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In the field of control theory, several benchmark systems
of high interest exist in the literature and are frequently
used as fundamental systems for testing emerging control
algorithms. In spite of their simple structure, such systems
have the richest dynamics and still refer to challenging control
problems.
On the other hand, despite being a relatively old subject
in control theory, observer-based control design has regained
much interest in the last few years due to its significant
potential to solve many engineering problems. The non
exact knowledge of systems dynamics, non availability of
state measurements, and the presence of uncertainties and
perturbations could justify such attention. The separation
principle of the controller-observer design is at the heart
of this challenging problem in relation to rather conflicting
requirements such as stability, performance, and robustness.
The first objective of this special issue is to bring the
attention of the scientific community to the importance of
mathematical modeling in the field of control systems. Our
purpose is also to draw a state of the art of the available
benchmarks in this field by focusing on the ability of their
mathematical models to solve many complex control problems. These benchmarks include the following engineering
applications: industrial applications: rotary drilling system,
stirring reactor with heat exchanger, distillation column,
chemical reactor, three-tank process, four-tank process, and
so on; mechanical applications: mass-spring-damper system,
bouncing ball, TORA system, hard-disk drive system, magnetic levitation system, and so on; robotic applications: cart

inverted pendulum, Furuta pendulum, reaction wheel pendulum, beam-and-ball, two-link flexible manipulator, and so
on; automotive applications: vehicle dynamics system, diesel
engine system, battery model, and so on; flight dynamics
applications: VTOL aircraft, HL-20 vehicle, 747 Jet aircraft,
and so on.
The second objective of this special issue is to propose
advanced observer-based control mathematical methods in
relation to the latest engineering problems.
A total of 41 papers were submitted for consideration
of the special issue and only 9 papers were accepted for
publication. Thus, the acceptance rate is less than 22%.
Different types of observers are proposed especially where
various benchmark systems are considered to implement the
proposed observer-based controllers.
In “A Finite-Time Disturbance Observer Based FullOrder Terminal Sliding-Mode Controller for Manned Submersible with Disturbances” by X. Fang and F. Liu, a fullorder terminal sliding-mode controller based on the finitetime disturbance observer for the “JIAOLONG” manned
submersible with lumped disturbances is proposed. The
closed-loop system stability analysis is given by Lyapunov
theory. The simulation results demonstrate the satisfactory
tracking performance and excellent disturbance rejection
capability.
In “Unknown Inputs Nonlinear Observer for an Activated Sludge Process” by F. Smida et al., the authors have
proposed a cascaded high gain unknown inputs nonlinear
observer for an activated sludge process. The proposed
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observer not only estimates the ammonia and substrate
concentration (unmeasurable states) but also reconstructs the
influent ammonia and the influent substrate concentration
(unknown inputs). The simulation results are validated with
experimental data.
S. Ben Warrad et al. have proposed full and reduced
order unknown input observers for a class of linear timedelay systems with multiple delays in their paper titled
“Full and Reduced-Order Unknown Input Observer Design
for Linear Time-Delay Systems with Multiple Delays”. The
existence conditions of the two observers are given. The
proposed concepts are validated via simulation results using
the quadruple-tank benchmark.
In “Sensorless Control for Joint Drive Unit of Lower
Extremity Exoskeleton with Cascade Feedback Observer”
by P. Pei et al., a cascade feedback observer consists of
integral-switching-function sliding mode observer and an
adaptive FIR filter is presented. The stability condition of the
observer is obtained using Lyapunov theory. Simulations and
experiments are carried out to verify its validity.
The paper titled “Attitude Controller Design with State
Constraints for Kinetic Kill Vehicle Based on Barrier Lyapunov Function” is submitted by T. Zhang et al. In their
paper, a nonlinear disturbance observer is designed for estimation and compensation of uncertainties and disturbances.
An adaptive attitude controller is designed for Kinetic Kill
Vehicle combining Barrier Lyapunov function with sliding
mode controller. Numerical simulations validate that the
proposed method can achieve state constraints, pseudolinear
operation, and high accuracy.
In “Discontinuous High-Gain Observer in a Robust Control UAV Quadrotor: Real-Time Application for Watershed
Monitoring” by A. E. Rodrı́guez-Mata et al., a high-gain
observer based on a discontinuous technique is presented.
The high-gain observer estimates external disturbances such
as wind and parameter uncertainties. This observer is used
to design a robust control algorithm for a quadrotor UAV
attitude dynamics to monitor a watershed in real time.
Lyapunov stability theory is used during the design. The
simulation and experimental results validate the nonlinear
observer performance and robustness of the approach under
windy conditions.
R. Wang et al. have presented their paper on “Speed
Control for a Marine Diesel Engine Based on the Combined
Linear-Nonlinear Active Disturbance Rejection Control”. A
compound control scheme with linear and nonlinear active
disturbance rejection controllers along with their switching
policy is proposed to control the speed of a marine diesel
engine. Linear and nonlinear extended state observers are
also used. The simulation results demonstrate that the proposed control scheme has prominent control effects under
both the speed tracking mode and the condition with different types and levels of load disturbance.
In “An Optimal Identification of the Input-Output Disturbances in Linear Dynamic Systems by the Use of the
Exact Observation of the State” by J. Byrski and W. Byrski, a
technique is presented for the estimation of unknown disturbance signals acting in the input and output measurements

Mathematical Problems in Engineering
of a dynamic linear system. Two different integral type state
observers are used in parallel for this purpose.
In “A New Direct Speed Estimation and Control of the
Induction Machine Benchmark: Design and Experimental
Validation” by A. Hmidet et al., a sensorless speed control
technique of an induction machine is presented. The speed is
estimated based on the measured current and voltage of the
stator. Experimental results show that the proposed approach
has interesting capabilities to conduct induction motor in real
time operation with good accuracy.
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In this paper, a compound control scheme with linear active disturbance rejection control (LADRC) and nonlinear active
disturbance rejection control (NLADRC) is designed to stabilize the speed control system of the marine engine. To deal with
the high nonlinearity and the complex disturbance and noise conditions in marine engines, the advantages of both LADRC and
NLADRC are employed. As the extended state observer (ESO) is affected severely by the inherent characteristics (cyclic speed
fluctuation, cylinder-to-cylinder deviations, etc.) of the reciprocating engines, a cycle-detailed hybrid nonlinear engine model is
adopted to analyze the impact of such characteristics. Hence, the controller can be evaluated based on the modified engine model
to achieve more reliable performance. Considering the mentioned natural properties in reciprocating engines, the parameters of
linear ESO (LESO), nonlinear ESO (NLESO), and the switching strategy between LADRC and NLADRC are designed. Finally,
various comparative simulations are carried out to show the effectiveness of the proposed control scheme and the superiority of
switching strategy. The simulation results demonstrate that the proposed control scheme has prominent control effects both under
the speed tracking mode and the condition with different types and levels of load disturbance. This study also reveals that when
ADRC related approaches are employed to the reciprocating engine, the impact of the inherent characteristics of such engine on
the ESO should be considered well.

1. Introduction
Compared with the aviation, rail, and automobile transport,
shipping is known as the most energy efficient and environmental friendly classical mode of transport [1]. The energy
generated by marine diesel engines is widely used in the
domain of ship propulsion [2–5]. In such application, speed
control for the marine main engine becomes a crucial task.
On the one hand, the engine speed should be regulated
effectively over all working points of the engine. Otherwise,
the oscillation of engine speed would lead to abnormal
operating conditions [4], which decreases the service life
of engines and even results in premature failure of the
transmission system in case of severe speed fluctuation
[6]. Moreover, sustained overspeed will cause irreversible

damage to the marine main engine [7]. On the other, an
excellent speed controller can help the engine keep good
power performance under its complex operation conditions,
thus reducing the fuel consumption and emission [8, 9] and
releasing partial burden of the engine control unit (ECU)
from the increasingly strict diesel emission regulations.
The main task of marine engine speed control comprises
tracking the target speed fast and maintaining the engine
speed steady in the presence of the intrinsic instabilities and
disturbances coupled with the fast and dynamic changes of
external environment, load, and operation conditions [7].
Historically, various different strategies have been
adopted on the speed regulation for marine main engines,
such as traditional PID [10], sliding mode control (SMC)
[3], 𝐻∞ control [11], fuzzy control [7], and model predictive
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control (MPC) [12]. Although these control strategies have
been attempted to provide feasible ways to deal with the
marine engine speed control issue, most of them have
corresponding drawbacks. For instance, the parameters
in classical PID need to be readjusted when the engine
operation deviates further from the calibrated situation
caused by the changing of external condition; the chattering
phenomenon in SMC is hard to be eliminated; the control
effect of 𝐻∞ and fuzzy methods is limited because the
operation condition of the marine engine varies widely;
and the implementation of MPC is complex and with
considerable high cost.
So far, speed regulation for diesel engines remains to be
a challengeable mission due to the fact that diesel engines
are inherently high nonlinear, and their load disturbance is
harsh and unpredictable. In fact, the load disturbance not
only varies with the operation condition but also is affected
strongly by numerous other external aspects, such as the
marine weather and the sea surface condition [3, 13]. In
the moderate sea conditions, the load disturbance is mainly
caused by ocean current. However, when a ship navigates
in extreme seas, partial or whole, the propeller disk would
emerge from the water. Hence, different levels of change
in propeller torque might exist and would result in a large
fluctuation in marine engine speed [14].
Focusing on the mentioned sophisticated load disturbance, active disturbance rejection control (ADRC) has been
applied to the marine engine speed control because of its
considerable control effect in dealing with the system with
uncertain disturbances. It has been proved by enormous
practical applications in extensive industrial domains, such
as in [15–18], that ADRC has strong robustness towards
parameters variations, disturbances, and noises. In the field
of marine main engine, for instance, in [19], a nonlinear
active disturbance rejection controller was designed for
a MAN B&W large low-speed diesel engine via a simplified transfer function engine model. In [20], a combined controller based on cerebellar model articulation
controller (CMAC) and ADRC was presented to control
the engine speed on a simplified empirical diesel engine
model coupled with the model of propeller and hull dynamics.
However, in most of the previous articles concerning
marine engine speed control, the controllers were only
evaluated by using simple engine models. The impact of the
intrinsical characteristic of the engine speed on the control
effect of these controllers has been ignored. In terms of
the reciprocating engine, engine speed is naturally cyclic
fluctuation due to the existence of the in-cylinder discrete
torque generation [21, 22]. The periodic instant speed signal
in the crank-angle (CA) domain is cyclic but aperiodic in the
time domain as the engine speed varies [23]. The inherent
speed fluctuation would be more serious when affected by
cylinder-to-cylinder and cycle-to-cycle differences in torque
production [21, 24]. Furthermore, the deviations in engine
speed caused by imbalance working in cylinders are characterized as periodic disturbances in the CA domain [21] rather
than the general time domain, which has been proved as a
difficulty for asymptotic tracking and disturbance rejection
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[23]. In this study, it is found that this phenomenon has a
significant impact on the performance of the ESO.
In general, it is reported that the mean value engine model
(MVEM) is sufficient for controller design [25, 26]. But for
some control algorithms it can be summed up from previous
articles that it is hard to guarantee the objectivity when
designing a speed controller for the reciprocating engine,
because of the existence of these ignored characteristics in
engine speed. For example, as for SMC, there are papers
researched the application by testing MVEM or else simplified engine model, and the results are found to be satisfactory
[3, 27]. Nevertheless, when the similar methods were tested
on a more complex engine model or a real engine, the results
turned out to be less ideal. In [28, 29], the oscillation in speed
caused by the coupling of chattering phenomenon in SMC
and the inherent speed fluctuation in reciprocating engine
cannot be alleviated easily, and the oscillation of control
input is also apparent [27]. Likewise, this is also an inevitable
impact for the controller based on ADRC as the control
performance of ADRC is affected by noise and disturbance
[17, 30].
It should be pointed out that the mentioned issue has
not drawn any attention when the ADRC method is applied
on the engine speed regulation, whereas its impact can
be observed in related articles. In [8], a linear ADRC
(LADRC) framework was adopted to compensate the total
disturbance for idle speed control in a diesel engine. Although
the control performance for sudden load disturbances has
been improved effectively, the steady-state speed variation is
obviously larger than it in the commercial controller where
PID method is employed. As far as the authors know, there is
no analysis about the reason therein.
As mentioned above, the noise and disturbance are
extremely complex and uncertain in marine engines, and the
type and extent of the disturbance are various. Moreover,
the performance of ESO is also affected by the natural speed
fluctuation. Single LADRC or nonlinear ADRC (NLADRC)
may not guarantee control performance over the whole work
conditions. In [31], a systemic analysis of the characteristics
of LADRC and NLADRC is provided. Normally, NLADRC
outperforms LADRC, but when the level of the total noise
and disturbance turns to a certain degree, the performance of
NLADRC will decrease sharply [31]. It is summarized that by
combining LADRC and NLADRC, it leads to a better method
called LADRC/NLADRC switching control (SADRC), which
keeps the merits of both methods. Better control performance
can be obtained when the total disturbance and noise are
complicated, and their amplitudes change widely. This kind
of control strategy has not been tested in marine engine
speed control domain which suffered from the mentioned
sophisticated load disturbance, noise, and the inherent speed
fluctuation.
Motivated by the previous research and the challenges
stated above, a speed controller that employs the SADRC
scheme is designed to deal with the complex noise and
disturbance in the marine engine. Considering the analysis
above about the inadequacy in the validation of the previous
ADRC based controllers for the diesel engine speed control
via MVEMs or simpler engine models, a more detailed engine
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model is adopted, which can exhibit the inherent speed
fluctuation. Aiming at the special features of the engine speed,
the parameters for the proposed controller are adjusted via
analyzing the impact of the inherent speed fluctuation on the
performance of ESO. Finally, in order to show the superiority
of the proposed scheme, comparisons between the proposed
control scheme and other controllers are carried out under
speed tracking mode and various external load disturbance
conditions.
The rest of this paper is organized as follows. A cycledetailed hybrid nonlinear engine model is presented in
Section 2, and the detailed differences between the proposed
engine model and the classic MVEM are compared. In
Section 3, the SADRC algorithm for engine speed control is
described. And the impact of the inherent speed fluctuation
on the performance of ESO is studied, based on which the
parameters in the proposed controller are designed. Section 4
exhibits the control performance of the proposed controller
by comparing with LADRC, NLADRC, and PID controller.
In Section 5, the conclusion is summarized about the whole
work in this study, and a research direction for further work
is discussed.

2. The Cycle-Detailed Hybrid Nonlinear
Engine Model
In this study, the idea in [22, 32] is employed to modify
the common MVEM. By doing such, the advantages in the
MVEM are kept; meanwhile, the inherent speed fluctuation
caused by the discrete torque generation and cyclic deviations
among cylinders can be simulated without making the engine
model more complex and harder to be executed in computation. Figure 1 demonstrates the thermodynamic volumes
for the marine engine. The engine model is composed of five
parts which are the intake and exhaust manifold, cylinders,
intercooler, and turbocharger. In this paper, only the discrete
torque generation process and the final crankshaft dynamic
are provided. Else contents of the engine model, such as
engine cycle delays, intake and exhaust manifold, intercooler,
turbocharger, can refer to the authors’ previous work [5].
2.1. The Discrete Torque Generation Process. The CA signal 𝜑
is calculated by
𝜑 = mod (∫ 6𝑛𝑒 𝑑𝑡, 720) ,

(1)

where 𝑛𝑒 is engine speed and operator “mod” represents
modulus.
Such CA signal is used to decide the timing sequence
for the in-cylinder process. For the individual cylinder, the
discrete torque generation mechanism and the in-cylinder
evolution process can be shown in the form of finitestate machines (FSMs) [22, 32]. Figure 2 shows that the
indicated torque is produced only within the phases “C” to
“E”. Assuming the indicated torque is sustained unchanged
during such phase, the mean indicated torque value in the
whole working cycle can be replaced by the mean indicated
torque during the process from “C” to “E”.

Moreover, to simulate the imbalance working ability
among cylinders, a factor 𝜉𝑖 is defined, which denotes the
cylinder-by-cylinder variation of the cylinder 𝑖. As a result,
𝑖
for the cylinder 𝑖 is shown as
the gross indicated torque 𝑀𝑖𝑔
follows
𝑖
𝑀𝑖𝑔
= 𝑃𝑑𝑢𝑟𝑡𝑖𝑜𝑛

𝑃𝑑𝑢𝑟𝑡𝑖𝑜𝑛

{1
={
{0

𝑖
30 ⋅ 𝑊𝑓𝑖 ⋅ 𝑞𝐻𝑉 ⋅ 𝜂𝑖𝑔
720
𝜉,
𝜋 ⋅ 𝑛𝑒
𝑁𝑐 ⋅ 𝜑𝐹 𝑖

360
360
< 𝜑 < (𝑖 − 1)
+ 𝜑𝑓
𝑁𝑐
𝑁𝑐
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,
(𝑖 − 1)

𝑖
= 𝑓 (𝑛𝑒 , 𝜆𝑖 ) ,
𝜂𝑖𝑔

(2)

(3)
(4)

where 𝑃𝑑𝑢𝑟𝑡𝑖𝑜𝑛 is pulse function, 𝑊𝑓𝑖 is the fuel mass flow rate
𝑖
of the cylinder i, 𝑞𝐻𝑉 is the low calorific value of diesel, 𝜂𝑖𝑔
represents the indicated efficiency of the cylinder i, which can
be defined as a function between the engine speed and air to
fuel ratio (AFR) (defined as 𝜆𝑖 for the cylinder i), 𝜑𝑓 means
the lasting angle of the expansion phase, and 𝑁𝑐 is the number
of cylinders.
The mass fuel flow of the cylinder i, 𝑊𝑓𝑖 , can be calculated
by
𝑊𝑓𝑖 =

𝑛𝑒 ⋅𝑁𝑐 ⋅𝑚𝑓
120

⋅ 10−6 ,

(5)

where 𝑚𝑓 is the control input (fuel injection quality per stroke
per cylinder).
The total gross indicated torque 𝑀𝑖𝑔 is
𝑁𝑐

𝑖
.
𝑀𝑖𝑔 = ∑𝑀𝑖𝑔

(6)

1

2.2. Engine Rotational Dynamic. Combing the indicated
torque from all cylinders, the engine rotational dynamic
equation can be described by
𝐽𝑒

𝑑𝑛𝑒
𝑑𝑡

=

30
(𝑀𝑖𝑔 − (𝑀𝑝 + 𝑀𝑓 + 𝑀𝑙𝑜𝑎𝑑 + 𝑀𝑤𝑎V𝑒 +𝑀𝑛𝑜𝑖𝑠𝑒 )) ,
𝜋

(7)

where 𝐽𝑒 is the total rotary inertia, 𝑀𝑝 is the pumping torque,
𝑀𝑓 is the friction torque, 𝑀𝑙𝑜𝑎𝑑 means the load torque, 𝑀𝑤𝑎V𝑒
represents the load disturbance from wave, and 𝑀𝑛𝑜𝑖𝑠𝑒 is the
total bounded disturbance.
For more information about the engine model and the
mentioned symbols, refer to [5].
2.3. The Comparison between the Cycle-Detailed Hybrid Nonlinear Engine Model and the MVEM. Under the same control
parameters (a PID controller), noise condition, and tested
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Figure 1: Schematic diagram of the marine diesel engine for propulsion.

Figure 3(c) that the speed responses in the two models are
the same in overall, which can be believed as the verification
of the proposed model in this study.

Exhaust condition
computation
H

I
Intake condition
computation

E

C

Torque generation

Figure 2: In-cylinder evolution process (where “I” represents intake
process, “C” compression process, “E” expansion process, and “H”
exhaust process).

process, the individual cylinder indicted torque waveform of
the hybrid engine model can be demonstrated in Figure 3(a).
The comparisons of the total indicated torque and the engine
speed for both engine models are shown in Figures 3(b)
and 3(c), respectively. The right side of Figure 3 denotes
the enlarged plots for the corresponding compared variables
within around one engine working cycle.
Figure 3(a) shows the pulse indicated torque in individual
cylinder. It can clearly illustrate the discrete torque generation
process. Meanwhile, it can be known from Figure 3(b) that
the mean effect of the total indicated torque in the proposed
engine model is almost the same in MVEM. It can be
observed from Figure 3(c) that the inherent speed fluctuation
can be modeled in the proposed engine model. The engine
speed fluctuation (instant and average speed) in the engine
model is significantly larger than that in the MVEM. And
the control effect in the proposed engine model is inferior to
that in the MVEM. Note that the MVEM has been verified
in authors’ previous research [3]. It can be noticed from

3. Controller Design
3.1. Basic Description of the ADRC. It was proved in previous
papers, such as [8, 19, 20], that second-order or even firstorder ADRC is suitable to the engine speed control by
some corresponding simplifications. To improve the speed
control accuracy, we decide to adopt second-order ADRC,
although the engine rotational dynamic model Equation (7)
is first-order. On one hand, having the engine system with
inevitable delay (such as turbocharge lag and cyclic combustion delay), the first-order ADRC would not guarantee
control performance in some working conditions. On the
other, the second-order ADRC has better adaptability and
disturbance prediction ability [33], which will improve the
control performance in the case of sophisticated working
conditions for marine diesel engines. In order to show clearly
the advantage of the using second-order ADRC, Figure 4
gives the control performance comparison between them. It
is obvious that the overshoot, settling time, and the steadystate speed fluctuation in the former are larger than those in
the latter.
Taking the derivative of both sides of (7), we can get

𝑛𝑒̈ =

30 ̇
𝑀 − 𝑓 (𝑛𝑒 , 𝑛𝑒̇ , 𝜆𝑖 , 𝜔 (𝑡))
𝜋𝐽𝑒 𝑖𝑔

(8)

where 𝑛̇𝑒 is the derivate of engine speed 𝑛𝑒 , 𝜔(𝑡) means
the unknown disturbance and unmodeled dynamics,
𝑓(𝑛𝑒 , 𝑛̇𝑒, 𝜆𝑖 , 𝜔(𝑡)) = 30(𝑀̇ 𝑝 + 𝑀̇ 𝑓 + 𝑀̇ 𝑙𝑜𝑎𝑑+𝑀̇ 𝑛𝑜𝑖𝑠𝑒 + 𝑀̇ 𝑤𝑎V𝑒 )/𝜋𝐽𝑒 ,
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Figure 3: The comparisons of both engine models. (a) Individual cylinder indicated torque in the proposed engine model. (b) Total indicated
torque of both engine models. (c) The speed responses of both engine models.

is an unknown and time-varying function, and 𝑀̇ 𝑖𝑔 can be
written as
𝑁𝑐

𝑖
𝑀̇ 𝑖𝑔 = ∑𝑀̇ 𝑖𝑔
= 𝐾 ⋅ 𝑔 (𝑛𝑒 , 𝑛̇𝑒 , 𝜆𝑖 ) ⋅ 𝑚𝑓̇

(9)

1

where 𝐾 = (180𝑞𝐻𝑉𝜉𝑖 /𝜋𝜑𝐹 𝐽𝑒 )10−6 , 𝑔(𝑛𝑒, 𝑛𝑒̇ , 𝜆𝑖 ) ⋅ 𝑚𝑓̇ =
𝑁
𝑖
(𝑛𝑒 , 𝜆𝑖 ) ⋅ 𝑚𝑓 )/𝑑𝑡) is a nonlinear
∑1 𝑐 (𝑑(𝑃𝑑𝑢𝑟𝑡𝑖𝑜𝑛 (𝑛𝑒 ) ⋅ 𝜂𝑖𝑔

time-varying function and 𝑚𝑓̇ is an intermediate variable
without practical significance.
Combining (8) and (9), a new second-order dynamic
model for engine speed can be constructed as follows
𝑛𝑒̈ = 𝐾 ⋅ 𝑔 (𝑛𝑒, 𝑛̇𝑒 , 𝜆𝑖 ) ⋅ 𝑚𝑓̇ − 𝑓 (𝑛𝑒 , 𝑛̇𝑒 , 𝜆𝑖 , 𝜔 (𝑡))
= 𝑏 (𝑡) ⋅ 𝑚𝑓 − 𝑓 (𝑛𝑒 , 𝑛̇𝑒 , 𝜆𝑖 , 𝜔 (𝑡)) ,
where 𝑏(𝑡) = (30𝐾 ⋅ 𝑔(𝑛𝑒 , 𝑛̇𝑒 , 𝜆𝑖 ) ⋅ 𝑚𝑓̇ )/𝜋𝐽𝑒𝑚𝑓 .

(10)
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Figure 4: The control performance comparison between first-order
and second-order ADRC.

Defining 𝑥1 = 𝑛𝑒, 𝑥2 = 𝑛𝑒̇ , 𝑥3 = 𝑓(𝑛𝑒 , 𝑛̇𝑒 , 𝜆𝑖 , 𝜔(𝑡)), 𝑢 =
𝑚𝑓 , (10) can be rewritten in the form of state-space as follows
𝑥1̇ = 𝑥2
𝑥2̇ = 𝑏 (𝑡) 𝑢 − 𝑥3
(11)

𝑥3̇ = 𝑓 ̇ (𝑛𝑒 , 𝑛𝑒̇ , 𝜆𝑖 , 𝜔 (𝑡))
𝑦 = 𝑥1

where 𝑥3 represents the nonlinear dynamics of the engine,
including the total lumped disturbance.
Hence, focusing on the state-space Equation (11), we study
the second-order ADRC for diesel engine speed control in
this study. According to [34], a general third-order ESO for
the second-order system Equation (11) can be given as
𝑒 (𝑘) = 𝑧1 (𝑘) − 𝑦

(12)

𝛼𝑖 < 1, this function can represent the characteristic of “small
error, big gain; big error, small gain”. When 𝛼𝑖 = 1, it becomes
a linear function.
To show clearly the effect of “small error, big gain; big
error, small gain”, according to [31], function 𝑓𝑎𝑙(𝑒(𝑘), 𝛼𝑖 , 𝛿)
can be rewritten as
𝑓𝑎𝑙 (𝑒 (𝑘) , 𝛼𝑖 , 𝛿) =

𝑓𝑎𝑙 (𝑒 (𝑘) , 𝛼𝑖 , 𝛿)
𝑒 (𝑘)
𝑒 (𝑘)

𝑧3 (𝑘 + 1) = 𝑧3 (𝑘) − ℎ𝛽03 𝜑3 (𝑒 (𝑘))
where 𝑦 is the system output, ℎ is step size, 𝑢(𝑘) is the control
input at instant k, 𝑏0 is the control gain, 𝛽0𝑖 (i=1,2,3) are the
gains of observer, 𝑧1 (𝑘) and 𝑧2 (𝑘) are the estimation of the
system states at the instant k, 𝑧3 (𝑘) is the estimation of the
total disturbance at the instant k, and 𝜑𝑖 (𝑒(𝑘)) (i=1,2,3) are
nonlinear functions, which can be defined as
𝜑𝑖 (𝑒 (𝑘)) = 𝑓𝑎𝑙 (𝑒 (𝑘) , 𝛼𝑖 , 𝛿)

= 𝜆 𝑖 (𝑒 (𝑘) , 𝛼𝑖 , 𝛿) 𝑒 (𝑘)
For instance, 𝛼 = 0.25, and taking 𝛿 as 0.05, 0.1, and 0.15,
respectively, a set of curves for 𝜆 𝑖 (𝑒(𝑘), 𝛼𝑖 , 𝛿) can be obtained
in Figure 5.
Hence, state error feedback control law can be defined as

𝑒2 = V2 (𝑘) − 𝑧2 (𝑘)

(15)

where V1 (𝑘) and V2 (𝑘) are the set-points and their differential
at the sampling instant k, respectively, and 𝛽1 and 𝛽2 are the
control gains, which can be considered as nonlinear or linear
control law based on the value of 𝛼𝑖 .
In this study, to reduce both the amplification effect of
noise and the burden of parameters tuning, we adopt linear
control law. Hence, the state error feedback control law can
be written as
𝑢0 = 𝛽1 𝑒1 + 𝛽2 𝑒2

|𝑒 (𝑘)| ≤ 𝛿

(14)

𝑢0 = 𝛽1 𝑓𝑎𝑙 (𝑒1 , 𝛼𝑖 , 𝛿) + 𝛽2 𝑓𝑎𝑙 (𝑒2 , 𝛼𝑖 , 𝛿 )

+ ℎ (𝑏0 𝑢 (𝑘) + 𝑧3 (𝑘) − 𝛽02 𝜑2 (𝑒 (𝑘)))

𝑒 (𝑘)
{ 1−𝛼
= {𝛿 𝑖
𝛼𝑖
{|𝑒 (𝑘)| sgn (𝑒 (𝑘))

Figure 5: Demonstration of the function 𝜆 𝑖 (𝑒(𝑘), 𝛼𝑖 , 𝛿) when 𝛼 =
0.25.

𝑒1 = V1 (𝑘) − 𝑧1 (𝑘)

𝑧1 (𝑘 + 1) = 𝑧1 (𝑘) + ℎ (𝑧2 (𝑘) − 𝛽01 𝜑1 (𝑒 (𝑘)))
𝑧2 (𝑘 + 1) = 𝑧2 (𝑘)

=0.05
=0.1
=0.15

(13)

|𝑒 (𝑘)| > 𝛿

where 𝛼𝑖 and 𝛿 can be decided in advance; some recommended values are summed up in Han’s research [35]. When

(16)

Considering the disturbance compensation, the control
input can be given as
𝑢 (𝑘) = 𝑢0 −

𝑧3 (𝑘)
𝑏0

(17)
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3.2. Scheme of SADRC for Marine Engine Speed Control. As
the state error feedback control law is chosen to be linear, the
switching scheme for SADRC refers to the shift between the
linear ESO (LESO) and the nonlinear ESO (NLESO).
Motivated by [31], the switch process depends on the
value of 𝑒(𝑘). We do not consider the transition time as
another shift condition as in [31]. Hence, only a specific
value 𝑒𝑚 should be decided, thus the shift between LESO
and NLESO can be completed. To be specific, in the case of
|𝑒(𝑘)| < 𝑒𝑚 , NLESO works; otherwise, LESO takes the place
of it. The method for selecting 𝑒𝑚 proposed in [31] cannot be
used directly in this study. The reason will be explained after
introducing the parameters tuning of ESO (see Remark 2).
Given the input saturation of the actuator, the input signal
for ESO diverges from the original control input, which
causes the inaccurate estimation of the total disturbance in
ESO. As shown in [36] and the references therein, a simple
solution is to replace the control input for ESO by the
saturated value of actuator.
To sum up, we can get the SADRC controller for marine
engine speed control as illustrated in Figure 6.
3.3. Parameters Tuning of the SADRC for Marine Engine Speed
Control. The parameters tuning in ADRC are sophisticated
as there are multiple parameters that need to be adjusted,
especially for NLADRC. Gao proposed a tuning method
based on observer bandwidth for LADRC [30]. The parameters of LESO can be chosen as
𝛽01 = 3𝜔𝑜 ,
𝛽02 = 3𝜔𝑜2 ,
𝛽03 =

(18)

𝜔𝑜3 ,

𝜔𝑜 = 5∼10𝜔𝑐 ,

(19)

where 𝜔𝑜 denotes the bandwidth of observer, which has a
relationship with the control bandwidth 𝜔𝑐 .
The determination of 𝜔𝑐 can be found in [37], and it can
be calculated by
𝜔𝑐 =

10
𝑡∗𝑠

(20)

where 𝑡∗𝑠 denotes the desired setting time, which can be
obtained by practical demand.
Initially, in this study, for the target engine, according to
its response time (refering to Figure 4, the settling time for the
acceleration and deceleration processes is within the range
from 1s to 2s), the desired setting time is set to be 2s, i.e.,
𝑡∗𝑠 ≈ 2𝑠. The choice of 𝑡∗𝑠 should consider the limitation of
the engine, including the mechanical safety and emission; for
example, to obtain small 𝑡∗𝑠 , the engine needs to run with
quick speedup procedure, which would cause incomplete
combustion or even damage to engine. Then we can get 𝜔𝑐 = 5
by (20). Choosing 𝜔𝑜 = 8𝜔𝑐 = 40, the parameters in LESO
can be obtained with the method of (18) Thus, we have 𝛽01 =
120, 𝛽02 = 4800, 𝛽03 = 64000. Note that the variations among
cylinders have not been considered firstly, i.e., the factor 𝜉𝑖 =
1.

On the basis of the initial parameters of LESO, the proper
control parameters of linear error state feedback (LESF) are
decided via trial-and-error approach in the proposed engine
model. During such process, we follow some fundamentals:
the delay in disturbance estimation depends on 𝛽03 , the
bigger 𝛽03 , the less delay, but oversize 𝛽03 leads to oscillation;
meanwhile, the control performance can be improved to a
certain degree by adjusting 𝛽01 and 𝛽02 coordinately. Finally,
we get the proper parameters for LESO: 𝛽01 = 200, 𝛽02 =
10000, 𝛽03 = 60000, and parameters for LESF: 𝛽1 = 4.5,
𝛽2 = 0.15, 𝑏0 = 500. The control effect will be given in next
section.
As for NLADRC, in [31], empirical formulas are summarized for the parameters design in NLESO. They can be
decided as follows

𝛽01
= 3𝜔𝑜 ,

=
𝛽02

3𝜔𝑜2
,
5


𝛽03
=

𝜔𝑜3
.
9

(21)

Remark 1. It is not possible to get feasible parameters to
keep stability by (21) in this study. To get suitable parameters
for NLESO, the impact of the inherent characteristics of the
engine (such as speed fluctuation) on the performance of the
ESO needs to be analyzed. But firstly, some parameters can be
decided as 𝛼1 = 1, 𝛼2 = 0.5, 𝛼3 = 0.25 by common previous
experience [35].
Meanwhile, to illustrate the necessity of taking into
account the inherent speed fluctuation while designing
ADRC related controller for engine speed control, the estimation performances of the ESO between the proposed engine
model and the MVEM are compared in detail. We find it
easier to get the parameters of LESO in MVEM. The values
calculated directly from (18) are adequate, i.e., 𝛽01 = 120,
𝛽02 = 4800, 𝛽03 = 64000. Moreover, the parameters for LESO
in the MVEM have a wider range than those in the proposed
engine model.
The tracking curves of LESO state 𝑧1 and 𝑧2 for both
engine models are shown in Figure 7. The tracking performance for 𝑧3 is not given for the total disturbance is
unknown. Note that the noise condition is the same in both
engine models. Moreover, the sampling and control time are
designed to be 0.01s (ℎ = 0.01) in both engine models.
It can be observed from Figure 7 that 𝑧1 and 𝑧2 can
appropriately track the system states. However, significant
differences can be seen between the tracking curves of the
two engine models. In the proposed engine model, the bound
of the distribution of the tracking error 𝑒(𝑘) is [−1.5, 1.5], and
most of 𝑒(𝑘) distributes in the range [−1.0, 1.0], whereas there
is an order of magnitude difference for the corresponding
values in the MVEM. Also, the changing frequency of these
variables is apparently different in the two engine models. It
is higher in the MVEM. The main reason is that the speed or
torque changing is cycle based in the proposed engine model,
while it is time based in the MVEM. From Figure 7 (c1), (c2),
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Figure 6: Basic control structure diagram of the SADRC method for marine engine speed control.
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Figure 7: The tracking condition of the LESO state under different engine models. (a1) The tracking curves of 𝑧1 and 𝑦 in the proposed engine
model. (b1) The error between 𝑧1 and 𝑦 in the proposed engine model. (c1) The tracking curves of 𝑧2 and 𝑑𝑦/𝑑𝑡 in the proposed engine model.
(d1) The error between 𝑧2 and 𝑑𝑦/𝑑𝑡 in the proposed engine model. (a2), (b2), (c2), and (d2) represent the corresponding variables in the
MVEM, respectively.
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on the one hand, the advantage in NLESO is kept when
𝑒(𝑘) < 1, and, on the other, LESO can avoid the performance
degrading in NLESO when 𝑒(𝑘) > 1. The choice of 𝑒𝑚
is based on the characteristics in engine rather than the
recommended value in [31]. The rationality to choose 𝑒𝑚 = 1
as the switching condition also was mentioned in [40].
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Figure 8: The comparisons of speed tracking performance.

we know that the estimated differential 𝑧2 is more smooth
than the time-derivative of 𝑦 (𝑑𝑦/𝑑𝑡). This means that the
LESO can effectively filter the disturbed time-derivative of 𝑦
then lessen the noise effect on the control performance in the
MVEM. On the contrary, this effect is not obvious or weak in
the proposed engine model.
Since the tracking performance can hardly be improved
by tuning the parameters of LESO in this study, it can be
concluded that the performance of ESO (including LESO
and NLESO) is limited by the inherent property in speed
fluctuation, and the distribution of 𝑒(𝑘) mentioned above is
a kind of inherent property in reciprocating engines. This
is different with other references, such as in [30, 31, 38, 39],
where the tracking error 𝑒(𝑘) is with a very small distribution
range under steady-state. This property cannot be eliminated
in the reciprocating engine. Furthermore, in a real engine,
when 𝑒(𝑘) is affected by the coupled effect of the inherent
speed fluctuation and other noise and disturbance, the actual
𝑒(𝑘) would far exceed the bound [−1.0, 1.0] inevitably. As a
result, the estimating capacity of NLESO would deteriorate
sharply, due to the fact shown in Figure 5 that the equivalent
gain 𝜆 𝑖 (𝑒(𝑘), 𝛼𝑖 , 𝛿) < 1 when 𝑒(𝑘) > 1.
Remark 2. Under the background mentioned above,
an enlightenment is got for designing the parameters



𝛽01
, 𝛽02
, 𝛽03
, 𝛿 in NLESO and 𝑒𝑚 in SADRC. The basic rule
is to avoid excessively amplifying the inherent property
in speed fluctuation when 𝑒(𝑘) < 1, which requires that
the nonlinear gains maintain with relatively small value
while 𝑒(𝑘) < 1. Therefore, 𝛿 is chosen to be 0.1 to limit



the maximum in gains. Then 𝛽01
, 𝛽02
, 𝛽03
are regulated by
reducing the corresponding value in obtained 𝛽01 , 𝛽02 , 𝛽03
(for LESO). Eventually, the proper parameters for NLESO



can be determined as 𝛽01
= 150, 𝛽02
= 1200, 𝛽03
= 5800.
The switching condition is chosen as 𝑒𝑚 = 1, it means that,

4.1. Engine Speed Tracking Performance. As it is exhibited
in Figure 8, to simulate the real acceleration and deceleration processes in a marine diesel engine for propulsion,
ramp references are adopted. And four controllers (LADRC,
NLADRC, SADRC, and PID) are compared to prove the
superiority of the proposed method. The control parameters
of the classical PID are well tuned by trail-and-error scheme
with the consideration of wind-up scheme. Note that the load
torque is normalized during these processes, and noise load
is set as banded white noise with a basic constant 200 N⋅m.
Besides, the cylinder-by-cylinder variation degree is designed
as [𝜉1 , 𝜉2 , 𝜉3 , 𝜉4 , 𝜉5 , 𝜉6 ]𝑇 = [1.0, 0.95, 1.0, 0.95, 0.95, 1.0]𝑇 .
Although the control parameters in the comparative controllers are obtained under the condition that there is no
variation between cylinders, it is reasonable and necessary
to assess the control effect under the imbalance cylinder
condition. Because the imbalance cylinder working ability
would occur and be different with its original condition when
the controller was designed due to varying dynamics and
ageing of components of the fuel injection system [41].
From Figure 8: Zoom1 and Zoom3, it can be observed
that in both the acceleration and deceleration processes,
LADRC, NLADRC, and SADRC are better than PID in terms
of the control performance in overshoot and settling time.
Moreover, LADRC and SADRC present slight advantage
in overshoot when compared with NLADRC. As shown
in Figure 8: Zoom2, the steady-state speed fluctuation in
NLADRC and SARDC is obviously smaller than that in
LADRC, followed by PID. When synthetically considering
the control effects in overshoot and steady-state speed fluctuation, it is apparent that SADRC is the best one during the
speed tracking process.
4.2. Anti-Interference Ability under Mutation Load Disturbances. As mentioned in the section above, when the ship
voyages in the sea, the load torque is affected by wave.
The load conditions become complex for marine engine.
Especially, when sea waves make the partial or total propeller
out of water surface then drop into water again, the load of
engine would change violently. Under the same simulation
condition as mentioned above, we design three different
mutation loads to validate the proposed control scheme.
As displayed in Figure 9(a), when the mutation load
is large (100% full load), the speed variations and settling
time in LADRC and SADRC are obviously smaller than
those in NLADRC and PID. Unexpectedly, the settling time
in NLADRC is the longest; it is even far inferior to that
in the classical PID. When the mutation load becomes to
medium degree (60% full load), as shown in Figure 9(b),
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Figure 9: The speed responses under different levels of mutation load. (a) 100% full load. (b) 60% full load. (c) 20% full load.

the speed variations in LADRC, NLADRC, and SADRC
are similar. Although the settling time in NLADRC catches
up with that in PID, it is still not as good as that in the
LADRC and SADRC. When the mutation load is small (20%
full load), seen in Figure 9(c), both the speed variations
and settling time in LADRC, NLADRC, and SADRC are
almost the same. To understand well the impact of the
extents of the load changing on the control performance of
the comparative controllers, the estimate error of ESOs is
compared in Figure 10. When the extents of load changing
are larger (100% and 60% full load), the tracking error 𝑒(𝑘) in
ESOs is far beyond the bound [−1, 1] (see Figure 10, (a1, a2,

a3, b1, b2, b3)), which results in performance deterioration
for NLESO. This is the reason why the NLADRC shows bad
control performance in such conditions. On the contrary,
when the load change is smaller (20% full load), the tracking
error 𝑒(𝑘) in ESOs is similar and within the bound [−1, 1]
(see Figure 10, (c1, c2, c3)); as a result, the speed deviation
and settling time during such processes for the ADRC related
controllers are almost the same.
Besides, the control effects of the steady states after
unloading different loads (during the time from 1.5s to 2.5s)
are enlarged in the corresponding subplot in Figure 9. It can
be observed that only SADRC can consistently maintain the
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Figure 10: The tracking error 𝑒(𝑘) in ESOs under different levels of mutation load. (a1, a2, a3) 100% full load. (b1, b2, b3) 60% full load. (c1,
c2, c3) 20% full load.

smallest speed fluctuation. To distinguish more clearly the
control effect of the controllers under steady-state, the criteria
in integral absolute error (IAE) of the system output and the
total variation (TV) of the control signal are calculated. The
TV index represents the manipulated input usage, which can
be computed by (22), and detailed information can be found
in [42–44].
∞



TV = ∑ 𝑢𝑖+1 − 𝑢𝑖  ,

(22)

𝑖=1

where [𝑢1 , 𝑢2 , . . . , 𝑢𝑖 , . . .] represents the discretized control
input 𝑢.
Hence, a more detailed comparison in the criteria of IAE
and TV for the three mentioned steady states is manifested
in Table 1. It can be seen that the value of IAE in SADRC is

significantly smaller than that in another three controllers,
which means SADRC has better adaptability under steadystate after different levels of sudden load changing. As for
the TV values, PID has less values in all the compared cases,
which means that the control signal in PID is more smooth
(as shown in Figure 11). From Figure 11, it can be observed
that the control input in LADRC and SADRC adapts more
quickly. On the one hand, it is similar to the explanation in
[8] that faster antidisturbance ability is achieved by regulating
the control input (fuel injection quality) quickly. On the other
hand, it is also a drawback if high frequency oscillation with
large amplitude occurs in control input. The existence of the
inherent speed fluctuation and the imbalance working ability
among cylinders are the main reason of such oscillation.
From Table 1, we also know that, compared with LADRC,
after unloading a larger load (100% and 60% full load), the

IAE
TV

LADRC
0.193
65.3

After unloading 100% full load
NLADRC
SADRC
0.148
0.136
59.5
58.8
PID
0.241
12.1

LADRC
0.241
96.7

After unloading 60% full load
NLADRC
SADRC
0. 330
0.222
88.2
90.9
PID
0.392
21.7

LADRC
0.350
141.5

Table 1: The criteria of IAE and TV for different controllers after different mutation load processes.
After unloading 20% full load
NLADRC
SADRC
0.546
0.314
140.6
138.2

PID
0.808
31.1
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Figure 11: The comparison of control signal for the four controllers
under mutation load (change 100% full load) condition.

300 N⋅m, the wave load disturbance reaches to a limiting
case compared with the normalized load torque at 1800 rpm;
hence, it can be concluded that the SADRC has the best
performance in the index of IAE under different levels of
possible wave disturbance. As for the index in TV, compared
with the ADRC related controllers, the PID controller gains
the smallest values. One reason is as mentioned above that
the ADRC related controllers can react faster to the load
disturbance, leading to the oscillation in control signal.
By combing the NLADRC and LADRC, the TV values in
SADRC have been reduced by 13%, 8%, and 10% under
the three cases, respectively. From Figure 13, we know that,
under different levels of wave load, the tracking error 𝑒(𝑘) in
ESOs exceeds the bound [−1, 1], especially when wave load is
larger. With the switching scheme, the SADRC can combine
the use of NLADRC and LADRC to obtain better control
performance when the tracking error 𝑒(𝑘) in ESOs changes
with the disturbance load. It can be regarded as an adaptation
ability for SADRC.

5. Conclusions and Future Work
TV values in SADRC have a reduction of about 10% to 6%.
When after unloading a smaller load (20% full load), such
reduction is unapparent. The reason is that the estimate error
𝑒(𝑘) starts to exceed the bound [−1, 1] (as shown in Figure 10
(c1, c2, c3), during the time from 1.5s to 2.5s), resulting in
the performance deterioration in NLESO. This is also the
reason why the IAE value in NLADRC gets larger than that
in LADRC and SADRC after unloading 20% full load.
In overall, SADRC maintains the same speed deviation as
LADRC under load changing process, but smaller speed fluctuation and less oscillation in control signal under the steadystate after unloading process. Compared with NLADRC,
SADRC has less settling time when the level of sudden load
change is large and less speed fluctuation under steady-state
after unloading. It can be concluded that SADRC has evident
superiority to deal with the different degrees of sudden load
change.
4.3. Anti-Interference Ability under Wave Load Disturbances.
The wave load disturbance is another typical inevitable
perturbation for marine engine. Considering the value of
normalized load torque at 1800 rpm, three sine waves with
different amplitudes are designed to represent different intensities of the wave load; the amplitudes are 100 N⋅m, 200 N⋅m,
and 300 N⋅m, respectively. And the frequency is set to be
0.2 Hz.
Figure 12 gives the speed responses of the four controllers
under the three different wave load disturbances. Intuitively,
the speed fluctuation in PID is the largest among them. To
show clearly the control performance in these controllers,
the comparison in the indexes of IAE and TV are given
in Table 2. When wave load is smaller (amplitude is 100
N⋅m or 200 N⋅m), the values of IAE for SADRC are the
smallest among the four controllers. Inversely, the IAE values
of the LADRC show significant disadvantage when wave load
is larger than 100 N⋅m. Note that when wave amplitude is

Among the previous ADRC related articles on the marine
engine speed control, the impact of the intrinsical characteristics of the reciprocating engine on the control effect of
ADRC is ignored. One important intention of this paper
is to design an ADRC based controller for marine diesel
engine with the consideration of the mentioned characteristics. To this end, a cycle-detailed hybrid nonlinear engine
model which can simulate the inherent speed fluctuation is
employed to evaluate the ADRC based controller.
Single LADRC or NLADRC is not enough to keep
good control effect due to the strong nonlinearity, complex
disturbance, and the extra inherent speed fluctuation in
marine engines. The compound of LADRC and NLADRC
is introduced to keep the merits of both methods. On the
basis of the proposed engine model, the impact of the
inherent speed fluctuation on the performance of the ESO
is analyzed. Then the control parameters are adjusted with
the consideration of such features for the proposed controller
by modifying the previous approaches in the references.
The proposed scheme is compared with LADRC, NLADRC,
and well-tuned conventional PID via numerical simulations.
The results indicate that the SADRC controller gains the
advantages of both LADRC and NLADRC. It provides better
control effect in speed tracking and also has preponderance in
keeping better control performance under different levels of
both mutation disturbance and wave disturbance. However,
we also find that the control input oscillation in ADRC related
controllers is stronger than that in PID under the proposed
engine model.
As it is found that, for ADRC related approaches, the existence of inherent speed fluctuation and cylinder variations in
reciprocating engines would affect its control performance,
making the parameters tuning difficult and causing the oscillation in control input, our future work will be focused on
studying the method to improve the control performance of
ADRC for engine speed control and alleviate such oscillation.
One possible way would be making use of filter method
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Figure 12: The speed responses under different levels of wave load. (a) Wave amplitude is 100 N⋅m. (b) Wave amplitude is 200 N⋅m. (c) Wave
amplitude is 300 N⋅m.

IAE
TV

LADRC
6.2
1546.2

Wave amplitude: 100 N⋅m
NLADRC
SADRC
6.4
5.9
1425.9
1349.1
PID
11.3
379.5

LADRC
9.3
1540.5

Wave amplitude: 200 N⋅m
NLADRC
SADRC
8.0
7.9
1431.2
1416.4
PID
20.1
391.8

LADRC
12.8
1612.5

Table 2: The indexes of IAE and TV for different controllers during different wave load conditions.
Wave amplitude: 300 N⋅m
NLADRC
SADRC
10.3
10.4
1464.9
1444.4

PID
28.1
469.9
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amplitude: 200 N⋅m. (c1, c2, c3) Wave amplitude: 300 N⋅m.

[45, 46]. The proposed method needs to be further verified
on the real engine bench as well.
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A control algorithm that is robust with respect to wind disturbances for a quadrotor UAV attitude dynamics is presented. The
proposed approach consists of a high-gain observer based on a discontinuous technique. Such an algorithm is embedded on board
the quadrotor. The high-gain observer estimates external disturbances such as wind and parameter uncertainties, and a control
algorithm is designed to compensate these undesired effects. The observer design is based on Lyapunov stability theory; simulation
results and experiments validate the nonlinear observer performance and robustness of the approach under windy conditions.
Also, a photogrammetry survey was carried out to develop Digital Elevation Models in order to experimentally demonstrate the
effectiveness of our approach. The accuracy of such models was compared and the performance improvement is demonstrated.

1. Introduction
The research area of Unmanned Aerial Vehicles (UAVs or
drones) has observed a rapid growth in the last decade. This
is due to the ability of UAVs to effectively perform a wide
range of applications at low cost and safely manage human
resources. Nowadays, drones are being used in several outdoors missions including monitoring, agricultural services,
mapping and photographing, battle damage assessment, border interdiction prevention, among others [1, 2]. In order to
accomplish the aforementioned applications, it is required
to guarantee a stable flight of the UAV by means of control
algorithms.
1.1. State of the Art of Robust Controllers for UAVs. Several
works propose control algorithms for UAVs to counteract
wind effects within the limits of the UAV flight envelope.
In [3], the authors employ an extended state observer to
estimate aerodynamic disturbances for an UAV coaxial-rotor;
such an approach was only tested in simulations. In [4],

the authors propose a Terminal Sliding Mode Control for
position stabilization of a quadrotor. Such a controller does
not estimate any disturbance; however the robustness of the
controller relies on the properties of sliding mode closedloop system. Reference [5] presents a robust adaptive altitude
control on 𝑆𝑂(3); the authors present some experimental
results of a test bench where a quadrotor is attached to a
bar limiting their movements. In [6], a controller with a
disturbance observer is designed to stabilize the rotational
error dynamics of a fixed-wing morphing UAV. Reference
[7] solved the problem of guidance of a fixed-wing UAV
under wind disturbances using a kinematic model based
on Serret-Frenet framework. The authors assume that wind
disturbances are quasiconstant; simulation results demonstrate the effectiveness of their results. On the other hand,
control schemes are proposed with an accurate system model
where the uncertainties of the system are not considered. For
instance, in [8] a nonlinear disturbance observer is designed
to solve the problem of disturbance estimation for dynamical
systems based on the relationship between disturbance and
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output. Several works have demonstrated that the use of
robust high-gain observers interconnected with controllers
ameliorates the system robustness [9]. As one can see in
some of the aforementioned works, under certain conditions
and assumptions, observers are capable of estimating certain
system disturbances such as wind gusts effects. Such an
approach is investigated in this paper.
1.2. State of the Art of Observers and Control. From control
theory perspective, some authors have shown that the use
of state observers interconnected with controllers provides
robustness to the closed-loop system [9, 10]. In this regard,
sliding mode and high-gain observers have been an effective
approach in handling disturbances and modeling uncertainties in different types of systems. More recent research of
nonlinear systems based on dynamical transformations to
obtain an unknown parameter canonical representation are
presented in [11, 12]. Adaptive observers for linear systems
with a parameter adaptation algorithm has been presented in
[13, 14]. Both state and disturbances are estimated for MIMO
linear systems assuming that detectability and persistently
exciting (PE) hold in [15–18]. As an alternative to the adaptive
approach, various robust techniques have been considered.
The most relevant are the sliding mode technique investigated
in [15, 19, 20]. Regarding the use of some of the abovementioned theoretic schemes in UAVs, we can cite [21],
where a PID control technique to maintain a UAV in hover
under intense turbulent environments is presented. Also,
[22] proposes a design and implementation of a simple but
effective feed-forward controller for wind gust compensation.
Such an approach provides a stable and accurate flight under
windy conditions. In [23, 24] some robust altitude controllers
have been proposed for miniature quadrotors; however such
studies are carried out in controlled environments.
1.3. State of the Art of Environmental Studies Using Drones.
One of the drone applications is in the area of photography
applied to environmental studies of rivers and watersheds,
which allow the estimation of the main morphometric
features of these environmental systems such as volume,
surface, length, depth, among others [25, 26]. Environmental
factors such as wind gusts affect the quality of data acquisition
(photographs) during the construction of high resolution
Digital Elevation Models (DEM). These models are used to
study the terrain elevations and to model the hydrodynamics
and water quality of waterbodies [27]. From this point of view,
it is important to obtain reliable data to ensure the accuracy
of such models. During a photogrammetry survey, DEMs
accuracy can be affected by drone angle movements produced
by wind, causing a distortion in the photographs. By the
aforementioned discussion it is required to compensate wind
gust by an intelligent control algorithm. This work deals with
such a problem.
1.4. Contribution. We present a control and estimation algorithm to estimate and compensate uncertainties and external
disturbances in a quadrotor attitude control. This algorithm is
based on a sliding mode high-gain observer. Once we obtain
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Figure 1: Quadrotor: body and inertial coordinates used for
modeling.

a disturbance estimate, it is used to compensate the effects
caused by the original disturbance. The main goal of the
algorithm consists of maintaining the quadrotor aircraft in
hovering flight through a disturbance compensation generated by wind gusts. The performance of the overall system is
evaluated at simulation level and with real-time experiments.
1.5. Paper Organization. The remainder of this paper is organized as follows: Section 2 describes the quadrotor dynamical
model; also in such section the problem formulation is
presented. Section 3 shows the controller design process and
describes how the nonlinear observer is developed; also
the overall closed-loop system stability is shown. Section 4
presents simulations results obtained with the presented
approach, and also the effectiveness of this technique is evaluated through real-time experiments with a quadrotor UAV.
Finally, Section 5 gives a brief conclusion of the nonlinear
disturbance observer algorithm.

2. Modeling and Problem Statement
Consider the quadrotor system depicted at Figure 1. The
quadrotor is modeled as a rigid body where its full dynamics
is represented in terms of rotational and translational dynamics as follows [28]:
Σ1 : {𝑚𝜉 ̈ = −𝑔𝑒𝑧𝐼 + 𝑅𝑢

(1)

Σ2 : {J𝜂̈ = −𝐶 (𝜂, 𝜂)̇ 𝜂̇ + 𝜏

(2)

where the position and attitude dynamics of the quadrotor are
given by subsystem Σ1 and Σ2 , respectively; 𝜉 = (𝑥, 𝑦, 𝑧)⊤ and
𝜉 ̇ = (V𝑥 , V𝑦 , V𝑧 )⊤ are the position and velocity of the aircraft
relative to the inertial frame I = (𝑥𝐼 , 𝑦𝐼 , 𝑧𝐼 ). 𝑅 ∈ 𝑆𝑂(3) is
the rotational matrix representing the quadrotor attitude in
the body coordinate frame B = (𝑥𝐵 , 𝑦𝐵 , 𝑧𝐵 ) with respect to
I; the matrix 𝑅 is a function of the Euler angles given by the
vector 𝜂 = (𝜙, 𝜃, 𝜓)⊤ ; 𝑢 ∈ R3 and 𝜏 ∈ R3 are the force and
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torque vectors applied at the center of mass of the MAV; 𝐽 ∈
R3 is the inertia matrix in the body frame B; 𝑚 is the mass
of the body; and 𝑔𝑒𝑧𝐼 is the gravitational force, where 𝑒𝑧𝐼 =
(0, 0, 1)⊤ is a unit vector; 𝐶(𝜂, 𝜂)̇ is the Coriolis matrix which
contains the gyroscopic and centrifugal terms associated with
the Euler angles dependence; J acts as the inertia matrix for
the aircraft rotational kinetic energy expressed in terms of the
Euler angles and is given by [29]
J = J (𝜂) = 𝑊𝜂⊤ 𝐽𝑊𝜂

(3)

(4)

[cos 𝜃 cos 𝜙 − sin 𝜙 0]
Let us consider system Σ2 . Based on the results of [28], we
propose the following perturbed attitude model:
Σ2 : {𝜂̈ = J−1 (𝜏 − 𝐶 (𝜂, 𝜂)̇ 𝜂)̇ = 𝑢 + 𝛿𝜂 (𝑡)

(5)

𝛿𝜂 (𝑡) = ( 𝛿𝜂,𝜃 (𝑡) ) ,
(6)

where

0
𝐺 = ( ),
1

𝑢𝜓(𝑡))
is the vector of unknown disturbances caused by wind gusts
and unmodeled dynamics including Coriolis terms and 𝑢(𝑡)
is the control input. Equation (5) can be written in a scalar
form as
̇ = 𝜂2,𝜙
𝜂1,𝜙

𝐶 = (1 0)
Then, the problem is to design a controller to stabilize system
(9) based on the following assumptions.

Assumption 3. Angular position and velocity (𝜂𝑖̇ , 𝜂𝑖 ) are
supposed to be known, since those variables can be measured
by available quadrotor sensors.

In this section, a nonlinear control for the quadrotor attitude,
particularly of system (9), is designed. This control scheme
makes use of the residual sliding mode high-gain observer. A
scheme of the observed-based control is depicted in Figure 2.
3.1. Observer Design. The high-gain observer is described by

̇ = 𝑢𝜙 + 𝛿𝜂,𝜙 (𝑡)
𝜂2,𝜙

𝑇
̂̇ = 𝐴 𝑜 𝑥̂ + 𝐺 (𝑢 + 𝛿̂𝑖 ) − 𝑆−1
𝑥
∞ 𝐶 𝐶𝑒𝑜

̇ = 𝜂2,𝜃
𝜂1,𝜃

̇
𝛿̂𝑖 = −Ω (ℎ) sign (𝑒0 )

(7)

̇ = 𝜂2,𝜓
𝜂1,𝜓
̇ = 𝑢𝜓 + 𝛿𝜂,𝜓 (𝑡)
𝜂2,𝜓
where 𝜂1 = 𝜂 and 𝜂2 = 𝜂1̇ . The aforementioned system can be
rewritten in one general equation in order to estimate each
component of the vector 𝛿𝜂 (𝑡). With 𝑖 = 𝜙, 𝜃, 𝜓, the equation
can be expressed as
̇ = 𝜂2,𝑖
𝜂1,𝑖
̇ = 𝑢𝑖 (𝑡) + 𝛿𝜂,𝑖 .
𝜂2,𝑖

(10)

3. Control Design Based on a Robust
Discontinuous Observer

𝑢 (𝑡) = ( 𝑢𝜃(𝑡) )

̇ = 𝑢𝜃 + 𝛿𝜂,𝜃 (𝑡)
𝜂2,𝜃

(9)

Assumption 2. Disturbance 𝛿𝑖 is bounded.

𝛿𝜂,𝜓 (𝑡)

𝑢𝜙(𝑡)

𝑦 = 𝐶𝑥

Assumption 1. The inverse of J exists.

where

𝛿𝜂,𝜙 (𝑡)

𝑥̇ = 𝐴 0 𝑥 + 𝐺 (𝑢𝑖 + 𝛿𝑖 )

0 1
),
𝐴𝑜 = (
0 0

where 𝑊𝜂 is defined as
− sin 𝜃
0
1
]
[
𝑊𝜂 = [ cos 𝜃 sin 𝜙 cos 𝜙 0] .

rejection by means of sliding mode observers. This will be
discussed in the next section. Now let 𝑥 = (𝜂1,𝑖 , 𝜂2,𝑖 )𝑇 ∈ R2 ,
𝑦 = 𝜂1,𝑖 . Also denote 𝛿𝜂,𝑖 (𝑡) = 𝛿𝑖 , then system (8) can
be expressed in a strict triangular form (i.e., the canonical
observability form) as follows :

(8)

This model can be seen as a sum of a linear and a
nonlinear part (given by disturbance 𝛿𝜂,𝑖 (𝑡)). This characteristic allows us to propose a control with active disturbance

(11)

where Ω(ℎ) = 𝑓(ℎ𝑛 . . . ℎ) sup(𝑒0 ) is scalar and positive
function with 𝑓(ℎ𝑛 . . . ℎ) a function of degree 𝑛 with positive
high gain ℎ; 𝑒𝑜 = 𝑥̂ − 𝑥 is the state estimation error; sup(𝑒0 ) =
‖𝑒𝑜 ‖ ∈ R, and 𝑆∞ ∈ R2×2 is a positive definite symmetric
matrix which is the solution of 0 = −ℎ𝑆∞ − 𝐴𝑇𝑜 𝑆∞ − 𝑆∞ 𝐴 𝑜 +
𝐶𝑇 𝐶 (in the sense of [30]); and 𝛿̃𝑖 = 𝛿̂𝑖 − 𝛿𝑖 is the disturbance
estimation error.
Then, the following assumptions for the observer design
are considered [9, 31, 32].
Assumption 4. The disturbance estimation error 𝛿̃𝑖 satisfies
‖𝛿̃𝑖 ‖ ≤ 𝑎4 ‖𝑒𝑜 ‖ ∀𝑎4 > 0, where 𝑎4 is the constant of Lipschitz
with respect to the angular position.
Assumption 5. The first time derivative of the estimation
error satisfies ‖𝛿𝑖̇ ‖ ≤ sup(𝛿𝑖̇ ).
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Figure 2: Nonlinear robust control strategy scheme.

Assumption 6. The maximal eigenvalue of the matrix 𝑆∞ ,
denoted as 𝜆 max (𝑆∞ ), is a function 𝑓(ℎ) of grade 𝑛.
Remark 7. It is not hard to verify that 𝜆 max (𝑆∞ ) satisfies
𝜆 max (𝑆∞ ) = 𝑓(ℎ). For instance, in [30] a matrix 𝑆∞ for a two
dimensional case is considered, more precisely
𝑆∞ = [

ℎ−1 −ℎ−2
−ℎ−2 2ℎ

]
−3

(12)

𝑓1 (ℎ) 0
𝐽 (𝑆∞ ) = [
]
0
𝑓2 (ℎ)

(13)

where
𝑓1 (ℎ) = ℎ2 − ((ℎ2 − 2ℎ + 2) (ℎ2 + 2ℎ + 2))

𝑓2 (ℎ) = ((ℎ − 2ℎ + 2) (ℎ + 2ℎ + 2))
+

0.5

(16)
∀𝑡 ≥ 𝑡0 + 𝑇

+ℎ

Theorem 9. Let (11) be a residual sliding mode high-gain
observer for system (9). Suppose Assumptions 4, 5, and 6 hold,
then the state estimation error 𝑒0 is ultimately bounded in the
presence of the disturbance and uncertainty 𝛿𝑖 for all ℎ > 1.

̃ = 𝑒𝑇 𝑆 𝑒 + 𝛼 𝛿̃2
𝑉 (𝑒𝑜 , 𝛿)
𝑖
𝑜 ∞ 𝑜

2

(14)

(17)

̃ along the trajectories of 𝑒
and the time derivative of 𝑉(𝑒𝑜 , 𝛿)
𝑜
̃
and 𝛿 takes the form
𝑉̇ = 𝑒𝑇𝑜 (Ψ (ℎ)𝑇 𝑆∞ + 𝑆∞ Ψ (ℎ)) 𝑒𝑜

2)
.
(2ℎ3 )

For instance, setting ℎ = 10 then 𝑓2 (ℎ) > 𝑓1 (ℎ) and
𝜆 max (𝑆∞ ) = 𝑓2 (ℎ) such that 𝜆 max (𝑆∞ ) is a function 𝑓(ℎ) of
a high gain ℎ.
From system (9) and observer (11), the state estimation
error dynamics takes the form
𝑒0̇ = Ψ (ℎ) 𝑒𝑜 + 𝐺𝛿̃

‖𝑥 (𝑡)‖ ≤ 𝑏,

Proof. Consider a candidate Lyapunov function given by

0.5

2)
,
+
(2ℎ3 )
2



𝑥 (𝑡𝑜 ) ≤ 𝑎 ⇒

The following result is stated for the ultimately bounded
property of the sate estimation error 𝑒0 dynamics (15).

for which the following Jordan structure is used

2

initial time 𝑡0 ≥ 0 and ∀𝑎 ∈ (0, 𝑐), there is 𝑇 = 𝑇(𝑎, 𝑏) > 0
independent of 𝑡0 , such that

(15)

𝑇
where Ψ(ℎ) = 𝐴 0 − 𝑆−1
∞ 𝐶 𝐶.

Definition 8 (uniform ultimate boundedness [10]). The solution of (15) is uniformly ultimately bounded with ultimate
bound 𝑏 if there exist positive constant 𝑏, 𝑐, independent of

̃̇ .
+ 2𝛿̃ (𝐺𝑇 𝑆∞ 𝑒𝑜 + 𝛼𝑖 𝛿)

(18)

Since 0 = −ℎ𝑆∞ −𝐴𝑇𝑜𝑆∞ −𝑆∞ 𝐴 𝑜 +𝐶𝑇𝐶 holds, 𝑉̇ can be written
as
𝑉̇ = −ℎ𝑒𝑇𝑜 𝑆∞ 𝑒𝑜 − 𝑒𝑇𝑜 𝐶𝑇 𝐶𝑒𝑜
̇
+ 2𝛿̃ (𝐺𝑇𝑆∞ 𝑒𝑜 + 𝛼𝑖 𝛿̂ + 𝛼𝑖 𝛿)̇ .
̇
Substituting the disturbance estimation dynamics 𝛿̂
𝛼𝑖 Ω(ℎ) sign(𝑒0 ) 𝛿 is a positive constant such that


𝛼𝑖 Ω (ℎ) sign (𝑒0 ) ≤ 𝛼𝑖 Ω (ℎ)

(19)

=
(20)

Mathematical Problems in Engineering

5

following the procedure of [30] with 𝑒𝑇𝑜 𝐶𝑇 𝐶𝑒𝑜 bounded 𝑉̇ can
be expressed as
 2  
𝑉̇ ≤ −ℎ 𝑒𝑜  𝑆∞ 
 
 
  
+ 2 𝛿̃ (‖𝐺‖ 𝑆∞  𝑒𝑜  − 𝛼𝑖 Ω (ℎ) + 𝛿̇ ) .

(22)

where 𝑎1 (ℎ) = ℎ𝑓(ℎ𝑛 . . . ℎ) and ‖𝐺‖‖𝑆∞ ‖ = 𝛼𝑖 𝑓(ℎ𝑛 . . . ℎ).
Due to the properties of matrix 𝑆∞ (see Remark 7), it can
be argued that ‖𝑆∞ ‖ ≤ 𝜆 max (𝑆∞ ), where 𝜆 max (𝑆∞ ) =
𝑓(ℎ𝑛 . . . ℎ) denotes the maximal eigenvalue of the matrix 𝑆∞ .
Then if Ω(ℎ) = 𝑓(ℎ𝑛 . . . ℎ)‖𝑒𝑜 ‖ holds, the Lyapunov function
derivative is
  
 2
(23)
𝑉̇ (⋅) ≤ −𝑎1 (ℎ) 𝑒𝑜  + 2 𝛿̃ 𝛿̇ .
From Assumptions 5 and 4, it can be finally written:
   
𝑉̇ ≤ −𝑎1 (ℎ) 𝑒𝑜  (𝑒𝑜  − 2

𝑎4 sup (𝛿)̇
𝑎1 (ℎ)

).

3.2. Control Design. Now, consider second equation of (8)
(25)

Let 𝑟 be a reference vector which can be the zero vector in the
case of hover and define the following tracking control error:
𝑒𝑐 = 𝑟 − 𝜂2 .

(26)

2
0
−2
−4
Real perturbations
Estimated perturbations

−6
−8

0

5

10

15
Time (h)

20

25

30

Figure 3: Disturbance and disturbance estimation signal of the
quadrotor.

 
 
𝐵𝑒𝑐 ≜ {𝑒𝑐  ∈ R𝑛 : 𝑒𝑜  < 𝑧𝑐 (ℎ)
∀𝑧𝑐 (ℎ) =

sup (𝛼 (𝑡)) (30)
.
𝜆 max (𝑄)

A complete algorithm was developed based on the disturbance observer and the control law designed above. The
closed-loop system together with disturbance observer is
given by
𝑇
̂̇ = 𝐴 𝑜 𝑥̂ + 𝐺 (𝑢 + 𝛿̂𝑖 ) − 𝑆−1
𝑥
∞ 𝐶 𝐶𝑒𝑜

̂̇ = −Ω (ℎ) sign (𝑒 )
𝛿
𝑖
0

(31)

𝑢𝑖 = −𝐾𝑒𝑐 + 𝛿̂𝑖

(27)

Theorem 10. Let (27) be a robust control for (25). The tracking
error will converge to zero if 𝐾 is a Hurwitz matrix.
Proof. By substituting the control law (27) on derivative of
(26)
𝑒𝑐̇ = −𝐾𝑒𝑐 + 𝛿̂𝑖 − 𝛿𝑖 = −𝐾𝑒𝑐 + 𝛼 (𝑡)

4

where Ω(ℎ) = 𝑓(ℎ𝑛 . . . ℎ) sup(𝑒0 ) and observer and control
errors are defined as 𝑒𝑐 = 𝑟 − 𝑥2 , 𝑒𝑜 = 𝑥̂ − 𝑥, respectively.

Then the following robust control law is proposed:
𝑢𝑖 (𝑡) = −𝐾𝑒𝑐 + 𝛿̂𝑖

6

(24)

Then, 𝑉̇ < 0 for 𝑎1 (ℎ) ≫ 𝑎4 sup(𝛿)̇ and system (15) is
ultimately bounded in the sense of [10] in a ball 𝐵𝑒𝑜 ≜ {‖𝑒𝑜 ‖ ∈
̇
R𝑛 : ‖𝑒𝑜 ‖ < 𝑧(ℎ)} ∀𝑧(ℎ) = 2(𝑎4 sup(𝛿)/𝑎
1 (ℎ)).

̇ = 𝑢𝑖 (𝑡) + 𝛿𝜂,𝑖 .
𝜂2,𝑖

Wind Disturbance (nm)

 
 
 
+ 2 𝛿̃ (𝛼𝑖 𝑓 (ℎ𝑛 . . . ℎ) 𝑒𝑜  − 𝛼𝑖 Ω (ℎ) + 𝛿̇ )

10
8

(21)

After some computations, the last equation is reduced to
 2
𝑉̇ ≤ −𝑎1 (ℎ) 𝑒𝑜 

12

4. Experiments
In this section simulation results of the theoretical development are given. Also, the control law proposed in (31)
was applied in a photogrammetry survey. Such results are
reported in this section.

(28)

since 𝛿̂𝑖 = 𝛿𝑖 + 𝛼 ∀‖𝛿𝑖 ‖ ≫ ‖𝛼‖ when ℎ ≫ 4𝜆 max (Γ) where Γ is
an diagonal positive matrix. 𝐾 is Hurwitz by hypotheses and
design, then 𝑉(𝑡) = 𝑒𝑇𝑐 𝑃𝑒𝑐 , where 𝐾𝑇𝑃 + 𝑃𝐾 = −𝑄 holds such
that

4.1. Numerical Results. The quadrotor mathematical model is
simulated taken into account the following parameters The
function 𝛿𝑖 is generated by a Dryden wind model [33]) with
high gain ℎ = 30 as follows:

    sup (𝛼 (𝑡)
).
𝑉̇ ≤ −𝜆 max (𝑄) 𝑒𝑐  (𝑒𝑐  −
𝜆 max (𝑄)

V𝑤(𝑡) = V0𝑤 + ∑𝑎𝑖 sin (𝜐𝑖 𝑡 + 𝜑𝑖 )

(29)

̇
The matrix 𝐾 is chosen such that 𝑉(⋅)
< 0 for 𝜆 max (𝑄) ≫
sup(𝛼(𝑡)) and system (28) is ultimately bounded in a ball
given by

𝑛

(32)

𝑖=1

where 𝜐𝑖 and 𝜑𝑖 are selected randomly and V0𝑤 is a wind
static vector. Such a signal and its estimate are shown at
Figure 3.
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Figure 5: Disturbance and disturbance estimation signal in the pitch
angle 𝜃 during real-time flight.
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Figure 6: Disturbance and disturbance estimation signal in the roll
angle 𝜙 during real-time flight.

Position [m]

4.2. Real Experiments. In order to evaluate the performance
of the control technique provided by the algorithm shown
in (31), a photogrammetric survey was carried out in the
Tamazula River basin, a river of great importance in the
northeastern region of Mexico. Given that the central region
of Sinaloa in Mexico is characterized by a very strong
agricultural activity, an effective water resource management
is vital to achieve good agricultural yields. In this region,
the use of satellite images to calculate and estimate the water
volumes, total mass flows, and waterbodies quality prediction
is common. Photogrammetry survey was carried out at an
altitude of 80 m and 32 C, with an average humidity of
35% and wind velocity average of 22 km/hr. During the data
collection, different flight campaigns were carried out in the
same area and route with the objective of evaluating the
effect of the controller on the quality of Digital Elevation
Models (DEM) of the basin. A comparison between the
DEMs obtained with and without algorithm (31) was carried
out, considering scenarios with real wind gusts average of 20
km/hr. A small quadrotor aircraft was used with a Futaba
2.4GHz FASST radio system for transmitting the control
signals. A picture of the quadrotor is depicted in Figure 4.
The quadrotor position (𝑥, 𝑦, 𝑧)𝑇 and the attitude (𝜃, 𝜙, 𝜓)𝑇
were measured in real time. 224 Sample points were used
for the construction of a Digital Elevation Model of a river
basin as part of a strategy for an efficiency water resource
management. A Pixhawk autopilot with a GPS module sensor
was programmed with the control and estimation algorithms.
The benefits of the Pixhawk system include integrated multithreading and a Unix/Linux-like programming environment
for real-time applications.
The disturbance generated due to the wind gust was
estimated in the roll and pitch angles, during a real-time flight
and taking the location of the photographs as the reference
points (see Figures 5 and 6). Note that the disturbance
estimation is achieved in real-time flight.
In Figure 7, the position error in the 𝑥-axis and 𝑦-axis
is shown in real wind conditions. It can be observed that
the maximum error without disturbance compensation was
approximately 5 m. Then, when the observer is activated, the
position error is around ±1𝑚, which is reasonable due to the

[N.m]

Figure 4: Quadrotor used and built for the development of DEM.
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Figure 7: Quadrotor position in real conditions with and without
compensation of wind gust disturbances.

error of the GPS sensor which is around 1 m. It can be seen
at Figures 8 and 9 that, by reducing the unknown effect of
wind and other distortions in attitude dynamics, it is also
considering indirectly disturbances in position. This is due to
the fact that the quadrotor is an underactuated system.
Figure 8 shows the position in the 𝑥-𝑦 plane of the
quadrotor without compensation. This signal is obtained
from a GPS sensor. The reference is at the point (0, 0) for
a hover-flight mode. Note that the quadrotor is moving
around the reference point, due to wind gusts of 20 m/s
approximately. The quadrotor is shifted from the reference.
Figure 9 shows the position with disturbance compensation.
The attitude control law keeps the quadrotor around the
reference. If Figures 10 and 11 are compared, the error is about
7 m in the first case and the error is about 1.3 m in the second
case.

y-axis position [m]
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Figure 8: Quadrotor position in real-time flight without disturbance compensation.
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Figure 9: Quadrotor position in real-time flight with disturbance compensation.

Once the data was collected, the process of building
the DEM was carried out using the free-Software OpenDronemap and Quantum GIS. Control points were obtained
by using a fixed GNSS reference with a LEICAGR10 receiver
and LEIAR10 NONE antenna on the coordinates Latitude
24 47’ 42.30742” N and Longitude 107 24’ 45.34764” W.
These control points were used to measure the accuracy
of the DEM. Photographic distortions can be observed due
to the effect of the wind gusts. This situation generated an
inaccuracy in the elevation of the river area and the DEM
obtained was distorted. The robust control with disturbance
rejection allowed better estimation of basin elevations. This
algorithm improved the DEM in an average of 53% with
respect to control points. The application of this control
law supports the development of DEMs for water resources
management and may be applied to other photogrammetric
surveys. The proposed tool would also increase the quality
of photographs and decrease flight surveys in further Digital
Elevation Models.

respect to the classic PID controller. In particular, this work
obtained a higher resolution DEM, which it is used for water
resources management.
As future work it remains to investigate
(i) robust controllers for position and attitude disturbances in which every disturbance in uncoupled one
of each other;
(ii) application of this approach to fixed-wing aircraft.
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M. Rode, “Sensitivity and uncertainty analysis on water quality
modelling of Aguamilpa reservoir,” Journal of Limnology, vol.
75, no. 51, pp. 81–92, 2013.
[28] P. Castillo, R. Lozano, and A. Dzul, “Stabilization of a mini
rotorcraft with four rotors: experimental implementation of linear and nonlinear control laws,” IEEE Control Systems Magazine,
vol. 25, no. 6, pp. 45–55, 2005.
[29] R. W. Beard and T. W. McLain, Small Unmanned Aircraft: Theory
and Practice, Princeton University Press, United Kingdom,
2012.
[30] J.-P. Gauthier, H. Hammouri, and S. Othman, “A simple
observer for nonlinear systems applications to bioreactors,”

10
Institute of Electrical and Electronics Engineers Transactions on
Automatic Control, vol. 37, no. 6, pp. 875–880, 1992.
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In this work, we consider the design problem of a full-order and also reduced-order unknown input observers for a particular class
of time-delay systems. Asymptotic stability and existence conditions for the designed observers are established. The quadruple-tank
process is used as a benchmark to prove the efficiency of the proposed algorithms.

1. Introduction
Time delays emerge in many industrial applications such as
hydraulic systems, automotive applications, and telecommunication networks [1–7]. Commonly, delays describe propagation phenomena, energy transfer, or data transmission.
Furthermore, it is recognized that delays are the key sources
of instability and poor dynamics [8]. Since the sixteen’s
century, the research theme of time-delay systems has concerned lots of interest and has been considered as one of the
essential research areas in control theory for which many
significant research works have been devoted. The topical
survey [9] and the recent books [10–12] as well as their
related references prove the richness and maturity of this
field. Time delays can appear in either the state variables,
control inputs, or measurement outputs and the negligence
of time delays in the controller design can lead to undesirable
dynamics such as oscillations, bifurcations, chaos dynamics,
and instability [8]. In this trend, stabilization of linear systems
with delays has obtained a huge interest (see, for example,
recent works [13–15] and related references). As reported in
[16], for stabilization of continuous linear systems subject
to time delays, most research works only focus in systems
with input delays and solve the problem in the absence
of state delays. To the best of the authors’ knowledge, few

research works have considered the stabilization problem
with multiple delays in states and inputs where the problem
is generally solved by assuming fully available state variables
[1] or by resorting to output-feedback controllers [17]. The
design problem of observer-based stabilization for systems
with multiple delays in states and inputs is rarely solved
[16, 18]. Until now, this issue of theoretical and practical
importance has been remained a challenging problem for
systems subject to unknown inputs, uncertainties, and input
saturation.
In control theory, modeling and controlling benchmark
systems is another fundamental issue. Such systems are
considered as challenging control problems, yet, in spite of
their uncomplicated arrangement. In this outline, several
systems are commonly used in control theory for testing
novel control algorithms. We can cite in this framework the
three-tank process [19], mass-spring-damper system [20],
bouncing ball [21], TORA system [22], hard-disk drive system
[23], magnetic levitation system [24], cart-inverted pendulum [25], Furuta pendulum [26], reaction wheel pendulum
[27], beam-and-ball [28], two-link flexible manipulator [29],
and so on. In the same direction, the well-known quadrupletank benchmark [30–36] has attracted many attention since
it can show elementary notions in estimation and control theory, particularly performance limitation due to the

2

Mathematical Problems in Engineering

nonminimum-phase zeros and their output directions for
multivariable systems. This system is composed of four coupled tanks, two pumps, and two valves [35]. Many research
papers have been devoted to the problem of observer and
controller design of this benchmark system without consideration of time delays [37–43] and to the best of our information, no researches have been investigated for unknown input
observer design of time-delay quadruple-tank systems.
Motivated by the authors’ early works for linear systems
without delays [44], in this paper, we expand the problem of
full-order unknown input observer (FOUIO) and reducedorder unknown input observer (ROUIO) design for linear
systems with multiple time delays in states and inputs affected
by unknown inputs. In this framework, it is important to note
that a FOUIO is designed in [45–47] for linear systems with a
single delay in the states and two delays in the inputs whereas
another FOUIO is proposed in [48] for linear systems with a
single delay in the states and a single delay in the inputs. For
the last works, only the state information is used to design
observers in open loops and to the best of our knowledge,
there are no related works for which both the state vector and
the input vectors are used to design the observer. Furthermore, in our best knowledge, there is not in the vast literature
ROIU design approach that attempts to solve such a problem.
The design procedures of both reduced-order and fullorder observers are considered here. The key contributions
of this work can be recapitulated as follows:
(i) The designed observers’ approaches do not require
approximation of the infinite dimensional model of
the delayed system in a lumped one as described in
our previous works [45, 46].
(ii) Different from [46] where only the state vector is used
to construct observers in open loop, in this paper, we
construct the novel observers by using both state and
input vectors. The structure of the proposed observers
allows us to introduce more observer gains that can
accomplish better control performance.
(iii) Different from the observer designed in [47] where
the delayed system introduces a single delay in the
states and a single delay in the inputs, in this paper,
multiple time delays in the inputs are considered.
The rest of this paper is organized as follows: the problem
statement is considered in Section 2. The full-order observer
is designed in Section 3 whereas the reduced-order observer
is developed in Section 4. Section 5 is devoted to the application of the proposed approaches to the quadruple-tank
benchmark. Finally, conclusions are provided in Section 6.

i=0

(2)

̂x (t) = 𝜁 (t) − Ey (t) ,
where 𝜁(t) ∈ R𝑛 and ̂x(t) ∈ Rn are the observer state
vector and the estimated state vector, respectively. N, L, J, E,
and Gi (i=0. . .k) are matrices of appropriate dimensions to
be calculated such that x̂(t) converges asymptotically to x(t)
under the following assumptions: (A1) rank(D) = q; (A2)
rank(C) = p; (A3) the pair (A0 , C) is observable (detectable).
(2) An ROUIO is also designed in this paper for the
estimation of the state vector x(t) by obtaining the estimation
of the vector: 𝜁(t) = Fx(t), F ∈ Rs×n , where 𝜁(t) ∈ Rs is the
vector enclosing a part of the system’s states or a combination
of them. The dynamics of the ROUIO is
̂̇
̂
Z𝜁 (t) = N𝜁 (t) + Ly (t) + Jy (t − 𝜏0 )
k

+ ∑Gi u (t − 𝜏i+1 ) ,

(3)

i=0

̂
̂x (t) = H𝜁 (t) + Ey (t) ,
̂
where 𝜁(t) ∈ Rs and x̂(t) ∈ Rn are the observer state vector
and estimated state vector, respectively. N ∈ Rs×s , L ∈ Rs×p ,
J ∈ Rs×p , Gi ∈ Rs×m for (i = 0...k), H ∈ Rn×s , E ∈ Rn×p , F ∈
Rs×n and Z ∈ Rs×s are matrices of appropriate dimensions to
̂
be calculated such that 𝜁(t) and ̂x(t) converge asymptotically
to 𝜁(t) and x(t), respectively, under the assumptions as
(A4) rank(D) = q; (A5) rank(C) = p; (A6) the pair (A0 ,
C) is observable; (A7) n > s > p ≥ q; (A8) n = p + q.

k

i=0

u = K̂x (t)

Consider a class of time-delay systems described by
ẋ (t) = A0 x (t) + A1 x (t − 𝜏0 ) + ∑ (Bi u (t − 𝜏i+1 ))

y (t) = Cx (t) ,

k

𝜁 ̇ (t) = N𝜁 (t) + Ly (t) + Jy (t − 𝜏0 ) + ∑Gi u (t − 𝜏i+1 ) ,

Remark 1. For the design procedure of ROUIO, a particular
form for the matrix C can be chosen as C = [C1 0p×q ], where
C1 ∈ Rp×p is a full rank (nonsingular) matrix. This is not
restrictive as long as the matrix C is full row rank (conditions
A2≡A5), and there will always be an orthogonal transformation which leads to the equation y(t) = [C1 0] x(t).
Either for the FOUIO (2) or the ROUIO (3), system (1) is
controlled using the state-feedback controller as

2. Problem Statement

+ Dd (t) ,

where x(t) ∈ Rn is the state vector, u(t) ∈ Rm is the
input vector, d(t) ∈ Rq is the unknown input vector, and
y(t) ∈ Rp is the output vector; A0 ∈ Rn×n , A1 ∈ Rn×n ,
Bi ∈ Rn×m , C ∈ Rp×n , and D ∈ Rn×q are constant matrices
with appropriate dimensions, while 𝜏0 and 𝜏i+1 for i=0, . . ., k
are known and constant time delays.
The objective of this paper is to design two different
approaches of unknown input observers (UIOs) for system
(1):
(1) An FOUIO is described by

(1)

(4)

where K ∈ Rm×n is designed using one of the appropriate
approaches for system (1), for example, the approach proposed in [1].
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3. Design of the Full-Order Observer

the first term of (6) becomes

Theorem 2. Consider system (1) with assumptions (A1-A3)
presented above. The FOUIO (2) is convergent, i.e., e(t) → 0
as t → ∞ with an arbitrary convergence rate for any x(0),
d(t), and u(t), if there exists a positive-definite matrix R ∈
Rn×n verifying the matrix inequality
NT R + RN < 0

(5)

and if the matrix P = (I + EC) ∈ Rn×n fulfills the following
conditions:
NP + LC − PA0 = 0,

(12)

Now, using (11) and (12), the dynamics (2) can be written
as
𝜁 ̇ (t) = (PA0 − K0 C) 𝜁 (t) + Ly (t) + Jy (t − 𝜏0 )
k

+ ∑Gi u (t − 𝜏i+1 ) ,

(13)

i=0

x̂ (t) = 𝜁 (t) − Ey (t) .

JC − PA1 = 0
Gi − PBi = 0

N = PA0 − K0 C.

∀i = 0 ⋅ ⋅ ⋅ k,

(6)

PD = 0.
Proof. Define the observer reconstruction error vector as the
difference between the estimated state ̂x(t) described by (2)
and the state vector related to system (1) as
e (t) = x̂ (t) − x (t) = 𝜁 (t) − x (t) − Ey (t)
= 𝜁 (t) − (I + EC) x (t) .

(7)

Using (1) and (2), the dynamics of the estimation error
becomes
(8)
𝑒 ̇ (𝑡) = 𝜁 ̇ (𝑡) − (𝐼 + 𝐸𝐶) 𝑥̇ (𝑡) ,
or
ė (t) = Ne (t) + [N (I + EC) + LC − (I + EC) A0 ] x (t)
+ [JC − (I + EC) A1 ] x (t − 𝜏0 )
k

+ ∑ ([Gi − (I + EC) Bi ] u (t − 𝜏i+1 ))

(9)

i=0

− (I + EC) Dd (t) .
Using P = I + EC, the error dynamics (9) is written in the
following form:
ė (t) = Ne (t) + (NP + LC − PA0 ) x (t)
+ (JC − PA1 ) x (t − 𝜏0 )

(10)

k

+ ∑ ((Gi − PBi ) u (t − 𝜏i+1 )) − PDd (t) .
i=0

If conditions (6) are satisfied, the error dynamics of the
̇ = Ne(t). FOUIO’s convergence
observer is expressed as e(t)
is then achieved if the LMI (5) is verified.
The determination of the matrices N, L, J, and P from the
first, second, and fourth equations of (6) is a difficult task
because we have to calculate four matrices by using only three
equations. In order to use the well-known results obtained for
the classical full-order observer without unknown inputs [2],
by means of the notation
K0 = L + NE,

(11)

If the pair (PA0 , C) is not observable, the calculation of
matrix K0 is made such that the observer is asymptotically
stable if and only if (PA0 , C) is detectable [2]. By extending
the approach from [2], we can conclude that the necessary
and sufficient conditions to design a stable observer are given
by the following theorem.
Theorem 3 (see [2]). For system (1), the full-order observer
0
(13) exists if and only if (1) rank(CD) = q; (2) rank [ sI−PA
]=
C
n, (∀)s ∈ Ł, Re(s) ≥ 0.
Proof. The proof of the theorem is an extension of the
approach from [2]. Because system (13) is in the form of
a standard observer equation, then the matrix K0 can be
calculated such that the observer (2) is asymptotically stable
if and only if the pair (PA0 , C) is observable. In [2], it is
proved that the above condition (2) is equivalent with the
pair (PA0 , C)− observable or at least detectable (first existence
condition of the full-order observer). The second constraint
is the condition (1) from Theorem 3; bearing in mind the
assumptions A1 and A2, as well as the dimensions of the
matrices C and D, this condition is always fulfilled. Therefore,
up to this point in the design of the unknown input observer,
the only existence condition of FOUIO is related to the
observability or at least detectability of the pair (PA0 , C).
To calculate N, L, J, P, G0 , and G1 , we partition matrices
A0 , A1 , C, N, P, L, and J as follows:
A0(11) A0(12)
],
A0 = [
A0(21) A0(22)
A1(11) A1(12)
],
A1 = [
A1(21) A1(22)
CT = [

CT1
CT2

],

N11 N12
N=[
],
N21 N22
P11 P12
],
P=[
P21 P22
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C1 ∈ Rp×(n−p) ,

L1
L = [ ],
L2

C2 ∈ Rp×p .

J1
J = [ ],
J2

(15)
(14)

where

Theorem 4. If the rank conditions in Theorem 3 are satisfied,
the UIO (2) can be designed for system (1) as follows:

A0 ∈ Rn×n ,
A0(11) ∈ R(n−p)×(n−p) ,
A0(12) ∈ R(n−p)×p ,
p×(n−p)

A0(21) ∈ R

P = In − D (CD)+ C,

,

(for k = 0 ⋅ ⋅ ⋅ k) ,
+

J = PA1 C ,
N

(16)
+

A1 ∈ Rn×n ,
A1(11) ∈ R(n−p)×(n−p) ,
A1(12) ∈ R

E = D (CD)+ C,

Gi = PBi

A0(22) ∈ Rp×p ,

(n−p)×p

The observer’s design is concentrated into the following
theorem.

−1
−1
N11 (F12 − (F11 − F12 P−1
22 P21 ) (C1 − C2 P22 P21 ) C2 ) P22
],
=[
+
−1
−1
−1
N
(F
−
(F
−
F
P
P
)
(C
−
C
P
P
)
C
)
P
21
22
21
22
21
1
2
21
2
22
22
22
[
]

L=[

−1
(F11 − F12 P−1
22 P21 ) (C1 − C2 P22 P21 )

+

]
+ ,
−1
−1
(F
−
F
P
P
)
(C
−
C
P
P
)
21
22
21
1
2
21
22
22
[
]

,

A1(21) ∈ Rp×(n−p) ,

where

A1(22) ∈ Rp×p ,

F11 = P11 A0(11) + P12 A0(21) − N11 P11 ,

N ∈ Rn×n ,

F12 = P11 A0(12) + P12 A0(22) − N11 P12 ,

(n−p)×(n−p)

N11 ∈ R

,

N12 ∈ R(n−p)×p ,
N21 ∈ Rp×(n−p) ,
N22 ∈ Rp×p ,
P ∈ Rn×n ,
P11 ∈ R(n−p)×(n−p) ,
P12 ∈ R(n−p)×p ,
P21 ∈ Rp×(n−p) ,
P22 ∈ Rp×p ,
L ∈ Rn×p ,
L1 ∈ R(n−p)×p ,
p×p

L2 ∈ R

,

J ∈ Rn×p ,
J1 ∈ R(n−p)×p ,
J2 ∈ Rp×p ,
C ∈ Rp×n ,

F21 = P21 A0(11) + P22 A0(21) − N21 P11 ,

(17)

F22 = P21 A0(12) + P22 A0(22) − N21 P21 ,
while N11 and N21 are arbitrarily chosen; P22 should be a
nonsingular matrix.
Proof. Since rank(CD) = q, i.e., the matrix (CD) has full
column rank, we can use the pseudoinverse of (CD), given
by [17]: (CD)+ = [(CD)T (CD)]−1 (CD)T . By means of this
pseudoinverse matrix, we can solve the fourth equation of (6);
one successively gets
(I + EC) D = 0 ⇐⇒ D + ECD = 0 ⇐⇒ E
= −D (CD)+ .

(18)

Hence, one gets P = In + EC = In − D(CD)+ C. Replacing
P into the third equation of (6), we obtain Gi = PBi = (In −
D(CD)+ C)Bi . Now, substituting (14) into the first equation of
(6), we obtain
N11 P11 + N12 P21 + L1 C1 − P11 A0(11) − P12 A0(21)
= 0(n−p)×(n−p),
N11 P12 + N12 P22 + L1 C2 − P11 A0(12) − P12 A0(22)
= 0(n−p)×p ,
N21 P11 + N22 P21 + L2 C1 − P21 A0(11) − P22 A0(21)
= 0p×(n−p) ,
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N21 P12 + N22 P22 + L2 C2 − P21 A0(12) − P22 A0(22)
= 0p×p
(19)
By using (17), system (19) is divided into the following
systems:
N12 P21 + L1 C1 = F11 ,

(20)

N12 P22 + L1 C2 = F12 ,
N22 P22 + L2 C2 = F22 ,

(21)

N22 P21 + L2 C1 = F21 .

Working in the hypothesis: the matrix (C1 − C2 P−1
22 P21 ) ∈
p×(n−p)
is full column rank. By solving systems (20) and (21),
R
we obtain
+

−1
L1 = (F11 − F12 P−1
22 P21 ) (C1 − C2 P22 P21 ) ,
+

−1
L2 = (F21 − F22 P−1
22 P21 ) (C1 − C2 P22 P21 ) ,

N12 = (F12
+

−1
−1
− (F11 − F12 P−1
22 P21 ) (C1 − C2 P22 P21 ) C2 ) P22 ,

(22)

N22 = (F22
− (F21 −

F22 P−1
22 P21 ) (C1

−

+
C2 P−1
22 P21 )

Step 2. If the existence conditions given in Theorem 3 hold,
one calculates the generalized inverse matrix (CD)+ related
to the matrix CD. By using it, one computes the matrix E
by means of the first equation of (16); then, one computes
the matrices P, G0 , and G1 with the second, third, and fourth
equations of (16), respectively.
Step 3. One partitions the matrices A0 , A1 , C, N, P, L, and J
according to (14).
Step 4. Matrices N11 and N21 are arbitrarily chosen; the
matrices from (17) are determined.
Step 5. One solves systems (20) and (21); after that, the
matrices N, L, and J are built.
Step 6. Using the obtained matrix N, if the required constraints are satisfied, then (1) the matrix N is Hurwitz,
i.e., there exists a symmetric and positive-definite matrix
R ∈ Rn×n verifying the LMI (5); (2) the pair (PA0 , C)
is observable or at least detectable; the matrix N has been
obtained properly; otherwise, Steps 4–6 are repeated (in a
“while” loop) until these conditions are fulfilled. Bearing in
mind that there is no risk for infinite “while” loop, there
can be concluded that the FOUIO’s design algorithm has no
existence conditions, being characterized by lack of a priori
restrictions on the class of systems to be considered.
Step 7. The observer described by (2) is completely designed
and the time history of the system’s estimated states can be
obtained.

C2 ) P−1
22 .

Now, solving the second equation of (6), we get
J = PA1 C+ .

(23)

The unknown matrices of the FOUIO (2), i.e., N, L, J,
P, and Gi , have been successfully determined with respect
to the arbitrarily chosen matrices N11 and N21 . According
to Theorem 2, the obtained matrix N should satisfy two
constraints: (1) there exists a symmetric and positive-definite
matrix R ∈ Rn×n which verifies the LMI (5), i.e., the
matrix N is Hurwitz; (2) the pair (PA0 , C) is observable. If
these two conditions are satisfied, the matrix N has been
obtained properly, the dynamics of the observer error has
an homogeneous form, and e(t) → 0 as t → ∞ with
an arbitrary convergence rate for any x(0), d(t), and u(t).
Otherwise, other matrices N11 , N21 are chosen, the matrices
from (17) are again calculated, and systems (20) and (21) are
solved until the above presented constraints are fulfilled. In
fact, no condition regarding the observability or detectability
of the pairs (PA0 , C) is required in our design approach.
Therefore, the unique existence condition of the observer is
rank(CD) = q. The theorem’s proof is now complete.
The algorithm associated to the delay-dependent
observer is summarized below.
Algorithm 5. Design of FOUIO
Step 1. Given system (1), verify the related assumptions A1A3.

4. Design of the Reduced-Order Observer
Theorem 6. Consider the LTI multivariable system (1) with
multiple delays under the five assumptions (A4-A8) presented
above; the ROUIO (3) is asymptotically stable, if and only if
there exist symmetric and positive-definite matrix R ∈ Rs×s
verifying the LMI:
̃ T R + RN
̃ < 0,
N

(24)

with ̃
𝑁 = 𝑍−1 𝑁, and if there exists a vector 𝜁(t) = Fx(t) such
that the next conditions are satisfied:
NF + LC − ZFA0 = 0,
JC − ZFA1 = 0,
Gi − ZFBi = 0

∀i = 0 ⋅ ⋅ ⋅ k,

(25)

ZFD = 0,
EC + HF = In ;
Proof. Define the observer error vector defined as the differ̂
ence between the estimated vector 𝜁(t) described by (3) and
the state vector related to system (1) as
̂
e (t) = 𝜁 (t) − 𝜁 (t)

(26)
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Z11
Z1 = [ ] ,
Z21

Using (1), (3), and (4), the dynamics of the estimation
error becomes
Zė (t) = Ne (t) + [NF − ZFA + LC] x (t)
0

+ [JC − ZFA1 ] x (t − 𝜏0 )

Z12
Z2 = [ ] ,
Z22

(27)

(29)

k

+ ∑ ([Gi − ZFBi ] u (t − 𝜏i+1 )) − ZFDd (t) .

where

i=0

If NF + LC − ZFA0 = 0, JC − ZFA1 = 0, Gi − ZFBi = 0 ∀i =
0 ⋅ ⋅ ⋅ k, ZFD = 0 the error dynamics (27) can be written as
̃ (t) ,
ė (t) = Ne

(28)

where ̃
𝑁 = 𝑍 𝑁.
Let the state estimation error be defined as ex (t) = ̂x(t) −
x(t). From (1) and (3), one obtains ex (t) = (HF − In + EC)x(t).
If HF − In + EC = 0, ex (t) = 0 for any x(t) results.
Furthermore, if condition (24) is satisfied then the
observer’s error dynamics (28) is asymptotically stable. Now,
the proof of the Theorem 6 is complete.
−1

To compute the matrices F, Z, E, N, L, J, H, G0 , and G1 , let
us partition the matrices A0 , A1 , C, N, H, L, J, F, Z, and D as
follows:
A0(11) A0(12)
A0 = [
],
A0(21) A0(22)
A1(11) A1(12)
],
A1 = [
A1(21) A1(22)

A0 ∈ Rn×n ,
A0(11) ∈ Rq×q ,
A0(12) ∈ Rq×p ,
A0(21) ∈ Rp×q ,
A0(22) ∈ Rp×p ,
A1 ∈ Rn×n ,
A1(11) ∈ Rq×q ,
A1(12) ∈ Rq×p ,
A1(21) ∈ Rp×q ,
A1(22) ∈ Rp×p ,
N ∈ Rs×s ,
N11 ∈ Rq×p ,

̃2 ] ,
C = [C1 0p×q ] = [̃
C1 C

N12 ∈ Rq×(s−p) ,

D1
D = [ ],
D2

N21 ∈ R(s−q)×p ,

N11 N11
N=[
] = [N1 N2 ] ,
N21 N22
H11 H11
H=[
],
H21 H22
L1
L = [ ],
L2
J1
J = [ ],
J2
E1
E = [ ],
E2
Ip×p
0p×q
F11 F12
F=[
]=[
],
0(s−p)×q 0(s−p)×p
F21 F22
Z11 Z12
] = [Z1 Z2 ] ,
Z=[
Z21 Z22

N22 ∈ R(s−q)×(s−p),
H ∈ Rn×s ,
H11 ∈ Rq×p ,
H12 ∈ Rq×(s−p) ,
H21 ∈ Rp×p ,
H22 ∈ Rp×(s−p) ,
L ∈ Rs×p ,
L1 ∈ Rq×p ,
L2 ∈ R(s−q)×p ,
J ∈ Rs×p ,
J1 ∈ Rq×p ,
J2 ∈ R(s−q)×p ,
E ∈ Rn×p ,
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E1 ∈ Rq×p ,

where the matrices Z2 ∈ Rs×(s−p) and N2 ∈ Rs×(s−p) are
̃2 ∈ Rp×p are submatrices
̃1 ∈ Rp×q and C
arbitrarily chosen, C
of the matrix C, and D2 = Is×p D2 .

E2 ∈ Rp×p ,
D ∈ Rn×q ,
q×q

,

Proof. Using (29) and (30), the fourth equation of (25)
becomes

p×q

,

Z1 D2 = 0s×q .

D1 ∈ R
D2 ∈ R

Z ∈ Rs×s ,

To compute the matrix 𝑍1 from this equation, one can
choose

Z11 ∈ Rq×p ,

Z1 = Is×p + T1 C1 ,

Z12 ∈ Rq×(s−p) ,

Z22 ∈ R(s−q)×(s−p),
Z1 ∈ Rs×p ,
Z2 ∈ Rs×(s−p) ,
N1 ∈ Rs×p ,

+

Z1 = Is×p − D2 (C1 D2 ) C1 ,

N2 ∈ Rs×(s−p) ,
C ∈ Rp×n ,
C1 ∈ Rp×p ,
̃
C1 ∈ Rp×q ,
̃
C2 ∈ Rp×p .
(30)
The ROUIO’s design is concentrated into the following
theorem.
Theorem 7. Consider the LTI multivariable (1) under the
assumptions A4-A8; the ROUIO (3) is asymptotically stable
if and only if the following conditions are satisfied: (1) there
exists the matrix R > 0 verifying the LMI (24); (2) the matrices
G0 , G1 , N, L, J, E, and H are given by

̃2 = 0q×p ,
N11 − Z11 A0(22) + L1 C
̃1 = 0(s−q)×q ,
−Z21 A0(21) + L2 C

(35)

̃2 = 0(s−q)×p ;
N21 − Z21 A0(22) + L2 C

̃+ C
̃
N21 = Z21 (A0(22) − A0(21) C
1 2) ,

̃+ ,
L = Z1 A0(21) C
1

−̃
C+1 ̃
0q×(s−p)
C2
[
],
H=
+
̃2 + ̃
̃2 0p×(s−p)
Ip − C
C1 (C1 ̃
C1 ) C1 C
[
]

̃1 = 0q×q ,
−Z11 A0(21) + L1 C

L1 = Z11 A0(21) ̃
C+1 ,

N = [Z1 (A0(14) − A0(13) ̃
C+1 ̃
C2 ) N2 ] ,

],
E=[
+
IP − ̃
C1 (C1 ̃
C1 ) C1
[
]

and the matrix Z2 ∈ Rs×(s−p) is chosen arbitrarily.
Now, using the expression of the matrix Z, we obtain
the matrices Gi in the third equation of (25). We arbitrarily
choose the matrices N12 and N22 ; as a consequence, the
matrix N2 is arbitrarily chosen. Using this as well as the form
of matrix C given in (29) and (30), i.e., C = [C1 0p×q ] =
̃2 ], the first equation (25) can be written in a form of
[̃
C1 C
matrix system as follows:

̃+ C
̃
N11 = Z11 (A0(22) − A0(21) C
1 2) ,

∀i = 1 ⋅ ⋅ ⋅ k,

̃+
C
1

(34)

by solving system (35), we obtain

+

Z1 = Is×p − D2 (C1 D2 ) C1 ,

J = (ZFA1 ) C+ ,

(33)

with T1 ∈ Rs×p an unknown matrix to be computed. With
the notation D2 = Is×p D2 , one gets T1 = −D2 (C1 D2 )+ , where
(C1 D2 )+ is the generalized pseudoinverse of (C1 D2 ), given
by (C1 D2 )+ = [(C1 D2 )T (C1 D2 )]−1 (C1 D2 )T . According to the
assumption A5 and to the fact that the matrix C1 is full rank,
we can conclude that rank(C1 D2 ) = q, and the generalized
pseudoinverse of (C1 D2 ) can be always obtained.
Equation (33) can be then written as

Z21 ∈ R(s−q)×p ,

Gi = [0s×q Z1 ] Bi

(32)

(31)

(36)

L2 = Z21 A0(21) ̃
C+1 ;
bearing in mind the fact that q < p, it results that ̃
C1 is
a submatrix of the nonsingular matrix C1 ; from this, one
C1 is a full column rank
deduces that rank(̃
C1 ) = q, i.e., ̃
matrix.
Now, solving the second equation of (25), we get
J = (ZFA1 ) C+ .

(37)
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Pump 1

Pump 2

Figure 1: The quadruple-tank process.

Using (29) and (30), the sixth equation (25) can be
transformed into a matrix system as
E1 ̃
C1 = Iq ,
̃2 + H11 = 0q×p ,
E1 C
E2 ̃
C1 = 0p×q ,

(38)

̃2 + H21 = Ip ;
E2 C
̃+
from the first and second equations of (38), we obtain E 1 = C
1
+̃
̃
̃
and H11 = −E1 C2 = −C1 C2 . On the other hand, the matrix
E2 is calculated from the third equation of (35) as follows:
E2 = Ip + T2 C1 ,

(39)

where T2 ∈ Rp×p is an unknown matrix to be computed.
C1 ) =
Because C1 ∈ Rp×p is a nonsingular matrix and rank(̃
̃1 ) = q, i.e., (C1 ̃
C1 ) is a full column
q, one gets rank(C1 C
rank matrix. Taking this into account, one successively gets
̃1 (C1 C
̃1 )+ and E2 = Ip − C
̃1 )+ C1 . From
T2 = −̃
C1 (C1 C
the fourth equation of system (38), we obtain H12 = Ip −
̃
̃1 (C1 C
̃1 )+ C1 ̃
C2 + C
C2 ; by concatenation of the matrices
E1 , E2 , H11 , H21 , H12 = 0q×(s−p) and H22 = 0p×(s−p), the last
two equations (31) result. Now, the proof of the Theorem 7 is
complete.
Algorithm 8. Design of the ROUIO.
Step 1. Given system (1), verify the five related assumptions
A4-A8.
Step 2. The matrix F of from (29) is chosen; the matrices
A0 , A1 , C, D, N, H, L, J, E, and Z are partitioned with (29) and
(30). The matrices Z12 and Z22 and thus the matrix Z2 are

arbitrarily chosen; the matrices Z1 , Gi ∀i = 1 ⋅ ⋅ ⋅ k, are
obtained via (31).
Step 3. The matrices N12 , N22 and thus the matrix N2 are
arbitrarily chosen; by solving system (35) with respect to
the matrices N11 , N21 , L1 , L2 or, directly, by means of (36),
these four matrices are obtained; the matrices N, J and L are
then calculated with (31). Matrices E and H are computed by
solving system (38).
Step 4. Using the above calculated matrix N, one checks if
there exists a symmetric and positive-definite matrix R ∈
Rn×n verifying the LMI (24); if so, the matrix N has been
properly obtained; otherwise, Steps 2–4 are repeated (in a
“while” loop) until this condition is fulfilled.
Step 5. The observer described by (3) is completely designed
and the time history of the system’s estimated states can be
obtained.

5. Numerical Simulation Results
5.1. The Quadruple-Tank Process. The quadruple-tank process is shown in Figure 1. It is composed of four connected
tanks and two pumps that split water into two tanks [30,
31, 49]. The inlet flow of each tank is measured by an
electromagnetic flow-meter and regulated by a pneumatic
valve whereas the level of each tank hi (I =1. . .4) is measured
by means of a pressure sensor. The process inputs are the input
voltages of the pumps (𝜗1 and 𝜗2 ) and the output variables are
the tank levels y1 and y2 .
5.2. The Quadruple-Tank Process Model. For practical considerations, we assume that the operating regime of the
process is well known that the quadruple-tank process is
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affected by delays and that the transport delays are perfectly
symmetric. In such a case, the model of the process can be
written as case study of model (1) and can be described by
[30]

a1 = a2 = 𝜋 (
d3 = 0.9,

ẋ (t) = A0 x (t) + A1 x (t − 𝜏1 ) + B0 u (t − 𝜏2 )
+ B1 u (t − 𝜏3 ) + Dd (t) ,

d1
),
2

a3 = a4 = 𝜋 (
(40)

d3 2
) ,
2

k1 = 7.39,

y (t) = Cx (t) ,

k2 = 6.92,
T

with x = [h1 h2 h3 h4 ] being the state vector, u =
T
T
[𝜗1 𝜗2 ] being the input vector, and y = [y1 y2 ] being the
output vector, respectively, and with

g
a
− 1
0
0
0
[ A1 √ 2h10
]
[
]
[
]
g
a2
[
]
0
0
0
−
√
[
]
A
2h
2
20
],
=[
[
]
g
a
3
[
]
0
0
0
−
√
[
]
A
2h
3
30
[
]
[
g ]
a4
0
0
0
− √
A4 2h40 ]
[

0

0

D
A1 = A2 = A3 = A4 = 𝜋 ( 1 ) ,
2

g = 981 cm ⋅ s−2 ,

0

]

(43)

0

0

0

]
0

]
]
].
(1 − 𝛾2 ) × 0.1042]
]

0

0

0

0

]

5.3. Software Implementation of the Full-Order Observer.
For simulation results, the following numerical values are
chosen: x(0) = [−4 4 6 −5], d(t) = 0.3 sin(2𝜋f t), DT =
10 20 −12 15 ], 𝛾 = 0.333, 𝛾 = 0.307, 𝛼 = 0.4420, and
[ −23
1
2
28 30 −36
𝜏1 = 5s, 𝜏2 = 3s, 𝜏3 = 4s. The control gain matrix is computed
using the approach proposed in [1]

2

hmax
= 25 cm,
2

0

]
]
],
]
]

−0.0424]

[(1 − 𝛾1 ) × 0.1042

D1 = D2 = D3 = D4 = 9.2 cm,

hmax = 50 cm,

0

0

0 0 0.0424
0
]
[
0
0.0424]
[0 0
],
A1 = [
[0 0
0
0 ]
]
[

[
[
B1 = [
[
[

]

0

0

[0 0

Using the following numerical values

d1 = 0.2 cm,

0

0

0.1113 × 𝛾1
0
]
[
0
0.1042 × 𝛾2 ]
[
],
B0 = [
]
[
0
0
]
[

(41)

0
0
[
]
[
]
0
0
[
]
[
]
(1
−
𝛾
)
k
[
].
2
2
B1 = [
]
0
[
]
A
3
[
]
[ (1 − 𝛾1 ) k1
]
0
A4
[
]

hi0 =

[

[

g
a3
0
[0 0 A √ 2h
]
[
]
1
30
[
]
g
a
4
[0 0
]
0
√
A1 = [
,
A2 2h40 ]
[
]
[0 0
]
0
0
[
]
[0 0

the matrices from (1) are given by
−0.0021
0
0
[
−0.0021
0
[ 0
A0 = [
[ 0
0
−0.0424
[

A0

𝛾1 k1
0 ]
[ A
[ 1
]
[
]
[ 0 𝛾2 k2 ]
B0 = [
],
A
[
2 ]
[ 0
]
0
[
]
0
0
[
]

(42)

−0.1603 −0.1765 −0.0795 −0.2073
K=[
]
−0.1977 −0.1579 −0.2288 −0.0772

(44)

For the FOUIO software implementation, one obtains
−1
0
]
[
−1 ]
[ 0
],
[
E=[
]
[ 1.264 −0.032]
[−1.54

0.02 ]
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0
[0.1
G0 = [

0
0
0 0
]
[
0
0 0]
[ 0
]
P=[
[ 1.26 −0.032 1 0] ,
]
[

0 0.072
[0.074 0 ]
G1 = [
],

0
0
[
]
[ 0
0 ]
[
]
G0 = [
],
[ 0.046 −0.01]
[
]

[ 0

0 0 2.945
[0 0 0.46 ]
N = 10 [
],

0 ]

1
0

0

[−0.06
0
0
0

[−0.025 0.017]

−0.0424]

0

Z = 10

0

0

0.9452]

Figure 2 shows the effectiveness of two designed
observers for the quadruple-process and their performances
for which the variables x1 and x2 (variation of water levels in
tanks 1 and 2) are measured and only the variables x3 and x4
(variation of water levels in tanks 3 and 4) are estimated. The
effectiveness of two observers is proved by the superpose of
the three curves.

5.4. Software Implementation of the Reduced-Order Observer.
During the first step of the Algorithm 8, we find the matrices
and vectors from (3). In this paper, the order is chosen as
equal n=4, m=2, p=2, q=2, and s=3 and the constant time
delays are chosen as 𝜏1 = 5s, 𝜏2 = 2s, and 𝜏3 = 4s. We
obtain
1 0
]
[
[0 1]
]
E=[
[0 0] ,
]
[

[0 1 0]

0.2220 −0.0439 0.5255
[0.1377 0.0111 0.8992]
]
[
(46)

0.08 ]

(45)

0 0 0
]
[
[0 0 0]
],
[
H=[
]
[1 0 0]

−14

[

0
0
]
[
[ 0
0 ]
]
[
J=[
],
[−0.043 0.095]
]
[
−0.025
0.017
]
[

[0 0]

0.08 ]

0
0
]
[
0 ]
[ 0
],
[
J=[
]
[−0.043 0.095]

]
]
]
],
]
]

[
]
[ 0
0 ]
[
]
L=[
],
[−0.05 −0.013]
[
]
[−0.06

0 ]

0
0
]
[
0 ]
[ 0
]
L=[
[−0.05 −0.013] ,
]
[

]
0 ]
]
],
0.072]
]

−1 0
0
[
[ 0 −1
0
[
N=[
[ 1 1 −0.0424
[
[1

[0 0

0

[0.074

0 ]

13

[−0.057 0.06 ]
[
[ 0
[
G1 = [
[ 0
[

0 ]
],

[ 0 0.07]

[−1.54 −0.020 0 1]

0

0

6. Conclusion
This study considers the design of two approaches of UIOs
for systems with multiple time-delays: a full-order delaydependent UIO and a reduced-order delay-dependent UIO.
The quadruple-tank process was used as a benchmark to
prove the effectiveness of the new observer algorithms for the
case study of multivariable nonminimum phase systems with
multiple delays.
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Figure 2: FOUIO and ROUIO of the quadruple-tank process.
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A new methodology for the identification of the values of unknown disturbance signals acting in the input and output measurements
of the dynamic linear system is presented. For the solution of this problem, the new idea of the use of two different state observers,
which are coworking simultaneously in parallel, was elaborated. Special integral type observers are operating on the same finite time
window of the width T and both can reconstruct the exact value of the vector state x(T) on the basis of input-output measurements
in this interval [0, T]. If in the input-output signals the disturbances are absent (measurements of I/O signals are perfect) then
both observers (although they are different) reconstruct the exact and the same state x(T). However, if in the measurement signals
the disturbances are present then these observers will reconstruct the different values of the final states x1(T)=x(T)+e1(T) and
x2(T)=x(T)+e2(T). It is because they have different norms and hence they generate different errors in both estimated states. Because
of the disturbances, the real state x(T) is unknown, but it is easy to calculate the state difference: x1(T)-x2(T)=e1(T)-e2(T). It occurs
that, based on this difference, the values of all the disturbances acting during the control process can be identified. In the paper,
the theory of the exact state observation and application of such observers in online mode is recalled. The new methodology for
disturbances identification is presented.

1. Introduction
In the classic control theory and its applications, a common
practice in the estimation of inaccessible for measurement
state vector of a linear observable system is the use of
Luenberger type asymptotic observers. D.G. Luenberger in
[1] proposed the pole placement technique for calculation of
the observer gain matrix. The structure of such an observer
was derived directly from the differential form of the Kalman
Filter, KF [2, 3]. Calculation of the optimal gain matrix in
KF was based on the known stochastic properties of the
disturbances and the least-squares estimation error approach.
In both types of these estimators, their structures are given by
ordinary linear differential equations. Hence under assumption that real initial state is unknown the solution of the
estimation problem by the use of these observers could
give only a state estimate, which tends to the real state

asymptotically and reaches them theoretically in infinity.
Calculation of the current estimation error is impossible,
because the real state is unknown.
Nowadays in many real-time control applications and
fault detection, the finishing of the observation tasks in
assumed and possibly short time T is an important requirement. The asymptotic state estimators may not be sufficient
for this purpose. The power of the modern microcomputers
makes the design of the other online observation algorithms
possible. They reconstruct the value of the current state vector
exactly in finite time T. The calculations are based on the
finite time history of measurement samples of input and
output. What is more, the width T > 0 of the measurement
window can be almost freely chosen.
The general theory of the exact reconstruction of the
finite dimension state for linear systems in Hilbert spaces as
well as the rules for designing of the exact state observers

2
with minimal norm was formulated and presented by W.
Byrski and S. Fuksa in 1984 [4, 5]. This theory originates
from the definition of the state observability and formulates
the extension of the method presented in [6] with the use of
functional analysis technique. The authors of [4, 5] proposed
a deterministic approach to disturbances characterization
and to the exact and optimal state observation for which
the relations were formulated generally in function Hilbert
spaces U, Y. Such type of the observer must have the structure
of two linear continuous functionals. It is because based on
two fragments of two continuous functions u and y, which are
given on finite time interval T, the observer should calculate
the real unknown vectors x(0) or x(T), where x∈Rn . On
the other hand from the Riesz Representation Theorem it
follows that every linear continuous functional in Hilbert
space can be expressed as the inner product. Hence the
structure of the observer must have a form of two inner
products: one product of continuous output function y∈Y
and special observation function G1 (𝜏)∈Y and the second
one with the input function u∈U and special observation
function G2 (𝜏)∈U. After the first observation interval [0,T]
the observer reconstructs x(T) and next can also reconstruct
the exact values of the state x(t) for ∀t>T, based on continuous
moving window (in online mode). Choosing different inputoutput Hilbert spaces one can obtain different formulas for
the finite state exact observers.
In engineering sciences, commonly used is the function
space L2 [0.T]. This space is defined as a space of functions
for which the second power is integrable in Lebesgue sense,
on the interval [0, T]. The existence of such integral enables
definition of the norm of the function as the square root of
this integral. In many cases, it can represent the square root
of the signal’s energy. The space L2 [0.T] belongs to class of
Hilbert spaces; hence the inner product of its two elements
has the form of the integral operator.
The studies on the exact state observation were undertaken by various authors, although they may be considered
as particular cases of the general theory of the exact state
observation [4]. In 1966 J.D. Gilchrist [7] proposed mixed
version of the exact state observation with the use of discrete
measurement of the output signal and continuous measurements of the control. Similar approach was presented in
[8–11]. In 1992 A. Medvedev and H.T. Toivonen in [12, 13]
continued the study of such mixed types of state observers
and called them “finite memory deadbeat observers.” Some
other version of the finite memory deadbeat observer was
also presented in [14]. However, all of the above observer’s
versions were based on standard least squares approach and
are only subcases of the general form of the exact and optimal
state observer.
As it was stated before, the exactness in reconstruction of the state is possible by the use of the exact state
observers but only under assumption that no input-output
noise or disturbances occur (i.e., in the case of perfect inputoutput measurements). Hence, in practical case of noisy
measurements the use of the exact observers gives also a
reconstruction error. In the most popular version of the exact
observers it was assumed that the input function (control)
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is perfectly known and for state calculation there is no need
for its extra measurement. The last assumption however, in
practical application, is not always proper because, e.g., the
actuator and the control valve produce the system input
signal and it may differ from the control signal u, which is
generated by the computer (the number of impulses). From
the general theory of the exact and optimal observation one
can obtain the observer with minimal norm. It guarantees
that, based on the perfect input-output measurements, the
state x will be reconstructed exactly and for the measurements
with bounded disturbances on y and u (disturbances with
bounded norm, from unit balls) the norm of the state
reconstruction error will be minimal.
In publications [4, 5] it was assumed that spaces Y
and U are chosen as L2 [0,T]; hence the inner product is
represented by the integral operator. Therefore the name
“integral observers” was also frequently used to underline its
contrary type to differential structure of the Kalman Filter
(LQF) or Luenberger observer [15–17]. Particularly important
theorem of a closed loop stability with the use of the integral
observer and linear quadratic regulator (LQR ) was given
in [4]. It was also proven that integral observer and LQR
controller in closed loop create the dynamic system of the
order n, and not 2n like in linear quadratic Gaussian system
(LQG=LQF+LQR).
The extended results of the online exact observation
and application were presented in [15, 16, 18]. For instance
in the paper [18], the integral observers with Expanding
Window as well as Moving Window of Observation (sliding
window) and their differential versions were given. In [16]
the application of Moving Window Observer (MWO) and
LQR to stabilization of distillation column was presented. In
[19, 20] the authors presented the use of the double window
exact state observer for detection and isolation of abrupt
faults in system parameters.
The most important properties and features of the integral
observers used for the exact reconstruction of the continuous
state are
(i) problem was formulated for Multi-Input MultiOutput (MIMO) continuous linear time invariant
(LTI) systems given by the standard state matrix
equation model,
(ii) the state observer has integral description in space
L2 [0,T] and can be used online (in interval [t-T, t]),
(iii) the possible existence of the disturbance in both the
control u(t) and output y(t) signals is assumed,
(iv) the optimal formulas of the observer are obtained by
the minimization of its norm which is the function of
assumed weighting coefficients,
(v) the independence of the state observation from the
initial conditions of the real state (unknown) occurs,
(vi) fixed finite observation time interval [0,T] is used.
A brief explanation regarding the first point may be useful.
The theory of the exact state observation in function space
L2 [0, T] can use the idea of continuous functions and all
the mathematical proofs as well as the final results relate
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to continuous functions. However, of course for the real
applications the term continuous measurements of such
functions means that for computer calculations it is enough
to have standard discrete measurements, although with frequency, according to Nyquist-Shannon sampling theorem.
This establishes a sufficient condition for a sample rate
that permits a discrete sequence of samples to capture all
the information from a continuous-time signal of finite
bandwidth. In that case numerical calculations of integrals,
e.g., by Simpson’s rule, will guarantee accuracy which will
correspond to continuous version.
In this paper the quite new idea of the exact state
observers application will be presented. Using two different
exact state observers (with different norms) working simultaneously in parallel structure on the same time interval,
it is possible to calculate the unknown values of some disturbances, which affect the input-output measurements. The
calculation is possible either in the batch mode or in online
observation version.
If in the input-output measurements the disturbances are
absent (measurements of I/O signals are perfect), then two
different observers reconstruct the exact and the same state
x(T). However, if in the measurement signals the disturbances
are present (y+z1 , u+z2 ) then the first observer reconstructs
the value x1 (T) and the second x2 (T). This is because the
observers have different norms and in the case of disturbances
they generate various errors e1 (T) and e2 (T); i.e., they generate the estimates x1 (T)=x(T)+e1 (T) and x2 (T)=x(T)+e2 (T).
The real undisturbed state x(T) is unknown, but it is easy
to find the states difference 𝜀(T) = x1 (T) - x2 (T) = e1 (T) e2 (T). It occurs that, based on this difference, the values of
all the disturbances acting during the control process can
be identified. In the next sections the first observer will be
marked as the observer (a) and the second observer as the
observer (b).
Such identification of disturbances cannot be performed
using classical asymptotic state estimators like Kalman Filter,
due to the unknown real value (even theoretical) of the state
in both estimators. Such an approach, by the use of classical
estimators (e.g., bank of Kalman Filters) for the disturbance
isolation, was tested however in [21–23] with the use of
“fault signatures” table. Other works [24–26] use disturbance
distribution matrices and apply observers for diagnosis [27,
28].
In Section 2 we will start with a reminder of the theory
of the exact state observation and the application of such
observers in online mode.

2. The General and Optimal Form of the Exact
Integral Observer in L2 [0,T] Space
2.1. The Existence Conditions of the Exact Observer. Let a
linear state observable MIMO system be given
ẋ (t) = Ax (t) + Bu (t)
y (t) = Cx (t)

(1)

where x(t)∈Rn , u(t) ∈Rr , and y(t) ∈Rm for ∀t ≥ 0, m<n.
Matrices A, B, C are of compatible dimensions.

Assume that we perfectly measure the control u and the
output y on the interval [0, T], where T is the fixed observation time.
Our purpose is to determine the state x(T). We assume
the following.
The state space X = Rn (for state vectors), the output space
Y=(L2 (0, T))m (for output functions y∈Y), and the control
space U=(L2 (0, T))r (for input functions, u∈U). The output
of the system (1) has the well-known form
T

y (t) = Ce−A(T−t) x (T) − C ∫ eA(t−s) Bu (s) ds
t

(2)

The general exact state observer should have the form of two
inner products in L2 [0,T]:
T

T

0

0

x (T) = ∫ G1 (T, 𝜏) y (𝜏) d𝜏 + ∫ G2 (T, 𝜏) u (𝜏) d𝜏

(3)

where the dimensions of matrices G1 (T,𝜏) and G2 (T,𝜏) are
(n×m) and (n×r), respectively. The elements of these matrices
are functions of time 𝜏 ∈ [0, T]. They are also functions of
assumed observation time T. However in the sequel we will
omit the first argument T in writing, G1 (𝜏), G2 (𝜏).
For these assumptions, the general conditions for the
observation matrices G1 , G2 should be determined, in such
a manner that formula (3) could represent an accurate state
observer. To this end, one must substitute (2) to (3). We obtain
T

x (T) = ∫ G1 (T, 𝜏) Ce−A(T−𝜏) d𝜏 ⋅ x (T)
0

T

T

0

𝜏

− ∫ G1 (T, 𝜏) C [∫ eA(𝜏−s) Bu (s) ds] d𝜏

(4)

T

+ ∫ G2 (T, 𝜏) u (𝜏) d𝜏
0

or after changing the order of integration in internal integral
T

x (T) = ∫ G1 (T, 𝜏) Ce−A(T−𝜏) d𝜏 ⋅ x (T)
0

T

s

0

0

− ∫ [∫ G1 (T, 𝜏) CeA(𝜏−s) Bd𝜏] u (s) ds

(5)

T

+ ∫ G2 (T, 𝜏) u (𝜏) d𝜏
0

The left hand side of the above equation is equal to right hand
side if and only if matrices G1 and G2 fulfill conditions
T

∫ G1 (𝜏) Ce−A(T−𝜏) d𝜏 = I,
0

(6)

where I is n×n identity matrix and
𝜏

G2 (𝜏) = ∫ G1 (s) Ce−A(𝜏−s) Bds.
0

(7)

Equation (6) should be treated as the constraint for all
possible observation matrices G1 (𝜏) in (3). For the chosen
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matrix G1 , the matrix G2 should fulfill the second constraint
(7). For the observable linear system (1) there is infinite
number of G1 , G2 matrix pairs which fulfill (6) and (7)
and are matrices for exact observation in (3). Therefore, one
can additionally assume some quality index and find the
observer, which will fulfill the minimum of this index. A
very reasonable quality index of observation is the observer's
norm.

In this space one can introduce a seminorm of the observer
like in (13):
2

(G1 , G2 )
T

n

m

i=1

j=1

2

ij

n

r

i=1

j=1

ij

2

= ∫ [∑𝛼i ∑ (g1 (𝜏)) + ∑𝛽i ∑ (g2 (𝜏)) ] d𝜏
0

(13)

=J
2.2. Interpretation of the Observer Norm. Any exact state
observer perfectly reconstructs the state of the system (1)
regardless of the initial or final conditions, if no disturbances
occur in the input-output measurements. Otherwise, any
exact state observer will reconstruct the state with some
observation error. If the observer norm will be minimal, the
norm of observation error will be also minimal (under some
assumptions). Let us assume that in measurements y and u
additive bounded norm disturbances occur, z1 ∈ L2 [0,T], z2 ∈
L2 [0,T], ‖z1 ‖ ≤ 1, and ‖z2 ‖ ≤ 1.
Then the state estimate is given by
̂x (T) = ∫

T

0

Go1

(𝑦 + z1 ) d𝜏 + ∫

T

0

Go2

(u + z2 ) d𝜏

(8)

Hence, the vector of the state reconstruction errors will have
a value:
T

T

0

0

𝜀 (T) = ∫ Go1 (𝜏) z1 (𝜏) d𝜏 + ∫ Go2 (𝜏) z2 (𝜏) d𝜏.

(9)

We can estimate the norm of the error ‖𝜀‖ in the space L2 [0,T]
assuming that disturbances are bounded and normalized to
unit balls in L2 [0,T], ‖z1 ‖ ≤ 1, and ‖z2 ‖ ≤ 1. Inner product is
denoted by ⟨∙ | ∙⟩.
2

max ‖𝜀‖2𝑅𝑛 = max ⟨𝐺1 | 𝑧1 ⟩ + ⟨𝐺2 | 𝑧2 ⟩𝑅𝑛

(𝑧1 ,𝑧2 )

 2  2

2
≤ 2 [𝐺1 Y + 𝐺2 U ] = 2 (G1 , G2 )Y×U

(10)

= 2J
Such assumed observer’s norm J estimates maximal observation error in most pessimistic scenario. This min-max
approach gives interpretation of the optimization task.
min J = Jo

(11)

(G1 ,G2 )

Obviously, an observer with a minimum norm still exactly
reconstructs the state in the case of perfect and undisturbed
input-output measurements.
2.3. The Exact State Observer with Minimal Norm. From
continuity and linearity in (6) and (7), it follows that the set
of all observers (pairs of matrices G1 , G2 ) is closed, linear
manifold in the space Yn × Un
m×n

× [L2 [0, T]]

ij

Jo = min J,
(G1 ,G2 )

(14)

under constraints (6) and (7). The norm (13) of the observer
is the function of observation time T.
Because of (6) the Lagrange functional is of the form
n

L = J + 2 ∑ [[eTi − [⟨gi1 , h11 ⟩ , . . . , ⟨gi1 , hn1 ⟩]] ⋅ 𝜆 i ]

(15)

i=1

(i) where ei are basis vectors in Rn with one in i-th row,

(ii) gi1 denotes column vector which is transposition of ith row of matrix G1 ,
(iii) hi1 denotes i-th column vector of matrix Ce−A(T−t) ,
j

(iv) the symbol ⟨gi1 , h1 ⟩ stands for the integral inner
products,
(v) 𝜆 i ∈ Rn are vectors of Lagrange multipliers.

(𝑧1 ,𝑧2 )

Yn × Un = [L2 [0, T]]

ij

where g1 (𝜏), g2 (𝜏) are i-th row and j-th column elements of
matrices G1 ,G2 and 𝛼i , 𝛽i are weighting coefficients for the
whole i-th rows of corresponding matrices.
For simplification (without loss of generality) we will
assume identity weighting coefficients 𝛼i =1. The weight 𝛽 may
be interpreted as the relative norm of the possible disturbance
z2 . The task of the optimization is minimization of the norm

r×n

.

(12)

From constraint (7) it follows that the squared norm J and
hence Lagrange functional L are functions of matrix G1 rows
gi1 , only.
Hence from optimality condition 𝛿L/𝛿gi1 = 0 after some
calculation one can obtain the main formula
T

G'1 (t) = − ∫ CeA(t−𝜏) BG'2 (𝜏) d𝜏𝛽 + Ce−A(T−t) 𝜆
t

(16)

(i) where 𝛽 is diagonal matrix with 𝛽i elements,
(ii) 𝜆 is Lagrange multipliers matrix with vector columns
𝜆i,
(iii) apostrophe ’ denotes matrix transposition.
Transposition of (7) gives the result:
𝜏

'

G'2 (𝜏) = ∫ B' e−A (𝜏−s) C' G'1 (s) ds.
0

(17)

Equations (16) and (17) give the set of two integral equations,
which can be solved. To this end let us notice that we

Mathematical Problems in Engineering

5

have some boundary relationships for rectangular matrices:

T

G'1 (T) = C𝜆,
G2 (0) = 0,

(18)

Let us introduce two square matrices P1 and P2 of [n×n]
dimension.
CP'1

(t) =

'

∫ e−A (T−𝜏) C' C [Φ111 (𝜏) p11 (0) ,, . . . , Φn11 (𝜏) pn1 (0)] d𝜏
0

(t) ,

Hence denote n different square matrices by Mi , i=1,. . .n:
T

0

M'i

−1

T

(t) = e

T

A(t−𝜏)

𝜆−∫ e
t

t

BB' P'2

(𝜏) d𝜏 ⋅ 𝛽

'

P'2 (t) = ∫ e−A (t−𝜏) C' CP'1 (𝜏) d𝜏

T

0

(28)
'
Φi11 (𝜏) C' CeA𝜏 d𝜏] e−AT ,
T

(21)

0

'

0

Then Mi = [∫
(20)

−1

'

= [∫ eA 𝜏 C' CΦi11 (𝜏) d𝜏] eA T .

Then one can obtain two new equations:
−A(T−t)

'

M'i = ∫ e−A (T−𝜏) C' CΦi11 (𝜏) d𝜏

(19)

G'2 (t) = B' P'2 (t)

P'1

(27)

=I

G2 (T) = B.

G'1

One can find initial conditions for pi1 (0) by substitution (26)
to the constraint (6).

−1

'

AT
and M−1
[∫ Φi11 (𝜏) C' CeA𝜏 d𝜏] .
i = e
0

The initial conditions have the form

with boundary condition:
P'1

M1 p11 (0) = [1 0 ⋅ ⋅ ⋅ 0] ,
'

(T) = 𝜆,

P'2

(22)

(T) = I.

It is easy to see that (20) represent the solution of two
differential equations.
Ṗ '1 (t) = AP'1 (t) + BB' P'2 (t) 𝛽

(23)

Ṗ '2 (t) = C' CP'1 (t) − A' P'2 (t)

with the above mentioned mixed boundary conditions.
Denote by pi1 (t), pi2 (t) the columns of matrices P'1 (t), P'2 (t),
and introduce fundamental matrices Φi (t), for i = 1,. . .,n.
Wi t

Φi (t) = e

=[

Φi11 (t) Φi12 (t)
Φi21 (t) Φi22 (t)

]

A, 𝛽i BB
].
where Wi = [ '
C C, −A'

(24)

(25)

And under the condition pi2 (0) = 0, we have the solution of
(23) for 2n dimensional problem:

=

(t)
(t)

(t)
(t)

pi1

][

Φi11 (t) pi1 (0)
=[ i
]
Φ21 (t) pi1 (0)

(0)
]
0

Mn pn1 (0) = [0 0 ⋅ ⋅ ⋅ 1] .
'

Finally, the solution for columns of matrices P'1 (t), P'2 (t) has
the form
−1

pi1 (t) = Φi11 (t) [M'i ] ei
−1

pi2 (t) = Φi21 (t) [M'i ] ei

(30)

where ei are basis vectors in Rn with one on i-th row.
The vectors pi1 (t), pi2 (t) after transposition will form the
rows of optimal matrices G01 (t) i G02 (t) according to equations

Go2 (t) = P2 (t) B

(31)

It is the most general optimal form of the exact state observer
with minimal norm (13) and weighting coefficients 𝛽i .
2.4. Two Special Cases of Minimal Norm Observer. Two cases
will be considered:

pi1 (t)
Φi11 (t) Φi12 (t) pi1 (0)
[ i ]=[ i
][
]
p2 (t)
Φ21 (t) Φi22 (t) pi2 (0)
Φi12
Φi22

(29)

..
.

Go1 (t) = P1 (t) C' ,

'

Φi11
[ i
Φ21

M2 p21 (0) = [0 1 ⋅ ⋅ ⋅ 0] ,
'

P2 (0) = 0,

(26)

(a) The weighting coefficients 𝛽=I form unity matrix.
This is reasonable case if in the measurements of the
output y(t) and the input control u(t) the norms of the
possible disturbances are the same.
(b) The weighting coefficients 𝛽=0. This is reasonable
case if in measurement of the control u(t) the disturbances are absent.
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The Solution to the Case (a). For symmetric case 𝛽=I, the
solution of the optimization task has simpler and more
compact form than (30) and (31).
Go1a (T, 𝜏) = M−1 Φ'11 (𝜏) C'

The solution for matrices P'1 (t), P'2 (t) has the form
0
eAt
P'1 (0)
P'1 (t)
]
[
]
[ ' ]=[
−A' t
P2 (t)
P'2 (0)
Φ
e
(t)
21
]
[
eAt

(32)

Go2a (T, 𝜏) = M−1 Φ'21 (𝜏) B.

(39)

P'1 (0)

]
=[
Φ21 (t) P'1 (0)
P'1 (t) = eAt P'1 (0) ,

All the matrices Mi are the same M=Mi and M-1 has the form

(40)

'

P1 (t) = P1 (0) eA t

T

M = [∫ Φ'11 (𝜏) C' CeA𝜏 d𝜏] e−AT
0

M

−1

AT

=e

[∫

T

0

Φ'11

'

A𝜏

(33)

−1

(𝜏) C Ce d𝜏]

One can find the initial conditions in (40) by substitution of
(40) to the constraint (6) remembering that
T

(34)

∫ G1 (𝜏) Ce−A(T−𝜏) d𝜏 = I,
0

W=[ '
],
C C −A'
W𝜏

Φ (t) = e

=[

Φ11 (𝜏) Φ12 (𝜏)
Φ21 (𝜏) Φ22 (𝜏)

T

(35)
]

0

T

−1

'

n m

(36)

i=1 j=1

T

'

0

P'1

T

'

M = ∫ eA 𝜏 C' CeA𝜏 d𝜏 ⋅ e−AT = MG ⋅ e−AT
0

M

−1
'

AT

= e M−1
G ,

(43)

'

AT
[M−1 ] = M−1
G e

Then P1 (0) = M−1 and P'1 (T) = 𝜆 = eAT P'1 (0) = eAT [M−1 ]'
'

P'2 (T) = I.

(44)

For P2 (0) = 0, the solution for P2 from (37) and (44) is
'

P'2 (t) = ∫ e−A (t−𝜏) C' CP'1 (𝜏) d𝜏
(37)

0

t

'

= ∫ e−A (t−𝜏) C' CeA𝜏 d𝜏P'1 (0)
0

(T) = 𝜆,

P2 (0) = 0,

'

⋅ eA t

Let us assume that the square matrix M with symmetric Gram
matrix MG has a form as in (33)

t

Ṗ '2 (t) = C' CP'1 (t) − A' P'2 (t)

−1

'

P1 (t) = P1 (0) eA t = eAT [∫ eA 𝜏 C' CeA𝜏 d𝜏]

P'1 (t) = eAt ⋅ P'1 (0) = eAt ⋅ [M−1 ]

Equation (23) takes the form
Ṗ '1 (t) = AP'1 (t)

(42)

0

The Solution to the Case (b). For the special values of weight
factors 𝛽=0, one can obtain from (25) the special form of
the exact state observer. It means that one can obtain this
form of the observer (3) by minimization of simplified form
of the norm (13) which corresponds only to the output y
measurements. It is reasonable case if in the measurement of
the control signal u(t) the disturbances are absent.
2
ij

2
(G1b ) = ∫ [∑∑ (g1 (𝜏)) ] d𝜏.
0

'

P1 (0) ∫ eA 𝜏 C' CeA𝜏 d𝜏 ⋅ e−AT = I
P1 (0) = eAT [∫ eA 𝜏 C' CeA𝜏 d𝜏] ⋅

Then, matrices G (32) for the given observation time T can
be calculated offline in interval [0,T] and applied online in
optimal observer moving window [2].

T

G2 (t) = P2 (t) B
Hence,

BB'

A

(41)

G1 (t) = P1 (t) C' ,

Two submatrices Φ11 (𝜏), Φ21 (𝜏) of the fundamental matrix
Φ(𝜏) are calculated from (35):

'

(38)

t

'

= e−A t ∫ eA 𝜏 C' CeA𝜏 d𝜏 [M−1 ]
0

From the above the form of Φ21 (t) in (39) is visible.

(45)
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Finally we have the matrices P
'

'

At
P1 (t) = M−1 eA t = eAT M−1
G e
t

A' 𝜏

P2 (t) = M ∫ e
0

AT

=e

A𝜏

'

18
16
−At

C Ce d𝜏 ⋅ e

t
A' 𝜏 '
A𝜏
M−1
G ∫ e C Ce d𝜏
0

12
−At

⋅e

'

At '
G1b (t) = eAT M−1
G e C,

(47)

'

A𝜏 '
A𝜏
−At
G2b (t) = eAT M−1
B.
G ∫ e C Ce d𝜏 ⋅ e
0

(48)

For the observation time T, these matrices can be calculated
offline in interval [0,T] in as many samples as needed and
then applied online in the observer moving window.
Interestingly, the same forms of G1 , G2 as in (47), (48)
can be obtained by using the easy and standard least squares
approach, i.e., by the multiplying of both sides of the output
equation (2) by the transposition of the appropriate matrix
and integration of this equation on [0, T].
T

−A' (T−t)

∫ e
0

T

C y (t) dt
'

= ∫ e−A (T−t) C' Ce−A(T−t) dt ⋅ x (T)
0

'

(49)

T

− ∫ [e−A (T−t) C' C ∫ eA(t−s) Bu (s) ds] dt
0

t

Then after changing the order of integration in internal
integral we obtain the matrices G as in (47) and (48) and those
of the form of the observer for the case (b):
T

T

0

0

x (T) = ∫ G1b (𝜏) y (𝜏) d𝜏 + ∫ G2b (𝜏) u (𝜏) d𝜏.

for T → 0

4
2
0
0.2

0.4

0.6

0.8

1

1.2
T

1.4

1.6

1.8

(50)



(G1 , G2 ) (∞) → small value



the norm (G1 , G2 ) (0) → ∞,

2

2.2

Figure 1: An exemplary shape of the norm, as the function of
observation time T, for the second-order system.

3. Integral Observers in Online Mode as
Moving Window Observers
Presented integral form of the exact observers given on finite
time interval [0,T]
T

T

0

0

(52)

can be applied in online observation and in control systems.
To this end one can design the structure of Moving
Window Observer (MWO). Equation (52) is valid for any
linear time invariant (LTI) systems and for any fragment
of measured functions y and u and hence for shifted
input/output functions, also.
One can use two possible representations of MWSO at
time t:
T

x (t) = ∫ G1 (𝜏) y (t − T + 𝜏) d𝜏
0

(53)

T

+ ∫ G2 (𝜏) u (t − T + 𝜏) d𝜏
0

It confirms the correctness of all the above derived formulas
(47) and (48) and the general theory of the optimal observation (30), (31).
By the way, it means that the use of the above version
of the observers in different applications of the exact state
observers [12–14] may give the result, which is not in general
the optimal observation solution, but only for the special
observer norm (36).
In authors’ research, it turned out that the norm (13) of the
observer decreases to some small value with increasing of the
observation time T and increases to infinity with decreasing
of time T to zero, like in Figure 1.
for T → ∞,

6

x (T) = ∫ G1 (𝜏) y (𝜏) d𝜏 + ∫ G2 (𝜏) u (𝜏) d𝜏

'

T

10
8

and we have the matrices G1 and G2 (marked finally as G1b ,
G2b ) of the optimal observer for the case (b):

t

14

(46)
||G||

−1

Norm of MWO for II order system

20

(51)

x (t) = ∫

t

t−T

+∫

G1 (T − t + 𝜏) y (𝜏) d𝜏
t

t−T

(54)
G2 (T − t + 𝜏) u (𝜏) d𝜏

The form (54) represents moving window of width T shifted
along time axis against measurements and after integrals
calculations giving current and exact state x(t) for t≥T. Such
type of the observer has characteristic delay in starting of the
observation connected with the first window for 0 ≤ t ≤ T.
The matrices G1 , G2 do not depend on current time t and
can be calculated only once and offline in interval [0, T]. Then
they may be stored in memory registers in as many samples
as needed for accurate calculation of integrals, depending on
discretization time of measurements of y and u.
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Figure 2: The system for reconstruction of disturbances.

Digital control equipment should have enough computation power for online calculation of thousands of multiplications and summations per second. For the nowadays
industrial computers (IPC) this is no problem, let alone for
those with digital signal processors (DSP).
During designing of the observer, the main problem is
the right choice of the observation time T. The short interval
T results in quick start of the online state reconstruction
process and requires fewer calculations during the moving
window mode but the observer is more highly sensitive to
the disturbances (has the bigger norm). The longer time T
results in bigger time delay in starting of observation and
causes more calculations within the window but the observer
is less sensitive to disturbances (has the smaller norm).

4. The Main Idea of the Paper
Let a linear state observable system be given
ẋ (t) = Ax (t) + Bu (t)
y (t) = Cx (t)

Both observers reconstruct the exact state xa (T) =
xb (T)=x(T).
However, if during control process the disturbances d2 of
the control and disturbances d1 of the output occur and the
measurement noises occur (measurement disturbances on
input-output z2 , z1 ), then we have a situation like in Figure 2.
Our purpose is to determine the state xa (T) = x(T)+ea (T),
xb (T) = x(T)+eb (T) and the disturbance values d and z, based
on the measurement signals ym (t) and um (t).
The equation of the disturbed system has the form
ẋ (t) = Ax (t) + B [u (t) + d2 (t)]
y (t) = Cx (t) ,

and the reconstructed state is given by two equations, one
from the observer (a) (the pair of matrices G1a , G2a ) and the
second from the observer (b) (the pair of matrices G1b , G2b ).
Both observers use for the state calculations the disturbed
measurements,
ym (t) = y (t) + d1 (t) + z1 (t) ,
um (t) = u (t) + d2 (t) + z2 (t)

(55)

We will consider the case of Single Input–Single Output
(SISO) system; however one can generalize the disturbances
detection method to Multi-Input Multi-Output case. The
system is of n-th order, the state x(t) ∈ Rn , the control u(t)
∈ R1 , and the output y(t) ∈ R1 , for ∀t≥0. Matrices A, B, C are
of compatible dimensions.
Assume that we perfectly measure the control u and the
output y (without any disturbances) on the interval [0, T],
where T is the fixed observation time.
For the exact state observation, we will use simultaneously working two observers (a), (32), (33), (35) and (b), (47),
(48).

(56)

(57)

Control u(t) ∈R1 , the output y(t) ∈R1 , disturbances d1 (t) ∈R1 ,
d2 (t) ∈R1 , z1 (t) ∈R1 , z2 (t) ∈R1 , for ∀t ≥ 0
The control signal u(t) is known, because it is generated
by the deterministic control algorithm in industrial PC or
Programmable Logic Controller (PLC).
The algorithm of disturbance detection is presented in
Figure 2.
The reconstructed state xa (T) by the observer (a):
T

T

0

0

xa (T) = ∫ G1a (𝜏) ym (𝜏) d𝜏 + ∫ G2a (𝜏) um (𝜏) d𝜏
T

= ∫ G1a (𝜏) [y (𝜏) + d1 (𝜏) + 𝑧1 (𝜏)] d𝜏
0
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T

+ ∫ G2a (𝜏) [u (𝜏) + d2 (𝜏) + 𝑧2 (𝜏)] d𝜏
0

= x (T) + ea (T)
(58)
The reconstructed state xb (T) by the observer (b):
T

T

0

0

The Main Assumption. Let us assume that the values of the
disturbances d1 , z1 , d2 , z2 within the interval T are constant.
Such assumption is reasonable if the interval T is small.
Let us mark two vector-matrices [nx1] for each observer,
with the second indexes, which mean the numbers (items) of
the state vector elements.
[
[
(G1a , G2a ) = ([
[

xb (T) = ∫ G1b (𝜏) ym (𝜏) d𝜏 + ∫ G2b (𝜏) um (𝜏) d𝜏
T

= ∫ G1b (𝜏) [y (𝜏) + d1 (𝜏) + 𝑧1 (𝜏)] d𝜏
0

G11,b (𝜏)

+ ∫ G2b (𝜏) [u (𝜏) + d2 (𝜏) + 𝑧2 (𝜏)] d𝜏

]
[
]
[
..
(G1b , G2b ) = ([
],
.
]
[
G
(𝜏)
[ 1n,b ]

0

= x (T) + eb (T)
Taking into account the fact that the real state x(T) in (56) is
given by
T

x (T) = ∫ G1a (𝜏) y (𝜏) d𝜏

[
[
[
[

G21,a (𝜏)
..
.

]
]
]) ,
]

[
[
[
[
[

G21,b (𝜏)
..
.

(63)

]
]
])
]
]

[G2n,b (𝜏)]

Then, we have from (62) the main equation for the estimation
error.

(60)

T

..
.

]
]
],
]

[G1n,a (𝜏)] [G2n,a (𝜏)]

(59)

T

0

G11,a (𝜏)

[
[
𝜀 (T) = [
[

+ ∫ G2a (𝜏) [u (𝜏) + d2 (𝜏)] d𝜏,
0

𝜀1 (T)
..
.

]
]
]
]

[𝜀n (T)]

as well as
T

T

x (T) = ∫ G1b (𝜏) y (𝜏) d𝜏
0

[ ∫ [G11,a (𝜏) − G11,b (𝜏)] d𝜏 ]
[ 0
]
[
]
..
[
]
=[
] [d1 + z1 ]
.
[
]
[ T
]
[
]
∫ [G1n,a (𝜏) − G1n,b (𝜏)] d𝜏
[ 0
]

(61)

T

+ ∫ G2b (𝜏) [u (𝜏) + d2 (𝜏)] d𝜏,
0

the difference of the estimated states (58), (59) gives the
estimation error 𝜀(T).

(64)

T

𝜀 (T) = xa (T) − xb (T)

[ ∫ [G21,a (𝜏) − G21,b (𝜏)] d𝜏 ]
[ 0
]
[
]
..
[
]
+[
] [z2 ] ,
.
[
]
[ T
]
[
]
∫ [G2n,a (𝜏) − G2n,b (𝜏)] d𝜏
[ 0
]

T

= ∫ [G1a (𝜏) − G1b (𝜏)] [d1 (𝜏) + 𝑧1 (𝜏)] d𝜏
0

(62)

T

+ ∫ [G2a (𝜏) − G2b (𝜏)] [𝑧2 (𝜏)] d𝜏
0

n

𝜀(T) ∈ R .

or in compact form with the constant matrix D [nx2]:

T

T

[ ∫ [G11,a (𝜏) − G11,b (𝜏)] d𝜏, ∫ [G21,a (𝜏) − G21,b (𝜏)] d𝜏 ]
𝜀1 (T)
[ 0
]
0
] [
[
] d +z
..
..
1
[ .. ] [
] 1
]
[ . ]=[
][
.
.
] [
[
]
z2
[ T
]
T
[
]
[𝜀n (T)]
∫ [G1n,a (𝜏) − G1n,b (𝜏)] d𝜏, ∫ [G2n,a (𝜏) − G2n,b (𝜏)] d𝜏
0
[ 0
]
𝜀 (T) = D [

d 1 + z1
z2

] = DΘ

(65)

(66)
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In this equation the vector of estimation error 𝜀(T)∈Rn is
known as well as the rectangular and constant matrix D [nx2].
The unknown vector  of two real numbers represents the
values of unknown disturbances ∈R2 . These values  are
valid for the entire interval T.
Hence, for the system’s order n=2, D is the square matrix,
D[2x2], and for the equation 𝜀(T) = D𝜃, we have the single
solution for the vector of disturbances :
Θ = D−1 𝜀 (T)

(67)

For n>2, the matrix D is rectangular D[nx2] and by the least
squares approach it is easy to find that the best solution of
(66) is given by
−1

Θ = [D' D] D' 𝜀 (T)
Θ=[

d 1 + z1
z2

]

(68)
(69)

Then, it is easy to find that the disturbance d2 is given by
d2 = um (t) –u (t) –z2 .

(70)

It turned out that the separation of the disturbance sum d1 +z1
at the time T and the exact calculation of the constant values
d1 , z1 is not possible by this method (see Conclusions).

5. The Moving Window Disturbances Observer
All the above considerations were carried out, for the one
observation window [0, T] (batch mode).
If we use the idea of the Moving Window State Observer
(53) working in online mode,
T

x (t) = ∫ G1 (𝜏) ym (t − T + 𝜏) d𝜏
0

(71)

T

+ ∫ G2 (𝜏) um (t − T + 𝜏) d𝜏
0

then using two MWSO, for reconstruction of x1 (t) and
x2 (t), one can also design the Moving Window Disturbances
Observer, for the online identification of the disturbances for
t>T.
We can have continuous equation for the online reconstruction of the disturbances:
−1

Θ (t) = [D' D] D' 𝜀 (t)

The real matrix D as well as [D' D]-1 D' should be calculated
offline for a given interval T only once (based on (32), (47),
and (48)) and used during online calculation. Of course
in practice each element of the observer function matrices
G1 (t) and G2 (t) calculated offline must be stored in computer
memory within [0, T], e.g., as 100 samples, with Δ=0.1 sec
each (T=10 sec). The same samples time must apply to I/O
signal measurement. These measurements may be delivered
in online mode and final calculation of the observers integrals
is performed in real time numerically in the last window [tT, t] for each t, i.e., in numerical version [iΔ-T, iΔ] for each
i (with the use of the best integration procedure, e.g., with
Simpson’s rule).
There is no real-time computation problem with online
calculation of such Moving Window Observer based on (71),
(72), and (73). The not very new processor Pentium 4 can
perform 3 GFLOPS (floating point operations per 1 sec), i.e.,
3 mln FLOP/ 1 msec, while Pentium Core i7 5960X – can
perform even 300 GFLOPS. Assuming that PLC cycle time
is about 100 msec (sampling time of measurements), it means
that during this time Pentium 4 can perform 300 mln FLOP.
Two integrals in one observer with two integral windows
T, each sampled, e.g., 1000 times, need 2000 multiplications
(1000 multiplications of each element, e.g., G11a (t)y(t), and
1000 multiplications of each element, e.g., G21a (t)u(t)) as well
as 2000 summation (simplest calculation of integrals based
on trapezoid rules). Hence, two observer’s integrals need
8000 floating point operations for single function element. If
the SISO system is of order n=10 then the disturbance reconstruction (detection) needs computation power 80 000 FLOP
in each sample. This is 3% of Pentium 4 power ratio. The above
theoretical and simplified estimation of the computational
capabilities of standard PCs has been presented only to justify
the applicability of the MWO in the real industrial processes
and in online mode. All numerical experiments in this article
were carried out in the Matlab/Simulink environment in
which numerical integration procedures are performed with
the Simpson algorithm.

6. Numerical Example
All the simulation data used to support the findings of this
study are included within the article.
Assume that second-order system is given.

(72)
ẋ (t) = [

where
𝜀 (t) = xa (t) − xb (t)

(73)

and the values of xa (t) and xb (t) are reconstructed online by
the observers of type (71). The constant rectangular matrix D
[nx2] is the same as in (66):
D
T

T

[ ∫ [G11,a (𝜏) − G11,b (𝜏)] d𝜏, ∫ [G21,a (𝜏) − G21,b (𝜏)] d𝜏 ]
0
] (74)
[ 0
]
[
..
..
]
=[
.
.
]
[
]
[ T
T
]
[
∫ [G1n,a (𝜏) − G1n,b (𝜏)] d𝜏, ∫ [G2n,a (𝜏) − G2n,b (𝜏)] d𝜏
]
[ 0
0

0 1

0
] x (t) + [ ] u (t)
0 0
1

(75)

y (t) = [2 0] x (t)
For this simple system, all the exact observer calculations can
be done analytically.
1 t
eAt = [
];
0 1
1 0
'
eA t = [
];
t 1
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'

𝑇

4 4t

0

4t 4t

MG = ∫ eA t C' CeAt dt = ∫ [
0

11
2 ] dt

(76)
We will derive the exact state x(T) optimal observer
formula, for two cases of weighting coefficients 𝛽=1 and 𝛽=0.
The Case of the Observer (a), the Weighting Coefficients
𝛽 = 1. After some longer calculations, one can obtain that
submatrices Φ11 (t) and Φ21 (t) from (35) have the form

1
cosh 𝑡 cos 𝑡,
(sinh 𝑡 cos 𝑡 + cosh 𝑡 sin 𝑡)]
=[
2
cosh 𝑡 cos 𝑡
]
[sinh 𝑡 cos 𝑡 − cosh 𝑡 sin 𝑡,
Φ21 (𝑡)
2 (sinh 𝑡 cos 𝑡 + cosh 𝑡 sin 𝑡) ,
2 sinh 𝑡 sin 𝑡
=[
]
−2 sinh 𝑡 sin 𝑡,
sinh 𝑡 cos 𝑡 − cosh 𝑡 sin 𝑡

(77)
Matrices M and M−1 from (33) have the form

Φ11 (𝑡)

2 sinh T cos T + 2 cosh T sin T,
−2 sinh T sin T
M=[
]
2 sinh T sin T,
sinh T cos T − cosh T sin T
M

−1

sinh T cos T − cosh T sin T,
2 sinh T sin T
1
=
[
]
2
2
−2 sinh T sin T,
2 (sinh T cos T + cosh T sin T)
2sinh T − 2sin T

The optimal observer matrices (in this case vectors) G1a (t)
and G2a (t) within the interval [0, T] have the final form as
in (32) and are visible in Figure 3.
G1a (t) = M−1 [

2 cos (t) cosh (t)
cos (t) sinh (t) + sin (t) cosh (t)
−2 sin (t) sinh t

−1

G2a (t) = M [

cos (t) sinh (t) − sin (t) cosh (t)

],
],

(80)

2
1 3Tt − T
[
];
T3 6t − 3T

G1b (t) =

2 2
3
1 T t − Tt
G2b (t) = 3 [ 2
];
T 3Tt − 2t3

(79)

(78)

(84)

The optimal observer matrices (in this case vectors) G1b (t)
and G2b (t) within the interval [0, T] have the final form as in
(47), (48) and are visible in Figure 4.
The norm (13) of this observer is also function of interval
T

and the observer (a) is given by
T G
x1,a (T)
11,a (𝜏)
[
]=∫ [
] y (𝜏) d𝜏
x2,a (T)
G12,a (𝜏)
0

G21,a (𝜏)
] u (𝜏) d𝜏.
+∫ [
G22.a (𝜏)
0
T

T6 + 39T4 + 105T2 + 315


(G1b , G2b ) (T) = √
105T3
(81)

[

x1b (T)
x2b (T)

T

G11,b (𝜏)

0

G12,b (𝜏)

]=∫ [

] y (𝜏) d𝜏

G21,b (𝜏)
] u (𝜏) d𝜏.
+∫ [
G22,b (𝜏)
0
T

The norm (13) of this observer is a function of interval T

(85)

(86)

The matrix (74) has the form
3 sinh (2T) + sin (2T)


,
(G1a , G2a ) (T) = √
4 (sinh2 (T) − sin2 (T))

(82)

T

The Case of the Observer (b), the Weighting Coefficients 𝛽 = 0.
For this simpler case, the observer matrices are as (47), (48):
2
1 −T 3T
]
[
2T3 −3T 6

T

[∫ [G11,a (𝜏) − G11,b (𝜏)] d𝜏, ∫ [G21,a (𝜏) − G21,b (𝜏)] d𝜏] (87)
0
0
]
=[
T
[ T
]
∫ [G12,a (𝜏) − G12,b (𝜏)] d𝜏, ∫ [G22,a (𝜏) − G22,b (𝜏)] d𝜏
[ 0
]
0

and as a function of T it is presented in Figure 1.

M−1 =

D

(83)

It is easy to calculate numerically all elements of matrix
differences, e.g., G11,a (𝜏) − G11,b (𝜏), on [0, T] and then
integrate them obtaining the all real matrix D [2x2], and so
the matrix [D' D]-1 D' [2x2], which in this case is directly equal
to the real matrix D−1 [2x2].
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Figure 3: The shape of the matrix functions G11,a and G12,a as well as G21,a and G22,a of the observer (a), for T = 2.

The shapes of the integral functions (differences) in the
matrix D are visible in Figure 5.
Assuming T=2 and using (80) and (84) equations, one can
calculate the real matrix D and inv(D) from (87),

D−1

(88)

Simulation of 𝜀(T) using (58), (59) for some chosen u(t) as
well as for some chosen constant disturbances has given value
of the error
𝜀 (2) = xa (2) − xb (2) = [

−0.0079
].
−0.0182

Θ = D−1 𝜀 (2) = [

d1 + z1
]=[
].
z2
0.25
1

(90)

Assuming that z1 =z2 , we have d1 =0.75, z1 =z2 =0.25. These
values are the same as those assumed in simulation.

0.0005 −0.0337
D=[
],
0.00153 −0.0788
−6325, 56 2709, 57
=[
],
−123.11 40, 06

Hence, from (67)

(89)

7. Conclusions
In the paper, the quite new methodology of identification
of the unknown constant values of the disturbances acting
in dynamical control system was presented. To this end, the
theory and application of the exact state integral observers
were used. The structure of the Moving Window Disturbance
Observer, which consists of two MWO, is defined.
It is possible to identify exactly three values of disturbances d1 +z1 , d2 , z2 . However, there is also the possibility of
identification of the disturbance d1 if we assume that constant
values of the noises are the same; z1 =z2 (e.g., if the identified
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Figure 4: The shape of the matrix functions G11,b and G12,b as well as G21,b and G22,b of the observer (b), for T = 2.

value of z2 represents the mean value of the noise z2 (t) and
the noise z1 (t) in the interval T). Then
d1 = (d1 + z1 ) − z2 .

(91)

For different signs of z1 and z2 , there is also possible
estimation of the norm of ‖d1 ‖, if we assume that at least the
norm of ‖z1 ‖=‖z2 ‖ in L2 [0,T] (z2 was calculated).
Because we know the value of d1 + z1 , then we can
calculate and estimate the norm ‖d1 + z1 ‖,
    

d1 + z1  ≤ d1  + z1  ,

(92)

and estimate the norm of ‖d1 ‖
  
  
d1  ≥ d1 + z1  − z1  .

(93)

If ‖z1 ‖ = ‖z2 ‖, then for sure it is true that
  
  
d1  ≥ d1 + z1  − z2  .

(94)

Hence, because of the constant values of d1 , z1 , z2 we have
  
  
d1  = d1 + z1  − z2 

(95)

or
  
  
d1  = d1 + z1  + z2  .

(96)

In this paper the general conditions and formulas for the
exact observers with minimal norm in L2 [0,T] spaces were
recalled. In this problem, there is no need for the discussion
about the convergence of the method. There is no differential
equation (unlike in the Kalman Filter theory). All algorithms
are based on integration operations on finite windows, and
even for an unstable model, because, of the finite interval of
the window, integrals cannot tend to infinity. With nondisturbed y and u measurements, the state of the unstable object
will be still reconstructed exactly. In the case of disturbed
measurements, there is an error in the reconstruction of
the state, not due to the instability of the object, but due
to measurement errors. Of course, one must assume that
numerical Simpson procedures of integration are correct.
The numerical example (in Matlab/Simulink) confirms
the correctness of this new method for the disturbance
identification.
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In this paper, a sensorless control method for joint drive unit driven by BLDC motor of low extremity exoskeleton, cascade
feedback observer identification method, is proposed. The cascade feedback observer identification method is based on improved
Integral-Switching-Function Sliding-Mode-Observer (ISF-SMO) and adaptive FIR filter. The improved Integral-SwitchingFunction Sliding-Mode-Observer is used to identify the back-EMF of motor. The sliding mode surface redesigned according to
Integral-Switching-Function (ISF) eliminates the inevitable chattering problem in conventional Sliding-Mode-Observer (SMO).
The stability condition of Integral-Switching-Function Sliding-Mode-Observer is obtained with Lyapunov function. Meanwhile,
considering the estimation error and system instability caused by the mismatch between the actual resistance value (𝑅𝑠 ) and the
set resistance value, the LMS algorithm is used to estimate the resistance value online according to the structure of adaptive FIR
filter. When system is running, the modified Integral-Switching-Function Sliding-Mode-Observer and adaptive FIR filter are used
to modify the back-EMF and the resistance value by cascading feedback relation, and the modified back-EMF value is taken as the
final output of the system. Because of considering the uncertainty of resistance caused by temperature variation, the robustness
and stability of the cascade feedback observer can be improved. Meanwhile, higher estimation accuracy is obtained, and operation
range of sensorless control is extended, which is suitable for motor in low speed region. Finally, the correctness and validity of the
proposed method are verified by simulations and experiments.

1. Introduction
Brushless DC (BLDC) motor not only has the advantages of
simple operation and reliable maintenance [1], but also has
the advantages of simple control, high efficiency, and good
performance of speed regulation as DC motor; therefore, it is
widely used in aerospace, instrumentation, medical devices,
robotics, and other fields. There are many examples of the use
of BLDC motor as a power source in extremity exoskeleton
systems, and some of them have achieved very successful
results, such as HAL-5 [2], Lokomat [3], and Rewalk [4].
The correct commutation of BLDC motor based on rotor
position information is needed in motor operation process,
but the existence of position sensor has brought a series
of disadvantages of BLDC motor application. The principle
of highly integrated and high reliability should be followed
in the design of extremity exoskeleton system; therefore, a

sensorless BLDC motor is selected in the design of the joint
drive unit (Figure 1), which will be controlled by sensorless
control technology.
At present, sensorless control methods for BLDC motor
can be divided into two categories: one is based on machine
anisotropy [5, 6] and the other is based on mathematical
model of BLDC motor [7, 8]. Anisotropy-based methods
acquire rotor position by injecting high frequency (HF)
signals into motor, which is suitable for sensorless control
of ultralow speed operation. However, the injection of HF
signals will bring additional loss and greater torque ripple.
Mathematical model based methods are used to calculate
rotor position according to the position information contained in motor mathematical model, which is suitable for the
sensorless control of the middle and high speed operation.
Mathematical model based methods include model reference
adaptive system (MRAS) method [9], sliding mode observer
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Figure 1: Joint drive unit.

(SMO) method [10, 11], Kalman filter method [12], and
Luenburger observer [13]. Most of these methods obtain rotor
position information by identifying back-EMF and usually
use the zero-crossing of the nonconducted phase’s back-EMF
as the basis of motor commutation. The real commutation of
motor is zero-crossing of phase’s back-EMF adding a certain
shift angle which is related to motor’s speed directly, so the
ideal commutation point cannot be obtained when a large
fluctuation is in speed. This paper takes zero-crossings of
the nonconducted line’s back-EMF as the basis of motor
commutation, which is corresponding to the commutation of
Hall signal completely.
SMO methods are widely used in sensorless control of
motor due to its simple structure and strong robustness
to parameter variation. The first-order SMO as a kind of
SMO is the most classical method to identify motor’s backEMF. However, there is chatting problem in the first-order
SMO, which requires a low filter to filter the output single
of observer, so there is phase lag of identification result. In
[14], a mathematical method is used to compensate phase
lag. In [15], a hyperbolic tangent function is used instead of
symbolic function in SMO, which avoids phase lag brought
by low pass filter. In view of the disadvantage of the first-order
SMO, the second-order SMO and the improved observer
based on the second-order SMO are used to identify motor’s
back-EMF. The second-order SMO is improved in [16]. In
[17], considering the nonlinear effect of power inverter,
an adaptive second-order SMO is designed, which reduces
observation error effectively. A global fast terminal SMO
based on linear SMO and fast terminal SMO is proposed in
[18], which made full use of the advantages of linear SMO and
fast terminal SMO.
The parameter 𝑅𝑠 is contained in most of the identification results, which is not a constant in the process of motor
operation due to the reasons of temperature rise and so on.
So the estimation of the resistance value online plays an
important role in sensorless control, especially in low speed
region, where motor’s back-EMF is relatively small compared
to voltage drop. Mismatch between actual and set value of
the resistance value may lead to rotor position and speed

estimation error and even system instability. The parameters
identification of motor has been studied by many researchers.
An online identification technique of the parameters which
were needed to minimize power consumption in an application with PMSM was proposed in [19]. Two new parameters
estimation methods for a single-phase induction machine
(SPIM) were proposed in [20]. Besides, some researchers
have combined the parameters identification of motor with
no sensor control of sensor. In [21], a model reference
adaptive algorithm based on adaptive fuzzy neural network
was proposed, which could identify back-EMF very well in
the case of motor parameter perturbations, but the control
law designed by this method was too complex. Reference
[8] proposed a two-stage high gain observer which could
overcome the effect of parameter perturbation on system
identification. In [22], an identification method which combined second-order sliding mode super-twisting algorithm
(STA) and model reference adaptive system (MRAS) was
proposed. By identifying the resistance value online, the
influence of the uncertainty of resistance value on the system
can be overcome and the speed working range of sensorless
control was extended. In [23], the method of neural network
was used to identify the resistance value according to the rotor
position deviation, but the identification effect was greatly
reduced under dynamic condition. A parallel estimation
method of a super-twisting algorithm and second-order SMO
is proposed in [24], which had overcome the influence of the
uncertainty of resistance value and had achieved good results
in low speed region.
Aiming at sensorless control of joint drive unit driven
by BLDC motor of lower extremity exoskeleton system, a
cascade feedback observer identification method based on
improved ISF-SMO and adaptive FIR filter is proposed in this
paper. Firstly, a novel ISF-SMO based on the improved ISF
sliding mode control is designed, which can eliminate the
chatting problem of the first-order SMO without low pass
filter. The stability condition of ISF-SMO is obtained with
Lyapunov function. In addition, LMS algorithm according
to the structure model of adaptive FIR filter is used to
identify the resistance value (𝑅𝑠 ) online instead of using
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fixed value. Then, the robustness and identification accuracy
of the system are improved. Furthermore, ISF-SMO and
adaptive FIR filter constitute a cascade feedback observer
identification system for sensorless control of BLDC motor.
Finally, the correctness and effectiveness of the proposed
cascade feedback observer identification method is verified
by simulations and experiments.

2. Design of Cascade Feedback Observer
The cascade feedback observer system proposed in this paper
includes two subsystems: ISF-SMO and adaptive FIR filter.
When system is running, the two subsystems belong not only
to parallel relationship, but to cascade feedback relationship
as well. The schematic diagram of cascade feedback observer
is shown in Figure 2. The input of cascade feedback observer
is voltage and current, and the output is the estimated value
of back-EMF. First of all, the ISF-SMO will identify line backEMF based on the input line voltage and line current of the
previous period. The line back-EMF is used as the input of
the adaptive FIR filter identification system, and then the
adaptive FIR filter identifies the equivalent value of resistance
according to the line voltage, line current, and line back-EMF.
The equivalent value of resistance is fed back to ISF-SMO
identification system as the input. The ISF-SMO identifies the
line back-EMF as the final output according to the values of
line voltage, line current, and resistance. At the same time it
is fed back to adaptive FIR filter identification system as the
input. The two subsystems will be introduced in Sections 2.1
and 2.2, respectively.
2.1. Integral-Switch-Function Sliding-Mode-Observer (ISFSMO) Identification System. Neglecting the influence of iron
losses, eddy-current losses, and saturation effect, the mathematical model of Brushless DC motor can be described
as

𝑢𝑎 = 𝑅𝑠 𝑖𝑎 + 𝐿 𝑠

𝑑𝑖𝑎
+ 𝑒𝑎 + 𝑢0
𝑑𝑡

𝑢𝑏 = 𝑅𝑠 𝑖𝑏 + 𝐿 𝑠

𝑑𝑖𝑏
+ 𝑒𝑏 + 𝑢0
𝑑𝑡

𝑢𝑐 = 𝑅𝑠 𝑖𝑐 + 𝐿 𝑠

𝑑𝑖𝑐
+ 𝑒𝑐 + 𝑢0 ,
𝑑𝑡

𝑖𝑎 + 𝑖𝑏 + 𝑖𝑐 = 0,

(1)

(2)

where 𝑢𝑎 , 𝑢𝑏 , and 𝑢𝑐 are phase’s voltage of stator, 𝑖𝑎 , 𝑖𝑏 , and
𝑖𝑐 are phase’s current of stator, 𝑒𝑎 , 𝑒𝑏 , and 𝑒𝑐 are phase’s backEMF of stator, 𝑅𝑠 is resistance of stator, and 𝐿 𝑠 is equivalent
inductance.
There is a certain phase shift angle between the zerocrossings of phase’s back-EMF and the commutation point
of Hall. However, the zero-crossings of line’s back-EMF and
the commutation point of the Hall signal are completely
corresponding. Equations (1) and (2) can be translated into
expressions of line voltage and line current as
𝑢𝑎𝑏 = 𝑅𝑠 𝑖𝑎𝑏 + 𝐿 𝑠

𝑑𝑖𝑎𝑏
+ 𝑒𝑎𝑏
𝑑𝑡

𝑢𝑏𝑐 = 𝑅𝑠 𝑖𝑏𝑐 + 𝐿 𝑠

𝑑𝑖𝑏𝑐
+ 𝑒𝑏𝑐
𝑑𝑡

𝑢𝑐𝑎 = 𝑅𝑠 𝑖𝑐𝑎 + 𝐿 𝑠

𝑑𝑖𝑐𝑎
+ 𝑒𝑐𝑎 ,
𝑑𝑡

𝑖𝑎𝑏 + 𝑖𝑏𝑐 + 𝑖𝑐𝑎 = 0,

(3)

(4)

where 𝑢𝑎𝑏 , 𝑢𝑏𝑐 , and 𝑢𝑐𝑎 are line’s voltage of stator, and 𝑖𝑎𝑏 , 𝑖𝑏𝑐 ,
and 𝑖𝑐𝑎 are line’s current of stator.
The mathematical model of BLDC motor is simplified
into two linear independent first-order current models in
parallel. The space state equation can be expressed as follows:
𝑋̇ = 𝐴𝑋 + 𝐵 (𝑈 − 𝐸) ,

(5)
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Y = CX,

(6)

where 𝑋 = [𝑥1 , 𝑥2 ]𝑇 = [𝑖𝑎𝑏 , 𝑖𝑏𝑐 ]𝑇 , 𝑈 = [𝑢1 , 𝑢2 ]𝑇 = [𝑢𝑎𝑏, 𝑢𝑏𝑐 ]𝑇
and 𝐸 = [𝑒𝑎𝑏 , 𝑒𝑏𝑐 ]𝑇,
𝑅𝑠
0 ]
[− 𝐿
𝑠
]
𝐴=[
[
𝑅 ],
0 − 𝑠
𝐿𝑠 ]
[
1
0 ]
[− 𝐿
𝑠
]
𝐵=[
[
1 ],
0 −
𝐿𝑠 ]
[

(7)

When the system moves on the sliding surface, 𝚤𝑠̇ = 𝚤𝑠̇̇ = 0,
then from (9) we obtain
𝐸 = −𝑉.

According to (12), the identification result contains differential component ̂𝚤𝑠̇ . In practical application, differentiator
usually uses first-order differential signal, which is easy to
introduce noise interference and then affect the identification
accuracy. In this paper, a differential estimator is designed by
using the second-order sliding mode algorithm to estimate
the differential component (̂𝚤𝑠̇ ) in the identification result.
Define: ̂𝚤𝑠 = 𝑒(𝑡) and 𝑑̂𝚤𝑠 /𝑑𝑡 = V0 (𝑡), then we can get
𝑒 (𝑡) = 𝑒̂ (𝑡) − 𝑒 (𝑡)
𝑒̇ (𝑡) = 𝑒̂̇ (𝑡) − V0 (𝑡) ,

𝐶 = [1, 1]𝑇 .
According to the state space equation of motor, an
Integral-Switching-Function Sliding-Mode-Observer is
designed as
̂̇ = 𝐴𝑋
̂ + 𝐵 (𝑈 + 𝑉) ,
𝑋

(8)

̂ = [̂𝚤𝑎𝑏 , ̂𝚤𝑏𝑐 ]𝑇 is the estimate of X; V = [V𝑎𝑏 , V𝑏𝑐 ]𝑇 is the
where 𝑋
control law of SMO.
By subtracting (5) from (8), we can get state equation of
state variable error as
𝑋̇ = 𝐴𝑋 + 𝐵 (𝑉 + 𝐸) ,

𝑒̂̇ (𝑡) = V0 (𝑡)
V0 (𝑡) = −𝜆 0 ∗ |̂
𝑒 (𝑡) − 𝑒 (𝑡)|1/2 ∗ sgn [̂
𝑒 (𝑡) − 𝑒 (𝑡)] + 𝑧 (15)
𝑧̇ = −𝜆 1 ∗ sgn [̂
𝑒 (𝑡) − 𝑒 (𝑡)] .
The convergence condition [25, 26] of differential estimator (15) is
𝑒 ̈ (𝑡) < 𝑎

̂ − 𝑋.
where 𝑋 = 𝑋
The sliding mode surface of an Integral-SwitchingFunction Sliding-Mode-Observer is designed as

𝜆1 > 𝑎

(10)

where C is positive constant coefficient matrix; K is state
feedback gain matrix.
When the system state is on the sliding mode surface, 𝑆 =
𝑆̇ = 0, that is,
𝑋̇ = 𝐵𝐾𝑋.

(11)

In this case, an ideal control effect can be obtained by
adjusting 𝐾 appropriately.
In order to identify the line’s back-EMF of motor, the control law of the Integral-Switching-Function Sliding-ModeObserver is needed. In this paper, the control law (𝑉) of ISFSMO consists of two parts: equivalent control quantity (𝑉𝑒𝑞 )
and switching control quantity (𝑉𝑛 ). Taking a line’s current
(𝑖𝑎𝑏) as an example, the other two are similar. The control law
(V) of the ISF-SMO is designed as
𝑉 = 𝑉𝑒𝑞 + 𝑉𝑛
𝑉𝑒𝑞 = 𝑅𝑆 ∗ 𝚤𝑠

(12)

1
𝑉𝑛 = (̂𝚤𝑠̇ − 𝐴̂𝚤𝑠 ) − 𝐾𝚤𝑠̇ + 𝑓sgn (𝑆) ,
𝐵
where, 𝑓 ≥ |𝐸|; 𝐾 is negative real number; S is sliding mode
surface of ISF-SMO.

(14)

where 𝑒̂(𝑡) is the estimator of 𝑒(𝑡) and 𝑒(𝑡) is the estimating
error.
The designed differential estimator is

(9)

S = C (𝑋 − 𝐵𝐾 ∫ 𝑋𝑑𝑡) ,

(13)

𝜆02

(16)

4𝑎 (𝜆 1 + 𝑎)
,
≥
(𝜆 1 − 𝑎)

where 𝑎 is a positive constant. The controlled dynamics
are affected by the choice of parameters 𝜆 0 and 𝜆 1 . The
parameter tuning methods of 𝜆 0 and 𝜆 1 are similar to ZieglerNichols method used in PID parameter tuning. Meanwhile,
the parameter tuning methods are based on the gain setting
method of high order sliding mode control.
When the differential estimator converges, we can obtain
𝑑̂𝚤𝑠
(17)
= V0 (𝑡) .
𝑑𝑡
The principle diagram of ISF-SMO is shown in Figure 2.
Then the stability of the improved ISF-SMO is analyzed
with Lyapunov function.
Construct Lyapunov function as
̂𝚤𝑠̇ =

1
(18)
V = 𝑆𝑇 𝑆,
2
where S is the sliding mode surface of the ISF-SMO constructed by formula (10).
The differential of V is
(19)
𝑉̇ = 𝑆𝑇 𝑆,̇
𝑆 ̇ = 𝐶𝑋̇ − 𝐶𝐵𝐾𝑋,

(20)

̂ − 𝑋; 𝑋̇ = 𝑋
̂̇ − 𝑋.̇ Then (20) can be arranged as
where 𝑋 = 𝑋
̂̇ − 𝑋)
̇ − 𝐶𝐵𝐾𝑋,
𝑆 ̇ = 𝐶 (𝑋

(21)
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By substituting (5) with (21), we can get
̂̇ − 𝐶 (𝐴𝑋 + 𝐵𝑈 − 𝐵𝐸) − 𝐶𝐵𝐾𝑋.
𝑆̇ = 𝐶𝑋

The estimated deviation can be expressed as
(22)

By substituting (12) with (22), we can get
̂̇ − 𝐶 {𝐴𝑋
𝑆 ̇ = 𝐶𝑋
+ 𝐵[

1 ̂̇
̂ − 𝐾𝑋 + 𝑓sgn (𝑆) + 𝐴 𝑋]
(𝑋 − 𝐴𝑋)
𝐵
𝐵

− 𝐵𝐸} − 𝐶𝐵𝐾𝑋
(23)

̂̇ − 𝐶 [𝐴𝑋
= 𝐶𝑋
̂̇ − 𝐴𝑋
̂ − 𝐵𝐾𝑋 + 𝐵𝑓sgn (𝑆) + 𝐴𝑋) − 𝐵𝐸]
+ (𝑋

𝑒 (𝑘) = 𝑦 (𝑘) − 𝑦̂ (𝑘) = 𝑢𝑚 (𝑘) − 𝑒𝑚 (𝑘) − 𝑦̂ (𝑘) .

̂ converge
In the detection, if 𝑒(𝑘) converge to 0, then 𝑦(𝑘)
to 𝑦(𝑘) which also means that several parameter values in
the vector 𝜃(𝑘) converge to the real parameters of system.
The voltage and current values measured during the operation of system contain noise and the vector 𝜃(𝑘) is timevarying. Adaptive filter is used to identify the parameters of
three-phase winding in real time and online. The schematic
diagram of adaptive FIR filter is shown in Figure 4.
In practice, variance is usually used as criterion and
objective function. The mean square error of 𝑒(𝑘) is
𝐹 (𝑒 (𝑘)) = 𝐸 (𝑒2 (𝑘))
= 𝐸 [𝑦2 (𝑘) − 2𝑦 (𝑘) 𝑦̂ (𝑘) − 𝑦̂2 (𝑘)] .

− 𝐶𝐵𝐾𝑋
= 𝐶 (−𝐵𝑓sgn (𝑆) + 𝐵𝐸) .

𝐹 (𝑒 (𝑘)) = 𝐸 [𝑦2 (𝑘) − 2𝑦 (𝑘) 𝜃𝑇 (𝑘) 𝑥 (𝑘)
− 𝜃𝑇 (𝑘) 𝑥 (𝑘) 𝑥𝑇 (𝑘) 𝜃 (𝑘)] = 𝐸 [𝑦2 (𝑘)]

With the conditions for constructing ISF-SMO: 𝑓 ≥ |𝐸|,
we can obtain
𝑉̇ = 𝐶𝐵 (−𝑠𝑓sgn (𝑆) + 𝑠𝐸) = 𝐶𝐵 (−𝑓 |𝑠| + 𝑠𝐸) ≤ 0. (25)
Obviously, the reasonable selection of 𝑓 can ensure that
the control law of ISF-SMO satisfies the sliding mode arrival
condition, and the stability of the SMO can be guaranteed.
It can be seen from (12) that the identification result of
line’s back-EMF contains parameter (𝑅𝑠 ), and its exact value
will be identified online.

− 2𝐸 [𝑦 (𝑘) 𝜃𝑇 (𝑘) 𝑥 (𝑘)]

𝑑𝑖
(27)
𝑢𝑚 − 𝑒𝑚 = 𝑅𝑚 𝑖𝑚 + 𝐿 𝑚 𝑚 .
𝑑𝑡
The upper expression can be regarded as FIR filter with
input (𝑖𝑚 ) and output (𝑢𝑚 − 𝑒𝑚 ). After discretization we can
get
𝐿
𝐿
) 𝑖𝑚 (𝑘) − ∗ 𝑖𝑚 (𝑘 − 1) .
𝜏
𝜏

Take 𝜃𝑇 (𝑘) as parameter vector, then (33) can be
expressed as
𝐹 (𝑒 (𝑘)) = 𝐸 [𝑦2 (𝑘)] − 2𝜃𝑇 (𝑘) 𝐸 [𝑦 (𝑘) 𝑥 (𝑘)]
+ 𝜃𝑇 (𝑘) 𝐸 [𝑥 (𝑘) 𝑥𝑇 (𝑘)] 𝜃 (𝑘)
= 𝐸 [𝑦2 (𝑘)] − 2𝜃𝑇 (𝑘) ∗ 𝑃 + 𝜃𝑇 (𝑘) ∗ 𝑅

(34)

∗ 𝜃 (𝑘) ,
where 𝑃 = 𝐸[𝑦(𝑘)𝑥(𝑘)] is the output signal vector associated
with the input signal; 𝑅 = 𝐸[𝑥(𝑘)𝑥𝑇(𝑘)] is the auto-correlation vector of the input signal. It can be deduced that the
minimum value of (34) is obtained when its gradient to 𝜃(𝑘)
is 0, that is,

(28)

𝑔𝜃 =

Define
y (k) = 𝑢𝑚 (𝑘) − 𝑒𝑚 (𝑘)

(33)

+ 𝐸 [𝜃𝑇 (𝑘) 𝑥 (𝑘) 𝑥𝑇 (𝑘) 𝜃 (𝑘)] .

2.2. Adaptive FIR Filter Identification System. Equation (3)
can be rewritten as
𝑑𝑖
(26)
𝑢𝑚 = 𝑅𝑖𝑚 + 𝐿 𝑚 + 𝑒𝑚 ;
𝑑𝑡

𝜃 (𝑘) = [𝑅 (𝑘) −

(32)

By substituting (30) with (32), then we can get

The derivation of the constructed Lyapunov function can
be obtained by substituting (23) with (19):
(24)
𝑉̇ = 𝐶𝐵 (−𝑠𝑓sgn (𝑆) + 𝑠𝐸) .

𝑢𝑚 (𝑘) − 𝑒𝑚 (𝑘) = (𝑅 +

(31)

𝜕𝐹
= −2𝑃 + 2𝑅𝜃0 = 0.
𝜕𝜃

(35)

Then,

𝐿 (𝑘) 𝐿 (𝑘) 𝑇
,−
]
𝜏
𝜏

(29)

𝑇

𝑥 (𝑘) = [𝑖𝑚 (𝑘) , 𝑖𝑚 (𝑘 − 1)] ,
the output term (𝑢𝑚 (𝑘) − 𝑒𝑚 (𝑘)) from (19) can be estimated
̂ as estimated output of filter, we can
by FIR filter. Define 𝑦(𝑘)
get
𝑦̂ (𝑘) = 𝜃𝑇 (𝑘) 𝑥 (𝑘) .

(30)

𝜃0 = 𝑅−1 𝑃.

(36)

Equation (36) is the Wiener-Hopf equation [27]. If the
solution of Wiener-Hoff equation exists, the parameter vector
of the FIR filter can be found. The gradient descent method
(the steepest descent method) is used to approximate the
optimal solution vector. The gradient descent method takes
the negative gradient direction as the search direction. The
step size is smaller and the progress is slower with the gradient
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Figure 3: Schematic diagram of ISF-SMO.

descent method close to the target value. According to the
principle of gradient descent method, the recursive formula
of parameter vector can be expressed as
𝜃𝑘+1 = 𝜃𝑘 − 𝜇∇𝐹 (𝑒 (𝑘)) ,

1 (k)

e(k)

+

-

1/Z

(38)
2 (k)

By substituting (38) with (37), we can get
𝜃𝑘+1 = 𝜃𝑘 + 𝜇𝐸 (𝑒 (𝑘) 𝑥 (𝑘)) .

(39)

Equation (39) is a recursive formula to find the optimal
solution by using gradient descent method. In practical
applications, 𝐸(𝑒(𝑘)𝑥(𝑘)) is an unknown quantity and is
difficult to be calculated by measurement, so it is usually
replaced by the mean value of L sampling points, that is,
𝐿−1

1
𝐸̂ (𝑒 (𝑘) 𝑥 (𝑘)) = ∑ [𝑒 (𝑘 − 𝑙) 𝑥 (𝑘 − 𝑙)] .
𝐿 𝑙=0

(40)

For ease of calculation, set L=1, then (39) can be expressed
as
𝜃𝑘+1 = 𝜃𝑘 + 𝜇𝑒 (𝑘) 𝑥 (𝑘) .

(41)

Equation (41) is Least Mean Square (LMS) algorithm.
And the convergence direction of (41) is the same as that of
(37). The key to implement LMS algorithm is to determine 𝜇.
When 0 < 𝜇 < 2/𝑡𝑟(𝑅), LMS algorithm is convergent, but 𝑅 is
unknown. For this reason, an approximate method is needed
to determine the upper and lower limits of 𝜇. For stationary
stochastic processes:
𝑡𝑟 (𝑅) = 𝐿𝐸 [𝑥2 (𝑘)] ,

(42)

where L is the dimension of input vector, then the range of 𝜇
can be determined as
2
,
0<𝜇<
𝐿𝐸 (𝑥2 (𝑘))

(43)

2
where 𝐸(𝑥2 (𝑘)) = (1/𝐿) ∑𝐿−1
𝑙=0 𝑥 (𝑘 − 𝑙). Then (43) can be
transformed as

0<𝜇<

2
.
𝑥𝑇 (𝑘) 𝑥 (𝑘)

im (k)
BLDC

(37)

where 𝜇 represents the search step in gradient direction and
the value of 𝜇 determines the convergence rate of parameter
vector. The gradient of variance function in (32) is
∇𝐹 (𝑒 (𝑘)) = ∇𝐸 (𝑒2 (𝑘)) = −𝐸 (𝑒 (𝑘) 𝑥 (𝑘)) .

um (k) − em (k)

(44)

Adaptive FIR Filter

Figure 4: Schematic diagram of adaptive FIR filter.

Introduce normalized coefficient 𝛽 (0 < 𝛽 < 2) and
take 𝜇(𝑘) = 𝛽/𝑥𝑇 (𝑘)𝑥(𝑘) = 𝛽/‖𝑥(𝑘)‖ to replace the fixed
coefficient (𝜇), then the normalized LMS recursive algorithm
is
𝜃𝑘+1 = 𝜃𝑘 +

𝛽
𝑒 (𝑘) 𝑥 (𝑘) .
‖𝑥 (𝑘)‖

(45)

Compared with standard LMS algorithm, the normalized
LMS algorithm has a variable correction gain (𝜇(𝑘)), that is,
the variable step size LMS algorithm.
As shown in (28), the resistance (𝑅) is related to line’s
current; however, the inductor (𝐿) is related to the differential
of line’s current. The value of the line’s current can be
measured directly in actual application, but its derivative
cannot. That is to say, the identification results of resistance
value (𝑅) with NLMS are more accurate. In this paper, only
resistance values (𝑅) are identified, and the simulation results
show that the variation of inductor value (𝐿) has little effect
on the identification results of the line’s back-EMF.

3. Simulation Results and Discussions
The system diagram of sensorless control of BLDC with
cascade feedback observer identification method is shown
in Figure 2. The model is built based on Matlab/Simulink.
PID controller is applied for speed controller and current
controller in this paper. The details of ISF-SMO and adaptive
FIR filter are shown in Figures 3 and 4, respectively. Table 1
gives the main parameters of BLDC and control system.
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Figure 7: Identification result of resistance value (𝑅𝑆 ).

Table 1: Main parameters of simulation system.
Parameter
𝑅𝑠
𝐿
𝜓𝑓
𝐽
𝑃𝑛
𝑐
𝑓
𝑘
𝜆0
𝜆1

Value
0.356Ω
0.0083H
0.175Wb
0.0008Kgm2
6
30
0.5
-100
20
8

3.1. Simulation Results of the Conventional SMO and ISFSMO. Both of the conventional first-order SMO and
STASMO based sensorless control systems are constructed
under continuous-time domain and the system bandwidth
is the same. Simulation results of the conventional firstorder SMO and ISF-SMO are shown in Figures 5 and 6,

respectively. Comparing these, the chattering problem is
eliminated, but the result without phase lag of ISF-SMO is
much better than the result with phase lag of conventional
first-order SMO.
3.2. Simulation Results of Cascade Feedback Observer and
ISF-SMO. In practical engineering, the resistance value will
increase with the increase of temperature. In order to compare simulation result more clearly, we change the resistance
value from 0.356Ω to 0.712Ω. In this case, the motor motion
is speed step (from 0 to 1000 rpm). The identification result
of resistance (𝑅𝑆 ) is shown is Figure 7. Simulation results
are shown in Figure 8. In Figures 8(a), 8(c), 8(e), and 8(g),
it is obvious that there is a large error when the resistance
value changes with ISF-SMO control, especially at the time of
acceleration stage, speed change stage, and load disturbance
stage. In the real world, the problem will be exaggerated
by discretization and measurement noises. Larger estimation
error and even instability may occur. Therefore, online
estimating of the resistance value is necessary in terms of
estimation accuracy and system stability.
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Figure 8: Compare simulation results of cascade feedback observer and ISF-SMO. (a), (c), (e), and (h) are the results of ISF-SMO, and (b),
(d), (f), and (g) are the results of cascade feedback observer.
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Figure 9: Compare simulation results of ISF-SMO with inductance value of 0.0166H and ISF-SMO with inductance value of 0.0083H. (a) is
the result of ISF-SMO with inductance value of 0.0166H, and (b) is the result of ISF-SMO with inductance value of 0.0083H.

The simulation results of the cascade feedback observer
identification method are shown in Figure 8. The system
configuration is the same as that without the resistance value
change. From Figures 8(b), 8(d), 8(f), and 8(h) , it is obvious
that the identification results are coinciding with reference
EMF basically, even at the time of speed change stage and load
disturbance stage. But at the acceleration stage of ultralow
speed, there is some chattering.
From the discussion above, it can be concluded that
the resistance variation has a great influence on estimation
accuracy and robustness of the ISF-SMO. The effectiveness
of online estimation of resistance value has been validated by
simulations.
The influence of inductance variation on the ISF-SMO
sensorless control system is also investigated. The simulation
model is controlled by ISF-SMO based sensorless control
method with the inductance value of 0.0166H (Figure 9(a))
and the inductance value of 0.0083H (Figure 9(b)), respectively. The simulation results are shown in Figure 9. It can
be seen that inductance variation has little influence on
estimation error, as shown in Figure 9. Because 𝐿 𝑆 (𝑑𝑖𝑠 /𝑑𝑡) is
small at steady state, so the influence of inductance variation
can be neglected.

4. Experiment Results and Discussion
Before the structure design and processing completion of
extremity exoskeleton, the effectiveness of sensorless control
for joint drive unit of extremity exoskeleton with cascade
feedback observer is verified on a semiphysical simulation
test bench. The control system test bench is shown in

Figure 10. The control system mainly includes controller,
motor control card, current sensor, voltage sensor, drive units,
and BLDC.
In experimental results, the Hall signal identified by cascade feedback observer is output by DO. The phase voltage,
phase current, actual Hall signal, and Hall signal identified
by feedback observer can be measured by oscilloscope.
The experimental results are shown in Figures 11–14. The
oscilloscope interface contains phase voltage (cyan), phase
current (pink), actual Hall signal (yellow), and Hall signal
identified by cascade feedback observer (green). Figures 11–14
are the identification results at 2000 rpm, 4000 rpm, 5000
rpm, and 6000 rpm, respectively.
By comparing the actual Hall signal with Hall signal
identified by cascade feedback observer, it can be found that
their rising edge and descending edge are basically the same;
that is, the correct commutation information which is used
for BLDC commutation can be obtained by cascade feedback
observer. The performance of proposed sensorless control
method is verified by the experimental results.

5. Conclusion
In this paper, the cascade feedback observer based on ISFSMO and adaptive FIR filter is proposed, which will be used
for sensorless control for joint drive unit of lower extremity
exoskeleton. The chattering problem in conventional SMO
is alleviated by designing an Integral-Switch-Function sliding mode surface based on the improved Integral-SwitchFunction Sliding-Mode-Control. In the meantime, an online
resistance value (𝑅𝑆 ) estimation method based on adaptive
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Figure 10: The control system test bench.

Figure 11: Experimental result of cascade feedback observer when
speed is 2000 rpm.

Figure 13: Experimental result of cascade feedback observer when
speed is 5000 rpm.

Figure 12: Experimental result of cascade feedback observer when
speed is 4000 rpm.

Figure 14: Experimental result of cascade feedback observer when
speed is 6000 rpm.

FIR filter is utilized to obtain the accurate resistance value
(𝑅𝑆 ), which improves the identification precision of backEMF significantly, especially at the time of acceleration stage,
speed change stage, and load disturbance stage. Simulations
and experiments are carried out to verify its validation. The
results show that the proposed cascade feedback observer
can improve the stability and robustness of system. However,
because the proposed cascade feedback observer is based
on machine model, it is scarcely capable of operating at the

ultralow speed. In the future work, we will take a transitional
scheme to solve this problem, such as high frequency injection method.
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Speed sensorless control schemes have potential benefits for industrial applications because they contribute to reducing process
cost and they avoid using fragile sensors as encoders or resolvers in hostile environment. In addition, simplicity, reliability, and fast
response of control structures to signal commands are much-needed features. In this paper, a new Speed Sensorless Direct Control
(SSDC) technique allowing the achievement of these objectives is proposed. This technique combines Field Oriented Control (FOC)
and Direct Torque Control (DTC) properties in the same approach. The estimated speed is reached only according to the measured
current and voltage of the stator. DTC is extended to speed sensorless direct control with any notable modification. The proposed
scheme is implemented to the induction machine benchmark and evaluated in real time under various possible scenarios of use.
Experimental results show that the proposed SSDC has interesting capabilities to conduct induction motor in real time operation
with good accuracy.

1. Introduction
The variable speed control of electric drives has benefited in
recent years from significant methodological and technological advances. In fact, advances in digital signal processors
such as DSP and dSPACE kits and the development of
power components today make it possible to implement very
complex algorithms with a short computation time. Several
control algorithms are developed, tested, and industrialized.
Field oriented control (FOC) [1–3] and direct torque control
(DTC) [4–8] are typical examples.
As is known, the available FOC structures require a speed
sensor and the supply voltage is generated by an inverter
governed by the Space Vector Pulse Width Modulation
(SVPWM) strategy which is switching period generally in the
order of 100 to 200 microseconds. By modulation principle,
the switching times of the inverter IGBTs are variable in this
range and can therefore reach very low values. The waveform
of the current is then sufficiently smooth. The torque and
speed rising times in the closed loop operating points are

about the rotor time constant [9]. FOC has the disadvantage
that requiring the use of a speed sensor or position which
imposes an additional cost and increases the complexity of
the drive system.
Conventionally, DTC structures are speed sensorless
controls. In contrast to the FOC method, the DTC technique
eliminates PI controllers, transform matrices, current regulators, and PWM stage. Inverter IGBTs are in fact controlled
with constant switching time that lies in general in the range
of 25 to 50 microseconds. Torque and stator flux magnitude
are regulated by adequately selecting a voltage vector among
those available on the inverter [6, 8]. The practical implementation is therefore more economical and simpler and requires
a shorter calculation time. The cancellation of a speed sensor
is certainly a significant advantage. The speed response of
the DTC is slow, unlike the torque response. Furthermore,
torque response is very fast. Such a property is in demand
in many industrial applications such as electric traction and
tools-machine. Important current and torque ripples occur if
the selected voltage vector isn’t the best one. In practical point
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of view, the DTC scheme can fall down if torque and flux
hysteresis bands do not adequately take into account values
of switching period and inverter dc voltage [10].
FOC and DTC are well studied and compared in various publications [9, 11–13]. Specific futures, advantages, and
drawbacks are outlined. However, the possibility of connection of FOC and DTC in the same purpose is not sufficiently
investigated. In fact, a Like-FOC or Like-DTC or FOC-DTC
approach can be of great interest. The key point of this paper
deals with this aspect. It consists of combining FOC and DTC
potentialities to study an important practical problem dealing
with speed estimation and control of induction machines
benchmark. It is based on the extension of the good torque
regulation in the DTC structure into a speed regulation while
benefiting of its advantages. Speed sensing based on encoders
or resolvers is expensive on one hand and is vulnerable to
hostile environment on the other hand. Closed loop control
based on numerical estimation of machine rpm is therefore
highly demanded [14–20].
The proposed algorithm for estimating and controlling
the speed of the induction machine benchmark is experimentally verified in real time running on Dspace DS1104.
Practical results prove that the DTC scheme can be extended
to realize a reliable and efficient speed sensorless approach.
This approach uses some expressions and properties of FOC.
The developed method is here labelled Speed Sensorless
Direct Control (SSDC).
The paper is organized as follows. Section 2 presents
the theoretical background of induction machine benchmark
and some properties emerging from selecting adequate reference frame. Section 3 develops theoretical and practical
features of standard DTC technique. Section 4 describes the
speed estimation and control approach. The idea is focused
on how to use standard Takahashi switching table to control
induction machine speed. Section 5 deals with practical
results and discussion.

2. Basics of Induction Machine Benchmark
The dynamic model of induction machine can be formulated according to d-q-axis components in various reference
frames. Let us first consider Concordia’s stationary reference
frame. The usual following set of equations is used [21]:
𝑒𝑠 =

𝑑𝜑𝑠
= V𝑠 − 𝑅𝑠 𝑖𝑠
𝑑𝑡

(1)

𝑒𝑟 =

𝑑𝜑𝑟
= 𝑗𝜔𝜑𝑟 − 𝑅𝑟 𝑖𝑟
𝑑𝑡

(2)

𝜑𝑠 = ℓ𝑠 𝑖𝑠 + 𝑚𝜑𝑟

(3)

where V𝑠 and 𝑖𝑠 correspond to stator voltage and current
vectors, 𝑒𝑠 and 𝑒𝑟 are stator and rotor electromotive forces
(back emfs), and 𝜑𝑠 and 𝜑𝑟 are stator and rotor flux vectors.
Variable 𝜔 holds for electrical rotor speed. Parameters 𝑅𝑠 , 𝑅𝑟 ,
ℓ𝑠 , and 𝑚 are stator and rotor resistance, leakage inductance,
and the ratio between mutual inductance 𝑀 and rotor
inductance 𝐿 𝑟 , respectively. This model is established under
the assumption of no eddy currents, no saturation of the

magnetic circuit, and the additional assumption of sinusoidal
distribution of the stator and rotor windings.
In normal steady state, stator and rotor electrical variables
have sinusoidal wave forms with the same frequency and different magnitudes that depend on the considered operating
point. These quantities vary in transient regime according
to the adopted control. Various expressions can be used to
calculate electromagnetic torque. The most used relation is
the following where 𝑝 holds for the number of pairs of poles
and I𝑚 (⋅) designates the imaginary component of the treated
complex quantity. This relation is common for steady state
and transient regimes [3, 6].
∗

𝑇𝑒 = −𝑝I𝑚 (𝜑𝑠 𝑖𝑠 ) = 𝑝 (𝜑𝑑𝑠 𝑖𝑞𝑠 − 𝜑𝑞𝑠 𝑖𝑑𝑠 )

(4)

In what follows, it will be very helpful to express stator
and rotor flux vectors as functions of their magnitudes and
angles:
𝜑𝑠 = Φ𝑠 𝑒𝑗𝜃𝑠
𝜑𝑟 = Φ𝑟 𝑒𝑗𝜃𝑟

(5)

Let us now consider a reference frame rotating with
an angle 𝜃𝑝 (or frequency 𝜔𝑝 ) with respect to Concordia’s
stationary reference frame. The famous Park’s d-q axes system
is considered. Voltage equations (1) and (2) of Concordia’s
model become as follows in this new rotating reference frame;
the capital letters is used to distinguish between these two
systems [22]:
𝐸𝑠 = 𝑗𝜔𝑝 Φ𝑠 +

𝑑Φ𝑠
= 𝑉𝑠 − 𝑅𝑠 𝐼𝑠
𝑑𝑡

(6)

𝐸𝑟 = 𝑗𝜔𝑝 Φ𝑟 +

𝑑Φ𝑟
= 𝑗𝜔Φ𝑟 − 𝑅𝑟 𝐼𝑟
𝑑𝑡

(7)

Transition from Concordia’s variables to Park’s ones is
realized by the rotation operator 𝑒−𝑗𝜃𝑝 . For example, stator
current becomes [7, 20, 22]
𝐼𝑠 = 𝑖𝑠 𝑒−𝑗𝜃𝑝

(8)

According to a specific topic, a suitable Park reference
frame is selected. In practical point of view, there are two very
interesting cases. The first one concerns a rotating reference
frame hose d-axis is aligned to stator flux vector 𝜑𝑠 . This case
leads to some interesting properties used in control strategies
considering machine stator control as fundamental target.
The second case deals with a rotating reference synchronized
with rotor flux vector 𝜑𝑟 .The attention is then focused on
rotor variables control as flux magnitude and slip frequency
control schemes.
In the case of a stator flux reference frame, angle 𝜃𝑝 is
equal to 𝜃𝑠 , which means Φ𝑑𝑠 = Φ𝑠 and Φ𝑞𝑠 = 0. Thus,
decomposing (6) into d-q components leads to
𝑑Φ𝑠
= 𝐸𝑑𝑠 = 𝑉𝑑𝑠 − 𝑅𝑠 𝐼𝑑𝑠
𝑑𝑡
𝐸𝑞𝑠 𝑉𝑞𝑠 − 𝑅𝑠 𝐼𝑞𝑠
𝑑𝜃𝑠
= 𝜔𝑠 =
=
𝑑𝑡
Φ𝑠
Φ𝑠

(9)
(10)
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Figure 1: Inverter voltage vectors in Concordia’s reference frame.

The most important conclusion that can be derived from
this model is the fact that stator flux magnitude Φ𝑠 is controllable from direct back emf component 𝐸𝑑𝑠 while control of
stator flux pulsation 𝜔𝑠 can be achieved by quadrature back
emf component 𝐸𝑞𝑠 [23–25]. This implies that stator control
is by principle a voltage control.
For a rotor flux reference frame, angle 𝜃𝑝 is equal to 𝜃𝑟 ,
which means Φ𝑑𝑟 = Φ𝑟 and Φ𝑞𝑟 = 0. Therefore, decomposing
(7) into d and q components leads to the following model,
where 𝜏𝑟 holds for rotor time constant (𝜏𝑟 = 𝐿 𝑟 /𝑅𝑟 ):
𝑑Φ𝑟 𝑀𝐼𝑑𝑠 − Φ𝑟
=
𝑑𝑡
𝜏𝑟
𝑀𝐼𝑞𝑠
𝑑 (𝜃𝑟 − 𝜃)
= 𝜔𝑠𝑙 = 𝜔𝑟 − 𝜔 =
𝑑𝑡
𝜏𝑟 Φ𝑟

(11)
(12)

3. Fundamentals of the DTC Scheme
In variable AC drives, a three-phase voltage source inverter
feeds the induction machine. For a lossless-admitted inverter,
the output voltage is strictly defined by the dc bus voltage 𝑉𝑑𝑐
of the inverter and the logical state of the three highest IGBT’s
signals (𝑐1 , 𝑐2 , 𝑐3 ) of its configuration. There are only eight
possible different logical combinations of (𝑐1 , 𝑐2 , 𝑐3 ) leading
to six active voltage vectors and two zero voltage vectors. It
is well known that, for a specified switching combination of
(𝑐1 , 𝑐2 , 𝑐3 ), the space vector of the inverter output voltage V𝑘
can be expressed as follows where 𝑘 an integer is indicating
the switching combinations [22, 23]:
𝑘 = 1, 2, . . . , 6

𝜑𝑠 = ∫ 𝑒𝑠 𝑑𝑡

(14)

Furthermore, if the inverter command is maintained
during a time interval 𝑇𝑠 , it is possible to directly calculate
stator flux vector variation according to (15) because voltage
vector is constant.
𝜑𝑠 (𝑡𝑜 + 𝑇𝑠 ) = 𝜑𝑠 (𝑡𝑜 ) + 𝑇𝑠 V𝑠

This model implies that rotor flux magnitude Φ𝑟 is
controllable from direct stator current component 𝐼𝑑𝑠 while
control of electrical slip frequency 𝜔𝑠𝑙 can be achieved by
controlling quadrature current component 𝐼𝑞𝑠 . This is the
most important theoretical result of FOC schemes. Rotorbased control is by principle a current control.

2
V𝑘 = √ 𝑉𝑑𝑐 𝑒𝑗(𝑘−1)(𝜋/3)
3

and 𝑐3 . Also, it is useful to identify active voltage vectors by
six centered sector 𝑆𝜃 = 1, . . . , 6.
Any proposed control scheme is developed to find out
different solutions with two major objectives, accurate and
quick control of the motor regime on one hand and reduction
of the complexity and the cost of the algorithm on the
other hand. Direct torque control (DTC) scheme developed
and presented by I. Takahashi [3] is straight forward in
these objectives. DTC is in fact characterized by the absence
of PI regulators, absence of coordinate transformations,
absence of current regulators, and absence of PWM signals
generators.
First, let us note that induction machine benchmark
achieves the demanded load if adequate stator flux magnitude
and frequency are realised. Stator flux vector is therefore a
key variable in any emphasised control. It is observed by
Takahashi that stator flux control can be achieved in a simple
way if the motor is fed by a three phase inverter. According to
(1), stator flux vector can be generated by simple integration
as follows:

(15)

According to this relation, selecting a null V𝑠 vector stops
the stator flux vector in the d-q plane. Instead, the selection
of an active V𝑠 vector moves the stator flux vector along
the direction of the applied stator voltage. Furthermore,
vector flux deviation is known and is strictly defined by
the switching period 𝑇𝑠 and the inverter dc link voltage 𝑉𝑑𝑐
as
2


𝜑𝑠 (𝑡𝑜 + 𝑇𝑠 ) − 𝜑𝑠 (𝑡𝑜 ) = √ 𝑇𝑠 𝑉𝑑𝑐
3

(16)

Consequently, with appropriate sequence of the inverter
command, the stator flux vector can be driven along any trajectory with a predefined average speed. The most appropriate
flux trajectory for electrical machines control is naturally
the circular path in the d-q plane. A very simple way to
obtain this trajectory is to use a hysteresis comparator to
control the flux vector. In order to maintain the flux within
the hysteresis band, the motor should be currently fed by a
suitable voltage vector with a constant switching period 𝑇𝑠 .
The direct component V𝑑𝑠 acts on the flux magnitude while
the tangential component V𝑞𝑠 determines the vector rotation.
This is compatible with (9) and (10) that give the following
under the assumption of constant current over the switching
period:

(13)

ΔΦ𝑠 =

𝑑Φ𝑠
𝑇 = (𝑉𝑑𝑠 − 𝑅𝑠 𝐼𝑑𝑠 ) 𝑇𝑠
𝑑𝑡 𝑠

(17)

Figure 1 summarizes this model by indicating on each
vector the associated combination of signal commands 𝑐1 , 𝑐2 ,

Δ𝜃𝑠 =

(𝑉𝑞𝑠 − 𝑅𝑠 𝐼𝑞𝑠 ) 𝑇𝑠
𝑑𝜃𝑠
𝑇𝑠 =
𝑑𝑡
Φ𝑠

(18)

V𝑘 = 0

𝑘 = 0, 7
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On the other hand, accelerating or decelerating stator
flux rotation is naturally linked to electromagnetic torque
variation. Therefore, variation of angle 𝜃𝑠 can be used to
control torque. Theoretically speaking, one can establish the
sensitivity coefficient of 𝑇𝑒 with respect to flux magnitude
and angle [23–26]. Let us consider (19) to describe electromagnetic torque. This equation is deduced from (3), (4), and
(5):
𝑇𝑒 =

𝑝𝑚Φ𝑠 Φ𝑟
sin (𝜃𝑠 − 𝜃𝑟 )
ℓ𝑠

Table 1: Flux and torque errors codification.
Flux and torque errors


ΔΦ𝑠  > 𝜀Φ


ΔΦ𝑠  ≤ 𝜀Φ
Δ𝑇𝑒 > 𝜀𝑇


Δ𝑇𝑒  ≤ 𝜀𝑇
Δ𝑇𝑒 < −𝜀𝑇

Hysteresis index
𝑘Φ = 1
𝑘Φ = 2
𝑘𝑇 = 1
𝑘𝑇 = 2
𝑘𝑇 = 3

(19)

Stator and rotor machine circuits have different time
responses. It is well known that stator variables vary more
rapidly as compared to rotor ones. Stator quantities define
a fast mode while rotor quantities correspond to a slow
mode. Therefore, if flux magnitude is first controlled, a
negative deviation of 𝑇𝑒 can be achieved by decelerating
𝜃𝑠 while a positive deviation is obtained by accelerating
𝜃𝑠 . This means that by the same voltage vector V𝑠 one can
control simultaneously electromagnetic torque and stator flux
magnitude. As done for stator flux magnitude control, a
simple hysteresis control can be used to command torque.
During this kind of control, torque value remains in the
considered hysteresis band if the voltage vector is adequately
selected.
Note finally that the effect of a particular voltage vector on
torque and flux magnitude depends on the position 𝜃𝑠 of 𝜑𝑠
in the d-q plane. The choice of hysteresis bands and voltage
vector affect the performance of the drive. This problem is
largely studied in the related literature and people experience
is today summarized by the well-known Takahashi Switching
Table principle. Various switching solutions are established to
control the torque according to whether the stator flux has
to be increased or decreased. These solutions have similar
capabilities in terms of torque ripples. In all cases, Figure 2
shows DTC structure.
The widely used DTC algorithm is built with six centered
sectors for 𝜃𝑠 , one level hysteresis comparator for stator flux

Table 2: A Takahashi switching table.
𝑘Φ
𝑘𝑇
𝑆𝜃 = 1
𝑆𝜃 = 2
𝑆𝜃 = 3
𝑆𝜃 = 4
𝑆𝜃 = 5
𝑆𝜃 = 6

1
1
V2
V3
V4
V5
V6
V1

1
2
V0
V7
V0
V7
V0
V7

1
3
V6
V1
V2
V3
V4
V5

2
1
V3
V4
V5
V6
V1
V2

2
2
V7
V0
V7
V0
V7
V0

2
3
V5
V6
V1
V2
V3
V4

magnitude control and a two levels hysteresis comparator for
torque control. Let Δ𝑇𝑒 and ΔΦ𝑠 be the torque and flux errors
with respect to their reference values.
Δ𝑇𝑒 = 𝑇𝑟𝑒𝑓 − 𝑇𝑒
ΔΦ𝑠 = Φ𝑟𝑒𝑓 − Φ𝑠

(20)

Let also 𝜀𝑇 and 𝜀Φ be the considered values of associated
hysteresis bands. Table 1 reports the different possible situations and associates two indexes 𝑘𝑇 and 𝑘Φ for codification
purpose.
In the sense of this codification, Table 2 defines Takahashi
Switching Table where states for the sector location of stator
flux vector.
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Table 3: Flux and speed errors codification for two cases of loads.
Flux and speed errors


ΔΦ𝑠  ≤ 𝜀Φ


ΔΦ𝑠  > 𝜀Φ
Δ𝜔 > 𝜀𝜔
|Δ𝜔| ≤ 𝜀𝜔
Δ𝜔 < −𝜀𝜔

Hysteresis index for Load 1
𝑘Φ = 1
𝑘Φ = 2
𝑘𝜔 = 1
𝑘𝜔 = 2
𝑘𝜔 = 3

4. Extension of the DTC Scheme to Direct
Speed Estimation and Control

es =

It has seen in the previous section that electromagnetic
torque varies in the same sense as stator flux vector angle
𝜃𝑠 . Therefore, if the load torque-speed curve of an industrial
process has positive slope over the operating area, machine
speed should also vary in the same sense of 𝜃𝑠 . Processes
having linear, parabolic, or in general positive polynomial
torque-speed curves correspond to this situation. A typical
and didactic example is the case of an induction machine
loaded by a dc generator. On the contrary, if the load
mechanical torque-speed curve has a negative slope, such as
machine tools, the speed should be adjusted is the reverse
sense of flux angle 𝜃𝑠 . Let these two cases of loads be noted
“Load1” and “Load2,” respectively.
Therefore, one can use the same DTC algorithm previously defined to control the motor speed with minor modification. This modification should not affect the switching table
and should only affect its codification. First, it is necessary to
change the input corresponding to electromagnetic torque 𝑇𝑒
by an input associated to machine speed 𝜔. Hysteresis band
𝜀𝑇 corresponding to 𝑇𝑒 should be consequently changed by
an adequate band 𝜀𝜔 . Then, if the used load is “Load1” there
is no additional modification to do. In contrary, if one deals
with “Load2,” he permutes indexes 𝑘𝑇 = 1 and 𝑘𝑇 = 3. Table 1
is then transformed into Table 3 where
Δ𝜔 = 𝜔𝑟𝑒𝑓 − 𝜔

Hysteresis index for load 2
𝑘Φ = 1
𝑘Φ = 2
𝑘𝜔 = 3
𝑘𝜔 = 2
𝑘𝜔 = 1

(21)

Now, the problem is how to estimate motor electrical
rotor speed 𝜔. This can be done according to SFOC and
RFOC properties. This means that the potentialities of these
two control options must be combined with DTC principle.
For this purpose, assume that stator flux vector 𝜑𝑠 is obtained
by integration of stator back emf 𝑒𝑠 as indicated by (14) and
rotor flux vector 𝜑𝑟 is deduce from (3); stator current being
measured. Stator flux magnitude Φ𝑠 and angle 𝜃𝑠 and rotor
flux magnitude Φ𝑟 and angle 𝜃𝑟 are thus available. Also,
quadrature component 𝐸𝑞𝑠 of 𝑒𝑠 with respect to vector 𝜑𝑠 and
quadrature current component 𝐼𝑞𝑠 with respect to vector 𝜑𝑟
become available by setting:
𝐸𝑞𝑠 = I𝑚 (𝑒𝑠 𝑒−𝑗𝜃𝑠 )

(22)

𝐼𝑞𝑠 = I𝑚 (𝑖𝑠 𝑒−𝑗𝜃𝑟 )

(23)

As outlined in Section 2, (10) gives an estimate of instantaneous stator flux pulsation 𝜔𝑠 . On the other hand, electrical

ds
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Figure 3: Schematic diagram of rotorique speed estimation.

rotor-slip pulsation 𝜔𝑠𝑙 can be derived from (12) that needs
rotor flux magnitude Φ𝑟 and quadrature current component
𝐼𝑞𝑠 with respect to vector 𝜑𝑟 . By considering the assumption
that in steady state, fluxes vectors 𝜑𝑠 and 𝜑𝑟 have the same
pulsation [27] and one can estimate electrical machine speed
𝜔 by
𝜔≈

𝐸𝑞𝑠𝑓
Φ𝑠

−

𝑀𝐼𝑞𝑠𝑓
𝜏𝑟 Φ𝑟

(24)

In the previous equation, 𝐸𝑞𝑠𝑓 and 𝐼𝑞𝑠𝑓 are filtered values
of 𝐸𝑞𝑠 and 𝐼𝑞𝑠 , respectively. Note here that there is no need to
filter flux magnitudes Φ𝑠 and Φ𝑟 because they are sufficiently
smooth. Furthermore, simple first order transfer functions
with constant time about 5 𝑚𝑠 are sufficient to have acceptable
smooth signal. The hypothesis considering equality of 𝜔𝑠 and
𝜔𝑟 can be a subject to discuss. However, keeping in mind that
speed command is executed with some delay with respect to
flux command; this hypothesis will be verified in practical
implementation.
It is also important to note that error between actual
rotor speed sensed for example by a tachometer or encoder
and estimated speed defined by (24) can only be important
during the first instant of the motor start-up operation.
This has no effect on the final accuracy of the proposed
estimation procedure because the estimated speed value is
dominated by the first right term of (24). In other words,
estimated stator flux pulsation that governs speed is the direct
result of dc link inverter voltage and the controlled stator
flux magnitude. Figure 3 illustrates the block diagram of the
proposed algorithm to estimate motor electrical rotor speed.
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Figure 5: Photo of one side of the experimental setup.

As a result of this development, Figure 2 is transformed
into Figure 4
We note here that this structure can be used as direct
voltage control structure by replacing the input electrical
rotor speed 𝜔𝑟 by stator electrical speed 𝜔𝑠 .

5. Real Time Experimental Validation
5.1. Brief Description of the Benchmark. The previous developed algorithm is implemented and tested in an experimental
environment. Photo of Figure 5 presents actual views of the
experimental setup. The benchmark consists of
(i) a dSpace DS1104 controller board with TMS320F240
slave processor and ADC interface board CP1104.
The DS1104 board is installed in Intel(R) Pentium(R)
D CPU 3.4 GHz PC for software development and
results visualization,
(ii) a four poles induction motor loaded with a dc generator. Actual rotor speed is sensed from a tachometer
coupled to machine shaft. Motor parameters and
rated values are given below:
Rs = 7.5 Ω, Rr = 6.5 Ω, Ls = Lr = 0.354 H, M = 0.34 H,
p = 2, F = 50 Hz, Wn = 293.22 rad/s, Pn = 1 KW,
cos 𝜑n = 0.78, 220V/380 V.

(iii) a three-phase VSI whose dc bus voltage is generated
by a rectifier connected to 400 V 50 Hz AC electrical
sources,
(iv) a four channels 150 MHz digital oscilloscope and two
channels 20 MHz analog oscilloscope support the
experiment for online recording and visualization,
(v) current and voltage sensors LEM-based and calibrated so that the analogue obtained signals should
remain in the range 0 to ±10 V required by dSpace
converters.
The benchmark includes many other devices such as
standard measurement equipment, analogue signal filters,
analogues circuits defining d-q voltage, and currents components.
5.2. Results and Comments. To evaluate the performance
of the proposed SSDC algorithm, it was implemented in
Simulink dSPACE DS1104 environment. The implemented
structure is composed by four blocs: voltage and current
acquisition, flux and speed estimation, switching table and
command signals. A constant switching period 𝑇𝑠 = 50 𝜇𝑠
is considered. The three-phase VSI is supplied by a dc voltage
𝑉𝑑𝑐 = 500 𝑉 and motor windings are star connected. Induction motor is loaded by a dc generator giving an open circuit
voltage about 150 V at nominal speed. This generator supplies
an adjustable resistance. All results are realized in real
time closed loop control.
Case 1 (no load test). This case verifies the algorithm for a
motor start-up scenario under no load condition. Stator flux
and electrical rotor speed commands are set to Φ𝑟𝑒𝑓 = 1 𝑊𝑏
and 𝜔𝑟𝑒𝑓 = 293 𝑟𝑎𝑑/𝑠, respectively. Associated hysteresis
bands are taken equal to 5% of the command values; 𝜀𝑇 =
0.05 𝑊𝑏 and 𝜀𝜔 = 14.7 𝑟𝑎𝑑/𝑠. Stator flux vector pulsation
𝜔𝑠 and rotor slip frequency 𝜔𝑠𝑙 are filtered with first-order
transfer functions of 10 ms time constants. Figure 6 compares
the estimated motor speed (grey color) to the actual speed
(dark color) acquired from a dc tachometer. These signals
are given in electrical values. It is here to note that the
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Figure 9: Estimated and actual speed during load changing.
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Figure 10: Stator flux magnitude during load changing.
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Figure 8: Instantaneous waveform of stator flux.

actual speed is only used for the comparison purpose. This
figure proves that the control scheme has worked successfully.
Estimated speed is very close to the reference value 𝜔𝑟𝑒𝑓 . The
ripple is not significant. This question will be discussed in
Case 3. The overshoot effect on the actual speed is 2.3% and
is rapidly damped.
Figure 7 shows instantaneous waveforms of stator currents a and b in steady state. The observed distortion is related
to the fact that the motor is not loaded. Figure 8 gives the
temporal waveforms of d-q components of stator flux vector.
This confirms that quality of obtained signals is very similar
to that of standard DTC technique.
Case 2 (test under load varying). From the no load steady
state operating point previously described, three steps of

motor load are executed by closing the dc generator armature circuit on successive three decreasing resistances. The
reference values and hysteresis bands are those of Case 1.
Figure 9 shows that the estimated speed (grey color) has an
average value 277 rad/s. The programmed hysteresis band
is therefore well respected. Actual motor speed (dark color)
has changed from no load condition to full load condition
of about 5 rad/s which corresponds to 1.78% with respect to
initial condition and it also remains in the hysteresis band.
Stator flux magnitude is well regulated as shown by Figure 10.
This result implies that speed sensorless objective is well
achieved.
Figures 11, 12, and 13 show stator power, electromagnetic
torque, and rotor slip frequency behaviors, respectively. The
good stability of signal trajectories in fast and important load
changing is observed.
Case 3 (speed tolerance enhancement). During simulation
and practical tests, it was discovered that the speed hysteresis
band could be reduced to a very high precision level. In
fact, the proposed control scheme works very well even if
one imposes a severe speed hysteresis band around 1 to
2%. This performance cannot be realized in the standard
DTC algorithm with this tolerance for the torque. Ripple
range of machine electromagnetic torque is very sensitive
to the switching period and dc bus voltage of the VSI. A
severe torque hysteresis band exhibits a dramatic full down
of the DTC algorithm. The same phenomenon occurs if
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Figure 14: Estimated and actual motor speed with 2% hysteresis
band.
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Figure 15: Evolution of rotor slip pulsation with 2% hysteresis band.
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one proceeds to filter the torque signal. For the proposed
algorithm, filtering speed estimate is possible.
To illustrate these observations, speed tolerance was
reduced to 2% (5.86 rad/sec) while keeping other data of Case
1. Figure 14 corresponds to this case and shows estimated
motor speed (grey color) and its actual value (dark color).
Estimated value remains between 290 and 282 rad/s which
corresponds to an average value closed to 286 rad/s. This
means that there is an error of 2.4% with respect to the
reference value 𝜔𝑟𝑒𝑓 = 293 𝑟𝑎𝑑/𝑠. When calculating the actual
errors corresponding to the difference between actual speed
and command speed, an error of 3.1% was found. Rotor slip
pulsation 𝜔𝑔 is shown by Figure 15. Its final value in steady
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Figure 16: Actual electrical machine speed in unregulated scenario.

state with full load is close to 15.5 rad/s. This means that
average value of stator pulsation 𝜔𝑠 is 301 rad/s.
To confirm the promising accuracy of developed
approach, another program that controls stator flux
magnitude and frequency by PI regulators under SPWM
modulation technique was used also in real time. Reference
values of Φ𝑠 and 𝜔𝑠 are, respectively, set to 1Wb and 301
rad/s. Figure 16 shows that the electrical machine speed is
284 rad/s. That value implies a rotor slip frequency of 17
rad/s witch is sufficiently compatible with Figure 13.
Case 4 (direct frequency control). It is obvious that the
developed algorithm can be used for direct control of stator
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electrical frequency. The input 𝜔 of the Takahashi table is
simply replaced by 𝜔𝑠 . In this case, the algorithm becomes
a direct voltage control (DVC) solution. In fact, imposing
stator flux magnitude and frequency defines the voltage to
supply the motor. This solution was successfully tested and
the demanding regime was obtained as shown by Figure 17
corresponding to a demanded frequency of 50 Hz. This figure
superposes the switched voltage waveform and the filtered
one.

6. Conclusion
A direct speed estimation and control scheme has been
developed theoretically and practically validated in this
work. The proposed approach combines properties of FOC
and DTC techniques. It extends DTC structure to speed
sensorless direct control. The idea is focused on how to
use standard Takahashi switching table to control induction
machine speed. Software implementation needs no major
modification of the standard DTC scheme. All necessary
developments are presented and commented. Real time
practical results obtained by the dSpace DS1104 board have
good performances. In fact, the error between estimated
and measured actual speed does not exceed 2.4%. The proposed technique can provide interesting benefit for industrial
applications because it avoids using fragile speed sensors in
hostile environment. Furthermore, the method can work as
direct voltage control structure by controlling stator electrical
frequency.
Admittedly, control without a speed sensor is nowadays a
hot topic, especially in terms of the constraints of adaptation
of the parameters; adaptation that does not reduce the
dynamic stability of the algorithm. This is our perspective
subject.

Data Availability
The data used to support the findings of this study are
included within the article.

Conflicts of Interest
The authors declare that they have no conflicts of interest.

[1] F. Wang, Z. Zhang, X. Mei, J. Rodrı́guez, and R. Kennel,
“Advanced Control Strategies of Induction Machine: Field
Oriented Control, Direct Torque Control and Model Predictive
Control,” Energies, vol. 11, no. 1, p. 120, 2018.
[2] Z. Guo, J. Zhang, Z. Sun, and C. Zheng, “Indirect Field Oriented
Control of Three-phase Induction Motor Based on Currentsource Inverter,” Procedia Engineering, vol. 174, pp. 588–594,
2017.
[3] H. Krisztián and K. Márton, “Speed Sensorless Field Oriented
Control of Induction Machines Using Unscented Kalman Filter,” in Proceedings of the IEEE International Conference OPTIM
& Intl ACEMP, pp. 25–27, Brasov, Romania, 2017.
[4] C. Liu and Y. Luo, “Yixiao Luo, Overview of advanced control
strategies for electric machines,” Chinese Journal of Electrical
Engineering, vol. 3, no. 2, pp. 53–61, September 2017.
[5] R. Kaur and G. S. Brar, “Induction motor drives-A literature
review,” Control Theory and Technology, vol. 9, no. 16, pp. 8071–
8081, 2016.
[6] Y. Wang, N. Niimura, and R. D. Lorenz, “Real-time parameter
identification and integration on deadbeat-direct torque and
flux control (DB-DTFC) without inducing additional torque
ripple,” in Proceedings of the 2015 IEEE Energy Conversion
Congress and Exposition, pp. 2184–2191, Montreal, QC, Canada,
September 2015.
[7] R. Kumar, S. Das, and A. K. Chattopadhyay, “Comparative
assessment of two different model reference adaptive system schemes for speed-sensorless control of induction motor
drives,” IET Electric Power Applications, vol. 10, no. 2, pp. 141–
154, 2016.
[8] T. Sutikno, N. R. N. Idris, and A. Jidin, “A review of direct
torque control of induction motors for sustainable reliability
and energy efficient drives,” Renewable & Sustainable Energy
Reviews, vol. 32, pp. 548–558, 2014.
[9] H. M. Soliman, “Performance characteristics of induction
motor with field oriented control compared to direct torque
control,” International Journal of Power Electronics and Drive
Systems, vol. 7, no. 4, pp. 1125–1133, 2016.
[10] C. Reddy, K. K. Prabhakar, A. K. Singh, and P. Kumar, “Flux
estimation in DTC for wide speed range,” in Proceedings of the
2016 IEEE Power and Energy Society General Meeting (PESGM),
pp. 1–5, Boston, MA, USA, July 2016.
[11] J. W. Finch and D. Giaouris, “Controlled AC electrical drives,”
IEEE Transactions on Industrial Electronics, vol. 55, no. 2, pp.
481–491, 2008.
[12] D. Casadei, F. Profumo, G. Serra, and A. Tani, “FOC and DTC:
two viable schemes for induction motors torque control,” IEEE
Transactions on Power Electronics, vol. 17, no. 5, pp. 779–787,
2002.
[13] F. Naceri, S. Belkacem, M. Kercha, and T. Benmokrane, “Performance analysis of field-oriented control and direct torque
control for sensorless induction motor drives,” Asian journal of
Information Technology, vol. 6, no. 2, pp. 215–221, 2007.
[14] J. Kim, Y. Lee, J. Lee, and J. Lee, “Improvement of flux estimation
using programmable low pass filter with synchronous angular frequency error compensator in sensorless AC induction
motor,” in Proceedings of the IEEE Transportation Electrification
Conference and Expo, Asia-Pacific (ITEC Asia-Pacific ’16), pp.
924–928, Busan, South Korea, June 2016.
[15] R. Zhao, Z. Xin, P. C. Loh, and F. Blaabjerg, “A novel flux
estimator based on SOGI with FLL for induction machine

10

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

Mathematical Problems in Engineering
drives,” in Proceedings of the IEEE Applied Power Electronics
Conference and Exposition (APEC ’16), pp. 1995–2002, Long
Beach, CA, USA, March 2016.
C. Lascu, I. Boldea, and F. Blaabjerg, “Direct torque control of
sensorless induction motor drives: A sliding-mode approach,”
IEEE Transactions on Industry Applications, vol. 40, no. 2, pp.
582–590, 2004.
I. Boldea, M. C. Paicu, G.-D. Andreescu, and F. Blaabjerg,
““Active Flux” DTFC-SVM sensorless control of IPMSM,” IEEE
Transactions on Energy Conversion, vol. 24, no. 2, pp. 314–322,
2009.
M. Boussak and K. Jarray, “A high-performance sensorless
indirect stator flux orientation control of induction motor
drive,” IEEE Transactions on Industrial Electronics, vol. 53, no.
1, pp. 41–49, 2006.
R. Zhao, Z. Xin, P. C. Loh, and F. Blaabjerg, “A Novel
Flux Estimator Based on Multiple Second-Order Generalized
Integrators and Frequency-Locked Loop for Induction Motor
Drives,” IEEE Transactions on Power Electronics, vol. 32, no. 8,
pp. 6286–6296, 2017.
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A novel full-order terminal sliding-mode controller (FOTSMC) based on the finite-time disturbance observer (FTDO) is proposed
for the “JIAOLONG” manned submersible with lumped disturbances. First, a finite-time disturbance observer (FTDO) is developed
to estimate the lumped disturbances including the external disturbances and model uncertainties. Second, a full-order terminal
sliding-mode surface is designed for the manned submersible, whose sliding-mode motion behaves as full-order dynamics rather
than reduced-order dynamics in conventional sliding-mode control systems. Then, a continuous sliding-mode control law is
developed to avoid chattering phenomenon, as well as to drive the system outputs to the desired reference trajectory in finite time.
Furthermore, the closed-loop system stability analysis is given by Lyapunov theory. Finally, the simulation results demonstrate the
satisfactory tracking performance and excellent disturbance rejection capability of the proposed finite-time disturbance observer
based full-order terminal sliding-mode control (FTDO-FOTSMC) method.

1. Introduction
Manned submersibles have always been indispensable equipment for navy and marine development. Recently, there are
great many manned submersibles that are on active service
around the world [1], such as Alvin (USA), Shinkai 6500
(Japan), and so on. China’s manned submersible named
“JIAOLONG” is designed for deep-sea exploration [2, 3].
JIAOLONG carried out its 7000 m exploration cruise in June
2012, which implies that JIAOLONG is able to cover 99.8% of
the ocean area all over the world.
Manned submersibles always work in complicated ocean
environment, including large water pressure in deep sea,
time-varying ocean currents, unpredictable external disturbances, unknown obstacles, and so on [4, 5]. Furthermore,
manned submersibles are known as strong nonlinear systems
with various disturbances and time-varying dynamics [6, 7].
To the best of the authors’ knowledge, there are only few
published papers regarding the robust controller design for
manned submersibles, especially to attenuate the various

disturbances. Therefore, it is an open challenging research
area to investigate the high-performance controller for
manned submersibles with disturbances.
In the past decades, some attempts have been made
to handle the control problem of manned submersibles.
A robust controller based on 𝐻∞ algorithm is developed
for the manned submersible to suppress the external disturbances [8]. However, the control law is designed based
on the worst case, which will result in overconservative
control performance. Adaptive control techniques have
been employed to deal with parameter uncertainties of the
manned submersibles [9]. Unfortunately, the adaptive control
may fail to handle the parameter uncertainties when the
parameter changing speed is beyond its adapting capability.
With the unique disturbance attenuation capability, slidingmode control (SMC) methods have been employed to suppress the external disturbances and model uncertainties of
manned submersibles [10–13]. However, the conventional
SMC method will bring about chattering phenomenon for
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its discontinuous control action [14]. Thus, some attempts
have been made to alleviate the chattering phenomenon
[15–17]. To sum up, the aforementioned control methods
deal with the external disturbances and model uncertainties
with the manner of feedback control action indirectly and
slowly, rather than the feed-forward control action that
is able to compensate the effects of the disturbances and
uncertainties directly. Therefore, feedback control methods
may fail to reject the severe disturbances and uncertainties
of the manned submersible systems.
In recent years, the disturbance-observer-based control
(DOBC) methods have been proposed to deal with the
disturbances and uncertainties widely [18–20]. The DOBC
technique is regarded as a two-degree-of-freedom control
method, which consists of a nominal controller and a
disturbance rejector [21]. The nominal controller is developed to achieve the requirements on tracking performance
specifications and stability of the system. On the other
hand, the disturbance rejector will be designed to meet
the requirements on disturbance rejection and robustness
for the system. That is to say, these two (often conflicting)
requirements can be satisfied by developing the nominal
feedback controller and disturbance rejector separately [22].
Furthermore, the DOBC methods have been applied to
a wide range of engineering systems, such as permanent
magnet synchronous motor (PMSM) system [23], unmanned
helicopter system [24], power plant system [25], and so on.
Among the large number of DOBC methods, the combination of sliding-mode control technique and disturbance
observer has drawn much attention of the scholars, which
is called as disturbance-observer based sliding-mode control
(DOB-SMC) method. For the reason that the SMC techniques not only have the powerful disturbance-attenuation
capability, but also possess the simple design procedure of
the controller. In the past few years, a nonlinear disturbance
observer based sliding-mode control is employed to attenuate
the external disturbances and model uncertainties, which is
applied to MAGLEV suspension system [26]. In addition,
a new disturbance observer based terminal sliding mode
control method is designed for multiple-input multipleoutput (MIMO) nonlinear system, which is able to suppress
both the disturbances generated by an exogenous system and
the disturbances with bounded 𝐻2 norm [27]. The article [28]
develops an extended disturbance observer based slidingmode control to reject both the matched and mismatched disturbances of the unmanned helicopter systems. Recently, an
extended state observer based integral sliding-mode control
method has been employed to attenuate the disturbances and
uncertainties of the underwater robot system [29]. Although
the aforementioned DOB-SMC methods are able to attenuate the disturbances effectively, the chattering phenomenon
exists in the system all the same because of the discontinuous control actions. Furthermore, all the existing DOBSMC methods belong to reduced-order sliding-mode control
techniques, which means that the sliding-mode motion of
the system behaves as desirable reduced-order dynamics
rather than desirable full-order dynamics. Recently, a fullorder sliding-mode control (FOSMC) algorithm is designed
in article [30]. However, the sliding variable of the proposed
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FOSMC algorithm is not available directly, which brings
about the difficulties for controller implementation. Additionally, this FOSMC method attenuates the disturbances by
the means of feedback control technique indirectly. Therefore, the disturbance rejection capability needs to be further
improved.
In this paper, a novel finite-time disturbance observer
based full-order terminal sliding-mode control (FTDOFOTSMC) method is developed for the manned submersible
subject to external disturbances and model uncertainties.
By designing the full-order terminal sliding-mode surface,
the ideal sliding-mode motion of the manned submersible
system behaves as desirable full-order dynamics. Furthermore, with the estimation of the disturbances by FTDO,
the continuous sliding-mode control law is designed to
compensate the lumped disturbances of manned submersible
and to meet the requirements on tracking performance.
Finally, both the rigorous theoretical analysis and simulation
results are presented to verify the superiority of the proposed
FTDO-FOTSMC method.
The most outstanding novelties of this paper are highlighted as follows. First of all, under the proposed novel
FTDO-FOTSMC method, the ideal sliding-mode motion of
the system behaves as desirable full-order dynamics rather
than reduced-order dynamics. Additionally, the FTDOFOTSMC method is able not only to reject the external
disturbances and model uncertainties, but also to eliminate
the chattering phenomenon in conventional sliding-mode
control systems. Furthermore, the FTDO-FOTSMC method
is applied to the “JIAOLONG” manned submersible system,
which achieves satisfactory control performance.
This paper is organized as follows. Section 2 analyzes
the manned submersible system. A novel FTDO-FOTSMC
method is proposed for the manned submersible system to
reject the lumped disturbances in Section 3. The stability
analysis and simulation results are presented in Sections 4
and 5, respectively. Finally, some conclusions are drawn in
Section 6.

2. Manned Submersible Model
This section presents the nonlinear dynamic model of the
manned submersible. The manned submersible is considered
as a six-degree-of-freedom rigid body model [6]. Furthermore, it is subject to external disturbances and model uncertainties, which is treated as the lumped disturbances.
To develop the model of manned submersible, two reference frames, i.e., the navigation frame 𝐹푛 = {𝑂푛 , 𝑖푛 , 𝑗푛 , 𝑘푛 } and
body frame 𝐹푏 = {𝑂푏 , 𝑖푏 , 𝑗푏 , 𝑘푏 }, are defined, which are shown
in Figure 1.
The nonlinear model can be presented by the following
[7]:
𝜂̇ = 𝐽 (𝜂) 𝜐,

(1)

𝑀𝜐̇ + 𝐶 (𝜐) 𝜐 + 𝐷 (𝜐) 𝜐 + 𝐺 (𝜂) = 𝐹 + 𝑑,
where 𝜂 =

푇
[𝜂1푇 𝜂2푇]

(2)

∈ 𝑅6 denotes the position and Euler
푇

angle vector in the navigation frame, and 𝜐 = [𝜐1푇 𝜐2푇] ∈ 𝑅6
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Figure 2: The controller structure of manned submersible.
Figure 1: Navigation and body frames of manned submersible.

denotes the linear velocity and angular velocity vector in the
푇
푇
body frame. Furthermore, 𝜂1 = [𝑥 𝑦 𝑧] , 𝜂2 = [𝜑 𝜃 𝜓] ,
푇
푇
𝜐1 = [𝑢 V 𝑤] and 𝜐2 = [𝑝 𝑞 𝑟] . The notations 𝐽(𝜂) ∈
6×6
6×6
6×6
𝑅 , 𝑀 ∈ 𝑅 , 𝐶(𝜐) ∈ 𝑅 , 𝐷(𝜐) ∈ 𝑅6×6 and 𝐺(𝜂) ∈ 𝑅6
represent the rotation matrix, inertia matrix, Coriolis and
centrifugal matrix, hydrodynamic damping matrix, and the
gravity and buoyancy forces, respectively. 𝐹 ∈ 𝑅6 represents
the control forces and moments acting on the manned
submersible, and 𝑑 ∈ 𝑅6 denotes the external disturbances.
In practical engineering applications, it is difficult to
acquire the accurate hydrodynamics coefficients of the
manned submersible. Therefore, the hydrodynamics coefficients can be divided into two parts: nominal value and bias
value. 𝑀 = 𝑀0 + Δ𝑀, 𝐶(𝜐) = 𝐶0 (𝜐) + Δ𝐶(𝜐), 𝐷(𝜐) =
𝐷0 (𝜐) + Δ𝐷(𝜐) and 𝐺(𝜂) = 𝐺0 (𝜂) + Δ𝐺(𝜂), where (⋅)0 denotes
the nominal value, and Δ(⋅) denotes the bias value.
On the other hand, the manned submersible equips seven
thrusters and one trim adjusting mercury pump, which are
the main power sources of the submersible. Thus, the control
forces and moments can be described by
𝐹 = 𝐵𝑢,

(3)

where 𝑢 ∈ 𝑅8 is the true control input vector, and 𝐵 ∈ 𝑅6×8 is
the force allocation matrix.
Considering the factors mentioned above, the dynamics
equation (2) of the manned submersible can be rewritten by
𝑀0 𝜐̇ + 𝐶0 (𝜐) 𝜐 + 𝐷0 (𝜐) 𝜐 + 𝐺0 (𝜂) = 𝐵𝑢 + 𝑑푠 ,

(4)

where 𝑑푠 presents the lumped disturbances containing the
external disturbances and model uncertainties, which can be
described by
𝑑푠 = 𝑑 − Δ𝑀𝜐̇ − Δ𝐶 (𝜐) 𝜐 − Δ𝐷 (𝜐) 𝜐 − Δ𝐺 (𝜂) .

(5)

Furthermore, for the convenience of controller design,
the complete nonlinear model of the manned submersible can
be written by
𝜂̇ = 𝜐푎 ,
𝜐푎̇ = −𝐶 (𝜂, 𝜐) 𝜐푎 − 𝐷 (𝜂, 𝜐) 𝜐푎 − 𝐺 (𝜂, 𝜐) + 𝑀 (𝜂, 𝜐) 𝐵𝑢
+ 𝑑푙 ,

(6)
(7)

where 𝜐푎 = 𝐽(𝜂)𝜐 is the new state vector, 𝑑푙 = 𝑀(𝜂, 𝜐)𝑑푠 is the
new lumped disturbances. 𝐶(𝜂, 𝜐) = 𝐽(𝜂)𝑀0−1 𝐶0 (𝜐)𝐽−1 (𝜂) −

−1
̇
(𝜂), 𝐷(𝜂, 𝜐) = 𝐽(𝜂)𝑀0−1𝐷0 (𝜐)𝐽−1 (𝜂), 𝐺(𝜂, 𝜐) =
𝐽(𝜂)𝐽
−1
𝐽(𝜂)𝑀0 𝐺(𝜂) and 𝑀(𝜂, 𝜐) = 𝐽(𝜂)𝑀0−1 . Additionally, for the
sake of convenience in writing, the notations 𝐶, 𝐷, 𝐺 and 𝑀
are used to replace 𝐶(𝜂, 𝜐), 𝐷(𝜂, 𝜐), 𝐺(𝜂, 𝜐), and 𝑀(𝜂, 𝜐) in this
paper.

3. Controller Design
In this section, a novel finite-time disturbance observer
based full-order terminal sliding mode controller (FTDOFOTSMC) is designed for the manned submersible system.
The controller is able to drive the position and Euler angle
of the manned submersible to track the desired reference
푇
trajectory of 𝜂푑 = [𝑥푑 𝑦푑 𝑧푑 𝜑푑 𝜃푑 𝜓푑 ] despite the
presence of lumped disturbances 𝑑푙 . The composite controller
structure of manned submersible is illustrated in Figure 2.
3.1. Finite-Time Disturbance Observer (FTDO). A finite-time
disturbance observer (FTDO) will be developed to estimate
the lumped disturbances 𝑑푙 of the manned submersible in
finite time.
To design the FTDO conveniently, the dynamics model
(7) of manned submersible is rewritten by
𝜐푎̇ = 𝑓 (𝜂, 𝜐푎 , 𝑢) + 𝑑푙 ,

(8)

where 𝑓(𝜂, 𝜐푎 , 𝑢) = −𝐶(𝜂, 𝜐)𝜐푎 − 𝐷(𝜂, 𝜐)𝜐푎 − 𝐺(𝜂, 𝜐) +
𝑀(𝜂, 𝜐)𝐵𝑢 ∈ 𝑅6 is the vector function. Additionally, the
notation 𝑓 is used to replace 𝑓(𝜂, 𝜐푎 , 𝑢).
A first-order FTDO is designed to estimate the lumped
disturbances 𝑑푙 as follows [31]:
𝜉0̇ (𝑖) = 𝑓 (𝑖) + 𝜀0 (𝑖) ,
1/2

𝜀0 (𝑖) = −𝜆 0 𝐿1/2 𝜉0 (𝑖) − 𝜐푎 (𝑖) sign (𝜉0 (𝑖) − 𝜐푎 (𝑖))
+ 𝜉1 (𝑖) ,

(9)

𝜉1̇ (𝑖) = 𝜀1 (𝑖) ,
𝜀1 (𝑖) = −𝜆 1 𝐿 sign (𝜉1 (𝑖) − 𝜀0 (𝑖)) ,
where 𝜉0 (𝑖) and 𝜉1 (𝑖) are the estimations of 𝜐푎 (𝑖) and disturbance 𝑑푙 (𝑖), respectively, 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 6. 𝜆 0 , 𝜆 1 and 𝐿 are the
coefficients of the FTDO to be selected.
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Considering the dynamics model (8) and FTDO (9), the
error dynamics of the FTDO understood in the Filippov sense
can be obtained by
1/2

𝑒0̇ (𝑖) = −𝜆 0 𝐿1/2 𝑒0 (𝑖) sign (𝑒0 (𝑖)) + 𝑒1 (𝑖) ,
(10)
𝑒1̇ (𝑖) ∈ −𝜆 1 𝐿 sign (𝑒1 (𝑖) − 𝑒0̇ (𝑖)) + [−𝐿, 𝐿] ,
where the estimation errors are defined by 𝑒0 = 𝜉0 − 𝜐푎 and
𝑒1 = 𝜉1 − 𝑑푙 . It follows from [31, 32] that the estimation errors
𝑒0 (𝑡) and 𝑒1 (𝑡) will converge to zero in finite time, which
implies that there exists a time constant 𝑡푓 > 0 such that
𝑒0 (𝑡) = 0 and 𝑒1 (𝑡) = 0 for 𝑡 > 𝑡푓 . Additionally, it is true
that 𝜉1 = 𝜀0 for 𝑡 > 𝑡푓 .
3.2. Finite-Time Disturbance Observer Based Full-Order Terminal Sliding Mode Controller (FTDO-FOTSMC). Define the
tracking errors of the manned submersible as
𝑒휂 = 𝜂 − 𝜂푑 ,
𝑒휐 = 𝜐푎 − 𝜂푑̇ ,

(11)

where 𝜂푑 and 𝜂푑̇ are the desired reference trajectory and its
derivative, respectively.
The error dynamics of the manned submersible can be
obtained by
𝑒휂̇ = 𝑒휐 ,
𝑒휐̇ = −𝐶𝜐푎 − 𝐷𝜐푎 − 𝐺 + 𝑀𝐵𝑢 + 𝑑푙 − 𝜂푑̈ .

(12)

The full-order terminal sliding surface is designed by
휏
𝑒휂
𝑒
𝜎 = 𝑒휐 + ∫ (Λ 휂  1−훼 + Λ 휐  휐1−훼 ) 𝑑𝜏,
(13)
𝑒  𝜂
𝑒휐  𝜐
0
 휂 
 
where Λ 휂 = diag{𝜆 휂1 , ⋅ ⋅ ⋅ , 𝜆 휂6 } and Λ 휐 = diag{𝜆 휐1 , ⋅ ⋅ ⋅ , 𝜆 휐6 }
are the positive definite diagonal matrices, whose elements
make 𝑃푖 (𝑠) = 𝑠2 + 𝜆 휐푖 𝑠 + 𝜆 휂푖 (𝑖 = 1, ⋅ ⋅ ⋅ , 6) be Hurwitz
polynomials. The parameters 𝛼휂 and 𝛼휐 satisfy the equation
of 𝛼휂 = 𝛼휐 𝛼/(2𝛼 − 𝛼휐 ), where 𝛼 ∈ (0, 1).
Taking the time derivative of the full-order terminal
sliding surface (13) along the error dynamics (12), we can
obtain the sliding-mode dynamics as
𝑒휂
𝑒
𝜎̇ = 𝑒휐̇ + Λ 휂  1−훼 + Λ 휐  휐1−훼
𝑒  𝜂
𝑒휐  𝜐
 휂 
 
𝑒휂
= −𝐶𝜐푎 − 𝐷𝜐푎 − 𝐺 + 𝑀𝐵𝑢 + 𝑑푙 − 𝜂푑̈ + Λ 휂  1−훼 (14)
𝑒  𝜂
 휂 
𝑒
+ Λ 휐  휐1−훼 .
𝑒휐  𝜐
 
The continuous sliding-mode control law can be designed
as
†

𝑢 = (𝑀𝐵) (𝑢푒푞푢 + 𝑢푠푚푐 ) ,
𝑢푒푞푢

𝑒휂
= 𝐶𝜐푎 + 𝐷𝜐푎 + 𝐺 + 𝜂푑̈ − Λ 휂  1−훼
𝑒  𝜂
 휂 

𝑢푠푚푐

𝑒
− Λ 휐  휐1−훼 − 𝜉1 ,
𝑒휐  𝜐
 
𝜎
= −𝑘1 𝜎 − 𝑘2
,
‖𝜎‖1−훽
(15)

where (𝑀𝐵)† = (𝑀𝐵)푇[(𝑀𝐵)(𝑀𝐵)푇 ]−1 represents the
pseudo-inverse. 𝑘1 > 0, 𝑘2 > 0 and 0 < 𝛽 < 1 are the
controller parameters to be selected.

4. Stability Analysis
The stability analysis of the closed-loop manned submersible
system is given in this section.
Theorem 1. For the manned submersible system (12) with the
full-order terminal sliding surface (13) under the continuous
sliding-mode control law (15), the tracking error 𝑒휂 of the
manned submersible will converge to the origin in ﬁnite time
despite the presence of lumped disturbances.
Proof. In the ﬁrst step, we will show that the bounded
estimation errors 𝑒1 will not make the sliding variable 𝜎 go to
infinity in finite time.
Substituting the sliding-mode control law (15) into the
sliding-mode dynamics (14), we can obtain the closed-loop
sliding-mode dynamics as follows:
𝜎̇ = −𝑘1 𝜎 − 𝑘2

𝜎
‖𝜎‖1−훽

+ 𝑒1 ,

(16)

where 𝑒1 = 𝜉1 − 𝑑푙 is estimation error of the FTDO.
Furthermore, according to the Section 3.1, we can obtain that
the estimation error 𝑒1 will converge to zero in finite time
𝑡푓 > 0.
Define a finite-time bounded (FTB) function [33] for (16)
as
𝑉1 (𝜎) =

1 푇
𝜎 𝜎.
2

(17)

Taking the time derivative of the FTB function (17) along
the dynamics (16), we can obtain the following:
𝑉1̇ (𝜎) = 𝜎푇𝜎̇
= 𝜎푇 (−𝑘1 𝜎 − 𝑘2

𝜎
‖𝜎‖1−훽

+ 𝑒1 )

= −𝑘1 ‖𝜎‖2 − 𝑘2 ‖𝜎‖1+훽 + 𝜎푇 𝑒1

(18)

≤ 𝜎푇𝑒1
≤

1
 2
(‖𝜎‖2 + 𝑒1  )
2

≤ 𝐾V1 𝑉1 + 𝐿 V1 ,
where 𝐾V1 = 1 and 𝐿 V1 = (1/2)‖𝑒1 ‖2 .
Therefore, it can be acquired from (18) that 𝑉1 (𝜎) and so
𝜎 will not escape to infinity in any finite time.

Mathematical Problems in Engineering

5

In the second step, we will show that the bounded sliding
variable 𝜎 will not drive 𝑒휂 and 𝑒휐 to infinity in finite time.
According to the manned submersible system (12) and
the full-order terminal sliding surface (13), we can obtain the
error dynamics as follows:
𝑒휂̇ = 𝑒휐 ,
𝑒휂
𝑒
𝑒휐̇ = −Λ 휂  1−훼 − Λ 휐  휐1−훼 + 𝜎.̇
𝑒  𝜂
𝑒휐  𝜐
 휂 
 

(19)

Define a finite-time bounded (FTB) function for (19) as
𝑉2 (𝑒휂 , 𝑒휐 ) =

1 푇
1
𝑒 𝑒 + 𝑒푇 𝑒 .
2 휂 휂 2 휐 휐

(20)

Taking the time derivative of the FTB function (20) along
the dynamics (19), and using the inequality ‖𝑥‖휌 < 1 + ‖𝑥‖ for
𝜌 ∈ (0, 1), we can obtain the following:
1
1
𝑉2̇ (𝑒휂 , 𝑒휐 ) = 𝑒푇휂 𝑒휂 + 𝑒푇휐 𝑒휐 = 𝑒푇휂 𝑒휂̇ + 𝑒푇휐 𝑒휐̇ = 𝑒푇휂 𝑒휐
2
2

+

(22)

It follows from [34] that the sliding variable 𝜎 is able to
converge to the desired sliding surface 𝜎 = 0 in finite time.
In the fourth step, we will show that the tracking error 𝑒휂 of
the manned submersible will converge to the origin in finite
time.
Once the sliding surface 𝜎 = 0 is achieved in finite time,
the system dynamics (19) will reduce to

(23)

5. Simulation Results
(21)

 2  2
𝑒  + 𝑒 
+  휐   1 
2
3𝛾
𝑘
1 𝛾휂  2
 2
≤ ( + ) 𝑒휂  + (1 + 𝛾휂 + 휐 + 1 + 𝑘2 ) 𝑒휐 
2 2
2
2
2

.

It can be obtained from [34] that system (23) is finite-time
stable, which means that the tracking error 𝑒휂 will converge
to zero in finite time.
In summary, the position and Euler angle of the manned
submersible is able to track the desired trajectory in finite
time despite the presence of lumped disturbances.

 2
 2
 2
𝑒  + 1 𝑒휐  + ‖𝜎‖2
𝑒  + ‖𝜎‖2
+ 𝑘2 (  휐 
+
)
+ 𝑘1  휐 
2
2
2

𝛾휂

𝜎
‖𝜎‖1−훽

𝑒휂
𝑒
𝑒휐̇ = −Λ 휂  1−훼 − Λ 휐  휐1−훼 .
𝑒  𝜂
𝑒휐  𝜐
 휂 
 

 2
𝑒  + 1  2
+ 𝛾휐 (  휐 
+ 𝑒휐  )
2

+

𝜎̇ = −𝑘1 𝜎 − 𝑘2

𝑒휂̇ = 𝑒휐 ,

𝑒휂
𝑒
̇
+ 𝑒푇휐 (−Λ 휂  1−훼 − Λ 휐  휐1−훼 + 𝜎)
𝜂
𝑒 
𝑒휐  𝜐
 휂 
 
 훼𝜂
    
 훼
≤ 𝑒휂  𝑒휐  + 𝑒휐  (𝛾휂 𝑒휂  + 𝛾휐 𝑒휐  𝜐 + 𝑘1 ‖𝜎‖
 
+ 𝑘2 ‖𝜎‖훽 + 𝑒1 )
 
    
 
≤ 𝑒휂  𝑒휐  + 𝑒휐  (𝛾휂 (1 + 𝑒휂 ) + 𝛾휐 (1 + 𝑒휐 )
 
+ 𝑘1 ‖𝜎‖ + 𝑘2 (1 + ‖𝜎‖) + 𝑒1 )
 2  2
 2  2
 2
𝑒휂  + 𝑒휐 
𝑒휐  + 1 𝑒휐  + 𝑒휂 


+ 𝛾휂 (
+
)
≤
2
2
2

In the third step, we will show that the sliding variable 𝜎
will converge to the desired sliding surface 𝜎 = 0 in finite
time.
Since the estimation error 𝑒1 of FTDO will converge to
zero in finite time, the sliding-mode dynamics (16) will reduce
to

𝛾휐 𝑘1
𝑘
1  2
2
2
+
‖𝜎‖ + 2 (1 + ‖𝜎‖ ) + 𝑒1 
2
2
2
2

≤ 𝐾V2 𝑉2 + 𝐿 V2 ,
where 𝐾V2 = 2 + 2𝛾휂 + 3𝛾휐 + 𝑘1 + 2𝑘2 and 𝐿 V2 = 𝛾휂 /2 + 𝛾휐 /2 +
(𝑘1 /2)‖𝜎‖2 +(𝑘2 /2)(1+‖𝜎‖2 )+(1/2)‖𝑒1 ‖2 . 𝛾휂 and 𝛾휐 denote the
maximum eigenvalue of the matrices Λ 휂 and Λ 휐 , respectively.
Therefore, we can obtain that 𝑉2 (𝑒휂 , 𝑒휐 ) and so 𝑒휂 , 𝑒휐 will
not escape to infinity in any finite time.

This section presents some numerical simulation results to
demonstrate the effectiveness of the proposed finite-time
disturbance observer based full-order terminal sliding-mode
controller (FTDO-FOTSMC) of the manned submersible.
Additionally, in order to verify the superiority of the proposed
control method, both the conventional full-order terminal
sliding-mode control (FOTSMC) method [30] and nonlinear
disturbance observer based sliding-mode control (NDOSMC) method [26] are employed as comparative methods.
The parameters of the controllers are given as follows. The
coefficients of the FTDO are 𝜆 0 = 3, 𝜆 1 = 3 and 𝐿 = 12. The
coefficients of the full-order terminal sliding surface are Λ 휂 =
diag(6, ⋅ ⋅ ⋅ , 6), Λ 휐 = diag(9, ⋅ ⋅ ⋅ , 9), 𝛼휂 = 2/3 and 𝛼휐 = 4/5.
The control gains are 𝑘1 = 1, 𝑘2 = 0.5 and 𝛽 = 0.5.
The lumped disturbances applied to the manned submersible system are given by 𝑑푙 = 𝑀(𝜂, 𝜐)𝑑푠 = 𝑀(𝜂, 𝜐)(𝑑Δ +
𝑑), where 𝑑Δ represents the model uncertainties 𝑑Δ =
−Δ𝑀𝜐̇ − Δ𝐶(𝜐)𝜐 − Δ𝐷(𝜐)𝜐 − Δ𝐺(𝜂) and 𝑑 represents the
external disturbances 𝑑 = ∑푁
푖=1 [𝐴 푖1 cos(𝜔푖 𝑡+𝛼푖 )+𝐴 푖2 sin(𝜔푖 𝑡+
𝛼푖 )] [35].
All the initial values of the state variables of the manned
submersible are set to be zero, except for the position 𝑧0 =
−4m.
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Figure 3: Disturbances estimation.

The desired reference trajectory is given by
{0
{
{
{
{
{
{
{𝑡 − 25
𝑥푟 = {
{
{
25
{
{
{
{
{
{−𝑡 + 100
𝑡
{
{
{
{
{
{
{
{25
𝑦푟 = {
{
{−𝑡 + 75
{
{
{
{
{
{0

𝑡 ≤ 25𝑠,
25 < 𝑡 ≤ 50𝑠,
50 < 𝑡 ≤ 75𝑠,
𝑡 > 75𝑠,
𝑡 ≤ 25𝑠,
25 < 𝑡 ≤ 50𝑠,
50 < 𝑡 ≤ 75𝑠,
𝑡 > 75𝑠,

𝑧푟 = −4 − 0.01𝑡

𝑡 > 0𝑠,

𝜑푟 = 0.1 sin (0.3𝑡)

𝑡 > 0𝑠,

𝜃푟 = −0.05 sin (0.3𝑡)
𝜓푟 = 0.005𝜋𝑡 𝑡 > 0𝑠.

𝑡 > 0𝑠,

(24)

The manned submersible is required to track a square
reference trajectory in the X-Y plane. Meanwhile, it descends
from the depth of 4 m to 5 m in the vertical direction.
Additionally, the Euler angles of the manned submersible
should track a time-varying trajectory. This comprehensive
reference trajectory mainly examines the forward and sideslip
control performances, as well as to verify the existence of the
cross-couplings among pitch, roll and yaw axes.
The simulation results are shown in Figures 3–8. Figure 3
depicts the estimations of the lumped disturbances by FTDO.
It can be observed that the FTDO is able to estimate the
disturbances accurately and timely, which is the basis of compensating the lumped disturbances. Figures 4 and 5 illustrate
the response curves of position and Euler angles, respectively.
We can see that the decent tracking performances can be
obtained in all six channels under the proposed FTDOFOTSMC method. The position and Euler angles of the
manned submersible under the conventional FOTSMC are
almost able to track the reference trajectory. However, it
suffers from fluctuations to some degree. Additionally, the
position and Euler angles of the manned submersible under
the NDO-SMC are able to track the reference trajectory. Its
tracking accuracy is better than FOTSMC method, but worse
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Figure 5: Response curves of Euler angles.

than FTDO-FOTSMC method. Moreover, to stand out the
superiority of the proposed FTDO-FOTSMC method, the
response curves of tracking errors under three control methods are given in Figure 6. The tracking errors of the manned
submersible under the proposed FTDO-FOTSMC method
are smaller than the conventional FOTSMC method and

NDO-SMC method, which implies that the proposed FTDOFOTSMC method outperforms the conventional FOTSMC
method and NDO-SMC method for its much more accurate
tracking performance and milder transient process. Furthermore, the tracking performance of the manned submersible
in X-Y plane is depicted in Figure 7. It can be acquired that the
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Table 1: The root-mean-square (RMS) of tracking errors.

FTDO-FOTSMC
FOTSMC
NDO-SMC

(𝑒푥 )푅푀푆
0.3591m
0.9082m
0.4170m

(𝑒푦 )푅푀푆
0.3289m
0.6322m
0.4479m

(𝑒푧 )푅푀푆
0.0277m
0.0920m
0.0612m

manned submersible is able to perform the square trajectory
precisely under the proposed FTDO-FOTSMC method. On
the other hand, both the conventional FOTSMC method and
NDO-SMC method drive the manned submersible to track
the square trajectory with relatively large errors. Finally, the
response curves of control inputs are shown in Figure 8. With
the continuous control law of the proposed FTDO-FOTSMC
method and FOTSMC method, the chattering phenomenon
can be alleviated greatly or even eliminated completely.
However, the NDO-SMC method is subject to chattering
phenomenon to a certain degree for its discontinuous control
action.
To further demonstrate the superiority of the proposed
FTDO-FOTSMC method, the tracking performance is compared quantitatively. The root-mean-square (RMS) that is
a common criterion to measure the tracking performance

(𝑒휑 )푅푀푆
0.0005rad
0.0061rad
0.0036rad

(𝑒휃 )푅푀푆
0.0008rad
0.0030rad
0.0012rad

(𝑒휓 )푅푀푆
0.0004rad
0.0097rad
0.0033rad

is given in Table 1. As reported in Table 1, the proposed
FTDO-FOTSMC method attains the smaller RMS values
than the conventional FOTSMC method and NDO-SMC
method in all six channels, which reveals that the proposed
FTDO-FOTSMC method is able to deal with the external
disturbances and model uncertainties, as well as to achieve
accurate tracking performance.

6. Conclusions
A novel finite-time disturbance observer based full-order
terminal sliding mode control (FTDO-FOTSMC) method is
proposed for the manned submersible with external disturbance and model uncertainties. With the proposed control
method, the ideal sliding-mode motion of the manned

10
submersible system behaves as desirable full-order dynamics.
Furthermore, the outputs of the manned submersible system
are able to converge to the desired reference trajectory in
finite time. Finally, both the stability analysis and simulation
results demonstrate the effectiveness of the proposed FTDOFOTSMC method for the manned submersible system. The
future work will focus on the experimental tests on the
manned submersible system. Additionally, the applications
of the FTDO-FOTSMC method on unmanned underwater
vehicles is another important work in future.
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An adaptive attitude controller is designed based on Barrier Lyapunov Function (BLF) to meet the state constraints caused by
side window detection. Firstly, the attitude controller is designed based on the BLF, but the stabilization function is complex and
its time derivative will cause “differential explosion”. Therefore, Finite-time-convergent Differentiator (FD) is used to estimate
the first derivative of the stabilization function. If the tracking error is outside the BLF's convergence domain, BLF controller
cannot guarantee the error global convergence. Sliding mode controller (SMC) is used to make the system's error converge to set
domain, and then the BLF controller could be used to ensure that the output constraint is not violated. Uncertainties and unknown
time-varying disturbances usually make the control precision worse and Nonlinear Disturbance Observer (NDO) is designed for
estimation and compensation uncertainties and disturbances. The pseudo rate modulator (PSR) is used to shape the continuous
control command to pulse or on-off signals to meet the requirements of the thruster. Numerical simulations show that the proposed
method can achieve state constraints, pseudo-linear operation, and high accuracy.

1. Introduction
With the development of small-size propulsion systems,
accurate sensors, and precision guidance systems, the kinetic
kill vehicle (KKV) is now becoming both technically and
economically feasible [1–3]. In order to satisfy the requirements of intercepting hypersonic targets in near space, KKV
is generally flying at a high speed and equipped with infrared
imaging seeker. However, when KKV is flying in near space
with high speed, strong aerodynamic heating will seriously
affect the seeker detection accuracy. To solve this problem, the
seeker is usually mounted on the KKV’s lateral side to avoid
heat-intensive areas in front of the body. The installation and
detection method of configuring the seeker on the lateral side
of the missile is defined as side window detection [4, 5].
Side window detection will inevitably affect the field of
view of seeker and in order to ensure that the target is
always located in the field of view, the elevation angle 𝑞𝜀𝑏
and the azimuth angle 𝑞𝛽𝑏 in body-LOS coordinate should

be maintained in [𝑞𝜀𝑏 min , 𝑞𝜀𝑏 max ] and [𝑞𝛽𝑏 min , 𝑞𝛽𝑏 max ], and the
system overshoot is within this range [6]. In the terminal

guidance, the control system is a fast variable relative to
the guidance system, so we mainly rely on the control
system to ensure that the target is always in the field of
view of the seeker. It is necessary to constrain the steadystate performance and dynamic performance of the attitude
control system to the set domain. The above problem can be
attributed to the stabilization of the nonlinear system with
output constraints.
The current methods of controller design, such as
sliding mode control [7–9], backstepping control [10, 11],
and dynamic surface control [12, 13], are usually unable to
design the dynamic performance of the controller. Control
design for the constrained nonlinear system is commonly
carried out using a two-step approach. After a closed-loop
system design has been determined, often without explicitly
considering state constraints, the dynamic behavior is
investigated most often by simulation studies. Control design
is usually based on mathematical models, which are subject
to uncertainties and unknown time-varying disturbances.
Therefore, any control design approach should systematically
account for both state constraints and uncertainty.

2
Constraint-handling methods based on set invariance
[14], model predictive control [15], override control [16, 17],
and reference governors [18] are well established. However,
these methods are essentially based on numerical calculations, and the calculations are more complicated.
More recently, the use of BLF has been proposed to
realize the output and state constraints for strict feedback
and output feedback nonlinear system. Ngo [19] constructs
an arctangent and logarithmic barrier function as the control
Lyapunov function for the Brunovsky standard system and
realizes state constraints. The work in [20] presented control
designs for strict feedback nonlinear systems with a constant
output constraint and [21, 22] further extend the results to
strict feedback nonlinear systems with time-varying output
constraint. Tee [23] rigorously proved that the backstepping
controller designed with symmetric BLF or asymmetric BLF
can ensure the system output is bounded for a strict feedback
nonlinear system. But this method requires the system to
be in a small convergence domain and the output to be
continuously differentiable, and this is usually not satisfied
in the actual system. Tee [24] then proposed an improved
method. If the initial state of the system is outside the
convergence domain, it is necessary to reselect the BLF to
make the system converge to the set domain. This method
can guarantee the system converges to the set domain, but
the initial state is difficult to obtain and system cannot
realize the adaptive control. In addition, BLF-based control
has been applied to practical systems, such as electrostatic
oscillators [25], flexible crane system [26], and diesel engines
[27].
Many controllers designed with nonlinear control theory
are continuous and they cannot be directly applied to the
attitude control system of KKV. To solve this problem, many
pulse modulators have been proposed to convert continuous
control variables into a pulse or on-off signals, such as
pulse width modulation (PWM), pulse frequency modulation (PFM), and pulse width pulse frequency modulation
(PWPF) [2, 28–30]. PWPF modulation method is widely
used in aircraft attitude control systems with its good control
performance. Reference [2] uses the PWPF modulator to
shape the continuous control command to pulse or on-off
signals to meet the requirements of the reaction thrusters
and the methods to select the appropriate parameters are
presented in detail. Reference [28] discusses the performance
of PWPF modulators in terms of approximate linear space,
fuel consumption, and thruster operating frequency for the
attitude control. In [29], the variable dead-zone PWPF modulator was designed, and the stability was proved by using
the description function method. The simulation results
show the superiority of the algorithm in fuel consumption
and control accuracy. Reference [30] proposes a nonlinear
objective optimization function for the limitations of PWPF
modulator parameters setting. The genetic algorithm is used
to optimize the parameters of the PWPF regulator which
considers the performance requirements of guidance systems
such as linear work area requirements, miss distance, and fuel
consumption of PWPF regulators. PWPF can output pulse
instructions of different width and the static characteristics
are not related to the parameters of the aircraft, but the PWPF
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modulator has the problem of phase lag which could cause
instability of the system.
Motivated by the above discussions, to meet the state
constraints caused by side window detection, an attempt is
made to exploit Barrier Lyapunov Function to design the
attitude controller. To break through the limitation that the
initial error has to be in a small domain and the tracking error
cannot guarantee global convergence, sliding mode control is
used to make the tracking error converge to the set domain
if the initial error is not in the set domain. What is more,
BLF-based control relies on the accurate model and requires
the output continuously differentiable, NDO is designed
for estimation and compensation these uncertainties and
disturbances, and FD is designed to estimate derivative. The
special contributions of this paper are summarized as follows:
(1) This paper investigate a BLF for KKV to meet the
state constraints and achieve satisfactory dynamic
performance and stationary performance compared
with the existing work [2, 11].
(2) To overcome the shortcoming which requires that the
initial error has to be in a small domain, existing in
the work [19, 23, 24], sliding mode control is used to
make the tracking error converge to the set domain if
the initial error is not in the set domain.
(3) The PSR modulator is used to transform the continuous control law into the pulse control law. The
constant thrust control is realized and the phase
lag problem of the PWPF modulator is overcome
compared with the existing work [2, 28, 30].

2. Problem Formulation and Preliminaries
2.1. The Mathematical Model of KKV. KKV is small enough
to ignore the elastic vibration and study as a rigid body.
The nonlinear equations of dynamic and kinematic are
formulated as [11]
𝐽𝑥 𝜔̇ 𝑥 + (𝐽𝑧 − 𝐽𝑦 ) 𝜔𝑦 𝜔𝑧 = 𝑀𝑥 + 𝑑𝑥
𝐽𝑦 𝜔̇ 𝑦 + (𝐽𝑥 − 𝐽𝑧 ) 𝜔𝑧 𝜔𝑥 = 𝑀𝑦 + 𝑑𝑦
𝐽𝑧 𝜔̇ 𝑧 + (𝐽𝑦 − 𝐽𝑥 ) 𝜔𝑥 𝜔𝑦 = 𝑀𝑧 + 𝑑𝑧
𝛾̇ = 𝜔𝑥 − tan 𝜗 (𝜔𝑦 cos 𝛾 − 𝜔𝑧 sin 𝛾)
𝜓̇ =

(1)

(𝜔𝑦 cos 𝛾 − 𝜔𝑧 sin 𝛾)
cos 𝜗

𝜗̇ = 𝜔𝑦 sin 𝛾 + 𝜔𝑧 cos 𝛾
where the rigid body states 𝜔𝑥 , 𝜔𝑦 , and 𝜔𝑧 represent roll
angle velocity, yaw angle velocity, and pitch angle velocity,
respectively. 𝐽𝑥 , 𝐽𝑦 , and 𝐽𝑧 are the moment of inertia of each
axis. 𝑀𝑥 , 𝑀𝑦 , and 𝑀𝑧 are the control torque on the axes which
are provided by the thrusters. 𝑑𝑥 , 𝑑𝑦 , and 𝑑𝑧 are the total
uncertainties of each channel.
KKV has no rudder and no wing, and attitude adjustment
of the KKV is realized only by the attitude control system

Mathematical Problems in Engineering

3

2

1

oblique
shock wave

jet bow shock wave
Mach disk

3

Pressure
recovery area

jer
flow

High pressure area
Low pressure area
6

4
body bow shock wave
5

Figure 2: Jet Interaction Effects diagram.

Figure 1: Attitude control thruster layout.

installed at the rear of the body. KKV attitude is adjusted
through 6 thrusters which are shown in Figure 1, with (2#+5#)
thrusters controlling the pitch channel, (1#+6#) and (3#+4#)
thrusters controlling the yaw channel, and (1#+4#) and
(3#+6#) thrusters controlling the roll channel. The attitude
control thrusters belong to the direct lateral jet propeller and
it can only output the constant thrust.
The thrusts generated by the attitude control thrusters
along each axis in the body coordinate are as follows:
𝐹𝑧𝑥1 = 0
𝐹𝑧𝑦1 = 𝐹𝑧5 − 𝐹𝑧2

(2)

𝐹𝑧𝑧1 = 𝐹𝑧1 + 𝐹𝑧4 − 𝐹𝑧3 − 𝐹𝑧6
Then, we can obtain the control torque
𝑀𝑧𝑥1 = (𝐹𝑧1 + 𝐹𝑧4 − 𝐹𝑧3 − 𝐹𝑧6 ) ⋅ 𝑟
𝑀𝑧𝑦1 = (𝐹𝑧1 + 𝐹𝑧6 − 𝐹𝑧3 − 𝐹𝑧4 ) ⋅ 𝑙

(3)

𝑀𝑧𝑧1 = (𝐹𝑧2 − 𝐹𝑧5 ) ⋅ 𝑙
where 𝐹𝑧𝑖 (𝑖 = 1, . . . , 6) is the thrust in a different direction; 𝑟
is the radius of the body; 𝑙 is the distance from the location of
the thruster to the center of mass.
In the actual working process, in order to ensure the
stability of the work and reduce the impact of thruster work
on the system, the attitude control thruster usually works in
pairs. Considering that the performance of the thruster is
basically similar, (3) can be simplified to the following form:
𝑀𝑧𝑥1 = 2𝐹𝑧 ⋅ 𝑟𝛿𝐹𝑥
𝑀𝑧𝑦1 = 2𝐹𝑧 ⋅ 𝑙𝛿𝐹𝑦

(4)

𝑀𝑧𝑧1 = 𝐹𝑧 ⋅ 𝑙𝛿𝐹𝑧
where 𝐹𝑧 is the thrust of a single attitude control thruster and
𝛿𝐹𝑥 , 𝛿𝐹𝑦 , and 𝛿𝐹𝑧 determine whether to turn on.
When the attitude control thruster is turned on, the
lateral jet flow interferes with the external flow field, forming
a complicated flow field with a complicated structure. Jet

flow produces a strong boundary layer separation, which
causes oblique shock wave, split shock wave, bow shock
wave, reattach shock wave, splitting nest, and secondary
splitting nest in the flow field, and the expansion wave appears
on both sides of the jet. There may be complex physical
phenomena such as internal shock waves and Mach disk in
the jet stream area. This phenomenon is called lateral jet flow
disturbance effect. Typical lateral jet flow and external flow
field interference phenomena are shown in Figure 2.
The disturbing flow field is very complex and has the
characteristics of distributed parameters. Yet there is no
accurate mathematical model to describe it. Almost all the
references adopt thrust amplification factor 𝐾𝑇 and torque
amplification factor 𝐾𝑀 to describe the forces and moments
generated on the aircraft due to the side spray and the
incoming flow interfere with each other. Its definition is as
follows:
𝐾𝑇 =

(𝑇𝑐 + 𝑇𝑑 )
𝑇𝑐

(𝑀𝑐 + 𝑀𝑑 )
𝐾𝑀 =
𝑀𝑐

(5)

Among them, 𝑇𝑑 is the interference force caused by the
jet, 𝑇𝑐 is the static thrust on the ground, 𝑀𝑑 is the disturbance
torque caused by the jet, and 𝑀𝑐 is the static moment of the
thruster on the ground. The direct control force and torque
are
𝑇 = (𝑇𝑐 + 𝑇𝑑 ) = 𝐾𝑇 𝑇𝑐
𝑀𝑇 = (𝑀𝑐 + 𝑀𝑑 ) = 𝐾𝑀𝑀𝑐

(6)

Therefore, considering the jet flow disturbance, the actual
torque can be expressed as
𝑀𝑗𝑥 = 𝑀𝑧𝑥
𝑀𝑗𝑦 = 𝐾𝑀𝑦 𝑀𝑧𝑦 + Δ𝑀𝑗𝑦

(7)

𝑀𝑗𝑧 = 𝐾𝑀𝑧 𝑀𝑧𝑧 + Δ𝑀𝑗𝑧
where 𝑀𝑗𝑥 , 𝑀𝑗𝑦 , and 𝑀𝑗𝑧 , respectively, represent the components of each axis in the KKV body coordinate system under
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consideration of the jet flow disturbances. Δ𝑀𝑗𝑦 and Δ𝑀𝑗𝑧
are the disturbance moments in the 𝑂𝑦1 axis and 𝑂𝑧1 axis.
𝑇
𝑇
Define X1 = [𝜗 𝜓 𝛾] , X2 = [𝜔𝑥 𝜔𝑦 𝜔𝑧 ] and u =
[𝛿𝐹𝑥 𝛿𝐹𝑦 𝛿𝐹𝑧 ], then (1) can be rewritten in a more compact
form as
Ẋ 1 = GX2

Assumption 3. J0 −1 exists and there are the uncertain constants 𝜇1 , 𝜇2 , and 𝜇3 to satisfy
J0  ≤ 𝜇1 < ∞,
 
 −1 
J  ≤ 𝜇2 < ∞,
(11)
 
‖ΔJ‖ ≤ 𝜇3 < ∞.

(8)

JẊ 2 = F + Lu + D (𝑡)

Substituting (10) into (8)
(J0 + ΔJ) Ẋ 2 = (F0 + ΔF) + (L0 + ΔL) u + D (𝑡)

where

(12)

Then the problem has the following state-space representation:
Ẋ 1 = GX2
(13)
−1
Ẋ 2 = J−1
F
+
J
L
u
+
H
(𝑡)
0
0
0
0

0

sin 𝛾
cos 𝛾
[
sin 𝛾 ]
cos 𝛾
]
G=[
−
]
[0
cos 𝜗
cos 𝜗
[1 − tan 𝜗 cos 𝛾 tan 𝜗 sin 𝛾]
𝐽𝑥 0 0
[0 𝐽 0]
J=[
],
𝑦

where
H (𝑡) = J−1
0 (ΔF + ΔLu + D (𝑡))

[ 0 0 𝐽𝑧 ]

+ Δ̃J [F0 + ΔF + L0 u + ΔLu + D (𝑡)]

(𝐽𝑧 − 𝐽𝑦 ) 𝜔𝑦 𝜔𝑧
[
]
]
F=[
[ (𝐽𝑥 − 𝐽𝑧 ) 𝜔𝑧 𝜔𝑥 ]
[(𝐽𝑦 − 𝐽𝑥 ) 𝜔𝑥 𝜔𝑦 ]

(9)

[
L=[

2𝐹𝑧 ⋅ 𝑟

0

0

0

2𝐾𝑀𝑦 𝐹𝑧 ⋅ 𝑙

0

[

0

0

From (13), we can know that the mathematical model of
KKV attitude system is strict feedback form which includes
state constraints and uncertainty.
2.2. Finite-Time-Convergent Differentiator. Without loss of
generality, we consider the following uncertain dynamic
system:

]
],

𝑥1̇ = 𝑥2

𝐾𝑀𝑧 𝐹𝑧 ⋅ 𝑙]

𝑥2̇ = 𝑥3

𝑑𝑥

]
[
]
D (𝑡) = [
[𝑑𝑦 + Δ𝑀𝑗𝑦 ]

..
.

[ 𝑑𝑧 + Δ𝑀𝑗𝑧 ]

(15)

̇ = 𝑥𝑛
𝑥𝑛−1

When the KKV adjusts the attitude or orbit, thruster
consumes fuel which leads to the change of the moment of
inertia and the drift of the center of mass. It is described as
follows:
J = J0 + ΔJ
F = F0 + ΔF

(14)

𝑥𝑛̇ = 𝑓 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 )
where 𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ∈ R are the state variables, 𝑓𝐴(∙) is a
continuous function, and 𝑓(0, . . . , 0) = 0.
Lemma 4 (see [31]). For system (16)
𝑧̇1 = 𝑧2

(10)

where J0 , F0 , and L0 are the initial value of J, F, and L and ΔJ,
ΔF, and ΔL are the variation of parameters which satisfy the
following assumption.

where 𝑧1 ∈ 𝑅, 𝑧2 ∈ 𝑅, if system (16) satisfies 𝑧1 (𝑡) →
0, 𝑧2 (𝑡) → 0(𝑡 → ∞). For any an arbitrary bounded
function V(𝑡) and a constant 𝑇 > 0, the solution of the system
𝑥1̇ = 𝑥2

Assumption 1. The disturbance moment satisfies the bounded
condition and there is a bounded function 𝜉(𝑡) to let ‖D(𝑡)‖ ≤
𝜉(𝑡).
Assumption 2. The distance uncertainty of the attitude control torque satisfies the Δ𝑙𝑖 ≤ 𝑙𝜃𝑖 , where 𝑙𝜃𝑖 (𝑖 = 𝑟, 𝑙) are the
arithmetic number.

(16)

𝑧̇2 = 𝐹 (𝑧1 (𝑡) , 𝑧2 (𝑡))

L = L0 + ΔL

𝑥2̇ = 𝑅2 𝐹 (𝑥1 (𝑡) − V (𝑡) ,

𝑥2
)
𝑅

(17)

satisfies
𝑇



lim ∫ 𝑥1 − V (𝑡) 𝑑𝑡 = 0
𝑅→∞ 0 

(18)
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Remark 5. 𝑥1 (𝑡) averagely converges to the input signal V(𝑡)
and 𝑥2 (𝑡) converges to the generalized derivative of V(𝑡). In
(17), 𝑅 > 0 is a design parameter.

Step 2
̂
If ̂V − V ≠ 0, when 𝑅 → +∞, tanh(𝑑/𝑅)
→ 0, we can
obtain

According to Lemma 4, a simple FD is presented as
follows:

𝑑̂
−𝑎1 tanh (̂V − V) − 𝑎2 tanh ( ) ≠ 0
𝑅

𝜍1̇ = 𝜍2

Then

̂ 
 ̇ 
̂  = 𝑅2 −𝑎 tanh (̂V − V) − 𝑎 tanh ( 𝑑 ) → +∞
𝑑
2
 
 1
𝑅 


𝜍2̇ = 𝜍3
..
.
(19)

̇ = 𝜍𝑛
𝜍𝑛−1
𝜍𝑛̇ = 𝑅𝑛 [−𝑎1 tanh (𝜍1 − 𝜐 (𝑡)) − 𝑎2 tanh (

𝜍2
) −]
𝑅

lim

𝜍𝑖 − 𝜐

1 𝜄𝜙−𝑖+1
) , 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑛
(𝑡) = 𝑂 (( )
𝑅

(20)

where 𝑂((1/𝑅)𝜄𝜙−𝑖+1 ) is the (1/𝑅)𝜄𝜙−𝑖+1 order error of
𝜐(𝑖−1) (𝑡), 𝜙 = (1 − 𝜗)/𝜗, 𝜗 ∈ (0, min{𝜄/(𝜄 + 𝑛), 1/2}), 𝑛 ≥ 2.
2.3. Nonlinear Disturbance Observers. In this section, a new
NDO is designed based on FD. Without loss of generality, we
consider the following uncertain dynamic system:
V̇ = 𝐹 (V) + 𝐺 (V) 𝑢 + 𝑑

(21)

where V ∈ 𝑅 and 𝑢 ∈ 𝑅 are the state and control input
respectively. 𝐹(V) and G(V) ≠ 0 are the continuous function.
𝑑 ∈ 𝑅 denotes the disturbance.
Theorem 6. The following new NDO is designed for the
uncertain system (21):
̂V̇ = 𝐹 (V) + 𝐺 (V) 𝑢 + 𝑑̂

d𝑡

̂̇
=𝑑

𝐹 (V) + 𝐺 (V) 𝑢 + 𝑑̂ 𝑑̂
lim
=
𝑅→+∞
𝑅
𝑅

(22)

where V is the estimated value of ̂V and 𝑑 is the estimated value
̂ if 𝑅 → +∞, then
of 𝑑;
1 𝜄𝜙
̂V − V = 𝑂 (( ) )
𝑅
𝜄𝜙−1

(23)
)

Proof. There are two main steps in the proof.
Step 1
If ̂V −V = 0, then compared to the first equation of (22) and
̂ = 0. Theorem 6 holds obviously.
(23), we can obtain that 𝑑−𝑑

(26)

If n=2, then (19) is
𝜍1̇ = 𝜍2
𝜍2̇ = 𝑅2 [−𝑎1 tanh (𝜍1 − 𝜐 (𝑡)) − 𝑎2 tanh (

𝜍2
)]
𝑅

(27)

Substituting 𝐹(V) + 𝐺(V)𝑢 + 𝑑̂ into (27) and combining
with (26), Theorem 6 holds obviously.

3. Attitude Controller Design and Realization
Throughout this paper, we denote by R+ the set of nonnegative real numbers, ‖ ∙ ‖ the Euclidean vector norm in
R𝑚 , and 𝜆 max (∙) and 𝜆 min (∙) the maximum and minimum
eigenvalues of ∙, respectively. For illustration purpose, we
consider a class of second-order strict feedback systems and
outline the control design based on a BLF to ensure that the
output constraint is not violated. Consider the system
𝑥1̇ = 𝑓1 (𝑥1 ) + 𝑔1 (𝑥1 ) 𝑥2 + 𝑑1
𝑥2̇ = 𝑓2 (𝑥1 , 𝑥2 ) + 𝑔2 (𝑥1 , 𝑥2 ) 𝑢 + 𝑑2

̂
̂̇ = 𝑅2 [−𝑎 tanh (̂V − V) − 𝑎 tanh ( 𝑑 )]
𝑑
1
2
𝑅

1
𝑑̂ − 𝑑 = 𝑂 (( )
𝑅

̂
d [𝐹 (V) + 𝐺 (V) 𝑢 + 𝑑]

𝑅→+∞

where 𝑅, 𝑎𝑖 (𝑖 = 1, 2, . . . , 𝑛) ∈ R+ is design parameter and
there are 𝜙 > 0 and 𝜄𝜙 > 𝑛 which satisfies

(25)

Compared to V and 𝐹(V) + 𝐺(V)𝑢, 𝑑̂ is fast variable.
According to [31], we obtain

𝜍𝑛
)
⋅ ⋅ ⋅ − 𝑎𝑛 tanh ( 𝑛−1
𝑅

(𝑖−1)

(24)

(28)

𝑦 = 𝑥1
where 𝑓1 (𝑥1 ), 𝑓2 (𝑥1 , 𝑥2 ), 𝑔1 (𝑥1 ), and 𝑔2 (𝑥1 , 𝑥2 ) are smooth
functions, 𝑢 ∈ R is the control input, and 𝑥1 , 𝑥2 ∈ R are the
states, with 𝑦 required to satisfy |𝑦| < 𝑘𝑐1 , ∀𝑡 ≥ 0, with 𝑘𝑐1
being a positive constant.
Assumption 7. The function 𝑔𝑖 (𝑥𝑖 ), 𝑖 = 1, 2, . . . , 𝑛, is known,
and there exists a positive constant 𝑔0 such that 0 < 𝑔0 ≤
|𝑔𝑖 (𝑥𝑖 )| for |𝑥1 | < 𝑘𝑐1 . Without loss of generality, we further
assume that 𝑔𝑖 (𝑥𝑖 ) are all positive for |𝑥1 | < 𝑘𝑐1 .
Lemma 8. For any positive constants 𝑘𝑎1 and 𝑘𝑏1 , let Z1 fl
{𝑧1 ∈ R : −𝑘𝑎1 < 𝑧1 < 𝑘𝑏1 } ⊂ R and N fl R𝑙 × Z1 ⊂ R𝑙+1 be
open sets. Consider the system
𝜂̇ = ℎ (𝑡, 𝜂)

(29)
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where 𝜂 fl [𝑤, 𝑧1 ]𝑇 ∈ N and ℎ : R+ × N → R𝑙+1 is piecewise
continuous in 𝑡 and locally Lipchitz in 𝑧, uniform in 𝑡, on R+ ×
N. Suppose that there exist functions 𝑈 : R𝑙 → R+ and 𝑉1 :
Z1 → R+ , continuously differentiable and positive definite in
their respective domains, such that
𝑉1 (𝑧1 ) → ∞

as 𝑧1 → −𝑘𝑎1 or 𝑧1 → 𝑘𝑏1

𝛾1 (‖𝑤‖) ≤ 𝑈 (𝑤) ≤ 𝛾2 (‖𝑤‖)

(30)
(31)

where 𝛾1 and 𝛾2 are class 𝐾∞ functions. Let 𝑉(𝜂) fl 𝑉1 (𝑧1 ) +
𝑈(𝑤), and 𝑧1 (0) belong to the set 𝑧1 ∈ (−𝑘𝑎1 , 𝑘𝑏1 ). If the
inequality holds
𝜕𝑉
𝑉̇ =
ℎ≤0
𝜕𝜂

(32)

then 𝑧1 (𝑡) remains in the open set 𝑧1 ∈ (−𝑘𝑎1 , 𝑘𝑏1 ) ∀𝑡 ∈
[0, ∞).
Remark 9. In Lemma 8, we split the state space into 𝑧1 and
𝑤, where 𝑧1 is the state to be constrained and 𝑤 is the free
states. The constrained state 𝑧1 requires the barrier function
𝑉1 to prevent it from reaching the limits −𝑘𝑎1 and 𝑘𝑏1 , while
the free states may involve quadratic functions.

The time derivative of 𝑉2 is given by
𝑔𝑧𝑧
𝑉2̇ = −𝑘1 𝑧12 + 21 1 22 + 𝑧2 (𝑓2 + 𝑔2 𝑢 + 𝑑2 − 𝛼̇1 )
𝑘𝑏 − 𝑧1

(38)

1

The control law is designed as
𝑢𝐵𝐿𝐹 =

𝑔𝑧
1
(−𝑓2 + 𝑑2 + 𝛼̇1 − 𝑘2 𝑧2 − 2 1 1 2 )
𝑔2
𝑘𝑏 − 𝑧1

(39)

1

where 𝑘2 > 0 is constant and the last term on the righthand side is to cancel the residual coupling term 𝑔1 𝑧1 𝑧2 /(𝑘𝑏21 −
𝑧12 ) from the first step. Substituting (39) into (38) yields
𝑉2̇ = − ∑2𝑖=1 𝑘𝑖 𝑧𝑖2 . From (39), there is a concern of 𝑢(𝑡)
becoming unbounded whenever |𝑧1 (𝑡)| = 𝑘𝑏1 . However, we
have established that, in the closed loop, the error signal
|𝑧1 (𝑡)| never reaches 𝑘𝑏1 ∀𝑡 ≥ 0. As a result, the control 𝑢(𝑡)
will not become unbounded because of the presence of terms
comprising (𝑘𝑏21 − 𝑧12 (𝑡)) in the denominator.
According to Lemma 8, we have |𝑧1 (𝑡)| < 𝑘𝑏1 ∀𝑡 > 0 and
the output constraint will never be violated. Provide that the
initial conditions satisfy

For system (28), we employ backstepping design as
follows.



𝑧1 (0) < 𝑘𝑏1

Step 1. Let 𝑧1 = 𝑦1 − 𝑦𝑑 , 𝑧2 = 𝑥2 − 𝛼1 , where 𝑦𝑑 is the desired
value, and 𝛼1 is a stabilizing function to be designed. Chose
the following symmetric BLF candidate:

However, we cannot always guarantee |𝑧1 (𝑡)| < 𝑘𝑏1 ∀𝑡 > 0
if the initial conditions |𝑧1 (0)| > 𝑘𝑏1 . Next, SMC is used to
make the initial error sliding to the set domain if the initial
error is not in the set domain.
Firstly, transform system (28) as follows:

2

𝑉1 =

𝑘𝑏
1
log 2 1 2
2
𝑘𝑏 − 𝑧1

(33)

1

where log(∙) denotes the natural logarithm of ∙ and 𝑘𝑏1 = 𝑘𝑐1 −
𝑦𝑑 denotes the constraint on 𝑧1 . We require |𝑧1 | < 𝑘𝑏1 . It can
be shown that 𝑉1 is positive definite and thus a valid Lyapunov
function candidate. The derivative of 𝑉1 is given by
𝑉1̇ =

𝑧 (𝑓 + 𝑔1 (𝑧2 + 𝛼1 ) + 𝑑1 − 𝑦𝑑̇ )
𝑧1 𝑧̇1
= 1 1
2
− 𝑧1
𝑘𝑏2 − 𝑧12

𝑘𝑏2
1

(34)

1

1
(−𝑓1 − (𝑘𝑏21 − 𝑧12 ) 𝑘1 𝑧1 − 𝑑1 + 𝑦𝑑̇ )
𝑔

(41)

where 𝑓(𝑥) = [𝑓1 (𝑥1 ) + 𝑔1 (𝑥1 )𝑥2 , . . . , 𝑓𝑛−1 (𝑥𝑛−1 ) +
𝑔𝑛−1 (𝑥𝑛−1 )𝑥𝑛 , 𝑓𝑛 (𝑥𝑛 )]𝑇 , 𝑔(𝑥) = [0, 0, . . . , 𝑔𝑛 (𝑥𝑛 )]𝑇 .
Then, the sliding mode surface is selected as follows:
𝑠 (𝑥) = 𝑐𝑥 = 𝑐1 𝑥1 + 𝑐2 𝑥2 + ⋅ ⋅ ⋅ + 𝑐𝑛 𝑥𝑛

(42)

The derivative of 𝑠(𝑥) is given by

Design the stabilizing function 𝛼1 as
𝛼1 =

𝑥̇ = 𝑓 (𝑥) + 𝑔 (𝑥) 𝑢

(40)

(35)

𝑠 ̇ (𝑥) = 𝑐 (𝑓 (𝑥) + 𝑔 (𝑥) 𝑢𝑆𝑀𝐶) = −𝜀 sign (𝑠) − 𝑘𝑠

where 𝑘1 > 0 is a constant. Substituting (35) into (34) yields

If 𝑐𝑔(𝑥) is reversible, we can obtain the control law

𝑔𝑧𝑧
𝑉1̇ = −𝑘1 𝑧12 + 21 1 22
𝑘𝑏 − 𝑧1

𝑢𝑆𝑀𝐶 = (𝑐𝑔 (𝑥)) (−𝑐𝑓 (𝑥) − 𝜀 sign (𝑠) − 𝑘𝑠)

(36)

−1

(43)

(44)

1

where the coupling term
subsequent step.

𝑔1 𝑧1 𝑧2 /(𝑘𝑏21

− 𝑧12 ) is cancelled in the

Choose the following Lyapunov function candidate:
1
𝑉0 = 𝑠2
2

(45)

Step 2. Since 𝑥2 does not need to be constrained, we choose
a Lyapunov function candidate by augmenting 𝑉1 with a
quadratic function:

Differentiating 𝑉0 and combining (42)–(44), we can
obtain

1
𝑉2 = 𝑉1 + 𝑧22
2

𝑉0̇ = 𝑠𝑠 ̇ = −𝜀 |𝑠| − 𝑘𝑠2 ≤ 0

(37)

(46)
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The system gradually converges to the desired point.
Combining the SMC and BLF backstepping control, the
global convergence output constraint robust control law is
designed as follows:
𝑢 = 𝑝𝑢𝐵𝐿𝐹 + (1 − 𝑝) 𝑢𝑆𝑀𝐶

(47)

where
{1,
𝑝={
0,
{

 
𝑧1  < 𝑘𝑏1
 
𝑧1  ≥ 𝑘𝑏1

(48)

Controller combining the SMC and BLF backstepping
control can guarantee the error global convergence.
From KKV’s mathematical model, we can see that system
(13) satisfies the strict feedback form. Next, the method
combining the sliding mode control and BLF backstepping
control will be applied to design KKV controller with state
constraints.
Define
Z1 = X1 − X𝑑

̂
̂2 − X2 ) − Α4 tanh ( d )]
̂̇ (𝑡) = R2 2 [−A3 tanh (X
H
R

∘

∘ 𝑇

where Z1 ∈ (−K𝑏1 , K𝑏1 ), K𝑏1 = [𝜗𝑏1 , 𝜑𝑏1 , 𝛾𝑏1 ] = [1 , 1 , 1 ] .
Therefore, the domain of Z1 is ([−1∘ , 1∘ ], [−1∘ , 1∘ ], [−1∘ , 1∘ ])𝑇 .
Then we can get the stabilizing function 𝛽1 :
1
(− (K2𝑏1 − Z21 ) K1 Z1 + Ẋ 1𝑟𝑒𝑓 )
G0

(50)

ẋ = f (𝑥) + g (𝑥) u

u𝐵𝐿𝐹
(51)
1
̇ − K Z − GZ1 )
= −1 (−J−1
F
−
H
+
𝛽
(𝑡)
2 2
1
0 0
K2𝑏 − Z21
J0 L0
1
From (50)-(51), we can know that the stabilizing function
𝛽1 is complex and the first derivative of 𝛽1 will bring about
“differential explosion” and affect the efficiency of computer
solution. The FD is used to solve this problem. The unknown
total disturbance appears in the actual control; [32] points out
that the maximum disturbance torque can reach 50 percent
of the control torque. Under the condition of such a large
disturbance moment, it is difficult to solve this problem only
by the robustness of the system. If we do not carry out active
control, it will reduce the precision of attitude control and
even cause the instability of the system. Therefore, NDO is
used to estimate and compensate the unknown disturbance.
Therefore, the first differential value of stabilizing function can be obtained as follows:
𝜍̇1 = 𝜍2
𝜍
𝜍̇2 = R1 [−A1 tanh (𝜍1 − 𝛽1 ) − A2 tanh ( 2 )]
R

(52)

where A1 = diag(𝑎11 , 𝑎12 , 𝑎13 ), 𝑎1𝑖 > 0, 𝑖 = 1, 2, 3, A2 =
diag(𝑎21 , 𝑎22 , 𝑎23 ), 𝑎2𝑖 > 0, 𝑖 = 1, 2, 3, 𝑅1 are the design
parameters and 𝜍2 is the estimated value of 𝛽.̇

(54)

−1
where f(x) = [GX2 , J−1
0 F0 ], g(x) = [0, J0 L0 ].
Choose the following sliding mode surface:

𝑠 (𝑥) = 𝑐𝑥 = 𝑐1 𝑥1 + 𝑐2 𝑥2

(55)

Then, we can obtain SMC as
𝑢𝑆𝑀𝐶 = (𝑐𝑔 (𝑥)) (−𝑐𝑓 (𝑥) − 𝜀 sign (𝑠) − 𝐾𝑠)

(56)

Combining the SMC and BLF backstepping controller,
the global convergence output constraint robust controller is
designed as follows:
u = pu𝐵𝐿𝐹 + (1 − p) u𝑆𝑀𝐶

(57)

where
{diag (1, 1, 1) ,
p={
diag (0, 0, 0) ,
{

The BLF controller is designed as

(53)

where A3 = diag(𝑎31 , 𝑎32 , 𝑎33 ), 𝑎3𝑖 > 0, 𝑖 = 1, 2, 3, A4 =
diag(𝑎41 , 𝑎42 , 𝑎43 ), 𝑎4𝑖 > 0, 𝑖 = 1, 2, 3, R2 are design
parameters.
Transform system (13) to a simple form as follows:

−1

∘

2

̂̇ 2 = F (V) + G (V) u + H
̂ (𝑡)
X

(49)

Z2 = X2 − 𝛽1

𝛽1 =

For system (13), the following NDO is designed:

 
𝑥1  ≤ 𝑘𝑏1
 
𝑥1  > 𝑘𝑏1

(58)

Theorem 10. Consider the closed-loop system consisting of
plant (13) with control laws (57), FD (52), and NDO (53). The
all the signals involved are uniformly ultimately bounded.
Proof. Proof can be divided into two steps.
Step 1
When |Z1 | > K𝑏1 , mainly for SMC at work. From (46), we
can know the system is stable.
Step 2
When |Z1 | ≤ K𝑏1 , mainly for BLF backstepping controller
at work.
Define the estimation errors of NDO and FD is
̃=H
̂ (𝑡) − H (𝑡)
H
̃̇ = 𝛽
̂̇ − 𝛽̇
𝛽

(59)

Choose the following Lyapunov function candidate:
W0 =

K2𝑏
1
1
log 2 1 2 + Z22
2
K𝑏 + Z1 2

(60)

1

Differentiating 𝑊0 and combining (59)-(60), we can
obtain
̂̇
̃ − Z2 𝛽
Ẇ 0 = −K1 Z21 − K2 Z22 − Z2 H
1

(61)
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Figure 3: PSR modulator diagram.

Note that

When the Schmitt trigger is off
𝑒 (𝑡) = 𝐾𝑚 (𝐸 − 𝑢𝑚 ) (1 − 𝑒−𝑡2 /𝑇𝑚 ) + 𝑢𝑜𝑓𝑓 𝑒−𝑡2 /𝑇𝑚

2
̃2
̃ ≤ Z2 + H
Z2 H
2
2

0 ≤ 𝑡2 ≤ 𝑇𝑜𝑓𝑓

(62)

̂̇ 2
Z22 𝛽
̂
̇
+ 1
Z2 𝛽1 ≤
2
2

(65)

Then we can get the output pulse width

Substituting (61) into (62), the following inequality holds:
2

̂̇
̃2 𝛽
H
1
1
Ẇ 0 ≤ − (K1 + ) Z21 − (K2 + ) Z22 −
− 1
2
2
2
2

(63)

Therefore these tracking errors 𝑍1 and 𝑍2 are semiglobally uniformly bounded. By choosing the appropriate design
parameters 𝐾𝑖 (𝑖 = 1, 2), these errors can be sufficiently small.
This completes the proof.
From (57), we can know that the control command
is continuous type and cannot meet the pulse thruster
requirement. Next, PSR modulator will be introduced to
shape the continuous control command to pulse or on-off
signals. The structure of the PSR modulator is similar to the
PWPF modulator except that the position of the first-order
inertial link is different. The PWPF first-order inertial link is
located on the forward channel while the PSR modulator is
located on the feedback channel. The schematic of the PSR
modulator is shown in Figure 3.
When Schmitt trigger input 𝐸(𝑡) is greater than the start
threshold, a fixed value of 1 is output. Modulator input 𝐸(𝑡)
is exponentially decayed to subtract new 𝑒(𝑡). The output
of the modulator is always 1 before 𝑒(𝑡) decrease to the
shutdown threshold. The output of the modulator is 0 when
the trigger input is less than the start-up threshold or after
𝑒(𝑡) decrease in the shutdown threshold. Similarly, when the
input is negative, the modulator outputs 0 or −1 (negative sign
means the modulator is reversed).
When the Schmitt trigger is on
𝑒 (𝑡) = 𝐾𝑚 (𝐸 − 𝑢𝑚 ) (1 − 𝑒−𝑡1 /𝑇𝑚 ) + 𝑢𝑜𝑛 𝑒−𝑡1 /𝑇𝑚
0 ≤ 𝑡1 ≤ 𝑇𝑜𝑛

(64)

𝑇𝑜𝑛 = −𝑇𝑚 ln [1 −

ℎ
]
𝐾𝑚 𝑢𝑚 − (𝐸 − 𝑢𝑜𝑛 )

(66)

Schmitt trigger off time in one cycle is
𝑇𝑜𝑓𝑓 = −𝑇𝑚 ln [1 −

ℎ
]
𝐾𝑚 𝑢𝑚 − (𝐸 − 𝑢𝑜𝑛 )

(67)

Switching frequency is
𝑓=

1
𝑇𝑜𝑛 + 𝑇𝑜𝑓𝑓

(68)

Minimum pulse width is
Δ≈

ℎ𝑇𝑚
𝐾𝑚

(69)

The PSR pulse modulator not only has the same advantages which are similar to PWPF, with its static characteristics
are also independent of the parameters of the aircraft, the
output pulse is related to the error amplitude and error speed.
It also provides phase advance performance compared to the
PWPF.

4. Simulation Results
In this section, four kinds of simulation are established to
verify the performance of the proposed method under the
condition of strong disturbance. The control strategy for KKV
with side window detection is to adjust the pitch angle and
yaw angle to track the desired pitch angle and yaw angle
accurately and keep the rolling angle stability to ensure the
detecting field of view. The initial parameters and disturbance
are listed in Table 1, the simulation parameters perturbation
are listed in Table 2, and the simulation paremeters of FD and
NDO are listed in Table 3.
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Table 1: Simulation initial parameters.
parameter perturbation
0.4
0.4
0.4
0.5
0.16
3∘ sin((𝜋/2) 𝑡)
3∘ sin((𝜋/2) 𝑡)
3∘ sin((𝜋/2) 𝑡)

Table 2: Simulation parameters perturbation.
parameter
Δ𝐽𝑥
Δ𝐽𝑦
Δ𝐽𝑧
Δ𝑙
Δ𝑟

15

10

 (deg)

parameter
𝐽𝑥0
𝐽𝑦0
𝐽𝑧0
𝑙
𝑟
𝑑𝑥
𝑑𝑦
𝑑𝑧

5

0

−5

−10
0

parameter perturbation
𝐽𝑥0 × 20% sin(𝑡)
𝐽𝑥0 × 30% sin(𝑡)
𝐽𝑧0 × 10% sin(𝑡)
𝑙 × 20% sin(𝑡)
𝑟 × 20% sin(𝑡)

0.5

1

1.5

2

Reference input
Pitch

2.5
3
time (s)

3.5

4

4.5

5

Yaw
Roll

Figure 4: Attitude angle tracking curve.

parameter perturbation
[20, 20, 20]
[5, 5, 5]
[5, 5, 5]
[8, 8, 8]
[10, 10, 10]
[3, 3, 3]

Case 1. Verify the performance of the controller based on
BLF. Suppose the initial values of the attitude angles are
𝑇
𝑇
[𝜗0 𝜓0 𝛾0 ] = [0∘ 0∘ 0∘ ] and X1𝑑 = [𝜗𝑟 𝜓𝑟 𝛾𝑟 ] =
∘
∘
∘
[10 sin(5𝑡) 10 sin(5𝑡) 0 ]. We can know that 𝑍1 satisfies
|𝑍1 | < 𝐾𝑏1 . Simulation results are shown in Figures 4–9.
The attitude adjustment is divided into two stages, attitude adjustment stage and attitude keeping. From Figure 4,
we can intuitively see that attitude controller based on BLF
can make the attitude angles track desired attitude angles
fast and accurately. During the attitude adjustment stage, the
controller can constrain the attitude angle to the initial setting
domain even though there are large interference errors in the
three channels. In the attitude keeping stage, we can see that
the tracking error of the pitch angle can stay within ±0.2∘ in
most of the time and does not exceed ±0.4∘ , the yaw angle
tracking error does not exceed ±0.5∘ , and the error of the roll
angle does not exceed ±0.2∘ . But, tracking accuracy of the yaw
channel is the lowest and it is because the interference torque
of is the largest. It can be seen from the simulation results
that controller based on BLF can guarantee the tracking error
in setting domain (−𝐾𝑏1 , 𝐾𝑏1 ) in the whole process and the
attitude controller satisfies the requirement of fastness and
accuracy.

0
−50

0

0.5

1

1.5

2

2.5
3
time (s)

3.5

4

4.5

5

0

0.5

1

1.5

2

2.5
3
time (s)

3.5

4

4.5

5

0

0.5

1

1.5

2

2.5
3
time (s)

3.5

4

4.5

5

50
Fy (N)

parameter
R1
A1
A2
R2
A3
A4

0
−50
50

Fz (N)

Table 3: Simulation parameters of FD and NDO.

Fx (N)

50

0
−50

Figure 5: Thrust force curve.

As is shown in Figure 5, the thruster has a saturated
working area and a large pulse in the initial stage of attitude
control. When the thruster enters the duty cycle linear
work area, the width of the thrust pulse also gradually
decreases, which reflects the PSR modulator to adjust the
width and frequency on the thrust. The simulation results
show that the thruster starting frequency is low, KKV variable
thrust attitude control accuracy and controller has a good
performance. As showed in Figure 6, NDO has high approximation accuracy to unknown uncertainties and unknown
time-varying disturbances and its estimation error is small.
Accurate error estimation and compensation greatly improve
the accuracy of attitude control.
Case 2. Verify the performance of the controller under strong
interference conditions without estimation and compensation of uncertainties and disturbances. Initial values of the
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Figure 7: Pitch angle tracking error.

Case 3. Verify the performance of controller combining
BLF with SMC and compared with the SMC.
Suppose the initial values of the attitude angles are

0
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attitude angles and simulation settings are the same as Case 1.
Simulation results are shown in Figures 10–13.
From Figures 11–13, we can know that the accuracy
of controller obviously gets worse without estimation and
compensation of uncertainties and disturbances. Pitch angle
tracking error stays within ±0.5∘ , yaw angle tracking error
stays within ±0.6∘ , and roll angle tracking error stays within
±0.4∘ . From Figure 10, we can know that the frequency of
thruster switch is obviously increased, and it will cause
more energy consumption. However, controller based on
BLF can still guarantee the tracking error in setting domain
(−𝐾𝑏1 , 𝐾𝑏1 ) in the whole process.

Fx (N)

50

0
−50

Figure 10: Thrust force curve.
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𝑇

[𝜗0 𝜓0 𝛾0 ] = [10∘ 10∘ 10∘ ] and 𝑋1𝑑 = [𝜗𝑟 𝜓𝑟 𝛾𝑟 ] =
[10∘ sin(5𝑡) 10∘ sin(5𝑡) 0∘ ]. We can know that 𝑍1 does not
satisfy |𝑍1 | < 𝐾𝑏1 . Simulation results are shown in Figures
14–23.
From Figure 14, we can know that when the initial error
𝑍1 does not satisfy |𝑍1 | ≤ 𝐾𝑏1 , the BLF controller cannot
guarantee the error global convergence. From Figures 17–19
we can know that the controller combining the SMC and
BLF can guarantee the error global convergence. This is
because when |𝑍1 | > 𝐾𝑏1 , mainly SMC is at work and it will
make 𝑍1 converge to (−𝐾𝑏1 , 𝐾𝑏1 ), and then BLF controller
is at work, and it will ensure the output constraint is not
violated. From Figures 20–23, we can see that the SMC
controller can guarantee a good steady performance, but
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Figure 20: Attitude angle tracking curve with SMC controller.
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its dynamic performance cannot be guaranteed. But the
controller combining BLF with SMC has a good dynamic and
steady performance.
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Case 4. Verify the performance of PSR modulator. Compare
the PSR modulator with the PWPF modulator. The range of
optimal parameters for the PWPF and PSR is shown in Table
II in [30]. The simulation parameters are selected as showed
in Table 4, and the typical step signal is used as the reference
signal. The PWPF and PSR modulator modulation curves are
shown in Figure 24.
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From Figure 24, we can know that the difference between
the PSR modulator and the PWPF modulator is in the initial
stage. The PSR modulator is turned on in the initial stage until
the error is reduced to the shutdown threshold. However,
the PWPF modulator is turned off in the initial stage until
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Table 4: Modulator initial parameters.
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5. Conclusion
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the error reaches the start-up threshold. This characteristic
causes phase delay for PWPF modulator compared to the
PSR modulator and may cause control system instability. At
the same time, we clearly see from Figure 20 that the startup time of the PWPF modulator is significantly longer than
the PSR, which will lead to wasting fuel. Therefore, PSR
modulator has obvious advantages compared with PWPF
modulator.
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Figure 23: Roll angle tracking error with SMC controller.

In this paper, KKV attitude controller has been designed
combining BLF with SMC to meet the state constraints
caused by side window detection, and FD and NDO have
been used to solve the problem of “differential explosion”
and uncertainties estimation and compensation. Numerical
simulations show that the designed controller can achieve
attitude angles constraint and guarantee the error global
convergence with fast convergence speed, high convergence
accuracy and good robustness. NDO can achieve fast, smooth
and accurate estimation of uncertainties, and unknown timevarying disturbances. PSR modulator can shape the continuous control command to pulse or on-off signals to meet
the requirements of the thruster and achieve pseudo-linear
operation. Meanwhile, it solved the PWPF modulator phase
delay problem.
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This paper deals with the jointly estimation problem of unknown inputs and nonmeasured states of one altering aerated activated
sludge process (ASP). In order to provide accurate and economic concentration measures during aerobic and anoxic phases, a
cascade high gain observer (HGO) approach is developed. Only two concentrations are available; the other process’s states are
assumed unavailable. The observer converges asymptotically and it leads to a good estimation of the unavailable states which are
the ammonia and substrate concentration, as well as a quite reconstruction of the unknown inputs, which are the influent ammonia
and the influent substrate concentrations. To highlight the efficiency of the proposed HGO with this MIMO system’s dynamics,
simulation results are validated with experimental data.

1. Introduction
The environmental conservation and the biological treatment
of waste water are required to preserve the ecosystems.
Therefore, modeling an activated sludge (AS) Waste Water
Treatment Process (WWTP) has been one important area
of research for three decades. This AS wastewater treatment process is physically, chemically, and biologically very
complex. Furthermore the AS is nonlinear and unsteady
system; this is caused by the flow rate variations in a waste
water and its composition, joined to reactions varying in
time within mingled microorganisms. In order to model
the biological plant of the activated sludge process, a lot
of models have been suggested: Activated Sludge Process
Model N1 (ASM(1)) in [1], the ASM(2) in [2], ASM(2d)
in [3], and ASM(3) in [4]. Due to the complexity of these
models, various types of an activated sludge-plant reduced
model have been put forward in the literature [5–10]. In [11]
the authors presented one new model to alternate activated
sludge models. In fact the mean continuous model would
capture the switching dynamics governing behavior (i.e.,
aerobic-anaerobic phases), without any consideration of any
switching behavior. Recently, [12] proposed a generalized
state-identification classification modeling. As a matter of

fact, image processing and analysis have been utilized on the
basis of linear regression modeling.
More generally, waste water treatment processes have a
few measurement and control equipment. Under these circumstances various models are utilized in controller design.
Among control methods applied to the bioprocess we quote
robust multimodel control using the Quantitative Feedback
Theory (QFT) techniques in [13], adaptive control in [14, 15],
and model predictive control (MPC) in [16, 17] and recently
networked control in [18]. Nonetheless, the state variables of
the ASM are not all available which present some difficulties
in the eventual implementation.
In practice, for activated sludge process control and/or
supervision, there are some nononline measured inputs,
states, or concentrations (substrate concentration). Alternatively, these latter can also be hardly measured (ammonia and
nitrate concentration): indeed the main difficulty towards
the establishment of control strategies originates in general
from the absence online, cheap, and reliable instrumentation.
Even the existing sensors can be in many cases noisy and
may require high maintenance and implementation cost. In
the objective of solving such a problem, various observation
methods are proposed. Among the observation method
already studied we quote the following: [19] proposed for
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the nonlinear ASP model an extended Kalman filter, which
works within the alternating aerobic-anoxic phase. The filter
has been utilized for estimating states and nonstationary
disturbances; [20] provided a brief summary of some results
concerning state and parameter estimation approaches in
relation to the chemical and biochemical processes. In [21]
the authors resorted to a linear matrix inequality (LMI) to
determine the values of the gain matrix of the asymptotic and
classic observer, those are applied to a linearized bioprocess
model. In the same framework a nonlinear observer which
actually utilized both LMI and Lyapunov function was
studied in [22]. In [11], the authors applied one classical Luenberger observer which was dedicated to continuous nonlinear
models after linearization and it allows the estimation of
nitrate and ammonia concentrations. Furthermore, to better
developing the control strategies in presence of unknown
inputs, several researches are devoted to such observation.
Studying dynamical systems when having UIs has highly
given an incentive for research activities in state estimation,
fault reconstruction, and control theory. By means of one
Unknown Input Observer (UIO), simultaneously estimating
the system state and the UIs is achievable. In [23], the authors
extended the MIMO systems triangular class. In actual fact,
these systems involved nonlinear inputs. In addition, they
proposed one full order high gain observer in order to
conjointly estimate nonmeasured state and UIs. The authors
in [24] gave an essential and sufficient condition for UIO
existence. In [25], the authors worked out UIO for one
nonlinear system’s canonical observable form in presence of
uncertainties in LMI terms. The author in [26] designed a
nonlinear differential algebraic systems’ observation scheme
with UI. The authors in [27] extended a standard high gain
observer (HGO) with the aid of a sliding-mode-based term.
This latter would follow the UI vector. Extending the work
of [28, 29] designed a set of cascade high gain observers
for many nonlinear MIMO systems. Each observer would
provide the estimation of just an UI-vector component, with
the exception of the last one which would really give an
adjustment of full state variables. Given its utility, UIO has
received big attention and has been applied to ASP, as in [30]
where the authors suggested estimated states and the UIs as
regards a minimized ASP nonlinear model through the use of
the Extended Kalman Filter (EKF). Reference [31] treated the
problems of Waste Water Treatment Plants (WWTP) sensor
fault detection with the basic UIO (HGO). In fact, faults are
just considered as unknown inputs. In a recent work, [32], an
UIO is used to estimate jointly the states and an UI of the
bioprocess linearized model.
The purpose of this paper is to estimate UIs and unavailable states of ASP. This contribution deals with the use of
high gain UIO, which is relatively simple to design, can
provide global or semiglobal stability results for a large class
of nonlinear systems, robust to modeling uncertainty and
external disturbances, and has a single adjustment parameter.
The concentrations of ammonia and substrate in the inputs
(𝑆𝑠𝑖𝑛 and 𝑆𝑁𝐻4 𝑖𝑛 ) are very influential in the solution of the
system model [33]. So the continuous varying inputs may
seriously affect the system control; such problem can be
solved by the use of an unknown inputs observer.

Mathematical Problems in Engineering
Treated
eﬄuent
Raw water

air
Settler
MLSS

Aeration tank

Recycle Sludge
(RAS)

Waste sludge

Sludge treatment

Figure 1: ASP diagram.

The paper is planned as follows. Initially we introduce
a nonlinear ASP model. This model belongs to one specific
nonlinear system class for which the development of a
corresponding UIO is then detailed in section three; some
preliminaries on the nonlinear systems class and state transformations are given in this section. Thereafter, in section
four, and to facilitate applying the observation algorithm,
we have proposed an appropriate repartition of ASP states.
Simulation results are presented in the aim of highlighting
the effectiveness of the proposed observer in curing one
systematic routine so as to reconstruct jointly UIs and state
variables for the ASP. A final conclusion ends the paper.

2. Process Description
There is a various model of ASP design. Precisely an ASP is
composed of three principal components. The first component is an aeration tank. The latter will serve as a bioreactor.
The second component is a settling tank (final clarifier). It
was used to separate AS solids and treated waste water. The
third one is a Return Activated Sludge (RAS) which is a tool
for transferring settled AS from the clarifier into the aeration
tank influent, (Figure 1). Added to that, the atmospheric air,
or pure oxygen, will be put into a combination of primary
treated sewage (waste water) which will be mixed with
organisms in the purpose of developing a biological floc. In
general, such a mixture is named as Mixed Liquor. Frequently,
the concentration of the dry solids of mixed liquor suspended
solid ranges between 3 and 6 g/L. Thereby, we control any
removal efficiency by means of multiple operative conditions,
for example, the aeration tank hydraulic residence time. To
make it clear, the latter is determined by the division of
the volume of the aeration tank over the flow rate. It is
worth mentioning other factors like influent load (BOD5:
Biological Oxygen Demand within 5 days, COD: Chemical
Oxygen Demand, Nitrogen, etc.). The last factor is related
to the AS solids which are existing in the aeration tank.
We can mention here two other factors: oxygen supply and
temperature. Mixed liquor will be evacuated, at the aeration
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tank discharge, into settling tanks. In addition to that the
supernatant (treated waste water) ought to or should run
off in the purpose of being discharged to a natural water.
It can as well undergo further treatment before discharge.
Because of biological growth, excess sludge has an eventual
accumulation beyond the desired mixed liquor suspended
solid concentration in the aeration tank. We remove such
a solid amount from the treatment process in the target of
keeping the biomass ratio to supplied food in balance. This
solid amount, which is called the waste activated sludge,
should be kept aside in storage tanks and should be further
treated by digestion. This can be done prior to disposal under
anaerobic or aerobic conditions.
2.1. Materiel and Method. The process considered in this
work is the pilot ASWWTP unit in the Engineering Laboratory of Environmental Processes (ELEP) of the National
Institution of Applied Sciences (NIAS) in Toulouse, France. It
comprises a unique aeration tank with a volume 𝑉𝑎 = 0.03𝑚3
equipped with an aeration surface that provides the necessary
oxygen in the reactor in the goal of creating nitrification
and denitrification conditions. It is obvious that the settler
is a tank in which, in general, biomass is recirculated within
the tank. In [34] mass balance was applied for each soluble
(substrate) or particulate component (biomass). This led to
an eleven state model that was subsequently reduced to four
state variables. The earlier nonlinear models like ASM(1) were
unattractive because of the high complex scheme systems. As
a consequence, our focus is on reduced order models, which
are on the bases of some biochemical considerations, giving
the description of the nonlinear process behavior [33]. As a
result, we distinguish aerobic and anoxic phases through the
use of state variables associated with four substrate concentrations. As a matter of fact, aerobic phase is the aeration
period. In the latter the air is injected within the reactor in
big quantities in the objective of converting the pollution as
ammonium nitrate. After that, in order to transform nitrate
in nitrogen, in the anoxic phase, the aeration is stopped and
also an optional extraneous carbon source is added inside
the mixer. The operation of altering phases can be caused by
the 𝑘𝑙𝑎 oxygen transfer coefficient value which conspicuously
varies from 0 (concerning the anoxic phase) to higher values
(in what concerns the aerobic phase) (Figure 2).
2.2. System Model. The downsized system model is made up
of four state variables which have just one alternating phase
operation (alternating aeration). The latter is caused by the 𝑘𝑙𝑎
oxygen transfer coefficient value changing from 0 to higher
values. Tables 1 and 3 provide the process model’s variable and
parameters, while Table 2 gives the state variables. The process
nonlinear model differential equations are expressed in the
following [19]:
𝑋̇ 𝑂2 = − (𝐷𝑠 + 𝐷𝑐 ) 𝑋𝑂2 + 𝐾𝐿𝑎 (𝑆𝑂2𝑠𝑎𝑡 − 𝑋𝑂2 )

𝑋̇ 𝑁𝑂3

1 − 𝑌𝐻
𝛽 − 4, 57𝛽3
−
𝑌𝐻 1
1 − 𝑌𝐻
= − (𝐷𝑠 + 𝐷𝑐 ) 𝑋𝑁𝑂3 −
𝛽 + 𝛽3
2, 86𝑌𝐻 2

3
Inﬂuent
Settler
Eﬄuent
Aerobic Anoxic Aerobic Anoxic

Return activated sludge

Waste
activated
sludge

Figure 2: Combine aerobic and anoxic conditions to achieve nitrification and denitrification.
Table 1: Nonlinear-model parameters.
Parameter
𝑌𝐻 𝑔.𝑔

−1

𝑖𝑁𝐵𝑀 𝑔.𝑔−1
𝜂𝑁𝑂3 ℎ
𝐾𝑁𝐻4 𝐴𝑈𝑇 𝑔𝑁.𝑚−3
𝐾𝑁𝑂3 𝑔𝑁.𝑚−3
𝐾𝑂2 𝐻 𝑔𝑂2 .𝑚−3
𝐾𝑂2 𝐴𝑈𝑇 𝑔𝑂2 .𝑚−3
𝛼1 𝑑𝑎𝑦−1
𝛼2 𝑔.𝑚−3 𝑑𝑎𝑦−1
𝛼3 𝑔.𝑚−3 𝑑𝑎𝑦−1
𝛼4 𝑔.𝑚−3 𝑑𝑎𝑦−1
𝑆𝑂2 𝑠𝑎𝑡 𝑔.𝑚−3

Description
Performance coefficient of
heterotrophic biomass
Nitrogen mass in
heterotrophic and
autotrophic biomass
concentrations
Hydrolysis in anoxic phase
correction factor
Average saturation
coefficient of ammonia for
autotrophic biomass
Average saturation
coefficient of nitrate
Average saturation
coefficient of oxygen for
heterotrophic biomass
Average saturation
coefficient of oxygen for
autotrophic biomass
Growth rate of
heterotrophic biomass
Autotrophic speed of
nitrate production
Hydrolysis speed of slowly
biodegradable substrate by
the heterotrophic
Ammonification of soluble
organic nitrogen
Concentration of dissolved
oxygen saturation

Value
0.67

0.080

0.8
0.25
0.5
0.2

0.4
46.91
276.73
87.54
1546.8
9.0

𝑋̇ 𝑁𝐻4 = 𝐷𝑠 𝑋𝑁𝐻4𝑖𝑛 − (𝐷𝑠 + 𝐷𝑐 ) 𝑋𝑁𝐻4 − 𝑖𝑁𝐵𝑀 (𝛽1 + 𝛽2 )
− 𝛽3 + 𝛽4
𝑋̇ 𝑆 = 𝐷𝑠 𝑋𝑆𝑖𝑛 + 𝐷𝑠 𝑆𝑆𝑐 − (𝐷𝑠 + 𝐷𝑐 ) 𝑋𝑠
−

1
(𝛽 + 𝛽2 ) + 𝛽5
𝑌𝐻 1
(1)
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Table 2: State variables.

Notation
𝑋𝑠
𝑋𝑁𝑂3
𝑋𝑁𝐻4
𝑋𝑂2
𝑋𝑁𝐻4𝑖𝑛
𝑋𝑠𝑖𝑛

Description
Concentration of biodegradable substrate
Concentration of nitrogen as nitrate and nitrite
Concentration of nitrogen as ammonia
Concentration of oxygen
Concentration of ammonia input
Concentration of substrate input
Table 3: Input variables.

3. Studied Nonlinear Class and Design of
Unknown Input Observer
It is worth considering the nonlinear multioutput systems.
These latter can be as follows:
𝑥̇ = 𝑓 (𝑢, 𝑥) + 𝑔 (𝑢, 𝑥, V) + 𝜀̃ (𝑡)
(4)

𝑦 = 𝑥1
𝑇

𝑇

𝑇

With 𝑥 = [𝑥1 𝑥2 ⋅ ⋅ ⋅ 𝑥𝑞 𝑇 ] ∈ R𝑛 where 𝑥𝑘 ∈ R𝑛𝑘
𝑞
for 𝑘 = 1, 2, . . . , 𝑞 and 𝑛1 ≥ 𝑛2 ≥ ⋅ ⋅ ⋅ , 𝑛𝑞 , ∑𝑘=1 𝑛𝑘 =
𝑇

Parameter
Description
Value
𝐷𝑠
Input dilution rate
2.58 𝑑𝑎𝑦−1
𝐷𝑐
Dilution rate of external carbon source 0.016 𝑑𝑎𝑦−1
𝑆𝑠𝑐
External carbon source’s concentration 16000 𝑔.𝑚−3
𝑘𝐿𝑎
Oxygen transfer coefficient
215 or 0 𝑑𝑎𝑦−1

𝑛. 𝜀̃(𝑡) = [0𝑇, . . . , 0𝑇 , 𝜀𝑞 ]𝑇 is an unknown function. The
unknown input V = V1 ∈ R𝑚 , the known input 𝑢 ⊂ 𝑈 a
compact set of R𝑢 , and the output 𝑦 ∈ R𝑛1 , 𝑓(𝑢, 𝑥) ∈ R𝑛 with
𝑓𝑘 (𝑢, 𝑥) ∈ R𝑛𝑘 . 𝜆 1 has been related to the unknown inputs.
One notates 1 ≤ 𝜆 1 ≤ 𝑞 such as
𝜕𝑔𝑖
(𝑢, 𝑥, V) ≡ 0,
𝜕V1

∀𝑖 < 𝜆 1 :
with
𝛽1 = 𝛼1 𝑋𝑠
𝛽2 = 𝛼1 𝑋𝑠
𝛽3 = 𝛼2

𝜕𝑔𝜆 1
(𝑢, 𝑥, V) ≠ 0
𝜕V1

𝑋𝑂2
𝑋𝑂2 + 𝐾𝑂2 𝐻
𝑋𝑁𝑂3

System (1) is presented in its detailed form by the following
equations:

𝐾𝑂2 𝐻

𝑥̇1 = 𝑓1 (𝑢, 𝑥1 , 𝑥2 ) + 𝑔1 (𝑢, 𝑥1 )

𝑋𝑁𝑂3 + 𝐾𝑁𝑂3 𝑋𝑂2 + 𝐾𝑂2 𝐻
𝑋𝑂2

..
.

𝑋𝑁𝐻4

𝑋𝑂2 + 𝐾𝑂2𝑎𝑢𝑡 𝑋𝑁𝐻4 + 𝐾𝑁𝐻4𝑎𝑢𝑡

(2)

𝛽4 = 𝛼3
𝛽5 = 𝛼4

𝑥̇𝜆 1 −1 = 𝑓𝜆 1 −1 (𝑢, 𝑥1 , . . . 𝑥𝜆 1 ) + 𝑔𝜆 1 −1 (𝑢, 𝑥1 , . . . 𝑥𝜆 1 −1 )
𝑥𝜆̇ 1 = 𝑓𝜆 1 (𝑢, 𝑥1 , . . . 𝑥𝜆 1 +1 ) + 𝑔𝜆 1 (𝑢, 𝑥1 , . . . 𝑥𝜆 1 , V1 )

𝑋𝑂2
𝑋𝑂2 + 𝐾𝑂2𝑎𝑢𝑡

+ 𝜂𝑁𝑂3 ℎ

𝑋𝑁𝑂3

..
.

𝐾𝑂2 𝐻

𝑋𝑂2 , 𝑋𝑁𝑂3 , 𝑋𝑁𝐻4 , and 𝑋𝑠 are the concentrations of the
dissolved oxygen, the nitrate, the ammonia, and the readily
biodegradable substrate, respectively.
𝑋𝑆𝑖𝑛 is the concentration of substrate soluble in water
and 𝑋𝑁𝐻4𝑖𝑛 is the concentration of the ammoniacal nitrogen
entering the reactor. 𝑋𝑆𝑖𝑛 and 𝑋𝑁𝐻4𝑖𝑛 are considered the IUs
of the system. 𝑆𝑆𝑐 is an oxygenous carbon source. 𝐷𝑠 and 𝐷𝑐
are the dilution rates determined as
𝑄𝑠
,
𝑉𝑎

𝑄
𝐷𝑐 = 𝑐
𝑉𝑎

(6)

𝑥̇𝑞−1 = 𝑓𝑞−1 (𝑢, 𝑥1 , . . . 𝑥𝑞 ) + 𝑔𝑞−1 (𝑢, 𝑥1 , . . . 𝑥𝑞−1 , V1 )

𝑋𝑁𝑂3 + 𝐾𝑁𝑂3 𝑋𝑂2 + 𝐾𝑂2 𝐻

𝐷𝑠 =

(5)

(3)

where 𝑄𝑠 is the input flow. In addition to that, 𝑄𝑐 is an external
carbon source flow.
𝛽𝑖 (for i=1..5) is a simpler form of the process kinetics 𝜌𝑖 .
It is directly linked to the standard mode ASM(1). Moreover,
𝛼𝑖 is a specific parameter of the downsized nonlinear model.

𝑥̇𝑞 = 𝑓𝑞 (𝑢, 𝑥1 , . . . 𝑥𝑞 ) + 𝑔𝑞 (𝑢, 𝑥1 , 𝑥2 , . . . 𝑥𝑞 , V1 ) + 𝜀𝑞
𝑦 = 𝑥1
Note that this nonlinear system class is more general than
those studied in [23, 28, 35].
Let
𝜑𝑘 (𝑢, 𝑥, V1 ) = 𝑓𝑘 (𝑢, 𝑥) + 𝑔𝑘 (𝑢, 𝑥, V) + 𝜀̃ (𝑡)

(7)

Our aim is to synthesize an observer to estimate at the same
time the nonmeasured states and the vector of unknown
inputs. In the target of dealing with the HGO synthesis, we
make what follows:
(A.1) For 1 ≤ 𝑘 ≤ 𝑞 − 1 the function 𝑥𝑘+1 →
𝑓𝑘 (𝑢, 𝑥1 , . . . , 𝑥𝑘 , 𝑥𝑘+1 ) from R𝑛𝑘+1 → R𝑛𝑘 is injective for all
(𝑢, 𝑥1 , . . . , 𝑥𝑘 , 𝑥𝑘+1 ). Then, there exist 𝛼1 , 𝛽1 > 0 such that
∀𝑘 ∈ {1, . . . , 𝑞 − 1}, ∀𝑥 ∈ R𝑛 , ∀𝑢 ∈ 𝑈
0 < 𝛼12 𝐼𝑛𝑘+1 ≤ (

𝑇

𝜕𝑓𝑘
𝜕𝑓𝑘
𝑥))
(𝑢,
(𝑢, 𝑥) ≤ 𝛽12 𝐼𝑛𝑘+1
𝜕𝑥𝑘+1
𝜕𝑥𝑘+1

(8)
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where 𝐼𝑛𝑘+1 is a matrix identity, whose dimension is (𝑛𝑘+1 ) ×
(𝑛𝑘+1).
Assumption (A1) is essential for guaranteeing the diffeomorphism existence which could make an initial system in
the canonical form of observability.
𝜆 1 +1

1

𝜆1

1

𝜆1

𝜆 1 +1

(A.2) The function ( 𝑥 V1 ) → 𝜑 (𝑢, 𝑥 , . . . , 𝑥 , 𝑥
𝑛𝜆1 +1 +𝑚

V ) from R
V1 ); we consider

→ R

𝐹𝜆 1 (𝑥, 𝑢, V1 ) = (

𝑛𝜆 1

1

As a consequence, we interpret the studied immersion like
an injective map 𝜓 which is defined as follows:
𝜓 : R𝑛+𝑚 → R𝑛1 +⋅⋅⋅+𝑛𝜆1 +1 +𝑚+𝑛 and

,

𝑥
𝜇1
( 1 ) → 𝜇 = 𝜓 (𝑥, V) = ( 2 ) ,
V
𝜇

𝜆1

is injective for all (𝑢, 𝑥 , . . . , 𝑥 ,

𝜕𝜑𝜆 1
𝜕𝜑𝜆 1
1
(𝑢,
𝑥,
V
)
(𝑢, 𝑥, V1 ))
𝜕V1
𝜕𝑥𝛽1 +1

𝜇11

(9)

𝜇21
(
) ∈ R𝑛1 +⋅⋅⋅+𝑛𝜆1 +1 +𝑚 ,
𝜇 =
..
.
1

Such assumption is a rank condition, which has to be opted
for to estimate UIs.
Consequently, the next inequality is needed to design
UIO:
𝑛𝜆 1 +1 + 𝑚 ≤ 𝑛𝜆 1

with:

(12)

1

(𝜇𝜆 1 +1 )
𝜇12

(10)

𝜇22
𝜇 = ( . ) ∈ R𝑛 ,
..
2

In particular, we need to have
𝑚 ≤ 𝑝−1

(11)

2
(𝜇𝑞 )
1
𝑘
{𝜇𝑘 = 𝑥 , 𝑘 = 1, . . . , 𝜆 1
{
{
{
{
{
𝜇1
𝑥𝜆 1 +1
(13)
𝜓 (𝑥, V) : {𝜇1 = ( 𝜆 1 +1,1 ) = (
)
𝜆 1 +1
{
𝑖
1
{
𝜇
V
{
𝜆 1 +1,2
{
{ 2
𝑘
=
𝑥
,
𝑘
= 1, . . . , 𝑞
𝜇
{ 𝑘
Thus, the two subsystems in the 𝜇 coordinates are given in the
following:

3.1. State Transformation. Now, a set of coordinate transformations should be introduced so as to canonically form
system (4) corresponding to the HGO synthesis. Just as it
should be, an augmented system is made up of 2 blocks
such that their outputs have the same values as those of the
original system (4). 𝑥1 , . . . , 𝑥𝜆 1 +1 and V1 are related first-block
variables. On the other hand, variables linked to the last one
should be able to be simple copies of the full system states.

𝜇11̇ = 𝑓1 (𝑢, 𝜇11 , 𝜇21 ) + 𝑔1 (𝑢, 𝜇11 )
..
.
𝜇𝜆̇1 1 = 𝑓𝜆 1 (𝑢, 𝜇11 , 𝜇21 , . . . , 𝜇𝜆1 1+1,1 ) + 𝑔 (𝑢, 𝜇11 , 𝜇21 , . . . , 𝜇𝜆1 1 , 𝜇𝜆1 1+1,2 )
𝜇𝜆1̇ 1 +1 = (

𝑓𝜆 1 +1 (𝑢, 𝜇11 , 𝜇21 , . . . , 𝜇𝜆1 1+1,1 , 𝜇𝜆1 1+2 ) + 𝑔 (𝑢, 𝜇11 , 𝜇21 , . . . , 𝜇𝜆1 1+1,1 , 𝜇𝜆1 1+1,2 )
𝜀1 (𝑡)

(14)
)

𝑦1 = 𝜇11
𝜇12̇ = 𝑓1 (𝑢, 𝜇12 , 𝜇22 ) + 𝑔1 (𝑢, 𝜇12 )
..
.
2
2
̇2 = 𝑓𝑞−1 (𝑢, 𝜇1:𝑞
) + 𝑔𝑞−1 (𝑢, 𝜇1:𝑞−1
, 𝜇𝜆2 1+2 )
𝜇𝑞−1
2
2
) + 𝑔𝑞−1 (𝑢, 𝜇1:𝑞
, 𝜇𝜆2 1+2 ) + 𝜀𝑞
𝜇𝑞2̇ = 𝑓𝑞 (𝑢, 𝜇1:𝑞

𝑦2 = 𝜇12
with 𝜀1 (𝑡) is an unknown bounded function.

(15)
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In order to obtain the canonical form, a second injective
map 𝜙 is introduced as follows: Φ : R𝑛1 +⋅⋅⋅+𝑛𝜆1 +1 +𝑚+𝑛 →
R𝑝(𝜆 1 +1)𝑝𝑞 ,
𝜇1
𝜁1 = Φ1 (𝑢, 𝜇)
( 2 ) → 𝜁 = Φ (𝑢, 𝜇) = ( 2
)
𝜁 = Φ2 (𝑢, 𝜇)
𝜇

(16)

𝜆 1 −2

𝜕𝑓𝑘
2
(𝑢, 𝜇1:𝑘+1
))
2
𝜕𝜇𝑘+1
𝑘=1

2
) = (∏
𝜁𝜆2 1 = Φ2,𝜆 1 (𝑢, 𝜇1:𝜆
1
2
)
⋅ 𝑓𝜆 1 −1 (𝑢, 𝜇1:𝜆
1
2
)
𝜁𝜆2 1 +1 = Φ2,𝜆 1 +1 (𝑢, 𝜇1:𝜆
1 +1
𝜆 1 −1

𝜕𝑓𝑘
2
2
(𝑢, 𝜇1:𝑘+1
)) 𝑓𝜆 1 (𝑢, 𝜇1:𝜆
)
1
1 +1
𝜕𝜇
𝑘+1
𝑘=1

= (∏

with

..
.

𝜁11
𝜁21

𝜁 = ( . ) ∈ R(𝜆 1 +1)𝑝 ,
..
1

1
(𝜁𝜆 1 +1 )

𝜁12

𝜁𝑞2

(19)

𝜁11̇ = 𝜁21

2
(𝜁𝑞 )

and

𝜁𝑗2

𝜁21̇ = 𝜁31 + 𝜓21 (𝑢, 𝑢,̇ 𝜁11 , 𝜁21 )

are defined such as

..
.

𝜁11 = Φ1,1 (𝑢, 𝜇11 ) = 𝜇11
𝜁21

=

Φ1,2 (𝑢, 𝜇11 , 𝜇21 )

1

𝜁𝜆1̇ 1 = 𝜁𝜆1 1 +1 + 𝜓𝜆1 1 (𝑢, 𝑢,̇ 𝜁11 , . . . , 𝜁𝜆1 1 )

(𝑢, 𝜇11 , 𝜇21 )

=𝑓

𝜁𝛽1̇ 1 +1

𝜕𝑓1
1
)
𝜁31 = Φ1,3 (𝑢, 𝜇11 , 𝜇21 , 𝜇31 ) = 1 (𝑢, 𝜇11 , 𝜇21 ) 𝑓1 (𝑢, 𝜇1:3
𝜕𝜇2
..
.
𝜁𝜆1 1

=

1
Φ1,𝜆 1 (𝑢, 𝜇1:𝜆
)
1

𝜕𝑓𝑘
1
= ( ∏ 1 (𝑢, 𝜇1:𝑘+1
))
𝜕𝜇
𝑘+1
𝑘=1

𝜓𝛽11 +1

=

𝜆 1 −1

+ (∏
𝑗=1

(20)

(𝑢, 𝑢,̇ 𝜁)

𝜕𝑔𝜆 1
𝜕𝑓𝑗
𝑖
(𝑢,
𝜁
))
(𝑢, 𝜁1 ) 𝜀 (𝑡)
1
𝜕𝜇𝑗+1
𝜕V1

𝑦1 = 𝜁11
𝜁2̇ = 𝜁2

𝜆 1 −2

(18)

1

2

𝜁22̇ = 𝜁32 + 𝜓22 (𝑢, 𝑢,̇ 𝜁12 , 𝜁22 )

1
⋅ 𝑓𝜆 1 −1 (𝑢, 𝜇1:𝜆
)
1
1
)
𝜁𝜆1 1 +1 = Φ1,𝜆 1 +1 (𝑢, 𝜇1:𝜆
1 +1

..
.

𝜆 1 −1

𝜕𝑓𝑘
1
(𝑢, 𝜇1:𝑘+1
))
1
𝜕𝜇
𝑘+1
𝑘=1

𝜁𝜆2̇ 1 = 𝜁𝜆2 1 +1 + 𝜓𝜆2 1 (𝑢, 𝑢,̇ 𝜁12 , . . . , 𝜁𝜆2 𝑖 , 𝜁1 )

= (∏

𝜁𝜆2̇ 1 +1 = 𝜁𝜆2 1 +2 + 𝜓𝜆2 1 +1 (𝑢, 𝑢,̇ 𝜁12 , . . . , 𝜁𝜆2 1 , 𝜁𝜆2 1 +1 , 𝜁1 )

1
1
⋅ (𝑓𝜆 1 (𝑢, 𝜇1:𝜆
, 𝜇𝜆1 1 +1,1 ) + 𝑔𝜆 1 (𝑢, 𝜇1:𝜆
, 𝜇𝜆1 1 +1,2 ))
1
1

..
.

𝜁12 = Φ2,1 (𝑢, 𝜇12 ) = 𝜇12
𝜁22 = Φ2,2 (𝑢, 𝜇12 , 𝜇22 ) = 𝑓1 (𝑢, 𝜇12 , 𝜇22 )
𝜁32 = Φ2,3 (𝑢, 𝜇12 , 𝜇22 , 𝜇32 ) =

𝜕𝑓𝑘
2
(𝑢, 𝜇1:𝑘+1
))
2
𝜕𝜇
𝑘+1
𝑘=1

= (∏

Using the adopted notation, system (12) can be written in the
new coordinates 𝜁 as follows:

2

𝜁𝑗1

𝑞−2

2
⋅ 𝑓𝑞−1 (𝑢, 𝜇1:𝑞
)

(17)

𝜁22
𝜁 = ( . ) ∈ R𝑞𝑝
..

=

2
Φ2,𝑞 (𝑢, 𝜇1:𝑞
)

2̇
2
2
2
= 𝜁𝑞−1
+ 𝜓𝑞−1
(𝑢, 𝑢,̇ 𝜁12 , . . . , 𝜁𝑞−1
, 𝜁1 )
𝜁𝑞−1

1

𝜕𝑓
(𝑢, 𝜇12 , 𝜇22 )
𝜕𝜇22

𝜁𝑞2̇ = 𝜓𝑞2 (𝑢, 𝑢,̇ 𝜁) 𝜀𝑞

⋅ 𝑓1 (𝑢, 𝜇12 , 𝜇22 , 𝜇32 )

𝑦2 = 𝜁12
..
.

with

(21)
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𝜓𝜆1 1 +1 (𝑢, 𝑢,̇ 𝜁) =

𝜕Φ1,𝜆 1 +1
𝜕𝑢
𝜆1

+ ∑(

(𝑢, 𝜇11 , . . . , 𝜇𝜆1 1 , 𝜇𝜆1 1 +2 ) 𝑢̇

𝜕Φ1,𝜆 1 +1

𝑗=1

+

𝜕𝜇𝑗1

𝜕Φ1,𝜆 1 +1
𝜕𝜇𝜆1

7

1 +1

1
(𝑢, 𝜇11 , . . . , 𝜇𝜆1 1 +2 ) (𝑓𝑘 (𝑢, 𝜇11 , . . . , 𝜇𝑗+1
) + 𝑔𝑘 (𝑢, 𝜇11 , . . . , 𝜇𝑗1 )))

(22)

(𝑢, 𝜇11 , . . . , 𝜇𝜆1 1 +2 ) (𝑓𝜆 1 +1 (𝑢, 𝜇11 , . . . , 𝜇𝜆1 1 +1 , 𝜇𝜆1 1 +2 ) + 𝑔𝜆 1 +1 (𝑢, 𝜇11 , . . . , 𝜇𝜆1 1 +2 ))

and

𝜓𝑘2 (𝑢, 𝑢,̇ 𝜁12 , . . . , 𝜁𝑘2 ) =

𝑘−1
𝜕Φ2,𝑘
𝜕𝑓𝑗
2
(𝑢, 𝜇12 , . . . , 𝜇𝑘2 ) 𝑢̇ + (∏ 2 (𝑢, 𝜇12 , . . . , 𝜇𝑗+1
)) 𝑔𝑘 (𝑢, 𝜇12 , . . . , 𝜇𝑘2 )
𝜕𝑢
𝑗=1 𝜕𝜇𝑗+1

(23)
𝑘−1

+∑(
𝑗=1

𝜕Φ2,𝑘
2
(𝑢, 𝜇12 , . . . , 𝜇𝑘2 ) (𝑓𝑗 (𝑢, 𝜇12 , . . . , 𝜇𝑗+1
) + 𝑔𝑗 (𝑢, 𝜇12 , . . . , 𝜇𝑗2 )))
𝜕𝜇𝑗2

3.2. Observer Design. Our purpose is to synthesize an
observer to estimate at the same time the vector of UIs as
well as the nonmeasured state without the assumption of
whatever model for UIs. According to Farza et al. (2004), a
coordinate transformation is necessary for synthesizing such
an observer. This may make one appropriate system form to
synthesize the observer. Hence we should write systems (20)(21) as follows:
𝜁1̇ = 𝐴 1 𝜁1 + 𝜓1 (𝑢,̇ 𝑢, 𝜁) + 𝜀1
𝑦1 = 𝜁11
𝜁2̇ = 𝐴 2 𝜁2 + 𝜓2 (𝑢,̇ 𝑢, 𝜁) + 𝜀2
𝑦2 =

𝜁12

0 𝐼(𝜆 1 +1)𝑝
),
𝐴1 = (
0
0

(24)

(25)

(26)

0 𝐼𝑞𝑝
)
𝐴2 = (
0 0

𝑇

𝑇

𝜀1 = [0𝑇𝜆1 𝑛1 , . . . , 𝜀1 ]

(27)

with
𝜆 1 −1
𝑗=1

𝜀2 = 𝜓𝑞2 (𝑢, 𝑢,̇ 𝜁) 𝜀𝑞

(29)

By referring to the framework given in [28], we opt for
HGO synthesized for nonlinear MIMO systems, which are
canonically nontriangular. The observer of systems (24)-(25)
is designed as follows:
̇1
𝜁̂ = 𝐴 1 𝜁̂1 + 𝜓1 (.) − 𝜃𝛿1 Δ 1 −1 (𝜃) 𝑆1 −1 𝐶𝑇1 (𝜁̂11 − 𝜁11 )
2
̂𝜁̇ = 𝐴 𝜁̂2 + 𝜓2 (.) − 𝜃𝛿2 Δ −1 (𝜃) 𝑆 −1 𝐶𝑇 (𝜁̂2 − 𝜁2 )
2
2
2
2
1
1

(30)

with
𝐶1𝜆 1 +1 𝐼𝑝
]
[ 2
[𝐶𝜆 +1 𝐼𝑝 ]
1
]
[
]
𝑆1 −1 𝐶𝑇1 = [
[ .. ] ,
[ . ]
]
[
𝜆 1 +1
[𝐶𝜆 +1 𝐼𝑝 ]
1

with

𝜀1 = ( ∏

and

𝐶1𝑞 𝐼𝑝
[ 2 ]
[𝐶 𝐼𝑝 ]
[ 𝑞 ]
−1 𝑇
]
𝑆2 𝐶2 = [
[ .. ]
[ . ]
]
[
𝑞
𝐶
𝐼
𝑝
[ 𝑞 ]
Δ 1 (𝜃) = diag (𝐼𝑝 ,

𝜕𝑔𝜆 1
𝜕𝑓𝑗
𝑖
(𝑢,
𝜁
))
(𝑢, 𝜁1 ) 𝜀
1
𝜕𝜇𝑗+1
𝜕V1

(28)

(31)

1
1
𝐼 , . . . , 𝜆 𝛿 𝐼𝑝 )
𝜃𝛿1 𝑝
𝜃 1 1

1
1
Δ 2 (𝜃) = diag (𝐼𝑝 , 𝐼𝑝 , . . . , 𝑞−1 𝐼𝑝 )
𝜃
𝜃
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𝜃 > 0 is a real number that represent just one observer design
parameter. 𝛿1 = 2𝑞 − 3; 𝛿2 = 1.
Converging the estimation error dynamic was demonstrated in detail in [28].
This observer can also be given in the 𝜇 coordinates as

Now, we suppose

1
̂̇ = 𝑓1 (𝑢, 𝜇
̂ ) + 𝑔1 (𝑢, 𝜇
̂)
𝜇

2
̂ ) + 𝑔2 (𝑢, 𝜇
̂)
̂̇ = 𝑓2 (𝑢, 𝜇
𝜇

𝑓𝑜𝑟 𝑘 = 1, . . . , 𝑞

𝜂̂𝑘 = 𝜇̂𝑘1

𝑓𝑜𝑟 𝑘 = 1, . . . , 𝜆 1

𝜂̂𝜆 1 +1 = 𝜇̂𝜆1 1 +1,1

+

̂ )) 𝜃𝛿1 Δ 1 −1 (𝜃) 𝑆1 −1 𝐶𝑇1 (𝜇̂11 − 𝜇11 )
− (Λ 1 (𝑢, 𝜇

𝑥̂𝑘 = 𝜇̂𝑘2

(32)

+

̂ )) 𝜃𝛿2 Δ 2 −1 (𝜃) 𝑆2 −1 𝐶𝑇2 (𝜇̂12 − 𝜇12 )
− (Λ 2 (𝑢, 𝜇

(33)

̂V1 = 𝜇̂𝜆1 1 +1,2
Utilizing this notation, we can express the observer as follows:

1
𝜂1 − 𝑥1 )
𝜂̂̇ = 𝑓1 (𝑢, 𝜂̂1𝑖 , 𝜂̂2𝑖 ) + 𝑔1 (𝑢, 𝜂̂1𝑖 ) − 𝐶1𝜆 1 +1 𝜃𝛿1 (̂

..
.
𝜆 1 −1
𝜆 −1
= 𝑓𝜆 1 −1 (𝑢, 𝜂̂1 , . . . , 𝜂̂𝜆 1 ) + 𝑔𝜆 1 −1 (𝑢, 𝜂̂1 , . . . , 𝜂̂𝜆 1 −1 ) − 𝐶𝜆 1 +1 𝜃(𝜆 1 −1)𝛿1 Λ 1,𝜆 1 −1 + (𝑢, 𝜂̂) (̂
𝜂1 − 𝑥1 )
𝜂̂̇
1

𝜆1
𝜆
𝜂̂̇ = 𝑓𝜆 1 (𝑢, 𝜂̂1 , . . . , 𝜂̂𝜆 1 +1 ) + 𝑔𝜆 1 (𝑢, 𝜂̂1 , . . . , 𝜂̂𝜆 1 , ̂V1 ) − 𝐶𝜆 11 +1 𝜃𝜆 1 𝛿1 Λ 1,𝜆 1 + (𝑢, 𝜂̂) (̂
𝜂1 − 𝑥1 )

(34)

𝜆 1 +1
𝜂̂̇
𝑓𝜆 1 +1 (𝑢, 𝜂̂1 , 𝜂̂2 , . . . , 𝜂̂𝜆 1 +1 , 𝑥𝜆 1 +2 ) + 𝑔𝜆 1 +1 (𝑢, 𝜂̂1 , 𝜂̂2 , . . . , 𝜂̂𝜆 1 +1 , ̂V1 )
( 1 )=(
)
0
̂V̇
𝜆 +1

− 𝐶𝜆 1 +1 𝜃(𝜆 1 +1)𝛿1 Λ 1,𝜆 1 +1 + (𝑢, 𝜂̂𝑖 , ̂V1 ) (̂
𝜂1 − 𝑥1 )
1

1

̂̇ = 𝑓 (𝑢, 𝑥1 , 𝑥̂2 ) + 𝑔1 (𝑢, 𝑥1 ) − 𝐶1𝑞 𝜃 (𝑥̂1 − 𝑥1 )
𝑥
1

..
.
𝜆 −1
̂̇ 1 = 𝑓𝜆 1 −1 (𝑢, 𝑥1 , . . . , 𝑥̂𝜆 1 ) + 𝑔𝜆 1 −1 (𝑢, 𝑥1 , . . . , 𝑥̂𝜆 1 −1 ) − 𝐶𝜆𝑞 1 −1 𝜃(𝜆 1 −1) Λ 2,𝜆 1 −1 + (𝑢, 𝑥)
̂ (𝑥̂1 − 𝑥1 )
𝑥
𝜆
̂̇ 1 = 𝑓𝜆 1 (𝑢, 𝑥1 , . . . , 𝑥̂𝜆 1 +1 ) + 𝑔𝜆 1 (𝑢, 𝑥1 , . . . , 𝑥̂𝜆 1 , ̂V1 ) − 𝐶𝜆𝑞 1 𝜃𝜆 1 Λ 2,𝜆 1 + (𝑢, 𝑥)
̂ (𝑥̂1 − 𝑥1 )
𝑥

(35)

..
.
𝑞−1
(𝑞−1)
̂ (𝑥̂1 − 𝑥1 )
̂̇
= 𝑓𝑞−1 (𝑢, 𝑥1 , . . . , 𝑥̂𝑞 ) + 𝑔𝑞−1 (𝑢, 𝑥1 , . . . , 𝑥̂𝑞−1 , ̂V1 ) − 𝐶𝑞−1
Λ 2,𝑞−1 + (𝑢, 𝑥)
𝑥
𝑞 𝜃
𝑞
̂̇ = 𝑓𝑞 (𝑢, 𝑥1 , . . . , 𝑥̂𝑞 ) + 𝑔𝑞 (𝑢, 𝑥1 , . . . , 𝑥̂𝑞 , V̂1 ) − 𝐶𝑞𝑞 𝜃𝑞 Λ 2,𝑞 + (𝑢, 𝑥)
̂ (𝑥̂1 − 𝑥1 )
𝑥

𝑞−1

𝜕𝑓𝑘
(𝑢, 𝑥))
𝑘+1
𝑘=1 𝜕𝑥

with

∏
𝐹𝜆 1 (𝑢, 𝑥, V) = (

𝜕𝑓𝜆 1
𝜕𝑔𝜆 1
(𝑢, 𝑥) 1 (𝑢, 𝑥, V))
𝜆
+1
𝜕V
𝜕𝑥 1

Λ 1 (𝑢, 𝑥, V) = diag (𝐼𝑝 ,
𝜆 1 −1

𝜕𝑓1
(𝑢, 𝑥) , . . . ,
𝜕𝑥2

𝜆 −1

1
𝜕𝑓𝑘
𝜕𝑓𝑘
∏ 𝑘+1 (𝑢, 𝑥) , ∏ 𝑘+1 (𝑢, 𝑥) 𝐹𝜆 1 (𝑢, 𝑥, V))
𝑘=1 𝜕𝑥
𝑘=1 𝜕𝑥

Λ 2 (𝑢, 𝑥, V) = diag (𝐼𝑝 ,

𝜕𝑓1
(𝑢, 𝑥) , . . . ,
𝜕𝑥2

(36)

4. Application of UIO to ASP
4.1. Observer Synthesis. The bioprocess belongs to the nonlinear class of system (6) with 𝑝 = 2, 𝜆 1 = 𝑟 = 𝑞 = 2. 𝑋𝑠𝑖𝑛 and
𝑋𝑁𝐻4 are the UIs. The measured states are 𝑋𝑂2 and 𝑋𝑁𝑂3 .
𝑖𝑛
The UIO diagram is given by Figure 3, in fact, our objective is
to reconstruct the nonmeasured states 𝑋𝑠 and 𝑋𝑁𝐻4 and the
1
UIs. We suppose that the states vector 𝑥 = ( 𝑥𝑥2 ) ∈ R4 , the
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８O2 ,８NO3 ,８NH4 ,８s

Process
８NH4 ,８Ｍ
Inputs

SO2 ,SNO3

Ssc ,Ds ,Dc

Comparison

Observer
 O ,８
 NO , ８
 NH
８
2
3
4
 s ,８
 NH , ８
Ｍ
８
4

Experimental
measurements



８O2 ,８NO3 ,８NH4

Figure 3: UIO diagram.

𝑋

𝑂2
measured states 𝑥1 = ( 𝑋𝑁𝑂
) ∈ R2 , and the nonmeasured
3

𝑋

(

𝑋

states 𝑥2 = ( 𝑋𝑁𝐻𝑠 4 ) ∈ R2 . V = ( 𝑋𝑁𝐻𝑠𝑖𝑛4 𝑖𝑛 ) ∈ R2 is the UIs vector
and 𝑢 = 𝑆𝑆𝑐 ∈ R is the known input.
The observer is given by system (34). So the appropriate

𝑆

− 3𝜃2 Λ+1,2 𝑒
(

̂̇ 𝑂
𝑋
2
(
) = 𝑓1 (𝑢, 𝑥̂1 , 𝑥̂2 ) + 𝑔1 (𝑢, 𝑥̂1 , 𝑥̂2 ) − 3𝜃𝑒
̇
̂
𝑋
𝑁𝑂3

1

1

2

𝑓 (𝑢, 𝑥 , 𝑥 ) = (

𝑓2 (𝑢, 𝑥1 , 𝑥2 ) = (

𝑆𝑖𝑛

(37)
with

− (𝐷𝑠 + 𝐷𝑐 ) 𝑋𝑁𝑂3 −

1 − 𝑌𝐻
𝛽 − 4, 57𝛽3
𝑌𝐻 1
)

1 − 𝑌𝐻
𝛽 + 𝛽3
2, 86𝑌𝐻 2

− (𝐷𝑠 + 𝐷𝑐 ) 𝑋𝑁𝐻4 − 𝑖𝑁𝐵𝑀 (𝛽1 + 𝛽2 ) − 𝛽3 + 𝛽4
)
1
+𝐷𝑠 𝑆𝑆𝑐 − (𝐷𝑠 + 𝐷𝑐 ) 𝑋𝑠 −
(𝛽1 + 𝛽2 ) + 𝛽5
𝑌𝐻

𝐷𝑠 𝑋𝑁𝐻4 𝑖𝑛

𝑒=(

̂̇ 𝑁𝐻 𝑖𝑛
𝑋
4
) = −𝜃3 Λ+1,3 𝑒
̇
̂
𝑋

− (𝐷𝑠 + 𝐷𝑐 ) 𝑋𝑂2 + 𝐾𝐿𝑎 (𝑆𝑂2 𝑠𝑎𝑡 − 𝑋𝑂2 ) −

𝑔1 (𝑢, 𝑥1 , 𝑥2 ) = 0;
𝑔2 (𝑢, 𝑥1 , 𝑥2 , V) = (

̂̇ 𝑁𝐻
𝑋
4
) = 𝑓2 (𝑢, 𝑥̂1 , 𝑥̂2 ) + 𝑔2 (𝑢, 𝑥̂1 , 𝑥̂2 , V)
̇
̂
𝑋

𝐷𝑠 𝑋𝑠𝑖𝑛

)

̂𝑂 − 𝑋𝑂
𝑋
2
2
̂𝑁𝑂 − 𝑋𝑁𝑂
𝑋
3
3

)

(38)
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and

6
1

𝜕𝑓
]
𝜕 (𝑋𝑁𝐻4 ) 𝜕 (𝑋𝑠 )
𝜕𝑓

Λ 1,3 = Λ 1,2 [

𝜕𝑔2

Experimental

4
８ ／2

Λ 1,2 = [

𝜕𝑔2

𝜕 (𝑋𝑁𝐻4𝑖𝑛 ) 𝜕 (𝑋𝑠𝑖𝑛 )

2

]

0

𝜕𝑓1

0

𝜕 (𝑋𝑁𝐻4 )

0.05

0.1
0.15
Time (days)

0.2

0.25

20

𝛼2

𝑋𝑂2

𝐾𝑁𝐻4𝑎𝑢𝑡

Model

2

𝑋𝑂2 + 𝐾𝑂2𝑎𝑢𝑡 (𝑋
(39)
𝑁𝐻4 + 𝐾𝑁𝐻4𝑎𝑢𝑡 )
)
𝑋𝑂2
𝐾𝑁𝐻4𝑎𝑢𝑡

Estimated

15
８Ｍ

−4, 57𝛼2
=(

Model
Estimated

1

10

2
𝑋𝑂2 + 𝐾𝑂2𝑎𝑢𝑡 (𝑋
𝑁𝐻4 + 𝐾𝑁𝐻4𝑎𝑢𝑡 )

𝜕𝑓1
𝜕 (𝑋𝑠 )

5

0

0.05

0.1
0.15
Time (days)

0.2

0.25

300

𝑋𝑂2
1 − 𝑌𝐻
−
𝛼
𝑌𝐻 1 𝑋𝑂2 + 𝐾𝑂2 𝐻
=(
𝑋𝑁𝑂3
𝐾𝑂2 𝐻 )
1 − 𝑌𝐻
−
𝛼1
2, 86𝑌𝐻 𝑋𝑁𝑂3 + 𝐾𝑁𝑂3 𝑋𝑂2 + 𝐾𝑂2 𝐻

Input proﬁle
Estimated
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Figure 4: Estimation of dissolved oxygen, biodegradable substrate,
and the influent biodegradable substrate concentration.
Table 4: Error quantification.

4.2. Validation of the UIO with Experimental Data. We have
taken advantage of the experiment done during the modeling
and identification of the pilot unit [33] to highlight the
performance of the studied observer.
The states issued from the process simulation model are
compared to the estimated states issued from our observer
model as well as their measured values (Figures 4 and 5).
The real data (measured) was carried out for the ASWWTP
over 6 hours and with a sampling period of 20 minutes [33].
In fact polluted water which comes from sanitary network
in the city of Toulouse (France) feeds continuously the pilot
unit in order to purify it. We obtained the measurement
by taking samples every 20 minutes and analyze them in
a biological laboratory to extract the three concentrations
(oxygen, nitrate, and ammonia).
The real curves of the UIs are compared with their
estimated ones. It is clear that the corresponding curves
are almost superimposed. In addition, the UIs (the influent
ammonia concentration 𝑋𝑁𝐻4𝑖𝑛 and the influent substrate
concentration 𝑋𝑠𝑖𝑛 ) are perfectly reconstructed by the UIO
despite their variation. We have chosen a variable profile of
the UIs to highlight the effectiveness of the UIO. Indeed,
the proposed scenario reflects what is really happening
in open-air treatment plants. For example, the increase in

𝐸𝑟𝑟𝑜𝑟
𝑒𝑚𝑎𝑥
𝑒𝑚𝑎𝑥 𝑟𝑒𝑙𝑎𝑡𝑖V𝑒 (∘/∘)

𝑋𝑂2
0.268
5.42

𝑋𝑁𝑂3
1.29
19.28

𝑋𝑁𝐻4
0.24
4.29

concentration of the “influent ammonia” is due to the arrival
of water loaded with heavy mass caused by industrial discharges, while decreasing in concentration of the “influential
biodegradable substrate” is due to important (continuous)
reversals of rain. The found results evidently show a thorough
compromise between estimated and real curves. Moreover,
we can show that the state variables signals of the model and
the observer are rallied with the experimental measurements.
This is quantified by the relative error (Table 4). The unknown
inputs estimation error converges to zero. The advantages of
such observer are that it is relatively simple to design and it
has only one adjustment parameter.

5. Conclusion
A large class of nonlinear MIMO systems that involves UIs
has been studied in this paper in order to synthesize UIO. This
observer permits jointly estimating UIs and state variables.
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Figure 5: Estimation of nitrate, ammonia, and the influent ammonia concentration.

We have applied it to one complicated biochemical ASP. The
latter is a reduced activated sludge model having switching
anoxic and aerobic phases. By using only two measurements,
we have achieved the reconstruction of two state variables
(𝑋𝑠 and 𝑋𝑁𝐻4 ) and two UI signals (𝑋𝑁𝐻4𝑖𝑛 and 𝑋𝑠𝑖𝑛 ). Indeed,
the obtained simulation results demonstrate quite estimation
performances of the suggested observer compared to experimental data. Such observer should be combined with a state
control law to ensure that the nitrogen concentration at the
settler output does not exceed the standard European norm.
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M. Rı́os-Bolı́var, “Average modeling of an alternating aerated
activated sludge process for nitrogen removal,” IFAC Proceedings Volumes, vol. 44, no. 1, pp. 14195–14200, 2011.
[12] M. B. Khan, H. Nisar, C. A. Ng, P. K. Lo, and V. V. Yap, “Generalized classification modeling of activated sludge process based
on microscopic image analysis,” Environmental Technology, vol.
39, no. 1, pp. 24–34, 2017.
[13] S. Caraman, M. Barbu, and E. Ceanga, “Robust multimodel
control using qft techniques of a wastewater treatment process,”
Control Engineering and Applied Informatics, vol. 7, no. 2, pp.
10–17, 2005.
[14] O. Gonzalez-Miranda, M. Rios-Bolivar, and C. GomezQuintero, “Adaptive output feedback regulation of an
alternating activated sludge process,” in Proceedings of the
2009 European Control Conference (ECC), pp. 424–429,
Budapest, Hungary, August 2009.
[15] E. Petre, C. Marin, and D. Seliteanu, “Adaptive control strategies
for a class of recycled depollution bioprocesses,” Control Engineering and Applied Informatics, vol. 7, no. 2, pp. 25–33, 2005.
[16] C. Vlad, M. Sbarciog, M. Barbu, S. Caraman, and A. Wouwer
Vande, “Indirect control of substrate concentration for a
wastewater treatment process by dissolved oxygen tracking,”
Control Engineering and Applied Informatics, vol. 14, no. 1, pp.
38–47, 2012.
[17] C. Foscoliano, S. Del Vigo, M. Mulas, and S. Tronci, “Predictive
control of an activated sludge process for long term operation,”
Chemical Engineering Journal, vol. 304, pp. 1031–1044, 2016.
[18] O. K. Ogidan, C. Kriger, and R. Tzoneva, “Networked control
with time delay compensation scheme based on a smith
predictor for the activated Sludge Process,” Control Engineering
and Applied Informatics, vol. 19, no. 3, pp. 79–87, 2017.

12
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