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In this manuscript, a giving-up smoking model is develop using bilinear incidence rate, harmonic mean type of incidence rate and
keeping in view the relapse factor associated to smoking. It is shown that the model' solution is bounded and positive for the
appropriate initial data. The equilibria of the model are obtained, and it is proved that the smoking-free equilibrium is both
locally and globally asymptotically stable for R, less than unity. It is shown that the model has a positive light smoker present
equilibrium whenever R; is greater than one, and it is locally asymptotically stable if we have 1 <R, <1+2f,(u+d+38)/Ap,.
Conditions for the global stability of light smoker present equilibrium are rigorously investigated. Also, it is proved that the
model has a smoking present equilibrium when R, satisfies some condition which is investigated both for local and global
behavior. By considering a few control measures, optimal control strategies are achieved with the help of Pontryagin’s
maximum principle. The analytical results are verified numerically, and effectiveness of the control program is presented.

1. Introduction

Among other diseases, infectious diseases are the most
alarming threat to humanity from the last few centuries.
The plague of Athens is considered to be the first ever
epidemic which affects human life to a great extent [1, 2].
The life in Egypt and Roman was completely demolished
by the smallpox in 165-180 C.E. in which millions of people
died [3]. The epidemic Black Death in Europe is observed to
be the first well-documented epidemic which killed more
than 50 millions of people that region and Mediterranean.
Various other epidemics affected human life throughout
the history, and the current corona virus disease is the last
epidemic whose disasters are in front of us. Thus, it is very
crucial to understand the dynamics of such infectious dis-
ease (particularly the emerging epidemics) and to control
its spread in early transmission phase. In the context of these
extensive illnesses, the tobacco pandemic is one of the
world’s most serious health threats. According to statistics,

up to 50% of smokers die as a result of their habit, a
tobacco-related mortality occurs every 8 seconds, and 10
percent of the adult population dies as a result of tobacco-
related illnesses [4].

Smoking habit grows and spreads across a society in
the same way as an epidemic illness does, and generally,
it nearly follows the same process. To be specific, people
are prone to smoking at first, then become active users,
and eventually recover through certain control methods or
self-abandonment of its usage. In the early twentieth century,
William Hamer’s work on mathematical modeling of infec-
tious illnesses achieved substantial progress. Perhaps, Hamer
was the first who introduces mass action law in epidemic
modeling. However, Sir Ronald Ross is considered the father
of today’s mathematical biology due to his work on malaria.
In 1911, he published a book regarding malaria in which he
used mathematical models for describing the dynamics of
the infection and calculated the threshold parameters. The for-
mal mathematical biology started with the work of Kermack
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and McKendrick [5], and then, significant contributions were
made in the subject, for instance, one can see [6-11].

To study the transmission of smoking habits and its con-
trol in the society, numerous researchers used the tools of
mathematical modeling and optimal control theory. Castillo-
Garrsow et al. [12] used a model of SIR type and well-
presented the qualitative aspects of the model under
discussion. Sharomi and Gumel [13] extended the work of
Castillo-Garrsow et al. and introduced temporary quit class
into the model. Zaman [14] incorporated the light smoker
compartment and rigorously investigated the model from
mathematical perspectives. Subsequently, considering various
features and characteristics of smoking, sophisticated models
have been developed and investigated, for example, [15-18].

Incidence rate plays a crucial role while investigating the
dynamics of any epidemic disease. The bilinear and satu-
rated incidence rates were widely used in case of epidemic
diseases and smoking models, for instance, one can see
[12, 19, 20]. The authors in [17, 21, 22] used the square root
incidence rate and discussed the models from various math-
ematical aspects. In the sequel, Rahman et al. [4] used har-
monic mean type of incidence rate in his giving-up
smoking model, investigated the dynamics of the model,
and set the controlling strategies for reducing the smoking
habit. Similarly, Alzaid and Alkahtani used the same inci-
dence rate and studied the effect of relapse [23]. This work
as well as the work of Rahman et al. assumed that potential
smokers will start smoking only if they make a contact with
light smoker. However, this is usually not the case. A person
(potential smoker) may start smoking when he/she comes
into contact with a smoker. In this work, the authors intend
to overcome this gap. We shall assume that smoking habit
may spread in the population via two roots; (i) contacts of
potential smoker and light smokers and (ii) contact between
smoker and light smokers. For the former type of spread, we
will use the usual harmonic mean type of incidence rate, and
for the later, the standard bilinear incidence rate will be uti-
lized. By doing so, the present model will cover models [4,
23] as a subcase.

The rest of the work is organized as follows. The model
formulation and essential biological features to the model
are discussed in Section 2. The smoking generation number
and equilibria of the model are presented in Section 3. We
investigated the local stability of each equilibrium point in
Section 4, whereas the criteria for global dynamics of smok-
ing-free, light smoker present, and smoking-present equilib-
ria are derived in Section 5. The local sensitivity will be
performed in Section 6. Based on sensitivity analysis, we take
into account some control variables and formulated a
control problem for further analysis in Section 7. The
desired goals were obtained, and the results are verified
through simulations in Section 8. Finally, we presented the
conclusion of the work.

2. Model Formulation and Well-Posedness

To formulate the model, we will divide the entire population
into four compartments, namely, the potential smokers P
=P(t), the light (or occasional) smokers L=L(t), the
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smokers S=5(t), and the quit smokers Q = Q(t). That is, if
T(t) denotes the total population, and then, T(¢t) =P+ L +
S+ Q. We assumed that smoking habit spread in the popu-
lation through (i) contact between potential smokers and
light smokers and (ii) contact between the light smokers
and chain smokers. The former contact is mathematically
described by harmonic mean type of incidence rate. The rea-
son for taking such type of contact is that the potential
smokers may start smoking at a slower rate whenever they
come into contact with the light smokers. Due to tendency
of light smokers towards smoking, the light smokers will
come into contact with smokers frequently and the rate will
obey the mass action law. Hence, we assumed the bilinear
incidence rate between light smokers and smokers. Further-
more, the harmonic mean type of incidence rate takes into
account the behavioral changes of potential smokers and
the crowding effect of the light smokers which prevent the
unboundedness of the contact rate by choosing suitable
parameters. Also, it is very hard to become a light smoker
(because many social/cultural variables can restrict the
contacts of light smokers with potential smokers), and
mathematically, this phenomenon can be modeled by using
the harmonic mean type of incidence rate instead of using
bilinear incidence rate (because PL/P + L < PL whenever P
and L are positive). Besides this type of spread, we take
into account the spread arising from contact between
potential smokers and smokers which is described by bilin-
ear incidence rate. It is also assumed that the quitting of
smoking is not permanent, and an individual may start
smoking again. These assumptions lead to the following
system of ODEs representing the dynamics of smoking
habit in a population.

dP(t) P(t)L(t)
— =A-2p, B+ L) (d+p)P(1) +yQ(1),
dL(t) ., P(t)L(t)

ar = Pip) rr(n ~ PRS- (@ L),
B B(0)s) - (@ + e+ 0)5(0)
% =8S(t) - (d+pu+y)Q(t),

(1)
with initial conditions
Py>0,L,20,5,20,Q, 20, (2)

where Pj, Ly, S, and Q, stand for the initial size of the
population of the respective compartments. The descrip-
tion of parameters used in model (1) is shown in Table 1.

By adding the governing equations of model (1), we
obtain the conservation law

% = A (dy + W)T(0), (3)

with T(0) =Ty=Py+Ly+ Sy + Q-
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TaBLE 1: Interpretation of parameters of model (1).

Parameter Interpretation

A Constant recruitment into the potential smokers
B, The contact rate of occasional and potential smokers
B, The contact rate between smokers and light smokers
U The natural mortality rate

d, Death rate due to smoking

8 Temporarily quitting rate of smokers

Theorem 1. For the nonnegative initial data, if a solution to
model (1) exists, it must be positive.

Proof. Consider the second equation in model (1), and its
solution is given by

L(t)= LO62ﬁ1P(t)/P(f)+L(t)—ﬂzS(f)—(d+!4) > 0. (4)

By using this relation in the third equation of system (1),
we have S(#) > 0 which assures the positivity of Q(¢). Finally,
using these facts in the first equation, we have P(¢) >0. [

Theorem 2. For nonnegative initial conditions that are not
identically zero on any interval, all possible solutions of
system (1) are bounded in the region

D= {(P(t), L(1), S(), Q(£)) € R* : P(£) + L(t) + S(t) + Q(t) < %}
(5)

Since each compartment denotes the size of population
and thus must be nonnegative, the desired solution space is
D={(P(t),L(t),S(t),Q(t)) € Rt}. Thus, the each compo-
nent in the vector (P(t), L(t), S(t), Q(¢)) is bounded below
by zero, and thus, we have to find the upper bound for the
solution. From the conservation equation (3), we have

% = A= (dy+ W) T(t) < A - T (). (6)

By solving this differential inequality, we get

T(t)<T(0)e ™ + % (7)

Letting t — 00, we get T(t) < A/p. Thus, all solutions of
the model are bounded by 0 and A/y, and hence, the desired
feasible set is (4).

. 4 .
Theorem 3. For system (1), the nonnegative space R} is
positive invariant.

Proof. Consider the vector ¥ = (P, L, S, Q); then, in matrix
form, we can write model (1) in the form

dy(t)
=dY + %, 8
5 (8)
where
2
—<PflLL+do+y> 0 0 y
2
A= PEILL —(dy+p) - B,S 0 0
0 B,S —(dy +p+9) 0
0 0 8 —(dy +u+y)
A
0
B =
0
0

)

Clearly, the nondiagonal entries of matrix & are non-
negative which guarantees that &/ is Metzler matrix [24].
Further, % >0, and thus, system (1) is positively invariant
in the desired space. In the next section, we intended to find
the smoking generation number (an important parameter
describing the behavior of a system) as well as the possible
equilibria of the proposed system. ]

3. Equilibria of the Model and Smoker
Generation Number

In order to find the equilibria of the proposed model (1),
we set

A-2B, Pl()t()t +LIEt()t) —(d+mP(t) +yQ(1) =0,  (10)
28, pft()t)fg()t) ~BLOS() - (d+w)L(H)=0, (1)
BL(S(1) - (d+ 1+ 8)3() =0, (12

68(t) = (d+pu+y)Q(t) =0. 13)

System of equations (10)-(13) always has a solution of

the fOI‘m
[/l+ d’ T '

This fixed point is known as smoking-free equilibrium
of the model.

To calculate the smoker generation number, we will
follow the procedure of [25]. For this purpose, consider the
smoker classes from

(L(t), S())", that is,

system (1) and assume y=



&

where

. szlLPL—ﬁzLS W=< (d+y)L(t)>
8IS ’ (d+u+8)S(t) )
(16)

Considering the Jacobians of these two matrices at DFE,
we get

- 2 0\ . d+ 0
F= Py W= # , (17)
0 0 0 d+u+é

and thus,

71 0
~ 1 d + ‘bl
W= 1 (18)
d+u+d
Let us consider € = FW ; thus,
2[;1 0
G=|d+u : (19)
0 0

Since R, (the smoking generation) is the dominant
eigenvalue of the next generation matrix &, hence

o 2,
0 d+u’

(20)

By using the number R,, we can obtain other possible
equilibria of system (1) using equation (3).

Theorem 4.

(1) If Ry > 1, then model (1) has a positive light smoker
present equilibrium given by

A A

E=(P,L,S, Q)= (2/3 ﬁ
1 1

(Ry— 1), 0, 0). (21)

(2) If R, < 1, then the model has a smoking-free equilib-
rium given by (14)

(3) Whenever R,=1, then again, the model has the
smoking-free equilibrium given by (14)

Journal of Function Spaces

Proof. By solving systems (10)—(13) and keeping in view that
there are no smokers (i.e., S(#) =0) in the community, we
obtained the light smoker present equilibrium (21). How-
ever, for Ry <1, the light smoker becomes negative and
hence, the model will have just the smoking-free equilibrium
(14). In the similar way, if we assume R, = 1, then the fixed
point (21) becomes the smoking-free equilibrium as we have
ARB, = Al(u+d)R,. O

Theorem 5. There exists a positive smoking present equilib-
rium of model (1) blue if Ry>1 and 3,S, <u +d.

Proof. System (1) has a positive solution of the form

E*z(P*’L*’S*’Q*)’ (22)
where
A ydS, (u+d+9)

P, = + - S,—(u+4d)),
prd G drdry)  Bued) 2D
L*:y+d+6’

B,

_8S,
outrd+y’

(23)

and S, is a positive root of

d+u+y+6 (d+uw)(Ry-1)(d+u+y+38) ApB,
S - + S.
d+u+y d+u+y u+d
+A(R0_1)+R0Wd)(g¢ =0,
2

B,

(24)

which surely exist by Descartes’ rule of signs whenever
R, >1and 3,S, < u+d. Further, if we set R, =1, then both
solutions of equation (24) are positive and real and hence
the theorem. O

4. Local Stability Analysis of Equilibria

To find out the local stability of system (1) at each equilib-
rium point, first, we will calculate the Jacobian matrix

2B,L* 23, P*

(L+p)2_(d+”) (L+P) 0 Y
28,17 28 P B
J= L+P] L+P? BoS—(d+u) BL 0
0 B,S BoL—(d+u+9) 0
0 0 s —(d+u+y)
(25)

Theorem 6. The SFE (14) of system (1) is locally asymptoti-
cally stable for R, < 1.
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From relation (25), the Jacobian of system (1) at E, is
given by

~(d+u) 2B, 0 Y
J(Ey) = 0 2B,—(d+u) 0
0 0 —(d+p+9) 0
0 0 0 —(d+u+y)

(26)

Matrix (26) has eigenvalues t;, =—(u+4d), t,=—(u+d
+0), t;=2B,-(u+d), and t,=—(u+d+y). As the
parameters of the model assume positive values, thus the
eigenvalues f,, t,, and t, are negative and t; = (pu +d)(23,/
pu+d-1)=(pu+d)(R,—1) is negative only if R, < 1. Hence,
for R, < 1, all of the eigenvalues of the Jacobian matrix at E,
are negative and so E; is locally asymptotically stable.
Further, if R =1, then t; = 0. However, if we assume R, >
1, then E; becomes unstable as one of the eigenvalues is
positive in such case.

Theorem 7. The local smoking present equilibrium (LSPE)
(21) of system (1) is locally asymptotically stable for 1 <R,
<1+2B,(u+d+38)/AB,

Proof. From relation (25), the Jacobian of system (1) at E; is
given by

_ 2B __2BP
(Li+P)° (@ (Li+P) ’ '
2B, L} 2B, Pp _
JE)= (Li+P)* (L +P)? @+ Pl °
0 0 BoLy—(d+pu+9) 0
0 0 8 —(d+u+vy)
(27)

The eigenvalues of matrix (30) are ¢ =—(u+4d)
h=—(u+d)(Ry—-1), ty=—(u+d+y),and t,= (R, - 1)A
B,123, — (u+d+9). Now, for positive parameters of the
model and for R, > 1, the eigenvalues t,, t,, and t; are nega-
tive. However, ¢, is negative only for Ry <1 +2f,(u+d +9)
IAB,. Hence, if 1<Ry<1+2f,(u+d+08)/AB,, all of the
eigenvalues of the Jacobian matrix at E; are negative and so
E; is locally asymptotically stable. Moreover, for R, =1, we
have t, = 0. In the case of R, < 1, t, becomes positive and thus,
the equilibrium E; will be unstable. O

Theorem 8. The smoking present equilibrium (SPE) is locally
asymptotically stable of if 1 <Ry <1+ 3,S,/u+d.

Proof. The Jacobian at SPE is given by

—a;;p —ap 0 Y
J- a1 —axp —B,L. 0 , (28)
0 as;, PB,L,—(d+pu+9) 0
0 0 1) —Ayy

5
where
28,12

a,, = * o+ (d+ ), 29
11 (L*+P*)2 (d+u) (29)

2B,P;
a;, = 30
12 (L* + P*)2 ( )

2B,L3
ax (L* n P*>2 ( )

23,P*

Ay =P,S, +(d+u) - ﬁ#)z (32)
az, = ;5. (33)
Ay =(d+u+y). (34)

The characteristic equation of matrix (28) is given by

Tt (A + ay +ay)T + (a3, (d + 8+ ) +ay(ay, + ay,)
+ a1,y + ay )T+ ((day, +8as, + pay,) X (ay; +ay,)
+a44(a),8y + a1205)))T + (d +0)ay as,a,, — 8azyayy
+pay azay, =0.
(35)

Clearly, a,,, a;,, a5, a5, and a,, are positive and

_ T ]
= oS 4 () = 2RS4 =2
= B,S.~ (d+ §) Ry ~1) >0,

(36)

only if 3,8, > (d+u)(Ry—1). Thus, all of the coeffi-
cients of the characteristic equation (35) are positive, and
hence, by Descartes’ rule of signs, this equation has no pos-
itive real solution. By using —7 in place of 7 in equation (35)
and utilizing Descartes’ rule of signs, we get that all of the
eigenvalues of this equation are negative or complex conju-
gates with dominant negative real part. Therefore, the SPE
is locally asymptotically stable whenever R, <1+ f3,S,/u +
d. Further, for the existence of SPE, we must assume that
R, > 1. Moreover, the case R, = 1 does not affect the stability
of the equilibrium point; however, this condition will chal-
lenge the existence of smoking-present equilibrium. O

5. Global Stability Analysis of the Equilibria

Theorem 9. Let R, < I; then, the smoking-free equilibrium
(SFE) E, of model (1) is globally asymptotically stable (GAS).

Proof. For proving the required result, the Lyapunov func-
tion of the following form is assumed:

7 (P,L,S, Q) =L(t) + S(t) + Q(t). (37)



By considering the derivative of (37) with respect to time
t and using model (1), we have

A7, _dL(t)  dS(t) dQ(t)
- dr T Tar T Tar
P(1)L()

=2p, PO+ L) B,L(#)S(t) = (d + p)L(t)
+BL(1)S(1) = (d+ p+8)S(t) +8S(t) — (d +p+y)Q(H),
S2BL() = (d+p)L(t) = (d +p+8)S() +08(t) = (d + pu+y)Q(1),
(38)
because P(t)/P(t) + L(t) < 1. Thus,
ar,
5 S @By (d+@)L(t) — (d+ @)S(t) - (d+u+y)Q(H),
= (u+d)(Ry = 1)L(t) = (d +p)S(t) = (d + p+y)Q(t)-
(39)
Hence,
ar,
<0, (40)

only if R < 1, and thus, by LaSalle’s invariant principle [26],
E, is globally asymptotically stable in the feasible region. [

Theorem 10. If 1<R,<B,A+2pB,(d+u)/p,A, then the
local smoking present equilibrium (LSPE) E; of model (1) is
globally asymptotically stable (GAS).

Proof. To prove the main result, we will take into consider-
ation the Lyapunov function of the form

7,(P,1,$,Q)=L-L,~LIn %t) +S(t) +Q(t).  (41)
1

The third additive compound matrix of J, is given by

A, 0 0

g A22 _/32

PZ
JP=1 o S, A -2 * ,
ﬁz 33 :31 (P, +L.)
LZ
0 0 2 * A
ﬁl (P* +L*)2 44
(44)
where

(L)’ RyP?
Ay <d+y+2,81(P +L)>+<(P*+L*)2_l>

(@A) = ByS.+ Bl — (d+p+0),

Journal of Function Spaces

By considering the derivative of (37) with respect to time
t and using model (1), we have

A7, dL(t) L dL(t) dS(t)  dQ(t)
@ dr Lo dr | dr ' dr
=28, gy~ BLOSO) - (@4 LY
L P(1)L(f)
- 505 |28 s ~ LSO - L)
+BLS(E) -~ (d+ i+ B)S(E) + (1)~ (d+ 1+ Y)Q(E),
< (u+ d)(1~ Ro)L(D) (1 + ) (By ~ 1)L,
+ (Bl (d+)S(0) -~ (d+ 5+ 7)Q(1), <0

(42)

for R, >1 and so by LaSalle’s invariant principle, the light
smoker present equilibrium E; is globally asymptotically
stable. By considering relation (42) and the case of R, =1,
we will reach to the conclusion of Theorem 9 (as the case
of Ry =1 does not guarantee the existence of LSPE). O

Theorem 11. IfR, > 1, 3,S, < u+d and RyP?/(P, +L,)* < I
then (1) is GAS at SPEE,.

Proof. By considering the Jacobean (25) of the system at the
SPE, we have

- _ (L*)z RO(P*)Z _
e (d”‘”ﬁ‘ (. +L*>2> ' <<P*+L*>2 1)

(d+p)=BS, —(d+u+y)

(L)

(d+u+96),

A33:—<d+‘u+2/31

+ﬁ2L*_(d+AM+Y)_

Apy= (% - 1) (d+u) = B,S, + B,L,

P .+L, (45)

—(d+u+y)—(d+u+9).

Consider p(x) =diag {Q,S,L, P} such that p(y™')=
diag {1/Q, 1/S,1/L, 1/P} and time derivative is p/(x) = diag
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{Q,S, L, P}. Therefore,

pip ' = diag {ll—z, %, g, %}, (46)
and hence,
Ay 0 0 Y%
S
e 66 Ay -B,S 0
LP
0 0 Zﬁlmg Ay
(47)

By defining B=pp~'+”lp™" so that

where

Q 12 R,P?
by==-(d+u+2 : 1
n=q ( +u+2p, (P*+L*)2> + ((P*+L*)2 )

“(d4p) =Byt Bl — (d+p+9),

(d+u)=B,S. —(d+pu+y)

b23 = ‘ﬁz&

b32 = ﬁzL’

L L?
h33: Z_ <d+#+2ﬁlm>

*

Bl —(d+u+d)—(d+pu+y)

P R,P?
by = pt <m 1) (d+u)=B,S, +B,L,

—(d+u+0)-(d+u+y).

Consequently,
4

hy(t)=by; + Z ‘hu

j=2

I? P2
~d+p+2B,—— |+ _RP. ;-1
(P, +L,) (P,+L,)

Q
’(d+tu)_ﬁ28*+ﬁ2L*_(d+“+8)+Y§’
Q R, P
D L R ,
+ a + ((P*+L*)2 1>( +u)

4

hy(t) = by, + Z ‘sz

j=land j#2

S L? R P?
h(t)==-(dru+2p, —— |+ —2=*_ —1
2( ) S ( [/l ﬁl (P* +L*)2> <(P* +L*)2 >

~(d+y)—ﬁ28*—(d+y+y)+8%

>

hy(t) =

JelYel

<

acllaB

>

+,828+g+(d+y+y),
S Q RP:
S§+6+<m 1>(d+/4),

4

hs(t) = bys + Z |b3j

j=land j#3

>



TABLE 2: Sensitivity indices of R, w.r.t and the parameters f3, u,
and d.

Parameters Sensitivity index Value

By S[sl 1

u S, ~0.999500

d Sy —0.00049975

hy(t) = - <d+ﬂ+2ﬁ1i>+ﬁ21ﬂ_(d+#+6)
L (P.+L,)’

—<d+y+y>+/3¢+<2/ﬂ%>,

—(d+u+y)

In
=

3
hy(t) = by + Z b,
j=1

hy(t) = 15; + (% - l) (d+up)=B,S, +B,L,

P, +L,

(v d) = (drpry) ( By )

p R,P?
S+ | —25 -1]|(d+p).
P ((P*+L*)2 >( #

(50)
Now we have
t
tknmsupsup%J lim Iy (1)dt < Enm? log © (((t)))
1. Q(t) R,P?
+ lim -1 + -1 (d+u),
Jim 7 108 o) ((P* iL)? (d+p)

R,P?
(s )aen

hm 1 supsup — J lim h,(t)dt < lim — lo

*)(X)t

Q(t) < R, P>

s()
®50)

+

1
+ lim - log
t—0o t

R,P;
< —
(P, +L,)’

lim supsup

t—00

Q(O) 2 1> <d+l")’
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, (! .1 P(t)
tEnmsupsup?J h(r)n hy(t)dt < th;nm? log P

P(0)
+ ((Pff)FPLZ)Z - 1) (d+u), (51)
< R, P
o B
(P, +L,)

1> (d+u).

By combining the preceding four inequalities, we have
the following inequality.

1 t
g= lim supsup—J u(B)dt <0, (52)

t—00 tJo
and we denote the Lozinskii measure by u(B) =h;,i=1,2,
3,4, and hence, it shows that the SPE is GAS. O

6. Local Sensitivity Analysis

The term R, is generally influenced by the inconsistencies in
data gathering and estimated values. Sensitivity analysis is
used to assess the relative impact of epidemic factors for
disease propagation and control.

Definition 12. For the basic reproduction number, the
normalized sensitivity index of a parameter y (which depends
on the partial derivative of R, w.r.t y) is of the following form:

¥ O0R,

S
v Ro 81//

(53)

By calculating the sensitivity index, we may determine R;’s
responsiveness. To find the sensitivity of each parameter for R,
we will employ equation (53) which was suggested by Tilahun
et al. [27]. On the basis of parameter values 3, = 0.006, d =
0.00004, and p =0.08, we have the sensitivity indices of the
form

_ Bi0R,
AT R, 6/31

OR
B9 ® L 0.999500 <0, (54)
# R, op

p+d
S;= d 9R, - d =-0.00049975 <0
4" Ryod  u+d '

_B 2
R0y+d

>

These indices enable us to determine the relevance of
numerous variables involved in disease transmission, as well
as the relative change in the number of reproductions as a
function of parameter changes. Using such indices, we may
identify the characteristics that have a significant impact on
R, and are critical for disease prevention.

Table 2 suggests that there is a positive relation between
R, and B, while negative influence of y and d on R,. The
same argument is supported by Figure 1. This means that
if you raise or reduce the value of parameter 3, by 10%, it
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0 mu

(a) R, verses u and d at fixed 3, =0.006

mu 0

0

beta

(b) R, verses 3 and d at fixed = 0.08

FIGURE 1: Sensitive parameters f3, y, and d and its impact on R,.

will rise or decrease R, by 10%. Similarly, if we reduce or
increase py and d by 1 percent, its relative inverse impact
on R, will be 99.9% and 0.04%, respectively. To prevent
smoking from the population, we must consider those
parameters which have high sensitivity indices. Based on
the sensitivity indices, we concluded that 3, will directly
affect R, (100%) whereas y affects R, inversely about 99%.
Thus, to reduce smoking habit, we must focus on the con-
tacts between potential smokers and light smokers. It is sim-
ple to develop a control mechanism program for eradication
of smoking habit based on this study.

7. Formulation and Analysis of Optimal
Control Problem

In this part, we simulate the eradication of smoking habit
from the population by using the tools of control theory
[9, 28]. We focus on reducing transmission, which has a sen-
sitivity index of 1, to develop a control plan based on local
sensitivity analysis. Further, to make the control program

more effective, we take into consideration the following four
control measures.

The first control measure is the education campaign
which is denoted by u, (t), and its aim is to reduce the size
of potential smokers. The second control variable u,(¢)
shows physically antismoking gum, and it will reduce the
number of light smokers. The third and fourth control
variables are antinicotive drug u;(¢) and ban on smoking
particularly in public places by the government u,(f).
These measures will be imposed on the smoking compart-
ment. It is observed that whenever the law enforcement
personnel came into contact with light smokers (which
smoke in public places), the light smokers will tend to quit
smoking in public places. That is, by increasing the law
enforcement personnel in public places, the size of light
smokers will tend to decrease and hence, small number
of individuals will tend to quit smoking. Therefore, we will
use the term 1-—u,(t) which will reduce the contacts
between the law enforcement personnel with the light
smokers. The control variables are subject to some
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TaBLE 3: Parameter values for verifying the global stability of
smoking-free equilibrium.

Journal of Function Spaces

TaBLE 5: Parameter values are used for showing the effectiveness of
the control program.

Parameters Values Parameters Values Parameters Values Parameters Values
A 10.25 u 0.08 A 10.25 u 0.0111
y 0.006 B 0.008 y 0.006 B 0.9
B, 0.00038 d 0.0019 B, 0.00038 d 0.0019
) 0.000274 é 0.000274 q 0.2

TABLE 4: Parameter values for verifying the global stability of light
smoker present equilibrium.

Parameters Values Parameters Values
A 10.25 u 0.0111
y 0.006 B 0.038
B, 0.00038 d 0.0019
) 0.041

conditions; u,(t) € [0,u; | for i=1,---,4 and u; <u,<u,
< u;. These control variables are the main measures which
could help in reducing the smoking habit [29]. Based on
the control measures, we have the following governing
equations for the control problem:

= A=2 I = (e (0)P(0) + Q)
) 2B~ BULOS() - (4w () + (1= 0L,
B L0500~ (@ 8-+ (1) + quy()500),
A 510) ~ @+ 1+ DI+ (130) + Qua(6)S(0) + ((6) + 1~ ()E(E) + 1 (OP(0),
(55)
with the conditions
Py>0,L,>0,5,>0,Q,>0, (56)

Our optimum control strategy is to reduce/minimize the
number of potential smokers, light smokers, and smokers while
increasing the number of people who quit smoking. Keeping in
view the control problem (55), our cost functional is given by
the following:

T

1
J(uy, thy, s, ) = J {DIL +D;S+D;P-DyQ+ 5 (Fyvi ()

0
+ F,v3(t) + F3vi(t) + Fyvi(t)) | dt.

(57)
Equation (60) denotes a nonlinear system (the proposed
control problem) with bounded coefficients. Set

K =Ly +X(y). (62)

In the cost functional (57), D;’s are positive constants
describing the balancing factors, whereas F;’s are the cost asso-
ciated to the control measures. Clearly, the cost functional has a
goal to reduce smoker population and to enhance the size of
quit smokers. Our main focus is to find a set of functions {u;}
, U}, U3, uy + in such a way that

(45, 3, 3, ) = min T (1), (58)
u;eV

where the set V is the admissible control set and is define by

V={u(t) e L0, T): 0 <uy(t) <

I,

< 1fori= 1,~--,4},
(59)

where u;(t) are the control variables described above, and these
are Lebesgue measurable functions. To identify such control
measures, we must first establish that actually they exist.

7.1. Existence of Solution to the Control Problem. For proving
the desired result, we will take into consideration problems (55)
and (56) and will show that actually this system has a solution.
It is worthy to notice that nonnegative bounded solutions to the
state system exist if we have bounded Lebesgue measurable con-
trol measures and nonnegative initial conditions [28]. Let

d
sy 2y, (60)

and here,

By considering the following,

[L(y,) = XL (v,)| £2B,|Py = Py +2B,|Ly — Ly| + By |11 Sy — LS,
SN (|Py = Py + Ly = Ly| + Ly Sy = LS, )s

(63)
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FiGure 2: Continued.
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(c) Behavior of smoker population for R, < 1

FiGUrE 2: Different initial size of compartments and its long-term behavior for R < 1.

where N, =max (23, 3,) is free from the state’s vari-
able. Also, one can write

| (y) = F (v,)| < <M ([y; = ¥,]), (64)

where co>M; =max (N, || Z||); thus, 2 is uniformly con-
tinuous function in the sense of Lipschitz. Further, for the
definition of the control measures and conditions on the
states (P(t)>0,L(¢)>0,8(f) >0 and R(t)>0), we can
observe that a solution to the control problem (55) does
really exist. The following conclusion holds for the existence
of control variables in the optimum control problem.

Theorem 13. There exists a control vector u* = (uf, us, u3,
u};) € U which minimizes the objective functional.

Proof. In order to show that actually such control variables
exist, we need to follow [28], as

(a) Both the state and control functions are nonnegative

(b) Convexity and closedness properties hold by the set
of admissible controls

(c) The boundedness of the control model assures the
compactness

(d) The function inside the integral in the objective
functional (57) is convex in the control measures

Therefore, there exist the control variables u;(t) for i =
1,2, 3, 4 which minimize the objective functional. O

7.2. Optimality Conditions. For deriving characterization of
the control from the control problem (55) subject to the cost
functional (57), first of all, we will define the Lagrangian and
the Hamiltonian for this problem. Let z = (P, L, S, Q) denote
the vector whose components are the state functions and u =

(uy, Uy, us, u,) is the control vector. The Lagrangian Z is given
by

1
Z(2,u)=D,L+D;S+D;P=~D,Q+ 5 (Fyvi(t) (65)
+ F,v3(t) + F3v3(t) + Fyvy (1)),
and the Hamiltonian 7 is given by
X (z,u,A) =L(z, u) + Af (2, u), (66)

where A= (A, A,, A5, Ay) and f(z, u) = f,(z, u) + £, (z, u)
+f3(z,u) + f, (2, u) with
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FIGURE 4: The plot presents a comparison of solution curves both with and without control.

hizu)=A=2p, = (d+p+uy (6)P() +yQ(H),

POL()
P(t) + L(t)
(5 =28, = BLS(0) = (- () + (1= ()L,

Jio ) = BLOS() = (4 + 8+ (1) + quy()S(0),
i) =85(6) = (d-+ 1+ PJQU) + (s (6) + g 1)S(6) + (1= ()L(0) + 1 (1P,

(67)
Thus,

1
9(z,u,A)=D,L+D,S+D;P-D,Q+ 5 (Fyvi(t)
+ F,v3 () + Fyvi(t) + Fyvy (1)) + A,

(A-2y 5 ~ (d (O)PO) +yQ(0)
126, 5 o = BLOSE)

@+ ut )+ (1 —u4(f)))L(f))

+A5(BL(1)S(t) — (d+ pu+ 8+ us(1)
+quy(£))S(t)) + Ay (8S(2) = (d + pu+7)Q(t)
+ (us(t) + quy (1)) S(t) + (uy(2)
+ (1= uy (1)) L(2) + uy ()P(1))-
(68)

The Pontryagin maximum principle [28] is used to deter-
mine the best solution for our given optimum control problem.

If (z*, u*) is the best solution for the control problem (55), then
there exists a nonzero vector function A such that the Hamilto-
nian system satisfies

EO T w69
% (7 (), u" (£), A1) =0, (69b)
G aaz (2" (1) " (6, A1), (69¢)

dt

while holding the maximality and transversality conditions

I (2 (1), u* (), A1) = max Z (2" (£), u, A(1)),

u

(70)

A(T)=0. (71)

Theorem 14. Let P*, L*, S*, and Q* be optimal states associated
with the optimal controls (u7, us,u}, u}) for problem (55).
Then, there exist adjoint variables A;(t), A,(t), A;(¢), and A,(t
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FIGURE 5: The plot describes stability of light smoker present equilibrium when R, > 1.

) satisfying with terminal conditions
2 A(T)=0,A,(T)=0,A5(T)=0,A,(T)=0. (76)
e ( B O (e )))Am
(P(t) + L(1)) Further, the control measures are characterized by
L2(t)
-2 1—2A2 —uy(t)Ay(t) = Ds, _
g (P(t) +L(t)) ® (HAL) uj (t) = max {min {cl, MP(Q},O}, (77)
(72) b
2 u; () =max < min < ¢ (4~ )
d\ ( )_ ﬁz( (§>+(tL) AL(6) - 2, P2(t) A0 2(1) { { > f L(t)},o}, (78)
(t)° (P(t) +L(1)) o
# BLS(ON(0) + (d+ e+ ,(6) + (1= w,(D)A,(0) u3(0) = {in {2 20 s<t>},o}, (79)

= BaS(OAs(0) = (w(t) + (1= w,(D)A (1) = Dy
3 i) o Sanin d . Qa= MO + 40 = 2)5(0)
0 =mx {min ol

E,

P B, 1(005(6) - BLL(OA() + (d+ 8 + (0 (50)

+ quy(£))A5(£) + OA,(t) — (u5(£) + quy(£))A4(£) = D, Proof. The adjoint system (72) is obtained by using the adjoint

equation (69¢) in the maximum principles. The terminal condi-

(74) " tions of (76) were derived as a direct consequence of equation

() (71). We took the partial derivatives of # with respect to the

4t control measure u; for i =1, ---, 4 in turns and used (69b) for
=—yA, () + (d A1)+ Dy, 75 i >

dt Phi(8) +(d +p+y)Aq(t) + Dy (75) the derivation of (77)—(80). O
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8. Simulation Results

For solving the problems (both with and without controls),
we used the standard RK method of fourth order. To verify
numerically the key theorems on dynamical analysis, we uti-
lized parameter values from Tables 3 and 4. Specifically,
values of parameters from Table 3 were used to show the
stability of smoking-free equilibrium, and sequentially,
parameter values from Table 4 guarantee the stability of light
smoker present equilibrium. For presenting the effect of
control measures, we assumed values from Table 5. For sim-
ulating the control problem, firstly, we solved model (55)
forward in time and then used backward RK4 method for
solving the adjoint system (72) with the help of terminal
conditions and characterization of the control variables
(77)-(80). The simulation clearly illustrates the results on
dynamical analysis (Figures 2 and 3) as well as on control
theory (Figures 4 and 5).

By using values of parameter from Table 3, calcu-
late the smoking generation number R,=0.1954 and
SFE E, = (125.1526,0,0,0). It is clear from Figure 2 that
each solution curve in the subplots tends to its SFE
irrespective of the initial size of the population when-
ever R, <1.

To show numerically the global stability of light smoker
present equilibrium E; (21), we assumed the same values of
Table 3 except 3, =0.08 which gives Ry =1.9536 and as a

result, E;=(P,L,S,Q)=(64.062561.0901,0,0). Thus,
Figures 6(a)-6(d) shows a clear interpretation of Theorems
7 and 10, that is, if R, > 1, then (P,L,S, Q) — (P, L;, S;,
Q)) as t — oo.

Similarly, to show the long-term behavior of each class
whenever R, > 1 and the side condition of Theorem 8 holds,
we take into consideration values from Table 4. From these
values of parameters, we calculated R, =12.3077>1 and
(P,,L,,S,,Q,)=(127,142.1,164.5,354.9). Figure 3 proves
the statement of Theorem 8 as well as the global stability
of SPE numerically.

Finally, we used values from Table 5 and simulated both
with and without control problems and presented the effect
of the control variables. The simulation (in Figure 4) depicts
in a clear way the effect of the control variables: to decrease
the size of smoker population and to increase the number of
quit smokers.

9. Concluding Remarks

In this work, we formulated and analyzed a giving-up smoking
model utilizing three main factors related to smoking habit:
the bilinear incidence rate showing the spread of smoking
habit within the population from the contact of light smokers
and smokers, the harmonic mean type of incidence rate (for
incorporating contacts between potential smokers and occa-
sional smokers), and the relapse factor associated to smoking.
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After model formulation, we investigated the model for
bounded and positive solution subject to appropriate initial
conditions. The model was checked for possible fixed points,
and three equilibria were derived under certain conditions,
namely, the smoking-free equilibrium, light smoker present
equilibrium, and smoking present equilibrium. It was shown
that the smoking-free fixed point always exists and is both
locally and globally asymptotically stable when R, < 1. The
positive light smoker present equilibrium exists if we assume
R, > 1, and the same fixed point is locally as well as globally
asymptotically stable if we impose additional conditions on
the basic reproduction number. Further, we proved that the
model has a smoking present equilibrium whenever additional
conditions are satisfied by R,. Also, a criteria for the local
analysis has been derived, and the global stability of smoking
present equilibrium was presented both analytically and
numerically. Keeping in mind a few control measures, we set
a control problem and optimal control strategies were
achieved with the help of Pontryagin’s maximum principle.
The obtained analytical results were verified through simula-
tions and effectiveness of the control program is presented
by comparing with and without control curves.

This work is indeed a very good contribution to the
existing literature on smoking epidemics. However, this
social evil has a dramatic impact on every society, and thus,
one cannot ignore the memory effect while studying such
and related problems. Keeping in view the importance of
generalized fractional derivatives in this regard [10-30], the
authors have a keen interest to formulate and analyze the
fractional models for smoking epidemics in near future.
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In this paper, we consider a fractional-order mathematical system comprising four different compartments for the recent
pandemic of SARS-CoV-2 with regard to global and singular kernels of Caputo fractional operator. The SARS-CoV-2 fractional
mathematical model is analyzed for series-type solution by Laplace-Adomian decomposition techniques (LADM) and homotopy
perturbation method (HPM). The whole quantity of each compartment is divided into small parts, and then the sum of these all
parts is written as a series solution for each agent of the system, while the nonlinear part is decomposed using the Adomian
polynomial. The model is also checked for approximate solution by HPM through a comparison of the parameter power, p, for
each equation. The numerical simulation for both methods is provided in different fractional orders along with comparison with

each other as well as with natural order 1.

1. Introduction

The novel coronavirus (SARS-CoV-2), considered the most
dangerous virus of this decade, belong to family of severe
acute respiratory syndrome (SARS) [1, 2]. Therefore, this
new virus is related to the viruses associated with the syn-
drome. It has become a new novel strain of the SARS family,
which was recognised in humans before [3, 4]. SARS-CoV-2
affected not only humans but also several animals. This virus
has been transmitted from human to human, and it occurs
similarly in animals. But many times, it has become a
mystery that how the animals have been affected by it in
certain security. Infected humans and different species of
varjous animals are also recognised as an active cause of the
spreading of the virus [5]. In the past, some similar viruses
like the Middle East respiratory syndrome coronavirus
(MERS-CoV) were spread from camels to the human
population, and for SARS-CoV-1, the civet cats were rec-
ognised as the source of spreading into humans [6].
Mathematical models concerning infections have vastly
been used since the last century to study the dynamics and
transmission of various pandemics and epidemics and to

apply valuable techniques for their control or minimization.
Scholars investigating pandemics in the various areas of
sciences are working to control these epidemics or reduce
these negative impacts to a stable situation [7-9]. They also
give the concept of the globalization of the ODEs that have
the natural-order differentiation providing more degrees of
freedom at any order. The equations which contain the FO
differential equation &, with FO 0 < § <1, may be studied in
[10-12]. Mostly, in epidemiological problems, FDEs refer to
models with memory effects [12]. Next, the fractional-order
derivative has the term of integration providing the
knowledge of the past spreading for an infection. We can
expect the behavior of the transmission based on the pre-
vious results and studies. The hereditary and historical
characteristics point to the past transmission of diseases,
which is very beneficial for making predictions. Therefore,
these characteristics can be tested by the application of
noninteger order derivatives, and it impacts the transmis-
sion of an epidemic [10-12].

Modern calculus goods production arbitrary order may
be used in different fields of clinical and physical sciences,
such as goods production by engineering, control theory,
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economics, financing, and infectious disease conditions. The
extensive huge study of FODEs in modelling global phe-
nomena is because of more attracting characteristics which
are not explained in the natural order derivatives. The
natural order differential equations are local in nature, while
FDEs are concerned with nonlocality, which provides more
globalization of their dynamics. Usage of integer operator is
hot area and recently caught the researchers interest,
whereas the noninteger order operators have been studied
and used intensively. Infectious problems for the endemic
are the most realistic area for the researchers as a research
gap and are applied to test them in recent times. Moreover,
the analysis for the mathematical models referring to the
real-globe situation is made using the theory of stability,
existence of solution, and with the optimal problem as in
[13-15].

We proposed a new vaccinated SARS-CoV-2 epidemic
model that has four quantities including the susceptible class
W(t), the acutely infected class X (t), chronically infected
class Y (), and the recovered class Z(t), which takes the
following form:

‘WX:” = A— BWOX (D) - (p + W(2),
dijt(t) = BW(X (1) = (§+y + VX (1),
(1)
DO i) - €+ 8+ 0V (0),
dt
dz
dt(t) =YX (1) + €Y (£) + pW (t) - EZ (1).

The parameters used in system (1) are described in
Table 1:

The analysis of model (1) under fractional-order de-
rivative with regard to the Caputo operator is given as

DLW () = A - PW(OX(F) - (p + EW(2),

DL (X (1) = PW(DX (1) — (€ +y + VX (D), o

CDS (Y () = AX () — (€ + 8 + )Y (£),
D (Z (1) = yX(£) + kY (1) + pW(E) — EZ(8),

with general initial approximation W(0) = N, X(0) = N,,
Y(0) = N5, and Z(0) = N,.

In the seventeenth century, many researchers Euler,
L’Hoépital, Fourier, Abels, Riemann-Liouville, etc., made
fundamental contributions in this field of modern calculus
and were known as the pioneers of fractional calculus. Besides
them, many other scientists have made significant findings
and discovered some fractional models as seen in [10-12].
Most of the basic properties needed for real phenomena such
as memory, globality, and hereditary are involved in various
fractional operators, while the integer-order differential op-
erator have no such properties; therefore, modern calculus
gives more realistic result. Modern calculus refers to the
appliances of biological, physical, and engineering as in
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TaBLE 1: The description of different parameters given in model (1).

Parameter .
Description
symbols
IT Rate of new birth or recruitment
v Rate of vaccination for SARS-CoV-2
7 Rate of natural deaths
o Rate of death due to SARS-CoV-2
Interaction rate of infectious and healthy
il population
y Recovered rate for acute infection
K Recovered rate for chronic infection
Y Transferring rate acute class to chronic

infection

[11, 16-18]. Other properties of fractional operators like
nonlocality, globality, singularity, and nonsingularity also
attract the interest of many researchers. These properties are
more applicable to most real-world problems.

It should be kept in mind that fractional operators do have
not a unique definition and are formulated by different
formulae. Most of the operators have the definite integral with
singular and nonsingular kernels. These kernels can also be
found in the various fractional integration formulae. These
kernels are mostly taken from the Cauchy integral formula.
These integral kernels present in the fractional operator may
be analyzed by various techniques. Some researchers have
used Laplace-Adomian decomposition techniques for both
linear and nonlinear fractional differential models. For the
terms of noninearity, Adomian polynomial is applied, which
decomposes that term into a small one (see [19, 20]). Simi-
larly, the homotopy perturbation techniques are also applied
for a series solution, which can be obtained by perturbed by a
small factor and then comparing the power of parameter
{ € [0,1] on both sides of the equation. For the iterative
numerical solution of integer-order models, mostly Run-
ge-Kutta techniques (RK4 and RK2) were used. They can be
used for fractional-order equations by involving the fractional
terms. In this article, we will apply Laplace transformation
along with Adomian decomposition techniques by converting
the while quantity into small ones. We will also apply the
homotopy perturbation techniques (HPM) for the series
solution of the said problem [21, 22].

Different global real-life situations may be represented
by noninteger differential equations (FDEs) such as physics
problems, problems of control theory, chemistry problems
(polymerization, rheology, and electronics), physical biol-
ogy, heat, aerodynamics, infectious diseases, electro-statics,
electrical circuits, and blood flow [11, 23-25]. In the last few
years, the interesting description of the existence of solutions
of FDEs by changing the boundary conditions counting
integer order phenomena, nonlocal, nonsingular kernel,
periodic/antiperiodic, and multipoints has been investigated
and has provided good supposition, as can be seen in
[26-28]. Different researchers have tested the solution of the
coupled models by differential equations of noninteger
orders which gives the key role in applied fields of math-
ematics. This is the establishment for the model developed
from biochemistry, biology, ecology, and other areas of
engineering and physical sciences such as in [29].
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2. Basic Definition

In this section, some definitions are written from [19, 20, 30].

Definition 1. Consider % € L' ([0,00)Z) to be a mapping;
then, the Riemann-Liouville noninteger order integral of
order ( is as follows:

A

¢ _
It?(t) _r(() JO (t— ﬁ)l—(

dg, (>0, (3)
where the right integral must exist.

Definition 2. Let % be an operator, then the Caputo non-
integer order derivative can be defined as

jo BTy (Bdp (@)

cpy! _ 1
A e

and the R.H.S of the integration must existand n = [{] + 1.If
{ € (0,1), then someone has

1 Jf 7' (B) d
TA-0Jo-pt "

Dy (1) = (5)

Lemma 1. From the noninteger order differential equation,
the following is satisfied:

I([CD{p] (1) = p() +y+ Pt + 1ottty ™ (6)

Definition 3. With regard to the Caputo operator, the
Laplace transformation can be written as

e ¢ _m_l -1k
o[olpw]-dro-F o

m-1<{<mmeN.

Definition 4. On application of the homotopy perturbation
techniques to an equation having linear L and nonlinear N

classes, we may write a homotopy
v(r,g): Qx[0x1] — Z.
H(v,g) = (1= g)[L() = L(u)] ()

+glL(v)+NW) - f(r] =0,

where r € Q and g € [0,1] is the embidding parameter.

3. Series Solution of Problem (2) via LADM

This section is devoted to the analysis of general-typed series
techniques for the considered model (2) along with some
starting conditions. On the application of the Laplace
transformation to the considered problem (2), we get the
following:

[ 2| "D W] = 21~ 3A- o+ W,
Z|°D; (x| = Z1psA - (E +y+ 1)

1 (9)
& CDf(V(t))] = X = (E+8+0)Y],

QCDf(Z(t))] = PyX+xY + pW - £7].

Applying the initial approximation, problem (9)
becomes

[ 2@ ="+ L TN~ BSA (o + OW]
N

LX) =2+ L LBSA - (E 4y + D))
N

] (10)
__PJ3

ZIY®l=--

+%£Z[AX—(£+6+K)Y],
S

N; 1
Z(Z(0)] =+ Z[yX + &Y + pW - ¢Z].
L N S
Taking the infinite series solution for W, X,Y, and Z as

W(E) = D W, (1), X (1) = "X, (t),

n=0 n=0

- - (11)
V()= YV, (0,Z() =) Z,(1),
n=0 n=0
the nonlinear term W(t)X(¢) =Y,2, X, (t) can be
decomposed as
1 dﬂ n n
X, () == —=| Y W, () Y Ax,. 0] . (12)
ntd)*| & part
= = 1=0



Substitute equations (11) and (12) into equation (10), and
on comparing the terms on each side, we obtain

g[ n+1 (t)]

Q[Wo(t)]zN— Z[X, ()] = I\i Z[Y, ()] =

2[4 (0] = (A~ PWo A~ (p + W],

ZX, (1)) = 51 [BWod, - ( + 7+ DX,

LIV, (0] = = LAX, - (E+ 6+ K)Y,],
S

ZZ, ()] ==L [yX, + kY + pW, - EZ,],
s

LW, ()] = ZL[A-PW,A, - (p+ W, ],

S

_g[ﬁWnAn - (E +y+ A)Xn]’
S

g[xnﬂ (t)] =

L[V (0] = 2 ZAX, - (E+ 8+ 0V, ],

N

1
< Z[yX, + Y, +pW, - §Z,].
s

Upon using the inverse Laplace transform in expression

(14), we get

Z[2,(0] =

Journal of Function Spaces
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W, () = 3‘1[%] = NLX, () = 55)‘1[%] = N, Y, () = 55)‘1[%] = N3, Z, () = 3}‘1[%] =N,

£
Wi (0 = [A=BN\N; = (p + ON 5
¢

t
X, (£) :[ﬂNlNz_(EWLYJ”UNz]m’

£

Yl(t) :[ANZ—(E'F(S"‘K)N?)]W,

£

Z,(t) = [yN, + kN5 + pN, _EN“]W’

At
R ()
X, () = [B(N,Gy; + N,K ) = (§+y + MKy, ]

2
Y, (t) = [AKH —(¢E+6+ K)Lll] m,

£
Z,(t) = [yK,, + kLy, + pGyy — EM ] m

In the same way, the remaining terms can be obtained,
and the terms given in equation (14) are as follows:

Gy =A-BNN, - (p+ Ny,
Ky =BN N, = (§+y+A)N,,
L, =AN, - (E+38+K)N;,

M, =yN, +«kN; + pN, —&N,.

(15)

¢

By applying g = 0 in equation: (16), a model of arbitrary
differential equations can be obtained:

—[B(N,Gy, + N,Kyy) = (p + 8Gyy ]

(1-9[°D’ (v() - D’ (1, (t))] + q[CDf (V) = AX + (E+ 0 + K)v] —0,

(14)

20

r@i+1y

rQi+1y

4. Approximate Solution for Problem
(2) via HPM

Furthermore, we apply the HPM to obtain the approximate
solution for the proposed problem (2), according to [20, 21]
as follows:

(1-q[°D} (W) - D (W, (t))] + q[CDf (W(t)) — A+ BSA + (p + f)w] -0,

(1-q|°Dl x(t) - D' (E, (t))] + q[CDf (X(1)) — BSA + (E+y + A)X] 0,

(16)

| (1-9) ©D; (z(t)) - °D (2, (t))] N q[CDf (Z(8)) - yX = KY — pW + fZ] 0.



DLW (1) - YD} (W, (1)) =0,
‘CDﬁXUD—VDﬂEMﬂ):Q 1)
DS (Y (1) - YD (I, (£)) = 0,

D} (z() - YD (Z, (1)) = 0.

Solutions for the equation (17) are straightforward. If we
use q = 1 in equation (16), we will obtain the same system as
(2). The infinite series solution can be write in the following
form as

W) = ) q'S,(6),X(6) = Y q"A, (1), Y ()
n=0 n=0

- - (18)
=Y 4'C,(1),Z(t) = ) 'R, (b).
n=0 n=0
c t(
W, = [A = BWpX, = (p + W] T+ 1)
t(
X = [BWpX, = (£ +y + 1)X,] TC+1)
q:
t(
Yl = [AXO - (5 +d6+ K)YO] m,
t(
| Z, = [yX + &Yy + pW, - £Z,] m’

£

—f{yxo + KYO + PWO - fZO}] m

Similarly, the high terms can be obtained, and the re-
quired terms are given in the part above. Hence, we obtain
the same high terms as we obtained using LADM. Both the

Xp = [{Wy = (§+y + HHBW X, = (§+y + D)X} + X {A = BWpX, — (p + W, }]

Y, = [MBW X, = (E+y + D)X} = (E+ 8+ x){AX, — (£ + 8+ x)Y,}] T
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So, by comparing each term g = 1, in equation (18), we
get the original model. Plugging equation (18) in to equation
(16) and on comparison of each terms with the same power
of g, we get

g’ {Wy(t) = N, X, (8) = N, Yo () = N3, Z (£) = N

W, = [A = BWoXo{BW X, = (§+y + MXo} = (BX + p + E){A = BWpX, — (p + W, }] m>

(19)
Similarly,
(20)
£
%
rel+1y
£ (21)

(2¢+1y

Zy = [p{BWoXo — (€ + 7 + V)X } + 1fAX, = (E+ 8 + 0)Yo} + p{A = WX, — (p + )W, }

methods are applied as strong techniques for nonlinear
fractional-order equations.
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5. Discussion along with Numerical The first four terms of the considered model (2), by using
Simulation for the Proposed System (2) values from the table are given as follows:

Next, we compute the numerical solution for the considered

system (2), by assigning different values for the parameter
given in Table 1 used in problem (2).

W, (t) = 6,X, (t) =3, Y,y (t) =2,Zy(t) =0
-52 ¢ 53
W, (t) = t X _ ; ’
1() r(( ) () r((+l)
08 ¢
Y, (8) = =t 7, (t) =
(1) = N (t) =
‘ 0.4 4.7 (22)
W t = . t( . tz(
) TC+1) T2+
57y, = 2B
O
\ Z, (1) _r(2(+1)t
The solution for the first few terms are the following:
W) -6 52 0, 4876 0.3687T (2( +1)

TC+1) T@+1) >+ DI +1)

B 53 ¢ 5765 5 0.3465T(2{+1)
X(t)_3+r(<”+1)’ r@(+1) ((+1)r(3(+1)

(23)
V() =2+ 08 ¢ 27654 o 06753 5
r({+1) T@+1 r3¢+1) ’
0.065 0.0076
Z(t) = 2~ £
r¢+1) 3¢+ 1)
Now, evaluating equation (23) with { = 0.8, we get
W (t) = 6 — 5.765470670t"° + 3.876379584t® — 0.507094532t>” + ...,
X (t) = 2 — 4.543942654t"° — 2.655544765¢"% — 0.5464427072t*" + . . ., ”
24

Y (£) = 2 + 0.08768770670t"° + 0.876594565t"% — 0.8766862398t>7 +

ey

Z(t) = 0.87656354145¢"% — 0.00872947616t>7 +

Similarly, for { = 0.6, the approximate solution for (23)
is
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TaBLE 2: Numerical values for the parameters given in model (2).

Parameters Value
A 0.8
P 0.5
13 0.2
é 0.5
B 0.4
y 0.04
K 0.05
A 0.2

6 . . . . . .

A | i

4 | |

S 1z |

2 ] i

1-\\/ |

0 1 1 1 1 I 1

0 20 40 60 80 100 60 80 100

t t
<<<<<< (=0.87 — (=097 S (=087 — (=097
e =0.92 — =10 - =092 — =10

Y (1)

0.8 1 1 1 1 0 1 1 1 1
0 20 40 60 80 100 0 20 40 60 80 100
t t
‘‘‘‘‘‘ (=0.87 — (=097 L (=087 — (=097
— -~ (=092 — (=10 ——— (=092 — (=10
(© (d)

FIGURE 1: Graphical representation of the series solution of (W (¢), X (¢), Y (t), Z (t)) of the proposed system (2) for various arbitrary orders.
(a) W(t): susceptible population. (b) X(t): acutely infected population. (c) Y(t): chronically infected population. (d) Z(t): recovered
population.
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(a) ®)

F1GURE 2: Comparison of LADM and HPM for the series solution of (W (t), X (t)) for various arbitrary orders of the considered model (2).
(a) Comparison of LADM and HPM for the series solution of W(t) for various arbitrary orders. (b) Comparison of LADM and HPM for the
series solution of X(t) for various arbitrary orders.

2.4 " 3 " 3
= o %‘ o
: : : :
2 12 5 12
= = N N
" " 0 " 0 "
0 50 100 0 50 100 0 50 100 0 50 100
t t t t
= (=087 --- (=097 (=087 — (=097 o= (=087 --- (=097 (=087 — (=097
-- (=092 — (=10 — (=092 — (=1.0 - (=092 — (=10 — (=092 — (=10

(a) (b)

FiGURe 3: Comparison of LADM and HPM for the series solution of (Y (t), Z(t)) for various arbitrary orders of the considered model (2).
(a) Comparison of LADM and HPM for the series solution of Y(t) for various arbitrary orders. (b) Comparison of LADM and HPM for the

series solution of Z(t) for various arbitrary orders.

W (t) = 6 — 5.654737025t%7 + 2.8759942¢"* — 1.324229934¢*! + .. .,
X (t) = 3 — 4.765353842t"7 — 2.654389698¢* + 0.654351204t>" .. ., 03)

25
Y () = 2 + 0.05502737025¢%7 + 0.8473079812¢* — 0.4321037668t>" + .. .,

Z(t) = 0.098769077782t* — 0.98767203392¢*! + .. .,

and for { = 0.4, the approximate solution for (23) is
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Compartments
N

0

0 20 40

— W(t)
— X(t)

60 80 100
t
— Y()
— Y

FIGURE 4: Graphical representation of the series solution for all the quantities of the considered model (2) with { = 1.

W (t) = 6 — 5.765495834t"° + 2.645¢"° — 2.8763389788¢" . . .,

X (t) = 3 — 4.987430418t"° — 3.343¢"0 + 2.765458202t" . . .,

(26)

Y (£) = 2 + 0.32421895835¢> + 2.2345¢"0 — 07643392382t + . . .,

Z(t) = 0.098t"° — 0.764062165752¢" + . . ..

For the verification of our semianalytical solution by
both methods, we provide numerical simulations for
problem (2). Our simulation pertains to the qualitative point
analysis, and the parameters are considered through a bi-
ological feasibility approach. We take parameter numerical
value and then different initial class sizes for each of the
compartment, namely, susceptible W (¢), acutely infectious
X (t), chronic carries, Y (t), and recovered Z (t), from Ta-
ble 2. Figure 1(a) shows a a quick decline in the starting in
the quantity of susceptible class at at different fractional
orders. The occurred decline took much more time at low
nonnatural order and very slow at high noninteger order.
We observe that, as the arbitrary order values increased, the
curve of simulation goes, converging to the order 1. Besides
this, after few days, the said individuals show low growth and
then show converging towards stability to the equilibrium
point. Figure 1(b) represents the acute infectious class, X ()
increases for some beginning days at various fractional
orders. Beside that, the curve declines and stay stable
through all arbitrary orders and converges to an integer
order. In Figure 1(c), one may see the chronical infectious
cases. Y (t) decreases at the starting of few days and then
moves up to the maximum value of 1.5 at different non-
integer order as no treatment and precautionary measures
are done. But after keeping the precautions, the infectious
case declines to 0.9 and then their after show stability and
convergency. From Figure 1(d) we see that the recovery class
goes up to 2.7 at the starting at various fractional orders and
by keeping precautions and treatment the recovered class
also stabilized.

Next, we have provided the comparison of different
agents of the considered model by both the methods of
LADM and HPM, as given from Figures 2(a)-3(b). Figure 4
represents the comparison of various agents at { = 1.

6. Conclusions

The current investigation is the development of the four
compartmental fractional-order SARS-CoV-2 model with
regard to the Caputo fractional-order operative of Caputo
having a singular kernel. The analysis for the series type solution
of the proposed problem has been successfully achieved by two
methods, one is the Laplace transform along with the Adomian
polynomial (LADM) for a nonlinear term and the other one is
the homotopy perturbation method (HPM). The semianalytical
type solution has been obtained by both the methods which are
comparable with each other. The numerical simulation for a few
terms has been plotted using the available data given in Table 1
for four different values of {. We also compare few fractional-
order values with that of integer 1, and as increasing the
fractional-order value, we achieved the behavior of order 1. A
complete spectrum for all compartments has established, and
we can use other fractional values between 0 and 1. As a result,
we say that fractional-order analysis provides better results than
those of the integer-order problems.

Data Availability

Data are available upon the request by email and according
to the type of collaboration.
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Finite mixture models provide a flexible tool for handling heterogeneous data. This paper introduces a new mixture model which
is the mixture of Lindley and lognormal distributions (MLLND). First, the model is formulated, and some of its statistical
properties are studied. Next, maximum likelihood estimation of the parameters of the model is considered, and the
performance of the estimators of the parameters of the proposed models is evaluated via simulation. Also, the flexibility of the
proposed mixture distribution is demonstrated by showing its superiority to fit a well-known real data set of 128 bladder
cancer patients compared to several mixture and nonmixture distributions. The Kolmogorov Smirnov test and some
information criteria are used to compare the fitted models to the real dataset. Finally, the results are verified using several

graphical methods.

1. Introduction

In most reliability applications, data is modeled by a single
parametric distribution. However, in many situations, a pop-
ulation can be divided into a number of subpopulations each
representing a different type of failure. Finite mixture
models play an important role in modeling such heteroge-
neous data. Applications of mixture models are especially
in clustering and classification, see, for example, Everitt
and Hand [1], McLachlan and Peel [2], McLachlan and Bas-
ford [3], Titterington et al. [4], Lindsay [5], McLachlan and
Krishnan [6], Al-Moisheer et al. [7, 8], and Al-Moisheer [9,
10]. In this paper, we will introduce a finite mixture of Lind-
ley and lognormal distributions (MLLND). The motivation
of suggesting this mixture comes from the importance of
its component distributions. The one-parameter Lindley dis-
tribution was introduced by Lindley [11, 12], and then Ghi-
tany et al. [13] illustrated its importance in lifetesting and
reliability applications. With regards to one component log-
normal distribution, it has found important applications in a

wide variety of fields; (see, Kim and Yum [14] and Lin et al.
[15]). In the literature, work has been done on mixture
models having the Lindley distribution as one of its compo-
nents, see, for example, Al-Moisheer et al. (Al-Moisheer
et al. [16], Al-Moisheer et al. [17]) for the mixture of two
one-parameter Lindley distribution and the mixture of Lind-
ley and inverse Weibull distributions, respectively. Also,
Daghestani et al. [18] considered the mixture of Lindley
and Weibull distributions. In this paper, we will introduce
a new mixture distribution, namely, the finite mixture of
Lindley and lognormal distribution (MLLND). This paper
is organized as follows. In Section 2, we obtain the new
model and derive some of its properties. In Sections 3 and
4, we derive the probability density function of the order sta-
tistics and the equations required to obtain the maximum
likelihood estimation of the model parameters. In Section
5, the flexibility of the proposed model is illustrated by
showing its ability to provide the best fit for a well-known
real data set compared to six competitive models. Finally,
In Section 6, we draw a conclusion.
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2. Model Formulation and Some Properties

The MLLND has the following probability density function
(pdf)

F(x30)=pf1(x304) +p,f5(x30,),0<py, p, <L,p; +p,

=1,x20,
(1)
whereas the pdf of the Lindley component is given by
92
fl(x;®1):m(1+x)e_9x,x20,6>0. (2)

The pdf of the lognormal component is given by

1 1(log x-p\?
f(x:0,)= e ),xZO,—oo<y<oo,a>0,
V2nox

(3)

O=(p,0,u,0),0,=(0),and ®, = (u,0).
Evidently, the cumulative distribution function (cdf) of
the MLLND is given by

F(x;0)=p,F (x;0,) +p,F,(x;0,), (4)
where

0+1+0x

e x>0,0>0,
0+1

Fi(x;0,) =1~

log x —
Fz(x;®2)=(D<ogZ M),sz,—oo<y<oo,a>0,

(5)

with @(.) referring to the cdf of the standard normal
distribution.

Ghitany et al. [13] and Shanker et al. [19] displayed some
properties of the LD in (2), while properties of the LND in
(3) were given, for example, by Crow and Shimizu [20]
and Johnson et al. [21]. In this section, we introduce some
properties of the MLLND by mixing the results of the LD
and LND.

2.1. Mean and Variance. The mean of the MLLND in (1) is
simply given by

0+2 2
= S /’H'T
E(X)=p, {0(9+ 1)] +p,et T, forx>0,6,0 >0, ©
~00< <00,
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while the variance is given by
2l
Var(X)= ————[2(6+3) - p,(0+2)0
ar(X) = gt 20 +3) = (0+2)0

2 2 0+2 a2
2uto” | 0% _ _ U5
+p,e {e Pz] 2pip, (79(9+ 1)>e 2

forx>0,0,0>0,-00 <y < 00.

(7)
Also, the rth moments of the MLLND is given by
o P(@+r+1)I(r+1) )
E(X") = 4 2,f =1,2,3,---.
( ) 67‘(0 + 1) Pze orr
(8)

2.2. Mode and Median. It can be shown that the equations
for obtaining the modes and median of the MLLND, respec-
tively, are

O a1 !
Py B0 2)]=py —mase

%Cng"w)z [02 + (log x - M)} =0,
(9)

and

—0x _
p1<1 _ M) +p2q>(1°g;‘ ‘“) =05, (10)

0+1

Figure 1(a) shows the pdf of the MLLND unimodal case
at the choice of parameters ® = (p, =0.5,0=0.95, 4 = 0.25,
0=0.25) with the values of mode and median (1.1623,
1.2712), respectively. Also, Figure 1(b) shows the shape of
the pdf in the MLLND bimodal case at the choice of parame-
ters® = (p, =0.5,0 =2.95, u = 0.85, 0 = 0.25) with the values
of mode and median ((1.4370, 2.1430), 1.4542), respectively.
For plotting the pdf of the LD and LND in R, we use the func-
tion dlindley() and dlnorm(), respectively. The package root-
Solve() in R is used for modes and median of the MLLND.

2.3. Reliability and Failure Rate Functions. The reliability
function of the MLLND is given by

0+1+0x g log x —
R(x):pl{ﬁeg}+p2{l—®< ga ”)],xzo.
(11)

By using (3) and (4), the hazard rate function (HRF) of
the MLLND is given by

py (16 +1)(1+x)e% +p, (1/\/2_rrox> ¢~ 112(log x-plo)*
- , x>0,
r(x) Py ((0+1+6x/0 + 1)e %) + p, (1 - D(log x — plo)) *

(12)

which can be written by using the result in AL-Hussaini and
Sultan [22], as
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FiGure 1: pdf plot of MLLND with (a) ® = (p; =0.5,0=0.95, 4 =0.25,0 =0.25) (b) ©® = (p, =0.5,0 =2.95, 4 = 0.85,0 = 0.25).

r(x) =h(x) ry(x) + (1 = h(x))r(x), (13)

_ 1 r-(x):fi(x) :
L+ (py Ry(x)Ip Ry (x))" 7 Ry(x)

0+1+0x _p,
= <ﬁe o >andR2(x)=1—<D<

(14)

The HRF of the MLLND in (12) achieves the following
limits.

Lemma 1.
; _n 15
xlinor(x) =01 (15)
lim r(x)=0. (16)

Proof. To prove the first part of the limits, using the equation
(13), we get

limoh(x) =p,,and limo(l —h(x))=p,. (17)
O
Then, we have
. A ‘
xlﬂlorl(x) = 61?’ andxlgqorz(x) =0, (18)

and thus (15) is proved.

Also, to prove (16),

i o=t L0 = i S, (5= 0
(19)
where, f'(x) = pif'y (x) + pof 5 (%) (20)
It follows from (19) and (20) that
. . plf/l(x) +P2f,2(x)
lim =— lim .
A= e e Y
It follows that
xli_r)noor(x) =0. (22)

For more details, see Sultan [23], Sultan and Al-Moisheer
[24], and Al-Moisheer et al. (Al-Moisheer et al. [16]).

2.4. Skewness, Kurtosis, and the Coefficient of Variation. The
coefficient of skewness (Sk), the coefficient of kurtosis (Ku),
and the coefficient of variation (Cv) of the MLLND distribu-
tion are given by, respectively,

_EXC) 3w’ i’ fepy(0+4)\ _ (p(0+2) )’
Sk = P = 93(9+1) _<6(6+1) +p,e )

422 2p <6+3) P (9+2) + : 2( +Uz)
3}'{ 2 — 1 - 1 M 2 #
Thae 3(92(6+1) a@+1) Pe° Pt

2\ (200043 (pO+2) e\ )
e >/<92(9+1) ) The ) e :

Pi(0+2)
'<e(e+1)
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TaBLE 1: Results of the mean, standard deviation, coefficient of variation, skewness, and kurtosis for the MLLND at the choice
(p;=0.5;0=0.1;0=3).

1z Mean Stand.Dev. Cv Sk Ku

1 124.013 15574.6 125.589 1.03165 x 10° 8.62356 x 10%°
2 334237 42336.1 126.665 1.03165 x 10° 8.62354 x 10"
3 905.688 115081 127.065 1.03165 x 10° 8.62353 x 101°
4 2459.05 312824 127.213 1.03165 x 10° 8.62353 x 10"
5 6681.53 850343 127.268 1.03165 x 10° 8.62353 x 10"
6 18159.4 2.31147 x 10° 127.288 1.03165 x 10° 8.62353 x 10"°
7 49359.6 6.28324 x 10° 127.295 1.03165 x 10° 8.62353 x 10%°
8 134170 1.70796 x 107 127.298 1.03165 x 10° 8.62353 x 10"
9 364710 4.64272 x 10 127.299 1.03165 x 10° 8.62353 x 10%°
10 991381 1.26202 x 108 127.299 1.03165 x 10° 8.62353 x 10%°

TaBLE 2: Results of the

(p,=0.5;0=0.5;0=3).

mean, standard deviation, coefficient of variation, skewness, and kurtosis for the MLLND at the choice

U Mean Stand.Dev. Cv Sk Ku
1 131.891 15574.5 118.086 1.03166 x 10° 8.62368 x 10"°
2 342.116 42336.0 123.747 1.03165 x 10° 8.62359 x 10%°
3 913.567 115081 125.969 1.03165 x 10° 8.62355 x 10"°
4 2466.93 312824 126.807 1.03165 x 10° 8.62354 x 10
5 6689.41 850343 127.118 1.03165 x 10° 8.62353 x 10%°
6 18167.3 2.31147 x 10° 127.233 1.03165 x 10° 8.62353 x 10%°
7 493674 6.28324 x 10° 127.275 1.03165 x 10° 8.62353 x 10"
8 134178 1.70796 x 107 127.290 1.03165 x 10° 8.62353 x 10"
9 364718 4.64272 x 107 127.296 1.03165 x 10° 8.62353 x 10%°
10 991389 1.26202 x 108 127.298 1.03165 x 10° 8.62353 x 10"°
© E(X*) —4uE(X?) + 6u’0” +3u*  24p (60 +5) . \/(2p1(9+ 36O+ 1) = ((py(6:+2)16(0 + 1) + pye )" 4 pyedtise))
u= , = Cv=—=
ot 6' 0 +1) " (P10 +2)/0(0 + 1)) + p,e )
24
(620 s\ (216042 e 24
G+  Pf po+1) P° - .
( ) Some values of the mean, standard deviation, coeflicient
P (0+2) 2\! rao? of variation, coefficient skewness, and coefficient kurtosis for
=5 1 . . . . .
+3 <m +p,ett? ) +p,et the MLLND distributions are obtained for the two choices of
, the parameter 0 and different values of the parameter .
6P (0+2) S 2p,(0+3) From the results which are presented in Tables 1 and 2, we
0(6+1) P 6 (6+1) note that as g increases, both the mean and the standard
, deviation increase, whereas the values of the other measures
ACEY) +p 5 +p Ae0) ) 2p,(0+3) remain fairly stable.
00+1) 2 2 670 +1) .
) 3. Order Statistics
0+2 o2 2 2
- (% +pze“+7) +pzez(’”0) , Let X,,X,, -+, X,, be a random sample of size m selected
from a distribution with pdf f(x) and cdf F(x), and also let
(23) Xy <X, < - <X, be the corresponding order statistics.

The pdf of the rth order statistics that say X,.,, is given by
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m!

Therefore, using (25) and (26), the pdf and cdf of the rth

_ r=1rq _ m-r _
Frm(¥) = (r=Dl(m-r)! FE) 1= F]™f(x), ~o0 <x <o, order statistics, are, respectively, given by
(25)
U (P16 (x+ 1)e/0 + 1) + (pye 2008 49 )\ /aa ) ) W
and the corresponding cdf is given by frm(x.6,0) = " <(p1 e be s (j))r (m<p2;+ ) " x>> ,
w fm\ - (27)
Frm) (%) = Z | F @)L= FE
= ] (26) where

= (B et (P (1 TGS ) (< e () (D ) )
(28)

+1

16, ((po12) exf ¢ (w=1og (x)/V/20) +p; (1= e %(0-+ 0x+ 110 + 1))j
G+ DI (m—=j+1)

(29)

Fr:m (x’ 9’ U) =

Accordingly, the density functions of the minimum and ~ where ®,=(6) and ©,=(y, o). By differentiating the log LF

maximum order statistics, respectively, are given by with respect to the model parameters © = (p,,0,u,0),
respectively, we get the following equations
02 x+1 e—Gx e—l/2(10g x—ulo)?
fl:m(x):’/n<p1 (0+1) +P2 \/—— > 1 i
2mox 2 @(x;30) =0, 3 piy, (x;:0)m, (x;5 ©)
_ j=1 j=1
X (—p22 erfc <ptlog(x)> n
V20 - =0, Zp2</>1 (x;:0)n,(x;50) (33)
e (O +0x+1) =
+p | - 1- —:1 +1 , n
=0, Zp2¢2(xj;®)112 (x;30) =0,
(30) =
2 where w(x;; ©), ¥, (x;; ), 1, (x5 ©), 1,(x;3©), ¢, (x;;0),
foo(x)=m P& (x+ 1) + pye”!2los xwle) and ¢,(x;;®) are as follows:
e 0+1 V2mox '
| f1(x::0) —f,(x;;©
X (& erf ¢ (L o8 (x)) (31) w(x;;0) = 156 ®2< ! 2),
2 V20 f(xj > )
m—1 -
+P1<1_646x(9+9x+1)>> : ¥ (%3:0) =207 —x; - 1,
0+1 .®
n(xy:0) = L %)
] b . b
4. Maximum Likelihood Estimation f(%;:0)
;O
The likelihood function (LF) for the MLLND in (1) is 1, (xj : @) = M,
given by f(;:0)
logx; —p - -
n ¢1(xj;®)=(0712),¢2(xj;®)=(10ng—‘u)203—01,

L(®)= [plfl (xj;®1> +P2f2(xj;®2)]’ (32)
1 (34)
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TaBLE 3: MLEs for the MLLND parameters with their averages, biases, MSEs, and Cls.
O=(p,0,u,0) n A on YN oA
Aveg. 0.42098178 1.3880892 0.26007314 0.26373918
Bias -0.0790180 0.4380890 0.01007314 0.01373918
MSE 30 0.04314494 2.4538343 0.01261492 0.01984133
90%Cls (0.06875, 0.71539) (0.63975, 4.21360) (0.09383, 0.43337) (0.09522, 0.49725)
95%Cls (0.02500, 0.76579) (0.57416, 7.27137) (0.05603, 0.47826) (0.06583, 0.57054)
Aveg. 0.45201752 1.1532198 0.256110576 0.256695006
Bias -0.04798248 0.2032198 0.006110576 0.006695006
MSE 50 0.02578189 1.0242892 0.006485839 0.009521935
90%Cls (0.16097, 0.68077) (0.71706, 1.71599) (0.12595, 0.38932) (0.12420, 0.43820)
95%Cls (0.09463, 0.72194) (0.66882, 3.49642) (0.09611, 0.41885) (0.10079, 0.49013)
(050, 095, 0.25, 0.25) Aveg. 0.47460679 1.02075786 0.253259473 0.252181908
Bias -0.02539321 0.07075786 0.003259473 0.002181908
MSE 75 0.01564727 0.28849904 0.00414685 0.0054144
90%Cls (0.26408, 0.66297) (0.76299, 1.25958) (0.14861, 0.35969) (0.14830, 0.38325)
95%Cls (0.19820, 0.69821) (0.72714,1.46520) (0.12957,0.38270) (0.12761,0.42832)
Aveg. 0.47989155 0.98821225 0.252882986 0.251725793
Bias -0.02010845 0.03821225 0.002882986 0.001725793
MSE 100 0.01101642 0.13257566 0.002925308 0.003657510
90%Cls (0.30911, 0.64102) (0.79201, 1.18252) (0.16472, 0.34125) (0.16431, 0.35621)
95%Cls (0.26617, 0.67108) (0.76341, 1.26408) (0.14856, 0.36121) (0.14669, 0.38801)
Aveg. 0.51085594 3.1659382 0.854910354 0.244567051
Bias 0.01085594 0.2159382 0.004910354 -0.00543290
MSE 30 0.01287378 1.3430948 0.051054250 0.032862658
90%Cls (0.33493, 0.69426) (1.65368, 5.12052) (0.71319, 0.98390) (0.13525, 0.33944)
95%Cls (0.30361, 0.73304) (1.44724, 5.71634) (0.67448, 1.01376) (0.11017, 0.33944)
Aveg. 0.507576054 3.0707105 0.852470382 0.240278966
Bias 0.007576054 0.1207105 0.002470382 -0.00972100
MSE 50 0.007065907 0.6709617 0.010009987 0.004340029
90%Cls (0.37350, 0.64665) (1.89865, 4.48536) (0.74975, 0.95241) (0.16456, 0.31975)
95%Cls (0.35033, 0.67656) (1.71581, 4.85850) (0.72685, 0.97424) (0.14466, 0.33891)
(0.50, 2.95, 0.85, 0.25)
Aveg. 0.505553756 3.02406667 0.8505206847 0.24284061
Bias 0.005553756 0.07406667 0.0005206847 -0.00715939
MSE 75 0.004523098 0.40053500 0.002560209 0.002114857
90%Cls (0.39807, 0.61738) (1.94383, 4.39174) (0.77062, 0.93072) (0.18319, 0.30590)
95%Cls (0.37909, 0.63999) (2.08437, 4.12198) (0.75182, 0.94835) (0.17228, 0.32117)
Aveg. 0.502508608 2.99851936 0.8507297408 0.24475867
Bias 0.002508608 0.04851936 0.0007297408 -0.0052413
MSE 100 0.003210267 0.27651139 0.001779217 0.00108009
90%Cls (0.41022, 0.59639) (2.20464, 3.91893) (0.78248, 0.91894) (0.19393, 0.29928)
95%Cls (0.39236, 0.61599) (2.08727, 4.15153) (0.76705, 0.93227) (0.18413, 0.31123)
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TaBLE 4: Results for fitting the MLLND comparing with their components and others models.

Models MLE:s (Std.Error) Loglikelihood

AIC BIC KS p value

pA, =0.16733 (0.0525) -399.423
OA =1.8819 (0.7011)
pA =1.9453 (0.1119)
oA =0.8455 (0.0852)
pA, =0.2022 (0.1150)
A, =0.0912 (0.0264)
6A, = 0.3239 (0.0483)
pA, =0.2374 (0.0701)
OA =1.2975 (0.4920)
an=0.1804 (0.0221)
BA =1.5473 (0.1528)
PA, =0.9554 (0.0438)
an, = 8.8542 (1.0315)
an, = 0.4747 (0.2526)
BA, =0.9751 (0.0811)
BA, =2.5650 (1.9307)
PA, = 0.7344 (0.0680)
an, = 0.1879 (0.0166)
an, = 1.7452 (0.5879)
BA, =1.5208 (0.1446)
BA, = 0.8896 (0.1764)
p=1.5111A (0.1133)
o =1.2818 A (0.0801)
LD 6=0.2129A (0.0134)

MLLND

-402.4761
MTLD

-399.8651

MLIWD

-401.2711

MTWD

-398.7583

MIWWD

-406.8025
LND

-417.9239

806.8461 818.2542 0.0344 0.9981

810.9522 819.5083 0.0704 0.5495

807.7303 819.1384 0.0428 0.9730

812.5422 826.8023 0.0584 0.7746

807.5166 821.7768 0.0439 0.9655

817.6050 823.3091 0.0998 0.1556

837.8477 840.6997 0.1335 0.0207

and f(x;5 @), f,(x;50,), and f,(x;;©,) are as in (1,2,3),
respectively. The MLEs of the parameters can be obtained by
solving systems of nonlinear Eqs. given in (33) using the pack-
age nlegslv() in R.

The numerical results are obtained in Table 3 for two
different combinations of the parameters. The first one cor-
responds to a unimodal distribution ,whereas the second
choice is for bimodal distribution.

In each case, the averages of the MLEs, biases, mean
squared errors (MSE), and the lower and upper limits of
the 95% nd 90% confidence intervals (ClIs) for the parame-
ters are computed at different sample sizes.

It is clear from Table 3 that the MSE decreases as the
sample size increases for all estimates parameters. Further-
more, the values of the bias decrease. Also, as the sample size
increases, the width of the confidence intervals (Cls) for the
parameters decreases. The number of replications of the
simulation results is taken to 10000.

5. Application

The flexibility of the proposed model is illustrated by apply-
ing it on a real data set given in Shanker et al. [25]. It repre-
sents the remission times (in months) of sample size n = 128
bladder cancer patients as reported in Lee and Wang [26].

This data was previously analyzed by Daghestani et al.
[18], who compared their proposed model, mixture of Lind-
ley and Weibull distribution MLWD to two other models;
mixture of two one- parameter Lindley distribution MTLD
and mixture of two Weibull distribution MTWD. They
showed that their model provides the best fit as it has the
lowest values of the KS statistic and AIC criterion and the
highest p value.

In this paper, we compared our proposed model with six
other models including the three models given in Daghestani
et al. [18] and there other models, namely, the mixture of
Lindley inverse Weibull distributions (MLIWD), mixture
of inverse Weibull and Weibull distributions (MIWWD),
one component Lindley distribution, and one component
lognormal distribution. All the seven models are fitted to
the real data. The results are listed in Table 4. Table 4 shows
the MLEs of the parameters of the seven models with their
standard errors and values of the KS statistic which is used
to assess the similarity between the actual data and the fitted
distributions. In the R software, the packages (MASS) and
(fitdistrplus) are used to calculate the values of KS statistics
and their corresponding R values for the seven distributions.
The loglikelihood function and some criteria that measure
the quality of the fitted models such as AIC and BIC criteria
are computed. Table 5 gives the results of the variance
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Histogram and theoretical densities

0.20 4
0154
!
B
Z 0104 i
o 1
a
0054 | 0
0.00 - ——
0 20 40 60 80
Data
— LD --- MLIWD
___ LND MTWD
... MLLND — MIWWD
MTLD
FiGure 2: Comparison of different pdfs of the data application.
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FiGgure 3: Comparison of different CDFs of the data application.

covariance matrices for the competitive models calculated by =~ models. Figure 3 shows the comparisons of the plots of the
the function vcov() in R which depends on the package fit-  theoretical cdfs of the fitted distributions to the empirical
dist(). Lower and upper limits of the 95% nd 90% confidence ~ cdf of the data using the function cdfcomp() in R. Again,
intervals (CIs) for the parameters of the different distribu- it is clear that the cdf of the MLLND is closer to the empirical
tions are also provided. Figure 2 displays the plots of the pdfs ~ distribution than any other model. Figures 4 and 5 show the
of the seven fitted models superimposed on the histogram of =~ pp plots and qq plots for the real data to those of the com-
the real data set by using the function denscomp() in R. The  pared models using the functions ppcomp() and qqcomp(),
figure shows that the MLLND provides a very good fit for ~ respectively, in R. The plots show the adequency of the pro-
these data compared to other mixtures and one component  posed model to fit the real data compared to other models.
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p-p plot
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FiGUure 4: Comparison of different pp plots of the data application.
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Ficure 5: Comparison of different qq plots of the data application.

In short, all the above figures indicate that the MLLND is
the perfect fit for the real data set compared to all the
competitive models.

6. Concluding Remarks

This paper introduces a new mixture model which is the
MLLND to handle heterogeneous data. This model was
proposed due to the importance of each of the Lindley
and lognormal distributions and their great applications,
and so it was expected that mixing these two distributions
together would lead to a more flexible model than its com-

ponents distributions. Some properties of the MLLND were
obtained such as the expectation, the mean, variance, the
mode (s), median, reliability function, HRF, skewness, kur-
tosis, and coeflicient of variation. The pdf for the minimum
and maximum order statistics of the MLLND is presented.
Maximum likelihood estimation of the parameters of the
model was discussed and estimated via simulation with
number of replications 10000 runs. The main objective of
this paper was to illustrate the applicability of the proposed
distribution compared to six competitive distributions. This
was achieved by showing the ability of the model to fit a
well-known real data set better than the compared models.
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This was done by using the formal test like K-S statistic as
well as information criteria and also through graphical pro-
cedures such as plots of theoretical and empirical cdfs, pp
plots, and qq plots.

Abbreviations

MLLND: Mixture of Lindley and lognormal distributions

MTLD:  Mixture of two Lindley distributions

MLIWD: Mixture of Lindley inverse Weibull distributions;
mixture of two Weibull distributions (MTWD)

MIWWD: Mixture of inverse Weibull Weibull distributions

LD: One component of Lindley distribution
LND: One component from lognormal distribution
MLEs: Maximum likelihood estimates

LF: Likelihood function

pdf: Probability density function

cdf: Cumulative distribution function
HREF: Hazard rate function

Sk: Coeflicient of skewness

Ku: Coeflicient of kurtosis

Cv: Coefficient of variation

ClIs: Confidence intervals

AIC: Akaike information criterion

KS: Kolmogorov-Smirnov

ECDF: Empirical cumulative distribution function
pp: Probability plot

qq plot:  Quantile quantile plot

Std.: Error: standard error

BIC: Bayesian information criterion.
Data Availability
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In this paper, a new flexible generator of continuous lifespan models referred to as the Topp-Leone Weibull G (TLWG) family is
developed and studied. Several mathematical characteristics have been investigated. The new hazard rate of the new model can be
“monotonically increasing,” “monotonically decreasing,” “bathtub,” and “J shape.” The Farlie Gumbel Morgenstern (FGM) and
the modified FGM (MFGM) families and Clayton Copula (CCO) are used to describe and display simple type Copula. We
discuss the estimation of the model parameters by the maximum likelihood (MLL) estimations. Simulations are carried out to
show the consistency and efficiency of parameter estimates, and finally, real data sets are used to demonstrate the flexibility
and potential usefulness of the proposed family of algorithms by using the TLW exponential model as example of the new

suggested family.

1. Introduction and Motivation

There has already been a great emphasis on building more
flexible distributions in the recent past. To simulate real-
life data in various practical disciplines, including finance,
engineering, medical sciences, biological research, environ-
mental studies, and insurance, over the last few decades, a
variety of G families of distributions has been constructed
and researched. We have generated numerous kinds of dis-
tributions by generalizing G families. With these new fami-
lies, at least one shape parameter is merged with the
baseline one, allowing for greater versatility, for instance,
the generalized transmuted exponentiated G [1], Weibull
(W) G (WGQG) [2], the Burr type X-G by [3], Type II half
logistic G [4], exponentiated transmuted G by [5], a new
compound G family [6], the beta W G by [7], the generalized
odd W G [8], the transmuted W G by [9], a new W G [10],
TL G [11], a special generalized mixture class of probabilistic
models [12], sine Topp-Leone G [13], Type 2 power Topp-
Leone G [14], a new version of Power Topp-Leone G [15],
and Type 2 generalized Topp-Leone G [16], among others.

According to [11], the cumulative distribution function
(CDF) of the TL G (TLG) class could well be found with

Fy(2)=[1-Ga(a)] = Gi(a)[2-Ga(a)] . (1)

where Gy (z) refers to the CDF of the baseline model, and

the corresponding density function (PDF) of (1) can be
derived as

fue)=2a9,@)[1-Go)]  Gole)h @)

where Gy, (2) = dGg (2)/dz refers to the PDF of the base-

line model. According to [2], the WG family’s CDF may be
computed via

Go(2) = Gy(z) = 1 —exp [—og(z)ﬁ], (3)

where Oy (2) = Gy (2)/Gg (2) and G (2) =1~ G (2). Then,
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TaBLE 1: Special cases.
Baseline New model Corresponding CDF
E TLWE {1 —exp [—Z(exp (62) - 1)ﬁ] }
w TLWW [1 - exp <—2{exp {(Gz)b] - l}ﬁ)}
o 181\
Lx TLWLx <1 —exp {—2“1 + (Z)} - 1} })
2] * ‘
BX TLWBX 1-exp —2({1 —exp {— (6) } } - 1)
BB @
LL TLWLL {1 —exp {—2 (g) H
L TLWL

(ol )

using (3) and (1), the CDF of the TL W G (TLWG) class
may indeed be expressed via

~—

Fopol(z)= {1 — exp {—202(2)[1 }a. (4

The corresponding PDF is

faﬁg(z) = Zocﬁg@(z) exp {—209(2) ] Gi(z)ﬁ” { —exp [—ZOQ(Z)ﬁ] }a_l.

The hazard rate function (HRF) can be easily derived
using  hypa(2) =fope(2)/[1 - Fupe(2)]. The function
hypo(z) is called the failure rate of F,gq(z) and often
referred to as the rate function or the intensity function or
failure rate or instantaneous failure rate; in actuarial mathe-
matics, it is named the “force of mortality,” and in demo-
graphic disciplines, it is called the “mortality rate.” It
represents the failure intensity of an x-year-old equipment.
It denotes the likelihood of an operational item failing in
the next time period or the likelihood of a failure in a tiny
unit interval of time (z,z+Az] given that no failure has
occurred in [0, 2] and satisfies h, 454 (2) >0 and [ hy e (2
)dx =0. The HRF is critical because it intuitively translates
as the level of risk associated with an object that has lived
to time x. In life (death) tables, h, 34 (z) is approximated
by the probability that a certain individual of age x will die
during the next year. Some notions of aging refer to the
HR such as /' «po(2) >0 means positive aging, hla,[sg (z) =
0 means no aging, and W wpD (z) < 0 means negative aging.
The idea of aging in statistical lifetime and reliability analysis
does not imply that the unit grows older in the sense of time.
Rather, it is a concept associated with residual life.

2. Important Expansions

Take a look at the binomial series expansion provided as
a;-1 0 a. —1 1
(-2 =2 ) @)
a =0 l a

Then, the PDF in (5) can be expressed as

(b>0and |a,/a,|<1)

Applying the power series expansion to A(z), we have

A @)= ) 5[-2(1+D)]

Mg
>—4| [a—

T
o

Oy (2)", (8)

where Og(z)’gd = Gg(z)ﬁd/ég(z)ﬁd. Then,

a—1 G (1+d)p-1
fupale) =208 3. ()" (1+l>}d( l )w(z) )

Ll (Z)(1+d)/3+1 >

: 9)

= d+1)+1
but G (2) 1+ = 322, (ﬁ( k ) )G(D(Z)k. Then, the
fapo(2) can be written as
(o]
= ) Vianhp (2 . (10)
bak=0 (,8*=[3(1+d)+k)
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FIGURE 1: Plots illustrating the PDF of the TLWE model.
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~0.4 1.8
S -1\ (B+1)+1) (1+ 1)
-2 I 2EFDE g
Y,dk) af l,d,k:o( ) < ! > ( X > dp ( )
1.6
and hg(2) =" ge (2) Gg(z)ﬁ*_1 depicts the PDF of the
06 1 1.4 4 exponentiated G (ExG) distribution with parameter f3*.
3. Copula
1.2 -
. 3.1. Via FGM Family. Starting with the joint CDF for the
-0.8 < FGM family of random variables (RVrs) (Z,,Z,) where
1.0 4 Fy (1, w)] 1) = vw (1 + Auw), let
*
u=F, g o(z)= {1 — exp [—ZO(D(zl)ﬁl} } >
0.8 - 1 el
-1.0 (12)
. a,
w=F, 8 o(2)) = {1 —exp [—ZOg(zz)ﬁz]} ,
0.6 -
where Og(zl) = Gg(zl)/GQ(zl) and 09(22) = Gg(zz)/Gg(
L 04 z,); then, we have a (5 + @) dimension parameter family
e T T S T T
100 300 500 100 300 500 F(errzy) = {1 Cexp [—zog(zl)ﬁl] }a, {1 e [—209(22) ﬁz} }az
n n

FIGURE 3: Biases and MSEs for the parameter a.

/\(1 - {1 —exp [—209(4)@] }a)

1+

X <1 - {1 —exp [—209(22)/32} }az)
(13)
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3.2. Via MFGM Copula. As an example, take the MFGM
Copula (see [17-22])

C,(u,v)| =uv[l +7®(u)¥(v)] = uv + 7®(u)¥(v),

(14)

T€[-1,1]

where ®(u) = u®(u) and ¥(v) = v¥(v). Where ®(u) and

¥ (v) are two absolutely continuous CDFs on (0, 1) where
®(0) =¥(0) =@(1) =¥(1) =0, let

8:lnf{88¢;|(:)} <0, f=sup {a(_;zf:)} <0,

E:lnf{a‘il(v)} >0,n=

av|C2

Then, min(ef, &n) =1, where 0®(u)/0u= @ (u) + (udD

(u)/ou),
0D(u) .
34 ex1sts},

L 4
C,= {v |ve(0,1), o (v) exists ».

Clz{ulue(o,l),
(16)

ov

Type I MFGM:
Consider ®(u) and ¥(v) as defined above, then

¢, ) =e[o(ee ]+ ({1-ew [-20,00"]}"
<{1-e [2050%]}")

(17)
where
O(u) = ”(1 B {1 i [_209(”)[31} }> (18)
Y(v)= v(l - {1 — exp {—ZOQ(v)m] }OCz)
Type II MFGM:
Let
D (u)|(7,50) = 1" (1 u)' T, (19)
Y()l 2,50 = v (1-v)

Then, the corresponding bivariate Copula can be derived
directly from

C (u,v) = uv [l + 7"y (1 - u)' (1 - V)I_TZ]. (20)

T,T|,T,

Type IIT MEGM:
The CDF of the bivariate Type III MFGM model can be
derived from

C (,w)=uF ' (w) +wF ' (u) - F'(u)F'(w), (21)
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TaBLE 2: MLLEs, SErs, and C.I. (in parentheses) values for the relief

TaBLE 3: MLLEs, SErs, and C.I. (in parentheses) values for the

time data. survival time data.
Models Estimates, SEs, and C.Is Models Estimates, SEs, and C.Is
0.5261 0.540
E(0) (0.1172) E(b) (0.063)
(0.3, 0.8) (0.4, 0.7)
0.950 0.38145
ME(0) (0.150) OLE(0) (0.021)
0.7, 1.2) (0.3, 0.4)
0.5263 0.9250
LBHE(6) (0.118) ME(0) (0.080)
(0.4, 0.6) (0.62, 1.08)
0.6044 0.542
OLE(6) (0.0535) LBHE(6) (0.06)
(0.5, 0.7) (0.41, 0.68)
1.1635, 0.321 0.480, 0.2060
BrXE(a, ) (0.33), (0.03) BrXE(a, 0) (0.061), (0.012)
(0.5, 1.8), (0.26,0.4) (0.4, 0.5), (0.18, 0.23)
447,232 8.780, 1.380
MOE(a, 0) (35.58), (0.37) MOE(a, 6) (3.555), (0.193)

(0, 124.2), (1.58, 3.0)

TLWE(a, 3, 6)

8.03, 1.58, 3.15
(4.22), (1.01), (0.025)
(0, 16.5), (0, 3.6), (3.1, 3.2)

81.633, 0.542, 3.514

BE(a, 3,6) (120.41), (0.327), (1.410)
(0, 317.63), (0, 1.18), (0.75, 6.3)
83.756, 0.568, 3.330
KwE(a, 3, 6) (42.361), (0.326), (1.188)
(0.7, 167), (0, 1.2), (1.00, 5.7)
0.519, 89.462, 3.169
GMOE(), , 6) (0.256), (66.278), (0.77)
(0.02, 1.02), (0, 219.4), (1.66, 4.7)
8.868, 34.826, 0.299, 4.899
KwMOE(a, B, A, ) (9.15), (22.31), (0.24), (3.18)
(10.9, 46.8), (0, 78.6), (0, 0.76), (0, 11)
0.133, 33.232, 0.571, 1.669
MOKWE(a, 3,1, 0) (0.332), (57.84), (0.72), (1.81)
(0, 0.8), (0, 146.6), (0, 2), (0, 5.2)
where
~1/2log (1 - utles)] A
F'(u)=G" [ og (1-u'™)] 5
1+ [~1/2 log (1 — utle )P )
22
~1/2log (1 — ut/e) ]
P JST.I TR L
1+ [~1/2 log (1 — ulle)] P2

(1.81,15.74), (1.0,1.80)

TLWE(a, B, 0)

3.225, 1.55, 0.018
(0.85), (0.25), (0.059)
(1.5, 4.9), (1, 2), (0, 0.136)

0.179, 47.635, 4.470

GMOE(A, a, 0) (0.07), (44.901), (1.327)
(0.04, 0.3), (0, 14), (2, 7)

3.3039, 1.101, 1.038
KwE(a, B,6) (1.120), (0.763), (0.615)

(1.12, 5.53), (0, 2.62), (0, 2.24)

MOKE(a, B, A, 6)

0.008, 2.716, 1.986, 0.099
(0.002), 1.316), (0.784), (0.048)
(0.004,0.010), (0.14, 5), (0.4, 4), (0, 0.2)

3.3. Via CCO. The CCO is a weighted variant of the CCO,
which has the following form:

~1

Clu,w)=[u"+v"-1]" . (23)

Then, setting

U=y g o(2)= {1 —exp {—209(2)/31] }“1,

w=w, 5 o(2) = {1 - exp [—209()/)/32} } )

(24)

x



TABLE 4: Statistic for the relief time data.

Models  (D2), D1 C, C,
E (0.004), 04 4.60 0.96
KwE (0.86), 0.14 045 0.07

Cs, Gy, G5, Gy
68.0, 68.7, 67.9, 68.0
42.0, 44.8, 43.3, 42.3

BrXE (0.17),025 133 024 48.1, 50.1, 49.0, 48.5
MOE (0.55),0.18 0.80 0.14 43.5,45.5,44.2, 439
GMOE (0.78),0.15 0.51 0.08 42.8,45.7, 44.3,43.3
KMOE (0.86),0.15 1.08 0.19 43.0, 46.8, 45.6, 43.6
MOKE (0.87),0.14 0.60 0.11 41.6, 45.5, 44.3, 42.3

OLE (<0.1%), 09 130 0.22 49.1, 50.1, 49.3, 49.3

BE (0.80),0.16 0.70 0.12 43.5, 46.5, 44.9, 44.0
ME (0.07),0.32 276 0.53 54.3, 55.3, 54.5, 54.5
LBHE (<0.1%), 04 0.62 0.11 67.7, 68.7, 67.9, 67.8

TLWE (0.952),0.10 0.36 0.040 41.35, 41.14, 41.39, 40.15
TABLE 5: Statistic for the survival time data.
Models (D2), D1 c C, C;, Cy, Cs, Gy

E (0.060), 0.27  6.53 1.25
MOKE  (0.440), 0.10 0.79 0.12
OLE (<0.1%), 0.49 1.94 0.33
ME (0.130), 0.14 1.52 0.25
LBHE (<0.1%), 0.28 0.79 0.19
GMOE (0.811),0.09 1.02 0.16
KwE (0.500), 0.09 0.74 0.11

234.6, 236.9, 234.7, 235.5
209.4, 218.6, 210.0, 213.0
229.1, 231.4, 229.2, 230.0
210.4, 212.7, 210.5, 211.3
235.0, 237.0, 235.0, 236.0
210.5, 217.4, 211.0, 213.2
209.4, 216.2, 209.8, 212.1

BrXE (0.002), 0.22 290 0.52 235.3,239.9, 235.5, 237.1
MOE (0.430), 0.10 1.20 0.17 210.4, 215.0, 210.5, 212.2
TLWE (0.770), 0.066 0.75 0.12 208.6, 212.2, 207.6, 210.2
where

Gy (y)
Og ()= === (25)

® (v)

Then,

A simple d-dimensional expansion of the above will be
as follows:

~1

{1-exp [-204()]} " 41 - d> o

(27)

M=

H(zy, 2y 524) = <

I

Il
—

Recently, many new articles are allocated to study some
of these types, see [23, 24].
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4. Structural Properties of the TLWG Family

4.1. Quantile Function. The TLWG quantile function (QuF),
say z = Q(u), might be obtained by filliping (4); we have

ANRL
z=Q(u)=G1{1[_1/2 log (1-u"*)] } 8)

+[~1/2 log (1 — utle)]"F

We can easily generate z by taking u as a uniform RVr in
(0,1).

4.2. Moments. The ™ moment (MO) of TLWG could be
acquired in the prescribed sequence:

o0
Z Vit Loo0) (B> (29)

1,d,k=0

u=| (e

moment of the

where I, (8) = [z hg (2)dz is the rth

ExG model using parameter 5.

4.3. Conditional Moments. The s lower and upper incom-
plete MOs (ICMOs) of Z characterized features v (t) =E(

z |(Z<t)) = If)zsf<z)dz and cs(t) = Z>t L Sf dz>
respectively, for just about every real s>0. The s lower
ICMO of TLWG is

t o)
v(t) :J 2f(z)dz = Z Vi Loy (BT s 1), (30)
0 Ldk=0

where I g (B",s jo z'hg- (z)dz is the s lower ICMO of

ExG model with exponentlal parameter 3. Similarly, the s
upper ICMO of TLWG is

(0=

t

(o)
Zf(z)dz = ldzk_o Viak Loy (B8 1), (31)

where I, (8", 5, t) = [ 2°hg (2)dz is the s upper ICM of
ExG model with exponential parameter 3.

4.4. Bonferroni and Lorenz Curves. A positive RVr Z is
described by the following Lorenz curve

TRIRE

q

":I'—'

i Vidil goo) (B 1,9),  (32)

1,d,k=0

where g =G !(p). Also, the Bonferroni curve is defined by

B<p>=;jwzf<z>dz=ld§ vl (B 1) (33)
q ,d,k=0

There are numerous uses for the Bonferroni curve in
economics to analyze income and poverty, as well as
dependability, medical, and insurance areas.
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5. Special Cases

In this part, we will look at various TLWG family-specific
situations. We provide six TLWG family special models
equivalent to the baseline exponential (E), Weibull (W),
Lomax (Lx), Burr-X (BX), log-logistic (LL), and Lindley (L)
distributions. The odd ratio Oy, (z) of these baseline models
along with the new models are listed in Table 1.

The above-mentioned PDF parameters are all positive
actual numbers. Figure 1 shows graphs of the PDF of the
TLWE model. Figure 2 depicts the TLWE model’s HRF
graphs. According to Figure 1, the new PDF can have a vari-
ety of useful forms. According to Figure 2, the new HRF can
be increasing (a« = § =6 = 1), bathtub (¢ =1, §=0.15,0=0.5
), J shape (a=1,8=0.1560=5), and decreasing
(a=1,=0.2,0=2).

6. Maximum Likelihood (MLL) Estimation

Suppose z;, -+, z, be an '™ random sample from the TLWG

class provided via (5). Take P = (a, ,8)" become the vector
of parameters. The total log-likelihood (LLL) function for P

is

L,(P) = nlog (2pa) + ¥ loggy () + (B 1) Y logGy (2)

I=1 I=1

~(B+ 1)IZn:logGQ(zl) - z_i [Og(zz)]ﬁ
+(a—1) ilog(l — exp {—2 [Og(zl)}ﬁ}>,

=1
(34)

where Oy (2;) = Gy (2))/Gg (2;). The LLL can really be opti-

mized immediately employing SAS software or the R-lan-
guage, or implicitly through solving nonlinear LL
formulas acquired through differentiating (34). The score

function’s related components U,(y)=
(0L, (P)/0a, L, (P)/3B, L, (P)/dD)" are

aLgiB) _ g . ilog(l —exp {—2 [Og(zz)}ﬁ}),
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FIGURE 8: P-P, KMS plot, FPDF, and FCDF for the 2™ data.

7. Graphical Simulations

aLn(B) n < < 2
B B z; 108G (1) gloqu_)(z,) (i) We could perform numerical simulations to visually
: B analyze the finite sample performance of the MLLEs
B 2; {OQ(Z’)] log [OQ(Z’)] utilizing biases (Bs) and mean squared errors
) 8 s (MSEs). For the assessment, the basic procedure
n log [Og(zz)] [Og(zz)] exp {—2 [Og(zz)] } had been used

+2(a—1) >
i=1 1-exp {_2 [Og(zl)r} (ii) Generate N =1000 samples of size 7|, s, 100, 500)
from the TLWE model using (7)

)/, (iii) Compute the MLLEs for N = 1000 samples

® (21
5 Gol(z) 5 Golz) (iv) Compute the standard errors (SErs) of the MLLEs

-Te: 10D n for the 1000 samples
+(B+1) Z% =2 04 (2)0G(2,)/00; P .
I=1 o(21) =1 (v) Compute the Bs and MSErs given for P =a, 3,0
B
n €Xp § =2 [Og (Zl)} }Og (21)0Gg (21)/ 0Dy The biases (left boxes) and MSEs (right windows) for the
+2(a-1) Z 7 , parameters are shown in Figures 3-5. The plots on the left
= 1 —exp {—2 [Og (z,)] } demonstrate how the three biases grow with large sample n

, while the graphs on the right platform how the three MSEs

(35)  change with n. The zero biases are depicted by the broken

line as shown in Figure 1. From Figures 3-5, the biases with

where §, is the kth member of the parameter vector §.  each parameter are typically negative and eventually drop to

The MLL estimation (MLLE) of P is achieved through 0 as n tends to infinity the MSEs with each parameter
solving the nonlinear equations U, (P) =0. decrease to 0 as tends to infinity.
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8. Modelling

Inside this part, we look at two real-world data sets to show
how adaptable the TLWE model is. The first data set (1.1,
14,13,1.7,19, 18, 1.6, 2.2, 1.7, 2.7, 4.1, 1.8, 1.5, 1.2, 1.4,
3, 1.7, 2.3, 1.6, and 2) (see [25]) is known as the “failure
times data,” and it comprises lifetime data on “relief times”
(in minutes) of analgesic-using individuals. In the second
data set, [26] investigated and reported the “survival times”
in days for 72 guinea pigs infected with virulent tubercle
bacilli (0.1, 0.33, 0.44, 0.56, 0.59, 0.72, 0.74, 0.77, 0.92, 0.93,
0.96, 1, 1, 1.02, 1.05, 1.07, 07, 1.08, 1.08, 1.08, 1.09, 1.12,
1.13, 1.15, 1.16, 1.2, 1.21, 1.22, 1.22, 1.24, 1.3, 1.34, 1.36,
1.39, 1.44, 1.46, 1.53, 1.59, 1.6, 1.63, 1.63, 1.68, 1.71, 1.72,
1.76, 1.83, 1.95, 1.96, 1.97, 2.02, 2.13, 2.15, 2.16, 2.22, 2.3,
2.31, 2.4, 2.45, 2.51, 2.53, 2.54, 2.54, 2.78, 2.93, 3.27, 3.42,
3.47,3.61,4.02, 4.32, 4.58, and 5.55). Figure 6 shows the total
time in the test (T'TT) plot for determining the form of the
empirical HRFs (first row). To explore the extreme observa-
tions, the box plot is sketched in Figure 6 (second row). To
ensure that the normality state is maintained, the Q-Q plot
is reported in Figure 6 (third row). Kernel density estimation
(KDE) may be used to investigate the initial form of real-
world data, and it is seen within Figure 6 (fourth row).
According to Figure 6 (first row), we note that the HRF is
“asymmetric monotonically increasing” for the two data sets.
Based on Figure 6 (second row), we note that some extreme
observations were spotted. Based on Figure 6 (third row), we
see that the normality does not exist. Based on Figure 6
(fourth row), it is noted that the nonparametric Kernel den-
sities are asymmetric.

We will compare the TLWE distribution’s fits to various
competing models, particularly exponential (E), odd Lindley
E (OLE), Marshall-Olkin (MO) E (MOE), Moment E
(MomE), the logarithmic Burr-Hatke E (LBHE), generalized
MOE (GMOE), beta E (BE), MO Kumaraswamy E
(MOKWE), Kumaraswamy E (KwE), and Kumaraswamy
MOE (KwMOE). See the PDFs of the competitive models
in [27, 28].

We discuss the Anderson-Darling (C,) and the Cramér-
Von Mises (C,) statistics, as well as the Kolmogorov-
Smirnov (D1) statistic as well as its associated P value
(D2). Moreover, we consider some other goodness-of-fit
measures including the Akaike-Information-Criterion (IC)
(C;), Bayesian IC (C,), Consistent-Akaike-IC (C;), and
Hannan-Quinn IC (Cy); Table 2 gives the MLLEs, SEs, and
confidence interval (C.I.) values for the relief time data.
Table 3 gives the MLLEs, SErs, and C.I. values for the sur-
vival time data. Table 4 illustrates the C,, C,,C;, C,, Cs,
Cs, D1, and D2 for the relief time data. Table 5 refers to
the C,, C,, G5, Cy, Cs, Cq, D1, and D2 for the survival time
data. Figure 7 gives the P-P plot, Kaplan-Meier survival
(KMS) plot, fitted PDF (FPDF), and FCDF for the 1*' data.
Figure 8 offers the P-P plot, KMS plot, fitted PDF (FPDEF),
and FCDF for the 2™ data.

The TLWE model is much better than many common
competitive models such as the exponential (standard ver-
sion), MOE, OLE, LBHE, MomE, GMOE, KwE, MOKWE,
and KwMOE models. As a result, the new lifespan model
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offers a practical alternate to all these models. For both data
sets, we can see from Figures 7 and 8 that the TLWE model
fits the two real data sets well.

9. Discussion and Concluding Remarks

We described and explored the TLWG family, a novel gen-
erator of continuous lifespan distributions, in this work. Sta-
tistical attributes of the family are offered, such as density
function expansion, moments, incomplete moments, mean
deviation, and Bonferroni and Lorenz curves. The new
HRF might be described as “monotonically rising,” “bath-
tub,” “J shape,” or “monotonically declining.” FGM and
MFGM families and CCO are often used to describe and
visualize Copula of the basic kind. Regarding estimating
model parameters, we glance at the MLL methodology. We
conducted simulated studies to examine the limited sample
behavior of MLL estimations utilizing graphs, biases, and
mean squared errors. Two applications to actual data sets
demonstrate the relevance and versatility of the intended
family.

As a future work, we can apply many new useful
goodness-of-fit tests for right-censored validation such as
the Nikulin-Rao-Robson goodness-of-fit test, modified
Nikulin-Rao-Robson goodness-of-fit test, Bagdonavicius-
Nikulin goodness-of-fit test, and modified Bagdonavicius-
Nikulin goodness-of-fit test. However, some bivariate ver-
sions could be studied in more details.
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Epidemiological models play pivotal roles in predicting, anticipating, understanding, and controlling present and future
epidemics. The dynamics of infectious diseases is complex, and therefore, researchers need to consider more complicated
mathematical models. In this paper, we first describe the dynamics of a complex SIR epidemic model with nonstandard
nonlinear incidence and recovery rates. In this model, we consider the rate at which individuals lose immunity. Rigorous
mathematical results have been established from the point of view of stability and bifurcation. The basic reproduction number
(Ry) is determined. We then apply LaSalle’s invariance principle and Lyapunov’s direct method to prove that the disease-free
equilibrium is globally asymptotically stable when R, < 1. The model has a unique endemic equilibrium when R;>1. A
nonlinear Lyapunov function is used together with LaSalle’s invariance principle to show that the endemic equilibrium is
globally asymptotically stable under some conditions. Further, for the case when R, =1, we analyze the model and show a
backward bifurcation under certain conditions. In the second part of this paper, we analyze a modified SIR model with a
vaccination term, which must be a function of time. We show that the modified model agrees well with COVID-19 data in
Saudi Arabia. We then investigate different future scenarios. Simulation results suggest that a two-pronged strategy is crucial to
control the COVID-19 pandemic in Saudi Arabia.

1. Introduction

There is a long and rich history of mathematical modeling of
epidemiology. Most often, compartmental deterministic
models are used for modeling the spread of infectious dis-
eases [1-3]. In these models, a population of susceptible indi-
viduals evolves into other categories representing different
stages of infection. Among many epidemiological models
which had been used for infectious disease, SIR types of
models have received more attention. In 1927, Kermack
and McKendrick were the first to develop the susceptible-
infective-recovered (SIR) model, where the total population
is divided into three classes: susceptible, infective, and recov-

ered [4]. After that, variant of SIR compartmental models
were developed, some of them outlined in [5-8]. Here, we
consider a complex SIR epidemic model with nonstandard
nonlinear incidence and recovery rates. We also consider in
our model the rate of losing immunity, which has not been
considered before.

In classic SIR epidemic models, the bilinear incident rate
BIS/N (where N(t) = S(t) + I(t) + R(t) is the number of total
populations, parameter 3 is the infection transmission rate,
and S(t),I(t), and R(¢) represent the number of susceptible
and infected and recovered individuals at time (¢). Also, a
linear recovery rate ul (u is the per capita recovery rate) is
often used. These classic models do not have bistability
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and periodicity in their solution which is not realistic, espe-
cially for COVID-19. Their dynamics basically depend on
the basic reproducing number R,; the disease will be elimi-
nated if R, < 1; otherwise, the disease persists [9]. However,
in reality, many infectious diseases show multiple peaks
and/or periodic oscillations during the outbreak. The mono-
tone incident rate term f(I)S (which describes the mecha-
nism of disease transmission) does not capture the
“psychological” or behavioral change and crowding effect
of infected individuals. Therefore, we use the following gen-
eral incidence rate:

fs=-L03, 1)

where k>0 measures the psychological or inhibitory effect
and g and p are constants. This type of incidence rate was
first considered by Liu et al. [10]. This incidence rate was
used by many other scholars [11, 12]. In the rest of the
paper, we use the incidence rate term (1) with g =1.

Determining the treatment rate is not an easy task and
many factors are involved in this process. The main factor
is the number of health workforce that includes physicians,
nurses, pharmacists, and other health care workers
(HCW). The facilities of the hospital such as medical equip-
ment and apparatus, the availability of the intensive care
unit, and the number of the hospital beds and medicines
are the other significant factors which are necessary and
essential for safe and effective avoiding, diagnosis, and treat-
ment of illness [13, 14]. In this work, we follow the work of
Shan and Zhu [15] and use the following nonlinear treat-
ment function

w(b 1) = (.”0 + _P‘o)bL”) (2)

where p, 4, (4, > t4,) are the minimum and maximum per
capita recovery rates, respectively. Parameter b is considered
as a measure of available hospital resources.

We need herd immunity to eradicate the COVID-19
pandemic from the human population. This could be
achieved either by previous infection or by vaccination. Sev-
eral pharmacological companies declared high efficacy rates
of their vaccine products [16, 17]. In Saudi Arabia, the Min-
istry of Health launched a vaccine campaign through a
mobile application, which is called “Sehaty,” that provides
registration for COVID-19 vaccination, and vaccination
centers were established in different cities around the coun-
try. The campaign was launched offering both the Pfizer-
BioNTech and AstraZeneca’s COVID-19 vaccines. They
aim to provide free vaccination to all citizens and residents
until getting herd immunity [18]. Hence, it is extremely
important to create public awareness on the importance of
vaccination. In this paper, we develop a mathematical model
to show the effectiveness of vaccination in reducing the
infection rates in Saudi Arabia.

The organization of this paper is as follows: the model
framework is given in Section 2, the existence of equilibria
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and global stability of disease-free and endemic equilibria
is studied in Section 3. In Section 4, we study the backward
bifurcation. Section 5 is devoted to the modification of the
model that was previously defined in Section 2. In Section
6, we summarize our results and provide a short discussion
on possible extensions of our model with a possibility of
additional vaccinated component.

2. Model Framework

In this section, we describe the mathematical formulation of
an SIR epidemic model, where the total population size of
individuals is represented by N(¢). The total population size
is subdivided into three different classes, namely, S(¢): sus-
ceptible, I(t): infected, and R(t): removed or recovered indi-
viduals. We consider that the (viruses) parasites of the
diseases are transmitted to the susceptible populations by
the direct contact with the infected populations.

We assume that the total recruitment at any time ¢ is A"
and all the new recruited populations go to the susceptible
class. We consider that 3> 0, which is the disease transmis-
sion rate and the incidence rate to be SIS/1 + kI, where k is
the half-saturation constant for which the susceptible popula-
tion decreases. The population of susceptible people is
decreased by the natural death rate d, and the recovery popu-
lation goes to the susceptible class at a rate § (the recovered
individuals could become susceptible again due to lose of
immunity). Hence, the governing equation can be modeled as

ds

BIS
Doa- P2 _dsisr. 3
o + (3)

1+kI

The infected population is decreased by the natural death
rate d and the disease death rate y. The medical treatments,
determining how well the diseases are controlled, are normally
expressed as constant recovery rates. There are several sug-
gested functions to describe the treatment term. In this paper,
we follow the work of Shan and Zhu [15], where they defined
the recovery rate as a function of b, the number of hospital
beds, and the number of infectives I. Thus, the time rate of
change for this can be represented by the following equation:

il IS b
e (g J1-@enr @

The recovered population is increased by the recovery rate
as in above and decreased by the natural death rate d and the
susceptibility of recovered individuals §. The time rate of
change for the population of recovered individuals can be rep-
resented by the following equation:

G () -@or )

All parameters involved in equations (3)-(5) are nonneg-
ative. Equations (3)-(5) can be written in the combined form
as follows:
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das ﬁIS
= T 6
5 =A- {g mdSHOR, (6)
ar  pIS b
E—m‘([/‘o‘*(ﬂl‘ﬂo)m)l‘(d"'?)l’ (7)
dR b
G ()= @R @
subject to initial conditions
$(0) =S, >0, )
1(0) =1, >0, (10)
R(0) = Ry > 0. (11)

For systems (6)—(9), the cone R is positively invariant.
The C' smoothness of the right side of systems (6)-(9) implies
local existence and uniqueness of solutions with the initial
values in #>*.

It is not difficult to show that every solution of (6)-(9)
with nonnegative initial conditions remains nonnegative. If
we add up the three equations of systems (6)-(8), we get

d(S+I1+R) _

7 -d(S+I1+R)-

YISA-d(S+I+R),
(12)

which implies that the set

A
Q:{(S,I,R)e%3*'s>0 I>,R>0, S+I+R<—} (13)

d

is positively invariant and an attractive set for (6)—(9); hence,
all solutions in the first octant approach enter or stay inside
the set defined above and also bounded and, hence, globally
exist. Thus, the initial value problem of systems (6)-(9) is
mathematically well posed and epidemiologically
reasonable.

Because of total population N(#)=8(¢) +I(t) + R(¢t) is
regulated by the disease, the system cannot be reduced to
the lower dimension; hence, we need to analyze systems
(6)-(9) in the three-dimensional phase space.

3. Basic Reproduction Number

The basic reproduction number is denoted by R, and it is
defined as the number of newly infected individuals caused
by a single infection. We now find the basic reproduction
number of systems (6)—(9) using the next-generation matrix
method developed by Driessche and Watmough [19]. Let us
write systems (6)-(9) as follows:

%= Fi(x) = Vi(x),i=1,3, (14)

3
where
x;=(L,S,R)
BS
1+kI
F, = 0 ,
b
“0+ [’lO b+I
+(d+y)-A+dS—-06R+ fskl
b
#0+(1/‘1_P‘0)m)1+(d+5)R)-
(15)

We denote the disease-free equilibrium of models
(6)-(9) by E,, where

E - (0, %,0). (16)

Now, the Jacobian matrixes of #; and 7’; at E, are given

BA
F=](%F;)= (7 0),
0 0

as

where

(d+y+y1 0
V= . 18
BA ) (18)
T

The basic reproduction number R, of system (14) is
defined by the spectral radius of the matrix p(FV™') (see
Driessche and Watmough [19]) and it is given by R, = BA/

(d(d+y+u))
4. Existence and Types of Equilibria

4.1. Existence of Equilibria. We have already established the
existence of the disease-free equilibrium E; = (A/d, 0, 0) for
systems (6)-(9) for all values of parameters. For any
endemic equilibrium E* = (S, I, R), its coordinates satisfy

- s () 09)

Substituting this into the first equation in (6)-(9) and
solving for S, we obtain



A+ (8/(d+8)) (o + (1y — the) (bI(b+1)))
* ((BISI(1 +kI)) +d) . (20)

The variable I should be the positive root of the follow-
ing quadratic equation

f()y=dI* + 61+, (21)
where

_ Pk + (y+p+0k+ kyo)d2 + (yB + yOk + B8 + By, + Okuy)d + y 30

o
dy+d+u,)

(bk +1)d® + (ybk + b + bkS + bk, + 8 + py +y)d* +
(YbOP + kbSu + ybp + b3S + bBS + bBu, + kuy +yd — AB)d + ybpd — SBA

i A+ d+ )
(22)
and
b(d +9)
PD=—— 7 (1-R,). 23
d()’+d+l‘1)( o) 23)

Equation f(I) =0 may have two roots if A, >0, which
are

P

1~ >
29 (24)

-6+ /4,

="

where A, =6* - 44 D.

If I > 0, we see from (19) and (20) that S>0 and R> 0,
respectively.

We study the existence of equilibria in the following
three cases:

Ry>1. (25)

In this case, & > 0; since & >0, we have I; <0 and I, > 0,
so systems (6)—(9) have a unique endemic equilibrium E,

= (S(Iz)’lz)R(Iz))‘
R,=1. (26)

In this case, I; = —(€/<) and I, = 0; if € <0, then, sys-
tems (6)-(9) have a unique endemic equilibrium E; = (S(I,
) L R(1).

R,<1. (27)

In this case, if € > 0, there is no endemic equilibrium; if
% <0 and A, >0, we have two endemic equilibria E; = (S(
1,),1,,R(I,)) and E, = (S(I,), I,, R(L,)). If A, =0, then, we
have one root multiplicity 2. We summarize the result in
the following theorem.
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Theorem 1. For systems (6)-(9),

(1) The disease-free equilibrium exists

(2) If R, > 1, there exists a unique endemic equilibrium
E,

(3) If Ry =1, there exists a unique endemic equilibrium
E, provided that € < 0; otherwise, there is no endemic
equilibrium

(4) If Ry< 1 and if € >0, there is no endemic equilib-
rium; if € < 0 and A, > 0, the system has two endemic
equilibria E; and E,; if € <0 and A, =0, the system
has two equilibria coalesce into E*

Theorem 2. For systems (6)-(9), the disease-free equilibrium
E, = (A/d, 0,0) is

(i) Ry < 1: an attracting node

(ii) Ry > 1 :a hyperbolic saddle

(iii) Ry=1: and b>d’((u; — po)d + (u, — p1)8)/B(A(d
+k)(dk + B) — u,d): a saddle-node of codimension
1

b< (d*((uy — po)d + (1 —e)®)/(B(A(d + k) (dk+ )
~ 8y, d)) is a saddle-node of codimension 1; b= (d*((u, -

Ho)d + (u; = 149)0))/ (B(A(d + k) (dk + B) = Sp,d)) is  an

attracting semihyperbolic node of codimension 2.

Proof. The Jacobian matrix J(E,) for systems (6)-(9) is given
by

a P
d T 0
J(Ey) = A (28)
Fo)=1 o % ~t-y 0
0 73 -d-46
The eigenvalues are obtained from this
A =—d,
Ay=—-d-6, (29)
AB-yd-d—dy,
Ay = 7 .

Since R, < 1, A is negative, because A, = (yd + d* + dy,
)/d(R, —1); hence, all eigenvalues are negative. Thus, if R,
<1, E, is an attracting node, and if R, > 1, then, E, is a
hyperbolic saddle. If R, =1, the third eigenvalue is zero. In
order to determine the type of E), we first transform the
disease-free equilibrium point E, to the origin. We use S =
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S — A/d; then, using the Taylor expansion as in [15], we get

§:SR(t)—d§(t)+ﬁA£(t)+O< 3), (30)
g=—<‘87Ak+ M1b+M°> +O( ) (31)
R _ = —(d+ )R+ pI(t +o(|S,I,R|3), (32)

Using eigenvectors, we find following transform:

I(t) = X(t),
S(t) (= (8u /(d +8)) + (BAIA))I(t) + Y(t) = (8dI((d + 8)(2d + 8))) Z(¢)
- ! ,
_Z(t) -~ ()
R(t)= = (33)

Thus, using these variables in (30), we obtain

dX _ (BAk  —u ty PO /(d+9)) + (BA/)) 1,
E:'(TJ“ by d )X
+XO(|Y, Z|) + O(|Y, Z%, |X, Y, Z|),

(34)

dy
— =Y + 01X, ¥, 2%), (35)

dz

= =-[d+8)Z+0(X, Y, ZP). (36)

It is unnecessary to calculate the center manifold if b #
(((, o) + (py ~ )OI (B(A(d + K) (dk + )~ O30, )
, and E, is a saddle node. If b= (d*((p, — py)d + (4, — phy)S
N/I(B(A(d + k)(dk + B) — 6u,d)), then, from the central
manifold theorem for systems (6)-(9), we obtain

dax BAk  B(=(8u,/(d+9)) + (BA/d))
—_— —_— +
dt d d
0d(—py +py) | Opy _ BAK] (5 4
X+ O(|X["),
badrs) Tase a % TOWD)
(37)
ay
— =AY+ 0(X.Y.Z] %, (38)
az )
= —(d+8)Z+O(IX. Y.2P). (39)
Hence, E; is a semihyperbolic attracting node.(J O

From Theorem 1, one can see that for the existence of
endemic equilibrium, BA <d(d + y + p,) is a necessary con-
dition. If <d(d +y + p,), E, is the unique equilibrium point
and we have the following theorem.

Theorem 3. For the system (4)-(7), if <d(d+y+u,), the
disease-free equilibrium E, = (A/d, 0, 0) is globally asymptot-
ically stable.

Proof. Consider the Lyapunov function V =TI in R*" with the
Liapunov derivative

. PIS b
V=T (Plo+(!41 MO)IHJI (d+y)

:ﬁS— (l"o + (1 _.”o)bf_l> - (d+Y)}I

. b
s m [ﬁS - </"o + (11~ tho) m) —(d+ )/)} I

A
d

IN

IN

IN

4+ p)|fim < (- d )[R i1

(40)

The Lyapunov-Lasalle theorem implies that solutions in
Q approach the largest positively invariant subset of set V'
=0, i.e, plane I =0. In this plane, S— A/d and R— 0
as t —> 00. Thus, all solutions in plane I=0 go to the
disease-free equilibrium E,,. Therefore, E, is globally asymp-
totically stable.(J O

Theorem 4. A sufficient condition for the endemic equilib-
rium E, to be locally asymptotically stable is Ry > 1

Proof. In this case, the Jacobian matrix has the following
form:

_ﬁI*

1+I*k_d = J
J= I _ , (41)
1+Ik “X+E-d-y 0
0 -5 -d-4

where X = (-BS*/(1+I*k)) + (BkI*S*/((1+I*k)*)) and &
=((py —p)0)I(b+T*)((I"/(b+1I%)) = 1) — . The charac-
teristic equation for the above Jacobian around its endemic
equilibrium E, is

X +Cx* + Cyx + C; =0, (42)

where C;,C,, and C; are too long to reproduce here. We
have observed that C,, C,, and C; are positive and C,C, >
C;; hence, the Routh-Hurwitz criterion is satisfied, so sys-
tems (6)—(9) are locally asymptotically stable for R, > 1.00 [J

Theorem 5. The epidemic models (4)-(7) at E, are globally
asymptotically stable if Ry > 1.
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Proof. We consider the Lyapunov function given by if

L:E* <1— §>d2+£* (1— g)dz+J; (1 - R;)dz. (1_ %) - %) <0,
(43) (1_ %)
Taking the derivative, we have (1 - :) m
(-5)5- (-5 (52 [oro 5= ose -3))
(-5 ) () et o))

L

1S
: (fi = (#o (- !‘o)r) ~(d+y)l ) (45)
+<1_%><< )I—(d+5)R) Then, we have

(.S . BIS :
_<1—? (1 H*+ds +0R" —m—dS—8R> L <0, (46)
( IT> (1 i ( (1 — ty) 5 Jhr I)I Hence, the theorem is proved.(] O
—(d+y)l - 1ﬁ+ i ( > Theorem 6. For systems (6)-(9), consider R, as the bifurca-
R* b tion parameter. Then, we have, when R, = 1, systems (6)-(9)
(d+y)I7) (1 - f) ((f‘o (# - “0)T>I which undergo forward bifurcation if b> (d°((p, — u,)d + (

#1 = 19)0))/(B(A(d + k) (dk + B) = Su,d));  systems  (6)-(9)
undergo backward bifurcation if b < (d°((u, — po)d + (1, -
. #9)0))/(B(A(d + K)(dk + ) = Ou,d));  systems  (6)-(9)
( ) ((1 1+kI { BI*S) (% - IL> undergo pitchfork bifurcation if b= (d”((u, — py)d + (4, -
) . 1)) (BA(d + k) (dk + B) — 81, d)).

KBTS (1 )}+5R ( 7) vds (1_5))
I Proof. Since R, is a function of the parameters f3,y, 9, d,
( 7) ( T+ k(14 KDY [ > and g, without loss of generality, we can choose y, as the
KBTS’ ( )}

B+T)(b+1)
et (=) (-

—(d+0)R- (Ho+(P‘1 _FO)TbI*>I* +(d+5)R*>,

< bifurcation parameter.
b+I ( > Let u, =(BA/d)—d—-y+e, we substitute this into
(6)-(9); we note that if e=0, then, it reduces to &,=1.
) We then use Taylor expansion at E; diagonalizing the linear

R part, we then apply the center manifold theorem for the
. ((d+6)R* <1 - F) - m parameter &. We found that
I I
N P d+y(1-=)), dX BAk  —IT+p,
( I*> o +d+2) ( I>> — = e+ 0(e))x (7+ T
. - * —(0I1 A
i= (1= 5 s (1- )+ (1- 1) , perd +;) +H(PAI)) O(s)>X2 +O(X?),
1 I
<(h )(b+1)< _I_*>+(‘M°+d+yﬂ*<l_1_*>> (47)
N (1 ) (d+0)R ( ﬁ) . (1 _ R_) where IT = (SA/d —d —y). Denoting the right-hand side of
R* R (47) as I'(e, X), we have
v'r I
' ( F (b+I)(b+1) (1_ F) (44) r(,0)=0,
I
Gy d et ( )+ (-7) 2 r©.0)=0,
€
st 1
'(1+k1)1+k1 {ﬁlS)(S I_*> aiXF(O,O)ZO,
g (1- )] 2

! [ s ‘ r(0,0)=-1,
(1+kI*)(1+kI)ﬁIS< T*)(“E)’ 0X0e
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0 BAk  ~IT+u, P(—(8I1/d +3) + (BAId))
ﬁr(o 0)= (7 g 7 )
__(BAK iy B(=(Om/d +6) + (BA/d))
__(7 ML . )
(48)

Therefore, the system has transcritical bifurcation if

& () = t)d + (1 — 1)) (49)

O# BlA(d+K)(dk+ )~ Sud)’

I b= (d (s, — o) + (1, = 115)9))/(B(A(d + k) (dk + )
—6u,d)), using the center manifold theory, as the above,
from (6)-(9), we obtain

(Z—}: =—(e+ O(sz))X +0(e)X?

BAk  B(—(8I1/(d+9)) +
T d
SIT  PAk
d+6 d

(BAId))

8d(~I1 + py)

b(2d+ ) +0(e) | X* + O(IX]").

(50)

Again, denoting the right-hand side of (50) as I'(¢, X),
we have

r(0,0)=0,

0
_F > =y,
5 1(0,0)=0
0

_F > =y,
55 1(0,0)=0

Py :b=Hg(p,)=

(AB—yd - d* - duy) (d + k)

7
axae! (00)=
X F(O 0)=0,
&’ _ (BAk . B(~(8IT/d + 8) + (BA/d))
WF(O’O)__<T + y
dd(-MT+p,) O  PAk
b(2d +90) d+6_7) (51)
([_s’Ak B(~(8I1/d + ) + (BA/d))
T\ ” d
Sd(-MT+p,) O  PAk
b(2d +90) d+5_7)'

It is clear that systems (6)-(9) have pitchfork bifurcation if
b= (d* (s, — o)A+ (11, — 1))/ (B(A(d + K) (dk + ) — 8,
d)) when R, = 1 [20]. We note that If ¢ = 0, the system related
with equation (47) and the system related with equation (50)
reduce to the systems in equations (34) and (37), respectively.

Since R, is a function of y,, also band k, we choose y, as
the bifurcation parameter. In Theorem 1, there are two
endemic equilibria provided that if Ry <1, € <0, and A; >0
and if € < 0 and A, = 0, then, there are two equilibria coalesce.

The basic reproducing number R, =1 defines a straight
line P, in the (u,, b) plane

AB-yd-d®

PO:AMIZ d > (52)

%=0 defines one branch of hyperbola Py (see Figure 1):

The branch of Py, has an intersection with P at point K,
where K= ((AB —yd — d*)/d, (& (4, — po)d + (1) = 4)®))/
(B(A(d +k)(dk + B) —6u,d))). We also have (dHg(u,))/d
py <O0and (d*Hy(u,))/du? >0, so Hy(u,) is decreasing
and a convex function of y,.

Now, let

. AB—yd-d*
Po:{(ﬂl’b):lfhz P }; >

& (1, — py)d + (1, — 45)9) }
BA(d+K)(dk +p) —u,d) [

Fl+ ((y+0+p)k+ P)d + (8(y +py )k + By + 0+ p,))d +ypS

_ . _Aﬁ—yd—dz dz((l"l to)d + (1 — 1,)9)
‘{("“b)"‘“ d U BAE TRk ) o d )}

(54)
Then, P, = P§ U P; UK, where P§ and P, are the parts of
P, which are separated by K. Now, we consider the curve

defined by Ay(u,, b) =0 and we indicate these curves as P,
; solving for b from A,(u,,b) =0, we got

Py :b=f4(m)- (55)
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Figure 1: For fixed k, the bifurcation curves in the (u,,b) plane
when AB>dy, +yd+d*. In D, region R, > 1, where there exists
a unique endemic equilibrium. There are two endemic equilibria
in D,. Two equilibria coalesce and a saddle-node bifurcation
occurs on P, . The forward bifurcation occurs on P; and
backward bifurcation occurs on Pj. There is no endemic
equilibrium in the first region.

We found that f ((AB-yd —d*)/d) =f, (AB—yd -
d*)/d) and straightforward calculations lead to

falw) <Heg(w)<fi(m) w € (W’(x)

Furthermore, we have found that

df (w) AB-yd-d’ L
<0, el ——, d lim —0.
m " d and lim 1 ()

&f () Ap-yd-d’ -
SLal) 5, P o) and lim —0.
g h e d and lim f (¢)

Hence, f7 (#,) and Hy(y,) are decreasing and they are
convex functions of y,.

Based on the above discussion and Theorem 1, for fix k,
we define

D, = {(bﬁﬁ): b>fu () py > W }’

AB—yd - d*
D, = {(h>!41): b>0, 4y <y < ﬂYT }> (58)

D, = {(b,yl): 0<b<fy(u)p > W }
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In Figure 1, we see that there is one endemic equilibrium
in region D, and two equilibria in region D,. The system of
equations (6)-(9) undergoes saddle-node bifurcation on the
curve P. The forward bifurcation occurs on P, and we have
backward bifurcation, which occurs on P,. The pitchfork
bifurcation occurs when transversally passing through curve
P, at point K. The mathematical system of equations (6)-(9)
has a semihyperbolic node of codimension 2 at point K. The
similar discussion can be done for fixed b and varying value
of k to show the backward bifurcation. This part is omitted
since the analysis is the same as before.(] O

5. Further Development of the Model,
Numerical Results, and Discussion

We numerically show that equilibrium point E, (S*, I*, R*) is
locally and globally asymptotically stable. For the parameters
in Table 1, R, = 6.9307, the endemic equilibrium E, exists at
E,(S*,I*, R*) = (243.9075,2.455,1.6707). Figure 2 provides
that Theorem 1 is satisfied, i.e., E, is locally asymptotically sta-
ble where initial conditions S(0) =150, I(0) =50, and R(0)
=20 are used. In Figure 2, we could see that solutions
approach to E,(S*,I*,R*)=(243.9075,2.455,1.6707). Fur-
thermore, in Figure 3, we use the parameters in Table 1 to
show that the endemic equilibrium E,(S*, I*,R*)=(
243.9075,2.455,1.6707) is globally asymptotically stable
because the solutions of S, I, and R converge to the same E,
independently from the initial values of S, I, and R.

We further simulate the inhibition effect due to the
behavioral change of susceptible population when the num-
ber of infected individuals increases. We use parameter
values given in Table 1 with k=0,0.2,1, 2, and 4. Figure 4
shows different levels of the inhibition effect: low, moderate,
and significant. The results are depicted in Figure 5, which
shows that moderate and significant inhibition considerably
reduces the number of infected individuals (I).

We now consider a modification of the model defined in
equations (6)-(9). We define a new term, which is the vacci-
nation ratio v, and incorporate this term into our existing
model. The modified model is shown in Figure 6

We assume that the vaccination rate is constant, but in
general, v is a function of susceptible, infected, and recov-
ered individuals. Using the idea from [21], we can further
modify the defined model in (6)-(9) to be

ds_ ., PIS _

= = 59
b7 g (@ vp)S+OR, (59)

dr  pIS b
FriRE T (P‘o+ (4 _P‘o)m)l‘ (d+y+yvp)l,

(60)

dR b
a vp S+ <#0 +(py — o) b+I>I +yvpl - (d+90)R,
(61)
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TaBLE 1: Random parameters used in the numerical simulations in

Figures 2 and 3.

Parameter Value Dimension
A 1.75 Individual/time
B 0.01 1/(individual x time)
k 2 1/individual
d 0.005 1/time
W 0.2 1/time
W 0.3 1/time
b 0.2 Individual
Y 0.2 1/time
0.3 1/time
250
~
£ 200+
=1
S
2 ool
< & 150
,_9 [s¥
23
(5]
% g 100+
&
o
g
< 50-
L
3
f A
0_ T T T
0 200 400 600 800
Time
—— Susceptible S
—— Infected I

—— Recovered R

FIGURE 2: Susceptible (S), infected (I), and recovered (R)
individuals as functions of time.

subject to initial conditions

S(0) =S, >0, (62)
1(0) =1, >0, (63)
R(0)=R, >0, (64)

where v is the vaccination rate of the population, p, repre-
sents the vaccine efficacy for the suspected, and p, is the
effectiveness of the vaccination in infected individuals. We
could analyze systems (59)-(62) as we did for the original
system; therefore, there is no need to duplicate the same
analysis here. We apply the modified model to describe
COVID-19 scenarios in Saudi Arabia. The total population
of Saudi Arabia is 35575027. The total reported cases in
Saudi Arabia on April 1, 2021, are 390007, and the active
cases are 5452. The Saudi government has provided

m Equilibrium
point E,

Recovered population (R)

Q)
‘O%% 20 200 “\ax\O“K
%, 0 100 {\\)\QQOQ
@ S\)CeQ
— 1IV,(100,50,20) — 1V,4(150,30,30)
— 1V,(200,70,50) — 1V5(260,80,90)

1V,(60,10,5)

FI1GURE 3: Global stability of endemic equilibrium E, for different
initial values.

11000

10000 ~

9000

8000

7000

6000

T
0 200 400 600
t

T T
800 1000
FIGURE 4: Prediction of model (46-49) for a long time, $=2.79.1
077 and R, = 1.108.

4571478 doses of vaccine until April 1, 2021, and 3818608
people of the population are considered to be immune. It
is clear from the model that we can derive the reproducing
number easily as we explained above using R, = SA/((d + v
p,)(d+y+u, +yvp;)). We now try to simulate Saudi Arabia
cases, where p;=0.5,p;=0.95 y=0.28,v=0.00233, and
R, =1.108. We use the least square method to fit the other
parameters. Figure 5 shows the model predictions in com-
parison with real COVID-19 data of Saudi Arabia for
infected individuals. The model predicts current cases nicely,
but the model prediction in the future cannot be accurate
(see Figure 4 after 1000 days). Furthermore, we know from
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F1GURE 5: Comparing the prediction of model (46-49 (black line)
with real data of Saudi Arabia (red asterisks) for f=2.79.1077
and R, =1.108.

SR(t)

ds Vaccinated dR

Susceptible

va

b
(o +(- 1) bTI)I and va

(d+y)I

FIGURE 6: Schematic diagram of the modified model. The arrows
represent a progression from one compartment to the next and
death rates.

other transmitted diseases that vaccination together with
some simple restrictions on the society could control the
spread of transmitted diseases. This fact tells us that the cur-
rent model must be modified as we do below.

It is well known that the coefficients 3, y,, and y, are
functions of time in general. But these functions can be writ-
ten using empirical assumptions by using constant parame-
ters, where empirical relations depend on disease control
measures, such as social distancing, partial closure, and trac-
ing of suspected people. In this report, we model these func-
tions as

Ho(t) = pommy (1), (65)
(
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FiGure 7: Compared the prediction of model (53-55) (black line)
with real data of Saudi Arabia (red asterisks) for v=75000
individual/per day and B, =4.1077, i.e, Ry < 1.311.

FiGure 8: Compared the prediction of model (53-55) (black line)
with real data of Saudi Arabia (red asterisks) for v=75000
individual/per day and B, =5.107, i.e, R, < 1.64.

In general, the form of the m;,(t) can be considered as in
the work of [22, 23] as

(mo—my) exp (ky(t —ty)) +my t €[tg, Ay]s
(my, —my) exp (ky(t=Ay)) +myte (A, Ay,

(=) €50 (ky (1= 2y0)) € (s 00),
(66)

where m; measures the intensity of the control measures, k;
has a dimension 1/day and simulates the efficiency of the
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FiGURrE 9: The effect of the number of vaccination on the infected
individuals (dashed line, v =100000, continuous line v = 75000,
dashed-dotted line, v = 50000).

FiGurg 10: The effect of the reproducing number on the infected
individuals (dashed line, R,<0.98, continuous line R;<1.311,
and dashed-dotted line R, < 1.96.

control measures, and A, represents the number of days for
each implemented control strategy. The vaccination rate is
also a function of time and can be assumed to equal the fol-
lowing equation

|4
N + number of NBXday - NDXday — VXday’

v(t) (67)

where V is the number of vaccinations per day, the denomina-
tor is the total population x the number of new born per day -
new death per day-the number of vaccinations per day. The
values of A;, m;, and k; are not fixed; they are different for each

11

S() |
3.0 x 107

2.5 %107

2.0 x 107

FiGure 11: The effect of vaccination on the suspected individuals
(dashed line, v =100000, continuous line v = 75000, and dashed-
dotted line, v = 50000) for B, =4.10"".

FiGURE 12: The effect of vaccination on recovered individuals
(dashed line, v=100000, continuous line v=75000, dashed-
dotted line, v = 50000) for 3, =4.107".

country. In this study, we use data from Saudi Arabia. Under
the above discussion, our model can be written as

das IS
O = A= Bym(t) 1 — (d+v()p)S +OR,
dI IS

Fr Bomy (1) m‘*‘(l"omz(t) + (pyms(1)
o (0) o)~ (d +y + atv()]

%Z (.‘"omz(t> + (pyms(t) = pom; (1)) %)I

—(d+8)R+atv(t)I.

(68)
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TaBLE 2: Random parameters used in the numerical simulations for the real data of Saudi Arabia.

Parameter Value Dimension

Population of Saudi Arabia=N 35575027 Individual

A =nN/365 1252 Individual/time

k [0,2] 1/individual

d 3.6593.107° 1/time

1228 0.0002 1/time

W 0.15 1/time

b 100 Individual

Y 0.0028 1/time

Bo 0.0000004 1/(individual x time)

Increasing the number of vaccinations per day reduces the
reproducing number. Figure 7 shows the total infected indi-
viduals, where the continuous black line is the model predic-
tion and symbol red asterisk represents the real data of Saudi
Arabia (WHO) for the number of vaccinations v = 75000 indi-
vidual/day and R, < 1.311. We now increase the reproducing
number up to R, < 1.64, where we increase the transmission
rate of infection from 4.107” to 5.10~". Model prediction of
the current infected individuals against the real data of Saudi
Arabia is shown in Figure 8. We see that the prediction agrees
with real data even for the first month unlike the results in
Figure 7. The prediction of the model is not a feasible region
of real data; from here, we can conclude that the reproducing
number of disease for Saudi Arabia is around 1.311. We now
consider 50000 vaccinations per day and then consider
1000000 vaccinations per day to show the effect of vaccination
as in Figure 9 for f3, = 4.1077, where the dashed line represents
100000 vaccinations per day, while the continuous line repre-
sents 75000 vaccinations per day and the dashed-dotted line
represents 50000 vaccinations per day. We see that increasing
the number of vaccinations per day decreases the number of
infected individuals as we expected. We also observe from
Figure 10 that we could certainly control the spread of
COVID-19 after 200 days for more than 75000 vaccinations
per day. Next, we show the effect of the reproducing number
on the number of infected individuals. Figure 10 shows the
effect of the reproducing number on infected individuals.
The dashed line, black line, and dashed-dotted line represent
the reproducing number R, <0.98, 1.311, and 1.96, respec-
tively, for fixed vaccinations v =75000. Now, we check the
effect of vaccination and reproducing number on the sus-
pected and recovered individuals. Figure 11 shows the effect
of vaccination on the suspected population for 8, =4.107".
It is clear that increasing the number of vaccinations reduces
the number of suspected individuals. Finally, Figure 12 shows
the effect of the vaccination on the recovered population. We
find that increasing the number of vaccination increases the
number of recovered individuals.

6. Conclusions

In this paper, we established a new model with nonstandard
nonlinear incidence and recovery rates formulated to con-

sider the impact of available resources of public health, in
particular the number of hospital beds and rate of losing
immunity. We used Lyapunov’s direct method to show
global asymptotic stability of the disease-free equilibrium
when R, < 1 and global asymptotic stability of the endemic
equilibria when R, > 1. We also solved the system numeri-
cally, which confirms our theoretical results.

Vaccination is an effective method to prevent individuals
from contracting transmitted diseases like flu and cholera. In
the second part of this paper, we included a vaccination term
and found that the modified model agrees well with the real
data of Saudi Arabia.

In a forthcoming study, we will study a system with an
additional vaccinated component such as

av

— =f(V,S,ILR),
A )
ds

Z =9(V;SLR),
i (69)
5, =h Va )I)R b
g ~MVSER)
dR

— =z(V,S,LR).
7 ~2(V.SLR)

We will compare the prediction of this system with our
newly defined system in this paper.

Data Availability

The authors confirm that the data supporting the findings of
this study are available within the article and/or its supple-
mentary materials.

Conflicts of Interest

The authors declare that they have no competing interests.

Authors’ Contributions

Fehaid Salem Alshammari did the conceptualization, meth-
odology, numerical simulations, and writing of the original



Journal of Function Spaces

draft. F. Talay Akyildiz did the conceptualization, methodol-
ogy, numerical simulations, and writing of the original draft.

Acknowledgments

This research was supported by the Deanship of Scientific
Research, Imam Mohammad Ibn Saud Islamic University
(IMSIU), Saudi Arabia, Grant no. 21-13-18-004.

References

(1]

(6]

(10]

(11]

(12]

(13]

(14]

(15]

F. Brauer and C. Castillo-Chavez, Mathematical Models in
Population Biology and Epidemiology, Springer-Verlag, New
York, 2001.

V. Capasso, Mathematical Structures of Epidemic Systems,
Springer Verlag, Berlin, 2nd edition, 2008.

O. Diekmann, H. Heesterbeek, and T. Britton, Mathematical
Tools for Understanding Infectious Disease Dynamics, Prince-
ton University Press, Princeton, 2013.

W. O. Kermack and A. G. McKendrick, “A contribution to the
mathematical theory of epidemics,” Proceedings of the Royal
Society of London A, vol. 115, pp. 700-721, 1927.

F. Rao, P. S. Mandal, and Y. Kang, “Complicated endemics of
an SIRS model with a generalized incidence under preventive
vaccination and treatment controls,” Applied Mathematical
Modelling, vol. 67, pp. 38-61, 2019.

S. S. Alzaid, B. S. T. Alkahtani, S. Sharma, and R. S. Dubey,
“Numerical solution of fractional model of HIV-1 infection
in framework of different fractional derivatives,” Journal of
Function Spaces, vol. 2021, Article ID 6642957, 10 pages, 2021.
M. A. Almugqrin, P. Goswami, S. Sharma, I. Khan, R. S. Dubey,
and A. Khan, “Fractional model of Ebola virus in population of
bats in frame of Atangana- Baleanu fractional derivative,”
Results in Physics, vol. 26, article 104295, 2021.

H. M. Srivastava, R. Shanker Dubey, and M. Jain, “A study of
the fractional-order mathematical model of diabetes and its
resulting complications,” Mathematical Methods in Applied
Sciences, vol. 42, no. 13, pp. 4570-4583, 2019.

P. Samui, J. Mondal, and S. Khajanchi, “A mathematical model
for COVID-19 transmission dynamics with a case study of
India,” Chaos, Solitons & Fractals, vol. 140, article 110173,
2020.

W. Liu, S. Levin, and Y. Iwasa, “Influence of nonlinear inci-
dence rates upon the behavior of SIRS epidemiological
models,” Journal of Mathematical Biology, vol. 23, no. 2,
pp. 187-204, 1986.

Y. Cai, Y. Kang, and W. Wang, “A stochastic SIRS epidemic
model with nonlinear incidence rate,” Applied Mathematics
and Computation, vol. 305, pp. 221-240, 2017.

M. Alexander and S. Moghadas, “Periodicity in an epidemic
model with a generalized non-linear incidence,” Mathematical
Biosciences, vol. 189, no. 1, pp. 75-96, 2004.

World Health Organization, World Health Statistics 2005-
2011.

H. Zhu, S. Campbell, and G. Wolkowicz, “Bifurcation analysis
of a predator-prey system with nonmonotonic functional
response,” SIAM Journal on Applied Mathematics, vol. 63,
Pp. 636-682, 2003.

C. Shan and H. Zhu, “Bifurcations and complex dynamics of
an SIR model with the impact of the number of hospital beds,”

(18]

(19]

[20]

(21]

[22]

(23]

13

Journal of Difference Equations, vol. 257, no. 5, pp. 1662-1688,
2014.

https://www.astrazeneca.com/media-centre/covid-19-media
html.

The Centre for Disease Control and Prevention (CDC),
“COVID-19 vaccination,” February 2021, https://www.cdc
.gov/coronavirus/2019-ncov/vaccines/index.html.

Ministry of Health (MOH), “COVID-19 vaccines,” February
2021, https://covid19awareness.sa/en/archives/.

P. Van den Driessche and J. Watmough, “Reproduction num-
bers and sub-threshold endemic equilibria for compartmental
models of disease transmission,” Mathematical Biosciences,
vol. 180, no. 1-2, pp. 29-48, 2002.

S. Wiggins, Introduction to Applied Nonlinear Dynamical Sys-
tems and Chaos, Second Edition, Texts in Applied Mathematics,
vol. 2, Springer-Verlag, New York, 2003.

B. H. Foy, B. Wahl, K. Mehta, S. Shet, G. I. Menon, and
C. Britto, “Comparing COVID-19 vaccine allocation strategies
in India: a mathematical modelling study,” International Jour-
nal of Infectious Diseases, vol. 103, pp. 431-438, 2021.

B. Ivorra, M. R. Ferrandez, M. Vela-Pérez, and A. M. Ramos,
“Mathematical modeling of the spread of the coronavirus dis-
ease 2019 (COVID-19) taking into account the undetected
infections. The case of China,” Communications in Nonlinear
Science and Numerical Simulation, vol. 88, article 105303,
2020.

A. M. Ramos, M. R. Ferrandez, M. Vela-Pérez, A. B. Kubik,
and B. Ivorra, “A simple but complex enough 6-SIR type
model to be used with COVID-19 real data. Application to
the case of Italy,” Physica D, vol. 421, article 132839, 2021.


https://www.astrazeneca.com/media-centre/covid-19-media.html
https://www.astrazeneca.com/media-centre/covid-19-media.html
https://www.cdc.gov/coronavirus/2019-ncov/vaccines/index.html
https://www.cdc.gov/coronavirus/2019-ncov/vaccines/index.html
https://covid19awareness.sa/en/archives/

Hindawi

Journal of Function Spaces

Volume 2021, Article ID 8331731, 11 pages
https://doi.org/10.1155/2021/8331731

Research Article

Hindawi

On Impulsive Boundary Value Problem with Riemann-Liouville

Fractional Order Derivative

Zareen A. Khan(®,' Rozi Gul,> and Kamal Shah %>

ICollege of Science, Mathematical Sciences, Princess Nourah bint Abdulrahman University, Riyadh, Saudi Arabia
Department of Mathematics, University of Malakand, Chakdara Dir (Lower), Khyber Pakhtunkhawa, Pakistan
*Department of Mathematics and General Sciences, Prince Sultan University, Riyadh, Saudi Arabia

Correspondence should be addressed to Zareen A. Khan; zakhan@pnu.edu.sa

Received 17 June 2021; Revised 4 August 2021; Accepted 27 August 2021; Published 30 September 2021

Academic Editor: Badr Saad. T. Alkaltani

Copyright © 2021 Zareen A. Khan et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

Our manuscript is devoted to investigating a class of impulsive boundary value problems under the concept of the Riemann-
Liouville fractional order derivative. The subject problem is of implicit type. We develop some adequate conditions for the
existence and puniness of a solution to the proposed problem. For our required results, we utilize the classical fixed point
theorems from Banach and Scheafer. It is to be noted that the impulsive boundary value problem under the fractional order
derivative of the Riemann-Liouville type has been very rarely considered in literature. Finally, to demonstrate the obtained

results, we provide some pertinent examples.

1. Introduction

The fractional order differential equations (abbreviated as
FODEs) are the generalization of the ordinary differential
equations of the integer order. In the 17th century (1665),
the great mathematicians Newton, Leibnitz and L’Hospital
introduced for the first time the idea of fractional order dif-
ferential equations (FODEs). Later on, in 1823, another
mathematician by the name of Lacroix, introduced the frac-
tional derivative [1] of simple power function. Furthermore,
this area has been studied by many researchers because it
has significant applications in various fields of science and
technology in mathematical modeling of different fields of
Science and Technology. For instance, some phenomena
including the diffusion process [2], some chemical processes
of electrochemistry [3], infectious disease in biology [4], signal
and image processing [5], dynamic processes [6], and systems
control theory [7] can be excellently described by using
FODE: instead of the ordinary derivative. For further applica-
tions of FODEs, we refer to [8—13] and the references therein.

On the other hand, an interesting and important branch
recently got warm attention known as impulsive differential

equations (IDEs). In recent times, the said area has been
increasingly used to model many physical and social phe-
nomena in social sciences in a very interesting way. Cur-
rently in the said area, significant contribution has been
done by various researchers like Simeonov and Bainov
[14], Benchohra et al. [15], Lakshmikantham et al. [16],
and Samoilenko and Perestyuk [17]. Benchohra and Slimani
[18] has initiated the study of FODEs under impulsive con-
ditions by using fractional derivatives of the Caputo and
Riemann-Liouville type with order « € (0,1). In addition,
some applications of IDEs have been studied in various
scientific disciplines such as biology, geography, engineer-
ing, dynamics, physics, geology, and management sciences.
In terms of the important applications of IDEs, due to
important applications of IDEs this field has a lot of sig-
nificance and concentration (see [19-22]). For general
research and significance, we refer some more important
publications [23-26]. Many researchers have recently stud-
ied nonlinear FODEs with different kinds of boundary and
initial conditions. Boundary value problems have signifi-
cant applications in various fields of dynamics and fluid
mechanics as well as engineering disciplines. Here, it is
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remarkable that problems under integral boundary condi-
tions have some important applications in fluid mechanics,
chemical engineering, thermoelasticity, flow of groundwater,
population dynamics, and more (see [27-29]). Furthermore,
we also refer some significance of FODEs under integral
boundary conditions as discussed in [27-31].

Recently, due to increasing applications of FODEs
to model real world problems more comprehensively,
researchers are taking keen interest to investigate different
areas of fractional calculus. In particular, the use of FODEs
in mathematical modeling of infectious diseases and other
biological phenomena have got more attention. Various
researchers have studied the fractional predator-prey path-
ogen model, the n-predator-prey model with herd behavior,
etc. (see [32-34]). Further, there is also modeling of the
interaction between tumor growth and the immune system,
edge-detecting techniques, an infectious diesease on a pre-
predator model, etc., (we refer to [35-40]).

As stated earlier, the area devoted to IDEs with a frac-
tional order has many applications. These differential
equations can be modeled to those evolutionary processes
which are subjected to abrupt changes in their states.
Recently, some authors have used IDEs for the mathemat-
ical modeling of certain biological events. It is remarkable
that impulsive differential equations are using in mathe-
matical models which give rise to some important dual-
layered impulsive systems. The said systems will open
new doors in the future to develop a general mathematical
theory for the said systems. For instance, the author of
[41] has obtained very interesting results in this regard
for various kinds of biological models of infectious dis-
eases. Here, we remark that a very basic and important
qualitative problem in the investigation of IDEs with a
fractional order concerns the existence theory of solutions.
For these purposes, researchers have used the classical
fixed point theory and some tools of nonlinear analysis.
For instance, in [42], the authors have applied fixed point
results to develop the corresponding existence theory of
solutions by using the Caputo derivative of the fractional
order. In the same line, in [43], the authors have used
the Picard-type analysis to investigate the stochastic-type
IDEs of a fractional order by using the Caputo operator.
In all these papers, the Caputo operator has been increas-
ingly used. It is to be noted that the fractional order deriv-
ative of the Riemann-Liouville type has been very rarely
used in IDEs.

Authors [44] have established existence theory for frac-
tional order IDEs with initial conditions by using the fixed
point theory. The authors in [45] investigated the following
problem of IDEs under the fractional order derivative of
the Riemann-Liouville type as

RLDakr(z) =f(z1r(2)), z€[0,T),z#z,,1<a,<2,z€ 7,24z,

Ar(z,) =y, (r(z,)), m=1,2,3,-4,
Ar(z,) =y (r(z,), m=1,2,3,.4,
r(0)=0, D% 'r(0)=p,
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where € Z and f : [0, T] x & — & is a continuous func-
tion. They developed sufficient conditions for the existence
of at least one solution to the considered problem by using
a fixed point approach.

Motivated from the said work given in (1), we are inter-
ested in studying a class of nonlinear implicit fractional
order IDEs under the Riemann-Liouville derivative with
the Riemann-Liouville-type integral boundary conditions as

Ry (z) :f(z, r(2), RLD“T(Z))’ l<a<2ze g z#z,

Ar(z,,) = Y, (r(2)

AT1(2) =Y (2

)) m:1y2)3)"')q)
)): m=132)3)"')q)

I"r(0)=0, I*“r(1)=0,

(2)

where ®D is denoted as the Riemann-Liouville fractional
order derivative, £ =[0,1], f: F XRZX A —> R is a con-
tinuous function. Furthermore, v, v, : & — A are con-
tinuous functions for m=1,2,---,q and
Ar(z,,) = “r(z),) = I, “1(z,,), Ar(z,) =L “r(z),) 12
(z,,) with r(z}) =lim,_ g r(z, +h), r(z,) =lim,__ ;- r(z,
+h), m=1,2,.---,q, for 0=z,<z, <z, - <z4;=1. And
also, where I'™%, I*™* are denoted as the Riemann-Liouville
integral of fractional order 1 —a < 0,2 -« >0 on 7, respec-
tively. To establish the required results, we utilize the
Scheafer fixed point theorem to investigate sufficient condi-
tions for the existence of at least one solution to the problem
under consideration (2). Furthermore, the criterion of
uniqueness is derived by using the Banach contraction theo-
rem. For the demonstration of our results, we provide some
concrete examples.

2. Preliminaries

In this section, we provide some important results, basic def-
initions, and lemmas from the literature of fractional calcu-
lus [1, 3, 10, 11], which are needed in this manuscript.

Let 7 =[0,1], 7y = (2,21, and 7, = (2,,, 2,ps1 | for m =
1,2,3 - q. Suppose that PC(7,R)={r: F — R;re®
(2> Zip1)s R),m=0,1,2,--,g+ 1} and r(z}) and r(z,)
exist with r(z;,) ={r(z,,), m=1,2,---,q}. Note that PC(7,
AR is a Banach space of piece-wise continuous function with
norm ||r[| = sup, 7|r(z)|

Definition 1. The integral of the Riemann-Liouville frac-
tional order 8> 0 of a continuous function f : (0,00) —
R is defined by

1°f(z) = J (=9 f(s)ds, ze(0,1). (3)

o T(B)

Therefore, the right side is point-wise defined on (0,
00), where I' is the symbol of gamma function defined
as T'(B) = [ e *sFds.
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Definition 2. The derivative of the Riemann-Liouville frac-
tional order >0, of a continuous function f € C[0,1] N L]
0,1], b> 0 is defined by

“'f)= () . (p()_;f)f ()

n-1<p<nze(0,1),
(4)

where n=[f] + 1, [B] represent the whole part of the real

number f; therefore, the right side is point-wise defined on

(0, 00).

Definition 3. If the function f : (c,d) — & is at least n

-times differentiable, then the Caputo fractional derivative
of order 3> 0 is defined as

Z(p—s n-f-1
“Dif(e)- | E)T s

TP n-1<f<nze(cd),

(5)
where n=[f] + 1.

Lemma 4 [11]. Suppose >0, and reC(b,d)NL(b,d).
Then, FODE

RpPr(z) =0, (6)

(z-s)*"

r(2) = J I(a)

Proof. Suppose r(z) is a solution to Problem (9); then, taking
the Riemann-Liouville integral on both sides to using
Lemma 5, there exist some constants ¢y, ¢; € & such that

r(z) = J: (z;(?)“"l o(s)ds — cgz* ' = ;2%

Again taking the Riemann-Liouville integral to using
Lemma (9), for some constant d, d; € &, we have

z€[0,z,]. (11)

r(z) = JZ (Z;(Z;H o(s)ds—dy(z—2)"" —d(z-2,)*%

has a unique solution given by
r(z) =d,(z= b)Y + dy(z = b)P 24 td, (2 - b)Y, (7)
Where di Ef%; 1= 1)27"') n, and n—1 <ﬁ<n.

Lemma 5 [11]. In particular, >0 and r € C[0, 1| N L[0, I].
We have

IﬁDﬁT’(Z) = V(Z) + alzﬁ_l + %Zﬁ_2+---+anz/5‘”, (8)
where a, € B, k=1,2,--,n, and n— 1< f<n.

3. Main Works

To convert our considered problem in to an impulsive frac-
tional integral equation, the given Lemma is provided.

Lemma 6. The solution of the given linear IDE of the frac-
tional order with the Riemann-Liouville derivative

r(z)=0(2),

RLp® I<a<2,z€ f,z#z,,
m:1)273>"')qs

)’ 7”1:1)2,3)"'%

is given by

r (z-9)"" o(s)ds+7,, Ui(l —5)%0(s)ds + ((1 -z,) (JZ (2, = 5)0(5)ds — Wm(f(zm))>)

0

o([] Cn ot yiriam) )| 0.5

J(S)ds - [((Z - Zm)a_l + ((Z - zm>(x_1 + Zm(Z - Zm)a_z)) (1 - Zm)] (10)

Now, by using the impulsive conditions, we have Ar(z;)
=1 r(2}) - I%r(z) = vy (r(2)) and A"r(z,) = I2*r(z})
- Iﬁl’“r(zf) =y} (r(z,)), and we find that

2

—dy = J (21 - $)0(s)ds — ¢ — 12 + v, (r(21)),

-d, = J (21 = 9)’0(s)ds —cozy — ¢, +y; (r(z)).  (13)



Thus, putting the values in (12), we have

r(z) = Jz M

T(a) o(s)ds—(z—z)*"

2y

' (J (21 = s)o()d ~(z-2,)""

0

([ @-srewi-vine )))

—co{ z—zl) "‘2

+2(z-2)""}
—cl{z1 (z=2)" +(z-2))" 2},

The above process can be repeated in this way until we
obtain the solution r(z) for z € (z,,, 2,,,,] as

r(z) = Jz L “97

T o(s)ds—(z-z,,)*"

m

Zim-1

. (Jim (2, — s)zo(S)dS - W;(”(Zm)))

m—1
Y4z,(z- zm)“’z}

_CO{(Z_Zm)M
- Cl{z;ql (Z - Zm)Wl + (Z - zm)aiz}’ z¢€ (Zm’zm+l]'
(15)

Now, applying boundary condition I'**r(0) = 0 and I**
r(1) =0 to get the values of constant ¢, and c,, we have

- <j (o —s>o<s>ds—wm<r<zm>>> ()

=0,

€= sz (1-s)’0(s)ds - z,,(1 - z,,)

ZWI

([ n-oeris- vt (16)

0

([ 9o i ) ).

0

The values of ¢y, ¢, putting in (11) and (15), one can
obtain (10). On the contrary, suppose r(z) is a solution
of the impulsive fractional integral equation (10). Follow-
ing the direct calculation, we see that (10) satisfies the
problem (9). O

For simplification, we use the following notations:

o, = 31[(1)pl] | (z-2,)" "+ {(z- 2,) "+ 2, (2 - zm)"‘"z}(l -z,)
z€|0,

>

0, = sup |(z-z,)*”

+ {(z -z,) " +z,(z - zm)“"z}
z€[0,1]

>
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05 = sup ’(z—zm)""1 )""2’. (17)

z€[0,1]

+z,(z-z,

For the existence and uniqueness of the solution, we use
some fixed point theorems. To transform the considered
Problem (2) to a fixed point problem, we need to define
the operator by M : PC( 7, Z) — PC( 7, R) as

(@) o(s)ds—[((z—z,)"
)(1-2,)]
x (j (o —s)o(s)ds—wm<r<zm)>>

- [(Z_Zm)‘rz + ((Z_Zm)t)ﬁl +2,(2- zm)aiz)]

X (J (Zm —s)ZU(S)dS—w;(f(Zm))>

(2= 2,)" " +2,(2-2,)7?) (J (1- s)zo(s)ds> .
(18)

+((2=2) " +2,(z - 2,)"

1

Zm

By using Lemma 6 with r(z)=f(z, r(z),"D(z)),
Problem (2) is reduced to a fixed point problem Mr(z) =
r(z), where the operator M is given by (18). Therefore,
Problem (2) has a solution if and only if operator M has
a fixed point, where 7(z) = f(z,7(z), 7(z)) and 7(z) = ! D"
r(z). The following hypotheses are satisfied:

(H,) The function f : X & x X —> R is continuous

(H,) There exist some constants K* >0 and 0<L* <1,
such that

[f(z.7(2), 7(2)) = f(2,7(2), 7(2))|

<K*|r(z) = 7(2)| + L*|7(2) - 7(2)),

(19)

for any r,7 € PC( 7, R), 1, 7€ R, and z € .
(H;) There exists a constant N} > 0, such that

[V (r(2)) =¥, (7(2)) | < Nifr(2) =7(2)|,  (20)

for each r,7 € PC(f, %) and m=1,2,3, -+, q.
(H,) There exists a constant N > 0, such that

¥ (r(2) — v, (F(2) | < N3 [r(2) = 7(2),  (21)

for every r,7 € PC(#, %) and m=1,2,3, -+, q.
We use Banach fixed point theorem to prove that prob-
lem (2) has unique solution.
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Theorem 7. Under hypotheses (H,;)-(H ) and if the following
condition holds

K 1 0, 0z 03 * -
——|=———+—=+ 2=+ 2| +(0;N]+0,N3)| <1,
- \T(a+1) 2 3 3

(22)
then, there exists a unique solution for Problem (2) on f.
Proof. Let r,7 € PC(#, %) for some z € 7, we have
[Mr(2)

- M(z)|

<[ (r@3> (5.9 () ~ (5, 7(5)

Z,

7(s))|ds

+|(z-2, +{z Z,)" 1+zm(z—zm)""2}(l—zm)|

x (J (2 = (5 H) 7(5)) — (s (), 7(5))|ds

+ ¥, (r(2)) - ll/m(r(Z))> +1(z=2,)"
z,)" |
(20 =) 1f (5, 7(), 7(5)) = f (5, 7(5), 7(5))|ds

+{(z2=2,)"" +2,(z

Y (1(2) = ¥, (7(2)) ) +|(z=2,)"" + 202 - 2,)"7

X (J (1=9)*|f(s,7(s), 7(s)) —f(S’f(S)ﬁ(S))IdS)’

Zm

(23)

which further gives

\Mr(z) - MF(2)
<| 5 () = T(o)ds+ (2= 2)"
{(z Z, m(Z2=2,)" }(l—zm)|

x (J (2 = 9)[7(s) (S)+Wm(f(2))—wm(7(2))l>

+|(z mzm 2+ {(z-2,) " +2,(2-2,,) 7}

X(J (2 =$)*I7(5) (S)|d5+WL(T(Z))—WL(?(Z))I)

-2,) " +z,(z- 2z, “2|<J (1—5)21(5)—T(s)|ds),

(24)
where 7,7 € €( 7, &) are given by
7(2) = f(2 1(2), 7(2)), (25)
7(2) = f(2,7(2), 7(2))

By using hypothesis (H,), we have

[7(2) = 7(2)| = |f (2 r(2), T T
<K*|r(z) - #(2)| +L*|T(Z) ~%(2)|.

Sl -l @)

Therefore, for every z € # and from (24), using hypoth-
esis (H;), (H,), and (27), one has

Mr(z) - Mr(2)|
< e ras e 2

m

+{(z=2,)" +2,(2-2,)" "} (1= 2,,)]
X <1I_<*L* sz (2,, = 8)|r(s) = 7(s)|ds + NT|r(z) —?(z))
+(2=2,) 2+ {(z=2,)" " +2,(2 - 2,) 7}

x (1 S| 9 - r s N e - 7<z>|>

1x—2‘ K*
1-L"

ol y z,(z—-z,,)

X (J (1 —s)2|r(s) —7(s)|ds>.

(25)
Upon further simplification, (29) yields
|| Mr — M|
s ezl +al< RS

3
— ) X B
+ N7 |r—r||>+02< 3 Ir = r|+N2|r—r||)

(29)
Hence, from (29), we have
||Mr — Mr||
K* 1 o o o
<l (——+ 2+ 2+ 2) +(0,N] +0,N3)
1-L"\I(a+1) 2 3 3
x 7=l
(30)

By (22), operator M is a contraction. Thus, according to
Banach’s contraction principle, operator M has a unique
fixed point which is the unique solution to Problem (2). [



Next, we will prove that Problem (2) has at least one
solution for this, and we use Schaefer’s fixed point theorem.
Let the given hypotheses hold true:

(H;) There exist x, y, h € PC( 7, %), with

x" = sup x(z),
z€[0,1]

y* = sup y(z), (31)

z€[0,1]

h* = sup |h(z)| <1

z€[0,1]
such that

f(z1(2), 7(2))| < x(2) + y(2)[r(2)| + h(2) |7 (2),  (32)
forze #,rePC( 7, R), and T €R.

(Hg) The function y,, : PC(#, #) — R is continuous,
and there exist constants A}, B > 0 such that

¥, (r(2))| < Af|r(2)| + By, (33)
for every r e PC( 7, %), m=1,---,q.

(H,) The function y;, : PC(#, #) — R is continuous,
and there exist constants A3, B; > 0 such that

Y (1(2)) < 43[r(2)] + B3, (34)
for every r € PC(F, R), m=1,--,q.

Theorem 8. If the hypotheses (H,), (H,), (Hs)-(H,) are sat-
isfied, then Problem (2) has at least one solution.

Proof. The proof is performed in several steps.

(Step 1) The operator M is continuous

Assume {r,} be a sequence such that r, — r on PC

(> R).

For z € #, we have

|Mr,(2) - Mr(2))|

—1(s)[ds+ |(z - z,)""
}(l_zm)‘
<[ (2 = 9)7als) = (5)|d5+Wm(rn(z))—lﬁm(f(z))>

+|(z=2,) 2 + {(2 - 2,,)""

+ N

{(z Z)" m(Z=2,)"

+z,(z— zm)“_2}|

><<J (2 =$)*17a(5) = (S)|d5+wan(rn(Z))—an(’(Z))|>

(z=2,)" " +2,(z -2, "‘2|(J (1—5)2|Tn(5)—‘[($)d$>,

(35)
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where 7, (2), 7(z) € PC( 7, R) are given by

7u(2) = f(274(2), 74(2)),
(2) =f (2 1(2), 7(2))-

Now, from assumption (H,), we have
|74(2) =

7(2)| =|f (% r(2)s T,

* (i))—f(z’r(z)’f(z)ﬂ (37)
<K ||rn_rH+L |Tn(z>

—7(2)].
Repeating this process, we get

[ra(2) = 7(2) < oz =1l (38)

Since r, — 1, 7,(2) — 7(2) as n —> oo for every z €
J. We know that every convergent sequence is bounded,
so for this, let { > 0 such that for every z € 7, we have |7,(z)
| <{ and |7(2) | <{. Then, we have

7(2) < (2= 5) I (2)] + |7 (2)]]

<20(z-s)"",

(z=9)""|7,(2) -

(2w =9)"T,(2) -~ 7(2 )I
(39)

for every z € ; the function s — 2{(z —s)*" and s — 2{
(z,, —s)*" are integrable on [0, 1], upon the use of these facts
and the Lebesque-dominated convergence theorem in (35).

After using assumptions (Hs)-(H,), we see that

|Mr,(z) — Mr(z)] — 0, asn— oo, (40)
and hence, we have
|Mr, = Mr|| — 0, n— oo. (41)

Therefore, operator M is continuous.

(Step 2) The operator M assigns bounded sets to
bounded sets on PC(#, %). Just prove it for
any £ >0, there exists a positive constant E*,
such that for every r€e D= {re PC( %, R), |||l
<&}, we have ||Mr| < E*. To derive this result
for each z € #, one has
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<[ Er ol ez
+ {(Z_Zm)oﬁl +zm(z_zm)a72}(l _Zm)|

x (j (2= 5)[1(5)ds + |wm<r<zm>>|>

Zm-1

#](e=20) 7+ {(2=2)" "+ 2n(z=2,)" |

x (j (2= 5)°[£(s)ds + |w;<r<zm>>|>

+ |(z—zm)"‘"1 +2z,(z- zm)"‘_2| (J (1 —s)z‘r(s)|ds>,

(42)

Z’Vl

where 7(z) € €( 7, &) is given by
1(2) =f(z1(2), 7(2))- (43)
By hypothesis (Hs) and for every z € #, we have

[7(2)| = |f (2. 1(2), 7(2))| < x(2) + y(2)|r(2) | + h(2)|7(2)]

<x(z) +y(2)||r]| + h(z)|7(2)]
<x(z) +y(z)&" +h(z)|t(z)| <x* +y & + h*|r(2)].
(44)
Thus, we have
x*+yrE .
<— 2 7 =R 45
(@)« (15)
Therefore, from (42) by using (45), one has
R* oR* ... . o,R
|Mr(z)| < Flar1) + 1T +ATE + Bl + 22—
(46)
* o¥ * G3R*
+A38 + B + 3
Hence, one has
* 1 0y 0, 03 * *\ gF * *
[|Mr|| < {R (—F(oc+ 0 totg ?) + (Al +A3)E +B] +B;
= E*,
[Mr||<E". (47)

Therefore, the operator M is bounded.

(Step 3) The operator M assigns bounded sets to equi-
continuous sets of PC(7, #). Let z,, z, € %,
and z, <z,. D is a bounded set as in Step 2,
and let r € D; then, we have

|Mr(z,) = Mr(z,)]

< ” 7(22_9&7115 s — B 7(21_5)%115 s
: J ) 4 J a4

+ | [(Zz - Zm)%l + {(ZZ - Zm)%l + Zm(ZZ - zm)uiz}(l - Zm)]

- [(zl _Zm)(xil + {(zl _Zm)(xil +Zm(zl _Zm)aiz}(l - zm)“
x (j (e = )[T(s)ds + |wm<r<zm>>|>

+| [(z2 -2,)" 0+ {(z2 ~2,)" " +z,,(2 - zm)"‘_z}}

- [(21 - Zm)a_z + {(21 - Zm)a_l + Zm(zl - Zm)a_z }] ‘

" (2= ) T(s)|ds + |w:;<r<zm>>|>

m-1

+ | [(22 - Zm)ail + Zm(zz - Zm)uiz}

m-1

Using (45) and hypotheses (Hy) and (H;) in (48), we
obtain

|Mr(z,) — Mr(z,)]

< T (2~ (-2
—R* (Zm B Zm—l)2 ]
2

X ((ZZ _Zm)a_l - (Zl _Zm)a_l)zm
-R* (zm _Zm—l)2 ]
2

+ +A[E" + B}

+A;¢" + B}

X ((22 - Zm)a_z - (Zl - Zm)a_z)zm(l - Zm)
_R* ~ 5 -
+ (Zm . mel) +A;£* +B;

X ((ZZ - Zm)a_z - (Zl - Zm)a_z)(l + Zm)
o B s N
+ Rz = 2p1)” +A;E +B;

(49)

Clearly, in the inequality (49), the right hand side
tends to zero as z, — z,. Hence, |Mr(z,) - Mr(z,)| —
0 as z, — z,. As a consequence of the passage from Step
1 to Step 3 combined with the Arzelld-Ascolli theorem, we



conclude that M : PC( 7, R) — PC( 7, R) is completely
continuous.

(Step 4) In the last step, we need to show that the
set F={r(z) € PC( 7, R): r(z) = uM(r(2)), for
some 0<p<1} is bounded. Let r € F; then,
r(z) = uM(r(z)) for some 0 < i< 1. Therefore,
for every z € 7, we have

r(z) =uM(r(z))

Now, we have

|r(2)] = ulM(r(2))|

‘ (Z - S)a_l a1
SJ ) [7(s)|ds + |(z - z,,)

+ {(Z_Zm)a_l +Zm(z_ Zm)a_z}(l _Zm)|

m

+|(2-2,)" +2,(2-2,)" <Jl (1-35)*|7(s) |ds>.

(51)
Using (45) and hypotheses (H,) and (H,) in (51), we get
R o, R cpr e OORT
|r(z)|sm+ 5 + A& + B 3
" (52)
* T
+ A8 + By + =
Hence, one has from where
* 1 01 02 O‘3 * %\ £ % *
Ir|l < {R (F(oc+1) + 5 + 3 + ?> + (A +A3)E + B +Bz]
= Z*,
7]l <Z*.

(53)
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Hence, the given set F is bounded as a result of the
Schaefer fixed point theorem, and we conclude that operator
M has at least one fixed point. Hence, the corresponding
Problem (2) has at least one solution. O

4. Examples

Here, we provide two pertinent examples to verify the previ-
ous results.

Example 1. Consider the following IDE under the Riemann-

Liouville-type integral boundary condition and the Riemann-
Liouville fractional order derivative

z+cos (r(z)) + cos (RLDar(Z))
90 + z2

)92
SURLO

I"r(0) =0, I**r(1) = 0.

1
KD (z) = 1<a<2,z€[0,1],z# 3

il —

where a = (1/2), we set

z+cos (r(z)) +cos (1(z))
90 + z2

flz,1(2),1(2)) = r(z) € PC( 7, R),
7(z) € R,andz € 0, 1].

(55)

Clearly f is a jointly continuous function.
Now for every r(z), 7(z) € PC( %, R),
and z € [0, 1], we have

1(2), 7(2) € R,

[f(z.7(2), 7(2)) = f (2, 7(2), 7(2))|
_ |z +cos (r(2)) + cos (1(2)) _ Z+cos (r(2)) + cos (T(Z))‘
90 + z2 90 + z2
_ |cos (r(z)) = cos (¥(z)) + cos (7(z)) — cos (T(Z))’
90 + 22
_|cos (r(z)) - cos (r(z))‘ L |cos (1(2)) = cos (T(2))
- 90 + 22 90 + 22 ’

[ (7(2),7(2)) £ (272, T(2))| < g (17 =71+ [£= 7).

(56)

Which satisfies hypothesis (H,) with K* =L*
Now, we set

oo ()22 e

(57)

= (1/90).
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Then, for r(z), 7(z) € PC(#, &), we have

n(5) ()
sin (r(1/5)) B sin (7(1/5))
30 30

(58)

1 _
< —|r—7|
30

Therefore, with N} = (1/30), hypothesis (H,) is satisfied.
Next, we set

. (1 i 1 e (r(1/5))
w(s)=i((s) -

Then, for r(z), 7(z) € PC(#, &), we have

ri(r(s)) i(6))l-

rePC(7, R). (59)

e (r(15)  =(7((1/5)))

15 15

1

<
15

(60)

|r—7].

e? +e % sin (\/@) +sin ( RLD"‘r(z))

Thus, with N5 = (1/15), hypothesis (H,) is satisfied. Fur-
ther, we need to satisfy the given condition of Theorem 7, by

K* 1 o, 0, 0, . .
——|=——+—=—+—=+ =)+ (0 N] +0,N3)
1-L*\I'(e+1) 2 3 3

1 1 35 55 28 35 55
=—||l=—+t—+—+— | +—+—| <1
90 [\I'(x+1) 20 30 30 300 150

(61)

Therefore, all the hypotheses and conditions of Theorem
7 are satisfied. Therefore, the considered problem (54) has a
unique solution on 7.

Example 2. Consider another example of IDE under the
Riemann-Liouville-type integral boundary condition and
the Riemann-Liouville fractional order derivative:

RL¢
Dir(z) = 35+ 23

tan (r(1/7))

e e e
r<7) —" (r (7)) " 55+30e)

where a = (3/2) and ®Dr(z) = 7(z). We set

e +e % sin ( r(z)) + sin < T(Z))
35+23
r(z) € PC( 7, R), 1(z) € R,z € [0, 1].
(63)

f(z1(2),7(2)) =

>

Clearly f is a jointly continuous function.
Now for every r(z), 7(z) € PC(7,R), 1(z), 7(2) € &,
and z € [0, 1], we have

f(z:7(2), 7(2)) = f(2.7(2), 7(2))|
€% +e* sin ( r(z)) +sin ( T(Z))

35+ 23

€% +e % sin (\/F(_z)> +sin ( ‘T'(z))

35+ 273

“r@ :‘”1(’@) " tan (1(17))]

1
, l<as<2,zel0,1],z# 7>

< e’zz{sin ( r(z)) — sin ( ?(z))}

- 35+73

sin ( T(Z)) - sin ( ?(z))

+
35+ 23

>

f(z.1(2), 7(2)) = f(2,7(2), 7(2))| < ;—S(If—?l +[7=7]).
(64)

This satisfies hypothesis (H,), with K* = L* = (1/35).
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Now, another hypotheses for every r(z) € PC( 7, %),
7(z) € R, and z € [0, 1], we have

f(z1(2), 7(2))]
€% +e* sin ( r(z)) + sin ( T(Z))

35+23
(65)
e? e % 1
S——+ ——= V@) + ——=|VT(z
35+ 23 35+z3‘ ()‘ 35+z3‘ ()‘
e’ e 1

<+ — .
S35+ 3B+ Ir@)l+ 35+23 [*(=)]
Thus, hypothesis (H) is satisfied with x(z) = (¢7%/35

+2°), y(z)=(e*/35+2), and h(z)=(1/35+2). Now,
we set

) (6)) - sy

Then, for every r € PC( 7, %), we have

re PC( 7, R).

(66)

tan (r(1/7))

Therefore, hypothesis (Hg) is satisfied with A} = (1/25)
and Bj =1. Next, we set

A 1 X 1 e(r(1/7))
’(?) e (’(i)) " 55+ 30e0017)°

Then, for every r € PC(#, %), we have

1
, < —|r[+1. 67
s+ 1. (67)

rePC(7, R).

(68)

N 1 e(r(1/7))

Thus, hypothesis (H;) is satisfied with A} = (1/55) and
B3 = (1/30). Therefore, all of the hypotheses of Theorem 8
are satisfied, and therefore, the considered problem (62)
has at least one solution on 7.

1 1
, < —|rl+=—=. (69)

5. Conclusion

IDEs of the fractional order have received proper attention
due to their important applications in various fields of
applied sciences. In the past, most studies have been done
using the Caputo-type fractional derivatives to handle
IDEs. In very few papers, investigating IDEs of the frac-
tional order was done using the Riemann-Liouville deriva-
tive. Therefore, we have established successfully some
important results devoted to the existence theory of a
solution to the considered nonlinear implicit IDE with
the Riemann-Liouville-type integral boundary conditions
under the Riemann-Liouville fractional order derivative.
The corresponding results for the existence and unique-

Journal of Function Spaces

ness of the solution have been archived by utilizing the
classical Schiefer and Banach contraction fixed point theo-
rems. For the demonstration of our results, we have
enriched the paper by providing two pertinent examples.
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The theory of Bessel functions is a rich subject due to its essential role in providing solutions for differential equations associated
with many applications. As fractional calculus has become an efficient and successful tool for analyzing various mathematical and
physical problems, the so-called fractional Bessel functions were introduced and studied from different viewpoints. This paper is
primarily devoted to the study of developing two aspects. The starting point is to present a fractional Laplace transform via
conformable fractional-order Bessel functions (CFBFs). We establish several important formulas of the fractional Laplace
Integral operator acting on the CFBFs of the first kind. With this in hand, we discuss the solutions of a generalized class of
fractional kinetic equations associated with the CFBFs in view of our proposed fractional Laplace transform. Next, we derive
an orthogonality relation of the CFBFs, which enables us to study an expansion of any analytic functions by means of CFBFs
and to propose truncated CFBFs. A new approximate formula of conformable fractional derivative based on CFBFs is
provided. Furthermore, we describe a useful scheme involving the collocation method to solve some conformable fractional
linear (nonlinear) multiorder differential equations. Accordingly, several practical test problems are treated to illustrate the
validity and utility of the proposed techniques and examine their approximate and exact solutions. The obtained solutions of
some fractional differential equations improve the analog ones provided by various authors using different techniques. The
provided algorithm may be beneficial to enrich the Bessel function theory via fractional calculus.

1. Introduction

The theory of special functions is a critical branch of mod-
ern mathematical analysis. During the past three decades,
several new classes of special functions have been proposed
as solutions of fractional differential equations (FDEs). No
other special functions have received such detailed treat-
ment in readily available treatises as Bessel functions. The
investigation of such functions is an important problem
in fractional calculus, which has earned much attention as
real-life problems can be analyzed well. Fractional calculus
appears in many branches of science, such as medicine, mate-
rial sciences, electromagnetics, and fluid mechanics (see
[1-4]). Many applications have been performed through
FDEs, and their solution techniques could be found, for
example, in [5-11].

We trace the existing efforts regarding fractional order
derivatives. Several definitions of the fractional order deriva-
tive have been introduced by many famous authors, such as
Euler, Fourier, Letnikov, Laurent, Griinwald-Letnikov,
Caputo, and Riemann-Liouville. Other definitions have also
been provided by Kilbas et al. and Miller and Ross in [3, 10].
The most popular definitions considered frequently in the
literature are derivatives by Riemann-Liouville, Caputo,
and Griinwald-Letnikov. Interestingly, each definition of
the arbitrary order derivative captures only a few properties
of the classical integral derivative. However, a few drawbacks
exist; for instance, 2% (1) =0 does not fulfill the Riemann-
Liouville definition. In Caputo’s definition, f(x) is assumed
to be differentiable; otherwise, one cannot use such a defini-
tion. Moreover, Liouville’s theorem in the fractional setting
does not hold. Therefore, it is clear that all definitions of
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fractional derivatives seem deficient regarding certain math-
ematical properties, such as the rules of product, quotient,
and chain. For more details concerning other properties of
these fractional order derivatives, see, for example, [4] and
the references therein.

Due to the mentioned arguments, a new definition of the
fractional order derivative is needed to achieve suitable
mathematical properties. Khalil et al. [12] introduced a
well-extended definition of the noninteger order derivative
called the conformable fractional derivative (CFD). This def-
inition is formulated as follows:

Definition 1 (see [12]). For the initial real value a, the con-
formable fractional derivative 2%f(x) of a real function
f:]a,00) — R,a€(0,1] is defined by the following:

P4f(x) = lim L h(x_z)l_a) i)

h—0

forallx > a.

(1)

The initial value a can be zero, and if the limit exists,
then f(x) is called a-differentiable.

Along with the CFD’s Definition 1, if f (x) is differentiable,
then 2°f(x) = x'*f'(x) (see [12]). Moreover, if Definition 1
holds for =0, we obtain 2°f(x) = f(x). Additionally, we
have 2°f (x) = xf' (x); hence, x = f(x)/f' (x), which indicates
that x relies on some functions; it is unreasonable. Therefore,
the CFD definition [12] does not need to hold for zero order.
For the conformable fractional integral, we state the following
definition as given in the following [12]:

Definition 2 (see [12]). Let f : [0, 00) — RR. Then, for any
B € (0, 1], the conformable fractional integral I5f (x) of order

B of f is defined as follows:
0= o )

Definition 1 depends entirely on the basic limit like the
classical order derivative. Furthermore, Definition 1 fulfills
various classical properties, such as the mean value theorem
and the product, quotient, and chain rules. Moreover, this
definition is provided with the Leibniz rule, in which other
fractional derivatives can not achieve (see [13]). Growing
attention has been paid to explore the conformable deriva-
tives due to the enormous number of their meaningful
applications in many fields of science. Abul-Ez et al. [14]
introduced a comprehensive study on the conformable frac-
tional Legendre polynomials. They presented the shifted
conformable fractional Legendre polynomials and described
an applicable scheme using the collocation method to solve
some fractional differential equations (FDEs) in the sense of
conformable derivative. Recently, the conformable fractional
Gauss hypergeometric function and a class of conformable
fractional differential equations through that function were
treated in [15]. Further interesting ideas on the conformable
derivative can be found in the work by [16-23].
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Note that some authors have demonstrated that the con-
formable derivative is not the same as a fractional order
derivative, but it is a first-order derivative multiplied by an
additional factor (see for example [23]). Hence, Definition
1 seems to be a natural extension of the conventional order
derivative to noninteger order loosing memory effect. In
addition, a new approach for finding fractional operators
was introduced by Antagan and Baleanu [24] with a nonsin-
gular Mittag-Leftler kernel with a memory effect.

Returning to the purpose of the present work, we
observe that Bessel functions are playing a significant role
in investigating the solution of important differential equa-
tions (for example, see [25]). The theory of Bessel functions
is usually used when solving problems related to information
theory, nuclear physics, radiophysics, and hydrodynamics.
Recently, as in [26-30], a resurgence of interest has occurred
in the study of Bessel functions in the framework of frac-
tional calculus theory. Along with the work in [26, 27], we
employ conformable fractional order Bessel functions
(CFBFs) to solve problems of a fractional nature. The study
of a Bessel function of half-integer order led to discovering
another interesting class of orthogonal polynomials called
the Bessel polynomials. Many authors have used these poly-
nomials. For example, Yiizbasi et al. [31] solved linear inte-
gral, differential, and integro-differential equations, while
Parand et al. [32] applied Bessel functions to solve nonlinear
Lane-Emden equations. In [33], fractional optimal control
problems were solved using the Bessel collocation method.

The present work proposes an approach to approximat-
ing the solution for some important linear and nonlinear
FDEs in the conformable sense. The paper is designed with
two objectives. The first is to establish some interesting
properties of fractional Laplace-type integrals of functions
via CFBFs. Then, we use the obtained results to establish
the possible solutions of conformable fractional kinetic
equations through CFBFs. The second objective is concerned
with developing applications of the fundamental process of
the proposed approach in terms of CFBFs. To achieve that,
we derive an orthogonality relation, expand functions in
terms of the truncated CFBFs, and effectively formulate a
scheme involving the collocation method which employed
to provide solutions of certain types of linear and nonlinear
CFBEs.

The structure of this paper is organized as follows. The
needed concepts and features of CFD are collected in Section
2. Next, Section 3 establishes useful properties of Laplace
transforms in the sense of CFBFs, with some applications
to solve a new type of conformable fractional kinetic equa-
tions. Section 4 is divided into four subsections. Section
4.1 provides essential results on orthogonality relations.
A brief study on an expansion of any analytic function
employing CFBFs is the subject of Section 4.2. In Section
4.3, we construct an algorithm for solving various kinds
of problems using CFBFs through the collocation method.
Section 4.4 presents the concepts that have been developed
through previous subsections to solve some linear and
nonlinear conformable fractional differential equations
(CFDEs), including the nonlinear Riccati FDE. Concluding
remarks are provided in Section 5.
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2. Preliminaries and Basic Concepts

The Bessel equation is a special case of the Sturm-Liouville
problem, and it can be written as [34]

<y xy’ + (- n)y=0. (3)

In view of formula (1), the authors of [26] solved the fol-
lowing conformable fractional Bessel equation:

YD Dy + ax Dy + o (7% —

around the regular singular point x = 0, and introduced the
CFBFs of the first kind J%(x) as its solution such that

. ~ (o] (_I)K P n+2k
Tu(x) = ;K!F(I’l +x+1) (2) ' (5)

Moreover, they investigated in [26] some of its recur-
rence relations from which we may mention

D) = a5 (),
D3 (6)] = —ax ", (),
PU3(x)] = a1 (x) — e T3, ©)
D] = L Talx) -l (3),

In the following, we are about to recall some essential
definitions and results which are needed in the sequel.

Definition 3. The Gauss hypergeometric function ,F,(a,b;
c;x) is defined by (see [35])

[e9)

Z ”
©), nl’

(a,bsc;x) x| <1 (7)

where (§), stands for the familiar Pochhammar symbol
which can be written in terms of Gamma function as

=8(6+1)(6+2),,
(8)

Definition 4 (see [36]). The function ,y,(x) where p and q

refer to its numerators and denominators, respectively, is
called the Fox-Wright function, and it can be defined by
the formula

Z]—L I(a;+ny;) X"
H;l b+nv)n"

©)

pVa(¥) =¥,

(6+n-1), ne]N,((S)O:

such that Z?zlv] -2 u; > -1, where a;, bjeR(i=1,2,,
p3j=129).

In particular, when y, = v;=1 in Definition 4, then the
function ,y,(x) immediately reduced to the generalized
hypergeometric function »Fq (see [35]). Abdeljawad [16]

defined the fractional Laplace transform in the conformable
sense as follows:

Definition 5 (see [16]). For a real valued function f : [0,00)
— R, the conformable fractional Laplace transform of
noninteger order , « € (0, 1] is given by

Lif(0)=Fu(0 = | 0= [ e e tar
(10)

The inverse fractional Laplace transform is the transfor-
mation of a fractional Laplace transform into a function of
time. If L [f(t)] = F,(s), then f(¢) is the inverse fractional
Laplace transform of F(s), and it can be written as

(11)

Remark 6. If a = 1, then (10) is the classical definition of the
Laplace transform of integer order.

Furthermore, the author in [16] gave the following inter-
esting results.

Lemma 7 [16]. For a real valued function f : [0,00) — R

satisfying L,[f(t)] = F,(s), a € (0, 1], the following relations
hold true:

(1) Fy(s) =L[f(at)"™], where L[f(t)] = [e™'f(t)

(2) L,[1]=1/s, s>0

[
(3) Ly[t?]) = oa*((I(1 + (pleo)) )1 (s™#))), s> 0
[

(4) L[] = 1/(s - k)

24

3. Fractional Laplace Transform of the CFBFs

1 . . . . . .
In this section, we derive some new interesting fractional

Laplace-type integrals of functions involving CFBFs. Then,
as an application, we are going to employ the obtained
results in order to find the possible solutions of the fractional
kinetic equations in the conformable sense associated with
CFBFs.

3.1. Fractional Laplace Integral Formulas

Theorem 8. Let J5(x), a € (0, 1] be the CFBFs; then,

L{Ja(0)} =

o n+l n . '—042
Wze T’§+1’n+1’s_2 . (12)



Proof. Owing to the definition of CFBFs (5) and applying the
conformable fractional Laplace transform operator of order
a € (0, 1] as stated in Lemma 7, we have

According to (3) of Lemma 7, one can see

a™ [ (n+2k+1)
Sn+2x+1

—1)¢
La{]z(t)} = ,;)K'F(Vl f Kﬁ)- 1)2n+2K

o Z I'(n+2x+1) [-a?]"
T opngntl kIl (n+x+1)2% | 2

Z n+1 —(X2 *
2n5n+1 K' n+1 22K 5—2 '

(14)

Using the identity (n +1),, =2*((n+1)/2), ((n/2) + 1),,

we obtain
(n+1)12) ((n/2) +1), [-a*]"
L {J%( = -
ATalt 2”5”+1 Z kl(n+1), [ s2
(15)
Therefore, the result is established. O

Now, consider the Fox-Wright function ¥, defined in (9)
to deduce the following important results.

Theorem 9. Let J%(x), a € (0, 1] be the CFBFs. Then, the fol-
lowing relation is satisfied:

L {J%(a"t")} = (aa)t" ((yn+1,2u) .M)

2”5“"”1 1 (1’l+1,1) ’ 4521

(16)
Proof. By combining (5) and (10), we get

0 1 K a‘u pa (n+2xk)
sz{]‘;f(a#t#)}:]““{z K!F((n+)1c+ 1) < ; ) }

(n+2x)

2
K'F n+K+1 Qn2K “{ H K)}'

(17)

[\/]8

x=0
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Due to (3) of Lemma 7, it follows that

© qH(n+2x)
L (a"t")}
ol Z’ (n+K+1)2m*
at <”*2" I'(pn +2ux + 1)
sun+2pr+l

_atatn ST (un+ 2ux+ 1) l—(oca)”‘] *

S 2nsntl Lo D(n+ o+ 1) 452
~ (aa)" (un+1,2p) . _(W)Zﬂ
2! 1( (n+1,1) 452")’
(18)
as required. O

Theorem 10. Let J%(x), o € (0, 1] be the CFBFs. Then,

(o)™ (n+u,2) ‘ —o?
Zig Vi (n+1,1) 42)

(19)

L} =

Proof. As proceeded in the proof of Theorem 8 then, relying
on Equation (5) and Lemma 7, we conclude that

L {ta(y—l)]tx(t)} _ i (_I)K L {ttx(n+2x+;4—1)}
* " SRI(n+x+1)2m2
00 (_I)K

Skl (n+x+1)2m2

a MU (4 25 + )
' s(n+2K+p)

_oamt if( +2k+p) [—a*\"
_2”5”+”K:0F(1’1+K+1>K! 42 )

Theorem 11. Let J%(x), a € (0, 1] be the CEBFs. Then, the fol-
lowing identity holds:

L {ta(ﬂl)]“ (f) } =
o n t

G G
7o Vi gy g2

(21)
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Proof. The reduction of (5) and (10) yields

_ 1 - (-1)* ke
o 1) ya _ 2 o n—2k—1
L“{t o <?> } C SdT(n+x+ 1)2”*2“L“{t ; )}

(o] (_1)1(
Sk (n+ Kk + 1)2m2

aW 2N (- n - 2k)

S([A—n—ZK)
ot OZOZF(‘u—n—ZK) -2\ "
S 2" ST(n+k+ 1)kl \4a? )
(22)
which ends the proof. O

The above obtained results provide the necessary tools
which enable us to carry out the following interesting study.

3.2. Fractional Kinetic Equations Associated with the CFBFs
and Their Solutions via Fractional Laplace Transform. One
of the most important equations in mathematical physics
and natural sciences is the kinetic equation, which describes
the continuity of motion of substances. Therefore, many
researchers investigated extensions and generalizations of this
equation in the context of various fractional calculus opera-
tors. For such type of work, we refer for example to [37, 38].
We begin by briefly reviewing these previous efforts; then,
we introduce our extended form of the fractional kinetic dif-
ferential equation associated with the CFBFs. Assuming that
N(t) denotes an arbitrary reaction which depends on time,
d refers to the destruction rate, and p is the production rate
on //, Haubold and Mathai [37] characterized the FDE of
the quantities /#(¢), d and p, by the formula

aw

AL =) + o) (23)
where A, (t*) = /(¢ — t*) for t* > 0. In the case where spatial
fluctuation or inhomogeneities in the quantity /() is
neglected, the authors in [37] handled the following equation:

i) (24)

where the primary condition //;(t =0) = /4, gives the num-
ber density of species i at time ¢ = 0 and constant ¢; > 0. Equa-
tion (24) is known as the standard kinetic equation.
Alternatively, if the index i is neglected, then, by integrating
the standard kinetic Equation (24), one can get

N(t) = Ng=coD ' N (1), (25)
where ;2! is the standard integral operator. Equation Equa-
tion (25) has been extended to the fractional setting in the
form (see [37]).

H(t) = Ny =ce@ N (8), (26)

where (27" denotes the standard fractional integral operator
in Riemann-Liouville sense (see [10, 39]).

Now, consider the conformable fractional kinetic equa-
tion in the form:

H(t) = No=clo(H (1)), (27)

where I,(-) is the conformable fractional integral of order
ve(0,1] in the frame of Definition 2. Accordingly, we
develop here a new type of generalization of the fractional
kinetic differential equation in the conformable sense involv-
ing the fractional-order Bessel function in view of a frac-
tional Laplace transform.

Remark 12. The solutions we are going to conclude for the

conformable fractional kinetic equations will be determined
through the generalized Mittag-Leffler function E,, , (x) [36],

which is defined as

(o) xn
E =) —, , . 2
o= X Fmy B0 (28)

Theorem 13. For d > 0 and « € (0, 1], the following conform-
able fractional equation

N(O) = N o{J5(1)} = =L (N (1)) (29)

has a solution in the form

W(t):moi(—z)Kr(n+2K+1) <ﬁ>n+2x

—  kll(n+x+1) 2

—d*t®
: E(],H+ZK+1) ( o ) :

Proof. Following Abdeljawad [16], then, in virtue of I, (f(¢)),
we have

(30)

LAL(f()} = 21, (31)

where F,(s)=L,{f(¢t)} defined in (10) and I, is the con-
formable fractional integral operator (2). Acting by the con-
formable fractional Laplace transform on both sides of
Equation (30) implies that

LN (1)} = NoLo{T(0)} = =d"L{L(H (1)} (32)

Combining Equation (5) and Equation (31) leads to

v (_I)K n+2K
Aal) =4 Sl (n+ K+ 1)2m2 “{t ( )} (33)
N o(s)

:—daT,



dlx [ee] (_1)1{
No($) ([ 1+ =) =4y ) .
s Skl (n+k+1)2" (34)
. J e—s(t“/u)tot(nJrZK)d(xt.
0
Considering Equation (10) with (34), we obtain
- S (-D)fa™2)  I'(n+2Kk+1)
N 1+ — )=
a($)< + S ) 0 ;K'F(H + K+ 1)2n+2x 2+l

(35)

Therefore,

) (_1)K06(”+2K>F(n+2x+ 1) 1 4\ !
S wl(n+x+ 1)2n+2x SRl

-y i (-1)*a™ I (n+ 26+ 1)

S KIT(n+ K+ 1)2m2%

x=0 (
)i( d“/s)

o0
(1
5n+2K+1 Z
a2 (n+ 2K+ 1) i 1)'d™

i=0
—./V z
pom K'F n +K+1 2n+2;< 1=O n+2K+1+1

N

i

(36)

With the aid of the inverse Laplace transform (10), it fol-
lows that

00 K (n+2x
B (-1) al >F(n+21c+1)
(D)= Z K'F(n + K+ 1)2m

x=0

dm 1 (n+2K+i)

o0
Z ”"2"“1“ n+2K+i+1)

S (1) T(n+2K+1) (15"
ol =)

an+1c+1) 2

ooK=O oo i (37)

Z —dt

Sl(n+2x+i+1) o
B i D) T (n+2k+ 1) (19"
UL W(nvk+l) \2

—d“t®
’ E(l,n+2x+1) ( p )
O

Theorem 14. The solution of the following conformable frac-
tional equation

N(t) = N T (dH )} = =d T (N (t)), ford,u>0,a€ (0, 1],

(38)
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is given by
L Q (D) T (np+ 2uk + 1) [dHe\
/V(t)_'/VOZ;) kKl(n+x+1) 2
~ (39)

—d*ut®
. E(I,ny+2;m+1) <T> .

Proof. Operating the conformable fractional Laplace trans-
form on both sides of Equation (38), we get

L{ (1)} = MoLo{T5(d 1)} = =d™L{1,((1))}.  (40)

In view of Equations (5) and (31), we obtain

N
Hofs) + e ()
0 41
N (_1)Kdy.oc(n+2x) { (425) } ( )
0 Skl (n+x+1)2m2 ¢
Hence, using (3) of Lemma 7 implies
d =) -1 Kd[AOt(Vl+2K)
‘/Va(s) (1 + _> =‘/V0 | ( ) n+2
s Sl (n+x+1)2 (42)

(x”(””")l"(ny +2uK+1)
’ shpt2pK+l

>

from which one can obtain

Kd,m 11+2K)‘xy(n+2k)1"(n‘u + 2/,[1{ + 1)
K'F(H Fr+ 1)2n+2;c

”Z

d(Xl
Sny+2/m+l Z
(43)
Therefore,
) =y § GO (g + 2+ 1)

KIT(n+ K+ 1)2m+2

00 o 1
igai i
’ Z (_1) d ‘”l shpt2prti+l

(44)

In view of the inverse fractional Laplace transform (10),
it follows that
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K qua(n+2x)
(-1)*a" I'(np+2ux+1) o
K'F(n+ K+ 1)2m+2
i ~d*ut®)’
=I( n,u+2;m+z+1) o
B i V)T (g + 2 + 1) [dFoes] ™
- 2 wI(n+x+1) 2

—d* ut®
’ E(l,[An+2[4K+1) (T) :

np+2UK)

X

o

>
ZMg

Thus, the result is established. O

4. Orthogonality of the CFBFs

Understanding the orthogonality relation of the CFBFs is
mandatory to compute coeflicients of series whose terms
include the CFBFs. These series represent solutions of the
FDEs as we will encounter in the application part of this sec-
tion. Along with [40] and in view of the CFD definition (1),
we introduce the following interesting results on orthogonal-
ity which will be useful in the current study.

4.1. An Orthogonal Relation of the CFBFs

Theorem 15. The orthogonality relation of the CFBFs J%(x)
is deduced over [0,b] with respect to the weight function
w(x) =x>*"1 by the following:

bZoc

U8, ac(0.1)

b
| a0 0=
0

(46)

where 6, ) is the familiar Kronker delta function and A, A,
are distinct roots of J%(x)=0.

Proof. Since J%(x) is a solution of the CFBE (4), it follows
that y = J%(Ax) which satisfies the more general equation

XD Dy (x) + ax Dy (x) + o’ (XA} — n*) y(x) = 0.

(47)

It is convenient to reformulate (47) in the following way:

XD (xDy(x)) + o (A7 — n*) y(x) = 0. (48)

Consequently, J%(Ax) and J%(A,x) satisfy the following
CFDE:s, respectively:

XD (D Te(Ax)) + o (KN = n?) JE(Ax) =0,  (49)

XD (D Te(Ax)) + o (PN =) JE(Ax)=0.  (50)

Multiplying (49) by x*J%(A,x) and (50) by x™*J%(A.x)
and then subtracting the resulting equations produce
(A = )2 T ()T (A x)
=LA D DT (A,x)] = Ty (A, ) D (X DT (As).
(51)

In view of the conformable fractional integral formula
(2) over [0, b], we obtain

b
(87 =) | 720075020
0

= r Ja(Ax) DA [x*D 5 (A, x)|d o x (52)

0

b
- j JE )P DT (A 0)

0

By performing integration by parts [16] on the right-
hand side divided by the factor (A2* — 1>*), one can conclude
that

xUC

— JEAX) D TE(AX)]S.

b
| w000 0d 50D T5(0,%)
0

(53)

Hence, according to the values of A, and A, we consider
the following two cases:

(i) If A, # A, and by hypothesis J%(A,) = =0, then

the right-hand side of (53) vanishes

Ji(A)

(ii) If A, = A,, then the resulting integral

b
I:Jx
0

creates an interest to look at. In order to deduce its value, we
take the limit of (53) as A, — A,. As the right-hand side in
(53) approaches the indeterminate form 0/0 in the limit, we
apply L’Hopital’s rule, which leads to

b
“Umsxnzdax=jox”-luzmsxnzdx (54)

4

= 5|

b
D3 I AN PET5A) - (AP T3 (Ax)|

(55)

Now, using the following recurrence relations of CFBFs
(26]

D T5A) = Ta0) = AT (M),
(56)
DT5(0x) = 1 TaAx) = X T (A,

S
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of m=0,1,2.

it follows that

I= 7’12 sz A 2 szx ]zx A 2
- 20‘/\2“[ n( sx)} + E[ n+1( sx)]
n;"‘ boop 7)
_ o o — > 2
za/‘;x]n(Asx)]n+l(Asx) 0 2 []n+1(/\sb)] :
O

As a special case of Theorem 15, the following result can be
easily verified.
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Corollary 16. The CFBFs ]J%(x) are orthogonal over [0, 1]
with respect to the weight function w(x) =x*"! and

1 1
J LA A= T A0, (58)
0

The results obtained in the current Section 4.1 treated
the topic of orthogonal polynomials which pave the way to
discuss a function representation via a series of the CFBFs.

4.2. Expansion of Functions via CFBFs. The classical theory
of expressing analytic functions as expansions in terms of
an arbitrary set of orthogonal polynomials can be described
as the backbone of many topics in analysis. It was originated
by several authors to whom we may mention Boas and Buck
[41], Faber [42], and Whittaker and Gattegno [43] and later
on in higher dimension by Abul-Ez et al. [29, 30, 44-46]. In
the usual classical calculus, we found that not all functions
have the Taylor power series representation around specific
points, but this is not the case in the theory of conformable
fractional calculus. This fact has been shown by Abdeljawad
[16], where he also proposed the expansion of the fractional
power series for an infinity a-differentiable function through
the fractional Taylor series. The expansion of a given real
function in a series of Bessel functions is extremely useful
in determining the solution of certain FDEs involving radial
symmetry [40]. Related to the work of finding the expansion
of a given function by means of Bessel polynomials in the
higher-dimensional context, see the work given in [29, 30].
Using the orthogonality property (46), one can easily repre-
sent a given function f(x) over the interval [0, b] by a series
of Bessel functions such as

fx)=) aJi(Ax), 0<x<b, (59)
=0
where J%(1;0) =0,i=0,1,2,3,---, and a; are determined by

2« bz_l .
a;= | X ()] (Ax)dx, i=0,1,2,3,-+ (60
. (Aibﬂzjo FE ) (60)

n+l

As the topic of expansions of an arbitrary function, of

either a real or a complex variable, into a series of polyno-

mials has not been fully explored, we believe that several

open problems remain untouched in particular in the frame-
work of fractional calculus.

4.3. Applications. In this subsection, we intend to indicate
the efficiency and applicability of the results developed in
this study. Precisely, we construct a scheme which will be
employed to solve some linear and nonlinear CFDEs. In this
concern, we first define the m™ truncated CFBFs of the first
kind. Then, we introduce the noninteger derivative in the
conformable context of an approximated function expanded
in terms of the CFBFs. Several important examples including
famous FDEs have been comprehensively treated, and their
solutions have been compared to other existing methods in
the literature to show the consistency and accuracy of our
proposed method.
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We begin by considering the m™ truncated CFBFs of the
first kind as follows:

. [(t—m)/2] (_I)K X 2K+m
Jn(%) = ;‘) kKII(m+x+1) <7) » Osx<oo,

(61)

where ./ is a positive integer such that # >m and m =0,
- M. For M =2, we have

o x2(x

Jo(x)=1- 7

T = (62)
) xla

]m(x) - ?

Figures 1 and 2 show the graphs of the truncated CFBFs
when /# =2 and by taking various values of m and a.

Let f(x) be a function defined over [0, 1]; then, f(x) can
be expanded in terms of CFBFs as follows:

£60)= Y aji). (63)

Thus, the following truncated series for f(x) is supposed
to be

& ~a
= Y a,Ji ). (64)

3

Theorem 17. The noninteger derivative of order y > 0 of the
CFBFs in the conformable sense is given by

. | (He-m)/2]
DTo(x)= Y fer Gy, (65)
x=0
where
e = (=1)*T'(a(2x +m) + 1) (66)

224mEM(m+x+ 1) (a(2x +m) —

y1+1)

Proof. The linearity of the conformable derivative (see [12,
16]) leads to

~ (=2 1y o
y7* = Y 0 (2K+m
P n(x) = Z 22"+’”K!F(m+1<+1)@ x
k=0
[(-m)r2| 1y )
- ,;0 22 N(m + k + 1)
. F(OC(2K + m) + 1) xtx(2x+m)—y
I(a(2k+m)—[y] +1) ’

as required. O

Remark 18. If a(2x+ m) <y, where a(2x + m) € N, then,
DT, (x) =

Theorem 19. Let u ,(x) be an approximated function given
by means of the truncated formula of CFBFs (61). Then,

M| (M =m)i2]

=Y 2 el

xa(me)—y. (68)

Proof. The induction of Theorem 17 and in view of the lin-
earity property leads to the required result. O

4.3.1. Proposed Scheme

(1) Linear Multiorder CFDEs. Suppose that the generalized
linear multiorder CFDE is given in the form

Du(x) + Y AP u(x) + A,yyu(x) = A h(x), € [0,1],

j=0
(69)
subject to the initial conditions
Pu(x)=d;,i=0,1,2,+ [y] - L, (70)

where 97,0 <y, <y, <--- <y, <y, denotes to the CFD of
order y>0,h(x) are known to be a continuous function,
and d;,i=0,1,2,---, [y] — 1 are some constants.

Assume that the solution of the CFDE (69) can be given
in the form

= Z Al (%). (71)

m=0

Substituting (71) into (69) and using Theorem 19, we
have

M| (M-m)/2|
2 X i
M| (M-m)/2|

Pt

+As+1 Z amj‘:;( As+2h( )
m=0

a(2x+m)—y

mn::z’r{xu@mm)—yj } (72)

Collocating Equation (72) at the points x, = q/.#, =1,
M+ 1= [y], we get



10

| (M—m)/2]

M
ay a(2k+m)-y
YooY e
m=0 k=0
M| (A~ mIZJ

+As+1 Z amjfn (x AS+2h< )
m=0

These equations give (. +1—[y]) linear algebraic
equations. Combining (71) and (70) produces [y]-algebraic
equations. Thus, we obtain a linear algebraic system of .#
+1 equations in the unknown a,,m=0,1,2, -, .#. By
solving this system, we obtain the solution of Equation
(69) associated with the initial condition (70).

(2) Nonlinear Multiorder CFDEs. Consider the generalized
nonlinear multiorder CFDE such that

D'u(x) = F(x, u(x), D" u(x), Du(x), -, (74)
Du(x)), x€[0,1],
with the initial conditions
2u(x)=c,i=0,1,2,-, [y] - 1, (75)

where 2%,0<y, <y, <--<y,<y, stands for the CFD of
order y>0,F is a nonlinear operator, and ¢;,i=0,1,2, -,
[y] — 1 are given constants. A similar procedure as in estab-
lishing (69) can be used to approximate u(x) in terms of
CFBFs. Thus, combining (71) with (74) and using Theorem
19 yield

M| (A-m)/2]
Z Z rlocy a(2k+m)—y
m=0 x=0 Km
M o M| (AM-m)2]
=F X, Zam]m(x)’ Z
m=0 m=0 x=0
M| (M =m)]2]
e, § (76)
m=0 x=0
M| (AM-m)2]
mn“ V2 % (2"*’”)*72’ ey
n;) k=0
mﬂaysx (2K+m)—y,

Collocating Equation (76) at the points x,,
A + 1 — [y], thus, we have the following:

=123,
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M| (M-m)]2]
Z Z m’?i anq (2x+m)—y
=0 x=0
M o M| (AM—-m)[2]
=P xp Z“m]m(xq>’ >
m=0 m=0 k=0
M| (AM-m)[2]
e, )
m=0 x=0
 |(H-m)2|
mﬂsz"q (et s >0 Z
m=0 x=0

Y, ot(2x+m) s
m”xm q

Equation (77) determines (. + 1 — [y]) nonlinear equa-
tions. In virtue of (71) and the initial conditions (75), we get
[y] equations. Immediately, one can get a system of /4 + 1
nonlinear equations in the unknown a,,m=0,1,2, -, /.
As usual, Newton’s iterative method can be used to solve this
system. Thus, the solution of the nonlinear CFDE (74) with
(75) can be deduced.

We can briefly clarify the achieved advantages of
employing the proposed method as follows. The fractional-
order Bessel functions approximate the fractional function
with more accuracy. This feature has made the FBFs more
effective than Bessel functions in solving the fractional prob-
lems. As the values of coefficients in Bessel polynomials are
smaller than the coefficients of Chebyshev, Legendre, and
Bernoulli polynomials, the computational error in the cur-
rent method is less. Furthermore, our detailed treatment to
these FDEs using the collocation method is aimed at encour-
aging the use of such approach which allows reaching the
required solutions with ease and accuracy.

In the following subsection, we discuss several numerical
examples to demonstrate the consequences of the above-
mentioned features.

4.4. Illustrative Examples. In view of the above arguments, it
is interesting to employ the provided techniques to solve
some useful FDEs, as we shall see through the following
examples.

Example 20. Consider the famous Bagley-Torvik equation
Du(x) + Du(x) +u(x)=1+x, 0<x<1, (78)

subject to the initial conditions

u(0)=1, u'(0)=1. (79)

This equation has been solved using Legendre polyno-
mials in view of the conformable fractional sense in [14],
as well as in [47-50] in the sense of Caputo derivative. The
exact solution of (78) was given in ([47, 49]) as u(x) =1+



Journal of Function Spaces

11

TaBLE 1
Conformable fractional differential equation DPu(x) + D u(x) + v (x) =x*, x €0, 1]
Initial conditions u(0)=0,u"(0)=0, and u''(0) =2
Exact solution x* (as given by various authors in [47-50])
Values of . and «, as indicated in relation (71) M=4and a=1
Coefficients to be determined in relation (71) a;=0fori=0,1,3,a,=8,and a, =32
Solution x?

TABLE 2

Conformable fractional differential equation

Initial conditions

Exact solution

Values of ./ and a, as is indicated in relation (71).
Coefficients to be determined in relation (71)

Solution

Du(x) + D" u(x) +u’(x) =x", 0<x <1
u(0)=0,u'(0)=0, u''(0)=0,and u'"(0) =6
x* (as given in [51, 52])
M=4and a=1
a;=0fori=0,1,2,4, a;, =48

x3

0.9 - m
0.8 | .
0.7 4

0.6

u(x)

0.5

0.4 -

0.3

0.2

0.1 T T T T

0 0.1 0.2 0.3 0.4

—-o-y=05 y=0.9

=07 —a-yp=1

T T T T T
0.5 0.6 0.7 0.8 0.9 1
X

FIGURE 3: Graph of the approximate solutions of Example 22 when . =5 with y =« =0.5,0.7,0.9,1.

x; then for # =2 and a=1 in (71), one gets the approxi-
mated solution of (78) in the form

()= Y a,l,). (50)

Owing to initial condition (79), then (80) gives
ay=1,a,=2

(81)

Using the collocation point x = 0.5 and in view of (81),
one can get

0.3982a, = 0.7964. (82)

Hence, a, = 2. Therefore, we have u(x) =1+ x, which
coincides with the one given in ([47, 49]).

A similar procedure can be carried out as in Example 20,
so that we may summarize the corresponding details for two
different CFDEs as follows.

Remark 21.

(i) The problem in Table 1 has been treated in [47-50]
with the Caputo fractional derivative using various
methods such as Legendre polynomials, homotopy
perturbation method, and homotopy analysis method

(ii) The problem in Table 2 has been manipulated in [51]
by means of Legendre polynomials with conformable
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FIGURE 4: The comparison of the approximate solutions of Example 22 with the exact solution when .# =5 and for y =« =0.5,0.7,0.9,1.

derivative and in [52] in view of Laguerre polynomials
involving Caputo derivative

Example 22. Suppose that we have the following linear frac-
tional differential equation in the form
Du(x) + u(x) =0,

0<y<l, (83)

with the initial condition

u(0) = 1. (84)

The exact solution of (83) is u(x) =exp (=(x"/y)) (see
[47]). This problem has been evaluated using various
methods (see for example [47, 49, 53]) in the sense of the
Caputo fractional derivative. Putting .4 =5 in (71) with y
= a, then using the presented technique, we computed the
approximate solution of the problem (83) for the values y
=a=0.5,0.7,0.9,1. We indicate the approximate solution

through Figure 3, while Figure 4 compares the obtained
solution with the exact solution of (83). Moreover, the corre-
sponding absolute errors of our approximate solution are
displayed in Table 3. From Figure 4, it is clear that the
approximate solutions converge to the exact solutions.

Example 23. It is well known that the theory of Bessel func-
tions is connected with the Riccati equations. In fact, Bessel
functions are defined as solutions of Bessel equations, which
can be derived from the Riccati equations. This motivates us
to consider the following the nonlinear Riccati fractional dif-
ferential equation:

Du(x)+u(x)=1, 0<yp,x<1, (85)
subject to the initial condition
u(0) =0. (86)
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TaBLE 3: Absolute errors for example 22 in the case of .4 =5 with various values of y = a.

X a=0.5 a=0.7 a=0.9 a=1

0.1 1.698913766905.107> 2.01482483935533.10~ 2.55260108363852.107° 9.4292936385015.107°
0.2 1.341809039425.1072 1.80206291971352.107* 2.57393080246859.10~° 1.0100445353045.10°
0.3 1.094073239144.1073 1.53118426981402.107* 2.22828517444373.107° 8.740914169325.107°
0.4 9.222016584745.10™ 1.32711916546735.1074 1.9580499485472.10° 7.674994977578.107°
0.5 7.94771487391.107* 1.17204363458189.107* 1.77639190854228.10° 7.0847477455521.107°
0.6 6.94723214864.107* 1.04225706794691.107* 1.61290436707651.10° 6.5282543029262.107°
0.7 6.13410718572.107* 9.28101826830340.107° 1.43823651976849.107° 5.7858773236572.107°
0.8 5.46280728516.107* 8.30201804029595.10° 1.2815490789575.10° 5.0984705504265.107°
0.9 4.90369742377.107* 7.50420455738476.107° 1.18437600535870.10° 4.8554037531864.107°
1 4.42903116775.107* 6.82330917218671.10° 1.11289526305072.107° 4.7847594708325.107°

0 T T T T T T T T T
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X
—-o-7y=05 y=0.9
—— =07 _a_yp=1

FIGURE 5: The approximate solutions for various values of y = & in Example 23.

This problem has the exact solution u,(x) = [exp (2x"/y)
— 1)/[exp (2x¥/y) + 1] (see [21]), and it has been treated by
many authors using various methods such as the collocation
method, operational matrix method, homotopy perturbation
Pade technique, homotopy analysis method, modified homo-
topy perturbation (MHP) method, modified variational iter-
ation method, B-spline operational matrix method, and
polynomial least squares method (see, for example, [54, 55].
In all these methods, the authors used the Caputo fractional
derivative.

Now, regarding the proposed method here, the approxi-
mated analytical solution of the initial value problem (85)
has been computed for .# =10 with various values of y = .
Figure 5 shows the approximate solutions for .# = 10 and var-
ious values of y=a=0.5,0.7,0.9,1. Table 4 illustrates both

numerical and exact solutions of (85). The comparison
between the obtained values of #(x) by the presented method
and the modified Homotopy perturbation method (MHPM)
given in [55] for y=1 and .# =10 is shown in Table 5.
Table 5 illustrates that our method is more accurate compared
to other methods.

Example 24. Suppose that a system of fractional differential
equations is given in the form

DMy (x) = uy (x) + uy(x),

Duy(x) = —uy (x) + uy(x),

0<y, £1,0<x<1,
(87)
O0<y, <1,
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TaBLE 4: Obtained values of u(x) for Example 23 by the present method with .# =10 and y=a=0.7and 0.9.
X y=a=0.7 y=a=0.9
Exact solution u,(x) Appr. Sol uyy(x) Exact solution u,(x) Appr. Sol uy(x)
0.1 0.277560937258027 0.396329287768680 0.138975357216608 0.165142712549575
0.2 0.432562507032238 0.541472216303135 0.255255338098812 0.287926712330121
0.3 0.547648770236210 0.634513884465960 0.359212661331767 0.391527449696852
0.4 0.636470555494007 0.700774990734457 0.451905777263955 0.480439682175042
0.5 0.706113027676249 0.750534511840285 0.533789465005938 0.556914559531437
0.6 0.761214832718165 0.789171534868799 0.605386508611184 0.622580109650008
0.7 0.805098130420862 0.819896688293229 0.667388747653672 0.678810765325902
0.8 0.840237973205243 0.844771155592644 0.720626381374415 0.726831787717051
0.9 0.868514797371047 0.865206088424650 0.766006660708606 0.767744616102944
1 0.891373467734719 0.882214664339926 0.804454800298401 0.802541763903386
TasLE 5: Comparison of obtained values of u,,(x) with MHPM in Example 23 with y=1.

x MHPM [55] Present method Exact solution Absolute error

0.1 0.099668 0.099667671416668 0.099667994624956 3.232082876148868.1077
0.2 0.197375 0.197375012267825 0.197375320224904 3.079570785998806.1077
0.3 0.291312 0.291312318874021 0.291312612451591 2.935775703234479.1077
0.4 0.379944 0.379948688365082 0.379948962255225 2.738901430200881.1077
0.5 0.462078 0.462116905688459 0.462117157260010 2.515715507406561.10~
0.6 0.536857 0.537049339939348 0.537049566998035 2.270586874674282.10”7
0.7 0.603631 0.604367573599157 0.604367777117164 2.035180060362447.10~7
0.8 0.661706 0.664036591419464 0.664036770267849 1.788483853309343.10”7
0.9 0.709919 0.716297714005185 0.716297870199024 1.561938393935934.107
1 0.746032 0.761594024015154 0.761594155955765 1.319406113975582.1077
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FIGURE 6: Graph of the approximate solutions 1, (x) and u,(x) of Example 24 for .4 =5 and various values of a =y, =y, =0.7,0.8,0.9,1.
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TaBLE 6: Absolute errors of u,(x) for various values of ./ =5,8, 10 with =y, =y, =1 in Example 24.

M=8

M =10

9.162421859512191.1078
1.010603222372797.107
1.112064359635733.10™7
1.218391399387871.1077
1.315382035648231.1077
1.409308454622984.10™
1.489432328394127.10™7
1.556332410815428.107
1.606609913492092.10~
1.601412220569667.1077

1.758976284592979.1071°
1.884819425658612.10 71
2.046192475246368.1071°
2.191098474404878.107'°
2.333426724860480.1071°
2.471041121886989.1071°
2.648922750010470.1071°
2.906084812992896.1071°
3.310520786806953.1071°
4.151750389509799.1071°

=9, =y, =1 in Example 24.

M=8

M =10

1.289165400939913.10°°
3.801071933089472.107°
6.996798181222391.107°
1.992154729449800.10°
3.538677484194269.1078
5.339426604651616.107°
7.429242006830613.1078
9.811361566232743.1078

x M =5

0.1 2.175152855412623.10~
0.2 2.563542720906999.10~*
0.3 2.455251579074233.107
0.4 2.320713758760705.10~
0.5 2.201273528237466.107*
0.6 1.996737905732100.107*
0.7 1.643238206067162.10™*
0.8 1.175657989381895.10~*
0.9 6.701651870429315.10~°
1 6.404833938994381.10~°

TaBLE 7: Absolute errors of u,(x) for various values of /4 =5, 8,10 with «

x M =5

0.1 1.764442982358745.107*
0.2 2.483473612144735.107*
0.3 2.943918013066388.10~*
0.4 3.463545496320502.10~*
0.5 4.089060754978633.107*
0.6 4.761667760399912.107*
0.7 5.435609065997361.10~
0.8 6.132891968498514.10~*
0.9 6.915106434315280.107*

7.750844548684034.10™*

1.250216107427356.1077
1.556557391707215.107

6.228629314555091.10712
1.613098247747954.107!
3.734106142077792.107"!
6.483630453443810.107"!
9.820822938741669.10™"!
1.410768556814162.107'°
2.010920588084222.1071°
2.860794615286945.1071°
4.199493848745102.107%°
6.201785524511703.1071°

with the primary conditions
1,(0) =0, u, (0) = 1. (88)

We proceed the solution as follows. When y, =y, =1,
the exact solution of this system was given in [56, 57] as u,
(x) = €* sin x, and u,(x) = €* cos x. Applying the same tech-
nique described above and by putting .4 =5 in (71) with «
=Y, =Y, we have computed the approximate solution for
the values a =y, =y, =0.7,0.8,0.9,1. Figure 6 shows the
graphs of approximate solution for various values of a =y,
=y, with ./ =5. Tables 6 and 7 display the corresponding
absolute error to our approximate solutions for a =y, =y,
=1 and various values of .Z. Note that the absolute error
tends to zero when the terms . of CFBFs increase.

5. Conclusion

Exploring the multifaceted applications of Bessel functions
in several fields of science with recognition of the growing
impact conformable fractional calculus has in many applica-
tions, this paper exhibits further developments on the con-
formable fractional-order Bessel functions (CFBFs). The

novelty of this research paper is determined by explaining
the comparison between our obtained solutions (results)
and the solutions in previously published articles by various
authors. Such novelty may be described as follows. In the
first part of the paper, some useful formulas concerning
the properties of conformable fractional Laplace transforms
are obtained. These formulas are successfully employed to
obtain the solutions for a new type of fractional kinetic equa-
tions associated with the CFBFs in the conformable frac-
tional sense which is generalized and developed in this
study. These solutions are newly presented compared with
those given by various authors (see [38, 58-61]).

In addition, an interesting orthogonal relation of the
CFBFs is established. This gives rise to the discussion of func-
tions expansions where we present a given function in a series
of the CFBFs. Consequently, we investigate the analytical and
approximate solutions of some linear and nonlinear CFDEs
using a proposed scheme depending on the collocation
method, involving CFBFs. Particular emphasis is paid to indi-
cate that our approach, in some sense, is easily applicable and
provides more accurate results with refined errors. The pro-
posed scheme is used to approximate the solutions of linear,
nonlinear CFDEs, and also systems of CFDEs. The numerical
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examples show the validity and efficiency of the method. Nota-
bly, it is demonstrated that the presented method works well
and achieves better accuracy compared with exact solutions
and with results obtained using other methods. Our scheme
is beneficial in the way that using the fractional-order Bessel
functions leads to more accurate results in approximating the
fractional function. Because of this characteristic, FBFs are
more effective than Bessel functions in treating fractional prob-
lems. Because Bessel polynomials have smaller coefficients than
Chebyshev, Legendre, and Bernoulli polynomials, the compu-
tational error in the current approach is less. Importantly, the
employment of the collocation method provides convenient
and accurate solutions. Furthermore, all the given solutions
are obtained differently, unlike those established by the authors
in [47-55] and the references therein where other fractional
derivatives such as Caputo derivative were used.

Data Availability

The data used to support the findings of this study are
included within the article.

Conflicts of Interest

The authors declare there is no conflict of interest.

Authors’ Contributions

The authors have contributed equally to this work.

Acknowledgments

The authors extend their appreciation to the Deanship of
Scientific Research at King Khalid University, Saudi Arabia,
through research group program under grant R.G.P.1/86/42.

References

[1] S. Qureshi, “Effects of vaccination on measles dynamics under
fractional conformable derivative with Liouville-Caputo oper-
ator,” The European Physical Journal Plus, vol. 135, no. 1, 2020.

[2] M. Dalir and M. Bashour, “Applications of fractional calculus,”
Applied Mathematical Sciences, vol. 4, no. 21, pp. 1021-1032,
2010.

[3] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and
Applications of Fractional Differential Equations, (Vol. 204),
Elsevier, 2006.

[4] 1. Podlubny, Fractional Differential Equations: An Introduction
to Fractional Derivatives, Fractional Differential Equations, to
Methods of Their Solution and Some of Their Applications,
Elsevier, 1998.

[5] G.Montseny, J. Audounet, and B. Mbodje, “Optimal models of
fractional integrators and application to systems with fading
memory,” in Proceedings of IEEE Systems Man and Cybernetics
Conference-SMC, Le Touquet, France, 1993.

[6] T. Kaczorek and K. Rogowski, Fractional Linear Systems and
Electrical Circuits, Springer International Publishing, Cham,
Switzerland, 2015.

[7] F. Mirzaee and N. Samadyar, “On the numerical method for
solving a system of nonlinear fractional ordinary differential
equations arising in HIV infection of CD4 T cells,” Iranian

9

—

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

[20]

(22]

(23]

(24]

(25]

Journal of Function Spaces

Journal of Science and Technology, Transactions A: Science,
vol. 43, no. 3, pp. 1127-1138, 2019.

Q. M. Al-Mdallal, “On fractional-Legendre spectral Galerkin
method for fractional Sturm-Liouville problems,” Chaos, Soli-
tons and Fractals, vol. 116, pp. 261-267, 2018.

Q. M. Al-Mdallal, H. Yusuf, and A. Ali, “A novel algorithm for
time-fractional foam drainage equation,” Alexandria Engi-
neering Journal, vol. 59, no. 3, pp. 1607-1612, 2020.

K. S. Miller and B. Ross, An Introduction to the Fractional cal-
culus and Fractional Differential Equations, Wiley, 1993.

M. F. Simdes Patricio, H. Ramos, and M. Patricio, “Solving ini-
tial and boundary value problems of fractional ordinary differ-
ential equations by using collocation and fractional powers,”
Journal of Computational and Applied Mathematics, vol. 354,
pp. 348-359, 2019.

R. Khalil, M. Al Horani, A. Yousef, and M. Sababheh, “A new
definition of fractional derivative,” Journal of Computational
and Applied Mathematics, vol. 264, pp. 65-70, 2014.

V. E. Tarasov, “No violation of the Leibniz rule. No fractional
derivative,” Communications in Nonlinear Science and Numer-
ical Simulation, vol. 18, no. 11, pp. 2945-2948, 2013.

M. Abul-Ez, M. Zayed, A. Youssef, and M. De la Sen, “On con-
formable fractional Legendre polynomials and their conver-
gence properties with applications,” Alexandria Engineering
Journal, vol. 59, no. 6, pp. 5231-5245, 2020.

M. Abul-Ez, M. Zayed, and A. Youssef, “Further study on the
conformable fractional Gauss hypergeometric function,” Aims
Mathematics, vol. 6, no. 9, pp. 10130-10163, 2021.

T. Abdeljawad, “On conformable fractional calculus,” Journal
of Computational and Applied Mathematics, vol. 279, pp. 57—
66, 2015.

D. R. Anderson, E. Camrud, and D. J. Ulness, “On the nature
of the conformable derivative and its applications to physics,”
Journal of Fractional Calculus and Applications, vol. 10, no. 2,
pp. 92-135, 2019.

H. W. Zhou, S. Yang, and S. Q. Zhang, “Conformable deriva-
tive approach to anomalous diffusion,” Physica A: Statistical
Mechanics and its Applications, vol. 491, pp. 1001-1013, 2018.
A. Atangana, D. Baleanu, and A. Alsaedi, “New properties of
conformable derivative,” Open Mathematics, vol. 13, no. 1,
pp. 889-898, 2015.

O. T. Birgani, S. Chandok, N. Dedovic, and S. Radenovic, “A
note on some recent results of the conformable fractional
derivative,” Advances in the Theory of Nonlinear Analysis
and its Application, vol. 3, no. 1, pp. 11-17, 2018.

E. Unal and A. Gokdogan, “Solution of conformable fractional
ordinary differential equations via differential transform
method,” Optik, vol. 128, pp. 264-273, 2017.

D. Zhao and M. Luo, “General conformable fractional deriva-
tive and its physical interpretation,” Calcolo, vol. 54, no. 3,
pp. 903-917, 2017.

A. Younas, T. Abdeljawad, R. Batool, A. Zehra, and M. A.
Alqudah, “Linear conformable differential system and its con-
trollability,” Advances in Difference Equations, vol. 2020, no. 1,
26 pages, 2020.

A. Atangana and D. Baleanu, “New fractional derivatives with
nonlocal and non-singular kernel: theory and application to
heat transfer model,” Thermal Science, vol. 20, no. 2, pp. 763~
769, 2016.

J. Niedziela, Bessel Functions and Their Applications, Univer-
sity of Tennessee, Knoxville, 2008.



Journal of Function Spaces

(26]

(27]

(28]

(29]

(30]

(31]

(32]

(33]

(34]

(35]
(36]

(37]

(38]

(39]

[40]
(41]
(42]
(43]

(44]

(45]

[46]

A. Gokdogan, E. Unal, and E. Celik, “Conformable fractional
Bessel equation and Bessel functions,” 2015, https://arxiv.org/
abs/1506.07382.

H. Dehestani, Y. Ordokhani, and M. Razzaghi, “Fractional-
order Bessel functions with various applications,” Applications
of Mathematics, vol. 64, no. 6, pp. 637-662, 2019.

M. Izadi and C. Cattani, “Generalized Bessel polynomial for
multi-order fractional differential equations,” Symmetry,
vol. 12, no. 8, 2020.

M. A. Abul-Ez, “Bessel polynomial expansions in spaces of
holomorphic functions,” Journal of Mathematical Analysis
and Applications, vol. 221, no. 1, pp. 177-190, 1998.

M. Abdalla, M. Abul-Ez, and J. Morais, “On the construction
of generalized monogenic Bessel polynomials,” Mathematical
Methods in the Applied Sciences, vol. 41, no. 18, pp. 9335-
9348, 2018.

S. Yiizbasi, N. Sahin, and M. Sezer, “Numerical solutions of
systems of linear Fredholm integro-differential equations with
Bessel polynomial bases,” Computers & Mathematics with
Applications, vol. 61, no. 10, pp. 3079-3096, 2011.

K. Parand, M. Nikarya, and J. A. Rad, “Solving non-linear
lane-Emden type equations using Bessel orthogonal functions
collocation method,” Celestial Mechanics and Dynamical
Astronomy, vol. 116, no. 1, pp. 97-107, 2013.

E. Tohidi and H. Saberi Nik, “A Bessel collocation method for
solving fractional optimal control problems,” Applied Mathe-
matical Modelling, vol. 39, no. 2, pp. 455-465, 2015.

E. Grosswald, Bessel Polynomials, Springer-Verlag, Berlin Hei-
delberg, 1978.

D. E. Rainville, Special Functions, Chelsea, New York, 1960.

A. Wiman, “Uber den fundamentalsatz in der teorie der funk-
tionen E,(x),” Acta Mathematica, vol. 29, pp. 191-201, 1905.

H.J. Haubold and A. M. Mathai, “The fractional kinetic equa-
tion and thermonuclear functions,” Astrophysics and Space
Science, vol. 273, no. 1/4, pp. 53-63, 2000.

R. K. Saxena and S. L. Kalla, “On the solutions of certain frac-
tional kinetic equations,” Applied Mathematics and Computa-
tion, vol. 199, no. 2, pp. 504-511, 2008.

S. G. Samko, A. A. Kilbas, and O. 1. Marichev, Fractional Inte-
grals and Derivatives, Yverdon-les-Bains, Gordon and Breach
Science Publishers, Yverdon, Switzerland, 1993.

W. W. Bell, Special Functions for Scientists and Engineers, Cou-
rier Corporation, 2004.

R. P. Boas and R. C. Buck, Polynomial Expansions of Analytic
Functions, Springer-Verlag, Berlin Heidelberg, 1958.

G. Faber, “Uber polynomische Entwickelungen,” Mathema-
tische Annalen, vol. 57, no. 3, pp. 389-408, 1903.

J. Whittaker and C. Gattegno, Sur les Séries de Base de Poly-
nbmes Quelconques, Gauthier-Villars, Paris, 1949.

M. A. Abul-ez and D. Constales, “Basic sets of pofynomials in
Clifford analysis,” Complex Variables, Theory and Application:
An International Journal, vol. 14, no. 1-4, pp. 177-185, 1990.

M. Zayed, M. Abul-Ez, and J. P. Morais, “Generalized derivative
and primitive of Cliffordian bases of polynomials constructed
through Appell monomials,” Computational Methods and
Function Theory, vol. 12, no. 2, pp. 501-515, 2012.

M. Zayed, “Generalized Hadamard product bases of special

monogenic polynomials,” Advances in Applied Clifford Alge-
bras, vol. 30, no. 1, 2020.

(47]

(48]

(49]

(50]

[51]

(52]

(53]

(54]

(55]

[56]

(57]

(58]

(59]

[60]

[61]

17

S. Kazem, S. Abbasbandy, and S. Kumar, “Fractional-order
Legendre functions for solving fractional-order differential
equations,” Applied Mathematical Modelling, vol. 37, no. 7,
pp. 5498-5510, 2013.

H. Jafari, S. Das, and H. Tajadodi, “Solving a multi-order frac-
tional differential equation using homotopy analysis method,”
Journal of King Saud University-Science, vol. 23, no. 2, pp. 151-
155, 2011.

A. Saadatmandi and M. Dehghan, “A new operational matrix
for solving fractional-order differential equations,” Computers
and Mathematics with Applications, vol. 59, no. 3, pp. 1326-
1336, 2010.

N. H. Sweilam, M. M. Khader, and R. F. Al-Bar, “Numerical
studies for a multi-order fractional differential equation,”
Physics Letters A, vol. 371, no. 1-2, pp. 26-33, 2007.

H. Cerdik Yaslan and F. Mutlu, “Numerical solution of the
conformable differential equations via shifted Legendre poly-
nomials,” International Journal of Computer Mathematics,
vol. 97, no. 5, pp- 1016-1028, 2020.

M. M. Khader, T. S. El Danaf, and A. S. Hendy, “Efficient spec-
tral collocation method for solving multi-term fractional dif-
ferential equations based on the generalized Laguerre
polynomials,” Journal of Fractional Calculus and Applications,
vol. 3, pp. 1-14, 2012.

K. Parand and M. Nikarya, “Application of Bessel functions for
solving differential and integro- differential equations of the
fractional order,” Applied Mathematical Modelling, vol. 38,
no. 15-16, pp. 4137-4147, 2014.

C. Bota and B. Céruntu, “Analytical approximate solutions for
quadratic Riccati differential equation of fractional order using
the polynomial least squares method,” Chaos, Solitons and
Fractals, vol. 102, pp. 339-345, 2017.

Z. Odibat and S. Momani, “Modified homotopy perturbation
method: application to quadratic Riccati differential equation
of fractional order,” Chaos, Solitons & Fractals, vol. 36, no. 1,
pp. 167-174, 2008.

M. Zurigat, S. Momani, Z. Odibat, and A. Alawneh, “The
homotopy analysis method for handling systems of fractional
differential equations,” Applied Mathematical Modelling,
vol. 34, no. 1, pp. 24-35, 2010.

S. Momani and Z. Odibat, “Numerical approach to differential
equations of fractional order,” Journal of Computational and
Applied Mathematics, vol. 207, no. 1, pp. 96-110, 2007.

D. Kumar, S. D. Purohit, A. Secer, and A. Atangana, “On gen-
eralized fractional kinetic equations involving generalized Bes-
sel function of the first kind,” Mathematical Problems in
Engineering, vol. 2015, Article ID 289387, 7 pages, 2015.

P. Agarwal, M. Chand, D. Baleanu, D. O’Regan, and S. Jain,
“On the solutions of certain fractional kinetic equations
involving k-Mittag-Leffler function,” Advances in Difference
Equations, vol. 2018, no. 1, 2018.

G. Singh, P. Agarwal, M. Chand, and S. Jain, “Certain frac-
tional kinetic equations involving generalized k-Bessel func-
tion,” Transactions of A. Razmadze Mathematical Institute,
vol. 172, no. 3, pp. 559-570, 2018.

P. Agarwal, M. Chand, and G. Singh, “Certain fractional
kinetic equations involving the product of generalized k-
Bessel function,” Alexandria Engineering Journal, vol. 55,
no. 4, pp. 3053-3059, 2016.


https://arxiv.org/abs/1506.07382
https://arxiv.org/abs/1506.07382

Hindawi

Journal of Function Spaces

Volume 2021, Article ID 4797955, 11 pages
https://doi.org/10.1155/2021/4797955

Hindawi

Research Article

Analytic Normalized Solutions of 2D Fractional Saint-Venant
Equations of a Complex Variable

Najla M. Alarifi' and Rabha W. Ibrahim (»*

"Department of Mathematics, Imam Abdulrahman Bin Faisal University, Dammam 31113, Saudi Arabia
’IEEE: 94086547, Kuala Lumpur 59200, Malaysia

Correspondence should be addressed to Rabha W. Ibrahim; rabhaibrahim@yahoo.com
Received 14 July 2021; Accepted 4 August 2021; Published 10 September 2021
Academic Editor: Badr Saad. T. Alkaltani

Copyright © 2021 Najla M. Alarifi and Rabha W. Ibrahim. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

Saint-Venant equations describe the flow below a pressure surface in a fluid. We aim to generalize this class of equations using
fractional calculus of a complex variable. We deal with a fractional integral operator type Prabhakar operator in the open unit
disk. We formulate the extended operator in a linear convolution operator with a normalized function to study some important
geometric behaviors. A class of integral inequalities is investigated involving special functions. The upper bound of the suggested
operator is computed by using the Fox-Wright function, for a class of convex functions and univalent functions. Moreover, as
an application, we determine the upper bound of the generalized fractional 2-dimensional Saint-Venant equations (2D-SVE) of

diffusive wave including the difference of bed slope.

1. Introduction

Newly, fractional calculus has expanded considerable
attention primarily appreciations to the growing occur-
rence of investigation mechanisms in the life sciences,
allowing for simulations found by fractional operators [1]
including differential and integral formulas. Further, the
mathematical investigation of fractional calculus has
advanced, chief to connections with other mathematical
areas such as probability theory, mathematical physics
[2], and mathematical biology [3-7] and the investigation
of stochastic processes in real cases. In addition, it appears
in studies of complex analysis. Now the literature, several
different definitions of fractional integrals and derivatives
are presented. Some of them such as the Riemann-
Liouville integral, the Caputo, and the Riemann-Liouville
differential operators are extensively employed in mathe-
matics and physics and actually utilized in applied struc-
tures, modeling systems in real cases. While, in complex
analysis, especially the theory of geometric functions, the
researchers are focusing on Srivastava-Owa integral and

differential operators [8], Tremblay differential operator,
and the most recent fractional operator in [9, 10]. A
new investigation of the complex ABC-fractional operator
is presented to formulate different classes of analytic func-
tions [11]. Some definitions such as the Hilfer and Prabha-
kar results [12] (differential and integral operators) are
essentially the theme of mathematical study.

Our study is aimed to extend the Prabhakar operator [13]
to the open unit disk utilizing the class of normalized analytic
functions. We formulate this operates in a linear convolution
operator to study some important geometric behaviors. A
class of integral inequalities is investigated involving special
functions. The upper bound of the suggested operator is
computed by using the Fox-Wright function, for a class of
convex functions and univalent functions, and other studies
are illustrated in the sequel.

2. Complex Prabhakar Operator (CPO)

The Prabhakar integral operator is defined for analytic
function ¢(z) € Z[0,1] = {¢eU: ¢,z + ¢,z>+--} by the
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formula [14-20]

)= [ (=08 late- 07000 = (96l o)

(a0, By, w € C,zeUu={z € C : || < 1}, R(a), R(P) > 0),
(1)
where, [15]
Paﬂ(z) g Z{}(wz )>
© I'(y+n) X_” (2)
,;) I(y)I(an+p) n!

For example, let ¢(z) =z°! then in view of [21] Corol-

lary 2.3, we have

Pzt = [ (a0 2l glute- 0] ()t

0
=I(e)f* 8y g, (w2

(3)

The Prabhakar derivative can be computed by the for-
mula [13]

k
Dlso(e) = o (Pe@) zeu. (@)

To study the geometric indications of CPO, we intro-
duce the following class of analytic function: a normalized
analytic function ¢(z) € A, z € U achieving the power series

d(z)=z+ Z $,7", zey, (5)

Two analytic functions f,g are called convoluted,
denoting by f * g if and only if

(f * 9)(2) = (f ) . (f g> - i 4,9,2". (6)

Definition 1. Define a new function Q:U— U, such
that

(
()5, e o
(

I(a+P)\ = [ T(y+n)w™ \ z"
o) <r<y>r<an )
C. zeUR(a), R(B) > 0).
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Note that,
@)@ =) 5 =¢, (8)

where ¢ is a transcendental function. Utilizing the func-
tional QZ”Z, we define the modified complex linear Prabha-
kar operator

Pop$(2) = Qg * $(2),  pen. )

We have the following result.

Proposition 2. If ¢ € A, then ]waqS( )= (QF
* indicates the convolution product

* $) € A, where

Proof. Let ¢ € A, then we have
(20 9)(2) = QL(2) * 9(2)
(B (8 )
*<z+z¢ z) < a+a€/a>
(o) (o))

-2+ Y, (e

F(y+n) n/a (p n
'<F<y)r<an+ﬂ>> e nzz(p “
(10)

¥ (0+2z+¢,2%+-)

where

o0 () (Frane ) o
(o)t 5,

Hence, ]PZ(Z;)‘MZ) = (QK‘I‘; *P)(z) en. 2

(11)

We need the following concepts to study the ]wa¢( )
geometrically.

Definition 3. A function ¢ € A is indicated to be starlike
including the origin of the linear slice contains the origin to
all further point of ¢ in ¢(z€U). A univalent function
(one-one) ¢ is indicated to be convex in U if the linear slice
relating every two points of ¢(z) lies completely in ¢(z € U).
We indicate these classes by & and € for starlike and convex
consistently. Consider the class & includes all mappings g

smooth in U with a positive real part in U realizing (0) =1
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L' (0)> 0. Precisely, ¢ € §* © z¢' (2)/$(z) € P and ¢ € €
o 1+2¢""(2)/¢' (z) € P. Regularly, R(z¢' (2)/¢(z)) > 0 for
the starlikeness and R(1+2z¢''(z)/¢'(z)) >0 for the
convexity.

Two analytic functions f,, f, in U are called subordinated

[22] denoting by f, < f, or f,(z) < f,(z), z € U, if there occurs
an analytic function w, |w | < | z | <1 satisfying

fi(2) =fr(w(2)),  zeu. (12)

Next, lemma can be located in [22], P138-140.
Lemma 4. Let h € \. Then,

(a) h(z) +azh'(z) <
€ (0,1/3]

(1+a)z+az?=h(z)<z, when a

(b) zh' (2)[1+ h(z)] +ah’(z) <z + (1 +a)2> = h(z) < 2,
when |1 +a|<1/4

(c) [zh'(z) = h(z)]e® @) 4 ¢t
—1|<m/2

(2) < % = h(z) < z, when |a

(d) zh' (z)(1+ ah(2)) + h(z) < 2z + az® = h(z) < z, when
la|<1/2

(e) zh'(z)e*"?)

al<lI

(f)h() (zh

+h(z) <z(1+ aze”) = h(z) < z, when |
"(2)/1+ah(z)) <z = h(z) < z, when |a| <

and the solution is sharp.

Definition 5. The Fox-Wright function ,%,(z) (the exten-
sion function of hypergeometric function) is formulated by

(X)) (X)) (%, X))
o7y ;Z
Op Y1) 0 Y) ()/q> Yy (13)

z I'(x;+Xn)- x, + X,
F( q ) n!

n=0 I'(y; +Yn)-

And it normalized by

(x5 X1) (22 X,) (xp’XP>
v 3z
T ey 0wv) e ()
F()’l)"'r(}’q) S I'(x,+Xn) -
CT(4)T(%) 5 1y, + Yyn) Ly Yyn) M

F(xp +Xpn) Z"

(14)

Note that the series is converged when

q
DZY

j=1

(15)

'M“:'
<
IV

I
—

Moreover, it converges for all finite values z to the entire
function provided >< — 1. In addition, at the boundary |z |
=1, it has the convergence value (see [23])

— 1) > 0. (16)

The significance of the Fox-Wright function arises reg-
ularly from its part in fractional calculus (see [1]). Further
fascinating applications correspondingly occur. Wright’s
original attentiveness in this function was connected to
the asymptotic theory of partitions [24]. The formula <
is generated in [23] by adding a positive parameter 6 >0
as follows:

q p oo
:91<Zyj— in+
=1 i1

<19::Zyj+6—2xi+p_z_1. (17)

Based on this generalization, the authors in [24] intro-
duced the following lemma.

Lemma 6. Assume that >= — 1,0 > 0 and R(<,) > 0. Then,

I H(p't)dt
W, (z —FQJ <p, 18
p q() ( ot(l tzp’l)e H P ( )
where
H:= LJ I1(s,0)z™°/I'(¢ + 0)dg < oo, (19)
2mi ),

is the delta-neutral H function and II indicates the Fox-
Wright coefficients.

Proposition 7. Let ¢ € € (convex in the open unit disk),
then

(1+y,1)
(L% + < 7 s,
(025+9)'@ l(m/s,a) ? ]

lzl==r<Lyp,weR,),

(20)
(a>0, B>0,

Proof. Since ¢ € G, then for each n>2, we have |¢,|<I.
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Then, a computation implies that Moreover, the upper bound of (QZ‘E * ¢)(z) converges,
when
© Ta+f) \ < (T(y+n)w”\ |¢,]
Qy ( Z nl o
F(y+1w“‘")n:1< om+l3 ) J i p-q-1
- I'(a+p) i F(y+n " R(@) =R ;yj_;xi+ 2
T\ I(y+ o) &\ T'(an+ B)
- ey >0—a+f-y-3/2>0—a+>y+3/2.
_( I(e+P) Z (y+n)
N (F(y+ 1 w”"‘) = ( T'(an+ B) ) (24)
[ T(a+p) i I(y+1+n) w”‘"r)wr1
T\ I(y+ D) S \T(an+a+P)) (n+1)!
= (w"*r) <F(L) > (ii) For special case: by Proposition 7 and Lemma 6, we
Lly+ et have

( (1+n)T 1+y+n))) (w'r)"

F2+nm(an+a+fp (n)!

F(a+/3) < 1+n)F(1+y+n)) (w!r)" y1 r2)re+p) (LY (1+pl)
<r<y+1 2+n>rl<an+fc+/3> ! [CADICIE <7F(y+ 1)r(1)>27/2 @1 @ip2)
<F(0c+[3)> [ ) (1+p1) ;wl/ar:| B r2+pN\ (! H(r’lt)dt
Tiy+ 1) (a+pa) _r<F(y+ 1)>JO t(1—tzr 1)’

(r(z rx+ﬁ> [(1 1) (1+y1) ~w”"‘r:| (25)
I(y+ 2 (2,1) (a+pa) ’
*{(1’1) (L+y1) W} provided that 5/2+ 3>y and 6=1.
=17, sw .
@1 (@+ho) (21) Proposition 9. Let ¢ be univalent in the open unit disk. Then,
Now, for the derivative, we have (Q}'w ¢) @) <r, 7" (I+y.1) sy
(a+ B, )
o , S (T(a+p) y+n)w" N\ nlg¢,l » 1+y,1 , (26)
(s eneS (B ) e (oo (] 427 )
5 < [(a+p ><F(y+n+1w(”+1)/“>r_" (a+pa)
T \I(y+ 1wl T(an+a+f) n! ((X:/:O,r'<1,ﬁ,)1€IR+).
:i ( (a+ )(Fy+n+1 ”/“) "
i \(y+1 anta+p Proof. Since ¢ is univalent, then for each n>2, we have |¢,
Ia+ [; (1+91) | <n. Then a calculation indicates that
V+1 (a+fa
1+y9,1) o, I'(a+p) Iy +n)w e 19, n
=7 L B ) } (Qy ¢> (@)= <F(y+ D!/ n; I'(an+ p) n!
Ila+pB) \ < (y + m)@™™\ 1"
(22) = (F(y+1 w”"‘) Zi n( I'(an+ ) ) n!
. Fla+f) \ & [ T(y+n)\ (0"r)
This completes the proof. = (F(y+1 w”"‘) ,,Zi (F(ocn+ﬁ ) n—1
Remark 8. Ta+f) \ [ T(y+1+n)\ (wr)""
(F(y+ 1)w”"‘> n; (F(ocn +a+f) ) (n)!
(i) It is clear that the above upper bound of (Qy’z * @) y
® at+B)\ & [ T(1+y+n)\ (0r)"
(2),]z] —1,w =1 converges at = (F(y+1 ) ; (F antatp) ) )]
@B o [TFPY e
- i i p—q-1 :r(T(Vﬂ))W{(mﬁa) e
\& % i=1 T (L+p.1)
/ =n%; sl
>0—a+f-y-12>0—a+>y+1/2. (a+ B a)

(23) (27)
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Now, we return to the upper bound of the derivative

(@25 0)e1= 3 () (franss) <!
()
ywl/e I'(an+ n
) o

I'a+ I'(y+nw W n el
ywl/a ) r

In
M3

n

In
Mg

3
|

In
gk

n=1 I'(an+ )
-2, (i) (7 aii’};fa)) 2D ey

(Ta+PN\ D [ T(l+y+n)\ (n+1) (@ w'er)"
I“y+1)>nz om+oc+[3)) (n)!

(r(a+ﬁ)> o SR AY

L(y+1) Hspa)

(i)

=|n7; ORI
(a+f,a)

This completes the proof. ?

(28)

More integral inequality results will consider in the fol-
lowing theorem.

Theorem 10. Consider ¢ € A and the operator (QZ“; * ¢)(2),

where a0,z €U, B,y € R,. If one of the following subordi-
nation inequalities hold

(ij‘“ ) +Z(Qyw*¢)(z (1+U<Qyw*¢>(z)><azz+22, \a\sé,
(Qyw ¢) +z(.(2y ) (2)e < (1 +0ze”)z, |o|<1,
(0259 “E(fo‘fl()? < s

((Qy‘”*qﬁ)(z (y‘”*¢) ) 9 (Z)+e"(91:;*¢)(z)<ez, |0—1\Sg,
(QZ(‘;*¢)(z)+az((2§’f”*¢)(z)<(1+az)+022, 0<\a\s§,
(QV‘”*¢)( )+z(QV‘“*¢>( )< 2z,

» Qup*¢)(2)

CADIC )[ ((va*¢))( )} e
(ow*gb)(){m(( )@)}uz,

(29)
then ¥(z) = 1/¢”* [ (QZ? * )(0)e’*dl € 10, 1) and
L[/ e 1
EJ() (Qaﬁ . ¢) e dg| < 5o lol<2 (30)

Proof. Suppose that the operator (QZ‘E # ¢9) achieves one of
the subordination inequalities (a)-(h) then, in view of Propo-

5
sition 2 and results in Lemma 4, we have

(QY“’ * ¢) (2) <z, zeuU. (31)

Consequently, we obtain the upper bound inequality
‘(QV“’ 9)(z )’ , zeu. (32)

The function % achieves the real inequality
m(ﬁ +2> =R(0z+2)>0, (33)
202

provided that |o | <2. Moreover, we have superior inequality

y=supd — 1L zsup{L}
l2l<1 |Z(eaz)’ +2¢%7 | l2l<1 |zoeo? + 2e9% | (34)
1

lo| < 2.
2—|o |

< 00,

Hence, in view of [22] [Corollary 4.3a.2, P210], we con-
clude that

L[ W |Z|
EJO (QZ,,; * ¢) (©)e ol ol <2, (35)
which yields
1 [ " 1
ﬁjo (Q“ * ¢) (©)e o]’ (36)
(o] <2, zev,),

hence the proof. ?

Now, we investigate another integral inequality involving
the operator (QX;’ * ¢) where ¢ € A.

Theorem 11. Consider ¢ € A and the operator () * ¢)(2),

where o, 3,7, w € C,z € U, R(a), R(B) > 0. If one of the sub-
ordination inequalities in Theorem 10 holds, then

6(e) = o | (9l +0) Qo e o, -
lo| <1,

I—J (QV“’ ¢)(() (0)de] < lzg_<Z)|’

|o |
where g € #'[1,1], g # 0.

Proof. Suppose that the operator (Qg‘g * ¢) has one of the

subordination inequalities (a)-(h) in Theorem 10 then, in
view of Proposition 2, we have

(Qyw ¢) (z) <z, zeU, (38)



which implies that
|<Q§;‘g . ¢) @)l<1, zeu. (39)

As in Theorem 10, the function €°* admits the real
inequality

eO'Z

R (Z(eaz)/ + 1) =R(oz+1)>0, (40)

provided that |o | <1. Moreover, we have superior inequality

9(2)] ] 190
|z|£{‘z(e“)’ +(1+ a)effz|} szg{|zae“ + e"z|}

(41)

Thus, in view of [22] [Theorem 4.3a, P207], we indicate
that then G(z) € [0, 1] and

e | (02 + ) @o@ar < LEL

lo] <1, 42

where g € #[1, 1], g # 0, hence the proof.  ?

In addition, we have the following result by replacing e°*
by ze%*:

Theorem 12. Consider ¢ € A and the operator (QZ;; * §)(2),

where a#0,z€UB,yeR,. If one of the subordination
inequalities in Theorem 10 holds, then

L(z):= Lr (Qmj * ¢> (O)(1+00)e™ 1 d¢ e #]0, 1),

- ZKeUZ 0
|Lr (QZ'E * ¢) )1 +0()e”cC”_1dC|

K pO0Z
zke%% |,

1+|o |
<{— 3 k>0,]0|< 1.

1-|o|+x
(43)

Proof. Suppose that the operator (ng * ¢) has one of the

subordination inequalities (a)-(h) then, in view of Proposi-
tion 2 and results in [22], P138-140, we have

(Qg‘g * ¢) (z2)<z, zeU, (44)
which leads to

|<QZ‘E * ¢> (2)l<1, zeu. (45)
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The function ze’® admits the following properties

ze’F €N,
oz\'! (., ,0z
Z
(Ze ) ( € ) :eZUZ_f_O.ZgZaz#O) lo]<1; (46)
z
ZZJZ’
(2¢) +x | =R(1+0z+x)>0.
(ze7%)

Moreover, we have superior inequality

S=su |z(ze%)'" | _w { l+o0z }
|z|<P: |2(ze7?)" + 1(ze?) | |z|<P: l+oz+xk (47)

1+|o
=sup L , Jol<1,k>0< 0.
<1 1-]o]+x

Thus, in view of [22]-[Corollary 4.3a.1, P208], L(z) € Z
[0,1] and

1

| ZKeUZ

[ (@« 0)@araesean « 0L

1-|o|+x

(k>0, o|<1, zeUgen).

(48)

This completes the proof. ?

Theorem 13. Consider that ¢ is convex univalent function in
the open unit disk and the operator (QX'E * ¢)(z), where a

#0,z€V, B,y €R,. Then,

¥(z) € 710, 1], (49)
with
e | (02 ) 0t
*l(l’l) (I+y1) 1/] (50)
Py/2 ;¢
< 1) (a+Ba) o] < 2
2—|o | ’ '

G(z) € #10, 1] with

'LJ (2% = ¢) Qg

(1, 1) U+%D'”ﬂ (51)
(21) (a+pa)

I-|o|

l9(2). 75 l

< ol < 1,

where g € #[1,1], g # 0.
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L(z) € [0, 1) with

1

e | (925 =)@ o) Tt

(14101 ), l(z, 1) (1+y1) ;“’M} (52)
< (21) (a+pa) ’
(k>0, |o|l< 1,1+|ZZ|J’)€.

Proof. Let ¢ be convex univalent in U. Then, in view of Prop-
osition 7, we have

(o ¢>(Z)|<r2W§l(L1) e -wwr].

(21) (a+Ba)’

(53)
Consequently, by assuming r — 1, we obtain
1,1 1+y,1
(Qyw ¢)(Z)|<2‘W; (L) (I+yp1) ol
21) (a+pa)
(54)

By the proof of Theorem 10, we conclude that (A). Simi-
larly, by using the proof in Theorems 11 and 12, we have (B)
and (C), respectively. This ends the proof. ?

Theorem 14. Consider that ¢ is univalent function in the open
unit disk and the operator (sz * §)(2), where a # 0,z € U,
B,y €R,. Then

¥(z) € Z[0, 1] with

. (I+y,1)
IWI |: ;wlla

1 X0 ((X+ﬁ,0£)
= | (@5 9)@e L) L ea
(55)
G(z) e [0, 1] with
(I+v1)
|57(Z)|1 { wl/“}
- (a+pa)
EL <Q *¢)(¢) (§)d¢ e lo] < 1
(56)
where g€ Z[1,1], g # 0.
L(z) e #[0, 1] with
1 : @ o K~
e |, (A2 = )@+ a0
(I+y.1)
(1+|o]), 7 [ ;w”“]

(57)

Proof. Let ¢ be convex univalent in U. Then, in view of Prop-
osition 9, we have

(et o110 ]

Consequently, by assuming r — 1, we have

1+y,1
(1+y );w”“].

59
(a+p o) )

(@ +0) >\<17/r[

By the proof of Theorem 10, we conclude that (A). Simi-
larly, by using the proof in Theorems 11 and 12, we have (B)
and (C), respectively. This ends the proof. ?

In the next result, we discuss the starlikeness of the oper-
ator (.Qy % ¢).

Theorem 15. Consider the operator (

Qs * ) pen.

(A) If (2 * ¢)(2)/e” (02 + 1) — 1| < 0.04, where |o | <
1/2(\/_ — 3) = 0.3027 then (Q)s » ¢) € S

(B) If |29 (2)/¢(z) — 1| < 0.374 and sup {|(Q *
(g * )2} =

¢)(2)/

lo|, |o| < 1 then

L (QY‘” ¢>)( 2)' (2)dz e S*. (60)

(C) If QL * 9)(2) | <215 then (QLg * ¢)(2) € S

Proof. For part (A), assume that g(z) = ze’* then

sup {Ii],((;) | }=sup (EcaI N

Consequently, we have

20 + z0? 2| ol+|o)?
sup < | | &<
1+zo 1-|o |

The value |0 | <1/2(1/13 — 3) = 0.3027 implies that 2 | ¢
| +|o|*/1 = |o' | =0.98 < 1. Since

Qg * ) (2)
% ~1]<0.04, (63)

<1, lo] <1. (62)

then in view of [22]-[Theorem 5.5¢, P296], we conclude that
(=) es™.



For part (B), since

z¢'(2)
$(2)

-1[<0.374, (64)

where the number 0.374 is a solution of the equation (1 + x
)e* =2 then by [22] [Theorem 5.5g, P299], we have ¢’ (z)
— 1] <1. Moreover, in terms of |o |, we have

#0)-1]< (-lo1)2E=2[oT) * 1ol

(2-lo ] ) +1
lim (2-lo | )\/2(2—22| ol)+1-o]| 0.
lo|—1 (2=lo )" +1
(65)
by [22] [Theorem 5.5d, P298] then
JO (s« 9) (219 (pdze 5. (66)

The last part immediately comes from [22] [Corollar-
y5.5.a,P294]. This ends the proof. ?

Theorem 16. Consider the operator (sz * @), pEA.

(A) If the following inequality holds

(i 9)(2)
(@ ¢) (@)

<e€-1, zeu, (67)

then

(0l 9) @) <exp (|

Z

(é - 1)(‘1d5>, zeu, (68)

(B) If the subordination occurs

W—]<ez—l, zeU, (69)
ap *
then
m < exp (Jz (ec - I)C‘IdC), zeu, (70)
0

(C) If the next relation exists
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Z(QZZE*¢>(Z)<6Z—1, zeU, (71)

then
(ngz . ¢> (2) < JZ (e( - 1){‘%1(. (72)

Proof. 1t is clear that the function

2 Z3 4 5

f(z)=ez—1=z+—+—+—+Z—+O(z6), (73)

2 6 24 120

satisfies f(0) = 0 and it is convex in the open unit disk. Con-
w

sequently, it is starlike. By Proposition 2, the operator (QZ 8
* ¢)(z) € A and hence () * ¢)(0) =1 that is (s * ¢)(z
) € Z[1, 1]. Similarly for the function

(@5 9)(2)

. e[1,1). (74)

Thus, in view of [22]-[Corollary 3.1d.1, P76], we have the
desire results.

For the last part (C), z(_QK‘/}’ * ¢)(z) € Z[0,1] 5 thus, in
virtue of [22]-[Theorem 3.1d, P76], where a = 0, we conclude
the last subordination. ?

2.1. Fractional Saint-Venant Equations. By using the frac-
tional calculus of the construction, we formulate the frac-
tional 2D-Saint-Venant equations utilizing the functional
convolution operator QZ(E *¢p,pe A and zeU.

Example 1. We investigate the upper bound of the 2-
dimensional Saint-Venant equations (2D-SVE) of diffusive
wave (this equation has measured the level of the water). This
equation simply presents the formula

do(z)
dz

~A(z) =0, (75)

where @ is the height deviation of the horizontal pressure
surface at two-dimensional position z = x + iy and A(¢g) rep-
resents the difference of bed slope. By using the convolution
operator, we generalize 2D-SVE into the form

(ngg « ¢) (2)-A(z)=0, zeu. (76)

Multiplying both sides of Eq. (76) by z and let

‘-1 z 22 2 2
A(z):e =l+-+—+—+_——+_-+0(2°,
z 2 6 24 120 720
(77)
we have
z (sz * ¢) (z)=€ -1, zeuU (78)
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Re(e?-1) where z = x+iy Im(e®-1) where z = x+iy

Re(Ei(z)-log(z)) where z = x+iy Im(Ei(z)-log(z)) where z = x+iy
10-10

f()=1
z f
25
20
~ 15 (Sampling f(1))
o ng n o 10
z
1520 25 30 35 40 45
V4

Im(Ei(z)-log(z)) where z = x+iy

10 1 101
5 51
~ 0 =~ 0
-5 -5
-10 1 104
-10 -5
P X

(b) The solution f(z) == (sz x ¢)(2)

FIGURE 1: Saint-Venant equations (2D-SVE) of diffusive wave.
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Thus, in view of Theorem 16-(C), we conclude the upper
solution of Eq. (78) is given by (see Figure 1, second row)

(2l 0) @ <]

Hence, we obtain

4

(e< - 1)(%1(. (79)

0

2
(Qz‘; * (/)) (z)=c+Ei(z)—log (z) =c+0.577 + z + ZZ
5

Z3 4 6

G E G E L2 L 2 +0(2)
18 96 600 4320

[l o)

(2m)
(80)
where ¢ is a constant and
Ei(z) =0.577 +In (z) + z+--+, (81)
indicates the exponential integral. Assuming that
+
c=in| QB E M) 0 (82)
(2m)
we get
I 5 6
o 72z z z ;
(Qa,ﬁ *¢)(z)—z+ T 18 9 " g0 T 330 +0(27) e
(83)

By the convexity of e* (see [22]-P139), we confirm that
the solution is normalized analytic convex in U. Note that
the term (QZ‘E # ¢)(z) is called the convective acceleration

term. Figure 1 shows the behavior of solutions of 2D-SVE
of diffusive wave.

3. Conclusion

From above, we have extended the Prabhakar operator in the
open unit disk. We formulated it in a linear convolution
operator with a normalized function. A class of integral
inequalities is investigated involving special functions. The
upper bound of the suggested operator is computed by using
the Fox-Wright function, for a class of convex functions and
univalent functions. Moreover, we applied the operator to
generalize the 2D-SVE. A solution of the extended 2D-SVE
is computed by using recent result (Theorem 16).

For future woks, one can consider extra studies in the
geometric function theory by considering the operator in dif-
ferent classes of analytic functions, such as normalized func-
tions, harmonic functions, and meromorphic functions.
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This research article is dedicated to solving fractional-order parabolic equations, using an innovative analytical technique. The
Adomian decomposition method is well supported by Elzaki transformation to establish closed-form solutions for targeted
problems. The procedure is simple, attractive, and preferred over other methods because it provides a closed-form solution for
the given problems. The solution graphs are plotted for both integer and fractional-order, which shows that the obtained
results are in good contact with problems’ exact solution. It is also observed that the solution of fractional-order problems is
convergent to the integer-order problem. Moreover, the validity of the proposed method is analyzed by considering some
numerical examples. The theory of the suggested approach is fully supported by the obtained results for the given problems. In
conclusion, the present method is a straightforward and accurate analytical technique that can solve other fractional-order

partial differential equations.

1. Introduction

The present research work is dedicated to studying the ana-
Iytical solution of fractional-order parabolic equations. The
literature is well recognized that a broad range of physics,
engineering, nuclear physics, and mathematics problems
can be defined as unique boundary and initial value
problems. Homogeneous beam’s transverse vibrations are
controlled by fractional single fourth-order parabolic partial
differential equations (PDEs). Such problem types occur in
viscoelastic and inelastic flow mathematical modeling, layer
deflection theories, and beam deformation [1-12]. Analyses
of these problems have taken several physicist’s and mathe-
matician’s attention [13-15].

The time fractional parabolic PDEs with variable coeffi-
cient:

aﬁu 84;4 1 4;4
3 +"(‘/’><P’1//)a—¢4 + 5#(‘#»%#’)8—([)4
a‘w

1
+ ap(ﬂbs‘/’sll’)a—w =9 ys1), 1<f<2,720,

(1)

where x(¢, ¢, v), u(d, ¢, y), and p(¢, ¢, y) are positive.
With initial conditions,
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w0, v, 7) = fo (6 ),

(2)
(699, 7) = ko (6, 9, 9),
with boundary conditions
#(@a 0.9, 7) = ho(9, > 7), (b, . ¥, 7) = (9, 1, 7),
wda, . 7) = go (@ s 7) p($: by, T) = g, (9 ¥ 7),
w9 a,7) = k(9,9 7), (¢ 9, b, 7) = ki (9 ¥, 7),
Hop (@ 0¥, T) = ho (@, ¥, T), s (b, 9,y T) = By (9, 7).
Hoo(§: 0¥, T) = Go (@5 s T)s ey (6 b: 5 T) = G, (9, ¥ T),
.uxpy/(gb’ P, a, ) O(‘P’ v, )’#yxw(‘p (P’b T) <(P> v, )
3)

For which, hy, g,, ky, by, g,» and k, are continuous vari-
ables, and £ differs between 0 and 1 and beam’s flexural stiff-
ness ratio [1] in its volume per unit mass, like, and its
mentions [1, 3, 4, 6, 8, 10, 11]. Many researchers [10, 16, 17]
have attempted to study the analytical solutions of the para-
bolic equation of the fourth-order. Different techniques have
been suggested recently, such as the B-spline method [18],
decomposition method [19], the implicit scheme [20], the
explicit scheme [11], and the spline method [21] to analyze
the solution of the partial differential fourth-order parabolic
equation. Biazar and Ghazvini [22] have used He’s iterative
technique for the solution of parabolic PDE’s. The modified
version of this method was introduced in [23] to solve singular
fourth-order parabolic PDEs. The fourth-order parabolic PDE
analytical solution was examined in [24]. The modified
Laplace discussed variational iteration technique [25] to solve
singular fourth-order parabolic PDEs.

G. Adomian is an American scientist who has developed the
Adomian decomposition method. It focuses on the search for a
set of solutions and the decomposition of the nonlinear operator
into a sequence in which Adomian polynomials [26] are recur-
rently computed to use the terms. This method is improved with
the aid of Elzaki transformation such that the improved method
is known as the Elzaki decomposition method (EDM). Elzaki
Transform (ET) is a modern integral transform introduced by
Tarig Elzaki in 2010. ET is a modified transform of Sumudu
and Laplace transforms. It is important to note that there are
many differential equations with variable coefficients that
Sumudu and Laplace cannot accomplish transforms but can be
conveniently done by using ET [27-30]. Many mathematicians
have been solving differential equations with the aid of ET, such
as Navier-Stokes equations [30], heat-like equations [31] and
Burgers-Huxley equation [32].

2. Preliminaries

2.1. Definition. The Abel-Riemann of fractional operator DP
of order S is given as [27-30]
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a4
—v(), B=j
pv)=] ©
1 d (¢ v({) . .
r(j—ﬁ)d(f‘L@_w)mdvf’ JR1<B<d

(4)

where je Z*, B € RY, and

¢
DIV = | € v vy 0<psi ()

2.2. Definition. The fractional-order Abel-Riemann integra-
tion operator JB is defined as [27-30]

¢
Q)= 50 | €O 08>0 (@

The operator of basic properties:
_ TG+l

Byl = v

IR IEY A

pri_ LU+Y) oy
PC=r5 ¢

2.3. Definition. The Caputo fractional operator DF of f3 is
defined as [27-30]

(7)

1 ¢ Vi(y) J : .
T(i— JO Bl v, J_1</3<]’
d—cj"(()’ j=B

3. Idea of NDM

The general fractional-order PDE is given as

Pu(¢,7) + Lu(¢, 7) + Nu(¢, 7) =

q(¢,7), $720,1<p<1,

©)

In Equation (9), we represent the linear part of the equa-

tion with L and the nonlinear part with N, and D = #/07F
denotes the Caputo fractional derivatives.
With initial condition,

(9, 0) =k(¢), (10)

We have applied the Elzaki transformation to Equation
)
E[DPu(¢,7)] + ELu(¢, ) + Nu(g )] = Elg(9. 7)), (11)

and using Elzaki Transform’s differentiation property, we



Journal of Function Spaces
get

(6. 1)) - Fu(4.0) =
Elu(9r7)]

Elq(¢, 7)] - E[Lp(¢ T) + Nu(4, 7)),

=s'u(¢,0) +E[q(¢, 7)] - PE[Lp(9, 7) + Nps(9, 7))
(12)

Now, p(¢,0) = k(¢).

*k(9) + "E[q(¢, 7)] - SE[Lp(d, 7) + Nu(, 7).
(13)

Elu(¢, )] =

The following infinite series represent the EDM solution

(e, 7).
=Y uem, (14)
Jj=0

and Adomian polynomials as

0O

Nu(¢,7)= ) A, (15)

Jj=0

L d | Q. .
Aj:j!LW lNz)()uyj)HA_O, j=0,1,2,.  (16)

j=

We get replacement Equation (14) and Equation (15) in
Equation (13).

r (@ r)] _2K($) + SE[q(9. )] -5 E[Liujw,r) 34
. i } (17)
Applying the Elzaki transformation’s linearity,
Elu (¢ 7)) = °Kk(9) + SPE[9(¢. 7)), (18)
Elpy (¢ 7)] = ~"E[Lptg (¢, 7) + Ag]- (19)

We can generally write
E [//tjﬂ(gb, T)} =—sPE [L;Aj((p, 7) +AJ}, j>1. (20)

Equation (18) and Equation (20) implement the inverse
Elzaki transformation

o(9:7) =K(9) + E7 |FE[g(9, 7],

(1)
—E! [sﬁ[E [Lyj(q’x 7) +A1} } .

Hin($T) =

4. Numerical Implementation

4.1. Problem. Consider fractional-order one-dimensional
parabolic equation:

o ¢* o'u
-4+ —]—=0, 1 <2, 7>0, 22
8T/3+(¢ 120>8¢ 0 <f<2,120 (22)
with initial conditions

0,4 (¢,0) =1+ ﬂ (23)

w(¢:0) = 120"

with boundary conditions

y(%,r) = (1 + (11/220)5) sin (1), u(1, 1) = (%) sin (1),

2, 71 1/1\3 2
8_;: —7)==(=] sin (1), a!;i(l T) =
a¢? \2 6\2 ¢
The Elzaki transform of Equation (22):

4 a4
() =5 u(9.0) =5 (,0) = -E {(% ! %) #} .

(25)

1 .
P sin (7).

(24)

Simplify and replace Equation (23) condition.

w(d, s, u) =s*(0) +s (1+1¢250> [EK;+;§O> g:ﬂ.
(26)

Use of inverse Elzaki transformation

von-e (e o) )%
w(e, 1) = (1 + %EO)T—E—‘ F[El((p 1“;40) ¥ ] :

Equation (28) correction function is provided by

e (b))

(29)

the first term

Yo($,7) = (1 + m)r, (30)



4
then we got
B 1 (/)4 00 a4‘u
. [T G a4
Au€+l(¢’ T) IE |f [E [<¢ + 120) eg() a(pzl 4 (31)
for j=0,

4 a4
e 35) 53]

[0 (gn20))uf] ¢ T
p(¢:7)=-E {SB—Z '_(Hm)F(ﬁﬂ)'

(32)

The following terms are

B - 1 ¢4 84[41 B ¢5 T2B+1
() =F [sﬁE{(wm) aw”‘(“w)r(z/m)’

~ o 1 ¢4 64.‘42 ~ ¢5 T3ﬁ+1
ol == {SﬁE[(gb*m)awH“(“m) rep+Y)’

(33)
The series form of problem (1) such as:
H($T) = (6 7) + 11y (6. 7) + 115 (. 7) + 5 (9, T) + 4y (6, 7)1
_ ¢5 Tﬁﬂ T2[3+1 T3ﬁ+l T4ﬁ+1
Hig.T) = (“ Fo) {T’ T(B+2) "TB+2) T(3p+2) T@p+r2) }
(34)

when f3 =2, then integer EDM solution is

B ¢5 _13 TS_T7 2
y(¢,1)—<1+120 T §+§ ﬁ+a

The exact result is given as

}. (35)

w(,7) = (1 + %) sin (7). (36)

In Figure 1, the exact and the EDM solutions of problem
1 at B=1 are shown by subgraphs, respectively. From the
given figure, it can be seen that both the EDM and exact
results are in close contact with each other. In Figure 2, the
EDM solutions of problem 1 are investigated at different
fractional order 3=0.8 and 0.6. It is analyzed that time-
fractional problem results are convergent to an integer-
order effect as time-fractional analysis to integer order.
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4.2. Problem. Consider fractional-order two-dimensional
parabolic equation:

B 4\ A4 4\ A4
a—‘u+2 i+¢— a—#+2 i+(ﬂ a—‘u=0, 1<B<2,7>0,
orf ¢* 6! ) agt @* 6! ) 0¢*
(37)
with initial conditions
¢ ¢
u(h 9, 0) =0, (¢, 9,0) =2+ o (38)

with boundary conditions

s . 6 6
ﬂ(%,({’ﬂ’) _ <2+ (122,) + %) sin (1),,4(%,(/;,1) = (2+ % + %) sin (1),
» G"P’T) _ ((lfj) ) sin (r),y¢¢<%,q),r> = 21—4 sin (),

4
Hoy <¢, %,T) = (If’) sin (T),yw <¢, %, T> = i sin (7).

In the Elzaki transformation of Equation (37), we get

Si,;u(qﬁ, 9.5 1) =5 P (¢, 0) =Py (9,0)
4 4 4 4 (40)
__ 1 ¢\ oy 1 ¢"\owu
) [E[2<$+5>a—&+2<?+5>8—¢]’

Simplify and replace Equation (38) condition.

wd p.su)=5(0)+5 <2+ ¢ + ";6>
1 4 a4
el s

using inverse Elzaki transformation

; P ¢° 1 ¢t 9! 1 "\ o'
;4(¢,<p,7):[E{53(2+a+%>—sﬁE{2<$+a)#+2(a+%>a—(;: ,

4 4
oL, )k
@> 6! ) opt

(41)

(42)
6 6
P‘(‘p:%T) = <2+ % + %)T—El
1 ¢4 64# 1 (P4 84[4
| [Sﬁ[E{Z(E &) a5 &) wﬂ
(43)
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F1GURE 2: The fractional-order graphs of $=0.8 and 0.6 of problem 1.

Equation (43) correction function is provided by
© ¢6 (P6 B
;I/‘m(‘b"/’ﬁ) = <2+ o T a)T—[E '

1 "\ o' AR A
el (L8 Y A L
R B G ) Ea)

(44)

the first term
¢ ¢
Ho($ 9, 7) = (2 ta )" (45)
then we get
- 8 1 ¢4 e 64{4 1 (P4 e8] 84”

st (§ 7)) =-E 1{5 [E{Z((pz + a) ;W; +2 72 e ;W; ,

(46)
for j=0,

~ 1 ¢4 a4‘u 1 (P4 a4‘u
— _[F! B - r 0 - r 0
(¢, 7)=—E [s E{2(¢2 + 6!)—a¢4 +2<<p2 + 6!)—8(/)4 ,

5 ¢°  ¢®\ uf ¢ ¢ B+
”l(‘P’T):_[E1[(2+a+5)ﬁ}:_(2+5+5)m'

(47)

The following terms are

B 1 t4 a4 1 4 a4
T)=— LB A”l P Ml
M2(¢)(P> ) E |:s [E{2<_2+_!)_4+2<_2+_!> 5 )

¢ ¢ 72641
Aul((lb’(p”r) = <2+ a + a) F(2ﬁ+2)’

_ 1 4\ ot 1 NPT
sorn== e D306 D3]

¢6 (P6 T3 B+1
wven=-(2+ G+ ) mpey

(48)
In the series form of problem (2), we get
U @, 7) = o (6 . T) + py (§ 9 T) + hy (§5 95 T)
+us (6P T) +py (G P T) s
~ ¢6 906 T,8+1 T2/3+1
o e1)= (” G a) {T_ [(f+2)  T2P+2)
3B+ 4B+l

TTGB+2)  T(B+2) }

(49)



Then, 3 =2, the integer EDM result as

¢6 (P6 7’ ™ 77 0
ueo.7) = (2+E+E Tt e

(50)
The exact solution is

w(p, @, 7) = <2 + % + %) sin (7). (51)

In Figure 3, the exact and the EDM solutions of problem
2 at f=1 are shown by subgraphs, respectively. From the
given figure, it can be seen that both the EDM and exact
results are in close contact with each other. In Figure 4, the
EDM solutions of problem 2 are investigated at different
fractional order $=0.8 and 0.6. It is analyzed that time-
fractional problem results are convergent to an integer-
order effect as time-fractional analysis to integer order.

4.3. Problem. Consider fractional-order three-dimensional
parabolic equation:

B 4 4 4
Th o4V _\TH H(94y \OH H(exe Nk _
otk 2 cos ¢ o¢* 2 cos @ op* 2cosy oyt

(52)

1<B<2,7>0, (53)

with initial conditions

w99, 0) =¢ + @+ 1y~ (cos (¢) +cos () +cos (y)),
(54)
#: (9,9, 9, 0) = (cos (¢) + cos (¢) +cos () — (¢ + 9+ ),
(55)

with boundary conditions

10,9y, 7) = (=1 + @ +y —cos (¢) - cos (y)
)= (252
(.09, 7) = (14 ¢+ - cos (¢) — cos (y))e ™,
uougwmj=(”g3+¢+w—wswwwm<w>fﬂ
U($.9.0.7) = (~1+ ¢+ — cos ()  cos (g
<¢q), ,T) (2ﬂ6_3+¢+(p—cos ) — cos ( )

s (0,0, ¥, T) = 1y (6, 0,9, T) =, ($, 9, 0, 7) = €77,

o)l B 5) = (B2)e

(56)

+ @+ —cos (@) — cos ( )

T
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In the Elzaki transformation of Equation (52), we get

SH($, 0, 51) =5 (9, 0,9,0) = P (9,01, 0)
4 4
S DY A C Y A A A
2 cos ¢ a¢* 2cos ¢ op*

4
AL
2 cosy oyt

Simplify and replace Equation (54) condition.

(57)

u(d @ o5 u) =5 {$ + @ +y = (cos (¢) +cos (¢) +cos (v))}
+5*{(cos (¢) +cos (¢) +cos () — (p+p+¥)}

4 4
S DY AR Y A A
2 cos ¢ a¢* 2 cos ¢ op*

4
s 20 )9
2 cos ¥ oyt

using the inverse Elzaki transform

(58)

E'[s{¢+@+y — (cos (¢) +cos () +cos (¥))}
+57{(cos (9) +cos (¢) +cos (y)) = (¢ +9 +v)}]

el ety N\ (v N\
2 cos ¢ a¢4 2cos @ op*
p+¢ 'u
+2<2cosw_1>6_1//4H’
{¢+9¢+y —(cos (¢) +cos (¢) +cos (y))}(1-7)
L a0V O ety )\
[EI{S[EP(ZCOS([) l)a¢4+2<2cosgo 1)6(/)“

p+¢ N\ du
+2<2c051// 1)87/‘* .

Equation (59) correction function is provided by

W ey, 7) =

(59)

w9y, 7) =

(60)

;)mﬂ(%% 7)={¢+¢+y —(cos (¢) +cos (¢) +cos (y))}(1-7)

_E {Sﬁm{z(z"’;ﬁ )ial <

L) o)

)3

(61)

the first term

ol @) = (cos (¢) + cos (p) +cos (¥))}(1 - 1)

(62)

{pro+y-
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FIGURE 4: The fractional-order graphs of $=0.8 and 0.6 of problem 2.

then we get

P P S T A
e (P oy, 1) =-F [S [E{2<2cos¢ l)e;)a¢4
14

oty S t¢ 0,
+2<Zcos<p 1>;JT¢+2 2 cos ¥ I;T ’

for j=0,

4 4
| e+y |\ p+y N\
(6 @y, 7)=—E {s [E{2<2 s ¢ 1) PP +2 Tcosg 1 3

4
YRALAT N
2 cos Yy oyt

1 # b
(.9.917) =" o0 4y = (con (9) o8 ) +con 1) (S — )|

Tﬁ Tﬁ+l
o) =9 = cos (0)+cos (0)+ o3 N rcp s ~ 1)

(64)

The following terms are

el ety )\
H2(¢’(P’W’T) E {S IE{2<2 COS¢ 1) a¢4

1 4
TRAL AT UYL I S
2cos @ op* 2 cosy oyt

(9.9, 7) = {§ + @+ —(cos (¢) +cos (@) +cos (y))}

28 12B+1
' (F(2ﬁ+ 1) F(2ﬁ+2))’

2 cos ¢ o¢*
4 4
a2V O, (er¢ N\l
2 cos @ op* 2 cosy oyt

3 (00,9, 1) ={d + @+ y — (cos (¢) +cos (¢) +cos (y))}

4
s (¢ @y, 1) =E |:55[E{2( prv _ 1) )

' (mii N r<;3;++1 2>)’

(65)
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FIGURE 5: The exact and EDM solution for =2 of problem 3.
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FIGURE 6: For fractional-order graphs of 5=0.8 and 0.6 of problem 3.

The series form of problem (3) such as

1 0, ¥ T) = o (6 @ ¥ T) + py (6 9 ¥ T) + (6, 9, ¥, T)
+ U3 (0P T) + ey (60, Y, T) s

1@y, 7T) = {$+ @+ —(cos (¢) +cos (@) +cos (y))}
Tﬁ Tﬁ+1 TZB
'{1‘”r<ﬁ+1> " T(B+2) " TR
T2ﬁ+1 13ﬁ T3ﬁ+1
TT(B+2) ' T(E+1) T(GB+2) }
(66)

In the integer-order solution of EDM of Equation (52) at
B =2, we get

w9, 1) ={d + @ +y —(cos (¢) +cos (¢) +cos (y))}

{ o 7 o 7 }
Al =TH — — — F — — — = e b
21 31 4! 51 6 7!

(67)

The exact solution is given as
U@y, 7) = (@ + @ +y = (cos (¢) +cos (@) +cos (y)))e .
(68)

In Figure 5, the exact and the EDM solutions of problem
3 at S=1 are shown by subgraphs, respectively. From the
given figure, it can be seen that both the EDM and exact
results are in close contact with each other. In Figure 6, the
EDM solutions of problem 3 are investigated at different
fractional order $=0.8 and 0.6. It is analyzed that time-
fractional problem results are convergent to an integer-
order effect as time-fractional analysis to integer order.

5. Conclusion

In the present article, an efficient analytical technique is used
to solve fractional-order parabolic equations. The present
method is the combination of two well-known methods,
namely, Elzaki transform and Adomian decomposition
method. The Elzaki transform is applied to the given prob-
lem, which makes it easier. After this, we implemented Ado-
mian decomposition method and then inverse Elzaki
transform to get closed form analytical solutions for the
given problems. The proposed method required small num-
ber of calculation to attain closed form solutions and is
therefore considered to be one of the best analytical method
to solve fractional-order partial differential equations.
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