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In this article, some fractional Hardy-Leindler-type inequalities will be illustrated by utilizing the chain law, Holder’s inequality,
and integration by parts on fractional time scales. As a result of this, some classical integral inequalities will be obtained. Also, we
would have a variety of well-known dynamic inequalities as special cases from our outcomes when o = 1.

1. Introduction
The Hardy discrete inequality is known as (see [1])
u
© (1 . " U 0o
) = () Lre e
where I(r) >0 for all 7> 1.

In [2], Hardy employed the calculus of variations and
exemplified the continuous version for (1) as follows:

JZO G Kg <S)ds>ﬂdy < (%)Tg”(y)d% w1, (2)

where y >0 is integrable over any finite interval (0, y),g* is

convergent and integrable over (0, 00), and (u/(p—1))* is
a sharp constant in (1) and (2).

Leindler in [3] exemplified that if > 1 and A(r),f(r) > 0,
then

M8

r H 0 0 u
A(r) <Zlf(5)> <yt (Zl ATH(r) <Z /\(S)> f“(f)>)
(3)

-
I
—_

~

=1 k=r

00 0 u 0 r u
PRIG! (Zf(’ﬂ) SM”(ZIAI_”U) (ZIA(S)) f“(ﬂ)- (4)

The converses of (3) and (4) are exemplified by Leindler
in [4]. Precisely, he established that if 0 < ¢ < 1, then
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r “ 00 00 I
A(r) (Zf@) >t (lel_“(f) (ZMS)) f”(r)>»

(5)

o0 o “ (e8] T 4
;A(f) (;f(@) > (Zl ATH(r) (;Mﬂ) f”(f))-
(6)

Saker [5] exemplified the time scale version of (3) and
(4), respectively, as follows: suppose that T be a time scale
and p> 1. If A(7) = [PA(s)As,D(1) = [[f(s)As, for any T
€l,00);, then

_t
Il
—

<

JOO/X(T)(QW(T))"ATS ut (J;OAIM(T)AH(T) M(T)Ar). (7)

l

Also, if A(r L s)As and O(r

7 €1, 00)q, then

= [*f(s)As, for any

[ @myar s ([ “3we) (@ ) )
(8)
The converses of (7) and (8) are established by Saker [5].
Precisely, he exemplified that if T is a time scale, 0 < u <1,

O(t) = [°A(s)As, and ¥(7) = [[f(s)As, for any T €1, 00),
then

ijr)(vf”(r))“Arzw (Jmf’*(r)o*‘(r)#“(r)m). o)
1 I

Also, if O(t fl
T€l,00)y, then

s)As and ¥(7) = [°f(s)As, for any

OOA(T) (¥(1)) At = Oof”('r) (Q° () A H(1)ar ),
| () )
(10)

which are the time scale version for (5) and (6), respectively.
For developing dynamic inequalities, see the papers
([6-11]).

Our target in this article is proving some fractional
dynamic inequalities for Hardy-Leindler’s type, and it is
reversed with employing conformable calculus on time scales.
This article is structured as follows: In Section 2, we discuss the
preliminaries of conformable fractional on time scale calculus
which will be required in proving our main outcomes. In Sec-
tion 3, we will exemplify the major consequences.

2. Basic Concepts

In this part, we introduce the essentials of conformable frac-
tional integral and derivative of order a€[0,1] on time
scales that will be used in this article (see [12-15]). For a
time scale T, we define the operator 0 : T— T, as

Journal of Function Spaces

o(t)=inf {seT :s>1}. (11)
Also, we define the function p : T — 0, c0) by
u(1)=o(r) . (12)

Finally, for any 7 € T, we refer to the notation &’ () by
&(a(1)), ie., &7 =& o 0. In the following, we define conform-
able a-fractional derivative and a-fractional integral on T.

Definition 1 (see [16], Definition 3.1). Suppose that &: T

— R and a € (0,1]. Then, for 7 >0, we define D,(&*)(z)
to be the number with the property that, for any € > 0, there
is a neighborhood V of 7 s.t. VT € V, we have

(€ (1)~ £6)0" (1) ~ Do (") (1) (0(r) = 5)| < elo () - 5).
(13)

The conformable a-fractional derivative on T at 0 is
D, (£%)(0) = lim D, (&%) (7). (14)

Theorem 2 (see [16], Theorem 3.6). Assume 0< a <1 and
v,&: T—> R are conformable a-fractional derivatives at T
€ T*. Then, we have the following.

(i) The sum v +& is a conformable a-fractional deriva-
tive and

D ((v+8)*)(7) =Do(v) (1) + D (§*) (x) (15)

(ii) The product v€ : T—> R is a conformable a-frac-
tional derivative with

D, ((v6)*) (7) = Dy(v*) ()(r) + V(o (r))D, () ()
=V(1)D, (£) (1) + Do (v*) (1)E(01(7)
(16)

(iii) If &(7)&(o(1))#0, then Vv/E is a conformable a
~fractional derivative with

Lemma 3 (Chain rule). Suppose that & : T— R is continu-
ous and a-fractional differentiable at T € T, for a € (0, 1] and
v:R— R is continuously differentiable. Then, (veo&): T
— R is a-fractional differentiable and
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D, ((v o c)A) (t) =v'(£(d))D, (5“) (), whered € [r,0(7)].
(18)

Definition 4 (see [16], Definition 4.1). For 0 < a < 1, then the
a-conformable A fractional integral of & is defined as

I, (EA) (s)= Jﬁ(s)Aas = JE(S)U‘H (s)As, foralls € T*.
(19)

Theorem 5 (see [16], Theorem 4.3). Let I,m,neT,f€R,
a€ (0,1, and v,&: T—> R be rd-continuous functions.
Then,

@) [T () + &) Ags = [7() A8 + [["E(5)Ags
(ii) [ /3vsA(X5=[3LvsAs

(iii) [V (s)Ags =~ [* v(s)Ays

(iv) [1"(s)Ags = ["v( As+j Ags

(v) ﬂv(s)Aas =0

Lemma 6 (Integration by parts formula [16], Theorem 4.3).
Suppose that I, m € T where m > l. If v, & are rd-continuous
functions and « € (0, 1], then

(0] VP (E) = OEO] - [ €D () 9

(21)

Lemma 7 (Holder’s inequality). Let I, m € T where m > . If
a€(0,1)and F,G: T— R, then

"rsaeiass ([ Foras) ([eeras)
1 1 1

(22)

where 3> 1 and 1/ + 1/u=1.
Through our paper, we will consider the integrals are
given exist (are finite, i.e., convergent).

3. Main Results

Here, we will exemplify our major results in this article. In
the pursuing theorem, we will exemplify Leindler’s inequal-
ity (7) for fractional time scales as follows.

Theorem 8. Suppose that T be a time scale and O < a < 1. If
u> LA(T) = [PA(s)A,s and O(t) = [[f(s)A,s, for any T €
[L,oo)y, then

J M) @ (@) A r

I

oo 1
<(p—a+1) (Jl AIH(T)AH(T)]W(T)A“T> ’ (23)

“ (JOO,\(T)(@”(T))”(“‘“>”“1Aar> W_IW.

)

Proof. By utilizing (20) on

[RGCGI (24)

1

with {7(7) = (@7 (1))**"" and D, (v*)(1) = M(t), we have

jlmA(r)(@“(r))”“Aar
()P () (25)

¥ ro(—v(r) D ((@) ) (ma,

1

where
V(1) = —J AMs)Ays=—-A(7). (26)
Substituting (26) into (25), we get

[RCICHCE:
I

= V(1)@ (1) [ + J
Using @(1) =

0 and A(c0) =0 in (27), we have

JOOA(T) (@° (1) AT = JOOA(T)Da ((@A)“’““) (T)A,T.
l I
(28)
Utilizing the chain rule (18), we get
D((@*)) (1) = (4= a+ O “(d) D (@) (7)
< (= a+ 1)Dy (%) (1)(@° (1))

Since D, (®%)() = f (1), we get

(29)

D, (@) (7)< (u-a+ D@ (D) (30)

Substituting (30) into (28) yields

00

| M@ oy taes @maen| ams @@ @ra

1



Inequality (31) can be written as

©ADS(T) @
! A(#*I)/#(T)A(M

[m@ @y ars @-avn| D () (@ (1)) A,
J1 B
(32)

Implementing Hoélder’s inequality on the R.H.S of (32)
with indices p, /(4 — 1), we get

[} e @ o

B ( :"’(AWT){‘(T ) ) “‘l (/\(“71)/%(7)(‘DU(T))M?[I)H/(”?[)A“‘L') (u=1)/u
(J /w l N )w<[ A(,)((p"(1))<"<"’“”’("’”AKT> (M*l)/!l.
I Ji

(33)

By substituting (33) into (32), we get

00 00 1/p
[Pam@ @ taes -aen (L AH(z) A7) ”<T>Aar)

| X Do/\ @7 (7)) b= IAT (’HW,
([ ey )

(34)

which is (23). O

Corollary 9. At o= 1 in Theorem 8, then
J A1) (D7 (7)) At
1
00 1/u
< ”‘(J ATH(T) A (1) H(T)AT> (35)
!

() @"(r»ur) o

1

where >1,A(1) =
€l,00)y.

[Ms)As, and ©(7) = [[f(s)As, for any T

Remark 10. In Corollary 9, if we divide both sides of (35) by
the factor

00 (=1)/u
(J A7) ((D"(T))”Ar) , (36)
!

and using the fact that 1 — (u — 1)/p = 1/p, then

Wy

([ o[ vvcmiorom)” o

Elevating the last inequality to the uth power, we get

JOOA(T)(CD"(T))”ATS‘u"JOOAl’”(T)A"(T) “(1)AT,  (38)
I

1

which is (7) in Introduction.
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Remark 11. If we put T=R (ie., o(7) =
then

1) in Theorem 5,

00 0 1 Wu
Jz AT D (1) dr < (- + 1) (Jl AH() A¥ () "(T)T“'ldr)
(u=1)1u

x 00/\(1)((D(T))“(""")/"’IT""IdT
( )

1

(39)

where a € (0, 1],u> 1,A(7) =
(s)s*ds, for any 7 € [[,00).

JMs)s*ds, and @(7) = [[f

Remark 12. Clearly, for « =1 and [ = 1, Remark 12 coincides
with Remark 10 in [5].

Remark 13. When T =Z (i.e., 0(7) =
(23), then we get

T+ 1),u>1,and/=1in

M8

p—oa+l
(s+1)° ) (r+1)*!

0 1 lp
(Z As) (s + 1)‘”) fUr)(r+ 1)“)

(u=1)Iu

r)-1
AMr (Z £(s)
S(ya+l)<§)&l”(r)

r=1
o(r)-1 (u(p=a))!(p=1)
x Z}L <Zl Y(s+1)* ) (r+1)*"

If a =1, then (40) becomes

.‘
I
-

(40)

which is Remark 11 in [5].

In the pursuing theorem, we will exemplify Leindler’s
inequality (8) on fractional time scales as follows.

Theorem 14. Suppose that T be a time scale and 0 < « < 1. If
>LA(T) = [[M(s)As, and V(1) = [f(s)A,s, for any 7€,
)wr’ then

00 00 1u
[Pamrmyazes w-as (J AH(r) (i\"<r>)"fﬂ<rmar)

1

0 (M=)l
x (J AT) (‘P(T))“‘("’“W’H)Aar> .

1

(42)

Proof. By utilizing (20) on
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JfA(r)(vf(r))“'““Aan (43)

with v(7) = (¥(7))***" and D,_(¢*)(7) = A(1), we have

Lm/\(r) (F () AT = (1) (P(2)) ] + Jf("(r) (D)) (@) ) A,
(44)

where

Substituting (45) into (44), we get

[ e I e
I ——

(46)

Using the fact that ¥(co) =0 and A(I) =0, (46) became

00

L M) (P (1) AT = L (A@) (-Da((#)" ) (7)) At
(47)

Utilizing chain rule (18), we get

D ((#4)") (1) = (= o+ P () () (1)
= (- o+ 1) (~f (1) ¥*(d)

(4= a+ Df (0) (7).

(48)

By substituting (48) into (47), we get
| Ao @y s - [ @) o ma
(49)

Inequality (49) can be written as

0 —a+1 © (A(T))af(‘[> —1 —a
L Mr) (P A, r< (u—a+ 1)Jl Ww V(D) P (1) AT

(50)

Implementing Holder’s inequality on the R.H.S of (50)

with indices y, u/(p — 1), we get

Jm (A(T )Uf(f) 26D /;4( TP (T) AT

A o e } i
< <J1 (;EZ?Q/#{S))”AQj ”(L ()L“‘ Dl gy (7 )) iy )AJ)(” Ve
i (Jm MA“T> ’ (Jm)‘(f)(‘f’(r))W(M-a))/(#—l)AaT) (“’1)/;4‘

(51)

By substituting (51) into (50), we get

00 )
Jl MT)WM(T”‘“TS<H—“+1)(] (@) (A7 (1) “f* ()4, )
X <J°°,\(T)(W(T))M(M—u)/,,,lAaT> (;H)/,A,
1
(52)
which is (42). )

Corollary 15. At a =1 in Theorem 14, then

[mmrasu([ 1 m @ @) )
X <JOO/\(T) (@(T))”AT) (PH)/M,

I
(53)
s)As, and ¥ (T

where p> LA(t) = [[A(s
T€l,00)y.

= [f(s)As, for any

Remark 16. In Corollary 15, if we divide both sides of (53) by
the factor

([reweyar) o (54)

!
and using the fact that 1 — (u — 1)/ = 1/p, then

lp

(REEERY Wsu(]} A0 (A0 ()

(55)

Elevating the last inequality to the uth power, we get

ijr)(a"(r»“Arsuj () (A°(0))“f* ()z, (56)

1

which is (8) in Introduction.



Remark 17. As a result, if T=R (ie., o(7) =
14, then

7) in Theorem

~ e — lp
| A et o-ae 1)([ W(r)(A(r))”f“(r)ra-ld1>
! J1

00 (u=1)/p
x (J A(r)(W(r))!‘<ﬂ*"‘>’<ﬂ*”r*ldr> ,

| (57)

where a € (0, 1],y > 1,A(7) = f f

(s)s*1ds, for any 7 € [[,00).

[T A(s)s* 'ds, and ¥(r

Remark 18. Clearly, for « =1 and /=1, Remark 17 coincides
with Remark 12 in [5].

Remark 19. When T=2Z (ie., o(1) =
in (42), we get

T+1),u>1,and [=1

0 u—a+l
Z/\ (Zf (s+1)" > (r+1)‘H

00 r—1 “ Uu
SIS 1)(2 N ><Z ARk + 1)‘“) O 1)“‘1)

k=1
x (Z A(r) (Zf(

p(p-a)/(u-1) (B=1)lu
s)(s+ 1)“_1> (r+ 1)"‘_1) .

If « =1, then (58) becomes

Zm@f(s) <M<ZAW (Z ) )W

- 0 uN\ (1)
x <Zl A(r) (Z f(s)> ) ,

(59)
which is Remark 13 in [5].

(58)

<

In the pursuing theorem, we will exemplify Leindler’s
inequality (9) for fractional time scales as follows.

Theorem 20. Suppose that T be a tzme scale and a € (0, 1). If

0<p<1,0(1) = [PA(s)Ays and F(t) = [[f(5)As, for any
€1, 00)y, then

(ijr)(F“(r))”*“*lAar)” > (u-a+ 1) (fof“(f)ﬂ“(f)h”"(f)%f)

| <([Maorpenna)”
| (60

Proof. By applying (20) on

| A mya, (61)

1
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with {7(7) = (F?(7))* **! and D, (v*)(t) = A(7), we have

| A mya

1

=v(n) P (7)]+ Jm(—v(r))Da (™) @A,

where

Substituting (63) into (62) yields

ijr)(F“(ﬂ)”‘““Aar

1
=-Q()F ()] + JOOQ(T)D“ ((FA)“‘““) (T)A,T.

(64)

Using the fact that v(co) =0 and F(J) =0, (64) became

0O

[RCIGGIaES

I

Q(1)D, ((FA)’HM) (T)A,T.

1

(65)
Utilizing chain rule (18), we get
Da ((FA)!”_‘X+1> (T)
= (u-a+1)F*(d)D,(F*)() (66)
> (- a-+ 1)Dy (F) (1) (F7 ().

Since D, (F*)(z) = f(t), we obtain
D ((F™") ()2 (u-a+ DF @) (F (D). (67)

By substituting (67) into (65), we have

RIS

(09]

> (u-a+ 1>j QO (1) (F (7)) A7

l

= (u-as )| [ @ )] Mo
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Raises (68) to the factor y, we get

([ row@y=ar)

1
= wmae ([ A [ @) ar )
(69)

By applying Holder’s inequality on

<Joo {Q”(T) H(T) (F‘T(T))ﬂ(#—tx)} llyAaT> ‘u’ (70)
!

with indices 1/, 1/(1 - ), and

S @)

(F(r))H#)’ (71)
G(1) = A"H(1) (F7 (1)),

EF(r) =

we see that

(JTF”"(T)AJ)M
- (J?O (({f G(Z))?:(E:Z )) p AaT) u

DC

>( GI/I" T)l u
(oof" ) (1)AH(2) (F <r>>"<“>)AT) (72)
(F( ))M(Oﬁ#) “

>< J (/\1 M( )( (T))P‘("‘ H)>1/(1 ”>Aar>y_1
I

- ([ r@ermrr@ar)

. (Jm A(E) (F ()00 Aar)

I

u-1

This implies that

([awreemyas)

1

> (Jmf“(f)ﬂ”(T)Al_”(T)AaT> 73)

1

x (JOOA(T)(F”(T))W“‘”V“-f‘mar) -

1

By substituting (73) into (69), we get

( jmur)(F"(r))“‘““Aar)”

l

2-ary([ e @) o
X <JOOA(T)(F"(T))M“‘M’(l‘f‘)AaT) Hil,

I
which is (60). O

Corollary 21. At a =1 in Theorem 20, then

([ 3o myrar)
y(jloof"() “Ormar)
(Trarors)”

where 0<pu<1,Q(1) = [CA(s)As, and F(t) = [[f(s
any 1 € [,00).

s)As, for

Remark 22. In Corollary 21, if we divide both sides of (75) by
the factor

([ @rmar) (76)

I

then (75) can be written as

[Jrm@yarze ([ r@ormrrar),

I
(77)

which is (9) in Introduction.

Remark 23. As a result, if T=R (ie, (1) =
20, then

7) in Theorem

1

> (u—a+ 1) (Jjof”(T)QH(T)/\I_‘”(T)T“_IdT) (78)

u-1

X OOA(T)(F(T))“(a_“)/(l_”)‘[a_ld‘r
(! )

I

where a€(0,1],0 << 1,0Q(7) = [CA(s)s* 'ds, and F(r) =
[1f(s)s*""ds, for any 7 € [L,00).

Remark 24. Clearly, for « =1 and [ =1, Remark 23 coincides
with Remark 16 in [5].



Remark 25. When T=2Z (i.e., o(7)
in (60), then we get

© o(r)-1 u-a+l
(ZA(r)( D f(s)(s+1)“'1> (r+1)“'1>

=7+1),u<l,and [=1

(79)

which is Remark 17 in [5].

In the pursuing theorem, we will exemplify Leindler’s
inequality (10) for fractional time scales as follows.

Theorem 26. Suppose that T be a ttme scale and o € (0, 1). If
0<pu<1,O(1) = [[As)A,s, and (1) = [Cf(s)A,s, for any
7 € [L,00)y, then

(JOOA(T) (F(T))”—OH—]AaT) u

I

ey (Jjof#(f) (QU(T))”AI-ﬂ(T)AaT) (81)
X <JOOA(T)(F(T))H(a_l)”_”AaT> ye1

1

Proof. By applying (20) on

RGeS (32)

l

with v(7) = (I'(7))***" and D, ({*)(7) = M(t), we have
[REGEIEE

={@ @)+ f’c”(r) (-0 () (@) A,

where
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Substituting (84) into (83), we get

jfk(r)(rm)*‘*“%r
= Q)T ()" + J?O()"(r) (—Da((FA)”_“H) (T))A“T.
(85)

Using the fact that I'(co) =0 and Q(I) = 0, (85) became

L Mo)(L(x)F AT = Jl (1) (—Da< (rA)”’““) (T))Aa‘r.

(86)
Utilizing chain rule (18), we have
-D, ((FA)M—MI) (7)
=—(p—a+1)I**(d)D,(I'*)(z) (87)

> —(p—a+ )" (1)D, (I (7).

Since D, (I'*)(1) = —f (1), we get

-, (1)) (1) 2 (u=a+ DI OI*(x).  (38)
By substituting (88) into (86), we get

jmm)(r(r))”-“%r
1

>(u-a+ I)JTQU(T)f(T)F”’“(T)AaT, (89)

u

-[(@@yremrem)

Raises (89) to the factor y, we have

(ij<r><r<r>>”-““Aar)”

1
2(u—a+1)"(fo(( (@) ()T (x ))UHA(XT)M.
(90)

By applying Hoélder’s inequality on

<Jw<< "@) ))UHAaTy’ (91)

!
with indices 1/p,1/(1 — p), and
0 (Q°(r)"
ey (92)
G(r) = A"H(x) (I (1)),

EF(r)=
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we see that

(o)
ey

f T)A T
S (e AT>“‘

( ©fi(r )Al “O@ @) TE) ) (93)

H(a- H)( T) “
(e

e #))1/(1 H)Aar> -
= OO (1) (Q7 (1)) A H (1) AT

(I )
X <JOOA(T)(F(T))#(“H)/(1H)A‘XT> !H.

1

This implies that

([ (@@ ror—m) ) (| roe

x (J?OA(T)(r<r))ﬂ<"*ﬂ>’“ﬂ*mar)M.
(94)

(1) A ()a

By substituting (94) into (90), we get

(jmur)(r(r))”-““Aar)”

1

>(u-a+ 1) (Jjo (1) (QU(T))#/\I_H(T)A(XT) (95)
X (JOO)L(T)(F(T))M‘XH)/(IH)Aa’l’> EH,

1

which is (81). O

Corollary 27. At a =1 in Theorem 26, then

([roweyar)
([ ro@ @) @) )
x <FA(T)(r(T))MT> .
where 0<pu< 1,Q(1) = [[A(s)As, and I'(7) = [*f(s)As, for

any T € [1,00).

Remark 28. In Corollary 27, if we divide both sides of (96) by
the factor

(RELEY ° (97)

l

then (96) can be written as

JOOA(T) (I'(7)) AT > (Jjo (7 (Q"(r))”xl—f*(r)m) ,

I
(98)

which is (10) in Introduction.

Remark 29. As a result, if T=R (i.e, o(7) =
26, then

7) in Theorem

<JOO/\(T) (F(T)).“_Dt-f—lT“_ldT) P

I

2(#—a+1)!‘(J F4(0) (Q) A H () “‘ld.[) w“
x <JOOA(T) (F(T))H(“—M)/I—MT(X_ldT> ,4_1)

1

where a € (0,1,0 << 1,0(7) = [[A(s)s* 'ds, and I'(7)=
[ (s)s*"'ds, for any 7 € [1,00).

Remark 30. Clearly, for « = 1 and I =1, Remark 29 coincides
with Remark 18 in [5].

Remark 31. When T=2Z (i.e., o(7)
in (81), then we get

0 © u-a+l “
(Zl A7) (ka(k)(k + 1)‘”) (r+ 1)‘“)

>(p—a+ ¥ (ZA‘ H <ZA k) (k+1)% 1) frr)(r+ 1)“1)

=7+1),u<l,and =1

r=1

o o pla—p)/1-p p#l
x (Zl A(r) (kz Fk)(k+ 1)‘“) (r+ 1)“-1> )

(100)
If a =1, then (100) becomes
00 0 B\ H 00 r—1 “
(Zl A(r) (;f(@) > > (u)" (Zl A (r) <kz ?\(k)> f”(ﬂ)

0 © py -1
» @m (kzﬂk)) ) |

which is Remark 19 in [5].

(101)
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4. Conclusions and Future Work

In this article, we explore new generalizations of the integral
Hardy-Leindler-type inequalities by the utilization of the
delta conformable calculus on time scales which are used
in various problems involving symmetry. We generalize a
number of those inequalities to a general time scale measure
space. In addition to this, in order to obtain some new
inequalities as special cases, we also extend our inequalities
to a discrete and continuous calculus. In future work, we will
continue to generalize more fractional dynamic inequalities
by using Specht’s ratio, Kantorovich’s ratio, and n-tuple
fractional integral.
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This paper was aimed at investigating the stability of the following viscoelastic problem with Balakrishnan-Taylor damping and
variable-exponent nonlinear time delay term u,, — ./%(HVuH%)Auj a(t)f(t)g(t - s)Au(s)ds + u, |u,|P<'Hu, +uy|u,(t— 1) \P('Hut(t
-7)=0inQ x R*, where Q is a bounded domain of R", p(.): Q@ — R is a measurable function, g >0 is a memory kernel

that decays exponentially, a > 0 is the potential, and (||Vu|3) = a + b||Vu(t) |3 + o[ ,VuVu,dx for some constants a >0, b>0,
and o >0. Under some assumptions on the relaxation function, we use some suitable Lyapunov functionals to derive the
general decay estimate for the energy. The problem considered is novel and meaningful because of the presence of the flutter
panel equation and the spillover problem including memory and variable-exponent time delay control. Our result generalizes

and improves previous conclusion in the literature.

1. Introduction

In recent years, much attention has been paid to the study
systems with variable exponents of nonlinearities which are
models of hyperbolic, parabolic, and elliptic equations.
These models may be nonlinear over the gradient of
unknown solutions and have nonlinear variable exponents.
Researches of these systems usually use the imbedding of

yy — M (|| Vu]|5) Au + at) i

u(x, 0) = tp(x), (%, 0) = (x),
Uy (%, 1) = jo (%, t = T),

u(x,t) =0,

t
J g(t = 5)Au(s)ds + py [u [P 2w, + [, (8 = 7)Y 20 (£ - 7) =0,

Lebesgue and Sobolev spaces with variable exponents (see,
e.g. [1, 2]). Or see [3-14] and the references therein for
more details of relevant problems.

In this paper, we concentrate on the asymptotic behavior
of weak solutions for the following weakly damped visco-
elastic wave equation with Balakrishnin-Taylor damping
and variable-exponent nonlinear time delay term

inQ x (0,00),

inQ, (1)
inQx (0, 1),

on 02 x (0,00),
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where u : Q% [0,00) — R is unknown function, y, > 0,4,
is a real number, 7> 0 is the time delay, g > 0 is a memory
kernel, and « > 0 is the potential.

Much attention has been paid to the simulation of phe-
nomena such as the vibration of elastic strings and elastic
plates, when g =0, and u, =, = 0; equation (1)) degrades
into the Kirchhoff’s original equation

hazu— +Eh "o 2d 62u+ 0<x<L,t>0
Pz =9Po EL ) (o2 f,0sx<Lt=0,
(2)

which was first introduced to study the oscillations of
stretched strings and plates in [15]. In addition, equation
(2) is also said to be the wave equation of Kirchhoff type,
where the unknown function u=u(x,t) represents lateral
deflection and E,p,h,L,p,, and f, respectively, denote
Young’s modulus, mass density, cross-section area, length,
initial axial tension, and external force. The Kirchhoff equa-
tion has been investigated in a lot of articles due to its abun-
dant physical background. At the present paper, we try to
mention some considerable efforts on this topic.

There are many important results, such as the local solu-
tions in time, well-posedness, and solvability; for the Kirch-
hoff type, equation (2) in general dimensions and domains
has been obtained in lots of articles (see, e.g., [16-24] and
the references therein).

When p > 1 identically equals to a constant, problem (1)
with the Balakrishnan-Taylor damping term (o >0) is
related to the flutter panel equation and the spillover prob-
lem involving time delay term. Balakrishnan and Taylor in
[25] and Bass and Zes in [26] introduced Balakrishnan-
Taylor damping, which arises from a wind tunnel experi-
ment at supersonic speeds (see, e.g., [22, 27-32]).

On damping terms, we point out several excellent works:
Lian and Xu in [33] studied a class of nonlinear wave equa-
tions with weak and strong damping terms, and they estab-
lished the existence of weak solutions and related blow-up
results under three different initial energy levels and differ-
ent conditions. Yang et al. [34] investigated the exponential
stability of a system with locally distributed damping. Lian
et al. [35] were interested in a fourth-order wave equation
with strong and weak damping terms; they obtained the
local solution, the global existence, asymptotic behavior,
and blow-up of solutions under some condition.

Time delays are common phenomena in many physical,
chemical, biological, thermal, and so on (see [36-38] for
more details). Several authors have investigated existence
and stability of the solutions to the viscoelastic wave equa-
tion involving delay term under some appropriate condi-
tions on u,, u,, and g (see, e.g, [39]). For other related
problems, one can also refer to [40-44]. The terminology
variable exponents mean that p(.) is a measurable function

and not a constant. This term p|u,|’ (')_zut + U,
|u, (t — 1) |P<')_2ut(t —T) is a generalization of pu, + p,u,(t
— ), which corresponds to p(.) > 1. In fact, (1) is also an
extension of the second-order viscoelastic wave equation
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under variable growth conditions

g = M (|| Vul|3) Au
t
va(t)| glt-)dus)ds+ s+ pu(t-1) )
0
=0inQ xR,

which is obtained when considering u,|u,|” =2y, + U,
|u,(t = 7)[")%u,(t — 7). Equation (3) is a well-known elec-
trorheological fluid model that appears in fluid dynamic
treatment (see in [45]). However, the researches related to
the viscoelastic wave equation possessing delay terms,
Balakrishnan-Taylor damping, and variable growth condi-
tions are not sufficient, and the results about these equations
are relatively rare (see [46]). In particular, in [40], the
authors considered this class of equations under some suit-
able assumptions; they use suitable Lyapunov functionals
to derive general energy decay results, and one see similar
work in [44]. Mingione and Réddulescu [47] were concerned
with the regularity theory of elliptic variational problems
under nonstandard growth conditions.

This paper devotes to generalize some previous results.
In particular, in this case, we will use the relaxation function,
the specified initial data, and a special Lyapunov functional,
which depends on the behavior of the relation function and
is not necessary to decay in some polynomial or exponential
form, to get a general decay estimate of the energy.

In addition to the introduction, this paper is divided into
two parts. In Section 2, we review some basic definitions
about Lebesgue and Sobolev spaces with variable exponen-
tials and give some related properties. At the end of this sec-
tion, we present our main results. In Section 3, we prove our
results, showing that a solution of (1) possesses a general
decay with small initial values (u,, u,).

2. Functional Setting and Main Results

In this section, we will give some preliminaries and our main
results.

Without loss of generality, hereinafter, we suppose Q ¢
R" (n>1) is a bounded domain with smooth boundary I
Moreover, let p: Q — (1,+00) be a measurable function
and denote

p- =essinf[p(x));
. (4)
p" == esssup[p(x)].

xeQ)

As in [1, 48, 49], we define the following variable-
exponent Lebesgue spaces and Sobolev spaces. The first
one is the variable-exponent space L’ (Q):

'O(Q)= {u/ : 2 — Rmeasurable|Q, ) o(¥) = j |ll/(x)\p(x>dx<+oo},
Q
(5)

and it is obvious a Banach space with the following
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Luxemburg norm

u(x)

p(x)
dx<1 } . (6)
Q
Actually, in many respects, variable-exponent Lebesgue
spaces are very similar to classical Lebesgue spaces (see
[49]). In particular, from the above definition of the norm,
we can directly get the following results:

[¥ll,().0 = inf {V > O‘J

min (|Ju ) ] ) < @y (1) < mae ([l [l )-
(7)
For any measurable function p : Q — [p~, p*] € (2,00),

where p* are constants, we define the second space and the
variable-exponent Lebesgue space

Q) = {qﬁ : Q — R : ¢ is measurable function on QJ |¢(x)\1’<x)dx<oo},
o
(8)

which is a Banach space with the following Luxemburg
norm:

. u|p(x)
[, = inf {v>0,JQ’; dxgl}. (9)

We also assume that p satisfies the following Zhikov-Fan
condition for the local uniform continuity: there exist a con-
stant M > 0 such that for all points x,y in Q with |x — y| < 1/2
, we have the inequality

M

< - . 10
< Tog 1 (10)

lp(x) —p(y)|

In addition, |[.[|, and ||.[[; ) denote the usual L7((2)
norm and H'(Q) norm.

In order to obtain the main results, we give the following
lemma firstly.
Lemma 1 (see [1]).
(D) If
2<p =essinfp(x) < p(x) <p* = ess supp(x) < oo,
x€Q xeQ
(11)
then
min (|l el < | )P e e )

(12)

for any u e LPU(Q)

(2) Assume that m,n,p : Q — (1,+00) are measurable
functions satisfying

in i (13)

m()  p() " n()

Then, for all functions u € I’")(Q) and v e L"V)(Q), we
have uv € L") (Q) with

[9¥]l .y < Bllullpiy 1Vl (14)

Lemma 2. Suppose thatp : Q — [p~, p*] C [1,+00) is a mea-
surable function satisfying

np(x) (15)

esssup(n—p(x))’
x€Q

2n .
ess supp(x) <p, < —— withp, =
x€Q n-2

Then, the embedding H}(Q)=Wp?(Q)=LFY(Q) is
continuous and compact, and there is a constant ¢, = ¢, (Q
,p*) such that

1915 < c. IVl for ¢ € Hy(€2). (16)

We assume that the relaxation function g and the poten-
tial « satisfy the following assumptions:

Hypothesis g, a: g, « : R* — R* are nonincreasing dif-
ferentiable functions such that

t

g(s)ds < co,a(t) >0,a - oc(t)J g(s)ds=1>0

(17)

00

9(s) ZO’IOZJ

0

Hypothesis &: there exist a positive differentiable func-
tions & satisfying

o ot 0
g'(t)<=E)g(0) fori=0, lim el =0 (19)

Hypothesis p(.): the function p(.) satisfies

Pt

P 22,ifn=1,2,2<p <p(x)<p jifn23 (19)
Hypothesis g, and p,: the constants y; and p, satisfy

| <P~y (20)

Calculating (d/dt)a(t)(gou)(t) with respect to ¢, it



shows that

o0)[ gte -9 u(sasn (05~

0

- gl - o @(gw)(t)—%H (0] a2
O g o) 0+ L geu - 2 o aoas
(1)
where
(g=0)(0)= | at-slue) -ueos 22)

t
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As in [38, 43], we present a new time-dependent variable
to deal with the time delay term:

z(x%, pot) =u(x, t —7p), x €02, p€(0,1),£>0. (23)

Consequently, we have
0,inQx (0,1) x (0,00).  (24)

7Z,(X, ps 1) + 2, (%, p, ) =

Therefore, problem (1) can be transformed into

wy — M (||Vu)3) Au + oc(t)J g(t = s)Au(s)ds + g [u, [P 2w, + | 2(1, £) PO 22(1,£) = 0,in Q x RY,
0
1Z,(p> t) + 2,(p> ) = 0,in (0, 1) X (0,00),
z(0,t) = u,, in (0,+00), >
z(p>0) = jo(=p(7 +1)),in (0, 1),
u(x,0) = uy(x), uy(x,0) = u; (x), x € Q.
By the standard methods as in Section 3 of [50], we can ~ where & and A are positive constants and they satisfy
easily prove the well-posedness of problem (1) presented as
follows.
- g P P 1
Whp - ‘P‘z|>€>|l42|P+ IS A<— 2 g; )‘

Theorem 3. Let (17)-(20) be in force and (uy, u;) € H)(Q) (28)

x L*(Q), j, € L*((©2) % (0, 1)). Then, problem (1) possesses
a unique local solution u such that

ueC([0, ) Hy(2)) N C'([0, T]; L* (), u, € C([0, T] s Hy(2)) N L*([0, T] x (Q)).

(26)
3. Main Asymptotic Theorem
Next, we will give the proof of Theorem 4.
The functional E of problem (25) is as follows:
1 , 1 t 5
E)= 5 I} + 5 (o o) g ) val}
+ l_’||Vu||4 +£J Lr M, (x, 5) P dsdx
t\ A
4 2 Qp(x) t-1

+ S a(t)(g=V()(0)
@)

The most important key to solve problem (1) is to obtain
a result that concerns the asymptotic stability of solutions.
The main result is as follows.

Theorem 4. Suppose (17)-(20) and (28) hold. Then, there
exists positive constants C,, C, and t; > 0 such that

E(t) < Coeicffzv,for t>t. (29)

To prove this theorem, the following technical lemmas
are necessary.
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Lemma 5. If u is a solution of problem (25). Then,

Ewso(55 |w|2)2 + L a(t) (g'5vu) (1)
- S 09l gtoas- §a<t>g<t>uwn5 + 2 (6)(geVu) (1)
o
- (el )| o

- . (%)
AEJQP(X) JH Dlu,(x, s)[P™ dsdx.

(30)

Proof. Using the same idea as in [50], multiply the first equa-
tion in (25) by u, and then integrate in Q. Similarly, multiply
the second equation in (25) by £ze™*™ and integrate in (0,
1) x Q. Summarizing the above, we can obtain

a(t)

B0 =-o (55 1vul) 5 (o'va) 0
- 5 Ovul} gteias— 2 g(oyvul;

‘(1) 5 3 p(x)

+ 2 g - Ju

—EJ ﬁe‘ﬂut(x,t—rﬂp(")dx (31)
(0}

1o 21 0P, s

0

+§J &%M(x, H)PW dx
[ el

By z(1, t) = u,(t — 7) and the Young inequality, we get

A=D1y, (x, 5)[P*) dsdu.

| O,
SRR (32)
<ol S| e s B s
Q P Jo
From (23), we have
—EJ Le_)“\ut(x,t—‘r)|"’(’c)dx
—ie“J |2(1, £) ™) dx
p Q

Comparing (31) and (32), we obtain

') =05 5170 |z) SLUIPEAI
)

- 50O gtoras— P gtoval?

2
“ t) (goVu)(t) - (Ml pi |;t—2|> JQlW'P *

(ernt D o

EJ ()L ”|u[(x,s)\P(")dsdx.

Setting

¢ |t
Co=H — — — —=,
0= M r
6 —T _1
= * |Hz‘—’

r*

(35)

by condition (28), we derived the desired inequality (30). O

Remark 6. If

-3 IVl sz (39)

holds, E(t) may not be nonincreasing.

Lemma 7. Assume that u be a solution of problem (25). Then,
2E(0
|Vul)3 < #eﬂo”)“(‘)), t>0, (37)

where I, and [ as in (17).

Proof. From (27) and (30), we have

1 t 1 I
/(053 ()19l g(shds == Sl (O]9} <=2 ()
(38)
Integrating the above inequality in (0, t), we get

E(t) < E(0)e oMx(01+ks(0) < B()elhMa(0), (39)

From (27), we see that
, 2
vl < 25(0) (40)

Combining it with (39), it gives (37).



Now, we give a modified functional:
L(t) = NE(t) + ea(t)gp(t) + exa()y (1), (41)

o
+ 2 Vulls, (42)

t

v(=-| (0] gte-9w)-

0

u(s))dsdx, (43)

where ¢, ¢,, and N are positive constants. In fact, L is equiv-
alent to E by the following lemma. O

Lemma 8. There exists C;, C, > 0 such that
C,E(t) < L(t) < C,E(t),t20. (44)

Proof. By the Poincaré theorem and Young inequality, we
have the following results through integrating by parts:

IL(t) - NE()] =

cio(t)| ueyno)des eia(t)§ 19Ul + sy (o)
X 0
sel\a<r>|JQ|u<t>|\ut<t>\dx+elgm(r)nwun;+e2§|«x<t>\||ut||§
vey s a(0)]e (@~ D(g V()1 <& D0 vul e, 2 3

1 o O 9ul + 23 a0) [+ €3 (0)Ea
< C(e; +&)E(t),

=D(geV(u)(t)

(45)
where ¢, as in Lemma 1, taking C; =N — C(g; +¢,) and C,
=N+ C(¢g, +¢,), provided ¢, and ¢, are sufficiently small,
and the proof is completed. O
Lemma 9. There exists c,, C, > 0 fulfilling

a

I
9" (6) < [l 2= 5 IVullz = bl Vullz + a(t) 5; (9oVu) (1)

+CS(J |ut|P<x>dx+J |z(1,t)|p">dx>
0] 0]
+C£J |u[P™) dx
Q
(46)

Proof. By the first equation of (25), we differentiate (42), and
then we have

(p’(t)=||u,||§+J v+a||Vu||§J VuVu,dx
0] [0}
o~ ot
= w3 - al|Vull3 = b]| Va3 + Of(f)JQJ g(t = s)Vu(s)dsVu(t)dx
0

- mJ |4, PO udx P‘zJ |2(1, )P 22(1, tyudx = ||u, |3
0 (0}
—a||Vul} - bvy +1, + 1, + I5.
(47)

By the Holder inequality, Sobolev-Poincaré inequalities,
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and (17), we estimate the second part of the right-hand side
in (47).

Jjgt §)Vuu(s)dsVu(t) dx
0Jo

qu\ dx) ( 2dx> N
Jﬂwu\ dx> < Lg(t s)\Vu(s)fdsdx)m
| J

1/2 s 12 2dsdx.
|Vu| dx[ g(s > ([ g(t=s)|Vu(s)| dsdx)
Q 0 0

g(t —s)Vu(s)ds

a(t)

<2 [ gy de g(s )ds+“(tJ Jg(t 9)|Vu(s)Pdsdx
2 o) 2 o}

< iUl [Vu| de (s)ds+ &J J g(t=s)|Vu(s)
2 2 Jalo

w0
w0
<aft) <
|
,

=Vu(t)+Vu(t

(48)

For every # > 0, using the Young inequality and (17), we
deduce

TJQ g(t = $)[Vu(s)=Vu(t)+Vu(t)*dsdx

at) [

g(l‘—s)((Vu(s)—Vu(t))2 +2|Vu(s)-Vu(t)||Vu| + \Vu|2)

dsdx < @ JQJ;g(t —5)|Vu(s)-Vu(t) Pdsdx
i

J g(t —s)|Vu|*dsdx
Q

+

oc(t)JQJ g(t=3s)|Vu(s)=Vu(t)||Vu|dsdx

< Dt + P [ goas| ouras

en "D g [vupas 5 (govn

t

s vupae S (14 ) (gowe
3 J\Vu|dx+ ()(1+’1>(goVu)()

(49)

Summarizing the above estimates, (48) and (49), we
obtain

oc(t)JQJ;g(t—s) Vu(s)dsvude < I)J|Vu|dx

+ (“2_1) (1 +;1)J Vu[2dx + @ (1 + %) (goVu) (t)

=D g 50 (1,
= @an) T 5 (1 D) gv o

(50)
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Setting 7 =1/(a - 1), it is easy to obtain

1] < (x(t)J th(t - 5)Vu(s)dsVudx
ol (51)
< (a=3) 1943 + a0,

and by means of the Young inequality, we have

e e e max (4 )| jurde=c | jurtax
O (o) (o)

+sc2J |ulf®dx
0
(52)

Blse Jenop
Q
+ & max (‘uﬁ’, ‘uf)‘[ |u[P®) dx
Q

+sc3J |ulP™) dx
o

(53)

Substituting (51)-(53) into (47), we deduce

I
9 (6) < llwllz = 5 [IVul3 + Csjﬂlulp(x’dx— b||Vul

e oV ve (] juroase | [z opar),
(54)

set C, =¢(c, +¢3) >0, for ¢ sufficiently small. O

Lemma 10. There exists positive constants § and cg satisfying

v' s~ (][ gdc} - I+ oo+ 26a-17
5&1(0)6(10/1)( <2dt||v ||2)2

+ {Ca + (25 + 41_5) (a- l)oc(t)}(goVu)(t)

+c5<J |ut|p(x)dx+J |z(1,t)P(")dx>
0 Q

902 (g

+0b||Vul|3 +

(55)

Proof. Similar to Lemma,9 by the first equation (25), we dif-

=<, [el1 0P
0

a(t) }|[Vull3

ferentiate (43), and it yields

v :—Lu,,fg(t $)(u(t) - u())dsdx
j u, —u(s))dsdx
(Og )Hufnz
= (a9 | 9ul gte o) Pute)-Tus)dsas

+0| VuVu de J; (t = s)(Vu(t)-Vu(s))dsdx

(Joste=symucaas) ([ ate=uto-vutoas)

|
I
—~
~
~
[

n m_[o|z(1, P21, t)j gt = 5)(u(t) - u(s))dsdx

0

[ ] o' = ut st ([ gteras s
- 31 ([ Batoas )l

(56)
By the Holder inequality, Sobolev-Poincaré inequalities,

and (17), we estimate the second part of the right-hand side
in (56).

uns(a+buw\|§){8|\w||2 b (gevu >}

I, BLE(
< 8a||Vu||? +8b]|Vul* + {Z§+ 025(1) (e

}(govux )
(57)

2
I
12|sao<J VuVutdx) Va2 + %(goVu)(t)
Q

ZGEZ(O) (/D (zdt| ||§) +%(govu)(t),
(58)

<48

ri=aao)] (] att=vue-vuco |Vu<r>|)ds)2dx
. %(x( )J (th(t—s)Vu(t)—Vu(s)|ds>2dx

<285 a(t)||Vul)} + <26 + 416) loa(£)(goVu)(t),
(59)



- o ot px)
rzea Jupes smax ()| ([[ate-0ue-upas) e
o a\Jo
<cs| [u ¥ dx+ 8 max (1) max (B E) max (&, &
5,[(2' il { (("1 .“1) (0 0 ) ( )
t
J oto=9lvute)-vu(oas}
0
<c [ 11, [P dx + 6] max W) max (¢, &) max
o e o {ma (448 ) ma ()

<<ZE(°) e(h,/l)zx(O)) i (25(0) e(toxz)a(0)> (pz)/z>
1 ’ I

(goVu) (1)} = csjﬂwwdx+6c4<ge\7u)<t><

Similarly,

I | (1 0 e + s g2 1)
’ (61

g(0)c
1l 8] - L5 (9'o9u) 1)

Comparing these above estimates (57)-(61), we have

t
v'(0)5~( [ gtas-a) lu +6{a+213a<t>}||wn§
20E(0) 1. 1ma(0) ?
U

. {Ca . <za+ %) lo(x(t)}(goVu)(t)
e, <J9|utp(")dx . Jﬂ|z(1, ) |P(">dx)

+0b||Vull; +

_ 9(0)c; "
45 (g V”)(t)’
(62)
where  Cy = {al,/48 + (bl,E(0)/281)eh/)0) 1 51,748 + &(c,
+¢5)} O

Lemma 11. There exists positive constants C;,C,, and t, sat-
isfying

L' (t) < =Csa(t)E(t) + C,a(t)(goVu)(t), t > t,. (63)

Proof. Since g > 0 and is continuous, then for any t > ¢, > 0,
we get

[[atas> [ ot9as=g, 0. (64)
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Differentiate (41), and using Lemmas 9 and 10, we get

L'(t) = NE'(t) + &0’ ()(t) + £10(t)9" (1) + 20’ (1w (1) + ep0(t)y' (1)

<—a(t){e;(go - O) — &} |12
—oc(t){s C.—& (a+21(2))06(t)}||v“”§
—a(t)(b(e; — &9))|ul3

—oc(t){ —, s 20 ( ) MMO)}G%HV%)Z
a(t)

0 9 s}J J2(1, £)"®) dx
2 : Lg ds)HVu||2+s o( )Luu dx

e
0] 0

Indeed,

{
{
_a(t){‘:_o_elc 5268” 4,/ dx
{
(t)

u(s))dsdx.

(65)

oc'(t)L)uutdx + a'(t)JQutJ;g(t = s)(u(t) - u(s))dsdx

<~ 051Vl - a3 - (05 (] a4 (gv (o)

(66)
Thus,
L'(1) < —a(t){ezwo —0) - + %}nu[ni
—a(t){sIQ—eza(a+zlg)a(0)+IZZ(S) <‘[O®g( )ds> ;(())}
[Vull — a(t)b(e; = &,8)[|Vul|; - a(f){asl - g,0 — el }

1d v
S 1Vl

+oc(t){£1 @ Fe,Cotey (204 %) () - iiéf? (J;g(s)ds)}

(@90 +a){ 5 -5 20 (59) 0 - a0

S o PO dy — a(t)d L e
{06(0) &6 52£6}JQ|”:| o(t) (0) &1~ &6
[ |2(1, )P dx

JO

(67)

Fix § > 0 such that

5 1
o (a+2[)a(0) < 2 gy, (68)

€

1
go—0> 390
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and take & and &, small enough to satisfy

€5 =€(go=90) —& >0,
¢ =€,C, —£,8(a+215)a(0) > 0.

Select ¢, and &, small enough to make (44) and (67)
hold, and moreover

E(0 N
b(e; —£,6)>0,0¢, — 52607()&10”)“(0) >0, 5

S

«(0)

2!
— €6, — &5 >0, —

—&C.—&C5>0.
(X(O) 1%e 248

(70)

Hence, for a generic positive constant ¢, (67) is equal to
the following results:

! “,(t) 2
Li(1) < —"f(f){“r W}Hutlz

—a(t){c+ 28 (] motes) + 7) }nwé

+a(t) {c - %} (geVu)(t),Vt = t,.

(71)

Noticing that lim, - a'(t)/&(t)a(t) = 0, so choose t,
> 1y, we see

L'(8) < —a(t) (el||I; + C[|Vu|3) + e(geVur) (1) (72)
<-Cya(t)E(t) + Cya(t)(goVu)(t),Vt = t;,
where C; and C, are positive constants. O

Now, we are in the position to prove Theorem 4.

Proof of Theorem 4. According to Lemma 5, Lemma 11, and
(17), we have

SO (1) < =Coa(t)S(HE(E) + Coa(t) (1) (90Vu) (8)
< -GS (E(E) - Coa(t) (9'oVu) (1)
< -Gy (HE(1)
-C, (ZE'(t) + oc'(t) (Jog(s)ds) ||Vu||§) .
(73)

Since {(t) is nonincreasing, by assumption (17) and the

9
definition of E(t), we get
! vulz <o),
QL) +2C,E(D) < ~Caft){ (D)
e ()] gtsas) v
(74)

which leads to

%(C(f)F(f) +2C,E(t)) < ~Cya ()G (HE(1)

—ca (1) (j;g@)ds) Va2 < ~Coa(t)S(1)E(t)

2C4looc'(t)>E(t).

—a(H)(t) (Cs T Ta(0C(t)

(75)

Since lim, - o' (t)/a(t){(t) = 0, we can choose t, > t,

such that C; +2C,lya’ (t)/la(t){(t) > 0 for t>t,. Hence, if
we let

Z(t) = G(t)L(1) + 2C4E(t), (76)

then it is obvious that Z(t) is equivalent to E(¢) and satisfies

F'(t) < -k (t)a(t)L(t) fort > t,. (77)
Consequently, to integrate (77) over (¢, t), it yields
(1) < 2(t,)e TFOOB L (78)
Thus, the desired result yields from the equivalence relations
of Z(¢),L(¢), and E(¢). O
Data Availability

No data is used in the manuscript.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

The work is supported by the Fundamental Research Funds
for the Central Universities (2019B44914).

References

[1] L. Diening, P. Hasto, and P. Harjulehto, Lebesgue and Sobolev
Spaces With Cariable Exponents, Springer Lecture Notes; 2017,
Springer-Verlag, Heidelberg, 2011.

[2] L. Diening and M. Rizicka, “Calderon Zygmund operators on
generalized Lebesgue spaces L) (2) and problems related to



10

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

[20]

fluid dynamics,” Journal fiir die reine und angewandte Mathe-
matik (Crelles Journal), no. 563, 2003 pages, 2003.

R. Aboulaich, D. Meskine, and A. Souissi, “New diffusion
models in image processing,” Computers & Mathematcs with
Applications, vol. 56, no. 4, pp. 874-882, 2008.

S. Antontsev and S. Shmarev, “Blow-up of solutions to para-
bolic equations with nonstandard growth conditions,” Journal
of Computational and Applied Mathematics, vol. 234, no. 9,
Pp. 2633-2645, 2010.

S. Antontsev and S. Sergey, Handbook of Differential Equa-
tions: Stationary Partial Differential Equations, 2006.

Y. Chen, S. Levine, and M. Rao, “Variable exponent, linear
growth functionals in image restoration,” SIAM Journal on
Applied Mathematics, vol. 66, no. 4, pp. 1383-1406, 2006.

S. Lian, W. Gao, C. Cao, and H. Yuan, “Study of the solutions
to a model porous medium equation with variable exponent of
nonlinearity,” Journal of Mathematical Analysis and Applica-
tions, vol. 342, no. 1, pp. 27-38, 2008.

G. Yunzhu, G. Bin, and G. Wenjie, “Weak solutions for a high-
order pseudo-parabolic equation with variable exponents,”
Applicable Analysis, vol. 93, no. 2, pp. 322-338, 2014.

S. Antontsev, “Wave equation with p(x, t)-laplacian and
damping term: existence and blow-up,” Differential Equations
& Applications, vol. 3, pp. 503-525, 2011.

G. Yunzhu and G. Wenjie, “Existence of weak solutions for vis-
coelastic hyperbolic equations with variable exponents,”
Boundary Value Problems, vol. 2013, no. 1, 2013.

M. Liao, B. Guo, and X. Zhu, “Bounds for blow-up time to a
viscoelastic hyperbolic equation of Kirchhoff type with vari-
able sources,” Acta Applicandae Mathematicae, vol. 170,
no. 1, pp. 755-772, 2020.

A. Rahmoune, “Existence and asymptotic stability for the
semilinear wave equation with variable exponent nonlinear-
ities,” Journal of Mathematical Physics, vol. 60, no. 12,
p- 122701, 2019.

A. Rahmoune, “On the existence, uniqueness and stability of
solutions for semi-linear generalized elasticity equation with
general damping term,” Acta Mathematica Sinica, English
Series, vol. 33, no. 11, pp. 1549-1564, 2017.

A. Rahmoune, “Semilinear hyperbolic boundary value prob-
lem associated to the nonlinear generalized viscoelastic equa-
tions,” Acta Mathematica Vietnamica, vol. 43, no. 2,
pp. 219-238, 2017.

G. Kirchhoff, Vorlesungen uber Mechanik, Teubner, Leipzig,
1883.

P. D’Ancona, “Global solvability for the degenerate Kirchhoff
equation with real analytic data,” Inventiones Mathematicae,
vol. 108, no. 1, pp. 247-262, 1992.

P. D’Ancona and Y. Shibata, “On global solvability of nonlinear
viscoelastic equations in the analytic category,” Mathematicsl
Methods in the Applied Sciences, vol. 17, no. 6, pp. 477-486, 1994.
X. He and W. Zou, “Existence and concentration behavior of
positive solutions for a Kirchhoft equation in R°,” Journal of
Differential Equations, vol. 252, no. 2, pp. 1813-1834, 2012.

J. Jin and X. Wu, “Infinitely many radial solutions for
Kirchhoff-type problems in RN,” Journal of Mathematical
Analysis and Applications, vol. 369, no. 2, pp. 564-574, 2010.

Y. Li, F. Li, and J. Shi, “Existence of a positive solution to
Kirchhoff type problems without compactness conditions,”
Journal of Differential Equations, vol. 253, no. 7, pp. 2285-
2294, 2012.

(21]

(22]

(23]

[24]

(25]

(26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]

Journal of Function Spaces

X. Wu, “Existence of nontrivial solutions and high energy
solutions for Schrodinger Kirchhoff-type equations in R”,”
Nonlinear Analysis: Real World Applications, vol. 12, no. 2,
pp. 1278-1287, 2011.

T. Takeshi, “Existence and asymptotic behaviour of solutions
to weakly damped wave equations of Kirchhoff type with non-
linear damping and source terms,” Journal of Mathematical
Analysis and Applications, vol. 361, no. 2, pp. 566-578, 2010.

G. Li, L. Hong, and W. Liu, “Global nonexistence of solutions
for viscoelastic wave equations of Kirchhoff type with high
energy,” Journal of Function Spaces and Applications,
vol. 2012, article 530861, pp. 1-15, 2012.

K. Ono, “Global existence, decay, and blow-up of solutions for
some mildly degenerate nonlinear Kirchhoff strings,” Journal
of Differential Equations, vol. 137, no. 2, pp. 273-301, 1997.

A. V. Balakrishnan and L. W. Taylor, “Distributed parameter
nonlinear damping models for flight structures,” in Proceed-
ings “Damping 89”, Flight Dynamics Lab and Air Force Wright
Aeronautical Labs, WPAFB, 1989.

R. W. Bass and D. Zes, “Spillover and nonlinearity, and struc-
tures,” in The Fourth NASA Workshop on Computational Con-
trol of Flexible Aerospace Systems, L. W. Taylor, Ed., vol. 10065,
pp- 1-14, NASA Conference Publication, 1991.

C. Mu and J. Ma, “On a system of nonlinear wave equations
with Balakrishnan-Taylor damping,” Zeitschrift fiir Ange-
wandte Mathematik und Physik, vol. 65, no. 1, pp. 91-113,
2014.

S. Park, “Arbitrary decay of energy for a viscoelastic problem
with Balakrishnan-Taylor damping,” Taiwanese Journal of
Mathematics, vol. 20, no. 1, pp. 129-141, 2016.

G. Liu, C. Hou, and X. Guo, “Global nonexistence for nonlin-
ear Kirchhoft systems with memory term,” Zeitschrift fiir
Angewandte Mathematik und Physik, vol. 65, pp. 1-16, 2013.
Z. Yang and Z. Gong, “Blow-up of solutions for viscoelastic
equations of Kirchhoft type with arbitrary positive initial
energy,” Electronic Journal of Differential Equations, vol. 332,
pp. 1-8, 2016.

B. Gheraibia and N. Boumaza, “General decay result of solu-
tions for viscoelastic wave equation with Balakrishnan-Taylor
damping and a delay term,” Zeitschrift fiir Angewandte Math-
ematik und Physik, vol. 71, no. 6, 2020.

J. Hao and F. Wang, “General decay rate for weak viscoelastic
wave equation with Balakrishnan-Taylor damping and time-
varying delay,” Computers & Mathematcs with Applications,
vol. 78, no. 8, pp- 2632-2640, 2019.

W. Lian and R. Xu, “Global well-posedness of nonlinear wave
equation with weak and strong damping terms and logarith-
mic source term,” Advances in Nonlinear Analysis, vol. 9,
pp. 613-632, 2020.

F. Yang, Z. H. Ning, and L. Chen, “Exponential stability of the
nonlinear Schrodinger equation with locally distributed damp-
ing on compact Riemannian manifold,” Advances in Nonlinear
Analysis, vol. 10, pp. 569-583, 2021.

W. Lian, V. D. Radulescu, R. Xu, Y. Yang, and N. Zhao,
“Global well-posedness for a class of fourth-order nonlinear
strongly damped wave equations,” Advances in Calculus of
Variations, vol. 14, no. 4, pp. 589-611, 2021.

E. Fridman, S. Nicaise, and J. Valein, “Stabilization of second
order evolution equations with unbounded feedback with
time-dependent delay,” SIAM Journal on Control and Optimi-
zation, vol. 48, no. 8, pp. 5028-5052, 2010.



Journal of Function Spaces

(37]

(38]

(39]

(40]

[41]

(42]

(43]

(44]

[45]

(46]

(47]

(48]

(49]

(50]

N. Serge, P. Cristina, and V. Julie, “Exponential stability of the
wave equation with boundary time-varying delay,” Discrete ¢
Continuous Dynamical Systems - S, vol. 4, no. 3, pp. 693-722,
2011.

S. Nicaise and C. Pignotti, “Stability and instability results of
the wave equation with a delay term in the boundary or inter-
nal feedbacks,” SIAM Journal on Control and Optimization,
vol. 45, no. 5, pp. 1561-1585, 2006.

Q. Dai and Z. Yang, “Global existence and exponential decay
of the solution for a viscoelastic wave equation with a delay,”
Zeitschrift fiir Angewandte Mathematik und Physik, vol. 65,
no. 5, pp. 885-903, 2014.

M.]J. Lee, J. Y. Park, and Y. H. Kang, “Asymptotic stability of a
problem with Balakrishnan-Taylor damping and a time
delay,” Computers & Mathematcs with Applications, vol. 70,
no. 4, pp. 478-487, 2015.

S. T. Wu, “Asymptotic behavior for a viscoelastic wave equa-
tion with a delay term,” Taiwanese Journal of Mathematics,
vol. 17, no. 3, pp. 765-784, 2013.

Z. Yang, “Existence and energy decay of solutions for the
Euler-Bernoulli viscoelastic equation with a delay,” Zeitschrift
fiir Angewandte Mathematik und Physik, vol. 66, no. 3,
pp. 727-745, 2015.

S. Park, “Decay rate estimates for a weak viscoelastic beam
equation with time-varying delay,” Applied Mathematics Let-
ters, vol. 31, pp. 46-51, 2014.

J. H. Hao and F. Wang, “General decay rate for weak viscoelas-
tic wave equation with Balakrishndn-Taylor damping and
time-varying delay,” Computers & Mathematcs with Applica-
tions, vol. 78, pp. 2632-2640, 2018.

M. Ruzicka, Electrorheological Fluids: Modeling and Mathe-
matical Theory, Springer-Verlag, Berlin, 2002.

G. Autuori, P. Pucci, and M. C. Salvatori, “Global nonexistence
for nonlinear Kirchhoff systems,” Archive for Rational
Mechanics and Analysis, vol. 196, no. 2, pp. 489-516, 2010.

G. Mingione and V. D. Radulescu, “Recent developments in
problems with nonstandard growth and nonuniform elliptic-
ity,” Journal of Mathematical Analysis and Applications,
vol. 501, no. 1, article 125197, 2021.

Y. Fu, “The existence of solutions for elliptic systems with non-
uniform growth,” Studia Mathematica, vol. 151, no. 3,
pp. 227-246, 2002.

0. Kovacik and J. Rdkosnik, “On spaces L*¥) () and W'P¥)
(Q),” Czechoslovak Mathematical Journal, vol. 41, 1991.

A. Rahmoune, “General decay for a viscoelastic equation with
time-varying delay in the boundary feedback condition,”
Mathematics and Mechanics of Complex Systems, vol. 9,
no. 2, pp. 127-142, 2021.

11



Hindawi

Journal of Function Spaces

Volume 2022, Article ID 1769359, 12 pages
https://doi.org/10.1155/2022/1769359

Research Article

@ Hindawi

Darbo Fixed Point Criterion on Solutions of a
Hadamard Nonlinear Variable Order Problem and

Ulam-Hyers-Rassias Stability

Shahram Rezapour ,1'2 Zoubida Bouazza,” Mohammed Said Souid,* Sina Etemad ),

and Mohammed K. A. Kaabar >

1

IDepartment of Mathematics, Azarbaijan Shahid Madani University, Tabriz, Iran

“Department of Medical Research, China Medical University Hospital, China Medical University, Taichung, Taiwan
*Laboratory of Mathematics, Djillali Liabes University of Sidi Bel-Abbés, Algeria

*Department of Economic Sciences, University of Tiaret, Algeria

*Gofa Camp, Near Gofa Industrial College and German Adebabay, Nifas Silk-Lafto, 26649 Addis Ababa, Ethiopia

Correspondence should be addressed to Sina Etemad; sina.etemad@azaruniv.ac.ir

and Mohammed K. A. Kaabar; mohammed.kaabar@wsu.edu

Received 21 September 2021; Accepted 14 March 2022; Published 23 April 2022

Academic Editor: Tianqing An

Copyright © 2022 Shahram Rezapour et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is

properly cited.

The existence aspects along with the stability of solutions to a Hadamard variable order fractional boundary value problem are
investigated in this research study. Our results are obtained via generalized intervals and piecewise constant functions and the
relevant Green function, by converting the existing Hadamard variable order fractional boundary value problem to an
equivalent standard Hadamard fractional boundary problem of the fractional constant order. Further, Darbo’s fixed point
criterion along with Kuratowski’s measure of noncompactness is used in this direction. As well as, the Ulam-Hyers-Rassias
stability of the proposed Hadamard variable order fractional boundary value problem is established. A numerical example is

presented to express our results’ validity.

1. Introduction

Fractional calculus is fundamentally established by having
arbitrary numbers in the order of derivation operators
instead of natural numbers. This idea is considered prelimi-
nary and simple. However, it involves remarkable effects and
outcomes which describe some physical processes, dynam-
ics, mathematical modelings, control theory, bioengineering,
biomedical applications, etc. [1, 2]. The main effectiveness of
this field can be found in recent studies. For example, Thabet
et al. in [3] simulated a fractional model of pantograph in
the Caputo conformable settings. In [4], Khan et al. designed
a model of p-Laplacian FBVP in the form of a singular prob-
lem, and Matar et al. derived similar results for a new p-
Laplacian model via generalized fractional derivative [5].
The fractional Langevin impulsive equations are studied by

Rizwan et al. regarding existence property of solutions in
[6], and Zada et al. [7] analyzed the Ulam-Hyers stability
for an impulsive integro-differential equations. Etemad
et al. used a new property entitled approximate endpoint
for studying a novel fractional problem via the Caputo-
Hadamard operators [8].

Thabet et al. also modeled COVID-19 transmission by
Caputo-Fabrizio operators and analyzed its dynamical
behavior [9]. In [10], Shah et al. compared the results of
two classical and fractional models of COVID-19 and
showed the accuracy of fractional operators in simulation
of processes. Pratap et al. [11] studied finite-time Mittag-
Leffler stability criteria for fractional quaternion-valued
memristive neural networks. Along with these, Boulares
et al. [12] conducted a theoretical research on the general-
ized weakly singular integral inequalities and their
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applications to generalized FBVPs. Naifar et al. [13] studied
a global Mittag-LefHler stabilization by output feedback in
relation to a class of nonlinear systems of FBVPs.

It is notable that in recent advanced mathematical
models, constant fractional orders have not needed effective-
ness for describing the specifications of some processes and
phenomena, and consequently, some researchers had to
model their boundary problems via the fractional operators
equipped with orders as a real-valued functions. These oper-
ators are known as variable order ones [14, 15]. The investi-
gation of the variable order fractional boundary problems
(VOEBVPs) in the field of existence theory is considered as
a new and important branch of fractional calculus, which
are published limited research works in this regard. In
2018, Yang et al. presented a numerical scheme for a
VOFBVP and analyzed their system from numerical point
of view [16]. Zhang studied the solutions of a singular two-
point VOFBVP for the first time in [17]. In recent years,
Zhang et al. [18, 19] derived approximate solutions of two
different VOFIVP on the half-axis in 2018 and 2019. In
addition, a multiterm FBVP involving the nonlinear frac-
tional differential equation (NFDE) of the variable order
type was investigated in detail by Bouazza et al. in [20]. In
this paper, motivated by other related works in this regard,
we investigate the solutions’ existence of the Hadamard non-
linear VOFBVP as follows:

TNty +my (L r(t) =0t e U =[1,T], (1)

via boundary conditions (1) = r(J) =0, where 1 < J < +00,
1<9(t)<2,andm; : UXx S — &.

& is a continuous function (S is a real (or complex)
space) and ¥ @?Et) specifies the Hadamard derivative of var-
iable order y(t). For the first time, as the novelty of this
research, we here consider a FBVP in the variable order
Hadamard settings and establish the existence specifications
of solutions to mentioned system on the generalized subin-
tervals by combining the existing notions in relation to the
Kuratowski’s measure of noncompactness (KMNCS) in the
context of Darbo fixed point criterion. The piecewise con-
stant functions will play a vital role in our study for convert-
ing the Hadamard VOFBVP (1) to the standard Hadamard
FBVP. Lastly, another criterion of the behavior of solutions
like the Ulam-Hyers-Rassias stability (UHRS) is analyzed,
and a numerical illustrative example will complete the con-
sistency of our findings.

2. Essential Preliminaries

Basic definitions are discussed in this section to be used later.
Throughout the paper, the set S stands for the real numbers.
The symbol C(U, S) denotes a set that contains all contin-
uous functions f :  — &. It is a Banach space by defining
£l =sup {[f(t)]: te %}, %:=[LT]. (2)
Definition 1 (see [21, 22]). For 1 < a; < a, < +00, we consider
the mappings h,(¢): [a;,a,] — (0,400) and q(t): [a,, a,]
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— (n—1,n). The Hadamard (9(¢))™ variable order integral
of hy is

and the Hadamard (q(t))th variable order derivative of h, is

(21m) O~ oy (1)

t n—q(t)-1
_ J (10g E) m) 4
a s s

Obviously, in case of 9(¢) and ¢(t) are constant, then both
above Hadamard variable order operators are in coincidence
with the usual Hadamard constant order operators (refer to
(1,21, 22]).

t>a.

(4)

Lemma 2 (see [1]). Assume that a;>1, y,y,>0, h; €L
(a,,a,), and %Q)Z?hl € L(a,,a,). Then, the homogeneous
differential equation

7 Dyhy =0 (5)

admits the unique solution

t vl t V=2 F\Vi"
hy(t) = w, (log a_) +w2<log a_) +-tw, (log a_) ,
1 1 1

t vi~1
%jZ§ (HDZf)hz(t) =hy(t) + @, (103 a_)

1

t y=2 t\Vi"
+w, loga— +otw, loga— s
1 1

with n:[y1]+1, wJGIR, and j=1,2-,n

Moreover, for constants «; >0,j=1,2,
Hesoy (H &
o5 (7T (1) = by (8,

7 (T (=" T (T ) (=" T (1)
7)

Remark 3. The semigroup property is not fulfilled for the
functions 9(¢) and ¢(¢), i.e.,

%]2?) (%jzgf))hl(t);{:%ngf)“l(t)hl(t). (8)
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Example 1. Let

S(t):{l, te[l,2],
2, te]2,4],
3, te[l,2],
q(t) = {4, v ©)
hy(t) =28,
tell, 4.

We obtain

w(t)-1
% ) (7 galt) 11 t

( ‘ t)= Z(10g t
ot ( 7 )hl() ot jls 8

[ G )" 0]

1 A 1 $\2 1 (1 f
cds= —| L (10g L) | == (1og 3) 2rdrds+ — | ~(1og
TTm, <Ogs> Jlm)("gr) TT”r(z)Ls(Ogs>

2

. {—% (log %)3 + (log %)2 + (log %) - %(log 5)2 - %(log s)+ %sz + ﬂ ds,

(10)
1 t £\ dO+a()-1 g
7 0O (1) = J (log ) ) g
L) +q(1) )i\ 7 s s
(11)
So,
7 S0 (7 Ft) 1 3\° 1 3\ *
Sy ( T )hl(t)‘tzé}:_% log 5) T log 3
1 3\’ 1 3\* 1 3
+ - (log 5) + 3 (log E) ~32 (log 5)
(12)

1 3\* 1 3\’ (log2)’
- Z(log2)*(log =) - -(log2)(log =) - 271
¢ (log2) (ogz) g (log )(og2> c

D iog2) (108 2 + 7 = 0.0522
~ 2 —(lo, og — — =0. .
4 s glos2)(log o) + 5

On the other side,

2 3 3 5
7 FIO+(t) _[1 3 1 3
I hy(t)|,.5 = L —F(4) <log s) 2sds + L —F(6) log .
3\ 3

2d—711 35711 34Jrll +31 3’
(% 2) T12(82) Ta\82) Tal%82
3 3\ 1 , 1 , 1 17

*7 (log 5) ¢ (log 3) Z(log 3) Z(log 3)+ T 0.1809.

(13)

Therefore, we obtain

9 \9
A (TN iy (] # 7T 0y (10

Lemma 4 (see [23, 24]). If 9 : % — (1, 2] has the continuity
property, then for
h € €s(U,S)
= {hl(t) €G(U, S), (log t)Ph,(t) e B (U, 5)}, 0<B<1,
(15)
the integral %J?£t>hl(t) admits a finite value Vt € %.

Lemma 5 (see [23, 24]). Assume that 9 : % — (1, 2| has the
continuity property. Then,

7 7On, (1) € B (U, S)forh, € B(U, S).  (16)

Definition 6 (see [25-27]). I R is termed as a generalized
interval if I is either an interval, or {a,}, or &. A finite set
F is defined to be a partition of I if every x € I belongs to
exactly one and one generalized interval [ in %. Finally, w
: I — & is piecewise constant w.r.t & as a partition of I; if
Vl € #, w is constant on .

2.1. Some Properties regarding KMNCS. Here, we regard § as
a Banach space.

Definition 7 (see [28]). Suppose that wy is a bounded set in
&. The KMNCS is the function @ : wz — [0,00] as

®(P) =inf {6>0: P U, P, Diam(P,) <5, (P ewy)},
(17)

in which
Diam (%) =sup {||lx—r|: x,r € B, }. (18)

The symbol Diam denotes the diameter of the given set.
Some valid properties KMNCS are as follows.

Proposition 8 (see [28, 29]). Let B, *B,, °B, be bounded in S.
Then,

(a) B is relatively compact if @(B) =0

(b) ©(@)=0

(c) O(B) = ()

(d) B, <P, = O(P;) <D(B,)

(e) (P, +B,) <P(P,) + D(P,)

(/) ©(AB) = [A[@(P), A € R

(©) ©(B, UP,) = max {O(P,), O(*B,)}
(

B
(h) ©(B; NP,) =min {O(P,), D(*B;) }



(i) ©(P + x,) = O(P) for any x, € R

Lemma 9 (see [30]). If the bounded set W C € (%, §) is equi-
continuous, then

(i) ©(W') has continuity, and
D (W) = sup®(7/ (1)) (19)
1572

(ii) @[ r(0

where

)d0 - re W) < [J D(W(6))d6,

WO)={r0):reW}, 0Oc¥ (20)
In the next theorem, we point out the Darbo’s fixed

point criterion.

Theorem 10 (see [28]). Consider the closed, convex, and
bounded set A+Q in & and the continuous map F: A
— A satisfying (k-set contractive property for F).

OF(V))<kd(V),VB+ VA ke[0,1). (21)
Then, F admits at least a fixed point belonging to A.

3. Existence Criterion of Solutions

To achieve the main purpose of this section, some assump-
tions are proposed as:
(H1) Consider F={%,=[1,9,],%,=(5,,T,),%
=(T,T,), %, = (G” ,T|} as a partition for the
interval % and 9(t): % — (1,2] as a piecewise constant

function w.r.t &, ie.,

9, ifte?%,, 1<9 <2,
V,, ifte?%, 1<9,<2,
9t)=Y 9.7,(t) = (22)
i=1
V,, ifte%, 1<9,<2,

in which J interprets the indicator of 7, interprets the indi-

catorof?{ (7,21, T ), €N}, so that Ty=1and 7,=7,
and
70 1, forte%], (23)
1) = 23
g 0, forelsewhere.

(H2) Let (log t)’m, : % x & —> & be continuous, (0 <
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B<1), and 3K >0, such that (log t)"||m,(t,r) — m,(t,7)]|
<K||r-7|, for any r, 7€ S and t € %.
Remark 11 (see [31]). Note that the inequality

((log 0 my (1, B)[) sKD(By)  (24)

is equivalent to (H2) for each B, ¢ & and t € %, where B is
bounded.

Further, for a supposed set 7" of all mappings w : %
— &, define

W (t) = {w(t), we WY,

W(t)={w(t): weW, tcU}.

Let us now establish the solutions’ existence for the
Hadamard VOFBVP (1) via KMNCS and Darbo’s criterion
(Theorem 10).

Here, Vj € {1,2,-,n}, the symbol & =€(%,r), indi-
cated as Banach spaces of continuous mappings r : %, —
& is furnished with the norm

te¥, (25)

17l = sup|r(t)]; (26)
te,

where j€ {1,2,---,n}.

First, we analyze the Hadamard VOFBVP defined in (1).
In the light of (4), the Hadamard VOFBVP (1) can be
rewritten by

reay () [[(06) "m0 ew

(27)

From (H1), equation (27) on the interval U, €Ny, can be
expressed as

d\’ 1 71 £\ r(s) 1
t— 7J log - ——dstt————
dt) \Ir'2-9)) ), s s re-9)

(28)

Definition 12. The Hadamard VOFBVP (1) admits a solu-
tion like functions rp]=12,m, if r € €([1, 97]}, §) sat-
isfies equation (28) and /(1) =0=r/(7 ).

From the above, the Hadamard VOFBVP (1) written in

(27) can be given as (28) on %, eN}. For 1<t<J ,, put
r(t) =0. Then, (28) is formulated by
9
Dyi;_1 r(t)+my(tr(t)=0,t €%, (29)
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In this case, we follow our study by considering the stan-
dard Hadamard constant-order FBVP (COFBVP) as follows:

The fundamental part of our analysis regarding solutions
of the Hadamard COFBVP (30) is discussed below.

where j € N7.

Proof. Suppose that r € &, satisfies the Hadamard COFBVP
(30). Let us employ the operator % JZ'J;I on both sides

(30) and using Lemma 2, we get

;)\ AN
r(t) = w, (log —) + w, (log T—) J% my(6r(t),  tew;,jeN].

Ti1 -1

(33)

From definition of m,; along with r(7_;) =0, we get
w, =0.
Suppose that r satisfies r(7,) = 0. Hence,

1-9
=1 ‘671 J?fjef 7 g 34
= Oggl J 9‘;1m1(J1’r(‘/J>)' (34)
fu

Thus,

Then, the solution of the Hadamard COFBVP (30) is
given by

Lemma 13. A function r € &, is a solution of the Hadamard
COFBVP (30) if r fulfills the integral equation

r(t)zJJJ éG](t,s)ml(s,r(s))ds,tECZl], (31)

T
<)

03
79 -
N
IR

<)

03
m|\Q)
~
—_

|
IR

<)

03
©» | o~
N~

<o
L

9

|

IN

(%)

In

-

IN

N

1-9, 9,-1
7 T ! £\’ TN my (s, r(s))
. J _ -1 AT
ds+.[t <log 9]71) <log {c/‘ﬂ) (Iog s) . ds],

(36)

and the continuity property of the Green function gives

r(t)=f; lﬁj(t,s)ml(s, r(s))ds, te¥,. (37)

Conversely, let 7 € &, be the integral equation’s (31) solu-

tion. Because of the continuity of (log t)*m, and by Lemma
2, it is simply verified that r satisfies the Hadamard COFBVP
(30) solution. O

Proposition 14. Assume that (log t)Pm,, (0< < 1) belongs
to €(Ux%S,S) and I(t): U —> (1, 2] satisfies (H1). Then,
G,(t,s) given by (32) satisfy the following: ( € NY)

1S5S<T

2) maxtE%JG](t, $)=G(s,5),s€ %,

(1) 0<G(t,5), VT,

(3) G,(s,s) has a maximum value uniquely given by



maxse"Zl] G] (S’ S) =

where j=1,2, -, n

Proof. Let o(t,s) = (log (9‘1/9“],1))1_9]
[(log (t/T,_,))(log (9‘1/5))]971 — (log (t/5))™". We see that

g
9-1 N2 /9 -1 TN\
Y log - J log —Z
() (oes) = () ()
g 9]71 ¢ SJ—Z 9 -1 ¢ 9)—2
- log —L log - - log - =0,
o) () - (57) (ee5)

(39)

which means that ¢(¢,s) is nonincreasing w.r.t t, so ¢(t,s)
>2¢9(T,,s)=0, for 7, <s<t<T . Thus, 0<G(t,5) for
any 7, <t,5<T 1= 1,

Since ¢(t, s) is nonincreasing w.r.t £, then ¢(t,s) < ¢(s, s)
for 7, ,<s<t<T,

On the other hand, for 7, <t <s<J

7\\"" ¢ T
log | =L log log (£
T T s
1-9 9-1
T ! T !
< | log [ =2 log OVS log (_]> .
J]_l J]_l s

These confirm that MaXye(g | 7| G,(t,s) =G(s,s),s €[
7 9]]»] =Lon.

Further, we verify (3) of Proposition 14. Clearly, the
maximum points of G,(s,s) are not 7, and 7, j= €NJ.

J
Forse [T 1,7 |,j=1,-+-,n, we have

G (ss) (9 -1 7\ s\
! = (-2 log —2 log
ds s T 11 T4

(41)

which indicates that the maximum points of G (s, s) is
s=y/7,7,)=1n.
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Hence, for j=1,---,n,

) . g \ !
re)\4 T 11
_ 1 loggj—loggj_1 9-1
r() 4
(42)
This shows the completion of the proof. O

The existence criterion of solutions for the Hadamard
VOFBVP (1) in this work depends on the hypotheses of
Theorem 10 which we investigate them in this position.

Theorem 15. Suppose that both (H1) and (H2) hold, and

K((log 9”])17'8 — (log P/“H)H;) (log 7, -log T
A (1-B)I(9)

<1.

(43)

Then, there is a solution to the Hadamard VOFBVP (1)
on.

Proof. We construct the operator
Z:86—8, (44)

by

71

zr(t):J LG temlsr(s)ds e, (49)
7,

Some properties of fractional integrals along with the

continuity for the function (log)ﬁ m, imply that the operator
Z ‘Eo”] — %] defined in (45) is well-defined.

Let EIR] >0 so that

m* (log 7, - log 9‘1,1)8’/49}’1F(9])

R> ,
e (k((10g 7,)" " - (10g 7)) (log 7, ~log 7,.,) " 14" (1 - B)r(9)) )

(46)

with
m* = sup m, (1,0). (47)

e,
Let us consider the following set:

B&:{re%fWﬂaS&}. (48)
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Clearly BRJ # J contains all three properties of the con-

vexity, boundedness, and closedness.

We shall show that Z satisfies Theorem 10 in four
stages.

Step A. Claim: (BR]) c
tion 14 and (H2), we get

(BRJ). For r € By, by Proposi-

1Zr0l= | 60 xm s )

le

<[ Lo ams ol

TS !
9-1
ds< 1 <log9}—log9‘]_1>)
() 4
[ L rpass
. —||my (s, 7 s< ——
57;—1 F(SJ)
(log 7, -log 7, Y le (s:7(s))
4 7.5 e
1 [logT,-log T, .\
—my (s,0)|/ds + <w ’
r) 4
1 (log7 -1 91
j Hml (5, 0)||ds < <0g 871
T F(Sl)
7)1 m*(log 7,~log T )’
[ gy A+ M LB
T 47 F(J)

K [logT, ~logT \%" 71 _
e P T
F(SJ) 4 7,

-1

m*(log 7, ~log .671_1)9’ . K <log T, ~log 9‘1_1>‘9/_1
4%7'r(9) T r() 4
‘R ((log ‘07])17/3 ~ (log g1-1)1ﬁ> + m* (log 7, ~log ‘(71—1)9/
g - =

= 76

K((log?/‘)lfﬂ (log 7)) 1 * (log?/‘}—log.Jo‘},l)sf1
47 (1-p)r(s,)

R4 m*(log 7, ~log 9‘1_1)9’ <R

7 49,—11—~(9]) i

<

(49)

which means that Z (BR]) S By

Step B. Claim: Z is continuous.

The sequence (r,) is supposed to be convergent to r in
%] and t € %]. Then,

o< :
(°~ mIoh
I,

I(Z7)( (8 8) [ (s, 7,(5)) = my (s, 7(5)) [|ds

ml»—-

[[my (s 7,(s))

—my(s,7(s))||ds

SR

<loggj—logJ1 1)‘9! !

1 (logJ ,—log T, )‘9 ! 5
Kir, =l J — (log s)"ds
1) ( )

;1
K (log J) - (log 7 15 —log }1)
7 =7l
49° ‘(1—,8)F ) )

(log s) (K[|, (s) = r(s)]))ds

ln\»—t

“)

..j

(50)

i.e., we get

||(2°rn)—(.i‘?,°r)||?]—>0asn—>oo, (51)

and the correctness of the claim in this step is confirmed for Z.
Step C. Claim: Z is bounded and equicontinuous.
From A, Z(BRJ) ={Z(r):re BR}} C By thus, for each

re By, we get |Z(r)|lz <R in other ways, it means that

)

Zz (BR]) is bounded. It remains to check the equicontinuity

of (BR}).

Now, Vt, <t, € %,t, <t,and r ¢ By, we write

T

[ e am s

JT,

1(Z7)(t2) = (Z7

.ds_j

'—H(G

J 7||@ ts
J —||G ts

+ (s 0)\|>ds<j —H@ (s

)t =

T

7
<
T

-1

,8)my (s, r(s))ds

t1>s))my (s, 7(s))|

- ds S)HHmI(S’ ()|l

IN
kﬂ

9

- ds

IN

(t19)|(llmy (5, 7(5)) = (5, 0) |

\7

G(tl,s)H

. {(log s)’ﬁ(KHr(s)H) + m*} ds< J(‘ HG}(tz,s)

1

—Gj(tl,s)H

1 . K(log E
[§ oo (Kl ) + e %nrng]
J [G,(12:5) ~ G,(t,,5)]|ds+ g’”_J 1G,(t2:5) ~ G,(t,5)]|ds,
y,—l -1 '(7]—1
(52)
using the continuity of G. Hence, [|(Z7)(t,) - (Z7)(t))]«
J
—0 as |,—t;|—0. It vyields that g(BRJ) is

equicontinuous.
Step D. Claim: Z is k-set contraction.
This time, let 7" € BR] and t € Z,. So,

Q(Z(W)(1) =P((Zn)(t),r € V')

7, 53
s{J éﬁj(t,s)cbml (s,7(s))ds re?/}. (53)

Remark 11 indicates that

®(I(W)(f))S{L G0 )[K®({f(5))f€7/})]}

<! (log 7, ~log 9‘1—1>9/71 N/
() 4
1- 1-B _ 9-1
K((loggj ) (log./ ))(logFJ log T, )" .
47 (1-p)r()

~ 7,1 _
K(D(%/)J  (logs) Fds
T

(54)

forany se %,.



Therefore,

((067,%) - (06,.%)) s 7,10,

D(EW) < 0B W),

(55)

Consequently by (43), we deduce that Z admits a set
contraction.

The conclusion of Theorem 10 gives this result that the
Hadamard COFBVP (30) involves at least a solution 7, in

]
By .
Assume that

(56)

We know that 7, € €([1, 7 ], 8) defined by (56) satisfies
equation

42 Ty (4 19 . )
72 (Jl %r](s)dﬂ...f[ﬁ 1"(2—9)r’(5)ds> +my(s,7,(5)) =0,

for € %, which implies that r, is regarded as a solution for
(28) along with r](l) =0 and r](F/‘]) = 7](9]) =0.
Then,

r(t),te,,
0, te%,,
rt)=q _
Xy,

teU,

0, te|l,T 4|,
o {2
T, L€ %]
gives the solution for the Hadamard VOFBVP (1) and this
completes the argument. O

4. Ulam-Hyers-Rassias Stability

The stability issue has gained substantially important atten-
tion in several research fields through applications. There are
many kinds of stability; one of them is the stability intro-
duced by Ulam in 1940. Since then, the problem is known
as Ulam-Hyers stability or simply Ulam stability. Later,
other generalizations of this notion were introduced by other
researchers. Its applications for many types of equations
have been investigated by many mathematicians. Ben Makh-
louf [32] derived sufficient conditions of different types of
stability such as uniform stability, Mittag-Leffler stability,
and asymptotic uniform stability for a nonlinear Caputo
fraction BVP via a method with respect to Lyapunov-like
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functions. Ahmad et al. [33] investigated the notion of sta-
bility for a nonlinear coupled implicit switched singular frac-
tional differential system with p-Laplacian operator. Now,
we aim to accomplish an argument regarding the UHRS sta-
bility of the given Hadamard VOFBVP (1) in the framework
of Theorem 17.

Definition 16 (see [34]). Let @ € €(%, §). Then, the Hada-
mard VOFBVP (1) is Ulam-Hyers-Rassias stable (UHRS)

w.r.t  if 3¢, >0, so that Ve > 0 and for every solution ¢ €
C(U,S) of

[oe(t) - (mi(tct)|| < eelt), tew  (59)
3 a solution r € (%, 8) of (1) with

lls(t) = ()] < cmee(t)- (60)

Theorem 17. Let both (H1) and (H2) along with (43) hold.
Also,

(H3) Let Q€ €(%,S) is a increasing function and 3
Ay > 0 provided

mat Q(t) < Aype(t), foranyt € U, (61)

Then, the Hadamard VOFBVP (1) is UHRS stable w.r.t
the function .

Proof. Assume that € > 0 is chosen arbitrarily and ¢ from ¢
€G(%,R) satisfies (59). Now, Vj € NY, the following are
defined: ¢, (t) =¢(t),t€[1,9,] and for y=2,3,---,n:

()= 0, te[0,T,.,] )
! §(t), te,

Taking # .7 ZL on both sides (59), we get
-1

() - (L 26,6 s>m1<s,<<s>>ds>

’ (63)

I log * v ds<el
- - < ).
= I'(9y) Jg,y-l s (Og S) Q(s)ds = eAy)Q(t)

According to the argument above, the Hadamard
VOFBVP (1) involves a solution r € €(%, R) formulated as
r(t) =r,(t) for t € % 4, €N}, in which

0, te[0,T ;4]
rj:{~ 4 } (64)

Tjs te%],

and 7 ; € &, is a solution of the Hadamard COFBVP (30).
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In accordance with Lemma 13, we have

. (Tr=T 1) (t-T 5)

A== r(,)
57] g 71 P 1
) Jgﬂ (T 5 - s)‘9 my(s, 7 5 (s))ds + ;) (65)
: Jt (t =) 1my (5,7 4 (s))ds.

Suppose that te%,, =1,2,-
(64) and (65), we get

-,n. Then, by equations

ls(®) = ()| = lls(t) = 77 (D)l = lIs.7(£) = 77 (B)]]

- Sesems e < oo - |

JT 5

Gr(t:s)|mi(s6.7(s))

T 5

= my (8,77 (s))l|ds < Gr(ts)m(s6.5(s))

o
T 5

e | 26009 mts o) - (57560
T e o 9,-1
F(éj) (logJ, 410gJJ_1)

Ty s K|lc(s) =T 4(s
J (log s) ﬁMdSSAQ(f)EQ(t)

-ds < Ayp€Q(t) +

-
7 7

N K [logT ,-logT , \*" - 77
(9, 4 lls.r ”JH:’;;, -

é (log s)Pds < Agiry€0(?)

K((log 7)™ ~ (log 7., ") log
(1= B I(S,)

eQ(t) + pjs = 7]l

T y-log T ;)"
+

Nsr=Trllg, <Aqn

(66)

where

-1

K((log T )P - (log Jy,l)"ﬁ) (log T, ~log T ;)

(1-P)4¥~r(9,)

H=MaXg_j5..n

(67)
Then,
I =rl[(1 = #) < Agqpy (), (68)
and so by assuming c,,, = Ay;)/(1 - p),
)
RORUOIE (Qf”_ e meel  (69)

Therefore, the Hadamard VOFBVP (1) is UHRS stable
w.r.t . This result completes the proof. O

5. Numerical Illustrative Example

Example 2. Consider the Hadamard VOFBVP (based on the
VOFBVP (1)) as follows:

t 1 o
%%?E >r(t) (log 1;)[ - (log £ V(1) =0, )
te¥:=[1,¢,r(1)=0,r(e)=0.
Hence, 9 =e and
og 1))
my(t,r) = (I 82 i(log H)7r(t), (1) €1, ¢] x [0,+00),
(71)
ot 1.2, te¥, =][1,2], )
) 1.6 te%z:z]z,e},
Then, we get
(log t)1/4|m(t, ry—m(t,7)|
og )7 o (t
= |(log f)”“% + 2oty — (tog & g2 }L?(t)
< 110~ 7).
(73)

(H2) holds with =1/4 and K = 1/4.
From (72), the Hadamard VOFBVP (70) is classified
into the following:

1 ¢ 1.2 1
T DL2r(t) + (Of/ﬁ) + 4 (logt) () =0, tew,
1.6
Z’g%ﬁr(t) + (IOg t) %(IOg t) 1/4 (t):0, te%z.
T
(74)

For t € %,, the Hadamard VOFBVP (70) is equivalent to
the Hadamard COFBVP

(75)

Let us now show that condition (43) is satisfied. Clearly,
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the following value is obtained

K((log 71" ~ (log 7)) log 7, ~log 7)""!
47 (1= B)I(9,)
_ 1/4(log 2)**(log 2)"?

=0.1941< 1.
(4°%)3/41(1.2) <
(76)
On the other side, let o(t) = (log t)"'*. In this case,
Y o 1 2 £\ 21 (log 1)
to(t) = log - A A
Jrelt) I(1.2) Jl ( °8 s) s
12 2 0.2
-ds < MJ log > (77)
Iz ), s

As a result, (H3) is fulfilled with o(#) = /(logt) and
Ay = (log 2)'*/T(2.2) € R.

Theorem 15 guarantees the existence of a solution for
the Hadamard COFBVP (75) like r; € &,, and from Theo-
rem 17, the Hadamard constant-order system (75) is UHRS
stable. For t € %,, the Hadamard VOFBVP (70) can be writ-
ten as the following COFBVP, ie.,

1 L6
7olir(+ L+ Log ) ) =0, te,
003
r(2)=0, r(e) =0
(78)
We see that
K((log 9‘2)1‘ﬁ — (log 971)1_ﬁ) (log 7, —log 91)92_1
4%71(1- B)I(9,)
1/4(1 _ (log 2)3/4) (1 —log 2)046
_ =0.0191 < 1.
(499)(3/4)I(1.6)
(79)

Accordingly, condition (43) is achieved on the subinter-
val %,. Further,

t "(log t)"*
Tt = ( og ;) g
logt /2 Je
ds 10 e/2
? < ( g% 3) ( )1/2 :AQ(t>Q(t)
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As a result, (H3) is also valid with o(#) = /(log t) and
Ay = (log (e/2))"°/T(2.6) € R.

On account of Theorem 15, the Hadamard COFBVP
(78) possesses a solution x, € &,. Further, Theorem 17 yields
that the mentioned Hadamard system (78) is UHRS stable.
It is known that

0, teU,,

2(t) = { (), teW,. (81)

Consequently, the Hadamard VOFBVP (70) has a solu-
tion

n(t), tew,
r(t) = () = 0, te%,, (82)
? Py(t), teU,

From Theorem 17, the Hadamard VOFBVP given by
(70) is UHRS stable.

6. Conclusions

In this paper, the nonlinear Hadamard VOFBVP (1) was
considered in which we established some theorems regard-
ing existence and stability of solutions of it by following a
new method based on the generalized subintervals and
piecewise constant functions. By applying such notions, we
converted the given Hadamard VOFBVP (1) to the standard
Hadamard COFBVP (30). After investigating some specifi-
cations of the Green function, we focused on the solutions’
existence via a combined technique in terms of KMNCS in
the context of Darbo’s fixed point criterion. The UHRS sta-
bility of the proposed Hadamard VOFBVP was also studied.
At the end, a numerical example has been discussed to vali-
date the applicability of our results. In future works, our
results can be extended to other fractional mathematical
models equipped with variable orders such as studies on
simulations and dynamical behaviors of COVID-19.
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This research paper intends to study some qualitative analyses for a nonlinear fractional integrodifferential equation with a
variable order in the frame of a Mittag-Leffler power law. At first, we convert the considered problem of variable order into an
equivalent standard problem of constant order using generalized intervals and piecewise constant functions. Next, we prove the
existence and uniqueness of analytic results by application of Krasnoselskii’s and Banach’s fixed point theorems. Besides, the
guarantee of the existence of solutions is shown by different types of Ulam-Hyer’s stability. Then, we investigate sufficient
conditions of positive solutions for the proposed problem. In the end, we discuss an example to illustrate the applicability of

our obtained results.

1. Introduction

Fractional calculus and its applications [1, 2] has recently
gained in popularity due to their applicability in modeling
many complex phenomena in a wide range of science and
engineering disciplines. Several biological models [3] and opti-
mal control problems [4] have been presented in the literature
through the development of fractional calculus. In order to
describe the dynamics of real-world problems, new methods
and techniques have been discovered. In particular, Caputo
and Fabrizio in [5] investigated a new type of fractional deriv-
atives (FDs) in the exponential kernel. There are some inter-
esting properties of Caputo and Fabrizio that were discussed
by Losada and Nieto in [6]. In [7], Atangana and Baleanu,
investigated a new type and interesting FD with a Mittag-
Leftler (ML) kernel. Atangana-Baleanu (AB) FD was extended
to higher arbitrary order by Abdeljawad in [8], along with

their associated integral operators. For some theoretical works
on AB fractional operator, we refer the reader to a series of
papers [9-13].

Variable order fractional operators can be seen as a nat-
ural analytical extension of constant order fractional opera-
tors. In recent years, variable order fractional operators
have been designed and formalized mathematically only.
After that, the applications of this effect rolled rapidly. In
this regard, Lorenzo and Hartley [14] studied the behaviors
of a fractional diffusion problem with fractional operators
in the variable order. Afterward, different applications of
variable order spaces of a fractional kind have shown up in
striking and fascinating points of interest, see [15-20]. For
instance, Sun et al. [21] introduced a comparative study on
constant and variable order models to describe the memory
identification of certain systems. The authors in [22] have
formulated a nonlinear model of alcoholism in the frame
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of FDEs with variable order and discussed the solutions of
such a model numerically and analytically. The authors in
[23] analyzed a variable order mathematical fuzzy model
through a computational approach for nonlinear fuzzy par-
tial FDEs.

The probability of formulating evolutionary control
equations has led to the effective application of these opera-
tors to model complex real-world problems going from
mechanics to transition and control processes to theory
and biology. For available applications of variable order frac-
tional operators in the overall area of engineering and scien-
tific modeling, see [24, 25]. Such broad and various
applications promptly require a progression of systematic
studies on the qualitative analyses of solutions of FDEs with
variable order such as existence, uniqueness, and stability.

Recently, Li et al. [26], by a new numerical approach,
have studied the following fractional problem

{WD$M@+4@W@=%@ﬁ@» nelo,1],
B(9) =0,
(1)

where D2 is the Atangana-Baleanu FD with a variable

order Q(x) and B(9) is the linear boundary condition.
Bouazza et al. [27] established the existence and stability

results for a multiterm fractional BVP with a variable order

of the form:

CD%”&ﬁ)zﬁfG@S@qIﬂmW%D,%e[abL o
9(0) =0, 9(b) =

where CDSE),IQ?) are Caputo’s and Riemann-Liouville’s
operators of variable order (#). The existence and Ulam-
Hyers stability results of a Caputo-type problem (2) have
been obtained by Benkerrouche et al. [28]. Kaabar et al.
[29] investigated some qualitative analyses of solutions for

the following implicit FDE with variable order

QﬁWm@=z(%w@FD$mW»memm, 5
9(0) =0, 9(b) =

where CD2™ is the Caputo FD of variable order g(x).

Cauchy’s type of nonlocal problems can be used to
explain differential laws in the development of systems,
which is remarkable. Nonnegative quantities, such as the
concentration of a species or the distribution of mass or tem-
perature, are often described using these types of equations.
In this regard, the first question to ask before analyzing any
system or model of a real-world phenomenon is whether or
not the problem actually exists. The answer to this question
is given by the fixed point theory. We refer here to some
results that dealt with the stability approach in the concept
of Ulam-Hyers and others related to fixed point techniques,
see [30-35].
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Motivated by the argumentations above, we intend to
analyze and investigate the sufficient conditions of solution
for ML-type nonlinear fractional integrodifferential equa-
tions with a variable order of the form

MEDY9(06) = (36,960,151 9060), D 900) ), € &= (0,]

9(0)=0,9(b) = Y 7;9(x;), ; € (0, b),
]:1

(4)

where D" and 118" are the ML-type derivative and
the ML-type integral of fractional variable order (%) > 0,,
respectively, T €R, kj=1,2, -+, nare prefixed points satis-
fying 0<%, <k, <--<k;<b and F:EXR*—R is a
continuous  function fulfilling some later-specified
assumptions.

Let C(&, R) be a Banach space of continuous functions
9: & — R equipped with the norm ||9|| =sup {|9(x)]: x
€&}

Definition 1 (see [36]). Let @(x) € (n —1,n],9 € H'(&). Then,
the ML-type FD of a variable order g(x) for a function 9
with the lower limit zero is defined by

0 = gt | B (g 0 )9 @0
(5)

respectively. The normalization function Y'(g(x)) satisfies
Y'(0) = Y(1) = 1, where E,, is the ML function defined by

Re (o(#))>0,9¢C. (6)

I
I8

I(i(x) +1)
The correspondent ML fractional integral is given by

I_Q()S()+ Q(%)

MLIQ(")S( %)= Fo0r)

* _ e(0)-1
Y(a(x))I'(e(x)) JO(% 5) S(S)ds
(7)

For an integer n € N and & is a partition of the interval
& defined as

B={€=[0.0,], &, =[b;,b,] &= by, bs], . -+, &, = [0, 15 b, ]}

(8)

Let o(%): & — (1, 2] be a piecewise constant function
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with respect to 98 such that

0, ifxed,
0, ifxed&,

9=Yoam=1 )
I=1 .

0, ifxe&,
where @ € (1, 2] are constants, and Q; is the indicator of the
interval &,:= (b_;, b)],1=1,2, -, n (with b, =0, b, = b) such
that
n) =
: 0, forelsewhere.
Let C(&,R), l€{1,2,---,n} be a Banach space of con-

tinuous functions 9 : & — R equipped with the norm |9
| = sup {|9(x)|: x € &,;}. Then, for x€ &,1=1,2,---,n the
ML-type FD of variable order @(x) for a function 9 € C(&,
R) defined by (5) can be written as a sum of left ML-type
FD of constant orders Q;,[=1,2, -+, n as follows.

n by n

9'(0)dO+. -+ - + r Q(%))r E

QG gt
(Q(%)_l( o) )S(O)de.

Thus, according to (11), the BVP (4) can be written for
any x € &,1=1,2, -+, n in the form

Y(Q(”))JbIEQ(%)< () (b _9)@(%),9 (0)df+. - -

1-0(%) Jo Q(x) ~ 1
T(e(») Q) gyt g
00 LIIEQ(%)(Q(%)_I(Z; o) >s(e)d0
o (%, 9(u),Mngﬁ”)9<%),MLD§E">9(%)) .

(12)

Let the function 9 € C(&;, R) be such that 9(x) =0 on
n€[0,b,_,;] and such that it solves the integral equation
(12). Then, (12) is reduced to

DR 9(30) = %(%, 900, T3t 900)," Dy 19(%)) HEE,

MLDIQ?E[S(%)=%(%,9(%),MLIQZ 902, MDE: 9 )),%6%2,

MLDing(u)=%(x, 93, M1z 90D 93¢ )),ue%n.
(13)

In our forthcoming analysis, we shall deal with the fol-
lowing BVP:

MDY 9() = (3,900, ML, 966" DY; 9(x) ), x € B

I 1

=

9(by-1) =0,9(by) = Z

KEOb)

(14)

Observe that, problem (4) is more general of problems
(1), (2), and (3). In addition, it is assumed that it should be
noted that due to the complexity of the computations and
the division of the underlying time interval, not many papers
can be found in the literature in which the authors focused
on the existence and stability results of fractional variable
order integrodifferential equations. To fill this gap, we inves-
tigate some qualitative analyses for the fractional variable
order problem (14) in the frame of ML-type fractional oper-
ators. More precisely, we convert the ML-type fractional var-
iable order problem into an equivalent standard ML-type
fractional constant order problem using generalized inter-
vals and piecewise constant functions. Then, we prove the
existence and uniqueness of solutions for problem (14) via
Krasnoselskii’s and Banach’s fixed point techniques. Also,
we discuss the Ulam-Hyers stability result to the proposed
problem. Further, we establish the sufficient conditions of
positive solutions for problem (14).

The major contribution of this work is to develop the
nonlocal fractional calculus with respect to variable order
and learn more properties for the proposed ML-type frac-
tional problems, which makes use of nonsingular kernel
derivatives with fractional variable order. Already significant
amount of work on constant fractional order for different
operators has been done in literature. But to the best of
our information, variable order problems have not been well
studied so for fractional calculus. There is a waste gap
between constant and variable fractional order problems in
literature, the first one has got tremendous attention as com-
pared to the second one. Very recently, the area of variable
order has started attention to be investigated. In line with
these developments, a new approach is used in this work
to discuss some qualitative properties of solution for the
considered problem. Multiple terms can be solved using this
approach. To the best of our understanding, this is the first
work dealing with the ML-type derivative with fractional
variable order. The results of this work will therefore make
a useful contribution to the existing literature on this subject.



The outline of our work is as follows. Some basic notions
and axiom results are presented in Section 2. Our main
results are obtained in Sections 3, 4, and 5 based on Krasno-
selskii’s and Banach’s fixed point theorems. An illustrative
example is fitted in Section 6. Concluding remarks about
our results are in the final section.

2. Auxiliary Results

Definition 2. Problem (14) has a solution in C(&, R), if there
are functions 9;,1=1,2,---,n, so that 9, € C(&), R), satisfy-
ing Equation (12), and 9,(0) =0, 9,(b) = ¥, 7,9(x;).

Lemma 3 (see [8]). Let 9(x) be a function defined on [0, b]
and n<Q<n+ 1, for some n € N, we have

(MLI(Q){VILD(QrS) (3) =9() = i

Theorem 4 (see [37]). Let & be closed subspace from a
Banach space K, and let I1 : & — & be a strict contraction
such that

ITL(x) = )| < pllx = yl]> (16)

for some 0< p <1, and for all x,y € 8. Then, I has a fixed
point in .

Theorem 5 (see [38]). Let K be a nonempty, closed, convex,
and bounded subset of the Banach space X. If there are two
operators @', @? such that

(1) Q'lu+D’ve X, forall u,ve X,
(2) @' is compact and continuous

(3) @7 is a contraction mapping

Then, there exists a function z € K such that z=®'z +

D’z..

Remark 6. Let u(x),v(x) € C(&,R) be two functions. We
notice that the semigroup property is not valid, meaning that

ML
MLISE”> ISS%)S(%) + MLISS”)*'V(”)S(%). (17)

Lemma 7 (see [8]). Let @ € (1,2] and h e C(&,R). Then, the
following ML-type linear problem,

{ MDE900) = (), 9(a) = ¢, (18)

9'(a) = ¢,
is equivalent to the following integral equation

(%) =c; + ¢, (— a)+M 1 (o), (19)
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where
ML 2-e [* e-1 -1
00 = e | MO+ g ), 0RO
(20)
Lemma 8. Let Q€ (1,2],1=1,2,---,n and he C(&, R) and

let ©=(b—b_;) =Y, 7(x
), with by=0,b,=b,j=1,2,-
type linear problem,

bl 1)750 T G]R K e(bl l’bl
-, n. Then, the followzng ML-

DY 800 =

i (21)

is equivalent to the following integral equation

9( }t bl 1 z LIQI MLIE;*Ih(bI):| +MLIglItlh(%)’
j=1
(22)
where
2-q [* Q1
MLY By =71J A(s)ds + ———b
b ¢ Y(o-1) )y, ) Y (e - 1)I'(e) (23)

- s)Ql’lh(s)ds.

1.

Proof. Suppose that 9€ C(&, R) is a solution of problem

(21). Applying the operator MLIg’t 1 to both sides of (21), we
find

90) = ¢, + ¢, (= by )+M T R(3). (24)

By the condition 9(b,_,) =
tion (24) reduces to

0, we get ¢, =0.. Hence, Equa-

O(n) = cy(n — bl,1)+MLIgjtlh(%). (25)

As per condition 9(b) = }7_,7;9(;), we obtain

Z TMLIQI

MLI?}, b)) |- (26)

Substitute the values of ¢, ¢, into Equation (24), we get
Equation (22). Conversely, we assume that 9 satisfies Equa-

tion (22). Then, by applying the operator MLDIQ?L on both

sides of Equation (22) and using the fact MLDii (x=b_;)
-1

=0,, we have
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MLDg}IS(%) MLD%I (2 _G;)l—l)
[ am pes)a | e
=

MDY (Mnglilh( )) = h(x).

As x — «; in (25) and multiply by 7, we get

- Y b,
];TjS(Kj) j= J(@ 1)

[Z T B

)
j=1

c MLyQ _b—l -
3o (M m(s)) = PTG )

[Z#@ﬂ)M%mw

+ irj (MLI';iﬁ( )) =9(b).

Thus, nonlocal conditions are satisfied.

Theorem 9. Let € (1,2),1=1,2,--,n and K : & xR?
— R be continuous function and © = (b;—b._;) - Y7 T;
(k= b)) # 0,1, € R, x; € (b, by), with by=0,b,=b,j=1,
2,-,n. If 9€ C(&, R) is a solution of the following ML-
type problem

o 9(%))MLD§£19(x)),% €8,
(29)

then, 9 satisfies the following fractional integral equation

n Kj b,
9(x) =P, (x— b)) (Z er H o(s)ds — J %9(5)d5>
j=1 b, b,

PZ(%_b—I) S K 1
+ TQI)I (; Tij“ (1 =) Hog(s)ds

b, %
—J (bz—s)m_lz/s(s)d5> +P3J | 9(s)|
by b,

P "
ds+ —~* J (= 5)¥ Hg(s)ds,
bis

5
where
Ha(0) = H (%900, 960, DYy 9(x)),
Pl:@ﬁ(_glg—lz)’ 2=®1Ség_,i1)’ (31)
2-q Q-1

Y- Y- D)

3. Existence and Uniqueness of Solutions

This section is devoted to proving the existence and unique-
ness theorems for the ML-type problem (14). For simplicity,
we set

_[@=-e)b=by)  (@-1)(b-b,)
= { ’ Y(QI_I)F(QI+1):|’

Ne(1+ M)
0= f
Pri-my
(32)
Theorem 10. Suppose that
(Hy): | (0 %,9,2) = H (6 %,5.2)] )

<N(Jx—x|+[y-y|+|z-2]), N, >0,

for all x,y,2,%,5,Z€ C(&,R). Then, problem (14) has a
unique solution provided that Q < 1.

Proof. As per Theorem 9, we define the operator IT : C(&,,
R) — C(&, R)

n K b
(T19) (%) = P, (- by_,) (Z er Ho(s)ds — J %S(S)ds>

Jj=1 by, b,
P,x—by) [ (% o-1
+ % (ZT]-J (1= 5) %" Hy(s)

by
-ds— J (b; - 5)91"1%9(s)ds)



Let us consider a closed ball IT ¢ as

K, ={9€C(&, R): 9] <m}, (35)

with the radius 7, > Q,/1 - Q, where
Q= ‘%ow’ (36)

and w; = max,g | #(0)]. Now, we show that IIK, cK, .
ne&) i i
For all 9 e Km and x € &}, we have

n K b,
(T19) ) = Py - bll><jzlrjjbu|%9<s>|ds+j |%9<s>|ds>

biy

Pye=by,y) [ [9 o-1
+TQZ)Z<ZT].J (=) [ Hy(s)|

j=1 by

by
-ds + J (b —s)¥! |%9(S)|ds)

biy

n P n
+P Ho(s)|ds + —2 J - ) H y(s)|ds.
], ol s [ et
(37)
By (H,) and definition of MLIQ+ in the case of g; € (1, 2]
defined as Equation (23), we have
F (3, 900),M T2 9(), MDY 9(x)
’ ? bltl bl 1
— ’%(%) 9(%))MLI§’1t 9(%))MLDE£ 9(;{)) —f(%, 0,0, 0)
0,0,0) < L) g
+[f(%0,0, )|_1——2th| ()] + wy.
(38)
Hence,
n K b,
I8 < Py i) (Y| s+ [ 170
=1 I-1 I-1

I RECEDRNEAC

b
-ds+J (bl—s)91_1|%9(s)|ds>

by,
+P3r |%9<s>|ds+ij% (o= 5071 o(5)|ds
b, I'(Q) )y,
<O+ Q<.
(39)

Thus II9 € D,. Now, we need to prove that IT is a con-
traction map. Let 9, § € D; and » € &; .Then, we have

Journal of Function Spaces

|(119) () ~ (T09) ()| < Py (3¢~ by.y)

>of
J
j=1 b,

Py(n=biy) [ (¢ Q-1
" % (z T].J (-9 [70(5) - 509)

j=1 b,

b
Ho(s) - H(5) ‘ds + L, ‘%9(5) a0 ’ds)

-ds+J (b s)% ‘% %E(s)‘ds> +P3J \H o)
by by

- H5(s)lds + " gt [5(s)

F}()Qz) Jbll B %3(5) ‘ds'

(40)

From our assumption, we obtain

’%s(s)—%g(s)‘smf(‘\‘)s ~9(s) ’+’MLIQ‘+19(J¢) MLI§§1§(”)’
‘)?f (L+u) H —9H

| o(s) - 7509 ) = %,

Hence,
Hne-nﬁHgQHS—§H. (42)

Due to Q2 < 1, we conclude that IT is a contraction map-
ping. Hence, by the Banach fixed point Theorem 4, IT has a
unique fixed point. O

Theorem 11. Under the hypotheses of Theorem 10, the ML-
type problem (14) has at least one solution.

Proof. Let us consider the operator IT defined by Theorem
10. Now, we will divided the operator II into two operators
IT,, II, such that (II9)(5) = (I1,9) (%) + (I1,9) (%), where

n K b, % —
(I1,9) (%) = P, (2~ b_,) (ZTJJ J %S(S)ds>+PZ(F(QS“)

Jj=1

: (Z JL (=) Hy(5)ds —J (- s)"“%(s)ds),

j=1 by,

(I1,9) (%) = PS.[:,,, |F 9(s)|ds + % ,E,,, (n— S)Q”l‘%s(s)ds.

(43)
O

Consider a closed ball Km defined as in Theorem 10. In

order to fulfill the conditions in Theorem 5, we split the
proof into the following steps:
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Step 1. I, 9 + II2§ €K, forall 9, Je K, . First, in order to
operator II;. For 9 €K, and x € &), we have

n (K by
<n19>(u>|<P1<u—bl1)<erjb \%9<s>\ds+J m(s)ds)

by

o — n Kj . b .
+M<ZUL (15 -9)" \%s(s)wﬁj (by=9)® Ws(s)ds)

(44)

Next, for the operator II,, we have

P N1+M)
ITL,9]| < (Ps(bl_ b))+ F(—4(bz _bl—l)q) (jil_ignffh“"f)'

Q+1)
(46)
Inequalities (45) and (46) give
([T, 9+ T1,9]| < [T, 9] + [[TLI]| <7;. (47)

Thus, IIY+11,9 €K, .

Step 2. II, is a contraction map. Due to the operator II is a
contraction map, we conclude that II, is contraction too.

Step 3. II, is continuous and compact. Since F g is continu-
ous, I1, is continuous too. Also, by Equation (45), I1, is uni-
formly bounded on K, . Now, we show that II, (K, ) is an
equicontinuous. For this purpose, let 9 €K, ,a <, <, <b

. Then, we have

= (I09) (o)) | < Py (o = byy) = (o1 — b1y )]

Thus,

I(I1L,9) (52) = (IL9) (e )[| — Oasey — 3. (49)

In view of the previous steps along with the theorem
of Arzela-Ascoli, we deduce that (II|K, ) is relatively com-
pact. Consequently, II, is completely continuous. Hence,
by Theorem 5, there exists a solution 9; of problem (14).
For 1€{1,2,---,n}, we define the function

{ 0, x€l[0,b ],

91 = -
9, ned,.

(50)

As a result of this, it is well known that 9, € C(&, R)
given by Equation (50) satisfies the following problem

e |, 5 i (e

IR e
=

0. 9().""19(e) " D§ " 9(@)),

(1 9)9<”)>9;(9)d9+ ...... . ?(Q(%))

(b-6)e )9;(e)de

(51)
where 9 is a solution to Equation (12) equipped with
(%), ned&,
0, xed&,
9, () = <
9,, ne&,,
90) = ' (52)
0, x¢€l0,b_,4),
8.00= 4 [0, b1.,]
9, ne&,

is the solution of problem (14).

4. Stability Results for ML-Type Problem (14)

In this section, we discuss Ulam-Hyers (UH) and general-
ized Ulam-Hyers (GUH) stability results for problem (14).

Let € >0 and 9 be a function such that 9(x) € C(&, R) sat-
isfies the following inequations:
’MLD3<">9(;¢) - 7{3(%)‘ <exed. (53)

Define the functions 9;(x), §l(%), k; (), € &, as follows.

9 () =

{ 0, ifxe[0,by,], 51

I(xn) ifxed,



N 0, if % € [0, by_,],

wm={A | (55)
I(n) ifxecd,

K ) 0, if ue(0,b_,], s

l(%)_{[k(u) ifxe®, G6)

Definition 12. Problem (14) is UH stable if there exists a real
number Cg >0 such that, for each £ >0 and for each solu-

tion 9 € C(&),,R) of inequality (53), there exists a unique
solution 9 € C(&), R) of problem (14) with

’ﬁ(x) - 9(;4)‘ <Cye, (57)

where 9 and 9 are defined by Equation (54) and Equation
(55), respectively.

Remark 13. Let 9 € C(&,R
(53) if and only if we have a function k € C(&,,
depends on 9 such that

) be the solution of inequality
R) which

(i) |k(x)| <eforall xe &,

(i) MLDQI 9( )= ( )+ k(x), for all x € &.

Lemma 14. If 9 € C(&}, R) is a solution of inequality (53),
then 9 satisfies the following inequality

P

<eRp,

9(%) — ¥ — P3J H(s)ds - —1
9 b, 9

m J . (n—s)" L‘7[§(s)ds

(58)

by
3%( Vds — L (b, —s)¥" 13%( )d>.

(59)
Proof. As per Remark 13, we have
MED® 9 (%) = H~(x) + k(x), % € &,
R -1 R 9 (60)
9(bi1) = 9(by) =0
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Then, by Lemma 8, we get

900) :\1/3+P3r H~(s)ds + P r (3¢ =)0 T +(s)

b, O I'()
Jb' k(s)ds) y Pale b))

~ds+ P (x—-b_,) TJ
, (z] e[ .

J=1

n Kj . b o
-<erj (k;—s5)® [k(s)ds—J (b —$)® [k(s)ds)

j=1 b, by,

N P n
+ P3L k(s)ds + —= L (3= )% "K(s)ds,
-1 -1

I'e)
(61)
which implies
~ A P "
'9(%) _WE_P3J K (s)ds — F(Sz) L (u—s)Q’_l.%g(s)ds <eRp.
(62)
O
Theorem 15. Suppose that (H,) holds. If
Py(by— b))\ Ny (1+ M)
p _ 4\Y1 7 Y11 f 1,
( 3(bl bl—l) + F(Ql + 1) ) 1— mf < (63)

then the ML-type problem (14) is UH and GUH stable.

Proof. Let ¢ >0 and Je C(&,, R) be a function that satisfies
the inequality (53), and let 9 € C(&}, R) be the unique solu-
tion of the following problem.

wh4>=5wpo=o (64)

Then, by Lemma 8, the solution of Equation (64) is given
by

I(xn) = IPQ + P3J211%9(s)ds + Fl();) J:“ (3¢ — $) L H o(s5)ds.
(65)

Hence, by Lemma 14, we have

9() - 9(x) < o)

. r (= 5)9 5 (5)ds] | + Py r ‘%A(s) - 5{9(5)‘
Jb,

9(x) -~ - P3J H(s)ds — 4
9 by 9

P
cds+ —4
I'(e)

+ (Pa(bl_bl—l) + F(Qpiil)(

J (n—s)" ‘%As) Hy(s ‘ds<&9ﬁp
b

b g ool
(66)
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Thus,
H@-sH < Cye, (67)
where
Cy = P
T 1= (Py(by— by y) + (Py/T(Qu+ 1)) (by— by DY) (Rp(1+ )11~ mf)
(68)

Therefore, the ML-type problem (14) is UH stable.
Finally, by choosing C(¢) = C4e¢ such that Cg(0) =0, then
the ML-type problem (14) has GUH stability. O

5. Existence of Positive Solution for ML-Type
Problem (14)

In this section, we extend and develop the sufficient condi-
tions of the existence and uniqueness of positive solution
for problem (14). For the forthcoming analysis, the following
assumptions must be satisfied:

(V)):  : & xR*— R is continuous function.

(V,): There exists constants numbers n;, n; > 0,1, # n,
such that

ny < Hy(n) <n,.
N, (1+.4) (69)
0= f
(Vi) Q=g
Define the cone % ¢ C(&), R) as
P={9e€C(&,R): 9(x) =0,x¢€]0,b]}. (70)

Lemma 16. Assume that (V
P is completely continuous.

1)-(V,) hold. Then, 1 : P —

Proof. By Theorem 11, we conclude II: %P — &P is
completely continuous due to IT : C(&;, R) — C(&, R) is
completely continuous, since &% ¢ C(&)}, R). O

Theorem 17. Assume that (V,)-(V;) hold. Then, (14) has at
least one positive solution.

Proof. First, we have II is compact due to Lemma 16. Next,
we define two sets &/, o/, such that &/, = {9 € C(&,R): ||9
|| <n,Q} and o, = {9 e C(&, R): |9 <n,Q}. Now, for 9
€ PN og,, we have 0 <I(x) <n,Q, % € &,. Since FHy(x) <
n,, we have

IWs(S)\dS>

|(T19) ()| < Py (= bry) (z J:ﬁlws)‘dﬁ J
|

Py(x—by,y) ”T"
Sl (5
N,(1+.4)

+P3J |F o(s)|ds + Py J (3= 5)¥7 | Hg(s)|ds < Rp !
b r@) s,

b
(KJ—S)Q'_'IWs(S)IdHL (bz—S)“"IIWs(S)IdS>

n, < On,.

(71)

Hence, || I19|| < On,. Next, for 9 € PN og/,, we have 0
<9(x) <nQ,n €0, b]. Since FHy(x) >n,, we have ||TI9|| >
Qn,. Thus, the operator I has a fixed point in 2 N (&, \
&f,). ,which implies that the ML-problem (14) has a positive
solution. O

Theorem 18. Let 0€(1,2,1=1,2,3,.-~-,n

andF : & x R® — R is nondecreasing continuous function

for each w € &, and let 9%,9, € P such that 0< 9, < 9" < b,

n €&, satisfying "D} 9" (%) < 9" and MDY 9, (x) 2 9,.
I-1 -1

Then, problem (14) has a positive solution.

Proof. Let 9,9, € & such that 0<9, <9" <b. Then, we
have

b Py(x=b,)

(I9, ) (») =Py (%= b_;) <ZT]r ) %9‘(s)ds> 422 @)

K; . by
~<ZTjJ (CGEDN ‘%9$(s)‘ds+‘[ (b,—s)Q’lu%s*(s)ds)

=1 Jb, bia

ds+J

o%
+P3J Ky (s)ds+ Py J (6= 3)%" Hy (s)ds <P, (%~ b_,)
b, I'(e) e, :

Kj by P(%—h )
L%.sder[ Ho(s)ds | + 2 U
l, 7o (s) ), 7o (s) ) @)

|
I RS AT jb' (b= 5)° (s)ds)

by biy

P[] s i [ o9 o ds= 1900

(72)

Thus, (I19,)(x) < (I19*) (). According to Theorem 1.3
in [39], the operator II is compact and hence IT has a fixed
point in the ordered Banach space (9,,9"). Thus, IT : (9,,
9") — (9,, 9") is compact. Accordingly, IT has a fixed point
9¢€(9,,9"). Thus, problem (14) has at least one positive
solution. O

Corollary 19. Let # : & xR> — R, be nondecreasing
continuous function in &,. If

0< Slim Hg(n) <ocoxe &, (73)

then problem (14) has at least one positive solution.

Corollary 20. Let % : & xR> — R, be nondecreasing
continuous function in &,. If

Fy(%)

I9l—co 9|

<oox €&, (74)

then problem (14) has at least one positive solution.

Corollary 21. If there exist constants m,;, m,> 0, p € (0, 1]
such that K ¢(x) = m,;9(x) + m}, then problem (14) has at
least one positive solution.
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Corollary 22. If the function & : & xR} — R, is contin-
uous and there is a constant Wf > 0 and

K (. %,3,2) = H (0,23, 2) <Ry (|x—X| + [y~ 7] + ]2~ 2)). 9, > 0,
(75)
for all x,y,z,%,y,Z € C(&,, R") such that Rp(N(1+.4)/1

- 92]) < 1, then problem (14) has a positive solution (Theo-
rem 10).

Corollary 23. Assume that there exists two continuous functions

fi» f5 such that 0 < f, () < Hg(x) < f,(%), x € &,. Then, prob-
lem (14) has at least one positive solution 9(x) € C(&;, R).

6. An Example

Example 24. Let @ € (1,2] and let us consider the following
ML-type problem.

ML7R()
0o, |16
141904 1+MLIgE”)9(%)

2
O ” _
MEDS; )9(%) = 500 | € x4 T
1+MLDE) 9(30)

9(0) =0,9(1) =0.

MLDQE“) 9
+ o 9(%)

76)
Here, a=0,b=2 and
Ho(n)= »? e [9(x)] MLIS£”>S(%) N %MLDg@S(%)
R L IRy
7)

Let % € [0,2],and 9, 9 € C(&,, R). Then,

() = 3009 < 55 (1906) = 900

+WHW@@yWﬁ@a@yﬁmb$@wymny@@n.

(78)
Therefore, (H;) holds with Wf =1/20. Here,
%, ifxe(0,1],
Q(x) = (79)
5
3 if ne(1,2].

For [ =1, we have

2
MLy _ —x [9C2)|
{ Dy 9(x) = 205 (e 17 1900 +

9(0)=0,9(1)=0

000)

3 MLDBCZS(M)
M 900 + — 2L 2| %€ (0,1
o 9) 1+MLDY29(3¢) ©1

(80)

Also, 2=0.68 < 1. Thus, all conditions of Theorem 10
are satisfied, and hence, the ML-type problem (14) has a
unique solution. For every &¢=max {¢,&,}>0 and each

Je C(&, R) satisfies

Journal of Function Spaces

’MLDS(")S(%) _ %9(%)‘ <e. (81)

There exists a solution 9€ C(&,R) of the ML-type
problem (14) with

H@—Schy{s, (82)

where

R
Cor -

_ >0.
T 1= (Py(by = byy) + (Py(by = by )T (Q + 1)) (R (1+ )11 - N,

(83)

Therefore, all conditions in Theorem 15 are satisfied,
and hence, the ML-problem (14) is UH stable.
Next, for [ =2,, we have

ML %9 _ L3 —x
D;. (M>_206” e+

9(0)=0,9(1) =0,

9601, 137900
T+1900]  1+E29(x)

]\/ILDSiZ
+ “,/‘2(”) ,xe (1,2
1MEDI29 ()

(84)

and Q=0.55<1. Thus, all conditions of Theorem 10 are
satisfied, and hence, the ML-type problem (14) has a unique

solution. For every ¢ = max {¢;,¢&,} >0 and each Je Cc(g,
R) satisfies
’MLDgWS(u) - %9(;()‘ <e. (85)

There exists a solution 9e€ C(&,R) of the ML-type
problem (14) with

"5—9‘)SC%8, (86)
where
Rp
Cy = >0.
1= (Py(by— by y) + (Pa(b— by 1) /T(Q + 1)) (R, (1 +-40)/1 - )
(87)

7. Conclusion Remarks

AB fractional operators are very fertile and interesting topic
of research recently; thus, there are some researchers who
studied and developed some qualitative properties of solu-
tions of FDEs involving such operators. Already significant
amount of work on fractional constant order for various
operators has been done in literature. But to the best of
our information, fractional variable order problems have
not been well studied so for fractional calculus. There is a
waste gap between constant and variable fractional order
problems in literature, the first one has got tremendous
attention as compared to the second one. Very recently,
the area of variable order has started attention to be investi-
gated. In line with these developments, we developed and
investigated sufficient conditions of the existence and
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uniqueness of solutions for fractional variable order integro-
differential equations in the frame of a ML power law. Our
approach was based on the reduction of the proposed prob-
lem into the fractional integral equation and using some
standard fixed point theorems as per the Banach-type and
Krasnoselskii-type. Furthermore, through mathematical
analysis techniques, we have analyzed the stability results
in UH and GUH sense. An example has been provided to
justify the main results. Due to the wide recent investigations
and applications of the ML power law, we believe that
acquired results here will be interesting for future investiga-
tions on the theory of fractional calculus.

In future studies, it would be interesting to study the cur-
rent problem using a Mittag-Leffler power law with respect
to another function introduced by Fernandez and
Baleanu [40].
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This article introduces modified semianalytical methods, namely, the Shehu decomposition method and q-homotopy analysis
transform method, a combination of decomposition method, the q-homotopy analysis method, and the Shehu transform
method to provide an approximate method analytical solution to fractional-order Navier-Stokes equations. Navier-Stokes
equations are widely applied as models for spatial effects in biology, ecology, and applied sciences. A good agreement between
the exact and obtained solutions shows the accuracy and efficiency of the present techniques. These results reveal that the
suggested methods are straightforward and effective for engineering sciences models.

1. Introduction

Many investigations have provided unique solutions that
meet the needs of various fields, making fractional differen-
tial equation resolution lucrative mathematical models.
Caputo and Riemann-Liouville derivatives were the most
acceptable method to model the different natural processes
that required noninteger derivatives. However, their limits
led to the search for additional derivatives. Singular kernels
exist in both fractional derivatives of Riemann-Liouville and
Caputo. Furthermore, the constant’s Riemann-Liouville
derivative does not equal zero. To outcome the problem of
the unique kernel, Caputo and Fabrizio [1] suggested without
a singular kernel of the fractional derivative operator.
Through several applications, Caputo Fabrizio has proven
to be an efficient operator [2-5]. By using the Mittag-Leftler
function, the authors suggested an actual new fractional
derivative in [6]. The Atangana-Baleanu Riemann derivative
(Riemann-Liouville sense) is one, whereas the Atangana-
Baleanu Caputo derivative is the other (Caputo sense). The
Atangana-Baleanu Caputo and Riemann derivatives feature
all fractional derivative properties except the semigroup

property, additionally to the fact that the kernel is nonsingu-
lar and nonlocal. However, these new fractional operators
have recently been identified in a newly constructed frac-
tional operator categorization [7-10].

Fluid mechanics, mathematical biology, viscoelasticity,
electrochemistry, life sciences, and physics all use
fractional-order partial differential equations (PDEs) to
explain various nonlinear complex systems [11-14]. For
example, fractional derivatives can be used to describe non-
linear seismic oscillations [15], and fractional derivatives can
be used to overcome the assumption’s weakness in the fluid-
dynamic traffic model [16]. Furthermore, based on actual
results, [17, 18] offer fractional partial differential equations
for the propagation of shallow-water waves and seepage flow
in porous media. In most circumstances, obtaining the right
behavior of fractional differential equations is extremely
difficult. Much work has gone into developing strategies
for calculating the approximate behavior of these kinds
of equations. The fractional model is the most potential
candidate in nanohydrodynamics, where the continuum
assumption fails miserably. The homotopy perturbation
Sumudu transform method [19], homotopy perturbation
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method [20], Adomian decomposition method [21], homo-
topy analysis method [22], fractional reduced differential
transform method [23, 24], and variation iteration method
[25] have all been proposed in recent years for solving
fractional PDEs.

The Navier-Stokes equation, which depicts the viscous
fluid’s flow motion, was developed by Navier in 1822. They
used numerous physical processes as examples of fluid
movements, such as blood flow, ocean currents, liquid flow
in pipelines, and airflow around airplane arms. Due to its
nonlinear character, it can only be solved exactly in a few
circumstances. In these situations, we must consider a sim-
ple flow pattern configuration and make assumptions about
the fluid’s state. The central equation of viscous fluid flow
movement, known as the Navier-Stokes equation, was pub-
lished in 1822 [26]. This equation depicts a few projections,
including sea streams, fluid flow in channels, blood flow, and
wind current around an airship’s wings. There are numerous
methods for solving fractional-order Navier-Stokes equa-
tions in the literature. El-Shahed and Salem published the
first fractional version of the Navier-Stokes equation in
2005 [27]. Kumar et al. [28] used a mixture of homotopy
perturbation method and the Laplace transform to solve a
nonlinear fractional Navier-Stokes problem analytically.
Ragab et al. [29] and Ganji et al. [30] used the homotopy
analysis method to solve the same Navier-Stokes equation.
For the solution of fractional Navier-Stokes equations,
Birajdar [31] and Maitama [32] used the Adomian decom-
position method. Kumar et al. [33] used the Adomian
decomposition method and Laplace transform algorithms
to obtain the analytical answer of the fractional Navier-
Stokes problem. In contrast, Jena et al. [34] used the
Laplace transform and finite Hankel transform algorithm
to solve the same equation. The current paper uses the
homotopy perturbation transform method to provide a
precise or approximate solution to the stated problem.

Hashim et al. were the first to introduce the homotopy
analysis method (HAM) [35, 36]. A continuous mapping is
created in HAM by constructing it from a preliminary calcu-
lation to get close to the right solution of the considered
equation. To make such a continuous mapping, an auxiliary
linear operator is chosen, and the convergence of the series
solution is ensured through an auxiliary parameter. The
effect of higher-order wave dispersion can be investigated
using time-fractional Korteweg-De Vries equations. The
Korteweg-De Vries-Burgers equation describes the waves
on shallow water surfaces. The nonlocal property of the frac-
tional Korteweg-De Vries [37, 38] equation is its strength.

The Adomian decomposition technique [39, 40] is a
well-known systematic technique for solving deterministic
or stochastic operator equations, such as integral equations,
integro-differential equations, ordinary differential equations,
and partial differential equations. In real-world implementa-
tions in engineering and applied sciences, the Adomian
decomposition method is vital for approximation analytic
solutions and numeric simulations. It enables us to solve non-
linear initial value problems and boundary value problems
without relying on nonphysical assumptions such as lineariza-
tion, perturbation, and beliefs, estimating the starting function
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or a set of fundamental terms [41, 42]. Furthermore, because
Green’s functions are difficult to determine, the Adomian
decomposition method does not necessitate their use, which
would complicate such analytic calculations in most cases.
The accuracy of the approximate analytical answers obtained
can be verified using direct substitution [43] emphasized the
ADM’s benefits over Picard’s iterated method. More benefits
of the Adomian decomposition method over the variational
iteration approach were highlighted in [44, 45]. Adomian
polynomials, which are tailored to the specific nonlinearity
to solve nonlinear operator equations, are essential ideas.

2. Preliminaries Concepts

Definition 1. The Sumudu transformation is achieved across
the function set [46, 47]
A= {V(S): AN, 1,7, > 0,lv(F)[<NelISVm), if § € (~1) x [0,00) }
(1)
by
)

SLF(9)] = G(u) = j FuS)eVdS, ue (-r,7,). ()

Many researchers have identified and applied this trans-
form to models in various scientific areas and [46, 48]. The
link between Laplace and Sumudu transformations is
demonstrated in the next theorem.

Theorem 2. Let G and F be the Laplace and the Sumudu
transformations of f() € A. Then [49],

G(u) = . (3)

The Shehu transformation was developed in [50] general-
izes the Laplace and the Sumudu integral transformations;
they have applied it to the analysis of ODEs and PDEs.

Definition 3. The Shehu transformation is achieved over the
set A by the following [50]:

H[f(S)] = V(s u) - fe“wf(ws. (4)

It is evident that the Shehu transformation is linear as
the Laplace and Sumudu transforms. The function Mittag-
Leffler ES(SS) is a straightforward generalized form of the
exponential series. For 8=1, we get E5(S)=e®). It is
expressed as [51]

[eS] k
Es(2) = ;ﬁ,aecxe (&) > 0. (5)

Definition 4. Let f € H'(a, b), b > a; then, for § € (0,1), the
fractional derivative of Atangana-Baleanu in the sense
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Caputo is define as [6]

5 S —x)°
PDR() = 1o | 1 WEs ('5 T )d"' ©

Definition 5. Let f € H'(a, b), b > a; then, for § € (0,1), the
fractional derivative of Atangana-Baleanu in the sense
Riemann-Liouville is expressed as [6]

3 S —x)°
APDY(F(9) = %%Jf ()%s (‘5 R )d"' )

Under the constraints B(0) = B(1) = 1, B(d) is a normal-
ising function.

Theorem 6. The Laplace transformation of fractional deriva-
tive Atangana-Baleanu in sense of Caputo is define as [6]

B(8) S°F(s) — s°1£(0)

L{gBCD%(f(S))}(S)=1—6 oron-s 0 ®

and the Laplace transformation of the fractional deriva-
tive Atangana-Baleanu in sense of Riemann-Liouville is
define as

OF(s
L{3* D5 (S) }(5) = Q% o

3. Main Solutions

In what follows, we suppose that f € H'(a, b),b>a,8 € (0,1)
and f(3) € A.

Theorem 7. The fractional derivative of Atangana-Baleanu
Sumudu transformation in Caputo sense is define as [8]

S(DRS(9))) = T (G - f(0). (10

Proof. Applying (8) and (3), we achieve

B e 1 (B(8) (1/u)’ F(1/u) - (1/u)’ ' £(0)
S(O CDf(f(d))) Tu (1—5 (1/u)5+6/1—6 )

u

:G)‘SB@) G(u) - £(0)
u) 1=01/u)’°+8/1-68

(11)

Then, we achieve the desired outcome

S(PDA((9))) = T (G - f(0). (12

O

Theorem 8. The Sumudu transformation of fractional deriv-
ative Atangana-Baleanu in sense of Riemann-Liouville is

define as [8]

S(I05((8) = 06w, (13)

Proof. Using (9) and (3), we obtain

_1B(®) (1/u)’F(1/u)

S ul-8(1u)P +61 -6

_ 1B(3) (1/u)°uG(u) (14)
ul=06(1/u)’ +8/1-6

_B©) G
1-861+46/1-6ud’

S{5™D5(f(3)) }s)

Then, we achieve the desired outcome

S(ID5((8) = G (19)

The Sumudu and Shehu transformations are demon-
strated in the following theorem. O

Theorem 9. Let G(u) and V(s,u) be the Shehu and the
Sumudu transformations of f(3) € A. Then [8],

V(s,u)= %G(?) . (16)
Proof. If f(F) € A, then
V(s,u) = J:OeUS/“)f(S)ds. (17)

If we set 7 = sS/u(SJ = ut/s), then the right hand side can
be represent as

V(s,u) = Jooe(‘T)f(E T) gdr =2 Jooe(‘T)f<§ T) dr. (18)
0

0 s s

The right side integral is obviously G(u/s), thus obtain-
ing (16). It is obvious that

1 1
Vs, 1) = sG(s> =F(s), (19)
where F(s) is the Laplace transformation of f(5). O

The following significant properties are achieved by
applying the relationship among Sumudu and Shehu trans-
formations (16).

Theorem 10. The Shehu transformation of I is [8]

V(s,u)=T(x) (g)x, x>0. (20)



Proof. When x > 0, the Sumudu of S*' is define as
G(u) =T(x)u*", (21)

where I'(x) is the Gamma function expressed as

I(x)= JO F 1 4. (22)

Then, by applying (16), we get the achieved solution. [

Theorem 11. Let §, w € C, with Re (8) > 0. Shehu transform
of Es(wS®) is given by [8]

H(Ey(ws?)) - - <1 - w(g)‘s) o)

Proof. Based on the reference [52], we get

S(Ea (w86)) = (1 - wu‘*)_l, (24)

and then, by applying (16), we get

n((es) = (o)) e

O

Theorem 12. Let G(u) and V(s,u) be the Shehu and the
Sumudu transformations of f(J) € A. Then, the fractional
derivative of Atangana-Baleanu Shehu transform in sense of
Caputo is define as H

H (/%)) = ——

e (V(s, u) - gf(o)).

Proof. Applying (10) and the relationship among Shehu and
Sumudu transformations, we achieve

H (R U19) = § g gt (60 ~10)
)
T 1-6+0(uls)

Theorem 13. Let G(u) and V(s,u) be the Shehu and the
Sumudu transformations of f(J) € A. Then, the fractional
derivative of Atangana-Baleanu Shehu transform in sense of
Riemann-Liouville is define as
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B®) 5 (Visu) - ~1(0)).

H(EPAE)) = 5 sy

(28)

Proof. Applying (13) and the relationship among Shehu and
Sumudu transformations (16), we achieve

H(§ D5 ((3) = = jfﬁﬁu 5796)
B(o)

=—— - V(s u).
1-8+8(uls)® (5)

4. The Procedure of SDM

In this section, we describe the SDM procedure for fractional
PDEs.

Dgu(x> S) + (1, v) + 1 (1 v) = Py (X F) =0,

D%V(X, 3I) + By (s V) + Ny (1, V) = Py (X, F) =0,0<5< 1,
(30)

with initial condition

#(9,0)=g,(x), v(6,0)=g,(x), (31)
where D = 0°/03° is the Caputo derivative of
fractional-order §, %, and &, and A, and ./, are linear
and nonlinear terms, respectively, and &, and 2, are source
functions.
Applying the Shehu transform to Equation (30),

0)

S[DRu )] + 1%, (V) + 1, (1) = 21 (1 9)

S| DEV06B)| + SR v) + (1o v) = Pl B)] = 0.

(32)

Applying the Shehu transformation of differentiation
property, we have

1-8+0(uls)®
B(9)

— urs 0
_ 15;(25’)5{%1(% V) + 41 (1)},

S[u(x, )] =

u
N

u(x:0) + SIZ1 (X 3)]

1-8+8(uls)’

S0 S)] = SV 0) + g Sk 8]

C1-8+8(uls)’

Bo) SV M)l

(33)
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SDM defines the result of infinite series p(y, ) and
v(x ).

(9]

> a0 S),

m=0

= ivm()(,ﬁ). (34)

m=0

u(x3) =

The nonlinear functions defined by Adomian polyno-
mials /| and /', are expressed as

‘/Vl(lu V): de"/’/Z(tu’v): Z‘%m (35)
m=0 m=0
The Adomian polynomials can be expressed as
l
=0 (36)
1| 0" k
‘%jm_ a)\(ﬂl ‘/VZ ZA#k’ZAvk .
k=0 k=0 A=0
Putting Equations (34) and (36) into (33) gives
S 1-68+06(uls)’
S[Z bt &] = Lup )+ 20 s, (1,9

8
${%2(x )}

B(9)
-8{9?2<§ Ppps i vm> + i %‘m}.

Using the inverse Shehu transform of Equation (37),

Zoum(x,m—sl{”u( ) %8{9 6 d)}}
L [1-6+ 8wy SR ®
o { 5 { <Z b z"'>+de

1-8+8(uls)®
B(9)

. iy 81156 o) oo )
(S £) £od]

S{Z(x 5)}}

and we expressed the following terms:

— 8+ 8(uls)’

to(X> ) = S‘l u(x0) +

1-38+08(uls)’

vy(x 3) =5 l?u(x, 0 g S(Pan 3)}],

Ms{g (b Vo) + 4}

Ms{@ (t» Vo) + ggo}]

The general for m>1 is given by

1-8+8(uls)®

B((S) S{‘%I(Mm’vm) +dm}]’

Hnss (X B) = =S [

1-8+08(uls)®

Vint1 (X’ 3) = _571 [W S{‘%Z(#m’ Vm) + ‘%m}] >

(40)

5. Solution of SDM

Example 1. Consider the two dimensional fractional-order
Navier-Stokes equation

ou Ou_ |Pu Pu
DY Laut=pl=L+ L] +g
\S(M)+Max+nua€ P[aX2+aE2 +q
(41)
D (v) + ov av v N *v B
SO Y TP lae T | T
with initial conditions
,E,0)=—sin (y + &),
{ (1-£,0) (x+&) (2)
v(x,&,0) =sin (x +&).
Using Shehu transform of Equation (41), we have
Pu(xt ) o op  [Pu dul ]
SA—= > =-S|y=—+pU—-pl=> +—| +4|,
{ 03’ “ox Hog TP 0x* 08| q_
Pv(xES) o [ov ] ]
S =-S -q|,
{ & “ox TVaE T Plop o] T
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_BO) U S 1 (06 3) = (5 0)+ 5™ [‘M(”’S)S{ }}
SN S i

2 2 Py 5 AggfifJQAﬁfig, [ ( o, B )
el 4] o (e L
B() o AU

o (Ym0}
av av ?v v & o B O+ 8(uls)
_ _ V(%6 F) =v(x,§,0) {73{ }]
S[u Vo Plax ag] q]. 2, ¥l b 3)=vlx B(o)
s { 6;(5u/s [ (ch +°Z°:@m)

The above equations can be written as

0% 02
oy U _1—8+6(u/s)‘S +p{—2+—2}H.
(47)
e
S[y + aE plT)ﬁ i a—fz +q ) 00 6@6
. ;Oym(x,f,ﬁ):—sin(x+f)+3é)[1—8+F(6‘i1):|
oy U _ 1-8+6(uls) B e oo o0
(V& T = (v 8.0)) - s o[t ($ o, )]
ov ov azv 82\1 1—6+6( / )5 &) 62 ©0 aZ
S[”a)( VS Plaxz + 552] ql. +$ {B(a) S{p{mzo P mZ:O e }H
(44)
0 80-5
Using inverse Shehu transform, we have mZ:O V(& ) =sin (y +8) - % {1 “o F((S‘i 1)]
N ws) |1 =8+ 8(uss)? N ©
w6 8) =u(x§0)-5" [%S[Q]} s { B(5) S{_ <mz_or{ngr mzzo@m H
-6+ 8(usy a u_ (u @ (L84 o(us)’ [ [ QP  Qd,
(48)

1=+ 8(us)®
&8 =v(,60) -8 | —00 S
Y05 8)= v 50) { B(9) [q]} According to Equation (36), the Adomian polynomials

| 1=8+ S(uis)? v ov Pv v can be expressed as
S L S u— + - .

B(5) Yot P\oe T oe
(45) o, ou, ou
'9[0:”080 d MOa +Mla_o’
X X X
Suppose that the unknown functions u(y,¢,S) and au u ou
v(x, & ) infinite series solution are as follows: By =, BXO , B =V, afl +v, a;
pHES) = D (16 ),
m=0
(46) ov v v,
0 (g —‘M 0 (‘g [/l 1 ‘l/l 0
V(X’£’5> = Z vm(X’g’S)' 0 0 aX 0 aX 1 aX (49)
" D= Mo , D, = av +v %
07 00y aX "oy’

Note that pp =Ym=0%d,, vu=ym=0"%,,
wv, = Ym=0%€m, and vvg=) " D, are the Adomian
polynomials, and the nonlinear terms were described. Apply-
ing such terms, Equation (45) can be rewritten in the form Equation (48).

Thus, we can easy achieve the recursive relationship
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Ho(X> 6 ) =—sin (y + &) +

o]

q 03?°
W[l_mr(aﬂ)l’

q 83°
B [1—8+ F(6+1)]'

V(X&) =sin (y +5) -

(50)
For m =0,
£.5)=sin (y+8 22 |1-5+ 05
(x> &) =sin (y )@ rd+1y|
2 60—6 (51)
) ~
Vi (% & 5) = - sin Oﬁf)wg) [1“” r(6+1)]'
For m=1,
o (2p)° 26(1-9)3° &%
ty (%€, ) =—sin (y +&) (B(0))? [(1 -9) I($+1) I'(26+ 1)}’
(2p) 28(1-8)F°  8°g®
vy(x, & F) =sin (x +§&) (B(6) {(1‘5) T(E+1) F(26+1)]'
(52)
For m=2,
o @) [ _sp, 300-0°8°
#3(x & ) =sin (x +8) (B(6))’ [(1 o) + rE+1)
S(1-0)F¥ 28°(1-6)F®  §°g¥H
r(26 +2) r(2s+1) ! r2s+2)|°
.~ (2p)° | _gp, 3001-08°
%Wﬁ“*'“““+“www[“ R RS
62(1 _ 8)526+1 262(1 _ 8)0'26 63826+1 )
T(20 +2) r(2s+1)  I(28+2)|°
(53)

In the same method, the remaining y,, and v,,(m>3)
components of the SDM solution can be obtained seam-
lessly. Consequently, we describe the series of alternative
solutions as

u(x.&9) Z o (X&) = o (4 &) + 11, (15 €)
+ (6 8) + 3 (X &)+
V(x.&S) = Zv (1:8) =vo(: &) +vi (1 §)

V(0 8) + s (0 )

7
8g°
HO6E ) ==sin (x+8) + i [1=04 e
0
+sin ( )(+EBZ(—§|:1 o+ 65‘_5,.1:|
()’ L20-98°  85*
—sin (x +&) (BO)] {(1 8)" + r+1) F(26+1)}
(2p)’ s, 30(1-9)’S°
08 o)y {(1 Ve
62(1 _ 6)326“ 252(1 _ 5)526 83325”
. s
T(25+2) F@o+1)  I(20+2)
0
v(XfS)=sin(X+‘f)_B(q |:1 6+F((j;§—1]
2p 83°
—sm(X+5)B( [1 6+]"(5+1):|
(2p)° L 00-98° s
+sin (xy +§) (B(0))” [(1 &)+ TS +1) 28+ 1)}
(2p)° s, 30(1-9)'s°
—sin (y +&) B0)) {(1 -8+ Torn
82(1 _ 8)526“ 282(1 _ 8)826 63528“
e
r(26+2) r@2é+1)  I(26+2)
(54)

The exact result of Equation (41) at =1 and g=0 is
as follows:

U6 & ) = —e T sin (x +8),
v(x, & F) = e S sin (y + ).

Example 2. Consider the two dimensional fractional-order
Navier-Stokes equation

(55)

ou _ou_ |0u
DY () + o + V= = + —| +9
5(#4) oy tVaE p[ax s | T
(56)
Di(v) + ov av 82\1 o*v B
with the initial conditions
U(x: & 0) =¥, (57)
v(x. & 0) = eX*s.

Using Shehu transform of Equation (56), we have

u oy  ou u  u
S{— 7 =S|-(p=—+Vv=2|+p{=— +— 7 +9]|,
{85‘3 } [ (” ox 8’3) Plow "o |1
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B 8 u b b S = y b b S b
o 9 Pu 5= Y 5
) ofEr 20 W
X 13 x>  of m=0
Note that pp =)m=0"d,, vu=Ym=0"%,,
B(8) pv,=2rm=0°€m, and vy =329, are the Adomian

u

T s a0 S{V(X’ §&3) - —v(x6 0)} polynomials, and the nonlinear terms were described.

1-8+08(uls) s . : . .
Applying such terms, Equation (60) can be rewritten in

) 5 (58)
_sl- av+v8v+ Bv+av B the form
oy TVaE) T e e Y
0 + 8 (uls)

D (06 F) =u(E0) +S7! [B()S{ }}
The above equations can be written as "
~&+8(uls)’ [ ( § >
Lk S o, + z %
B
1-8+08(uls) [ 9)

(0.8 9)) = {0 §.0)) + — g y {azy az”}”

ou 0 Pu a
B O oun L ok
S[ ([/LaX+Va£>+p{aX2+a£2}+q‘|)

s 8+ 6(ul
> (0 EH) =0 E0) - {% st }]
oy U _1—8+6(u/s)‘S +S {8*'6”/5 [ ( %, +009)
S{v(r- & 9)t = S {v(x. 5, 0)} = TBE) B(9) 2 mz=0
0 0 v 9 v v
| (eg %) el i) ol 5]
(59) (62)
B q 83?°
Applying inverse Shehu transformation, we get Z o =-sin (x+8)+ B(8) [1 o ¢+ 1)}
-8+ 0(uls) o <
) 8+ 8(uls)® " { B(9) S{_ (;oﬂ’” mz:o‘%’” ”
HO6ES) = (0 §0)+ S 75{ } © 2, o
B(9) e ~ 8+ 8(uls)® s zaym+zaym
B(s) m=0 aXZ m=0 afz

o [t e 2

{az 82 }‘| ‘| : ,,
P [ =8+ d(urs)? & &
o> of +$ { B%) S|- mZ:O%ermZ:O@m
|1 -8+ 8qurs)? Sy, Q0%
O Sipd Y + ) .
8+ 8(uls) { B(9) { {m—o =S
V(& 8) =v(1.£0) - [75{ }]
B(9) (63)
L 1-8+0(uls) [ ov . ov According to Equation (36), the Adomian polynomials
B(9) #a va_f can be expressed as
o’v 0% _ . O _ o Oy Oy _, o Oty
p{aX2+aEZ}‘|‘|. 'Q{O_HOa_X"Q{l_MOaX_'— laX ‘%’0_ Oaﬁ ‘%_ Oaﬁ tVi=n alg
0 0 0 0 0 0
(60) %ozﬂoalxo’%lz.“oaixl*'%al;>90:vo(—;;: D, _Voalxl*"’lal;~

(64)

Suppose that the unknown functions w(y,&, ) and
v(x, &, ) infinite series result as follows: Thus, we can quickly achieve the recursive relationship
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Equation (63)

<0
T G B P _0%"
to(x> & ) =—eX™ + ll 6+F(8+1)1’

B(d
( ) 80—6 (65)
Sy=eto 1 |- g
B By ll ot F(5+1)]'
Form=0,
)
b )= g [1 0+ 75 1)],
2 0 (66)
R 2 ) N P
M8 S = ) ll ot 6 1)]
Form=1,
bl & 5) = -evs 200 {(l_s)z 25(1-9)8° = &'S® }
o (B(6))* Te+1) e+l
&\ _ Xt (2P)2 R 28(1—6)36 52328
VZ(X’&J)_WW{(I_(S) TTIE +F(za+1)}
(67)
Form=2,
2 338 5 e
w(0E ) =ex+£1%,v3(x, £,5) = _ewf*(g?sfn'
(68)

In same method, the remaining p, and v, (m>3)
components of the SDM solution can be obtained seamlessly.
Consequently, we describe the series of alternative solutions as

BOCES) = Y (6E) = (0 8) + 1 (&) + (X ) + s (1 E) 4+,
m=0

) — +i q 886
#(XE“‘)_ eXE_'_m[l_ F(6+1):|
& 2p 83°
+eXE§GS{1—6 118+1J
v (2p)° {(1_ p, 2008 g }
(B(8))? r@e+1) resé+1)
& (2p)°S”
+ex‘sr(wﬂ)

B(3) T@+1)
= (2p) , 201-98)8° &°8®
+‘5)(5(13(5))2 [(1_8) TTTE +F(26+1)]
& (2p)°S”
e“r(35+1)+"

(69)

The exact result of Equation (56) at § =1 and g =0 is as
follows:

w(x g, 5) = _eX+f+2pS,

70
V(& 5) = 83, 7o

6. The Methodology of ¢-HATM

Consider a nonlinear nonhomogeneous fractional partial
differential equation:

n-1<8<n
(71)

Here, D3y is the Caputo derivative, and R and N are lin-
ear and nonlinear functions, respectively. f(x, &, J) is the
source operator.

Now, using the Shehu transformation on Equation (71),
we get

Dyp(x: 8 ) + Ru(x: & ) + Nu(1. &, 3) = f (1. &, ),

u — uls g
Sl )] Ll 0+ L2p 2

{S[Ru(x: 6 )] + SINL(x> & )] = S[f (x- & )]} =0
(72)

The nonlinear function is

NP6 & S52)] = S[$(1. & F30)] - = $(1. & F39)(0")
- urs o
o SR E )
+ SING(0 & S5)] - SIF (0. & B)])-
(73)

Here, ¢(x, &, S5 g) is an unknown term, and g € [0, 1/4]
is the embedding parameter, n > 1. Construct a homotopy as

(1-ng)S[p(x- & F:9) — pho(x> &

E 5)] (74)
=hqH(x, & S)N[p(x, & 3

3q));

where y, is an initial condition and % #0 is an auxiliary
parameter. The following solutions hold for =0, 1/n =
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$(x: & 550) = py(x: ¢, 9),

75
¢<X>5»55 %) =u(x. & ). 7

Elevating g, ¢ converges from U to U. Intensifying ¢
about g by Taylor’s theorem, we get

S(6ES:D)=Us+ Y 1, (%5 97" (76)

m=1
where

_10"$(05.8:9)

m = m! aqm (77)

9=0

By an appropriate selection of auxiliary linear operator,
Uy, n,h and H, series (76) converges at g=1/n, thereby
providing a result

pOOES) =+ Y 1, (& 9) (D : (78)

m=1

Now, differential Equation (74) m times, divide by m!
and taking g =0,

Sletn (X% & B) = Kby (%> 6 )]s (79)

where the vector is described as

o = {066 F) (066 D)5 s (16, S)}. (80)

Applying the inverse transform on Equation (80),

& D= Kbty Q8T+ [HOGE DR (Hyi ) |-

(81)
Here,
~oy_ 1 "N[(x.&S59)]
R (“m-l) ~(m-1)! g™ )
0, r<i,
k= (82)
n, r>1

Lastly, by solving Equation (81), the elements of the g-
HATM result are readily available.
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Example 3. Consider the two dimensional fractional-order
Navier-Stokes equation

ou  ou (3214 o’
0

O
D3y+ya+va—£— a—Xz+a—EZ + 9,
0<d6<1,
Dov+ av+vav_ 82v+82v B
SVTEGy Ve TP\ Tap) T
(83)
with initial conditions
v(x, &, 0) =sin (y + &),
(x> 6 0) =sin (x +¢) (84)

#(x, € 0)=—sin (y +§).

Using the Shehu transformation on Equation (83) and
applying Equation (84), we have

1-8+08(uls)’
B(9)

oy  ou ’u oy
Sy, (ZE LR g o,
{“ax”as ”°<ax2+asz !

1-8+8(uls)®
B(9)

ov ov ?*v v
- S ya+va—s—po 8_x2+a—£2 +gp=0.

Define the nonlinear operators

Sl & S)] + = sin (x+&) +

Sv(x, & )] - ? sin (y +&) +
(85)

N1 (16 552, ¢2(0:6 5539)]
= S[1 (0.8 5] + = sin (x+8) +

d L ES57g
-s{mx,as;q)w

00, (08850) (0016559 ¢ (1:55:9) | _
ag pO aXZ azz g >

1-38+8(uls)®
B(d)

+6,(%. 6. 3:9)

N[ (X8 55> 62 (0 6 T 39)] = S (& T3 9)]
1-8+8(uls)®
B(9)

00,(x,¢, 34 ~ -
ST D g, (18,559)

¢, (1€ 55 9)
PR * o8 T

—%sin (x+&+

~s{¢1<x,e,s;q)

.a‘Pz(X:E)S;Q) _ E)Zgbz(x,E,S;q)
aE Po

(86)
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and the Shehu operators as

Slbt (106 8) = Kbyt (06 B)) = Ry 1o Vi

S[Vm (X’ E’ S) - kmvm—l (X’ E’ 3)} = hRZ,m {ﬁm—l’ 7m—1:| >

(87)
~ - k,\ u
Rign [yt Vs | = STt (66 8)] + (1= =) = sin (x +§)
_ 8 m—1 1 _; m-l
+1 O +8(uls) S ”ia‘um 1 i vaqu i
B(9) i=0 ox i=0 08
azlum—l aznum—l
_P°<a—xz+ w )0
(88)
— — o~ km u .
R Vot | = Svs (06 9)) = (1= 22 ) = sin (x +§)

. 1 —8+8(u/s)55{’”221”avm_1 —i = OV —i

B(9) = o

B azvm_l N azvm_l .
pO aXZ aEz g .

Using the inverse Shehu transformation on Equation
(87), we have

(89)

U (& T) =kt + 1S {Rl,m [ﬁmfp Vm_l} }

(90)
V(6 & 1) = kv, +hS™! {Rz,m {ﬁm_l, Dm_l} }

Using u, and v, in Equation (90), we get

_ 2pyhisin (y +8) o1
ST [1_6+F(8+1)1’

_2pohsin (x+8) | 81°
V=T [l 8+1‘(8+1)]’

2(n+n)pyhsin (x + S)I‘S B 4p3h2 sin (y +&)

K277 6 +1] (B(5))*
' [(1 -0+ 2(;((13;81))1 . r(isli)]’
o 2nx)pyhsin (x + EI°  4pih®sin (x +§)
2 I +1] (B(0))?
' [U —0)'+ 2(;((13161))1 . r(isli)]’

11

2(n+h)’pohsin (x +§)I°  8(n+h)pgh’ sin (x +§)

s = I's+1] (B(8))?
, 28(1-8)° &%
' l(l_‘s) TTTew ¢ F(26+1)]
8pah’ sin (y + &)
- rpé+1

_2(n+h)’pyhsin (y +&)I°

N 8(n+h)pih* sin (x + &)
,=

rie+1] (B(8))?
, 28(1-8)1° &1
' l(l_‘” ey ¢ r(25+1)]
8paf’ sin (y + &)
I'[36+1] ’

(o1)

and so forth. The rest of the components are discovered
in the same way. The q-HATM result of Equation (83) is
then determined:

o0 1 m

& S) = o + Z#m(n> >
m=1

o0 1 m

vix. & 3)=2,+ Vo, () .
1

For §=1,n=-1,n=1 and g=0, solutions ¥\ _u (y,
£3)(1/n)™ and ¥N_ v, (x,& I)(1/n)" are convergent to
exact solutions as N — co:

. 20,8 (2p,8)  (2p,9)’
H(X,f,5)=—51n(x+f)[1— '010' + ( p‘z)! ) P30! ) +]
= sin (y +&),
_2pS

V(x>&5)=sin(x+5)[l S, Bod) _ BAd) +]

=e % sin (y +§).

Example 4. In Equation (83), we take
V(€ 0) =X, u(x, & 0) = e (94)

Using the Shehu transformation on Equation (83) and
applying Equation (94), we have
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u 1—(5+6(u/s)6 8;4 8[4 o b, o oy
Sl + ¥ty —— T g =0,
[+ 5 ) Wy TVaE Pl\ae o) Y
B 2 2
I S TN B N Ca e A DA
N St B0) N ,uax +V8§ Po o + o +g,=0.
(95)

Define nonlinear operators as

1-8+8(uls)®

N! [¢1> ¢,] = S[¢,] + %e)ﬁf + 5
d 0 az aZ
et ) o
_6 8 S
N[y, o] = S[gs] - et %

0 0 0? 0*
{¢1 2 +¢, (i,z (8;:2 a;2>+g},

(96)
and Shehu operators as
QMW@U—MMq%&m:MmPWMQJ,
SO0 & 1) = Vi1 (06 D] = PRu 1> Vo |
(97)
where

o = k,\ et 1-8+8(uls)
Ry [#mm mel} = Sty ] + (1 - —) -~ ﬁ

—i Plhy | Pty
7’)"( o e )Y

1 8+ 8(uls)®
B(5)

S v, . m_lv Vi v, —1 . v, -1 .
iz H ox RS Po ox* o8 9

(98)

By the inverse Shehu transformation on Equation (97),
we get

o (0 & 1) =kt +BS™ {Rl,m [ﬁm—l’ T;m—lj| }’

(99)
V(6 & 1) =k vy + hS™! {RZ,m [ﬁmfl, Vm_l] }

Journal of Function Spaces

Using u,, and v, we get from Equation (99),

2p,hex v 30 830
Ml T ~e— 1 - + bl
B(3) rd+1)
2p,heXtt 30 850
Vi=-— -0+ >
B(6) [@+1)
(n+hpohet*s | o O | dpjpertt
e B(3) TTE | (BE)

s, 200-90 &P

[(1 %) ©+1) T@s+1)| "
2(n + h)pyhex+t or 4pih*ertt
Sl LY/ L LadRy § R
B®) FE+1)] " (B(@))
L2, 200-9r 8]
=0 TG+ T+
2(n+ h)*p,her* or 8(n + h)pth*er*t

= -0+ _

B(o) r@+1) (B(8))?

[ o 20-0r &1 ] spntertr?
=0 TG+ T+ T I
_2(n+h)*pyhertt or

T I AR S E )

8(n + h)pahtexts , 20(1-8)I1° &I
—— 5 |(1-8)"+
(B(8)) T(6+1)  T(20+1)
B 8pah’ X+t [
Irpé+1] -’
(100)

and so on. Accordingly, rest of the components are iden-
tified. The q-HATM result of Equation (42) is

B 6 ) = py + Zum(%) >
v, &) =vy + va (i)

For §=1=nh=-1and g=0, solutions ¥ _u, (1/n)"

and Zﬁﬂvm(l/n)m are convergent to exact results as N

—5 00
20,8 (20,3)%  (2p,9)° 5
H &) =—er |1+ ‘010' 4 ‘Dgl L P;)' L = —eX 2R3,
~\2 )3
V(X’ E) S) —_ e;(+{|: ZPIO' + (2,03'\‘) + (2,030"‘) +:| — e)(+§+2p05.

(102)
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Ficure 2: The different fractional-order result of u(y, &, ) at 8 = (a) 0.8 and (b) 0.6 of example.

7. Results and Discussion

In this section, we analyze the solution-figures of the problem,
which have been investigated by applying the q-homotopy
analysis transform method and Adomian decomposition
transform method in the sense of the Atangana-Baleanu oper-
ator. Figure 1 represents the three-dimensional solution-
figures for variable y of Example 1 at fractional-order 6§ =1,
respectively, Figure 2 shows different fractional order of & =
0.8 and 0.6, and Figure 3 shows that § = 0.4. It is observed that
the q-homotopy analysis transform method and Adomian
decomposition transform method solution-figures are identi-
cal and in close contact with each other. In the same way,
Figures 4-6 show the different fractional-order graphs of §
at v of Example 1. In similar way, Figure 7 represents the
three-dimensional solution-figures for variable y of Example
2 at fractional-order 8 = 1, respectively, Figure 8 shows differ-
ent fractional-order of § = 0.8 and 0.6, and Figure 9 shows that
6=0.4. In the same way, Figures 4-6 show the different
fractional-order graphs of & at v of Example 2. The same
graphs of the suggested methods are attained and confirm

F1GURE 3: Analytical result of p(y, &, J) at § = 0.4 of example.
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FiGURE 6: Analytical result of u(, &, 5) at 8 = 0.4 of example.

the applicability of the present techniques. In Figures 7-9, the ~ three dimensional at fractional-order § =1, 0.8, 0.6, and 0.4
q-homotopy analysis transform method and Adomian  of Example 2. Similarly Figures 10-12 show the exact and dif-
decomposition transform method solutions are plotted in  ferent fractional-order behavior of analytical solutions. The
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Figure 11: The graph of different approximate solution of ¥(y, ¢,7) at 1" = (a) 0.8 and (b) 0.6 of example 2.

FIGURE 12: Analytical result of v(y, &, §) at 8 = 0.4 of example.

convergence phenomenon of the fractional solutions towards
integer-solution is observed. The same accuracy is achieved
by using the present techniques.

8. Conclusion

This article calculates a result of the fractional system of
Navier-Stokes equations determined numerical solution
using the suggested q-homotopy analysis transform method
and Shehu decomposition method. The result is obtained in
quick convergent series. The test samples provided demon-
strate the approach’s strength and efficacy. The proposed
algorithm includes a parameter # that allows us to control
the series solution’s convergence region. As gq-homotopy
analysis transform method and Shehu decomposition
method do not necessarily require small perturbation linear-
ization or discretisation, it decreases computations signifi-
cantly. In comparison with other techniques, q-homotopy
analysis transform method and Shehu decomposition
method are competent tools to obtain mathematical result
of system nonlinear fractional partial differential equations.

Data Availability

The numerical data used to support the findings of this
study are included within the article.
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In this paper, we introduce the generalized grand Morrey spaces in the framework of probability space setting in the spirit of the
martingale theory and grand Morrey spaces. The Doob maximal inequalities on the generalized grand Morrey spaces are
provided. Moreover, we present the boundedness of fractional integral operators for regular martingales in this new framework.

1. Introduction

A real-valued function f is said to belong to the Morrey
space Z,,,(RY) on the N-dimensional Euclidean space RY
provided the following norm is finite:

1p

(1)

sup
(or)e(RYxR,

= r/\—N p
1, | J,. yora

Here 1<p<00,0<A<N, R, =(0,00), and B(x,r) are a
ball in RN centered at x of radius r. This class of functions
was first introduced by Morrey [1] in order to study regular-
ity problem arising in Calculus of Variations, describe local
regularity more precisely than Lebesgue spaces. In the past,
Morrey spaces have been studied heavily, such as the maxi-
mal operators, fractional integral operators, and singular
operators. The results are extensively applied not only in
partial differential equations but also in harmonic analysis.
We refer the readers to [2, 3] and the references therein.

The Morrey spaces on Euclidean spaces have been devel-
oped to the generalization versions, for example, the gener-
alized Morrey spaces [4, 5], the Orlicz-Morrey spaces [6,
7], the Triebel-Lizorkin-Morrey spaces [8], and the variable
exponent Morrey spaces [9]. Especially, Meskhi [10] intro-
duced the grand Morrey spaces and established the bound-
edness of the Hardy-Littlewood maximal, Calderén-

Zygmund, and potential operators in these spaces. The gen-
eralized grand Morrey spaces in a general setting of the
quasi-metric measure spaces are studied by Kokilashvili
et al. [11, 12].

Moreover, in probability theory, Nakai and Sadasue [13]
introduced Morrey spaces of martingales as the following:

Let (Q, %, P) be a probability space and {F,},., be a
nondecreasing sequence of sub-c-algebras of & such that
F= a(ngo.%”n).

We assume that every o-algebra &, is generated by
countable atoms, where B € %, is called an atom, if any A
C B with A € %, satisfies P(A) =0 or P(A) = P(B). Denote
by A(%,) the set of all atoms in &,,. For p € [1,00) and y
€ (-00,00), martingale Morrey space L, ,(02) consists of
all f € L,(Q) having the finite norm

1 1 1/p
=Su Su | ——— deP) . 2
1£1lz, 0 e BB (]P(B) JBIf | (2)

They introduced some basic properties of the martingale
Morrey spaces. Furthermore, the Doob maximal inequality
was established, and the mapping properties for the frac-
tional integral operators were investigated on these spaces.
Two generalized versions of them introduced in [14, 15].
Ho [16] presented atomic decompositions of martingale
Hardy-Morrey spaces. Later on, he [17] introduced a version
of martingale Morrey spaces equipping with Banach
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function spaces. Jiao et al. [18] studied the maximal opera-
tor, atom decompositions, and fractional integral operators
on martingale Morrey spaces with variable exponents.

Recently, Deng and Li [19] studied the Doob maximal
operator and fractional integral operator in the framework
of grand Morrey-martingale spaces associated with an
almost decreasing function. Moreover, compared with clas-
sical martingale spaces, the grand martingale spaces have
not of absolutely continuous norm based on [20]. Conse-
quently, we need a further research about grand martingale
spaces. Motivated by the works of this and [11], the paper
is to investigate the generalized grand Morrey space theory
for the martingale setting. More precisely, we first introduce
the generalized grand Morrey-martingale spaces and then
establish the Doob maximal inequality in this new frame-
work. As an application, we discuss the boundedness of frac-
tional integral operators for regular martingales in the
generalized grand Morrey-martingale spaces.

2. Preliminaries

Now we recall some standard notations from martingale
theory. Refer to [21, 22] for more information on martingale
theory. The expectation is denoted by E with respect to (Q
, %, P). Recall that the conditional expectation operator rel-
ative to %, is denoted by E,, ie., E(f|%,) =E,(f). A
sequence of measurable functions f=(f,),,CL(Q) is
called a martingale with respect to (%,),., if E,(f,.1) =f,
for every n>0. Let ./ be the set of all martingale f =
(fu)uso relative to (&,),., such that f;=0. For fe ./,
denote its martingale difference by d,f=f,-f,., (n>0,
with convention d,f = 0).
The maximal function of f € ./ is defined by

M,.f =suplf, |, Mf =suplf, . ()

For p>1and f € L,(.#), we have

1Al (4)

M1, < 575

which is well known in the literature as the Doob maximal
inequality (see [22]).

Hence, it follows from the above inequality that if p € (
1,00), then L,-bounded martingale converges in L,. More-
over, if p € [1,00), then, for any f € L, its corresponding
martingale (f,),., with f, =E,f is an L,-bounded martin-
gale and converges to f in L, (see [21]). For this reason, a
function f €L, and the corresponding martingale (f,)
will be denoted by the same symbol f.

It is convenient for us to state the generalized grand
Morrey-martingale spaces, we first need to recall the defini-
tion of martingale Morrey spaces £, = %, (€2) as follows.

n=>0
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Definition 1. For p € [1,00) and A € (—00, 00), let
Lop={f e+ ||, <00}, (5)

where

1p
1

=sup su Pap | . 6

Hf”:?m nngeA(gn) (]P(B)/\ JB|f| ) ( )

Remark 2. If A=pu+ 1, the above definition of H-H%A is
equivalent to ||-|| L, (see (2)), which introduced by Nakai
and Sadasue [13].

If A=0 and %, ={@,Q}, then the Morrey-martingale
space £, is L, by the above definition.

Now we introduce a new type Morrey-martingale spaces
as follows.

Definition 3. Let 1 < p <00, 0< A< 1, ¢ be a nondecreasing
real-valued nonnegative function defined on (0, p — 1] with

lin’(l) ¢(x) =0, and § be a positive number. The generalized
x—0*

grand Morrey-martingale space R (Q) consists of f €

PIA)
A such that
fllgn = swp 79 sup sup
e O<e<s n>0 BeA(%,)
s=min {p—1,«
{p—La} (7)

1 1/(p-¢)
N ——— | |fpeap
(P(B)*“P“) J B|f| >

is finite, where o =sup {x >0 : ¢(x) <A}.

Notice that, in the above condition, ||| s, is a norm
P)A)

and can be expressed as

— S/(p—¢)
oy = su € .
Hf”gp)‘g) 0<€P;S ”fHSP,M,(P(S) (8)
s=min {p-la}

Remark 4. If A >0 and ¢ =0, then 323‘3) (Q) is called grand

Morrey-martingale space, which was introduced in [19]. If
A=0,6=1, and ¢ =0, we recover the grand Lebesgue spaces
for martingales introduced in [23]. In this case, if consider
0=10,1), we have grand Lebesgue spaces introduced in
[24]. We mention that there exists a martingale f = (f,),.,
such that it does not converge in L, ([0,1)). Indeed, L, ([0
,1)) is a rearrangement-invariant Banach function space,
L, ([0,1)) #L,([0,1)), but is not of absolutely continuous
norm from [20]. According to Theorem 3.3 in [25], there
exists a martingale f = (f,,),., such that it does not converge

in L, ([0, 1)).
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The stochastic basis { #,, },.., is said to be regular, if there
exists a constant R > 2 such that

fu<Rfu )

holds for all nonnegative martingale (f,) ., adapted to

{gn}nZO'
For regular stochastic basis, there has the following

property, proved in [13].

n=>0

Lemma 5. Let {F,},., be regular. Then, for every sequence

n=0

B,CB, ;C--CB,C- CBy, B, € A(%}), (10)

we have

1
(11)
where R is the positive constant in (9).

3. The Doob Maximal Operator

In this section, we present the boundedness of Doob’s max-
imal operator on generalized grand Morrey-martingale
spaces.

Theorem 6. Let 1 <p <00, § >0, and 0< A < 1. Then,

M o <C 9 12
Il f”gﬁ)‘a) Hf“y‘;)‘f’k) (12)
where the constant C satisfies

C= inf $/e=)g-2/-0) (P% + 1>, (13)

0<6<s

which only depends on the parameters p, A, S, ¢ for s=min
{p—1,a} and a=sup {x>0: ¢(x) <A}

In order to prove Theorem 6, we need the following use-
ful lemma:

Lemma 7. Let f = (f,) ., €L, 1 <p<00,0<A< 1. Then,

n=>0

p
18471, (525 )1l (1)
Proof. For any B € A(%,,) and m >0, suppose that f =g+ h

and g =fx,
Then, according to the well-known Doob’s maximal
inequality, that is,

1M1, < S5 171, (15)

we have

P
J |Mg|Pd1PsJ Mg[PdP < (p%l) J gPdP
B Q Q

([

(16)

Hence,

) 1/p »
(P & L|Mg|f’d1p) < Lilg, @

Next, take B, € A(%,),n=0,1,---,m, such that B=B,,
CB,,_; C-- CB,. Then, for a.e. w € B,

0, if n>m,
E, h(w) = 1

n 7J hdP, i n<m. (18)
IP(Bn) B

n

If n < m, according to Jensen’s inequality, then

1/p
1 -
[Eh(w)] < (P(Bn)L |h|Pd]P> <PB,)"V?|fll,
<P(B)* ||,
(19)

where the last inequality dues to 0<A <1 and P(B) <
P(B,,). This means

(Mh)(w) < P(B)*D2|| fllg, foranyweB.  (20)

Then, we obtain

) 1ip
(P(B)AJBMWIP) <l @)

Combining inequalities (17) and (21) and Mf <Mg+
Mh, we can get

1p
(P(Z)AJB(M][)P(JIIP) s(p"_’l+1>||f||%, (22)

The proof is complete. O

Note that Nakai and Sadasue [13] proved that, for 1 < p
<ooand -1/p<u<0,

1ML, < Colf (23)

The proof of Lemma 7 is devoted to determination of the
constant C,. Now we prove Theorem 6:



Proof. Let 0 < 0 < s, and we have

H]VInyﬁi‘*’A = sup e HMfH/p gte
ny 0<e<s
s=min {p-1l.a}
= max Sups Mg, sup eI M, :
et O<e<s e
s=min {p-1a}
(24)
where a=sup {x>0: ¢(x) <A}. Let
s
= s SO,
O<e<s (25)
s=min {p-la}

Note that the function h(e) = e¥?~®) is increasing in 0
< & < p, which means

1<) sup sup sup
O<e<s n20 BeA(F,)
s=min {p-la}
1 1/(p-¢)
| ———— | |MfFEdP
(IP(B)A 9l J i )
<s2(0=%) sup sup sup
H<e<s n20 BeA(F,)
s=min {p-1la}

1 1 pe g 1/(p—e)
(B O (]P(B) L'Mf | IP)

$O/(p=s) sup sup sup
O<e<s n20 BeA(F,)
s=min {p-la}

0/ (p-0) 961 (p-0) 1/(p-6)
9 GA 1 J |Mf|p—9dlp ,

P(B) (&8) IP(B)A"P@ B
(26)

where
A -1 A-9(0)-1
Ae,0)= 2790 9(0) (27)
p- p-0

Note that for 8 <e,

A8 = E=OGD

.
-0
(e-0)(A 1) +p(e)(p <) ~ () (p - )
< ?-9(p-6) 28)
=01 rp)-c)
- p-¢)(p-9) -

670 (@0 M|
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Then, 0<1/P(B)*®® <1, and we obtain I< s~
). Obviously, s%/(=)g=°/(e=0)
p-0.1-9(6)

1 as 0 <0 <s. Thus, according to Lemma 7, we deduce that

uwwwquwmwwpwwm

p-ed-g(e)

< YI=5)g0p=0) gy £O/(p-2) (PP €
0<e<6

81(p-s)g-o1(p-6) [ P~ 0

1)l ...,

(29)
Taking the infimum over all 6, we obtain that
M v <C 9 > 30
11| 20, < Clfl . (30)
where
C= inf $9/(p=5)g=0/(p-9) (Pﬂ + 1) € (1,00).
0<0<s -0-1

s=min {p-la
a=sup {x>0 : p(x)<A}

O

4. The Fractional Integral Operator

In this section, we present the boundedness of the fractional
integral operator in the new type grand Morrey-martingale
spaces. In martingale theory, Chao and Ombe [26] intro-
duced the fractional integrals for dyadic martingales. The
fractional integrals in this section are defined for more gen-
eral martingale setting as in [13, 14] (see also [15, 27-32]).

Definition 8. Let f = (f,),., € 4 and 1 > 0, and the fractional
integral I'f = ((I'f),,) .5, of martingale f is defined by

(I'f), Z b (32)

where b, is an & -measurable function such that

bi(w)= )

BeA(F)

P(B)xp(w), we. (33)

Remark 9. Obviously, b, is bounded in above definition;
there I'f = ((I'f),,) .5, is @ martingale transform of f.

The following lemma was shown in [13]. Here we focus
on more accurate upper boundedness.

Lemma 10. Suppose that {F},., is regular. Let 1< p < 0o,
I1<g<(viw)p, -1/p<v<0, and u=v+1<0. Then, for f €
L,

IMIN)N,,, < (34)
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where Coupr = [(1+(1/R)")/(1-(1+1/R)")+2]

(p/(p— 1)+ 1)"'? and R is the constant in formula (9).

Proof. Since ||f[|, <|fl; , for q,<q, by Holder’s
41> 2>
inequality, it is enough to prove it in the case where g = (v/
u)p. Without loss of generality, we let [|f]|, +#0.
Py

First, we prove the following inequality holds for any n
>1,and any B, € A(%,),

+ (L/R)"

|(I'f),(w)| < (ﬁ +z> (Mf(w))“’VHfH;;{VV, weB,.

(35)

Choose B, € A(%) and 0 <k < n, such that B, ¢B,_, C
-+ C By, and let

K={k:0<k<nB,#B._}={k,ky-k,},  (36)

where 0=k, <k, <k, <--- <k
Since {Z,},., is regular, according to Lemma 5, we have

1
(1 + i) by <by , <Rb onB,. (37)

So, for k ¢ K, we have b, =b,_, and d,f =0. Hence, we
obtain

(I'f), Zb Ay f = Zbk d fonB,  (38)
ForweB
@) <[ NG AE

- Ip(;kj) [, 72|+ lp(Blkﬂ) l, 7

1 1p 1 1p
{righre) i)
<(P(B,) +2(B.) )y,

s(1+(z) ). @,

Then, for w € B, and when 0 < k <m where m <n,

| @) 2
(oS

L@ If1l,

+ (1/R)"
S Eeard NON I

(40)

For w e B, and when m+ 1<k<un, let j(k) =
<k;}, and we have

min {j: k

Y b (@)dyf (@)

k=m-+1

Il
M:‘

=

j=ilk)

I}
S

b, (@)d, f(®)
h

by, ( -y

j(k) J=i(k)

(b1, @) = by (@)') i (@) -

-1

1]
[\/]:

b, (@)'f,, (@)

J

I}
A

>
I

= by, , (@)'fy, (@) + bk;«k!—l(w)lkak! (@)

=

j=ii

-
T

<by, (@) Mf (@) +
=)

<2, (@) Mf(©) =25, (@) Mf ().

by, (@) = by (@)

(@) + by, (@) Mf(@)

(41)

Now let

1/v
A = {we() : (Mf(“’)> sbo(w)} and A, = Q\ A,.

(42)

Next we estimate (I'f), from the following cases. For the
first case, if w € A, N B, and

1/v

Mf(@)\" _p 0

<||f||LP,‘,> =0l )
then, by formula (40) and u =v + 1< 0, we have
1/R)"
(D)) S 11 17t

1+ (1/R)" [ Mf(w)

ST-(1+1R" (IIfIILp,V> W, 6

_ 1+(1/R)v ulv —1v
= umy M@,



For the second case, if w € A; N B, and

1/v
(M)
() < <||f||Lm> ’ )
then there exists m such that
1/v
1 Mf (@)
Ebm(co) < <|f||LP> <b,(w). (46)

Combining (46) with formulas (40) and (41), we have

D)= 12 e b1, + 260N ()

ulv v
_ LR (Mf(w) Mf(w) .
1—(1+1/R>“<|f|LP,‘,> d ”Lw”<|f|L,,,‘,> M)

< (e *2) )W

(47)
For the third case, if w € A, N B,, then by (41), we have
(),(@)] < 28y (@) MF (@)
<2 (Mf (“”) M- 2(M (@) ;"

T
(48)
Formulas (44), (47), and (48) give that
D@ = (1 e +2) @) 1w e,
(49)

which implies that

(i |, prcrsarae)

<( 1+ (1/R)" +2) (ﬁJ-B(Mf(w))qu/vdP)”q”fw

“\1-(1+ 1R

(I +2) (g | cwrtarrae) e

1-(1+1/R)" (B) ),
(50)
Moreover, by Lemma 7, we have
1 . (Lp)(pla)
(et [ urree)
< (e, )" (51)

plq
< (55 +1) rwring
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It follows from the above inequality and (50) that

(5 | Ipcesnvae) B

1+ (1/R)’ P\ pip
) (m +2> (ﬁ ' 1) FOW,
(52)

that is to say,

, 1+ (1/R) p P
IMI),,, < (1—(1+1/R)“ +2> (p—l + 1) 11,
(53)
The proof is complete. O

Theorem 11. Let 1<g<o0o, 0<A<1, 0<i1<(1-1)/q 1/q
—1/p=1/(1-1),8,>0,and 8, >8,(1+1p/(1—A)). Suppose
that ¢, and ¢, are continuous nonnegative and nondecreas-
ing real-valued functions on (0,p — 1] and (0, q— 1], respec-
tively, satisfying

(i) @, € C'(0, x] for some positive x > 0
(i) lim ¢,(x) =0
(iii) 0< lim dep, (x)/dx < (1~ A)’1(ip?)
() (1) = (67 (n)), where ¢ i the inverse of $ on

(0,x] for k>0, and ¢(x) =q— (p—-x)(I-A+¢,(x)
JI[1=A+g,(x) +1(p—x)]. Then, for f € £,

MU gs < O 818500 M s (54)

where C(p, 8,,8,, ¢,, A) only depends on p, 8, 65, ¢,, and A.

Proof. The equation 1/qg—1/p=14/(1- 1) and lirr(lr(pl(x) =0
X—
give that lin}) ¢(x) =0. The condition (iii) ensures that
x—0*
lin%)+ d¢(x)/dx > 0. Then, there exists small positive number
X—!

€ <min {1, k} such that ¢ is increasing in (0, €] and ¢(€)
<(g-1)/2. Now fix

0 € (0, min {s, €}), (55)

where s=min {p—1,a} and a=sup {x>0: ¢, (x) <A}.
Firstly, we consider the case of ¢ € (6, s). In this situation,
let

1/(p—¢)
@ LM(I’f)V‘SdIP) ED)

&)= 851/@_8)
I(e) (]P(B))”_‘p‘
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Since p — e < p — 0, then it follows from Jensen’s inequal-
ity that

1 1/(p—¢)
1(8):SslIQ’E)IP(B)((PI(8)"'1_)‘)/(}7—8)( (B)J |M (I’f)|P-£dIP)
o 1/(p-0
<ssl/ws)]P(B)(%(e)+1—A>/(p—e>( Ll J |M(I'f) |~ Hd]P) o
- P(B)

(57)

Note that [, (x) + 1 - A]/(p—x) is a nonnegative and
nondecreasing function on (6, s|; hence,

1 1/(p-9)
I(e) < 551/(17*8)]})(3)(% (©)+1-2)/(p-0) ( J |M(I'f)|P_9d]P>

P(B) Jp
< )90/ (06) up 01/ sup  sup
0<t<6 n=0 BeA(F,)

) . 1(p-t)
-(WJM( il dIP) -

Since /(=979 5 1 for f<s, then the following
inequality holds

(58)

MU sy 50967007 supi®50 supsup
0<t<6 n>0 BeA(F,)
. 1/(p-t)
| ——— | | M@ dP .
(mmw | s )
(59)

Next, we consider ¢ € (0, 6] in the following discussion.
Since 1/q—1/p=1/(1— 1), we can choose # and ¢ satisfying

1 1 3 !

- - . 60
g-n p-t 1-A+e/() (60)

Obviously we know that t — 0 if and only if # — 0,
and we obtain # with respect to f as follows:

(P=t)(1-A+o (1)

—g— = . 61
1= e -t W (61)
Let
- _ _ A-e(H)-1
P:‘I"%‘I:P‘t"’zi(gl_(’; ]
\ (62)
o= _(Pl(t)_l.
p-t
It is not hard to see that 1<g=(v/u1)p, -1/p<v<0, ¥

+i=u<—-(1-1)/(p-1t) <0, and

g-n=q-¢(zq-90= 1o (@)

Moreover,

[ 1+ R
Caaps (1 —(1+1/R)" +2> ([7—1
1+ RO q-¢(e g
= (1 — (RI(R+ 1))V +2> (q—¢(8) 17 1)
< (

1+ R0
< +2
1- (R/(R+1))7VP

=C(0).
Notice that ¢, (0) <¢,(s) and g—¢(0) —1>q - ¢(e) -
1 > (q—1)/2. This implies that C(8) < co
Thus, according to the inequalities (59) and (64) and
Lemma 10, we have

SNl
+
—_
~_
=
=

(64)

(IM(TF)| v < /(P50 /(070) qup 91/(P1) sup  sup
“P)A) 0<t<6 n>0 BeA(Z,)

1 1 A 1/(p-1)
p(B)n (-7t >( P(B) J‘M( 7l dIP)
§/p 5)9 8,/(p-0) Supt(S/ptHM(If)”

0<t<6
< C(@) 6 /(p=) g~ -8,/(p-6) supt6 1 (p-t ||f||
0<t<6
= ()P0 sup 9P~ sup  sup
0<t<6 n>0 BeA(F,)

1 1 o 1/(q-n)
]p(B)/\-%(t)—l/q—n (]P(B) .I.B|f| dIP)

= () /P97 sup 9P~ sup  sup
0<t<6 n=0 BeA(F,)

1 1/g—n
(g lre)

(6)56 1/(p-s) 9 8,/(p-9) supt6 1 (p-t

78D £l o
0<t<0 9):4)

(65)

=9 (¢! (n

where the last inequality holds because of ¢, (%)

)= (1).

Finally, we shall show that sup t%/(¢~y%/(4) jg
0<t<0

bounded. Since lin%fp(x) =0, by I'Hospital’s rule, we have
xX—

o) _ o 8T _ (1-1) -1y (x) (66)
(1-A+p)*

Combining with the condition (iii), we have ¢(x) ~ x as
x — 0*. This implies

,7-52/(q—n> ~ 7%/ a5 0", (67)



Moreover, using &8, >6,(1+p/(1-1)), 0<t<0<]1,
and formula (60), we obtain

{01/ p~1)y=851(a1) < CSa(14pI (1)) (p) =0V pt)wil(1-hv (1)
— Ol (1= (p=1)-1/ (1A, ()]
(68)

Obviously,  p/[(1-A)(p—1)] - 1/[1 = A+, (t)] >0,

which implies that sup t%/(?~);%/(4-) < C is bounded.
0<t<6
To sum up, we have

IIM(I’f)Hgii;I <C(p, 51>52><P1»/\)Hf||g%z, (69)
where

C(p, 81,8, ¢, 1) = CL/P=) inf

C(6)070/# 0.,
0¢(0,min {s,e})

(70)
O

Remark 12. Recently, new results concerning the grand var-
iable exponent Lebesgue spaces for martingales have
emerged (see [33]).
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The Lorenz-Stenflo mathematical model describes a complex dynamical behavior related to atmospheric acoustic-gravity waves.
In this study, qualitative analysis of the four-dimensional hyperchaotic Lorenz-Stenflo system via the Caputo fractional derivative
is implemented. By using the Matignon stability criterion, the local stability analysis of the system showed that all the equilibrium
points of the system are locally unstable. Calculation of the Lyapunov exponents along with the relevant bifurcation diagrams with
respect to different fractional orders exposed the hyperchaotic dynamical behavior for the system. Bifurcation diagrams for all the
four parameters in the system also showed the hyperchaotic nature of the Lorenz-Stenflo system. Different phase attractors of the
system corresponding to different fractional derivatives and parameters are presented to specify the dynamical nature of the
system. The Lorenz-Stenflo system showed sensitivity to initial conditions. The master and slave systems showed a strong

correlation among themselves, as verified by graphs of time series solutions of the two systems.

1. Introduction

In recent years, fractional operators have been applied to
develop mathematical models for which we can investigate
different dynamical systems in some areas such as mathe-
matical biology, epidemiology, and engineering [1].

Different researchers introduced several concepts of frac-
tional derivatives. Some of them are the Caputo fractional-
order derivative [2—4], the Riemann Liouville fractional-order
derivative [4], the Caputo-Fabrizio fractional-order derivative
[5], and the Atangana-Baleanu fractional derivatives [6].

In the mathematical models with integer derivatives, the
derivative orders give the instantaneous rate of change of the
function. On the other hand, in the case of mathematical
models with fractional derivatives, the parameters of dynam-

ical systems represent the memory index of variation of the
function [7].

Thus, the advantage of using the memory index of a
dynamical system with fractional derivative made fractional
derivatives advantageously applied in the fields of chaotic
dynamics, epidemiological modeling, and several other fields.
In particular, one can see these applications in the modeling
of COVID-19 based on real information from Pakistan [8],
designing the SEIR model of COVID-19 [9], the modeling of
the memristor-based hyperchaotic circuit via nonsingular
operator [10, 11], the thermostat model via Bernstein polyno-
mials [12], the modeling of coronavirus by the Caputo opera-
tor [13], the optimal control of nonsingular tumor-immune
surveillance [14], the SEIRA model [15], designing a bank data
with fractal-fractional operators [16], the nonlinear modeling
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TasBLE 1: LEs for different fractional orders #.
n 0.856 0.857 0.866 0.868 0.888 0.9 0.956 0.98 0.988 0.999 1
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FiGure 1: Bifurcation diagram of (5) due to orders from 0.93 to 1.

of the Navier system [17], analyzing an Atangana-Baleanu
SEAIR model [18], compartmental disease modeling [19],
and the references therein.

Lorenz developed the famous three-dimensional mathe-
matical model to study the dynamics and behaviors of the
atmosphere in 1963 [20-22]. Later on, in 1996, Lennart Stenflo
modified the Lorenz system, adding a fourth parameter to con-
sider the evolution of finite-amplitude acoustic-gravity waves in
a rotating atmosphere, and developed a new four-dimensional
Lorenz-Stenflo mathematical model. Since then, many studies
have been conducted on the complex dynamical behaviors of
the system by applying both integer and fractional derivatives.
For further information, see [21] and the references therein.

Some of the studies conducted on the complex dynam-
ics of Lorenz-Stenflo systems are reviewed as follows:
Zhang et al. [22] investigated the qualitative properties of
the higher integer-order Lorenz-Stenflo Chaotic system
which appeared in mathematical physics. The authors proved
that the higher-order Lorenz-Stenflo system is globally stable.
A globally attractive set of Lorenz-Stenflo systems indicating
the evolution of a finite amplitude of acoustic gravity waves
contained in the rotating atmosphere is investigated by Zhang
et al. [20]. Adaptive control synchronization and circuit imple-
mentation of the ordinary Lorenz-Stenflo system with an inte-
ger order was established by Yang and Wu [23]. An analysis on
the dynamics of the Lorenz-Stenflo system via fractional oper-

ators along with sets of parameters is done through the spectra
of the Lyapunov exponent type, bifurcation graphs, and 0-1
test.

The complex dynamics of Lorenz-Stenflo dynamical
systems are analyzed with Lyapunov exponents, bifurcation
diagrams, and the 0-1 test by using the Adomian decomposi-
tion numerical scheme and fractional-order representation of
the model in the sense of the Riemann-Liouville integral [24].
A robust chaos suppression control is designed and applied
via sliding mode control to the integer-order Lorenz-Stenflo
system constrained to uncertainties and nonlinearities [25].

There is only limited literature devoted to studying the
complex dynamics of the Lorenz-Stenflo systems by using
integer-order derivatives and fractional-order derivatives.
Moreover, to the best of the authors’ knowledge, no study
is conducted on the qualitative analysis of the Lorenz-
Stenflo mathematical model in the sense of the Caputo frac-
tional derivative and by using a numerical scheme developed
by Garrappa [26], which is the main focus of this study.

Among the several notions of fractional derivatives pre-
sented above, the Caputo fractional derivative gives the oppor-
tunity of including the classical initial conditions in a
mathematical model and the Caputo fractional derivative of
a constant is zero, which is not the case for instance in the
Riemann-Liouville fractional derivative. Moreover, it has a
MATLAB code that can obtain phase portraits and time series
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solutions of chaotic or hyperchaotic systems using a numerical
scheme named the predictor-corrector method reported by
Garrappa and applied in several studies on chaotic systems
[27-29].

The manuscript is organized as follows: Section 2
involves the statement of the problem. In this section, the
fractional representation of the Lorenz-Stenflo system (LS)
is designed via the Caputo derivatives after recalling some
critical preliminary definitions of fractional operators. Sec-
tion 3 is devoted to analyzing the local stability of the men-

tioned LS system. In Section 4, the numerical scheme for the
fractional-order LS system is developed based on a research
reported by Garrappa [26]. The broader part of the manu-
script is devoted to Lyapunov exponents, bifurcation, and
chaos of the LS system in Section 5, followed by sensitivity
analysis to initial conditions in Section 6. In Section 7, the
development of the master and slave system to create a
strong relationship between the systems using a coupling
function is considered. Finally, a conclusion and a reference
list are provided.



Journal of Function Spaces

50
40 4
30
20 i

10 4

~10 -

-20 T T T T

— x(t)
—-y(®

10 12 14 16 18 20

t(s)

-——-z(t)

FIGURE 3: Time series trajectories of the LS system (5) for the fractional order # = 0.950.

2. Statement of the Problem

The Lorenz-Stenflo (LS) system of differential equations is
given by [30, 31].

x=a(y-x)+cw,
y=rx—y-—xz,
z=—kz + xy,

w=-x-aw.

The variable x is the intensity of motion of the fluid; y
and z denote the horizontal and vertical direction tempera-
ture variations of the atmosphere. Parameters a, r, and k
are all positive real numbers and are the Prandtl number, ¢
is the rotation number, r is the Rayleigh number, and k is
a geometric parameter. Parameters a and k depend on the
material and geometrical properties of the layer of the fluid.
Parameter r is proportional to the difference in temperature.

We used fractional operators to find the hidden proper-
ties of the nature of solution of the LS system that are not
observable via integer-order derivatives.

2.1. The Formulation of the LS System via the Caputo
Fractional Derivative. Here, we shortly give several defini-
tions of fractional operators pertinent to our study.

Definition 1 (see [2, 3]). The Riemann-Liouville fractional
integral for a continuous function f:[0,400) — R is
defined by

1) = s [ =0 ein ne@es0. @

Definition 2 (see [2, 3]). The Riemann-Liouville fractional
derivative for a continuous function f : [0,+c0) — R is
defined by

ne(0,1),t>0.

(3)

DU = g (=0

Definition 3 (see [2, 3]). The Caputo fractional derivative for
a continuous function f : [0,+00) — R is defined by

ne(0,1),¢>0.

(4)

1 t . d
§D}f = m[ (t—1) "Ef(T)dﬂ

0

This section develops the fractional order representation
of the LS system (1). The Caputo fractional derivative is used
because it can incorporate customary initial conditions in
the model, unlike the Riemann-Liouville fractional deriva-
tive. Furthermore, the Caputo fractional derivative of a con-
stant is zero, which is not the case in the Riemann-Liouville
fractional derivative. Accordingly, the Caputo fractional rep-
resentation of the LS system (1) is given by

§Djx=L,(x,p,2,w),
D)y = Ly(x .z w),
§D)z=Ls(x,y, 2, w)

>

1
thw =Ly(x,y, 2, w),
where

Li(t.x,y,z,w)=a(y —x) + cw,
Ly(t, %y, z,w) =rx -y — x2,
Ly(t, x, ¥, 2, w) = —kz + xy,

Ly(t,x,y,2,w) = —x — aw,
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with the initial value conditions x(0) = 0.5, y(0) = 0.5, z(0)
=5, and w(0) =0.5.

The fractional-order derivative 7 € (0, 1] and the param-
eter values are a =10,7=30,k=0.7, and c=4.

The specific objectives of this study are to analyze the local
stability of system (5), to investigate the chaotic behavior of
system (5) via Lyapunov exponents, and to plot the bifurcation
diagrams, attractors, and time series trajectories of the system
by variation of fractional orders and four parameters of system
(5). In addition, sensitivity to initial conditions and synchroni-
zation of the LS fractional system are considered.

3. Stability Analysis of the LS System (5)

In this section of the manuscript, analysis of the local stability
of the mentioned system (5) is conducted. There are several
methods for performing local stability analysis of systems.

Some of these methods are the Laplace transform techniques
and the Matignon criterion. For the local stability analysis of
the LS system (5), we used the Matignon method, because it
is most commonly used in literature [30, 31]. The Matignon
condition for fractional stability is given by

| arg A(J)] > ? (7)

where J is the Jacobian matrix of the system, A(J) denotes the
class of all eigenvalues of ], and # € (0, 1] is the order of the LS
system (5). The LS system (5) is said to be locally asymptoti-
cally stable whenever all the eigenvalues of ] satisfy the
Matignon criterion. Firstly, we considered the equilibrium
points of (5), given by E, = (0,0,0,0), and constant values
of the parameters given by k=0.7, r =30, c =4, and a = 10.
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The matrix J at E; = (0,0,0,0) is given by

The eigenvalues of the matrix J, are A; =12.3287,1, = —
23.2066,A; =—10.1221, and A, =-0.7000, and the corre-
sponding arguments of the eigenvalues are 0 for A, and 7 for
the remaining eigenvalues. It is easy to conclude that E; is
locally unstable, because the absolute value of the arguments
does not satisfy the Matignon criteria (7). The presence of an

eigenvalue with a positive real part, A, = 12.3287, is necessary
for the SL system to exhibit a double-scroll attractor [31].

The general equilibrium points of the system in terms of
the parameters are given by

<ia9,¢ (“2 ; C) 0, a’r - L(;Zzz +c) ;_rG), 0= %.
©)

Substituting the parameter values k = 0.7, ¥ = 30, ¢ = 4, and
a =10, the equilibrium points are given by E; = (-4.4150,—
4.5916,28.9600,+0.4415) and E, = (+4.4150,+4.5916,28.9600
,—0.4415).
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The Jacobian matrix corresponding to the equilibrium
point E; = (—4.4150,—4.5916,28.9600,+0.4415) is given by

-10 10 0 4
1.04 -1 4415 0

Ji= . (10)
-4.5916 -4.415 -0.7 0

-1 0 0 -10

The eigenvalues of ], are A,,=0.2026+5.7129i and
A3 4 =—11.0526 + 1.3824i. The arguments of the eigenvalues
are +1.5353forA,;, and +3.0172forA;,. It can then be
inferred that the Matignon criterion of local stability is satis-
fied for A, 4, since [+3.0172 | >ym/2, YV € (0, 1]. On the other
hand, the Matignon criterion is not satisfied for A, , since |
+1.5353 | >ym/2 only for 17 < 0.9774. That is, the equilibrium
point E,is unstable for #>0.9774.

The Jacobian matrix corresponding to the equilibrium
point E, = (+4.4150,+4.5916,28.9600,-0.4415) is given by

-10 10 0 4

1.04 -1 -4.415 0

45916 4.415 -0.7 0
-1 0 0 -10

The eigenvalues and their corresponding arguments of
Jacobian matrix J, are identical to those of Jacobian matrix
J,. Hence, the conclusion in relation to the local stability
of equilibrium point E, is the same as that in equilibrium
point E;.

In summary, the equilibria of the fractional-order system
(5) are unstable for the fractional order of # € [0.9774,1],
k=0.7,r=30,c=4, and a = 10.
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4. Numerical Solution

This section presents the numerical method used to obtain the
phase portraits and time series solutions of the fractional-
order LS system (5). To solve fractional-order systems, there
are several numerical and analytical methods such as the
predictor-corrector method, Homotopy method, and Ado-
mian decomposition method. In this study, we use the
predicator-corrector method, because it has a MATLAB code
that can be used to obtain phase portraits and time series solu-
tions of chaotic or hyperchaotic systems.

The numerical method in [26] is applied to our system as
follows: by starting from the first equation of (5) and apply-

XY Zjs wj) + oLy (t)x

I
XY 2 wj) +ygL, (tj, xb

ing the Reimann-Liouville fractional integral given by (2),
we obtain the following system

x(t) = x(0) + §I}Ly (t,x. 7,2, w),
y(t)=y(0) + 5 Ly (1 %,y 2, w), (12)
2(t) =2(0) + 1Ly (1, %,y 2, w),
w(t) =w(0) +§ T Ly(%y, 5 w)

Applying the predictor-corrector method to (12), the
integral terms are approximated and it becomes

¥z, wP 1
’ym’zp wP ]

wj) + gLy (1, %,

KLy (0) + l/’7;1—]'L4 (tj’ XpYp Zj wj) + WLy (tj’ s o 2, wfn)] >
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where L, L,, L,, and L, are defined by (5)

L;i(0) = L;(x(0), ¥(0), 2(0), w(0)), i=1,2,3,  (14)
and
e = (m— 1)”;(?:(};')1—'1— b
"’g:r(zlm)

Moreover, the predictors are given as follows:

>

x(t,,)=x(0)+Hh" Z ‘Vm—; Ly (t], XpYpZjp W

)
( XpVpZj wj)’
(16)
¢

]‘)yj: Zj) w]) >
Xp Y wj>.

By Garrappa [26], the discretization method applied in
this study is stable and convergent. Thus, the advantages of
this discretization method are that it is both stable and con-
vergent, and of course, it has a MATLAB code that can be

yp(tm) +h’1 Z l//m—] 1L2
+ h’7 Z 1//m—] 1L3

+ h Z V/m—] 1L4(

used for plotting the attractors of the LS system (5). Several
other advantages of the method are described in [27].

As mentioned above, in this research, the predictor-
corrector technique is utilized to obtain the attractors and
time series trajectories of the LS system (5). Moreover, the
Lyapunov exponents are obtained using an algorithm by
Danca et al. [32]. The code is developed to determine all
Lyapunov exponents of a class fractional-order system mod-
eled by the Caputo derivative. The predictor-corrector
Adams-Bashforth-Moulton numerical method is the under-
lying numerical method used in this code.

5. Lyapunov Exponents, Bifurcation Diagrams,
and Hyperchaotic Behavior of the LS System

This section is devoted to investigating the chaotic or hyperch-
aotic nature of the LS system (5). The magnitude of the chaos
is quantified via the Lyapunov exponents (LE). Furthermore,
bifurcation diagrams caused by the variation of the parameters
of (5) are portrayed using the values of the parameters and the
initial value condition presented in (5).

5.1. Lyapunov Exponents for the Fractional Order 1. Based
on the Danca algorithm mentioned above, some of the Lya-
punov exponents corresponding to different fractional
orders of the LS system (5) are shown in Table 1. The simu-
lation is made to run for 300s.

Based on the LE values in Table 1, it is followed that the
dynamical system (5) possibly exhibits hyperchaotic behav-
ior for # € [0.857,1], because in each column of Table 1, there
are two positive LEs. The positive Lyapunov exponent
ensures the sensitive dependence on the choice of initial
conditions (local instability of the system in the state space),
which is only one property of a chaotic system. Crudely, for
a given dynamical system to be chaotic, it must have the fol-
lowing properties: sensitivity to initial values, topological
transitivity, and also dense periodic orbits.
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System (5) is dissipative for 7 € [0.857,1] as the sum of
the LEs in every column of Table 1 is negative. The dissipa-
tivity of the system ensures the existence of an attractor.
From the experimental result in Table 1, it is observed that
for values of 7€ (0,0.857), the system is not dissipative.
For instance, the sum of LEs for the fractional order # =
0.856 is 0.0211. Therefore, to get a dissipative hyperchaotic
system in this study, we considered the fractional order 5
€[0.857,1].

The Kaplan-Yorke dimension denoted by dim (LE) of sys-
tem (5) for 7 € [0.857,1] can be calculated. For instance, for the
fractional order # = 0.856, the Kaplan-Yorke dimension is

14.1214 + 1.0788 - 5.5530
|-9.6712

dim (LE) =3 + =3.9975. (17)

The Kaplan-Yorke dimension corresponding to 7 = 0.888
is
12.4969 + 0.9704 — 5.1187

=3.8735. (18)
|-9.5574]

dim (LE) =3 +

The Kaplan-Yorke dimension corresponding to # = 0.988
is

8.4644 + 0.6620 — 3.7225

dim (LE) =3 +
|-8.2829)]

=3.6524. (19)

The Kaplan-Yorke dimension corresponding to # =1 is

8.0815 +0.6597 — 3.7113
|-8.0818]

dim (LE) =3 + =3.6224. (20)

From the above dim (LE)s, it can be said that the Kaplan-
Yorke dimension is decreased from 3.9975 to 3.6224, as the
fractional order is increased from 0.857 to 1. Note that the
Kaplan-York dimension determines the upper bound of the
Hausdorff dimensions. In this study, the Hausdorft dimen-
sions of the attractors corresponding to different fractional
orders are nonintegers and system (5) has strange attractors
with fractal structures. Moreover, in Table 1 and the Kaplan-
Yorke dimensions calculated above, one can find that the sig-
nificance of the hyperchaotic attractors decreases as the frac-
tional order increases from 0.857 to 1. The loss of
significance is described by decreasing the sum of the positive
LEs in Table 1 and also by decreasing the dimensions as the
fractional order increases from 0.857 to 1. The loss of signifi-
cance is also observable from the bifurcation diagram of the
fractional orders shown in Figure 1 in the next section.

5.2. Bifurcation for the Fractional Order 1. The bifurcation
diagram of the fractional order # is obtained by varying its
value in the interval (0.857,1.00) with a time step of h=
0.001. The bifurcation diagram due to the variations of the
order is illustrated in Figure 1. According to this figure, for
values of # € (0.933,0.953), the given system exhibits oscilla-
tion with stability and the system excites a chaotic behavior
for fractional values # > 0.953.

Journal of Function Spaces

The simulation results corresponding to different frac-
tional orders are portrayed in Figures 2—4 to verify the con-
clusion made in Figure 1.

It can be seen in Figures 2(a)-2(c) that the system
exhibits oscillation with stability for the fractional order 5
=0.95 € (0.933,0.953), which is in agreement with the con-
clusion in Figure 1. The time series solution of system (5) is
shown for #=0.95 in Figure 3, where the solution trajecto-
ries have the property of oscillation and stability as claimed
from the bifurcation diagram shown in Figure 1. Moreover,
Figures 4 and 5 characterize that system (5) exhibits a
hyperchaotic behavior at #=0.974 confirming what is pre-
dicted by the bifurcation diagram in Figure 1.

5.3. Bifurcation for Parameter r. To get the bifurcation dia-
gram of parameter r of the hyperchaotic system (5), the frac-
tional order used is #=0.97 and k=0.7, c=4, a=10, and
r €[29.5,30.5] with a time step of 4 =0.001 and the initial
value condition is y,=1[0.5,0.5,5,0.5]. The simulation is
made to run for 100s. The bifurcation graph due to the var-
iation of r is illustrated in Figure 6.

It can be inferred in Figure 6 that system (5) exhibits a
hyperchaotic behavior for the parameters considered in the
simulation for r € [29.5,30.5]. The phase portraits of system
(5) shown in Figures 7 and 8 for r =29.6 and r = 30.4 verify
the conclusion from the bifurcation diagram of Figure 6.

5.4. Bifurcation for Parameter c. For the bifurcation diagram
of parameter ¢ of the hyperchaotic system (5), the fractional
order used is #=10.974, k=0.7, and a = 10 and the bifurca-
tion parameter is made to vary in the interval [3.5, 4.5] with
a time step of 7 =0.001, with initial value condition y, = |
0.5;0.5;5;0.5], and the simulation is made to run for
100s. The bifurcation diagram due to the variation of
parameter c is illustrated in Figure 9.

It is observable in Figure 5 that system (5) shows
hyperchaotic dynamics for parameter c in [3.5, 4.5]. More-
over, the phase portraits of system (5) for c=3.6and 4.4
shown in Figure 10 verify the conclusion drawn in Figure 9.

5.5. Bifurcation for Parameter k. To obtain the bifurcation
diagram due to parameter k of the hyperchaotic system
(5), the fractional order used is # = 0.974. The values of the
remaining parameters are k= 0.7 and a = 10, and the bifur-
cation parameter k is made to vary in the interval [0.5, 1]
with a time step of 4 =0.001. The initial value condition is
¥, =10.550.555;0.5] and the simulation is made to run for
100 s. The bifurcation graph due to the variation of k is illus-
trated in Figure 11.

It is clear in Figure 11 that system (5) shows hyperchaotic
dynamics for parameter k of the interval [0.5, 1], the given
values of the parameters, and fractional orders. Moreover, the
attractors of system (5) for values of parameter k in [0.5, 1]
are approximately similar to the figures shown in Figure 10.

5.6. Bifurcation for Parameter a. To obtain the bifurcation
diagram due to parameter a of the hyperchaotic system
(5), the fractional derivative, the initial condition, the time,
and the values of the remaining parameters are the same as
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those used in Section 5.5. The bifurcation diagram due to the
variation of parameter a is illustrated in Figure 12.

It is clear in Figure 12 that system (5) shows the hyperch-
aotic dynamics for parameter a in [9.5,10.5], the given param-
eters, and the fractional orders. Moreover, the attractors of
system (5) for different values of a are shown in Figure 13,
verifying the hyperchaotic nature of system (5).

6. Sensitivity to Initial Conditions

This section examines the effect of different initial values on
the dynamics of the hyperchaotic system (5). Since sensitiv-
ity to initial conditions is one of the important properties of
chaotic or hyperchaotic systems, it is necessary to examine
this property for the LS system (5) using different initial con-
ditions. In this study, to examine sensitivity to initial condi-
tions, we used the parameter values indicated in (5) and
#=0.974. The initial condition considered is (x,, 0.5,5,0.5)
. The different values of x, are shown in Figure 14.

It can be observed in Figure 14 that all the trajectories
coincided for about the first 5.1 seconds and they were
divided into two for about 10.1 seconds. At about 15.1 sec-
onds, they divided into three, diverging from each other.
The values of x, of two trajectories that overlapped for the
first 15.1 seconds are closer to each other than the value of
x, of the third trajectory.

7. Synchronization of the Lorenz-
Stenflo System

In this part of the study, we developed a master-slave system of
the dynamic system (5). Firstly, two identical copies of system
(5) are associated via a coupling function. Then, we performed
a simulation of the coupled systems using different initial con-
ditions. Finally, the error dynamics showed asymptotic stabil-
ity and the phase portraits of the master and slave system
showed a strong correlation.
Let the master hyperchaotic model be given by

ngx(t) =a(y—x)+cw,
Cpni
D y(t)=rx—y—xz,
oDiy(1) y (21)

ngz(t) =—kz + xy,

OCD?w(t) =X — aw,
and the slave system be given by

gD?xs<t a(ys_xs) + cw,,

):
gD?ys(t) =X =Y~ X2
):

oF
+ | H- — (XS —X),
EDIz (t) = —kz, + xp,, 0X

ngwS(t) =—x, — aw,,

(22)

where the coupling function is (H - (0F/0X))(X, - X),
0F/0X is the Jacobian matrix of the system, H is a Hermitian
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matrix of appropriate size, X = (x, y,z, w), and X, = (x, y,,
z,, w,). Moreover, the coupling function is given by

-y —x =26 0 zZ,—Z
-05 0 0 7 w,—w
(23)
where a Hermitian matrix H is chosen to be
-10 10 0 -1.5
-2 -3 0 0
H= . (24)
0 0 -33 0
-1.5 0 0 -3

It can be shown that all the real parts of the eigenvalues
of H are negative. Thus, the Matignon criterion is satisfied;
H is a Hermitian matrix.

Now, considering the coupling function (23), the slave
system becomes

(():D?xs(t) = a(ys - xs) +cws — 5.5(1.05 - w)’
OCnys(t) =TX Yo X2t (_32 + Z)(xs _x) - 2()/5 _}/) +X(ZS - Z)’
gD?zs(t) =—kz +xy, —y(x, - x) = x(y, —y) - 2.6(z, - 2),

EDIw (t) = —x, — aw, - 0.5(x, — x) + 7(w, — w).

(25)
Defining the error as
e =X, — X,
e =y~
2= Vs ) (26)
e3=2,—2,
e, =W, —w,
the error dynamics is shown in
oDfer “10 10 0 -15) /e
cpyl
oD, e  Hew -2 -3 0 0 e,
Cplle, 0 0 -33 0 e
cpyl - -
Cple, 15 0 0 3 ) \e,
(27)

To verify if the master and slave systems in equations
(21) and (25) are correlated, the time series trajectories of
the two systems, including the graphs of the dynamics of
the error, are illustrated in Figures 15-19. The values of
the parameters used are k=0.7,r=30,c=4,anda=10
together with the fractional order # =0.978. Moreover, the
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initial value conditions used for the master and the slave sys-
tem are y,,, = [0.5,0.5,5,0.5] and y,, =[5, 5, 5, 5, respectively.

It can be observed in Figure 15 that there is a robust
correlation between the master and slave systems because
the error graphs converge to zero approximately in the first
2.5 seconds, as shown in Figure 15.

8. Conclusion

This research study implemented a qualitative analysis on
the four-dimensional Lorenz-Stenflo mathematical model
in the sense of the Caputo operator. The Matignon local sta-
bility criterion showed that the equilibrium points of the LS
system are locally unstable, implying that the LS system led
to hyperchaotic dynamical behavior. The scheme developed
by Garrappa approximated the numerical solution, and the
corresponding MATLAB code was used to obtain all the fig-
ures in the study. The authors believe that the qualitative
analysis made in this manuscript, the displayed figures,
and the synchronization systems developed have revealed
complex dynamical behaviors of the Lorenz-Stenflo system
that are not obtained earlier by other studies on the system.
It is also worth mentioning that this study have been done
by including other concepts of fractional derivatives and
comparing the results to the results obtained due to the
Caputo fractional derivative, to be treated in the future by
the authors or interested researchers in the area.
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Let 0 >0 and p(-) be a variable exponent, and we introduce a new class of function spaces L, 4 in a probabilistic setting which
. . R . p(-)0

unifies and generalizes the variable Lebesgue spaces with 6 =0 and grand Lebesgue spaces with p(-) = p and 6 = 1. Based on the

new spaces, we introduce a kind of Hardy-type spaces, grand martingale Hardy spaces with variable exponents, via the

martingale operators. The atomic decompositions and John-Nirenberg theorem shall be discussed in these new Hardy spaces.

1. Introduction

The martingale theory is widely studied in the field of math-
ematical physics, stochastic analysis, and probability. Weisz
[1] presented the atomic decomposition theorem for martin-
gale Hardy spaces. Herz [2] established the John-Nirenberg
theorem for martingales. Since then, the study of martingale
Hardy spaces associated with various functional spaces has
attracted a steadily increasing interest. For instance, martin-
gale Orlicz-type Hardy spaces were investigated in [3-6],
martingale Lorentz Hardy spaces were studied in [7-9], and
variable martingale Hardy spaces were developed in [10-14].

Let 1<p<oo, and the grand Lebesgue space L, (E)
introduced by Iwaniec and Sbordone [15] is defined as the
Banach function space of the measurable functions f on
finite E such that

U(p=r)
171, = 500 (g [ Vreornas) oo )

S
0<n<p-1

Such spaces can be used to integrate the Jacobian under
minimal hypotheses [15]. The grand Lebesgue spaces as a
kind of Banach function space were investigated in the
papers of Capone et al. [16, 17], Fiorenza et al. [18-21],

Kokilashvili et al. [22, 23], and so forth. In particular,
grand Lebesgue spaces with variable exponents were studied
in [24, 25].

We find that the framework of grand Lebesgue spaces
with variable exponents has not yet been studied in martin-
gale theory. This paper is aimed at discussing the variable
grand Hardy spaces defined on the probabilistic setting
and showing the atomic decompositions and John-
Nirenberg theorem in these new Hardy spaces. More pre-
cisely, we first present the atomic characterization of grand
Hardy martingale spaces with variable exponents. To do
so, we introduce the following new notations of atom.

Definition 1. Let p(-) be a variable exponent and 6>0. A
measurable function a is called a (1, p(-), ) -atom (resp. (2,
p(+),0) -atom, (3,p(-),0) -atom) if there exists a stopping
time 7 such that

(al)E,a=0,Vn<t

(@)Is(@ (respIS@» [Maly ) = [Xreoy;”

See Section 2 for the notation L., 5. Denote by A(p(-),
00) (resp. Ag(p(+), ), A, (p(+), 00)) the collection of all
sequences of triplet (a*, 7y, u,), where a* are (1,p(-),0)
-atoms (resp. (2,p(-),0)-atoms, (3,p(-),0)-atoms), 7, are
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stopping times satisfying (al) and (a2) in Definition 1, and
;. are nonnegative numbers and also

ZMk

keZ ||X{Tk<oo} "L

X{rk<oo} < oo, (2)

Under these definitions, we show the atomic decomposi-
tions of the grand Hardy martingale spaces with variable
exponents (see Section 3). To be precise, we prove that for
any f = (f,),z0f € H, () (resp. Q9> Dy ) iff there exists
a sequence of triplet (a¥, 7, p,) € A (p(-),00) (resp. Ag(p(-),
00), Ay (p(+), 00)) so that for each n >0,

f.= z yk[Enak a.e.,

kezZ

X{rk<oo}

ZMk

kez "X{Tk<00} ”L 20

Lyye

Hio (resp.||f||QP(_)'9, Hf”Dp(-)ﬂ)'

Moreover, we extend the classical John-Nirenberg theo-
rem to the grand variable Hardy martingale spaces. To be pre-
cise, under suitable conditions, we present the following one:

1f lento,,, = 11f lato, - (4)

See Theorem 11 for the details. This conclusion improves
the recent results [12, 26], respectively.

Throughout this paper, Z, N, and C denote the integer
set, nonnegative integer set, and complex numbers set,
respectively. We denote by C the absolute positive constant,
which can vary from line to line. The symbol A < B stands
for the inequality A < CB. If we write A = B, then it stands
for A<B<A.

2. Preliminaries

2.1. Grand Lebesgue Spaces with Variable Exponents. Let
(Q, F,P) be a probability space. An F-measurable func-
tion p(+): Q — (0,00) which is called a variable exponent.
For convenience, we denote

p_=essinf {p(w): w € Q},p, = esssup {p(w): w € Q},
p_(B) = essinf {p(w): w € B} and
p.(B) =esssup {p(w): w € B}.
(5)
Denote by % =2(Q) the collection of all variable
exponents p(-) satisfying with 1<p_<p, <oo. The vari-

able Lebesgue space L, =L,(£2) consists of all F-mea-
surable functions f such that for some A >0,

L) e
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This leads to a Banach function space under the
Luxemburg-Nakano norm

i, = {0l )

Based on this, we begin with the definition of the
grand Lebesgue space with variable exponent.

Definition 2. Suppose that p(-) € 2 and 0 > 0. We define the
grand Lebesgue space with variable exponent L, 9=L,0

(Q) as the set of all F -measurable functions f satisfying

I, =, s A, <oo(8)
0<n<p_

The Grand Lebesgue space with variable exponent can
unify and generalize the various function spaces. To be pre-
cise, if =0, Lo degenerates to the variable Lebesgue
space L,.). If 6=1 and p(-) =p, L, ¢ becomes the grand
Lebesgue space L.

2.2. Martingale Grand Hardy Spaces via Variable Exponents.
Let {F,},., bea nondecreasing sequence of sub-o-algebras
of F sets with F=0(lJ,.,%#,).- The expectation operator
and the conditional expectation operator relative to &, are
denoted by E and E,, respectively. A sequence f = (f,),.,
of random variables is said to be a martingale, if f, is
F ,-measurable, E(|f,|) <oo, and E,(f,,,) =f, for every
n>0. Denote ./ to be the set of all martingales f = (f,),.,
with respect to {Z,},., such that f,=0. For f € /, write
its martingale difference by d, f=f,-f,;(n=0,f_, =0).
Define the maximal function, the square function, and the
conditional square function of f, respectively, as follows:

Mmf: sup|fn|,Mf:su%))|fn\,
n<m n|

m 1/2 o 172
=<Zoldfn|2) ’S(f)=<zoldfn|2> )

= (;[Enl|dfn|2> ’s(f): <201En1|dfn|2> .
©)

Let I be the set of all sequences (A,,),, of nondecreasing,

8

nonnegative, and adapted functions, and A, == lim A,. For
n—=a0

fed,p(-) e P, and 0 >0, denote

I[ Q0] ()= {M)yo €T 5 Suf) <A (2 1) Ay €Ly},

I[Dp(-),@} (f) = {(An)nz() el :|f,IA,_((n>1),A, € Lp(-),@}
(10)

Now we introduce the grand martingale Hardy spaces
associated with variable exponents as follows:
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Hy g = {f el :MfelL, 9},||fIIH =IMfll,,, >
Hyp={f €0+ S(f) € Lyyy o) M, =IS(F)i,
Hyyo= {f €t :s(F) € Lo PNy, =15,

Quyo={f €4 : Iflq, <00}l , = N T

EF[QP(-),B] (f)

i) Mool

(11)

n)n=0

Dyo= {1 € :1fl, <00 blfll , = inf

)20 €L | Dy 0

The bounded L, 5-martingale spaces

o= { = U 5001 e, (12

where

"f"Lp(-),e = S,gg ||fn "Lp(.),s’ (13)

Remark 3. If 0 =0, then we obtain the definitions of H;(.),
H}S)O, H;(,), Qp(_), and DP(-)’ respectively (see [10, 12, 27]). If
we consider the special case 8 =1 and p(-) = p with the nota-
tions above, we obtain the definitions of H;), H’f), H;>, Q)
and D,), respectively (see [26]). In addition, if p(-)=p
and 6=0, we obtain the martingale Hardy spaces H,
Hg, H;, Q, and D, respectively (see [28]).

Refer to [29, 30] for more information on martingale
theory.

3. Atomic Characterization

The method of atomic characterization plays an useful tool
in martingale theory (see for instance [1, 4, 6, 31-33]). We
shall construct the atomic characterizations for grand Hardy
martingale spaces with variable exponents in this section.

Theorem 4. Let p(-) € P and 0> 0. If the martingale f €
H, ¢ then there exists a sequence of triplet (a%, 1 uy) €A,
(p(+),00) so that for each n> 0,

Zyk[Enak=fn,a.e., (14)

kez

X{Tk<00}

Zﬂk

kez ”X{qu,o} "L

Sl (15)

Lyye

Conversely, if the martingale f has a decomposition of
(14), then

X T <00
Il , < inf b

Z/"k

, (16)
kez. ”X{Tk<oo} "L

Loy

where the infimum is taken over all the admissible representa-
tions of (14).

Proof. Let f €H ),
each k € Z:

. Now consider the stopping time for

7 = inf {ne]N:an(f)>2k}. (17)

It is easy to see that the sequence of these stopping times
is nondecreasing. For each stopping time 7, denote f} = f
It is easy to write that

nAT®

o= Y (0 17, (18)

keZ

For each ke Z, let y, =3 - ZkHX{Tk@O}”LP()g' If p, #0, we
set
Tkel — £k
aﬁzu,neﬂ\]. (19)
Yy

If yk =0, we set ak =0 for each n € N. For each fixed k
€7, (a\),., is a martingale. Since s(f™)=s, (f) <2k, we
get

(at) < SU™) + s

n i HX{Tk<OO}H (20)

()0

We can easily check that (af),_, is a bounded L,-mar-
tingale. Hence, there exists an element a* € L, such that E,,
ak=ak. If n<z,, then af =0, and s(a*) < HX{Tk<oo}||Zl)g'
Consequently, it implies that a* is really a (1, p(-), 6)-atom.

Denote A = {1,<00}. Knowing that {r.<co} = {s(f)
>2k} and 7, is nondecreasing for each k € Z, we obtain
Ap,q € Ay Now, we point out that

23 szA 223 szAk\A“( )- (21)

keZ keZ

Indeed, for a fixed x, € €, there is k, € Z so that x;, € Ay
and x,€4; ,;, then we have

Z 3. 2k 2k0+1)

k=-00

23 ZXA Xy) Z 3. 2kXA (%)

keZ k=-00

K
2.3 2% a0, (%0) Z 3- 2% a0, (0) =325,
keZ. k=—00

(22)



This means

M 6 Y 2

keZ

k
23 2 X{TA<°°}
kez

kezZ ||X{Tk<00} ”Lp( L

()0 L

P().0

2 P()-n
=6 sup Minf { A>0: J = Xy ) ) dP<1
0<n<p_-1 Q \kez /\
2k px)-n
=6 sup |7/P-inf {A>0 <—> dP<1
0<n<p_— 1 keZ Ak\Ak | /1
p)-1
=6 sup |7/P-inf {A>0 (@> dIP <1
O<n<p_-1 keZ A\ A
P(x
<6 sup |#7P-inf {1>0: d]Psl
0<n<p_-1

=6 sup r;e/(P ”)Ils( ||L
0<n<p_—1

—6||f||H

(23)

For the converse part, according to the definition of
(1,p(-), 0)-atom, we easily conclude

L O T o
(24)

where af is the (1,p(-),6)-atom and 7, is the stopping
time associated with a@* which, when combined with the
subadditivity of the operator s, yields

X{Tk<00}

keZ keZ X{Tk<oo} Ly
This implies
X{r <co}
Ifllgs: = s ‘ 26
f By L( ke%.“k "X{Tk<00} "L 10 (26)

Lyye

Taking over all the admissible representations of (14)
for f, we obtain the desired result.

Next, we will characterize Q,)4 and D4 by atoms,
respectively. The proof is similar to the proof of Theorem

4. For the completeness of this paper, we provide some
details. O

Theorem 5. Suppose p(-) € P and 0> 0. If the martingale
f=(f)uso € Qo (resp. Dy ), then there exists a sequence

of triplet (a¥, 7y, u,) € Ag(p(-),00) (resp. Ay (p(-), 00)) so that
foreach neNN,

fo= D mE,d" (27)

keZ
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X{Tk<00}

Zﬂk

kez. ”X{Tk<00} "L

< "f”onﬂ (resp.||f||Dp(_),6).

(28)

Conversely, if the martingale f = (f,),., has admissible
representation (27), then f € Q)0 (resp. Dp(-),e) and

z w X{Tk<00}

kez. ”X{Tk<00} I Ly

F1q, (resp-fllp, ) = inf

(29)

where the infimum is taken over all the admissible representa-
tions of (27).

Proof. The proof follows the ideas in Theorem 4, so we omit
some details. Suppose f = (f,) .o € Q0 (resp. Dy(yp). We
define stopping times as follows:

7, = inf {ne]N:An>2k},inf®=oo, (30)

where (A,),., is an adapted, nondecreasing sequence such
that almost everywhere |S,(f) | <A,_; (resp.|f,|<A,_;) and
Aoo € Ly 6-

Let ("), and (y;),., be defined as in the proof of
Theorem 4. And replace A, = {1,<0c0} = {s(f) > 2¥} by the
Ay ={13<00} = {A,, >25}. Then, we obtain that f, =Y.,
w4 E,a* and (28) still hold.

For the converse part, write

A= Y lS(a )l oy (respxn = Y wlm(a) ||me{fksn}> :

kezZ keZ
(31)

Clearly, (A,),s, is a nonnegative, nondecreasing, and
adapted sequence with S,,;(f) <A, (resp.|f, | <A,). Thus,
we get

I, (resp-f11n, ) = Ml , <

p()0
(32)

kez "X{r<oo} o6

O

Taking over all the admissible representations of (27) for
f> we obtain the desired result.

Remark 6. Suppose p(-) € 2 and 6 > 0. We conclude that the
sum ZQLMMkak in Theorem 4 converges to f in H ), as M

—> —00, N —> co. Indeed, it follows by the subadditive
of the operator s, we get, for any M, N € Z with M <N,
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S<f— D Mkak> <s(f = ™) +s(f™). (33)
k=M

Moreover, s(f — f™+) is decreasing and convergent to 0
(ae.) as N — 00, and s(f™) is decreasing and convergent
to 0 (a.e.) as M —> —co. From this and the dominated con-
vergence theorem in Ly)-e for 0<e<p_ —1 (see [34], The-

orem 2.62), it follows that

N
- k:ZM el < UsCF =) +s(F),

%) —
< sup q"PTs(f — fr)l, 4+ sup
O<n<p_-1 O<n<p_-1

. ,]9/(177—11) "5<fTM)||LP(

) —s>0asM — —00,N — 00.
)1

(34)

Furthermore, we can also show the norm convergence of
. N .
the summation Zk:Mykak in Theorems 5 as M — —00,
N — oco.

4. The Generalized John-Nirenberg Theorem

In the sequel of this section, we will often suppose that every
&, is generated by countably many atoms. Recall that B e
%, is called an atom, and if for any A € B with A € &, satis-
fying IP(A) < IP(B), we have P(A) = 0. We denote by A(%,,)
the set of all atoms in &,. We shall present the generalized
John-Nirenberg theorem on grand Lebesgue spaces with
variable exponents. For each 1< p < 0o, the Banach space
BMO, (bounded mean oscillation [35]) is defined as

BMO, = {feLp : Hf”BMO/, :Sn‘ill’ |E.(If - En_1f|P)Hiz<oo}.

(35)

It can be easily shown that the norm of BMO, is equiv-
alent to

If =",
”fHBMOP =sup L (36)

bl
€T ”X{r<oo} ”LP

where I consists of all stopping times relative to {F,}, .
It follows immediately from the John-Nirenberg theorem
[2, 30] that
BMO, =BMO,, 1 <p < co. (37)
What is more, in [2], there has

C-pllfllpmo, = ”fHBMOp 2 || fllpwmo, (38)

Definition 7. For p(-) € & and 0 >0, the generalized BMO
martingale space is defined by

BMO, ;= { feLyo: | f||BMOW<oo}, (39)
where

If =
oo, = Sup — 22 (40)
’ €T ”X{Koo} "Lp(.),e

Remark 8. 1f 6=0, BMO,,, degenerates to the variable
exponent BMO martingale space BMO,, introduced and
studied in [12]. If 6=1 and p(-)=p, BMO,,y becomes
the grand BMO martingale space BMO,, studied in [26].

In order to establish the generalized John-Nirenberg the-
orem in the framework of BMO,, 4, we need the following

lemmas and notations.

Lemma 9 (Holder’s inequality, see [34]). Let p(-), q(-), r()
€ P satisfy

1
,a.e.w €. (41)
)

Then, there exists a constant C such that for all f € L,
and g € L), we have fg € L, and

Ifgl,, < CIfIL,, Il - (42)

()

We mention that if the variable exponent p(x) meets the
log-Holder continuity condition in Euclidean spaces, the
inverse Holder’s inequality holds for characteristic functions
in L, (R") (see [36]). Compared with Euclidean space R",

the probability space (Q, P) has no natural metric structure.
Fortunately, Jiao et al. [11, 27] put forward the following
condition: there exists an absolute constant x > 1 depending
only on p(-) such that

P(B)" P17 <k yB €| JA(F,). (43)

n>0
Lemma 10 (see [27]). Suppose p(-) € P satisfying (43).

(1) For each Be |, ,A(F,), we get

P(B) = sl Ixsl o (44)

(2) Let q(-) € P satisfy (43). If r(-) satisfies

1
, d.e.w €, (45)
)

then r(-) also satisfies condition (43). Moreover, for each B
€ ,0A(F,), we deduce



sl = Dl Il - (46)

Theorem 11. Suppose that p(-) € P satisfies (43) and 6 > 0.
Then, for every f € BMO,, there has

1fllsso, < I/ laaro,

P()0

< fllsmo,- (47)

Proof. If p(-) € P satisfies (43), then we clearly get that p(-)
—# also satisfies (43) for 0 < <p_—1. It follows from
Lemmas 9 and 10 that

T—1
-,
HX{T<OO} L

||f_fT_1"L1 < v"X{K‘X’}”L(p(-J

HX{Koo}HL

7-1
' If =,
HX{«W}HLP(),W
(48)

for any 0 < #7 < p_ — 1. Here, the variable exponent (p(-) —#)’
is defined by

+ ! =1, aewe (49)
pajq s

This is equivalent to the following inequality:

If =1,
HX{«oo}HLI

<If=f My, (50)

’ HX{T<OO} L

()1

Hence, we have

sup ,19/(17 =) <||f il 1||L1/’ X{T<OO}H ) .HX{K‘X’}HLM

I =, oamep 1
HX{««»}HA o o M ooy Iy,
b S R T
o3P T e I, HX{K“’}HLP(_)‘,

(51)

Taking the supremum over all stopping times, we deduce

Ifllsnto, < Iflsno (52)

b0

Conversely, from the definition of L, , we get

0/(p_-n) -1
-1 Su ” "
T N S A

sup o/ "||X{T<oo}||L

HX{‘IKOO}HLP(W 0<nep ~1 P01
R A A )
< sup
0<n<p_-1 B(P 1) ”X{T<00}||L

T-1
= p .
on<p -1 | IXrccop .,

Journal of Function Spaces

It follows from Lemma 9 that

7-1 -1 -1
L AR ' ST i
||X{T<OO} "I‘P(~)-Y7 "X{T<OO} “LP(')-*I ”X{‘Koo} "L2P+
(54)
where q(-) satisfies
1 1 1
——=—+ ——,aewe. (55)
p(@)=n 2p, 4()
Hence, by (38), we deduce that
IF £ My, T
If ”BMO SUP— sup sup W
€T HX{r<oo} €7 0<n<p_~1 IX{7<o0} Ly,
Ly
||f_fT71||L2
=sup ———— =||fllgmo, < C-2p,Iflpmo, -
€T "X{‘r<oo} ||L2P+ P+
(56)

From what has been discussed above, we draw the con-
clusion that

Iflsnmo, < 1flemo, ., < Ifleno, - (57)

Theorem 11 improves the recent results [12, 26], respec-
tively. More precisely, if we consider the case 0 =0, then the
following result holds: O

Corollary 12. If p(-) satisfies (43) with 1 <p_<p, < oo, then
for f € BMO,,

HfHBMOP(,) = ||f||BMO,' (58)

And especially for 8 =1 and p(-) = p, we get the conclu-
sion as follows.

Corollary 13 (see [26]). Suppose 1<p <co, then for f €
BMO,,

1fllsas0,, = £ llas0, (59)
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In this paper, we investigate the numerical solution of the Fornberg-Whitham equations with the help of two powerful techniques:
the modified decomposition technique and the modified variational iteration technique involving fractional-order derivatives with
Mittag-Leffler kernel. To confirm and illustrate the accuracy of the proposed approach, we evaluated in terms of fractional order
the projected models. Furthermore, the physical attitude of the results obtained has been acquired for the fractional-order different
value graphs. The results demonstrated that the future method is easy to implement, highly methodical, and very effective in
analyzing the behavior of complicated fractional-order linear and nonlinear differential equations existing in the related areas

of applied science.

1. Introduction

The analysis of the Fornberg-Whitham equation (FWE) is a
significant mathematical equation of mathematical physics.
The Fornberg-Whitham equation is defined as [1, 2]

Dgp — Dyrgph + Depp = pDgeph = D + 3DeptDpept. (1)

This model was invented to evaluate the nonlinear
breaking dispersive ocean waves. The Fornberg-Whitham
equation is shown to yield peakon solutions as a physical
equation for waves of restricting height and the occurrences
of wave breaking. Fractional calculus is now widely used and
accepted, owing to its well-known uses in a variety of fields
of seemingly disparate sectors of science and engineering
[3, 4]. Many scholars, including Gupta and Singh [5] and
Alderremy et al. [6], have examined the fractional of the
Fornberg-Whitham equation relevant to the fractional
Caputo derivative, Sunthrayuth et al. [7], Singh et al. [8],
etc. Because of the singular kernel of the fractional Caputo

derivative, its implementations are limited. Caputo and
Fabrizio [9] created derivatives of any (real or complex)
order with a nonsingular kernel. Caputo and Fabrizio’s
derivative has been used to a variety of real-world situations,
including fractional nonhomogeneous heat models [10], El
Nino-Southern fractional oscillations models [11], and
arbitrary-order system of smoking models [12]. Atangana
and Baleanu [13] devised a novel fractional-order derivative
called the Atangana-Baleanu (AB) fractional derivative,
which has the kernel of a Mittag-Leftler-type function. Kumar
et al. [14] investigated the regularised long-wave equation
with a Mittag-Leffler-type kernel incorporating the fractional
operator. A Mittag-Leffler-type kernel is used in the chemical
kinetics system connected with a fractional derivative which
was investigated by Singh et al. [15]. Baleanu et al. [16]
recently proposed optimal fractional models with nonsingular
Mittag-Leftler kernels. As we all know, the Mittag-Leffler
function is more beneficial in expressing physical difficul-
ties than the power function or the exponential function;
as a result, the AB fractional derivative is well suited to
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unravelling material heterogeneities and structures or
media with different scales.

George Adomian was introduced to and established a
technique for “solving integro-differential, differential equa-
tions, delay differential, and partial differential equations”
[17, 18]. The result is discovered as an infinite sequence that
quickly converges to precise solution. This method has been
shown to be effective in solving both linear and nonlinear
models. The method for solving a nonlinear operator
problem is to use decomposition equations in a series of
functions. Each expression’s sequence is derived from a
polynomial derived from the expansion of an approximate
solution into power sequences. The Adomian decomposition
method technique is really simple in theory, but the diffi-
culty arises when it comes to determining polynomials and
illustrating the convergence of a series of functions [19].
Lesnic [20] analyzed the convergent of the Adomian decom-
position method when using heat and wave models for both
backward and forward time evolution. Gaber and El-Sayed
used the Adomian method of solving fractal-order partial
differential equations on a finite domain in [21]. Ghoreishi
etal. [22] investigated the Adomian decomposition method’s
ability to investigate nonlinear wave problems with changing
coeflicients, demonstrating that the Adomian decomposition
method can solve these equations without the need for
dissertation, linearization, transformation, or perturbation.

The variational iteration approach [23, 24] was pub-
lished in the late 1990s to solve a seepage flow with fractional
derivatives and a nonlinear oscillator, and it has since been
widely utilized as a primary analytical tool for solving a
variety of nonlinear problems. It has fully grown into a fully
fledged mathematical approach as a result of considerable
research by a number of authors, including He [25, 26],
Ganji and Sadighi [27], Ozis and Yildirim [28], and Noor
and Mohyud-Din [29]. On November 24, 2018, we searched
Clarivate’s Web of Science for “variational iteration
approach” and got 3761 hits. The technique’s identification
of the Lagrange multiplier necessitates the understanding
of variational theory [30], and the technique’s sophisticated
identification process may limit its implementation to real-
world issues.

2. Preliminary Concepts

Definition 1. The Caputo fractional derivative is given as [31]

3

1 « _ p\n—y-lg(n)
F(n—y)L(‘s 6)" "1 £ (£, 6)de,

ggzysf(()s): n-1<y<n.

(2)

Definition 2. The Laplace transformation connected with
fractional Caputo derivative ““ DL { f ()} is expressed by [31]

LDE{A(S)}](5) =L (5 B)(s) - (x,0). (3)
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Definition 3. In Caputo sense, the Atangana-Baleanu deriva-
tive is defined as [31]

1w [t

PO f(®)h= T

where A(y) is a normalization function such that A(0) =
A(1)=1,f €eH'(a,b),b>a,y €[0,1], and E, represent the
Mittag-Leffler function.

Definition 4. The Atangana-Baleanu derivative in the
Riemann-Liouville sense is defined as [31]

weph iy = 10 [ 7o, [T -] a
5

Definition 5. The Laplace transform connected with the
Atangana-Baleanu operator is defined as [31]

st 1y - ADSLUS)E) ~515(0)
Y= "0 ey

Definition 6. Consider 0 <y <1, and f is a function of y;
then, the fractional-order integral operator of y is given
as [31]

3

M) = 1 L A(S)+ J FR)(S — k) k.

(7)

3. The Methodology of Variational
Iteration Method

This section introduces the solution of fractional partial
differential equations with the help of the variational
iteration method.

ABCDIV(E, S) + €0 S) + H (0 F) - P F) =0, ¢-1<y<¢.

(8)

The initial condition is

v(6,0) = g(C), ©)
where 45Dl =9?/0F" is the fractional derivative Caputo
order y, € and . are linear and nonlinear terms,
respectively, and & is the source function.

The Laplace transformation is applied to equation (8);
we get

L[**“DEv((, §)] +L[Z((, §) + H($,F) - P((, T)] =0.
(10)
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The Lagrange multiplier iterative method is

L[ABCDVSV((’ 3)] +L[?((,Ss’) + () —93((,8)} =0.
(11)

A Lagrange multiplier is as

,\(S)z_w, (12)

Applying inverse Laplace transform L™', equation (11)
can be written as

Von (6 S) = vy((, ) - L7 [W -L{2(.S

(13)

4. The Conceptualization of MDM

In this section, we discuss the solution of fractional partial
differential equations with the help of the modified decom-
position method.

EDLV(E,8) + G0 8) + H (5, 9) - 2((,8) =0, m-1<ysm.
(14)

The initial condition is
v(¢,0) = g(¢), (15)
where 4B¢DE = 9¥/0S" is the fractional derivative of Caputo

order y, € and ./ are linear and nonlinear terms, respec-
tively, and & is the source term.
Using Laplace transformation to equation (14), we get

L[**“DEv(C, §)] +L[Z((, §) + H((, S) - 2((, T)] =0.
(16)

Taking the Laplace transform of differentiation property,
we have

LV 9)] = Sv(6.0)+ Wu@(a 3)
- w {2, 3)+ /(. F)}].
(17)
MDM result of infinite series v({, J),
= Y (). (18)

=0

<

3
/" nonlinear function is defined as
S)=) d,. (19)
$=0

The nonlinear terms can be analyzed with the aid of
Adomian polynomials. So the Adomian polynomial formula
is expressed as

AT

Then, put equations (18) and (19) into (17), which gives

L[§v¢(f, 8)} = %v((, 0) + WL{{@(C 3)}

)2

(21)

Applying the inverse Laplace transformation to equation
(21), we get

§v¢(6 I)=L"! EV(C,O)+WL{QJ((,S)}

) g

(22)
Define the terms as follows:
1 V(1 —y)+
(e, )= {0+ CEP D o s
(1 =y)+ -
v (6, Q) =-L" [((S#L{gl(vo) +Q[o}} :
(23)
In general, ¢ > 1 is defined as
s¥(1 +
vwmw=Ll((J)VH%w%ﬂﬂ
5. Application of Techniques
Example 7. Consider the time-fractional nonlinear
Fornberg-Whitham equation
DYSV - DCCSV + D(V = VD({(V - VD(V + 3D(VD((V, 0< )/ < 1,
(25)

with the initial condition



v((,0) = e, (26)

Taking Laplace transformation of (25),
s

ﬁwl—w+v>{”“93”“”“‘”}

=L I:Dcc V= D(V + VDccc\/ VD('V + 3DcVD((V:|
(27)

Using inverse Laplace transformation

lramy_wu—w+wL

V(6 3) =1L ol [Digsv =Dy

+ VD«{V - VD(V + SD(VD{(V:I] .
(28)

Applying Adomian procedure, we have

o, §) =L [V(io)] _ [e@m] |

N
Vo(C) 3) = e((lz))

Y. (Dgav), = Y. (D),

$=0 $=0
(e

ZB¢+3ZC¢
¢=0

leﬂu—p+wL S S

Y Ve ((9) =
$=0

+ZA¢

¢=0

$=0,1,2,--,

Ay (VDgev) = voDgrver
(VDc\/) vV D{VO,

Ay (vDgrv) =voDyggvi + viDygevos

B, (vDyv) =v,Dyvy + v, Dyvy,
A, (VDyev) = viDygrvy + Vi Dgevy +v,Digevis
B, (vDyv) =v,Dyv, + v, Devy +v,Dyvy,
Co(DyvDyrv) = DevoDervos
C, (DyvDyv) = DevoDyevy + Devi Dy vy,
C, (DyvDyv) = Dyvy Dy vy + Dyvi Dyevy + Dev,Dyrve,  (29)
for ¢ =1,

5 o= Dyvy + Ay — By +3C]

<Y
e oo i)
y+1)

Vl(c) S) :L—l |:(5Y(1 - y) + Y) L[D((SV

(30)
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for ¢ =2,
(1 —
v (6, S) =L WL[DQSVI ~Dv, +A, ~ B, + 301]},
1 gt 23 2(1-y)ySY
SV )P ) RV Y V)Y

(6 ) =g e g (00 B TR )
(31)

for ¢ =3,

s¥(1 +
6= [P o )]

3y-2 3y-1
1 e 37 @) S

1
2° Tey-1) "8° Ty

v3(6,9) =~
_ Lean 1=y +y(1-p)(1+y+2y%) 3
5 VY= (L y 2y ey
L WA-nSY YTy + ST
I'2y+1) I'(3y+1) ’

(32)

The modified decomposition method solution of
example (1) is

2y-1

1 3 1 3
&)= 82 _ 62 (1 Y (47
)= (0 1) 5
1 2 g2y 2(1 - (234
e Ly ST 20VNS
4 (2)/ +1) I'(y+1)
Lan 8770 Lam ™™ 1
32" I(3y-1) 8 TI(3y) 8

‘{(1—Y)3+Y(1—Y)(1+Y+ 2y%) (Sy

I(y+1)
L WA-9ST Yy ST
r2y+1) Ir(3y+1)

(33)

The simplification of equation (33)

ySY 137!
r@+1ﬂ‘§r&w
P87 2(1-y)yS?
F(2y+1) F(y+1)
137!
+ —
81I(3y)

1 2
t1 ((1 —y)
1 g
- 32I(By-1)

IS4

—%{(1—)’)3+Y(1—Y)(1+Y+2Y2) (;SH)

32(1-y)S? YTy +1)SY
"Iy T3y +1) } ]'

(34)
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Apply the variational method to obtain series form
solution. The iteration formulas for equation (25), we get

(=) +y
Ve (8, 8) =v;((,§) - L ((S#L{Das% + Dy

= VyDyrevy +VgDevy = 3D VD vy} |

where
V(¢ ) = e, (36)
For ¢=0,1,2,---,

Vi(§8) =3, 9) - L7 [WL{D(@% +Dvo

- VODZCCVO + VOD(VO - 3DcV0D((VO}:| 5

yS?
I(y+1) ’

w@®) =) -1 [ g, D,

1
vi((, ) = el - ze(m) ((1 -y)+

sy

- VIDCCCVI + le(vl - 3Dc\/1Dc<V1 }:| 5

al ) L S
8

1
(6, 9) = - 26 (-p)+ 2 i

1 2 g2y 2(1 — <y
+ 1€ (- F(de L 20 -pyShy
y+1) I'(y+1)

(6 ) =056, ) - [ 1D 1 Dy,

- VZD(((VZ + VZDCVZ — 3DCVZDCCV2}:| ,

2y-1

1 Y 1 3
&)= o2 _ 262 (1 = Y _ )
5(69) =6 -3¢ ((-p+ 1 5) - 56

1 2 g2y 2(1 = (o34
() (1- y)2 + 7 S + (1-7)y3
4 I'(2y+1) I'(y+1)

1 g2 1 gt
() () — )

32 ry-1) 8 Ir(zy) 8
-{(l-y)3+y(1-V)(1+V+2y2)r(i 0

y3F(2y+ 1)53)/
I'(3y+1) ’

3y (1-y)S”
I'2y+1)

ysy _ le(C/z) 521}71
I'(y+1) 8 I'(2y)

1 2 g2y 2(1 - (a3
b el <(1_y)2+ FY ST 20-ynS )

v(0,3) =) - L o ((1 )+

2y+1)  I(y+1)

Lo ST Ly L
32° TI(3y-1) 8 TI(3y) 8
. _ 3 _ 2 SV

{(1 W=y 2

. 3y (1-9)SY  yr2y+1)S7 }

r'2y+1) I'(3y+1)
(37)
The exact solution of equation (25) at y=1,
V((, F) = e E2-(285), (38)

In Figure 1, the analytical results of MDM/MVITM
example 1 graphs show close contact with each other at
p=1 and 0.8. It is investigated that analytical results are
in close relation with the actual results of example 1. In
Figure 2, the results of example 1 at different fractional-
order of the derivative are plotted at y=0.6 and 0.4.
Figure 3 shows the different fractional of two and three
dimensional. The graphical representation has shown the

convergence phenomena of fractional-order results
towards the result at integer-order of example 1.
Example 8. Consider the time-fractional nonlinear

Fornberg-Whitham equation is given as

Dév = DygV+Dyv=vDyev —vDev+3DvDyv, §>0,0<y<L.
(39)
The initial condition is
2§
v({,0) = cosh 1) (40)

Applying Laplace transformation of (39), we get

sY - —lv
CIEIES) {LW’ =G O)}

=L I:DCCSV - DCV + VD(((V - VDCV + 3D(VDcch| .
(41)

Using inverse Laplace transformation,

V() =1 [”(i’o) GO ) gy - Dy

+ VD(((V - VD(V + 3D(VD((V} .

(42)
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FiGUrEe 3: The different fractional-order graph of MDM/MVITM of example 1.
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Using ADM procedure, we get SN /o WS § B /¢ 3!
v({, ) = cosh (Z) 3 sinh (Z) <(1 -y)+ m)
2 11 ¢ yY
(6, F) = 1! {v((s, 0)] o [exp (cossh (C/4))} ’ = 5g Sinh (Z) ((1 -y) ) 1))
121 4 2. ST 21—y
s < (3) (00 o+ T )
11 . ¢ Y
vo({, §) = cosh? (g), “ 5z b (Z) <(1 ) I'y+ 1))
121 { . PPST 21—y
iy [ . o < (3) (077 + gy Uy )
ssU=y)+y 1331 g7
z v¢+1 C J) = -1 |:$7yL ;;’, (D((SV)¢ - g (D(v)¢ - o152 sinh (g){(l —y)3 +y(1 —y)(l +y+2y2) oE)
© © (-3  PIy+DSY }
+ Y Ay ZB¢+3ZC¢ $=0,1,2,, T(2y+1) T(3y+1) '
=0 $=0 (47)
(43)
Apply the variational method to find the analytical
for 6 =0 solution.
or =0, The iteration formulas for equation (39), we get
¥ Sl =y)+
VI(C, S):L 1 {WL[D((SVO_D(VO +A0—BO+3C0}:| V¢+1((; 8) :Vj((’ S) —L 1 ( ( S;}) Y)L{DCC5V¢ +D(V¢
_ 1 ¢ B y3Y
3 Sinh (Z) ((1 V¥ Ty 1))’ ~VpDyrevy +VyDevy - 3DcV¢Dcc"¢}}
(44) (48)
for ¢ =1 where
)
_ vo((, ) =cosh*( 2 ), 49
v,((8)=1" {(SY(I 51?/)+Y) [szvl—D(vl+A1—Bl+3C1ﬂ’V2(C,5) O(C ) (4 ( )
11 . ¢ 37
-3 0 () (09 * ) for =012,
121 N2, PSS  2(1-ypyS V(1 —
* 1024 <P (z) (“ ' Fayeny t I > vi((, ) =v((, ) - L {(S(IS—YV)WL{DCCSVO + Dy,
(45)
- VOD(((VO + VOD(VO — 3D(V0D((VO }:| s
for ¢ =2
U
v1({, ) = cosh® <§> - % sinh (i) ((1 -y)+ F(Yi‘il))
v3(¢, ) =L" {( -y +Y)L[D[(ev27D[v2+A2—BZ+3CZ}],V3((,S) Y
(71 =yp)+
-5p3 Snh <§> <(1—Y) - ) v(8,8)=w((,3) - L {WL{DCCSW +Devy
512 4 T(y+1)
121 ¢ P23 2(1-y)yS?
+ 2028 <" <Z> <(1 v T2y+1) T(y+1) > ~ViDygvy +viDevy - 3D("1D€<"1}]’
S8 (N a sy ey (1+y+2y%) il (50)
49152 Uy ey I(y+1)
3 1 c~2y 3r(2 1 <3y
T e It V34, ) = cosh?({74) — 11732 sinh_ (C4)(1-7) + ("
16 /T(y+1)))—11/28 sinh  ({/4)((1—-y) + (pyS¥IT(y+1))) +
46) P+ (PSIT (2y+1))+ (201 -

The MDM solution of example (8) is

V(6 3)

=vo(6: ) + v, (6 T) +v1(6F) +v3 (0 B) + vy (6, )+,

121/1024 cosh ({/4) ((1 -
YYSVI (y+1))),

v3(6,3) =,

¢.3)-L [ML {Dyrgvy + Dvy = v,D {{v, + v,
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2(1 _ 22V 31- 2 1 <3y
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o o . ; _
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2y — Y
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57 252 v({,J)=cosh™[ > - — ). 52
)+ )+ 2 cosh (((1-p)?+ BT (2pe1)+ ¢9) (4 24) (52)
2(1 - p)ySY
) - i sinh ({1 +(1-y) (ey+29)
3’ 32(1 - ) S 3 In Figure 4, the analytical results of MDM/MVITM
D T mern +y T2y +1) & v
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@10 V) =y (1 +y+2y7) r the result at integer-order of example 2.



Journal of Function Spaces

5000
4000
3000
2000
1000

v((,3)
v ({3

5500

5000

4500

4000

3500

3000

2500

FIGURE 6: The different fractional-order graph of MDM/MVITM of example 2.

6. Conclusion

In this paper, we have been successfully applied two modified
methods to investigate the approximate solutions of frac-
tional Fornberg-Whitham equations. Agreement between
numerical results obtained by the modified decomposition
method and modified varijational iteration method involving
fractional-order derivatives with Mittag-Leftler kernel with
exact result appears very appreciable by means of illustrative
results in figures. The proposed techniques are easy to imple-
ment, effective, and suitable for achieving the results of
nonlinear fractional Fornberg-Whitham equations. More-
over, both the modified decomposition method and varia-
tional iteration method provide the convergent series
results with easily calculated components without applying
any linearization, perturbation, or limiting assumptions.
Finally, we can conclude the suggested methods are more
accurate and highly methodical and which can be applied
to investigate nonlinear models that arise in applied sciences.
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