐸 𝐸 02 𝐸𝐸.0𝐸𝐸𝐸 𝐸 00𝐸

HFP 𝐸.1𝐸𝐸𝐸 𝐸 01 𝐸1.22𝐸𝐸 𝐸 00𝐸 𝐸.𝐸0𝐸𝐸 𝐸 01 𝐸𝐸.𝐸0𝐸𝐸 𝐸 01𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 01 𝐸1.22𝐸𝐸 𝐸 00𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 02 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 00𝐸

PWR
HZP 𝐸.𝐸1𝐸𝐸 𝐸 01 𝐸1.0𝐸𝐸𝐸 𝐸 00𝐸 𝐸.𝐸2𝐸𝐸 𝐸 01 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 01𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 01 𝐸1.10𝐸𝐸 𝐸 00𝐸 𝐸.𝐸1𝐸𝐸 𝐸 02 𝐸𝐸.𝐸2𝐸𝐸 𝐸 00𝐸

HFP 𝐸.𝐸0𝐸𝐸 𝐸 01 𝐸1.10𝐸𝐸 𝐸 00𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 01 𝐸𝐸.𝐸1𝐸𝐸 𝐸 01𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 01 𝐸1.11𝐸𝐸 𝐸 00𝐸 𝐸.𝐸1𝐸𝐸 𝐸 02 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 00𝐸

VVER
HZP 𝐸.𝐸𝐸𝐸𝐸 𝐸 01 𝐸1.02𝐸𝐸 𝐸 00𝐸 1.02𝐸𝐸 𝐸 00 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 01𝐸 𝐸.𝐸0𝐸𝐸 𝐸 01 𝐸1.0𝐸𝐸𝐸 𝐸 00𝐸 𝐸.2𝐸𝐸𝐸 𝐸 02 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 00𝐸

HFP 𝐸.𝐸𝐸𝐸𝐸 𝐸 01 𝐸1.0𝐸𝐸𝐸 𝐸 00𝐸 1.0𝐸𝐸𝐸 𝐸 00 𝐸𝐸.𝐸0𝐸𝐸 𝐸 01𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 01 𝐸1.0𝐸𝐸𝐸 𝐸 00𝐸 𝐸.2𝐸𝐸𝐸 𝐸 02 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 00𝐸

KRITZ-2 : 1
Cold 𝐸.2𝐸𝐸𝐸 𝐸 01 𝐸1.0𝐸𝐸𝐸 𝐸 00𝐸 1.01𝐸𝐸 𝐸 00 𝐸1.02𝐸𝐸 𝐸 00𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 01 𝐸1.0𝐸𝐸𝐸 𝐸 00𝐸 𝐸.𝐸0𝐸𝐸 𝐸 02 𝐸𝐸.20𝐸𝐸 𝐸 00𝐸

Hot 2.𝐸1𝐸𝐸 𝐸 01 𝐸1.1𝐸𝐸𝐸 𝐸 00𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 01 𝐸1.01𝐸𝐸 𝐸 00𝐸 2.2𝐸𝐸𝐸 𝐸 01 𝐸1.1𝐸𝐸𝐸 𝐸 00𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 02 𝐸𝐸.𝐸1𝐸𝐸 𝐸 00𝐸

GEN-III
HFP 1.𝐸𝐸𝐸𝐸 𝐸 01 𝐸1.𝐸𝐸𝐸𝐸 𝐸 00𝐸 𝐸.1𝐸𝐸𝐸 𝐸 01 𝐸1.01𝐸𝐸 𝐸 00𝐸 1.10𝐸𝐸 𝐸 01 𝐸1.22𝐸𝐸 𝐸 00𝐸 1.1𝐸𝐸𝐸 𝐸 01 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 00𝐸

Table 5: Exercise I-2 results: macroscopic cross-sections.

Cross-section Energy group Value (cm−1) (Uncertainty %)
PWR BWR GEN-III Type 1 GEN-III Type 2 GEN-III Type 3 GEN-III Type 4

Total
1 1.𝐸𝐸𝐸𝐸 𝐸 00 1.𝐸𝐸𝐸𝐸 𝐸 00 1.𝐸1𝐸𝐸 𝐸 00 1.𝐸2𝐸𝐸 𝐸 00 1.𝐸𝐸𝐸𝐸 𝐸 00 1.𝐸0𝐸𝐸 𝐸 00

𝐸1.𝐸𝐸𝐸𝐸 𝐸 01𝐸 𝐸1.2𝐸𝐸𝐸 𝐸 01𝐸 𝐸1.𝐸1𝐸𝐸 𝐸 01𝐸 𝐸1.𝐸𝐸𝐸𝐸 𝐸 01𝐸 𝐸1.𝐸𝐸𝐸𝐸 𝐸 01𝐸 𝐸1.𝐸𝐸𝐸𝐸 𝐸 01𝐸

2 𝐸.𝐸𝐸𝐸𝐸 𝐸 01 𝐸.𝐸𝐸𝐸𝐸 𝐸 01 𝐸.𝐸𝐸𝐸𝐸 𝐸 01 𝐸.𝐸𝐸𝐸𝐸 𝐸 01 𝐸.𝐸𝐸𝐸𝐸 𝐸 01 𝐸.2𝐸𝐸𝐸 𝐸 01

𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 01𝐸 𝐸𝐸.𝐸0𝐸𝐸 𝐸 01𝐸 𝐸𝐸.0𝐸𝐸𝐸 𝐸 01𝐸 𝐸𝐸.0𝐸𝐸𝐸 𝐸 01𝐸 𝐸𝐸.01𝐸𝐸 𝐸 01𝐸 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 01𝐸

Absorption
1 1.11𝐸𝐸 𝐸 01 𝐸.𝐸2𝐸𝐸 𝐸 02 1.0𝐸𝐸𝐸 𝐸 01 1.1𝐸𝐸𝐸 𝐸 01 𝐸.𝐸𝐸𝐸𝐸 𝐸 1 1.2𝐸𝐸𝐸 𝐸 01

𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 01𝐸 𝐸𝐸.0𝐸𝐸𝐸 𝐸 01𝐸 𝐸𝐸.00𝐸𝐸 𝐸 01𝐸 𝐸𝐸.𝐸1𝐸𝐸 𝐸 01𝐸 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 01𝐸 𝐸𝐸.11𝐸𝐸 𝐸 01𝐸

2 1.0𝐸𝐸𝐸 𝐸 02 𝐸.𝐸2𝐸𝐸 𝐸 0𝐸 1.0𝐸𝐸𝐸 𝐸 02 1.0𝐸𝐸𝐸 𝐸 02 𝐸.0𝐸𝐸𝐸 𝐸 01 1.0𝐸𝐸𝐸 𝐸 02

𝐸1.𝐸𝐸𝐸𝐸 𝐸 00𝐸 𝐸1.𝐸𝐸𝐸𝐸 𝐸 00𝐸 𝐸1.𝐸𝐸𝐸𝐸 𝐸 00𝐸 𝐸1.𝐸𝐸𝐸𝐸 𝐸 00𝐸 𝐸1.𝐸𝐸𝐸𝐸 𝐸 00𝐸 𝐸1.𝐸𝐸𝐸𝐸 𝐸 00𝐸

Fission
1 𝐸.𝐸𝐸𝐸𝐸 𝐸 01 2.𝐸𝐸𝐸𝐸 𝐸 02 𝐸.𝐸𝐸𝐸𝐸 𝐸 02 𝐸.𝐸0𝐸𝐸 𝐸 02 1.𝐸0𝐸𝐸 𝐸 01 𝐸.𝐸2𝐸𝐸 𝐸 02

𝐸𝐸.1𝐸𝐸𝐸 𝐸 0𝐸𝐸 𝐸𝐸.2𝐸𝐸𝐸 𝐸 01𝐸 𝐸𝐸.2𝐸𝐸𝐸 𝐸 01𝐸 𝐸𝐸.2𝐸𝐸𝐸 𝐸 01𝐸 𝐸𝐸.2𝐸𝐸𝐸 𝐸 01𝐸 𝐸𝐸.2𝐸𝐸𝐸 𝐸 01𝐸

2 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 1.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸.1𝐸𝐸𝐸 𝐸 0𝐸 𝐸.10𝐸𝐸 𝐸 0𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 01 𝐸.0𝐸𝐸𝐸 𝐸 0𝐸

𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 01𝐸 𝐸𝐸.𝐸1𝐸𝐸 𝐸 01𝐸 𝐸𝐸.𝐸1𝐸𝐸 𝐸 01𝐸 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 01𝐸 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 01𝐸 𝐸𝐸.𝐸0𝐸𝐸 𝐸 01𝐸

Nufission
1 1.𝐸𝐸𝐸𝐸 𝐸 01 𝐸.02𝐸𝐸 𝐸 02 1.𝐸𝐸𝐸𝐸 𝐸 1 1.𝐸1𝐸𝐸 𝐸 01 𝐸.𝐸𝐸𝐸𝐸 𝐸 01 1.𝐸𝐸𝐸𝐸 𝐸 01

𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 01𝐸 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 01𝐸 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 01𝐸 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 01𝐸 𝐸1.0𝐸𝐸𝐸 𝐸 00𝐸 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 01𝐸

2 𝐸.0𝐸𝐸𝐸 𝐸 0𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 𝐸.02𝐸𝐸 𝐸 0𝐸 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 1.𝐸𝐸𝐸𝐸 𝐸 02 𝐸.𝐸𝐸𝐸𝐸 𝐸 𝐸

𝐸𝐸.12𝐸𝐸 𝐸 01𝐸 𝐸1.01𝐸𝐸 𝐸 00𝐸 𝐸𝐸.𝐸1𝐸𝐸 𝐸 01𝐸 𝐸𝐸.𝐸2𝐸𝐸 𝐸 01𝐸 𝐸𝐸.𝐸𝐸𝐸𝐸 𝐸 01𝐸 𝐸𝐸.𝐸2𝐸𝐸 𝐸 01𝐸

different BCs on the computed reactivities, three test cases
at HZP conditions have been modeled with the MCNP5
code (v. 1.40) [25] with “white” BCs. The corresponding
results, which are given in Table 7 and have been obtained by
simulating 1500 generation of 2000 neutrons each, show how
the discrepancies are then reduced.

6. Conclusions

The neutronics modeling of some selected test cases within
the “Neutronics Phase” of the OECD UAM Benchmark

has been presented. A S/U analysis on the impact of the
uncertainty in the basic nuclear data on the calculation of
the multiplication factor and microscopic and macroscopic
cross-sections have been performed using the perturbation
methodologies implemented in the TSUNAMI code.
Uncertainties were found to be ∼0.5% on 𝑘𝑘eff and higher
(up to ∼4%) for the cross-sections. The 238U capture cross-
section and the 239Pu nubar were found to be the highest
contributors to the total uncertainty for the UOX and MOX
LWR’s representative test cases. The deterministic solutions
were also compared with the corresponding reference
solutions obtained using Monte Carlo methods, and a good
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Table 6: Phase I-1 Exercises.

Micro-XS SCALE 6.1 SERPENT Uncertainty due to
nuclear data (%) Unit cell

235U absorption 41.48 40.41 ± 0.0086 1.22

BWR
238U absorption 0.88 0.80 ± 0.0011 0.97
235U fission 33.43 32.56 ± 0.00069 1.22
238U fission 0.086 0.089 ± 0.00097 4.79
235U absorption 42.95 42.18 ± 0.00088 1.09

PWR
238U absorption 0.96 0.93 ± 0.0011 0.97
235U fission 34.72 34.10 ± 0.00064 1.11
238U fission 0.099 0.10 ± 0.00096 3.94
235U absorption 58.13 57.26 ± 0.00085 1.03

VVER
238U absorption 1.042 1.005 ± 0.0012 0.99
235U fission 47.84 47.76 ± 0.00063 1.05
238U fission 0.093 0.095 ± 0.00100 3.88

Table 7: Phase I-1 Exercise: 𝑘𝑘eff evaluation with SERPENT and MCNP∗.

Test case 𝑘𝑘eff

JEFF3.1 JEFF 3.1.1 ENDFB-7
VVER

HZP 1.34764 ± 0.00028 1.34937 ± 0.00026 1.34986 ± 0.00027
1.34542 ± 0.00029∗

HFP 1.33152 ± 0.00028 1.33356 ± 0.00029 1.33435 ± 0.00029
PWR

HZP 1.42785 ± 0.00027 1.42888 ± 0.00025 1.42923 ± 0.00027
1.42018 ± 0.00030∗

HFP 1.41136 ± 0.00026 1.41315 ± 0.00028 1.41401 ± 0.00026
BWR

HZP 1.34541 ± 0.00027 1.34673 ± 0.00025 1.34691 ± 0.00026
1.34191 ± 0.00034∗

HFP 1.23046 ± 0.00032 1.23080 ± 0.00032 1.23295 ± 0.00032
KRITZ-2 : 1

Cold 1.23762 ± 0.00028 1.23846 ± 0.00027 1.23984 ± 0.00027
Hot 1.22632 ± 0.00028 1.22864 ± 0.00026 1.22863 ± 0.00027

GEN-III
HFP 1.01485 ± 0.00039 1.01602 ± 0.00039 1.01805 ± 0.00037

agreement has been found for several cases, particularly in
the evaluation of the microscopic cross-sections.
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e aim of this work is to present the Exercise I-1b “pin-cell burn-up benchmark” proposed in the framework of OECD LWR
UAM. Its objective is to address the uncertainty due to the basic nuclear data as well as the impact of processing the nuclear and
covariance data in a pin-cell depletion calculation. Four different sensitivity/uncertainty propagation methodologies participate in
this benchmark (GRS, NRG, UPM, and SNU&KAERI).e paper describes the main features of the UPMmodel (hybrid method)
compared with other methodologies. e requested output provided by UPM is presented, and it is discussed regarding the results
of other methodologies.

1. Introduction to the UAM/Exercise I-1b
“Pin-Cell Burn-Up Benchmark”

e general frame of the OECD LWR UAM benchmark
consists of three phases with different exercises for each
phase [1]. In the Phase I (“Neutronics Phase”), the Exercise
1 (I-1) “Cell Physics” is focused on the derivation of the
multigroup microscopic cross-section libraries. Since the
OECD LWR UAM benchmark establishes a framework for
propagating cross-section uncertainties in LWR design and
safety calculations, the objective of the extension of this
Exercise I-1 to I-1b (cell burn-up physics) is to address
the uncertainties in the depletion calculation due to the
basic nuclear data as well as the impact of processing of
nuclear and covariance data. e SCALE-6.0/1 covariance
library [2] is the recommended source of cross-section data
uncertainty. However, covariance data coming from other
source of uncertainty together with evaluated nuclear data
�les can be used without any inconvenience.

To address this problem different sensitivity/uncertainty
(S/U) tools can be used to propagate nuclear data (e.g., cross-
section) uncertainties. e requested output of Exercise I-
1b is criticality value, reactions rates, collapsed cross-sections
and nuclide concentrations as well as their uncertainties for
depletion in a PWR pin-cell model.

1.1. Speci�cations of the “Pin-Cell Burn-Up Benchmark”. e
speci�cation of this pin-cell benchmark is given in Tables
1 and 2 (geometry and material speci�cations), showing a
typical con�guration of a TMI-1 PWR unit cell.

e linear fuel density (gU/cm) calculated according
to values taken from Tables 1 and 2 is 6.2784 gU/cm. e
average power density (W/gU) can be assumed to be equal to
33.58W/gU.e fuel sample is burned for a unique complete
cycle, the length of the burn time, and subsequent cooling
time is given in Table 3. e speci�c power and the �nal
cumulative burnup are also given, 61.28 GWd/MTU.

Concerning boundary conditions, the following type of
boundary conditions can be used: (a) for a “cylindrical pin-
cell” model, re�ective boundary conditions are utili�ed at
the center-line boundary while white boundary conditions
are applicable at the peripheries of the cell model; (b) for a
“square pin-cell” model, re�ective boundary conditions on
all surfaces are applied. For depletion, it can be considered
an in�nite burn-up spectrum mode.

1.2. Requested Output of the “Pin-Cell Burn-Up Benchmark”.
Results and associated uncertainties are provided at eight
burn-up steps: 0, 10, 20, 30, 40, 50, 60, and shutdown (61.28)
GWd/MTU. And, six additional decay steps are required at
1, 3, 5, 10, 50, and 100 years of cooling time. e requested
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T 1: Hot full power (HFP) conditions for fuel pin-cell burn-up
benchmark.

Fuel temperature (K) 900.0
Cladding temperature (K) 600.0
Moderator (coolant) temperature (K) 562.0
Moderator (coolant) density (g/cm3) 0.7484
Reactor power (MWt) 2772.0
Total number of fuel assemblies in the reactor core 177
Number of fuel rods per fuel assembly 208
Active core length (mm) 3571.20

T 2: Con�guration of pin-cell burn-up benchmark.

Unit cell pitch (mm) 14.427
Fuel pellet diameter (mm) 9.391
Fuel pellet material UO2

Fuel density (g/cm3) 10.283
Fuel enrichment (w/o) 4.85
Cladding outside diameter (mm) 10.928
Cladding thickness (mm) 0.673
Cladding material Zircaloy-4
Cladding density (g/cm3) 6.55
Gap material He
Moderator material H2O

T 3: Simpli�ed operating history data for pin-cell burn-up
benchmark and speci�c power.

Operating cycle 1
Burn time (days) 1825.0
Final Burnup (GWd/MTU) 61.28
Downtime (days) 1870.0
Speci�c power (kW/kgU) 33.58

output can be summarized in the following three sets of
information:

(i) criticality values: Kinf and nuclide reactions that
contribute the most to the uncertainty in kinf;

(ii) reaction rates and collapsed macroscopic cross-
sections:

(a) Reaction rates (capture and �ssion) and un-
certainties for major isotopes: 235,238U and
239,240,241Pu;

(b) Two-groupmacroscopic cross-sections, fast and
thermal, and associated uncertainties for the
homogenized pin cell: absorption, �ssion, nu-
�ssion, and diffusion coefficient. e thermal
energy cutoff is 0.625 eV.

(iii) Number densities:

(a) actinides (15): 233,234,235,236,238U; 237Np;
238,239,240,241,242Pu; 241,243Am; 244,246Cm;

(b) �ssion products (36): 95Mo; 99Tc; 101,106Ru;
103Rh; 109Ag; 133,134,135,137 Cs; 139La; 140,142,144Ce;
142,143,145,146,148,150Nd; 147,148,149,150,151,152,154Sm;
151,153,154,155Eu; 154,155,156,158,160Gd.

2. Summary of Propagation Uncertainty
Methodologies in Burn-Up Calculations

e�rst phase of participation in this exercise was completed
in April 2012 with a total of 4 participants: GRS, NRG,
UPM, and SNU&KAERI. Table 4 summarizes the main
calculation methodologies and nuclear data libraries and
their uncertainties. e results were presented at the Sixth
Workshop (UAM-6) of OECD Benchmark for Uncertainty
Analysis in Best-Estimate Modelling (UAM).

On one hand, depletion calculations are performed by
GRS and UPM with SCALE6 code system [3], while NRG
uses SERPENT code [4] and SNU&KAERI participates in
the benchmark with its own McCARD code [5], both Monte
Carlo codes. On the other side, for uncertainty calculations,
GRS and NRG use Monte Carlo techniques, GRS with a
sampling methodology (XSUSA [6]) of multigroup cross-
section libraries provided in SCALE6 format and NRG using
the technique of Total Monte Carlo [7] with TENDL2011.
UPM applies a hybrid method [8] based on determining
the sensitivity coefficients with TSUNAMI code [9] and
performing a Monte Carlo sampling to determine the
uncertainty of the number densities; these uncertainties are
computed with ACAB code [10]. McCARD code makes use
of the technique of Adjoint Weighted Perturbation (AWP)
method to predict the sensitivity coefficients.

Regarding cross-section covariance data, GRS, SNU&
KAERI, and UPM use SCALE6/COVA-44 groups. In
addition, SNU&KAERI provides results with uncertainties
coming from JENDL3.3 and ENDF/B-VII.0. Figure 1 shows
an example of cross-section covariance data taken from
SCALE6.1/COVA-44G. In this �gure, the original 235U
COVERX/SCALE6.1 �le is processed with ANGELO,
LAMBDA, and NJOY codes to visualize the correlation
matrix. NRG uses TENDL2011 and their uncertainty for
cross-section data libraries. In addition, NRG and UPM have
carried out some calculations with the uncertainty provided
in Fission Yields (TENDL2011, JEFF-3.1.1) and Decay Data
(JEFF-3.1.1) libraries.

Next, themain characteristics of the uncertainty propaga-
tionmethodologies used in this Benchmark are summarized,
and the uncertainty propagation in number density is used as
an example in the following Figures 2, 3, and 6.

(1) Figure 2 shows the calculation scheme of the Monte
Carlo methodologies. NRG uses for each sampling a
different nuclear data library TENDL2011; the gener-
ation of this library is done using the TASMAN code
[7]. TASMAN is a computer code for the production
of covariance data using results of the nuclear model
code TALYS, and for automatic optimization of the
TALYS results with respect to experimental data. It is
assumed that each nuclear model (i.e., TALYS input)
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T 4: List of participants and brief description of their methodologies used in this benchmark.

Institution
(country)

Methodology/codes
(Nuclear data library) Covariance data library Criticality calculation

methodology Uncertainty methodology

GRS
(Germany)

XSUSA/SCALE6.0
TRITON
(BONAMI-CENTRM-
NEWT-ORIGENS)
(ENDF/B-VII.0)

SCALE 6.0
(44 groups) 2-D-SN

Sampling multigroups
libraries based on
uncertainties in nuclear
data libraries

NRG
(e Netherlands)

TMC/SERPENT
(TENDL2011)

XS and FYs
TENDL2011 Monte Carlo Total Monte Carlo

SNU&KAERI
(South Korea)

McCARD
(ENDF/B-VII.0)

ENDF/B-VII.0
JENDL3.3
SCALE6.1

Monte Carlo Monte Carlo uncertainty
propagation

UPM
(Spain)

SCALE6.1
TRITON/ACAB
Hybrid method
(TSUNAMI)
(ENDF/B-VII.0)

SCALE 6.1
(44groups)
FY & Decay data
JEFF3.1.1

2-D-SN
Hybrid method:
TSUNAMI and sampling in
inventory calculations
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parameter has its own uncertainty; running TALYS
many times, it provides a sampling of ENDF �les or
a single �le with full covariance information. ��S
will generate a set of multigroup libraries in SCALE6
format; this sampling is done with the SCALE6.1/44-
groups covariance library using XSUSA code.

(2) e sensitivity/uncertainty procedure is based on a
�rst order Taylor series approach. So, the number
density can be written as

𝑁𝑁𝑖𝑖 𝜎𝜎
eff = 𝑁𝑁𝑖𝑖 𝜎𝜎

eff +
𝑅𝑅

𝑗𝑗=𝑗

𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜎𝜎𝑗𝑗


𝜎𝜎eff

𝜎𝜎eff𝑗𝑗 −𝜎𝜎eff𝑗𝑗  + ⋯ , (1)

where 𝜎𝜎eff𝑗𝑗 = ∑𝑔𝑔 𝜎𝜎
𝑔𝑔
𝑗𝑗 𝜙𝜙

𝑔𝑔.
�e can de�ne the sensitivity coe�cients as 𝜌𝜌𝑖𝑖𝑗𝑗 =

[𝜕𝜕𝑁𝑁𝑖𝑖/𝜕𝜕𝜎𝜎𝑗𝑗]𝜎𝜎eff , and 𝜀𝜀𝑗𝑗 = (𝜎𝜎
eff
𝑗𝑗 −𝜎𝜎eff𝑗𝑗 ) is the error in the 1-group

effective cross-sections.is 1-group error depends explicitly

on the uncertainty of cross-sections, and implicitly on the
neutron-�ux uncertainty,

𝜀𝜀𝑗𝑗 =
𝐺𝐺

𝑔𝑔=𝑗

𝜙𝜙𝑔𝑔 𝜎𝜎𝑔𝑔𝑗𝑗 −𝜎𝜎
𝑔𝑔
𝑗𝑗  +

𝐺𝐺

𝑔𝑔=𝑗

𝜎𝜎𝑔𝑔𝑗𝑗 𝜙𝜙
𝑔𝑔 −𝜙𝜙𝑔𝑔 = 𝜙𝜙𝑇𝑇𝜀𝜀𝜎𝜎𝑗𝑗 + 𝜎𝜎

𝑇𝑇
𝑗𝑗 𝜀𝜀𝜙𝜙.

(2)

Here, 𝜀𝜀𝜎𝜎𝑗𝑗 is the error due to nuclear data and 𝜀𝜀𝜙𝜙 is the error
due to neutron-�ux. e variance in the number density can
be obtained using the sandwich formula:

var𝑁𝑁 𝑁 𝑁𝑁 𝐶𝐶𝐶𝐶𝐶𝐶𝜎𝜎eff 𝑁𝑁
𝐓𝐓

𝑁 𝑁𝑁








⋱ 0
0 𝜙𝜙𝑇𝑇 𝐶𝐶𝐶𝐶𝐶𝐶𝜎𝜎𝑗𝑗

𝜙𝜙
⋱





+



⋱ 0
0 𝜎𝜎𝑇𝑇𝑗𝑗 𝐶𝐶𝐶𝐶𝐶𝐶𝜙𝜙 𝜎𝜎𝑗𝑗

⋱







𝑁𝑁𝐓𝐓.

(3)



Science and Technology of Nuclear Installations 5

e�rst termpropagates themultigroup cross-section uncer-
tainty with no uncertainty in the neutron �ux. And, the
second term propagates the effect of this uncertainty with the
uncertainty in the neutron �ux.

If the uncertainty in the neutron �ux can be con-
sidered negligible, a simple scheme of S/U can be illus-
trated in Figure 3. In this case, TRITON code [3] is
run to determine the number densities at different burn-
up steps, as a reference or nominal calculation without
uncertainties. And, the number densities calculated in the
nominal case are used to generate TSUNAMI [9] inputs
at each burn-up step. With TSUNAMI code, S/U analysis
can be provided for criticality (𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑, two-
group cross-sections (𝑑𝑑𝑑abs1 𝑑𝑑𝑑𝑑𝑑𝑑 𝑑𝑑𝑑abs1 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 and reac-
tion rates (𝑑𝑑RRU235cap𝑑𝑑𝑑𝑑𝑑𝑑 𝑑𝑑RRU235cap𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑. However,
number density sensitivities (𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 are not calculated with
TSUNAMI code.

Once, the sensitivity coefficients are calculated by
TSUNAMI code, the criticality uncertainty analysis based on
“nuclear data uncertainties” can be formulated as follows:
𝑑𝑑eff it is explicitly dependent on the nuclear data (e.g., cross-
sections, nu-bar,𝑑) and implicitly dependent on the number
density which characterizes the system:

var (𝑑𝑑𝑑 ≈ 𝑆𝑆𝑑𝑑𝑉𝑉𝑑𝑑𝑆𝑆
𝑇𝑇
𝑑𝑑 + 𝑆𝑆𝑑𝑑𝑉𝑉𝑑𝑑𝑆𝑆

𝑇𝑇
𝑑𝑑 = var 𝑑𝑑𝑑𝑑 + var 𝑑𝑑𝑑𝑑 . (4)

𝑆𝑆𝑑𝑑 is the sensitivity coefficient explicitly of cross-sections
(Δ𝑑𝑑𝑑Δ𝑑𝑑𝑑 and 𝑆𝑆𝑑𝑑 is the sensitivity coefficient of number den-
sity, (Δ𝑑𝑑𝑑Δ𝑑𝑑𝑑; both are calculated by TSUNAMI code. Fig-
ures 4 and 5 show the 𝑑𝑑-eff integrated sensitivity coefficients
for cross-section and number density at each burn-up step. In
Figure 4, the evolution of 𝑆𝑆𝑑𝑑 shows the importance of 239Pu at
high burnups, mainly for nu-bar nuclear reaction. For 238U,
(𝑛𝑛𝑑 𝑛𝑛𝑑 and (𝑛𝑛𝑑 𝑛𝑛′𝑑 reactions are the most important for all
burnup. For 235U, sensitivity decreases with burn-up, being
nu-bar with the highest value. Evolution of 135Xe(𝑛𝑛𝑑 𝑛𝑛𝑑 is also
shown. Some “�ssion-gamma” cross-correlations for 239Pu
and 235U are also illustrated. Figure 5 shows the integrated
sensitivities, 𝑆𝑆𝑑𝑑, for the most important isotopes related with
criticality: 239𝑑240𝑑241Pu, 235𝑑238U. Also, some important �ssion
products are shown: 135Xe and 103Rh.

𝑉𝑉𝑑𝑑 is the covariance cross-section data taken from
SCALE6.1/COVA, and 𝑉𝑉𝑑𝑑 is the covariance number densi-
ties predicted by ACAB code. It can be calculated with the
uncertainty due to cross-section, �ssion yield and/or decay
data.

(3𝑑 Our ACAB code is used to propagate nuclear data
uncertainty (cross-section, �ssion yield, and decay
data) in the prediction of number density uncertainty:

var (𝑑𝑑𝑑 ≈ 𝑆𝑆𝑑𝑑𝑉𝑉𝑑𝑑𝑆𝑆
𝑇𝑇
𝑑𝑑 = var 𝑑𝑑𝑑𝑑 . (5)

ACAB accounts for the impact of nuclear data uncertainty as
follows (see Figure 6). (i) In a �rst step, a coupled neutron-
depletion calculation (without uncertainties) is carried out
only once, taken the best-estimated values for all the param-
eters involved in the problem. (ii) In a second step, ACAB
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performs a simultaneous random sampling of the probability
density functions (PDF) of all these variables: cross-section,
�ssion yield, and decay data. en, ACAB computes the
isotopic concentrations at the end of each burn step, taking
the �uxes halfway through each burn step determined in
the best-estimated calculation. en, only the depletion
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F 6: A Hybrid method used by ACAB code.

calculations are repeated or run many times. A statistical
analysis of the results allows assessing the uncertainty in
the calculated number density and determining 𝑉𝑉𝑁𝑁. Table 5
shows an example of this type of information.

3. Results with the HybridMethod

In Table 6, 𝑘𝑘eff and their associated uncertainty for PWRunit-
cell are summari�ed at four different burnups. e �ve most
important nuclide reactions that contribute to uncertainty
are identi�ed: (i) for fresh fuel, U238(𝑛𝑛𝑛 𝑛𝑛𝑛, U235(𝜈𝜈𝑛 and
(𝑛𝑛𝑛 𝑛𝑛𝑛, U238(𝑛𝑛𝑛 𝑛𝑛′𝑛, U235(𝑛𝑛𝑛 �ss-𝑛𝑛𝑛, and (ii) for high burnup:
Pu239(𝜈𝜈𝑛𝑛U238(𝑛𝑛𝑛 𝑛𝑛𝑛 and (𝑛𝑛𝑛 𝑛𝑛′𝑛, Pu239(𝑛𝑛𝑛 �ss𝑛, and (𝑛𝑛𝑛 �ss-𝑛𝑛𝑛.
In addition, the contribution of number density uncertainty,
var(𝑘𝑘𝑁𝑁𝑛, is evaluated, being the cross-sections and �ssion
yields the most important contributions, and it can be
concluded that the contribution of decay data uncertainty is
negligible.

Table 7 shows the uncertainty of two-group cross-
sections: ∑abs-1𝑛 ∑abs-2𝑛 ∑�s-1𝑛 ∑�s-2𝑛 𝜈𝜈∑�s-1𝑛 𝜈𝜈∑�s-2𝑛 diff1, and
diff2 (subscript 1 refers to fast group and subscript 2 to the
thermal group). e low contribution of the uncertainty due
to number density uncertainty except for thermal groups can
be seen. e total uncertainty is about 1%, and the contribu-
tion due to the uncertainty in �ssion yields is negligible.

As an example of integrated sensitivities of macroscopic
two-group cross-sections, Figures 7 and 8 show these values
for ∑abs-1.

238U is the most important contributor with the
(𝑛𝑛𝑛 𝑛𝑛′𝑛 and (𝑛𝑛𝑛 𝑛𝑛𝑛 reactions.

Table 8 shows the uncertainty for the following capture
and �ssion reaction rates: 235𝑛238U and 239𝑛240𝑛241Pu. e

total uncertainty is in the range of 1%–3%. In general,
the uncertainty contribution due to the uncertainty in the
number density (var(RR𝑁𝑁𝑛𝑛 is below the contribution due to
cross-section (var(RR𝜎𝜎𝑛𝑛, except for

240Pu and 241Pu reaction
rates where this contribution is larger.

In Table 9, it can be seen that the number density
uncertainty for somemajor andminor actinides due to cross-
section data remains below 3%. Larger uncertainties are
predicted for minor actinides (e.g., 246Cm) and the uncer-
tainty throughout irradiation period rises. And, it can be
concluded that the uncertainty due to decay data uncertainty
is negligible.

In Table 10, the uncertainty in the number of �ssion prod-
ucts due to cross-sections, decay, and �ssion yields data has
been predicted. Some isotopes, 155Gd, 154𝑛155Eu, and 149Sm
show a relative error above 10%, being the high uncertainty
in cross-section data, the reason of this large uncertainty. In
general, the uncertainty due to �ssion yields remain below
3%, except for 95Mo with 4.5% (with high sensitivity to 95Zr
�ssion yield) and 149Sm with 4.7% (with high sensitivity to
149Pm �ssion yield) �11]. For decay data uncertainties, the
isotope 151Eu reaches a maximum uncertainty of 3.2% as
a consequence of the 6.7% relative error in the half-life of
151Sm.

4. Conclusions and Comparison with
Other Methodologies

ere has been a very small contribution of participants in
the pin-cell burn-up benchmark, Exercise I-1b, with only
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T 5: Correlation matrix, 𝑉𝑉𝑁𝑁, calculated at shutdown (61.28GWd/TU) using SCALE6.1 cross-section data uncertainty. Column “𝑒𝑒 (%)”
is the relative error in % for each isotope.

𝑒𝑒 (%) U233 U234 U235 U236 U238 Np237 Pu238 Pu239 Pu240 Pu241 Pu242 Am241 Am242 Am243 Cm242 Cm243 Cm244

U233 2.2 1.0 0.6
U234 3.2 0.6 1.0 −0.1
U235 0.6 1.0 0.3 −0.1 −0.1
U236 0.4 0.3 1.0 0.2
U238 0.1 1.0 −0.2 −0.3 −0.2 −0.2 −0.3 −0.2 −0.2 −0.2 −0.2
Np237 0.8 0.2 1.0
Pu238 0.9 −0.2 1.0 0.1 0.4 0.2 0.4 0.1 0.3
Pu239 1.4 −0.3 1.0 −0.4 −0.2
Pu240 2.0 −0.2 −0.4 1.0 0.3 0.1
Pu241 1.4 −0.2 0.1 −0.2 0.3 1.0 0.3 0.5 0.1 0.2
Pu242 1.4 −0.1 −0.3 0.4 0.3 1.0 0.4 0.2 0.5 0.1 0.1
Am241 1.9 −0.2 0.1 0.5 0.4 1.0 −0.2 −0.2 0.1
Am242 5.8 0.2 −0.2 1.0 0.6 0.1
Am243 2.0 −0.1 −0.2 0.2 0.1 1.0 0.3 0.1 0.2
Cm242 1.7 −0.2 0.4 0.2 0.5 −0.2 0.6 0.3 1.0
Cm243 6.0 −0.1 0.1 0.1 0.1 0.1 1.0 0.1
Cm244 2.1 −0.2 0.3 0.1 0.1 0.2 0.1 1.0

T 6: Uncertainties in criticality value, 𝑘𝑘eff, with the main source of contributions. Cross-section uncertainties are taken from
SCALE6.1/44-GROUP and �ssion yields and decay data source of uncertainty from JEFF-3.1.1.

0GWd/MTU 10GWd/MTU 30GWd/MTU 60GWd/MTU
Mean 𝑘𝑘eff 1.40 Rel. std. dev. (%) Mean 𝑘𝑘eff 1.25 Rel. std. dev. (%) Mean 𝑘𝑘eff 1.08 rel. std. dev. (%) Mean 𝑘𝑘eff 0.90 Rel. std. dev. (%)
U238 (𝑛𝑛, 𝛾𝛾) 0.28 U238 (𝑛𝑛, €𝛾𝛾) 0.26 Pu239 (nubar) 0.39 Pu239 (nubar) 0.54
U235 (nubar) 0.26 Pu239 (nubar) 0.20 U238 (𝑛𝑛, 𝛾𝛾) 0.26 U238 (𝑛𝑛, 𝛾𝛾) 0.26
U235 (𝑛𝑛, 𝛾𝛾) 0.21 U235 (nubar) 0.20 U238 (𝑛𝑛, 𝑛𝑛′) 0.19 U238 (𝑛𝑛, 𝑛𝑛′) 0.25
U238 (𝑛𝑛, 𝑛𝑛′) 0.12 U235 (𝑛𝑛, 𝛾𝛾) 0.15 Pu239 (�s) 0.13 Pu239 (�s) 0.21
U235 (𝑛𝑛, 𝛾𝛾-�ss) 0.10 U238 (𝑛𝑛, 𝑛𝑛′) 0.15 U235 (nubar) 0.13 Pu239 (𝑛𝑛, 𝛾𝛾-�ss) 0.18
⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯
Total var(𝑘𝑘𝜎𝜎) 0.49 0.51 0.63 0.79
var(𝑘𝑘𝑁𝑁)_XS/SCALE 0.00 0.19 0.25 0.35
var(𝑘𝑘𝑁𝑁)_FYs 0.00 0.22 0.22 0.21
var(𝑘𝑘𝑁𝑁)_Decay 0.00 0.00 0.00 0.00
Total var(𝑘𝑘) 0.49 0.58 0.71 0.89

four institutions: GRS, NRG, UPM, and SNU&KAERI. How-
ever, the most representative methodologies in propagation
uncertainties in depletion calculation are involved. Other
institutions such as AREVA/NP and PSI have shown interest
in participating in this exercise. Here, a comparison of these
methodologies is summarized.

(1) Regarding the uncertainty in criticality, Table 6 shows
the 𝑘𝑘eff relative uncertainty for the fresh fuel: approx-
imately 0.5%, and it reaches approximately 0.80% at
high burn-up. GRS with XSUSA and SNU&KAERI
withMcCARDcode have obtained similar prediction.
For fresh fuel, the most important contribution is
due to the reaction 238U(𝑛𝑛,gamma) and, at shutdown
is, 239Pu(nubar). Only, elastic reactions for 235U and
238U are predicted by GRS/XSUSA as important
reactions to be taken into account. NRG/TENDL2011

includes 235U and 239Pu (chi) as other important
reaction to be considered.

(2) e importance of different source of cross-section
uncertainty has been evaluated by SNU&KAERI.
us, for fresh fuel the 𝑘𝑘eff relative uncertainty is
0.79% or 0.30%, with uncertainty cross-section data
ENDF/B.VII.1 or JENDL/-3.3, respectively.

(3) Comparing results between UPM and GRS (using
both institutions similar uncertainty data and codes),
it can be concluded that the linear approxima-
tion used by UPM neglects the possible correlation
between the prediction of number densities and neu-
tron transport calculation. At high burn-up the lower
uncertainty in 𝑘𝑘eff predicted by GRS (0.75%) with
respect to UPM (0.89%) shows a possible negative
correlation between these terms.
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T 7: Uncertainty in two-group cross-section data. Cross-section uncertainties are taken from SCALE6.1/44-GROUP.

0GWd/MTU 10GWd/MTU 30GWd/MTU 60GWd/MTU
Σabs-1 Mean value 1.16𝐸𝐸 𝐸 𝐸𝐸 1.𝐸𝐸𝐸𝐸 𝐸 𝐸𝐸 1.𝐸6𝐸𝐸 𝐸 𝐸𝐸 1.31𝐸𝐸 𝐸 𝐸𝐸

Relative uncertainty (%)
var(Σ𝜎𝜎) 0.9 0.9 0.9 0.9
var(Σ𝑁𝑁)_ ΔXS 0.0 0.1 0.1 0.1
var(Σ𝑁𝑁)_ ΔFY 0.0 0.0 0.0 0.0
Total Uncertainty 0.9 0.9 0.9 0.9

Σabs-2 Mean value 1.16𝐸𝐸 𝐸 𝐸1 1.3𝐸𝐸𝐸 𝐸 𝐸1 1.31𝐸𝐸 𝐸 𝐸1 1.𝐸𝐸𝐸𝐸 𝐸 𝐸1

Relative uncertainty (%)
var(Σ𝜎𝜎) 0.2 0.2 0.2 0.3
var(Σ𝑁𝑁)_ ΔXS 0.0 0.3 0.4 0.6
var(Σ𝑁𝑁)_ ΔFY 0.0 0.2 0.2 0.2
Total Uncertainty 0.2 0.4 0.5 0.7

Σ�s-1 Mean value 3.87𝐸𝐸 𝐸 𝐸3 3.4𝐸𝐸𝐸 𝐸 𝐸3 𝐸.7𝐸𝐸𝐸 𝐸 𝐸3 𝐸.𝐸𝐸𝐸𝐸 𝐸 𝐸3

Relative uncertainty (%)
var(Σ𝜎𝜎) 0.4 0.4 0.5 0.9
var(Σ𝑁𝑁)_ ΔXS 0.0 0.1 0.2 0.3
var(Σ𝑁𝑁)_ ΔFY 0.0 0.0 0.0 0.0
Total Uncertainty 0.4 0.4 0.6 1.0

Σ�s-2 Mean value 8.64𝐸𝐸 𝐸 𝐸𝐸 8.48𝐸𝐸 𝐸 𝐸𝐸 7.5𝐸𝐸𝐸 𝐸 𝐸𝐸 5.84𝐸𝐸 𝐸 𝐸𝐸

Relative uncertainty (%)
var(Σ𝜎𝜎) 0.3 0.3 0.4 0.5
var(Σ𝑁𝑁)_ ΔXS 0.0 0.2 0.4 0.7
var(Σ𝑁𝑁)_ ΔFY 0.0 0.1 0.1 0.0
Total Uncertainty 0.3 0.4 0.5 0.8

𝜈𝜈Σ�s-1 Mean value 9.76𝐸𝐸 𝐸 𝐸3 8.79𝐸𝐸 𝐸 𝐸3 7.𝐸𝐸𝐸𝐸 𝐸 𝐸3 5.57𝐸𝐸 𝐸 𝐸3

Relative uncertainty (%)
var(Σ𝜎𝜎) 0.5 0.6 0.7 1.1
var(Σ𝑁𝑁)_ ΔXS 0.0 0.1 0.2 0.3
var(Σ𝑁𝑁)_ ΔFY 0.0 0.0 0.0 0.0
Total Uncertainty 0.5 0.6 0.8 1.2

𝜈𝜈Σ�s-2 Mean value 𝐸.11𝐸𝐸 𝐸 𝐸1 𝐸.15𝐸𝐸 𝐸 𝐸1 1.99𝐸𝐸 𝐸 𝐸1 1.6𝐸𝐸𝐸 𝐸 𝐸1

Relative uncertainty (%)
var(Σ𝜎𝜎) 0.4 0.5 0.6 0.8
var(Σ𝑁𝑁)_ ΔXS 0.0 0.3 0.4 0.7
var(Σ𝑁𝑁)_ ΔFY 0.0 0.1 0.1 0.0
Total Uncertainty 0.4 0.5 0.7 1.1

diff-1 Mean value 𝐸.51𝐸𝐸 𝐸 𝐸𝐸 1.41𝐸𝐸 𝐸 𝐸𝐸 1.99𝐸𝐸 𝐸 𝐸1 1.6𝐸𝐸𝐸 𝐸 𝐸1

Relative uncertainty (%)
var(Σ𝜎𝜎) 0.9 0.9 0.9 0.9
var(Σ𝑁𝑁)_ ΔXS 0.0 0.0 0.0 0.0
var(Σ𝑁𝑁)_ ΔFY 0.0 0.0 0.0 0.0
Total Uncertainty 0.9 0.9 0.9 0.9

diff-2 Mean value 4.33𝐸𝐸 𝐸 𝐸1 3.6𝐸𝐸𝐸 𝐸 𝐸1 3.56𝐸𝐸 𝐸 𝐸1 3.54𝐸𝐸 𝐸 𝐸1

Relative uncertainty (%)
var(Σ𝜎𝜎) 0.2 0.2 0.2 0.2
var(Σ𝑁𝑁)_ ΔXS 0.0 0.0 0.0 0.0
var(Σ𝑁𝑁)_ ΔFY 0.0 0.0 0.0 0.0
Total Uncertainty 0.2 0.2 0.2 0.2

(4) e importance of �ssion yields is analy�ed by UPM
and NRG with a relative uncertainty contribution to
𝑘𝑘eff approximately 0.2–0.3%.e importance of decay
data studied by UPM shows a negligible effect.

(5) For two group cross-sections and reaction rates, the
relative uncertainty is in the range of 1-2%. And
comparing GRS between UPM, a positive correlation
in two-group cross-sections between the prediction of
number densities and neutron transport calculation

due to the highest uncertainty values predicted by
GRS is shown. For reaction rates, a negative correla-
tion is found.NRGpredicts larger uncertainties above
2% because of the TENDL2011 library.

(6) e uncertainty in the number density of major
isotopes (𝐸35U, 𝐸39Pu,…) is in the range of 1–3%
increasing with burnup; higher uncertainty is pre-
dicted by GRS/XSUSA (3.5% for 𝐸4𝐸Pu). For minor
actinides, the highest uncertainty value is for 𝐸46Cm
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T 8: Uncertainty in reaction rates. Cross-section uncertainties are taken from SCALE6.1/44-GROUP.

0GWd/MTU 10GWd/MTU 30GWd/MTU 60GWd/MTU
235U-cap Mean value 9.10𝐸𝐸 𝐸 0𝐸 7.𝐸7𝐸𝐸 𝐸 0𝐸 4.76𝐸𝐸 𝐸 0𝐸 𝐸.1𝐸𝐸𝐸 𝐸 0𝐸

Relative uncertainty (%) var(RR𝜎𝜎) 1.8 1.8 1.8 1.8
var(RR𝑁𝑁)_ΔXS 0.0 0.2 0.4 0.8

235U-�s Mean value 3.85𝐸𝐸 𝐸 01 𝐸.97𝐸𝐸 𝐸 01 1.9𝐸𝐸𝐸 𝐸 01 8.70𝐸𝐸 𝐸 0𝐸

Relative uncertainty (%) var(RR𝜎𝜎) 1.1 1.1 1.1 1.1
var(RR𝑁𝑁)_ΔXS 0.0 0.2 0.5 0.8

238U-cap Mean value 1.83𝐸𝐸 𝐸 01 𝐸.01𝐸𝐸 𝐸 01 𝐸.𝐸9𝐸𝐸 𝐸 01 𝐸.76𝐸𝐸 𝐸 01

Relative uncertainty (%) var(RR𝜎𝜎) 1.4 1.3 1.3 1.3
var(RR𝑁𝑁)_ΔXS 0.0 0.2 0.3 0.4

238U-�s Mean value 𝐸.15𝐸𝐸 𝐸 0𝐸 𝐸.43𝐸𝐸 𝐸 0𝐸 𝐸.78𝐸𝐸 𝐸 0𝐸 3.𝐸7𝐸𝐸 𝐸 0𝐸

Relative uncertainty (%) var(RR𝜎𝜎) 4.0 3.7 3.6 3.6
var(RR𝑁𝑁)_ΔXS 0.0 0.2 0.3 0.4

239Pu-cap Mean value — 3.93𝐸𝐸 𝐸 0𝐸 7.41𝐸𝐸 𝐸 0𝐸 1.00𝐸𝐸 𝐸 01

Relative uncertainty (%) var(RR𝜎𝜎) — 1.6 1.5 1.5
var(RR𝑁𝑁)_ΔXS — 0.9 0.7 0.7

239Pu-�ss Mean value — 6.91𝐸𝐸 𝐸 0𝐸 1.33𝐸𝐸 𝐸 01 1.81𝐸𝐸 𝐸 01

Relative uncertainty (%) var(RR𝜎𝜎) — 1.3 1.3 1.3
var(RR𝑁𝑁)_ΔXS — 0.9 0.7 0.7

240Pu-cap Mean value — 1.68𝐸𝐸 𝐸 0𝐸 5.00𝐸𝐸 𝐸 0𝐸 8.66𝐸𝐸 𝐸 0𝐸

Relative uncertainty (%) var(RR𝜎𝜎) — 1.3 1.3 1.4
var(RR𝑁𝑁)_ΔXS — 2.4 1.3 1.3

240Pu-�ss Mean value — 6.10𝐸𝐸 𝐸 05 𝐸.95𝐸𝐸 𝐸 04 6.67𝐸𝐸 𝐸 04

Relative uncertainty (%) var(RR𝜎𝜎) — 2.4 2.2 2.1
var(RR𝑁𝑁)_ΔXS — 3.1 2.2 2.1

241Pu-cap Mean value — 1.13𝐸𝐸 𝐸 03 8.50𝐸𝐸 𝐸 03 𝐸.05𝐸𝐸 𝐸 0𝐸

Relative uncertainty (%) var(RR𝜎𝜎) — 1.5 1.4 1.4
var(RR𝑁𝑁)_ΔXS — 2.0 1.7 1.5

241Pu-�ss Mean value — 3.11𝐸𝐸 𝐸 03 𝐸.37𝐸𝐸 𝐸 0𝐸 5.73𝐸𝐸 𝐸 0𝐸

Relative uncertainty (%) var(RR𝜎𝜎) — 1.3 1.3 1.3
var(RR𝑁𝑁)_ΔXS — 2.9 1.7 1.5

T 9: Uncertainty in number density for some important major and minor actinides. Cross-section uncertainties are taken from
SCALE6.1/44-GROUP (ΔXS) and decay data (ΔDD) source of uncertainty from JEFF-3.1.1.

0 GWd/MTU 10GWd/MTU 30GWd/MTU 60GWd/MTU
Mean Mean Rel. std. dev. (%) Mean Rel. std. dev. (%) Mean Rel. std. dev. (%)

ΔXS ΔDD ΔXS ΔDD ΔXS ΔDD
233U 0.00𝐸𝐸 𝐸 00 5.94𝐸𝐸 𝐸 11 3.1 0.0 1.𝐸9𝐸𝐸 𝐸 10 2.1 0.0 1.41𝐸𝐸 𝐸 10 2.1 0.0
234U 1.17𝐸𝐸 𝐸 05 1.03𝐸𝐸 𝐸 05 1.0 0.0 7.94𝐸𝐸 𝐸 06 1.9 0.0 5.04𝐸𝐸 𝐸 06 3.1 0.0
235U 1.13𝐸𝐸 𝐸 03 8.71𝐸𝐸 𝐸 04 0.2 0.0 4.97𝐸𝐸 𝐸 04 0.3 0.0 1.74𝐸𝐸 𝐸 04 0.6 0.0
236U 0.00𝐸𝐸 𝐸 00 4.87𝐸𝐸 𝐸 05 0.8 0.0 1.15𝐸𝐸 𝐸 04 0.5 0.0 1.58𝐸𝐸 𝐸 04 0.4 0.0
238U 𝐸.18𝐸𝐸 𝐸 0𝐸 𝐸.17𝐸𝐸 𝐸 0𝐸 0.0 0.0 𝐸.14𝐸𝐸 𝐸 0𝐸 0.1 0.0 𝐸.08𝐸𝐸 𝐸 0𝐸 0.1 0.0
237Np 0.00𝐸𝐸 𝐸 00 1.70𝐸𝐸 𝐸 06 1.2 0.0 8.76𝐸𝐸 𝐸 06 0.8 0.0 𝐸.03𝐸𝐸 𝐸 05 0.8 0.0
238Pu 0.00𝐸𝐸 𝐸 00 1.𝐸4𝐸𝐸 𝐸 07 2.3 0.0 𝐸.08𝐸𝐸 𝐸 06 1.4 0.0 1.07𝐸𝐸 𝐸 05 0.9 0.0
239Pu 0.00𝐸𝐸 𝐸 00 8.08𝐸𝐸 𝐸 05 1.2 0.0 1.46𝐸𝐸 𝐸 04 1.1 0.0 1.60𝐸𝐸 𝐸 04 1.3 0.0
240Pu 0.00𝐸𝐸 𝐸 00 9.36𝐸𝐸 𝐸 06 3.1 0.0 4.01𝐸𝐸 𝐸 05 2.1 0.0 7.59𝐸𝐸 𝐸 05 1.9 0.0
241Pu 0.00𝐸𝐸 𝐸 00 3.55𝐸𝐸 𝐸 06 2.9 0.0 𝐸.46𝐸𝐸 𝐸 05 1.7 0.0 4.68𝐸𝐸 𝐸 05 1.5 0.0
242Pu 0.00𝐸𝐸 𝐸 00 1.98𝐸𝐸 𝐸 07 3.7 0.0 4.95𝐸𝐸 𝐸 06 1.9 0.0 𝐸.31𝐸𝐸 𝐸 05 1.4 0.0
241Am 0.00𝐸𝐸 𝐸 00 3.66𝐸𝐸 𝐸 08 3.3 0.1 7.18𝐸𝐸 𝐸 07 1.9 0.1 1.99𝐸𝐸 𝐸 06 1.8 0.1
243Am 0.00𝐸𝐸 𝐸 00 9.64𝐸𝐸 𝐸 09 5.9 0.0 8.18𝐸𝐸 𝐸 07 3.0 0.0 7.00𝐸𝐸 𝐸 06 1.9 0.0
244Cm 0.00𝐸𝐸 𝐸 00 5.70𝐸𝐸 𝐸 10 6.9 0.0 1.76𝐸𝐸 𝐸 07 3.4 0.0 3.61𝐸𝐸 𝐸 06 2.1 0.0
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T 10: Uncertainty in number density of some important �ssion products. Cross-section uncertainties are ta�en from SCALE6.1/44-
GROUP (ΔXS). Fission yields (ΔFYs) and decay data (ΔDD) source of uncertainty from JEFF-3.1.1.

0 GWd/MTU 10GWd/MTU 30GWd/MTU 60GWd/MTU
Mean Mean Rel. std. dev. (%) Mean Rel. std. dev. (%) Mean Rel. std. dev. (%)

ΔXS ΔDD ΔFYs ΔXS ΔDD ΔFYs ΔXS ΔDD ΔFYs
154Gd 0.00𝐸𝐸 𝐸 00 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 11.8 0.1 2.3 𝐸.20𝐸𝐸 𝐸 0𝐸 7.2 0.0 1.1 2.6𝐸𝐸𝐸 𝐸 0𝐸 5.2 0.0 0.8
155Gd 0.00𝐸𝐸 𝐸 00 𝐸.06𝐸𝐸 𝐸 𝐸0 12.4 0.2 5.1 2.23𝐸𝐸 𝐸 0𝐸 15.2 0.2 2.4 𝐸.𝐸0𝐸𝐸 𝐸 0𝐸 15.4 0.2 1.1
156Gd 0.00𝐸𝐸 𝐸 00 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 3.9 0.1 3.0 𝐸.3𝐸𝐸𝐸 𝐸 06 3.6 0.0 1.4 𝐸.𝐸𝐸𝐸𝐸 𝐸 06 4.1 0.0 0.8
158Gd 0.00𝐸𝐸 𝐸 00 6.06𝐸𝐸 𝐸 0𝐸 5.5 0.0 2.9 3.𝐸𝐸𝐸𝐸 𝐸 0𝐸 5.3 0.0 1.8 𝐸.𝐸3𝐸𝐸 𝐸 06 6.8 0.0 1.2
160Gd 0.00𝐸𝐸 𝐸 00 3.𝐸0𝐸𝐸 𝐸 0𝐸 1.3 0.0 4.8 2.2𝐸𝐸𝐸 𝐸 0𝐸 0.9 0.0 3.3 𝐸.2𝐸𝐸𝐸 𝐸 0𝐸 0.7 0.0 2.9
151Eu 0.00𝐸𝐸 𝐸 00 𝐸.𝐸𝐸𝐸𝐸 𝐸 𝐸0 1.9 3.3 3.1 𝐸.30𝐸𝐸 𝐸 𝐸0 2.0 3.1 2.5 𝐸.𝐸𝐸𝐸𝐸 𝐸 𝐸0 2.3 3.2 2.0
153Eu 0.00𝐸𝐸 𝐸 00 6.𝐸2𝐸𝐸 𝐸 0𝐸 2.2 0.0 2.1 3.3𝐸𝐸𝐸 𝐸 06 3.8 0.0 1.0 𝐸.30𝐸𝐸 𝐸 06 6.0 0.0 0.7
154Eu 0.00𝐸𝐸 𝐸 00 6.𝐸𝐸𝐸𝐸 𝐸 0𝐸 15.3 0.0 2.1 6.𝐸2𝐸𝐸 𝐸 0𝐸 11.3 0.0 1.0 𝐸.𝐸𝐸𝐸𝐸 𝐸 06 11.2 0.0 0.7
155Eu 0.00𝐸𝐸 𝐸 00 𝐸.36𝐸𝐸 𝐸 0𝐸 14.1 0.0 5.9 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 16.6 0.0 2.9 𝐸.6𝐸𝐸𝐸 𝐸 0𝐸 18.6 0.0 1.3
147Sm 0.00𝐸𝐸 𝐸 00 𝐸.2𝐸𝐸𝐸 𝐸 0𝐸 0.8 0.0 2.9 2.𝐸𝐸𝐸𝐸 𝐸 06 0.8 0.0 1.6 𝐸.23𝐸𝐸 𝐸 06 1.0 0.0 1.2
148Sm 0.00𝐸𝐸 𝐸 00 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 2.6 0.0 3.0 3.6𝐸𝐸𝐸 𝐸 06 1.4 0.0 1.6 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.8 0.0 1.2
149Sm 0.00𝐸𝐸 𝐸 00 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 14.0 0.0 6.4 𝐸.2𝐸𝐸𝐸 𝐸 0𝐸 14.3 0.0 5.7 𝐸.0𝐸𝐸𝐸 𝐸 0𝐸 15.5 0.0 5.1
150Sm 0.00𝐸𝐸 𝐸 00 2.𝐸𝐸𝐸𝐸 𝐸 06 1.3 0.0 2.4 𝐸.2𝐸𝐸𝐸 𝐸 06 1.0 0.0 1.4 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.9 0.0 1.0
151Sm 0.00𝐸𝐸 𝐸 00 3.𝐸2𝐸𝐸 𝐸 0𝐸 1.7 0.0 4.0 𝐸.26𝐸𝐸 𝐸 0𝐸 1.8 0.0 3.3 6.33𝐸𝐸 𝐸 0𝐸 2.2 0.0 2.5
152Sm 0.00𝐸𝐸 𝐸 00 𝐸.30𝐸𝐸 𝐸 06 1.0 0.0 1.9 3.𝐸𝐸𝐸𝐸 𝐸 06 1.2 0.0 1.3 𝐸.26𝐸𝐸 𝐸 06 1.6 0.0 0.9
154Sm 0.00𝐸𝐸 𝐸 00 2.𝐸𝐸𝐸𝐸 𝐸 0𝐸 1.0 0.0 2.8 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.6 0.0 1.8 2.𝐸𝐸𝐸𝐸 𝐸 06 0.4 0.0 1.2
142Nd 0.00𝐸𝐸 𝐸 00 3.𝐸𝐸𝐸𝐸 𝐸 0𝐸 3.8 0.0 3.0 𝐸.𝐸0𝐸𝐸 𝐸 0𝐸 2.2 0.0 1.6 2.0𝐸𝐸𝐸 𝐸 06 1.5 0.0 1.1
143Nd 0.00𝐸𝐸 𝐸 00 𝐸.23𝐸𝐸 𝐸 0𝐸 0.6 0.0 2.6 3.23𝐸𝐸 𝐸 0𝐸 0.5 0.0 1.4 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.5 0.0 1.1
145Nd 0.00𝐸𝐸 𝐸 00 𝐸.𝐸0𝐸𝐸 𝐸 06 0.7 0.0 2.8 2.𝐸6𝐸𝐸 𝐸 0𝐸 0.5 0.0 1.6 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.5 0.0 1.1
146Nd 0.00𝐸𝐸 𝐸 00 𝐸.𝐸𝐸𝐸𝐸 𝐸 06 0.7 0.0 2.5 2.3𝐸𝐸𝐸 𝐸 0𝐸 0.5 0.0 1.3 𝐸.03𝐸𝐸 𝐸 0𝐸 0.4 0.0 0.9
148Nd 0.00𝐸𝐸 𝐸 00 𝐸.20𝐸𝐸 𝐸 06 0.7 0.0 2.1 𝐸.2𝐸𝐸𝐸 𝐸 0𝐸 0.5 0.0 1.3 2.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.4 0.0 0.9
150Nd 0.00𝐸𝐸 𝐸 00 𝐸.𝐸6𝐸𝐸 𝐸 06 0.8 0.0 2.7 𝐸.𝐸𝐸𝐸𝐸 𝐸 06 0.5 0.0 1.8 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.4 0.0 1.2
133Cs 0.00𝐸𝐸 𝐸 00 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.7 0.0 2.0 𝐸.36𝐸𝐸 𝐸 0𝐸 0.5 0.0 1.1 𝐸.63𝐸𝐸 𝐸 0𝐸 0.4 0.0 0.9
134Cs 0.00𝐸𝐸 𝐸 00 𝐸.𝐸3𝐸𝐸 𝐸 0𝐸 2.5 0.0 2.2 3.𝐸𝐸𝐸𝐸 𝐸 06 1.6 0.0 1.1 𝐸.𝐸6𝐸𝐸 𝐸 0𝐸 1.5 0.0 0.9
135Cs 0.00𝐸𝐸 𝐸 00 6.23𝐸𝐸 𝐸 06 1.4 0.1 2.5 𝐸.𝐸2𝐸𝐸 𝐸 0𝐸 0.9 0.0 1.5 3.𝐸3𝐸𝐸 𝐸 0𝐸 0.8 0.0 1.0
137Cs 0.00𝐸𝐸 𝐸 00 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.7 0.1 2.6 𝐸.𝐸3𝐸𝐸 𝐸 0𝐸 0.5 0.0 1.6 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.4 0.0 1.2
139La 0.00𝐸𝐸 𝐸 00 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.7 0.0 2.4 𝐸.𝐸6𝐸𝐸 𝐸 0𝐸 0.5 0.0 1.6 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.3 0.0 1.2
140Ce 0.00𝐸𝐸 𝐸 00 𝐸.3𝐸𝐸𝐸 𝐸 0𝐸 0.7 0.0 2.6 𝐸.2𝐸𝐸𝐸 𝐸 0𝐸 0.5 0.0 1.5 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.3 0.0 1.1
142Ce 0.00𝐸𝐸 𝐸 00 𝐸.𝐸0𝐸𝐸 𝐸 0𝐸 0.7 0.0 2.6 𝐸.0𝐸𝐸𝐸 𝐸 0𝐸 0.5 0.0 1.5 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.3 0.0 1.1
144Ce 0.00𝐸𝐸 𝐸 00 𝐸.𝐸2𝐸𝐸 𝐸 06 0.7 0.0 2.3 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.5 0.0 1.7 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.5 0.0 1.6
95Mo 0.00𝐸𝐸 𝐸 00 𝐸.36𝐸𝐸 𝐸 06 1.0 0.0 9.7 3.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.7 0.0 6.8 6.𝐸0𝐸𝐸 𝐸 0𝐸 0.5 0.0 4.8
99Tc 0.00𝐸𝐸 𝐸 00 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.7 0.0 2.6 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.5 0.0 1.6 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.4 0.0 1.3
101Ru 0.00𝐸𝐸 𝐸 00 𝐸.2𝐸𝐸𝐸 𝐸 0𝐸 0.7 0.0 2.8 3.𝐸2𝐸𝐸 𝐸 0𝐸 0.5 0.0 1.8 𝐸.𝐸0𝐸𝐸 𝐸 0𝐸 0.4 0.0 1.2
106Ru 0.00𝐸𝐸 𝐸 00 𝐸.𝐸0𝐸𝐸 𝐸 06 1.2 0.0 3.9 6.𝐸𝐸𝐸𝐸 𝐸 06 0.7 0.0 2.2 𝐸.𝐸𝐸𝐸𝐸 𝐸 0𝐸 0.5 0.0 1.8
103Rh 0.00𝐸𝐸 𝐸 00 6.𝐸𝐸𝐸𝐸 𝐸 06 1.3 0.0 3.0 2.𝐸𝐸𝐸𝐸 𝐸 0𝐸 1.7 0.0 1.8 3.66𝐸𝐸 𝐸 0𝐸 2.4 0.0 1.3
109Ag 0.00𝐸𝐸 𝐸 00 𝐸.𝐸0𝐸𝐸 𝐸 0𝐸 1.6 0.0 3.9 2.𝐸𝐸𝐸𝐸 𝐸 06 1.9 0.0 1.8 𝐸.00𝐸𝐸 𝐸 06 2.6 0.0 1.2

with 13.9% and 4.0%, predicted by GRS and UPM,
respectively. NRG with TENDL2011 predicts similar
values to UPM.

(7) For number density of �ssion products, NRG predicts
larger uncertainty values than UPM and GRS, with
a maximum uncertainty in 𝐸𝐸𝐸Sm of 31.7%. For
this isotope, GRS and UPM predict an uncertainty
approximately 2%. So, the in�uence of TENDL2011
in the prediction of �ssion products is �uite large.
Decay data uncertainty is analyzed by UPM showing
only an important uncertainty of 3.3% in 𝐸𝐸𝐸Eu.

�e contribution of �ssion yield data uncertainty is
also studied by UPM; the predicted number density
uncertainty is in the range of 1–4%, with a maximum
value for 𝐸𝐸Mowith 4.8%. And, for uncertainty cross-
section, the largest uncertainties found by UPM are
𝐸𝐸𝐸Gd (15.4%), 𝐸𝐸𝐸Eu (18.6%), and 𝐸𝐸𝐸Sm (15.5%). For
these isotopes, GRS predicts lower uncertainty: 𝐸𝐸𝐸Gd
(5.3%), 𝐸𝐸𝐸Eu (5.5%), and 𝐸𝐸𝐸Sm (2.5%).

(8) In the case of 𝐸𝐸𝐸Gd (generated by 𝛽𝛽-decay of 𝐸𝐸𝐸Eu),
it shows higher sensitivities to 𝐸𝐸3,𝐸𝐸𝐸Eu(𝑛𝑛, 𝑛𝑛𝑛 reaction
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and 155Eu �ssion yield. For 149Sm (important con-
tribution generated by 𝛽𝛽-decay of 149Pm) the higher
sensitivities are due to 149Sm(𝑛𝑛𝑛 𝑛𝑛𝑛 and 149Pm �ssion
yield.

It is expected that new contributions for this benchmark
will supply additional information to de�ne the output
range of uncertainty of this Exercise I-1b. And, as complete
covariance data in ENDF/B-VII.1, JEFF-3.2, and JENDL-4.x

become available, exercise I-1b can be performed as origi-
nally designed and results compared with the SCALE6/44-
GROUPS library supplying additional valuable information.

Finally, a general recommendation of this work should
be the de�nition of input uncertainties for the following
UAM Exercises. In particular one of the next steps in
the roadmap of OECD LWR UAM benchmark is Phase
II (“Core Phase”) and in particular is the “Exercise II-2:
Time-Dependent Neutronics”: where neutron kinetics and
fuel depletion stand-alone performance will be assessed.
From the point of view of burn-up calculations, it can be
considered a long-term time phenomena described by fuel
assembly depletion performance (used for core design and
fuel management). e objective of this Exercise II-2 will be
to determine the uncertainty in predicting the relative power
over time of a core aer a short-term reactivity change as well
as during longer-term depletion cases.

Acknowledgment

is work is performed in the framework of the agreement in
the area of Burn-Up Credit (P090531725) and Propagation of
Uncertainties (P110530207) in Criticality Safety between the
Spanish Nuclear Safety Council (CSN) and the Universidad
Politécnica de Madrid (UPM).

References

[1] M. N. Avramova and K. N. Ivanov, “Veri�cation, validation
and uncertainty �uanti�cation in multi-physics modeling for
nuclear reactor design and safety analysis,” Progress in Nuclear
Energy, vol. 52, no. 7, pp. 601–614, 2010.

[2] ZZ-SCALE6. 0/COVA-44G, USCD1236/02 OECD-NEA Data
Bank.

[3] B. T. Rearden et al., ORNL/TM-2005/39 Version 6, vol. I, Sect.
C9.

[4] J. Leppänen and M. Pusa, “Burnup calculation capability
in the PSG2/Serpent Monte Carlo reactor physics code,” in
Proceedings of the International Conference on Mathematics,
Computational Methods and Reactor Physics (M and C ’09), pp.
1662–1673, Saratoga Springs, New York, NY, USA, May 2009.

[5] H. J. Park, H. J. Shim, and C. H. Kim, “Uncertainty propagation
in monte carlo depletion analysis,” Nuclear Science and Engi-
neering, vol. 167, no. 3, pp. 196–208, 2011.

[6] M. Klein, L. Gallner, B. Krzykacz-Hausmann, A. Pautz, and W.
Zwermann, “In�uence of nuclear data uncertainties on reactor
core calculations,”Kerntechnik, vol. 76, no. 3, pp. 174–178, 2011.

[7] D. Rochman, A. J. Koning, S. C. van der Marck, A. Hogenbirk,
and C. M. Sciolla, “Nuclear data uncertainty propagation:
perturbation vs. Monte Carlo,” Annals of Nuclear Energy, vol.
38, no. 5, pp. 942–952, 2011.

[8] N. García-Herranz, O. Cabellos, J. Sanz, J. Juan, and J. C. Kui-
jper, “Propagation of statistical and nuclear data uncertainties
inMonteCarlo burn-up calculations,”Annals of Nuclear Energy,
vol. 35, no. 4, pp. 714–730, 2008.

[9] B. T. Rearden, “TSUNAMI sensitivity and uncertainty analysis
capabilities in SCALE 5. no. 1,” Transactions of the American
Nuclear Society, vol. 97, pp. 604–605, 2007.



12 Science and Technology of Nuclear Installations

[10] J. Sanz, O. Cabellos, and N. García-Herranz, ACAB-2008:
Activation Code V2008, NEA-1839, OECD/NEA Data Bank,
2008.

[11] G. Chiba, K. Okumura, A. Oizumi, and M. Saito, “Sensitivity
analysis of �ssion product concentrations for light �ater reactor
burned fuel,” Journal of Nuclear Science and Technology, vol. 47,
no. 7, pp. 652–660, 2010.



Hindawi Publishing Corporation
Science and Technology of Nuclear Installations
Volume 2013, Article ID 426356, 16 pages
http://dx.doi.org/10.1155/2013/426356

Research Article
Uncertainty and Sensitivity Analyses of
a Pebble Bed HTGR Loss of Cooling Event

Gerhard Strydom

Nuclear Science and Engineering Division, Idaho National Laboratory (INL), 2525 N. Fremont Avenue,
Idaho Falls, ID 83415, USA

Correspondence should be addressed to Gerhard Strydom; gerhard.strydom@inl.gov

Received 20 July 2012; Accepted 7 December 2012

Academic Editor: Kostadin Ivanov

Copyright © 2013 Gerhard Strydom. is is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

e Very High Temperature Reactor Methods Development group at the Idaho National Laboratory identi�ed the need for a
defensible and systematic uncertainty and sensitivity approach in 2009. is paper summarizes the results of an uncertainty and
sensitivity quanti�cation investigation performed with the SUSA code, utilizing the International Atomic Energy Agency CRP 5
Pebble BedModular Reactor benchmark and the INL code suite PEBBED-THERMIX. Eight model input parameters were selected
for inclusion in this study, and a�er the input parameters variations and probability density functions were speci�ed, a total of 800
steady state and depressurized loss of forced cooling (DLOFC) transient PEBBED-THERMIX calculations were performed. e
six data sets were statistically analyzed to determine the 5% and 95% DLOFC peak fuel temperature tolerance intervals with 95%
con�dence levels. It was found that the uncertainties in the decay heat and graphite thermal conductivities were themost signi�cant
contributors to the propagated DLOFC peak fuel temperature uncertainty. No signi�cant differences were observed between the
results of Simple Random Sampling (SRS) or Latin Hypercube Sampling (LHS) data sets, and use of uniform or normal input
parameter distributions also did not lead to any signi�cant differences between these data sets.

1. Introduction

Title 10 Part 50 (10 CFR 50.46) of the United States Code of
Federal Regulations �rst allowed �Best Estimate� calculations
rather than conservative code models of safety parameters
in nuclear power plants in the 1980s, stipulating, however,
that uncertainties be identi�ed and quanti�ed �1]. e
continued development of High Temperature Gas Cooled
Reactors (HTGRs) requires validation and veri�cation of
HTGR design and safety models and codes, and the predic-
tive capability of coupled neutronics/thermal-hydraulics and
depletion simulations for reactor design and safety analysis
can be assessed with sensitivity analysis (SA) and uncertainty
analysis (UA) methods.

In general, code uncertainty refers to uncertainty in the
ability of a computer so�ware product, coupledwith a speci�c
model, to accurately describe the actual physical system
of interest. e computer model is an integration of the
mathematical model, the numerical techniques used to solve
those equations, and the representation of the physical model

by the input geometry and material speci�cations. Each
element contributes to the total uncertainty in the output
parameter of interest, usually referred to as the Figure ofMerit
(FOM) in nuclear safety studies. e mathematical model
consists of one ormore governing equations that describe the
balance between the creation, destruction, and �ow of some
quantity of interest (e.g., heat, coolant mass, or neutron �ux)
within a homogeneous control volume. It also consists of one
or more subgrid equations that relate these gross phenomena
to more complex physics that are neglected at the scale of
the homogeneous control volume (e.g., neutron streaming
between pebbles, heat conduction from the kernels to the
pebble surface, etc.).

A further complication is that very few computer codes
solve the analytic form of its governing equations. Instead,
the differential operators in these equations are expanded as
a truncated series and cast as a set of difference equations
solved over a discrete mesh. If the equations are well posed,
the solution is unique and re�ning the mesh reduces the
error between the solutions of the discretized equation and
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the original differential equation. Unfortunately, unlimited
mesh re�nement is not possible and one must tolerate some
truncation error. Furthermore, inmany complex �uid system
simulation codes, the combination of governing equations
and subgrid correlations yields ill-posed systems of differen-
tial equations that do not converge to the analytical solution
upon re�nement of the mesh.

Another important source of uncertainty is that the input
model is a simpli�cation of the actual physical geometry. For
example, the distribution of fuel pebbles in a HTGR core is
neither regular nor uniform, but to model individual pebbles
is computationally prohibitive. Complex geometrical detail
in some of the prismatic HTGR designs can likewise be very
difficult tomodel accurately.e fourthmajor source of input
uncertainty is the material neutronic and thermophysical
properties. For core analysis, these include thermal properties
such as conductivity and heat capacity, �uid properties such
as density and viscosity, and neutronic properties such as
cross sections. Knowledge of these parameters for each
material of interest may be limited in the range of conditions
found in a typical HTGR. Such uncertainty can be reduced
through material testing and measurement, but the amount
of testing is oen limited by cost and schedule constraints
and must be propagated through the calculations. In some
cases, the natural variability of a given parameter under
even the best experimental conditions may be large enough
to inject uncertainty that cannot be ignored. Finally, when
modeling of an actual operating reactor is considered, it is
well known that the operational conditions (power level,
inlet temperature, measured mass �ow rates) can also have
associated uncertainty ranges.

Of the four types of uncertainty sources indicated here,
the uncertainties in material properties can usually be
addressed by relatively simple manipulation of the corre-
sponding values in the input decks, and geometry simpli-
�cations can be benchmarked against higher �delity codes
(e.g., 2D versus 3D effects). In contrast, propagation of
uncertainties in mathematical models and solver techniques
are much more challenging, and in most cases not yet
attempted in industry. Developments in uncertaintymethod-
ology are therefore currently focused on cross-section, model
and material input data uncertainties, and speci�cally on
the propagation of uncertainties through sets of coupled
neutronic and thermal-�uid calculations.

Several large international uncertainty quanti�cation
programs have been developed in recent years, of which the
LWR Uncertainty Analysis in Modeling (UAM) benchmark
[2] and the earlier BEMUSE [3] project are two examples.
Both these efforts are coordinated by the Organization for
Economic Co-operation and Development/Nuclear Energy
Agency (OECD/NEA). ese benchmarks include code-to-
code comparisons of uncertainty predictions for cell, lattice
and core physics calculations using common datasets, as
well as comparisons with experimental and operational Light
Water Reactor (LWR), Boiling Water Reactor (BWR), and
Vodo-Vodyanoi Energetichesky Reactor (VVER) facilities.
e HTGR community has however only recently initialized
a dedicated Coordinated Research Project (CRP) for the
quanti�cation and propagation of uncertainties in a pebble

bed and prismatic HTGR design [4]. One of the crucial
advantages of the LWR community is the availability of large
operational databases, where numerous measurements can
support uncertainty validation efforts. In the HTGR domain,
very few operational facilities exists (e.g., the Chinese HTR-
10 and the Japanese HTTR), or the historical measured data
is not sufficiently accurate (German AVR) or available in the
public domain (USA—Fort St. Vrain).

e Very High Temperature Reactor (VHTR) Meth-
ods Development group at the Idaho National Laboratory
(INL) identi�ed the need for a defensible and systematic
uncertainty and sensitivity approach that conforms to the
code scaling, applicability, and uncertainty (CSAU) process
in 2009. e Gesellscha für Anlagen und Reaktorsicher-
heit (GRS) has incorporated a stochastic sampling CSAU
approach that is particularly well suited for coupled reactor
physics and thermal �uids core analysis into the Soware for
Uncertainty and Sensitivity Analyses (SUSA) code [5]. e
stochastic samplingmethod is utilized by several participants
in the LWRUAMbenchmark [6, 7], where the use of ordered
statistics to derive upper and lower tolerance intervals have
been widely adopted.

is paper summarizes the results of an uncertainty
quanti�cation investigation performedwith SUSA, utilizing a
typical HTGR benchmark (the International Atomic Energy
Agency CRP-5 Pebble Bed Modular Reactor 400MW Exer-
cise 2) and the INL code suite PEBBED-THERMIX. For this
study, the effects of uncertainties in the cross-section data and
the propagated cell-to-lattice-to-core uncertainties have not
yet been included—the focus here is on the effect of model
and material input uncertainties for a coupled transient case.
eCRPonHTGRUAM[4] does however propose to use the
established methodology from the OECD/NEA LWR UAM
program, and a similar depressurized loss of forced cooling
(DLOFC) transient is included as part of the pebble bed test
set. At INL the modeling focus has shied to the prismatic
MHTGR-350MW design, and propagated uncertainties for
this design will also be assessed as part of the CRP on HTGR
UAM. A dedicated OECD/NEA code-to-code benchmark
on the MHTGR-350 design was also recently launched [8],
and the same codes and models will be utilized in the core
modeling part of the HTGR UAM study.

2. Uncertainty Methodology

Two major approaches to perform uncertainty propaga-
tion in a statistically rigorous manner can be identi�ed
[9].

(1) Methods based on the propagation of input uncer-
tainties (also known as statistical or stochastic sam-
pling methods) as represented by SUSA and Sandia
National Laboratory code DAKOTA [10].

(2) Methods based on the propagation of output uncer-
tainties (also known as deterministic methods), for
example, the capability of internal assessment of
uncertainty method [11].
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T 1: PEBBED CRP-5 PBMR 400 DLOFC uncertainty study input parameters.

Parameter Mean value 2 Standard deviations (2𝜎𝜎) value PDF type
Reactor power 400MW ±8 MW (2%) Normal and uniform
Reactor inlet gas temperature (RIT) 500∘C ±10∘C (2%) Normal and uniform
Decay heat multiplication factor 1.0 ±0.057 (5.7%) Normal and uniform
Fuel speci�c heat multiplication factor 1.0 ±0.06 (6%) Normal and uniform
Re�ector speci�c heat multiplication factor 1.0 ±0.10 (10%) Normal and uniform
Fuel conductivity multiplication factor 1.0 ±0.14 (14%) Normal and uniform
Pebble bed effective conductivity multiplication factor 1.0 ±0.08 (8%) Normal and uniform
Re�ector conductivity multiplication factor 1.0 ±0.10 (10%) Normal and uniform

T 2: PEBBED-THERMIX CRP-5 DLOFC uncertainty study cases.

Number of model runs Input parameter sampling
method

Input parameter distribution
type

Model input parameters
varied

100 Latin Hypercube Uniform Power, RIT, decay heat only

100 Latin Hypercube Uniform Speci�c heat and thermal
conductivity only

100 Latin Hypercube Uniform All
100 Latin Hypercube Gaussian/normal All
200 Latin Hypercube Gaussian/normal All
200 Simple Random Gaussian/normal All

T 3: Lilliefors and K-S test results for the 100 LHS Uniform set.

Test applied for Figure of Merit (DLOFC peak
fuel temperature) �t

Level of Signi�cance for Distribution Type
Normal Lognormal Exponential Gamma

Lilliefors 0.64 0.79 0.01 —
K-S 0.92 0.97 — 0.95

Choose PEBBED Model, DLOFC 
event, Figures of Merit (FOM) 
(e.g. peak fuel temperature)  

Choose input parameters to 
perturb (e.g. power, RIT)  

Collect statistical information 
needed for pertubation 

defintion: ranges, types of 
distributions, etc.  

Populate SUSA with input 
parameter defintions  

SUSA generates required input 
data set according to user 

needs (e.g. 93 runs for 95/95)  

Create 93 PEBBED input data 
files, and run 93 PEBBED 

DLOFC cases 

Transform PEBBED output data 
to SUSA format, and perform 

statistical post-processing  

Obtain 5th and 95th 
percentiles for peak fuel 
temperature, with 95% 

confidence that the peak fuel 
temperature will be within this 

range.  

F 1: Example of the GRS methodology applied to the PEBBED-THERMIX CRP-5 PBMR 400 exercise 2 benchmark calculation.
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(e direct perturbation method is also identi�ed as a
possible third, but expensive, approach in [6]).

e two approaches can be summarized as follows.

(i) Statistical methods (input uncertainty propagation).

(1) Assign subjective probability ranges and dis-
tributions to (an unlimited number of) input
parameters.

(2) Propagate the combined uncertainty through
the core models to determine the statistical
distribution properties of the Figure of Merit
(FOM). Typically lower and upper tolerance
intervals can be obtained within some de�ned
con�dence level, using an ordered statistics
approach.

(3) Disadvantages include the subjective selection
of input parameter distributions types and
ranges, and the fact that at least 59 model

calculations are required to obtain acceptable
statistical information for an one-sided 95%
tolerance limit with 95% con�dence.

(ii) Deterministic methods (output uncertainty propaga-
tion).

(1) Use of a relevant set of experimental data to
establish a database of uncertain data for a large
number of input parameters.

(2) Create hypercubes characterizing physical
parameters and their dependencies for a wide
variety of plant conditions, transients, and so
forth.

(3) Perform a single calculation utilizing all input
parameters to determine the error bands
enveloping the output FOM.

(4) Disadvantages include the availability of large
operational/experimental datasets for the con-
struction of the hypercubes, and the inability of
this method to distinguish the major contribu-
tors to the overall uncertainty.

Typically, because of the deterministic method require-
ment to have a large and comprehensive experimental
database available, LWR and BWR uncertainty studies can
use this method (especially for thermal �uid uncertainty
studies). However, in the HTGR domain, very limited exper-
imental and operational data exists, and the use of statistical
uncertaintymethods is currently the only viable approach for
coupled uncertainty propagation.

e �rst step in the GRS method is to select the set
of uncertain input parameters that will be used to evaluate
the desired FOM. It is important to note that the stochastic
sampling methodology is independent of the number of
input parameters selected, and that all of them are sam-
pled simultaneously as a single set. Information from the
manufacture of nuclear power plant components as well
as from experiments and previous calculations are used
to de�ne the mean value and probability distribution or
standard deviation of uncertain parameters. Normal (and in
some cases uniform) distributions are used in the absence
of more knowledge about the input parameters. Once these
distributions and dependencies have been established, the
analyst can:

(i) generate a random sample of size 𝑁𝑁 for the input
parameters from their probability distributions by a
Monte Carlo module contained in the SUSA package
(𝑁𝑁 𝑁 𝑁𝑁 for two-sided 5% lower and 95% upper
tolerance intervals, with a 95% con�dence level�see
(1) below);

(ii) perform the corresponding 𝑁𝑁 simulations with the
codes. Each simulation generates one possible solu-
tion of the model, and all solutions together represent
a sample from the unknown probability distribution
of the model results;

(iii) calculate quantitative uncertainty statements, for
example, 5% and 95% tolerance intervals within a
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F 4: D�OFC maximum fuel temperature versus time for the �rst 30 cases of the 100 SRS �niform set.

speci�ed con�dence level, usually 95% (denoted here
as 95%/95%);

(iv) calculate quantitative sensitivity measures to identify
those uncertain parameters that contribute most to
the uncertainty of the results.

e number of code calculations is determined by the
requirement to estimate a tolerance interval for the quantity
of interest with a speci�ed con�dence level. �ilks� formulae
[12], shown here as (1), are used to determine the number
of calculations required to obtain the desired one-sided and
two-sided tolerance intervals:

1 − 𝑎𝑎𝑛𝑛 ≥ 𝑏𝑏𝑏

1 − 𝑎𝑎𝑛𝑛 − 𝑛𝑛 (1 − 𝑎𝑎) 𝑎𝑎𝑛𝑛−1 ≥ 𝑏𝑏𝑏
(1)

where (𝑏𝑏𝑏1𝑏𝑏) is the con�dence level (%) that the maximum
code result will not be exceeded with the probability (a
𝑏 100 [%]) of the corresponding output distribution, and
𝑛𝑛 the number of calculations required. For example, the
one sided “upper” 95% tolerance interval of the (unknown)
peak fuel temperature distribution can be obtained with
a con�dence level of 95% by selecting 𝑛𝑛 𝑛 𝑛𝑛, and the
same number of model calculations would be needed for

the “lower” 5% tolerance interval. If both tolerance intervals
are required (i.e., a bounding statement is desired on the
lower and upper “range” of the peak fuel temperature),
93 model runs would be required for the 95%/95% two-
sided tolerance intervals. It is important to note that this
method does not generate the “true” distributions of the
output parameters (for this to be possible, several hundred
or thousand model runs would be required), but rather
selected statistical information about these unknown output
distributions, based on comparisons with standard statistical
distributions.

2.1. Application to the PBMR400 Benchmark Problem. Figure
1 presents a simpli�ed �owdiagramof the statistical sampling
methodology followed for this study, utilizing the PEBBED-
THERMIX codes [13] and the PBMR 400 Exercise 2 bench-
mark [14] test case. A combination of three reactor physics
codes was utilized: COMBINE-7 for cross section prepara-
tion, PEBBED for pebble-bed reactor design and fuel cycle
analysis, and THERMIX-�ON�E� for thermal �uid analysis
[13]. PEBBED is used for analysis of neutron �ux and isotopic
depletion and buildup in a pebble bed HTGR. e code can
treat arbitrary pebble circulation schemes, and it permits
more than one type of pebble to be speci�ed. e large
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F 5: DLOFC maximum fuel temperature versus time for the �rst 30 cases of the 100 LHS Normal set.

temperature and burnup variations across the core require
that it be discretized into many smaller “spectral zones” over
which cross sections are assumed to be constant. Because
the burnup and temperature pro�les of the equilibrium core
are not known a priori, the core neutronic and temperature
pro�les must be solved iteratively along with the generation
of cross sections. To that end, PEBBED calls THERMIX-
KONVEK and COMBINE aer each burnup sweep and con-
tinues this iteration until the neutron source, temperatures,
pebble �owmaps, and zone-wise in�nitemediummultiplica-
tion factors are converged within tolerances speci�ed by the
user.

e THERMIX-KONVEK code was developed in Ger-
many during the German HTGR program for the thermal
�uid analysis of pebble bed HTRs [13]. It is capable of solving
conduction and convection heat transfer in two dimensions
(R-�), and includes a simpli�ed treatment of the radiative
heat transport between the core structures.e code can also
predict the time-dependent conductionheat transport during
a DLOFC event by assuming that all convection terminates
instantaneously.

An existing PEBBED-THERMIX model of the CRP-5
PBMR 400MW benchmark was used as the starting point of
the uncertainty study.

2.2. Input Parameters, Distribution Types, and Variations.
e typical FOM for a DLOFC event is the peak fuel
temperature, that is, the maximum spatial and temporal
temperature reached in the fuel spheres. As a demonstration
of the uncertainty methodology applied to a typical HTGR
problem, eight input parameters were selected for this study,
as shown in Table 1. Note that these eight parameters are an
incomplete subset of all possible parameters that could affect
the DLOFC peak fuel temperature, since this study is not
designed to provide a complete assessment of the effect of all
uncertainties.

Since the selection of the input parameters and their
distributions is one of the known weak points of the
stochastic sampling methodology, the results of a separate
TINTE study, performed for the PBMR 400MWdesign [15],
was used to determine which eight parameters to include
for this PEBBED DLOFC case. is study indicated that
metal and graphite emissivity only in�uenced the metal
component temperatures, and uncertainties in the helium
thermal physical properties also did not result in any changes
in the FOM. Out of 19 input parameters investigated in the
TINTE study, six had no effect on the steady state andDLOFC
peak fuel temperatures, eight had less than 10∘C (0.6%) effect,
and only �ve factors resulted in changes larger than 10∘C in
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F 6: DL�F� maximum fuel temperature versus time for the �rst 30 cases of the 200 LHS Normal set.

the DL�F� F�M. ese �ve input variables, together with
three more that had a larger than 1% in�uence on the steady
state temperature, were selected for inclusion in this study.

e variations on the power and reactor inlet gas tem-
perature were applied directly on the absolute value of the
input variable itself (e.g., 2% on 400MW), in contrast to the
decay heat, speci�c heat, and thermal conductivity, where the
variations were applied as multiplication factors on the com-
plex correlations that are used to calculate these variables. For
example, the speci�c heat capacity of the re�ector graphite
material is a third-order polynomial function of temperature
𝑇𝑇 and the density 𝜌𝜌, where

𝑐𝑐𝜌𝜌 = 𝜌𝜌 0.645 + 3.14𝑇𝑇 + 𝑇.𝑇0𝑇𝑇𝑇𝑇 + 0.𝑇5𝑇𝑇𝑇3 . (2)

e sampled multiplicative factor 𝑐𝑐𝑝𝑝-mod is then applied
to the interim value to determine the �nal speci�c heat value
in

𝑐𝑐𝜌𝜌 = 𝑐𝑐𝜌𝜌-mod ∗ 𝜌𝜌 0.645 + 3.14𝑇𝑇 + 𝑇.𝑇0𝑇𝑇𝑇𝑇 + 0.𝑇5𝑇𝑇𝑇3 .
(3)

It should be noted that the decay heat is an almost
linearly dependent variable of the long term steady state

reactor power, and as such it is not an independent input
variable to this uncertainty �uanti�cation. While the S�SA
code allows for input parameter dependencies (correlations)
to be speci�ed as part of the input preparation, this optionwas
not selected for this study. It was rather decided to see if this
input parameter correlation can be observed in the output
data sensitivity analysis.

emean and two standard deviations (𝑇𝜎𝜎𝜎 values shown
in Table 1 were obtained from material manufacturers (spe-
ci�c heat and conductivity data for N�G-1� graphite from
the SGL company), expert engineering judgment (power and
inlet temperature), and from established industry standards
(the German DIN standard for HTGR decay heat [16]).

A second potential weak point of the statistical method
is the justi�cation for the selection of the probability density
function (PDF) types. Typical thermal physical properties,
such as speci�c heat and thermal conductivity, can be
obtained from the manufacturers, and are usually speci�ed
as normal PDFs with mean standard deviation values. More
complex variable PDFs (e.g., variations in the core bypass
�ows) can be biased�skewed to one side, for example, gap
widths grow larger or shrink over time as the graphite
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F 7: DLOFC maximum fuel temperature versus time for all 200 cases of the 200 LHS Normal set.
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F 8: Peak DLOFC fuel temperature of the 200 LHSNormal set
at 50 hours.

re�ectors swell and shrink with fast �uence exposure. In
cases where no de�nitive uncertainty information exists, a
uniform or a normal/Gaussian PDF can be used with or
without truncated tails. For this study, both normal and
uniform PDFs were selected to assess if this factor plays
a signi�cant role in the DLOFC peak fuel temperature
uncertainty. Figure 2 presents the PDF data for the speci�c
heat and thermal conductivity input variations, with normal
distributions selected and the mean and standard deviation
values speci�ed as listed in Table 1. Note that in�nite tails of
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F 9:Normalized peakDLOFC fuel temperature histograms for
the 200 LHS and SRS Normal sets.

the normal distributions were all truncated at their 2𝜎𝜎 values
(at the 95.5% percentiles) to enable direct comparison with
the uniform distributions’ minima and maxima.

A total of six case sets (consisting of four sets of 100 and
two sets of 200 model runs each) were performed for this
study as described below and summarized in Table 2:
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for the 100 LHS Normal and Uniform sets.
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F 11: PDF and �tted normal distribution results for the 100
LHS Normal set: �-S level of signi�cance � 0.9919.

(i) Number of model runs: the number of model runs
was doubled from 100 to 200 to investigate if a larger
population sample produced signi�cantly different
statistical indicators.

(ii) Sampling methodology: SUSA is capable of using
either the simple random sampling (SRS) [17] or
the Latin hypercube sampling (LHS) method [17]
for generating the values of the input variables from
their speci�ed distributions. A comparison set of
200 model runs was performed to compare the
FOM uncertainty estimates generated by these two
sampling methods.

(iii) Distribution type: two of the 100 model run sets were
designed to quantify possible differences that could
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F 12: PDF and �tted uniform distribution results for the 100
LHS Normal set: �-S Level of Signi�cance � 0.002�.
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F 13: Time dependent minima, maxima, mean and 5/95
percentiles for the 200 LHS Normal set maximum fuel temperature.

result when the input parameter PDFs are changed
from uniform to normal distribution types.

(iv) Number of parameters sampled: a �nal point of
interest was the uncertainty contribution of a few
dominant input parameters compared to the combi-
nation of all eight input parameters. To this end, two
sets of 100 model runs each were performed, varying
only the material correlations and only the power,
RIT, and decay heat correlation, respectively.

In the discussions that follow, the notation will be of the
format “number, sampling method, distribution type”; for
example, the �rst entry in Table 2 will be referred to as 100
LHS Uniform set.

�e SUSA generated input data can be veri�ed for
conformance to the user�s speci�cations using scatter plots,
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F 14: Kendall rank correlation coefficients for the 100 LHSUniform (a) and 200 LHSNormal (b) sets. (c) Partial correlation coefficients
for the Kendall correlation of the 200 LHS Normal set. Empirical correlation ratios for the 100 LHS Uniform (d) and 200 LHS Normal (e)
datasets.

as shown in Figure 3 for the total power input parameter (for
the 200 LHS Normal set).

3. Discussion of PEBBED-THERMIX Results

For the next step of the uncertainty quanti�cation procedure,
the SUSA-generated data for the eight input parameters were

used to create PEBBED and THERMIX model input �les
for the steady state and DLOFC calculations. e six sets
listed in Table 2 required a total of 800 PEBBED-THERMIX
calculations at an average run time of 35 minutes each on
a single processor. Since it is possible to assign each model
run to a dedicated processor on a multiprocessor cluster,
the performance of large uncertainty studies is essentially
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F 15: Empirical correlation ratios (peak fuel temperature)
variations versus time for the 200 LHS Normal set.

determined by the number of processors available, and can
in many cases be comparable to a single model run time
if the cluster supports several hundred processors. e new
FISSION cluster at INL has 12512 processors available.

e time behavior of the maximum fuel temperature
during theDLOFC transient is shown in Figures 4, 5, and 6 for
the �rst 30 cases of the 100 SRS Uniform, 100 LHS Normal,
and 200 LHS Normal datasets, respectively. Note that the
maximum fuel temperature is a spatial function, since the
PEBBED-THERMIX model calculates temperatures in 110
core zones/meshes. e temporal maximum of this maxi-
mum fuel temperature during the DLOFC is de�ned as the
peak fuel temperature, which is the FOM for this study. A few
observations on the general trends can bemade from this data
as follows.

(i) e PBMR core design leads to the typical HTGR
loss of cooling behavior, that is, a slow increase in the
maximum fuel temperature over several hours, with
the peak fuel temperature reached 40–60 hours into
the transient.

(ii) e shapes of the curves in the �rst 30 cases are
similar but the gradients are not. Although the same
physical phenomena are present in all the DLOFC
events, the rate of energy deposition (correlated to the
decay heat) and energy removal (correlated to the fuel
and re�ector speci�c heat and thermal conductivities)
differ for each of these cases, according to the sampled
input values.

(iii) Changes in the eight input parameters have opposite
effects on themaximum fuel temperature: an increase
in the decay heat will increase the fuel temperature,
but an increase in the fuel graphite conductivity will
remove heat faster from the core, and therefore lead
to a lower fuel temperature. Since each DLOFC case
consists of a random sampled set of the eight input
parameters, the low fuel temperature curves can be

the result of a few parameters sampled low (or high)
simultaneously, and an average fuel temperature
curve could be caused by a cancellation of effects.
ese factors also cause the shi in time when the
peak fuel temperature values are reached.

(iv) e spread in maximum fuel temperatures between
the �rst 30 cases is not constant with time. For
example, it starts off with less than 5∘C in the �rst
hour and increases to 98∘C for the 200 LHS Normal
set, as shown in Figure 6.is divergence over time is
a direct result of the sampled input parameter values,
as explained above. For a time dependent event such
as this DLOFC, a single and constant fuel temperature
uncertainty result can therefore not be expected—it
will be a function of time as well. It can be seen
in Figures 4, 5 and 6 that the temperature spread
between the cases continue to increase aer the peak
values have been reached, and a full uncertainty study
should take this effect into account if it is required
to determine what the maximum uncertainty band-
width is.

(v) e 95%/95% two-sided tolerance intervals are not
compared at a �xed time point, but rather at the
varying time point where a speci�c case reaches its
peak DLOFC fuel temperature. is study there-
fore compares the bounding value fuel temperature
uncertainty for the DLOFC event, regardless of when
this point is reached, since the DLOFC peak fuel
temperature is of major interest in HTGR reactor
design safety studies.

(vi) e temperature variation bandwidth for the 3 cases
shown here seem to be quite different. e two sets
that consisted of 100 runs each produced signi�cantly
larger variations than the 200 LHS Normal set (e.g.,
141∘C versus 94∘C), and there is also a smaller
difference between the 100 LHS Normal and 100 SRS
Uniform sets (131∘C versus 141∘C). It is however
important to note that the �gures just show the
�rst 30 model runs of each set for clarity sake. For
the 200 LHS Normal set, the remaining 170 model
runs sample a larger portion of the “true” unknown
distribution, with a resultant larger bandwidth, as
shown in Figure 7. (It is shown in Table 4 in the next
section that the uncertainty estimates for the 6 full sets
are very similar).

(vii) e primary FOM for this study (DLOFC peak fuel
temperature) results are presented in Figure 8 as a
scatter plot for the 200 LHSNormal set.emean and
±2𝜎𝜎 values, as determined by SUSA (see next section)
are also indicated. e same data are compared in
Figure 9 in a more useful format, where the normal-
ized DLOFC peak fuel temperature histograms for
the 200 LHS and SRS Normal sets are shown. e
histograms both approximate normal distributions,
so that (visually) no signi�cant differences can be
observed at this stage between the SRS and LHS
sampling methods.
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(viii) Amore pronounced visual difference can be observed
in Figure 10, where the normalized histograms are
shown for the 100 LHS Normal and Uniform sets.
It is tempting to conclude from this �gure that the
uniform input sampling created a “�atter” output
peak temperature distribution (but still with signif-
icant tails), and it might indeed be the case for this
small population. It should however be kept in mind
that both sets are subsets of the “true” empirical
output peak temperature distribution, which will
only be obtained aer several hundred or even more
than 1000 model runs, and that careful conclusions
are required when the sample populations is this
small. Quantitative statistical data, as determined by
SUSA and discussed in the next section, are de�-
nitely required before comparison conclusions can be
made.

4. SUSA Uncertainty Analysis

For the uncertainty quanti�cation step, SUSA can perform
several statistical correlation �tness tests on the output data to
determine the properties of the unknown FOM distribution.
For example, the Kolmogorov-Smirnov (K-S) test [18] quan-
ti�es the distance between the empirical distribution function
of the sample and the cumulative distribution function of a
reference distribution, and can be used to compare a pop-
ulation sample for conformance with a speci�c distribution
(normal, log-normal, Weibull, uniform, Beta or Gamma).
SUSA can also perform the Lilliefors test [19], which is a
modi�cation of the K-S test that tests for normal, exponential
or log-normal distribution conformance. Once a statistically
signi�cant distribution match has been found, the mean,
standard deviation, and other indicators of the population
can be determined from the empirical distribution function
of the sample population.

An illustration of the K-S test is shown in Figures 11 to 12,
where the peak DLOFC fuel temperature results of the 100
LHS Normal set is compared with SUSA �ts of the normal
(Figure 11) and uniform (Figure 12) reference distributions.
e quality of the �t can also be visually assessed, but the
K-S values (0.9919 versus 0.0026) con�rm that a normal
distribution is a much better match to the peak DLOFC fuel
temperature data set.

A second example of the Lilliefors and K-S test
results for the 100 LHS Uniform set is presented
in Table 3. Both tests con�rm that for this uniform-
distributed input sampled set, a log-normal distribution
�t provides the best match for the peak fuel temperature
distribution.

A summary of the mean and 95%/95% two-sided toler-
ance intervals at the time when the peak fuel temperature
are reached are shown in Table 4 for the six SUSA-sampled
sets. e number of successful model calculations is also
indicated. for three of the sets, one calculation each did not
complete successfully, but the remaining 99 and 199 model
runs were still an adequate sample size for the statistical
analysis.

e following observations can be made from this data.
Mean Values. e mean values for all six datasets are almost
identical (e.g., 2∘C variation on 1604∘C), that is, regardless of
the sampling method, parameters included, or distribution
types, these six independent random sets predict the same
mean DLOFC peak fuel temperature (1604∘C).

Dominant Input Parameters. Even before an analytical sensi-
tivity study is performed to determine which of the factors
are responsible for most of the variations in the output
data, the �rst two datasets shown here already show that
the power, inlet gas temperature, and decay heat variations
contribute signi�cantly to the variation seen in the DLOFC
peak fuel temperature. On their own, these three small input
variations produced lower and upper tolerance intervals
ranging between 1545∘C and 1664∘C (a spread of 119∘C),
while the much larger uncertainty variations in the �ve
material correlations lead to values of 1555∘C and 1652∘C
(a smaller spread of 97∘C). Both these sets can be compared
with the 100 LHS Uniform set where all eight input variables
were included and 95%/95% two-sided tolerance intervals of
1513∘C and 1686∘C were obtained.

Distribution Type (100 LHS Uniform versus 99 LHS Normal).
e use of an uniform distribution will result in the sampling
of high and low input values more frequently compared to a
normal distribution, since the probability of sampling a high,
mean, or low value is identical for a uniform distribution,
but there is a lower probability to sample from the low
and high tails of the normal distribution. is effect could
partly explain the lower and higher tolerance intervals on the
peak fuel temperature (1513∘C versus 1536∘C, and 1686∘C
versus 1675∘C) for the 100 LHS Uniform set, compared
to the 99 LHS Normal set values. e difference between
the two lower and upper tolerance intervals predictions is
however minimal: only 23∘C and 11∘C on a mean value
of 1604∘C, respectively. e use of normal distributions for
input parameter variations, as is most commonly applied
when no other information is available, could therefore lead
to slightly lower estimates of the tolerance limits, compared
to the use of uniform distributions. is observation might
however only be valid for this speci�c HTGR design, code
and model combination and these sampled datasets.

Sampling Method (200 LHS Normal versus 199 SRS Normal).
An interesting current issue in the uncertainty quanti�cation
community revolves around the issue of applying strati�ed
sampling techniques (like Latin Hypercube) to improve the
coverage of the input sample set ([20–22]). It can be seen in
Table 4 that the lower and upper tolerance intervals for the
SRS set are larger compared to the intervals for the LHS set
(1531∘C versus 1537∘C, and 1680∘C versus 1658∘C). It would
therefore seem that the use of simple random sampling lead
to a slightly more conservative estimate of speci�cally the
upper 95%/95% tolerance limit, which is an important safety
case parameter in HTGR reactor design. is observation
was also noted in a recent comparison study of SRS and LHS
methodologies [23].
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T 4: PEBBED CRP-5 DLOFC uncertainty study results.

No of model runs
Input data Output FOM (DLOFC Peak fuel temperature (∘C))

Sampling
method

Distribution
type

Parameters
varied

Lower 95%/95%
Tolerance interval

Population
mean value

Upper 95%/95%
Tolerance interval

99 LHS Uniform Power, RIT,
decay heat 1545 1603 1664

100 LHS Uniform
Speci�c heat,

thermal
conductivity

1555 1605 1652

100 LHS Uniform All 1513 1605 1686
99 LHS Normal All 1536 1604 1675
200 LHS Normal All 1537 1604 1658
199 SRS Normal All 1531 1604 1680

It should again be noted however that these differences
are small compared to the mean peak DLOFC fuel tempera-
ture (only 1.4% on 1604∘C), so that the conclusions reached in
a Sandia Laboratory study [20] can also be affirmed here: no
si�ni�cant differences are observed between the results of SRS
or LHS sampled datasets. ese studies recommend the use
of LHS because of its enforced strati�cation over the sample
range. On the other side of the debate an argument was also
made that LHS does not conform to the requirements of
the classical ordered statistics approach, and that tolerance
intervals may not be obtained from LHS sampled sets [24,
page 73]. In the “lessons learned” section of the latest
BEMUSE report [24, page 77], the SRS method is speci�cally
recommended for use when tolerance intervals are required.
A recent effort to speci�cally address the use of LHS to derive
asymptotically valid tolerance intervalswas however reported
in [22], so it seems that the use of both techniques still warrant
further investigation.

Number of Model Calculations (99 LHS Normal versus
200 LHS Normal). Model calculations are crucial time-
consuming factors for the statistical uncertaintymethod.is
study did not observe signi�cant differences between the
tolerance intervals obtained with sets consisting of 100 or 200
model runs, that is, covering the Wilks’ formula range from
the second (93 runs) to the �h (181 runs) order. e Wilks’
formula second order application (93 runs) therefore seems
to be sufficient for this core design, model and transient.
is conclusion is supported by the ATHLET PWR study [5]
where 100model runs were performed for 56 uncertain input
parameters, and most of the participants in the BEMUSE
benchmark study [3] did between 93 and 150 model runs for
13 to 49 input parameters. Four of the BEMUSE benchmark
participants found that the 95th percentile can typically be
directly obtained from a converged PDF aer 400 to 500
model runs, if parallel resources are available, or if the model
run times are not signi�cant. e �nal recommendation in
the recent Phase VI BEMUSE report [24] was that Wilks’
formula should be applied at the third or fourth order
(between 124 and 153 model runs), if the upper tolerance
interval approaches the regulatory limit on the FOM.

A single example of the time dependent nature of the data
shown in Table 4 is provided in Figure 13, which shows the
data for the 200 LHS Normal set. As indicated earlier, the
minima and maxima (which is the upper and lower bounds
of the maximum fuel temperatures in Figure 7) vary with
time, and the resultant distribution properties show similar
variations. e uncertainty bandwidth increases with time
beyond the time point where the peak fuel temperature is
reached, that is, in this example the highest fuel temperatures
and the largest uncertainty variations do not occur at the
same time point.

It has been shown in this section that the input uncer-
tainties in only eight parameters already lead to 95%/95%
two-sided tolerance intervals of 1531∘C and 1680∘C on a
mean value of 1604∘C (the data for the 200 SRS Normal set
has been used here). ese values represents an uncertainty
band/spread of approximately 4.6% around the mean value
of 1604∘C for the peak fuel temperature during a DLOFC
transient in the PBMR design. Amore complete study, taking
into account all known input uncertainties could possibly
lead to a larger uncertainty bandwidth. ese uncertainties
need to be taken into account during theHTGR reactor safety
margin design process.

5. SUSA Sensitivity Analysis

is section presents selected results from the SUSA sensitiv-
ity analysis. An overview of the de�nitions, uses, and advan-
tages of typical sensitivity parameters (regression coefficients,
correlation measurements, partial and empirical coefficients,
etc.) can be found in [17]. As indicated previously, SUSA can
calculate several quantitative measures of correlations that
might exist between the uncertainties in input parameters
and the subsequent variations in the output data. Since
the model calculations are usually expensive in terms of
computational requirements, it is accepted practice to use the
same datasets for the sensitivity and uncertainty analyses.

e Kendall rank correlation coefficients and the empir-
ical correlations ratios shown in Figure 14 for the 100 LHS
Uniform and 200 LHS Normal sets can be generated for any
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T 5: Indices for data in Figure 15.

Input
variable
number

Description

1 Reactor power
2 Reactor inlet gas temperature (RIT)
3 Decay heat multiplication factor
4 Fuel speci�c heat multiplication factor
5 Re�ector speci�c heat multiplication factor
6 Fuel conductivity multiplication factor
7 Pebble bed effective conductivity multiplication factor
8 Re�ector conductivity multiplication factor

of the six datasets. A description of the parameters is included
in Table 5.

All data shown here is for their effects on the FOM,
the DLOFC peak fuel temperature. e magnitude of the
coefficients provides insight into the degree which a speci�c
input parameter in�uences the output parameter values: zero
values imply almost no link between the input and output
uncertainty variations, values up to ∼0.4 are considered weak
correlations, and values above ∼0.7 indicate strong correla-
tions.e sign of the Kendall coefficient indicate a positive or
negative relationship (e.g., an increase in decay heat will lead
to an increase in fuel temperature). is information can be
used to con�rm the effect of knownphysical phenomena or to
highlight the primary drivers behind the output uncertainty
variations.

Apart from a change in order between input parameters 7
and 8, the Kendall rank correlation coefficients results shown
Figures 14(a) and 14(b) are very similar. According to the
SUSA analysis, the three primary drivers of uncertainty in
the fuel temperature are the decay heat (index no. 3) and
the re�ector and pebble bed conductivity (no. 7 and no.
8). is �nding is in agreement with the simple one-by-
one parametric sensitivity study results performed previously
for the PBMR 400MW design with a different model and
code [15], where these three factors were also identi�ed
as being responsible for the largest changes in the output
fuel temperature. e dominant role played by the decay
heat and graphite thermal conductivity can also be expected
from the basic physical phenomena that determines the fuel
temperature during a loss of cooling transient: the decay heat
is the only remaining active heat source, and the thermal
conductivity of the several hundred tons of graphite material
is the dominant resistance on the heat �ow path towards
the �nal heat sink. It is also of interest to note that the
FOM sensitivity to the decay heat multiplier is approximately
three times higher than the sensitivity to the steady state
reactor power, that is, a similar ratio when compared to
their uncertainty variation magnitudes (2% versus 5.9%).
(As indicated in Section 2.2, a roughly linear dependency
exists between the decay heat and the long term steady state
reactor power). e correlated nature of the decay and total
power can be observed in the high partialKendall correlation

coefficient of the for the decay heat parameter, presented in
Figure 14(c).

e empirical correlation ratios presented in Figures
14(d) and 14(e) do not show a directional in�uence (all
values are positive), but the three primary drivers can still
be readily identi�ed. is indicator is known to be more
sensitive to the number of model calculations performed;
when the data for the 100 LHS Uniform set shown in Figure
14(c) and the 200 LHS Normal set shown in Figure 14(d) are
compared, it can be seen that the three primary parameters’
amplitudes (3, 7, and 8) remained similar, but the values of
all of the lesser contributors decreased for the 200 model
calculations set. e need for a higher number of model runs
to distinguish low-level contributions in sensitivity studies
is also identi�ed in the literature [3, 17], and should be
kept in mind when a small number of model runs are used
for sensitivity conclusions. e Wilks criteria on the validity
of using a limited number of model runs only apply to
uncertainty studies, and cannot be extended to sensitivity
studies.

As a �nal example, the time dependent empirical cor-
relation ratios for the 200 LHS Normal data set shown in
Figure 15 illustrate the principle that the rank of the input
parameters is not constant over time (e.g., compare the
correlation ratios at 5 and 100 hours). e trends shown here
highlights an oen neglected feature of sensitivity studies: in
time-dependent problems, various parameters can rise/fall in
importance during the evolution of the transient, depending
on the physical phenomena involved.

6. Conclusions

is report summarizes the results of an uncertainty and
sensitivity quanti�cation study performed with the �RS code
SUSA, utilizing a typical high temperature reactor bench-
mark (the IAEA CRP-5 PBMR 400MW Exercise 2) and the
INL suite of codes PEBBED-THERMIX. e following steps
were performed as part of the uncertainty and sensitivity
analysis.

(1) Eight PEBBED-THERMIX model input parameters
were selected for inclusion in the uncertainty study:
the total reactor power, inlet gas temperature, decay
heat, and the speci�c heat capacity and thermal
conductivity of the fuel, pebble bed, and re�ector
graphite.

(2) e input parameters variations and probability den-
sity functions were speci�ed, and a total of 800
PEBBED-THERMIX model calculations were per-
formed, divided into 4 sets of 100 and 2 sets of 200
steady state and DLOFC transient calculations each.

(3) e DLOFC peak fuel temperature was supplied to
SUSA as model output parameters of interest. Using
both the Simple Random and the Latin Hypercube
Sampling techniques, the Wilks formulation was
applied to the 6 datasets, and the 5% and 95% tol-
erance limits were determined with 95% con�dence
levels.
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(4) A SUSA sensitivity study was performed to obtain
correlation data between the input and output param-
eters, and to identify the primary contributors to the
output data uncertainties.

It was found that the uncertainties in the decay heat, peb-
ble bed, and re�ector thermal conductivities were responsible
for signi�cant contributions to the propagated uncertainty in
the DLOFC peak fuel temperature. No signi�cant differences
were observed between the results of SRS or LHS sampled
datasets, and the same conclusion was made from a com-
parison between the results of sets that used uniform input
parameter distributions as opposed to normal distributions.
e 95%/95% two-sided tolerance intervals values of 1531∘C
and 1680∘C represent an uncertainty band/spread of approx-
imately 4.6% around the mean value of 1604∘C for the peak
fuel temperature during a DLOFC transient in the PBMR
400MW design.

Possible future investigations in the HTGR uncertainty
assessment program at INL include the following.

(i) Clarify the approach on complex non-statistical
uncertainties: bypass �ows through the re�ectors,
including radial and axial power peaking factors,
control rod worths, and so forth.

(ii) e propagation of the uncertainties in the cross sec-
tion data from the basic nuclear ENDF libraries to the
coupled transient solutions represents a signi�cant
challenge. In this regard, it is currently planned to
utilize the Generalized Perturbation eory (GPT)
and stochastic sampling (XSUSA) capabilities of the
upcoming SCALE 6.2 release [25] to propagate the
cross-section uncertainties through to a typical steam
generator tube rupture scenario, as part of the new
IAEA CRP on HTGR UAM [14].
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For the multiple sources of error introduced into the standard computational regime for simulating reactor cores, rigorous
uncertainty analysis methods are available primarily to quantify the effects of cross section uncertainties. Two methods for
propagating cross section uncertainties through core simulators are the XSUSA statistical approach and the “two-step” method.
The XSUSA approach, which is based on the SUSA code package, is fundamentally a stochastic sampling method. Alternatively,
the two-step method utilizes generalized perturbation theory in the first step and stochastic sampling in the second step. The
consistency of these two methods in quantifying uncertainties in the multiplication factor and in the core power distribution was
examined in the framework of phase I-3 of the OECD Uncertainty Analysis in Modeling benchmark. With the Three Mile Island
Unit 1 core as a base model for analysis, the XSUSA and two-step methods were applied with certain limitations, and the results
were compared to those produced by other stochastic sampling-based codes. Based on the uncertainty analysis results, conclusions
were drawn as to the method that is currently more viable for computing uncertainties in burnup and transient calculations.

1. Introduction

Computational modeling of nuclear reactor stability and
performance has evolved into a multiphysics and multiscale
regime. Various computer codes have been developed and
optimized to model individual facets of reactor operation
such as neutronics, thermal hydraulics, and kinetics. These
codes are most often coupled to produce more realistic
results. While it is crucial to produce best-estimate calcula-
tions for the design and safety analysis of nuclear reactors, it
is equally important to obtain design margins by propagating
uncertainty information through the entire computational
process. The purpose of the OECD (Organization for Eco-
nomic Cooperation and Development) Uncertainty Analysis
in Modeling (UAM) benchmark is to produce a framework
for the development of uncertainty analysis methodologies
in reactor simulations [1]. Three phases comprise the

benchmark, with each phase building in scale on its prede-
cessors. The first phase deals with uncertainties in neutronics
calculations, the second phase deals with neutron kinetics,
and the final phase requires the propagation of uncertainties
through coupled neutronics/thermal-hydraulics simulations.

The neutronics phase of the UAM benchmark deals
specifically with the propagation of input parameter uncer-
tainties to uncertainties in output parameters on a full-core
scale. In the established framework of full-core analyses,
lattice homogenized few-group cross sections are used as
inputs to core simulators. Core simulators utilize a number
of approximations to the exact transport equation, effectively
introducing uncertainties into output parameters. Geometri-
cal uncertainties and numerical method simplifications can
also be attributed to the introduction of modeling uncer-
tainties. While it is important to propagate all known uncer-
tainties when conducting a thorough uncertainty analysis,



2 Science and Technology of Nuclear Installations

the necessary methods to make this possible must still be
developed. However, rigorous methods already have been
developed to propagate cross section uncertainties from
lattice transport solvers to core simulators. Consequently,
few-group homogenized cross section errors are assumed for
now to be the sole source of uncertainty in the subsequent
analyses.

Two methods already exist for propagating cross section
uncertainties through core simulators. The first method is
commonly referred to as the stochastic sampling (Monte
Carlo) method. The XSUSA (Cross Section Uncertainty and
Sensitivity Analysis) code system is representative of this
approach [2]. XSUSA was developed by GRS based on the
SUSA code package [3]. An alternate approach, the two-
step method, utilizes generalized perturbation theory in
the first step and stochastic sampling in the second step
[4, 5]. The purpose of this paper is to show consistency
between these two methods in the framework of phase I-3
of the UAM benchmark. As defined in the UAM benchmark
specifications, the Three Mile Island Unit 1 (TMI) core
will be the focus of application for the XSUSA and two-
step methods. The TMI core is chosen for analysis mainly
because it has been the focus of past benchmark problems
and is therefore of great familiarity in the nuclear engineering
community [6].

The two-step method is motivated largely by the com-
putationally expensive solution of the transport equation.
In the stochastic sampling approach there is effectively a
one-to-one mapping between the solutions of the transport
equation and the set of homogenized cross section inputs
for a core simulator. Alternatively, for practical problems the
two-step method provides a means by which an unlimited
number of core simulator inputs can be generated at the
cost of relatively few transport-type solutions. The means
mentioned above is a few-group covariance matrix whose
elements are generated with linear perturbation theory.
Hence, the quality of the core simulator inputs produced
by the two-step method is limited by the extent to which
linear perturbation theory can describe the system under
study. Contrarily, stochastic sampling through the XSUSA
approach produces core simulator random inputs whose
distributions are not subject to linear approximations. This
paper shows that the linear approximations used in the two-
step method can be remarkably accurate.

2. Methodology

Both the stochastic and two-step methods actively use the
modules in SCALE to propagate cross section uncertainties
[7]. Also, both methods make strong use of SCALE’s 44-
group covariance library. The multigroup cross sections are
assumed to follow a multivariate normal distribution and
so expected values and a covariance matrix suffice to fully
describe the distribution. In the XSUSA approach, all input
parameters are varied simultaneously, and the number of
required calculations to achieve a certain statistical accuracy
in output parameters of interest is independent of the
number of inputs [2]. The number of required runs can

be calculated by Wilks’ formula, which gives the confidence
level that the maximum code output will not exceed with
some specified probability. Contrarily, the two-step method
depends on the number of input parameters since each
input requires a transport-like solution. The two different
methodologies are summarized below.

2.1. XSUSA Approach. The covariance matrix between
inputs plays a central role in stochastic sampling. Cross
section uncertainties are correlated, and the degree of
correlation can be described by a covariance matrix. Cross
section uncertainties must be perturbed such that their
correlation relations are always preserved. If X is a vector
of mean values whose covariance relations are defined by

the matrix Σ, then correlated random variables X′ can be
generated by applying [8]

X
′ = X + A

T
Z. (1)

In (1) the operator A
T

is the upper right triangular matrix
obtained by taking the Cholesky decomposition of the
covariance matrix. Every covariance matrix is Hermitian
and positive definite; thus, all covariance matrices have a

Cholesky decomposition Σ = A
T
A. The vector Z in (1)

is a random normal vector. When A
T

multiplies Z, linear
combinations of the uncertainties are taken in accordance
with their covariance relations, and so X

′
is normally

distributed with covariance Σ.
Hence, to produce perturbed cross sections X

′
, only the

Cholesky decomposition of the cross section’s covariance
matrix is needed along with a random normal vector. In
the XSUSA approach, ENDF/B-VII nuclear data in the
SCALE 238-group structure are used. Spectral calculations
are performed in BONAMI and CENTRM to produce a
problem-specific cross section library, as seen in Figure 1.
By use of SCALE’s 44-group covariance library with the
problem-specific library generated by the spectral calcula-
tions, the XSUSA code applies perturbations to create a
set of N varied, problem-dependent cross section libraries.
Specifically, the MEDUSA module samples the 44-group
covariance library that is enlarged to accommodate all
problem-specific nuclides and reactions. CLAROL-plus then
takes the output from MEDUSA and creates a problem-
specific multigroup library. The XSUSA code works to make
sure varied data are physically consistent. This procedure
does not include the implicit effects of uncertainties in self-
shielding, but extensions are currently being made to include
these effects [9].

Each set of N cross section libraries produced by XSUSA
is passed to SCALE’s lattice physics transport solver NEWT,
which in turns produces N perturbed, homogenized, few-
group cross section libraries. The perturbed few-group
libraries are then used as input for core simulators such
as PARCS [11] and QUABOX/CUBBOX [12]. Once all N
libraries are processed by the core simulator, statistics can
be taken on the output parameters of interest. As indicated
in Figure 1, NEWT can be replaced by any of SCALE’s
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Figure 1: Flow diagram of the XSUSA approach starting from use of the ENDF/B-VII 238-group library and ending with a statistical
evaluation of output parameters.

transport solvers. For example, XSDRN can be used for one-
dimensional (1D) calculations and KENO for Monte Carlo
reference solutions [2].

2.2. Two-Step Method. Unlike the XSUSA approach, the two-
step method is only partly based on sampling techniques. In
the first step it makes use of the generalized adjoint for the
transport equation [13]. In the two-step method, problem-
dependent self-shielded data are also generated before any
perturbed cross sections are calculated, as seen in Figure 2.
Using the problem-dependent cross sections, the TSUNAMI
module is applied to calculate the forward transport, adjoint
transport, and generalized adjoint transport solutions to
the problem at hand. The SCALE module SAMS then uses
the problem solutions to calculate sensitivity coefficients for
responses of interest. A response RxG for reaction type x in
broad-group G is defined as a ratio of inner products with
the forward neutron flux [10]:

RxG = 〈H1Φ〉
〈H2Φ〉 . (2)

The explicit sensitivity coefficient of the response RxG with
respect to some nuclear data parameter σng in the transport
equation is then given as [10]

∂RxG
∂σng

=
〈
Φ
(
∂H1/∂σng

)〉

〈ΦH1〉 −
〈
Φ
(
∂H2/∂σng

)〉

〈ΦH2〉

+

〈
Γ∗xG

∂(L− λP)
∂σng

Φ

〉
,

(3)

where Φ is the solution of the forward transport equation, L
is the migration and loss operator, and P is the production
operator.

The generalized adjoint Γ∗xG can be obtained by solving
the generalized adjoint transport equation in [10]

(L∗ − λP∗)Γ∗xG =
1
RxG

dRxG
dΦ

. (4)

The solution of (4) requires the solution of the adjoint trans-
port problem for each response. The pertinent responses
of interest are the homogenized few-group cross sections
needed for core simulators. Equations (3) and (4) above
are used to compute explicit sensitivity coefficients. The
TSUNAMI methodology incorporates implicit sensitivity
effects arising from resonance self-shielding [10].

If the covariance matrix Ci of some input parameters is

available along with the sensitivities S relating the change in
outputs with respect to the change in input parameters, the
“sandwich rule” can be applied to obtain a covariance matrix

for the outputs Co. The “sandwich rule” is expressed in [14]

Co = SCiS
T
. (5)

Consequently, sinceCi is the SCALE 44-group covariance
matrix, a covariance matrix for the few-group homoge-
nized cross sections can be obtained. The SCALE module
TSUNAMI-IP is used to generate a global covariance matrix
relating the few-group cross sections in each assembly and
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Figure 2: Flow diagram for the proposed two-step method, which mainly utilizes the generalized perturbation theory modules in SCALE
[10].

reflector regions comprising a full-core problem. With (1),
this global covariance matrix is sampled to produce N
perturbed cross section libraries that can then be used as
input for a core simulator. By applying the XSUSA and two-
step methods to calculate uncertainties in output param-
eters of interest for the full-core TMI problem, it can be
shown that the two different approaches produce consistent
results.

3. Application

3.1. Implementation. The computational implementation of
the two-step and XSUSA methods strays somewhat from
their theoretical formulations. Specifically, modifications
must be made since the generalized perturbation theory
capabilities in SCALE are currently limited to only some
of the responses required by core simulators. First, the
TSUNAMI module currently cannot compute the uncer-
tainty in the few-group homogenized transport cross section.
However, uncertainties in the total and scatter cross sections
can be calculated. To approximate perturbations to the
transport cross section, is used the following:

Σ∗tr,G = Σt,G − μΣs,G. (6)

The average cosine of the scattering angle μ is held constant
while the total cross sections Σt,G and scatter cross sections
Σs,G are perturbed to yield an effectively perturbed transport
cross section Σ∗tr,G that can be used as input to a core
simulator. Normally a critical spectrum based on either
the P1 or B1 approximation is utilized to compute few-
group cross sections. However, the critical spectrum cannot
be correctly accounted for in the TSUNAMI generalized
perturbation theory methodology. Consequently, in the
proceeding analysis the default B1 critical spectrum calcu-
lation in SCALE is disabled in favor of the simplified P1
formulation shown in (6). Similarly, TSUNAMI does not
generate uncertainties for kappa, the average energy release
per fission event. To calculate a perturbed kappa-fission
cross section, the average value of kappa κ is multiplied by
a perturbed fission cross section Σ f ,G to obtain an effec-
tively perturbed kappa-fission cross section κΣ∗f ,G as shown
in

κΣ∗f ,G = κΣ f ,G. (7)

A more subtle modification must be made when calculating
the uncertainties in assembly discontinuity factors (ADFs).
At the assembly level where reflective boundary conditions
are used, TSUNAMI can approximate ADF uncertainties
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very well by taking the ratio of the average flux of a thin
surface at the assembly boundary to the assembly averaged
flux [15]. A cell volume normalization factor is also needed
to account for the size of the thin surface at the assembly
boundary. While this approach is valid for an infinite
system, TSUNAMI is currently not capable of accurately
quantifying ADF uncertainties at reflector interfaces due to
leakage effects. To calculate uncertainties in few-group ADFs
along reflector interfaces, a method developed by Yankov
et al. is used [15]. The method is based on the 1D adjoint
diffusion approximation generally used to treat reflector
interface ADFs, the neutron balance equation on a fuel
assembly/reflector interface, and the “sandwich rule.”

The two-step method is presented algorithmically in
Table 1. The majority of the algorithm consists of file manip-
ulations. In the second step of the algorithm, it is important
to check that the global covariance matrix produced by
TSUNAMI-IP is positive definite. The global covariance
matrix consists of examining the correlations among few-
group cross sections between all assemblies in the core. Use
of a global covariance matrix is essential when sampling cross
sections for an entire core, since otherwise the similarity
of the nuclide composition of different fuel assembly types
is neglected. If the global covariance matrix is not used,
the output parameter uncertainties can be greatly misrepre-
sented. In most cases, the global covariance matrix produced
by TSUNAMI-IP will only be nearly positive definite due to
a lack of diagonal dominance. However, the matrix can be
made more diagonally dominant by multiplying the matrix’s
off-diagonal terms by 1 − ε for some very small value
ε.

Note that the XSUSA approach does not require any of
these modifications since it is fundamentally a statistically
based approach, whereas the two-step method uses a deter-
ministic approach in the first step.

3.2. Results

3.2.1. Pin-Cell Calculations. Before the two-step and XSUSA
methods are applied to a full core problem, it is prudent to
perform a preliminary investigation on an easily tractable
problem. Such a tractable problem consists of a single TMI
pin-cell, as defined in the UAM benchmark [1]. Since the two
methods of interest fundamentally work with covariances,
the preliminary investigation will compare how the two-step
and XSUSA methods can calculate variances and covariances
for few-group parameters. Recall that SCALE/TSUNAMI,
the underlying code system used in the two-step method,
considers both the explicit and implicit contributions from
cross sections. The XSUSA method only considers explicit
effects for the same perturbations. Consequently, to produce
a fair comparison the implicit sensitivity coefficient com-
ponent is disabled in TSUNAMI. To this end, 1000 XSUSA
samples of few-group scatter and fission cross sections are
compared to those produced by the modified TSUNAMI
code.

First, the standard deviations for the scatter and fission
cross sections are compared in Figure 3, which depicts ratios

Table 1: Algorithm for applying the two-step method using SCALE
and a core simulator.

(1)

For each assembly and reflector in the core, create a
TSUNAMI-2D input file. In each input, responses should
correspond to the few-group total, absorption, nu-fission,
fission, Chi, and scatter cross sections. Responses for ADFs
should also be specified. The TSUNAMI-2D input files
can be executed in parallel.

(2)

From the “.sdf” sensitivity files in TSUNAMI-2D outputs,
use TSUNAMI-IP to generate a global covariance matrix
along with mean and standard deviations of the responses.
Verify that the global covariance matrix is positive definite.

(3)

Sample the covariance matrix to produce N perturbed
cross section sets. Using (6) and (7), process the perturbed
cross sections to obtain perturbed values for the transport
and kappa-fission cross sections. Also, apply the method
developed by Yankov et al. [15] to determine uncertainties
in the reflector ADFs.

(4)
Using each set of perturbed cross sections, produce N
input files for the core simulator.

(5)

Execute the core simulator N times using a different cross
section set each time. These executions can be done in
parallel.

(6)
Scanning the core simulator’s N output files, extract
relevant data. Perform a statistical analysis on the relevant
output data.

of standard deviations produced by XSUSA and SCALE. In
Figure 3, two different SCALE results are shown. The first
result, labeled “GPT(explicit),” considers only the explicit
sensitivity coefficients in SCALE. The second result, labeled
“GPT(explicit, XSUSA),” not only considers the explicit
sensitivity coefficients but also utilizes the same perturbation
factors generated by the XSUSA simulations. For an in-
depth discussion of how perturbation factors are used in
the pertinent methodologies the interested reader is referred
to [16]. Ideally, all ratios in Figure 3 would be identical
unity in the case where the responses depend linearly
on the uncertain parameters. However, since XSUSA is a
statistical method, some variability is present in the results.
Some variability can also result from nonlinear phenomena.
When the same perturbation factors are used in SCALE
and XSUSA, all points are well contained in the 95%
confidence interval bounds. The same phenomenon can
be observed when the generalized perturbation theory and
statistically generated covariance matrices are compared in
Figure 4.

In Figure 4 the correlation coefficients should ideally lay
along the dotted line, representing a one-to-one relationship.
Figure 4(b) has points concentrated more closely around
the dotted line because identical perturbation factors are
used in XSUSA and SCALE. All effects considered, the slight
discrepancies visible in Figure 4(b) must be from nonlinear
effects. The black lines bounding the points in Figure 4
represent the 95% confidence bounds for the correlation
coefficients calculated with the Fisher transformation [17].
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Table 2: Uncertainty in the effective multiplication factor from using the two-step and XSUSA methods with a sample size of 290.

Two-step method XSUSA method Absolute difference (pcm)

k-eff mean 1.30268 1.30330 62

k-eff stand. deviation 0.00569 0.00564∗ 5

Relative SD % 0.43706 0.43272
∗

The 95% confidence interval is [0.00522, 0.00614].

Table 3: Uncertainty in the effective multiplication factor from using “one-step” schemes.

XSUSA/KENO TSUNAMI-3D Absolute difference (pcm)

k-eff mean 1.30294 1.30279 15

k-eff stand. deviation 0.00608∗1 0.00588∗2 20

Relative SD % 0.46679 0.45120
∗1

The 95% confidence interval is [0.00563, 0.00661]. ∗2The 95% confidence interval is [0.00544, 0.00639].

3.2.2. Full-Core Calculations. The TMI core under con-
sideration consists of 11 different UO2 assemblies and a
reflector region placed in 1/8 symmetry. All control rods are
ejected from the core, which is at hot zero power [1]. By
use of the XSUSA and two-step methods, uncertainties are
obtained for the core-wide multiplication factor and for the
assembly-wise relative power distribution. For a two-group
formulation, each assembly in the TMI core requires 11
perturbed cross sections. These are the transport, absorption,
kappa-fission, and nu-fission cross sections along with a
down-scatter cross section and two ADFs. The reflector
region requires only 7 cross section inputs for a total of 128
perturbed cross sections per core simulation.

The core simulator utilized for the proceeding analysis is
PARCS. The multigroup NEM nodal kernel is used to execute
all 290 core simulations [11]. Initially 300 core simulations
were proposed, but some of the cross section perturbations
in the two-step method were too large, so PARCS was
unable to produce a converged solution. The large number
of core simulations ensures that the largest output values
obtained will not be exceeded with a high probability by
Wilks’ formula. The multiplication factor uncertainty results
obtained with the XSUSA and two-step methods for the TMI
core are summarized in Table 2. The table clearly shows that
the XSUSA and two-step methods can consistently calculate
uncertainties in the multiplication factor.

Both the “one-step” reference solutions and the two-
step and XSUSA methods produced results that are well
within statistical uncertainty of each other, as evidenced
by comparing Tables 2 and 3. The agreement between the
“one-step” reference solutions and between the two-step
and XSUSA methods appears to be better than the overall
agreement among all four calculation schemes.

The mean power distributions obtained from the
XSUSA/PARCS and two-step methods are shown in Figure 5
along with XSUSA/KENO reference solutions. The values
displayed in Figure 5 are relative power distributions such
that the mean power in the core is unity. As expected,
the mean power distributions predicted by the XSUSA and
two-step methods are very similar, with the largest node-
wise discrepancy being less than 1%. The relative standard
deviation (%) in power for each node is shown in Figure 6.

Before looking at the numerical values of the uncertainty
in the core power distribution calculated by the three meth-
ods in Figures 6 and 7, it is evident that the distribution of
uncertainty is spread evenly in all the methods. Uncertainties
with the highest magnitudes congregate around the center
of the core. This is due to the radial heterogeneity of
the core configuration [18]. The two-step method seems
to attribute less uncertainty overall to each nodal power.
Although the reasons for this observation are currently under
investigation, the authors have noticed that the relative power
distribution uncertainties are particularly sensitive to the way
in which uncertainties are propagated to the transport cross
section in the two-step method.

4. Conclusions

The core simulator output uncertainties for the TMI core
obtained with the XSUSA and two-step methods indicate
that both methods are consistent in general and are able to
propagate nuclear data uncertainties to the core simulator.
However, further investigation is needed to explain some of
the discrepancies observed between the two methods, espe-
cially in the calculation of uncertainty in the relative power
distribution. Since the TMI core used in this analysis is rel-
atively homogeneous, the linear approximations employed
by the two-step method are completely satisfactory. While
the authors anticipate that the linear approximations will
hold for more inhomogeneous cores, such as the MOX cores
specified in the UAM benchmark [1], this matter should be
examined in greater detail.

Despite some of the current limitations of the general-
ized perturbation theory implementations in SCALE, both
uncertainty quantification methods yield an uncertainty of
Δk = 0.5% in the core simulator k-effective. Currently, the
limitations of generalized perturbation theory as applied in
the two-step method make the XSUSA approach a more
robust choice for reactor uncertainty analysis. In order
to perform a steady-state uncertainty analysis, methods
should be developed in the current generalized perturbation
theory framework in SCALE to capture all uncertainty
within reach of the XSUSA approach. Methods should
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Figure 5: Mean power distribution calculated by the two-step and XSUSA methods along with the XSUSA/KENO reference. Values shown
are calculated such that unity is the core average power. Quarter symmetry is displayed.
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Science and Technology of Nuclear Installations 9

also be developed so that two-step-type methods can be
applied to burnup and transient calculations, as defined in
phases II-III of the UAM benchmark. The XSUSA approach
already allows for such calculations, as evident from
[16, 19].

In terms of efficiency, the XSUSA and two-step methods
require similar computation times if parallel computing is
employed. For the TMI core, 128 transport-like solutions
on an assembly were required to obtain a global covariance
matrix in TSUNAMI, one solution for each response.
To obtain the desired statistical accuracy this covariance
matrix was sampled around 300 times. Relatively speaking,
sampling the covariance matrix and running the perturbed
cross sections through a core simulator are free. Since no
covariance matrix is used in the XSUSA approach, some
3600 full transport solutions on an assembly are needed to
be able to execute 300 core simulations (11 assemblies plus
1 reflector, multiplied by 300 perturbed cross section sets).
To summarize, for full-core problems the computational
burden is much less when the two-step method is used.
However, due to the nature of parallel processing the two-
step and XSUSA methods can take the same amount of
time. Overall, more work should be done with the two-
step method to make it a viable tool for uncertainty
quantification in core simulations. However, the results
in this paper suggest that the two-step method can be
made to be fully consistent with more versatile stochastic
methods.
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The variance-based global sensitivity analysis technique is robust, has a wide range of applicability, and provides accurate sensitivity
information for most models. However, it requires input variables to be statistically independent. A modification to this technique
that allows one to deal with input variables that are blockwise correlated and normally distributed is presented. The focus of this
study is the application of the modified global sensitivity analysis technique to calculations of reactor parameters that are dependent
on groupwise neutron cross-sections. The main effort in this work is in establishing a method for a practical numerical calculation
of the global sensitivity indices. The implementation of the method involves the calculation of multidimensional integrals,
which can be prohibitively expensive to compute. Numerical techniques specifically suited to the evaluation of multidimensional
integrals, namely, Monte Carlo and sparse grids methods, are used, and their efficiency is compared. The method is illustrated
and tested on a two-group cross-section dependent problem. In all the cases considered, the results obtained with sparse grids
achieved much better accuracy while using a significantly smaller number of samples. This aspect is addressed in a ministudy, and
a preliminary explanation of the results obtained is given.

1. Introduction

The apportioning of uncertainty in the output of a model
(numerical or otherwise) to different sources of uncertainty
in the model input is known as sensitivity analysis [1], and the
associated quantitative values are known as sensitivity indices.
The sensitivity indices can be used to rank the input variables
of the model, based on the influence they have on the output.
It thus becomes possible to recognize the probabilistically
insignificant/unessential input variables that exert little influ-
ence on the output. This allows for the reduction of the
dimensionality of the problem by fixing the unessential input
variables, whilst more experiments, computations, research,
and so forth can be done to determine the essential input
variables with a higher degree of accuracy.

The focus of this study will be on global sensitivity
analysis (GSA), which explores the full phase space of input
parameters, as opposed to local sensitivity analysis (LSA)
methods that are usually based on derivatives and analyse

the behaviour of the model output around a chosen point.
The implementation of GSA can be achieved by using
either variance-[1–3] or entropy-[4, 5] based methods. In
our study, we will use the Sobol’s variance-based method
[3]. This method is referred to as “variance-based” because
within the framework of this approach, the uncertainty of the
output is characterized by its (output) variance. The Sobol’s
method is robust, has a wide range of applicability, and, as
stated in [6, 7], provides accurate sensitivity information
for most models. However, the Sobol’s method is defined
for mutually independent input variables that are uniformly
distributed. A modification of the method which allows one
to deal with input variables that are blockwise correlated and
normally distributed is presented in this work.

The modified method can then be applied to nuclear
reactor calculations. Many reactor parameters of interest
(such as the neutron multiplication factor, decay heat,
reaction rates, etc.) are dependent on neutron cross-sections.
These cross-sections are often described by only their first
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two statistical moments and are assumed to be normally
distributed [8]. The uncertainties associated with the cross-
sections are propagated to the final result of the calculated
reactor parameters, and the uncertainty in a calculated
reactor parameter can be apportioned to the different sources
of uncertainty in the neutron cross-sections.

In this paper, we will present the method of global
sensitivity analysis that will address the previous limitations
and take into account the previously mentioned assumptions
with an emphasis on the numerical/calculational aspects in
implementing the method. The rest of the paper is organised
in the following way. Section 2 contains two major parts:
in the beginning, we give theoretical background and some
mathematical derivations for the method we present, and
in the second part of the section, we discuss its practical
numerical implementation. The theory description is sup-
ported by two appendices: Appendix A is used to summarize
the definitions and properties of the functional ANOVA
decomposition, and Appendix B provides explanations
concerning the sparse grid integration method. In Section 3,
we describe the particularities of our implementation of
the proposed method and the problem we use to test and
characterise the method, as well as the results obtained.
Finally, Section 4 is used to present our conclusions.

2. Method

2.1. Definitions and Assumptions. Consider a problem in
which some important reactor parameters, such as the
neutron multiplication factor and the decay heat, depend on
multigroup or few-group neutron cross-sections. We will use
Y to denote the reactor parameter of interest and Xi (i =
1, 2, . . . ,d) to denote the cross-sections. The dependence of
the parameter of interest on cross-sections can be written as
a model

Y = f (X1,X2, . . . ,Xd), (1)

where Xi are called inputs and Y is called the output
or response. Model (1) is generally nonlinear and often
calculated numerically in practice.

The cross-sections can be gathered in a column vector
X = (X1,X2, . . . ,Xd)T , where the symbol “T” denotes the
operation of transposing a row to a column. If input X is
a random vector with a joint probability density function
p(x) = p (x1, x2 . . . , xd), then the response Y is a random
variable with the expected value E[Y] and the variance
Var[Y] defined as

E
[
f (x)

] =
∫

Rd
f (x)p(x)dx,

Var
[
f (x)

] = ∫
Rd
(
f (x)− E

[
f (x)

])2
p(x)dx,

(2)

correspondingly. Note that we will use, as it is the rule in
statistics, a capital letter to denote a random variable and a
lowercase letter to denote its value (realizations).

In this work, we will assume that the cross-sections are
random variables distributed according to the normal law

with known means and covariances. The multivariate nor-
mal distribution for the probability Pr[Xi < xi : i = 1, . . . ,d]
is characterized by the probability density function [9]

p(x) = 1

(2π)d/2 det (Σ)1/2 exp
[
−1

2

(
x − µ

)T
Σ−1(x − µ

)]
,

(3)

where X is the column vector of random variables,
µ = E[X] is the column vector of their expected values, and
Σ = E[(x− µ)(x− µ)T] is the covariance matrix.

2.1.1. Block-Correlated Random Variables. Let us assume that
the input vector X can be partitioned into Γ subsets of
variables, that is, X = (X1, X2, . . . , XΓ), and that random
vectors Xα and Xβ from this partitioning are mutually
independent for α,β = 1, 2, . . . ,Γ.

Using the definition of a covariance matrix, one can show
[9] that in this case Σαβ = Σβα = 0 for α /=β. Hence,
the covariance matrix becomes block diagonal, that is, Σ =
diag(Σ11,Σ22, . . . ,ΣΓΓ), where Σαα is the covariance matrix of
Xα (α = 1, 2, . . . ,Γ). The inverse of a block diagonal matrix
is another block diagonal matrix, composed of the inverse of
each block, that is, Σ−1 = diag(Σ−1

11 ,Σ−1
22 , . . . ,Σ−1

ΓΓ ). Moreover,
taking into account that for block matrices det(Σ) =∏Γ

α=1 det(Σαα), one can write the expression for the joint
probability density function defined in (3) in a form that
reflects the block independence of variables:

p(x) =
Γ∏

α=1

1

(2π)dα/2 det (Σαα)1/2

× exp
[
−1

2

(
xα − µα

)T
Σ−1
αα

(
xα − µα

)]
,

(4)

where p (xα) is the joint probability density function of a
subset α and dα = dim(xα) is the number of variables in Xα.

2.2. Global Sensitivity Analysis. The variance-based global
sensitivity analysis method aims to quantify the relative
importance of each input parameter in the response variance.
It involves the calculation of the global sensitivity indices,
sometimes called Sobol’s sensitivity indices [2, 10].

In order to describe the global sensitivity indices, let us
introduce the following notations: let {1, 2, . . . ,d} be the set
of input variable indices and let u be its arbitrary subset.
Hence, Xu is a subset of variables whose indices are in
u, whereas X−u are the complimentary variables, that is,
variables with indices not in u. Notation |u| will be used
for the cardinality of the set u. Variables Xi from non-
overlapping sets u and −u constitute the input vector X =
(Xu, X−u)T .

Let us consider a subset Xu of input variables. Two types
of sensitivity indices of the model response to the input
random variables Xu can be introduced:

(i) the main effect sensitivity index SXu , which describes
the fraction of variance of the output Y that is
expected to be removed if the true values of variables
Xu become known.
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(ii) the total sensitivity index Stot
Xu

, which can be inter-
preted as the fraction of variance of the output Y that
is expected to remain if the true values of variables
X−u become known.

In other words, SXu represents the effect due to Xu only,
and Stot

Xu
represents the contribution to the variance of Xu

with all the interactions of this variable with other variables.
The definition of sensitivity indices and their theoretical

justification comes from functional ANOVA (analysis of
variance). In Appendix A, we summarize formulae of the
functional ANOVA decomposition, assuming that inputs are
independent random variables with arbitrary continuous
distributions.

Sobol [2, 3] introduced an alternative way of calculating
sensitivity indices by sampling directly from f (x), that is,
without passing through the ANOVA decomposition. Sobol’s
alternative formulae are valid for uniformly distributed,
independent random variables. Generalizing this result for
continuous independent random variables with an arbitrary
probability density function p(x) = p(x1) · · · p(xd), one can
write:

f∅ =
∫

Rd
f (x)p(x)dx, D =

∫

Rd
f 2(x)p(x)dx − f 2

∅,

(5)

DXu =
∫

R2d−|u|
f (x) f

(
xu, x′−u

)
p(x)p

(
x′−u

)
dx dx′−u − f 2

∅, (6)

Dtot
Xu
= 1

2

∫

Rd+|u|

[
f (x)− f (x′u, x−u)

]2
p(x)p

(
x′u
)
dx dx′u. (7)

Here, the prime symbol over a variable (e.g., as in x′u) means
that this variable has to be sampled independently from the
corresponding marginal distribution (p(x′u) in this case) of
its unprimed analogue. Using the results from (5)–(7), the
global sensitivity indices can be calculated as ratios:

Stot
Xu
= Dtot

Xu

D
, SXu =

DXu

D
. (8)

Note that f∅ and D correspond to the output mean and the
output variance introduced in (2).

The independence condition for input variables can be
relaxed. As discussed in [11], it is not necessary that all
variables are mutually independent—this result holds when
assuming independent blocks of input variables Xα instead
of single independent input variables Xi. Thus, if subsets of
variables from Xu and X−u are mutually independent, that is,
p(x) = p(xu)p(x−u), the sensitivity analysis formulas (6) and
(7) are still applicable. Moreover, as one can see from (5), the
formula for the output variance does not explicitly involve
any particular subset of input variables. As a result, the
variance of the output (D) can be calculated with the method
presented here even in the case when all input variables
are correlated. Since the variance is used to characterise the
uncertainty in the output due to the uncertainty of the input,
the method from this paper can be used for uncertainty
analysis disregarding whether normally distributed inputs
are correlated or not.

As follows from the previous description, the evaluation
of sensitivity indices requires the calculation of the integrals
in (5)–(7), which can be written in the following general
form:

Ideff

[
g
] =

∫

Rdeff

g(x̃)p(x̃)dx̃, (9)

where Ideff [·] is the integration operator, g(x̃) represents a
function being integrated, deff = dim(x̃) is the effective
dimensionality of the integral, and p(x̃) is the joint prob-
ability density function of x̃. For instance, in integral (6),
function g (x̃) represents [ f (x) f (xu, x′−u)], x̃ = (x, x′−u) =
(xu, x−u, x′−u), p(x̃) = p(x)p(x′−u), and the effective dimen-
sionality is deff = 2d − |u|.

2.3. Standard Normal Law Representation. Though the
blockwise representation (4) of the joint probability density
function (3) allows the exploiting of the independence of
different subsets of variables, it gives no information about
the practical way of a sensitivity index calculation. It is
convenient to rewrite the expression in the so-called standard
form in order to simplify future numerical evaluations of the
global sensitivity indices.

Since covariance matrices are both symmetric and posi-
tive definite, for each Σαα there is a nonsingular matrix Pαα

such that Σαα = PααPT
αα (Cholesky factorization). Consider

the linear transformation zα = P−1
αα (xα − µα). For any α, it

leads to
(

xα − µα

)T
Σ−1
αα

(
xα − µα

)
= zTα zα, (10)

and one can show that E[zα] = 0, Cov[zα] = Iα, where
Iα = diag(1, 1, . . . , 1) is the dα × dα identity matrix. Since∑Γ

α=1 zTα zα = zTz, the joint probability density function can
be written in the standard form:

p(z̃) = 1

(2π)deff/2
exp

(
−1

2
z̃T z̃

)
= 1

(2π)deff/2
exp

⎛
⎝−1

2

deff∑

i=1

z2
i

⎞
⎠,

(11)

where p(x̃)dx̃ = p(z̃)dz̃. New standard random variables Zi
(i = 1, 2, . . . ,d) have zero mean, standard deviations equal to
one, and are not correlated, that is, Zi ∼ N(0, 1).

Representation (11) can now be used for the calculation
of sensitivity indices: variables Zi can be sampled individually
from N(0, 1) and the corresponding x̃-points can be calcu-
lated as

xα(z̃) = µα + Pααzα, (12)

where α goes over all subsets of X̃. Nevertheless, in order to
simplify the sampling procedure, to allow the use of a single
calculational path and make a wider range of numerical
integration techniques suitable for solving the problem, we
do one more transformation from the normally distributed
variables to the uniformly distributed ones.

Consider the following coordinate-wise change of vari-
able from zi ∈ R to si ∈ (0, 1):

si(zi) = Φ(zi), (13)
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where Φ(·) is the cumulative distribution function for the
normal distribution. From the properties of Φ(·) follows
limzi→−∞si(zi) = 0, limzi→+∞si(zi) = 1,

dsi = 1√
2π

exp
(
−1

2
z2
i

)
dzi. (14)

Applying this transformation coordinate-wise (i.e., for i =
1, 2, . . . ,deff) and introducing h(s̃) = g(x̃[z̃(s̃)]) give the
representation of the integral (9) in the form

Ideff

[
g
] =

∫

[0,1]deff
h(s̃)ds̃. (15)

Here, zi(si) = Φ−1(si) for i = 1, 2, . . . ,deff, where Φ−1 (·) is
the inverse cumulative distribution function for the normal
distribution, called the probit function, and x̃ (z̃) is defined
by (12).

2.4. Numerical Calculation of Sensitivity Indices

2.4.1. Numerical Quadratures. The integral in (15) can be
approximated with a quadrature (sometimes called cubature
in the literature), that can be written in the following general
form:

Ideff [h(s̃)] ≈ QN
deff

[h(s̃)] =
N∑

n=1

wnh(s̃n), (16)

where wn are method-dependent quadrature weights, h (s̃n)
are samples of the integrand at method-dependent nodes
s̃n ∈ [0, 1]deff , and N is the number of samples.

The integral in (15) is multidimensional, and, therefore,
special numerical techniques, that can cope with the curse
of dimension, are required to calculate it. Monte Carlo
(including quasi-Monte Carlo) and sparse grid integration
methods are suitable for this task and will be considered in
our paper. Later, we will briefly introduce these methods and
discuss their implementation in our work.

2.4.2. Monte Carlo and Quasi-Monte Carlo Quadratures. In
the case of the traditional Monte Carlo method, the integral
is sampled on a set of deff-dimensional pseudo-random points
s̃n, uniformly distributed in the unit hypercube [0, 1]deff .
In the case of quasi-Monte Carlo, so-called low discrepancy
sequences of quasirandom points (also uniformly distributed
in [0, 1]deff ), are used for integration. For both traditional
Monte Carlo and quasi-Monte Carlo, the weights wn are
point-independent and equal, that is, wn = 1/N . The
quasi-Monte Carlo quadratures have a higher asymptotic
convergence rate and often outperform the traditional Monte
Carlo quadrature in practical applications [12].

There is a strong similarity between traditional Monte
Carlo and quasi-Monte Carlo quadratures except for the
type of sampling points (pseudo-random or quasi-random)
and the way of error estimation. The error estimation will
be done in the same way for both quadratures (see the
discussion later). Hence, in this paper, both the traditional
Monte Carlo and the quasi-Monte Carlo quadratures will be
referred to as Monte Carlo quadratures.

In this work, we follow Sobol’s recommendations [3]
on the implementation of the Monte Carlo quadratures for
the calculation of sensitivity indices. In particular, sampling
is done from hypercube [0, 1]2d instead of [0, 1]deff and, in
order to improve the accuracy of the estimation in (15), the
function f (x) − c0 is evaluated instead of f (x) in (5)–(7),
where c0 ≈ f∅.

Our estimation of the accuracy of the Monte Carlo
quadratures is based on a so-called randomization procedure
[13]. This procedure consists of calculating R independent
estimates, ÎNr , of integral (15). The approximation to integral
(15) is then calculated as an average of independent esti-
mates, that is:

ÎN = 1
R

R∑

r=1.

ÎNr , (17)

and the error of such an approximation is characterized by
the sample standard deviation, defined as

ε̂RN =

√√√√√ 1
R(R− 1)

R∑

r=1

(
ÎNr − ÎN

)2
. (18)

Each estimate ÎNr is based on an independent sequence of N
quasi- or pseudo-random points, where each new sequence
of points is obtained from the initial one by a random
modulo 1 shift [13].

2.4.3. Sparse Grid Quadratures. A sparse grid H�,deff is a set
of deff-dimensional points, which is generated using Smolyak
construction [14] and is based on a chosen sequence of the
univariate quadrature formulas Ql, where l ≥ 0 is the accu-
racy level of Ql (see Appendix B for details). When applied
to the integration of multivariate functions, the Smolyak
construction is a multidimensional quadrature Q�,deff based
on a tensor product of one-dimensional quadratures Ql,
which are combined in a special way in order to optimize
the quadrature convergence rate [15, 16]. The sequence
of univariate quadrature formulae Ql leads to a sequence
of sparse grid quadratures with an increasing sparse grid
accuracy level � ≥ 0.

Q�,deff [h(s̃)] is a linear functional that depends on h(s̃)
through function values at the set H�,deff , and the number
of terms N in (16) is defined by its cardinality. The sparse
grid points s̃n ∈H�,deff and the quadrature weights wn can be
calculated using the procedure described in Appendix B.

If H�,deff ⊂ H�+1,deff , the quadrature is called nested.
Nested quadratures permit the use of function values from
previous levels, thus making integration less computationally
expensive. Quadrature rules are said to be open when they
do not include points on the boundary and closed otherwise.
Points on the boundary (i.e., si = 0 or si = 1 for
i = 1, 2, . . . ,deff) represent a problem for the numerical
integration in (9), as a transformation si → zi will lead to
infinities in these points. Hence, only nested and strictly open
sparse grid quadratures will be used in this work.
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The sequence of sparse grid quadratures naturally leads
to a formula for a practical estimation of the integration error

ε̂� =
∣∣Q�,deff [h(s̃)]−Q�−1,deff [h(s̃)]

∣∣, (19)

although this estimation is usually quite conservative.
Note that sparse grids are often defined on the hypercube

s∗ ∈ [−1, 1]deff . In this case, they can easily be mapped to the
unit hypercube [0, 1]deff using the transformation of variables
si = (s∗i + 1)/2. When this mapping is performed, all sparse
grid quadrature weights wn have to be adjusted by a factor of
2deff .

2.4.4. Inversion of the Standard Normal Cumulative Density
Function. According to the methodology discussed in the
previous section, each sample vector s̃n, generated with
either Monte Carlo or sparse grid techniques, requires
transformation to the corresponding z̃n vector.

The traditional way to generate normally distributed
points in conventional Monte Carlo is to sample from
the uniform distribution and then to use the so-called
Box-Muller transformation [17]. Unfortunately, it is not
recommended [18] for use with quasi-Monte Carlo and is
not suitable for use with sparse grids. An alternative way is
to sample from the uniform distribution and then to use the
inverse of the standard normal cumulative density function.
It is recommended to use Moro’s inversion algorithm [19],
which is reported to be faster than the Box-Muller approach
and has good accuracy for both the central region and the
tails of the normal distribution [18].

In our work, Moro’s algorithm is used for variable
transformation s̃n → z̃n (n = 1, 2, . . . ,N) coordinate-wise
(i.e., for each si,n, where i = 1, 2, . . . ,deff) for both Monte
Carlo and sparse grid samples.

2.4.5. Algorithms for Calculation of Global Sensitivity Indices.
Algorithms 1 and 2 provide examples of how to calculate
sensitivity indices based on a Monte Carlo quadrature
and a sparse grid quadrature, respectively. Note that these
algorithms are given for the sake of illustration and do
not contain details about possible memory management or
performance enhancements.

3. Results

3.1. Test Problem Description. The OECD LWR UAM
(OECD: Organization for Economic Co-operation and
Development; LWR: light water reactor; UAM: Uncertainty
Analysis in Modelling) benchmark [8] seeks to determine
the uncertainty in LWR system calculations at all stages of
coupled reactor physics/thermal hydraulics calculations. The
benchmark specification consists of three phases, where the
first phase is the neutronic phase.

The neutronic phase involved obtaining multigroup
microscopic cross-section libraries. These libraries would
then be used to calculate few group macroscopic cross-
sections, which are to be used in criticality (steady state)
stand-alone calculations. One of the reactors that was chosen
as a reference LWR for the benchmark was the Peach Bottom

Table 1: Assembly homogenized 2-group cross-sections [21].

Variable Notation Value, cm−1

Fast capture Σ1
c 5.336 · 10−3

Thermal capture Σ2
c 2.693 · 10−2

Fast fission Σ1
f 1.9124 · 10−3

Thermal fission Σ2
f 2.8438 · 10−2

Fast neutron production νΣ1
f 4.920 · 10−3

Thermal neutron production νΣ2
f 6.929 · 10−2

Fast removal Σ1→ 2
s 2.063 ·10−2

Table 2: Test covariance matrix [21]. Values in bold correspond to
Case A, in bold and non-italic correspond to Case B, and the full
covariance matrix correspond to Case C.

Σ1
c Σ2

c Σ1
f Σ2

f νΣ1
f νΣ2

f Σ1→ 2
s

Σ1
c 1.21 0.23 −0.63 −0.04 −0.57 −0.03 0.77

Σ2
c 0.23 0.54 −0.09 −0.48 −0.07 −0.34 −0.01

Σ1
f −0.63 −0.09 0.68 0.11 0.87 0.08 −0.68

Σ2
f −0.04 −0.48 0.11 0.32 0.06 0.72 0.04

νΣ1
f −0.57 −0.07 0.87 0.06 0.98 0.12 −0.64

νΣ2
f −0.03 −0.34 0.08 0.72 0.12 0.45 0.04

Σ1→ 2
s 0.77 −0.01 −0.68 0.04 −0.64 0.04 1.11

reactor. By energy collapsing and spatial homogenization of
microscopic cross-section and covariance data [20], Williams
et al. [21] obtained the 2-group homogenized neutron
cross-section, with an energy boundary of 0.625 eV, and
the corresponding covariance matrix for the Peach Bottom
reactor fuel assembly. The neutron cross-sections are given
in Table 1, they are assumed to be independent and normally
distributed, and their mean values (given in the third
column of Table 1) correspond to the vector µ used in our
methodology. The covariance matrix is shown in Table 2,
where the diagonal terms are the percentage relative standard
deviation and the off-diagonal terms are the correlation
coefficients.

The global sensitivity analysis methodology discussed in
Section 2 was applied to nuclear reactor calculations. The
reactor parameter of interest that was chosen for this study
is the infinite neutron multiplication factor, k∞, and it was
modelled as [22]

k∞ =
νΣ1

f

Σ1
c + Σ1

f + Σ1→ 2
s

+
νΣ2

f Σ
1→ 2
s(

Σ2
c + Σ2

f

)(
Σ1
c + Σ1

f + Σ1→ 2
s

) ,

(20)

where the traditional notation for macroscopic cross-
sections is used (see Table 1). To illustrate our methodology,
three cases were considered (all three cases are shown in
Table 2): one with a diagonal covariance matrix, another one
with a block-diagonal covariance matrix, and the last one
with the full covariance matrix.

In the first case (hereafter referred to as Case A), it was
assumed that the input parameters (cross-sections) are not
correlated, and the covariance matrix consisted of only the
diagonal entries, highlighted in bold, while all other elements
of the matrix were set to zero.

In the second case (hereafter referred to as Case B), we
assumed a test block-diagonal covariance matrix. The test
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input: µ1, . . . ,µΓ,Σ11, . . . ,ΣΓΓ,u,R,N
for α = 1 to Γ do

Pαα ← Cholesky decomposition of Σαα
P
′
α, µ

′
α ← Pα, µα

end for
P̃← diag(P11, . . . , PΓΓ, P

′
11, . . . , P

′
ΓΓ)

µ̃← vec(µ1, . . . ,µΓ,µ
′
1, . . . ,µ

′
Γ)

deff ← dim(µ̃)
for n = 1 to N do

for r = 1 to R do
s̃n ← deff-dimensional quasi- or pseudo-random point
wn ← 1/N
z̃n ← Φ−1(s̃n)
x̃n ← µ̃ + P̃z̃n
gn ← g(x̃n)

end for
( f∅ ,D,DXu ,Dtot

Xu )r ←
∑N

n=1 wngn
end for
calculate SXu , Stot

Xu , ε̂RN
return SXu , Stot

Xu , ε̂RN

Algorithm 1: The calculation of sensitivity indices using Monte Carlo quadrature.

input: µ1, . . . ,µΓ,Σ11, . . . ,ΣΓΓ,u, �max

for α = 1 to Γ do
Pαα ← Cholesky decomposition of Σαα
P
′
α, µ

′
α ← Pα, µα

end for
P̃← diag(P11, . . . , PΓΓ, P

′
11, . . . , P

′
ΓΓ)

µ̃← vec(µ1, . . . ,µΓ,µ
′
1, . . . ,µ

′
Γ)

deff ← dim(µ̃)
for � = 1 to �max do

generate H�,deff

N ← size of H�,deff

for n = 1 to N do
s̃n ← node from H�,deff

wn ← sparse grid weight
z̃n ← Φ−1(s̃n)
x̃n ← µ̃ + P̃z̃n
gn ← g (x̃n)

end for
( f∅ ,D,DXu ,Dtot

Xu )� ←
∑N

n=1 wngn
calculate SXu , Stot

Xu , ε̂�
return SXu , Stot

Xu , ε̂�
end for

Algorithm 2: The calculation of sensitivity indices using sparse grid quadrature.

matrix was artificially constructed based on the 2-group
covariance matrix from [21] in such a way that the input
variables can be partitioned into three mutually independent
subsets {Σ1

c ,Σ
2
c ,Σ

1
f ,Σ

2
f }, {νΣ1

f , νΣ2
f }, and {Σ1→ 2

s }, such that
elements in the off-diagonal blocks are set to zero, that is,
terms highlighted in italic are set to zero. It should be noted
that the elements of the first subset correspond to those
terms that contribute to the absorption cross-section. The
elements of the second subset correspond to those terms that
contribute to the production of neutrons, and the last subset

corresponds to the removal of neutrons from the fast group
to the thermal group.

For the last case (hereafter referred to as Case C), it was
assumed that all the input parameters (cross-sections) are
correlated with one another, and the full covariance matrix
was used, that is, all entries highlighted in bold, italic, and
non-italic.

It should be emphasised that neither of the first two
examples (Cases A and B) considered pretends to reflect
physical reality, but both the cross-section values and the
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Table 3: Estimated uncertainty of the infinite multiplication factor in terms of variance and standard deviation (given in parenthesis).

Case Traditional Monte Carlo Quasi-Monte Carlo Sparse grid

A 3.680 · 10−5 (607 pcm) 3.680 · 10−5 (607 pcm) 3.671 · 10−5 (606 pcm)

B 3.575 · 10−5 (598 pcm) 3.576 · 10−5 (598 pcm) 3.567 · 10−5 (597 pcm)

C 3.115 · 10−5 (558 pcm) 3.116 · 10−5 (558 pcm) 3.108 · 10−5 (558 pcm)

elements of the test covariance matrix are of a plausible
order of magnitude (close to the values given in [21]): hence,
this example is representative and suitable for testing of
our method. Therefore, the results and conclusions will be
given in order to characterise the method presented and not
the neutron multiplication properties of the Peach Bottom
reactor.

3.2. Method Implementation. A Fortran 90 program was
written to implement all the steps of the methodology
outlined in Section 2. The program was subdivided into
blocks of code, where each block had an input to be evaluated
to give an expected output and corresponded to step(s)
along the calculational path of the methodology. The testing,
verification, and validation of the program were done for
each block of code using test functions, for which the
corresponding results could be evaluated analytically.

Pseudo-random points were generated using the Fortran
intrinsic subroutine random number(). In implementing
quasi-Monte Carlo, a Sobol quasi-random number generator
written by J. Burkardt [23] was used. Furthermore, a ran-
domization procedure was used in estimating the integration
error, ε̂RN , for the Monte Carlo quadratures, by considering
R = 100 independent sequences with N = 106 samples in
each sequence.

The implementation of sparse grid quadratures was
greatly facilitated by subroutines written by J. Burkardt [23].
Different open sparse grid quadrature rules such as Fejer,
Gauss-Patterson, and Gauss-Legendre rules were applied
(note that closed rules were also tested and, as expected,
numerical problems for the boundary points were encoun-
tered). The Gauss-Legendre quadrature outperformed the
other rules in terms of computational time needed to achieve
a given accuracy for the cases considered, and its results will
be reported up to a sparse grid level of � = 4. A conservative
procedure defined by (19) was used in estimating the
integration error ε̂� for the sparse grid quadratures and is
reported in this paper.

Variations were introduced into the neutron cross-
sections by using a standardizing transformation as
explained in (12), that is, x̃ (z̃) = µ̃ + P̃z̃, where P̃ is the
extended Cholesky decomposed neutron cross-section
covariance matrix, and z̃ is obtained by using Moro’s
inversion of samples required by each of the implemented
quadratures. Finally, in order to improve the accuracy of
the Monte Carlo estimation of integral (15), a variance
reduction technique [3], which consists of sampling
function Δ f (x) = [ f (x) − c0] instead of f (x) in (5)–(7),
where c0 ≈ f∅, was used.

3.3. Computed Uncertainty and Sensitivity. The uncertainty
of multiplication factor k∞, computed in terms of variance
D, are given in Table 3 for Cases A, B, and C. Though
the output variance is the natural result of variance-based
sensitivity analysis, the standard deviation is preferred in
the literature because it allows an intuitive interpretation as
the error bar for the value of the analysed parameter. The
standard deviations are calculated as square root of variance,√
D, and reported in Table 3 in parentheses for all cases

and each quadrature. The uncertainty of the multiplication
factor (expressed in relative units as 100% × δk/k), which
we obtained in Case C, was 0.51% for each of the three
quadratures, and this result is in good agreement with the
value of 0.49% reported in [21].

The computed sensitivity indices for each of the variables
(cross-sections) in Case A and for each subset in Case B
are given in Table 4. No sensitivity analysis was performed
for Case C, since any sensitivity indices computed with our
method would be meaningless because all input parameters
are correlated in this case.

Considering the results of Case A, the input variable with
the greatest influence on the infinite neutron multiplication
factor is the thermal neutron production, νΣ2

f , and the
input variable with the least influence is the fast neutron
fission, Σ1

f . This is similar to what we anticipated, given
the fact that the infinite neutron multiplication factor is
highly dependent on the number of neutrons produced in
the system. Since the system being considered is thermal, the
thermal neutron production should account for most of the
neutrons produced, and the effect of fast neutron fission was
not expected to be significant.

Considering the results of Case B, the subset {νΣ1
f , νΣ2

f },
which corresponds to the neutron production, had the
greatest influence on the infinite neutron multiplication
factor. The subset {Σ1→ 2

s }, which corresponds to the fast
neutron removal, was the least influential. It should be noted
that the value of the sensitivity index for {Σ1→ 2

s } is different
in Cases A and B. This is because the off-diagonal terms of
the covariance matrix influenced the results for {Σ1→ 2

s }. In
other words, due to the off-diagonal terms in the correlation
matrix, Cases A and B define different problems.

3.4. Error Analysis. The results for Cases A and B, in Tables 3
and 4, were obtained by using a high number of samples with
all three numerical quadratures (N = 106,R = 102 in the case
of Monte Carlo quadratures and � = 4, N = 56785 in the
case of sparse grid quadrature), and these results are taken
as the reference. There seems to be very good agreement of
the computed uncertainties and sensitivity indices between
all three quadratures.
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Table 4: Estimated sensitivities of the infinite multiplication factor to different cross-sections (Case A) or their subsets (Case B).

Case
Subset of cross-sections Traditional Monte Carlo Quasi-Monte Carlo Sparse grid

Xu SXu Stot
Xu SXu Stot

Xu SXu Stot
Xu

Σ1
c 0.1766 0.1766 0.1766 0.1766 0.1766 0.1766

Σ2
c 0.1624 0.1626 0.1626 0.1626 0.1626 0.1626

Σ1
f 0.0071 0.0072 0.0072 0.0072 0.0072 0.0072

A Σ2
f 0.0640 0.0641 0.0641 0.0641 0.0641 0.0641

νΣ1
f 0.0807 0.0808 0.0808 0.0808 0.0808 0.0808

νΣ2
f 0.4676 0.4678 0.4677 0.4677 0.4677 0.4677

Σ1→ 2
s 0.0409 0.0410 0.0410 0.0410 0.0410 0.0410

Σ1
c ,Σ

2
c ,Σ

1
f ,Σ

2
f 0.3453 0.3453 0.3453 0.3453 0.3453 0.3453

B νΣ1
f , νΣ2

f 0.6124 0.6126 0.6125 0.6125 0.6125 0.6125

Σ1→ 2
s 0.0420 0.0422 0.0422 0.0422 0.0421 0.0421

The accuracy obtained for the reference results is much
better than the accuracy needed to draw practical con-
clusions concerning the contribution of uncertainties of
different cross-sections. By this we mean that the accuracy of
the sensitivity index estimation has to be, at least, sufficient
to discriminate between the contribution of different inputs
and should also be able to discriminate between Stot

Xu
and SXu

for a given input Xu.
Therefore, an error estimation study was done in order

to determine the influence of the number of samples on
the absolute and relative quadrature error of the computed
sensitivity indices, where the relative quadrature error is
given by

δ̂ =
ε̂
(
S(tot)

Xu

)

S(tot)
Xu

× 100 [%], (21)

where the absolute quadrature error ε̂ is given by either
(18) or (19). This study would help in determining the
number of samples that is needed to get a good estimation of
the sensitivity indices with the different numerical methods.
For Monte Carlo methods, three different sample sizes were
considered, N = 102, N = 104, and N = 106. In all cases, the
number of independent sequences R was taken as 102. For
the sparse grid, levels � = 1 to � = 4 were considered.

It was observed in both cases that the results obtained for
Stot

Xu
and SXu are statistically similar for all subsets of the input

variables, for all the three numerical methods that were used.
This implies that the interaction effects can be neglected.
It was also observed that the integration error for Stot

Xu
was

smaller than for SXu in all the cases; hence, from now on, we
will only consider Stot

Xu
.

When considering Case A, it was observed that increasing
N by a factor of 100 resulted, as expected, in a reduction of
the integration error by a factor of approximately 10 for all
the computed total sensitivity indices when using traditional
Monte Carlo. The results for quasi-Monte Carlo showed that
increasing N from 102 to 104, and subsequently from 104 to
106, resulted in a decrease of the integration error by a factor
of about 30 and 40, respectively, for all the computed total
sensitivity indices. For the sparse grid, a level change from

� = 2 to � = 3 and from � = 3 to � = 4 both resulted in a
decrease of the integration error by a factor of about 3.

The maximal absolute and relative errors for the total
sensitivity indices computed with different number of sam-
ples are reported in Table 5 for Monte Carlo quadratures and
Table 6 for sparse grid quadrature. These maximal absolute
errors are obtained by taking the maximal absolute error of
all the sensitivity indices for a given case, a given number of
samples, and a given quadrature. The maximal relative error
is obtained in the same way.

As one can see from Table 5, a relatively small number
of samples (100 × 100) in the case of Monte Carlo gave
fairly good accuracy (about 2%) in the estimation of the total
sensitivity indices.

It should be noted that levels � = 0 and � = 1 for
the sparse grid were not considered in the error estimation.
This is because for level � = 0, the abscissa consists of
only one point, and the variance is zero; hence, the total
sensitivity index will be undefined. For the same reason, the
application of (19) cannot give reasonable results for level
� = 1. However, looking at Table 6, it can be seen that the
maximal difference between the results obtained for levels
� = 1 and � = 2 is smaller than 2 · 10−5, and the maximum
relative quadrature error obtained when moving from level
� = 1 to � = 2 is smaller than 3.8 · 10−2%. Hence, this shows
that for both cases, level � = 1, which contains only 29 points,
is sufficient to estimate the total sensitivity indices with a very
good accuracy.

The relatively small number of sparse grid points needed
for an accurate estimation of the sensitivity indices as well
as the absence of interactions between input variables (as
discussed earlier) was unexpected. This result can potentially
be explained in the following way: the uncertainty in cross-
sections is so small that only the vicinity of the cross-
section mean values contributes to the integrals used in the
estimation of sensitivity indices. In this vicinity, the neutron
multiplication factor, which is used as the example, can be
approximated with a fairly linear function.

A small numerical experiment was done to clarify this
aspect. The standard deviations given in Table 1 were initially
multiplied by arbitrary factors between 1 and 10 and, in
the second phase, by arbitrary factors between 1 and 20,
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Table 5: Maximal error of Monte Carlo quadratures.

Case
Samples Traditional Monte Carlo Quasi-Monte Carlo

N × R ε̂RN δ̂, % ε̂RN δ̂, %

102 × 102 9.0 · 10−3 2.2 7.4 · 10−3 1.6
A 104 × 102 8.0 · 10−4 1.9 · 10−1 2.7 · 10−4 5.8 · 10−2

106 × 102 7.8 · 10−5 2.0 · 10−2 6.8 · 10−6 1.8 · 10−3

102 × 102 1.2 · 10−2 2.1 9.8 · 10−3 1.6
B 104 × 102 1.1 · 10−3 1.9 · 10−1 3.5 · 10−4 5.8 · 10−2

106 × 102 9.1 · 10−5 2.0 · 10−2 1.2 · 10−5 1.9 · 10−3

Table 6: Maximal error for the sparse grid quadrature.

� N
Case A Case B

ε̂� δ̂, % ε̂� δ̂, %

1 29 N/A N/A N/A N/A
2 477 2.0 · 10−5 3.8 · 10−2 1.3 · 10−5 3.0 · 10−2

3 5769 6.4 · 10−6 1.3 · 10−2 4.3 · 10−6 1.0 · 10−2

4 56785 2.0 · 10−6 4.1 · 10−3 1.4 · 10−6 3.6 · 10−3

and the sensitivity indices were recalculated. These factors
were chosen to make the effect of a wider distribution more
prominent without introducing a significant nonphysical
effect due to negative cross-section values at the left tail
of the distributions. It was observed that as the values of
the standard deviations increase, interaction effects can be
observed, that is, Stot

Xu
becomes statistically different from

SXu . Furthermore, a larger number of points (higher levels)
is needed to achieve the same accuracy as in the reference
case. These results may be used to confirm our assumption
on the nature of the good performance of the sparse grid
quadrature. However, a proper study was done to confirm
our conclusion, and the results are reported in [24].

4. Conclusions

In this paper, the global variance-based sensitivity and
uncertainty analysis of reactor parameters dependent on few-
group or multigroup neutron cross-sections was discussed. It
was assumed that the cross-sections are normally distributed
random variables, with known means and correlation matri-
ces, which can be partitioned into statistically independent
blocks of variables and that this partitioning allows one
to formulate scientifically and practically sound sensitivity
analysis problems. The theoretical and mathematical aspects
of the calculation of the global sensitivity indices under the
previous assumptions have been discussed. The problem of
practical numerical calculations of the variance-based global
sensitivity indices was addressed; namely, different options
for numerical integration were considered. A consistent
overall path for the calculation of sensitivity indices was
proposed and described.

The method was successfully implemented in practice
and was tested on a problem that involved two-group
assembly homogenised cross-sections as input variables. The
performance of different numerical integration techniques
was tested on a reactor problem with arbitrary, but plausible,
two-group cross-sections and covariance matrices. Different

implementations gave consistent results for the test problem
under consideration. The implementation based on sparse
grid quadrature demonstrated the best accuracy with as low
as a few dozen samples.

This good performance of sparse grid integration was
not expected and a special mini-study was performed with
the purpose of explaining its origin as well as the absence of
interactions in the obtained sensitivity indices. The results
of this study confirmed our hypothesis that the observed
results can be explained by the very small cross-section error.
Nevertheless, this conclusion still has to be supported by a
theoretical explanation.

From the methodological point of view, the method
presented in the paper is applicable to problems with an
arbitrary number of input variables. Nevertheless, one has
to be cautious when dealing with multivariate problems in
order to escape the curse of dimension. In this work, the
applicability of our method to a few-group problem was
demonstrated, but its applicability to multigroup reactor
problems will be the topic of future studies.

Appendices

A. Functional ANOVA Decomposition for
Independent Random Variables

Let p(x1, x2 . . . , xd) be a joint probability density function of
d random variables Xi:

P[X1 ≤ x1, . . . ,Xd ≤ xd]

=
∫ xd

−∞
· · ·

∫ x1

−∞
p(x1, x2 . . . , xd)dx1 · · ·dxd.

(A.1)

Let f : Rd → R be a square integrable function over
x = (x1, . . . , xd). The expected value and the variance of
the function f (x) with respect to the probability density
function p(x) are defined as

E
[
f (x)

] =
∫

Rd
f (x)p(x)dx,

Var
[
f (x)

] = ∫
Rd

(
f (x)− E

[
f (x)

]2
)
p(x)dx.

(A.2)
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The functional ANOVA decomposition is a representation
of the function f (x) as a sum of terms of increasing
dimensionality:

f (x) =
∑
u

fu(xu) = f∅ +
∑

i

fi(xi) +
∑

i< j

fi j
(
xi, xj

)

+ · · · + f12···d(x1, x2, . . . , xd),

(A.3)

where the sum is assumed over 2d subsets u ⊆ {1, 2, . . . ,d}
and fu (xu) is a function that depends on x only through xi
with i ∈ u. Here, xu is a subset of variables whose indices are
in u, whereas x−u are the variables with indices not in u, and
|u| is the cardinality of the set u.

According to Sobol’s definition, for the representation
given by (A.3) to be a functional ANOVA decomposition
it has to satisfy the so-called zero means and orthogonality
properties [2, 3]. Let random variables Xi (i = 1, 2, . . . ,d)
be mutually independent with a joint probablity density
function p(x) = p1(x1) p2(x2) · · · pd(xd). Using an analogy
with the case of uniformly distributed input variables,
one can demonstrate that the functional ANOVA can be
constructed by applying the following recurrent formula:

fu(xu) =
∫

Rd−|u|

(
f (x)−

∑
v⊂u

fv(xv)

)
p(x−u)dx−u. (A.4)

The constant mean term, f∅, is thus obtained by calculating
f∅ = ∫

Rd f (x)p(x)dx, first order effects fi(xi) (where
i = 1, . . . ,d) are obtained from fi(xi) =

∫
R(d−1) ( f (x) −

f∅)[p(x)/p(xi)]dx/dxi and so on. For functions fu(xu)
obtained with recurrence (A.4), the zero means property
becomes

E
[
fu(xu)

] =
∫

R|u|
fu(xu)p(xu)dxu =

∫

Rd
fu(xu)p(x)dx = 0.

(A.5)

The orthogonality property holds in the weighted form
∫

Rd
fu(xu) fv(xv)p(x)dx = 0. (A.6)

Properties (A.5) and (A.6) are crucial for the functional
ANOVA method because they lead to the variance decom-
position formula:

Var
[
f (x)

] =
∑

u⊆{1,2,...,d}
Var

[
fu(xu)

]
. (A.7)

Let us assume that the function f (x) allows order-wise
decomposition over subsets of variables (A.3). Applying the
variance operator (A.2) to the left-hand side and right-hand
side of (A.3) and using a standard statistical formula, we can
write:

Var
[
f (x)

] = Var

[∑
u

fu(xu)

]
=
∑
u

Var
[
fu(xu)

]

+ 2
∑

u,v /=u
Cov

[
fu(xu), fv(xv)

]
.

(A.8)

By definition,

Cov
[
fu(xu), fv(xv)

] =
∫

Rd

(
fu(xu)− E

[
fu(xu)

])(
fv(xv)

−E
[
fv(xv)

])
p(x)dx,

(A.9)

and it can be observed from (A.9) that properties
(A.5) and (A.6) lead to the zero-covariance condition
Cov[ fu(xu), fv(xv)] = 0 for u /= v and hence to the variance
decomposition in the form of (A.7).

B. Approximation of Multidimensional
Integrals with Sparse Grid Quadratures

Let ϕ : Ω → R be a continuous function of its arguments
and with bounded mixed derivatives of order r:

∥∥∥∥∥∥
∂‖k‖1ϕ(x1, . . . , xd)

∂xk1
1 · · · ∂xkdd

∥∥∥∥∥∥∞
<∞, ki ≤ r, (B.1)

where Ω = Ω1 · · ·Ωd, d is the dimensionality of the problem
and Ωi ⊂ R (i = 1, 2, . . . ,d) are bounded or unbounded
intervals. We consider an approximation to the integral

I
[
ϕ(x)

] =
∫

Ω
ϕ(x)ρ(x)dx, (B.2)

where x = (x1, . . . , xd), with the tensor product form ρ(x) =
ρ1(x1) · · · ρdeff (xd) of the weight function ρ.

In order to construct a multidimensional sparse grid
quadrature, let us consider a sequence of univariate quadra-
ture formulas

Qli

[
ψ(xi)

] =
mli∑

j=1

wli
jiψ

(
xliji

)
, (B.3)

which approximate one-dimensional integrals

∫

Ωi

ψ(xi)ρi(xi)dxi, i = 1, 2, . . . ,d. (B.4)

Here, ψ : Ωi → R is a continuous function of its argument,
li ∈ Z, li ≥ 0 is the accuracy level of the quadrature formula,
mli is the number of abscissas (knots) xliji of the quadrature,

and wli
ji is the corresponding weight. The index li is written

explicitly over abscissas and weights in order to remind that
they may change for different levels. Hli = {xliji : 1 ≤ ji ≤
mli} will be used to denote the set of knots of the one-
dimensional quadrature formula.

In the sparse grid method, the integral (B.2) is approx-
imated via the Smolyak formula [14, 15], defined for an
accuracy level � ∈ Z (� ≥ 0) of the sparse grid as follows:

Q�,d
[
ϕ(x)

]=
∑

�−d+1≤‖l‖1≤�
(−1)�−‖l‖1

(
d − 1
� − ‖l‖1

) d!

i=1

Qli

[
ϕ(x)

]
,

(B.5)
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where ‖l‖1 =
∑d

i=1 li, and the multi-index l = (l1, l2, . . . , ld) ∈
Zd contains the accuracy level of the one-dimensional
quadrature (B.4) for each dimension. The tensor product ⊗
in (B.5) can be calculated as

d!

i=1

Qli

[
ϕ(x)

] =
ml1∑

j1=1

· · ·
mld∑

jd=1

ϕ
(
xl1j1 , . . . , xldjd

) d∏

i=1

wli
ji , (B.6)

where the tensor product of quadrature weights wli
ji is

replaced with the ordinary product, since they are real
numbers. As one can see from the structure of (B.5) and
(B.6), quadrature Q�,d[ϕ(x)] is a linear functional that
depends on ϕ through function values at a finite set of points.
This set of points is called a “sparse grid” and is denoted by
H�,d. A sparse grid is defined as the union

H�,d =
⋃

�−d+1≤‖l‖1≤�

(
Hl1 × · · · ×Hld

)
. (B.7)

For nested one-dimensional sets (Hli ⊂ Hli+1), the corre-
sponding sparse grids are also nested H�,d ⊂ H�+1,d and can
be simplified, yielding

H�,d =
⋃

‖l‖1=�

(
Hl1 × · · · ×Hld

)
. (B.8)

The integral (B.2) can now be approximated by the sum:

Q�,d
[
ϕ(x)

] =
∑

xl
j∈H�,d

wl
jϕ
(

xl
j

)
,

(B.9)

where multidimensional knots xl
j = (xl1j1 , xl2j2 , . . . , xldjd ) can

be constructed based on (B.7) and (B.8). The formulae for
the quadrature weights wl

j in (B.9) can be obtained in an
analytical form only in a few particular cases; in all the other
cases weights can be either precalculated or calculated online
using (B.5) and (B.6).
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OECD/NEA has initiated an international Uncertainty Analysis in Modeling (UAM) benchmark focused on uncertainties in
modeling of Light Water Reactor (LWR). The first step of uncertainty propagation is to perform sensitivity to the input data affected
by the numerical errors and physical models. The objective of the present paper is to study the effect of the numerical discretization
error and the manufacturing tolerances on fuel pin lattice integral parameters (multiplication factor and macroscopic cross-
sections) through sensitivity calculations. The two-dimensional deterministic codes NEWT and HELIOS were selected for this
work. The NEWT code was used for analysis of the TMI-1, PB-2, and Kozloduy-6 test cases; the TMI-1 test case was investigated
using the HELIOS code. The work has been performed within the framework of UAM Exercise I-1 “Cell Physics.”

1. Introduction

OECD/NEA has initiated an international Uncertainty Anal-
ysis in Modeling (UAM) benchmark focused on propagation
of uncertainties in the entire modeling chain of Light Water
Reactor (LWR) in steady-state and transient conditions. The
final objective is to benchmark uncertainty and sensitivity
analysis methods in coupled multiphysics and multiscale
LWR calculations.

The present paper is concerned only with cell and lattice
physics. In reactor analysis, the lattice physics calculations are
used to generate nodal (lattice-averaged) parameters, used
for the full-core simulation. Similarly to other numerical
simulations, the lattice-averaged parameters are affected by
uncertainties. In lattice physics, these uncertainties can be
divided into 3 types:

(i) Multigroup cross sections uncertainties,

(ii) Uncertainties associated with methods and modeling
approximations used in lattice physics codes, and

(iii) Fuel/assembly manufacturing tolerances.

The objective of the present paper is to study the effect
of the last two uncertainty sources, within the framework
of UAM Exercise I-1 “Cell Physics.” This exercise is focused
on derivation of the multigroup microscopic cross-section
libraries. Even if the intention for Exercise I-1 is to propagate
the uncertainties in evaluated Nuclear Data Libraries—
NDL—(microscopic point-wise cross sections) into multi-
group microscopic cross-sections, here the NDL data have
been used directly to perform lattice physics calculations
(fuel pin lattices) in order to evaluate neutronics-related
parameters.

For uncertainty propagation, the first step is to perform
sensitivity to the input data affected by the errors or uncer-
tainties. In this paper, the effect of numerical discretization
errors and manufacturing tolerances on fuel pin lattice inte-
gral parameters (multiplication factor and cross-sections)
has been analyzed through sensitivity calculations.

The two-dimensional deterministic codes NEWT and
HELIOS were selected for this work. The NEWT code was
used for analysis of the TMI-1, PB-2, and Kozloduy-6 test
cases. Then, the TMI-1 test case was investigated using the
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HELIOS code. Finally, a comparison has been made between
the two lattice codes.

2. Codes Description

Two deterministic lattice codes have been used to perform
the uncertainties studies: NEWT and HELIOS.

NEWT (New ESC-based Weighting Transport code) is
a two-dimensional (2D) discrete-ordinates transport code
developed at Oak Ridge National Laboratory [1]. It is based
on the Extended Step Characteristic (ESC) approach for
spatial discretization on an arbitrary mesh structure. This
discretization scheme makes NEWT an extremely powerful
and versatile tool for deterministic calculations in real-world
nonorthogonal domains. The NEWT computer code has
been developed to run within the SCALE package. Thus,
NEWT uses AMPX-formatted cross-sections processed by
other SCALE modules.

HELIOS is a generalized-geometry 2D lattice physics
code developed by Studsvik-Scandpower [2]. HELIOS uses
Current-Coupled Collision Probability (CCCP) method for
its transport solution. The system to be calculated consists
of heterogeneous space elements (e.g., pin-cell) that are
coupled with each other and with the boundaries by interface
currents, while the properties of each space element (i.e.,
its responses to sources and in-currents) are obtained from
Collision Probability method (CP).

3. Model and Reference Simulation Parameters

The two-dimensional fuel pin-cell test problems represen-
tative of BWR PB-2, PWR TMI-1, and Kozloduy-6 VVER-
1000 have been analyzed. The UAM specifications were used
to define these three test problems, the details are shown in
Figures 1, 2 and 3 for BWR, PWR, and VVER-1000 pin-cell,
respectively [3].

In addition to the cell geometry, material compositions,
and material temperatures, each code requires code-specific
numerical parameters. Table 1 shows the numerical parame-
ters used for the reference simulation of the three test cases.

4. Numerical Error and Sensitivity Calculation

The focus of the paper is on the numerical discretization
error and the manufacturing tolerance sensitivities. The
specific description of each type of calculation is described
in the section below.

4.1. Numerical Discretization Error. The numerical dis-
cretization error was quantified for kinf in the NEWT code. It
was quantified for the two major numerical approximations
used by NEWT code.

(1) The spatial discretization of the cell grid: users can
define a computational grid in which the NEWT ESC
solution algorithm is applied. Convergence studies
have been performed on kinf value for the grid
dimension from 2 × 2 (base model) up to 40 × 40
per cell.

Table 1: Reference simulation parameters.

Parameter NEWT HELIOS

Cross-sections library ENDF/B-
VII.0

HELIOS
master library

Number of energy group 238 190

Grid structure 2× 2 2× 2

Number of sides per cylinder 12 —

Number of fuel pin azimuthal regions — 4

Convergence Criteria

Inner iterations 10−4 10−4

Outer iterations 10−6 —

kinf value 10−6 10−6

(2) The approximation of a circle with an equilateral
polygon with a certain number of sides. The default
number is 12. The influence of this approximation on
the kinf value has been evaluated for the number of
sides from 8 to 28.

The study has been carried out for the three test cases in
HZP condition only.

4.2. Manufacturing Tolerance Sensitivities. Sensitivity of
lattice-averaged parameters to manufacturing tolerances has
been studied using data provided by the UAM specifica-
tions for Phase I. For TMI-1 and PB-2 test cases, the
manufacturing uncertainties are shown in Table 2. Normal
distribution was assumed for each parameter Probability
Density Function (PDF).

For VVER-1000 test case, the manufacturing tolerances
are shown in Table 3. Uniform distribution was assumed for
each parameter PDF.

It should be noted that these uncertainties were specified
for the fuel assembly, but in this work they have been
applied for the single pin-cell. The sensitivities have been
performed by changing the listed parameters affected by
manufacturing tolerances. For TMI-1 and PB-2 cases all
the listed parameters have been increased by the quantity
indicated in Table 2. For VVER-1000 case sensitivities have
been performed using both the lower and the upper limits
of the parameters listed in Table 3 (note that some limits
correspond to the reference value). The sensitivities were
calculated for the kinf and the macroscopic 2 group cross-
sections (absorption, fission, and scattering), in HZP and in
HFP conditions.

It should be noted that in this work the term “sensitivity”
has not been used in the usual way but as reactivity
differences (ρ2 − ρ1) due to a parameter variation.

5. Results

5.1. Criticality Results. The reference (base case) results for
the three test models are presented in this section. The lattice



Science and Technology of Nuclear Installations 3

Moderator

Gap

Cladding

p

p-pitch of the unit cell

Fuel pin

eulaVretemaraP

57.81]mm[,hctipllectinU

8511.21]mm[,retemaidtellepleuF

OUlairetamtellepleuF 2

Fuel density, [g/cm3 24.01]

39.2]o/w[,tnemhcirneleuF

Cladding outside diameter, [mm] 14.3002

8939.0]mm[,ssenkcihtgniddalC

2-yolacriZlairetamgniddalC

Cladding density, [g/cm3 55.6]

eHlairetampaG

HlairetamrotaredoM 2O

Parameter/reactor condition  HZP HFP

Fuel temperature, [K] 552.833 900

Cladding temperature, [K] 552.833 600

Moderator (coolant) temperature, [K] 552.833 557

Moderator (coolant) density, [kg/m3] 753.978 460.72

Reactor Power ,[MWt] 3.293 3293

04—)%(noitcarfdioV

Figure 1: Configuration of PB-2 BWR unit cell.
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Figure 2: Configuration of TMI-1 PWR unit cell.
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Figure 3: Configuration of Kozloduy-6 VVER-1000 unit cell.

Table 2: Manufacturing tolerances for TMI-1 test case.

Parameter Reference value
Variation

TMI-1 PB-2

Fuel density 10.283 g/cm3 ±0.17 g/cm3 ±0.91% (= ± 0.095 g/cm3)

Fuel pellet diameter 9.391 mm ±0.013 mm ±0.013 mm

Gap thickness 0.0955 mm ±0.024 mm —

Clad thickness 0.673 mm ±0.025 mm ±0.04 mm
235U concentration 4.85 w/o ±0.00224 w/o —

kinf has been converted into reactivity using the following
expression:

ρ = kinf − 1
kinf

. (1)

The results from HELIOS and NEWT are compared
for TMI-1 pin-cell on Table 4. The kinf value calculated
by HELIOS is lower than the NEWT one, both for HZP
(−550 pcm) and HFP (−840 pcm) conditions. These dis-
crepancies can be due to the different cross-section libraries
used by the two codes and the different energy group
structures (Table 1).

The difference between HZP and HFP values is of about
1200 pcm in NEWT evaluations and 900 pcm in HELIOS
ones. Criticality results for PB-2 and Kozloduy-6 test cases
are provided in Tables 5 and 6.

5.2. Numerical Discretization Error

5.2.1. Spatial Discretization Error. One of the user-defined
values is a computational grid in which the NEWT ESC
solution algorithm is applied. Convergence study has been
performed on kinf value for the grid dimension from 2 × 2
(base model) up to 40 × 40 per cell. The finer discretization
results in lower spatial discretization error, however it
requires larger computational effort. Figure 4 shows the
reactivity deviation (in pcm) from the asymptotic kinf value
(grid 40 × 40) against the grid dimension for the three test
cases.

For all the three test cases increasing the number of
computational points the kinf converges, but the convergence
is faster for the Kozloduy-6 lattice. The kinf convergence
behavior is similar for the TMI-1 and the PB-2 lattice, but
it differs from the Kozloduy one. Coarse grid overestimates
the kinf for BWR and PWR and underestimates the kinf for
the VVER. This is most likely because of the different types
of lattice: PWR and BWR is a square lattice while the VVER
is a hexagonal lattice.
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Table 3: Manufacturing tolerances for Kozloduy-6 test case.

Parameter Reference value Lower limit Upper limit

Inner hole diameter 1.4 mm 1.4 mm 1.7 mm

Fuel density 10.4 g/cm3 10.4 g/cm3 10.7 g/cm3

Fuel pellet diameter 7.56 mm 7.53 mm 7.56 mm

Clad inner diameter 7.72 mm 7.72 mm 7.78 mm

Clad outer diameter 9.1 mm 9.05 mm 9.15 mm
235U concentration 3.3 w/o 3.25 w/o 3.35 w/o

Table 4: TMI-1 fuel pin—NEWT and HELIOS results for reference
model.

HZP HFP

NEWT HELIOS NEWT HELIOS

kinf 1.41481 1.42595 1.39138 1.40788

Reactivity ρ (pcm) 29319 29871 28129 28971

Table 5: PB-2 fuel pin—NEWT results for reference model.

HZP HFP

NEWT NEWT

kinf 1.33869 1.21906

Reactivity ρ (pcm) 25300 17932

Table 6: Kozloduy-6 fuel pin—NEWT results for reference model.

HZP HFP

NEWT NEWT

kinf 1.34311 1.32530

Reactivity ρ (pcm) 25546 24546

It is important to note that the value corresponding to
a 2 × 2 grid is very far from the converged value, especially
for BWR and PWR. In fact, grids lower than 10 × 10 have
numerical error larger than 100 pcm.

For subsequent calculations a 3 × 3 computational grid
has been chosen for BWR and PWR, taking into account
both the accuracy of results and the computational time
(that increases with the grid dimension). The reason for such
coarse grid is that it is typically used for lattice calculations
and recommended by the NEWT manual. 6×6 grid has been
chosen for VVER-1000.

5.2.2. Circle Polygon Approximation Error. Another impor-
tant NEWT user-defined value is the approximation of a
circle with an equilateral polygon with a certain number of
sides. Convergence study has been performed on kinf for the
number of polygon sides from 8 to 28 (the default values are
12). Figure 5 shows the reactivity deviation (in pcm) from
the asymptotic kinf value (28 sides) against the number of
polygon sides for the three test cases.

Nonmonotonic convergence is observed when varying
the number of polygon sides, in particular for TMI-1 and
PB-2 cases, while for Kozloduy-6 trend is much more
monotonic. A possible reason for such behavior is that the
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Figure 5: Number of polygon sides’ influence on kinf (3× 3 grid).

use of the 3 × 3 grid that is too coarse for a square lattice.
Therefore, the same convergence study was performed using
the finest grid (40 × 40), in order to eliminate the possible
grid effect. The corresponding result is shown on Figure 6.
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Table 7: Manufacturing sensitivities for TMI-1 and PB-2 test cases.

Parameter
TMI-1 PB-2

Variation Δρ (pcm) Variation Δρ (pcm)

HZP HFP HZP HFP

Fuel density +0.17 g/cm3 −97 −104 +0.91% −43 −95

Fuel pellet diameter +0.013 mm −19 −20 +0.013 mm −12 −23

Gap thickness

from outside +0.024 mm −84 −91 — — —

from inside +0.024 mm 69 74 — — —

Clad thickness

from outside +0.025 mm −104 −110 +0.04 mm −129 −226

from inside +0.025 mm −16 −15 +0.04 mm −23 −24
235U concentration +0.00224 w/o 4 4 — — —
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Figure 6: Number of polygon sides’ influence on kinf (40×40 grid).

With the 40 × 40 grid all the test cases have the same
asymptotic trend after the first fluctuation. The polygon
approximation error is much lower on a finer mesh (compare
Figures 5 and 6). It is interesting to note that this fluctuation
appears for the default number of polygon sides (12). For the
following calculations the default sides’ number (12) will be
always used.

An important effect is that the spatial discretization error
(Figure 4) is opposite to the polygon approximation error
(Figure 5). This demonstrates that relatively coarse spatial
mesh and coarse polygon approximation can produce good
criticality results due to fortunate cancelation of error.

5.3. Manufacturing Tolerance Sensitivities. Sensitivity of
lattice-averaged parameters to manufacturing tolerances has
been studied for the 3 test cases. For TMI-1 and PB-2 cases
the sensitivities were calculated by increasing the parameters
listed in Table 2. For VVER-1000 case the sensitivities were
calculated using both the lower and the upper limits of
the parameters listed in Table 3. The kinf sensitivities were

Table 8: Manufacturing sensitivities for Kozloduy-6 test case.

Parameter Variation
Δρ (pcm)

Kozloduy-6

HZP HFP

Inner hole diameter

Upper limit (0.17 cm) +0.03 cm 80 87

Fuel density

Upper limit (10.7 g/cm3) +0.3 g/cm3 −151 −163

Fuel pellet diameter

Lower limit (0.753 cm) −0.003 cm 50 54

Clad inner diameter

Upper limit (0.778 cm) +0.006 cm 31 31

Clad outer diameter

Upper limit (0.915 cm) +0.005 cm −135 −144

Lower limit (0.905 cm) −0.005 cm 132 141
235U concentration

Upper limit (3.35%) −0.05 w/o 168 170

Lower limit (3.25%) +0.05 w/o −173 −175

Table 9: Manufacturing sensitivities on macroscopic cross-sections
for TMI-1 fuel pin lattice.

Parameter Variation
ΔΣa ΔΣ f ΔΣs
% % %

Fuel density +0.17 g/cm3 1.16% −1.22% −1.16%

Fuel pellet diameter +0.013 mm 0.22% −0.24% −0.22%

Gap thickness

from outside +0.024 mm −0.08% 0.07% 0.08%

from inside +0.024 mm −0.81% 0.87% 0.81%

Clad thickness

from outside +0.025 mm −0.10% 0.10% 0.10%

from inside +0.025 mm −0.02% 0.02% 0.02%
235U concentration +0.00224 w/o 0.03% −0.03% −0.03%

calculated for the three cases at HZP and HFP conditions.
The macroscopic 2 group cross-sections (absorption, fission,
and scattering) sensitivities were calculated only for TMI-1 at
HZP conditions.
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Table 7 shows kinf sensitivity due to the manufacturing
tolerances for TMI-1 and PB-2 test cases at HZP and
HFP conditions. The same results are shown graphically on
Figures 7 and 8.

It should be noted that errors in gap and clad thickness
can be considered in two ways.

(1) The gap thickness can increase because the fuel pellet
diameter decreases or the clad thickness decreases
(increase of the internal clad diameter);

(2) The clad thickness can increase because the gap thick-
ness decrease (while outer clad diameter remains the
same) or the outer clad diameter increases (while the
inner clad diameter remains the same).

Each of the gap and clad thickness variations have been
analyzed and are included in Table 7 and Figures 7 and 8.

The largest kinf sensitivity (absolute values) for both the
TMI-1 and PB-2 occur for the manufacturing tolerance of
clad thickness (by changing the outer diameter) and fuel
density. For all parameters HFP conditions sensitivities are
larger (in magnitude) than HZP conditions, especially for the
PB-2 test case. The highest kinf sensitivity (absolute value)
due to manufacturing tolerances are 110 pcm for TMI-1 and
226 pcm for PB-2. Further calculations show that Δk values
change linearly with manufacturing tolerances for all the
parameters considered.

Kozloduy-6 kinf sensitivities due to the manufacturing
tolerances are shown on Table 8 and Figure 9. In this case the
largest kinf sensitivity occurs for manufacturing tolerance of
fuel density and 235U concentration. These variations have an
absolute value of about 150–170 pcm.

The same sensitivity calculations have been performed
using a 40 × 40 computational grid. It was observed that
the kinf sensitivities remain the same for all the test cases.
Therefore, the spatial discretization has an effect on kinf (see
Figure 4), but it does not have an effect on kinf sensitivity due
to manufacturing tolerance.

Table 9 contains manufacturing sensitivities on macro-
scopic 1 group cross-sections (Σ) for TMI-1 case in HZP
conditions. The manufacturing tolerances have relatively
small influence on macroscopic cross-sections. The highest
variation is about 1.2% for the manufacturing tolerance of
fuel density.

5.4. Thermal Expansion Effect. The geometric data used
so far for our analysis corresponds to the atmospheric
temperature, even for HFP calculations. At high tempera-
tures, corresponding to the HFP conditions, both the fuel
pellet and the clad undergo thermal expansion. To analyze
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this effect, we calculated the actual fuel pellet diameter
and clad dimensions following the thermal expansion (at
HFP temperatures) [4] and recalculated the manufacturing
tolerance sensitivities with these new geometric data at
HFP conditions. This is to determine if the manufacturing
tolerance sensitivities calculated with “cold” dimensions are
consistent with the HFP dimensions.

The “hot” pin dimensions have been calculated using a
thermal expansion coefficient for the fuel of 17.5 × 10−6/K
and a thermal expansion coefficient for the clad of 6.1 ×
10−6/K. In order to maintain consistent geometry, we verified
that the fuel pellet diameter at HFP temperature plus its
manufacturing tolerance remains smaller than the internal
clad diameter.

After the calculation of “hot” pin dimension, the man-
ufacturing tolerances sensitivities have been recalculated, at
HFP conditions, as before (cf. Section 4.2).

The new results have been compared with the original
sensitivities obtained with “cold” dimensions and they are
shown in Table 10.

The reactivity sensitivities are the same as those calcu-
lated with the “cold” geometry.

5.5. Comparison between NEWT and HELIOS Results for
TMI-1. The TMI-1 sensitivities have been recalculated with
lattice code HELIOS and compared with the NEWT results.
The results are summarized in Table 11 and shown graph-
ically on Figure 10. Both codes predictions are consistent
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Table 10: Manufacturing sensitivities for TMI-1 at HFP conditions
considering thermal expansion.

Parameter Variation
Δρ (pcm)

HFP HFP with thermal
expansion

Fuel density +0.17 g/cm3 −104 −105

Fuel pellet diameter +0.013 mm −20 −20

Gap thickness

from outside +0.024 mm −91 −92

from inside +0.024 mm 74 74

Clad thickness

from outside +0.025 mm −110 −111

from inside +0.025 mm −15 −15
235U concentration +0.00224 w/o 4 4

Table 11: Comparison between HELIOS and NEWT sensitivities
for TMI-1.

Parameter Variation
Δρ (pcm)

NEWT HELIOS

HZP HFP HZP HFP

Fuel density +0.17 g/cm3 −97 −104 −95 −101

Fuel pellet diameter +0.013 mm −19 −20 −21 −23

Gap thickness

from outside +0.024 mm −84 −91 −68 −73

from inside +0.024 mm 69 74 78 84

Clad thickness

from outside +0.025 mm −104 −110 −100 −106

from inside +0.025 mm −16 −15 −29 −30
235U concentration +0.00224 w/o 4 4 3 4

with each other. The highest discrepancy between the two is
only 18 pcm. Therefore, even though the absolute value of
reactivity differs by 100 s pcm (see Table 4), the sensitivities
are practically the same.

6. Conclusions

This work has been carried out in the framework of UAM
Exercise I-1 “Cell Physics.” Three test cases (TMI-1, PB-2,
and Kozloduy-6) have been analyzed with the deterministic
code NEWT. In addition, the TMI-1 fuel pin has also been
modeled with the HELIOS code in order to compare the
results of the two codes.

The infinite multiplication factor has been calculated for
each of the lattice configuration. A significant discrepancy
was found in the multiplication factor between NEWT and
HELIOS for the TMI-1 case. The difference was about
600 pcm at HZP conditions and about 900 pcm at HFP
conditions.

Sensitivity calculations have been performed in order
to study the influence of numerical approximations and
manufacturing tolerances on kinf . The spatial discretization
error was quantified for kinf in the NEWT code and the

manufacturing sensitivities have been performed using data
from UAM specifications for Phase I.

The following important conclusions related to the
NEWT numerical approximation can be highlighted.

(i) The spatial discretization error for kinf shows an
asymptotic convergence. The difference between the
coarsest and the finest grid is about 300–400 pcm for
TMI-1 and PB-2 test cases, and about 100 pcm for
Kozloduy-6 test case.

(ii) The spatial discretization error is very large with the
default discretization (2× 2 or 3× 3 grid), it is larger
than any of the manufacturing sensitivities.

(iii) The equilateral polygon approximation of a circle
has relatively small influence on kinf . Calculations
performed with a coarse grid (3 × 3) show a
fluctuating trend that becomes asymptotic on a finer
grid (40× 40).

(iv) The spatial discretization error and circle polygon
approximation error are in opposite direction, caus-
ing a fortunate cancelation of error.

The following important conclusions related to the
manufacturing sensitivities can be highlighted.

(i) Sensitivities change linearly with manufacturing tol-
erances for all the parameters considered.

(ii) HFP sensitivities are larger than HZP ones, especially
for PB-2 case.

(iii) The manufacturing tolerance that has the largest
influence on the kinf is the outer clad diameter for
TMI-1 and PB-2 test case and 235U enrichment for
Kozloduy-6 test case. The second most important
parameter for all test cases is the fuel density.

(iv) The influence of manufacturing tolerances on two
group macroscopic cross-sections has been analyzed
and maximum variation is about 1.2%.

(v) Manufacturing tolerances sensitivities with “cold”
and “hot” dimensions are the same.

(vi) The spatial discretization has a significant effect
on kinf , but it does not have appreciable effect on
manufacturing tolerance sensitivities.

(vii) kinf value is significantly different for HELIOS and
NEWT, but the manufacturing tolerance sensitivities
are almost the same.

The propagation of manufacturing tolerances for reac-
tivity and few group nodal homogenized data at the fuel
assembly level will be performed in the future.
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1 Institute for the Industrial, Radiophysical and Environmental Safety (ISIRYM), Universitat Politècnica de València,
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In nuclear safety analysis, it is very important to be able to simulate the different transients that can occur in a nuclear power plant
with a very high accuracy. Although the best estimate codes can simulate the transients and provide realistic system responses, the
use of nonexact models, together with assumptions and estimations, is a source of uncertainties which must be properly evaluated.
This paper describes a Rod Ejection Accident (REA) simulated using the coupled code RELAP5/PARCSv2.7 with a perturbation
on the cross-sectional sets in order to determine the uncertainties in the macroscopic neutronic information. The procedure to
perform the uncertainty and sensitivity (U&S) analysis is a sampling-based method which is easy to implement and allows different
procedures for the sensitivity analyses despite its high computational time. DAKOTA-Jaguar software package is the selected toolkit
for the U&S analysis presented in this paper. The size of the sampling is determined by applying the Wilks’ formula for double
tolerance limits with a 95% of uncertainty and with 95% of statistical confidence for the output variables. Each sample has a
corresponding set of perturbations that will modify the cross-sectional sets used by PARCS. Finally, the intervals of tolerance of
the output variables will be obtained by the use of nonparametric statistical methods.

1. Introduction

Being able to simulate accurately the different transients
that can occur in a nuclear power plant is one of the
main aims in nuclear safety analysis. Transient simulations
involve both neutronic and thermalhydraulic calculations
which are solved by different computer codes using best
estimate models. Even though this approach provides more
realistic responses than conservative codes, because of the
reduction of the conservatism, the uncertainty in the code
predictions of relevant safety system variable resulting from
assumptions and code model estimates must be carefully
evaluated. Uncertainties may stem from various sources,
for example, lack of knowledge, approximate character of

physical models, uncertainty in model data, and so forth, and
will be statistically propagated to code output parameters
which have a probability density function and a range limit.

In order to obtain the uncertainties in the macroscopic
neutronic information using a best estimate neutronics-
thermalhydraulic coupled code, a Rod Ejection Accident
(REA) has been simulatedm and the results are presented
in this paper. The REA accident belongs to the reactivity-
induced accidents (RIA) category and is part of the licens-
ing basis accident analyses required for pressurized water
reactors (PWR). The REA consists of a rod ejection due
to the failure of its operating mechanism with the power
evolution driven by a continuous reactivity insertion. The
main factor limiting the consequences of the accident is



2 Science and Technology of Nuclear Installations

the Doppler reactivity effect. The physical description of
the reactor response is based on the coupled neutronic-
thermalhydraulic code RELAP5/PARCSv2.7. Since a coupled
code is used for the best estimate analysis, uncertainties
from both aspects should be included and jointly propagated.
CASMO4-SIMULATE3 provides the cross-section sets which
are processed using the SIMTAB methodology developed at
the Polytechnic University of Valencia (UPV) together with
Iberdrola [1].

With the objective of providing a realistic environment
for the development of the dynamic behaviour, monitoring
and adjustment procedures, dynamic models for monitoring
and control the output system have been developed.

2. Statistical Methodology

2.1. Introduction. It is possible to quantify the uncertainty
by means of statistical measures. For instance, even when
the exact values for a given code input are unknown, a
range of possible values that it can take may be available. It
is then possible to quantify uncertainty by considering the
range, and a probability density function (PDF) that assigns
a probability to the values inside the range. Sometimes,
however, a third factor has to be considered [2], namely, the
model uncertainty, that is, the difference between the real
system and the result predicted by a set of approximations
depending on the used model.

In this work, both the tolerance limits and the PDF
distributions were an assumption. The real values of the
tolerance limits for each kinetic parameter and its PDF distri-
bution type will be known only after a validated uncertainty
propagation methodology is applied to the whole process.
This process, consisting in neutron kinetic parameters gen-
eration for coupled 3D neutronic-thermalhydraulic, could
be divided into three steps: (1) cell physics (derivation of
the multigroup microscopic cross-section libraries and asso-
ciated uncertainties), (2) lattice physics (derivation of the
few-group macroscopic cross-section libraries and associated
uncertainties), and (3) core physics (core steady-state and
transient behavior with the associated uncertainties). Hence,
this work is a general approach to the third step (core physics)
on the assumption that the uncertainties corresponding to
the first two steps are previously obtained.

Moreover, it is known that the fractions of delayed
neutrons precursors (and their decay constants) play an
important role in output variable variance. This influence
depends on how far from prompt critical the insertion of
reactivity is. Thus for small insertions of reactivity, delayed
neutrons play an important role in the time evolution of the
neutron flux, and so the uncertainty in βi and λi will have a
greater effect in the kinetic output variables. As the weight of
the delayed neutrons decreases with the proximity to prompt
criticality, the influence of βi and λi also diminish as does the
effect of their uncertainty.

In any case, the reason why the uncertainties in βi and
λi have not been included in this current study is the lack
of available information. It is not expected, however, that
maintaining these parameters unchanged will influence the

conclusions about the uncertainty and sensitivity results
taking into consideration the uncertainties in the most
important neutronic data considered in this work. The effects
of the uncertainties on the kinetic parameters related to the
precursors of delayed neutrons, however, will be taken into
account in future studies.

The computer code plays the role as the used model and
its associated uncertainty is calculated using the presented
methodology. Figure 1 provides an easy explanation of the
followed procedure (step 3).

The computer code is a deterministic function that
transforms stochastic uncertain in its inputs and models, X1

to Xn, into stochastic uncertainty associated to its outputs Y .
The coupled code is represented by the function f , which

calculated the output variables Y , as a function of input
variables, Xi, whose uncertainties can be determined. With
sensitivity analysis, the importance of each Xi regarding its
influence on the uncertainty ofY can be calculated and hence
a numerical value to that influence can be assigned.

To get a proper understanding on what is actually
happening in the model, it is also important to perform
a sensitivity analysis. This type of analysis reflects the
variance of one response random variable when an input
related random variable is perturbed. In this work, the
sensitivity analysis performed is based on statistical measures
of correlation between the input variables selected as sources
of uncertainty and those output variables of interest. Two
kinds of correlations can be used, those based on regression
analysis, for example, Pearson Product Moment, and those
based on nonparametric Rank correlation, for example,
Spearman regression coefficients. Pearson correlation is most
suitable for linear dependencies, whereas Spearman correla-
tion can better quantify nonlinear and linear dependencies.
For this work, Spearman correlation has been selected to
carry out the sensitivity analysis. Additionally, full and
partial correlations have been computed and analysed. Full
correlations include the effects of all the input variables
simultaneously, and partial correlations can eliminate the
effects of the other variables for a given one. A threshold
value of ±0.2 is usually accepted as a threshold value below
which an input variable is considered to have no significant
influence on an output variable. In the paper, we have
selected a value of ±0.16 for this purpose.

It is important to point out that statistical sensitivity
measures only quantify statistical relationships and do not
offer quantitative values about the magnitude of the rela-
tionship which could be used to further compute linear
uncertainties in the output variables of interest. For this,
analytical or numerically obtained first-order derivatives
must be computed, ∂ Output/∂ Input, which is not always
possible, especially for systems with nonlinear behaviour,
for which second order and cross derivatives should be also
included.

2.2. Methodology Description. This paper discusses a work
based on previous studies [3]. The procedure followed
to perform the uncertainty and sensitivity analysis is a
sampling-based method. This method has been chosen
because it is easy to implement, allows different procedures
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X1

X2

· · ·

XN

f Y = f (X1,X2, · · · ,XN )

Figure 1: Model with input and output variables, extracted from
[2].

for the sensitivity analyses [4], and is suitable for all
computer codes. One of its main advantages is that the
user does not need to know beforehand the importance
of each input variable since the order of importance is
provided by the sensitivity analysis afterwards. However,
the main drawback of the sampling-based methods is the
high computational cost. Another important feature of the
methodology is that the accuracy of the obtained results
is not dependent on the number of input parameters but
among other factors, as the sample size or even the sampling
procedure randomness. The latter condition ensures the
randomness in the output variables.

The first step in the methodology is the characterization
of the input variables uncertainty. As a starting point, the
user must decide which input variables could be more
relevant or sensitive for the output variables. As stated earlier,
two factors are used in order to define the uncertainties
related to the input variables: the intervals of possible
values and the PDF associated. The uncertainty analysis with
nonparametric methods can lead to range limits for Y in the
form (lower limit, upper limit). These limits contain the real
value of Y with a certain probability, p, and a prescribed level
of confidence, γ. The lower and upper selected bounds for all
input variables are (−0.003, +0.003).

Regarding the selection of the distribution, if there is
no information or knowledge in order to provide a PDF
for a certain Xi, the uniform distribution is recommended
since it assigns equal probability to each value within
the sample space. However, depending on the phenomena
modelled, the selection of the normal or even the log-normal
distribution could be a better choice. In this paper, the
chosen PDF distributions are uniform and normal which
presents three different standard deviations, 0.1%, 0.5%, and
1%, respectively, both with mean value equals to 0. Once the
distribution type is chosen, the sample has to be generated.

Computer codes, in general, do not accept intervals as
Xi, but rather a unique numerical value for each Xi. Thus the
methodology must provide a value for each Xi within each
interval. There are several statistical techniques which could
provide the desired values but two methods were selected
in this work: Random and Latin Hypercube Lattice Sample
(LHS), which is described in Section 2.4.

The second step involves performing the simulations a
certain N number of times. This action is equivalent to
obtain Y as a function of different sampledX (each time with
a different sampled X). An appropriate sample size value, N ,
is another important part of the methodology. This value
depends on the desired uncertainty accuracy and is related
with Wilks’ formula which gives the minimum number of
simulations and, hence, the number of input samples.

The Wilks’ approach, also known as GRS’s (Gesellschaft
für Anlagen- und Reaktorsicherheit) method in nuclear
safety field, is based on a pure statistical method [5]. The
sample size, obtained by applying the Wilks’ formula for
double tolerance limits with a 95% of uncertainty and with
95% of statistical confidence for the output variables, is equal
to 93 [6]. However, it has been recently published that the
recommended minimum number of required code runs for
the condition of 95/95 for 1st order two-sided approach are
146 [7], which is the code runs performed in this present
work.

Each of the N simulations uses a different sampled X
and leads to one different Y . In other words, N sets of
X lead to N different output variables, Y . Furthermore,
Y will be randomly provided due to the fact that X was
randomly chosen. The PDFs of Y are sufficient to calculate
the uncertainty in Y . However, the PDFs are not always easy
to evaluate, thus, the only remaining alternative is to obtain
as much information as possible about the PDFs properties
together with the main parameters. One of the most used
parameter is the quantile which comes from empirical PDFs
and estimators.

The uncertainty of Y , for a certain uncertainty in X ,
can be easily calculated if Y is randomly sampled with
a normal PDF. Provided those hypotheses, the tolerance
intervals can be calculated with only two parameters: sample
mean, my , and sample standard deviation, sy . As stated
earlier, the hypothesis of normal PDF for Y is not always
easy to guarantee; however, there are some statistical tests
that can be used to quantify how well the hypothesis of
normality fits the sampled data. An important statistic test is
the Rank correlation test for detecting linear relationship as
well as nonlinear behaviour between X and Y . Examples of
linear measures are the simple correlation coefficient (SCC),
or Pearson’s moment product, and the partial correlation
coefficient (PCC). The most important advantage of the PCC
is that it eliminates the linear influence of the remaining
Xj, j /= i on Y , leaving only the Xi whose sensitivity is being
calculated. Both Rank correlations, simple and partial, will
be described in Section 2.3.

2.3. Simple or Partial Rank Correlation. In order to deal with
models which are not clearly linear, simple (SRCC) or partial
rank correlation (PRC) coefficients can be used. To calculate
these two correlations, the sample values of Xi and Y , whose
relationship has to be determined, are separately “ranked”;
that is, two separate and ordered lists (in decreasing or
increasing order) are created, followed by the assignment of
a rank or an integer number to each value.

If the two “unranked” original series of values are related
monotonously, then the ordered series are linearly related.
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This is true even if the relationship between the unordered
series is not linear. Thus the absolute values of SRCC and
PRCC will quantify the degree of relationship between the
given Xi and Yi of interest. The closer the values of these
coefficients are to one, the more influence that Xi will
have on Y . In sensitivity analysis, the most used test is the
Spearman’s coefficient. The critical values for the Spearman
rank correlation coefficient are calculated by equation rs =
±z/
√

n− 1, where n is the number of runs and z represents
the point on the standard normal PDF. This point represents
the probability, p, of observing a value greater than z,
which is known as the upper critical value (quantile). For a
confidence interval of 95%, z = 1.96.

2.4. Latin Hypercube Lattice Sample. For more than twenty
years, the Latin Hypercube Lattice Sampling program has
been successfully used to generate multivariate samples
of statistical distributions. Its ability to use either Latin
hypercube sampling or pure Monte Carlo sampling with
both random and restricted pairing methods has made it an
important part of uncertainty analyses in areas ranging from
Probabilistic Risk Assessment (PRA) to complex simulation
modelling.

Latin Hypercube Lattice Sampling (LHS) is a stratified
random procedure that provides an efficient way of sampling
variables from their distributions [4, 8, 9]. LHS is very
popular for use with computationally demanding models
because its efficient stratification properties allow for the
extraction of a large amount of uncertainty and sensitivity
information with a relatively small sample size. In fact, the
main advantage of LHS respect Simple Random is that LHS
gets a better dispersion sample points over the input domain
space [10].

The LHS process consists of three steps: (1) the range
of each input variable, Xi, is divided into n intervals with
equal probability according to the associated PDF, (2) a
random point is generated in each interval and for each input
variable, and (3) one sample is generated with a random
combination, without replacement, of the points randomly
generated in step 2 (one point from each Xi). Step 3 is
repeated for the N required samples. Since one point is
randomly generated in each interval, the domain input space
is efficiently covered.

3. DAKOTA Methodology

It is well known that some design parameters have a high
influence on the response whereas the influence of other
parameters can be neglected. In order to optimize the design
process, sensitivity analysis techniques and parameter study
methods are performed. Both techniques and methods are
used for identifying which parameters could be needed and
which could be taken as constant parameters. In addition,
in a postoptimization role, sensitivity information is useful
in determining whether or not the response functions are
robust with respect to small changes in the optimum design
point [11].

Table 1: Input file information summary.

Sample size 146

Input model variables 7

Lower bound −0.003

Upper bound +0.003

Sampling method Random/LHS

Variables distribution Uniform/normal

DAKOTA software, which stands for Design Analysis Kit
for Optimization and Terascale Applications, is the selected
toolkit for the present sensitivity analysis study. DAKOTA
provides a flexible interface between analysis codes and
iterative systems analysis methods [11]. Besides, DAKOTA
is a very powerful tool that allows performing uncertainty
quantification with sampling and sensitivity/variance anal-
ysis as well as a variety of more applications. The features
implemented in DAKOTA lead to improved designs and
system performance in earlier stages which may reduce
development time and cost.

JAGUAR, which stands for JAva GUi for Applied
Research, is a graphical wizard program which parses a
DAKOTA input specification and serves as a graphical
user interface (GUI) providing both graphical and text
representations of the problem setup for DAKOTA studies
afterwards [12]. Basically, JAGUAR is a friendly user interface
that helps the user to introduce the data and calls DAKOTA
for calculations.

For this specific uncertainty and sensitivity analysis, the
studied input variables are the following seven neutronic
parameters: diffusion coefficient which determines the leak-
age for thermal and fast group (Diff1 and Diff2), scattering
cross-section (SigR) which determines the moderation,
absorption cross-section for both groups (Siga1 and Siga2),
and neutrons per fission multiplied by fission cross section
which determines the rate of fission power release for both
groups as well (NuSigF1 and NuSigF2). The sample size
and the selected sample methods and distributions were
discussed previously. The described input file information is
summarized in Table 1.

After settingup the input model file, the perturbation
matrix file is generated. Both processes are part of the so-
called prerun process in Jaguar. The size of the generated
matrix is equal to the sample size multiply by the number
of input model variables (i.e., 146 × 7) and each matrix
element represents a perturbation parameter. The matrix file
is used for modifying the cross-section sets by multiplying
the 7 input model variables by the obtained perturbations.
Each sample has a corresponding set of perturbations so it
means that the number of simulations must be equal to the
sample size. Even though, the REA analysis is performed by
the coupled system RELAP5-PARCS, the cross-sectional sets
with the uncertainty perturbations are only used by PARCS.

Once the 146 simulations, with the corresponding per-
turbations, are performed, nonparametric statistical meth-
ods are applied for studying the influence of the uncertainty
on the macroscopic neutronic information (postrun process).
Moreover, the selected output model variables for the
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Table 2: Values of βeff and ejected control rod reactivity worth.

Case βeff Control rod reactivity worth (pcm/$) Coords./bank

ARI 0.0052775 1057.8/2.0043581 14–10/5

Table 3: Sequence of the events during the simulated transient.

Time Event

0 s Start of simulation

2.0 s
The control rod with maximum reactivity worth begins
to withdraw

2.1 s
The control rod with maximum reactivity worth is fully
extracted

500 s End of simulation

Dakota output

User with Jaguar

RELAP/PARCS

Dakota (post)

End

Dakota input file

Simulation output

Dakota (prerun)

Run 146 simulations 

Postrun files generation

Postrun input files

Prerun input files

Figure 2: DAKOTA-Jaguar followed methodology.

uncertainty and sensitivity analysis are reactor power, total
reactivity, and enthalpy. During the postrun process, the
prerun input files generated by Jaguar and the perturbation
matrix file are used. However, the matrix has to be modified
by adding an extra column which includes the required
information for the performed sensitivity analysis. Figure 2
summarizes the followed procedure using DAKOTA-Jaguar
computer package.

The modification of the matrix is one of the main parts
of the sensitivity analysis and it can be performed following
two different approaches. The first one is based on maximum
values so the extra column contains the maximum value
for each output variable (power, enthalpy, or reactivity) for
a given case. The second approach is based on the time
step values and it has been repeated three times, one for
each output variable. The extra column contains the desired
output variable value for each time step for a given case.
Furthermore, for this second approach, some interpolations
may be required since not all the simulations have the same
time steps.

This paper describes the two approaches and the sensitiv-
ity analysis performed based on them. Henceforth, the first
approach will be named as scalar sensitivity analysis and the
second approach as index-dependent sensitivity analysis.

400

500

55

Figure 3: SNAP representation of the RELAP5 model.

4. Model Description

The reactor core contains 157 fuel elements. Each fuel
element has 264 fuel rods, 24 guide tubes, and 1 tube for
the instrumentation. Therefore, the core has been modelled
with 157 thermalhydraulic flow channels, with a one-to-
one correspondence with the fuel elements. The initial Hot
zero power (HZP) steady-state conditions are: temperature
equals to 565.58 K, initial density of 740.74 kg/m3, and a total
inlet mass flow rate through the core of 13301 kg/s which is
distributed among all the channels depending on the cross-
sectional area. The transient is started by the ejection of a
control rod with the maximum reactivity worth.

RELAP5 is the selected system code for modelling the
157 thermalhydraulic channels, which are connected with
branches (BRANCH), and the by-pass which is modelled
as an independent channel (see Figure 3). The inlet and
the outlet boundary conditions are modelled as a time-
dependent volume (TMDPVOL) and a time-dependent
junction (TMDPJUN) respectively, as shown in Figure 3.

Radially, the core is divided into 21.504 cm × 21.504 cm
cells (with a one-to-one correspondence between the cells
and the fuel assemblies) plus a radial reflector. In total, there
are 157 fuel assemblies plus 64 reflector assemblies. Axially,
the core is divided into 26 layers (24 fuel layers plus top and
bottom reflector) with a height of 15.24 cm each. The total
active core height is 365.76 cm.

The neutronic nodal discretization consists of 157 ×
24 active nodes. In addition, 13 different types of fuel
elements (including one to represent the reflector), with
291 different neutronic compositions, are considered. The
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Figure 4: Control rod banks configuration.

neutronic model uses two prompt and six delayed neutron
groups. Moreover, zero-flux at the outer reflector surface is
considered as boundary conditions for the neutron diffusion
equation and the decay heat model is activated.

The control rods are grouped in 6 banks which ini-
tially all are fully inserted. In a REA simulation, one of
the main parameters that needs to be determined is the
control rod with the maximum reactivity worth. Table 2
shows the coordinates and bank which correspond to the
maximum reactivity worth control rod. Those results have
been obtained using SIMULATE3.

As seen in Table 2, the control rod with the maximum
reactivity worth corresponds to bank 5 at the location 14–10.
It means that this is the selected rod for being ejected during
the transient. Figure 4 represents the control rod banks and
the ejected rod, the selected bank is renamed as bank 7.

The transient is started by the ejection of the rod 14–10
which is fully extracted in 0.1 s. The transient is simulated
following the sequence of the events showed in Table 3.

5. Results

Recalling what was discussed previously, the sample size
which guarantees double tolerance limits with a 95% of
uncertainty and with 95% of statistical confidence for the
output variables is equal to 146. The uncertainty and sen-
sitivity analysis is performed assuming uniform distribution,
on one hand, and normal distribution with three different
deviations (0.1%, 0.5%, and 1%) on the other hand. Both
cases have been simulated using Random and LHS sampling
methods.

5.1. Scalar Sensitivity Analysis. Figures 5 and 6 represent the
Partial rank correlation coefficients for the analysed case.
From the point of view of the sensitivity analysis, the scalar
sensitivity for the maximum power, enthalpy, and reactivity
shows that the fast diffusion coefficient (1), the scattering
cross-section (3), and both neutrons per fission multiplied
by fission cross-section (6 and 7) have the highest influence
on the uncertainties for all output variables. Moreover, the
influence of absorption cross-sections and thermal diffusion
coefficient could be neglected. Those extracted conclusions
can be extended to all the cases performed.

Enthalpy Power Reactivity

LHS normal 0.1%

Diff1
Diff2
SigR1
Siga1

Siga2
NuSigF1
NuSigF2

1

0.8

0.6

0.4

0.2
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−0.2

−0.4

−0.6

−0.8
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Figure 5: Partial rank correlation coefficient for maximum power,
maximum enthalpy, and maximum reactivity for LHS normal 0.1%
case (1: Diff1, 2: Diff2, 3: SigR1, 4: Siga1, 5: Siga2, 6: NuSigF1, 7:
NuSigF2).

For simplicity, it has been only presented the comparison
between the sampling methods for the normal PDF. In case
of uniform PDF, the results are similar to normal PDF but
with partial rank correlation slightly increased, that is, all
output parameters are more sensitive with respect to input
variables uncertainty. In next figures, it is seen that the fast
absorption cross-section (Siga1) is positive for LHS method
(Figure 5) and negative for the random method (Figure 6).
Considering the sample size used (146) and the proximity of
the mentioned cross-section, the sign change could be due to
statistical fluctuations.

Figure 7 shows the scalar sensitivity analysis for the
scattering cross-section (SigR1). It is shown that the use
of the Uniform PDF to quantify the uncertainty of the
input variables increases the sensitivity of a given output
variable with respect to a specific input variable. The partial
correlation coefficient statistically quantifies the influence of
one variable, removing the effect of the rest, and, in this
case, Figure 7 shows that assigning equal probability to the
range of uncertainty of the variable (uniform distribution)
increases the correlation coefficient, since the sampling
results in a wider variation across the range compare to a
normal PDF. Thus, Figure 7 shows that when normal PDF
with LHS is used, the influence of the scattering cross-section
is almost constant despite of the dispersion on the normal
PDF, since the sampling variation tends to be concentrated
around the mean of the normal distribution. Conversely, for
Random sampling method, it is shown an increasing trend
with the increase of the perturbation deviation. The same
trends can be seen on other cross-sectional parameters.

5.2. Index-Dependent Sensitivity Analysis. The index-
dependent sensitivity analysis for normal PDF and the two
sampling methods are presented in this subsection. For the
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Figure 6: Partial rank correlation coefficient for maximum power,
maximum enthalpy, and maximum reactivity for random normal
0.1% case (1: Diff1, 2: Diff2, 3: SigR1, 4: Siga1, 5: Siga2, 6: NuSigF1,
7: NuSigF2).
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Figure 7: Scalar sensitivity of the scattering cross-section for all
simulated cases.

particular case in which the number of runs is equal to 146,
critical values for Spearman’s coefficient are rs = ±0.16;
whether the correlation exceeds these values, then the
parameter is influential.

First the results of Partial rank correlation coefficient
(PRCC) for the output variable Power are presented. As
shown in Figures 8 and 9, the most sensitive parameter is the
fast diffusion coefficient (Diff1) with mostly a strong positive
influence on the power. This is followed by the fast fission
(NuSigF1), the scattering (SigR1), and the thermal fission
(NuSigF2) cross-section, all of them with a similar absolute
influence. The difference lies on the positive influence of
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Figure 8: Partial rank correlation coefficient for LHS normal 0.1%,
output variable : Power.
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Figure 9: Partial rank correlation coefficient random normal 0.1%,
output variable : power.

NuSigF1 on the power and negative influence of the other
two cross-sections.

As seen, there are changes in the sensitivities of these four
neutronic parameters once the insertion of positive reactivity
has occurred. Also, the sensitivities change slightly to reach
stability when the rods have already been extracted leading
to their final value, corresponding to the sensitivity of those
values for the reached steady state. All these results and
conclusions can be extended to the random sampling normal
distribution with 0.1% deviation case as seen in Figure 9.
The results for the uniform distribution are similar for those
obtained for the normal PDF with 0.1% deviation.

Figure 10 shows the results for normal distribution with
0.5% deviation and LHS sample method. The most sensitive
parameters remain unchanged. Furthermore, the values are
smoother than in the 0.1% standard deviation case. The
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Figure 10: Partial Rank Correlation Coefficient LHS Normal 0.5%,
output variable : Power.

0

0.2

0.4

0.6

0.8

1

2 2.42.2 2.6 2.8 3 3.2 3.4 3.6 3.8 4

Pa
rt

ia
l r

an
k 

co
rr

el
at

io
n

LHS normal 0.1%

Diff1
Diff2
SigR1
Siga1

Siga2
NuSigF1
NuSigF2

−0.2

−0.4

−0.6

−0.8

−1

t (s)

Figure 11: Partial rank correlation coefficient LHS normal 0.1%,
output variable : enthalpy.

results for the 1% deviation cases are not shown in this paper
because of their similarity to the 0.5% deviation results.

In Figure 11, results of PRC coefficient for the output
variable enthalpy are presented. Since these results have few
abrupt changes, and for the sake of simplicity, a zoom in
time axis has been performed. The extracted conclusions are
similar to those obtained for the power. The most sensitive
parameters are as shown for the power case. Increasing
the deviation, the results are smoother. Using uniform
distribution, the input parameters become more sensitive.

In Figure 12, results of PRC coefficient for the output
variable reactivity are presented. Again, the same conclusions
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Figure 12: Partial rank correlation coefficient LHS normal 0.5%,
output variable : reactivity.
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can be withdrawn, and the most sensitive parameters have
the same sign as in the power case.

A final comment is needed with respect to the PRC
coefficient variations. All output variables show an abrupt
variation in PRC values at time 2 and around 25 seconds.
As expected, the variation at time 2 s is due to the rod
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Figure 15: Enthalpy upper tolerance limit (UTL) for LHS sampling
method.

ejection, this variation expands its effect until time 6 s, and
then a plateau is reached. The variation at time 25 s could
be explained as follows: the PRC is a relative magnitude,
so when all input variables are almost constant, a small
variation in a thermalhydraulic or neutronic variable could
produce an important relative change in the PRC.

The effect of the rod ejection and the reactivity vari-
ation are explained in Figure 13. This figure depicts the
total reactivity and its decomposed contributions (Doppler,
moderator density and control rod reactivities). As expected,
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Figure 16: Reactivity upper tolerance limit (UTL) for LHS
sampling method.

the rod ejection at time 2 seconds implies a fast positive
reactivity insertion which is immediately compensated by
the Doppler effect (broadening of absorption cross-sections)
and a decrease in the moderator (liquid and gas) density.
Following the rod ejection, the moderator density reactivity
contributes the most to the total reactivity (as negative
reactivity).

Figure 13 also shows the PRC coefficient related to the
reactivity and the reactivities themselves. It can be seen that
fast diffusion coefficient gains influence just after the rod
ejection (2 s) and before the insertion of positive reactivity
(2.1 s). This phenomenon is due to the loss of the neutron
isotropic distribution inside the reactor. Fast diffusion factor
maintains its importance (in absolute value). The reason
for the change of the fast diffusion sign is the alteration
in neutron production due to moderator density and fuel
temperature variation (power increase and Doppler effect).

When Doppler reactivity becomes important (2.15 s),
absorption parameters increase their influences and fission
parameters have opposite tendency. This effect could be
explained as follows: the power increases as a consequence
of the rod ejection, then the fuel and moderator temperature
rise. This is followed by a reduction in moderator density,
hence, moderation, and the multiplication factor decrease.

5.3. Uncertainty Analysis. From the point of view of the
uncertainty analysis, the results demonstrate that deviations
about 0.1% have the smallest influence on the output
variables of interest as expected. Figure 14 shows that both
LHS and random samplings with normal distribution of
0.1% standard deviation reach a similar peak power at the
approximate same time. As a result of the increasing of the
uncertainty, there is a slight rise in the maximum output
value. However, there is a spread in the time at which the



10 Science and Technology of Nuclear Installations

peak power (and enthalpy and reactivity, see Figures 15 and
16) occurs. Moreover, the intervals of tolerance are greater in
normal than in Uniform distributions, so the use of normal
PDF provides more conservative results than uniform PDF.

Finally, similar conclusions can be extracted for the
uncertainty in power, enthalpy, and reactivity for Random
sampling method.

6. Concluding Remarks

This paper has described a Rod Ejection Accident (REA)
simulated using the coupled code RELAP5/PARCSv2.7 with a
perturbation on the cross-sectional sets in order to determine
the response of the computational system to uncertainties in
the macroscopic neutronic information.

For all cases, the most influential uncertainties obtained
by the scalar sensitivity analysis were the fast diffusion
coefficient (1) with a positive influence on power, the
scattering cross section (3) and both fission cross-sections
(6 and 7) with mixed positive/negative influence. The
absorption cross-sections together with the thermal diffusion
coefficient could be neglected regarding the influence for
the selected output variables. Therefore, the performed
sensitivity analyses have shown that the influence of the
uncertainties is not dependent on the selected sampling
method.

The index-dependent sensitivity analysis showed the
same influence for the different neutronic parameters.
Moreover, there were sign changes in the most important
neutronic parameters which are produced once the insertion
of negative reactivity has been occurred. However, in all
cases the tendency is to reach a steady-state condition for
“long” time simulations. Regarding the sampling methods
used, there were no significant differences. Furthermore,
deviations greater than 0.1% showed smoother behavior;
however, perturbations with standard deviations greater than
1% could lead to a run failure due to the high heat flux
generation and consequently properties can be overpassed in
steam tables.
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The topic of this paper is the development of sensitivity and uncertainty analysis capability to the reactor physics code CASMO-4
in the context of the UAM (Uncertainty Analysis in Best-Estimate Modelling for Design, Operation, and Safety Analysis of LWRs)
benchmark. The sensitivity analysis implementation is based on generalized perturbation theory, which enables computing the
sensitivity profiles of reaction rate ratios efficiently by solving one generalized adjoint system for each response. Both the theoretical
background and the practical guidelines for modifying a deterministic transport code to compute the generalized adjoint solutions
and sensitivity coefficients are reviewed. The implementation to CASMO-4 is described in detail. The developed uncertainty
analysis methodology is deterministic, meaning that the uncertainties are computed based on the sensitivity profiles and covariance
matrices for the uncertain nuclear data parameters. The main conclusions related to the approach used for creating a covariance
library compatible with the cross-section libraries of CASMO-4 are presented. Numerical results are given for a lattice physics test
problem representing a BWR, and the results are compared to the TSUNAMI-2D sequence in SCALE 6.1.

1. Introduction

The topic of this paper is the development of sensitivity
and uncertainty analysis capability to the reactor physics
code CASMO-4 [1] in the context of the UAM (Uncertainty
Analysis in Best-Estimate Modelling for Design, Operation
and Safety Analysis of LWRs) benchmark [2]. At VTT,
CASMO-4 is the standard tool for lattice physics calculations,
and therefore it was a natural choice as the development
platform for a sensitivity and uncertainty calculation system
for the pin cell and fuel assembly exercises in the benchmark.

Sensitivities with respect to uncertain parameters can be
computed efficiently by utilizing the adjoint system of the
criticality equation. The propagated parameter uncertainty
can then be calculated deterministically by the Sandwich
rule by combining the sensitivity profiles with the covari-
ance matrices of the parameters. As a first step, classical
perturbation theory (CPT) was implemented to CASMO-4
to enable the computation of critical eigenvalue sensitivities
with respect to nuclear data parameters. In this context,
a methodology was devised for processing the covariance
matrices from SCALE 6 [3] to become compatible with the

cross-section libraries of CASMO-4 to enable uncertainty
analysis. This work has been reported in detail in [4].
Recently, generalized perturbation theory (GPT) has been
added to the code as a new feature. This enables performing
sensitivity analysis for responses that can be presented as
reaction rate ratios. In this framework, one generalized
adjoint system needs to be solved for each response, after
which the response sensitivity profiles for all parameters of
interest can be computed in an efficient manner.

This paper is organized as follows. Section 2 reviews
the theoretical background for sensitivity and uncertainty
analysis based on generalized perturbation theory, and
Section 3 focuses on the implementation to CASMO-4. In
Section 3.1, the computation of generalized adjoint solutions
is considered and practical guidelines are presented for
modifying a deterministic transport code to solve the adjoint
problems needed in sensitivity analysis. Section 3.2 concerns
the computation of sensitivity and uncertainty profiles.
Finally, in Section 4, numerical results are presented for a
lattice physics test problem representing a BWR, and they are
compared to the TSUNAMI-2D sequence in SCALE 6.1.
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2. Theoretical Background

The purpose of sensitivity analysis is to study how sensitive
a mathematical model is to perturbations in its uncertain
parameters. The target of uncertainty analysis is to estimate
how the uncertainty in these parameters is propagated to
a response dependent on the mathematical model under
consideration. In this work the mathematical model is the
neutron transport eigenvalue problem, which can be written
in operator form as

AΦ = 1
k

BΦ, (1)

where Φ ∈ HΦ is the neutron flux, HΦ is a Hilbert space,
and k is the multiplication factor. The uncertain parameters
consist of nuclear data parameters and they are denoted
by the vector σ ∈ Eσ . It should be noted that both
the continuous-energy criticality equation and the various
systems derived from it in numerical computations can be
written in the form of (1).

2.1. Sensitivity Analysis. The object of local sensitivity anal-
ysis is to determine how the response R depends on the
uncertain parameters in the vicinity of their best-estimate
values. In this work, the responses under consideration
include homogenized assembly parameters and the mul-
tiplication factor, whereas the uncertain parameters are
neutron cross-sections. When considering the continuous-
energy eigenvalue problem, the cross-sections are functions
of energy and location, and the appropriate derivative is the
functional directional derivative called the Gâteaux variation
[5]. It follows that the sensitivity of R with respect to the
perturbation h = [δΦ, δσ] ∈ D = HΦ × Eσ at the point
ê = [Φ̂, σ̂] ∈ D may be defined as

δR(ê; h) = lim
t→ 0

R(ê + th)− R(ê)
t

. (2)

When the parameters σ are perturbed, also the solution
Φ is affected and therefore the computation of the sensitivity
δR(ê; h) requires that the perturbation δΦ is known. In
principle, δΦ can be computed to first order from the
following forward sensitivity system:

δA(ê; h) = − 1
k2
δk(ê; h)BΦ +

1
k
δB(ê; h)

⇐⇒ A′σ(ê)δσ + A(ê)δΦ = − 1
k2
δk(ê; h)BΦ

+
1
k

B′σ(ê)δσ +
1
k

B(ê)δΦ,

(3)

which can be derived by taking the Gâteaux variation
of system (1) with respect to a perturbation h on both
sides. However, when computing several sensitivities, this
approach would require the repetitive solving of (3).

Fortunately, the sensitivities can be computed more
efficiently by exploiting the adjoint of (1), which is defined
as the system that satisfies the following relation: (In some

cases the adjoint relation needs to be written in the form
〈AΦ+(1/k)BΦ,Ψ〉 = 〈Φ, A∗Ψ+(1/k)B∗Ψ〉+[P(Ψ,Φ)]x∈∂Ω,
where [P(Ψ,Φ)]x∈∂Ω is a bilinear form associated with the
system. We will only consider cases where it is straightfor-
ward to force this term to vanish.)

〈
AΦ− 1

k
BΦ,Ψ

�
=
〈
Φ, A∗Ψ− 1

k
B∗Ψ

�
, (4)

where the brackets 〈·, ·〉 denote an inner product. When
considering the continuous-energy criticality equation, it
is customary to employ the L2 inner product [6, 7]. The
solution to the adjoint problem

(
A∗ − 1

k
B∗
)
Ψ = 0 (5)

is called the fundamental adjoint. Physically, the solution
to this system can be interpreted to represent the average
contribution, that is, importance of a neutron to the
multiplication factor. Interestingly, the adjoint system of (5)
can be derived solely based on this physical interpretation
[8]. Like the neutron flux, the fundamental adjoint has
an arbitrary normalization, and the concept of importance
should be understood in relative terms. Therefore, the value
Ψ(r,Ω,E) represents the importance of a neutron located at
the point [r,Ω,E] compared to the importance of neutrons
elsewhere in the phase space [9]. Based on this physical
reasoning, it can be deduced that the fundamental adjoint
must always be nonnegative.

By utilizing (4) and (5), it is straightforward to obtain
the following expression for the relative sensitivity of the
multiplication factor with respect to a perturbation δσ (For
derivation, see for example, [4, 10]):

δk(ê; h)
k

= −
〈(

A′σ(ê)− (1/k)B′σ(ê)
)
δσ ,Ψ

〉

〈(1/k)BΦ,Ψ〉 . (6)

This equation is known in reactor physics as classical
perturbation theory. In addition, the adjoint system can be
utilized in the sensitivity analysis of the eigenvalue problem
for other responses fulfilling the following properties. Firstly,
the response R must be Fréchet-differentiable with respect to
Φ, in which case we can write

δR(ê; h) = R′σ(ê)δσ +
〈∇ΦR(ê), δΦ

〉
Φ. (7)

In addition, the response’s Fréchet derivative ∇ΦR (also
called gradient) must be orthogonal to the forward solution

〈∇ΦR,Φ〉 = 0. (8)

When these assumptions are fulfilled, the generalized adjoint
corresponding to the response R can be defined as the
solution to the following inhomogeneous system:

(
A∗ +

1
k

B∗
)
Γ = ∇ΦR

R
. (9)

Notice that in the previous equation the eigenvalue k is
fixed to correspond to the solution of (1) and therefore the
operator A∗ + (1/k)B∗ is singular, which necessitates (8) in
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order for the solution Γ to exist. Also, when a solution Γ0 to
(9) exists, there exists an infinite amount of solutions of the
form

Γ = Γ0 + aΨ, a ∈ R. (10)

In this case, it is possible to choose a solution that is
orthogonal to the (forward) fission source. This particular
solution can be written as

Γp = Γ0 − 〈Γ0, BΦ〉
〈Ψ, BΦ〉Ψ

= Γ0 − 〈B
∗Γ0,Φ〉

〈B∗Ψ,Φ〉Ψ.
(11)

We can now derive a practical expression for the response
sensitivity with respect to a perturbation δσ :

δR(ê, h)
R

= R′σ(ê)δσ
R

+

〈
∇ΦR(ê)

R
, δΦ

〉

Φ

(9)= R′σ(ê)δσ
R

+
〈

(A∗ +
1
k

B∗)Γ, δΦ
�

Φ

(4)= R′σ(ê)δσ
R

+
〈
Γ,
(

A +
1
k

B
)
δΦ
�

Φ

(3)= R′σ(ê)δσ
R

−
〈
Γ,
(

A′σ(ê)− 1
k

B′σ(ê)
)
δσ
�

Φ

− δk(ê; h)
k2

〈Γ, BΦ〉Φ

= R′σ(ê)δσ
R

−
〈
Γp,
(

A′σ(ê)− 1
k

B′σ(ê)
)
δσ
�

Φ
.

(12)

This framework is often referred to as generalized perturba-
tion theory when the response R is of the form:

R(e) = 〈Φ,Σ1〉
〈Φ,Σ2〉 . (13)

In this case, it is straightforward to show that (8) is satisfied
and that R is Fréchet-differentiable, the relative gradient
being

∇ΦR

R
= Σ1

〈Φ,Σ1〉 −
Σ2

〈Φ,Σ2〉 . (14)

The generalized adjoint Γ(r,Ω,E) can be physically
interpreted as the average contribution of an additional
neutron at the phase space point [r,Ω,E] to the response
under consideration. The generalized adjoint is normalized
according to the value of the response. It should also be
noticed that since an additional neutron may also reduce
the value of the response, generalized adjoints can also have
negative values. The gradient of the response may also be
negative in some parts of the phase space.

In practice, the eigenvalue problem and the corre-
sponding adjoint equations are solved numerically, which
gives rise to some complications in the perturbation theory

formalism. Ideally, the discretizations should be performed
in a consistent manner so that the respective adjoint relations
are satisfied at all stages of the computation [5]. However,
this is usually infeasible in reactor physics calculations, and
therefore it is customary to take the eigenvalue problem
discretized with respect to energy and direction as the
starting point for sensitivity analysis. This issue is discussed
in more detail in [4].

2.2. Uncertainty Analysis. The uncertainty of the uncertain
parameters σ should be understood in terms of the Bayesian
probability interpretation. In this framework, probability
is defined as a subjective measure that characterizes the
plausibility of various hypotheses. When estimating param-
eters, all knowledge about a parameter σj is assumed to be
incorporated into its marginal probability distribution p(σj).

This distribution is defined so that the integral
∫ b
a p(σj) dσj

corresponds to the (Bayesian) probability that the value of
σj belongs to the interval [a, b]. The distribution p(σ) can
then be used to form an estimate for the parameters and
their associated uncertainties. Usually, the mean value or the
mode is chosen as the estimate for the parameters, whereas
the covariance matrix of the distribution is chosen as the
descriptive statistic for the uncertainty.

In the Bayesian formalism, the outcome of the uncer-
tainty analysis should ideally be the full posterior distribu-
tion p(R). However, determining p(R) analytically is usually
extremely challenging and the distribution can only be
estimated pointwise based on a simulation. In deterministic
uncertainty analysis, the objective is not to form the entire
distribution p(R), but to compute an estimate for the
covariance matrix Cov[R] by linearizing the response R ≈
Sσ . Here S ∈ RJ×K is the response vector sensitivity matrix, J
is the number of responses, and K is the number of uncertain
parameters. After linearizing the response, the covariance
matrix can be computed simply using the identity

Cov[R] ≈ Cov[Sσ] = S Cov[σ]ST , (15)

known as the first-order uncertainty propagation formula or
the Sandwich rule.

3. Implementation

3.1. Computation of Generalized Adjoint Fluxes. This section
reviews the guidelines for modifying a deterministic trans-
port solver to compute the adjoint solutions needed in gen-
eralized perturbation theory and describes the methodology
used in the implementation to CASMO-4. As mentioned
previously, the description on the implementation of clas-
sical perturbation theory to CASMO-4 has been recently
published in [4], and therefore, in this paper, the emphasis
is placed on the GPT-specific features.

As explained in Section 2.1, it is customary to take
the energy- and direction-discretized system as the starting
point for perturbation theory. In CASMO-4, the multigroup
criticality equation is solved by the method of characteristics
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assuming isotropic scattering. Therefore, the following sys-
tem of equations may be taken as the forward problem:

Ωm · ∇Φg(r,Ωm) + ΣgΦg(r,Ωm)

= 1
4π

G∑

h=1

Σ
h→ g
s φh(r) +

χg
4πk

G∑

h=1

ν Σhf φ
h(r),

g = 1, . . . ,G.

(16)

In (16) the scalar flux is approximated by the quadrature
formula

φh(r) =
M∑

m=1

ωmΦ
h(r,Ωm). (17)

In order to simulate an infinite lattice, the boundary condi-
tions are often assumed to be reflective, that is,

Φ(r,Ωm,E) = Φ
(

r,Ω′m,E
)
, r ∈ Γ, Ωm · n < 0, (18)

where Ωm = Ω′m − 2(n · Ω′m)n is the reflection direction.
The inner product corresponding to this discretization can
be defined in a consistent manner as

〈Φ,Ψ〉 =
G∑

g=1

M∑

m=1

ωm

∫

D
d3rΦg(r,Ωm)Ψg(r,Ωm). (19)

The adjoint system can now be written

−Ωm · ∇Ψg(r,Ωm) + Σg Ψg(r,Ωm)

= 1
4π

G∑

h=1

Σ
g→h
s ψh(r) +

ν Σ
g
f

4πk

G∑

h=1

χhψ
h(r), g = 1, . . . ,G,

(20)

with the boundary conditions

Ψ(r,Ωm,E) = Ψ
(

r,Ω′m,E
)
, r ∈ Γ, Ωm · n > 0. (21)

It is straightforward to check that the systems (16) and (20)
with their respective boundary conditions satisfy (4) with
respect to the inner product defined by (19).

The generalized adjoint problem for a response of the
form of (13) can now be written

−Ωm · ∇Γg(r,Ωm) + Σg Γg(r,Ωm)

= 1
4π

G∑

h=1

Σ
g→h
s γh(r) +

ν Σ
g
f

4πk

G∑

h=1

χhγ
h(r)

+
Σ
g
1(r)

〈Φ,Σ1〉 −
Σ
g
2(r)

〈Φ,Σ2〉 , g = 1, . . . ,G,

(22)

where the generalized adjoint of the scalar flux has been
denoted by γh(r). As explained in Section 2.1, this system
may have an infinite number of solutions, of which we wish
to solve the one that satisfies

〈
B∗Γp,Φ

〉
= 0. (23)

In deterministic transport solvers, the iteration for fixed
source calculations is generally of the form

AΦn+1 = BΦn + S, (24)

where S is an external source. This iteration scheme with a
fixed eigenvalue is also well suited for solving the generalized
adjoint problem of (22), in which case the iteration takes the
form

A∗Γn+1 = 1
k

B∗Γn +
∇ΦR

R
. (25)

During the iteration, however, the convergence to the
particular solution that is orthogonal to the fission source
must be ensured. It is straightforward to show that if the
initial guess for the generalized adjoint flux satisfies (23),
this orthogonality property is preserved during the iteration.
Firstly,

〈
A∗Γn+1,Φ

〉
(25)= 1

k

〈
B∗Γn,Φ

〉
+
〈∇ΦR

R
,Φ
�

(8)= 1
k

〈
B∗Γn,Φ

〉
.

(26)

On the other hand,
〈

A∗Γn+1,Φ
〉
=
〈
Γn+1, AΦ

〉
(1)= 1

k

〈
Γn+1, BΦ

〉

= 1
k

〈
B∗Γn+1,Φ

〉
.

(27)

Therefore, for each iteration n,
〈

B∗Γn+1,Φ
〉
= 〈B∗Γn,Φ

〉
, (28)

from which the result follows. In practice, however, due
to round-off errors and the unavoidable inconsistencies
in formulating the discretizations and adjoint relations, a
refinement of the iteration scheme is necessary to guarantee
that (23) remains satisfied [11]. A suitable procedure is
to force the orthogonality of the solution with each outer
iteration. In this case, in accordance with (11), the iteration
takes the form

A∗Γn+1 = 1
k

B∗
(
Γn − 〈B

∗Γn,Φ〉
〈B∗Ψ,Φ〉Ψ

)
+
∇ΦR

R
. (29)

Notice that this iteration scheme requires that the forward
solution and the fundamental adjoint solution have been
previously computed and that they are accessible during the
iteration.

By comparing (29) with the forward problem of (16),
it can be seen that if the forward system had an external
source, the systems would be of the same form with the
exception that the adjoint system is solved in the opposite
direction. Therefore, if the transport solver does not rely
on the assumption of the nonnegativity of the flux or the
sources, relatively few modifications are needed to transform
the solver to also compute the generalized adjoint functions.
For example, the method of characteristics, used in CASMO-
4, does not require that the solution or the sources are non-
negative. In this case, the following operations need to be
performed before the adjoint calculation [10].
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(1) Transpose the scattering matrix.

(2) Interchange the vectors νσ f and χ.

(3) Invert the group indices for all variables as follows:
G↔ 1, (G− 1)↔ 2, . . ..

After these operations, the transport solver can be used
to compute the fundamental adjoint solution. Notice also
that these operations automatically convert the forward
boundary conditions to the adjoint boundary conditions.
When solving a generalized adjoint problem, the following
changes need to be additionally implemented within the
(forward) transport solver.

(1) Add the response gradient ∇ΦR/R to the variable for
an external source.

(2) Modify the fission source Fg to the form

Fg =
χg

4πk

G∑

h=1

ν Σhf

(
φh(r)− 〈BΦ,ΦF〉

〈BΨ,ΦF〉Ψ
g
)

, (30)

where ΦF denotes the forward solution of (16) and Ψ
the adjoint solution of (20).

The multigroup solution Φ given by the solver must then
be interpreted so that, for example, Φg(r,Ω) corresponds to
ΓG+1−g(r,−Ω). Notice that if the transport solver is based
on a numerical scheme that relies on the nonnegativity of
the flux or the sources, some additional modifications are
necessary in addition to the ones described above. For further
details, see for example, [11].

3.2. Computation of Sensitivity and Uncertainty Profiles. After
obtaining the adjoint solutions, the sensitivities with respect
to the multigroup nuclear data parameters can be computed
according to (6) and (12). Notice that even after the
multigroup approximation, these parameters are still spatial
functions and therefore the derivatives in the equations refer
to functional derivatives. The inner product in the sensitivity
expressions can be discretized as

〈Φ,Ψ〉 ≈
I∑

i=1

G∑

g=1

M∑

m=1

ωmVi Φ
g,i,m

Ψ
g,i,m

, (31)

where i denotes the mesh index and Φ
g,i,m

and Ψ
g,i,m

denote
the average fluxes.

In order to compute the uncertainties using the Sandwich
rule, the sensitivities and covariance matrices need to be
formed with respect to the same parameters using the same
energy group structure. In the SCALE 6 covariance library
[3], the available covariance matrices are given in a 40-
group structure for the parameters listed in Table 1. Most of
these covariance matrices are nuclide specific. It should be
emphasized that there is no covariance data for the group-
to-group transfer cross-sections.

Multigroup covariance matrices can in principle be
transformed to another multigroup structure by simple
mathematical techniques. The applicability of this approach
depends on the differences between the group structures.

Table 1: Parameters for which there exists covariance data in the
SCALE library.

Parameter MT number

σt 1

σe 2

σi 4

σn,2n 16

σf 18

σγ 102

σn,p 103

σn,d 104

σn,t 105

σn,He 106

σn,α 107

ν 456

χ 1018

In particular, the widths of the energy groups should not
dramatically change. In this work, the code Angelo 2.3 [12]
was used to transform the matrices to the energy group
structure used in the sensitivity calculations with CASMO-
4. The transformation procedure used in the code is based
on flat-flux approximation, where the resampled values on
the new grid are computed as lethargy overlap weighted
averages. For further details, see [13]. When modifying
the energy group structure of fission spectrum covariance
matrices, further correction procedures are necessary in
order to guarantee that the covariance matrices are in
accordance with the normalization condition

∑
g χ

g = 1
[14]. The correction can also be applied to the fission
spectrum sensitivities in which case the sensitivities are called
constrained [14]. This was the approach chosen in this work.

In order to utilize the covariance data given for the
parameters in Table 1, sensitivity profiles should be com-
puted with respect to the same parameters. However, many
lattice physics codes such as CASMO, HELIOS [15], WIMS
[16], and DRAGON [17] employ nuclear data libraries that
do not contain cross-section data for the individual capture
and scattering reactions, but only for the total capture and
scattering cross-section. There are generally three different
approaches to overcome this difficulty. The most natural
approach is perhaps to add the missing cross-sections to
the code, either by creating a new cross-section library
or by modifying the cross-sections inside the code [18].
Another option, suitable for deterministic analysis, is not
to use problem-dependent cross-sections in the sensitivity
analysis. In this case, the sensitivity coefficients can be
computed outside the code based on the forward and adjoint
fluxes and any set of cross-sections. This was the idea, for
example, behind connecting DRAGON with the sensitivity
and uncertainty analysis code SUSD3D after a generalized
adjoint mode was implemented to DRAGON [19]. The third
option is to form the covariance matrices corresponding to
the total capture and scattering cross-sections [4]. This is the
approach that was chosen in this work.
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Since the relationships between the total and individual
capture and scattering reactions are linear, the covariance
matrices corresponding to the total capture and scattering
reactions can be computed with the Sandwich rule without
introducing any approximation. The method used for com-
bining the covariance matrices has been recently described in
detail in [4]. Therefore, only the most important conclusions
related to the methodology are repeated here.

Firstly, in the context of the capture reactions, the results
are expected to be fully consistent with the case where the
sensitivities are computed with respect to the individual
capture reactions. In the case of the scattering reactions,
however, the sensitivity profiles with respect to the individual
and the total scattering cross-sections cannot be defined in
a consistent manner and this affects the uncertainty results.
In this context, it should be emphasized that the treatment
of the covariance matrices involves no approximations and
the inconsistency is solely related to the computation of
the sensitivities. As mentioned previously, there is no cross-

section data for the transfer cross-sections σ
h→ g, j
x but only

for σ
g, j
x =∑G

h=1 σ
g→h, j
x , where x refers to a scattering reaction

(e.g., elastic, inelastic) and j is the nuclide index. Therefore,
in order to use the scattering covariance data, the sensitivity

profiles should be computed with respect to σ
g, j
x . Because of

the scattering source term in (16), however, the derivative

with respect to σ
g, j
x is not mathematically well defined

without additional constraints. Typically it is assumed that
the probabilities of transfers to various groups are fixed, that
is,

σ
g→h, j
x = σ

g, j
x p

g→h, j
x , (32)

where p
g→h
x is the proportion of neutrons scattered from

energy group g to energy group h, which is assumed to

remain fixed even if the scattering cross-section σ
g, j
x is

perturbed [20]. Based on this assumption, the scattering
source in (16) can be written as

Sg = 1
4π

G∑

h=1

Σ
h→ g
s φh = 1

4π

∑
x

∑

j

N j
G∑

h=1

σ
h, j
x p

h→ g
x φh, (33)

where the summations over x include all scattering reactions.

After this assumption, the derivative with respect to σ
g, j
x is

well defined and can be computed as usual. It is straightfor-
ward to show that this approach corresponds to computing
the sensitivity coefficients with respect to the transfer cross-

sections σ
g→h, j
x and summing them over h.

However, the sensitivity with respect to the total scat-

tering cross-section σ
j

s = ∑
x σ

j
x is not well defined if the

constraint (32) is enforced. In order to define this sensitivity,
fixed transfer rates must be assumed for the total scattering
cross-section. Also, computing the total scattering sensitivity
as the sum of the individual scattering sensitivities implicitly
enforces this constraint. Since the two assumptions required
to compute the individual and total scattering sensitivities are
inconsistent, the chain rule of derivation does not apply to

them, and, for example, although σ
g, j
s = σ

g, j
e + σ

g, j
i holds,

dR/dσg, j
e /= (dR/dσg, j

s )(dσg, j
s /dσg, j

e ).

4. Numerical Results for PB-2 Lattice
Physics Exercise

The calculation framework was applied to the BWR test
case from the UAM benchmark lattice physics Exercise 1.2
considering a single fuel assembly with reflective boundary
conditions [2], and the results were compared against
the TSUNAMI-2D sequence in SCALE 6.1 [21]. The test
problem represents Peach Bottom 2 (PB-2) under hot zero
power conditions. Two-group homogenized cross-sections
have been considered as responses in the GPT framework.

The outline of the CASMO-4 calculations is presented in
Figure 1. The calculations were carried out using the cross-
section library E60200 that contains 70 energy groups and
is based on ENDF/B-VI data [22]. The covariance data were
taken from the SCALE 6 library ZZ-SCALE6.0/COVA-44G
[3] according to the guidelines of the benchmark. The library
is based on evaluations from various sources (including
ENDF/B-VII, ENDF/B-VI, JENDL-3.1) and approximate
covariance data. The covariances in the library are given in
relative terms, and therefore the library is intended to be used
with all cross-section libraries including the ones that are
inconsistent with the evaluations. While this is not strictly
correct, it is considered to be acceptable due to the scarcity of
comprehensive covariance data among other reasons [23].

The list of the nuclides present in these test cases can be
found in the benchmark specification [2]. Apart from the
isotopes of chromium and iron, all available covariance data
in the library was included in the uncertainty computations.
The reason for excluding these isotopes is that the employed
cross-section library E60200 does not contain isotope-
specific cross-sections for these materials but only cross-
sections for natural chromium and iron.

The covariance matrices from ZZ-SCALE6.0/COVA-
44G were processed for compatibility with CASMO-4. The
sensitivity profiles in CASMO-4 were computed using the
40-group structure option that was the closest match to the
amount of groups in the covariance data and, as mentioned
in Section 3.2, the code Angelo 2.3 [12] was used to process
the covariance matrices to this energy group structure. Next,
the nuclear data processing code NJOY [24] was used to
transform the 40-group covariance files to the BOXR format.
Auxiliary FORTRAN programs were written for combining
the covariance matrices according to the principles described
in Section 3.2.

The TSUNAMI-2D calculations were performed using
the ENDF/B-VI-based cross-section library V6-238 con-
taining 238 energy groups. The module CENTRM was
used for self-shielding. Implicit sensitivity analysis [9] was
omitted in the TSUNAMI calculations in order to facilitate
the comparison of the results given by CASMO-4 and
TSUNAMI-2D.

4.1. Results Based on Classical Perturbation Theory. A sum-
mary of the results based on classical perturbation theory
for the multiplication factor is presented in Table 2. The
relative difference between the multiplication factors com-
puted with CASMO-4 and TSUNAMI-2D is 52 pcm in both
forward and adjoint cases. For the total uncertainty, the
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Resonance calculation

Omitted

Micro group calculation

Condense to macro groups

Macro group calculation

Condense to 2D groups

2D transport calculation

Sensitivity analysis

Uncertainty analysis

Modified CASMO-4

Added

Standard CASMO-4

• 40 groups
• Including nuclide-specific
  cross-sections 

• 70 groups
• Nuclide-specific cross-sections
  stored for sensitivity analysis

• Adjoint calculations

Macroscopic cross-sections

Figure 1: Outline of the CASMO-4 calculations.

values given by CASMO-4 and TSUNAMI-2D are also very
consistent. Table 3 shows the five most significant sources
of uncertainty together with the corresponding energy- and
region-integrated sensitivity coefficients. As can be seen
from this table, both the sensitivity and the uncertainty
results are in good accordance. The greatest difference occurs
for the capture cross-section of 238U, for which CASMO-4
yields a greater sensitivity. This appears to originate from
the differences in the cross-section libraries. In particular,
the cross-section library E60200 used in the CASMO-4
calculation has not been reduced in terms of the 238U
resonance integral, which is known to be overestimated in
the ENDF/B-VI data [22].

Figure 2 shows the volume-averaged forward flux and the
volume-averaged fundamental adjoint Ψ corresponding to
this test case. As explained in Section 2.1, the value Ψ

g
repre-

sents the average importance of neutrons in the energy group
g to the multiplication factor in comparison to neutrons

Table 2: Summary of the results for the multiplication factor.

Code Forward k Adjoint k Rel. uncertainty, Δk/k (%)

CASMO-4 1.10548 1.10546 0.508

TSUNAMI-2d 1.10490 1.10490 0.506

7
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Forward flux per unit lethargy
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Energy (eV)

Figure 2: Volume-averaged forward flux and fundamental adjoint
flux.

in other energy groups. The plot can be interpreted from
this point of view. For example, it can easily be seen from
the figure how the 238U capture cross-section resonances
reduce the importance of neutrons in the corresponding
energy groups. This phenomenon is particularly clear in
the energy group E14 = [4.00 eV, 9.88 eV], where the
multigroup capture cross-section attains its maximum value.
It can also be clearly distinguished from the plot how the
adjoint function has a higher value in the energy groups
corresponding to the peaks in the fission cross-section of
235U. To further demonstrate this, Figure 3 shows a plot of
the problem-dependent 235U fission and 238U capture cross-
sections in the same 40-group structure. The increase in
the adjoint values in the highest energy groups corresponds
mainly to the increase in the value of ν at these energies.

Figure 4 shows the multiplication factor sensitivity pro-
files for the parameters, whose integrated sensitivity coef-
ficients have the greatest absolute values, excluding the
sensitivity profile with respect to the fission spectrum of
235U, which was constrained in the computation. As can
be seen from the figure, the multiplication factor is the
most sensitive to the fission parameters of 235U, the capture
cross-section of 238U, and the scattering cross-section of
1H. The positive sensitivity to the capture of 238U in the
highest energy group follows from the fact that in CASMO-
4 the (n, 2n) reaction cross-section has been included in the
capture cross-section with a negative sign in this group. It
is instructive to compare the sensitivity profiles with the
forward and adjoint fluxes plotted in Figure 2. Notice that
the peaks in the sensitivity profiles of 235U coincide with
the thermal peak of the neutron flux, where most of the
fissions occur. In general, perturbing a nuclear parameter
has a greater impact on the results in the energy groups,
where the flux is higher. On the contrary, the values of
the fundamental adjoint represent the average importance
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Table 3: The five most significant sources of uncertainty for the multiplication factor and the corresponding energy- and region-integrated
relative sensitivity coefficients.

Nuclide Parameter pair
Sensitivity Contribution to Δk/k (%)

CASMO TSUNAMI CASMO TSUNAMI
238U σc, σc −2.434× 10−1 −2.143× 10−1 3.198× 10−1 2.902× 10−1

235U ν, ν 9.160× 10−1 9.370× 10−1 2.720× 10−1 2.773× 10−1

235U σc, σc −1.027× 10−1 −1.025× 10−1 1.454× 10−1 1.422× 10−1

235U σf, σf 4.038× 10−1 4.212× 10−1 1.372× 10−1 1.409× 10−1

235U σf, σc 4.038× 10−1 4.212× 10−1 1.238× 10−1 1.245× 10−1

−1.027× 10−1 −1.025× 10−1
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Figure 3: Self-shielded multigroup cross-sections corresponding to
the test problem.

of neutrons in different energy groups. In particular, the
lowest energy group has the highest importance, but this is
not manifested in the sensitivity profiles, as the flux is very
close to zero in this group. The negative sensitivities to the
scattering reaction of 1H in the four lowest energy groups
can be attributed to the fact that in these groups upscattering
is more likely than downscattering. Therefore, neutrons are
scattered to energy groups with a lower importance. The
same reasoning applies to the scattering sensitivity of 1H
in the highest energy groups, where neutrons are scattered
downwards and the values of the adjoint function decrease
rapidly with energy.

4.2. Results Based on Generalized Perturbation Theory.
Table 4 presents the values and the total uncertainties of the
homogenized two-group cross-sections that were considered
as responses in the GPT-based sensitivity and uncertainty
analysis. In computing the responses, the thermal cut-off was
set at 0.625 eV. It can be seen from the table that all total
uncertainty values are in good agreement with the thermal
responses, whereas for the fast responses the uncertainties
given by TSUNAMI-2D are consistently greater.

Tables 5 and 6 show more detailed sensitivity and uncer-
tainty results for the two-group homogenized production
cross-sections νΣf,1 and νΣf,2. As can be seen from Table 6,
in the case of νΣf,1, the difference in the total uncertainty
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Figure 4: Multiplication factor sensitivity profiles.

values given by CASMO-4 and TSUNAMI-2D is attributable
to the scattering of 238U, for which TSUNAMI-2D yields
a significantly greater uncertainty value, although the total
scattering sensitivity coefficients given by both codes are very
close. As explained in Section 3.2, the sensitivity with respect
to the total scattering cross-section can only be defined if the
group-to-group transfer probabilities are assumed to be fixed
for the total scattering. Also, defining the total scattering
sensitivity as the sum of the individual scattering sensitiv-
ities implicitly enforces this assumption. However, in the
TSUNAMI-2D computation, the total scattering uncertainty
is computed based on the individual scattering sensitivities,
which rely on the assumption of fixed transfer rates for
each scattering reaction. The difference in the total scattering
uncertainties is hence explained by incompatible constraints
in the two uncertainty calculations. This phenomenon is
more evident for the fast group responses since they are more
sensitive to the inelastic scattering of 238U.

Figure 5 shows the volume-averaged generalized adjoint
solutions for the responses νΣf,1 and νΣf,2, denoted by Γf,1 and
Γf,2, respectively. As previously explained, the adjoint values
in each energy group can be interpreted to represent the
average importance of neutrons in that group to the response
under consideration. Therefore, it is not surprising that
thermal neutrons are more important to the response νΣf,2,
whereas fast neutrons are more important to the response
νΣf,1. The positive values of Γf,2 in the fast groups result
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Table 4: Values and uncertainties of the responses considered in the GPT framework.

Response R
Value Relative uncertainty ΔR/R (%)

CASMO TSUNAMI CASMO TSUNAMI

νΣf,1 4.976× 10−3 4.951× 10−3 8.399× 10−1 9.754× 10−1

νΣf,2 6.922× 10−2 6.938× 10−2 4.490× 10−1 4.478× 10−1

Σc,1 5.348× 10−3 5.380× 10−3 1.098× 100 1.168× 100

Σc,2 2.653× 10−2 2.672× 10−2 5.066× 10−1 5.040× 10−1

Σf,1 1.935× 10−3 1.927× 10−3 5.563× 10−1 6.820× 10−1

Σf,2 2.841× 10−2 2.847× 10−2 3.244× 10−1 3.226× 10−1

Table 5: The five most significant sources of uncertainty for the response νΣf,2 and the corresponding energy- and region-integrated relative
sensitivity coefficients.

Nuclide Param. pair
Sensitivity Contribution to ΔR/R (%)

CASMO TSUNAMI CASMO TSUNAMI
235U ν, ν 9.996× 10−1 9.998× 10−1 3.105× 10−1 3.106× 10−1

235U σf, σf 7.985× 10−1 7.941× 10−1 2.893× 10−1 2.869× 10−1

235U σf, σc 7.985× 10−1 7.941× 10−1 1.134× 10−1 1.139× 10−1

−3.599× 10−2 −3.667× 10−2

238U σc, σc −4.406× 10−2 −4.255× 10−2 7.257× 10−2 7.222× 10−2

235U σc, σc −3.599× 10−2 −3.667× 10−2 5.613× 10−2 5.672× 10−2
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Figure 5: Volume-averaged generalized adjoints corresponding to
the responses νΣf,1 and νΣf,2.

from the downscattering of neutrons. Notice that Γf,1 also
has a small positive value in the first thermal group, which
corresponds to the possibility of upscattering. For the most
part, both adjoint fluxes qualitatively follow the fission cross-
section of 235U plotted in Figure 3. In the highest energy
groups, the values of Γf,1 increase rapidly due to the increase
in the values of ν. The negative values of Γf,1 between
0.111 MeV and 2.231 MeV signify that additional neutrons in
those energy groups would on average contribute more to the
denominator 〈Φ, 1〉1 than to the numerator 〈Φ, νΣf〉1. This
in accordance with the fact that fission is unlikely to occur in
this energy region.

Figure 6 shows the sensitivity profiles of νΣf,1 with respect
to the parameters, whose integrated sensitivity coefficients
have the greatest absolute values. As can be anticipated, the
response is the most sensitive to the fission parameters of
235U and 238U and in addition to the scattering of 1H. It

0.3
0.25

0.2
0.15

0.1
0.05

0
−0.05
−0.1
−0.15
−0.2

10−4 10−2 100 102 104 106

Energy (eV)

  R
el

. s
en

si
ti

vi
ty

 
pe

r 
u

n
it

 le
th

ar
gy

235U—Ā
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Figure 6: Sensitivity profiles of the response νΣf,1.

is interesting to compare these profiles with the plot of the
generalized adjoint Γf,1 in Figure 5. The sensitivity to the
scattering of 1H has the smallest values in the groups with
the highest importance, as this reaction transfers neutrons to
energy groups with a lower importance. Since fast neutrons
mostly scatter downwards, the scattering sensitivity has
positive values in the groups between 149 eV and 1.35 MeV,
where the importance decreases with increasing energy. This
trend is reversed at 1.35 MeV, where the importance of the
energy groups begins to increase with energy, mainly due to
the increase in the values of ν at these energies.

The sensitivity profiles corresponding to the response
νΣf,2 are plotted in Figure 7. It is noteworthy that the
profiles qualitatively resemble the respective profiles of the
multiplication factor in the thermal region, whereas they
quickly fall to nearly zero in the fast region. From the
perspective of the GPT framework, it is again enlightening
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Table 6: The five most significant sources of uncertainty for the response νΣf,1 and the corresponding energy- and region-integrated relative
sensitivity coefficients. The sensitivity coefficients with respect to the parameter χ have been constrained.

Nuclide Param. pair
Sensitivity Contribution to ΔR/R (%)

CASMO TSUNAMI CASMO TSUNAMI
235U χ, χ 4.657× 10−9 −2.757× 10−10 5.934× 10−1 6.150× 10−1

238U ν, ν 3.975× 10−1 3.879× 10−1 4.623× 10−1 4.544× 10−1

238U σf, σf 3.931× 10−1 3.834× 10−1 2.084× 10−1 1.994× 10−1

238U σs, σs −2.743× 10−2 −2.718× 10−2 2.015× 10−1 5.148× 10−1

235U σf, σf 5.826× 10−1 5.866× 10−1 1.588× 10−1 1.466× 10−1
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Figure 7: Sensitivity profiles of the response νΣf,2.

to compare the sensitivity plots with the adjoint function Γf,2

plotted in Figure 5 and the flux Φ shown in Figure 2. In the
case of this response, the average importance of neutrons
increases steadily with decreasing energy. Therefore, it is
reasonable that the scattering sensitivities are again negative
in the groups where upscattering is more likely than down-
scattering. Also, the sensitivities peak in the energy region
coinciding with the thermal peak of the forward flux.

5. Summary and Conclusions

Sensitivity and uncertainty analysis capability has been
developed to the reactor physics code CASMO-4 in the
context of the UAM benchmark. Sensitivities with respect
to nuclear data parameters can be computed efficiently by
utilizing the adjoint system of the criticality equation. The
propagated nuclear data uncertainty can then be calculated
deterministically by the Sandwich rule.

Initially, classical perturbation theory was implemented
to the code, which enabled sensitivity analysis of the critical
eigenvalue. In this context, covariance matrices from scale
6 were transformed to become compatible with CASMO-
4, and the resulting covariance library was connected with
the code. Since the cross-section libraries of CASMO-4 do
not contain data for the individual capture and scattering
reactions, the covariance matrices of the individual subre-
actions were combined in the covariance library. This work
has been reported in detail in [4], and the main conclusions
related to the methodology were summarized in this paper.
In particular, the sensitivities with respect to total scattering

and individual scattering cross-sections cannot be defined
in a consistent manner, which leads to some systematic
differences in the uncertainty results.

Recently, generalized perturbation theory was added to
the code as a new feature, which enables performing sensitiv-
ity analysis for responses that can be represented as reaction
rate ratios. For each response, the computation of sensitivity
profiles with respect to all parameters of interest requires
solving one generalized adjoint system. The mathematical
background as well as the physical interpretation of the
generalized adjoint solutions were reviewed, and practical
guidelines were given for modifying a deterministic transport
code to solve the generalized adjoint systems needed in
sensitivity analysis. The theory for computing the sensitivity
profiles was presented both from the perspective of function
space analysis and numerical computations.

Numerical results were presented for a lattice physics
test problem representing a BWR in hot zero power
conditions, and they were compared to the results given
by the TSUNAMI-2D sequence in SCALE 6.1. Two-group
homogenized cross-sections were considered as responses in
the generalized perturbation theory framework. The results
were in very good agreement with the thermal responses,
whereas in the case of fast responses, the uncertainties given
by TSUNAMI-2D were consistently greater. Detailed sensi-
tivity and uncertainty results were presented and analyzed
for the homogenized fast and thermal production cross-
sections. The differences in the uncertainty results for the
fast responses were explained by the incompatible constraints
used in computing the scattering uncertainties.

In the future, the work will continue by extending the
GPT framework to other responses in addition to two-
group homogenized cross-sections with the eventual goal of
modifying CASMO-4 to provide uncertainty estimates for all
homogenized assembly data, which can then be propagated
to coupled neutronics/thermal hydraulics calculations.
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[17] G. Marleau, A. Hébert, and R. Roy, “A User Guide For
Dragon Version 4,” IGE294, http://www.polymtl.ca/nucleaire/
DRAGON/, 2009.

[18] W. Wieselquist, A. Vasiliev, and H. Ferroukhi, Nuclear Data
Uncertainty Propagation in a Lattice Physics Code Using
Stochastic Sampling, ANS Physics of Reactors (PHYSOR 2012):
Advances of Reactor Physics, Knoxville, Tenn, USA, 2012.

[19] A. Bidaud, G. Marleau, and E. Noblat, “Nuclear data uncer-
tainty analysis using the coupling of DRAGON with SUSD3D,”
in Proceedings of the International Conference on Mathematics,
Computational Methods & Reactor Physics (M&C ’09), May
2009.

[20] C. R. Weisbin, J. H. Marable, J. L. Lucius et al., “Application of
FORSS sensitivity and uncertainty methodology to fast reactor
benchmark analysis,” Tech. Rep. ORNL/TM-5563, 1976.

[21] “SCALE: a modular code system for performing standard-
ized computer analyses for licensing evaluation,” Tech. Rep.
ORNL/TM-2005/39, Radiation Safety Information Computa-
tional Center at Oak Ridge National Laboratory as CCC-725,
Oak Ridge, Tenn, USA, 2009, Version 6, Vols. I–III.

[22] J. Rhodes, JEF 2.2 and ENDF/B-VI 70 Group Neutron Data
Libraries, Studsvik, Nykoping, Sweden, 2005.

[23] M. L. Williams, D. Wiarda, G. Arbanas, and B. L. Broadhead,
“Scale nuclear data covariance library,” in SCALE: A Modular
Code System for Performing Standardized Computer Analyses
for Licencing Evaluation, Version 5, ORNL/TM-2005/39, Oak
Ridge National Library/U.S. Nuclear Regulatory Commission,
Oak Ridge, Tenn, USA, 20052009.

[24] R. E. MacFarlane and D. W. Muir, “The NJOY Nuclear Data
Processing System, Version 91,” Manual LA-12740-M, Los
Alamos National Laboratory, Los Alamos, NM, USA, 1994.



Hindawi Publishing Corporation
Science and Technology of Nuclear Installations
Volume 2012, Article ID 616253, 6 pages
doi:10.1155/2012/616253

Research Article

Uncertainty Propagation Analysis for PWR Burnup Pin-Cell
Benchmark by Monte Carlo Code McCARD

Ho Jin Park,1 Hyung Jin Shim,2 and Chang Hyo Kim2

1 Reactor Core Design Division, Advanced Reactor Development Institute, Korea Atomic Energy Research Institute,
989-111 Daedeok-Daero, Yuseong-gu, Daejeon 305-353, Republic of Korea

2 Department of Nuclear Engineering, Seoul National University, 1 Gwanak-ro, Gwanak-gu, Seoul 151-744, Republic of Korea

Correspondence should be addressed to Hyung Jin Shim, shimhj@snu.ac.kr

Received 31 July 2012; Accepted 9 October 2012

Academic Editor: Oscar Cabellos

Copyright © 2012 Ho Jin Park et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In the Monte Carlo (MC) burnup analyses, the uncertainty of a tally estimate at a burnup step may be induced from four sources:
the statistical uncertainty caused by a finite number of simulations, the nuclear covariance data, uncertainties of number densities,
and cross-correlations between the nuclear data and the number densities. In this paper, the uncertainties of kinf, reaction rates,
and number densities for a PWR pin-cell benchmark problem are quantified by an uncertainty propagation formulation in the MC
burnup calculations. The required sensitivities of tallied parameters to the microscopic cross-sections and the number densities
are estimated by the MC differential operator sampling method accompanied by the fission source perturbation. The uncertainty
propagation analyses are conducted with two nuclear covariance data—ENDF/B-VII.1 and SCALE6.1/COVA libraries—and the
numerical results are compared with each other.

1. Introduction

Monte Carlo (MC) burnup analysis codes [1–5] have been
successfully applied for the neutronics design and analysis of
advanced nuclear systems with increasing computing power.
Since Takeda et al. [6] first proposed a formulation to
evaluate the uncertainty propagation of number densities
in the MC burnup analysis using the sensitivities of the
burnup matrix to cross-sections and number densities,
several studies [7–11] on the uncertainty propagation of
MC burnup analysis followed with different uncertainty
quantification formulations.

The uncertainty quantification of a nuclear parameter,
such as keff, reaction rates, and number densities, in the
MC burnup analysis is currently conducted by two different
approaches: the sensitivity and uncertainty (S/U) analysis
[12] and the direct stochastic sampling methods. In the
S/U analysis, the output uncertainty is quantified from
its sensitivities to input parameters by the error propa-
gation formulations. It provides explicit sensitivities but
may suffer from low-order approximations. Park et al. [9]
have established an uncertainty propagation formulation

based on the S/U analysis in the depletion calculations and
demonstrated its usefulness in terms of an incineration
analysis of a transuranic fuel assembly by using the Seoul
National University MC code, McCARD [4].

The direct stochastic sampling methods can produce
output distributions from a number of MC calculations
each with different input data set sampled. This approach
is easy to implement by running existing MC neutronics
analysis codes with different input data sets but at the
expense of high computational costs. This approach includes
the XSUSA/SCALE [10] and TMC/SERPENT [11] methods.
Garcı́a-Herranz et al. [8] have developed an MC hybrid
method combining MC spectrum and burnup calculations
to reduce the computation time in the direct stochastic
sampling approach.

In this paper, we perform the McCARD uncertainty
propagation analysis for a PWR burnup pin-cell benchmark,
one of the OECD benchmarks for uncertainty analysis
modeling (UAM) for design, operation, and safety analy-
sis of LWRs [13]. The uncertainty propagation of tallied
parameters due to the statistical, microscopic cross-section,
and number density uncertainties is calculated from their
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Table 1: Comparison of k uncertainties due to the covariance of
235U and 238U from ENDF/B-VII.1 and SCALE6.1/COVA.

Covariance data ENDF/B-VII.1
44G Cov.

SCALE6.1/
COVA-44G

RSD due to 235U
(%)

ν, ν 0.604 0.264

(n, γ), (n, γ) 0.216 0.211

(n, γ), (n, fis) 0.075 0.076

(n, fis), (n, fis) 0.081 0.075

(n,n′), (n,n′) 0.001 0.002

RSD due to 238U
(%)

ν, ν 0.071 0.070

(n,γ), (n, γ) 0.294 0.263

(n, fis), (n, fis) 0.016 0.015

(n,n′), (n,n′) 0.104 0.105

Total 0.729 0.463

Table 2: kinf ’s and their uncertainties versus pin burnup with
ENDF/B-VII.1 and SCALE6.1/COVA covariance data.

Burnup (MWd/kgU) kinf
RSD (%)

ENDF/B-VII.1
44G Cov.

SCALE6.1/
COVA-44G

0.00 1.41701 0.731 0.469

0.10 1.39073 0.729 0.475

0.20 1.38327 0.726 0.465

0.50 1.36993 0.718 0.462

1.00 1.35687 0.714 0.455

2.00 1.34292 0.697 0.455

4.00 1.31499 0.666 0.446

6.00 1.28805 0.637 0.444

8.00 1.26320 0.608 0.448

10.00 1.23924 0.588 0.452

12.00 1.21683 0.569 0.464

14.00 1.19584 0.557 0.465

16.00 1.17646 0.532 0.478

18.00 1.15745 0.517 0.488

20.00 1.13972 0.499 0.492

30.00 1.05605 0.449 0.530

40.00 0.98051 0.397 0.579

50.00 0.91289 0.403 0.633

60.00 0.85671 0.411 0.682

sensitivities estimated by the MC perturbation techniques
[14, 15] in the continuous-energy MC calculations. The
numerical results with ENDF/B-VII.1 covariance data are
compared with those from the SCALE6.1/COVA covariance
libraries.

2. McCARD Uncertainty
Propagation Methodology

The MC depletion calculations consist of the successive MC
transport analyses with updating the material compositions.
Microscopic reaction rates are estimated at every beginning

of a burnup step by the MC transport calculations. They
are then used to solve the depletion equation to update
isotopic number densities at the end of the burnup step.
Thus, the uncertainties of the MC estimates on reaction
rates due to the statistical and nuclear data and number
density uncertainties cause those of the updated number
densities. With the progress of the stepwise MC burnup
calculations, the MC reaction rate uncertainties of a burnup
step propagate to the number density uncertainties of the
burnup step and to those of the following burnup steps.
Figure 1 shows the uncertainty propagation mechanism in
the MC burnup analysis. In the figure, N , x, r, and Q denote
the number density, microscopic cross-section, microscopic
reaction rate, and tally, respectively. n, m, i, α, and g are
the indices of burnup step, region, nuclide, reaction type,
and neutron energy, respectively. From the figure, one can
see that the S/U analyses need be performed to quantify the
uncertainty of Q in the MC transport calculations and the
number density uncertainties in the depletion calculations.

In the McCARD uncertainty propagation formulation
[9], the variance of Q, σ2[Q], is estimated by

σ2[Q] = σ2
S [Q] + σ2

NN[Q] + σ2
XX[Q] + 2σ2

NX[Q], (1)
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σ2
S denotes the statistical variance. It can be estimated by the

sample variance or real variance estimation methods [16–
18].

In the McCARD uncertainty propagation analysis, the
partial derivatives in (2) are approximated as

∂Q

∂X
∼=
Q
(
X + σ[X]

)
−Q

(
X
)

σ[X]
= δQ(X)

σ[X]
, (3)

where X denotes N or x. In the McCARD procedure, δQ(X)
in (3) are estimated by the differential operator sampling
method [14] accompanied by the fission source perturbation
[15].
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Table 3: RSDs (%) of one-group reaction rates with ENDF/B-VII.1 and SCALE6.1/COVA covariance data.

Cov. data Burnup (MWd/kgU) 235U (n, γ) 235U (n, fis) 238U (n, γ) 238U (n, fis)

ENDF/B-VII.1

0 1.35 0.53 0.94 3.97

10 1.45 0.69 0.87 3.97

20 1.55 0.88 0.83 3.85

30 1.62 1.06 0.79 3.88

40 1.73 1.28 0.76 3.79

50 1.79 1.43 0.67 3.80

60 1.88 1.60 0.70 3.71

SCALE 6.1/COVA-44G

0 1.38 0.51 0.82 3.77

10 1.46 0.61 0.81 3.89

20 1.55 0.79 0.75 3.85

30 1.58 0.90 0.73 3.77

40 1.63 1.04 0.68 3.83

50 1.69 1.18 0.64 3.81

60 1.75 1.29 0.66 3.79

Table 4: RSDs (%) of number densities with ENDF/B-VII.1 and SCALE6.1/COVA covariance data.

Cov. data Bunrup or time 235U 239Pu 240Pu 241Pu 242Pu

ENDF/B-VII.1

0 MWd/kgU 0.00 0.00 0.00 0.00 0.00

10 MWd/kgU 0.14 0.99 1.37 1.38 2.72

30 MWd/kgU 0.58 1.47 1.78 1.31 2.47

50 MWd/kgU 1.33 1.95 2.22 1.77 2.51

Shutdown 1.95 2.16 2.47 2.06 2.60

1 year cooling 1.95 2.13 2.47 2.16 2.60

100 years cooling 1.95 2.13 2.34 2.06 2.60

SCALE 6.1/COVA-44G

0 MWd/kgU 0.00 0.00 0.00 0.00 0.00

10 MWd/kgU 0.09 0.80 1.17 1.16 1.57

30 MWd/kgU 0.43 1.11 1.46 0.97 0.42

50 MWd/kgU 1.04 1.43 1.80 1.25 0.17

Shutdown 1.53 1.58 2.00 1.47 0.23

1 year cooling 1.53 1.56 1.99 1.54 0.23

100 years cooling 1.52 1.56 1.90 1.47 0.23

In exactly the same way as above for the variance ofQ, the
variance of the number density in the depletion calculations
can be written by
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In McCARD, the partial derivatives in (5) are approximated
in the same way as (3) and obtained by the direct subtrac-
tions. The detailed algorithms are described in [9].

3. UAM PWR Pin-Cell Burnup Benchmark

The PWR burnup pin-cell benchmark problem in Phase I
of the OECD LWR UAM benchmarks [13] is designed to
address the uncertainties in the depletion calculation due to
the basic nuclear data as well as the impact of processing of
nuclear and covariance data. The benchmark represents the
burnup uncertainty propagation analysis for a typical fuel
rod from the TMI-1 PWR, 15 × 15 assembly with 4.85 w/o
enrichment. Its final burnup is 61.28 GWd/MTU with the
specific power of 33.58 kW/kgU.

The McCARD analyses are conducted with the con-
tinuous-energy cross-section libraries processed by NJOY
[19] from the ENDF/B-VII.1 neutron libraries. The cross-
section covariance data are taken from the ENDF/B-VII.1
and SCALE6.1/COVA-44G. The 44-group covariance data
from the ENDF/B-VII.1 covariance libraries are generated by
the ERRORR module in the NJOY code.

For the fresh burnup state of the TMI-1 pin-cell problem,
the k uncertainty due to the cross-section covariance data
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Figure 1: Uncertainty propagation in the MC burnup analysis.

is investigated by using McCARD. The k uncertainty can be
estimated by (1) ignoring σ2

S , σ2
NN, and σ2

NX. The McCARD
eigenvalue calculations are performed on 1000 active cycles
with 10,000 histories per cycle. In the MC perturbation
calculations, the perturbed fission source distribution is
assumed to converge after 10 cycles.

Table 1 shows the contributions of 235U and 238U cross-
section uncertainties to the relative standard deviation (RSD)
of kinf , σXX[kinf ], by reaction type and the covariance data.
From Table 1, it is noted that the k uncertainty from the
ENDF/B-VII.1 covariance data is 57% bigger than that from
the SCALE6 covariance data and that contribution of the
ν uncertainties of 235U is a dominating factor to the k
uncertainty.

The MC burnup uncertainty propagation analyses are
conducted by using the covariance data of 10 isotopes—235U,
238U, 239Pu, 240Pu, 241Pu, 242Pu, 241Am, 242mAm, 243Am, and

244Cm. The McCARD eigenvalue calculations are performed
on 100 active cycles with 10,000 histories per cycle. Table 2
shows the RSD of kinf as a function of the burnup steps for
the two cases using the ENDF/B-VII.1 and SCALE6.1/COVA-
44G covariance data. From the figures, one can observe
that the k uncertainties from the ENDF/B-VII.1 covariance
data are decreasing, while those from SCALE6.1/COVA-
44G are increasing, with the advancing burnup steps from
8 MWd/kgU. Figures 2 and 3 show the contributions of σS,
σNN, and σXX to the k uncertainties from the ENDF/B-VII.1
and SCALE6.1/COVA-44G covariance data, respectively.

Table 3 shows the RSD of one group reaction rates
versus pin burnup for the cases using the ENDF/B-VII.1 and
SCALE6.1/COVA-44G covariance data. From the table, we
can observe that there are no great differences between the
reaction rate uncertainties estimated from the ENDF/B-VII.1
and SCALE6.1/COVA-44G covariance data. Table 4 shows
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Figure 2: kinf and σ[kinf ] versus pin burnup with ENDF/B-VII.1
covariance data.

0.8

0.6

0.4

0.2

0

1

0 200 400 600 800 1000 1200 1400 1600

1.45
1.5

1.4
1.35
1.3
1.25
1.2
1.15
1.1
1.05

0.95
0.9
0.85
0.8

k
∞

k
∞

EFPD

Total unc.
Unc. from
statistical unc.

Unc. from cross-section unc.
Unc. from number density unc.

σ
(k

∞
)/
k
∞

×
10

0

Figure 3: kinf and σ[kinf ] versus pin burnup with SCALE6.1/COVA-
43G covariance data.

RSDs of number densities estimated from the two covariance
data as a function of, and the cooling time after, irradiation
period.

4. Conclusion

The McCARD uncertainty propagation analyses with dif-
ferent covariance data files have been performed for the
TMI-1 burnup pin-cell problem in Phase I of the OECD
LWR UAM benchmarks. The numerical results show that the
uncertainty behavior over burnup strongly depends on the
nuclear covariance data.
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We discuss the estimation of the uncertainty and sensitivity parameters for a model response under the assumption that the input
variables are normally distributed and block-wise correlated with the covariance matrix, which is small in some norm. These
conditions may arise when considering the impact of the group-wise neutron cross-sections’ uncertainties on the uncertainty of
some reactor parameters such as the neutron multiplication factor. The variance-based global sensitivity analysis, considered in our
work, involves the calculation of multidimensional integrals. When the input uncertainties are small, the values of these integrals
can be estimated using an asymptotic analysis method called the Laplace approximation. The asymptotic formulas for the output
variance and for the global sensitivity indices have been obtained using the Laplace approximation method. It is demonstrated
that the asymptotic formula for uncertainty propagation matches the uncertainty propagation formula being used in the local
sensitivity analysis. The applicability of the obtained asymptotic approximations was successfully demonstrated on a test problem
with realistic cross-section and covariance matrix values.

1. Introduction

Uncertainty analysis (UA) is a mathematical tool that allows
one to quantify the uncertainty of the model output as a
result of the uncertainty in the model input. If the input con-
sists of more than one variable, another mathematical tool,
sensitivity analysis (SA), may be used to quantify the contri-
bution of each parameter to the output uncertainty. SA and
UA methods can be gathered in two broad families: local sen-
sitivity analysis (LSA) and global sensitivity analysis (GSA).

LSA methods allow one to analyze the behavior of the
model output in the vicinity of a chosen point. They are
usually efficient in computer time but may be inadequate
for nonlinear models. GSA methods allow one to explore
the full-phase space of input parameters and to take the
nonlinearity of the model into account. GSA methods are
generally more computationally intensive than LSA methods.
The major difference between these two approaches can
be summarized with the following quote from Sobol’ [1]:
“Global sensitivity indices should be regarded as a tool for
studying the mathematical model rather than its specified

solution.” A detailed discussion on SA methods can be found
in [1–3]. The overview of SA as applied in the nuclear reactor
calculation field is given in [4] and the references therein.

In this paper we will concentrate our attention on the so-
called variance-based GSA. Amongst different GSA methods,
the variance-based methods are the methods of preference
because they are well established, robust and model-
independent. On the other hand, despite the attractiveness
of the variance-based GSA, UA, and SA for nuclear reactor
problems are traditionally based on the LSA methods and
rarely on GSA methods. The reason why the variance-based
GSA method was not widely applied is that there are a few
obstacles in the way of their implementation in reactor
calculations. The first obstacle is the correlation between
input parameters, that makes the variance-based GSA in
its traditional formulation meaningless. This limitation
may appear, for example, when considering multigroup
neutron cross-sections as input parameters, which may have
correlations between cross-sections from different energy
groups. The partial remedy for this problem was proposed
by Jacques et al. [5], who remarked that the variance-based
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GSA is still applicable to the mutually independent subsets
of input variables. Another, more radical solution, is to
abandon the variance-based GSA and to use, for instance,
entropy-based GSA [6, 7]. Entropy-based GSA methods
can be used for correlated inputs, but they are not as
well-established as variance-based ones, are algorithmically
more complex and computationally more expensive. The
second obstacle is the potential impracticality (and even
intractability) when the number of input parameters is big.
This problem appears because GSA methods involve the
calculation of multidimensional integrals and is traditionally
circumvented by applying the integration methods suitable
for multidimensional problems, such as Monte Carlo [1, 8]
or sparse grid [9, 10] quadratures. These quadratures are
often applied in conjunction with model reduction methods
[11–13], which are often based on the functional ANOVA
(analysis of variance) decomposition [8, 14]. When applied
in the field of nuclear reactor calculations, UA and SA
methods have an additional limitation: the model value is
often the result of an expensive calculation and this limits
the number of samples available for the analysis.

Nevertheless, there are some indications that a large
number of samples may not be needed for practical appli-
cations. Adetula and Bokov [15, 16] described a numerical
method for the calculation of global sensitivity parame-
ters for multigroup cross-section dependent problems with
block-wise correlated inputs. The method was illustrated
using a test two-group problem that involved realistic cross-
section data. Various integration techniques were used and
one of them, sparse grid quadrature, has demonstrated a
surprisingly good accuracy with a small number of sample
points. Moreover, it was observed that the interaction
between inputs is negligible. Hence, it was concluded that
the model is virtually additive and can be approximated
with low-order polynomials. This result was explained with
the following hypothesis: the uncertainty in cross-sections
is so small that only the vicinity of the cross-section mean
values contributes to the integrals used in the estimation of
sensitivity indices. In this vicinity the neutron multiplication
factor can be approximated with a fairly linear function. This
hypothesis was tested and confirmed empirically (see [15, 16]
for detail), but none theoretical support has been provided.

The present work aims to fill this gap and to provide
a theoretical explanation and a quantitative description
of this phenomenon. The idea behind this hypothesis is
rather simple and may be illustrated with the sketch given
in Figure 1 for a one-dimensional case. Consider a model
represented with a smooth function f (x), where the input
variable x is normally distributed with a mean μ and a
standard deviation σ . Let us assume that it is necessary to
evaluate the integral in the following form:

I =
∫ +∞

−∞
f (x)p(x)dx, (1)

where p(x) is the probability density function for x. As one
can observe in Figure 1, only the interval under the Gaussian
(which is of the order of a few σ) effectively contributes to
the integral. In the limit, when σ → 0, that corresponds to
the case σ = σ0, the probability distribution becomes the

y

μ x

f (x)

σ0

σ1

σ2

σ3

Figure 1: Effective vicinities of the cross-section mean, which
contribute to the integral, for the standard deviations σ3 > σ2 > σ1 >
σ0 = 0. Dots on the curve y = f (x) represent the boundaries of the
corresponding effective intervals on which integrand is essentially
not zero.

delta function and the contribution of the function to the
integral is point-wise, that is, I = f (μ). When σ is small
enough, as in the case σ = σ1, the part of the function f (x),
contributing to the integral, is almost linear. Finally, if the the
Gaussian spans wider intervals, then the nonlinearity of f (x)
becomes progressively more prominent (see cases for σ = σ2

and σ = σ3). A similar behavior can be observed in the multi-
dimensional case. The qualitative description of this behavior
in a one- and multidimensional case can be given using a
method known as the Laplace approximation through the
asymptotic approximation of the involved integral.

In this work we intend to apply the Laplace method
for the calculation of the output variance and sensitivity
indices as they are defined in GSA. The application of the
Laplace approximation in a one-dimensional case is relatively
straightforward, while in a multidimensional case it may
become cumbersome, this is why we limit our approximation
with the first nonvanishing term in the approximation. Nev-
ertheless, as we will demonstrate below, this approximation
is sufficient to explain the results as obtained in [15, 16].

The rest of the paper is organized in the following
way. Section 2 provides necessary definitions followed by
a derivation of the asymptotic approximation. Section 3 is
used to discuss the asymptotic approximation. Section 4
contains the description and analysis of the test problem.
Finally, Section 5 is used to present our conclusions.

2. Asymptotic Approximation of
Sensitivity Indices

2.1. Variance-Based Global Sensitivity Analysis. Let X =
{X1,X2, . . . ,Xd} be a set of continuous random variables, Xu

be its arbitrary subset and Xv be a subset of complimentary
variables, that is, X = Xu ∪ Xv. The random variables
can be gathered into the corresponding column vectors:
Xu, Xv, and X = (Xu, Xv). Following the arguments given



Science and Technology of Nuclear Installations 3

in [5, 15, 16], we assume that random variables from Xu

and Xv are mutually statistically independent, hence their
joint probability function is the product of the marginal
probability density functions:

p(x) = p(xu)p(xv). (2)

Note that we will use, as is the rule in statistics, a capital letter
(e.g., Xi) to denote a random variable and the corresponding
lowercase letter (xi) to denote its value (realizations). Let
us assume that the random variables Xi (i = 1, 2, . . . ,d) are
distributed according to the normal law with known means
and covariances. The multivariate normal distribution is
characterized by the probability density function [17]

p(x) = 1

(2π)d/2 det (Σ)1/2 exp
[
−1

2

(
x − µ

)T
Σ−1(x − µ

)]
,

(3)

where X is the column vector of the input random variables,
µ = E[X] is the column vector of their expected values, Σ =
E[(x − µ)(x− µ)T] is the covariance matrix and E denotes
the mathematical expectation and the symbol “T” denotes
the operation of transposing a row to a column.

Consider a model

Y = f (X1,X2, . . . ,Xd) = f (X), (4)

where the function f : Rd → R is generally nonlinear
and may result from numerical calculations. Xi are called
inputs and Y is called the output or response. The response
Y = f (X) is a random variable itself, with the expected
value f∅ = E[ f (X)] and the variance D = E[( f (X)− f∅)2].
The variance of the output, D, can be used to characterize
the uncertainty in the response due to the uncertainty in
the input, or in other words, the uncertainty propagation.
Note that D can be calculated, regardless of whether the
normally distributed inputs are correlated or not. Sensitivity
indices characterize the contribution of a subset Xu (and,
correspondingly, vector Xu) to the response variance and
they are meaningful only if subset Xu and its complementary
subset Xv are statistically independent. Two types of global
sensitivity indices, with respect to a subset Xu, can be
introduced:

(1) SXu , which is called the main sensitivity index (MSI)
and it represents the effect due to Xu only;

(2) Stot
Xu

, which is called the total sensitivity index (TSI)
and it represents the contribution to the variance of
Xu along with all the interactions of this variable with
other variables.

The global sensitivity indices can be calculated using the
ratios [1, 8]

Stot
Xu
= Dtot

Xu

D
, SXu =

DXu

D
, (5)

where parametersD,DXu , andDtot
Xu

can be calculated through
the following multidimensional integrals [12, 15, 16]:

f∅ =
∫

Rd
f (x)p(x)dx, (6)

D =
∫

Rd
f 2(x)p(x)dx − f 2

∅, (7)

DXu =
∫

R2d−dim(Xu)
f (x) f

(
xu, x′v

)
p(x)p

(
x′v
)
dxdx′v − f 2

∅, (8)

Dtot
Xu
= 1

2

∫

Rd+dim(Xu)

[
f (x)− f (x′u, xv)

]2
p(x)p

(
x′u
)
dxdx′u,

(9)

which are a generalization of the classical formulas given by
Sobol’ [1, 8]. Here the prime symbol over a variable (e.g., as
in x′u) means that this variable has to be sampled indepen-
dently from the corresponding marginal distribution (p(x′u)
in this case) of its unprimed analogue and dim(·) is the
number of elements in a vector, that is, the dimensionality
of the vector. Calculation of the sensitivity indices requires
the calculation of integrals (6)–(9), which can be written in
the following general form:

E
[
g
] =

∫

Rdeff

g(x̃)p(x̃)dx̃, (10)

where the integration operator E[·] denotes the math-
ematical expectation with respect to extended random
variables X̃, g(x̃) represents a function being integrated
and deff = dim(X̃) is the effective dimensionality of the
integral. For instance, in integral (8) function g(x̃) represents
[ f (x) f (xu, x′v)], x̃ represents (xu, xv, x′v), and the effective
dimensionality is deff = 2d − dim(Xu). Similarly, in the
integral (6) function g(x̃) represents f (x), x̃ = x and deff = d.

2.2. Laplace Approximation of Integrals. In the limit when
elements of the covariance matrix are small in some norm,
one can use for the calculation of integrals (6)–(9) the
asymptotic analysis technique known as the Laplace approx-
imation. The Laplace approximation is an approximation to
integrals in the following form:

I(λ) =
∫

Ω
h(x) exp[λR(x)]dx, (11)

as λ → ∞ with λ > 0. Here Ω is a measurable subset of Rd

and R(x) is a real-valued function of x. When applying the
Laplace approximation formula, it is assumed that R(x) is an
infinity differentiable function with its maximum value at a
single point x0 in the interior of Ω (see [18] for details) and
h(x) is a sufficiently smooth function of its argument.

Integrals in the form (10), used for the calculation of
sensitivity indices, fulfill the above requirements for the
applicability of the Laplace approximation formula if one
considers x0 = µ and assumes that elements of the covariance
matrix Σ are small. Let us assume that the covariance matrix
Σ is small in some norm, that is, in the limit ‖Σ‖ → 0. For
the sake of the asymptotic analysis, let us introduce the big
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parameter λ as the inverse absolute value of the determinant
of the covariance matrix

λ = |det(Σ)|−1. (12)

We will assume that the covariance matrix is strictly positive
definite, hence the absolute value sign in (12) may be omit-
ted. Factoring out the coefficient λ allows us to introduce the
normalized covariance matrix

C = Σ|det(Σ)|−1 = λΣ. (13)

Taking into account that det(C) = det(λΣ) = λd det(Σ), the
probability density function (3) can be written in a form
suitable for the Laplace approximation:

p(x) = 1

|det(C)|1/2
(
λ

2π

)d/2
exp

[
−λ1

2

(
x − µ

)TC−1(x − µ
)]
.

(14)

The covariance matrix Σ is real-valued, symmetric, and
positively definite, hence matrix C allows the Cholesky
factorization:

C = LLT , (15)

where L is a lower triangular matrix with strictly positive
diagonal entries. The exponent in the joint probability
density function can then be transformed in the following
way:

λ
1
2

(
x − µ

)TC−1(x − µ
) = λ

1
2

zTz, (16)

where new random variables Zi (i = 1, . . . ,d) are introduced
by the linear transformation z = L−1(x− µ). The initial vari-
ables X can be obtained via the inverse linear transformation

x = Lz + µ. (17)

Changing variables x → z by using the linear transformation
(17) in the integral (10) and taking into account that the
Jacobian matrix for this transformation is

∂x
∂z
= ∂(x1, . . . , xd)
∂(z1, . . . , zd)

= L (18)

gives for the integral (10):

E
[
g
] = |det(L)|

∫

Rd
g
(

Lz + µ
)
p
(

Lz + µ
)
dz. (19)

Taking into account that |det(C)| = |det(LLT)| = |det(L)|2
and substituting the explicit formula for p(x[z]) after the
change of variables, one obtains

E
[
g
] =

(
λ

2π

)d/2 ∫

Rd
g
(

Lz + µ
)

exp
[
−1

2
λzTz

]
dz. (20)

The Laplace approximation formula for (11) can be found,
for example, in [18]. Applying this formula to integral (20)
leads, after a few simplifications, to the asymptotic series:

E
[
g
] ∼

∞∑

m=0

cmλ
−m, (21)

where

cm = 1
2m

×
∑

p1+···+pd=2m(pk all even)

∂2m

∂z
p1

1 · · · ∂zpdd
g
(

Lz + µ
)
∣∣∣∣∣

z=0

×
d∏

k=1

1(
pk/2

)
!
.

(22)

If the expansion is truncated at m = 0, the obtained formula
is usually referred to as the Laplace approximation with c0 =
g(µ). For many applications this is sufficient, but not for
ours: as will be shown below, the first nontrivial term in
the asymptotic expansion for integrals (6)–(9) is linear with
respect to (λ−1). Therefore, we retain the first two terms in
the asymptotic expansion:

E
[
g
] = g

(
µ
)

+
1

2λ

d∑

k=1

∂2

∂z2
k

g
(

Lz + µ
)
∣∣∣∣∣

z=0

+O
(
λ−2). (23)

By introducing the d-dimensional gradient and the Laplace
operators, defined as:

∇z =
(
∂

∂z1
, . . . ,

∂

∂zd

)T
, ∇2

z =
d∑

k=1

∂2

∂z2
k

, (24)

respectively, one can write (23) in a compact form:

E
[
g
] = g

(
µ
)

+
1

2λ
∇2

zg
(

Lz + µ
)∣∣∣∣

z=0
+O

(
λ−2). (25)

The subscript next to the nabla operator (e.g., z next to
∇z) will be used to indicate explicitly the variables with
respect to which partial derivatives are taken. Asymptotic
formulas (23)–(25) can now be applied for the estimation
of the integrals (6)–(9) used in the calculation of sensitivity
indices.

2.3. Calculation of Sensitivity Indices

2.3.1. Variance. In order to calculate parameter D, given by
(7), one can use the well-known statistical formula for the
variance:

D = E
[
f 2(x)

]− (E[ f (x)
])2, (26)

where f∅ = E[ f (x)] is substituted. As one can see from
(26) two integrations are needed: for f (x) and f 2(x). We
will approximate these integrals independently to the second
order, that is, O(λ−2). The application of the approximation
formula (25) to the first term in (26) yields

E
[
f 2(x)

] = f 2(µ) +
1

2λ
∇2

z f
2(Lz + µ

)∣∣∣∣
z=0

+O
(
λ−2)

= f 2(µ) +
1
λ

[∇z f
(

Lz + µ
) · ∇z f

(
Lz + µ

)

+ f
(
µ
)∇2

z f
(

Lz + µ
)]∣∣

z=0

+O
(
λ−2).

(27)
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Note, that the vector algebra formula

∇2(ϕψ) = ∇ ·∇(ϕψ) = 2
(∇ϕ) · (∇ψ) + ψ∇2ϕ + ϕ∇2ψ

(28)

for the Laplacian of the product of two scalar fields, ϕ and ψ
was used in the above derivation.

The approximation formula for f∅ can be obtained by a
simple substitution of f (x) instead of g(x) into (25), that is,

f∅ = E
[
f (x)

] = f
(
µ
)

+
1

2λ
∇2

z f
(

Lz + µ
)∣∣∣∣

z=0
+O

(
λ−2).

(29)

Keeping the terms up to the second order with respect to λ−1

in the asymptotic approximation of f 2
∅ gives

f 2
∅ =

(
E
[
f (x)

])2 = f 2(µ) + f
(
µ
) 1
λ
∇2

z f
(

Lz + µ
)∣∣∣∣

z=0

+O
(
λ−2).

(30)

For the sake of the derivation in the next section, let us
rewrite (30) in a different form:

f 2
∅ =

(
E
[
f (x)

])2 = f 2(µ) + f
(
µ
)

tr(ΣH) +O
(
λ−2),

(31)

where tr(·) denotes the trace of a matrix and H is the Hessian
matrix for the function f (x) at a point x = µ with the matrix
elements defined as

Hi j = ∂2 f (x)
∂xi∂x j

∣∣∣∣∣
x=µ

for i, j = 1, 2, . . . ,d. (32)

After substitution of (27) and (30) into (26), one obtains the
asymptotic approximation to the variance of f :

D = 1
λ
∇z f

(
Lz + µ

) · ∇z f
(

Lz + µ
)∣∣∣∣

z=0
+O

(
λ−2). (33)

Returning back to the initial variables X and taking into
account that the gradient operator transforms as

∇z f
(

Lz + µ
) = LT∇x f (x), (34)

where∇x f (x) is the gradient of f with respect to the “initial”
variables Xi (where i = 1, 2, . . . ,d), (33) becomes

D = 1
λ
∇T

x f (x)LLT∇x f (x)
∣∣∣∣

x=µ
+O

(
λ−2). (35)

Furthermore, taking into account properties (13) and (15),
one obtains:

D = ∇T
x f (x)Σ∇x f (x)

∣∣∣
x=µ +O

(
λ−2). (36)

Finally, by introducing the sensitivity vector s =
∇x f (x)|x=µ the asymptotic formula for D can be written as:

D = sTΣs +O
(
λ−2). (37)

2.3.2. Numerator in the Formula for MSI. Formula (8) con-
tains the integrand, which depends on variables from Xu,
Xv, and X′

v. Let us introduce the extended vector of input
variables:

X̃ =
⎡
⎢⎣

Xu

Xv

X′v

⎤
⎥⎦. (38)

Note that the tilde symbol will be used for extended variables.
By the assumptions discussed previously Xu, Xv, and X′v are
statistically independent, hence p(x̃) = p(xu)p(xv)p(x′v).
Therefore, the random vector X̃ has the mean µ̃ and the
covariance matrix Σ̃, which can be written in the following
block form:

µ̃ =
⎡
⎢⎣
µu
µv
µv

⎤
⎥⎦, Σ̃ =

⎡
⎢⎣
Σuu 0 0

0 Σvv 0
0 0 Σvv

⎤
⎥⎦. (39)

Let us introduce auxiliary functions: ϕ(x̃) ≡ f (xu, xv) and
ψ(x̃) ≡ f (xu, x′v) for convenience. Applying formula (28) to
g(x̃) ≡ ϕ(x̃)ψ(x̃) and following the path used in the previous
section, one obtains the asymptotic approximation of the
first term in (8):

E
[
ϕ(x̃)ψ(x̃)

] = ϕ(x̃)ψ(x̃)
∣∣

x̃=µ̃ + ∇T
x̃ ϕ(x̃)Σ̃∇x̃ψ(x̃)

∣∣∣
x̃=µ̃

+
1
2

[
ϕ(x̃) tr

(
Σ̃H̃

)
+ ψ(x̃) tr

(
Σ̃H̃′

)]∣∣∣
x̃=µ̃

+O
(
λ−2),

(40)

where H̃ and H̃′ are the Hessian matrices for ϕ(x̃) and ψ(x̃),
respectively, at x̃ = µ̃. As follows from the definitions of
functions ϕ(x̃) and ψ(x̃), these matrices have the following
block structure:

H̃ =
⎡
⎢⎣

Huu Huv 0
Hvu Hvv 0

0 0 0

⎤
⎥⎦, H̃′ =

⎡
⎢⎣

Huu 0 Huv

0 0 0
Hvu 0 Hvv

⎤
⎥⎦, (41)

where the blocks are formally defined as

Huu = ∂2 f (x)
∂xu∂xu

, Hvv = ∂2 f (x)
∂xv∂xv

,

Huv = Hvu = ∂2 f (x)
∂xv∂xu

.

(42)

Similarly, gradients ∇x̃ϕ(x̃)|x̃=µ̃ and ∇x̃ψ(x̃)|x̃=µ̃ have the
following matrix structure:

∇x̃ϕ(x̃)
∣∣

x̃=µ̃ =
⎡
⎢⎣

su
sv
0

⎤
⎥⎦, ∇x̃ψ(x̃)

∣∣
x̃=µ̃ =

⎡
⎢⎣

su
0
sv

⎤
⎥⎦, (43)

where su = ∇xu f (x)|x=µ and sv = ∇xv f (x)|x=µ are sensitivity
vectors with respect to Xu and Xv. Taking into account
(41) and (43), the trace operators in (40) can be modified
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in the following way: tr(Σ̃H̃) = tr(Σ̃H̃′) = tr(ΣuuHuu) +
tr(ΣvvHvv) = tr(ΣH). From the definitions of ϕ(x̃) and ψ(x̃)
it follows that ϕ(µ̃) = ψ(µ̃) = f (µ), hence (43) becomes

E
[
ϕ(x̃)ψ(x̃)

] = f 2(µ) + sTuΣuusu + f
(
µ
)

tr(ΣH) +O
(
λ−2).

(44)

After subtracting (31) from (44) one obtains the following
approximation for the factorDXu in the formula for the Main
Sensitivity Index:

DXu = sTuΣuusu +O
(
λ−2). (45)

2.3.3. Numerator in the Formula for TSI. The calculation of
Dtot

Xu
requires the calculation of integral (9). In this section

let us introduce the extended variable vector as the column
vector

X̃ =
⎡
⎢⎣

Xu

Xv

X′u

⎤
⎥⎦. (46)

Vector X̃ has the mean and covariance matrix that have the
following block representation:

µ̃ =
⎡
⎢⎣
µu
µv
µu

⎤
⎥⎦, Σ̃ =

⎡
⎢⎣
Σuu 0 0

0 Σvv 0
0 0 Σuu

⎤
⎥⎦. (47)

Introducing, for convenience, the auxiliary functions: ϕ(x̃) ≡
f (xu, xv), χ(x̃) ≡ f (x′u, xv) and ω(x̃) ≡ ϕ(x̃) − χ(x̃), one can
write function g(x̃) in (10) as

g(x̃) = 1
2
ω2(x̃). (48)

The Laplace approximation for Dtot
Xu
= E[g(x̃)] can be

obtained by substituting function (48) into formula (25),
which gives:

Dtot
Xu
= 1

2
ω2(x̃)

∣∣
x̃=µ̃ +

1

4λ̃
∇2

z̃ ω
2
(

L̃z̃ + µ̃
)∣∣∣

z̃=0
+O

(
λ−2).

(49)

From the definition of functions ϕ(x̃) and χ(x̃) it follows that
ω(µ̃) = 0 and the first term in (49) vanishes. The second term
can be transformed in the following way:

Dtot
Xu
= 1

4λ̃
∇2

z̃ω
2
(

L̃z̃ + µ̃
)∣∣∣∣∣

z̃=0

+O
(
λ−2)

= 1

2λ̃

[
∇z̃ω

(
L̃z̃ + µ̃

)
· ∇z̃ω

(
L̃z̃ + µ̃

)

+ ω
(
µ̃
) · ∇2

z̃ω
(

L̃z̃ + μ̃
)]∣∣∣

z̃=0

+O
(
λ−2)

= 1
2
∇T

x̃ω(x̃)Σ̃∇x̃ω(x̃)
∣∣∣∣

x̃=µ̃
+O

(
λ−2).

(50)

Taking into account the structure of the extended covariance
matrix, given by (47), and the structure of the gradients in
(50), given by

∇x̃ω(x̃)
∣∣

x̃=µ̃ =
⎡
⎢⎣
−su

0
−su

⎤
⎥⎦, (51)

one obtains the following formula:

Dtot
Xu
= sTuΣuusu +O

(
λ−2). (52)

2.3.4. Asymptotic Formulas for the Global Sensitivity Indices.
In the previous sections we have obtained approximation
formulas for the integrals involved in the calculation of
the global sensitivity indices. As we have demonstrated,
these integrals can be approximated with the asymptotic
series

∑∞
m=1 cmλ

−m, where the coefficients cm depend on
the derivatives of the model function with respect to input
variables. Based on this result, the asymptotic formula for the
sensitivity indices, SXu and Stot

Xu can be written as a ratio:

∑∞
n=1 anλ

−n
∑∞

k=1 bkλ−k
= a1

b1
+

(a2b1 − a1b2)
b2

1
λ−1 +O

(
λ−2). (53)

The first two terms of the Maclaurin series with respect to
the small parameter λ−1 are written explicitly on the right-
hand side of (53). Hence the first nontrivial term in the
approximation of the sensitivity indices is the ratio of the first
nonvanishing term in the integral approximations obtained
above. Thus, the approximation for MSI can be obtained by
dividing (45) by (37):

SXu =
sTuΣuusu

sTΣs
+O

(
λ−1). (54)

Similarly, the approximation for the TSI is

Stot
Xu
= sTuΣuusu

sTΣs
+O

(
λ−1). (55)

3. Discussion

Formula (37) relates the input uncertainties, given by the
covariance matrix Σ, to the output uncertainty, characterized
by the variance D and, hence, describes the propagation
of error. Contrary to what one would expect from (23),
the approximation formula (36) involves first-order partial
derivatives of f (x) and not zeroth and second-order deriva-
tives.

As one can see, the structure of the first nonvanishing
term in this expression corresponds to the famous sandwich
formula for error propagation used in the derivative-based
LSA [3, 4]. Note, that in this work sensitivity vector
components are defined as si = (∂ f (x)/∂xi)x=µ, whereas
in literature dimensionless sensitivity coefficients si =
(μi/ f (µ))(∂ f (x)/∂xi)x=µ are often used.

Formulas (45) and (52) have the same sandwich structure
as (37), but contains only the sensitivities and uncertainties
with respect to the input variables Xu. Moreover, factor
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DXu matches factor Dtot
Xu

under conditions used in the
approximation and the corresponding sensitivity indices
coincide. As a result, sensitivity indices given by (54) and
(55) do not differ in the first nonvanishing term in the
approximation. The difference between SXu and Stot

Xu
may be

of the order O(λ−1). Formulas (54) and (55) involve, besides
elements of the covariance matrix, only gradients of the
model function, which are proportional to the coefficients of
the linear expansion of the model at x = µ. This indicates
that, in the considered limit, the model is approximately
linear. As a consequence, interactions are negligible and SXu

coincides with SXu that is reflected by results (54) and (55).
The remaining question of this analysis is the criterion

for the applicability of the asymptotic results. We could not
derive this criterion directly for the sensitivity indices. The
indirect indication can obtained by using (27):

f 2(µ)� sTΣs + f
(
µ
)

tr(ΣH), (56)

by taking into account that the calculation of the sensitivity
index involves the calculation of integrals for f 2(x).

4. Example

Adetula and Bokov [15, 16] discussed a test problem, where
the model f : R7 → R represents the two-group infinite
multiplication factor described by the analytical formula
[19]:

f (X1, . . . ,X7) = X5

X1 + X3 + X7
+

X6X7

(X2 + X4)(X1 + X3 + X7)
,

(57)

where variables Xi with i = 1, 2, . . . , 7 represent the following
macroscopic cross-sections: X1 is the fast capture, X2 is the
thermal capture, X3 is the fast fission, X4 is the thermal
fission, X5 is the fast neutron production, X6 is the thermal
neutron production, and X7 is the fast removal. The mean
values of the cross-sections and covariance matrix used were
based on the data given in [20]:

µ = 10−2

×
[

0.5336 2.693 0.19124 2.8438 0.4920 6.929 2.063
]T

,

Σ = 10−8

×

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.42 0.22 −0.05 −0.02 0 0 0
0.22 2.14 −0.02 −0.65 0 0 0
−0.05 −0.02 0.02 0.01 0 0 0
−0.02 −0.65 0.01 0.84 0 0 0

0 0 0 0 0.23 0.18 0
0 0 0 0 0.18 9.64 0
0 0 0 0 0 0 5.28

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(58)

where the cross-sections are given in cm−1 and the
variances are given in cm−2. The test covariance matrix
has three uncorrelated blocks, corresponding to subsets:
{X1,X2,X3,X4}, {X4,X5}, and {X7}, for which the calcula-
tion of sensitivity indices is not meaningless.

Values of the global sensitivity indices, which are
calculated using the asymptotic formulas obtained in our
work and the values as reported in [15, 16] are presented
in Table 1. The output uncertainty, characterized by the
variance (D) or the standard deviation (

√
D) calculated

with these two methods are also given in Table 1. The values
taken from [15, 16] were calculated with the sparse grid
quadrature, as it has been found to be the most accurate
amongst all the applied quadratures. (Other quadratures
were Monte Carlo and quasi-Monte Carlo. Values obtained
with all three quadratures were in a good agreement, this
indicates that the quadratures have converged and the result
obtained may be taken as the reference.) As one can see from
Table 1, the results for sensitivity indices and uncertainties
are in good agreement and differ for only one case in the
fourth significant digit for sensitivity indices and in the third
significant digit for the variance. It is worth mentioning
that this discrepancy is still within the error of numerical
integration as reported in [15, 16]. Results given in Table 1
confirm the validity of the asymptotic approximation for the
considered test problem. Similar results have been obtained
for the second case, as discussed in [15, 16], namely the
case of the diagonal covariance matrix. These results also
confirm the correctness of the hypothesis given in [15, 16]
and discussed in earlier in Section 1 of this paper.

5. Conclusions

The problem of calculating the uncertainty and sensitivity
parameters in the framework of the variance-based Global
Sensitivity Analysis was addressed. It was assumed that the
input variables are normally distributed and block-wise cor-
related. Under the additional assumption that the covariance
matrix is small in some norm, the Laplace approximation
technique was applied and the asymptotic approximation of
the output variance and the global sensitivity indices was
obtained.

Our results demonstrate that the first nontrivial term in
the asymptotic expansion of the output uncertainty (vari-
ance) has the so-called sandwich structure well known from
the local sensitivity analysis, that is, it depends linearly on the
covariance matrix and quadratically on the partial derivatives
of the outputs with respect to the inputs. The dependence
of uncertainty on the partial derivatives means that, under
the above assumptions, the model can be considered to be
approximately linear, and, as a consequence, the interaction
(but not correlation) between inputs is negligible. The above
conclusion is supported by the asymptotic approximation
obtained for sensitivity indices: the expression for the main
sensitivity indices coincides with the expression for the total
sensitivity indices, thus indicating that interactions between
input variables can be neglected.

A test problem with realistic values of multigroup cross-
sections and their covariances was considered. The values
of the global sensitivity indices calculated via asymptotic
formula were found to be in good agreement with the
values calculated from the exact formulas using numerical
integration. This demonstrate that the results obtained may
not only be of academic interest but of practical interest
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Table 1: Sensitivity indices and output uncertainty (both dimensionless) as calculated with the asymptotic formula and multidimensional
quadrature.

Parameter Asymptotic approximation Sparse grid integration [15, 16]

Sensitivity index for {X1,X2,X3,X4} 0.3453 0.3453

Sensitivity index for {X5,X6} 0.6126 0.6125

Sensitivity index for {X7} 0.0421 0.0421

Variance D 3.575 · 10−5 3.567 · 10−5

Standard deviation
√
D 598 pcm 597 pcm

as well. The theoretical and numerical results obtained in
this work indicate that, from the point of view of numerical
calculations, the sparse-grid integration-based method for
the uncertainty propagation can be an alternative to the
perturbation/derivative methods used in the local sensitivity
analysis. Moreover, the results for the uncertainty obtained
by these two methods are interchangeable in the limit of
small cross-section errors.
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