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Irfan Kaymaz ("), Turkey

Vahid Kayvanfar (%), Qatar
Krzysztof Kecik (%), Poland
Mohamed Khader (%), Egypt
Chaudry M. Khalique {2, South Africa
Mukhtaj Khan (), Pakistan
Shahid Khan ("), Pakistan
Nam-Il Kim, Republic of Korea
Philipp V. Kiryukhantsev-Korneev (),
Russia

P.V.V Kishore(®, India

Jan Koci(2), Czech Republic
Toannis Kostavelis (), Greece
Sotiris B. Kotsiantis (=), Greece
Frederic Kratz(), France
Vamsi Krishna (9, India

Edyta Kucharska, Poland
Krzysztof S. Kulpa (), Poland
Kamal Kumar, India

Prof. Ashwani Kumar (), India
Michal Kunicki (%, Poland
Cedrick A. K. Kwuimy (), USA
Kyandoghere Kyamakya, Austria
Ivan Kyrchei (), Ukraine
Marcio J. Lacerda(»), Brazil
Eduardo Lalla(®), The Netherlands
Giovanni Lancioni (), Italy
Jaroslaw Latalski ("), Poland
Hervé Laurent (), France
Agostino Lauria (), Italy

Aimé Lay-Ekuakille (), Italy
Nicolas J. Leconte (#), France
Kun-Chou Lee ("), Taiwan
Dimitri Lefebvre (%), France
Eric Lefevre (I°), France

Marek Lefik, Poland

Yaguo Lei (), China

Kauko Leiviska (%), Finland
Ervin Lenzi (%), Brazil
ChenFeng Li(%), China

Jian Li(), USA

Jun Li(®, China

Yueyang Li(2), China

Zhao Li(»), China

Zhen Li(, China

En-Qiang Lin, USA

Jian Lin (%), China

Qibin Lin, China

Yao-Jin Lin, China

Zhiyun Lin (%), China

Bin Liu(®), China

Bo Liu(), China

Heng Liu (), China

Jianxu Liu (), Thailand

Lei Liu@®), China

Sixin Liu (), China

Wanquan Liu(#), China

Yu Liu(®), China

Yuanchang Liu (), United Kingdom
Bonifacio Llamazares (2, Spain
Alessandro Lo Schiavo (1), Italy
Jean Jacques Loiseau (), France
Francesco Lolli(1»), Italy

Paolo Lonetti (), Italy

Antoénio M. Lopes (), Portugal
Sebastian Lopez, Spain

Luis M. Lépez-Ochoa (%), Spain
Vassilios C. Loukopoulos, Greece
Gabriele Maria Lozito (1), Italy
Zhiguo Luo (), China

Gabriel Luque (), Spain
Valentin Lychagin, Norway
YUE MEI, China

Junwei Ma (>, China

Xuanlong Ma (), China
Antonio Madeo (1), Italy
Alessandro Magnani (), Belgium
Toqeer Mahmood (i), Pakistan
Fazal M. Mahomed (1), South Africa
Arunava Majumder (), India
Sarfraz Nawaz Malik, Pakistan
Paolo Manfredi (), Italy

Adnan Magsood (%), Pakistan
Muazzam Magqsood, Pakistan
Giuseppe Carlo Marano (), Italy
Damijan Markovic, France
Filipe J. Marques (), Portugal
Luca Martinelli(®), Italy

Denizar Cruz Martins, Brazil
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Francisco J. Martos (), Spain

Elio Masciari (), Italy

Paolo Massioni ("), France
Alessandro Mauro (1), Italy
Jonathan Mayo-Maldonado (), Mexico
Pier Luigi Mazzeo (1), Italy

Laura Mazzola, Italy

Driss Mehdi("), France

Zahid Mehmood (), Pakistan
Roderick Melnik (%), Canada
Xiangyu Meng (), USA

Jose Merodio (%), Spain

Alessio Merola (), Italy

Mahmoud Mesbah (), Iran
Luciano Mescia (), Italy

Laurent Mevel (), France
Constantine Michailides (), Cyprus
Mariusz Michta (), Poland

Prankul Middha, Norway

Aki Mikkola (%), Finland

Giovanni Minafo (1), Italy
Edmondo Minisci (), United Kingdom
Hiroyuki Mino (i), Japan

Dimitrios Mitsotakis (*), New Zealand
Ardashir Mohammadzadeh (), Iran
Francisco ]. Montdns (|2}, Spain
Francesco Montefusco (1), Italy
Gisele Mophou (%), France

Rafael Morales (%), Spain

Marco Morandini (), Italy

Javier Moreno-Valenzuela (2, Mexico
Simone Morganti (), Italy

Caroline Mota (), Brazil

Aziz Moukrim (i), France

Shen Mouquan (%), China

Dimitris Mourtzis(*), Greece
Emiliano Mucchi (), Italy

Taseer Muhammad, Saudi Arabia
Ghulam Muhiuddin, Saudi Arabia
Amitava Mukherjee (), India

Josefa Mula (%), Spain

Jose ]. Mufioz(2), Spain

Giuseppe Muscolino, Italy

Marco Mussetta (), Italy

Hariharan Muthusamy, India
Alessandro Naddeo (1), Italy

Raj Nandkeolyar, India

Keivan Navaie (), United Kingdom
Soumya Nayak, India

Adrian Neagu (), USA

Erivelton Geraldo Nepomuceno (), Brazil
AMA Neves, Portugal

Ha Quang Thinh Ngo (), Vietnam
Nhon Nguyen-Thanh, Singapore
Papakostas Nikolaos (), Ireland
Jelena Nikolic (%), Serbia

Tatsushi Nishi, Japan

Shanzhou Niu (), China

Ben T. Nohara (5, Japan
Mohammed Nouari (), France
Mustapha Nourelfath, Canada
Kazem Nouri(#), Iran

Ciro Nufez-Gutiérrez (1), Mexico
Wlodzimierz Ogryczak, Poland
Roger Ohayon, France

Krzysztof Okarma (1), Poland
Mitsuhiro Okayasu, Japan

Murat Olgun (), Turkey

Diego Oliva, Mexico

Alberto Olivares (), Spain

Enrique Onieva(:), Spain

Calogero Orlando (%), Italy

Susana Ortega-Cisneros(2), Mexico
Sergio Ortobelli, Italy

Naohisa Otsuka (%), Japan

Sid Ahmed Ould Ahmed Mahmoud (),
Saudi Arabia

Taoreed Owolabi (%), Nigeria
EUGENIA PETROPOULOU (5), Greece
Arturo Pagano, Italy
Madhumangal Pal, India

Pasquale Palumbo (1), Italy

Dragan Pamucar, Serbia

Weifeng Pan (%), China

Chandan Pandey, India

Rui Pang, United Kingdom

Jurgen Pannek (©), Germany

Elena Panteley, France

Achille Paolone, Italy
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George A. Papakostas(2), Greece
Xosé M. Pardo (), Spain

You-Jin Park, Taiwan

Manuel Pastor, Spain

Pubudu N. Pathirana (i), Australia
Surajit Kumar Paul (%), India

Luis Paya (), Spain

Igor Pazanin (2), Croatia

Libor Pekaf (), Czech Republic
Francesco Pellicano (1), Italy
Marecello Pellicciari (), Italy

Jian Peng (), China

Mingshu Peng, China

Xiang Peng (), China

Xindong Peng, China

Yuexing Peng, China

Marzio Pennisi(?), Italy

Maria Patrizia Pera (), Italy
Matjaz Perc(]), Slovenia

A. M. Bastos Pereira (1), Portugal
Wesley Peres, Brazil

F. Javier Pérez-Pinal (©), Mexico
Michele Perrella, Italy

Francesco Pesavento (1), Italy
Francesco Petrini (), Italy

Hoang Vu Phan, Republic of Korea
Lukasz Pieczonka (), Poland
Dario Piga (), Switzerland

Marco Pizzarelli (), Italy

Javier Plaza (), Spain

Goutam Pohit (), India

Dragan Poljak (i), Croatia

Jorge Pomares (), Spain

Hiram Ponce (2}, Mexico
Sébastien Poncet (), Canada
Volodymyr Ponomaryov (), Mexico
Jean-Christophe Ponsart (), France
Mauro Pontani (), Italy
Sivakumar Poruran, India
Francesc Pozo (2}, Spain

Aditya Rio Prabowo (©2), Indonesia
Anchasa Pramuanjaroenkij (), Thailand
Leonardo Primavera (), Italy

B Rajanarayan Prusty, India

Krzysztof Puszynski (%), Poland
Chuan Qin (), China

Dongdong Qin, China

Jianlong Qiu (), China

Giuseppe Quaranta (), Italy

DR. RITU RAJ (), India

Vitomir Racic(), Italy

Carlo Rainieri (), Italy
Kumbakonam Ramamani Rajagopal, USA
Ali Ramazani(), USA

Angel Manuel Ramos (%), Spain
Higinio Ramos (2}, Spain
Muhammad Afzal Rana (%), Pakistan
Muhammad Rashid, Saudi Arabia
Manoj Rastogi, India

Alessandro Rasulo (9, Italy

S.S. Ravindran (), USA
Abdolrahman Razani (), Iran
Alessandro Reali (), Italy

Jose A. Reinoso(2), Spain

Oscar Reinoso (2}, Spain

Haijun Ren (), China

Carlo Renno (19, Italy

Fabrizio Renno (1), Italy

Shahram Rezapour (), Iran
Ricardo Riaza ([, Spain

Francesco Riganti-Fulginei (), Italy
Gerasimos Rigatos (), Greece
Francesco Ripamonti (), Italy
Jorge Rivera(ls), Mexico

Eugenio Roanes-Lozano (2}, Spain
Ana Maria A. C. Rocha((?), Portugal
Luigi Rodino (9, Italy

Francisco Rodriguez (), Spain
Rosana Rodriguez Lopez, Spain
Francisco Rossomando (1)), Argentina
Jose de Jesus Rubio (i), Mexico
Weiguo Rui(), China

Rubén Ruiz (), Spain

Ivan D. Rukhlenko (1), Australia
Dr. Eswaramoorthi S. (%), India
Weichao SHI(%), United Kingdom
Chaman Lal Sabharwal (), USA
Andrés Séez (), Spain
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Bekir Sahin, Turkey
Laxminarayan Sahoo (), India
John S. Sakellariou (%), Greece
Michael Sakellariou (), Greece
Salvatore Salamone, USA

Jose Vicente Salcedo (), Spain
Alejandro Salcido (), Mexico
Alejandro Salcido, Mexico
Nunzio Salerno (i), Italy

Rohit Salgotra (), India
Miguel A. Salido (), Spain
Sinan Salih (), Iraq
Alessandro Salvini (), Italy
Abdus Samad (), India

Sovan Samanta, India
Nikolaos Samaras (), Greece
Ramon Sancibrian (%), Spain
Giuseppe Sanfilippo (1), Italy
Omar-Jacobo Santos, Mexico

] Santos-Reyes (), Mexico
José A. Sanz-Herrera(), Spain
Musavarah Sarwar, Pakistan
Shahzad Sarwar, Saudi Arabia
Marcelo A. Savi(), Brazil
Andrey V. Savkin, Australia
Tadeusz Sawik (), Poland
Roberta Sburlati, Italy
Gustavo Scaglia (2), Argentina
Thomas Schuster (), Germany
Hamid M. Sedighi (", Iran
Mijanur Rahaman Seikh, India
Tapan Senapati(), China
Lotfi Senhadji(®), France
Junwon Seo, USA

Michele Serpilli, Italy

Silvestar Sesni¢ (), Croatia
Gerardo Severino, Italy

Ruben Sevilla (%), United Kingdom

Stefano Sfarra(), Italy

Dr. Ismail Shah (%), Pakistan
Leonid Shaikhet (), Israel

Vimal Shanmuganathan (), India
Prayas Sharma, India

Bo Shen (), Germany

Hang Shen, China

Xin Pu Shen, China

Dimitri O. Shepelsky, Ukraine
Jian Shi(#, China

Amin Shokrollahi, Australia
Suzanne M. Shontz (), USA
Babak Shotorban (), USA
Zhan Shu(?), Canada

Angelo Sifaleras (), Greece
Nuno Simdes (2, Portugal
Mehakpreet Singh (1), Ireland
Piyush Pratap Singh (®), India
Rajiv Singh, India

Seralathan Sivamani(), India
S. Sivasankaran (i), Malaysia
Christos H. Skiadas, Greece
Konstantina Skouri (%), Greece
Neale R. Smith (%), Mexico
Bogdan Smolka, Poland
Delfim Soares Jr.(), Brazil
Alba Sofi(1»), Italy

Francesco Soldovieri (), Italy
Raffaele Solimene (1), Italy
Yang Song(5), Norway

Jussi Sopanen (%), Finland
Marco Spadini (), Italy

Paolo Spagnolo (), Italy
Ruben Specogna (), Italy
Vasilios Spitas(2), Greece
Ivanka Stamova (), USA
Rafal Stanistawski (), Poland
Miladin Stefanovié¢ (), Serbia
Salvatore Strano (1), Italy
Yakov Strelniker, Israel
Kangkang Sun (), China
Qiugin Sun(?), China
Shuaishuai Sun, Australia
Yanchao Sun (), China
Zong-Yao Sun(), China
Kumarasamy Suresh (%), India
Sergey A. Suslov (2, Australia
D.L. Suthar, Ethiopia

D.L. Suthar (%), Ethiopia
Andrzej Swierniak, Poland
Andras Szekrenyes (), Hungary
Kumar K. Tamma, USA
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This paper presents the solutions to the following nonlinear systems of rational difference equations: x,,,; = ((x,_3¥,_4)/ (¥, (1 +
Xp1Yno%n3Vn-a))) Va1 = (VposXp )/ (x, (£ 1+ v, 1%, 5y, 3x,,))) where initial conditions x_g, y_5(6=4,3,...,0) are
nonnegative real numbers. Finally some numerical simulations are presented to verify obtained theoretical results.

1. Introduction

The purpose of present study is to solve and deal with the
following difference equations systems:

x _ Xn-3)Vn-4
1~ >
" yn(l +xn—1yn—2xn—3yn—4)
(1)
y _ Yn-3%Xn-4
1 >
" xn( *l+ yn—lxn—Zyn—3xn—4)
where x_5, y_5(8 =4,3,...,0) are arbitrary nonnegative

real numbers.

It is anticipated that discrete dynamical systems can be
seen as discrete analogous of differential as well as delay
differential equations. Moreover, these systems designate
certain natural phenomena in economy, physics, biology,
and many more. Many scholars and researchers have studied
various dynamical properties of difference equations along
their systems in recent years. For example, Asiri et al. [1]
have investigated the periodicity nature of the following
system:

X _ yn—Z
1~ >
" “Yn-2Xn-1Yn T 1
. (2)
-2
Yne1 = .

ixn—Zyn—lxn t1

Cinar et al. [2] have obtained the solution of the sub-
sequent recursive system:

x _ Xn-1
n+l = >
YuXn-1 = 1
Yn-1
yn+1 - _ 1’ (3)
XnYn-1
X
n
Zpel = .
ynzn—l

Metwally and Elsayed [3] have explored the periodicity
nature of the following system:

yn—Z
X 1= >
" “Yn-2Xn-1Yn — 1
. (4)
—2
Yne1 = .

ixn—Zyn—lxn t1
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Touafek et al. [4] have explored the periodicity nature of
the following system:

Xn-3
X =
o ixn—Syn—l t1 (5)
Yn-3
Yne1 = .

iyn—3xn 1 * 1

Elsayed [5] has obtained the solution of the following
rational system:

X

x — n-1
s +xn lyn - (6)
_ yn—l
et = yn—l'xn$1'

For more interesting results regarding dynamical
properties of difference and differential equations along their
systems, we refer the readers to [2, 6-28] and the references
cited therein.

2. 0n 1% System

Xpay = Xn-3)n-4
" yn(l + xn—lyn—an—Syn—4)
b (7)
34—
Yor1 = aiinct

Xy (1 + yn—lxn—Zyn—?)xn—A})'

This section is about the investigation of the solution
form of the following system:

x _ Xn-3Yn-4
1~ 5
" yn(l + xn—lyn—an—3yn—4)
(8)
Vst = Yn-3Xn-4

Xn (1 + yn—lxn—Zyn—3xn74).

The forms of solutions to (8) are given as Theorem 1.

Theorem 1. Let {x,, y,} be a solution to (8), and also let
X_5y_5(6=4,3,...,0), respectively, be a,b,c,d,e, f,
g>h, k, 1. Then one has
"Tlsed [28acgk + 1]
Xan-4 = 3 1+n
a o [20cegk + 1

bf [Toi" [28bdh1 +1]

F3 TP 20 + Dbdfh+ 1]
ce H(;H" [(1+28)acgk + 1]
Xgp—
2T L (L + 20)cegk + 1)
df'TLA™ 1 + 28)bdhl + 1]
Xan-1 =

ML+ 20bdfh+1]°

Mathematical Problems in Engineering

TN 28bd f b+ 1]

Yand = T T s dhl + 1]
~ gd'TI,L" [26cegk + 1]
i3 = "Tlaea (1 + 28)acgk + 17
9)
ChTTN 28 + Dbdf h+1]
y4n 2~

FTTm (1 +28)bdhl+1]°

ka"TT52a" (28 + 1)cegk + 1

a1 = " 5Eg" (28 + 2)acgk + 1]

Proof. Obviously results true if n = 0. Assuming that for n —
1 and »n — 2 results hold, that is

. df P28 + Dbdhl +1]
N P 2+ 20)bdf R+ 1]

¢ 12" [28acgki + 1]

X o =
gt 623” [28cegk + 1]
bf 52 [20bdh ] + 1]
X 7=
7t gjg”[(l +20)bdfh+1]
ce" 15207 1(28 + Dacgk + 1]
X n-6 — n— +n
e gt 520 [(26 + 1)cegk + 1]
dx 2028 + 1)bdhl + 1]
X =
st 2*" [(z +20)bdf h+1]
(10)
) ka" *TTioa [(28 + 1)cegk + 1]
a9 = s [(2 +28)acgk +1]
n—1 2+n
I [28bdf h+1]
Yans ="z 2*" 20bdhl+ 1]
ga" 'TI52" [20cegk + 1]
Va7 = - 11‘[5“" 25+ Dacgk + 1]
W T2 (28 + 1)bd f b +1]
Yan-6 =

f ”"n;*” [(1+20)bdhl+1]

ka" 1527 1(28 + 1)cegk + 1
Yans =" T2 (2 + 28)acgk + 1]

Now from (8), one has
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Xan-8)an-9
Yans (1+ Xan 6 an7%1n 8V an-9)

- (" 'TTo%y" [20acgk + 11)/(a"*T152y" [20cegk + 11) )((ka"*TT5o [(1 + 28)cegk + 11)/(e" T3 [(20 + 2)acgk + 1))
- ((ka™ 'TT;2" 120 + Dcegk + 1])/(e" 'TT,5" [(20 + 2)acgk + 1]) )

Xgn-4 =

(1+((ce" 'TT5%" 120 + Dacgk + 11)/(a" 'TT5%" [(20 + cegk + 1))
((ga™ 'TT520 [28cegk + 11)/(e" 'TT55 [(28 + Dacgk + 1))

((¢" 'T1:%" (20acgk + 11)/(a"*T152%" [(28)cegk + 11))

((ka"*TT525 128 + D)cegk + 11)/(e" *[T5-5 [(28 + 2)acgk + 11) ) )

((eKTT520 128 + 1)cegk + 11)/(TT52" [(28)cegk +11))
((ka" T30 11 + 28)cegk + 11)/(€" ' TT5%" [(2 + 28)acgk + 11) ) (1 +((ceghk T5=s [(1 + 28)cegk + 1])/(TT5=s [(28 + 1)cegk + 11)))

= e"Tlo2" (2 + 28)acgk + 1]
= (an—l [(2n - 3)cegk + 1] T52a" [(20)cegk + 1]) (1 + (cegk/ [(2n — 3)cegk + 1]))

= Tl (28 + 2)acgk + 1]
("' TT2" [(28)cegk +1]) ([(2n - 3)cegk + 1] + cegk)

— 8"1_[333” [(2 +28)acgk + 1]
(anilngiom [(20)cegk + 1]) [(-2 + 2n)cegk + 1]

LN [(20)acgk + 1]
a" I [(28)cegk + 11

YVan-8Xan-9
Xgnos (14 Yan-6Xan-7 Y an-s%an9)

YVan-4 =

(7 TI 2obdf b V) TI (200 il + 11))(df > [T (1 + 200kl + 1)/(I T (2 + 20)0bd f i+ 11))
(df ™ T 1+ 20)bdh 1+ 10)/(1" ' T15%" (2 + 28)bd f h+1]) )

(L+((A" T2 128 + Dbd f h+ 11)/( £~ " o5 (1 + 20)bdhl +1]))
(bf " sz @O dhl+ 11)/(I" T3 [(1 + 28)bd f h+1]))
(TS @b df h+ 10)/(f "I [(20)bdh1 + 1]))

(df > T L1+ 280bdh 1+ 1)1 T30 (2 + 28)bd f h+ 1))

(T2 (@0 df b+ 11)/(f " T, [20bdh+ 11))(df " T135 (28 + Dbdhl + 11)/(I" 15520 + Dbdf b+ 11))
(df 5" 120 + Db dh 1+ 11)/(I" 15" (28 + 2)bd f h+1])) (1 +((bdr T3 (28 + Dbdhl+1])/(TT5 (28 + Dbdhl +1])))

I'[T5%" (20 + 2)bdf h+ 1]
£ @n - 3)bdhl+ 1[5 [20bdh1 + 1] (1 + (bdh 1/ [(2n - 3)bdh] + 1]))

- PTIA" (2 + 28)bdf h+1]
A 200 dR1 + 1] ([(2n - 3)bdhl + 1] + bdhl)

_ ITIA" (20 + 2)bdf h+1]
LA (20)b dh + 1][(2n - 2)bdhl]

T IObdf h+ 1)
LA b AR+ 1]

(11)
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Again, from system (8), we obtain
Xan-7)4n-8
Van-a (14 X405 Van-6X4n-7Yn3)
(bf "2 12O dh 1+ 11)/(1" T2 (28 + Dbd f h+11)) (1" 'TTsz (20 df h+11)/( £~ "5z [(20)bdh1+1]))
(M5 eobdf h+ 10)/(f 1,5 [(20)bdhl +1]))

Xyn-3 =

(L+((df """ 120 + Dbdhr 1+ 11)/(I" 'TTe5" (20 + 2)bd f h+1]))
(W 'TT5z0 28 + Dbd f h+ 11)/( £~ 152 [(28 + Dbdhl+1]))

(bf "2 b dn 1+ 11)/(1" T2 (26 + Dbdf h+1]))
("5 (o df h+ 10)/( £~ " 15 [(28)bdhl +1])))

- bf "2 120 df b+ 1Tl " [(20)bdhl +1]
Tl 1eObdS h+ [T,25" (28 + Dodf b+ 11(1 +((bdf h[Ti [(20)bdf h+1])/([Ths [(26 +2)bdf h+1])))

_ b T [(28)bdhl + 1]
CI'2n-2)bdf h+ 1[5 (20 + Dbdf h+ 11 (1 + (bdf bl [(2n— 2)bdf h+1]))

_ bf" oty [(28)bdhl+1]
- I"Hgﬁg"[(28+ Dbdfh+1]([(2n-2)bdfh+1]+bdf h)

_ bf"Tlots [(20)bdh1+1]
CITLAMRS + Dbdf h+ 11[(-1 + 2m)bd f h+1]

b L 1(28)bdhl + 1]
IS8+ Dedf h+ 1)

Yan-7X4n-3
Xapa (1 + Van-sX4n-6Yan-7%an-g)

((ga”ill—[gig" [(28)cegk + 1])/(6”711—1(;23" [(28 + acgk + 1]))((8"711—1;;5 [(28)acgk + 1])/(a"721—[§;(2) [(28)cegk + 1]))
(e"TTos" (28)acgk + 11)/(a" 'TT5L5" [(28)cegk + 1))

Yan-3 =

(1+((ka" 'TT:2" (1 + 28)cegk + 1])/(e" 'TT,2" (28 + 2)acgk +11))
((ce" 'TT520[(1 + 28)acgk + 11)/a" "[T5 [(28 + 1)cegk + 1])

(92" T2 [(28)cegk + 11)/(e" 152" (26 + Dacgk + 11))

((¢" 'TT5z [(20)acgk + 11)/(a"*[T525 [(28)cegk + 11) ) )

_ ga" T [(20)cegk + 1]
- ' TI2" (28 + Vacgk + 1] [(2n - 2)acgk + 11 (1 + (acgk/[(2n — 2)acgk + 1]))

92" 155" [(20)cegk + 1]
e"[ 152" 1(28 + 1acgk + 11 ([(2n - 2)acgk + 1] + acgk)

ga" T2 [(20)cegk + 1]
e'TTo2a (28 + acgk + 1][(~1 + 2n)acgk + 1]

ga"]_[g:;" [(28)cegk + 1]
TR (1 + 28)acgk + 1]

(12)
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Hence, the proof of other relations is obvious. O
3.0n 2" System
Xy = Xn-3)n-4
" yn(l + xn—lyn—zxn—3yn—4)
(13)
y _ yn—3xn—4
n+l = .
’ Xn (1 - yn—lxn—Zyn—3xn—4)

In this section, we explore the solutions of the recursive
system:

x _ xn—3yn—4
1~ >
" yn(l + xn—lyn—an—3ynf4)
(14)
y _ Yn-3Xn-a
1= .
" xn(l _yn—lxn—Zyn—3xn—4)

Theorem 2. Let {x,, y,} be a solution to (14), and also let
X 5V s(6=4,3,..., 0), respectively, be a,b,c,d,e, f,g,h,
k,1; then

IR - (28)acgk]
Xon-4 = 0 1+n
a [1+ (28)cegk]

bf" 1‘[51;“[1 ~ (20)bdhl)

X4n-3 = PTT5 1 + (28 + 1)bdf h]
X ce l_Ln L [1 - (28 + Dacgk]
an-2 = S (1 28)cegk]’

v = f_{%ﬁ”u - 20+ Dbl

P'TIN 1+ (26 + 2)bd f B (15)

PTT5 1+ (20)bdf h)

Vin-4 = F Tk 1 - 28)bdh )
Van-3 = ng anflziign[l + (20)cegk] ,

e"TIoLa" (1 - (26 + )acgk]

R TT5 11+ (28 + Dbd f h]
Yan2 = FTloiam 1 - (26 + Dbdhl]’
o = TS0+ 20 e

St [1 - (28 + 2)acgk]

Proof. Obviously results true if n = 0. Assuming that for n —
1 and 7 — 2 results hold, that is

. _df M5l - (20 + Dbdhl]
M 1+ (28 + 2)bdf h]

¢ T2 (1 - (28)acgk]
a? Héign 1+ (26)cegk]

Xan-8 =

oo BT - (20)bdhl)
T P2+ (20 + Dbdf B

ce" 'TT57 11 = (28 + 1)acgk]
a" T2 1+ (1 + 28)cegk]

Xan-6 =

df—1+nl—[gi$”[l — (26 + )bdhl]

X =
M P L + (2 + 20)bdf b
(16)
ka"* Li- 0[1+(28+1)cegk]
Pan9 =T (1 (2 1 20)acgk]

T2+ (20)bd f b
F %m0 - 28)bdh )

Yan-g =

ga" 11—[323" [1+ (28)cegk]
¢ T2 11 = (28 + 1acgk]

Yan-7 =

R 1520 1L + (28 + 1)bd f h]
FUTIAML - (28 + Dbdhl]

Yan-6 =

ka" T2 1 + (268 + l)cegk]
M2 1 - (28 + 2)acgk]

Yan-5 =

Next, one can obtain from system (14) that
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X4n-8)an—9
Vans (1 + Xy 6V an-7%4n-8 Y an-9)

(IS 1 - 20)acgk (" P TTozy " 11+ (28)cegk] ) ) (k™ *TT5zo [1 + (1 + 28)cegk] /(" *[T5=[1 - (2 + 28)acgk] ) )
B ((ka™ 'TT2" 11 + (28 + D)cegk] )/(e" 'TT,2" [1 - (20 + 2)acgk] )

(1+((ce™ 'TIE 1= (28 + Dacgk] /(@™ 'TT52" [1 + (28 + 1)cegkl ) )
(98" 'TT5z0 (1 + (28)cegk])/(€" 'TT5% " [1 - (28 + 1)acgk]))

(" 'TIs%" 1 = 28)acgk] )/(a" *TT52" [1 + (28)cegk]) )
((ka"*TT520 (1 + (28 + 1)cegk] )/ (" *[T5= [1 - (20 + 2)acgk] )) )

- e TIisa[1 + (1 + 28)cegk][T52a" [1 — (2 + 28)acgk]
(@5 T+ (20 + Deegk] 152" [1 + (28)cegk]) (1 + (cegk/ [1 + (2n - 3)cegk]))

Xap-4 =

_ e [1 = (2 + 28)acgk]
(a"" 11+ (2n - 3)cegk] 152" [1 + (20)cegk] ) (1 + (cegk/[1 + (2 - 3)cegk]))

_ ' TISZ 1 - (26 + 2)acgk]
(a"'TT5%" (1 + (20)cegk] ) ([1 + (2n — 3)cegk] + cegk)

T2 1 = (2 + 28)acgk]
(a"'TT5%" (1 + (28)cegk] ) (1 + (2n — 2)cegk)

_ Ik (1~ (28)acgk]
ad" 571 + (20)cegk]

(17)

Similarly, system (14) gives
Yian-8X4n-9
Xan-5 (1= Yan-6Xan-7Van-sXan-o)
(2 I+ oybd f m))/(f 2" Ty (1 = (20)bdh 1)) )(df > TT5o [1 = (28 + Db dh 11)/(1"*T T35 [1 + (28 + 2)bd f h]))
(df " I5" 11 = 28 + Dbdhr1))/(I" 132" (1 + (28 + 2)bd f h]))

Yan-4 =

(1=((A T2 1+ 20+ Dbdf h])/(f~ "5  [1 - (28 + Dbdh1]))
(bf "5z (1 - O dh 1)/(1" T2 (1 + (28 + Dbdf h]))
(TS 1+ oy df h)I(f " 1ok 1 - (20)bdh1]))
(df > T 11 = 28 + Dbdh1])/(I" *[T5o (1 + (2 + 20)bd f h])))

- PTI2 1+ (28 + 2)bd f h]
ML= (2= 3)bdh [T (1 - (28)bdhI] (1 - (bdh/[1 - (2n - 3)bdh1]))

B PTI20 1 + (28 + 2)bd f h]
T U - (20)bdh ] ([1 - (2n - 3)bdhl] - bdhl)

B PTI2M 1 + (2 +280)bd f h]
LA - (20)bdhI][1 - (2n - 2)bdh)

_ '[I5" 1+ (28)bdf k]
T LS - o) dhl)

(18)
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Obviously, the subsequent unassertive relations follows,

and this complete the proof. O
4. On 3" System
X, = *n-3Vn-4
" yn(l + xn—lyn—zxn—3ynf4)
(19)
y _ Vn-3Xn-4
1= .
" Xn (_1 - yn—lxn—Zyn—3xn—4)

In this section, we will explore the solutions of following
rational systems:

U Xn-3Yn-4
1~ >
" yn(l + xn—lyn—an—3yn—4)
(20)
Vu-3X,_
Yur1 = noitoc

Xy (_1 - yn—lxn—zyn—3xn—4).

Theorem 3. Let {x,, y,} be a solution of (20), and also let

X_5 y_5(6=4,3,...,0), respectively, are a,b,c,d,e, f, g, h,
k,l. Then one has
ei’l
x . b
T N (1 + (20))cegk)
bx f"
Xan-3 = f

T [1+ (1 +28)bd f h]
c(-e)" (acgk + 1)"
P+ (1 +28)cegk]’
d(-f)"(1+bdhl)"

Xan-2 =
a

Xan-1 = 3 1+n >
P'Toi L+ (2 +280)bd f K] 1)
CITLN L+ (20)bdf k]

Yan-4 = f_lm ,

_g(-a) H(;H" [1+ (28)cegk]
e" (1 + acgk)"

h(=D)"TTse" 1+ (28 + 1)bd f h]
Vin2 = T (1+bdhl) :

ka"TT5e" [1+ (28 + Deegkl
e

Yan-3 =

>

Yan-1 =

Proof. Obviously results true if n = 0. Assuming that for n —
1 and n — 2 results hold, that is

d(-f)"*(1+bdhl)"?
2 HZ@ZU +(20 +2)bdf h]

Xap-9 =

n—1
e

oL+ (20) )eegk]

Xan-8 = "2
a

b % f* 1+n
Xan-7 = 71
1 [1+(28+1)bdfh]
c(—e)" " (1 + acgk)"!
x4n—6 =

a" ' TI2 (28 + 1)cegk + 17

d(-f)"' (1 +bdhl)!

Xan-5 = 1 —2+n
2+2 1
! [(2+20)bdf h+ 2)
ka1 + (1 + 26)cegk]
Yin-9 = 2
P20 + (28)bd f h)
Yin-8 = f_2+,, ,
s = _g(- a) T2+ (26)cegk]
7 T+ acgk) ’
h(=D)" T2 1 + (28 + 1)bd f k)
an-e = 1+ bdhl)™ ’
ka" T2 1+ (28 + Deegkl
y4n—5 = n—-1

e

Next, it can be seen from system (20) that
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Xan-8)an-9
Vans (1 + X406 Van7%X4n-8 Van-o)

Xan-4 =

1" " P TIS2 (1 + (28))cegk)/ka" *TTama [1 + (20 + 1)cegkle™™
ka" TT5o (1 + (1 +28)cegk])/(e"™ ")) (1 +((c(=e)"™' (1 + acgk)"")/(a" '[T5= [1 + (1 + 28)cegk]))

(
(9(-a)"'TIoZ%" (1 + (28)cegk] )/(e" " (1 + acgk)" "))
(" ) 1(@" T2 (1 +(28))cegkl))

((ka"TT52 (1 + (26 + 1)cegk] )/(e" %))

¢'TTha[1 + (28 + 1)cegk]
a" T2 (1 + (20))cegk][ T2y [1 + (26 + 1eegk](1 +((cegk Ts= [1 + (1 + 28)cegk] )/(TT5= [1 + (1 + 26)cegk])))

n
e

- a”flﬂgfg" [(1+(28))cegk][1 + (2n — 3)cegk] (1 + (cegk/[1 + (2n — 3)cegk]))

n
e

a2 (1 + (28))cegk ) ([1 + (2n — 3)cegk] + cegk)

n
e

a" T2 (1 + (28))cegk] (1 + (2n — 2)cegk)

n
e

@26 + Deegk)

Yan-8Xan-9
Xap-5 (_1 -y 4n—6x4n—7y4n—8x4n—9)

(s eopdf m)I(F) (AN bdR D)/ 5 1+ (20 +2)bd f b))
- (A=A +bdrD™ (12" 1+ (28 + 2)bdf b))

YVan-4 =

(= 1=((h(-D" "TIo%" (1 + 20 + Dbdf h)/(f " (1 +bdh)™ "))
(o T2 1+ 28+ Db f 1))

(' T5 1+ o f R)I(F72)

(A= 2+ bdn )= 2) (I [T (1 + (26 + 2bdf hl)))

- (1" T2 1 + (28 + 2)bd f K]
(=" (1 +bdhl) (-1 + (bdhl/ (1 +bdhl)))

_ “ITI2 1 + (28 + 2)bd f K]
F (1 + bdhl) (=1 + (bdh1/ (1 +bdh1)))

T L+ (20)bdf k]
f" (=1 -bdhl+bdhl)

_I'lsso"[1 + (20)bd f 4]
f—1+n

(23)
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Now, hereafter, we prove an extra result. It is noted that
system (20) leads to

x4n—7y4n—8
Van-a (1 + X4 5V 6X4n-7 Y ang)

(bf ") TS 1+ 28 + Dbdf b)) (1" ' TTaz [+ @O)bdf h])I(f*"))
Msse 1+ @Obdf h)/(f77") (1 +((d (=" (1 +bdh D)™ )/(I" T30 [1+ (28 + 2)bd f h]))

Xap-3 =

((
(h D' TI%" 1+ 28+ Dbdf h))/(f~ " (1 + b))
(b ™ TS 1 + (28 + Dbdf h]))

(T e+ o m)(f2™)))

- ((6f")(TT2%" 11 + 26+ Dbdf h]))
("t + 200 d f h))/(TT5zs (1 + 28)bdf h])) (1 +(bdf h[T5zg (1 + 20)bdf hl/([T;2" (1 + (2 + 20)bdf hl)))

B (Ef")(TTo5" 1 + (28 + Dbdf h]))
T+ (2n-2)bdf hl (1 + (bdf hI[1+(2n—2)bdf h]))

_ bf"

LA 1+ (28 + Dbdf R ([1+ (20— 2)bdf k] +bdf h)
_ bf"

CITLAM + (28 + Dbdf k] (1 +(2n— 1)bdf h)

_ bf”
LN+ 26+ Dbdf R

Yan-7X4n-3
Xan-4 (_1 -y 4n—5x4n—6y4n—7x4n—8)

(o0 T g1 ™ ) (YT 35
((en)/(an_ Tl + (28 ))cegk]))

(= 1= ((ka" 'TT;2" (1 + (20 + 1)cegk] )/(e" 1))

(e " (1 +acgk)" " )/(a" 'TTo2" [1 + (28 + 1)cegk] )

YVan-3 =

(9" TI2" (1 + (20)ceg] /(& (1 + acgk)™™ "))
((e ) ( el +(25))cegk])))

((ga(—l)"fl)/( (1+ acgk)”fl))
e a" T (1 + (28))cegk] (-1 — acgk)

_ gD a Lok " [(1 +(28))cegk]
e'(1+ acgk)"_1 (-1 - acgk)

~ g(=a)"T5sy" (1 + 28cegk]
- e" (1 + acgk)" '

(24)
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In a similar way, one can establish other formulas. [

5.0n 4™ System

x _ Xn-1)Yn-3
1~ >
" Y (L4 X1 Ys)
(25)
Vel = Yn-1%n-3

Xn-1 (_1 + yn—lxn—3)'

This section determines and studies the formulas for
solutions of the following nonlinear system:

x _ xn—Syn—4
1~ >
" yn(l + xn—lyn—Z‘xn—Synfél)
(26)
Vel = Vn-3Xn-4

Xy (_1 + yn—lxn—Zyn—an—éL)-

Theorem 4. Let {x,, y,} be a solution to (26), and also let

X_5 V_s(6=4,3,...,0), respectively, are a,b,c,d,e, f,g,h,
k, 1. Then one has
Xgp_y = :
T TR + (20)cegk]
bx f"
Xan-3 =
PTT(1+ (28 + Dbdf h]
¢"[~1 + acgk]"
X4n_2 = n n-1 ’
a"TT5os [1 + (28 + )cegk]
df"[-1+bdhl]"
Xqn1 = PTT5m 1+ (28 + 2)bd f h)
(27)
I —1+n (1+(28)bdf h]
y4n 4= —1+n ?
f
~ ga"TT5 [1 + (20)cegk]
Van-3 = e" (-1 +acgk)"
WM 1+ (28 + 1)bd f h]
Yan-a = f"(=1+bdhl)" ’
ka"TToiy" [1 + (20 + l)cegk]
Yan-1 =

e

Mathematical Problems in Engineering

Proof. Obviously results true if n = 0. Assuming that for n —
1 and 7 — 2 results hold, that is

. df’z*” ~1+bdhl]"?
9 T P 4 (28 + 2)bdf b

n—1

Xan-8 = 32

o1+ (20)cegk]

bf—1+n
x4Vl—7 n—1
P20+ (20 + Dbdf ]
n—l n-1
[-1 + acgk]
Xin-6 = g

a’H 201+ (20 + 1)cegk]’

df " [-1+bdhil]"!

X =
ML+ (28 + 2)bd f h)
(28)
ka" *TTse [1+(28+1)cegk]
Yan—9 = 2

e

P2+ (20)bdf k)
f—2+71

Yan-s =

>

_ga" T (1 + (28)cegk]
y4n—7 en—l (_ 1+ acgk)n—l >

W T2+ (28 + 1)bd f
(=1 +bdh)"!

Yian-6 =

a" T2 1+ (20 + Deegk]

)’4n5— -1
e

Next, one can obtain from system (26) that
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X _ X4n-8Y an-9
i Van-s (1 + Xap-6Y an-7%an-s Van-9)
((e"il)/(anle_[gig”[l +( 28)cegk]))((ka"721—[g;3 [1+(28+ l)cegk])/(enfz))
N ((ka"flng;g [1+(25+ l)cegk])/(enfl))( 1 +((ce"71 -1+ acgk]”fl)/(anflng;g [1+(26+ l)cegk]))
((ga" 'TIo5" (1 + (20)cegk])/(€" " (-1 + acgk)" "))
(e )" TTo%" (1 + (28 )cegk] ) )((ka" *TT5og [1 + (28 + 1)cegk] )/(e"2)))
~ ((e"]_[g;g [1+(26+ l)cegk])/(ﬂgig"[l +( 28)cegk]))
a" T2 1+ (28 + 1cegk](1 +((cegkTTa—g [1 + (28 + 1cegk] /(T 52" [1 + (28 + 1)cegk])))
T2 1 + (28 )cegk] [1 + (21 — 3)cegk] (1 + ((cegk)/ (1 + (2n — 3)cegk)))
a"_ll_[gign [1+(28)cegk] (1 + (2n - 3)cegk + cegk)
- a" T2 (1 + (28 )cegk] (1 + (21 — 2)cegk)
a"fll_[gig" [1+(268 )cegk]’
Vs = Yan-8Xan-9

Xgns (=1 + Vi 6X4n-7Y an-8Xan—o)

J I L+ (20)bdf hLF 2 d 2 (= 1+ bdh [ I [[13 (1 + (20 + )b d f h)
(df " =1+ bdnl (T L + (20 + 2)bdf b))

(= 1+((R" T2 0+ 28+ Dbdf h))/(f " (=1 + bdh )" 1)) (bf ™)1 T2 (1 + (28 + Dbdf h]))
(T2 e+ 28bd f m)(F2))(df 2" =1+ bdh 1) 2)/(I" T3 [+ (28 + 2)bd f h])))

PTI27 1 + (28 + 2)bd f K]
FU =1+ bdhl] (-1 + ((bdh D/ (=1 + bdh1)))

I+ (28 + 2)bd f b
(1 -bdhl+bdhl)

P+ (28)bdf k)
= f—1+n °
(29)
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Also from system (26) one gets:

Xan-7)an-8
Yan-a (1 + X5V 4n-6X 117 Y an-s)

Xyn-3 =

Mathematical Problems in Engineering

(B (I TS 1+ (28 + Dbd f h])) (1" Tz 1+ (28)bd f h])/(f5™))

(Mo + 28)bd f m)/(F1)) (L +((df " =1+ bdr 1™ )/(I" T3z [1 + (28 + 2)bd f h]))

(A" 'TT2" (1 + (28 + Dbdf h])/( £~ (-1 + bdh D)™ "))

(b (T2 1+ @8+ Dbd f ) ) (1 Tz [+ (20)bd f h)/(F75)))

(b /(TT5%" (1 + (28 + bdf h1))

(I"TTzo 1+ (28)bd f h])/(TTo2y" 1+ (28)bdf h]))(1+((bdf A Tszg (1 +(28)bdf h)/(TT5Z" 11+ (20 + 2)bd f hl)))

_ ((bf")(T1%" 11 + 28+ Vbdf 1))
S [1+(2n-2)bdf h](1+((bdf B)/[1+(2n-2)bdf h])

_ bf"
T+ (2n-2)bdf h) +bdf W52 [1+ (20 + Dbdf h]

_ bf"
TP+ (2n- 1)bdf R[22 [0+ (20 + Dbdf h]

_ bf"
IR+ (26 + Dbdf R]

Yan-7Xan-s
Xgneg (F1+ Yay5Xan-6Yan—7%an-s)

Van-3 =

((ga™ 'TI:%" 11 + (20)cegk] )/(e" ' (=1 + acgh)™ ")) (" " )/(a" 152" [1 + (26 )cegkl))

((e")/(@" 'TToke" 11+ (28)cegk]) ) ( =1 +((ka™ 'TTo2y" 11+ (28 + cegk] )/(e" ")) ((ce™ ' [-1 + acgk]™ ' )/(a" 'TTyZy" [1 + (20 + 1)cegk]) )

((ga"f IH;S"[I + (2(’)‘)cegk])/(e"71 (-1+ acgk)"il))((e””)/(a"izng;(z) [1+(28 )cegk])))

_ ((ga")/( (-1+ acgk)"fl))
((e")/(TT520 [1 + (28 )cegk]) ) (=1 + acgk)

_ ga"Tls" [1 + (28 )cegk]
" (=1 +acgk)"™" (-1 + acgk)

_ ga"TT5se" (1 + (28)cegk]
e"(— 1+ acgk)"

Subsequent results follow from the above assertion. [

6. Numerical Simulation

In order to verify our theoretical results, we consider four
interesting numerical examples by fixing suitable initial
values. These simulation shows the solutions of under
consideration discrete-time systems, which are depicted in
(8), (14), (20), and (26).

(30)

Example 1. This example presents that the solutions of
discrete-time system (8) with x_s, y_5(6 =4,3,...,0), re-
spectively, are 1,0.2,0.1,0.02,2,1.5,0.3, 1, 0.4, 4 as shown in
Figure 1.

Example 2. This example shows the behavior of system (14).
The relevant plot is given in Figure 2 under the initial
conditions: x_5 y_5(6 =4,3,...,0), respectively, are
0.5,3.5,0.01,2,0.2,1.5,3,0.1,0.7,0.3.
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Plot of the first system
1200 T T T

1000 | g

800

600

x(n), y (n)

400 -

200 -

— x(n)
— y(n)

FiGure 1: Plot of the solutions of 1% system.

6000

Plot of the second system

4000

2000

x (n), y (n)
(=]

=2000 -

—4000 -

~6000 : : : : :
0 10 20 30 40 50 60

— x(n)

— y(n)

F1GURE 2: Plot of the solutions of 2" system.

Example 3. Figure 3 depicts the dynamics of solutions to
(20) when we randomly consider the values as follows:
X 5y s(6=4,3,...,0), respectively, are
0.1,0.9,0.01,0.3,0.2,0.4,0.3,0.03, 0.2, 0.8.

Example 4. The behavior of system (26) are plotted in
Figure 4 with x_g5 y_5(8=4,3,...,0), respectively, are
0.1,0.05,0.06,0.2,0.2,0.4,0.2,0.04, 0.08, 0.81.

5000

Plot of the third system

4000 +
3000 +
2000 +

1000 |

x (n),y (n)

—-1000 R

2000 + 4

~3000 s s s s s
0 10 20 30 40 50 60

— x(n)

— y(n)

F1GURE 3: Plot of the solutions of 3¢ system.

Plot of the fourth system
4000 T T T

3500 + 1
3000 +
2500 +
2000 +

1500

x (n), y (n)

1000
500 +

=500

—~1000 . . . . .
0 10 20 30 40 50 60

— x(n)

— y(n)

FIGURE 4: Plot of the solutions of 4™ system.

7. Conclusion

In this paper, we deal with the form of the solutions of four
cases of the nonlinear systems of difference equations x,,,; =
((xn—3yn—4)/ (yn (1 + xn—lyn—an—3yn—4)))’ yn+1 = ((yn—_’)

X, ) (x, (1 %y, X, ,¥,3%,4)). Finally some nu-
merical examples are giving by fixing suitable initial values to
show the qualitative behavior of under consideration
systems.
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The main aim of this paper is to give refinement of bounds of fractional integral operators involving extended generalized Mittag-
Leffler functions. A new definition, namely, strongly («, m1)-convex function is introduced to obtain improvements of bounds of
fractional integral operators for convex, m-convex, and (a,m)-convex functions. The results of this paper will provide si-

multaneous generalizations as well as refinements of various published results.

1. Introduction

Convexity is one of the most important and key concept in
mathematics, and many researchers have extended, generalized,
and refined it in different ways. Numerous generalizations and
extensions have been produced in recent past, for example, in
generalization and extension point of views, m-convexity,
(o, m)-convexity, s-convexity, (s, m)-convexity, h-convexity,
and (h, m)-convexity are remarkable, and in refinement point
of view, the strongly convexity is the tremendous notion. In this
paper, we have introduced the notion of strongly («, 11)-convex
function. By utilizing this refined form of convex function, we
obtain refinements of the bounds of fractional integral operators
involving Mittag-Leffler functions in their kernels. Therefore,
the results of this paper are refinements of all the results proved
in [1]. First, we give definitions of convex, strongly convex, and
(&, m)-convex functions.

Definition 1 (see [2]). Let I be an interval on real line. A
function f: I — R is said to be convex function if the
following inequality holds:

ftuy+(L=tuy) <t f (uy) + (1 =1) f (1), (1)

for all u;,u, € I and t € [0, 1].

Definition 2 (see [3]). Let I be an interval on real line. A real-
valued function f is said to be strongly convex with modulus
A>0 on I if, for each u;,u, € I and t € [0, 1], we have

ftuy+ (1= tuy) <t f(u) +(1=1) f (u) -
— At (1= t)|u, - u1|2.

Definition 3 (see [4]). A function f: [0,b] CR — R is said
to be (a,m)-convex function, where (a,m) € [0,1]* and
b>0 if, for every u,,u, € [0,b] and ¢t € [0, 1], we have

ftuy+m(1 = tuy) <tf (uy) +m(1-t%) f (uy).  (3)

The well-known Mittag-Leffler function is denoted by
E¢(.) and defined as follows (see [5]):

(e8] t}’l
Ee(t) = ;F(£n+ 1’ @

where t,§ € C,R (§) >0, and I'(.) is the gamma function. It
is a natural extension of exponential, hyperbolic, and trig-
onometric functions. This function and its extensions appear
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as solution of fractional integral equations and fractional
differential equations. For a detailed study of Mittag-Leffler
function and its extensions, see [6-10]. The following ex-
tended generalized Mittag-Leffler function is introduced by
Andri¢ et al.

Definition 4 (see [11]). Let wé& Ly, ceC,
R (@), R (&), R()>0,and R (c) >R (y) >0 with p>0,5>0,
and 0<k<d+ R (u). Then, the Mittag-Lefler function
E"Y%(t: p) is defined by

wél
+nk,c—y) (¢ e
EV‘SkC(t ) ﬁP 4 nk X 5)
wei 5P Zo Bric—1) T+ Uy |

where f3, is defined by
1

B, (x, y) =J (1 =) e P0Gy, (6)
0

and. (¢),; = I' (¢ + nk)/T (c).
A derivative formula of the extended generalized Mittag-
Leffler function is given in the following lemma.

Lemma 1 (see [11]). If meN,w,u&lLyc
cCR(W,RE,R(D>0,andR(c) >R(y)>0 with
p=0,6>0, and 0<k <8+ R (u), then
A\"T 1 ke
(5) [ E o
(7)
= RN (0t p), R (E>m.

Remark 1. The extended generalized Mittag-Leffler function
(5) produces the related functions defined in [8-10, 12, 13],
see Remark 1.3 in [14].

Next, we have the definition of the generalized fractional
integral operator containing the extended generalized
Mittag-Leffler function (5).

Definition 5 (see [11]). Let w, i, &1Ly, ceC,
R W), R(E),R()>0,and R (c) >R (y) >0 with p>0,5>0,
and 0<k<8+ R (u). Let f € L,[a,b] and x € [a,b]. Then,
the generalized fractional integral operators containing
Mittag-Leffler function are defined by

(epthen )i = | om0 B (w0 ) (0
®

and
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b
(ngwb f)(x ) = j (£ =) EPE (w(t - )" p) F (D),
9)

Remark 2. The operators defined in (8) and (9) produce
several kinds of known fractional integral operators, see
Remark 1.4 in [14].

The classical Riemann-Liouville fractional integral op-
erator is defined as follows.

Definition 6 (see [13]). Let f € L,[a,b]. Then, Rie-
mann-Liouville fractional integral operators of order >0
are defined by

: IR T PR
B =g L(x DELF@BdL xsa, (10)

I f(x)= (t-x)"'f(o)dt, x<b. (11

o .

" 0" f (x) and
(e# lOb f)(x;0) = I f(x). From fractional 1ntegral op-
erators (8) and (9), we can have

It can be noted that (ezMC f)(x;0) =

Jea (x;p) = (€255 1) (x; p)
‘ ( b ) (12)
= (x-a) Ll (w(x - af's p),
cp) e [ POKC .
]n,b’ (x’p) ° (ey,ml’w,b* 1)(9(:7 P) (13)

= (b= x)"ELS (w(b - x)'; p).

In view of wide applications of Riemann-Liouville
fractional integrals and derivatives, the problems which
involve this integral operator are studied extensively by
many authors. The aim of this paper is to provide fractional
integral inequalities which are generalizations of Rie-
mann-Liouville fractional integral inequalities. These in-
equalities also give associated inequalities for fractional
integral operators containing Mittag-Leffler functions with
different parameters.

The bounds of fractional integrals (8) and (9) for
(a,m)-convex functions are given in the following
theorems.

Theorem 1 (see [1]). Let f: [a,b] — R be a real-valued
function. If f is positive (&, m)-convex, then for &,n>1, the
following fractional integral inequality for generalized inte-
gral operators (8) and (9) holds:
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(erdie. £) Geos ) + (<o £) (i)
(a) + maf (xy/m
< (L GO ) ) (19
+(f(b) + Z’lj{ (xo/m)> (b _ x())]r]—l,b’ (x()%P)’ X, € [a,b].

Theorem 2 (see [1]). Let f: [a,b] — R be a real-valued
function. If f is differentiable and | f'| is (&, m)-convex, then,

p,0,k,c

lf' (b)| + moc]f' (xo/m)|

for &,n>1, the following fractional integral inequality for

generalized integral operators (8) and (9) holds:

(eh 28 ) i )+ (L8 £) (0 2) = (e (i PV @)+ (2 )|

§ <|f' (a)| + m(xlf' (xo/m)|

a+1

o= i)+

Theorem 3 (see [1]). Let f: [a,b] — R, a>b, be a real-
valued function. If f is positive, (a,m)-convex, and
f(a+mb—xy/m) = f(x,), then, for & n>0, the following

a+mb

1
1/2% +m(1-1/2%) (f( 2

)(b - xO)]n—l,b‘ (x0;p)» X € [a,b].

(15)

a+1

fractional integral inequality for generalized integral opera-

tors (8) and (9) holds:

)(],7+1,b (a; P) + ]§+1,a+ (b; p)))

,0.k, 8.k,
< (e £) @0+ (€S 1) W5p) (16)

< (qum— (@; ) + Je_y0v (b;p))(b _ a)2<

In Section 2, by wusing definition of strongly
(&, m)-convex function, we establish new refinements of the
bounds of generalized fractional integral operators. Also, the
refinements of bounds of these operators are presented in
the form of Hadamard-like inequality by using strongly
(a,m)-convex functions. The results of this paper are
connected with several well-known inequalities.

2. Main Results
First, we define strongly («,m)-convex function.
Definition 7. A function f: [0,+0c0) — R is said to be

strongly (&, m)-convex function, with modulus A >0, for
(a,m) € [0,1]%, if

ftuy +m (1= t)uy) <t f(uy) +m(1 =t%) f (u,) a7
= Amt* (1 - 1")|u, - u1|2

holds, for all u;,u, € [0,+00) and t € [0, 1].

a+1

f(b)+maf (a/m))

Remark 3
(i) By setting a = 1 in (17), strongly m-convex function
can be obtained [15]

(ii) By setting A = 0 in (17), («, m)-convex function can
be obtained

(iii) By setting a =m =1 and A =0 in (17), convex
function can be obtained

(iv) By setting o« =1 and A =0 in (17), m-convex
function can be obtained

(v) By setting a=m =1 in (17), strongly convex
function can be obtained

In the following, by using strongly (a,m)-convex
functions the refinement of already proved results are given.

Theorem 4. Let f: [a,b] — R be a real-valued function. If
f is positive and strongly («, m)-convex, then, for &, 1> 1, the



following fractional integral inequality for generalized inte-
gral operators (8) and (9) holds:

Mathematical Problems in Engineering

(et ) oot ) + (61555, £) (e )
f(a)+ maf (xo/m) Aa(x, — ma) .
S( a+1 Cm(a+1)Qa+ 1)>( = a)]e1a (%03 P) s
fb) +maf (xg/m)  Aa(mb - x,)’ .
+( a+1 “mas Da+ D) &7 e (oip)

X, € [a,b].

Proof. Let x, € [a,b]. Then, for t € [a,x,) and £>1, one
can have the following inequality:

(xo =) BN (w(xo = 1) p) < (%o — @) Bl
(0% - o) p).
(19)

The function f is strongly (a,m)-convex; therefore, one

can obtain
ot “ Xg—t “ X
2= ) r@em(1-(250) )()

X
f(t)s(x

(Y () sy

(20)

.0k,
(el 1) (o )

f(a) + maf (xo/m) ~

By multiplying (19) and (20) and then integrating over
[a, x,], we obtain

| o= B (0o -0 S

< (%0 — ) B2 ((xy - )" p)(f<a> [ (—t)dt
et (2 [ (1-(25) o
S (2 (52 )

(21)

From which we have that the left integral operator
satisfies the following inequality:

(22)

< (50~ e 1o (i)

Now, on the contrary, for t € (xy,b] and #> 1, one can
have the following inequality:

Sk, Sk,
(t-x,)" lEzqzc(w(t‘xo)H?P)S (b—x)" 1E2;qlc

(@b -x)'5 p).
(23)
Again from strongly («,m)-convexity of f, we have

f(t)<< ’;0) f(b>+m<1—(£:’;°) )f(%)
t—x\" t—x, \"\[/mb - x, 2
i) (=) )05

(24)

By multiplying (23) and (24) and then integrating over
[x,,b], we have

a+1

Aa(x, — ma)’ )

m(a+1)a+1))

J () B (e ) ) (0

X0

< (b-x)""Efyi  (0(b-x,)"; p)

i
(rof, (12 a2
. Ji (1 —(l::fco )a)dt

dowear (202 )

(25)

The right integral operator satisfies the following
inequality:
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(e, £) (v )
F )+ maf (xolm) _ Aa(mb - x,)" 0
. +maf (xy/m a(mb - x,
< (b= %0) 14 (xo,p)< a+1 _m((x+1)(20¢+1))'

By adding (22) and (26), the required inequality (18) is
established. O

Remark 4

(i) Inequality (18) provides the refinement of Theorem
2.1 in [1]

(ii) If « =1 in (18), then result for strongly m-convex
will be obtained

(iii) If « = m = 1 and A = 0 in (18), then Corollary 1 [16]
is obtained

(ivyIf a=m=1, =0, and w=p=0 in (18), then
Theorem 1 in [17] is obtained

(v) Ifa =1andt =t in (18), then Theorem 3 in [18] is
obtained

Corollary 1. If we set £ = in (18), then the following in-
equality is obtained:

<€ﬁ§f£a >(x0,p) (y&’lwb >(x0?P)

f (@) +maf (xo/m)  Aa(x, - ma)* .
- < atl e Da D) %o Vera (5oiP) (27)
fb) +maf (xg/m)  Aa(mb - x,)’ .
+( a+1 “m(a+1)Q2a+1) (b= %0)J -1 (%03 P):

X, € [a,b].

Remark 5. Inequality (27) provides the refinement of

Corollary 2.1 in [1].

(etthe ) G o) +(€lihes £) (i )

- [1fllo (1 + ma) [(xo

a+1

A (x, — ma)’ (x, - a)
| ma+DQa+1)

Corollary 3. For & =1 in (28), we get the following result:

(epe, 1) o ) + (e £ ) (o)

Moo (1 + ma) ((x,

a+1

) (Aa (xo — ma)? (x, — a)

m(a+1)2a+1)

Theorem 5. Let f: [a,b] — R be a real-valued function. If

f is differentiable and | f'| is strongly («, m)-convex, then for

felyl

]E—l,u* (x0§ P) +

]f—l,a* (XO; P) +

Corollary 2. Along with assumptions of Theorem 1, if
a, b), then the following inequality is obtained:

= a) e (%03 p) + (b~ XO)]W—I,b’ (%o P)] (28)

A (mb - x,)* (b - x,)
m(a+1)2a+1)

]qfl,b’ (x07 p) .

= )]y (%03 P) + (b= x0) 14 (%03 P)) (29)

A (mb - x,)* (b - x;)
m(a+1)2a+1)

Jeo1p- (%03 P))

&, n>1, the following fractional integral inequality for gen-
eralized integral operators (8) and (9) holds:
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l<€l};?flclwa*f> (x0: P) +<€Z:§fic,l,m,b*f> (x0: P) _(]f—l,w (x0: p)f (@) + Ty (%o; P)f(b))‘

3 (|f’ (@) + malf' (xo/m)|  Aa(xo - ma)’

a+1 m(a+1)2a+1)

) (%0 = a)J -1+ (%03 P)
(30)

(O

a+1 m(a+1)2a+1)

)= 50 ()

X, € [a,b].

6

, xg—t\" xg—t \"
Proof. As x, € [a,b] and t € [a,x,), by using strongly f (t)S< 0 ) |f' ()] +m<1 —( 0 ) )

) X,— a X, — ma
(&, m)-convexity of |f'|, we have 0 0

) xo—t\'| . [ Xt “ (%o _y xo—t\" 1- xo—t\" <x0—a>2
ol (xo - a) 7@l +m(1 (xo - a) )‘f <m> m("o - “) ( X~ a m /-
a « (32)
Xg—t Xg—t Xy —ma\?
—Am Xo—a 1- Xo—a ( m ) . . The. product of (19) and (32) gives the following
inequality:
(31)
From (31), one can have
(0 = 1) ELY (@ (3 — 1) p) f ()t
- ,0.k,c
< ('xO - a)E lEz,f,l ((U ('xO - a)V; P) (33)

(e P (- e)

After integrating above inequality over [a, x,], we obtain

[ (0 0 B (w0 ) ) 0

< (x, - m)f’lEz:‘gf"' (w(xy —a); p)(|f’ (a)] J:o <;}0—__;)“dt
e Gl (-(25) ) -
-y [ (22LY (1-(220) Y

(% - a)fEﬁ:?}k’c (w(xy—a); p) (if, (@] + malf'(%)

- a+1

(o, - ma)z)

mQa+1)

The left-hand side of (34) is calculated as follows: Put x, —t = z, that is, t = x, — z; also using the deriv-
X . . .
J 0 (x, - t)fflEZ:?’;(’c (w(xy— 1) p)f (£)dt. (35) ative property (7) of Mittag-Leffler function, we have
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Xp—a
JOO zg_lEz:‘gjlk’c (wz"; p)f' (%o — 2)dz

= (=) B @ —a)sp)f @) = [ S B (st ) (- )

Now, put x, — z = t in the second term of the right-hand Therefore, (34) takes the following form:

side of the above equation, and then using (8), we obtain

JOO_ 2 1Ez§;“ (wz!; p) f' (x — 2)dz
= (%o~ @) "EL (w(xo - @)t p) f (a) (37)

0.k
_<€/}:,f+1fl,w,u*f> (‘XO; P)

(]E—l,a* (XO; p))f (a) - <€Z’,§ffl,w,u*f> (XO; p)

Also, from (31), one can have

0z —((jo"__;)alf’ @) +m<1 —(fj:i)a) 7(G)
a2t Y (- () )y,

Following the same procedure as we did for (32), one can
obtain

(25 ) G )~ T (33 F (@)

- N L 0L el ey )

From (38) and (40), we obtain

(€124 ) (5022 ~Tecva (505 2)f @

< (- o ) L o] e )

a+1 m(a+1)2a+1))

a+1 ma+1)Qa+1))

a+1 m(a+1)2a+1))

(36)

(38)

(39)

(40)

(41)



Now, we let x, € [a,b] and t € (x,b]. Then, by using
strongly (&, m)-convexity of |f'|, we have
t —

rol=(5= ) 1 oren(1-(22) )i (2)
(=) (=)

(42)

|f' ()| + ma|f' (xq/m)] ~
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On the same lines as we have done for (19), (32), and
(39), one can get, from (23) and (12), the following
inequality:

(elt1s 1) (503 2) = Ty (i ) )

(43)

< (0= 5020 i)

From inequalities (41) and (43), (30) is obtained. [
Remark 6

(i) Inequality (30) provides the refinement of Theorem
2.2 (1]

(ii) If @ = 1 in (30), then result for strongly m-convex
will be obtained

(iii) If « = m = 1 and A = 0 in (30), then Corollary 2 [16]
is obtained

a+1

A (mb — x,)* )

m(a+1)2a+1)

(ivyIf a=m=1,1=0, and w=p =0 in (30), then
Theorem 2 [17] is obtained

(v) If « = 1 and ¢ = t* in (30), then Theorem 5 in [18] is
obtained

Corollary 4. If we put & =1 in (30), then the following in-
equality is obtained:

(el 7) Gt )+ (€255 7) G503 2) = (e (i P @)+ T (i ) )

< (lf’ (@)] + malf" (xo/m)| _Aa(xg - ma)’

a+1

ma+ 1) (2a+ 1)) (%0 = @) 10 (%01 )

(44)

a+1

(O ]ttty

X, € [a,b].

Remark 7. Inequality (44) provides the refinement of
Corollary 2.2 in [8].

To prove our next result, we consider following lemma.

Lemma 2. Let f: [a,b] — R,a<mb, be strongly
(a, m)-convex function. If f (a +mb — x,/m) = f(x,),m#0
and (a,m) € [0, 1]% then, the following inequality holds:

f<a +mb) Sf((l —t)g + mtb) .
2 2

m(a+1)(2a + 1)) (b= x0)J -1 (%03 P)>

(s
x (a+mb - x, — mx,)’.

(45)

Proof. As f is strongly («,m)-convex function, we have

m(l _Z_t)f(ta + mn(11 —t)b)

a 2
—)Lm<2 - 1)(“’ U0 (- b +mtb)> .

220c
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Let xo = a(l —t) +mtb, and we have Hence, by using f (a + mb - xy/m) = f (x,),m#0, in-

a+mb—-x,=ta+m(l-1t)b. equality (45) can be obtained. O
a+mb f( 0) 1 a+mb - x,

f( 2 ) <1 ?>f< m ) Theorem 6. Let f: [a,b] — R, a>b, be a real-valued

function. If f is positive, strongly (a,m)-convex, and

A/2%-1 5 fla+mb—xy/m)= f(x,),m+0, then, for &n>0, the

o (22,x> (a +mb - x, - mx,) following fractional integral inequality for generalized inte-

(47) gral operators (8) and (9) holds:

1 a+mb A2 -1
172" +m (1 - 1/2%) (f( 2 )(]’7+”’ (@;p) + Jna (03 p) +Z<<7> (M1 + Mz))

<< ygflclwb f)(a p) +( ygfifl,w,mf)(b? p) (48)

(b) + maf (alm)  Aa(a—mb)* )

: . et
<Uiar (@ 9) + 1 (b)) (b a)< a+1 m(a+1)a+1))

where
M1=(b-a)"],, 1y (ap)+2(L+m)(b-a)™ ], (a;p) +2(1+m)’], 5 (a; p), (49)
M2 =(b-a) " Ty (b5 9) +2(1 4+ m) (b —a)" T pp0e (65 9) + 2(1 + M) T30 (b5 D).
b
Proof. For x, € [a,b], we have L (%0 - )ﬂEmfc (w(xo = a)"; p) f (x0)dxq
(x0 — @) LYY (@ (0 —a)f'; p) < (b - @) ELy* < b-ay B (b -ay:p) f o [ (22)'d
oy oy <(b-a)'E,,, (w(b-a);p)| f(b) a<b—a> X,
(w(®-a);p),n>0.
b a
(50) gj (%0 —4a A
+mf<m> a(l <b— a) >dx0 m(a mb)
As f is strongly («,m)-convex, so, for x, € [a,b], we b X — @\ Xo - a\@
have S G -G o)
Xy — a\% Xy — a\“ a (52)
fx)< (32 f) +m1-(=2 fl—
’ (b—a) < (b—a)) (m) From which we have
0 <x0 —a>tx<l _(xo - a)f%) a-mb\’ < Ziflclwb f)(a; p)<(b-a)™'E Nkc(w(b a); p)
"b-a b-a m ’
(51) (£ ) +maf(alm)  Aa(a—mb)
a+1 m(a+1)QRa+1))
By multiplying (50) and (51) and then integrating over (53)

[a, b], we obtain that is,
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(eloksins £) (@ P)< (b=, (@i ) (b= x0) B3 (0(b = x0)" p) < (b= @) Ej)
) (54) (w-a);p),E>0.
o f(b)+mocf(a/m)_ Aa(a — mb) (55)
a+1 m(a+1)Q2a+1))
By multiplying (51) and (55) and then integrating over
Now, on the contrary, for x, € [a,b], we have [a, b], we obtain
b 14 y&kc
| 6= x0) B @b - x0) ) f (30 )d,
b o
¢ Mkc K. Xo—a
< (- B (b a),p)(f(b)L(b_a)dxo
(56)
ay (° Xy — a\“
emf() L0 -(G=2) Yo
—i(a ~ mb)* J-b (xo - a>a<1 _(xo — a>a>dx
m a\b—a b-a o)
,0.k,¢ . 2 .
From which we have (EZ,&LLw,a*f) (b p) < (b=a) g4 (b3 )
c + C (58)
(€t f ) i) < 0= ELE (w(b - ) p) (L ®rmafam)  daa-mby
a+1 ma+1)(2a+1) /)

><(f(b) +maf(a/m)  la(a-mb)’ )

71 ma+D2at1)) Adding (54) and (58), we get the second inequality of

(48). Multiplying (45) with (x, — )”Ey‘sl (w(xy—a); p)
(57)  and integrating over [a,b], we obtain

that is,

75 [, =B o= i< (o1 5))
J, - >”E£ii“(w(xo—a)ﬂ;p)f(x())dxo-31(2“;1) (59)

b
x L (xo - )"Em;“( (xo — a)"; p) (a+mb — x, — mx,) dx,.
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By using (9) and (12), we obtain The integral operator appearing in the last term is

computed as follows:
a+mb . 1 1
A5 s @< (em(1-3))

Sk Af2%-1
x (el};,'ﬁl,l,w,b- f) (a; P) - ; (27) (60)

y.8:k.c 2 .
x (ey,nﬂ,l,w,b‘ (a +mb - X — mxo) ) (Gl, P)

<e#’q+1’1)w’b, (a+mb - x, —mx,) )(a, p) = nz() B(y.c—7)

D1 r

Yk __\ntun _ _ 2
T+ d O )b (% —a)™" (a + mb - x, — mx,) dx,

:iﬁp()/+nk,c—)/) ()i 1 ((b—a)"”‘””
i Blpe—y) Tunta) D\ (n+pn+1) (61)

2(1 +m)(b-a)"" 2(1+m) (b - )
(1 +un+ 1)(17+‘un+2)Jr (n+un+1)(n+pn+2)(n+un+3)

=(b=a)" oy (@ p) +2(1+m) (b=a)"" ], o (a5 p)

+2(1+ m)2],7+3’b7 (a; p).

Now, inequality (43) becomes

f(‘”z’”b)m,b @ p= (5 rm(1-5))

C i E—. ’ 62
X(€Z22fi,z,w,b— f) (a:p) = (7)( (b=a)" ]y (a5 p) (62)

+2(L+m)(b-a)"' ],y (a;p) +2(1+m)*], 5 (a5 ).

By multiplying (45) with (b — x,)°E"3) (w (b — xo)"; p)
and integrating over [a, b], also using (854 and (12), we obtain

f(ﬁzmb)w )= (s m(1 - 5) ) (L) 1)

(63)
A[2%-1 c
i (zza>(€£:?;";,z,w,a+ (@t b=z, = )" ) b .
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The integral operator appearing in the last term is
computed as follows:

(885 (@t b5y =) 5
= (b= )Ty (b5 p) +2(1+m) (b= a) " Ty (b5 p)

+2(1+ m)2]£+3,a+ (b; p).
(64)

Mathematical Problems in Engineering

Now, inequality (63) becomes

(5 w1 3) ()

m 220c

A o
S ) (R e (©)

+2(1+m) (b= a) " g0 (05 P)+2(1 +m) T340 (b5 p)).

By adding (62) and (65), first inequality of (48) can be
obtained. O

Remark 8

(i) Inequality (48) provides the refinement of Theorem
2.3 in [1]

(ii) If @ = 1 in (48), then result for strongly m-convex
will be obtained

12" +m(1-

m

< (]Efl,bf (a;p) + ]E—l,a‘r (b; p)) (b- a)2<

Remark 9. Inequality (66) provides the refinement of
Corollary 2.3 in [1].

3. Concluding Remarks

The presented results are the refinements of the bounds of
generalized fractional integral operators given in (8) and (9)
for strongly («,m)-convex functions. From the presented
results, one can obtain already proved results for convex,
m-convex, and (&, m)-convex functions. Moreover, the
refinements of some known fractional versions of the
Hadamard inequality are also given.

Data Availability

No data were used to support the findings of the study.

f(b) + maf (a/m) B

(iii) f e =m =1 and A = 0 in (48), then Corollary 2 in
[16] is obtained

(ivyIf a=m=1,1=0, and w=p =0 in (48), then
Theorem 2 in [17] is obtained

(v) If « = 1 and ¢ = t* in (48), then Theorem 7 in [18] is
obtained

Corollary 5. If we put & =1 in (48), then the following in-
equality is obtained:

1 +mb
i (7557 Ut @30+ e i)

(2% -1 . )
+ <— <—22a ) (M1 + M2)> < <€Z’,§fi,1,w,b* f> (a;p) + <€z:?fi,l,m,a*f) (b; p) (66)

La(a — mb)* )

a+1 m(a+1)2a+1)
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In this paper, local dynamics, bifurcations and chaos control in a discrete-time predator-prey model have been explored in R%. It is
proved that the model has a trivial fixed point for all parametric values and the unique positive fixed point under definite
parametric conditions. By the existing linear stability theory, we studied the topological classifications at fixed points. It is explored
that at trivial fixed point model does not undergo the flip bifurcation, but flip bifurcation occurs at the unique positive fixed point,
and no other bifurcations occur at this point. Numerical simulations are performed not only to demonstrate obtained theoretical
results but also to tell the complex behaviors in orbits of period-4, period-6, period-8, period-12, period-17, and period-18. We
have computed the Maximum Lyapunov exponents as well as fractal dimension numerically to demonstrate the appearance of
chaotic behaviors in the considered model. Further feedback control method is employed to stabilize chaos existing in the model.

Finally, existence of periodic points at fixed points for the model is also explored.

1. Introduction

In the mid-1920s, an Italian Biologist U. D’Ancona studied
the population variations in different species of fish that were
interacting with one another. In his investigation, he found
some percentage data of total catch of different fish species
during the World War I which was brought into various
Mediterranean ports. In precise, the data determine the
percentage (%) of total catch of selachians, which are not
adorable as food fish, and during the years 1914-1923, the
percentage data for the port of Fiume, Italy, is given in
Table 1.

D’Ancona was surprised by a very large increase in the
percentage of selachians during the World War I. He rea-
soned the increase in the percentage of selachians was be-
cause of decline in fishing during this period. But how does
the intensity of fishing affect the fish populations? The
answer was obviously the struggle for existence between
competing species, which was of great concern to D’Ancona
and also to the fishing industry. Naturally, selachians depend
on food fish for their survival as selachians are predators and
food fish are prey. D’Ancona thought that this accounted for

the large increase in number of selachians during the war
period. Since the level of fishing was less, there were more
food fish available to selachians, which therefore increased
rapidly. D’Ancona just shows the increase in number of
selachians when fishing’s level is reduced. D’Ancona did not
explain why a declining level of fishing is more helpful to
predators than to their prey. Later, paying all possible bi-
ological clarifications to this phenomenon, D’Ancona
twisted to his coworker, the well-known mathematician Vito
Volterra. With hope, Volterra would come up with a
mathematical model of the growth of the selachians and food
fish, their prey, and his model would provide the answer to
D’Ancona’s question. Volterra started his analysis on this
problem by separating all the fish into the prey population
x(t) and the predator population y (t). Then, he reasoned
that the food fish do not compete very fast among themselves
for their food supply since this is very plentiful, and the
density of fish population is not very much. Hence, in the
absence of predators, their prey would grow according to the
Malthusian law of population growth: (dx/dt) =rx for
positive constant r. Next, Volterra reasoned the number of
contacts per unit time between selachians (predators) and
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TaBLE 1: Percentage data for the port of Fiume, Italy, during the
years 1914-1923.

Number of years % values
1914 11.9
1915 21.4
1916 22.1
1917 21.2
1918 36.4
1919 27.3
1920 16.0
1921 15.9
1922 14.8
1923 10.7

food fish (prey) is bxy for positive constant b. Therefore,
(dx/dt) = rx — bxy, and so Volterra reasoned that predators
have a characteristic pace of lessening —dy relative to their
present number and that they likewise increment at a rate
cxy relative to their present number y and their nourish-
ment supply x, and hence, one has [1-5]

X
ki bxy,
1

d
d_;: =cxy—dy.

Now include the effects of fishing in (1). It is observed
that fishing decreases the population of food fish at a rate
ex(t) and decreases the population of selachians at a rate
ey (t), and the parameter € reflects the intensity of fishing.
So, by the effect of fishing, the continuous-time model which
is depicted in (1) becomes as follows [1]:

i—f =(r—&)x —bxy,

. (2)
Y xy—

3 = Xy (d+eo)y.

It is important here to note that generally many bio-
logical models are directed by continuous as well as discrete-
time systems, and in recent years, many authors gave great
contribution towards discrete models [6-15]. The reasons
are that, for nonoverlapping generation, discrete models are
much convincing than continuous models, and moreover,
these models provide more effective computational results
for numerical simulations [6, 16-21]. Due to scientific
computation, in the present study, our aim is to explore the
qualitative behavior of the discrete-time model corre-
sponding to (2). It is predicted that the discrete model is
dynamically consistent with the continuous-time model. It is
also mentioned in [15] that if population has a nonover-
lapping generation, as stated above, it is essential to write a
discrete system that corresponds to model (2). So, applying
the forward Euler scheme, (2) becomes as follows:

X1 — %4
h
Yer1 =Vt

B =cx,y, —(d+¢e)y,.

=(r—ex, —bx,y,

(3)

Mathematical Problems in Engineering

After some manipulations, from (3), one gets

X1 = (1 + h(?" - 8))Xt - bhxt)/p (4)
Ve = (1 =h(d+¢€)y, +chx,y,.

This paper is organized as follows: Section 2 is about the
topological classifications at fixed points of the model (4),
whereas existence of possible bifurcations at respective fixed
points is given in Section 3. The comprehensive bifurcation
analysis at a positive fixed point is investigated in Section 4. In
Section 5, some simulations are performed to demonstrate
obtained theoretical results, and this is also about the study of
fractal demission that characterized the strange attractors. In
Section 6, we investigated the chaos control by the feedback
control method, whereas existence of periodic points is studied
in Section 7. The conclusion of the paper is given in Section 8.

2. Topological Classifications at Fixed Points

We will study the topological classifications at fixed points of
the model (4) in this section. In order to determine fixed
points, one need to solve the following system, where (X, y)
is the fixed point of (4):

X=(1+h(r-e¢)x - bhxy,

(5)
y=(1-h(d+¢)y+chxy.

It is noted that (X, ) = (0,0), satisfying (5) obviously,
and so E,,, = (0,0) is a trivial fixed point of (4). For a
positive fixed point, system (5) reduces into the following
form:

h(r —¢e) —bhy =0,

—h(d+¢)+chx =0. ©)

From (6), one gets x = ((d + ¢)/c) and y = ((r — €)/b).
Therefore, (4) has the unique positive fixed point: E
(((d + &)lc), (r—e)/b)) if r>e.

Hereafter, we will study the topological classifications at
, and E of the model (4) by method of lineari-

positive ™

E

trival positive

zation. So, the Jacobian matrix Q) evaluated at E o)

E ~—~
(x.y)

becomes as follows:
<1+h(r—s)—bh)7 —bhx )
- chy 1-hd+e)+chz) 7

E ~—~
(xy)

Now, the auxiliary equation of Ql

. E ~—
follows: b

- 9<E<},§)>( * 9(15&3)) =0 ®

at E Gj) s as

where
T(Ez) =2+ hr = 2he - bhy — hd + ch,
9(Ez) = (L4 hir =0 = bh3) (1 = h(d + &) + chz) + beh%.
(9)
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Now, in the rest of the section, we will give topological

classification at equilibria: Ey;, and E o as follows:

2.1. Topological Classifications at E,;,,;. It is noted that, at
E iva» (7) takes the following form:

1+h(r-e¢ 0
= ( >’ (10)
Eiiva 0 l-h (d + 8)

whose characteristic roots are (; =1+h(r—¢) and
(,=1-h(d+¢). So based on stability theory, one can
conclude the topological classifications at E,;,, as the fol-
lowing result.

Q

trival

Proposition 1. For E the following classifications hold:

trival>
O If
. 2 2
0<h<m1n{—,—}, wheree>r, (11)
e-rd+e
then E,,; . is a sink.
1) 1If
2 2
h> max{—, —} wheree>r, (12)
e-rd+e

then E,,. . is a source.

(1) If

L <h< 2 ) (13)
e—r d+e
then E,,. . is a saddle.

(av) if

h-—2_ (14)
e-r
or
2

= 15
h d+¢ (15)

then E,,; . is nonhyperbolic.

2.2. Topological Classifications at Ep gy, Now, we will give
topological classifications at E,.,. for the considered
system. After some manipulations, at E (7) takes the
following form:

positive>

3
bh
1 —(d+e¢)
c
Q = (16)
Epositive h
P -9 1
Furthermore, at E,,give> (8) becomes
(2 - g(Epositive)( + 9(Epositive) =0, (17)
where
9(Epositive) =2, (18)
D(Eposiee) = 1+ 1 (r — ) (d +e).
Finally, from (17) one gets
¢, = 2+ \/Disc’ (19)
’ 2
where
. 2
Disc := (g(Epositive)) - 49(Epositive) (20)

=4h* (e —1)(d + ¢).

Hereafter, at equilibrium: E ;. we will summarize the
topological classifications by allowing sign of discriminant
quantity, i.e., Disc = 4h? (¢ — r) (d + €) < 0 (respectively >0),
as a following proposition.

Proposition 2. If Disc = 4h*(e—r)(d +¢)<0, then for
E,ositives the following classifications hold:

(D) Eposiive is never stable focus.

(1) If
r>e, (21)
then Egpiye is unstable focus.
) If

r=eg, (22)

then Epogpiye is nonhyperbolic.

Proposition 3. If Disc = 4h*(e—r)(d +¢)>0, then for
E ositiver the following classifications hold:

M 1If

>sh2(d+e)—4
W (d +¢)

with



4
2,2
PR (24)
eh
then E, iy is a stable node.
1 If
2
<sh §d+s) 4 (25)
h™(d +¢)
along with (24) holds, then E,,, is an unstable
node.
(1) If
2
r:sh gd+e)—4 (26)
h™(d +¢)
then Ep iy is nonhyperbolic.

3. Existence of Possible Bifurcations at Fixed

Points: Etrival and Epositive

In view of obtained results in Section 2 regarding topological
classifications at equilibria Ey;, and Epqgve> we will study
the existence of possible bifurcations in this section, as
follows:

(I) Recall that, at Ey;,, Qg has two characteristic
roots in which ¢ 1‘(14) = -1, but
(e =1- (2/e=r)(d +¢e)# —1orl. This implies

that (4) may undergo the flip bifurcation if
(b,c,d, h,r,¢) locate in the set:

2
FB E :{(b)C; d) h; r, 8),”1 = —}’ (27)

trival E—r

or

Again under the nonhyperbolic condition, which is
depicted in (15), one can obtain that

(ilasy =1+ (2/d+e)(r—e)# —1lorl, but

0

the flip bifurcation if (b,c,d, h,r,¢) locate in the set:

(15 = —1. This implies that model (4) may undergo

2
Ble,., = {(.cdhreh=—"—} (28)

(II) Under the hypothesis of Proposition 2 and obtained
nonhyperbolic condition, which is depicted in (22),

one gets

{1,| =1. Hence, model (4) may

(22)
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undergo a Neimark-Sacker bifurcation if parame-
ters (b,c,d, h,r,¢) locate in the set:

HB ={(b,c,d,h,r,¢),r = }. (29)
E

positive

(IIT) Under the hypothesis of Proposition 3 and obtained
nonhyperbolic condition, which is depicted in (26),
one gets (|56 = —1, but (5|55 =3# —lorl. So
model (4) may undergo the flip bifurcation if
(b,c,d, h,r,¢) locate in the set:

_eh’(d+e)-4

FB =i(b,c,d,h,r,¢),r =
{( ) W (d+e)

]». (30)

Epositive

Note: for case I, it is easy to see that model does not
undergo flip bifurcation if (b,c,d,h,t,¢€) € FB|E,;,,» and
hence, E,, is degenerated with a higher codimension.

In the subsequent section, we will present comprehen-
sive N-S and flip bifurcations analysis when parameters,
respectively, (b,c,d, h,r,€) € HB| Epostie and (b, c,

d,h,r,¢e) € FB|y

positive

4. Comprehensive Bifurcation
Analysis at E

positive

4.1. N-S Bifurcation at E ;.. In the subsequent section, we
will discuss N-S bifurcation of model (4) at E, e if
(b,c,d,h,r,¢) € HBlEp , and hence, the result can be

ositive
stated as the following theorem.

Theorem 1. If (b,c,d,h,r,e) € HB|p; , then at E

positive positive>

model (4) does not undergo N-S bifurcation.

Proof. Since (b,c,d,h,r,¢€) € HB| E e and hence if bifur-

cation parameter r varies in a small neighborhood of r*, that

is, r = r* + 7, where 7 < 1, then (4) becomes as follows:
Xy =(1+h(r" +7-¢))x, - bhx,y,, (31)
Ve = (L=h(d + &)y, + chxy,,

with E positive (1) = ((d +¢€lc), (r* + T —¢/b)) if r* + 7> ¢. The
auxiliary equation of Q| Eposine (r) at E (1) becomes

(2 - ‘7<Epositive (T))( + 9(Epositive (T)) = 0’ (32)

positive

where

g(Epositive (T)) =2,

(33)
Q(EPOSMVe (T)) =1+R (" +1-¢)(d +e).
Finally, from (32), one gets
(a0 =1+ hy(r +T—¢)(d+el (34)

From (34), we obtain



Mathematical Problems in Engineering

(1>2 = Q(Epositive(‘[))’
(35)
d <‘1,2 2
dr T:O’=?(d+£)>0.

Hereafter by using the following transformation

O =(1+h(r"+7- s))(CDt +¥> —bh(

b
Now, we will study normal form of (37) if 7 = 0. After
Taylor series expansion about (®,,¥,) = (0,0), one gets

D, =, - bh (d +¢e)¥, - bh®,V¥,,
c
(38)
ch
V., = > (r—e)®, + V¥, + ch®,Y¥,.

X\ 1
( Y ) - ( ENICESICED

where
F(X,Y,) =-bl*\[(r—e)(d + ) X,Y,, (41)
G(X,.Y,) = -bh’(d + &) X,Y,.
Fxx, =Fyy, =0,
E E

trival trival

h[(r—e)(d +¢) ><Xt>+<F(Xt,Yt)>,

o d+e
=X, —
t t c >

(36)
r+T-¢
Y=y - b

transform E
one gets

positive (7) i origin. In view of (36), from (31),

d+e r'+7-¢e\ d+e
o+ )y, s 0 :
t c )( ! b ) c

v, =(1 —h(d+e))<‘l’t +ﬂ> +ch<d)t +¥>(\y, N

(37)

In order to transform liner part of (38) into canonical
form, we use the following transformation that can be easily
constructed by computation:

0, —b?h(d+e) 0 X,
()" () o
Y,

Y
0 NICEDICED) '
In view of (39) and (38),

Fxy, =-bh*\(r—e)(d+e),

Etrival
GXrXt = GYth =0,
trival trival
G = ~bh’(d +¢)
Xth >
Emml
FXrXrXr = FXtXrYt
trival trival
GXIXIXK = Gthth

trival trival

In order to undergo the said bifurcation, the following
quantity should be nonzero [22-29]:

= FX[YlY[

= GXlYlyl

(40)
1 Y, G(X,Y,)
From (41), one gets
(42)
= FY,YIY, =0,
trival trival
= GY‘YIYI =0.

trival trival



_0 _
r- m(%&l%) =16l 1wl + R (@),

(43)

1

602 = _[FXIXI - FYlyl + 2GX1YI + l(GXle - GYIYI + ZFXIYI)]

8

8y = i [Fxtx, +Fyy + ‘(GX,Xt + GYrYt)] |E"ival’

1
820 = g [FX[XK - FYth + ZGXth + Z(GXtXt - GYKYt - ZFXtYr)]' >

1

621 16 [FXtXer + FXerYl + GXIXIYI + GYIYIYr + I(GXthX[ + GXrYIYI - FXIXIYl - FY[YfY[):IE

16

Utilizing (42) in (44), one gets
2
0oy = —% (d+e+(r—e(d+e)y),
0y, =08, =0, (45)

2
0y =%(—d—s+ \(r—e)(d+e).

Using (45) in (43), one gets Q = — (bh*/16)(d + €)% <0.
Finally, the model considered undergoing N-S bifurcation
requires that C’fz +1,m=1,2,3,4 if =0 which corre-
sponds to T (Epositive (0)) # = 2,0, 1,2.
However, (E,give (0)) = 2 which contradicts to the fact
that 7 (Epogive (0)) # —2,0,1,2, and hence, eigenvalues (; ,
of fixed point (0,0) lay in the interaction of the unit circle
with the coordinate axes when 7 = 0. Therefore, model (4)
does not undergo N-S bifurcation.

4.2. Flip Bifurcation at E ;... In the subsequent section, we

will discuss flip bifurcation of model (4) at E,ygye if

Mathematical Problems in Engineering

where

>

E

trival

trival

trival

(b,c,d, h,r,¢) € FB| Eposine? and hence, the result can be stated

as the following theorem.

Theorem 2. If (b,c,d,h,r,¢) € FB| Epnsins? then at E,iyer

model (4) undergoes the flip bifurcation if p varies in a small
neighborhood of the origin.

Proof. It is noted that if r in a small nbhd of r*, ie,

r =r"+ p, where p <« 1, then model (4) becomes
X1 = (L+h(r" + p = €))%, —bhx,y,, (46)
Vi1 = (1-h(d+ 8)))& + Chxtyt'

Now, one can transform E
the following transformations:

(p) in origin by using

positive

— d+e - r'+p-¢
D, =x, - c ’\Ptzyt_T~

From (47), (46) takes the following form:

(47)

<T>7:1=(1+h(r*+p—s))(&Z+d”)_bh(&:ﬂ“)(\ﬁﬁ *P‘e)—d”,\f’;=<1—h<d+e)>(\ﬁt+”p‘8>
c c C

b b
— d+e\[~ 1 +p-¢e\ r+p-¢
+ch<(1>t t ><\I’t + 5 ) - é) : (48)
By Taylor series about (Eﬁ; ‘f’t) = (0,0), one gets
O, =D, - bh (d +¢e)¥, - bh®d, ¥, + hp®,, ¥,,, = % (r—e)®, + ¥, + ch®,¥,. (49)
c

Now by using following transformation
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b &

linear part of (49) transforms into canonical form. In view of ~ where
(50), (49) becomes

o _ F(X.Y,
(xtH):( 10>+ ~(~~P) R
Yin 03 G(Xt’Yt’p)

o 1o 1, o0 1 — e 1 o 1
F(X.Y,.p) = —Ebhxt2 + Ethfz - Etht,G(Xt,Yt, p) = zchth - Ecth.

Now, for (51), center manifold MCE,;,; at E ;.1 1S €x-
plored in a small nbhd of p. Therefore, M°E,,, can be
expressed as follows:

M By = (R0 7)) T = cop+ X, + . Xop+cip’ + O (I +1p1)’) |

After some manipulations, one gets Finally, the map (51) restricting to M°E, ;.1 is

Cp=¢C=¢3=0,

(54)

1

¢ =—ch.
4

e 2 — 2 —, __3 _ 4
F(Xt) =X, + X, +hh,X,p+hX, p+h,X,p°+hsX, +O((|Xt| +|p|) )

with ’F  10F O°F

1 Y=\ ox0p T20p 0 ) (o) =0
hy = —bh, P X,

2

1oF (1 0F )

N (56) A=l w22 ) )is y=(0,0)
2= 2 6 85(73 2 a’xf (Xip)
hy =h, =hs=0. On computation, one gets

A =—(h/2)#0,

(50)

(52)

(53)

(55)

(57)

but

A= (1/6)b*h? > 0, which shows that model (4) undergoes

In order for the map (51) to undergo flip bifurcation, the

following discriminatory quantities are required to be ﬂlP bifurcation if (b,c,d,h,r,¢) € FB|g
nonzero [28, 29]: ular, stable period-2 points bifurcating from E

and, in partlc—
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FiGURE 1: Stable node of model (4). (a) r=2.1 with (0.24, 0.23). (b) r=2.3 with (0.4, 0.5).

M.L.E

Yt

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

FIGURE 2: (a, b) Flip bifurcation diagram with r € [0.2,3.95] and (0.24,0.25). (c) M.L.E corresponding to (a, b).
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F1Gure 3: Complex dynamics of model (4). (a) r=0.01 with (0.4, 0.5). (b) r=0.12 with (0.4, 0.5). (c) r=0.193 with (0.04, 0.02). (d) r=0.2112
with (0.61, 0.61). (e) r=0.21 with (0.0023, 0.6). (f) r=0.221 with (0.24, 0.22).

5. Numerical Simulations

Here, some simulations will be presented in order to
verify the obtained results in Sections 2 and 4. For instance,
choose €¢=19,h=1, then from (24), one gets d>
0.2052631578947369. Furthermore, ift d=0.5>
0.2052631578947369, then from (23), one gets r>
0.23333333333333317. But for the existence of unique
positive fixed point, it is required that r>e =1.9. So, for
these numerical values and the condition on parameter r

where unique positive fixed point is stable focus is
r>max{0.23333333333333317, 1.9}. Hence, if one choose
parametric value 7 =2.1 which satisfies r>max
{0.23333333333333317,1.9} and b = 0.4,c = 0.5, then it is
clear from Figure 1(a) that E,;,. = (4.8,0.5) is stable
focus. Similarly, Figure 1(b) also shows that E, . of (4) is
stable focus. Now, from (25), one can say that E,,y. of (4)
is unstable focus if # < 0.23333333333333317, and hence, flip
bifurcation takes place if r<0.23333333333333317. For
instance, if 7 =0.09 <0.23333333333333317, then
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FIGURE 4: Strange attractors if r = 0.18 (resp., r = 0.192) with (0.8,0.2).

{, = -1.0842264752180841, but
(2 = 3.084226475218084 +# 1 or — 1. Moreover, A = —-0.5#0
but A = 0.026666666666666672 > 0 which impliels that stable
peridd-2 points bifurcating from E ;... Hence, this sim-
ulation agrees with theoretical results in Section 4. The 2D
bifurcation diagrams with corresponding maximum Lya-
punov exponents for said parametric values are plotted in
Figure 2. Finally, the trajectories associated with Figures 2(a)
and 2(b) are also plotted in Figures 3(a)-3(f) that indicates
(4) exhibits complex dynamics having orbits of period-4,
period-6, period-8, period-12, period-17, and period-18.

5.1. Fractal Dimension. It is defined by using Lyapunov
exponents as follows [30, 31]:

-1
il

with {},...,(, bein% Lyapunov exponents, where ] is the
largest integer s.t. );_, ;>0 and Z;ll {;<0. The fractal di-

mension for considered model (4) becomes

D, =]+ (58)

D, =1+ (59)

GO
1%

Now for values of d, ¢, h,¢,b, and r, two Lyapunov ex-
ponents are numerically computed. If d=0.5
e=19,h=1,c¢=0.5"b= 0.4, then {; = 3.031748015872047
(resp., {, = 3.024648117575002) and (=
~1.0317480158720471 (resp., {, = —1.0246481175750022 for
r =0.18 (resp., r =0.192). So fractal dimension for the
model (4) is

3.031748015872047

do =1+
| — 1.0317480158720471|

= 3.938457810659876 for r = 0.18,
(60)
3.024648117575002

d =1+
| — 1.0246481175750022|

= 3.951889595750518 for r = 0.192.

For above chosen parametric values, strange attractors
are also plotted in Figures 4(a) and 4(b) that demonstrate (4)
has a complex dynamical behavior.

6. Chaos Control

By a state feedback control method, we will stabilize chaotic
orbits at an unstable fixed point motivated from existing lit-
erature [32, 33]. By adding control force C, to model (4), then

Xp = (1 + h(r —€)x, — bhx,y, + C,,

Ve =(1=h(d +¢€)y, +chx,y,,

d+e r—e
C=-g1| x - c _gZ(yt_ b ))

with g, and g, being feedback gains. Now, chEpositive at
E for the controlled system (61) is

(61)

positive
bh
1-g, —7(d+:':)—g2
QC|E = >

positive

(62)

%(r—s) 1
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FiGure 5: Control of chaotic trajectories of (61) ford = 0.5,¢ = 1.9,h = 1,¢ = 0.5,b = 0.4, and r = 0.12 with (0.4,0.5): (a) stability region in

(91> g»)-plane; (b, ¢) dynamics for x, and y,, respectively.
whose auxiliary equation is
-9 (Epositive)(C +9 (Epositive) =0, (63)
with
‘Cj(Epositive) =2-9,
@(Eposiﬁve) =1-g,+ W(r—e)(d+e)+ % (r —€)g,.

(64)

If {,, are roots of (63), then

G+ =2-9 (65)

(G =1-g +h2(r—s)(d+£)+%(r—s)g2. (66)

Here, it is noted that solution of the following equations

(1 =1 (67)
(1 =-1, (68)
(1(2 =1 (69)

gives the lines of marginal stability, which further grantee the
fact that |}, < 1. From (66) and (69), one gets

Ly: —!]1+%(7’—£)gz+h2(r—s)(d+s)=O. (70)
From (65), (66), and (67), one gets
L21%(r—s)g2+h2(r—s)(d+s)=0. (71)

From (65), (66), and (68), one gets
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TaBLE 2: Behavior of model (4) at E;,, and E

positive
Fixed points Respective behavior
B Sink if 0 < h <min{(2/e —r); (2/d + €)}, where e > r; source if h>max{(2/e —r), (2/d + ¢)}, wheree>r
trival Saddle if (2/e —r) <h< (2/d + ¢€); nonhyperbolic if h = (2/e —r)orh = (2/d + ¢)
Never stable focus; unstable focus if > & nonhyperbolic if r = ¢
E Stable node if r > (eh?(d + &) — 4/h* (d + ¢)); unstable node if < (¢h? (d + &) — 4/h* (d + €))

positive

Nonhyperbolic if r = (¢h? (d + €) — 4/h* (d + €))

(72) f(xy) =(1+h(r-e)x —bhxy,

(74)
g(x,y) =(1-h(d+¢€)y+chxy.

L,: 2g, —%(r—e)gz—hz(r—s)(d+e) =4,
Thus, L, L,, and L; in (g;,g,)-plane determines the
triangular region that gives |{;,|<1 (see Figure 5(a)),
whereas Figures 5(b) and 5(c) tell about E,ye that the Flg
chaotic trajectories are stabilized. For the qualitative be-
havior of continuous dynamical systems, we refer the in-

From (73) along with (74), one gets the required results:
= Etrival' (75 )

trival

terested readers to [34-36] and references cited therein. Theorem 4. Epositive 5 a periodic point having prime period-
7. Periodic Points of Model (4) L

Existence of periodic points at Ey;, and Ejqye i inves- Proof. From (73) along with (74), one gets the required
tigated in this section. results:

Theorem 3. E,,;,; is a periodic point having prime period-1. F |Eposilive = Epgsitive- (76)

Proof. From (4), we have
F(x,y) = (f(x ), g(x ), (73)

where Proof. From (73), one gets

Theorem 5. E,. . is a periodic point of period-2,3,...,n.

F(x,) = (1+h(r - o) f (x,y) - bhf (x, y)g (x, y),
(1=h(d+e)g(x, y)+chf (x,9)g (x, Y)=Flg_ = Eposties
F? (x,y) =((1 + h(r =) f* (x, y) = bhf* (x, )g" (x, ),
(1-h(d+)g" (x.) + chf*(x,9)g" (x.))=Flg . = Epositver (77)

Flx,y) =((1+h(r-a)f " (x, ) -bhf " (x,y)g" ' (x, y),
(1=h(d+8)g (6 y) +chf ' (x, 39 (x.3)=Flp . = Eposiive-

positive

So, from (77), one gets the required statement. O 8. Conclusion

In this paper, we have investigated the topological classifi-

Theorem 6. E; i, is @ periodic point of period-2,3,... .0 o0 at fixed points, bifurcation analysis, and chaos in a
model, which is depicted in (4). It is examined that

Proof. From (77), one gets the required statement: Vd, & h,c,b,r model has a trivial fixed point: E,;, and the
) ~ unique positive fixed point: E,,qve if 7 > €. By existing linear

F |Epusmve = Epositive: theory of stability, we have studied the topological classi-

P “E fications at Ey;, and E,,give> and conclusion is reported in

Epositive positive? (78) Table 2. Furthermore, we have examined the existence of

possible bifurcations at Ey;y, and Eoe and proved that

: model (4) does not wundergo flip bifurcation if
F |}5Pmm‘,e = Epositive‘ (b,c,d,h,r,¢) € FB| By and hence, E,;,, is degenerated

triva
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with a higher codimension. We have also examined that if
(b,c,d,h,r,¢e) € HB| _ , then at E ., model (4) does
not undergo N-S bifurcation. Moreover, at fixed point
E ositive> We have proved that model (4) undergoes the flip
bifurcation if (b,c,d,h,r,¢) € FB|y . Some numerical
simulations are performed not only to demonstrate obtained
theoretical results but also to tell the complex behaviors in
orbits of period-4, period-6, period-8, period-12, period-17,
and period-18. We have also computed maximum Lyapunov
exponents numerically. By the feedback control method, we
have stabilized chaos existing in the considered model. Fi-
nally, existence of periodic points at E,, and E of

model (4) is explored.

positive
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